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�."�"#"$"���(�!''�"((�$&��!)�!(��"�"�$!�"��%*�$!�!$!B!�0��."�,��"��!&#�"�"�0*

�'��."�!��"�'& "�-!�.��"(," ������."����&#��."��!(,#& "$"��(+�-.! .�!(�& .!"2"�

%*��!''"�"��!&�!���-!�.��"(," �����GdH����."��"(�#�!�0�(�!''�"((�$&��!)�!(�0!2"��%*D

K N T k T NEL
RD RD= � T T

dA
A

-."�"D K EL : �."�"#"$"���(�!''�"((�$&��!)

�."�!��"0�&#�!��	E�&�!��������!(��*,! &##*�"2&#�&�"��%*�(�$"��*,"��'���$"�! &#

!��"0�&�!��+�(� .�&(�@&�((�E�&��&���"���@���$&��"��&#��5����6�!��"0�&�"���."

(�!''�"((�$&��!)�"E�&�!���")& �#*+�%���'���$��"�0"�"�&#�,��%#"$(+�!��!(�$��"

 ��2"�!"�������("���$"�! &#�,�� "���"(�������!(���5���=6�(.�-"���.&��'��

,#&�"�(��&!��!��"�'& "�"#"$"��(�%&("�����	E�&�!�������+��"-���/���"(

!��"0�&�!���!(�,�"'"��"���2"��@&�((�!��"0�&�!���������,#&�"�(��&!��!��"�'& "

"#"$"��(+��."��("��'��"-���/���"(�!��"0�&�!����"�� "(����"#!$!�&�"(�,��%#"$(

-!�.��( !##&�!����'�(��"(("(�!��&�C& "���!��"�'& "�"#"$"��(�5I�!�"��&#������+

� ."##"4"�(�&����"�
��(�����1+�����!(������=6����(�-!##�%"�(.�-��#&�"�+��."��("

�'��"-���/���"(�!��"0�&�!���'���&)!(*$$"��! �!��"�'& "�"#"$"��(� �"&�"(

&��!�!��&#�,��%#"$(+�&���&(�&��"(�#�+�@&�((�!��"0�&�!���!(�(�!##��" �$$"��"��'��

!��"0�&�!�0�&)!(*$$"��! �!��"�'& "�"#"$"��(�

	E�&�!�������

	E�&�!�������



�	����























�������
��


���
	�
���
����
��










































���

�."�&�"&��'�!��"0�&�!���!��	E�&�!��������!(��."� ���& ��&�"&��'��."�!��"�'& "+

-.! .�!(�����!���."�,#&�"��'��."�$"(.�'���"!�."��,#&�"�(��&!�����&)!(*$$"��! 

,��%#"$(����"�&!#(��'����/�'/,#&�"�$&,,!�0��"#&�!��(.!,(�'���%��.�&)!(*$$"��! 

&���,#&�"�(��&!��'��$�#&�!��(�&�"�,��2!�"��!���,,"��!)������."����/�'/,#&�"

&�"&�!(�$&,,"��!�����."��&���&#� ����!�&�"�(*(�"$��(!�0��."�'�##�-!�0

�"#&�!��(.!,D

dA d d
A

x y�� ��= +∂
∂ξ

∂
∂ξξς

ξ ς2 2

-."�"D ξ : �&���&#� ����!�&�"�&#��0��."�!��"�'& "�!���."�$"(.
ς : �&���&#� ����!�&�"�,"�,"��! �#&������."�,#&�"��'��."�$"(.

����,#&�"�(��&!��&�&#*(!(�-!�.�&���!���.! 4�"((�5z�:��6+�	E�&�!�����3���"�� "(���D

dA d
A

x y�� �= +∂
∂ξ

∂
∂ξξ

ξ2 2

	E�&�!�������� &����-�%"�!��"0�&�"����$"�! &##*+�&(�&##��"�$(�&�"�'�� �!��(��'

�."�(.&,"�'�� �!��(�����."��"�!2&�!2"(��'��."�(.&,"�'�� �!��(�-!�.��"(," ������."

�&���&#� ����!�&�"(+�-.! .� &��&##�%"�"2&#�&�"���!�" �#*�&���."�!��"0�&�!��

,�!��(�

����&)!(*$$"��! �&�&#*(!(+�	E�&�!�����3���"�� "(���D

dA r d
A

r z�� �= +2
2 2π ξ∂

∂ξ
∂
∂ξξ

�'��."� ����!�&�"�r�!(�!��"�,�#&�"���(!�0��."��&0�&�0!&��!��"�,�#&�!���'�� �!��(

&����."����&#� ����!�&�"(+�	E�&�!�������� &��%"�"2&#�&�"����$"�! &##*�'����."

&)!(*$$"��! � &("������!(�!$,���&���������"��.&��!��	E�&�!�����33+��."��&�!�(�r�!(

�����" "((&�!#*� ��(�&���&#��0��."�"#"$"��+�&����."�"'��"�$�(���"$&!��!���."

!��"0�&������.!(�,�!���!(��'�"��$!(!��"�,�"�"�+�&(�!��!(��"$,�!�0����$�#�!,#*��."

(�!''�"((�$&��!)�'���,#&�"�(��&!��&�&#*(!(�%*�&�'& �����'�2πr����&  �����'����."

	E�&�!�����3�

	E�&�!�����3�

	E�&�!�����33



�	����























�������
��


���
	�
���
����
��










































��3

���
�������'��."�"#"$"���,"�,"��! �#&������."�,#&�"��'��."�$"(.����0"���."

