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Vibration Characteristics of Thin-Walled Noncircular Composite Cylinders 

 

Hung-Chieh Lo 

 

ABSTRACT 

 

The lowest natural frequencies of thin-walled noncircular fiber-reinforced composite 

cylinders, specifically cylinders with elliptical cross sections, are investigated. Of interest is the 

variation of the lowest natural frequency, the so-called fundamental frequency, as a function of 

wall laminate properties, cross-sectional eccentricity and other cylinder geometric parameters. 

Both simple and clamped support boundary conditions are investigated. Laminate properties that 

are uniform with circumferential location and laminate properties that vary with circumferential 

location, by way of varying laminate fiber angle with circumferential location, are considered. 

As the radius of curvature of a noncircular cylinder varies with circumferential location, it is 

logical to consider the influence of circumferentially varying fiber orientation on the 

fundamental frequency. The analysis for predicting the fundamental frequency is based on Donnell 

shell theory, linear elastic properties, and the use of Hamilton’s Principle in conjunction with the 

Rayleigh-Ritz technique. By use of a so-called shape factor, the magnitude of cylinder normal 

displacements are modulated to be larger in the regions of the cross section with the largest radius 

of curvatures and smaller in the regions with the smallest radius of curvature. The final equations 

for predicting the fundamental frequency are quite complex, but a series of approximations 

results in a hierarchy of simpler equations, the simplest being referred to as Lo’s approximation. 

The prediction of the fundamental frequencies is spot checked by comparing the results as 

predicted by the various levels of approximation with predictions of a shell-based finite element 

model. Considering uniform laminate properties, comparisons between the developed analysis 

and the finite element model are good for all levels of simpler equations, and excellent in some 

cases. The developed analysis is subsequently used for parameter studies. It is found that 

compared to a circular cylinder of the same circumference and with uniform laminate properties, 

the fundamental frequency of an elliptical cylinder is always less. Surprisingly, based on the 

results obtained, it appears that for a given cylinder geometry the fundamental frequency is not 
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particularly sensitive to wall lamination sequence, though the wave number in the circumferential 

direction of the mode shape associated with the fundamental frequency is sensitive to lamination 

sequence. Considering cylinders with circumferentially varying fiber orientation, comparisons 

between the developed analysis and the finite element model for most of the cases studied are 

good. However, the developed equations are limited since it is difficult to find a set of known 

functions to describe the deformation of an arbitrary lamination sequence when applying the 

Rayleigh-Ritz technique. In general, it can be concluded that the effect of varying fiber 

orientation on the fundamental frequency is much less than the influence of cylinder aspect ratio. 

It can also be concluded that the developed analysis would be an excellent tool for design 

purposes, as the calculation of the fundamental frequency is done quickly, and design trade-offs 

studies would be easy. 
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Chapter 1 Introduction 

Thin-walled cylindrical structures are commonly used to withstand varied kinds of loadings, 

such as axial compression, torsion, internal or external pressure, overall bending, and combinations 

of these. Practically speaking, circles have been chosen as the cross-sectional shape of the majority 

of cylindrical structures because of ease of fabrication, analysis, and design. Additionally, a circle 

has the maximum cross sectional area among the many shapes with the same circumference, 

implying that in terms of contained volume, a circular cross section may be the most effective. 

However, the use of a structure with a noncircular cross section may be required to satisfy particular 

design requirements. For example, in order to accommodate more passengers comfortably, the 

cross section of an aircraft might be designed to be noncircular. Other payload requirements or 

dimensional constraints may also dictate a noncircular design. Additionally, for aerodynamic 

reasons, in the case of aircraft, or hydrodynamic reasons, in the case of submersible vehicles, a 

noncircular cross section may be desirable. Therefore, it is necessary to be aware of the mechanical 

characteristics of cylindrical structures with noncircular cross sections.  

 

One characteristic of structures that is important to understand is their vibration response. 

The low frequency resonance of structures is an issue that should be understood, as resonances 

often result in annoying vibration or noise. The lowest natural frequency of a structure, the so-

called fundamental frequency, is an important factor in determining low frequency response. A 

low fundamental frequency means a greater response to near-by energy sources, large vibration 

amplitudes, and even reduced fatigue life. Ellipses are special cases of noncircular cross sections, 

and the primary interest in this study. In Fig. 1- 1 several elliptical cross sections are illustrated 

as solid lines, in addition to a circular cross section to the left. Each cross section has the same 

circumference and the radius of curvature at a generic point around the circumference is denoted 

as R. The locus of locations of the centers of curvature for the various cross sections are shown 

as dotted lines, and the maximum radius of curvatures, Rmax, and the minimum radius of 

curvatures Rmin are also illustrated. Considering cylindrical structures with cross sections of the 

same circumference, it is important to know whether the fundamental frequency of the cylindrical 

structure with a noncircular cross section is lower than the fundamental frequency of the cylindrical 

structure with a circular cross section, and if so, by how much less. In the context of cylinders 
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Fig. 1- 1 A circle and three ellipses with the same circumference 

 
constructed of fiber-reinforced composite materials, if a noncircular geometry leads to reduced 

fundamental frequencies, the question can then be asked as to whether fiber-direction tailoring 

can be used to increase the fundamental frequency of noncircular cylinder to equal or at least 

approach the fundamental frequency of the circular cylinder. In particular, there is considerable 

interest in determining if varying the fiber angle of the composite material with circumferential 

position has any advantages for noncircular cross sections. In a recent study of the axial buckling 

characteristics of elliptical composite cylinders [1] it was found that varying the fiber angle with 

circumferential position compensated for the loss of buckling capacity due to the noncircular 

geometry. Basically the idea proposed [1] was that since the radius of curvature varied with 

circumferential position, perhaps varying the fiber angle, and therefore the axial and circumferential 

stiffness, with circumferential position would mitigate the effects of varying radius of curvature. 

An overarching objective of the work herein has this concept in mind for vibration response and 

it will be addressed directly. 

 

Before the concept of varying the fiber angle with circumferential position is investigated, it is 

necessary to fully understand the effect of noncircular geometries on the vibration characteristics 

of thin-walled composite cylinders, especially the fundamental frequency, without the potentially 

complicating issue of variable fiber orientation. Elliptical cross sections are chosen here because 

of the convenient and well-established analytic representation of the geometry of an ellipse. It is 

believed, however, that the conclusions reached regarding vibration behavior of cylinders with 

elliptical cross sections apply to other noncircular geometries, and therefore the results presented 

R Rmax 

Rmin 
Rmax 

Rmin 

R 

R 

R Rmax 

Rmin 
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herein are considered general. So, a second overarching objective is to achieve an understanding 

of the effect various material and geometric parameters have on the fundamental vibration 

frequency of thin-walled elliptical cylinders. 

 

In the next section, Section 1.1, the essential nomenclature of an elliptical cylindrical 

composite shell is presented. In Section 1.2 the definition of wave number is presented, and that 

is followed in Section 1.3 by a brief review of important literature relevant to understanding 

vibration characteristics of cylindrical shells. In Section 1.4 the objectives of this dissertation are 

described more specifically. Section 1.5, the last section of this chapter, provides a roadmap to 

the chapters to follow. 

1.1 Geometry and Nomenclature for Description of an Elliptical Cylinder 

As observed in Fig. 1- 1, unlike a circle, the radius of curvature of an ellipse is not the same at 

every location around the circumference. The flattest point of the cross section has the maximum 

radius of curvature, while the most highly curved point has the minimum radius of curvature. The 

classic cylindrical coordinate system is therefore not well suited for describing the geometry of 

the ellipse, rather a curvilinear coordinate system can be utilized when considering a cylindrical 

structure with an elliptical cross section. In Fig. 1- 2 an elliptical cylinder with length L, wall 

thickness H, semi-major dimension a, semi-minor dimension b, and circumference C is illustrated. 

Notice that a and b are distances from the cylinder axis to the mid-thickness location within the 

wall, hereafter referred to the reference surface location. As the global Cartesian coordinates are 

denoted by X, Y, and Z, a local curvilinear coordinate system is identified by the x-direction, which 

coincides with the axial direction of the cylinder, the s-direction, which is tangent to the reference 

surface, and the z-direction, which is normal to the reference surface. The radius of curvature, R, 

i.e., the inverse of the curvature, is the distance from the center of curvature to the reference 

surface and it varies, as mentioned, with circumferential location. For convenience, a circular 

cross section with the same circumference C as the ellipse is defined to have radius R0, where 

 ܴ଴ ൌ
ܥ

Eq. 1- 1 ߨ2

The angle θ denotes the angle between the orientation of the fiber in any particular layer in the 

wall laminate and the axial direction. The displacements of a point on the reference surface in x-, 
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s-, and z-directions are denoted as u°, v°, and w°, respectively. The rotations about those directions 

on the reference surface are denoted as φx°, φs°, and φz°, respectively. The eccentricity, e, of the 

cross section can be written in terms of the so-called aspect ratio, b/a, by the relationship 

 ݁ ൌ ඨ1 െ ൬
ܾ
ܽ൰

ଶ

 Eq. 1- 2

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1- 2 Cylinder geometry and nomenclature 
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It is easy to conclude that both eccentricity and aspect ratio of an ellipse are between zero and 

one. Considering a circular shape, the aspect ratio is unity while the eccentricity is zero. As the 

circular shape flattens, the eccentricity increases and the aspect ratio becomes smaller. This is 

illustrated in Table 1- 1, where all the ellipses have the same circumference. 

 

 

Table 1- 1 Eccentricity and aspect ratio of four ellipses of the same circumference 

 

  

 

 

 

 

   

Aspect ratio 

b/a 
1.00 0.85 0.70 0.55 

Eccentricity 

e 
0 0.53 0.71 0.84 

 

 

 

Details of an elliptical cross-section are shown in Fig. 1- 3. In terms of global coordinates, 

the equation of the cross-section is expressed as 

 ൬
Y
ܽ൰

ଶ

൅ ൬
Z
ܾ൰

ଶ

ൌ 1 Eq. 1- 3

Hyer and Vogl [2] used a parametric representation, with parameter ξ, to define the ellipse as 
 Y ൌ ܽ sin Eq. 1- 4 ߦ

 Z ൌ ܾ cos Eq. 1- 5 ߦ

In terms of the parametric representation, the radius of curvature becomes 

 ܴሺߦሻ ൌ
ሺܽଶcosଶߦ ൅ ܾଶsinଶߦሻଷ/ଶ

ܾܽ  Eq. 1- 6

and the curvilinear coordinate s becomes 
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ሻߦሺݏ  ൌ න ሺܽଶcosଶߞ ൅ ܾଶsinଶߞሻଵ/ଶ
క

଴
dߞ Eq. 1- 7

The angle corresponding to s, defined as φ, has the following relationship with ξ, 

 ߶ሺߦሻ ൌ tanିଵ ቆ
ܽ
ܾ tanሺߦሻቇ Eq. 1- 8

The values of the parameter ξ at key locations around the circumference are indicated in Fig. 1-3, 

and from Eq. 1- 6 it can be concluded that  

 ܴ୫ୟ୶ ൌ
ܽଶ

ܾ  Eq. 1- 9

and 

 ܴ୫୧୬ ൌ
ܾଶ

ܽ  Eq. 1- 10

By Eq. 1- 7 it can be concluded that 

ܥ  ൌ ሻߨሺ2ݏ ൌ න ሺܽଶcosଶߞ ൅ ܾଶsinଶߞሻଵ/ଶ
ଶగ

଴
dߞ Eq. 1- 11

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1- 3 Cylinder cross-section detail 
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1.2   Definition of Wave Numbers 

As the discussion of some of the papers cited in the literature review refer to wave numbers 

in the axial and circumferential direction, and since wave number predictions will accompany the 

predictions of the fundamental frequencies in later chapters, it is appropriate at this point to define 

the two wave numbers as they are commonly used, which is the way they are used in this work. 

The wave numbers in axial and circumferential directions are denoted as m and n, respectively. 

The concept of a wave number can be traced back to the spatially periodic variation of the vibration 

displacement pattern, or mode shape. The axial wave number m refers to the number of half waves 

of this periodic displacement pattern in the x-direction, while the circumferential wave number n 

refers to the number of full waves in the circumferential direction. In Fig. 1- 4a the blue line 

represents the periodic character of the mode shape of simply-supported cylinders in the x-direction, 

whereas the red line represents the periodic character of the mode shape of clamped support 

cylinders. Both of these mode shapes are referred to as having an m = 5 axial wave number. While 

the axial wave number of the simply-supported cylinder, shown again in Fig. 1- 5a can easily be 

identified with m = 5  in the axial direction, the axial wave number of clamped support cylinder 

does not exactly refer to half waves. However, in Fig. 1- 5b, it can be claimed that m = 5 by 

considering the number of zero values of displacement in the wave pattern. Fig. 1- 4b shows the 

circumferential wave number n = 5. 

 

 
 

 
(a) axial wave number (b) circumferential wave number 

 

Fig. 1- 4 Wave patterns in (a) axial and (b) circumferential directions 
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In Fig. 1- 5c it can be observed that the wave number in circumferential direction is the number 

of whole waves around the circumference. 

 
w° 

 
x 

(a) normal displacement at s = 0 for m = 5 with simple supports 
 

 
w° 

 
x 

(b) normal displacement at s = 0 for m = 5 with clamped supports 
 

 

w° 
 

φ 

 (c) normal displacement at x = L/2 for n = 5  
  

Fig. 1- 5 Further views of wave patterns in the axial and circumferential directions 

1.3 Literature Review 

There are hundreds of papers which address the methods of determining the vibration 

characteristics of cylindrical shells, particular isotropic circular cylinders. Based on types of 

material and shapes of cross section, herein the research related to the vibration characteristics of 

cylindrical shells is classified into four areas: circular isotropic cylindrical shells; noncircular 

isotropic cylindrical shells; circular laminated composite cylindrical shells; noncircular 

laminated composite cylindrical shells.  

 

In the beginning of this section, 1.3.1, only selected papers for circular isotropic cylindrical 

shells are presented, as there are many, many publications on the topic. In the second part of this 

section, section 1.3.2, a review of the vibration characteristics of noncircular isotropic cylindrical 

shells is followed in section 1.3.3 by a review of the vibration characteristics of circular laminated 

composite cylindrical shells. The last portion of this section is the review of noncircular laminated 

composite cylindrical shells. 
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1.3.1 Vibration Characteristics of Circular Isotropic Cylindrical Shells 

 

Almroth [3] classified the boundary conditions for simply-supported and clamped support 

cylindrical shells into four types for each support condition. Whichever kind of boundary 

condition is considered, the shell is assumed to be supported in the normal direction at the edge, 

that is, the normal displacement is zero at x = 0 and x = L. There are three additional conditions 

required on each boundary obtained by selection of one of each of the following three pairs.  
ݓ߲
ݔ߲ ൌ 0 or ܯ௫ ൌ 0 ቆ

߲ଶݓ
ଶݔ߲ ൌ 0ቇ Eq. 1- 12

ݑ ൌ 0 or ௫ܰ ൌ 0 Eq. 1- 13
ݒ ൌ 0 or ௫ܰ௦ ൌ 0 Eq. 1- 14

where for isotropic materials the condition in Eq. 1-12 of zero moment reduces to the kinematic 

condition in parenthesis. The selection as classified by Almroth [3] is listed in Table 1- 2. In the 

literature of this study simple support is the S2 condition and clamped support is the C2 condition. 

 

 

Table 1- 2 Almroth [3] classification of boundary conditions for isotropic circular cylinders 

 

S1 
߲ଶݓ
ଶݔ߲ ൌ ݑ 0 ൌ ݒ 0 ൌ 0 

S2 
߲ଶݓ
ଶݔ߲ ൌ 0 ௫ܰ ൌ ݒ 0 ൌ 0 

S3 
߲ଶݓ
ଶݔ߲ ൌ ݑ 0 ൌ 0 ௫ܰ௦ ൌ 0 

S4 
߲ଶݓ
ଶݔ߲ ൌ 0 ௫ܰ ൌ 0 ௫ܰ௦ ൌ 0 

C1 
ݓ߲
ݔ߲ ൌ ݑ 0 ൌ ݒ 0 ൌ 0 

C2 
ݓ߲
ݔ߲ ൌ 0 ௫ܰ ൌ ݒ 0 ൌ 0 

C3 
ݓ߲
ݔ߲ ൌ ݑ 0 ൌ 0 ௫ܰ௦ ൌ 0 

C4 
ݓ߲
ݔ߲ ൌ 0 ௫ܰ ൌ 0 ௫ܰ௦ ൌ 0 
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In a very comprehensive compilation on the topic, Leissa [4] reviewed papers regarding 

vibrations of thin isotropic cylindrical shells and compared these studies with comprehensive 

shell theories under simply-supported and clamped supports. In the same era, Sharma and Johns 

[5-6] studied natural frequencies of clamped-free circular cylindrical shells with experiments and 

a variety of theoretical methods. To test the effect of boundary conditions, Soedel [7] developed 

a new formula for the natural frequencies of closed circular cylindrical shells with a variety of 

boundary conditions. However, by applying the Love shell theory, Soedel [8] investigated the 

natural frequencies of circular isotropic cylindrical shells via Hamilton’s principle. Before the 

end of last century, Callahan and Baruh [9] follow Soedel’s[8] study to generate natural 

frequencies for any known boundary conditions by packages of software based on MATLAB 

and MAPLE V and found good agreement with former studies.  

 

1.3.2 Vibration Characteristics of Noncircular Isotropic Cylindrical Shells 

 

Soldatos [10] authored a comprehensive review of investigations of noncircular cylindrical 

shells for vibration and buckling problems. Some of the following summaries are cited from 

Soldatos’ review. Based on membrane theory, Herrman and Mirsky [11] neglected the effect of 

moments to study natural frequencies of elliptical cylindrical shells and concluded the axial wave 

number for the lowest natural frequency is one, that is, for simply-supported cylinders the 

vibration shape is a half wave in the axial direction (see Fig. 1- 4a). Klosner and Pohle [12] and 

Klosner [13-14] used a perturbation approach by considering the varying curvature of a 

noncircular cylinder to be  

 
1

ܴሺݏሻ ൌ
1

ܴ଴
൅

ߝ
ܴ଴

cos ሺ
ݏߨ4

ܥ ሻ Eq. 1- 15

where ߝ  is the noncircular parameter and also the perturbation parameter. The investigations 

began with an analysis based on the plane-strain assumption (u° = 0) [12], and that analysis was 

followed [13-14] by including considerations of displacement in x-direction (removing the plane-

strain assumption). Torsional and flexural free vibration modes for infinitely long cylinders were 

investigated. Finite length noncircular cylindrical shells with an elliptical cross section were 

studied by Sewall et al. [15] by applying the Ritz procedure to the energy functional of Sanders’ 

shell theory, and by Culberson and Boyd [16] for cylinders with an oval cross section by 

applying an analytic approach equivalent to Galerkin’s method while considering Donnell and 
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Love shell theories and concluding that results based on Donnell and Love shell theories are 

nearly identical. Comparing natural frequencies between the results of Sewall et al. [15] and 

Culberson and Boyd [16] for the same aspect ratio b/a, Culberson and Boyd [16] concluded the 

difference is less than 1% when |ߝ| is less than 0.25 and less than 10% when |ߝ| is less than 0.65. 

Culberson and Boyd [16] also compared their results with Klosner’s [14] results and found good 

agreement when |ߝ| is less than 0.5. 

 

Bergman [17] treated a doubly symmetric oval cylindrical shell as two pairs of circular 

cylindrical panels using the Goldenveizer shell theory. Shirakawa and Morita [18] used the same 

approach as Bergman [17] to investigate elliptical cylindrical shells with Love’s shell theory. 

The results from the approach agreed well with results of Culberson and Boyd [16]. 

 

Boyd and Rao [19] considered the effect of stiffening rings and stringers on natural frequencies 

of elliptical cylindrical shells with different boundary conditions, including simply-supported, 

clamped-clamped, free-free, and clamped-free. (Rings stiffen the structure in the circumferential 

directions, while stringers are parallel to the axial direction.) The results show that whatever the 

boundary conditions are, rings increase the natural frequency, whereas stringers decrease the natural 

frequency. Chen and Kempner [20] employed a variational method with Donnell and Sanders 

shell theories to investigate natural frequencies of oval cylindrical shells with different combinations 

of simply-supported and clamped boundaries, which were based on the Almroth’s classification 

[3], and concluded that the natural frequencies and vibration modes based on these two different 

shell theories are in good agreement, though the specification of the boundary conditions is 

somewhat different. Moreover, the natural frequencies of simply-supported cylinders in Chen 

and Kempner’s [20] study have a good agreement with Culberson and Boyd [16].  

 

Based on Flügge shell theory, Suzuki et al. [21] developed an infinite power series to express the 

square of the variable curvature. However, the coefficients of power series are assumed to be in 

terms of the displacement components. Considering cylindrical shells with an elliptical cross section 

under simple supports, the power series are substituted into the Navier-type equations of Flügge 

shell theory. The method results in a set of recursive formulas for the coefficients of power series of 

displacement components. Suzuki and Leissa [22] followed the same approach to investigate the 

natural frequencies of noncircular cylindrical shells with circumferentially varying thickness. Also 
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based on Flügge shell theory, Koumousis and Armenàkas [23] compared their results with Donnell, 

Love, and Sanders shell theories in the Culberson and Boyd [16] study with a variety of values for 

L/R0, H/R0, and ߝ, the noncircular parameters mentioned before. Though there is a large difference 

in the results between Flügge shell theory and the other three theories for thick, long, and highly 

noncircular shells, there is still a good agreement for certain ranges of L/R0, H/R0, and ߝ. Following 

the former study, Koumousis and Armenàkas [24] uncoupled the frequencies for the longitudinal 

mode from the plane-strain modes by letting L approaching infinity and they concluded that the 

longitudinal frequencies of Flügge shell theory and other three theories are very close, whereas 

plane-strain frequencies of Flügge shell theory and other three theories are notably different.  

 

An approximate finite strip method was employed by Kumar and Singh [25-26] to investigate 

the natural frequencies of noncircular cylindrical shells with circumferentially varying thickness 

based on Donnell shell theory under simple supports [25] and under clamped-free and clamped-

clamped supports [26]. The strips are aligned with the axial direction and the thickness and the 

radius of curvature of each strip depends on its circumferential location. Compared with other 

studies, the results of the former study [25] has a good agreement with the results of Culberson 

and Boyd [16] for constant thickness cylinders, as does Suzuki and Leissa’s study [22] for a 

parabolic variation of thickness. 

 

A transfer matrix approach was employed by Yamada et al. [27] and Irie et al. [28], however, 

based on Goldenveizer-Novozhilov shell theory to investigate natural frequencies of cylindrical 

shells with more complicated noncircular cross sections. Though the interesting cross sections were 

three-lobed and four-lobed in the study of Yamada et al. [27], whereas Irie et al. [28] considered 

the elliptical cylindrical shells with a longitudinal interior plate, Yamada et al. [27] and Irie et al. 

[28] both generate the natural frequencies for elliptical cylinders. Both of these two studies have 

good agreement with Sewall et al. [15] when elliptical cross sections are considered. 

 

A mapping method was applied by Chueng et al. [29] using Donnell shell theory to investigate 

the dynamic transient response of isotropic cylindrical shells with simple supports. The mapping 

method can transform any known noncircular cross section into corresponding circular cross 

section for cylindrical shells. However, the mapping cannot uncouple the circumferential modes of 

the mapped circular cylindrical shells, but only addresses the mapping of complicated transverse 
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sections into circles. The result has a good agreement with the corresponding problems based on 

a membrane theory [30]. 

 

Using Bezier functions, Kumar and Singh [31] studied the free vibration of noncircular 

cylindrical shells within a circumferentially varying thickness. The study showed the advantages 

of using Bezier polynomials, including the ability to enforce boundary conditions and economy 

of computer resources. 

 

1.3.3 Vibration Characteristics of Circular Laminated Composite Cylindrical Shells 

 

Based on Donnell shell theory, Dong [32] and Jones and Morgan [33] derived equations for 

natural frequencies of circular composite cylindrical shells fabricated with cross-ply laminates. 

Dong [32] developed an equation valid for simply supported shells and an iterative scheme for 

any other boundary conditions. Jones and Morgan [33] used the same equation to discuss both 

the natural frequency and the buckling load. When the same material properties are considered, 

the results from these two investigations have good agreement. 

 

Love shell theory was employed by Bert et al. [34] to determine the free vibration 

characteristics of circular cylinders with arbitrary laminates, either symmetric or unsymmetric, 

and simple supports. They discussed the importance of the coupling of bending and stretching 

for cylinders of boron/epoxy composite with various lamination sequences and obtained a 

general solution for the axisymmetric modes of an arbitrarily laminated anisotropic cylinder and 

an approximate solution for the unsymmetric modes of the same general class of shells with 

simply-supported boundary conditions. Stavsky and Loewy [35] also applied Love shell theory 

in their study. By comparing with Donnell shell theory, they pointed out for large length-to-

radius ratios, say, L=5R0, the lowest natural frequency from Donnell shell theory is about 15% 

higher than that from Love shell theory, and much higher when the length-radius ratio is larger. 

 

There are other applications based on Love shell theory. For example, Greenberg and 

Stavsky [36] derived an equation of motion for laminated filament-wound cylinders in which 

each layer is permitted an arbitrary fiber orientation. They provided a framework of optimization 

of composite shells. Soedel [37] derived a close-form simplified equation for natural frequency 
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of orthotropic circular cylinders based on Love shell theory and found good agreement with the 

solution base on the finite element method and pointed out the effect of neglecting in-plane 

deflection contribution to the bending strain expressions. 

 

Compared with the ratio of shear modulus to the extensional modulus for an isotropic material, 

composite materials have a much lower ratio in the fiber direction and a higher ratio perpendicular 

to the fiber direction. Therefore, Bert and Kumar [38] asserted that thickness-shear flexibility is 

important for composite materials and then discussed the natural frequencies of circular cross-ply 

composite cylindrical shells, based on Sanders, Love, and Donnell shell theories. The closed-form 

equations for shear deformable theory with rotary inertia, shear deformable theory without rotary 

inertia, and thin-shell theory were presented. In terms of the thin shells they considered, H/R0 < 0.01, 

the inclusion of thickness-shear deformation, however, sometimes decreases the natural frequencies, 

while sometimes it increases them, but the variation of the lowest natural frequencies is smaller 

than 1%. Moreover, the influence of rotary inertia is almost negligible. 

 

Another study for effect of thickness-shear and rotary inertia, conducted by Rao [39], concerned 

two-layered shells. The author pointed out that the effects of transverse shear and rotary inertia are 

predominant for H/R0 > 0.05. Considering thickness-radius ratios H/R0 = 0.02, 0.05, 0.1, and 0.2, 

Kumar and Rao [40] investigated the free vibrations of circular cross-ply laminated composite 

cylindrical shells by the finite element method and concluded that the higher frequencies are 

observably affected by transverse shear terms. 

 

Lakshminarayana and Dwarakanath [41] used the commercial finite element software 

CSA/NASTRAN to investigate the free vibrations of circular cylinders with arbitrary laminates 

and clamped-free boundaries, and compared the orthotropic cases with former studies, including 

those of Bert et al. [34], with good agreement.  

 

Based on Donnell shell theory plus a shear-deformation theory, Nosier and Reddy [42] obtained 

an improved analytical procedure for studying free vibration and stability problems of circular cross-

ply laminated cylinders with a variety of boundary conditions for situations where the order of 

governing equations is higher than eight and the number of governing equations is higher than three. 

The modified theory is asserted to be fairly accurate when isotropic cylinders are concerned. 
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Ye and Soldatos [43] used fully three-dimensional elasticity considerations to study the free 

vibrations of cross-ply laminated cylinders having clamped boundaries. A very satisfactory 

agreement of results was observed with a solution based on a two-dimensional shear-deformation 

shell theory for thin (H/R0 = 0.05, 0.1, 0.2) and moderately thick (H/R0 = 1) cylinders, and 

another solution based on three dimensional equations of elasticity by the finite element method. 

 

Tizzi [44] investigated the free vibration frequencies and eigenmodes of cylindrical 

structures with clamped-clamped boundaries and established a simplified numerical model for 

the analysis of the flexural-torsional and in-plane dynamic behavior. Fiber orientations θ = 72, 

52, 32, and 12°, relative to the helicoidal filament winding angle defined by the author, in the 

laminate sequence [θ ]20 are considered. The ratios H/R0 and L/R0 of the studied cylinder are 

0.0321 and 5.53, respectively. Though the agreement for the larger thickness may be good, the 

results for smaller values of H/R0 still have a good agreement with the corresponding finite 

element method solutions. Later, Tizzi [45] studied the optimization of symmetric, balanced 

angle-ply laminated composite cylinders with fixed minimum frequency by a Ritz procedure so 

as to find the lightest weight of the structure. This was accomplished by changing the thickness 

around the cylinder to maintain the natural frequency to be the same as the reference uniform 

thickness shells. The varying thickness is considered as a function of x and s and the considered 

laminate sequences are [±θ ]S, for θ = 72, 52, 32, and 12°. The result shows that the varying 

thickness [±52]S laminated composite cylindrical shells can save more than 16% of the relative 

weight of the uniform thickness [±52]S laminated composite cylindrical shells. 

 

Blom et al. [46] conducted modal testing and finite element analysis for two circular 

composite cylinders. One cylinder was fabricated with a constant fiber angle for each layer, and 

the other was fabricated with circumferentially varying fiber angles.  Modal analysis was carried 

out using Abaqus, and the corresponding natural frequencies and their modes were compared 

with the experimental results. According to the finite element analysis, the variation of natural 

frequencies between these two cylindrical shells was about 15%, implying that for circular 

cylinders the circumferentially varying fiber angle has minimal effect. There was good 

agreement between the analytical and experimental results. 
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1.3.4 Vibration Characteristics of Noncircular Laminated Composite Cylindrical Shells 

 

Based on Donnell shell theory with Kirchhoff-Love assumptions, Soldatos and Tzivanidis [47] 

investigated the vibration characteristics of noncircular cross-ply laminated cylindrical shells by 

employing the Galerkin method to solve the differential equations of motion and concluded that 

for a given number of layers, the eccentricity parameter, ε, does not affect the wave number of the 

lowest natural frequency, while for a given ε, the number of layers does affect the vibration mode. 

Later, Soldatos [48], using Flügge shell theory and the same approach, studied the vibrations of 

noncircular anisotropic laminated cylindrical shells and concluded that the difference between 

frequencies predicted by Donnell and Flügge shell theories is small, but increases for the large 

values of L and ε considered. Hui and Du [49] investigated the effects of the axial imperfections 

on the vibrations of oval cross-ply anti-symmetric cylindrical shells with simple supports based 

on Donnell shell theory. Though imperfections are another issue, the natural frequencies of the 

perfect laminated oval shells have a good agreement with the study of Soldatos [48]. 

 

Suzuki et al. [50] used Hamilton’s principle and Love shell theory to investigate the natural 

frequencies for a set of symmetrically laminated cross-ply elliptical thin cylindrical shells with 

simple supports. They pointed out the influence of number of layers and stacking sequence on 

the frequencies. Suzuki et al. [51] employed the same approach to survey natural frequencies for 

a set of thick shells while considering the shear deformation and rotary inertia and evaluated the 

importance of shear deformation and rotary inertia.  

 

Based on a shell theory which included the effects of shear deformation and rotary inertia, 

Kumar and Singh [52] employed Bezier functions to investigate the free vibration characteristics of 

the composite noncircular cylinders composed of layered media of different material properties 

and with clamped-clamped supports. From the numerical example studied by the authors, it was 

observed that at higher circumferential wave numbers both the oval and circular cylinders have 

almost equal values of natural frequencies. 

 

Through use of the finite element method, Ganapathi et al. [53] investigated the natural 

frequencies of noncircular cylindrical shells with cross-ply laminates based on higher-order shear 

deformation theory, plus the effect of in-plane and rotary inertias, and pointed out that the shape 
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of cross section can significantly alter the frequency values, depending on thickness-radius and 

length-radius ratios, H/R0 and L/R0, respectively, and the circumferential wave number. They 

concluded that the eccentricity parameter can affect the wave number corresponding to the 

fundamental mode, depending on thickness value. Using the same approach, based on higher-

order shear deformation theory and first-order shear deformation theory, respectively, Ganapathi 

and Haboussi [54] and Ganapathi et al. [55] studied the free vibration of laminated anisotropic 

non-circular cylinders. The effect of in-plane and rotary inertias was considered in both studies. 

Eight-layer and two-layer shells were considered in both studies. The lamination sequences of 

the eight-layer shells included [±15]4, [±30]4, [±45]4, [±60]4, [±75]4, and [0/90]4, and the 

lamination sequences of the two-layer shells included [±15], [±30], [±45], [±60], [±75], and 

[0/90]. Ganapathi and Haboussi [54] concluded that, in general, for both eight-layer and two-

layer cylinders, the maximum fundamental frequencies occurred for 45° ply-angle, whereas the 

minimum fundamental frequencies occurred for 15° ply-angle. Ganapathi et al. [55] found that, 

in general, the lowest natural frequency was predicted for a ply-angle of 15° and the maximum 

natural frequency occurred for the 45° or 60° cases, for thin shells, depending on H/R0 and L/R0. 

However, Ganapathi et al. [55] also found that for thick shells, the maximum fundamental 

frequencies occurred for a 15° ply-angle, whereas the minimum fundamental frequencies 

occurred for a 75° ply-angle, which is totally different from the findings for thin shells. 

1.4 Objectives, Goals, and Approach 

The two overarching objectives of this study were mentioned earlier, the first of which is to 

investigate whether or not varying the fiber orientation with circumferential position can be used 

to control any detrimental effects of a noncircular geometry as regards the fundamental frequency. 

Clearly, the work of Blom et al. [46] is relevant to this objective, but the investigation was limited 

to circular cylinders and only one specific case was studied. Furthermore, the investigation was 

motivated by designing the variable fiber angle orientation cylinder to better resist bending loads, 

and the vibration study was conducted to determine what effects the variable fiber orientation 

had on the vibration characteristics. This is basically the opposite of investigating whether a 

variable fiber angle orientation can be used to improve vibration characteristics. From the 

literature review, it appears such a study has not been done, so the first objective of the research 
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herein is a worthy one. However, the second overarching objective needs to be met first, so the 

general role of cylinder geometry and material properties, by way of fiber angles in the various 

layers, is well understood. While some of the past investigations cited above have been conducted 

in this spirit, often the lamination sequences consider are of limited practical value, e.g., cross-

ply, or [±θ ] laminates which have no fibers in the axial or circumferential directions. So the 

objective of this phase of the research is also a worthy one. 

 

Concerning the second overarching objective, the specific goals are to determine the effect 

on the fundamental frequency of 

1. Cylinder size, including circumference and length 

2. Cross sectional eccentricity 

3. Fiber orientation 

4. Boundary conditions 

To study the role of the various geometric and material parameters on the fundamental frequency, 

an analysis based on the Rayleigh-Ritz approach coupled with Hamilton’s principle and Donnell 

shell theory will be developed. To incorporate into the analysis the influence of the noncircular 

geometry on the modal displacements, a so-called shape factor is introduced, a step that is believed 

to be unique. The result is a hierarchy of closed-form expressions for the fundamental frequency 

as a function of the geometric and material parameters, each level of the hierarchy incorporating 

various levels of simplification. Finite element results will be used to spot-check these results 

and to lend credibility to the expressions. The same general approach will be used to study the 

case of circumferentially varying fiber orientation. For the Rayleigh-Ritz approach the algebra is 

considerably more complicated as, effectively, the elastic properties vary with circumferential 

location around the ellipse. A simple linear variation is considered, but that still complicates the 

analysis. Finite element results for the variable fiber orientation will also be used to provide a 

comparison with the closed-form expressions. 

1.5 Overview of Remaining Chapters 

A description of the problem studied is given in Chapter 2, including the geometry of a 

general shell, key assumptions of Donnell shell theory, and the boundary conditions enforced. In 
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that chapter Hamilton’s principle and the Rayleigh-Ritz approach are outlined. The derivation of 

the Rayleigh-Ritz solution for the fundamental frequencies is presented in Chapter 3. Numerical 

results are presented in Chapter 4, including results from the various levels of simplification, and 

comparisons with finite element analyses. In Chapter 5 the work on circumferentially-varying 

fiber orientation is presented. As the variable fiber orientation adds another dimension to the 

problem, the variation of other important geometric and material parameters is more limited when 

presenting numerical results for these cases than with the results for the fixed orientation fibers in 

Chapter 4. A discussion of the sources of the difference between the prediction of the Rayleigh-

Ritz based analysis and finite element results and a discussion of Lo’s approximation are 

presented in Chapter 6. Summaries of the work presented and the conclusions reached make up 

Chapter 7. The finite element model used to spot check results from the developed analysis is 

described in Appendix A. The results for fundamental frequencies based on so-called sine-based 

functions are presented in Appendix B.  
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Chapter 2 Development of the Analysis 

Though Donnell shell theory has its limitations, it is the simplest of all shell theories. It is 

capable of capturing the first-order effects of geometry and material properties of interest here. 

So, following a discussion of the geometry of a general shell in Section 2.1, the discussion in 

Section 2.2 focuses on Donnell shell theory. The limiting assumptions of the theory, the 

kinematics of deformation, and the corresponding strain-displacement relations, including the 

definitions of the reference surface strains and curvatures are discussed. In Section 2.3 the stress-

strain relations for a fiber-reinforced composite material are discussed whereas in Section 2.4 the 

definitions of the force and moment resultants are presented. Hamilton’s principle and the 

cylinder boundary conditions consistent with Hamilton’s principle are described in Section 2.5. 

The Rayleigh-Ritz approach is outlined in Sections 2.6. 

