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Supply Chain Revenue Management Considering Components’
Quality and Reliability

Chengbin Zhu

(ABSTRACT)

The reliability and quality of suppliers’ components are inevitably two factors that impact the
performance of the supply chain. Stochastic reliability affects the final production quantity
and hence makes it more difficult to predict the manufacturer’s best ordering quantity as
opposed to the simpler traditional news vendor model. In addition, the quality of suppliers’
products directly influence the potential demand in the market. Hence every firm in the
supply chain system faces the needs to invest time, money and effort to improve the product

quality even though it may bring a higher production and investment cost.

Thus our dissertation is divided into two parts. In the first part, we build a model for
a two echelon supply chain system in which a single manufacturer sells his product to a
market with stochastic demand. A group of suppliers provide essential components for
the manufacturer. They may be: 1) homogeneous component suppliers, 2) complementary
component suppliers or 3) divided into subgroups, suppliers in the same subgroup provide the
same component while the components from different subgroups are assembled in the final
product. The fraction of effective component ordered from each supplier is a random variable.
We first analyze the manufacturer’s optimal ordering quantity decision. We identify several
important properties of the optimal decision. Then based on those properties, we devise
optimal solution procedures and heuristic methods for the above three systems. Finally,
in the case of Bernoulli reliability, we investigate the suppliers’ price competition by non-

cooperative game theory.

In the second part, we model a two echelon assembly system which faces deterministic



demand affected by the market price and quality of the product. Therefore, the decisions of
the firms are divided into two stages: in the first stage, they decide on how much effort to
invest in the quality of the components or the final product to stimulate the market. They
may make decisions simultaneously or sequentially. Then after the efforts are invested, in
the second stage, the component suppliers first decide on their components’ wholesale price
and then the manufacture decides on the market price given the wholesale price. We identify
the existence of Nash equilibrium in each stage through potential functions. Moreover, in
the first stage decision, we find that the competition with a leader can always benefit the

whole system compared with simultaneous competition.
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Chapter 1

Introduction

In supply chain management, inventory control and product pricing are two major decisions.
Building from the very basic news vendor model only considering the volatile market demand,
researchers included more and more factors into it: lead time, risk pooling, multiple periods,
pricing. Up until the late of 1980s, people started to notice that the reliability of the
components could play an important role in manufacturer’s ordering quantity decision. From
then on, the topic of multiple sourcing with unreliable suppliers attracts many researchers’
attention in supply chain management [see Federgruen [11] & [12], Dada [9], Tomlin [42],
Gurnani [20], [21] & [23] etc.]. They published a series of papers starting from dual sourcing
to multiple sourcing in multiple periods with multiple constraints. But until now, as far as we
know, no one can give very detailed answers to the sensitivity analysis on the manufacturer’s
optimal ordering quantity and whether there exists a pure strategy Nash equilibrium in the
suppliers pricing game followed by the manufacturer’s optimal decision, even in special cases.
The first topic of our research thus contributes to the academic literature by offering some
clue to the above two question. We are also the first ones who combine the sourcing and

assembly system under stochastic reliability and suggest an effective solution procedure.

In our first topic, we consider a situation in which a manufacturer procures components from

multiple suppliers to produce the final product in an uncertain market. If there is only one
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supplier and the yield rate is constant, the problem can be easily handled by the traditional
news vendor model, in which the optimal ordering quantity will make sure the service level
is the ratio of marginal underage cost over the summation of underage and overage cost.
However, if the yield rate (fraction of effective components) is a random variable, even for
suppliers providing homogeneous components with the same wholesale price, the manufac-
turer may have the incentive to order from both suppliers to reduce the risk of upstream
uncertainty. In our research, we explore the manufacturer’s supplier selection and order allo-
cation decisions under both downstream and upstream uncertainty in a single period in two
different production systems: the sourcing system and the assembly system. In the sourc-
ing system, the final product is produced from a single component which can be provided
by multiple suppliers. On the other hand, in the assembly system, several complementary
components are used to produce the final product, each provided by a single supplier. Fur-
thermore, for suppliers with Bernoulli reliability, we analyze the suppliers’ pricing game given
the manufacturer’s optimal decision. We find that, in a sourcing system with two suppliers
and uniform market demand, there exists a case with no pure strategy Nash equilibrium.
If each supplier’s best response is an increasing function in the other supplier’s wholesale
price, then a Nash equilibrium exits in suppliers’ pricing game and the manufacturer will
always prefer the suppliers’ competition compared with suppliers’ coordination. This hap-
pens for uniform demand or exponential demand under some restriction on parameters. In
the assembly model, the equilibrium always exists under any continuous demand. The Nash
equilibrium with nonzero ordering quantity is unique for the demand distribution with an
increasing generalized failure rate under mild restriction on the distribution support. Based
on this, we further analyze the supply chain efficiency and separation of profit. We also
analyze the suppliers investment decision on reliability. Finally, we consider a more compli-
cated combined sourcing and assembly system in which there are multiple complementary
components with a group of suppliers for each component. We suggest an effective algorithm

based on an iterative procedure of expansion in the set of suppliers.

Another trend in recent supply chain management is to include product innovation invest-
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ment in supply chain design. This trend started from the economics and marketing literature
which emphasize the impact of product quality on the market demand function. In this way,
for substitutable products, the majority of research is concentrated in two main areas: prod-
uct pricing and quality differentiation which analyzes the initial product introduction and
process of product development which studies the product improvement by innovation. To
our knowledge, there is only one paper that studies the case with a single product com-
posed of a single component [Gurnani et al. [23]]. In their model, both the final product
manufacturer and the component supplier can make efforts on the quality innovation. They
studies the impact of pricing and innovation investment decision sequence. In this topic, our
contribution to the academic literature is to extend and enrich their results to the case with

single product composed of multiple components under general quality and cost function.

In our second topic, we consider the impact of the decision sequence in an assembly system:
in first stage, multiple component producers invest in technology independently to improve
their own quality and the manufacturer makes its own effort in improving its sales or produc-
tion system. After the effort dependent demand is realized, component producers provide
their components based on the wholesale price contracts. In the end, after assembly, the
manufacturer sells the final product to the market at his optimal market price. We assume
that the component producers play a simultaneous pricing competition game given the man-
ufacturer’s optimal sale price. We compare three scenarios in the effort investment stage:
simultaneous competition, one or more firms as a group in the lead followed by simultaneous
competition among the other firms and system wide coordination of effort to maximize the
supply chain’s profit. We found, for most general demand functions and for continuous cost
functions, the Nash equilibrium exists in the above effort and price games. Furthermore, in
the case of a linear demand function with an additive effort effect on demand or exponen-
tial demand function with a multiplicative effort effect on demand, it turns out that every
player, system and customer prefer the scenario with one or more firms as a group in the
lead to simultaneous competition. Furthermore, if the first group’s effort decision can be

increased by enlarging the group size, then everyone will benefit this enlargement. Finally
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if the equilibrium is unique, the system and the customers prefer system coordination to

simultaneous competition.

1.1. Literature Review

1.1.1 Suppliers’ Reliability Literature

Previous research incorporating suppliers’ reliability in supply chain management focuses on
the manufacturer’s determination of best ordering policy. This research can be divided into
two group: a single component with multiple suppliers referred as the sourcing system in
our paper and multiple components each provided by a single supplier and referred as the

assembly system in our work.

For the sourcing system with the suppliers’ reliability problem, The first work deals with
single sourcing problem analyzed by Bassok and Akella [6]. In their model, to minimize the
expected cost constrained by capacity. The decisions to be made are: the ordering quantity
of the component from a single supplier and the production level for multiple products that
share the component. Later, a great deal of work was done on a single supplier with reliability
problems. This area of research is surveyed well by Yano and Lee [48] and Grosfeld-Nir and
Gerchak [19]. For the benefit of dual sourcing problem in the presence of supply uncertainty,
Gerchak and Parlar [16], Yano [47] and Parlar and Wang [37] initialize the model from
an EOQ setting. Moreover, Swaminathan and Shanthikumar [41] extends their result to
the case with discrete demand. Anupindi and Akella [3], in particular, analyze the dual
sourcing system in multiple periods in which the optimal policy is similar to the base stock
policy but to order from single vs. two suppliers depends on the initial inventory level in that
period. The multiple sourcing problem with the suppliers’ reliability issue is first discussed in
Agrawal, N. and S. Nahmias, [1], where demand is assumed to be deterministic. Two papers

by J.Burke et al. [7] and Dada et al.[9] analyze the optimal ordering property in models
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similar to ours. J.Burke et al.’s work focuses on the uniform demand function. Dada et al.’s
work adopts a similar model to ours, which assumes general demand distribution. However,
there may be capacity constraints on the suppliers’ production quantity in their model.
Compared with these works, we provide more properties for optimal decisions, especially
in sensitivity analysis. For the computational algorithm, Yang and Yang [46] provide an
algorithm to get optimal ordering quantities based on Active Set Method combined with
Newton search for general demand functions and linear wholesale prices. For a fixed plus
linear wholesale price under the manufacturer’s service level constraint, the multiple sourcing
problem becomes NP complete even for special cases and Normal distributed functions. In
[11] and [12], Federgruen and Yang provide procedures for optimal selection of suppliers and

ordering allocation based on CLT-based approximation and Large Deviation Technique.

Another trend in research related to our paper with respect to the assembly system in litera-
ture is on the multidimensional news vendor problem. Readers can refer to Harrison and Van
Mieghem [24], Van Mieghem [30], and Rudi and Zheng [39] for details. Papers considering
random yield rate come much later than the sourcing system. Gerchak et al.[17] approaches
the problem by assuming deterministic demand and hence simplifying the analysis of “Min-
imum” supply. The model with two complementary components each provided by single
supplier in multiple periods problem is analyzed by Gurnani et al. [21] and similar results
as the dual sourcing system in multiple period are provided. They approach the problem
by objective function approximation. The model by Van Mieghem and Rudi [31] handles a
multiple complementary components assembly system problem in single period with random

yield rate.

Another line of research on the multiple sourcing problem concerns the impact of the sup-
pliers’ lead time. Fukuda [15], Lau and Zhao [27] and Feng et al.[13] study the single
components dual sourcing in multiple periods with different lead time problem. In general
base-stock policy is not optimal but is still widely used in practice. Gurnani et al. [20] study
the manufacturer’s optimal decision in an assembly system with two complementary critical

components with stochastic lead time in multiple periods.
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The current research tends to consider the suppliers decision based on the manufacturer’s
optimal ordering quantity. Gurnani et al.[23] study a two suppliers’ production quantity
game in an assembly system with deterministic demand random yield rate. Furthermore
they show that an additional penalty contract can coordinate the system. In contrast to the
suppliers’ production game, we analyze suppliers’ pricing game by taking suppliers’ reliabil-
ity into consideration, hence preventing the suppliers from being trapped in the “Bertrand
pardox” (all suppliers set wholesale prices at their marginal cost and make zero profit). Based
on our analysis, in assembly system, the Bernoulli reliability of the component suppliers will
make the system degenerate to a deterministic selling to the news vendor problem with
multiple suppliers. Lariviere and Porteus analyze this problem with single supplier under a
price-only contract in [26]. They investigate the division of system profit and supply chain
efficiency for demand with increasing generalized failure rate. Therefore, our pricing game
analysis in assembly system is an extension of their work to the case with multiple suppliers.
Albeniz [2] consider two homogeneous suppliers’ pricing game based on different stochastic
supply lead time. However, in their work, the manufacturer’s decision is not the optimal
one but a sub-optimal one with a base-stock policy. Recently, Babich et al. [5] starts to
analyze the suppliers’ pricing game given manufacturer’s optimal ordering decision in sourc-
ing system. They show the existence of a pure strategy Nash equilibrium in the case of
the suppliers’ Bernouli default probability under constant market demand. While for the
stochastic market demand, no conditions for the existence of Nash equilibrium are given
since the supplier’s profit function is neither supermodular nor quasi-concave. We continue

their work for stochastic demand.

1.1.2 Product Effort Investment Literature

For the product effort investment decision, most literature focuses on differential products,
i.e. there are multiple products in the market and then model the demand for differentiated

products in different approaches. Those approaches including 1): Representative consumer
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model (e.g., aggregate linear demand model), discrete choice model (e.g., the multinomial
logit model) and the location model (e.g., Hotelling’s model). For each of the above demand
models, there is a representative paper which studies two firms’ optimal quality innovation
decision game combined with their price competition. In the model studied by Matsubayashi
[28], he uses the aggregate linear demand model with quadratic initial investment costs and
linear production costs with respect to the product quality for two identical firms to study
the simultaneous quality and price decision game. Nash equilibrium is proved to exist only
if the both firms are relatively differentiated. Multinomial logit demand model is applied by
Moorthy [33]. Again the two firms are identical with the same quadratic unit production
cost and non initial investment cost. He analyzes the firms quality decision game followed
by price competition. The paper shows that the pure Nash equilibrium always exists and
the company who chooses higher quality will also select a higher marginal profit. In [35] by
Osborne and Pitchik, they study Hotelling’s two-stage model of spatial competition, in which
two firms first choose the location simultaneously and then choose their price. Under uniform
distributed customers and linear cost to distance, they show Nash equilibrium exists in price
competition, but they do not show that a pure Nash equilibrium exists in the location
game. Recently, there is also some other literature based on the above demand models.
Choudhary et al. [8] extend Moorthy’s model by allowing personalized pricing, i.e. firms
charge different prices to different consumers based on their willingness to pay. Klastorin and
Tsai [25] also try to extend Moorthy’s model. They consider the issue of entry timing as well
as a finite product life cycle. Melumad and Ziv [29] analyze production quantity competition
constrained by production capacity between two manufacturers when the market price is a
linear function of average quality and production quantity. Actually this model is a variation
of the aggregate linear demand model. They study the quantity equilibrium then do sensitive

analysis with respect to quantity differentiation.

In the literature on the process of product development, the main approach is to model
the problem as an optimal dynamic control (in monopoly case) and a differential game(in

duopoly case). For a single firm’s decision, Ouardighi and Tapiero [36] solve the optimal
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control of product quality diffusion in a continuous time domain assuming that price acts a
signal of quality and demand is more sensitive to quality than to price. Voros [45] further
combines the price and quality control in a continuous time model. Gjerde et al. [1§]
approaches the product innovation with multiple features constrained by technology in a
discrete time domain by dynamic programming. For the multiple firm’s differential game,
Nair and Narasimhan [34] study the model when demand is affected by goodwill which can

be controlled by product quality and advertisement.

As far as we know, only the paper [22] by Gurnani et al. is closely related to our work. They
study the model with a single product composed by a single component, both the component
supplier and the final product manufacturer can make investments on the product quality.
The market demand is linear in price and quality. The production cost is linear and the
initial investment cost is quadratic in quality decision. After quality investment decision is
made, supplier decide on wholesale price of the component, and based on that, manufacturer
decide on market price. The paper shows that Nash equilibrium exists in simultaneous quality
investment decision under concave pay-off condition. In addition, the manufacturer is worse
off if he or she follows component supplier’s quality investment decision compared to their
making investment decisions simultaneously. Our study indicates that everyone should be
benefiting from having a leader in the investment decision, which is different to Gurnani’s

finding.

1.2. Overview and Outline

Compared with the relevant work, for the suppliers’ reliability model, we focus on providing
more properties of the optimal ordering strategy for the manufacturer. Based on those
properties, we devise several effective solution procedure. In addition , suppliers’ price
decisions are also considered to analyze the performance of the supply chain under both

supplier’s competition and coordination. And for the product investment and pricing model,
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we generalize the demand function and investment cost function and prove the existence of
pure strategy equilibrium for the case with multiple component suppliers. Further more, we
show a system with a leader or a group of leaders will perform better than if they compete

with each other.

The remainder of this dissertation is organized as follows. We first introduce the manufac-
turer’s ordering strategy under stochastic demand and suppliers’ reliability for both sourcing
and assembly system. Mathematical model and properties of the optimal solution are also
analyzed. We suggest optimal solution procedures and heuristic approaches, numerical ex-
perimental results are also provided. For both of the two systems, we further analyze the
pricing game among suppliers with Bernouli reliability and analyze the system performance
compared with system coordination. Finally a general model that combine the structure
of sourcing and assembly system is investigated. In Section 3, we analyze the competition
of effort and price decision sequence in assemble production system. Then we compare the
system performance under the simultaneous effort decision with the sequential effort deci-
sion and the system coordination. Summary of the study and guidance for future research
is provided in section 4. To improve the presentation and readability, we delegate most of

the proofs to the Appendix.



Chapter 2

Manufacturer’s Sourcing Strategy and
Supplier’s Pricing Game under

Uncertain Reliability

2.1. The Notation and the Model

Consider a single period two-echelon supply chain with n suppliers, each providing a com-
ponent to a unique manufacturer that produces a final product which sells for p per unit.
The demand D of the final product is a stochastic variable with probability density function
f(-) and cumulative distribution function F(-). The per unit salvage value is s for unsold
stock and the underage cost is u for unsatisfied demand. R; is the proportion of effective
components provided by supplier i. They are independent random variables with density
function g;(-) and mean R; > 0 and standard deviation o; > 0. Based on the per unit cost
¢;, supplier 7 offers an average per unit wholesale price w; for the components ordered by
the manufacturer. The manufacturer decides on the ordering quantities ¢;,7 = 1,...,n so as

to maximize its own expected profit. Although in our model, the payment of purchasing is

10
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only proportional to the ordering quantity. In the case that the payment for the order from
supplier ¢ depends on the price for each unit ordered, w¢, and the price for each arrived ef-
fective unit, wy, the total expected payment for supplier ¢ is w{q; +w{ R;q;. Correspondingly,
to model it, we can replace w¢ + w¢R; with our unit wholesale price w; without affecting the
solution. In the coordinated model, the suppliers decide on the component wholesale prices
together so as to maximize their total expected profit. In the competition model, component

prices are decided by the suppliers individually so as to maximize their own expected profit.

In the sourcing system, only one component, which can be provided by any one of the
suppliers, is required for producing the final product. In the assembly system, a different
component provided by each supplier is required to produce the final product. All the
parameters are normalized to reflect the costs and prices associated with the components

only.

We assume full information and p+u > s > 0 (per unit revenue is greater than salvage value

to ensure that the manufacturer will satisfy any demand with available stocking).

We analyze the manufacturer’s optimal decision in section two and the suppliers’ pricing
game in the sourcing system under Bernoulli reliability in section three. Then in section
four, we investigate the property of the manufacturer’s decision in the assembly system and
provide efficient solution procedures. In section five, we study the suppliers’ pricing game
in the assembly system under Bernoulli reliability. Finally, we model the system which
combines the structure of sourcing and assembly system and solve the problem numerically

in section six. A summery of component reliability model is concluded in section seven.
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Table 2.1: Summary of Notation

n = Number of suppliers.

¢; = Decision variable denoting ordering quantity from supplier .

a=A1q,...,q,} = Order quantity vector.

q;;q* = Optimal value of ¢; and corresponding vector of optimal decision.

D = Nonnegative demand random variable.

F(-); f(-) = Cdf and pdf,respectively characterizing demand D

p = Constant per unit market price for final product.

u = Constant per unit penalty cost for unsatisfied demand.

s = Constant per unit salvage value for left over inventory.

w; = Average per unit component wholesale price set by supplier 7.

w = Wholesale price vector.

¢; = Constant per unit production cost for supplier :.

R; = Nonnegative and independent random variable representing reliability of supplier .
P; = The probability of supplier ¢ to successfully deliver ¢; when R; is Bernoulli random variable.
r; = A realization of R;.

R; = E[R;] = Expectation of random variable R;.

Gi(+); 9i(-) = Cdf and pdf,respectively characterizing reliability R;.

Q = >"" R;q; = A random variable representing the total delivered effective components.
q" =Y.' 1riq; = A realization of total effective delivery

m = Expected profit of manufacturer.

ms; = Expected profit of component supplier i.
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2.2. Manufacture’s Optimal Decision in Sourcing sys-

tem

We first analyze the manufacturer’s optimal decision in the sourcing system and characterize
the property of the optimal ordering quantity. Here we assume demand and reliability are

continuous random variables.

2.2.1 Manufacturer’s optimal decision in sourcing system

The manufacturer’s object is to maximize his expected profit:

max 7 = pE[D — (D — Q)*] + sE[(Q — D)*] —uE[(D — Q)* Zw,qz (2.1)

q>0

where Q = S°N | Rig;. Here pE[D — (D — Q)*] is the expected revenue, sE[(Q — D)*] is
the salvage profit from left over inventory and uE[(D — ()] is the total penalty cost for
unsatisfied demand. And each expectation is taken over both stochastic demand and random
reliability. To make sure the manufacture won’t make profit by sale the components directly

to the salvage market we assume w; > ¢; > R;s for all i.

Lemma 2.1. The manufacturer’s expected profit function is jointly concave in the ordering

quantities q¢;, 1 =1,...,n.

One easy way to check the concavity of the objective function is based on the fact that
the expectation of convex (concave) function is convex (concave) and the operator ()T is
convex over the linear operator. Hence the concavity will still hold even if the reliability of
each suppliers is mutually dependent or non-continuous random variables. A detailed proof
for lemma 2.1 by checking the hessian is provided in the appendix. In addition, since the
density distribution function of demand is continuous, the expected profit function is twice
differentiable. Because the objective function is concave, the KKT necessary and sufficient

conditions imply the following corollary.
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Corollary 2.1. ¢f (i =1,...,n) with Q* =Y | Riq} is the optimal ordering quantity for
the manufacturer if and only if:

For eachi € {1,...,n}, ¢f =0, when w; > R;i(p+u) — (p+u — s)E[R;F(Q¥)], otherwise

w; = Ri(p+u)— (p+u—s)E[RF(Q)] (2.2)

Based on corollary 2.1, [46] applies the Active Set Method combined with the Newton search
procedure to solve the problem. Note that the calculation of first order derivatives will
involve the evaluation of F[R;F(Q)]. In [46], they use the Monte Carlo sampling methods
for problems.

Corollary 2.1 implies that if the component price w; > R;(p + u), then the manufacturer
will not obtain any profit by ordering from this supplier. As a result, supplier ¢ will select
component prices with w; < R;(p+w). Furthermore, the vector of component prices has the

following property.

Lemma 2.2. The set{w;,i =1,...,n|¢ > 0 with w; = R;(p+u)—(p+u—s)E[R;F(Q)] and 0 <

w; < Ri(p+wu),i=1,...,n} is either empty or a convex set.

The following lemma identifies conditions for positive ordering quantities.

Lemma 2.3. If there exits two suppliers i and j such that w;/R; > w;/R; with ¢; > 0, then

q; > 0.

If we define w;/R; as the effective wholesale price of supplier 7, which indicates the expected
cost for one unit of effective component. Actually this value reflects the real cost to order
from each supplier. By lemma 2.3, if there is any supplier who gets a positive ordering
quantity, then those suppliers with lower effective wholesale prices should also get a positive

ordering quantity. Based on that, we have:

Lemma 2.4. If there is a supplier i with w; < (p+ u)R;, then the manufacturer must make

some positive order from some supplier.
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Corollary 2.2. Supplier i will get a positive ordering quantity if w; < (p+u) and w;/R; <
w;/R; for all j # i.

In the following lemma, we provide bounds on the ordering quantities.

Lemma 2.5. The total optimal quantity i G ordered by the manufacturer is no less than

the optimal ordering quantity under full reliability from a single supplier with w = minw;/R;.

Lemma 2.5 suggests a lower bound of total ordering quantity.

Although Yang et al. [46] suggests an Active Set method combined with a Newton search
procedure to solve the problem, they do not apply the useful property of lemma 2.3 to 2.5,
and the active set (suppliers with positive order) may shrink or enlarge during the procedure.
This cause the performance of the algorithm to deteriorate when only small portion of the
suppliers get positive optimal order. Here we devise an Iterative Expansion algorithm based

on our findings:

Algorithm 2.1 Iterative Expansion Procedure

1. (Initialization): Order the suppliers by w;/R; bin ascending order. Starting with m = 1,
let g,, be the ordering quantities from suppliers 1,...,m, initialize q; = {F~'((p + u —

wi/Ry)/(p+u—s)}.

2. (Optimality Test): Evaluate g = %, if > |g;| < € for a predetermined positive

tolerance level €, then check if m = n or g,,11 = < 0, then stop and report q,, as

or
aQM+1

optimal solution. Otherwise m = m + 1.

3. (Computation of direction): Evaluate hessian H,, = {8(1_26’;, ci,5 = 1,...,m}. Try
109
to calculate d,, = —H,'g,, using the principal-element Gauss-Jordan method. If in the

process, one of the principal element is smaller than a pre-determined positive level €, then
let d,;, = g (steepest ascent direction) instead.

4. (Computation of step size): Let a = min{q;/(—d;)|j = 1,...,m and d; < 0}. If o exits
then q,, = q,, + ad,, otherwise q,, = q,, + d,,, and go back to step 2.
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Note that the hessian here can be calculated by the following formula:
0?r
9q;0q;

The fundamental reason why this algorithm ensures optimality is lemma 2.3. Hence, in every

=—(p+u—s)E[RR;f(Q)] Vi,j=1,...,n (2.3)

step 2-4, we only concentrate on the suppliers with positive ordering quantity. The algorithm
stops if we find the optimal solution for m suppliers with the least effective wholesale price
and adding on the m + 1 supplier will not benefit the system. Our numerical study shows
that the iterative expansion procedure works more efficiently than the active set method in

[46] for cases that no more than half of the suppliers get positive order in optimal solution.

Lemma 2.6. If the support of the demand is an interval: [0,b) (f(xz) > 0, VO < x < b and
f(z) =0, if © > b, the manufacturer’s expected profit is strictly concave in q at optimal

point q* # 0 and hence the optimal solution is unique.

Lemma 2.7. If the manufacturer’s expected profit is strictly concave in q at the optimal

point , the optimal ordering quantity q* is a continuous function in the price w.

We can find that even for general uniform demand, the optimal solution may be not unique.
However, the above two lemmas examine the condition for unique optimal solution. There-
fore, the uniqueness and continuous of the manufacturer’s best response gives us a starting

point to further analyze the supplier’s price decision in the following chapter.

For all the following sensitivity analysis and comparative results, we assume that the expected
profit function is strictly concave at optimal point and hence the optimal solution is unique.

The effects of system parameters on ordering quantities are summarized below.

Theorem 2.1. The optimal ordering quantity g of a component received by supplier i is
non-increasing with respect to its wholesale prices w;. In addition, if there are only two
suppliers, then the optimal ordering quantity qF of a component received by supplier i is

non-decreasing with respect to the other supplier’s prices wj , j # .

Observation 2.1. If n > 3, the optimal ordering quantity from supplier may decrease with

the increasing of the other suppliers’ price. The example is as follows:
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Example 2.1. Case with n = 3: Suppose market demand is uniformly distributed D ~
U100, 170], product price is $8 each with salvage value $3 each. The three component sup-
pliers’ average unit price is w; = $2.64, wy = $2.64 and ws = $6.09. The reliability density

function for each supplier is as:

(

X, with probability 0.5
R, =

\Y, with probability 0.5

(

X, with probability 0.5
Ry =

kY, with probability 0.5
Ry =Y

Where X ~ UJ[0,0.1] and Y ~ UJ[0.9,1]. In this case, qf = ¢5 = 100, while ¢§ = 10. While at
the optimal point:

q;

= —10815
awg
g5

= —108&84
3w2
g3
—= = 11411
8w2

Which means with the increasing of wholesale price of the second supplier, the manufacturer’s
optimal ordering quantity from both first supplier and second supplier will decrease while the

ordering quantity from the third supplier will increase.

By theorem 2.1 the supplier always gets less ordering quantity if he increase his own wholesale
price. In case of two suppliers, this action will shift the ordering quantity to the other
supplier. While if there are more than two suppliers, there always exists some re-mix effect:
if the less reliable supplier increases his wholesale price, the decreasing of ordering quantity
from him actually leads to the need for more reliable supply to cover the rest part of the
demand. Hence the mixture of ordering from the other suppliers will lean to the more reliable

supplier. Thus the optimal ordering quantity from the risky supplier will decrease.
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Theorem 2.2. If n = 2, and demand D = 6 + X, where X is a random wvariable with
log-concave density distribution f and & > 0, then the optimal ordering quantity for both

supplier qf, © = 1,2 s increasing with 9.

The above theorem shows that if demand is shifted up, both supplier will get benefit. A
function f(-) is said to be log-concave if its natural log, In(f(x)) is a concave function; that is,
assuming f is differentiable, f”(z)/f(x)— f'(z)? < 0. Since log is a strictly concave function,

any concave function is also log-concave.

A random variable is said to be log-concave if its density function is log-concave. A wide range
of distributions happen to be log-concave. These include uniform, normal, beta, exponential,
extreme value distributions, the two-parameter Weibull, Gamma, Pareto, lognormal, and
linear failure rate distributions. If pdf f(-) is log-concave, then so is its cdf F'(-) and 1 — F'(-).
The truncated version of a log-concave function is also log-concave. In practice the intuitive
meaning of the assumption that a distribution is log-concave is that: (a) it doesn’t have
multiple separate maxima (although it could be flat on top), and (b) the tails of the density

function are not “too thick”.

If the demand is not log-concave, then increasing the demand may lead to the decreasing of

optimal ordering quantity from one of the suppliers as shown in example 2.2.

Example 2.2. Suppose density function of market demand is

Dy, with probability 0.5
D—

Do, with probability 0.5
Where Dy ~ U[10,20] and Dy ~ U[100,110] are two uniform distributed random variables.
Product price is $8 each with salvage value $3 each. The two component supplier’s average
unit price is w; = $2.69, wy = $5.30. The reliability of supplier 1 is Ry ~ UJ[0,1] and
Ry ~ U[0.95,1] for supplier 2. In this case q; = 90 and ¢5 = 20. If we increase the market
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demand by 1 unit such that the demand function is increased by 1 unit:

D} ~ UJ[11,21], with probability 0.5
D' =
D) ~ UJ[101,111], with probability 0.5
The optimal ordering quantity is changed to ¢f = 89.996 and ¢; = 21.02. So here, the

ordering quantity from first supplier is decreased.

Example 2.2 provides some insight into why the manufacturer will decrease the ordering
quantity from some supplier when demand is increasing. In the case of bimodal demand
density, if there are two suppliers, one supplier is more reliable (less variance) with higher
cost and the other is less reliable (larger variance) with lower cost. In optimal solution,
the ordering quantity from the risky supplier is mainly to satisfy the stochastic part (in the
support of the distribution) of the demand while the ordering quantity from the more reliable
supplier is mostly used to satisfy the deterministic part of the demand. Note that even the
more reliable supplier is still subject to variability and so increasing the ordering quantity
from him may cover some part of the stochastic demand. Therefore, increasing the demand
by some deterministic constant, may cause the shifting of the ordering quantity from the

less reliable supplier to more reliable supplier.

Lemma 2.8. In case 2f(x) > (or <) —xf'(x) for x > 0, total optimal ordering quantities
from two identical suppliers does not increase (or decrease) when they are replaced by a single

one.

By lemma 2.8, we can find with risk pooling, the manufacturer may not necessarily order
more. It depends on wether rF(rq) is concave or convex in r. If rF'(rq) is convex, then the

manufacturer will order less. If 7F(rq) is concave, he will order more.

Although lemma 2.3 provides some insight into when a supplier receives a positive order
compared with the other supplier given first order information of reliability distribution.
However, with more information on the reliability distributions, we can compare the ordering

quantities between two suppliers:
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Theorem 2.3. In case w; > w; and R; <,;, R; (R; is smaller than R; in reverse hazard

rate order)', then qf < q;-

Since R; <,, R; implies R; <y R; %, thus E[R}] < E[R;L] for all n > 0. Note here,
the supplier with same effective wholesale price and lower variance can guarantee a higher

ordering quantity.

2.3. Swuppliers’ pricing game in sourcing system

For the pricing game among the suppliers, consider the case with two suppliers ¢ € {1,2},
under Bernoulli reliability, i.e. with probability P; to successfully deliver the whole ordering
quantity and 1 — P;, (P; € (0,1)) to default. Denote index —i as the supplier i’s opponent.
Without loss of generality, we let p + u = 1, which means we adopt the price unit as p + u
and this won'’t affect the analysis of the pricing game. We also assume s = 0. By previous

result we have:

>0: w=PFP(p+u)—(p+ U)Pi(PfiF(Qi +q)+ (11— P—i>F<Qi))

¢=0: w; >PF(p+u)—(p+ubBF(q)

In [5], Babich et al. give equilibrium equations for two suppliers with Bernouli reliability, i.e.
with probability P; to successfully deliver the whole ordering quantity and 1—P; (P; € (0, 1]).

