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(ABSTRACT)

Consider the context of selecting an optimal system from among a finite set of competing
systems, based on a “stochastic” objective function and subject to multiple “stochastic” constraints.
In this context, we characterize the asymptotically optimal sample allocation that maximizes the
rate at which the probability of false selection tends to zero in two scenarios: first in the context of
general light-tailed distributions, and second in the specific context in which the objective function
and constraints may be observed together as multivariate normal random variates.

In the context of general light-tailed distributions, we present the optimal allocation as the
result of a concave maximization problem for which the optimal solution is the result of solving one of
two nonlinear systems of equations. The first result of its kind, the optimal allocation is particularly
easy to obtain in contexts where the underlying distributions are known or can be assumed, e.g.,
normal, Bernoulli. A consistent estimator for the optimal allocation and a corresponding sequential
algorithm for implementation are provided. Various numerical examples demonstrate where and to
what extent the proposed allocation differs from competing algorithms.

In the context of multivariate normal distributions, we present an exact, asymptotically
optimal allocation. This allocation is the result of a concave maximization problem in which there
are at least as many constraints as there are suboptimal systems. Each constraint corresponding
to a suboptimal system is a convex optimization problem. Thus the optimal allocation may easily
be obtained in the context of a “small” number of systems, where the quantifier “small” depends
on the available computing resources. A consistent estimator for the optimal allocation and a
fully sequential algorithm, fit for implementation, are provided. The sequential algorithm performs
significantly better than equal allocation in finite time across a variety of randomly generated
problems.

The results presented in the general and multivariate normal context provide the first founda-
tion of exact asymptotically optimal sampling methods in the context of “stochastically” constrained
simulation optimization on finite sets. Particularly, the general optimal allocation model is likely to
be most useful when correlation between the objective and constraint estimators is low, but the
data are non-normal. The multivariate normal optimal allocation model is likely to be useful when

the multivariate normal assumption is reasonable or the correlation is high.
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Chapter 1

Introduction

In many decision-making contexts, the process underlying a physical or abstract system is governed
by complex or unknown probabilistic laws and cannot be analyzed analytically. Thus constructing a
computer model (simulation) of the system can be a powerful decision-making tool. A simulation
model of a system enables the analysis of “what-if” scenarios in a wide variety of applications
in which the underlying system cannot be expressed analytically; examples of such applications
may include designing a traffic network, designing the layout of a factory, or designing an effective
policy to mitigate the spread of an epidemic through a city. Given that one can use a simulation to
perform such what-if analyses, it follows that a decision maker may wish to systematically construct
what-if scenarios with the explicit goal of identifying “the best” design (system) with respect to a
performance measure of interest. For example, from among some competing set of systems, the
decision maker may wish to identify the traffic network system that minimizes expected travel time,
the factory system that maximizes expected throughput, or the policy system that minimizes the
expected disease prevalence in an epidemic.

The problem of identifying the best system with respect to a performance measure of interest
by constructing what-if scenarios in a simulation is broadly called the simulation optimization
(SO) problem. Since the performance measure of interest can be estimated implicitly through
the simulation, the formulation of the SO problem is general and widely applicable, including in
situations where the underlying systems are highly complex. In addition to the traffic network,
factory, and epidemiological examples given, ready applications of the SO problem can also be
found in diverse contexts such as quality control, telecommunication systems, and health care (see
Henderson and Pasupathy, 2011, for a collection of contributed SO problems).

One naive way of solving an SO problem is to fix a sampling budget, select a sample size

for a fixed set of candidate systems in advance, simulate the systems, and report the system with



Susan R. Hunter Chapter 1. Introduction 2

the best estimated performance measure as the solution. For example, select five traffic network
configurations, simulate each for 100 replications, and select as “best” the configuration producing
the lowest estimated expected travel time. However this naive method is inefficient in two key

respects:

(i) “Structural” efficiency: We do not exploit the structure of the performance measure (objective)
as a function of system design parameters. Further, if the true set of candidate systems is
larger than the set of candidate systems we sample, e.g. the set is infinite, there is no method
to ensure that a system “near” the best in objective value will enter our consideration. This

question of structural efficiency exists in deterministic optimization and SO settings.

(ii) “Sampling” efficiency: We have made no attempt to efficiently expend the overall sampling
budget among the candidate systems we sample. Often simulation runs are expensive, and it
is inefficient to expend samples in such a way that clearly inferior systems are not eliminated
from consideration as quickly as possible. This question of “sampling” efficiency arises only in

SO settings.

These two efficiency issues have been among those considered by researchers interested in the
methodological aspects of SO. The types of methods developed depend on the nature of the objective
function, e.g., whether it is defined on a space classified as continuous or discrete, finite or infinite,
and ordered or unordered, and the presence of secondary performance measures (constraints). For
an overview of SO methods and entry points into this literature, see Andradéttir (2006); Spall
(2003); Fu (2002); Barton and Meckesheimer (2006), and Olafsson and Kim (2002).

The focus of this work is on the SO variation in which the set of candidate systems is finite
and unordered, that is, no topological structure on the set of candidate systems is assumed. For
example, in the case of designing a factory, the set of competing systems might be a finite set
of possible machine configurations. Thus the machine configurations have no inherent “ordering.”
Since no topology is assumed, there is no structure in the objective function to exploit. Each system
must receive some portion of the overall sampling budget, and our interest in this SO variation is
exclusively on sampling efficiency: for some measure of efficiency, how do we optimally allocate the
simulation budget among the systems?

Within the context of SO on unordered finite sets, two prominent SO variations arise: the
unconstrained version, or selecting the best system from among a finite set of competing systems,
and the “stochastically” constrained version, or selecting the best feasible system from among a finite
set of competing systems. The unconstrained version of the SO problem on unordered finite sets has
arguably seen the most development among the SO variations. Appearing broadly as ranking and

selection (see Kim and Nelson, 2006, for an overview), the currently available solution methods are
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reliable and have stable digital implementations. In contrast, the constrained version of the problem
has seen far less development, despite its usefulness in the context of multiple performance measures
— for example, in the context of epidemiological policy-making, the decision maker may wish to
select, from among a finite set of competing policies, that policy which minimizes the expected
disease prevalence, subject to the expected cost of the intervention being less than some monetary
budget. The subject of our work is this stochastically constrained version of the SO problem, about
which little is currently known.

To explore this constrained SO variation in more detail, consider the following setting. Suppose
there exist multiple performance measures defined on a finite set of systems, one of which is primary
and called the objective function, while the others are secondary and called the constraint functions.
Suppose further that the objective and constraint function values for any given system may be
estimated using a stochastic simulation, and that the quality of the objective and constraint function
estimators is dependent on the simulation effort expended. Then the constrained SO problem is
to identify that system having the best objective function value, from among those systems whose
constraint values cross a pre-specified threshold, using only the simulation output. The efficiency
of a solution to this problem, which will be defined in rigorous terms later in this document, is
measured in terms of the total simulation effort expended.

The broad objective of this work is to rigorously characterize the nature of the most efficient
(optimal) sampling plan when solving the constrained SO problem on finite sets. Such characterization
is extremely useful in that it facilitates the construction of asymptotically optimal sampling

algorithms. The specific questions we ask along the way are twofold.

Q.1 Let an algorithm for solving the constrained SO problem estimate the objective and constraint
functions by allocating a portion of an available simulation budget to each competing system.
Suppose further that this algorithm returns to the user that system having the best estimated
objective function, among the estimated-feasible systems. As the simulation budget increases,
the probability that such an algorithm returns any system other than the truly best system
decays to zero. Can the asymptotic behavior of this probability of false selection be character-
ized? Specifically, can its rate of decay be deduced as a function of the sampling proportions

allocated to the various systems?

Q.2 Given a satisfactory answer to Q.1, can a method be devised to identify the sampling proportion

that maximizes the rate of decay of the probability of false selection?

This work answers both of the above questions in the affirmative. We provide general results for

the case in which the underlying performance measures have light-tailed distributions, as well as
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specific results for the case in which the underlying performance measures have multivariate normal
distributions.

In each case, relying on large-deviation principles and generalizing prior work in the uncon-
strained context by Glynn and Juneja (2004), we fully characterize the probabilistic decay behavior
of the false selection event as a function of the budget allocations. This characterization leads to
the formulation of a mathematical program whose solution is the allocation that maximizes the
rate of probabilistic decay. Since the constructed mathematical program is a concave maximization
problem, identifying the asymptotically optimal allocation is “easy” in contexts where the underlying
distributional family of the simulation estimator is known or assumed. This asymptotically optimal
allocation is then used to create a sequential algorithm guaranteeing that, in the limit, the systems
will be sampled in proportion to the optimal allocation — that is, in the limit, the proposed sampling

strategy achieves maximum efficiency.

1.1 This Work in Context

In the SO literature on finite sets, there exist two broad problem statements related to ensuring the
quality of the solution or ensuring efficiency in obtaining a solution. The first problem statement
is to identify the best feasible system in finite-time with a pre-specified probabilistic guarantee
(the finite-time guarantee problem statement). This problem statement yields finite-time results,
but provides no guarantees regarding computational efficiency. The second problem statement in
the literature, and the focus of this work, is to find a computing budget allocation that minimizes
the probability of falsely selecting any system other than the best feasible system (the efficiency
problem statement). This problem statement yields infinite-time (asymptotic) results with efficiency
guarantees.

With these two problem statements in mind, prior research on selecting the best system in

the unconstrained context falls broadly under one of three categories:

— traditional ranking and selection (R&S) procedures (see, e.g., Kim and Nelson, 2006, for an
overview), which typically require a normality assumption and provide finite-time probabilistic

guarantees on the probability of false selection or some other loss function.

— the Optimal Computing Budget Allocation (OCBA) framework (see, e.g., Chen et al., 2000),
which, under the assumption of normality, provides an approximately optimal sample allocation,

and

— the large-deviations (LD) approach (see, e.g., Glynn and Juneja, 2004), which provides an

asymptotically optimal sample allocation in the context of general light-tailed distributions.
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R&S procedures are developed in response to the finite-time guarantee problem statement, while
OCBA and LD approaches are developed in response to the efficiency problem statement.
Corresponding research in the stochastically constrained context is taking an analogous route.
For example, as illustrated in table 1.1, recent work by Batur and Kim (2010) and Andradéttir and
Kim (2010) provide finite-time guarantees on feasibility determination and on the probability of false
selection in the context of stochastically constrained SO, respectively. Both of these papers parallel
traditional R&S work on the finite-time guarantee problem statement. Similarly, recent work on
the efficiency problem statement by Lee et al. (2011) in the context of stochastically constrained
SO parallels the previous OCBA work in the unconstrained context. This work on the efficiency
problem statement, which appears in the bottom right-hand cell of table 1.1, is the first to provide
a complete generalization of previous large deviations work in ordinal optimization by Glynn and
Juneja (2004) and in feasibility determination by Szechtman and Yiicesan (2008).
Table 1.1: Research in the area of simulation optimization on finite sets can be categorized by the

nature of the result, the required distributional assumption, and the presence of objective function
or constraints.

Result | Required | Optimization: Feasibility: Constrained Optimization:
Time Dist’n only objective(s) only constraint(s) | objective(s) & constraint(s)
Ranking & Selection | Batur and Kim Andradéttir and Kim (2010)
Finite | Normal | (e.g., Kim and Nelson, | (2010)

2006)
OCBA (e.g., Chen [application of OCBA-CO (Lee et al., 2011)
Normal R
. et al., 2000) general solution]
Infinite Glynn and Juneja Szechtman and
General (2004) Yiicesan (2008) Chapters 2 & 3 of this work

I Problems lying in the infinite-time, normal row are also solved as applications of the solutions
in the infinite-time, general row.

In addition to characterizing the optimal allocation strategy for stochastically constrained SO
on finite sets in the context of general light-tailed distributions, we also use an LD approach to provide
an exact characterization of the optimal allocation in the context of multivariate normal distributions.
This characterization fully accounts for dependence between the objective and constraint functions,
and has not previously been explored in the literature. In OCBA-CO (Lee et al., 2011), Bonferroni
bounds dissolve the effect of dependence in the solution, and hence correlation is not explicitly
taken into account in the allocation. In chapters 2 and 3 of this document, which provide results
in the bottom right-hand cell of table 1.1, the objective and constraints are assumed independent.
The ability to account for correlation in the optimal allocation thus remains an important open

question. Towards answering this question, chapters 4 and 5 contain a series of results that use the
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LD approach to precisely characterize the optimal allocation in the context of multivariate normal
distributions. In chapter 4, the characterized optimal allocations are asymptotically exact and
expressed explicitly as a function of the correlation between the performance measures. Chapter
5 contains a characterization of the asymptotically exact optimal allocation as the solution to a

concave optimization problem.

1.2 Problem Statement

The following rigorous problem statement will form the context of the analyses that follow. Suppose
there exists a finite set ¢ = 1,2, ..., 7 of systems, each with an unknown objective value h; € R and
unknown constraint values g;; € R, j =1,2,...,sand ¢ = 1,2,...,r. Given constants v; € R, we
wish to select the system with the lowest objective value h;, subject to the constraints g;; < v;,

7=12...,sand ¢ =1,2,...,r. That is, consider

Problem P : arg min  hy

1=1,...,r

st. gij <7, forall j=1,2,...,sandi=1,2,...,7;

where h; and g;; are expectations, estimates of h; and g;; are observed together through simulation
as sample means, and a unique solution to problem P is assumed to exist.

Let a = (a1, 9, ..., ;) be a vector denoting the proportion of the total sampling budget
n given to each system, so that >\ ;a; =1 and a; > 0 for all ¢ = 1,2,...,r. Furthermore, let
the system having the smallest estimated objective value among the estimated-feasible systems be
selected as the estimated solution to problem P. Then one may ask, what vector of proportions o
maximizes the rate of decay of the probability that this procedure returns a suboptimal solution to

problem P?

1.3 Organization

The remainder of this chapter contains a list of the contributions of this work and a description of
the notation, conventions, and assumptions that hold throughout the document. In chapters 2 and 3,
we consider the case of general light-tailed distributions with one constraint and multiple constraints,
respectively. In chapters 4 and 5, we consider the case of multivariate normal distributions with
one constraint and multiple constraints, respectively. Chapter 6 contains concluding remarks and a

discussion of future research.
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1.4 Contributions

This work addresses the question of identifying “the best” among a finite set of systems in the
presence of multiple “stochastic” performance measures, one of which is used as an objective function
and the rest as constraints. This question is a crucial generalization of the work on unconstrained
simulation optimization on finite sets by Glynn and Juneja (2004). The following are the specific
contributions of this work.

In chapters 2 and 3, we consider the problem statement in section 1.2 in the context of general
light-tailed distributions with one constraint and multiple constraints, respectively. These chapters

contain the following contributions.

C.1 We present the first complete characterization of the optimal sampling plan for constrained SO
on finite sets when the performance measures can be observed as simulation output. Relying
on a large-deviations framework, we derive the probability law for erroneously obtaining a
suboptimal solution as a function of the sampling plan. We then demonstrate that the optimal
sampling plan can be identified as the solution to a strictly concave maximization problem.

C.2 We present a consistent estimator and a corresponding algorithm toward estimating the
optimal sampling plan. The algorithm is easy to implement in contexts where the underlying
distributions governing the performance measures are known or assumed, e.g., the underlying
distributions are normal or Bernoulli. In the absence of such distributional knowledge or
assumption, the proposed framework inspires an approximate algorithm derived through an
approximation of the rate function using Taylor’s theorem (Rudin, 1976, p. 110).

C.3 For the specific context involving performance measures constructed using normal random
variables, numerical examples demonstrate where and to what extent the only competitor in
the normal context, OCBA-CO (Lee et al., 2011), is suboptimal. There currently appear to

be no competitors to the proposed framework for more general contexts.

In chapters 4 and 5, we consider the problem statement in section 1.2 in the context of
multivariate normal distributions with one constraint and multiple constraints, respectively. The
normal context is particularly relevant since a substantial portion of the corresponding literature in
the unconstrained context makes a normality assumption. These chapters contain the following

contributions.

C.4 We present a series of results that precisely characterize the effect of correlation on the optimal
allocation in the context in which the underlying performance measures are independent and

identically distributed (iid) replications from a bivariate normal distribution (one constraint).
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These results provide particular insight into the effect of correlation on the rate of decay of
the probability of false selection.

C.5 In the multivariate normal context (multiple constraints), we present the first characterization
of the asymptotically exact optimal allocation as the solution to a concave maximization
problem, which is itself composed of 7 — 1 convex optimization problems. Thus one may solve
for the optimal allocation in the context of a “small” number of systems and constraints,
where the quantifier “small” depends on available computing resources.

C.6 We present a consistent estimator and fully sequential algorithm that is fit for implementation,
and demonstrate its performance on numerous randomly generated problems. The fully
sequential algorithm displays significant gains in the rate of decay of the probability of false
selection over an equal allocation scheme. These results demonstrate that, although the optimal
allocation results are asymptotic in nature, the proposed sequential algorithm performs well

in finite time.

