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Abstract—In this study, hydrodynamic forces on a submerged
vessel maneuvering near a free surface are determined using a
reformulated Lagrangian nonlinear maneuvering and seakeeping
model derived using Lagrangian mechanics under ideal flow as-
sumptions. A Lagrangian mechanics maneuvering model is first
reformulated to simplify the computation of parameters; then, in-
cident wave effects are incorporated into the reformulation; finally,
the parameters are computed using a medium-fidelity time-domain
potential-flow panel code. Predictions from the reformulated La-
grangian nonlinear maneuvering and seakeeping model, whose
parameters are computed using the methods described here, are
compared with direct numerical computations in two steps for a
prolate spheroid maneuvering in the longitudinal plane near the
free surface. First, the hydrodynamic force and moment predicted
by the model are compared with solutions from the panel code for
sinusoidal motion in surge, heave, and pitch in calm water. Second,
the hydrodynamic force and moment are investigated for cases
where the spheroid maneuvers to approach the surface in calm
water and in plane progressive waves. To conclude, a physically
intuitive formulation of the Lagrangian nonlinear maneuvering
and seakeeping model is presented for control applications and
simulations.

Index Terms—Hydrodynamic force, Lagrangian mechanics,
maneuvering and seakeeping, submerged vessel dynamics.

NOMENCLATURE

A Panel area.
a Body oscillation amplitude.

AO Aegir output.
b Body geometry vector.
B Vessel body.
Cb Rigid body Coriolis and centripetal matrix.
C i Impulsive Coriolis and centripetal matrix.
Cm Memory Coriolis and centripetal matrix.
Di Impulsive damping matrix.
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Dm Memory damping matrix.
ei Unit vector with a 1 in the ith position.
F I Incident wave force.
Fr Froude number.
g Gravitational acceleration.
G Transformation matrix.
h Impulse response function (diffraction).
H Wave height
J Kinematic transformation matrix.
K(·) Memory kernel matrix.
Lb Spheroid body length.
LD Distance to downstream edge.
LE Distance to exterior edge.
LU Distance to upstream edge.
L Complete system Lagrangian.
LNM Lagrangian nonlinear maneuvering.
LNMS LNM and seakeeping.
M Pitch moment.
Mb Rigid body inertia matrix.
MB Deeply submerged added mass matrix.
ΔMB Surface-perturbed added mass matrix.
M i Impulsive added mass matrix.
Mm Memory added mass matrix.
MS0

Undisturbed free surface added mass matrix.
n Unit normal vector.
O Origin of earth-fixed frame.
O′ Origin of body-fixed frame.
p Pressure.
pa Atmospheric pressure.
q Set of generalized coordinates.
Q Set of generalized forces.
r Position of a point on a surface.
rS0

Position of a point onS0 (relative to earth-fixed frame).
R Proper rotational matrix.
S Fluid domain surface.
S0 Undisturbed free surface.
t Time.
tc Time constant.
T Period.
v Translational velocity of body.
xb Position of body.
X Horizontal force.
Z Vertical force.
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zb Depth of body.
η Wave elevation.
θb Pitch angle of body.
θb Orientation of body.
λ Wave length
ν Set of quasivelocities.
ρ Water density.
φ Velocity potential.
φD Diffraction potential.
φi Impulsive flow potential.
φI Incident wave potential.
φK Kirchhoff’s potential.
φm Memory flow potential.
φR Radiation potential.
φs Free surface potential.
ϕ Normalized potential vector.
ϕi Normalized potential vector for impulsive flow.
ϕir Rotational component of ϕi.
ϕit Translational component of ϕi.
ϕK Normalized Kirchhoff’s potential vector.
ϕR Normalized radiation potential vector.
ϕs Normalized free surface potential vector.
ϕS0i Normalized potential vector for impulsive flow (ex-

pressed in earth-fixed frame).
ω Body oscillation frequency.
ω Rotational velocity of body.

I. INTRODUCTION

ACOMBINED maneuvering and seakeeping model is
needed to design model-based control laws for marine

craft traveling in or near waves. While there is a well-developed
theory associated with maneuvering and with seakeeping, in-
dividually, the body of theory that unifies the two concepts
is limited in its extent and its utility because of restrictive
assumptions. In this study, a Lagrangian nonlinear maneuver-
ing (LNM) model obtained using Lagrangian mechanics for a
vessel moving below a free surface [1], [2] is reformulated and
extended, by incorporating wave effects, to obtain an LNM and
seakeeping (LNMS) model. The reformulated LNMS model,
adapted from Battista’s work [1], can be used for hydrodynamic
force and motion prediction for submerged vessels maneuvering
in a seaway, where existing motion models would fail to capture
critical nonlinear effects generated during aggressive maneu-
vers. Furthermore, the underlying structure of the reformulated
LNMS model can be used for model-based control design to
improve performance and expand the operating envelope of the
vessel.

Historically, maneuvering models were developed to study
course keeping and maneuvering of marine craft in otherwise
undisturbed waters [3], a condition that prevails in confined re-
gions, such as harbors, but is uncommon in the open ocean. Many
of the maneuvering models were built on classical models for
vessels submerged in unbounded fluid [4] by incorporating the
effects of a calm free surface. Well-known maneuvering models
include the ship steering equations of motion described in [5],
the model for maneuvering in deep and confined waters in [6],

the nonlinear rolling coupled steering model for high-speed
container ships in [7] and [8], and various others presented, for
example, in [9]. More recently, a first principles LNM model has
been developed using Lagrangian mechanics [1], [10] for use in
the design and tuning of control and estimation schemes and
for efficient simulation. By following a Lagrangian modeling
approach instead of the more conventional Newtonian modeling
approach, one obtains the system Lagrangian that is useful for
Lyapunov-based nonlinear control design, as done in [11], for
example.

While early research in ship hydrodynamics was devoted
primarily to maneuvering in calm water, another branch of
theory was developed for scenarios where marine craft travel in a
seaway at a constant forward speed (including zero speed). Early
interest in seakeeping is exemplified in a paper by Weinblum and
St. Denis [12], and extensive studies have been carried out since
then by employing analytical [13], [14] and numerical meth-
ods [15]–[17], including strip theory codes such as OCTOPUS,
PDStrip, and others; zero-speed panel methods such as WAMIT,
AQWA, and MOSES [18]; and forward speed panel methods like
Swan, ShipMo3D [19], and Aegir [20]. Seakeeping models can
be used, for example, to assess the dynamic stability of steady,
forward motion in various environmental conditions, but their
use is typically restricted to simple motions such as this. The
particular code chosen here, Aegir, is a high-order (B-Spline sur-
faces are used for panel geometry and singularity distribution),
forward speed, nonlinear, time-domain, and unsteady panel
method. The code has been extended with additional routines
to solve for the potential flow characteristics that are needed to
compute the LNMS parameters described in this article.