Assuming the existence of equilibrium, their implicit equilibrium formula is derived from the

'Let X and Y be two random variables with absolutely continuous distribution functions and with reversed
hazard rate function 7 and g, respectively such tat 7(t) < q(¢), V¢ € R. Then X is said to be smaller than YV
in the reversed hazard rate order (denoted as X <, Y).

In fact, the absolute continuity is not really need. And X <,, Y if and only if G(t)/F(t) increases in

t € (min(lx,ly),00), here Ix,ly is the left end point of support of X and Y.
2Let X and Y be two random variables such that P{X > z} < P{Y > z} for all x € (—00, o). Then X

is said to be smaller than Y in the usual stochastic order (denoted by X <. Y).
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first order condition for each supplier’s optimal profit target:

I;}f}lgi Tsi(q1, q2) = ((p+u) Py — (p +u) Pi(P-iF(q1 + q2) + (1 — P_y) F'(q:)) — ci)as

subject  w_; = (p+u)P; — (p+u)P;(PF(q1 + ¢2) + (1 — P)F(q-))

ChZOaCIQZO

Clearly, this result is incomplete and neglects the case when ¢; = 0. We also find that even
for a uniform demand distribution, there may not exist any equilibrium in the suppliers’

price competition.

One big issue that comes up with Bernouli reliability is that since the reliability density
function is not continuous, our lemma 2.7 can’t be applied here and the optimal ordering
quantity (suppliers’ profit) is no longer a function of their wholesale price (for a given whole
sale price there may be multiple optimal ordering quantity). For example, if w; = 5/9 and
wy = 1/54 in example 2.3, there are multiple optimal ordering quantity points: ¢f = 5/2
and ¢5 € [1/2,1]. Even if we assume that the manufacturer will always select the largest

best ordering quantity, Nash equilibrium may not exist as shown in following example:

Example 2.3. Consider the case with demand uniformly distributed on [1,3]. Let marketing
price be p =1, salvage value s and penalty cost u be 0. Production cost ¢; = 1/2, ¢co =0 and
Reliability P, = 5/6 and P, = 1/9. There is no equilibrium point in price competition. The

best response trajectories on price 2.2 and quantity 2.1 are shown in figure 2.1 and 2.2.

2.3.1 Suppliers’ price competition under uniform demand distri-

bution

If the demand is uniformly distributed on [0, b], in this case, the optimal ordering quantities
is unique for given suppliers wholesale price, and hence the suppliers’ profit is a function of
their wholesale price. Clearly, w; € W; = [0, P;] and the optimal ordering quantity 0 < ¢; < b.
Let —i be the index of supplier i’s opponent, ¢ = 1,2. By the KKT condition at optimal
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points stated in Lemma 2.1, we have:

1
Ty

Wsi(wz'|w—7;) =

=10, Pi(1 = F)]

In case w_; € W',

H(wilw_;) = b(Pi(lfgﬁ):ﬁ%(wﬁci)7 w; € W =10, P(1 - P;) —

2 (wiw_;) = WAL w T e W2l = [B(1 - PLy) — w

Pi(1-PP—;)

22

P;(1-P_;)

—i P,i(lfpi)

’Pi(l—P_l-)
~iP(1-P)’

]
P]
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Otherwise if w_; € W¥, = [P_;(1 — F;), P_j]

W§i<wi|w—i) _ b(Pi(1_P—i+w—i)_wi)+(wi—ci)7wi e szu _ [E N (1 . Pl>’ B]

i (wilw_;) = P(1-P;P_;) P_;
i (wiw_) = AEmedlese), w; € W = [0, 5 — (1 - P)]

The maximizer for 7 (w;|w_;) may be not unique, especially if w) is the maximizer such
that the corresponding ordering quantity ¢;(w}, w’ ;) = 0. In this is the case, then supplier
i’s profit in optimal decision is zero and for all w; > w; are also optimal decisions which lead
to zero ordering quantity and profit (because of the ()™ operator in the profit function). In
this case we reduce the best response set so that the supplier ¢ will only choose the minim
w; that leads to 0 ordering quantity. By the reduction of the domain, we can get rid of
the ()* operator in the profit function. Clearly if there exists a fixed point in the reduced
best response correspondence, then there exits an equilibrium in the suppliers’ pricing game.
After the restriction on the best response, we can rewrite the profit function as follows:

In case w_; € W', = [0, P_;(1 — P))]

b(Pi(1—P_;)—w;) (wi—c¢; P(1_P_,

(wilw_) mhy(wilw_) = MROGTEmsel e W =10, B(1 - Pu) —woi gt

Tsi\Wi|W—5) =
b Pz l—P_i W_;)—wW; ) (W; —C;

ng(wi|w_i) = 4 Pi(—ii—Pizj_i))( )’wi € szl

Here W2 = [P,(1 — P_;) —w_; 202 p(1 — P, +w_;)).

—1 P,l'(lfPZ')7
In case w_; € W*, = [P_;(1 — P;), P_}]

b(P;(1—P_;+w_;)—w; ) (w; —c; m w_;
7% (wiw_;) = MROPodwe g udnsed 4y, g W — (Ut — (1 - B, Pl — P+ w_y)]
7Tsi<wi|w—i) =

b(P;—w;) (wi—c; w_;
R wi € WP = [0, 5= = (1= P

o (wilw—;)
The trajectory of suppliers’ sales quantity with respect to w is shown in figure 2.3 and the

plot of supplier’s profit as a function of its own wholesale price is shown in figure 2.4.

Let wl(w_;) = argmam,, ey, me(wi|w_;) be the best response map of supplier i with respect
b

to w_; € W-_;. Even after the reduction of the domain, w;(w_;) may be singleton, since both

of the local maximal could be global optimal solution. We have:

Lemma 2.9. w?(w_;) is an increasing correspondence from W_; to W;.
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Figure 2.4: Supplier i’s profit as a function of w; changes with w_;

The following theorem is proved by Topkis in [43] as theorem 2.4.1, which gives the sufficient

condition for the existence of a fixed point.

Theorem 2.4. Suppose that X is a nonempty complete lattice, Y (X) is an increasing cor-
respondence from X into L(X) with £(X) having the induced set ordering C and Y (x) is
subcomplete for each x in X.

(a) The set of fized points of Y (x) in X is nonempty.

(b) The set of fixed points of Y (x) in X is a nonempty complete lattice.

Note here if Y (x) is singleton for every given x then Y (x) is an increasing function and
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we have the the following lemma as a simplified version of the theorem 2.4. This lemma is

proved in our appendix without using lattice theory.

Lemma 2.10. Let X = X, [l;,u;] € R™ which is a hypercube defined in an n dimensional
space and [ be an increasing function on X to X such that Vx',x" € X 2/ > 2" = f(x') >
f(x"). The set of all the fized points of f is nonempty.

To apply the above theorem in our case, define a best joint response function as follows

Ty (21, Ty, wi, W) = a1 (21, W) + Teo(T2, W)

Wb(w) = @Tgmamxlewl,xzewgﬂz (x17$27w17 wZ)

Clearly wb(w) = wb(wy) x w(wy), by lemma 2.9, w®(w) is is an increasing complete sub-
complete sublattice. Hence w’(w) has a fixed point. And by lemma 4.2.1 in [43], the fixed

points of w’(w) are equilibrium points, hence

Theorem 2.5. For the two supplier’s pricing game with Bernoulli unreliability, if demand
is uniformly distributed on [0,b] and s = 0, there exists a pure strategy Nash equilibrium.
Furthermore, the set of Nash equilibria W* forms a lattice and exists a least equilibrium

w; < wW* and a greatest equilibrium w, > w* for all w* € W* .

Since 7y is increasing with w_;, both of the suppliers will get more profit in the largest

equilibrium compared with the other equilibria.

2.3.2 Suppliers’ price competition under exponential demand dis-

tribution

Suppose that the demand is exponentially distributed: f(z) = Xe ™, x > 0. Using a
similar approach as uniform demand function, let p+u = 1 and assume salvage value s = 0.
We further assume that the production cost ¢; for each supplier is not so small such that

¢;/P; > e, which means the marginal profit in the supply chain is no more than 1.7 of the
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production cost. This is a reasonable assumption for today’s manufacturer system in a fierce

—Ag;

competition environment. Let x; = e™"%, thus, at manufacturer’s optimal decision we have:

otherwise ¢ =0=x; =1 : w; > Pi(1—=P_;(1—2_;))
Here z; is a one to one decreasing map of ¢; from [0, +00) to (0,1]. Since for any given

supplier —¢’s wholesale price, the best response wholesale price for supplier i: w; > ¢,

combine with equation 2.4, we have:

i = Piri(1 - P;(1 —x_)) < Py = @Z—Z—Z
w x;( (1—z_)) T = 5P
which means supplier ¢ will only select z; € [e7!,1], i =1, 2.
In case x_; < 1, solve :
1 Ww_;
= i W—i —~(Pixi(l — P-i(1 — —¢;)logx;
In case x_; = 1, solve:
w; = P, (1 — P;(1 —2_;)) w; = Px;
=
w_; > P_;j(1—P(1—ux;)) <1 i

1
—(Pz; — ¢;)log x;

= T (ml|w i) = =3

Then for any given w_;, supplier i’s profit as a function of x; (also a function of ¢;) is:

W;Z<xl’w71) : where x; € qu = [max{e 1 1 _ P_'—w 1} 1]

Wsi(iUi’ULi) =

72 (x5|lw_;) : where z; € X! =

We will first analyze the best ordering quantity —lOng" for supplier i’s optimal decision
when w_; is given, then study the wholesale price corresponding to each optimal order-

ing quantity and lastly get the property of the best response wholesale price. Let 22! =

b2

argmaty,exsmy(ziw_;), = = argmaz,, exiTy; 2 (zi|w_;) and 2 = argmaz,,cje-1 e (zi|w_;).



Chengbin Zhu Chapter 2. Sourcing 27

Lemma 2.11. For any given w_;, . (x;|w_;) is strictly quasi-concave in x;. In addition,
if xl°(w_;) is the point that satisfies the first order condition for function 7l (x;lw_;) in

its feasible region, then x}°(w_;) is decreasing with respect to w_;. Also, the corresponding

lo _ p..1 w_i o ——
w'° = Palo(w_)(1— P_y(1 - P_,-(I—Pi(l—ac}o(w_i)))» is increasing in w-_;
Lemma 2.12. 72 (z;|w_;) is strictly concave in z;. Additionally when z}°(w_;) = 1— P}f__il]_'f,i‘i ,
we have:
Orgwilws), S Omalmle),
81‘1 T;=1— P_;P; 8!@ z=1- P_;P;

If 2%2(w_;) € 2b(w_;), then Pab? € wl(w_;) is the best response wholesale price of supplier
i. In the case 2t (w_;) € 22(w_;) and 22 (w_;) < 1, Bxt (w_;)(1 — P_;(1 — 2_;)) € wb(w_;)
W—j
P_i(1=P;(1=a?" (w_s)))’

where x_; = is the best response wholesale price of supplier 7. In the case
that 2(w_;) = 2% = 1 (corresponding optimal sale quantity is 0), w?(w_;) > Pi(1—P_j+w_;)
is the best response wholesale price for supplier i. To simplify the analysis, we restrict the
best response to be wl(w_;) = P;(1 — P_; +w_;) if 2%(w_;) = 1. Then to show the existence

of Nash equilibrium, we can check if there exists an intersection point in the best response

map w}(w_;) = Pl (w_;)(1 — P_;(1 — z_;)) for i = 1,2.
Lemma 2.13. w’(w_;) is an increasing correspondence from W _; to W,

Again, the best response w_;, w?

J(w_;) may not be a convex set. Hence we can’t apply

Brouwer’s Fixed point theorem. However theorem 2.4 can be applied here, and hence we

have

Theorem 2.6. For two supplier’s pricing game with Bernoulli unreliability, if demand is
exponentially distributed c;/P; > e, there exists a pure strategy Nash equilibrium. Further
more, the set of Nash equilibria W* forms a lattice and exists a least equilibrium w; < w*

and a greatest equilibrium w, > w* for all w* € W* .

Since 7y is increasing with w_;, both of the suppliers will get more profit in the largest

equilibrium compared with the other equilibria.
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2.3.3 Suppliers coordination under uniform demand distribution

or exponential demand distribution

By theorem 2.5 and 2.6, we know that an equilibrium exists in the two suppliers’s pricing

1

game when demand is exponentially distributed and ¢;/P; > e™', ¢ = 1,2 or uniformly

b

distributed on [0, b]. Also, the best response whole sale price w;(w_;) is increasing with the

opponent’s wholesale price w_;. Then let W* be the set of equilibrium and let W be set of

points that achieve system coordination: W' = argmaz, . ,7si(W) 4+ ms—; (W), then we have
Theorem 2.7. If there are two suppliers and w?(w_;) is increasing with w_;, for i = 1,2.

Then Yw* € W*, if w* ¢ W, then w* < w’ for all w' € W'

Therefore the suppliers will set a lower wholesale price in competition which is preferred by

the manufacturer.

2.4. Manufacturer’s Optimal Decision in Assembly Sys-

tem

Similar to the sourcing system, we first analyze the manufacturer’s optimal decision, and

based on his optimal ordering quantity we discuss the suppliers’ pricing game.

The manufacturer tries to maximize the expected profit in this assembly system:

maxnm = pE[D — (D —minR;q;)"] + sE[(minR;q; — D)"]

q>0

—uE[(D — minR;q;)"] — Z W;g; (2.4)

Here pE[D — (D — minR;q;) "] is the expected revenue, sE[(minR;q; — D)*] is the salvage

profit from left over inventory and uE[(D—minR;q;)"| is the total penalty cost for unsatisfied
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demand. After simplification, we have:

7 = — Y wig+pE[D] - sE[D] + sE[min(Rig,)]
i=1
— (p+u—s)E[(D—min(Rig))"]
Lemma 2.14. The manufacturer’s expected profit function is concave in ordering quantity

g,t1=1,...,n.

Corollary 2.3. If i =0 for some i, then ¢; =0 for all j € {1,...,n}.

Given ¢;, to calculate the expected profit 7, the information of density function g,,(x) of
min; R;q; can save us a lot of work and it can be calculated by the following formula:
gm(@) = gilw/a) /e [ [(1 = Gj(x/q))) (2.5)
i=1 j#i
Similar to the sourcing system, the manufacturer’s expected profit is a concave function.

Hence, the optimal ordering quantities are defined by the KKT conditions.

Define the operator E[x(R)]s, on function of random variable y(R) as follows
Ex(R)]s; = ElX(R)|Riqi = min;{ R;q; }| Pr(Rigi = min;{R;q;})

Hence E[x(R)]s, is the integration of y(R) with density R in the region where component
1’s realized yield R;q; bounds the production quantity. In other words, the integration is
over the region R; < iminj# R;q;. By formula 2.4, the density function g,,;(z) for random
variable min;,; R;q; can be formulated as:
gmi(®) = _gi(@/a;)/q; [] (1 = Gulz/ar))
J# k#i.3
Therefore, with E|x]s, can be written in the following double integration:

Ex(R)]s, = ENXR)|Rigi = min;{R;q;}|Pr(Riq; = min;{R;q;})

= Ex(r)|Rig; < m;n R;q;)Pr(Riq; < m;n R;q;)
jAi j#i

_ / - / ) )gme)drdy

B /0 X(r)gi(m)(l — sz’(ri%’)dri
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Lemma 2.15. If optimal ordering quantities g > 0 (i =1,...,N), then they are defined by

w; = (p+u)E[R]s, — (p+u—s)E[R;F(R;q})]s,  forq >0

The following two lemmas compare the optimal ordering quantities among the suppliers.

Lemma 2.16. If R; and R; are independently and identically distributed and w; > w;, then

a4 <gq;-

Note that in deterministic reliability case, all the suppliers will receive the same ordering
quantity even if their wholesale prices are different. In our stochastic reliability model,
manufacturer tries to lower his over stocking cost for higher wholesale price components by

ordering less.

Lemma 2.17. If R; > R; almost surely, then g < qj.

Hence by lemma 2.17, a less reliable supplier will get more ordering quantity. This is oppo-

site to sourcing system.

The case in which all the optimal ordering quantities are zero is identified in the following

lemma.

Lemma 2.18. Not ordering is an optimal decision for the manufacturer if and only if

S wi& > (p+uw)Eminwg], V¢ >0,i=2,....,nand § =1

The following theorem characterizes the effect of the component prices on the optimal or-

dering quantities:

Theorem 2.8. The expected profit function of the manufacturer is supermodular in {q, —w}.
Hence the optimal ordering quantity q; for alli=1,...,n is monotone decreasing in w; for

all j=1,...,n.
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2.4.1 Optimal solution procedure based on supermodularity

Compared with with the sourcing system in which the calculation of expected profit will
involve n dimensional integration which is very time consuming, the calculation of opti-
mal ordering quantity in assembly system only involves double integration. Also, since the
expected profit function of the manufacturer is both supermodular and concave in ¢;, [44]
suggests a so-called tatonnement or round-robin scheme which accelerate the computation

of optimal decision:

Algorithm 2.2 Round-Robin Scheme

1. Starting with an arbitrary quantity vector q° = (¢"*®, ¢5**, ..., ¢"™*) where ¢"** is the
upper bound for ¢ which can be estimated by the upper bound of demand divided by the
lower bound of the reliability. Let k = 1.

2. In k' iteration, g* is obtained from g~ by determining:
qF = argmazx, E[r](. .. qr L a qﬁ:ll, ) Yi=1,....n

3. If ||8g—£ﬂ|| < ¢ stops, otherwise increase k£ by 1 and go back to step 2.

Since the function is concave, by supermodularity, ¥ converges to q*.

2.4.2 Heuristic solution procedure

Even with the property of supermodularity and applying the Round-Robin scheme, the
double integral involved in our algorithm is time consuming. Our computational experiments
suggest that for three suppliers, the computation time is more than 20 mins. One alternative
approach is Monte Carlo sampling method, which draw M samples independently through
the joint distribution of the reliability. Here we suggest a heuristic which approximates
min; R;q; in the first order condition with some deterministic target production quantity ¢.

The ¢' is estimated by solving the news vendor problem with constant reliability R;.
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Algorithm 2.3 Target Production Quantity Heuristic
L Let ¢ =F Y (p+u—>,wi/R)/(p+u—s))

2. Vi € 1...n, our heuristic solution ¢f is the root for

w; = ()
= (p+u)E[Ri|R; <¢'/q:)Pr(Rig; < ¢') — (p+ u— s)E[R;F(Riq;)|Ri < ¢'/ai|Pr(Riqi < ¢")

Note that as ¢; — +o0, ¥(¢;) — 0 and as ¢; — 0 ¥(¢;) — p + u. Besides,

| 2y qa'/qi
8%;;?@) -1 g;q L9 (-4 u) — (40— 5)F(e1)) — (p+u— 9) / wg;() (i) < 0

Hence there must exists a solution for w; = 1(¢;) in step 2. In [21], Gurnani et al. apply
a similar approach to their problem, they also set the same target production quantity as
ours. But instead of fully utilizing of the reliability distribution function, they only use the
first order information of R; and set ¢¢ = ¢;/R;. We will compare these two heuristic in our

numerical examples.

2.4.3 Numerical examples

To evaluate the performance of our heuristic, we applied it to 3 component problems. By
[49], most yield reliability density functions tend to be unimodal with finite support. Using
their same approach, we assume that the density function has a triangular distribution and

test the problem on different distribution parameters.

For all the test problems, we assume demand is also triangularly distributed with mean at

200 but with different variances depending on different experiment scenarios.

In all of the following experiments, the market price is fixed to be 70, the lost sale penalty
is assumed to be 5 and the salvage value is assumed to be 6. Also the wholesale price for

component one and two is fixed to be 6 and 5 respectively .

We compare the optimal solution by Round-Robin Scheme with the solutions by target
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Table 2.2: Yield reliability shape parameters

Shape | Min(a) | Mode(b) | Max(c) | Mean | Variance | Skewness
NS1: 0.4000 0.8000 0.6000 | 0.6000 0.0067 0.0000
NSS1: | 0.5000 0.7000 0.6000 | 0.6000 0.0017 0.0000
NSS2: | 0.4586 0.7414 0.6000 | 0.6000 0.0033 0.0000
NSF1: | 0.3172 0.8828 0.6000 | 0.6000 0.0133 0.0000
NSF2: 0.2000 1.0000 0.6000 0.6000 0.0267 0.0000
LS1: 0.4104 0.8090 0.5806 | 0.6000 0.0067 0.1412

LS2: 0.4231 0.8170 0.5599 | 0.6000 0.0067 0.2828

LS3: 0.4401 0.8243 0.5356 | 0.6000 0.0067 0.4241
LS4: 0.4845 0.8309 0.4845 | 0.6000 0.0067 0.5657

RS1: 0.3910 0.7896 0.6194 | 0.6000 0.0067 -0.1412
RS2: 0.3830 0.7770 0.6401 | 0.6000 0.0067 -0.2828
RS3: 0.3757 0.7599 0.6644 | 0.6000 0.0067 -0.4241
RS4: 0.3691 0.7155 0.7155 | 0.6000 0.0067 -0.5657

Table 2.3: Demand Distribution parameters

Shape | Min(a) | Mode(b) | Max(c) | Mean | Variance | Skewness
DNS: 180 200 220 200 66.67 0
DNSS: | 133.33 200 266.67 200 740.74 0
DNS1 166.67 200 233.33 200 185.18 0
DNS2 152.87 200 247.13 200 370.26 0
DNF1 105.72 200 294.28 200 1481.48 0
DNF2 66.67 200 333.33 200 2962.96 0

production quantity heuristic proposed in this paper (TPQ Heuristic) and the heuristic
applied by [21] (Gurnani Heuristic). In Round-Robin Scheme, we use the absolute norm
of partial derivative as ||8§—([;r]|| and set optimal tolerance ¢ = 0.001. Since the comparison
of the expected profit for different algorithms may be affected by the constant part pE|[D],
here we only compare the manufacturer’s expected cost which is 7 + pE[D]. The detailed
characteristics of twenty nine test problems are displayed in Table A.4 and the computational

result is attached in Table A.4 in appendix.

In general, our result shows that for Round-Robin scheme we applied, even though our
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solution procedure converges very quickly to the optimal solution (within 10 iterations ),
the calculation of double integral consumes most of the time and the total computation
time is more than twenty minutes for each single case. Monte Carlo sampling method
may be applied here to accelerate the integration speed.Our results also suggest that our
TPQ heuristic performs very well (within 0.05% to the optimal solution) while the average
optimality gap of Gurnani heuristic is around 10%. With negligible computation time, our
TPQ heuristic performs more than 1000 times better than the Gurnani heuristic and can be

used to replace the time consuming Round-Robin scheme in most cases.

We design several scenario groups to check the change of system performance with respect

to different changes in input parameters.

2.4.3.1 Scenario group one: Change of wholesale price

Problem (1,2,3,4), see table A.4 in appendix.

In the first scenario group shown in figure 2.6, the only change we make is to increase the
wholesale price for component three from 3 to 6 each, and the computed results reflect
our theorem 2.8: the optimal ordering quantity for each component is decreasing and the
optimal cost is increasing. We also find that the decreasing rate of g5 is higher than the
other two. This is because only component three’s wholesale price is increasing, whereas the
corresponding change of optimal ordering quantity has larger impact on supplier 3 himself.
Also for the same density of reliability, by lemma 2.16 the component supplier with higher

w; will get less ordering quantity.

2.4.3.2 Scenario group two: Change of reliability variance for one Component

Including Problem (1,5,6,7,8), see table A.4 in appendix.

In the second scenario group shown in figure 2.6, the only change we make is to increase the
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Scenario Group One: Opt. Quantity vs. w3 Scenario Group One: Cost vs. w3
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Figure 2.5: The system performance under ws

variance of the reliability for component three (keep mean at 0.6). The result suggests an
increase in the optimal cost due to the manufacturer facing a higher risk in upper flow. Also
we find that the optimal ordering quantity for component three increases quickly. The reason
for this can be relatively easy to find by checking our TPQ heuristic (close in numerical
result): since the mean of R3 doesn’t change, the target production quantity remain the
same, then we have to increase ¢; to make sure 1(¢g;) remain the same when the support of
g; is wider. This reason also explains why the optimal ordering quantity for the other two

product is stable.

2.4.3.3 Scenario group three: Change of reliability skewness for one component

Including Problem (1,9-16), see table A.4 in appendix.

Scenario three (figure 2.7) studies the system performance with increasing skewness of com-
ponent three (keeping mean and variance same). In this case, the numerical results show
both optimal cost and ordering quantity for component three decreases (elongated tail at

right). To explain this, again we can look at our TPQ heuristic. Since the target production
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Scenario Group Two: Opt. Quantity vs. Variance of R3 Scenario Group Two: Cost vs. Variance of R3
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Figure 2.6: The system performance under 012%3

quantity remains the same, 1¥(g;) is decreasing with ¢;. For more negative skewness, the
density g; is larger in the integration region compared with positive skewness, and ¥(g;)
will be larger with same ¢;, to counteract this effect, we have to decrease ¢;. Also note
that under-stocking component three will create more cost than over-stocking component 3.
Negative skewness with an elongated tail at left is more likely to cause component 3 to be
under-stocked. It turns out thus giving the reason for the lower optimal cost. Again, the
change in skewness of component three has a very small impact on optimal ordering quantity

for the other components.

2.4.3.4 Scenario group four: Change of demand variance

Including Problem (1,17-21), see table A.4 in appendix.

Only demand variance is increasing in scenario four of the numeric study (shown in figure
2.8). This increase leads to an increase in the optimal cost and optimal ordering quantity for
each component. Empirically, increasing the demand variance causes a higher underage and

overage risk, which leads directly an increase in cost. The TPQ heuristic shows when demand
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Scenario Group Three: Opt. Quantity vs. Skewness of R3 Scenario Group Three: Cost vs. Skewness of R3
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Figure 2.7: The system performance under skewness of Rj

variance is enlarged, the corresponding target production quantity for high service level
(> 0.5) will increase. This directly leads to increase in ordering quantity for each components.
Another interesting observation is that with the increase of the demand variance, the Gurnani
Heuristic performs better. This is because that Gurnani heuristic views the reliability of
component as a deterministic input and only cares about the risk of demand, then when
demand risk increases dominating the upper flow risk (unreliability of the components), the

Gurnani heuristic approaches the main part of the cost and performs better.

2.4.3.5 Scenario group five: Change of reliability variance for all components

Including Problem (1,22-25), see table A.4 in appendix.

Compared with scenario two, we increase the variation for the reliability of all three compo-
nents (see figure 2.9). In this case, we find that the increasing rate of the optimal ordering
quantity is higher for lower price components. The reason for this is that for the different
wholesale price components we can normalize them into the same price with different units

(3% /unit— > 6$/2unit), and hence, the manufacturer will order more quantities for lower
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Scenario Group Four: Opt. Quantity vs. Variance of Demand Scenario Group Four: Cost vs. Variance of Demand
460 T T T T " 5800 T " " " "
gl* Optimal Cost

450t % B AR 5600 | — — — Gurnani Heuristic Cost | |
= - - —q3* — - — TPQ Heurstic Cost
€ 440} ' 7 - '
S 8 5400}
© (]
g’ 430} "@
& S 5200
'E Q
o 420’. ,g
g 8 50001
= 410} =
o
o]

400 4800

390 : : : : : 4600 : : : : :

0 100 200 300 400 500 600 0 100 200 300 400 500 600
Variance of Demand Variance of Demand

Figure 2.8: The system performance under demand variance 0%

wholesale price components. The optimal cost is also increasing with the reliability of vari-
ance. An interesting issue is which of the following two factors has a larger impact on the
optimal cost: increasing demand variance or increasing component reliability variance. (see
figure 2.10). To unify the unit, we plot the change in optimal cost versus the coefficient of
variation (p). The result suggests a more noticeable impact by the increase in variation of

the component reliability.

2.4.3.6 Scenario group six: Change of reliability skewness in different direction

for two components

Including Problem (1,26-29), see table A.4 in appendix.

In the last scenario group (see figure 2.11, we test on positive skewness of component one
and negative skewness of component three (same absolute skewness ). The numeric study
shows that optimal ordering quantity for component three is more sensitive to increasing
skewness while the quantity for component one decreases a little when absolute skewness

is increased. For the TPQ heuristic’s mechanism, with same mean, the target production
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nents

quantity will not change, and the change of R; has very little effect on the ordering quantity

for the other components. Having similar reasoning to scenario five, the ordering quantity

for the component with lower wholesale price is more sensitive to the absolute skewness.

Also we find that the optimal cost is decreasing with absolute skewness, meaning that the
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change in distribution skewness of component with a lower wholesale price has a dominant

impact on the optimal cost.

Scenario Group Six: Opt. Quantity vs. Diffence of Skewness Scenario Group Six: Cost vs. Diffence of Skewness
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Figure 2.11: The system performance under non symmetric reliability skewness

2.5. Suppliers’ Pricing Game in Assembly System

For the pricing game among the suppliers, consider the case with n suppliers i € {1,...},
with Bernoulli reliability, i.e. with probability P; to successfully deliver the whole ordering
quantity and 1 — P;, (P; € (0,1)).

2.5.1 Manufacturer’s problem and optimal decision

The manufacturer tries to maximize the expected profit in this assembly system as stated
in equation 2.4. In this case, the manufacture can only sell his product when all compo-

nents arrived successfully with probability [[;_, P; and loss all the demand when any of the
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component order is default with probability 1 — [];_, P;. So we have

maxm = HP pE[D — (D — mlnq,) 1+ sE[(ming; — D)7]

q>0
—uE[(D —ming)*]) — (1 = [[ P)uBID] - 3 wi
i=1 i=1
By lemma 2.14 the manufacturer’s profit is concave in q.

Proposition 2.1. In manufacturer’s optimal decision, ¢ = ¢* for alli=1,... n.

To make sure there is no trivial solution in which the manufacturer can always make positive
profit from salvage market, we assume w; > ¢; > s/ [[_, P;i. Thus the manufacturer will face

a simple news vendor problem, in which he only has to decide on optimal ordering quantity

q:

maxm = HPZ-(iju)E[D]—uE[D]—qui

q>0

n

~T1 2+ wE(D — ¢)*) + sEl(g — D))

i=1
Therefore optimal ordering quantity can be calculated by replacing the underage cost with

(p+uw) [, P — >, w; and the overage cost with Y w; — s[[/, Pi. When demand is

() [Tis, P37 wi
(ptu—s)[[i=y Pi

sible that F~! may not be unique, we assume that the manufacturer will always choose the

continuous distributed, the manufacturer will order F’ _1( ) Since it is pos-

(ptuw) [Ti2y P30 wi
rus I P Also for

Y w; > (p+u)[[;_, P;, the optimal ordering quantity is 0. Hence given w, the optimal

maximum indifferent optimal ordering quantity: max, : F(z) =

ordering quantity is:

u 7.7’7 PZ_ 5 Wi . n
viF@) = PEismeAt i Diw < e+ ollL P

q*(z w;) =

0 otherwise
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2.5.2 Suppliers’ simultaneous pricing game

For each supplier 7, he wants to maximize its own individual profit:

max 7 (w;) = (w; = ¢;)q" (W)

Define an Nash equilibrium w* to be trivial if 7y (w*) =0 foralli =1,... n.

Proposition 2.2. There always exits a trivial Nash equilibrium w* in the the noncooperative

pricing game among suppliers {{1... ,n},{w; > ¢;},{ms, ;i =1...,n}}.

Theorem 2.9. If the demand distribution F' is continuous on [0,+00) with F(0) = 0, there

exists an positive optimal solution for the following potential function:

n

max ¢ (w) = H(wl - Ci>q*(z w;)

w>c !
i=1

Also, the mazimizers are non trivial equilibrium points for the suppliers’s noncooperative

pricing game {{1...,n},{w; > ¢}, {ns, ;i =1...,n}}.

Hence for most common demand distributions, there always exists equilibrium points with
positive profits for every one. Clearly such equilibrium strongly dominates the trivial Nash
equilibrium in which no one get any positive profit. So in the following analysis we concen-

trate on the non-trivial equilibrium points.