(�!''�"((�$&��!)�'���&)!(*$$"��! �&�&#*(!(����.!(�!(�!� ���" �+�&(� &��%"�(""�

'��$�	E�&�!�����33����'��."�!��"�'& "�!(���!"��"��2"��! &##*+�(���.&���."��&�!�(

��"(�����2&�*�&#��0��."�!��"�'& "+�$�#�!,#*!�0��."�,#&�"�(��&!��(�!''�"((�$&��!)

%*�2πr�-!##�0!2"��."� ���" ��&)!(*$$"��! �(�!''�"((�$&��!)�������&##���."�� &("(+

�."�(�!''�"((�$&��!)�-!##�%"�!� ���" �����."� ���" ��"),�"((!���'����."�(�!''�"((

$&��!)�'����."�&)!(*$$"��! +�$&,,"�+�!(�,&�&$"��! �!��"�'& "�"#"$"���!(D

K N T k T NEL
RD RD= ⋅ ⋅ +�

��
�
��−

+�2
2 2

1

1
π ξ∂

∂ξ
∂
∂ξ

T T
N r r z di i

N
i

N
i

i i� � � �

-."�"D NRD :
− −

− −


��

�
��

N N N N

N N N N
1 2 2 1

1 2 2 1

0 0 0 0

0 0 0 0

: !��"�,�#&�!���'�� �!���$&��!)�'����"#&�!2"��!(,#& "$"��(

T :
1

2 2∂
∂ξ

∂
∂ξ

∂
∂ξ

∂
∂ξ

∂
∂ξ

∂
∂ξN N

i

N
i

N
i

N
i

N
ii i

i i

i i

r z

r z

z r⋅ + ⋅

⋅ ⋅
− ⋅ ⋅



�
�
�

�

�
�
�� � � �

: �."���&�('��$&�!���$&��!)
k : �."�$&�"�!&#�,��,"��*�$&��!)

Ni : �."�!��"�,�#&�!���'�� �!��(
ri : �."�r� ����!�&�"�&�����"�i
zi : �."�z� ����!�&�"�&�����"�i
ξ : �."��&���&#� ����!�&�"�&#��0��."�!��"�'& "

���	E�&�!�����31+��."�(�%( �!,��!��! &�"(�(�$$&�!����2"���."���$%"���'����&#

,&!�(�-!�.�!�"��! &#� ����!�&�"(�

����"2"#�,!�0� �$,��"��,��0�&$(�'���'!�!�"�"#"$"���&�&#*(!(+��."�,�& �! "��'

(!$,#*�$�#�!,#*!�0��."�,#&�"�(��&!��(�!''�"((�$&��!)�%*�2πr�(.��#��%"�&2�!�"�+

&����."�"#"$"���(�!''�"((�(.��#��%"�!��"0�&�"�� ���" �#*����&2�!����")," �"�

�"(�#�(�&(�&� ��("E�"� "��'�!�")& ��(�!''�"((�!��"0�&�!���

	E�&�!�����31



�	����























�������
��


���
	�
���
����
��










































��1

�	������������������������������	��������	����������	�
���������

�(����"��,�"2!��(#*+��."�!��"0�&#�!��	E�&�!�����31�!(��*,! &##*�"2&#�&�"�

��$"�! &##*��(!�0�"!�."��@&�((�E�&��&���"�����"-���/���"(�!��"0�&�!������."

!��"�,�#&�!���'�� �!��(�&����."�(,&�!&#��"�!2&�!2"(��'��."�!��"�,�#&�!���'�� �!��(

-!�.��"(," ������."��&���&#� ����!�&�"(� &��%"� �$,��"��&��"& .�!��"0�&�!��

,�!��+�&����."����&#� ����!�&�"(�&�"�4��-�� ��(�&��(�'���"& .�"#"$"��������

�"-���/���"(�!��"0�&�!��+��."�!��"0�&�!���,�!��(�&�"�#� &�"��&���."����&#

,�!��(����."�#� &�!��(��'��."�!��"0�&�!���,�!��(�&���2&#�"(��'��."�!��"�,�#&�!��

'�� �!��(+�!��"0�&�!���-"!0.�(+�&����"�!2&�!2"(�-!�.��"(," ������&���&#

 ����!�&�"(�'���&�#!�"&��!��"�'& "��(!�0�(" �������"��!��"0�&�!���'���%��.�@&�((

!��"0�&�!���&����"-���/���"(�!��"0�&�!���&�"� �$,&�"��!���&%#"�����

�&%#"�����/���$,&�!(����'����"0�&�!�����!��(�'���@&�((
���"0�&�!���&����"-���/���"(����"0�&�!��

$!�##�������	 $!�##�������% �&�����'
��'�	

�&�����'
��'�%

ξ /��=��1=�3����� ��=��1=�3����� /� �

���'�(�' � � � �

N1 �������=�1;=�= ��3��13;��=;�� � �

N2 ��3��13;��=;�� �������=�1;=�= � �

dN1)dξ /��= /��= /��= /��=

dN2)dξ ��= ��= ��= ��=

7(!�0��"-���/���"(�!��"0�&�!��+�&��&�*�!��"0�&�!���,�!����."�!��"�,�#&�!��

'�� �!��(�&##�.&2"�2&#�"(��'�"!�."������������.!(+�!��"''" �+��� ��,#"(��."����"(

&#��0��."�!��"�'& "+�(���.&���."�%".&2!����'��."�!��"�'& "�!(�0�2"��"����#*�%*

"& .�,&!���'����"(�-!�.�!�"��! &#� ����!�&�"(+�&�������%*��."���."�����&#�,&!�(

&#��0��."�!��"�'& "����#�.��0.��."��("��'��"-���/���"(�!��"0�&�!���.&(�%""�



�	����























�������
��


���
	�
���
����
��










































��;

(.�-������"�� "�(��"((��( !##&�!��(�!��!��"�'& "�"#"$"��(�5����!(������=6+

,��%#"$(� &��&�!("�-."���(!�0��"-���/���"(�!��"0�&�!���'���&)!(*$$"��! 

