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Energy-based Footstep Localization using Floor Vibration
Measurements from Accelerometers

Sa’ed Ahmad Alajlouni

(ABSTRACT)

This work addresses the problem of localizing an impact in a dispersive medium (waveguide)

using a network of vibration sensors (accelerometers), distributed at various locations in the

waveguide, measuring (and detecting the arrival of) the impact-generated seismic wave. In

particular, the last part of this document focuses on the problem of localizing footsteps using

underfloor accelerometers.

The author believes the outcomes of this work pave the way for realizing real-time indoor

occupant tracking using underfloor accelerometers; a system that is tamper-proof and non-

intrusive compared to occupant tracking systems that rely on video image processing.

A dispersive waveguide (e.g., a floor) causes the impact-generated wave to distort with the

traveled distance and renders conventional time of flight localization methods inaccurate.

Therefore, this work focuses on laying the foundation of a new alternative approach to

impact localization in dispersive waveguides. In this document, localization algorithms,

including wave-signal detection and signal processing, are developed utilizing the fact that the

generated wave’s energy is attenuated with the traveled distance. The proposed localization

algorithms were evaluated using simulations and experiments of hammer impacts, in addition

to occupant tracking experiments. The experiments were carried out on an instrumented

floor section inside a smart building.

As will be explained in this document, energy-based localization will turn out to be compu-

tationally cheap and more accurate than conventional time of flight techniques.
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Measurements from Accelerometers

Sa’ed Ahmad Alajlouni

(GENERAL AUDIENCE ABSTRACT)

When a person walks, each footstep impact generates a tiny floor-quake. The floor-quake

sends a shock wave traveling along the floor, and causes the floor to vibrate. If these

vibrations are sensed/measured at different locations in the floor, then the measurements

can be used to estimate the individual footstep impact locations. Estimating the location of

each footstep impact can then be utilized to track the walking path of the person.

This dissertation proposes a novel footstep location estimation approach. The localization

approach uses a group of underfloor vibration sensors, called accelerometers, to measure

the footstep-generated floor vibration. Then, the sensor measurements are used to estimate

footstep locations.

Footstep location estimates are generated using the fact that the strength/energy of the

generated wave is absorbed by the floor, and consequently the wave energy is attenuated

with the traveled distance.

The proposed footstep localization approach can be used to track occupants inside buildings,

providing a tracking system that is non-intrusive compared to tracking occupants using a

system of cameras and a video image-processing software.
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Chapter 1

Introduction

Estimating the location of an energy source given a set of measured variables is an interesting

and challenging research problem that has been investigated from different application points

of view. An energy source could be an earthquake, an explosion, an antenna transmitting

electromagnetic waves, vocal cords of a person talking, etc. Each source generates a wave

that propagates away from the source in a specific medium (waveguide). Depending on the

characteristics of the generated wave and the waveguide, the wave might travel different

distances and have different speeds. If several sensors are deployed at different locations in

the waveguide, such that they measure a certain feature of the traveling wave, then those

sensor measurements in addition to prior knowledge of the characteristics of the traveling

wave can be utilized to estimate the source location. For example, an earthquake generates a

seismic wave having two components; longitudinal P and flexural S waves. Seismic stations

estimate the earthquake’s origin by utilizing sensor measurements in addition to knowledge

of the facts that P and S waves have different propagation speeds, and seismic waves have

circular wavefronts propagating radially away from the source.

Another example of a source localization problem is the challenge of localizing and tracking

occupants in a building using the floor vibration caused by their foot falls. In order to

track an occupant, the location of each individual footstep must first be estimated with

reasonable accuracy. Indoor footstep localization, utilizing floor vibration, will be the focus

of this dissertation.

2
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1.1 Motivation and Summary of Previous Localization

Methods

An accelerometer sensor network hidden under the floor provides a system that can poten-

tially localize footstep impact forces and consequently track occupants in a building. This

system has the advantages of being tamper-proof and non-intrusive compared to occupant

tracking using video image processing. In addition, this system is a passive localization sys-

tem that does not require user compliance. That is, the occupant is not required to carry

an electronic tag device.

Indoor localization is motivated by security reasons, such as tracking an intruder (or an

active shooter [2]), as well as safety reasons, such as allowing first responders to locate oc-

cupants in distress during an emergency rescue/evacuation scenario. Furthermore, indoor

localization can be used to cut down electric energy consumption by controlling the temper-

ature/lights in rooms based on occupancy level. According to a US Department of Energy

report published in 2013, occupancy-based control of temperature and lighting, using ad-

vanced next-generation sensing technologies, is estimated to save a total of 17.8% of electric

energy consumption nationwide [3].

Currently it is unreliable to use Global Navigation Satellite Systems (GNSS) or Commercial

Mobile Radio Service (CMRS) for indoor localization, mainly due to unreliable indoor signal

coverage, and the requirement that the occupant must always have his/her phone in-pocket

and turned on (user compliance). Even with strong network coverage, localization using

CMRS is still not accurate enough to make it useful in practice. This fact pushed the United

States Federal Communications Commission (FCC) to issue an enhanced 911 (E911) location

accuracy requirement. The FCC requirement is motivated by the fact that most emergency

911 calls are made using a cell phone from an indoor location [4]. Under the requirement,

CMRS providers are required by the year 2021 to be able to provide the horizontal location of

a 911 caller within 50 meters accuracy, and the vertical location within 3 meters accuracy [4].

Therefore, assuming the E911 requirement is met by CMRS providers, 50 meters horizontal

accuracy is still not good enough when considering, for example, the case of fire-fighters trying

to rescue an occupant from a burning building in poor visibility, or the case of tracking an

active shooter. Thus, there is a need for more accurate and more reliable indoor localization

systems.

Traditionally, source localization (multilateration) in general has been done based on the time

of arrival (TOA) of the source-generated wave at different sensor locations in the waveguide

[1, 5–18]. Considering a footstep impact on a floor as the wave generating source, then the
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dominant out-of-plane wave mode [7, 8] (flexural mode) will be distorted with the traveled

distance due to the fact that the floor is a dispersive waveguide [7, 19]. Dispersion in solids

means that higher frequency components of the generated traveling wave will travel at non-

linearly increasing speeds. Therefore, for an impact source, having a wide-band of frequency

components, dispersion will distort the wave-packet shape as it travels away from the source.

Dispersion distortion, manifested by changes of wave propagation speed (group velocity)

with frequency, is more noticeable as the dominant frequency content of an impact tends to

the lower frequencies (see Section 3.2 for a detailed explanation). Footsteps usually have a

variable frequency content in the range 1-75 Hz depending on gait type and type of shoes worn

(hard soled versus soft soled shoes) [20, 21], therefore considering their low frequency content,

footstep-generated waves will undergo relatively high dispersion-distortion, and hence cannot

be localized with sufficient accuracy using conventional TOA approaches [1, 7, 10, 11].

Conventional TOA localization (or more precisely conventional “time difference of arrival”

(TDOA) localization) [5] works by generating N − 1 equations each describing a hyperbola,

where N is the number of sensors. Considering, without loss of generality, the N th sensor as a

reference sensor, then each equation takes the form di−dN = v×(di − dN/v) = v×(TDOA),

where di = ‖ri − rs‖ is the sensor-source distance, i = 1, 2, ..., N − 1, dN is the distance

from the source to the reference sensor, and v is the assumed propagation speed. Then the

resulting N − 1 nonlinear equations are solved simultaneously to yield an estimate of the

source location rs. It can be seen that conventional TOA methods assume a single wave

propagation speed v, thus they are well-suited for localization in non-dispersive waveguides.

It has been shown that application of conventional TOA methods to locate impacts in a

dispersive waveguide has large variations in the localization error [1, 9–11, 22].

Methods exists in the literature that extend and tweak conventional TOA localization to

improve localization accuracy in dispersive waveguides. These methods include the following

three categories: 1) dispersion compensation methods [17, 18] where a priori knowledge of the

waveguide’s dispersion relation (group velocity versus frequency) is utilized to compensate for

dispersion distortion; 2) time-frequency methods [14–16] where TOA is estimated based on

a single dominant frequency component of the traveling wave; and 3) the method by Poston

et al. [6] where TOA is estimated using Akaike Information Criterion, then localization is

done after choosing, through an optimal curve-fitting criterion, a suitable wave propagation

speed from a set of plausible speed values.

These aforementioned methods are inherently computationally expensive (e.g., it took 2

seconds to yield a single location estimate in the time-frequency method of [16]), hence their

use cannot be justified for real-time occupant tracking. In addition, in the case of dispersion
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compensation methods applied to footstep localization, it is practically infeasible to estimate

an accurate dispersion relation of the floor, especially since the floor is a complex waveguide

that will suffer from material inhomogeneity and have cracks in practice.

A survey of source localization methods can be found in Chapter 2. The survey includes

more details about the aforementioned TOA-based methods in addition to other general

approaches to localization—that are arguably less attractive/applicable to the indoor lo-

calization problem—such as direction of arrival (bearing estimation) methods [23–27] and

pattern matching (machine learning) methods [28–31]. Pattern matching methods require

an extensive calibration (training) phase before implementing them, and cannot be gener-

alized or extended to other localization environments without repeating the training phase.

Bearing estimation methods assume that the wavefront is linear when it reaches the sensors.

That is, they assume the sensors and the source are far apart; an assumption that is not

valid in the indoor footstep localization problem.

Dispersion distortion (especially in the low frequency wave range where footstep waves are

located) and the high computational cost of current TOA-based localization techniques mo-

tivate the search for alternative methods that are more suited for footstep localization in

dispersive waveguides, ergo the energy-based approach followed in this dissertation, where

the fact that the wave’s energy decays with the traveled distance is utilized for footstep

localization. A literature review of previous energy-based localization methods is presented

in Section 2.2.1.

It is worth noting that wave damping (wave attenuation with the traveled distance), for

the dominant flexural wave mode, is frequency dependent [7], with variations in damping

becoming more apparent as the frequencies dominating the source impact tend to the higher

frequencies (more details in Section 3.2). A question then comes to the mind of the careful

reader: what is the value of energy-based localization if damping is frequency dependent? Is

not this effectively similar to dispersion in TOA methods? The answer lies in the fact that

a footstep impact contains low frequencies (1-75 Hz [20]). The distinction here is that the

lower the frequencies contained in an impact (e.g., a footstep), the smaller the changes in

damping are with frequency (more details in Section 3.2). This observation makes it possible

to use a fixed wave attenuation rate for the purpose of footstep localization, and motivates

the pursuit of a localization method utilizing the wave’s damping with the traveled distance.
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1.2 Contribution

Several energy-based localization algorithms are introduced and evaluated throughout this

document as follows:

In Chapter 3, an energy-based impact localization method is proposed utilizing the response

of a simulated finite element (FE) plate model to virtual hammer impacts. The localization

method assumes that the average signal power of sensor measurements decay exponentially

with sensor-impact distance according to the relation Q(d) = Qs e
β d, where d denotes the

sensor-impact distance. Qs and β denote the generated source power and the floor attenu-

ation parameter, respectively, which are both assumed to be known a priori. The study in

Chapter 3 concludes that there is potential in using an energy-based localization method in a

dispersive waveguide, however, the method in Chapter 3 will be useless without elimination

of the unknown parameter Qs and accurate estimation of β during a calibration phase.

Then an improved impact localization algorithm is proposed in Chapter 4, which enhances

the energy-based localization principle in Chapter 3 by improving impact detection, elimi-

nating Qs, and systematizing/automating the way the average power, Q, is calculated from

the measurements of each sensor. The modified localization method was tested using real

hammer impacts on a concrete floor instrumented with accelerometers. Hammer location

estimates were found as the solution to a nonlinear minimization problem, where the initial

search location must be supplied by the user. The initial search point was selected to be a

fixed point (the centroid of the convex hull of sensor location points).

Although the method in Chapter 4 is an advancement in localization in a dispersive waveg-

uide, nevertheless, the method still requires the estimation of a fixed floor-dependent at-

tenuation parameter, β, during an offline calibration phase before running the localization

algorithm. Furthermore, the study in Chapter 4 involves hammer impacts; not footsteps.

Then the study in Chapter 5 presents the first heuristic energy-based localization method

to be tested with the footsteps of a walking occupant. The method estimates a footstep’s

location as a weighted sum of sensor coordinate vectors, where the weights are proportional

to the average power, Q, calculated at each sensor. The heuristic method in Chapter 5 is

calibration-free. That is, it does not require estimation of a floor-dependent parameter. In

addition, the method is computationally cheap, requiring an average of 20 milliseconds to

yield a single location estimate (using an average laptop running a matlabR© implementation

of the algorithm).

In Chapter 6, a new localization algorithm, yielding improved accuracy, is presented. The
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new algorithm modifies the method in Chapter 4 by estimating, for each detected footstep, a

suitable value of β online rather than estimating a fixed value of β offline during a calibration

phase, thus making the new method calibration-free. Moreover, instead of using a fixed

initial search point to seed the nonlinear minimization solver (as is the case in Chapter 4),

the improved algorithm of Chapter 6 utilizes the heuristic location estimate of Chapter 5 to

seed the nonlinear minimization solver.

That is, the algorithm in Chapter 6 is a two-step localization algorithm, where the first step

uses the heuristic estimator from Chapter 5 to obtain a rough, but close enough, location es-

timate. Then the second step utilizes the heuristic estimate to seed a nonlinear minimization

problem, which in itself estimates a suitable value of β for each detected impact.

As will be demonstrated later in Chapter 6, the combination of using the heuristic location

estimator to seed a nonlinear minimization search problem similar to the one in Chapter 4

(instead of using a fixed starting point as demonstrated in Chapter 4), and allowing β to

vary and be estimated online for each detected footstep amounts to an improved localization

accuracy compared to the methods in Chapters 4 and 5, in addition to making the newly

proposed algorithm of Chapter 6 calibration-free.

The localization accuracy of the proposed algorithm in Chapter 6 is evaluated, and com-

pared to the methods of Chapters 4 and 5, using an occupant walking experiment on an

instrumented corridor floor inside a smart building (Goodwin Hall (GH) at Virginia Tech,

USA).

Then, in Chapter 7, a priori knowledge of the noise characteristics in the sensor measurements

(assuming additive normally distributed noise) will be incorporated in the location estimator

to improve localization accuracy. The method in Chapter 7 utilize a maximum likelihood

estimator (MLE) which turned out to be the best footstep estimator when compared to the

algorithms in the preceding chapters.

1.3 Smart Building Testbed (Goodwin Hall)

Virginia Tech’s campus is home to a a unique smart building, Goodwin Hall (GH), equipped

with a large-scale vibration sensing system that provides a testbed for studying the localiza-

tion problem. GH is a 160,000 ft2 five-story operational building that is instrumented with

225 acceleration measurement sensors (accelerometers) that were permanently installed dur-

ing its construction. The sensors are distributed throughout the entire building and are

connected to 5 synchronized and distributed data acquisition (DAQ) systems. The com-
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bined sensors can measure dynamic acceleration with frequencies as low as 0.06 Hz and as

high as 10 kHz.