2.1 Geometry of General Shell 

The distance from the origin O to arbitrary point P on what will become the reference 

surface of a shell can be expressed as 

റݎ  ൌ ,ߙറሺݎ ሻ Eq. 2- 1ߚ

where α and β are independent curvilinear coordinates which are used to represent the surface, as 

shown in Fig. 2- 1. The distance to a neighboring point P' is expressed as  ݎറ ൅ dݎറ where 

 
dݎറ ൌ

റݎ߲
ߙ߲ dߙ ൅

റݎ߲
ߚ߲ dߚ Eq. 2- 2

The squared magnitude of the distance between points P and P’, called the first fundamental 

form of the surface, is 

 ሺd݈ሻଶ ൌ  dݎറ · dݎറ ൌ ఈܣ
ଶሺdߙሻଶ ൅ ఉcosχܣఈܣ2 dߙdߚ ൅ ఉܣ

ଶሺdߚሻଶ Eq. 2- 3

where 

 
ఈܣ ൌ ቆ

റݎ߲
ߙ߲ ·

റݎ߲
ቇߙ߲

ଵ
ଶ
 Eq. 2- 4
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Fig. 2- 1 Geometry of reference point P and point P' on surface 
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The parameters ܣఈ and ܣఉ are referred to as Lamé parameters and χ is the angle between the 

coordinate lines ߙ and ߚ. The unit vectors tangential to the surface along with the coordinate 

lines ߙ and ߚ are, respectively, defined by 

 
ఈݐ̂ ൌ

1
ఈܣ

റݎ߲
 ߙ߲

Eq. 2- 5
 

ఉݐ̂ ൌ
1

ఉܣ

റݎ߲
 ߚ߲

The unit vector normal to the surface, ො݊,  is defined by 

 

ො݊ ൌ

റݎ߲
ߙ߲ ൈ റݎ߲

ߚ߲

ฬ߲ݎറ
ߙ߲ ൈ റݎ߲

ฬߚ߲
ൌ

ఈݐ̂ ൈ ఉݐ̂

sinχ  Eq. 2- 6

Considering arbitrary point P and its neighboring point P' on a surface and the unit vector normal 

to the surface, ො݊, the unit vector along the tangent to the curve PP' is 

 ෠ܶ ൌ
dݎറ
d݈ ൌ

റݎ߲
ߙ߲

dߙ
d݈ ൅

റݎ߲
ߚ߲

dߚ
d݈  

Eq. 2- 7

 
 

Fig. 2- 2 Curvature of a surface 
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As shown in Fig. 2- 2, by Frenet’s formula,  

 d ෠ܶ
d݈ ൌ

dଶݎറ
d݈ଶ ൌ

෡ܰ
ܴ  

Eq. 2- 8

where R is the radius of curvature of the curve PP' at point P, point O is the center of curvature of 

that, and ෡ܰ is the unit vector along the principal normal to the curve PP'. Substituting Eq. 2- 7 

into Eq. 2- 8, the expression for the curvature becomes  

 ෡ܰ
ܴ ൌ

߲ଶݎറ
ଶߙ߲ ൬

dߙ
d݈ ൰

ଶ

൅
റݎ߲
ߙ߲

dଶߙ
d݈ଶ ൅ 2

߲ଶݎറ
ߚ߲ߙ߲

dߙ
d݈

dߚ
d݈ ൅

߲ଶݎറ
ଶߚ߲ ൬

dߚ
d݈ ൰

ଶ

൅
റݎ߲
ߚ߲

dଶߚ
d݈ଶ  Eq. 2- 9

Using the orthogonal characteristic of ̂ݐఈ and ො݊, as well as that of ̂ݐఉ and ො݊, Eq. 2- 9 becomes 

 ෡ܰ
ܴ ڄ ො݊ ൌ

߲ଶݎറ
ଶߙ߲ ڄ ො݊ ൬

dߙ
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ଶ

൅ 2
߲ଶݎറ

ߚ߲ߙ߲ ڄ ො݊
dߙ
d݈

dߚ
d݈ ൅

߲ଶݎറ
ଶߚ߲ ڄ ො݊ ൬

dߚ
d݈ ൰

ଶ

 Eq. 2- 10

Denoting 
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Eq. 2- 11
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Equation 2- 10 becomes 

 ෡ܰ
ܴ ڄ ො݊ ൌ

Lሺdߙሻଶ ൅ 2Mdߙdߚ ൅ Nሺdߚሻଶ

ሺd݈ሻଶ  Eq. 2- 12

The denominator of the right hand side of Eq. 2- 12 is the first fundamental form of the surface, 

whereas the numerator of the right hand side of Eq. 2- 12 is the second fundamental form. When 
෡ܰ ൌ െ ො݊, the normal curvature ߢ becomes 

 
െߢ ൌ െ

1
ܴ ൌ

Lሺdߙሻଶ ൅ 2Mdߙdߚ ൅ Nሺdߚሻଶ

ఈܣ
ଶሺdߙሻଶ ൅ ఉcosχܣఈܣ2 dߙdߚ ൅ ఉܣ

ଶሺdߚሻଶ 
Eq. 2- 13

The minus sign means the outer normal of the curve is chosen to be the positive normal to the 

surface. Substituting dߚ ൌ 0 and dߙ ൌ 0 into Eq. 2- 13, respectively, the curvatures along ߙ and 

 can be obtained as ߚ

 െߢఈ ൌ െ
1

ܴఈ
ൌ

L
ఈܣ

ଶ Eq. 2- 14
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 െߢఉ ൌ െ
1

ܴఉ
ൌ

N
ఉܣ

ଶ 

The twist curvature of the surface is defined as 

 െߢఈఉ ൌ െ
1

ܴఈఉ
ൌ

M
ఉܣఈܣ

 Eq. 2- 15

However, cosχ and M are zero for an orthogonal coordinate system [57]. In that regard, because 

of the problem of interest herein, all that follows is based on an orthogonal coordinate system, 

such as a Cartesian, cylindrical, or spherical coordinate system.  

Considering the first derivatives of  ො݊, the derivatives must lie in the plane of ̂ݐఈ and ̂ݐఉ, that 

is, 
 ߲ ො݊

ߙ߲ ൌ ఈݐ̂ ڄ
߲ ො݊
ߙ߲ ఈݐ̂ ൅ ఉݐ̂ ڄ

߲ ො݊
ߙ߲ ఉݐ̂ ൌ െ

L
ఈܣ

ఈݐ̂ െ
M
ఉܣ

ఉݐ̂ ൌ െ
L

ఈܣ
ఈݐ̂ ൌ

ఈܣ

ܴఈ
 ఈݐ̂

Eq. 2- 16

Similarly,  

 ߲ ො݊
ߚ߲ ൌ

ఉܣ

ܴఉ
 ఉݐ̂

Eq. 2- 17

For continuous ݎറ, ො݊, and ̂ݐఈ, it must be true that 
 ߲ଶݎറ

ߚ߲ߙ߲ ൌ
߲ଶݎറ

Eq. 2- 18 ߙ߲ߚ߲

 ߲ଶ ො݊
ߚ߲ߙ߲ ൌ

߲ଶ ො݊
Eq. 2- 19 ߙ߲ߚ߲

 ߲ଶ̂ݐఈ

ߚ߲ߙ߲ ൌ
߲ଶ̂ݐఈ

Eq. 2- 20 ߙ߲ߚ߲

Equation 2- 18 leads to 
ఈݐఈ̂ܣ߲ 

ߚ߲ ൌ
ఉݐఉ̂ܣ߲

ߙ߲  

 
ఈܣ
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ఉݐ߲̂

ߙ߲ ൅ ఉݐ̂
ఉܣ߲

ߙ߲  

ఉݐ߲̂ 

ߙ߲ ൌ
1

ఉܣ
ቆܣఈ

ఈݐ߲̂

ߚ߲ ൅ ఈݐ̂
ఈܣ߲

ߚ߲ െ ఉݐ̂
ఉܣ߲

ߙ߲ ቇ 
Eq. 2- 21

Considering the first derivatives of ̂ݐఈ in ߙ, the derivative must lie in the plane of ො݊ and ̂ݐఉ, that 

is, 
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Eq. 2- 22

Similarly,  
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Eq. 2- 23
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Eq. 2- 24
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ܴఉ
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ఉܣ߲

ߙ߲  ఈݐ̂
Eq. 2- 25

Equation 2- 19 leads to 
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Eq. 2- 26

That means 

 1
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∂
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Eq. 2- 27

 1
ܴఈ

ఉܣ߲

ߙ߲ ൌ ቆ
∂

ߙ∂
ఉܣ

ܴఉ
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Eq. 2- 28

Equations 2- 27 and 2- 28 are the so-called Codazzi conditions. Equation 2- 20 leads to 
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Eq. 2- 29

which means 

 ߲
ߙ߲ ቆ

1
ఈܣ

ఉܣ߲

ߙ߲ ቇ ൅
߲

ߚ߲ ቆ
1

ఉܣ

ఈܣ߲

ߚ߲ ቇ ൌ െ
ఈܣ

ܴఈ
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Eq. 2- 30

Equation 2- 30 is the so-called Gauss condition. For an elliptical cylindrical shell with ߙ ൌ  and ݔ

ߚ ൌ ݏ  as shown in Fig. 1- 2, ܣఈ  and ܣఉ  are unity, ߲ܣఈ ⁄ߚ߲  and ߲ܣఉ ⁄ߙ߲  are zero, and ܴఈ 

approaches to infinity (Donnell, 1976). These relations will be used shortly. 
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2.2 Assumptions of Donnell Shell Theory 

While the geometry of a cylinder has been shown in Fig. 1- 2, there are a number of major 

assumptions regarding the geometry and kinematics that are intrinsic to Donnell shell theory, and, 

which, of course, lead to limitations of the theory. These primary assumptions of Donnell shell 

theory for the problem at hand are [58]: 

(1) The shell is sufficiently thin, i.e., the ratio of wall thickness to radius, H/R, is small 

compared to unity. 

(2) The strains are sufficiently small compared to unity. 

(3) The material obeys Hooke’s law 

(4) The Kirchhoff hypothesis is assumed valid. That is, straight lines normal to the 

undeformed reference surface remain straight and normal to the deformed reference 

surface, and the length of the normal remains unchanged. 

(5) The normal and shear stresses acting in the direction normal to the reference surface may 

be neglected in comparison with the stresses acting in the direction parallel to the 

reference surface, i.e., the cylinder wall is in a state of plane stress.  

(6) The displacements in the x- and s-directions, u(x,s) and v(x,s), are infinitesimal, whereas 

the displacements in the z-direction, w(x,s), can be of the same order as the wall 

thickness. 

(7) The derivatives of w(x,s) in the x- and s-directions are small compared to unity. 

(8) Curvature changes are small and can be represented by linear functions of w(x,s).  

 

Assumption (6) limits the theory to those cases where the major component of the vibration 

mode is the displacement component normal to the cylinder wall. Assumption (7) limits the number 

of circumferential and axial waves in the displacement component normal to the cylinder wall.  

Based on the above assumptions, the details of the deformation of a differential element of cylinder 

wall are shown schematically in Fig. 2.3. The figure represents the displacement of an element of 

cylinder wall as seen looking toward the xz plane and sz planes. The blue lines represent the 

undeformed differential element and the red lines represent the deformed differential element. 

The solid lines are the inner and outer surfaces of the cylinder wall, while the dotted lines are the 

reference surface, which, as mentioned earlier, is the mid-surface of the wall. The dash lines are 

the straight lines normal to the reference surface and as shown, those lines remain straight.  
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(a)       (b) 

Fig. 2- 3 Kinematics of deformation (a) in xz-plane, and (b) in sz-plane 

 
The coordinate systems shown in green coincide with the reference surface and the straight 

normal lines. Keeping with assumption (4), there is no normal strain in z-direction. The displacements 

of a point on the reference surface in x-, s-, and z-directions are, respectively, u°, v° and w°, as 

denoted in the last chapter. In Fig. 2- 3a a clockwise rotation of the segment in the xz plane is 

߶௦° ൌ െ /°ݓ∂ ݔ∂ , whereas the counterclockwise rotation of the segment in the sz plane is 

߶௫° ൌ /°ݓ∂  .as seen in Fig. 2- 3b and as illustrated in Fig. 1- 2 ,ݏ∂

 

As a result of the translations and rotations illustrated in Fig. 2- 3, by the Kirchhoff 

hypothesis, assumption (4), the displacements in x-, s-, and z-directions of an arbitrary point in 

the cylinder wall, denoted as u, v, and w, respectively, are 

,ݔሺݑ  ,ݏ ሻݖ ൌ ,ݔሺ°ݑ ሻݏ െ ݖ
,ݔሺ°ݓ߲ ሻݏ

ݔ߲  

,ݔሺݒ  ,ݏ ሻݖ ൌ ,ݔሺ°ݒ ሻݏ െ ݖ
,ݔሺ°ݓ߲ ሻݏ

ݏ߲  Eq. 2- 31

,ݔሺݓ  ,ݏ ሻݖ ൌ ,ݔሺ°ݓ  ሻݏ

z 
H 

x 

H 

z 

s 

H

H

undeformed undeformed 

deformed deformed 

°ݓ߲
ݔ߲  

°ݓ߲
ݏ߲  

,ݔሺ°ݑ  ሻݏ

,ݔሺ°ݓ ,ݔሺ°ݓ ሻݏ  ሻݏ

,ݔሺ°ݒ  ሻݏ
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Denoting the normal strains in x- and s-directions and the shear strain in xs plane, ߝ௫, ߝ௦, and ߛ௫௦, 

respectively, then the strains at a general point within the cylinder wall a distance z from the 

reference surface can be expressed in terms of the reference surface strains ߝ௫°, ߝ௦°, and ߛ௫௦°, and 

the reference surface bending and twist curvatures at that point ߢ௫°, ߢ௦°, and ߢ௫௦° as 
,ݔ௫ሺߝ  ,ݏ ሻݖ ൌ ,ݔ௫°ሺߝ ሻݏ ൅ ,ݔ௫°ሺߢݖ  ሻݏ

,ݔ௦ሺߝ  ,ݏ ሻݖ ൌ ,ݔ௦°ሺߝ ሻݏ ൅ ,ݔ௦°ሺߢݖ ሻ Eq. 2- 32ݏ

,ݔ௫௦ሺߛ  ,ݏ ሻݖ ൌ ,ݔ௫௦°ሺߛ ሻݏ ൅ ,ݔ௫௦°ሺߢݖ  ሻݏ
Considering the reference surface strains and curvatures, based on the Donnell shallow shell 

theory the kinematics of infinitesimal deformations on the reference surface are 
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Eq. 2- 33
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and the reference surface curvature changes are 
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Eq. 2- 34
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where the rotations about the α and β directions are, respectively, 
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Eq. 2- 35
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Ignoring the effect of ݑ° and ݒ° in ߶ఈ° and ߶ఉ°, the rotation terms become 
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Eq. 2- 36
 

߶ఉ° ൌ െ
1

ఉܣ

°ݓ߲
ߚ߲  



29 
 

and the curvature changes become 
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Considering the xsz curvilinear coordinate system, the strain-displacement relations for a 

cylindrical shell reference surface can be expressed as  
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Eq. 2- 38
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2.3 Constitutive Behavior 

For the state of plane stress within the cylinder wall, the transversely isotropic engineering 

properties of importance for a layer of fiber-reinforced material are: the extensional modulus in 

the fiber orientation, E1; the extensional modulus in any direction which is perpendicular to the 

fiber direction, E2; the shear modulus in the plane of the layer G12; and the major Poisson’s ratio 

߭ଵଶ . Following normal convention [59], the 1-direction is in the fiber direction and the 2-
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direction is perpendicular to the fiber direction. The 3-direction, not discussed here, is 

perpendicular to the 1- and 2-directions, is oriented by the right hand rule, and coincides with the 

z direction, the direction normal to the wall. This 123 coordinate system is referred to as the 

principal material coordinate system. However, for the finite element analysis to be described in 

Appendix A, which utilizes an element that enforces the Kirchhoff hypothesis as the element 

becomes thinner and thinner, the through-thickness shear moduli in the principal material 

coordinate system, G13 and G23, are also needed. 

 

Hooke’s law for a point within a layer of the cylinder wall can be written as 
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 Eq. 2- 39

where, because of the assumed transverse isotropy, 
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Eq. 2- 40
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Moreover, considering the condition of plane stress within the cylinder wall, ߪଷ ൌ 0, ߬ଶଷ ൌ
0, ߬ଵଷ ൌ 0, Eq. 2- 39 can be reduced into 
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 Eq. 2- 41
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ଵଶߛ  ൌ
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ଵଶܩ
 

Based on Eq. 2- 41 for a layer of composite material in a state of plane stress, the Q matrix, with 

components Qଵଵ, Qଵଶ, Qଶଶ, and Q଺଺, can be employed to express the plane-stress stress-strain 

relationship in the principle material coordinate system. That relationship can be written as 

 ൝
ଵߪ
ଶߪ
߬ଵଶ

ൡ ൌ ൥
Qଵଵ Qଵଶ 0
Qଵଶ Qଶଶ 0

0 0 Q଺଺

൩ · ൝
ଵߝ
ଶߝ

ଵଶߛ

ൡ Eq. 2- 42

where ߪଵ, ߪଶ, and ߬ଵଶ are, respectively, the normal stress in fiber direction, the normal stress 

perpendicular to the fiber direction, the shear stress in the plane of the layer, whereas ߝଵ, ߝଶ, and 

 ଵଶ are the axial strain in fiber direction, the axial strain perpendicular to the fiber direction, andߛ

the shear strain in the plane of the layer, respectively. The components of Q matrix are  
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Eq. 2- 43
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where ߭ଶଵis determined by the reciprocity relation  
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 Eq. 2- 44

In terms of the curvilinear xsz coordinate-system shown in Figs. 1- 2 and 1- 3, ߪ௫, ߪ௦, and 

߬௫௦ are the normal stress in x-direction, the normal stress in s-direction, the shear stress in xs-

plane, respectively, whereas ߝ௫, ߝ௦, and ߛ௫௦ are the axial strain in x-direction, the axial strain in s-

direction, and the shear strain in the xs-plane, respectively. Assuming, as in Fig. 1- 2, that the 

fiber direction, i.e., the 1-direction, is oriented at an angle θ relative to the axial x-direction, and 

transforming the stress-strain relation of Eq. 2- 39 into the curvilinear xsz coordinate system 

results in 

 ൝
௫ߪ
௦ߪ
߬௫௦

ൡ ൌ ቎
Qഥଵଵ Qഥଵଶ Qഥଵ଺
Qഥଵଶ Qഥଶଶ Qഥଶ଺
Qഥଵ଺ Qഥଶ଺ Qഥ଺଺

቏ · ൝
௫ߝ
௦ߝ
௫௦ߛ

ൡ Eq. 2- 45

where  
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 Qഥଵଵ ൌ Qଵଵ cosସߠ ൅ 2ሺQଵଶ ൅ 2Q଺଺ሻ cosଶߠ sinଶߠ ൅ Qଶଶ sinସߠ 

Eq. 2- 46

 Qഥଵଶ ൌ ሺQଵଵ ൅ Qଶଶ െ 4Q଺଺ሻcosଶߠ sinଶߠ ൅ Qଵଶሺcosସߠ ൅ sinସߠሻ 

 Qഥଵ଺ ൌ ሺQଵଵ െ Qଵଶ െ 2Q଺଺ሻ cosଷߠ sinߠ ൅ ሺQଵଶ െ Qଶଶ ൅ 2Q଺଺ሻcosߠsinଷߠ 

 Qഥଶଶ ൌ Qଵଵ sinସߠ ൅ 2ሺQଵଶ ൅ 2Q଺଺ሻ cosଶߠ sinଶߠ ൅ Qଶଶ cosସߠ 

 Qഥଶ଺ ൌ ሺQଵଵ െ Qଵଶ െ 2Q଺଺ሻ cosߠsinଷߠ ൅ ሺQଵଶ െ Qଶଶ ൅ 2Q଺଺ሻ cosଷߠ sinߠ 

 Qഥ଺଺ ൌ ሺQଵଵ ൅ Qଶଶ െ 2Qଵଶ െ 2Q଺଺ሻcosଶߠ sinଶߠ ൅ Q଺଺ሺcosସߠ ൅ sinସߠሻ 

Substituting Eq. 2- 32 into Eq. 2- 45, the stress-strain relationship can be written in terms of the 

reference surface strains and curvatures as 

௫ߪ ൌ Qഥଵଵߝ௫° ൅ Qഥଵଶߝ௦° ൅ Qഥଵ଺ߛ௫௦° ൅ Qഥଵଵݖ °௫ߢ ൅ Qഥଵଶݖ °௦ߢ ൅ Qഥଵ଺ݖ  °௫௦ߢ

௦ߪ ൌ Qഥଵଶߝ௫° ൅ Qഥଶଶߝ௦° ൅ Qഥଶ଺ߛ௫௦° ൅ Qഥଵଶݖ °௫ߢ ൅ Qഥଶଶݖ °௦ߢ ൅ Qഥଶ଺ݖ ௫௦° Eq. 2- 47ߢ

߬௫௦ ൌ Qഥଵ଺ߝ௫° ൅ Qഥଶ଺ߝ௦° ൅ Qഥ଺଺ߛ௫௦° ൅ Qഥଵ଺ݖ °௫ߢ ൅ Qഥଶ଺ݖ °௦ߢ ൅ Qഥ଺଺ݖ  °௫௦ߢ

 

2.4 Stress Resultants 

The force resultants Nx, Ns, and Nxs are the normal force resultant in x-direction, the normal 

force resultant in the s-direction, and shear force resultant in xs-plane, respectively. The positive 

sense of these resultants is illustrated in Fig. 2- 4a. The moment resultants Mx and Ms are referred 

to as bending moment resultants and Mxs is referred to as the twisting moment resultant, as 

illustrated in Fig. 2- 4b. The force resultants Nx, Ns, and Nxs are defined as 

 ௫ܰ ؠ න ௫ߪ

ு/ଶ

ିு/ଶ
dz 

 ௦ܰ ؠ න ௦ߪ

ு/ଶ

ିு/ଶ
dz Eq. 2- 48

 ௫ܰ௦ ؠ න ߬௫௦

ு/ଶ

ିு/ଶ
dz 
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(a)      (b)   

Fig. 2- 4 (a) Force resultants and (b) moment resultants 

 

The moment resultants Mx, Ms, and Mxs, are defined as: 
 

௫ܯ ؠ න ௫ߪ

ு/ଶ

ିு/ଶ
 dzݖ

 
௦ܯ ؠ න ௦ߪ

ு/ଶ

ିு/ଶ
dz Eq. 2- 49ݖ

 
௫௦ܯ ؠ න ߬௫௦

ு/ଶ

ିு/ଶ
 dzݖ

By substituting Eq. 2- 47 into Eq. 2- 48 and Eq. 2- 49 and carrying out the integration in the z-

direction, the force and moment resultants can be expressed in terms of reference strains and 

reference curvatures as follows: 

 

ە
ۖ
۔

ۖ
ۓ ௫ܰ

௦ܰ

௫ܰ௦
௫ܯ
௦ܯ
௫௦ۙܯ

ۖ
ۘ

ۖ
ۗ

ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
Aଵଵ
Aଵଶ
Aଵ଺
Bଵଵ
Bଵଶ
Bଵ଺

Aଵଶ
Aଶଶ
Aଶ଺
Bଵଶ
Bଶଶ
Bଶ଺

Aଵ଺
Aଶ଺
A଺଺
Bଵ଺
Bଶ଺
B଺଺

Bଵଵ
Bଵଶ
Bଵ଺
Dଵଵ
Dଵଶ
Dଵ଺

Bଵଶ
Bଶଶ
Bଶ଺
Dଵଶ
Dଶଶ
Dଶ଺

Bଵ଺
Bଶ଺
B଺଺
Dଵ଺
Dଶ଺
D଺଺ے

ۑ
ۑ
ۑ
ۑ
ې

ە
ۖ
۔

ۖ
ۓ

°௫ߝ
°௦ߝ
°௫௦ߛ
°௫ߢ
°௦ߢ
ۙ°௫௦ߢ

ۖ
ۘ

ۖ
ۗ

 Eq. 2- 50

where 

 A୧୨ ൌ න Qഥ୧୨

ு/ଶ

ିு/ଶ
dݖ for i, j = 1, 2, 6 

Mx 

s 

Ms 

x 

Ns Nxs 
Nx 

z 

s 

z 

x 
Nxs 

Mxs Mxs 

H H 
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 B୧୨ ൌ න Qഥ୧୨ݖ
ு/ଶ

ିு/ଶ
dݖ for i, j = 1, 2, 6 Eq. 2- 51

 D୧୨ ൌ න Qഥ୧୨

ு/ଶ

ିு/ଶ
 for i, j = 1, 2, 6 ݖଶdݖ

Equation 2- 50 is essentially the constitutive equation for the cylinder wall laminate. 

2.5 Hamilton's Principle 

Hamilton’s principle, used in conjunction with the Rayleigh-Ritz method, is an established 

means for estimating the natural frequencies, in particular, of the cylinders of interest here. 

Hamilton’s principle for a vibratory problem is given as 

ܣߜ  ൌ ߜ න ൫K෩ െ Π෩൯
ଶ஠
ன ା௧బ

௧బ

dݐ ൌ 0 Eq. 2- 52

where A is the action integral, Π෩ is the potential energy, K෩ is the kinetic energy, ω is the natural 

frequency of interest, and ߜ , treated here mathematically like a differential operator, is the 

variational operator. The time interval of integration is one complete period of natural 

oscillation. The time-dependent deformations in x-, s-, and z-directions are denoted as ෩ܷ, ෨ܸ  and 
෩ܹ , respectively. Displacements ෩ܷ, ෨ܸ , and ෩ܹ  are written in the form of Eq. 2- 31 as 

 ෩ܷሺݔ, ,ݏ ,ݖ ሻݐ ൌ ෩ܷ°ሺݔ, ,ݏ ሻݐ െ ݖ
߲ ෩ܹ °ሺݔ, ,ݏ ሻݐ

ݔ߲  

 ෨ܸ ሺݔ, ,ݏ ,ݖ ሻݐ ൌ ෨ܸ°ሺݔ, ,ݏ ሻݐ െ ݖ
߲ ෩ܹ °ሺݔ, ,ݏ ሻݐ

ݏ߲  Eq. 2- 53

 ෩ܹ ሺݔ, ,ݏ ,ݖ ሻݐ ൌ ෩ܹ °ሺݔ, ,ݏ  ሻݐ

where ෩ܷ°, ෨ܸ °  and ෩ܹ °  are the time-dependent deformations in x-, s-, and z-directions of the 

reference surface, respectively. The contribution to the action integral of the kinetic energy is 

 
AK ൌ න K෩

ଶ஠
ன ା௧బ

௧బ

dݐ ൌ
1
2 ߩ න න න න ቀ ෩ܷሶ ଶ ൅ ෨ܸሶ ଶ ൅ ෩ܹሶ ଶቁ

ு/ଶ

ିு/ଶ

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

dݖdݔdݏdݐ Eq. 2- 54

where ෩ܷሶ , ෨ܸሶ , and ෩ܹሶ  are partial time derivatives of ෩ܷ, ෨ܸ  and ෩ܹ , respectively, and ρ is the mass 

density.  Substituting Eq. 2- 53 into Eq. 2- 54, the contribution to the action integral of the kinetic 

energy becomes 
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AK ൌ
1
2 ߩ න න න න ൮ ෩ܷሶ °ଶ ൅ ෨ܸሶ °ଶ ൅ ෩ܹሶ °ଶ െ 2 ൭ ෩ܷሶ ݖ°

߲ ෩ܹሶ °
ݔ߲ ൅ ෨ܸሶ ݖ°

߲ ෩ܹሶ °
ݏ߲ ൱

ு/ଶ

ିு/ଶ

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

൅ ଶݖ ቌ൭
߲ ෩ܹሶ °
ݔ߲ ൱

ଶ

൅ ൭
߲ ෩ܹሶ °

ݏ߲ ൱
ଶ

ቍ൲ dݖdݔdݏdݐ 

Based on the assumptions of the Donnell shell theory, the terms with the first-order spatial 

derivatives of ෩ܹሶ ° are ignored and the contribution to the action integral from the kinetic energy 

becomes 

 
AK ൌ

1
2 ߩ න න න න ቀ ෩ܷሶ °ଶ ൅ ෨ܸሶ °ଶ ൅ ෩ܹሶ °ଶቁ

ு
ଶ

ିு
ଶ

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

dݖdݔdݏdݐ 

 

 
AK ൌ

1
2 ܪߩ න න න ቀ ෩ܷሶ °ଶ ൅ ෨ܸሶ °ଶ ൅ ෩ܹሶ °ଶቁ

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

dݔdݏdݐ     Eq. 2- 55

       The contribution to the action integral from the potential energy is 

AP ൌ න Π෩
ଶ஠
ன ା௧బ

௧బ

dݐ ൌ
1
2 න න න න ൫ߪ෤ߝݔ෤ݔ ൅ ݏ෤ߝݏ෤ߪ ൅ ෤߬ߛݏݔ෤ݏݔ൯

ு/ଶ

ିு/ଶ

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

dݖdݔdݏdݐ Eq. 2- 56

where ߪ෤௫ ෤௦ߪ , , and ߬̃௫௦  are the time-dependent normal stress in x-direction, the time-dependent 

normal stress in s-direction, and the time-dependent shear stress in xs-plane, respectively, and ߝ௫̃, 

 ෤௫௦, are the time-dependent normal strain in x-direction, the time-dependent normal strain inߛ ,௦̃ߝ

s-direction, and the time-dependent shear strain in xs-plane, respectively. Due to the assumed 

functional form of Eq. 2- 53, the time-dependent strains have the same relations as Eq. 2- 32 with 

the corresponding time-dependent strains and curvatures as follows: 
,ݔ௫̃ሺߝ  ,ݏ ,ݖ ሻݐ ൌ ,ݔ௫̃°ሺߝ ,ݏ ሻݐ ൅ ,ݔ௫°ሺߢ̃ݖ ,ݏ  ሻݐ

,ݔ௦̃ሺߝ  ,ݏ ,ݖ ሻݐ ൌ ,ݔ௦̃°ሺߝ ,ݏ ሻݐ ൅ ,ݔ௦°ሺߢ̃ݖ ,ݏ ሻ Eq. 2- 57ݐ

,ݔ෤௫௦ሺߛ  ,ݏ ,ݖ ሻݐ ൌ ,ݔ෤௫௦°ሺߛ ,ݏ ሻݐ ൅ ,ݔ௫௦°ሺߢ̃ݖ ,ݏ  ሻݐ

where ߝ௫̃°, ߝ௦̃°, and ߛ෤௫௦° are the time-dependent strains of the reference surface and ̃ߢ௫°, ̃ߢ௦°, and 

 ௫௦° are the time-dependent curvatures, and the time-dependent strain-displacement relations areߢ̃

from Eq. 2- 38  

 
,ݔ௫̃°ሺߝ ,ݏ ሻݐ ൌ

߲ ෩ܷ°ሺݔ, ,ݏ ሻݐ
ݔ߲

 

,ݔ௦̃°ሺߝ  ,ݏ ሻݐ ൌ
߲ ෨ܸ °ሺݔ, ,ݏ ሻݐ

ݏ߲
൅

෩ܹ °ሺݔ, ,ݏ ሻݐ
෨ܴሺݏ, ሻݐ

 



36 
 

 
,ݔ෤௫௦°ሺߛ ,ݏ ሻݐ ൌ

߲ ෩ܷ°ሺݔ, ,ݏ ሻݐ
ݏ߲

൅
߲ ෨ܸ °ሺݔ, ,ݏ ሻݐ

ݔ߲
 

Eq. 2- 58
 

,ݔ௫°ሺߢ̃ ,ݏ ሻݐ ൌ െ
߲ଶ ෩ܹ °ሺݔ, ,ݏ ሻݐ

ଶݔ߲  

 
,ݔ௦°ሺߢ̃ ,ݏ ሻݐ ൌ െ

߲ଶ ෩ܹ °ሺݔ, ,ݏ ሻݐ
ଶݏ߲  

 
,ݔ௫௦°ሺߢ̃ ,ݏ ሻݐ ൌ െ2

߲ଶ ෩ܹ °ሺݔ, ,ݏ ሻݐ
ݏ߲ݔ߲

 

As a result, the time-dependent stresses have relations with the corresponding time-dependent 

strains and curvatures from Eq. 2- 47 as 

෤௫ߪ ൌ Qഥଵଵߝ௫̃° ൅ Qഥଵଶߝ௦̃° ൅ Qഥଵ଺ߛ෤௫௦° ൅ Qഥଵଵݖ °௫ߢ̃ ൅ Qഥଵଶݖ °௦ߢ̃ ൅ Qഥଵ଺ݖ  °௫௦ߢ̃

෤௦ߪ ൌ Qഥଵଶߝ௫̃° ൅ Qഥଶଶߝ௦̃° ൅ Qഥଶ଺ߛ෤௫௦° ൅ Qഥଵଶݖ °௫ߢ̃ ൅ Qഥଶଶݖ °௦ߢ̃ ൅ Qഥଶ଺ݖ ௫௦° Eq. 2- 59ߢ̃

߬̃௫௦ ൌ Qഥଵ଺ߝ௫̃° ൅ Qഥଶ଺ߝ௦̃° ൅ Qഥ଺଺ߛ෤௫௦° ൅ Qഥଵ଺ݖ °௫ߢ̃ ൅ Qഥଶ଺ݖ °௦ߢ̃ ൅ Qഥ଺଺ݖ  °௫௦ߢ̃

As a result of Eq. 2- 48 and Eq. 2- 49, the time-dependent force and moment resultants are 

denoted as 

 ෩ܰ௫ ؠ න ෤௫ߪ

ு/ଶ

ିு/ଶ
dz 

 ෩ܰ௦ ؠ න ෤௦ߪ

ு/ଶ

ିு/ଶ
dz 

 ෩ܰ௫௦ ؠ න ߬̃௫௦

ு/ଶ

ିு/ଶ
dz 

Eq. 2- 60 
෩௫ܯ ؠ න ෤௫ߪ

ு/ଶ

ିு/ଶ
 dzݖ

 
෩௦ܯ ؠ න ෤௦ߪ

ு/ଶ

ିு/ଶ
 dzݖ

 
෩௫௦ܯ ؠ න ߬̃௫௦

ு/ଶ

ିு/ଶ
 dzݖ

Based on Eq. 2- 50, the time-dependent force and moment resultants can be written as 
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ە
ۖۖ
۔

ۖۖ
ۓ

෩ܰ௫
෩ܰ௦
෩ܰ௫௦
෩௫ܯ
෩௦ܯ
෩௫௦ۙܯ

ۖۖ
ۘ

ۖۖ
ۗ

ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
Aଵଵ
Aଵଶ
Aଵ଺
Bଵଵ
Bଵଶ
Bଵ଺

Aଵଶ
Aଶଶ
Aଶ଺
Bଵଶ
Bଶଶ
Bଶ଺

Aଵ଺
Aଶ଺
A଺଺
Bଵ଺
Bଶ଺
B଺଺

Bଵଵ
Bଵଶ
Bଵ଺
Dଵଵ
Dଵଶ
Dଵ଺

Bଵଶ
Bଶଶ
Bଶ଺
Dଵଶ
Dଶଶ
Dଶ଺

Bଵ଺
Bଶ଺
B଺଺
Dଵ଺
Dଶ଺
D଺଺ے

ۑ
ۑ
ۑ
ۑ
ې

ە
ۖ
۔

ۖ
ۓ

°௫̃ߝ
°௦̃ߝ
°෤௫௦ߛ
°௫ߢ̃
°௦ߢ̃
ۙ°௫௦ߢ̃

ۖ
ۘ

ۖ
ۗ

 Eq. 2- 61

Substituting Eq. 2- 57 and Eq. 2- 60 into Eq. 2- 56, the contribution to the action integral from 

the potential energy becomes 

AP ൌ
1
2 න න න ൫ ෩ܰ௫ߝ௫̃° ൅ ෩ܰ௦ߝ௦̃° ൅ ෩ܰ௫௦ߛ෤௫௦°

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

 

                                                ൅ܯ෩௫̃ߢ௫° ൅ °௦ߢ෩௦̃ܯ ൅  ݐdݏdݔ௫௦°൯dߢ෩௫௦̃ܯ
Eq. 2- 62

     Considering Eq. 2- 52, 

ܣߜ  ൌ AKߜ െ APߜ ൌ 0 Eq. 2- 63

Using Eq. 2- 55, ߜAK  becomes 

 
AKߜ  ൌ ܪߩ න න න ቀ ෩ܷሶ ߜ° ෩ܷሶ ° ൅ ෨ܸሶ ߜ° ෨ܸሶ ° ൅ ෩ܹሶ ߜ° ෩ܹሶ °ቁ

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

dݔdݏdݐ          

 
      ൌ ܪߩ න න න ቀ ෩ܷሶ ߜ° ෩ܷሶ ° ൅ ෨ܸሶ ߜ° ෨ܸሶ ° ൅ ෩ܹሶ ߜ° ෩ܹሶ °ቁ

ଶగ
ఠ ା௧బ

௧బ

௅

଴

஼

଴
dݐdݔdݏ         

Eq. 2- 64

Considering integration of the first term by parts as follows, 

 
න ෩ܷሶ ߜ° ෩ܷሶ °dݐ

ଶగ
ఠ ା௧బ

௧బ

ൌ ෩ܷሶ ߜ° ෩ܷ°ቚ
௧ୀ௧బ

௧ୀଶగ
ఠ ା௧బ

െ න ෩ܷሷ ߜ° ෩ܷ°dݐ
ଶగ
ఠ ା௧బ

௧బ

 
Eq. 2- 65

where ෩ܷሷ ° is the second-order time derivative of ෩ܷ°, and doing likewise for the other two terms, 

Eq. 2- 64 can be rewritten as 

 
AKߜ  ൌ න න ቀ ෩ܷሶ ߜ° ෩ܷ° ൅ ෨ܸሶ ߜ° ෨ܸ ° ൅ ෩ܹሶ ߜ° ෩ܹ °ቁ dݔdݏ

௅

଴

஼

଴
ቤ

௧ୀ௧బ

௧ୀଶగ
ఠ ା௧బ

 

