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(ABSTRACT) 

The nonlinear dynamical behavior of a laterally compressed, flat, composite panel sub- 

jected to a high supersonic flow is analyzed. The structural model considers a higher-order 

shear deformation theory which also includes the effect of the transverse normal stress and 

satisfies the traction-free condition on both faces of the panel. The possibility of small 

initial imperfections and in-plane edge restraints are also considered. Aerodynamic loads 

based on the third-order piston theory are used and the panel flutter equations are derived 

via Galerkin’s method. Periodic solutions and their bifurcations are obtained by using a 

predictor-corrector type of numerical integration method, i.e., the Shooting Method, in con- 

junction with the Arclength Continuation Method for the static solution. For the perfect 

panel, the amplitudes and frequency of flutter obtained by the Shooting Method are shown 

to compare well with results from the Method of Multiple Scales when linear aerodynamics 

is considered and compressive loads are absent. It is seen that the presence of aerodynamic 

nonlinearities could result in the hard flutter phenomenon, i.e., a violent transition from 

the undisturbed equilibrium state to that of finite motions which may occur for pre-critical 

speeds also. Results show that linear aerodynamics correctly predicts the immediate post- 

flutter behavior of thin panels only. When compressive edge loads or edge restraints are 

applied, in certain cases multiple periodic solutions are found to coexist with the stable



static solution, or multiple buckled states are possible. Thus it is seen that the panel may 

remain buckled beyond the flutter boundary, or it may flutter within the region where buck- 

led states exist. Furthermore, the presence of edge restraints normal to the flow tends to 

stabilize the panel by decreasing the flutter amplitudes and the possibility of hard flutter. 

Nonperiodic motions (i.e., quasiperiodic and chaotic) of the buckled panel are found to ex- 

ist, and their associated Lyapunov exponents are calculated. The effects of transverse shear 

flexibility, aerodynamic nonlinearities, initial imperfections, and in-plane edge restraints on 

the stability boundaries are also studied. It is observed that the classical plate theory over- 

predicts the instability loads, and only the shear deformation theory correctly models the 

panel which is flexible in transverse shear. When aerodynamic nonlinearities are considered, 

multiple flutter speeds may exist.
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Chapter 1 

INTRODUCTION 

The dynamic behavior of laminated composite structures is currently a topic of widespread 

research. This is largely due to the fact that such composites have been successfully used 

in secondary aircraft structures and hence are likely to play a significant role in the devel- 

opment of the next generation of aeronautical and aerospace structures. 

Composite material systems are preferred in design applications requiring maximum 

strength and stiffness with minimum weight. However, in contrast to their metallic coun- 

terparts, these advanced composite structures are characterized by weak rigidities in trans- 

verse shear. This necessitates the inclusion of transverse shear deformation effects when 

modelling their dynamic behavior. 

Another important aspect of the problem is the effect, on the response, of nonlinearities 

arising from the modelling of the aerodynamic loads. These aerodynamic nonlinearities are 

more pronounced at high supersonic speeds (M > 1) and are generally of the hard type, 

i.e., they having a destabilizing effect (which increases with the flow speed) as opposed to 

the geometric nonlinearities which tend to stabilize the structure. Thus the presence of 

these aerodynamic nonlinearities could, in certain cases, result in a violent transition from 

the undisturbed equilibrium state to that of finite motions, and this could occur for flow 

speeds (M) lower than the critica] (flutter) velocity (My). This phenomenon is known 

as hard flutter. It should be noted that so far only a few researchers have considered 

this refinement to the problem. However, since their effect would be more pronounced in 

the future generation of aircraft (e.g., the NASP flying at M > 15 ), these aerodynamic 

nonlinearities should be incorporated in the structural model. 

Furthermore, the application of an in-plane compressive edge load (e.g., one resulting
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from aerodynamic heating) can significantly alter the dynamic behavior of the panel, es- 

pecially when the load is greater than the Euler buckling load. This could result in a 

transition to complicated motions, both periodic and non-periodic, for small variations of 

the control parameters (i.e., compressive load and flow speed). Moreover, multiple buckled 

and dynamic states of the structure are possible for certain combinations of the control 

parameters. A similar effect may result due to the edges being restrained from in-plane 

movement. Therefore, to correctly predict the complicated dynamics, and hence the fatigue 

life of the panel, any applied in-plane edge loads and existing edge restraints should be 

included in the structural model. 

The presence of the unavoidable initial geometric imperfections (e.g., manufacturing 

defects) suggests that they also be incorporated in the analysis. These imperfections, along 

with the aerodynamic nonlinearities, have a pronounced effect (both qualitative and quan- 

titative) on the stability and response characteristics of the structure. 

In the present study, the nonlinear dynamical behavior of a flat composite panel sub- 

jected to a high supersonic gas flow of arbitrary orientation is analyzed. For flow speeds in 

excess of the critical (flutter) velocity predicted by the linear theory, membrane forces are 

induced. These forces tend to limit the amplitude of oscillation, and thus the flutter speed 

can be exceeded without immediate failure of the plate. Thus the need for a nonlinear 

analysis arises. The analysis considered herein includes the effects of aerodynamic and ge- 

ometric nonlinearities, transverse shear flexibility, in-plane edge loads and edge restraints, 

and small initial geometric imperfections. 

The literature review in Chapter II serves as a background for the present study. From 

this, we see that even though the nonlinear panel flutter problem has been widely researched, 

very few studies incorporate aerodynamic nonlinearities and in-plane edge restraint condi- 

tions in their structural model. Notable among these are the works of Bolotin (e.g., [1]), 

which contains the first published results regarding the hard flutter phenomenon for flat pan- 

els. As for the presence of initial imperfections and transverse shear deformations, presently 

there are no publications available that include these in the structural model when analyz-
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ing the post-flutter behavior. Furthermore, a few recent analyses of the flutter of buckled 

panels (having infinite span length) reveal limited results concerning the complicated dy- 

namics and onset of non-periodic motions. Moreover, it appears that these results have 

been arrived at by straightforward numerical integration methods without much emphasis 

on a systematic investigation of the bifurcation behavior. Finally, an overview of relevant 

concepts from nonlinear dynamics is also presented in the latter part of this chapter. 

Chapter III presents the formulation of the panel flutter problem. Here, the governing 

equations are derived on the basis of a higher-order shear deformation theory. This also 

accounts for the transverse normal stress and satisfies the in-plane traction-free conditions 

on both faces of the panel. The case of a simply supported, symmetrically laminated 

panel composed of transversely isotropic layers is considered. The equations describing the 

evolution of the transverse displacement coordinate u3, which appear in their uncoupled 

form, are considered along with the Galerkin method, and the panel flutter equations are 

obtained. 

In Chapter IV the time-dependent modal amplitudes are represented in terms of their 

static and dynamic components, and the associated equations describing the static buckled 

state and motions about it are derived. The static solution is obtained using the Arclength 

Continuation Method which is described in Chapter IV. Periodic solutions are obtained 

by using a numerical integration technique—called the Shooting Method—which consists 

of an augmented initial value problem (the predictor) and a Newton-Raphson iteration 

procedure (the corrector). Floquet theory is then used to obtain the stability of these 

periodic solutions, and hence bifurcations to new solutions (periodic and non-periodic) can 

be predicted. A straightforward numerical integration of the original initial value problem 

is considered when non-periodic motions are sought. A number of tools, such as Poincaré 

sections and Lyapunov exponents, are used to characterize the various types of motion. 

Periodic solutions for the perfect panel are also obtained by a perturbation method, i.e., the 

Method of Multiple Scales, and results are compared with those obtained by the Shooting 

Method whenever possible (see Chapter V). However, this method has inherent limitations
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which are discussed within this chapter. 

Chapter V presents results and discussions concerning the stability boundaries and the 

effects of aerodynamic nonlinearities and in-plane edge loads and edge restraints on the 

post-flutter behavior of perfect and imperfect panels. Comparison of results obtained using 

the higher-order shear deformation theory and the classical plate theory is also presented, 

whenever possible. Finally, conclusions and recommendations for future research are pre- 

sented in Chapter VI.



Chapter 2 

LITERATURE REVIEW 

2.1 Panel Flutter 

It is well known that a steady wind blowing over a flexible elastic structure can induce 

and maintain large-amplitude oscillations. This phenomenon is easily observed as flutter 

of flags, galloping of ice-coated power cables, and flutter of aircraft wings. The destruc- 

tion of the Tacoma Narrows suspension bridge was caused by flutter oscillations of the 

superstructure. 

Most of the voluminous theoretical literature on this problem is focussed on the study 

of these flutter ( limit cycle) oscillations that could eventually lead to structural failure. 

However, a few publications on the complicated dynamics associated with this phenomenon 

occurring for the broader class of self-excited systems are also available. Among the first 

studies concerning the flutter of panels were those of Bolotin et al. [1] , Bolotin [2] and 

Makarov [3]. In [1], a simply supported isotropic panel with a steady supersonic flow 

past its upper surface was analyzed. Quadratic nonlinearities arising from unsymmetric 

aerodynamic forces (i.e., for flow past one surface only) are neglected since the authors 

consider that in a self-excited system such as this, the primary effect of nonlinearities 

manifests itself through cubic terms. The ordinary differential equations (ODE’s) describing 

modal amplitudes are solved by the Harmonic Balance Method (HBM) considering single- 

mode flutter. Results are obtained for a two-dimensional panel of infinite span. They 

indicate that for immovable edges (i.e., in-plane motion restrained ) parallel to the span 

direction, soft flutter oscillations occur for M > Mr (M = Mach number, Mr = Mach 

number at flutter) as compared to hard flutter when those edges are movable. However,
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since only a two-mode approximation was used during spatial discretization, the amplitudes 

of hard flutter oscillation could not be obtained. 

In [2] Bolotin included the effect of a temperature field which remains uniform through 

the thickness of the panel. Equations governing small but finite oscillations about the 

thermally buckled static state are derived. Numerical results for the amplitude of flutter 

are obtained via a perturbation solution ( similar to the Linstedt-Poincaré Method) for 

the non-thermal problem. However, due to an inconsistency in the ordering of the modal 

amplitudes, the effect of quadratic aerodynamic nonlinearities is completely lost ( even 

quantitatively ) while cubic nonlinearities appear in the first order perturbation equations. 

The variation of My with the plate aspect ratio is presented and the qualitative nature 

of this flutter boundary ( i.e., whether dangerous or benign ) is also discussed. Makarov 

[3] extended the analysis of [2] to include boundary conditions where all four edges are 

fixed and where two opposite edges are fixed and the other two are simply supported. 

He concluded that a higher limit cycle amplitude exists for the latter case of boundary 

conditions. Similarly, the case of movable edges yielded higher amplitudes of oscillation 

when compared to that of immovable edges. 

The role played by aerodynamic nonlinearities is described by Bolotin [4]. In this mono- 

graph he states that their effect is in general destabilizing and it becomes more pronounced 

as the flow speed increases. Thus in certain cases when Mf is high enough their effect may 

be such that undamped oscillations ( i.e., divergent modes of static equilibrium ) may exist 

for M < Mr. In such cases Mr as determined by the linear theory is only an upper bound 

for the actual critical flow speed. This results in hard ( dangerous ) flutter when Mpf is 

exceeded. It corresponds to a sub-critical Hopf bifurcation of the modal-amplitude solution 

( i.e., a reversed pitchfork bifurcation of the limit-cycle amplitude solution ). In a related 

work, Librescu [5,6] determined the nature of the flutter boundary (described in the Mr 

versus aspect-ratio plane). The analysis was carried out by using a method due to Bautin 

(see Bautin [7], Malkin [8] ) based on Lyapunov’s Direct Method. The results obtained 

agree well with those of [2,4], while providing a better insight into the specific problem
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of determining the nature of flutter . In both [5,6] an orthotropic, laminated composite 

panel was considered, and in [6] the effects of initial curvature, physical nonlinearities, and 

different boundary conditions were also included. These results were also incorporated in 

Librescu’s monograph [9]. 

Ventres and Dowell [11] analyzed the effects of in-plane edge restraints on the flutter 

behavior of plates exposed to transverse pressure loadings or buckled by uniform thermal 

expansion. It was shown that the stability boundaries of low aspect ratio plates without 

edge-restraints are more sensitive to pressure loads than are those when complete edge 

restraints are considered. Furthermore, for panels with aspect ratio less than unity, the 

boundary support flexibility decreases the stabilizing effect of the pressure load (i.e., lowers 

the critical speed). The opposite behavior is exhibited by panels with aspect ratio larger 

than unity. For unloaded plates it was concluded that the ratio of limit cycle amplitudes 

for plates with and without in-plane edge restraint decreases as the aspect ratio increases, 

this ratio always being greater than unity (see Bolotin [1]). Numerical results were also 

presented for the existence of sustained flutter motions below the linear stability boundary 

for a clamped, thermally buckled, pressure loaded plate. 

The effect of aerodynamic damping on the flutter of thin panels was analyzed by Voss 

and Dowell [10]. They point out that when the panel is exposed to a flow at an arbitrary 

angle, a certain range of values of the flow angle exists which yields flutter involving modes of 

nearly identical frequency but weak aerodynamic coupling. This results in the aerodynamic 

damping having a pronounced effect on the stability boundary. 

The problem of a panel subjected to air flow and constant in-plane edge loads has been 

studied by various authors. Fralich [12] presented a supersonic flutter analysis for a simply 

supported, rectangular panel subjected either to specified in-plane compressive edge loads 

or to specified total in-plane end shortenings and a uniform temperature field. Linear, static 

aerodynamic strip theory was used and linearized equations governing small motions about 

the static (buckled) equilibrium state were obtained . Hence the analysis, which yields a 

complete picture of the flutter and buckling boundaries, cannot be used to study the flutter
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oscillations. 

Analytical studies of the flutter of buckled, simply-supported panels were presented by 

Kobayashi [13]. It was shown that the relationship between streamwise and spanwise stress 

components has a significant influence on the flutter boundary of square panels. For most 

cases considered, the addition of spanwise tension to a bi-axial, equal, uniform compression 

(due to aerodynamic heating alone) lowers the critical speed. In the case of bi-axial, equal, 

uniform compression alone, the boundary above which no buckled equilibrium exists is not 

represented by a constant flow speed (i.e., independent of the streamwise compression), but 

instead rises along with the streamwise compression. This result is different when com- 

pared to that for the two-dimensional panel. Thus a given region of dynamic instability of 

the linearized system (i.e., flutter oscillations) occurs only between two values of streamwise 

compression, i.e., two values of temperature. This means that as the aerodynamic heating is 

increased the flutter motion would start and then cease. Kobayashi [14] obtained simplified 

approximations of the amplitude and frequency of steady flutter motion for thermally com- 

pressed two-dimensional panels, under the assumption of small damping. It was observed 

that for small flow speeds and moderate streamwise compression, a buckled equilibrium 

co-existed with flutter motion around the flat state (see Holmes[49]). This indicates that 

the buckled equilibrium may not be stable in the large. Periodic motion about the buckled 

configuration was not obtained for any combination of the loading parameters. For moder- 

ate flow speed and compressive load the motion was non-simple harmonic (see also Dowell 

[45,22] and Shiau and Lu [48] ). For large compressive loads, the buckled equilibrium (for 

small flow speeds) is stable in the large, whereas the periodic vibrations (for moderate to 

large flow speeds) are of the breathing type . In a subsequent paper, Kobayashi [15] consid- 

ered a clamped panel with initial geometric imperfections and a static pressure differential. 

It was shown that the initial geometric imperfections do not always raise the flutter bound- 

ary. In particular, the case of imperfections in the second mode yielded a new type of flutter 

boundary, defining a region of dynamic instability (of all obtained equilibria) enclosed by the 

region of buckled states. This new flutter boundary occurs well below the more traditional
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flutter boundary that separates static configurations from periodic motions. The existence 

of this region was further clarified through experiments in which steady periodic motions 

of small amplitude were measured at comparatively small flow speeds. The amplitudes and 

frequencies of flutter were obtained by the HBM. 

Kobayashi [16] studied the bending-torsion flutter of wings subjected to thermal stresses 

at high supersonic speeds. Linear piston theory aerodynamics, including the effect of an 

angle of attack, was considered along with a linear bending mode and a nonlinear torsional 

mode. The HBM was used to obtain periodic solutions around the flat and deformed 

(buckled) equilibria. The angle of attack, the effect of which is similar to a constant pressure 

load, was shown to have a significant influence on the stability boundaries. 

Voss [17] considered the flutter of thin cylindrical shells using Goldenveizer’s equations. 

It was determined that the tangential inertia forces are important particularly when con- 

sidering small values of circumferential and axial mode numbers — i.e., in membrane-type 

flutter. 

Evensen and Olson [18, 19] considered the flutter of a circular cylindrical shell subjected 

to a constant, axial, in-plane edge load which is lower than the static buckling load. Two 

types of limit cycle solutions are obtained by the HBM: (a) two-mode standing-wave flutter 

and (b) four-mode circumferentially travelling-wave flutter. For the type (b) solution the 

analysis indicates that flutter oscillations can occur for M < Mp. This implies that a 

nonlinear structural shell model with linear aerodynamic loading could exhibit the same 

softening behavior as is produced by nonlinear aerodynamic loading for flat panels (e.g., 

also Bolotin[4]). Moreover, the type (a) solution was found to be very sensitive to small 

amounts of structural damping. In an earlier work, a pressure differential was also included 

by Olson and Fung [20]. They used Donnell’s equations and obtained a two-mode standing- 

wave solution for the flutter oscillations by the Krylov-Bogoliubov method. The results 

indicate that for practical purposes flutter in a standing-wave mode does not occur below the 

critical speed. Regarding the influence of the internal pressure differential on the stability 

boundary, it was noted that among the various aerodynamic theories considered, piston
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theory yielded results that were closest to experimental observations. 

Gordon and Atluri [21] reconsidered the problem presented in [19], performing the analy- 

sis using the Method of Multiple Scales (MMS). However, their assumed spatial mode shapes 

only satisfy, exactly, the simply-supported boundary conditions on the normal displacement, 

while the continuity ( periodicity ) condition on the circumferential displacement is fulfilled 

in an integral-average sense. This yielded discrepancies in their results when compared with 

those of Evensen and Olson [19]. An interesting conclusion from their MMS analysis is that 

the quadratic nonlinearities only have a secondary effect on the limit cycle amplitudes, and 

they decrease the hardening effect of the cubic nonlinearities. 

Dowell [22] considered the problem of two and three-dimensional plates undergoing limit 

cycle oscillations. The effects of constant in-plane edge loads and a static pressure differ- 

ential are also included in this analysis. Limit cycle amplitudes are determined using the 

NIM for a prescribed edge load ( considered greater than the classical Euler buckling load ). 

The results indicate a buckling branch for lower M and a flutter branch for higher M. 

Non-simple harmonic (but periodic) and symmetry broken solutions were also obtained. 

The stability boundaries obtained are in close agreement with [12] and they also include an 

additional region where non-simple harmonic oscillations exist. For a prescribed M (> Mr) 

and in-plane edge load, the variation of the dynamic component of the limit cycle amplitude 

with static presure differential is also presented. Convergence studies indicate that 4 to 6 

chordwise modes are required for quantitative accuracy of the results. The analysis in [22] 

considered linear, quasi-steady aerodynamics since it assumed that: (1) Mr would be of the 

order of one, and (2) the plate amplitudes are limited to a few plate thicknesses. However, 

when either of the conditions (1) or (2) is invalid, the effect of aerodynamic nonlinearities 

becomes important and should be included in the analysis. Furthermore, if the flutter oc- 

curs in the transonic-low supersonic ( M < 1.5 ) regime, then quasi-steady aerodynamic 

theory cannot be considered and one must re-consider the problem using the full linearized 

(inviscid, potential flow) theory which retains the effects of memory and three-dimensionality 

of the flow. This was done by Dowell [23]. Further details on the applicability of different 

10
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aerodynamic theories can be found in Librescu [9] and Dowell [24,25] . In both [24,25], 

results concerning the regimes of flutter ( i.e., single-mode flutter, coupled-mode flutter, 

travelling-wave flutter, and divergence or low-frequency flutter) are presented in the M 

versus ¢ (plate aspect ratio) plane. 

Dowell [26] considered the shallow shell equations (von Karman) to study the flutter of a 

two-dimensional plate with streamwise curvature. It was shown that the static aerodynamic 

loading due to streamwise curvature has a detrimental effect both in lowering the speed at 

which flutter begins and in increasing the amplitude of the ensuing motion. The flutter 

amplitudes obtained were of the order of the rise height of the plate. It was also demon- 

strated that the static aerodynamic loading and aerodynamic damping must be considered 

in order to avoid obtaining the unrealistic result of zero critical speed for certain values of 

streamwise curvature. An important observation made here was that for large curvatures, 

i.e., when the product of Mach number and rise-height /length exceeds 0.1, nonlinear aero- 

dynamic effects would become important. In a subsequent paper, Dowell [27] analyzed a 

three-dimensional curved panel where it was concluded that three-dimensional plates with 

streamwise curvature are more significantly affected by pre-flutter static deformations than 

two-dimensional ones. Furthermore, the degree of in-plane edge restraints has a pronounced 

effect on the stability boundaries and subsequent flutter oscillations of three-dimensional 

curved plates with spanwise curvature. 

Eastep [28] presented a variational analysis for the problem of a panel under the influence 

of both random excitation ( turbulent boundary layer ) and aerodynamic loading. Linear 

piston theory aerodynamics was considered and the spatial discretization was done using 

a Rayleigh-Ritz modal approximation. Random excitation in the form of a pressure with 

known spatial and temporal correlations was introduced. The forced response was calculated 

by using Fourier-transform techniques and the method of equivalent linearization for flow 

speeds below and above the flutter speed. The supercritical response was obtained from 

a numerical integration of the derived coupled homogeneous Mathieu equations. When 

the effect of the random load is neglected and applied in-plane edge loads are considered, 

11
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the results obtained by the HBM are similar to those of [12] and [22] . An interesting 

conclusion obtained in [12] but emphasized by Eastep [28] is that for a buckled (initially 

flat ) panel, flutter occurs at a critical speed for which the only static equilibrium state is the 

dynamically unstable flat panel. Thus aerodynamic forces cause a sudden flattening of the 

panel, which for any increase of M represents the static configuration about which flutter 

motion will occur. In a related study, Eastep and McIntosh [29] analyzed a simply supported 

two-dimensional panel with aerodynamic loads obtained from the nonlinear second order 

piston theory. This included a nonlinear aerodynamic damping effect. The limit cycle 

amplitudes obtained by the NIM indicate a symmetry broken solution due to the presence 

of quadratic nonlinearities. The effect of aerodynamic nonlinearity on the stability boundary 

was investigated and the ‘nonlinear stability boundary’ was obtained. This represents the 

lowest flow speed (< My) for which limit cycle oscillations are possible for a prescribed edge 

load. The method used in [29], first suggested by Dimantha and Roorda [30], is based on 

calculating an upper bound on the total energy of the system such that any initial conditions 

producing a greater energy would yield an unstable motion. McIntosh [31] investigated the 

effects of hypersonic nonlinear (second-order) aerodynamic loading on panel flutter. By 

introducing a single interaction parameter which represents the importance of the nonlinear 

aerodynamic terms in comparison with the geometric nonlinearities, it is concluded that the 

presence of in-plane edge restraints could result in amplitude-sensitive instability similar to 

that caused by aerodynamic nonlinearities (see also Eastep and McIntosh([29]). 

Friedmann and Hanin [32] studied the flutter of a simply supported, orthotropic panel 

subjected to a coplanar air flow of arbitrary orientation using a quasi-steady, linear aerody- 

namic theory. However, when performing the spatial discretization by the Galerkin method, 

only two chordwise modes were considered. The amplitude of flutter oscillations was deter- 

mined by the NIM and results concerning the effects of the flow orientation and aerodynamic 

damping on Mr were presented. Dzygadlo [33] considered the harmonically forced vibra- 

tion of a two-dimensional panel subjected to air flow. The primary forcing-flutter resonance 

was examined and the aerodynamic forces were considered on the basis of a second order 

12
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�t�h�e� �c�a�u�s�e� �o�f� �t�h�e� �n�e�w� �b�u�b�b�l�e�-�s�h�a�p�e�d� �s�o�l�u�t�i�o�n�s�.� �T�h�e� �p�r�e�s�e�n�c�e� �o�f� �m�a�t�e�r�i�a�l� �d�a�m�p�i�n�g� �r�e�s�u�l�t�e�d� 

�i�n� �a� �s�o�f�t�e�n�i�n�g�-�t�y�p�e� �b�e�h�a�v�i�o�r� �f�o�r� �a� �s�y�s�t�e�m� �w�i�t�h� �h�a�r�d�e�n�i�n�g� �e�l�a�s�t�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�M�o�r�i�n�o� �[�3�4�]� �c�o�n�s�i�d�e�r�e�d� �t�h�e� �f�l�u�t�t�e�r� �o�f� �a� �c�u�r�v�e�d� �p�a�n�e�l� �u�s�i�n�g� �l�i�n�e�a�r� �q�u�a�s�i�-�s�t�e�a�d�y� �a�e�r�o�d�y�-� 

�n�a�m�i�c�s� �a�n�d� �u�s�e�d� �t�h�e� �M�M�S� �t�o� �o�b�t�a�i�n� �t�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e�.� �I�n� �t�h�a�t� �p�a�p�e�r� �i�t� �w�a�s� �c�o�n�c�l�u�d�e�d� 

�t�h�a�t� �i�f� �e�x�c�e�p�t�i�o�n�a�l� �c�a�s�e�s� �(� �e�.�g�.�,� �a�u�t�o�p�a�r�a�m�e�t�r�i�c� �r�e�s�o�n�a�n�c�e� �)� �a�r�e� �d�i�s�r�e�g�a�r�d�e�d�,� �q�u�a�d�r�a�t�i�c� �n�o�n�-� 

�l�i�n�e�a�r�i�t�i�e�s� �d�o� �n�o�t� �h�a�v�e� �a� �q�u�a�l�i�t�a�t�i�v�e� �e�f�f�e�c�t� �o�n� �t�h�e� �s�o�l�u�t�i�o�n�.� �A� �s�i�m�i�l�a�r� �c�o�n�c�l�u�s�i�o�n� �w�a�s� �o�b�t�a�i�n�e�d� 

�b�y� �S�m�i�t�h� �a�n�d� �M�o�r�i�n�o� �[�3�5�]�,� �w�h�e�r�e� �t�h�e� �s�t�a�t�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �s�o�l�v�e�d� �b�y� �t�h�e� �M�M�S� �a�n�d� �g�e�n�e�r�a�l� 

�c�o�n�c�l�u�s�i�o�n�s� �r�e�g�a�r�d�i�n�g� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �d�a�n�g�e�r�o�u�s� �a�n�d� �b�e�n�i�g�n� �f�l�u�t�t�e�r� �i�n� �a�u�t�o�n�o�m�o�u�s� �s�y�s�-� 

�t�e�m�s� �a�r�e� �r�e�-�d�e�r�i�v�e�d�.� �S�t�e�a�d�y�-�s�t�a�t�e� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �M�M�S� �a�r�e� �s�h�o�w�n� �t�o� �c�o�m�p�a�r�e� 

�w�e�l�l� �w�i�t�h� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �H�B�M�.� �I�t� �i�s� �a�l�s�o� �s�h�o�w�n� �t�h�a�t� �M�M�S� �c�a�n� �h�a�n�d�l�e� �t�h�e� �c�a�s�e� 

�o�f� �z�e�r�o� �f�r�e�q�u�e�n�c�y� �a�t� �M�r� �(� �i�.�e�.�,� �a� �n�o�n�-�o�s�c�i�l�l�a�t�i�n�g� �s�y�s�t�e�m� �)�.� 

�K�u�o� �e�t� �a�l�.� �[�3�6�]� �s�t�u�d�i�e�d� �t�h�e� �p�r�o�b�l�e�m� �o�f� �n�o�n�l�i�n�e�a�r� �p�a�n�e�l� �f�l�u�t�t�e�r� �w�i�t�h� �q�u�a�s�i�-�s�t�e�a�d�y�,� �l�i�n�e�a�r� 

�a�e�r�o�d�y�n�a�m�i�c�s� �u�s�i�n�g� �t�h�e� �M�M�S�,� �H�B�M� �a�n�d� �N�I�M�.� �R�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e�s�e� �t�h�r�e�e� �m�e�t�h�o�d�s� 

�c�o�m�p�a�r�e�d� �w�e�l�l� �w�i�t�h� �e�a�c�h� �o�t�h�e�r� �f�o�r� �b�o�t�h� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �a�n�d� �c�l�a�m�p�e�d� 

�t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �p�l�a�t�e�s�.� �T�h�e� �s�t�a�b�i�l�i�t�y� �a�n�a�l�y�s�i�s� �o�f� �l�i�m�i�t� �c�y�c�l�e� �s�o�l�u�t�i�o�n�s� �w�a�s� �d�o�n�e� �b�y� �c�o�n�s�i�d�-� 

�e�r�i�n�g� �s�l�o�w�l�y� �v�a�r�y�i�n�g� �d�i�s�t�u�r�b�a�n�c�e�s� �o�n�l�y�.� �I�t� �w�a�s� �a�l�s�o� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �a�e�r�o�d�y�n�a�m�i�c� �d�a�m�p�i�n�g� 

�s�t�a�b�i�l�i�z�e�s� �t�h�e� �p�a�n�e�l� �b�y� �r�e�d�u�c�i�n�g� �t�h�e� �a�m�p�l�i�t�u�d�e� �o�f� �f�l�u�t�t�e�r�,� �w�h�i�l�e� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s� 

�a�n�d� �v�i�s�c�o�u�s� �a�n�d� �h�y�s�t�e�r�e�t�i�c� �s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �d�e�s�t�a�b�i�l�i�z�e� �t�h�e� �p�a�n�e�l� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �a�m�-� 

�p�l�i�t�u�d�e� �o�f� �f�l�u�t�t�e�r�,� �t�h�u�s� �m�a�k�i�n�g� �i�t� �m�o�r�e� �d�a�n�g�e�r�o�u�s�.� �M�o�r�i�n�o� �a�n�d� �K�u�o� �[�3�7�]� �e�x�t�e�n�d�e�d� �t�h�e� �M�M�S� 

�a�n�a�l�y�s�i�s� �o�f� �[�3�6�]� �t�o� �s�t�u�d�y� �t�h�e� �p�r�o�b�l�e�m� �c�o�n�s�i�d�e�r�e�d� �b�y� �E�v�e�n�s�e�n� �a�n�d� �O�l�s�o�n� �[�1�9�]� �w�h�i�c�h� �c�o�n�t�a�i�n�s� 

�f�i�f�t�h�-�o�r�d�e�r� �g�e�o�m�e�t�r�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �T�h�i�s� �r�e�f�i�n�e�d� �a�n�a�l�y�s�i�s� �r�e�v�e�a�l�e�d� �a�n� �u�n�s�t�a�b�l�e�,� �b�e�n�t�-�b�a�c�k�,� 

�h�i�g�h�-�b�r�a�n�c�h� �c�u�r�v�e� �o�f� �l�i�m�i�t� �c�y�c�l�e� �a�m�p�l�i�t�u�d�e� �v�e�r�s�u�s� �M�,� �t�h�u�s� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �f�i�f�t�h�-�o�r�d�e�r� �g�e�-� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�o�m�e�t�r�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �h�a�v�e� �a� �d�e�s�t�a�b�i�l�i�z�i�n�g� �e�f�f�e�c�t�.� �T�h�e� �a�n�a�l�y�s�i�s� �i�n� �[�3�7�]� �a�l�s�o� �i�n�c�l�u�d�e�s� �t�h�e� 

�p�r�o�b�l�e�m� �o�f� �f�l�u�t�t�e�r�-�b�u�c�k�l�i�n�g� �i�n�t�e�r�a�c�t�i�o�n�.� �T�h�e� �c�a�s�e� �o�f� �z�e�r�o� �f�l�u�t�t�e�r� �f�r�e�q�u�e�n�c�y� �(� �w�h�i�c�h� �o�c�c�u�r�s� �a�t� 

�t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� �o�f� �t�h�e� �f�l�u�t�t�e�r� �a�n�d� �b�u�c�k�l�i�n�g� �s�t�a�b�i�l�i�t�y� �b�o�u�n�d�a�r�i�e�s� �)� �w�a�s� �s�t�u�d�i�e�d�.� �F�u�r�t�h�e�r�m�o�r�e�,� 

�t�h�e� �p�r�o�b�l�e�m� �o�f� �s�m�a�l�l� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s� �w�a�s� �a�l�s�o� �a�n�a�l�y�z�e�d� �b�y� �t�h�e� �M�M�S�.� �K�u�o� �e�t� �a�l�.� �[�3�8�]� 

�c�o�n�s�i�d�e�r�e�d� �t�h�e� �f�o�r�c�i�n�g�-�f�l�u�t�t�e�r� �i�n�t�e�r�a�c�t�i�o�n� �f�o�r� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�a�n�e�l�s� �u�s�i�n�g� �t�h�e� �H�B�M�.� �I�t� �w�a�s� 

�f�o�u�n�d� �t�h�a�t� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d� �i�s� �h�i�g�h�e�r� �i�f� �f�o�r�c�i�n�g� �e�x�c�i�t�a�t�i�o�n� �i�s� �p�r�e�s�e�n�t�.� �T�h�u�s� �p�u�r�e� �f�o�r�c�e�d� 

�r�e�s�p�o�n�s�e� �m�a�y� �e�x�i�s�t� �w�e�l�l� �a�b�o�v�e� �t�h�e� �p�u�r�e� �f�l�u�t�t�e�r� �s�t�a�b�i�l�i�t�y� �b�o�u�n�d�a�r�y�,� �i�.�e�.�,� �M�r�.� �B�e�y�o�n�d� �t�h�e� 

�f�l�u�t�t�e�r� �s�t�a�b�i�l�i�t�y� �b�o�u�n�d�a�r�y�,� �c�o�e�x�i�s�t�e�n�c�e� �o�f� �p�u�r�e� �f�o�r�c�e�d� �r�e�s�p�o�n�s�e� �a�n�d� �f�o�r�c�i�n�g�-�f�l�u�t�t�e�r� �i�n�t�e�r�a�c�-� 

�t�i�o�n� �r�e�s�p�o�n�s�e� �w�a�s� �o�b�s�e�r�v�e�d�.� �E�s�l�a�m�i� �a�n�d� �I�b�r�a�h�i�m� �[�3�9�]� �r�e�c�o�n�s�i�d�e�r�e�d� �t�h�e� �p�r�o�b�l�e�m� �p�r�e�s�e�n�t�e�d� 

�i�n� �[�3�6�]� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �o�r�t�h�o�t�r�o�p�i�c� �p�a�n�e�l�s� �a�n�d� �u�s�e�d� �t�h�e� �H�B�M� �f�o�r� �t�h�e�i�r� �a�n�a�l�y�s�i�s�.� �C�o�n�c�l�u�s�i�o�n�s� 

�s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �i�n� �[�3�6�]� �w�e�r�e� �r�e�a�l�i�z�e�d�.� 

�S�i�p�c�i�c� �a�n�d� �M�o�r�i�n�o� �[�4�0�]� �p�r�e�s�e�n�t�e�d� �a� �L�a�g�r�a�n�g�i�a�n� �M�e�c�h�a�n�i�c�s� �f�o�r�m�u�l�a�t�i�o�n� �f�o�r� �t�h�e� �a�e�r�o�e�l�a�s�-� 

�t�i�c� �a�n�a�l�y�s�i�s� �o�f� �a� �m�a�n�e�u�v�e�r�i�n�g� �a�i�r�c�r�a�f�t�,� �b�y� �m�o�d�e�l�l�i�n�g� �i�t� �a�s� �a� �f�l�u�t�t�e�r�i�n�g� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�l�a�t�e� 

�u�n�d�e�r�g�o�i�n�g� �a� �p�u�l�l�-�u�p� �m�a�n�e�u�v�e�r�.� �L�i�n�e�a�r� �q�u�a�s�i�-�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s� �a�n�d� �g�e�o�m�e�t�r�i�c� �n�o�n�l�i�n�-� 

�e�a�r�i�t�i�e�s�,� �a�s� �w�e�l�l� �a�s� �c�o�u�p�l�i�n�g� �b�e�t�w�e�e�n� �r�i�g�i�d� �b�o�d�y� �r�o�t�a�t�i�o�n� �a�n�d� �t�h�e� �e�l�a�s�t�i�c� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�,� 

�w�e�r�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�,� �a�n�d� �t�h�e� �s�o�l�u�t�i�o�n�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �N�I�M�.� �T�h�e� �e�f�f�e�c�t�s� �o�f� 

�a� �m�a�n�e�u�v�e�r� �l�o�a�d� �f�a�c�t�o�r�,� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�,� �a�n�d� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �d�i�f�f�e�r�e�n�t�i�a�l� �w�e�r�e� �s�t�u�d�-� 

�i�e�d�.� �A� �n�e�w� �t�y�p�e� �o�f� �l�i�m�i�t� �c�y�c�l�e� �r�e�p�r�e�s�e�n�t�i�n�g� �s�n�a�p�-�t�h�r�o�u�g�h� �b�u�c�k�l�i�n�g� �a�n�d� �o�s�c�i�l�l�a�t�i�o�n�s� �a�r�o�u�n�d� 

�f�o�u�r� �e�q�u�i�l�i�b�r�i�u�m� �s�t�a�t�e�s� �w�a�s� �o�b�t�a�i�n�e�d�.� �I�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �c�o�u�l�d� �o�c�c�u�r� �d�u�r�i�n�g� 

�a� �m�a�n�e�u�v�e�r� �f�o�r� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �a�c�t�u�a�l� �f�l�i�g�h�t� �r�a�n�g�e�.� �T�h�e� �p�r�e�s�e�n�c�e� �o�f� �a� �m�a�n�e�u�v�e�r� 

�l�o�a�d� �f�a�c�t�o�r� �c�o�u�l�d� �t�r�a�n�s�f�o�r�m� �t�h�e� �r�e�s�p�o�n�s�e� �f�r�o�m� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� �t�o� �a� �p�e�r�i�o�d�i�c� �o�r� �e�v�e�n� �a� �c�h�a�o�t�i�c� 

�s�t�a�t�e�,� �a�n�d� �v�i�c�e� �v�e�r�s�a�.� �T�h�e� �c�a�s�e� �o�f� �a� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �m�a�n�e�u�v�e�r� �(�i�.�e�.�,� �a�n�g�u�l�a�r� �v�e�l�o�c�i�t�y� �i�s� �n�o�t� 

�c�o�n�s�t�a�n�t� �)� �w�a�s� �a�l�s�o� �a�n�a�l�y�z�e�d�.� �F�u�r�t�h�e�r� �s�t�u�d�i�e�s� �o�n� �t�h�i�s� �p�r�o�b�l�e�m� �w�e�r�e� �d�o�n�e� �b�y� �S�i�p�c�i�c� �[�4�1�]�.� 

�B�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �m�a�n�e�u�v�e�r� �l�o�a�d� �f�a�c�t�o�r�,� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �w�e�r�e� �o�b�s�e�r�v�e�d� �v�i�a� �t�h�e� �w�e�l�l� �k�n�o�w�n� 

�r�o�u�t�e�s� �o�f� �I�n�t�e�r�m�i�t�t�e�n�c�y�,� �T�o�r�u�s�-�B�i�f�u�r�c�a�t�i�o�n� �(�R�u�e�l�l�e�-�T�a�k�e�n�s� �s�c�e�n�a�r�i�o�)�,� �a�n�d� �P�e�r�i�o�d�-�D�o�u�b�l�i�n�g�.� 

�A�n� �u�n�c�o�m�m�o�n� �r�o�u�t�e� �t�o� �c�h�a�o�s� �w�a�s� �a�l�s�o� �o�b�s�e�r�v�e�d�.� �T�h�i�s� �i�n�v�o�l�v�e�s� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d� �d�o�u�-� 

�b�l�i�n�g�,� �f�o�l�l�o�w�e�d� �b�y� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d� �d�e�m�u�l�t�i�p�l�y�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�s�,� �a�n�d� �c�u�l�m�i�n�a�t�i�n�g� �i�n� �a� 

�s�u�d�d�e�n� �t�r�a�n�s�i�t�i�o�n� �( ��j�u�m�p ��)� �t�o� �a� �c�h�a�o�t�i�c� �s�t�a�t�e�.� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�Y�u�e�n� �a�n�d� �L�a�u� �[�4�2�]� �a�n�a�l�y�z�e�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s� �o�n� �t�h�e� �l�i�m�i�t� �c�y�c�l�e� 

�m�o�t�i�o�n� �o�f� �a� �f�l�u�t�t�e�r�i�n�g� �p�l�a�t�e� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �l�i�n�e�a�r� �q�u�a�s�i�-�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s�.� �T�h�e�y� �u�s�e�d� 

�t�h�e� �I�n�c�r�e�m�e�n�t�a�l� �H�a�r�m�o�n�i�c� �B�a�l�a�n�c�e� �M�e�t�h�o�d� �t�o� �o�b�t�a�i�n� �t�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �f�l�u�t�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s�.� 

�T�h�e� �a�m�p�l�i�t�u�d�e� �v�e�r�s�u�s� �M� �c�u�r�v�e�s� �i�n�d�i�c�a�t�e�d� �v�a�r�i�o�u�s� �l�o�o�p�s�,� �w�h�i�c�h� �w�a�s� �t�h�e� �m�a�i�n� �d�i�s�c�o�v�e�r�y� �o�f� 

�t�h�e� �s�t�u�d�y�.� �T�h�i�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �a� �m�u�l�t�i�t�u�d�e� �o�f� �s�t�a�b�l�e� �a�n�d� �u�n�s�t�a�b�l�e� �l�i�m�i�t� �c�y�c�l�e�s� �c�o�e�x�i�s�t� �a�t� �a� 

�p�a�r�t�i�c�u�l�a�r� �M�.� �A�p�e�r�i�o�d�i�c� �a�n�d� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �w�e�r�e� �a�l�s�o� �o�b�s�e�r�v�e�d� �u�s�i�n�g� �t�h�e� �N�I�M�.� 

�W�e�i�l�i�a�n�g� �a�n�d� �D�o�w�e�l�l� �[�4�3�]� �w�e�r�e� �t�h�e� �f�i�r�s�t� �t�o� �s�t�u�d�y� �t�h�e� �o�s�c�i�l�l�a�t�i�o�n�s� �o�f� �a� �f�l�u�t�t�e�r�i�n�g� �c�a�n�-� 

�t�i�l�e�v�e�r�e�d� �p�l�a�t�e�.� �T�h�e�y� �c�o�n�s�i�d�e�r�e�d� �l�i�n�e�a�r�,� �q�u�a�s�i�-�s�t�e�a�d�y� �a�e�r�o�d�y�n�a�m�i�c�s� �a�n�d� �u�s�e�d� �t�h�e� �R�a�y�l�e�i�g�h�-� 

�R�i�t�z� �m�e�t�h�o�d� �f�o�r� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �C�o�n�v�e�r�g�e�n�c�e� �s�t�u�d�i�e�s� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� �c�h�o�r�d�-�t�o�-� 

�l�e�n�g�t�h� �r�a�t�i�o� �h�a�s� �a� �g�r�e�a�t� �e�f�f�e�c�t� �o�n� �t�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �N�I�M�.� �A�s� �t�h�i�s� �r�a�t�i�o� 

�i�n�c�r�e�a�s�e�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �c�h�o�r�d�w�i�s�e� �m�o�d�e�s� �r�e�q�u�i�r�e�d� �t�o� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �t�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�-� 

�t�u�d�e� �i�n�c�r�e�a�s�e�s�.� 

�D�o�w�e�l�l� �[�4�4�]� �r�e�c�o�n�s�i�d�e�r�e�d� �t�h�e� �p�r�o�b�l�e�m� �o�f� �f�l�u�t�t�e�r� �o�f� �a� �b�u�c�k�l�e�d� �p�l�a�t�e� �[�2�2�]�.� �H�e� �o�b�s�e�r�v�e�d� 

�c�e�r�t�a�i�n� �r�e�g�i�o�n�s� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �o�f� �M� �v�e�r�s�u�s� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �w�h�e�r�e� �c�h�a�o�t�i�c� 

�m�o�t�i�o�n�s� �o�c�c�u�r�.� �B�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �d�i�f�f�e�r�e�n�t�i�a�l�,� �c�h�a�o�t�i�c� �m�o�t�i�o�n� �i�s� �s�u�p�p�r�e�s�s�e�d�,� 

�t�h�e�n� �r�e�-�a�p�p�e�a�r�s�,� �a�n�d� �f�i�n�a�l�l�y� �t�h�e� �l�i�m�i�t�-�c�y�c�l�e� �d�e�g�e�n�e�r�a�t�e�s� �t�o� �a� �p�o�i�n�t� �a�n�d� �a�l�l� �m�o�t�i�o�n�s� �c�e�a�s�e�.� 

�A�n� �i�n�t�u�i�t�i�v�e� �e�x�p�l�a�n�a�t�i�o�n� �s�u�g�g�e�s�t�s� �t�h�a�t� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �o�f� �t�h�e� �t�w�o� �p�a�r�a�m�e�t�e�r�s� �(� �i�.�e�.�,� �M� �a�n�d� 

�i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �)� �w�h�i�c�h� �g�o�v�e�r�n� �t�h�e� �t�w�o� �i�n�s�t�a�b�i�l�i�t�i�e�s�,� �f�l�u�t�t�e�r� �(� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �)� 

�a�n�d� �b�u�c�k�l�i�n�g� �(� �s�t�a�t�i�c� �b�i�f�u�r�c�a�t�i�o�n� �)�,� �c�a�u�s�e�s� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s�.� �L�i�m�i�t� �c�y�c�l�e� �p�l�o�t�s�,� �P�o�i�n�c�a�r�é� 

�m�a�p�s�,� �a�n�d� �p�o�w�e�r� �s�p�e�c�t�r�a� �w�e�r�e� �o�b�t�a�i�n�e�d� �t�o� �v�e�r�i�f�y� �t�h�e� �t�y�p�e� �o�f� �m�o�t�i�o�n�.� �I�n� �a� �s�u�b�s�e�q�u�e�n�t� �w�o�r�k�,� 

�b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �f�o�r� �a� �f�i�x�e�d� �f�l�o�w� �s�p�e�e�d�,� �D�o�w�e�l�l� �[�4�5�]� �o�b�s�e�r�v�e�d� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �r�o�u�t�e� �t�o� �c�h�a�o�s�:� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �u�n�d�e�r�g�o�e�s� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �a�n�d� �a� �p�e�r�i�o�d�i�c� 

�s�o�l�u�t�i�o�n� �i�s� �b�o�r�n�;� �t�h�i�s� �t�h�e�n� �u�n�d�e�r�g�o�e�s� �a� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� �y�i�e�l�d�i�n�g� �a� �p�e�r�i�o�d�-�2� 

�s�o�l�u�t�i�o�n�;� �t�h�e�n� �i�t� �u�n�d�e�r�g�o�e�s� �a� �s�e�c�o�n�d�a�r�y� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �c�r�e�a�t�i�n�g� �a� �q�u�a�s�i�-�p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� 

�c�o�m�p�o�s�e�d� �o�f� �i�n�c�o�m�m�e�n�s�u�r�a�b�l�e� �f�r�e�q�u�e�n�c�i�e�s� �(� �b�i�f�u�r�c�a�t�i�o�n� �t�o� �a� �T�?� �t�o�r�u�s�,� �s�e�e� �S�e�y�d�e�l� �[�4�6�]� �)�;� 

�t�h�e� �f�r�e�q�u�e�n�c�i�e�s� �b�e�c�o�m�e� �c�o�m�m�e�n�s�u�r�a�b�l�e� �o�n�c�e� �a�g�a�i�n� �(� �f�r�e�q�u�e�n�c�y� �l�o�c�k�i�n�g� �)� �a�n�d� �t�h�e� �p�e�r�i�o�d�-�2� 

�s�o�l�u�t�i�o�n� �i�s� �r�e�c�o�v�e�r�e�d�;� �a�n�o�t�h�e�r� �p�e�r�i�o�d� �d�o�u�b�l�i�n�g� �o�c�c�u�r�s� �a�n�d� �a� �p�e�r�i�o�d�-�4� �s�o�l�u�t�i�o�n� �e�x�i�s�t�s�;� �a�n�d� 

�c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �a�l�t�e�r�n�a�t�e� �w�i�t�h� �p�e�r�i�o�d�i�c� �m�o�t�i�o�n�s� �w�h�i�c�h� �f�i�n�a�l�l�y� �p�r�e�v�a�i�l�.� �W�h�i�l�e� �c�o�m�p�a�r�i�n�g� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�t�h�i�s� �p�h�e�n�o�m�e�n�o�n� �o�f� �c�h�a�o�s� �t�o� �t�h�e� �o�n�e� �o�c�c�u�r�r�i�n�g� �i�n� �t�h�e� �L�o�r�e�n�z� �m�o�d�e�l�,� �D�o�w�e�l�l� �c�o�n�j�e�c�t�u�r�e�s� 

�t�h�a�t� �c�h�a�o�s� �a�p�p�e�a�r�s� �t�o� �b�e� �t�h�e� �r�e�s�u�l�t� �o�f� �a�l�l� �e�q�u�i�l�i�b�r�i�a� �(� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �)� �b�e�i�n�g� �u�n�s�t�a�b�l�e� 

�t�o� �i�n�f�i�n�i�t�e�s�i�m�a�l� �p�e�r�t�u�r�b�a�t�i�o�n�s�;� �n�e�v�e�r�t�h�e�l�e�s�s�,� �t�h�e� �g�l�o�b�a�l� �s�o�l�u�t�i�o�n�s� �a�r�e� �s�t�i�l�l� �b�o�u�n�d�e�d�.� �W�h�a�t� 

�r�e�m�a�i�n�s� �t�o� �b�e� �d�o�n�e�,� �h�o�w�e�v�e�r�,� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �c�h�a�o�s� �a�p�p�e�a�r�s� �d�i�r�e�c�t�l�y� �a�f�t�e�r� �t�h�i�s� 

�t�y�p�e� �o�f� �l�o�c�a�l� �i�n�s�t�a�b�i�l�i�t�y�.� �A�m�o�n�g� �t�h�e� �m�a�n�y� �s�c�e�n�a�r�i�o�s� �o�f� �c�h�a�o�s� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�y�d�e�l� �[�4�6�]� �a�n�d� 

�T�h�o�m�p�s�o�n� �a�n�d� �S�t�e�w�a�r�t� �[�4�7�]�,� �t�h�e� �o�n�e� �o�b�s�e�r�v�e�d� �b�y� �D�o�w�e�l�l� �[�4�5�]� �a�p�p�e�a�r�s� �t�o� �b�e� �a� �c�o�m�b�i�n�a�t�i�o�n� 

�o�f� �t�h�e� �T�o�r�u�s�-�B�r�e�a�k�d�o�w�n� �a�n�d� �P�e�r�i�o�d�-�D�o�u�b�l�i�n�g� �r�o�u�t�e�s�.� 

�S�h�i�a�u� �a�n�d� �L�u� �[�4�8�]� �s�t�u�d�i�e�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� �a�e�r�o�d�y�n�a�m�i�c� �d�a�m�p�i�n�g�,� �a�n�i�s�o�t�r�o�p�i�c� �p�r�o�p�e�r�t�i�e�s� 

�(�i�.�e�.�,� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �a�n�d� �e�l�a�s�t�i�c� �m�o�d�u�l�u�s� �r�a�t�i�o�)�,� �s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �d�i�f�f�e�r�e�n�t�i�a�l�,� �a�n�d� �i�n�-�p�l�a�n�e� 

�c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �o�n� �t�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e�s� �o�f� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l�,� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d�,� �c�o�m�p�o�s�-� 

�i�t�e� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �o�n� �m�o�d�a�l� �c�o�n�v�e�r�g�e�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� 

�s�p�a�t�i�a�l� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �m�a�x�i�m�u�m� �l�i�m�i�t� �c�y�c�l�e� �a�m�p�l�i�t�u�d�e� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �d�i�r�e�c�t� �n�u�m�e�r�i�c�a�l� 

�i�n�t�e�g�r�a�t�i�o�n�.� �P�e�r�i�o�d�i�c� �m�o�t�i�o�n�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �m�o�d�e�r�a�t�e� �t�o� �h�i�g�h� �f�l�o�w� �s�p�e�e�d�s� �a�n�d� �m�o�d�e�r�a�t�e� 

�i�n�-�p�l�a�n�e� �e�d�g�e� �l�o�a�d�s�.� �I�t� �w�a�s� �r�e�v�e�a�l�e�d� �t�h�a�t� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �c�o�u�l�d� �o�c�c�u�r� �f�o�r� �m�o�d�e�r�a�t�e� �f�l�o�w� 

�s�p�e�e�d�s� �a�n�d� �h�i�g�h� �i�n�-�p�l�a�n�e� �e�d�g�e� �l�o�a�d�s� �(�s�e�e� �a�l�s�o� �D�o�w�e�l�l� �[�4�4�]�)� 

�H�o�l�m�e�s� �[�4�9�]� �s�t�u�d�i�e�d� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�u�i�d�-�l�o�a�d�e�d� �p�a�n�e�l� �s�u�b�j�e�c�t�e�d� �t�o� 

�c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s�.� �T�h�e� �m�o�d�e�l� �c�o�n�s�i�d�e�r�e�d� �n�o�n�l�i�n�e�a�r� �s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g�,� �a�n�d� �t�h�e� �G�a�l�e�r�k�i�n� 

�m�e�t�h�o�d� �w�a�s� �u�s�e�d� �f�o�r� �s�p�a�t�i�a�l� �d�i�s�c�r�e�t�i�z�a�t�i�o�n�.� �T�h�e� �m�o�d�a�l� �e�q�u�a�t�i�o�n�s� �t�h�u�s� �o�b�t�a�i�n�e�d� �w�e�r�e� �a�n�-� 

�a�l�y�z�e�d� �q�u�a�l�i�t�a�t�i�v�e�l�y�,� �b�y� �w�a�y� �o�f� �a� �c�e�n�t�e�r� �m�a�n�i�f�o�l�d� �r�e�d�u�c�t�i�o�n�,� �t�o� �o�b�t�a�i�n� �t�h�e� �l�o�c�a�l� �b�e�h�a�v�i�o�r� 

�a�b�o�u�t� �t�h�e� �B�o�g�d�a�n�o�v�-�T�a�k�e�n�s� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t� �(�i�.�e�.�,� �d�o�u�b�l�e� �z�e�r�o� �e�i�g�e�n�v�a�l�u�e�s� �w�h�e�r�e� �t�h�e� �f�l�u�t�-� 

�t�e�r� �a�n�d� �d�i�v�e�r�g�e�n�c�e� �b�o�u�n�d�a�r�i�e�s� �i�n�t�e�r�s�e�c�t�)�.� �T�h�e� �m�o�s�t� �i�n�t�e�r�e�s�t�i�n�g� �r�e�s�u�l�t� �h�e�r�e� �i�s� �t�h�e� �e�x�i�s�t�e�n�c�e� 

�o�f� �t�w�o� �c�o�n�t�i�g�u�o�u�s� �r�e�g�i�o�n�s�,� �i�n� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e�,� �i�n� �w�h�i�c�h� �t�h�e� �p�a�n�e�l� �c�a�n� �e�i�t�h�e�r� 

�r�e�m�a�i�n� �b�u�c�k�l�e�d� �o�r� �f�l�u�t�t�e�r� �a�b�o�u�t� �i�t�s� �f�l�a�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�w�o� �c�o�n�t�i�g�u�o�u�s� �r�e�g�i�o�n�s� 

�w�h�e�r�e� �n�o�n�-�s�i�n�u�s�o�i�d�a�l� �o�s�c�i�l�l�a�t�i�o�n�s� �e�x�i�s�t� �(�D�o�w�e�l�l�[�2�2�]�)� �h�a�v�e� �b�e�e�n� �c�l�e�a�r�l�y� �d�e�m�a�r�c�a�t�e�d� �a�n�d� �i�t� 

�i�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �f�r�o�m� �a� �b�u�c�k�l�e�d� �s�t�a�t�e� �t�o� �t�h�e�s�e� �r�e�g�i�o�n�s�,� �o�r� �v�i�c�e�-�v�e�r�s�a�,� �o�c�c�u�r�s� 

�t�h�r�o�u�g�h� �a� �s�u�d�d�e�n� �j�u�m�p�.� �T�h�i�s� �i�s� �i�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �s�m�o�o�t�h� �o�n�s�e�t� �o�f� �f�l�u�t�t�e�r� �w�h�e�n� �c�r�o�s�s�i�n�g� �t�h�e� 

�f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y�.� �I�n� �a� �s�u�b�s�e�q�u�e�n�t� �p�a�p�e�r�,� �H�o�l�m�e�s� �a�n�d� �M�a�r�s�d�e�n� �[�5�0�]� �c�o�n�s�i�d�e�r�e�d� �t�h�e� �i�n�f�i�n�i�t�e� 

�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s� �o�f� �t�h�i�s� �p�r�o�b�l�e�m� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �c�e�n�t�e�r� �m�a�n�i�f�o�l�d� �r�e�d�u�c�t�i�o�n� �t�e�c�h�n�i�q�u�e� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�d�i�r�e�c�t�l�y� �t�o� �t�h�e� �g�o�v�e�r�n�i�n�g� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�.� �H�o�l�m�e�s� �[�5�1�]� �r�e�c�o�n�s�i�d�e�r�e�d� �t�h�i�s� �p�r�o�b�-� 

�l�e�m� �b�y� �s�t�u�d�y�i�n�g� �t�w�o� �c�a�s�e�s� �i�n� �w�h�i�c�h� �d�i�v�e�r�g�e�n�c�e� �a�n�d� �f�l�u�t�t�e�r� �a�r�e� �c�o�u�p�l�e�d�.� �F�o�r� �t�h�e� �f�i�r�s�t� �c�a�s�e�,� 

