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I, INTRODUCTION

1,1, Introduction

There is frequent meed to classify an individual as having
arisen from one of two populations. Discriminant analysis for
the two-population case is the study of methods of classification
by means of a discriminator, or scalar function of measurements
of the individual, Inasmuch as the multivariate normal distri-
bution is almost exclusively assumed in the practice of discrimi-
nant analysis, this paper specifies and restricts itself to
populations having the multivariate normal distribution. Two
types of discriminators have boen devised by other authors,
linear and quadratic,

A quadratic discriminator consists of a quadratic funotion
of measurements of an individual; similarly a linear discriminator
consists of a linear function of these same measurements,

Smith (11) has shown that a second-dogree discriminator is ade-
quate for two-population classification when both populations
have multivariate normal distributions.

However, the quadratic discriminator is undesirable for
both practical and theoretical considerations., Practically,
the quadratic discriminator involves the inversion of two

matrices rather than one and introduces additional labor in



evaluating a certain constant. Theorotically, the quadratic
discriminator presents difficulty in finding the probabilities
of misclassification, as they involve integrating a multiva-
riate normal density with e hyperconic section cs a limit of
integretion; this would involve extensive tabulation. (Some
simplification in the bivariate case of this integration is
given in the Appendix, 10,1.)

This paper will consider linear discrimination for two
populations where an individual is represented by k measuremsnts
and where each population will give rise to a distinct k-variate
normal distribution for randomly picked individuals, The set
of values of the k variates will be considered as dofining a
point in k-space,

The linear discriminator, [(xl,...,xk), is of the form

1(x1.....xk) S a1X; ¢ 83Xy + eee ¢ 81X,
where the a's are constants and the x's are the measurements
on an individual to be classified. In matrix notation, when
A 18 a row vector of the a's, X is the corresponding row vector
of the x's, and primes denote transposition,

I(x) = axr
Thus, the measurements of the individual are used as arguments
for the discriminator,‘[(x), and the individual is classified
according to whether the resulting value of f(X) is greater

than or less than some fixed number, say c.



The linear discriminator ‘[(X) = ¢ may be considered to
be a hyperplane dividing the k-space into two parts. The
vector A determines the direction of the hyperplane and the
constant ¢ determines the distance of the hyperplane from the
origing i.e, its "position",

The linear discriminator is used in practice almost
oxclusivoly, Howovor, the linear disoriminator is elsewhere
considered as a speoial case of the quadratioc which occurs when
the dispersion (variance-covariance) matrices of the populations
are equal, Linear discrimination has been investigafod in the
past as a technique: only; population studies and sampling
distributions have beon neglected., While the assumption of
equal dispersion matrices is a frequently met special case,
it is by no means justified in general, Furthermore, udequate
investigation has not been made using loss functiorns associated
with misclassification and a priori information regerding the
probabilities that a randomly dravm individual arose f{rom one
or the other population,

It is the purpose of this paper:

(1) to present a population study of linear discrimination
with respect to ocertain criteria,
and (2) to investigate sampling distributions (for large
samples) where practicable.

The population study will be considered on three levels:
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(a) risk when loss functions and a priori probabilities
of randomly drawn individuals arising from one or the
other population are knownj;

(v) expected errors when the above-mentioned a priori
probabilities are known;

(c) accuracy of discrimination disregarding loss functions
and a priori probabilities, this accuracy measured in
terms of probabilities of misclassification,

Suppose we have a loss function associated with misclassifi-
cation of an individual; then th.s loss function weighted by the
appropriate density and integrated over the entire sample spaco is
called the risk, Hence, level (a) is tho risk associatod with a
misclassification. On level (b), we have the probability that an
individual will be classified as having arisen from ons population,
given that it arose from the other, times the probability that a ran-
domly drawn individual arose from a particular population., This is
the expectation that a misclassification will be made, which may
be called expected error.

There are two rea#onable oriteria by which a disoriminator
may be Jjudged:

(1) total risk associated with misclassification, total
expected misclassification, and sum of conditional
probabilitjes of misclassification (respectively for
levels a, b, and ¢) for an individual to be classified;

(i1) maximum among risks of misclassification, maximum among

expected misclassifications, and maximum among probabi-
lities of misclassification (respectively for levels

a, b, and c¢) for an individual to be classified.,
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The first of these was introduced on level (a) by Brown (3)

and the second introduced on level (b) by Weloch (12). Welch
restricted the expected errors to be equal and then minimized
them, a technique which facilitates the use of oriterion (11).
A paper by Lindley (8) gives some disoussion of criterion (1), |
pointing out that in the two-populational case classification
satisfying criterion (i) is clessification by minimum unlike-
lihood, However, although "optimum" properties are readily i
established for quadratic discriminators, no explicit results
have been derived for the risks associated with, or probabili=-
ties of, misclassification; these can be obtained explicitly in
general nnly whon the discriminator is linear. Although Welch
and Brown introduced thess criteria, they both left them in the
most general form, not applying them to any specific distribu-

tion.

l.2. Soms mathematical definitions

Note that linear discrimination is equivalent to partition-
ing the kespace by a hyperplane of the form AX*' = c, We lose
no generality if we use a classificatory rule such that an
individual is olassified into population I if f(X) = AX'£o,
and into population II if f(X) = AX'Doe.

Suppose that a olassification of an individual, X, from
population u into v involves a finite loss Wh’v(x);>0, u,vs=I,II;
suppose that a correct classification involves zero loss, i.e.

wa’u(x) S 0. Suppose we have a priori information regarding the



(1,2.1)

(1.2.2)
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probabilities thet a randomly drawn individual belongs to omne
or the other population; say p for population I and q for
population II. Designate the risk (expected loss) and density

function for population u as R, and f,(X) respectively; then

RI s P XX WI, II(X)fI(X)dx »
AX* D> ¢

RII - q eoe WII, I(x)fII(x)dx »
AX' € o

since W 1(X) Wirs11(X) = 0.
We may express criterion (i) for risks as R = Ry ¢ Ryy and
oriterion (ii) for risks as Ry, where Ry, is the larger of Rp
and RII‘

We may note that only in certain situations is the problem
(i.0s that of finding A and ¢ to satisfy one of the criteria)
resolvable. If both the integrals Ry and Ryy exist for all
hyperplanes, then a solution exists., If one of these integrals
converges while the other diverges, the solution is trivial, with
all individuals being classified as having arisen from the
population having the divergent integral., If both integrals
diverge, the problem is not resolvable, This applies for both
oriteria,

Let us note some loss functions for which the problem

is resolvable:
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(a) wu’v(x) o k-variate normal demsity; uw,v = I,II,
(®) W, o(X) oc [fu(x)] *u , where t ) -13
(c) Wy,v(X) = constant,
(a) involves any k-variate normal demsity and (b) is the special
case of (a) which involves the demsity of population ue 1In
(b), the loss function varies inversely ivith the density if
tu <€ 0, and varies directly with the demsity if t,2 0. In the
first case, the central values involve lesser loss than peri-
pheral values when misclassified, and in the latter case, the
central values involve a greater loss than the peripheral values
when misclassified.

Before continuing, let us note the following identities:

[+ Ce=m
-
(1.2,3) 20,3)ax = N(m,o~2)dx = ¥(0,1)dx
AX' €c -0 -
and
[o o] [0 o]
(1.2.4) 204, €)ax = N(medx = J ¥(0,1)dx
AX' ) ¢ c c-m
=
M=-0
s
: N(0,1)dx,
-0

wheroe M is the row vector of means,/‘i, Z is the dispersion

matrix with elements d-ij' i, 3 = 1,eee,0k,
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k
(1425) m= AN = %‘H/“i .

2 - -
(1.2.6) ¢ = A A = :4'_;19.1 iy

(14247) RO, E) = (2 x)'k/z IZl-lexp{-%(X-u)Z-l (x-m)'} .
and
(14248) N(m, %) = (ZFGZ)-%exp{-%(%E;} .

e shall use #L(Y, E) interchangeably as a population
spoecification and tho corresponding density function and shall
specify the two populations as ﬂ(ﬁl.;l) and 92(}12.2'2).

The probability of an individual arising from population

I and being classified into II will be designated PI* »

(-
- - 1
(1.2.9) P*s 2 p |... N, E)ax = p N(0,1)dx, (from 1.2.4)
AX' > ¢ =00

and the probability of an individuel arising from population II

and being classified into I will be designated PHt R
c-mo
- T2
(1.2.10) Pir* = a4 feeo | N, Eax = g §(0,1)ax, (from 1.2,3)
AX* Lc -0

since the classificatory rule states that an individual is
classified into population I if SMX) = AX' € o and into

population II if f(X) = AX'>oc.
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On level (b), we may express oriterion (i) as P* = Pr* ¢ Prr*
and criterion (ii) as Py*, where Py * is the larger of Py* and Pyy*.
When the prior probabilities are not known, we have the
third (c) level., Designate the probability of an individual
being classified into population II given that it arose from

population I as PI »

oo
%

(1.2,11) Pro= i [ MM, Ep)ax = N(0,1)dx, (from 1.2.4)
AX* > c -00

and the probability of an individual being classified into

population I given that it arose from population II as Py,

C-q
Ta

(1.2.12) Pry = | eee [R(¥, Zp)ax = N(0,1)dx, (from 1.2.3)
Axr§ e -®

since the classificatory rule states that an individual is
clagsified into population I if R(X) = AX' £ o and into
population II if ,((X) = AX' ) o,

On the (c) levol, criterion (i) may be expressed as
P = P; < Pyy, and criterion (ii) as P;, where Py is the

larger of Py and Py,
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II. DIRECTION OF THE HYPERPLANE

2.1 The vector A for level (a) of (1.1), oriterion (i)

Consider now the parameters of the hyperplane., If we
wish to find a vector A and a ¢ for criterion (i), we wish
to find these parameters such that R = Ry ¢ Ry is

minimized. From (1.2.,1) and (1.2.2),

(20101) R = P cee WI. II(X)fI(X)dX ¢+ q Xy }YII,I(x)fI(x)dx.
AX' D c AX'S ¢
No solution can be given for general loss functions. The
special cases of loss functions mentioned in (1.2) will be

considered later.

2.2, The vector A for level (b) of (1.1), criterion (i)

We wish to obtain A and ¢ which minimize the sum of

expected errors, P* = P.x ¢ P..* . From (1,2.9) and
I IT

(1.2.20),
ml-c c‘mz
5 o3
(2.2,1) P+ = p N(O,1)dx + q N(0,1)dx .
-0 « (00

Differentiating P* with respect to ¢ and aj, i = 1l,.00,k,



then setting the derivatives equal to zero, we have:

wen B g (] eelie]
m1=c -C c-m o-m2y _ g,
2 o2 | 2 5 - ﬂ-g.-exp{a?ﬂ 203

(2.2,3) 28 1 1 2

But from (2.2.2),

: 2
1= 2 O-mz
(2.2.4) = e’@{'éé\?f, } = 'a‘%' °XP{’%(“;‘) } # 0

1 2

The equality of (2.2.4) permits removal of a non-zero factor

from (2.2.3) yielding

o-l}_g;_(‘_“r_"_) + a-zsg_;(ﬁz_‘_? = 0,

(ml-c = 0-2 o M2 wC
38.1 2

or

1;‘5}"

But my - ial /411' mp - E“ 111° °'1 = Z“i TijIaj

2
andd'z' = E aio—ijIIa;j 3 thus
j’JB

2 2
(20205) ¥my _ om-c oy am, mp -0 307,
or da; 20y da4 - Sai 2o ,° da,
jic S : _mp-c X
(2.2,6) /(11 - ——z-d'l % aJri;jI " /‘iII - ———z'o.z % JTL3I1 ,

If we take this set of k equations and express the set in

matrix notation,
m, = ¢ -c
| - . T2
(24247) M, et AZ, = Mz ~ A 22
This equation is not readily solvable for the a's which

occur in A, my, mp, 0‘12, and 0'22 .



(2.2,8)

17

Consider the special case of proportionate matrices in which
2 :
=, s X3, 2L

(24249)

(2.2,10) A

Then equation (2.2,7) reduces to

2
- =m1-0 mzoc
EI B 2 = A
1 1
If M, - M, be designated as D and Slas}l,
-ml-mz

But m, = Anl".mz = AM,', and 62 = AXA', Then

p= e 2F
Lot
= px ™t
Then
. pE p opEls ) DE "D . D - b .

- - -]
pels =1 pE

Note that A is independent of c. The evaluation of c, then,
will be considered in chapter IIT,

Thus, A = DI -1 is a set of roots for equation (2.2,3) .

Recall thet the a's are direction numbersj therefore the
ratios of the various a's is all that is required. Any Ay
proportional to A will also solve equations (2.2.3), provided
that ¢ is adjusted correspondingly,

It is shown by Smith (10) that these roots minimize P when
o = 1; it can be showm that, when linear discrimination is
appropriate (c.f. 4.2), these roots minimize P when X ¥ 1.

Minimizing P+ EI -~ P on level (c) is a similar procedure

and yields an identical result,
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ir Zl Z 22’ we suggest

(2.211) & = DEET + qoF; )
as a reascnable approximation. If the optimum (i) hyperplane
intersects the line connecting the centroids at some point
between the centroids, say X,, then,

(1) Among all hyperplanes through X,, the ones minimizing
the probabilities of misclassification for either population
considerod separatoly are the hyperplanes tangential to the
equidensity surfaces through X, (c.f. 2.5.2) which are
DZ'I'I(x -X,)' =0, Digl(x -X,)'=0. If DEZIOG ngl ,

a solution to (2.2.7) exists, as shown below., (2.2.7) gives

My -M, = M -° a5, _ A -c,s

AZ A AS At 2
- - -1 -
Suppose A = DZ 11 = ,%Dizl 3 DE," = /ODzll « Then
-1 -
_ DEyM,' -0 -1 Dzh"‘O -
p = 11 DX 3; — =12 pzils,

1 = =
DEI'E, 570’ DT E2T1 D'

pETMM' o _ DEIM, - 5
DEID poein /)

DEI08" - 1,")
p=ilp’

D L D °

(2) Provided Di;l, DSEI are not excessively dispropor-
tionate, the above hyperplanes are approXimately the same;
then it seems reasonable that the hyperplane satisfying

criterion (1) would be within the smaller of the two supp lementary
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angles between the two hyperplancs. Thus (2.2.11) may be

considered as an approximation to the minimizing values of A,

’

2.3. The woctor A for lovel (c) of (1.1), criterion (i)

P = P; + Prp is identical with P* = Pi* & Pyy*
if p and q are replaced by 1's. The A in 2.2 is independent
of pe Thus, the solution for proportionate matrices is the
same as in 2.2, viz. A = Di."l, S either S,or X, |
Similarly when the matrices are not proportionate, there is
no simple solution and we suggest the use of

(2.3.) 4 = ;7Y & 5,70

corresponding to the previous suggestions,.

