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I. INTRODUCTION

The problem of determining the deflection and stress in
a plate under transverse loading can be approached by first
considering the plate to be a portion of an infinite plate,
ignoring the prescribed boundary conditions. The boundary
of the desired plate is then prescribed in the infinite
plate with reference to any arbitrary origin. Once the
boundary of the plate has been defined, the desired loadings
can be placed on the infinite plate at their proper places
within this boundary. In any given problem, two conditions
are specified at every point on the boundary of the plate
in question. These may involve.the deflection, the normal
slope, the bending moment, .and the Kirchhoff shear. If the
distributions of transverse displacement, bending and
twisting moments, and shears due to the applied loads are
known for an infinite plate, then those quantities usually
invelved in the boundary conditions can be calculated at
- every point on the prescribed boundary. In order that some
point on the boundary satisfy the conditions specified in
the given problem, a concentrated force and a concentrated
moment will be applied ét some arbitrary point in the
infinite plate and with magnitudes such that the point on
the boundafy is forced to conform to the initial boundary
conditions., Then, for every point on the boundary which is

forced to conform to the specified boundary conditions, a
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pair of the above loads, called equivalent loads, must be
applied at some point in the infinite plate. Thus, an
infinite number of pairs of equivalent loads must be applied
in order to achieve an exact solution. However, an approx-
imate solution can be obtained if only a finite number of
points are used.,

A solution for a concentrated force and concentrated
moment on an infinite plate can be found in [11t. From
these solutions, it is easily shown that the slope due to a
concentrated moment and the moment due to a concentrated
force become infinite at the pcint of application.
Therefore, the equivalent loads must be applied at some
finite distance from the boundary. This distance is called
the retracted distance., Normally, the equivalent loads
would be applied at points on a curve which is called the
retracted boundary.

Figure 1 shows the desired boundary of a finite plate
in an infinite plate. N points on the boundary are to be
forced to conform to the specified boundary conditions.
Therefore, N pairs of equivalent loads are to be applied
at N points on the retracted boundary. The magnitudes of
the equivalent loads are determined by specifying that the

combined effects of all of the equivalent loads and applied

[ 1 refers to references on page
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loads be such that the boundary conditions are satisfied at
each point. Since there are two conditions for each point,
this leads to a system of 2N simultaneous equations for the
2N equivalent loads. If N is chosen sufficiently large,
then the values of the transverse deflection, normal slope,
bending moment and Kirchhoff shear existing on that portion
of the boundary between the N points will deviate only
slightly from the required boundary conditions and the
solution will approximate on exact solution., The procedure
will first be illustrated for beams and then extended for

plates.
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II. REVIEW OF THE LITERATURE

Massonet [2] developed an approach of this type for the
solution of three dimensional elasticity problems. In this
formulation, the elastic body is embedded in an infinite
elastic space and the stresses are specified over the entire
boundary.

A discussion of the reflection method for the case of
plane elasticity problems is presented in a paper by Dr.

R, Chicurel and Prof. E. W. Suppiger [3]. 1In this paper,
the authors also indicate how this method may be applied to
the problem of transverse loading of finite plates.

Avzas [u4], using an iterative procedure, has applied
the plane elasticity solution outlined in [3] to a number
of problems with known solutions.

Recently, a method for satisfying the boundary condi=-
tions for only a finite number of points on the boundary
using the governing differential equation has been employed
by Conway [5]. A comparison of the results obtained by
Conway to the results obtained using the reflection method
will be discussed in Chapter IV, paragraph d, for the
problem of a uniformly loaded, simply supported triangular

plate.
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III. APPLICATION OF THE REFLECTION METHOD TO BEAMS

1. Assumptions and Basic Equations

Consider a beam of infinite length for which the
following assumptions are made,

a, The beam is perfectly straight,

b, The material from which the beam is fabricated is
perfectly elastic and obeys Hooke's law under the applied
loads.,

c., Plane sections initially perpendicular to the axis
of the beam remain plane in a bent beam.

d. Only deformations due to bending are considered,

e. Small deflections occur in the region of interest.

Next, consider a section of the infinite beam loaded as
shown in Figure 2 by one concentrated force P.

For x > 0, the shear is equal to P/2. Thus,

P
1" = -
EIy = 3 °
Also,
EIy" = %ﬁ +Cp o,
sz
1 -
EIy' = —— + Cyx + C,
and ; o X2
Ely = 2%+ 2 _+ cx + C
12 2 2 3 °

For x < 0, the shear is equal to -P/2, Then

-P
EIynl = _2__ s
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and

Due to symmetry, the slope is zero at the origin,

Therefore,

Also at the origin, the deflection and moment must be
continuous. Thus,

Cl = Cu and C3 = C6 0

The expressions for the deflection of an infinite beam
loaded with a concentrated moment can be obtained by super-
posing the results obtained for two concentrated loads at a
vanishingly small separation., From Figure 3, the deflection

at any point x > 0 is given by the expression

2
3 C.x C
_ Px 1 p 3 1 2
Ely = 5 + > + C3 - [ﬂ(X—E) + -i-(x—e) + C3] ’
or
p 3 3. C1 .2 2
Ely = Vi [x° « (x-e)”] + >~ [x° - (x=e)°] .

Now let e approach zero and Pe approach M, the value of the

concentrated moment. Thus we get



P/2 P/2 P/2 P/2
l t

Figure 2. Shear in an Infinite Beam. (Bending moments

not shown.)

Figure 3., Two forces on an Infinite Beam.
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3
Lim [Pe (x - (x-e) )} + Lim [ l (x2 _ (X_e)Z)]

Ely = c50 ‘17 ) e~>0
- sz
= . .
2
For x < 0, Ely = -Mﬁ .

The expressions for the slope, moment and shear can

easily be obtained from the above by differentiation,

2, Simultaneous Solution for Equivalent Loads

Let us consider an as application of the reflection
method the problem of determining the expression for the
deflection of a simply supported beam loaded with a concen-
trated force at the center of the beam, Let the length of
the beam be 2L, Then, two pairs of equivalent loads must
be applied somewhere outside the interval 2L such that the
boundary conditions are satisfied at each end of the beam.
The retracted distance may be infinitesimal in this case
since all beam functions are finite at the point of appli-
cation, The locations of the equivalent loads are shown in

Figure 4, The boundary conditions are
YA=YB=O ?

and

1]
o
-

YA = Y3

From symmetry,
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Q::QL=QRI
and  eeesecccseae——- (1)

M=ML=MR o

The deflections at A due to the various loads are

listed below,

2
P : Ely, = -Pc1§)3 + C”(;L) +Cp
QL : EIyA = —C3 .
-p2L)° ¢,
Qg ¢+ Ely, = ’['“"TQ—— + —( 21y % + Celd
M, : Ely, = 0 .
M, ¢ Ely, = -[:25(-2L)2] .

