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On the Number of Representations of One as the Sum of Unit Fractions

Matthew Brendan Crawford

(ABSTRACT)

The Egyptian Fractions of One problem (EFO), asks the following question: Given a
positive integer n, how many ways can 1 be expressed as the sum of n non-increasing unit
fractions? In this paper, we verify a result concerning the EFO problem for n = 8, and show
the computational complexity of the problem can be severely lessened by new theorems
concerning the structure of solutions to the EFO problem.



On the Number of Representations of One as the Sum of Unit Fractions

Matthew Brendan Crawford

(GENERAL AUDIENCE ABSTRACT)

Expressing numbers as fractions has been the subject of one’s education since antiquity.
This paper shows how we can write the number 1 as the sum of uniquely behaved fractions
called “unit fractions”, that is, fractions with 1 in the numerator and some natural counting
number in the denominator. Counting the number of ways this can be done reveals certain
properties about the prime numbers, and how they interact with each other, as well as pushes
the boundaries of computing power.
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Chapter 1

Introduction

An Egyptian Fraction is a sum of positive unit fractions. The Egyptians first did many
calculations and kept records using these types of fractions, though the reason as to why is
unclear. André Weil once stated their use of these fractions as “a wrong turn” [HJ.

Leonardo of Pisa, more commonly known as Fibbonacci, proved that any positive frac-
tion, is an Egyptian Fraction [H|. In 1880, Sylvester began doing work on “proper” Egyptian
Fractions (fractions between 0 and 1)[SYL], and Erdds conjectured and proved many theo-
rems regarding Egyptian Fractions [ET) [EG| [EN] including the famous 4/n conjecture with
Straus [ES]. Graham and Erdés worked together on bounding the size of the denominators
to represent any rational number as an Egyptian Fraction, as well as bounding the number
of terms needed to represent any rational number as an Egyptian Fraction [RKG]. Croot
proved several of Graham and Erddés’s unproven conjectures in 1994 related to distinct unit
fractions [C]. The number of distinct ways (up to reordering) to write 1 as an Egyptian
Fraction using n terms is what we will call the EFO problem for n terms. In 1972, Singmas-
ter found the answers to the EFO problem for n =1 through n = 6 [SING]. Erdés asked for
an asymptotic formula following shortly thereafter.

14

In 1981, Guy’s famous Unsolved Problems in Number Theory stated the “...interest in
Egyptian Fractions is as great as it has ever been,” due to the unsolved status of the simply
stated problems [RKG]. In 1999, Paulhus confirmed McCranie’s answer to the EFO problem
for n =7 [A002966]. Due to the double-exponential growth of the possible denominators for
any given solution to ;"4 xi = 1 where x; < x;,1, the EFO problem and others like it become
computationally unfeasible. In this paper, we confirm Dethridge and Le Normand’s result
for n =8 [A002966], and give our own conjecture for n = 9.



Chapter 2

Historical Background and Previous
Work

2.1 The “Egypt” in Egyptian Fraction

The Rhind Papyrus and The Egyptian Leather Roll are two Egyptian artifacts containing
51 and 26 unit fraction series respectively, each of which is the expression of a fraction of the

form 2 or = and S or respectlvely [RP2, [EMLR]. As an example of the method they used

to determme these Egyptlan Fraction representations, we will write % as iﬁ We define

p=3and ¢="7.

21~ A21 A=prl

(53 )
T 341 “2\21 21

42

Figure 2.1: The Rhind Papyrus, purchased by Alexander Rhind in 1858 is dated to around
1650 BCE [RP1]



2.2 Greedy Mathematicians

Leonardo of Pisa, better known by his pseudonym Fibbonacci, proved that any rational num-
ber could be written as an Egyptian Fraction, using a greedy algorithm [LPE]. Sylvester
rediscovered this fact and used the greedy algorithm to write specifically proper fractions as
Egyptian Fractions. Here is an excerpt from his paper On a Point in the Theory of Vulgar

Fractions [SYL].

“Let % be the fraction to be expanded. The work may be arranged as follows:—

(2) (8) (60) (3660)
4699 | 2078 1984 1920
7320 | 14640 | 117120 | 7027200
9398 | 16624 | 119040 | 7027200

Table 2.1: Example Calculation of Sylvester’s Greedy Algorithm

(2) is the number one unit greater than E%; 9398 is 2x4699; 2078 is 9398 — 7320; 14640
is 2 x 7320.
One element (2) is now determined, and the fraction ¥ remains to be expanded.
(8) is the number one unit greater than E%; 16624 is 8 x 2078 ; 1984 is 16624 — 14640;
117120 is 8 x 14640.
A second element (8) is now found, and 11251;‘210 remains over to be expanded. Proceeding in
this manner, and with numerators 4699, 2078, 1984, 1920, necessarily diminishing at each
step, we come at last to the element 3660 with a remainder zero. The requires sorites is

therefore:

1 1 1 1

— -t —+—.

2 8 60 3660
We can see that Sylvester’s notation “Ef” means “the whole part of”, or what we would

2

now denote as [%J, since a > b > 0. Therefore, he is saying to take the largest unit fraction

that is smaller than the current fraction to be expanded — the greedy algorithm.