This dissertation aims to leverage the current vibration-sensing infrastructure in GH to even-

tually perform real-time indoor occupant tracking by proposing novel and efficient energy-

based impact localization algorithms. In particular, out-of-plane acceleration measurements

from accelerometers installed under the floor will be used to localize footsteps and hammer

impacts in GH.



Chapter 2

Literature Review

In addition to the brief literature review introduced in Section 1.1, more details into rele-

vant localization methods and the physics of wave propagation are presented here in this

chapter. Works that are believed to be most relevant to the indoor localization problem in

dispersive waveguides are highlighted. Section 2.1 provides an overview of the physics of

wave propagation, while Section 2.2 categorizes all available localization methods into four

main categories.

2.1 Preliminary Information

Before the indoor localization problem in a dispersive medium can be tackled, it is crucial

to gain a good understanding of the basic principles and key terms from the theory of wave

propagation in elastic solids. Graff [19] is a good reference textbook on the topic. Important

principles and key terms include the wavelength λ, wave number γ (γ = 2π/λ), dispersion

(different wave frequency components travel at different speeds), dispersion relation (relation

between γ and radial frequency ω, that is γ(ω)), phase velocity c (c = ω/γ), and group velocity

cg (cg = dω/dγ).

Since floor vibrations will be used in GH to carry out localization, then it is important to

study how waves propagate in plates, since they represent the closest basic mechanical struc-

ture approximating the floor. In classical plate theory, plate vibration can only have two

modes of vibration; in-plane (symmetric mode) and out-of-plane (anti-symmetric). The in-

plane mode is also referred to as the longitudinal (or extensional) wave while the out-of-plane

component is referred to as the flexural (or shear) wave. The out-of-plane vibration compo-

9
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nent is of particular importance for the indoor localization problem in GH since it contains

most of the generated wave’s energy compared to the in-plane component [8]. Therefore a

good understanding of flexural wave propagation theory is crucial to better tackle the local-

ization problem. It should be noted that in order to use classical plate theory to describe

floor vibration, the floor’s thickness must be less than the wavelength of the wave’s highest

frequency component [8, 19].

A good paper that provides insights on the physics of wave propagation in thin plates and

introduces a method of estimating time of arrival (TOA) is the work by Ziola and Gorman

[8]. The paper addresses localization of lead breaks (impacts) on an Aluminum plate with

free boundary conditions. Classical wave theory was used to describe the wave motion,

assuming a frequency range less than 1 MHz and a plate thickness less than 2.5 mm. The

paper explains that the extensional mode is non-dispersive and contains higher frequency

components than the dispersive flexural mode. In addition, the paper states that, for impact

forces acting on a plate, the flexural wave dominates the response with little or no extensional

wave.

In Bahroun et al. [7], the authors assimilate a concrete floor to a thin (thickness < wave-

length/6) damped plate and provide theoretical analysis of wave propagation. Reflections

of the plate boundaries are ignored by studying an infinite plate model. The paper claims

that flexural waves will dominate the response due to an impact loading and as a result a

mathematical model is considered that only describes the bending motion of the thin plate.

Damping effects are modeled as a viscous friction force proportional to the time derivative

of strain (Kelvin-Voigt model). The damping proportionality constant, ϑ, is assumed to be

of the order 10−5. The authors explain that damping is frequency dependent and is pro-

portional to ω3/2. Higher frequency contents are relatively more damped, that is, higher

frequencies die out faster with distance compared to lower frequencies. Wave number γ(ω)

in a dispersive thin plate is proportional to ω1/2, therefore Group Velocity is proportional to

ω1/2 [7, 8]. A rather important result of the paper is the calculation of an analytical rela-

tionship between Time of Arrival (TOA) of the wave and radial distance d away from the

source. In this context TOA (TOA(d)) is the time instance when the maximum envelope of

the traveling flexural wave reaches a point on the plate that is d meters away from the source

location. It turns out that TOA depends non-linearly on the distance d and is proportional

to d4/3. That is

TOA(d) = κd4/3, (2.1)

where κ is a constant that depends on the plate’s thickness and material. As a result, if the

perceived wave’s velocity, cp, at any distance d from the source, is defined based on the TOA
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of the maximum signal envelope, then cp is expressed as

cp(d) =
1

κ
d−1/3. (2.2)

Equation (2.2) explains that, in a dispersive plate, the flexural wave’s perceived velocity

cannot be treated as a constant, and in fact decreases non-linearly as d increases.

Although equation (2.2) can arguably be used to improve upon conventional TDOA local-

ization techniques, according to [7], it cannot be used for localization due to the fact that

κ cannot be accurately determined in practice and will have some variability. This is why

the authors in [7] justify the pursuit of a heuristic localization approach, namely the Sign

of Time Difference of Arrival (SO-TDOA), which basically divides the search space into a

number of regions with different shapes and areas. The number of the regions depend on the

number and location of sensors. Then, assuming that the SO-TDOA between each sensor

pair (order of wave arrival) is maintained in a dispersive medium, the introduced algorithm

picks at least one region in the search space that is more likely to correspond to the source

location.

Published research in the area of radio-frequency (RF) source localization offer valuable

insight and ideas on indoor localization. Event detection and localization in buildings have

been attempted using a building’s available Wi-Fi infrastructure. An important class of these

methods is based on measuring, at different locations, the received signal strength (RSS)

from different RF transmitters [31–35]. Relative to the indoor localization problem using

floor accelerometers, RSS is analogous to the amplitude of an accelerometer measurement.

The survey paper by Deak et al. [32] categorized methods of indoor RF event detection

and localization into active and passive methods. In the context of occupant detection and

localization, active methods require the occupant (target) to carry an electronic device (a

tag), such as a wireless transceiver. Active methods constitute the majority of localization

methods compared to passive methods. On the other hand, passive methods are concerned

with occupant detection and localization when the occupant does not carry an electronic

device. Therefore, passive methods are more applicable to the vibration testbed in GH since

occupants do not carry a wireless tag. Of the passive methods, the paper by Youssef et al. [35]

provides an optimal Maximum Likelihood Estimator (MLE) for indoor occupant detection

based on RSS, while the paper by Moussa and Youssef [34] introduces two methods of

occupant detection based on RSS, namely the moving average and moving variance methods.

Another survey paper of interest is the one by Chen et al. [23]. The paper focuses on lo-

calization methods that rely on estimation of direction of arrival (DOA), the direction of
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arrival of the wavefront at each sensor. The paper also focuses on beamforming techniques.

Beamforming involves filtering the sensor measurements such that the signal coming from

the source with highest energy is amplified and the corresponding source is localized. Beam-

forming can be referred to as blind when the source signal shape and/or sensor locations are

unknown. Section 2.2 gives more details about beamforming and DOA methods.

2.2 Categorization of Localization Methods

Each of the following subsection summarizes a localization category. Localization methods

in each category can be subdivided into two subcategories; optimal and suboptimal methods.

Optimal methods utilize knowledge of the probability distribution of each sensor’s noise to

obtain a more accurate location estimate. In particular, optimal methods utilize a Maximum

Likelihood Estimator (MLE) of source location. To illustrate the principle of MLE, consider

a set of random variables Z = [Z1 Z2 ... Zn] having a known joint probability density

function (PDF) denoted by fZ(z) = P [Z = z]. Now consider the case when there are

unknown parameters in the PDF, then the joint PDF can be expressed as fZ(z|θ), where θ

denotes a vector of unknown parameters to be estimated. Then given a set of observations

z∗ sampled from fZ(z|θ), the maximum likelihood estimator of θ is defined as the value of

θ that makes the observations z∗ more likely. That is

θ̂MLE = argmax
θ

l(θ), (2.3)

where l(θ) := fZ(z = z∗|θ) is called the likelihood function. In the context of indoor

localization the observations z∗ could be the accelerometer readings or a transformation

of the readings. Also the unknown parameter vector θ should at least include the source

location co-ordinates.

Suboptimal methods include approximations of the MLE solution. These methods are mainly

least squares estimators (LSE). The problem of source localization involves formulating and

solving a system of nonlinear equations of the form g(θ) = 0, where θ is an unknown

parameter vector that needs to be estimated. Usually the nonlinear system of equations is

an overdetermined system, that is, there are more equations than unknowns. One way of

solving g(θ) = 0 is to linearize g(θ) around an initial guess of θ0 using a 1st order Taylor

series (Newton-Raphson method), which results in a linear equation of the form

Aθ = b . (2.4)
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Equation (2.4) can be solved using the least squares (LS) solution to yield θ̂ = (ATA)−1ATb,

then the process is repeated using θ̂ as the initial solution. The process keeps iterating until

a convergence criterion is met.

Alternatively the nonlinear system of equations g(θ) = 0 might be written in the form of

the linear equation in (2.4) by defining an intermediate variable.

Otherwise the nonlinear root finding problem g(θ) = 0 can be solved using a non-linear

optimization scheme like the Levenberg-Marquardt algorithm [36].

2.2.1 Energy Decay with Distance Traveled

This localization category utilizes the fact that wave amplitude or energy decays as the wave

travels away from the source. The survey paper by Deak et al. [32] plausibly states that

energy-based (or amplitude-based) localization methods are more robust to environments

exhibiting multipath compared to methods that depend on TOA or DOA of the traveling

wave.

In the case of acoustic waves traveling in free space, the amplitude of the wave is proportional

to the inverse of the squared traveled distance [37]. However, for the case of seismic waves, the

survey paper by Chen et al. [23] cites studies indicating that the energy in a seismic wave

decreases more rapidly than distance squared. Moreover, as mentioned earlier in Section

1.1, it has been reported that the seismic wave’s energy loss is frequency-dependent [7, 23].

The following paragraphs summarize relevant energy-based localization techniques from the

literature.

In [38], an energy decay model was utilized for localizing acoustic sources. The adopted

decay model was proposed and validated in [37]. In the proposed model, the energy of an

acoustic wave traveling in free space is proportional to the inverse of the squared traveled

distance. One drawback of the proposed decay model is that the energy will be infinite

if a sensor’s location coincides with the source’s location. Source location estimates were

generated in [38] using a maximum likelihood estimator (MLE). Approximate solutions to the

MLE solution, assuming noiseless sensors and the existence of only a single acoustic source,

have been previously reported in [37], namely the Energy Ratios Nonlinear Least Squares

(ER-NLS) and Energy Ratios Least Squares (ER-LS). The performance of the introduced

MLE algorithm in [38] was compared to other energy based methods, namely ER-NLS, ER-

LS, and the closest point approach (CPA), were the location estimate is the location of the

sensor with the maximum recorded energy. In the single source case, the MLE algorithm
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always outperformed the other methods.

The term received signal strength (RSS) has been widely used in the area of wireless commu-

nication (WC) source localization to denote amplitude-based localization methods. Relative

to the indoor localization problem using floor accelerometers, RSS is analogous to the am-

plitude of an accelerometer measurement. Several indoor event detection and localization

methods have been proposed based on RSS measurements, taking advantage of a building’s

available Wi-Fi infrastructure [31–35]. Although RSS-based localization is a well-studied

problem in the WC literature, the overwhelming part of the WC literature tackles the local-

ization problem using TOA or TDOA [39].

It is worth mentioning that in WC and acoustic localization, electromagnetic/sound wave

propagation in free space does not suffer from the problem of dispersion, as is the case of

waves propagating in the floor. Furthermore, the floor is a more complex waveguide (it might

be anisotropic, inhomogeneous, or might have cracks).

RSS-based localization methods are presented in [39, 40], where the power of RSS measure-

ments are assumed to, on average, decay exponentially. The wave’s power decay model in

these papers takes the form

E(d) = E(d0) (d/d0)
np , (2.5)

where E(d) is the average RSS power, measured over some fixed time interval, at a distance

d meters away from the source, and where E(d0) is an unknown parameter representing

the average RSS power at some known distance d0 from the source. The exponent np < 0

denotes the path loss factor, which is initially unknown.

The problem with the decay model in equation (2.5) is that if the source location coincides

with a sensor’s location, which is a very possible scenario in the case of impact localization

using floor accelerometers, then E(d = 0) = ∞. That is E(d = 0) will be undefined, which

is undesirable. To overcome this limitation, an alternative decay model is proposed in this

dissertation taking the form E(d) = E0e
npd, where E0 > 0 is a scalar parameter. More

details on the proposed decay model are presented in Section 3.2. To the best of the author’s

knowledge, the use of energy-loss localization methods in dispersive waveguides has not been

previously done nor justified. However, the author motivates and justifies the pursuit of an

energy-loss based method in Section 3.2 (Figures 3.2 and 3.3).
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2.2.2 Time of Arrival (TOA)

This category of localization methods relies on accurate determination of wave time of arrival

(TOA) as a pre-requisite for estimating source location. Broadly speaking, TOA denotes the

arrival of a wave feature (such as a high amplitude or a certain wave pattern) at a sensor.

Time difference of arrival (TDOA) between pairs of sensors can then be calculated. Usually

one sensor is selected as a reference sensor and TDOA for each of the remaining sensors

is calculated with respect to the reference sensor. Conventional TDOA localization works

by generating N − 1 equations each describing a hyperbola, where N is the number of

sensors. Considering, without loss of generality, the N th sensor as a reference sensor, then

each equation takes the form di−dN = v× (di − dN/v) = v× (TDOA), where di = ‖ri−rs‖

is the source-sensor distance, i = 1, 2, ..., N − 1, dN is the distance from the source to the

reference sensor, and v is the assumed propagation speed. Then the source location, rs, is

estimated by simultaneously solving the resulting system of N − 1 hyperbolic equations.

It can be seen that conventional TDOA methods rely on the assumption that the wave

travels at a constant speed, however as described in Sections 1.1 and 2.1, dispersion (wave

speed is frequency-dependent) in solid plates makes it inaccurate to use conventional TDOA

for localization of a wide-band source. The following subsection highlights important TDOA

localization methods, but before talking about localization methods that accept TDOA as

an input, an overview of possible TOA/TDOA definitions is introduced.

The Different Ways of Estimating TOA/TDOA

Several definitions for TOA can be found in the literature. One way to define TOA is the time

instant when a sensor’s amplitude measurement is greater than a predefined threshold. This

definition is simply known as the threshold estimation. Alternatively, TOA might be defined

as the time instant when a peak-like signal (peak-like signal is characterized by relatively

high energy over a short time duration) is measured by a sensor. This is known as the peak-

picking estimation. Also TOA may be defined as the time instant when the maximum of

the signal envelope reaches a sensor. The later definition is utilized in the paper by Bahroun

et al. [7] to provide a theoretical TOA estimate for an impact in a thin dispersive (infinite)

plate. Equation (2.1) shows this relation.