�w�h�i�c�h� �i�n�v�o�l�v�e�s� �t�h�e� �B�o�g�d�a�n�o�v�-�T�a�k�e�n�s� �b�i�f�u�r�c�a�t�i�o�n� �(�H�o�l�m�e�s� �[�4�9�]�)�,� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �c�e�n�t�e�r� 

�m�a�n�i�f�o�l�d� �t�h�e�o�r�e�m� �s�h�o�w�s� �t�h�a�t� �t�h�e� �c�o�u�p�l�i�n�g� �i�s� �q�u�a�l�i�t�a�t�i�v�e�l�y� �c�a�p�t�u�r�e�d� �l�o�c�a�l�l�y� �b�y� �r�e�d�u�c�t�i�o�n� 

�t�o� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �e�s�s�e�n�t�i�a�l� �m�o�d�e�l� �i�.�e�.�,� �a� �s�i�n�g�l�e�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �n�o�n�l�i�n�e�a�r� �o�s�c�i�l�l�a�t�o�r�.� 

�T�h�e� �M�e�t�h�o�d� �o�f� �N�o�r�m�a�l� �F�o�r�m�s� �w�a�s� �t�h�e�n� �e�m�p�l�o�y�e�d� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �n�o�n�l�i�n�e�a�r� �t�e�r�m�s�.� �T�h�e� 

�s�e�c�o�n�d� �c�a�s�e� �i�n�v�o�l�v�e�s� �a� �S�i�m�p�l�e� �a�n�d� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �(�i�.�e�.�,� �o�n�e� �z�e�r�o� �a�n�d� �t�w�o� �p�u�r�e�l�y� �i�m�a�g�i�-� 

�n�a�r�y� �e�i�g�e�n�v�a�l�u�e�s�)�.� �F�o�r� �t�h�i�s� �c�a�s�e�,� �t�h�e� �s�a�m�e� �t�e�c�h�n�i�q�u�e�s� �s�h�o�w� �t�h�a�t� �t�h�e� �e�s�s�e�n�t�i�a�l� �m�o�d�e�l� �i�s� �n�o�w� 

�t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l�,� �a�n�d� �q�u�a�s�i�-�p�e�r�i�o�d�i�c� �a�s� �w�e�l�l� �a�s� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �c�a�n� �o�c�c�u�r�.� 

�D�o�w�e�l�l� �a�n�d� �V�i�r�g�i�n� �[�5�2�]� �r�e�c�o�n�s�i�d�e�r�e�d� �t�h�e� �f�l�u�t�t�e�r� �o�f� �a� �b�u�c�k�l�e�d�,� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�a�n�e�l� �b�y� 

�i�n�v�e�s�t�i�g�a�t�i�n�g� �t�h�e� �r�e�g�i�o�n� �i�n� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �w�h�e�r�e� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �o�c�c�u�r�.� �A�s� �t�h�i�s� 

�r�e�g�i�o�n� �i�s� �e�n�t�e�r�e�d�,� �a� �l�o�s�s� �o�f� �t�e�m�p�o�r�a�l� �c�o�r�r�e�l�a�t�i�o�n� �o�c�c�u�r�s�,� �i�.�e�.�,� �t�e�m�p�o�r�a�l� �c�h�a�o�s�.� �W�h�e�n� �t�h�e� 

�r�e�g�i�o�n� �i�s� �p�e�n�e�t�r�a�t�e�d� �d�e�e�p�e�r�,� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� �e�d�g�e� �l�o�a�d�,� �m�o�r�e� �h�i�g�h�e�r� �m�o�d�e�s� 

�b�e�c�o�m�e� �i�n�c�r�e�a�s�i�n�g�l�y� �p�r�o�m�i�n�e�n�t�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �l�o�s�s� �o�f� �s�p�a�t�i�a�l� �c�o�r�r�e�l�a�t�i�o�n� �a�l�s�o�.� �T�h�u�s� �i�t� �w�a�s� 

�p�r�o�p�o�s�e�d� �t�h�a�t� �f�o�r� �s�y�s�t�e�m�s� �w�i�t�h� �t�e�m�p�o�r�a�l�l�y� �c�h�a�o�t�i�c� �b�u�t� �s�p�a�t�i�a�l�l�y� �d�e�t�e�r�m�i�n�i�s�t�i�c� �m�o�d�e�s�,� �l�o�w�-� 

�d�i�m�e�n�s�i�o�n�a�l� �o�n�e�s� �e�x�h�i�b�i�t� �t�e�m�p�o�r�a�l� �c�h�a�o�s� �o�n�l�y�,� �w�h�e�r�e�a�s� �h�i�g�h�e�r� �d�i�m�e�n�s�i�o�n�a�l� �o�n�e�s� �e�x�h�i�b�i�t� 

�s�p�a�t�i�a�l� �a�n�d� �t�e�m�p�o�r�a�l� �c�h�a�o�s� �(�i�.�e�.�,� �t�u�r�b�u�l�e�n�c�e� �o�r� �d�i�s�p�l�a�c�e�m�e�n�t� �l�o�c�a�l�i�z�a�t�i�o�n�)�.� 

�Z�h�a�o� �a�n�d� �Y�a�n�g� �[�5�3�]� �a�n�a�l�y�z�e�d� �t�h�e� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �o�f� �a� �l�i�n�e�a�r�l�y� �v�i�s�c�o�u�s�-�d�a�m�p�e�d�,� �t�w�o�-� 

�d�i�m�e�n�s�i�o�n�a�l� �a�i�r�f�o�i�l� �w�i�t�h� �c�u�b�i�c� �p�i�t�c�h�i�n�g� �s�t�i�f�f�n�e�s�s� �i�n� �a�n� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�.� �T�h�e� �b�o�u�n�d�a�r�i�e�s� 

�d�e�m�a�r�c�a�t�i�n�g� �b�u�c�k�l�i�n�g� �a�n�d� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �(�i�.�e�.�,� �s�i�m�p�l�e� �h�a�r�m�o�n�i�c�,� �g�e�n�e�r�a�l� 

�p�e�r�i�o�d�i�c�,� �a�n�d� �c�h�a�o�t�i�c�)� �w�e�r�e� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �o�f� �f�l�o�w� �s�p�e�e�d� �v�e�r�s�u�s� �e�l�a�s�t�i�c�-� 

�a�x�i�s� �/�f�o�c�u�s�-�d�i�s�t�a�n�c�e� �r�a�t�i�o�.� �I�t� �w�a�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �o�c�c�u�r� �i�n� �a� �n�a�r�r�o�w� �p�a�r�a�m�e�t�e�r� 

�r�a�n�g�e�,� �t�h�r�o�u�g�h� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�s�,� �a�n�d� �o�n�l�y� �w�h�e�n� �t�h�e� �f�l�o�w� �s�p�e�e�d� 

�i�s� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� �l�i�n�e�a�r� �d�i�v�e�r�g�e�n�c�e� �s�p�e�e�d�.� �I�t� �w�a�s� �a�l�s�o� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �a� �b�u�c�k�l�e�d� �p�a�n�e�l� �i�n� �a� 

�s�u�p�e�r�s�o�n�i�c� �f�l�o�w� �i�s� �m�o�r�e� �s�u�s�c�e�p�t�i�b�l�e� �t�o� �c�h�a�o�s� �t�h�a�n� �a�n� �a�i�r�f�o�i�l� �i�n� �a�n� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�.� 

�M�e�i� �a�n�d� �D�i�x�o�n� �[�5�4�]� �d�e�v�e�l�o�p�e�d� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n� �t�o� �s�t�u�d�y� �t�h�e� �l�a�r�g�e�-�a�m�p�l�i�t�u�d�e� 

�f�l�u�t�t�e�r� �o�f� �a�r�b�i�t�r�a�r�i�l�y� �l�a�m�i�n�a�t�e�d�,� �a�n�i�s�o�t�r�o�p�i�c� �c�o�m�p�o�s�i�t�e�,� �t�h�i�n� �p�l�a�t�e�s�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�-� 

�t�i�o�n� �w�e�r�e� �s�o�l�v�e�d� �b�y� �l�i�n�e�a�r�i�z�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� �T�h�e�y� �c�o�n�s�i�d�e�r�e�d� �c�r�o�s�s�-�p�l�y� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�l�a�m�i�n�a�t�e�s� �w�i�t�h� �v�a�r�i�o�u�s� �n�u�m�b�e�r� �o�f� �l�a�y�e�r�s� �a�s� �w�e�l�l� �a�s� �t�h�r�e�e� �l�a�y�e�r�e�d� �a�n�g�l�e�-�p�l�y� �l�a�m�i�n�a�t�e�s� �w�i�t�h� 

�v�a�r�y�i�n�g� �p�l�y� �a�n�g�l�e�s�.� �T�h�e� �e�f�f�e�c�t�s� �o�f� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �a�n�d� �c�l�a�m�p�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� 

�a�l�s�o� �e�x�a�m�i�n�e�d�.� �G�r�a�y� �e�t� �a�l�.� �[�5�5�]� �c�o�n�s�i�d�e�r�e�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�n�o�n�l�i�n�e�a�r� �p�a�n�e�l� �f�l�u�t�t�e�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�a�n�e�l�s� �u�s�i�n�g� �t�h�i�r�d�-�o�r�d�e�r� �p�i�s�t�o�n� 

�t�h�e�o�r�y� �a�e�r�o�d�y�n�a�m�i�c�s� �(�w�h�i�c�h� �i�n�c�l�u�d�e�d� �s�e�c�o�n�d�-�o�r�d�e�r� �a�e�r�o�d�y�n�a�m�i�c� �d�a�m�p�i�n�g� �t�e�r�m�s� �a�s� �w�e�l�l�)�.� 

�C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �f�i�r�s�t�-�,� �s�e�c�o�n�d�-�,� �a�n�d� �t�h�i�r�d�-�o�r�d�e�r� �p�i�s�t�o�n� �t�h�e�o�r�y� �r�e�v�e�a�l�e�d� �t�h�a�t� �t�h�e� 

�q�u�a�d�r�a�t�i�c�,� �g�r�a�d�i�e�n�t� �t�e�r�m� �h�a�s� �t�h�e� �m�o�s�t� �s�i�g�n�i�f�i�c�a�n�t� �i�n�f�l�u�e�n�c�e�.� �R�e�s�u�l�t�s� �a�l�s�o� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� 

�t�h�i�r�d�-�o�r�d�e�r� �p�i�s�t�o�n� �t�h�e�o�r�y� �a�e�r�o�d�y�n�a�m�i�c�s� �p�r�o�d�u�c�e�s� �a� �d�e�s�t�a�b�i�l�i�z�i�n�g� �e�f�f�e�c�t�.� �D�i�x�o�n� �a�n�d� �M�e�i� �[�5�6�]� 

�s�t�u�d�i�e�d� �l�a�r�g�e�-�a�m�p�l�i�t�u�d�e� �p�a�n�e�l� �f�l�u�t�t�e�r� �o�f� �a�r�b�i�t�r�a�r�i�l�y� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �p�l�a�t�e�s� �s�u�b�j�e�c�t�e�d� 

�t�o� �a� �u�n�i�f�o�r�m� �t�e�m�p�e�r�a�t�u�r�e� �c�h�a�n�g�e�,� �b�y� �u�s�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� 

�e�f�f�e�c�t�s� �w�e�r�e� �m�o�d�e�l�l�e�d� �b�y� �a�p�p�l�y�i�n�g� �t�h�e� �q�u�a�s�i�-�s�t�a�t�i�c� �t�h�e�r�m�a�l�-�s�t�r�e�s�s� �t�h�e�o�r�y�.� �T�h�e� �e�q�u�a�t�i�o�n�s� 

�w�e�r�e� �s�o�l�v�e�d� �b�y� �e�m�p�l�o�y�i�n�g� �a� �N�e�w�t�o�n� �R�a�p�h�s�o�n� �p�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �s�t�a�t�i�c� �c�o�m�p�o�n�e�n�t� �a�n�d� �a� 

�L�i�n�e�a�r�i�z�e�d� �U�p�d�a�t�e�d� �M�o�d�e� �w�i�t�h� �N�o�n�l�i�n�e�a�r� �T�i�m�e� �F�u�n�c�t�i�o�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �t�h�e� �d�y�n�a�m�i�c� 

�c�o�m�p�o�n�e�n�t� �o�f� �t�r�a�n�s�v�e�r�s�e� �d�i�s�p�l�a�c�e�m�e�n�t�.� �I�m�m�o�v�a�b�l�e� �i�n�-�p�l�a�n�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �c�o�n�-� 

�s�i�d�e�r�e�d�,� �a�n�d� �i�t� �w�a�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �l�i�m�i�t� �c�y�c�l�e� �a�m�p�l�i�t�u�d�e�s� �a�r�e� �h�i�g�h�e�r� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� 

�t�h�e� �t�h�e�r�m�a�l� �l�o�a�d�s�.� 

�T�e�z�a�k� �e�t� �a�l�.� �[�5�7�]� �c�o�n�s�i�d�e�r�e�d� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �n�o�n�l�i�n�e�a�r� �m�u�l�t�i�-�d�e�g�r�e�e�-�o�f�-�f�r�e�e�d�o�m� �s�y�s�t�e�m� 

�h�a�v�i�n�g� �a� �r�e�p�e�a�t�e�d� �n�a�t�u�r�a�l� �f�r�e�q�u�e�n�c�y� �a�n�d� �s�u�b�j�e�c�t�e�d� �t�o� �a� �p�a�r�a�m�e�t�r�i�c� �e�x�c�i�t�a�t�i�o�n�.� �T�h�e� �s�t�u�d�y� 

�w�a�s� �a�p�p�l�i�e�d� �t�o� �a� �p�a�n�e�l� �f�l�u�t�t�e�r� �p�r�o�b�l�e�m� �i�n� �w�h�i�c�h� �f�r�e�q�u�e�n�c�y�-�c�o�a�l�e�s�c�e�n�c�e� �f�l�u�t�t�e�r� �o�c�c�u�r�s� �d�u�e� 

�t�o� �a�e�r�o�e�l�a�s�t�i�c� �c�o�u�p�l�i�n�g� �w�h�e�n� �t�h�e� �d�a�m�p�i�n�g� �i�s� �a�s�s�u�m�e�d� �s�m�a�l�l�.� �H�e�r�e� �t�h�e� �J�o�r�d�a�n� �f�o�r�m� �o�f� �t�h�e� 

�l�i�n�e�a�r�i�z�e�d� �s�y�s�t�e�m� �i�s� �n�o�n�-�d�i�a�g�o�n�a�l�i�z�a�b�l�e� �(�i�.�e�,� �n�o�n�-�s�e�m�i�s�i�m�p�l�e� �1�:�1� �r�e�s�o�n�a�n�c�e�)�.� �T�h�e� �m�o�d�a�l� 

�e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�o�l�v�e�d� �u�s�i�n�g� �t�h�e� �M�M�S� �w�i�t�h� �s�p�e�c�i�a�l� �a�t�t�e�n�t�i�o�n� �t�o� �t�h�e� �o�r�d�e�r�i�n�g� �o�f� �t�h�e� �v�a�r�i�o�u�s� 

�t�e�r�m�s�.� �T�h�e� �m�a�i�n� �f�e�a�t�u�r�e� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �i�s� �t�h�a�t� �t�h�e� �m�o�d�a�l� �a�m�p�l�i�t�u�d�e�s� �a�r�e� �o�r�d�e�r�e�d� �d�i�f�f�e�r�e�n�t�l�y� 

�s�i�n�c�e� �i�t� �i�s� �e�x�p�e�c�t�e�d� �t�h�a�t� �o�n�e� �o�f� �t�h�e�m� �(�i�.�e�.�,� �t�h�e� �o�n�e� �w�h�i�c�h� �i�s� �l�i�n�e�a�r�l�y� �c�o�u�p�l�e�d�)� �i�s� �o�f� �a� �h�i�g�h�e�r� 

�m�a�g�n�i�t�u�d�e� �t�h�a�n� �t�h�e� �r�e�m�a�i�n�i�n�g� �o�n�e�s�.� �D�i�f�f�e�r�e�n�t� �c�a�s�e�s� �o�f� �a�u�t�o�-�p�a�r�a�m�e�t�r�i�c� �(�e�.�g�.�,� �3�:�1�)� �a�n�d� 

�p�a�r�a�m�e�t�r�i�c� �(�e�.�g�.�,� �1�:�1�)� �r�e�s�o�n�a�n�c�e� �a�r�e� �s�t�u�d�i�e�d� �(�s�e�e� �T�e�z�a�k� �[�5�8�]�)�.� �H�o�w�e�v�e�r�,� �a� �d�e�t�a�i�l�e�d� �s�t�u�d�y� �o�f� 

�t�h�i�s� �w�o�r�k� �r�e�v�e�a�l�s� �t�h�a�t� �t�h�e� �o�r�d�e�r�i�n�g� �s�c�h�e�m�e� �i�m�p�o�s�e�s� �c�e�r�t�a�i�n� �r�e�s�t�r�i�c�t�i�o�n�s� �o�n� �t�h�e� �m�a�g�n�i�t�u�d�e�s� 

�o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �n�o�n�l�i�n�e�a�r� �t�e�r�m�s�,� �a�n�d� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �t�h�e� �p�h�y�s�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�o�f� �t�h�i�s� �m�e�t�h�o�d� �w�o�u�l�d� �b�e� �l�i�m�i�t�e�d� �(�e�.�g�.�,� �r�e�s�t�r�i�c�t�e�d� �t�o� �m�o�d�e�r�a�t�e�l�y� �t�h�i�c�k� �p�l�a�t�e�s� �w�i�t�h� �t�h�i�c�k�n�e�s�s� 

�r�a�t�i�o�s� �b�e�t�w�e�e�n� �5�0� �a�n�d� �1�0�0�)�.� 

�F�u� �a�n�d� �N�e�m�a�t�-�N�a�s�s�e�r� �[�5�9�]� �w�e�r�e� �t�h�e� �f�i�r�s�t� �t�o� �a�n�a�l�y�z�e� �t�h�e� �r�e�s�p�o�n�s�e� �o�f� �a� �l�i�g�h�t�l�y�-�d�a�m�p�e�d�,� 

�p�a�r�a�m�e�t�r�i�c�a�l�l�y�-�e�x�c�i�t�e�d� �n�o�n�l�i�n�e�a�r� �d�y�n�a�m�i�c�a�l� �s�y�s�t�e�m� �f�o�r� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� �w�h�e�n� �t�h�e� �c�o�r�r�e�s�p�o�n�d�-� 

�i�n�g� �a�u�t�o�n�o�m�o�u�s� �l�i�n�e�a�r�i�z�a�t�i�o�n� �h�a�s� �a� �n�o�n�-�d�i�a�g�o�n�a�l�i�z�a�b�l�e� �J�o�r�d�a�n� �f�o�r�m�.� �T�w�o� �c�a�s�e�s� �o�f� �p�a�r�a�m�e�t�-� 

�r�i�c� �r�e�s�o�n�a�n�c�e� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �a�n�d� �t�h�e� �m�e�t�h�o�d� �o�f� �K�r�y�l�o�v�,� �B�o�g�o�l�i�u�b�o�v�,� �a�n�d� �M�i�t�r�o�p�o�l�s�k�y� �w�a�s� 

�u�s�e�d� �t�o� �s�h�o�w� �t�h�a�t� �c�e�r�t�a�i�n� �s�t�e�a�d�y�-�s�t�a�t�e� �s�o�l�u�t�i�o�n�s� �e�x�i�s�t�,� �w�h�o�s�e� �d�e�s�c�r�i�p�t�i�o�n� �i�n�v�o�l�v�e�s� �f�r�a�c�t�i�o�n�a�l� 

�p�o�w�e�r�s� �o�f� �t�h�e� �s�m�a�l�l� �(�p�e�r�t�u�r�b�a�t�i�o�n�)� �p�a�r�a�m�e�t�e�r�.� 

�R�e�c�e�n�t�l�y�,� �N�a�m�a�c�h�c�h�i�v�a�y�a� �a�n�d� �M�a�l�h�o�t�r�a� �[�6�0�]� �s�t�u�d�i�e�d� �t�h�e� �e�f�f�e�c�t� �o�f� �p�e�r�i�o�d�i�c� �p�a�r�a�m�e�t�r�i�c� 

�e�x�c�i�t�a�t�i�o�n�s� �o�n� �a� �f�o�u�r�-�d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m� �e�x�h�i�b�i�t�i�n�g� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �w�i�t�h� �1�:�1� �i�n�t�e�r�n�a�l� 

�r�e�s�o�n�a�n�c�e� �a�l�o�n�g� �w�i�t�h� �s�u�b�h�a�r�m�o�n�i�c� �p�a�r�a�m�e�t�r�i�c� �r�e�s�o�n�a�n�c�e�.� �T�h�e� �l�i�n�e�a�r� �o�p�e�r�a�t�o�r� �w�a�s� �a�s�s�u�m�e�d� 

�t�o� �h�a�v�e� �a� �g�e�n�e�r�i�c� �n�o�n�-�s�e�m�i�s�i�m�p�l�e� �s�t�r�u�c�t�u�r�e�.� �T�h�e�y� �i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�d� �l�o�c�a�l� �b�i�-� 

�f�u�r�c�a�t�i�o�n�a�l� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �t�r�i�v�i�a�l� �a�n�d� �n�o�n�t�r�i�v�i�a�l� �e�q�u�i�l�i�b�r�i�u�m� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� 

�r�e�d�u�c�e�d� �n�o�r�m�a�l� �f�o�r�m� �e�q�u�a�t�i�o�n�s� �(�t�h�e�s�e� �e�q�u�i�l�i�b�r�i�a� �c�o�r�r�e�s�p�o�n�d� �t�o� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �o�r�i�g�-� 

�i�n�a�l� �n�o�r�m�a�l� �f�o�r�m� �s�y�s�t�e�m�)�.� �V�a�r�i�o�u�s� �b�i�f�u�r�c�a�t�i�o�n�s� �w�e�r�e� �l�o�c�a�t�e�d�,� �i�.�e�.�,� �S�i�m�p�l�e� �(�d�i�v�e�r�g�e�n�c�e�)�,� �H�o�p�f�,� 

�B�o�g�d�a�n�o�v�-�T�a�k�e�n�s� �(�S�i�m�p�l�e�+�H�o�p�f�)�,� �D�o�u�b�l�e� �H�o�p�f�,� �S�i�m�p�l�e� �a�n�d� �H�o�p�f�,� �a�n�d� �B�o�g�d�a�n�o�v�-�T�a�k�e�n�s� 

�a�n�d� �H�o�p�f�.� �T�h�e�i�r� �n�u�m�e�r�i�c�a�l� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�s� �l�e�a�d�-� 

�i�n�g� �t�o� �c�h�a�o�t�i�c� �b�e�h�a�v�i�o�r�.� 

�2�.�2� �N�o�n�l�i�n�e�a�r� �D�y�n�a�m�i�c�s� 

�2�.�2�.�1� �D�i�m�e�n�s�i�o�n� �o�f� �a�t�t�r�a�c�t�o�r�s� 

�I�t� �i�s� �w�e�l�l� �k�n�o�w�n� �t�h�a�t� �f�o�r� �d�i�s�s�i�p�a�t�i�v�e� �s�y�s�t�e�m�s� �a�n� �i�n�f�i�n�i�t�e�s�i�m�a�l�l�y� �s�m�a�l�l� �v�o�l�u�m�e� �o�f� �i�n�i�t�i�a�l� 

�c�o�n�d�i�t�i�o�n�s� �g�e�t�s� �m�a�p�p�e�d� �o�n�t�o� �a�n� �e�v�e�n� �s�m�a�l�l�e�r� �v�o�l�u�m�e� �a�s� �t�i�m�e� �p�r�o�g�r�e�s�s�e�s� �(�e�.�g�.�,� �E�c�k�m�a�n�n� �[�6�1�]�,� 

�M�o�o�n�[�6�2�]�)�.� �M�o�r�e�o�v�e�r�,� �i�f� �f�o�r� �a� �g�i�v�e�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �t�h�e� �l�o�n�g�-�t�i�m�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�h�a�s�e� 

�t�r�a�j�e�c�t�o�r�y� �c�o�n�f�i�n�e�s� �i�t�s�e�l�f� �t�o� �a� �b�o�u�n�d�e�d� �s�e�t� �o�f� �p�o�i�n�t�s�,� �t�h�e� �m�o�t�i�o�n� �i�s� �s�a�i�d� �t�o� �h�a�v�e� �c�o�n�v�e�r�g�e�d� 

�t�o� �a�n� �a�t�t�r�a�c�t�o�r�.� �H�e�n�c�e�,� �w�e� �m�a�y� �d�e�f�i�n�e� �a�n� �a�t�t�r�a�c�t�o�r� �a�s� �a� �c�l�o�s�e�d� �s�e�t�,� �A�,� �h�a�v�i�n�g� �a�n� �o�p�e�n� 

�n�e�i�g�h�b�o�r�h�o�o�d� �s�u�c�h� �t�h�a�t� �a�l�m�o�s�t� �e�v�e�r�y� �t�r�a�j�e�c�t�o�r�y� �s�t�a�r�t�i�n�g� �i�n� �t�h�i�s� �n�e�i�g�h�b�o�r�h�o�o�d� �e�n�d�s� �u�p� �i�n� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�A� �a�n�d� �p�a�s�s�e�s� �a�r�b�i�t�r�a�r�i�l�y� �c�l�o�s�e� �t�o� �e�v�e�r�y� �p�o�i�n�t� �i�n� �A�.� �O�t�h�e�r� �m�o�r�e� �f�o�r�m�a�l� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �a�n� 

�a�t�t�r�a�c�t�o�r� �a�n�d� �i�t�s� �p�r�o�p�e�r�t�i�e�s� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �E�c�k�m�a�n�n� �[�6�1�]� �a�n�d� �S�e�y�d�e�l� �[�4�6�]�.� �A� �c�h�a�o�t�i�c� 

�a�t�t�r�a�c�t�o�r� �e�x�p�e�r�i�e�n�c�e�s� �c�o�n�t�r�a�c�t�i�o�n� �i�n� �s�o�m�e� �d�i�r�e�c�t�i�o�n�s� �a�n�d� �e�x�p�a�n�s�i�o�n� �i�n� �a�t� �l�e�a�s�t� �o�n�e� �d�i�r�e�c�t�i�o�n�.� 

�S�i�n�c�e� �t�h�e� �a�t�t�r�a�c�t�o�r�,� �b�y� �d�e�f�i�n�i�t�i�o�n�,� �i�s� �b�o�u�n�d�e�d�,� �t�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �s�t�r�e�t�c�h�i�n�g� �a�n�d� �f�o�l�d�i�n�g� �o�f� �t�h�e� 

�a�t�t�r�a�c�t�o�r�,� �a�s� �t�i�m�e� �u�n�f�o�l�d�s�,� �i�n�t�o� �a� �s�h�e�e�t�-�l�i�k�e�,� �u�n�f�a�m�i�l�i�a�r�,� �c�o�m�p�l�e�x� �s�t�r�u�c�t�u�r�e� �c�a�l�l�e�d� �a� �s�t�r�a�n�g�e� 

�a�t�t�r�a�c�t�o�r�.� 

�F�a�r�m�e�r� �e�t� �a�l�.� �[�6�3�]� �r�e�v�i�e�w� �v�a�r�i�o�u�s� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �a�n� �a�t�t�r�a�c�t�o�r� �(�i�.�e�.�,� �c�a�-� 

�p�a�c�i�t�y�,� �H�a�u�s�d�o�r�f�f�,� �i�n�f�o�r�m�a�t�i�o�n�,� �p�o�i�n�t�w�i�s�e�,� �c�o�r�r�e�l�a�t�i�o�n�,� �a�n�d� �L�y�a�p�u�n�o�v�)� �a�n�d� �d�i�s�c�u�s�s� �v�a�r�i�o�u�s� 

�a�s�p�e�c�t�s� �r�e�g�a�r�d�i�n�g� �t�h�e�i�r� �n�u�m�e�r�i�c�a�l� �c�o�m�p�u�t�a�t�i�o�n� �(�s�e�e� �a�l�s�o� �P�a�r�k�e�r� �a�n�d� �C�h�u�a� �[�6�4�]�)�.� �T�h�e�s�e� �d�e�f�i�-� 

�n�i�t�i�o�n�s� �f�a�l�l� �i�n�t�o� �t�w�o� �c�a�t�e�g�o�r�i�e�s�,� �i�.�e�.�,� �t�h�o�s�e� �t�h�a�t� �d�e�p�e�n�d� �o�n� �m�e�t�r�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �a�t�t�r�a�c�t�o�r� 

�a�n�d� �t�h�o�s�e� �t�h�a�t� �d�e�p�e�n�d� �o�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �w�i�t�h� �w�h�i�c�h� �a� �t�r�a�j�e�c�t�o�r�y� �v�i�s�i�t�s� �d�i�f�f�e�r�e�n�t� �r�e�g�i�o�n�s� 

�o�f� �t�h�e� �a�t�t�r�a�c�t�o�r�.� �G�e�n�e�r�a�l�l�y�,� �a�l�l� �d�i�m�e�n�s�i�o�n�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �f�o�r�m�e�r� �d�e�f�i�n�i�t�i�o�n� �t�a�k�e� �o�n� 

�t�h�e� �s�a�m�e� �v�a�l�u�e� �c�a�l�l�e�d� �t�h�e� �f�r�a�c�t�a�l� �d�i�m�e�n�s�i�o�n�,� �a�n�d� �t�h�o�s�e� �b�a�s�e�d� �o�n� �t�h�e� �l�a�t�t�e�r� �d�e�f�i�n�i�t�i�o�n� �t�a�k�e� 

�o�n� �a� �c�o�m�m�o�n� �v�a�l�u�e� �t�e�r�m�e�d� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �n�a�t�u�r�a�l� �m�e�a�s�u�r�e�.� �T�h�e� �L�y�a�p�u�n�o�v� �d�i�m�e�n�s�i�o�n�,� 

�d�e�f�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �d�y�n�a�m�i�c�a�l� �p�r�o�p�e�r�t�i�e�s�,� �d�o�e�s� �n�o�t� �f�a�l�l� �i�n�t�o� �e�i�t�h�e�r� �o�f� �t�h�e�s�e� �t�w�o� �c�a�t�e�g�o�r�i�e�s�.� 

�I�t�s� �d�e�f�i�n�i�t�i�o�n�,� �d�u�e� �t�o� �a� �c�o�n�j�e�c�t�u�r�e� �p�r�e�s�e�n�t�e�d� �b�y� �K�a�p�l�a�n� �a�n�d� �Y�o�r�k�e� �[�6�5�]�,� �u�s�e�s� �t�h�e� �L�y�a�p�u�n�o�v� 

�e�x�p�o�n�e�n�t�s� �a�n�d� �i�s� �t�h�e� �o�n�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s�.� �S�t�a�r�t�i�n�g� �w�i�t�h� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �c�a�-� 

�p�a�c�i�t�y� �d�i�m�e�n�s�i�o�n�,� �F�a�r�m�e�r� �e�t� �a�l�.� �[�6�3�]� �p�r�o�v�i�d�e� �a� �h�e�u�r�i�s�t�i�c� �p�l�a�u�s�i�b�i�l�i�t�y� �a�r�g�u�m�e�n�t� �s�u�p�p�o�r�t�i�n�g� 

�t�h�e� �K�a�p�l�a�n�-� �Y�o�r�k�e� �c�o�n�j�e�c�t�u�r�e� �(�s�e�e� �a�l�s�o� �P�a�r�k�e�r� �a�n�d� �C�h�u�a� �[�6�4�]�)�.� �T�h�e� �L�y�a�p�u�n�o�v� �d�i�m�e�n�s�i�o�n� �i�s� 

�g�e�n�e�r�a�l�l�y� �t�h�e� �m�o�s�t� �f�e�a�s�i�b�l�e� �t�o� �c�o�m�p�u�t�e�,� �w�h�e�r�e�a�s� �t�h�e� �n�u�m�e�r�i�c�a�l� �a�l�g�o�r�i�t�h�m�s� �f�o�r� �t�h�e� �r�e�m�a�i�n�-� 

�i�n�g� �o�n�e�s�,� �a�l�t�h�o�u�g�h� �m�o�r�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�,� �a�r�e� �i�m�p�r�a�c�t�i�c�a�l� �f�o�r� �a�l�l� �e�x�c�e�p�t� �l�o�w�-�d�i�m�e�n�s�i�o�n�a�l� 

�a�t�t�r�a�c�t�o�r�s�.� �G�r�a�s�s�b�e�r�g�e�r� �a�n�d� �P�r�o�c�a�c�c�i�a� �[�6�6�]� �c�o�n�d�u�c�t�e�d� �a�n� �e�x�t�e�n�s�i�v�e� �s�t�u�d�y� �o�f� �t�h�e� �c�o�r�r�e�l�a�t�i�o�n� 

�d�i�m�e�n�s�i�o�n�.� �T�h�e�y� �p�r�o�p�o�s�e�d� �a�n� �e�f�f�i�c�i�e�n�t� �a�l�g�o�r�i�t�h�m� �f�o�r� �i�t�s� �c�o�m�p�u�t�a�t�i�o�n� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�a�l� 

�d�a�t�a� �o�b�t�a�i�n�e�d� �a�s� �a� �t�i�m�e� �s�e�r�i�e�s� �o�f� �a� �s�i�n�g�l�e� �v�a�r�i�a�b�l�e�.� �T�h�i�s� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �e�m�b�e�d�d�i�n�g� �p�r�o�-� 

�c�e�d�u�r�e� �f�o�r� �p�h�a�s�e� �s�p�a�c�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �(�P�a�c�k�a�r�d� �e�t� �a�l�.� �[�6�7�|�)�.� �T�h�e�y� �a�l�s�o� �p�o�i�n�t�e�d� �o�u�t� �t�h�e� 

�r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� �t�h�e� �c�a�p�a�c�i�t�y�,� �c�o�r�r�e�l�a�t�i�o�n�,� �a�n�d� �i�n�f�o�r�m�a�t�i�o�n� �d�i�m�e�n�s�i�o�n�s�.� 

�F�r�o�e�h�l�i�n�g� �e�t� �a�l�.� �[�6�8�]� �g�a�v�e� �a� �p�h�y�s�i�c�a�l� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �f�r�a�c�t�a�l� �d�i�m�e�n�s�i�o�n� �o�f� �a� �c�h�a�o�t�i�c� 

�a�t�t�r�a�c�t�o�r�,� �i�.�e�.�,� �i�t� �m�e�a�s�u�r�e�s� �h�o�w�  ��c�l�o�s�e�l�y� �p�a�c�k�e�d �� �t�h�e� �s�h�e�e�t�s� �o�f� �t�h�e� �a�t�t�r�a�c�t�o�r� �a�r�e�.� �H�o�w�e�v�e�r�,� �i�t� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�i�s� �t�o�p�i�c� �i�s� �a�s� �y�e�t� �a�n� �a�c�t�i�v�e� �r�e�s�e�a�r�c�h� �a�r�e�a� �a�n�d� �r�e�l�a�t�i�o�n�s�h�i�p�s� �b�e�t�w�e�e�n�,� 

�a�n�d� �p�h�y�s�i�c�a�l� �m�e�a�n�i�n�g� �o�f�,� �t�h�e� �d�i�f�f�e�r�e�n�t� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �d�i�m�e�n�s�i�o�n� �a�r�e� �a�s� �y�e�t� �u�n�c�l�e�a�r�.� �M�o�r�e�o�v�e�r�,� 

�i�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�h�a�t� �i�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �d�i�m�e�n�s�i�o�n�s� �d�i�s�c�u�s�s�e�d� �h�e�r�e�,� �t�h�e�r�e� �e�x�i�s�t�s� �a� �c�o�u�n�t�a�b�l�y� 

�i�n�f�i�n�i�t�e� �s�e�t� �o�f� �d�i�m�e�n�s�i�o�n�s� �c�a�l�l�e�d� �t�h�e� �R�e�n�y�i� �d�i�m�e�n�s�i�o�n�s� �(�P�a�r�k�e�r� �a�n�d� �C�h�u�a� �[�6�4�)�)�.� 

�O�n�e� �o�f� �t�h�e� �m�a�i�n� �u�s�e�s� �o�f� �d�i�m�e�n�s�i�o�n�s� �i�s� �t�o� �q�u�a�n�t�i�f�y� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �a�n� �a�t�t�r�a�c�t�o�r�,� �i�.�e�.�,� 

�t�o� �m�e�a�s�u�r�e� �i�t�s� �s�t�r�a�n�g�e�n�e�s�s�.� �T�h�e� �d�i�m�e�n�s�i�o�n� �o�f� �a�n� �a�t�t�r�a�c�t�o�r� �a�l�s�o� �p�r�o�v�i�d�e�s� �a� �l�o�w�e�r� �b�o�u�n�d� �o�n� 

�t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�t�e� �v�a�r�i�a�b�l�e�s� �n�e�e�d�e�d� �t�o� �a�c�c�u�r�a�t�e�l�y� �d�e�s�c�r�i�b�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �a�n� �a�t�t�r�a�c�t�o�r�.� 

�H�e�n�c�e�,� �w�h�e�n� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a�,� �t�h�e� �d�i�m�e�n�s�i�o�n� �c�a�n� �s�e�r�v�e� �a�s� �a�n� �e�s�t�i�m�a�t�e� 

�o�f� �t�h�e� �m�i�n�i�m�u�m� �n�u�m�b�e�r� �o�f� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �r�e�q�u�i�r�e�d� �t�o� �c�o�r�r�e�c�t�l�y� �m�o�d�e�l� �t�h�e� �p�h�y�s�i�c�a�l� 

�p�h�e�n�o�m�e�n�o�n�.� �S�t�r�a�n�g�e� �a�t�t�r�a�c�t�o�r�s� �u�s�u�a�l�l�y� �h�a�v�e� �a� �f�r�a�c�t�a�l� �d�i�m�e�n�s�i�o�n�,� �w�h�e�r�e�a�s� �n�o�n�-�s�t�r�a�n�g�e� 

�a�t�t�r�a�c�t�o�r�s� �a�l�w�a�y�s� �h�a�v�e� �a�n� �i�n�t�e�g�e�r� �d�i�m�e�n�s�i�o�n�.� �H�o�w�e�v�e�r�,� �m�e�r�e�l�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �d�i�m�e�n�s�i�o�n� �o�f� 

�a�n� �a�t�t�r�a�c�t�o�r� �i�s� �n�o�t� �s�u�f�f�i�c�i�e�n�t� �t�o� �c�l�a�s�s�i�f�y� �i�t� �a�s� �c�h�a�o�t�i�c�.� �O�t�h�e�r� �t�o�o�l�s�,� �e�.�g�.�,� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s�,� 

�P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�s�,� �a�n�d� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�a�,� �m�u�s�t� �a�l�s�o� �b�e� �c�o�n�s�i�d�e�r�e�d�.� 

�2�.�2�.�2� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� 

�G�o�l�d�h�i�r�s�c�h� �e�t� �a�l�.� �[�6�9�]� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�a�t�,� �u�n�d�e�r� �c�e�r�t�a�i�n� �a�s�s�u�m�p�t�i�o�n�s�,� �t�h�e� �r�e�a�l� �p�a�r�t�s� �o�f� 

�t�h�e� �s�t�a�b�i�l�i�t�y� �e�x�p�o�n�e�n�t�s� �(�i�.�e�.�,� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �s�t�a�b�i�l�i�t�y� �m�a�t�r�i�x� �a�p�p�e�a�r�i�n�g� �i�n� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� 

�e�q�u�a�t�i�o�n�)� �e�q�u�a�l� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �p�l�u�s� �a�n� �e�r�r�o�r� �t�h�a�t� �d�e�c�r�e�a�s�e�s� �w�i�t�h� 

�i�n�c�r�e�a�s�i�n�g� �s�i�m�u�l�a�t�i�o�n� �t�i�m�e�.� �T�h�i�s� �o�b�s�e�r�v�a�t�i�o�n� �y�i�e�l�d�s� �a� �m�e�t�h�o�d� �o�f� �e�x�t�r�a�p�o�l�a�t�i�o�n� �w�h�i�c�h� �h�a�s� 

�b�e�e�n� �u�s�e�d� �t�o� �o�b�t�a�i�n� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �f�r�o�m� �f�i�n�i�t�e� �a�m�o�u�n�t�s� �o�f� �d�a�t�a�.� �T�h�e� �a�b�o�v�e� �c�o�n�c�l�u�s�i�o�n� 

�w�a�s� �v�e�r�i�f�i�e�d� �i�n� �t�h�e�i�r� �n�u�m�e�r�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �w�h�e�r�e�i�n� �i�t� �w�a�s� �a�l�s�o� �n�o�t�e�d� �t�h�a�t� �t�h�e� �L�y�a�p�u�n�o�v� 

�d�i�m�e�n�s�i�o�n� �(�K�a�p�l�a�n�-� �Y�o�r�k�e�)� �c�o�n�v�e�r�g�e�s� �m�u�c�h� �f�a�s�t�e�r� �t�h�a�n� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �e�x�p�o�n�e�n�t�s�.� �T�h�i�s� �t�e�c�h�-� 

�n�i�q�u�e� �(�s�e�e� �a�l�s�o� �B�e�r�g�e� �e�t� �a�l�.� �[�7�0�]�)� �w�a�s� �e�m�p�l�o�y�e�d� �b�y� �A�b�o�u�d�i� �e�t� �a�l�.� �[�7�1�]� �t�o� �s�t�u�d�y� �t�h�e� �d�y�n�a�m�i�c� 

�s�t�a�b�i�l�i�t�y� �o�f� �h�o�m�o�g�e�n�o�u�s�,� �v�i�s�c�o�e�l�a�s�t�i�c� �p�l�a�t�e�s� �s�u�b�j�e�c�t�e�d� �t�o� �p�e�r�i�o�d�i�c� �i�n�-�p�l�a�n�e� �l�o�a�d�s�.� �T�h�e�r�e� �t�h�e� 

�s�t�a�b�i�l�i�t�y� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �l�a�r�g�e�s�t� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�.� 

�W�o�l�f� �e�t� �a�l�.� �[�7�2�]� �p�r�e�s�e�n�t�e�d� �t�w�o� �m�e�t�h�o�d�s� �a�n�d� �a�c�c�o�m�p�a�n�y�i�n�g� �F�o�r�t�r�a�n� �c�o�d�e�s� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� 

�t�h�e� �L�y�a�p�u�n�o�v� �s�p�e�c�t�r�u�m�.� �T�h�e� �f�i�r�s�t� �o�n�e�,� �u�s�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s�,� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �t�e�c�h�n�i�q�u�e� 

�d�e�v�e�l�o�p�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �b�y� �S�h�i�m�a�d�a� �a�n�d� �N�a�g�a�s�h�i�m�a� �[�7�3�]� �a�n�d� �B�e�n�e�t�t�i�n� �e�t� �a�l�.� �[�7�4�]� �w�h�i�c�h� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�u�s�e�s� �t�h�e� �p�h�a�s�e�-�s�p�a�c�e� �p�l�u�s� �t�a�n�g�e�n�t�-�s�p�a�c�e� �a�p�p�r�o�a�c�h�.� �H�e�r�e� �a� �p�r�i�m�a�r�y� �t�r�a�j�e�c�t�o�r�y� �i�s� �d�e�f�i�n�e�d� 

�b�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �n�o�n�l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �f�o�r� �s�o�m�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�.� �N�e�i�g�h�b�o�r�i�n�g� 

�t�r�a�j�e�c�t�o�r�i�e�s� �e�v�o�l�v�i�n�g� �f�r�o�m� �p�o�i�n�t�s� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �a�n� �i�n�f�i�n�i�t�e�s�i�m�a�l� �h�y�p�e�r�s�p�h�e�r�e� �s�u�r�r�o�u�n�d�i�n�g� 

�t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �a�r�e� �d�e�f�i�n�e�d� �b�y� �t�h�e� �a�c�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �p�o�i�n�t�s� �o�n� 

�t�h�e� �h�y�p�e�r�s�p�h�e�r�e� �(�i�.�e�.�,� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �s�y�s�t�e�m�)� �a�r�e� �c�h�o�s�e�n� �t�o� �r�e�p�r�e�s�e�n�t� 

�a�n� �o�r�t�h�o�n�o�r�m�a�l� �s�e�t� �o�f� �b�a�s�i�s� �v�e�c�t�o�r�s�.� �T�h�i�s� �e�n�s�u�r�e�s� �t�h�e� �g�e�n�e�r�a�t�i�o�n� �o�f� �p�r�i�n�c�i�p�a�l� �a�x�e�s� �d�e�f�i�n�e�d� 

�b�y� �t�h�e� �e�v�o�l�u�t�i�o�n� �v�i�a� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �s�t�r�e�t�c�h�i�n�g� �o�r� �c�o�n�t�r�a�c�t�i�o�n� �a�l�o�n�g� �t�h�e� 

�p�r�i�n�c�i�p�a�l� �d�i�r�e�c�t�i�o�n�s� �i�s� �t�h�e�n� �c�o�m�p�u�t�e�d� �a�t� �e�a�c�h� �s�p�e�c�i�f�i�e�d� �L�y�a�p�u�n�o�v� �t�i�m�e� �s�t�e�p�,� �t�h�u�s� �y�i�e�l�d�i�n�g� 

�t�h�e� �L�y�a�p�u�n�o�v� �s�p�e�c�t�r�u�m�.� �T�h�e�n� �a� �G�r�a�m�-�S�c�h�m�i�d�t� �r�e�-�o�r�t�h�o�n�o�r�m�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �a�x�e�s� 

�i�s� �c�a�r�r�i�e�d� �o�u�t� �t�o� �p�r�e�v�e�n�t� �d�i�v�e�r�g�e�n�c�e� �i�n� �t�h�e�i�r� �m�a�g�n�i�t�u�d�e�s�.� �T�h�e�s�e� �a�r�e� �t�h�e�n� �u�s�e�d� �a�s� �t�h�e� �n�e�w� 

�s�e�t� �o�f� �o�r�t�h�o�n�o�r�m�a�l� �b�a�s�i�s� �v�e�c�t�o�r�s� �f�o�r� �t�h�e� �n�e�x�t� �L�y�a�p�u�n�o�v� �t�i�m�e� �s�t�e�p�.� 

�T�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d� �d�e�v�e�l�o�p�e�d� �b�y� �t�h�e� �a�u�t�h�o�r�s� �i�n� �[�7�2�]� �i�s� �u�s�e�d� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �a�l�l� �n�o�n�-� 

�n�e�g�a�t�i�v�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �f�r�o�m� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �t�i�m�e� �s�e�r�i�e�s�.� �I�n� �t�h�i�s� �m�e�t�h�o�d� �t�h�e� �l�o�n�g�-� 

�t�e�r�m� �e�x�p�o�n�e�n�t�i�a�l� �g�r�o�w�t�h� �r�a�t�e� �o�f� �s�m�a�l�l� �h�y�p�e�r�-�v�o�l�u�m�e� �e�l�e�m�e�n�t�s� �i�n� �a�n� �m�-�d�i�m�e�n�s�i�o�n�a�l� �r�e�c�o�n�-� 

�s�t�r�u�c�t�e�d� �a�t�t�r�a�c�t�o�r� �(�o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� �c�o�n�c�e�p�t� �o�f� �d�e�l�a�y� �c�o�o�r�d�i�n�a�t�e�s� �a�d�v�a�n�c�e�d� �b�y� �P�a�c�k�a�r�d� 

�e�t� �a�l�.� �[�6�7�]�)� �i�s� �m�o�n�i�t�o�r�e�d�.� �H�e�r�e� �m� �(�a�n� �i�n�p�u�t� �p�a�r�a�m�e�t�e�r�)� �i�s� �a�n� �e�s�t�i�m�a�t�e�d� �r�e�l�e�v�a�n�t� �d�i�m�e�n�s�i�o�n� 

�o�f� �t�h�e� �i�n�f�i�n�i�t�e�-�d�i�m�e�n�s�i�o�n�a�l� �s�y�s�t�e�m�.� �F�o�r� �t�h�e� �l�a�r�g�e�s�t� �p�o�s�i�t�i�v�e� �e�x�p�o�n�e�n�t�,� �A�,�,� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� 

�a� �s�i�n�g�l�e� �p�a�i�r� �o�f� �n�e�a�r�b�y� �r�e�c�o�n�s�t�r�u�c�t�e�d� �o�r�b�i�t�s� �i�s� �m�o�n�i�t�o�r�e�d�.� �W�h�e�n�e�v�e�r� �t�h�e�i�r� �s�e�p�a�r�a�t�i�o�n� �b�e�-� 

�c�o�m�e�s� �l�a�r�g�e�,� �a� �G�r�a�m�-�S�c�h�m�i�d�t� �r�e�-�o�r�t�h�o�n�o�r�m�a�l�i�z�a�t�i�o�n� �i�s� �d�o�n�e�,� �a�n�d� �t�h�e� �p�r�i�m�a�r�y� �a�n�d� �n�e�w�l�y� 

�r�e�c�o�n�s�t�r�u�c�t�e�d� �s�e�c�o�n�d�a�r�y� �t�r�a�j�e�c�t�o�r�y� �a�r�e� �m�o�n�i�t�o�r�e�d� �f�r�o�m� �t�h�e�r�e� �o�n�.� �A�t� �t�h�e� �e�n�d� �o�f� �a� �s�p�e�c�i�f�i�e�d� 

�L�y�a�p�u�n�o�v� �t�i�m�e� �s�t�e�p�,� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �g�r�o�w�t�h� �r�a�t�e� �o�f� �t�h�e� �l�i�n�e� �e�l�e�m�e�n�t� �s�e�p�a�r�a�t�i�n�g� �t�h�e� �o�r�b�i�t�s� �i�s� 

�c�a�l�c�u�l�a�t�e�d�,� �t�h�u�s� �y�i�e�l�d�i�n�g� �a�n� �e�s�t�i�m�a�t�e� �o�f� �A�;� �.� �S�i�m�i�l�a�r�l�y� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �g�r�o�w�t�h� �r�a�t�e� �o�f� �a�n� �a�r�e�a� 

�e�l�e�m�e�n�t�,� �d�e�f�i�n�e�d� �b�y� �m�o�n�i�t�o�r�i�n�g� �p�o�i�n�t�s� �o�n� �t�h�r�e�e� �r�e�c�o�n�s�t�r�u�c�t�e�d� �o�r�b�i�t�s�,� �p�r�o�v�i�d�e�s� �t�h�e� �e�s�t�i�m�a�t�e� 

�f�o�r� �t�h�e� �s�u�m� �o�f� �t�h�e� �f�i�r�s�t� �t�w�o� �e�x�p�o�n�e�n�t�s�,� �i�.�e�.�,� �A�;� �+� �A�2� �.� �A�l�t�h�o�u�g�h� �i�t� �s�e�e�m�s� �t�h�a�t� �t�h�e� �p�r�o�c�e�s�s� 

�c�o�u�l�d� �b�e� �r�e�p�e�a�t�e�d� �a�n�a�l�o�g�o�u�s�l�y� �t�o� �o�b�t�a�i�n� �t�h�e� �r�e�m�a�i�n�i�n�g� �n�o�n�-�n�e�g�a�t�i�v�e� �e�x�p�o�n�e�n�t�s� �(�W�o�l�f� �e�t� 

�a�l�.� �[�7�2�]�)�,� �n�u�m�e�r�i�c�a�l� �p�r�o�b�l�e�m�s� �i�n�h�e�r�e�n�t� �i�n� �t�h�i�s� �m�e�t�h�o�d� �l�i�m�i�t� �i�t�s� �u�s�e� �t�o� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� 

�t�h�e� �l�a�r�g�e�s�t� �t�w�o� �e�x�p�o�n�e�n�t�s� �o�n�l�y� �(�P�a�r�k�e�r� �a�n�d� �C�h�u�a� �[�6�4�]�)�.� �I�t� �i�s� �w�o�r�t�h�w�h�i�l�e� �m�e�n�t�i�o�n�i�n�g� �t�h�a�t� 

�P�a�c�k�a�r�d� �e�t� �a�l�.� �[�6�7�]� �s�h�o�w�e�d� �t�h�a�t� �t�h�e� �m�e�t�h�o�d� �o�f� �p�h�a�s�e� �s�p�a�c�e� �r�e�c�o�n�s�t�r�u�c�t�i�o�n� �p�r�e�s�e�r�v�e�s� �t�h�e� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s�.� 

�P�e�z�e�s�h�k�i� �a�n�d� �D�o�w�e�l�l� �[�7�5�]� �u�s�e�d� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �L�y�a�-� 

�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �f�o�r� �t�h�e� �o�n�e�-�,� �t�w�o�-�,� �t�h�r�e�e�-�,� �a�n�d� �f�o�u�r�-�m�o�d�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �o�f� �a� �m�a�g�n�e�t�i�c�a�l�l�y�-� 

�b�u�c�k�l�e�d� �c�a�n�t�i�l�e�v�e�r�e�d� �b�e�a�m� �t�h�a�t� �i�s� �p�a�r�a�m�e�t�r�i�c�a�l�l�y� �e�x�c�i�t�e�d� �a�t� �t�h�e� �s�u�p�p�o�r�t�.� �B�y� �o�b�t�a�i�n�i�n�g� �c�o�n�-� 

�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �L�y�a�p�u�n�o�v� �d�i�m�e�n�s�i�o�n� �f�o�r� �t�h�e� �t�w�o�-� �a�n�d� �t�h�r�e�e�-�m�o�d�e� �a�n�a�l�y�s�e�s� �w�h�e�n� �c�h�a�o�t�i�c� 

�m�o�t�i�o�n�s� �e�x�i�s�t�,� �t�h�e�y� �i�n�f�e�r� �t�h�a�t� �m�o�d�a�l� �c�o�n�v�e�r�g�e�n�c�e� �h�a�s� �o�c�c�u�r�r�e�d�.� �T�h�e� �c�o�n�c�e�p�t� �o�f� �u�s�i�n�g� �t�h�e� 

�L�y�a�p�u�n�o�v� �d�i�m�e�n�s�i�o�n� �a�s� �a�n� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �n�e�c�e�s�s�a�r�y� �m�o�d�e�s� �r�e�q�u�i�r�e�d� �f�o�r� �m�o�d�a�l� 

�c�o�n�v�e�r�g�e�n�c�e� �w�a�s� �s�u�c�c�e�s�s�f�u�l�l�y� �t�e�s�t�e�d�.� �T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �f�o�r�c�i�n�g� �a�m�p�l�i�t�u�d�e� �o�n� �t�h�e� �L�y�a�p�u�n�o�v� �e�x�-� 

�p�o�n�e�n�t�s� �w�a�s� �a�l�s�o� �s�t�u�d�i�e�d�.� �T�h�e� �m�o�n�o�g�r�a�p�h�s� �o�f� �P�a�r�k�e�r� �a�n�d� �C�h�u�a� �[�6�4�]�,� �M�o�o�n� �[�6�2�]�,� �a�n�d� �S�e�y�d�e�l� 

�[�4�6�]� �p�r�o�v�i�d�e� �f�u�r�t�h�e�r� �d�e�t�a�i�l�s� �a�n�d� �d�i�s�c�u�s�s�i�o�n�s� �o�n� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �a�n�d� �t�h�e�i�r� �c�a�l�c�u�l�a�t�i�o�n�s�.� 

�2�.�2�.�3� �R�o�u�t�e�s� �t�o� �c�h�a�o�s� 

�W�h�e�n� �v�a�r�y�i�n�g� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �(�e�.�g�.�,� �e�d�g�e� �l�o�a�d�,� �f�l�o�w� �v�e�l�o�c�i�t�y�)� �i�n� �a� �d�y�n�a�m�i�c�a�l� 

�s�y�s�t�e�m�,� �t�h�e� �s�o�l�u�t�i�o�n� �m�a�y� �u�n�d�e�r�g�o� �a� �b�i�f�u�r�c�a�t�i�o�n� �a�n�d� �h�e�n�c�e� �a� �t�r�a�n�s�i�t�i�o�n� �f�r�o�m� �o�n�e� �a�t�t�r�a�c�t�i�n�g� 

�s�t�a�t�e� �t�o� �a�n�o�t�h�e�r�.� �T�h�e� �a�p�p�e�a�r�a�n�c�e� �o�f� �a� �c�h�a�o�t�i�c� �a�t�t�r�a�c�t�o�r� �i�s� �u�s�u�a�l�l�y� �p�r�e�c�e�d�e�d� �b�y� �a� �s�e�q�u�e�n�c�e� 

�o�f� �s�u�c�h� �b�i�f�u�r�c�a�t�i�o�n�s� �w�h�i�c�h� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�s� �a� �r�o�u�t�e� �t�o� �c�h�a�o�s�.� �S�o�m�e� �o�f� �t�h�e� �f�r�e�q�u�e�n�t�l�y� 

�e�n�c�o�u�n�t�e�r�e�d� �r�o�u�t�e�s� �a�r�e� �o�u�t�l�i�n�e�d� �h�e�r�e� �(�S�e�y�d�e�l� �[�4�6�]�,� �B�e�r�g�e� �e�t� �a�l�.� �[�7�0�]�,� �E�c�k�m�a�n�n�(�[�6�1�]�,� �a�n�d� 

�S�w�i�n�n�e�y� �[�7�6�]�)�.� �H�o�w�e�v�e�r�,� �w�e� �n�o�t�e� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �u�n�i�q�u�e� �s�e�t� �o�f� �w�a�y�s� �i�n� �w�h�i�c�h� �c�h�a�o�s� �e�n�s�u�e�s�,� 

�a�n�d� �o�t�h�e�r� �r�o�u�t�e�s� �m�a�y� �e�x�i�s�t�.� 

�I�n� �t�h�e� �T�o�r�u�s�-�B�i�f�u�r�c�a�t�i�o�n� �r�o�u�t�e�,� �p�r�o�p�o�s�e�d� �b�y� �N�e�w�h�o�u�s�e�,� �R�u�e�l�l�e�,� �a�n�d� �T�a�k�e�n�s� �[�7�7�]�,� �i�t� �i�s� 