Figure 2.2: A Portrait of James Joseph Sylvester [JJ9]



In the June issue of Scientific American in 1992, lan Stewart wrote a probing article
about the EFO problem, specifically for n = 4, but also the article entices the reader to
consider n = 5, and even past. Stewart tells of a fabled dying war hero from the Middle East,
who, on his death bed, recalls with his friend “a mathematical treatise, handed down, it is
said, from the great Al-khowarizmi himself.” The treatise is the tale of a dying merchant
who splits his porperty of 17 camels up amongst his sons using ratios, but in such a way
that only when a wise man comes, on his own camel, to do the divvying, do the ratios make
sense. 1/2, 1/3, and 1/9 are the ratios the merchant decreed to give to his 3 sons by age,
but the wise man’s 18" camel is what allows the oldest son to take away 9 camels instead
of 8 and 1/2, and the youngest son to take away 2 camels instead of 1 and 8/9. The war
hero and his friend ponder about whether there are any other such numbers that work in
this manner, that is some a, b, ¢ such that

1 1 1 d-1

a b ¢ d

for some other number d, where all the unknowns are positive integers (they are camels after
all). The merchant notices the above equation is what we would now call the EFO problem
for n -4, by adding the 1/d over to the LHS of the equation. The merchant realizes there
is a way to bound the ratios of camels for each of his own 3 sons, using a greedy algorithm;
once the bound for the first son is found, the problem splits into different subcases and for
each of those, the ratio of camels for the second son can be bounded, and so for the third
son. After brute-forcing all of the subcases (n =4 is small enough to brute force by hand),
his friend exclaims to the war hero that he too can divvy his 39 camels to his 3 sons, that
is if he procures 2 more camels, by using the ratios 1/2, 1/3 and 1/7, leaving the 424 camel
from the wise man in the story. The war hero can die in peace now knowing that his sons
will have their shares in such an excellent mathematical way — until a small boy rushes in
and proclaims that the war hero has just had another son by his other wife! [I5]

The story puts the reader into a situation where the EFO problem is applicable, just as long
as one does not have more than a few sons.

2.3 Erdos and Co.

In his second paper, Erdos proves that any finite sum of unit fractions whose denominators
have constant differences, cannot be an integer [ERD]. Graham summarizes: “The basic
idea of the proof is that some term a + kd is divisible by a higher power of some prime than
any other terms. This follows from the analysis of the prime divisors of the expressions
(a+d)(a+27?!)”'(a+”d) and (2:),” [RLG]. In a paper with Niven in 1945, Erdés showed that no two
partial sums of the harmonic series can be equal [EN]. Perhaps his most famous work dealing
with Egyptian Fractions is in his 1950 paper defining N(a,b), which is defined for integers
1 <a < b to be the least value n such that ¢ = 31", x% has a solution with 0 < z; < ... <z,
that is, V(a,b) is the least such number of distinct unit fractions needed to sum to ¢. It is in
this paper that the historical 4/n-conjecture first was mentioned, as Erd6s claims N (4,b) < 3

for every b > 2 [ES]. This conjecture would prove to be one of the most famous of Erdds’,




not only due to its elementary looking Diophantine equation

4 1 1 1

—=—+—-+—, forn,a,b,ceN,

n a b c
but also its difficulty. Even to this day, there are new contributions to proving the truth of
the conjecture [X1]. Extensive computer searches have verified the conjecture to be true for
n < 107 [X2]. Generalizations have been made for 5/n [RKG], k/n [RKG], and 3/n using

only odd denominators [HAG].

Erd6s once conjectured that for distinct denominators $* > 3, and that lim,. 3* = oo,
but this was proved incorrect by Croot in 1999 [C].

Croot showed that for any rational number r > 0, and for all N > 1, there exist integers
r1,%2,...,T, Where

loglog N
N<xi<zo<--<x,<le"+0, 0808V )\
log N
such that
1 1 1
P=— et — 4 —.
X1 ) T

He did this through the conjunctive use of two propositions. He begins by letting ¢ > 1 be
the smallest real number such that

And using the fact that ¥, 1/n = logt + v+ O(1/t), where v is the Euler- Mascheroni
Constant, it can be shown that ¢ =e” + O,(1/N). He defines
u

1
—= > —, where ged(u,v) =1.

N<n<cN

<

The first proposition he uses states that if some fractions can be removed from the sum in
the definition of u/v, leaving u//v’, then all the prime power factors of v’ are < VN, and

moreover that loglog N ) loglog N
008N S =« 08 108

log N e " logN ’

where v/ /v + Y1, — = u/v. His second preposition states that is s is some rational number
1<i<k n;

whose denominator has all prime power factors < M4 and if s > logloglog M /log M,
then there exist integers M < my < cdots < my < eW(©+e()s M where v(e€) is some constant

depending on €, such that
1
5= —.
1;; my
He combines these two propositions by letting M = ¢N and s =r —u'/v’. Therefore we have
that
loglog M loglog M

Ky § Ky ———
log M log M



and all of the prime power factors of the denominator of s will be less than or equal to V' N.
This meets the hypothesis of the second proposition and therefore there exist the m; from
above such that . 1 .
u
res+—= Y  —+ >y —.
V' NenceN TV 1gi M
NFNL,...,Nk

log N
This shows that the ratio between the last and first denominators in any Egyptian Fg‘raction
representation of 1 with distinct denominators (which are a subset of all solutions counted
by the EFO problem), is bounded, as are the ratios between any particular denominator and
the first denominator.

All of the denominators of the unit fractions above will be between N and (e’" + O, (M)) N.

Figure 2.3: The author has an Erdés (above) number of 3

2.4 Early Computation

Singmaster used a computer in the early 70’s to compute EFO(n) for n = 1 through n = 6, but
could not find a formula or asymptotic formula for EFO(n). In his unpublished manuscript
on the subject, he also wrote a note at the bottom questioning whether ENO(n) could be
related to the Carmichael numbers, and wrote a reminder to himself to write R.K. Guy
regarding his knowledge on the subject [SING|. Dr. Robert G. Wilson sent a fax to Dr. Neil
J.A. Sloane (the same of OEIS), with exactly the article from Scientific American about the
camels, but also in the cover page of the fax, he has listed the first 7 values of EFO(n) as
1,1,3,14,147,3462,294392, which is correct until n = 7 which we know is truly 294314. He
also includes at the end of his fax, two different codes, each in a different language, to brute
force the EFO problem, for n =7 [RW].



2.5 Modern Computation

Other than references on The Online Encyclopedia of Integer Sequences’ entry for EFO(n),
Paulhus’ confirmation of McCranie’s value for n =7, and Dethridge and Le Normand’s con-
jectured value for n = 8, there are no other citations of these spectacular feats of computation
[A002966]. This paper will discuss theoretical and computational improvements on the cal-
culation of EFO(n) specifically for n = 8, conjecture a value for n = 9, as well as comment
on the asymptotic nature of EFO(n) for arbitrarily large n.