െܪߩ න න න ቀ ෩ܷሷ ߜ° ෩ܷ° ൅ ෨ܸሷ ߜ° ෨ܸ ° ൅ ෩ܹሷ ߜ° ෩ܹ °ቁ
ଶగ
ఠ ା௧బ

௧బ

௅

଴

஼

଴
dݐdݔdݏ 

Eq. 2- 66

where ෨ܸሷ ° and ෩ܹሷ ° are the second-order derivatives of ෨ܸ ° and ෩ܹ °. Considering that the time-

dependent displacements are harmonic in time, ߜAK becomes 

 
AKߜ  ൌ െܪߩ න න න ቀ ෩ܷሷ ߜ° ෩ܷ° ൅ ෨ܸሷ ߜ° ෨ܸ ° ൅ ෩ܹሷ ߜ° ෩ܹ °ቁ

ଶగ
ఠ ା௧బ

௧బ

௅

଴

஼

଴
dݐdݔdݏ Eq. 2- 67

Substituting Eq. 2- 58 into Eq. 2- 62, ߜAP becomes 
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APߜ ൌ න න න ൫ ෩ܰ௫ߝߜ௫̃° ൅ ෩ܰ௦ߝߜ௦̃° ൅ ෩ܰ௫௦ߛߜ෤௫௦°
௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

 

                                               ൅ܯ෩௫ߢ̃ߜ௫° ൅ °௦ߢ̃ߜ෩௦ܯ ൅  ݐdݏdݔ௫௦°൯dߢ̃ߜ෩௫௦ܯ

        ൌ න න න ቆ ෩ܰ௫
ߜ∂ ෩ܷ°

ݔ∂ ൅ ෩ܰ௦
ߜ∂ ෨ܸ °

ݏ∂ ൅ ෩ܰ௦ߜ
෩ܹ
ܴ ൅ ෩ܰ௫௦

ߜ∂ ෩ܷ°
ݏ∂

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

൅ ෩ܰ௫௦
ߜ∂ ෨ܸ °

ݔ∂  

                                              െܯ෩௫
ߜ2߲ ෩ܹ °

2ݔ߲ െ ෩௦ܯ
ߜ2߲ ෩ܹ °

2ݏ߲ െ ෩௫௦ܯ2
ߜ2߲ ෩ܹ °
ݏ߲ݔ߲

ቇ dݔdݏdݐ 

Eq. 2- 68

Considering integration by parts once, for example, as follows 

න ෩ܰ௫
ߜ∂ ෩ܷ°

ݔ∂ dݔ
௅

଴
ൌ ෩ܰ௫ߜ ෩ܷ°ห௫ୀ଴

௫ୀ௅ െ න
∂ ෩ܰ௫

ݔ∂ ߜ ෩ܷ°dݔ
௅

଴
 Eq. 2- 69

and integration by parts twice, for example, as follows, 

න ෩௫ܯ
ߜ2߲ ෩ܹ °

2ݔ߲

௅

଴
dݔ ൌ ෩௫ܯ

ߜ߲ ෩ܹ °
ݔ߲

ቤ
௫ୀ଴

௫ୀ௅

െ න
෩௫ܯ߲

ݔ߲
ߜ߲ ෩ܹ °

ݔ߲

௅

଴
dݔ 

                ൌ ቆܯ෩௫ߜ
߲ ෩ܹ °
ݔ߲ െ

෩௫ܯ߲

ݔ߲ ߜ ෩ܹ °ቇቤ
௫ୀ଴

௫ୀ௅

൅ න
߲ଶܯ෩௫

ଶݔ߲ ߜ ෩ܹ °
௅

଴
dݔ Eq. 2- 70

 AP becomesߜ

 

APߜ ൌ න න ෩ܰ௫ߜ ෩ܷ°
஼

଴
dݏdݐ

ଶగ
ఠ ା௧బ

௧బ

ቮ

௫ୀ଴

௫ୀ௅

െ න න න
߲ ෩ܰ௫

ݔ߲ ߜ ෩ܷ°
௅

଴

஼

଴
dݔdݏ

ଶగ
ఠ ା௧బ

௧బ

dݐ 

     ൅ න න ෩ܰ௦ߜ ෨ܸ °
௅

଴
dݔdݐ

ଶగ
ఠ ା௧బ

௧బ

ቮ

௦ୀ଴

௦ୀ஼

െ න න න
߲ ෩ܰ௦

ݏ߲ ߜ ෨ܸ °
௅

଴

஼

଴
 dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ

 

     ൅ න න න ෩ܰ௦ߜ
෩ܹ °
ܴ

௅

଴

஼

଴
 dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ

 

     ൅ න න ෩ܰ௫௦ߜ ෩ܷ°
௅

଴
dݔdݐ

ଶగ
ఠ ା௧బ

௧బ

ቮ

௦ୀ଴

௦ୀ஼

െ න න න
߲ ෩ܰ௫௦

ݏ߲ ߜ ෩ܷ°
௅

଴

஼

଴
 dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ

 

     ൅ න න ෩ܰ௫௦ߜ ෨ܸ °
஼

଴
dݏdݐ

ଶగ
ఠ ା௧బ

௧బ

ቮ

௫ୀ଴

௫ୀ௅

െ න න න
߲ ෩ܰ௫௦

ݔ߲ ߜ ෨ܸ°
௅

଴

஼

଴
dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ

  

Eq. 2- 71

       െ න න ቆܯ෩௫ߜ
߲ ෩ܹ °
ݔ߲ െ

෩௫ܯ߲

ݔ߲ ߜ ෩ܹ °ቇ
஼

଴
dݏdݐ

ଶగ
ఠ ା௧బ

௧బ

ቮ

௫ୀ଴

௫ୀ௅

െ න න න
߲ଶܯ෩௫

ଶݔ߲ ߜ ෩ܹ °
௅

଴

஼

଴
dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ
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       െ න න ቆܯ෩௦ߜ
߲ ෩ܹ °

ݏ߲ െ
෩௦ܯ߲

ݏ߲ ߜ ෩ܹ °ቇ
௅

଴
dݔdݐ

ଶగ
ఠ ା௧బ

௧బ

ቮ

௦ୀ଴

௦ୀ஼

െ න න න
߲ଶܯ෩௦

ଶݏ߲ ߜ ෩ܹ °
௅

଴

஼

଴
 dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ

 

        െ 2 න ߜ෩௫௦ܯ ෩ܹ °dݐ
ଶగ
ఠ ା௧బ

௧బ

ቮ

௫ୀ଴

௫ୀ௅

ተ

௦ୀ଴

௦ୀ஼

൅ 2 න න
෩௫௦ܯ߲

ݔ߲ ߜ ෩ܹ °
஼

଴
dݏdݐ

ଶగ
ఠ ା௧బ

௧బ

ተተ

௦ୀ଴

௦ୀ஼

 

        ൅2 න න
෩௫௦ܯ߲

ݏ߲ ߜ ෩ܹ °
஼

଴
dݏdݐ

ଶగ
ఠ ା௧బ

௧బ

ቮ

௫ୀ଴

௫ୀ௅

െ 2 න න න
߲ଶܯ෩௫௦

ݏ߲ݔ߲ ߜ ෩ܹ °
௅

଴

஼

଴
 dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ

 

Considering a closed cylinder so that all the values are identical at s = 0 and C, ߜAP becomes 

 

APߜ ൌ න න ቆ ෩ܰ௫ߜ ෩ܷ° ൅ ෩ܰ௫௦ߜ ෨ܸ ° െ ߜ෩௫ܯ
߲ ෩ܹ °
ݔ߲ ቇ

஼

଴

dݏdݐ
ଶగ
ఠ ା௧బ

௧బ

ቮ

௫ୀ଴

௫ୀ௅

 

     ൅ න න ቆ
෩௫ܯ߲

ݔ߲ ൅ 2
෩௫௦ܯ߲

ݏ߲ ቇ
஼

଴
ߜ ෩ܹ °dݏdݐ

ଶగ
ఠ ା௧బ

௧బ

ቮ

௫ୀ଴

௫ୀ௅

 

     െ න න න ൭ቆ
߲ ෩ܰ௫

ݔ߲ ൅
߲ ෩ܰ௫௦

ݏ߲ ቇ ߜ ෩ܷ° ൅ ቆ
߲ ෩ܰ௦

ݏ߲ ൅
߲ ෩ܰ௫௦

ݔ߲ ቇ ߜ ෨ܸ° െ ෩ܰ௦ߜ
෩ܹ °
ܴ

௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

൅ ቆ
߲ଶܯ෩௫

ଶݔ߲ ൅
߲ଶܯ෩௦

ଶݏ߲ ൅ 2
߲ଶܯ෩௫௦

ݏ߲ݔ߲ ቇ ߜ ෩ܹ °൱ dݔdݏdݐ  

Eq. 2- 72

Substituting Eq. 2- 67 and Eq. 2- 72 into Eq. 2- 63, the boundary conditions at x = 0 and x = L 

are obtained as 

either ෩ܰ௫ ൌ 0   or   ߜ ෩ܷ° ൌ 0 

either ෩ܰ௫௦ ൌ 0   or   ߜ ෨ܸ° ൌ 0 
Eq. 2- 73

either డெ෩ೣ
డ௫

൅ 2 డெ෩ೣೞ
డ௦

ൌ 0   or   ߜ ෩ܹ ° ൌ 0 

either ܯ෩௫ ൌ 0   or   ߜ డௐ෩ °
డ௫

ൌ 0 

and the governing equations are 

 
න න න ൭ቆ

߲ ෩ܰ௫

ݔ߲ ൅
߲ ෩ܰ௫௦

ݏ߲ ቇ െ ܪߩ ෩ܷሷ °൱
௅

଴

஼

଴
ߜ ෩ܷ° dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ

ൌ 0 
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න න න ൭ቆ

߲ ෩ܰ௦

ݏ߲ ൅
߲ ෩ܰ௫௦

ݔ߲ ቇ െ ܪߩ ෨ܸሷ °൱
௅

଴

஼

଴
ߜ ෨ܸ °dݔdݏdݐ

ଶగ
ఠ ା௧బ

௧బ

ൌ 0 Eq. 2- 74

 
න න න ൭ቆ

߲ଶܯ෩௫

ଶݔ߲ ൅
߲ଶܯ෩௦

ଶݏ߲ ൅ 2
߲ଶܯ෩௫௦

ݏ߲ݔ߲ െ ܪߩ ෩ܹሷ °ቇ ߜ ෩ܹ °
௅

଴

஼

଴

ଶగ
ఠ ା௧బ

௧బ

െ ෩ܰ௦ߜ
෩ܹ °
ܴ

൱ dݔdݏdݐ ൌ 0 

 

For the natural frequency problem, a separable, harmonic function of time is employed. That is, 

the time-dependent deformations are as assumed to be the form 
  ෩ܷሺݔ, ,ݏ ,ݖ   ሻ =  u( x, s, z ) cos(ωk t + η)ݐ

  ෨ܸ ሺݔ, ,ݏ ,ݖ ሻ =  v( x, s, z ) cos(ωk t + η) Eq. 2- 75ݐ

  ෩ܹ ሺݔ, ,ݏ ,ݖ  ሻ =  w( x, s, z ) cos(ωk t + η)ݐ

where ߱௞ is referred to as the natural frequency of the k-th vibration mode, and ߟ is a phase 

angle. Therefore, the time-dependent deformations on the reference surface are 
  ෩ܷ°ሺݔ, ,ݏ   ሻ =  u°( x, s) cos(ωk t + η)ݐ

  ෨ܸ °ሺݔ, ,ݏ ሻ =  v°( x, s) cos(ωk t + η) Eq. 2- 76ݐ

  ෩ܹ °ሺݔ, ,ݏ  ሻ =  w°( x, s) cos(ωk t + η)ݐ

The force and moment resultants are then of the form 
  ෩ܰ௫ሺݔ, ,ݏ   ሻ = ௫ܰ( x, s) cos(ωk t + η)ݐ

  ෩ܰ௦ሺݔ, ,ݏ  ሻ = ௦ܰ( x, s) cos(ωk t + η)ݐ

  ෩ܰ௫௦ሺݔ, ,ݏ  ሻ = ௫ܰ௦( x, s) cos(ωk t + η)ݐ
Eq. 2- 77

,ݔ෩௫ሺܯ   ,ݏ   ௫( x, s) cos(ωk t + η)ܯ = ሻݐ

,ݔ෩௦ሺܯ   ,ݏ  ௦( x, s) cos(ωk t + η)ܯ = ሻݐ

,ݔ෩௫௦ሺܯ   ,ݏ  ௫௦( x, s) cos(ωk t + η)ܯ = ሻݐ

Then the governing equations now become 
 

න න ൭൬
߲ ௫ܰ

ݔ߲ ൅
߲ ௫ܰ௦

ݏ߲ ൰ ൅ ߱ °ݑܪߩ ௞
ଶ൱

௅

଴

஼

଴
ݏdݔd°ݑߜ ൌ 0 

 
න න ൭൬

߲ ௦ܰ

ݏ߲ ൅
߲ ௫ܰ௦

ݔ߲ ൰ ൅ ௞߱°ݒܪߩ
ଶ൱

௅

଴

஼

଴
ݏdݔd°ݒߜ ൌ 0 Eq. 2- 78
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න න ൭ቆ

߲ଶܯ௫

ଶݔ߲ ൅
߲ଶܯ௦

ଶݏ߲ ൅ 2
߲ଶܯ௫௦

ݏ߲ݔ߲ ൅ ௞߱°ݓܪߩ
ଶቇ °ݓߜ െ ௦ܰߜ

°ݓ
ܴ ൱

௅

଴

஼

଴
dݔdݏ ൌ 0 

For a symmetric, balanced lamination sequence, the governing equations become 
 

න න ቆAଵଵ
∂ଶݑ°
ଶݔ∂ ൅ A଺଺

∂ଶݑ°
ଶݏ∂ ൅ ሺAଵଶ ൅ A଺଺ሻ

∂ଶݒ°
ݔ∂ ݏ∂ ൅ Aଵଶ

∂
ݔ∂

°ݓ
ܴ

௅

଴

஼

଴

൅ ߱ °ݑܪߩ ௞
ଶ൰ ݏdݔd°ݑߜ  ൌ 0 

 
න න ൭ሺAଵଶ ൅ A଺଺ሻ

∂ଶݑ°
ݔ∂ ݏ∂ ൅ A଺଺

∂ଶݒ°
ଶݔ∂ ൅ Aଶଶ

∂ଶݒ°
ଶݏ∂ ൅ Aଶଶ

∂
ݏ∂

°ݓ
ܴ

௅

଴

஼

଴

൅ ௞߱°ݒܪߩ
ଶቇ ݏdݔd°ݒߜ  ൌ 0 

Eq. 2- 79

 
න න ൭ߜ

°ݓ
ܴ ൬Aଵଶ

°ݑ∂
ݔ∂ ൅ Aଶଶ

°ݒ∂
ݏ∂ ൅ Aଶଶ

°ݓ
ܴ ൰

௅

଴

஼

଴

൅ °ݓߜ ቆDଵଵ
߲ସݓ°
ସݔ߲ ൅ Dଶଶ

߲ସݓ°
ସݏ߲ ൅ 4Dଵ଺

߲ସݓ°
ଷݔ߲ ݏ∂ ൅ 4Dଶ଺

߲ସݓ°
ଷݏ߲ݔ∂

൅ ሺ2Dଵଶ ൅ 4D଺଺ሻ
߲ସݓ°

ଶݏଶ߲ݔ߲ െ ௞߱°ݓܪߩ
ଶ൰൱ dݔdݏ ൌ 0 

Similarly, in terms of time-independent deformations, AK becomes 

 AK  ൌ
ߨ

2߱ ௞߱ܪߩ
ଶ න න ሺݑ°ଶ ൅ ଶ°ݒ ൅ ଶሻ°ݓ

௅

଴

஼

଴
dݔdݏ  Eq. 2- 80

and AP becomes 

AP ൌ
ߨ

2߱ න න ሺ ௫ܰߝ௫° ൅ ௦ܰߝ௦° ൅ ௫ܰ௦ߛ௫௦°
௅

଴

஼

଴
൅ °௫ߢ௫ܯ ൅ °௦ߢ௦ܯ ൅  ݏdݔ௫௦°ሻ dߢ௫௦ܯ

      ൌ
ߨ

2߱ න න ሺAଵଵߝ௫°ଶ ൅ 2Aଵଶߝ௫°ߝ௦°൅Aଶଶߝ௦°ଶ ൅ 2Aଵ଺ߝ௫°ߛ௫௦°
௅

଴

஼

଴
൅ 2Aଶ଺ߛ௫௦°ߝ௦° 

               ൅ A଺଺ߛ௫௦°ଶ ൅ 2Bଵଵ °௫ߢ°௫ߝ ൅ 2Bଵଶ °௫ߢ°௦ߝ ൅ 2Bଵଶ °௦ߢ°௫ߝ ൅ 2Bଶଶ ߝ௦°ߢ௦° 

൅2Bଵ଺ ߝ௫°ߢ௫௦° ൅ 2Bଵ଺ °௫ߢ°௫௦ߛ ൅ 2Bଶ଺ °௫௦ߢ°௦ߝ ൅ 2Bଶ଺  °௦ߢ°௫௦ߛ

            ൅2B଺଺ ߛ௫௦°ߢ௫௦° ൅ Dଵଵߢ௫°ଶ ൅ 2Dଵଶ °௦ߢ°௫ߢ ൅ 2Dଵ଺ߢ௫°ߢ௫௦° ൅ Dଶଶߢ௦°ଶ 

                          ൅2Dଶ଺ ߢ௦°ߢ௫௦° ൅ D଺଺ߢ௫௦°ଶሻ dݔdݏ Eq. 2- 81
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For a symmetric, balanced lamination sequence, AP becomes 

AP  ൌ
ߨ

2߱ න න ሺAଵଵߝ௫°ଶ ൅ 2Aଵଶߝ௫°ߝ௦°൅Aଶଶߝ௦°ଶ ൅
௅

଴

஼

଴
A଺଺ߛ௫௦°ଶ ൅ Dଵଵߢ௫°ଶ൅ Dଶଶߢ௦°ଶ 

൅2Dଵଶ ߢ௫°ߢ௦° ൅ 2Dଵ଺ߢ௫°ߢ௫௦° ൅ 2Dଶ଺ °௫௦ߢ°௦ߢ ൅ D଺଺ߢ௫௦°ଶሻ dݔdݏ Eq. 2- 82

Substituting Eq. 2- 80 and Eq. 2- 82 into Eq. 2- 63, Hamilton’s principle is rewritten as 

ܣߜ  ൌ
ߨ
߱ Kߜ െ

ߨ
߱ Πߜ ൌ

ߨ
߱

ሺߜK െ Πሻߜ ൌ 0 Eq. 2- 83

where K is the kinetic energy and 

 K ൌ
1
2 ௞߱ܪߩ

ଶ න න ሺݑ°ଶ ൅ ଶ°ݒ ൅ ଶሻ°ݓ
௅

଴

஼

଴
dݔdݏ  Eq. 2- 84

and Π is the potential energy and 

Π ൌ
1
2 න න ሺAଵଵߝ௫°ଶ ൅ 2Aଵଶߝ௫°ߝ௦°൅Aଶଶߝ௦°ଶ ൅

௅

଴

஼

଴
A଺଺ߛ௫௦°ଶ ൅ Dଵଵߢ௫°ଶ൅ Dଶଶߢ௦°ଶ 

൅2Dଵଶ ߢ௫°ߢ௦° ൅ 2Dଵ଺ߢ௫°ߢ௫௦° ൅ 2Dଶ଺ °௫௦ߢ°௦ߢ ൅ D଺଺ߢ௫௦°ଶሻ dݔdݏ Eq. 2- 85

For simply-supported cylinders, the boundary conditions are chosen from Eq. 2- 73 as 

 ௫ܰሺ0, ሻݏ ൌ 0  

 ௫ܰሺܮ, ሻݏ ൌ 0  

,ሺ0°ݒ  sሻ ൌ 0 

,ܮሺ°ݒ  sሻ ൌ 0 
Eq. 2- 86

,ሺ0°ݓ  sሻ ൌ 0 

,ܮሺ°ݓ  sሻ ൌ 0 

,௫ሺ0ܯ  ሻݏ ൌ 0 

,ܮ௫ሺܯ  ሻݏ ൌ 0 

and for clamped support cylinder, the boundary conditions are chosen as 

,ሺ0°ݑ  ሻݏ ൌ 0  

,ܮሺ°ݑ  ሻݏ ൌ 0  

,ሺ0°ݒ  sሻ ൌ 0 

,ܮሺ°ݒ  sሻ ൌ 0 
Eq. 2- 87

,ሺ0°ݓ  sሻ ൌ 0 

,ܮሺ°ݓ  sሻ ൌ 0 
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°ݓ߲ 
ݔ߲ ሺ0, ሻݏ ൌ 0 

°ݓ߲ 
ݔ߲ ሺܮ, ሻݏ ൌ 0 

2.6 The Rayleigh-Ritz Technique 

The separation of time and space variables was assumed in the formulation of Hamilton’s 

principle in the previous section. In this section, to continue with the development of the analysis 

by introducing the Rayleigh-Ritz technique, it is assumed that the functional dependence of the 

displacement variables on the spatial coordinates can be further separated and the three 

components of reference surface displacements are taken to be in the forms of double infinite 

series as 

°ݑ  ൌ ෍ ෍ U௠௡ܺ௠
௨ ሺݔሻߔ௡

௨ሺݏሻ
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 

°ݒ  ൌ ෍ ෍ V௠௡ܺ௠
௩ ሺݔሻߔ௡

௩ሺݏሻ
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 2- 88

°ݓ  ൌ ෍ ෍ W௠௡ܺ௠
௪ሺݔሻߔ௡

௪ሺݏሻ
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 

where ܺ௠
௨ ሺݔሻ, ܺ௠

௩ ሺݔሻ, and ܺ௠
௪ሺݔሻ are functions of x for displacements in x-, s-, and z-direction, 

respectively, and ߔ௡
௨ሺݏሻ, ߔ௡

௩ሺݏሻ, and ߔ௡
௪ሺݏሻ are functions of s. The coefficients U௠௡, V௠௡ and 

W௠௡  are undetermined. The functions ܺ௠
௨ ሺݔሻ , ܺ௠

௩ ሺݔሻ , ܺ௠
௪ሺݔሻ, ߔ௡

௨ሺݏሻ, ߔ௡
௩ሺݏሻ , and ߔ௡

௪ሺݏሻ  are 

selected to each satisfy the simple support or fixed boundary condition of the cylinder. The 

integers m and n are associated with the wave numbers in the axial and circumferential 

directions, respectively. Therefore, the subscript k in governing equations should be replaced by 

the subscript mn. The Rayleigh-Ritz technique consists of substitutive the displacement form of 

Eq. 2- 88 into the various components of Eq. 2- 83. The variational process then reduces to the 

variation of the undetermined coefficients, i.e., ߜU௠௡, ߜV௠௡ W௠௡ߜ , , ultimately leading to an 

eigenvalue problem for the cylinder natural frequency ω௠௡. Application of the Rayleigh-Ritz 

technique to circular and noncircular cylinders is presented in the next chapter, the results being 

expressions for the natural frequencies of the cylinders.  
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Chapter 3 Development of Equations for Natural Frequencies 

Using Hamilton’s principle and the Rayleigh-Ritz technique, as presented in Section 2.5 and 

Section 2.6, the equations for natural frequencies of circular and noncircular composite cylinders 

are derived in this chapter. In Section 3.1 the equations for simply-supported and clamped support 

circular cylindrical shells are developed. In Section 3.2 the concept of shape factor for use with 

noncircular cylinders is introduced. In Section 3.3 the equations for the natural frequency of 

noncircular cylindrical shells are developed by employing the shape factor concept. 

3.1 Natural Frequency Equation for Circular Cylinders 

There are two subsections to follow: simply-supported cylinders are addressed in the first 

section, while clamped support cylinders are addressed in the second. In each subsection an 

equation for natural frequency with consideration of axial, circumferential, and radial inertia is 

developed. Then, a simplified equation obtained by only considering radial inertia is presented. 

Finally, other simplifications are made to develop yet other equations for the natural frequency. 

 

3.1.1 Simply-Supported Cylinders 

 

Referring to Eq. 2- 88, the assumed forms of the spatial dependence of the displacements for 

the application of the Rayleigh-Ritz technique for simply-supported cylinders are taken to be: 

°ݑ  ൌ ෍ ෍ U௠௡cos ቀ
ݔߨ݉

ܮ ቁ cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 

°ݒ  ൌ ෍ ෍ V௠௡sin ቀ
ݔߨ݉

ܮ ቁ sin ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 1

°ݓ  ൌ ෍ ෍ W௠௡sin ቀ
ݔߨ݉

ܮ ቁ cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 

Considering m = 0 case, the assumed displacements become 
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°ݑ  ൌ ෍ U଴௡cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

 

°ݒ  ൌ 0 Eq. 3- 2

°ݓ  ൌ 0 

for which there is only axial motion in a shearing-type motion. Considering m > 0 case, the 

assumed displacements become 

°ݑ  ൌ ෍ ෍ U௠௡cos ቀ
ݔߨ݉

ܮ ቁ cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°ݒ  ൌ ෍ ෍ V௠௡sin ቀ
ݔߨ݉

ܮ ቁ sin ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 Eq. 3- 3

°ݓ  ൌ ෍ ෍ W௠௡sin ቀ
ݔߨ݉

ܮ ቁ cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

Substituting Eq. 3- 2 into Eq. 2- 38, for m = 0, the spatial dependence of the reference strains and 

reference curvatures become 

°௫ߝ  ൌ 0 

°௦ߝ  ൌ 0 

°௫௦ߛ  ൌ െ ෍ U଴௡
ߨ2݊

ܥ sin ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

 
Eq. 3- 4

°௫ߢ  ൌ 0 

°௦ߢ  ൌ 0 

°௫௦ߢ  ൌ 0 

The corresponding potential energy becomes  

 Π ൌ
ܥܮ
8 A଺଺ ൬U଴௡

ߨ2݊
ܥ ൰

ଶ

 Eq. 3- 5

and the corresponding kinetic energy is 
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 K ൌ
ܥܮ
8 ଴௡߱ܪߩ

ଶ൫U଴௡
ଶ൯ Eq. 3- 6

Substituting Eq. 3- 5 and Eq. 3- 6 into Eq. 2- 83, the equation for the natural frequency at m = 0 

is obtained as 

߱ ܪߩ ଴௡
ଶ ൌ ൬

ߨ2݊
ܥ ൰

ଶ

A଺଺ Eq. 3- 7

Though not shown explicitly, the m = 0 case results in frequencies much higher than the 

fundamental frequency, which is the interest here. 

 

For m > 0, substituting Eq. 3- 3 into Eq. 2- 38, the spatial dependence of the reference 

strains and reference curvatures become 

°௫ߝ  ൌ െ ෍ ෍ U௠௡
ߨ݉

ܮ sin ቀ
ݔߨ݉

ܮ ቁ cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°௦ߝ  ൌ ෍ ෍ ൬V௠௡
ߨ2݊

ܥ ൅
W௠௡

ܴ ൰ sin ቀ
ݔߨ݉

ܮ ቁ cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°௫௦ߛ  ൌ ෍ ෍ ൬V௠௡
ߨ݉

ܮ െ U௠௡
ߨ2݊

ܥ ൰ cos ቀ
ݔߨ݉

ܮ ቁ sin ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

Eq. 3- 8

°௫ߢ  ൌ ෍ ෍ W௠௡ ቀ
ߨ݉

ܮ ቁ
ଶ

sin ቀ
ݔߨ݉

ܮ ቁ cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°௦ߢ  ൌ ෍ ෍ W௠௡ ൬
ߨ2݊

ܥ ൰
ଶ

sin ቀ
ݔߨ݉

ܮ ቁ cos ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°௫௦ߢ  ൌ 2 ෍ ෍ W௠௡ ቀ
ߨ݉

ܮ ቁ ൬
ߨ2݊

ܥ ൰ cos ቀ
ݔߨ݉

ܮ ቁ sin ൬
ݏߨ2݊

ܥ ൰
ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

Substituting Eq. 3- 8 into Eq. 2- 85, the potential energy becomes 

 Π ൌ
ܥܮ
8 ൬Aଵଵ ቀU௠௡

ߨ݉
ܮ ቁ

ଶ
െ 2Aଵଶ ቀU௠௡

ߨ݉
ܮ ቁ ൬V௠௡

ߨ2݊
ܥ ൅

W௠௡

ܴ ൰ 

                ൅Aଶଶ ൬V௠௡
ߨ2݊

ܥ ൅
W௠௡

ܴ ൰
ଶ

൅  A଺଺ ൬V௠௡
ߨ݉

ܮ െ U௠௡
ߨ2݊

ܥ ൰
ଶ

 

                 ൅DଵଵW௠௡
ଶ ቀ

ߨ݉
ܮ ቁ

ସ
൅ 2Dଵଶ W௠௡

ଶ ቀ
ߨ݉

ܮ ቁ
ଶ

൬
ߨ2݊

ܥ ൰
ଶ

 

                ൅ DଶଶW௠௡
ଶ ൬

ߨ2݊
ܥ ൰

ସ

൅ 4D଺଺W௠௡
ଶ ቀ

ߨ݉
ܮ ቁ

ଶ
൬

ߨ2݊
ܥ ൰

ଶ

ቇ 

Eq. 3- 9
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Substituting Eq. 3- 1 into Eq. 2- 84, the kinetic energy becomes 

 K ൌ
ܥܮ
8 ௠௡߱ܪߩ

ଶ൫U௠௡
ଶ ൅ V௠௡

ଶ ൅ W௠௡
ଶ൯ Eq. 3- 10

Unlike the m = 0 case, which has only one undecided coefficient, U଴௡ , so that the natural 

frequency can be solved directly by eliminating U଴௡ in both the potential and kinetic energies, as 

in Eq. 3- 7, the  m > 0 case has three coefficients. Since Hamilton’s principle stipulates that 

ሺΚߜ െ Πሻ ൌ 0 , and U௠௡ , V௠௡  and W௠௡  are common undetermined coefficients in both the 

potential energy and the kinetic energy expressions, the simultaneous equations resulting from 

application of Hamilton’s principle are expressed as 

 
߲ሺΠ െ Κሻ

߲U௠௡
ൌ 0 

 
߲ሺΠ െ Κሻ

߲V௠௡
ൌ 0 Eq. 3- 11

 
߲ሺΠ െ Κሻ

߲W௠௡
ൌ 0 

These three equations can be rewritten in matrix form as 

 ቎
Tଵଵ െ ௠௡߱ܪߩ

ଶ Tଵଶ Tଵଷ
Tଵଶ Tଶଶ െ ௠௡߱ܪߩ

ଶ Tଶଷ
Tଵଷ Tଶଷ Tଷଷ െ ௠௡߱ܪߩ

ଶ
቏ ൝

U௠௡
V௠௡
W௠௡

ൡ ൌ ൝
0
0
0

ൡ Eq. 3- 12

where 

 Tଵଵ ൌ Aଵଵ ቀ
ߨ݉

ܮ ቁ
ଶ

൅ A଺଺ ൬
ߨ2݊

ܥ ൰
ଶ

 

 Tଵଶ ൌ െሺAଵଶ ൅ A଺଺ሻ ቀ
ߨ݉

ܮ ቁ ൬
ߨ2݊

ܥ ൰ 

 Tଵଷ ൌ െAଵଶ
1
ܴ ቀ

ߨ݉
ܮ ቁ Eq. 3- 13

 Tଶଶ ൌ A଺଺ ቀ
ߨ݉

ܮ ቁ
ଶ

൅ Aଶଶ ൬
ߨ2݊

ܥ ൰
ଶ

 

 Tଶଷ ൌ Aଶଶ
1
ܴ ൬

ߨ2݊
ܥ ൰ 

and 
 Tଷଷ ൌ Tଷଷ

A ൅ Tଷଷ
D  Eq. 3- 14

where 
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 Tଷଷ
A ൌ Aଶଶ ൬

1
ܴ൰

ଶ

 Eq. 3- 15

 Tଷଷ
D ൌ Dଵଵ ቀ

ߨ݉
ܮ ቁ

ସ
൅ ሺ2Dଵଶ ൅ 4D଺଺ሻ ቀ

ߨ݉
ܮ ቁ

ଶ
൬

ߨ2݊
ܥ ൰

ଶ

൅ Dଶଶ ൬
ߨ2݊

ܥ ൰
ସ

 Eq. 3- 16

 

Since U௠௡ , V௠௡ , and W௠௡  are independent, the determinant of the three-by-three matrix of 

coefficients in Eq. 3- 12 must equal zero for there to be a nontrivial solution to the problem. 

Accordingly, the equation for the natural frequency resulting from equating the determinant to 

zero is expressed as a sixth degree polynomial in ߱௠௡ as 

 ൫߱ܪߩ௠௡
ଶ൯ଷ െ ସܲ

௦൫߱ܪߩ௠௡
ଶ൯ଶ ൅ ଶܲ

௦൫߱ܪߩ௠௡
ଶ൯ െ ଴ܲ

௦ ൌ 0 Eq. 3- 17

where 
 ସܲ

௦ ൌ ሺTଵଵ ൅ Tଶଶ ൅ Tଷଷሻ 

 ଶܲ
௦ ൌ ൫TଵଵTଶଶ ൅ TଶଶTଷଷ ൅ TଷଷTଵଵ െ Tଵଶ

ଶ െ Tଶଷ
ଶ െ Tଵଷ

ଶ൯ Eq. 3- 18

 ଴ܲ
௦ ൌ ൫TଵଵTଶଶTଷଷ ൅ 2TଵଶTଶଷTଵଷ െ TଷଷTଵଶ

ଶ െ TଵଵTଶଷ
ଶ െ TଶଶTଵଷ

ଶ൯ 

The lowest root, from which the fundamental frequency is derived, is given as   

 
௠௡߱ܪߩ

ଶ ൌ ସܲ
௦

3 െ
1
3

ඩRT ൅ ටRTଶ െ 4൫ ସܲ
௦ଶ െ 3 ଶܲ

௦൯
ଷ

2

య

 

Eq. 3- 19

 
െ

1
3

ඩRT െ ටRTଶ െ 4൫ ସܲ
௦ଶ െ 3 ଶܲ

௦൯
ଷ

2

య

 

where 
 RT ൌ െ2 ସܲ

௦ଷ ൅ 9 ସܲ
௦

ଶܲ
௦ െ 27 ଴ܲ

௦ Eq. 3- 20

 

The above equation is a bit complicated. It is hypothesized that the vibration mode 

corresponding to the fundamental frequency is dominated by the normal displacement. 

Therefore, a simplified equation for natural frequency is derived by ignoring the inertia terms in 

axial and circumferential directions in Eq. 3- 12. That simplified equation has the form 

 ቎
Tଵଵ Tଵଶ Tଵଷ
Tଵଶ Tଶଶ Tଶଷ
Tଵଷ Tଶଷ Tଷଷ െ ௠௡߱ܪߩ

ଶ
቏ ൝

U௠௡
V௠௡
W௠௡

ൡ ൌ ൝
0
0
0

ൡ Eq. 3- 21

The simplified natural frequency equation is given by the less complex form 
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௠௡߱ܪߩ 
ଶ ൌ Tଷଷ

D ൅
A଺଺

ܴଶ ቀ
ߨ݉

ܮ ቁ
ସ AଵଵAଶଶ െ Aଵଶ

ଶ

TଵଵTଶଶ െ Tଵଶ
ଶ  Eq. 3- 22

Equation 3- 22 matches Dong’s natural frequency equation for circular cylinder with simple 

supports [32].  

 

3.1.2 Clamped Support Cylinders 

 

To use the Rayleigh-Ritz approach for the cylinders with clamped supports, the functional 

dependence of the assumed displacements on the axial coordinate needs to be carefully 

considered. The vibration mode in the axial direction is assumed to contain only a wave number-

to-cylinder length ratio in each vibration mode. According to this assumption, a common form 

for ܺ௠
௩ ሺݔሻ and ܺ௠

௪ሺݔሻ is written as 

 ܺ௠
଴ ሺݔሻ ൌ ߯ଵ sin ൬

ݔ௠ߣ
ܮ ൰ ൅ ߯ଶ cos ൬

ݔ௠ߣ
ܮ ൰ ൅ ߯ଷ sinh ൬

ݔ௠ߣ
ܮ ൰ ൅ ߯ସcosh ሺ

ݔ௠ߣ
ܮ ሻ Eq. 3- 23

This equation was adopted from the solution for the displacement of a vibrating clamped Euler-

Bernoulli beam. Because the displacement and rotation of the cylinder are zero at ݔ ൌ 0, the 

function must be modified as 

 ܺ௠
଴ ሺݔሻ ൌ ߯ଵ sin ൬

ݔ௠ߣ
ܮ ൰ ൅ ߯ଶ cos ൬

ݔ௠ߣ
ܮ ൰ െ ߯ଵ sinh ൬

ݔ௠ߣ
ܮ ൰ െ ߯ଶcosh ሺ

ݔ௠ߣ
ܮ ሻ Eq. 3- 24

For these two boundary conditions to also be satisfied at ݔ ൌ  the function must satisfy ܮ

 ൤ sinሺߣ௠ሻ െ sinhሺߣ௠ሻ cosሺߣ௠ሻ െ coshሺߣ௠ሻ
cosሺߣ௠ሻ െ coshሺߣ௠ሻ െ sinሺߣ௠ሻ െ sinhሺߣ௠ሻ൨ ቄ

χଵ
χଶ

ቅ ൌ ቄ0
0ቅ Eq. 3- 25

To obtain a nontrivial solution of χଵ and χଶ, the determinant of the matrix in Eq. 3- 25 should be 

zero, that is, ߣ௠ must satisfy 

 cosߣ௠ coshߣ௠ ൌ 1 Eq. 3- 26

resulting in ߣ଴ ൌ 0 ଵߣ , ൌ 4.73  with χଵ  and χଶ  the corresponding eigenvector components. 