�c�o�n�j�e�c�t�u�r�e�d� �t�h�a�t� �o�n�l�y� �t�w�o� �b�i�f�u�r�c�a�t�i�o�n�s� �p�r�e�c�e�d�e� �t�h�e� �o�n�s�e�t� �o�f� �c�h�a�o�s�.� �T�h�e�s�e� �a�r�e� �a� �H�o�p�f� �b�i�f�u�r�-� 

�c�a�t�i�o�n�,� �y�i�e�l�d�i�n�g� �p�e�r�i�o�d�i�c� �m�o�t�i�o�n�,� �f�o�l�l�o�w�e�d� �b�y� �a� �s�e�c�o�n�d�a�r�y� �H�o�p�f� �(�o�r� �N�i�e�m�a�r�k�)� �b�i�f�u�r�c�a�t�i�o�n�,� 

�r�e�s�u�l�t�i�n�g� �i�n� �q�u�a�s�i�-�p�e�r�i�o�d�i�c� �m�o�t�i�o�n� �o�n� �a� �t�w�o�-�f�r�e�q�u�e�n�c�y� �t�o�r�u�s� �(�2�-�t�o�r�u�s�)�.� �A�s� �t�h�e� �c�o�n�t�r�o�l� �p�a�-� 

�r�a�m�e�t�e�r� �i�s� �v�a�r�i�e�d� �f�u�r�t�h�e�r�,� �t�h�e� �s�y�s�t�e�m� �u�n�d�e�r�g�o�e�s� �a� �t�r�a�n�s�i�t�i�o�n� �t�o� �a�n� �u�n�s�t�a�b�l�e� �3�-�t�o�r�u�s� �w�i�t�h� �t�h�e� 

�s�i�m�u�l�t�a�n�e�o�u�s� �a�p�p�e�a�r�a�n�c�e� �o�f� �a� �(�b�o�u�n�d�e�d�)� �s�t�r�a�n�g�e� �a�t�t�r�a�c�t�o�r�.� �H�o�w�e�v�e�r�,� �G�r�e�b�o�g�i� �e�t� �a�l�.� �[�7�8�]� 

�h�a�v�e� �s�h�o�w�n� �t�h�r�o�u�g�h� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s� �t�h�a�t� �c�h�a�o�t�i�c� �a�t�t�r�a�c�t�o�r�s� �r�a�r�e�l�y� �a�p�p�e�a�r� �a�l�o�n�g� �w�i�t�h� 

�a� �3�-�t�o�r�u�s� �f�o�r� �s�y�s�t�e�m�s� �w�i�t�h� �m�o�d�e�r�a�t�e� �n�o�n�l�i�n�e�a�r�i�t�y�.� �T�h�e�y� �r�e�a�s�o�n� �t�h�a�t� �t�h�i�s� �m�a�y� �b�e� �d�u�e� �t�o� �t�h�e� 

�f�a�c�t� �t�h�a�t� �t�h�e� �t�h�e�o�r�e�m� �o�f� �N�e�w�h�o�u�s�e�,� �R�u�e�l�l�e�,� �a�n�d� �T�a�k�e�n�s� �[�7�7�]� �c�o�n�s�i�d�e�r�s� �a� �v�e�r�y� �s�p�e�c�i�f�i�c� �t�y�p�e� �o�f� 
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�C�H�A�P�T�E�R� �2�.� �L�I�T�E�R�A�T�U�R�E� �R�E�V�I�E�W� 

�s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n� �t�o� �s�h�o�w� �i�n�s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �3�-�t�o�r�u�s�.� �A�n� �a�l�t�e�r�n�a�t�i�v�e� �t�h�e�o�r�y� �r�e�g�a�r�d�i�n�g� �t�h�i�s� 

�s�c�e�n�a�r�i�o� �i�s� �t�h�a�t� �t�h�e� �a�p�p�e�a�r�a�n�c�e� �o�f� �w�r�i�n�k�l�e�s� �o�n� �t�h�e� �2�-�t�o�r�u�s� �i�s� �a� �s�i�g�n� �o�f� �i�m�p�e�n�d�i�n�g� �c�h�a�o�s� �(�s�e�e� 

�S�w�i�n�n�e�y� �[�7�6�]�)�.� 

�I�n� �t�h�e� �P�e�r�i�o�d�-�D�o�u�b�l�i�n�g� �r�o�u�t�e� �t�h�e� �p�e�r�i�o�d�i�c� �s�t�a�t�e� �u�n�d�e�r�g�o�e�s� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� 

�b�i�f�u�r�c�a�t�i�o�n�s� �a�s� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �i�s� �v�a�r�i�e�d�.� �T�h�i�s� �p�r�o�c�e�s�s� �a�c�c�u�m�u�l�a�t�e�s� �a�t� �a� �c�r�i�t�i�c�a�l� �v�a�l�u�e� 

�o�f� �t�h�e� �p�a�r�a�m�e�t�e�r� �b�e�y�o�n�d� �w�h�i�c�h� �t�h�e� �m�o�t�i�o�n� �b�e�c�o�m�e�s� �c�h�a�o�t�i�c�,� �w�i�t�h� �i�n�f�i�n�i�t�e� �p�e�r�i�o�d� �a�n�d� �a� 

�b�r�o�a�d�b�a�n�d�e�d� �f�r�e�q�e�n�c�y� �s�p�e�c�t�r�u�m�.� �A� �u�n�i�v�e�r�s�a�l� �n�u�m�b�e�r�,� �k�n�o�w�n� �a�s� �t�h�e� �F�e�i�g�e�n�b�a�u�m� �n�u�m�b�e�r�,� 

�e�x�i�s�t�s� �w�h�i�c�h� �d�e�s�c�r�i�b�e�s� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� �t�h�e� �r�a�t�i�o� �o�f� �s�u�c�c�e�s�s�i�v�e� �i�n�t�e�r�v�a�l�s� �(�e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� 

�o�f� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r�)� �b�e�t�w�e�e�n� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�s�.� 

�C�h�a�o�s� �t�h�r�o�u�g�h� �I�n�t�e�r�m�i�t�t�e�n�c�y�,� �a�l�s�o� �k�n�o�w�n� �a�s� �t�h�e� �P�o�m�e�a�u�-�M�a�n�e�v�i�l�l�e� �s�c�e�n�a�r�i�o� �(�S�e�y�d�e�l� 

�[�4�6�]�)�,� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �t�o� �c�h�a�o�t�i�c� �b�e�h�a�v�i�o�r� �o�c�c�u�r�r�i�n�g� �t�h�r�o�u�g�h� �r�e�p�e�a�t�e�d� 

�i�n�t�e�r�v�a�l�s� �o�f� �p�e�r�i�o�d�i�c� �a�n�d� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s�.� �A�s� �t�h�e� �c�h�a�o�t�i�c� �r�e�g�i�m�e� �i�s� �p�e�n�e�t�r�a�t�e�d� �d�e�e�p�e�r� �(�b�y� 

�v�a�r�y�i�n�g� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r�)�,� �t�h�e� �p�e�r�i�o�d�i�c� �i�n�t�e�r�v�a�l�s� �d�e�c�r�e�a�s�e�,� �m�a�k�i�n�g� �i�t� �m�o�r�e� �a�n�d� �m�o�r�e� 

�d�i�f�f�i�c�u�l�t� �a�n�d� �f�i�n�a�l�l�y� �i�m�p�o�s�s�i�b�l�e� �t�o� �r�e�c�o�g�n�i�z�e� �t�h�e� �p�e�r�i�o�d�i�c� �m�o�t�i�o�n�.� �T�h�i�s� �s�c�e�n�a�r�i�o� �o�c�c�u�r�s� �a�t� �a� 

�t�u�r�n�i�n�g� �p�o�i�n�t� �w�h�e�r�e� �a� �s�t�a�b�l�e� �a�n�d� �u�n�s�t�a�b�l�e� �f�i�x�e�d� �p�o�i�n�t� �c�o�l�l�i�d�e�.� 

�T�h�e� �T�o�r�u�s�-�B�r�e�a�k�d�o�w�n� �r�o�u�t�e� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �f�r�o�m� �a� �2�-�t�o�r�u�s� �q�u�a�s�i�-� 

�p�e�r�i�o�d�i�c� �s�t�a�t�e� �(�i�.�e�.�,� �m�o�t�i�o�n� �d�e�s�c�r�i�b�e�d� �b�y� �t�w�o� �i�n�c�o�m�m�e�n�s�u�r�a�t�e� �f�r�e�q�u�e�n�c�i�e�s�)� �t�o� �a� �f�r�e�q�u�e�n�c�y�-� 

�l�o�c�k�e�d� �s�t�a�t�e� �(�i�.�e�.�,� �p�e�r�i�o�d�i�c� �m�o�t�i�o�n� �w�i�t�h� �o�n�e� �b�a�s�i�c� �f�r�e�q�u�e�n�c�y�)�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �a� �b�r�e�a�k�d�o�w�n� 

�o�f� �t�h�e� �t�o�r�u�s� �h�a�s� �o�c�c�u�r�r�e�d�.� �T�h�e�n�,� �a�s� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �i�s� �v�a�r�i�e�d� �f�u�r�t�h�e�r�,� �t�h�e� �f�r�e�q�u�e�n�c�y�-� 

�l�o�c�k�e�d� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �u�n�d�e�r�g�o�e�s� �a� �w�e�l�l�-�d�e�f�i�n�e�d� �t�r�a�n�s�i�t�i�o�n� �t�o� �a� �c�h�a�o�t�i�c� �s�t�a�t�e�.� 

�A�n�o�t�h�e�r� �s�c�e�n�a�r�i�o� �f�o�r� �c�h�a�o�s� �(�s�e�e� �S�w�i�n�n�e�y� �[�7�6�]� �a�n�d� �r�e�f�e�r�e�n�c�e�s� �t�h�e�r�e�i�n�)� �a�r�i�s�e�s� �d�u�e� �t�o� �a� 

�p�h�e�n�o�m�e�n�o�n� �k�n�o�w�n� �a�s� �S�o�f�t� �M�o�d�e� �I�n�s�t�a�b�i�l�i�t�y�.� �T�h�i�s� �o�c�c�u�r�s� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �n�o�n�l�i�n�e�a�r� 

�c�o�m�p�e�t�i�t�i�o�n� �b�e�t�w�e�e�n� �a� �s�y�m�m�e�t�r�y�-�b�r�e�a�k�i�n�g� �l�i�n�e�a�r� �i�n�s�t�a�b�i�l�i�t�y� �a�n�d� �a�n� �o�s�c�i�l�l�a�t�o�r�y� �i�n�s�t�a�b�i�l�i�t�y�,� 

�i�.�e�.�,� �c�o�e�x�i�s�t�e�n�c�e� �o�f� �s�y�m�m�e�t�r�y�-�b�r�o�k�e�n�-� �a�n�d� �s�y�m�m�e�t�r�i�c�-� �u�n�s�t�a�b�l�e� �s�o�l�u�t�i�o�n�s�.� �I�n� �g�e�n�e�r�a�l� �i�t� �i�s� �n�o�t� 

�p�o�s�s�i�b�l�e� �t�o� �c�l�a�s�s�i�f�y� �t�h�e� �m�o�t�i�o�n� �r�e�s�u�l�t�i�n�g� �f�r�o�m� �t�h�i�s� �n�o�n�l�i�n�e�a�r� �c�o�m�p�e�t�i�t�i�o�n� �w�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� 

�u�n�s�t�a�b�l�e� �m�o�d�e�s� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �t�h�r�e�e�.� �T�h�i�s� �t�h�e�n� �c�o�u�l�d� �r�e�s�u�l�t� �i�n� �c�h�a�o�t�i�c� �b�e�h�a�v�i�o�r� 

�f�o�r� �s�y�s�t�e�m�s� �o�f� �d�i�m�e�n�s�i�o�n� �e�q�u�a�l� �t�o� �t�h�r�e�e� �o�r� �m�o�r�e�.� 
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�C�h�a�p�t�e�r� �3� 

�P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�3�.�1� �G�o�v�e�r�n�i�n�g� �E�q�u�a�t�i�o�n�s� 

�C�o�n�s�i�d�e�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �f�l�a�t� �p�a�n�e�l� �(�l�d�,� �x� �I�2�)� �o�f� �u�n�i�f�o�r�m� �t�h�i�c�k�n�e�s�s� �h�,� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�-� 

�i�n�a�t�e�d� �w�i�t�h� �2�!� �+� �1� �t�r�a�n�s�v�e�r�s�e�l�y� �i�s�o�t�r�o�p�i�c� �l�a�y�e�r�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �p�l�a�n�e� �o�f� �i�s�o�t�r�o�p�y� 

�a�t� �e�a�c�h� �p�o�i�n�t� �i�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �r�e�f�e�r�e�n�c�e� �p�l�a�n�e� �(�s�e�l�e�c�t�e�d� �a�s� �t�h�e� �m�i�d�-�p�l�a�n�e� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�)�.� 

�T�h�e� �p�o�i�n�t�s� �o�f� �t�h�e� �u�n�d�e�f�o�r�m�e�d� �r�e�f�e�r�e�n�c�e� �p�l�a�n�e� �(�z�3� �=� �0�)� �a�r�e� �r�e�f�e�r�r�e�d� �t�o� �a� �s�e�t� �o�f� �C�a�r�t�e�s�i�a�n� �o�r�-� 

�t�h�o�g�o�n�a�l� �a�x�e�s� �z�,�,� �(�w� �=� �1�,� �2�)�,� �w�i�t�h� �t�h�e� �z�3� �a�x�i�s� �n�o�r�m�a�l� �t�o� �t�h�e� �r�e�f�e�r�e�n�c�e� �p�l�a�n�e� �(�s�e�e� �F�i�g�.� �3�.�1�)�.� 

�T�h�r�o�u�g�h�o�u�t� �t�h�i�s� �w�o�r�k� �t�h�e� �E�i�n�s�t�e�i�n�i�a�n� �s�u�m�m�a�t�i�o�n� �c�o�n�v�e�n�t�i�o�n� �i�s� �i�m�p�l�i�e�d� �u�n�l�e�s�s� �o�t�h�e�r�w�i�s�e� 

�s�t�a�t�e�d�,� �w�i�t�h� �G�r�e�e�k� �i�n�d�i�c�e�s� �r�a�n�g�i�n�g� �f�r�o�m� �1� �t�o� �2� �a�n�d� �L�a�t�i�n� �i�n�d�i�c�e�s� �r�a�n�g�i�n�g� �f�r�o�m� �1� �t�o� �3�.� 

�3�.�1�.�1� �S�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� 

�T�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �f�o�r� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �(�R�e�d�d�y� �[�7�9�]�)� �i�s� �g�i�v�e�n� �a�s�,� 

�V�a�l�u�,� �£�3�;� �t�]� �U�a�|�Z�w�,� �t�]� �+� �t�3�H�a�[�t�u�,� �t�]� �+� �2�3� �N�a�l�Z�w�,� �t�]� �+� �2�3�C�a�l�t�w�,� �t�]� 

�V�3�[�z�u�,� �2�3�,� �t�]� �=� �u�s�(�2�u�,� �t�]� �(�3�.�1�)� 

�W�i�t�h�i�n� �t�h�e� �f�r�a�m�e�w�o�r�k� �o�f� �t�h�e� �v�o�n� �K�a�r�m�a�n� �t�h�e�o�r�y� �f�o�r� �t�h�e� �l�a�r�g�e� �d�e�f�l�e�c�t�i�o�n� �o�f� �p�l�a�t�e�s�,� �o�n�l�y� �t�h�e� 

�n�o�n�l�i�n�e�a�r�i�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�s�p�l�a�c�e�m�e�n�t� �(�a�n�d� �i�t�s� �g�r�a�d�i�e�n�t�s�)� �a�r�e� �r�e�t�a�i�n�e�d�.� 

�H�e�n�c�e� �t�h�e� �L�a�g�r�a�n�g�i�a�n� �s�t�r�a�i�n� �t�e�n�s�o�r� �e�;�;� �i�s� �w�r�i�t�t�e�n� �a�s�,� 

�2�e�i�5� �=� �V�i�g� �+� �V�i�e� �+� �V�a�i�V�s�,�;� �(�3�.�2�)� 

�T�h�e� �a�b�o�v�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �e�;�;� �c�a�n� �b�e� �s�h�o�w�n� �t�o� �c�o�r�r�e�s�p�o�n�d� �t�o� �t�h�e� �s�m�a�l�l� �l�i�n�e�a�r� �s�t�r�a�i�n� �a�n�d� 

�m�o�d�e�r�a�t�e� �r�o�t�a�t�i�o�n� �c�o�n�c�e�p�t� �(�L�i�b�r�e�s�c�u� �a�n�d� �S�c�h�m�i�d�t� �[�8�0�]�)�.� �F�o�l�l�o�w�i�n�g� �R�e�d�d�y� �[�7�9�]� �a�n�d� �L�i�b�r�e�s�c�u� 
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�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�a�n�d� �S�t�e�i�n� �[�8�1�]�,� �t�h�e� �e�x�a�c�t� �f�u�l�f�i�l�l�m�e�n�t� �o�f� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �s�t�a�t�i�c� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �b�o�u�n�d�i�n�g� 

�p�l�a�n�e�s� �z�3� �=� �+�8�,� �i�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �t�a�n�g�e�n�t�i�a�l� �s�u�r�f�a�c�e� �l�o�a�d�s�,� �r�e�q�u�i�r�e�s� �t�h�a�t�,� 

�+�h�/�2� 
 ��h�/�2� 

�+�h�/�2� 
�_�h�/�2� �=� �(�3�.�3�)� �P�a� �=� �|�s�a�s�|� �>� �P�a�=� �[�s�a�s�]� 

�H�e�r�e� �8�,�3� �d�e�n�o�t�e�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�y�m�m�e�t�r�i�c� �s�e�c�o�n�d� �P�i�o�l�a�-�K�i�r�c�h�h�o�f�f� 

�s�t�r�e�s�s� �t�e�n�s�o�r� �8�;�;�,� �w�h�i�l�e� �p�a�,� �p�a� �d�e�n�o�t�e� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �s�u�r�f�a�c�e� �l�o�a�d�s� �a�n�d� �l�o�a�d� �c�o�u�p�l�e� �c�o�m�-� 

�p�o�n�e�n�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �(�3�.�1�)�,� �(�3�.�2�)� �i�n�t�o� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n� �f�o�r� �s�a�a�,� 

�i�.�e�.�,� 

�$�a�3� �=� �2�E�a�3�w�3 ¬�w�3� �(�3�.�4�)� 

�c�o�n�s�i�d�e�r�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �c�o�n�d�i�t�i�o�n�s� �(�3�.�3�)� �a�n�d� �t�h�e� �s�y�m�m�e�t�r�y� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�,� �y�i�e�l�d�s� 

�N�a�=�0� �5� �C�a�= �� �a�5� �(�t�a�e� �+� �H�a�)� �(�3�.�5�)� 
�H�e�r�e�,� �e�,�3� �d�e�n�o�t�e�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �a�n�d� �E�,�3�,�3� �d�e�n�o�t�e�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� 

�s�h�e�a�r� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �e�l�a�s�t�i�c� �m�o�d�u�l�i� �t�e�n�s�o�r� �E�j�j�m�n�.� 

�T�h�u�s� �i�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s� �i�n� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �w�h�e�n� �c�o�n�s�i�d�-� 

�e�r�i�n�g� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�y� �(�H�S�D�T�)� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� 

�a�p�p�e�a�r�i�n�g� �w�i�t�h�i�n� �a� �f�i�r�s�t�-�o�r�d�e�r� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �t�h�e�o�r�y� �(�F�S�D�T�)� �f�o�r�m�u�l�a�t�i�o�n�,� �i�.�e�.�,� 

�U�g�,� �U�a� �a�n�d� �#�,�.� �S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �(�3�.�1�)�,� �(�3�.�5�)� �i�n�t�o� �(�3�.�2�)� �y�i�e�l�d�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �s�t�r�a�i�n� �t�e�n�s�o�r�,� 

�C�a�p� �=� �E�a�B� �+� �t�3�K�a�p� �+� �2�3�C�u�p� �)�  ¬�a�3� �=�  ¬�a�3� �+� �2� �N�a�s� �(�3�.�6�)� 

�w�h�e�r�e� �t�h�e� �s�t�r�a�i�n� �m�e�a�s�u�r�e�s� �a�r�e� �d�e�f�i�n�e�d� �a�s�,� 

�2�6�0�6� �=� �U�a�p� �+� �U�p�,�a� �+� �U�3�,�0�U�3�,�8� �:� �2�k�a�p� �=� �Y�a�p� �+� �0�6�,�0� 
�4� 

�2 ¬�a�3� �=� �W�a� �+� �U�3�,�a� �)� �2�N�a�3� �=� �n�z� �(�a� �+� �U�3�,�a�)� �(�3�.�7�)� 

�4� 
�2�C�a�p� �=�  �� �5�h� �3�7�5� �(�2�t�3�,�0�8� �+� �Y�a�,�6� �+� �¥�6�,�a�)� 

�T�h�e� �t�r�a�c�e�r� �6�;� �a�s�s�u�m�e�s� �t�h�e� �v�a�l�u�e� �o�n�e� �o�r� �z�e�r�o� �a�c�c�o�r�d�i�n�g� �t�o� �w�h�e�t�h�e�r� �t�h�e� �H�S�D�T� �o�r� �F�S�D�T� �i�s� 

�b�e�i�n�g� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� �s�p�e�c�i�a�l�i�z�a�t�i�o�n� �f�o�r� �t�h�e� �c�l�a�s�s�i�c�a�l� �p�l�a�t�e� �t�h�e�o�r�y� �(�C�P�T�,� �b�a�s�e�d� �o�n� �K�i�r�c�h�h�o�f�f�-� 

�L�o�v�e� �c�o�n�s�t�r�a�i�n�t�s�)� �i�s� �o�b�t�a�i�n�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �~�.� �=�  ��u�3�,�q� �a�n�d� �6�)�;� �=� �0�.� 
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�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�3�.�1�.�2� �C�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� 

�T�h�e� �3�D� �c�o�n�s�t�i�t�u�t�i�v�e� �e�q�u�a�t�i�o�n�s� �f�o�r� �a� �m�o�n�o�c�l�i�n�i�c� �e�l�a�s�t�i�c� �m�a�t�e�r�i�a�l� �a�r�e�,� 

�E�a� 
�S�a�p� �=� �E�a�p�w�p�e�w�p� �+� �5�4� �i�.� �$�8�3�3�.� �,� �§�8�a�3� �=� �2�E�a�3�u�3 ¬�w�3� �(�3�.�8�)� 

�w�h�e�r�e�,� 

�~� �E�a�g�3�3� �E�3�3�,� 
�E�a�p�w�p� �=� �E�a�p�w�p�  ��  ��9�8�8�3� �"�s�i�e� �(�3�.�9�)� 

�E�3�3�3�3� 

�U�s�i�n�g� �t�h�e� �t�h�i�r�d� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �f�r�o�m� �3�D� �e�l�a�s�t�i�c�i�t�y� �t�h�e�o�r�y� �(�i�.�e�.�,� �(�3�.�1�6�)�3�)� �a�l�o�n�g� �w�i�t�h� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �(�3�.�1�)�,� �a�n�d� �i�n�t�e�g�r�a�t�i�n�g� �o�v�e�r� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�m�e�n�s�i�o�n� �2�3�,� �w�e� 

�o�b�t�a�i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �n�o�r�m�a�l� �s�t�r�e�s�s� �c�o�m�p�o�n�e�n�t� �a�s�,� 

�$�3�3� �=�  �� �[�0�3�.�0� �+� �(�8�0�6�V�3�,�8�)� �+� �(�8�3�a�V�3�,�a�)� �~� �p�V�s�6�p� �}�d�e�s� �+� �K�[�z�.�]� �(�3�-�1�0�)� 

�H�e�r�e� �t�h�e� �t�r�a�c�e�r�s� �5�4� �a�n�d� �5�g� �i�d�e�n�t�i�f�y� �t�h�e� �o�v�e�r�a�l�l� �a�n�d� �d�y�n�a�m�i�c�-�o�n�l�y� �c�o�n�t�r�i�b�u�t�i�o�n�s� �b�r�o�u�g�h�t� 

�b�y� �8�3�3�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�i�t�h� �p�[�z�3�]� �b�e�i�n�g� �t�h�e� �m�a�s�s� �d�e�n�s�i�t�y� �o�f� �t�h�e� �p�a�n�e�l�.� �W�h�e�n� �p�e�r�f�o�r�m�i�n�g� 

�t�h�e� �a�b�o�v�e� �i�n�t�e�g�r�a�l� �e�q�u�a�t�i�o�n�s�,� �(�3�.�1�)�,� �(�3�.�6�)�,� �(�3�.�7�)� �a�n�d� �(�3�.�4�)� �a�r�e� �u�s�e�d�,� �a�n�d� �f�o�l�l�o�w�i�n�g� �t�h�e� �v�o�n� 

�K�a�r�m�a�n� �c�o�n�c�e�p�t�,� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t� �f�i�e�l�d� �q�u�a�n�t�i�t�i�e�s� �u�,� �o�r� 

�t�w� �a�r�e� �n�e�g�l�e�c�t�e�d�.� �T�h�e� �e�l�a�s�t�i�c� �m�o�d�u�l�i� �t�e�n�s�o�r� �c�o�m�p�o�n�e�n�t�s� �a�n�d� �m�a�s�s� �d�e�n�s�i�t�y� �a�r�e� �c�o�n�s�t�a�n�t� �f�o�r� 

�e�a�c�h� �h�o�m�o�g�e�n�e�o�u�s� �l�a�m�i�n�a�t�e�,� �h�e�n�c�e� �t�h�e�y� �a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� �w�e�i�g�h�t�e�d� �s�t�e�p� 

�f�u�n�c�t�i�o�n�s� �i�n� �t�h�e� �z�3� �c�o�o�r�d�i�n�a�t�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �a�n� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �a�n�a�l�y�s�i�s� �s�h�o�w�s� �t�h�a�t� 

�t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �d�u�e� �t�o� �t�h�e� �t�h�i�r�d� �t�e�r�m� �i�n� �t�h�e� �i�n�t�e�g�r�a�l� �m�a�y� �b�e� �n�e�g�l�e�c�t�e�d� �i�n� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� 

�t�h�e� �r�e�m�a�i�n�i�n�g� �t�e�r�m�s�.� �T�h�e� �c�o�n�s�t�a�n�t� �K�[�z�,�,�|� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �u�p�p�e�r� �a�n�d� 

�l�o�w�e�r� �b�o�u�n�d�i�n�g� �p�l�a�n�e�s� �o�f� �t�h�e� �p�a�n�e�l�.� �T�h�u�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �n�o�r�m�a�l� �s�t�r�e�s�s� �c�o�m�p�o�n�e�n�t� �m�a�y� �b�e� 

�e�x�p�r�e�s�s�e�d� �a�s�,� 

�$�3�3� �=� �s�h�o�e�s� �+� �s�h�y�z�3� �+� �s�h�y�)�2�3� �+� �K�[�z�.�]� �(�3�.�1�1�)� 
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�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�w�h�e�r�e�,� 

�s�h�)� �=�  �� �E�S�R� �(�W�u�a�t� �t�s�a�)� �+� �S�B�p�c�k�>�i�i�s� �,� �8�6�9�)� �=� �E�S�A�S�.� �a� �3�0�4�5�,�0� 

�6�D� �=� �B�S� �5�(�t�o�n�t� �Y�a�w�a�)� �|� �K� �(�e�e�)� �=� �1� �-� �(�2�)� �a�>� 
�2� �=� �P�a�t� �P�e� �,� �p�t� �=� �a� �(�3�.�1�2�)� 

�H�e�r�e� �t�h�e� �s�y�m�b�o�l� �<� �k� �>� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�y� �i�s� �e�v�a�l�u�a�t�e�d� �f�o�r� �t�h�e� �k�*�*� �l�a�y�e�r�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �a�n� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �a�n�a�l�y�s�i�s� �s�h�o�w�s� �t�h�a�t� �t�h�e� �t�e�r�m� �Z�,�,� �a�p�p�e�a�r�i�n�g� �i�n� �(�3�.�1�2�)�,� 

�m�a�y� �b�e� �n�e�g�l�e�c�t�e�d� �f�r�o�m� �h�e�r�e� �o�n�.� 

�T�h�e� �s�t�r�e�s�s�-�r�e�s�u�l�t�a�n�t�s� �a�r�e� �d�e�f�i�n�e�d� �a�s� �t�h�e� �m�o�m�e�n�t� �o�f� �o�r�d�e�r� �z�e�r�o� �o�f� �t�h�e� �i�n�-�p�l�a�n�e� �a�n�d� 

�t�r�a�n�s�v�e�r�s�e�-�s�h�e�a�r�-�s�t�r�e�s�s� �c�o�m�p�o�n�e�n�t�s�,� �w�h�e�r�e�a�s� �t�h�e� �s�t�r�e�s�s�-�c�o�u�p�l�e�s� �a�r�e� �d�e�f�i�n�e�d� �b�y� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� 

�m�o�m�e�n�t� �o�f� �t�h�e� �i�n�-�p�l�a�n�e� �s�t�r�e�s�s� �c�o�m�p�o�n�e�n�t�s�.� �F�o�r� �a� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e� �t�h�e�s�e� �a�r�e� �g�i�v�e�n� �a�s�,� 

�a�m�t� �p�h�e�r�>� �<�m�+�1�>� 
�L�a�p� �=� �D�I� �8�x�5� �d�a�z� �=�  �� �2� �s�x�a�t�l�?� �d�a�s� �4� �a�y� �s�x�n� �d�z�s� 

�h�e�r�-�1�>� �r�a�i� �V�h�<�r�t�i�>� 

�2�m�+�1� �p�h�e�r�>� �<�m�+�i�>� �Q�e� �=� �D�e�  ��J� �8�5�3�?� �d�z�s� �=� �2� �[� �S�m�t� �>� �d�e�g� �+� �2�D� �L�S� �s�S�>�d�z�s� �(�3�.�1�3�)� 
�h�e�r�-�1�>� �h�e�r�t�t�>� 

�2�m�+�1� 

�M�.�a�=� �>� �h�e�r�>� �s�i�z� �d� �2�)� �h�e�m� �e�e�t� �d� �>� �8�5�>� �d� �a�p� �=� �3�4�2�3� �=� �t�3�d�z�3� �+� �T�3�0�2�3� 
�p�a�y�t�h�c�r�-�i�>� �p�a�i� �V�a�c�e�t�i�>� 

�E�q�u�a�t�i�o�n� �(�3�.�1�3�)� �c�o�n�s�i�d�e�r�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �(�3�.�8�)�,� �(�3�.�6�)�,� �(�3�.�7�)�,� �(�3�.�1�1�)� �a�n�d� �(�3�.�1�2�)� �y�i�e�l�d�s� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �s�t�r�e�s�s�-�r�e�s�u�l�t�a�n�t�s� �a�n�d� �s�t�r�e�s�s�-�c�o�u�p�l�e�s�:� 

�1� �4� 
�L�a�p� �=� �9� �F�a�b�u�p� �(�t�o�,�p� �+� �U�p�w� �+� �U�s�,�u�%�3�,�p�)� �+� �5�,� �6�H� �7�3� �K�a�p�u�p�t�3�,�w�t�3�,�p� 

�+�2�6�4� �K�[�z�w�]�Q�a�g�a�3� 

�Q�a�s� �=� �|� �R�a�s�u�s�  �� �b�n� �h�2� �P�a�s�w�s�|� �(�v�o� �+� �u�g� �w�)� �(�3�.�1�4�)� 

�M�a�p� �=� �F�z� �a�B�w�p�  �� �S�h�a�r�a� �3� �-� �S�a�p�w�e�|� �(�d�u�r�o� �+� �P�o�w� �)�-�6� �h�3� �-� �A�T�p� �I�a�h�w�p�t�3�,�w�p� 

�-�6�4�[�K�a�p�u�p�  �� �S�n�a�;�z� �N�a�s�o�n�]� �(�V�o�w� �+� �¥�s�u�p�)� �+� �E�a�b�a�l�a�p�s�s�i�l�s� 
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�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�T�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �r�i�g�i�d�i�t�y� �q�u�a�n�t�i�t�i�e�s� �F�o�g�u�p�,� �K�a�p�w�p�,� �D�a�p�w�p�,� �S�a�B�w�o�,� �N�a�p�w�p�:� �V�a�s�s�;� 

�T�4�6�3�3�,� �R�a�3�w�3� �a�n�d� �P�x�3�,�3� �a�r�e� �d�e�f�i�n�e�d� �b�y� �e�q�u�a�t�i�o�n�s� �(�A�.�1�)� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�3�.�1�.�3� �G�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� 

�F�o�r� �a� �3�D� �c�o�n�t�i�n�u�u�m�,� �a�f�t�e�r� �n�e�g�l�e�c�t�i�n�g� �b�o�d�y� �f�o�r�c�e�s�,� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�r�e� �e�x�p�r�e�s�s�e�d� 

�a�s�,� 

�[�s�j�e�(�S�i�e� �+� �V�i�e�)�]� �;� �=� �e�V�;� �(�3�.�1�5�)� 

�H�e�r�e� �6�;�,� �d�e�n�o�t�e�s� �t�h�e� �K�r�o�n�e�c�k�e�r� �d�e�l�t�a�.� �N�e�g�l�e�c�t�i�n�g� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �i�n�-�p�l�a�n�e� 

�d�i�s�p�l�a�c�e�m�e�n�t�s� �V�,� �(�i�.�e�.�,� �t�h�e� �v�o�n� �K�a�r�m�a�n� �c�o�n�c�e�p�t�)� �a�n�d� �u�s�i�n�g� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� 

�(�3�.�1�)� �f�o�r� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �d�i�s�p�l�a�c�e�m�e�n�t� �V�3�,� �t�h�e� �t�h�r�e�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n� �a�r�e� �w�r�i�t�t�e�n� �a�s�,� 

�$�8�a�,�8� �+� �§�3�a�,�3� �=� �p�V� 

�8�3�3�,�3� �+� �8�a�3�,�0� �+� �(�S�a�6�V�3�,�6�)� �4� �+� �(�S�3�0�V�3�,�0�)�3� �=� �p�V�3� �(�3�.�1�6�)� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �d�e�r�i�v�e�d� �b�y� �t�a�k�i�n�g� �m�o�m�e�n�t�s� �o�f� �o�r�d�e�r� �z�e�r�o� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� 

�m�o�t�i�o�n� �(�3�.�1�6�)�,� �a�n�d� �m�o�m�e�n�t�s� �o�f� �o�r�d�e�r� �o�n�e� �o�f� �(�3�.�1�6�)�;� �2� �.� �C�o�n�s�i�d�e�r�i�n�g� �(�3�.�1�)�,� �(�3�.�5�)�,� �(�3�.�1�3�)� �a�n�d� 

�n�e�g�l�e�c�t�i�n�g� �t�a�n�g�e�n�t�i�a�l� �i�n�e�r�t�i�a� �t�e�r�m�s� �(�i�.�e�.�,� �t�h�o�s�e� �c�o�n�t�a�i�n�i�n�g� �t�,�)�,� �t�h�e� �f�i�v�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� 

�f�o�r� �a� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�,� �i�n� �t�h�e� �a�b�s�e�n�c�e� �o�f� �t�a�n�g�e�n�t�i�a�l� �s�u�r�f�a�c�e� �l�o�a�d�s�,� �a�r�e� �o�b�t�a�i�n�e�d� �i�n� �t�e�r�m�s� 

�o�f� �t�h�e� �f�i�v�e� �u�n�k�n�o�w�n�s� �u�,�,� �q� �a�n�d� �u�g� �a�s�,� 

�L�o�p�e� �=� �0� 

�Q�a�3�,�a� �+� �L�a�g�u�3�,�a�p� �+� �p�3�  �� �M�o�t�z�3� �=� �0� �(�3�.�1�7�)� 

�.� �4�.�  �� 

�M�a�s�,�6� �~�~� �Q�a�3� �_� �5�c� �|�m�a�t�b�a� �_� �m�4� �5�7�9� �(�t�i�s�,� �+� �¥�a�)�|� �=� �0� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �(�3�.�1�7�)�,� �i�s� �c�o�n�s�i�d�e�r�e�d� �w�h�e�n� �d�e�r�i�v�i�n�g� �(�3�.�1�7�)�2� �.� �H�e�r�e� �p�3�(�=� �p�i�  �� �p�3�)� 

�r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �n�o�r�m�a�l� �s�u�r�f�a�c�e� �l�o�a�d�,� �i�.�e�.�,� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �l�o�a�d� �i�n� �t�h�i�s� �t�h�e�s�i�s�.� �T�h�e� 

�t�r�a�c�e�r� �5�¢� �i�d�e�n�t�i�f�i�e�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �r�o�t�a�r�y� �i�n�e�r�t�i�a� �t�e�r�m�s�,� �i�.�e�.�,� �a�l�l� �i�n�e�r�t�i�a� �t�e�r�m�s� �a�r�i�s�i�n�g� �f�r�o�m� 

�t�h�e� �f�i�r�s�t� �o�r�d�e�r� �m�o�m�e�n�t� �o�f� �i�n�-�p�l�a�n�e� �i�n�e�r�t�i�a�s� �V�,�.� �I�t� �t�a�k�e�s� �o�n� �t�h�e� �v�a�l�u�e�s� �o�n�e� �o�r� �z�e�r�o� �a�c�c�o�r�d�i�n�g� 

�t�o� �w�h�e�t�h�e�r� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �r�o�t�a�r�y� �i�n�e�r�t�i�a�s� �i�s� �c�o�n�s�i�d�e�r�e�d� �o�r� �d�i�s�r�e�g�a�r�d�e�d�.� �T�h�e� �r�e�d�u�c�e�d� 

�m�a�s�s� �q�u�a�n�t�i�t�i�e�s� �m�p�,� �m�2�,� �m�g� �a�r�e� �d�e�f�i�n�e�d� �b�y� �e�q�u�a�t�i�o�n� �(�A�.�2�)� �i�n� �A�p�p�e�n�d�i�x� �A�.� 
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�3�.�1�.�4� �A� �m�i�x�e�d� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� 

�T�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �n�o�w� �s�p�e�c�i�a�l�i�z�e�d� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �a� �c�o�m�p�o�s�i�t�e� �p�a�n�e�l� �w�i�t�h� 

�t�r�a�n�s�v�e�r�s�e�l�y� �i�s�o�t�r�o�p�i�c� �c�o�n�s�t�i�t�u�e�n�t� �l�a�m�i�n�a�e�.� �F�o�r� �t�h�i�s� �c�a�s�e� �t�h�e� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �r�e�d�u�c�e�d� 

�e�l�a�s�t�i�c� �m�o�d�u�l�i� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �e�n�g�i�n�e�e�r�i�n�g� �q�u�a�n�t�i�t�i�e�s� �a�r�e� �(�L�i�b�r�e�s�c�u� �[�9�]�)�,� 

�E� �7�1� �p� 
�E�a�B�w�p�  �� �l�+�p� �[�5� �(�S�a�w� �b�a�p� �+� �b�x�p�5�B�w�)� �+� �T�j� �h�a�e�F�r�|� 

� � 

�E�w� �'�E� �p�3�3� �_� �b�e� �6� �_� �f�l� �T�a�e� �=� �E�(�t�?� �1� �B�a�t�e�s� �=� �G�'�b�a�w� �(�3�.�1�8�)� 

�H�e�r�e� �E� �a�n�d� �p� �r�e�p�r�e�s�e�n�t� �t�h�e� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s� �a�n�d� �P�o�i�s�s�o�n� �r�a�t�i�o� �i�n� �t�h�e� �p�l�a�n�e� �o�f� �i�s�o�t�r�o�p�y�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�e�r�e�a�s� �E ��,� �y�p �� �a�n�d� �G �� �a�r�e� �t�h�e� �Y�o�u�n�g ��s� �m�o�d�u�l�u�s�,� �P�o�i�s�s�o�n� �r�a�t�i�o� �a�n�d� �s�h�e�a�r� 

�m�o�d�u�l�u�s� �i�n� �t�h�e� �p�l�a�n�e�s� �n�o�r�m�a�l� �t�o� �t�h�e� �p�l�a�n�e� �o�f� �i�s�o�t�r�o�p�y�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �S�u�b�s�t�i�t�u�t�i�n�g� �(�3�.�1�8�)�,� 

�(�3�.�7�)�;� �a�n�d� �(�3�.�1�2�)�4� �2� �i�n�t�o� �(�3�.�1�4�)�,� �a�n�d� �u�s�i�n�g� �t�h�e� �f�a�c�t� �t�h�a�t� �Z�,� �m�a�y� �b�e� �n�e�g�l�e�c�t�e�d� �o�n� �t�h�e� �b�a�s�i�s� 

�o�f� �a�n� �o�r�d�e�r� �o�f� �m�a�g�n�i�t�u�d�e� �a�n�a�l�y�s�i�s�,� �w�e� �o�b�t�a�i�n� �t�h�e� �r�e�s�u�l�t�,� 

�4� 
�L�a�p� �=� �b�é�a�g� �+� �C�O�a�B�E�w�w� �+� �b�4�b�H� �7�5� �P�a�p�t�i�s�v�U�3�,�w� �(�3�.�1�9�)� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �b�,� �c�,� �a�n�d� �d� �a�r�e� �d�e�f�i�n�e�d� �b�y� �(�A�.�3�)� �i�n� �A�p�p�e�n�d�i�x� �A�.� �P�e�r�f�o�r�m�i�n�g� �a� �c�o�n�t�r�a�c�t�i�o�n� 

�o�n� �(�3�.�1�9�)� �t�o� �o�b�t�a�i�n� �¢�,�,�,� �a�n�d� �u�s�i�n�g� �t�h�i�s� �r�e�s�u�l�t� �w�h�e�n� �i�n�v�e�r�t�i�n�g� �(�3�.�1�9�)� �t�o� �s�o�l�v�e� �f�o�r� �e�g�g� �r�e�s�u�l�t�s� 

�i�n�,� 

�E�a�p� �=� �b�L�a�p� �+� �C�b�a�g�L�u�w� �+� �6�4�6�1�7� �d�5�.�,�8�U�3�,� �U�3�,� �(�3�.�2�0�)� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �6�,� �¢� �a�n�d� �d� �a�r�e� �d�e�f�i�n�e�d� �b�y� �(�A�.�4�)� �i�n� �A�p�p�e�n�d�i�x� �A�.� 

�T�h�e� �i�n�-�p�l�a�n�e� �s�t�r�e�s�s�-�r�e�s�u�l�t�a�n�t�s�,� �L�g�,� �a�r�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �a� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �C�[�z�,�,�,� �t�]� 

�a�s�,� 

�L�a�p� �=� �E�a�w ¬�B�p�C� �w�p� �(�3�.�2�1�)� 

�t�h�u�s� �i�m�p�l�y�i�n�g� �t�h�a�t� �t�h�e� �f�i�r�s�t� �t�w�o� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� �i�.�e�.�,� �(�3�.�1�7�)�1�,�2�,� �a�r�e� �i�d�e�n�t�i�c�a�l�l�y� �s�a�t�i�f�i�e�d�.� 

�H�e�r�e�  ¬�,�,�,� �d�e�n�o�t�e�s� �t�h�e� �2�D� �p�e�r�m�u�t�a�t�i�o�n� �s�y�m�b�o�l�.� �F�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�h�r�e�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� 

�(�3�.�1�7�)�3�.�4�5� �w�e� �p�r�o�c�e�e�d� �a�s� �f�o�l�l�o�w�s�.� �S�u�b�s�t�i�t�u�t�i�n�g� �(�3�.�2�1�)�,� �(�3�.�1�4�)�s�,� �(�3�.�1�8�)�,� �(�A�.�1�)� �a�n�d� �(�3�.�1�4�)�2�3�,� 
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�(�3�.�1�8�)�,� �(�A�.�1�)� �i�n�t�o� �(�3�.�1�7�)�3� �a�n�d� �(�3�.�1�7�)�4�5� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�e� �o�b�t�a�i�n�,� 

�E�a�w�  ¬�8�p�C� �w�p�t�3�,�a�f� �+� �B�a�(�h�a�w� �+� �U�3� �w�w�)� �+�p�3 �!"�M�o�t�z�3� �=� �0� 

�B�o�v�g�a�p� �+� �B�s�t�a�,�e�p�  �� �B�i�t�i�z�,�a�6�p�  �� �5�4� �B�s�(�¥�6�,�0�6� �+� �4�3�,�0�8�6�)� �(�3�.�2�2�)� 
�4�.�.�.� �4�.� 

 �� �B�a�l�a� �+� �t�g�.�a�)� �+� �(�6�4�6�6� �B�e� �+� �B�o�m�a� �)�t�i�s�,�a�  �� �6�¢�(�m�2�  �� �M�4� �3�)� �b�a� �=� �0� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �B�,�  �� �B�g� �a�r�e� �g�i�v�e�n� �b�y� �(�A�.�5�)� �i�n� �A�p�p�e�n�d�i�x� �A�.� �T�h�u�s� �t�h�e� �r�e�d�u�c�e�d� �g�o�v�e�r�n�i�n�g� 

�s�y�s�t�e�m� �(�3�.�2�2�)� �c�o�n�s�i�s�t�s� �o�f� �t�h�r�e�e� �e�q�u�a�t�i�o�n�s� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �f�o�u�r� �u�n�k�n�o�w�n�s� �t�q�,� �t�s� 

�a�n�d� �C ��.� �T�h�e� �f�o�u�r�t�h� �e�q�u�a�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �c�o�m�p�a�t�i�b�i�l�i�t�y� �e�q�u�a�t�i�o�n� �i�n� �t�e�r�m�s� 

�o�f� �t�h�e� �i�n�-�p�l�a�n�e� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s�,� �o�b�t�a�i�n�e�d� �f�r�o�m� �(�3�.�7�)� �a�s�,� 

�1� 
 ¬�a�w ¬�B�p� �l�e�a�p� �u�p� �+� �5�3�,�0�p�4�9�,�0�p�|� �=�0� �(�3�.�2�3�)� 

�W�i�t�h�i�n� �a� �d�i�s�p�l�a�c�e�m�e�n�t� �f�o�r�m�u�l�a�t�i�o�n�,� �e�q�u�a�t�i�o�n� �(�3�.�2�3�)� �a�s� �w�e�l�l� �a�s� �t�h�e� �r�e�m�a�i�n�i�n�g� �c�o�m�p�a�t�i�b�i�l�-� 

�i�t�y� �e�q�u�a�t�i�o�n�s� �a�r�e� �i�d�e�n�t�i�c�a�l�l�y� �s�a�t�i�s�f�i�e�d� �b�y� �v�i�r�t�u�e� �o�f� �t�h�e� �s�t�r�a�i�n�-�d�i�s�p�l�a�c�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �(�3�.�7�)�.� 

�H�o�w�e�v�e�r�,� �f�o�r� �t�h�e� �m�i�x�e�d� �f�o�r�m�u�l�a�t�i�o�n� �t�h�e� �i�n�-�p�l�a�n�e� �m�i�d�-�s�u�r�f�a�c�e� �d�i�s�p�l�a�c�e�m�e�n�t�s�,� �u�,�,� �h�a�v�e� �b�e�e�n� 

�e�l�i�m�i�n�a�t�e�d� �f�r�o�m� �t�h�e� �r�e�d�u�c�e�d� �g�o�v�e�r�n�i�n�g� �s�y�s�t�e�m� �(�3�.�2�2�)� �a�n�d� �h�e�n�c�e� �(�3�.�2�3�)� �s�h�o�u�l�d� �b�e� �e�x�p�l�i�c�i�t�l�y� 

�s�a�t�i�s�f�i�e�d� �b�y� �a�n�y� �s�o�l�u�t�i�o�n� �w�h�i�c�h� �s�a�t�i�s�f�i�e�s� �t�h�e� �r�e�d�u�c�e�d� �g�o�v�e�r�n�i�n�g� �s�y�s�t�e�m�.� �T�h�e�r�e�f�o�r�e�,� �u�p�o�n� 

�s�u�b�s�t�i�t�u�t�i�n�g� �(�3�.�2�0�)� �a�n�d� �(�3�.�2�1�)� �i�n�t�o� �(�3�.�2�3�)� �w�e� �o�b�t�a�i�n�,� 

�-� �l� �-� 
�(�6� �+� �E�)�C� �w�w�e� �+� �9� �(�U�3�,�e�w� �3�m� �_� �U�3� �w�x�t�t�3�,�w�e�)� �+� �2�6� �4�6�H� �d�(� �U�3� �w�w�w�t�t�3�,�x� �+� �U�s� �x�w�t�3�,�x�w�)� �=� �0� �(�3�.�2�4�)� 

�E�q�u�a�t�i�o�n�s� �(�3�.�2�2�)�,� �2�3� �a�n�d� �(�3�.�2�4�)� �i�n� �t�h�e� �f�o�u�r� �u�n�k�n�o�w�n�s� �¥�,�,� �u�g� �a�n�d� �C �� �g�o�v�e�r�n� �t�h�e� �l�a�r�g�e�-� 

�d�e�f�l�e�c�t�i�o�n� �t�h�e�o�r�y� �o�f� �s�h�e�a�r�-�d�e�f�o�r�m�a�b�l�e� �f�l�a�t� �p�a�n�e�l�s�,� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d� �w�i�t�h� �t�r�a�n�s�v�e�r�s�e�l�y� 

�i�s�o�t�r�o�p�i�c� �l�a�y�e�r�s�.� �T�h�e�y� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�s� �a�n�d� �t�h�e� 

�t�r�a�n�s�v�e�r�s�e� �n�o�r�m�a�l� �s�t�r�e�s�s�,� �a�n�d� �f�u�l�f�i�l�l� �t�h�e� �s�t�a�t�i�c� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �b�o�u�n�d�i�n�g� �p�l�a�n�e�s� �o�f� �t�h�e� 

�p�l�a�t�e�.� �T�h�e�i�r� �F�S�D�T� �c�o�n�t�e�r�p�a�r�t� �i�s� �o�b�t�a�i�n�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �6�4� �=� �6�y� �=� �0� �a�n�d� �G�L�,�  �� 

�K�?�G ��.�,�5�,� �w�h�e�r�e� �K�?� �d�e�n�o�t�e�s� �a� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �c�o�r�r�e�c�t�i�o�n� �f�a�c�t�o�r�.� �T�h�e� �v�o�n� �K�a�r�m�a�n� �e�q�u�a�t�i�o�n�s� 

�f�o�r� �a� �s�y�m�m�e�t�r�i�c�a�l�l�y� �l�a�m�i�n�a�t�e�d� �c�o�m�p�o�s�i�t�e� �w�i�t�h� �i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�e� �a�r�e� �o�b�t�a�i�n�e�d�,� �w�i�t�h�i�n� �t�h�e� 

�f�r�a�m�e�w�o�r�k� �o�f� �t�h�e� �C�P�T�,� �b�y� �s�p�e�c�i�a�l�i�z�i�n�g� �t�h�e�i�r� �F�S�D�T� �c�o�n�t�e�r�p�a�r�t� �f�o�r� �K�?�  �� �0�0�,� �t�q� �>�  ��U�s�.�a�-� 
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�3�.�1�.�5� �A�l�t�e�r�n�a�t�i�v�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s� 

�F�o�l�l�o�w�i�n�g� �t�h�e� �p�r�o�c�e�d�u�r�e� �c�o�n�s�i�d�e�r�e�d� �b�y� �L�i�b�r�e�s�c�u� �a�n�d� �S�t�e�i�n� �[�8�1�]�,� �L�i�b�r�e�s�c�u� �a�n�d� �R�e�d�d�y� �[�8�2�]�,� 

�a�n�d� �L�i�b�r�e�s�c�u� �a�n�d� �C�h�a�n�g� �[�8�3�,� �8�4�]�,� �a�n� �a�l�t�e�r�n�a�t�i�v�e� �f�o�r�m� �o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �s�y�s�t�e�m�,� �i�.�e�,� �(�3�.�2�2�)�1�2�3� 

�a�n�d� �(�3�.�2�4�)�,� �i�s� �d�e�r�i�v�e�d�.� �I�n�t�r�o�d�u�c�i�n�g� �(�3�.�2�1�)� �i�n�t�o� �(�3�.�2�2�)�1�,� �.�.� �i�s� �e�x�p�r�e�s�s�e�d� �a�s�,� 

�1� �1� �7� 
�D�o�s�w� �=�  � �� �L�u� �p�t�t�3�w�p� �+�  ��(�m�o�i�i�s� �_� �P�s�)�  �� �U�3� �w�w� �(�3�.�2�5�)� 

�B�g� �B�a� 

�E�q�u�a�t�i�o�n� �(�3�.�2�2�)�.� �c�a�n� �b�e� �r�e�-�w�r�i�t�t�e�n� �a�s�,� 

�(�B�2� �+� �B�s�)�b�g�,�0�8� �+� �B�s�(�%�a�,�6�6�  �� �¥�p�,�0�8�)�  �� �B�i�t�i�z�,�a�p�e�  �� �6�4� �B�s�(�¥�p�,�0�6� �+� �U�3�,�a�g�8�)� �(�3�.�2�6�)� 
�4�.�.�.� �4�.�»� 

 �� �B�a�(�t�a� �+� �t�s�,�a�)� �+� �(�6�4�5�B� �B�e� �+� �S�o�m�a� �3� �)�i�i�s�,�c�  �� �6�¢� �(�m�2� �-� �M�4� �5�)� �V�a� �=� �0� 

�D�e�f�i�n�i�n�g�,� �w�i�t�h�o�u�t� �l�o�s�s� �o�f� �g�e�n�e�r�a�l�i�t�y�,� �t�h�e� �p�o�t�e�n�t�i�a�l� �f�u�n�c�t�i�o�n� �[�z�,�,�,� �¢�]� �a�s�,� 

�B�3� �B�g� 
�E�x�p�?� �=� �B�,� �(�2�8�  ��w�e� �P�e� �B�p� �=� �B�,� �Y�a�.�8�6�  �� �¥�e�,�0�6�)� �(�3�.�2�7�)� 

�r�e�s�u�l�t�s� �i�n� �a� �s�y�s�t�e�m� �o�f� �f�i�v�e� �e�q�u�a�t�i�o�n�s�,� �i�.�e�.�,� �(�3�.�2�2�)�1�2�.�3�,� �(�3�.�2�4�)� �a�n�d� �(�3�.�2�7�)� �i�n� �t�h�e� �f�i�v�e� �u�n�k�n�o�w�n�s� 

�t�a�,� �u�g�,� �C� �a�n�d� �®�.� �T�h�e� �r�e�m�a�i�n�d�e�r� �o�f� �t�h�e� �p�r�o�c�e�d�u�r�e� �c�o�n�s�i�s�t�s� �o�f� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �t�w�o� �u�n�k�n�o�w�n�s� 

�W�a� �f�r�o�m� �t�h�e� �g�o�v�e�r�n�i�n�g� �s�y�s�t�e�m�.� �T�o�w�a�r�d�s� �t�h�i�s� �e�n�d� �w�e� �s�o�l�v�e� �f�o�r� �~� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �(�3�.�2�5�)� 

�a�n�d� �(�3�.�2�7�)� �i�n�t�o� �(�3�.�2�6�)� �a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �a� �h�a�r�m�o�n�i�c� �t�i�m�e� �d�e�p�e�n�d�e�n�c�y� �o�f� �t�h�e� �f�o�r�m� �¥�,�[�z�,�,�,� �t�]� �=� 

�a�[�z�~�l�e�*�.� �T�h�e� �r�e�s�u�l�t� �i�s�,� 

�B�a�t� �B�s� 
�B�g� 

 ��(�B�,� �+� �B�o�+� �B�3�)�t�3� �w�w�a �� �B�a�t�s�,�a�+� �(�6�4�5�5� �B�e� �+� �5�c�m�a�a�r�s� �i�l�s� 

�a� �B� �a� 
�t�a�(� �B�a�t� �S�o�m�a�"�)� �=� �(�  ��5�,�4� �B�)� �|� �M�o�t�i�s�,�a �� �P�3�,�a �� �(�L�u�r�p�t�3�,�w�p�)�  �� �B�s�e�p�o�®� �p� �(�3�.�2�8�)� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �(�3�.�2�8�)� �i�n�t�o� �(�3�.�2�2�)�,� �c�o�n�s�i�d�e�r�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �(�3�.�2�1�)� �a�n�d� �t�h�e� �a�b�o�v�e� 

�h�a�r�m�o�n�i�c� �t�i�m�e� �d�e�p�e�n�d�e�n�c�y� �f�o�r� �u�g� �y�i�e�l�d�s� �t�h�e� �r�e�s�u�l�t�,� 

�D� �U�3� �w�w�a�a�  �� �f�a�w ¬�B�p� �[�C�u�p�t�s�,�a�8� �-�S� �(�C�w�p�t�t�s�,�a�6�)� �n�n�]� �_� �(�p�s� �_� �S�P�3�,�a�a�)� 

�M�1!"�M�p� �:�:� �(� �7� �n� �1� �o�e� 
�u�g�  ��-� �(�m�M� 

�B�a� �3� �4� 

�+� �M�i� �)�t�i�3� �a�x� �_� �B�a�P�?� �=� �Q� �(�3�.�2�9�)� 
�4� 

� � �.� �4� 
�+�m�o�(�i�t�i�3� �_� �T�t�i�3� �a�a�)� �+� �5�c� �S�h�2� 
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�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �m�i�;�,� �D�,� �S� �a�n�d� �T� �a�r�e� �g�i�v�e�n� �b�y� �(�A�.�6�)� �i�n� �A�p�p�e�n�d�i�x� �A�.� �I�n�t�r�o�d�u�c�i�n�g� �(�3�.�2�5�)�,� 