Now suppose demand is a continuous random variable, and f(z) has positive support

on [a,b) where a > 0. Therefore F(z) is strictly increasing on [a,b), and ¢*(>_, w;) =
_ +u) [T Pi—>, w; n % . n

FH (Bl i) for 37wy < (p+u) [Tis, Py g* (3, wi) = 0 for ¥ wi > (p+u) [T, P

o q*(zz N ZZ =) H?:l P, thus Q*(Zz w;) is differentiable in [Zz ci, (p+
W T, P) with 20 —

Ty 11% FCHOORT) with positive profit for every one.

Assumption 2.1. Demand is a continuous random variable and has a probability density

function with positive support on |a,b)
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Lemma 2.19. Under assumption 2.1

a) If a = 0 then any non-trivial equilibrium point W* is an interior point with ), w} <
(p+uw) Il B

b) For any interior non-trivial equilibrium point w* such that ), w; < (p+u)[], B, every

supplier have the same profit:

(p+uw) L =2 wi s et P= ) w)
(p+u—s) [ P )f<F ( (p+u—s) Il B )>

(p—i_u)H?:lPi_Ziw;( -1 <p+“)H?:1Pi_Ziw?
(p+u—s) [ B )f<F ( (p+u—s) [ B ))

Ta(W*) = (p+u—s) HPZ»F_I(

wi —¢ = (p—I—u—S)HPiF*I(

i=1
Furthermore, if w*' and w*? are two equilibrium points, then we have either w*' > w*? or
w*l < w*2. Additionally, without loss of generality, if w*' > w*? then mwy(W*?) > 7y (w*l)
forallt=1,... n.
c) If a > 0, then any boundary non-trivial equilibrium point w* satisfy > . wf = (p+u) [[; P

*

and ¢* (>, wf) = a. In addition, if there exists any equilibrium such that ), w; = (p +

uw) [, Bi, then lim+ rf(x) > ( ;%ggilji_gl’% % where m is the number of suppliers with

*

To further analyze non-trivial equilibrium and the division of system profits, we assume there
is no salvage value and no penalty cost for lost sale: u = s = 0, and we let p = p[[;_, P,

¢ = ), ¢;. Thus the manufacturer’s expected profit is:
= pE[D] ~ PE[(D — )] —q ) _wi

At any equilibrium point w*, the optimal ordering quantity satisfies: p—> ., w} = pF(¢*(D>_, wy})).

7 (2

Let ¢* = ¢*(w") for some non-trivial equilibrium point w* and 7%, and 7* be the correspond-
ing supplier ¢ and manufacturer’s profit in equilibrium respectively. Most of the following

results in this chapter are extensions of [26] to the multiple supplier case.

Lemma 2.20. Under assumption 2.1, suppose that the demand distribution has increasing
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generalized failure rate (IGFR)*and a finite mean. Assume a = 0 or lim xf(z) < %f.

The suppliers’ simultaneous pricing game has a unique non-trivial Nash equilibrium with the

corresponding q* which is the unique solution for following equation:

1—F(q) —nqf(q) = (2.6)

o

Lemma 2.20 shows that unique non-trivial equilibrium exists when @ > 0 and lim zf(x) <

r—a

%f for IGFR demand distribution. The IGFR assumption is not very restrictive, since most
common distributions are within this category such as normal, uniform, gamma and Weibull

for all parameters.

gamma density : flz) =e sz 37 /D (a) (2.7)

Weibull density : f(x) = 0 Ykah-te—2"/0 (2.8)

p—¢C

In case lim zf(z) > E=, the non-trivial equilibrium may be not unique, and we have the
np

z—at

following lemma:

Lemma 2.21. Under assumption 2.1 and a > 0, suppose demand distribution has IGFR

and a finite mean. If for some m € {1,...,n}, we have 1;;; < gﬂlir(rll+ xf(z) < (Wf:f)ﬁ then

the non-trivial equilibrium in suppliers’ simultaneous pricing game s defined by the set:

W ={w*:> " wf=p—¢ and lim_ zf(z) < Y5 for all wf—c; > 0}. Thus there are no

r—a p

more than n—m suppliers get 0 profit in the equilibrium. FEspecially when lim+ zf(z) =

p—¢
np ’

the equilibrium is unique: w* = ¢* + 2= |
np

Through lemma 2.21, we can find that if the demand contains a larger deterministic portion
(a is larger), the possible status at equilibrium is complicated. However, all those different
equilibria just alter the share of profit among suppliers, they still lead to a common ordering

quantity. From the customer (manufacture)’s point of view, they are all the same.

zf(x)

T—F(a) is weakly increasing for all x such that

3A distribution has an increasing generalized failure rate if

F(z) < 1.(here f is the density function and F is the cumulative distribution function)
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2.5.3 The division of system profit

To analyze the division of system profit, we assume that either a = 0 or lim+ zf(x) <

r—a

ﬁn;,é and hence the non-trivial equilibrium points must be interior points and every sup-
P

plier gets the same profit. Then by lemma 2.19, for each retailer ¢ we have: w; — ¢; =

ﬁq*(zi wf)f(q*(zz w;)). Define 7 = q*(zz wi")f(q*(zz w:))/F@*(Zz wy)). Thus we have:

w; — ¢
— ==
=2 w;
Since (p — >, w)¢* > 7" and (w] — ¢;)¢* =« for all i = 1,...,n, we have n};/7* > 7

Additionally, we take the service level in the case all components are successfully delivered as

the realized service level of the manufacturer which is defined by Z _%’ Wi L _pc
the true service level is the realized service level times the probability that all components

are successfully delivered: [];_, P;.

Lemma 2.22. For any non-trivial equilibrium point w*, if F' is convex in (0, q*), the realized

service level is less than i f;f)ﬁ and each individual supplier gets more than the manufacturer.
p—c 15;5]
(n+1)p” P

If Fis concave in (0, q*), the realized service level lies in the interval |

In case F' is concave (0,¢*), then 7 < 1. The manufacturer’s profit may be more or less than

each supplier’s profit.

Example 2.4. Consider Weibull demand with 6 = 1 . Suppose n =2, p =1 and ¢; =0

1

nk)l/k. To see that the manufacturer

fori=1,2. In equilibrium, manufacturer order ¢* = (
may capture more than the supplier, set k = 0.2. The numerical solution shows that the
manufacturer get 125% of each supplier’s profit with a realized service level of 0.92 which is
between 0.5 and 1. While if k = 0.6, F' is still concave for x € (0,q*), however in this case

the manufacturer gets 80% of each supplier’s profit with an realized service level of 0.57.

Corollary 2.4. The equilibrium q¢* falls in the convex portion of F if:
a) F is normal distribution with mean p, standard deviation o, and \/2/7o /p < np/(p—2¢).
b) F is a gamma distribution with density defined by 2.7 and o > 3.83
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c) F is a Weibull distribution with density defined by 2.8 and k > 1+ 1/n

2.5.4 Supply chain efficiency

For the supply chain efficiency, we consider the profit of the three systems: the decentralized
system profit 7 which is the total profit for all the companies in the system with the
suppliers’ price competition, the the centralized system profit 7 which is the optimal profit
for the whole system and the supplier coordination profit 7 which is the system profit
when all the suppliers coordinate to maximize their total profit and sell components to
the manufacture. The supplier coordination system is the same as a single supplier with
component price ¢, therefore, by [26], when demand distribution is IGFR with finite mean
and support on [a,b), if a > 0 or ;,;IE,?+ zf(z) > %E, the corresponding best sell quantity for
supplier is ¢ = a otherwise it is the unique solution for 1 — F'(q) — qf(q) = ¢/p. Theorem 5

in [26] presents the ratio of 75 /7!:

Theorem 2.10 (Theorem 5 in [26]). If demand is given by D = § + AX where X is an
IGFR random variable with cumulative distribution F, support [0,b), mean u and standard
deviation o, 6 > 0 and X > 0 are constants.

a) If § = 0, m /7! is independent of \.

b) For any X and p > 0, let §(\) = N /p — u). Thus p is the coefficient of variation of the
demand. If f(0) > 0, then there exits a p' > 0 such that m° /7! is decreasing in p for p < p'
and goes to one as p goes to zero. There also exists a p” such that 75, /7! is decreasing in p

for all p < p" (here 73y, is the manufacture’s under supplier coordination,).

For the decentralized system, note that if lim+ xf(z) > ’;;;, there may be multiple non-
r—a

trivial equilibrium points while all of them lead to the same ¢* = a and the same system

profit. Hence it still makes sense for us to compare 72 /7! for general demand shifting effect.

Theorem 2.11. If demand is given by D = 6 + AX where X is an IGFR random variable
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with cumulative distribution F', support [0,0), mean p and standard deviation o, 6 > 0 and
A > 0 are constants.

a) If § =0, 7P /X and 7' /X are constant. Hence P /7! is independent of \.

b) For any A and p > 0, let 6(N) = XMoo /p — p). If f(0) > 0, then there exits a p' > 0 such

that 7TD/7TI is decreasing in p for p < p' and goes to one as p goes to zero.

Theorem 2.12. If demand is given by D = 6 + AX where X s an IGFR random variable
with cumulative distribution F', support [0,b), mean p and standard deviation o, § > 0 and
A > 0 are constants.

a) Let ¢* be the equilibrium ordering quantity for = and ¢° be the suppliers coordination
ordering quantity for . Then we have ¢* < ¢S and 7P < 7. In case if Fp is conver in
[0,¢°], ¢* > ng® and 7P /7% > 1/(2n)

b) If § = 0, 7 /7% is independent of .

c) For any X\ and p > 0, let 5(N\) = XNo/p—p). If f(0) > 0, then there exits a p' > 0 such
that 7P /7% is decreasing in p for p < p' where o' > npf(0)o/(npuf(0) +p — ¢) and equals

to one for p < pf(0)a/(ppf(0) +p—2) .

In case Fp is concave in [0,¢%), ¢° maybe greater or less than ng*:

Example 2.5. Consider Gamma demand with o = 0.3 and 3 = 10, in this case F is concave

n [0, 400). Supposen =10, p=1 and ¢ =1/3 fori=1,2. Then ¢° = 0.84 and ¢* = 0.018
with 7P /7% = 0.043 < 1/20. If a = 1 and 3 = 10, F is still concave, however in this case
q° = 4.68 and ¢* = 0.64 with 7P /75 = 0.19 > 1/20.

These results show that when the coefficient of variance p is reduced, suppliers will increase
their wholesale price, which leads to a lower service level. However, the reduction of p may
lower the absolute difference between the fractiles of the demand distribution. The gaps of
the ordering quantity between the competition system, suppliers’ coordination system and
centralized system may decrease, which results in the increasing in the efficiency ratio. In
the extreme case of pure deterministic demand, all profit goes to the suppliers in all the three

systems, thus the competition system is more efficient under a larger coefficient of variance.
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2.5.5 Reliability investment decision

Suppose before the component suppliers set their whole sale price, they can improve the
reliability probability P, € P; = [a;,b;] € (0,1) with some fixed investment cost k;(FP;)
and unit production cost ¢;(P;) so that p[[[_, P > > i, ci(P;) . Let P = (P), and
P = x™_,P;. Suppose in this case demand is IGFR with finite mean on support [a,b) and
; _ ; pIlis P> iy ci
either a = 0 or Ilirgr zf(x) < T

lemma 2.20, there exists a unique nontrivial Nash equilibrium w* with the corresponding ¢*

F) for all P € P. Therefore, for any give P, by

satisfy

> i ci(B)
pllie, P

Let ¢(P) be the unique solution for above equation, then the supplier i’s profit (excluding the

1—F(q) —nqf(q) = (2.9)

investment cost) is p [[, P,q(P)*f(¢(P)). Now suppose each supplier i will take the unique
non-trivial equilibrium in the next pricing competition stage as response and maximize his

own profit including the investment cost by control P;:

n

max 7 (P, P_;) = pH Piq(P)*f(q(P)) — ki(P))

PieP; paie

Theorem 2.13. If ¢;(P;) and k;(P;) are continuous in P; for all i = 1,...,n, there exists

an optimal solution for the following potential function

max 1)(P) = pH Pq(P)*f(q(P)) = Y ki(P)

PecP -
=1

Besides, the maximizers of this potential function are equilibrium points for the suppliers’s

noncooperative reliability investment game {{1... , n},P € P, {ms, :i=1...,n}}.

Lemma 2.23. If ¢; is constant then 7y, is increasing in Pj, j # i.
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2.6. Manufacturer’s Optimal decision in assembly-sourcing

system

Now we consider the production system such that the final product is composed of one of
each component in the set C. For each component ¢ € C, there is a set of different suppliers
7; who can provide. The component ¢ provided by supplier j € 7; has wholesale price at w;;
with independent stochastic reliability R;;. Then the manufacture should try to maximize
his expected profit by selecting the ordering quantity from each supplier:

max m = —ZZwijqij—l—pE[ (D — mln ZRU%

qi;>0,ieC,j€T;
Y ’ ieC jeT; JET;

+3E[(Igcn(z Rijgi;) = D)* —uE[(D— min ()" Rijqij))"]

i€mathcalC 4
J

J€T;
= (p—s)E[D]+ SE[I?Eigl(Z Rijgij)] = Y > wijai;
jet; ieC jeT,
—(p+u—s)E[(D - I{éicﬂ(z Rijai;))"]
JET;

Recall that p 4+ u > s, then we have:

Theorem 2.14. The manufacturer’s expected profit function is jointly concave in the order-
ing quantities q;j, 1 € C,j € 7T;.

Let q; € RI%l i € C be the ordering quantity vector for component 4 from the suppliers in

set 7.

Corollary 2.5. If qf =0 for some i € C, then q; =0 for all j € C.
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Let R be the vector of reliability of all the suppliers. For any ordering quantity q, let:

Si(aq) = {rj.jeC.keT Zﬁk%k = mln Z Tikdik

keT; keT
EXR)]s@ = R)|R € Si(q)|Pr(R € Si(q))
/ @/
here G(r H H 9i(1i5)
ieC jeT;

In case q # 0, let q_; be the ordering quantity vector for components Vj # ¢ from
suppliers in {k|k € 7;}. Define G;(z|q;) (9i(z|q;)) as the cumulative (density) distribu-

tion for random variable ). - R;;q;; which is the effective component ordered. Also de-

JET;
fine G_;(z|q-;) (9-i(z|q—;)) as the cumulative (density) distribution for random variable
mingi (3 ez, Rijdrs)- Thus the density function ¢(z[q) for random variable miniec (o7 Rijdij)
1s:

p(zlq) = (1 — G_i(z|q-:))gi(z|q:) + (1 — Gi(z]a;))g-i(x|q-:)

In addition,

Elx(r)lsi@ = / / /Zkg . g—i(xlq_;)dz( kllgzk Tik)drig)
/ / )1 =G> rinainla-i)) (] ] gun(rie)dra)

keT; keT;
Lemma 2.24. [f the optimal ordering quantity q* # 0 then Vi € C and j € T;,

if gy >0 = wy=P+uwE[Ryls ) — (p+u—9)ER;F(Y Riyalsiar)

J€T;
ifg;; =0 = wy > (P+uwERyls@) — (p+u—9)ER;F(_ Rig)ls @)
JET;
Here E[X(r)]s,q) can be evaluated through Monte Carlo sampling method, however the

analytical solution is complicated for general cases.



Chengbin Zhu Chapter 2. Sourcing 51

Lemma 2.25. Consider the following two scenarios: in scenario one the market demand is

D’ with optimal profit © and in scenario two the market demand is D" with optimal profit

7", if E[D'| = E[D"] and D' <5, D", * then 7"* > 7.

For most distribution families (like Normal, Uniform), the above condition is satisfied if D’

and D" have the same mean but D” has a larger variance.

Lemma 2.26. Consider the following two scenarios: in scenario one the reliability vector is
R with optimal profit ™ and in scenario two the reliability vector is R” with optimal profit
7", if E[R};] > E[R}}] and Rj; <asp R, Vi € C,j € Tj, then 7 > 7.

For most distribution families (like Normal, Uniform), the above condition is satisfied if R;;

has a larger mean but R}; has a larger variance.

Lemma 2.26 and 2.25 are illustrated by our numerical examples in assembly model (see
figure 2.6 and 2.8). Comparing the two results, the one with lower disperse order (hence
lower variation) and higher expected reliability will always lead to a higher profit. However
this is not true for demand. This is because if the penalty for underage cost wu is larger,

higher expected demand may cause higher negative profit.

Lemma 2.27. If there exits two suppliers j and k who provide the same component i such

Lemma 2.27 is an extension of lemma 2.3 which is is a special case when |C| = 1. Thus for
every component ¢ € C, we order the suppliers j € 7; in ascending order of w;;/ Rij. Then by

the above lemma, we know that the manufacturer makes production if and only if he makes

4 X and Y be two random variables with distribution function F and G respectively. Let F~! an G~! be

the right continuous inverse of F' and G respectively and assume that
FYB) —F ) <G B)—G (o) whenever0<a<p<1 (2.10)

Then X is said to be smaller than Y in dispersive order denote X <45 Y.
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positive ordering quantity in an assembly system with only suppliers (¢, 1) for all ¢ € C. Thus

by lemma 2.18, we have :
Corollary 2.6. Not ordering is an optimal decision for the manufacturer if and only if

Y oee win& > (p+ u)Eminwi &), V& > 0.

Therefore we can extend our Iterative Expansion algorithm in sourcing model to the assembly-

sourcing model here:

Algorithm 2.4 Extended Iterative Expansion Procedure

1. (Initialization): For each component i € C, ascending order the suppliers j € 7; in
w;j/Rij. Starting with M = {(i,1) : Vi € C}, let qu be the ordering quantities from

suppliers (i,7) € M, starting with ¢;; = F(p+uf%ri€1§“m“)/}_%ﬂ and ¢;; = 0 for j > 1.

Define the number of suppliers with positive ordering quantity for component ¢ as m;, hence

we begin with m; = 1, Vi € C.

2. (Optimality Test): Evaluate g = 6‘27;4, if > jyea l9ij| > € for a predetermined positive

tolerance level € then continue to step 3. Otherwise check if M = Uiecz O Gimy+1 =

or
BQi,mﬁ»l

such that g; m,+1 > 0 and update M = {(i,t;) : Vi € C,1 < t; < m;}.

< 0, then stop and report q as optimal solution. Otherwise m; = m; + 1 for all i

3. (Computation of direction): Compute dy by conjugate gradient method, see the detail
in step 4 of algorithm 2.5. And dy =0

4. (Computation of step size): Let o = min{q;;/(—d;;)|(¢,7) € M and d;; < 0}. If o exits
then q = q 4+ ad otherwise q = q + d and go back to step 2.

Compared with the algorithm 2.1, we do not have the hessian information here, hence we
apply a simple conjugate gradient method which only requires the information of the first
order value and last step to improve direction. The detail in step 3 is the same as step 4 in
algorithm 2.5. In the case of only a small portion of suppliers with positive optimal order-

ing quantity, we can anticipate a better performance by our Extended Iterative Expansion
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procedure as compared with the general active set method which is applied in our numerical

examples.

In case that the reliability random variable R;; for supplier ¢ € C and j € 7; is Bernoulli
distributed with probability P;; to successfully deliver all the ordering quantity and 1 — P,

to default. Let 7 = |J...Z; be the set of all suppliers, then the manufacturer’s expected

ieC

profit can be rewritten as:

T = (p—s)ED] =YY wyq;

1eC jeT;
+ Z H ij H NsE| rzrélgl Z ¢j)] — (p+u—s)E[(D — rzrélgl Z )
SCT  (i,j)eS (i j')eSe (i,7)€S (i.9)eS

Lemma 2.28. When reliability are Bernoulli random variables, for any optimal solution q*,
VieC, j €T, the following is true:

;<> dr. VkECk#i

s€Ty,

Hence the total ordering quantity for any component is always more than the ordering

quantity from any single supplier. Note that for general reliability function, this is not true.

2.6.1 Solution Procedure and Numerical Examples

We already suggested an Extended Iterative Expansion algorithm for the assembly-sourcing
problem. It performs better in the case that a small portion of suppliers are selected in
the final positive ordering set. For general setting of the problems, we devise the following

solution procedure based on active set method combined with conjugate gradient procedure:

In the algorithm, we start with a heuristic ordering quantity solution which takes the sum
of the average effective wholesale price among suppliers for each component as production

cost, calculates an target production quantity, and evenly allocates this quantity to every
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Algorithm 2.5 Active Set Method Combined with Conjugate Gradient Procedure
1. (Initialization): Let n; be the number of suppliers who provide component ¢ and m be

P+U*Zie}§i§ii7§ wig)/ms )/(an[Rm]) as a starting

the number of components. Choose q;; = F~!(

point, and let £ = 1, and the nonactive set /N, be set of indices at which the non-negative

requirement for the ordering quantity vector q are non-binding, be {V(i,j): i € C,j € 7;}

2. (Optimality Test): Evaluate gF = g—g, if > |ghl + > max{0, g;} < € for a
(i,5)EN 1€C,jeT;,(1,5)ENC

predetermined positive tolerance level €, then stop and report q as optimal solution. Other-

wise continue to Set 3.

3. (Ezpansion of Nonactive set ): If 37, .y g% < € for another predetermined positive

tolerance level ¢, then expansion N by letting N = N U {7, j|g}; > 0}; otherwise do nothing.

Continue to Step 4.

4. (Computation of of direction): Let gk = {g}; : (i,7) € N} and dy, = g} + ogidh | where

_ s 20 1 _ g kD2 gkt k=1 k=1 (s -

a; =1 and id” = gy. For k > 1, ap = min{ 327, 28—} and idy, " = {id;; " : (i,7) €
(lgx 1027 (lex 1D g

N}. Let d’(“i’j)eNc = 0 and go to Step 5

5. (Shrinkage of nonactive set): Let § = min{q;;/(—d;;)|V(i,j) = dij < 0}, if § < 1,

q=q+pd* id" = gd and N = {(i,j) : ¢;; > 0}; otherwise let q = q + d* and id* = d*

Increase k by 1 goto Step 2.

supplier for each component component. Then in each step, we identify the set of suppliers
with their ordering quantity ¢;; > 0 as N. Then check the KKT condition for optimality
in step 2. In step 3, when the current solution quantity among suppliers in the nonactive
set is close to optimal, we check if we can improve the solution by enlarging the nonactive

set. In step 4, we calculate the conjugate gradient improving direction among suppliers in

k 11\2
N. Note that in the non-constrained conjugate gradient method, a; = (ﬁliff llI)I)Q’ and the
N

direction d* is calculated for line search along q+Ad”. In our constrained case, we do a unit

step search in step 5 in stead of line search. To make sure that the procedure will converge

(kD gk I
(lehk N2 (skD

ordering quantity along d by either one unit or until some supplier in nonactive set get 0

2
2 } . Then in step 5, we increase the

to optimal solution we let ay, = min{

order. When the latter occurs, we update the nonactive set. To evaluate g—g needed in the
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algorithm, we use the Monte Carlo sampling method. We draw M samples independently
from the joint distribution of the reliability, and denote sample m by {r}|i € C,j € T;}.

Then we use the following approximations:

M
om m m m ; m
e = Wi T Y o+ w)rly = (p+u—s)yrfEQY ra) 1Y rifay = minee Y riia;)
Qig m=1 JET; J€T; J€T;

Here the function 1() returns 1 if the inside condition is satisfied, otherwise it returns 0.

2.6.1.1 Computation Results

In our experiments, we let p = 60, u = 5 and s = 2. We let the overall tolerance level ¢ be
0.01. We also keep the tolerance for nonactive set ¢ be 0.0001. A sample size of 200000 is
selected for the Monte Carlo sampling. Our algorithm is programmed in Matlab and run on

a PC with an AMD 64 X2 processor.

2.6.1.1.1 Computation Effort We test our algorithm on problem sets with n compo-
nent and n suppliers for each component, n = 2,...,6. The demand is uniformly distributed
on [100,200] and the reliability R;; are independent Beta distributed with a;; and f3;; ranging
from 1/2 to 10. The time consumption and the convergence rate are shown in table 2.6.1.1.2.
From the table, we can see that the computation time is doubled if one more component
and supplier for each component are added. Hence to solve a problem with 10 components
and 10 suppliers each component (which is close to the industrial problem size) will consume

about two hours.

Table 2.4: Computation Time and Convergence Iterations v.s. Problem Scale

Problem size: n x n 2 3 4 5 6
Computation Time:(S): 54 | 125 | 263 | 761 | 1580

Convergence Iterations:(k) | 192 | 171 | 191 | 310 | 423

To make sure that the error caused by the sample size is small enough to do the sensitivity
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analysis, we evaluate the relative error in our algorithm for different sample sizes for the

problem with three components and three suppliers each:

Table 2.5: Relative Error v.s. Sample Szie

Sample size: m 5 x 104 10° 2 x 10° 4x10° | 8x10°
Relative error in Optimal Profit: 0.000819 | 0.000159 | 0.0000954 | 0.000143 0
Relative error in Optimal Ordering quantity 0.0113 0.00578 0.00702 0.00584 0

Here the relative error in optimal profit is defined by |7, — Tsx105|/7sx105 and the relative

. From the table we

error in optimal ordering quantity is defined by ||q.,, — dsx105]|/||dsx 10

can find sample size of 2 x 10° is enough for us to do our sensitivity analysis numerically.

2.6.1.1.2 Sensitivity Analysis We do the sensitivity analysis of ordering quantity and
optimal profit based on our basic problem instance with three components and three suppliers

for each component:

Table 2.6: Basic Problem Set

Parameters | a;; | Bi; | E[Rij] | Var[R] wij wij/E[R;j]
(1,1): 1 2 0.333 0.0556 3.06 9.18
(1,2): 1.5 | 1.5 0.5 0.0625 3.69 7.38
(1,3): 1 1 0.5 0.0833 4.816 6.88
(2,1): 15| 15| 05 0.0625 | 3.93 7.86
(2,2): 2 4 0.333 0.0317 1.74 5.22
(2,3): 2.5 | 0.5 | 0.8333 0.0347 2.66 3.192
(3,1): 1 5 0.1667 0.0198 1.5 9.00
(3,2): 2.5 4 0.3845 0.0316 3.23 8.39
(3,3): 3.5 | 45 | 0.4375 0.0273 2.07 4.7314

In our table for component i, we order the suppliers in descending sequence of effective
wholesale price: w;;/E[R;;]. In all of our numerical study instances, we find that for some
component i, a supplier with a higher effective wholesale price gets a higher optimal ordering

quantity. This result is stronger than our lemma 2.28, but it is not always true for the general
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case.

In our scenario group one, we test the effect of w3 on the system performance. As w3

Scenario Group One: Opt. Quantity vs. w13 Scenario Group One: Profit vs. w13
500 T T 4350
il K=k —k— ok — ¥ — K | Optimal Profitl

> 400 q12 4300 ]
= q13 -
3 o © 4250
3 300 g2l &
o - — —q22 1%
< - _q23 5 4200
g 200 q 5
g - -3l &8 4150
T 100 q32 2
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& of 5 b bbb 1050
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Figure 2.12: The system performance under w3

increases from 4 to 8, the manufacturer’s optimal profit is decreasing. The optimal ordering
quantity from supplier (1, 3) is also decreasing to 0. While by the substitutable property, the
ordering quantity from the other two suppliers for this component increases. It seems that
with more than one possible source for each component, the complementary effect shown
in section 2.4 becomes weaker. And the corresponding decrease in the optimal ordering
quantity from the suppliers out of the group is no more than 15%. We also find some
suppliers may even receives lower ordering quantity with increasing of wi;3. However this
reduction is around 0.1% and neglectable hence we categorize it as computation error. One
interesting phenomena here is that the suppliers with a higher effective wholesale price are
more sensitive (in sense of both absolute and relative values) to the the changes.

In our scenario group two, we test the effect of Var[R;3] on the system performance.
Note that Ri3 is beta distributed and that during the test we keep the mean unchanged
and maintain the skewness to be 0. With the increase of Var[Ry3] from 0.01 to 0.08, the
manufacturer’s optimal profit reduces. This observation coincides with our lemma 2.26.
The increase of the reliability variance also causes a distinct effect on the reallocation of

the optimal ordering quantity from supplier 3 to the other two suppliers for component 1.
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Scenario Group Two: Opt. Quantity vs. Variance R13 Scenario Group Two: Profit vs. Variance of R13
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Figure 2.13: The system performance under Var[R;3] when demand is uniform in [100,200]

Again, the increasing of reliability variance has a very slight impact (no more than 15%) on
the suppliers for the other components. However we still can see a generally decreasing effect
in the optimal ordering quantity for them. Some suppliers may receive a negligible increase
in orders. Similar as the phenomena in scenario group one, suppliers out of the group 1 with
higher effective wholesale price is more sensitive to the changes.

Compared with scenario group two, in scenario group three we test the effect of Var[Rig
on the system performance under a demand with density function uniformly distributed on
[145, 155] instead of uniform on [100,200]. The figure 2.14 shows a trend of change similar
to scenario group two. While from figure 2.15, we can see that the optimal profit is more
sensitive to reliability variance under smaller demand variance. This is because that for

every ineffective component, lower demand variance has more effect on the lost sale.

Finally we increase the E[R;3] in our scenario group four. Since we maintain the same mean
for Ry3 which is beta distributed, thus with the increasing of expectation, R;3 becomes
more left-skewness. As the numerical results in the assembly system show, the reduction of
skewness alone also causes the increasing of the optimal profit. Therefore the corresponding

increase in the optimal profit is the combined effect of the increase in the mean and decrease
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variance

in the skewness. With the increasing of the E[R;3], the manufacturer shifts his orders from

supplier 1 and 2 to supplier 3. Similar to the previous scenarios, the change in expectation

of supplier 3 for component 1 has a slight impact on the suppliers for the other components,

especially for those with lower effective wholesale prices. For the suppliers in group 3 and

group 2 with higher effective wholesale prices, a 10% — 20% of increasing in optimal ordering

0.1
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Scenario Group Four: Opt. Quantity vs. Expectation of R13 Scenario Group Four: Profit vs. Expectation of R13
500 4400
qll Optimal Profit
*— ke~ — - PE r
* ql2 4350 d
400 q13|]
- 4300
- - —q22

300 It
+—\N a23 4250
o - - -0 - - D>~ q

200 4200

4150
100

Optimal Ordering Quantity
Manufacturer’s Profit

4100

4050

-100 : : : : 4000 : : : :
0.2 03 0.4 05 0.6 0.7 0.2 03 0.4 05 0.6 0.7

E[R13] E[R13]

Figure 2.16: The system performance under E[R;3]

quantity can be observed.

To conclude, in the assembly-sourcing system, the properties that we get in the assembly or
the sourcing system seem to be extendable in our case. For example, the optimal profit in-
creasing with lower wholesale price, higher expected reliability and lower variance. However,
the change of the parameters of some suppliers have a strong impact on the optimal order-
ing quantities within the group. In general, the unfavorable changes (higher price, higher
reliability variance and lower reliability expectation) cause the transformation of ordering
quantity to the other suppliers in the group along with lowering optimal profit. The sup-
pliers for different component will be affected slightly. This is especially true for suppliers
with lower effective wholesale price. However we can find a complementary effect from those
impacts as we saw in assembly model: the unfavorable changes for one component supplier

causes a decrease ordering quantity from the suppliers for the other components.
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2.7. Summary

In this chapter, we examine a two echelon supply chain system in which the manufacture’s
optimal decision is affected by the upper stream of component suppliers’ stochastic reliabil-
ity and the lower stream of stochastic demand. The traditional news vendor model is the
extreme case when all reliability is deterministic. There are several variations of the sys-
tem structure in the model: the sourcing system, when multiple suppliers provide the same
component, the assembly system, when multiple complementary components are provided
by single supplier each and the assembly-sourcing model, when multiple complementary
components are provided by a group of suppliers. In general for all those systems, the manu-
facturer’s expected profit is jointly concave in his ordering quantity from each supplier. Also
his optimal profit will be increasing with the increasing of the variation of the demand and
the reliability. While for different system, based on the relationship between the suppliers,

the optimal solution shows different properties.

In the sourcing system, when the number of suppliers is restricted to two, an increase of
the wholesale price by one supplier will lead to an increase of the optimal ordering quantity
for the other supplier and a decrease in the optimal ordering quantity for himself. Also an
increase in the demand always increases the optimal ordering quantity when the demand is
log-concave. However those effects will not always hold for multiple suppliers. We also find
that a supplier with lower wholesale price and higher reverse hazard rate order will always

get more.

The corresponding suppliers’ pricing game analysis for the sourcing system is complicated
even for Bernoulli reliability. The supplier’s profit function is bimodal in his own wholesale
price and hence the best response function may be not a convex set or continuous. We
identify the case when there is no Nash equilibrium. However if the distribution of demand
is restricted with some parameter setting constraints, equilibrium can be guaranteed by
the monotonicity of the best response. In those cases, the manufacturer will prefer the

competition of suppliers compared with suppliers coordination because the former case leads
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to a lower equilibrium wholesale price.