Since yp = 0, we obtain, using equation (1), the following
equation for Q and M,

3 3
%é:-- Sc,L? - edem m o+ MLE 2 0 L emeeeeee ()

The moments at A due to the various loads are now

listed,
N 1" -
P : Elyj = 7-( -L) + Cp
° " = -
QL » EIyA - Cl ]
-Q (~2L)
Qg ¢ EIyR =z —[———7———- tC, 1 .
M
. 7" -
M+ EIy} = 5L
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-MR
s "= .

Mp ¢ EIy} [_7_] .

From the condition that the moment at A is zero and the

use of equation (1), we obtain

e QeC M2 0 —eeemeeceemmeeeeeeeae- (3)

Q and M are obtained by solving equations (2) and (3)

simultaneously.

Q=%—P+%§—q+%, ---------------------- (1)
and

M o= SPL + %;5 +3C, . memmeene- e - (5)

In order to obtain an expression for the deflection,
consider the effect of all the loads on a point taken an x
distance from the left end of the beam shown in Figure 4,

Then for 0 < x < L,

2
3 C 3 C,x
_ =P(L-%) 4 2 X 1
Ely = —pm—— ¢ —(x-L)" + Co - [%7— 5t c3]
-Q(x-2L)° Cy (x-21)° MxZ =M '
-[ T> + % + CBJ + T—;ET(X—ZL)] ’

or

Px

Ely = XaaL? - %%,

which agrees with the well known result.

Notice that the constants C C3, Cq, and C6 are

1’

arbitrary and do not appear in the solution, Therefore,
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they could have been assumed zero and the solution greatly

simplified,

3. Iterative Procedure

Instead of using simultaneous equations to solve for
the equivalent loads in the simple beam problem, an iterative
procedure can be employed instead. First, the deflection
and moment at points A and B in Figure 4 due to the applied

load P will be calculated.

: pL3
Deflection at A = T5TT

Moment at A = =— ,

where

Next, a pair of balancing loads Ql and M, will be

1
applied at point B to force the boundary conditions at A
to be satisfied, (See Figure 5,) Notice that, due to the
assumption of equation (6), the balancing loads cannot be
applied at the point where you wish to balance the effect

of the applied load, Thus, since the deflection and moment

at A must be zero, we obtain the following two equations,

PL 213, ~M (= 2L)
- o S - =0, e 7

and

-M
L LS R e B R —_ (8)
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By a simultaneous solution of equations (7) and (8) we

obtain
11
Ql = T?P s eeemseccsscsscsseae—eee— (9)
and
M. = 3PL (10)
l - "g’ o e s o D S O o NS NS D 0N IO N A0 R CER CED GRS M WS b o e

However, at point B,

. pLS
Deflection at B = TSTT

M
moment at B = %k + 7£

o

Applying the balancing loads as shown in Figure 6 and
using the condition that the deflection and moment at B
must be zero, we obtain the following equations,

3 2
prd  8Q,L M, (2L)

™ - T3 + n = 0 , =emeccecee——e——- (11)

and
M M Q

I~ 3 9 N ——— (12)

Solving equations (11) and (12) simultaneously, we
obtain

Q, = 3P 5,  mmmemmmmmmmmeeeee. ——- (13)
and

M, = SxPL o+ = cmmmmmmmmmmmmmmmmem—m (14)

2 - T¢ ’

Repeating the procedure two more times for each end
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Figure 5. First Balancing Loads on the Infinite Beam.

Figure 6. Second Balancing Loads on the Infinite Beam,
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results in the following expressions for the balancing loads

at points A and B,

31 27 27
= 337 * 138t Y ot o
= lo23P o e SeSsShom an o oD o D NS R D D G B G0 B s A o e (15)

9 27 27
SR R - A 11 e o R

= 073PL s m=memocccaa i cme o om0 S s M D M ae e e oo o am (16)
Qg = 1.21P o  eemee- cmmemmmmem———— - (17)
Mg = o726PL o mmmeeememe—eeeeeemeeo - (18)

we have

Q = 1,25P , = eeeccc;cscscsscsscesm—=—- (19)
and

M=z ,75PL o = eescscesscscccmcssmco—e—- (20)

Comparing the values of Q given by equations (15) and
(17) to the exact value given by equation (19), we see that
the iterative procedure used here quickly converges on the
exact value, A similar observation can be made for the

moment by comparing equations (16) and (18) to equation (20),
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IV. APPLICATION OF THE REFLECTION METHOD TO PLATES

1. Assumptions and Basic Equations

Consider a plate of infinite length and width for which
we make the following assumptions.

a, The deflection of the middle plane is small compared
to the thickness of the plate.

b, The normals of the middle plane before bending are
deformed into the normals of the middle plane after bending.

c. The stress 9, where the z axis is normal to the
middle plane, is small compared with the other stress
components,

d, The middle plane remains unstrained after bending.

e, The material from which the plate is fashioned is
perfectly elastic and obeys Hooke's law under the applied
loads, _

From equation 506'of [1], the deflection of an infinite
plate due to a single concentrated force P is

w = §§ﬁ r2 log § y mmmmmmsmsmrmess—e—————- (21
where r is the radial distance from the force and a is an
arbitrary length,

Also from [l];dthe deflection of an infinite plate due

to a concentrated moment M is
_ M r
W= g=s r log £ CcOS 8 , @ me-ssmsssmssseeeoee - (22)

where r and 6 are polar coordinates centered at the point of
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application of the concentrated moment which is oriented
with respect to the coordinate axes as shown in Figure 7,
Finally, from equation 60 of [1], the deflection of a

Ao

uniformly loaded infinite plate is '

L 2
-

where r is the radial distance from some arbitrary point in

Clr r
g + C2 log I + C

the plate and q is the intensity of the load, Cl’ C2 and

C, are arbitrary constants and can be taken as zero.