The method of cross-correlation was introduced in the paper by Ziola and Gorman [8] to es-

timate TDOA between two sensors. In the cross-correlation method, a Gaussian distribution

is used to modulate a single frequency sinusoid. Denote the resulting modulated sinusoid

by xt. Then xt is used to to generate the cross-correlation function Rxt,xi
(τ) with all sensor
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signals xi : i = 1, 2, ...N (where N is the number of sensors) for all possible delay steps τ

(τ = 1, 2, ..., T ). The cross-correlation function can be approximated as

Rxt,xi
(τ) =

1

M

M∑

n=1

xt(n+ τ)xi(n) (2.6)

For a sensor pair (i, j), TDOA can be estimated as the time difference between the peaks

of the cross-correlation functions Rxt,xi
and Rxt,xj

. It is worth mentioning that the cross-

correlation method in [8] was developed for impact localization in dispersive waveguides by

finding TDOA of a single frequency component of the impact’s wave; however, according

to Bahroun et al. [7], the cross-correlation method of TDOA estimation does not provide

reasonably accurate hyperbolic localization in practice.

The paper by Yao et al. [13] introduces a blind beamforming approach for estimating TDOA

values in a randomly distributed sensor network. It is assumed that the location coordi-

nates of the sensors are known, however knowledge of the source signal is unknown. As

mentioned at the end of Section 2.1, beamforming involves filtering the sensor readings

such that a certain pattern of the received signal is amplified while other signal content

is attenuated. Therefore, beamforming can be viewed as a method of increasing signal to

noise ratio (SNR), or a method of interference rejection. In [13] the data from N sensors

are each filtered by a finite impulse response (FIR) filter wi (i = 1, 2, ..., N) of length L.

If each sensor reading is denoted by xi(n) and the filtered version of the sensor reading

(the beamformer output) is denoted by yi(n), then it is desired to find the filter coefficients

w = [w1(1), ..., w1(L), ..., wN (1), ..., wN (L)]
T that

maximize wTRw subject to ‖w‖ = 1 , (2.7)

where R ∈ R
NL×NL denotes the space-time correlation matrix. The matrix R is such that

R = 1
M

∑M
k=1 x(k)x(k)

T , where x(k) ∈ R
NL× 1 : x(k) =

[
[x1(k + 1), x1(k + 2), ..., x1(k +

L)]T , [x2(k + 1), x2(k + 2), ..., x2(k + L)]T , ..., [xN (k + 1), xN(k + 2), ..., xN (k + L)]T
]T
. Note

that the total collected samples for each sensor is M + L− 1.

Denote the solution to Equation (2.7) as w∗. In [13], it is explained that w∗ is nothing but

the eigenvector corresponding to the largest eigenvalue of the space-time correlation matrix

R. After solving for w∗, the corresponding TDOA values between any sensor pair can be

found by plotting the optimal filter coefficients of each sensor and trying to find the relative

time delay between the two filter coefficients. Something that the authors overlook is the

implicit assumption that the evaluated filters will be shifted versions of roughly the same
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shape with possibly different scaling factors. It is worth mentioning that this assumption

cannot be guaranteed, especially in a dispersive medium.

Suboptimal Conventional TDOA Impact Localization Techniques

Chan and Ho [5] present an efficient localization algorithm assuming a constant speed of

propagation and small TDOA estimation errors. The localization problem is solved by

formulating a nonlinear system of equations based on the TDOA estimates. Then, after

defining an intermediate variable, the location estimate is solved for using least squares.

In [9–11] the authors use the TDOA localization algorithm by Chan and Ho [5] to local-

ize hammer impacts on a floor instrumented with accelerometers inside GH. In [11], 15

accelerometers distributed randomly on a 126 × 126 foot floor were used to carry out lo-

calization. This resulted in 14 TDOA estimates. TOA values were determined based on a

peak-picking method and the sensor with highest recorded peak is selected as the TDOA

reference sensor. To measure the performance of the TDOA localization, Euclidean distance

(RMSE) between true and estimated impact locations was calculated for 5 different locations

and two different hammer tips (steel and nylon). It is worth mentioning that true impact

locations were chosen to be close to a densely instrumented section of the floor. RMSE

values ranged from 2 to 10 feet depending on the impact location and the hammer tip used.

A constant propagation speed of 3000 ft/s was used in the localization algorithm.

The paper by Yao et al. [13] formulates the nonlinear TDOA equations, then introduces two

auxiliary variables that transform the problem into a set of linear equations of the form of

Equation (2.4). Then the source location is estimated using a least squares (LS) approach.

For the 2-dimensional localization case, at least 5 sensors (4 TDOA estimates) must be used.

In addition, the paper by Chen et al. [12] uses the same TDOA estimation approach as in

[13], however adds the development of a different LS approach referred to as constrained

least squares (CLS) that requires a minimum of 3 sensors (instead of 5) to yield the location

estimate. In practice, the accuracy of the LS and CLS methods depends on the number of

sensors used, with higher sensor numbers yielding more accurate location estimates.

Time-Frequency Impact Localization Methods

The papers by Park and Kim [41], and Ciampa and Meo [16] utilize two different time-

frequency analysis methods, namely the Wigner-Ville Distribution (WVD) and the Contin-

uous Wavelet Transform (CWT), to improve upon conventional TDOA location estimation
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in dispersive waveguides. Time-frequency methods rely on estimation, for each detected

impact, of the TOA of the incident wave’s dominant frequency component, rather than es-

timating an average TOA for the whole wave including all frequency components as is the

case in conventional TOA methods

Park and Kim [41] demonstrated a brute-force search method to localize a single impact on

a vertically hinged 2 m × 2 m × 1 cm stainless steel plate (boundary conditions similar

to a fixed-free beam). WVD was used to obtain TDOA between each sensor pair at some

dominant frequency ω0. Then the search space was discretized into N scan points, and

estimates of ω0’s propagation speed (group velocity) were obtained at each scan point, using

all possible combinations of sensor pairs, by dividing traveled distance differences by TDOA.

It was shown that for a small signal-to-noise ratio (SNR), the source location estimate will

coincide with the scan point at which group velocity estimates have a minimum variance.

The study in [41] concludes that, if the SNR increases, then the source location might not

correspond to the scan point with minimum variance velocity estimates. Therefore, the

authors provide a noise elimination method, which is tested with an infinite plate model

simulation only, and is not verified experimentally.

Similarly, the CWT was used in [16] to obtain TOA estimates of ω0 at each sensor, then

TDOA is calculated for each sensor with respect to a reference sensor. Finally, estimates

for both source location and propagation speed is calculated using a non-linear optimization

algorithm.

Both of the above methods reported location estimates within 5 millimeters of the true

source location, however these methods are relatively computationally expensive (Ciampa

and Meo [16] reported 2 seconds needed to yield a single location estimate), and have only

been tested using isotropic materials in controlled lab environments.

Dispersion Compensation Techniques

In theory, if the wave’s originating time instance t0 is known, then the dispersion distortion

of the propagating wave can be compensated at any radial distance d away from the source

[17]. However, even if t0 is unknown, De Marchi et al. [17] demonstrated that, for localization

purposes, accurate traveled distance differences between pairs of sensors can be obtained by

implementing a dispersion compensation technique, namely the Warped Frequency Trans-

form (WFT), without knowledge of t0. Then the resulting distance difference equations can

be solved in a similar manner to conventional TDOA hyperbolic localization previously in-

troduced in Section 1.1. The approach was experimentally verified by estimating the location
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of pencil hits at the surface of a 3 mm thick 1 m × 1 m aluminum plate.

Perelli et al. [18] extended the WFT approach in [17] to deal with the problem of wave

reflections off boundaries, which produce mode shapes, and hence generate constructive (or

destructive) interference with the original traveling wave. The new approach in [18] adds

an additional computational step to the method in [17], which is a cross-correlation step

with a mother wavelet. The new approach was verified using the same experimental setup

in [17], and showed an improvement to the results in [17] only in the case when sensors are

distributed asymmetrically with respect to the boundaries.

Although dispersion compensation methods reported accurate impact location estimates

with accuracies similar to the ones obtained by time-frequency methods, these estimates are

extremely dependent on the availability of an accurate dispersion model of the waveguide

(relationship between group velocity and frequency). Although obtaining the dispersion

relation might be easy for isotropic waveguides, it is much harder to obtain this relation

for a real floor (possibly having varying material properties, cracks, etc). This limiting

requirement, in addition to the complexity and relatively high computational time required

by dispersion compensation methods, make them less appealing.

2.2.3 Direction/Angle of Arrival (DOA/AOA)

Direction of wavefront arrival (DOA) is usually represented by an angle measured with

respect to a reference line. The angle is referred to as the angle of arrival (AOA) which

is determined at a point in the waveguide away from the source, and is defined in a 2-

dimensional reference plane (usually the horizontal or vertical plane) as the angle between

the projection of the DOA line and a reference line. If two DOA lines are determined at two

different points in the waveguide with known locations, then the intersection point of the

two DOA lines will give an estimate of the source location.

In the paper by Lee et al. [24], localization in a 2-dimensional plane is carried out using

two tri-axial MEMS accelerometers. The method uses the x and y (in-plane) components

of acceleration at each sensor to generate, at each sensor, a unit vector pointing in the

direction of the source. The details of how the unit vectors are generated are not provided

in the paper. The extension of these two unit vectors will meet at an intersection point,

which will serve as an estimate of the source location. The downside of this method is that

it relies on measuring the extensional mode (in-plane) waves which, in the case of impact

forces, have much smaller to no energy content compared to out-of-plane (flexural) vibration

component [8]. Also, in theory, if the source lies on the line connecting the two sensors, then
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there will be infinitely many intersection points and the source location will be undefined.

The paper by Pakhomov et al. [27] claims that better bearing estimation results are obtained

when three single-axis sensors, located at the vertices of a triangle, are used to estimate the

bearing of footstep sources compared to 1, 2, or 3 tri-axial vibration sensors. The proposed

technique uses the time delay in footstep detection between the three single-axis sensors.

However, the paper does not provide details on how the time delays are used to generate

the bearing estimate, nor does it explain why the proposed single-axis localization is better

that using tri-axial sensors. Geophones (seismic wave velocity sensors) are used as sensors.

When geophones are displaced 8–9 m from each other, the reported bearing estimation error

values, due to a person walking within 10–70 meters away from the sensors, were less than

12 degrees.

The previously mentioned methods of localization based on DOA estimation assume the

existence of a single source, and if two or more waves corresponding to different sources are

received at the DOA estimation point, the resulting DOA estimate will be somewhat between

the sources [26]. The paper by Reddi [25] proposes a DOA algorithm for multiple wave

sources, assuming that the sources are uncorrelated. The paper assumes the availability of a

linear sensor array that can measure waves in all directions (omnidirectional). It also assumes

the traveling wave occupies a narrow frequency band and has minimal energy decay with

the traveled distance. An important aspect to highlight in the paper is the utilization of the

Vandermonde vectors as direction vectors. However, except for the fact that Vandermonde

vectors are linearly independent and facilitate the mathematical solution, the paper does not

provide a physics-related motivation for the selected structure of the direction vectors.

2.2.4 Pattern-matching

Consider the case of a rectangular floor section instrumented with a number of vibration

sensors. The floor is divided into a set on n smaller and identical rectangles denoted by

{L1, L2, ..., Ln}, and a hammer impacts the floor at the center of each rectangle one at a

time. Denote the hammer impacts as si, where i is an index corresponding to the impact

location (i = 1, 2, ..., n). Also assume that data is collected for a suitable period of time T

starting from the impact instant. The data recorded corresponding to each impact location

si will serve as a signature or pattern that corresponds to an impact location at rectangle i.

Even better, assume that for each floor rectangle i, there exists a unique signature or unique

pattern. This basically means that if the recorded data signature is encountered, then this will

most likely correspond to a hammer impacting the floor at the corresponding rectangle. This
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scenario is what is referred to in the literature as a pattern-matching localization technique

[28–31].

Pattern-matching techniques have two phases; training (offline) and online. First the train-

ing phase must be conducted, during which sensor data is recorded corresponding to a known

source at a known location in the discretized search space. Then the obtained data signa-

tures are used for localization. In practice, features like TDOA or RSS are extracted from

sensors and used to construct a location signature vector s̄i corresponding to each source

location. Secondly, during the online phase, if a hammer impact is detected, then a features

vector s is constructed and compared against all vectors s̄i previously generated during the

training phase in order to estimate the source location. For example, one way to estimate

the area Li, in which the source is located, is by measuring the Euclidean distance di be-

tween the measured vector s and all of the recorded signature vectors s̄i. Then the ith area

corresponding to the smallest di can be used as an estimate of the source location.

The papers by Kosba et al. [28] and Nerguizian et al. [30] follow a pattern-matching approach

to localize a single occupant in an indoor environment. The localization system utilized a

Wi-Fi network with N access points (AP’s) and M monitoring points (MP’s). In both of

these papers the localization space is divided into n smaller areas, and signature vectors

s̄i are constructed based on the average RSS vector measured at the MP’s. The papers

provide two classes of location solutions; deterministic and probabilistic. The deterministic

approach provides a location estimate based on the minimum Euclidean distance criterion,

while probabilistic approaches try to estimate a conditional probability density function of

the source location given an observed RSS vector s. In [28] the search space was divided

into 6 smaller areas, with the distance between the centroids of two adjacent areas being 1

meter. The reported average localization error distance was 0.2 meter.

In the paper by Viani et al. [31], support vector machines (SVM) are used to estimate the

location of an occupant in an office room. This is done after training the SVM algorithm

based on measured RSS vectors in a wireless sensor network. In addition, the paper by

Nerguizian et al. [30] addresses the problem of estimating geolocation in mines using a

neural network with impulse response fingerprinting.



Part II

Early Foundation of Energy-based

Impact Localization in Dispersive

Waveguides: Simulated and

Experimental Hammer Impact

Localization
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Chapter 3

Assumptions and Initial Evaluation

using Virtual Hammer Impacts on a

Simulated Plate

The early stages of localization algorithm development involved laying out the foundation of

the energy-based localization approach and algorithm evaluation using computer simulations.

This chapter includes the main assumptions, and their justifications, used in energy-based

impact localization. In addition, this chapter includes the early developed localization al-

gorithms (assuming knowledge of the source-generated power Qs). Before delving into the

details, a description of the simulations testbed is given below.