2.4. The vector A for level (a) of (1.1), criterion (ii)

On tho basis of criterion (ii) we wish to find a set

of a's tc minimize R As in 2,1, no solution can be given

LO
for general loss functions., The special cases of loss func-

tions mentioned in (1.2) %ill be considsred later.

2.5, The vector A for level (c) of (1.1), criterion (ii)

Consider the two populations in k~space with centroids

Ml and Mé,

discriminator of hyperplane form intersects this line (take

and the linas comnecting tho centroids., Any
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a parallel line as intersecting it at infinity). Let the
point of intersection of the hyperplane and this line have
co-ordinates Xo o Xo may or may not lio between the centroids.
If Xo does not lie between the centroids, one probability of
misclassification will be greater than one-half and we may
immediately discard this case, If Xo lies between the centroids,
each probability of misclassification will be less than one-half,
provided the classificatory rule is equivalent to classifying an
observed individual into the population which has its centroid
on the same side of the hyperplane as the observed individual,
For criterion (ii) we wish to minimize P1» the larger of
PI and PII .
Now the equidensity surfaces of the populations passing
through X, are
(245.1) (x - Ml)zl'l(x - My)¥

and

(%o - ¥,) zl-l(xo - Ml)"

(2.5.2) (x - mz)zz'l(x -M)r = (X, - ug)Ez'l(xo - )0,
It has been shown by Clunies-Ross (4) that, if 21 oc 22 ,
among the family of hyperplanes passirg through X,s» the hyper-
plane minimizing both Pr and Pyr (and therefore both pPy = Pp*
?.nd qPII = PH*)will be the cormon hyperplane tangent to the
surfaces at X o

This common tangent is

(2.643) (xo - mu)z'l (x - M) = (xo - Mu)z'l (xo - '%)'
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The equation for the tangent may be written
-1
(245.4) (x -x)x (Xx-x)' = 0,
o u °
or
(20505) A(X -Xo)' s o,
where A = (X, - M) X “l ¢ p> -1, since X, is on the line
connecting the centroids.

Thus the A for minimizing P

L s, for Zl oC 22' the same A

as before.

This technique is inapplicable in general when the dispersion
matrices are not proportional. Although it can be shown that
when the matrices are not proportional the desired A for minimigze
ing PL differs from that for minimizing PI 4#?11, we neverthe-
less (provided the departure from proportionality is reasonably

small) suggest that the same A (2.3.,1) should be used.

2.6 The vector A for level (b) of (1l.,1), oriterion (ii)

-

It was mentioned in the last section that PI‘ and PII‘
may in this case be considered in the same way as was PI and
PII’ Provided again that the matrices are proportional, the same
rosults appear. We suggest that the corresponding A (2.2.11) be

used when the matrices are not proportionate.

2.7. The vector A for special cases of Wy y;(X) and W1y 1(X),
] »

both criteria

If the loss functions are any of the special cases mentioned

in Seotion (1.2), i.e. proportional to a multivariate normal
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or a constant, so that
(20701) WI, II(X) - bI W(Bl,vl) or
(2742) WILI(X) = b N(By,V,) or

then

]
o’
L]
-

|
o’

(24743) W, 11 () £5(%) (zrr)"k'nI ’vlf'llill -

exp{-%ﬁx-ul)zl'l(x-ml)' - (x.nl)vl'l(x.sl) -]}

-k/2 =1 -1
(2m) b [T emp{-Bx-u ) £ (k) eay,

which defines M *, b3 1‘, and b* implicitly and uniquely.
Similarly,
-k/2 -1 -1 .

*®

which defines Mzt, b *, and bII implicitly and uaniquely,
For both oriteria, if Zl“ occ 2 *, corresponding to (2.2.10),
- x=l
(2.745) SER AR LT

ile‘ ?é 22" corresponding to (2.2.11), then

(2.6 A T (pr-wm 5T,
where

- -1
(207.7) z w1 - bl.p z 1* + bth 22‘-1 .
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III. LOCATION OF THE HYPERPLANE

3.1 Evaluation of ¢ for level (a) of (1.1), oriterion (i)

Take the definitions of the several parameters and functions
as in 1,2, The a's may now be considered as constants since they
are independent of c,

Under criterion (i), we wish to minimize R= R, ¢ R

I II

and solve for o,

(34101) R 2R dRyy
dc i dc ¢ e

This may not be solved for general loss functions., The previously

mentioned special cases will be considered later,

3.2, Evaluation of ¢ for levels (b) and (c) of (1.1), coriterion (1)

We lose no generality if we let my{my o The classificatory
rule remains as before.

Here we wish to minimize P* = PI"‘ + PII" .

3p* (338 P * .
(3.2.1) 3¢ = Yt 3 |
From (2.2.2), we have

( 0o * -— - -‘ 2 5 2 .
3.2.2) ?;5. = _%exp{.%(ué—if) ]+ a-_;qﬁ exp{-%(va?)} 0

Hence

"
o
e

(3.2.3) mf_z. - %(!gl:g) . %(c-mz)z
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Expand the squared terms and collect coefficients of like

powers of ¢; then

(3.2.4) cz( 1 - 1 \4 -—-—*6—— —-l— - 0,
26’22 26’12/ 6’1 qu

which yields

(34245) ¢(min) =

"12‘*2“’22“1*”1°’zf -my)%s2(03 01" 1n —3.—]

o =%
(3+4244) has two possible roots. There are three ways for
this to ocour:
(1) when there are no roots,
(2) when no roots fall betwsen the centroid, and
(3) when one and only one root falls between the centroids.
If a root should fall at a centroid, this may be considered as a
limi ting case of situation (2), Situation (1) is trivial; all
individuals are classified into one population. In situation
(2), linear disorimination is not very helpful; quadratic dis-
crimination is indicated. In these situations, probably (depend-
ing on parameters) there is no discrimination which will be much
improvement over classification of all individuals into one
population. Thus, situation (3) will be considered in this papor.
Ifp = q = %, situations (1), (2) cannot ooour.
When a root falls between the centroids, this is the root which

minimizes P* < PI# ¢ PII" and is therefore the root desired
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for discrimination by critorion (i). Tho other root maximizes
an expected error and thersfore will not be ugsed. If d-z (d""l.
the positive root is the root desireds if ¢=p» 0= ;, the negative
root is the root desired,

On level (c) of (1.1), o(min) is identical with (3.2.5) ex-
cept for the absence of p and q.

It may be noted that the classificatory rule could be re-
versed from its present statement, but that would make PI)% and
PII)%. and will therefore not be considered further,

It should be noted that if o 150 o(min) reduces to
(342.6) i S o(m),
2
designatod as c(m) since it depends only on m, and m, . This
c(m) is the ¢ introduced for samples by Barnard (2) and Fisher (6),
and currently used in all linear discriminant analysis.
When 67, = o7, c(min) is the root between the centroids.

The other root goes to infinity.

3,3, Evaluation of ¢ for level (a) of (1,1), criterion (ii)

If we looate the hyperplane such that RI s RII' we have
a o optimum in sense (ii), since R; is monotonically decreasing

and RII is monotonically increasing in ¢, In this case

(3.3.1) P ooe WI’ II(X)fI(X)dX s q vee WII.I(X)!.‘H(X)(!X.

AX' 3¢ AX' <o
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An explicit ¢ may not be found in generals The previously

montioned special cases will be considered later,

3.4, Evaluation of ¢ for lovels (b) and (c) of (1.1), criterion (ii)

PI* and PII* are also monotonic, decreasing and increasing
respectively, in c and therefore if the hyperplane is located

such that PI* S P__*, wo will obtain the ¢ for criterion (ii)o

II
Here
ml-c c=-m2
T o
(3.4.1) P N(0,1)dx = gq N(0,1)dx
-00 -

Again an explicit result for ¢ may not be found in general, since
the integrals have not beon evaluated explicitly, If p = q, we
have the integrals identical except for upper limits of integra-

tion, and equation (3.4.1) reduces to

(3.4.2)

1 %

Designate the ¢ satisfying (3.4.2) as c(0~) since it places o
proportionally to the standard deviations; then
(34443) m o 4 mp oy
U"l + 0'2

o(e=) =
As in the case of co(min), if oy = 6'2, c(o”) reduces to
o(m) - m] ¢ m2

S .

On the (c) level, c(0~) is identical with (3.4.3).
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3.5. Evaluation of ¢ for special cases of loss functions

If loss functions should be any of the special cases mentioned
in Section (1.2), they lead to the parameters il" 2% Ml",
Mz*, and A as defined impliocitly in Section (2.7). Then o(min),
c(0~), and c(m) are obtained from (3.2.5), (3.4.3), and (3.2.6)

respectively by the following substitutions:

2 =

(3.6.1) o;;z = AZSA' for 6%, u = 1,2
(346.2) mt* = AMu*' for m,, u = 1,2,
(3.5.3) bl'p for p,

and
(3.6.4) b,*q for q .
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IV. COMPARISON OF DISCRIKINATORS AT LEVEL (o)

4,1 Introduction

Under cortain circunstances linear discrimination does not
yield gcod results; an example of this is the situation in which
the centroids of the two populations are the same., Any descrip-
tion of the conditions necessary for linear discrimination to be
able to lead to reasoneble results must be, to some extent,
arbitrary., Generally the situations in which linear discrimina=
tion may be rejected are typified by c¢(min) not contained in
(ml, mz) when the A optimum under criterion (i) is used. Con-
sequently, as mentioned in (3.2), we shall consider that linear
discrimination is appropriate only when c(min} is contained
in (my, my).

There are two criteria by which discriminators may be
judged on level (¢) of (1.1), namely

(1) p = P;r ¢ Pyq
(11)P; = max(Py, Pyy)
where PI is tha probability of an individual being classified into
population II given it arose from population I and PII is the
probability of an individual being classified into I given it
arose from II,

Thus, if we want to compare two linear discriminators, it can

happen either that one has both criteria less than or equal to
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those of the other or that the above does not ococur. if the former
holds, then the discriminator with the smaller criteria may be
said to be better than the other. This is true whether the dis-
crimination is linear or not,

The linear discriminators are functions of A and ce. The
A's for both criteria were the same (where exact results were ob-
tained) and therefore do not effect comparisons. Further, the A's
are analogies of those used by other authors in sample studies,
Consequently, we shall not consider discriminators using other A's .

However, the c¢'s obtained for the criteria are different so that
comparisons of discriminators using different o's will be useful,
The comparisons will be referred to as comparisons of the e¢'s, although
they involve A, since A will be the same for the different discrimina- -
tors. The restriction to level (c), together with the constant A,
enables us to keep the number of parameters down to two for comparisons
of the discriminators AX' = o(min), AX' = c(o ), and AX' = c(m),
which involve ¢(min), ¢(¢6~), and c¢(m), respectively,

c(min) and c(0”) are the c's derived for the two criteria; both
reduce to c(m) in the special case of equal dispersion matrices.
Further, c(m) is the population analog of the o used in practice and
is easior to compute than are c(min) and ¢(c~). Thus, although the
same comparisons could be made using other functions for o, they do
not appear as worthwhile as comparisons using c(min), o(c~), and c(m).
Since c¢(min) and c(o~) each satisfy a criterion, the comparisons will

be to find for what ranges of the two essential parameters does co(m)
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lead to both a smaller sum of conditional probabilities of misclassifi-
cation than does c(o”) and a smaller maximum conditional probability
of misclassification than does c.(min). If this never ocours when a
linear disoriminator is appropriate, then we may say that c(m) is of
no use since one of c(min), c(o-) have both criteria smaller than those
of c(m).

We lose no generality if.wa lot m, >m, and o'a) di. The desig=-
nation of the population having the larger standard deviation as
population II is arbitrary. We may then multiply by : 1, whichever

is necessary to obtain m2>m1.

4,2 Definition of parameters

It was mentioned that the functions in our comparisons reduce to

two parameters; these parameters are defined as:

Mo = M
(4.2.1) K = 21
o] ¢+ 03
and
2
(44242) (o S
T

We may restrict K > O and & »1, When results in K and o¢ ars tabu-
lated, the tables are symmetric K, .-K and log o, =log o .

It was noted in Sections (3.2) and (4.1) that only when one root
of c(min) lies between the centroids is a linear discriminator appropriate ;

otherwise a quadratic discriminator is appropriate.
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Thus whon

(4.2.3) omin) < m,,
quadratic disorimination is appropriate and linear disorimination
will not be considered. (4.2.3) may bo written m, -o(min) > 0

and expanded to obtain

2 2
0'1 (ml‘mz) 4 6'16-2 (ma-ml)z * 2(0'2 -g lz)ln 6'2/01 >°

2 2

T

"‘"2"‘“2“ n
% =% 0147; " "5“1 %% 20

o (mrm) | Ra% () g
X

9*%

E - XYx2 z:‘lm“ >o

2
o2& . 2% 1) >0
(4.2.4) K¥(ots )% 1n x® - K2 Do

Fige 1 exhibits the rogion in (K,of) for which this inequality
holds,
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.00+
1754
Linear discriminator
1501 appropriate
125+
12.00— — — - —_— - - = -

Quadratic discriminator

75
appropriate
50-
254
0 t —— 1t
i 15 2 3 4 5 6 78 9140
FIG. 1
K2 = of(o¢ ¢+ 1) 210 o



33

4.3 Sum of conditional probabilities of misclassification using

c(m), c(o”)

Denote the sum of conditional probabilities of misclassification
using ¢(m), o(6") by P(m), P(6°) respectively,

Then
my =0 (m) o(m)-mp
b1 o2
N(0O,1)dx + N(0,1)dx (from 1.2,11 and 1.2,12)

(4.3.1) P(m)

=00 «00

and
ml-o(O') o(d‘)-mz
5 %
N(0,1)dx + N(0,1)dx (from 1.2.,11 and 1.2,12)
-00 | =00 )

(4,3.2) P(o)

Now

ml"'mz

o(m) » (from 3,2.6)

mloz > mzd'l

6’10 6’2

o(c) ’ (from 3.4,3)

i | ‘ (from 4.2,1)

6'106’2

™
1]

and

.‘.