&�&#*(!(�

�'�&����"� ���" �"�����&��!��"�'& "�!(�#� &�"��&#��0��."�&)!(�r�:��+��"-���/

���"(�!��"0�&�!���-!##�,��2!�"�"����"��(��"(�#�(����.!(�!(�%"(��!##�(��&�"��%*

 ��(!�"�!�0�&��")&$,#"��'�&�#!�"&��!��"�'& "�"#"$"����(!�0��"-���/���"(

!��"0�&�!�����	E�&�!�����31+�-.! .��"'!�"(��."�(�!''�"((�$&��!)�'����.!(�"#"$"��+

 &��%"�"),&��"������%�&!��&�$��"�"),#! !��'��$�&(�'�##�-(D

K

TkT TkT TkT TkT

TkT TkT TkT TkT

TkT TkT TkT TkT

TkT TkT TkT TkTEL =

− −
− −

− −
− −




�

�
�
�
�
�

�

�

�
�
�
�
�

⋅ + +�
��

�
�� + +
�
��

�
��

�

�
��

�

�
�� ⋅

−

+�2

1
2

1 2 1 2 1
2

1 2 2
2

2
2

1 2

1 2 2
2

2
2

1 2

1
2

1 2 1 2 1
2

1 1 2 2
1

1
2

2

2

1
1

2
2

2

1

1
π

∂
∂ξ

∂
∂ξ

∂
∂ξ

∂
∂ξ ξ

N N N N N N

N N N N N N

N N N N N N

N N N N N N

N r N r
N

r
N

r
N

z
N

z d� �

-."�"D TkT : T k T
T ⋅ ⋅


"$"$%"�!�0��.&��&�����"�i��."�2&#�"��'�Ni�!(���&����."�2&#�"��'�&##���."�

!��"�,�#&�!���'�� �!��(�!(��+��."�"),�"((!���'����."�(�!''�"((�$&��!)�'����.!(

"#"$"���%" �$"(D

K

TkT TkT

TkT TkT

TkT TkT

TkT TkT

EL =

−
−

−
−




�

�
�
�
�
�

�

�

�
�
�
�
�

⋅ + + + + ⋅

∑2

0 0

0 0

0 0

0 0

1
2

1
2

2
2

2
2

2
2

2
2

1
2

1
2

1 1 2 2 1 2

2

1 2

2
1 2 1 2

π

∂
∂ξ

∂
∂ξ

∂
∂ξ

∂
∂ξ

N N

N N

N N

N N

N r N r r r z z

IP

N N N N� � � � � � � �Int.  Wt.

��%(�!���!�0�2&#�"(�'��$��&%#"�����'����."��"-���/���"(�!��"0�&�!���,�!��(

*!"#�(D



�	����























�������
��


���
	�
���
����
��










































��=

K

TkT TkT

TkT TkT

TkT TkT

TkT TkT

EL = �
��
�
�� ⋅ − + −

⋅

−

−




�

�
�
�
�
�

�

�

�
�
�
�
�

+
−

−




�

�
�
�
�

�

�

�
�
�
�

�

�

�
�
�
�

�

�

�
�
�
�

2
1

2

0 0

0 0 0 0

0 0 0 0

0 0

0 0 0 0

0 0

0 0

0 0 0 0

2 1

2

2 1

2

1 2

π r r z z

r r

� � � �

� � � �

�'�"!�."���'��."�,&!�(��'����"(��"'!�!�0��."�!��"�'& "�!(�#� &�"��&��r�:��+���"��'

�."��-�� ��(�!��"���$&��! "(�!���."�"),�"((!���&%�2"���"(����� ����!%��"�����."

"#"$"���(�!''�"((�$&��!)����."��"(�#�!�0�B"���(�!''�"((��"�$(+�-."��&(("$%#"�

!�����."�0#�%&#�(�!''�"((�$&��!)+��"(�#��!����� ����!%��!���'��$��."�!��"�'& "

"#"$"�������."�0#�%&#�(�!''�"((�%"�-""���."��-�����"(�-."�"�r�:������!� "��.!(

,&!���'����"(�!(����� ���" �"��%*�&�*���."��"#"$"��(�!���."�(��� ���"+��."

���"(�&�"��� ���" �"��!���"�$(��'�0#�%&#�(�!''�"((����(�&��"(�#�+��."�"�!(���

"�"�0*�&((� !&�"��-!�.��."��"#&�!2"��!(,#& "$"����'��.!(�,&!���'����"(+�&����."

"�"�0*��"(�#�!�0�'��$��!(,#& "$"��(�&���.!(�,&!���'����"(�!(���"���#*����(��&!�(

!���."�&�C& "����-�/�!$"�(!��&#�"#"$"��(����.!(�(!��&�!���-��#��%"�&�&#�0��(

����"'!�!�0�&�$"(.��'��-�/�!$"�(!��&#�"#"$"��(+�%���!0���!�0��!(,#& "$"��

 �$,&�!%!#!�*�&����"����"��������."��-���(+��."�"�!(��"!�."���!(,#& "$"��

 ���!��!�*�& ��((��.!(�,&!���'����"(�-!�.�!�"��! &#� ����!�&�"(+�����!(��."�"�&�*

(�!''�"((��"�$� �����##!�0��."��"#&�!2"��!(,#& "$"����'��."��-�����"(���8."�

&�&#*B!�0�&��&)!(*$$"��! �,��%#"$+��."��&�!&#��!(,#& "$"��(�&#��0��."�r�:��

#!�"�5�."�z/&)!(6�&�"��*,! &##*� ��(��&!�"��5u�:��6+�(���."�B"���(�!''�"((��"�$(�.&2"

���"''" ������."��&�!&#��!(,#& "$"��(����'��."�!��"�'& "�!(�������!"��"��!���."