Chapter 3

Structural Theorems

The equation describing the topic is the EFO equation for a given n:

L |
1:2—, T; < Xiv1, T; €N for 1 <i<n. (3.1)

i=1 Vi

The sequence s; =2 and s, = s> | — $,-1 + 1, known as Sylvester’s Sequence [A000058], gives

rise to a sequence of bounds, b, = s, — 1 for 1 < n, which are attainable upper bounds for
the denominators used in with n terms. Since we require x; < x;,1 for all ¢, b, also
bounds every denominator in the sum in 3.1} Thus for a given n, a very large solution space
for all of the solutions to the EFO equation is [1,b,]". Vardi showed that there exists a
constant E ~ 1.2640847353... [A076393] such that s, = | E*"" +1|. Therefore we see that
b, is determined by a double exponential function, and grows extremely quickly.

3.1 Trimming the Heads
Theorem 3.1.1. Let 3<neN. Let 2<i<n-1. Then:

2S$1§TL
i+1l<x; <(n—i+1)b

n<x,<b,

Theorem |3.1.1] greatly decreases the solution space from [1,b,]* to
[2,n] x X5 i + 1, (n —i+ 1)b;] x [n, by,].

Example 3.1.2. All of the inequalities in Theorem are sharp. We will use the case of
n=>5 and 1 =3 for the following examples when necessary.

The first string of inequalities in Theorem |3.1.1 can be shown to be equalities when we take
the “Sylvester solution”, that is x = (s1, S2, S3,S4,b5) = (2,3,7,42,1806), and when we take
the “Constant solution”, that is x = (5,5,5,5,5).

The second string of inequalities can be shown to be equalities when we set the first i terms



to be i+1, and distribute the remaining “weight” equally: for example when x = (4,4,4,8,8),
and when we take the first i — 1 terms to be the respective Sylvester numbers, and split the
remaining weight equally: for example when x = (2,3,18,18,18).

The last string of inequalities can be shown to be equalities when we switch the examples used
for the first string of inequalities, that is when x = (5,5,5,5,5) and when x = (2,3,7,43,1806).

Let A, =|[1,b,]" and let B, = |[2,n] x X5 [i + 1, (n =i + 1)b;] x [n,b,]|-

|

| A [ B | BJA |
216 16 0741
3.1117 x 106 4.212 x 103 1.354 x 1073
1.9213 x 1016 | 5.1898 x 107 | 2.7012 x 107°
1.2080 x 103 | 1.2063 x 10'® | 9.9863 x 10725
1.5540 x 109t | 9.9966 x 10?8 | 6.4327 x 10793
2.7392 x 10208 | 9.7503 x 105 | 3.5595 x 107153

0| | O O x| W 3

Table 3.1: Comparison of solution space sizes for various n between brute force and

Theorem m

We may also realize that for a fixed n, and a particular choice of (z1, ..., %, 1), the value
of z,, is fixed.

Theorem 3.1.3. Let n €N, and let x = (z1,...,3,) satisfy[3.]. Then
5 @

-1 -1
[ @ - 255 x]f

Tn =

where a:; is the product of the first n—1 x;’s excluding x;.
Thus we need only check through the first n — 1 components, and check whether or not

1 - 2?2—11 :1:; divides [T ;.

Example 3.1.4. If we let n =4, and we let 1 =2, xy =3, x3 =11, then by Theorem [3.1.5

Ty = 666_661 = %. But % ¢ N. So while (2,3, 11, %) has components who are within the bounds

of Theorem |3.1.1], we see it is not a solution.

Let B, be as before, and let C,, = [[2,n] x XI5 [i + 1, (n — i + 1)b;]].
Definition 3.1.5. Let p,q e N. We define p L q to mean p is relatively prime to q, that is
ged(p,q) = 1.

With the following theorem, we can still again severely cut down the solution space.

Theorem 3.1.6. Let p,q € N such that p L q. Then § can be written as:

p_1
¢ «
for «, B € N if and only if there exists a,b € N where alg and blq such that p|(a +b).

+ % (3.5)

9



n| B, [ G | GJ/B |
3 16 1 %

1| 1212x10° | 1.08x10° | 25641x10°2
5| 51898107 | 2.88x101 | 554939 x 107
6
7
s

1.2063 x 1015 | 3.69645 x 10® | 3.06425 x 1077
9.9966 x 108 | 9.38647 x 101° | 9.38962 x 10-14
9.7503 x 10° | 8.59639 x 10%° | 8.8165 x 1027

Table 3.2: Comparison of solution space sizes for various n between Theorem and

Theorem m

Theorem tells us that we need only search through the first n — 2 components, and
then from those, we may compute how many pairs (o, 3) € N* satisfy

Definition 3.1.7. Let 3<n €N, and let © = (2;)1<i<n be a solution to[3.1. We define the
Head of © to be the first n—2 components of x. That is Head(x) = (x;)1<i<n-2. Similarly, we
define the Tail of x to be the last 2 components of x. That is Tail(x) = (2;)n-1<i<n-

Let C, be as before and D, =|[2,n] x X[2[i + 1, (n —i + 1)b;]|-

I N Y
3 1 2 125
1| 10Sx10?7 | 12x100 | Lil11x10°
5 288x107 | 36x102 | 125x1072
6 | 3.60645 x 105 | 1.0248 x 10° | 277239 x 101
7 938647 x 107 | 14381 x 10° | 153213 x 107
S | 859639 x 10% | 1.0358 x 1070 | 4.69481 x 1011

Table 3.3: Comparison of solution space sizes for various n between Theorem and
Theorem needing only the possible Heads

Using a greedy algorithm, we can yet again cut down the solution space:

Theorem 3.1.8. Let 3<neN, and let 1<i<n-2. Let (7 )1<k<i be the first i denominators
of a possible solution to . Let % =1- Z;:l % be such that p; L g;.
Wir1 (i 2 Pi;

Let Wiyl = l%J +1. Let U1 = [%J Let €i+1 =
' ‘ T ¢i <PiTi

Then £i+1 STi1 S Uiyl

Example 3.1.9. Above, w;,1 is our modern notation for exactly what Sylvester was doing
in 1880, that is, taking the biggest unit fraction less than the remainder that we have to sum
to. w1 is like what we were doing with the upper bounds in Theorem[3.1.1: distributing the

10



weight of the remaining amount we must sum to across the remaining components. And l; 1
must be done in cases because sometimes, the greedy algorithm contradicts the non-decreasing
requirement of . For example, when n =4, and x1 = 2, x5 =5, we have % = 3/10, and
wis1 =4, but if we took x5 to be 4, then we would break the nondecreasing requirement of[3.1]
so we must take xs=1x9=0>5.