To overcome some of the limitations of maneuvering and
seakeeping models, efforts have been made to unify the con-
cepts for maneuvering in waves. However, these efforts have
typically imposed strict conditions. For example, the conditions
for slender-body theory have been assumed [14],[21], or that
the ship’s nominal motion is purely in surge and in a following
sea [22], or that the ship moves only in the horizontal plane and
does not deviate significantly from a straight course [23]. More
recent and more advanced models allow small perturbations
from a nominal speed and heading [9], [24]–[26].

To relax many of these assumptions, an LNMS model for
a submerged vessel operating near the surface in waves was
developed by Battista [2]. While submarines and underwater
vehicles normally operate well below the surface, there are
occasional needs to maneuver at depths shallow enough that the
surface can have a significant effect on vessel motion. Battista’s
LNMS model can be interpreted as an extension of Kirchhoff’s
equations, which captures the potential flow interaction between
the free surface and a submerged vessel. Like Kirchhoff’s equa-
tions for the motion of a rigid body in an unbounded volume, the
LNMS model omits viscous effects, propulsion, moments due
to control surfaces, etc. One may approximate such effects by
amending the inviscid model, as in [27], with the understanding
that these approximations ignore complicated fluid/body physics
that cannot be easily captured using reduced order models.
On the other hand, an important feature of a well-designed
model-based feedback control law is its ability to accommodate
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uncertainty in the model itself. An amended LNMS model
may capture nonlinear hydrodynamic forces due to aggressive
maneuvers or significant wave forcing with sufficient accuracy
to allow effective nonlinear control design and stability analysis,
as well as other model-based applications, such as the design of
real-time training simulators.

This work describes how the components of a control-oriented
reformulated LNMS model can be computed using a potential
flow panel code. To elaborate, a reformulated LNMS model
is derived by reformulating and incorporating incident wave
effects into an LNM model for submerged vessel maneuver-
ing [1], [10], [28]. In addition, the parameters of the refor-
mulated LNMS model are determined using a medium-fidelity
potential-flow code, and hydrodynamic forces on a submerged
vessel undergoing various prescribed motions near a calm free
surface and in plane progressive waves are predicted using the
model, and compared with direct numerical computations. The
model derivation, force prediction, and comparison process are
presented as follows. First, Section II gives some brief remarks
on model-based control and estimation that provide context for
the article contribution. Next, in Section III, the process for
reformulating the LNM model [1], [10], [28] and incorporating
incident wave effects is described. In Section IV, the medium-
fidelity potential-flow code that is used for parameter com-
putation and hydrodynamic force prediction is introduced. In
Section V, hydrodynamic forces are predicted for a prolate
spheroid undergoing sinusoidal motion in the vertical plane
using the reformulated LNMS model and compared with panel
method computations. In addition, model predictions of hydro-
dynamic forces acting on a prolate spheroid approaching the
surface in calm water and in plane progressive waves are com-
pared with panel code solutions. In Section VI, the reformulated
LNMS model is reorganized into a vector/matrix form analogous
to the model formulation presented by Battista [1], resulting
in a form amenable to control and estimation design. Finally,
Section VII summarizes the results of this study and presents
areas of further work.

II. REMARKS ON MODEL-BASED CONTROL AND ESTIMATION

This section provides a brief review of model-based control
and estimation, the motivating application for the parameter
computation methods developed later in this article. While the
construction of a control scheme is beyond the scope, this
section serves to distinguish simulation, a common objective
in computing hydrodynamic effects, and the development of
motion models that can be used to design effective state and
disturbance estimators, feedback and feedforward control laws,
and dynamically feasible trajectories to serve as control system
reference commands.

Control theory is generally concerned with systems of the
form

ẋ = f(x,u, t) (1)

wherex(t) is the (finite-dimensional) state, such as a submerged
vessel’s position and velocity, and u(t) is a user-defined in-
put [29]. The vector field f defines the system of nonlinear,
ordinary differential equations that describe the state’s evolution.

The dynamic equations can be amended to account for distur-
bance inputs d(t) and additional equations can be incorporated
to account for (possibly noisy) measurements y(t) that capture
aspects of the system state.

The canonical problem of control is to determine a feedback
control law u(x, t), or perhaps u(y, t), for which the state of
the true system, represented by the mathematical model earlier,
converges to some desired time history xd(t). While there is
no control design method that can address the general class of
systems (1), there are well-developed methods for subclasses of
these systems. The most commonly considered subclass is linear
systems [30]

ẋ = A(t)x+B(t)u. (2)

Typically, a system model (2) is obtained from a nonlinear
model (1), developed from physical principles, by linearizing
about a known trajectory—usually an equilibrium or steady
motion. In this case, the state vector for the system (2) represents
a perturbation from the nominal state of system (1). Provided
the state and control perturbations remain small, the knowledge
of the physics contained in the time-varying matrices A(t)
and B(t) can be used to develop state feedback control laws
that perform extremely well, despite disturbances and modeling
uncertainties [31]. Similarly, knowledge of the measurement
process can be used to design state estimators to enable output
feedback and disturbance estimators to enable active disturbance
rejection [32]. But the requirement for small perturbations is re-
strictive. For a ship or submerged vessel maneuvering in waves,
this requirement means maneuvers must be gradual enough to
allow for slow updates to a seakeeping model that assumes
constant speed and course.

Alternatively, a nonlinear motion model (1) may allow the use
of nonlinear control design methods, such as feedback lineariza-
tion [29], sliding-mode control [33], or adaptive control [34].
These and all other methods come with their own requirements
on the structure of the dynamic equations, i.e., the vector field
f in (1).

Methods that leverage mechanical system structure are espe-
cially well suited to the control of marine craft. A Lagrangian
nonlinear motion model was recently developed for a submerged
vessel in waves, which presents an opportunity to develop and
test new nonlinear control and estimation strategies. For this
motion model, the dynamic equations defined by the vector
field f exhibit a particular structure (e.g., a nonlinear inte-
grator cascade from force to velocity to position) that can be
exploited in control design. Of particular values are features
related to the model’s mechanical system formulation, such as
energy and momentum conservation laws, that can be used for
Lyapunov-based control design in which one simultaneously
designs the nonlinear control law and proves its effectiveness by
constructing a Lyapunov function [35].

To illustrate the idea, consider a conventional (time-invariant)
Lagrangian mechanical system, i.e., one for which a generalized
coordinate variable qi is associated to each of n degrees of
freedom. For simplicity, we assume an input force ui can be
chosen to affect each of these degrees of freedom independently.
Given the energy like Lagrangian function L(q, q̇), the system
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Fig. 1. Submerged vessel maneuvering near waves.

motion is described by the Euler–Lagrange equations

d

dt

∂L
∂q̇

− ∂L
∂q

= u ⇒ M(q)q̈ +C(q, q̇)q̇ + g(q) = u

where q and u are the vectors of configuration and input
variables, respectively, M(q) is the generalized inertia matrix,
C(q, q̇) is the associated “Coriolis and centripetal” matrix,
and g(q) is the generalized force due to potential energy. One
approach to control design (see, for example, [35] and the ref-
erences contained there) is to choose state feedback u(q, q̇) so
that the closed-loop system is still Lagrangian, but with respect
to a new, control-modified Lagrangian function Lc(q, q̇)

d

dt

∂Lc

∂q̇
− ∂Lc

∂q
= 0 ⇒ M c(q)q̈ +Cc(q, q̇)q̇ + gc(q) = 0.