3.1 Simulated FE Plate as a Testbed

Computer simulations were used to obtain an initial understanding and test the performance

of potential localization algorithms. For that purpose, a finite element (FE) plate model was

used to simulate the response (out-of-plane acceleration) of a thin plate to virtual hammer

impacts, where the hammer’s impact loading force with time is represented by a narrow

Gaussian distribution. The plate response was obtained at a sampling rate of 8 kHz.

The FE model was created considering a homogeneous, isotropic, linear-elastic thin plate.

First order shear deformation theory (FSDT) was adopted to define the displacement field

in the thin plate. The plate was discretized using eight-noded, isoparametric, quadrilateral
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finite elements. Following standard FE procedures (presented in more detail in [42]), the

elasto-dynamic equations of motion for the thin plate are expressed as follows

Md̈+Cḋ+Kd=F , (3.1)

where M, C, and K are the global mass, damping, and stiffness matrices, respectively. The

vectors d and F are the global nodal degrees of freedom and the global force vectors, respec-

tively. The FE model was validated and experimentally verified in [42]. Following Malladi

et al. [42], damping was introduced to the plate in the form of proportional damping. In that

study, experimental modal analysis (EMA) was performed on an aluminum plate, and modal

damping was calculated for the first 40 modes (covering the frequency range of 0-3200 Hz).

The proportional damping model was then fitted to experimental data and damping con-

stants were calculated using least squares. The global damping matrix C was then defined

as

C = CEMA = 1.08M + 7.23× 10−8 K . (3.2)

The FE plate considered here is 2 m long, 2 m wide, and 25.4 mm thick, simply supported at

all four edges, and has 1023 degrees of freedom (DOF). The plate is made of aluminum-6061

with 69 GPa elasticity modulus, 0.33 Poisson’s ratio, and 2700 kgm−3 density. Aluminum is

chosen, without loss of generality, for the plate’s material simply because a damping model

(Equation (3.2)) was experimentally estimated for an aluminum plate in [42]. However,

localization results from FE simulations can be extended to other plate materials. Figure

3.1 shows a visualization of the FE plate. Each small circle in Figure 3.1 represents a virtual

sensor measuring the plate’s out-of-plane acceleration.

3.2 Definitions, Assumptions, and Justification for Pur-

suing Energy-based Localization

Given the fact that flexural wave propagation in a solid plate suffers from dispersion [7, 8, 19],

this in turn will distort the wave shape as it travels away from the source. For a narrow

band pulse point source with a center frequency ω0, it can be shown that the generated wave

will travel at the corresponding group velocity cg(ω0) [19]. However for a wide-band source,

higher frequency components will travel at higher group velocities, which, as previously

stated, will cause signal distortion.

In addition, to make things more complicated, there is another form of signal distortion,
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Figure 3.1: Visualization of the simulated FE plate. Each circle represents a virtual sensor
(accelerometer) measuring the out-of-plane vibration.

which is frequency-dependent damping. That is the energies of different wave frequency

components are subject to different attenuation factors. In particular, higher frequencies are

relatively more damped than lower frequencies [7, 19].

The analysis in [7] provides an approximation of flexural wave propagation in an infinite

thin plate (see Section 2.1 for more details). A plausible result from the analysis is that

the wave’s energy loss is proportional to eKI(ω)d [7], where d is the radial distance from the

source, and

KI(ω) ≈ η1 ω
3/2, (3.3)

where η1 is a constant that depends on the plate’s material and thickness.

In addition, the group velocity cg(ω) can be expressed as follows [7]

cg(ω) ≈ η2 ω
1/2 , (3.4)

where η2 in a constant that also depends on the plate’s material and thickness.

Figure 3.2 shows the rate of change of the flexural wave’s damping factor KI with respect to

frequency (damping variation sensitivity to changes in frequency), while Figure 3.3 serves as

./figures/FE_PlateDenseMesh2.eps
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an indicator of the flexural wave’s propagation speed (group velocity) variation sensitivity to

changes in frequency. Both figures are plotted over the frequency range [0.1 , 2500] Hz since

the frequency content of a wide range of impacts (e.g., hammer and footstep impacts) does

not usually exceed 2500 Hz, with most of the impact’s spectral energy concentrated at lower

frequencies. Inspection of Figure 3.2 shows that damping sensitivity to changes in frequency

is smaller for lower frequencies compared to higher frequencies, and tends to zero as the

frequency decreases, whereas inspection of Figure 3.3 shows that the sensitivity of the flexural

wave’s propagation speed to changes in frequency is higher at lower frequencies, and tends to

infinity as the frequency decreases. This means that, for lower frequencies (which dominate

in an impact force), the damping factor KI has a smaller variance compared to the variance

of the propagation speed (group velocity has a higher variance). Therefore, the author

hypothesizes that localization based on the wave’s energy loss with distance, implemented

using a single attenuation rate, will produce more accurate location estimates compared to

using conventional TDOA methods with a single propagation speed. These findings motivated

the author to pursue a localization method that depends on the wave’s damping with traveled

distance.
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Figure 3.2: Sensitivity of damping to changes in frequency for a 1 inch-thick infinite plate.
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Figure 3.3: Sensitivity of group velocity to changes in frequency for a 1 inch-thick infinite
plate.

3.2.1 Wave-packet Detection and Definition of the Power Function

Considering an accelerometer sensor network used for impact localization in a dispersive

waveguide, the main feature used for energy-based impact localization is defined here,

namely, the average signal power, denoted Qi, which is calculated from the measurements

of each sensor after an impact has been detected. Impact detection, is carried out using a

peak-picking algorithm that determines if an impact is present, in addition to outputting

the time of arrival of the detected peak in the wave signal’s envelope.

In the continuous time domain, the power function Qi(t0i, T ) is defined as

Qi(t0i, T ) =
1

T

∫ t0i+T

t0i

Zi(t)
2dt , (3.5)

where i = 1, 2, . . . , N denotes the sensor number, and Zi(t) = si(t) + Vi denotes the sensor

reading, which is a summation of the true deterministic signal si (out-of-plane acceleration)

and a random noise term Vi. The independent variables t0i and T denote the beginning and

duration, respectively, of the time interval over which Qi is calculated.

./figures/cgSensitivity1inLog.eps
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The localization algorithm in this chapter requires T to be supplied by the user, while the

variable t0i is determined independently for each sensor using the output of the detection

(peak-picking algorithm), according to the rule of thumb t0i = tpi − T/2, where tpi is the

output of the peak-picking algorithm. It is important to mention that the wayQi is calculated

is redefined in Section 4.1 in order to automate/systematize the determination of the time-

interval over which Qi is calculated. In particular, in Section 4.1, rather than supplying a

fixed value of T for all sensors, the length of the interval T is determined independently and

automatically for each sensor based on a first threshold-crossing criterion.

If the sensor readings are sampled every Ts seconds, then the power function is redefined as

Qi(k0i,M) =
1

M

k0i+M−1∑

k=k0i

Zi(k)
2 , (3.6)

where M = ⌊ T
Ts
⌋ and k0i = ⌊ t0i

Ts
⌋.

3.2.2 Assumptions

Qi is assumed to decay exponentially according to the power decay model

Qi = Qse
β ‖∆ri‖ , (3.7)

where Qs denotes the average power of the source signal (usually an unknown quantity).

For example, in the case of a plate impact, Qs is calculated from Equation (3.6) using the

reading of an accelerometer installed directly underneath the source-plate point of contact.

‖∆ri‖ is the sensor-source distance represented by the Euclidean norm of the difference

vector ∆ri = ri − rs, where ri is the ith sensor location vector evaluated with respect to a

known reference point, and rs is the true—to be estimated—source location vector evaluated

with respect to the same reference point.

The parameter β denotes the decay (attenuation) rate, which is initially an unknown constant

that is estimated during a calibration phase, utilizing known impact locations, before running

the localization algorithm (described in Section 3.3). In the FE plate simulations of this

chapter, β is estimated as the parameter that gives the least squares exponential curve fit

to all data pairs (‖∆ri‖ , Qi).

Notice that the calibration phase in a real-life setup is described in detail in Section 4.4.2

using hammer impacts on an instrumented floor. It is worth reiterating that, in theory, β
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will be a function of frequency, as indicated by Equation (3.3). However, as explained in

Section 3.2 using Figure 3.2, it is hypothesized that, for an impact force, β will have small

enough variations over frequency, yielding reasonably accurate location estimates.

To reiterate, the decay model in Equation (3.7) is different from seemingly similar energy-

based localization methods adopted in the wireless communications field [39, 40]. In partic-

ular, these methods assume a decay model of a different form, namely, Q = Qs · ‖∆ri‖
β,

where Q in this case will be undefined when a sensor location coincides with the true source

location.

The assumption of exponential decay in Equation (3.7) is reinforced by the experimental

results reported in [1], where an instrumented hammer was used to hit an instrumented floor

section. The readings of several accelerometers, measuring the floor’s out-of-plane vibration,

were recorded around the time of the hammer hit, then a hammer-impact template signal

(matching filter) was used to detect, at each sensor, the arrival of the wave generated from the

hammer. Figure 3.4 is taken from [1], and depicts the relationship between 10 log10(Qi/Qs)

versus sensor-source distance. It can be seen from the figure that Qi/Qs follows an expo-

nential decay (linear decay on a log scale) as the source-sensor distance increases. These

experimental results motivated the proposed model in Equation (3.7).

Furthermore, the exponential decay trend can be seen in simulations of the FE plate described

in Section 3.1. Figure 3.5 shows the relationship between Qi and sensor-source distance

‖∆ri‖ in the case of an impact force. The figure was generated by simulating the FE plate’s

response to a hammer impact (represented by a narrow Gaussian distribution) at the center of

the plate, where Qi was measured at all virtual accelerometer locations shown in Figure 3.1.

Figure 3.5a shows the power decay trend using the proportional damping model estimated

from EMA, as explained in Section 3.1 (C = CEMA), while Figure 3.5b shows the results

for an exaggerated (increased) damping model that has been used to reduce reflections. By

inspection of Figure 3.5, it can be seen that Qi decays exponentially as a function of ‖∆ri‖,

and that the less wave interference from reflections (exaggerated damping case), the better

the exponential fit obtained.

3.2.3 Localization Error

Taking into consideration that the impact search space is 2-dimensional, then the 2-dimensional

localization error is defined as ǫ = r̂s − rs = [ǫx ǫy]
T , were r̂s and rs denote the impact’s

estimated and true locations, respectively.
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Figure 3.4: Experimental energy decay with source-sensor distance for hammer impacts on
a concrete floor (figure reproduced with permission from Poston et al. [1]).
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(a) Low Damping Case (C = CEMA)
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(b) High Damping Case (C = CEMA × 10 3)

Figure 3.5: Average sensor power for a hammer impact at the center of the FE plate.

Occasionally, a dimensionless (normalized) version of the error is used (see Section 4.4). The

normalized error, denoted ǫn, is introduced in order to generalize error results, facilitate

comparisons, and facilitate error prediction. ǫn is defined as ǫn = [ǫxn ǫyn]
T = ǫ/dmax,

./figures/PostonHammerEnergyDecay.eps
./figures/FE_ExpDecay.eps
./figures/FE_ExpDecayHD.eps
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where dmax is the largest distance that can be found among all possible combinations of two

sensors. Assuming all impacts take place inside the convex hull of sensor location points,

then ‖ǫn‖ = 1 corresponds to a worst-case error scenario.

3.3 Comparison Between Two Localization Algorithms

Assuming Knowledge of Qs

Now that we have a decay model describing wave attenuation with distance, source localiza-

tion can be done by generating N equations, one equation per sensor, from Equation (3.7).

To obtain the source estimate r̂s, the resulting equations are simultaneously solved using

two different approaches described below in Sections 3.3.1 and 3.3.2. These two different

solutions to the system of nonlinear equations are compared in Section 3.3.3.

3.3.1 The CLS Algorithm

In this section, assuming knowledge of the source power Qs, the source location estimate is

generated using a constrained least squares approach (CLS). Given that an estimate of β

has been obtained during a calibration phase as described in Section 3.2.2, the 2-dimensional

source location represented by the source vector rs = [xs ys]
T can be estimated using the

following procedure:

From Equation (3.7), we have that (1/β) ln(Qi/Qs) = ‖∆ri‖ = ‖ri − rs‖. Squaring both

sides gives

bi = −2rT
i rs + ‖rs‖

2 , (3.8)

where bi = (1/β2)(ln(Qi/Qs))
2 − ‖ri‖

2

Substituting the values for all N sensors (where N > 2) in Equation (3.8) and rearranging

in a matrix format gives the system of equations

b = Ars + ‖rs‖2v , (3.9)

where b = [b1, b2, . . . , bN ]
T , A = −2[r1, r2, . . . , rN ]

T , and v = [1, 1, . . . , 1]T is a vector of

length N .

Assuming, for now, that ‖rs‖
2 is known, the location estimate r̂s is obtained from Equation
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(3.9) such that

r̂s = argmin
rs∈R2

∥
∥ Ars − b+ ‖rs‖2v

∥
∥
2

which gives the solution

r̂s = [x̂s ŷs]
T = α− ‖rs‖

2γ , (3.10)

where α = A†b, γ = A†v, and where A† = (ATA)−1AT . Note that in Equation (3.10),

‖rs‖
2 is actually an unknown quantity; however, it is a function of rs. Therefore, to solve

Equation (3.10), an additional constraint equation must be introduced:

‖rs‖
2 = x2

s + y2s

⇒ ‖γ‖2(‖rs‖
2)2 − (1 + 2αTγ)‖rs‖

2 + ‖α‖2 = 0 . (3.11)

Equation (3.11) is quadratic in ‖rs‖
2. This will yield two solutions for ‖rs‖

2, of which

only one solution must be selected to represent the true solution. Therefore a heuristic root

selection criterion is proposed where ‖rs‖
2 is selected to be the value closest to ‖rj‖

2, where

j denotes the jth sensor with the highest average power Qj (j = argmaxi Qi). Then the

picked value of ‖rs‖
2 is substituted back in Equation (3.10) to solve for the source location

estimate r̂s.

One drawback of having to solve the constraint equation (Equation (3.11)) is the fact that in

some cases the solution might yield two complex conjugate roots. In such case, the modulus

(magnitude) of the complex root will be considered as ‖rs‖
2.

3.3.2 Location Estimation using a Nonlinear Minimization Scheme

(LM Algorithm)

As an alternative to the CLS solution, a different method is proposed here, which treats

the localization problem as a non-linear optimization problem and utilizes the well known

Levenberg-Marquardt (LM) algorithm.