Let E, be the size of solution space using Theorem while still searching through
only the Heads of the possible solutions, and let D,, be as before.

ol Dn | E. | FEJD. |
3 2 2 I
1 2 7 5.8333 x 101
5 36x102 | 51x100 | 14167 %107
6 | 1.0248x10° | 8.35x107 | 8.1479x 107
7 [ 14381109 | 6.6162 x 107 | 4.6006 x 10
S | 4.0358 x 107 | 1.5256 x 10° | 3.7802x 107

Table 3.4: Comparison of solution space sizes for various n between Theorem [3.1.6] and

Theorem m

3.2 Trimming the Tails

Theorem 3.2.1. Let (7;)1<i<n-2 be a Head of a possible solution to[3.1.Let pe N and g € N
be such that p L q and

P n721
Po1-y—.
q ;xz

Then the only possible pairs of divisors of q that need to be checked are (a,b) that satisfy

Theorem such that
q

PTn2—q
If px,_9—q <0, then all pairs of divisors (a,b) that satisfy give rise to possible solutions
to 31l

g < (3.6)

Let E! be the time it takes to find all solutions using all of the above theorems through
Theorem Let F! be the time it takes to find all solutions using all of the above
theorems including Theorem Note that these run times are the average run time from
100,000 runs, unless marked with an *, which are over 10,000 trials, ** which are over 1,000
trials, and n = 8 is over 1 trial which is marked with ***.

11



n_| L, L | FiE]

3 8.02308 x 10~ | 1.75894 x 10~* | 2.19235 x 10!

4 2.59997 x 1073 | 1.03656 x 1073 | 3.98682 x 101
5% || 2.23508 x 1072 | 1.41102 x 10=2 | 6.31306 x 10!
6** || 1.92233 x 10~! | 1.76185 x 10~! | 9.16518 x 10!
7 || 2.31190 x 101 | 2.08543 x 10! | 9.02042 x 10!
8=+ 11 9.36100 x 105 | 8.96622 x 105 | 9.57827 x 10~}

Table 3.5: Comparison of run times (in seconds) for various n between Theorem and

Theorem m

12



Chapter 4

Observations and Conjectures

4.1 Run Time and Estimation

The EFO problem, and others similar to it (such as considering strictly increasing denomi-
nators, or considering solutions with distinct orderings of the denominators as distinct) are
Combinatoric and Number Theoretic, however, at this moment, advances in these problems
are highly computational.

Upon running the code used to calculate the solution to the EFO problem for n =1
through n = 8, we found the most time consuming and computationally intensive parts of
the code were:

1. Computing the prime factorization of ¢, o as defined in Theorem [3.1.8 as is necessary
to build the divisors used in Theorem [3.1.6, It was found that on average, building
the prime factorization of ¢,_» took approximately slightly more than 25% of the run
time.

2. Calculating p,_» and ¢,_» as defined in Theorem by calculating the gcd of an
equivalent fraction. It was found that on average, calculating this ged took approxi-
mately slightly less than 25% of the run time.

3. Calculating the divisors of ¢, o as is necessary in Theorem from the prime factor-
ization of ¢, . It was found that on average, calculating the divisors from the prime
factorization took approximately 14% of the run time.

13



Profile Summary
Generated 03-Apr-2019 23:57:46 using performance time.

Function Name Calls Total Time | Self Time*  Total Time Plot
(dark band = self time)

tester2 1 24.999 s 0.376 s ——
comb 129657 | 22.992 s 4.340 s I
gcd 159051  6.154 s 6.154 s |
mydivisorsordering 66162 | 3.512s 1.387 s [ B
instances 66162 | 3.234s 0.863 s L]
factor 66162 | 3.093s 1.818 s m
nchoose? 66162 | 2.660 s 2.660 s |
unigue 66162 | 2.371s 1.128 s [ |
kron 201182 2.125s 2.125s |
cyclicsum 66162 | 1.631s 1.631s [ ]

rimes 66162 | 1.275s 1.275 s 1
unique>uniqueR2012a | 66162 | 1.243 s 1.243 s [ ]

Self time is the time spent in a function excluding the time spent in its child functions.
Self time also includes overhead resulting from the process of profiling.

Figure 4.1: Matlab Profile Summary of Runtime for n = 7. Calculating the prime
factorization of ¢,_o is the sum of the times for “instances” and “factor”. Calculating the
ged of p,_o and q,,_o is “ged”. Calculating the divisors of g, 5 is “mydivisorsordering”.

With this being said, computation could be sped up by taking advantage of the knowl-
edge that for each Head(z) searched through, where z = (z1,...,2,-2), ¢,_2 is some divisor
of the product of the components of x, and hence will have some of the prime factors of the
x;’s, which are usually much smaller than ¢,_», and therefore easier to factor historically.

Counting the number of Heads that possibly give rise to a solution to itself takes
time, and we have calculated the number of Heads for n =9 to be 713,922,875, 728, 745. For
each one of these Heads, p; and ¢; must still be calculated, and the divisors of ¢g; must be
calculated from the prime factorization of ¢;, and pairs of divisors of ¢; must be checked
against the criterion of Theorem [3.1.6] As it took 8.85384 x 107 seconds to go through all
1.5256 x 10® Heads for n = 8, we see the rate at which each Head is checked to be 5.8035x 1073
seconds. Thus, a lower bound (since g; for n = 9 can be on the order of ¢2 for n = 8) the
amount of time necessary to comb through all 7.1382 x 10 Heads for n =9 is 4.14266 x 102
seconds, or roughly 131,273 years.