The associated, control-modified energy Ec is conserved by
construction and serves as the basis for a Lyapunov function.
Previously, unmodeled effects, such as dissipation, may be incor-
porated and studied using Lyapunov stability theory, which pro-
vides guidance about whether and how these additional effects
should be treated. An alternative formulation can be developed
for systems with symmetries of motion [36], and the concept
of energy shaping extends to these systems as well, both in the
Lagrangian and the Hamiltonian setting [37], [38].

The actual design of energy-based control laws is beyond the
scope of this article. This article instead describes a method
to compute parameter values for the control-oriented motion
model. But the promise of developing more effective nonlinear
control laws serves as the primary motivation for this work.

III. LAGRANGIAN MECHANICAL SYSTEM MODEL

This section describes the derivation process for the reformu-
lated LNMS model using Lagrangian mechanics. Section III-A
introduces the LNM model for a surface-affected submerged
vessel that was developed by Battista [1] and describes the
reformulation of the LNM model necessary for parameter com-
putation. Section III-B explains how incident wave effects are
incorporated into the reformulated LNM model to yield the
LNMS model.

A. Reformulated LNM Model

1) LNM Model: An LNM model for a marine craft ma-
neuvering near a calm free surface was developed from first
principles by Battista [1]. Fig. 1 shows the reference frames and
notation used in [1], which are also adopted here.

The system of interest is composed of a rigid body B moving
through a semi-infinite volume of fluid with a free surfaceS . The

origin O of the earth-fixed reference frame is fixed at the undis-
turbed free surface S0, whereas the origin O′ of the body-fixed
reference frame is fixed at the geometric center of the body B.
The z-axis points downward in the local direction of gravity. The
generalized coordinates q = (xT

b ,θ
T
b )

T describe the configura-
tion of the body, where the vectorxb denotes the position ofO′ in
the earth-fixed frame and the vector θb comprises the roll, pitch,
and yaw Euler angles. Although this attitude parameterization
suffers a singularity at pitch angles ±90◦, typical submerged
vessels are unlikely to assume that orientation when operating
near the surface. Alternative parameterizations are available for
the rare exceptions. The quasi velocity vector ν = (vT ,ωT )T is
composed of the translational velocity v and rotational velocity
ω of the body-fixed frame with respect to the earth-fixed frame,
expressed in the body-fixed frame.

For simplicity, if the rigid body is assumed to be neutrally
buoyant with uniformly distributed mass, the buoyant force is
equal to the body weight and the centers of buoyancy and mass
coincide, and therefore, the hydrostatic restoring moment may
be neglected. Then, the complete rigid body and fluid system
Lagrangian can be defined as

L =
1

2
νT (Mb +MB +ΔMB +MS0

)ν

+ νT

∫ t

0

(KB +KS0
)ν(τ) dτ (3)

where the matrix Mb is the body inertia matrix, MB is the
deeply submerged added mass matrix, ΔMB accounts for the
asymmetry in the fluid volume due to the free surface bound-
ary, MS0

accounts for the instantaneous deformation of the
bounding surface, and the integral term accounts for memory
effects. The elements of the matrices with subscripts B and S0

are integral functions over the rigid body and the undisturbed
free surface, respectively, of the fluid velocity potential [1].

The complete system Lagrangian can then be used in the
Boltzmann–Hamel equations

d

dt

∂L
∂ν

+G(ν)
∂L
∂ν

− J(q)T
∂L
∂q

= J(q)TQ (4)

where the transformation matrices

G =

(
ω̂ 0

v̂ ω̂

)
J =

(
R 0

0 L

)

are introduced due to the use of quasivelocities. The hat operator
·̂ in G represents the cross product equivalent matrix of a
vector. The proper rotation matrixR(θb) inJ maps free vectors
from the body-fixed frame to the earth-fixed frame by a 3–2–1
sequence using the Euler angles θb. The transformation matrix
L(θb) relates θ̇b to ω as follows:

θ̇b = L(θb)ω.

As a result, the matrix J expresses the following relation:

q̇ = Jν. (5)

The nonlinear Boltzmann–Hamel equation (4) describes the
motion of a submerged vessel maneuvering near a calm free
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surface

F = (Mb +M i +Mm) ν̇ + (Cb +C i +Cm)ν

+ (Di +Dm)ν +

∫ t

0

Kmν(τ) dτ. (6)

The matrices with subscripts i and m contain the impul-
sive and memory flow related terms, respectively. All equa-
tions in Section III-A1 have been extracted directly from Bat-
tista’s work [2] and the matrices that appear in the system
Lagrangian (3), the Boltzmann–Hamel equation (4), and the
equations of motion (6) are described in detail in [1] and [2].

2) Reformulation of the LNM Model: The LNM model (6)
derived by Battista [1] has been reformulated for parameter
computation using data from a potential flow code [10], [28]. The
reformulation involves a subtle process of interchanging several
integrals and differentials in the integro-differential parameters
in the model, as well as determining the partial derivatives of
the fluid velocity potential. The resulting reformulated LNM
model (7), extracted from the work in [10], is in a form that
avoids additional numerical discretization in the process already
performed by the panel code, enabling higher accuracy and lower
computational cost

F = Mbν̇ +GMbν

+ ρ
d

dt

∫∫
B
(φb) dS + ρ

d

dt

∫∫
S0

(
φ
∂ϕi

∂n

)
dS

+ ρG

∫∫
B
φb dS + ρG

∫∫
S0

φ
∂ϕi

∂n
dS

− ρ

∫∫
S0

φ∇̃
(
∂φ

∂n

)
dS +

1

2
ρ

∫∫
S0

(∇φ · ∇φ)b dS.

(7)
Here, the body geometry vector b = (nT , (r × n)T )T is

composed of the unit normal vector n and the position vector r
from the origin of the body-fixed frame to the point at which the
normal vectorn is defined. The termϕi is defined as the normal-
ized potential vector for impulsive flow, which originates from
the expression φ = ϕ · ν for the velocity potential, proposed by
Kirchhoff [4], when applied only to the impulsive component
φi, and not the memory component φm, of the total velocity
potential φ = φi + φm. (More details on the decomposition of
the total velocity potential are given in Section VI-A.) Finally

∇̃ =

(
∇

r ×∇

)
.

The time derivative terms that appear in the second row
of (7) can be replaced by equivalent expressions derived in
Appendix A, where the resulting expression for the second term
on the second row eventually cancels out with an another term
in the model. (See Appendix B.) The resulting form is a simpler
version of the reformulated LNM model

F = Mbν̇ +GMbν + ρ

∫∫
B

∂φ

∂t
b dS + ρG

∫∫
B
φb dS

− ρ

∫∫
S0

φ∇̃
(
∂φ

∂n

)
dS +

1

2
ρ

∫∫
S0

(∇φ · ∇φ)b dS.