Therefore, the form of the displacement components for clamped support cylinders are taken to 

be 

°ݑ  ൌ ෍ ෍ U௠௡ܺ௠
ଵ ሺݔሻcos ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀ଴
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°ݒ  ൌ ෍ ෍ V௠௡ܺ௠
଴ ሺݔሻsin ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 27

°ݓ  ൌ ෍ ෍ W௠௡ܺ௠
଴ ሺݔሻcos ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀ଴

 

where 

 ܺ௠
ଵ ሺݔሻ ൌ

݀ܺ௠
଴ ሺݔሻ
ݔ݀  Eq. 3- 28

Considering the m = 0 case, the displacement components become trivial. Therefore, it is 

only necessary to consider the m > 0 case. Substituting Eq. 3- 27 into Eq. 2- 38, the spatial 

dependences of the reference strains and reference curvatures become 

°௫ߝ  ൌ ෍ ෍ U௠௡ܺ௠
ଶ ሺݔሻcos ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°௦ߝ  ൌ ෍ ෍ ൬V௠௡
ߨ2݊

ܥ ൅
W௠௡

ܴ ൰ ܺ௠
଴ ሺݔሻcos ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°௫௦ߛ  ൌ ෍ ෍ ൬V௠௡ െ U௠௡
ߨ2݊

ܥ ൰ ܺ௠
ଵ ሺݔሻsin ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

Eq. 3- 29

°௫ߢ  ൌ െ ෍ ෍ W௠௡ܺ௠
ଶ ሺݔሻcos ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°௦ߢ  ൌ ෍ ෍ W௠௡ ൬
ߨ2݊

ܥ ൰
ଶ

ܺ௠
଴ ሺݔሻcos ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

°௫௦ߢ  ൌ 2 ෍ ෍ W௠௡ ൬
ߨ2݊

ܥ ൰ ܺ௠
ଵ ሺݔሻsin ൬

ݏߨ2݊
ܥ ൰

ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

where 

 ܺ௠
ଶ ሺݔሻ ൌ

݀ܺ௠
ଵ ሺݔሻ
ݔ݀  Eq. 3- 30

The potential energy becomes 
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 Π ൌ
ܥ
4 ൬AଵଵU௠௡

ଶIଵ௠ ൅ 2AଵଶU௠௡ ൬V௠௡
ߨ2݊

ܥ ൅
W௠௡

ܴ ൰ Iଶ௠ 

              ൅Aଶଶ ൬V௠௡
ߨ2݊

ܥ ൅
W௠௡

ܴ ൰
ଶ

Iଷ௠ ൅  A଺଺ ൬V௠௡ െ U௠௡
ߨ2݊

ܥ ൰
ଶ

Iସ௠ 

              ൅DଵଵW௠௡
ଶIଵ௠ െ 2Dଵଶ W௠௡

ଶ ൬
ߨ2݊

ܥ ൰
ଶ

Iଶ௠ 

              ൅ DଶଶW௠௡
ଶ ൬

ߨ2݊
ܥ ൰

ସ

Iଷ௠ ൅ 4D଺଺W௠௡
ଶ ൬

ߨ2݊
ܥ ൰

ଶ

Iସ௠ቇ 

Eq. 3- 31

and the kinetic energy is 

K ൌ
ܥ
4 ௠௡߱ܪߩ

ଶ൫U௠௡
ଶ Iସ௠ ൅ V௠௡

ଶ Iଷ௠ ൅ W௠௡
ଶ Iଷ௠൯ Eq. 3- 32

where  

 Iଵ௠ ൌ න ሺܺ௠
ଶ ሺݔሻሻଶ

௅

଴
dݔ 

 Iଶ௠ ൌ න ሺܺ௠
଴ ሺݔሻܺ௠

ଶ ሺݔሻሻ
௅

଴
dݔ 

Eq. 3- 33

 Iଷ௠ ൌ න ሺܺ௠
଴ ሺݔሻሻଶ

௅

଴
dݔ 

 Iସ௠ ൌ න ሺܺ௠
ଵ ሺݔሻሻଶ

௅

଴
dݔ 

Substituting the potential energy and the kinetic energy into Eq. 3- 11, the matrix form of the 

natural frequency equation becomes 

 ቎
TଵଵԢ െ Iସ௠߱ܪߩ௠௡

ଶ TଵଶԢ TଵଷԢ
TଵଶԢ TଶଶԢ െ Iଷ௠߱ܪߩ௠௡

ଶ TଶଷԢ
TଵଷԢ TଶଷԢ TଷଷԢ െ Iଷ௠߱ܪߩ௠௡

ଶ
቏ ൝

U௠௡
V௠௡
W௠௡

ൡ ൌ ൝
0
0
0

ൡ Eq. 3- 34

where 

 TଵଵԢ ൌ AଵଵIଵ௠ ൅ A଺଺Iସ௠ ൬
ߨ2݊

ܥ ൰
ଶ

 

 TଵଶԢ ൌ ሺAଵଶIଶ௠ െ A଺଺Iସ௠ሻ ൬
ߨ2݊

ܥ ൰ 

 TଵଷԢ ൌ
AଵଶIଶ௠

ܴ  Eq. 3- 35
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 Tଶଶ
ᇱ ൌ A଺଺Iସ௠ ൅ AଶଶIଷ௠ ൬

ߨ2݊
ܥ ൰

ଶ

 

 TଶଷԢ ൌ
AଶଶIଷ௠

ܴ ൬
ߨ2݊

ܥ ൰ 

and  

 TଷଷԢ ൌ Tଷଷ
A Ԣ ൅ Tଷଷ

D Ԣ, Eq. 3- 36

where 

 Tଷଷ
A Ԣ ൌ AଶଶIଷ௠ ൬

1
ܴ൰

ଶ

 Eq. 3- 37

 Tଷଷ
D ᇱ ൌ DଵଵIଵ௠ െ ሺ2DଵଶIଶ௠ െ 4D଺଺Iସ௠ሻ ൬

ߨ2݊
ܥ ൰

ଶ

൅ DଶଶIଷ௠ ൬
ߨ2݊

ܥ ൰
ସ

 Eq. 3- 38

As with the simple support case, the equation for natural frequency is expressed as a sixth degree 

polynomial in ߱௠௡ as 

 ൫߱ܪߩ௠௡
ଶ൯ଷ െ ସܲ

௙൫߱ܪߩ௠௡
ଶ൯ଶ ൅ ଶܲ

௙൫߱ܪߩ௠௡
ଶ൯ െ ଴ܲ

௙ ൌ 0 Eq. 3- 39

where 

 ସܲ
௙ ൌ ቆ

TଵଵԢ
Iସ௠

൅
TଶଶԢ
Iଷ௠

൅
TଷଷԢ
Iଷ௠

ቇ 

 ଶܲ
௙ ൌ ቆ

TଵଵԢTଶଶԢ
Iଷ௠Iସ௠

൅
TଶଶԢTଷଷԢ

Iଷ௠
ଶ ൅

TଷଷԢTଵଵԢ
Iଷ௠Iସ௠

െ
TଵଶԢଶ

Iଷ௠Iସ௠
െ

TଶଷԢଶ

Iଷ௠
ଶ െ

TଵଷԢଶ

Iଷ௠
ଶ ቇ Eq. 3- 40

 ଴ܲ
௙ ൌ

TଵଵԢTଶଶԢTଷଷԢ ൅ 2TଵଶԢTଶଷԢTଵଷԢ െ TଷଷԢTଵଶԢଶ െ TଵଵԢTଶଷԢଶ െ TଶଶԢTଵଷԢଶ

Iଷ௠
ଶ Iସ௠

 

Again, the lowest root, from which the fundamental frequency is derived, is given as  

 
௠௡߱ܪߩ

ଶ ൌ ସܲ
௙

3 െ
1
3

ඩRT ൅ ටRTଶ െ 4 ቀ ସܲ
௙ଶ

െ 3 ଶܲ
௙ቁ

ଷ

2

య

 

Eq. 3- 41

 
െ

1
3

ඩRT െ ටRTଶ െ 4 ቀ ସܲ
௙ଶ

െ 3 ଶܲ
௙ቁ

ଷ

2

య

 

where 
 RT ൌ െ2 ସܲ

௙ଷ
൅ 9 ସܲ

௙
ଶܲ
௙ െ 27 ଴ܲ

௙ Eq. 3- 42

As with the simply-supported case, a simplified equation based on ignoring inertia effects in 

axial and circumferential directions is derivable from the matrix form 
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 ቎
TଵଵԢ TଵଶԢ TଵଷԢ
TଵଶԢ TଶଶԢ TଶଷԢ
TଵଷԢ TଶଷԢ TଷଷԢ െ Iଷ௠߱ܪߩ௠௡

ଶ
቏ ൝

U௠௡
V௠௡
W௠௡

ൡ ൌ ൝
0
0
0

ൡ Eq. 3- 43

The corresponding equation is 

௠௡߱ܪߩ 
ଶIଷ௠ ൌ Tଷଷ

D Ԣ ൅
A଺଺Iସ௠

ܴ଴
ଶ

AଵଵIଵ௠AଶଶIଷ௠ െ ሺAଵଶIଶ௠ሻଶ

TଵଵԢ TଶଶԢ െ TଵଶԢଶ  Eq. 3- 44

The frequency equations for circular cylindrical shells with simple and clamped supports 

have been presented with and without considerations of inertia in axial and circumferential 

directions. Attention now turns to the noncircular cylinders. 

3.2 Shape Factor for Noncircular Cylinders 

The analysis of the vibration characteristics for noncircular cylinders is different than the 

analysis for circular cylinders. For the circular cylinders the Rayleigh-Ritz approach employed 

functions for ߔ௡
௩ሺݏሻ and ߔ௡

௪ሺݏሻ that were orthogonal, specifically, cosሺ2݊ܥ/ݏߨሻ and sinሺ2݊ݏߨ/
 ሻ and whichܥ/ݏߨሻ. However, there was no requirement for which function should be cosሺ2݊ܥ

one should be sinሺ2݊ܥ/ݏߨሻ . Similarly, ߔ௡
௨ሺݏሻ  can be chosen as either cosሺ2݊ܥ/ݏߨሻ  or 

sinሺ2݊ܥ/ݏߨሻ. However, identical functions for  ߔ௡
௨ሺݏሻ and ߔ௡

௪ሺݏሻ lead to lower fundamental 

frequencies than identical functions for  ߔ௡
௩ሺݏሻ and ߔ௡

௪ሺݏሻ, independent of whether a cosine or a 

sine function is considered. In other words, there are four forms for ߔ௡
௨ሺݏሻ, ߔ௡

௩ሺݏሻ, and ߔ௡
௪ሺݏሻ 

which satisfy the boundary conditions, as illustrated in Table 3- 1. In Table 3- 1 only the cells 

outlined with bold lines refer to the combination of functions which lead to the fundamental 

frequencies. Therefore, once ߔ௡
௪ሺݏሻ is decided,  ߔ௡

௨ሺݏሻ and ߔ௡
௩ሺݏሻ are determined. Consequently, 

it can be concluded that for a circular cylinder the proper use of a cosine function or a sine 

function for ߔ௡
௪ሺݏሻ will produce the same fundamental frequency. The difference is that the 

normal displacement of the vibration mode shape as a function of circumferential coordinate is 

shifted a specific amount in the circumferential direction when a sine function is used for ߔ௡
௪ሺݏሻ 

relative to when a cosine function is used. Since for a circular cylinder the geometry and material 

properties are axisymmetric, this is of no consequence and the fundamental frequency computed 

using a sine function for ߔ௡
௪ሺݏሻ is the same as when using a cosine function. 

 



54 
 

Table 3- 1 Natural frequency characteristics for different Rayleigh-Ritz forms 

 
௡ߔ

௩ሺݏሻ ൌ sin ൬
ݏߨ2݊

ܥ
൰ 

௡ߔ
௪ሺݏሻ ൌ cos ൬

ݏߨ2݊
ܥ

൰ 

௡ߔ
௩ሺݏሻ ൌ െcos ൬

ݏߨ2݊
ܥ

൰

௡ߔ
௪ሺsሻ ൌ sin ൬

ݏߨ2݊
ܥ

൰

௡ߔ
௨ሺݏሻ ൌ cos ൬

ݏߨ2݊
ܥ

൰ Fundamental frequency Higher natural frequency 

௡ߔ
௨ሺݏሻ ൌ sin ൬

ݏߨ2݊
ܥ

൰ Higher natural frequency Fundamental frequency 

 

 

On the other hand, because for noncircular cylinders the cylinder geometry is not 

axisymmetric, using a cosine function for ߔ௡
௪ሺݏሻ rather than a sine function actually represents a 

different vibration mode shape for the normal displacement. Table 3- 2 illustrates schematically 

the normal displacement vibration mode shapes for circular and noncircular cross sections with 

cosine and sine functions for ߔ௡
௪ሺݏሻ for ݊ ൌ 5. To be noted is the fact that for the circular 

cylinder the amplitudes of the peaks in normal displacement are independent of circumferential 

location. However, because of the variation of cylinder stiffness with circumferential location 

due to the variation of radius of curvature with circumferential location, for a noncircular 

cylinder the amplitudes of the peaks are not expected to be independent of circumferential 

location, being larger where the radius of curvature is larger.  

 

For the noncircular cylinder, vibrating so the maximum normal displacement amplitude 

coincides with the location of maximum radius of curvature is different than vibrating such that 

the maximum normal displacement amplitude coincides with a location where the radius of 

curvature is not the maximum. It is not clear from the onset which situation results in the 

fundamental frequency, i.e., the lowest frequency of the two analyses. Both cases must be 

examined, i.e., both the cosine-based predictions and the sine-based predictions must be 

considered for determining the fundamental frequency. It is clear from the onset, however, that 

the amplitude of the vibration mode will be greatest near the location of maximum radius of 

curvature. This is the basis for introducing the concept of a so-called shape factor for the 
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functions representing the normal displacement when adapting the Rayleigh-Ritz approach for 

circular cylinders to noncircular cylinders. Specifically, the shape factor is defined as R(s)/R0, 

and is employed to modulate variation of normal displacement w° with the circumferential 

location. Recall, R0 is the radius of a circular cylinder of the same circumference as the 

noncircular cylinder and it is introduced simply so the shape factor is nondimensional. The 

radius of the noncircular cylinder as a function of arc-length, R(s), can be computed using Eq. 1-

6 and Eq. 1- 7. For a circular cylinder R(s) is a constant, so the magnitude of the peaks in the 

normal displacement is not modulated. 

 

 

 

 
Table 3- 2 Normal displacement vibration mode shape for circular and noncircular cylinders 

௡ߔ
௪ሺݏሻ Circular cylindrical shells Noncircular cylindrical shells 
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The shape factor is independent of the length of the circumference and depends only on the 

aspect ratio b/a, or alternatively, the eccentricity e. Though Eq. 1- 6 and Eq. 1- 7 can be used to 

compute the shape factor, R(s)/R0, since the inverse of ݏሺߦሻ in Eq. 1- 7 is not easily developed, a 

Fourier cosine series expansion of the shape factor is used instead for the elliptical cross sections. 

In terms of Fourier cosine series, R(s)/R0 is expressed as 

 
ܴሺݏሻ

ܴ଴
ൌ ଴ܣ ൅ ଶcosܣ

ݏߨ4
ܥ

൅ ସcosܣ
ݏߨ8

ܥ
൅ ଺cosܣ

ݏߨ12
ܥ

൅ Eq. 3- 45 ڮ

where 

௡ܣ  ൌ
׬ ܴሺߦሻ஼

଴ cos ൬2݊ݏߨሺߦሻ
ܥ ൰ dݏሺߦሻ

ܴ଴ ׬ cosଶ ൬2݊ݏߨሺߦሻ
ܥ ൰஼

଴ dݏሺߦሻ
 Eq. 3- 46

Considering Eq. 1- 6, Eq. 1- 7, and the relation 

 dݏሺߦሻ ൌ ඥdYଶ ൅ dZଶ ൌ ඥܽଶcosଶߦ ൅ ܾଶsinଶߦdߦ Eq. 3- 47

the coefficients of Fourier cosine series for the shape factor are found. To determine how many 

terms should be used, a comparison for the four cylinder cross-sectional aspect ratios considered 

in the present study is shown in Fig. 3- 1. In Fig. 3- 1 the horizontal axis is s/C and the vertical 

axis is the shape factor R(s)/R0. The black lines refer to the exact radius of curvature vs. s/C. The 

approximate radius of curvatures with different number of terms in the Fourier series are plotted 

in orange using one term, i.e., only using A0, in green using two terms, in red using three terms, 

and in blue using four terms. From Fig. 3- 1 it can be concluded that for low values of 

eccentricity two terms are sufficient, as in Fig. 3- 1b. In Fig. 3- 1d as the eccentricity increases, 

four terms provide a good approximation. It is important to mention that since the Rayleigh-Ritz 

technique is an approximate approach, the use of the Fourier series to represent the shape 

function need only result in a good approximation to stay within the spirit of the technique rather 

having to be highly accurate. Accordingly, the four-term Fourier cosine series is employed in the 

next section for the development of estimates of the natural frequencies for noncircular cylinders. 

 
ܴሺݏሻ

ܴ଴
ൌ ଴ܣ ൅ ଶcosܣ

ݏߨ4
ܥ

൅ ସcosܣ
ݏߨ8

ܥ
൅ ଺cosܣ

ݏߨ12
ܥ

 Eq. 3- 48
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                      s/C 

 
                      s/C 

               (a) b/a = 1 ( e = 0 ) 
 

               (b) b/a = 0.85 ( e = 0.53 ) 
 
 

 
                      s/C 

 
                      s/C 

               (c) b/a = 0.7 ( e = 0.71 )                (d) b/a = 0.55 ( e = 0.84 ) 
 

Fig. 3- 1 Effect of number of terms in Fourier series on shape factors for different aspect ratios 

3.3 Natural Frequency Equation for Elliptical Cylinders 

There are two subsections to follow: simply-supported cylinders are addressed in the first 

subsection, while clamped support cylinders are addressed in the second. As mentioned in the 

last section, for noncircular cylinders using a cosine function for representing the circumferential 

variation of the normal displacement, i.e., the function ߔ௡
௪ሺݏሻ , as opposed to using a sine 
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function results in solving physically different problems. Therefore, in each subsection to follow 

equations for natural frequencies with consideration of inertia in the axial, circumferential, and 

normal directions are developed using both the cosine and sine functions for ߔ௡
௪ሺݏሻ . A 

simplified version of the natural frequency equation will be developed by ignoring inertia in both 

axial and circumferential direction, but retaining the inertia terms associated with the normal 

displacement. In the development the function ߔ௡
௪ሺݏሻ used will be the product of the shape 

factor R(s)/R0 and a sine or cosine function of 2݊ܥ/ݏߨ. That is, as mentioned, the shape factor 

will modulate the sine or cosine functions. Accordingly, the derivatives with respect to s for 

noncircular cylinders lead to more complicated expressions than those for circular cylinders, 

specifically for terms such as ߲ଶݓ௢ሺݔ,  ଶ. Therefore, to derive natural frequency equationsݏ߲/ሻݏ

which are further simplified, derivatives dܴሺݏሻ/dݏ and dଶܴሺݏሻ/dݏଶ will be ignored. Finally, a 

third stage of simplification leads to what is referred to here as Lo’s approximation for the 

fundamental frequency of elliptical cylinders. 

 

3.3.1 Simply-Supported Cylinders 

 

The assumed forms for the spatial dependence of the displacements for the application of the 

Rayleigh-Ritz technique for noncircular simply-supported cylinders are taken to be: 

°ݑ  ൌ ෍ ෍ U௠௡cos ቀ
ݔߨ݉

ܮ ቁ ௡ߔ
଴ሺݏሻ

ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 49

°ݒ  ൌ ෍ ෍ V௠௡sin ቀ
ݔߨ݉

ܮ ቁ ௡ߔ
ଵሺݏሻ

ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 50

°ݓ  ൌ ෍ ෍ W௠௡sin ቀ
ݔߨ݉

ܮ ቁ ௡ߔ
ଶሺݏሻ

ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 51

where for the cosine-based normal displacement 

௡ߔ 
଴ሺݏሻ ൌ cos ൬

ݏߨ2݊
ܥ ൰ 

௡ߔ 
ଵሺݏሻ ൌ െ

ܥ
ߨ2݊

dߔ௡
଴ሺݏሻ

ds ൌ sin ൬
ݏߨ2݊

ܥ ൰ Eq. 3- 52

௡ߔ 
ଶሺݏሻ ൌ

ܴሺݏሻ
ܴ଴

௡ߔ
଴ሺݏሻ ൌ

ܴሺݏሻ
ܴ଴

cos ൬
ݏߨ2݊

ܥ ൰ 

and for the sine-based normal displacement 
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௡ߔ 
଴ሺݏሻ ൌ sin ൬

ݏߨ2݊
ܥ ൰ 

௡ߔ 
ଵሺݏሻ ൌ െ

ܥ
ߨ2݊

dߔ௡
଴ሺݏሻ

ds ൌ െcos ൬
ݏߨ2݊

ܥ ൰ Eq. 3- 53

௡ߔ 
ଶሺݏሻ ൌ

ܴሺݏሻ
ܴ଴

௡ߔ
଴ሺݏሻ ൌ

ܴሺݏሻ
ܴ଴

sin ൬
ݏߨ2݊

ܥ ൰ 

Then Eq. 3- 50 and Eq. 3- 51 can be rewritten as 

°ݒ  ൌ െ ෍ ෍ V௠௡
ܥ

ߨ2݊ sin ቀ
ݔߨ݉

ܮ ቁ
dߔ௡

଴ሺݏሻ
dݏ

ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 54

°ݓ  ൌ ෍ ෍ W௠௡
ܴሺݏሻ

ܴ଴
sin ቀ

ݔߨ݉
ܮ ቁ ௡ߔ

଴ሺݏሻ
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 55

Considering m = 0 case, the corresponding natural frequency equation for elliptical cylinders is 

exactly the same as that for circular cylinders. That is the situation because only Eq. 3- 55 

contains the shape factor, and for the m = 0 case Eq. 3- 55 is zero so the shape factor is not 

involved, thereby causing the natural frequency equations for the m = 0 case for circular and 

elliptical cylinders to be the same. Considering m > 0, by substituting Eq. 3- 49, Eq. 3- 54, and 

Eq. 3- 55 into Eq. 2- 38, the reference surface strains become 

°௫ߝ  ൌ െ ෍ ෍ U௠௡
ߨ݉

ܮ sin ቀ
ݔߨ݉

ܮ ቁ ௡ߔ
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௠ୀଵ
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ݔߨ݉
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௠ୀଵ

 

      െ ෍ ෍ V௠௡
ܥ

ߨ2݊ sin ቀ
ݔߨ݉

ܮ ቁ
dଶߔ௡

଴ሺݏሻ
dݏଶ
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௡ୀ଴

ஶ

௠ୀଵ

 
Eq. 3- 56

°௫௦ߛ  ൌ ෍ ෍ ൬U௠௡ െ V௠௡
ܥ݉
൰ܮ2݊ cos ቀ

ݔߨ݉
ܮ ቁ

dߔ௡
଴ሺݏሻ

dݏ

ஶ

௡ୀ଴

ஶ

௠ୀଵ

 

and the reference curvatures become 

°௫ߢ  ൌ ෍ ෍ W௠௡ ቀ
ߨ݉

ܮ ቁ
ଶ
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°௦ߢ  ൌ െ ෍ ෍ W௠௡sin ቀ
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ܮ ቁ
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௠ୀଵ

 Eq. 3- 57
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°௫௦ߢ  ൌ െ2 ෍ ෍ W௠௡ ቀ
ߨ݉

ܮ ቁ cos ቀ
ݔߨ݉

ܮ ቁ
ஶ

௡ୀ଴

ஶ

௠ୀଵ

dߔ௡
ଶሺݏሻ

dݏ  

The total potential energy then becomes 
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Eq. 3- 58

where 
 

Sଵ௡ ൌ
׬ ௡ߔ

ଶሺݏሻଶ஼
଴ dݏ

ܥ
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Sଶ௡ ൌ
െ ׬ ൬ߔ௡
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Eq. 3- 59 
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Notice that for circular cylinders Sଵ௡, Sଶ௡, Sଷ௡, and Sସ௡ are unity. The kinetic energy is 

 K ൌ
ܥܮ
8 ௠௡߱ܪߩ

ଶ൫U௠௡
ଶ ൅ V௠௡

ଶ ൅ W௠௡
ଶSଵ௡൯ Eq. 3- 60

The matrix-form natural frequency equation is written as before (Eq. 3- 12) as 

 ቎
Tଵଵ െ ௠௡߱ܪߩ

ଶ Tଵଶ Tଵଷ
Tଵଶ Tଶଶ െ ௠௡߱ܪߩ

ଶ Tଶଷ
Tଵଷ Tଶଷ Tଷଷ െ ௠௡߱ܪߩ

ଶSଵ௡

቏ ൝
U௠௡
V௠௡
W௠௡

ൡ ൌ ൝
0
0
0

ൡ Eq. 3- 61
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where 
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ܮ ቁ Eq. 3- 62

 Tଶଶ ൌ A଺଺ ቀ
ߨ݉

ܮ ቁ
ଶ

൅ Aଶଶ ൬
ߨ2݊

ܥ ൰
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and 
 Tଷଷ ൌ Tଷଷ

A ൅ Tଷଷ
D  Eq. 3- 63

where 
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1
ܴ଴

൰
ଶ

 Eq. 3- 64
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Eq. 3- 65

Except for the Tଷଷ
D  term, all other T terms are the same as those in the natural frequency equation 

for circular cylinders. The equation for natural frequency is expressed as a sixth degree 

polynomial in ߱௠௡ as 

 ൫߱ܪߩ௠௡
ଶ൯ଷ െ ସܲ

௦൫߱ܪߩ௠௡
ଶ൯ଶ ൅ ଶܲ

௦൫߱ܪߩ௠௡
ଶ൯ െ ଴ܲ

௦ ൌ 0 Eq. 3- 66

where 

 ସܲ
௦ ൌ ൬Tଵଵ ൅ Tଶଶ ൅

Tଷଷ

Sଵ௡
൰ 

 ଶܲ
௦ ൌ ቆTଵଵTଶଶ െ Tଵଶ

ଶ ൅
TଶଶTଷଷ ൅ TଷଷTଵଵ െ Tଶଷ

ଶ െ Tଵଷ
ଶ

Sଵ௡
ቇ Eq. 3- 67

 ଴ܲ
௦ ൌ

൫TଵଵTଶଶTଷଷ ൅ 2TଵଶTଶଷTଵଷ െ TଷଷTଵଶ
ଶ െ TଵଵTଶଷ

ଶ െ TଶଶTଵଷ
ଶ൯

Sଵ௡
 

The lowest root, from which the fundamental frequency is derived, is given as   
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௠௡߱ܪߩ

ଶ ൌ ସܲ
௦

3 െ
1
3

ඩRT ൅ ටRTଶ െ 4൫ ସܲ
௦ଶ െ 3 ଶܲ

௦൯
ଷ

2

య

 

Eq. 3- 68

 
െ

1
3

ඩRT െ ටRTଶ െ 4൫ ସܲ
௦ଶ െ 3 ଶܲ

௦൯
ଷ

2

య

 

where 

 RT ൌ െ2 ସܲ
௦ଷ ൅ 9 ସܲ

௦
ଶܲ
௦ െ 27 ଴ܲ

௦ Eq. 3- 69

Equation 3- 68 is the natural frequency equation for noncircular simply-supported cylindrical 

shells with consideration of axial, circumferential, and radial inertia effects. A simplified equation 

for natural frequency can be derived by ignoring the inertia terms in axial and circumferential 

directions in Eq. 3- 61. That equation has the form 

 ቎
Tଵଵ Tଵଶ Tଵଷ
Tଵଶ Tଶଶ Tଶଷ
Tଵଷ Tଶଷ Tଷଷ െ ௠௡߱ܪߩ

ଶSଵ௡

቏ ൝
U௠௡
V௠௡
W௠௡

ൡ ൌ ൝
0
0
0

ൡ Eq. 3- 70

The simplified natural frequency equation is given by the less complex form as 

 

௠௡߱ܪߩ
ଶ ൌ Dଵଵ ቀ

ߨ݉
ܮ ቁ

ସ
൅ 2Dଵଶ ቀ

ߨ݉
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ଶ
൬

ߨ2݊
ܥ ൰

ଶ Sଶ௡

Sଵ௡
൅ Dଶଶ ൬

ߨ2݊
ܥ ൰

ସ Sଷ௡

Sଵ௡
 

                  ൅4D଺଺ ቀ
ߨ݉

ܮ ቁ
ଶ

൬
ߨ2݊

ܥ ൰
ଶ Sସ௡

Sଵ௡
൅

A଺଺

ܴ଴
ଶ ቀ

ߨ݉
ܮ ቁ

ସ AଵଵAଶଶ െ Aଵଶ
ଶ

TଵଵTଶଶ െ Tଵଶ
ଶ

1
Sଵ௡

 

Eq. 3- 71

When dܴሺݏሻ/dݏ and dଶܴሺݏሻ/dݏଶ are ignored, the parameters Sଵ௡, Sଶ௡, and Sଷ௡ all have the same 

value and Sସ௡ is very close to that value when n is greater than two. Therefore, the cosine-based 

natural frequency equation for noncircular cylinders can be further simplified by equating all 

four parameters of these parameters. The result becomes 

௠௡߱ܪߩ
ଶ ൌ Dଵଵ ቀ

ߨ݉
ܮ ቁ
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൅ Dଶଶ ൬
ߨ2݊

ܥ ൰
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൅A଺଺ ቀ
ߨ݉

ܮ ቁ
ସ AଵଵAଶଶ െ Aଵଶ

ଶ

TଵଵTଶଶ െ Tଵଶ
ଶ

ܥ

2 ׬ ܴଶሺݏሻcosଶ ݏߨ2݊
ܥ

஼
଴ dݏ

 
Eq. 3- 72

and the sine-based equation becomes 
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௠௡߱ܪߩ
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ସ AଵଵAଶଶ െ Aଵଶ

ଶ
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Eq. 3- 73

In order to distinguish among the various equations above, Eq. 3- 71 is subsequently called the 

first simplified equation and Eq. 3- 72 and Eq. 3- 73 are called the second simplified equations. It 

can be observed that an approximation to Eq. 3- 72 and Eq. 3- 73, without consideration of 

whether using cosine-based or sine-based normal displacements, can be written as 

௠௡߱ܪߩ
ଶ ൌ Dଵଵ ቀ

ߨ݉
ܮ ቁ

ସ
൅ ሺ2Dଵଶ ൅ 4D଺଺ሻ ቀ

ߨ݉
ܮ ቁ

ଶ
൬

ߨ2݊
ܥ ൰

ଶ

൅ Dଶଶ ൬
ߨ2݊

ܥ ൰
ସ

 

                    ൅
A଺଺

ܴ଴ܴ୫ୟ୶
ቀ

ߨ݉
ܮ ቁ

ସ AଵଵAଶଶ െ Aଵଶ
ଶ

TଵଵTଶଶ െ Tଵଶ
ଶ  

Eq. 3- 74

Equation 3- 74 is subsequently called Lo’s approximate equation. 

 

 

 

3.3.2 Clamped Support Cylinders 

 

The Rayleigh-Ritz form of the assumed displacements for clamped support cylinders are: 

°ݑ  ൌ ෍ ෍ U௠௡ܺ௠
ଵ ሺݔሻߔ௡

଴ሺݏሻ
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 75

°ݒ  ൌ ෍ ෍ V௠௡ ܺ௠
଴ ሺݔሻߔ௡

ଵሺݏሻ
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 76

°ݓ  ൌ ෍ ෍ W௠௡ܺ௠
଴ ሺݔሻߔ௡

ଶሺݏሻ
ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 77

where ܺ௠
ଵ ሺݔሻ and ܺ௠

଴ ሺݔሻ are defined in Section 3.1.2 and ߔ௡
଴ሺݏሻ, ߔ௡

ଵሺݏሻ, and ߔ௡
ଶሺݏሻ are defined 

in Section 3.3.1. Equation 3- 76 and Eq. 3- 77 can be rewritten as 

°ݒ  ൌ െ ෍ ෍ V௠௡
ܥ

ߨ2݊ ܺ௠
଴ ሺݔሻ

dߔ௡
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ஶ

௡ୀ଴

ஶ
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 Eq. 3- 78

°ݓ  ൌ ෍ ෍ W௠௡
ܴሺݏሻ

ܴ଴
ܺ௠

଴ ሺݔሻߔ௡
଴ሺݏሻ

ஶ

௡ୀ଴

ஶ

௠ୀ଴

 Eq. 3- 79
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As mentioned in Section 3.1.2, the m = 0 case will lead to trivial solutions. Considering m > 0 

case, substituting Eq. 3- 75, Eq. 3- 78, and Eq. 3- 79 into Eq. 2- 38, the reference surface strains 

become 

°௫ߝ  ൌ ෍ ෍ U௠௡ܺ௠
ଶ ሺݔሻߔ௡

଴ሺݏሻ
ஶ
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 Eq. 3- 80

°௫௦ߛ  ൌ ෍ ෍ ൬U௠௡ െ V௠௡
ܥ

൰ߨ2݊ ܺ௠
ଵ ሺݔሻ
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௡ୀ଴

ஶ

௠ୀଵ

 

and the reference curvatures become 

°௫ߢ  ൌ െ ෍ ෍ W௠௡ܺ௠
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 Eq. 3- 81

°௫௦ߢ  ൌ െ2 ෍ ෍ W௠௡ܺ௠
ଵ ሺݔሻ

ஶ

௡ୀ଴

ஶ

௠ୀଵ

dߔ௡
ଶሺݏሻ

dݏ  

The total potential energy becomes 
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Eq. 3- 82

where Iଵ௠, Iଶ௠, Iଷ௠, and Iସ௠ are those defined in 3.1.2, whereas Sଵ௡, Sଶ௡, Sଷ௡, and Sସ௡ are those 

defined in 3.3.1. The kinetic energy is 

 K ൌ
ܥ
4 ௠௡߱ܪߩ

ଶ൫U௠௡
ଶ Iସ௠ ൅ V௠௡

ଶ Iଷ௠ ൅ W௠௡
ଶ Iଷ௠Sଵ௡൯ Eq. 3- 83

Substituting the potential and kinetic energies into Eq. 3- 11, the matrix form of the natural 

frequency equation becomes 
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቎
TଵଵԢ െ Iସ௠߱ܪߩ௠௡

ଶ TଵଶԢ TଵଷԢ
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ൡ Eq. 3- 84

where 

 TଵଵԢ ൌ AଵଵIଵ௠ ൅ A଺଺Iସ௠ ൬
ߨ2݊

ܥ ൰
ଶ
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ߨ2݊
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 Eq. 3- 85

 Tଶଶ
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ܥ ൰

ଶ

 

 TଶଷԢ ൌ
AଶଶIଷ௠

ܴ଴
൬

ߨ2݊
ܥ ൰ 

and  

 TଷଷԢ ൌ Tଷଷ
A Ԣ ൅ Tଷଷ

D Ԣ, Eq. 3- 86

where 

 Tଷଷ
A Ԣ ൌ AଶଶIଷ௠ ൬

1
ܴ଴

൰
ଶ

 Eq. 3- 87
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Eq. 3- 88

As with the simple support case, the equation for natural frequency is presented as a sixth degree 

polynomial in ߱௠௡ as 

 ൫߱ܪߩ௠௡
ଶ൯ଷ െ ସܲ

௙൫߱ܪߩ௠௡
ଶ൯ଶ ൅ ଶܲ
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௙ ൌ 0 Eq. 3- 89

where 
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ቇ Eq. 3- 90
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Again, the lowest root, from which the fundamental frequency is derived, is given as  
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Eq. 3- 91
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where 

 RT ൌ െ2 ସܲ
௙ଷ

൅ 9 ସܲ
௙

ଶܲ
௙ െ 27 ଴ܲ

௙ Eq. 3- 92

As with the simple support case, a simplified equation based on ignoring inertia effects in axial 

and circumferential directions is derivable from the matrix form as 

 ቎
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ൡ Eq. 3- 93

The corresponding equation is 
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Eq. 3- 94

Again, when dܴሺݏሻ/dݏ and dଶܴሺݏሻ/dݏଶ  are ignored, Sଵ௡, Sଶ௡, and Sଷ௡are the same and Sସ௡  is 

very close in value to those parameters when n is greater than two. Therefore, the further 

simplified cosine-based natural frequency equation for noncircular cylinders is 
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Eq. 3- 95

and the further simplified sine-based equation is 
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Eq. 3- 96

Again it can be observed that an approximate equation without considering cosine-based or sine-

based normal displacements is obtained as 
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Eq. 3- 97

As named for simply-supported cylinders, Eq. 3- 94 is also called the first simplified equation 

whereas Eq. 3- 95 and Eq. 3- 96 are called the second simplified equations. Equation 3- 97 is 

called Lo’s approximate equation. 

 

In the next chapter numerical results from the application of the frequency equations derived 

in this chapter for elliptical and, for comparison, circular cylinders are presented. In addition to 

providing a comparison of the predicted frequencies from the developed equations with finite 

element results, the influences of problem parameters on fundamental frequencies will be 

illustrated. 
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Chapter 4 Numerical Results 

Recall from Ch. 1, in particular Section 1.3, the two overarching objectives of this study are 

to determine the general roles of cylinder geometry and material properties on the fundamental 

frequency of elliptical cylinders, and to determine if varying layer fiber angles with circumferential 

position can be used to control any detrimental effects of a noncircular geometry as regards the 

fundamental frequency. In this chapter the former issues will be considered. In addition, the 

accuracy of the formulations developed in the previous chapter will be evaluated by comparing 

selected results from the developed formulations with finite-element calculations. Then, further 

results from the developed formulations will be used to illustrate the sensitivity of the fundamental 

frequency of elliptical cylinders to geometric and material properties, and to compare and contrast 

the characteristic of the fundamental frequency behavior of circular and elliptical cylinders. 