�(�3�.�2�8�)� �i�n�t�o� �(�3�.�2�6�)� �a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �a�b�o�v�e� �h�a�r�m�o�n�i�c� �t�i�m�e� �d�e�p�e�n�d�e�n�c�y� �f�o�r� �y�,�,� �a�n�d� �@�,� �w�e� 

�o�b�t�a�i�n�,� 

�@ �� �6�)�,� �-�f�c� �$�=� �(�3�.�3�0�)� 

�T�h�u�s� �t�h�e� �g�o�v�e�r�n�i�n�g� �s�y�s�t�e�m� �(�3�.�2�2�)�:� �3� �a�n�d� �(�3�.�2�4�)� �h�a�s� �b�e�e�n� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �a� �s�y�s�t�e�m� �c�o�n�-� 

�t�a�i�n�i�n�g� �t�w�o� �c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n�s� �i�n� �t�h�e� �v�a�r�i�a�b�l�e�s� �u�g� �a�n�d� �C�,� �a�n�d� �a� �t�h�i�r�d� �u�n�c�o�u�p�l�e�d� �e�q�u�a�t�i�o�n� 

�e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �a� �p�o�t�e�n�t�i�a�l� �f�u�n�c�t�i�o�n� �@�,� �i�.�e�.�,� �e�q�u�a�t�i�o�n�s� �(�(�3�.�2�4�)�,� �(�3�.�2�9�)�)� �a�n�d� �(�3�.�3�0�)�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�i�s� �t�e�n�t�h�-�o�r�d�e�r� �s�y�s�t�e�m� �o�f� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �(�P�D�E ��s�)� �g�o�v�e�r�n�s� �t�h�e� 

�l�a�r�g�e� �m�o�t�i�o�n�s� �o�f� �a� �s�h�e�a�r� �d�e�f�o�r�m�a�b�l�e� �c�o�m�p�o�s�i�t�e� �p�a�n�e�l� �m�a�d�e� �u�p� �o�f� �t�r�a�n�s�v�e�r�s�e�l�y� �i�s�o�t�r�o�p�i�c� 

�l�a�m�i�n�a�e�,� �s�u�b�j�e�c�t�e�d� �t�o� �c�o�n�s�t�a�n�t� �i�n�-�p�l�a�n�e� �e�d�g�e� �l�o�a�d�s� �a�n�d� �a� �t�r�a�n�s�v�e�r�s�e� �l�o�a�d�.� �I�t�s� �F�S�D�T� �a�n�d� 

�C�P�T� �c�o�u�n�t�e�r�p�a�r�t�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �p�r�o�c�e�d�u�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �T�h�e� 

�C�P�T� �r�e�l�a�t�e�d� �e�q�u�a�t�i�o�n�s� �d�e�r�i�v�e�d� �i�n� �t�h�i�s� �w�a�y� �c�o�i�n�c�i�d�e� �w�i�t�h� �v�o�n� �K�a�r�m�a�n ��s� �r�e�s�u�l�t�s�.� �W�e� �n�o�t�e� 

�t�h�a�t� �e�q�u�a�t�i�o�n� �(�3�.�3�0�)� �d�e�f�i�n�e�s� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �e�f�f�e�c�t� �o�n� �t�h�e� �o�v�e�r�a�l�l� �s�o�l�u�t�i�o�n�,� �t�h�i�s� �e�f�f�e�c�t� 

�d�i�m�i�n�i�s�h�i�n�g� �a�w�a�y� �f�r�o�m� �t�h�e� �e�d�g�e�s� �o�f� �t�h�e� �p�a�n�e�l� �(�e�.�g�.�,� �L�i�b�r�e�s�c�u� �a�n�d� �S�t�e�i�n� �[�8�1�]�)�.� 

�3�.�2�.� �B�o�u�n�d�a�r�y� �C�o�n�d�i�t�i�o�n�s� 

�F�o�r� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �p�a�n�e�l�,� �t�h�e� �f�i�v�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �t�e�n�t�h�-� 

�o�r�d�e�r� �g�o�v�e�r�n�i�n�g� �s�y�s�t�e�m�,� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �(�3�.�2�2�)� �a�n�d� �(�3�.�2�4�)�,� �a�r�e�:� 

�C�a�s�e� �A� �:� �E�d�g�e�s� �z�,� �=� �0�,�1�,� �f�r�e�e�l�y� �m�o�v�a�b�l�e� �i�n� �t�h�e� �i�n�-�p�l�a�n�e� �d�i�r�e�c�t�i�o�n� �n�o�r�m�a�l� �t�o� �t�h�e� �e�d�g�e�,� �a�n�d� 

�s�u�b�j�e�c�t�e�d� �t�o� �b�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s� �L�a�:� 

� � 

�u�g� �=� �v�p� �=� �M�a�a� �=� �L�a�p� �=�9�0� �,� �L�a�w� �=�  ��L�,� �w�h�e�r�e�,� �+� �(�3�.�3�1�)� 
�a� 

�C�a�s�e� �B� �:� �E�d�g�e�s� �z�a� �=� �0�,�1�,� �i�m�m�o�v�a�b�l�e� �i�n� �t�h�e� �i�n�-�p�l�a�n�e� �d�i�r�e�c�t�i�o�n� �n�o�r�m�a�l� �t�o� �t�h�e� �e�d�g�e�,� �a�n�d� 

�u�n�l�o�a�d�e�d�:� 

�u�s� �=� �0�6� �=� �M�a�a� �=� �L�a�p� �=�0� �,� �t�a�=�0� �w�h�e�r�e�,� �(�3�.�3�2�)� 
�a� 

� � 

�I�n� �e�q�u�a�t�i�o�n�s� �(�3�.�3�1�)� �a�n�d� �(�3�.�3�2�)�,� �a�n�d� �h�e�n�c�e�f�o�r�t�h� �w�h�e�r�e� �a�p�p�l�i�c�a�b�l�e�,� �t�h�e� �s�y�m�b�o�l� �x� �m�e�a�n�s� �t�h�a�t� 

�s�u�m�m�a�t�i�o�n� �o�v�e�r� �t�h�e� �i�n�d�e�x� �a� �i�s� �n�o�t� �i�m�p�l�i�e�d�,� �a�n�d� �t�h�e� �i�n�d�e�x� �(� �i�s� �c�h�o�s�e�n� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �a�.� 

�3�3



�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�M�o�r�e�o�v�e�r�,� �t�h�e� �u�n�d�e�r�l�i�n�e�d� �t�e�r�m�s� �a�r�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�C�o�n�s�i�d�e�r�i�n�g� �e�q�u�a�t�i�o�n�s� �(�3�.�1�4�)�2� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �(�3�.�1�8�)�,� �(�A�.�1�)� �a�n�d� �(�A�.�5�)�,� �w�e� �o�b�t�a�i�n� 

�t�h�e� �r�e�s�u�l�t�,� 

�M�a�p� �=� �B�s�(�¥�a�a� �t�+� �Y�e�a�)� �+� �[�S�a�p�{�B�2�  �� �B�s�}�  �� �6�4�0�6�4� �B�s�]� �P�o� 
�+�4�B�7�u�3� �a�p� �+� �[�2�6�.�6�B�s� �_� �§�.�,�5�4� �B�s� �|�U�s� �w�w� �+� �§�.�8�9�4�5�B� �B�e�t�z� �(�3�.�3�3�)� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �B�z� �a�n�d� �B�g� �a�r�e� �d�e�f�i�n�e�d� �b�y� �(�A�.�5�)� �i�n� �A�p�p�e�n�d�i�x� �A�.� �R�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �u�n�k�n�o�w�n�s� 

�u�z�,� �v�1� �a�n�d� �2� �a�s�,� 

�1� �>� �2�,� �A�m�n�(�t�)� �S�I�N� �Y�m�Z�1� �S�i�n� �B�y�z�2� 

�"�o�o� 
�v�4� �=� �>� �d�X� �B�m�n�(�t�)� �c�o�s� �Y�m�2�1� �S�i�n� �B�n�z�2� �(�3�.�3�4�)� 

�=�l�I�n�=�1� 

�m�T� �o�o� 

�2� �=� �S� �>� �C�r�m�n�(�t�)� �S�I�N� �Y�m�2�1� �c�o�s� �B�n�z�2� 

�3� �i� �=
� 

�a�
 �I� �a
� 

�w�h�e�r�e� �¥�m� �=� �"�7!"� �a�n�d� �§�,� �=� �5�,� �a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �(�3�.�3�3�)�,� �i�t� �i�s� �v�e�r�i�f�i�e�d� �t�h�a�t� �t�h�e� �o�u�t�-�o�f�-�p�l�a�n�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �(�3�.�3�1�)� �o�r� �(�3�.�3�2�)� �a�r�e� �s�a�t�i�s�f�i�e�d�.� �T�h�e� �i�n�-�p�l�a�n�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�r�e� 

�s�a�t�i�s�f�i�e�d� �i�n� �a�n� �i�n�t�e�g�r�a�l�-�a�v�e�r�a�g�e� �s�e�n�s�e� �(�s�e�e� �S�e�c�t�i�o�n� �3�.�3�)�.� 

�A�s� �r�e�g�a�r�d�s� �t�h�e� �t�e�n�t�h�-�o�r�d�e�r� �t�r�a�n�s�f�o�r�m�e�d� �g�o�v�e�r�n�i�n�g� �s�y�s�t�e�m�,� �i�.�e�.�,� �(�3�.�2�4�)�,� �(�3�.�2�9�)� �a�n�d� �(�3�.�3�0�)�,� 

�w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �p�o�t�e�n�t�i�a�l� �f�u�n�c�t�i�o�n� �@�,� �a�l�t�h�o�u�g�h� �u�n�c�o�u�p�l�e�d� �i�n� �t�h�e� �g�o�v�e�r�n�i�n�g� �e�q�u�a�t�i�o�n�s�,� 

�r�e�m�a�i�n�s� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �o�t�h�e�r� �t�w�o� �v�a�r�i�a�b�l�e�s�,� �u�z� �a�n�d� �C ��,� �v�i�a� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�H�o�w�e�v�e�r�,� �a�s� �n�o�t�e�d� �e�a�r�l�i�e�r�,� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�3�.�3�0�)� �r�e�p�r�e�s�e�n�t�s� �a� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �e�f�f�e�c�t� �w�h�i�c�h� 

�c�a�n� �b�e� �n�e�g�l�e�c�t�e�d� �w�h�e�n� �d�e�a�l�i�n�g� �w�i�t�h� �g�l�o�b�a�l� �p�r�o�b�l�e�m�s� �s�u�c�h� �a�s� �v�i�b�r�a�t�i�o�n� �a�n�d� �s�t�a�b�i�l�i�t�y� �(�e�.�g�.�,� 

�[�8�1�,� �8�2�,� �8�3�,� �8�4�]�)�.� �T�h�e�r�e�f�o�r�e�,� �i�n� �t�h�e� �f�o�r�t�h�c�o�m�i�n�g� �a�n�a�l�y�s�i�s� �w�e� �n�e�g�l�e�c�t� �t�h�e� �e�q�u�a�t�i�o�n� �(�3�.�3�0�)� �a�n�d� 

�c�o�n�s�i�d�e�r� �o�n�l�y� �t�h�e� �e�i�g�h�t�h�-�o�r�d�e�r� �t�r�a�n�s�f�o�r�m�e�d� �g�o�v�e�r�n�i�n�g� �s�y�s�t�e�m� �(�3�.�2�4�)� �a�n�d� �(�3�.�2�9�)�.� 
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�3�.�3�.� �D�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �P�a�n�e�l� �F�l�u�t�t�e�r� �E�q�u�a�t�i�o�n�s� 

�I�n�t�r�o�d�u�c�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �v�i�s�c�o�u�s� �s�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g�,� �i�.�e�.�,� �c�,� �a�n�d� �i�n�i�t�i�a�l� �g�e�o�m�e�t�r�i�c� �i�m�p�e�r�-� 

�f�e�c�t�i�o�n�s� �i�n�t�o� �e�q�u�a�t�i�o�n�s� �(�3�.�2�4�)� �a�n�d� �(�3�.�2�9�)�,� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �c�o�n�t�r�i�b�u�t�i�o�n� �o�f� �r�o�t�a�r�y� �i�n�e�r�t�i�a�,� �a�n�d� 

�b�a�s�e�d� �o�n� �d�i�s�c�u�s�s�i�o�n�s� �i�n� �S�e�c�t�i�o�n�s� �{�3�.�1�.�5�}� �a�n�d� �{�3�.�2�}�,� �t�h�e� �r�e�l�e�v�a�n�t� �e�q�u�a�t�i�o�n�s� �d�e�s�c�r�i�b�i�n�g� �f�l�u�t�t�e�r� 

�o�f� �a�n� �i�m�p�e�r�f�e�c�t� �p�a�n�e�l� �s�u�b�j�e�c�t�e�d� �t�o� �a� �h�i�g�h�-�s�u�p�e�r�s�o�n�i�c� �c�o�p�l�a�n�a�r� �a�i�r�f�l�o�w� �a�r�e�,� 

�D�3� �w�w�a�a�  ��  ¬�C�a�w ¬�B�p� �C�w�o�l�t�s�,�a�8� �+� �t�t�3�,�0�p�}� �~� �S�(�C�w�e�l�t�s�,�a�g� �+� �t�i�s�,�a�6�}�)� �w�e� �|� 

 ��(�p�s� �~� �S�D�3�,�a�c�)� �+� !"�o� �i�t�s� �+� �c�U�g� �~�~� �T� �(�t�i�3�,�a�a� �+� �c�i�l�s�,�a�0�)�|� �=� �0� 

�(�3�.�3�5�)� 
�-� �~� �1� �a� �a� 

�(�6� �+� �C�)�C� �w�w�a�n� �+� �5� �(�U�3� �o�w�t�t�3� �w�m� �+� �2�U�3� �w�w� �3� �w�x�  �� �U�3� �w�r� �U�3�,�u�e�  �� �2�3�,� �w�x�t�t�3� �w�e�)� 

�+�2�6�4�5� �7� �d�(�U�3� �x�w�w�t�t�s�,�x� �+� �U�3� �x�w�w� �U�3�4� �+� �U�3� �x�w�w�3�,�x� �+� �U�3� �z�w� �U�3� �a�w� �+� �2�u�s� �x�w�t�l�3�,�x�w� �)� �=� �0� 

�H�e�r�e�,� �t�3� �r�e�p�r�e�s�e�n�t�s� �a�n� �i�n�i�t�i�a�l�l�y� �u�n�s�t�r�e�s�s�e�d�,� �g�e�o�m�e�t�r�i�c�a�l�l�y� �i�m�p�e�r�f�e�c�t� �s�t�a�t�e� �o�f� �t�h�e� �p�a�n�e�l�,� �w�h�i�c�h� 

�i�s� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �f�l�a�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �I�t�s� �m�a�g�n�i�t�u�d�e� �i�s� �s�m�a�l�l� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �m�o�t�i�o�n� �o�f� 

�t�h�e� �p�a�n�e�l�,� �i�.�e�.�,� �u�3�,� �w�h�i�c�h� �i�s� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �i�m�p�e�r�f�e�c�t� �s�t�a�t�e�.� �T�h�e�r�e�f�o�r�e�,� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� 

�t�h�e� �s�m�a�l�l� �i�m�p�e�r�f�e�c�t�i�o�n� �a�s�s�u�m�p�t�i�o�n�,� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�e�r�i�v�a�t�i�o�n�s� �w�e� �d�i�s�c�a�r�d� �q�u�a�d�r�a�t�i�c� �a�n�d� 

�h�i�g�h�e�r�-�o�r�d�e�r� �t�e�r�m�s� �i�n� �t�j�.� �F�o�r� �a� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �p�a�n�e�l�,� �w�e� �c�a�n� �e�x�p�r�e�s�s� �%�t�3� �a�s�,� 

�o�o� �c�o� �n� 

�t�z� �=� �>� �S� �A�m�n� �S�i�N� �Y�m�2�1� �S�i�N� �B�n�Z�2� �(�3�.�3�6�)� 
�m�=�1�n�=�1� 

�T�h�e� �t�r�a�n�s�v�e�r�s�e� �l�o�a�d� �d�u�e� �t�o� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �i�s� �g�i�v�e�n� �b�y� �t�h�e� �q�u�a�s�i�-�s�t�e�a�d�y�,� �t�h�i�r�d�-�o�r�d�e�r� 

�p�i�s�t�o�n� �t�h�e�o�r�y� �(�A�s�h�l�e�y� �a�n�d� �Z�a�r�t�a�r�i�a�n� �[�8�5�]�)�.� �T�h�i�s� �t�h�e�o�r�y� �g�i�v�e�s� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �l�o�a�d� �o�n� �a� 

�p�a�n�e�l� �b�y� �r�e�l�a�t�i�n�g� �t�h�e� �l�o�c�a�l� �p�r�e�s�s�u�r�e� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �p�a�n�e�l� �m�o�t�i�o�n� �t�o� �t�h�e� �l�o�c�a�l� �n�o�r�m�a�l� 

�c�o�m�p�o�n�e�n�t� �o�f� �f�l�u�i�d� �v�e�l�o�c�i�t�y�.� �I�n� �g�e�n�e�r�a�l�,� �p�i�s�t�o�n� �t�h�e�o�r�y� �m�a�y� �b�e� �e�m�p�l�o�y�e�d� �f�o�r� �l�a�r�g�e� �s�u�p�e�r�s�o�n�i�c� 

�M�a�c�h� �n�u�m�b�e�r�s�,� �w�h�e�n�e�v�e�r� �t�h�e� �f�l�o�w� �a�n�g�l�e� �o�f� �a�t�t�a�c�k� �i�s� �n�o�t� �t�o�o� �l�a�r�g�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �f�o�r� �h�i�g�h�-� 

�s�u�p�e�r�s�o�n�i�c� �f�l�o�w�s� �t�h�e� �e�f�f�e�c�t�s� �o�f� �v�i�s�c�o�u�s� �f�o�r�c�e�s� �c�a�n� �b�e� �n�e�g�l�e�c�t�e�d�.� �T�h�u�s�,� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �l�o�a�d�,� 
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�p�3�,� �i�s� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �o�p�e�r�a�t�o�r�,� �i�.�e�.�,� �A�[�.�]� �a�s�,� 

�p�s� �=� �A�l�u�g�+� �t�s�]� 

�(�3�.�3�7�)� 
�A�t� �=� �~�x�p�e�y�}� �2� �[�2�d� �+� �c�o�r� �A�E� �+� �H�e� �s�i�n� �a� �S�E� 

�+�X�o�*�5� �p�M�?� �|�c�o�s�?� �A�(� �5� �a�1�) �� �+�s�i�n� �2�h� �o�e� �s�i� �2�?� �a�(�2�) ��)� 

�e�e� �é� �M�3� �c�o�s�!� �A�(� �a�t�l�)�"� �+� �c�o�s�"� �A�s�i�n� �(�5�)� �B�e�,� 
�+�3�.�c�o�s� �A�s�i�n �� �a�s�t� �(�g�l�y� �+� �s�i�n�?� �a�(�S�)� �|�|� 

�I�n� �e�q�u�a�t�i�o�n� �(�3�.�3�7�)�,� �x� �i�s� �t�h�e� �p�o�l�y�t�r�o�p�i�c� �g�a�s� �c�o�e�f�f�i�c�i�e�n�t�,� �p�.�,� �t�h�e� �p�r�e�s�s�u�r�e� �o�f� �t�h�e� �u�n�d�i�s�t�u�r�b�e�d� 

�a�i�r�,� �C�.�.� �t�h�e� �s�p�e�e�d� �o�f� �s�o�u�n�d� �t�h�r�o�u�g�h� �a�i�r� �a�t� �a�t�m�o�s�p�h�e�r�i�c� �p�r�e�s�s�u�r�e�,� �U�,�,� �t�h�e� �f�l�o�w� �s�p�e�e�d�,� �A� �t�h�e� 

�i�n�-�p�l�a�n�e� �f�l�o�w� �o�r�i�e�n�t�a�t�i�o�n� �(�s�e�e� �F�i�g�.� �3�.�2�)�,� �M�(�=� �Y�o�n�.�)� �t�h�e� �f�l�i�g�h�t� �M�a�c�h� �n�u�m�b�e�r�.� �H�e�r�e� �§�;�,� �§� �f� �a�r�e� 

�t�h�e� �t�r�a�c�e�r�s� �i�d�e�n�t�i�f�y�i�n�g� �w�h�e�t�h�e�r� �f�l�o�w� �o�c�c�u�r�s� �p�a�s�t� �b�o�t�h� �u�p�p�e�r� �a�n�d� �l�o�w�e�r� �f�a�c�e�s� �(�6� �=� �0�,� �§� �f� �=� �2�)�,� 

�o�r� �w�h�e�t�h�e�r� �i�t� �o�c�c�u�r�s� �p�a�s�t� �t�h�e� �u�p�p�e�r� �f�a�c�e� �o�n�l�y� �(�5�7� �=� �§� �f� �=� �1�)�.� 

�D�e�r�i�v�a�t�i�o�n� �o�f� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n�,� �C� 
� � 

�B�a�s�e�d� �o�n� �(�3�.�3�5�)�2�,� �w�e� �c�a�n� �w�r�i�t�e� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �C� �a�s�,� 

�h�o�m�o�g�e�n�e�o�u�s� �s�o�l�n�.� 
�r�n�,� 
�1�.�-� �~� 

�C�[�z�.�,� �t�]� �=� �C�;�[�z�q�,� �t�]� �+� �5� �(�l�i�t� �+� �L�2�2�?�)� �(�3�.�3�8�)� 

�p�a�r�t�i�c�u�l�a�r� �s�o�l�n�.� 

�W�e� �n�o�w� �s�a�t�i�s�f�y� �t�h�e� �i�n�-�p�l�a�n�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �a�n� �i�n�t�e�g�r�a�l�-�a�v�e�r�a�g�e� �s�e�n�s�e� �b�y� �i�m�p�o�s�i�n�g� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �c�o�n�d�i�t�i�o�n�s� �o�n� �C�\�:� 

� � � � �z�2�= ��V�,�t�2� 

�(�3�.�3�9�)� 

� � � � 
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�C�o�n�s�i�d�e�r�i�n�g� �(�3�.�3�8�)� �a�l�o�n�g� �w�i�t�h� �(�3�.�3�9�)� �s�h�o�w�s� �t�h�a�t� �£�,�,� �L�z� �a�c�q�u�i�r�e� �t�h�e� �m�e�a�n�i�n�g� �o�f� �a�v�e�r�a�g�e� 

�i�n�-�p�l�a�n�e� �e�d�g�e� �l�o�a�d�s� �(�c�o�n�s�i�d�e�r�e�d� �p�o�s�i�t�i�v�e� �i�n� �t�e�n�s�i�o�n�)�.� �T�h�e�s�e� �a�r�e� �g�i�v�e�n� �a�s�,� 

�~� �1� �l�y� �~� �1� �l�y� 

�[�y�=� �a� �C�2�2� �d�z�.� �,�~� �t�z� � �f� �C�1�1� 
�l�o� �J�o� �h�h� 

�I�n�t�r�o�d�u�c�i�n�g� �(�3�.� �4�)� �(�3�.�3�6�)� �a�n�d� �(�3�.�3�8�)� �i�n�t�o� �(�3�.�3�5�)�2�,� �C�;� �m�a�y� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�,� 

�=�i� �¢� �S�D�S� �(�5�0�2� �c�o�s�l� �(�7�m�  �� �7�6�)�2�1�]� �c�0�8�[�(�B�n�  �� �B�5�)�2�0�]� �+� 
�m�=�1� �n�=�1� �i�=�1� �j�=�1� 

�d�z�,� �(�3�.�4�0�)� 
�2�2�= ��0�,�l�9� � � � � �2�1�-�0�,� 

�A�C�?�)� �(�2�)� �-� �c�o�s�[�(�Y�m�  �� �7�4�)�#�1�]� �C�0�8�|�(�B�n� �+� �B�;�)�2�2�]� �+� 
�A�e�)� �c�e�)�.� �c�o�s�|�(�Y�m� �+� �7�i�)�2�1�]� �c�o�s�|�(�B�n�  �� �B�;�)�z�2�]� �+� 

�A�A�)� �(�0�)�;� �0�8�[�(�4�m� �+� �7�:�)�2�1�]� �c�o�s�[�(�B�n� �+� �B�;�)�z�2�]� �}� �x� 
�(�d�m�n�d�i�j� �+� �O�m�n�d�i�;� �+� �d�m�n� �d�i�s�)� �(�3�.�4�1�)� 

�H�e�r�e�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�e�,� �K�O�)�,� �e�t�c�.� �a�r�e� �d�e�f�i�n�e�d� �b�y� �(�B�.�1�)� �i�n� �A�p�p�e�n�d�i�x� �B�;� �t�h�e� �n�o�n�-� 

�d�i�m�e�n�s�i�o�n�a�l� �q�u�a�n�t�i�t�i�e�s�,� �i�.�e�.�,� �m�o�d�a�l�-� �a�n�d� �i�m�p�e�r�f�e�c�t�i�o�n�-� �a�m�p�l�i�t�u�d�e�s�,� �a�j�,� �a�n�d� �G�m�n�,� �a�n�d� �p�a�n�e�l� 

�a�s�p�e�c�t� �r�a�t�i�o� �¢� �a�r�e� �d�e�f�i�n�e�d� �i�n� �(�B�.�2�)�.� �I�t� �c�a�n� �b�e� �s�e�e�n� �b�y� �i�n�s�p�e�c�t�i�o�n� �t�h�a�t� �C�,� �a�s� �g�i�v�e�n� �b�y� �(�3�.�4�1�)� 

�f�u�l�f�i�l�l�s� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �(�3�.�3�9�)�.� 

�I�n� �o�r�d�e�r� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �a�v�e�r�a�g�e� �i�n�-�p�l�a�n�e� �e�d�g�e� �l�o�a�d�s� �1�,� �a�n�d� �I�,� �w�e� �d�e�f�i�n�e� �t�h�e� �a�v�e�r�a�g�e� 

�i�n�-�p�l�a�n�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �b�e�t�w�e�e�n� �t�h�e� �e�d�g�e�s� �a�s�,� 

�I�;� �T�y� �h� �L�.� �_� �_�h�h� �_� �d�e�o� �=� �2� �(�3�.�4�2� �A�i� �-�r�z� �f� �f� �m�r�d�a�y�d�z�,�=� �-� �|� �[� �U�2�,�a�d�e�i�d�z�2�=� �7�"� �(�3�.�4�2�)� 
�D�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �l�e�v�e�l� �o�f� �i�n�-�p�l�a�n�e� �r�e�s�t�r�a�i�n�t� �a�t� �t�h�e� �e�d�g�e�s� �z�,�;� �=� �0�,� �1�,� �w�e� �t�a�k�e� �a�;� �=� �0� �o�r� 

�a�,�  �� �o�o� �a�c�c�o�r�d�i�n�g� �t�o� �w�h�e�t�h�e�r� �t�h�e� �e�d�g�e�s� �a�r�e� �m�o�v�a�b�l�e� �o�r� �i�m�m�o�v�a�b�l�e�.� �F�o�r� �p�a�r�t�i�a�l�l�y� �r�e�s�t�r�a�i�n�e�d� 

�e�d�g�e�s� �a�,� �t�a�k�e�s� �o�n� �i�n�t�e�r�m�e�d�i�a�t�e� �v�a�l�u�e�s� �w�h�i�c�h� �m�a�y� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�s�.� �S�i�m�i�l�a�r� 

�s�t�a�t�e�m�e�n�t�s� �c�a�n� �b�e� �m�a�d�e� �r�e�g�a�r�d�i�n�g� �t�h�e� �e�d�g�e� �c�o�n�d�i�t�i�o�n�s� �a�t� �z�2� �=� �0�,� �l�z� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �a�g�.� 

�T�h�e� �c�o�u�n�t�e�r�p�a�r�t�s� �o�f� �(�3�.�7�)�;� �a�n�d� �(�3�.�2�0�)� �f�o�r� �a�n� �i�m�p�e�r�f�e�c�t� �p�a�n�e�l� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� 

�t�h�e� �r�e�p�l�a�c�e�m�e�n�t� �u�z�  �� �u�3� �+� �%�3� �a�n�d� �t�h�e� �s�m�a�l�l� �i�m�p�e�r�f�e�c�t�i�o�n�s� �a�s�s�u�m�p�t�i�o�n�.� �T�h�e�s�e� �a�r�e� �t�h�e�n� �u�s�e�d� 

�a�l�o�n�g� �w�i�t�h� �(�3�.�2�1�)� �a�n�d� �(�3�.�4�2�)� �t�o� �o�b�t�a�i�n� �t�h�e� �r�e�s�u�l�t�,� 
�L� �h�y� �"� �o�e�-� �a�t�l� �[�(�5�+�.�2�)�C� �2�2�+�  ¬�C�a�1� �+� �(�5�4�d�  �� �0�.�5�)�(�u�s�,�1� �+� �2�u�3�,�a�4�%�s�,�1�)� 

�6�4�d�(�u�s�,�2�+�2�u�s�,�2�%�%�3�,�2�)�|� �d�z�,�d�z�r�2�  �� �=�2� �(�3�.�4�3�)� 
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�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�H�e�r�e� �a�n�d� �h�e�n�c�e�f�o�r�t�h�,� �u�s�a�g�e� �o�f� �t�h�e� �s�y�m�b�o�l� �=� �m�e�a�n�s� �t�h�a�t� �b�y� �i�n�t�e�r�c�h�a�n�g�i�n�g� �t�h�e� �a�c�c�o�m�p�a�n�y�i�n�g� 

�i�n�d�i�c�e�s� �t�h�e� �s�e�c�o�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�q�u�a�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d�.� �U�s�i�n�g� �(�3�.�3�4�)�1�,� �(�3�.�3�6�)�,� �(�3�.�3�8�)� �a�n�d� 

�(�3�.�4�1�)�,� �a�n�d� �a�d�d�i�n�g� �p�o�s�s�i�b�l�e� �a�p�p�l�i�e�d� �e�d�g�e�-�l�o�a�d�s� �(�s�e�e� �F�i�g�.� �3�.�2�)�,� �i�e�.�,� �L�j�*� �a�n�d� �L�3�*�,� �w�e� �o�b�t�a�i�n�,� 

� � 

�~� �o�e� �.� �L�s�*� 

 �� �=�  �� �(�b�+� �@�)�L�;�  �� �L�o� �+� �b�m�n� 
�a�y� �a�1� 

�T�a�)� �>�»� �X�t� �6�,�d ��0�.�5�)�m�?�+�4�7�6�,�d�n�*� �(�4�2�,� �+�2�A�m�n�A�m�n�)� 

 ��=� �(�1�=�2� �,� �m�a�n� �,� �$ ��-�¢�7�'�)� �(�3�.�4�4�)� 

�T�h�e� �t�r�a�c�e�r� �5�)�,� �a�s�s�u�m�e�s� �t�h�e� �v�a�l�u�e�s� �1� �o�r� �0� �a�c�c�o�r�d�i�n�g� �t�o� �w�h�e�t�h�e�r� �t�h�e� �e�d�g�e�s� �z�;� �=� �0�,� �I�,� �a�r�e� 

�m�o�v�a�b�l�e� �o�r� �i�m�m�o�v�a�b�l�e�/�p�a�r�t�i�a�l�l�y� �r�e�s�t�r�a�i�n�e�d�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �S�i�m�i�l�a�r� �s�t�a�t�e�m�e�n�t�s� �c�a�n� �b�e� �m�a�d�e� 

�r�e�g�a�r�d�i�n�g� �t�h�e� �e�d�g�e� �c�o�n�d�i�t�i�o�n�s� �a�t� �2�2� �=� �0�,� �l�z� �a�n�d� �t�h�e� �t�r�a�c�e�r� �S�y�.� �S�o�l�v�i�n�g� �(�3�.�4�4�)� �f�o�r� �L�,� �a�n�d� 

� � 

� � � � � � � � � � � � 

� � 

� � 

�L�z� �r�e�s�u�l�t�s� �i�n�,� 

�.� �2�,�2�2� �i�,� �-� �_� �n�h� �a� �,� 

�a�b� �+�)� �f� �-� �_�{�s�e�)�  ��a� 

�B�=� �(�6�4�d ��0�.�5�)�n�?�}� �(�0�2�,�,�,� �+� �2�4�m�n�d�m�n�)� 
 ¬� �m�a�l� �n�=�1� 

�_� �=� �=�e� �l�o�s�d�-�o�n�y�m�a�a�e�d�e�)� �(�a�2�,� �,� �+� �2�¢�m�n�d�m�n�)� 
�m�=�1�i�n�=�1� 

�4�-�.�.� �1 ��-� �a�d� �*� �¢� �~� �*� 
�+�7� �(�6� �+� �é�)�D�(� �6�m�i� �L�j�  �� �w�a�r�i� �-� �&�2�]�5�m�2�L�3�)� 

�(�3�.�4�5�)� 
�.� �2�,�2� �-�~� 
�i�,� �_� �-� �x�h� �a�2� �5� �C�c� 

�4�l�2�(�6� �+� �@�)�[�1�  �� �(�,�2�5�)� �a�r�d�s�]� 
�C� �=� �B�o� �(�Q�1 ��G�2� �,� �m�n� �,� �§�m�i� �L�3�=�6�m�2�L�3�)� 

�w�h�e�r�e�,� 

�.� �_� �(�b�+� �8�a�,� �.� �_� �(�b�+�é�)�a�z� 
�Q�a�,� �=�>�  �� �F�F� �O ��r �� �O�D�»� �S�8�8�2� �=� 

�1�4�+� �(�b�+� �é�)�a�;� �1�+� �(�b�+� �é�)�a�z�g� 

�a�n�d� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �a�p�p�l�i�e�d� �e�d�g�e� �l�o�a�d�s� �L�j� �a�n�d� �L�3� �a�r�e� �d�e�f�i�n�e�d� �b�y� �(�B�.�2�)� �i�n� �A�p�p�e�n�d�i�x� �B�.� 

�I�t� �i�s� �e�a�s�i�l�y� �v�e�r�i�f�i�a�b�l�e� �t�h�a�t� �a�1� �=� �0�,� �d�i� �=� �1� �a�n�d� �0� �<� �d�G� �<� �1� �i�m�p�l�y� �t�h�a�t� �t�h�e� �e�d�g�e�s� �2�1� �=� �0�,� 
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�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�a�r�e� �m�o�v�a�b�l�e�,� �i�m�m�o�v�a�b�l�e� �a�n�d� �p�a�r�t�i�a�l�l�y� �r�e�s�t�r�a�i�n�e�d�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �S�i�m�i�l�a�r� �s�t�a�t�e�m�e�n�t�s� �c�a�n� �b�e� 

�m�a�d�e� �r�e�g�a�r�d�i�n�g� �t�h�e� �e�d�g�e� �c�o�n�d�i�t�i�o�n�s� �a�t� �z�z� �=� �0�,� �I�,� �a�n�d� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �a�2�.� 

�S�p�a�t�i�a�l� �D�i�s�c�r�e�t�i�z�a�t�i�o�n� �U�s�i�n�g� �G�a�l�e�r�k�i�n ��s� �M�e�t�h�o�d� 
� � 

�T�h�e� �a�e�r�o�d�y�n�a�m�i�c� �l�o�a�d� �g�i�v�e�n� �b�y� �(�3�.�3�7�)� �a�n�d� �t�h�e� �s�t�r�e�s�s� �f�u�n�c�t�i�o�n� �g�i�v�e�n� �b�y� �(�3�.�3�8�)�,� �(�3�.�4�1�)�,� 

�(�3�.�4�5�)� �a�r�e� �i�n�t�r�o�d�u�c�e�d� �i�n�t�o� �e�q�u�a�t�i�o�n� �(�3�.�3�5�)�;� �w�h�i�c�h� �d�e�s�c�r�i�b�e�s� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �m�o�t�i�o�n� �o�f� �t�h�e� 

�p�a�n�e�l�.� �T�h�e� �a�s�s�u�m�e�d� �m�o�d�a�l� �e�x�p�a�n�s�i�o�n�s� �(�3�.�3�4�)�,� �(�3�.�3�6�)� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �e�q�u�a�t�i�o�n�s� �(�s�e�e� �(�B�.�2�)� �f�o�r� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �p�a�r�a�m�e�t�e�r�s�)� 

�a�n�d� �t�h�e� �r�e�s�i�d�u�a�l� �t�h�u�s� �o�b�t�a�i�n�e�d� �i�s� �m�i�n�i�m�i�z�e�d� �b�y� �u�s�i�n�g� �s�i�n�r�z ¬�,� �s�i�n�s�w�f�2� �a�s� �t�h�e� �w�e�i�g�h�t�i�n�g� 

�f�u�n�c�t�i�o�n� �a�n�d� �i�n�t�e�g�r�a�t�i�n�g� �o�v�e�r� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �p�a�n�e�l�.� �E�x�t�e�n�d�i�n�g� �t�h�e� �p�r�o�c�e�d�u�r�e� �c�o�n�s�i�d�e�r�e�d� �b�y� 

�F�r�i�e�d�m�a�n�n� �a�n�d� �H�a�n�i�n� �[�3�2�]�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �G�a�l�e�r�k�i�n� �e�q�u�a�t�i�o�n�s� �d�e�r�i�v�e�d� �f�o�r� �a�n� 

�a�r�b�i�t�r�a�r�y� �n�u�m�b�e�r� �o�f� �s�p�a�n�w�i�s�e� �a�n�d� �c�h�o�r�d�w�i�s�e� �m�o�d�e�s� �a�r�e�,� 

�d�r�,� �+� �l�e�s� �+� �E�A�G�r�s�|�G�r�s� �+� �R�r�s�Q�r�s� �_� �[�P�r�.�6�m�i� �L�y� �+� �O�r�s�5�M�2�L�3�]�(�G�r�s� �+� �G�e�s�)� �_� 

�k� �l� 

�»� �>� �[�Z�-�e�m�n� �+� �V�e�e�n�]� �(�O�r� �s�O�a�n� �+� �a� �+� �2�4�+�s�2�m�n�4�m�n�)� �_� 

�m�=�1�n�=�1� 

�k� �t�l� �k� �i� �k� �f�t� 

�S�3�5� �Y�S� �D�S� �D�D�S� �D�r�a�p�g�m�n�i�z�(�@�p�q�d�m�n� �d�i�j� �+� �G�p�g�d�m�n� �d�i�z� �+� �A�p�g�d�m�n� �d�i�z� �+� �d�p�q�2�m�n�d�i�z�)� �+� 
�p�=�1� �q�=�1� �m�=�1� �n�=�1� �t�=�1� �j�=�1� 

�k� �I� 

�5�;� �|� �c�o�s� �A� �S� �>� �U�r�e�p�(� �a�p�s� �+� �G�p�.�)� �+� �s�i�n�A� �>� �W�r�a�q�(�@�e�q� �+� �a�r�g�)�|� �+� 
�p�=�1� �q�g�=�1� 

�.� �k� �l�L� �e�k� �t�l� 

�5�5�d �� �>� �>� �»� �>� �E�+� �e�m�n�i�j�(�@�m�n�4�i�j� �+� �O�m�n�a�i�z� �+� �A�m�n�4�;�;�)� �+� 
�m�=�1�n�=�1� �t�=�1� �j�=�1� 

�k� �i� �k� �I� 

�i�v�e� �E�Y� 
�p�=�1�q�=�1� �m�=�1�n�=�-�1�:� 

�F� � �s�p�q�m�n�i�j�(� �@�p�q�4�m�n�4�i�j� �+� �@�p�q�4�m�n�4�i�j� �+� �A�p�g�4�m�n� �G�i�;� �+� �p�g� �2�m�n� �G�;�;�)� 

�k� 

�=� �1� 

�l� 

�1�j�=� 

�=�0� 

�r�=�1 ��k� �,� �s�=�1 ��l� �(�3�.�4�6�)�  �� 
�r�,�s� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �D�e� �a�s�p�g�m�n�i�j�;� �E�v�a�m�n�i�j�;� �F� �r�s�p�q�m�n�i�j�;� �G�r�e�;� �R�e�e�,� �P�r�a�s� �O�r�s�;� �U�r�s�p�,� �W�e�e� �Z�r�e�m�n�;� �a�n�d� 

�J�r�s�m�n� �a�r�e� �d�e�f�i�n�e�d� �i�n� �A�p�p�e�n�d�i�x� �B�.� �H�e�r�e� �A�,�  ¬�s�,� �a�n�d�  ¬�,�4� �a�r�e� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� �s�p�e�e�d�,� 

�3�9



�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�s�t�r�u�c�t�u�r�a�l�-� �a�n�d� �a�e�r�o�d�y�n�a�m�i�c�-� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�i�c�h� �a�r�e� �d�e�f�i�n�e�d� �i�n� �(�B�.�2�)�.� 

�T�h�e� �o�v�e�r�d�o�t�s� �d�e�n�o�t�e� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �n�o�n�-�d�i�m�e�n�s�o�n�a�l� �t�i�m�e�,� �7�,� �a�l�s�o� �d�e�f�i�n�e�d� 

�i�n� �(�B�.�2�)�.� �H�o�w�e�v�e�r�,� �f�o�r� �c�o�n�v�e�n�i�e�n�c�e� �i�n� �n�o�t�a�t�i�o�n�,� �h�e�n�c�e�f�o�r�t�h� �w�e� �c�o�n�t�i�n�u�e� �t�o� �u�s�e� �t�h�e� �s�y�m�b�o�l� �t� 

�i�n� �p�l�a�c�e� �o�f� �7� �w�i�t�h� �t�h�e� �u�n�d�e�r�s�t�a�n�d�i�n�g� �t�h�a�t� �f�r�o�m� �h�e�r�e� �o�n�w�a�r�d�s� �t� �d�e�n�o�t�e�s� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� 

�t�i�m�e�.� 

�E�q�u�a�t�i�o�n�s� �(�3�.�4�6�)� �r�e�p�r�e�s�e�n�t� �a� �s�y�s�t�e�m� �o�f� �o�r�d�i�n�a�r�y� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �(�O�D�E ��s�)� �d�e�s�c�r�i�b�i�n�g� 

�t�h�e� �m�o�t�i�o�n� �o�f� �a� �f�l�u�t�t�e�r�i�n�g�,� �c�o�m�p�o�s�i�t�e� �p�a�n�e�l� �c�o�m�p�o�s�e�d� �o�f� �t�r�a�n�s�v�e�r�s�e�l�y� �i�s�o�t�r�o�p�i�c� �l�a�m�i�n�a�e�.� �T�h�e�y� 

�i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �a�e�r�o�d�y�n�a�m�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s�,� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n�s�,� �a�p�p�l�i�e�d� 

�i�n�-�p�l�a�n�e� �e�d�g�e� �l�o�a�d�s� �a�n�d�/�o�r� �e�d�g�e� �r�e�s�t�r�a�i�n�t�s� �a�n�d� �i�n�i�t�i�a�l� �s�t�r�e�s�s�-�f�r�e�e� �i�m�p�e�r�f�e�c�t�i�o�n�s�.� �W�r�i�t�t�e�n� �i�n� 

�a� �c�o�m�p�a�c�t� �f�o�r�m�,� �t�h�e�y� �r�e�a�d� �a�s�,� 

�G�r�,� �+�  ¬�T� �O�y�,� �+� �0�?� �a�r�,� �+� �F�;� �[�a�;�;�;� �A�,� �?�,� �D�n� �G�u�y�]� �+� 

�F�[�a�;�j�a�p�q�3� �4�7�,� �A�®�,� �G�u�w�]� �+� �F�s�[�a�i�j�a�p�g�@�m�n�;� �A�*�]� �+� �F�o�[�A�,� �L�x�,� �G�u�y�]� �=� �0� 

�»�,� �r�=�1�l ��o�k� �,� �s�=�1 ��l�l� �(�3�.�4�7�)� 
�r�s� 

�I�n� �e�q�u�a�t�i�o�n� �(�3�.�4�7�)�,� �F�,�,� �F�2�,� �F�s� �a�r�e� �l�i�n�e�a�r�,� �q�u�a�d�r�a�t�i�c� �a�n�d� �c�u�b�i�c� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� 

�m�o�d�a�l� �a�m�p�l�i�t�u�d�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y� �;� �F�o� �i�s� �a� �c�o�n�s�t�a�n�t� �t�e�r�m� �a�r�i�s�i�n�g� �d�u�e� �t�o� �i�n�i�t�i�a�l� �i�m�p�e�r�f�e�c�t�i�o�n�s�;� 

�a�n�d� �e�y� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�o�t�a�l� �(� �a�e�r�o�d�y�n�a�m�i�c� �a�n�d� �s�t�r�u�c�t�u�r�a�l� �)� �d�a�m�p�i�n�g�.� �T�h�e� �d�e�t�a�i�l�e�d� �f�o�r�m� �o�f� 

�(�3�.�4�7�)� �w�a�s� �d�e�r�i�v�e�d� �u�s�i�n�g� �M�A�C�S�Y�M�A� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�w�o� �c�a�s�e�s� �o�f� �m�o�d�a�l� �t�r�u�n�c�a�t�i�o�n� �(�k� �x� �I� 

�w�h�e�r�e� �&� �=� �n�u�m�b�e�r� �o�f� �c�h�o�r�d�w�i�s�e� �m�o�d�e�s� �a�n�d� �/� �=� �n�u�m�b�e�r� �o�f� �s�p�a�n�w�i�s�e� �m�o�d�e�s�)�,� �i�.�e�.�,� �t�h�e� �(�2� �x� �2�)� 

�a�n�d� �(�4� �x� �1�)� �c�a�s�e�s�.� �I�n�t�r�o�d�u�c�i�n�g� �t�h�e� �s�t�a�t�e� �v�e�c�t�o�r� �w� �o�f� �d�i�m�e�n�s�i�o�n� �2�N� �(�N� �=� �k�l�)�,� �w�e� �c�a�n� �w�r�i�t�e� 

�e�q�u�a�t�i�o�n� �(�3�.�4�7�)� �a�s�,� 

�w� �=� �f�[�w�;� �A�,� �Z�L�]� �(�3�.�4�8�)� 

�T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �w� �a�r�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�m�p�l�i�t�u�d�e�s� �a�n�d� �t�h�e�i�r� �t�i�m�e� �d�e�r�i�v�a�t�i�v�e�.� �F�o�r� �t�h�e� 

�t�w�o� �c�a�s�e�s� �o�f� �m�o�d�a�l� �t�r�u�n�c�a�t�i�o�n� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�i�n� �w�e� �h�a�v�e�,� 

�(�4�x� �1�)�c�a�s�e� �:� �w�=� �{�a�y�1�,� �G�2�1�,� �4�3�1�,� �G�4�1�,� �4�1�1�,� �G�2�1�,� �G�3�1�,� �4�x�}�?� 

�(�3�.�4�9�)� 
�.� �_� �.� �.� �.� �.� �T� 

�(�2� �x� �2�)� �c�a�s�e�:� �w�=� �{�a�y�1� �»� �4�1�2�,� �2�2�1� �,� �2�2�2�,� �@�1�1�,� �4�1�2�,� �4�2�1�,� �G�2�2�}� 
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�C�H�A�P�T�E�R� �3�.� �P�R�O�B�L�E�M� �F�O�R�M�U�L�A�T�I�O�N� 

�T�h�e� �2�N�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r� �f� �i�s� �a� �n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �w�.� �A� �a�n�d� �L�j� �a�r�e� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�-� 

�e�t�e�r�s� �o�f� �t�h�e� �s�y�s�t�e�m�.� 

�4�X�s� 
� � 

�L�a�y�e�r�!� �+� �(�1�)� 

�(�2�)� 

�(�3�)� �R�g�y�e�h�/�2� 

�(�m�)� �R�e�s�s�)� 
�4� �4� 

�(�m�+�)� �f�f� �|� �f�h�m�e�n� �>� �r�i�m�e�n�)� �t�h�i�n�e�?� 
�(�m�+�2�)� �-�N�i�m�e�e�)� 

� � � � 
� � 

� � � � � � � � 

� � � � � � 
� � 

� � 
� � 

 ��h�i�a�m�e�t�)� 
� � 
�,� 
�|� �(�2�m�)� 

�L�a�y�e�r� �2�m�+�|� �-�+�(�2�m�+�l�)� 
� � � � � � � � � � 
� � 

�F�i�g�u�r�e� �3�.�1�:� �C�r�o�s�s�-�s�e�c�t�i�o�n� �o�f� �a� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�.� 

� � 

� � 
� � 

� � 
�F�i�g�u�r�e� �3�.�2�:� �P�a�n�e�l� �w�i�t�h� �a�i�r� �f�l�o�w� �a�n�d� �c�o�m�p�r�e�s�s�i�v�e� �e�d�g�e� �l�o�a�d�s�.� 
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�C�h�a�p�t�e�r� �4� 

�S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�A�s� �a� �f�i�r�s�t� �s�t�e�p� �t�o�w�a�r�d�s� �o�b�t�a�i�n�i�n�g� �a� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�a�n�e�l� �f�l�u�t�t�e�r� �e�q�u�a�t�i�o�n�s� �(�3�.�4�6�)� �o�r� �(�3�.�4�7�)�,� 

�w�e� �w�r�i�t�e� �a�;�;�[�t�]� �a�s�,� 

�a�;�;�[�t�]� �=� �a�5�;� �+� �a�i�5�[�t�]� �(�4�.�1�)� 

�w�h�e�r�e� �4�,�;�;� �a�n�d� �a�,�,�;�[�¢�]� �r�e�p�r�e�s�e�n�t� �t�h�e� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�m�-� 

�p�l�i�t�u�d�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �C�o�n�s�i�d�e�r�i�n�g� �t�h�e� �c�a�s�e� �o�f� �t�e�m�p�o�r�a�l�l�y� �c�o�n�s�t�a�n�t� �e�d�g�e� �l�o�a�d�s�,� �t�h�e� �s�t�a�t�i�c�-� 

�b�u�c�k�l�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �d�e�r�i�v�e�d� �f�r�o�m� �(�3�.�4�6�)� �a�s�,� 

�R�e�s� �d�r�s� �_ �� �[�P�r�e�d�m�i�L�3� �+� �Q�r�2�5�M�2�L�5�|�(�G�r�s� �+� �d�y�s�)� �_� 

�k� �I� 

�>� �>� �[�Z�r�a�m�n� �+� �V�r�o�m�n�|�(�G�r�s�d�2� �i�n� �+� �a�,� �,�a�?�,�,�,� �+� �2�G�r�s�d�m�n�4�m�n� �)� �~� 

�m�=�1�n�=�1� 

�k� �k� �[� �k� �t�l� 

�p�=�1� �q�=�1� �m�=�1� �n�=�1� �i�=�1� �j�=�1� 

�k� �l� 

�6�4�[�c�o�s� �A�)� �U�r�e�p�(�G�p�s� �+� �G�p�s�)� �+� �S�i�n� �A� �D�>� �W�e�a�g�l� �r�q� �+� �G�r�q�)�|� �+� 
�p�=�1� �q�=�1� 

�k�e� �U�t� �k� �t�l� 

�B�A�?� �D�7� �D�O�D�D� �E�v�e�m�n�i�g�(�G�m�n�d�t�i�z� �+� �d�m�n�d�i�z� �+� �G�m�n�a�i�j�)� �+� 
�m�=�1�n�=�1� �1�=�1� �j�=�1� 

�k� �I� �k�e� �l� �k� �i�l� 

�B�g�p�M� �Y�Y� �Y�S� �Y�L� �Y�S� �Y�E� �F�r�e�p�q�m�n�i�j� �(�G�p�q�d�m�n� �d�i�j� �+� �A�p�g�d�m�n�d�i�j�z� �+� �G�p�g�d�m�n�d�i�j� �+� �G�p�g�d�m�n� �a�i�j�)� 
�p�=�1� �q�=�1� �m�=�1� �n�=�1� �i�=�1� �j�=�1� 

�r�=�1 ��k� �,� �s�=�1 ��l� �(�4�.�2�)� 

�4�2



�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�I�n�t�r�o�d�u�c�i�n�g� �(�4�.�1�)� �i�n�t�o� �(�3�.�4�6�)� �c�o�n�s�i�d�e�r�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �(�4�.�2�)�,� �w�e� �o�b�t�a�i�n�,� 

�O�r�s� �+� �[�E�s� �+� �E�A�G�r�s�|�O�r�s� �+� �R�r�a�d�r�s� �_� �[�P�r�e�d�m�i� �L�i� �+� �O�,�s�6�M�2� �L�3�|�G�r�s� �_� 

�k� �l� 

�S�o� �[�Z�r�e�m�n� �+� �V�e�o�m�n�]�(�2�d�m�n�d�m�n�d�r�s� �+� �2�d�m�n�d�m�n�d�e�s� �+� �G�r�i�n�d�e�r�s� �+� �2�a�m�n�G�r�e�d�m�n� �+� 
�m�=�l�i�n�=�1� 

�G�?� �G�r�e� �+� �O�p�s�G�2�,�,� �+� �2�b�p�s�Q�m�n�d�m�n� �+� �2�a�m�n�d�r�s�d�m�n� �+� 

�2�a�m�n�d�r�s�@�m�n� �+� �G�2�1�,� �2�r�s�)�  �� 
�k� �l�t� �k� �U�t� �k�l� 

�S�5�5� �D�S� �D�E� �D�D�E� �D�r�a�p�a�m�n�i�j� �(�G�i�j�d�m�n�d�p�g� �+� �F�i�j�d�m�n�d�p�g� �+� �E�m�n�d�i�j�G�p�q� �+� �E�m�n�d�i�j�a�p�g� �+� 
�p�=�1� �q�=�1� �m�=�1� �n�=�1� �t�=�1� �j�=�1� 

�@�i�j�A�a�m�n�G�p�q� �+� �G�i�j�A�p�g�@�m�n� �+� �I�m�n�d�p�g�4�i�j� �+� �F�i�j�a�m�n�G�p�g�q� �+� 

�G�p�g�i�j�G�m�n� �+� �B�p�g�h�i�j�a�m�n� �+� �A�j�j�A�p�g�4�m�n� �+� �A�p�g�h�m�n� �d�i�z� �+� 

�G�j�;�2�p�q�4�m�n� �+� �S�m�n�F�p�q�h�i�j� �+� �S�m�n�G�p�q�G�i�z� �+� �i�j�E�m�n�G�p�q�)� �+� 
�k� �I� 

�6�;�|� �c�o�s� �A� �>� �U�r�s�p�d�i�p�s� �+� �s�i�n� �A�)� �W�r�a�g�d�r�g�|� �+� 
�p�=�1� �q�=�1� 

�.� �k� �L�t� �k� �t� 

�8�p�?� �D�>� �D�D� �D�S� �E�v�a�m�n�i�j�(�G�i�j�d�m�n� �+� �G�i�j�d�m�n� �+� �G�m�n�d�i�z� �+� �G�m�n�d�i�z� �+� �G�i�j�d�m�n�)� �+� 
�m�=�1�n�=�1� �i�=�1� �j�=�1� 
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�5�°� �>� �>� �S� �>� �F�a�p�q�m�n�i�j�(�4�i�j�4�m�n� �p�q� �+� �4�;�j�;�4�m�n�4�p�q� �+� �A�m�n� �i�j� �I�p�g� �+� �A�m�n� �i�j� �A�p�q� �+� 

�p�=�1� �q�=�1� �m�=�1� �n�=�1� �t�=�1� �j�=�1� 

�G�;�j�a�m�n�d�p�g� �+� �O�i�j�a�p�q�a�m�n� �+� �m�n� �a�p�q�i�j� �+� �F�i�j�Z�m�n�d�p�g� �+� 

�B�g� �G�i�;� �m�n� �+� �B�p�g�4�i�j�@�m�n� �+� �4�j�3�a�p�g�a�m�n� �+� �A�p�g�a�m�n� �G�i�z� �+� 

�G�i�j�A�p�q�d�m�n� �+� �F�m�n�A�p�q�d�i�j� �+� �S�m�n�d�p�g�t�i�j� �+� �4�i�j�a�m�n�@�p�q�)� 

�r�=�1 ��k� �,� �s�=�1 ��l� �(�4�.�3�)� �?� 

�r�,�s� 

�E�q�u�a�t�i�o�n� �(�4�.�3�)� �c�a�n� �b�e� �w�r�i�t�t�t�e�n� �i�n� �c�o�m�p�a�c�t� �f�o�r�m� �a�s�,� 

�a� 

�a�y�,� �+� �e�r� �a�,�,� �+� �0�?� �a�,�,� �+� �F�,� �[�a�;�5�;� �A�,� �3�,� �i�}�,� �D�e� �Q�u�v�;� �G�q�]� 

�+� �F�o�[�G�i�j�d�p�q�g�;� �A ��,� �A�®�,� �G�u�v�,� �G�e�a�]� �+� �F�s�[�G�i�j�A�p�q�@�m�n�;�A�*�]� �=� �0� 

�+� �,� �r�=�1 ��k� �,� �s�=�1 ��I� �(�4�.�4�)� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�E�q�u�a�t�i�o�n� �(�4�.�3�)� �(�o�r� �i�t�s� �c�o�m�p�a�c�t� �f�o�r�m� �(�4�.�4�)�)� �d�e�s�c�r�i�b�e� �t�h�e� �m�o�t�i�o�n� �o�f� �t�h�e� �p�a�n�e�l� �(�r�e�p�r�e�s�e�n�t�e�d� 

�b�y� �a�,�,�)� �a�b�o�u�t� �t�h�e� �s�t�a�t�i�c� �b�u�c�k�l�e�d� �s�t�a�t�e� �(�r�e�p�r�e�s�e�n�t�e�d� �b�y� �a�,�,�)�.� �I�n�t�r�o�d�u�c�i�n�g� �t�h�e� �s�t�a�t�e� �v�e�c�t�o�r�s� �y� 