1.5 Notation and Conventions

In the remainder of the document, let the following notation and conventions hold. Let the feasible
system with the lowest objective value be denoted system 1. Further, let us partition the set of r
competing systems into the following four mutually exclusive and collectively exhaustive subsets,

where ¢ < r and j < s are shorthand for i =1,2,...,rand j=1,2,...,s.

1 :=argmin{h; : g;; <, for all j < s} is the unique best feasible system;
7

I':'={i:g;; <~jforall j <s, i+ 1} is the set of suboptimal feasible systems;
8y :={i: hi < h;y and g;; > 7; for at least one j < s} is the set of infeasible systems
that have better (lower) objective values than system 1; and
8y :={i: h; > hy and g;; > ~y; for at least one j < s} is the set of infeasible systems

that have worse (higher) objective values than system 1.

The partitioning of the suboptimal systems into the sets I', 8, and §,, is strategic and facilitates
analyzing the behavior of the false selection probability.
The following notation allows us to distinguish between constraints on which the system is

classified as feasible or infeasible.

21'? :={J : gij <y} is the set of constraints satisfied by system 4; and
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t:={j:gij >} is the set of constraints not satisfied by system 4.

Let us interpret the minimum over the empty set as infinity (see, e.g., Dembo and Zeitouni,
1998, p. 5). Likewise, the union over the empty set is an event having probability zero, and
the intersection over the empty set is an event having probability one. Also, a sequence of sets
A converges to the set A, denoted A,, — A, if for large enough m the symmetric difference
(Am NASYU(ANAS) =0.

For two vectors @ = {x1,x2,...,2x} and y = {y1,y2,...,Yr}, let the notation = < y indicate
that x; < y; for all i = 1,...,k. This convention holds for row vectors, column vectors, and all
operators =, #, <, <, >, and >.

To aid readability, whenever it is reasonable to do so, the following notational conventions
hold throughout this document: lower-case letters denote fixed values; upper-case letters denote
random variables; upper-case Greek or script letters denote fixed sets; estimated (random) quantities
are accompanied by a “hat,” e.g., H, estimates the fixed value h1; optimal values have an asterisk,

e.g., =¥, and vectors are displayed in bold, e.g., a = {a1, ag,...,a;}.

1.6 Assumptions

The following assumptions hold throughout the document. First, let us assume that the systems are

simulated independent of each other.

Assumption 1. The output random variables (H;, G;) = (H;, G;1, ..., Gis) are mutually indepen-
dent for all i <.

Thus correlation across systems, which may result from the use of common random numbers, is not
specifically taken into account in the asymptotically optimal allocations presented here.

To ensure that each system is distinguishable from the quantity on which its potential false
evaluation as the “best” system depends, and to ensure that the sets of systems maybe correctly

estimated with probability one (wpl), the following assumption holds.

Assumption 2. No system has the same objective value as system 1, and no system lies exactly on

a constraint, that is, h1 # h; for alli <r,i # 1, and g;; # v; for all it <r,j <s.

Assumptions of this type also appear in Glynn and Juneja (2004) and Szechtman and Yiicesan
(2008).

Further assumptions will be made by chapter.



Chapter 2

General Light-Tailed Distributions:

One Constraint

Consider the context of problem P (see section 1.2) when there is only one constraint, that is,
when s = 1. This chapter provides results that build intuition in the one-constraint case before
the presentation of the multiple-constraint case in chapter 3. A version of the work in this chapter
has been published in the Proceedings of the 2010 Winter Simulation Conference (Hunter and
Pasupathy, 2010).

2.1 Chapter Organization

This chapter is organized as follows. Section 2.2 contains assumptions for the chapter. Section 2.3
contains a derivation of the rate function of the probability of false selection as a function of the
computing budget allocation. Section 2.4 contains a framework for finding the optimal allocation
as a conceptual algorithm in which the optimal allocation is the solution to one of two nonlinear
systems of equations. Examples of the proposed algorithm are presented in section 2.5 for the case
in which the random variables follow normal distributions. Section 2.5 also contains a closed-form
solution for the allocation between systems other than system 1 when the assumption that aj > o]

is made.

2.2 Assumptions for Chapter 2

To estimate the unknown quantities h; and g;, we assume we may obtain replicates of the output
random variables (H;, G;) from each system. In addition to assumptions 1 and 2, in this chapter,

we make the following assumptions.

10
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Assumption 2.1. For any particular system i, the random variables H; and G; are independent.

Let Hi(n) = n~ 'Y}, Hy, and Gi(n) = n=' Y27_, Gir. We will use H; = H;(oyn) and

Gi(a;n) as shorthand for the estimators of h; and g; after scaling the sample size by «;. Let

G;

A(IZ)(H) = logE[eGHi(")] and Ag? 0) = logE[eaéi(”)]

be the cumulant generating functions of H;(n) and G;(n), respectively. Let the effective domain of
a function f(-) be denoted by Dy = {z : f(z) < oo} and its interior by D}. Let f'(x) denote the
derivative of f with respect to the argument x. As is usual in large deviations (LD) contexts, we

make the following assumption.
Assumption 2.2. For each system i <,

(1) the limits
1. 1 n v
Ag,(0) = lim ng{i)(nH) = lim —log E[eeZk:l H““]

n—o0 N n—o0 N

and
Ag,(0) = lim lA(GT?(nQ) = lim 1log E[€922:1Gik]

n—oo N n—oo N

exist as extended real numbers for all 0;

(2) the origin belongs to the interior of ®AH1- and @AGZ_, that 1s, 0 € DY, and 0 € @RGi ;

i

(3) Am;(0) and Ag,(0) are strictly convex and C* on D3, and DY, , respectively;

(4) Am,(0) and Ag,(0) are steep, that is, for any sequence {6,} € Day,, that converges to a
boundary point of Dp,, , lim A%y (6,)] = oo, and likewise, for {0,} € Da, converging to a
T n—00 v g

boundary point of 'DAGZ-’ li_)m \A’GZ(HH)] = 0.

Assumption 2.2 implies that H;(n) — h; wpl and G;(n) — g; wpl (see Bucklew, 2003,
remark 3.2.1). Furthermore, assumption 2.2 ensures that, by the Géartner-Ellis theorem (Dembo
and Zeitouni, 1998, p. 44), H;(n) and G;(n) satisfy the large deviations principle (LDP) (Dembo
and Zeitouni, 1998, p. 4) with good rate functions

Ii(x) = zgﬂg{ﬂx —Apg,(0)} and Ji(y) = gggwy —Ag, (0)}.

Assumption 2.2(3) is stronger than what is needed for the Gértner-Ellis theorem to hold. However,

we require Ag, (0) and Ag,(0) to be strictly convex and C* on D~ and DF  , respectively, so

i
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that I;(z) and J;(y) are strictly convex and C* for x € F3 = int{A% () : 0 € DY, } and
y € Fg, = int{Ag,(0) : 0 € D3 . }, respectively.
Let hy = argmin;{h;} and let h, = argmax;{h;}. We further assume,

Assumption 2.3. (1) the interval [he, hy] C N[_1Fy,, and (2) v € N_,F¢,..

Assumption 2.3 assigns nonzero probability to false selection events. As in Glynn and
Juneja (2004), assumption 2.3(1) ensures that H;(n) may take any value in the interval [hg, hy].
Consequently, this assumption ensures that we may falsely estimate any system ¢, i = 2,...,r, as at
least as good in objective function value as system 1. Assumption 2.3(2) ensures there is a nonzero
probability that each system will be estimated feasible and a nonzero probability that each system
will be estimated infeasible. Specifically, it ensures there is a nonzero probability that system 1
will be estimated infeasible and a nonzero probability that an infeasible system will be estimated

feasible.

2.3 Rate Function of the Probability of False Selection

The false selection (FS) event is the event that the actual best feasible system, system 1, is not
the estimated best feasible system. That is, F'S is the event that the optimal system is estimated
infeasible, or the optimal system is estimated feasible but another estimated-feasible system has a
lower estimated objective value. Let I' be the set of estimated-feasible systems excluding system 1,

that is, T = {i : G; < 7,1 # 1}. Then the probability of false selection is

P{FS} =P{(G1 >7)U((G1 <) N (H > rg%lﬁi))}

= P{G1 >} + P{(GL <) N (H1 > géi%lﬁz‘)} (2.1)

= P{FS} + P{FS.},

where F'S7 denotes the event that system 1 is estimated infeasible, and F'So denotes the event that
system 1 is estimated feasible but is “beaten” in objective function value by another estimated-
feasible system. We wish to obtain an expression for the rate at which the probability of false
selection tends to zero with increasing sampling budget n. We first derive expressions for the rate
functions of P{F'S;} and P{F'S2} appearing in equation (2.1), then we combine these results to
find the rate function of P{FS}.

First, consider the rate function for P{FS;}, the probability that system 1 is declared

infeasible on any of its constraints. Theorem 2.1 establishes the asymptotic behavior of P{F'S;} as
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the rate function corresponding to the constraint on system 1 times the proportion of sample given

to system 1.

Theorem 2.1. The rate function for P{FS} is given by
lim ~log P {FS1} = a1.1(7)
nl_{gonog 15 = o1J1(7Y).
Proof. Under assumption 2.2, by the Gartner-Ellis theorem,

1 = 1 _
— inf Ji(y) < liminf —log P(G1(n) > v) < limsup —log P(G1(n) >~) < — inf Ji(y)
ye(v,00) n—ee m n—oo M y€ly,00)
Since Ji(y) is strictly convex and C*° in g and g1 <y € Jg,, it follows that —inf,c(, ) J1(y) =
—infyepy 00y J1(y) = —J1(7). Therefore the limit exists.

Now let the cumulant generating function of G be denoted A(C?lm) (0). By assumption 2.2,

1 ain . 1 an . n
lim —A(Gl )(nﬁ) = lim —logE[e"/* Zkilclk] = lim ﬂlogE[e@/a1 2ii=1 G

n—oomn 1L n—oo N n—oo MmN

= a1Ag, (0/aq).

Hence G also satisfies the LDP with good rate function

s%p{ey —a1hg, (0/a1)} = ar sup{(0/a1)y — A, (0/a1)} = arJi(y).
0/an
Therefore by similar arguments to those given above, the infimum over the set (v, 00) is achieved at

a1J1(7), and the result follows. O

Therefore the rate at which the probability that system 1 is estimated infeasible goes to zero is a
function of the constant Ji(7). Under our assumptions and with logic similar to that given in the
proof of theorem 2.1, it can be shown that for any infeasible system ¢, the rate function for the
probability that system i is estimated feasible is
~Jim © log P{Gi <7} = aiJi(v).
n—,oo n

Now consider the rate function for P{F'S3}. Under the assumption of independence between
the objective function and constraint (assumption 2.1), and since the probability that system 1 is
estimated feasible tends to one,

1 A - N 1 . .
lim —log P{(G1 <~)N(Hy >minH;)} = lim —log P{H; > min H,}. (2.2)
n—oo n icl

n—oo N el
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As the equality in equation (2.2) always holds, in the remainder of this section, we omit the explicit
statement of the event that system 1 is estimated feasible.

The rate function for P{FS3} is the rate function for the probability that system 1 is
estimated feasible, but another estimated-feasible system has a better estimated objective value.
Since the estimated set of feasible systems I' may contain worse feasible systems (i € I'), better
infeasible systems (i € 8), and worse infeasible systems (i € 8,,), we strategically consider the
rate functions for the probability that system 1 is beaten by a system in T NT, T N8y, or ' N8y,
separately. Assuming for now that the required limits exist, lemma 2.2 states that the rate function
of P{FSy} is determined by the slowest-converging probability that system 1 will be “beaten” by

an estimated-feasible system from I', S, or 8.

Lemma 2.2. The rate function for P {F Sy} is given by the minimum rate function of the probability
that system 1 is beaten by an estimated-feasible system that is (i) feasible and worse, (ii) infeasible

and better, or (iii) infeasible and worse. That is,

— lim —logP{FSg} = min (— hm —logP{Hl > min H,},
n—

n—oo N, iel'nl

— lim —logP{Hl > min H;},— hm —logP{Hl > min H}> (2.3)
n—00 1 ielnsy, i€lNSuw

Proof. From equation (2.2), the probability that system 1 is beaten by another estimated-feasible

system can be written as,

~

P{H, >m1nH} P{(H, > min H;)U(H; > min H;)U(H; > min H;)}

el'nl 1€'N8y, 1€NS8w

Therefore

1
logmaX<P{H1 > min H} P{H, > min H;}, P{H; > min H}>
iel'n iel'ns, i€lNSw

IN

1 X .
—log P{H; > min H;}
n i€l

IN

1

—log (P{Hl > mln H;} + P{H, > mm H}+P{H1 > min H})

n i€l iel'n i€TNSw

Assuming the relevant limits exist, the conclusion is reached by noting that the limit of the left-
hand and right-hand sides are equivalent by proposition A.2 and the principle of the slowest term,

proposition A.1, respectively. O

Next, let us individually consider each of the terms on the right hand side of equation (2.3), and

establish their respective limits.
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First, consider the rate function of the probability that system 1 is “beaten” by a worse
estimated-feasible system from I'. Since I is equivalent to I' in the limit, and we are considering
only the probability that system 1 is beaten by another truly feasible system, we expect that the
rate function will be the same as in the unconstrained case presented in Glynn and Juneja (2004).
Also, since system 1 can be beaten by any system in I' N I", we intuitively expect the rate function
to be the minimum rate function across all systems in I', corresponding to the system that is “best”

at crossing the optimality hurdle. Lemma 2.3 states that this is indeed the case.

Lemma 2.3. The rate function for the probability that system 1 is estimated feasible and has a

worse estimated objective value than an estimated-feasible system from T' (feasible and worse) is

— lim —logP{Hl > min H;} = min <1nf(a1]1( )+aiIi(x))) .

n—00 1, iel'nl el
Proof. Let C' C T denote a set of systems. A lower bound for P{H; > min,cpar H;} is given by,
P{H, > ,H%iélrﬁz‘} = P{Ucror H1 > Hi} =Y P{(Uieror H1 > H) 0 (T NT = C)}
1€
C
=> P{(UiccHy = H)N(INT =C)} = > P{UiccH > H}P{TNT = C}
C
> P{UjecrH, > H;}P{TNT =T} > max P{H, > H;}P{TNT =T}.
S
An upper bound is given by
P{Ujcrnr H1 > Hi} < P{Ujcr Hy > H;} < ]P]%anP{ﬁl > H},
so that
max P{H, > H;}P{T NT =T} < P{H, > min H;} < || max P{H, > H;}.
i€l ielnr i€l
By Glynn and Juneja (2004),
1 A A .
lim —log P{H, > H;} = — 1nf(a1[1(;v) + aiIi(x)).
n—oo N T
Therefore by proposition A.2,
lim — log P{H, > min H;} = —min (mf(mh( )+ aiIi(m))) . O
n—00 1 ielnl el

Intuitively, the rate functions I;(x) and I;(x) may be added because of the assumed independence
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between systems (assumption 1). Loosely speaking, in the prior lemma, the rate function of the
probability that system 1 is beaten by a worse feasible system is determined by the worse feasible
system which is “best” at being falsely estimated as the best feasible system. In this case, the rate
at which feasible systems become feasible does not affect the rate function.

Now consider the rate function of the probability that system 1 is beaten by a better infeasible
system. Since the only hurdle to a better, infeasible system being declared optimal is feasibility, the
rate function is determined by the better infeasible system which is best at being falsely estimated

as feasible. Lemma 2.4 states this result rigorously.

Lemma 2.4. The rate function for the probability that system 1 is estimated-feasible and beaten by

a better, infeasible, and estimated-feasible system is

— lim —logP{Hl > min H;} = mina;Ji(y).
n—oo n lGFﬂSb ISSTS

Proof. Let C C §; denote a set of systems. An upper bound for P{ﬁ 1 > min;epng, flz} is given by

P{ > min ) = P{Uicts, i = B} = 30 P{(Uiets, B = ) 0 (T8, = O))
7 b C

= ZP{(Uiecﬁl > H)n(TN8, = C)}
c

= ZP{UiECﬁI > ﬁZ}P{fﬂSb = C}

C
= ZP{UlecHl >H}[[P{iel} [] P{i¢T} (2.4)
ieC iesy\C
85 1Sy|
<ZHP{Z€F}<Z< b)rrézgxP{zEF}<25b|maxP{z€F}
C ieC

Let k* = argmax;eg, P{i € ['}. From equation (2.4), it can be seen that P{H, > Min;eprg, H;} is
bounded below by P{H) > Hy-}P{k* € T} [[;cs,\ sy P{i ¢ T'}. Therefore,

P{iy; > Hp}P{k* €T} ] P{i¢T} < P{H > min H;} <28/P{k* €T},
i€el'NSy
iesp\{k"}

Then by proposition A.2,
lim flog P{H, > min H;} = hm flog P{k*eTl} = hm flogmaxP{z erl}
n—o0 1 iel'ns,,

1
= max lim —log P{i € '} = —mlsn a; Ji(7y). O
€

1€S, N0 N,
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Therefore the rate function is determined by the better infeasible system that is most easily falsely
estimated as being in the feasible set.