3
Thus equation (23) becomes

"
= Qe m—mm—————————
W syl (2Y4)

In order to calculate the effect of an applied lcad on
any point along some arbitrary boundary in the infinite
plate, consider the point to be located at a distance r
from an origin taken at the lcad and the normal to the
boundary inclined at an angle o to r as shown in Figure 8,

The normal moment is given by the expression

MN = M cosza + Me uinza - 2Mr

r

o sinoecosa o -- (25)

- Also,

P - i l ‘
MNt = T(Mr - Me) sin2a + ”re COS20 , =mmm=——- (26,
The slope normal to the boundary shown in Figure 8 and

expressed in polar coordinates 1is

W dw 3r W 36

— o F ——

an T on 8 an °
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Figure 7. Concentrated Moment on an Infinite Plate.

M n
N
M /
‘ r
r Mre ] NMB&
1
Q
4-|—___

M "
MI‘ 6

o |

Figure 8. Element Cut from an Infinite Plate.
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rdo

dr

Figure 8., Differential Relationships on the Boundary.
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From Figure 9,

r 1 .
%ﬁ = cosa and N = & sina .

Therefore, the equation for the normal slope becomes

ow aw oW sinu
— T cm— T ommn  mmmm—r e e ome e e e s e G > o s o
= == COSa" 5 = . (27

From [l],ufhe Kirchhoff shear at the point on the

boundary shown in Figure 8 is

V:Q_..a.‘.M_N_E

N N ot ¢

But

QN = Qr cosa + Qe sina . ¢!

Therefore,
aM aM

. . Nt cosa
= + + - nt—— ———
VN Qr cosa Qr sina ==~ Sina 5 = .

-------- (28)

Also from [1], the following relations, given in polar

coordinates, can be obtained. pLgs
azw 1 3w 1 3°w
M, = =Dl—x + (s — + —-—=)1 .
r 22 ir 2 252
2 2
1l 3w 1l o"w 3w
Mg = DIzt 7 2+ v 5) -
r 38 or
. emmee- (29)
_ i 9w 1l 3w
Mpg = (1=w) D(Z 53733 ;7 55
_ 3 2
QI‘--Dﬁ(VW)G
- 1l 9 2
Qe-—D-r—-g-e-(VW).
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Now, let us consider the effect on an infinite plate of

each of the previously discussed applied loads.

i) Concentrated Load

The deflection due to a concentrated locad is given by

equation (21),

W = P r2 lo z
87D g3

Therefore,

%% = g%ﬁ (2r log § + r) |,

33% = o (2Log £+ 3)

opl o7 &3 ’
and

83w - P

ar3 YnDr

Substituting these expressions into equations (29),

we obtain

-P
M, = z= [2log Z(1+w) + 3 + 1

My = 3= [21og Z(1+w) + 1+ 3u]
Moy = 0
Q= = s
and
Qy = 0 .

Substitution of these values into equations (25), (26),
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(27) and (28) results in the following expressions for the
slope, bending moments, and Kirchhoff shear in an infinite
plate due to a concentrated force P centered at the origin

of our coordinate system.

%% = §%5 [2r log § + r] coSa  mmmmememe———— (30)
M. = 22 [2(1+w)log & + (3+u)cos?a + (1+3u)sin’al
N B u g 3 p)cos“a u a o
------------ (31)
My = 3= (141 sin®e . emcemmmeomeemaes (32)
_ =P
VN e cosa e e emom o om e e e e e (33)

ii) Concentrated Moment
The deflection due to a concentrated moment is given

by equation (22)
_ M r
WE g T log I cosb6

Therefore,

2
ow _ M r 9°w _ M cos8
37 Tep (108 3 F llcese Tt mm—
3
3w _ =M cose 9w _ -Mp log T Sine
= s 22 = = ,

50> LnDp? & " D &

2 3
d°w _ =Mr T 3°w _ Mr r .

5 = TS log 3 cosé — = T7D log T siné ,
20 a0
32w M r

= o [log = + 11 sine
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33w

ar'de2

-M r
= g7p [log £ + 1] cose

a3w _ =M sin®

8r286 ‘4aDr

The above expressions are then substituted into
equations (29) and the results tabulated below,

-M(1l+yp) cos®

Mr = brr ’

M= -M(1l+y) cosd
8 Yor °

M - -M(1l-u) cos®é
re Yrr ‘

Q. = M cosé and Q. = M sin®6
r 2 6 2

21y 21r

These va..ues are then substituted into equations (25),
(26), (27) and (28) and the following expressions are
obtained for the slope, bending moments, and Kirchhoff shear
in an infinite plate due to a concentrated moment M which
is oriented witbh respect to the coordinate axes as shown

in Figure 7.

%% = E%ﬁ [log g cos(8+a) + cosbcosal o =-=m-- (34)

MN = E%; [(1+y) cos® = (l-p) sinsdsin2al . =-- (35)

M. = 2 [(1-y) singcos2al . mmecmccmmcm-m- (36)
Nt ~ Trr H ’

VN = —M—7 [2 + (1-u) cos2al cos(6=a) o =w==- (37)

brr
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iii) Uniform Load

Proceeding as before, we have from equation (24),

e
Also,
3 2 2
Eods . Lo
and
a3w _ 3gr
w3

Substituting these values into equations (29), we

obtain
M =z = r2(3+u) '
e
2
M = =4F (1+3y)
8 16 ’
-qr
Qr = -%. ’
and
Qe = Mre =0

Once again, substituting these values into equations
(25), (26), (27) and (28), we obtain the following expres-

sions for a uniform load.

3
gﬁ %%5 CoSa o = —mmmmsmeeceeceemece—c—me- (38)

2
= :§§— [(3+u) cosza + (1+3u) sinza] o === (39)

1]

=
'
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2
Myp = T4 (1-1) sin2a . ==mmemmmmecemeo- - (u0)
VN = :%E [4cosa + (1l-p) sinesin2el] o ==e=e-- (41)

The equations derived in the preceding paragraphs are
sufficient to solve many different plate problems where the
boundary conditions specify either fixed, free or simply

supported edges. Some examples follow,

2. Simultaneous Solution for Equivalent Loads
a, Circular Plate with Concentrated Load and Simply

Supported

As a first example, we seek a solution for the deflec-
tion of a circular plate of radius R, simply supported along
the boundary and loaded with a concentrated force P at the
center of the plate., As before, the number of points on the
boundary where the boundary conditions are to be satisfied
is N. Choose for the retracted boundary a circle of radius
R + D, centered at the same point in the infinite plate as
the circular plate. Let the points of application of the
equivalent loads be determined by the intersections of the
retracted boundary and the extensions of the radial lines
drawn through the N points along the boundary. Choose the

following values for the first example.