Let EFO(n) denote the number of solutions to[3.1]for a given n € N. Assuming log(EFO(n))
is expressed by an exponential function, that is log(EFO(n)) = aexp(bn) for a and b € R,
using Matlab’s built in Curve Fitting Tool, we can estimate EFO(9) to be 8,511,630,849,266.

We can observe the relationship between the number of Heads for a given n that actually

14



give rise to a solution to 3.1, and the number of Heads that are actually checked with our
algorithm. Let us define a True Head to be a Head that gives rise to a solution to (3.1

| n| EFO(n) | # of Heads | # of Solutions per Head |
3 3 2 1.5
4 14 7 2
D 147 51 2.88235
6 3,462 835 4.14611
71 294,314 66,162 444338
8 | 159,330,691 | 152,562, 146 1.04437

Table 4.1: Comparison of solutions to and number of Heads

’ n \ EFO(n) \ # of True Heads \ # of Solutions per True Head ‘
3 3 2 1.5
4 14 7 2
5) 147 44 3.34091
6 3,462 061 6.17112
7 294,314 27,853 10.56669
8 | 159,330,691 13,440,167 11.85481

Table 4.2: Comparison of solutions to and number of True Heads

’ n ‘ # of Heads ‘ # of True Heads ‘ # True Heads per Head ‘
3 2 2 1
4 7 7 1
5 51 44 86275
6 835 561 .67186
7 66, 162 27,853 42098
8 | 152,562,146 13,440,167 .088096

Table 4.3: Comparison of number of Heads and number of True Heads

We can see that while our search space and number of possible Heads grows with n, we
have proportionally fewer and fewer True Heads actually contributing solutions to EFO(n).
Therefore, for the same kind of algorithm used to calculate EFO(8) to be used to calculate
EFO(n) for n > 9, there must be a way to eliminate possible Heads other than actually
checking if they are a True Head.

The number of Heads that needs to be checked is more than the number Heads that begin
with each component equal to s; for 1 <7 <n—3. That is the number of Heads that need to
be checked for a specific n is more than the number of Heads that begin with (si,..., S, 3).
The number of Heads that begin with (sy,..., S, 3) is 2b,_2. Therefore we know that for an
arbitrary n, the number of Heads that need to be checked is greater than 2b,_5, which is on

15



the order of 2s,, 5, or 2 [Ezn_l + lJ, and hence grows double-exponentially. Konyagin proved

2
that for the EFO problem with distinct denominators, the solution space is also bounded
below by a doubly-exponential function, and so we know that the our EFO problem, which
does not require distinct denominators, is bounded below by a doubly-exponential function

as well, since the requirement of distinct denominators only removes solutions we count from
our EFO problem [K].

One could also approximate EFO(n) by noting:
EFO(n) = H, (Proportion of True Heads to Heads) (Average Number of Tails per True Head).

Specifically for n = 9, we can estimate some of these parameters. We know H, =
713,922,875,728,745. We can estimate T,,/H, by estimating 7T, from the other values we
have in Table 4.2 or 4.3. We estimate Ty by assuming T}, has a similar form to that of s,,, that
is T;, = B~ for some function f,,. Then we have that fo ~ 112, and thus 7T}, = 2.50572 x 1011,
which is a sensible estimate based on Hy. We also estimate the number of Tails per True
Head using a cubic approximation to the last column of table 4.2. We use a cubic approxima-
tion because we see that at first the average is increasing, but then it increases by much less
going from n =7 to n = 8, and from the histograms bellow, we can assume that the number
of true heads which produce more than 1 tail or solution begins to diminish compared to the
number of true heads that produce only 1 tail. From Matlab’s Curve Fitting Tool, assuming
a cubic polynomial regression, we obtain a value of 12.11970 for n = 9. Thus in all we have
another estimate of EFO(9) to be:

EFO(9) = (713922875728745)(3.50979 x 1074)(12.11970)
~ 3036856704864,

which is of the same order of magnitude as Matlab’s Curve Fitting estimate.

4.2 Tails Per True Head

We can take a closer look at the distribution of Tails per True Head. Below are histograms
of the distributions of the Number of Tails per True Head.
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Figure 4.2: Distribution of Number of Tails per True Head for n = 3.
mean= 1.5, median= .15, mode= 1, min= 1, max= 2, std=.70711.

Figure 4.3: Distribution of Number of Tails per True Head for n = 4.
mean= 2, median= 1, mode= 1, min= 1, max= 5, std= 1.52753.

I . |
10 15

Figure 4.4: Distribution of Number of Tails per True Head for n = 5.
mean= 3.34091, median= 2, mode= 1, min= 1, max= 14, std= 3.10995.
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Figure 4.5: Distribution of Number of Tails per True Head for n = 6.
mean= 6.1711, median= 3, mode= 1, min= 1, max= 68, std= 8.45973.

8000

MJ .

Figure 4.6: Distribution of Number of Tails per True Head for n = 7.
mean= 10.56669, median= 3, mode= 1, min= 1, max= 1013, std= 26.78673.
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Alternately, if there was a criterion found to determine which proper fractions £ could be
written as the sum of n —2 unit fractions, then the above criterion used in conjunction with
Theorem applied to 1 - p = 1P p would be possible to calculate exactly which Heads are
True Hea S.