(from 4.2,2)

Hence

= =
o;
1 20y 0] + & 2. 2

m - c(m) m -m mo-m, (6’1 + 6’2> -K(et ¢ 1)
1l
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Similarly,
(4.3.4) o(m) - mz ‘K(d‘ 1)
o, 2ot
Also
(443.5) moo) omomo. oo,
d"l o 1 + 0’2
Similarly
(4.3.6) ole) -mp .
T2

Substituting (4.3.3) and (4.3.4) into (4.3.1) and (4.3.5) and (4.3.6)

into (4.3.2), we obtain

.5&(2_4._1_)_ «K( 0ol 21)
- (4.3.7) P(m) = N(0,1)dx N(0,1)dx
=00 ) «00
and
-K
(4.3.8) P(or) = 2 N(O,1)ax .
«=Q
Now when
(4.3.9) P(m) = P(o) > ©

c(0°) yields a lesser sum of conditional probabilities of misclassifica-
tion than does o(m). When the inequality is reversed, o(m) yields a

lesser sum of conditional probabilities of misclassification than does c(o~).
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Let

(4.3.10) gl(K, o) = P(m) -P(0),
Then when g, is positive, c(o~) is the better c, For computational
convenience the identity

a Q0 a

"
o
[]
>
~
O
.
[
~

(4.3.11) N(0,1)dx N(0,1)dx

-00 a 0

was used to put gl(x, & ) into the form

K(a #1) K(ex 41)

K ) 7
(4.3.12) gl(K,O() = 2| n80,1)dx =~ i N(0,1)dx N(0,1)dx.
0 0 0

The value of gl(K,c() was tabulated for several values of K and o(

This table appears as Table 1, A figure, Fig. 2, shows gl(K, o{ ) plotted
against K for various &, Note that whenever a curve lies above the

zero point on the ordinate, c(6~ ) is the better ¢, since it then gives
a smaller sum of conditional probabilities of misclassification than

does c¢(m) and by definition a smaller maximum conditional probability

of misclassification than does c(m)e Fige 3 exhibits regions of (K, &)
in which the sum of conditional probabilities of misclassification

using AX' = c¢(0°) is greater, less than those using AX' = o(m).
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TABIE 1
DIFFERENCE IN SUM OF CONDITIONAL PROBABILITIES OF
MISCLASSTFICATION FROM USING e(m) OVER c(6”) BASED

AN

ON PARAMETERS K AND .,

1 2 4 10 ()
0 0 0 0 0 0
0.1 0 - .010 - 044 - J51 440
0.2 0 - 019 - .083 - +250 381
0.5 0 - 037 - 133 - 221 216
1.0 0 - 02 - 045 - 026 +009
1a 0 - 017 - .023 + ,002 020
1.2 0 - .010 - .002 .025 04,
1.4 ] + ,003 + ,031 +059 080
1.6 0 014 . 049 .080 J02
1.8 0 +020 «059 089 J12
2.0 0 .023 +060 090 J13
3.0 0 .010 .028 047 064
4.0 0 001 006 014 .023
oo 0 (o 0 0 0
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FIG. 2

Differences between conditional probabilities of misclassification

from using c(m) over c(o~) expressed as a function of K and®.
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2.001
11514
1.50+4
c(0”) better on criterion (i)
1251
c(m) better on criterion (i)

o —|—- — — — — — — — — — — —
754
sot
251
0 5 ] : —t—

| 15 =2 3 4 5 678910

FIG, 3
Regions of (K,& ) in which the sum of conditional
probabilities of misclassification using ax' = c(67)

is greater, less than those using AX' = o(m),
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444, MNaximum conditional probability of misclessification using

c¢(m), o(min)

Denoto the larger oonditional probability of misclassification

using c(m), c(min) by PL(m) . PL(min), respoctively,
How 0(6™) 1s the point on efither side of which the probabilities

of misclassification are equal, so that a o <c(eo-) indioates Pr 2P

and a o »o(o~) indicates PII s I’L .
e assumed in Seotion (4.1) with no loss of generality that
Ty > By
Szng = Oimp > Gzmy - O1my
mEm  Oymp ¢+ My

(444.2) s em) > (o).
Therefore
o(m)-m, =K(eof +1)
oy -
(4.4.2) PL(m) = PH(m) s N(0,1)dx = 1(0,1)dx (from4 .3.4)
=00 =0

In a similar manner,
/(mz'ml)z * 2(5:22"53_2)111 O'é/ﬁ'i > (mz’ml)
-4 (m,-m,)2 + 2(0;%-072)1n 03/5, <(my=m,)

Anpgm - oogln) (e -1 o/ €

(m) 0y 01,07) (07-07) (67453)

oi-c-a'é.

= b 2, 5l - (o, - 2 .2 -‘m
s q “my -63°m) ~07 ¥ (my -2 )42 (9%~ 01 %) 1n6% o:,’ 1024026}
W{ 11 it 2/ [ 6] + 03

(4.403) = ofmin) > oo”) .



Therefore c(min) -m,

o2
(4e444) PL(m:ln) = PII(min) = N(031)dx |,

-

Now

oluin) = mp  0°mym03 my -mp6f omy05 =i oAy my) s2(05 =07 ) 1n G/

2
T2 (9’ - 5°)

-m,)
(mp-my) 052 d’lﬁnz (01‘5'2) 12(61007) |07 (: 0)

(67063) (67-07) o )? - oy

K - Ke2 1n 83/61 (from 4.2.1)

Oi+0z G1=0;

o a J 2 0z-0]
0240y

«-1
(40445) =L - ¥E + 25— 1nd (from 4.242)
1=
Therefore
2 o-1
_KQ- 'Ix *2 <1 lne(
(444.6) R (min) = N(0,1)dx .

Now let us define
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g,(K,() = Py(m) - Py(min)
K¢(~4K2 ¢ 2 5—:% In«
_ k(o cl) -
T e o -1
(4.4.7) s N(0,1)dx - N(0,1)dx.
- =00

When g, is positive, PL(m) > PL(min), and o(min) i3 better.

gz(K,d) has the same sign as the inequality

K(&k+1) K - dK 2 “ 1 Iny

(404.8) - - s >0
2 -1
2 2,2
- ——— - Ine
- 4o } Pt
=i (olt e 2u® 4 1) - 2K - B’ XLk S
- of 41
- .2, 2 ' ee( Indk
(4.4.9) K (o(" -1) (a2 Do.

It follows that whenever (4.4.9) is satisfied, o(min) is better
than o(m)e

Fige 4 shows regions of (K,ol) in which the larger probability
of misclassification using AX* = o¢(min) is greater, less than

those using AX' = c(m).
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2001

47154

1501

c(min) better on criterion (ii)

75T
s04 c(m) better on criterion (ii)
251
o —
i 15 2 3 4 5 6 789140 o
FIG. 4

Regions of (K, ) in which the larger conditional
probability of misclassification using AX' = c(min)

is greater, less than those using AX' = o(m )



4,6, Combination of Figs. 2, 3, and 4

Fig. 5 combines Figs. 2, 3, and 4 on the same set of axes,
By inspection of the curves in Fig., 5 it can be seen that o(m)
is better than o(min) for a small region of (K,&f). Within
this region, represented by the shaded area in Fig. 5, c¢(m) may
be considered as a compromise between c(min) and c¢(o"), but
elsewhere at least one is better on both criteria than is c(m)

when linear disorimination is appropriate.
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Combination of Figures 1, 3, and 4.



4,6 A more general comparison of disoriminators

To compare the differences in performance of any two dis~
criminators, the difference of their classificatory errors is a
reasonable and obvious criterion. Note that any two discorimina-
tors, of whatever type and for whatever distributions (the dis-
criminators may be of different types), may be compared in this
manner.

Lot r and r' represent two classificatory rules, ry being
the region where an individual from population i is misclassi-
fied, 1 < I,II; then the conditional probability of mis-

clagsifiocation over population i using r is given by

(4.6,1) fi(x)dx

Ty

and using r' is given by

(4.6.2) fi(x)dxo

| ]
Ty

where fi(x) is the density of population i. Define the quantity
H(r',r) to be the difference in sums of conditional probabilities of

misclassification when the classification is based on rt,r,

(44643) H(r',r) = £ dxX - £ dX ¢ f X - £



Note that rp 4Ty = r‘I + r.II S the entire k-space. If

H iz negative, it represents an increase in the sum of conditional
probabilities of misclassification by using r' rather than r,

If H is positive, it represents a decrease in the conditional
probabilities of misclassification by using r' rather than r.
Vihen H is positive, we may say that r' is the better classifica-
tory rule under oriterion (1).

If fi should have a bivariate normal distribution, and if
wo should devise the clessificatory rule using likelihood ratios,
then r is a conic section such that, if r' is any other regionm,
r is better than r's Comparison of the best linear discriminator
with the best quadratic discriminator would involve integrating
a bivariate normal over an area defined by the conic section.
A simplification of this integral to a single integral with a
polynomial as the exponent of the integrand and simple limits
of integration is given in the Appendix (10.1),

To compars r',r under criterion (11), we need to determine

the largest of:

fI“. f dx, f dx. r dx’

r r r! r'
I II I II

If one of the first two i1s the largest, then r' is better than r,

If one of the second two is the largest, then r is better than r',

A oomparison of the best linear disoriminator with the best quadratic
disoriminator would again involve integrating a bivariate normal

over an area defined by conic seotion. The simplification given

in (10.1) will again be useful,
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V. LARGE SAMPLE THEORY

6.1. Introduction

When the parameters of the populations are known, the
oonditional probabilitios of misclassification of an individual
from either population may be given exactly., In Chapters II and
II1I, the coefficients of the linear discriminators were derived
as funotions of these parameters. If, howevar, the parameters
are not known, they must be estimated, and sampling fluotuations
affect the probabilities of misclassification. This chapter oon-
siders (a) large sample fluctuations of estimates of population
parameters, (b) the effect thesec fluctuations have on the functions
of these estimates involved in the disoriminators, and, hence, (c) the
resulting effects on the conditional probabilities of misclassifica=
tion.

There is one sample of individuals from each population; the
individuals composing each sample are well identified, i.e. there
is no misclassification within these samples., Suppose we use
maximum likelihood estimates of the parameters based on these samples;
then as each sample size tends to infinity, the estimates converge
stochastically to the parameters, If we use the coefficients of
the linear discriminators which were derived for known parameters

with the estimates replacing the parameters, then the conditional
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probabilities of misoclassification are the same as in the population
case, by Slutsky's Theorem (5).

" When the parameters have to be estimated for fixed finite
sanples, it is necessary to corsider linear discriminators as
functions of the samples, If we consider the disoriminator to be
a hyperplane, then wo may say that it would be desirable to look for
g and :i, i=1,%..,%, which have, in some sense, optimum sanpling

distributions; this sense in which the sampling distributions are
optimum may be one of several and need not be specified at the
moment, Consider the sampling distributions of the statistics ¢ and
'a‘.i, i=], .ee,ke Since the 3 and Si are functions of the sample values,
they have a joint sampling distribution. Technically speaking, it
is possible to obtain this joint sampling distribution from knowledge
of the parent distributions from which these samples were drawn.
Now
(.1.1) & = FaFh,
where (1)
A A n
(5+1.2) dj '/“311 - /“;51 .
and (2)
(56143) 1J 15 the i,jth element of the inverse of the matrix with
A

A LS
6lements O'ij - ridI * d-ijII »

A A
where /‘31 and /u JII are maximum likelihood estimates of the popula=

tion means for the jth variable, /«jI and /«jII respectively, 3"131

and 3——1 qrp 970 maximum 1iklihood estinates of the 1, jth covariances

of the populations, o—ijI anii o $311 rospectively, and the form



~ A A A A
Gij - ‘ijI + d-ijII i3 used rather than either U?le or d-iJII in
order to make use of information from both samples, The ‘jI and

/ajII have multivariate normel distributions and the 3; 41 and

A

d'i iTI have chi-square distributions.
Further A
(501.4) 0(111) - —1—3——- »
om, + o
(541.5) 8(e) = 2 = 1,
o1+ %2
A 1 A~ ADA A A A A2 A2 A2 A A
(5.1.6) o(min)= T2.52 [0'1 m2’°'22‘“1'°'1°'z A (my=m,)“+2(5,°=0;°) 163/ | &
01" =93
”~ - A A
(5.1.7) b U % &1 M1 0
A - A A
(501.8) m2 - ? ay‘iII ’
A2a nL o4 ‘
(541.9) o = 12,3 803 4185 »
and
A2 o A A A
(5.1.10) ‘ 6’2 - < j aid'idﬁaj .
»

Ir Sl is known to be equal to 22, some simplifications occur
in that certain statistics are proportional to Mahalanobis' Dz, which
has an F distribution. For general 21 and 22, (a) the exact
paramstric forms for the linear disoriminator have not been derived,
and (b) the joint sampling distributions of the suggested ’Ri will
bocome complicated,

For general Zl =O(222,«}£1, the joint sampling distribu-
tion still becomes complicated., Consequently, we shall consider the
sampling distributions (represented by the first two moments when

%
necessary) of the statistics involved in the limits of integration
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of the standard normal integrals which give the conditional probae-

bilities of misclassification, PI and P We will restrioct oure

1I1°
selves subssquently to proportional dispersion matrices.