R 100 inches D 50 inches

N

8 P

10 pounds
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E 30 x 10° psi a = 500 inches

w = 1/4
Let the eight points be equally spaced around the boundary
as shown in Figure 10. Also, let the points of application
of the equivalent loads be denoted by N'. The center of
the plate is placed at the point (500,500) with respect to
the arbitrary axes shown, The boundary conditions of the
problem specify that at each of the eight points on the
boundary, the deflection and the moment normal to the
boundary must be zero, The deflection and normal moment
due to the applied load can be calculated at each of the
N points by using equations (21) and (31), where r = 100 in,
and a« = 0 for all points. Next, a pair of equivalent loads
is applied at each of the N' points on the retracted
boundary.

From Figure 11, the effect on the deflection and normal
moment at point i due to the unknown equivalent loads Qj
and Mj applied at point j can be calculated using equations
(21) and (31) and equations (22) and (35) as follows,

The deflection at point i due to the equivalent loads

Qj and Mj applied at point j is

2
.. .. r.. r..
_ i i i i
Wi = [gop log —=1Qy + [pap log (—4=) cose;IM, .

Then, the deflection at i due to all equivalent loads

is found by summation,
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Figure 10, Boundary and Retracted Boundary for a Circular

Plate.
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X

th Point

Figure 1l., Orientation with Respect to the 1
on the Boundary of the Equivalent Loads Applied

at the jth Point on the Retracted Boundary.
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8

W, = ) Wii o  eeeeeeeecececaee——- _———— (42)
1 521 ji

Also, the normal moment at point i1 due to the equiva-

lent loads at point j is

r.. Q.
Mji = ~[2(1+y) log _%_ + (3+u) cos aji]8n
. . M ]
-[(1+y) coseji - (1-w) SlnejiSlnzajijuwr-- >

ji
and the moment due to all equivalent loads is found by

summation.

At each of the eight points on the boundary, let the
deflection and moment due to the applied load be represented
by Wi and ﬁi respectively. Then, since the resultant
deflection and moment must be zero at each of the eight
points on the boundary, we obtain a set of 16 simultaneous
equations of the form

We + Wa =28 , = —occcmcecmecccc——e—ceaa- (4Y4)

and

- e CBO e G e R NEn WD WD N NS D CED GHS O GHD GED GRS WA aN b

=
+
=l
1]
o

-
Py
=
(62]
-

where
i= l’ 2, CRCACAE ) 80
The values of the unknown Qj's and Mj's were obtained

by solving the above equations using an IBM 1620 computer
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and plots of the deflection and moment along a radial line
were obtained. In this case, the radial line extends to a
point on the boundary midway between two balance points.,
These plots are shown in Graphs 1 and 2.

As a second example, consider the same plate with N
increased to 16. The length a is changed to 25, simply to
exhibit the arbitrariness of its value. A solution was
obtained as before and plots for the deflection and moment
along the same radial line are shown in Graphs 3 and U4,

From [1], the deflection at the center is .0155 inches.
Thus, for N = 8, a 15.5% error exists in the maximum
deflection, For N = 16, the error is 4.5%,

For the moments, the value from [1] is ,0690P at a
distance of 50 inches from the center, For the first
example, the error is 13% and for the second example, the
error is 4,33%,

The effect on the solution of different values for a

and different amounts of retraction will be discussed

later.

b, Circular Plate with a Concentrated Load and Clamped
Edge
Now, consider the circular plate used in paragraph a
with N = 8 but clamped along the boundary instead of simply
supported, Then, in addition to zero deflection at each

of the eight points on the boundary, the normal slope
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must also be zero.
The normal slope at each point on the boundary due to
the applied load can be calculated using equation (34), and

its value at the ith

point on the boundary denoted by §io
From Figure 11, the normal slope at point i due to

the equivalent loads at point j is

r.. Q-
. = : NS .
Sjl [2rjl log —== + rjijsn cosay;

r.. M.
i
+ [log —%— cos(eji+aji) + COSBjiCOSaji]E%ﬁ s

As before, the resultant effect due to all equivalent

loads is found by summation.

Thus, from the condition that the normal slope be zero
at each of the N points on the boundary, we obtain the
following equations,

§i + 8, =0 , where i =1, c.., 8

The equations for the deflection are the same as those
of equation (44) in paragraph a.

w, o+ Wi = 0 , where i = 1, 2.0, 8o

The above set of 16 simultaneous equations were solved
for Qi and Mi as before and a plot of the deflection along a
radial line extending to a point on the boundary where the

boundary conditions are satisfied, was obtained. See Graph 5.



5

i
T
[ e M

wvmmm JeTNOAT) vw&E‘

N

| ,

m:ﬂvmm m:# wcoﬂm coapowﬂmmaA

-5 ydeay’

—- _— S et A Se AT ok mner R T [
. j i i : i ;
i : : ' : , : i
i M i ! ! u : ' {
& H i } . H | A i H
I . . . , l : | : ‘ , : 4 N
- [ R i - H . B : i i - e 9T -
_" C © M i i 4 ; , ,. : : | 799103 ,
H ' H ! : : i : ' : . ;
! i . i i : | :
! ! @ : i w, - ! !
= — b e e e e ¢ e - - e e e T e T S NS SOG4 S
i , i ; : t | ! . : :
; i o . L : ; i :
“ © ”, ‘ ‘ , !
‘ : i - | i
L e e L - e . ! - B P - . - X
w W ! @ m : 1 - ;
: ! ' H . i i ; 1 i L] i
1 1 ! f
,v , , , ! ., i ! : +€800 H
! i H | | : 1 i
i ¢ 1 w i - H 4 . t B i
A P S ‘® 0 U S — -
: ; i N ; ; . :
! ! i ! i ! |
: ! N “ ‘ | © | d ” !
« ! : , b ot A i i Co i
v . | [ ' ! B I - - 4 ; = - 1
_ | ” , , © , r
P i ! A ; . , : ce
1 i H N
w7 X N ¢ . . o “ :
- i , _ ‘ m o SR
[ - R PR Fal ~ Y
f g ‘ 1 T -
| .H : P i i ; C - P ;
! i
; . , [ ‘ j o . . .
' _, : + i
, : i S i
H i
. ; - : , — ; : R - :
i ; i - ! : | ! !
| , ! ; ' A, | ; :
| : ; ;
H { i H i H
; ! : ! : . ] :
! : ;
b - ! s e = = - = e - e ——ee = - 1 R e St e e 14 - T e e
: ! s i . : i . H
; i B i ' 1 B . i
: -+ i
! : ! i mwoo .
i _ ; ; | i ! . m
- ; - : - i ; i R . - B
: : | : : ! ; i i
i ! ! i s H
: i : i : ! ! : 1
t ! : ¢ t , w -
Frrer o e - - e DR T aepe— - - — — .- — e e—— - _———— - —1 —— - T e e e B T D SN — T TE R ll.".lvurlw
; i : t : :
i : i : q
H H v } P Il . ;
. : . : : i L |
| i . | i
| w : . . i . e +99Tp*~ .
: ! ; ” ,_ !
i R : ! ; ! :
' ! : . ' i ' i ! {
: ! ' i . ¢ : V
S S I e =k e e . S S S - - - S S, i i ;