In the assembly system, since the relationship between suppliers is complementary, the man-
ufacturer’s expected profit is supermodular in the ordering quantities. Thus the optimal
ordering quantity always decreases with the wholesale price. Based on the supermodularity,
the Round-Robin scheme is an effective algorithm to find optimal solution for a small number
of suppliers if the multi-dimension integration can be calculated efficiently. While in case
the number of suppliers is larger, we suggest a target production quantity heuristic based
on the intuition that the actual production quantity is relative stable for the same mean of
reliability under different variation. This happens when there are a lot of suppliers and the

reliability density assumes an unimodal shape.

When reliability are Bernoulli random variables, every supplier will get the same ordering
quantity in the assembly system. In this case, the suppliers’ pricing game degenerates to a
deterministic assembly model where the ordering quantity can be simply solved by the news
vendor model. In this case, Nash equilibrium always exists. We concentrate ourselves on
the non-trivial equilibrium where not every one get zero profit. Under the mild restriction
of demand distribution, we get the uniqueness of non-trivial equilibrium. Then we further
analyze the division of profit and supply chain efficiency. We find the suppliers will get
more than the manufacturer in case of a convex-concave distribution which is true for several
common distribution families. Also if the coefficient of demand variation is small enough, the
competition of suppliers leads to an efficient system with system profit close to the centralized
system. In case that suppliers can make investments on the reliability by themselves at the

very beginning stage to maximize their own individual profit, there is also an equilibrium.

Finally we extend our results to an assembly-sourcing system, and devise an Extended
Iterative Expansion solution procedure based on the property in the optimal solution that
the positive optimal ordering quantity on the supplier with higher effective wholesale price
ensures a positive ordering quantity on the suppliers with lower effective wholesale price in

the same group. Our numerical experiment shows the assembly-sourcing system inherits



Chengbin Zhu Chapter 2. Sourcing 63

most in-group effects inherited from sourcing system and out-group effects from assembly
system. However, the change of suppliers for some component has a prominent impact on the
suppliers within this group and a slight impact on the suppliers for the other components.
Moreover, we also find that suppliers with higher effective wholesale price out of the group

are more sensitive to the changes.



Chapter 3

Impact of Investment Decision
Sequence in Assembly Manufacture

System

3.1. The Notation and the Model

Consider a two echelon supply chain with a single manufacturer who sells the final product
that consists of n different components, each provided by a single component producer in a
single selling season. Demand d(p, e) is a function of the market price p set by the manufac-
turer and effort vector e = [eg, ey, ..., e,] by the manufacturer (eg) and component supplier
i (e;), i =1,...,n. We assume plglgo d(p,e)p = 0. Now consider the following two stage
decisions for them:

Stage one: Each party selects an effort on the product, this effort will cause a fixed invest-
ment cost k;(e;) and a unit production cost ¢;(e;) for each player to produce one unit of the
final product/componet.

Stage two: After the efforts are observed by all the players, the component producers simul-

64
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taneously select the wholesale price w;, ¢ = 1....,n for their components so as to maximize
their individual profit. Based on the wholesale price of the components and production cost,

the manufacturer select the market price p so as to maximize his own profit.

Keeping price competition in the second stage, we consider three different scenarios for the
first stage decision based on the order of the decisions and the objective of the decision

makers:

Case 1: Manufacturer and component producers make their effort investment decision si-

multaneously to maximize their own individual profit.

Case 2: Any one of the firms announce his effort decision first and the other firms make

their effort investment decision simultaneously.

Case 3: The players decide on their joint effort strategy together to maximize the total
system profit.

3.2. Second Stage Price Decision

For the second stage decision, after all the efforts e are realized, the manufacturer maximizes

his profit by controlling the market price given w is known:

max To(p) = d(p,e)(p — Z w; — co(eo)) — koleo)

P> 71 witco(eo)

Assumption 3.1. The component providers select their wholesale price in a compact set:

w € [[i-, [w;, ;] = W such that

w; — ci(e;) >0 i=1,.,n

and under manufacturer’s optimal price decision p*(w), demand is a nonnegative continuous
function of > w;:
Apriny, ) = d(>wie) = 0
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Table 3.1: Summary of Notation
n = Number of component suppliers.
N =10,1,...,n} Set of players including the manufacturer indexed by 0
and component supplier ¢ = 1,...,n.
p = Per unit market price for final product set by manufacturer.
w; = Per unit wholesale price for component i set by component supplier 7, i =1,...,n.

w = Wholesale price vector. e; = Effort invested by firm ¢, 7 =0,...,n,
while eq is the effort invested by manufacturer.

e = Effort vector.

¢;(e;) = Per unit production cost for firm i, i = 0,... n,
while ¢y(ep) is the per unit production cost for manufacturer.

ki(e;) = Fixed effort investment cost for firm i, i =0,...,n,

while kq(ep) is the fixed effort investment cost for manufacturer .

m; = Profit for firm ¢, ¢ = 0,...,n, while g is the profit for manufacturer.
x; = Effective effort invested by firm ¢, 7 =0,...,n
Ei:cl- = Fixed investment cost for firm i as a function of effective effort, i =0,... n.

m; = Profit for firm 7 as a function of effective effort.

Assumption 3.1 is true for most commonly considered demand functions like

Linear : d(p) = a(e) —p
Truncate Linear : d(p) = [a(e) — p]*
CES: d(p)=ale)p” b>1
Exponential : d(p) = a(e)e*AP

Here a(e) is the market size after the efforts are realized. Then the component producer i’s

profit function given his effort investment and full information about manufacturer’s best
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market price response al(pz‘Z w)? e) is:

Yi(w) = d<p>(kzwi))e)<wi_ci(€i>> Vi=1,...,n

Yo(W) = d(P{s r)> €) (D5 wi) — Z w; — coleg))

}

Lemma 3.1. Under assumption 3.1, a Nash Equilibrium exists in the component producers

pricing game.

Following lemma shows that every component supplier get the same gross profit.

Lemma 3.2. Under assumption 3.1:
a) At any Nash Equilibrium point, component producers whose equilibrium strategies are

interior points, have the same gross profit.

b) If d*(> w;,e) is twice differentiable in Y w;, and both the Equilibrium point w* and
manufacturer’s best response p*(w*) are interior points, then in addition to the result stated

in part a),

bo(p*(wh)) = Ewhi(w?)  Vi=1,....n
where: (W) = (2 wi)

DT
Part a of lemma 3.1 follows from the fact that at interior equilibrium, the first order condition
should be satisfied, hence every supplier has the same marginal unit profit. Because in the
assembly system every supplier get the same ordering quantity, they should have the same
gross profit. This result is true when there is no alternative supplier for the same components
(no competition in homogenous component). Also we do not consider the suppliers reliability
here. By the result of chapter 2, if the effective delivered portion of the ordering quantity

received by each supplier is not deterministic, the manufacturer may order differently from
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each supplier, which means that even every one has the same marginal profit, they may get
different gross profits. Note that in the real life system, system situation is complicated.
Homogenous competition, non-perfect information and reliability are all decision factors
which may lead to different gross profits for each supplier. However we capture the key

structure of the assembly model, and the results do hold in a lot of situations.

Assumption 3.2. Demand is Linear, Truncate linear or Exponential with p € R and w €

R™. For linear demand , we assume that a — Y . co(eg) > 0.

Lemma 3.3. Under assumption 3.2, the net profit under Nash Equilibrium is unique. For

linear demand function:

“(e) = (“_ZLOQ(@W—M(@@-) Vi=1,...,n

i 2(n+1)2
wite) = e — e

re) = ozt ) vieLn
a — " Cil€; +2
mie) = =t

The above lemma suggests that in the linear and truncate linear demand function case,
the manufacture gets half of each component supplier’ gross profit, while in an exponential

demand case, manufacture get the same gross profit as each component supplier.

Although for the second stage decision, we assume simultaneous price competition between
suppliers followed by the manufacturer’s price decision in the following of the chapter, here
we give a brief comparison with the system coordination in the second stage. If the sys-

tem is coordinated, the system profit is found by maximizing the objective in 3.1 with
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2

w; = ¢;(e;), Yi =1...n. The optimal system gross profit is for linear demand,

(a2 5 €)™ for truncate linear demand and Sexp(—1 =AY ¢i(e;)) for exponential de-
mand. Hence by competition, the system gross profit is less than 1/(n+1) of the coordination

1

system in linear and truncated linear demand, while it is e™" in the coordination system for

exponential demand.

3.3. First Stage Effort Decision

3.3.1 First stage simultaneous effort decision

Assumption 3.3. Given any first stage manufacturer and component producers’ investment
effort e chosen from a compact space £, the component producers’ pricing game results in a
unique common gross profit 1;(e) = (e), Vi = 1...n. Also, the manufacturer’s gross profit
o(e) = &Y(e) where € is a constant for any given e. Furthermore, ¥(e) is a continuous

function for e € &,

Clearly, assumption 3.3 is satisfied if assumption 3.2 is valid.

Lemma 3.4. Under assumption 3.3, for any ZC {0,...,n} with e; given for i € ¢, and
the strateqy space 7 for 1 € I is compact, the simultaneous investment effort game among

players in Z has a Nash Equilibrium.

Although we know the equilibrium exists from lemma 3.4, we do not have any further
information about the system behavior under the equilibrium. To gain some insight into the
property of the equilibrium point, for the remainder of this chapter, we assume p € " and
w; € R in the seconde stage price decision and e € [[} [e;, &] = & fori € {0,...,n} in the
first stage effort investment decision. Furthermore, we consider the special case of the market

size a(e) as a function of investment effort. For linear demand function or truncate linear
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demand function, we consider additive effect of the investment effort on the final demand
Linear Demand : d(p,e) =ale) —p=a+ Z O;(e;) —p

or

Truncate Linear Demand : d(p,e) = [a(e) — p|T = [a+ Z 0;(e;) — p]™
where a + Y1 0;(e;) — > .7 ci(e;) > 0 for Ve € €.

For exponential demand function, we consider the case that each player has an multiplicative

effect of the investment effort on the final demand:
d(p,e) = a(e)e™ = a H Oi(ei)e™
i=0

where 6;(e;) > 0 for Ve € £ and Vi € {0,...,n}.

To further analyze the property of effort equilibrium behavior, we first transform the strategy
space:

For Linear demand function (Truncate linear demand function), Vi € {0,...,n}, let:

T, = ei(ei)_ci(ei)

ki(x;)) = Ir[lil’l ]{k:i(ei) : 0:(e;) — ci(e;) = x;}
ei€le;,€;
z, = min 6;(e;) — ci(e)
e’ie[gi:éi]
T, = H%ax 0i(e;) — ci(e;)
e;€\€e;,€;

For Exponential demand function, Vi € {0,...,n}, let:

z; = 0Oi(e;) exp(—=Aci(e;))

ki(x;) = H[lin ]{ki(ei) : 0i(e;) exp(—Ac;i(e;)) = x;}
ei€le; €
x, = rr[lin]ei(ei)exp(—)\ci(ei))
e;€le; €4
T, = H%ax}@(ei)exp(—/\ci(ei))
eiEQi’éi

The above z; and 7; are well defined since it is a min (max) of a continuous function in

a compact interval. Also El(:z:z) is well defined, since the left side of the equality in the
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constraint is continuous, then the inverse set of the point x; in the range must be closed
in a bounded set and non-empty, so the minimizer of the continuous function in a compact

interval exits.

After the transformation, we actually delete all the points in £ with same gross profit but
higher fixed investment cost for each of the player. Then for each player i we consider the
net profit function 7;(x) in new strategy space x € H?ZO[L-, T = X.

For Linear demand function:

(a+ x)?

Fi(x) = W—E(xi) Vie{l,....n}
Rox) = (G — )

For Truncate linear demand function:

Fi(x) = M—E(mi) Vie{l,...,n}

2(n+1)2
~ (a+> )"
For Exponential demand function:
-2 N R
7i(x) = O‘i 1155 — Fi(z)  Vie{o,....n}

Let @z(x) = 7(x) — ki(z;) for alli =1,...,n.
Notation: VI C {0,...,n}, let X7 = [[,c7[2;, 7]

Proposition 3.1. Let £ be the set of all equilibrium points for the mnoncooperative game
N, EA{m i € N}) and X* be the set of all equilibrium points for the noncooperative
game after transformation (N, X, {m; : i € N'}). Then the function defined by {z;(e) =
0;(e;) — ci(e;)}, i € N for linear and truncated linear demand with additive effort effect or
{zi(e) = 0;(e;)exp(—Aei(€:))}, i € N for exponential demand with multiplicative effort effect
is a function map from E* onto X* (Surjection). In addition, Ye € £*, m;(e) = m;i(x(e)),

Vie N
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*

The above proposition suggests that for every Nash Equilibrium point e* in &, there is a
unique corresponding Nash Equilibrium x* in X with same profit for each player: 7;(x(e*)) =
m;(€*). And for every Nash Equilibrium point x* in X', there exists at least one corresponding

Nash Equilibrium point e* in £ with the same profit for each player: m;(e*) = 7;(x*)

By the above proposition, the equilibrium profit results in the transformed game are identical
to the original investment effort game. Therefore, to analyze the behavior of the players in
the original ivestment effort space &, it’s enough for us to investigate their behavior in the

new space X and we call x effective effort.

Lemma 3.5. After the transformation, for any subset SC {0,...,n}, function
f0) = 7ilx)
i€S
is supermodular in x and has increasing difference in (r;,a), Vi € S, « € A = [, q@].

Especially, if demand is exponential with multiplicative effort effect (when z;, > 0,Vi =

0,...,n or linear with additive effort effect, then the supermodularity is strict.
Lemma 3.6. After the transformation,¥i € {0,...,n}, 7;(x) is nondecreasing in x;, for
Vi #1

Lemma 3.7. For any ZC {0,...,n}. with given xXzc € Z¢ such that the players in T makes
a simultaneous decision on x;. We have:

a) The Nash Equilibrium in Xz forms a compact sublattice: if x+ and x2 are equilibrium
points, x3 A x2 and x} \V x3 are also Nash equilibrium points.

b) There exists a smallest and largest Nash equilibrium points x% and x%, such that zt < z%
foralli e 1.

c) Among all the Nash equilibriums, every player prefer the largest Nash equilibrium X%.

Lemma 3.8 is a direct result from lemma 3.5 and 3.7 by Theorem 4.2.2. in Topkis [44]

Lemma 3.8. With increasing market size o, the equilibrium effective investment effort and

net profit is non decreasing.
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3.3.2 First stage non simultaneous effort decision

For any given set SC {0,...,n} with given z;, Vi € S¢, for the remainder of the chapter,
we assume the outcome of the firms’ simultaneous investment game among firms in § is the

largest Nash equilibrium, which is preferred by every player.

Let ZC {0,...,N}, and § C Z° Let Y7(x4|xzs¢) be the largest Nash equilibrium in the
simultaneous investment game among players in Z as a function of x, while keeping the

effective effort of all the other players in ZS® = Z¢(" ¢ fixed.

The following two lemmas suggest that if one firm makes an investment effort decision first
followed by the other firms’ simultaneous investment decision game, every firm can benefit,

and the resulting equilibrium effective effort is higher.

Lemma 3.9. Let ZC {0,...,n} and m = |Z| < n. For any any given xz € Xz, Vk € I°,

denote T = 1¢ — {k}. Let x}, > x and X}, = Yzer(2}]X1), X0 = Yz (2]|X1), we have

X = X which means x; > xf for Vi € I . Besides i@y, X |x7) > i, x| x1) for

Vi € I,

Lemma 3.10. Let ZC {0,...,n} and m = |Z| < n. For any any given xz € Xz, denote the
largest equilibrium among in the simultaneous investment effort game among players in Z¢ be
xze'. Now playerVk € Z¢ deviate from x}. followed by simultaneous effort game among players
in IT%=1°¢—{k}. Let xj = maxargmax, Ty (Xx, Yz (Xx|X7)[X7) and x5, = Yo (xy]x7). We

have x}, < xf for Vi € Z¢. Besides T;(x*|xz) > m;(X'|xz) for Vi=0,...,n

In lemma 3.11, the leader is a single player, then the question is whether the results can
be extended to the case we have a group of plays as leader. To examine that, we should
first make sure that the simultaneous effort decision among players as leader should hold an

equilibrium if they take the followers’ largest effort equilibrium as response:

Lemma 3.11. Let ZC {0,...,n} and m = |Z| < n. For any given xr € Xz, denote the

largest equilibrium among in the simultaneous invest effort game among players in Z¢ be
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xze'. Now suppose players Vk € S C I°¢ deviate from x) and make their own decision early
to mazimize each individual profit taking the largest equilibrium among players in T = Z°\S
as response: maxy, m;(x;, Yo (Xs|Xz)|x1), Vi € S. Then the equilibrium ezists in the game
among players in S if there exists a maximum for the potential function: Vs(xs|xz) =

QZ(XS,YT(XSIXI),XI) — D ies E(mz)/% where v, =1 ifi=1...n and vy = 1/&.

Lemma 3.11 is a direct result from the property of potential function. Thus if the equilibrium
among the players as leader uniquely exists, we may take the group of suppliers as a single

player and lemma 3.12 follows from lemma 3.10.

Lemma 3.12. Suppose //51 is strictly convex in x; for additive effort effect and non-decreasing
and strictly convex in x; for exponential demand with multiplicative effort effect. Let TC
{0,...,n} and m = |Z| < n. For any given x; € Xz, denote the largest equilibrium among
in the simultaneous investment effort game among players in Z¢ be xz<'. Now suppose for
all the players k € S C I° deviate from x), and make their own simultaneous decision
early to mazximize its own profit taking the largest equilibrium among players in T = I°\S
as response: max,, m;(z;, Yr(xs|xz)), Vi € S. If there exists a unique Nash equilibrium
xs*in the game among players in S, let xr* = Yr(xs*|x7). Suppose for every given Xr,Xz,
there exists a unique Nash equilibrium in the simultaneous decision game among players
in S, and the corresponding potential function Vs(Xs) has a mazima. Then ) < x} and

mi(xs', x7', |x7) < Ti(xs*, x7*|x7) for any i € {0,...,n}.

Lemma 3.12 is an extension of lemma 3.10 for the case with simultaneous competition among
group of players in both stages of the Stackelburg game. Here convexity in the effort invest-
ment cost is important to make sure that everyone in the group has the same behavior as a

single one.

As a special case, let us consider the case for exponential demand function with multiplicative

effort effect and Ez(xl) = \;x;*. Suppose z; € [l;,u;] for alli =0,...,n

Lemma 3.13. [fn; > n+1,0 <l = < (:2)5 " and u; = u > (5% )51 for all
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1=0,...,n, then there exists a uniqge Nash equilibrium x' in the simultaneous effort decision
game among all the suppliers and manufacturer with [[;_, =} = (%)1/”, xh = (M)l/”i

v niA;

and T} = a1l — n—i) [T« wheren=1->""1/n; >0 and v =[] (niX) /™.

Lemma 3.13 suggests that every player with same n; will share the same net profit regardless

1-1/n;

m s hence

with cost scaler \;. Besides the ratio of profit between two supplier 5 and k£ is
the player with higher n; gets more profit. Now suppose players in S C {0,...,n} make
decison first followed by simultaneous decison among players in 7 = S Let s =| S | and
t =| T |. Define v5 = [Tes(mid)/™, 70 = [Licr(nid)V/™ and ng = 1 = 37, g1/n; and

nr=1- Zie?’ 1/”%"

Lemma 3.14. Supposen; >n+1and 0 <l; =1 <l, u; =u>7u forallt=0,...,n, where

L, u are constant defined as follows:

. . 07 o L __19 -
1 = mm{rl_lgn{(mz)"l “=}, min{( Tnl 1(7 )7 ) )
« 1 11
u = n;—n—1 n;—s/m
% = mex{mex{(3_—)%""}, I{lg}sx{(nTnz Z( )7 )T

Then there exists a unique equilibrium in the above Stackelburg game with

* al—ns 1/n * al/n 1/n; 2 1 1 al/n
Hzes T ( nr l—nsn(Tl—ns)nT) » Ty (an;T/n,y;/nﬁ/n) » T ( an) 1- ns/n l/n 1/77 fO

Vs V1 Nnr
1 €S8 and
% al—nr 1/n * a2=m)/n 1/n; =% _ 1 a2=m)/n
HiE’T Ty = (Wé*WTV;Sn(Tl*WS)(lfnT)) » Xy = <n )\Z,ys/n %/n (= n)/n> » T = <1 - nl),yl/n 1/ (1 m)/n
forieT

Here we have several observations from lemma 3.14 and 3.13. Firstly, since 0 < ny < 1 and
2/n— 1> 1/n, thus compare the simultaneous competition equilibrium 7, with Stackelburg
game equilibrium 7}, we have 7 > 7, for all ¢ = 0,...,n. Secondly, note that [[,z} =

(%)1/ 1. Since nr is decreasing with the sum of 1/n; for members in 7. Thus the
YNt

product of effective effort (also proportional to demand and gross profit) is increasing with

the set of followers 7. This observation suggests that among all the scenarios of two groups



Chengbin Zhu Chapter 3. Investment 76

Stackelburg game, the scenario with & = {7 : max; n;} leads to best social welfare and most
profit for the suppliers other than 7. Therefore in a production system, to let the company
with “heaviest” fixed investment cost burden make the effort decision will be the best choice.
Finally, the follower player j in 7’s profit is decreasing with ny. Thus for the same players’
profile, compare two scenarios: players S; as leader followed by players in 7; and players in
Sy as leader followed by players in 75. If 73 C 75, then all players in 7; get more profit in

scenario two than what they get in scenarios one.

Here is the example:

Example 3.1. Let n = 3, Eo(xo) = 7, El(xl) =29, Eg(xg) = 13, Eg(l‘g) =z5and a=1. If
l; = 107 and u; = 10 for all i. Both the equilbrium of simultaneous decision among all
players and Stackelburg game defined by player 0,1 first followed by 2,3 is unique and the

result is in table 3.1

Table 3.2: Equilibrium Results

~
*

Player | ! X //5; EZ*
0 0.286 | 0.355 | 0.00762 | 0.0122
1 0.342 | 0.409 | 0.00794 | 0.0132

2 0.286 | 0.324 | 0.00762 | 0.0143
3 0.342 | 0.379 | 0.00794 | 0.0167

Lemma 3.15. If demand is exponential with multiplicative effort effect (z; > 0,Yi =
0,...,n) or (truncated) linear with additive effort effect and if n = 2, consider the Stackel-
burg game in the following two scenarios: player i and j make simultaneous decisions first
followed by player k and player i makes decision first followed by player 7 and k’s simulta-
neous decisions. Let X' be the largest equilibrium in the first scenario and x* be the largest
equilibrium for the second scenario, then if x > xj then x’ > 7 and x), > xj, besides,
T > T

77
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Lemma 3.15 shows that if there are three player (two supplier and one manufacturer), every
one can benefit from enlarging leader group if the enlarged leaders set a higher effective
effort. In the case that the original player as the leader does not set a higher effective effort
after some other players make effort decisions earlier with him, the system could have various

outcomes which are shown in the following examples when n = 2 and ¥(x) = zgzix2:

Example 3.2. If X; = {1,2} and ko(1) = 0, ko(2) = 6, k(1) = 0, k1(2) = 6, k(1) = 0,
ko (2) = 1/2

Scenario 1: player 0 and 1 make simultaneous decisions first followed by player 2

In equilibrium, xy =1, 7, =1, 2, =1, 7 =1 and 2 =1, 75 =1

Scenario 2: player 0 makes decision first followed by player 1 and 2’s simultaneous decision

In equilibrium, x{ =2, 75 =2, 2§ =2, 11 =2 and a5 =2, 75 = 15/2

This example shows that to let a player make decision earlier in the Stackelberg game will

make everyone better.

Example 3.3. If Xy = {5/4,1}, &1 = {2,1} and X, = {33/16,2,1,0}. Suppose /150(1) =
0,ko(5/4) = 6/5; k1(1) = 0, k1(2) = 2; k2(0) = 0, ko(1) = 9/8, ka(2) = 11/4,k4(33/16) =
185/64

Scenario 1: player 0 and 1 make simultaneous decisions first followed by player 2

In equilibrium, xj, = 1, ] = 2 and z%, = 2 with 7, = 4, T = 2 and 7% =5/4

Scenario 2: player 0 makes decision first followed by player 1 and 2’s simultaneous decisions

In equilibrium, x§ = 5/4, x5 =1 and 2§ = 1 with 7y = 1/20, 77 =5/4 and 75 = 1/8

This example shows that to letting a player make decision earlier in the Stackelberg game

makes everyone better off but someone will set a lower effort.

Example 3.4. If Xy = {5/4,1}, X, = {2,1} and X, = {49/32,3/2,1,0}. Suppose ko(1) =
0,ko(5/4) = 1.83; k(1) = 0, k1(2) = 1.9; k2(0) = 0, ko(1) = 9/8, ko(3/2) = 31/16,
k4(49/32) = 257/128

Scenario 1: player 0 and 1 make simultaneous decisions first followed by player 2
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In equilibrium, xy =1, 2} =2 and xf, = 1 with 7y = 2, 7, = 0.1 and 7TA’2 = 0.875
Scenario 2: player 0 make decision first followed by player 1 and 2’s simultaneous decision

In equilibrium, x§ = 5/4, x5 =1 and x% = 3/2 with 75 = 0.045, 77 = 1.875 and 75 = —0.0625

This example shows that to let a player make decision earlier in the Stackelberg game has

mixed effects on different players.

Example 3.5. If Xy, = {0.56,0.57,0.91}, X; = {0.47,0.55,0.77} and Xy = {0.05,0.14,0.75}.
Suppose ko(0.56) = 0.8, %o(0.57) = 0.83, ko(0.91) = 0.88; k1 (0.47) = 0.04, k;(0.55) = 0.29,
k1(0.77) = 0.34; k2(0.05) = 0.54, k(0.14) = 0.65, k2(0.74) = 0.77,

Scenario 1: player 0, 1 and 2 make simultaneous decisions

In equilibrium, z{, = 0.91, ) = 0.47 and x4, = 0.75 with 7y = —0.5635, 7, = 0.2765 and
7, = —0.4535

Scenario 2: player 0 make decision first followed by player 1 and then at last player 2 make
decision

In equilibrium, xf = 0.56, x5 = 0.77 and x%§ = 0.75 with 75 = —0.4809, 77 = —0.0209 and
73 = —0.4509

This example shows that compared with simultaneous competition, totaly sequential decision
makes someone better and someone worse. Note that the one who makes first decision can

always do better in in the three players’ case.

Lemma 3.16. If 75, is strictly convex in x; Yi = 0,...,n for (truncated) linear demand with
additive effort effect and strictly increasing convex for exponential demand with multiplicative
effort effect (assuming x; > 0, Vi = 0,...,n. In addition, for any given S C {0,...,n},
there exists a unique Nash equilibrium in the Stackelburg game defined as players in S make
simultaneous decision first followed by players in S¢’s simultaneous decision and there exists
a mazxima in the corresponding potential function Vgs(xs). Let Sy, So and S3 be nonempty
multi-exclusive subsets of {0,...,n} and S;US;US; = {0,...,n}. Consider the Stackelburg

game in the following two scenarios: players in 8 U So make simultaneous decision first
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followed by plays in S3’s simultaneous decision and players in S make simultaneous decisions
first followed by plays in Se U S3’s simultaneous decision. x' be the equilibrium in the first
scenario and x* be the equilibrium for the second scenario, then if Vj € Sy such that x; > 7,

then o, > xf and 7;(x') > 7;(x*) for alli=0,...,n.

Lemma 3.16 is an extension of lemma 3.15 for the case of individual players being replaced

by a group of players.

3.3.3 First stage cooperative effort decision

Now suppose the players cooperate together in the first stage effort decision while keeping

the second stage in price competition, we have the following results:

Lemma 3.17. For exponential demand with a multiplicative effect of investment effort or
(truncated) linear demand with additive effect of investment effort, the function f(t,x) =

t@(x) > 752(1'1) has increasing difference in (t,x) when t > 0.

The following lemma shows that if the demand is exponential with a multiplicative effect
of investment effort and the firms coordinate together in investment effort to maximize the
system profit, every firm will set a higher effective effort and get higher gross profit (with

larger demand) compared with competition system.

Lemma 3.18. If the demand is exponential with a multiplicative effect of investment effort,
let x* = maxargmax, > ., 7i(x) and X° be the set of all the Nash Equilibria of investment
effort game among all the firms. Then 3xb € X® such that x* = x* and P;(x*) > 9;(x*) for
allt=20,...,n.

Lemma 3.19. If Ko is increasing in xo, then the function f(s,x) = @(X) -y E(xl) —

sEo(xo) has increasing difference in (—s,x) when s > 0.

Thus we can extend the results of lemma 3.18 to linear or truncated linear demand with an

additive effort effect when the manufacturer’s effective effort cost is increasing in his effort.
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Lemma 3.20. If the demand is linear or truncated linear with an additive effect of invest-
ment effort and %0 is increasing in xo, let X* = maxargmax, > ., Ti(x) and X° be the set of
all the Nash Equilibria of investment effort game among all the firms. Then 3x® € X such

that x* = x° and @(X*) > @i(xb) foralli=0,...,n.

Hence if the equilibrium is unique, we are sure that the coordination system will set a higher

pure effective effort than the competition system.

3.4. Summary

In this chapter, a two echelon assembly system involving pricing and investment decisions is
investigated. Compared with the assembly model in chapter two, demand in this model is
deterministic as a function of price and product quality and vendors’ effort like promotion
or advertisement. The suppliers sell the components to the manufacturer with a price only
contract taking into consideration of the manufacturer’s best price decision. We find that
for demand function with a smooth manufacturer’s best price response, equilibrium exists
in the suppliers’ competition, while for several common demand functions, the unique Nash
equilibrium leads to identical gross profit for all suppliers which is a constant proportion of
the manufacturer’s gross profit. In this stage, because of the competition, the supply chain
profit is no more than 1/(n + 1) of the coordination system.

Taking the unique price competition as a response, we analyze the effort investment decision
in the beginning stage. We find that in the effort decision stage, Nash equilibrium always
exists for simultaneous competition. After transforming the effort variables to effective effort
variables, the players’ profit is supermodular in effective effort and increasing with the other
players’ effective effort. Thus we know that the equilibrium set consists of a largest and a
smallest equilibrium such that in the largest equilibrium every one get most of the profit. We
also find that if some one makes an effort decision earlier followed by the others’ simultaneous

decision, every one can benefit. Since we can replace a group of players by an artificial
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single player in the case the investment cost function is increasing convex and the Nash
equilibrium is unique, the previous results hold in “group” followed by ”group” Stackelburg
decision. If the enlargement of the leading group’s size will induce in a higher group effective
effort decision, everyone can benefit. Coordination in effort investment will lead to a higher
effective effort and higher profit for every player. Finally, for more than two suppliers’ case,
making decisions in a totaly sequential order (one by one) may be better or worse than

simultaneous competition.



Chapter 4

Summary and Future Research

The objective of this dissertation is to analyze the behavior of a two echelon supply chain
system considering the components’ reliability and quantity.

For the stochastic reliability model, the manufacture’s expected profit is always concave
in his ordering quantity. Furthermore, when component suppliers are complementary, the
expected profit is also supermodular in the ordering quantities. Thus an effective optimal
scheme solution and a heuristic algorithm are suggested. The target production quantity
heuristic provides an effective methodology when multiple variable integration is hard to
calculate. Although this heuristic performs well for unimodal reliability density distribu-
tions in our numerical experiments, its performance under non-unimodal reliability density
distribution and worst case is not known, so it could be interesting for future research. Our
numerical study suggests that variation in reliability has more impact on optimal profit than
the variation of demand. This phenomena needs to be further analyzed. In the assembly
system, when each supplier’s reliability is a Bernoulli random variable, the problem of the
analysis degenerate to become deterministic, and we can easily go further to analyze the
pricing game among the suppliers. Under a mild restriction on the demand, the non-trivial
equilibrium is unique, and based on that, we further investigate the effort decision to improve

the successful delivery probability. Nash equilibrium is found to exists in the above games.