(8)

Fig. 2. Surface elevation for a horizontal, prolate spheroid approaching the
free surface at constant forward speed (Fr = 0.35). A scale factor of 3.0 was
used in (b) to exaggerate the wave elevations. (a) Bottom view. (b) Side view.

B. Reformulated LNMS Model

Incident wave forces are incorporated into the reformulated
LNM model (8) as an external force F I , which accelerates the
body and counteracts the forces due to radiation and diffrac-
tion of waves. Incident wave force can be expressed using the
incident wave potential φI as

F I = −ρ

∫∫
B

(
∂φI

∂t
+

1

2
∇φI · ∇φI

)
b dS. (9)

Finally, the reformulated LNMS model can be written as

F + F I = Mbν̇ +GMbν + ρ

∫∫
B

∂φ

∂t
b dS

+ ρG

∫∫
B
φb dS − ρ

∫∫
S0

φ∇̃
(
∂φ

∂n

)
dS

+
1

2
ρ

∫∫
S0

(∇φ · ∇φ)b dS (10)

where the velocity potential φ now accounts for 1) radiation
waves due to body motion in the absence of incident waves
and 2) diffraction waves due to scattering of the incident waves.
See [28] for details.

IV. POTENTIAL-FLOW PANEL CODE

The velocity potential and its derivatives that appear in the
reformulated LNMS model (10) can be obtained from flow
solutions using the medium-fidelity potential-flow code Aegir
(see Fig. 2). Aegir is a time-domain solver that uses a boundary
element method for computing flow characteristics and unsteady
wave patterns, as well as forces and motions of bodies moving
at or near a free surface [20]. Results from Aegir have been
compared against experimental data [39], and have been shown
to be very accurate for certain hull forms for motion in calm
water, though assessments are inconclusive for seakeeping due
to limited experimental data.

Aegir, as it stands, computes φI and its time derivative ∂φI/∂t
in (9). Also, the code computes the memory potential φ and its
time derivative ∂φ/∂t, as well as its gradient ∇φ, which appear
in (10). Other values, such as the second-order partial derivative
∇̃(∂φ/∂n) or the normalized potential vector for impulsive
flow ϕi, which appear in the model formulation in Section VI,
require some modification of the code. While ∇̃(∂φ/∂n) can be
obtained with minor modifications using computations readily
available from the panel code [20], [40], computing ϕi requires
more effort.
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The components of the normalized potential vector for impul-
sive flow ϕi are not obtained from the time-domain solutions of
the flow along with the other parameters of the model; they are
derived separately by solving for the instantaneous response of
the fluid due to an impulsive motion of the body. For example, the
surge element of the normalized potential vector ϕi is obtained
by prescribing unit velocity in surge on a body while imposing
φi = 0 at the undisturbed free surface S0, a condition derived
from the linearized free surface boundary condition for impul-
sive motion of the body [41]. The resulting velocity potential
for the instantaneous response of the fluid will be equal to the
first element of the normalized potential vector for impulsive
flow ϕi. The remaining elements of the normalized potential
vector can be obtained in the same manner, but by prescribing
unit velocity in the corresponding direction.

The integrands of the parameters in the reformulated LNMS
model (10) can be computed once the potentials φI and φ, their
derivatives, and the normalized potential vector for impulsive
flowϕi are obtained. Through additional modification of the po-
tential flow code, the individual parameters and hydrodynamic
force components on the body can be obtained by integrating
the computed terms over the body B and the undisturbed free
surface S0.

V. COMPUTATION OF HYDRODYNAMIC FORCES

Although computing each of the parameters of the refor-
mulated LNMS model (10) individually and analyzing their
sensitivity and uncertainty would be extremely informative, es-
pecially when considering control design applications, doing so
would be impractical, given the extensive coupling among model
terms. Therefore, in this section, hydrodynamic forces predicted
using the reformulated LNMS model (10), whose parameters
are computed using the methods described in Sections IV–VI,
are compared with solutions from the panel code Aegir (see
Section IV). In Section V-A, the force and moment acting on a
prolate spheroid are compared for sinusoidal surge, heave, and
pitch motion in calm water. In Section V-B, we consider the same
prolate spheroid approaching the surface in calm water and in
plane progressive waves, to study incident wave effects. In this
scenario, the spheroid begins and ends its maneuver in steady
translation parallel to the nominal free surface.

A. Forces on Body Due to Sinusoidal Motion in Calm Water

The hydrodynamic force and moment acting in the vertical
plane of the earth-fixed reference frame are computed numer-
ically for a 6:1 prolate spheroid for the conditions shown in
Table I using Aegir. Although the commonly adopted 6:1 prolate
spheroid geometry is used in this study, any other body form
may be used so long as a finer mesh is applied to regions of
complex geometry. The free surface dimensions are determined
by the distances to the upstream, downstream, and exterior edges
shown in Fig. 3. Hydrodynamic force and moment calculations
are sensitive to free surface domain size and panel area. The di-
mensions used in this article match those determined to produce
reliable results in a previous study [10], [28].

Formulas for the hydrodynamic force and moment acting in
the vertical plane can be derived from the reformulated LNMS

TABLE I
INPUT VARIABLES—SINUSOIDAL MOTION

Fig. 3. Notation for submerged vessel dimensions, domain dimensions, and
free surface panel area (bottom view).

model (10). In calm water, F I is set to zero, and the resulting
formulas for the force components in the vertical plane of the
earth-fixed frame for purely surging or purely heaving motion
are, respectively

X = −ρ

∫∫
B

∂φ

∂t
nx dS + ρ

∫∫
S0

φ
∂2φ

∂x∂n
dS

−1

2
ρ

∫∫
S0

(∇φ · ∇φ)nx dS (11)

Z = −ρ

∫∫
B

∂φ

∂t
nz dS + ρ

∫∫
S0

φ
∂2φ

∂n2
dS

− 1

2
ρ

∫∫
S0

(∇φ · ∇φ)nz dS. (12)

The formula for pitching moment in purely surging motion is

M = −ρ

∫∫
B

∂φ

∂t
(rznx − rxnz) dS + ρ

∫∫
B
φunz dS

+ ρ

∫∫
S0

φ

(
rz

∂2φ

∂x∂n
− rx

∂2φ

∂n2

)
dS

− 1

2
ρ

∫∫
S0

(∇φ · ∇φ)(rznx − rxnz) dS. (13)

The formula for pitching moment in purely heaving motion
is

M = −ρ

∫∫
B

∂φ

∂t
(rznx − rxnz) dS + ρ

∫∫
B
φwnx dS
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Fig. 4. Sinusoidal surging motion in calm water: (a) Horizontal force; (b) vertical force; and (c) pitch moment acting on the body; (d) corresponding position in
x-axis. AO†, Aegir Output.