T

From [1], the deflection at the center is ,00597 inches.
Therefore, a 16,7% error exists in the maximum deflection

with N = 8,

c. Rectangular Plate with a Concentrated Load and Simply
Supported

Next, consider a rectangular plate, simply supported,
and located with respect to an arbitrary set of axes by the
coordinates shown in Figure 12, A concentrated load of 10
1bs. is placed in the center of the plate., The same
material properties and other constants used in paragraph a
are assumed for this problem with N = 16, Four points,
evenly spaced, are placed on each side,

The resulting 32 simultaneous equations were solved
for the equivalent loads and plots of the deflection and
moment along the centerline and the deflection along one
edge were obtained. These are presented in Graphs 6, 7,
and 8.

The maximum deflection was 1% larger than the value

obtained from [1] for this problem.

d. Triangular Plate with a Uniform Load and Simply
Stpported Edges
In this example, we consider a simply supported
triangular plate, located with respect to arbitrary axes in

the infinite plate as shown in Figure 13 and loaded with a
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Retracted Boundary

|
|
|
: (100,200) (200,200)|
|
|
! |
! l
: |
| — T —
! |
! 1
| |
| - b
| |
| |
: (100,100) (200,100) !
|
|
| |

Figure 12, Rectangular Plate as Part of an Infinite Plate.
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uniform load of .0l pounds per square inch., The following
values were assumed for the material properties and other

constants,

30 x lO6 psi

w = 1/4 t 1/2 in. E

u

a=11i1in. , D =50 in. , N = 14

The 14 points were distributed as follows. Five points
equally spaced between the corners of the sides of equal
length and four points equally spaced along the third side,
A plot of the deflection from the point (100,200) to the
point (200,200) was obtained. From Graph 9, the maximum
deflection occurs at the point (200,200),

In order to correct this anomalous result an additional
point was placed at (200,200) by the following method. The
triangle was truncated as shown in Figure 14 and one point
placed midway between the points A and B, Also, one extra
point was added along the side from point (100,100) to
point (100,300). New plots using the two additional points
were obtained for the deflection and moment along the center-
line, These are shown in Graphs 10 and 11,

The maximum deflection and moment obtained by the
reflection method as compared to those obtained by Conway

[5] for this problem are shown in Table 1,

e, Cantilevered Semicircular Plate
Consider a semicircular plate located as shown in

Figure 15. Let the boundary conditions be prescribed as
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| (100,300) N
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| (100,200) (200,200) >

(100,100) <
e
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s
I e Retracted Boundary

Figure 13, Triangular Plate as Part of an Infinite Plate.
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Simply Supported

(199.9,200,1)

Simply
Supported

(199,9,199.9)

Simply Supportecd

Figure 14, Location of Corner Balancing Points on a

Triangular Plate.
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TABLE 1

Comparison of Results Obtained by the Point Matching and

Reflection Methods

WM D
——ié—- Max Defl. Radius#
qh
Point Matching .002628 240 h
rReflection ,002743 .40 h
MMax
— Max Mom Radius#®
gh
Point Matching .0L39 .30 h
Reflection 0418 .30 h

*Radius equals distance from point (100,200) along

centerline,
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follows: fixed along the line AB and free along the semi-
circle ABC, Choose the same values for E, u, t, @ and D
as in the previous example. Let N = 16, Now, load the
infinite plate with a uniform load of .01 lb/in2u Place the
16 points as follows: four points evenly spaced along the
fixed boundary and twelve points evenly spaced between A
and C along the semicircular boundary, Number the points
in the manner indicated by Figure 15, Then, the boundary
conditions prescribe that for points 1 through 12, the
normal moment and Kirchhoff shear are zero, and for points
12 through 16, the deflection and normal slope are zero.

Now, center the uniform load at the point (100,200),
The bending moment (¥ ), and Kirchhoff shear (VN)i at
points 1 through 12 due to the uniform load can be calculated
using equations (39) and (4l),

The deflections Wi and slopes Ei at points 12 through
16 are calculated using equations (24) and (38),

From Figure 11, the normal moment at point i due to the
equivalent loads at point j is

r..

Yii = =[2(1+w) log —= + (3+y) cos’a,

(MN ji ji

Q

.2

+ (1+3p) sin ajij§% - [C1+w) coseji
M.

- - 1 . 1 . 4——
(1-w) 51nej181n2ajl]uﬂrji .
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(100,300) N

Retracted
Boundary

|
|
| (100,200) (200,400)
|

Figure 15, Semicircular Plate as Part of an Infinite

Plate
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)

1
Y. = ) ( .

My?si

Also from Figure 11, the Kirchhoff shear at point i due

to the equivalent load at point J is

--Q.cosa.i 2 M.
(VN)ji = —"%??Tfl_ + [(2+(1l=yu)cos aji>COS(eji-aji)]:_lT_
Ji ‘nrji
and
16
(Vs = jzl (Vs o

From the boundary conditicns of the problem, the

following simultaneous equations arise.

(Vg + (VN)i =0

and
M+ (HN)i = 0 where i = 1, .00, 12,
wo ot Wi = 0 .

and

S, + §- = 0 where 1 = 13’ o009 16,

The result of the solution of the above equations is
shown by plotting the deflection from point (100,200) to
point (200,200). See Graph 12.