82
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The supply chain seems to be more efficient when the coefficient of demand variance is small
in which case the demand degenerates to become deterministic and suppliers get all the sys-
tem profits. For the general reliability distribution, the behavior of the pricing game among
suppliers, even the existence of equilibrium is still unknown and would be worthy of inves-
tigation in the future. A little insight here is that based on the property of complementary
and non-functional difference between the components that affects demand, suppliers should
get similar profit in equilibrium. For the sourcing model where the relation between the
suppliers are substitutable, unlike the assembly model, even the sensitive analysis results are
restrictive to the number of suppliers and the demand distribution function. In case there are
more than three suppliers, they may get higher ordering quantities when the other supplier
raises his wholesale price. This non-monotone response will cause further difficulty in the
pricing game analysis among suppliers. We find that for two suppliers’ case with Bernoulli
reliability, under restricted conditions on the demand distribution and cost parameters, the
existence of Nash equilibrium could be guaranteed by the increasing best response property.
For the general demand or reliability distribution, future research may be conducted in this
direction. For the model of the assembly-sourcing system, we can extend some basic results
from the sourcing system and assembly system. However, more in depth decision analysis
is very complicated and requires further investigation. Our numerical study through active
set method suggests a strong in-group effect. For those suppliers out of the group, the one
with the higher wholesale price is more sensitive to the changes. The mechanism for this

phenomena is of further research interest.

For the quality investment model in the deterministic demand, based on the approach by
construction of potential function, Nash equilibrium is shown to exist. After some transfor-
mation, we can identify the supermodularity of the players profit function in their effective
effort decision. We show that the competition with a leader can benefit every one. This
nice property does not apply when we try to extend it to a totally sequential decision. The
condition for the successful extension of this property is an interesting question. Our results

can be easily extended to the case with stochastic demand if the stochastic factor is realized
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before price decision. However, if the manufacturer faces a news vendor problem with a
price decision, although the existence of Nash equilibrium still exists, the property of system
behavior is then hard to analyze. This would be an interesting open question for future

research.

In our dissertation, for substitutable suppliers, we differentiate them with their reliability
and price. There are some other approaches in the suppliers’ differentiation like lead time,
location, quality and negotiate power. The combination of those factors on the manufac-
turer’s ordering decisions and suppliers competition is attracting more and more research

interests. Our work just opens a window for that direction.



Bibliography

[1]

N. Agrawal and S. Nahmias. Rationalization of the supplier base in the presence of

yield uncertainty. Production & Operation Management, 6(3):291-308, 1997.
Martinez de Albeniz. Pricing in a duopoly with a lead advantage, 2006.

Ravi Anupindi and Ram Akella. Diversification under supply uncertainty. Management

Science, 39(8):944-963, 1993.

Alfred Auslender and Marc Teboulle. Asymptotic Cones and Functions in Optimization
and Variational Inequalities. Springer Monographs in Mathematics. Springer, 2003.

Volodymyr Babich, Apostolos N. Burnetas, and Peter H. Ritchken. Competition and
diversification effects in supply chains with supplier default risk. Manufacturing €&

Service Operations Management, 9(2):123-146, 2007,

Yehuda Bassok and Ram Akella. Ordering and production decisions with supply quality
and demand uncertainty. Management Science, 37(12):1556-1574, 1991.

Gerard J. Burke, Janice E. Carrillo, and Asoo J. Vakharia. Sourcing decisions with

stochastic supplier reliability and stochastic demand, 2005.

Vidyanand Choudhary, Anindya Ghose, tridas Mukhopadhyay, and Uday Rajan. Per-
sonalized pricing and quality differentiation. Management Science, 51(7):1120-1130,
2005.

85



Chengbin Zhu Bibliography 86

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Magbool Dada, Nicholas C. Petruzzi, and Leroy B. Schwaz. A newsvendor’s procument
problem when suppliers are unreliable. Manufacturing & Service Operations Manage-

ment, 9(1):9-32, 2007.

J.P. Evans and F.J. Gould. Stability in nonlinear programming. Operations Research,

18(1):107-118, 1970.

Awi Federgruen and Nan Yang. Optimal supply diversification under general supply
risk, 2006.

Awi Federgruen and Nan Yang. Safegardering strategy supplies: Selection an optimal

set of suppliers, 2006.

Q. Feng, Guillermo Gallego, S. P. Sethi, H. Yan, and H. Zhang. Optimality and nonop-
timality of the base-stock policy in inventory problems with multiple delivery modes,

2004.

Anthony V. Fiacco. Introduction to Sensitivity and Stability Analysis in Nonlinear
Programming. Mathematics in Science and Engineering, A Series of Monographs and

Textbooks. Academic Press, Inc., New York, 1983.

Yoichiro Fukuda. Optimal policy for the inventory problem with negotiable leadtime.
Management Science, 10(4):690-768, 1964.

Yigal Gerchak and Mahmut Parlar. Yield randomness, cost tradeoffs, and diversification

in the eoq model. Naval Research Logistics, 37:341-354, 1990.

Yigal Gerchak, Yunzeng Wang, and Candace A. Yano. Lot sizing in assembly systems
with random component yields. IIE Transactions, 26(2):19-24, 1994.

Kathy A. Paulson Gjerde, Susan A. Slotnick, and Matthew J. Sobel. New product
innovation with multiple features and technology constraints. Management Science,

48(10):1268-1284, 2002.



Chengbin Zhu Bibliography 87

[19]

[20]

[21]

[22]

[23]

[24]

Abraham Grosfeld-Nir and Yigal Gerchak. Multiple lotsizing in production to order
with random yields: Review of recent advances. Annals of Operations Research, 126(1-

4):43-69, 2004.

Haresh Gurnani, Ram Akella, and John Lehoczky. Optimal order policy in assembly
systems with random demand and random supplier delivery. IIFE Transactions, 28:865—

878, 1996.

Haresh Gurnani, Ram Akella, and John Lehoczky. Supply management in assembly
systems with random yield and random demond. IIE Transactions, 32(8):701-714,
2000.

Haresh Gurnani, Murat Erkoc, and Yadong Luo. Impact of porduct pricing and timing

of investment decisions on supply chain co-opetition. European Journal of Operational

Research, 180(1):228-248, 2006.

Haresh Gurnani and Yigal Gerchak. Coordination in decentralized assembly sys-
tems with uncertain component yields. Furopean Journal of Operational Research,

176(3):1559-1576, 2007.

J. Michael Harrison and Jan A. Van Mieghem. Multi-resource investment strategies:

Operational hedging under demand uncertainty. Furopean Journal of Operational Re-

search, 113(1):17-29, 1999.

Ted Klastorin and Weiyu Tsai. New product introduction: Timing, design, and pricing.

Manufacturing € Service Operations Management, 6(4):302-320, 2004.

Martin A. Lariviere and Eval L. Porteus. Selling to the newsvendor: An analysis of
price-only contracts. Manufacturing and Service Operations Management, 3(4):293—

305, 2001.



Chengbin Zhu Bibliography 88

[27]

[28]

[29]

30]

[31]

[32]

[33]

[34]

[35]

[36]

Hon-Shiang Lau and Long-Geng Zhao. Optimal ordering policies with two suppliers
when lead times and demands are stochastic. European Journal of Operational Research,

68(1):120-133, 1993,

Nobuo Matsubayashi. Price and quality competition: The effect of differentiation and
vertical integration. Furopean Journal of Operational Research, 180(2):907-921, 2007.

Nahum D. Melumad and Amir Ziv. Reduced quality and an unlevel playing field could
make consumers happier. Management Science, 50(12):1646-1659, 2004.

Jan A. Van Mieghem. Investment strategies for flexible resources. Management Science,

44(8):1071-1078, 1998,

Jan A. Van Mieghem and Nils Rudi. Newsvendor networks: Inventory management and
capacity investment with discretionary activities. Manufacturing € Service Operations

Management, 4(4):313-335, 2002.

Paul Milgrom and John Roberts. Comparing equilibria. American Economic Review,

84(3):441-459, 1994.

K. Sridhar Moorthy. Product and price competition in a duopoly. Marketing Science,
7(2):141-168, 1988.

Anand Nair and Nam Narasimhan. Dynamics of competing with quality- and
advertising-based goodwill. European Journal of Operational Research, 175(1):462-474,
2006.

Martin J. Osborne and Carolyn Pitchik. Equilibrium in hotelling’s model of spatial
competition. Fconometrica, 55(4):911-922, 1987.

Fouad El Ouardighi and Charles S. Tapiero. Quality and the diffusion of innovations.
European Journal of Operational Research, 106(1):31-38, 1998.



Chengbin Zhu Bibliography 89

[37]

[38]

[43]

[44]

[45]

[46]

[47]

Mahmut Parlar and Dan Wang. Diversification under yield randomness in inventory

models. European Journal of Operational Research, 66(1):52-64, 1993.

R. Tyrrell Rockafellar and Roger J-B.Wets. Variational Analysis, volume 317 of A series
of Comprehensive Studies in Mathematics. 1998.

Nils Rudi and Y. S. Zheng. A multi-item newsvendor model with partial variety post-
ponement, 1997.

Moshe Shaked and J.George Shanthinkumar. Stochastic Orders. Springer Series in
Statistics. Springer, 2007.

Jayashankar M. Swaminathan and J. George Shanthikumar. Supplier diversification:

Dffect of discrete demand. Operations Research Letters, 24(5):213-221, 1999.

Brian Tomlin and Yimin Wang. On the value of mix flexibility and dual sourcing in

unrealiable newsvendor networks. Manufacturing € Service Operations Management,

7(1):37-57, 2005.

Donald M. Topkis. Minimizing a submodular function on a lattice. Operations Research,

26(2):305-321, 1978.

Donald M. Topkis. Supermodualrity and Complementrarity. Frontiers of Economic

Research. Princeton University Press, 1998.

Jozsef Voros. The dynamics of price, quality and productivity improvement decisions.

European Journal of Operational Research, 170(3):809-823, 2006.

Shitao Yang and Jian Yang. Sourcing with random yields and stochastic demand: A

newsvendor approach. Computers and Operations Research, 34(12):3691-3700, 2007.

Candace Arai Yano. Imapct of quality and pricing on the market shares of two competing
suppliers in a simple procurement model. Technical report, Department of Industrial

and Operations Engineering, University of Michigan, Ann Arbor, 1991.



Chengbin Zhu Bibliography 90

[48] Candace Arai Yano and Hau L. Lee. Lot sizing with random yields: A review. Operations

Research, 43(2):311-334, 1995.

[49] Chan Thomas Yano, Candace Arai. Production and procurement policies for an assem-
bly system with random-yield componets. Technical report, Department of Industrial

and Operations Engineering, University of Michigan, Ann Arbor, 1989.



Appendix A

Proofs and Tables

A.1. Proofs for Preliminary Results

Lemma A.1. Given X and Y are two independent random variables supported on the
bounded positive intervals and f(x,y) is a positive integrable function. If EIX f(X, Y)|E[Y[f(X,Y)] >
EXY f(X,Y)]E[f(X,Y)] then

EX*f(X,V)EYf(X,Y)] = EIXY f(X, V)] E[Xf(X,Y)] (A1)

Proof of Lemma A.1. First, if E[f(X,Y)] = 0, since X and Y are supported on bounded
interval, we have E[X2f(X,Y)] = E[Y f(X,Y)] = E[XY f(X,Y)] = E[Xf(X,Y)] =0, and
the inequality A.1 hold.

Otherwise E[f(X,Y)] > 0, since f(x,y) is positive integrable, by Cauchy-Schwarz In-
equality we have:

Bf(X.V)EX*f(X,Y)] > E*[Xf(X,Y)].

Since y and f(x,y) are always positive, we have

E[f(X.VEX* (X YV)EYf(X,)Y)] = EXf(X,Y)E[Yf(XY)
> E[Xf(X,Y]E[XY f(X,Y]E[f(X,Y)]
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Divide both sides of the inequality by E[f(X,Y)] and the result follows.

Q.E.D.

Lemma A.2. Suppose X andY are two independent random variable supported on bounded

positive intervals and f(e) is a log-concave density function, then

EIXf(X + V)EY (X +Y)] > EIXYJ(X + V) E[f(X + 1)) (A2)

Proof of Lemma A.2. Without loss of generality, let g;(x) be the density function of the
random variable X supported on [l;,u1] and gs(y) be the density function of the random

variable Y supported on [ly, us]. Define the following function:

Fi(z) = =
Faa) - F(o+ 5)galy)dy
Ci(z) = 1

Galz) = / Pyt + o)y

From this, we have:

EXf(X+Y]E[Yf(X+Y)] - E[IXY f(X + V)E[f(X +Y)]
= /llwgl(x) l Qf(w+y)gz(y)dydx/ lgl(:v)/ 2yf(x+y)gz(y)dydx

1 l2

- / Y ) / " f + s )dyds / e [t (s

l2
ul

— [ m@R@a@ [ 6@ @)

- [ PG @i [ R @)

l1 ll

= 5[ REGw) - A@IG ) ) Galr) - B Gale)a(e)on(zs)dedrs

Hence to prove the inequality (A.2), it is enough to show that for any xi, 25 € [l1, 4], the
expression Fl(l’l)Gl (I‘Q)—FI(IQ)Gl (ZEI) and FQ(Il)GQ(ZEQ)—F2<I2)G2(Z‘1) have the same sign.
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By our definition of the functions, it is equivalent to show that for any uy; > xo > 1 > [,

the following inequality holds:

u u2

f(z1+y)g2(y)dy / " yf(zaty)ge(y)dy— [ f(zaty)ge(y)dy / N yf(x1+y)g2(y)dy > 0

l2 lg l2 12

Similar as before, we define:

iy) =1
(y) = flei+y)
Gily) = vy
Galy) = flza+y)

From this

u2 u2

[ @ + ety /luzyf(fffﬁy)gz(y)dy—l £z + 9)g2()dy /lquf<xl+y)92(y>dy

= %/ZW /ZUQ(Fl(yl)Gl(yz)—Fl(yz)Gl(yl))(Fz(yl)Gz(w)—Fz(yz)Gz(yl))gz(yl)gz(yz)dyldyz

Hence, if for any y; and vy, Fi(y1)G1(y2) — Fi(y2)G1(y1) and Fy(y1)Ga(ya) — Fa(ya)Ga(yr)
have the same sign, then the above integration is nonnegative. Based on our definition of

the functions, this condition holds if for any us > yo > y; > ls:

flza +y) f(z1+y1) < floa+y1)f(z1 + 12). (A.3)

By the definition of log-concave density function, f(e) satisfies:

flamy + (1= @)s) > f(a1)* f(z) 7.

for all 1 and x5 in the support of x and a € [0, 1]. Now if 25 = 21 and yo = y;, then (A.3)

holds as equality. Otherwise, let v = ——2=H—- and (1 — a) = —2-%—. We have:
flaes+y) = flales+ys) + (1 —a)(@+u)) > flos+y2)" f (@1 + 1))
flai+ys) = F((1=a) (@ +yo) +aler+ 1) > flra+y2) " F(01 + 1)

= flra+u)f(z1+y2) > f(r2 + o) f(z1+31)
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As a result, (A.2) holds.

Q.E.D.

Lemma A.3. If f;(x;) is strictly conver in x;, fori € S, define

xst) = argminy fi(x)

i€S

subject to Z r; =t
ieS
xZ; - [lz,uz],VZ - S, (lz S UZ>

then xs(ts) is nondecreasing with respect to ts. If fi(z;) is non-decreasing, then the result

also holds for

xs(ts) = argmin Z fi(x)
€S
subject to Hazz =t
i€S

x; € [li,ui],ViGS, (Oélzéul)

Proof of Lemma A.3. First we show that it is true for the first case. Suppose not, then for
some ¢ >t/ and in the optimal solution x” for 7 and x’ for ., there exist ¢ and j such that
xi >z} and 27 < 2.

1) If o — a; > oy — a7, since fy is strictly convex for all k € S, )7, s fi(w;) is strictly jointly

convex in Xg, then x’ is the unique optimal solution for ¢,. Thus
fi(@)+ f3(@h) < filwi+a;—af)+ fi(a) — (@ —2f)) = fi(a) = f3(]) < fulwi+al—af) - fi(z))

Now construct a feasible solution x* for ¢ such that ¥ = xj for k # 4, j, 7 = 2+ (2} —2]) =

/

/ x 0
v and x} =z — (2

"
" — 7). Hence,

D felai) = D felai) = filal = (@ = @) = filad) + (f5(@)) = fi(@)))

keS keS
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and by the strictly convex property of f;, we have:

fila?) = fila] — (@) — 27)) > fia] + 2 — 2F) — fi(z})
= [fila} — () — ) — fulai) + filz + @) — 2f) — fi(z}) <O
= fila] — () —2f)) — fulai) + f;(2}) — f;(z7) <O
= > fulzp) <D fulal)

kesS keS

Which leads to a contradiction.
2) xf —x; < af—xf, fi is strictly convex for all £ € S, then X is the unique optimal soltuion
for t,. Thus, fi(x}) — fi(x}) > f;(x}) — fi(2; — (2 — 2}). Now construct a feasible solution

* 7 * S oA * __ a0 1 / * )
x* for ¢ such that x} = 2 for k # 4, j, v = 27 + (2] — 2}) and x] = z{. Hence,

D Sul@i) = D fula) = fila] + (@f =) = fi(a]) + (fula) — fila]))

keS keS

and by the strictly convex property of f;, we have:

fi(ah) = fil@) — (i —2)) > f3(af + (i — 27)) — fula])
= fila] + (@i — 27) — fi(a}) + fi (2] + (2 — 29)) — fi(2}) <O
= fi(@] + (] — 7)) — fila]) + fi(2}) — fi(z]) <O
= Y fulw) < D filal)

keS keS

Which leads to a contradiction.
For the second part of the lemma with the multiplicative constraint, in case t, = 0, since
fi(z;) is non-decreasing and strictly convex, it must be strictly increasing. Hence the unique
optimal solution is z;(0) = max{0,[;}, for i € S, and for any ¢, > 0, the corresponding
optimal solution xs(t.) = xs(0).

In cast t; > 0, let z; = log x;, then the original problem is equivalent to:

zs(ts) = argmin Z fi(e*)
€S
subject to Z z; = logty
ieS

z; € [logl;,logu;],Vi € S
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Note that since f; is monotone increasing and strictly convex and e* is convex in z;, f;(e*)
is strictly convex in z;. By the previous result, zs(ts) is monotone non-decreasing in logt,
and non-decreasing in ts. Since x; = € is monotone increasing map, xs(ts) is monotone

non-decreasing in .

Q.E.D.
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A.2. Proof for Chapter Two

Proof of Lemma 2.1.

(97r qu’i
90, w / g1(r1) /0 gn(r / srif(x)dx

_|_/qu(p +u)r; f(x)d )drn .
= —w; +sE[R,F(Q)] + (p+u)E[R;(1 - F(Q)]

= —w;+ Ri(p+u) — (p+u—s)B[RF(Q)]

ZTW — —(p+u—s)ER(Q)]
afgqj — —(p+u—s)E[RR; f(Q)]
Vx € R™
X — (s Z Z B[Ry Ry, £(Q)
= —(ptu—s)E ix R;) ) <0 (A4)

for p +u < s. Hence the expected profit function is jointly concave in ¢;. Q.E.D.

Proof of Theorem 2.2. Define rge(f) as the range of the map f. Define T'(q) : Rt" = R" =
{Ri(p+u)— (p+u—s)E[R;F(Q)] :i =1,...n} for @ > 0. Then the set {w;,i =1,...,n|g >
0 with w; = Ri(p+u) — (p+u—s)E[R;F(Q)] and 0 < w; < Ri(p+u),i=1,...} is actually
rge(T") N x?_[0, R;(p + u)]. Since x_,[0, R;(p + u)] is convex, it is enough for us to show
that rge(7T”) is also convex. Now define the following function:

7+ > wigi = —(pE[D — (D = Q)]+ sE[(Q — D)T] —uE[(D - Q)]), q>0
U(q) =

oo, otherwise

Since 7 is concave and differentiable in q and the set R*" is convex, 1(q) is a proper convex



Chengbin Zhu Proofs and Tables 98

function! on R™™. In addition, we have:

T(q) =0y = {Rilp+u) — (p+u—s)E[RF(Q)]:i=1,....n} q>0

), otherwise
Clearly, the effective domain of 7'(q) is the same as the domain 7"(q). Since 7" is continuous,
rge(T") is the closure of rge(T) . By Theorem 12.17 in [38], for any proper convex function
¥ : R* = R, the mapping o1 is monotone 2. Furthermore, since T is single valued mapping,
it is maximal monotone® by Corollary 12.27 in [38]. In addition, by Proposition 6.4.1 in [4],
the closure of rge(T) is convex. Therefore, rge(T") is a convex set and {w;,i = 1,...,n|g >

0 with w; = Ri(p+u) — (p+u—s)E[R;F(Q)] and 0 < w; < Ri(p+u),i=1,...} is convex.

Q.E.D.

Proof of Lemma 2.3. We prove the result by contradiction. Suppose not, then there exists ¢

and j such that w;/R; > w;/R;, ¢¢ > 0 with q; = 0. By lemma 2.1, we have:

w; = Ri(p+u)—(p+u—s)E[R;F(Q")] (A.5)
w; > Rj(p+u)—(p+u—s)E[R;F(Q)] (A.6)

Since ¢; = 0, R; and F(Q*) are independent random variables, we have E[R;F(Q*)]
R;E[F(Q")]. Since R; > 0, thus

wi/R; = (p+u) — (p+u—s)E[F(Q)]. (A7)

LA function is called proper if f(z) < oo for at least one z € R™
2A map T : R™ = R" is called monotone if its graph is monotone, namely:

<u —U,T—= y> > O,V(x,u) € gphT7 V(y/l)) € gphT7

3 A monotone map T : R” = R is maximal if

(u—v,x—y) >0,Yw € T(y),y € domT = u € T(x)
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Also since ¢ > 0, the function F(}_.¢/r;) is monotone increasing in r;, which implies
that there is a strictly positive correlation between R; and F(Q*). We have E[R;F(Q*)] >
R;E[F(Q*)]. Therefore should hold:

wi = Ri(p+u)—(p+u—s)E[RF(Q)]
< Rilp+u)— Rilp+u—s)E[F Q)]
= wi/Ri < (p+u) — (p+u—s)EFQ)] <w,/R
which contradicts with w;/R; > w;/R;. Hence, g; > 0.

Q.E.D.

Proof of Lemma 2.4. We prove the result by contradiction. Suppose in the optimal decision
every supplier get zero ordering quantity ¢; = 0 for all j = 1,...,n. Since the solution is

optimal, KKT condition should be satisfied for supplier i, that is:
w; > (p+u)Ri — (p+u—s)E[RF(Q")] = (p+u)R;
which contradicts with w; < (p+u)R;. Hence, there must exists some supplier j with ¢& > 0.

Q.E.D.

Proof Corollary 2.2. By lemma 2.4, there must be some supplier who receives positive
ordering quantity. Suppose supplier i get 0 ordering quantity while supplier j,j # ¢ get a
positive ordering quantity, since w;/R; < w;/ Rj, then by Lemma 2.3, ¢; should be positive

which leads to a contradiction. Hence, supplier ¢ must get a positive ordering quantity.

Q.E.D.

Proof of Lemma 2.5. First, since ; < 1,for all j =1,...,n, we have

E[RJPS(Q)] < E[RjFpEj $ 0] _ F(ZZ: 7). (A.8)
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By lemma 2.1, in optimal decision we have

w; > Ri(p+u) — (p+u—s)E[R;F(Q")]

R;i(p+u) —w; .

= F q) > =2 J for all j
(zi: ) Ri(p+u—s)

ptu—w;/R; ,

P> Ft L for all

= ;q@_ racs ) forels

L ptu—w
= E A it
% = (p—l—u—s)

where F _1(’;:‘7__1;’) is the optimal ordering quantity for the manufacturer ordering from a
single supplier with full reliability R = 1 and wholesale price w = mz’n;‘:le/ R;.

Q.E.D.

Proof of Lemma 2.6 We prove the strictly concavity at the optimal point by showing that
the hessian at optimal point is positive definite .

By the assumption, 0 < F(z) < 1 for any x € (0,b). If w; > R;(p + u) for all 4, suppose
there exists some j with ¢; > 0, then E[R;F(Q*)] > 0. However, check the KKT condition

in corollary 2.1,
w; = Rj(p+u) — (p+u—s)E[R;F(Q")] < Rj(p + u)

which leads to a contradiction. Thus, ¢ = 0 for all ¢ is unique optimal solution.
Otherwise, suppose there exits some i with w; < R;(p + u), then by lemma 2.4, in the
manufacturer’s optimal decision, there must exits a supplier j with positive ordering quantity,

from corollary 2.1:

wj = Rj(p+u) = (p+u—s)E[R;F(Q)].
Since sR; < w;, E[R;F(Q*)] < R;. In addition, 0 < E[R;F(Q*)] because w; < R;(p + u).
Note that R;, Vi =1,...,n, is continuously distributed random variable supported on [0, 1],

thus P(Q* = 0) = 0 and P(Q* € (0,b)) > 0. Hence, there exists a set S C R" such that
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PR € S) >0and forallr € S, f(>_,¢'r;) > 0. Consequently, for any x # 0 with the
hessian H at the optimal point:

xHx = —(p+u — S)E[(Z 2R f(Q)]

Note that (3, z;r;)? = 0 only if Y,z = 0, which is defined by a hyperplane 7 in
an n dimensional space. Furthermore, since R; are independent random variables with a
continuous distribution, PR € 7) = 0 and P(R € S\ 7) > 0. Since f(>_,¢/r;) > 0 and
(>, @ri)? > 0 in the set S\ 7,

xHx' = —(p+u—s) Zmz ; < —(ptu— 5/ ZxR ZQZ < 0.
reS\T

Q.E.D.

Proof of Lemma 2.7. Since the expected profit is strictly joint concave at the maximal point,
the optimal ordering quantity is unique and can be represented by a multi-value function
from w. Also by theorem 2.2.13 in Fiacco 1983 [14], since the expected profit function is
jointly continuous in (q, w), linear independence of boundary on ¢;, strict complementary
slackness and the second-order sufficiency conditions hold at any optimal point q*, q* is

continuous in w.

Q.E.D.

Proof of Theorem 2.1. Since the the profit function is strictly concave at the optimal point,
the optimal ordering quantity is continuous in the wholesale price. We only have to show
that for both of the cases ¢f = 0 and ¢ > 0, our result holds. Therefore, by continuity, the
monotonicity result holds for all g/ > 0.

First, for any supplier ¢ who receives optimal ordering quantity ¢ = 0, in increasing w;, the
KKT optimal condition still holds under current q*. This means that the optimal ordering
quantity does not change. Otherwise ¢ > 0, then equality 2.2 holds for all the supplers in



Chengbin Zhu Proofs and Tables 102

the set S = {j € {1..n}|g; > 0}. By implicity function theorem, we have:

04i _ [Hg '

ow;
where Hg is the hessian of the expected profit function involved only suppliers in the set
S at the optimal point. Since E[r] is concave, [Hg'];; is non positive. Therefore, ¢} is non
increasing with w;.
When n = 2, without loss of generality, let ¢ = 1. If ¢ = 0, the KKT optimal condition
still holds when wy is increased from the original optimal solution, hence ¢j is nondecreasing
with wy. In case ¢f > 0, since g5 > 0 for any w;, we only have to consider the case g5 > 0.
In this case, equality 2.2 holds for both suppliers, and by the implicity function theorem, we

have:

9 (ptu- DERRSQ)]
ow, det H '

Q.E.D.

Proof of Theorem 2.2. In case g = 0, our result always holds. We only have to consider the
case ¢f > 0. Note that the density distribution of demand at ¢ is f5(d) = f(d — 0), since

f is log-concave, f5(d) is also log-concave. To show that the optimal ordering quantity is

increasing with ¢, it is equivalent to show % —0 = 0. Without loss of generality, let + =1,

then
Ogi _  E[Rf(Q"—0)E[Rif(Q" —6)] — E[RiRaf (Q" — )| E[Re f(Q" — 0)]
00 detH
= _m(E[(R2Q§)2f5(Q*)}E[leﬁfa(Q*)] — E[R1q} Raqs f5(Q7)| E[Rags f5(Q7))).

By lemma A.1, since fs(d) is log-concave, we have

E((R2a3)* f5(Q")E[Ruq; f5(Q")] — E[Rugi Rads f5(Q) E[Raq5 f5(Q7) = 0.

In addition, det H < 0 because the expected profit function is concave. Combine the above

results together, we have % > 0.
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Q.E.D.

Proof of Lemma 2.8. Since supplier 1 and 2 are identical, ¢f = ¢; = ¢* in optimal decision.
In case g = 0, our result always holds. We only consider the case ¢f > 0 for + = 1,2. By

KKT condition, we have:
w; +wy = (p+u) (R + Ry) — (p+u—s)E[(R1 + Re)F(¢*(Ry + Ro))].
Let @ = R, then
wy = (p+u)R— (p+u—s)E[RF(2¢*R)].

In addition, since
O*rF(qr ,
T _ oo ftar) + arfar).
if 2f(z) > (<) — o f'(z), then rF(gr) is convex (concave).

Note that R; and R, are identical independent random variables, therefore, Ry >, @ =

R (R; is larger than R in convex order). Now consider the scenario that only supplier 1
remains in the system and the optimal ordering quantity is ¢;.

First, consider the case that 2f(x) > —z f'(x) and suppose ¢; > 2¢*:
wr = (p+w)Ri — (p+u—s)E[RiF (/)] = (p+u)R — (p+u—s)E[RF(2¢"R)]
Therefore E[R,F (¢} R1)] = E[RF(2¢*R)]. But by the monotonicity of rF(rq), we have
E[R1F(¢iRy)] > E[R1F(2¢"Ry)].
In this case rf(rq) is convex. By the convexity order of R and Ry,
E[R1F(2¢"Ry)] > E[RF(2¢"R)].

Thus, E[R,F (¢, R1)] > E|RF(2¢*R)], which leads to a contradiction. Therefore ¢; < 2¢*.

Second, consider the case that 2f(z) < —xf'(x) and suppose ¢} < 2¢*:

wy > (p+u)Ry — (p+u— 8)E[RiF(¢|Ry)].
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Therefore E[R,F(¢|R,)] > E[RF(2¢*R)]. By the monotonicity of rF(rq),
E[R\F(q\ )] < E[RiF(2q"Ry)]
In this case rf(rq) is concave. By the convexity order of R and Ry,
E[R1F(2¢"R,)] < E[RF(2¢"R)].
Therefore EF[R1F(qyR1)] < E[RF(2¢*R)], which leads to a contradiction. Hence, ¢} > 2¢*.

Q.E.D.

Proof of Theorem 2.3. Consider the following two case:
Case 1: ¢; =0. R; <, R; = R, < Rj. q; = 0 < qj because of lemma 2.3 .
Case 2: ¢j > 0 and ¢; > 0. Since w; > w; and R; < }?j, by the result of lemma 2.1 and 2.3,

the following inequality holds:

wi = Ri(p+u) = (p+u—s)BIRFQ)] > w;=R;(p+u) = (p+u—s)ERFQ)
= E[RF(QY)] < E[R;F(Q)] (A.9)

Now suppose ¢; > ¢;, define Q};c = Dok oy q; Ry. Consider the following two functions:

G1(1i, 1) = 1TiER ki [F(Qfje + G 1i + qG15)]
Go(ri, 1) = Tl ki [ F(Qfje + GiTi + qj75)]
Apar(risry) = (ri — 1) ERry ki g [F(Qje + @i mi + qjrj)]-

The following inequalities hold when r; < r;:

8A¢ TiyTj * * * * * * *
—375 ) @5 (ri = 1) ERy ki s [ f Qe + @i + @575)] — Ery ki [ F(Qije + gimi + qjry)] <0
J

Ago(riry) = (ri = 15) Erg i g[F(Qe + airi + qj75)]
< —(rj = 1) Rk [F( Qe + @iy + Giri)l = —Adan (rj,71).
By Theorem 1.B.48 [40], Eg, r,[¢1(R;, R;)] < Eg, r,[¢2(R;, R;)] holds when R; and R; are

two independent random variables and R; <,; R;. Therefore,

B[R F(Q")] = ER, r;[02(Ri, Rj)] > Eg, g;[61(Rs, R;j)] = E[R;F(Q")].
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which leads to a contradiction with inequality A.9. Hence, ¢; < gj.

Q.E.D.

Proof of Theorem 2.9. Since W', and WY, are both closed intervals and at w_; = P_;(1 —
P), W} = W! = 0 and W# = W? it is enough for us to show w’(w_;) is monotone

nondecreasing in W', and W¢,.