Finally, we consider the rate function for the probability that system 1 is beaten by a worse
infeasible system. Systems which are infeasible and worse must cross both feasibility and optimality
hurdles. Therefore the rate function includes both optimality and feasibility terms, where the
addition between these terms is a result of the independence between the objective function and

constraints (assumption 1).

Lemma 2.5. The rate function for the probability that system 1 is estimated-feasible and beaten by

a worse, infeasible, and estimated-feasible system is

— lim —logP{Hl > min H;} = min <1nf(a1I1( )+ a;li(z)) +oziJi(’y)) .

n—oo N 1€l'N8yw 1€8y

Proof. Let C C 8, denote a set of systems. An upper bound for P{ﬁl > minepng,, fIZ} is given by

P{H, > gursl H} = P{Ucpns, H1 > Hi} =Y P{(Ucrns, Hi = H) N (T N8y, = C)}
C

= Z P{UiccHy > H} [[ P{ieT} J] P{i¢T} (2.5)

eC 1€8,\C

<> _|Clmax(P{H, > H;}P{i € T})
C

[Sw]

< Z (’8 |> M ?Elgi(<P{ﬁl > H;}P{i eT})

< 2|5w||sw| m?X(P{ﬁl > H;}P{i e T}).
[AS I
Let k* = arg max;es,, (P{f[l > H;}P{i e I'}). Then from equation (2.5), we find that

P{H, > H-}P{k* €T} [ P{i¢T}
1€8w \{k*}

is a lower bound for P{H; > min,cpng, H;}. Then,

P{H, > Hi-}P{k* €T} [[ P{i¢T}<P{H > mln H;}
I'N8qy
i€8u\{k*}

< 2Belis, | P{H, > H}-}P{k* € T}.
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Since by proposition A.2 we have,

1 - - . 1 . . _
lim —log mgx(P{Hl > H;}P{i € T'}) = max lim —log P{H; > H;} P{i € I'}
w n

n—o0o N S €8y N0

1€8y N—>00

1 . . 1 _
= max lim ( log P{H; > H;} + —log P{i € F}) ,
n n
then by prior results,

1 . .
— lim —log P{H; > min H;} = min (inf(alll(a:) + a;li(x)) + aiJi(7)> ) O
n—00 N i€TNSw €8y \ T
As before, the rate function is determined by the worse infeasible system which is “best” at falsely
being declared both feasible and optimal.
Combining lemmas 2.2 through 2.5 and applying the principle of the largest term, we arrive

at the following theorem.

Theorem 2.6. The rate function for the probability of false selection, that is, the probability that

we return to the user a system other than system 1 is given by

1 declared

infeasible

1 / N

li_>m —log P{FS} = — min(alJl(v),
n—oo n

1 declared feasible

?nigl(inf(alfl (z) + il;())), misn a;Ji(7), msin(inf(alh(ﬂ?) + a;l;(x)) + OéiJz'(’Y)))
1€ x 1€ ASISTRENY

1 beaten by worse 1 beaten by better 1 beaten by worse infeasible system
feasible system infeasible system

2.4 Optimal Allocation Strategy

From theorem 2.6, an asymptotically optimal allocation strategy will result from maximizing the

rate at which P{F'S} tends to zero with increasing n. Thus we wish to allocate the a;’s to solve
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the following optimization problem:

max  min <a1J1(’y), min (mf(ozlfl( )+ aiIi(x))) , min o, J;(7y),
el 1E€8y

min (irxlf(alll (x) + o L;(x)) + aiJi('y))> s.t. (2.6)

€8y

'
Zai =1,a4 > 0.
i=1

By Glynn and Juneja (2006), inf, (a1 1 (x) + a;l;(x)) is a concave, strictly increasing, C'*° function of
ap and . Let z(aq, ;) = arginf, (a1 1i () +o;L;(x)). As Glynn and Juneja (2006) demonstrate, for
a1 >0 and a; >0, x(aq, ;) is a C function of oy and «;. Likewise, the linear functions ay.Jy ()
and «;J;(y) and the sum inf, (a1 11 (x) + o 1;(z)) + i Ji(7y) are also concave, strictly increasing, C*°
functions of a1 and ;. Since the minimum of concave, strictly increasing functions is also concave
and strictly increasing, the problem in (2.6) is a concave maximization problem. Equivalently, we

may rewrite the problem in (2.6) as the following problem Q.

Problem Q: max =z s.t.

arJi(y) = 2
arh(z(on, ;) + aili(x(on, 0;)) >z, i €T
(7) >2,1€8;
arly (z(ar, o)) + o [Il( (a1, ) )] 1€ 8y

Zai = 1,017; Z 0.
=1

Slater’s condition (see Boyd and Vandenberghe, 2004, p. 226) holds for problem @, that is,
there exists a point a= (aq, ag, ..., ;) in the relative interior of the feasible set such that « is
“strictly feasible,” or so that the inequality constraints hold with strict inequality. For example, a
point satisfying this condition is z = 0,c; = 1/7,4 = 1,...,r. Since problem @ is concave with
differentiable objective function and constraints and Slater’s condition holds, strong duality holds
and the Karush-Kuhn Tucker conditions are necessary and sufficient for global optimality (see, e.g.,
Boyd and Vandenberghe, 2004).

Since problem @ is a strictly concave, continuous function of a@ on a compact set, a unique

solution exists. Proposition 2.7 states this result.

Proposition 2.7. There ezists a unique solution a* = {a7,a’, ..., ak} to problem Q with optimal

value z*.
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Let us define problem Q* by replacing the inequality constraints corresponding to systems in

I', 8, and §,, with equality constraints, and forcing each «a; to be strictly greater than zero.

Problem Q*: max 2z s.t.

=z,1€l
=2, 1E8

=2z, 1 €8y

The following proposition formally states the equivalence of problem () and problem Q*.

Proposition 2.8. Problems Q and Q* are equivalent, that is, problem Q* has the unique solution

o™ with optimal value z*.

Proof. For a; = 1/r,i = 1,...,r, it follows that z > 0 in problem . Therefore if a; = 0 for
i € {1} U8y, then z = 0, which is suboptimal. Now consider o; = 0 for i € I' U §,,. In this case, the
constraints for i € I'N §,, reduce to aq inf, I} () = ayI1(hy) = 0, and hence z = 0. Therefore in
problem (@), it must be the case that «; > 0 for all ¢ < r. As a matter of notation, for the remainder
of this proof we temporarily append the variable z to the vector a such that @ = (2, a1, ..., a;).

For dual variables v and A = (\; > 0: ¢ < r), the Lagrangian is,

Lla,\,v)=z+ M(a1J1(y) — 2) + Z)\i(alh(x(al, ;) + a;li(z(ar, a;)) — z)

il
+ ) Nilaidi(y) = 2)+ > Milanhi(z(an, ai) + i [Li(z(ar, ai) + Ji(7)] - 2)
1E€8y 1E€8w

+v (Zr: Qy — 1)
=1
=z (Z N — 1) + v (Z o — 1) + o <)\1J1('y) + Z )\,-Il(x(ozl,ozi)))

i=1 i=1 i€TUSw
+ Y adili(@(ar, 0i) + Y aiNJi(0) + D aki[Ti(e(ar, i) + Ji()]
i€l ic8y i€8w
Now we solve for the first-order KKT conditions by taking taking the gradient of the Lagrangian
and setting it equal to zero. Since x(ay, ;) solves a1 I () + a;1; (x) = 0, then a%l(alh(:v(al, ;) +

oili(z(ar, 04))) = I (z(oq, o)) and %(alh(w(al, o)) +aili(z(on, ;))) = Li(z(a1, a;)) (see Glynn
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and Juneja, 2004). Then the stationarity conditions are

i Ai=1 (2.7)
=1

MI()+ Y Aili(z(af,af)) =v (2.8)
i€TUSw

Nili(zx(af, o)) =v, i €T (2.9)

)\sz(’Y) =, 1€ Sb (2.10)

Nilli(z(al,07)) + Ji(y)] = v, i € 8y (2.11)

and the complementary slackness conditions are

M(aji(y) —2%)=0 (2.12)

XilaTh(z(o], o)) + af Li(z(a],af) —2") =0, i€l (2.13)
/\Z(Oé;ka(’y) — Z*) = O, 1€ Sb (2.14)

Ni(ed T (z(af, of) + of [Li(z(af, af) + Ji(v)] —2%) =0, i € 8y (2.15)

Equation (2.7) implies that at least one A; > 0. Suppose any A\; = 0 for i € U8, US8,,. Since a; > 0
for all i < r, the rate functions in equations (2.9) — (2.11) are strictly greater than zero, which implies
v=0,\=0foraliecl"U8§US,, and A\; = 1. Then from equation (2.8), J;1(v) = 0. However we
have a contradiction since by assumption, Ji(v) > 0. Therefore A\; > 0 for i € ' U8, U S,,.

Since \; > 0 in equations (2.13) — (2.15), then the complementary slackness conditions implies
that each of these constraints is binding. Therefore the inequality constraints corresponding to

i€ 'U8y U8, in problem @ can be replaced with equality constraints as in problem Q*. O

The structure of the identical problem @Q* lends intuition to the structure of the optimal
allocation, as noted in the following steps: (i) Solve a relaxation of problem Q* without the feasibility
constraint for system 1. Let this problem be called problem @*, and let Z* be the optimal value at
the optimal solution &* = (a%,...,a") to problem Q*. (ii) Check if the feasibility constraint for
system 1 is satisfied by the solution &*. If the feasibility constraint is satisfied, a* is the optimal
solution for problem @*. Otherwise, (iii) force the feasibility constraint to be binding. The steps (i),
(ii), and (iii) are equivalent to solving one of two systems of nonlinear equations, as identified by the

KKT conditions of problems @* and @* Theorem 2.9 asserts this result formally.

Theorem 2.9. Let the set of suboptimal feasible systems I' be non-empty, and define problem @*

as problem Q*, but with the inequality constraint relazed. Let (a*,z*) and (&*,z*) denote the
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unique optimal solution and optimal value pairs for problems Q* and @*, respectively. Consider the

conditions,
CO. Y ,a;=1,a>0, and

z=oli(z(ar, ) + aili(z(on, 04)) = o Jj () = anli (x(oa, ag)) + ag[Ie(z(oa, ag)) + Je(7)]
foralliel',j € 8y, k € 8y,

I (z(a1, o4)) L(z(ar,o6)
Ol 2 Tiatara)) ¥ 2 Teana) + i) =

el

C2. ayJi(y) = =.

1€8w

Then (i) &* solves CO and C1 and &;J1(y) > Z* if and only if &* = a*; and
(ii) a* solves CO and C2 and &;J1(y) < 2* if and only if o™ # &*.

Proof. Due to the structure of problem @, the KKT conditions are necessary and sufficient for
global optimality. From prior results, recall that the solutions to problems @, Q*, and @* exist, and
that condition CO holds for the solutions a* and &*.

We now simplify the KKT equations for problem (). Since A\; > 0 for all 1 € I'U8, U8, in the
proof of proposition 2.8, it follows that v > 0. Dividing (2.8) by v and appropriately substituting in
values from (2.9)-(2.11),

Li(z(a, af))
Li(z(af, 7)) + Ji(v)

MA() 3 M —1. (2.16)

1€8y

By a similar logic to that given in the proof of proposition 2.8 and the simplification provided
in equation (2.16), omitting the term with A; in equation (2.16) yields condition C1 as a KKT
condition for problem @* Taken together, CO and C1 create a fully-specified system of equations
that form the KKT conditions for Problem @* A solution a is thus optimal to problem é* if and
only if it solves CO and C1.

Let D(Q*) and D(@*) denote the feasible regions of problems Q* and Q*, respectively.

Proof of Claim (i). (=) Suppose &* solves C0 and C1, and &3J1(y) > 2*. Then &* € D(Q™).
Since the objective functions of problems * and @* are identical, and D(Q*) C @(@*), it follows
that z* < z*. Therefore &* € D(Q*) implies &* is the optimal solution to problem Q*, and by the
uniqueness of the optimal solution, &* = a*.

(<) Now suppose &@* = a*. Since &* is the optimal solution to problem @*, then a* solves
CO and C1. Further, since a* is the optimal solution to problem @, a* = &* € D(Q*). Therefore
aidi(y) > z*.
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Proof of Claim (ii). (=) Suppose a* solves C0 and C2, and ajJ1(y) < 2*. Then &* ¢ D(Q*),
and therefore &* # a*.

(<) By prior arguments, CO holds for a* and &*. Now suppose a* # &*, which implies
a* ¢ D(Q*). Then it must be the case that &jJi(vy) < Z*. Further, since &* uniquely solves CO
and Cl, a* # a* implies that C1 does not hold for a*. Therefore when solving problem @, it
follows that A\; > 0 in equation (2.16). By the complementary slackness condition in equation (2.12),
a;Ji(y) = z*, and hence C2 holds for a*. O

Theorem 2.9 implies that, since a solution to problem Q* always exists, an optimal solution
to problem @ can be obtained as the solution to one of the two sets of nonlinear equations CO and

C1 or CO and C2. We state the procedure implicit in theorem 2.9 as algorithm 2.1.

Algorithm 2.1 Conceptual algorithm to solve for the optimal allocation a* in the case general
light-tailed distributions and one constraint
1: Solve the nonlinear system C0, C1 to obtain &* and z*.

2: if Ji(y) > z*/ozl then
3 return o* =a*

4: else
5
6
7

Solve the nonlinear system C0, C2 to obtain ™.
return o*.

. end if

Theorem 2.9 assumes that we have at least one system in I'. In the event that I' is empty,
conditions CO and C1 may not form a fully-specified system of equations (e.g., I" and §8,, are empty),
or may not have a solution. In such a case, CO and C2 provide the optimal allocation. When the
sets 8, and 8,, are empty but I' is nonempty, theorem 2.9 reduces to the result presented in Glynn
and Juneja (2004).

2.4.1 Additional Mathematical Insight into the Structure of the Optimal Allo-
cation Problem (Problem Q)

One can a solution for the dual variables from the KKT conditions presented in the proof of
proposition 2.8 and the simplification presented in the proof of theorem 2.9 as follows.
Since v > 0 and Ji(y) > 0, from equation (2.16),

I(z(« z(af, « ))
Zw *Z ap )+ ) St

el
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Rearranging terms and substituting 1 — >/, \; for Ay,

") N_ . x=hGha) < hlsial)
RREAUDY D iwlat )~ 2 Tlalat, o)) + 0T

Further substitution yields,

1 1
ZL (o >>+ZW+ZI@:<% 3+ I

17

i€y =
-1
1 Ae(ad o)) L(z(af, o))
erolt > Telat o) 2 Tataha )
Then A is given by
_ 1 - Lz(ag,af) h(z(af, o))
M= (0 2 Telatial) 2 Talad,af) £ 50 )
1
: [iezrfi(x(a’f,am 270 ey AT
-1
L _ Il(x— alv ))
+J1(7)<1 ;Il(a:( ,Qf sy Ii(x 0417 af)) + Jily )>

The value of z* may also be found in terms of other variables from condition CO in theorem
2.9. Dividing through by ] and the appropriate rate functions yields

—|—— foralliel

z)) o]

for all ¢ € §,,.

= ( 1 ) - otetal) ol

oi \L((at,a)) + 5i0) ) = Talad,ad) + (7)o

Summing up the left hand side and the right hand side and noticing

>

1€TUS,US

,_.*‘s.*
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it follows that

« h(z(eg,a)) L(x(af, af)) 1
=2 Tttt T 2 Talaha) + ) T at

g 1€8y

* Il(x(oq’cﬁ)) Il(x(al,a ))
11—« 1— i _ i
1 ZEZF Ii(z(of, af)) ZGZS Li(x(as, o) + Ji(y)
ZF =
1 1 T
oo T + —
; i(z(af, af)) zez;b Ji(7) g; L(z(at,af)) + Ji(7)
If CO and C1 hold, then
-1
1 1 1
; Ii(x(alaai)) zezsb Ji(7y) ZEZS Ii(x(o‘lvai)) + Ji(7)

If CO and C2 hold, then ajJi(vy) = z*. Hence,

. ! R !
il L0 ey AP P ey RPN v ey
—1

L [y Aeda) L (x(0f, af))
! Zfi(w(aia*)) Zh(ﬂf(@iﬂ@i‘)H%(v)

el g 1€8y

2.4.2 An Approximate Closed-Form Solution for Normally Distributed Perfor-

mance Measures

We now consider an approximation for the case in which the random variables corresponding to
both the objective and constraint have normal distributions. The relevant rate functions for the
normal case are derived as follows.