Details of the finite-element calculations, based on the commercial code Abaqus, are given in 

Appendix A. 

4.1 Geometric and Material Properties Considered 

To study the influence of geometry on the fundamental frequency of noncircular cylinders, 

four aspect ratios, b/a, a range of length-to-circumference ratios, L/C, and so-called large and 

small cylinders are investigated. Large cylinders have a circumference four times that of the small 

cylinders, but the wall thickness of the large cylinder is only twice that of the small cylinders. In 

terms of the equivalent circular cylinder, the ratios of the radius R0 to the thickness of the cylinder 

wall H are R0/H = 200 and 100, respectively. The reason for considering large and small cylinders 

is that small-scale cylinders might be most appropriate for any initial experiments related to the 

vibration characteristics of noncircular composite cylinders, but the large-scale is closer to physical 

applications. That the ratio L/C instead of the usual ratio L/R is used as one measure of cylinder 

geometry is a reflection of investigating noncircular cylinders. It is possible that ratios such as 

L/Rmax or L/Rmin could be used as a measure of cylinder geometry, but Rmax and Rmin are functions 

of cross-sectional aspect ratio. For investigating the influence of aspect ratio, it is of value to 

maintain consistency of circumference or consistency of cross-sectional area. Here consistency 

of circumference is used. Therefore, using the ratio L/C seems a natural and investigating cylinders 
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for a range of values of L/C means investigating the influence of cylinder length on fundamental 

frequency. 

 

For the initial discussions in this chapter the value of L/C will range from 0.3 to 1.0. 

Considering that for a circular cylinder ܮ ⁄ܥ ൌ ܮ ⁄ܦߨ , where D is the diameter of the cylinder, 

with L/C ranging from 0.3 to 1.0, L/D will range from about 1, a short cylinder, to about 3, which 

could be an impractically long cylinder. However, this range will be used to compare results 

from the developed formulations with finite-element calculations. Later discussions will focus on 

the three discrete values of L/C = 0.3, 0.5, and 0.7, corresponding approximately to values of L/D 

of 1, 1.5, and 2, a reasonable range for a monocoque cylinder. 

 

To investigate the influence of material properties within the context of fiber-reinforced 

materials, two lamination sequences are used for each value of R0/H. It must be understood that 

the value of H is not completely arbitrary, as H must be an integer number of layer thicknesses in 

dimension. Here for the ‘small’ cylinders the wall is taken to be eight layers thick, so H=8h, 

where h is the thickness of one layer. For ‘large’ cylinders the wall is taken to be 16 layers thick, 

so H=16h. Subsection 4.1.1 describes the details for large cylinders and subsection 4.1.2 

describes the details for small cylinders. 

 

4.1.1 Geometry of Large Cylinders 

 

The thickness h assumed here for one layer of fiber-reinforced composite material is 0.1400 

mm. Based on that number and considering that the large cylindrical shells have 16-layer walls, 

the thickness H for the large cylinders is 2.24 mm. In particular, the 16-layer balanced symmetric 

lamination sequences [±0/90/ߴ]2S and [±ߴ]4S for the cylinder walls are studied. The ±ߴ layers 

provide a mechanism for controlling the relative levels of axial and circumferential stiffness. In 

determining whether varying fiber angle with circumferential location has any advantages, it is 

the angle of these ± ߴ layers that in the next chapter will be assumed to vary with circumferential 

location. The second lamination sequence provides even more leverage in controlling the relative 

levels of axial and circumferential stiffness, but in the limits of 0° ,ߴ and 90°, result in a cylinder 

with all fibers in the axial direction or all fibers in the circumferential direction, situations which 

are not practical. All large cylinders have the same circumference, and since radius of the 
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equivalent large circular cylinder, R0, is 200 times the thickness, that is, 0.448 m, the 

circumference, C = 2π R0, of all large cylinders is 2.81m. Aspect ratios b/a = 1.00, 0.85, 0.70, 

0.55 are considered, the first value, of course, representing the equivalent circular cylinder, the 

second a mild elliptical cross section, and the last an extreme elliptical cross section. Detailed 

descriptions of the geometry of the large cylinders are given in Tables 4- 1 and 4- 2. 

 

 

 
Table 4- 1  Major and minor radii of large cylinders1 

 Major Radius, a (m) Minor Radius, b (m) 
b/a =1.00 

(e = 0) 0.448 (R0) 0.448 (R0) 

b/a =0.85 
(e = 0.53) 0.484 0.411 

b/a =0.70 
(e = 0.71) 0.523 0.366 

b/a =0.55 
(e = 0.84) 0.566 0.311 

1 - h = 0.1400 mm, H = 2.24 mm, C = 2π R0 = 2.82 m 

 

  

 
Table 4- 2 Lengths and length ratios of large cylinders1 

 L=0.3C (0.844m) L=0.5C (1.407m) L=0.7C (1.970m) 

b/a =1.00 
(e = 0) 

a/L=0.531 

b/L=0.531 

a/L=0.318 

b/L=0.318 

a/L=0.227 

b/L=0.227 

b/a =0.85 
(e = 0.53) 

a/L=0.573 

b/L=0.487 

a/L=0.344 

b/L=0.292 

a/L=0.246 

b/L=0.209 

b/a =0.70 
(e = 0.71) 

a/L=0.620 

b/L=0.434 

a/L=0.372 

b/L=0.260 

a/L=0.265 

b/L=0.1858 

b/a =0.55 
(e = 0.84) 

a/L=0.671 

b/L=0.369 

a/L=0.402 

b/L=0.221 

a/L=0.287 

b/L=0.1580 

1 - h = 0.1400 mm, H = 2.24 mm, C = 2π R0 = 2.82 m 

 



71 
 

4.1.2 Geometry of Small Cylinders 

 

Considering the same layer thickness, the thickness of the 8-layer walls of the small 

cylinders is 1.120 mm. For these thinner walls the balanced symmetric laminate sequences [±ߴ 

/0/90]S and [±ߴ]2S are studied. These are analogues of the two lamination sequences for the 

thicker-walled large cylinders. As the radius of the small equivalent circular cylinders is 100 

times their thickness, R0 = 0.1120 m and the corresponding circumference is 0.704 m. Like the 

large cylinders, aspect ratios 1.00, 0.85, 0.70, and 0.55 are studied. The major and minor radii for 

the small cylinders are listed in Table 4- 3 and other geometric data are in Table 4- 4. 

 
Table 4- 3 Major and minor radii of small cylinders1 

 Major Radius, a (m) Minor Radius, b (m) 

b/a =1.00 
(e = 0) 0.1120 0.1120 

b/a =0.85 
(e = 0.53) 0.1209 0.1028 

b/a =0.70 
(e = 0.71) 0.1307 0.0915 

b/a =0.55 
(e = 0.84) 0.1415 0.0778 

1 - h = 0.1400 mm, H = 1.120 mm, C = 2π R0 = 0.704  m 

 

 
Table 4- 4 Length and length ratios of small cylinders1 

 L=0.3C (0.211m) L=0.5C (0.352m) L=0.7C (0.493m) 

b/a =1.00 
(e = 0) 

a/L=0.531 

b/L=0.531 

a/L=0.318 

b/L=0.318 

a/L=0.227 

b/L=0.227 

b/a =0.85 
(e = 0.53) 

a/L=0.573 

b/L=0.487 

a/L=0.344 

b/L=0.292 

a/L=0.246 

b/L=0.209 

b/a =0.70 
(e = 0.71) 

a/L=0.620 

b/L=0.434 

a/L=0.372 

b/L=0.260 

a/L=0.265 

b/L=0.1858 

b/a =0.55 
(e = 0.84) 

a/L=0.671 

b/L=0.369 

a/L=0.402 

b/L=0.221 

a/L=0.287 

b/L=0.1580 

1 - h = 0.1400 mm, H = 1.120 mm, C = 2π R0 = 0.704  m 
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4.1.3 Material Properties 

The fiber-reinforced composite material is assumed to be a medium-modulus graphite-epoxy 

material. The engineering properties are listed in Table 4- 5[1] 

 

 
Table 4- 5 Material properties of graphite-polymer composite 

Property Number (unit) 

E1 130.0 (GPa) 

E2 9.70 (GPa) 

G12 5.00 (GPa) 

G13 5.00 (GPa) 

G23 3.64 (GPa) 

ν12 0.3 

ρ 1661 (kg/m3) 

 

4.2 Comparison with Finite-Element Calculations  

In the figures to follow, the relationships between the fundamental frequency of elliptical 

cylinders and cylinder geometry and wall fiber angle are illustrated by way of a series of plots. 

Circular cylinders are considered as a special case of elliptical cylinders. 

 

On the plots are the results calculated by the various non-simplified and simplified equations 

and results calculated by the Abaqus finite-element model, which is based on shell elements. The 

figures to follow serve two purposes. First, the accuracy of the developed formulations can be 

evaluated by direct comparison with more refined finite-element calculations. Second, the 

dependencies of the fundamental frequency on important geometric and material parameters of 

the cylinders are illustrated and are discussed. On all plots the fundamental frequency is on the 

vertical axis, and L/C or ߴ is on the horizontal axis. On all plots in this section the fundamental 

frequency is normalized by the fundamental frequency for a so-called baseline cylinder as 
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computed by the Abaqus, with mesh 336×170 in the circumferential and lengthwise directions, 

respectively, and is denoted here as ω0. The baseline cylinder is circular, simply-supported, has a 

quasi-isotropic lay-up, and L/C = 0.5, which for the circular case translates into L/D of 

approximately 1.5. The baseline geometries, lamination sequences, and fundamental frequencies 

for the large and small cylinders are shown in Table 4- 6.  

 

 

 

Table 4- 6 Data for baseline cylinders 

 Large cylinder Small cylinder 

R0=a=b, m (D0, m) [C, m ] 0.448 (0.896) [2.81] 0.1120 (0.224) [0.704]  

L, m 1.407 0.352 

Lamination sequences [±45/0/90]2S [±45/0/90]S 

Boundary conditions Simple supports Simple supports 

Fundamental frequency, ω0 
(rad/s) 630 3490 

 

 

 

4.2.1 Circular Cylinders 

 

In Fig. 4- 1 the variations of the normalized fundamental frequencies of large simply-

supported circular cylinders with L/C are illustrated. Since all large cylinders have the same 

circumference, each sub-figure essentially illustrates frequency variation with cylinder length. 

Three lamination sequences for each of the two laminate families are considered, [±15/0/90]2S, 

[±45/0/90]2S, and [±75/0/90]2S from the [±0/90/ߴ]2S family, and [±15]4S, [±45]4S, and [±75]4S 

from the [±ߴ]4S family. The notation symbol ߴ is used for fiber orientation in the specified layer. 

These three choices of fiber angle ߴ result in what could be considered axially-stiff construction 

 and construction with equal stiffness in ,(75º = ߴ) circumferentially-stiff construction ,(15º = ߴ)

the axial and circumferential directions (ߴ  = 45º). With the [±ߴ /0/90]2S family the stiffness 
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effects in the two directions are tempered somewhat relative to the [±ߴ]4S family by the presence 

of the 0 and 90º layers. For m > 0, results from the developed formulation for circular cylinders 

with no simplifications, Eq. 3- 19, with the single simplification, i.e., ignoring axial and 

circumferential inertia, Eq. 3- 22, and from the finite-element calculations are shown. As 

mentioned, for the m = 0 case the lowest frequencies based on Eq. 3- 7 are significantly higher 

than those for m > 0. Since only the fundamental frequency is of interest, the results from Eq. 3- 

7 are not shown here. The case of circular cylinders can be considered simply a necessary check 

case, as nothing new will be learned because, as mentioned in the literature review, circular 

cylinders have been investigated in a number of previous studies. However, the circular cylinder, 

besides serving as a legitimate check case, provides an opportunity to discuss the vibration 

response of cylinders in the context of the figure format used here. Regarding the axial wave 

number, for all cylinders investigated in this study the axial wave number of the fundamental 

mode was m = 1. 

 

A quick look at Fig. 4- 1 reveals that for these cases the developed formulations predict very 

much the same frequency magnitudes and trends with cylinder length and fiber angle ߴ as the 

finite-element analysis, lending some credibility to the developed formulation, at least for 

circular cylinders. The developed formulation with no simplification predicts slightly higher 

frequencies and the simplification predicts even slightly higher frequencies, but always within 

10% of the case with no simplifications. The circumferential wave number predictions, n, from 

the developed formulations agree well with the finite element calculations. The largest 

discrepancy between the developed analysis and the finite element calculations occurs for the 

case with 75 = ߴº and for quite long cylinders. Overall, the agreement among calculations is very 

good, both frequency and wave number predictions. It can also be observed that the frequencies 

for the [±ߴ]4S family are lower than the frequencies for the [±0/90/ߴ]2S family. The lack of any 

fibers directly in the axial and circumferential directions is responsible for this characteristic. 

Surprisingly, it can be concluded that for both laminate families the fiber angle ߴ does not appear 

to have a large influence on the magnitude of the predicted frequencies. That is, the magnitude of 

frequency vs. L/C for the [±15/0/90]2S, [±45/0/90]2S, and [±75/0/90]2S cases are very much the 

same, and the relations for the [±15]4S, [±45]4S, and [±75]4S cases are also very much the same. 

There is variation in the prediction of the wave numbers as fiber angle ߴ varies for these two 

families. For example, from Figs. 4-1a, b, and c, for the [±15/0/90]2S cylinder with L/C = 0.5 the 
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value of n = 6 is predicted, while for the [±45/0/90]2S cylinder with L/C = 0.5 the value of n = 5 

is predicted, and for the [±75/0/90]2S cylinder with L/C = 0.5 the value of n = 4 is predicted, 

while at that value of L/C the fundamental frequencies for these three cases are quite close to 

each other. This n = 6, 5, 4 behavior is also true for the [±15]4S, [±45]4S, and [±75]4S cases in 

Figs. 4- 1d, e, f. Stated differently, while frequency magnitude is relatively insensitive to fiber 

angle, the range of L/C for which a particular value of n is predicted is quite sensitive to fiber 

angle. In fact, that there is a variation of n with L/C is responsible for the piecewise smooth 

character of the frequency vs. L/C relation. That is, a particular value of n is predicted over a 

limited range of L/C, then over an adjacent range another value of n is predicted, and so on with 

other ranges of L/C, leading to the scalloped character of the relation, which is more evident with 

the simplified relationship represented by the thin unbroken multicolored line than the broken 

lines used for the non-simplified relation. The insensitivity of frequency magnitude to fiber angle 

will be further discussed in a later section. 

 

A comment is in order regarding Fig. 4- 1. As stated, the frequencies in the figures have 

been normalized by the frequency of the baseline cylinder, a large circular cylinder with a quasi-

isotropic cylinder wall, lamination [±45/0/90]2S, and with L/C = 0.5 (see Table 4- 6). That is why 

the open circular symbol in Fig. 4- 1b for L/C = 0.5 coincides exactly with ω/ω0 = 1. Had the 

normalization scheme consisted of normalizing the frequencies computed from the finite-element 

analysis by the frequency of the baseline cylinder as computed from the finite-element analysis, 

but normalizing the frequencies computed from the developed formulation by the frequency of 

the baseline cylinder as computed from the developed formulation, then in Fig. 4- 1b the results 

for the developed formulation with no simplification for the case L/C = 0.5 would also coincide 

exactly with ω/ω0 = 1. Though it could be argued that this approach could be taken here, as 

primary interest is with the trends of the frequency with variations in material and geometric 

properties, this approach is not taken because there is interest in the accuracy of the developed 

formulation in an absolute sense. If that approach were taken, however, the results from the 

developed formulation would all be shifted downward slightly and for the [±45/0/90]2S case the 

results from the developed formulation and the finite element results would very nearly coincide 

for all values of L/C. These comments apply to all the figures to follow. 
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In Fig. 4- 2 the normalized fundamental frequencies of large circular clamped support 

cylinders are illustrated in a format similar to Fig. 4 -1. When comparing the results in Fig. 4- 2 

with the results in Fig. 4- 1, the increased frequency due to the less compliant clamped supports is 

evident. The increase of frequency due to boundary conditions ranges from about 25% to about 

70%, the larger number being associated with the longer cylinders. Overall, except for the [±45]4S 

case, Fig. 4- 2e, the developed formulation agrees well with the finite-element calculations, both 

in frequency magnitude, trends with geometric and material parameters, and wave number, 

though not quite as well as for the simply supported cases of Fig. 4- 1. The results from the 

simplified formulation, Eq. 3- 44, and results from the formulation with no simplification, Eq. 3- 

41, agree with each other to the same degree as for the simply supported cylinders of Fig. 4- 1. 

For the [±45]4S case the error between the developed formulation and the finite-element results is 

in the range from about 15% at L/C = 0.3 to about 25% at L/C = 1.0. Again, considering the wide 

range of fiber angle variation, from 15 to 75°, there is minimal sensitivity of the frequency 

magnitude to fiber angle, though the range of L/C for which a particular value of n is predicted is 

influenced by fiber angle. The possible source of the discrepancy for the [±45]4S case will be 

discussed in Ch. 6, along with other possible sources of error. 

 

In Fig. 4- 3 the focus is again on simply-supported cylinders, but for the case of small 

cylinders. The format of the six sub-figures is the same as that for the past two figures. For small 

cylinders, however, there are some differences as compared to the figures for the large simply-

supported cylinders. For low values of L/C there are differences between the non-simplified 

predictions of the developed formulation, Eq. 3- 19, and the predictions of the finite-element 

model. This difference is particularly acute for the [±45]2S cylinder, and to some degree for the 

[±75]2S and [±45/0/90]S cylinders. For other situations in the figures, the differences are generally 

less than 10%. Interestingly, the simplified formulation, Eq. 3- 22, compares quite well over the 

range of laminates and lengths considered. Figures 4- 3a, b, and c provide further evidence of 

how the wave number n is influenced by L/C and fiber angle ߴ. In Fig. 4- 3a, for the [±15/0/90]S 

cylinder, n = 4, 5, and 6 are part of the picture, n = 6  being associated with the shorter cylinders. 

For the [±75/0/90]S cylinders, at least according to the developed formulation, n = 3 has emerged, 

n = 4 remains in the picture, but n = 5 and 6 are no longer involved. Note that for L/C = 0.3 for 

the [±75/0/90]S cylinder the Abaqus predicts an n of 5, while the developed formulations predict 
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an n of 4. These slight differences over limited ranges of L/C have occurred for particular cases 

throughout this study. 

 

In Fig. 4- 4 the normalized fundamental frequencies of small circular clamped support 

cylinders with the six different lamination sequences are shown. Of the circular cylinders 

considered in this study, the largest differences between the developed formulation and the 

finite-element model are exhibited with the small clamped support cylinders. Like the large 

clamped support [±45]4S cylinder, the developed formulation predicts noticeable higher 

frequencies, as compared to the other five cases, for the small clamped support cylinders. For a 

value of L/C = 0.3 the difference for the non-simplified calculation is much larger than the 15% 

difference at that value of L/C = 0.3 for the large clamped support cylinder. For the lower values 

of L/C the simplified developed formulation is more accurate, the accuracy comparable to that 

for the large clamped support cylinder. 

 

To summarize at this point, it can be stated that overall, the developed formulations, both 

non-simplified and simplified, predict the frequencies and values of n as a function of L/C with 

reasonable accuracy. As observed, cylinder length has a strong influence on the fundamental 

frequency, but fiber angle does not have a significant influence. On the other hand, the fiber 

angle does influence the value of the circumferential wave number n. 
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                                            Normalized length, L/C 

 
(a) Lamination sequences [±15/0/90]2S  

 
 
 

                         
                                            Normalized length, L/C 

 
(b) Lamination sequences [±45/0/90]2S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]2S 

 

 
 

                           
                                            Normalized length, L/C 

 
(d) Lamination sequences [±15]4S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]4S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]4S 

Fig. 4- 1 Normalized fundamental frequency of large circular cylinders, simple supports 
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                                            Normalized length, L/C 

 
(a) Lamination sequences [±15/0/90]2S  

 
 
 

                         
                                            Normalized length, L/C 

 
(b) Lamination sequences [±45/0/90]2S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]2S 

 

 
 

                           
                                            Normalized length, L/C 

 
(d) Lamination sequences [±15]4S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]4S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]4S 

Fig. 4- 2 Normalized fundamental frequency of large circular cylinders, clamped supports 
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                                            Normalized length, L/C 

 
(a) Lamination sequences [±15/0/90]S  

 
 
 

                         
                                            Normalized length, L/C 

 
(b) Lamination sequences [±45/0/90]S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]S 

 

 
 

                           
                                            Normalized length, L/C 

 
(d) Lamination sequences [±15]2S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]2S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]2S 

Fig. 4- 3 Normalized fundamental frequency of small circular cylinders, simple supports 
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                                            Normalized length, L/C 

 
(a) Lamination sequences [±15/0/90]S  

 
 
 

                         
                                            Normalized length, L/C 

 
(b) Lamination sequences [±45/0/90]S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]S 
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(d) Lamination sequences [±15]2S 

ç
ç

ç

ç

ç

ç
ç

çç

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.5

1.0

1.5

2.0

2.5

ç
ç

ç ç

ç
ç

ç

ç

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.5

1.0

1.5

2.0

2.5

Simplified  

Abaqus 

Non-simplified 

n = 3 n = 4 n = 5 

Normalized 

Fundamental 

Frequency 

߱/ ߱଴ 

Normalized 

Fundamental 

Frequency 

߱/ ߱଴ 

Simplified  

Abaqus 

Non-simplified 

n = 6 n = 5 n = 7 



89 
 

                           
                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]2S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]2S 

Fig. 4- 4 Normalized fundamental frequency of small circular cylinders, clamped supports 
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4.2.2 Elliptical Cylinders and Comparisons with Circular Cylinders 

 

Attention now turns to elliptical cylinders, in particular the dependency of the fundamental 

frequency on cylinder length and fiber angle in the two laminate families, and importantly, the 

accuracy of the developed formulation with no simplifications, the various levels of 

simplification, and Lo’s approximation, when compared to finite-element calculations. Only 

results for an aspect ratio b/a = 0.55 (e = 0.84) are discussed at this point because this is the most 

severe elliptical geometry considered in this study and is believed to present the greatest 

challenge to the developed formulation, and exhibit the largest differences compared to circular 

cylinders. 

 

The figures to follow can be considered to be in three groups. The first group consists of 

Figs. 4- 5 through 4- 8. These figures are analogs to the previous four figures, but for the 

elliptical geometry, illustrating the fundamental frequencies for large and small simply-supported 

and clamped support cylinders with three laminates each from the two laminate families and L/C 

ranging from 0.3 to 1.0. The calculations from the developed formulations have been computed 

using the cosine-based functional form for ߔ௡
௪ሺݏሻ, as was discussed in relation to Tables 3- 1 and 

3- 2. 

 

The second group of figures consists of Figs. 4- 9 and 4- 10. To illustrate the influence on 

the fundamental frequency of the elliptical geometry, in these two figures the difference between 

frequencies for circular and elliptical cylinders with b/a = 0.55 (e = 0.84) and with like values of 

L/C, R0/H, lamination arrangement, and boundary conditions are illustrated. 

 

The third group of figures consists of Figs. 4- 11 through 4- 14. Recall that the cosine-based 

and sine-based development in Ch. 3 led to different equations from which to predict the 

fundamental frequencies. And, as mentioned, for circular cylinders the cosine- and sine-based 

formulations lead to the same results. For noncircular cylinders, that is not the case. Table 3- 1 

illustrated this point, and as mentioned in the discussion related to Tables 3- 1 and 3- 2, both a 

cosine-base analysis and a sine-based analysis must be considered. For results such as illustrated 

in Figs. 4- 5 through 4- 8, a parallel series of figures must be constructed and then compared 

case-by-case with Figs. 4- 5 through 4- 8 to determine what differences there may be, for what 
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conditions they occur, what features are different, etc. That is not the approach taken here. For 

the range of elliptical cylinders considered in this study, the difference between the cosine-based 

analysis and the sine-based analysis generally could not be resolved within the resolution of the 

figures. There were some situations where the difference could be detected, and it is important to 

point those conditions out. Therefore, the second group of figures focuses on the differences by 

illustrating the difference in predicted frequencies between the sine-based and cosine-based 

analyses, expressed as a percentage, in the same format as Figs. 4- 1 through 4- 4, but with the 

percent difference on the vertical axis. 

 

Fundamental Frequencies of Elliptical Cylinders 

 

In Fig. 4- 5 the variations of the normalized fundamental frequencies of large simply-

supported elliptical cylinders with L/C are illustrated. A quick look at Fig. 4- 5 reveals that for 

these cases the non-simplified formulation, the two levels of simplified formulations, and Lo’s 

approximation, Eq. 3- 68, Eq. 3- 71, Eq. 3- 72, and Eq. 3- 74, respectively, agree quite well with 

the calculations from the finite-element model. All predictions of the developed formulations are 

higher than those of the finite-element model. Though it is difficult to detect, in Fig. 4- 5 the 

various formulations from a low fundamental frequency prediction to a high frequency 

prediction are, in order, 2nd simplification, Lo’s approximation, non-simplified formulation, and 

1st simplification. These formulations are within 10% of each other and that is also the difference 

between the finite-element predictions and those of the 2nd simplification. The predicted value of 

the circumferential wave number n is also quite accurate. Where there is a difference between the 

predictions of the developed formulation and the finite-element model as regards n, the value of 

n in the developed formulation is always less by one over a limited range of L/C. As mentioned, 

in all cases m = 1. 

 

In Fig. 4- 6 the fundamental frequencies of large elliptical cylinders with clamped supports 

are illustrated in the familiar format. Equation 3- 91, Eq. 3- 94, Eq. 3- 95, and Eq. 3- 97 from the 

developed formulation are used. The comments regarding the accuracy of the predictions of the 

various developed formulations relative to each other and relative to the finite-element 

predictions are the same as for the simply-supported elliptical cylinders. Though the error 

between the most accurate prediction of the developed formulation and the finite-element model 
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for the clamped support cylinder is greater than that for the simply supported case, except for the 

[±45]4S laminate, it does not exceed 15% as compared to 10% for the simply supported case. 

 

 For the small simply supported elliptical cylinders, Fig. 4- 7, for some cases the predictions 

of non-simplified formulation and the 1st simplification cluster together and the predictions of the  

2nd simplification and Lo’s approximation form another cluster, these two clusters being 

separated slightly for particular laminates. This was somewhat the case with the large simply 

supported elliptical cylinders, but it is more so for the small simply supported cylinders. The 

cluster with the non-simplified formulation and the 1st simplification always predict higher 

fundamental frequencies than the other cluster. Unlike the situation for the larger simply 

supported elliptical cylinder in Fig. 4- 5, for the small simply supported cylinders the 1st 

simplification does not always predict frequencies higher than the non-simplified formulation. 

Additional, regarding the 2nd cluster and unlike the situation for the larger simply supported 

cylinders, the predictions of Lo’s approximation are not always higher than the predictions of the 

2nd simplification. For the [±45]2S laminate, which has stood out as being a somewhat different 

case, Lo’s approximation and the 2nd simplification, the second cluster, agree quite well with the 

finite-element predictions. 

 

Finally, for the small clamped support elliptical cylinders, in Fig. 4- 8, the two clusters are 

again obvious and no one developed formulation predicts the fundamental frequencies well for 

all laminates and the full range of L/C, as has been the case with other cylinder sizes and support 

conditions. The difference between the finite-element predictions and the predictions of the 2nd 

simplification and Lo’s approximation for [±45]2S laminate is about 15% for short cylinders and 

20% for the long cylinders. 

 

Regarding the prediction of the circumferential wave number n: There is some disagreement 

between the predictions of the developed formulation and the finite element results as to the 

value of L/C where the wave number changes. However, overall for the elliptical cylinders the 

prediction of the circumferential wave number by the developed formulation is in agreement 

with the finite-element prediction. 
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In summary, as with the circular cylinders, the cosine-based developed formulation, 

particularly the 2nd simplification and Lo’s approximation, generally does a reasonably accurate 

job of predicting the fundamental frequency of cylinders with the most extreme eccentricity of 

all the cylinders considered in this study. Lo’s approximation, for example, would be very good 

for design and trade-off studies. 
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                                            Normalized length, L/C 

 
(a) Lamination sequences [±15/0/90]2S  

 
 
 

                         
                                            Normalized length, L/C 

 
(b) Lamination sequences [±45/0/90]2S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]2S 
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(d) Lamination sequences [±15]4S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]4S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]4S 

Fig. 4- 5 Normalized fundamental frequency of large elliptical cylinders,  

b/a = 0.55 (e = 0.84), simple supports, cosine-based 
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(a) Lamination sequences [±15/0/90]2S  
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(b) Lamination sequences [±45/0/90]2S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]2S 
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(d) Lamination sequences [±15]4S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]4S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]4S 

Fig. 4- 6 Normalized fundamental frequency of large elliptical cylinders,  

b/a = 0.55 (e = 0.84), clamped supports, cosine based 
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                                            Normalized length, L/C 

 
(a) Lamination sequences [±15/0/90]S  
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(b) Lamination sequences [±45/0/90]S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]S 
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(d) Lamination sequences [±15]2S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]2S 
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(f) Lamination sequences [±75]2S 

Fig. 4- 7 Normalized fundamental frequency of small elliptical cylinders,  

b/a = 0.55 (e = 0.84), simple supports, cosine-based 
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                                            Normalized length, L/C 

 
(a) Lamination sequences [±15/0/90]S  
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(b) Lamination sequences [±45/0/90]S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]S 
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(d) Lamination sequences [±15]2S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]2S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]2S 

Fig. 4- 8 Normalized fundamental frequency of small elliptical cylinders,  

b/a = 0.55 (e = 0.84), clamped supports, cosine-based 
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Effect of Elliptical Geometry on Frequency 

 

While Figs. 4- 1 through 4- 4 and 4- 5 through 4- 8 have been used to provide an indication 

of the accuracy and utility of the predictive capability by comparing the predictions of various 

simplified and approximate formulas with finite-element predictions, these two groups of figures 

can also be used to illustrate the effect of a noncircular geometry on the fundamental frequency. 

By comparing results from similar cylinder sizes, values of R0/H, lamination arrangement, and 

boundary conditions, e.g., Fig. 4- 1a with Fig. 4- 5a, it is clear that the fundamental frequency of 

an elliptical cylinder is less than the fundamental frequency of a circular cylinder of the same 

circumference, length, value of R0/H, lamination arrangement, and with the same boundary 

conditions. How much less, as might be expected, depends on the particulars of those parameters, 

so it is not easy to cite a number that covers all situations. However, there are some trends. To 

provide a better evaluation of the decrease in the fundamental frequency due to the noncircular 

geometry, the percentage decrease in fundamental frequency due to eccentricity is plotted in Figs. 

4- 9 and 4- 10 for the two groups of figures, Fig. 4- 9 for the large simply supported and clamped 

cylinders, and Fig. 4- 10 for the small simply supported and clamped cylinders. The percent 

plotted is defined by 

 
൫߱௘௟௟௜௣௦௘ െ ߱௖௜௥௖௟௘൯

߱௖௜௥௖௟௘
ൈ 100% Eq. 4- 1

and only the calculations from the finite element analyses are shown to keep the figures less 

cluttered. The percent differences for the [±ߴ /0/90]2S and [±ߴ /0/90]S laminate families are 

represented by solid symbols and the percent differences for the [±ߴ]4S and [±ߴ]2S laminate 

families are represented by open symbols. Considering all cases in Figs. 4- 9 and 4- 10, it is clear 

that the percent difference decreases with increasing L/C. For the [±ߴ]4S and [±ߴ]2S  laminate 

families, the cylinders with the ±15° layers (open triangles) generally experience the largest 

decrease in fundamental frequency (upwards of a 30% decrease for small L/C), while the 

families with the ±75° layers (open circles) or the ±45° layers (open diamonds) exhibit the 

smallest decrease (as low as 10% for large L/C). For the [±0/90/ߴ]2S and  [±0/90/ߴ]S laminate 

families, the cylinders with the ±15° layers (solid triangles) also experience the largest decrease 

(also upwards of a 30% decrease for low L/C). Again, for the [±0/90/ߴ]2S and  [±0/90/ߴ]S 

laminate families the cylinders with the ±75° layers (solid circles) or the ±45° layers (solid 

diamonds) exhibit the smallest decrease (again as low as 10% for large L/C).  Given the range of 
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fiber orientations among the two laminate families, from ±15° to the ±75°, the range of decrease 

in the fundamental frequencies for this extreme ellipse is interesting, and it can be concluded that 

fiber angle has a strong influence on the decrease. 

(a) with simple supports 
 

(b)with clamped supports 

Fig. 4- 9 Percentage difference of cross-sectional effect for large cylinders upon their 

fundamental frequency 
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(a) with simple supports 
 

(b)with clamped supports 
 

Fig. 4- 10 Percentage difference of cross-sectional effect for small cylinders upon their 

fundamental frequency 
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Differences between Cosine-Based and Sine-Based Calculations 

As mentioned previously, the differences in the predictions of the sine-based calculations 

and the cosine-based calculations are illustrated in Figs. 4- 11 through 4- 14 in the same format 

as Figs. 4- 5 through 4- 8 except the vertical axes are now given by 

 

 

ሺ߱௖௢௦௜௡௘ ௕௔௦௘ௗ െ ߱௦௜௡௘ ௕௔௦௘ௗሻ
߱௖௢௦௜௡௘ ௕௔௦௘ௗ

ൈ 100% Eq. 4- 2

A quick glance at Figs. 4- 11 through 4- 14 reveals that for 19 of the 24 cases considered 

(cylinder sizes large and small; boundary conditions simply-supported and clamped support; wall 

properties with two lamination sequences and three fiber angles), the difference in the 

fundamental frequency predicted by the cosine-based and sine-based formulations is less that 1% 

and for certain combinations of parameters, well less than 1%. For those cylinder sizes, boundary 

conditions, and wall laminates for which the difference is less than 1% for the entire range of L/C, 

e.g., all the cases in Figs. 4- 12a-f, the difference is essentially zero for short cylinders, slightly 

negative for intermediate length cylinders, and positive or negative for long cylinders. For those 

five cases for which the difference is greater that 1%, for some values of geometric and material 

parameters the difference is negative and in the range 6-8%. Interestingly, these cases all involve 

long cylinders and a lamination sequence involving a 75° fiber angle in four of the five cases and 

a 45° fiber angle in the other case. Specifically, these are the cases of Fig. 4- 11f (large simply 

supported cylinder with wall laminate [±75]4S), Fig. 4- 13c (small simply supported cylinder with 

wall laminate [±75/0/90]S), Fig. 4- 13e (small simply supported cylinder with wall laminate 

[±45]2S) , Fig. 4- 13f (small simply supported cylinder with wall laminate [±75]2S), and Fig. 4- 

14f (small clamped support cylinder with wall laminate [±75]2S). Interestingly, these cases 

correspond to cases where the value of n is 2. To expand on this point: the deformation 

characteristics of the elliptical cross section for n = 2 are illustrated in Fig. 4- 15. The cosine- and 

sine-based deformations are illustrated in Fig. 4- 15a and Fig.4- 15b, respectively. Consider the 

change of normal displacement in the quarter of circumference from s = 0 to s = C/4 (top to right 

side). For the cosine-based cross section the normal displacement varies from a maximum to 

zero and then to a minimum, whereas for sine-based cross section the normal displacement 

varies from zero to a maximum and then to zero again. These different characteristics cause 

cosine- and sine-based values for S1n for n = 2 in Eq. 3- 59 to be quite different, leading to the 6-

8% difference in the predicted fundamental frequencies discussed above. However, as seen, the 

effect decreases with increasing the circumferential mode n. 
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(a) Lamination sequences [±15/0/90]2S  
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(b) Lamination sequences [±45/0/90]2S 
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(c) Lamination sequences [±75/0/90]2S 
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(d) Lamination sequences [±15]4S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]4S 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]4S 

Fig. 4- 11 Percentage difference between cosine- and sine-based large elliptical cylinders 

(b/a = 0.55, e = 0.84) with simple supports 
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(a) Lamination sequences [±15/0/90]2S  
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(b) Lamination sequences [±45/0/90]2S 

0.4 0.5 0.6 0.7 0.8 0.9 1.0

-8

-6

-4

-2

2

4

0.4 0.5 0.6 0.7 0.8 0.9 1.0

-8

-6

-4

-2

2

4

% 

% 

1st simplified  

Non-simplified 

2nd simplified  

n = 5 n = 6 n = 7 

1st simplified  

Non-simplified 

2nd simplified  

n = 4 n = 5 n = 6 n = 7 

n = 4 



114 
 

                         
                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]2S 
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(d) Lamination sequences [±15]4S 
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(e) Lamination sequences [±45]4S 
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(f) Lamination sequences [±75]4S 

Fig. 4- 12 Percentage difference between cosine- and sine-based large elliptical cylinders 

(b/a = 0.55, e = 0.84) with clamped supports 
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(a) Lamination sequences [±15/0/90]S  
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(b) Lamination sequences [±45/0/90]S 
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(c) Lamination sequences [±75/0/90]S 
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(d) Lamination sequences [±15]2S 
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(e) Lamination sequences [±45]2S 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]2S 

Fig. 4- 13 Percentage difference between cosine- and sine-based small elliptical cylinders 

(b/a = 0.55, e = 0.84) with simple supports 
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(a) Lamination sequences [±15/0/90]S  
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(b) Lamination sequences [±45/0/90]S 
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(c) Lamination sequences [±75/0/90]S 
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(d) Lamination sequences [±15]2S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]2S 
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(f) Lamination sequences [±75]2S 

Fig. 4-14 Percentage difference between cosine- and sine-based small elliptical cylinders 

(b/a = 0.55, e = 0.84) with clamped supports 
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(a) Cosine-based (b) Sine-based 

Fig. 4- 15 Elliptical cross-sectional shape for n = 2, b/a = 0.55 (e = 0.84) 

 

 

 

In summary, by combining the findings Fig 4- 5 through 4- 10 with the findings of Figs. 4- 

11 through 4- 14 it can be stated that either a cosine-based or a sine-based formulation can be 

used with reasonable accuracy for determining the characteristics of the fundamental frequency 

of elliptical cylinders. In particular, using Lo’s approximation, which is equally as valid for the 

sine-based formulation as for the cosine-based formulation, would be a very convenient tool for 

conducting parameter studies regarding cylinder geometry and wall laminate properties. Though 

it has not been shown explicitly, the developed formulation works well for aspect ratios between 

1.00 and 0.55, circular cylinders and the most extreme ellipse studied here, respectively. The 

fundamental frequencies for the sine-based calculations are provided in Appendix B. 