�a�n�d� �z� �o�f� �d�i�m�e�n�s�i�o�n� �N� �a�n�d� �2�N� �r�e�s�p�e�c�t�i�v�e�l�y� �(�N� �=� �k�l�)�,� �w�e� �c�a�n� �w�r�i�t�e� �e�q�u�a�t�i�o�n�s� �(�4�.�2�)�,� �(�4�.�3�)� �a�s� 

�f�l�y�;�A�,� �L�t�]� �=� �0� �(�4�.�5�)� 

�z� �=� �f�[�z�;�A�,� �L�*�]� �(�4�.�6�)� 

�T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �y� �a�r�e� �t�h�e� �s�t�a�t�i�c� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�m�p�l�i�t�u�d�e�s�,� �i�.�e�.�,� �a�,�,�,� 

�w�h�e�r�e�a�s� �t�h�o�s�e� �o�f� �z� �a�r�e� �t�h�e� �d�y�n�a�m�i�c� �c�o�m�p�o�n�e�n�t� �o�f� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�m�p�l�i�t�u�d�e�s� �a�n�d� �t�h�e�i�r� 

�t�i�m�e� �d�e�r�i�v�a�t�i�v�e�.� �F�o�r� �t�h�e� �t�w�o� �c�a�s�e�s� �o�f� �m�o�d�a�l� �t�r�u�n�c�a�t�i�o�n� �c�o�n�s�i�d�e�r�e�d�,� �w�e� �h�a�v�e�,� 

�(�4�x� �1�)�c�a�s�e�:� �y�=� �(�G�1�,� �G�a�i�,� �G�3�1�,� �G�q�,� �}�7� 

�z� �=� �{�G�1�1�,� �G�a�r�,� �G�a�i�,� �G�4�1�,� �G�1�1�,� �G�a�i�,� �G�a�i�,� �G�a�i�}�?� 

�(�4�.�7�)� 

�(�2�x� �2�)�c�a�s�e�:� �y�=� �{�G�1�,� �G�1�2�,� �G�o�]�,� �G�o�n�}�?� 

�z�=� �{�G�1�1�,� �G�i�2�,� �G�o�r�,� �G�2�2�,� �G�1�1�,� �G�1�2�,� �G�a�y� �,� �G�o�a�}�?� 

�T�h�e� �N�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r� �f� �i�s� �a� �n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �y� �a�n�d� �t�h�e� �2�N�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r� �f� �i�s� 

�a� �n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n� �o�f� �z�.� 

�4�.�1� �D�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �S�t�a�t�i�c� �D�i�s�p�l�a�c�e�m�e�n�t� �A�m�p�l�i�t�u�d�e�s� 

�T�h�e� �A�r�c�l�e�n�g�t�h� �C�o�n�t�i�n�u�a�t�i�o�n� �M�e�t�h�o�d� �(�A�C�M�,� �e�.�g�.�,� �N�a�y�f�e�h� �a�n�d� �B�a�l�a�c�h�a�n�d�r�a�n� �[�8�5�]�)� �i�s� �u�s�e�d� 

�t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �y� �f�r�o�m� �e�q�u�a�t�i�o�n� �(�4�.�5�)�.� �B�y� �a�l�l�o�w�i�n�g� �f�o�r� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �o�n�l�y� �o�n�e� 

�c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r�,� �e�.�g�.�,� �4�,� �a�n�d� �u�s�i�n�g� �t�h�e� �a�r�c�l�e�n�g�t�h� �s� �a�l�o�n�g� �a� �s�o�l�u�t�i�o�n� �b�r�a�n�c�h� �a�s� �a� �p�a�r�a�m�e�t�e�r�,� 

�w�e� �c�o�n�s�i�d�e�r� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �d�e�p�e�n�d�e�n�c�i�e�s� �y� �=� �y�[�s�]� �a�n�d� �A� �=� �A�[�s�]�.� �T�h�u�s� �w�e� �c�a�n� �w�r�i�t�e� �(�4�.�5�)� �a�s�,� 

�f�[�y�[�s�]�;� �A�[�s�]�]� �=� �0� �(�4�.�8�)� 

�I�n� �o�r�d�e�r� �t�o� �s�o�l�v�e� �(�4�.�8�)� �f�o�r� �t�h�e� �(�N�+�1�)� �u�n�k�n�o�w�n�s�,� �i�.�e�.�,� �y� �a�n�d� �4�,� �w�e� �a�u�g�m�e�n�t� �i�t� �w�i�t�h� �a�n� 

�a�d�d�i�t�i�o�n�a�l� �e�q�u�a�t�i�o�n�,� �e�.�g�.�,� �t�h�e� �E�u�c�l�i�d�e�a�n� �a�r�c�l�e�n�g�t�h� �n�o�r�m�a�l�i�z�a�t�i�o�n�,� �w�h�i�c�h� �i�s� �w�r�i�t�t�e�n� �a�s�,� 

�y�y�'�+�\�?�=�1� �,� �w�h�e�r�e� �(�)�'�=� �a�)� �(�4�.�9�)� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�L�e�t� �(�y�*� �,� �A�*�)� �a�n�d� �(�y�,� �A�)� �d�e�n�o�t�e� �s�o�l�u�t�i�o�n�s� �f�o�r� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �s�*� �a�n�d� �s�(�=� �s�*� �+� �d�s�)� �r�e�s�p�e�c�-� 

�t�i�v�e�l�y�.� �T�h�u�s� �(�4�.�9�)� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �a�s�,� 

�(�y�i�:�  �� �y�t�)�?� �+� �(�v�2�  �� �y�2�)�?� �+�+�+� �+� �(�y�w�  �� �y�y�)�?� �+� �(�A ��A�*�)�?�  �� �d�s�?� �=� �0� �(�4�.�1�0�)� 

�T�h�e� �c�o�n�t�i�n�u�a�t�i�o�n� �s�c�h�e�m�e� �i�s� �i�n�i�t�i�a�t�e�d� �b�y� �o�b�t�a�i�n�i�n�g� �a� �s�o�l�u�t�i�o�n� �o�f� �(�4�.�5�)�,� �i�.�e�.�,� �y� �f�o�r� �a� �s�p�e�c�i�f�i�e�d� �4�,� 

�a�n�d� �u�s�i�n�g� �i�t� �a�s� �t�h�e� �s�t�a�r�t�i�n�g� �v�a�l�u�e�s� �o�f� �y�*� �a�n�d� �A�*�.� �T�h�e�n�,� �f�o�r� �a� �s�p�e�c�i�f�i�e�d� �d�s� �t�h�e� �s�y�s�t�e�m� �(�(�4�.�8�)�,� 

�(�4�.�1�0�)�)� �i�s� �s�o�l�v�e�d� �f�o�r� �(�y�,� �A�)� �u�s�i�n�g� �t�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �m�e�t�h�o�d�.� �T�h�e�r�e�a�f�t�e�r� �w�e� �c�o�n�s�i�d�e�r� 

�y�*� �=� �y� �a�n�d� �A�*� �=� �X� �f�o�r� �t�h�e� �n�e�x�t� �a�r�c�l�e�n�g�t�h� �s�t�e�p�.� �I�n� �t�h�i�s� �m�a�n�n�e�r� �t�h�e� �s�o�l�u�t�i�o�n� �b�r�a�n�c�h� 

�i�s� �g�e�n�e�r�a�t�e�d� �f�o�r� �a� �s�p�e�c�i�f�i�e�d� �n�u�m�b�e�r� �o�f� �a�r�c�l�e�n�g�t�h� �s�t�e�p�s�.� �T�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �c�o�n�t�i�n�u�a�t�i�o�n� �i�s� 

�d�i�c�t�a�t�e�d� �b�y� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �f�o�r� �a�n�y� �o�n�e� �u�n�k�n�o�w�n�,� �e�.�g�.�,� �4�,� �p�r�o�v�i�d�e�d� �i�n� �t�h�e� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� 

�s�c�h�e�m�e�.� �I�n� �g�e�n�e�r�a�l�,� �a� �r�e�a�s�o�n�a�b�l�y� �g�o�o�d� �i�n�i�t�i�a�l� �g�u�e�s�s� �f�o�r� �A� �w�o�u�l�d� �b�e� �A�*�+�d�s� �w�h�e�r�e� �t�h�e� �c�h�o�i�c�e� �o�f� 

�t�h�e� �+� �o�r�  �� �s�i�g�n� �w�o�u�l�d� �d�e�t�e�r�m�i�n�e� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �c�o�n�t�i�n�u�a�t�i�o�n�.� �B�y� �m�o�n�i�t�o�r�i�n�g� �a�n�d� �s�u�i�t�a�b�l�y� 

�a�l�t�e�r�i�n�g� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �c�o�n�t�i�n�u�a�t�i�o�n�,� �t�u�r�n�i�n�g� �p�o�i�n�t�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �a�r�e� �e�a�s�i�l�y� �n�e�g�o�t�i�a�t�e�d�.� 

�A�t� �t�u�r�n�i�n�g� �p�o�i�n�t�s� �a�n�d� �b�r�a�n�c�h� �p�o�i�n�t�s�,� �t�h�e� �J�a�c�o�b�i�a�n� �J�,� �d�e�f�i�n�e�d� �a�s�,� 

�-� �O�(�.�)� �A�(�.�)� �0�(�.�)� 
�J�,� �=�V�y�f� �,� �w�h�e�r�e� �V�y�(�.�)�=� �|�2 ��-�,�3 ��-�)�°�°�°�°�"�°� �>�_�>� �4�.�1�1� �1� �y� �T� �y�(� �)� �E�E� �O�y�o� �S�|� �(� �)� 

�i�s� �s�i�n�g�u�l�a�r� �w�i�t�h� �r�a�n�k� �N�  �� �1� �(�S�e�y�d�e�l� �[�4�6�]�)�.� �M�o�r�e�o�v�e�r� �t�h�e� �(�N� �+� �1�)� �x� �N�  ��a�u�g�m�e�n�t�e�d� �m�a�t�r�i�x �� 

�A� �d�e�f�i�n�e�d� �a�s�,� �.� 
�o�f� 
�O�r� 

�h�a�s� �r�a�n�k� �W�N� �a�t� �a� �t�u�r�n�i�n�g� �p�o�i�n�t� �a�n�d� �r�a�n�k� �<� �N� �a�t� �a� �b�r�a�n�c�h� �p�o�i�n�t�.� �T�h�e�r�e�f�o�r�e�,� �b�y� �m�o�n�i�t�o�r�i�n�g� 

�A�=� �\�v�y�F� �|� �f�,� �|� �,� �w�h�e�r�e� �f�,� �=� �(�4�.�1�2�)� 

�t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �J�,�,� �t�h�e� �p�a�s�s�i�n�g� �o�f� �a� �t�u�r�n�i�n�g� �p�o�i�n�t� �o�r� �b�r�a�n�c�h� �p�o�i�n�t� �c�a�n� �b�e� �d�e�t�e�c�t�e�d�.� 

�S�i�m�i�l�a�r�l�y� �b�y� �m�o�n�i�t�o�r�i�n�g� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �m�a�t�r�i�c�e�s� �f�o�r�m�e�d� �b�y� �e�l�i�m�i�n�a�t�i�n�g� �t�h�e� �i�*�*� �c�o�l�u�m�n� 

�(�i� �=� �1�  ��>� �N�)� �o�f� �A�,� �w�e� �c�a�n� �d�i�f�f�e�r�e�n�t�i�a�t�e� �b�e�t�w�e�e�n� �t�h�e� �p�a�s�s�i�n�g� �o�f� �a� �t�u�r�n�i�n�g� �p�o�i�n�t� �o�r� �b�r�a�n�c�h� 

�p�o�i�n�t�.� �F�o�r� �a�l�l� �c�a�s�e�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�i�n�,� �n�o� �b�r�a�n�c�h� �p�o�i�n�t�s� �w�e�r�e� �d�e�t�e�c�t�e�d�.� 

�A�f�t�e�r� �t�h�e� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �s�o�l�u�t�i�o�n� �(�y� �,� �4�)� �i�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �A�C�M�,� �i�t�s� �s�t�a�b�i�l�i�t�y� �(�i�n� �t�h�e� 

�s�m�a�l�l�)� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �J�a�c�o�b�i�a�n� �J�2� �d�e�f�i�n�e�d� �a�s�,� 

�J�o� �=� �V�a�t� �(�4�.�1�3�)� 
�l�e�o� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�W�h�e�n� �a�l�l� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �J�z� �p�o�s�s�e�s�s� �n�e�g�a�t�i�v�e� �r�e�a�l� �p�a�r�t�s�,� �t�h�e� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �i�s� �a�s�y�m�p�t�o�t�i�-� 

�c�a�l�l�y� �s�t�a�b�l�e�,� �w�h�e�r�e�a�s� �i�f� �a�n�y� �e�i�g�e�n�v�a�l�u�e� �p�o�s�s�e�s�s�e�s� �a� �p�o�s�i�t�i�v�e� �r�e�a�l� �p�a�r�t�,� �t�h�e� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� 

�i�s� �u�n�s�t�a�b�l�e�.� �I�f�,� �f�o�r� �a� �s�o�l�u�t�i�o�n� �(�y�g� �,� �A�o�)� �t�h�e� �J�a�c�o�b�i�a�n� �J�2� �h�a�s� �a� �s�i�m�p�l�e� �p�a�i�r� �o�f� �p�u�r�e�l�y� �i�m�a�g�i�n�a�r�y� 

�e�i�g�e�n�v�a�l�u�e�s� �w�h�i�c�h� �e�x�h�i�b�i�t� �a� �t�r�a�n�s�v�e�r�s�e� �c�r�o�s�s�i�n�g� �o�f� �t�h�e� �i�m�a�g�i�n�a�r�y� �a�x�i�s� �a�s� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�-� 

�e�t�e�r� �(�o�r� �a�r�c�l�e�n�g�t�h� �p�a�r�a�m�e�t�e�r�)� �i�s� �v�a�r�i�e�d�,� �a�n�d� �n�o� �o�t�h�e�r� �e�i�g�e�n�v�a�l�u�e� �o�f� �J�2� �h�a�s� �z�e�r�o� �r�e�a�l� �p�a�r�t�,� 

�a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s�.� �T�h�i�s� �r�e�s�u�l�t�s� �i�n� �t�h�e� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �s�t�a�t�e� �l�o�s�i�n�g� �i�t�s� �s�t�a�b�i�l�i�t�y� 

�b�e�y�o�n�d� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t� �a�n�d� �t�h�e� �b�i�r�t�h� �o�f� �a� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �a�t� �t�h�e� �b�i�f�u�c�a�t�i�o�n� �p�o�i�n�t�.� 

�A� �s�u�p�e�r�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �a� �s�t�a�b�l�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �e�x�i�s�t�s� �b�e�y�o�n�d� �t�h�e� 

�b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�,� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �s�o�f�t� �(�o�r� �b�e�n�i�g�n�)� �f�l�u�t�t�e�r�.� �W�h�e�n� �a�n� �u�n�s�t�a�b�l�e� �p�e�r�i�o�d�i�c� �s�o�-� 

�l�u�t�i�o�n� �e�x�i�s�t�s� �b�e�f�o�r�e� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�,� �a� �s�u�b�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s�,� �r�e�s�u�l�t�i�n�g� �i�n� 

�h�a�r�d� �(�o�r� �d�a�n�g�e�r�o�u�s�)� �f�l�u�t�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s�.� �T�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r�s� �a�t� �t�h�e� �H�o�p�f� 

�b�i�f�u�r�c�a�t�i�o�n� �a�r�e� �h�e�n�c�e�f�o�r�t�h� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �c�r�i�t�i�c�a�l�-� �o�r� �f�l�u�t�t�e�r�-� �v�a�l�u�e�s�.� 

�4�.�2� �D�y�n�a�m�i�c� �S�o�l�u�t�i�o�n�s� �U�s�i�n�g� �t�h�e� �M�e�t�h�o�d� �o�f� �M�u�l�t�i�p�l�e� �T�i�m�e� �S�c�a�l�e�s� �(�M�M�S�)� 

�T�h�e� �M�M�S� �i�s� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �f�l�u�t�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �s�t�a�t�i�c� �e�q�u�i�-� 

�l�i�b�r�i�u�m� �s�t�a�t�e�,� �i�.�e�.�,� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �@�,�,� �f�r�o�m� �(�4�.�4�)� �a�f�t�e�r� �o�b�t�a�i�n�i�n�g� �G�,�,� �b�y� �t�h�e� �A�C�M�.� �W�e� �n�o�t�e� 

�t�h�a�t� �t�h�e� �M�M�S�,� �b�e�i�n�g� �a� �p�e�r�t�u�r�b�a�t�i�o�n� �m�e�t�h�o�d�,� �i�s� �a�p�p�l�i�c�a�b�l�e� �o�n�l�y� �t�o� �t�h�e� �c�l�a�s�s� �o�f� �w�e�a�k�l�y�-� 

�n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s�,� �w�h�i�c�h� �i�n� �e�f�f�e�c�t� �i�m�p�l�i�e�s� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �s�m�a�l�l�-�b�u�t�-�f�i�n�i�t�e� �m�o�t�i�o�n�s� �i�n� �i�t�s� 

�u�s�a�g�e�.� �H�e�n�c�e� �i�t�s� �a�p�p�l�i�c�a�b�i�l�i�t�y� �i�s� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� �r�e�g�i�o�n� �(�i�n� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e�)� �i�n� 

�t�h�e� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y� �a�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �c�r�i�t�i�c�a�l� �v�a�l�u�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�t�a�t�i�c� 

�d�i�s�p�l�a�c�e�m�e�n�t� �a�m�p�l�i�t�u�d�e�s� �a�r�e� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �s�m�a�l�l�-�b�u�t�-�f�i�n�i�t�e� �n�e�a�r� �t�h�e� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y� �a�n�d� 

�h�e�n�c�e� �t�h�e� �M�M�S� �c�a�n�n�o�t� �b�e� �a�p�p�l�i�e�d� �d�i�r�e�c�t�l�y� �t�o� �e�q�u�a�t�i�o�n�s� �(�3�.�4�7�)�.� �F�o�r� �c�o�n�v�e�n�i�e�n�c�e� �i�n� �n�o�t�a�t�i�o�n� 

�w�e� �d�e�f�i�n�e� �t�h�e� �N�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r� �a�,� �w�i�t�h� �c�o�m�p�o�n�e�n�t�s� �@�,�,�,� �a�s� �(�s�e�e� �(�4�.�7�)�)�,� 

�a�=� �{�z�,�2�2�,�-�-�-�,� �z�n�}�>� �(�4�.�1�4�)� 

�F�o�l�l�o�w�i�n�g� �N�a�y�f�e�h� �[�8�6�]�,� �w�e� �c�o�n�s�i�d�e�r� �a�n� �a�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n� �f�o�r� �a� �i�n� �t�e�r�m�s� �o�f� �u�n�k�n�o�w�n� 

�f�u�n�c�t�i�o�n�s� �(�d�e�n�o�t�e�d� �b�y� �t�h�e� �N�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r�s� �v ��)�)� �o�f� �m�u�l�t�i�p�l�e� �t�i�m�e� �s�c�a�l�e�s� �T�;� �(�=�  ¬�'�t�)�,� 

�w�h�e�r�e� �¢ ¬� �i�s� �a�n� �a�r�b�i�t�r�a�r�i�l�y� �s�m�a�l�l� �p�a�r�a�m�e�t�e�r� �d�e�n�o�t�i�n�g� �t�h�e� �o�r�d�e�r� �o�f� �@�,�,�.� �C�o�n�s�i�s�t�e�n�t� �w�i�t�h� �t�h�e� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�s�m�a�l�l�-�b�u�t�-�f�i�n�i�t�e� �m�o�t�i�o�n�s� �a�n�d� �s�m�a�l�l� �i�m�p�e�r�f�e�c�t�i�o�n�s� �a�s�s�u�m�p�t�i�o�n�s�,� �w�e� �c�o�n�s�i�d�e�r� �G�,�,� �=� �O�(�e�)� �a�n�d� 

�a�,�,� �=� �O�(�e ��)� �w�h�e�n� �o�r�d�e�r�i�n�g� �t�e�r�m�s�.� �F�o�r� �t�h�e� �t�o�t�a�l� �d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t� �w�e� �c�o�n�s�i�d�e�r� �e�r� �=� �O�(�1�)�.� 

�M�o�r�e�o�v�e�r�,� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �(�4�.�4�)� �c�o�n�t�a�i�n�s� �q�u�a�d�r�a�t�i�c� �a�n�d� �c�u�b�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �i�n� �4�,�,�,� 

�i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �i�t�s� �f�i�r�s�t�-�o�r�d�e�r� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�x�p�a�n�s�i�o�n� �t�a�k�e�s� �t�h�e� 

�f�o�r�m�,� 
�3� 

�a�l�t�;� �«�]� �=� �>�>� �e�v�)� �(�T�o�,� �T�i�,� �T�a�]� �+� �h�i�g�h�e�r� �o�r�d�e�r� �t�e�r�m�s� �(� �H�.�O�.�T�.� �)� �(�4�.�1�5�)� 
�i�=�1� 

�S�i�m�i�l�a�r�l�y�,� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �w�h�i�c�h� �i�s� �v�a�r�i�e�d�,� �e�.�g�.�,� �A�,� �a�n�d� �d�i�f�f�e�r�e�n�t�i�a�l� �o�p�e�r�a�t�o�r�s� �a�r�e� 

�e�x�p�a�n�d�e�d� �a�s�,� 

�2� �.� �A�=� �0�4�1�4�+� �4�.�0�7� 
�s�=�0� 

�4�)� �i� �.� �_� �4�.�)� 
�D�(�.�)� �=�  ��d�t�.� �=� �d�u� �D�;�(�.�)� �+� �H�.�O�.�T� �}� �D�;�(�.� �=� �d�T�;� �(�4�.�1�6�)� 

�d�?�(�.� �D�.�)�=� �e�t�)�  �� �D�2�(�.�)� �+� �2�e�D�o�D�1�(�.�)� �+�  ¬�2�D�2�(�.�)� �+� �2�e�?�D�o�D�2�(�.�)� �+� �H�.�O�.�T�.� 

�I�n� �e�q�u�a�t�i�o�n�s� �(�3�.�1�0�)�,� �A�o� �i�s� �t�h�e� �c�r�i�t�i�c�a�l� �f�l�u�t�t�e�r� �s�p�e�e�d� �(�A�y�)� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� 

�o�f� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �J�2�.� �U�p�o�n� �s�u�b�s�t�i�t�u�t�i�n�g� �(�4�.�1�3�)� �a�n�d� �(�4�.�1�4�)� �i�n�t�o� �(�4�.�4�)� �a�n�d� �f�o�l�l�o�w�i�n�g� �[�8�6�]�,� 

�t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�q�u�a�t�i�o�n�s� �o�f� �O�(�e�)�,� �O�(�e�?�)�,� �a�n�d� �O�(�e�*�)� �a�r�e� �o�b�t�a�i�n�e�d�.� �T�h�e� �d�e�t�a�i�l�e�d� �f�o�r�m� �o�f� 

�t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �w�a�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �M�A�C�S�Y�M�A� �a�n�d� �w�i�l�l� �n�o�t� �b�e� �d�i�s�p�l�a�y�e�d� �h�e�r�e�.� �I�n� �w�h�a�t� 

�f�o�l�l�o�w�s�,� �o�n�l�y� �t�h�e� �e�s�s�e�n�t�i�a�l� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �m�e�t�h�o�d� �a�r�e� �d�i�s�c�u�s�s�e�d�.� 

�T�h�e� �O�(�e�)� �s�y�s�t�e�m� 

�T�h�e� �O�(�e�)� �s�y�s�t�e�m� �m�a�y� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �a�s�,� 

�O�l�e�)� �:� �M�v�)� �+� �C�v� �+� �(�K� �+� �H�v� �=� �0� �(�4�.�1�7�)� 

�H�e�r�e� �M�,� �C�,� �K� �a�n�d� �H� �a�r�e� �t�h�e� �N� �x� �N� �m�a�s�s�-�,� �d�a�m�p�i�n�g�-�,� �s�t�i�f�f�n�e�s�s�-� �a�n�d� �c�i�r�c�u�l�a�t�o�r�y�-� �m�a�t�r�i�c�e�s� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �M� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x�,� �I�,� �a�n�d� �C� �i�s� �d�i�a�g�o�n�a�l�.� �K� �a�n�d� �H� �r�e�p�r�e�-� 

�s�e�n�t� �g�e�o�m�e�t�r�i�c�-� �a�n�d� �a�e�r�o�d�y�n�a�m�i�c�-� �l�i�n�e�a�r� �t�e�r�m�s�.� �H�o�w�e�v�e�r�,� �a�l�t�h�o�u�g�h� �K� �a�n�d� �H� �r�e�p�r�e�s�e�n�t� 

�t�e�r�m�s� �w�h�i�c�h� �a�r�e� �l�i�n�e�a�r� �i�n� �v ��!�)� �(�a�n�d� �h�e�n�c�e� �i�n� �@�,�,�)�,� �t�h�e�y� �c�o�n�t�a�i�n� �n�o�n�l�i�n�e�a�r� �g�e�o�m�e�t�r�i�c�-� �a�n�d� 
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�a�e�r�o�d�y�n�a�m�i�c�-� �t�e�r�m�s� �i�n� �a�,�,�.� �U�p�o�n� �i�n�t�r�o�d�u�c�i�n�g�,� 

�w�v�)� 
�=�v�o�e ��#� �,� �s�t�=�v�-�l� �(�4�.�1�8�)� 

�y�(�1�)� 

�i�n�t�o� �(�4�.�1�7�)�,� �a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �r�e�s�u�l�t�i�n�g� �g�e�n�e�r�a�l�i�z�e�d� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �(�E�V�P�)�,� �i�.�e�.�,� 

 ��-�M�"�'�C� �-�M�"�1�(�K�+�H�)� 

�I� �0� 
�V�o� �=� �W�V�o� �(�4�.�1�9�)� 

�t�h�e� �c�o�m�p�l�e�x� �e�i�g�e�n�f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �e�i�g�e�n�m�o�d�e�s� �a�r�e� �o�b�t�a�i�n�e�d�.� �B�y� �v�a�r�y�i�n�g� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�-� 

�e�t�e�r� �(�e�.�g�.�,� �A�)�,� �i�t�s� �f�l�u�t�t�e�r� �v�a�l�u�e� �(�e�.�g�.�,� �A�g�)� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�i�g�e�n�s�o�l�u�t�i�o�n� �(�h�e�n�c�e�f�o�r�t�h� �t�e�r�m�e�d� 

�t�h�e� �c�r�i�t�i�c�a�l� �e�i�g�e�n�s�o�l�u�t�i�o�n�)� �a�r�e� �o�b�t�a�i�n�e�d� �w�h�e�n� �t�h�e� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �c�o�n�d�i�t�i�o�n� �i�s� �s�a�t�i�s�f�i�e�d�.� 

�A�t� �f�l�u�t�t�e�r�,� �o�n�e� �o�f� �t�h�e� �e�i�g�e�n�f�r�e�q�u�e�n�c�i�e�s�,� �h�e�n�c�e�f�o�r�t�h� �d�e�n�o�t�e�d� �a�s� �w�,� �(�=� �w�r�)�,� �i�s� �r�e�a�l� �w�h�i�l�e� �t�h�e� 

�r�e�m�a�i�n�i�n�g� �a�r�e� �c�o�m�p�l�e�x� �w�i�t�h� �p�o�s�i�t�i�v�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t�.� �A�t� �t�h�i�s� �p�o�i�n�t� �w�e� �n�o�t�e� �t�h�a�t� �t�h�e� �e�i�g�e�n�s�o�-� 

�l�u�t�i�o�n� �o�f� �t�h�e� �E�V�P� �d�e�f�i�n�e�d� �b�y� �J�z� �(�a�l�s�o� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �E�V�P� �o�b�t�a�i�n�e�d� �a�f�t�e�r� �l�i�n�e�a�r�i�z�i�n�g� �(�4�.�6�)�)� 

�w�o�u�l�d� �a�l�s�o� �y�i�e�l�d� �t�h�e� �f�l�u�t�t�e�r� �q�u�a�n�t�i�t�i�e�s�.� �H�o�w�e�v�e�r�,� �s�i�n�c�e� �t�h�e� �o�r�d�e�r�i�n�g� �s�c�h�e�m�e� �4�@�,�,� �=� �O�(�e�?�)� �i�s� 

�i�m�p�l�i�e�d� �i�n� �t�h�e� �E�V�P� �(�4�.�1�8�)� �i�t� �i�s� �n�o�t� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �E�V�P� �d�e�f�i�n�e�d� �b�y� �J�o�,� �i�.�e�.�,� �t�h�e� �t�e�r�m�s� 

�r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �i�n�i�t�i�a�l� �i�m�p�e�r�f�e�c�t�i�o�n�s� �a�r�e� �a�b�s�e�n�t� �i�n� �t�h�e� �f�o�r�m�e�r�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� 

�s�o�l�u�t�i�o�n� �o�f� �(�4�.�1�8�)� �y�i�e�l�d�s� �t�r�u�e� �f�l�u�t�t�e�r� �q�u�a�n�t�i�t�i�e�s� �o�n�l�y� �i�n� �t�h�e� �c�a�s�e� �o�f� �p�e�r�f�e�c�t� �p�a�n�e�l�s�.� �I�n� �p�a�r�-� 

�t�i�c�u�l�a�r�,� �f�o�r� �i�m�p�e�r�f�e�c�t� �p�a�n�e�l�s� �t�h�e� �v�a�l�u�e� �o�f� �A�»� �o�b�t�a�i�n�e�d� �t�h�r�o�u�g�h� �(�4�.�1�8�)� �i�s� �l�o�w�e�r� �t�h�a�n� �i�t�s� �t�r�u�e� 

�v�a�l�u�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �E�V�P� �d�e�f�i�n�e�d� �b�y� �J�2�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n�c�r�e�a�s�i�n�g� �w�i�t�h� �t�h�e� �m�a�g�n�i�t�u�d�e� 

�o�f� �a�,�,�.� �F�u�r�t�h�e�r�,� �u�s�i�n�g� �t�h�e� �t�r�u�e� �f�l�u�t�t�e�r� �q�u�a�n�t�i�t�i�e�s�,� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �E�V�P� �d�e�f�i�n�e�d� �b�y� �J�a�,� �i�n� 

�t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �s�o�l�u�t�i�o�n� �w�o�u�l�d� �r�e�s�u�l�t� �i�n� �d�i�v�e�r�g�e�n�t� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �O�( ¬�)� �p�r�o�b�l�e�m�.� �H�e�n�c�e� 

�t�h�e� �M�M�S� �i�s� �a�p�p�l�i�e�d� �t�o� �p�e�r�f�e�c�t� �p�a�n�e�l�s� �o�n�l�y�.� 

�T�h�u�s�,� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �(�4�.�1�7�)� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s�,� 

�N� 

�v�O�I�T�,� �)� �T�,� �;� �T�2�|� �=� �S�o�e�(�T�  �� �T�a�]�e�%�i�T� �+� �C�.�C�.� �(�4�.�2�0�)� 

�t�=�1� 

�w�h�e�r�e� �c�;� �i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �(�c�o�m�p�l�e�x�)� �e�i�g�e�n�v�e�c�t�o�r�  ¬�;� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �e�i�g�e�n�v�a�l�u�e� �u�;�,� 

�a�n�d� �C�.�C�.� �d�e�n�o�t�e�s� �t�h�e� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e�s� �o�f� �a�l�l� �p�r�e�c�e�d�i�n�g� �t�e�r�m�s�.� 
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�T�h�e� �O�(�e�?�)� �s�y�s�t�e�m� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �(�4�.�2�0�)�,� �c�o�n�s�i�d�e�r�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �c�r�i�t�i�c�a�l� �e�i�g�e�n�s�o�l�u�t�i�o�n�,� �i�n�t�o� �t�h�e� 

�O�(�e�?�)� �s�y�s�t�e�m� �y�i�e�l�d�s�,� 

�O�(�e�)�:� 

�w�h�e�r�e�,� 

�M�v�?�)� �4� �C�V�)� �4� �(�K� �4� �H�)�v�@�)� �=� 
�N� 

�» �� �[�A�r� �(�A�B�H�;� �+� �A�g�h�;� �+� �h�;� �e�y� �+� �h�;� �D�y�[�e�i�s�]�]� �e�w�i�T�o� �4� 

�1� �4�1� 

�~�  �� �~�w�.�)�T�,� �~� �_� �_�o�e� �7� �.� �_� �_�o�.�T�,� 

�B�1�C�4�1�C�4�1� �e�l�w�a�-�H�a�)�T�o� �4� �B�o�e�s�1�G�4�1� �e�t�(�w�s ��F�4�)�T�o� �4� �B�a�c�n�1�C�4�1� �e�(�w�a ��a�)�T�o� �4� 

�w�1 ��W�4�)�T�o� �4�+�w�3�)�T�o� �u�(�w�4� �+�w�2�)�T�o� �+� �B�a�c�i�i�t�a�r� �e�t� �+� �&�s�c�a�r�e�a�:� �e�l� �+� �8�g�C�4�1�C�2�1�  ¬� 
�~� �T�,� �w�e� �_�  ��~�o�a�)�T�,� �.� �_� �_�o�3�)�T�,� 

�8�7�C�4�1�C�1�1� �e�t�w�a�t�o�r�)� �O�o� �4� �&�s�¢�3�1�0�3�1� �e�t�l�w�s� �w�3�)�T�o� �+� �&�9�C�2�1�0�3�1� �e�t�l�w�a� �w�s� �)�T�o� �+� 

 ��@�3�)�T� �t�(�w�3�+�w�2�)�T�o� �t�(�w�3� �+�1� �)�T�o� �4� 
�8�1�0�0�1�1�6�3�1� �e�l�l�s� �+� �£�1�1�¢�3�1�C�2�1�  ¬� �+� �£�1�2�¢�3�1�¢�1�1�  ¬� 

�2�1�3�C�2�1�C�2�1� �e�t�(�w�2 ��w�2�)�T�o� �+� �B�1�4�C�1�1�C�2�1� �e�'�(�w�1 ��H�2�)�T�o� �+� �B�1�5�C�2�1�C�1�1� �e�t�(�w�2�t�w� �)�T�o� �+� 

�B�1�6�C�4�1� �e�r�w�a�T�o� �4� �1�7�3�1� �e�s�t�o� �+� �B�i�s�c�a� �e�r�r� �T�o� �+�.� �B�1�9�C�i�1� �e�m�i� �T�o� �+� 

�B�2�0�0�1�1�0�1�1� �3�+� �C�C�.� 

�(�4�.�2�1�)� 

�B� �=� �A�B�;� �+�A�R�B�s�+�B� �2�»� �|� �F�G� �=�1 �� �2�0� 

�H�e�r�e�,� �t�h�e� �c�o�n�s�t�a�n�t�,� �N�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r�s� �h�y�,� �h�,�,� �h�;�,� �h�;� �a�n�d� �&�;�,� �&�;�,� �&�;� �d�e�p�e�n�d� �o�n� �t�h�e� 

�c�r�i�t�i�c�a�l� �e�i�g�e�n�s�o�l�u�t�i�o�n� �a�n�d� �s�y�s�t�e�m� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �g�;�,� �g�;�,� �a�n�d� �h�;� �v�a�n�i�s�h� �f�o�r� 

�t�h�e� �c�a�s�e� �o�f� �a� �t�r�i�v�i�a�l� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m�,� �i�.�e�.�,� �@�,�,� �=� �0�,� �w�h�e�r�e�a�s� �h�;� �d�e�p�e�n�d�s� �e�x�p�l�i�c�i�t�l�y� �o�n� �t�h�e� 

�m�o�d�a�l�-�d�a�m�p�i�n�g� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e� �e�x�p�l�i�c�i�t� �f�o�r�m�s� �o�f� �t�h�e�s�e� �v�e�c�t�o�r�s� �a�r�e� �l�e�n�g�t�h�y� �a�n�d� �h�e�n�c�e� �t�h�e�y� 

�a�r�e� �n�o�t� �d�i�s�p�l�a�y�e�d� �h�e�r�e�i�n�.� �T�h�e� �o�p�e�r�a�t�o�r� �D�,�[� �|� �i�s� �d�e�f�i�n�e�d� �i�n� �(�4�.�1�6�)�3� �a�n�d� �t�h�e� �l�o�n�g� �o�v�e�r�b�a�r�s� �(�-�)� 

�d�e�n�o�t�e� �t�h�e� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �o�f� �t�h�e� �o�v�e�r�b�a�r�r�e�d� �t�e�r�m�.� 

�T�h�e� �u�n�d�e�r�l�i�n�e�d� �q�u�a�n�t�i�t�y� �i�n� �(�4�.�2�1�)� �r�e�p�r�e�s�e�n�t� �s�e�c�u�l�a�r� �t�e�r�m�s� �w�h�e�r�e�a�s� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�e�r�m�s� 

�o�n� �t�h�e� �r�.�h�.�s�.� �a�r�e� �n�o�n�-�s�e�c�u�l�a�r� �t�e�r�m�s�.� �I�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� �u�n�i�f�o�r�m� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �t�y�p�e� 

�(�4�.�1�5�)� �t�h�e� �s�e�c�u�l�a�r� �t�e�r�m�s� �a�r�e� �e�l�i�m�i�n�a�t�e�d� �b�y� �d�e�r�i�v�i�n�g� �t�h�e� �s�o�l�v�a�b�i�l�i�t�y� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �m�a�n�n�e�r�.� 

�P�e�r�t�a�i�n�i�n�g� �t�o� �t�h�e� �s�e�c�u�l�a�r� �t�e�r�m�s� �i�n� �(�4�.�2�1�)�,� �w�e� �s�e�e�k� �a� �p�a�r�t�i�c�u�l�a�r� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �f�o�r�m�,� 
�N� 

�v�)�I�T�o� �)� �T�;� �;� �T�2�|� �=� �>� �é�;�[�T�;�  �� �T�o�]�e�@�i�7� �+� �C�.�C�.� �(�4�.�2�2�)� 

�s�=�1� 
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�I�n�s�e�r�t�i�n�g� �(�4�.�2�2�)� �i�n�t�o� �(�4�.�2�1�)� �c�o�n�s�i�d�e�r�e�d� �w�i�t�h�o�u�t� �i�t�s� �n�o�n�-�s�e�c�u�l�a�r� �t�e�r�m�s�,� �a�n�d� �e�q�u�a�t�i�n�g� �c�o�e�f�f�i�-� 

�c�i�e�n�t�s� �o�f� �e ��*�7�>� �y�i�e�l�d�s� �t�h�e� �s�y�s�t�e�m�s� �o�f� �l�i�n�e�a�r� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s�,� 

�A�g�=�&� �,� �%�i�=�1�O�N� 
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�T�h�e� �O�(�e�é�*�)� �s�y�s�t�e�m� 
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�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s� �o�c�c�u�r� �a�b�o�u�t� �t�h�e� �t�r�i�v�i�a�l� �e�q�u�i�l�i�b�r�i�u�m� �o�n�l�y�.� �I�n� �s�u�c�h� �c�a�s�e�s� �e�q�u�a�t�i�o�n�s� �(�4�.�2�8�)� �o�r� 

�(�4�.�3�0�)� �i�n�d�e�p�e�n�d�e�n�t�l�y� �d�e�s�c�r�i�b�e� �t�h�e� �a�m�p�l�i�t�u�d�e� �a�n�d� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �e�n�s�u�i�n�g� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �i�n� 

�t�e�r�m�s� �o�f� �A�.� 

�S�o�l�u�t�i�o�n� �o�f� �t�h�e� �E�v�o�l�u�t�i�o�n� �E�q�u�a�t�i�o�n�s� 
� � 

�E�q�u�a�t�i�o�n� �(�4�.�3�0�)�,� �w�i�t�h� �i� �=� �1� �r�e�a�d�s� �a�s�,� 

�d�T�,� 
�d�i�y� �A�o�k�i� �T�i� �+� �e�s� �Y�?�7�T�1� �(�4�.�3�1�)� 

�T�h�e� �f�i�x�e�d� �p�o�i�n�t� �s�o�l�u�t�i�o�n�s� �o�f� �(�4�.�3�1�)� �a�r�e�,� 

�2� �k�y� �T�2�=�0� �,�  ��s�t�A�g� �(�4�.�3�2�)� 
�k�y� 

�F�o�r� �c�o�n�v�e�n�i�e�n�c�e� �w�e� �s�h�a�l�l� �d�e�n�o�t�e� �t�h�e� �t�r�i�v�i�a�l� �a�n�d� �n�o�n�-�t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t�s� �a�s� �{�0�}� �a�n�d� �{�+�1�}�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �F�u�r�t�h�e�r�,� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �o�n�s�e�t� �o�f� �f�l�u�t�t�e�r� �o�c�c�u�r�s� �a�s� �4� �i�n�c�r�e�a�s�e�s�,� �i�.�e�.�,� �A�z� �>� �0� 

�(�t�h�i�s� �i�s� �u�s�u�a�l�l�y� �t�h�e� �c�a�s�e� �f�o�r� �f�l�a�t� �p�a�n�e�l�s�)�,� �w�e� �c�o�n�c�l�u�d�e� �f�r�o�m� �(�4�.�3�1�)� �t�h�a�t� �k�i� �>� �0�.� �U�p�o�n� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �e�q�u�a�t�i�o�n� �d�e�r�i�v�e�d� �f�r�o�m� �(�4�.�3�1�)�,� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�x�e�d� �p�o�i�n�t� 

�s�o�l�u�t�i�o�n�s� �i�s� �a�s�c�e�r�t�a�i�n�e�d�.� �F�o�r� �t�h�e� �{�0�}� �s�o�l�u�t�i�o�n� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� �i�t� �i�s� �s�t�a�b�l�e� �o�r� �u�n�s�t�a�b�l�e� 

�a�c�c�o�r�d�i�n�g� �t�o� �w�h�e�t�h�e�r� �A�2� �<� �0� �o�r� �A�z� �>� �0�.� �F�o�r� �t�h�e� �{�+�1�}� �s�o�l�u�t�i�o�n� �t�w�o� �c�a�s�e�s� �a�r�i�s�e�.� �T�h�e�s�e� 

�r�e�p�r�e�s�e�n�t� �t�h�e� �s�u�p�e�r�c�r�i�t�i�c�a�l� �(�s�u�b�c�r�i�t�i�c�a�l�)� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �f�o�r� �w�h�i�c�h� �w�e� �c�o�n�s�i�d�e�r� �k�i� �<� �0� 

�(�k�y� �>� �0�)� �a�n�d� �h�e�n�c�e� �o�b�t�a�i�n� �r�e�a�l� �f�i�x�e�d� �p�o�i�n�t� �s�o�l�u�t�i�o�n�s� �o�n�l�y� �w�h�e�n� �A�z� �>� �0� �(�A�2� �<� �0�)� �w�h�i�c�h� �a�r�e� 

�s�t�a�b�l�e� �(�u�n�s�t�a�b�l�e�)�.� �A�s� �r�e�g�a�r�d�s� �t�h�e� �r�e�m�a�i�n�i�n�g� �m�o�d�e�s�,� �u�s�i�n�g� �t�h�e� �r�e�s�u�l�t� �(�4�.�3�2�)� �w�e� �c�o�n�c�l�u�d�e� �t�h�a�t� 

�o�n�l�y� �t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t� �s�o�l�u�t�i�o�n�s� �e�x�i�s�t� �f�o�r� �T�;� �(�t�=� �2 �� �M�W�)�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �T�,� �i�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �(�4�.�3�1�)� �a�s�,� 

�7�/�0�]� �T�?�[�T�2�]� �=� �i�l� �2� �e ��2�k�1�A�a�T�a�  �� �Y�?�[�0�)� �(�1� �_ �� �e�~�2�k�i� �2�7�a�)� 

�2�7�1� 

� � �(�4�.�3�3�)� 

�B�a�s�e�d� �o�n� �t�h�e� �s�o�l�u�t�i�o�n� �(�4�.�3�3�)� �a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �n�o�n�-�t�r�i�v�i�a�l� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �i�.�e�.�,� �T�[�0�]� �#� �0�,� 

�w�e� �c�o�n�c�l�u�d�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r� �t�h�e� �f�o�u�r� �c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �k�y� �>� �0�:� 

� � 

� � 

�k�i� �<�0�,�A�2�>�0� �:� �l�i�m� �1�?� �-�  ��*�)�,� �E�s� �*� �t�c�0� �k�y� 

�k�i� �<�0�,�A�2� �<�0�:� �l�i�m� �T�?� �=�0� �(�4�.�3�4�)� 
�T�o�r� �_�_� �£�9� �0�0� 

�a� �2� �[�.� 

�k�y� �>�0�,�A�2�>�0�:� �a�t� �e�t�= �� �t� �I�n� �|� �T�1�0�]�h�1� �Y�  �� �T�i�?� �=� �0�0� �A� �a� �2�b�i�A�g� �|� �T�2�[�O�]�k�:�  �� �A�g�k�s� 
�;� �i� �2�1�0�)�4� 
�k�i� �>�0�,�A�2� �<�0�:� �i�f� �Y�?�[�0�] ��-�>�1� �t�h�e�n�a�t� �t�=� �-� �>� �I�n� �|� �T�i� �[�O�l�a� �-� �,� �T�i� 

�O�O� �A�2�k�,� �2�k�i�r�2� �T�?�[�0�]� �k�y�  �� �A�g�k�;� 

�i�f� �1�?�(�0�)� �1� �<�1� �t�h�e�n� �l�i�m� �T�?�=�0� 
�A�2�k� �t ��+�0�0� 

�W�e� �s�e�e� �t�h�a�t� �o�n�l�y� �t�h�e� �f�i�r�s�t� �c�a�s�e� �s�h�o�w�n� �a�b�o�v�e� �a�d�m�i�t�s� �a� �n�o�n�-�t�r�i�v�i�a�l� �s�t�e�a�d�y� �s�t�a�t�e� �s�o�l�u�t�i�o�n� �f�o�r� 

�T�1�,� �t�h�i�s� �b�e�i�n�g� �i�d�e�n�t�i�c�a�l� �t�o� �i�t�s� �s�t�a�b�l�e�,� �n�o�n�-�t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t� �s�o�l�u�t�i�o�n�.� �T�h�u�s�,� �o�n�l�y� �f�i�x�e�d� �p�o�i�n�t� 

�s�o�l�u�t�i�o�n�s� �o�f� �T�,� �n�e�e�d� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �f�u�t�u�r�e�.� 

�C�o�n�s�i�d�e�r�i�n�g� �(�4�.�3�0�)�2� �w�r�i�t�t�e�n� �f�o�r� �1� �=� �1� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �n�o�n�-�t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t� 

�s�o�l�u�t�i�o�n� �f�o�r� �T�,�,� �w�e� �o�b�t�a�i�n�,� 

�-� �k�i�k� �#�,�(�T�2�]� �=� �(�k�s� �-� �=�)� �a�l�e� �(�4�.�3�5�)� 
�1� 

�S�i�m�i�l�a�r�l�y�,� �c�o�n�s�i�d�e�r�i�n�g� �(�4�.�3�0�)�1�,�2� �f�o�r� �i� �=� �2� �>� �N�,� �a�n�d� �u�s�i�n�g� �t�h�e� �n�o�n�-�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n� �(�4�.�3�2�)� �w�e� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�o�b�t�a�i�n�,� 

�T�i�[�T�2�]� �=� �T�:�[�O�J�e� �(�i�t�o� �)� �r�o�m�s� 
�w�s� 

�0�;� �=� �(�k�i�  �� �i�z�)� �A�2�T�?� �,� �i�=�2�5�N� �(�4�.�3�6�)� 
�k�y� 

�F�i�n�a�l�l�y�,� �i�n�t�r�o�d�u�c�i�n�g� �t�h�e� �n�o�n�-�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n�s� �(�4�.�3�2�)�,� �(�4�.�3�5�)� �a�n�d� �(�4�.�3�6�)� �i�n�t�o� �(�4�.�2�9�)� �a�n�d� �c�o�n�-� 

�s�i�d�e�r�i�n�g� �(�4�.�1�5�)� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �(�4�.�2�0�)�,� �w�e� �o�b�t�a�i�n� �t�h�e� �f�i�r�s�t�-�o�r�d�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �a� 

� � 

� � � � 

�a�s�,� 

�y� �k�A� �L�a�t� �w�v� �¥� �i�a�,�t� �a�=� �¢�  ��F�e� �1� �+ ¬�>�_�&�T�;� �[�O�e�  �� �+� �C�.�C�.� 
�1� �i�=�2� 

�w�h�e�r�e�,� �(�4�.�3�7�)� 

�A�N� �=� �@�r�.�=�A�-�M�e� 

�o�n� �y�s� 
�W�y� �=� �(�i� �-� �b�y� �)�A� �+�e� 

�o� �=� �(�B�w� �-�e�E� �V�i�t�e� �,� �i�s�2�o�n� �2�  ��_ �� �t� �h�y� �2� �h�y� �2� �?� 

�F�o�r� �s�m�a�l�l� �a�b�s�o�l�u�t�e� �v�a�l�u�e�s� �o�f� �A�,� �i�.�e�.�,� �c�o�n�f�i�n�i�n�g� �t�h�e� �a�n�a�l�y�s�i�s� �t�o� �t�h�e� �r�e�g�i�o�n� �n�e�a�r� �t�h�e� �f�l�u�t�t�e�r� 

�b�o�u�n�d�a�r�y�,� �i�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �i�m�a�g�i�n�a�r�y� �p�a�r�t�s� �o�f� �@�;� �(�i� �=� �2�  �� �N�)� �a�r�e� �p�o�s�i�t�i�v�e�.� �I�n� �t�h�a�t� 

�c�a�s�e� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �m�o�d�a�l� �a�m�p�l�i�t�u�d�e�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �c�o�m�p�o�n�e�n�t� �o�f� �m�o�t�i�o�n� �a�r�e� �g�i�v�e�n� �b�y� 

�d�i�s�c�a�r�d�i�n�g� �t�h�e� �s�u�m�m�a�t�i�o�n� �t�e�r�m� �i�n� �(�4�.�3�7�)�.� 

�A�t� �t�h�i�s� �p�o�i�n�t� �i�t� �i�s� �w�o�r�t�h�w�h�i�l�e� �t�o� �m�a�k�e� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�m�a�r�k�s� �c�o�n�c�e�r�n�i�n�g� �M�M�S� �a�n�a�l�y�s�i�s� 

�a�s� �c�a�r�r�i�e�d� �o�u�t� �h�e�r�e�i�n�:� 

�e� �T�h�e� �M�M�S� �c�a�n� �b�e� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �t�h�e� �m�o�d�a�l� �a�m�p�i�t�u�d�e�s� �o�f� �t�h�e� �f�l�u�t�t�e�r� �c�o�m�p�o�n�e�n�t� �o�f� 

�m�o�t�i�o�n� �o�n�l�y� �w�h�e�n� �f�l�u�t�t�e�r� �e�n�s�u�e�s� �a�s� �a� �r�e�s�u�l�t� �o�f� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n�.� 

�e� �S�i�n�c�e� �t�h�e� �M�M�S� �i�s� �a� �p�e�r�t�u�r�b�a�t�i�o�n� �m�e�t�h�o�d�,� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �i�t� �a�r�e� �a�c�c�u�r�a�t�e� �o�n�l�y� �i�n� 

�t�h�e� �r�e�g�i�o�n� �(�d�e�f�i�n�e�d� �i�n� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e�)� �n�e�a�r� �t�h�e� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y�.� 

�e� �B�a�s�e�d� �o�n� �t�h�e� �p�r�e�s�e�n�t� �a�n�a�l�y�s�i�s�,� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �c�a�n�n�o�t� �o�c�c�u�r� �f�o�r� �t�h�e� �s�y�s�t�e�m� �o�f� �e�v�o�l�u�-� 

�t�i�o�n� �e�q�u�a�t�i�o�n�s� �(�t�h�i�s� �c�o�r�r�r�e�s�p�o�n�d�s� �t�o� �a� �s�e�c�o�n�d�a�r�y� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �(�4�.�6�)�)�.� 
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�H�e�n�c�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �e�v�o�l�u�t�i�o�n� �q�u�a�n�t�i�t�i�e�s� �w�h�i�c�h� �w�o�u�l�d� �y�i�e�l�d� �n�o�n�-�p�e�r�i�o�d�i�c� 

�m�o�t�i�o�n�s� �(�i�.�e�.�,� �s�o�l�u�t�i�o�n�s� �o�f� �z� �o�r� �a�)� �c�a�n�n�o�t� �b�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �M�M�S� �a�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�i�n�.� 

�e� �T�h�e� �c�a�s�e� �o�f� �n�e�g�l�i�g�i�b�l�e� �t�o�t�a�l� �d�a�m�p�i�n�g� �h�a�s� �n�o�t� �b�e�e�n� �c�o�n�s�i�d�e�r�e�d�.� �I�n� �t�h�i�s� �c�a�s�e� �t�h�e� �O�(�e�)� 

�s�y�s�t�e�m� �(�4�.�1�7�)� �i�s� �f�r�e�e� �o�f� �d�a�m�p�i�n�g�,� �t�h�u�s� �y�i�e�l�d�i�n�g� �r�e�a�l� �e�i�g�e�n�f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �f�l�u�t�t�e�r� �d�u�e� �t�o� 

�f�r�e�q�u�e�n�c�y� �c�o�a�l�e�s�c�e�n�c�e�.� �F�o�r� �c�e�r�t�a�i�n� �s�p�e�c�i�a�l� �v�a�l�u�e�s� �o�f� �t�h�e� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s�,� �e�.�g�.�,� �h�,� �A�,� 

�d�,� �e�t�c�.�,� �t�h�i�s� �c�o�u�l�d� �r�e�s�u�l�t� �i�n� �c�e�r�t�a�i�n� �c�o�m�m�e�n�s�u�r�a�b�i�l�i�t�y� �r�e�l�a�t�i�o�n�s� �b�e�i�n�g� �s�a�t�i�s�f�i�e�d� �b�e�t�w�e�e�n� 

�t�h�e� �e�i�g�e�n�f�r�e�q�u�e�n�c�i�e�s� �a�t� �f�l�u�t�t�e�r�,� �h�e�n�c�e� �g�i�v�i�n�g� �r�i�s�e� �t�o� �t�h�e� �p�h�e�n�o�m�e�n�o�n� �o�f� �a�u�t�o�p�a�r�a�m�e�t�r�i�c� 

�r�e�s�o�n�a�n�c�e�.� �U�p�o�n� �e�x�a�m�i�n�i�n�g� �(�4�.�2�1�)�,� �w�e� �s�e�e� �t�h�a�t� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a�n� �a�u�t�o�p�a�r�a�m�e�t�r�i�c� 

�r�e�s�o�n�a�n�c�e� �s�o�m�e� �o�f� �t�h�e� �q�u�a�d�r�a�t�i�c�,� �n�o�n�-�s�e�c�u�l�a�r� �t�e�r�m�s� �w�o�u�l�d� �t�h�e�n� �b�e�c�o�m�e� �s�m�a�l�l�-�d�i�v�i�s�o�r�-� 

�p�r�o�d�u�c�i�n�g� �t�e�r�m�s� �a�n�d� �h�e�n�c�e� �t�h�e� �s�o�l�v�a�b�i�l�i�t�y� �c�o�n�d�i�t�i�o�n� �(�4�.�2�4�)� �(�h�e�n�c�e� �(�4�.�2�5�)�)� �w�o�u�l�d� �n�o� 

�l�o�n�g�e�r� �b�e� �v�a�l�i�d�.� 

�4�.�3�.� �D�y�n�a�m�i�c� �S�o�l�u�t�i�o�n�s� �U�s�i�n�g� �t�h�e� �N�u�m�e�r�i�c�a�l� �I�n�t�e�g�r�a�t�i�o�n� �M�e�t�h�o�d� �(�N�I�M�)� 

�A�f�t�e�r� �o�b�t�a�i�n�i�n�g� �t�h�e� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �s�t�a�t�e� �a�,� �b�y� �t�h�e� �A�C�M�,� �t�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �f�l�u�t�t�e�r� 

�o�s�c�i�l�l�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m�,� �i�.�e�.�,� �@�,�,�,� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �n�u�m�e�r�i�c�a�l�l�y� �i�n�t�e�g�r�a�t�i�n�g� 

�(�4�.�6�)�.� �T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� �u�s�e�d� �h�e�r�e� �i�s� �t�h�e� �u�s�u�a�l� �o�n�e� �t�h�a�t� �c�o�n�s�i�d�e�r�s� �t�h�e� �i�n�i�t�i�a�l� �v�a�l�u�e� �p�r�o�b�l�e�m� 

�(�I�V�P�)�,� �d�e�f�i�n�e�d� �b�y� �(�4�.�6�)� �a�n�d� �s�o�m�e� �w�e�l�l� �c�h�o�s�e�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�,� �w�h�i�c�h� �i�s� �t�h�e�n� �n�u�m�e�r�i�c�a�l�l�y� 

�i�n�t�e�g�r�a�t�e�d� �f�o�r� �a� �s�u�f�f�i�c�i�e�n�t�l�y� �l�o�n�g� �t�i�m�e� �u�n�t�i�l� �t�r�a�n�s�i�e�n�t�s� �h�a�v�e� �d�e�c�a�y�e�d�.� �H�e�n�c�e�f�o�r�t�h�,� �w�e� �t�e�r�m� 

�t�h�i�s� �a�s� �N�I�M�1�.� �T�h�e� �d�r�a�w�b�a�c�k� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �s�t�e�a�d�y� �s�t�a�t�e� �m�a�y� 

�b�e� �v�e�r�y� �s�l�o�w�.� �M�o�r�e�o�v�e�r�,� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �w�h�e�t�h�e�r� �t�h�e� �c�h�o�i�c�e� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �l�i�e�s� �w�i�t�h�i�n� 