Let H; ~ N(hi,aﬁi) and G; ~ N(g;,07,) for all i <r. Then

o B2 )2
Ii(x):ﬂ and Ji(v):w.

2
20}”
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Differentiating to find the value of z at which inf, (a1 (z) + a;1;(x)) is achieved yields

(o7, /i) (o7, /o1)hi
(0}2%_/041') + (0';2“/041) (O’%l/al) 4 (0.}2“/0%)

z(ar, o) =

Then the rate functions are,

o B iy — gi)2

aiJi(y) = 20;
(h1 — hi)?

(op /o1 + a,zli/ai)’
hi — hi)* i(y — gi)?
(h1 — h) L il —gi)

,iG{l}USb,

1€l

onli(z(on, i) + aili(z(on, ;) = 2

I i ildi , QG Ji(v)] = » 1€ Su-
on i (z(on, i) + ai[Li(z(ar, os)) + Ji(7)] 207 Jor + o Ja) 27 i€
Taking partial derivatives with respect to «; yields
9 (ol I I o, (1 = hi)” 2.17
Doy [arfi(z(on, i) + aili(z (o, ai))] = Li(z(ar, ap)) = 2(%0%1 +a10/%¢)2’ (2.17)
B) ajop (b — hi)?
Do [ar T (z(on, i) + aili(z (o, )] = Li(z(an, oq)) = 2aio? + a0l )2 (2.18)

The general solution for the optimal allocation in the normal case does not have a closed-form
expression.

In the unconstrained normal case, Chen et al. (2000) and Glynn and Juneja (2004) simplify
the optimal allocation by allowing aj > «;. However it is not clear what this approximation means
in terms of problem parameters. For example, to take the limit as ] — 1 and maintain the KKT
conditions for optimality, problem parameters such as o, must change to maintain the optimality
and feasibility of the new allocation. We circumvent this problem by removing the optimal allocation
requirement between system 1 and all other systems, that is, fixing o1 and optimizing with respect
to aj,1 € {2,...,r}. From condition CO in theorem 2.9, the following corollary follows, regarding

the optimal allocation amongst all systems other than system 1.

Corollary 2.10. Let o™ = (a1, 05,...,0%). If &/* > 0,57, of = 1— oy minimizes the asymptotic

probability of false selection, then

a; Ji(v) = arli(z(oa, af)) + o j(x(a1, af)) = arli(z(a, ap)) + ap[lk(z(ar, ap)) + Je(7)],
forallie 8y, j el', ke 8y. (2.19)

To find the allocation for a1 > «f for a fixed «aq, we fall within the purview of corollary 2.10.
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Using equation (2.19),

*

o  onli(z(on, of))erus, — onli(@(on, o)) licrus, + ofli(@(o, o) erus, + 5 Ji(V)es,us.,
% o Li(z(ar, of ) Lerus,, + o Ji(7)Lies,us,,
2 2 2
100, (n — hj)2]1- TUs 1%, (1 — 1) Ljerus, + 09" gj)2]1' SpUS
(ato, +0410%j)2 JETUSw (ka2 +0410;2Lj)2 JETUSw o2 JESHUSw
=L AR g . (2.20)
araioy (ha = hi) Lorus + ajoj, (h1 —h;) Loros. + (v — 9i) Lis s
* € w * (S w (S w
(a2 0}2” + 0410}2”)2 ‘ (o] 0%1 + ala%i)z ! U;i 1o

Now let @y — 1 in equation (2.20). Since 1 —ay =Y ;_, o, then of — 0 forall i € {2...,r}. Then

2 2
jETUS, T E8,USw
~ N Th 99

hi—hi\? =g\’ '
< Z) Lierus,, + < ) Lies,us.,
Oh; Og;

where equality holds for all i, j € 8. When considering only feasible systems, these results reduce

to those presented by Glynn and Juneja (2004).

2.5 Normal Examples

To illustrate the proposed algorithm, we consider several examples where the underlying performance
measures have normal distributions. (See section 2.4.2 for the rate functions in the normal case.)
Specifically, we present cases in which aq.J1(7) is nonbinding (only CO and C1 hold), binding with
A1 > 0 (only CO and C2 hold), and binding with A; = 0 (CO0, C1, and C2 hold). To demonstrate
the effect of g; on the allocation to system 1, we vary ¢g; while holding all other parameters of the
examples fixed.

Let there be r = 3 systems, each with normally distributed objective function and constraint

such that v = 0 and with means and variances given in table 2.1.

Table 2.1: Means and variances for normal examples illustrating the proposed conceptual algorithm
in the case of general light-tailed distributions and one constraint

2

System (i) | h; 0,2“ gi oy,
1 0 1.0 g1 <0varies 1.0
2 2.0 1.0 -1.0 1.0
3 2.0 1.0 -2.0 1.0

Thus in the examples that follow, I' = {1,2,3}, 8, = (), and 8,, = (). Since the basis for the

proposed allocation to systems in I' regards their “scaled distance” from system 1, and systems 2
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and 3 are equal in this respect, one can intuitively expect that they will receive equal allocation.

Example 2.11 (a1.J1(7) nonbinding). In this example, let g = —2. Then problem Q* is

max z S.t.

(h1 — hg)? .
2o} Jar + 07, /o)

hi — h3)?

(h1 — hs) _,

2(0}2”/(11 + 0'1213/Oé3) N
ar+az+az=1

a; > 0,
which is equivalent to,

max z S.t.
2
1/041 —1—1/042 N
a9 — Q3 =0
ar+as+oaz =1

a; > 0.

Solving for «; yields the equation

2041(1 — 041)

= 2. 2.21
P z (2.21)

Taking the derivative and setting it equal to zero yields the quadratic equation
2 —
al + 20[1 — ]. = 07
with solution

1 1
V=2 -1~ 0.4142, ay =1 — — ~0.2929, vy =1— — ~0.2929. 2.22
aq g /2 as V2 ( )
Then z* =6 — 4v/2 ~ 0.3431.
Now let us check the value of &fJ1(7). We have aiJ1(vy) = (v/2 — 1)(0 +2)%/2 ~ 0.8284 > 3*.

Therefore &* solves Problem Q*, and the allocation given in (2.22) is optimal. O
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Example 2.12 («;Ji(7) binding, A\; > 0). Now let gy = —1. Thus this example is identical to
the previous example, except that the mean of the distribution on G; has changed. Therefore the
solution to problem @*, &*, is given by equation (2.22). However when upon checking the value of

aiJi(7y), we find )
(0+1)

~ 0.2071 < z*.
2(1) :

a1 Ji(y) = (V2 -1)

Therefore &* does not solve Q*, and the allocation to system 1 must increase due to the slow rate
function for P{F'S;}. Now let the constraint a;.Ji(7y) be binding such that a1.J;(7) = z. Then from

equation (2.21), it follows that
20(1 — 1) a1
ap+1 2
Solving for «; in the above equation results in ; = 0.6. Since the problem is fully specified, the

optimal allocation is,

and the overall rate achieved is z* = 0.3. OJ

Example 2.13 («;Ji(7) binding, A\ = 0). Now let

2(6 — 42
g =— 26-4v2) | oero
V2-1
This example is identical to the previous examples, except that once again the mean of the
distribution on G; has changed. Solving the relaxed problem Q*, we find &* is given by equation
(2.22). Now checking a%.J;(v) results in &}J;(y) = 6 — 4v/2 = z*. For the allocation &*,
Z Il(rx(alaai)) _ (O[2k>2 + (()43)2 -1
e Li(z(ag, a5)) af af ’
and hence \; = 0. Thus this example was constructed so that the value of ayJ1(7) sits exactly at

the optimal allocation that results from solving problem Q. ]

The values of the optimal allocations and the achieved rate of decay of P{F'S} can be plotted
as a function of the value g;. Solving for the optimal allocation as a function of g; yields the
allocations displayed in figure 2.1 and the rate z* displayed in figure 2.2.

Figure 2.1 shows that as g; becomes farther from ~ = 0, system 1 requires a smaller portion
of the sample to determine its feasibility. For values of g; smaller than gy = —1.2872, the feasibility

of system 1 is not binding in this example. Therefore the optimal allocation as a function of g; does
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Figure 2.1: The graph of the constraint value of
system 1 (g;) versus the optimal allocation for
the systems in table 2.1 shows that when the
system 1 is sufficiently “close” to the constraint,
the allocation to system 1 increases. When sys-
tem 1 is sufficiently “far” from the constraint,
the allocation to systems as a function of the
position of system 1 does not change.
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o I e
o ) ~

Rate of decay of P{FS}
e

0

-1.5 1 -0.5 0

Constraint Value of System 1 (g1)

Figure 2.2: The graph of the constraint value of
system 1 (g1) versus the rate of decay of of the
probability of false selection (P{F'S}) for the
systems in table 2.1 shows that the rate of decay
of the P{F'S} decreases as system 1 becomes
closer to the constraint.

not change for g; < —1.2872. Likewise, in figure 2.2, the rate of decay of P{F'S} remains constant

at z* = 0.3431 for g1 < —1.2872. For g; > —1.2873, the rate decreases to zero as a function of

increasing g .



Chapter 3

General Light-Tailed Distributions:
Multiple Constraints

Consider the context of problem P fully, with multiple constraints (see section 1.2). In this chapter,
we define a relaxation of the assumption of independence between the objective function and
constraint random variables. Before presenting results analogous to those presented in chapter 2 for
the multiple-constraint case, we discuss the structure of permissible dependence. Since many of the
proofs in this chapter are similar to those presented in chapter 2, full proofs appear in appendix B.
A version of the work in this chapter is presented in the journal article by Hunter and Pasupathy

(2011).

3.1 Chapter Organization

Section 3.2 contains an exploration of the structure of permissible dependence for the results
presented in this chapter. Assumptions for the chapter are described in section 3.3. Section 3.4
contains an expression for the rate function of the probability of false selection as a function of the
computing budget allocation. Section 3.5 contains a general sampling framework and a conceptual
algorithm to solve for the optimal allocation. A consistent estimator and an implementable sequential
algorithm for the optimal allocation is provided in section 3.6. Section 3.7 contains numerical

illustrations for the normal case and a comparison with OCBA-CO (Lee et al., 2011).

3.2 Structure of Permissible Dependence

In this chapter, we replace the assumption regarding independence between the objective function

and constraint for each system with an assumption allowing certain types of dependence that “wash

31
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out” asymptotically. For independent events A, and B,,, when the relevant limits exist,

1 1 .1
lim —log P{A4, N B,} = nh_)n(r)lo . log P{A,} + nh_{go - log P{B,}.

n—oo n

That is, when computing the rate function of the intersection of two independent events, the rate
functions of each of the individual events simply add up. Intuitively, because A, and B, are
independent, P{A,, N B, } = P{A,}P{B,}, and hence the summation results from taking the log
of both sides. While independence is a sufficient condition for the rate function of the intersection
to be the sum of the rate functions of each event, independence is not a necessary condition.

The events considered in large deviations contexts tend to be dichotomously categorized as
having probabilities that tend to zero or one. For example, the event that system 1 is deemed
feasible tends to one, and the event that system 1 is deemed infeasible tends to zero. Therefore in
the following discussion of permissible dependence, we only consider events A,, and B,, such that
P{A,} — 0, either P{B,,} — 0 or P{B,,} — 1, and P{A4,, N B,} — 0.

Let us define
_ P{A, N B}

= ————— .
" P{A.}P{B.}
Then by definition P{A, N B,} = ¢, P{A,}P{B,}, and it follows that
1 1 1 1
—log P{A, N B,} = —logc, + —log P{A,} + —log P{B,}.
n n n n
Now suppose all relevant limits exist. Then
li 11 P{A,NB,} =l 11 li 11 P{A li 11 P{B
Jim —log P{A, N By} = lim —loge, + lim —log P{Au} + lim —log P{By}.
When P{B,} — 1, the above equation simplifies to
.1 .1 .1
lim —log P{A, N B,} = lim —loge¢, + lim —log P{A,}.
n—oo n n—oo N n—oo n,
From this argument, the conditions for asymptotic independence become clear: we require
o1
lim —logc, =0.
n—oo n

The following definition states this requirement formally.

Definition 3.1. Let A, and B, be events with P{A,,} — 0 and either P{B,} — 0 or P{B,} — 1.
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Then A,, and B, exhibit limiting independence if

1. P{A,NB,}

A o8 e P By

Equivalently, we require

_ P{A, N B} \'"
i (pagems)

This definition does not allow certain types of extreme dependence, such as the case where
events A, and B,, are disjoint and hence P{A4,, N B,,} = 0, or the case where P{B,} — 0, B,, C A,,
and hence P{A,, N B, } = P{B,}. In addition, the following example shows that when P{A,} — 0
and P{B,} — 1, limiting independence does not hold if B,, acts in such a way that it increases the

rate at which P{A, N B,} tends to zero.

n—o0

Example 3.2. Let A, and B, be events such that P{4,} =e 2" +¢73" P{B,} =1—e 2", and
P{A, N B,} = P{B,} — P{A%} = ¢73". One can imagine these measures on a [0, 1] number line
where B, = [0,1—¢e 2", A, =[1—e 2" —e73" 1], and A, N B, = [l —e 2" —e73", 1 —e~?"]. Then
lim,,—s 00 %log P{A,, N B,} = -3, and by the principle of the largest term, lim,, o % log P{A,} =
lim,, oo %10g (6_2” + 6_3”) = —2. Therefore P{A, N B,} — 0 faster than P{A,} — 0. O

Among the types of allowable dependence are those where ¢, is bounded away from 0 and
oo, and where ¢, tends to co slowly enough that the overall term lim,,— oo % log ¢,, still tends to
zero. The following example explores one type of permissible dependence for bivariate normal

distributions.

Example 3.3. Fori=1,...,n, let

M

where BN indicates the bivariate normal distribution, correlation p = E[(X1 — p1)(X2 — p2)] /o109,
and |p| < 1. Then for X1 =23 | Xy; and Xo = 237" | Xy,

B )

Consider the events P{X; > a} and P{Xs > b} for some a > 0 and b < 0, where a,b < oo, and
p > 0. Then

@BN<

P{Xl > a,Xg > b} > P{Xl > a}P{Xg > b}, (31)
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and hence ¢, > 1. If b < 0, then P{X5 > b} — 1, and since

. _P{X1>G,X2>b} 1
" P{Xi>a}  P{Xy>0b}

<1 -1

(3.2)

then limsupe, < 1. Since ¢, > 1 and limsupe, < 1, it follows that lim, ., ¢, = 1 and hence

limy, s ao %log cn = 0. ]

3.3 Assumptions for Chapter 3

To estimate the unknown quantities h; and g;;, we assume we may obtain replicates of the output
random variables (H;, G;1,...,G;s) from each system. In addition to assumptions 1 and 2, let the
following assumptions hold in this chapter.

We assume limiting independence across events regarding the classification of systems on

optimality and feasibility.

Assumption 3.1. For any particular system i, all events involving the output random variables

H;,G;1,...,G;s exhibit mutual limiting independence.

The assumption that for any particular system 4, the output random variables H;, G;1, ..., G;s are
mutually independent is a more strict version of Assumption 3.1.

Let us define H;(n) = n~' Y0, Hy and Gyj(n) = n=' SO0, Gijk. We will use H; = H;(a;n)
and éij = Gij (ain) as shorthand for the estimators of h; and g;; after scaling the sample size by
a; > 0, the proportion of the total sample n which is allocated to system 1.

Let
Ag? (0) = logE[eeHi(”)] and A(CZ)J(G) = 10gE[69@v:j(n)]

be the cumulant generating functions of H;(n) and G;;j(n), respectively. Let the effective domain of
a function f(-) be denoted by Dy = {z : f(z) < oo} and its interior by D}. Let f'(z) denote the
derivative of f with respect to the argument z. As is usual in LD contexts, we make the following

assumption.
Assumption 3.2. For each system i <1 and constraint j < s,

(1) the limits
1. A S
Ay, (0) = lim —qui)(nH) and Ag,;(0) = lim —Aéi(n@)

g n—oon n—oo n

exist as extended real numbers for all 0;
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(2) the origin belongs to the interior of Dy, and DAGz‘j’ that is, 0 € DY, and 0 € 2)?\6‘1;3- :

i

(3) Am;(0) and Ag,;(0) are strictly convex and C*° on D} .~ and DXGM , respectively;

(4) Ap,(0) and Ag,;(0) are steep, that is, for any sequence {6y} € Dy, that converges to a
boundary point of Dy, . li_>m |A%y (0,)] = o0, and likewise, for {0,} € DAc.j converging to a
1T n—oo v g

boundary point of @Ac_j, lim ]Alg.j(enﬂ = 00.
i n—00 R

Assumption 3.2 implies that H; — h; wpl and @ij — g wpl (see Bucklew, 2003, remark 3.2.1).
Furthermore, assumption 3.2 ensures that, by the Gértner-Ellis theorem (Dembo and Zeitouni,
1998, p. 44), H; and G;; satisfy the large deviations principle (LDP) (Dembo and Zeitouni, 1998,
p. 4) with good rate functions I;(z) = supger{fz — Ap,(0)} and Jij(y) = supper{fy — Ag,, (0)}.
Assumption 3.2(3) is stronger than what is needed for the Gértner-Ellis theorem to hold. However,
we require Ay, (0) and Ag,;(0) to be strictly convex and C* on D?\Hi and DRGW-’ respectively,
so that I;(x) and J;;(y) are strictly convex and C* for € Iy = int{A} (0) : 0 € D3 } and
yedg, = int{A’Gij 0):0¢ DZGU }, respectively. Z

Let hy = argmin;{h;} and let h, = argmax;{h;}. We further assume,

Assumption 3.3. (1) the interval [he, hy] C N_1Fy., and (2) v; € ﬁ;":lffgvij for all j < s.