Kote that the integrals contain two types of functions of
estimates, one containing only estimates, which we shall designate

with a caret, and the other containing a mixture of estimates and

- parameters, which we shall designate with an inverted caret,

A a A v -
For example, my = 2 a » but my = Zn .
1 7 &8 M 1 7 Lh M

v a
my=c
-~
A UI
(5.1.,11) P, = w(0,1)dx ,
«00
where
(5.1.12) m, = ﬁ 2
ole ml - S ai i1 *
k k
v 2 A
(541413) &a° = = Z 8:8.0% 57 »
1 = = 1%§51 41
and
K oA i
(541.14) a - Zdjo- 3 ’ 1,331,000,k 3
i J.l

and ¢ may be any one of c(m), c¢(¢”), or c(min) with maximum likelihood
estimates substituted for all parameter values, which will be re-
ferred to as ¢(m), e(e), or o (min) respectively. Also

%

A >
(5.1.16) P, = ¢ §(o,1)dax ,

=0

where definitions are similar, differing only in subscripts.
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Reoall that for oriterion (i), R = Ry ¢ Ryy, P* = P;* + Prr*s
P = Py + Pyy, and for oriterion (ii), Ry = max(Ry,Ry7), Pp* =
max(Py*,Pry*), Pp, S max(Py,Pyy), all defined in (1.2). Define
P = Py + Pyy, where Py and Pyy are defined by (5.1.,11) and (5.1.14).
A A A A ~ A
Similarly, define Py = ma.x(PI,Pn). PI(m) is Py (5.1,11) with o
A A A A
taken to be c(m). PII(m) , P(m), and PL(m) are defined corresponding-
A A A A ~ "
ly. P (67) 1s Py (5.1.11) with o taken to be c(o7), P .(67), P(s),
A A . A
and Py (0~) are defined correspondingly., Pi(min) is P; (5.1,11) with
A A ~ A
¢ taken to be ©(min). Py;(min), P(min), and Pj(nin) are defined
correspondingly.
As in the population case, no solution can be given for
general loss functions. The special case of loss functions pro=-
portionate to ‘the multivariate demsities of the populations from

which the samples are being drawn ( (b) of (1.2) ), may be given by

t1+1
(5.1.16) RI - P, A B [fI(x)] dx’
AX'? ¢
tirel
(641417) Ry = 4 eoeo [rn(x)] ax,
/‘2 AX* € o

where fl and /52 are oconstants of proportionality. If the loss
functions are uniform ( (o) of (1.2) ), then
(5.1,18) Ry = ¥Py* Ry 3 TRt
where ¥, and fz are the uniform loss functions,
| Recall that
(541.19) P* = pP P.* = gP

I 1° II Ir °
where p and q are the a priori probabilities as defined in (1.2).
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Results for certain special loss funotions and for expected
errors will be similar to results for conditional probebilities of
misclassification, differing only in multiplicative constants. We
will look at sampling distributions only for the conditional proba-
bilities of misolassification, from which we can obtain results
for the cases just mentioned.

To obtain the first two moments of the sampling distributions
of the limits of integration in ? and‘$ wo need first the means

I I

and covariances of ale and Oéhl’ of O

/“31’ and °f/“ 111 "’d/“ju

6e2¢ Description of samples from which estimates are to be made

A ~>
1311 and O prys OF Myp end

The observations in the sample from population I will be

represented by xi(r). 121, 0005k, r=1l,000,0 Thus { denotes the

1.
particular measurements on the individual and r denotes the particu-
lar individual of the sample, similarly, the observations in the
sample from population II will be represented by yi(s)’ 121, 4045k,
8=1, XX ,nz.
of yd( ) qfs: and xi( r) is independent of yJ(B)’ all i,j.r,a.

xi(r) is independent of xj( ) ris; yi( ) is independent

The maximum likelihood estimate of//“il is 1I x EE;xi(r)
A 1 n
and of;/}tiIIis iII: i ® 5} :;iyi(s). The maximum likelihood
!

eatimate of 6,y s 07,4 = 1, il&i(’) - x,) (x5(p) = %,) and of 53§11

a . 1 v
18 6341y * n, ??1 i(s) = 70) ry(e)= 79 -
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Write the observations from the samples from populations I

and II as X and Y respectively, where

(5.2.1)

and

(5.242)

Y

P%I(l)

*1(2)

*1(ny)

—

—;1(1)

Y1(n,)

—

x2(1) eoe
’fa(z)
x2(n1)
yz(l) ooe
yg(z) (R X
Y2(n,)

"k(l;-1
*x(2)

xk(nl)
Yr(1)

Y(2)

Y
k(n§L

6.3. A transformation of the samples

Consider an orthogonal transformation of the samples, specifically

a multivariate application of the Helmert transformation., Define

(5.3.1)

—

~

e o o?

! -
[ ~|

&
&

|

[

-
™
.

:2;

vz

o o ot\f"ﬁ—'

Al

o . .
. . .
. . .
. . .

1

r
. . .
. . .
L * *
) . .
. . .

P
é‘ih‘ooooooo.
£
3
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Make the transformation
( 5.30 2) Hl X = v »

(nyxny) (myxk)  (nyxk)

n
where the last row of V has elements v - 1 x » 121,000,k
1(n )= V= g_ i(r)

and the other rows have slements vi(r) = zﬁﬁi(l)f...fxi (r-l)'rx:l(r)]

121, .00,k, r=1....,n1-1. Make the transformation
(5.3.3) Hz x - V )

(nzxnz)(nzxk) (nzxk)

1
where the last row of W has elements w s -—E 11, 400,k,
i(n2 ‘—; (s)’ » ’

1
and the other rows have elements wi(s) = m[;'i(l)*"'”i(s-l)’ryi(s)]'

i=1,400,k, 8=1, ...,nz-l. The v's and w's have multivariate normal
distributions.

It can be shown that V and W have the following properties:

(543.4) (1) E(vi(nl)) s fﬁ/‘u ’
B(Wy(n,)) = Va—z/‘:n ’
(5.3.6) (11) E(vi(r)) = 0, rnl.z,....nl-l.
E("i(s)) = 0, 8%1,2,.04,05-1,
‘(5.3.6) (111) cov(vi( )’vj(r)) = oov(xi(r),xj(r)k a;.jI R

oov(wi(s), (3)) bt OOV(Yi(g):Yj(g)) ® 01311 »
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(6¢307) (iv) cov(vi(r).vj(s)) s 0, rfs,
°°v(wi(r)"j(s)) s 0, rg¢s, and
(6.3.8) (v) oov(vi(r),wd(s)) S 0 , all i,j,r,s.

The set of the first two moments speocify the multivariate normal
distribution., Thus the joint distribution of the k(nlonz) variates
aftor the above transformation becomes a set of n,+n, independent
kevariate normal distributions.

Specifically, the joint distribution of vi(n )* 121, 00e0k, 18
1

(5.3.9) n([dn—]/“ilj’ [ﬁjl] ) H

the joint distribution for wi(nz)' izl,.04k, is8
(843,10) e, fqde gy
the joint distributions for Vi (e)’ 121, 0000k, T=1,000,n9-1, are (nlol)
independent, identical, k-variate distributions, each being
(643411) N0, [e; b
and the joint distributions for‘wi(a), i=l,e00,k, s=1.....n2-1. are

(nz-l) independent, identical, k-variate distributions, each being

no, (o, -

A

. a
S5e4¢ Joint sampling distributions °£4”‘1I and jII

The maximum likelihood estimates of the means are

(50401) A - -'L n - 1
A ! ,.z.l ) VR ¥i(n,)
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and

A 1 n. _ 1
(Bete2)  Myyy B i-z—gyi(s) S MRz Tilny)

Therefore it follows from Section (5.,3) that the distributions
of !;“11] ) L“jII] are a pair of independent k-variate normal
distributions
1 1
(5.4.3) n y‘u]' [‘,;; °'1;11])' n( (il [;‘;‘ % g11))

respectively, or

(50404) ALl g 500 M fugdog=E )

A
5.6 Joint sampling distribution of d, and :lj

A

d = & - c: = —l-w X v Therefore
1 M M T VB Ty TR i) ’

the joint sampling distribution of the di is a k-variate normal

distribution,

1
(5.5.1): N ], gli-zx ta, Z;)
since d, =/“iII "/“u .

506, Sampling distributions of 3231 and 3’1311

A
a; JI is the maximum likelihood estimate of GZ 1° such that
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[}
B |-
M.

e |
L}
P

o1 = (xy(r) = %) (xy(p) = %

o]

Ry
|

(x4 () 3r)) = &%

b'w
B

(v v ) - L v v

-

s}

1 nl-l
a2 i)

rsl

(54641)
Similarly, n,-1

. A - _1—
(50602) oghII nz sgl (Wg(s)wh(s))o

A 2 ~
Hence, n].o;._ﬂ has a 6’1 4T ¢nl-l distribution and nad';g I has a

. A
d'g g1l ﬂ: -1 distribution, Note that 3;. annd ozhn are independent;
2 .

A A A
& and 6~ _ are not necessarily independent and &

and §
ijI ghl 1511 ghll

are not necessarily independent.

A A
Consider the first moments of qu and o;:]n.
~ - n1-1
(546.3) Blog;p) = o o341
and
(5.6.4) o) = o i e

The second moments will be found by the use of moment generating

function in Section (5.9).
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S5¢Te Summation convention

In this chapter we shall use summation convention defined as
follows:

In any algebraic form, when two elements cvontain the same
subscript anq/or superscript, the form is summed over the repeated

subsoript and/or supersoript from 1 to k. For example, a'ﬁd’ij s

X k
Zfiidiji 8,07,8, = S a,074,8 = AXA', If the same
iel 1430 1, t I

subscript appears in the top and bottom of a partial derivative, it

1 ky,1id
is not to be taken as summed; for example, }-E'_J Z)r
)fig i{=190 ig

The repeated subscripts I and II do not imply summation.

5.8+ Moment generating function

Consider the moment generating fumction for eachfri(rl.
r=1.....n1-1. All [vi(r)] s for different r, have the same k-variate
normal distribution, 22(0, ZI). Thus, the momsnt generating
function is given by

(508.1) m.g.f. = oxp %‘bi(r)t:’(r)qJI
1+ 3t 2 2 2t,, .\t 2t .\t )
= L E A ()Tt () Tygrte o et (r) P y(r) O g1 Feeet g(r)h(ggh;[
N 4 2 2 2 2
8 | b1 (ef1ar 20 (r) B y(r) (C1417331%2%0 57

3 2
88 () (r) T 1% 0 () ) B ) (20 1730101 417067

* eti(r)td(r)ts(r)th(r)(°ZJI°EhI'°igI°3hI‘°ih1°3g1)"’i]""‘



58

Consider the moment generating function for each ["1(9)]’
s=1,....n2-1. All i (s )], for different s, have the same k-variate
normal distribution, 0, Z;j), and the moment generating
function is given by

(54842) megefs = exp{%ti( s)tj(s)qm} ’
with an expansion similar to (5.8.1).

From (5.8.1).

(848.5) BV (1) 3(0) e () "a(e)? T O131%nr*T1gr It Cin1® el
and

(54844) B(vy(r)Ty(e)) = Cagr e
Similarly

(5.8.5) B0y (8)"3(s) g () h(s] * CLangnir*C1gIr It in1Igenr
and

(5.8.6) B(ws (s)¥3(s) ) = g ¢

A A A A
5.9 Covariances of 5"1;11 and o—ghI and of G'iJIT and a—ghII

(5¢941) nlzcov(a"ijl.&ghI) - B(aijltrghl) = E(&ijI)E(aEhI)

-1 nl-l 1-1 ny-1
: E(?:; ¥i(r)Vi(r) § Vg(s)Vh(s)) - E :"-'—'i vi(r)vd(,.))(z = vg(s)vh(s))

nj-l ny=1
= E(,ﬁ:{ "1(:)"3(:0"g(x-)"h(r)""'tf'f-:1 1(r) " 3(r) "g(s) "h(s)

r{s

-1 ny-l
-EC% v5.(1')v:i(x')) E(§ vg(s)vh(s))
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n,=1

n
? ]
III
-

1
E(v4 (r) ¥ 3(r) Ve(r) "ulr)? " 2#;;;;E(vi(r)vj(r))E(vg(s)'h(s))

=1
r<s
nl-l ni-1l
2 i) Vi) ?i—; 27g(a) n(s)

(01=1) (0 110 #9311 Cin1% g1) ¢ (B1-1) (my=2) (07 416001)

-(nl-l)z(o; 31"gh1) (from (5.8.3) and (5.8.4))

(a)-1) (07 4101 193 1 n1* C1n1% 511 1%n1’ *

a A - nl-l s
(50902) COV(UEondEhI) -:;FE (61g163h1’62h16é31)°
Sinilarly
) 3. &y = 2
(54943 covi®y y11*%n1r’ = ;’z"(“'igu"'jhn“ihn"éjrx)°
2

Although each covariance must be determined with the use of the
moment generating functions independently of o£her results, the
other results have been found to be of the forms (5.9.2) and (5+9.3)
for the respective populations when the corresponding subscripts are
employed. (5.9.2) and (5.9.3), then may be looked upon as if they

were general results for all i, j,g,he

65.10, Covariance of 313 and aéh

A : a A
t . =
As before, le 61j s GijI + 6}311 613 dijI * 5;
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A A - a A ~ a
(5.10.1) cov(c!'i ,O’-gh) = OOV(oijI’GéhI) + cov(a}.jn’(ghﬁ

J
" ~ A A

But since samples from population I are independent of samples

from population II, the last two terms vanish., Then in general

. ny-1 np-1
(5.10.2) 0ov(3y 5,05y) = "ar (C1gIomI*OinI% 50 "“,','z'é'(ﬁgxx"'jhxr"iu:‘"gm)'
.2
In particular, if 6.1;]11 s « G;I.jI s
) A A - np-1 . “4(!12"1 (
(6.10.3 oov(oy poy) = AR %1% u1*n1% 51
- ny-l  o*(m,-1)]
- z| 2 7 |1 1Ty
()% | 02 n,? | i BTN

5.11, A method for finding approximate covariances

In order to obtain covariances for the other statistics
A
involved in ﬁx and PII’ we must resort to approximations. Suppose
we wish to find cov [g({ xi} )» h({xi} )] ., gl {xi} )» h( {xj_} )
functions of k random variables Xys 1=1,.4.,k, where the joint
distribution of g and h is not susceptible to evaluation by exact

methods.