4.3 Analysis of Head Sums

4.3.1 The Sums Themselves

For any given n, the Head whose sum is closest to 1 (in the normal Euclidean sense), is
the Head where each component is equal to s; for 1 <7 < n-2. We will call this Head,
the Sylvester Head, and denote it by SH,, for any specific n € N. The Head whose sum is
furthest from 1, is the Head where each component is equal to n for 1 <7 <n-2. We will
call this Head, the Constant Head, and denote it by C'H,,. Then it is clear that the range
of possible fractions p/q that need to be checked to see if they have an n -2 term Egyptian
Fraction expansion, and whose compliment q has a 2 term Egyptian Fraction expansion is

such that 5 ; .
|:’I7,— <p< n-1— :|

no & - bn—l
This can be seen by the fact that the sum of the reciprocals of the components of C'H,, is
yn2l_n=2 2 , and the sum of the reciprocals of the first n — 2 Sylvester numbers is

=1 n =
n21 -1
Z__ bnl

=1 Si
from the identity
1 1
51—1_3“1—1 _S_i’
for any 7 € N. From this identity, the sum telescopes, and we have

S

=1 Si =1 si—1 s —-1

! 1
_81—1_8n_1—1
=1- 1
Sn_l—l
_Sn—1_2
s — 1

However, while this bounds the range of the sum of any Head, the lower bound’s denomina-
tor grows linearly, and the upper bound’s denominator growth is doubly exponential. Below
is a plot of the density of the sums of the True Heads for n = 3 through n = 7.

We can see that the sums of each True Head get much more densely packed close to 1 as n
increases We can also see that for a fixed number of terms n, there are fewer fractions close
to *= 2 which can be expressed as Egyptian Fractions than fractions close to 1 (or specifically

%), which are the lower and upper bounds on the sums of the Heads.
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Figure 4.7: True Head Sums
Purple: n =7, Orange: n =6, Green: n =5, Yellow: n=4, Gray: n=3

4.3.2 Factors of the Denominators of the Head Sums

We may also look at the number of prime factors and distinct prime factors of each of the
denominators of the sums of the True Heads:

2.0 2.0

Figure 4.8: Number of Prime Factors (L) and Distinct Prime Factors (R) for n =3

There is a weak upper bound on the number of prime factors of the denominator of the
sum of any True Head may have, namely the largest power of 2 that is less than or equal
to the product of the upper bounds given in Theorem which is %' n2b; for a given
n, the histograms above would indicate that there is a much lower bound than this in real-
ity. For example, the exponent of the largest power of 2 less than or equal to "5' [175 b; for
3 <1< 7T are {1,4,9,17,31}, while the actual maximum number of prime factors from the
histograms above are {1,3,5,8,14}. There is also a weak upper bound on the number of
distinct prime factors the denominator of the sum of any True Head may have, namely the
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Figure 4.9: Number of Prime Factors (L) and Distinct Prime Factors (R) for n =4
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Figure 4.10: Number of Prime Factors (L) and Distinct Prime Factors (R) for n =5
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Figure 4.11: Number of Prime Factors (L) and Distinct Prime Factors (R) for n =6
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Figure 4.12: Number of Prime Factors (L) and Distinct Prime Factors (R) for n =7

number of factors in the largest primorial (factorial over the primes) less than or equal to

%! "2 b; for a given n. For example, the number of prime factors in the primorial less than
or equal to %' 177 b; for 3<i <7 are {1,2,4,6,9,14}, while the actual maximum number of

distinct prime factors from the histograms above are {1,2,3,5,7}.
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4.4 Paralleziability

The algorithms built based off the theorems above is highly parallelizable. For each Head,
the computation of the pairs of divisors in [3.1.6] can be done independently, so the compu-
tation can be dispersed to multiple processors to greatly reduce run time. The only thing
that needs to be done before parallelization is building the Heads themselves, which because
no computation is done on the Heads themselves, and they are merely listed, and need to
be stored, is quick compared to the computation of the Tails. One could also minimize the
amount of data to be stored by computing the number of Tails for each Head as each Head
is generated, because the algorithms count solutions, rather than storing solutions.

These same theorems and algorithms could also be used to calculate the number of ways
to express 1 as a sum of distinct unit fractions, with minor changes in the algorithms.

If there was found an algorithm to compute the number of ways to write p/q as the
sum of 3 unit fractions, rather than just 2 unit fractions as in then we would be able
to bound the search space for the Heads by s,_3 rather than s, », as above, but also the
4/n-conjecture would be solved in full.
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Chapter 5

Proofs of Theorems

Theorem [3.1.1]
Let 3<neN. Let 2<i<n-1. Then:

2S$1STL

Z+1SIZS(H—Z+1)Z)Z

n <, <b,.
Proof. Assume n > 3.
Let 2 > x; € N, then x; = 1. Therefore x = (1,29,...,2,) will never be a solution to
B.11
Let n < z1 € N, then the smallest x; could be is 1 =n+ 1. The smallest value that the other
components of x could take would then be n+ 1 as well. Then x = (n+1,...,n+ 1) has

reciprocals which sum to 75 < 1. Thus 2 <x; <n.

Let 2<i<n-1. Let 1 +1 > x; € N, since the components of x must be non-decreasing,

the previous 7 — 1 components could be as large as i. Thus x could be (7,...,4, Zi1,...,%n)-
But then z has reciprocals which sum to 1+ }7,, zi > 1.
- J

Assume z; is as small as it can be for all 1 < j <4, that is z; = s; for 1 < j <. Let
x;=(n-1+1)b; + 1. Assume also that z; is as small as it can be for i +1 < j <n, that is z; =
x;=(n-i+1)b;+1foralli+1<j<n. Thenx=(s1,...,8.1,(n—i+1)b;+1,...,(n—i+1)b;+1),
and the reciprocals of x sum to 1 — 5—1_1 + % <1- bli + (nrszl%bi =1- bi + bl =1. Thus,
i+1l<x; <(n-i+1)b;.

Let n >z, € N, and let x; be as large as is can be for 1 < j <n -1, that is let z; =n -1
for1<j<m-1. Then z=(n-1,...,n—1) and the reciprocals of x sum to %:1+ﬁ>1.