LM [36] is an algorithm for solving non-linear optimization problems. It chooses a search

direction that is a combination of the ones used in the steepest descent (SD) and the Gauss-

Newton (GN) methods. If used with a suitable damping factor (λLM), LM can be more

robust than the GN method and faster than the SD method, where λLM ≥ 0 influences

the search direction. If λLM is zero, then the search direction will be identical to the GN

method, and if λLM tends to infinity, then the search direction tends to the one used in the

SD method. The LM solution to the localization problem proceeds as follows:
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First, Equation (3.8) is written as a system of N non-linear equations f(rs) = 0. Then the

LM algorithm is used to find a location estimate r̂s as follows:

r̂s = argmin
rs∈R2

‖f(rs)‖
2
2 . (3.12)

In theory, the LM algorithm must be supplied with a suitable initial starting point rs0 that is

sufficiently close to the desired final solution; otherwise, the algorithm might converge to an

undesirable local minimum. For the FE plate simulations, the LM starting point is chosen

to be the center of the FE plate. A matlab
R© implementation of the LM algorithm was

used, where the user must supply an initial damping factor, then the LM damping factor

is automatically changed after each iteration (see [43] for more details). It was found that

changing the initial damping factor did not change the final estimated location.

As will be explained later in Section 3.3.4, the LM solution produced better results compared

to the CLS method, since the CLS method had errors related to the solution of the constraint

equation (Equation (3.11)).

3.3.3 CLS versus LM Simulation Results

In this section, the localization error is compared between the CLS and LM algorithms.

Figure 3.6 shows a comparison between the Euclidean norm of the error ‖ǫ‖ (error distance)

between the CLS and LM algorithms (ǫ is defined following Section 3.2.3). The error dis-

tance, ‖ǫ‖, is calculated at each true impact location, where the true impact locations appear

in Figure 3.6 as small circles, then ‖ǫ‖ is mapped to a corresponding color and plotted on

the figure.

Similarly, Figure 3.7 compares ‖ǫ‖, between the CLS and LM algorithms, when the plate’s

damping is increased. The damping is increased in order to study the case of reduced energy

of the boundary-reflected waves. Note that each of Figures 3.6 and 3.7 uses a different color

scaling.

In both of Figures 3.6 and 3.7, 4 sensors (marked with a ‘+’ symbol) were used to generate

the location estimates, where Qi(t0i, T ) is evaluated around the peak signal envelope time

tpi such that t0i = tpi − T/2, and where T is chosen to be 50 milliseconds. Furthermore, the

waveguide’s attenuation rates β used for the simulations, of Figures 3.6 and 3.7, are −1.1

and −3.6, respectively.
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Figure 3.6: CLS vs LM (damping = CEMA).
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Figure 3.7: CLS vs LM (damping = 103 × CEMA).

3.3.4 Discussion of Simulation Results

Although it was found that the CLS algorithm is 2 orders of magnitude faster than the LM

algorithm, inspection of Figures 3.6 and 3.7 shows that the localization error exhibits a form

of symmetry in the LM case, while the CLS algorithm does not show symmetry. As one

might expect, it was discovered that the source of asymmetry in the CLS localization results

is the way a single root of the constraint equation (Equation (3.11)) is selected, and the

fact that, in some cases, the constraint equation will yield complex roots. Therefore, the

./figures/CLS_vs_LM.eps
./figures/CLS_vs_LM_HD.eps
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symmetry of the LM results implies consistency of location estimation, and consequently

makes the LM algorithm a preferable choice over the CLS algorithm.

In addition, comparison of Figures 3.6 and 3.7 shows that, in general, the higher the damping

in the waveguide (less reflections), the more accurate the location estimates that are obtained.

Furthermore, it can be seen that the error is smaller inside the convex hull of sensor location

points. In particular, the average error, ‖ǫ‖, inside the convex hull, using the LM algorithm

with C = CEMA and C = 103 × CEMA, is about 7 cm and 50 cm, respectively.



Chapter 4

Elimination of Qs, Redefinition of Qi,

and Experimental Hammer

Localization

The study in Chapter 3 concluded that using a nonlinear minimization scheme for solving

the impact localization problem is more robust compared to the CLS solution. In this

chapter, a similar nonlinear minimization scheme is proposed that eliminates the unknown

variable Qs, which was assumed to be known in the presentation of Chapter 3. Moreover,

the peak-picking impact detection algorithm is slightly modified. The new impact detection

algorithm uses an averaged sum of all sensor readings to determine if an impact is present.

Furthermore, the definition of the power function Qi is slightly modified, but in essence the

power function is still the same. The main modification is in the way the time interval, over

which Qi is calculated, is determined.

In addition to the above mentioned changes, the presented algorithm in this chapter is

evaluated using a hammer impact localization experiment on an instrumented floor inside

Goodwin Hall (GH). Additionally, finite element (FE) plate simulations are also used as an

initial evaluation step before conducting the experiment. The FE model previously described

in Section 3.1 is reused here.

36
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4.1 Redefining Qi

The average power function is redefined as

Qi(t0i, tpi) =
1

tpi − t0i

∫ tpi

t0i

Zi(t)
2dt , (4.1)

where Zi(t) denotes the i
th sensor reading, and [t0i , tpi] is the time interval over which Qi is

calculated.

If the sensor readings are sampled every Ts seconds, then the average power function is

defined as

Qi(k0i, kpi) =
1

kpi − k0i + 1

kpi∑

k=k0i

Zi(k)
2 , (4.2)

where k0i =
[
t0i
Ts

]

and kpi =
[
tpi
Ts

]

. Note that
[

·
]

denotes the round to nearest integer

operator.

4.1.1 Footstep Detection and Determination of t0i and tpi

In order to calculate Qi from Equation (4.1), a footstep impact must first be detected, then

t0i and tpi must be determined. The detection algorithm employed for this purpose is a

peak-picking algorithm. First, the peak-picking algorithm uses an averaged sum of all sensor

readings to determine if an impact is present. If an impact is detected, then the algorithm

determines, from each sensor reading, the time instance of the peak wave-packet arrival at

each sensor location.

Using a fixed time interval (i.e., [t0 , tp]) for all sensors, as in the analysis in Chapter 3, is not

ideal, since the width of the wave-packet depends on the impact type. For example, in the

case of footstep impacts, the width of the wave-packet will depend on the gait style (including

speed) and shoe sole type (e.g., soft versus hard) [21]. Moreover, the perceived width of

the wave-packet is also affected by sensor-footstep distance (mainly due to wave-packet

distortion with the traveled distance) and reflections off the floor boundaries. Therefore, to

accommodate different types of impacts, from this point forward in the dissertation, t0i and

tpi will be chosen, independently for each sensor, to be the time instances of the beginning

and peak of the detected wave-packet, respectively. The time tpi is determined for each sensor

as the output of the peak-picking algorithm; then t0i is determined, going back in time from

tpi, based on a first threshold crossing criterion. Wave-packet samples measured after tpi are
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excluded for the purpose of calculating Qi to mitigate interference from wave reflections. As

might be noticed, the above described methodology for determining the interval [t0i , tpi],

based on the perceived wave-packet at each sensor, makes the interval determination fully

automated and does not require any operator-defined parameters. Figure 4.1 shows an

example footstep detection perceived by five underfloor accelerometers with varying sensor-

footstep distances (experimental data recorded on 4th level of GH for an occupant wearing

running shoes).
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Figure 4.1: Sample detected footstep perceived by five sensors, with varying sensor-footstep
distances, showing the interval for calculating Qi (thick line).
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4.2 Elimination of Qs and Estimation of r̂s using Non-

linear Minimization

In the proposed power decay model (Equation (3.7)), the source’s power Qs is usually un-

known, therefore Qs is eliminated by defining

Qij
def
=

Qi

Qj

= eβ (‖∆ri‖−‖∆rj‖) , (4.3)

where i, j ∈ {1, 2, . . . , N : i 6= j}.

For N sensors, Equation (4.3) will produce a combination of
(
N
2

)
equations; however, only

N −1 equations will contain unique information. For example, without loss of generality, let

the 1st sensor (i = 1) be chosen as a reference sensor. Then Q23 can be generated from Q13

and Q12 by the division Q13/Q12. In fact, the reference sensor, used to calculate the power

ratios and eliminate Qs, is chosen for each detected impact to be the sensor with the largest

calculated average power (QR = maxi=1,2,...,N Qi).

4.2.1 Generation of the Source Location Estimate r̂s

The 2-dimensional source location represented by the source vector rs = [xs ys]
T can

be estimated using a non-linear optimization algorithm. In particular, the Levenberg-

Marquardt (LM) algorithm is employed (the LM algorithm was previously described in

Section 3.3.2). First, the terms of each of the N − 1 equations generated from Equation

(4.3) are manipulated to yield a nonlinear system of equations of the form g(rs) = 0, where

g(rs) = [g1(rs), g2(rs), . . . , gN−1(rs)]
T . Then the LM algorithm is used to search for the

location estimate r̂s such that

r̂s = argmin
rs∈R2

‖g(rs)‖
2
2 . (4.4)

For the FE plate simulations and floor experiments presented in this chapter, the LM starting

point is chosen to be the center of the FE plate model, and in the case of the floor experiment,

the center of the convex hull of sensor location points.

Figure 4.2 summarizes how the proposed localization algorithm works.
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Figure 4.2: The proposed localization algorithm.

4.3 Simulated Localization Results Using the Algorithm

of Figure 4.2

Before conducting the GH floor experiment, the simulated plate described in Section 3.1 was

used as a first stage of testing the algorithm robustness and performance in general. The

plate’s out-of-plane acceleration was calculated due to an impact force, which was represented

by a narrow Gaussian distribution. The location of the impact was swept through all the

points, indicated by circles in Figure 3.1; then the impact location was estimated using the

proposed algorithm, where the LM algorithm’s starting point was chosen to be the center of

the plate. Figure 4.3 reports the normalized localization error norm ‖ǫn‖ at each true impact

location, and includes an interpolation of ‖ǫn‖ at all other points in the plate. The 4 sensors

used in the localization algorithm are indicated in the figure by a ‘+’ sign. Figure 4.3a

shows the localization algorithm performance in the highly reflective case, while Figure 4.3b

shows the case when damping is increased to reduce reflections (note that each of Figures

4.3a and 4.3b uses a separate color scaling). Since damping is different between the two

cases, the estimated exponential decay rate, β, is expected to be different between the two

studied cases. β was found to be −1.48 (corresponding to a power gain of −6.43 dB/meter

(attenuation)) and −3.62 (−15.72 dB/meter attenuation) for the low and high damping

cases, respectively.

It is clear from the simulated results that, in general, the localization error is smaller inside

the convex hull of the sensor location points (inside the red square shown in Figure 4.3). The

closer the impacts are to the boundaries of the plate, the less accurate their location estimate

./figures/AlgorithmPablo.eps
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(a) Low Damping Case (C = CEMA).
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(b) High Damping Case (C = CEMA × 103).

Figure 4.3: Localization error corresponding to each location on the FE plate. “+” symbols
denote the sensors used for localization, with the convex hull of sensor points shown as a red
square.

will be, which is expected since the power of the first wave reflection will be higher compared

to an impact at the center of the plate. Also as the impact location becomes closer to the

plate boundaries, the time separating the incident wave from the first reflection becomes

smaller. Furthermore, the higher the damping, the more accurate the location estimates

that are obtained. In particular, for the higher damping case, the mean localization error

norm ‖ǫ‖ over all impact locations was 0.21 m (‖ǫn‖ = 0.123. Check Section 3.2.3 for the

definitions of ǫn and ǫ), with error values inside the convex hull of sensors being typically

0.02 m (‖ǫn‖ = 0.012). These error values tend to increase for the lower damping case (high

reflection case) giving an overall ‖ǫ‖ of 0.77 m (‖ǫn‖ = 0.454), where the average error drops

to 0.42 m (‖ǫn‖ = 0.247) inside the convex hull of sensors.

It is worth stressing that, compared to the isotropic material assumption in the FE simula-

tions, a real floor is more complex (it might be anisotropic, inhomogeneous, or have cracks),

therefore, the conclusions from the FE simulations should be limited to the observations that

the localization results are more accurate inside the convex hull of sensor location points;

and that fewer reflections result in better localization. Furthermore, the fact that ‖ǫn‖ ex-

hibits radial symmetry about the centroidal axis of the FE plate increases confidence that

the location estimator is stable and does not behave erratically.

./figures/FE_locFig2Npeak10.eps
./figures/FE_locFig2HDNpeak10.eps
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4.4 Hammer Localization Experiment utilizing the Al-

gorithm of Figure 4.2

The proposed localization algorithm of Figure 4.2 was used to locate hammer impacts on an

instrumented corridor in GH. Figure 4.4 shows the experiment’s location on the 4th floor of

GH, including sensor and impact locations, in addition to the co-ordinate system used.

Each impact location shown in Figure 4.4 was hit 6 times with the same hammer. Impact

locations indexed 7 to 13 were used to estimate the floor attenuation rate β (calibration

phase). Then the estimated β was used to localize hammer impacts at the locations indexed

1 to 7. That is, calibration and localization were done using two separate data sets in order

to check the applicability of the proposed algorithm outside the calibration area. Impact

locations 1 to 7, or 7 to 13, were chosen such that they lie inside a triangular area that is

approximately representative (due to the apparent symmetry with respect to sensor geom-

etry) of the localization algorithm’s performance anywhere inside the convex hull of sensor

location points.

4.4.1 Experimental Setup

The experiment’s floor is made of concrete, and is instrumented with PCB Piezotronics

model 352B accelerometers. These accelerometers measure dynamic acceleration within

the bandwidth 2–10,000 Hz, and have a sensitivity of 1000 milli-Volts/g (g = 9.8 m/s2).

The accelerometers are screwed into steel mounts, which are welded to the flanges of I-

beams supporting the floor. The sensor mounts have the dimensions of 1.5 × 1.5 × 3.75

inches, and were designed such that their vibration dynamics have minimal influence on the

accelerometer measurements in the excitation frequency range of interest (as mentioned in

Section 3.2, the excitation frequency range of interest for impacts is 0–2500 Hz). Specifically,

the mounts were designed to have a first resonant frequency of about 4 kHz [44], which is

well above the excitation frequency range of interest. Accelerometer data was sampled at a

rate of 8 kHz.

Accelerometers are connected using coaxial cables to a single data acquisition system. Based

on the analysis in [45], signal distortion due to dispersion in coaxial cables is determined

to be negligible when considering the accelerometers’ maximum measurable frequency of

10 kHz. The interested reader is referred to [44] for more details on GH’s sensor location

selection, mount design, and data acquisition system.
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Figure 4.4: Floor section in GH where localization experiment took place, including the co-
ordinate system used. Circles represent sensors mounted underneath the floor, and triangles
represent the locations of hammer hits.

4.4.2 Experiment Calibration (Estimation of β)

Given the true impact location rs, the calibration process starts by calculating the pairs

(Qij , ‖∆ri‖ − ‖∆rj‖) according to Equation (4.3). This will yield N − 1 pairs for each

impact if N sensors are used. Then, for each impact, the corresponding attenuation rate is

found as the value that yields the best exponential fit (in the least error squares sense) to

the calculated pairs in accordance with Equation (4.3).