.��!B���&#�,#&�"+�.�-"2"�+��."�(."&���!(,#& "$"���!(���"�!��,&������%��.��."

�&�!&#�&���2"��! &#��!(,#& "$"��(+�(���."�(."&���!(,#& "$"��(�&�"�&''" �"��%*

�."�B"���(�!''�"((��"�$(������&��!�!��+��."����$&#��!(,#& "$"��(�&���%��.��."

(."&��&������$&#�(��"(("(�&�"�&''" �"��%*��."�B"���(�!''�"((��"�$(+�&����."

�"(�#�!�0�(�#��!���-!##�,���� "���")," �"���"(�#�(�



�	����























�������
��


���
	�
���
����
��










































���

���&��!�!�������."�,��%#"$(��.&��&�!("�!'�&��!��"�'& "�!(�#� &�"��-!�.���"�,&!���'

���"(�&��r�:��+�,��%#"$(� &��&#(���  �����"�����."�'& ���.&���."�(��"((

�!(��!%��!���&#��0��."�"#"$"���%����&�*�%"�-""���."�!��"�'& "�"#"$"���&����."

&�C& "����-���!$"�(!��&#�"#"$"���!(����� ��(!(�"���-!�.��."�(��"((��!(��!%��!��

&#��0��."�!��"�'& "�"#"$"������.!(�!(���"�����."�'& ���.&���."��-���!$"�(!��&#

"#"$"��(�&�"�!��"0�&�"���(!�0�@&�((�E�&��&���"+�%����."�!��"�'& "�"#"$"��(�&�"

!��"0�&�"���(!�0��"-���/���"(�!��"0�&�!���������&�0!2"��(��"((��!(��!%��!��

&#��0��."�!��"�/"#"$"���%����&�*+��."�"E�!2&#"������&#�#�&�(�%&("�����@&�((

E�&��&���"�&����."�"E�!2&#"������&#�#�&�(�%&("������"-���/���"(�!��"0�&�!��

&�"������."�(&$"�����&�"��&���."��-&*+�&�0!2"��("���'����&#�#�&�(�'����."����"(

����."�!��"�/"#"$"���%����&�*�-!##��"(�#��!���!''"�"���(��"((��!(��!%��!��(�&#��0

�."�%����&�*��","��!�0����-.! .��*,"��'���$"�! &#�!��"0�&�!���!(��("������

,#&�"�(��&!�+��."��!(��!%��!��(�&�"�!�"��! &#���#*�!'��."�(��"((��!(��!%��!���!(

��!'��$+�&���2&�*���#*�(#!0.�#*�!'��."��!(��!%��!���!(�#!�"&�������'& �+��.!(

�!''"�"� "�!���."�(��"((��!(��!%��!���$&*�%"�,&��#*��"(,��(!%#"�'����."�!$,��2"�

,"�'��$&� "��'��."�"#"$"��(��(!�0��"-���/���"(�!��"0�&�!��������&)!(*$$"��! 

&�&#*(!(+�.�-"2"�+�"2"��'���&���!'��$�(��"((��!(��!%��!����."�"E�!2&#"������&#

#�&�(�&�"������."�(&$"�'���%��.��*,"(��'���$"�! &#�!��"0�&�!��+���"�����."

�&�!�(��"�$�!���."�!��"0�&����'�	E�&�!�����31����'��."��!(��!%��!���!(�����#!�"&�+

�."��!''"�"� "���"�����."��*,"��'���$"�! &#�!��"0�&�!���!(�$&0�!'!"�+�&��

��")," �"��!��"�'& "�%".&2!��� &���"(�#��

�-!�0�����."�,��%#"$(�$"��!��"�+�@&�((�E�&��&���"�&,,"&�(����%"��."�%"��"�

 .�! "�'����."�!��"0�&�!����'�&)!(*$$"��! �!��"�'& "�"#"$"��(���8.!#"��"-���/

���"(�!��"0�&�!���$&*�,"�'��$�-"##�'���&)!(*$$"��! �"#"$"��(����"�� "��&!�

 ���!�!��(+�!��&,,"&�(����%"�(&'"������("�@&�((�E�&��&���"+�&��#"&(�����!#��."

,"�'��$&� "��'��"-���/���"(�!��"0�&�!���'���&�2&�!"�*��'�&)!(*$$"��! 

 ���!�!��(�!(��.����0.#*�!�2"(�!0&�"��



�	����























�������
��


���
	�
���
����
��










































���

���������� ��
�������	�����	��
��!��� ��	

�."��"#&�!��(.!,�%"�-""��(��"(("(�&����"#&�!2"��!(,#& "$"��(�(�00"(�"��%*

@���$&��"��&#��5����6�!(�(.�-��!��	E�&�!������;����(����"��,�"2!��(#*+��."*

&((�$"���.&���."�(�!''�"((��"�$(�&�"� ��(�&��+�-.! .�!$,#!"(�#!�"&��(��"((/

�"#&�!2"��!(,#& "$"���%".&2!������."�(�!''�"((��"�$(� &��&#(��%"�$��"#"���(!�0

&����#!�"&���"#&�!��(.!,����#��0.�&������ &��5����+�����6�,��,�("���(!�0�&

.*,"�%�#! �'�� �!������$��"#��."�(��"((/�"#&�!2"��!(,#& "$"���%".&2!����'�(�!#/

 �� �"�"�!��"�'& "(����."�$��"#�!(�(!$!#&��!��'��$�����."�,�,�#&��.*,"�%�#! 