�t�h�e� �b�a�s�i�n� �o�f� �a�t�t�r�a�c�t�i�o�n� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �s�o�u�g�h�t�,� �w�e� �m�a�y� �o�r� �m�a�y� �n�o�t� �c�o�n�v�e�r�g�e� �t�o� �i�t�.� �T�h�e� 

�s�e�c�o�n�d� �m�e�t�h�o�d� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e� �i�s� �t�h�e� �s�h�o�o�t�i�n�g� �t�e�c�h�n�i�q�u�e� �o�r�i�g�i�n�a�l�l�y� �p�r�o�p�o�s�e�d� �b�y� �A�p�r�i�l�l�e� �a�n�d� 

�T�r�i�c�k� �[�8�7�]�.� �T�h�i�s� �i�s� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �a�n�d� �a�p�p�l�i�c�a�b�l�e� �o�n�l�y� �w�h�e�n� �l�i�m�i�t� �c�y�c�l�e� �(�p�e�r�i�o�d�i�c�)� �s�o�l�u�t�i�o�n�s� 

�a�r�e� �s�o�u�g�h�t�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �h�e�n�c�e�f�o�r�t�h� �t�e�r�m�e�d� �N�I�M�2� �a�n�d� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�s�u�b�-�s�e�c�t�i�o�n�.� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�4�.�3�.�1� �S�h�o�o�t�i�n�g� �t�e�c�h�n�i�q�u�e� �t�o� �o�b�t�a�i�n� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s� �(�N�I�M�2�)� 

�I�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �(�i�.�e�.�,� �t�h�e� �s�t�a�t�e� �a�n�d� �p�e�r�i�o�d�)� �o�f� �t�h�e� �a�u�t�o�n�o�m�o�u�s� 

�s�y�s�t�e�m� �(�4�.�6�)�,� �w�e� �s�e�e�k� �a�n� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �y�v� �(�a� �2�N�-�d�i�m�e�n�s�i�o�n�a�l� �v�e�c�t�o�r�)� �t�h�a�t� �l�i�e�s� �o�n� �t�h�e� �l�i�m�i�t� 

�c�y�c�l�e�.� �D�e�n�o�t�i�n�g� �t�h�e� �p�e�r�i�o�d� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �a�s� �T�,� �a�n�d� �i�m�p�o�s�i�n�g� �t�h�e� �p�e�r�i�o�d�i�c�i�t�y� �c�o�n�d�i�t�i�o�n�,� �t�h�e� 

�I�V�P� �i�s� �t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�w�o�-�p�o�i�n�t� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m� �(�B�V�P�)�:� 

�z�=�f�[�z�;�A�,� �L�*�]� 

�z�[�(�0�;�v�)�=�v� �,� �2�a�(�T�;�v�)�=�v� �(�4�.�3�8�)� 

�w�h�e�r�e�,� �z�=� �z�{�t�;� �v�]� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �t�o� �s�o�l�v�e� �t�h�e� �B�V�P� �(�4�.�3�8�)� �i�s� �i�n�i�t�i�a�t�e�d� �b�y� �p�r�o�v�i�d�i�n�g� �i�n�i�t�i�a�l� �g�u�e�s�s�e�s� �v�9� �a�n�d� �T�o� �f�o�r� 

�v� �a�n�d� �T�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e�n� �w�e� �s�e�e�k� �c�o�r�r�e�c�t�i�o�n�s� �d�y� �a�n�d� �6�T� �b�y� �r�e�q�u�i�r�i�n�g� �t�h�a�t� �t�h�e� �p�e�r�i�o�d�i�c�i�t�y� 

�c�o�n�d�i�t�i�o�n� �b�e� �s�a�t�i�s�f�i�e�d�,� �i�.�e�.�,� 

�2�(�T�o� �+� �6�T� �3� �v�o� �+� �S�v�]� �=� �9� �+� �O�v� �(�4�.�3�9�)� 

�P�e�r�f�o�r�m�i�n�g� �a� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �o�f� �(�4�.�3�9�)� �a�n�d� �r�e�t�a�i�n�i�n�g� �o�n�l�y� �l�i�n�e�a�r� �t�e�r�m�s�,� �w�e� �o�b�t�a�i�n�,� 

�O�z� 
�e�l�l�o�:� �V�o�|�6�T� �+� �[�V�i�z� �[�T�o�;� �Y�o�]�  �� �1�]� �S�v� �=� �V�9�  �� �2�[�T�o�;� �V�o�l� �(�4�.�4�0�)� 

�w�h�e�r�e�,� �d�u�e� �t�o� �(�4�.�3�8�)�,�,� �w�e� �h�a�v�e�,� 

�O�z� �=� �*� �a�y� �t�t�e� �V�o�]� �=� �£�[�2�z�[�T�o�;� �v�o�]�;� �A�,� �L�i�]� �(�4�.�4�1�)� 

�H�e�r�e� �I� �i�s� �t�h�e� �2�N� �x� �2�N� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x� �a�n�d� �V�y�z� �i�s� �t�h�e� �2�N� �x� �2�N� �J�a�c�o�b�i�a�n� �m�a�t�r�i�x� �o�f� �t�h�e� �s�t�a�t�e� 

�t�a�k�e�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �w�e� �s�e�e�k�.� �E�q�u�a�t�i�o�n� �(�4�.�4�0�)� �r�e�p�r�e�s�e�n�t�s� �a� �s�y�s�t�e�m� 

�o�f� �2�N� �l�i�n�e�a�r� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �2�N� �+� �1� �u�n�k�n�o�w�n� �c�o�r�r�e�c�t�i�o�n�s� �S�y� �a�n�d� �6�T�.� 

�I�n� �o�r�d�e�r� �t�o� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �(�4�.�4�0�)� �f�o�r� �t�h�e� �2�N� �+� �1� �u�n�k�n�o�w�n�s�,� �t�h�e� �c�r�i�t�e�r�i�o�n� �o�f� �M�e�e�s� �[�8�8�]� �i�s� 

�c�o�n�s�i�d�e�r�e�d�.� �T�h�i�s� �r�e�q�u�i�r�e�s� �t�h�a�t� �5�y� �b�e� �n�o�r�m�a�l� �t�o� �f�,� �i�.�e�.�,� 

�f�'� �[�2�[�T�o�;� �v�o�]�;� �A�,� �L�i�]� �d�v� �=� �0� �(�4�.�4�2�)� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�I�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �o�t�h�e�r� �c�r�i�t�e�r�i�a� �f�o�r� �a�u�g�m�e�n�t�i�n�g� �(�4�.�4�0�)� �w�i�t�h� �a�n� �a�d�d�i�t�i�o�n�a�l� �e�q�u�a�t�i�o�n� 

�e�x�i�s�t� �(�e�.�g�.�,� �a�r�b�i�t�r�a�r�i�l�y� �s�e�t�t�i�n�g� �o�n�e� �o�f� �t�h�e� �c�o�r�r�e�c�t�i�o�n�s� �d�v�;� �=� �0�;� �s�e�e� �N�a�y�f�e�h� �a�n�d� �B�a�l�a�c�h�a�n�d�r�a�n� 

�[�8�5�]� �f�o�r� �f�u�r�t�h�e�r� �d�e�t�a�i�l�s�)� 

�T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �V�z�,� �r�e�q�u�i�r�e�d� �i�n� �t�h�e� �c�o�r�r�e�c�t�o�r�,� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �(�4�.�3�8�)�,� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �»� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �d�e�p�e�n�d�e�n�c�y� �i�n�d�i�c�a�t�e�d� �i�n� �(�4�.�3�8�)�,�.� �T�h�u�s� 

�w�e� �o�b�t�a�i�n� �a� �s�y�s�t�e�m� �o�f� �l�i�n�e�a�r� �O�D�E ��s� �i�n� �B�a� �i�.�e�.�,� 

�F�u�r�t�h�e�r�,� �u�s�i�n�g� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �g�i�v�e�n� �b�y� �(�4�.�3�8�)�.� �a�n�d� �i�n�t�e�g�r�a�t�i�n�g� �(�4�.�3�8�)�,� �t�h�e� �s�t�a�t�e� �c�a�n� 

�b�e� �e�x�p�r�e�s�s�e�d� �a�s�,� 

�2�[�t�;�v�)�=�u�v�t�+� �[� �f�d�t�*� �(�4�.�4�4�)� 

�f�r�o�m� �w�h�i�c�h� �w�e� �o�b�t�a�i�n� �t�h�e� �r�e�s�u�l�t�,� 

�t�  ��_� 

�V�y�p�z�=�I�+� �/� �V�2�f� �V�p�z� �d�t�*� �= ��>�>� �V�y�p�z� �[�0�;� �v�|� �=�I� �(�4�.�4�5�)� 
�0� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �o�b�t�a�i�n�i�n�g� �a� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �c�a�n� �n�o�w� �b�e� �s�t�a�t�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�S�t�e�p� �1�:� �O�b�t�a�i�n� �2�[�T�o�;� �v�o�]� �a�n�d� �V�y�z�[�T�o�;� �v�o�|� �b�y� �n�u�m�e�r�i�c�a�l�l�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �a�u�g�m�e�n�t�e�d� 

�I�V�P� �d�e�f�i�n�e�d� �b�y� �t�h�e� �(�2�N�)�?�+�2�N� �O�D�E ��s� �(�4�.�3�8�)�;� �a�n�d� �(�4�.�4�3�)�2� �s�u�b�j�e�c�t� �t�o� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� 

�(�4�.�4�5�)�2� �a�n�d� �(�4�.�3�8�)� �(�e�v�a�l�u�a�t�e�d� �f�o�r� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s� �v�9�)�,� �i�.�e�.�,� �z�[�0�]� �=� �v�o� �a�n�d� �V�p�z� �[�0�]� �=�I�.� �T�h�i�s� 

�n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e� �c�o�n�s�t�i�t�u�t�e�s� �t�h�e� �p�r�e�d�i�c�t�o�r� �p�a�r�t� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� 

�S�t�e�p� �2� �:� �U�s�i�n�g� �z�[�T�o�;� �w�o�]� �a�n�d� �V�p�z�[�T�o�;� �v�o�]�,� �a�n�d� �(�4�.�4�1�)�,� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �(�(�4�.�4�0�)� �,� �(�4�.�4�2�)�)� 

�t�o� �o�b�t�a�i�n� �t�h�e� �c�o�r�r�e�c�t�i�o�n�s� �S�y� �a�n�d� �S�T�.� 

�S�t�e�p� �3� �:� �I�f� �t�h�e� �a�b�s�o�l�u�t�e� �v�a�l�u�e�s� �o�f� �t�h�e� �c�o�r�r�e�c�t�i�o�n�s� �a�r�e� �b�e�l�o�w� �a� �s�p�e�c�i�f�i�e�d� �t�o�l�e�r�a�n�c�e�,� �t�h�e�n� �w�e� 

�a�c�c�e�p�t� �%�o� �a�n�d� �T�o� �a�s� �y�w� �a�n�d� �T�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �i�.�e�.�,� �w�e� �h�a�v�e� �c�o�n�v�e�r�g�e�d� �o�n�t�o� �t�h�e� �l�i�m�i�t� �c�y�c�l�e�.� 

�O�t�h�e�r�w�i�s�e�,� �w�e� �c�o�n�s�i�d�e�r� �t�h�e� �n�e�w� �i�n�i�t�i�a�l� �g�u�e�s�s�e�s� �a�s� �6�v�+�v�p �� �v�p� �a�n�d� �6�T�+�T�) �� �T�p� �a�n�d� �r�e�p�e�a�t� 

�t�h�e� �a�b�o�v�e� �p�r�o�c�e�d�u�r�e�.� �T�h�i�s� �N�e�w�t�o�n�-�R�a�p�h�s�o�n� �i�t�e�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� �c�o�n�s�t�i�t�u�t�e�s� �t�h�e� �c�o�r�r�e�c�t�o�r� 

�p�a�r�t� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�R�e�g�a�r�d�i�n�g� �t�h�e� �N�I�M�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �p�o�i�n�t�s� �s�h�o�u�l�d� �b�e� �n�o�t�e�d�:� 

�e� �U�n�l�i�k�e� �t�h�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �i�n�t�e�g�r�a�t�i�o�n� �m�e�t�h�o�d� �(�N�I�M�1�)�,� �t�h�e� �s�h�o�o�t�i�n�g� �t�e�c�h�n�i�q�u�e� �(�N�I�M�2�)� 

�c�a�n� �a�l�s�o� �b�e� �u�s�e�d� �t�o� �c�o�n�v�e�r�g�e� �o�n�t�o� �u�n�s�t�a�b�l�e� �l�i�m�i�t� �c�y�c�l�e�s�.� �I�n� �f�a�c�t� �e�v�e�n� �i�n� �t�h�e� �c�a�s�e� �o�f� 

�s�t�a�b�l�e� �l�i�m�i�t� �c�y�c�l�e�s� �t�h�e� �r�a�t�e� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �m�u�c�h� �f�a�s�t�e�r� �w�h�e�n� �u�s�i�n�g� �t�h�e� �N�I�M�2�.� 

�e� �T�h�e� �N�I�M�2� �c�a�n�n�o�t� �b�e� �u�s�e�d� �w�h�e�n� �n�o�n�-�p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s� �a�r�e� �s�o�u�g�h�t�.� �M�o�r�e�o�v�e�r� �i�t�s� 

�c�o�n�v�e�r�g�e�n�c�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �v�e�r�y� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �i�n�i�t�i�a�l� �g�u�e�s�s�e�s� �a�n�d� �s�t�e�p� �s�i�z�e� �o�f� 

�n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n�,� �e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �m�u�l�t�i�p�l�e� �s�o�l�u�t�i�o�n�s� �c�o�-�e�x�i�s�t�.� �H�e�n�c�e�,� �w�h�e�n� �s�e�e�k�-� 

�i�n�g� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s�,� �t�h�e� �N�I�M� �u�s�u�a�l�l�y� �c�o�n�s�i�s�t�s� �o�f� �a�p�p�l�y�i�n�g� �t�h�e� �N�I�M�1� �t�o� �g�e�t� �o�n�t�o� �t�h�e� 

�s�o�l�u�t�i�o�n� �b�r�a�n�c�h� �a�n�d� �t�h�e�n� �t�h�e� �N�I�M�2� �t�o� �c�o�n�t�i�n�u�e� �o�n� �t�h�a�t� �b�r�a�n�c�h�.� �N�o�n�-�p�e�r�i�o�d�i�c� �(�i�.�e�.�,� 

�q�u�a�s�i�-�p�e�r�i�o�d�i�c� �o�r� �c�h�a�o�t�i�c�)� �m�o�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� �N�I�M�1�.� 

�e� �S�t�a�b�i�l�i�t�y� �a�n�d� �b�i�f�u�r�c�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �a�s� �a� �b�y�-�p�r�o�d�u�c�t� �w�h�e�n� 

�u�s�i�n�g� �t�h�e� �N�I�M�2�.� �T�h�i�s� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�u�b�-�s�e�c�t�i�o�n�.� 

�e� �U�n�l�i�k�e� �t�h�e� �M�M�S�,� �t�h�e� �N�I�M� �i�s� �n�o�t� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� �c�l�a�s�s� �o�f� �w�e�a�k�l�y�-�n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m�s� 

�a�n�d� �h�e�n�c�e� �i�t� �i�s� �a�p�p�l�i�e�d� �i�n� �t�h�e� �d�e�e�p� �p�o�s�t�-�f�l�u�t�t�e�r� �r�a�n�g�e� �a�l�s�o�.� 

�T�h�e� �r�e�l�e�v�a�n�t� �d�e�r�i�v�a�t�i�o�n�s� �f�o�r� �t�h�e� �N�I�M�,� �i�.�e�.�,� �o�b�t�a�i�n�i�n�g� �t�h�e� �e�x�p�l�i�c�i�t� �f�o�r�m�s� �o�f� �(�4�.�5�)�,� �(�4�.�6�)� 

�a�n�d� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �J�a�c�o�b�i�a�n� �m�a�t�r�i�c�e�s� �w�e�r�e� �d�o�n�e� �u�s�i�n�g� �M�A�C�S�Y�M�A�.� �T�h�e�s�e� �e�x�p�r�e�s�s�i�o�n�s� �a�r�e� 

�n�o�t� �d�i�s�p�l�a�y�e�d� �h�e�r�e�i�n�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �i�n�t�e�g�r�a�t�i�o�n� �w�a�s� �c�a�r�r�i�e�d� �o�u�t� �u�s�i�n�g� �t�h�e� �f�i�f�t�h� �a�n�d� �s�i�x�t�h� 

�o�r�d�e�r� �R�u�n�g�e�-�K�u�t�t�a�-�V�e�r�n�e�r� �m�e�t�h�o�d� �(�I�M�S�L�-�D�V�E�R�K�)�.� �F�u�r�t�h�e�r� �d�i�s�c�u�s�s�i�o�n�s� �o�f� �a�l�g�o�r�i�t�h�m�s� �f�o�r� 

�s�h�o�o�t�i�n�g� �m�e�t�h�o�d�s� �a�n�d� �c�o�n�t�i�n�u�a�t�i�o�n� �m�e�t�h�o�d�s� �t�o� �o�b�t�a�i�n� �d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n�s� �a�p�p�e�a�r� �i�n�,� �e�.�g�.�,� 

�S�e�y�d�e�l� �[�4�6�]� �a�n�d� �N�a�y�f�e�h� �a�n�d� �B�a�l�a�c�h�a�n�d�r�a�n� �[�8�5�]�.� 

�4�.�3�.�2� �S�t�a�b�i�l�i�t�y� �a�n�d� �b�i�f�u�r�c�a�t�i�o�n� �b�e�h�a�v�i�o�r� �o�f� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s� 

�A�f�t�e�r� �a� �l�i�m�i�t� �c�y�c�l�e� �s�o�l�u�t�i�o�n� �z�[�t�]� �(�=� �z�[�t� �+� �T�]�)� �a�n�d� �i�t�s� �p�e�r�i�o�d� �T� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� 

�s�h�o�o�t�i�n�g� �t�e�c�h�n�i�q�u�e�,� �i�t�s� �s�t�a�b�i�l�i�t�y� �i�s� �a�s�c�e�r�t�a�i�n�e�d� �u�s�i�n�g� �F�l�o�q�u�e�t� �t�h�e�o�r�y� �(�s�e�e� �A�p�p�e�n�d�i�x� �C�)�.� 

�C�o�m�p�a�r�i�n�g� �(�4�.�4�3�)�2�,� �(�4�.�4�5�)�.� �w�i�t�h� �(�C�.�8�)�1�,�2�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �c�o�n�s�i�d�e�r�i�n�g� �(�C�.�5�)�,� �w�e� �s�e�e� �t�h�a�t� 

�t�h�e� �m�o�n�o�d�r�o�m�y� �m�a�t�r�i�x� �¢� �i�s� �i�d�e�n�t�i�c�a�l� �t�o� �V�y�z� �[�T� �;� �v�o�]�.� �H�e�n�c�e�,� �a�f�t�e�r� �t�h�e� �s�h�o�o�t�i�n�g� �t�e�c�h�n�i�q�u�e� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�h�a�s� �c�o�n�v�e�r�g�e�d� �t�o� �a� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �w�e� �c�a�n� �d�e�t�e�r�m�i�n�e� �i�t�s� �s�t�a�b�i�l�i�t�y� �a�s� �a� �b�y�-�p�r�o�d�u�c�t� �b�y� 

�o�b�t�a�i�n�i�n�g� �t�h�e� �F�l�o�q�u�e�t� �m�u�l�t�i�p�l�i�e�r�s�,� �i�-�e�.�,� �r�j� �(�j� �=� �1 �� �2�N�)�,� �w�h�i�c�h� �a�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� 

�V�y�z� �[�T�;� �V�o�.� 

�A�s� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �i�s� �v�a�r�i�e�d�,� �b�i�f�u�r�c�a�t�i�o�n�s� �o�f� �t�h�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �Z�z� �(�s�e�e� �A�p�p�e�n�d�i�x� 

�C�)� �o�c�c�u�r� �f�o�r� �c�e�r�t�a�i�n� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �v�a�l�u�e�s� �(�h�e�n�c�e�f�o�r�t�h� �r�e�f�e�r�r�e�d� �t�o� �a�s� �b�i�f�u�r�c�a�t�i�o�n� �v�a�l�u�e�s�)�.� 

�T�h�e�s�e� �b�i�f�u�r�c�a�t�i�o�n�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�a�s�e�d� �o�n� �h�o�w� �t�h�e� �c�r�i�t�i�c�a�l� �F�l�o�q�u�e�t� �m�u�l�t�i�p�l�i�e�r� �>�,� �l�e�a�v�e�s� 

�t�h�e� �u�n�i�t� �c�i�r�c�l�e� �i�n� �t�h�e� �c�o�m�p�l�e�x� �p�l�a�n�e� �(�s�e�e� �F�i�g�.� �4�.�1�)� �a�s� �t�h�e� �c�o�n�t�r�o�l� �p�a�r�a�m�e�t�e�r� �i�s� �v�a�r�i�e�d�.� �T�h�i�s� 

�i�n� �t�u�r�n� �d�e�t�e�r�m�i�n�e�s ��a�t� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �v�a�l�u�e�s ��t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �n�o�n�-�d�e�c�a�y�i�n�g� �(�o�s�c�i�l�l�a�t�o�r�y�)� 

�d�i�s�t�u�r�b�a�n�c�e� �z�*� �w�h�i�c�h�,� �w�h�e�n� �s�u�p�e�r�i�m�p�o�s�e�d� �o�n� �2�Z�,� �r�e�s�u�l�t�s� �i�n� �a� �b�i�f�u�r�c�a�t�i�n�g� �s�o�l�u�t�i�o�n� �z� �=� �#�+�2�*�)� 

�T�h�e� �v�a�r�i�o�u�s� �b�i�f�u�r�c�a�t�i�o�n�s� �e�n�c�o�u�n�t�e�r�e�d� �a�r�e�:� 

�S�y�m�m�e�t�r�y� �B�r�e�a�k�i�n�g� �B�i�f�u�r�c�a�t�i�o�n� �:� �F�o�r� �a� �s�t�a�b�l�e� �l�i�m�i�t� �c�y�c�l�e� �p�o�s�s�e�s�s�i�n�g� �i�n�v�e�r�s�i�o�n� �s�y�m�m�e�-� 
� � 

�t�r�y�,� �i�.�e�.�,� �z�[�t�]� �=�  ��z�[�t�+� �7�)�,� �a� �s�y�m�m�e�t�r�y� �b�r�e�a�k�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �A�,� �l�e�a�v�e�s� �t�h�e� �u�n�i�t� 

�c�i�r�c�l�e� �t�h�r�o�u�g�h� �+�1�.� �S�t�a�b�l�e�,� �s�y�m�m�e�t�r�y� �b�r�o�k�e�n� �(�u�n�s�y�m�m�e�t�r�i�c�)� �l�i�m�i�t� �c�y�c�l�e�s� �c�o�-�e�x�i�s�t� �w�i�t�h� �t�h�e� 

�u�n�s�t�a�b�l�e�,� �s�y�m�m�e�t�r�i�c� �l�i�m�i�t� �c�y�c�l�e� �b�e�y�o�n�d� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�.� �T�h�e� �p�e�r�i�o�d� �o�f� �t�h�e�s�e� �s�o�l�u�t�i�o�n�s� 

�i�s� �p�r�e�s�e�r�v�e�d�,� �l�o�c�a�l�l�y�,� �b�e�y�o�n�d� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�.� 

�T�a�n�g�e�n�t� �B�i�f�u�r�c�a�t�i�o�n� �:� �W�h�e�n� �t�h�e� �s�t�a�b�l�e� �l�i�m�i�t� �c�y�c�l�e� �i�s� �s�y�m�m�e�t�r�i�c� �(�u�n�s�y�m�m�e�t�r�i�c�)�,� �a� �t�a�n�g�e�n�t� 
� � 

�b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �A�,� �l�e�a�v�e�s� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �t�h�r�o�u�g�h�  ��1� �(�+�1�)�.� �A� �b�r�a�n�c�h� �o�f� �u�n�s�t�a�b�l�e� 

�l�i�m�i�t� �c�y�c�l�e�s� �m�e�e�t�s� �t�h�e� �b�r�a�n�c�h� �o�f� �s�t�a�b�l�e� �l�i�m�i�t� �c�y�c�l�e�s� �a�t� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�.� �T�h�i�s� �i�s� �a�l�s�o� 

�k�n�o�w�n� �a�s� �a� �c�y�c�l�i�c�-�f�o�l�d� �b�i�f�u�r�c�a�t�i�o�n� �a�n�d� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�s� �a�r�e� �c�a�l�l�e�d� �t�u�r�n�i�n�g� �p�o�i�n�t�s�.� �B�e�-� 

�y�o�n�d� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t� �t�h�e� �s�o�l�u�t�i�o�n� �j�u�m�p�s� �t�o� �a�n�o�t�h�e�r� �p�e�r�i�o�d�i�c� �o�r� �n�o�n�-�p�e�r�i�o�d�i�c� �s�t�a�t�e�.� 

�F�o�r� �t�h�e� �c�a�s�e� �w�h�e�n� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s� �e�x�i�s�t� �b�e�y�o�n�d� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�,� �t�h�e� �p�e�r�i�o�d� �a�n�d� 

�s�y�m�m�e�t�r�y� �a�r�e� �l�o�c�a�l�l�y� �p�r�e�s�e�r�v�e�d�.� 

�P�e�r�i�o�d�-�D�o�u�b�l�i�n�g� �B�i�f�u�r�c�a�t�i�o�n� �:� �W�h�e�n� �t�h�e� �s�t�a�b�l�e� �l�i�m�i�t� �c�y�c�l�e� �i�s� �u�n�s�y�m�m�e�t�r�i�c�,� �a� �p�e�r�i�o�d�-� 
� � 

�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �w�h�e�n� �A�,� �l�e�a�v�e�s� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �t�h�r�o�u�g�h�  ��1�.� �S�t�a�b�l�e�,� �p�e�r�i�o�d�-� 

�d�o�u�b�l�e�d� �s�o�l�u�t�i�o�n�s� �c�o�-�e�x�i�s�t� �w�i�t�h� �t�h�e� �u�n�s�t�a�b�l�e�,� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �b�e�y�o�n�d� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�.� 

�T�h�e� �p�e�r�i�o�d�-�d�o�u�b�l�e�d� �s�o�l�u�t�i�o�n�s� �h�a�v�e� �a� �p�e�r�i�o�d� �t�h�a�t� �i�s�,� �l�o�c�a�l�l�y�,� �e�q�u�a�l� �t�o� �t�w�i�c�e� �t�h�a�t� �o�f� �t�h�e� �u�n�-� 

�s�t�a�b�l�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�.� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�S�e�c�o�n�d�a�r�y� �H�o�p�f� �o�r� �N�e�i�m�a�r�k� �B�i�f�u�r�c�a�t�i�o�n� �:� �A�s� �d�i�s�c�u�s�s�e�d� �e�a�r�l�i�e�r�,� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�f� 
� � 

�a� �f�i�x�e�d� �p�o�i�n�t� �s�o�l�u�t�i�o�n� �y�i�e�l�d�s� �a� �p�e�r�i�o�d�i�c� �b�i�f�u�r�c�a�t�i�n�g� �s�o�l�u�t�i�o�n� �c�o�n�t�a�i�n�i�n�g� �a� �n�e�w� �(�n�o�n�-�z�e�r�o�)� 

�f�r�e�q�u�e�n�c�y�.� �S�i�m�i�l�a�r�l�y�,� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�f� �a� �s�t�a�b�l�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �i�n�t�r�o�d�u�c�e�s� �a�n� �a�d�d�i�-� 

�t�i�o�n�a�l� �f�r�e�q�u�e�n�c�y� �i�n�t�o� �t�h�e� �b�i�f�u�r�c�a�t�i�n�g� �s�o�l�u�t�i�o�n�.� �D�e�p�e�n�d�i�n�g� �o�n� �w�h�e�t�h�e�r� �t�h�e� �t�w�o� �f�r�e�q�u�e�n�c�i�e�s�,� 

�i�.�e�.�,� �t�h�e� �n�e�w�l�y� �i�n�t�r�o�d�u�c�e�d� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �p�r�i�o�r� �t�o� �t�h�e� 

�b�i�f�u�r�c�a�t�i�o�n�,� �a�r�e� �c�o�m�m�e�n�s�u�r�a�t�e� �o�r� �i�n�c�o�m�m�e�n�s�u�r�a�t�e�,� �t�h�e� �b�i�f�u�r�c�a�t�i�n�g� �s�o�l�u�t�i�o�n� �i�s� �p�e�r�i�o�d�i�c� �(�i�.�e�.�,� 

�p�h�a�s�e�-�l�o�c�k�e�d�)� �o�r� �t�w�o�-�p�e�r�i�o�d� �q�u�a�s�i�-�p�e�r�i�o�d�i�c� �(�Q�P�M�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �P�h�a�s�e�-�l�o�c�k�e�d� �m�o�t�i�o�n�s� �a�r�e� 

�r�a�r�e� �a�n�d� �w�e�r�e� �n�o�t� �o�b�s�e�r�v�e�d� �i�n� �t�h�i�s� �s�t�u�d�y�.� �T�h�i�s� �b�i�f�u�r�c�a�t�i�o�n� �i�s� �a�l�s�o� �c�a�l�l�e�d� �a� �N�e�i�m�a�r�k� �b�i�f�u�r�-� 

�c�a�t�i�o�n� �a�n�d� �o�c�c�u�r�s� �w�h�e�n� �t�w�o� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �F�l�o�q�u�e�t� �m�u�l�t�i�p�l�i�e�r�s� �l�e�a�v�e� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� 

�t�r�a�n�s�v�e�r�s�e�l�y�.� �S�i�n�c�e� �q�u�a�s�i�-�p�e�r�i�o�d�i�c� �m�o�t�i�o�n�s� �a�r�e� �n�o�n�-�p�e�r�i�o�d�i�c�,� �o�n�l�y� �t�h�e� �N�I�M�1� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�o�b�t�a�i�n� �t�h�e�m�.� �B�e�y�o�n�d� �t�h�e� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�,� �t�h�e� �o�r�i�g�i�n�a�l� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �b�r�a�n�c�h� �i�s� �u�n�s�t�a�b�l�e�,� 

�w�h�e�r�e�a�s� �t�h�e� �Q�P�M� �(�a�l�s�o� �k�n�o�w�n� �a�s� �m�o�t�i�o�n� �o�n� �a� �T�?� �t�o�r�u�s�)� �i�s� �s�t�a�b�l�e�.� 

�4�.�4� �C�h�a�r�a�c�t�e�r�i�z�a�t�i�o�n� �o�f� �M�o�t�i�o�n� 

�T�h�e� �v�a�r�i�o�u�s� �t�y�p�e�s� �o�f� �d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d�,� �i�.�e�.�,� �p�e�r�i�o�d�i�c� �(�s�y�m�m�e�t�r�i�c�,� �s�y�m�m�e�t�r�y� 

�-� �b�r�o�k�e�n�,� �p�e�r�i�o�d�-�d�o�u�b�l�e�d�)�,� �a�n�d� �n�o�n�-�p�e�r�i�o�d�i�c� �(�i�.�e�.�,� �q�u�a�s�i�-�p�e�r�i�o�d�i�c� �a�n�d� �c�h�a�o�t�i�c�)�,� �a�r�e� �c�h�a�r�a�c�-� 

�t�e�r�i�z�e�d� �b�y� �o�b�t�a�i�n�i�n�g� �p�h�a�s�e� �t�r�a�j�e�c�t�o�r�i�e�s�,� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�a�,� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�s�,� �L�y�a�p�u�n�o�v� 

�e�x�p�o�n�e�n�t�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �L�y�a�p�u�n�o�v� �d�i�m�e�n�s�i�o�n�.� 

�P�h�a�s�e� �T�r�a�j�e�c�t�o�r�i�e�s� 
� � 

�T�h�e�s�e� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s� �i�n� �t�h�e� �z�,�; ��z�s� �p�l�a�n�e�.� �T�h�e� �s�y�m�m�e�t�r�i�c�,� �s�y�m�m�e�-� 

�t�r�y� �b�r�o�k�e�n� �a�n�d� �p�e�r�i�o�d�-�d�o�u�b�l�e�d� �(�u�p� �t�o� �p�e�r�i�o�d�-�4� �m�o�t�i�o�n�)� �s�o�l�u�t�i�o�n�s� �a�r�e� �c�l�e�a�r�l�y� �d�i�s�t�i�n�g�u�i�s�h�a�b�l�e�.� 

�F�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�a� 
� � 

�T�h�e�s�e� �a�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �F�a�s�t� �F�o�u�r�i�e�r� �T�r�a�n�s�f�o�r�m� �(�F�F�T�)� �r�o�u�t�i�n�e� �i�n� �t�h�e� �s�o�f�t�w�a�r�e� 

�I�G�O�R�.� �F�o�r� �a� �s�y�m�m�e�t�r�i�c� �l�i�m�i�t� �c�y�c�l�e� �t�h�e� �f�r�e�q�u�e�n�c�y� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �(�f�l�u�t�t�e�r�)� 

�f�r�e�q�u�e�n�c�y� �a�n�d� �i�t�s� �h�i�g�h�e�r� �h�a�r�m�o�n�i�c�s�.� �T�h�e� �u�n�s�y�m�m�e�t�r�i�c� �s�o�l�u�t�i�o�n� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e� �a�p�-� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�p�e�a�r�a�n�c�e� �o�f� �a�n� �a�d�d�i�t�i�o�n�a�l� �z�e�r�o�-�f�r�e�q�u�e�n�c�y� �c�o�m�p�o�n�e�n�t� �(�D�C� �c�o�m�p�o�n�e�n�t�)� �a�n�d� �t�h�e� 

�p�e�r�i�o�d�-�d�o�u�b�l�e�d� �s�o�l�u�t�i�o�n� �c�o�n�t�a�i�n�s� �a�d�d�i�t�i�o�n�a�l� �s�u�b�-�h�a�r�m�o�n�i�c�s� �o�f� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y� 

�a�n�d� �i�t�s� �h�i�g�h�e�r� �h�a�r�m�o�n�i�c�s�.� �T�h�e� �Q�P�M� �c�o�n�t�a�i�n�s� �a�d�d�i�t�i�o�n�a�l� �s�i�d�e�b�a�n�d�s� �a�r�o�u�n�d� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� 

�f�r�e�q�u�e�n�c�y�,� �i�t�s� �s�u�b�-�h�a�r�m�o�n�i�c�s� �a�n�d� �h�i�g�h�e�r� �h�a�r�m�o�n�i�c�s�,� �w�h�e�r�e�a�s� �c�h�a�o�t�i�c� �m�o�t�i�o�n� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� 

�b�y� �a� �b�r�o�a�d�b�a�n�d� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m�.� 

�P�o�i�n�c�a�r�é� �S�e�c�t�i�o�n�s� � � 

�T�h�e�s�e� �a�r�e� �d�e�f�i�n�e�d� �b�y� �h�o�l�d�i�n�g� �z�;� �c�o�n�s�t�a�n�t� �(�e�.�g�.�,� �z�e�r�o� �a�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�i�n�)� �a�n�d� �z�;� �>� �0� �(�o�r� 

�z� �<� �0�)�.� �F�o�r� �m�o�s�t� �a�p�p�l�i�c�a�t�i�o�n�s� �t�h�e� �s�e�c�t�i�o�n�s� �w�e�r�e� �d�e�f�i�n�e�d� �u�s�i�n�g� �t� �=� �6�.� 

�L�y�a�p�u�n�o�v� �E�x�p�o�n�e�n�t�s� �a�n�d� �L�y�a�p�u�n�o�v� �D�i�m�e�n�s�i�o�n� 
� � 

�T�h�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �m�e�a�s�u�r�e� �t�h�e� �a�v�e�r�a�g�e� �e�x�p�o�n�e�n�t�i�a�l� �r�a�t�e�s� �o�f� �d�i�v�e�r�g�e�n�c�e� �o�r� �c�o�n�-� 

�v�e�r�g�e�n�c�e� �o�f� �n�e�a�r�b�y� �p�h�a�s�e� �s�p�a�c�e� �t�r�a�j�e�c�t�o�r�i�e�s�.� �T�h�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �a�n� 

�i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n� �z� �a�r�e� �d�e�f�i�n�e�d� �a�s� �(�P�a�r�k�e�r� �a�n�d� �C�h�u�a� �(�6�4�)�)�,� 

�o�F� �=� �j�i�m�  ��I�n�|� �B�[�t�]�}�|�}� �,�»�,� �%�j�g�u�l ��a�N�n� �(�4�.�4�6�)� 

�w�h�e�r�e� �j�;�[�t�]� �a�r�e� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �m�a�t�r�i�x� �s�o�l�u�t�i�o�n� �Z�*�[�t�]� �o�b�t�a�i�n�e�d� �b�y� �i�n�t�e�-� 

�g�r�a�t�i�n�g� �t�h�e� �I�V�P� �(�C�.�8�)� �w�i�t�h� �A�[�t�;� �A�,� �L�*�]� �=� �V�a�i�l�.�.�.� �A�s� �s�h�o�w�n� �e�a�r�l�i�e�r�,� �t�h�e� �j�i�;�{�t�]� �a�r�e� �a�l�s�o� 

�t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �V�p�z�|�[�t�;� �v�o�]� �w�h�i�c�h� �i�s� �o�b�t�a�i�n�e�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �t�h�e� �I�V�P� �d�e�f�i�n�e�d� �b�y� �(�4�.�3�8�)�,� 

�a�n�d� �(�4�.�4�3�)� �s�u�b�j�e�c�t� �t�o� �t�h�e� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �z�[�0�]� �=� �z�)� �a�n�d� �V�p�z�(�[�0�]� �=� �I�.� 

�A�n�o�t�h�e�r� �e�q�u�i�v�a�l�e�n�t� �d�e�f�i�n�i�t�i�o�n� �(�e�.�g�.�,� �W�o�l�f� �e�t� �a�l�.� �[�7�2�]�)�,� �u�s�e�d� �i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �a�l�g�o�r�i�t�h�m�s�,� 

�c�o�n�s�i�d�e�r�s� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �a�n� �i�n�f�i�n�i�t�e�s�i�m�a�l� �2�N�-�d�i�m�e�n�s�i�o�n�a�l� �s�p�h�e�r�e� �o�f� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� �A�s� 

�t�i�m�e� �e�v�o�l�v�e�s�,� �t�h�e� �s�p�h�e�r�e� �e�x�p�a�n�d�s� �o�r� �c�o�n�t�r�a�c�t�s� �a�l�o�n�g� �i�t�s� �2�N� �p�r�i�n�c�i�p�a�l� �d�i�r�e�c�t�i�o�n�s� �a�n�d� �g�e�t�s� 

�t�r�a�n�s�f�o�r�m�e�d� �i�n�t�o� �a� �2�N�-�d�i�m�e�n�s�i�o�n�a�l� �e�l�l�i�p�s�o�i�d�.� �T�h�e� �j ��*� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t� �i�s� �d�e�f�i�n�e�d� �i�n� 

�t�e�r�m�s� �o�f� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �j�*�*� �p�r�i�n�c�i�p�a�l� �a�x�i�s� �o�f� �t�h�e� �e�l�l�i�p�s�o�i�d�,� �i�.�e�.�,� �d�;�[�¢�]�,� �a�s�,� 

�$� �1� �d�;�{�é�]� 

�A�5�=� �2� �7�1�°�8�2� �a�,� �(�0�)� 
� � �,� �g�=�l ��2�N� �(�4�.�4�7�)� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �a�n�d� �p�r�o�g�r�a�m� �b�y� �W�o�l�f� �e�t� �a�l�.� �[�7�2�]� �w�a�s� �u�s�e�d� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �L�y�a�p�u�n�o�v� 

�e�x�p�o�n�e�n�t�s�.� �T�h�e� �v�a�l�u�e� �o�f� �d�j� �d�e�p�e�n�d�s� �u�p�o�n� �i�n�p�u�t� �p�a�r�a�m�e�t�e�r�s� �s�u�c�h� �a�s� �t�h�e� �L�y�a�p�u�n�o�v� �t�i�m�e� 
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�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�s�t�e�p� �a�n�d� �R�u�n�g�e�-�K�u�t�t�a� �i�n�t�e�g�r�a�t�i�o�n� �t�i�m�e� �s�t�e�p�.� �M�o�r�e�o�v�e�r�,� �s�i�n�c�e� �d�j� �i�s� �a� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�p�e�r�t�y� �w�e� 

�n�e�e�d� �t�o� �i�n�t�e�g�r�a�t�e� �(�4�.�3�8�)�,� �a�n�d� �(�4�.�4�3�)�2� �o�v�e�r� �a� �l�o�n�g� �t�i�m�e� �t�o� �o�b�t�a�i�n� �a�n� �a�c�c�e�p�t�a�b�l�e� �v�a�l�u�e� �f�o�r� �i�t� 

�(�M�o�o�n� �[�6�2�]�)�.� �D�u�e� �t�o� �t�h�e�s�e� �r�e�a�s�o�n�s�,� �f�o�r� �s�o�m�e� �c�a�s�e�s�,� �t�h�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �o�s�c�i�l�l�a�t�e� �a�b�o�u�t� 

�a� �m�e�a�n� �v�a�l�u�e� �i�n�s�t�e�a�d� �o�f� �c�o�n�v�e�r�g�i�n�g�.� 

�F�o�r� �a�n� �a�u�t�o�n�o�m�o�u�s� �s�y�s�t�e�m� �(�e�.�g�.�,� �(�4�.�6�)�)�,� �o�n�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t� �i�s� �a�l�w�a�y�s� �z�e�r�o�,� �e�x�c�e�p�t� 

�i�n� �t�h�e� �c�a�s�e� �o�f� �a� �s�t�a�b�l�e� �e�q�u�i�l�i�b�r�i�u�m� �p�o�i�n�t�.� �M�o�r�e�o�v�e�r�,� �s�i�n�c�e� �(�4�.�6�)� �i�s� �a� �d�i�s�s�i�p�a�t�i�v�e� �s�y�s�t�e�m�,� 

�c�o�n�t�r�a�c�t�i�o�n� �o�f� �a�n� �a�t�t�r�a�c�t�o�r� �m�u�s�t� �o�u�t�w�e�i�g�h� �i�t�s� �e�x�p�a�n�s�i�o�n� �a�n�d� �h�e�n�c�e� �t�h�e� �s�u�m� �o�f� �t�h�e� �e�x�p�o�n�e�n�t�s� 

�m�u�s�t� �b�e� �n�e�g�a�t�i�v�e�.� �F�o�r� �a� �s�t�a�b�l�e� �e�q�u�i�l�i�b�r�i�u�m� �p�o�i�n�t� �a�l�l� �e�x�p�o�n�e�n�t�s� �a�r�e� �n�e�g�a�t�i�v�e�.� �P�e�r�i�o�d�i�c� 

�s�o�l�u�t�i�o�n�s� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �o�n�e� �z�e�r�o� �e�x�p�o�n�e�n�t�,� �t�h�e� �r�e�m�a�i�n�i�n�g� �2�N�  ��1� �b�e�i�n�g� �n�e�g�a�t�i�v�e�.� 

�W�h�e�n� �K� �e�x�p�o�n�e�n�t�s� �a�r�e� �z�e�r�o� �a�n�d� �t�h�e� �r�e�m�a�i�n�i�n�g� �2�N ��K� �a�r�e� �n�e�g�a�t�i�v�e�,� �t�h�e� �m�o�t�i�o�n� �i�s� �K�-�p�e�r�i�o�d� 

�q�u�a�s�i�-�p�e�r�i�o�d�i�c� �(�i�.�e�.�,� �K� �i�n�c�o�m�m�e�n�s�u�r�a�t�e� �f�r�e�q�u�e�n�c�i�e�s� �a�r�e� �i�n�v�o�l�v�e�d�)�.� �C�h�a�o�t�i�c� �a�t�t�r�a�c�t�o�r�s� �p�o�s�s�e�s�s� 

�a�t� �l�e�a�s�t� �o�n�e� �p�o�s�i�t�i�v�e� �e�x�p�o�n�e�n�t� �(�s�a�y� �;�)� �w�h�i�c�h� �i�n�d�i�c�a�t�e�s� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �e�x�p�a�n�s�i�o�n� �i�n� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �p�r�i�n�c�i�p�a�l� �d�i�r�e�c�t�i�o�n� �(�s�a�y� �d�,�[�t�]�)�.� �S�i�n�c�e�,� �b�y� �d�e�f�i�n�i�t�i�o�n�,� �a�n� �a�t�t�r�a�c�t�o�r� �i�s� �b�o�u�n�d�e�d�,� 

�t�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �a� �f�o�l�d�i�n�g� �p�r�o�c�e�s�s� �o�c�c�u�r�s� �i�n� �t�h�e� �p�r�i�n�c�i�p�a�l� �d�i�r�e�c�t�i�o�n�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� 

�p�o�s�i�t�i�v�e� �e�x�p�o�n�e�n�t�s�.� �T�h�u�s�,� �e�a�c�h� �p�o�s�i�t�i�v�e� �e�x�p�o�n�e�n�t� �r�e�p�r�e�s�e�n�t�s� �a� �p�r�i�n�c�i�p�a�l� �d�i�r�e�c�t�i�o�n� �a�l�o�n�g� 

�w�h�i�c�h� �w�e� �h�a�v�e� �a� �r�e�p�e�a�t�e�d� �s�t�r�e�t�c�h�i�n�g� �a�n�d� �f�o�l�d�i�n�g� �p�r�o�c�e�s�s� �t�h�a�t� �d�e�c�o�r�r�e�l�a�t�e�s� �n�e�a�r�b�y� �s�t�a�t�e�s� �o�n� 

�t�h�e� �a�t�t�r�a�c�t�o�r�.� �T�h�i�s� �i�m�p�l�i�e�s� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �l�o�s�s� �o�f� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�w�o� �o�r�b�i�t�s� �i�n�i�t�i�a�l�l�y� 

�s�e�p�a�r�a�t�e�d� �b�y� �a�n� �i�n�f�i�n�i�t�e�s�i�m�a�l� �d�i�s�t�a�n�c�e�,� �i�.�e�.�,� �s�e�n�s�i�t�i�v�i�t�y� �t�o� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s�.� 

�T�h�e� �L�y�a�p�u�n�o�v� �d�i�m�e�n�s�i�o�n� �o�f� �t�h�e� �a�t�t�r�a�c�t�o�r� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�p�r�o�c�e�d�u�r�e� �d�u�e� �t�o� �K�a�p�l�a�n� �a�n�d� �Y�o�r�k�e� �[�6�5�]�.� �W�e� �o�r�d�e�r� �t�h�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �o�f� �t�h�e� �a�t�t�r�a�c�t�o�r� 

� � 

�a�s� �A�y� �>� �A�g� �D�e�e�s� �>� �A�o�n� �a�n�d� �d�e�f�i�n�e� �m� �a�s� �t�h�e� �l�a�r�g�e�s�t� �i�n�t�e�g�e�r� �w�h�i�c�h� �s�a�t�i�s�f�i�e�s� �t�h�e� �r�e�l�a�t�i�o�n� 

�M�i� �t�d�g�t�-�-�e�e�:� �+� �A�m� �>� �0�.� �T�h�e�n�,� �t�h�e� �L�y�a�p�u�n�o�v� �d�i�m�e�n�s�i�o�n� �i�s� �d�e�f�i�n�e�d� �a�s�,� 

�d�p� �=�m�y�t�a�a�t�e� �+� �A�m� �(�4�.�4�8�)� 
�|� �A�m�+�1� �|� 

�I�f� �n�o� �s�u�c�h� �m� �e�x�i�s�t�s�,� �a�s� �i�s� �t�h�e� �c�a�s�e� �f�o�r� �a� �s�t�a�b�l�e� �e�q�u�i�l�i�b�r�i�u�m� �p�o�i�n�t�,� �w�e� �h�a�v�e� �d�z� �=� �0�.� �T�h�u�s�,� �i�t� 

�c�a�n� �b�e� �e�a�s�i�l�y� �s�h�o�w�n� �t�h�a�t� �d�z�,� �=� �0� �f�o�r� �a� �p�o�i�n�t� �a�t�t�r�a�c�t�o�r�,� �d�z� �=� �1� �f�o�r� �a� �p�e�r�i�o�d�i�c� �a�t�t�r�a�c�t�o�r� �a�n�d� 

�d�y�;� �=� �K� �f�o�r� �a� �K�-�p�e�r�i�o�d�i�c� �a�t�t�r�a�c�t�o�r�.� �A� �c�h�a�o�t�i�c� �a�t�t�r�a�c�t�o�r� �h�a�s� �a� �n�o�n�-�i�n�t�e�g�e�r� �d�z�.� 

�6�2



�C�H�A�P�T�E�R� �4�.� �S�O�L�U�T�I�O�N� �M�E�T�H�O�D�O�L�O�G�Y� 

�I�m� 

�R�e� 

� � 
�S�y�m�m�e�t�r�y� �B�r�e�a�k�i�n�g� �B�i�f�u�r�c�a�t�i�o�n� �;� �T�a�n�g�e�n�t� �B�i�f�u�r�c�a�t�i�o�n� 

�I�m� 

�R�e� 

� � 
�P�e�r�i�o�d� �-� �D�o�u�b�l�i�n�g� �B�i�f�u�r�c�a�t�i�o�n� �;� �T�a�n�g�e�n�t� �B�i�f�u�r�c�a�t�i�o�n� 

 ��d�X� 
�S�e�c�o�n�d�a�r�y� �H�o�p�f� �(�N�e�i�m�a�r�k�)� �B�i�f�u�r�c�a�t�i�o�n� 

� � 
�F�i�g�u�r�e� �4�.�1�:� �B�i�f�u�r�c�a�t�i�o�n� �b�e�h�a�v�i�o�r� �d�e�t�e�r�m�i�n�e�d� �b�y� �h�o�w� �F�l�o�q�u�e�t� �m�u�l�t�i�p�l�i�e�r� �l�e�a�v�e�s� �t�h�e� �u�n�i�t� 
�c�i�r�c�l�e�.� 
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�C�h�a�p�t�e�r� �5� 

�N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�T�h�e� �n�u�m�e�r�i�c�a�l� �a�p�p�l�i�c�a�t�i�o�n�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�i�n� �a�r�e� �f�o�r� �a� �c�o�m�p�o�s�i�t�e� �p�a�n�e�l� �m�a�d�e� �u�p� �o�f� �t�h�r�e�e� 

�l�a�y�e�r�s� �(�i� �=� �1�,� �2�,�3�)� �w�i�t�h� �t�h�e� �i�n�d�i�c�e�s� �1� �a�n�d� �3� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �o�u�t�e�r� �l�a�y�e�r�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �d�a�t�a� 

�a�r�e� �c�o�m�m�o�n� �t�o� �a�l�l� �t�h�e� �c�a�s�e�s� �c�o�n�s�i�d�e�r�e�d�:� 

�P�r�e�s�s�u�r�e� �o�f� �s�t�i�l�l� �a�i�r� �(� �i�.�e�.�,� �a�t�m�o�s�p�h�e�r�i�c� �p�r�e�s�s�u�r�e� �)� �:� �p�o� �=� �1�4�.�6�3� �p�s�i� 

�S�p�e�e�d� �o�f� �s�o�u�n�d� �a�t� �s�e�a� �l�e�v�e�l�:� �C�o�o� �=� �1�0�8�2�.�5� �f�t�.�s�e�c!"�?� 

�P�o�l�y�t�r�o�p�i�c� �g�a�s� �c�o�e�f�f�i�c�i�e�n�t� �:� �x�=� �1�.�4� 

�S�t�r�u�c�t�u�r�a�l� �d�a�m�p�i�n�g� �(�a�s�s�u�m�e�d�)� �:� �E�s� �=� �0�.�1�l�e�,� 

�R�e�l�a�t�i�v�e� �t�h�i�c�k�n�e�s�s� �o�f� �l�a�y�e�r�s� �:� �h�e�i�>� �=� �h�e�s�y� �=� �0�.�5�h�e�2�5� 

�T�o�t�a�l� �t�h�i�c�k�n�e�s�s� �o�f� �p�a�n�e�l� �:� �h�=�1�i�n� 

�N�o�n�d�i�m�e�n�s�i�o�n�a�l� �i�m�p�e�r�f�e�c�t�i�o�n� �c�o�n�s�i�d�e�r�e�d� �:� �G�i�;� �=� �0�.�2� �(�u�n�l�e�s�s� �s�t�a�t�e�d� �o�t�h�e�r�w�i�s�e�)� 

�M�a�s�s� �d�e�n�s�i�t�y� �o�f� �p�a�n�e�l� �l�a�y�e�r�s� �:� �P�<�i�>� �=� �0�.�0�0�0�1�3� �I�b�f�.�s�e�c�?�.�i�n�=�4� 

�I�n�-�p�l�a�n�e� �Y�o�u�n�g ��s� �m�o�d�u�l�i� �o�f� �p�a�n�e�l� �l�a�y�e�r�s� �:� �E�e�1�>� �=� �E�e�3�>� �=� �2�0�.�8�3� �x� �1�0�°� �p�s�i� �;� �E�F�e�o�>� �=� 

�T�r�a�n�s�v�e�r�s�e� �Y�o�u�n�g ��s� �m�o�d�u�l�i� �o�f� �p�a�n�e�l� �l�a�y�e�r�s� �:� �|� �F�<�i�>� 

�T�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �m�o�d�u�l�i� �o�f� �p�a�n�e�l� �l�a�y�e�r�s� �:� �G�r�i�s� �=� �E�<�i�>� �(�u�n�l�e�s�s� �s�t�a�t�e�d� �o�t�h�e�r�w�i�s�e�)� 

�I�n�-�p�l�a�n�e�,� �t�r�a�n�s�v�e�r�s�e� �P�o�i�s�s�o�n ��s� �r�a�t�i�o� �o�f� �p�a�n�e�l� �l�a�y�e�r�s� �p�e�i�y� �=� �p�e�;� �=� �0�.�2�5� 

�5�.�1� �S�t�a�b�i�l�i�t�y� �B�o�u�n�d�a�r�i�e�s� 

�A� �4�x� �1� �m�o�d�e� �a�n�a�l�y�s�i�s� �w�a�s� �p�e�r�f�o�r�m�e�d� �f�o�r� �a� �s�q�u�a�r�e� �p�a�n�e�l� �w�i�t�h� �t�h�i�c�k�n�e�s�s� �r�a�t�i�o� �4� �=� �5�0�,� 

�s�u�b�j�e�c�t�e�d� �t�o� �a� �u�n�i�a�x�i�a�l� �c�o�m�p�r�e�s�s�i�v�e� �e�d�g�e� �l�o�a�d� �L�j�,� �a�n�d� �f�l�o�w� �p�a�s�t� �b�o�t�h� �f�a�c�e�s� �(�6�;� �=� �0�,� �§� �f� �=� �2�)� 

�i�n� �t�h�e� �z�;� �d�i�r�e�c�t�i�o�n� �(�A� �=� �0�°�)�.� �U�n�l�e�s�s� �s�t�a�t�e�d� �o�t�h�e�r�w�i�s�e�,� �a�e�r�o�d�y�n�a�m�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �w�e�r�e� 

�i�n�c�l�u�d�e�d� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n�s�.� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�P�e�r�f�e�c�t� �p�a�n�e�l� 

�T�h�e� �s�t�a�b�i�l�i�t�y� �o�f� �t�h�e� �t�r�i�v�i�a�l� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �{�0�}� �w�a�s� �a�n�a�l�y�z�e�d� �a�n�d� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �s�t�a�-� 

�b�i�l�i�t�y� �b�o�u�n�d�a�r�i�e�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �f�o�l�l�o�w�i�n�g� �t�h�e� �e�i�g�e�n�v�a�l�u�e�s� �o�f� �J�2� �(�e�q�n�.� �(�4�.�1�3�)�)�.� �D�e�p�e�n�d�i�n�g� 

�o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�a�l� �a�n�d� �c�o�m�p�l�e�x� �e�i�g�e�n�v�a�l�u�e�s� �r�e�s�i�d�i�n�g� �i�n� �t�h�e� �r�i�g�h�t�-�h�a�l�f� �c�o�m�p�l�e�x� �p�l�a�n�e�,� 

�d�e�n�o�t�e�d� �R� �a�n�d� �C�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �A�-�L�j� �p�l�a�n�e� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� �r�e�g�i�o�n�s� �I�-�I�X� �o�n� �t�h�e� �b�a�s�i�s� �o�f� 

�[�R�,� �C�]� �(�s�e�e� �F�i�g�.� �5�.�1� �f�o�r� �d�e�t�a�i�l�s�)�.� 

�F�i�g�s�.� �5�.�1� �a�n�d� �5�.�2� �d�i�s�p�l�a�y� �t�h�e� �s�t�a�b�i�l�i�t�y� �b�o�u�n�d�a�r�i�e�s� �o�b�t�a�i�n�e�d� �f�o�r� �a� �p�a�n�e�l� �w�i�t�h� �m�o�v�a�b�l�e� 

�e�d�g�e�s�,� �w�i�t�h�i�n� �t�h�e� �f�r�a�m�e�w�o�r�k� �o�f� �t�h�e� �C�P�T� �a�n�d� �H�S�D�T�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �{�0�}� �s�o�l�u�t�i�o�n� �i�s� 

�s�t�a�b�l�e� �i�n� �I� �a�n�d� �l�o�s�e�s� �i�t�s� �s�t�a�b�i�l�i�t�y� �b�y� �d�i�v�e�r�g�e�n�c�e� �w�h�e�n� �g�o�i�n�g� �a�c�r�o�s�s� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �b�o�u�n�d�a�r�y� 

�i�n�t�o� �I�I�,� �a�n�d� �b�y� �f�l�u�t�t�e�r� �w�h�e�n� �g�o�i�n�g� �a�c�r�o�s�s� �t�h�e� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y� �i�n�t�o� �I�V�.� �W�h�e�n� �g�o�i�n�g� �a�c�r�o�s�s� 