Suppose there are multivariate Taylor expansions for each of
| g and h ebout {E(xi)} .
(5411,1) g((xi]) g, ¢ gn[xi-E(xi)] + %guj [xi-E(xi)][xj-E(xj)]

+ %1531;13 [xi-E(xi)][xJ-E(xj)] [xg-E(xg)] deoes
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where )
(6411.2) g, = g[{E(xi)} ,
- bg({xi;)
(641143) 8y - ';;;;"‘ fx} = (exp},
and
(541144) Boyg 35("‘13)

(6411,45)

dx 3: '{x = {B(x )}

h(lxi}) S h hliEcioE(xi)] + -thij[xi-E(xi)][xj-B(xd)J
1

b Py (4B ] [r4ECx ) ][7p-E(x)] eees

where the definitions of ho, hli' hZij,...,correspond to the

definitions of g

(5411,6)

0’81821 470
Supposo further that

L O] [EFEERI T EEECN) IS

and the corresponding terms in the expansion of h are negligible.

The product gh also has a Taylor series given by the product

of the Taylor series for g and h, viz,

(6411,7)

glix })h({x}) S ghth gli[.i <E(x )] +g hu(i -E(x )}
+813 [x3-ECx)] By frg-ECxp)] ¢ Ingepy g [ry-Blxy)] [xy-8Cxg)]
+38ghpy g frs-Elx e y-ECx, )] ey, [x4-B(xy)] by 4 [5G )]frymECx )]
+2hyy E‘i‘E(xi)} g21 j[xi-E(xi)] [xJ-E(x 3)]
fi'gZij[ii'E(xi)]lij°E(x3)] h21jl%1-ﬂ(xil][ij-3(xj)] $ oeee
E(g({xi] )} ana E[h(f x,} )] ena E[g(bg})][h({xiz)] may be found

by integrating term by term and from (5.11.6) can be approximated

by the first three terms. Thus,



(5.11.8)

(6411,9)

and

(5.11.10)
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E[d{xi})] - gO \d %gzij cov(xi’x:’) LAY YY)
E[l(‘xj})] - hO 4 %haijcov(xioxj) P eeey

E[g((xil)][h({xi})] S Boh, *+ Byyhyyg oov(xi,xj) + %hogzij cov(xi,xj)

4 %gohzij cov(xi.xj) + oo

Suppose that central moments, product-moments, and products of

moments of order greater than two of {x} are negligibles Then

(5.11.11)

(5411,12)

[ ]

st ) [nee, 9] - sfectxd) =)

goho ¢ guhncov(xi,xj) + %hog21jcov(xi,xj)

cov[g({xi} ), h( {xi])]

#58,ha4 Jcov(xi.xj) -gh, = %hogzij“v(xi’x;j)

-3g obay jcov(xi, x J)

Wiriting this quadratic form in matrix notation, we obtain

uo"
(]

covl;({x IRYER ) I L 18 [var(xl)...cov(xl.xk) o
1 k

cov(xl,xk) var(xk)

where xy = E(xi). To make (5.11.12) more general, suppose we have

h functions, gl({xi}), g2x3), «ees g,(fx;3)e The properties of the

g's are the sams as those of the previous g, he Then under the same

conditions and to the same order of approximation, the variance-

covariance matrix of gr({xi}). gs(fxij), r,851,0¢0,h, 18 given

approximately by
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—)gl ; m(xl) . o o ) cov(xl’ xk‘)I )gl
N =
)gh OOV(XI‘xk) o o o var(xk) )gh

—)xi . | - —— - )xi - xi s E(xi)i
hxk kxk kxh

When this approximation is used henceforth, it is implied that -

all variables are evaluated at their expectations.

and a_gh

5012, Covariance of o"
In this section, > will denote the estimated dispersion
matrix (31 J and Zi will denote the cofactor of o’i 3 in Z Then
Aiy - 'qu
(5012.1) g f(o‘ll.d'éz, ooo;d—kk.d'iz’ .."G;K-l.k) lz,
i3 ~ . (o gh)
(501242) cov(c ,0 ) ij 'bé“' oov . cov do—
~ A a
°'rr .8}51: (°'x'n'°§'r'):(°'stbsi"r') 38 ire
C........'.:........... .0«.....
cov !  oov d-eh
- . 265"t
L(.O;' LATOINC LA B <,
s¢t, 8'¢t', It should be noted that whersver there are double

subsoripts being used as single subscripts (for the matrix or

vector) this pattern of partitioning will be used.
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When 51 # 22 in general, explicit results are not
obtainable, However, some results can be obtained for the case
of proportionate dispersion matrices; the author feels intuitively
that in some fields of science dispersion matrices very far from
being proportiorate would not be met as frequontly as nearly
proportionate matrices, For the rest of this chapter we will
restrict ourselves to Sz = o(z 21, where o 2 is a constant of

. - 2 2 o 1.,
proportionality. When 22 S o 21' then 6'1 - Dzl D,
- 2
and a;° = DOCZZE L = ofe? .
2 1 1
Consider (6.,12,2). For a more conveniont form, combine the

1 . A
2k(kel) vectors of partial derivatives of the 0, into a Ak(kel) x

J
2%(kel) matrix, as in (5,11,13); denote this matrix as B. Then

(6.12,3) (dispersion matrix for &1J) = BVB
where 4
- 1 ny-1 *(n,~1)
(5012.4) \' - 2 -"'""'2' + 2
(14«2) !11 nz
201)7 e 203 e 2031932 eee 2603 1100k
20, 2 25,2 . 20 G 26, o
1k °°° “%k k912 %%, k-1%k
2091995 29 %ip - 0110324012"  «ee O], k-102k*%1292, k-1
[ ] ) [ ] e [ ] 2
203, k191K * *2%, 1-1%x* 91, k-1%2k*71292, k-1° * *%k=1, k-1%kk*Tk-1,k
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Let us obtain an explicit expression for B, In general, by a

proof in the appendix (10.2),

)a-ij |5‘5%§l2131 'Zijl? h’zl
¥ ¢n (£)?

.-,Zihuzﬁj' o 1E 4 11Ens]
- lz’z .
Substituting (6,12,5) in B, we obtain

I (zrr" i E 2'zrs‘nz rt"

.0....0...0......0.......0....0....00"...0......ﬂ
’

(5412,5)

B---———-

(6.12,6) 'z'z

'Zsr'uztr"z lzsa'”ztt" + ,zat'llz ts"

where r.s,t,r’.s',t' = lgooo.ko

Congider the element (bo ) 13,gh of BV,

. 1 nL -1 o (32 1)

But
(501208) l ir' . o;g = ,Z,Sig,

where 8 is Kronecker's delta, Therefore,

' .= n, .‘(n 5
(6412,9) (b )y g on = L 12‘. e ( 12 m¥0d 50

1i{j, g€he Then

o (n -'1) .

-1
(6.12.10) BV + .
2 .
(1“%) [ "2 0 . I
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4 21 * 0
-1 n;-1 (ny-1) *
BVB' : (1 d?)z [‘ 2 *.o‘ 22 .......':‘....‘. B'
+ nl na 0 . I
b .

P 2 * -
2ed L 2Es %

(6,12,11) = —o "‘_}_‘_l_*c?(nz-l) 20 DM} 2
" Wnlz nz

2

0000000000000 00000000000000000000¢

2|zir”£is': ‘Z.lr“zjs' + -'zis"zjrl J

~ In general,

4
-l -
cov(a-1d,58hy = 12 2 [nl 2 + d(nzzl) ( 'zig“zjhlo 'zih"zjg')
|l (1»?) 1, n, J
1 [P @D e s
(5.12.12) - (1“2)[!1124- - 2 (6'8 o Pyer 1 32)

where the choice of superscripts gives the desired variance or

covariance,

A
5613+ Covariance of 3 and &

1 J

Recall that A = Dt'lz s

810 zzo
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,’ﬂ-) H?’
® o o
T -] l.—l'
ot
™M
rw
»
[
™M
N
e o o
]
]
o
”ﬂ}
-

[ ] ........00‘...:.....’ .;.ﬁ;'.’
0 « BVB! -——{
— . d

, ZE + lz A IS
[é‘ir. d M . o
s [ E X N ENNNEEENNNNENNNNNNN. (I RN NNYN]
(5013.1) = .
o . BVB! dg
' ° b anetl

Now the r,sth element of -}-Z + -1--2 is
m&1 n, "2

(5.1342) 1 1 1 niel 4ny
El 62:81"'526;311 s 'n'l"nzz’ Orsl = (I?.lz5nlnz Ors

the r,sth element of BVB' is

4
-1 (n,=1)
(5.13,.3) 1 m *“2.]wucuwﬁ~yh

f
2 2
(lruz ) n, n,

Then expansion of (5.13.1) gives

(5.13.4)  var(d) S demy Sl
i (lhtz)nlnz

4 _
1 n;-1 (ny-1)

. L a d, (a'iirm‘.o_ ir is) .
(1ed ) nl2 nz2

The first term of (5.13.4) may be simplified:

o.irc,isa;s = ira

i (Kronecker's delta)

i1

(541345) o .
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Then

(Bo1346) var(a

2
: nlﬂ 4"112 11
ARE &

2
(A )nlx:2

aal 44 8 ir 1s
> ) 2 rdb g & & &
1 2

1 [ ny-1 Lo‘é(nz-l) y

t (1&03)2

n

Covariance of :1 and 33 is found by a sinmiler procedure, differing
only in that tho post-mmltiplied column vector consists of partial
dorivatives of a4 rather than of aje Going through correspoading

oporations, we obtain

2

o | Bk 402

(5e1347) m(ai.g ) = 1 > 2 a'ij
(1“ )nlnz

4"*-:;2-)7 s+ ) rdg 0 Yo

4
1 ny=1 (n,=1) 1 ir Js
bt iy B Ml d.d_( Jo"mw 1-a"’
(1 By L)

" "
Bel4o Covariances of Myy and B,, snd of Hy7y and &

g

e [%ar 2 M| a5, (2%

cov(‘loa s 4“:"':""3 321: o .0 oY
1 g a/JI. a/jn r.%............'.... ..4%;.

. . 2a
0 [ }1; Zz ° 0 —;&"
o 2 ° 3/‘ IX

. o %8
o . o .| | l&
. . &8J

—
r:l'zl * o ° o— o386
2[06edX0% ¢ 60 Oeee0 00D n]. o °
000000000000 0000000 00000009
o .;1;22 . o -0 j&
Peccecessreseronsse evcocee
0 0 BvB!
dJ _J

e el
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(where the "one"™ occurs in the ith position)

e [°°v(/au’/:11)"‘°°vyak1’/':11) 00000] -:?’.f'{
o Je

d
.

S ST
a(Lvad) 137

1
5e14,1 - T .2y .
( ) n, (14¢)
Similarly,
2
(5.14.2) (S 8y 2 —Z
. . cov a - .
4IT g n, (1e°)

A A
5.15, Covariance of m and m,

For convenience let us define some dispersion matrices whioh

will appear as sub-matrices of partitioned dispersion matrices in

- subsequent sections. Define

Vo) N - N A -
(6.1641) °°V(°ijl’déh1) = V., °°v(°1311’déh11) = v,
(5.1502) OOV(ai,aJ) s VA
(641643) cov( o, ,a) = ¥ covif ,;) = v
/a1ty = e viMi11e8y Ay,

P A A S
(5.15.4) OOV(G‘iJI,ag) = VA&’ cov(oijII’ag) - VA’Z ]
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- [ 3, |
> ‘9 A N P
(5.16,5) Cov(m ,m ) '[ 1. 1% .1 VA : vAu X Vau )31
1 2 )ai.ﬁI.AII .......'...}......%' ..‘...
1 . n]_ 1. 5(-.;'
.;....:.......'..... .9%2.
M. 0 L%, 2
. T L Ve
~ v oV o v - — -

- [ I:ai: 0] oo%ooo:oooo;o:oo%o o(:
.. N 21. 0

.O......O.I.'O..0.0. [ X N

v . .
A, o0 ,;222- a

Now gsubstituting (5,14,1) and (5.,14.2), we obtain

A g A A
(641546) cov(gl,mz) = % %/lﬂ/«:,n cov(a.i.ad)

(1»&2) % %ﬁ

where the summation symbols are necessary because the form does °

(1+¢3) % & s

not fit summation convention. Similarly,

2% %/‘iIa;}

(5.16.7) var(m,) = é 2/‘11/‘_’1 cov(ai.aj) . nl(lng)
n (lw.z) % 5 RS
and zz E
20k /"in"j
Ay 2 a,a 1
(501548) ver(m,) = é ?/‘m/*an °°v(°1’“3) v n, (1¢ef)

2

28 2 D an,0;

4 °
n,(1ead) 1 3 I
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o
65.16, Covariances of 3131 and 3g, and of GEJII and 33

4 3 o-6h

g -

9

35 . 005 . 5
a ~ hd I . I

(5.1601) cov(qjl lag) = a‘\ij .a‘i:’I .bi
Tent 2%n11. 9%

: [)0000100000 L] 00

In the first sub-vector of the partitioned pre-multiplying vector,

A - 4 A
» 033 = Oig1* %yrre

3

v o0 o |
1 [ ) L]

X
0.V, o
0 0 3E°rE,

. . in 1 nz

v L] 0 L] 0

1 . .

o’ v, : 0
0000000000000 00000
. ol 1

0.0 .lel'xgzz

the elements are arranged with subscripts in the sequence:

11,....kk,12.....(k-1)k; the "one" appears in the 1. Jth position.