In case w_; € W",, since both 72 (w;|w_;) and 73;(w;|w_;) are strictly concave and continuous
in w_;, in addition, the lower bound and upper bounds for W? and W?* are linear functions
of w_;, the local maximizer of 7% (w;|w_;) in W and 73 (w;|w_;) in W} are unique and
continuous in w_;.

For w; € W?* the lower bound 5+ — (1 — P,) and the upper bound P;(1 — P_; + w_;) are

both increasing in w_;. Furthermore,

P2 (wilw_;)  blw; — )
ow;0w_;  P(1—PP;)’ (A.10)

Note that if the local maximal point for 72 (w;|w_;) in W?* is an interior point w?, then
b(Pi(L — Py + w—;) — wy)(w) — ;)

(1 - FP)
> 7731(-Pz<1 - P_z‘ + U)_Z'>|UJ_Z') =0

ng (w7 |w_;) =

= w!—¢ >0
o 827r31(w2|w_1)
N owy Dw; dw_;
ow_; 0% (wilw-—s)
ow?

wi=we = W; — ¢; > 0. (A.11)

Therefore, the local maximizer of 7% (w;|w_;) in W?" is nondecreasing in w_;.
Let ¢, (wf(w_;),w_;) be the ordering quantity for supplier —i when the local maximizer for
72 (w;Jw_;) is an interior point, then

Ci — Pi<1 - Pfi) — Paw_;
2P(1 — BPy)

Clearly, ¢° (wg’ (w_;), w_i) is monotone decreasing with w_;. Therefore, if w_; = P_;(1— P;),

—1

the local maximizer of w2 (w;|w_;) leads to 0 ordering quantity from supplier —i (w; set at
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its lower bound in W?*). As a result, with the increasing of w_;, the local maximizer is

always w; = 5=+ — (1 — P;). Hence, the best response is the local maximizer of m3;(w;|w_;)
in W}, Otherwise, since ¢, (w§(w_;), w_;) is strictly positive and linearly decrease with w_;
at w_; = P_;(1 — P;), thus ¢%; (wf(w_;),w_;) = 0 at w’; = %. For w_; > w'",, the
local maximizer of 72 (w;|w_;) in W?* is its lower bound and hence the local maximizer of

73 (w;lw_;) in W2 is the best response. For w_; < w’ ;, we know:

O3 (wilw—,) _ _ (i + P — 2w; | P,—w_, <0
dw; |w1-:‘;f:;—<1—Pz-> - (m%:ﬁ:—u—m - 1_—p_i) =
(97r§i(wi|w_i) B bCi + P, — 2w;
- Ow; wimp—t—(1=P) — U p lw=pmt—(1-P)
om2 (wilw_;) P,—w_

which means the local maximizer of 73 (w;|w_;) in W} is always at its upper bound and

b

therefore, the best response w?(w_;) is the local maximizer of 72 (w;lw_;) in W?*. Conse-
quently, by the monotone increasing property of the local maximizer of 7% (w;|w_;) in W2*
and 73 (w;|w_;) in W?, the best response is monotone increasing.

In case w_; € W', we consider the following two cases:

case a): ¢; > P(1 — P_;)

For w; € W}, w; < P, — BP_;, thus

omy (wilw_;) _ bCi + P, — PPy — 2w, >0

ow; P, — P P_; o

b

7

w; € W2 w; < P, — P,P_;, hence,

The best response w?(w_;) is the local maximizer of 72 (w;|w_;) in W2 Also note that for

o (wilw_;) yCit P PP — 2w+ P
Ow; N P(1 - FPy) -

Therefore, the local maximizer for 7% (w;lw_;) in W? is either the interior point which is
increasing with w_; by inequality A.11 or the upper bound of W2 which is also increasing

in w_;. Thus, by the continuous property of the local maximizer of 72 (w;|w_;) in W, the

b

best response wy(w_;) is monotone nondecreasing.
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case b): ¢; < P;(1 — P_;)
In this case

G — Pi(l - P—i) - Pz'w—z')

Gﬁzi (wi|w_;)
B T i A ke Y cwy =y o

awi

<0

which means the local optimal point of 72 (w;|w_;) is either at P;(1 — P_;) — w_i%,
the lower bound of W or w?(w_;), the interior point satisfying the first ordering condition

for 72. Also note that

o (wilw_,) pCi— 2w; + Pi(1 — Poj+w_;) 0
ow; P(1— P,P_,) -

1
= ’LUio = 5(01 —+ R(l — P,i +U),Z))
1
= Wil =P 0-p) = Q(Ci + P — P?P.,).
Clearly w¢|y_,=p_,a—p,) = 0. Since ¢; < Pi(1 — P_;), we have:

1
WY =P, (1-P,) = 5(01 +P,—P!P)<P—P'P;=PF(l—P,;+ W_i)|w_i=P_,1-P)

Thus w¢|y ,—p ,1-p) € WZ. In addition, because w¢(w_;) is increasing with w_; and the
lower bound of W? is decreasing with w_;, there exists @_; such that for w_; < @_;, the
local maximal of % (w;|w_;) is the lower bound of W2, and for w_; > @_;, the local maximal
of w2 (w;|w_;) is w?(w_;). Especially, at w_; = w_;, the lower bound of W# satisfies the first
order condition. Also check:

w2 (wilw—;

- b —
o (wi|w_;) ¢+ Pi(l1 —Py)
— -0 = b >0 And
T gy =0 PO—-P,) - .
671'1(11)1"11)_2‘) —Pﬂi)\_l
—r— wi=w(W—;),w_;=W—; 0
awz K] 2( —2)7 —1 —1 1 _B <

Combining with the fact that 7%, (w;lw_;) is a strictly concave function only in w; and the

upper bound of its domain W} is monotone increasing with w_;, we know the following facts:
b

i) For w_; < @_;, the best response w?(w_;) is actually the local maximizer of 7}, (w;|w_;),

which is the interior point of W} and is a constant with respect to w_;.
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ii) For w_; > w_;, the local maximal of 7., (w;|w_;) is monotone non-increasing with w_;.
Furthermore, at w_; = P_;(1 — P;), the local maximal of 7!, (w;|w_;) is strictly less than the
local maximal of 72 (w;|w_;) in WZ.

Therefore, let us check:

O (w;|w_;) wimwy G Pi(1—Py) — Pw,

- 0
B, 21— BP.y) ~

which means the local maximal of 72 (w;|w_;) in W# is strictly increasing in w_; when
w_; € (W_s, P_;(1 — P;)). Thus there must exist a w_; € (w_;, P_;(1 — P;)), such that for
w_; € [w_;, P_i(1 — B;)], the global optimal is the local maximal of 72 (w;|w_;) in W# |
and for w_; € (@w_;,w_;], the global optimal is the local maximal of 7;(w;|w_;) in W!. In
addtion, in this region:

87@ (wi|w_i)
a—UJZ‘|w¢:Pi(1—P_i)—w_i 1122_(21(_1}—);{; > 0.

Since the global maximal is in W}, we must have

om g (wilw_;)
a—wi|w¢=P¢(1fP,¢)7w,i}}Zi(j(*lfj;z; < 0.

Therefore, for all w_; € [0,w_;], the best response w?(w_;) is the local maximizer of
ml(wg|w_;), which is the interior point in W} and a constant with respect to w_;. Also
for all w_; € [w_;, P_;(1— P;)], the best response is the local maximizer of 7% (w;|w_;) which
is an interior point in W# and increasing with w_;. Finally, at w_; = w_;, the best response

is a set of two points: the smaller one is the local maximizer of 7 (w;lw_;) and the larger

one is the local maximizer of 72 (w;|w_;). Therefore, in the domain w_; € W', wl(w_;) is
monotone non decreasing,.

Combine the results of case a and case b, we know w?(w_;) is an increasing correspondence

from W_; to Wi;.

Q.E.D.

Proof of Lemma 2.10. Let S = {x : x € &, f(x) > x}. Since (Iy,...,l,) € X and
flly, o 0) > 1y, .. 1), S # 0. Let x* = sup, S, which is the least upper bound of S in
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X. Hence ¥x € S, by the increasing property of f(x), we have x < x" and x < f(x) < f(x").
Therefore f(x") is an upper bound of §. Note that x" is least upper bound of S, we conclude

that:

Thus by the nondecreasing property of f(x):
f(x") < FFx")

Therefore, f(x") € S. Since x" is the least upper bound of S, f(x") < x". Combine with

A.12; we have f(x") = x" and consequently, the set of the fixed points of f is nonempty.

Q.E.D.

Proof Lemma 2.11. For any given w_;, since x_; = Wi ) for z; € X", we can rewrite

P_i(l—PZ‘(l—:ﬂi

w;(x;) as:
() — () = P(1— P Wi )
wi(x;) = w; (z;) = Pi(1 — P_; + TP mz))xZ
Note that:
= P(1-P, — 0
oz, ( TS T R
0.7~ (A-R-m) "

Therefore 7, is either monotone in its feasible interval (hence the function is quasi-concave)

or there exists some point z;° such that the first order condition is satisfied:

omy; wi(x%) —¢; | Ow(x;) 1o
T mste = AT 4 S e logal?) =0

At x; = x}°, check the hessian of 7% (x;) while the equation A.12 is satisfied :

P wi(xd) — ¢ wix°) | Pw(x;) 1o
ax? |zi:$}o = —)\(_ 1‘1102 + 2 :L%O + 61'12 |xi:xllo log l'i )
ow;(z;) 2 +logz®  Pwi(w:) 1o
= —)\( 8x2 xi:xllo x%O -+ ax? |$i:xl10 log Z; )
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0%w; (x;)

Since 50

_ _ 621-
§O,x}°261>62,wehaveﬁ
k3

si—g1o < 0. Therefore, 7}, is strictly

quasi-concave in x;. When the first order condition is satisfied, let:

Cwi(x) — ¢ Qw(x;)

Wz w_;) = 1o + 9 |oi=ato lOg x;°
Hence et
0r)® T ow.
ow_;  Oh(zi®w_i)
8z7}°
where
Ol w) _ P((L=P)(+logal) + Pale) _
dw_; B (1—P(1—29))2 =
Oh(zke, w_; 1927l
¥ - _ 7T251|I:$10 <~ 0
8:EZO )\ 8x2 g K3
Therefore gﬁ_o_ <0.
Since w}° = P;(1 — P_; + %)gyi’ thus:
Oui® Palows) | Ow O} (w-y)
- —lo N
8w,i 1-— Pz(l — x%o(wii» 8331 zi=w;%(w—q) 8w,i
Note that
197y - Ow;(z;) 1 2+ logx}° N 82w,~(a:i)| g l®
A Q2 T dx; HTET gl g2 =S 8L
>0
> Ow;(x;) 2 + log z}°
x.:xlo
o 81:2 v (1;2.10
Thus
Oh(ztow_;
w aleo(w—i) ow; (azwﬂ» )
T A R s e e )
8@%0
P;((1=P;)(1+log 2}°)+ Piz}°)
_ dw; (1—P;(1—z1°))2
= —a_x :)37;21‘%0(11},1') 1 827@1-
' X 0 =l
Pi((1—P;)(1+log z°)+Piw}°) o
Ow; | (1-P,(1-z}%))? ;
- —rlo X
T Om ey, 24 loga?

P((1 = P)(1+log 1) + Pale) 7o

2+log 17110
(=P — )
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Therefore
awilol N Pl P((1 = P)(1 +logx;°) + R‘U”C}O)H%W
dw_, = = 1 Bl — ) (1= P(1 —zj°))?
B P@”(l — Bl —2;%) = (1 = P)(1 +log ;) + Pia;*) gore
- (1= F(1 —2%))?
Note that
zlo
0x;°(1 = Pi(1 — ;%)) = (1 = P)(1 + log ;) + Pi;%) 5y
dxle
14 P(5e = 1)+ logal*(1+ P(6sl — 1)) + 2Pl (log o1’
- (2 + log x1°)?
>0 >0 >-1/4
—— —_——~ N ~
(I +logz®) + Pzl + (14 log x,°) Py(4z}° — 1) 4+ 2Pz} log z;°(log #;° + 1)
N (2 + log x}°)?
1o
Px;°/2 >0
~ (2+logxi)? T

Hence, for x1° € [e71, 1], z}°(1 — Bi(1 —21°)) — (1 — B)(1 +log x}°) + Px}°) 2+§gow10 achieves

1-P

— at 2;° = e~ !. Therefore

1ts minimum

owl®
L >0.
8’(1),1' -

Q.E.D.

Proof of Lemma 2.12. By the definition of 7%,

1
7?32(901) = _X(Pil'i —¢;)logz;
or2. 1 C;i
— = ——(P,— =+ Plogu;
2 1 ¢
—2 = ——(=+P)<0.
ox? )\:m;(xi + 1)

2

Hence, 72 is strictly concave in z;. Furthermore, define w?(z;) = Pix; and w} (x;) = Pix;(1—
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P,2<1 — m)), then

Ol (w}(z) — ¢i) /o + Ouy (x’ log z;

2 81” (1'1) 1 .
o (wR(m) —e)/z + 21 10g

ow?

L= P
3@»
ow} 1-P

L= P(1-Pi+w :

aﬂfi
ow? w_;(1—P)

" O — Rl - (1—P(1—))?

While at z; =1 — P}f fé"' we have w_; = P_;(1 — P;) + x;P_;P; > P_;(1 — P,). Hence,

ow;  Ow? _ BP(wo; — (1 - F)P) < ow?

]

P_j—w_;

— ) = w2(1 — P}j Zﬁ;’), thus

Oy (wilw_s)

ox; |xi: By ox;

Since w} (1 —

Q.E.D.

Proof of Lemma 2.13. We first show that there exists at most one point w¢; such that if
w_; < w’, then 28(w_;) = 22 (w_;) and xb(w_;) = 2% (w_;) for w_; > we,.
By lemma 2.11, z}°(w_;) is decreasing with w_;. Hence there exists a unique solution w¢ to

the following equation:

P,—wt, Ol
o(u ) = 1 — i Wi, O )
) PP Oar ey
Then for w_; > w¢,,
orl, P,—w_;
=2 <0 Vi e - 11
Er x; € [max{e ", ) —— 1]
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Therefore, 2¢(w_;) = x%?(w_;). While in the region w; < w®;,

o2, P.,—w_;
— >0 Va [ [ ——
Ox; = miEle Pp )

bl _

Hence, 28(w_;) = 2% (w_;) and 2? = 2% = 2% at w; > w®,. Combine them together,

W—;
1= Bl — 2l (w))
b

wy(w_;) = wi(zP(w-y)) = Pag?(w-;)  w_; >we,.

% %

b

i

(w_i) = w; (27 (w_;)) = Pi(1 = P, + Jait(wo)  woy <wt

% — —1

w

2

Note that for w_; > w®,, since 7%, is a not a function in w_; and only the upper bound of
the feasible interval: 1 — % is increasing with w_;, thus, 22 and wl(w_;) = Pab?(w_;)

are increasing with w_;. When w_; < w®;, by lemma 2.11, the FOC point z}° is decreasing
with w_; and the lower bound of the feasible interval is increasing with w_; while the upper
bound remains as a constant. Therefore, with the increasing of w_;, the optimal z?* starts
with upper bound, then decreases as an interior optimal point until the interior optimal
point touches the lower bound. Hence the the corresponding x%! is continuous. Note that by

lemma 2.11, the w; corresponding to x}° is increasing with w_;, which is also true for the w;

b

corresponding to the upper bound and lower bound. Thus for all w; < w®,, w; is increasing

inw_;. At w; = w§, since 22 > 222,
wi (e (woi)) = Py’ (1= Py(1—xy))
> Pt > P = wi(a(wy).

Therefore, for all w_; > ¢;, wl(w_;) is increasing.

Q.E.D.

Proof of Theorem 2.7. By the increasing best response property, the equilibrium set W* is
always non-empty. Suppose that the conclusion does not hold, then Iw* € W* and 3w’ € W'
such that 327 | 7u(W*) < 327, me(w') and w > w) for i = 1 or 2. Let w’(w_;) be the best
response wholesale price of supplier ¢. Consider the following two cases,

case one: w*, < w’,. By the increasing best response property, we have

) > w(w*) 3w > w).

—1) =

wﬁ’ (w
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Thus,
moi(wi, wly) < me(wy (W), w'y)

b

%

(W), w’y).

sti(wng/—i) < 77571'<w

/

The first inequality is because that w?(w’ ;) is the best response of supplier i. The second

)

inequality holds because for given w_;, ¢_; and m,_; increase with w;. Note that the equality

b

i

b.), in which case w, > w; and this leads to a

in the first set holds only if w, € w}(w’,

contradiction. Therefore my;(W') + 7o (W) < mgi(wl(w’,), w' ;) + 7s_s(wb(w' ), w’ ), which

contradicts with w' € W'.

case two: w*, > w’ ,. By the increasing best response property, we have:

w; € wp(w’;) > wp(w';)
wr, € w(wf) > w?,(w)).
In addition,

b

i

b

i

Wsi(wgaw/_i) < 71-si(w (w/_z)a wl_z) < 7Tsi('w (wl_z)ﬂU*_Z) < Wsi(w:a wiz)

b

—1

(w;) < moi(wf, ws(w))) < (], wy).

s (Wi, wl;) < moi (i, w L
In above two inequality sets, the first and the third inequality in each set are because of the
best response property, the second inequality in each set because the 7y or m,_; is increasing
in the opponent’s wholesale price given his wholesale price fixed. Thus, mg(w') +ms_;(w') <

Tsi(W*) + ms_;(W*). However, w* ¢ W and this leads to contradiction. Therefore w* < w’.

Q.E.D.

Proof of Lemma 2.14. We show the concavity of the expected profit by showing that the
expected profit function is a composition of concave function by concave operator. First
Let’s show the function min; 7;¢; is jointly concave in q. Let q' and q? be two vector. Hence,

for any A € (0,1), we have:
min{\riq; + (1 = ANrig} = Arjq; +(1—Nrjq;  forsome je1,....n

> Amin{rig;} + (1 — A) min{rig;}.
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Thus d —min;{r;q; } is jointly convex in q. Since the operator ()" is monotone increasing and
convex, (d —min;{r;q;})" is convex in q. Also note that the convexity (concavity) preserved
under expectation, we get that sE[min; R;q;] — (p + u — s)E[(D — min;{ R;q;})™] is jointly
concave in q given that s > 0 and p +u — s > 0. Therefore, the whole function is concave
in q.

Q.E.D.

Proof of Corollary 2.3. If there exists some supplier j with ¢ = 0, then E[min;(R;q;)] =0
and E[(D — min; R,qf)*] = E[D]. Therefore, the manufacturer’s profit:

- i w;q; — ulB[D]
i=1

Since w; > 0, the manufacturer’s profit is strictly decreasing with ¢; for ¢ # j. Hence in

optimal solution, ¢/ = 0 for all i.

Q.E.D.

Proof of Lemma 2.15. Since 7 is concave, for optimal solution with ¢; > 0, the first order

condition should be satisﬁed'
7 =pE[D Z w;q; — (p+ w)E[(D — minR;q;)"] + sE[(minR;q; — D) 7]

on OE[(D —minR;q;)"] = OsE[(minR;q; — D)*]
Oq; P+ 0a; i gy
Since gm(z) = gmi(x)(1 — Gi(3)) + %gi(i)(l — Gpi(z)), where G, () is the cumulative

NVi=1,...,n

distribution function for the random variable min;.; R;q;. We can write 7 in integration

form:

1 T

BUD - minka)] = [ [ 0= 0@t —Gi<f>>+—gz-<—><1 ~ Ga())) o

i 4q; qi
= - | f<>(/0<—><

q’L
_gi(a:/qi)(l — Gpi(x)) B zg;(x/q:)(1 — GW(mD)dm) du.

_ (A.12)

q; q?
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Since
[ -y S 0IC 2 ConlED g [0 = D2 ) gy
= oD gt - [ e aga = = Cnil Dy,
4; 0 4
_ / gi(xz/ %) ((U —20)(1 = Goil)) — (v — x)xgm,.(;p))da;, (A.13)
0 4q;
replace A.13 back to A.12 and we get:
OE[(D — minRig))*] /*w / 29i(x/q:) (1 — Gi(2))
= flv dxdv
aQZ 0 qz
_ /0+OO 29 -T/QZ — Gi(z)) e f(v)dvdz
_ /+OO gz x/%)( B Gml(x))d.l“

I
\

erz gz TZ)(]' - sz(rz%>)drz

= ( — F(rig:)]s;-

Note that we assume the differentiability of g; here for equation A.12. However, if we do
the integration transformation first, we can get the same result without the assumption of
differentiability of g;:

x 1

E[(D — minR;q;)"] = / 00/ v =) f(0) (gmi(2)(1 = G3(=)) + —gi(=) (1 = Gpi()) ) dadv

qi qi qi
x

— 0 f( )</0 (v — ) Gmi(x )(1—Gz’(;))dfﬁ
—|—/0 (v—x)(1— G’mi(m))dGz‘(l’/Qi))dU
= [0 [ oo - G
+(v —2)(1 = Gpi(x))Gi(x /@)

[ mmxw—m%A>+u—Gmmmmww

N /+OO/ (v = 2) f(0) (gmi(2) + Gilw/q:) (1 = Gri(x))) dadv

OE[(D — minR;q;)"] / 2gi(2/q:)(1 — Gmi(x)) [

0g; 2

p ) f(v)dvdz.
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Similarly, we have:

Blominkiai = D)) = [ [ = 0f0) o)1~ G + 2o D)1 = G

% 7

OE[(minR;q; — D)7] /0+°° () ( /U+O°<x —v) (xgz(x/QZ)ng(x)

94; a
Cgi(x/q)(1 — Gri(z))  wgilx/q;)(1 — Gmi(x)))dx>dv
' g’

_ e v e 2gi(7/qi)(1 — Gpi()) vdv

- s - ded

_ /1 vF (2)gi(x/q) (1 = Gi(x))

0 %2
= —E[riF(rig)ls
Hence,
g;: = —w;+ (p+uw)E[ri(1 = F(rig)ls, — SE[riF(rig;)]s,-

Therefore at optimal point we have:
wi = (p+w)E[ri(1 = F(rig)]s, — (p + u — ) E[F(rigi)]s, Vi=1,...,n
Q.E.D.
Proof of Lemma 2.16. First, if ¢j = 0, then by Corollary 2.3, we have ¢; = 0 and the result

holds. Now consider the case ¢; > 0 and suppose ¢ > ¢; > 0, we can show the result

by contradiction. Let s;(x) = {ri|lriz < minjy r;q;}. Clearly si(q) C si(q;). By KKT
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condition we have

wj—w; = (p+u)(ERyls, — E[Rs,) — (p+u—s)(E[R;F(R;q5)ls; — E[RiF(Rig;)]s,)
= (p+u—s)(BIR(1 — F(R;q)))]s;(q) — BIR:(1 = F(Riti))]sia1))
+s(E[Ryls; — E[Ri]s,)
> (p+u—s)(E[R;(1 = F(R;q;))ls,(q) — EIRi(1 = F(Rigi))]s.(a1))
= (p+u—s)(B[R;(1 = F(R;q;))s;a) — BIR(L = F(Riti))siar))
o+ W) E[R; (1 = Rjgj)]s;4)\s;(00)
> (p+wER;(1 = Riq)]s g8 = 0,

which contradicts with w; > w;.

Q.E.D.

Proof of Lemma 2.17. We prove the result by contradiction. Suppose ¢; > ¢j, since
R; >4 R;j, we have Pr(R;q; = min; R;q;) = 0. Hence E[R;]s, = 0 and E[R;F(R,q;)]s, = 0.
Therefore, by lemma 2.15, ¢; = 0 which contradicts with ¢; > ¢; > 0.

Q.E.D.

Proof of Lemma 2.18. By corollary 2.3, if ¢; = 0 for some 7, then ¢ = 0 forall j € {1,..., N'}.
Therefore, for any optimal solution q*, there exist a vector (&;);=1

Vi=1,...,n (& =1). Hence,

» > 0 such that ¢f = &qf,

.....

N
max 7 = pE[D] + sE[(min¢;R; — D)) — (p + u)E[(D — min ¢; R;)*] — Z W;q;
i=1

q>0

N
= max 7= {pE[D] +sEl(qmin&R; — D) — (p+ wE[(D — qmin &R — g1 ) wi
=1

q120,;>0,61=1

Thus the manufacturer does not make any order if and only if for all £ > 0,Vi =2,...,n
and & = 1, there is no positive optimal solution g¢j.

Let Rm(§) = min; &R;. Since 7 is concave in ¢, it’s equivalent to show that Vv; > 0,Vi =
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2,...,n and & = 1 the following inequality holds:

37?()‘
aq qO_

& - Z wi& + (p+ w)E[Rm(&)] — (p + uw) E[Rm(&) F(Rm(£q)][4=0 < 0

N ng}_ (p +u)E[Rm()]

Q.E.D.

Proof of lemma 2.8. First, let us show the function s(min; r;¢; —d)™ — (p+ u)(d — min; r;¢;)™

is supermodular in q. Vq', g% € R,

miin 7“1»(q2-1 A qf) = miin(min{riqil, riq?}) = min{miin Tiqil, miin riq?}

= s(minri(g; Agl) —d)" — (p+u)(d —minry(gf Ag}))*

= s(min{min riq}, min riqiz} — d)+ — (p + u)(d — min{min riqil, min Tiqf})Jr

Let max{min; r,q;, min; r;¢7 } = 7;¢} and min; ri(¢; V ;) = 7145
itt =t = g >minrg = rq
ko= it 74
ift#£t = qu,i' > reqp, > minrg) = W;
7

Therefore min; (g} V ¢?) > max{min; r;q}, min; 7;,¢?}. Note that function f(x) = s(z—d)"—

(p 4+ u)(d — x) is increasing in x because p +u > 0 and s > 0. Thus

s(minri(g; V ¢7) —d)* = (p+u)(d — minri(g; V ¢7))"

> s(max{min riqil, min 'r‘,-q?} —d)* — (p+ u)(d — max{min riql-l, min mq?})Jr
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Combine together we have

s(minri(g) Agl) —d)T — (p+u)(d — minry(g Ag?))"

+s(minri(g; V g;) —d)" — (p+u)(d —minri(g; V)"

+

Vv

s(min{minr;q}, minr;¢>} — d)* — (p + u)(d — min{min r;q;, min r;q?})
+s(max{minr;q;, minr;¢>} — d)* — (p + u)(d — max{min r;g;, min ;g })"

= s(minrg — d)t — (p+u)(d — minrg )" + s(minrigt — d)t — (p 4+ u)(d — minrgl)*.

Therefore s(min; r;q; — d)™ — (p 4+ u)(d — min; r;¢;) ™ is supermodular in q. Furthermore,

-y wg) _ JTL ik
(=200, wigi) S
2(=0,)0 — w; 0 Vi#3.

Therefore — Y " | w;q; is supermodular in (—w, q). Hence — > 7" | w;q; + s(min; r;q; — d) T —
(p+u)(d—min; r;q;)" is supermodular in (—w, q). Since supermodularity is preserved under

expectation by corollary 2.6.2 in [44], we have
N
7 =pE[D] — (p+u)E[(D — minR;q;)"] + sE[(minR;q; — D)*] — Z W;g;
i=1

is supermodular in (—w, q). By the result of Milgrom and Shannon 1994 [32], if a function is
supermodular in (—w, q) then the optimal ordering quantity ¢ is monotone non-increasing
inw; forall 4,7 =1,...,n.

Q.E.D.

Proof of proposition 2.1. We prove the result by contradiction. Suppose not and there exists
an optimal ordering quantity q* that such that ¢ # ¢} for some 4, j. Now construct another
ordering strategy q’ such that ¢; = min}_, ¢;. Thus E[(D — min, ¢;)*] = E[(D — min; ¢;)]
and E[(min; ¢f — D)"] = E[(min; ¢, — D)*]. Therefore

w(q") = w(q) ==Y wilg; —d}) >0,
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which leads to a contradiction.

Q.E.D.

Proof of proposition 2.2. Let w; = p+wu for all ¢ = 1,...,n. Therefore, ¢*(>_, w;) = 0.
Consequently, Vi = 1,...,n, Yw; > ¢;, we have:

i
Hence, w* is a trivial equilibrium point such that every supplier ¢ get 0 profit.

Q.E.D.

Proof of theorem 2.9. We first show that ¢(w) has a positive maximum in the compact
domain: {w; > ¢;, Y, w; < (p+uw) [[l., P :i=1,...,n}. Since ¢*(w) = 0 and ¥(w) =0
for Y. w; > (p+ w) [[;—, P;, thus the maximum is global in w > c.

By Bolzano-Weierstrass theorem, to show ¢(w) has a maximum in the compact domain, it
is enough for us to show ¢ (w) is upper semicontinuous in w. Since [[;_,(w; — ¢;) > 0, the
upper semicontinuous property preserves if ¢*()_, w;) is upper semicontinuous in ), w; for
Zwi eS= [ZCZ,(]?—FU)HR]

i i i=1

Now V) . w; € S, by the increasing property of F(x) we have :
(p+u) [T P — > wi

(p+u—s)[I, P
P+l b= wi

(p+u—s) iy P

= max a::(p—l—u—s)HPiF(:c)—(p—l—u)HPig—Zwi.

x>0
i=1 i=1

q*(Zwi) = max x:F(zr)=

= max x:F(x)<

Note that the function (p+u—s) [\, PF(z)—(p+u) [, P, is uniformly continuous in x for

x € [0, max F‘l((pgjzz%lrﬁ;zpz “)]. Hence VY, w; € Y, ¢y (p+u) [, Py, the set valued

map defined by T_y> o, = {2z : (p+u—s)[[[L, PF(z) = (p+u)[[;{_, P < =),z > 0}
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is non-empty and compact. By Theorem 1 in [10], the map 7" is upper semicontinuous in
>, w; in 8.* Since x is continuous, by theorem 3 in [10], ¢* is upper semicontinuous in Y, w;
and the maximizer exists.

Since (p+u) [[, P > >, ¢, then there exists a w such that w; > ¢; and Y, w; < (p+u) [[, P
Also given that demand distribution F' is continuous on [0, +00) with F'(0) = 0, there exists
a x > 0 such that F(z) < ) II Biodoiwi - Hepce ¢ (>, w;) > x > 0 with corresponding

(ptu—s)[[; Pi

(w) > 0. Therefore the optimal 1 is positive. Since the maximizer w* satisfies ¢(w*) > 0,

thus w} > ¢; for all ¢ = 1,...,n. In addition, Vi =1...,n, Vw, > ¢; we have:

(wj — cj)q*(Zw;) > (w) — Cl)H w; — ¢;)q Zw + wy;)

j=1 j j#i J#i

= (w] —¢ q*(zw > (w; — ci) *(ijer;)
J

J#i

n

= mu(wl,w;) > mg(wl,w",).

Therefore, w* is an equilibrium point in the non-cooperative game.

Q.E.D.

Proof of lemma 2.19. To show part a), we prove by contradiction. Let w* be a non-
trivial equilibrium point, then there exists a supplier i such that mg(w*) > 0. Therefore,
¢ (O ,wf) > 0and Y w; < (p+u) ][], P Suppose Ji such that w} = ¢;, thus 7 (w*) = 0.
Also by the continuity of ¢*, Jw; > w; = ¢ such that ¢*(3>_,,;w; +w;) > 0, and thus
Tsi(wi, w*,) > 0 = 7y (w}, w*,) which leads to a contradiction. Therefore the equilibrium
point must be an interior point.