Let b, < x,, € N. Assume z; is as small as it can be for 1 < j <n -1, that is assume z; = s;

for 1 <j<n-1. Then x = (s1,...,8,-1,bn +1) = (5)1<j<n, and the reciprocals of z sum to
1- sn+11—1 <1. Thus n <z, <b,. O
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Theorem [3.1.3
Let n €N, and let z = (x1,...,z,) satisfy 3.1l Then

where x; is the product of the first n -1 x;’s excluding x;.

Proof. Assume the hypotheses within the statement of the theorem. Then:

no1
S Lo
i=1 i
n—-1 1 1
Y —+—=1
i-1 Li Tn
1 il
> — = ]_ — _
B H?:ll L~ Z? 11 @L
H?:ll xz
_ 1—1?:11 T
= Tn n-1 n-1 1
H'L 1 i~ Z] 1 CC'
O
Theorem [3.1.6]
Let p,q € N such that p 1 q. There exists «, 5 € N such that:
1 1
p_1.2
q o f

if and only if there exists a,b € N where a|g and b|g such that p|(a +b).

Proof.  Assume the forward direction of the hypothesis. Let d = ged(«, 8) and let o = a/d
and (' = §/d. Then:

p_1 l_l(i+l)

¢ a B d\a P
:}ZQ_d:i l

q o f

Let r = ged(d, q). Let p' = pd/r and let ¢’ = q/r. Then:

pd 2 p 1 A
¢ o ﬁ
o+

4
T

q

Oélﬁ,
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This implies that there exists A € Z such that o/ + 3’ = A\p’ and o/’ = A\¢’. Therefore we have
that \ = %, and substituting into our other equality with A we have:

o'+ 3 =\
~ 06'6’ ,
= q, p
= ¢ (o' + ") =a'Bp
— q/a/+q//81 - O{//Blpl'

Dividing through on both sides by o', we have that:

qlal+ql/81 :al/Blpl
qlal N ql/Bl _ Oé,/B,p,

e’ a’ o’
IR/

/ (]B_ I

:>q+o/ =p6'p.

Because ¢' and §'p’ are integers, ¢'3'/a’ must also be an integer, but because o/ L £, it must
be the case that o/|¢’. By a similar argument, £’|¢’. Then because ¢'|q, we have that o/|q and
3'lg. We also note that d/r € N and since p/|(a’ + 3'), 24|(a’ + ) and therefore p|(a’ + ).
Letting b = o' and a = 5’ completes the proof.

Assume the statements of the reverse direction of the hypothesis.
Let

a:q(a+b) qu(a+b)

pb pa

We note that «, 5 € N because p|(a +b) and a|q and b|g. Therefore:

l+l_ pb L pa _pb+pa _p(b+a) p
a B qla+b) qla+b) qla+d) q(a+d) ¢

Theorem [3.1.8

Let 3<neN, and let 1 <i<n-2. Let (z1)1<k<i be the first i denominators of a possible
solution to . Let %‘ =1-3'", % be such that p; 1 ¢;.

Wiyl Qi 2 Pi%;

Let Wiyl = [%J + 1. Let Uir1 = l—(n;z)qZJ Let le = {x G < pit .

Then &41 S Zis1 S Ujs1-

Proof. Assume the statements in the hypothesis.
Assume for contradiction that x;,; < £;.1. Let ¢; < p;x;. Then x;,1 < z;, which is not allowed
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in 3.1 so x> EHI Let ¢; > p;x;. Then the largest reciprocal of a natural number that
is less than % is ——, but by assumption ;1 < w1, S0 L > L Then it must be that
1

Ti+1 Wi+1
+- 22, and since ) S n —2, we will have that Z;ill L > 1, with n—i -1 terms still needed
1+ 1

to be used. Thus x;.1 > ii1.

Assume for contradiction that x;,; > ;1. Let x; = ;4 for ¢ +2 < j < n. Then the
difference between 1 and the sum of the reciprocals of x is:

~1l i 1 _pion- pln—i
1—233—:—— — == =2 > 0.

j=1Ti 4 =iy i Tkl Qi Ui+l

Therefore if x;,1 > u;.1, the reciprocals of x could not sum to 1, and so z;,1 < Ujy1. O

Theorem [3.2.1

Let (z;)1<i<n-2 be a Head of a possible solution to . Let pe N and g € N be such that p L g
and

P n721
Po1-y—.
q ;xz

Then the only possible pairs of divisors of ¢ that need to be checked are (a,b) that satisfy

Theorem [3.1.6] such that
q

T pTa2—q
If px,,o—q <0, then all pairs of divisors (a, ) that satisfy give rise to possible solutions
to Bl

Q| o

Proof.  Assume the statements in the hypothesis, and assume a < b. In order for a pair of
divisors of ¢, (a,b), to be valid, we must have that « > z,,_5. Therefore we have:

o2 Tp_9
_ q(a+0) 5

pb
qa+qb .-
b >
+




Since 0 < a > b, and 0 < p < g, it could be such that px,_s — ¢ < 0. If this is the case, then any
pairs of divisors of ¢, (a,b), satisfy the penultimate line of the above proof, as the LHS is
positive, and the RHS is negative. However, if px,,_s — ¢ = 0, then again every pair of divisors
of q, (a,b), satisfy the penultimate line of the above proof, as the LHS is positive, and the

RHS is 0. O
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Code Appendix

function[instances]=instances (factoredvec)
$The function instances (factoredvec) takes in the prime factorization
of a

3 %$number and returns an array giving the prime-power decomposition of that
4 %number.

5

6 %factoredvec=factor (Number) ;

7 x = unique (factoredvec);

8 N = numel (x);

9 count = zeros(N,1);

10 for k = 1:N

11 count (k) = sum(factoredvec==x(k));

12 end

13 1nstances=horzcat (x',count);

14 %$instances=horzcat (x', countmember (x, factoredvec) ') ;

15 end

1 function[newdivsorder]=mydivisorsordering(instancesmatrix)

2 %The function mydivisorsordering(instancesmatrix) takes in the prime-power
3 %factorization of a number in matrix form, and returns a vector of all the
4 %divisors of that number. (Much faster than the built in divisors(n)

5 %$function.