+ ρ

∫∫
S0

φ

(
rz

∂2φ

∂x∂n
− rx

∂2φ

∂n2

)
dS

− 1

2
ρ

∫∫
S0

(∇φ · ∇φ)(rznx − rxnz) dS. (14)

The hydrodynamic force and moment components are first
computed for a prolate spheroid whose longitudinal axis remains
parallel to the free surface when the body undergoes pure sinu-
soidal surging motion with zero mean velocity while starting
from rest. The results are shown in Fig. 4, where the horizontal
force (along the x-axis in the earth-fixed reference frame), ver-
tical force (along the z-axis in the earth-fixed reference frame),
and pitch moment (about the y-axis in the earth-fixed reference
frame) computations from the panel code Aegir [20] are plotted
as blue solid lines, and the corresponding force and moment
calculations using (11)–(13) are plotted as red dashed lines. For
comparison, the hydrodynamic force and moment on a prolate
spheroid undergoing the same motion in deep water (unbounded
fluid), as computed by Aegir, are shown in gray dashed lines. In
addition, the position of the spheroid along the horizontal axis is
included in Fig. 4(d) to illustrate the frequency and phase shift
between the input motion and the resulting hydrodynamic forces.
It is evident that the near-surface values produced by the panel
code and by the computations using the reformulated LNMS
model (10) agree quite well. Note that the frequency of the
horizontal force and the pitch moment oscillations matches that
of the input motion, with a slight phase shift, but that the heave
force frequency is double that of the input motion. Also note that
transient effects are evident in the initial 2 to 3 oscillations for this
constant-frequency oscillating motion because the motion starts

from rest. For comparison, results for the deeply submerged
case in Fig. 4(a) show that horizontal force is in-phase with
position; the force decreases and the phase shifts when near
the free surface. Fig. 4(b) and (c) shows that the vertical force
and pitch moment are zero, for the deeply submerged body,
a consequence of geometrical symmetry. It is also interesting
to note that although one expects an upward force—the free
surface suction—during a steady horizontal motion near the
free surface, sinusoidal surging motion, as shown in Fig. 4(b),
generates a mean downward force. This is because, while a
low-pressure region that covers most of the mid and aft upper
part of the spheroid is formed under the trough of the wave
immediately downstream of the Bernoulli hump for a steady
horizontal motion, this low-pressure region does not form during
an unsteady sinusoidal surging motion, and a mean downward
force is generated for the particular conditions.

Next, we consider the case where the body undergoes a purely
sinusoidal heaving motion with zero mean velocity. The hydro-
dynamic force and moment are computed using the formulas
in (11), (12), and (14). Fig. 5 shows that the vertical force
produced by Aegir, plotted as a blue solid line, agrees very
well with computations using (12), plotted as a red dashed line.
The frequency of oscillation matches, with a slight phase shift
between the input motion and the corresponding hydrodynamic
force. For comparison, the hydrodynamic force and moment on
a prolate spheroid undergoing the same motion in deep water,
as computed by the panel code Aegir, are shown in gray dashed
lines. The vertical force is in-phase with position, in this case,
but it decreases in amplitude and the phase shifts when near
the free surface. The computed values of horizontal force and
pitching moment, which are not included in the figure, are
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Fig. 5. Sinusoidal heaving motion in calm water. (a) Vertical force acting on the body and (b) corresponding position in the z-axis. AO†, Aegir Output.

Fig. 6. Sinusoidal pitching motion in calm water: (a) Horizontal force; (b) vertical force; and (c) pitch moment acting on the body; (d) corresponding position in
y-axis. AO†, Aegir Output.

approximately 10 orders of magnitude smaller than the vertical
force and decrease further with decreasing free surface panel
areas. The horizontal force and pitch moment can be regarded
as zero, which is consistent with expectations for a fore–aft
symmetric spheroid undergoing pure heaving motion in calm
water.

Moving on to purely pitching motion with zero mean velocity,
formulas for the hydrodynamic force and moment in the vertical
plane derived from the reformulated LNMS model (10) are
shown in the following equations:

X = −ρ

∫∫
B

∂φ

∂t
nx dS − ρ

∫∫
B
φqnz dS

+ ρ

∫∫
S0

φ
∂2φ

∂x∂n
dS

− 1

2
ρ

∫∫
S0

(∇φ · ∇φ)nx dS (15)

Z = −ρ

∫∫
B

∂φ

∂t
nz dS + ρ

∫∫
B
φqnxdS

+ ρ

∫∫
S0

φ
∂2φ

∂n2
dS − 1

2
ρ

∫∫
S0

(∇φ · ∇φ)nzdS (16)

M = −ρ

∫∫
B

∂φ

∂t
(rznx − rxnz) dS

+ ρ

∫∫
S0

φ

(
rz

∂2φ

∂x∂n
− rx

∂2φ

∂n2

)
dS

− 1

2
ρ

∫∫
S0

(∇φ · ∇φ)(rznx − rxnz) dS. (17)

Fig. 6 shows the force and moment produced by Aegir, plotted
in blue solid lines, and hydrodynamic force computations using
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Fig. 7. Comparison of vertical force for sinusoidal pitching motion in calm
water, computed using various panel areas. AO†, Aegir Output.

Fig. 8. Prolate spheroid approaching the surface under waves. (Axes not to
scale.)

(15)–(17), plotted as red dashed lines. In addition, the hydrody-
namic force and moment on a prolate spheroid undergoing the
same motion in deep water, as computed by Aegir, are shown
in gray dashed lines for comparison. Near-surface horizontal
force and pitch moment comparisons agree very well, though
some discrepancy can be seen in the vertical force. As shown
in Fig. 7, the discrepancy in vertical force is mainly due to a
large panel area on the free surface. It is evident that the vertical
force due to purely sinusoidal pitching motion derived from (16)
approaches the panel code results as panel area is decreased.
However, panel area should be determined carefully according
to the required accuracy of the model, recognizing that smaller
panel areas increase accuracy but at the higher computational
cost. Note that the mean vertical force in Fig. 6(b) adjusts over
a couple of cycles, because the simulation starts from rest,
before the vertical force converges to a steady-state variation.
Also note the shifted steady mean value of vertical force due
to the top–bottom asymmetry in free surface effects. Results
for the deeply submerged case in Fig. 6(c) show that pitch
moment is in-phase with angular position, and that the moment
amplitude decreases and the phase shifts when near the free
surface. Fig. 6(a) and (b) shows that the horizontal and vertical
forces are zero, a consequence of geometrical symmetry.

B. Forces on a Body Approaching the Surface

In this section, a 6:1 prolate spheroid undergoing a near-
surface longitudinal maneuver (see Fig. 8) has been simulated
under the conditions specified in Table II. The prolate spheroid
starts from rest at depth zi with its longitudinal axis parallel to
the free surface, begins moving horizontally at constant speed
and, then, begins pitching nose up and ascending at constant

TABLE II
INPUT VARIABLES—SURFACE APPROACH MANEUVER

Fig. 9. Motion profile: (a) Translational and (b) rotational position, velocity,
and acceleration along z-axis and about y-axis respectively, during surface
approach maneuver.

speed while continuing at the given constant horizontal speed.
When the spheroid approaches the shallower depth zf , it begins
pitching down until the longitudinal axis is again parallel to
the free surface and the vertical motion is arrested so that
the spheroid once again travels horizontally at constant speed
and depth. Horizontal speed is constant throughout the surface
approach maneuver while the vertical and pitch motion profiles
are shown in Fig. 9(a) and (b), respectively. In Fig. 9, zb and θb
are depth and pitch angle of the spheroid, respectively. Also, the
simulation is carried out in calm water and, then, under plane
progressive waves.