For part b). For any interior non-trivial equilibrium w* such that >, w < (p + u) [], P
Therefore, ¢* € [a,b). Since ¢*(>, w;) is differentiable, the first order condition must be

4Definition: Suppose Sj is compact. The mapping S is said to be upper semicontinuous (u.s.c.) at b if

Ve > 0,36 > 0,3 b—b|< = S, Cn(S;), here 1.(S;) is an e-neighborhood of S, defined by

1e(Sp) = {2 : p(x, ) < e} = Uses, Ne(x)
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satisfied :

Oms; (W) q*(z w) + (w; — Ci>8q*(2i w;)

_ Ffl((p_'_u)H?:lPi_Ziwi)_ (wi — ¢;) -
— n . n _ u P> w;
pru =TSR o T, Pif (P (2RI )

Thus the unit profit is the same for every supplier. Since the ordering quantity for each

supplier is the same, every supplier have the same profit in equilibrium point w

u B w;
Toi(W) = p+“_SHPq Zw ( pz;ﬂgllt_[iS)Hi—?H )>

) Ln, P= > w) e+, P =30, wf
( p+u—s) [ P )f<F ( (p+u—s) [P ))

= (p+u—s)HPiF’

i=1
Therefore w; — ¢; = £ for all i = 1,...,n. Thus, for any two equilibrium w! w? let
&' =wt —¢; and €2 = w}? — ¢;. Since w*! # w*?, we have either ¢! > €2 = w*! > w*? or

& < 2 = w* < w*2. Therefore, foralli=1,...,n
mu(W?) = 2 ci)q Zw
0+ S0 ) e (S Tl

For part ¢), since w* is a boundary non-trivial equilibrium, we have >, w! < (p+u) [ [, P
Suppose >, w; < (p + u)[[;_, P;, then there musts exists a supplier ¢ such that w} = ¢
with 7y (w*) = 0. Since ¢*(D_, w}) > 0 and ¢*(>_, w;) is continuous on [y . ¢;, (p+u) [[, P,
there must exists a w; > ¢; such that and ., wf +w; < (p+u) []; P

T (wy, W) = (w; — ¢;) Zw + w;)

which contradict with the fact that w* is an equilibrium point. Therefore Y ", wf = (p +
w) [T, P with ¢*(w*) = F71(0) = a.
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For any non-trivial equilibrium point such that " wf = (p+u)[[ P, Vi € Tt = {j =

L,...,n|w; > ¢} and let m = |I7], we must have
. Omg
lim >0

(p+u) [ P — Zj;éi wj — wi)
(p+u—s) [T P
(w; —ci) } >0
a n (eIl Py w—win) S =
(p tu- S) Hi:l Pt <F 1( (:D-I—ul—S) H?:]jépi : )>
(p+uw) e P =220 w; — wi)
(p+u—s)[[ P
Since ¢ is continuously decreasing in wj,

= lim {Fﬁl(

.
w;—w;

Let q:F_l(

+

and ¢ — a" as w; — w;~, then we have

lim = — (wi — <)
r—at (p +u— 8) H?:l Rf(x)

) . Z +<w9‘6 - Ci)
SumallieZ " up = m lim z > ZEIn —
p r—at - (p + U/) Hi:l PZ ;lg;_ f(l')

"op ST e
> tim af() > Bl B dna
a—at m(p+u—s)[[_ P

> 0.

Q.E.D.

Proof of lemma 2.20. Since a = 0 or lim+ zf(z) < ﬁn;;, by lemma 2.19, the non-trivial

equilibrium points must be interior points and satisfy the following equation:
w —c¢=pg" f(¢*) Vi=1,...,n

In addition, for the manufacturer’s optimal decision, we have:

= Swi—e=p(l—F(g) —¢




Chengbin Zhu Proofs and Tables 125

Thus, if we can show that there exists a unique ¢ for the following equation, we get the

uniqueness of the equilibrium w. Note that

p_c—pl@) _ (q)

= 1= Flg)—naf(a) = *. (A.14)
Let v(q) = 1/;{%‘&, then
MGl piq) — nfte) — naf )
= - T
—f(@)*¢— (1= F(9)(f(a) +af' (@), (¢f(9)?
o (@) U= Fa G R
= @)1~ %) + v/ (g)(1 — F(q))/v(q)?.

Define ¢ to be sup,{v(q) > n}. Since giir(l) v(q) = +o0, by lemma 1 in [26], the § exists and
g < oo. By the IGFR property, v'(¢) < 0 for ¢ > 0. Hence, for ¢ < g, 1 — F(q) — nqf(q) is
strictly decreasing and for ¢ > ¢, 1 — F'(q) — nqf(q) < 0. Consequently, the left side of the
equation A.14 is either strictly monotone decreasing or negative while the right side of the
equation is a positive constant. Therefore, there exists a unique ¢* satisfies the equation.
By lemma 2.19, there always exists an equilibrium w* with corresponding ¢*(w*) satisfy the
equation. Hence, there exists a unique equilibrium ¢* with corresponding unique w*.

Q.E.D.

Proof of lemma 2.21 First, we show that ) . w; = p for any non-trivial equilibrium point
w* by contradiction. Suppose not, then ) w; < p and ¢* > a. By lemma 2.19, w} — ¢; =

pq* f(q*) for all i and ¢* must be the solution for

1—F(q) —nqf(q) =

’B\_I ol
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In addition,

p—c_ ..
<1
oy = Jimaf(a)
= lim 1-F(g) —naf(q) <¢/p

By lemma 2.20, 1 — F(q¢*) — ng* f(q*) is strictly decreasing and then negative for ¢ > a.
Therefore, when ¢* > a, we have 1 — F'(¢*) — ng* f(¢*) < ¢/p which leads to a contradiction.
Hence, Y . w! = p for all the non-trivial equilibrium w*. In addition, for all w} > ¢,

e,

lim ¢f(q) > “== by lemma 2.19.
g—a™t P

Also note that since % < lim qf(q), the set of of points defined as W* = {w* : )" w} =
q—a

p and 1im+xf(x) < =

r—a p

for all w — ¢; > 0} is non-empty and contains the point w} =
c+(P—2ac)/n,Vi=1,...,n.

Let w* € W*. For all i such that w] = ¢;, we have 7y (w;, w*;) = 0 = 7y (w*) for all w; > ¢;.
Furthermore, for all i such that w} > ¢;, 74 (w;, w*;) = 0 because Yw; > w}. Thus to show

w* is an equilibrium, it’s enough for us to show that

Omsi(w;, w*,;)

8wi
* * (wl — ci) *
= ¢(Q_wjtw)— —— . >0, Vw; <wyj.
; ’ pflq (Zj;éi w; + w;))

For w; < wf, ¢*(3,;w; +wi) > a and w; = (1 — F(q* (3, w} +wi)))p — >, w;. Let
qg= q*(z#i w; +w;) and replace w; by (1 — F(q))p — Z#i w}. It’s equivalent to show that
(1—F(g)p— Zj;éi wi — ¢

q— - >0 Vg>a
pf(q)

- 2 W T Ci Wi
5 —

it’s equivalent to: 1 — F(q) — q¢f(q) Vg > a

Note that, by lemma 1 in [26], for ¢ > a, 1 — F(q) — ¢f(q) is strictly continuously decreasing

and then have a negative value, so for all 7 such that w; — ¢; > 0 we have:

lim qf(q) > == = i 1= F(g) = qf(g) < 1= ==

qg—at p q—a

wi — ¢
= 1-F(q) —qf(q) <1- ’p Vg >a
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Therefore, w; maximize 7y (w;|w*,;) and hence w* is an equilibrium point.

Note that, when 22 = lim_ z f(z), the only point satisfy >\  w} = p—¢ and lim xf(z) <
wie for all w} —CZ>OISW =c* 4 £
P np
Q.E.D.
Proof of lemma 2.22. Since F(q fo x)dx = qf(q fo qdf (q), if F'is convex (con-

cave), then ¢*f(q*) > [g]F(q*) Hence in case that F is convex, 7 = ¢*f(¢*)/F(¢*) > 1.
Note that 7 (q*)/m(q*) > 7 > 1, which means the each individual supplier get more profit.

In addition, the realized service level is ——2=¢ < _P—¢__Tp case that F is concave, then
nt+1 (n+1)p

0 < 7 < 1 and the realized service level is £=¢ > —L_P=¢ > . Q.E.D.
p nt+1 P (n+1

Proof of corollary 2.4 For all the three distributions which are unimodal, F' is convex in the
area when ¢* is less than the mode of the F'. Hence for Normal distribution with mode is f,

we solve:

= (1= F(q) — nqf(q)]g=(a-1)8 <

o

(1= F(q) = af(d)lg=(a-1)3 <

And relax £ = 0, by the numerical result of corollary 1 in [26], we get o > 3.83.

c
P

(k— 1)9)1/k

For weibull distribution with mode ( we have

(1 - F(q) - an(Q)|q:(kakl>0)1/k <

o

k—1

= e o+ k(l—n(k-1)) <

il ol

For k > 1+ 1/n, the above results always holds.
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Q.E.D.

Proof of theorem 2.11 First, if § = 0, then the cumulative distribution of demand Fp(x) =
F(z/)) and the density of demand fp(xz) = f(xz/X)/A. For any Aj, Ay > 0, the equilibrium
ordering quantity ¢y, for A; and g3, for A, should satisfy the equation 2.6:

1—F(q/)) —ng/\f(q/N) =

.

= q;k\l//\l = Q§2/A2~

SSEs)

~-
unique solution for g/A

Hence

Moo, = PAa@ar f(@h /M) /M = PMGEF (@, [/ X2) /A2 = MiTisy, -
Also since w} — ¢; = pg* /A f(q*/A), which means ), w} is a constant for different A, thus:
Aomry, = o= Z’wiq;l +php = PE[(MX —¢3,)7])
= Mi(-— Z wiqy, + Propt — PE[(AX —q3,)7])
= ATy, Z

Similarly, the optimal ordering quantity ¢} satisfy F(gi/\) = 1 — &/p and Alq/]\2 = )\2Q§—\1.
Thus:

domh, = Aa(= > wig), + php— PE[(MX — ¢f)™))
= (=Y wigh, + phopt — PE[(NX — q3,)])
= )\17T§2

Hence efficiency and split of profits are independent of \.
For part b), without loss of generality, let A = 1 and § > 0. Thus the demand distribution

Fs(r) = F(x — 0) and 7l = wf + 6(p — ¢). Since f(0) > 0, then § = i}fé? is well defined. In

addition, at 0 = &, the solution for equation 2.6 is ¢ = 6. For § > §, by lemma 2.21, although

there are multiple non-trivial equilibria, they all lead to the same ) |, w; = p and ¢* = § with
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7P = (p—¢)d. Note that 7} = (p—¢)d + 7, hence 7 /ni =1— (p—¢)d/((p—¢)d + i) for
§ > 0 which is increasing in 6. Therefore, there exists ¢’ < ¢ such that 7 /7! is increasing
for 6 > ¢'. To convert from values of § to values of the coefficient of variance, note that

=0(N) + X = )\(3\4— X) where 5= o/p — p. An increasing in the coefficient of variance
p is thus equivalent to a decrease in §.

Q.E.D.

Proof of theorem 2.12. Since ¢° is the suppliers coordination ordering quantity, then in case
that 6 > 0 and lim, s xf(x) > %E, we have ¢° = ¢* = §. Otherwise, ¢° satisfies the first

order condition and we have:

=1-F(¢°) = ¢°f(¢°) > 1 — F(¢°) — ng® f(¢°)

il ol

Since 1 — F(q) — nqf(q) is strictly decreasing then negative, therefore there will not exist
any ¢* > ¢° such that 1 — F(q) — nqf(q) = ¢/p can hold. Therefore ¢* < ¢°.

Also note that the system wise coordination ordering quantity ¢/ > ¢° > ¢*, then by the
concavity of the system profit in ¢, 7% > 7P.

When F is convex in [0, ¢°] (f is increasing), we have:

1—F(¢°) = ¢°f(¢°) = 1 = F(ng®/n) — ng® /nf(ng® /n) <1 — F(¢°/n) — ng® Inf(q°/n).

Hence ¢* > ¢°/n. By lemma 2.22, since F' is convex in [0,¢°], 7% = 72 + 73, < 279 =

203" w; — 0)q® = 2¢%%f(¢°). Also 7P > n(w; — ¢;)q* = ng*?f(q*). Therefore:

™ g fg) s M) _ 1
724" f@°) T 2P f@) 2
N~ N~

§n2q*2 Sf(q*)

Part b) follows from theorem 2.10 and 2.11. For part ¢, let A = 1 and § > 0, then § = (f)/)p is

well defined. For § > §, we have ¢* = 6 and ¢° = §, with >_w; = pand > w? = p (w¥ is the

wholesale price under suppliers coordination). Therefore 7 = 7% for § > § [corresponding

p=pf(0)o/(puf(0) +p—¢) ]. Also define § = lf'z(/)p Thus for 6 > § > &, we have ¢* = 4,
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*

75 =8(p—¢) and ¢ satisfy:
1—F(6—q5) — a5 f(6 — q5) = ¢/p.
Thus for any Ad > 0, we have:

1= F(0 4+ A6 — (g5 + D6)) = (g5 + D0) f(5+ A6 — (g5 + 2d))
< 1-FO-g5)—aq;f(6—a) =¢/p.
Therefore, the corresponding g5, A4 is less than ¢ + Ad. Hence % <1land (D —g)t is

increasing in . Since

0 _OB[(D - ¢)"
= T P9, 25
<1 >0
oy
= _5§p_ca

we have:

D S
onP/ns _ ns —nl (5 cnd — (5 o)
150 rk - 52

Hence there exists &' < & such that for all § > &, 72 /7% is increasing.

Q.E.D.

Proof of theorem 2.13. Let v(z) = 1 — F(x) — nf(z). Since F' is IGFR, by lemma 2.20,

v(z) is strictly decreasing then negative and continuous for x € [a,b). Thus v~ is strictly

decreasing and continuous in (0,1). And since ), ¢;P; (also %Lﬁ}lfcl(g)) is continuous, ¢(P) =

y=L(Z=a®i)y g continuous in P. Hence (P) = pll, PgP)*f(q(P)) — > 1", ki(P;) con-

pH?:1 P’L

tinuous in P. The maximizer exists because P is compact. Let P* be one of the maximizers,
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then Vi =1,...,n, P, € P;, we have :

= p[IFa®)f(a(P) =3 ks(P))

> p |1 PrPla(P P2) F(g(PP2) = > ki(P)) — kil Py)

j#4 J#
= 1@ fa®) = k(P) = (p ] By Pla(B P20 f(a(P P) = Ki(P)) = 0
j=1 i

Therefore, P* is the Nash equilibrium for the reliability investment game.

Q.E.D.

Proof of Theorem 2.23: By equation 2.9, we can rewrite supplier ¢’s profit as:

7a(P) = p [T PP 7a(P) ~ Ki(P) = ~a(P)(p — PF(a(P) — ) — ki(P).

Thus, for ¢ # j,

“opy = T - Fa®) —asta®) -9 G- Fa@aen ][}
20 since 1= F(q(P)—naf (4(P))2¢/ (o TT,. Fe) ) >0 ’

Note that ¢(P) is the solution for 1 — F(q) —ngf(q) =¢/(p>_; ), where the left hand side
of equation is decreasing with ¢ and the right hand side is decreasing with P;. Therefore,
with increasing of P;, ¢(P) is increasing. Hence, &rg;]j(jm > 0.

Q.E.D.

Proof of Lemma 2.14. Similar to the approach used to prove lemma 2.14, we demonstrate
the concavity of the expected profit by showing that it is a composition of concave function.

First, let us show that the function min;ec(d ieT 7:;q;;) is jointly concave in q. Letq' and
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g’ be two vector then for any A € (0, 1), we have

min Y {Ariah + (1= Mrijl}

ieC
J€T;
= Z A(rijgi; + (1 = Nrijq;;)  for some i € C
JET;
= )\anqilj +(1-2A) Zrijqu for some i € C
J€T; J€T;
. 1 . 2
> )\Tlfggl(z Tijqz'j) +(1=2) rlrgcn(z Tz‘jqz‘j)-
JET; JET;

Hence, d — min;ec (> jeT TijQij) 18 jointly convex in g. Since the operator () is monotone
increasing and convex, (d — minsec(d_ ez 74j¢i;)) T is convex in q. Also, since the convexity
(concavity) is preserved under expectation, sE[minec(d_;cr Rijqi)] — (p +u — s)E[(D —
minjec(d_ ez Rij¢i;)) "] is jointly concave in q when s > 0 and p +u — s > 0. Therefore, the

whole function is concave in q.

Q.E.D.

Proof of corollary 2.5: If there exists a component 7 such that in optimal solution q} = 0,
then E[minec(d_ ez Rijgij)] = 0 and E[(D — minjec(d ;e Rijqi;)) 7] = E[D]. Therefore,
the manufacturer’s profit is

keC ki jeT;

Since w;; > 0, the manufacturer’s profit is strictly decreasing with qx; for k # i, j € 7j.

Hence, in an optimal solution, qf = 0 for all ¢ € C.

Q.E.D.

Proof of lemma 2.24: We can rewrite the expected function as :
T = pB[D] = ) wyay
1eC jeT;

—(p+uwE[(D - Tgleicn(z Rijqi;)) "]+ S[(Tgcn(z Rijq;5) — D)

JET; JET;
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E[(D —min(}  Rijgi)))* / 00/ (v — 1) — G_i(xla))gi(z]qy)
J€T;
+(1 - Gi(z|qi))g—i(z|q- ))dazdv.

Note that

| = arw0 - 6-italaatala)is
— [ =010 - Gtela)iGilala)
— (=D)L~ Clela))Gilelalli — [ F@Galaddlo ~ )1 - 6-(ala)
- / F0)Gi(ala) (0 — 2)g-i(xlacs) + (1~ Ci(ela)) ) de

OE[(D — miniec (D e Rijgij)) 7]
3%
8f = Jy f)Gi(z]ai) (1 — G_i(z]|q—;))dadv 8f =y =) f(v)g—i(x|q;)dzdv
3qw aqU
[e’¢) Z j,keT; Tikdik
8f+ 1— )(1 . —i<17|q f fo k#jkeT; Tikdi erTi gik(rik) erz_ d?“ikdx 0
9qij

+oo 1 1 T — o T
= - /0 /0 /0 (1— F(2))(1 — G_i(x]q_,)) Z’“ﬁ;el AT gwtra) T drade

i kAjkeT: kAJhET;

T — D krjker, ikdik
qU

= / / rz] 1 - Z Tqum 1 - —z Z Tqum|q H gzk Tik H drzk:

keT; keT; keT; keT;

= - ij - E rqum

keT;

let

= 145, we have
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Similarly,

[(min( R;
ieC K q” ]
JjET;

- / OO/ . (v =) (<1 — G_i(z|lq-i))gi(z]aqi) + (1 — Gi(x|Qz‘))g—z‘(x|Q—z‘))dIdv
OB|(D — minice (Zye:r Rijqi)) "]

aqi]
o Z 7, Tikdi
_ _(9 f0+ F(z)(1 — G_i(z|q—) f fo ki keT; Tikdik erTi g (i) erTi U
dqi;
- / / ik mk%k)u B G_i(z TikGik|d-i)) H ik (Tik) H dry,
k‘ET kez]*l k}e']; kez

= E[RZ']’F(Z TikGik)]Si(q)-
keT;

Therefore, by the concavity of m, the KKT condition is necessary and sufficient. Thus
Vi e C, j € 7;, we have

. on
g; >0 = —=—w;+(p+uE FOY~ Ragi))lsia) + EIRGFCY Rangi)lsia)
i keT; keT;
= wij = (p+ w)E[Rijls,q) — (p+u—5) F(>_ Rirgir)"))si(ar)
kET,;
0
;=0 = <o
dij
= Wy > (p + U)E[R”]S (q*) — (p +u— S z] 1 - Z Rqulk 3 (g*)
kET;

Q.E.D.

Proof of lemma 2.25. Let q”* be the optimal solution under demand D”. Consider the

function:

v(d,r|qd™) =pd — (p+u —s)(d— rzrélcn(z riidi; )" (A.15)
JET;

Clearly, v(d,r|q") is increasing and concave in d. Since E[D'| = E[D"] and D’ <4, D", by

0
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Theorem 3.B.2 in [40], we have E[v(D’,r|q"*)] > E[v(D",r|q")| for any given r. Therefore

W/I(q//*) _ —SE[D//] + SE{IZHE%I(Z Rz‘jq:;* Z waqu* + E D”,R|q”*)]

JET; ieC jeT;

< —SE[D/] + SE[IZ%ICI}(Z R”q;;* Z Z wqu//* + E D/, R|q//*)]
JET; 1eC jE€T;
_ 7]_/(q//*) < '

Thus, we have ©* > 7/

Q.E.D.

Proof of lemma 2.26. Let ”* be the optimal solution under demand D”. Consider the
function:
v(r,d|q™) = s(min O ridly) —d) = (p+u)(d—min(>_rigl) "

1€C 4
J€T; JET;

Since p+u > s, clearly, v(r, d|q") is increasing and concave in r for give q*. Since E[R;};] >
E[R];] and R; <us Rj; for all i € C and j € T;, by Theorem 3.B.2 in [40], we have
E[v(R/,d|d™)] > E[v(R”,d|q")] for any given d. Therefore,

7T//<q//>k) _ Z Z w”q//* + E RH, qu//*)]
ieC jeT,;

S Z Z wzjq//* + E Rl, D|q”*)]
1eC j€T;

— 7Tl(q//*) S 7_[_/>k

Thus, we have " > 7"*

Q.E.D.

Proof of Lemma 2.27. We prove the result by contradiction. Suppose there exist ¢ € C and
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J, k € T; such that w;;/Rij > wi./ Ri, q;; > 0 with gj;, = 0. By lemma 2.24 we have:

wij = (p+u)E[Rylsq) — (0+u—$)ERGF(D | Rim@i))sa)

meT;
= (pt+u—s)ER;1—F()_ Rimin)lsia) + SERis. )
meT;
wi > (p+uw)E[Rilsq) — (p+u—)E[RxF (D Rim))s. )
meT;
= (pt+u—s)E[Ru(l — F(Y_ Rimg))siar) + SE[Rikls,a)-
meT;

Since ¢}, = 0, we have

E[Rik]&-(q*) = /0 .. /0 Tzk(l — G_Z(Z nmq:‘m\qiz))( H gfm(mm)dnm)

meT; meT;
= E[R4]E[(1 - G_i( ) Rim@mla’,)]
meT;
1 1
EIRaF (Y Rntialsay = [ o [ raP(Y rindi)
meT; 0 0 meT;
(1= G- rim@nld™ ) (T gim (rim)drim)
meT; meT;
= E[R)E[(1— G_i(> Rim@nla™:)].
meT;

Also note that

* * * : *
Goi( D Timild’ ) = Pr(Y_ rimtim 2 min > R Q).
meT; meT; m/e€Ty

Hence, G_i(}_, e Tim@5,|d”;)) is increasing with 7;;.

Therefore, (1 — F(3_, cr Rim@,))(1 — G_i(3_ 7. Rim@n|a”;)) and Ry; are negatively cor-

—1
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related. Thus

F(Y Rindgio)ls

meT;

= / / ng 1_ Tz‘qukm»
meT

1 - G_ (Z rl”Tlem|q ( H gim(rim)drim)

meT; meT;

/ / Tij H gzm rzm drzm

meT;

IN

/ / 1 — Z Tlqum — —z( Z szqm H Gim sz)drzm)

meT; meT; meT;
= [ Z R@mqlm Z Rzqum ‘ q
meT; meT;

137

In addition, (1 — G—(}_,,c7 Rim@inld”;)) and R;; are negatively correlated, which implies

E[Rijlsiq) < E[RGIEIG () Rimginla’,)
meT;
and hence,
wi > (p+u—$)E[Ru] E[(1 = F() | Rim@))G-i( Y Rim@la’,)]
meT; meT;
+SE Z leqzm‘q
meT;
Wi < ( +u— S)E[ Z Rzmqwn G—l( Z RzmQjm|qiz)]
meT; meT;
+SE _l Z leqzm —z
meT;

= wip ) E[Rix] > wij/ E[Rij),

which contradicts with w;,/E[Rix] < w;j/E[R;;]. Hence g}, > 0.
Q.E.D.

Proof of lemma 2.28. Suppose not and there exists an optimal ordering quantity q* such

that ¢;; > 2567 q;, for some i,k € C and j € 7;. Now construct another ordering strategy
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q' such that gj,;, = q;;, for all (7', j') # (4,7) and gi; = >, qps- Thus, VS C 7,

/
mln mln
L E Gr.s) el s)
(k,s)eS (k,s)eS
sE’Tk s€Ty,

Therefore,
m(q") — 7(d) = —wi(q; — qi;) > 0

which leads to a contradiction.

Q.E.D.
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A.3. Proof for Chapter Three

Proof of lemma 3.1. Suppose d(p{,).e) = 0 for all w € W, then m(w) = 0 for all ¢ €
{1,...,n} and w € W. Hence, any points in W is an Equilibrium points.
Otherwise, there exists w € W such that d(pfw), e) > 0. Let 7= {i|lw; < w;,Vi =1,...,n},

then w; = w, is always the best response for i € Z. By assumption 3.1, d(p?‘w),e) is
continuous in w; and w; > ¢;(e;) for all i € {1,...,n} and there exists a w" € W such that

d(p{yoy,€) > 0 with w? > c;(e;), Vi € Z. Now consider the potential function:
U(w) = d(p{s wy)s ©) H(wi —cie))
i€
Clearly, ¥(w) is continuous in w when w € W, which is a compact set. Hence, the maximizer
of ¥(w) exists and let us denote it by w*. Therefore, ¥(w*) > ¥(w°) > 0. For any i € Z,
given the other component providers’ strategy is fixed at w*,, Vw, # w; and (w}, w*,) € W,

we have

U (w]|w;) = W(wilw?)
") (w] — i) = d(wl, W e)(w) = ci(e) [T () —eie;) =0

J#L,jEL

= (d(w;,w
= (m(w;, wo) = m(uwi, wo)) [T (@) —ei(e;) = 0.
J#L,jEL
Since W(w*) > 0, we know that [[,; ;cr(wj — ¢;j(e;)) > 0. Therefore, m(w}, w*;) >
mi(wl, w*;). Hence, w; = wf for i € Z and w; = w; for i € Z¢ is an Equilibrium point
for the component producers’ pricing game.

Q.E.D.

Proof of lemma 3.2. At the equilibrium w, if the component producer ¢’s equilibrium strategy
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w; is an interior point, then the first order condition must be satisfied:

Ds(w) o 2P )
ow; [we=we = d(p{ Py wy) )+ (w; — ) Aw; |w=w
A(Pfs wr))
= (U)z - Ci) = ad(pzfz Wi))
a—wilw:w*
d(pis - )?
N (X w))
= W) = 3 )
Til‘w:w*
Ad(pfs~ i) , . .
Since L is same for all ¢ = 1,...,n, ¥;(w*) is same for all the producers using the
ow;

interior equilibrium strategy.

For part b), since Py e I8 an interior point, first order condition is satisfied by the manu-

facturer’s gross profit,

9o (p) . 3d(10, )
o lp=p7e) = AP{s ut)) + W) = D wE = coleo)) Op lp=is

AP up)”

= YoPzwy) =

o)) Dy ey
Note that
ad(p&w:>)| L2 dde), 81’?2“’0 :
ow; TV ap TTTEED 0w Y
= Yo(Plur) = aazzm [ i (W7).
Q.E.D.

Proof of lemma 3.3. For linear demand function, the manufacturer’s decision for any given

w is provided by:

max mo(p) = (a = p)(p = D wi = coleo)) — hi(es).

i=1
First order derivative of mo(p) is:

o (p)
dp

=a—2p+ sz‘ + co(eo)-
i—1
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Clearly mo(p) is strictly concave and the unique optimal solution is

a + Z?:l w; —+ Co(€0>

pr(wle) = 5
d*(w|e) _ a— Zi:l Wi — CO(GU)
2
The objective for component producer i is to:
max m;(w) = 4= 2 Wi = 0l€) (w; — ci(e;)) — ki(e;).

w; 2
The first order derivative of m;(w) with respect to w; is:

87’@ (W)
8wi

=1/2(a — Zwi — coleo) — w; + ci(e;)),

which means that m;(w;) is strictly concave, and the best response for each component

producer ¢ is

w; :a—Zwi—co(€0)+ci(ei) Vi=1,...,n. (A.16)
i=1

By solving this system of linear equations, we get the unique best solution in the strategy

domain:

Zn: W — n(a — coleo)) + 3.0 ci(ei))

— ! n4+1
W a—coleo) — D2 ¢i(e5) +neile)
o n+1 )

For this unique Nash equilibrium, we have:

wite) = g k)
(0= Sy ciled)”

mo(e) = A(n + 1)2 — ko(eo)-

For truncated linear demand function, if a — > ¢;(e;) > 0, then the result and steps are
actually the same as linear demand function. Otherwise, we can show that d(w*) = 0 and

m = —k;(e;) for all i = 0,...,n is the unique Nash Equilibrium result.
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Clearly, for the given w, the best price decision for manufacturer is:

a+ Z?:l w; + 00(60)
2
[a — > "7 wi — coleo)]”
5 .

pi(wle) =

d*(wle) =

First, we show that w} = ¢;(e;) and d(w*) is an equilibrium point.

For any ¢ € {1,...,n}, if firm ¢ deviate from this point, there are two choices: increasing
w; or decreasing w;. For the first choice, based on the best response of manufacturer, d*(w)
is still 0 and there is no change in final profit. Otherwise, w; — ¢;(¢;) < 0 and d*(w) is
nonnegative, still he can not benefit from the deviation. Hence, w; = ¢;(e;) is an equilibrium

point.

Now, suppose there exists a Nash equilibrium w* with d(w*) > 0. Clearly, based on the best
response of the manufacturer, a—> | wf—co(ep) > 0. Incase a—> - ; ¢;(e;) < 0, there must
exists i € {1,...,n} with w} < ¢;(e;) and m(w*) < —ki(e;). Let w; =a — ., w; — co(eo),
then

mi(wi, W) = —ki(e;) > mi(w], wy).

Hence, m;(w*) = —k;(e;) is the unique Nash equilibrium outcome if a — Y ¢;(e;) < 0.

For exponential demand function, the manufacturer’s decision problem for any given w is
n
max 7o(p) = aexp(=Ap) (p = Y wi = coleo)) = kiles).
i=1

The first order derivative of m(p) is:

Tk = wep(n) (120~ v eofe))

Clearly, mo(p) is unimodal and the unique optimal solution is
pi(wle) = 1/A+ Z w; + coep)
i=1

d*(wle) = aexp(—1- )\(Z w; + co(eo)))-

i=1
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The objective for each component producer 7’ is to:

nﬁxm(w) = a(w; — ¢;) exp ( —1- )\(iwi + co(eo))> — ki(e;).

The first order derivative of m;(w) with respect to w; is

omi(w)

8102‘

= aexp(—l — )\(Z w; + 00(60)))(1 — )\(wz — Ci(ei))

i=1
which means that 7;(w;) is unimodal, and the best response for each component producer i
is uniquely given by

wi =1/A+c¢le;) Vi=1,...,n.
For this unique Nash equilibrium, we have:
mi(e) = gexp(—Q—)\;ci(ei)) —ki(e;)  Vi=0,...,n.

Q.E.D.

Proof of lemma 3.4. The utility function for any component producer ¢ € 7 is given by:

mi(erlere) = (erlere) —ki(e;) Vi=1...n

mo(ezlere) = &Y(erleze) — koleo)

Let 7, =1 fori=1...n and 79 = 1/£. Consider the potential function:
\I/(eI|eIc) = ¢(ez|ezc) — Z kl(ez)/%
i€T
For any component producer ¢ € Z, let the other component producers’ strategy be given

e_;. For all (e}, e_;) and (e}, e_;) € £z such that €, # e/, we have:

V(eil (e, er-)) > W(ei|(ei, eze))
& (e, e—i ezc) — (€], e_i ez) — (ki(e})/vi — kilef)/v) = 0

& mlell(e_; erc)) > miel|(e_s, er)) (A.17)
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Therefore, the maximizer of function ¥(ez) is a Nash Equilibrium for the simultaneous ef-
fort game among the players in Z. The maximizer exists since ¥(ez) is continuous and the

strategy space &7 is compact.

Q.E.D.

Proof of proposition 3.1 We first show that Ve’ € £*, m;(€’) = m;(x(€’)), Vi € N. In the case

of exponential demand function:

-2
mi(e) = ai\ 0;(€;) exp(—Ae;(e Hek er) exp(—Acx(e))) — ki(el)
k#i
-2
= ai\ 0;(e;) exp(—Ac;(e ka €r)
k#i
= Ex-(e{) Ha:k(e') — ki(e)) — min ki(e;)
A o Kot k n 0;(es) exp(—Ac;(eq))=z;(e}) e
= () [T n(eh) — Fi(zi(eh)) = Fi(x(e)).
ki
In the case of linear demand function and i € {1,...,n}:
2
BN R S 1 L)
2(n+1)2
a+ > vri(eh))?
= ( ZJEN ]2( J)) — min kz(el)
2(n + 1) 0i(ei)—ci(ei)=zi(e})
(Oé + Zje/\/ xj(e;))z o / ~ ’
TSR () = Rx(e)

Note if i = 0, the only difference is changing the denominator from 2(n + 1)? to 4(n + 1)

In the case of truncated linear demand function and i € {1,...,n}:
() = (o + > jen(0i(eh) — i)™ ()
’ 2(n+1)2 o

2(n +1)2 bie-ailen=rie)

. (Oé + ZjEN xj(e;'))JrQ o Ny o~ /
B 2(n + 1) — kilzi(e;)) = m(x(e)
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Note if i = 0, the only difference is changing the denominator from 2(n + 1)? to 4(n + 1)

To show that {z;(e)} for i € N is a Surjection function from £* to X*, we have to show the
following two facts:

i) If € € £*, then x' = {w;(e/) :i € N} € X*.

ii) Vx' € X*, 3¢’ € £* such that x' = {z;(¢/) : 1 € N'}

For part i) Suppose not and there exits x’ ¢ X*. Thus 3z € &) for some j € N such that

T2y, x ;) > 752, x1;).