$��"#�'���(��"((/(��&!��$��"#!�0��'�(�!#(��"( �!%"��%*���� &��"��&#��5����6�

����!(���5���=6��"( �!%"(��."�!$,#"$"��&�!����'��."�.*,"�%�#! �$��"#�'��

!��"�'& "�%".&2!���!���"�&!#������(.��#��%"����"���.&��%*�,��,"�#*�&�C�(�!�0��."

!�,���,&�&$"�"�(�'����."�$��"#+�#!�"&�#*�"#&(�! +����%!#!�"&��"#&(�! �%".&2!��� &�

%"�$��"#"��!��&��!�!�������."�(��"((/�","��"������#!�"&��%".&2!���

��#���*������"���!�+#�#����"�����

�."���!&)!&#��"(��(," !$"��&���"���,#&�"��-"�"�$��"#"���(!�0�;/���"

!(�,&�&$"��! �E�&��!#&�"�&#�"#"$"��(�-!�.�#!�"&��!��"�,�#&�!������."�!��"�'& "

%"�-""���."�"���,#&�"��&����."�(," !$"��-&(�$��"#"���(!�0��."�,�"2!��(#*

�"( �!%"��!��"�'& "�"#"$"��(����!� "��."�(," !$"��!(�(*$$"��! �&%����!�(�&)!(�&(

-"##�&(�&�,#&�"�,"�,"��! �#&�����!�(�&)!(�&���."�$!�/."!0.�+��."�(," !$"�� &��%"

&�"E�&�"#*�$��"#"���(!�0�&�,#&�&��$"(.��.&��")�"��(�'��$��."�$!�/."!0.����

�."��,,"��"���&���'��$��."�&)!(�����."�,"�!$"��! �(��'& "����."�$"(.�&��

%����&�*� ���!�!��(��("�����(!$�#&�"��."���!&)!&#��"(��(," !$"�+�!��"�'& "+�&��

"���,#&�"��&�"�(.�-��!���!0��"��������."�$"(.� ���&!�(�1�3�(�!#�"#"$"��(

�",�"("��!�0�&�(," !$"��-!�.�&�3��/!� .��!&$"�"��&���&�=��/!� .�."!0.�����)!&#

�!(,#& "$"��(�-"�"�,�"( �!%"��&#��0��."���,�(��'& "��'��."�"���,#&�"��!�����"�

���#�&���."�(," !$"��



�	����























�������
��


���
	�
���
����
��










































���

�!0��"�����/��!�!�"�	#"$"����"(.�7("��������"#�&���!&)!&#��"(���," !$"�
8!�.��9��:�3

��!������!�2"(�!0&�!�0�2&�*!�0��"0�""(��'�"���'�! �!��+��."�"''" �(��'� �$,#"�"

"����"(��&!���-"�"�"2&#�&�"��'��� *#!��"�(�-!�.��9���&�!�(��'���&���3����."("

&�&#*("(�-"�"�&  �$,#!(."��%*�,!��!�0��."����"(�&#��0��."���,�(��'& "��'��."

(," !$"��&0&!�(���!(,#& "$"���!���."��&�!&#��!�" �!���&���,�"( �!%!�0�&)!&#

�!(,#& "$"��(�&���."("����"(����!� "� �$,#"�"�"����"(��&!����"(�#�(�!���."�$�(�



�	����























�������
��


���
	�
���
����
��










































���

(!0�!'! &���"''" �(���"����"��� ���!�!��(+�%��.��."�$���#�(��'�"#&(�! !�*�&��

��!((��<(��&�!��-"�"�2&�!"��!�����"�����"2&#�&�"��."!��!�'#�"� "����$"&(��"�

(��"((/(��&!���"(,��("�&���2&�!&�!��(�!��(��"((�-!�.!���."�(," !$"�����."

&�&#*("(�'���&���9���&�!���'���'& !#!�&�"�� �$,&�!(���-!�.��."�&�&#*�! &#

(�#��!��(�,�"2!��(#*��!( �(("�+�&(�-"##�&(�,��2!�"��&�%&("#!�"�'���"2&#�&�!�0��."

"''" �(��'�!� �"&(!�0��."��9���&�!���������9��:��+�&�3�/"#"$"���%*�3�/"#"$"��

$"(.�-&(��("�+�&���'����9��:�3+��."�$"(.�!���!0��"����+�%���-!�.�����."�,#&�"�

&���!��"�'& "+�-&(��("��

���&��!�!�������."�&�&#*("(��'� �$,#"�"�"����"(��&!��+��."�!��"�'& "�"#"$"��(

�"( �!%"��,�"2!��(#*�-"�"��("�����$��"#�2&�*!�0��"0�""(��'�"����"(��&!���'��

(," !$"�(�-!�.�&�2&#�"��'��9���'�3����-��!��"�'& "� ���!�!��(+��",�"("��!�0

 ��2"��!��&#�"���,#&�"��%".&2!���&���#�%�! &�"��"���,#&�"��%".&2!��+�-"�"