(5.16.2) oov(&ijl,aé) = oov(33j1.3§31)

Fow from Section (10.2),

s gh
z%——-r = - (T, BB

rs
Also,
Weh _ 9Feh
(5.16.3) [ « A .
30;81 )O-rs

) .

P
—E= .
)o;sI
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Then

oy

o
(541644) 6. . -4 e gseo-h"o'g’:).

)sI

.

Then

(ny=1)
o Ay 1T hr g8, . b8 gr
(541645) cov(a':'l jI"‘g) = nlz(lc-.(z)z dh[rir«js*rieejJ o Bro-88,5 B84

"

N LR AL + Subig]

nlzu”@)a G Pin?55*%1e%m * %1%t O1n’y

2 (nl-l)
_——n12(1‘“2)2 disjg + d:jsig .

Specifically,
2 (nl-l) di

nlz(lﬂe)z ’

4(ny-1)4,
!112 ( l*f) 2 ’

and other covariances are zero. Similarly,

(5416.5) OOV(%_JI.;J)

18 o

» A
(6541647) cov(oiu,ai)

(501648) . 2(n,-1) otta
cov(& fa) = i Mol
1311°75 nzz(lwz)z

and

: 4
A A . 4(n2'1)ddi
(5.1649) °°"(°'uu’°3) N W
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.2 ~2
517, Covariance of a and o'z

A2 _ A , A2 _ A A A
0 = 8%ty % T 24014118y e
- - &2
: )"iz')o'z‘érz e 1
N - .
(5017.1) Var(diz) - )a )6, VA . (v ) )ai
’ iiI ijI 00000000000000100.. b.a. L N |
. . L
(vAzr . W1
[ X ] [ XX X ) [ XXX ] 0009009
Y [»&
L] Y —-r—-
| _ 70'“1‘

- 20'9..9.

15790

0000000000000 000000 poococoe

faey| [L550R] [
. . 2

v * ¢ €
( AZI):"°(VI)0-00 XEXXXXX)

L. ¢ . - 2ag8’h

, ‘
s 46'an O-hIah oov(ai.a ) & a,"a 2 cov(d‘iﬂ, )

g gel
+ 4a 2 cov(8,,& . ) » 8a.a cov(a )
1 %hI%h 1*%h1 12 3%h®h 1' ghl

2
4aiajagah cov(& jI’e ) & 4aiajag cov(a’ ’a-:l;jl) .

Theso results may be simplified slightly, but not appreciably.
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In a similar fasghion, if we let

o °

- L) ] L] q
Vnaoo« (Mmg) o (M)
V* : LN ) L[] L] L) . : . o . 0
O(V ).......(vl)..........0..........
AT . . . 0 . 0
. O . O . (.)
-(V )ooooo.ooooooooooo..... V Ceesevae
Azz . 0 . 0 . 02 »
then - -
. 2 D eqgA 2 o . ‘2
OOV(a'lzga'zz) = a' ,d-i ’oi * 0 v* }0’2
5 iiI‘ ¥ jI * 1
..Q..
.o?oo
4
33, 2
31
.‘.2.0
1
Z’ijn
L ] 2 L] L] [ ] 1 — -
- ..a'ianj . Zaiaj « 0.0 v* Zaéhnah
L[] Ll L] J o000 0000
0
2
..?g..ﬁ.
Zagah

- 4&3(1‘11&11%}111 00?(31, ag)
2 _. ~ P
+ 20 cov(?.l,a ) ¢ 48484001718, °°V("131’a )

2
. Zai aéhlag cov(ahn,ag) + 4a1a3 ghI®g cov( ijIl;a ) .

" This result again might be slightly simplified, but since it
appears later only in another result not subjéct to simplification,

it will not be reduced further hers.



75

6018, Covariance of mland 612, and of md and 0'22
A A ~
(5.18.1) covla, 8,2) 1 ’n, ° ¥m, :""1z - . . A
olSe Vim0 Tl ga A A Y, Ve .
28y dpr 3oy | [, A, sy
ol .
v 81,0
Q%}‘.:?}“Q:......
VAzl» . -1
"'v . . —
° ° A 3 VAMI. VA&
- 8 « 0 900cscvcccccccoeTop
iI 1 1
L ] ° v *
Ay By 1.0
v .
| °5 - -
- A A 2 P ‘a
= /I 3 1:’1 oov(al,aj) + 0y cov(aiy, 31)
( )
Similarly,
o aA A 2 A A
(68.2) cov(mz. 2y /“gII“ia-i;]II“v(ai'B:)"a:? °°v(a1/‘JII)

+ “i“}ﬂgl I°°"(ai'a'é 2

5.19, Variance of le and L2

m, =6 (m)
- _;f 1 vV A A
(5419.1) Il‘m = g‘i - 255_ (?mlnmlomz).
Note that

v -
b T 1/“11 ,
A -
m =

/"‘iI !

‘Jjeococoo

v
A
N

v w
::“j *5‘5;;; ’I’*“é‘" ’

e

[ 35341]

0

&1&3

o

o



and

Then

(5019,2)

since

Then

(5419.3)

RAE
"
o>
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1%1 3¢

:1(2/“11'/“‘\11'/:“111)

oL,
§7EII

000000004

L A A %
n 2(a16131aj)
var by N (“"'.5’“' n N ¢« AM
lm 4 a iI ofino ai Q.}OO..OO.......O.
1
.— [ ] v
o %2 Tay,
9000000000000 00000
._Vkmi S, | YA
- s . [~ -
Y e Y A
- Z 6'1 ° a-l L ] 0?}01:0:000.00:0.?&0(]0.
0 ‘=%, ' Vay
‘nz 2 [} AMz
v [ ] L]
VA A/
- 2
iy, Gdeeded/ oty o
)ai ,,.lz 0.13 ¢
£ 11 |1 1
var(ly) = 3 6y2 [nl 2,03 4184 + nz("i"i;)n“‘j]
< 4 n1 n, ° ¢
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In a similar fashion,

(5419.4)

and

(6419,5)

5420,

A A 2\/
L . D1tmetemp
Zm 268

1

- . .
1 .
nIZ]_ ) 0

[

[ ] .z
var (Lz :l zx_;n.-_iim-
m 4 Yl o Dy

«
00 0000000000000 F0

S

. 1 : 7]
-..!:.2 f...: :L ;121 . 0
= 4 Oi .,Gi @eecessesccscecoe
23
0 - ‘mpyT2z

1 [1 2
- — p ——
-4? nl *

)

Variance of le_ and ch .

(5.2041)

where

and

v vy A v A
L m-6(6~) & (my~mp) +03 (mg-m;)
o o =1 (67+63)

[}
~
»
[
+\
s
~
®
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Ibt - ] [ ] L ] * ﬂ
1 . . . .
V' 2 Ee . 0 . 0 . 0 LTy
o ] ] 0 [ ] o ] v
e ) » Tan,
o [0 I N 0 [T,
o [ o0 0 1 V2T,
.9........0.‘..0..'0....‘.0...."'..'.
Vo, T, oAy, cTa, . T ;
- s
then ‘Llo_: aLlo_ . )Llro aLlo_ .)Llu—-
(542042) var(L, ) — o o s x| Ves
lo- dAir; Yearr; 90151 A% 411 38y |
Now »
(5.20.8) Ml _ % Tq%y M«
gy 6y(o1eq ojoi(1eed  o7(1+e)
(5.20.) 2le M M
A - o ’
)/‘GiII oy (05 +03) 0y (1+ &)
r 251
(542045) o _ (e (meny) - ajay 6 (my-mp)

LT, ooy 40)2
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(ml"mz) aga 3 (74

-aiaj d
= o5 (1+w? *

since m, - my Dzl. Dt = o,
)L a.a
lp . -0(m-m)ey -L-i,i T

o2 o >v— = Yvi
(542046) 303411 AL o ()2

and
My

%ij18
(5.20.7) 38y C1P(ed)|oy{pyropyrn)emyemy) o ]

T Tty 1 411%y
‘6'1(“‘1"”‘2)[‘& o T o

O’JIQJ
+ (gre) 10- ] 2_2
1 a7 07 (14002

. « 1 |
- 4 ;21402
frparigrty 200G g,
- 6’1 ‘ 01(1‘°9

-/4117’4 111* %141%3
- (o

1
151
=dy ¢ 0400 Ty

it

0.
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If Vy* denotes Vs* with the last row and column omitted, or
— L] [ ] L] j

l &
1. 0 . 0 . 0

* %
v1 - ........‘...z.........‘CCOOC."..
.nz 2. 0 ® o .
o . 0 . 1., o

........'....'..‘.....0...0.....
° [ ] L] v
o, o _ 0 2

then

—

var(Llo,) ".: 1 -ﬁaio aio aia “ ° aia Vi‘ :‘ai
(1*@‘ 0'10 0'10 51 1« d.l 21(-“) sseVUyecs
ai ‘
7oy
1

00000000

_ 81%40
61 (1eet)

(A XX NN XX ]

aiaj
151 (14ed |

1 {:(2 81014184 aicijnaj_
(14002 0,032 | 1,0,2

' - 2 (nl-l) ajaq (d’thG'JgI(-d'iglcrth) agay
(14002 rxlzt‘i'l2

(mp-1) 848 4(030,1 103511495 11Tgn11) 8%
L) 2 2.2
R (140 ny°6)

{ (u + o\(nrl)/‘lz*"'l
(1“)2 1 nz) (INO nlzdiz

P b *d'z)
dz(lh() ngzd'lz




(542048)

(5420.9)

(5.20,10)

(5020411)

(5020.12)

(5420,13)

8l

1|2, 1), 2Dl | 2(pm))
(14992 ny n) 0,2(16002"  1n,2(2609)2 |

3nqy=2 2=1
R [“49-20(3 ol ( ni )+ o’ (ol .&(&1.)92('1':{3:)

nl nz
v A (A v A~ W
(1) = clo)-m, _ aylpey) ¢ G3(my-y)
G BEed)
. )120‘31'20:31'26:):'27 .bfzc v bl:zd,,
vorllzgl %154 I:%II: ¥ 510 3511, 1y Lt
| >z,
i,
dl
J
‘5.£; LX)
.....J..
. bz
. 1’81‘_
)Lza_ _ féai . a8y
R AT AR
)chr - qai - °’i
373111 oylo3403)  ojet(148)

a8
oLz, ~Gp(m-mp)ey &3

- d 848y of a.iaj
A -
63 i1

T (12
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8.

as 8
L oy 23
‘ dhoe | B(r) (mym) - 6, "‘z)‘r
(5.20.14) s s 25202 »
1411 2 1%
) (mlomz)aiajdi(l#o(-o() ) daiaj
0(0'14(10002 073 (1400 20
- 8125
&5 o (14002
and
L,
(5420,15) 2 = o0,
ﬁai

by a derivation similar to that before. Then

5 1 :_8_._1- _ia'L: 8484 i
var(Lzo') 612(1pe0) 2 E! ® D (1e0)° a(z(loa)] " .aJT
a
3

o

agah

14

ag‘h
«?(1+0)

R
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2 2
. 1 a:6% 478 a;0% 1778 267°(ny=1) 26% (no=1)
2 101 4184 191 41184 1 \n} $ 252 N2
var( 20.) c-iz(h-i)z[ ny * n, * (léooznlz o@(l#coznzz]

. 1 1 1 n-l 2 +u--]. 2
() fn, n, n? (0% 5,2 (19002

(3m1+2) 5 (&np-2) 1
1 l' $
( 5.20 ° 16) : dz n].'—— + 4 B

§.21. Variance of le!'n and Lzmin
. B-S(min)
I,] - -—-—;;—-——- =
B by N By
;,1(3,12_&22)
Lot
Vaxs = vnr(x?:.l) cov(ﬁl.ﬁ\zz) cov(ﬁl.;l) cov(ﬁl,g'z)

A A A A A ~n A
cov(ml,mz) var (m,) cov(my,07)  cov(m,,a3)
cov(ﬁl.&i) oov(ﬁz.s'l) var(&y) cov(d;,63)
cov(x?xl,sé) oov(ﬁz.:rz) cov(c?'i,a-é) var(s'z) .

Then ™ -
N W . oL 3L L
var(lein) = /]:min ‘min 1’2111 ;h‘;in Vexs ::min

om  dm, ¥ 2 V&

’lein
5,
‘lein
? 1
”z
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1
> T2
£ It i i M S L o] (may)
>y 5o - 0y)

(m) ~m,)
:o(g + 9 1™
A [(ml--mz)2 + 252 (dz-l)lno(:,z

5? (1-o0)
2

(5.21.3) = _« + ol (m; -0,)
1-o?)g & 1-o®) [(mym,)? + 267 (d2-1)1nx]2

_ 5 D [(m ) 2(0F-65%) 1mex] : (my -m)
0'13 (1-o3)

'e"'

o/
NE)

(5.214) = 1 - d(ml-ng) é
1-oP16  60-8) [(my-n,)?+ 265 (2 -Dnot] 2

aL]min %
Y o'lzwg.a-z)z {’i‘diz'% )[("‘1""2)261* %4/“"1""2)2*2“’2 310 3

r

t 6o (<m1-m2>2+2<f22- &)1n ‘7 ( 207 1n E - (- ) %?)]