4.3 Results for Other Aspect Ratios and Fiber Angles 

As the developed formulation has been shown to be reasonable accurate when compared to 

calculations from the finite-element model, it is of value to use the formulation to explore the 

characteristics of the fundamental frequency as a function of other fiber angles and other cross 

sectional aspect ratios. To that end, the figures to follow explore a range of values for both of 

these parameters. As the case of L/C = 1 represents a cylinder that could be considered 

impractically long, the values of L/C considered are 0.3, 0.5, and 0.7. For the case of circular 

cylinders the values of L/D would be approximately 1, 1.5, and 2. For this study of the effects of 

fiber angles and cross-sectional geometry using the developed formulation, the frequencies are 
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normalized by the fundamental frequencies of the two baseline cylinders as computed by the 

developed formulation. The normalizing frequencies are listed in Table 4- 7.  

 

 

 

Table 4.7 Data for baseline cylinders 

 Large cylinder Small cylinder 

R0=a=b, m (D0, m) [C, m ] 0.448 (0.896) [2.81] 0.1120 (0.224) [0.704]  

L, m 1.407 0.352 

Lamination sequences [±45/0/90]2S [±45/0/90]S 

Boundary conditions Simple supports Simple supports 

Fundamental frequency, ω0 
(rad/s) 655 3690 

 

 

 

Based on Lo’s approximate equation, in Fig. 4- 16 the normalized fundamental frequencies 

of the large simply supported cylinders for different aspect ratios, b/a, and different normalized 

lengths, L/C, are shown. From Table 4- 7 the normalization factor is 655 rad/s. The horizontal 

axis is the fiber orientation ߴ. In Fig. 4-16a the lamination sequence is [±0/90/ߴ]2S whereas in 

Fig. 4- 16b the lamination sequence is [±ߴ]4S. The results show that the fundamental frequencies 

change somewhat more while varying ߴ in just eight layers of the [±0/90/ߴ]2S laminate rather 

than in all sixteen layers in the [±ߴ]4S laminate. In either case the fundamental frequency is not 

significantly sensitive to the fiber angle. That will be discussed more shortly. For the [±0/90/ߴ]2S 

laminate the highest fundamental frequencies occur for fiber angle ߴ  in the range 45-90°, 

depending on the value of other parameters. As was seen earlier, the fundamental frequency 

decreases with decreasing aspect ratio. As expected, the decrease for aspect ratio 0.55 relative to 

the circular case is greatest of the three noncircular cross sections studied and was quantified 

earlier. The baseline case for the large cylinders is indicated with a solid symbol in Figs. 4- 16a-b 
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at 45° =ߴ, ω/ω0 = 1. For the [±ߴ]4S laminate it is difficult to conclude from the figures which 

angle or range of angles leads to the highest fundamental frequency. 

 

In Fig. 4- 17 the normalized fundamental frequencies of the large clamped support cylinders 

are illustrated. In general, for lamination sequence [± ߴ /0/90]2S the highest fundamental 

frequencies again occur for cylinders with ߴ in the range 50-75°, while for lamination sequence 

 For these clamped . 45-50° = ߴ 4S the highest fundamental frequencies occur in the range[ߴ±]

cylinders the fundamental frequency changes more with ߴ for the [±ߴ]4S laminates than for the 

 .2S laminates[0/90/ߴ±]



125 
 

 

 
 ߴ

(a) Lamination sequences [±0/90/ߴ]2S 

 

 

 
 ߴ

(b) Lamination sequences [±ߴ]4S 

Fig. 4- 16 Normalized fundamental frequency of large elliptical cylinders, simple supports 
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ߴ

(a) Lamination sequences [±0/90/ߴ]2S 

 

 

 
ߴ

(b) Lamination sequences [±ߴ]4S 

Fig. 4- 17 Normalized fundamental frequency of large elliptical cylinders, clamped supports 

15 30 45 60 75 90

0.5

1

1.5

2

2.5

15 30 45 60 75 90

0.5

1

1.5

2

2.5

Normalized 

Fundamental 

Frequency 

߱/ ߱଴ 

Normalized 

Fundamental 

Frequency 

߱/ ߱଴ 

L/C=0.3 

L/C=0.5 

L/C=0.7

b/a 0.550.85 0.70 1.00

color

L/C=0.3 

L/C=0.5

L/C=0.7

b/a 0.550.85 0.70 1.00

color



127 
 

 

    
 ߴ

(a) Lamination sequences [±0/90/ߴ]S 

 

 

 
ߴ

(b) Lamination sequences [±ߴ]2S 

Fig. 4- 18 Normalized fundamental frequency of small elliptical cylinder, simple supports 
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 ߴ

(a) Lamination sequences [±0/90/ߴ]S 

 

 

 
ߴ

(b) Lamination sequences [±ߴ]2S 

Fig. 4- 19 Normalized fundamental frequency of small elliptical cylinders, clamped supports 
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In Fig. 4- 18 the normalized fundamental frequencies of the small simply-supported 

cylinders are shown. The values of the normalized fundamental frequencies are divided by 3690 

rad/s and that baseline case is identified with a solid circle in the figure. The results show that the 

fundamental frequencies vary more with ߴ in the four layers of the [±0/90/ߴ]S laminate than with 

the eight layers of the  [±ߴ]2S laminate, as was the case for the large simply-supported cylinders 

in Figs. 4- 16. For the [±0/90/ߴ]S laminate the highest fundamental frequencies occur for the 

range 50-85° = ߴ, while for the [±ߴ]2S laminate it could be argued that the highest fundamental 

frequencies occur near 30° = ߴ, which for L/C = 0.3, 0.5, and 0.7 and a mildly elliptical cross 

section ߴ closer to 90° results in the highest fundamental frequency. 

 

In Fig. 4- 19 the normalized fundamental frequencies of the small clamped support cylinders 

are shown. In general, for the [±0/90/ߴ]S laminate the highest fundamental frequencies cluster 

around 60-75° = ߴ, while for the [±ߴ]2S laminate the highest fundamental frequencies cluster 

around 45° = ߴ. 

 

Before closing this chapter, it is important to consider the seemingly insensitive behavior of 

the fundamental frequencies for broad variations in fiber angle, as has been observed for a 

number of cases throughout the discussions in this chapter. Considering large simply supported 

cylinders with lamination sequences [±ߴ]4S , as in Fig. 4- 16b, with a aspect ratio b/a = 0.55 and 

length L/C = 0.5, details of the frequencies with varied circumferential wave number n are shown 

in Fig. 4- 20. As seen, for small fiber angles the wave number n = 6 is associated with the 

fundamental frequency. The frequency associated with that wave number increases quickly as 

the fiber angle increases. However, at a fiber angle of about 25° the frequency corresponding to 

wave number n = 5 is lower than the frequency corresponding to wave number n = 6. As the 

fiber angle continues to increase, the frequency associated with n = 5 again increases quickly, 

and at a fiber angle of approximately 39° the frequency associated with wave number n = 4 is 

lower, and so forth. Considering the locus of lowest frequencies, i.e., the fundamental frequency, 

it is basically insensitive to fiber angle. What is sensitive to fiber angle is the circumferential 

wave number, and significantly so. As the fiber angle increases, the number of circumferential 

waves decreases. This number of circumferential waves seems to be correlated with 

circumferential stiffness, as dictated by fiber angle. Circumferential stiffness increases with 

increasing fiber angle, so developing short wavelength curvatures in the circumferential direction 
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for fiber angles near 90° would seem to be more difficult than for fiber angles closer to 0°.  This 

appears to be the case, as the circumferential wavelength decreases with increasing fiber angle. 

 

 

 

 

 
 ߴ

 

 

Fig. 4- 20 Normalized fundamental frequency of large elliptical cylinders, lamination 

sequences [±ߴ]4S, b/a = 0.55, L/C = 0.5, various circumferential wave numbers n,  

simple supports, based on Lo’s approximation 
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15 30 45 60 75 90

0.5

1

1.5

2

2.5

3

Normalized 

Frequency 

߱/ ߱଴ 

 
 Natural 

frequency 
n = 2  
n = 3  
n = 4  
n = 5  
n = 6  
n = 7  
n = 8  
n = 9  

 
 Fundamental 

frequency 
n = 3  
n = 4  
n = 5  
n = 6  

 
 



131 
 

21 it can also be seen that the difference of the fundamental frequency based on the cosine-based 

and sine-based assumed functions for n larger than 3 can hardly be distinguished while those for 

n = 2 can be observed. The differences between the cosine-based and sine-based analyses were 

considered in detail earlier. 

 

 

 

 

 
 ߴ

 

Fig. 4- 21 Normalized fundamental frequency of large elliptical cylinders, lamination 

sequences [±ߴ]4S, b/a = 0.55, L/C = 0.5, various circumferential wave numbers n,  

simple supports, based on the second simplification 

 

 

Attention now turns to the other objective of this research, namely, the influence of 

circumferentially varying fiber angle on the fundamental frequencies of elliptical cylinders. 
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Chapter 5 Varying Fiber Orientation with Circumferential Location 

The role of lamination sequence, fiber angle, cylinder size, and cross-sectional geometry on 

the fundamental frequency of composite cylinders constructed of layers with fiber orientations 

that do not change with circumferential location, which in this chapter will be referred to as 

constant fiber orientation, has been discussed in previous chapters. As mentioned, it has been 

shown that allowing the fiber orientation to vary with circumferential location can substantially 

improve axial buckling of an elliptical cylinder relative to, for example, a quasi-isotropic 

baseline case [1]. Additionally, the so-called one-spatial-coordinate fiber angle tailoring 

technique can increase the buckling of flat composite panels [60], and the so-called two-spatial-

coordinate tailoring technique can increase the fundamental frequency [61] and the buckling load 

[62] of flat composite panels. Since there is evidence in the results of the previous chapters that 

the fundamental frequency is somewhat insensitive to fiber orientation, particularly for simply-

supported cylinders, it is of value to determine if the fundamental frequency of an elliptical 

cylinder suffers from any detrimental effects if the fiber orientation is varied with circumferential 

location to provide particular structural advantages, such as increasing buckling load. Likewise, 

it is important to know if there is there any gain as regards fundamental frequency for the case of 

varying the fiber angle with circumferential location.  

 

     To investigate the impact of varying the fiber orientation with circumferential location, here a 

so-called linear approach to varying fiber orientation with circumferential location is employed. 

In particular, the description of fiber angle variation with circumferential location used herein is 

given in Eq. 5- 1, where ߠଵ is the fiber orientation at s = C/4 and s = 3C/4, the more curved 

portions of the cylinder cross section, and ߠଶ is the fiber orientation at s = 0 and s = C/2, the 

flatter portions of the cylinder cross section (see Figs. 1- 2 and 1- 3 for the definition of s.)  

ߴ  ൌ
4ሺߠଵ െ ݏଶሻߠ

ܥ ൅ ,ଶߠ 0 ൑ ݏ ൏
ܥ
4 

ߴ  ൌ
4ሺെߠଵ ൅ ݏଶሻߠ

ܥ െ ଶߠ ൅ ,ଵߠ2
ܥ
4 ൑ ݏ ൏

ܥ
2 

Eq. 5- 1
ߴ  ൌ

4ሺߠଵ െ ݏଶሻߠ
ܥ ൅ ଶߠ3 െ ଵߠ2 ,

ܥ
2 ൑ ݏ ൏

ܥ3
4  
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ߴ  ൌ
4ሺെߠଵ ൅ ݏଶሻߠ

ܥ െ ଶߠ3 ൅ ଵߠ4 ,
ܥ3
4 ൑ ݏ ൏  ܥ

The piecewise linear forms of Eq. 5- 1 are dictated by the fact that there must be a double 

symmetry to the fiber angle variation around the circumference. A schematic of the fibers in one 

of the layers of a cylinder with a constant fiber orientation of 75°, as studied in the former 

chapters, is illustrated in Fig. 5- 1a. The fiber orientation in one of the layers of a cylinder with 

varying fiber orientation, in particular with ߠଵ ൌ 15° and ߠଶ ൌ 75°, is shown in Fig. 5- 1b. 

 

(a) ߴ ൌ 45° (b) ߠଵ ൌ 15° and ߠଶ ൌ 75° 
Fig. 5- 1 Illustration of layer fiber direction within cylinders 

 

To further illustrate the constant and variable fiber angle concepts, in Fig. 5- 2a and b the layers 

are unrolled into a planar sheet. 

 

  
 

 ݏ   

  

 ݏ
(a) ߴ ൌ 45° (b) ߠଵ ൌ 15° and ߠଶ ൌ 75° 
Fig. 5- 2 Unrolled cylinders with varying fiber orientation  
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With varying fiber orientation combined with several lamination sequences, cylinder size, 

boundary conditions, and cross-sectional geometry, the number of parameters to investigate is 

large. For that reason, the study of the influence of varying fiber orientation will be restricted to 

just a few combinations of parameters, mainly to determine the extent of the influence of 

variable fiber orientation on the fundamental frequency. The parameters considered are listed in 

Tables 5- 1 and 5- 2. 

 

 

 

Table 5- 1 Cylinder parameters considered 

 

Aspect ratio (b/a) 1, 0.55 

Length-to-circumference 
ratio(L/C) 0.5 

Cylinder size (C) Large 2.82 m 
Small 0.704 m 

Laminates Large ሾേ0/90/ߴሿଶS, ሾേߴሿସS  
Small  ሾേ0/90/ߴሿS, ሾേߴሿଶS 

Boundary conditions simple supports 

 

 

 

Table 5- 2 Range of ߠଵ and ߠଶ Considered 

 

 ଵ 15, 45, 75°ߠ

 ଶ 15, 45, 75°ߠ
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A Rayleigh-Ritz formulation will be developed to obtain a closed-form expression for the 

fundamental frequency for the variable fiber angle cylinders. A finite element model will also be 

used to compute results and compare with the closed-form expression. To develop an expression 

for the fundamental frequency of cylinders with linearly varying fiber orientation, the invariant 

properties of a composite layer are used. These are introduced in the next section, and the 

fundamental frequency equations are developed in the section following that. 

5.1 Invariant Properties of an Orthotropic Lamina 

By rewriting Eq. 2- 46 in terms of invariant properties [63], in any layer with fiber 

orientation ߠ the transformed reduced stiffnesses can be expressed as 

 Qഥଵଵ ൌ Λଵ ൅ Λଶcos2ߠ ൅ Λଷcos4ߠ 

 Qഥଵଶ ൌ Λସ െ Λଷcos4ߠ 

 Qഥଶଶ ൌ Λଵ െ Λଶcos2ߠ ൅ Λଷcos4ߠ 
Eq. 5- 2

 Qഥଵ଺ ൌ ଵ
ଶΛଶsin2ߠ ൅ Λଷsin4ߠ 

 Qഥଶ଺ ൌ ଵ
ଶΛଶsin2ߠ െ Λଷsin4ߠ 

 Qഥ଺଺ ൌ Λହ െ Λଷcos4ߠ 

where 

 Λଵ ൌ
3Qଵଵ ൅ 3Qଶଶ ൅ 2Qଵଶ ൅ 4Q଺଺

8   

 Λଶ ൌ
Qଵଵ െ Qଶଶ

2  

 Λଷ ൌ
Qଵଵ ൅ Qଶଶ െ 2Qଵଶ െ 4Q଺଺

8  Eq. 5- 3

 Λସ ൌ
Qଵଵ ൅ Qଶଶ ൅ 6Qଵଶ െ 4Q଺଺

8  

 Λହ ൌ
Qଵଵ ൅ Qଶଶ െ 2Qଵଶ ൅ 4Q଺଺

8  

In the matrix form, the transformed reduced stiffnesses become 
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቎
Qഥଵଵ Qഥଵଶ Qഥଵ଺
Qഥଵଶ Qഥଶଶ Qഥଶ଺
Qഥଵ଺ Qഥଶ଺ Qഥ଺଺

቏ ൌ ઩ഥ0 ൅ ઩ഥ1cos2ߠ ൅ ઩ഥ2cos4ߠ ൅ ઩ഥ3sin2ߠ ൅ ઩ഥ4sin4ߠ Eq. 5- 4

where 

 ઩ഥ଴ ൌ ቎
Λ1 Λ4 0
Λ4 Λ1 0
0 0 Λ5

቏ 

 ઩ഥଵ ൌ ൥
Λ2 0 0
0 െΛ2 0
0 0 0

൩ 

 ઩ഥଶ ൌ ቎
Λ3 െΛ3 0

െΛ3 Λ3 0
0 0 െΛ3

቏ Eq. 5- 5

 ઩ഥଷ ൌ ቎
0 0 Λ2/2
0 0 Λ2/2

Λ2/2 Λ2/2 0
቏ 

 ઩ഥସ ൌ ቎
0 0 Λ3
0 0 െΛ3

Λ3 െΛ3 0
቏ 

The expression for the potential energy per unit area of cylinder reference surface is 

Πഥ  ൌ න Qഥଵଵ

ு/ଶ

ିு/ଶ
dߝ ݖ௫°ଶ ൅ 2 න Qഥଵଶ

ு/ଶ

ିு/ଶ
dݖ °௦ߝ°௫ߝ ൅ න Qഥଶଶ

ு/ଶ

ିு/ଶ
dݖ  ௦°ଶߝ

     ൅2 න Qഥଵ଺

ு/ଶ

ିு/ଶ
dߝ ݖ௫°ߛ௫௦° ൅ 2 න Qഥଶ଺

ு/ଶ

ିு/ଶ
dߛ ݖ௫௦°ߝ௦° ൅ න Qഥ଺଺

ு/ଶ

ିு/ଶ
dߛ ݖ௫௦°ଶ 

     ൅2 න Qഥଵଵ

ு/ଶ

ିு/ଶ
°௫ߢ°௫ߝ  ݖdݖ ൅ 2 න Qഥଵଶ

ு/ଶ

ିு/ଶ
°௫ߢ°௦ߝ ݖdݖ ൅ 2 න Qഥଵଶ

ு/ଶ

ିு/ଶ
 °௦ߢ°௫ߝ ݖdݖ

     ൅2 න Qഥଶଶ

ு/ଶ

ିு/ଶ
°௦ߢ°௦ߝ  ݖdݖ ൅ 2 න Qഥଵ଺

ு/ଶ

ିு/ଶ
°௫௦ߢ°௫ߝ ݖdݖ ൅ 2 න Qഥଵ଺

ு/ଶ

ିு/ଶ
 °௫ߢ°௫௦ߛ ݖdݖ

     ൅2 න Qഥଶ଺

ு/ଶ

ିு/ଶ
°௫௦ߢ°௦ߝ  ݖdݖ ൅ 2 න Qഥଶ଺

ு/ଶ

ିு/ଶ
°௦ߢ°௫௦ߛ ݖdݖ ൅ 2 න Qഥ଺଺

ு/ଶ

ିு/ଶ
 °௫௦ߢ°௫௦ߛ ݖdݖ

     ൅ න Qഥଵଵݖଶ
ு/ଶ

ିு/ଶ
dߢ ݖ௫°ଶ ൅ 2 න Qഥଵଶݖଶ

ு/ଶ

ିு/ଶ
dݏߢ°ݔߢ ݖ° ൅ න Qഥଶଶݖଶ

ு/ଶ

ିு/ଶ
d2°ݏߢ ݖ 

     ൅2 න Qഥଵ଺ݖଶ
ு/ଶ

ିு/ଶ
dݏݔߢ°ݔߢ ݖ° ൅ 2 න Qഥଶ଺ݖଶ

ு/ଶ

ିு/ଶ
dݖ °ݏݔߢ°ݏߢ ൅ න Qഥ଺଺ݖଶ

ு/ଶ

ିு/ଶ
d2°ݏݔߢ ݖ 

Eq. 5- 6
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The potential energy for the entire cylinder, Π, is 

Π ൌ
1
2 න න Πഥ 

௅

଴

஼

଴
 dݔdݏ Eq. 5- 7

For symmetric lamination sequences, Πഥ can be rewritten as the matrix form 

Πഥ ൌ °௫ߝۃ °௦ߝ ҧܣۄ°௫௦ߛ ൝
°௫ߝ
°௦ߝ
°௫௦ߛ

ൡ ൅ °ݔߢۃ °ݏߢ ഥܦۄ°ݏݔߢ ൝
°ݔߢ
°ݏߢ
°ݏݔߢ

ൡ Eq. 5- 8

where 

ҧܣ ൌ ઩ഥ0ܪ ൅ ଵ઩ഥ1ߙ ൅ ଶ઩ഥ2ߙ ൅ ଷ઩ഥ3ߙ ൅  ସ઩ഥ4ߙ
Eq. 5- 9

ഥܦ ൌ
ଷܪ

12 ઩ഥ0 ൅ ଵ઩ഥ1ߚ ൅ ଶ઩ഥ2ߚ ൅ ଷ઩ഥ3ߚ ൅  ସ઩ഥ4ߚ

and 

ଵߙ  ൌ න cos2ߠdݖ
2/ܪ

2/ܪି
 

ଶߙ  ൌ න cos4ߠdݖ
2/ܪ

2/ܪି
 

ଷߙ  ൌ න sin2ߠdݖ
2/ܪ

2/ܪି
 

ସߙ  ൌ න sin4ߠdݖ
2/ܪ

2/ܪି
 

Eq. 5- 10

ଵߚ  ൌ න ଶݖ cos2ߠdݖ
2/ܪ

2/ܪି
 

ଶߚ  ൌ න ଶݖ cos4ߠdݖ
2/ܪ

2/ܪି
 

ଷߚ  ൌ න ଶݖ sin2ߠdݖ
2/ܪ

2/ܪି
 

ସߚ  ൌ න ଶݖ sin4ߠdݖ
2/ܪ

2/ܪି
 

By substituting the four different lamination sequences being studied (see Table 5- 1) into 

Eq. 5- 10, ߙଵ ଶߙ , ଷߙ , ସߙ , ଵߚ , ଶߚ , ଷߚ , , and ߚସ  can be found and are given in Table 5- 3. The 
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parameters ߙଷ and ߙସ are zero because the lamination sequences are balanced. The parameters ܣҧ 
and ܦഥ are rewritten to separate the effects of fiber angle ߴ as below. 

ҧܣ  ൌ ሺܪ઩ഥ଴ ൅ ଵߙ
௖઩ഥଵ ൅ ଶߙ

௖઩ഥଶሻ ൅ ሺߙଵ
௧઩ഥଵcos2ߴ ൅ ଶߙ

௧઩ഥଶcos4ߴሻ Eq. 5- 11

 
ഥܦ ൌ ቆ

ଷܪ

12 ઩ഥ଴ ൅ ଵߚ
௖઩ഥଵ ൅ ଶߚ

௖઩ഥଶ ൅ ଷߚ
௖઩ഥଷ ൅ ସߚ

௖઩ഥସቇ 

    ൅ሺߚଵ
௧઩ഥଵcos2ߴ ൅ ଶߚ

௧઩ഥଶcos4ߴ ൅ ଷߚ
௧઩ഥଷsin2ߴ ൅ ସߚ

௧઩ഥସsin4ߴሻ  
Eq. 5- 12

 

 

Table 5- 3 Coefficients of invariant properties for different lamination sequences 

 

 2S[ߴ±] S[0/90/ߴ±] 4S[ߴ±] 2S[0/90/ߴ±] 

ଵߙ ൌ ଵߙ
௧cos2ߴ ൅ ଵߙ

௖ 

ሺߙଵ
௧ , ଵߙ

௖ሻ 
൬

ܪ
2 , 0൰ ሺܪ, 0ሻ ൬

ܪ
2 , 0൰ ሺܪ, 0ሻ 

ଶߙ ൌ ଶߙ
௧cos4ߴ ൅ ଶߙ

௖ 

ሺߙଶ
௧ , ଶߙ

௖ሻ 
൬

ܪ
2 ,

ܪ
2൰ ሺܪ, 0ሻ ൬

ܪ
2 ,

ܪ
2൰ ሺܪ, 0ሻ 

 ଷ 0 0 0 0ߙ

 ସ 0 0 0 0ߙ

ଵߚ ൌ ଵߚ
௧cos2ߴ ൅ ଵߚ

௖ 

ሺߚଵ
௧ , ଵߚ

௖ሻ 
ቆ

ଷܪ11

192 ,
ଷܪ3

512ቇ ቆ
ଷܪ

12 , 0ቇ ቆ
ଷܪ7

96 ,
ଷܪ

128ቇ ቆ
ଷܪ

12 , 0ቇ 

ଶߚ ൌ ଶߚ
௧cos4ߴ ൅ ଶߚ

௖ 

ሺߚଶ
௧ , ଶߚ

௖ሻ 
ቆ

ଷܪ11

192 ,
ଷܪ5

192ቇ ቆ
ଷܪ

12 , 0ቇ ቆ
ଷܪ7

96 ,
ଷܪ

96ቇ ቆ
ଷܪ

12 , 0ቇ 

ଷߚ ൌ ଷߚ
௧sin2ߴ ൅ ଷߚ

௖ 

ሺߚଷ
௧ , ଷߚ

௖ሻ 
ቆ

ଷܪ5

512 , 0ቇ ቆ
ଷܪ

64 , 0ቇ ቆ
ଷܪ3

128 , 0ቇ ቆ
ଷܪ

32 , 0ቇ 

ସߚ ൌ ସߚ
௧sin4ߴ ൅ ସߚ

௖ 

ሺߚସ
௧ , ସߚ

௖ሻ 
ቆ

ଷܪ5

512 , 0ቇ ቆ
ଷܪ

64 , 0ቇ ቆ
ଷܪ3

128 , 0ቇ ቆ
ଷܪ

32 , 0ቇ 
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5.2 Development of Rayleigh-Ritz Analysis 

As discussed in the previous chapters, for the cylinders with constant fiber orientation the m 

= 0 case represents frequencies higher than the fundamental frequencies. It is expected this 

would be the case for variable fiber angle cylinders. Therefore, only the m > 0 case will be 

considered here. 

 

The assumed forms for the applying the Rayleigh-Ritz technique to Hamilton’s principle are 

as they were for the cylinders with constant fiber orientation, namely, 

°ݑ  ൌ ෍ ෍ U௠௡ܺ௠
ଵ ሺݔሻߔ௡

଴ሺݏሻ
ஶ

௡ୀଵ

ஶ

௠ୀଵ

 

°ݒ  ൌ ෍ ෍ V௠௡ ܺ௠
଴ ሺݔሻߔ௡

ଵሺݏሻ
ஶ

௡ୀଵ

ஶ

௠ୀଵ

 Eq. 5- 13

°ݓ  ൌ ෍ ෍ W௠௡ܺ௠
଴ ሺݔሻߔ௡

ଶሺݏሻ
ஶ

௡ୀଵ

ஶ

௠ୀଵ

 

where ܺ௠
ଵ ሺݔሻ  and ܺ௠

଴ ሺݔሻ  are ಽ
೘ഏcos೘ഏೣ

ಽ  and sin೘ഏೣ
ಽ , respectively, for simple supports. The 

functions ߔ௡
଴ሺݏሻ, ߔ௡

ଵሺݏሻ, and ߔ௡
ଶሺݏሻ are as defined in Section 3.3.1. The reference surface strains 

become 

°௫ߝ  ൌ ෍ ෍ U௠௡ܺ௠
ଶ ሺݔሻߔ௡

଴ሺݏሻ
ஶ

௡ୀଵ

ஶ

௠ୀଵ

 

°௦ߝ  ൌ ෍ ෍ ൬
W௠௡

ܴ଴
൅ V௠௡

ߨ2݊
ܥ ൰ ܺ௠

଴ ሺݔሻߔ௡
଴ሺݏሻ

ஶ

௡ୀଵ

ஶ

௠ୀଵ

 Eq. 5- 14

°௫௦ߛ  ൌ ෍ ෍ ൬െU௠௡
ߨ2݊

ܥ ൅ V௠௡൰ ܺ௠
ଵ ሺݔሻߔ௡

ଵሺݏሻ
ஶ

௡ୀଵ

ஶ

௠ୀଵ

 

where Eq. 3- 28 and Eq. 3- 30 are used, and the reference curvatures become 

°௫ߢ  ൌ െ ෍ ෍ W௠௡ܺ௠
ଶ ሺݔሻߔ௡

ଶሺݏሻ
ஶ

௡ୀଵ

ஶ

௠ୀଵ

 



140 
 

°௦ߢ  ൌ െ ෍ ෍ W௠௡ܺ௠
଴ ሺݔሻ

dଶߔ௡
ଶሺݏሻ

dݏଶ

ஶ

௡ୀଵ

ஶ

௠ୀଵ

 Eq. 5- 15

°௫௦ߢ  ൌ െ2 ෍ ෍ W௠௡ܺ௠
ଵ ሺݔሻ

ஶ

௡ୀଵ

ஶ

௠ୀଵ

dߔ௡
ଶሺݏሻ

dݏ  

Rewriting ߝ௫° , ߝ௦° , ߛ௫௦°, ߢ௫°, ߢ௦°, and ߢ௫௦° in matrix form in term of U௠௡, V௠௡, and W௠௡ 

൝
°௫ߝ
°௦ߝ
°௫௦ߛ

ൡ ൌ ॺ ൝
U௠௡
V௠௡
W௠௡

ൡ Eq. 5- 16

൝
°௫ߢ
°௦ߢ
°௫௦ߢ

ൡ ൌ െॶ ൝
U௠௡
V௠௡
W௠௡

ൡ Eq. 5- 17

where 

ॺ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ ܺ௠

ଶ ሺݔሻߔ௡
଴ሺݏሻ 0 0

0 ܺ௠
଴ ሺݔሻߔ௡

଴ሺݏሻ
ߨ2݊

ܥ
ܺ௠

଴ ሺݔሻߔ௡
଴ሺݏሻ

ܴ଴

െܺ௠
ଵ ሺݔሻߔ௡

ଵሺݏሻ
ߨ2݊

ܥ ܺ௠
ଵ ሺݔሻߔ௡

ଵሺݏሻ 0 ے
ۑ
ۑ
ۑ
ۑ
ې

 Eq. 5- 18

ॶ ൌ

ۏ
ێ
ێ
ێ
ێ
0ۍ 0 ܺ௠

ଶ ሺݔሻߔ௡
ଶሺݏሻ

0 0 ܺ௠
଴ ሺݔሻ

dଶߔ௡
ଶሺݏሻ

dݏଶ

0 0 2ܺ௠
ଵ ሺݔሻ

dߔ௡
ଶሺݏሻ

dݏ ے
ۑ
ۑ
ۑ
ۑ
ې

 Eq. 5- 19

As developed in Chapter 3, the kinetic energy is 

 K ൌ
ܥ
4 ௠௡߱ܪߩ

ଶ൫U௠௡
ଶ Iସ௠ ൅ V௠௡

ଶ Iଷ௠ ൅ W௠௡
ଶ Iଷ௠Sଵ௡൯ Eq. 5- 20

and total potential energy becomes 

 Π ൌ
1
2

U௠௡ۃ V௠௡ W௠௡ۄॸ ൝
U௠௡
V௠௡
W௠௡

ൡ Eq. 5- 21

where 

 ॸ ൌ
ܥ
2 ൥

Tଵଵ Tଵଶ Tଵଷ
Tଵଶ Tଶଶ Tଶଷ
Tଵଷ Tଶଷ Tଷଷ

൩ ൌ න න ሺॺ்ܣҧ ॺ ൅ ॶ்ܦഥ ॶሻ
஼

଴

௅

଴
dݏdݔ  Eq. 5- 22

The elements of the T matrix can be written as  
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 Tଵଵ ൌ Iଵ௠AଵଵԢ ൅ ൬
ߨ2݊

ܥ ൰
ଶ

Iସ௠A଺଺Ԣ 

 Tଵଶ ൌ ൬
ߨ2݊

ܥ ൰ Iଶ௠AଵଶԢ െ ൬
ߨ2݊

ܥ ൰ Iସ௠A଺଺Ԣ 

 Tଵଷ ൌ
ߨ2
ܥ Iଶ௠AଵଶԢ Eq. 5- 23

 Tଶଶ ൌ Iସ௠A଺଺Ԣ ൅ ൬
ߨ2݊

ܥ ൰
ଶ

Iଷ௠AଶଶԢ 

 Tଶଷ ൌ
ଶߨ4݊

ଶܥ Iଷ௠AଶଶԢ 

 Tଷଷ ൌ Tଷଷ
A ൅ Tଷଷ

D  

where 

 Tଷଷ
A ൌ  

ଶߨ4

ଶܥ Iଷ௠AଶଶԢ Eq. 5- 24

 Tଷଷ
D ൌ Iଵ௠DଵଵԢ െ 2 ൬

ߨ2݊
ܥ ൰

ଶ

Iଶ௠DଵଶԢ ൅ ൬
ߨ2݊

ܥ ൰
ସ

Iଷ௠DଶଶԢ  

        ൅4 ൬
ߨ2݊

ܥ ൰
ଶ

Iସ௠D଺଺Ԣ Eq. 5- 25

and 

 AଵଵԢ ൌ Λଵܪ ൅ ଵߙ
௖Λଶ ൅ ଶߙ

௖Λଷ ൅ ଵߙ
௧ΛଶSହ௡ ൅ ଶߙ

௧ΛଷS଺௡ 

 AଵଶԢ ൌ Λସܪ െ ଶߙ
௖Λଷ െ ଶߙ

௧ΛଷS଺௡ 

 AଶଶԢ ൌ Λଵܪ  െ ଵߙ
௖Λଶ ൅ ଶߙ

௖Λଷ െ ଵߙ
௧ΛଶSହ௡ ൅ ଶߙ

௧ΛଷS଺௡ 

 A଺଺Ԣ ൌ Λହܪ െ ଶߙ
௖Λଷ െ ଶߙ

௧ΛଷS଻௡ Eq. 5- 26

 DଵଵԢ ൌ ቆ
ଷܪ

12 Λଵ ൅ ଵߚ
௖Λଶ ൅ ଶߚ

௖Λଷቇ Sଵ௡ ൅ ଵߚ
௧ΛଶS଼௡ ൅ ଶߚ

௧ΛଷSଽ௡ 
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 DଵଶԢ ൌ ቆ
ଷܪ

12 Λସ െ ଶߚ
௖Λଷቇ Sଶ௡ െ ଶߚ

௧ΛଷSଵ଴௡ 

 DଶଶԢ ൌ ቆ
ଷܪ

12 Λଵ െ ଵߚ
௖Λଶ ൅ ଶߚ

௖Λଷቇ Sଷ௡ െ ଵߚ
௧ΛଶSଵଵ௡ ൅ ଶߚ

௧ΛଷSଵଶ௡ 

 D଺଺
ᇱ ൌ ቆ

ଷܪ

12 Λହ െ ଶߚ
௖Λଷቇ Sସ௡ െ ଶߚ

௧ΛଷSଵଷ௡ 

and 

 Sହ௡ ൌ
2
ܥ න ௡ߔ

଴ሺݏሻଶ cos2ߠ
஼

଴
dݏ 

 S଺௡ ൌ
2
ܥ න ௡ߔ

଴ሺݏሻଶ cos4ߠ
஼

଴
dݏ 

 S଻௡ ൌ
2
ܥ න ௡ߔ

ଵሺݏሻଶ cos4ߠ
஼

଴
dݏ 

 S଼௡ ൌ
2
ܥ න ௡ߔ

ଶሺݏሻଶ cos2ߠ
஼

଴
dݏ 

 Sଽ௡ ൌ
2
ܥ න ௡ߔ

ଶሺݏሻଶ cos4ߠ
஼

଴
dݏ Eq. 5- 27

 Sଵ଴௡ ൌ െ
2
ܥ ൬

ܥ
൰ߨ2݊

ଶ

න ௡ߔ
ଶሺݏሻ

dଶߔ௡
ଶሺݏሻ

dݏଶ cos4ߠ
஼

଴
dݏ 

 Sଵଵ௡ ൌ
2
ܥ ൬

ܥ
൰ߨ2݊

ସ

න ቆ
dଶߔ௡

ଶሺݏሻ
dݏଶ ቇ

ଶ

cos2ߠ
஼

଴
dݏ 

 Sଵଶ௡ ൌ
2
ܥ ൬

ܥ
൰ߨ2݊

ସ

න ቆ
dଶߔ௡

ଶሺݏሻ
dݏଶ ቇ

ଶ

cos4ߠ
஼

଴
dݏ 

 Sଵଷ௡ ൌ
2
ܥ ൬

ܥ
൰ߨ2݊

ଶ

න ቆ
dߔ௡

ଶሺݏሻ
dݏ ቇ

ଶ

cos4ߠ
஼

଴
dݏ 

Substituting Eq. 5- 20 and Eq. 5- 21 into Eq. 3- 11, a matrix form of simultaneous equations 

becomes 

 

቎
T11 െ ௠௡߱ܪߩ

ଶ Iସ௠ T12 T13
T12 T22 െ ௠௡߱ܪߩ

ଶ Iଷ௠ T23
T13 T23 T33 െ ௠௡߱ܪߩ

ଶ Iଷ௠Sଵ௡

቏ ቐ
U݉݊
V݉݊
W݉݊

ቑ ൌ ൝
0
0
0

ൡ Eq. 5- 28
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Equating the determinant of Eq. 5- 28 to zero, the natural frequency equation can be written as 

 ൫߱ܪߩ௠௡
ଶ൯ଷ െ ସܲ ൫߱ܪߩ௠௡

ଶ൯ଶ ൅ ଶܲ ൫߱ܪߩ௠௡
ଶ൯ െ ଴ܲ ൌ 0 Eq. 5- 29

where 

 ସܲ ൌ ൬
Tଵଵ

Iସ௠
൅

Tଶଶ

Iଷ௠
൅

Tଷଷ

Iଷ௠Sଵ௡
൰ 

 ଶܲ ൌ ቆ
TଵଵTଶଶ െ Tଵଶ

ଶ

Iଷ௠Iସ௠
൅

TଶଶTଷଷ െ Tଶଷ
ଶ െ Tଵଷ

ଶ

Iଷ௠
ଶSଵ௡

൅
TଷଷTଵଵ

Iଷ௠Iସ௠Sଵ௡
ቇ Eq. 5- 30

 ଴ܲ ൌ
TଵଵTଶଶTଷଷ ൅ 2TଵଶTଶଷTଵଷ െ TଷଷTଵଶ

ଶ െ TଵଵTଶଷ
ଶ െ TଶଶTଵଷ

ଶ

Iଷ௠
ଶ Iସ௠Sଵ௡

 

The lowest root, from which the fundamental frequency is derived, is given as 

 
௠௡߱ܪߩ

ଶ ൌ ସܲ

3 െ
1
3

ඩRT ൅ ටRTଶ െ 4൫ ସܲ
ଶ െ 3 ଶܲ ൯

ଷ

2

య

 

Eq. 5- 31

 
െ

1
3

ඩRT െ ටRTଶ െ 4൫ ସܲ
ଶ െ 3 ଶܲ ൯

ଷ

2

య

 

where 

 RT ൌ െ2 ସܲ
ଷ ൅ 9 ସܲ ଶܲ െ 27 ଴ܲ  Eq. 5- 32

As in Ch. 3, a simplified equation based on ignoring inertia effects in axial and circumferential 

directions is derivable from the matrix form from Eq. 5- 28 as 

 ቎
Tଵଵ Tଵଶ Tଵଷ
Tଵଶ Tଶଶ Tଶଷ
Tଵଷ Tଶଷ Tଷଷ െ Iଷ௠߱ܪߩ௠௡

ଶSଵ௡

቏ ൝
U௠௡
V௠௡
W௠௡

ൡ ൌ ൝
0
0
0

ൡ Eq. 5- 33

The corresponding frequency equation is 

௠௡߱ܪߩ 
ଶIଷ௠Sଵ௡ ൌ Tଷଷ ൅

2TଵଶTଵଷTଶଷ െ TଵଵTଶଷ
ଶ െ TଶଶTଵଷ

ଶ

TଵଵTଶଶ െ Tଵଶ
ଶ  Eq. 5- 34
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In Eq. 5- 34 Tଷଷ is a very large positive number and the collection of terms to the right of the 

plus sign results in another number of large magnitude, but with a negative sign. When 

considering with different values of ߠଵ  and ߠଶ the calculation error due to the effective 

subtraction of these large numbers is an issue. As the first simplified equation, then, for variable 

fiber angle cylinders, Tଷଷ
A  (Eq. 5- 24) can combine with the negative term, resulting in the first 

simplified equation based on Eq. 5- 34 for variable fiber angle noncircular cylinders that can be 

written as 

௠௡߱ܪߩ
ଶIଷ௠Sଵ௡ ൌ Tଷଷ

D ൅
A଺଺ԢIସ௠

ܴ଴
ଶ

AଵଵԢIଵ௠AଶଶԢIଷ௠ െ ሺAଵଶԢIଶ௠ሻଶ

Tଵଵ Tଶଶ െ Tଵଶ
ଶ  Eq. 5- 35

Again, when dܴሺݏሻ/dݏ and dଶܴሺݏሻ/dݏଶ  are ignored, Sଵ௡, Sଶ௡, and Sଷ௡are the same and Sସ௡  is 

very close in value to those parameters when n is greater than two. Similarly, Sଵଵ௡ is considered 

to be close to S଼௡ . On the other hand, Sଵ଴௡, Sଵଶ௡, and Sଵଷ௡  are considered to be close to Sଽ௡ . 