0"�"�&##*�$��"#"�����."��"E�!�"��$&�"�!&#�,&�&$"�"�(�-"�"��"�"�$!�"��%&("�

����."��"(�#�(��'�!��"�'& "��!�" ��(."&���"(�(��"( �!%"��!���.&,�"�������

(�$$&�*��'��."�,&�&$"�"�(��("��'����."�&�&#*("(�!(�(.�-��!���&%#"���3�



�	����























�������
��


���
	�
���
����
��










































���

�&%#"���3�/����"�'& "����,"��!"(�7("��!���!�!�"�	#"$"�����&#*("(

��""�	��(
5φint�:���6

��%���	��(
5φint�:�����6

���2��	��(
�5φint�:�3��=�6

��."(!��+�c 5,(!6 ��� ��� ���

��! �!�����0#"+�φ 5�"06 ��� ��� 3��=

�"�(!#"����"�0�.+�σt 5,(!6 ��� ��� ���


"�� �!����& ���+�Rf ��� ��� ���

��!�!&#��."&����!''�"((
��"''! !"��+�kj

��� �3� =���

	),��"��+�n ��� ���� ����

��$,�"((!2"���!''�"((+�knc

5,(!6
��� ��� ���

�"�(!#"���!''�"((+�knt�5,(!6 ��� ��� ���

�&!#��"��."&����!''�"((+�ksf

5,(!6
��� ��� ���

��&#*("(��(!�0�#!�"&��"#&(�! �$&�"�!&#�$��"#(�-"�"� ���� �"�����'& !#!�&�"

 �$,&�!(���-!�.��."� ���!�!��(��'� �$,#"�"��"(��&!���&��� �$,#"�"�(#!,�&���."

!��"�'& "+�&������"2&#�&�"��."�2&�!&�!��(�!��(��"(("(��.&���"2"#�,�!��,&��!&##*

�"(��&!�"��(," !$"�(����!�0� �$,�"((!������#�.��0.�#!�"&��"#&(�! !�*�!(�-"##

(�!�"��'���,"�'��$!�0�,&�&$"��! �(���!"(�&����"#&�!2"� �$,&�!(��(+�!�(

&,,#! &%!#!�*����(�!#(+�,&��! �#&�#*�&����."���.&��2"�*�($&##�(��&!��#"2"#(+�!(

#!$!�"�������%"��"���",�"("��� ���!�!��(�&'�"��'&!#��"+�&�&#*("(�-"�"�,"�'��$"�

�(!�0��."���� 4"�/��&0"��"#&(��/,#&(�! �$��"#����."���� 4"�/��&0"��$��"#��("(

#!�"&��"#&(�! !�*�����",�"("���%".&2!���,�!������*!"#�+�&���,"�'" ��,#&(�! !�*���

�",�"("���%".&2!���&'�"��*!"#��5�"(&!�&����!�!-&��&�"����;+��."��&����!B���

����+�F!"�4!"-! B�&����&*#�������6����."�*!"#��(��'& "� &��%"��"( �!%"��%*D



�	����























�������
��


���
	�
���
����
��










































���

F J K1= ⋅ +α

-."�"D J1 : '!�(��(��"((�!�2&�!&��

α :  ��(�&��
K :  ��(�&��
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J J K2D 1− ⋅ − =α 0

-."�"D J2D : (" �����"2!&���! &#�(��"((�!�2&�!&��
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σ σ σ
σ σ ε

θr cell

z cell aE

= =
= + ⋅

ε ε ν ε
ε ε
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= = − ⋅
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L/D = 1, E = 3000 psi

ν = 0.250

ν = 0.333

ν = 0.495

    ν           Ratio 
0.495     1.2403
0.333     1.0709
0.250     1.0369
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E = 3000 psi, ν = 0.495
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�."�"����"(��&!���"''" �(�,�!������*!"#��(.��#��%"�(!$!#&������.�("�").!%!�"��%*�&

#!�"&�#*�"#&(�! �$&�"�!&#������("E�"��#*+�2&�!&�!��(�!���."�"#&(�! �,��,"��!"(�-!##

����%"�&���"(("���(!�0��."���� 4"�/��&0"��$��"#����!� "��."�"#&(�! �,��,"��!"(

�'��."�(," !$"��&�"��."�(&$"�&(�!���."�,�"2!��(�")&$,#"(+��."�%".&2!����'��."

(," !$"��,�!������&�*�*!"#�!�0�(.��#��%"�!�"��! &#���
" &�("��."�(��"((�(�&�"

�.���0.�����."�(," !$"��!(�������!'��$+�(�$"�*!"#�!�0� &���  ���&��#�-"�

(��&!��#"2"#(��.&��-��#��%"�,�"�! �"��%&("�����&2"�&0"�(��"(("(�

����&��"#&(��/,#&(�! �%".&2!����'�&���!'��$� *#!��"�+� �$,�"((!���%"�-""�

 �$,#"�"#*�'�! �!��#"((�"��(�-!##��"(�#��!����!'��$�(�&�"(��'�(��"((�&���(��&!�

�.���0.�����."�(," !$"�+�(!� "��."�$&�"�!&#�$��"#�!�("#'���"(�����!��� "�&�*

�"��"� *�'��������!'��$!�*����."��&�!&#�&��� !� �$'"�"��!&#�(��"(("(�-!##�%"

"E�&#�����."�&,,#!"��")�"��&#�,�"((��"�&��&##�(��&!��#"2"#(+�&����."�&)!&#�(��"((

!�!�!&##*�-!##�%"�"E�&#�����."�&,,#!"��")�"��&#�,�"((��"+�%���-!##�!� �"&("�-!�.