-2 [’f(mz-ml)“i 3 Any )2 + 202 - %) %] ‘12]
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(542145) H ;;;(‘é:é;‘é‘ {(ﬁz-l)[z(mz-mﬂ - O("(mrmg)zo-aﬂiz(ctz-l)]not

2
0:2x(21n ok 4 & =1)
-2 ] -2[m2-m1¢44(m1-m2) 2+26iz (:‘5 -1) ln“]}a
o

'/'(ml-mz)z+za'12 (0?=1)1n

and
L &\ <2
min ! 2__2 2., 2 %2\-2
25 oleyPg?) {61(62 i [ selerey oot ntig)
6_-"
(20'21n ag/q*(a'zz-o-f)};?)wl ﬁml-%)z.z(%z.alz)m%
%
4'[6‘12 (mz-ml) +036y 4 (my=m,) 2c2(a§2-a'12)1n # |201%
(542146) - 1 ,{ 2 2,2
S (0‘2-1)[ (my-m,) “s20; " (o =1) Ine(
,izu_‘g)z { e W Lt |

o2 (2 1n ks %e1)
+

4 () m,) %2072 (@2-1) In

+2 G([mz-mlo o Wmlomz)zfzd’lz (t=1) In & ] ] .



Then substituting and expanding matrices,

2
(5.21.7) var(l, ) S, (o(+ e ) )Z(mr(ﬁl)
R g20-o) (1-e3)&’(m1-m2)2+zoiz(ot2.1)1n«

2
ol [+ o((ml-mz) \ var(m,)
2(1-o2)2 2
=ii-et Q’(ml-mz)?‘-i- 2«&2(0(2-1)11: ol /

- 1

22 [2(m2-m1) -cd(mz-ml)z + 26'12(0(2-1)111 o
)

4
0" (1=~

+ % o (2 Ind+olg)

N(my-n,)2 + 2652(o( 21)1n

- 2(mmm )+ 2&0’(&-2,3)2* 20y (ot -1)1not] ("31‘(51))

1 -of 61’*(’1 2

e

qz(zxzmo(m 1)

[M(ml""z) + 26y 2(¢ 22)1nel +
;(ml-mz)z-; 2:5_2(0(2.1)1110(

* 2" (m =y Mfl(ml-mz) + 207 (0( -l)lnc( (var(a'))
0(

+ 2 T—_i (o(+ ﬁ-ﬂz )
637 (1- o) (1-0t%) H(mym,)2 + 26,2(et 2-1) 10t

1+ Koy o) > cov(th ,m,)
'i(ml-ug)z + 2677 (64" 1)1
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o ( o -, )[
+2 o+ (2(my-m,)
631~ %) (1-00) 'ﬁml-mz)a*' 2012 (*-1)1n

a-zzo( (2 In&X +o¢2 <1)

-dl{(mz-ml)z*" 252(0(2-1)1110\ +

Aln-0,)? 42652 (%22)10
)
_ 2(mo-m) + Mmrmz)% 20 (12_1)\1151 (cov (51'%))

1~ o2

2 (o(+ 272 ¥

30 -3 U (1-02) Aflmnp)? + 265 2(X>-1)1mx

ﬁf (242 1n + o 1)

e )% 2652 (P23 200 +
[ T Ay m,)?+ 2672 (¢ %2) 100X

+ ;-g!; (my-m)) +olff (o -m,) 2+ zof(«z-nlno{](cov(ﬁl.ég))

( )
P S (1 + 1 \[2( )

{zc((z Ina+ec>-1)

~ oty )P+ 26, 2(x%-1)1nek +

Yo ,)2+ 26,3 (ot >-1)1n

, 20m-m) -t-?-o%l(nEL &)2 -}2612(0(2-1)1110(] (°°v(‘?‘2’319

1-&%



+2 ....3...1.._..2.3 G + oAlmy =)
0= Nn,-n,)2 + 20:2(e%-1) 1

52201 +o? 1)

[4’(::n1-mz)2 +202(x% )1+
¥ (my-m,)® + 20;%(&2 1)1n

2 2 A A
+ :‘20.‘1 (mz.ml +q'/(m1-m2) + 267 (0(2-1)1110(] (cov(mzoﬂ'z))

t2—2 _ |amn) - ot Nmn)? +20:2(> -1)ineh
prr—z [ my-my mym)” + 207 n

2 2 _
+ _5 (2 Ine(+< 1)

Yimy=,)2 + 2672(2 -1)10 &

2

o 20mym) + 20 ) + 2652 (& 2—1)1no(]
1- of

2(het2 2
[4(;1-11:2)2 + 20-12(0(2_1)11!“ + 9 (20 < 1InX+Ok" 1)

A(my )% + 262 (2 -1)1nel

+ -—25—' (xnz-mi +°&ﬁm1-m2)2 + 265_2(0(2 -1)1ne( -I (cov(é'i,a'za
& -l :
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A N A
where the variances and covariances of :1'“‘2061" and a‘2 were given

in previous sections. They include variances and covariances of
the :.'s. and are therefore not written out.

It becomes clear that var(lem) is not a simple form and
will not simplify appreciably.

Var(Lzmin) will be of a similar form with similar complications.

.22, E(P)

We have found the first two moments of the limits of the
integrals giving the conditional probabilities of misolassification,

N N A~
PI and PII o Lot us look at the expectations of P's, where

~A A~ P " a P
P=P P, P(m), P(o), and P(min) were defined in 5.1,

A

Recall that the upper limit of integration of PI’ PII are
~N

A
designated Ll’ L2 respectively. Then

o e % o )
E(PI) = Pre %bf z |f -y (var(Ll) (from 5.11)
1 1° "
L D (i’ L
rpe gl 8 (i)
1.2 .
(5.22,1) = Po-Le 11 (var(Ll)) .
Similarly,
A e . ALl -
(5.22,2) E(Pyy) = Pyy=Lye = (var(Lz)) .



Then

(5422.3) EF) = PyePrr-1y0 1 (var(lq)) Lye (m(l-z))

A A A
Note ,that' Iland Lz are negative, so that E(P) D> PI ¢ PI‘I .

Specifically, for s(m).
_— gy
(642244) E[P(m)]- Py(m) 4 Ppy(m) - Ly e m(rar(le) ~Lp e var (L, )

2
s PI(m) + PH(m) -dst e-%‘zl'am(veu-(b2 ))«--L2 e %Lzm(m(L%Z)

m m m
=P (m) + P__(m) - Lzm(var(Lzm))é( . ‘-Lzm ‘I?m}
i i Wy
= | 2 20y
= N(0,1)dx ¢ §(0,1)dx
=0 Q0

2
\ _(“*1"“2)2 _ (my-m))
g *g‘.}[ds" ST, o MO .
o> 6 | ;1 P2
A
For P(6") (recalling that L, 3 L, ),
g (

2 - Ll
(5¢2245) E §(d’) H PI(G') . Pn(d')-l.1 e-%x'l (var(L ))-L ) Gnr(lo ))
s

=
s ZPI(o') - Ll e (var(L ) - var(L ))

o 1y 24
ml-mz '1( l.mz) 2
T+, =
1772 my- 0746,
=2 3(0,1) &x -(-—-—1 mz)e 172
61t
=00

3:1 -2 3212-2

2
1eol ( +2ol4+ *« +2(+ 25 )
(1pa0) 4

ny np
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.

»
For P(min), wo note that var(L1 min) and var (Lzmin) are present,
as are complicated forms in le in and 1'2 thomselves, Further=-

mora, while thse other two forms can be reduced to funotions of the

%
that these plus the additional parameter d"la are necessary.

A
parameters €K, » mand n,, inspection of P(min) reveals

- .
Further evaluation of P(min) is seen to be unfeasible at this time,

LY
Now E(P) has a lower bound, say Poe

(654224 6) P, = P(min) = pI(m) . PII(min)
ml-c (min) N O(nin) "‘mz
% : G2
= ¥(0,l)dx + ¥(0,1)ax.
-0 J o
Inspection of E [lg(min)] » B [§(€)] , and E [%(m). reveals that

E[f’(min)] = P e O(I/nl. l/nz), whereas E [?(m)], E[i;(d' )] are
P(m) + 0(1/111. l/112) , P(or) oo(l/nl, 1/nz) respectively, where -
P(m), P(a‘))Po . P has a range bounded below at Po irrespective
of which ¢ is used. |

Assume that samples are large enough that gross mistakes do
not ococur; by a gross mistake is meant that for a linear discriminae-
tor (ﬁl - 'x‘nz) (gll-l‘az) € 0, i.e, that the wrong side of the dis-

criminator is used, Fow
)
(5.22.7) Prob (PP +a] h |
a

A
where h is smell, If, for 3 and any other estimate of P, say Pl »

A
E(P) € E(fl). then P has the lesser upper bound. Consider the
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difference between the two upper bounds. If this difference is
less than E(s), a comparison of?’ and ‘131 is triviai. If this
difference is large compared to E('I;) - Po, then ;’ will be said
to have a sampling distribution better than that of 31.

Thus, we should 1ike to compare E[F(m)] with &8 [B(e)] .
If E [P(c‘ )]( E[P(m)] , say, then ¢(0 ) 1s better than o(m).
Since E [P(min)] has such a complicated form and involves an

extra parameter, comparisons involving B [P(min)] will not be made.

5423, Comparison of E [g(min)] and El§(5 )_1

' A
As was noted previously, when E[P(m)] > E[?(d’ )] , o(c) is
the estimate preferreds Similarly, when E[l‘;(m)] (EE(G )] .a(m) is

preferred. Let us consider the function

(6423.1) gs[i;(m), i;(o-)] = E[f’(m)] - E['I;(o')] .

-m
Let us use again the parameter K = 27 o Then combining

6740,
integrals and putting in a form similar to that of section 4.2,,
A+l «sl
z-( 2
esb @5 (0] = eg(m0 = 2| W0, ax - | w0 ex - | w0, 1ex

0
2, )2
(1 )Kl _(u) - (@2

- _"" *o
nm B,

: 2
-%Kz leat dztw
=Ko - - +
(190 4 ny
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+1 ¢l
200 K

(5.2342) =2l r(0,i)ax - N(0,1)dx = N(0,1)dx

~ﬁx{(1+a)(n;:zmz) [;%(3;_ +¢ (2 )]

nyn,
14

( 100)

2 Snz-z 2 3111-2
[nl(-( +2(+ 2, )¢ ny(c"e2(s ny )W 2 (R,

2
x
where g (x) = 2 ) for evaluation from tables.

Vor

Two tables of values of gs(K;OO have been constructed, onse
for equal sample sizes and the other for sample sizes proportionate
to the variances,

Table 2 consists of values of gs(K;OO for various K, espescially
those K-values rear the change of sign of 8z0 and for various
ol 21. In Table 2, n, = m, = 50. Since the Table 2 entries do
not differ markedly from thLose of the asymptotically large sample
case, Teble 1, values for large sample sizes, where n, = n,, may
be interpolated to obtain an approximate wvalue., This interpolated
value will be a very rough approximation, but should be adequate
for practical usage.

_Table 3 is similar to Table 2, differing only in that
a, z ol 2n). Recalling that Zz o 221, wo note that n, : dznl
yields sample sizes proportionate to the variances. Again the

results are not markedly different from those of the asymptotically
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lerge sample case, Table 13 again interpolation will yield
approximations which ars very rough but which should bs adsquate
for practical usage.

It shculd be noted that in both tables, for increasing gof
the values tend to become exaggerated, but that the sign of gg
changos at about the same K, 1.6, 1,1 < K { 1,4, Generally the
values of K and ® associated with the change in the sign of gg
do not differ greatly from parameter values for the change of

sign for the asymptotic ocase,
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TABLE 2
A
VALUES OF gy(K, &) COMPARING E[ﬁ(m)] AND Eﬁ’(d’)] FOR VARIOUS

VALUES OF K AND ok VHERE n, S, s 50.

B\ 1 2 4 10
0 0 0 0 0
0.5 .002 - 042 - .196 - .2n
1.0 .004 - .028 . - ,051 - .027
1.2 003 - .012 + .003 + .026
1.4 002 + 002 .032 060
2.0 001 .023 .060 .090
o 0] 0 0 0
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TABLE 3
VALUES OF g,(K,o() COMPARING E[ﬁ(m)] AND E[%(a-)]

FOR VARIOUS VALUES OF K AND & FHERE n, = c(znl.

ol 1 2 4 10
ny 50 50 50 50
n, 50 200 800 5000
K
0 0 0 0 0
0.5 .002 - 133 - .138 - .222
1.0 0004 - .042 - 0039 - 0024
1.2 .003 - 006 ¢+ .004 ¢ 027
1.4 .002 . 027 037 061
2.0 001 .021 063 091
@ 0 0 0 0
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la)
524, E(PI )

Using oriterion (1), we wish to compare E(PL) R whero

L s mu(p p ). PL(m) = p (m) (4.4.2) and P (min) s

I(min) (44404) when samples are large; Pn(min) is not of a

> W
-

form suitable for comparison,
Now PI(o“) = Pn(d‘). go that sampling fluctuation may

P () = P (o) or P ( P_(c)

yield either PL(d‘) S PI o) or PL ) = P C o
E PL(O' )] s P (d") + some function gf the varignces,
covariance of P (d') and I(t'}').

Thus, the identification of /I}L(a‘) depends on the samples and has
not been made, Then no comparison is made on the basis of criterion

(11).



(6el1ed)
(601.2)

(66143)
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VI. SUMUARY

6ele Summary

Linear discriminant analysis is the classification of an
individual as haviag arisen from one or the other of two populatioms
on the basis of a scalar linsar function of measuraments of the
individual., This paper is a population and large sample study of
linear discriminant analysis. The population study is carried
out at three lovels: ‘

(a) with loss functions and prior probabilities,
(b) without loss f?nctions but with prior probabilities,
(¢) with neither,

The first level leads to consideration of risks which may be
split into two components, oﬁe for each type of misclasaification,
i.0. classification of an individual into population I given it
arose from population II, and classification of it into II given
it arose from I. Similarly, the second level leads to considera=-
tion of expected errors and the third level leads to consideration
of conditional probabilities of misclassification, both again which
may be.divided into the same two components. At each level the
"optimun" discriminator should jointly minimize the two probability
components. These quantities are all positive for all hyperplanes.
Either one of any pair may be made equal to zero by classifying

all individuals of a sample into the appropriats population; but
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this maximizes the othor one. Consequently, joint minimization
must be obtained by some compromise, G.ge by selecting a single
oriterion to be minimized., Two types of oriteria for judging

discriminators are considered at each level:

(601.4) (1) Total risk (a)

(6e145) Total expected errors (b)

(64146) Sum of conditional probabilities of misclassification (o)
(6e147) (11) Larger risk (a)

(6.1.8) Largor expocted error (b)

(641.9) Larger conditional probability of misclassification (o).