�i�n�t�o� �I�V� �f�l�u�t�t�e�r� �o�c�c�u�r�s� �a�s� �t�h�e� �r�e�s�u�l�t� �o�f� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �a�s� �w�i�l�l� �b�e� �s�e�e�n� �l�a�t�e�r�,� �t�h�i�s� 

�i�s� �n�o�t� �t�h�e� �o�n�l�y� �m�e�c�h�a�n�i�s�m� �f�o�r� �f�l�u�t�t�e�r�.� �S�t�a�b�l�e� �n�o�n�-�t�r�i�v�i�a�l� �(�b�u�c�k�l�e�d�)� �e�q�u�i�l�i�b�r�i�a� �{�+�1�}� �e�x�i�s�t� �i�n� 

�r�e�g�i�o�n�s� �I�I� �a�n�d� �I�I�I�.� �T�h�e� �c�r�i�t�i�c�a�l� �b�u�c�k�l�i�n�g� �l�o�a�d� �f�o�r� �t�h�e� �C�P�T�,� �o�b�t�a�i�n�e�d� �f�o�r� �A� �=� �0�,� �i�s� �4� �(�i�.�e�.�,� �t�h�e� 

�c�l�a�s�s�i�c�a�l� �E�u�l�e�r� �b�u�c�k�l�i�n�g� �l�o�a�d�)�.� 

�R�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �C�P�T� �a�n�d� �H�S�D�T� �f�o�r� �v�a�r�i�o�u�s� �v�a�l�u�e�s� �o�f� �g�e�e� �a�r�e� �c�o�m�p�a�r�e�d� �i�n� 

�F�i�g�.� �5�.�3� �w�h�e�r�e� �o�n�l�y� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�a�b�i�l�i�t�y� �b�o�u�n�d�a�r�i�e�s� �a�r�e� �s�h�o�w�n�.� �W�e� �s�e�e� �t�h�a�t� �t�h�e� �C�P�T� 

�o�v�e�r�p�r�e�d�i�c�t�s� �b�o�t�h� �i�n�s�t�a�b�i�l�i�t�y� �l�o�a�d�s� �(�i�.�e�.�,� �d�i�v�e�r�g�e�n�c�e� �a�n�d� �f�l�u�t�t�e�r�)�,� �a�n�d� �i�s� �n�o�t� �s�e�n�s�i�t�i�v�e� �t�o� 

�v�a�r�i�a�t�i�o�n�s� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �f�l�e�x�i�b�i�l�i�t�y� �o�f� �t�h�e� �p�a�n�e�l�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� 

�C�P�T� �r�e�s�u�l�t�s�,� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �H�S�D�T� �s�h�o�w� �t�h�a�t� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� 

�f�l�e�x�i�b�i�l�i�t�y� �o�f� �t�h�e� �p�a�n�e�l� �(�i�.�e�.�,� �h�i�g�h�e�r� �g�e�)� �y�i�e�l�d�s� �l�o�w�e�r� �i�n�s�t�a�b�i�l�i�t�y� �l�o�a�d�s�.� �T�h�i�s� �b�e�h�a�v�i�o�r� 

�c�o�n�f�o�r�m�s� �t�o� �p�h�y�s�i�c�a�l� �e�x�p�e�c�t�a�t�i�o�n�s�.� �F�i�g�s�.� �5�.�4� �a�n�d� �5�.�5� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �C�P�T� �a�n�d� �H�S�D�T�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �s�h�o�w� �t�h�e� �e�f�f�e�c�t� �o�f� �i�n�-�p�l�a�n�e� �e�d�g�e� �r�e�s�t�r�a�i�n�t�s� �a�p�p�l�i�e�d� �a�l�o�n�g� �t�h�e� �e�d�g�e�s� �z�2� �=� �0�,� �l�g�.� 

�W�e� �s�e�e� �t�h�a�t� �f�o�r� �a� �g�i�v�e�n� �A�,� �d�i�v�e�r�g�e�n�c�e� �o�c�c�u�r�s� �f�o�r� �l�o�w�e�r� �v�a�l�u�e�s� �o�f�  ��L�]� �w�h�e�n� �t�h�e� �e�d�g�e�s� �a�r�e� 

�i�m�m�o�v�a�b�l�e�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �e�d�g�e� �r�e�s�t�r�a�i�n�t� �i�n�d�u�c�e�s� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� 

�l�o�a�d�s� �i�n� �t�h�e� �z�2� �d�i�r�e�c�t�i�o�n�,� �t�h�u�s� �c�a�u�s�i�n�g� �t�h�e� �p�a�n�e�l� �t�o� �b�u�c�k�l�e� �a�t� �a� �l�o�w�e�r�  ��L�j�.� �F�u�r�t�h�e�r�m�o�r�e�,� 

�t�h�e� �f�l�o�w� �s�p�e�e�d� �r�e�q�u�i�r�e�d� �t�o� �r�e�t�u�r�n� �a� �b�u�c�k�l�e�d� �p�a�n�e�l� �t�o� �i�t�s� �f�l�a�t� �s�t�a�b�l�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �i�s� �h�i�g�h�e�r� 

�w�h�e�n� �t�h�e� �e�d�g�e�s� �a�r�e� �i�m�m�o�v�a�b�l�e�.� �F�o�r� �t�h�i�s� �c�a�s�e�,� �w�h�e�r�e� �t�h�e� �i�n�d�u�c�e�d� �e�d�g�e� �l�o�a�d� �i�s� �n�o�r�m�a�l� �t�o� �t�h�e� 

�f�l�o�w� �d�i�r�e�c�t�i�o�n�,� �t�h�e� �e�d�g�e� �r�e�s�t�r�a�i�n�t�s� �h�a�v�e� �n�o� �v�i�s�i�b�l�e� �e�f�f�e�c�t� �o�n� �t�h�e� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y�.� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�I�m�p�e�r�f�e�c�t� �p�a�n�e�l� 

�F�i�g�s�.� �5�.�6�-�5�.�9� �s�h�o�w� �t�h�a�t� �f�o�r� �l�o�w� �v�a�l�u�e�s� �o�f�  ��L�j� �t�h�e� �(�n�o�n�-�t�r�i�v�i�a�l�)� �e�q�u�i�l�i�b�r�i�u�m� �b�e�c�o�m�e�s� 

�u�n�s�t�a�b�l�e� �a�s� �t�h�e� �r�e�s�u�l�t� �o�f� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �a�n�d� �f�l�u�t�t�e�r� �e�n�s�u�e�s�.� �F�o�r� �h�i�g�h� �v�a�l�u�e�s� �o�f�  �� �L�j�,� �t�h�e� 

�l�o�s�s� �o�f� �s�t�a�b�i�l�i�t�y� �r�e�s�u�l�t�s� �i�n� �a� �j�u�m�p� �e�i�t�h�e�r� �t�o� �f�l�u�t�t�e�r� �o�r� �a� �n�e�w� �b�u�c�k�l�e�d� �s�t�a�t�e� �(�s�n�a�p�-�t�h�r�o�u�g�h�)�.� 

�T�h�i�s� �r�e�g�i�o�n� �i�s� �m�a�r�k�e�d� �w�i�t�h� �d�o�t�s� �i�n� �F�i�g�s�.� �5�.�6 ��5�.�9�.� �R�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �H�S�D�T� �i�n� �F�i�g�.� �5�.�6� 

�s�h�o�w� �t�h�a�t� �f�o�r� �a� �g�i�v�e�n� �f�l�o�w� �s�p�e�e�d� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �a�t� �w�h�i�c�h� �i�n�s�t�a�b�i�l�i�t�y� �o�c�c�u�r�s� �i�s� �h�i�g�h�e�r� 

�f�o�r� �a� �p�a�n�e�l� �p�o�s�s�e�s�s�i�n�g� �g�r�e�a�t�e�r� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �r�i�g�i�d�i�t�y�.� �A�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �p�e�r�f�e�c�t� �p�a�n�e�l�s�,� 

�t�h�e� �C�P�T� �p�r�e�d�i�c�t�s� �t�h�e� �h�i�g�h�e�s�t� �i�n�s�t�a�b�i�l�i�t�y� �l�o�a�d�s� �a�n�d� �d�o�e�s� �n�o�t� �m�o�d�e�l� �t�h�e� �e�f�f�e�c�t� �o�f� �v�a�r�i�a�t�i�o�n�s� 

�i�n� �t�r�a�n�s�v�e�r�s�e� �s�h�e�a�r� �r�i�g�i�d�i�t�y�.� �A�n� �i�n�t�e�r�e�s�t�i�n�g� �f�e�a�t�u�r�e� �i�s� �t�h�a�t� �f�o�r� �a� �c�e�r�t�a�i�n� �r�a�n�g�e� �o�f� �L�}� �t�h�r�e�e� 

�d�i�s�t�i�n�c�t� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �e�x�i�s�t�.� 

�F�i�g�.� �5�.�7� �s�h�o�w�s� �t�h�a�t� �f�o�r� �l�o�w� �v�a�l�u�e�s� �o�f� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s� �(�<� �4�.�0�)� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �a�r�e� 

�s�l�i�g�h�t�l�y� �l�o�w�e�r� �w�h�e�n� �t�h�e� �p�a�n�e�l� �i�s� �r�e�s�t�r�a�i�n�e�d� �a�l�o�n�g� �t�h�e� �e�d�g�e�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �f�l�o�w�.� �T�h�i�s� �i�s� �i�n� 

�c�o�n�t�r�a�s�t� �t�o� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �p�e�r�f�e�c�t� �p�a�n�e�l� �f�o�r� �w�h�i�c�h� �t�h�e� �e�d�g�e� �r�e�s�t�r�a�i�n�t�s� �h�a�d� �n�o� 

�v�i�s�i�b�l�e� �e�f�f�e�c�t� �o�n� �t�h�e� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y�.� �T�h�e� �e�f�f�e�c�t� �o�f� �a�e�r�o�d�y�n�a�m�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� �a�r�e� �d�i�s�p�l�a�y�e�d� 

�i�n� �F�i�g�.� �5�.�8�.� �H�e�r�e� �w�e� �s�e�e� �t�h�a�t� �f�o�r� �s�m�a�l�l� �e�d�g�e� �l�o�a�d�s� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �a�e�r�o�d�y�n�a�m�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� 

�y�i�e�l�d�s� �h�i�g�h�e�r� �f�l�u�t�t�e�r� �s�p�e�e�d�s�.� �H�o�w�e�v�e�r�,� �f�o�r� �h�i�g�h� �e�d�g�e� �l�o�a�d�s�,� �a�s� �t�h�e� �f�l�o�w� �s�p�e�e�d� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� 

�f�l�u�t�t�e�r� �s�p�e�e�d� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �i�s� �l�o�w�e�r� �t�h�a�n� �t�h�a�t� �o�b�t�a�i�n�e�d� 

�u�s�i�n�g� �l�i�n�e�a�r� �a�e�r�o�d�y�n�a�m�i�c�s�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �l�i�n�e�a�r� �m�o�d�e�l� �d�o�e�s� �n�o�t� �y�i�e�l�d� 

�m�u�l�t�i�p�l�e� �f�l�u�t�t�e�r� �s�p�e�e�d�s�.� �T�h�e�s�e� �m�a�y� �o�c�c�u�r� �w�h�e�n� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �n�o�n�l�i�n�e�a�r�i�t�i�e�s� 

�i�n� �w�h�i�c�h� �c�a�s�e�,� �s�t�a�r�t�i�n�g� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �s�t�a�b�l�e� �p�o�i�n�t�s� �i�n� �t�h�e� �\�-�L�j� �p�l�a�n�e� �f�o�r� �a� �g�i�v�e�n� �c�o�m�p�r�e�s�s�i�v�e� 

�l�o�a�d� �a�n�d� �t�h�e�n� �v�a�r�y�i�n�g� �t�h�e� �f�l�o�w� �s�p�e�e�d� �c�o�u�l�d� �r�e�s�u�l�t� �i�n� �m�o�r�e� �t�h�a�n� �o�n�e� �s�p�e�e�d� �a�t� �w�h�i�c�h� �f�l�u�t�t�e�r� 

�i�n�s�t�a�b�i�l�i�t�y� �o�c�c�u�r�s�.� �T�h�i�s� �i�s� �p�h�y�s�i�c�a�l�l�y� �p�o�s�s�i�b�l�e�,� �e�.�g�.�,� �w�h�e�n� �s�t�a�r�t�i�n�g� �f�r�o�m� �v�a�r�i�o�u�s� �v�a�l�u�e�s� �o�f� �t�h�e� 

�f�l�o�w� �s�p�e�e�d� �w�h�i�c�h� �a�r�e� �h�e�l�d� �c�o�n�s�t�a�n�t� �w�h�i�l�e� �t�h�e� �e�d�g�e� �l�o�a�d� �i�s� �v�a�r�i�e�d� �u�p�t�o� �a� �c�e�r�t�a�i�n� �c�o�m�m�o�n� 

�v�a�l�u�e� �a�n�d� �s�u�b�s�e�q�u�e�n�t�l�y� �v�a�r�y�i�n�g� �o�n�l�y� �t�h�e� �f�l�o�w� �s�p�e�e�d� �f�o�r� �e�a�c�h� �c�a�s�e�.� �F�i�g�.� �5�.�9� �s�h�o�w�s� �t�h�a�t� �a�s� 

�t�h�e� �f�l�o�w� �s�p�e�e�d� �i�s� �i�n�c�r�e�a�s�e�d�,� �a� �p�a�n�e�l� �w�i�t�h� �a� �g�r�e�a�t�e�r� �i�m�p�e�r�f�e�c�t�i�o�n� �(�i�n� �t�h�e� �f�i�r�s�t� �m�o�d�e�)� �f�l�u�t�t�e�r�s� 

�a�t� �a� �l�o�w�e�r� �s�p�e�e�d� �w�h�e�n� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �i�s� �s�m�a�l�l� �t�o� �m�o�d�e�r�a�t�e� �(�e�x�c�e�p�t�,� �f�o�r� �t�h�e� �H�S�D�T� 

�c�a�s�e�,� �w�i�t�h�i�n� �a� �s�m�a�l�l� �r�e�g�i�o�n� �o�f� �L�j�,� �i�.�e�.�,� �b�e�t�w�e�e�n� �t�h�e� �l�e�f�t�m�o�s�t� �p�o�i�n�t�s� �o�f� �v�e�r�t�i�c�a�l� �t�a�n�g�e�n�c�y� �o�f� 

�t�h�e� �t�w�o� �c�u�r�v�e�s�)�.� �F�o�r� �h�i�g�h�e�r� �e�d�g�e� �l�o�a�d�s� �t�h�i�s� �t�r�e�n�d� �i�s� �r�e�v�e�r�s�e�d�,� �w�i�t�h� �m�a�r�g�i�n�a�l� �d�i�f�f�e�r�e�n�c�e�s� �i�n� 
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�t�h�e� �i�n�s�t�a�b�i�l�i�t�y� �s�p�e�e�d�s�.� 

�5�.�2� �E�f�f�e�c�t� �o�f� �A�e�r�o�d�y�n�a�m�i�c� �N�o�n�l�i�n�e�a�r�i�t�i�e�s� �o�n� �P�o�s�t�-�F�l�u�t�t�e�r� �B�e�h�a�v�i�o�r� 

�T�h�e� �a�m�p�l�i�t�u�d�e�s� �a�n�d� �f�r�e�q�u�e�n�c�y� �o�f� �f�l�u�t�t�e�r� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� �H�S�D�T� �m�o�d�e�l� �f�o�r� �a� 

�p�a�n�e�l� �w�i�t�h� �m�o�v�a�b�l�e� �e�d�g�e�s�.� �U�n�l�e�s�s� �s�t�a�t�e�d� �o�t�h�e�r�w�i�s�e�,� �t�h�e� �r�e�s�u�l�t�s� �d�i�s�c�u�s�s�e�d� �w�i�t�h�i�n� �t�h�i�s� �s�e�c�t�i�o�n� 

�p�e�r�t�a�i�n� �t�o� �a� �n�o�n�l�i�n�e�a�r� �a�e�r�o�d�y�n�a�m�i�c� �m�o�d�e�l� �o�f� �a� �p�e�r�f�e�c�t�,� �r�e�c�t�a�n�g�u�l�a�r� �p�a�n�e�l� �(�¢� �=� �0�.�5�)� �w�i�t�h�o�u�t� 

�e�d�g�e� �l�o�a�d�s�.� �T�h�e� �a�m�p�l�i�t�u�d�e�s� �a�n�d� �f�r�e�q�u�e�n�c�y� �o�f� �f�l�u�t�t�e�r� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �M�M�S� �(�e�q�n�.� �(�4�.�3�7�)�1�,�2�,�3�)� 

�a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �N�I�M�2�.� �H�e�n�c�e�f�o�r�t�h�,� �i�n� �t�h�e� �d�i�s�c�u�s�s�i�o�n�s�,� �f�i�g�u�r�e�s�,� 

�a�n�d� �t�a�b�l�e�s� �t�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e� �i�s� �l�o�o�s�e�l�y� �r�e�f�e�r�r�e�d� �t�o� �a�s� �2�.� 

�T�h�e� �r�e�s�u�l�t�s� �s�h�o�w�n� �i�n� �F�i�g�s�.� �5�.�1�0�-�5�.�2�1� �w�e�r�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �a� �2� �x� �2� �m�o�d�e� �a�n�a�l�y�s�i�s�,� �a�n� 

�a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �l�i�n�e�a�r� �t�h�e�o�r�y� �w�i�t�h� �f�l�o�w� �p�a�s�t� �b�o�t�h� �f�a�c�e�s�,� �f�l�o�w� �o�r�i�e�n�t�a�t�i�o�n� �A� �=� �3�0�°�,� �a�n�d� 

�a� �=� �2�4�.� �U�p�o�n� �c�o�m�p�a�r�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �N�I�M�2� �a�n�d� �M�M�S�,� �d�i�s�p�l�a�y�e�d� �i�n� 

�F�i�g�s�.� �5�.�1�0� �a�n�d� �5�.�1�1�,� �w�e� �s�e�e� �t�h�a�t� �t�h�e� �N�I�M�2� �y�i�e�l�d�s� �h�i�g�h�e�r� �a�m�p�l�i�t�u�d�e�s� �a�n�d� �l�o�w�e�r� �f�r�e�q�u�e�n�c�y� �o�f� 

�f�l�u�t�t�e�r�.� �T�h�i�s� �c�o�n�f�o�r�m�s� �t�o� �t�h�e� �w�o�r�k� �o�f� �M�o�r�i�n�o� �a�n�d� �K�u�o� �[�3�7�]� �w�h�e�r�e�i�n� �t�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e�s� 

�o�b�t�a�i�n�e�d� �b�y� �a� �5 ��*�-�o�r�d�e�r� �p�e�r�t�u�r�b�a�t�i�o�n� �a�n�a�l�y�s�i�s� �(�w�h�i�c�h�,� �j�u�s�t� �l�i�k�e� �t�h�e� �N�I�M�2�,� �i�s� �m�o�r�e� �a�c�c�u�r�a�t�e�)� 

�a�r�e� �h�i�g�h�e�r� �t�h�a�n� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �v�i�a� �a� �3�"�¢�-�o�r�d�e�r� �a�n�a�l�y�s�i�s�.� �M�o�r�e�o�v�e�r�,� �a�s� �\� �i�n�c�r�e�a�s�e�s�,� �t�h�e� �n�o�n�-� 

�l�i�n�e�a�r�i�t�y� �b�e�c�o�m�e�s� �s�t�r�o�n�g�e�r�,� �t�h�u�s� �y�i�e�l�d�i�n�g� �b�i�g�g�e�r� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �r�e�s�u�l�t�s� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� 

�t�w�o� �m�e�t�h�o�d�s�.� �I�n� �F�i�g�.� �5�.�1�1� �t�h�e� �f�r�e�q�u�e�n�c�y� �v�a�r�i�a�t�i�o�n� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �N�I�M�2� �i�s� �a�l�m�o�s�t� �l�i�n�e�a�r� 

�w�h�e�r�e�a�s� �t�h�e� �M�M�S� �r�e�s�u�l�t� �i�s� �e�x�a�c�t�l�y� �l�i�n�e�a�r�.� �T�h�i�s� �t�r�e�n�d� �s�e�e�m�s� �t�y�p�i�c�a�l� �f�o�r� �f�l�a�t� �p�a�n�e�l�s� �e�x�p�o�s�e�d� 

�t�o� �a� �s�u�p�e�r�s�o�n�i�c� �f�l�o�w� �(�s�e�e� �D�o�w�e�l�l� �[�2�2�]�,� �K�u�o� �e�t� �a�l�.� �[�3�6�]�)� �b�u�t� �n�o�t� �f�o�r� �s�h�e�l�l�s� �(�s�e�e� �G�o�r�d�o�n� �a�n�d� 

�A�t�l�u�r�i� �[�2�1�]�)�.� �S�i�n�c�e� �b�i�f�u�r�c�a�t�i�o�n�s� �o�f� �t�h�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �c�a�n�n�o�t� �b�e� �p�r�e�d�i�c�t�e�d� �b�y� �t�h�e� �M�M�S� 

�f�o�r� �t�h�e� �p�r�o�b�l�e�m� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�i�n�,� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �m�e�t�h�o�d�s� �i�s� �t�e�r�m�i�n�a�t�e�d� 

�a�t� �t�h�e� �s�y�m�m�e�t�r�y� �b�r�e�a�k�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�.� 

�T�h�e� �r�e�s�u�l�t�s� �d�i�s�p�l�a�y�e�d� �i�n� �F�i�g�s�.� �5�.�1�2�-�5�.�2�1� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �N�I�M�2�.� �F�i�g� �5�.�1�2� �s�h�o�w�s� 

�t�h�e� �z�,� �v�e�r�s�u�s� �A� �c�u�r�v�e�,� �g�o�i�n�g� �i�n�t�o� �t�h�e� �d�e�e�p� �p�o�s�t�-�f�l�u�t�t�e�r� �r�a�n�g�e�.� �F�l�u�t�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s� �s�t�a�r�t� 

�a�t� �A�r� �=� �5�7�.�9�4�1�0� �a�t� �w�h�i�c�h� �p�o�i�n�t� �t�h�e� �t�r�i�v�i�a�l� �e�q�u�i�l�i�b�r�i�u�m� �y� �u�n�d�e�r�g�o�e�s� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� 

�a�n�d� �a� �s�y�m�m�e�t�r�i�c� �l�i�m�i�t� �c�y�c�l�e� �z� �i�s� �b�o�r�n�.� �A�t� �A� �=� �6�8�.�3�4�1�0� �a� �s�y�m�m�e�t�r�y� �b�r�e�a�k�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�o�c�c�u�r�s� �w�i�t�h� �t�h�e� �s�t�a�b�l�e� �s�y�m�m�e�t�r�i�c� �s�o�l�u�t�i�o�n� �(�S�S�)� �l�o�s�i�n�g� �i�t�s� �s�t�a�b�i�l�i�t�y� �t�o� �a� �s�t�a�b�l�e� �s�y�m�m�e�t�r�y� 

�b�r�o�k�e�n� �(�S�B�)� �s�o�l�u�t�i�o�n�.� �F�i�g�.� �5�.�1�3� �s�h�o�w�s� �t�h�e� �p�h�a�s�e� �t�r�a�j�e�c�t�o�r�i�e�s� �o�f� �t�y�p�i�c�a�l� �S�S� �a�n�d� �S�B� �s�o�l�u�t�i�o�n�s�.� 

�F�i�g�.� �5�.�1�4� �s�h�o�w�s� �t�h�a�t� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� �o�f� �t�h�e� �S�B� �s�o�l�u�t�i�o�n� �i�n�c�l�u�d�e�s� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� 

�f�r�e�q�u�e�n�c�y� �(�~� �3�.�0�0�7�9� �H�z�)� �a�n�d� �i�t�s� �s�e�c�o�n�d� �h�a�r�m�o�n�i�c�.� �W�e� �n�o�t�e� �t�h�a�t� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� 

�a�l�s�o� �i�n�c�l�u�d�e�s� �t�h�e� �h�i�g�h�e�r� �h�a�r�m�o�n�i�c�s� �w�h�i�c�h� �d�o� �n�o�t� �a�p�p�e�a�r� �i�n� �F�i�g�.� �5�.�1�4� �d�u�e� �t�o� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�r�a�n�g�e� �c�o�n�s�i�d�e�r�e�d� �t�h�e�r�e�i�n�.� �A� �s�m�a�l�l� �D�C� �(�z�e�r�o� �f�r�e�q�u�e�n�c�y�)� �c�o�m�p�o�n�e�n�t� �i�s� �a�l�s�o� �p�r�e�s�e�n�t� �b�u�t� �t�h�i�s� �i�s� 

�o�n�l�y� �v�i�s�i�b�l�e� �w�h�e�n� �t�h�e� �a�m�p�l�i�t�u�d�e�s� �i�n� �t�h�e� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� �a�r�e� �p�l�o�t�t�e�d� �i�n� �t�h�e� �l�o�g�a�r�i�t�h�m�i�c� 

�s�c�a�l�e� �(�n�o�t� �s�h�o�w�n� �h�e�r�e�)�.� �A�t� �A� �=� �7�8�.�9�4�1�0� �a� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �w�i�t�h� �t�h�e� �S�B� 

�s�o�l�u�t�i�o�n� �l�o�s�i�n�g� �i�t�s� �s�t�a�b�i�l�i�t�y� �t�o� �a� �p�e�r�i�o�d�-�d�o�u�b�l�e�d� �(�P�2�)� �s�o�l�u�t�i�o�n�.� �F�i�g�s�.� �5�.�1�5� �a�n�d� �5�.�1�6� �s�h�o�w� �t�h�e� 

�p�h�a�s�e� �t�r�a�j�e�c�t�o�r�y� �a�n�d� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� �f�o�r� �a� �t�y�p�i�c�a�l� �P�2� �m�o�t�i�o�n�.� �T�h�e� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� 

�c�o�n�t�a�i�n�s� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y�,� �i�t�s� �s�u�b�-� �a�n�d� �h�i�g�h�e�r�-� �h�a�r�m�o�n�i�c�s�,� �a�n�d� �t�h�e� �D�C� �c�o�m�p�o�n�e�n�t� 

�w�h�i�c�h� �i�s� �m�o�r�e� �p�r�o�n�o�u�n�c�e�d� �n�o�w�.� 

�A�t� �A� �=� �8�1�.�3�6�5�4�9�7� �t�h�e� �P�2� �s�o�l�u�t�i�o�n� �l�o�s�e�s� �i�t�s� �s�t�a�b�i�l�i�t�y� �a�s� �t�h�e� �r�e�s�u�l�t� �o�f� �a� �t�r�a�n�s�v�e�r�s�e� �c�r�o�s�s�i�n�g� 

�o�f� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �(�i�n� �t�h�e� �c�o�m�p�l�e�x� �p�l�a�n�e�)� �b�y� �t�w�o� �c�o�m�p�l�e�x� �c�o�n�j�u�g�a�t�e� �F�l�o�q�u�e�t� �m�u�l�t�i�p�l�i�e�r�s�,� 

�a�n�d� �q�u�a�s�i�p�e�r�i�o�d�i�c� �m�o�t�i�o�n� �(�Q�P�M�)� �e�n�s�u�e�s�.� �T�h�u�s� �w�e� �r�e�v�e�r�t� �t�o� �t�h�e� �N�I�M�1� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� 

�t�h�e� �Q�P�M�.� �T�h�e� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�s� �a�n�d� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� �o�f� �t�y�p�i�c�a�l� �Q�P�M ��s� �a�r�e� �s�h�o�w�n� �i�n� 

�F�i�g�s�.� �5�.�1�7�-�5�.�1�9�.� �F�i�g�.� �5�.�1�7� �s�h�o�w�s� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �f�r�o�m� �P�2� �m�o�t�i�o�n� �t�o� �Q�P�M�,� �i�.�e�.�,� �t�h�e� �t�r�a�n�s�-� 

�f�o�r�m�a�t�i�o�n� �o�f� �t�w�o� �d�i�s�c�r�e�t�e� �p�o�i�n�t�s� �i�n�t�o� �t�w�o� �c�l�o�s�e�d� �l�o�o�p�s�.� �F�i�g�.� �5�.�1�9� �s�h�o�w�s� �t�h�a�t� �t�h�e� �f�r�e�q�u�e�n�c�y� 

�s�p�e�c�t�r�u�m� �f�o�r� �Q�P�M� �c�o�n�t�a�i�n�s� �s�i�d�e�b�a�n�d�s� �a�r�o�u�n�d� �t�h�e� �f�u�n�d�a�m�e�n�t�a�l� �f�r�e�q�u�e�n�c�y� �a�n�d� �i�t�s� �h�i�g�h�e�r�-� 

�a�n�d� �s�u�b�-� �h�a�r�m�o�n�i�c�s�,� �t�h�u�s� �i�n�d�i�c�a�t�i�n�g� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �a�d�d�i�t�i�o�n�a�l�,� �i�n�c�o�m�m�e�n�s�u�r�a�b�l�e� �f�r�e�q�u�e�n�-� 

�c�i�e�s�.� �T�h�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �d�i�m�e�n�s�i�o�n�,� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.�4�6�,� �i�n�d�i�c�a�t�e� �t�h�a�t� 

�t�h�e� �m�o�t�i�o�n� �i�s� �2�-�p�e�r�i�o�d� �q�u�a�s�i�p�e�r�i�o�d�i�c�,� �i�.�e�.�,� �m�o�t�i�o�n� �o�n� �a� �T�?� �t�o�r�u�s�.� 

�C�o�n�t�i�n�u�i�n�g� �a�l�o�n�g� �t�h�e� �u�n�s�t�a�b�l�e� �s�y�m�m�e�t�r�i�c� �s�o�l�u�t�i�o�n� �(�U�S�)� �t�h�a�t� �e�x�i�s�t�s� �b�e�y�o�n�d� �t�h�e� �s�y�m�m�e�t�r�y� 

�b�r�e�a�k�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�,� �w�e� �s�e�e� �t�h�a�t� �i�t� �r�e�g�a�i�n�s� �i�t�s� �s�t�a�b�i�l�i�t�y� �a�t� �A� �=� �9�2�.�6�4�0�4� �w�h�i�c�h� �i�s� �t�h�e� 

�s�e�c�o�n�d� �s�y�m�m�e�t�r�y� �b�r�e�a�k�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�.� �F�o�r� �a� �r�e�v�e�r�s�e� �s�w�e�e�p� �o�f� �A�,� �a�t� �A� �=� �9�2�.�5�4�1�0� �t�h�e� 

�N�I�M�2� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �U�S� �s�o�l�u�t�i�o�n� �o�n�l�y�.� �H�o�w�e�v�e�r�,� �t�h�e� �N�I�M�1� �y�i�e�l�d�s� �a� �p�h�a�s�e� �t�r�a�j�e�c�t�o�r�y� �(�n�o�t� 

�s�h�o�w�n�)� �w�h�i�c�h� �s�h�o�w�s� �b�o�u�n�d�e�d�,� �n�o�n�-�p�e�r�i�o�d�i�c� �m�o�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �U�S� �a�n�d� �t�w�o� �n�e�i�g�h�b�o�r�i�n�g� 

�u�n�s�t�a�b�l�e� �s�y�m�m�e�t�r�y� �b�r�o�k�e�n� �(�U�S�B�)� �l�i�m�i�t� �c�y�c�l�e�s�.� �F�i�g�s�.� �5�.�2�0� �a�n�d� �5�.�2�1� �s�h�o�w� �a� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�a�n�d� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� �f�o�r� �t�h�i�s� �c�a�s�e�.� �T�h�e� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n� �h�a�s� �a� �p�a�t�t�e�r�n� �e�m�e�r�g�i�n�g� �a�n�d� �t�h�e� 

�f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� �i�s� �b�r�o�a�d�-�b�a�n�d�e�d�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� 

�d�i�m�e�n�s�i�o�n� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.�4�6� �i�n�d�i�c�a�t�e� �t�h�e� �m�o�t�i�o�n� �t�o� �b�e� �c�h�a�o�t�i�c�.� �T�h�i�s� �t�y�p�e� �o�f� �c�h�a�o�s� 

�c�o�n�f�o�r�m�s� �t�o� �t�h�e� �c�o�n�j�e�c�t�u�r�e� �a�d�v�a�n�c�e�d� �b�y� �D�o�w�e�l�l� �[�4�5�]�,� �w�h�i�c�h� �s�t�a�t�e�s� �t�h�a�t� �c�h�a�o�t�i�c� �m�o�t�i�o�n� �c�o�u�l�d� 

�e�m�e�r�g�e� �w�h�e�n� �a�l�l� �c�o�e�x�i�s�t�i�n�g� �e�q�u�i�l�i�b�r�i�a� �(�s�t�a�t�i�c� �o�r� �d�y�n�a�m�i�c�)� �a�r�e� �u�n�s�t�a�b�l�e�.� 

�R�e�s�u�l�t�s� �d�i�s�p�l�a�y�e�d� �i�n� �F�i�g�s�.� �5�.�2�2�-�5�.�2�4� �p�e�r�t�a�i�n� �t�o� �t�h�e� �4� �x� �1� �m�o�d�e� �a�n�a�l�y�s�i�s� �o�f� �a� �p�a�n�e�l� �w�i�t�h� 

�f�l�o�w� �o�r�i�e�n�t�a�t�i�o�n� �A� �=� �0�°�.� �F�i�g�.� �5�.�2�2� �s�h�o�w�s� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �n�o�n�d�i�m�e�n�s�i�o�n�a�l� �f�l�u�t�t�e�r� �s�p�e�e�d� 

�(�A�o�)� �w�i�t�h� �t�h�i�c�k�n�e�s�s� �r�a�t�i�o� �(�3�)� �f�o�r� �t�h�e� �c�a�s�e�s� �o�f� �f�l�o�w� �p�a�s�t� �t�h�e� �u�p�p�e�r� �f�a�c�e� �a�n�d� �f�l�o�w� �p�a�s�t� �b�o�t�h� 

�f�a�c�e�s�.� �W�e� �n�o�t�e� �t�h�a�t� �e�v�e�n� �t�h�o�u�g�h� �A�p�o� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �4� �t�h�e� �a�c�t�u�a�l� �d�i�m�e�n�s�i�o�n�a�l� �f�l�u�t�t�e�r� �s�p�e�e�d� 

�d�e�c�r�e�a�s�e�s� �(�s�e�e� �(�B�.�2�)�4�)�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t� �B�,� �a�p�p�e�a�r�i�n�g� �i�n� �t�h�e� �M�M�S� �s�o�l�u�t�i�o�n� �(�4�.�3�7�)�1�,� �i�s� �s�h�o�w�n� 

�i�n� �F�i�g�.� �5�.�2�3� �f�o�r� �f�l�o�w� �p�a�s�t� �t�h�e� �u�p�p�e�r� �f�a�c�e�,� �a�n�d� �F�i�g�.� �5�.�2�4� �f�o�r� �f�l�o�w� �p�a�s�t� �b�o�t�h� �f�a�c�e�s�.� �B�a�s�e�d� 

�o�n� �d�i�s�c�u�s�s�i�o�n�s� �i�n� �S�e�c�t�i�o�n� �4�.�2�,� �t�h�e� �r�e�g�i�m�e�s� �o�f� �h�a�r�d� �(�s�o�f�t�)� �f�l�u�t�t�e�r� �a�r�e� �d�e�m�a�r�c�a�t�e�d� �o�n� �t�h�e� �b�a�s�i�s� 

�o�f� �w�h�e�t�h�e�r� �n� �i�s� �p�o�s�i�t�i�v�e� �(�n�e�g�a�t�i�v�e�)� �w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �s�u�b�c�r�i�t�i�c�a�l� �(�s�u�p�e�r�c�r�i�t�i�c�a�l�)� �H�o�p�f� 

�b�i�f�u�r�c�a�t�i�o�n�.� �F�i�g�.� �5�.�2�3� �s�h�o�w�s� �t�h�a�t� �h�a�r�d� �f�l�u�t�t�e�r� �i�s� �o�n�l�y� �p�o�s�s�i�b�l�e� �f�o�r� �4� �<� �1�5�.� �A� �c�o�m�p�a�r�i�s�o�n� �o�f� 

�t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �t�h�e�o�r�i�e�s� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�.� �5�.�2�4� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �l�i�n�e�a�r� 

�a�e�r�o�d�y�n�a�m�i�c�s� �d�o�e�s� �n�o�t� �y�i�e�l�d� �t�h�e� �h�a�r�d� �f�l�u�t�t�e�r� �p�h�e�n�o�m�e�n�o�n�,� �w�h�e�r�e�a�s� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� 

�n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �y�i�e�l�d�s� �h�a�r�d� �f�l�u�t�t�e�r� �f�o�r� �4� �<� �7�5�.� �A�s� �4� �i�n�c�r�e�a�s�e�s�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �e�p� �p�r�e�d�i�c�t�e�d� 

�b�y� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �l�i�n�e�a�r� �a�n�d� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l�s� �d�i�m�i�n�i�s�h�e�s�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� 

�a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �l�i�n�e�a�r� �m�o�d�e�l� �c�o�r�r�e�c�t�l�y� �p�r�e�d�i�c�t�s� �t�h�e� �i�m�m�e�d�i�a�t�e� �p�o�s�t�-�f�l�u�t�t�e�r� �b�e�h�a�v�i�o�r� �o�f� �t�h�i�n� 

�p�a�n�e�l�s� �o�n�l�y�.� �T�h�e� �r�e�s�u�l�t� �t�h�a�t� �t�h�i�c�k� �p�a�n�e�l�s� �e�x�p�e�r�i�e�n�c�e� �h�a�r�d� �f�l�u�t�t�e�r� �w�a�s� �a�l�s�o� �o�b�t�a�i�n�e�d� �b�y� 

�L�i�b�r�e�s�c�u� �[�5�,�6�]� �b�a�s�e�d� �o�n� �a� �m�e�t�h�o�d� �d�u�e� �t�o� �B�a�u�t�i�n� �[�7�]�.� 

�F�i�g�s�.� �5�.�2�5�-�5�.�2�7� �s�h�o�w� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �r�e�s�u�l�t�s� �f�o�r� �a� �2� �x� �2� �m�o�d�e� �a�n�a�l�y�s�i�s� �o�f� �a� �p�a�n�e�l� �w�i�t�h� 

�f�l�o�w� �o�r�i�e�n�t�a�t�i�o�n� �A� �=� �3�0�°�.� �C�o�m�p�a�r�i�n�g� �F�i�g�s�.� �5�.�2�5� �a�n�d� �5�.�2�2�,� �w�e� �s�e�e� �t�h�a�t� �f�o�r� �t�h�i�n� �p�a�n�e�l�s� �t�h�e� 

�v�a�r�i�a�t�i�o�n� �o�f� �A�p� �w�i�t�h� �4� �i�s� �s�m�a�l�l� �w�h�e�n� �A� �=� �0�°�,� �b�u�t� �q�u�i�t�e� �l�a�r�g�e� �w�h�e�n� �A� �=� �3�0�°�.� �F�i�g�.� �5�.�2�7� �s�h�o�w�s� 

�t�h�a�t� �f�o�r� �f�l�o�w� �p�a�s�t� �t�h�e� �u�p�p�e�r� �f�a�c�e�,� �h�a�r�d� �f�l�u�t�t�e�r� �o�c�c�u�r�s� �o�n�l�y� �w�i�t�h�i�n� �t�h�e� �r�a�n�g�e� �4�5� �<� �a� �<� �5�5�.� 

�T�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e� �a�n�d� �b�i�f�u�r�c�a�t�i�o�n� �b�e�h�a�v�i�o�r�,� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �N�I�M�2�,� �f�o�r� �a� �2� �x� �2� 

�m�o�d�e� �a�n�a�l�y�s�i�s� �w�i�t�h� �A� �=� �3�0�°� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� �5�.�2�8�-�5�.�3�0�.� �F�i�g�s�.� �5�.�2�8� �a�n�d� �5�.�3�0� �p�e�r�t�a�i�n� 

�t�o� �t�h�e� �c�a�s�e� �o�f� �f�l�o�w� �p�a�s�t� �b�o�t�h� �f�a�c�e�s� �f�o�r� �p�a�n�e�l�s� �w�i�t�h� �t�h�i�c�k�n�e�s�s� �r�a�t�i�o� �1�0�0� �a�n�d� �5�0�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�F�i�g�.� �5�.�2�8� �s�h�o�w�s� �t�h�a�t� �a� �s�u�p�e�r�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �a�t� �A� �=� �A�o� �=� �8�4�.�2�5�;� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�S�S� �s�o�l�u�t�i�o�n� �u�n�d�e�r�g�o�e�s� �a� �s�y�m�m�e�t�r�y� �b�r�e�a�k�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� �a�t� �1� �=� �1�3�9�.�4�5�;� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�S�B� �s�o�l�u�t�i�o�n� �u�n�d�e�r�g�o�e�s� �a� �s�e�c�o�n�d�a�r�y� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �a�t� �A� �=� �1�4�8�.�1�5�,� �y�i�e�l�d�i�n�g� �Q�P�M�.� �T�h�e� 

�U�S� �s�o�l�u�t�i�o�n� �r�e�g�a�i�n�s� �i�t�s� �s�t�a�b�i�l�i�t�y� �a�t� �A� �=� �1�5�5�.�6�5�,� �w�h�i�c�h� �i�s� �t�h�e� �s�e�c�o�n�d� �s�y�m�m�e�t�r�y� �b�r�e�a�k�i�n�g� 

�b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�,� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �S�S� �s�o�l�u�t�i�o�n� �a�p�p�e�a�r�s� �t�o� �a�p�p�r�o�a�c�h� �a� �t�u�r�n�i�n�g� �p�o�i�n�t� �a�t� 

�A� �=� �1�6�0�.�4�5�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�o�n�t�i�n�u�a�t�i�o�n� �o�f� �t�h�i�s� �b�r�a�n�c�h� �a�r�o�u�n�d� �t�h�e� �t�u�r�n�i�n�g� �p�o�i�n�t� �c�o�u�l�d� �n�o�t� �b�e� 

�o�b�t�a�i�n�e�d�.� �F�i�g�.� �5�.�3�0� �s�h�o�w�s� �t�h�a�t� �a� �s�u�b�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �a�t� �A� �=� �A�g� �=� �7�4�.�4�9� �p�r�i�o�r� 

�t�o� �w�h�i�c�h� �U�S� �m�o�t�i�o�n�s� �c�o�e�x�i�s�t� �w�i�t�h� �t�h�e� �s�t�a�b�l�e� �{�0�}� �s�t�a�t�e�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �h�a�r�d� �f�l�u�t�t�e�r� �m�o�t�i�o�n� 

�o�c�c�u�r�s� �f�o�r� �X� �>� �A�p�o�,� �a�l�t�h�o�u�g�h� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �s�o�l�u�t�i�o�n� �d�e�s�c�r�i�b�i�n�g� �i�t� �c�o�u�l�d� �n�o�t� �b�e� �o�b�t�a�i�n�e�d� �b�y� 

�e�i�t�h�e�r� �t�h�e� �N�I�M�1� �o�r� �N�I�M�2�.� �H�o�w�e�v�e�r�,� �w�e� �s�e�e� �t�h�a�t� �i�f� �t�h�e� �{�0�}� �s�t�a�t�e� �i�s� �a�p�p�r�o�p�r�i�a�t�e�l�y� �d�i�s�t�u�r�b�e�d�,� 

�v�i�o�l�e�n�t� �m�o�t�i�o�n�s� �c�o�u�l�d� �o�c�c�u�r� �f�o�r� �p�r�e�-�c�r�i�t�i�c�a�l� �s�p�e�e�d�s�,� �i�.�e�.�,� �f�o�r� �A� �<� �A�g�.� �T�h�i�s� �i�s� �i�n� �c�o�n�t�r�a�s�t� �t�o� 

�t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �w�h�e�n� �t�h�e� �s�i�m�i�l�a�r� �c�a�s�e� �i�s� �a�n�a�l�y�z�e�d� �u�s�i�n�g� �l�i�n�e�a�r� �a�e�r�o�d�y�n�a�m�i�c�s�,� �i�n� �w�h�i�c�h� 

�c�a�s�e� �h�a�r�d� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �i�s� �n�o�t� �p�o�s�s�i�b�l�e�.� 

�F�i�g�.� �5�.�2�9� �r�e�c�o�n�s�i�d�e�r�s� �t�h�e� �c�a�s�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�.� �5�.�2�8� �f�o�r� �f�l�o�w� �p�a�s�t� �t�h�e� �u�p�p�e�r� �f�a�c�e� �o�f� 

�t�h�e� �p�a�n�e�l�.� �S�o�f�t� �f�l�u�t�t�e�r�,� �i�.�e�.�,� �s�t�a�b�l�e� �n�o�n�s�y�m�m�e�t�r�i�c� �(�S�N�)� �p�e�r�i�o�d�i�c� �m�o�t�i�o�n�,� �e�n�s�u�e�s� �a�s� �t�h�e� �r�e�s�u�l�t� 

�o�f� �a� �s�u�p�e�r�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�r�i�n�g� �a�t� �A� �=� �1�6�1�.�0�3�.� �A� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n� 

�o�c�c�u�r�s� �a�t� �A� �=� �1�9�5�.�1�3� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �P�2� �s�o�l�u�t�i�o�n� �u�n�d�e�r�g�o�e�s� �a� �s�e�c�o�n�d�a�r�y� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� 

�a�t� �A� �=� �2�0�2�.�8�3�,� �t�h�u�s� �y�i�e�l�d�i�n�g� �Q�P�M�.� �C�o�n�t�i�n�u�i�n�g� �o�n� �t�h�e� �u�n�s�t�a�b�l�e� �n�o�n�s�y�m�m�e�t�r�i�c� �s�o�l�u�t�i�o�n� �p�a�s�t� 

�t�h�e� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�,� �w�e� �s�e�e� �t�h�a�t� �i�t� �a�p�p�r�o�a�c�h�e�s� �a� �t�u�r�n�i�n�g� �p�o�i�n�t� �a�t� �A� �~� �2�0�2�.�8�3�,� 

�i�.�e�.�,� �t�h�e� �s�a�m�e� �v�a�l�u�e� �a�s� �t�h�a�t� �a�t� �w�h�i�c�h� �t�h�e� �s�e�c�o�n�d�a�r�y� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �o�n� �t�h�e� �P�2� 

�s�o�l�u�t�i�o�n�.� �H�o�w�e�v�e�r�,� �b�o�t�h� �t�h�e� �N�I�M�1� �a�n�d� �N�I�M�2� �d�i�d� �n�o�t� �y�i�e�l�d� �a� �c�o�n�t�i�n�u�a�t�i�o�n� �o�f� �t�h�i�s� �b�r�a�n�c�h� 

�a�r�o�u�n�d� �t�h�e� �t�u�r�n�i�n�g� �p�o�i�n�t�,� �n�o�r� �c�o�u�l�d� �t�h�e�y� �y�i�e�l�d� �a�n�y� �p�e�r�i�o�d�i�c� �s�t�a�t�e�s� �f�o�r� �\� �>� �2�0�2�.�8�3�.� 

�F�i�g�.� �5�.�3�1� �p�r�e�s�e�n�t�s� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �a� �2� �x� �1� �a�n�d� �4� �x� �1� �m�o�d�e� �a�n�a�l�y�s�i�s� 

�o�f� �f�l�o�w� �p�a�s�t� �b�o�t�h� �f�a�c�e�s� �w�i�t�h� �A� �=� �0�°� �a�n�d� �4� �=� �5�0�.� �B�o�t�h� �a�n�a�l�y�s�e�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �h�a�r�d� �f�l�u�t�t�e�r� 

�m�o�t�i�o�n� �o�c�c�u�r�s�,� �a�l�t�h�o�u�g�h� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �s�o�l�u�t�i�o�n� �d�e�s�c�r�i�b�i�n�g� �i�t� �c�o�u�l�d� �n�o�t� �b�e� �o�b�t�a�i�n�e�d�.� �A�n� 

�i�n�t�e�r�e�s�t�i�n�g� �r�e�s�u�l�t� �o�f� �t�h�e� �4� �x� �1� �m�o�d�e� �a�n�a�l�y�s�i�s� �i�s� �t�h�a�t�,� �f�o�r� �6�7�.�1�1� �<� �A� �<� �9�9�.�8�1�,� �a� �s�e�c�o�n�d�a�r�y� 

�U�S� �b�r�a�n�c�h� �c�o�e�x�i�s�t�s� �w�i�t�h� �t�h�e� �p�r�i�m�a�r�y� �o�n�e� �t�h�a�t� �s�t�a�r�t�s� �f�r�o�m� �A� �=� �A�o� �=� �1�7�0�.�8�9�.� �U�n�s�t�a�b�l�e� �l�i�m�i�t� 

�c�y�c�l�e�s� �f�o�r� �A� �=� �9�0�.�0�9�,� �o�b�t�a�i�n�e�d� �b�y� �i�n�t�e�g�r�a�t�i�n�g� �f�r�o�m� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �p�r�i�m�a�r�y� �a�n�d� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�s�e�c�o�n�d�a�r�y� �U�S� �b�r�a�n�c�h�e�s�,� �a�r�e� �s�h�o�w�n� �i�n� �t�h�e� �i�n�s�e�t�s�.� 

�R�e�s�u�l�t�s� �f�o�r� �a� �4� �x� �1� �m�o�d�e� �a�n�a�l�y�s�i�s� �o�f� �a� �s�q�u�a�r�e�,� �i�m�p�e�r�f�e�c�t� �p�a�n�e�l�,� �w�i�t�h� �4� �=� �5�0�,� �s�u�b�j�e�c�t�e�d� �t�o� 

�f�l�o�w� �p�a�s�t� �b�o�t�h� �i�t�s� �f�a�c�e�s� �i�n� �t�h�e� �z�,� �d�i�r�e�c�t�i�o�n� �a�n�d� �a�n� �i�n�-�p�l�a�n�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d� �L�j� �=�  ��5�.�3�,� �w�e�r�e� 

�o�b�t�a�i�n�e�d� �u�s�i�n�g� �n�o�n�l�i�n�e�a�r� �a�n�d� �l�i�n�e�a�r� �a�e�r�o�d�y�n�a�m�i�c�s�.� �F�o�r� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �l�i�n�e�a�r� �m�o�d�e�l� �a� 

�s�u�p�e�r�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �a�t� �1� �=� �3�9�.�9�8�0�0�8�8� �w�i�t�h� �y�;� �=� �0�.�1�1�6�4�.� �T�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� 

�r�e�s�u�l�t� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �n�o�n�l�i�n�e�a�r� �a�e�r�o�d�y�n�a�m�i�c�s� �w�i�l�l� �b�e� �s�e�e�n� �i�n� �F�i�g�.� �5�.�4�3�.� �T�h�e� �r�e�s�u�l�t�s� �f�o�r� 

�t�h�e� �e�n�s�u�i�n�g� �m�o�t�i�o�n� �u�s�i�n�g� �n�o�n�l�i�n�e�a�r� �a�n�d� �l�i�n�e�a�r� �a�e�r�o�d�y�n�a�m�i�c�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�1�1� 

�a�n�d� �5�.�1�7�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �b�o�t�h� �c�a�s�e�s� �t�h�e� �m�o�t�i�o�n� �s�t�a�r�t�s� �o�f�f� �a�s� �s�t�a�b�l�e� �n�o�n�s�y�m�m�e�t�r�i�c� �(�S�N�)� 

�a�n�d� �t�h�e�n� �g�o�e�s� �t�h�r�o�u�g�h� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g�s�.� �A�l�t�h�o�u�g�h� �a� �t�r�u�e� �c�o�m�p�a�r�i�s�o�n� �o�f� 

�f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e�s� �c�a�n�n�o�t� �b�e� �m�a�d�e�,� �s�i�n�c�e� �t�h�e� �f�l�u�t�t�e�r� �s�p�e�e�d�s� �a�r�e� �d�i�f�f�e�r�e�n�t� �f�o�r� �t�h�e� �t�w�o� �c�a�s�e�s�,� 

�i�t� �a�p�p�e�a�r�s� �t�h�a�t� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l� �y�i�e�l�d�s� �h�i�g�h�e�r� �a�m�p�l�i�t�u�d�e�s�.� 

�5�.�3� �E�f�f�e�c�t� �o�f� �I�n�-�p�l�a�n�e� �E�d�g�e� �L�o�a�d�s� �a�n�d� �F�l�u�t�t�e�r� �o�f� �B�u�c�k�l�e�d� �P�a�n�e�l�s�.� 

�U�n�l�e�s�s� �s�t�a�t�e�d� �o�t�h�e�r�w�i�s�e�,� �t�h�e� �r�e�s�u�l�t�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �p�e�r�t�a�i�n� �t�o� �a� �4� �x� �1� �m�o�d�e�,� 

�a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �o�f� �a� �s�q�u�a�r�e� �p�a�n�e�l� �w�i�t�h� �m�o�v�a�b�l�e� �e�d�g�e�s� �a�n�d� �a� �=� �5�0�,� 

�s�u�b�j�e�c�t�e�d� �t�o� �f�l�o�w� �p�a�s�t� �b�o�t�h� �f�a�c�e�s� �(�w�i�t�h� �A� �=� �0�°�)� �a�n�d� �a� �u�n�i�d�i�r�e�c�t�i�o�n�a�l� �c�o�m�p�r�e�s�s�i�v�e� �e�d�g�e� �l�o�a�d� 

�L�j�}�.� �B�o�t�h� �p�e�r�f�e�c�t� �a�n�d� �i�m�p�e�r�f�e�c�t� �p�a�n�e�l�s� �w�e�r�e� �a�n�a�l�y�z�e�d� �u�s�i�n�g� �t�h�e� �C�P�T� �a�n�d� �H�S�D�T�,� �a�n�d� �r�e�s�u�l�t�s� 

�w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �N�I�M�2� �a�n�d� �N�I�M�1�.� 

�I�m�p�e�r�f�e�c�t� �p�a�n�e�l� 

�T�h�e� �r�e�g�i�o�n� �i�n� �t�h�e� �A�-�L�j� �p�l�a�n�e� �w�h�e�r�e� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �f�r�o�m� �H�o�p�f�-�b�i�f�u�r�c�a�t�i�o�n� �i�n�s�t�a�b�i�l�i�t�y� �t�o� 

�j�u�m�p�-�t�y�p�e� �i�n�s�t�a�b�i�l�i�t�y� �o�c�c�u�r�s� �w�a�s� �s�t�u�d�i�e�d� �(�i�.�e�.�,� �t�r�a�n�s�i�t�i�o�n� �t�o� �t�h�e� �r�e�g�i�o�n� �m�a�r�k�e�d� �w�i�t�h� �d�o�t�s� �i�n� 

�F�i�g�.� �5�.�6�)�.� 

�C�P�T� �r�e�s�u�l�t�s� 

�F�i�g�.� �5�.�3�2� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �s�t�a�t�e� �o�f� �t�h�e� �p�a�n�e�l� �a�s� �A� �i�s� �v�a�r�i�e�d�,� �w�i�t�h� 

�L�i� �=�  ��6�.�1�.� �A�s� �t�h�e� �f�l�o�w� �s�p�e�e�d� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� �p�a�n�e�l� �t�e�n�d�s� �t�o� �f�l�a�t�t�e�n� �o�u�t� �u�n�t�i�l� �a� �H�o�p�f� 

�b�i�f�u�r�c�a�t�i�o�n� �(�H�)� �o�c�c�u�r�s�,� �r�e�s�u�l�t�i�n�g� �i�n� �s�o�f�t� �f�l�u�t�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �n�o�n�-�t�r�i�v�i�a�l� �s�t�a�t�i�c� �e�q�u�i�-� 

�l�i�b�r�i�u�m�.� �T�h�e� �p�e�r�i�o�d�i�c� �m�o�t�i�o�n� �s�t�a�r�t�s� �o�f�f� �a�s� �s�t�a�b�l�e� �n�o�n�s�y�m�m�e�t�r�i�c� �(�S�N�)� �a�n�d� �u�n�d�e�r�g�o�e�s� �a� 

�7�1



�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�s�,� �y�i�e�l�d�i�n�g� �p�e�r�i�o�d�-�2� �(�P�2�)� �u�p� �t�o� �p�e�r�i�o�d�-�3�2� �(�P�3�2�)� �m�o�-� 

�t�i�o�n�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�1�.� �F�i�g�.� �5�.�3�3� �s�h�o�w�s� �p�h�a�s�e� �t�r�a�j�e�c�t�o�r�i�e�s� �f�o�r� 

�t�y�p�i�c�a�l� �P�1� �u�p� �t�o� �P�8� �m�o�t�i�o�n�s�,� �a�n�d� �F�i�g�.� �5�.�3�4� �s�h�o�w�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�a�.� �F�i�g�.� 

�5�.�3�5� �s�h�o�w�s� �a� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n� �f�o�r� �a� �v�a�l�u�e� �o�f� �X� �j�u�s�t� �b�e�y�o�n�d� �t�h�e� �P�3�2� �m�o�t�i�o�n� �v�a�l�u�e�,� �a�n�d� �F�i�g�.� 

�5�.�3�6� �s�h�o�w�s� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m� �w�h�i�c�h� �i�s� �b�r�o�a�d�-�b�a�n�d�e�d�.� �T�h�e� �L�y�a�p�u�n�o�v� 

�e�x�p�o�n�e�n�t�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �d�i�m�e�n�s�i�o�n� �f�o�r� �t�h�i�s� �c�a�s�e� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.�4�6�.� �B�a�s�e�d� �o�n� �t�h�e�s�e� 

�r�e�s�u�l�t�s�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �c�h�a�o�t�i�c� �m�o�t�i�o�n� �h�a�s� �r�e�s�u�l�t�e�d� �a�f�t�e�r� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g�s�.� 