(��&!��#"2"#��,�����."�*!"#��,�!������'�"���."���("���'�*!"#�!�0+��."�(�&�"(��'�(��"((

-!##��"$&!����!'��$�-!�.�!� �"&(!�0�(��&!�����."�(�&�"(��'�(��"((�&���(��&!�

-!�.!���."�(," !$"�� &��%"�(�$$&�!B"��&(�'�##�-(D

σ σ σ
σ σ ε σ σ

θr cell

z cell a cell yE

= =
= + ⋅ ≤ +

ε ε ν ε
ε ε

θr a

z a

= = − ⋅
=

-."�"D σ y :��*!"#��(��"((

�."�*!"#��(��"((+�%&("������."���.�/���#�$%� �!�"�!��+�!(�&�'�� �!����'�c�&���φ

&����."�,�!� !,&#�(��"(("(����."�"#&(�! � ��(�&��(�&���(."&��(��"�0�.�,&�&$"�"�(

�("��'����."�&�&#*(!(�-"�"D

E =
=

3000

0 495

 psi

ν .

c =
= °

0

3687φ .
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,"� "���
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'�� "(�&����!(,#& "$"��(+�&����."� ���" ��(��"((/(��&!���"(,��("+��"'!�"��%*��."

'�! �!��#"((�"��� ���!�!��+�'���"#&(��/,#&(�! �%".&2!����������."�"#&(�! �,���!����'

�."�(��"((/(��&!�� ��2"�-."��*!"#�!�0�!(�����!$$!�"��+��."�&,,&�"���!� �"&("�!�

(��"((���"�����."�"���"''" �(�!(��."�(&$"�&(�'����."�#!�"&��"#&(�! �$&�"�!&#�

��-"2"�+�C�(��,�!������*!"#�!�0+��."�$"&(��"��(��"((�!(�& ��&##*�#"((��.&���."

 ���" ��(��"((����'�"��(!0�!'! &���,#&(�! �(��&!�(�.&2"��  ���"�+��."���"����"2"�("(

&0&!�+�(���.&���."�"���"''" �(�&,,"&�����!� �"&("��."�(��"((����.!(�,."��$"���

�  ��(�%" &�("��."�(."&��(��"(("(�!$,�("������."�(," !$"��"��(��"(�#��!�

�����!'��$��!(��!%��!��(��'�(��"((�-!�.!���."�(," !$"�������("E�"��#*+�*!"#�!�0

��"(������  ���!��&##�"#"$"��(�&��")& �#*��."�(&$"��!$"����!� "�(�$"�"#"$"��(

& ��&##*�%"0!�����*!"#��,�!������&�(��&!��#"2"#��'�=�,"� "��+��."�$"&(��"��(��"((�!(

(#!0.�#*��"�� "����!4"-!("+�&��(��&!��#"2"#(�C�(��%"*����=�,"� "��+�(�$"

"#"$"��(�.&2"�(�!##�����*!"#�"�+�(���."�$"&(��"��(��"((���"(������" �2"�

!$$"�!&�"#*������0"�"�&#+��."�'�! �!�������."�(," !$"��"��(�.&(��-��!�'#�"� "(

����."�$"&(��"��(��"((/(��&!���"(,��("D��!��!� �"&("(��."�$"&(��"�����&2"�&0"

&)!&#�(��"((�&���(�'�"�(��."�*!"#��,�!���!���."�(��"((/(��&!�� ��2"����!0��"���31

(.�-(��."��&�!���'����������(��"((����
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&���!''"�"���(��&!��#"2"#(����!0��"���31�&#(���"$��(��&�"(��.&��'���&��!��"�'& "

'�! �!���&�0#"��'������"0�""(+��."�"''" �(��'�"����"(��&!�������."�$"&(��"�

(��"((/(��&!���"(,��("�!(��"0#!0!%#"+�%����.&��'���&��!��"�'& "�'�! �!���&�0#"��'
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Drucker Prager Model,
E = 3000 psi, ν = 0.495
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Axial Strain, ε
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Drucker Prager Model
E = 3000 psi, ν = 0.495

c = 0, φ = 36.9
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�!0��"���3;�(.�-(��."��"2!&����&��� ��'!�!�0�(��"((��!(��!%��!��(�&��&)!&#�(��&!�
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�."�#!�"&��"#&(�! � *#!��"��&���."�(&$"�(��&!��#"2"#(����."� ���" ��2&#�"(��'��."

�"2!&����(��"((�&�"����,(!�&����3��,(!+��"(," �!2"#*����."��"2!&����(��"((

�" �"&("(��"&���."�(," !$"��"��(�&����"&���."�&)!(����."� ���" ��2&#�"��'

 ��'!�!�0�(��"((�!(�=��,(!+�&�����"(����� .&�0"�-!�.�&)!&#�(��&!��#"2"#����."

 ��'!�!�0�(��"((�!� �"&("(�(!0�!'! &��#*��"&���."�"��(��'��."�(," !$"�+�-!�.��."

$&)!$�$��  ���!�0�&���."�&)!(����!0��"���3=�(.�-(��."��"2!&����&��� ��'!�!�0

(��"(("(�&��&)!&#�(��&!��#"2"#(��'�;�=�,"� "���&���;��=�,"� "��+�&��-.! .��."

 ���" ��2&#�"(��'��"2!&����(��"((�&�"��1=�,(!�&����;��=�,(!+��"(," �!2"#*����."

,&��"��(��'�2&�!&�!���&�"�0"�"�&##*�(!$!#&�+�&#�.��0.�(�$"� .&�0"�!���."