For the considered experiment, let the estimated attenuation rates be indexed according to

the impact location index, denoted as βk, where k = 7, 8, . . . , 13. Then, since we have 6

hammer hits per location, each location index k will have 6 estimates of βk. Each βk will

./figures/GH_ImpactIndices3.eps
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have a corresponding residual norm denoted by uk, where

uk =






∑

i

∣
∣Qij − eβk (‖∆ri‖−‖∆rj‖)

∣
∣
2






1/2

.

Figure 4.5 shows a boxplot of βk for k = 7, 8, . . . , 13. Notice that impacts at k = 7 (centroid

of the convex hull of sensors) produce outliers and have relatively higher uk. This is expected

for the used sensor geometry, as the pairs (Qij , ‖∆ri‖ − ‖∆rj‖) will be almost identical

(redundant) for an impact at the center. Finally, the final attenuation rate, denoted β, that
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Figure 4.5: Calibration results for impact location indices 7 to 13.

will be used in the localization algorithm is calculated as

β =
∑

k

βk

∧

· wk , wk =
1/var
∧

(uk)
∑

k

1/var
∧

(uk)
, (4.5)

where (·)
∧

denotes the sample mean, and var
∧

(·) denotes the square of the sampled standard

./figures/GH_calibration.eps
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deviation. The attenuation parameter β was found to be −0.747, which corresponds to an

impact power gain of −3.244 dB/meter (power attenuation).

4.4.3 GH Localization Results

After the calibration phase and finding that β = −0.747, the proposed localization algorithm

of Figure 4.2 was utilized to estimate GH impact locations, were the center of the floor

section (impact location indexed 7) was used as the initial location search point in the LM

algorithm. Figure 4.6a shows the localization error statistics per impact location for the

locations indexed 1 to 7, which were not used for calibration. Moreover, for the sake of

completeness, Figure 4.6b shows the localization error for the locations that were used in

the calibration phase.

As one might expect, the localization results were better for the impact locations used in

the calibration phase (Figure 4.6b); nevertheless, the results are still comparable to those of

Figure 4.6a. Impact locations 1 to 7 had an overall mean error of 0.212 m and −0.010 m

in the x and y directions, respectively, where the overall standard deviation from the mean

was 0.089 m and 0.106 m in the x and y directions, respectively. For impact locations 7 to

13, the mean error was 0.004 m and −0.011 m in the x and y directions, respectively, with

a standard deviation of 0.078 m and 0.063 m in the x and y directions, respectively.

4.5 Discussion of FE Simulations and GH Experiment

In addition to the discussion provided in Sections 4.3 and 4.4, generalized discussion points

are presented here based on the results of both the FE plate simulations and GH experiment.

4.5.1 Localization Accuracy

It can be seen from the localization results of the FE plate simulations and GH floor ex-

periment that sub-meter location estimates were obtained. In particular, localization on the

concrete floor of GH using accelerometers had error distances, ‖ǫ‖, typically within 0.253

meters (‖ǫn‖ ≤ 0.077), which encourages further development of the algorithm.

To reiterate, the fewer the reflections the more accurate location estimates obtained, which

implies that the farther an impact is from the boundaries, the more accurate location es-
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Figure 4.6: GH localization error statistics per impact location.

timates produced. Moreover, the lower the frequencies of the incident wave, the better

localization accuracy is expected.

4.5.2 Computational Cost

Implementing the localization algorithm (Figure 4.2) on an average laptop, using 4 sensors

with a sampling rate of 8 kHz, and using a single-threaded (no parallel computing) matlabR©

program, it takes, on average, 0.055 seconds to generate a single hammer location estimate

including the hammer impact’s detection time (peak-picking algorithm). This computational

time falls to 0.020 seconds if the impact detection time is deducted. Therefore, impacts

should be at least separated by 0.055 seconds to enable real-time impact tracking for time-

critical applications.

As will be explained later, the computational times of the localization algorithms of Chapters

5 and 6 will turn out to be smaller than the above reported time.

./figures/GH_loc1to7.eps
./figures/GH_loc7to13.eps
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Chapter 5

Calibration-free Heuristic Localization

In reality, a floor section in an operational building will have cracks, and possibly varying

thickness and material properties with location. Bahroun et al. [7] concluded, after extensive

physical modeling and experiments on a concrete floor, that in a floor section, there are

variations in the floor properties that greatly reduce localization accuracy, and justify the

pursuit of a heuristic localization approach. In [7], the sign of time difference of arrival

(SOTDOA) heuristic localization method was introduced.

Similarly, in this chapter, a new heuristic method is proposed for estimating the source

location in a dispersive waveguide. The new approach is based on the fact that a wave’s energy

is attenuated as the wave travels away from the source. The method is computationally cheap

and floor agnostic. That is, it does not require the estimation of a propagation velocity as

in TOA methods nor does it require knowledge of the wave attenuation rate with the traveled

distance.

The accuracy of the heuristic method is evaluated using an occupant walking experiment on

an instrumented corridor floor inside GH, in addition to FE plate simulations of the model

described in Section 3.1.

5.1 The Heuristic Location Estimator

Assuming that all sensor locations are known relative to some coordinate system, then after

an impact is detected by the sensors following the detection algorithm described in Section

4.1.1, we expect sensors closer to the impact location to have higher calculated average power

values Qi. For example, if the jth sensor is closest to the impact, then we expect the jth

48
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sensor to have the highest calculated average power. Consequently, a coarse estimation of

the impact location would be the location of the jthsensor denoted by rj. Instead of using rj

as the impact’s location estimate, we can alternatively utilize all calculated average powers

Qi (i = 1, 2, . . . , N) to yield a better location estimate by weighting each sensor location

ri proportional to the corresponding Qi, then summing the weighted sensor locations. This

is the idea behind the proposed localization algorithm. That is, the 2-dimensional impact

location estimate r̂s is calculated using the heuristic relation

r̂s = [x̂s ŷs]
T =

∑N
i=1 Qiri
∑N

i=1 Qi

. (5.1)

To summarize, Figure 5.1 shows a high level diagram of the complete localization algorithm.
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Figure 5.1: The proposed heuristic localization algorithm.

5.2 Heuristic Algorithm Performance Evaluation

5.2.1 Finite Element Simulations

Simulations of the FE plate model of Section 3.1 were used to obtain an initial understanding

of the localization algorithm performance. The FE plate’s response (out-of-plane accelera-

tion) to virtual hammer impacts was first obtained, where the hammer’s impact loading force

with time is represented by a narrow Gaussian distribution. Then the heuristic localization

algorithm shown in Figure 5.1 was used to estimate the impact locations.

Figure 5.2 depicts the color-mapped localization error norm ‖ǫ‖ (ǫ := r̂s − rs = [ǫx ǫy]
T )

./figures/AlgorithmHeuristic2.eps
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corresponding to the hammer impacts. All locations marked with a small circle in the figure

were loaded with the virtual hammer impact one at a time, then ‖ǫ‖ was calculated and

depicted at the impact location. Figure 5.2a shows ‖ǫ‖ using the experimentally estimated

damping model in [42], while Figure 5.2b shows ‖ǫ‖ for the plate with an exaggerated

(increased) damping model (C × 103). The increased damping is used to study the case of

reduced reflections from the plate boundaries. To improve visualization, each sub-figure was

generated using a different color-mapping scale. Four virtual accelerometers (represented by

the calculated out-of-plane acceleration at 4 plate nodes, and denoted by “+” symbols in

Figure 5.2) were used for estimating the impact locations.
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(a) Low Damping Case (C).
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(b) High Damping Case (C × 103).

Figure 5.2: Localization error corresponding to each impact location on the FE plate. Color
scales are different between the two figures.“+” symbols denote virtual sensor locations used
for localization, with the convex hull of sensor points shown as a red square.

It can be seen from the error distribution in Figure 5.2 that localization accuracy is better

inside the convex hull of sensor location points. Similar findings were previously reported in

[18], in addition to Chapters 3 and 4. Moreover, the higher the damping (less reflections) the

smaller the overall error. Lastly, symmetry of ‖ǫ‖ about the plate’s centroidal axis shows

that the algorithm is stable (consistent).

It is important to stress that the localization error values obtained in the isotropic FE plate

simulations are not necessarily representative of localization in a real floor, since isotropy of

a real floor cannot be claimed. Therefore, the take-away message from the FE simulations

section should be limited to the observations that accuracy is better inside the convex hull

of sensor location points; and that the fewer reflections, the better the localization.

./figures/FE_plate_m.eps
./figures/FE_plate_HDm.eps
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5.2.2 Occupant Tracking Experiment in Smart Building

Experimental Setup

The knowledge from the FE simulations, that localization will be more accurate inside the

convex hull of sensor location points, was utilized in designing a real-life localization experi-

ment such that all impacts lie inside the convex hull. The experiment involved localizing the

footsteps of an occupant walking on an instrumented concrete floor through a corridor on

the 4th storey of GH. Figure 5.3 shows the sensor layout, the 2D coordinate system used, and

the walking path for the experiment, which is divided into two parts for clarification. The

sensors used in the experiment are PCB Piezotronics model 352B accelerometers with mean

sensitivity of 1000 milli-Volts/g (g=9.8 m/s2). These sensors measure dynamic acceleration

in the frequency range 2–10,000 Hz. They are installed underneath the floor by screwing

them into steel mounts which are welded to the flanges of structural I-beams supporting the

floor. Sensor data is sampled synchronously using a sampling rate of 1 kHz. For more in-

formation on GH instrumentation, including the mount design and data acquisition system,

the interested reader is referred to [44].

It is worth mentioning that there were sources of noise and uncertainty in the experiment;

these include nearby doors opening/closing, printers working, occupants sitting at their desks

in nearby offices, and visible cracks in the floor. However, only the test subject was walking

on the floor section of Figure 5.3 during the experiment.

Experimental Results

A total of 162 footsteps having 81 unique impact locations were taken by the same test

subject while traversing the path of Figure 5.3, where each unique impact location was

stepped upon twice, coming from opposite directions. The proposed localization algorithm

of Figure 5.1 was used to estimate the footstep locations using all floor sensors. Note that

the footstep detection algorithm was previously described in Section 4.1.1, where Figure

4.1 showed an example of a detected footstep seen by three underfloor accelerometers with

varying sensor-footstep distances.

Figure 5.4 shows the histogram of the calculated error values after running the localization

algorithm, while Figure 5.5 depicts the true versus estimated footstep locations for a straight

line walking segment.

Recalling that the localization error is defined as ǫ := [ǫx ǫy]
T = r̂s − rs, the localization
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(a) Part 1 of the walking path.

(b) Part 2 of the walking path.

Figure 5.3: Walking path on the 4th level of Goodwin Hall.

accuracy of the heuristic algorithm was holistically evaluated by calculating the root mean

squared error (RMSE) in the x

(

RMSEx
def
=
√
∑162

k=1 ǫx(k)
2

)

and y

(

RMSEy
def
=
√
∑162

k=1 ǫy(k)
2

)

coordinate directions.

Absolute error values typically lie within the calculated RMSE value. To get a better under-

standing of RMSE, note that if error values have a zero mean, then RMSE will be equivalent

to the standard deviation of error values. Additionally, if error values are normally dis-

tributed, then 68% of absolute error values are expected to be less than or equal to the

calculated RMSE.

The RMSE for all 162 footsteps was found to be 1.41 m and 0.35 m in the x and y directions

respectively (note that the localization zone considered has dimensions of 16 m and 2 m in

./figures/WalkingPathNoFootstepsPart1.eps
./figures/WalkingPathNoFootstepsPart2.eps
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(a) x-cooridnate error (ǫx). (b) y-cooridnate error (ǫy).

Figure 5.4: Localization error histograms. Total number of footsteps is 162.

Figure 5.5: Localization results for a straight walking path.

the x and y directions, respectively). It was also found that the mean of the error values is

−0.036 m (ǫx) and 0.027 m (ǫy) in the x and y directions, respectively.

5.2.3 Discussion

Accuracy

Careful inspection of Figure 5.5 and Equation (5.1) suggests that improved localization

accuracy can be obtained by distributing the sensors evenly in the space of the monitored

./figures/LocErrorHistogramX.eps
./figures/LocErrorHistogramY.eps
./figures/GH_walk_locN.eps
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area. In particular, Figure 5.5 shows that error is relatively large for footsteps close to

sensor 11 (leftmost structural beam). If there was an additional nearby sensor on the same

structural beam of sensor 11, then the error is expected to drop. This is due to the fact that

an additional sensor would bias the location estimation formula (Equation (5.1)) closer to

sensor 11, and consequently yield more accurate location estimates. If the footsteps between

the two structural beams of sensors 10 and 11 are excluded from the error analysis, then it

was found that the overall x-axis RMSE drops from 1.41 m to 1.04 m, which corresponded

to a 26% error reduction, while the y-axis RMSE approximately stays the same.

Furthermore, since location estimates are generated from a positively weighted superposition

of sensor location vectors, ri, then all possible location estimates will be bounded by the

convex hull of sensor location points. Therefore, the localization-monitored area should

be designed such that the monitored area lies inside the convex hull of the sensors used.

Although this fact seems limiting, the reader is reminded that, in general, localization is

expected to be more accurate inside the convex hull [18]. This conclusion is also reached

from the analysis in Chapters 3 and 4.

As a final note, since the heuristic localization formula (Equation (5.1)) depends on calcu-

lations of average signal power Qi, it is expected that the higher the signal to noise ratio

(SNR), the more accurate the location estimates.

Computational Time

One of the appealing aspects of the proposed heuristic algorithm, in addition to being

calibration-free (floor agnostic), is its small computational time. This is due to the in-

herently cheap computations of Equation (5.1), and the fact that the required sampling rate

is relatively low. Recall that the GH walking data was obtained using a sampling rate of 1

kHz. This rate is considered much smaller than the rates typically used in TOA localization

methods (references [1, 6, 9, 10] reported sampling rates of at least 32 kHz).

In the GH walking experiment, using data from all 11 sensors, it took, on average, 20.185

milliseconds to yield a single location estimate including the time needed for the peak-picking

(event detection) algorithm. If the event detection time is disregarded, then the localization

part of the algorithm takes, on average, 0.185 milliseconds to produce a single location

estimate. The reported computational times are obtained using an average laptop running

a matlab
R© implementation of the algorithm. To the best of the author’s knowledge, no

other localization methods in the literature reported smaller computational times, giving the

proposed localization algorithm an advantage of utilizing it for real-time occupant tracking.
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A Note on Detection and the Sensors Included in each Location Estimation

Recall that in Chapter 3, sensor readings were denoted by Zi(t) = si(t) + Vi, where si is the

true vibration signal that is being corrupted by an additive noise term Vi. As will be shown

later in Chapter 7, the noise term Vi is assumed to be a sequence of independent random

variables having a zero mean and a noise power level σ2
i , which denotes the mean squares of

ambient sensor data (data collected when no apparent vibration activity is observed). Here,

the value of σ2
i serves as an estimate of the noise term variance.