Assumption 3.3 assigns nonzero probability to false selection events. As in Glynn and Juneja
(2004), assumption 3.3(1) ensures that H; may take any value in the interval [hy, h,]. Consequently,
this assumption ensures that we may falsely estimate any system ¢, i = 2,...,r, as at least as good
in objective function value as system 1. Assumption 2.3(2) ensures there is a nonzero probability
that each system will be estimated feasible and a nonzero probability that each system will be
estimated infeasible. Specifically, it ensures there is a nonzero probability that system 1 will be

estimated infeasible and a nonzero probability that an infeasible system will be estimated feasible.

3.4 Rate Function of Probability of False Selection

The false selection (FS) event is the event that the actual best feasible system, system 1, is not
the estimated best feasible system. More specifically, F'S is the event that system 1 is incorrectly
estimated infeasible on any of its constraints, or that system 1 is estimated feasible on all of
its constraints but another system, also estimated feasible on all of its constraints, has the best

estimated-objective value. Let I' be the set of estimated-feasible systems, excluding system 1, that
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is, ' = {i: Gij < ; for all j <s,i # 1}. Then formally, the probability of false selection is

P{FS} = P{(U; G1; > 3;) U ((N; Gyy < 95) N (Hy = min )}

= P{U; G > v} + P{(N; G1; <) N (Ujer Hi > Hy)} (3.3)
— P{FS,} + P{FS).

The following theorems 3.4 and 3.5 provide derivations of the rate functions for P{FS;} and
P{FS5}, respectively, whose expressions appear in equation (3.3). In theorem 3.5, through the
strategic division of systems into the sets I', 8y, and 8, the rate function of P{F'Ss} splits into the
minimum of three separate terms corresponding to the rate functions for systems in each of these
three sets. Finally, in theorem 3.6, these results are combined to produce the overall rate function
for P{F'S}.

First consider the rate function for P{F'S;}, the probability that system 1 is declared infeasible
on any of its constraints. Theorem 3.4 establishes the asymptotic behavior of P{F'S;} as the rate

function corresponding to the constraint on system 1 that is most likely to be declared unsatisfied.

Theorem 3.4. The rate function for P{FS1} is given by
.1 .
= lim —log P{FS1} = i a1 J15(7;)-
Proof. The following upper and lower bounds hold for P{F'S;}:

maxP{élj > ’yj} < P{Ujeel élj > ’)’j} < smaXP{Glj > ’yj}.
]6@}7 F jee}?

Assuming the relevant limits exist and by application of proposition A.2 (see appendix A) the rate

function for max;cer P{Glj > v;} is given by

.1 A 1 .
Jim — log?felg{:P{Glj >} = ;Ielg;nlggo —log P{Gl1; > v;}-

Under assumption 3.2, by the Géartner-Ellis theorem, we have

1 - 1 _
— inf Jy(y) < liminfﬁlogP(Glj(n) > ;) < limsup —log P(G1j(n) > ;) < — inf Ji;(y)

y€(75,00) n—00 n—oo N YE[y;,00)

Since by assumption 3.3, Jy;(y) is strictly convex and C* in 3"%1]_ and g1; <, € "J'"%lj, it follows
that —infyc(y, o0y J15(y) = —infyepy, 00) J15(y) = —J1j(7;). Therefore the limit exists.



Susan R. Hunter Chapter 3. General Light-Tailed: Multiple Constraints 37

Now let the cumulant generating function of G’lj be denoted A(C?lljn) (9). By assumption 3.2,

1 a1 n n
lim Ag‘ln)(nﬁ) = lim —logE[e!/* 2kt G1k] = lim ﬂlog;E[eG/o‘lzkzl Gin]

n—oo N 1j n—oo N n—oo N

= alAGlj (0/0&1)
Hence G’lj also satisfies the LDP with good rate function

SUP{@?J — a1, (0/a1)} = o S;lp{(H/al)y Ag,;(0/ar)} = ardy(y).
0/aq
Therefore by similar arguments to those given above, the infimum over the set (v, 00) is achieved at

a1J1j(y). Therefore the limit exists and

n—oo N Eel n—00 1

1 1
lim —log P{FS} = max lim —log P{G1; > 7} = — min ayJy;(7;)- O
]EG

Theorem 3.4 implies that the rate function for P{F'S;} is determined by the constraint that is most
likely to qualify system 1 as infeasible. Under our assumptions and with logic similar that given in
the proof of theorem 3.4, it can be shown that for any system 7 that does not satisfy constraint 7,

the rate function for the probability that system ¢ is incorrectly estimated feasible on constraint j is
.1 A
Jim = log PGy < 75} = —aidij(7;)-

Now consider P{F'Sy}. Since the probability that system 1 is estimated feasible tends to one

and under our assumptions regarding independence (assumptions 1 and 3.1), it holds that
lim ﬁlogP{(ﬂJ Gy > 7)) N (User Hr > Hy)} = Tim %logP{uief > H}.  (34)
Therefore the rate function of P{F Sy} is governed by the rate at which the probability that system
1is “beaten” by another estimated-feasible system tends to zero. Since the equality in equation
(3.4) always holds, in the remainder of the chapter, we omit the explicit statement of the event that
system 1 is estimated feasible. Since the estimated set of feasible systems I' may contain worse
feasible systems (i € I'), better infeasible systems (i € 8), and worse infeasible systems (i € 8,,),
we strategically consider the rate functions for the probability that system 1 is beaten by a system
in I, 8, or 8, separately. Theorem 3.5 states that the rate function of P{F Sy} is determined by

the slowest-converging probability that system 1 will be “beaten” by an estimated-feasible system
from I, 8, or 8.
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Theorem 3.5. The rate function for P{FSs} is given by the minimum rate function of the
probability that system 1 is beaten by an estimated-feasible system that is (i) feasible and worse, (ii)

infeasible and better, or (iii) infeasible and worse. That is,
system 1 beaten by a system 1 beaten by an

feasible and worse system infeasible and better system

1 . — .
- n]g]go - log P{F'S2} = min <Iirélrn(llg}f(041[1 (x) + a;(x))), min o z@: Jij(74),
JECT

min(inf (a1 11(z) + aili(z)) + ai > Jij(’Yj))>~
jeel

system 1 beaten by an
infeasible and worse system

Proof. See appendix B, section B.1. Ol

Like the intuition behind theorem 3.4, that the rate function of P{F'S:} is determined by
the constraint most likely to disqualify system 1, in theorem 3.5, the rate function of P{F'Ss} is
determined by the system most likely to “beat” system 1. However systems in I', 85, and 8,, must
overcome different obstacles to be falsely estimated as the best feasible system. Since systems in I'
are truly feasible, they must overcome one obstacle: optimality. The rate function for systems in
I' is thus identical to the unconstrained optimization case presented in Glynn and Juneja (2004)
and is determined by the system in I' most likely to be falsely estimated as optimal. Systems in
Sy are truly better than system 1, but are infeasible. They also have one obstacle to overcome
to be selected as best: feasibility. The rate function for systems in 8 is thus determined by the
system in 8 that is most likely to be falsely estimated as feasible. Since an infeasible system in 8
must falsely be estimated as feasible on all of its infeasible constraints, the rate functions for the
infeasible constraints simply add up inside the overall rate function for each system in 8. Systems
in 8,, are worse and infeasible, so two obstacles must be overcome: optimality and feasibility. The
rate function for systems in 8,, is thus determined by the system that is most likely to be falsely
estimated as optimal and feasible, and there are two terms added in the rate function corresponding
to optimality and feasibility.

Theorem 3.6 presents the rate function for the P{FS} that results from combining the
rate function results for P{FS;} and P{FSs}. Recalling from equation (3.3) that P{FS} =
P{FS} + P{FSs}, the overall rate function for the probability of false selection is determined by
the minimum of the rate functions for P{F'S;} and P{FSs}.
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Theorem 3.6. The rate function for the probability of false selection, that is, the probability that

we return to the user a system other than system 1 is given by

system 1
estimated infeasible

.1 . —
_nlglgoﬁlogP{FS} = mln( mjmalJlj(’y]),
system 1 estimated feasible

min(inf(aq [1 (z) + «;1;(z))), mina; Z Jij(v4), Zyggg(irgclf(alll(m) + a;li(z)) + o Z Jz-j('yj)))

el x iE€Sy ; .
jeek JECT
system 1 beaten by ~~
feasible and worse system  system 1 beaten system 1 beaten by
by infeasible and infeasible and worse system

better system

Theorem 3.6 asserts that the overall rate function of the probability of false selection is
determined by the most likely of the following four events: (i) system 1 is incorrectly declared
infeasible on one of its constraints; (ii) a feasible and worse system is correctly declared feasible,
but incorrectly declared best; (iii) an infeasible and better system is correctly declared better, but
incorrectly declared feasible; (iv) an infeasible and worse system is incorrectly declared feasible and

best. This result is intuitive since we expect an unlikely event to happen in the most likely way.

3.5 Optimal Allocation Strategy

In this section, we derive an optimal allocation strategy that asymptotically minimizes the probability
of false selection. An asymptotically optimal allocation strategy will result from maximizing the
rate at which the P{F'S} tends to zero as a function of a. Thus we wish to allocate the «;’s to

solve the following optimization problem:

max  min <mjin a1 (), IZIéIFn (ir;f(alll(x) + oziIi(x))> , grelgrbl o% z@: Jii(v5),
Jely

min (irl}f(alll(x) + a;l;(z)) + oy JGZCI Jij(yj)» s.t. (3.5)

N
ZO@ = 1, (67 Z 0.
=1

By Glynn and Juneja (2006), inf, (a1 11 (x) +a;l;(x)) is a concave, strictly increasing, C'*° function of
aq and . Let z(aq, o) = arginf, (a1 [1 () + o 1;(x)). As Glynn and Juneja (2006) demonstrate, for

a; > 0and o; > 0, (o, ) is a C™ function of ay and «;. Likewise, the linear functions aqJy;(7y;)
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and o Zjeezj Jij(7;) and the sum inf, (o [1(z) + o l;()) + Ejeeg Ji(yj) are also concave, strictly
increasing C*° functions of a1 and «;. Since the minimum of concave, strictly increasing functions
is also concave and strictly increasing, the problem in (3.5) is a concave maximization problem.

Equivalently, the problem in (3.5) may be written as the following problem Q.

Problem @ : max 2z S.t.

Y

a1 Jij(vy) >z, j € Cp

arl(x(an, ;) + aili(x(o,04)) > 2z, 1 €T
@i Yy i)
jees
arl(w(ar, i) + cili(w(an, 0q)) + i Y Jij(v)) = 2, i € 8y

jees

r
ZO&Z' = 1, (67 2 0.
=1

A\

zZ, 1€ 8

Since problem @ is a strictly concave, continuous function of v on a compact set, a unique solution

exists. Proposition 3.7 states this result.

Proposition 3.7. There ezists a unique solution a* = {af, a5, ..., ar} to problem Q, with optimal

value z*.

Proof. Under assumptions 2 and 3.3, the rate function of P{F'S} as a function of e is a map from a
compact set onto the set of positive real numbers. By assumption 3.2, the rate function of P{FS} is
also a continuous function of «, and hence attains its maximum on its domain. Therefore a solution
o™ exists as a non-negative real number for problem ). Since P{F'S} is a strictly increasing concave

function of «, the solution a™* is unique. O

Slater’s condition (see, e.g. Boyd and Vandenberghe, 2004, p. 244) holds for problem @, that
is, there exists a point a= (aq, e, ..., a,) in the relative interior of the feasible set of problem @
for which the inequality constraints are not binding. For example, a point satisfying this condition
is z = 0,04 = 1/r,4 < r. Since problem @ is concave with differentiable objective function and
constraints and Slater’s condition holds, the Karush-Kuhn Tucker (KKT) conditions are necessary
and sufficient for global optimality (see, e.g., Boyd and Vandenberghe, 2004). Therefore the solution
to the KKT conditions for problem @ will yield a unique optimal solution a*. By solving the
KKT conditions for problem (), we encounter a more conveniently-expressed problem Q* which
has an identical optimal solution and optimal value to that of problem @. Let us define problem

Q* by replacing the inequality constraints corresponding to systems in I, §;, and 8,, with equality
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constraints, and forcing each «a; to be strictly greater than zero.

Problem Q™ : max z  s.t.
a1J1(vj) > 2, j € Ch
arl(z(on, ;) + aili(x2(on, o)) = 2, i €T
(7] Z Jz‘j(’)/j) =2z, 1€ 8§
jees
ol (x(oq, ;) + aili(x(oq, o)) + oy Z Jij(vj) =2, 1 € 8y
jees

T
ZO&Z' =1, a; > 0.
=1

The following proposition states the equivalence of problem () and problem Q*.

Proposition 3.8. Problems Q and Q* are equivalent, that is, problem Q* has the unique solution

o™ with optimal value z*.

Proof. For a; = 1/r,i < r, it follows that z > 0 in Q). Therefore o; = 0 for i € {1} US8;, is suboptimal
since z = 0. Now consider a; = 0 for ¢ € I' U 8,,. In this case, the constraints for : € I' U §,, reduce
to ayinf, I (z) = a1 (h1) = 0, and hence z = 0. Therefore in problem @, we must have o > 0
for all i < r. As a matter of notation, for the remainder of this proof we temporarily append the
variable z to the vector a such that o = (z, a1, ..., ).

Denoting the dual variables v and A = (/\]1 >0,N>0:7=1,...,|CL[,i =2,...,7), the

Lagrangian dual may be written as,

Lla, A\ v) =2+ Z A (arJij(vj) — 2)

jeek
+ Z /\i (alh(x(al, az)) + aili(x(oq, OJZ)) — Z) + Z )\i (Oéz' Z Jij(’yj) — Z>
el iESb ieeg

+ )N <a1I1(x(a1,ai)) + o[ Ti(w(on, 00) + Y Jij ()] — z> + u<; a; — 1)

Z’GSw ]EG}
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Lo =+(1- ¥ A - ZA)H(Z%_Q

jeek

+ aq ( Z )‘]1“]1?(7]) + Z )\7;[1(1‘(041, az))> + Zai)\ih(a}(al, Ozl))

jeel, i€TUS i€l
Y a ( wlona0) + 3 T ) Y Y T,
1€8w jees 1E8p jeet

42

Now we take the gradient of the Lagrangian and set it equal to zero to solve for the stationarity
KKT conditions. Since z(ay, ;) solves oy I (x) + a;I;(x) = 0, it holds that 8%1(041]1 (x(aq, ;) +
a;li(z(aq, ozi))) = I1(z(a1,;)) and a%{i(alh(a:(al, ai))—I—aiIZ'(x(al,ai))) = [i(z(a1, «;)) (see Glynn

and Juneja, 2004). Then the stationarity conditions are,

ZA1+ZA_1
SONT )+ Y Mol ef) =v

jeel i€TUS,,
Nili(z(a,af))=v, 1 €T
Ai Z Jij(vj) =v, i €8
jees
N[ Ti(w(af, a7) + Y Jij(v)] = v, i € Su,
JEC”

and the complementary slackness conditions are,

Nlaii(vy) —2] =0, j € €p
0

Aileih(z(af, o)) + ofLi(z(a], o)) — 2] =0, i €T

|: Z Jz] ’7] :| =0, 1€38,
JECT
Ni|loih(z(al,af)) + aj Li(x(a], o)) + of Z Jij(74) ] =0, i € 8y.

]6(3Z

(3.6)

(3.7)

(3.13)

(3.14)

Equation (3.6) implies that at least one A; > 0. Suppose \; = 0 for some i € T'U §;, U 8,.

Since a; > 0 for all 4 < r, the rate functions in equations (3.8)—(3.10) are strictly greater than zero,

which implies v =0,\; =0 for all i e ' U8, U S,,, and Z|€F| )\1 = 1. Therefore at least one )\1 > 0.
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Then in equation (3.7), it must be the case that for )\1- > 0, the corresponding Ji;(y;) = 0. However
we have a contradiction since by assumption, Jy;(;) > 0 for all j € |€L|. Therefore A; > 0 for all
1€ U8, US8,.