�"2!&����(��"((��!(��!%��!���!(����! "&%#"����!0��"���3��(.�-(��."��"2!&����&��

 ��'!�!�0�(��"(("(�&��&)!&#�(��&!��#"2"#(��'�=�,"� "��+�-.! .�!(��."�*!"#��,�!���'��

 �$,�"((!���%"�-""��'�! �!��#"((�"��(+�&���=��=�,"� "������."� ���" ���"2!&���

(��"((�!(��=��,(!�'���%��.�(��&!��#"2"#(+�(!� "��.!(�2&#�"��",�"("��(��."�(��"�0�.

�'��."�(," !$"�+�&����.�(�(.��#������!� �"&("����!0��"���3���"$��(��&�"(��.&�

��#*�&�($&##��"0!����'��."�(," !$"��.&(�& ��&##*�*!"#�"�+�(!� "��."��"2!&���

(��"((�!(�#"((��.&���=��,(!�&����."� ��'!�!�0�(��"((�!(�&��#"&(��=��,(!��.���0.���

$�(���'��."�(," !$"�����.!(��"0!���!(�#� &�"��&,,��)!$&�"#*�.&#'-&*�%"�-""�

�."�(," !$"��$!��."!0.��&����."�"����"&���."�&)!(����(��."�&)!&#�(��&!�

!� �"&("(+��."�*!"#�"���"0!���,��0�"(("(���-&����."�,"�!$"�"��&����."�"��(��'

�."�(," !$"��&(�(.�-��!���!0��"���3�����!0��"���3��(.�-(��."�(��"((

�!(��!%��!��(�&��&)!&#�(��&!��#"2"#(��'����,"� "���&����=�,"� "��+�&��

�"$��(��&�"(��.&��"2"��&��#&�0"�(��&!��#"2"#(+��."�"#"$"��(��"&���."�"��(��'��."

(," !$"��&���."�&)!(�.&2"�����*!"#�"�����!� "��."�*!"#�!�0����'&!#��"�!(��"#&�"����

%��.��."��"2!&����(��"((�&����."� ��'!�!�0�(��"((+�!��!(��("'�#�������$&#!B"��."

�!(��!%��!���,#��(�%&("������."�'&!#��"�(��'& "+����*!"#�� �!�"�!����������."
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J

J K
2D

1α ⋅ +

8."���."�(��"((�#"2"#�!(�"E�&#������"+�*!"#�!�0��  ��(+�&���-."���."�(��"((�#"2"#

!(�#"((��.&����"+�"#&(�! ��"'��$&�!����  ��(����!0��"���3�+��!0��"���1�+�&��

�!0��"���1��(.�-��."��!(��!%��!��(��'�(��"((�#"2"#�-!�.!���."�(," !$"��&��2&�!��(

(��&!��#"2"#(������&��&)!&#�(��&!��#"2"#��'�;��=�,"� "��+�(�$"�#� &#�*!"#�!�0�!(

"2!�"����"&���."�&)!(��'��."�(," !$"�+�-!�.��."�(��"((�#"2"#��" �"&(!�0��"&���."

"��(������&��&)!&#�(��&!��#"2"#��'�=�,"� "��+�&��-.! .�*!"#�!�0�-��#���  ��

(!$�#�&�"��(#*�!��&##�"#"$"��(��(!�0�'�! �!��#"((�"��(+��."�*!"#�"���"0!���!(

"),&��!�0���8!�.��."�") ",�!����'��."��"0!��(��"&���."�"��(+��."�(," !$"��.&(

*!"#�"��&��&��&)!&#�(��&!��#"2"#��'�=�=�,"� "�����."�")�"����'��."����/*!"#�!�0

�"0!��(�!(�-!�.!��&,,��)!$&�"#*��=�,"� "����'��."�(," !$"��#"�0�.��"&��"& .

"�����8.!#"�$��"�"#"$"��(� ���!��"����*!"#��&(�&)!&#�(��&!��!� �"&("(+��!0��"

��1��(.�-(��.&��"2"��&��(��&!��#"2"#(��'��=�,"� "���&�(!0�!'! &���,���!����'��."

(," !$"��.&(�*"�����*!"#�����!0��"���13�(.�-(��."��"2"#�,$"����'�(."&��&��

���$&#�(��"(("(�����."�!��"�'& "�"#"$"��(�&(�&)!&#�(��&!��!� �"&("(����."�,#����'
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(εa)avg = 0.055
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(εa)avg = 0.10
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Drucker-Prager Model, φint = 0.8°

E = 3000 psi, ν = 0.495
c = 0, φ = 36.9°
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(εa)avg = 0.045
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Drucker-Prager Model, φint = 0.8°

E = 3000 psi, ν = 0.495
c = 0, φ = 36.9°
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(εa)avg = 0.05
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σσ1-σσ3

σσ3

Drucker-Prager Model, φint = 0.8°

E = 3000 psi, ν = 0.495
c = 0, φ = 36.9°
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(εa)avg = 0.055
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Drucker-Prager Model, φint = 0.8°

E = 3000 psi, ν = 0.495
c = 0, φ = 36.9°
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(εa)avg = 0.02
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Drucker-Prager Model, φint = 0.8°

E = 3000 psi, ν = 0.495
c = 0, φ = 36.9°
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J

J K
D2

1α ⋅ +

J

J K
D2

1α ⋅ +

(εa)avg = 0.02
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Drucker-Prager Model, φint = 0.8°

E = 3000 psi, ν = 0.495
c = 0, φ = 36.9°
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J

J K
D2

1α ⋅ +

J

J K
D2

1α ⋅ +
(εa)avg = 0.05
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Drucker-Prager Model, φint = 0.8°

E = 3000 psi, ν = 0.495
c = 0, φ = 36.9°
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Interface Stresses
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Drucker-Prager Model, φint = 0.8°

E = 3000 psi, ν = 0.495

Interface Shear Stress Level
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