Also, recall that the the detection algorithm described in Section 4.1.1 detects a footstep

using an averaged sum of all sensor data; then, if a footstep is present, the detection algorithm

finds the peaks of the individual sensor waveforms. Figure 5.6 is generated using one of the

detected footsteps from the walking experiment. The figure shows the determined power

interval for each sensor, and how the wave power is attenuated with increasing distance from

the footstep.

Now, recall that in the walking experiment, all of the 11 sensors were used for estimating

each footstep location; however, few of the footsteps had sensors with power values Qi ≤ σ2
i ,

which is close to the noise floor; nevertheless, these sensors were included in the location

estimation to preserve the sensor geometry. Having a consistent (fixed) sensor geometry for

all footsteps is preferable, since it is helpful in comparing RMSE values between experiments

with different sensor geometries.

If a sensor inclusion criterion is imposed such that only the sensors with Qi > σ2
i are in-

cluded in the location estimation, then it was found that the resulting RMSE for the walking

experiment has a negligible change (less than 1%) compared to the RMSE previously reported

in Section 5.2.2 using all sensors. When the sensor inclusion criterion is imposed, only 37

footsteps—out of all 162 footsteps in the experiment—used fewer than 11 sensors. Out of

these 37 footsteps, only 5 utilized fewer that 8 sensors. Figure 5.7 shows an example footstep,

where, according to the sensor inclusion criterion, only 8 sensors qualified for the location

estimation.
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(a) Sample detected footstep perceived by five sensors (closest to farthest), showing the interval for
calculating Qi (thick line).

(b) Power gain as a function of sensor-footstep distance using all 11 sensors (one sensor is used as
a reference sensor for normalization).

Figure 5.6: Power interval and power attenuation for a detected footstep in the walking
experiment.
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Figure 5.7: Example footstep (circle) with only 8 sensors having Qi > σ2
i (green sensors).

./figures/FstepNumber2.eps


Chapter 6

Online Estimation of Floor

Attenuation Parameter (β)

In this chapter, a new localization algorithm is proposed that is essentially a modified version

of the nonlinear minimization scheme presented in Chapter 4. The new method of this

chapter modifies the algorithm in Chapter 4 by estimating, for each detected footstep, a

suitable value of β online rather than estimating a fixed value of β offline during a calibration

phase, thus making the new method calibration-free. Moreover, instead of using a fixed

initial search point to seed the nonlinear minimization solver, as is the case in Chapter 4,

the new algorithm utilizes the heuristic location estimate in Chapter 5 to seed the nonlinear

minimization solver.

That is, the newly proposed method is a two-step localization algorithm, where the first step

uses the heuristic estimator in Chapter 5 to obtain a rough, but close enough, location esti-

mate. Then the second step utilizes the heuristic estimate to seed a nonlinear minimization

problem, which in itself estimates a suitable value of β for each detected impact.

The combination of using the heuristic location estimator Chapter 5 to seed a nonlinear

minimization search problem similar to the one in Chapter 4 (instead of using a fixed starting

point as demonstrated in Chapter 4), and allowing β to vary and be estimated online for each

detected footstep amounts to an improved localization accuracy compared to the methods in

Chapters 4 and 5, in addition to making the newly proposed algorithm calibration free.

The localization accuracy of the proposed algorithm is evaluated using the same GH walking

experiment data used in Chapter 5. Furthermore, the root mean squared error (RMSE) is

computed and compared to the RMSE obtained from using the previous localization methods

58
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of Chapters 4 and 5.

6.1 The New Modified Footstep Localization Algorithm

6.1.1 The Heuristic Location Estimator Revisited

As a first rough location estimate, the heuristic location estimator of Chapter 5 is used.

Denoted r̂0, the heuristic location estimator is restated here for convenience as

r̂0 = [x̂0 ŷ0]
T =

∑N
i=1 Qiri
∑N

i=1 Qi

, (6.1)

where Qi (i = 1, 2, . . . , N) denotes the average signal power defined in Section 4.1. Qi is

calculated after an impact has been detected by the detection algorithm described in Section

4.1.1. The vector ri denotes the ith sensor’s 2-dimensional location.

6.1.2 Final Footstep Location Estimation using Nonlinear Opti-

mization

Going back to the assumed power decay model in Equation (3.7), recall that Qs is an

unknown quantity. Therefore, Qs is eliminated following Section 4.2 by calculating power

ratios with respect to a reference sensor. That is, define

QiR
def
=

Qi

QR

= eβ (‖∆ri‖−‖∆rR‖) , (6.2)

where QR denotes the power of the reference sensor, which is chosen for each detected impact

as the sensor with the largest calculated power. That is, QR = maxi∈{1,...,N} Qi.

Given N sensors, then Equation (6.2) will yield N − 1 nonlinear equations. The terms of

these nonlinear equations are rearranged to yield the system of N − 1 nonlinear equations:

g(θ) = 0, where g(θ) = [g1(θ), g2(θ), · · · , gN−1(θ)]
T . Here, θ denotes a vector of unknown—

to be estimated—parameters such that θ = [rT
s , β]T .

Our goal is to obtain an estimate of the parameter vector θ (denoted θ̂) by solving the
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nonlinear minimization problem

θ̂ = [r̂T
s , β̂]T = argmin

θ∈R3

‖g(θ)‖22 . (6.3)

However, instead of searching for θ̂ in the whole 3-dimensional space, R3, knowledge of the

fact that the wave-packet energy cannot increase, but rather decreases with the traveled

distance, are used to bound constrain β such that β < 0. That is, only wave attenuation is

expected; not amplification.

Furthermore, the findings in [18], in addition to Chapters 3 and 4, show that increased local-

ization accuracy is expected inside the convex hull of sensor location points. The localization-

monitored area should thus be instrumented taking into consideration these findings. That

is, the localization-monitored area should, by design, lie inside the convex hull of sensor

location points. Therefore, all footstep impacts are assumed to lie inside the convex hull,

and consequently, the footstep location search space is restricted to the convex hull (or a

rectangular area approximating the convex hull).

A suitable solver must be chosen to solve Equation (6.3). The solver chosen for this problem

is matlabR©’s implementation of the Trust-Region-Reflective algorithm [46]. This particular

choice was picked simply because it is the option available in matlab
R© that allows the use

of bound constraints.

As with any nonlinear optimization solver, the initial search point must be supplied to the

algorithm. The initial search point, denoted θ̂0, is such that θ̂0 = [r̂T
0 ,−0.5]T , where r̂0 is

the heuristic location estimate given by Equation (6.1), and −0.5 is arbitrarily chosen as the

initial search value for the floor attenuation parameter. Figure 6.1 summarizes the workings

of the proposed localization algorithm.

To reiterate, allowing β to vary and be estimated online for each detected footstep (unlike the

fixed β value estimated offline in Chapter 4), and using the heuristic estimate r̂0 (Equation

(6.1)) to seed the nonlinear minimization problem of Equation (6.3) (instead of the fixed

initial location point used in the algorithm of Chapter 4) are the changes that contribute

an improved localization accuracy, as will be demonstrated in Section 6.2 (Table 6.1). In

addition, allowing β to vary and be estimated online removes the need for a calibration phase

and makes the algorithm floor-type agnostic.
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Figure 6.1: Summary of the newly proposed calibration-free localization algorithm.

6.2 Experimental Results

6.2.1 Experimental Setup

The same walking experimental data used in Section 5.2.2 is used again here to evaluate

the localization accuracy of the newly proposed algorithm of Figure 6.1. To reiterate, the

walking experiment took place on an instrumented concrete floor on the 4th story of GH.

The test subject was wearing running shoes and walked a total of 162 footsteps. A total of

11 underfloor sensors recorded the floor vibration and were all used in estimating footstep

locations. Sensor measurements were sampled at a rate of 1 kHz.

6.2.2 Localization Accuracy

Localization accuracy was quantified using the root mean squared error (RMSE), where

localization error is defined as ǫ := r̂s − rs = [ǫx ǫy]
T . RMSE is a measure of the typical

expected localization error (refer to Section 5.2.2 for a brief explanation of RMSE).

Table 6.1 compares between RMSE values obtained from the walking experiment when differ-

ent energy-based localization algorithms are utilized, including the previously and the newly

proposed algorithms. In the table, RMSEx
def
=
√
∑162

k=1 ǫx(k)
2, RMSEy

def
=
√
∑162

k=1 ǫy(k)
2, and

./figures/AlgorithmHSVB.eps
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Case RMSEx RMSEy RMSET

Algorithm of Chapter 5: Heuristic 1.41 0.35 1.45

Algorithm of Chapter 4: (FS , FB) 1.08 0.75 1.31

(HS , FB) 1.04 0.73 1.27

(FS , VB) 2.29 0.67 2.39

(HS , VB) 0.77 0.67 1.02

Table 6.1: RMSE values, in meters, for different cases of localization algorithms.

RMSET
def
=
√

RMSE2
x + RMSE2

y. Also, in Table 6.1, FS and HS are acronyms used to denote

the type of seeding for a nonlinear solver, and are shorts for Fixed Seeding and Heuristic

Seeding, respectively. For the FS case, the starting location search point will be the center

of the rectangular area approximating the convex hull of sensor location points, while for

the HS case, the heuristic formula in Equation (6.1) will be used to estimate the starting

point. FB and VB denote the cases of using a Fixed β (estimated offline) and Variable β

(estimated online), respectively.

In Table 6.1, the first two rows give RMSE values for the previous methods in Chapters 5

and 4, while the last row reports RMSE values for the newly proposed algorithm in this

chapter. The third and fourth rows are additional comparison cases that complete the set

of possible combinations of FB/VB and FS/HS.

The RMSE values reported in Table 6.1 were computed based on using the power values Qi

from all 11 underfloor sensors in estimating the location of each footstep. Imposing the sensor

inclusion criterion described in Section 5.2.3 (only the sensors with Qi > σ2
i are qualified for

estimating the footstep location) was found to have very little effect on the RMSE values

of Table 6.1 (RMSE changes where less than 2%). Therefore, as explained in Section 5.2.3,

all of the 11 sensors were used in estimating each footstep’s location in order to maintain a

fixed sensor geometry, since maintaining a fixed sensor geometry is preferable (expected to

be helpful in optimal sensor placement research).

It is worth mentioning that the value of β used in the accuracy analysis of the FB cases

was determined in a post-processing step, using a parameter sweep, simply as the value that

yields the minimum RMSE. This means that the RMSE values for the FB cases reported in

Table 6.1 are actually best-case scenarios (least possible RMSE). In practice, if a localization

algorithm with FB is to be implemented, then the value of β will have to be determined

before running the algorithm, and is unlikely to be the value yielding the minimum RMSE.



Sa’ed Alajlouni Chapter 6. Online Estimation of (β) 63

6.3 Discussion

Inspection of the reported RMSE values for the newly proposed algorithm (last row of

Table 6.1) shows an improvement in localization accuracy compared to the other cases. The

accuracy improved by 30% compared to the heuristic algorithm of Chapter 5, and by 22%

compared to the algorithm of Chapter 4.

Note that using an algorithm that allows the value of β to vary (VB), when combined with

fixed seeding (FS), does not provide an accuracy improvement; however, the combination of

HS and VB yields an improvement.

As an additional way of analyzing the localization error of the newly proposed algorithm,

Figure 6.2 shows the histogram of the localization error distance, ‖ǫ‖, for all 162 footsteps.

Inspection of Figure 6.2 shows that the most recurring error distance was around 0.75 meter.

Figure 6.2: Histogram of localization error norm.

It also shows the existence of one outlier point with an error distance of roughly 5.2 meters.

./figures/histogramHSVB.eps
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6.3.1 Additional Improvement When Lower Bound on β is Im-

posed

It is interesting to investigate if, instead of restricting −∞ < β < 0, additional accuracy is

gained by enforcing a lower bound on β. The lower bound, however, will have to be esti-

mated during an offline calibration phase as the smallest possible value of β (maximum wave

attenuation). Taking into consideration that higher frequency components of an impact are

subject to higher power attenuation rates (higher attenuation means a lower value of β) [7],

then a lower bound can be established using a calibration phase with sharp hammer im-

pacts. Since hammer impacts contain higher frequencies compared to footsteps, the hammer

calibration phase will yield a lower bound estimate for β.

Following the hammer calibration phase reported in Section 4.4.2 of Chapter 4, β was found

to be −0.75; therefore, if the bound on β is restricted such that −0.75 < β < 0, then the

corresponding RMSE becomes RMSET = 0.95, which corresponds to an additional 6.4%

reduction in RMSET compared to the proposed localization algorithm (last row of Table

6.1). This RMSE reduction is mainly the result of moving the single outlier error distance,

shown in Figure 6.2, down from its original value of 5.2 meters to a new value of 2.6 meters.

6.3.2 Computational Time

The proposed localization algorithm of Figure 6.1, when used with 11 accelerometers and

a data sampling rate of 1 kHz, took an average of 36.185 milliseconds to yield a single

location estimate. On average, 20 milliseconds were required for footstep detection (peak-

picking algorithm), 0.185 milliseconds for power calculations and the heuristic estimate, and

16 milliseconds for solving the nonlinear minimization problem of Equation (6.3).

Therefore, assuming vibrations from different chronologically proximate footsteps do not

interfere, the proposed algorithm has the capability of localizing, in real time, up to 27 foot-

steps per second, as long as each two consecutive footsteps are separated by at least 36.185

milliseconds. However, in reality, a footstep interferes with other nearby and chronologically

proximate impacts. Therefore, practical footstep separation time will have to be greater

than 36.185 milliseconds, and will be investigated in a future experimental study.



Chapter 7

Including Sensor Noise Statistics in

Location Estimation (Maximum

Likelihood Estimator)

In this chapter, previous knowledge of sensor noise characteristics is utilized in deriving an

improved location estimator. In particular, an energy-based maximum likelihood estimator

(MLE) is derived and evaluated using the same data from the GH walking experiment

mentioned in Sections 5.2.2 and 6.2. As will be shown in this chapter, the presented MLE

algorithm will turn out to be the most accurate compared to the experimental footstep

localization results reported in Chapters 5 and 6. The reader is referred to the beginning of

Section 2.2 to familiarize himself/herself with the principle of MLE.

7.1 Preliminaries

In this chapter, deterministic (non-stochastic) quantities will be denoted by lowercase letters,

while stochastic quantities will be denoted by uppercase letters. The symbol E will be used

to denote the expectation operator. Moreover, bold letters will be used to denote vector

quantities and distinguish them from scalar ones.