Remark: The prescribed motion was constructed to mimic
a near-surface maneuver; however, the given motion profile
may not be the most natural for a given submerged vessel. An
important application of the motion model described in this
article is to generate dynamically feasible maneuvers through
trajectory optimization, for example, which can be used as
reference trajectories for a motion control system.

Results for a prolate spheroid approaching an otherwise undis-
turbed free surface are shown in Fig. 10, where values output by
Aegir are plotted as blue solid lines and the corresponding force
and moment calculations using (10) are plotted as red dashed
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Fig. 10. Surface approach maneuver in calm water at Fr= 0.35: (a) Horizontal force; (b) vertical force; and (c) pitch moment acting on the body; (d) corresponding
position in the z-axis (on the horizontal axis of the plots, time constant tc = Lb/U0). AO†, Aegir Output.

lines. In addition, the hydrodynamic force and moment on a
prolate spheroid undergoing the same motion in deep water, as
computed by Aegir, are shown in gray dashed lines for com-
parison. Near-surface horizontal and vertical force comparisons
agree very well. However, there is some discrepancy in pitch
moment, which increases as the spheroid approaches the free
surface. This discrepancy can be reduced by refining the panels
on the free surface and increasing the overall free surface size,
but at increased computational cost. Note that vertical force [see
Fig. 10(b)] and pitch moment [see Fig. 10(c)] are similar in
form, but opposite in sign, to the acceleration in the vertical
direction [see Fig. 9(a)] and acceleration in pitch [see Fig. 9(b)],
respectively. Furthermore, results for the deeply submerged
case in Fig. 10(a) show the horizontal force is zero during the
beginning and ending of the motion where vertical and pitching
velocities are zero and horizontal velocity is constant.

Moving on to results for a prolate spheroid approaching the
surface under plane progressive waves, hydrodynamic force
values output by Aegir are plotted as blue solid lines and the
corresponding force and moment calculated using (10) are plot-
ted as red dashed lines in Fig. 11. Similar to the results in calm
water (see Fig. 10), horizontal and vertical force comparisons
agree very well while there is some discrepancy in pitch moment
that increases as the spheroid approaches the free surface. The
force and moment acting on the body due to the incident wave are
calculated using (9) and included in Fig. 11 as solid green lines.
The instant when the crest of the incident wave coincides with
the geometric center of the body, is denoted by vertical, dotted
gray lines. The peak in the horizontal incident wave force lags
the incident wave crest [see Fig. 11(a)]; however, the phase shift
appears inconsistent for pitch moment [see Fig. 11(c)] due to

the antisymmetric pitching motions near the beginning and end
of the maneuver. The peaks of vertical incident wave force and
wave height coincide [see Fig. 11(b)]. It is also evident that the
horizontal force [see Fig. 11(a)] is predominantly affected by
the incident waves. There is no horizontal acceleration, so the
horizontal force is influenced mainly by surface effects. On the
other hand, vertical force [see Fig. 11(b)] and pitch moment [see
Fig. 11(c)] are affected to some extent by the incident wave at
the beginning and the end of the surface approach maneuver,
where there is no displacement in the vertical direction or in
pitch angle. But during pitching and ascent, the vertical force
and pitch moment are dominated by body motion effects; the
resulting values are similar to those in Fig. 10.

VI. CONTROL-ORIENTED MODEL

The reformulated LNMS model in (10) can further be rewrit-
ten into a form more amenable to control design and which
may afford more physical insight. In Section VI-A, the velocity
potential in the reformulated LNMS model (10) is decomposed
to produce partial models that are perhaps more physically intu-
itive. In addition, in Section VI-B, a method for approximating
and replacing the convolution integrals in the memory terms is
described to generate a model suitable for control design and
simulation.

A. Decomposition of the Velocity Potential

The total velocity potential φ that appears in the reformulated
LNMS model (10) can be decomposed into the form proposed
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Fig. 11. Surface approach maneuver in waves 〈wavelength, λ/Lb = 3.12; wave steepness, H/λ = 3.21e − 3〉: (a) Horizontal force; (b) vertical force; and (c)
pitch moment acting on the body; (d) corresponding position in the z-axis. AO†, Aegir Output. IWF*, Incident Wave Force. IWC**, Incident Wave Crest.

by Battista [2]

φ(q,ν, t) = φK(ν) + φs(q,ν) + φm(t)

= (ϕK +ϕs) · ν + φm

= ϕi · ν + φm (18)

where φK is Kirchhoff’s potential accounting for flow due to
body motion through an unbounded fluid, φs is the free surface
potential accounting for the modifications to the vessel-induced
fluid motion due to the presence of the free surface, and φm

accounts for memory effects. The inner products of the normal-
ized potential vectorsϕK andϕs with the quasivelocity vector ν
yield φK and φs, respectively. In addition, the sum of φK and φs

is equal to the impulsive componentφi of the velocity potentialφ
defined in Section III-A2. Therefore, the sum of the normalized
potential vectors ϕK and ϕs is equal to the normalized potential
vector ϕi for impulsive flow.

Applying the decomposed form of the potential in (18) to the
reformulated LNMS model (10) yields the following equations
of motion in vector/matrix form, a form motivated by robot
dynamic formulations that are helpful in recognizing and ex-
ploiting physical system properties [42]

F + F I = (Mb +MB +M2) ν̇

+G (Mb +MB +M2)ν +Dν +E.
(19)

Here, Mb and MB are identical to the matrices in (3) and (6),
and

M2 = ρ

∫∫
B
bϕT

s dS

D = ρ

∫∫
B

6∑
i=1

νib∇̃iϕ
T
s dS − ρ

∫∫
S0

φm∇̃∂ϕT
i

∂n
dS

+
1

2
ρ

∫∫
S0

6∑
i=1

(
∂ϕii

∂n
b
∂ϕT

i

∂n

)
νeTi dS

E = ρ

∫∫
B

∂φm

∂t
b dS + ρG

∫∫
B
φmb dS

− ρ

∫∫
S0

φm∇̂∂φm

∂n
dS +

1

2
ρ

∫∫
S0

(∇φi · ∇φm

+∇φm · ∇φi +∇φm · ∇φm)b dS.

A detailed derivation of each term is provided in Appendix C.
The right-hand side of (19) is equivalent to the LNM model
in [1]; each term has a corresponding term in the other formula-
tion. The physical insight and useful properties described in [1]
for the LNM model, therefore, carry over to the model in (19).