The above problem was reworked using a concentrated
force of magnitude 10 1lbs, applied at point (200,200) instead

of the uniform load. Once again, the deflection curve is
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plotted between the same points and presented as Graph 13,

f. Cantilevered Triangular Plate

As a final example, consider the triangular plate shown
in Figure 13, loaded at the poinf (200,200) with a concen=-
trated force of magnitude 10 1lbs., and subject to the
following boundary conditions., The portion of the boundary
from the point (100,100) to the point (100,300) is fixed and
the remainder of the boundary is free, All constants have
the same value as in paragraph d except N. The equations
for Mi and Qi are obtained in a manner similar to that used
in paragraph e,

peginning with N = 10, we increase N until no appre-
ciable change occurs in the maximum deflection. The N
points are located as follows: four points equally spaced
along the fixed edge and the rest divided equally between
the free edges., Table 2 compares the maximum deflection

for N = 10, 12, 1% and 16, Since little change occurs in

the deflection for N = 14% and N 16, values of N greater
than 16 were not used,

The plot of the centerline deflection with N = 16
(Graph 14) is followed by plots of the centerline moment and
of the deflections and slopes along the fixed end and moments

and shears along one free edge.

Using a strength of materials approach, the maximum
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deflection was estimated to be .08 inches, which is over 50%

less than the value predicted by the Reflection method.

3. Plates with Holes

The Reflection method, as outlined in the previous
paragraphs, can be used, with only slight modification, to
solve problems of plates with holes., For such a plate,
the retracted boundary would no longer be a continuous curve,
but would be broken into a finite number of curves, depending
on the number of holes,

Consider the plate shown in Figure 16. Let N, be the
number of points on the outer boundary and N2 the number of
points on the inner boundary where the boundary conditions
are to be satisfied., Then the retracted boundary can be
broken into two segments (see Figure 16) where Ny equivalent
loads are to be applied along the outer retracted boundary
and N2 equivalent loads along the inner retracted boundary.
The effect on the deflection, slope, moment and Kirchhoff
shear at points along both boundaries of the plate due to
any applied load can be calculated using the previous
formulas where the angle aij is defined as the angle between
the radius rij and the inward normal with respect to the
plate, as shown in Figure 17. The deflection, slope, moment
and Kirchhoff shear induced at points on both boundaries by
equivalent loads applied along the outer retracted boundary

can also be calculated using the previous formulas where
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TABLE 2

Maximum Deflection of a Cantilevered Triangular Plate for

Different Values of N

Maximum
N Deflection
10 » 1007
12 - 1645
14 »1778

16 01773
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o5 5 is defined as shown in Figure 18. For equivalent loads
applied along the inner retracted boundary, the angle I
is defined in Figure 19,

With the above definitions, and proceeding as in the
previous paragraphs, we could obtain a set of 2(Nl + Nz)
simultaneous equations for the unknown equivalent loads.

For more than one hole, the same procedure of placing

the retracted boundaries inside the holes and for defining

the angles aij would be followed.

4, Effect of Retraction

The effect on the solution of different amounts of
retraction was investigated for the circular plate problem
discussed in paragraph a with N = 8., Five different values
of the retracted distance D were used, The maximum deflec-
tion and the deflection and moment on the boundary at a
point midway between two balance points were obtained using
each value of D, The results are presented in Table 3,

The only appreciable difference in results occurs when
D = 5 inches. In this case, an examination of the values
for the deflection and moment at the boundary indicates
that the equivalent loads have been placed too close to the
boundary for only eight balance points, For example, the
moment on the boundary for D = 5 is 40 times as large as
the moment for D = 500,

The maximum value of D appears to be limited only by
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the number of significant figures retained in the numerical

computations.,
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TABLE 3

Effect of Retraction on the Maximum Deflection and on the

Deflection and Moment at the Boundary for a Circular Plate

with N = 8
D W max w boundary M boundary
5 ,03431 -,00132 3,149
25 01347 -,00115 +,0977
200 01311 -,00127 . -.11k
500 »01324 -,00132 -,0787
5000 01325 -,00132 -,0787

inches inches inches ine.-1b,
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V. DISCUSSION

The Reflecticn method, as outlined in Chapter IV,
presents a new approach to the problem of obtaining numerical
solutions for plates subjected to transverse loadings. The
method of solution can be applied to plates with any arbi-
trary shape and applied with equal facility to either simple
or complex shapes., The boundary conditions can be specified
as desired along any portion of the boundary.

The accuracy of the solution depends on how well the
boundary conditions are satisfied, which, in turn, depends
on the magnitude of N, Since the coefficient matrix of the
resulting 2N simultaneous equations is very ill-conditioned,
large values of N should be avoided unless absolutely
necessary., Where necessary, a large number of significant
figures must be carried in the solution in order to insure
accurate results, For the examples in Chapter IV, 14
significant figures were carried in the solution of the
simultaneous equations,

In an attempt to avoid solving a large number of simul-
taneous equations, an iterative procedure similar to the one
employed for beams was developed, Unfortunately, convergence
of the iterative procedure could not be obtained despite
several variations in approach, These procedures were
checked and found to be satisfactory and rapidly convergent

for better conditioned matrices than those which arose



-82-

from the example problems,

In most problems where the plate can be represented as
a simply connected revion in the infinite plate, a value for
N in the range 16 to 20 would be sufficient to achieve a
close approximation of the required boundary conditions along
the entire boundary. In general, the greatest difficulty in
satisfying the boundary conditions usually occurs at sharp
corners, similar to the problem encountered in the triangular
plate problem discussed in paragraph d of Chapter IV, By
dulling the corner as explained in the paragraph, a minimum
increase in N alleviates the problem,

Sometimes, as in the rectangular plate problem of
paragraph c, a good approximation of the boundary conditions
can be achieved without special attention being paid to the
corners, Thus, the determining factor in selecting a value
for N is that minimum number which produces acceptable
conditions along the boundary of the plate. Plots of
measures of deviation from the boundary conditions can easily
be obtained and any necessary increase in the value of N,
and the most effective location for the additional points,
can be determined from those plots,

The value of the constant a was found to be completely
arbitrary since the use of different values had no effect
upon the solution,

The magnitude of the retracted distance D exerts a
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varying influence on the solution as demonstrated in Section
4 of Chapter IV, If D is taken too small, then the influence
of the equivalent loads on the portion of the boundary
between the balance points can be significant and a large
value for N would be necessary to insure close satisfaction
of the boundary conditions, This undesired influence
decreases rapidly as D increases., Thus, from Table 3, while
an increase in D from 5 to 25 inches had a very noticeable
effect on the solution, an increase from 25 to 5000 inches
produced almost no variation in results. Therefore, while
D is arbitrary, care should be taken not to place the equiv-
alent loads too close to the boundary for the particular
value chosen for N or too far from the boundary so as to
greatly increase the number of significant figures necessary
for a solution.