Sensor noise is assumed to be additive white Gaussian noise (AWGN); that is

Zi(t) = si(t) + Vi(t) , (7.1)
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where Zi denotes the ith sensor reading (i = 1, 2, . . . , N), si denotes the deterministic part

of the sensor reading, and Vi is an AWGN. White noise is easily defined in a sampled system

as a sequence of independent identically distributed (iid) random variables with zero mean

and finite variance. That is Vi ∼ N (0, σ2
i ).

Before deriving the energy-based location estimator, the following claim is presented and

proved. The claim will be useful in the derivation of the MLE estimator presented in Section

7.2.

Claim 7.1.1. If G = 1/M
∑M

k=1 V
2(k), where V (k) ∼ N (0, σ2) (k = 1, 2, . . . ,M) is a se-

quence of M zero mean iid Gaussian random variables (that is, V (k) is AWGN), then the ran-

dom variable G will have the mean E {G} = σ2 and the variance var(G) = E {(G− E {G})2} =

2σ4/M).

Proof. Since V (k) is iid for k = 1, 2, . . . ,M , then V (k)2 is also iid with finite mean and

variance. The mean and variance of G are given by

E {G} = 1/M
M∑

k=1

E
{
V (k)2

}
=

1

M
(Mσ2) = σ2 ,

and

var(G) = E
{
(G− E {G})2

}
= E

{
G2 + σ4 − 2σ2G

}
= E

{
G2
}
+ σ4 − 2σ2

E {G} = E
{
G2
}
− σ4

= E

{

(
1

M

M∑

k=1

V (k)2)2

}

− σ4 =
1

M2












M∑

k=1

E
{
V (k)4

}
+
∑

k 6=j
k,j∈{1,...,M}

E
{
2V (k)2V (j)2

}

︸ ︷︷ ︸

M(M − 1)/2 terms












− σ4 .

Due to the independence of V (k)2 and V (j)2 for j 6= k, then

⇒ E
k 6=j

{
V (k)2V (j)2

}
= E

{
V (k)2

}
E
{
V (j)2

}
= σ2σ2 = σ4 .
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⇒ var(G) =
1

M2

(
M∑

k=1

E
{
V (k)4

}
+

2(M)(M − 1)

2
σ4

)

− σ4

=
1

M2

(
M(3σ4) + (M2 −M)σ4

)
− σ4 , since E

{
V (k)4

}
= 3σ4 : V ∼ N (0, σ2) [47]

⇒ var(G) =
2σ4

M
.

7.2 Derivation of the MLE Location Estimator

Recall that the energy function defined in Chapter 4 is given by

Qi(t0i, tpi) =
1

tpi − t0i

∫ tpi

t0i

Zi(t)
2dt

=
1

tpi − t0i

∫ tpi

t0i

si(t)
2dt

︸ ︷︷ ︸

def
= αi

+
1

tpi − t0i

∫ tpi

t0i

Vi(t)
2dt+ 2

1

tpi − t0i

∫ tpi

t0i

si(t)Vi(t)dt

︸ ︷︷ ︸

≈ E {si(t)Vi(t)} is assumed

,

(7.2)

where Zi(t) is given by Equation (7.1), and [t0i , tpi] is determined after an impact has been

detected, as described in Section 4.1.1. Note that since Zi is a stochastic quantity and Qi

is a mapping of Zi, then Qi is also a stochastic quantity. Assuming that si and Vi are

independent (hence uncorrelated), then the assumed term E {siVi} = E {si}E {Vi} = 0 since

Vi is zero-mean. These assumptions give the relation

Qi(t0i, tpi) ≈ αi +
1

tpi − t0i

∫ tpi

t0i

Vi(t)
2dt . (7.3)

Assuming a sampled system with sampling interval Ts, then Equation (7.3) is redefined, with
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some abuse of notation, as follows

Qi(k0i, kpi) ≈ αi(k0i, kpi) +
1

kpi − k0i + 1

kpi∑

k=k0i

Vi(k)
2

≈ αi(k0i, kpi) +
1

Mi

Mi∑

k=1

Vi(k)
2

︸ ︷︷ ︸

def
= Gi

≈ αi + Gi , (7.4)

where Mi = kpi − k0i + 1. k0i = [t0i/Ts] and kpi = [tpi/Ts] (here, the square brackets [·]

denote the round to nearest integer operator). In Equation (7.4), αi denotes the average

power of the signal (noise-free) part of the sensor readings when an impact is detected. The

deterministic quantity αi is assumed to decay exponentially following the decay model in

Equation (3.7). That is

αi(k0i, kpi) =
1

kpi − k0i + 1

kpi∑

k=k0i

si(k)
2 = αse

β ‖∆ri‖ , (7.5)

where αs denotes the average power generated at the source’s impact location. The parameter

αs is an unknown quantity that will be estimated as part of the MLE localization. Moreover,

the attenuation parameter β is also assumed to be unknown, and will be estimated as part

of the MLE solution. ‖∆ri‖ is the sensor-source distance represented by the Euclidean norm

of the difference vector ∆ri = ri − rs, where ri is the ith sensor’s 2-dimensional location

vector evaluated with respect to a known reference point, and rs = [xs, ys]
T is the true—to

be estimated—source location vector evaluated with respect to the same reference point.

It follows from the central limit theorem that, for a large enough value of Mi (e.g., Mi ≥ 50),

Gi is expected to follow a Gaussian (normal) distribution. Combining this result with the

result of Claim 7.1.1, it can be seen that Gi ∼ N (σ2
i , 2σ

4
i /Mi). This implies that

Qi ∼ N (µ̃i, σ̃
2
i ) ,

where µ̃i = αi + σ2
i , and σ̃2

i = 2σ4
i /Mi.
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Now, let us define a normalized version of Qi with zero mean and unit variance. That is, let

Xi ∼ N (0, 1) : Xi =
Qi − µ̃i

σ̃i

=
Qi − αi − σ2

i
√

2/Miσ2
i

=
Qi − (αse

β ‖∆ri‖)− σ2
i

√

2/Miσ2
i

. (7.6)

Then let X = [X1, X2, . . . , XN ]
T denote the collection of normalized and independent ran-

dom variables from all sensors (X ∼ N (0, IN), where IN denotes the identity matrix of order

N). It can be easily shown thatX follows a joint Gaussian probability density function (pdf)

of the form [48]

fX(x) = P [X = x] =
e−

1

2
xTx

(2π)(N/2)
, (7.7)

where P [A] denotes the probability of the event A, and where x = [x1, x2, . . . , xN ]
T =

[
q1−µ̃1

σ̃1

, q1−µ̃2

σ̃2

, . . . , qN−µ̃N

σ̃N

]T

. Here, qi (i = 1, 2, . . . , N) denote the observed value of the ran-

dom variable Qi. Note that qi is calculated from the observed sensor measurements zi, after

an impact is detected, according to the first line in Equation (7.2).

Inspection of Equations (7.7) and (7.6) shows that the probability of getting a certain ob-

servation of X, denoted x∗, will be a function of the parameter vector θ = [xs, ys, β, αs]
T .

Therefore, the likelihood function of X will be a function of θ:

l(θ) := fX(x = x∗|θ) =
e−

1

2
x∗T x∗

(2π)(N/2)
, (7.8)

where, to reemphasize, x∗ is a function of θ.

The maximum likelihood estimate of θ, denoted θ∗ is such that

θ∗ = argmax
θ∈R4

{l(θ)} = argmax
θ∈R4

{ln l(θ)} = argmin
θ∈R4

{− ln l(θ)}

= argmin
θ∈R4

{
1

2
x∗Tx∗ + (N/2) ln 2π} = argmin

θ∈R4

{x∗Tx∗} ,

and thus θ∗ = argmin
θ∈R4

{ ‖x∗(θ)‖22 } , (7.9)

where θ∗ = [r̂T
s , β̂, α̂s]

T : r̂s = [x̂s, ŷs]
T .

Equation (7.9) has a similar form to Equation (6.3), and will be solved following the same pro-

cedure described in Section 6.1.2 using an initial search point θ∗
0 = [r̂T

0 ,−0.5 , 2 (maxi Qi)]
T ,

where r̂0 is the heuristic location estimate given by Equation (6.1), and −0.5 is arbitrarily

chosen as the initial search value for the floor attenuation parameter.
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7.3 Experimental Evaluation using the Occupant Walk-

ing Data

In order to evaluate the accuracy of the proposed MLE algorithm, the same experimental

setup and occupant walking data previously reported in Section 6.2 were used (single occu-

pant walking a path consisting of 162 footsteps on the 4th floor of Goodwin Hall (GH)). In

addition, the same accuracy metric, namely the root mean squared error (RMSE), is used

here to evaluate the accuracy. RMSE is a measure of the typical expected localization error

(refer to Section 5.2.2 for a brief explanation of RMSE). The localization error is defined as

ǫ := r̂s − rs = [ǫx ǫy]
T .

As described in the MLE algorithm formulation, sensor noise is assumed to be zero-mean

having a Gaussian distribution. Figure 7.1 shows 4 histograms of ambient vibration data

corresponding to 4 of the accelerometers used in the experiment. The data used in generating

the histograms was recorded before starting the walking experiment during a period of no

apparent activity in GH. The histograms serve as estimates of noise statistics, and show

that the noise indeed has a distribution that closely approximates a zero-mean Gaussian

distribution. Thus, the assumptions in the MLE formulation are validated by the presented

experimental data. Ambient vibration data (no apparent activity data) was used to estimate

noise variances (σi : i = 1, 2, . . . , N) which are required to be supplied to the MLE algorithm

before yielding a location estimate.

When using the MLE algorithm to localize the occupant footsteps, it was found that RMSEx
def
=

√
∑162

k=1 ǫx(k)
2 = 0.64 meter, and RMSEy

def
=
√
∑162

k=1 ǫy(k)
2 = 0.60 meter. That is, RMSET

def
=

√

RMSE2
x + RMSE2

y = 0.88 meter, which is an additional 14% reduction in RMSET com-

pared to the algorithm of Chapter 6 (last row in Table 6.1). That is, compared to the

RMSET values previously reported in Table 6.1 using the same walking experiment’s data,

the RMSET value obtained using the MLE algorithm is the smallest. Figure 7.2 shows the

histogram of the localization error distance, ‖ǫ‖, for all 162 footsteps.

7.3.1 Computational Time

A matlab
R© implementation of the MLE algorithm was executed on the same laptop used

in reporting the computational times of the algorithms in previous chapters. The proposed

MLE algorithm, when used with 11 accelerometers and a data sampling rate of 1 kHz, took

an average of 40 milliseconds to yield a single footstep location estimate. On average, 20
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Figure 7.1: Histograms of accelerometer sensor noise in GH (fitted to normal distributions).

Figure 7.2: Histogram of localization error norm for the MLE algorithm.

./figures/SensorNoiseHistogramsGH.eps
./figures/histogramHSMLE.eps


Sa’ed Alajlouni Chapter 7. Maximum Likelihood Estimator 72

milliseconds were required for footstep detection (peak-picking algorithm), and another 20

milliseconds for solving the nonlinear minimization problem of Equation (7.9), including the

time needed to calculate the power function (Qi) and the heuristic location estimate.

Therefore, assuming vibrations from different chronologically proximate footsteps do not

interfere, then the proposed algorithm has the capability of localizing, in real time, 25 foot-

steps per second, as long as each two consecutive footsteps are separated by 40 milliseconds.

However, in reality, a footstep interferes with other nearby and chronologically proximate

impacts. Therefore, practical footstep separation time will have to be greater than 40 mil-

liseconds, and will be investigated in a future experimental study.



Chapter 8

Conclusions

This dissertation presents a set of new energy-based impact localization algorithms in dis-

persive waveguides utilizing a hidden sensor network of underfloor accelerometers. The

algorithms mainly rely on the fact that a generated wave is attenuated as it travels along

the floor. The pursuit of an energy-based localization approach in dispersive waveguides is

motivated in Section 1.1, and justified in Section 3.2 using both: theory and experimental

data. The main hypothesis of this dissertation is that the lower the frequencies generated

by a floor impact (e.g., a footstep impact), the better localization is expected using a fixed

wave-distance attenuation parameter (β).

In general, the presented localization algorithms are computationally cheap and calibration-

free (except for the early algorithms of Chapters 3 and 4, which required calibration). More-

over, the presented algorithms were shown to be more accurate than conventional time-

of-flight (TDOA) localization methods. In particular, the reported experiments involving

occupant footstep localization (162 footsteps in total) showed that location estimates were

typically within 0.9 meter from the true footstep location, with some footstep estimates

having an error distance as low as 0.1 meter, and some as high as 2.0 meters. The author

believes these relatively small error results, when combined with the computational efficiency

of the algorithms, makes the proposed algorithms appealing for use in real-time tracking of

occupants.

Chapter 3 presented early investigations using simulations of a finite element (FE) plate

model. The main conclusions from these simulations (in addition to the simulations in

Chapters 4, 5, and 6) is that localization results are more accurate inside the convex hull of

sensor location points, and that the less wave reflections (the more floor damping) the better

localization.

73
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Chapter 4 presented a method that required a calibration phase—to estimate β—before run-

ning the localization algorithm. The algorithm was experimentally evaluated with hammer

impacts on a concrete floor instrumented with 4 underfloor accelerometers. The algorithm

proved to be computationally efficient and produced location estimates with normalized error

distance, ‖ǫn‖, typically within 0.077 (corresponds to 0.253 meter in the GH experiment).

Chapter 5 provided the calibration-free heuristic localization algorithm, which turned out to

be the method requiring the least computational time of 20 milliseconds.

Chapter 6 modified the algorithm in Chapter 4 by removing the calibration phase and

creating a floor-type agnostic algorithm. Moreover, the modified algorithm utilized the

heuristic location estimate in seeding a nonlinear minimization problem. When evaluated

using the occupant walking data from GH, the new modified algorithm was found to have

better accuracy compared to both: the heuristic algorithm of Chapter 5, and the algorithm

of Chapter 4.

Lastly, Chapter 7 presented the MLE algorithm for location estimation. The algorithm

utilized prior knowledge of sensor noise variance (assuming AWGN) in estimating footstep

locations. The MLE algorithm is computationally cheap and calibration-free. When evalu-

ated using the occupant walking data from GH, the MLE algorithm had the smallest RMSE

(highest accuracy) compared to the other algorithms.

Future work will focus on evaluating the developed algorithms’ performances under different

types of footstep impacts on GH floor (different shoe types and gait styles). This will include

studying the best strategy (time interval) for calculating Qi from sensor measurements such

that the overall localization accuracy is improved. Furthermore, future work will address

the problem of tracking multiple occupants walking in the same instrumented area.
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