Since A; > 0 in equations (3.12)—(3.14), then complementary slackness implies each of these
constraints is binding. Therefore the inequality constraints corresponding to ¢ € I' U 8§, U 8, in

problem ) may be replaced with equality constraints in problem Q*. Ol

The structure of the identical problem @Q* lends intuition to the structure of the optimal
allocation, as noted in the following steps: (i) Solve a relaxation of problem Q* without the feasibility
constraint for system 1. Let this problem be called problem @*, and let z* be the optimal value at
the optimal solution &* = (&j,..., &) to Problem Q*. (ii) Check if the feasibility constraint for
system 1 is satisfied by the solution &*. If the feasibility constraint is satisfied, a* is the optimal
solution for problem @*. Otherwise, (iii) force the feasibility constraint to be binding. The steps (i),

(ii), and (iii) are equivalent to solving one of two systems of nonlinear equations, as identified by the

KKT conditions of problems Q* and Q*. Theorem 3.9 asserts this result formally.

Theorem 3.9. Let the set of suboptimal feasible systems T be non-empty, and define problem Q*
as problem Q* but with the inequality constraint on the feasibility of system 1 relazed. Let (a*,z*)
and (&*, z*) denote the unique optimal solution and optimal value pairs for problems Q* and @*,

respectively. Consider the conditions,
Co. > jai=1, a>0, and
z=onli(z(on, ) + aili(z(ar, ai)) = ak 3 jcer Jri(7))

= alfl(az(al, Oég)) + oy [Ig(ﬂ?(al,a@)) + Zje€§ Jgj(’yj)], fOT’ all v € F, ke Sb, { e Sw,

I(z(a1, q5)) (z(o1, o))
1. =1
; Ii(xz(o, o)) ZS% Ii(x 041,0%)) + Zjeel Jij (75)

C2. minjeer a1 J15(75) = .

Then (i) &* solves CO and C1 and minje@}w aiJij(yy) > Z2° if and only if & = o*; and
(ii) a* solves CO and C2 and min; e aiJij(y) < Z2° if and only if o # &*.

Proof. Due to the structure of problem @, the KKT conditions are necessary and sufficient for
global optimality. From prior results, we recall that the solutions to problems @, Q*, and @* exist,
and that condition CO holds for the solutions a* and &*.

We simplify the KKT equations for problem @ for use in the remainder of the proof. Since
Ai >0 for all i € I'U8, U8, in the proof of proposition 3.8, it follows that v > 0. Dividing (3.7) by
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v and appropriately substituting in values from (3.8)—(3.10), we find

> jeer, AjJ15(7) I (z(a (z(af, ) _
v + Z Iz(x + Z al? )) + Z]E(‘?Z JZ](/VJ) -t (315)

el 1€8w

By a similar logic to that given in the proof of proposition 3.8 and the simplification provided
n (3.15), omitting terms with )\]1 in equation (3.15) yields condition C1 as a KKT condition for
problem @* Taken together, CO and C1 create a fully-specified system of equations that form the
KKT conditions for problem C~2* A solution « is thus optimal to problem @* if and only if it solves
C0 and C1.

Let D(Q*) and D(@*) denote the feasible regions of problems Q* and Q*, respectively.

Proof of Claim (i). (=) Suppose &* solves C0O and C1, and min; et aiJij(yy) > 2%, Then
a* € D(Q*). Since the objective functions of problems Q* and Q* are identical, and D(Q*) C D(Q*),
it follows that z* < z*. Therefore &* € D(Q*) implies &* is the optimal solution to problem @Q*,
and by the uniqueness of the optimal solution, &* = a*.

(<) Now suppose &* = a*. Since &* is the optimal solution to problem @*, then a* solves
CO and C1. Further, since a* is the optimal solution to problem @, a* = &* € D(Q*). Therefore
min;eer &7.J15(75) > 2°

Proof of Claim (ii). (=) Let us suppose that a* solves CO and C2, and min; et arJi(yy) < Z°.
Then &* ¢ D(Q*), and therefore &* # a*.

(<) By prior arguments, CO holds for a* and &*. Now suppose a* # &*, which implies
a* ¢ D(Q*). Then it must be the case that min;cer &7.J1; (75) < Z*. Further, since &* uniquely
solves CO and C1, a® # &* implies that C1 does not hold for a*. Therefore when solving problem
@, it must be the case that )\} > ( for at least one j € G}; in equation (3.15). By the complementary

slackness conditions in equation (3.11), min; et ajJij(y;) = 2*, and hence C2 holds for a*. O

Theorem 3.9 implies that, since a solution to problem Q* always exists, an optimal solution
to problem () can be obtained as the solution to one of the two sets of nonlinear equations C0O and
C1 or CO and C2. The procedure implicit in theorem 3.9 is presented as algorithm 3.2. Theorem 3.9
also assumes that we have at least one system in I'. In the event that I is empty, conditions CO and
C1 may not form a fully-specified system of equations (e.g., I' and 8,, are empty), or may not have
a solution. In such a case, CO and C2 provide the optimal allocation. When the sets §;, and §,, are

empty but I' is nonempty, theorem 3.9 reduces to the result presented in Glynn and Juneja (2004).
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Algorithm 3.2 Conceptual algorithm to solve for the optimal allocation a* in the case of general
light-tailed distributions and multiple constraints
1: Solve the nonlinear system C0, C1 to obtain &* and z*.

2: if min; &} Ji(y;) > Z* then
3:  return o = a*.

4: else
5
6
7

Solve the nonlinear system C0, C2 to obtain ™.
return o*.

. end if

3.5.1 Additional Mathematical Insight into the Structure of the Optimal Allo-
cation Problem (Problem Q)

From the proof of theorem 3.9, recall equation (3.15), which is duplicated here.

>jeet AjN15(7) I(z(a (z(at,a))) B
S D ey 2 T >>+Z]€ez ey B0

i€l i€80w L

Since /\]1. =1-=>" 5 Ni— Zkee}:, s )\,16, then expanding the first term in the prior equation, a bit
of algebra yields

et );JU %) [ S ) - Y (Jlj(fyj) > Ak)] = > () <Zr: ):> .

JECK jeck ket jeel, i=2
k#j

Substituting values from the stationarity KKT conditions for > ;_, A;/v above and plugging into
equation (3.16), further algebra yields,

| Zjee},(Jlj(%) Dokeel, ki k)
- Zjeel J15(75)

) [ 2 Tataran) L(w(al,

el

1
Zz]eeufu t 2 Tt N+ Y e I )

€Sy 1E€8w

I S M_ I(¢(a}, a})) -
*zjee;Jum)Q 2 Talatal) 2= Tata >>+ZJGGZJM>)]

el g 1€8w

Suppose that all constraints for feasibility of system 1 are non-binding, that is, min; o Jyi;(7;) > 2*.
Then by complimentary slackness, )\} =0 for all j =1...|CL| and the numerator of v equals 1. If
condition C2 holds such that at least one constraint for the feasibility of system 1 is binding, no

particular insight is gained by further simplifying the expression for v.
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, can be

obtained as follows. From condition C0, dividing through by o} and the appropriate rate functions,

we have,

2 1 Li(z(af,af)) | of
ra— —}—— forallieT 3.17
= (Tewram) = ooy * o (317
z* 1 a*
—|l=— for all ¢ € 8§, (3.18)
@ <Zje€§ Jij(%‘)) oy
z* 1 11( (af,a7))
— = + o for alli € 8, (3.19)
a7 (I( (af,af)) + Z]eel Jzy(')’y)) Li(z(af, o)) + Zjeew Jij(vj) o}

Summing up the left hand side and the right hand side of equations (3.17)-(3.19), noticing that

and rearranging terms,

l—aoj[1-

1€'U8,US

n(z(af,0f)
Eier La(atal)) ~ 2 Talaha

1E€Sw

Li(z(af, o))
)) + Z]eel Jz](%)
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1
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3.6 Consistency and Implementation

In practice, the rate functions in algorithm 3.2 are unavailable and must be estimated. Therefore
with a view toward implementation, we address consistency of estimators in this section. Specifically,
we first show that the important sets, {1},T", 8p, Sw, G’% and 83, can be estimated consistently, that
is, they can be identified correctly as simulation effort tends to infinity. Next, we demonstrate that
the optimal allocation estimator, identified by using estimated rate functions in algorithm 3.2, is a
consistent estimator of the true optimal allocation a*. These generic consistency results inspire the
sequential algorithm presented in section 3.6.2, which is easily implementable at least in contexts

where the distribution families underlying the rate functions are known or assumed.

3.6.1 Generic Consistency Results

To simplify notation, let each system be allocated m samples, where we explicitly denote the
dependence of the estimators on m in this section. Suppose we have at our disposal consistent
estimators I;m(w), J;’?(y),z <r,j < s of the corresponding rate functions I;(x), J;;(y),i < r,j < s.
Such consistent estimators are easy to construct when the distributional families underlying the
true rate functions I;(x), Ji;(y),7 < r,j < s are known or assumed. For example, suppose Hjj, k =
1,2,...,m are simulation observations of the objective function of the ith system, assumed to be

resulting from a normal distribution with unknown mean h; and unknown variance ai_. The obvious
K2

consistent estimator for the rate function I;(z) = (x2;%f)2 is then I (z) = (xggi)Q, where H; and
oy, are the sample mean and sample standard deviation of Hj,, k = 1,2,...,m respectively. In the
more general case where the distributional family is unknown or not assumed, the rate function
may be estimated as the Legendre-Fenchel transform (see, e.g., Dembo and Zeitouni, 1998, p. 26) of

the cumulant generating function estimator
flm(w) = sup(fz — AEZ(H)), (3.20)
0

where A%(H) =logm ™t 3" }L, exp(0H;). In what follows, to preserve generality, the discussion
pertains to estimators of the type displayed in equation (3.20). By arguments analogous to those in
Glynn and Juneja (2004) and under our assumptions, the estimator in equation (3.20) is consistent.

Let (Hi(m), Ga(m), ..., Gis(m)) = (£ 30 Hig, =50, Gtk ooy = >0t Gisk) de-

note the estimators of (h;, g1, ..., gis). We also define the following set estimators.

i(m) :=argmin{H;(m) : G;;(m) <~; for all j < s} is the estimated best feasible system;
1
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T(m) :={i: Gij(m) <, for all j < s,i # 1(m) } is the estimated set of suboptimal
feasible systems;
gb(m) ={i: ‘Hi(m) (m) > H;(m) and G;;(m) > ; for some j < s} is the estimated set of
infeasible, better systems;
gw(m) ={i: Hi(m) (m) < H;(m) and G;;(m) > ; for some j < s} is the estimated set of
infeasible, worse systems;

Cla(m) ={

€} (m) :={

j : Gij(m) < ~;} is the set of constraints on which system i is estimated feasible;

j 1 Gij(m) > ~;} is the set of constraints on which system i is estimated infeasible.

Notice I' (defined in section 3.4) excludes system 1 while T'(m) excludes the estimated system 1.
Since assumption 3.2 implies H,;(m) — h; wpl and G;;(m) — g;; wpl for all i < r and j < s,

and the numbers of systems and constraints are finite, all estimated sets converge to their true

counterparts wpl as m — oco. (See section 1.5 for a rigorous definition of the convergence of sets.)

Proposition 3.10 formally states this result.

Proposition 3.10. Under assumption 3.2, system 1(m) — system 1, I'(m) — T, gb(m) — 8,

gw(m) — Sw, @%(m) — €%, and @’I(m) — €L wpl as m — .

Proof. We only prove that @} — G% wpl as m — co. The proofs for the other parts of the theorem
follow in a very similar fashion.

By assumption 3.2, G;;(m) — g;; wpl for all i <r and j < s. By definition, g;; < -, for each
j € €%. Since |C%| < oo, for large enough m, G;;(m) < 7; uniformly in j € €% wpl, and hence the

assertion holds. O

Let &*(m) denote the estimator of the optimal allocation vector a* obtained by replacing
the rate functions I;(x), J;j(x),i < r,j < s appearing in conditions C0, C1, and C2 with their
corresponding estimators f["(:l:), j{}l(x),z < 1,7 < s obtained through sampling, and then using
algorithm 3.2. Since the search space {a : oy > 0,> 7, o = 1} is a compact set, and the estimated
(consistent) rate functions can be shown to converge uniformly over the search space, it is no
surprise that &*(m) converges to the optimal allocation vector a* as m — oo wpl. Theorem 3.13
formally asserts this result, with a proof that is a direct application of results found in the stochastic
root-finding literature (see, e.g., Pasupathy and Kim, 2011, theorem 5.7).

Before the statement of theorem 3.13, two additional lemmas are required. The proof of the

following lemma 3.11 follows closely along the lines of the proofs in Glynn and Juneja (2004).
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Lemma 3.11. Suppose assumption 3.3 holds. Then there exists € > 0 such that flm(x) — I;i(x) as
m — oo uniformly in x € [hy — €, hy + €] wpl, for alli € {1} UT US§,,.

Proof. By assumption 3.3, [hy, hy] C N;_;F3; , recalling that I3, = int{A’Hi (0) : 0 € DY, }. Then
there exists an € > 0 such that [hy — €, hy + €] C N{_;Fy,. Glynn and Juneja (2004) slllow that
Ii(z) — I;(x) pointwise wpl on [hy, h,], however by the exact same arguments, we may show that
Ii(z) — Ii(z) pointwise wpl on [hy — €, by + €].

Suppose that I?”(x) does not converge uniformly in = € [hy — €, hy, + €] to I;(z) as m — o0
wpl. Then for some ¢y > 0, there exists a sequence {xx} — z*, {z} and =* in [hy — €, hy, + €], and
a subsequence I, () of I;(x) such that I, (x3) — I;(xx)| > €o for all k. This statement will be
contradicted.

Consider

A

| Ly (1) = Li(2)| = iy (21) = Liny, (2%) + Limy (2%) = Li(@*) + Li(a*) — Liay)]
T (1) = i (@) + iy (&%) = Ti(@®)| + [ Li(ae) — Li(2®)]. (3.21)

>

.

IN

From the last term in equation (3.21), by the continuity of I;(-) at z*, I;(xr) — Ii(z*).
Therefore there exists K, (eo/6) such that for all k > K,(eo/6), |Ii(zr) — Li(x*)| < €/6.

From the middle term in equation (3.21), by the pointwise convergence of I; ., (z*) to I;(z*),
there exists M,(e/6) such that for all my, > My (eo/6), |Ijm, (%) — Ii(z*)| < €0 /6.

From the first term in equation (3.21), since I, (-) is convex for all m,

~ A

iy (@) = Loy, (@) < max{| I, (b1 = )], |1}, (B + €)Yy, — 2. (3.22)

By arguments analogous to those in Glynn and Juneja (2004), fl’(x) — I/(z) pointwise in x
wpl for x € [hy — €, hy + €]. Therefore there exists My, (€1) and My, (e1) such that wpl, for all
my, > max{ My, (e1), My, (1)}, 1], (he—€)—=1I, . (he—e)| < ey and |I,, (hete)—1I,, (hp+e€)| < er.
Since [hy — €, hy + €] is a compact set in N]_;F , then I!(x) is bounded. Hence for all my >
max{ My, (e1), My, (1)}, |1}, (hy —€)] and |I]
be B. Since {z}} — =¥, there exists Kj(ep/6B) such that for all k > Kj(e9/6B), |z — x| < €9/6B.
Then from equation (3.22), for all k > Kj(e9/6B) and my, > max{ My, (e1), My, (€1)},

7mk(

hy +€)| are uniformly bounded wpl; let this bound

i

A A 60
max{ |l (h =€)l [fim, (hr + €) gk — 2| < Blay — 2] < 2.

Now let k& > max{K,(e0o/6), Kp(e0/6B)} and my > max{M,(ey/6), My, (€1), Mp,(e1)}. Then
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from equation (3.21),

~ € € € €
| Lim,, (k) — Li(zg)| < go + EO + EO S

and the conclusion follows by contradiction. Ol

Lemma 3.12. Let the system of equations CO and C1 be denoted fi(a) =0, and let the system
of equations CO and C2 be denoted by fo(ax) = 0, where fi and fo are vector-valued functions
with compact support S1_ oy = 1,a > 0. Let the estimators F*(a) and F3*(a) be the same set
of equations as fi(a) and fo(a), respectively, except with all unknown rate functions replaced by
their corresponding estimated quantities. If assumption 3.3 holds, then the functional sequences
F(a) — fi(e) and F3'(a) — fo(e) uniformly in o as m — oo wpl.

Proof. The proof of the theorem proceeds in two steps. We first show that alf{”(i“m(al, a;) +
aiflm(:i"m(al, «;)) converges uniformly in o as m — oo wpl for all i € T'U §,,, where &, (a1, ;) =
arginf, (a1 I7"(z) + a; 1" (z)). Next we show that the quantities oy Zje(fj, j{f(’yj),i €8 U8y,j <s
and alj{’; (v4),7 € G’} converge uniformly in v as m — oo wpl. These assertions, together with the
observation that we search only in the set {a: > ;| oy = 1,0; > 0} and hence I;(z(a1, a5)) > 6 > 0,
which implies for large enough m, f[” (Zm (a1, ;) > 9, proves the theorem.