6

7 % 1instancesmatrix=instances (factor (Number));

s newdivsorder=(instancesmatrix(l,1))." (0: (instancesmatrix(1l,2)));

9 for i=2:size(instancesmatrix,l)

10 newdivsorder=kron ((instancesmatrix (i, 1)) ." (0: (instancesmatrix(i,2))) ...
11 ,newdivsorder) ;

12 end

1 function [ cycsum ] = cyclicsum(vec)

2 %$The function cyclicsum(vec) finds the sum of all of the products

3 %$excluding a single term from the vector vec.

4

5 %$Example: cyclicsum([2,5,6])=2x5+2x6+5x6=42

6 n=length (vec);

7 cycsum=0;

g8 for i=l:n

9 cycsum=cycsumtprod(vec ([1l:1-1,i+1l:end]));

=
o

end
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The code below makes use of the function nchoose2.m [NC2].

© 0w N O U R W N
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o

11
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15
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21
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23
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27
28
29
30
31
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36
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46
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49
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51

function[numpairs, pairs]=comb (num, den, head, lastdenom)

%$This function comb (num,den,head, lastdenom) first checks to see if num/den

%$1is in simplest form, and then builds all possible pairs of divisors of
%$den and combs through the pairs and pulls out the pairs that satisfy
%$Theorem 3.1.4.

g=gcd (num, den) ;
if g==
primefactorization=instances (factor (den));
$primefactorization=instances (ocaasoufheadfactor (den, head));
%$Number Theory Easy Answer
divs=mydivisorsordering (primefactorization);
testerdivisorpairs=vertcat ([1l,1],nchoose2(divs));
ms=testerdivisorpairs(:,1);
ns=testerdivisorpairs(:,2);
%$First Check: Divisor Pairs Satisfy ns./ms:den/ (numxlastdenom-den)
bottom=num=*lastdenom-den;
if bottom>0
trues=ns./ms<den/ (bottom);
ms=ms (trues) ;
ns=ns (trues) ;
end
%$Second Check: Sum of Divisors is congruent mod num
sums=ms+ns;
trues=mod (sums, num) ==0;
if any (trues)==
numpairs=0;
pairs=[];
else
ms=ms (trues) ;
ns=ns (trues);
sums=sums (trues) ;
$Third Check: Divisors are Relatively Prime
trues=gcd(ms, ns)==1;
if any(trues)==
numpairs=0;
pairs=[];
else
ms=ms (trues) ;
ns=ns (trues) ;
sums=sums (trues) ;
$Fourth Check: Smallest New Denominator is Less Than or
%$Equal to last denominator used in head:"lastdenom"
trues=((den./max (ms,ns)) . (sums./num) >lastdenom)==1;
numpairs=sum (trues) ;
if nargout > 1
ms=ms (trues) ;
ns=ns (trues) ;
sums=sums (trues) ;

pairs=[ (den./max (ms,ns)) . (sums./num), (den./min (ms,ns)) ...

.x (sums./num) ] ;
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52
53
54
55
56
57
58
59

end
end
end
else
% [numpairs, pairs]=comb (num/g,den/g, lastdenom, head) ;
$head (end) =head (end) /gcd (head (end) , prod (head (1:end-1))) ;
[numpairs, pairs]=comb (num/g,den/g, head, lastdenom) ;
end
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function [EFOS, TrueHeads]=Tails (mat)

%$The function Tails (mat) takes in a matrix of Heads called mat, and returns
%$the number of Tails from the Heads in mat, as well as the True Heads from
Smat.

EF0S=0;
Tracker=zeros (size (mat,1),1);
for i=l:size(mat, 1)
den=prod (mat (i, :));
num=den-cyclicsum(mat (i, :));
tails=comb (num, den,mat (i, :),mat (i,end)) ;
if tails>0
EFOS=EFOS+tails;
Tracker (1) =1;
end
end
Tracker=logical (Tracker);
TrueHeads=mat (Tracker, :);

© W N o U A W N e
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function[nextterm]=nextgreedyufoterm(vec)

%$The function nextgreedyufoterm(vec) returns what would be the next term
%$using a greedy algorithm, given an initial vector of denominators in the
%UFO problem. nextgreedyufoterm also assumes the final vector of terms is
$infinite (like the infinite Sylvester Sequence).

$Example: nextgreedyufoterm([2])=3

%$Example: nextgreedyufoterm([2,5,6])=8
$Example: nextgreedyufoterm([2,4,6])=13
$Example: nextgreedyufoterm([5,5,5])=5

b=vec (end) ;
a=floor (prod(vec) / (prod(vec)-cyclicsum(vec))) +1;
if a<b
nextterm=b;
else
nextterm=a;
end
end

30




1 function [sn] = Sylvester (n)
2 %$Sylvester - returns the nth term of Sylvester's Sequence, where
3 %a(n)=[s(n-1)] " 2-s(n-1)+1.
4
5 if n==
6 sn=2;
7 else
8 sn=(Sylvester(n-1)) "2-Sylvester (n-1)+1;
9 end
10 end
This is an example of a brute force way to find the Heads, this is for n = 7.
1 heads7=[];
2 for il=2:7
3 for i2=nextgreedyufoterm(il) :floor (prod(il)/ (prod(il)-cyclicsum(il)) x6)
4 for i3=nextgreedyufoterm([il,i2]) :floor (prod([il,i2])/...
5 (prod([il,i2])-cyclicsum([il,12]))*5)
6 for id=nextgreedyufoterm([il,i2,13]):floor(prod([il,i2,13])/...
7 (prod([il,12,13])-cyclicsum([i1,12,1i3])) *4)
8 for ib5=nextgreedyufoterm([il,12,i3,14]):...
9 floor (prod([il,12,1i3,14])/ (prod([il,i2,13,1i4]) ...
10 —cyclicsum([1il,12,13,14]))*3)
11 heads7=vertcat (heads7, [11,12,1i3,14,1i5]);
12 end
13 end
14 end
15 end
16 end
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