These criteria are not particularly new, but have not been applied
to linear discrimination and not been all used jointly.

If A is a k-dimensional row vector of direction numbers, X
& k-dimensional row vector of variables, and ¢ a constant, a
linoar discriminator is

(6.1,10) AX* = o,

which also represents a hyporplane in k-space. An individual is
classified as being from ono or the other population on tho basis
of its position relative to the hyperplane.

Lot Ml’ Ma be the row veotors of k means from populations
I, II respectively, 21, 22 be the dispersion matrices for
populations I, IT rospootively, D = M, = ¥,, and p, (1 - p) ve
the a priori probabilities that an individual has arisen from
populations I, II respectively, Letm = AMI', m, = AN,

6125 AZA', and i3 = AZ A,
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Using the optimum criteria (i) and (ii), the same set A
is obtained for each independently, and is independent of oj;
(641411) A = pE-L,
where 2= 21 or 2 = Sz if 21 ‘-‘°(.2fz. a constant,
Bxpliocit solutions are not available for general non-proportionate
matrices,
The appropriate ¢ is derived for each criterion. Criterion

(1) yields a ¢ with minimum total probability of misclassification,

.1 2 2 2, (2 2) 1 P02
(6.1.12) o(nin) = P oyPmyay 7y - oyogl(myemy) #2(03"-0 )h(x-p)%

Criterion (i1) yields a ¢ for which the probabilities of misclassi~

fication are equal for the two populations,

(6.1.18)  o(e~) = 22T .

1+ %

i Zl = 22, o(c-) and c(min) both reduce to

(5.1.14) o(m) : - 31—;-'-?—2- R

the ¢ used in practice heretofore. Loss functions are considered
for both A and ¢ and for both criteria, but expliocit results may
be obtained only for special cases of loss functions,

At level (o), the o's for oriteria (i) and (1i), c(min) and
c(o-) respectively, were compared to o(m) to discover the conditions
under which it was better(i.e. having lesser criteria) than both
o(min) and c(o~) on criteria (1i) and (i) respectively. The

comparisons were made by an inequality reduced to a function of
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two paramoters, K S (mz - ml)/(d'l IS d;,') and A= 6'2/6', and
values for this inequality were tabulated,

In the large sample study, variances and covariances were
found (in many cases approximately) for all estimates of the
parameters entering into the conditional probabilities of mis-
classification (level (c)). Extension of results to level (v)
and to special cases of level (a) were given. From these variances
and covariances ware derived expectations of these probabilities
for both criteria, at level (c), and comparisons were made where

feasible, Results wers tabulated.
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X. APPENDIX
10,1, Simplification of a certain bivariate inte

Suppose it is required to evaluate

(10.1.1)  1 J I (ere oo - p°) exg%j 2 _%W) (7 7}@@

£(x,y,)<c
ko(x) h_(x)

(101.2) S dx[ ) {2(1 ?—)FZ' ) mﬂf‘”

kl (x) £(z,y)

.:o

where f(x,y) =Ax® + Bxy + Cy® +Dx +Ey +F = 0. The following
sequence of transformations will reduce the multiple integral to
a 8ingle integral having simple limits of integration,

Transformation (1) (this transformation normalizes the density)s

(10.1.3) u=%‘,v=z-%i ydc =oydu, &y = @ dv.
Then
- 1 —_—t
R

where R is the conic section A'u2 + Bluv + C'v2 +Du +E'v + F! =0,

where A! =Aﬁ2 »

B!  =Boyoy ,

2
ct =Ga§,

Dt =2A°§/‘X+Bai/‘y+nai R
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sy g i
and
Ft e Bu 4B +Cp2 4D, +Ep +F
rE TS s A s Siive Ms A
Transformation (2) (this transformation eliminates P from the

integrand)s

’ ; 2
.7 s + -
(1001 05) u 8 >

and

o vrg
+ ¢ — -
2
2
J 31'1 -PZ .

The region of integration is a conic of the form

An g° +Bn gt +CM t2 +Dn g +E"t +F" =0, where

o= R em e + 0 R0 LoD,
B" = A'%P +B'+C'%p,
cr = A %(1-#5_-91-)”3' ip+ cr 20 +h-p?),
v o= D1 20 +41 - p7) +Er L0 -1 - pD),
B = D1 301 =41 -p +E1 20 +41 25D,

and
F* = F!,

The probability element becomes
1 = -;— - 2 2
(1001 07) PeCe > exXp { % (8 + ¢ )} ds dt .
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Transformation (3) (this transformation eliminates the
cross-product term from the limit of integration):
(10.1.8) 8= gcos® - wsin 6 |
and
(10.1.9) te=gsin® + weos 6,
vhere © is a constant such that

- -1 _p"
6 = & tan S, AW ACn

= 459, An =Cn,

7 = ,g{a,‘t“ = | cos © aine‘ =cos? © +8in® @ =1,
8» -8in © cos ©

Then
(10.1.11) ep. = %_" exp{-% (2 +vf2)} dg vy
the region of integration becomes A“ g2 + C"'w2 +D™g +E"w +F = 0,
whore A™ = A" cog? @ +C" 84n2 O + B" 8in © cos O,
C" = A" g4n® @ +C" cos? © - B" sin O cos O,
D™ =D" cos & +E" 8in o,
E™=E" cos 6 - D" 8in @,
and
F=Fn =Ft1
Transformation (4) (this transformation converts the variables
to polar coordinates):
(10.1.12) g = roosd
and

(10.1.13) w = rsinf .,
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J = r,

(10.1.1%) ®.pe = zl‘?r exp{-%rz}drdﬁ;

the region of integration becomes
A" 12 cos® P +C " r2 etn # +D" rcos § +E  ratn g +F" = 0.
The region of integration may be found for r as a function of f.
(A" cos? ¢ + C™ gin® )] r2 + (D" cos g +E" sin @) r +F =0,
Then

(10.1.15) r = =(D-8ing # E"cong)* W02 4F"s" )o1rPy + (£ 240" F") cos?p-28 K" s1ngicosg
2(8"8im2 g + C cos? ¢)

Call the value r of (10,1.15) R, when the positive root is used and
R_ when the negative root is used. There are two cases of integrals,
one in which the polar origin is inside the figure and the other in

which the origin is outside the figure, as shown in Fig. 6.:

A

outside inside
Figo 6

For the inside caae,

(10.1.26) I= f f %rz} ar df
0
1 -.JF" exp {- iR, } ag .
0
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For the outside case,

(10.1.17) I= flj'og_ﬂ em{-%rzx dr.d¢ +f JR+§__”em{-%r2}&M

¢° R_ % To
/3
2 2
s lz_rj‘ Gm{*%n.', }dﬁ - exp{-%ﬁ_}dﬂ .
¢o ¢O
The basic integral is now

1) . _
(10.1.18) . exp {-% ( 1 —) [ ~(D'sin @ +E cos )
2(A"simR ¢ + C"cos?g

g = Iy
+ 'f/(n‘“ - 4F'A")ein? @ + ("2 - 4C"F")cos?y - 2D"Esing cos¢'”J ag

g
= -1 1 2
J: exp{ 8 (kgsin’*fl + klﬁainzcos2¢+1&1cos’*¢) kst fgeos Pikpind coof

° +b’k431n4¢ + kscoshy + kgein?y coa g +k.,sin3¢ cosff + kgsinﬁco;a}dﬁ

where
Ky =282 - 4"
. Kz - P
Ky =0
K, =402 (0" - 'F")
Eg = E? @2 e
K =" (2 - 40P +ER 02 - 0T

6
K, = -80"3 &"
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Kg = ~SD'E ~
[1[] 2
Ky =44
Ky o= a'd
and
ne

Typ= 4
If we transform

= -22 =
etk v R A s 2

We obtain

] a2
(10.1.19) X exp{- Q) %

( )["1 2 +h3ePo bz + iy
8 hgaBingabing i (2P +hg

2 -
© +4hys® - by 57 +0ga® + bgs® +ngdt = byzd Fhgr® thy h,]}dz

vhere
Kh =K
h2 2K3 =0
h3 = (1‘31 - 2KZ)
b, =Eg
hy = 2Kg
h6 & (AK6 - 4K5)
by = (655 - 8K;)
hg = (16K, + 6K, - &K/)
by =Ey
B o= W = 459
hy,= (1689 = 8Ky + 6Kyy)
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From here a numerical approximation may be offected. It may
be possible in some cases to expand the fraction by partial fractions,
write as the integral of a product of exponential terms, and integrate
by Laplace Transforms.
It may be of interest to note that after the third trans-
formation bounds can boe put on the value of the integral, I.
When the conic is an ellipse, a set of bounds may consist of
the circumscribed rectangle and the inscribed rectangle of the
largest area. The ocircumscribed rectangle will have length equal
to the major axis of the ellipse and breadth equal to the minor
axis. If the equation of the ellipse is put in the form
(5--121)2 + (w-]zc)2 __‘ 1, the inscribed rectangle has breadth ¥2 b
a b

and length ¥z? a. Using Pearson's Tables of oumulative normalized
bivariate normal densities, a.nd/) = 0, the probability over

the area enclosed by the circumscribing rectangle is given by

koggb huiga k.!gb hjige
(10.1.20) f(g,w) dg dw ¢ f(g,w) dg dw
- -00 -00 -
- f(g,w) dg dw - £(g,w) dg daw .



(10.2.1)
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form with slightly different constants added to k and h.

The probability enclosed by the inscribed rectangle is similar in

Other types of polygons may be used for bounds, when the conic

10,2, Derivation of _3_@
%eh

We need 'S%';; ,Z‘anﬂ T%; IZJ‘ . It will be

FNote that

Further, 1 ¥ J,

(10.2.2)

6. eoeoe fkjooo

= 043 ,213' ¥

ﬁo . 09’;1. . opqo ) -;ﬂ

o]

convenient to use the concepts of bordered determinants,

is 2 parabola or an hyperbola, after integration limits are obtained.
A paper by Pélya in the Berkeley Symposiwm 'Y will allow us to

integrate f(g,w) over areas inside or outside general polygons.

?—ilooo TIJ‘.. G.ik
0._11..0? see ?;k
1 B R
Ci'looo ;qiooo 6.3‘10.. O.Ik
Z. + 6—11000 110000. (XX} f-ik
Ji : : . .
5 ooo. XX ;' XX ;—
TSt T
%ooorkiooo dij... %
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where # indicates that the 1jth elemont is zero. Then

(10.203) lZ,c 6;,3'2]{3' + qi‘sjil + 5’.11000 fii..‘ fij.oo O.i'k
6;100 Cii 0 ® ;r.k
5100 ? ?33000 ;rjk
:ﬁ... :%'... &m... fkk o

w0z =L g 12l v 15 15,0,

since q: b 631, alli, § .

But . ®
(10.2.5) )ZJJ = 6;3 ,ZJMJ, + ,E” , = %y ]213.31, +1531 l .
Then ' -
d 2
(10.2.6) T% ’)Zﬁl + ]Sul,
Consider now |
2121

0%,

'Z' = qilsul + | 65yeee Oyeee f:-tk

(10.2.7)

e d oy
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and

(10.2.8) a2l 2] -

9 O3y
=4y
(210.2.9) 2054

)
(10.2.10) 3,%:}",211.3111 H[Zapl = 2 Bl

by the same argument as above, since Zﬁ is symmetric.

(20.2.12) -b-!;—iil 12“ "

(10.2.12) 3513' = 0
26} )

(10.2.13) ___..,Z... j, ]zﬁ ul

. 315 I
(10.2.14) ___s_zéi =l§kj'gh, + lzij,hgl ,

by a proof similar to that on the preceeding pages.

(10.2.415) d 'Zq, [Zii hh)

Now by a lemma due to Jacobi (1),

(10.2.16) lzuzﬁ,gh) = lzij] ’Z gh’ 'lzihllsgjl .

1 IS4l

121
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and

il = 12111
|21 °
Then
(10.217) 2t = o Zul?
90 4 [zl
(10.2.8) 2t 12542 .
2 933 1Z]?
(10,2,19) —=2— 3°’ LZEL_QZJ_ +‘zj__'3 2'511“211'
I=1?
(10.2.20).%;‘;;11 - IZI{1S 40 gl S0 nil} - 'anflfzhl +[3 1yl
3h |1Z12
S a1 Z gl BanllEggl 41530012 ) 1S ) JE 450 - )5 40l
=)
- - IZﬂ,HZ |
02.2) et . Z4) ;zﬁn
(10.2.22) ag:i; _ JZNE 4yl ,-Z"ZZ;A’_{IEQ' +15,1:_1£}
o 1SS 1340l 1Z 4ol IZgNE gl 1ZLJ1Z 4ol
I=)?

e o Izzlif,’z“, +I§ulz
1x)?
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(10.2.23) d et _ 12N, - lzg'ilzi_hj+ 1Z 1413

LAZ VS ,zf
= E;j”zh_;l- 'Z;ﬂ £ gj' - E;j”zih'- 51.1“2_11_1'
I=1R
e o [Zul1Ewl + €4yl 1Z 40
I£12 ‘
0.2.20) d3edh _ _ZNEy ) - €] ) Z1s)
30 43 1z)?
e 1Szl B3 gl EgnliT 4l
Iz)?

ce EgyllE gl
m2
(10.2,25) dgll | lﬁ!|813,gh|+'541¢g!3-15;ﬁ{’5gh' JIM)]

? % gn 1) 2
- EQ_E gh) -h::lh”&j' -l-‘r%"‘(hé _.t_l_élzm]- liylltghl _)Zdlzgh‘
b4

- JZy lZgﬂ; |E€1g)| £
1zl
This last result may be used in general, adjusting the subscripts

to obtain the desired partials.
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