By lemma 3.11, I"(z) — I;(z) uniformly in z on [hy — €, hy + €] wpl for some € > 0. By Glynn
and Juneja (2004), (a1, ;) — z(a1, ;) wpl, where z(aq, ;) = arginf, (a1 (z) + a;1;(x)) €
[he, hy]. Therefore for m large enough and for all feasible a1, o, we have &, (a1, o) € [hy —€/2, hy +
€/2] wpl for all i € {1} UT'US,,. It then follows that alf{”(i‘m(oq, a;) +aifim(i“m(a1, @;)) converges
uniformly in a as m — oo wpl, for all i € ' U §,,.

Under assumption 3.3, it follows from analogous arguments to those in Glynn and Juneja
(2004) that jZ}l(%) — Jij(75) as m — oo wpl, for all i € 8, U8, and j < s. Therefore the terms
a; Zje@} j{?(’y]) converge uniformly in a as m — oo wpl. Likewise, for all j € CL, alj{?(’yj)

converges uniformly in « as m — oo wpl. O

Theorem 3.13. Let the postulates of lemma 3.12 hold, and assume I' is nonempty. Then the

empirical estimate of the optimal allocation is consistent, that is, &*(m) — a* as m — oo wpl.

Proof. As argued previously, fi(a) and f2(«) are continuous functions of & on a compact set.
Further, the solutions fi(a) = 0 and fa(a) = 0 exist. If each rate function in problem @ is replaced
with estimated rate functions, these new problems remain continuous, concave maximization
problems on a compact set, which attain their maximums. Therefore the systems Flm(a) =0
and Fzm(a) = 0 have a solution for large enough m wpl. By lemma 3.12, it also holds that

F(a) — fi(e) and FJ"(a) = fo(a) uniformly in « as m — co wpl. Thus all the requirements are
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satisfied for convergence of the sample-path solution &*(m) to its true counterpart a* as m — oo

wpl (see Pasupathy and Kim, 2011, theorem 5.7). Ol

3.6.2 A Sequential Algorithm for Implementation

This section concludes with a sequential algorithm that naturally stems from the conceptual
algorithm (algorithm 3.2) outlined in section 3.5 and the consistent estimator that was discussed
in the previous section. Algorithm 3.3 formally outlines this procedure, where n denotes the total

simulation budget, and n; denotes the total sample expended at system 1.

Algorithm 3.3 Sequential algorithm for the case of general light-tailed distributions with multiple

constraints
Require: Number of pilot samples §p > 0; number of samples between allocation vector updates
6 > 0; and a minimum-sample vector € > 0.
Initialize: collect dy samples from each system i < r.
Initialize: n = rdg, n; = dp. {Initialize total simulation effort and effort for each system.}
Update rate function estimators I/ (z), j;“ (x),i<rj<s.
if no systems are estimated feasible then
Set a*(n) = (1/r,1/r,...,1/r).
else
Solve the system CO, C1 using the updated rate function estimators to obtain a*(n) and

~%

zZ (n).

~%

8 if min; dl(n)jfjl (v5) > /z:*(n) then

9: a*(n) =& (n).

10:  else

11: Solve the system C0, C2 using the updated rate function estimators to obtain &*(n).

12 end if

13: end if

14: Collect one sample at each of the systems X,k =1,2,...,d, where the X}’s are iid random
variates having probability mass function &*(n) and support {1,2,...,r}, and update nx, =
nx, + 1.

15: Set n = n + § update &(n) = {n1/n,na/n,...,n,/n}.

16: if &(n) > € then

17: Set 6T =0.

18: else

19:  Collect one sample from each system in the set of systems receiving insufficient sample J,,.
20:  Update n; =n; + 1 for all i € J,,. Let 6 = [J,|.

21: end if

22: Set n =n + 1 and go to step 3.

The essential idea in algorithm 3.3 is straightforward. At the end of each iteration, the optimal

allocation vector is estimated using rate function estimators constructed from samples already
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gathered from the various systems. Systems are chosen for sampling at the subsequent iteration by
using the estimated optimal allocation vector as the sampling distribution. Since the true optimal
allocation a® > 0, it follows that the sequential algorithm should sample from each system infinitely
often. To ensure systems with small allocations continue to be sampled, we assume knowledge of
an “indifference zone” vector € > 0 such that if the actual proportion of sample expended at each
system in algorithm 5.4, defined as &(n) = {ni/n,n2/n,...,n,./n}, falls below &, we sample once
from each system receiving insufficient sample. All elements of € should be “small” relative to 1/7.
Therefore the algorithm guarantees that we spend a minimal amount of sample at each system in
the limit.

In a context where the distributional family underlying the simulation observations is known
or assumed, the rate function estimators should be estimated in step 3 accordingly — by simply
estimating the distributional parameters appearing within the expression for the rate function. Also,
algorithm 3.3 provides flexibility on how often the optimal allocation vector is re-estimated through
the algorithm parameter . The choice of the parameter § will depend on the particular problem,
and specifically, on how expensive the simulation execution is relative to solving the nonlinear
systems in steps 4 and 7. Lastly, as is clear from the algorithm listing, algorithm 3.3 relies on fully
sequential and simultaneous observation of the objective and constraint functions. Deviation from

these assumptions, while interesting, renders the present context inapplicable.

3.7 Comparison with OCBA-CO

Now consider the case in which the random variables corresponding to both the objective and
constraint have normal distributions. The relevant rate functions for the normal case are presented
in section 2.4.2. In what follows, the actual rate functions governing the simulation estimators
have been used for analysis instead of the sequential estimator outlined in algorithm 3.3. This
choice helps display the asymptotic allocation proposed by theory and highlights its deviation from
the asymptotic solution proposed by OCBA-CO without introducing simulation noise. Owing to
their routine nature, results from numerical tests demonstrating that the sequential estimator in
algorithm 3.3 indeed converges to the optimal allocation vector identified by theory have been

omitted.

3.7.1 Theoretical Comparison

Lee et al. (2011) describe an OCBA framework for an asymptotic simulation budget allocation

for constrained simulation optimization on finite sets (OCBA-CO). The work by Lee et al. (2011)
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provides the only other asymptotic sample allocation result for constrained simulation optimization
on finite sets in the literature.
For suboptimal systems, Lee et al. (2011) divide the systems into a “feasibility dominance”

set and an “optimality dominance” set. Formally, these sets are defined as

Sr : the feasibility dominance set, 8p = {i : P{G; <~} < P{H; > H;},i # 1},
8o : the optimality dominance set, 8o = {i : P{G; < v} > P{H, > H;},i # 1}.

Lee et al. (2011) make the assumption o > a;es,, and then note that systems in §,, are in set
2 2
8o if (th;hl) > (%) , and in set 8 otherwise. The assumption o >> ajes,,, along with an

approximation to the probability of correct selection, allows Lee et al. (2011) to solve explicitly

for each «;. This closed-form approximation provided by Lee et al. (2011) can be written as, for

systems ¢ = 2,...,r,
on 2 o 2
<h1 — hi) ieso + <7 - gi> e (y = g)? 1
;= 5 5 if 52 < , (3.23)

> () 2 () % 2o [3 0 — o

i N T (e, \T T i€80

Oh 2 g 2
(h fh-) ieso + < - > s
= L Y9 otherwise.

> (hl"fh)Q +3 (,Y”_ggy +on, | D 0F /(1 = hi)’

€80 €8S 1€80

The allocation for system 1 is equal to the allocation given in equation (3.23), provided the condition
in equation (3.23) holds. If this condition does not hold, then a; = oy, \/Zieso (a?/a}%i).
Like the LD-based allocation discussed in this paper, if rate of decay of the probability of

false selection due to the infeasibility of system 1 is “fast,” as defined by the criteria in equation
(3.23), Lee et al. (2011) allocate sample to system 1 in a way that is similar to the unconstrained
case (see Chen et al., 2000). Otherwise, the allocation to system 1 is calculated in a way that is
similar to the allocation of other systems.

Particular insight into the allocation provided by Lee et al. (2011) is given by writing the
proportional allocation for suboptimal sets under OCBA-CO as,

hy — hy\? — g\
o7 < 10 k) Treso + <’y‘7 gk) Hhesr
Qi hi Ik for all i,k =2,...,7. (3.24)

Qg hy —hi\” v —g:\°
( Oh; l> HZESOJF< Ugiz lies.
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The allocation is written in this format for comparison with the corresponding expression recom-

mended by the proposed allocation for oy > «, which is given in section 2.4.2 as,

hi = hi, )\ — g\’
o < > Ikerus, + 19 Ires,us.,
7

Ohy, g

o hy — hi\ 2 v —g\° ’
( Z) Lierus,, + ( : Lies,us.

Oh; Og;

(3.25)

where equality holds for all i, k € Sp.

As can be seen from equation (3.24), in OCBA-CO, only one term in each of the numerator
and denominator is active at a time. This artifact of the set definitions and the assumptions
used in Lee et al. (2011) can sometimes lead to severely suboptimal allocations for infeasible and
worse systems. The example we present next is designed to highlight this issue and the consequent

inefficiency incurred in the form of a decreased convergence rate of false selection.

3.7.2 Numerical Comparison

The following numerical examples demonstrate the differences between the proposed allocation and
the allocation provided by OCBA-CO (Lee et al., 2011).

Example 3.14. Suppose there are two systems and one constraint such that each H; and G; are

normally distributed. Let the means and variances be as given in table 3.1, and let v = 0.

Table 3.1: Means and variances for numerical example 3.14 illustrating the differences in optimal
allocation between the proposed allocation and OCBA-CO (Lee et al., 2011)

System (i) | h; 0']2” Ji 031,
1 0 20 —10.0 1.0
P 20 1.0 g2€(0,1.9] 1.0

Note the following features of this example: (i) Since system 2 belongs to 8¢ for large enough
n and g2 € (0,1.9], the OCBA-CO allocation to system 2 does not depend on go; (ii) For all values
of g9, system 2 is an element of §,,, and hence the proposed allocation will change as a function
of go; (iii) System 1 is decidedly feasible (g1 = —10 and o4 = 1), and so does not require much
sample for detecting its feasibility. Solving for the optimal allocation as a function of gy yields the
allocations displayed in figure 3.1 and the overall rate of decay of P{F'S} displayed in figure 3.2.

From the proposed optimal allocation in figure 3.1, it can be seen that the allocation to system
2 should not remain constant as a function of g;, as proposed by Lee et al. (2011). In fact, for

certain values of g, nearly all the sample should be allocated to system 2. O
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Figure 3.1: The graph of the constraint value of
the second system (gy) versus optimal allocation
(a*) for the systems in example 3.14 shows the
differences between the proposed allocation and

OCBA-CO.
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Figure 3.2: The graph of the constraint value of
the second system (g2) versus the rate of decay of
the probability of false selection (P{F'S}) for the
systems in example 3.14 shows the differences
in the rate of decay of P{F'S} for the proposed

allocation and OCBA-CO.

Now suppose the constraint value for system g¢s is fixed, and explore the allocation to system
1 as a function of oj,. As a result of the ay > «; assumption, the OCBA-CO allocation to oy
increases as a function oy, , the variance of the objective value of system 1. The next example in

this section is designed to show how this allocation policy can be severely suboptimal.

Example 3.15. Retain the two systems and their values from example 3.14, except fix g2 = 1.6,

and vary a,%l in the interval [0.2,4]. Table 3.2 displays the means and variances for this example.

Table 3.2: Means and variances for numerical example 3.15 illustrating the differences in optimal
allocation between the proposed allocation and OCBA-CO (Lee et al., 2011)

System (i) | h; 0,2” Ji O'gi
1 0 o4 €024 -10.0 1.0
2 2.0 1.0 1.6 1.0

Solving for the optimal allocation as a function of 0,2” yields the allocations displayed in
figure 3.3 and the achieved rate of decay of P{F S} displayed in figure 3.4.

From figure 3.3, it can be seen that the proposed allocation to system 1 increases slightly at
first, and then decreases to a very low, steady allocation from approximately U,%l = 1.5 onwards.
The steady allocation occurs because system 1 requires only a minimal proportion of the total

sample to determine its feasibility.
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Figure 3.3: The graph of variance of the best
feasible system (0,2“) versus optimal allocation
allocation (a*) for the systems in example 3.15
shows the differences between the proposed allo-
cation and OCBA-CO.

Contrasting this allocation is the OCBA-CO allocation, which constantly increases as o2

0.5 1 1.5 2 25 3 35 4
Variance of Hy (o7, )

Figure 3.4: The graph of variance of the best
feasible system (0,2“) versus the rate of decay of
the probability of false selection (P{F'S}) for the
systems in example 3.15 shows the differences
in the rate of decay of P{F'S} for the proposed
allocation and OCBA-CO.

hiy

increases. The OCBA-CO allocation does not exploit the fact that system 1 can be correctly selected

by allocating more sample to system 2 to disqualify it faster. In figure 3.4, while the proposed

allocation achieves a rate of decay that remains constant as 0,211 increases beyond approximately

2

function of 0,211 .

o, = 1.5, the rate of decay of P{FS} for the OCBA-CO allocation continues to decrease as a

O]



Chapter 4

Bivariate Normal: One Constraint

Consider the special case of problem P (see section 1.2) in which there is only one constraint (s = 1),
and the underlying random variables follow a bivariate normal distribution. We derive results
analogous to those presented in chapters 2 and 3 as an explicit function of correlation. Because the
bounds on the probability of false selection can be formulated in multiple ways, the formulation
of the P{F'S} that was used in previous chapters is not the simplest version. Therefore we derive
rate functions for the two P{FS} formulations (the P{FS} as written in previous chapters, and a
simpler version) and show that the rate functions are equivalent. The simpler formulation leads to
the proposed optimal allocation strategy. As with chapter 2, this chapter is used to build intuition
before considering the multiple constraint case in chapter 5. A version of the work in this chapter

appears in the Proceedings of the 2011 Winter Simulation Conference (Hunter et al., 2011).

4.1 Chapter Organization

This chapter is organized as follows. Section 4.2 contains assumptions for this chapter. Section 4.3
contains a derivation of the rate function of the P{FS}. Section 4.4, contains an optimal allocation
strategy and a closed-form solution for the allocation between systems other than system 1 under

the assumption that a] > o]

4.2 Assumptions for Chapter 4

Let (H;, G;) be a random output vector from the simulation. In addition to assumptions 1 and 2,

we assume the following throughout the chapter.

57
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Assumption 4.1. We assume we may obtain independent and identically distributed (iid) replicates

of the bivariate normal random vector (H;, G;), with correlation p;, |pi| < 1. That is,

H; h;
3 Z]7, 5
[ Gi 9i ] )

where Y; 18 the variance-covariance matric

s Var(H;)  Cov(H;,Gi) \ 0,2” Pi Oh,0g,
' COU(GZ', Hz) Var(G,) Pi Oh;0g; 031, ’

and 0,2” < 00, 032, < 00. We denote the vector of correlations as p = (p1,p2,---,pr)-

NBVN(

Let us define (H;(n), Gi(n)) = (n=' 27—, Hip,n~ ' 327, Gir), and define the vector (H;, G;) =
(H;(a;n), Gi(a;m)) as shorthand notation for the estimator of (h;, g;) after scaling the sample size
by «;. Under assumption 4.1, by the Géartner-Ellis theorem (see, e.g., Dembo and Zeitouni, 1998, p.