Let
e € argmineep, e {ki(e;):  05(ej) —cj(e;)) =27} for linear or truncated linear demand
€j € argmingep, e {kj(e;) : 0;(e;) exp(—Acj(e;)) = o} for exponential demand

The minimizer of the continuous fixed investment cost function k;, e;’ exists because the left
side of the equality in the constraint is continuous and the inverse set of the point 7 in
the range is closed in a bounded and non-empty set. Therefore, in the case of exponential
demand function,

-2

ae
micheely) = 20y exp(—ae(e})) [T Bs(ch) exp(-Aculel)) — (e}
k#j
_92 R
= S [ - k)
o
= %j({L‘;-/,Xl_j) > %\j(CL’;,X,_j) = Wj(e/).
In the case of linear demand function, for j € {1,...,n},
2
v (a2 0k(e) — arler) + 0;(e)) — cj(e))) (o
7Tj(ej’e—J') - 2(n_|_ 1)2 - j<€j)
a+ x4 2)? L
_ ( Zk;ﬁ] k j) i kj(l’/!)
2(n+1)2 J

= %j(a:;’,x'_j) > /ﬁj(:c;»,x’_j) = 7;(e).
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In the case of truncated linear demand function, for j € {1,...,n},
2
wiene ) — O Tis Ol —ald) 0 — o)
I 2(n+1)*2 J
_ (CV + Zk?fj ’T;f + x;{)—i-? 7{;\ "
- 2(n + 1)2 — hilj)

= 7, x ;) > 72, x ;) = m(e).
For linear or truncated linear demand function, if j = 0, just replace the denominator
2(n + 1) by 4(n + 1)2. This result contradicts with the fact that € is the equilibrium point
and hence ;(€’) > m;(ef, e’ ).
For part ii), given that x’ € X*, for all j € N, let
€; € argmingei, e)1ki(e;) : 0;(e;) —cj(e;)) = a3} for linear or truncated linear demand

€ € argmingeie, e)1k;(e;) : 0;(e;) exp(—Acj(e;)) = o3} for exponential demand

By the argument stated in part i), e} exists. Next, we show that {¢} : j € N}t eé& It
is enough for us to show that m;(e/, e’ ;) < m(e;, e’ ;) for any ¢ € N and e/ € & such that

el # e,. In the case of exponential demand function:

-2
mefiely) = SSbi(e) exp(=dei(el) [ fuler) exp(=Aau(e)) - ki(e)
ki
-2
= (e [T anleh) = kule))
ki
-2
ae
< zi(ef xip(er) — min ki(e;
- A ( >g k( k) 0;(es) exp(—Ac;(eq))=z;(e) ( )

= 72}, x,) <), x;) = mi(e).

In the case of linear demand function, for i € {1,...,n}:
a+ (Or(ey,) — crley)) + 0i(e)) — ci(el ?
ey~ O Tl k) H ) —aleh)*
2(n +1)2
a+  x) + a))?
o ( Zk;ﬁz k ) . kz(egl)
2(n+1)2
a+ Lz + af)?
< ( Zk:yéz k - ) . min ]CZ(GZ)
2(n+1) 0;(ei)—ci(e))=mi(el’)

= (], x1;) < mi(wg, x1,) = mi(e).
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In the case of truncated linear demand function, for i € {1,...,n}:

2
ey — @ D)~ ale) +8eD — )’ |,
AR ) - 2(n + 1)+2 o
(Oé + Zk;éz x?{; + JI;’)—’_Q "
_ — ki(e})
2(n+1)?

a+ T+ )t

( Zk;éz k - ) _ min ki(ei)
2(n+1) 0i(es)—ci(es))=zi(e})

= %j(x;'l7xl—j) < g, x1y) = m(e).

For linear and truncated linear demand function if ¢ = 0, just replace the denominator
2(n + 1) by 4(n + 1)2. Together with part i), we have {z;(e;) : i € N'} is a Surjection from
E* to X*.

Q.E.D.

Proof of lemma 3.5. Since for every given «, the strategy space X do not change, by Theorem
2.6.1 in [44], to show that f is supermodular in x and has increasing difference in (z;, @),
it is enough to show that f is supermodular in (x,a). Let 7 = |S| -1+ g if {0} € S
otherwise 7 = |S|, where 8 = 1/2 for linear and truncate linear demand and § = 1 for
exponential demand function. For all (a,x)!, (a,x)? € A x X. By definition, to show the

supermodularity of f(a,x), we have to check that:

F((e )" A (0,3)%) + F((0,3)! v (0,%)) = f((%)") = f((0x)?)
= 70((e)" A (%)) + 70 ((0,3)!V (0, %)) = (%)) = 7i((0,%)%) 2 0

For linear demand function:

32{@\()() 1 o | |
83:28:p]_(n+1)2>0 VZ,JG{O,-..,n}andZ7£j

Ph(x) 1 |
0x,;0c _(n+1)2>0 vze{O,...ﬂ@},
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For exponential demand function:

821/) o S,
(%8%_ /\ Hwk>0 Vi,j€40,...,n} and i # j
k#i,j
82w .
0;618&:_ka>0 Vie{0,...,n}.
The above two inequality is strict when x; >z, >0, Vi =0,...,n

For truncated linear demand function, since the operator ()" is a convex function, by lemma
2.6.1 in [44], (o + >  x;)" is supermodular in (o, x). Since the operator ()? is an increasing
and convex operator in a non-negative domain, by Lemma 2.6.4 in [44], (o + > ;)™ is
supermodular in (a,x). Therefore, J(x) is supermodular in x for linear, truncated linear

and exponential demand functions. Since

TQZ(XI Ax32) + T@Z(xl vV x?) — TQZ(XI) — TQZ(X2) >0

f(x) is supermodular in x and has increasing difference in (z;, «). In case g Y0 () when

demand is exponential with multiplicative effort effect with z; > 0,Vi = 0,...,n or linear
with additive effort effect, the above inequality is strict and hence f(x) is strict supermod-
ular in x.

Q.E.D.

Proof of lemma 3.6. For linear demand function and exponential demand function, the

8’% (x

result comes directly from > (. Therefore, for any x’, x” such that x, = 2}, k # j and

vy 2w, m(x) = m(x") = wz( ) = hi(x") 2 0

For truncate linear demand function, given x_;, if x; > —(a+3_,,; ¥x), then for any 2, > x;

a+Zxk+x;>a+Z$k+xj = (a+2xk+$;)2>(a+2xk+xj)2
poy Py Py poy
= (), x ) > Ti(x), %),

otherwise z; < —a — Zk# Ty, then for any z; > z; we have

T2, x ) > —ki(w:) = Ty, x ;).
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Hence, m;(x) is nondecreasing in z;, for Vj # i.

Q.E.D.

Proof of lemma 3.7. a) and b) follows directly from the fact that m;(xz) is a supermodular
function on x7 and A7 is a compact sublattice and lemma 4.2.2 in [44]. To prove part ¢), let

x7 be an equilibrium point, for Vi € Z, we have
i@, x5 xze) < mi(af, XY [xge) < milxy, XY [xge) = Ti(x7[x1e)

Since z} is the best response given x",, the second inequality holds. On the other hand, the
first inequality follows from the fact that ; is increasing in j for all j # ¢ which also implies
that Vi € 7

Ti(Xze, X7) > Ti(Xze, X7).

Note that in the original theorem, they assume that the objective function f;(x;,x_;) is upper
semicontinuous in x; (Lemma 4.2.2. in Topkis [44]). The only purpose of this assumption is

to make sure that argmax fi(x;, x_;) is a nonempty compact set. Actually we achieve

xi € [x;,%i]
this precondition by our selection of x .

Q.E.D.

Proof of lemma 3.9. Since the strategy space X do not change and 7; is supermodular in x,
7; has increasing difference in (3, x%) for every given x7 for all i € Z°*. By lemma 4.2.2 in

[44], the largest best response of players in Z° is increasing with xj. Furthermore,
=~ / / =~ / / / =~ / iz / =~ " "
Ti(@, Xger[x7) = 7Ti<xka$ivxzck\{i}|xl) > (@) xi7XICk\{i}|XI) > Ti(@y X7or|X1).-

The first inequality follows from the fact that x”., is the equilibrium for zj, and the second

inequality follows from the fact that 7; is nondecreasing with respect to z; for j # i.

Q.E.D.
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Proof of lemma 3.10 Clearly, if z; > z}, then by lemma 3.9, z7 > 2} for i € Z°. Other-
wise, suppose z; < ), then z} < z! for Vi € Z. Since ), is also a feasible solution to

maxXg, /ﬁk(%, Y7ex (fk)|XI), we have
%R(X/IC|XI) < /ﬂ\_k‘(XIC*’XI)-

However, note that

T (xze ™ |x7) = T}, Xger |X7)
< T (Yi(XFer|Xz), X7ex|xz)  since Yj() is the best response operator
< T (Ye(Xer|X1), X7 [x7)  since 7y is nondecreasing in z;,j # k
< Tp(Yi(Xper|X7), X7 |xz)  since Yi() is the best response operator
= Tp(X7e|X7)

which leads to a contradiction with A.18. Therefore, x; > zj, and by lemma 3.9, 2] > 2|

for Vi € I,

7i(x*|xz) > 7;(x'|xz) for Vi € Z° follows from lemma 3.9

mi(x*|xz) > 7;(x'|xz) for Vi € T follows from the fact that 7; is a nondecreasing function of
= x

xj, Vj # 1 and xz*

T (x*|x7) > 7 (%! |XI) because that x is also a feasible solution to

max 7(ax, Yror (k) |x2).

Q.E.D.

Proof of lemma 3.12. By lemma 3.11, since the equilibrium is unique in sequential decisions,

it must be the maximizer of the potential function:

Xs" = argmaTxgexs Uxs(xs|xz) = ¥(xs, Y7 (X5[%1), X1) Z ki(i) /i
1€S

Since ¢ and Y, (xs|xz) is only a function of > ies i for additive demand effort (or [, ¢ 2
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for multiplicative demand effort), so
s (xslxr) = V(t(xs), Yr(t(xs)[xz), xz) = Y k(i) /i,
1ES
where t(xs) = ) ,.¢ ¥ for additive effort effect and t(xs) = [[;.¢ #; for multiplicative effort
effect. Therefore, in case demand is additive in effort effect, the equilibrium is the solution

for:

by = argmary, .z <t.<y, s U(ts, Yr(ts|xz), x7) — ks (ts)
h . ES ts = i /k\fz i G
where (ts) min Z ()]

XSEXS:) ics Ti=

In case the demand is multiplicative in effort effect, the equilibrium is the solution for:

* f— p—
ts = MATT], s 2;<ts<[];es T

w(t& YT(ts’XZ)y XI) - /];s(ts)

where: k() = min Z ki(;)

xsXS:HiES z;=ts ics

Compare with the simultaneous decision case:
/ / /
Xy = Yr(xslxz) = Yr(t,]x2).
Since the equilibrium is unique for given x7, x7, we have
/ / -
Xs = argmalxgexs \Ijxs (X$> XTlxI) = @/J(Xsa XT|XI XI E k xz /%
€S
Same as before, we can rewrite

Wiy (x5, X7 [x1) = (t(xs), Xr|x1), x7) = D Kl [
€S

In case of exponential demand with multiplicative effort effect, this maximizer is the solution

for:

t; = Argmaryl, sz <t:<[l;es T
where:  ky(t,) = min Z/k\z(x,)

xSXS:HieS T, =ts ies
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In case the demand is additive in effort effect, the equilibrium is the solution for:

t; = CL?”gTTLCLJ}ZZ_Es QiStSSZieS T @(tsy Xf]‘; XI) - zf\s(ts)
where: ES ts) = min EZ i) /Y.
) = e 2R

Hence, for comparison, we replace the group of player S by a single player s with /k\:(ts) and
ts € [Doies Zis D ies Ti) for additive demand effect or ¢, € [[ ;o5 2;: [ [;es @] for multiplicative
demand effect. By the result of lemma 3.10, we have ¢ < ¢¥ and ] < z}, 7;(t}, x7|xz) <
mi(ts, x5 |xz) for all ¢ € §¢. In addition, by lemma A.3, the minimizer of
ky(t) = min ZEZ(L) /v for linear demand with additive effort effect
L D

/k\s(ts) = min ZEZ(@) for exponential demand with multiplicative effort effect

XSXS:H'LES xr;=ts ics

. : . / . , . .
is nondecreasing with x4, and hence 2} < zf for i € S. Also, since Y, (xs|xz) in non

decreasing in xg, for any ¢ € S,
Yr(a, x5lxz) = Y7 (2}, x5lxz) = Y7 (a7, X /x2).

Therefore,

v

ﬂ-i(X*> %i(x;ﬁx:k?\i?YT(x;7XT’S\i|XI)=XI)

> Ti(xs, Yr(xs|xz),x7) = T(x').

The first inequality follows from the fact that x% is the equilibrium for sequential decisions,

and the second inequality follows from the fact that 7; is nondecreasing with z; for j # i.

Q.E.D.

Proof of lemma 3.15. If z; > z7 and suppose x; < z7, then by the result of lemma 3.8, the
largest best response yj(x;, x;) is nondecreasing with z;x; for multiplicative effort effect(or

x; + x; for additive effort effect), thus yx (7}, 7) > max{wz}, v} }. Since X’ is the equilibrium
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for the first scenario,

Wj(xl7xj7 2:) 2 <x27xj7yk< @) j)) Z ( L, ]7max{xk7xk}) (A]'S)
Since x* is the largest equilibrium for the second scenario,

%J(x;kvxj’xlt) > %]( ) Z) > %j<x:ax;’min{xlt’x;c})'

7,7 j?

Therefore,

('mejax;c) _’_/7%](:(::7‘%;7(52) > /7%]( mxjamax{kark}) + WJ(IZ,LL’j,miH{IZ,.T;})

which contradicts with the fact that 7; is strictly supermodular when demand is exponential
with multiplicative effort effect in case z; > 0,Vi = 0,...,n or linear with additive effort
effect. Hence if ; > 27 then 2/ > x}. Also by the nondecreasing property of yx(z;,;),

x> xy. In addition,

*

%k(xﬁax}yk(ﬁffa%))zﬁk(ﬁf o5, (], 75)) = me(x], 75, vp)
]7yk( i ])) ( Ly, ]7 ))

$Z7xj7yk( i j)) ( Lis j’ )

v

%\k(xw x]? x;ﬁ?)

W(IZ,IEJ,.TD > /ﬂ\-( Liy _]7yk( i ;))Z%

A ’ N

iy, oy ) = (g, o5, k(g 75)) 2 75

g - 1]

The first inequality in above inequalities is because x’ is the equilibrium in scenario, and
the second inequality is because that 7; (7; and 7, ) in increasing with the other players’

effective effort.

Q.E.D.

Proof of lemma 3.13. To show that the Nash equilibrium is unqiue, we first prove that for any
equilibrium point x’, we have u > x} > [ for all ¢ = 0,...,n and hence the Nash equiibrium
must be an interior point. In the next step, we show that the interior point defined by first
order condition sets is unique.

For ¢ =0,...,n, clearly we have:

(97@
n; —1
o=y = aHxJ At faij A u™ T
J#i J#i
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1
Since z; < w, u > (%)% and n; >n+1foralli =0,...,n, we have:
OzH#i Z; au" o} -1
ni)\iu”i—l - )\m,-u”i—l )\iniu"i—"—l .
Therefore,
or;
a—;|xi:u < 0.
(]
Similarly, Vi = 0, ..., n, clearly we have:
% z=l = & H.I'j — )\ﬂ”LZ%l =« H Tj — Al <A19)
! Ji i
1
Since x; > 1, 0 <1 < (%)= and n; <n+1foralli=0,...,n, we have:
CVH#Z' Z; S al” Q 51
le‘)\ilni_l - )\mil"i—l )\mil”i—”—l ’
Therefore,
or;
g, =1 > 0
K3

Since an equilibrium always exists, and it can not be at the boundary, it must be an interior

point and satsify the first order condition:

on; S .
8xi:ang_)\mﬂi =0 Vi...,n
= osz;- = \nxl Vi=0,...,n (A.20)
7=0

= o= ()™ Vi=0,...n (A21)

Multiply equation A.21 for alli = Hx‘ = - T (H ;r;’.)zjzo 1/n;

Let n =1—>"",1/n; > 0, the solution is unique as follows:

al=n L
! = m_ (=
H Z; (H;IZO(”Z)\Z)l/nZ ) ( v )

1=0

" CIRANTS
By equation A.21: z; = (%)1%:( il )1/ CVi=0,...

n

. 1T
From equation A.20: 7. = « | | = Nl =a(l — —) | | 2= (1——)(=)"".
, ng - n;
1=0 =0
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Q.E.D.

Proof of lemma 3.14. For any given xg, since n; > n+ 1, 0 < [ < ( ,O‘_)"rlnfl and u >

Ain;
1
(& )m—n-1, for Vi € T, we have :

Aing
857'\ Xs o . )
L eew=allz, = Anztt=allz;: = M > au™ = Anu™ ™ >0
8:1;‘ 7 J 7 J
! j#i j#i
8% Xs L ) .
é#) =l = OéH.’]?j — )\mlx;“ o OéH.CCj — )\inilnlil <al" — )\n,-unrl <0
Xy oy oy
‘ j#i j#i

Therefore, the best response Y7 (xs) of players in 7 must be interior point. The equilibrium
is the same as the equilibrium in the system with ¢ players in 7 and the market capacity «

replaced by a [ ]..s ;. By the result of lemma 3.13, after replacing n by ny = 1=>_, .7 1/n; >

jES

0 and a by o] jes i the best response is unique and satisfies:

H v — IO_‘[HJ'?Z xﬂ);;:T Y — ((O‘ [Lesm) ™™ )/

ieT e (Midi T
where y7 = [, (niX:) /™.
With a similar approach as we do in proof of lemma 3.13, to show the Nash equilibrium
among players in S is unique, we first prove that for any equilibrium point xs*, we have
u > x; > [ for all © € S and hence the Nash equilibrium must be an interior point. In the
next step, we show that the interior point defined the by first order equation sets is unique
as we give.

Vi € §, we have

~ o 1 , .
Fi(xs) = (=) [[a/™ = el Vies
T ics
oT; 1 a1 lonp 1 o 1 1=mp s _
a—l wi=u = —(— [T H 2T —n AT < —(—)mu T — A
x.
i nr 7t jes it nr 7t
1 1-np -1
1 < )nTu nr o nT 1 Oé e
While: T T/u “ar

nAunti— 77Tm>\ oy
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Since 7y =1 - 2167 nl] 21— n_+1 = n%l, n; — niT > n; — (n+1) > 0. Furthermore, since
L1
U= (nTrlL.x(%)"T)"l */m . we have:
or; 1 o, 1 =91 s _
O € LT~ <0,
i nr r
Similarly,
(9? 1 1-np 1 a L lenp ooy
_Z|-73i:l _(_ ”Tl T H InT nz)\ lnl 1 > —(—)nTl nr qy nT —n; >\ lnl
axi nr Yr jES i nr YT
: " a1
Since [ < (nTni)\i (%)"T)""_S/", we have
6%\ 1 o 1 -7 s—1 )
8_Z wimu > — (=)l LT — AT >0,
Li nr Yr

Therefore, the equilibrium among players in & must be an interior point and satisfies the
first order condition. For players in S, now check:
~ oL n,
T s

O; Y T Z

7 (

We solve the equation set at 88—;8) = 0. For x; > 0, the solution is unique as:

1 1/
7IT x M = n\; x*m <A22)
nr WT ZEHS
L/nr
= —([[a)Vm = vies (A.23)
1/nr ¢
ANV ies
Multiply equation A.23 for all i € S
al=ns
= Hm = — )i/n
L = e
By equation A.23
ol/nr 1/
« 1/ 1/n;i _ @ 1/n; :
Ti = Ha: ") = N/ 1/m 1/n) Vies
nl)\mT'yT €S A~ s Tt

By equation A.22

1/nT 1 1/n
g [Tz =1 ——) =0 Vies
n;nr ieS

i 1 1— 1/n_1
7T/nT ninr” 775/777 /777 /n
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Substituting the solution into the equation, we have :

* (@]Lesz) ™™ 1/ almm 1/
[ - « i — i

1-nr . ns, (1-ns)(1-n1

ieT Y ve s
= (O‘Hies i [Lier x?)uni — a2=m/n )% et
l i s " g
1 @(2 n)/n
€S ze’T nl n or /777 /7777,} —n)/1

Q.E.D.

Proof of lemma 3.16. By lemma 3.11, since the equilibrium is unique in sequential decisions,

it must be the maximizer of the potential function, therefore in scenario 1, we have:

X:'31U82 = argmalxg gs,cXs, us, \Ijxslusz (X$1U32> = ¢<X51U327Y53 XS1U32 Z k CL’l /72
1€S1US2
X, = argmarsg_ Vg (xs) = DxsXsus,) — O Rilwi) /%
1€S3

For scenario 2, we have:

le = argma'xxsl EXSl \Ijx51 (Xsl) = ¢(X$17 Y32U$3 X81 Z k xl /%
1€S]
XZQUS3 = argmax)(xszusg €Xs,u8;3 \IIXSQUSP’ (X52US3) = ¢(X32U33|X‘*91) - Z kt(xz)/%
XSyUS3

Since ¢ and Ys(xs) is only a function of ) . ¢ x; for additive demand effort (or [], ¢, for
multiplicative demand effort), so we can replace the game with three groups by the game
with three artificial players sq, so and s3, such that:
for linear additive demand: Esi(tsi) = min ZEJ(:U]) /v, Vi=1,2,3
xSEXS’Zjes xj=ts, e

for exponential multiplicative demand: %Si (ts,) = min Z%(x]) /i  Vi=1,2,3
t

XSEXST[J'GS zj=ts, s
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Therefore, by the potential function as we defined:

~ -~

(o t) = argmaz,,,er, a,er, Vlta, b, Yoty t)) = oy (f) = Fua (t20)
tlsg = argmai,er,, @Z(t53|(tslatsz),) - /k\:83 (tss)
5, = argmazy, ez, Dty Yoo (ta)) = ko (L)
(toss o)™ = argmamy, ez, toyem, Ut tag|£5,) = by (t) = Fig (8,)
where 75, = [X-ics ;5 D jes, Tj] for linear additive demand and 7, = [[];cs 255 [[ics, 7]
for exponential multiplicative demand. In addition, x (or x3,) is the minimizer for 7551, (t.,)
(or kg (t2)) for i =1,2,3.
IfVi € Sy, ) > af, thent, = > . q ) > > s ¥i = ti . Thus, by the lemma 3.15, t, >t} ,

ty, > ti,. Moreover, by lemma A.3, x; >z} for all i = 0,...,n. Hence,

; ) / / ~ [ / x ~ % " "
Vi € Sz 1 Ti(Xs, s X0 Xs,) 2> TilXis)s Xis,y0 T7 5 X,\4) = TilXs,, Xs,, Xs,)

. . ~ ot ’ / ~ ok ' . /
Vie S : ﬂi(XSpXngXSg) > Wi(xivxsl\mXSg?Y& (Iiaxsl\iax&))

v

/ﬂ\-i (Xgl ? X:ks‘g ) Y$3 (Xgl ) XZ‘Q)) - Tri (Xgl ) X:ks‘z ) Xj;‘g,)

y . o / / / =~ / * / / * /
VieSs: Ti(Xs, Xs,, Xs,) > Wi(xsl7xi7X82\z’)YS3 (X817x1'7X82\i))
~ * * * * _ * * *
Z T (XSI ) XSQ7 Y$3 (Xsl ) XSQ)) =T (XS1 ’ XSQ ’ XSS)
For each case, the first inequality is because (X} ,X5,,Xs,) is the equilibrium strategy, while

the second one is because 7; is non-decreasing in j, Vj # i.

Q.E.D.

Proof of lemma 3.17. Since for every given ¢, the strategy space X do not change, by Theorem
2.6.1 in [44], to show that f has increasing difference in (¢,§), it is enough to show that f
is supermodular in (¢,x). For all (¢,x)!, (¢,x)* € (0,+00) x X. By definition, to show the

supermodularity of f(a,x), we have to check that:

FU(Ex)P A (8%)%) + F((8%)'V (5,%)?) = f((5x)") = £((1,x)?)
= (AP AXY) + (V) D(xEV XP) — 1 (xY) — tah(x2) > 0.
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For exponential demand function with multiplicative effort effect:

O2tih(x) o .
(99(:8% = )\ kgjxk>0 Vi,j €{0,...,n} and i # j

82w .
arzat a—gmk>0 Vie{0,...,n}.

Thus, (' A £2)ih(x! Ax2) + (11 V) (x' V x2) — H(x") — tath(x2) > 0
Q.E.D.

Proof of lemma 3.18. Let x’ = max argmaxxextiz(x) — > E(Xi). As explained in the proof
of lemma 3.4,if t = 1, §)(x) — > k;(x;) is a potential function of the transformed investment
effort game, and x* € X*. Also note that the function t{ﬂ\(x) - > /k\l(:vz) is a supermodular

! is increasing with ¢. On the

function in x and has increasing difference in (¢,x), hence x
other hand, in system coordination, ¢t = n and x" = x* = max argmax, szi(x) > ki(x;).
Hence x* = x! and {p\(x*) > {ﬂ\(Xl) while x! € X?.

Q.E.D.

Proof lemma 3.19. Since t > 0, % = %0(900). Note that %0 is only a function of zy and
increasing in g, this implies f(s,z) has increasing difference in (—s,x).

Q.E.D.

Proof of lemma 3.20. Let x** = max argmaxxextg/b\(x) - Z?:li{\i(xi) - SEO(XO). By lemma
3.17, since the function t1(x) — Yoo k;(z;) is a supermodular function in x and has increas-
ing difference in (¢,x), x"! is increasing with ¢. Therefore, x™! = x! and @(x”’l) > 'L/b\(Xl’l).
Also by lemma 3.19, the function (x) — Yoy Ei(x;) — sko(wo) is supermodular in x and
has increasing difference in (—s,x). Hence, x"* is decreasing with s. Therefore, x1! = x12

and $(x11) > §(x"?). Note that in system coordination, ¢ = n an s = 1 so x™! = x*.

While in system competition, t¢)(x) — S E(xz) — sko(zo) is the potential function of the
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transformed effort game when ¢ = 1 and s = 2. Hence x!? € x*. Therefore Ix* € X* such
that x* = x* and ;(x*) > 1h;(x?) for all i = 0,. .., n.

Q.E.D.
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Tables for Numerical Examples

Table A.1: Problem Characteristics

Problem | gi(z) | g2(x) | ga(x) | f(x) | w1 | w2 | w3
1 NS1 NS1 NS1 DNS 6 5 3
2 NS1 NS1 NS1 DNS 6 5 4
3 NS1 NS1 NS1 DNS 6 5 5
4 NS1 NS1 NS1 DNS 6 5 6
5 NS1 NS1 NSS1 DNS 6 5 3
6 NS1 NS1 NSS2 DNS 6 5 3
7 NS1 NS1 NSF1 DNS 6 5 3
8 NS1 NS1 NSF2 DNS 6 5 3
9 NS1 NS1 LS1 DNS 6 5 3
10 NS1 NS1 LS2 DNS 6 5 3
11 NS1 NS1 LS3 DNS 6 5 3
12 NS1 NS1 LS4 DNS 6 5 3
13 NS1 NS1 RS1 DNS 6 5 3
14 NS1 NS1 RS2 DNS 6 5 3
15 NS1 NS1 RS3 DNS 6 5 3
16 NS1 NS1 RS54 DNS 6 5 3
17 NS1 NS1 NS1 DNS1 6 5 3
18 NS1 NS1 NS1 DNS2 6 5 3
19 NS1 NS1 NS1 DNSS 6 5 3

20 NS1 NS1 NS1 DNF1 6 5 3
21 NS1 NS1 NS1 DNF2 6 5 3
22 NSS1 | NSS1 | NSS1 DNS 6 5 3
23 NSS2 | NSS2 | NSS2 DNS 6 5 3
24 NSF1 | NSF1 | NSF1 DNS 6 5 3
25 NSF2 | NSF2 | NSF2 DNS 6 5 3
26 LS1 NS1 RS1 DNS 6 5 3
27 LS2 NS1 RS2 DNS 6 5 3
28 LS3 NS1 RS3 DNS 6 5 3
29 LS4 NS1 RS4 DNS 6 5 3
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Table A.2: Computational Results

No. | Optimal q1* qo* q3* Time | Heuristic Optim Heuristic Optim
Cost (s) Gurnani | Gap (%) TPQ Gap (%)
1 4661.81 | 391.02 | 397.67 | 415.45 | 1744 5145.81 10.38 4662.84 0.020
2 5071.31 | 389.45 | 396.07 | 403.98 | 1913 5506.72 8.59 5071.76 0.008
3 5407.43 | 387.92 | 394.52 | 394.52 | 1949 5865.03 7.21 5470.54 0.002
4 5860.8 386.41 | 392.99 | 386.40 | 1761 6220.92 6.14 5860.82 0.0003
5 4524.96 | 389.58 | 396.17 | 377.97 | 1649 4891.46 8.10 4526.94 0.043
6 4572.81 | 390.44 | 397.06 | 392.57 | 1724 4982.71 8.96 4573.98 0.026
7 4825.12 | 390.91 | 397.60 | 450.66 | 1677 5422.08 12.37 4826.07 0.019
8 5129.36 | 389.82 | 396.55 | 501.42 | 1607 5860.16 14.25 5129.85 0.009
9 4649.12 | 390.95 | 397.59 | 413.01 | 1578 5134.62 10.44 4650.14 0.022
10 4635.03 | 390.86 | 397.50 | 410.21 | 1579 5123.97 10.55 4636.03 0.022
11 4618.66 | 390.75 | 397.39 | 406.93 | 1542 5114.12 10.73 4619.68 0.022
12 4598.18 | 390.73 | 397.36 | 403.47 | 1621 5105.18 11.03 4599.08 0.019
13 4673.5 391.08 | 397.73 | 417.63 | 1526 5157.20 10.35 4674.55 0.022
14 4684.44 | 391.12 | 397.78 | 419.62 | 1516 5168.55 10.33 4685.50 0.023
15 4694.76 | 391.15 | 397.82 | 421.46 | 1507 5179.68 10.33 4695.84 0.023
16 4704.59 | 391.17 | 397.84 | 423.17 | 1517 5190.53 10.33 4705.68 0.023
17 4716.98 | 392.81 | 399.53 | 417.64 | 1420 5098.46 8.09 4718.36 0.029
18 4796.62 | 395.67 | 402.52 | 421.15 | 1735 5094.74 6.22 4798.32 0.035
19 4936.09 | 401.26 | 408.35 | 427.77 | 1688 5153.42 4.40 4938.11 0.041
20 5163.57 | 410.79 | 418.24 | 438.72 | 2020 5314.96 2.93 5165.56 0.038
21 5514.46 | 425.61 | 433.51 | 455.33 | 2591 5617.29 1.86 5515.9 0.026
22 4057.75 | 364.33 | 367.28 | 375.01 | 1534 4255.21 4.87 4059.34 0.039
23 4289.40 | 375.41 | 379.76 | 391.17 | 1799 4614.70 7.58 4290.82 0.033
24 5270.62 | 410.88 | 421.30 | 450.17 | 1951 5912.65 12.18 5270.97 0.006
25 6290.77 | 429.88 | 445.98 | 493.34 | 1907 7007.67 11.40 6292.43 0.027
26 4656.66 | 390.41 | 397.75 | 417.64 | 2041 5146.23 10.51 4657.71 0.022
27 4649.00 | 389.81 | 397.86 | 419.74 | 2053 5147.54 10.72 4650.03 0.022
28 4638.27 | 389.46 | 397.07 | 421.83 | 2033 5149.78 11.03 4639.24 0.021
29 4623.85 | 389.80 | 398.47 | 424.05 | 1632 5152.91 11.44 4624.68 0.018
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