B. Determination of Impulsive and Memory Terms

Here, we describe procedures for determining the impulsive
and memory terms in the reformulated LNMS model in (19). The
normalized potential vectorsϕK andϕs and their derivatives can
be computed by solving for the flow corresponding to impulsive
motion of the body using a potential-flow panel code. In addition,
the memory potentialφm and its derivatives can be approximated
using the impulse response of the system.
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1) Computation of Impulsive Terms: As described in
Section IV, the q-dependent normalized potential vector for im-
pulsive flowϕi can be computed by solving for the instantaneous
response of the fluid due to an impulsive motion of the body
using a potential flow panel code. On the other hand, Kirchhoff’s
normalized potential vector ϕK can be obtained by considering
a moving body in an unbounded fluid, independent of q. In
addition, the q-dependent ϕs can be computed by subtracting
ϕK from ϕi. The derivatives of ϕK and ϕs can be obtained
through the same procedure. Finally, by computing a set of
impulsive terms in the operating range of the system, a look-up
table can be created to form a discrete parameter model, or a
data fit can be performed on the q-dependent impulsive terms to
yield a continuously parameterized model.

2) Approximation of Memory Terms: The memory potential
φm is the sum of a diffraction potential φD and a radiation
potential φR. Based on the derivation introduced by Falnes [43],
the diffraction potential can be expressed as the following con-
volution integral:

φD(t) =

∫ ∞

−∞
h(q(τ), t− τ)η(τ) dτ (20)

where h is the impulse response to the wave elevation η. In ad-
dition, the radiation potential can be expressed as the following
convolution integral described by Battista [2]:

φR(t) =

∫ t

0

ϕR(q(τ), t− τ) · ν(τ)dτ. (21)

Here, the normalized potential vectorϕR is the impulse response
to the body’s velocity ν. A set of q-dependent impulse response
functions h and ϕR can be obtained in the operating range of the
system using a potential-flow panel code, and the resulting sets
can then be used to create a look-up table or to form a data
fit. The resulting discrete set of impulse response functions,
or the continuous, fitted impulse response function, can be
used to approximate the convolution integrals in (20) and (21)
using finite-dimensional state equations according to a method
proposed by Kung [44]. That method has been implemented by
several authors, including Yu and Falnes [45] and Damaren [46]
for the diffraction problem and Kristiansen and Egeland [47],
Taghipour et al. [48], Perez and Fossen [49], and Chen et al. [50]
for the radiation problem. The same procedure can be applied
to approximate the derivatives of φD and φR to obtain the
derivatives of φm in vector E of (19).

To summarize, applying the decomposed form of the ve-
locity potential (see Section VI-A) to the reformulated LNMS
model (10) produces expressions that may provide more physical
insight concerning submerged vessel motion [1], [2]. Computing
the impulsive terms (see Section VI-B1) and replacing the
memory terms (see Section VI-B2) in the final form of the

reformulated LNMS model (19) yields a model formulation well
suited for control design and simulation.

VII. CONCLUSIONS AND FUTURE WORK

In this article, incident wave effects were incorporated into
a reformulated LNM model for a submerged vessel moving
near a free surface to form a reformulated LNMS model. To
begin, the LNM model derived by Battista [1], [2] using a
Lagrangian mechanical system formulation was introduced. A
reformulation of the LNM model was described, which enables
parameter computation using data from a potential-flow panel
code. Incident wave effects were then incorporated into the
reformulated model to yield a reformulated LNMS model. The
reformulated LNMS model, whose parameters can be computed
using the methods described in this study, was used to predict hy-
drodynamic forces on a prolate spheroid undergoing sinusoidal
motion in the vertical plane, and the results were compared
with forces obtained from the medium-fidelity potential-flow
panel code. In addition, hydrodynamic force predictions using
the reformulated LNMS model were compared with panel code
solutions for a prolate spheroid approaching the surface in calm
water and in plane progressive waves. Finally, a control-oriented
formulation of the reformulated LNMS model was proposed.

Steady surge force, heave force, and pitch moment predictions
for a prolate spheroid moving at a constant forward velocity par-
allel to the free surface were derived from a reformulated LNM
model (8) and compared to basic panel code solutions in [10] and
[28]. In this study, additional terms were included in the model
to account for unsteady flow due to longitudinal motions and
maneuvers. In addition, incident wave forces were incorporated
as external forcing to yield the reformulated LNMS model.
The results for hydrodynamic force calculations in the vertical
plane using the reformulated LNMS model agree well with
force values output by the panel code for zero-mean, sinusoidal
motions, and a surface approach maneuver. In addition, some
results were shown to demonstrate sensitivity of the vertical
force to changes in panel area on the undisturbed free surface.
The effects of plane progressive waves on a submerged vessel
undergoing a near-surface maneuver were also investigated.
Finally, a control-oriented variant of the reformulated LNMS
model was presented, which features a physically intuitive de-
composition of the velocity potential.

Based on potential-flow theory, the reformulated LNMS
model can accurately predict hydrodynamic forces and moments
under ideal flow assumptions, but viscous-flow effects that play
a significant role should also be incorporated into the model
and the resulting, amended model should be validated against
experimental data. However, for the intended application of
model-based control and estimation, accuracy of the amended
model is not a paramount concern; well-designed model-based
feedback can compensate for modeling errors and uncertainties.
The LNMS model is amenable to established nonlinear control
and observer design methods. Having established a procedure to
compute model parameters, ongoing work is focused on devel-
oping and testing model-based nonlinear control and estimation
strategies.
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APPENDIX A
TIME-DERIVATIVE TERMS IN THE REFORMULATED

LNM MODEL

With regard to the first term in the second row of (7), although
the body surface B is in motion, the limits of the integral and the
velocity potential in the integrand use the same time and spatial
coordinates, as computed by the potential-flow code Aegir [40].
Therefore, the order of the derivative and the integral can simply
be interchanged as shown in the following:

d

dt

∫∫
B
φb dS =

∫∫
B

∂φ

∂t
b dS. (22)

As for the second term in the second row of (7), the undis-
turbed free surface is fixed, so the order of the derivative and the
integral can simply be interchanged. Therefore

d

dt

∫∫
S0

φ
∂ϕi

∂n
dS =

∫∫
S0

[
∂φ

∂t

∂ϕi

∂n
+ φ

∂

∂t

(
∂ϕi

∂n

)]
dS.

(23)
Here, the first term in the integral can be removed since ∂φ/∂t
can be approximated as zero at the undisturbed free surface; see
Appendix A-A.

With respect to the second term in the integral of (23), the
normalized potential vector ϕi, which is expressed in the body-
fixed frame, can be expressed in the earth-fixed frame as ϕS0i
using the following relation:

ϕi = JTϕS0i

since

φi = ϕT
i ν

= ϕT
S0iq̇

= ϕT
i J

−1Jν.

Now, if the translational and rotational components of the
normalized potential vector are considered individually

ϕi =

(
ϕit

ϕir

)
. (24)

The time derivative of the translational component is

∂ϕit

∂t
=

∂
(
RTϕS0it

)
∂t

= ω̂TRTϕS0it

= −ω̂ϕit

= −ω ×ϕit.