In paragraph d of Chapter IV, the solution by the
reflection method was compared to a solution of the same
problem by Conway [5]. The point matching method, as used
by Conway, requires functions which satisfy the governing
fourth order differential equation for thin plates and also
satisfied exactly the boundary conditions along one edge.
This method appears to be limited as to the type of loading,
shape of the plate and to problems with constant boundary
conditions along at least one edge.

One of the most powerful methods of obtaining numerical
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solutions is the method of finite differences [6]. In this
method, the domain of the plate is divided into a net with
n inner points and n finite difference equations are obtained
which must be solved simultaneously. Usually, the number of
finite difference equations would be approximately the same
as the number of equations obtained by the Reflection method.
Also, finite difference equations usually produce well
conditioned coefficient matrices which are readily solvable.
However, considerable difficulty is introduced into the
finite difference method by irregular boundaries, which is
not present in the Reflection method. Moreover, a single
computer program, such as presented in the appendix, which
is capable of developing and solving the equations for a
large variety of problems, is not feasible for the finite
difference method.

In the problems worked in Chapter IV, the advantages
of symmetry were not used, although they would have greatly
reduced the number of equations in each case. However, if
symmetry is used, a different computer program would be
required for each problem, but the number of equations 1is
greatly reduced.

Based on the results of this thesis, a single computer
program, similar to the one in the appendix, could be
written for a large storage capacity digital computer which

would be capable of solving almost any plate problem,
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limited only by the assumptions in Section 1 of Chapter

IV,
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APPENDIX

Computer Program and Discussion

The following program, written in Fortran II for the
IBM 1620 digital computer, can be used to solve many differ-
ent plate problems of the type illustrated in Part 2 of
Chapter IV,

The program is divided into three parts or passes,
Pass 1, as presented in this appendix, sets up the simul-
taneous equations and punches them out on cards., Pass &a.
reads in the simultaneous equations and solves them for the
equivalent loads [8], Pass 3 reads in the equivalent loads
and can calculate the deflection, slope, moment or Kirchhoff
shear at any point [81],

For any particular problem, the following data must

be supplied in Pass 1.,

N - number of balance points

NC - number of corners on the boundary

NBC - number of different boundary conditions
AL - arbitrary length a

D - retracted distance

XC,XY - coordinates of arbitrary center of a unifrom
load
M - number of applied loads

Q - intensity of uniform load



-30-

E - modulus of elasticity

ANU - Poission's ratio

H - plate thickness

PL(I) - magnitudes of applied forces

CM(I) - magnitudes of applied moments

XL(I) ,YL(I) - coordinates of applied loads

LBC - last point on the boundary where a certain
boundary condition applies

KBC = kind of boundary condition for each region of
the boundary described by LBC(I)

ND - number of balance points between each corner

XR(I) ,YR(I) - coordinates of the corners



PASS 1T A
DIMENSION X(17)eY(17)sFL(S )oCHMIS JoXL(D )oYLID )sA(329353)a(32) s
IWI(16) «21(16)ePT(15)sTr(16) sLoC(8) » £8C(8)
COMMONX oY s AL sl s D e 3ETI oHETJ s ALP o THE o FReN s R s ANUeLesP T ol osZe 15 eXCaYCoy
IPLeCMaXLeYL eMallzC oo Ceivn . MNP e iNewW Il o] e P T o9
Pl = 341415927
CALL ASSX
CALL SIML
PUNCH Lls (Teb(I)sl = 1sMN)
1 FORMAT(IZ2.E14e8)
STOP
END
SUBROUTINE ASSX
DIMENSION XOL7)sY(17)sPLA{E JoCM({5 JeXL{2 ) eYL(S )sA(32933)e(232) s
IWI(L1E) e BEI(16)PT{16)sTM(16) +LBECIB) » KBC(8)
COMMONX oY e AL oL oD aZETI oBETJ e ALF o THE s FR oM e R o AN gl oP T oA s s ISaXUaYCs
IPLsCMeXL s YL oo LEC oKECoNEC MNP o MNsWI ol o P T o TH
READ 48 e NaNConECaALSDsXTvC
48 FORMATI(ZIL.4E1Ce4)
READ 45 "‘"K'L‘.L’F\ et
40 FORMAT(I444210e04)
READ 4o (PLIT)sCH(T)eXL{I)seYL(I)sl = 1sM)
FORMAT(4ELIC4)

READ Se(LoC(I)exel(I)sl = 1ahcC)
NR= NC+1
RoAD 5 (ND (1) sI=1sNC)

5 FORMATI(1714)
READ 6-(X”(I)9YR(I)91219NQ)
& FORVA (2E1Ca4)
FR = & _**3/(12.0 (1 eQO—AMUK®2))

JPREY = O
DO 20 I = LAsSLE
BeeETA = ANGIYZ2(I1)sY1(I) %2(139X1( C)
DIST = SURTF(XZ(I)=X1(I))y%*2+(Y ( ) =YL (I )®x2)
NG = NDUTY+1
Civ = ND(I)
vliv = DIST/DIV
DO 21 J = 1.NDI1
K o= J+JPREV
vV o= J=-1
FRAC = VDIV
X{K) = X1I(I)+FRACXCOSFI(RETA)
21 Y(K) = YI(I)+FRACHSINF(ZFTA)
20 JPREV = «-1

RETURN

END

FUNCTION ANG(TZsT1ez2sb1 s NORM)
PI = 241415927

IF(NORM) 14241

A = R2-R1

B o= T1-T2

—

GO TO 3
2 A = T2-T1
2 = RO-R]I

2 IF(A)Y1Ce14 44
4 TF{Z)546e7
10 TF{P)5.8.9
T4 TF(R)II39136411



12 ANG = PT
RETURN
11 ANG = 0,0
RETURN
ANG = PT 4+ ATANF({A/R)
RETURN
6 ANG = PI/2.0 !
RETURN
7 ANG = ATANF({A/D)
RETURN
8 ANG = 3.0%P1/2
RETURN
Q ANG = 2.0%PI+ATANF(A/B)
RETURN
END
SUBROUTINE STML
DIMENSTON X(17)9Y(17)ePL(5 ) o CMS ) e XL {5 JsYL(D )sA(32933)sB(32),

L

« 0

’\)

1YL16)-81(16),PT116),TH(16)  5LEC(B) 5 KBC(S)
COMMONX oY s AL o DL « D e BETI ot TJsALP o THE s FR sN o R s ANU QU s P T osAsta IS e XU aY Ty
IPL,CMeXL.YLsM,LbC,KuCgth, Mi P,M’;hlsLIaPTeTh