�F�i�g�.� �5�.�3�7� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �L�j� �=�  ��6�.�3�.� �M�o�t�i�o�n� �a�b�o�u�t� �T�P�1� �a�n�d� �m�o�t�i�o�n� �p�a�s�t� �H�,� 

�s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�2� �a�n�d� �5�.�3�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �s�h�o�w� �t�h�a�t� �m�u�l�t�i�p�l�e� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n�s� �a�n�d� 

�t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �c�o�e�x�i�s�t� �w�i�t�h�i�n� �t�h�e� �r�a�n�g�e� �4�0�.�4�5�4�4� �<� �A� �<� �4�1�.�0�2�2�5�.� �H�o�l�m�e�s� �[�4�9�]� �m�a�d�e� �s�i�m�-� 

�i�l�a�r� �o�b�s�e�r�v�a�t�i�o�n�s� �w�h�e�n� �a�n�a�l�y�z�i�n�g� �t�h�e� �c�y�l�i�n�d�r�i�c�a�l� �b�e�n�d�i�n�g� �o�f� �a� �p�e�r�f�e�c�t� �p�a�n�e�l�.� �H�e� �c�o�n�c�l�u�d�e�d� 

�t�h�a�t� �a� �r�e�g�i�o�n� �i�n� �t�h�e� �A�-�L�j� �p�l�a�n�e� �e�x�i�s�t�s� �i�n� �w�h�i�c�h� �m�u�l�t�i�p�l�e� �a�t�t�r�a�c�t�i�n�g� �s�o�l�u�t�i�o�n�s� �c�o�e�x�i�s�t�,� �i�.�e�.�,� �t�h�e� 

�p�a�n�e�l� �c�a�n� �r�e�m�a�i�n� �b�u�c�k�l�e�d� �o�r� �f�l�u�t�t�e�r�.� �F�i�g�.� �5�.�3�8� �s�h�o�w�s� �p�h�a�s�e� �t�r�a�j�e�c�t�o�r�i�e�s� �f�o�r� �n�o�n�s�y�m�m�e�t�r�i�c� 

�m�o�t�i�o�n� �a�b�o�u�t� �T�P�1�.� 

�T�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �A� �=� �3�5� �w�i�t�h� �Z�j� �v�a�r�y�i�n�g� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�3�9�.� �T�a�b�l�e� �5�.�4� 

�s�u�m�m�a�r�i�z�e�s� �t�h�e� �U�N� �m�o�t�i�o�n� �o�b�t�a�i�n�e�d� �p�r�i�o�r� �t�o� �H�1�,� �t�h�u�s� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �v�i�o�l�e�n�t� �f�l�u�t�t�e�r� �m�o�t�i�o�n�s� 

�a�r�e� �p�o�s�s�i�b�l�e�.� �T�a�b�l�e� �5�.�5� �s�u�m�m�a�r�i�z�e�s� �t�h�e� �m�o�t�i�o�n� �p�r�i�o�r� �t�o� �H�2�,� �w�h�i�c�h� �s�t�a�r�t�s� �o�f�f� �a�s� �S�N� �b�e�f�o�r�e� 

�b�i�f�u�r�c�a�t�i�n�g� �t�o� �Q�P�M�.� �T�a�b�l�e� �5�.�6� �s�u�m�m�a�r�i�z�e�s� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �H�3�,� �w�h�i�c�h� �u�n�d�e�r�g�o�e�s� �a� �s�e�q�u�e�n�c�e� 

�o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g�s�.� �A�n� �i�n�t�e�r�e�s�t�i�n�g� �f�e�a�t�u�r�e� �i�s� �t�h�a�t� �U�N� �m�o�t�i�o�n� �a�b�o�u�t� �H�3�,� �s�u�m�m�a�r�i�z�e�d� �i�n� 

�T�a�b�l�e� �5�.�7�,� �w�a�s� �f�o�u�n�d� �t�o� �c�o�e�x�i�s�t� �w�i�t�h� �t�h�e� �s�t�a�b�l�e� �m�o�t�i�o�n�s� �i�n� �T�a�b�l�e� �5�.�6�.� �B�o�u�n�d�e�d� �m�o�t�i�o�n�s� 

�a�b�o�u�t� �T�P�1� �c�o�u�l�d� �n�o�t� �b�e� �o�b�t�a�i�n�e�d�.� �F�i�g�.� �5�.�4�0� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n�s� �f�o�r� �A� �=� �3�7� �a�n�d� �4�3�.� 

�F�o�r� �A� �=� �3�7�,� �m�o�t�i�o�n� �p�a�s�t� �H� �a�n�d� �m�o�t�i�o�n� �a�b�o�u�t� �T�P�1� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�8� �a�n�d� �5�.�9�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�a�b�l�e� �5�.�1�0� �s�h�o�w�s� �t�h�a�t� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �H�,� �f�o�r� �A� �=� �4�3�,� �u�n�d�e�r�g�o�e�s� �a� �s�e�q�u�e�n�c�e� 

�o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g�s� �a�s� �L�j� �i�s� �i�n�c�r�e�a�s�e�d�.� �A� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n� �f�o�r� �a� �v�a�l�u�e� �o�f� �Z�L�{� �w�h�i�c�h� �i�s� �w�e�l�l� 

�p�a�s�t� �t�h�e� �P�8� �m�o�t�i�o�n� �v�a�l�u�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�4�1�.� �F�i�g�.� �5�.�4�2� �s�h�o�w�s� �t�h�e� �a�s�s�o�c�i�a�t�e�d� �f�r�e�q�u�e�n�c�y� 

�s�p�e�c�t�r�u�m� �w�h�i�c�h� �i�s� �b�r�o�a�d�-�b�a�n�d�e�d�.� �B�a�s�e�d� �o�n� �t�h�e�s�e� �r�e�s�u�l�t�s� �a�n�d� �t�h�e� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �a�n�d� 

�a�s�s�o�c�i�a�t�e�d� �d�i�m�e�n�s�i�o�n� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.�4�6�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �t�h�e� �m�o�t�i�o�n� �i�s� �c�h�a�o�t�i�c�.� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�H�S�D�T� �r�e�s�u�l�t�s� 

�F�i�g�.� �5�.�4�3� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �L�]� �=�  ��5�.�3� �a�n�d�  �� �5�.�4� �w�i�t�h� �A� �v�a�r�y�i�n�g�.� �T�h�e� 

�m�o�t�i�o�n� �p�a�s�t� �H� �f�o�r� �t�h�e�s�e� �t�w�o� �c�a�s�e�s�,� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�1�1� �a�n�d� �5�.�1�2�,� �u�n�d�e�r�g�o�e�s� �a� �s�e�-� 

�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �f�o�r� �L�j� �=�  ��5�.�4�,� �w�h�e�n� �g�o�i�n�g� �p�a�s�t� �T�P�1� 

�t�h�e� �s�o�l�u�t�i�o�n� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �N�I�M�1� �w�a�s� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� �o�b�t�a�i�n�e�d� �f�o�r� �m�o�t�i�o�n� �p�a�s�t� �H�.� 

�T�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �4� �=� �3�2� �a�n�d� �4�2� �w�i�t�h� �L�{�}� �v�a�r�y�i�n�g� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�4�4�.� �F�o�r� �A� �=� �3�2�,� 

�t�h�e� �m�o�t�i�o�n�s� �p�a�s�t� �H� �a�n�d� �T�P�1� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�1�3� �a�n�d� �5�.�1�4�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� 

�A� �=� �4�2� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �H� �i�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�1�5�.� �A� �c�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�a�t�a� 

�p�e�r�t�a�i�n�i�n�g� �t�o� �F�i�g�.� �5�.�4�0� �(�A� �=� �4�3�)� �a�n�d� �F�i�g�.� �5�.�4�4� �(�A� �=� �4�2�)� �s�h�o�w�s� �t�h�a�t�,� �a�s� �L�j� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� 

�C�P�T� �y�i�e�l�d�s� �l�a�r�g�e�r� �s�t�a�b�l�e� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �s�o�l�u�t�i�o�n�s� �t�h�a�n� �t�h�e� �H�S�D�T�.� �H�o�w�e�v�e�r�,� �i�t� �a�p�p�e�a�r�s� 

�t�h�a�t� �t�h�e� �H�S�D�T� �p�r�e�d�i�c�t�s� �h�i�g�h�e�r� �a�m�p�l�i�t�u�d�e�s� �o�f� �f�l�u�t�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s� �p�a�s�t� �T�P�1� �t�h�a�n� �t�h�e� �C�P�T� 

�(�c�o�m�p�a�r�e� �T�a�b�l�e�s� �5�.�9� �a�n�d� �5�.�1�4�)�.� 

�W�i�t�h� �L�j� �=� �0�,� �a�s� �A� �i�s� �i�n�c�r�e�a�s�e�d� �a� �s�u�p�e�r�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �f�o�r� 

�y� �=� �{ ��0�.�3�9�1�4� �,�  ��0�.�0�5�6�1� �,� �0�.�0�0�6�5� �,�  ��0�.�0�1�6�6�}�?� �a�t� �A� �=� �2�8�1�.�0�2�8�5�,� �r�e�s�u�l�t�i�n�g� �i�n� �S�N� �p�e�r�i�o�d�i�c� 

�m�o�t�i�o�n� �w�h�i�c�h� �u�n�d�e�r�g�o�e�s� �a� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� 

�T�a�b�l�e� �5�.�1�6�.� 

�P�e�r�f�e�c�t� �p�a�n�e�l� 

�T�h�e� �r�e�g�i�o�n� �i�n� �t�h�e� �A�-�L�j� �p�l�a�n�e� �w�h�e�r�e� �t�h�e� �d�i�v�e�r�g�e�n�c�e� �a�n�d� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�i�e�s� �m�e�e�t� �w�a�s� 

�s�t�u�d�i�e�d� �(�s�e�e� �F�i�g�.� �5�.�3�)�.� �T�h�e� �m�o�t�i�v�a�t�i�o�n� �f�o�r� �t�h�i�s� �c�h�o�i�c�e� �o�f� �p�a�r�a�m�e�t�e�r� �s�p�a�c�e� �i�s� �t�h�e� �w�o�r�k� �o�f� 
�H�o�l�m�e�s� �[�4�9�]�,� �w�h�e�r�e�i�n� �i�t� �w�a�s� �n�o�t�e�d� �t�h�a�t� �c�o�m�p�l�e�x� �d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n�s� �m�a�y� �c�o�e�x�i�s�t� �w�i�t�h� �b�u�c�k�l�e�d� 

�e�q�u�i�l�i�b�r�i�a� �i�n� �t�h�i�s� �r�e�g�i�o�n�.� 

�C�P�T� �r�e�s�u�l�t�s� 

�F�i�g�.� �5�.�4�5� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n� �(�y� �,� �2�1�)� �f�o�r� �L�j� �=�  ��5�.�5� �a�s� �A�X� �i�s� �v�a�r�i�e�d�.� 

�W�e� �s�e�e� �t�h�a�t� �t�h�e� �b�u�c�k�l�e�d� �p�a�n�e�l� �b�e�c�o�m�e�s� �f�l�a�t�,� �f�o�l�l�o�w�i�n�g� �w�h�i�c�h� �S�S� �p�e�r�i�o�d�i�c� �m�o�t�i�o�n� �o�c�c�u�r�s� 

�a�b�o�u�t� �t�h�e� �f�l�a�t� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n�s� �f�o�r� �L�}� �=�  ��5�.�8� �a�n�d�  �� �6�.�2� �a�r�e� �s�h�o�w�n� �i�n� 

�F�i�g�.� �5�.�4�6�.� �F�o�r� �L�}� �=�  ��5�.�8�,� �a� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �o�c�c�u�r�s� �f�o�r� �t�h�e� �{�0�}� �s�o�l�u�t�i�o�n�.� �T�h�e� �r�e�s�u�l�t�i�n�g� 

�S�S� �s�o�l�u�t�i�o�n� �u�n�d�e�r�g�o�e�s� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g�s� �(�s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�1�8�)�.� �T�h�e� 

�m�o�t�i�o�n� �p�a�s�t� �T�P� �w�a�s� �o�b�t�a�i�n�e�d� �f�o�r� �A� �=� �3�6�.�8�4�5�6� �a�n�d� �A� �=� �3�6�.�9�4�5�6�.� �F�o�r� �A� �=� �3�6�.�8�4�5�6�,� �t�h�e� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�,� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m�,� �a�n�d� �p�h�a�s�e� �t�r�a�j�e�c�t�o�r�y� �(�s�h�o�w�n� �i�n� �F�i�g�s�.� �5�.�4�7�,� �5�.�4�9�,� 

�a�n�d� �5�.�5�0�,� �r�e�s�p�e�c�t�i�v�e�l�y�)� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �m�o�t�i�o�n� �i�s� �p�e�r�i�o�d�i�c�.� �T�h�e� �l�i�m�i�t� �c�y�c�l�e� �s�h�o�w�n� �i�n� 

�F�i�g�.� �5�.�5�0� �i�n�d�i�c�a�t�e�s� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �m�u�l�t�i�p�l�e� �u�n�s�t�a�b�l�e� �e�q�u�i�l�i�b�r�i�a� �(�i�.�e�.�,� �t�h�e� �t�r�i�v�i�a�l� �a�n�d� �o�t�h�e�r� 

�n�o�n�-�t�r�i�v�i�a�l� �f�i�x�e�d� �p�o�i�n�t�s�)� �a�b�o�u�t� �w�h�i�c�h� �m�o�t�i�o�n� �o�c�c�u�r�s�.� �S�i�m�i�l�a�r� �l�i�m�i�t� �c�y�c�l�e�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� 

�S�i�p�c�i�c� �a�n�d� �M�o�r�i�n�o� �[�4�0�]� �a�n�d� �D�o�w�e�l�l� �[�4�4�]�.� �F�o�r� �A� �=� �3�6�.�9�4�5�6�,� �t�h�e� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�,� �f�r�e�q�u�e�n�c�y� 

�s�p�e�c�t�r�u�m�,� �a�n�d� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �d�i�m�e�n�s�i�o�n� �(�s�h�o�w�n� �i�n� �F�i�g�s�.� �5�.�4�8�,� �5�.�5�1�,� 

�a�n�d� �T�a�b�l�e� �5�.�4�6�,� �r�e�s�p�e�c�t�i�v�e�l�y�)� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �m�o�t�i�o�n� �i�s� �c�h�a�o�t�i�c�.� �A� �s�i�m�i�l�a�r� �t�r�a�n�s�i�t�i�o�n� �f�r�o�m� 

�p�e�r�i�o�d�i�c� �t�o� �c�h�a�o�t�i�c� �m�o�t�i�o�n� �w�a�s� �o�b�s�e�r�v�e�d� �b�y� �D�o�w�e�l�l� �[�4�4�]�.� �F�u�r�t�h�e�r�m�o�r�e�,� �c�o�m�p�a�r�i�n�g� �t�h�e� �v�a�l�u�e� 

�o�f� �A� �a�t� �T�P� �(�=� �3�6�.�7�,� �s�e�e� �F�i�g�.� �5�.�4�5�)� �w�i�t�h� �t�h�e� �v�a�l�u�e� �a�t� �w�h�i�c�h� �t�h�e� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �f�o�r� �{�0�}� 

�o�c�c�u�r�s� �(�*� �3�5�.�1�1�,� �s�e�e� �F�i�g�.� �5�.�3�)�,� �w�e� �s�e�e� �t�h�a�t� �a� �s�t�a�b�l�e� �n�o�n�-�t�r�i�v�i�a�l� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �s�t�a�t�e� 

�e�x�i�s�t�s� �b�e�y�o�n�d� �t�h�e� �f�l�u�t�t�e�r� �b�o�u�n�d�a�r�y�.� �F�o�r� �L�j� �=�  ��6�.�2�,� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �T�P� �w�a�s� �o�b�t�a�i�n�e�d� 

�f�o�r� �A� �=� �3�4�.�8�7�3�9�.� �T�h�e� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�,� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m�,� �a�n�d� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �a�n�d� 

�a�s�s�o�c�i�a�t�e�d� �d�i�m�e�n�s�i�o�n� �(�s�h�o�w�n� �i�n� �F�i�g�.� �5�.�5�2�,� �5�.�5�3� �a�n�d� �T�a�b�l�e� �5�.�4�6�,� �r�e�s�p�e�c�t�i�v�e�l�y�)� �i�n�d�i�c�a�t�e� �t�h�a�t� 

�t�h�e� �m�o�t�i�o�n� �i�s� �c�h�a�o�t�i�c�.� 

�T�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �A� �=� �2�5� �w�i�t�h� �L�J� �v�a�r�y�i�n�g� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�5�4�.� �T�h�e� �m�o�t�i�o�n� 

�p�a�s�t� �H�1�,� �H�2� �a�n�d� �H�3� �i�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�1�9�,� �5�.�2�0� �a�n�d� �5�.�2�1�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �H�o�w�e�v�e�r�,� 

�t�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �o�f� �a�c�a�d�e�m�i�c� �i�n�t�e�r�e�s�t� �o�n�l�y�,� �s�i�n�c�e� �t�h�e� �v�a�l�u�e�s� �o�f� �Z�L�}� �r�e�q�u�i�r�e�d� �t�o� �c�a�u�s�e� �f�l�u�t�t�e�r� 

�a�r�e� �t�o�o� �h�i�g�h�.� �B�o�u�n�d�e�d� �m�o�t�i�o�n�s� �a�b�o�u�t� �T�P�1� �c�o�u�l�d� �n�o�t� �b�e� �o�b�t�a�i�n�e�d�.� �F�o�r� �A� �=� �3�4�,� �t�h�e� �s�t�a�t�i�c� 

�s�o�l�u�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�5�5�.� �F�o�r� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �T�P�1�,� �t�h�e� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�,� �f�r�e�q�u�e�n�c�y� 

�s�p�e�c�t�r�u�m�,� �a�n�d� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �d�i�m�e�n�s�i�o�n� �(�s�h�o�w�n� �i�n� �F�i�g�s�.� �5�.�5�6�,� �5�.�5�7�,� 

�a�n�d� �T�a�b�l�e� �5�.�4�6�,� �r�e�s�p�e�c�t�i�v�e�l�y�)� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �m�o�t�i�o�n� �i�s� �c�h�a�o�t�i�c�.� �T�h�e� �m�o�t�i�o�n� �p�a�s�t� �t�h�e� 

�s�u�p�e�r�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t� �f�o�r� �t�h�e� �t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n� �(�i�.�e�.�,� �H�{�0�}�)�,� �s�u�m�m�a�r�i�z�e�d� �i�n� 

�T�a�b�l�e� �5�.�2�2�,� �s�t�a�r�t�s� �o�f�f� �a�s� �S�S� �a�n�d� �s�u�b�s�e�q�u�e�n�t�l�y� �u�n�d�e�r�g�o�e�s� �a� �s�y�m�m�e�t�r�y� �b�r�e�a�k�i�n�g� �a�n�d� �p�e�r�i�o�d�-� 

�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �p�a�n�e�l� �c�o�u�l�d� �r�e�m�a�i�n� �b�u�c�k�l�e�d� �o�r� �f�l�u�t�t�e�r� 

�b�e�y�o�n�d� �H�{�0�}�.� �F�o�r� �A� �=� �3�9�,� �o�n�l�y� �t�h�e� �{�0�}� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �e�x�i�s�t�s�.� �M�o�t�i�o�n� �a�b�o�u�t� �H�{�0�}� �i�s� 

�s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�2�3�.� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�H�S�D�T� �r�e�s�u�l�t�s� 

�F�i�g�.� �5�.�5�8� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �L�]� �=�  ��4�.�7�,�  ��4�.�8�,�  ��4�.�9�,� �a�n�d�  �� �5�.�0� �w�h�e�n� �A� �i�s� 

�v�a�r�i�e�d�.� �I�t� �a�l�s�o� �s�h�o�w�s� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �H�{�0�}� �f�o�r� �L�i� �=�  ��4�.�7�,�  ��4�.�8�,� �a�n�d�  �� �4�.�9�.� �T�h�e� �m�o�t�i�o�n� 

�p�a�s�t� �H�{�0�}� �f�o�r� �L�j� �=�  ��5�.�0� �i�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�2�4�.� �I�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �H�{�0�}� 

�f�o�r� �t�h�e� �o�t�h�e�r� �t�h�r�e�e� �v�a�l�u�e�s� �o�f� �L�}�,� �i�n� �t�h�i�s� �c�a�s�e� �t�h�e� �m�o�t�i�o�n� �u�n�d�e�r�g�o�e�s� �a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-� 

�d�o�u�b�l�i�n�g�s�.� �W�e� �s�e�e� �t�h�a�t� �f�o�r� �L�?� �=�  ��4�.�9� �a�n�d�  �� �5�.�0� �t�h�e�r�e� �e�x�i�s�t�s� �a� �r�a�n�g�e� �o�f� �A� �f�o�r� �w�h�i�c�h� �t�h�e� 

�p�a�n�e�l� �c�a�n� �e�i�t�h�e�r� �s�t�a�y� �b�u�c�k�l�e�d� �o�r� �f�l�u�t�t�e�r�.� 

�A� �c�o�m�p�a�r�i�s�o�n� �o�f� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e� �a�n�d� �f�r�e�q�u�e�n�c�y�,� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �M�M�S� �a�n�d� �N�I�M�2� 

�f�o�r� �m�o�t�i�o�n� �a�b�o�u�t� �H�{�0�}� �w�h�e�n� �L�i�}� �=�  ��4�.�8�,� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�s�.� �5�.�5�9� �a�n�d� �5�.�6�0�,� �r�e�s�p�e�c�-� 

�t�i�v�e�l�y�.� �E�v�e�n� �t�h�o�u�g�h� �t�h�e� �b�a�s�i�c� �t�r�e�n�d�,� �i�.�e�.�,� �N�I�M�2� �p�r�e�d�i�c�t�i�n�g� �h�i�g�h�e�r� �a�m�p�l�i�t�u�d�e�s� �a�n�d� �l�o�w�e�r� 

�f�r�e�q�u�e�n�c�i�e�s�,� �r�e�m�a�i�n�s� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �l�i�n�e�a�r� �m�o�d�e�l� �w�i�t�h�-� 

�o�u�t� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s� �(�s�e�e� �F�i�g�s�.� �5�.�1�0� �a�n�d� �5�.�1�1�)�,� �t�h�e� �q�u�a�n�t�i�t�a�t�i�v�e� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �l�a�r�g�e� 

�e�x�c�e�p�t� �i�n� �t�h�e� �i�m�m�e�d�i�a�t�e� �p�o�s�t�-�f�l�u�t�t�e�r� �r�a�n�g�e�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �f�r�e�q�u�e�n�c�y� �v�a�r�i�a�t�i�o�n� �p�r�e�d�i�c�t�e�d� 

�b�y� �t�h�e� �N�I�M�2� �i�s� �n�o�n�l�i�n�e�a�r�.� �W�e� �s�e�e� �t�h�a�t� �t�h�e� �N�I�M�2� �y�i�e�l�d�s� �a�n� �i�n�e�x�p�l�i�c�a�b�l�e� �d�i�s�c�o�n�t�i�n�u�i�t�y� �a�t� 

�A� �=� �3�6�.�8�4�8�0�,� �i�.�e�.�,� �a� �s�u�d�d�e�n� �d�r�o�p� �(�r�i�s�e�)� �i�n� �a�m�p�l�i�t�u�d�e� �(�f�r�e�q�u�e�n�c�y�)�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �i�s� �n�o� �r�e�a�s�o�n� 

�t�o� �d�o�u�b�t� �t�h�e�s�e� �r�e�s�u�l�t�s� �s�i�n�c�e� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �a� �p�e�r�i�o�d�i�c� �s�o�l�u�t�i�o�n� �w�a�s� �o�b�t�a�i�n�e�d�,� �a�l�b�e�i�t� �a�f�t�e�r� �a� 

�l�a�r�g�e�r�-�t�h�a�n�-�u�s�u�a�l� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s�.� 

�T�h�e� �s�o�l�u�t�i�o�n� �p�a�s�t� �T�P� �f�o�r� �L�j� �=�  ��4�.�8� �g�e�t�s� �a�t�t�r�a�c�t�e�d� �t�o� �{�0�}�,� �w�h�e�r�e�a�s� �f�o�r� �L�j� �=�  ��4�.�9� �i�t� �g�e�t�s� 

�a�t�t�r�a�c�t�e�d� �t�o� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �b�r�a�n�c�h� �o�r�i�g�i�n�a�t�i�n�g� �f�r�o�m� �H�{�0�}�.� �F�o�r� �L�Z�}� �=�  ��5�.�0�,� �t�h�e� �m�o�t�i�o�n� 

�p�a�s�t� �t�h�e� �T�P� �w�a�s� �o�b�t�a�i�n�e�d� �f�o�r� �A� �=� �2�6�.�8�5�4�3� �a�n�d� �2�6�.�9�4�4�3�.� �F�o�r� �A� �=� �2�6�.�8�5�4�3� �t�h�e� �P�o�i�n�c�a�r�é� 

�s�e�c�t�i�o�n�,� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m�,� �a�n�d� �L�y�a�p�u�n�o�v� �e�x�p�o�n�e�n�t�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �d�i�m�e�n�s�i�o�n� �(�s�h�o�w�n� �i�n� 

�F�i�g�s�.� �5�.�6�1�,� �5�.�6�3�,� �a�n�d� �T�a�b�l�e� �5�.�4�6�,� �r�e�s�p�e�c�t�i�v�e�l�y�)� �i�n�d�i�c�a�t�e� �t�h�a�t� �t�h�e� �m�o�t�i�o�n� �i�s� �c�h�a�o�t�i�c�.� �P�e�r�i�o�d�i�c� 

�m�o�t�i�o�n� �a�b�o�u�t� �m�u�l�t�i�p�l�e� �u�n�s�t�a�b�l�e� �e�q�u�i�l�i�b�r�i�a� �o�c�c�u�r�s� �w�h�e�n� �A� �=� �2�6�.�9�4�4�3�,� �a�s� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� 

�P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�,� �f�r�e�q�u�e�n�c�y� �s�p�e�c�t�r�u�m�,� �a�n�d� �p�h�a�s�e� �t�r�a�j�e�c�t�o�r�y�,� �s�h�o�w�n� �i�n� �F�i�g�s�.� �5�.�6�2�,� �5�.�6�4�,� �a�n�d� 

�5�.�6�5�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�F�o�r� �A� �=� �1�8� �w�i�t�h� �L�j� �v�a�r�y�i�n�g�,� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�6�6�.� �N�o� �b�o�u�n�d�e�d� 

�m�o�t�i�o�n� �p�a�s�t� �T�P�1� �c�o�u�l�d� �b�e� �o�b�t�a�i�n�e�d�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �i�n�v�e�s�t�i�g�a�t�i�n�g� �t�h�e� �d�y�n�a�m�i�c�s� �p�r�i�o�r� �t�o� 

�T�P�2� �t�h�e� �s�o�l�u�t�i�o�n� �c�o�n�v�e�r�g�e�d� �t�o� �a� �n�e�w� �s�t�a�t�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�i�s� �r�e�s�u�l�t� �w�a�s� �t�h�e�n� �u�s�e�d� �a�s� �a� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�s�t�a�r�t�i�n�g� �p�o�i�n�t� �i�n� �t�h�e� �A�C�M� �w�h�i�c�h� �y�i�e�l�d�e�d� �t�h�e� �i�s�o�l�a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�6�7�.� �T�h�i�s� �r�e�s�u�l�t� �i�m�p�l�i�e�s� 

�t�h�a�t� �m�u�l�t�i�p�l�e� �b�u�c�k�l�e�d� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �o�f� �t�h�e� �p�a�n�e�l� �a�r�e� �p�o�s�s�i�b�l�e�,� �i�.�e�.�,� �t�h�e� �p�r�i�m�a�r�y� �o�n�e� �o�f� 

�F�i�g�.� �5�.�6�6� �a�n�d� �t�h�e� �s�e�c�o�n�d�a�r�y� �o�n�e� �o�f� �F�i�g�.� �5�.�6�7�.� �H�e�n�c�e�,� �a�s�  ��L�j� �i�s� �i�n�c�r�e�a�s�e�d� �t�h�e� �p�a�n�e�l� �w�o�u�l�d� 

�s�n�a�p�-�t�h�r�o�u�g�h� �t�o� �t�h�e� �s�e�c�o�n�d�a�r�y� �c�o�n�f�i�g�u�r�a�t�i�o�n�.� �T�h�e�r�e�a�f�t�e�r�,� �d�e�c�r�e�a�s�i�n�g�  �� �L�j�}� �w�o�u�l�d� �m�a�k�e� �i�t� 

�s�n�a�p� �b�a�c�k� �t�o� �t�h�e� �p�r�i�m�a�r�y� �s�t�a�t�e�,� �w�h�e�r�e�a�s� �i�n�c�r�e�a�s�i�n�g�  �� �L�j�}� �w�o�u�l�d� �l�e�a�d� �t�o� �f�l�u�t�t�e�r� �a�b�o�u�t� �H�1� �(�s�e�e� 

�F�i�g�.� �5�.�6�7�)�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�o�t�i�o�n� �a�b�o�u�t� �t�h�e� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t�s� �a�n�d� �t�u�r�n�i�n�g� �p�o�i�n�t�s� �i�n� 

�F�i�g�.� �5�.�6�7� �w�a�s� �n�o�t� �s�t�u�d�i�e�d� �d�u�e� �t�o� �t�h�e� �l�a�r�g�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s� �i�n�v�o�l�v�e�d� �w�h�i�c�h� �w�o�u�l�d� �y�i�e�l�d� 

�r�e�s�u�l�t�s� �o�f� �l�i�t�t�l�e� �p�r�a�c�t�i�c�a�l� �i�m�p�o�r�t�a�n�c�e�.� 

�T�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �A� �=� �2�4� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�6�8�.� �T�h�e� �m�o�t�i�o�n� �p�a�s�t� �t�h�e� �s�u�p�e�r�c�r�i�t�i�c�a�l� 

�H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t� �a�t� �{�0�}� �i�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�2�5�.� �T�h�i�s� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �f�o�r� �a� �c�e�r�t�a�i�n� 

�r�a�n�g�e� �o�f� �t�h�e� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�,� �t�h�e� �p�a�n�e�l� �c�a�n� �r�e�m�a�i�n� �b�u�c�k�l�e�d� �o�r� �f�l�u�t�t�e�r� �a�b�o�u�t� �{�0�}�.� �H�a�r�d� 

�f�l�u�t�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s� �a�r�e� �p�o�s�s�i�b�l�e� �a�b�o�u�t� �H�1�,� �H�2�,� �a�n�d� �H�3�.� �T�h�e� �U�N� �m�o�t�i�o�n�s� �p�r�i�o�r� �t�o� �H�1�,� 

�a�n�d� �H�3�,� �a�n�d� �p�a�s�t� �H�2�,� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�2�6�,� �5�.�2�9�,� �a�n�d� �5�.�2�8�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �S�t�a�b�l�e� 

�m�o�t�i�o�n�s� �t�h�a�t� �o�c�c�u�r� �p�r�i�o�r� �t�o� �H�4� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�3�0�.� �T�h�e� �n�u�m�e�r�i�c�a�l� �d�a�t�a� �i�n�d�i�c�a�t�e� 

�t�h�a�t� �f�o�r� �a� �s�m�a�l�l� �r�e�g�i�o�n� �p�r�i�o�r� �t�o� �T�P�1�,� �t�h�e� �p�a�n�e�l� �c�o�u�l�d� �s�t�a�y� �b�u�c�k�l�e�d� �o�r� �f�l�u�t�t�e�r� �a�s� �s�h�o�w�n� �i�n� 

�T�a�b�l�e� �5�.�3�0�.� 

�U�s�i�n�g� �t�h�e� �N�I�M�1�,� �q�u�a�s�i�p�e�r�i�o�d�i�c� �m�o�t�i�o�n�s� �r�e�p�r�e�s�e�n�t�i�n�g� �h�a�r�d� �f�l�u�t�t�e�r� �w�e�r�e� �o�b�t�a�i�n�e�d� �a�b�o�u�t� 

�H�1�.� �T�h�e�s�e� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�s�.� �5�.�6�9� �a�n�d� �5�.�7�0� �f�o�r� �v�a�l�u�e�s� �o�f� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s� �p�a�s�t� �a�n�d� 

�p�r�i�o�r� �t�o� �H�1�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �C�o�n�t�i�n�u�i�n�g� �p�a�s�t� �H�1� �o�n� �t�h�i�s� �b�r�a�n�c�h� �o�f� �Q�P�M ��s�,� �a�s�  ��J�L�j� �i�s� �i�n�-� 

�c�r�e�a�s�e�d� �t�h�e� �m�o�t�i�o�n� �b�e�c�o�m�e�s� �p�e�r�i�o�d�i�c� �(�S�N�)�.� �A�s�  ��L�j� �i�s� �i�n�c�r�e�a�s�e�d� �f�u�r�t�h�e�r�,� �t�h�e� �N�I�M�2� �y�i�e�l�d�s� 

�a� �s�e�q�u�e�n�c�e� �o�f� �p�e�r�i�o�d�-�d�o�u�b�l�i�n�g� �b�i�f�u�r�c�a�t�i�o�n�s� �f�o�l�l�o�w�e�d� �b�y� �a� �s�e�c�o�n�d�a�r�y� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �t�h�a�t� 

�r�e�s�u�l�t�s� �i�n� �Q�P�M� �o�n�c�e� �a�g�a�i�n�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�2�7�.� �A�n� �i�n�t�e�r�e�s�t�i�n�g� 

�f�e�a�t�u�r�e� �i�s� �t�h�e� �a�p�p�e�a�r�a�n�c�e� �o�f� �w�r�i�n�k�l�e�s� �i�n� �t�h�e� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�s� �(�s�e�e� �F�i�g�.� �5�.�6�9�)�,� �w�h�i�c�h� �i�s� 

�i�n�d�i�c�a�t�i�v�e� �o�f� �i�m�p�e�n�d�i�n�g� �c�h�a�o�s� �v�i�a� �t�h�e� �T�o�r�u�s�-�B�i�f�u�r�c�a�t�i�o�n� �r�o�u�t�e� �(�s�e�e� �S�w�i�n�n�e�y� �[�7�6�]�)�.� �H�o�w�-� 

�e�v�e�r�,� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �w�e�r�e� �n�o�t� �o�b�t�a�i�n�e�d� �i�n� �t�h�i�s� �c�a�s�e�.� �C�o�n�t�i�n�u�i�n�g� �p�r�i�o�r� �t�o� �H�1� �o�n� �t�h�e� 

�b�r�a�n�c�h� �o�f� �Q�P�M ��s�,� �a�s�  ��L�j� �i�s� �d�e�c�r�e�a�s�e�d� �t�h�e� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n� �r�e�d�u�c�e�s� �i�n� �s�i�z�e� �u�n�t�i�l� �a�l�l� �m�o�-� 

�t�i�o�n� �c�e�a�s�e�s�,� �i�.�e�.�,� �t�h�e� �f�l�u�t�t�e�r�i�n�g� �p�a�n�e�l� �s�n�a�p�s� �b�a�c�k� �t�o� �t�h�e� �b�u�c�k�l�e�d� �e�q�u�i�l�i�b�r�i�u�m�.� �C�o�m�p�a�r�-� 

�i�n�g� �t�h�e� �n�u�m�e�r�i�c�a�l� �d�a�t�a� �p�e�r�t�a�i�n�i�n�g� �t�o� �t�h�e� �b�u�c�k�l�e�d� �s�o�l�u�t�i�o�n� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�5�4� �(�A� �=� �2�5�)� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�w�i�t�h� �t�h�a�t� �o�f� �F�i�g�.� �5�.�6�8� �(�A� �=� �2�4�)�,� �i�t� �a�p�p�e�a�r�s� �t�h�a�t� �a�s� �L�i� �i�s� �i�n�c�r�e�a�s�e�d� �t�h�e� �C�P�T� �y�i�e�l�d�s� 

�l�a�r�g�e�r� �d�i�s�p�l�a�c�e�m�e�n�t�s� �t�h�a�n� �t�h�e� �H�S�D�T� �(�a� �s�i�m�i�l�a�r� �o�b�s�e�r�v�a�t�i�o�n� �w�a�s� �m�a�d�e� �w�h�e�n� �c�o�m�p�a�r�i�n�g� 

�F�i�g�.� �5�.�4�0� �w�i�t�h� �5�.�4�4�)�.� 

�F�i�g�.� �5�.�7�1� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �A� �=� �2�7� �a�n�d� �L�j� �v�a�r�y�i�n�g�.� �T�h�e� �m�o�t�i�o�n� �p�a�s�t� �t�h�e� 

�H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t� �a�t� �{�0�}� �i�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e� �5�.�3�1�.� �T�h�i�s� �r�e�v�e�a�l�s� �t�h�a�t� �t�h�e� �b�u�c�k�l�e�d� 

�s�t�a�t�e� �a�n�d� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �c�o�e�x�i�s�t� �f�o�r� �c�e�r�t�a�i�n� �c�o�m�p�r�e�s�s�i�v�e� �l�o�a�d�s�.� �P�o�i�n�c�a�r�é� �s�e�c�t�i�o�n�s� �p�e�r�t�a�i�n�i�n�g� 

�t�o� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �T�P� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �L�j� �=�  ��4�.�9�6�5�2� �a�n�d�  �� �4�.�9�7�5�2�.� �T�h�e�y� �h�a�v�e� �t�h�e� �s�a�m�e� 

�s�t�r�u�c�t�u�r�e� �a�s� �t�h�a�t� �i�n� �F�i�g�.� �5�.�4�8�,� �t�h�u�s� �i�n�d�i�c�a�t�i�n�g� �t�h�a�t� �c�h�a�o�t�i�c� �m�o�t�i�o�n�s� �e�x�i�s�t� �p�a�s�t� �T�P�.� 

�5�.�4� �E�f�f�e�c�t� �o�f� �I�n�-�p�l�a�n�e� �E�d�g�e� �R�e�s�t�r�a�i�n�t�s� �o�n� �P�o�s�t�-�f�l�u�t�t�e�r� �B�e�h�a�v�i�o�r�.� 

�U�n�l�e�s�s� �s�t�a�t�e�d� �o�t�h�e�r�w�i�s�e�,� �t�h�e� �c�a�s�e�s� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�r�e� �f�o�r� �a� �4� �x� �1� �m�o�d�e� �a�n�a�l�-� 

�y�s�i�s� �o�f� �a� �s�q�u�a�r�e� �p�a�n�e�l� �w�i�t�h� �k� �=� �5�0�,� �s�u�b�j�e�c�t�e�d� �t�o� �f�l�o�w� �p�a�s�t� �b�o�t�h� �f�a�c�e�s� �(�w�i�t�h� �A� �=� �0�)� �a�n�d� 

�u�n�i�d�i�r�e�c�t�i�o�n�a�l� �c�o�m�p�r�e�s�s�i�v�e� �e�d�g�e� �l�o�a�d�s� �L�j�,� �u�s�i�n�g� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c�a�l�l�y� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l�.� 

�F�i�g�.� �5�.�7�2� �s�h�o�w�s� �t�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e�s� �f�o�r� �a� �p�e�r�f�e�c�t� �p�a�n�e�l� �w�i�t�h� �t�h�e� �e�d�g�e�s� �z�;� �=� �0�,� �i�,� 

�c�o�n�s�i�d�e�r�e�d� �e�i�t�h�e�r� �m�o�v�a�b�l�e� �o�r� �i�m�m�o�v�a�b�l�e�.� �F�o�r� �a�l�l� �c�a�s�e�s�,� �t�h�e� �e�d�g�e�s� �z�z� �=� �0�,� �l�2� �a�r�e� �m�o�v�a�b�l�e�.� 

�V�a�r�i�o�u�s� �v�a�l�u�e�s� �o�f� �4� �(�i�.�e�.�,� �5�0�,� �7�5�,� �a�n�d� �1�0�0�)� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�,� �w�i�t�h� �L�j� �=� �0�.� �T�h�e� �r�e�s�u�l�t�s� 

�s�h�o�w� �t�h�a�t� �t�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �s�o�f�t� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �a�r�e� �h�i�g�h�e�r� �w�h�e�n� �t�h�e� �e�d�g�e�s� �2�;� �=� �0�,� �;� �a�r�e� 

�u�n�r�e�s�t�r�a�i�n�e�d� �(�s�e�e� �r�e�s�u�l�t�s� �f�o�r� �4� �=� �1�0�0�)�.� �F�u�r�t�h�e�r�m�o�r�e�,� �h�a�r�d� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �f�o�r� �p�r�e�-�c�r�i�t�i�c�a�l� 

�s�p�e�e�d�s� �a�p�p�e�a�r�s� �t�o� �r�e�s�u�l�t� �f�r�o�m� �s�m�a�l�l�e�r� �d�i�s�t�u�r�b�a�n�c�e�s� �(�o�f� �t�h�e� �f�l�a�t� �s�t�a�t�e�)� �w�h�e�n� �t�h�e� �e�d�g�e�s� �a�r�e� 

�u�n�r�e�s�t�r�a�i�n�e�d� �r�a�t�h�e�r� �t�h�a�n� �r�e�s�t�r�a�i�n�e�d� �(�s�e�e� �r�e�s�u�l�t�s� �f�o�r� �2� �=� �5�0�)�.� �F�o�r� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� �v�a�l�u�e� 

�o�f� �4� �=� �7�5�,� �h�a�r�d� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �i�s� �p�o�s�s�i�b�l�e� �o�n�l�y� �i�n� �t�h�e� �c�a�s�e� �o�f� �m�o�v�a�b�l�e� �e�d�g�e�s�.� �S�i�m�i�l�a�r� 

�o�b�s�e�r�v�a�t�i�o�n�s� �w�e�r�e� �m�a�d�e� �b�y� �B�o�l�o�t�i�n� �[�1�]� �w�h�e�n� �a�n�a�l�y�z�i�n�g� �a� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�a�n�e�l� �o�f� �i�n�f�i�n�i�t�e� 

�s�p�a�n�,� �u�n�d�e�r�g�o�i�n�g� �c�y�l�i�n�d�r�i�c�a�l� �b�e�n�d�i�n�g�.� �H�e�n�c�e�,� �w�e� �c�a�n� �c�o�n�c�l�u�d�e� �t�h�a�t� �p�a�n�e�l�s� �w�i�t�h� �m�o�v�a�b�l�e� 

�e�d�g�e�s� �e�x�h�i�b�i�t� �h�i�g�h�e�r� �a�m�p�l�i�t�u�d�e�s� �o�f� �s�o�f�t� �f�l�u�t�t�e�r� �(�a�s� �4� �i�s� �i�n�c�r�e�a�s�e�d�)� �a�n�d� �a�r�e� �m�o�r�e� �s�u�s�c�e�p�t�i�b�l�e� 

�t�o� �h�a�r�d� �f�l�u�t�t�e�r� �m�o�t�i�o�n�.� 

�T�h�e� �r�e�m�a�i�n�i�n�g� �r�e�s�u�l�t�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �a�r�e� �f�o�r� �a� �p�a�n�e�l� �w�i�t�h� �e�d�g�e�s� �z�z� �=� �0�,� �l�g� 

�b�e�i�n�g� �e�i�t�h�e�r� �m�o�v�a�b�l�e� �o�r� �i�m�m�o�v�a�b�l�e� �a�n�d� �e�d�g�e�s� �z�;� �=� �0�,� �J�;� �b�e�i�n�g� �m�o�v�a�b�l�e�.� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�I�m�p�e�r�f�e�c�t� �p�a�n�e�l� 

�C�P�T� �r�e�s�u�l�t�s� 

�F�i�g�.� �5�.�7�3� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �w�h�e�n�  ��Z�j� �=�  ��5�.�8� �w�i�t�h� �A� �v�a�r�y�i�n�g�.� �T�h�e� �m�o�t�i�o�n� �p�a�s�t� 

�H� �i�s� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�3�2� �a�n�d� �5�.�3�3� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �m�o�v�a�b�l�e� �a�n�d� �i�m�m�o�v�a�b�l�e� �e�d�g�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �w�h�e�n� �A� �=� �4�8� �w�i�t�h�  ��Z�j� �v�a�r�y�i�n�g� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�7�4�.� �W�e� 

�s�e�e� �t�h�a�t� �t�h�e� �s�t�a�t�i�c� �d�i�s�p�l�a�c�e�m�e�n�t�s� �(�i�.�e�.�,� �s�t�a�b�l�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n�s�)� �a�r�e� �l�a�r�g�e�r� �w�h�e�n� �t�h�e� �e�d�g�e�s� �a�r�e� 

�i�m�m�o�v�a�b�l�e�.� �T�a�b�l�e�s� �5�.�3�4� �a�n�d� �5�.�3�5� �s�u�m�m�a�r�i�z�e� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �H� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �m�o�v�a�b�l�e� �a�n�d� 

�i�m�m�o�v�a�b�l�e� �e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�H�S�D�T� �r�e�s�u�l�t�s� 

�F�o�r�  ��L�j� �=�  ��4�.�9� �w�i�t�h� �A� �v�a�r�y�i�n�g�,� �F�i�g�.� �5�.�7�5� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n�,� �a�n�d� �T�a�b�l�e�s� �5�.�3�6� 

�a�n�d� �5�.�3�7� �s�u�m�m�a�r�i�z�e� �t�h�e� �m�o�t�i�o�n� �p�a�s�t� �H� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �m�o�v�a�b�l�e� �a�n�d� �i�m�m�o�v�a�b�l�e� �e�d�g�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �A� �=� �4�6� �w�i�t�h�  ��L�}� �v�a�r�y�i�n�g�,� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �m�o�t�i�o�n� �p�a�s�t� 

�H� �f�o�r� �t�h�e� �m�o�v�a�b�l�e� �a�n�d� �i�m�m�o�v�a�b�l�e� �c�a�s�e�s�,� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.� �5�.�7�6�,� �a�n�d� �T�a�b�l�e�s� �5�.�3�8� �a�n�d� �5�.�3�9�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �W�e� �s�e�e� �t�h�a�t� �t�h�e� �s�t�a�t�i�c� �d�i�s�p�l�a�c�e�m�e�n�t�s� �a�r�e� �l�a�r�g�e�r� �f�o�r� �t�h�e� �p�a�n�e�l� �w�i�t�h� �i�m�m�o�v�a�b�l�e� 

�e�d�g�e�s� �(�s�a�m�e� �a�s� �w�a�s� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �C�P�T�)�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �m�o�v�a�b�l�e� �e�d�g�e�s�,� �t�h�e� �r�e�s�u�l�t�s� 

�i�n�d�i�c�a�t�e� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �a� �t�u�r�n�i�n�g� �p�o�i�n�t� �i�n� �t�h�e� �d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n�s�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �s�t�a�b�l�e� 

�a�n�d� �u�n�s�t�a�b�l�e� �p�e�r�i�o�d�i�c� �m�o�t�i�o�n�s� �c�o�e�x�i�s�t� �f�o�r� �a� �c�e�r�t�a�i�n� �r�a�n�g�e� �o�f� �A�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �i�m�p�e�r�f�e�c�t� �p�a�n�e�l�s� �a�p�p�e�a�r� �t�o� �i�n�d�i�c�a�t�e� �t�h�a�t� �a�s� �A� �i�s� �v�a�r�i�e�d� �w�i�t�h� �L�j� �h�e�l�d� 

�c�o�n�s�t�a�n�t�,� �t�h�e� �p�a�n�e�l� �w�i�t�h� �m�o�v�a�b�l�e� �e�d�g�e�s� �e�x�h�i�b�i�t�s� �l�a�r�g�e�r� �a�m�p�l�i�t�u�d�e�s� �o�f� �f�l�u�t�t�e�r�.� �T�h�e� �c�o�n�v�e�r�s�e� 
�i�s� �t�r�u�e� �w�h�e�n� �L�j� �i�s� �v�a�r�i�e�d� �w�i�t�h� �A� �h�e�l�d� �c�o�n�s�t�a�n�t�.� �H�o�w�e�v�e�r�,� �t�h�e�s�e� �c�o�m�p�a�r�i�s�o�n�s� �a�r�e� �n�o�t� �e�x�a�c�t� 

�s�i�n�c�e� �t�h�e� �p�o�i�n�t� �a�t� �w�h�i�c�h� �f�l�u�t�t�e�r� �o�c�c�u�r�s� �d�i�f�f�e�r�s� �f�o�r� �t�h�e� �t�w�o� �e�d�g�e� �c�o�n�d�i�t�i�o�n�s�.� 

�P�e�r�f�e�c�t� �p�a�n�e�l� 

�C�P�T� �r�e�s�u�l�t�s� 

�F�i�g�.� �5�.�7�7� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �L�j�]� �=� �- ��5�.�2� �w�i�t�h� �A� �v�a�r�y�i�n�g�.� 

�W�e� �s�e�e� �t�h�a�t�,� �a�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �i�m�p�e�r�f�e�c�t� �p�a�n�e�l�s�,� �t�h�e� �b�u�c�k�l�e�d� �s�t�a�t�e� �i�s� �l�o�w�e�r� �w�h�e�n� �t�h�e� 

�e�d�g�e�s� �a�r�e� �m�o�v�a�b�l�e�.� �F�o�r� �t�h�i�s� �c�a�s�e� �w�h�e�r�e� �t�h�e� �i�n�d�u�c�e�d� �e�d�g�e� �l�o�a�d� �i�s� �n�o�r�m�a�l� �t�o� �t�h�e� �f�l�o�w�,� �t�h�e� 

�e�d�g�e� �r�e�s�t�r�a�i�n�t�s� �h�a�v�e� �n�o� �v�i�s�i�b�l�e� �e�f�f�e�c�t� �o�n� �t�h�e� �c�r�i�t�i�c�a�l� �s�p�e�e�d� �a�n�d� �a�m�p�l�i�t�u�d�e�s� �o�f� �U�S� �m�o�t�i�o�n� 

�t�h�a�t� �e�x�i�s�t�s� �f�o�r� �p�r�e�-�c�r�i�t�i�c�a�l� �s�p�e�e�d�s� �(�i�.�e�.�,� �p�r�i�o�r� �t�o� �t�h�e� �s�u�b�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �H�{�0�}�.�)� 
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�C�H�A�P�T�E�R� �5�.� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� �A�N�D� �D�I�S�C�U�S�S�I�O�N�S� 

�T�a�b�l�e�s� �5�.�4�0� �a�n�d� �5�.�4�1� �s�u�m�m�a�r�i�z�e� �t�h�e� �m�o�t�i�o�n�s� �p�a�s�t� �H�1� �a�n�d� �p�r�i�o�r� �t�o� �H�2�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� 

�d�a�t�a� �s�h�o�w�s� �t�h�a�t� �t�h�e�s�e� �t�w�o� �d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n� �b�r�a�n�c�h�e�s� �m�e�r�g�e� �i�n�t�o� �e�a�c�h� �o�t�h�e�r�.� �T�h�i�s� �i�m�p�l�i�e�s� 

�t�h�a�t� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �c�a�s�e� �w�i�t�h� �i�m�m�o�v�a�b�l�e� �e�d�g�e�s�,� �a�s� �A� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e� �b�u�c�k�l�e�d� �p�a�n�e�l� �s�t�a�r�t�s� 

�t�o� �f�l�u�t�t�e�r� �a�b�o�u�t� �t�h�e� �u�n�s�t�a�b�l�e� �n�o�n�-�t�r�i�v�i�a�l� �s�t�a�t�i�c� �e�q�u�i�l�i�b�r�i�u�m� �(�i�.�e�.�,� �t�h�e� �p�a�n�e�l� �f�l�u�t�t�e�r�s� �i�n� �r�e�g�i�o�n� 

�I�I� �o�f� �F�i�g�.� �5�.�4�  �� �s�e�e� �H�o�l�m�e�s� �[�4�9�]�)�.� �T�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �f�l�u�t�t�e�r� �g�r�a�d�u�a�l�l�y� �i�n�c�r�e�a�s�e� �a�n�d� �t�h�e�n� 

�d�e�c�r�e�a�s�e� �u�n�t�i�l� �f�l�u�t�t�e�r� �c�e�a�s�e�s� �a�n�d� �t�h�e� �b�u�c�k�l�e�d� �s�t�a�t�e� �i�s� �r�e�c�o�v�e�r�e�d�.� �I�n�c�r�e�a�s�i�n�g� �A� �f�u�r�t�h�e�r� �w�o�u�l�d� 

�e�v�e�n�t�u�a�l�l�y� �l�e�a�d� �t�o� �h�a�r�d� �f�l�u�t�t�e�r� �o�s�c�i�l�l�a�t�i�o�n�s� �a�b�o�u�t� �{�0�}�.� �H�o�w�e�v�e�r�,� �s�i�n�c�e� �h�a�r�d� �f�l�u�t�t�e�r� �o�s�c�i�l�l�a�-� 

�t�i�o�n�s� �m�a�y� �o�c�c�u�r� �p�r�i�o�r� �t�o� �H�{�0�}�,� �w�e� �s�e�e� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a� �r�a�n�g�e� �o�f� �X� �f�o�r� �w�h�i�c�h� �h�a�r�d� �f�l�u�t�t�e�r� 

�m�o�t�i�o�n� �a�b�o�u�t� �t�h�e� �f�l�a�t� �s�t�a�t�e� �c�o�e�x�i�s�t�s� �w�i�t�h� �t�h�e� �b�u�c�k�l�e�d� �s�t�a�t�e� �o�r� �w�i�t�h� �s�o�f�t� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �a�b�o�u�t� 

�t�h�e� �n�o�n�-�t�r�i�v�i�a�l� �e�q�u�i�l�i�b�r�i�u�m�.� 

�F�i�g�.� �5�.�7�8� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �s�o�l�u�t�i�o�n� �f�o�r� �A� �=� �5�0� �w�i�t�h� �L�j� �v�a�r�y�i�n�g�.� �W�e� �s�e�e� �t�h�a�t� �i�n� �t�h�e� 

�c�a�s�e� �o�f� �m�o�v�a�b�l�e� �e�d�g�e�s� �t�h�e� �p�a�n�e�l� �r�e�m�a�i�n�s� �f�l�a�t� �p�r�i�o�r� �t�o� �t�h�e� �s�u�b�c�r�i�t�i�c�a�l� �H�o�p�f� �b�i�f�u�r�c�a�t�i�o�n� �p�o�i�n�t� 

�H�{�0�}�.� �T�h�e� �a�m�p�l�i�t�u�d�e�s� �o�f� �U�S� �m�o�t�i�o�n� �p�r�i�o�r� �t�o� �H�{�0�}� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�4�2� �a�n�d� �5�.�4�3� 

�f�o�r� �t�h�e� �c�a�s�e� �o�f� �m�o�v�a�b�l�e� �a�n�d� �i�m�m�o�v�a�b�l�e� �e�d�g�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�e�r�e�a�s� �t�h�o�s�e� �f�o�r� �m�o�t�i�o�n�s� �p�a�s�t� 

�H�1� �a�n�d� �p�r�i�o�r� �t�o� �H�2� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �T�a�b�l�e�s� �5�.�4�4� �a�n�d� �5�.�4�5�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�r�o�m� �T�a�b�l�e�s� �5�.�4�3� 

�a�n�d� �5�.�4�5�,� �w�e� �s�e�e� �t�h�a�t� �t�h�e�r�e� �e�x�i�s�t�s� �a� �r�a�n�g�e� �o�f� �L�j� �f�o�r� �w�h�i�c�h� �h�a�r�d� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �a�b�o�u�t� �t�h�e� �f�l�a�t� 

�s�t�a�t�e� �c�o�e�x�i�s�t�s� �w�i�t�h� �s�o�f�t� �f�l�u�t�t�e�r� �m�o�t�i�o�n� �a�b�o�u�t� �t�h�e� �n�o�n�-�t�r�i�v�i�a�l� �e�q�u�i�l�i�b�r�i�u�m�.� 

�H�S�D�T� �r�e�s�u�l�t�s� 

�F�i�g�.� �5�.�7�9� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �a�n�d� �d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n�s� �f�o�r� �L�?� �=�  ��4�.�5� �w�i�t�h� �A� �v�a�r�y�i�n�g�.� �O�n�c�e� 

�a�g�a�i�n� �w�e� �o�b�t�a�i�n� �a� �l�o�w�e�r� �b�u�c�k�l�e�d� �s�t�a�t�e� �f�o�r� �m�o�v�a�b�l�e� �e�d�g�e�s�.� �F�i�g�.� �5�.�8�0� �s�h�o�w�s� �t�h�e� �s�t�a�t�i�c� �a�n�d� 

�d�y�n�a�m�i�c� �s�o�l�u�t�i�o�n�s� �f�o�r� �A�X� �=� �4�0� �w�i�t�h� �L�j� �v�a�r�y�i�n�g�.� �F�o�r� �t�h�e� �c�a�s�e� �o�f� �m�o�v�a�b�l�e� �e�d�g�e�s� �t�h�e� �p�a�n�e�l� 

�r�e�m�a�i�n�s� �f�l�a�t� �p�r�i�o�r� �t�o� �e�x�p�e�r�i�e�n�c�i�n�g� �f�l�u�t�t�e�r�.� �F�o�r� �t�h�e� �c�a�s�e�s� �p�e�r�t�a�i�n�i�n�g� �t�o� �F�i�g�s�.� �5�.�7�9� �a�n�d� �5�.�8�0� �n�o� 

�m�o�t�i�o�n� �(�i�.�e�.�,� �{�0�}� �s�o�l�u�t�i�o�n�)� �w�a�s� �o�b�t�a�i�n�e�d� �p�a�s�t� �T�P�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�n� �t�h�e� �i�m�m�e�d�i�a�t�e� �p�o�s�t�-�f�l�u�t�t�e�r� 

�r�e�g�i�o�n� �t�h�e� �f�l�u�t�t�e�r� �a�m�p�l�i�t�u�d�e�s� �a�r�e� �n�o�t� �a�f�f�e�c�t�e�d� �b�y� �e�d�g�e� �r�e�s�t�r�a�i�n�t�s�.� 
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