Here, ∂ϕS0it/∂t = 0 (see Appendix A-A) for an arbitrary q̇.
Therefore

∂

∂t

(
∂ϕit

∂n

)
= −ω × ∂ϕit

∂n
. (25)

Care is required when considering the rotational component
in (24). Following the procedure in [10] and [28], the rotational
component can be expressed as

ϕir =
∂φ

∂ω

= r × ∂φ

∂v
(26)

where r in the integral over S0 is the position of a point on
the undisturbed free surface S0 in the body-fixed frame. If the
position of a point on S0 in the earth-fixed frame is denoted as
rS0

, then

rS0
= Rr + xb.

Taking the time derivative

ṙS0
= Ṙr +Rṙ + ẋb.

Since rS0
is constant, ṙS0

= 0. In addition, some of the terms
earlier can be replaced with ones shown ahead [2]

ẋb = Rv

Ṙ = Rω̂.

Therefore

ṙ = −v − ω × r. (27)

With respect to the rotational component of the second term
in the integral of (23), by applying (25)–(27)

∂

∂t

(
∂ϕir

∂n

)
=

∂

∂t

(
r × ∂ϕit

∂n

)

= (−v − ω × r)× ∂ϕit

∂n
+ r × ∂

∂t

(
∂ϕit

∂n

)

= (−v − ω × r)× ∂ϕit

∂n
− r ×

(
ω × ∂ϕit

∂n

)
.

(28)
Applying (22), (25), and (28) to the second term in the second
row of (7) yields

−ρ
d

dt

∫∫
S0

φ
∂ϕi

∂n
dS

= −ρ

∫∫
S0

φ

( −ω × ∂ϕit
∂n

(−v − ω × r)× ∂ϕit
∂n − r ×

(
ω × ∂ϕit

∂n

)) dS

= −ρ

∫∫
S0

φ

(
−ω × ∂ϕit

∂n

−v × ∂ϕit
∂n − ω × ∂ϕir

∂n

)
dS. (29)

A. Linearization of ∂φ/∂t

Recall the unsteady Bernoulli equation

−1

ρ
(p− pa) =

∂φ

∂t
+

1

2
∇φ · ∇φ− gz.

Reorganizing the unsteady Bernoulli equation as an expression
of ∂φ/∂t at the exact free surface gives

∂φ(z)

∂t
=

(
gz − 1

2
∇φ · ∇φ

)∣∣∣∣
−z=η

.

This expression is linearized about z = 0 using its Taylor series
expansion

∂φ(z)

∂t
=

(
gz − 1

2
∇φ · ∇φ

)∣∣∣∣
z=0
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+
∂

∂z

(
gz − 1

2
∇φ · ∇φ

)∣∣∣∣
z=0

z + · · ·

= gz + (higher order terms)

≈ gz.

Therefore

∂φ

∂t

∣∣∣∣
z=0

= 0

APPENDIX B
CANCELING OUT EQUIVALENT TERMS

The second term in the third row of (7) can be rewritten as

−ρG

∫∫
S0

φ
∂ϕi

∂n
dS = −ρ

(
ω̂ 0

v̂ ω̂

)∫∫
S0

φ
∂ϕi

∂n
dS

= −ρ

∫∫
S0

φ

(
ω × ∂ϕit

∂n

v × ∂ϕit
∂n + ω × ∂ϕir

∂n

)
dS.

(30)

Now, the integrals over S0 in (29) and (30) cancel each other
out in (7), and the resulting reformulated LNM model can now
be expressed as

F = Mbν̇ +GMbν + ρ

∫∫
B

∂φ

∂t
b dS + ρG

∫∫
B
φb dS

− ρ

∫∫
S0

φ∇̃
(
∂φ

∂n

)
dS +

1

2
ρ

∫∫
S0

(∇φ · ∇φ)b dS

where

G =
( ω̂ 0

v̂ ω̂

)

∇̃ =
( ∇
r ×∇

)
.

APPENDIX C
IMPLEMENTATION OF DECOMPOSED VELOCITY POTENTIAL

By applying the decomposition of the total velocity potential
in (18), each term in the reformulated LNMS model (10) can be
rewritten as

ρ

∫∫
B

∂φ

∂t
bdS

= ρ

∫∫
B

∂

∂t
[(ϕK +ϕs) · ν + φm] b dS

= ρ

∫∫
B

[(
∂ϕs

∂t
· ν
)
b+ (ϕi · ν̇) b+

∂φm

∂t
b

]
dS

= ρ

∫∫
B

[((
6∑

i=1

νi
∂ϕs

∂q′i

)
· ν
)
b+ (ϕi · ν̇) b+

∂φm

∂t
b

]
dS

= ρ

∫∫
B

[ (
bϕT

K

)
ν̇

+
(
bϕT

s

)
ν̇ +

(
6∑

i=1

νib∇̃iϕ
T
s

)
ν +

∂φm

∂t
b

]
dS

ρG

∫∫
B
φb dS

= ρG

∫∫
B
[(ϕK +ϕs) · ν + φm] b dS

= ρG

∫∫
B

[(
bϕT

K

)
ν +

(
bϕT

s

)
ν + φmb

]
dS

−ρ

∫∫
S0

φ∇̃
(
∂φ

∂n

)
dS

= −ρ

∫∫
S0

(ϕi · ν + φm) ∇̃
[
∂ (ϕi · ν + φm)

∂n

]
dS

= −ρ

∫∫
S0

(
φm∇̃∂ϕT

i

∂n
ν + φm∇̃∂φm

∂n

)
dS

1

2
ρ

∫∫
S0

(∇φ · ∇φ)bdS

=
1

2
ρ

∫∫
S0

(∇φi · ∇φi +∇φi · ∇φm +∇φm · ∇φi

+∇φm · ∇φm)bdS

=
1

2
ρ

∫∫
S0

{[
6∑

i=1

(
∂ϕii

∂n
b
∂ϕT

i

∂n

)
νeTi

]
ν + (∇φi

· ∇φm +∇φm · ∇φi +∇φm · ∇φm) b

}
dS.

Therefore, the resulting equations of motion can be expressed
as

F + F I =

(
Mb + ρ

∫∫
B
bϕT

K dS + ρ

∫∫
B
bϕT

s dS

)
ν̇

+G

(
Mb+ ρ

∫∫
B
bϕT

K dS+ ρ

∫∫
B
bϕT

s dS

)
ν

+

(
ρ

∫∫
B

6∑
i=1

νib∇̃iϕ
T
s dS−ρ

∫∫
S0

φm∇̃∂ϕT
i

∂n
dS

+
1

2
ρ

∫∫
S0

6∑
i=1

(
∂ϕii

∂n
b
∂ϕT

i

∂n

)
νeTi dS

)
ν

+ ρ

∫∫
B

∂φm

∂t
b dS + ρG

∫∫
B
φmbdS

− ρ

∫∫
S0

φm∇̂∂φm

∂n
dS

+
1

2
ρ

∫∫
S0

(∇φi · ∇φm +∇φm · ∇φi

+∇φm · ∇φm)bdS. (31)
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