MN = 2¥N
MMP = MN+1
DO 100 I = 1sMN
DO 100 J = 1sMNP
100 A(TsJ) = 0u0
CALL ARRAY
TF(SFNSE SWITCH 21641
IF(CFNQF SWITCH 3)4e?
READ 3s((KslLshA{Tad)ad = 14MN)sT = 1sMN)
FORVAT 213.F1448)
GO TO
READ Ss((A(Isd)ed = 1sMN)al = 1sMN)
FORMAT (5E1L48)
1 CALL TRI(I1sMN=1sMN=14MNP)
CALL SOLR
RETURN
END
SUPRAIITING ARRAY
DIMENSION X(17)seY(17)sPL(5 1 aCM(5 )sXL{5 )sYL(5 )sA(32533)sB(32),

w Ny O

B

ITWI(16).B3I(16)PT(16).TM(16) JLBC(8) + KBC(8)

OMMONX oY o AL o BL e D e RETT «BETJeALP ¢ THEsFRoNaR e ANUsQaP I sAsBeaISeXCaV¥Co
IPLsCMaXL oYL aMalL3CeK3CanNCoe MNP oMM s WI s BT o PT o T

D0 1 T = 1N

IN = T+N

BETL = ANG{Y(I)sY(I+1)aX{(I)eX(I+1)s1)
CALL CORD(XPIsYPI sl «PXIoPYIeBETI)
LM NEC+1
Do L = 1.NBC
3 LM LM=1/(1+T1/1LRC(L))
Is KBEC(LLM)
TF(SENSE SWITCH 2)8.,9
S N R T B Y
J’\‘ = J+N
BETJ = ANG(Y(J+1)sY(J)sX(JF+1)eX(J)s1)
CALL CORD(XPJeYPJoaJdePXJsFYJWBETJI)

CALL RAD(PXJsPYJsXPIsYPI)
2 CALL COEF(1e2lesReALPsTHESISsAlTIsd)sAlTeIN)sAINsd)sal[NsINY)

[IEOS I

‘n



o] ’TCTJ - N -

AlLLL 1LOA FI(XDiov
[\(Inl{\‘p) = LI(I
1 A{IN«MNPY I
IF(SENSE
11 ITF({SENSE
6 TF(SENSD &
12 PUNCH L14e((Aa(lsJ
1 FORMAT(Bri4aR)
o0 T 1N
12 PUNCH &, J
FORMAT(212 .51
3
In

ﬁ

2915

)

)
211066

)

o = Llebi) el = 1 eMiN)

AlTad)sd = TediN)al = 1.MN)

DIUINCH &

SUEROUTINTG CORUIXPoYP el ePXePYari T)

DIALNSIUN XEL1T7)Y oY (1T7)ePL(5 )aCin(5 ),XLLD JoYL(S Y eA(3Z2e30)en(22) s
W1 (16 )1t 75) FTOLE)«THM{16) o LD s KEC(8)

ku‘NUwX- cAL el slen Tl srbETJenlP Tl WQﬂﬂeReéNi9@9Pl9%9ﬁ9159XC9YC!

1PL « CHMa Xl o YL o=.~'.,-L_‘JLeKt‘.Cef\i‘”‘:- MNP aviN oW o T oPT o Tiv

KT = 1+1

XP = (X{T)+X (K

YR = (Y)Y ((

PX = XRP=DxCHS

DV = VYP-N®GTIF

RETLRN

FMD

SUBROUTINE RAU(PX «PY s XPaYP)

DIFMENSION X{UL17) oY I(L1T7)ePL(5 1aCii(o JeXL(3 YaYLI(5 ) aA(32s33)e0(32)

ST (L6 ) eI (16 ) ePT(1E)TH{16) L C(8)Y « <BEC(H)

COMM‘IX Y‘HL*VLﬁ) li ~ETJ-ALP-THteFR9He¥9AHU,Q,PIeA;éelbexﬁsYﬁa

Pl eCMeXL oYL oo LAC ez MNP eMN el ] o 2T o PT o Th

R = SQRTF((PX- YP)*’

LA EMGIYP «PY o XP

AP = CFETI=RLM

THE = RIM=EFTY

et

H

t

iR - COLF (P et eS ol TaPrt o [SaFlaF2eF2aF4)
CIvENMSTION XOZ7)eY(LT7)sPL(D ) alri{D JexL (D JeYL(D ) ea(32:32)en(32)
1WI(16)Ye2I(16)PT(16)Ti{16) oLoC(8) & KeC(8)
COMMOMX aY el ool albec Tl et TJeabP e Titm aFReiNeRsAN e eP lolsss ]S eXLaYCe

IPLaCHMaXL g Yl oo LinCakaCanriCa NP el e w [ e T 4P T o T

CO TO(1el-2).1C
1 F1 = DEFP(PSALoFR)
T2 = DEFM(EMaSLl o PHE o FR)
GO TO(2.4).18
3 F3 = CSLOP(PSeALALTFR)
F = SLOMEM SO A AL T ePHELFR)

PeS«ALT)
2l e S e ALT e PHE « ANLI)
D e S el e LT oAU

o S e FHE a AL T e ANLY)
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CALL LOADB(XSsYSsdsISsPT.TM)

CONTINUE

CALL PLOT(WIsRAS1s114s4)

PUNCH 158

PUNCH 160s BETA
CALL PLOT(BIsRAsLls1ls4)

PUNCH 15¢
PUNCH 160. b
FORMAT (11HOR
CONTINUE
RETURN

END
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ABSTRACT

The problem of determining the deflection and stress in
a plate under transverse loading can be approached by first
considering the plate to be a portion of an infinite plate,
ignoring the prescribed boundary conditions., The known
loads are then applied to the infinite plate and their
effects are calculated at those points which correspond to
the boundary of the original plate., A system of suitably
chosen loads and moments is then applied on the infinite
plate at points beyond the boundary of the original plate
such that the prescribed boundary conditions are satisfied.

For an exact solution, the number of external loads
and moments would have to be infinite, However, in order
to deal with the problem numerically, only a finite number of
each are considered. Thus, solutions are obtained by
satisfying the boundary conditions at only a finite number
of points, The method is illustrated for beams and then
extended to plates,

Several problems with known solutions are solved and
the results compared with the exact values, Also, plots of
the deflection and moment along the centerline of a canti-
levered triangular plate are presented,

Discussions of the problem of plates with holes and
the effect on the solution of various placements of the

balancing loads are also presented.



An IBM 1620 digital computer is used to facilitate

calculations,