Moreover, the value of Iଶ௠ is the same as െIସ௠. Therefore, the second simplified equation for 

variable fiber angle noncircular cylinders is 

௠௡߱ܪߩ
ଶIଷ௠ ൌ Tଷଷ

DR ൅
A଺଺ԢIସ௠

ܴ଴
ଶ Sଵ௡

AଵଵԢIଵ௠AଶଶԢIଷ௠ െ ሺAଵଶԢIଶ௠ሻଶ

Tଵଵ Tଶଶ െ Tଵଶ
ଶ  Eq. 5- 36

where 

 

Tଷଷ
DR ൌ Iଵ௠ ቆ

ଷܪ

12 Λଵ ൅ ଵߚ
௖Λଶ ൅ ଶߚ

௖Λଷቇ ൅ Iଷ௠ ൬
ߨ2݊

ܥ ൰
ସ

ቆ
ଷܪ

12 Λଵ െ ଵߚ
௖Λଶ ൅ ଶߚ

௖Λଷቇ 

൅Iସ௠ ൬
ߨ2݊

ܥ ൰
ଶ

ቆ
ଷܪ

6 Λଵ ൅
ଷܪ

3 Λହ െ ଶߚ6
௖Λଷቇ ൅ ቆIଵ௠ െ Iଷ௠ ൬

ߨ2݊
ܥ ൰

ସ

ቇ ଶߚ
௧Λଷ

S଼௡

Sଵ௡
 

  ൅ ቆIଵ௠ ൅ Iଷ௠ ൬
ߨ2݊

ܥ ൰
ସ

െ 6Iସ௠ ൬
ߨ2݊

ܥ ൰
ଶ

ቇ ଶߚ
௧Λଷ

Sଽ௡

Sଵ௡
 

Eq. 5- 37

Again considering Sଵ௡ ൎ ܴ୫ୟ୶/ܴ଴ as applied in Ch. 3, Lo’s approximate equation for variable 

fiber angle noncircular cylinders is obtained as 

௠௡߱ܪߩ
ଶIଷ௠ ൌ Tଷଷ

DR ൅
A଺଺ԢIସ௠

ܴ଴ܴ୫ୟ୶

AଵଵԢIଵ௠AଶଶԢIଷ௠ െ ሺAଵଶԢIସ௠ሻଶ

Tଵଵ Tଶଶ െ Tଵଶ
ଶ  Eq. 5- 38

Remark Lo’s approximate equation for variable fiber angle cylinders (Eq. 5- 38) is not 

close-form expression though Eq. 3- 74 is a close-form equation for simply-supported cylinders. 
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5.3 Numerical Results 

As with the constant fiber angle cylinder in Ch. 4, comparison of the various simplified 

equations for variable fiber angle cylinders will be discussed here. The fundamental frequencies 

will be normalized by the fundamental frequencies of the two baseline circular cases as 

computed by the finite element model, namely the large circular cylinder with lamination 

sequence the [±45/0/90]2S and the small circular cylinder with lamination sequence [±45/0/90]S. 

Those frequencies, from Table 4- 6, are 3490 rad/s and 630 rad/s for the large and small simply-

supported cylinders, respectively. 

 

The normalized fundamental frequencies of large circular cylinders with linearly varying 

fiber angle ߴ are shown in Fig. 5- 3. For circular cylinders, the first simplified equation, the 

second simplified equation, and Lo’s approximate equation all refer to the same equation, 

namely the simplified equation here. The format of each sub-figure in Fig. 5- 3, and each sub-

figure in figures to follow, is to illustrate the fundamental frequency on the vertical axis as a 

function of ߠଵ on the horizontal axis, where ߠଵ = 15, 45, and 75°, and with ߠଶ held constant at 15, 

45, or 75°. With ߠଵ= ߠଶ  the fibers have a constant orientation and the results from Ch. 5 are 

reproduced. The cylinder with ߠଵ = 45° and ߠଶ = 45° and lamination sequence [±0/90/ߴ]2S is the 

baseline case for the large cylinders and has a normalized frequency of unity.  

 

In Fig. 5- 3, the developed equations, including non-simplified and simplified equations, 

have close predictions. The fundamental frequency from the non-simplified equation is about 2% 

lower than that from the simplified equation, but the prediction of Abaqus is always the lowest. 

In Fig. 5- 3a is shown the results of lamination sequences [±0/90/ߴ]2S where ߠଶ = 15° and ߠଵ = 

15, 45, and 75°, respectively. The maximum difference between the results from the simplified 

equation and from Abaqus occurs at ߠଶ = 15° and ߠଵ = 75° with around 8% disagreement. In Fig. 

5- 3b is shown the results of lamination sequences [±0/90/ߴ]2S where ߠଶ = 45° and ߠଵ = 15, 45, 

and 75°, respectively, and the maximum difference occurs at ߠଶ = 45° and ߠଵ= 75° where the 

difference is less than 6%.  In Fig. 5- 3c is shown the results of lamination sequences [±0/90/ߴ]2S 

where ߠଶ  = 75° and ߠଵ   = 15, 45, and 75°, respectively, However, because of the circular 

geometry and linear variation of fiber orientation, there is nothing new to discuss in this figure, 

as the varying fiber angle with ߠଵ = 75°, ߠଶ = 15° and ߠଵ = 15°, ߠଶ = 75° are exactly the same 
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problem, as are the cases ߠଵ = 45°, ߠଶ = 75° and  ߠଵ = 75°, ߠଶ = 45°. This will not be true for the 

elliptical geometry, but it does serve as double check on Figs. 5- 3a and 5- 3b and the results for 

the constant fibers in Fig. 4- 1c. Based on the results from either the developed equations or from 

Abaqus, and considering each sub-figure, it can be said that varying the fiber angle in a linear 

fashion with circumferential location does not result in more than a 10% increase or decrease of 

the fundamental frequency relative to the constant fiber angle cylinder for that sub-figure, i.e., 

the ߠଵ = ߠଶ case. However, the fundamental frequency does increase as ߠଶ  increases from 15 to 

75°. Also, the fundamental frequency gradually increases as ߠଵ  increases from 15 to 75°. Based 

on Figs. 5- 3a, b, c, since the difference of the result for each specified laminate case from the 

non-simplified equation, simplified equation, and Abaqus is less than 10%, it can be said that the 

developed equations and Abaqus have good agreement with the fundamental frequencies for 

laminate [±0/90/ߴ]2S circular cylinders. 

 

Although the [±0/90/ߴ]2S family displays good agreement between the developed equations 

and the results from Abaqus, the [±ߴ]4S family exhibits some notable disagreements in specified 

cases. The disagreement will be discussed in the next chapter. In Fig. 5- 3d is shown the results 

of lamination sequences [±θ]4S where ߠଶ = 15° and ߠଵ = 15, 45, and 75°, respectively. For ߠଶ = 

 ଵ  = 45° the difference between the simplified equation and Abaqus reaches about 9%, andߠ ,15°

for ߠଶ ଵߠ ,15° =   =75° the difference between the simplified equation and Abaqus is 25%, a 

serious discrepancy. In Fig. 5- 3e is shown the results of lamination sequences [±ߴ]4S where ߠଶ = 

45° and ߠଵ = 15, 45, and 75°, respectively, and the maximum difference occurs at ߠଶ = 45° and 

ଵߠ  = 75° where the maximum difference is about 12%. In Fig. 5- 3f is shown the results of 

lamination sequences [±ߴ ]4S where ߠଶ = 75° and ߠଵ = 15, 45, and 75°, respectively. Again, there 

is nothing new to discuss in this figure. If the ߠଶ= 15°, ߠଵ =75° case (and it complementary case 

ߴ±] ଵ =15°) of theߠ ,ଶ = 75°ߠ ]4S laminate family could be ignored, it could be asserted that the 

simplified equation agrees reasonably well with the Abaqus calculations. Considering only the 

predictions from Abaqus, it can again be stated that varying the fiber angle in a linear fashion 

with circumferential location for the [±ߴ ]4S lamination sequence does not result in more than a 

10% increase or decrease of the fundamental frequency relative to the constant fiber angle 

cylinder for that sub-figure, i.e., the ߠଵ ଶߠ =   case. Interestingly, considering the results from 

Abaqus, the fundamental frequency decreases as ߠଶ  increases from 15 to 75° and it also 

decreases as θ1 increases from 15 to 75°, trends opposite the [±0/90/ߴ]2S cylinders of Figs. 5- 3a, 
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b, c. Overall, in terms of the fundamental frequency improvement, as predicted by the non-

simplified equation, the simplified equation, and Abaqus, the large circular cylinder with the 

straight fiber laminate [±75/0/90]2S has the highest fundamental frequency. The lowest 

fundamental frequency occurs for the cylinders with laminate [±45]4S, based on the simplified 

equation, and for the linearly varying fiber case with ߠଶ = 75°, ߠଵ = 45° (and its complementary 

case ߠଶ = 45°, ߠଵ =75°), based  on the results of Abaqus. In all cases the fundamental frequency 

predicted by Abaqus is less than the fundamental frequency predicted by the simplified equation. 

This is consistent with previous findings. 
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(a) [±0/90/ߴ]2S (d) [±ߴ]4S 

(b) [±0/90/ߴ]2S (e) [±ߴ]4S 

(c) [±0/90/ߴ]2S (f) [±ߴ]4S 

Fig. 5- 3 Normalized fundamental frequency of large circular cylinders with linearly varying 

fiber angle 
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In Fig. 5- 4 the normalized fundamental frequencies of large elliptical cylinders with b/a = 

0.55 and with varying fiber angle ߴ are shown in the same format as Fig. 5- 3. The results from 

Abaqus, the non-simplified equation, the first simplified equation, the second simplified 

equation, and Lo’s approximation are presented. In terms of developed equations, the developed 

equations have good agreement with each other and, in detail, the prediction of the non-

simplified equation is close but a little lower than the prediction of the first simplified equation; 

the result from the second simplified equation is close but a little lower than Lo’s approximation. 

Compared with the results from Abaqus, in most cases the fundamental frequencies from the 

developed equations are close but a little higher than those from Abaqus, and in few cases the 

fundamental frequencies from the second simplified equation are close but a little lower than 

those from Abaqus. That implies for the elliptical cylinders with b/a = 0.55, among all the 

developed equations, the results from the second simplified equation can be seen as closest to the 

results from Abaqus.  

 

In terms of the [±0/90/ߴ]2S laminate, the fundamental frequencies for lamination sequences 

with θ 2 = 15° and θ 1 = 15, 45, 75°,   θ 2 = 45° and ߠଵ = 15, 45, 75°, and  θ 2 = 75° and θ 1 = 15, 45, 

75° are presented in Fig. 5- 4a, Fig. 5- 4b, and Fig. 5- 4c, respectively. In Figs. 5- 4a to c the 

maximum difference between the results from the second simplified equation and Abaqus is less 

than 10% and the maximum difference occurs for the case of θ 2 = 75°, θ 1 = 15°. Unlike the  θ 2 = 

75°, θ 1 = 15°, case, the difference for the θ 2 = 15°, ߠଵ = 75°, is less than 1%. Surprisingly, as was 

observed for the large circular cylinders in Fig. 5- 3, varying the fiber angle in a linear fashion with 

circumferential location does not result in more than a 10% increase or decrease of the 

fundamental frequency relative to the constant fiber angle cylinder for that sub-figure, i.e., 

the θ1= θ2   case. In fact, any trends of increasing or decreasing fundamental frequency with 

increasing θ1 or increasing θ2 are weak for the large elliptical [±0/90/ߴ]2S  cylinders as compared 

to the trends for the large circular [±0/90/ߴ]2S  cylinders of Figs. 5- 3a, b, c. For the [±ߴ]4S 

laminates, the fundamental frequencies for  lamination sequences with θ 2 = 15° and ߠଵ = 15, 45, 

75°, θ 2 = 45° and θ 1 = 15, 45, 75°, and θ 2 = 75° and θ 1 = 15, 45, 75° are presented in Fig. 5- 4d, 

Fig. 5- 4e, and Fig. 5- 4f, respectively. In Figs. 5- 4d, e, f the maximum difference between the 

results from the second simplified equation and Abaqus reaches almost 26% and that maximum 

difference occurs for θ 2 = 75° and θ 1 = 15°. For the θ 2 = 45°, θ 1 = 15° and θ 2 = 75°, θ 1 = 45° 

cases the differences are also as high as 13% and 14%, respectively. Surprisingly, the difference 
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for θ 2 = 15° and θ 1 = 75° is only about 5%, lower than the case θ 2 = 75° and θ 1 = 15°. But, as 

mentioned, with the noncircular geometry these cases are not complements of one another. The 

highest fundamental frequency occurs with a varying fiber angle laminate   = 2S with θ 2[0/90/ߴ±]

75°, θ 1 = 15°  and θ 2 = 75°, θ 1 = 45°  based on the developed equation and on Abaqus, 

respectively. For the [±ߴ]4S laminate the lowest fundamental frequency occurs for the constant 

fiber angle with 45° =  ߴ or  15° =  ߴ, based on the developed equation or Abaqus, respectively. 

Considering just the Abaqus results, there is a weak dependence on the value ߠଵ or ߠଶ. 
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(a) [±0/90/ߴ]2S (d) [±ߴ]4S 

(b) [±0/90/ߴ]2S (e) [±ߴ]4S 

(c) [±0/90/ߴ]2S (f) [±ߴ]4S 

Fig. 5- 4 Normalized fundamental frequency of large elliptical cylinders (b/a = 0.55) with 

linearly varying fiber angle 
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In Fig. 5- 5 is shown the normalized fundamental frequencies of small circular cylinders 

with linearly varying fiber angle. In Figs. 5- 5a, b, c the results for the [±0/90/ߴ]S laminate are 

illustrated, whereas in Figs. 5- 5d, e, f the results for the [±ߴ]2S laminate are presented. In each 

case the result from Abaqus is the lowest one and the result from the simplified equation is the 

highest one. The result from the non-simplified equation is between Abaqus and the simplified 

equation and 2~6% lower than the simplified equation, depending on the laminate. Though the 

predictions between the simplified equation and Abaqus for the [±0/90/ߴ]S laminate family have 

a 12% difference for ߠଶ ଵߠ ,75° =   = 15° and ߠଶ ଵߠ ,15° =   = 75° cases, the trends in the three 

subfigures predicted by the non-simplified equation, by the simplified equation, and by Abaqus 

are generally the same. Compared to the large circular cylinders in Fig. 5- 3, for each value of θ2 

there is a more noticeable increasing trend of fundamental frequency with increasing ߠଵ . 

Comparing Figs. 5- 5d, e, f with Figs. 5- 3d, e, f, it can be stated that the sensitivity of the 

fundamental frequency of the small circular cylinders to increasing values of θ 1 and θ 2 is about 

the same as the sensitivity of the large circular cylinders. For the [±ߴ ]2S laminate family the 

maximum difference between Abaqus and the developed analysis occurs for the identical cases 

θ 2 = 15°, θ 1 = 75° and  ߠଶ = 75°,  ߠଵ = 15°, where the difference is 26%. The second largest 

difference is 17% for the identical cases  θ 2 = 45°, θ 1 = 75° and θ 2 = 75°, θ 1 = 45°. The highest 

fundamental frequency occurs for constant fiber angle laminate [±75/0/90]S, independent of the 

method of prediction, and the lowest fundamental frequency occurs for constant fiber angle 

laminate [±15/0/90]S or [±75]2S, depending on the method of prediction. 
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(a) [±0/90/ߴ]S (d) [±ߴ]2S 

(b) [±0/90/ߴ]S (e) [±ߴ]2S 

(c) [±0/90/ߴ]S (f) [±ߴ]2S 

Fig. 5- 5 Normalized fundamental frequency of small circular cylinders with linearly varying 

fiber angle 
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In Fig. 5- 6 the normalized fundamental frequencies of small elliptical cylinders are shown. 

The fundamental frequencies are predicted by Abaqus, the non-simplified equation, the first 

simplified equation, the second simplified equation, and Lo’s approximation. Like the large 

elliptical cylinders, the prediction of the fundamental frequency from the non-simplified equation 

is very close but a little lower than that from the first simplified equation; the prediction of the 

fundamental frequency from the second simplified equation is very close but a little lower than 

that from Lo’s approximate equation. Unlike the small circular cylinders, the predicted 

fundamental frequencies of the second simplified equation and Abaqus for most of the elliptical 

cylinders are close except for the [±ߴ]2S laminate with θ 2 = 75°, θ 1 = 15°, a case for which the 

difference between the second simplified equation and Abaqus is 33%. The highest fundamental 

frequency occurs for varying fiber angle laminate [±ߴ /0/90]S for θ 2 = 75°, θ 1 = 45° (Lo’s 

approximation,) or for θ 2 = 75°, θ 1 = 45° (the non-simplified, the first simplified, or the second 

simplified equations,) or the constant fiber angle laminate [±75/0/90]S (Abaqus), depending on 

the prediction tool. The lowest fundamental frequency occurs for the straight fiber laminate 

[±15/0/90]S for both the simplified and Abaqus results. The sensitivities of the fundamental 

frequency to increasing values of θ 1 and θ 2 of the small elliptical [±0/90/ߴ]S cylinders in Figs. 5- 

6a, b, c are greater than for the corresponding large cylinders in Figs. 5- 4a, b, c. Considering 

only the Abaqus results, the lack of sensitivity of the small elliptical [±ߴ]2S cylinders to values of 

θ 2 is about the same as for the large elliptical [±ߴ]4S cylinders of Figs. 5- 4d, e, f. The same look 

of sensitivity holds for increasing values of θ 1. 

 

Before considering further investigations into the effects of varying fiber angle, it might be 

better to determine the causes of the difference between the predictions of the developed 

equation and those of Abaqus. If those differences could be reduced, parameter studies as regards 

varying fiber angle would be much more efficient than with finite element analysis. In the next 

chapter some possible reasons for the discrepancies will be discussed. 
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(a) [±0/90/ߴ]S (d) [±ߴ]2S 

(b) [±0/90/ߴ]S (e) [±ߴ]2S 

(c) [±0/90/ߴ]S (f) [±ߴ]2S 

Fig. 5- 6 Normalized fundamental frequency of small elliptical cylinders (b/a = 0.55) with 

linearly varying fiber angle 
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Chapter 6 Discussion of Developed Analysis 

As previously presented in the numerical results, for particular cases the differences between 

the fundamental frequency predictions using the developed analysis and the predictions using 

Abaqus are larger than desirable. There are two major cases that had errors of concerning levels 

and each of them is introduced in one the following sections. One case was the clamped support 

circular and elliptical cylinders with constant fiber orientation 45° = ߴ and lamination sequences 

 ,2S, referred to as large and small cylinders, respectively (Figs. 4- 2e, 4- 4e, 4- 6e[ߴ±]  4S and[ߴ±]

and 4- 8e). Considering that for the most part large and small cylinders with similar lamination 

sequences have similar behaviors, only the large cylinders are discussed here (Figs. 4- 2e and 4- 

6e). Further, considering that the developed analysis for circular cylinders with clamped supports 

with lamination sequences [±15]4S and [±75]4S had better agreement with Abaqus than the 

developed analysis for elliptical cylinders with the same boundary conditions and laminates, 

elliptical cylinders with clamped supports and lamination sequences [±15]4S, [±45]4S, and [±75]4S 

are selected for further discussion in the first subsection to follow (Figs. 4- 6d, e, f). The 

discussion will center on the variation with the axial coordinate of the normal displacement 

characteristics of the mode shapes. The other case with error levels of concern occurred with the 

simply-supported cylinders for lamination sequence [±ߴ]4S and linearly varying fiber angle, with 

ଵߠ ൌ 15° and ߠଶ ൌ 75°. Though the developed equations and Abaqus have the largest difference 

for elliptical cylinder with ߠଵ ൌ 15° and ߠଶ ൌ 75°, by using a circular cylinder it is  easier to 

explain why there is a difference. Therefore, in the second subsection to follow, the normal 

displacement characteristics of the mode shapes of circular cylinders with linearly varying fiber 

angle with ߠଵ ൌ 15° ଶߠ , ൌ 75°  and ߠଵ ൌ 75° ଶߠ , ൌ 15°  are discussed (Figs. 5- 3d, f). The 

discussion will focus on the difference between the circumferential variation of the normal 

displacement assumed in the developed analysis and that computed by Abaqus. Following is a 

discussion for varying fiber angle cylinders regarding the relation between the assumed function 

in the circumferential direction and agreement of Abaqus and the developed equation. In the last 

section of this chapter a discussion for Lo’s approximation is presented. 

 



157 
 

6.1 Limit of Clamped Supported Cylinders 

In terms of the mode shapes of the fundamental frequencies, each circumferential wave 

number n refers to two different vibration mode shapes. In Section 3.2 they were referred to as 

cosine- and sine-based vibration modes. Though in Abaqus there is nothing to specify particular 

functional forms of the mode shape, the variation of normal displacement around the 

circumferential direction appeared either cosine-like or sine-like in shape. In Fig. 6- 1 the 

circumferential location s = 0 is illustrated by the blue axial line and the red line illustrates the 

location s = C/4, a quarter way around the circumference. For fundamental frequencies with even 

n, the cosine-shape vibration mode has its largest amplitude of normal displacement at s = 0 and 

s = C/2, and the lowest amplitude of normal displacement is at s = C/4 and s = 3C/4. Considering 

odd n, the cosine-shape vibration mode also has its largest amplitude of normal displacement at s 

= 0 and C/2, but the normal displacements at s = C/4 and s = 3C/4 are zero. On the other hand, 

for odd n the sine-shape vibration mode has a nonzero amplitude of normal displacement at s = 

C/4 and s = 3C/4. Therefore, in this section, for odd n the normal displacement at s = 0 is 

discussed in relation to the cosine-shape vibration mode, and for even n the normal displacement 

at s = C/4 is discussed in relation to the sine-shape vibration mode. It is assumed that the cylinder 

length doesn’t affect the shape of the normalized normal displacement. 

 

Consider the normal displacement along s = 0 first. When the cylinder length is 0.5C, the 

aspect ratio b/a is 0.55, and the lamination sequence is [±15]4S (Fig. 4- 6d), a circumferential 

wave number of n = 7 for the fundamental frequency is predicted by both the developed analysis 

and Abaqus for the clamped support elliptical cylinder.  So the correlation is good in that regard. 

The variation of the normal displacement in the axial direction, however, is a concern. For this 

case the normal displacement along s = 0 is normalized by the maximum displacement along s = 

0 and is plotted in Fig. 6- 2. In Fig. 6- 2 the red line represents the assumed function in the 

developed analysis χ0 in Section 3.1.2 and the green line is the displacement as computed by 

Abaqus. It can be observed that even though Abaqus is programmed to use clamped support 

boundary conditions at the cylinder ends, the slope of the normal displacement in the axial 

direction does not appear to be zero in the vicinity of x = 0 and x = L, whereas the assumed 

function  χ0 clearly shows a zero slope at the vicinity of the cylinder ends. This suggests that 

transverse shear deformations were more important than assumed for the calculation of the 
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fundamental frequency. To determine if indeed transverse shear deformations were more 

important than assumed, particularly at the cylinder ends, a large value of transverse shear 

modulus was used with Abaqus, but with no influence on the fundamental frequency calculated 

by Abaqus. 

 

 

 

 
Fig. 6- 1 Circumferential positions of s = 0 (blue line) and s = C/4 (red line) 

 
 
 
 

 
Fig. 6- 2 Normalized normal displacement of elliptical cylinders along s = 0 

(b/a = 0.55, L = 0.5C, [±15]4S, clamped supports, Fig. 4- 6d) 
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Fig. 6- 3 Normalized normal displacement of elliptical cylinders along s = 0 

(b/a = 0.55, L = 0.5C, [±45]4S, clamped supports, Fig. 4- 6e) 
 
 
 
     Considering the same cylinder geometry as in Fig. 6- 2, that is, a cylinder length of 0.5C, 

aspect ratio b/a =0.55, but with lamination sequence [±45]4S (Fig. 4- 6e), the circumferential 

wave number of the fundamental frequency is n = 5. As in Fig. 6- 2 the normalized normal 

displacement is normalized by its maximum displacement along s = 0 for this case and is shown 

in Fig. 6- 3. In Fig. 6- 3 the red line again represents the assumed function χ0 in Section 3.1.2 

and the cyan line is the displacement computed by Abaqus. Again the displacement calculated by 

Abaqus shows little evidence of zero slope in the vicinity of the cylinder ends, and furthermore, 

close to each end the displacement computed by Abaqus has the local convex nature, which, 

when compared with Fig. 6- 2, suggests that the detailed characteristics of the axial variation of 

the normal displacement are dependent on the materials properties. 

 

Considering the same elliptical cylinder, but with lamination sequence is [±75]4S (Fig. 4- 6f), 

the circumferential wave number of the fundamental frequency is n = 4. In Fig. 6- 4 the red line 

again represents the assumed function χ0 in Section 3.1.2 and the purple line is the displacement 

as computed by Abaqus. Compared with cases of [±15]4S and [±45]4S, the results from the 

assumed function and results as computed by Abaqus have better overall agreement for the 

[±75]4S laminate. This again suggests that the characteristics of the normal displacement depend 

on the material properties. 
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Fig. 6- 4 Normalized normal displacement of elliptical cylinders along s = 0 

(b/a = 0.55, L = 0.5C, [±75]4S, clamped supports, Fig. 4- 6f) 
 

 

 

 
Fig. 6- 5 Normalized normal displacement of elliptical cylinders along s = 0 

(b/a = 0.55, L = 0.5C, isotropic, clamped supports) 
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shape of the normalized displacement is also different from either [±15]4S, [±45]4S, or [±75]4S, as 

shown in Fig. 6- 5. 

 

It is important to also consider the axial variation of the normal displacements of these same 

three cylinders along s = C/4. As mentioned, for the odd mode number n, which characterizes the 

[±15]4S (n = 7) and the [±45]4S  (n = 5) cylinders, it is necessary to consider the sine-based 

developed analysis rather than the cosine-based analysis. The normalized normal displacements 

of the elliptical clamped supported cylinder with length 0.5C, aspect ratio b/a = 0.55, and 

lamination sequence is [±15]4S (Fig. B- 2d,) is illustrated in Fig. 6- 6. As before, in Fig. 6- 6 the 

red line represents the assumed function χ0 in Section 3.1.2 and the green line is the 

displacement as computed by Abaqus. The characteristics of the normal displacement at s = C/4 

based on Abaqus and the assumed function have a better agreement than the cases of s = 0, Fig. 

6- 2. For the [±45]4S  cylinder, in Fig. 6- 7, though the locally convex regions still exist close to 

the boundaries of the cylinders, the agreement at s = C/4 between the normal displacements as 

computed by Abaqus and by the assumed function is better overall than at s = 0, Fig. 6- 3. 

 

 

 
 

 
Fig. 6- 6 Normalized normal displacement of elliptical cylinders along s = C/4 

(b/a = 0.55, L = 0.5C, [±15]4S, clamped supports, Fig. B- 2d) 
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Fig. 6- 7 Normalized normal displacement of elliptical cylinders along s = C/4 

(b/a = 0.55, L = 0.5C, [±45]4S, clamped supports, Fig. B- 2e) 
 
 
 
 

 
Fig. 6- 8 Normalized normal displacement of elliptical cylinders along s = C/4 

(b/a = 0.55, L = 0.5C, [±75]4S, clamped supports, Fig. 4- 6f) 
 
 
 

For the lamination sequence [±75]4S, since the mode number is even (n = 4), the cosine-

based developed analysis is considered along with the results computed by Abaqus. In Fig. 6- 8 
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the normal displacement as computed by Abaqus. The agreement is better than at s = 0, Fig. 6- 4, 

even though upon close inspection the slopes in the vicinity of the ends do not match.  

 

Considering a stiff isotropic cylinder (E =130GPa, ν =0.3), in Fig. 6- 9 the assumed 

normalized displacement at s = C/4 agrees quite well with the displacement computed by 

Abaqus, better than s = 0 in Fig. 6- 5. 

 

 

 

 
Fig. 6- 9 Normalized normal displacement of elliptical cylinders along s = C/4 

(b/a = 0.55, L = 0.5C, isotropic, clamped supports) 
 

 

 

As another comparison, the fundamental frequencies for the cylinders considered in Figs. 6- 

2 through 6- 9 are listed in Table 6- 1. The frequencies have been normalized by ω0=630 rad/s, 

as discussed relative to Table 4- 6. The fidelity of the axial variation of the normal displacement 

component is reflected in the frequency comparisons. As a reference, the fundamental 

frequencies of these same cylinders but for simple supports are listed in Table 6- 2. Interestingly, 

for the [±45]4S case and simple supports, the error is the smallest of the four cylinders, in contrast 

to the clamped cylinders for which the [±45]4S cylinder exhibits the largest error. So, it can be 

concluded that for the constant fiber angle case when the normal displacements as predicted by 
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assumed function χ0 shown in Section 3.1.2 and those calculated by Abaqus have good 

agreement, the corresponding natural frequencies are close. When the function χ0 does not 

correlate well with the normal displacement computed by Abaqus, the corresponding natural 

frequencies do not agree. 

 

 

 

Table 6- 1 Normalized fundamental frequencies based on Abaqus and Lo’s approximation, 

clamped supports 

 Abaqus Lo’s approximation %difference 

[±15]4S 0.860 0.966 12.33 

[±45]4S 0.986 1.164 18.05 

[±75]4S 0.997 1.029 3.21 

isotropic 1.901 2.04 7.31 

%difference = 
ఠL౥ᇲ౩ ౗౦౦౨౥౮౟ౣ౗౪౟౥౤ିఠAౘ౗౧౫౩

ఠAౘ౗౧౫౩
ൈ 100% 

 

 

 

Table 6- 2 Normalized fundamental frequencies based on Abaqus and Lo’s approximation, 

simple supports 

 Abaqus Lo’s approximation %difference 

[±15]4S 0.664 0.696 4.82 

[±45]4S 0.676 0.678 0.296 

[±75]4S 0.709 0.728 2.68 

isotropic 1.381 1.460 7.27 

%difference = 
ఠL౥ᇲ౩ ౗౦౦౨౥౮౟ౣ౗౪౟౥౤ିఠAౘ౗౧౫౩

ఠAౘ౗౧౫౩
ൈ 100% 
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6.2 Limit of Linear Fiber Angle Tailoring in Circular Cylinders with Simple 

Supports 

Concerning the noticeable difference between the predictions of the developed analysis and 

the calculations from Abaqus for the case of a simply-supported circular cylinder with 

lamination sequence [±ߴ]4S with ߴ varying linearly with circumferential position: In Fig. 6- 10 

the axial variation of the normalized normal displacements (1) at s = 0 for ߠଵ ൌ ଶߠ ,15° ൌ 75°, 

(2) at s = C/4 for ߠଵ ൌ ଶߠ ,15° ൌ 75°, (3) at s = 0 for ߠଵ ൌ ଶߠ ,75° ൌ 15°, and (4) s = C/4 and  

ଵߠ ൌ 75° ଶߠ , ൌ 15°  as assumed in the developed analysis and as computed by Abaqus are 

presented. All the characteristics of the normalized normal displacements are normalized by their 

own maximum number respectively. It can be seen that all the normalized normal displacements, 

whether from  Abaqus or from the assumed function, and independent of the values of θ1 and θ2, 

are identical, as they should be. Therefore, errors in the fundamental frequency predictions of the 

circular cylinders for the case of linearly varying fiber angle are not caused by the assumed axial 

function.  

 

 

 

 
Fig. 6- 10 Normalized normal displacement of simply-supported circular cylinders  

with linearly varying [±ߴ]4S laminate (L = 0.5C) 
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Fig. 6- 11 Positions of x = 0.5L 

 
 

 

Considering, then, the variation of normal displacement with respect to the circumferential 

coordinate, the normal displacement around the cylinder at the location x = L/2, shown in Fig. 6- 

11, is discussed. Though there is no difference between the assumed circumferential variation of 

the normal displacement and the variation as computed by Abaqus for cosine- and sine-shapes 

and circular cylinders with constant fiber orientation, there is some difference for circular 

cylinder with varying fiber orientation. Considering the cosine-shape vibration mode as shown in 

Fig. 6- 12, where ߠଵ ൌ 75° and ߠଶ ൌ 15°, it can be seen that the normalized displacement based 

on the assumed function does not totally agree with the results from Abaqus, where the 

normalized displacement is normalized by the maximum value from Abaqus. Whereas the 

assumed function is such that each wave has the same length, the displacement based on Abaqus 

shows a sense of varying wave length as the fiber orientation changes with circumferential 

location. Since 15° = ߴ at s = 0, C/2 and 75° = ߴ at s = C/4, 3C/4, it can be observed the larger 

fiber angle, the longer wave length. Moreover, based on the Abaqus calculations, the amplitude 

of the normal displacement changes with the varying fiber angle as well. The lower ߴ, the larger 

the amplitude. In Fig. 6- 12 there are three values of the peaks of the normal displacement as 

computed by Abaqus. The smallest peak is about 92% of the next largest peak, which is also 

about 92% of the largest peak, and it should be noted that the normalized maximum amplitude is 

x = L/2 
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unity. Regarding the change of wave length, there are also three different half lengths. Compared 

with the fixed wave length, the shortest one, the next shortest one, and the longest one become 

78.7%, 92.6%, and 117.7%, respectively. In terms of the cosine-shape vibration mode as shown 

in Fig. 6- 13 where ߠଵ ൌ 15° and ߠଶ ൌ 75°, though there is slight difference relative to Fig. 6- 

12, it also shows the larger fiber angle, the longer wave length as well as the larger fiber angle, 

the smaller the amplitude.  

 

As the varying fiber angle is considered, the normalized normal displacement based on 

Abaqus as shown in Fig. 6- 12 cannot be approached by shifting, inverting, or rotating that in 

Fig. 6- 13. However, because of the axisymmetric nature of the geometry of the circular cylinder, 

it could be expected that there exists a match for Fig. 6- 12. The reason a match cannot be made 

is the physical fact that the cosine mode vibration with odd n for ߠଵ ൌ 75° and ߠଶ ൌ 15° is the 

same as the sine mode vibration with the same n for ߠଵ ൌ 15° and ߠଶ ൌ 75°. As shown in Fig. 6- 

14, the phase shift between these two different vibration shapes is C/4. 

 

 

 

 
 
 

Fig. 6- 12 Normalized normal displacement of circular cylinders at x/L = 0.5  
               with linearly varying [±ߴ]4S laminate where ߠଵ ൌ 75° and ߠଶ ൌ 15°  

        based on cosine-shape (L = 0.5C, simple supports) 
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Fig. 6- 13 Normalized normal displacement of circular cylinders at x/L = 0.5  
               with linearly varying [±ߴ]4S laminate where ߠଵ ൌ 15° and ߠଶ ൌ 75°  

        based on cosine-shape (L = 0.5C, simple supports) 
 

 

In summary, Abaqus calculations reflect (1) the variation of amplitude with circumferential 

position, (2) the variation of wave length with circumferential position, and (3) the phase shift of 

π /2 between the cosine-based functional dependence and the sine-based functional dependence. 

The developed analysis cannot characterize the variation of amplitude or the variation with wave 

length with circumferential position. Both the amplitude and wave length are constant with 

respect to circumferential position. The developed analysis can, however, reflect the phase shift 

of π /2 between the cosine-based functional dependence and the sine-based functional 

dependence, essentially only one of the three important characteristics. It is for this lack of the 

accurate representation of the variation of amplitude and wave length with the functions of the 

developed analysis that there is an error in the fundamental frequency predictions of the 

developed analysis. 
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Fig. 6- 14 Normalized normal displacement of circular cylinders at x/L = 0.5 
with linearly varying [±ߴ]4S laminate (L = 0.5C, simple supports) 

 

 

As can be seen in Figs. 6- 15, 6- 16, and 6- 17, which are provided for purposes of comparison, 

for the circular cylinders the assumed normal displacement function agrees well with the Abaqus 

calculations for constant fiber angle lamination sequences [±15]4S, [±45]4S, and[±75]4S, 

respectively, in contrast to the variable fiber angle orientation cases illustrated in the last three 

figures. 
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Fig. 6- 15 Normalized normal displacement of circular cylinders at x/L = 0.5 with 
[±15]4S laminate based on cosine-shape (L = 0.5C, simple supports) 

 
 
 
 

 
 
 

Fig. 6- 16 Normalized normal displacement of circular cylinders at x/L = 0.5 with 
[±45]4S laminate based on cosine-shape (L = 0.5C, simple supports) 
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Fig. 6- 17 Normalized normal displacement of circular cylinders at x/L = 0.5 with 
[±75]4S laminate based on cosine-shape (L = 0.5C, simple supports) 

 
 

6.3 Discussion of Linear Fiber Angle Tailoring in Elliptical Cylinders with Simple 

Supports 

As the prediction of the fundamental frequency from the developed analysis for varying 

fiber angle elliptical cylinders is sometimes better than that of the corresponding circular 

cylinders, it is worthwhile determining whether or not the discussion and conclusions in last 

section are applicable to elliptical cylinders. 

 

In Figs. 6- 18, 6- 19 and 6- 20 the normalized normal displacements of large, simply-

supported, elliptical cylinders with b/a = 0.55, L = 0.5C at x/L = 0.5 with constant fiber angle 

laminates [±15]4S, [±45]4S, and [±75]4S, respectively, and based on the cosine-shape are 

illustrated. According to the study in Ch. 4, the difference of the prediction between the 

developed equation and Abaqus is smaller than 5% for these cases (Figs. 4- 5d, e, f). In Fig. 6- 

18, though in the circumferential direction the assumed function doesn’t perfectly match the 

result of Abaqus, the general trend is represented in the sense that the amplitude of normal 
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displacement is high where the radius of curvature is large (s/C = 0, ½) and low where the radius 

of curvature is small (s/C = ¼ and ¾). 

 

 

 
 
 

Fig. 6- 18 Normalized normal displacement of elliptical cylinders at x/L = 0.5 with 
[±15]4S laminate based on cosine-shape (L = 0.5C, b/a = 0.55, simple supports) 

 

 

In Figs. 6- 19 and 6- 20 the circumferential wave numbers of the fundamental frequency are 

both n = 4. It can be noticed that even if the assumed function for each case is the same, there are 

differences in the Abaqus results in the two figures due to the different laminates considered.  

The trends of the displacements in Figs. 6- 18, 6- 19, and 6- 20 show the sense of the shape 

factor introduced in Section 3.2. That the cases illustrated in Figs. 6- 18 through 6- 21 show good 

agreement between the prediction of Abaqus and those of the developed analysis is believed to 

be clear to the fact the locations of the peaks in normal displacement are aligned in the two 

predictions, and the major reaction in amplitude due to use of the shape factor is represented. Is 

this the situation for the linearly varying fiber angle cases? The next paragraph addresses this. 
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Fig. 6- 19 Normalized normal displacement of elliptical cylinders at x/L = 0.5 with 
[±45]4S laminate based on cosine-shape (L = 0.5C, b/a = 0.55, simple supports) 

 
 
 

 
 
 

Fig. 6- 20 Normalized normal displacement of elliptical cylinders at x/L = 0.5 with 
[±75]4S laminate based on cosine-shape (L = 0.5C, b/a = 0.55, simple supports) 

 
 
 

The normalized normal displacement of elliptical cylinders with L = 0.5C, b/a = 0.55, 

simple supports, along x/L = 0.5, with linearly varying [±θ]4S laminate where ߠଵ ൌ 75° and 

‐1

‐0.8

‐0.6

‐0.4

‐0.2

0

0.2

0.4

0.6

0.8

1

45 w

Assumed n=4

‐1

‐0.8

‐0.6

‐0.4

‐0.2

0

0.2

0.4

0.6

0.8

1

75 w

Assum
ed n=4

Normalized w 
Abaqus 
 
Assumed function 

Normalized w 

Abaqus 
 
Assumed function 

0.25                      0.5                       0.75                         1 
s/C 

0.25                      0.5                       0.75                         1 
s/C 



174 
 

ଶߠ ൌ 15° based on cosine-shape is presented in Fig. 6- 21. As mentioned in Ch. 5, while the 

difference of the prediction for fundamental frequency between Abaqus and developed equation 

for circular cylinders is as high as 25%, that for elliptical cylinder is only 5%. The assumed 

circumferential variation shown in Fig. 6- 21 leads to good agreement with the results of Abaqus. 

It appears that with a good assumed function in the circumferential direction the fundamental 

frequency as predicted by the developed formulation is close to the prediction of Abaqus. 

 

In Fig. 6- 22 the normalized normal displacement of elliptical cylinders with L = 0.5C, b/a = 

0.55, simple supports, along x/L = 0.5, with linearly varying [±ߴ]4S laminate where ߠଵ ൌ 15° and 

ଶߠ ൌ 75° based on cosine-shape as shown. The assumed circumferential variation doesn’t match 

the results from Abaqus as regards the variation of wavelength around the circumference, and as 

importantly, the locations in the local peak amplitudes of the normal displacement. In terms of 

the prediction of fundamental frequency, the difference between the developed equation and 

Abaqus is the largest case among all cases in this study. 

 

 

 
 
 

Fig. 6- 21 Normalized normal displacement of elliptical cylinders at x/L = 0.5  
               with linearly varying [±ߴ]4S laminate where ߠଵ ൌ 75° and ߠଶ ൌ 15°  

       based on cosine-shape (L = 0.5C, b/a = 0.55, simple supports) 
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Fig. 6- 22 Normalized normal displacement of elliptical cylinders at x/L = 0.5  
              with linearly varying [±ߴ]4S laminate where ߠଵ ൌ 15° and ߠଶ ൌ 75°  

     based on cosine-shape (L = 0.5C, b/a = 0.55, simple supports) 
 

 

It can be concluded that when the assumed circumferential function generally matches the 

normal displacement characteristics according to Abaqus, the corresponding fundamental 

frequencies predicted by developed equation and Abaqus have good agreement but if the 

assumed circumferential function and the displacement from Abaqus do not have good 

agreement, the fundamental frequencies of the developed equation and Abaqus do not have good 

agreement. 
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given by Eq. 3- 59. Through the deep observation, as shown in Fig. 6- 23, with b/a between 0.55 

and 1.0, the maximum difference between Rmax/R0 and S1n for n ≠ 1 is around 18%. In Eqs. 3- 72, 

3- 73, and 3- 74 the right hand sides can be treated as two parts: D-term part and A-term part. 

The D-term part is exactly the natural frequency equation for the plates that results from 

unrolling the corresponding cylinders. However, the value of D-term part increases with larger n, 

but the value of A-term part decreases with larger n. Therefore, for the fundamental frequency, 

the contribution from D-term part and that from A-term part are roughly close. Since only A-

term part includes S1n, in terms of the value in the right hand side of Eqs. 3- 72, 3- 73 and 3- 74, 

the maximum difference caused by replacing S1n with Rmax/R0 reduces from 18% to 10%. Since 

in Eqs. 3- 72, 3- 73 and 3- 74 the frequency is with the form of square, the maximum influence 

for the fundamental frequency of the approximation reduces to only 5%. Moreover, considering 

the simplified equation for circular cylinder and the first and the second simplified equations lead 

to a higher value than Abaqus, in the region 0.6 < b/a < 1.0 Rmax/R0 is generally larger than S1n (n 

≠1) and it means Lo’s approximate equation is somehow closer to Abaqus than the second 

simplified equation is with a specified b/a. 
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Even though for n = 1 cases the approximation can hardly match in most of the range of b/a, 

the numerical results have never shown the fundamental frequencies occur at n = 1 cases in the 

studied cylinders. 
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Chapter 7 Summary and Future Activities 

Overview of the Chapters 

Analyses to compute the fundamental vibration frequency of thin-walled cylinders constructed 

of fiber-reinforced composite material and with elliptical cross sections have been presented. 

Fiber reinforced materials with fiber angles that are constant with circumferential location, as 

well as materials with fiber angles which vary linearly with circumferential location were 

considered. The constant fiber angle case was considered in order to develop a comprehensive 

understanding of the role of fiber angle, wall lamination sequence, cylinder geometry, and 

boundary conditions on the fundamental frequency, in particular the differences between the 

fundamental frequency of an elliptical cylinder and that of a circular cylinder of the same 

circumference. The variable fiber angle case was considered to determine if there are any 

advantages or disadvantages to having the fiber angle vary with circumferential location, as the 

radius of curvature does for an elliptical cylinder. Through a series of simplifying assumptions, a 

hierarchy of expressions for computing the fundamental frequencies was developed for both the 

constant fiber angle case and the variable fiber angle case. The results of the analyses have been 

compared with results from finite element models, and the comparisons were generally good. For 

the few specific cases where the comparisons have not been good, the character of the vibratory 

deformation pattern has been studied by way of the finite element model and the short comings 

of the assumptions in the analysis identified. The simplest expression for computing the 

fundamental frequency has been identified as Lo’s approximation and it has been demonstrated 

that the expression can be used with confidence for preliminary design and tradeoff studies. 

 

Specifically, in Ch. 1 the problem of determining the fundamental vibration frequency of a 

thin-walled elliptical cylinder constructed of a fiber-reinforced composite material was introduced. 

Basic concepts regarding the geometry and nomenclature of an ellipse were presented. The 

geometry and nomenclature of the elliptical cylinders were also presented, as was the curvilinear 

analysis coordinate system used, and definitions of the reference surface displacements and 

rotations. A review of the relevant literature was presented, included past research on determining 

the natural frequencies of elliptical composite cylinders. Regarding the latter, much of what has 

been done has been for somewhat impractical laminates and cylinder geometries. 
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In Ch. 2 the surface geometry of a general shell was reviewed. Donnell shell theory was 

outlined and the relevant reference surface strains and curvatures defined. The assumed 

constitutive behaviors of a layer of fiber-reinforced composite material and a laminate made of a 

number of layers were reviewed. The Action Integral and Hamilton’s principle, which utilize the 

potential and kinetic energies of the vibrating cylinder, was also reviewed. Accordingly, the 

expressions for the potential and kinetic energies were developed. Hamilton’s principle was 

applied and the governing differential equations and boundary conditions for time-dependent 

behavior derived. The concept of using the Rayleigh-Ritz technique in conjunction with the 

Action Integral was discussed and the assumed forms of the displacements to be used with the 

Rayleigh-Ritz technique presented. 

 

In Ch. 3 the focus was on the application of Hamilton’s principle and the Rayleigh-Ritz 

technique for the derivation of the equations from which the fundamental frequencies could be 

calculated. Circular cylinders were first considered, with and without the consideration of axial 

and circumferential inertia, the latter resulting in a simplified form for the fundamental frequency 

equation, including Lo’s approximation. Both simply-supported and clamped boundary conditions 

were considered. The concept of a shape factor was introduced for developing the frequency 

equation for an elliptical cylinder. The shape factor accounted for the fact that the amplitude of 

the normal component of vibration displacement would be larger near the circumferential 

locations where the radius of curvature of the cross section was largest, and would be smaller 

near the circumferential locations where the radius of curvature of the cross section was smallest. 

The argument for the need for a shape factor was based on the role of variable geometric 

stiffness of the elliptical cross section due to the changing radius of curvature. For simplicity in 

algebra, the shape factor was approximated as a four-term Fourier series derived based on the 

exact shape factor. Also, as the variation of the normal displacement with the circumferential 

coordinate was assume to be harmonic, the importance of considering both a sinusoidal-based 

variation and a cosinusoidal-based variation was illustrated. For the circular cylinders both 

variations led to the same frequency equation, but for the elliptical cylinder, the frequency 

equation depended on which harmonic variation was assumed. Non-simplified, first simplified, 

and second simplified equations and Lo’s approximation were developed for these variations. 

Lo’s approximation was actually the same for both variations. 
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Numerical results for so-called large and small circular and elliptical cylinders with a range of 

geometric parameters and multiple lamination sequences were presented and discussed in Ch. 4. 

Numerical results for the non-simplified frequency equation and the various simplified forms 

were presented along with finite element results to serve as a spot check on the developed analysis. 

Circular cylinders were first considered, mainly so the fundamental frequency response of circular 

cylinders, a subject which represents an established body of knowledge, could be discussed in 

the figure format to be used for elliptical cylinders, but also to provide a contrast to the findings 

for the elliptical cylinders. For large simply-supported circular cylinders agreement among the 

results from all methods of computing the fundamental frequency was very good. For large clamped 

support cylinders, except for the [±45]4S cylinders, agreement among the results from all methods 

of computing the fundamental frequency was good. For small circular cylinders, except for the 

[±45]2S case, simply-supported and clamped, the agreement among the various predictions from 

the non-simplified frequency equation and the various simplified forms and finite element results 

was good. The situations for the [±45]4S and [±45]2S clamped cylinders were investigated in more 

detail in Ch. 6, and it was concluded that the dependency of the normal displacement component 

on the axial coordinate, as computed by the finite element model, was strongly dependent on the 

cylinder wall lamination sequence. In contrast, for the developed analysis the assumed axial 

variation of the normal displacement was the same for all lamination sequences. Recall, the 

dependency of the normal displacement on the axial coordinate was derived from the 

fundamental mode shape of a clamped-clamped isotropic beam. Perhaps a fix for this problem is 

to use the fundamental mode shape of a beam with the same lamination sequence and value of  

of the cylinder of interest, i.e., [± /0/90]2S, [± /0/90]S, [± ]4S, and [± ]2S laminates. 

 

In Ch. 4 the fundamental frequencies of elliptical cylinders were then studied. Initially large 

and small simply-supported and clamped cylinders with an aspect ratio of b/a of 0.55 (e = 0.84) 

and  = 15, 45, and 75° in the lamination sequences [± /0/90]2S, [± /0/90]S, [± ]4S, and [± ]2S  

and a range of length to circumference ratios were discussed. This aspect ratio was considered 

first as it was the most challenging for the developed analysis, and results from the non-simplified 

and the various simplifications from the developed analysis were compared with finite element 

predictions. The results from the developed analysis and finite element results for the large simply 

supported elliptical cylinder agreed quite well, though not as well as for large simply-supported 

circular cylinders. For clamped supports the agreement was good, but, again, not as good as for the 
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simply-supported case. For small simply-supported cylinders Lo’s approximation showed good 

agreement with finite element results, even for the [±45]2S case.  The non-simplified equation and 

the first and second simplified equations did not agree as well. The results for the small clamped 

elliptical cylinders were quite comparable for all lamination sequences except the [±45]2S case. 

Overall, it was concluded that Lo’s approximation could be used with confidence for design and 

tradeoff studies, studies which require relatively rapid evaluation of the sensitivity of various 

geometric and material parameters. 

 

With the results for circular and elliptical cylinders with the most extreme cross section on 

hand, the decrease of fundamental frequency due to the cross section being noncircular could be 

evaluated. Though the specific percentage decrease depended on the cylinder size, laminate 

sequence, and boundary conditions, the largest decrease was about 30% which occurred for 

cylinders with ±15° layers and small values of L/C, while the smallest decrease in fundamental 

frequency was about 10% and occurred for cylinders with ±75° layers and large values of L/C. 

 

Regarding differences in the predictions of a sine-based analysis and a cosine-based analysis, 

it was shown in Ch. 4 and Appendix A that for L/C  in the range 0.8 to 1.0 and for circumferential 

wave number n=2 differences of 6-8% were found for selected cases. Generally, though, the 

differences were on the order of 1% or less. 

 

Finally in Ch. 4 the fundamental frequencies for other aspect ratios were presented as a 

function of fiber angle, cylinder geometry, and boundary conditions. The insensitivity of the 

fundamental frequency to fiber angle, for fixed values of all the other parameters, was clearly 

demonstrated, though depending on particulars, fiber angles in the range 30 to 70° generally 

resulted in the maximum fundamental frequency. 

 

In Ch. 5 the analysis was developed for computing the fundamental frequencies of large and 

small simply-supported circular and elliptical cylinders and for which  varied linearly with 

circumferential location. While many of the details of the sensitivity of the fundamental 

frequency to the circumferential variation of fiber angle were discussed, the lack of sensitivity of 

the fundamental frequency was most apparent. This, of course, correlates well with the findings 

of Ch. 4. 
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In Ch. 6 the discrepancies between the predictions of the developed analysis and the finite 

element model were addressed. As mentioned above, it was shown that for the constant fiber angle 

cylinders, in particular the large circular [± ]4S clamped support cylinder, the character of the 

axial variation of the normal displacement as computed by the finite element model was dependent 

on the value of , whereas for the developed analysis the character of the axial variation was 

assumed to be independent of . This helped explain some of the differences between the 

predictions of the developed analysis and the predictions of the finite element model. In contrast, 

for variable fiber angle cylinders, for those cases for which there was considerable difference in 

the predictions, the axial variation of the normal displacement was not a problem.  Rather, with a 

variable fiber angle around the circumference, based on the finite element results, the wavelength 

and amplitude of the periodic variation of the normal displacement varied with circumferential 

location. However, in the developed analysis it was assumed that the periodic variation was 

harmonic, so the wavelength and amplitude did not vary with location around the circumference. 

Finally, the circumferential variation of the normal displacement for the elliptical cylinders was 

examined for laminates for which there was poor correlation between the fundamental 

frequencies based on the developed analysis and those as computed by the finite element model. 

It was concluded that when the locations of the local peaks in the circumferential variation of the 

normal displacements in the developed analysis agreed with those of the finite element model, 

the fundamental frequency predictions compared well.  

Major Contributions 

The contributions of the work can be divided into two major categories. The first category 

consists of the analyses developed, and the second category consists of understanding the 

characteristics of the fundamental frequency of elliptical composite cylinders. 

 

Analyses developed 

 

A hierarchy of closed-form equations for computing the fundamental frequency of a thin-

walled cylinder with an elliptical cross section constructed of a balanced and symmetric laminate 

with fiber angles which can vary linearly circumferential location was developed. 
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The simplest equation of the hierarchy, referred to as Lo’s approximation, produces credible 

results, when compared with finite element calculations, and with the least amount of computation. 

 

The use of the so-called shape factor is believed to be unique. 

 

Sinusoidal-based and cosinusoidal-based analyses were developed.  Lo’s approximation was 

identical for both analyses. 

 

Characteristics of the fundamental frequency of elliptical cylinders 

 

Constant fiber angle 

Within the context of the range of parameters considered, for a given cylinder length, 

circumference, boundary conditions, and wall laminate, the fundamental frequency of an elliptical 

cylinder is upwards of 30% less than a circular cylinder with the same length, circumference, 

boundary conditions, and wall laminate, depending on cross sectional geometric properties. 

 

For all intents and purposes, there was little difference between the fundamental frequency 

predictions of the sinusoidal-based analysis and the cosinusoidal based analysis. 

 

For the lamination sequences [± /0/90]2S , [± ]4S and  [± /0/90]S, [± ]2S for large and small, 

respectively, elliptical and circular simply-supported cylinders, the fundamental frequency was 

insensitive to the fiber angle  as it ranges from 0 to 90°  The circumferential wave number does, 

however, depend strongly on the fiber angle. For clamped supports there was more sensitivity of 

the fundamental frequency, but not as much as might be expected for that range of fiber angle . 

 

Linearly varying fiber angle 

Allowing the fiber angle to change with circumferential location from 15 to 75° did not 

produce much change in fundamental frequency of large simply-supported circular cylinders as 

compared to a constant fiber angle cases. At most, a linear variation of fiber angle resulted in a 

15% change, the sign of the change depending on the particular linear variation. 
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The fundamental frequency of small simply-supported circular cylinders was more sensitive 

to a linearly varying fiber angle than for large simply supported cylinders. Changes upward of 

20% were computed. 

 

Allowing the fiber angle to change with circumferential location from 15 to 75° produced 

little change in the fundamental frequency of large simply-supported elliptical cylinders as 

compared to a constant fiber angle cases. In some cases the change was close to 0%. 

 

The fundamental frequency of small simply-supported elliptical cylinders was more 

sensitive to a linearly varying fiber angle than large simply supported cylinders. Changes upward 

of 15% were computed. 

Future Activities 

A natural next step in the study of the vibration of noncircular, in particular elliptical, 

cylinders would be the fabrication of cylinders both with constant fiber angles and with linearly 

varying fiber angles, and the testing thereof for natural frequencies. The former activity would be 

rather straightforward if mandrels or other hardware existed for fabricating the cylinders. The 

latter activity requires advanced tow placement equipment and the proper programming to 

achieve a linearly varying fiber angle on a noncircular cross section. It is expected that standard 

vibration testing techniques could be used to determine the fundamental frequency. 

 

It has been mentioned repeatedly that particular cases did not exhibit as good agreement 

between the developed analysis and the finite element spot checks as other cases. As mentioned 

in Ch. 2, there are limitations to the application of Donnell shell theory, in particular the 

assumption that the circumferential displacement component is considerably smaller than the 

normal displacement component. Though quite involved, it would be worth considering using a 

shell theory with kinematics that can account for larger circumferential displacement, for example, 

Sanders shell theory. 

 

Finally, the analysis could be extended to other non-circular cross sections, for example oval 

cross sections. However, it is expected that the general results obtained for elliptical cross sections 

would apply to oval cross sections. 
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 Appendix A Finite Element Convergence Studies 

The finite element method is commonly used for solving engineering problems. There is a 

variety of mature commercial software available nowadays. The commercial software Abaqus® 

is used in this study to spot-check the results obtained from the developed formulation, which is 

based on Donnell shell theory, Hamilton’s principle, and the Rayleigh-Ritz approach. An issue 

with finite element models is whether or not they represent a converged solution to the problem. 

The finite element model used here and its convergence characteristic are discussed in this 

Appendix. The particular cases considered for these convergence studies are quasi-isotropic thin-

walled elliptical composite cylinders with various lengths and wall thicknesses. Of interest are 

the first four vibration frequencies and mode shapes. In the main text of this dissertation results 

from the finite element model described here are compared with results from the developed 

formulation for other selected cylinders to assess the accuracy of the developed formulation. 

 

The geometry and nomenclature of an elliptical cylinder is illustrated in Fig. A- 1. The 

major and minor axes 2a and 2b, respectively, are illustrated, as are the cylinder circumference 

C, length L, and wall thickness H. The radius of a circular cylinder with the same circumference 

is Ro = C/(2π). The global XYZ Cartesian coordinate system is shown, as the local xsz axial-

circumferential-wall-normal coordinate system. The fiber angle in the wall laminate with respect 

to the axial direction is θ, as shown. Cylinder size is considered by the investigation of so-called 

small cylinders, Ro/H = 100, and large, Ro/H = 200 cylinders. For laminated composite walls, H 

is controlled by the number of layers in the wall, here eight for small cylinders and 16 for large 

cylinders. Cylinder length is varied by varying the ratio L/C, and cylinder lengths L/C = 0.3 and 

1.0 are studied. Considering a circular cylinder with these dimensions would result in cylinders 

with L/D ratios of approximately 1 and 3, where D is cylinder diameter, 2R, and L/C = L/(πD). 

For circular cylinders these lengths would be considered short and quite long. Also, results are 

shown for elliptical cylinders with the most extreme cross-sectional aspect ratio considered in 

this study, b/a = 0.55 (eccentricity e = 0.84) and with a quasi-isotropic lamination sequences 

[±45/0/90]2S and [±45/0/90]S for Ro/H = 200 and 100, respectively. 

 



191 
 

For the finite element model the linear quadrilateral reduced integration shell element S4R 

from the Abaqus element library is employed, where S stands for shell and R stands for reduced 

integration through the thickness of the shell. The S4R element is a shear-deformable element 

that satisfies the Kirchhoff hypothesis as the element becomes thin, which is the case here. As 

shown in the local coordinate system in Fig. A- 1, each node has six degrees of freedom, where 

u°, v° and w° are the displacements in the axial, circumferential, and normal directions, and φx°, 

φs° and φz° are the rotations about the local axial, circumferential, and normal coordinate 

directions.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. A-1 Cylinder geometry and nomenclature 
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For simply supported cylinders on the two cylinder ends displacements v° and w° are restrained 

to be zero and the other four degrees of freedom are unrestrained. That is 

,ሺ0°ݒ  ሻݏ ൌ ,ܮሺ°ݒ ,0 ሻݏ ൌ 0 Eq. A- 1

,ሺ0°ݓ  ሻݏ ൌ ,ܮሺ°ݓ ,0 ሻݏ ൌ 0 Eq. A- 2

An extra condition 

°ݑ  ൬
ܮ
2 , ൰ݏ ൌ 0 Eq. A- 3

is applied to eliminate rigid body translation in the x-direction. No force resultants or moment 

resultants are not applied on the boundary x = 0, L. For clamped support cylinders, the boundary 

conditions at the two ends are restraint of all six degrees of freedom, u°, v°, w°, φx°, φs°, and φz°. 

That is, 

,ሺ0°ݑ  ሻݏ ൌ ,ܮሺ°ݑ ,0 ሻݏ ൌ 0 Eq. A- 4

,ሺ0°ݒ  ሻݏ ൌ ,ܮሺ°ݒ ,0 ሻݏ ൌ 0 Eq. A- 5

,ሺ0°ݓ  ሻݏ ൌ ,ܮሺ°ݓ ,0 ሻݏ ൌ 0 Eq. A- 6

 ߶௫°ሺ0, ሻݏ ൌ 0, ߶௫°ሺܮ, ሻݏ ൌ 0 Eq. A- 7

 ߶௦°ሺ0, ሻݏ ൌ 0, ߶௦°ሺܮ, ሻݏ ൌ 0 Eq. A- 8

 ߶௭°ሺ0, ሻݏ ൌ 0, ߶௭°ሺܮ, ሻݏ ൌ 0 Eq. A- 9

     Six different mesh densities are considered, as will be shown below, and each mesh is 

designed so each element is approximately square. An overall conclusion reached during the 

convergence study is that for all meshes considered for a particular cylinder, the fundamental 

frequencies calculated are within 3% of each other. However, to accommodate changing fiber 

angles with circumferential position, as is necessary when addressing the second objective of this 

study, and to avoid problems with other lamination sequences or boundary conditions, which 

may exhibit different convergence characteristics, in the main text results from the developed 
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formulation are compared with the case of using 336 elements in the circumferential direction. 

The material properties are consistent with Table 4- 5. 

 

The values of the first four frequencies for four specific cylinders are shown in Table A- 1, 

Table A- 2, Table A- 3, and Table A- 4, namely, quasi-isotropic elliptical cylinders that are large 

and long, small and long, large and short, and small and short. The mesh density is indicated at 

the left, and the first four vibration mode shapes displayed left to right with increasing frequency. 

As with linear buckling analysis, the first four vibration frequencies and close in value. Besides 

the frequency values, another characteristic to consider is the variation of mode shape with 

increasing mesh density. The color contouring of each mode shape subfigure aids in interpreting 

the mode shape characteristic, with red representing maximum outward normal displacement and 

green representing maximum inward normal displacement. For some modes there are two 

locations with a maximum outward displacement on, say, the upper surface of the cylinder, 

which others have just one location on the upper surface, where the outward displacement is a 

maximum. And as the mesh density increases, which frequency has two outward maxima and 

which frequency has one outward maximums changes. For example, in Table A- 1, comparing 

the mode shapes for mesh density 504 × 500 with mesh density 756 × 760, it is seen that for the 

second and the third frequencies, the mode shapes interchange, the mode shape with one outward 

maximum changing from being associated with the third frequency for the lower density mesh to 

being associated with the second frequency for the higher density mesh. There are other cases 

where this switching also occurs. That said, it is important to realize that for the work here 

material properties are input with three digits of accuracy. Therefore, citing frequencies to more 

than three digits of accuracy is meaningless. So considering three digits, for the 756 × 760 mesh 

the first three frequencies are identical (275 rad/s) and the fourth frequency is but 0.7% higher 

(277 rad/s). 

 

A letter and a number are used as a descriptor for the mode shape. Letter “C” means that the 

vibration mode shape of the deformed cross section is similar to the cosine-based vibration mode 

mentioned in Ch. 3 and letter “S” means that the vibration mode shape of the deformed cross 

section is similar to the sine-based. The number is the wave number n in the circumferential 

direction. 
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Table A-1 Convergence of frequencies for large simply supported elliptical (b/a = 0.55, e = 

0.84) cylinder with lamination sequence [±45/0/90]2S and length L = C 

 
Mesh 

density 
CxL 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

100 
x100 

 S3 
277 

S4 
278 

C4 
278 

C3 
278 

148 
x140 

 S3 
276 

S4 
276 

C4 
276 

C3 
278 

224 
x220 

 S3 
275 

S4 
276 

C4 
276 

C3 
277 

336 
x340 

 S4 
275 

S3 
275 

C4 
275 

C3 
277 
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504 
x500 

 S4 
275 

S3 
275 

C4 
275 

C3 
277 

756 
x760 

 S4 
275 

C4 
275 

S3 
275 

C3 
277 
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Table A-2 Convergence of frequencies for small simply supported elliptical (b/a = 0.55, e = 

0.84)  cylinder with lamination sequence [±45/0/90]S and length L = C 

 
Mesh 

density 
CxL 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

100 
x100 

 S4 
529 

C4 
530 

S3 
543 

C3 
546 

148 
x140 

 S4 
526 

C4 
527 

S3 
541 

C3 
544 

224 
x220 

 S4 
525 

C4 
525 

S3 
540 

C3 
544 

336 
x340 

 S4 
524 

C4 
525 

S3 
540 

C3 
543 
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504 
x500 

 S4 
524 

C4 
525 

S3 
540 

C3 
543 

756 
x760 

 S4 
524 

C4 
524 

S3 
540 

C3 
543 
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Table A-3 Convergence of frequencies for large simply supported elliptical (b/a = 0.55, e = 

0.84) cylinder with lamination sequence [±45/0/90]2S and length L = 0.3C 

 
Mesh 

density 
CxL 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

100 
x30 

 C6 
876 

S6 
876 

C7 
890 

S7 
890 

148 
x42 

 C6 
864 

S6 
864 

C7 
877 

S7 
877 

224 
x66 

 C6 
859 

S6 
859 

S7 
870 

C7 
870 

336 
x102 

 S6 
856 

C6 
856 

S7 
867 

C7 
867 
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504 
x150 

 S6 
855 

C6 
855 

S7 
866 

C7 
866 

756 
x228 

 S6 
855 

C6 
855 

S7 
866 

C7 
866 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



200 
 

Table A-4 Convergence of frequencies for small simply supported elliptical (b/a = 0.55, e = 

0.84) cylinder with lamination sequence [±45/0/90]S and length L = 0.3C 

 
Mesh 

density 
CxL 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

Mode shape and 
natural frequency 

(rad/s) 

100 
x30 

 C6 
1717 

S6 
1717 

C7 
1734 

S7 
1734 

148 
x42 

 C6 
1693 

S6 
1693 

C7 
1711 

S7 
1711 

224 
x66 

 C6 
1682 

S6 
1682 

S7 
1698 

C7 
1698 

336 
x102 

 S6 
1677 

C6 
1677 

S7 
1693 

C7 
1693 
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504 
x150 

 S6 
1674 

C6 
1674 

S7 
1691 

C7 
1691 

756 
x228 

 S6 
1673 

C6 
1673 

S7 
1689 

C7 
1689 
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Appendix B Sine-based Fundamental Frequency of Elliptical Cylinders 

In this appendix, the calculations from the developed formulations have been computed by 

using the sine-based functional form for ߔ௡
௪ሺݏሻ  and the corresponding forms for ߔ௡

௨ሺݏሻand 

௡ߔ
௩ሺݏሻ as discussed in Table 3- 1. For Lo’s approximation, Eq. 3- 74 and Eq. 3- 97, referring to 

simply-supported and clamped support cylinders, respectively, there are no separate cosine-based 

and sine-based equations. They are one and the same. For Abaqus calculation, even though 

cosine- and sine-based vibration modes sometimes refer to different frequencies, only the lower 

frequency between these two is the fundamental frequency. Hence, the results of Lo’s 

approximation and Abaqus in this appendix are exactly the same as those in Ch. 4. The 

developed formulations without simplifications refer to Eq. 3- 68 and Eq. 3- 91 for simple 

supports and clamped supports, respectively. The 1st simplified formulations refer to Eq. 3- 71 

and Eq. 3- 94 for simple supports and clamped supports, respectively. The 2nd simplified 

formulations refer to Eq. 3- 73 and Eq. 3- 96 for simple supports and clamped supports, 

respectively. 

  

The figures in this appendix are analogs to Figs. 4- 5 through 4- 8, illustrating the 

fundamental frequencies for large and small simply-supported and clamped support cylinders 

with three laminates each from the two laminate families and L/C ranging from 0.30 to 1.0 with 

the most severe elliptical geometry (b/a = 0.55, or e = 0.85) in this study. The fundamental 

frequencies of large cylinders are normalized by 630 rad/s whereas those of small cylinders are 

normalized by 3490 rad/s. 

 

The variations of the normalized fundamental frequencies of large elliptical cylinders with 

simple supports and clamped supports are illustrated in Figs. B- 1 and B- 2, respectively. The 

normalized fundamental frequencies of small elliptical cylinders with simple and clamped 

supports are illustrated in Figs. B- 3 and B- 4, respectively. 

 

The comments made in chapter 4 regarding the cosine-based analysis results apply to the 

sine-based analysis results shown in this appendix. 
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                                            Normalized length, L/C 

 
(a) Lamination sequences [±15/0/90]2S  

 
 
 

                         
                                            Normalized length, L/C 

 
(b) Lamination sequences [±45/0/90]2S 
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                                            Normalized length, L/C 

 
(c) Lamination sequences [±75/0/90]2S 
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(d) Lamination sequences [±15]4S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]4S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]4S 

Fig. B- 1 Normalized fundamental frequency of large elliptical cylinders, b/a = 0.55 

 (e = 0.84), simple supports, sine-based 
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(a) Lamination sequences [±15/0/90]2S  
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(b) Lamination sequences [±45/0/90]2S 
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(c) Lamination sequences [±75/0/90]2S 
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(d) Lamination sequences [±15]4S 

ææ

æ
æ

æ æ

ç
ç

ç
ç ç ç

æ

æ

æ
çç

çç

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.5

1.0

1.5

2.0

2.5

æ
æçç

æ
æ

æç ç ç

ææ
ç

ç

æ

æ

çç

çç

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.5

1.0

1.5

2.0

2.5

Lo’s approximation 

2nd simplified  

Hamilton’s principle 

Abaqus 

1st simplified  

Lo’s approximation 

2nd simplified  

1st simplified  

Hamilton’s principle 

Abaqus 

n = 6 n = 5 n = 4 n = 3 

Normalized 

Fundamental 

Frequency 

߱/ ߱଴ 

n = 8 n = 7 n = 6 n = 5 n = 9 

Normalized 

Fundamental 

Frequency 

߱/ ߱଴ 



208 
 

                           
                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]4S 
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(f) Lamination sequences [±75]4S 

Fig. B- 2 Normalized fundamental frequency of large elliptical cylinders, b/a = 0.55  

(e = 0.84), clamped supports, sine-based 
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(a) Lamination sequences [±15/0/90]S  
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(b) Lamination sequences [±45/0/90]S 
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(c) Lamination sequences [±75/0/90]S 
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(d) Lamination sequences [±15]2S 
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(e) Lamination sequences [±45]2S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]2S 

Fig. B- 3 Normalized fundamental frequency of small elliptical cylinders, b/a = 0.55  

(e = 0.84), simple supports, sine-based 
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(a) Lamination sequences [±15/0/90]S  
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(b) Lamination sequences [±45/0/90]S 
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(c) Lamination sequences [±75/0/90]S 
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(d) Lamination sequences [±15]2S 
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                                            Normalized length, L/C 

 
(e) Lamination sequences [±45]2S 

 

 
 

                           
                                            Normalized length, L/C 

 
(f) Lamination sequences [±75]2S 

Fig. B- 4 Normalized fundamental frequency of small elliptical cylinders, b/a = 0.55  

(e = 0.84), clamped supports, sine-based 
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