44), (H;, G;) satisfies the large deviations principle (LDP) with good rate function

Ii(%?J):%[a:—hi y—gi}Zfllw_hi]

Y—Gi
_ 1 (z = hi)*  2pi(z — hi)(y — gi) n (v — 91)°
2(1—p?) U%i Oh,0g, o2 '

Since the marginal distributions for each H; and G; are also normal, H; and G; likewise satisfy the

LDP with good rate functions

(l‘ — hZ)Q

(y - gi)2
20}2”

2
209¢

Il(a:) = and J,(y) =

4.3 Rate Function of the Probability of False Selection

We present two formulations of the P{F' S} and their resulting rate functions. We then reconcile
these formulations, and proceed using the simplest.
4.3.1 Probability of False Selection: First Formulation

Consistent with the formulation of the probability of false selection in previous chapters, let us

formulate the P{F'S} as the probability that system 1 is declared infeasible or that system 1



Susan R. Hunter Chapter 4. Bivariate Normal: One Constraint 59

estimated feasible and is beaten in estimated objective value by another estimated-feasible system.
That is,

systems 1 and i estimated feasible
and system i “beats” system 1

P{FS}=P{( G1 > )U(U_y( Gi<~y )N(H, <H)N( G4 < . 4.1
{FS}=P{( G1>7 )U(Uima( Gi <y )N(H; < H)N( G1 <7 ))} (4.1)
system 1 system i system i system 1
estimated estimated “beats” estimated
infeasible feasible system 1 feasible

We now derive the rate function for the P{F'S} in equation (4.1). The P{FS} in equation (4.1)

has the lower bound
(1G> 7). s (PUG: <) (1 < 1)1 (G <))

and the upper bound

such that

.1 o1 A A . . A
nh_{r;o - log P{F'S} = nlg]go Elogmax <P{G1 > 7}’22%)(7« <P{(Gi <y)N(H; <H)N(G; < ’Y)]’)) .
(4.2)

As in chapter 3, there are two main terms: one for the feasibility of system 1, and a second term
representing the event that another estimated-feasible system “beats” the estimated-feasible system 1
in estimated objective value. The following proposition states that the overall rate function is the

minimum rate function of the probability of each of these two events.
Proposition 4.1. The rate function for P{FS} is

— lim llogP{FS} = min<a1J1(7), min < inf <a1]1(x1,y1) —{—aiIi(xi,yi)))).
n

n—00 2<i<r \ z;<x1
y1<y
Vi<

Proof. From equation (4.2) and proposition A.2, assuming the relevant limits exist, it follows that

n—oo N

1 1 A
— lim —log P{FS} :min<— ILm —log P{G1 > v},
n—oo N

min (— lim %IOgP{(éi <y)N(H < H)N (G < 7)]’))-

2<i<r n—r00
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Since assumption 4.1 satisfies assumptions 2.2 and 2.3, it follows from theorem 2.1 that

1 A
— lim *10gP{G1 > ’}/} = qul(fy).

n—oo n

1 . . X .
Let us consider — lim — log P{(G; <~v)N(H; < Hy) N (G <)} for a system i # 1. Let

n—00 1,

(01,00 = g B[00 .61

be the cumulant generating function of the random vector (f[ 1, Gy, H, CA}Z) By the independence of

system 1 and system ¢ (assumption 1),

AE%:&,%,GZ-)(GL 0;) = AG"%  (01) + A5 (0)).

Under assumption 4.1,

. 1 (a1n,am) . 1 (a1n) . 1 (aim)
nhango EA(Hll,GlyHi,Gi)(nal’ ni) = nlggo HA(Hll,Gl)(nal) + nlgrolo EA(Hi,Gi)(nei)

_—— IOgE[e(91/a1,(H11,G11))] Ty logE[e<9i/ai7(Hi1,Gi1)>]_
Then by the Géartner-Ellis theorem, (ﬁl, G1, H;, C;’Z) satisfies an LDP with good rate function

Ii(xy, y1, @i, yi) = ol (1, y1) + aidi(24, vi),

and hence

z;<x1
y1<y
Y <

1 . . . .
— h_{n ElogP{(Gi <y)N(H; <H )N (G1 <v)} = inf (0411'1(531,,@1) + Oéz'[i<‘riayi))' 0

For notational simplicity, let the rate function inf,, <z, y,<v, y;<vy (1 L1(21,y1) + @i li(xi, ys))

be denoted by K;(a1, ;). Then expanding the bivariate normal rate functions,

Ki(a1, ;) = inf ( M ((951 —h)? ~ 2pi(w1 — M) (y1 — g1) n (y1 — 91)2>

2 2
9;112“;’?1 2(1=p1) Oh, Oh19g1 0-31
Yi<y
a; (i — i) 2piwi — hi)(yi — 91) | (yi — 9i)°
o 2 2 A '
( Pi ) Oh, Oh;0g; 9y

The following proposition provides the location of the infimum in K;(aq, a;).
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Proposition 4.2. Let
(o7, /1)
L(p, o) = {Z hi > hy, g1 <y — prat : (hi — h1),
o, (03, Jon) + (03, fx)
(Uh /i)
gz<'7+pz (hi_hl)}7
Oh, (Uhl/al) + (o, /i)
: (v —91) Tg1 (o7, /1)
Lu(p, @) = {Zihi>h1+p10h e S - (hi —h1) < g1 <7,
oy, o1y (03, Jar) + (07, )
(Ufzb /i) < (v—q1)
gz<7+pz hi — (h1 + p1oy, >}
(= 7o Jan) + (o gy i ¢ o)
Sp(p) = {2 :hi — piop, (gla_ 7) <hi and g; > ’Y},
i
in e, Wi
Swelp,a) = i hy — piop, > hy,
Og;
(o7, /1) ( (i —7)
<y —p s ; hi — pion, - hl) ;
% (03, /1) + (1 = p})op. o) ( Ty, )
(Uh /i)
gz>'7+pz (hi_hl)}7
( Jea) + (o, /ai)
Swulp,a) = {Z : hi — pio, (9 =7) > hy + P10hlwa
9i Og1
2
Og, (Uhl/al) ( (9i —) >
Y—p1—— hi — pion, —h1 ) <g1 <7,
ony (07, /1) + (1= p})of o) ( Tgi )
2
oy i,/ i (v —g1)
g9i >+ pi 2 <hi_ hi + pioy, :
on, (L= p)oq, [on) + (0, /i) ( Loy )
Then the infimum in K;(aq, ;) is achieved at the following locations.
For i eTy(p,a),
.. (0f Jai)hi + (ap Jar)h o (o7, /1)
o} =1} = 1 I Cyi =g+ 2 i 5 (hi — h1);
(Jhl/al) (Jhi/%) Ohy (Uh o) + (Uhi/ai)
2
Og; (O—h-/ai)
Yi =Gi — pi— : (hi — h1). (4.
on, (0, /1) + (o /i)
ForieTy(p,a),
L @ e+ piow S + (L= ph)of, fa b

(1- P1)Uh1/a1 +oj, [

61

4
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2
* Og; Uh-/ai < (v —g1) )
i = gi — pi— : h; — (h1 + prop, ——=) | . 4.5
Y g P oh ((1 — ,0%)0;%1/061 + U?Li/ai) ( 1T P10 O ) ( )
For i € 8y(p),
x] = hi; 77 = h; — piahiW; yi =915 ¥ = 1. (4.6)
9i
Fori € 8, 4(p, ),
(1 =)o}, fai(ln) + (oF, /ar) (hi = pion, %=20)
=) = 5 ; (4.7)
Uhl/al +(1- Pz‘)ahi/az
(0} Jon ( (gi —)
v = g1+ pr 2L - hi — pion, —h1> DY =7 (4.8)
! 01(Uh Jar+ (1 — Q)Uh /i) ( Ogi )
For i € 8yu(p, ),
et fai (o pon 52 (1= )02, Jan (i - pion, L) (49)
] =x; = ; .
' (1= phoy Joa + (1 —p})ap e
Y= Y =7 (4.10)

Proof. K;i(on,q;) is a convex function of (21,2, y1,y:). Let Ay > 0,Ay, > 0, and Ay, > 0 be the

Lagrange multipliers such that

“h)? 2pi(x — b)) (g — — )2
L1, 20 Y1, Ui A Mgy Ays) = = @ = m)” _ 2@ — ) —g) | (1 —91)
2(1 - pl) ahl Uhlagl 0-31
I (zi = hi)*  2pi(xi — i) (yi — 9i) L Wi - gi)?
2(1 — p? 2 2
( Pi ) Oh; OhiOg; %9

+ Ae(@i — 1) + Ny (y1 — ) + Ay, (Wi — 7).

Under assumption 4.1, K;(a1, a;) is a continuous, differentiable, strictly convex function of
(1, i, y1,y;) which attains its unconstrained minimum at (hy, h;, g1, g;). Further, Slater’s condition
(Boyd and Vandenberghe, 2004, p. 244) holds, that is, there exists a “strictly feasible” point in the
interior of the space x; < x1,y1 < 7,y; <. Therefore the Karush-Kuhn-Tucker (KKT) conditions
(see, e.g., Boyd and Vandenberghe, 2004) are necessary and sufficient for a global minimum, and by

the strict convexity of K;(a, a;), this minimum is unique. Then the KKT conditions are,
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! (@i—h) pyi—g)) _ _—ai ((ef—h) pilyi—g)) _ (4.11)
(1—pi) 0}2“ Oh10g, (1- p?) 0}2“ Oh;9g; ’
—« Ty —h Yy —g
(1 - pl) Oh10g1 04
—Qy Pi 1‘: hi y;k —Gi
(1= pj) OhiOg; 0g;
Aa(@i —7) =0, Ay (Y1 —7) =0, Ay (y7 —7) =0 (4.14)
(27 —21) <0, (y1 =) <0, (7 —7) <0 (4.15)
Case: Ay = 0. From equation (4.11), A, = 0 implies
.%'T =hy+ plahlM and I‘Z( =h; + piUhi(yia_gi). (4.16)
g1 gi

Since A\; = 0, conditions in equations (4.14) and (4.15) imply z} < z}. Hence

(hi + piop, (yia_ gi)) < <h1 + p1op, (910— g1)> .

9i g1

Case: Ay > 0. The complementary slackness (CS) conditions in equation (4.14) imply that if

Az > 0, then 2] = z. Letting 2] = 2 in equation (4.11),

e T - % F— i
L <h1+p10h1 (v 91)> N i <hi‘|‘Piahi (y; gz)>
" " (1 _pl)ghl Tg1 ( Oy, o

+
(1=piop, (1 =p}op.

Equivalently,
1= % (1= pP)oj, fon + (1 = pf)o}, /i

From equation (4.11), Ay > 0 and equation (4.17) imply

(hi N mi%—%)) - (hl N mahl(yl—m>>
Og; Og
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Case: Ay, = 0. From equation (4.12), Ay, =0 and yj <~ imply

@M ond <y P10y, (i = h)

h1 1

Yi = g1+ p1og, (4.19)
Case: Ay, > 0. From the CS conditions in equation (4.14), Ay, > 0 implies yi = v. Further,
from equation (4.12), it follows that g1 > v — p1og, (2] — h1)/0h, -
Case: Ay, = 0. From equation (4.13), Ay, = 0 and y; < v imply
. x; —h; x; —h;
Yi :gi+PiagiM and g §')’_piag¢M-
Th Th

i i

(4.20)

Case: Ay, > 0. From the CS conditions in equation (4.14), Ay, > 0 implies y; = 7. Further,
from equation (4.13), it follows that g; > v — pog, (27 — hi)/on,.

Considering all possible combinations of the cases and solving for the relevant (x7, z}, v, y)
values yields the results. Table 4.1 shows which A values correspond to which sets. Table 4.2 displays

the infeasible solutions to the KKT conditions.

Table 4.1: Feasible solutions to the KKT conditions for finding the infimum in the rate function of
the probability of false selection P{F'S} for the bivariate normal case
2 [ A [ Ay | Set |
>0 0 0 Ty(p, @)
>0 >0 0 Lu(p, @)
0 0 | >0 Sp(p)

>0 0 | >0 | Syelp )
>0 >0|>0 | Syulp,a)

Table 4.2: Infeasible solutions to the KK'T conditions for finding the infimum in the rate function of
the probability of false selection P{F'S} for the bivariate normal case

’ Az ‘ Ay ‘ Ay, ‘ Solution
ol o 0 x] = hi; @7 = hi; Y1 = 015 y; = gi
hi <hi; g1 <7; g <.
0o lsol o x’{zhl—mahl%;mfzhi; Yi =7 Y = i
hi < hy — pron, (g;g_l”); 91> 9i <
0 lsolsgl®i=m — pon 225 @) = hi — pion, (";:); yi=" v =7
hi — pion, (g;:) <hi —piop, (gé_:); 91> 9i >




Susan R. Hunter Chapter 4. Bivariate Normal: One Constraint 65

Using the infima from proposition 4.2 in the rate function expression, one can derive the rate

functions presented in theorem 4.3.

Theorem 4.3. The relevant rate functions are

(hi — h1)?
Kiefz(P,a)(al’ai) :2(0'}21 /041 + U}Zl /Oé')’
1 i '
(v =91\’
(hi - hl) —P1OR 2
Kicr, (p (a1, i) = 3 N
i€lu(p,a) (1 2((1 = poj Jar + 0;2“/%‘) 207,
ai(y — gi)?
Kies, (p) (1, ) T 9gr
gi
o 2
(hi — h1) — Piahiw> 2
Og; Oéi(gz‘ - ’Y)

K, ) =
i€80.p) (01 08) = T e s T 952

2
—a ‘_
(hi—hl)_PlginM—PiUhigz 7) 2 2
Og1 Ogi a1(y —g1) n @i(gi — )
2(1 = A2, Jor + (1= A2, Jau) 27, 27

K’ieSw,u(p7Oé) (alv ai) =

Proof. Mathematica code using results from proposition 4.2 to find the rate function expressions
is provided in appendix C.1. The rate functions for Kicr, (,a) (@1, i), Kics,, ,(p,a)(Q1,0:), and

Kics,,..(pa) (@1, a;) can be found by completing the square in the following expanded formulations:

2
— a —
(hi = h1)* = 2p1on, (hi — hi) (70 91 + 1(702 o) (o7, /1 + o /i)
Kicr,(p,a) (a1, ;) = 2 ~ :
chilee 2((1 = p})of, far + 0F, Jeu)
2

i — (g —
(hs — h1)? — 2ps0m. (hs 7h1)(9 7) n (g . ) (

Ogi gi
2(0, /a1 + (1= p7)og. [ai) ’

Kiesu u(po) (@1, i) = (hi — h1)? = 2(h; — ha) <P10h1w + pmhi(gi_w>
Og1 Og;

2
~ o ar(y —
+ 2pion, (70 g )pmh»(gl v) n (v—91)

Uil/al +a,2”/ozi)

KiGSw,g(p,a) (ah ai) =

(o7, /o1 + (1= p})of, fau)

7

2
g1 Ugi Ug1

.  — 2
+ Oél(g;QrY) ((1 - p%)al?u/al + 0',2“/061‘) ]
9i

% [2((1 = ph)ot, Jar + (1= p})af )] =

The following proposition states that when p; <0, I',(p, @) and 8, (p, o) are empty. This

result depends on the formulation of problem P in section 1.2.
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Proposition 4.4. Given the formulation of Problem P in Section 1.2 and under Assumption 4.1,

if p1 <0, then I'y(p, ) and 8.4 (p, o) are empty.

Proof. The following proof is based on the notion of limiting independence (see definition 3.1). See
appendix B.2 for an alternate, algebraic proof.

In the right-hand side of equation (4.2), the rate function is determined by the system that
has the maximum probability of being declared feasible and beating system 1 when system 1 is
also declared feasible. To derive a rate function for this “duel” between system 1 and some other

system i, we derive a rate function for the probability

~

P{(G: <) N (H: < F) 0 (Gr < 7). (4.21)

Since p; < 0, it follows that

PG <9) 0 (Hi < H)}P{G <9} < P{(Gi <) 0 (< H) 0 (G <))
< P{(Gs <) N (H; < Hy)}

Since P{G1 < 4} — 1, then the rate function we derive for the probability in equation (4.21)
considers only the random vector (PI 1, ﬁi, G’z), and hence the correlation between H; and Gy does
not appear. Thus when p; < 0, these events display limiting independence, and loosely speaking,

the effect of correlation is washed away by the logarithmic limit. O

Thus « plays a different role in the correlated bivariate normal than it does in the independent
case: changing a can affect which terms enter the rate function by changing the set assignment of
that system. The following example provides insight into the structure of the five sets defined in

proposition 4.2.

Example 4.5. To better understand the sets defined in proposition 4.2, the following two figures
show the set boundaries for the case of equal allocation and variances across sets, where system 1 is
located at (h1,91) = (0,—2) with U}QL1 = agl = 0}2” = 032, =1, and the constraint is v = 0.

In figure 4.1, the correlations are identical between system 1 and system i, that is, p1 = p;.
As predicted in proposition 4.4, for negative correlation p;, systems fall into one of I'y(p, ), 8p(p),
or 8.(p, ). For very negative correlation, set 8, ¢ is the “largest,” but as the negative correlation
approaches zero, 8,, ¢ shrinks to approach the “true” sets, I', 8y, and 8,,. For positive correlations,
systems fall into one of each of the five sets, with §,,, and 8, shrinking as correlation increases.

For high, positive correlation, the sets I',(p, ) and 8; seem to encompass most systems.
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Equal Allocation and Variances; h1 =0; g1 =2; p1=pi; 7 =0
pi=-0.5 pi=-0.25

)

pi = -0.999

]
[=]

pi= -0.75
B ® System 1

Hr,
Hr,
N s,

-
=1

0

=]
o

-
=]

Objective Value (h)

Objecti\j!e Value (h
Objective Value (h)
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D) 0 1 20 -2 -0 0 10 20 20 -0 0 10 20 D 0 10 20 Sw.e
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Figure 4.1: Graphs of sets I'y(p, @), Tu(p, @), 8(p), Swe(p, @), and 8, 4 (p, @) for equal allocations,
variances, and correlations between system 1 and system ¢ in example 4.5.

Now let us retain the same example, but consider opposite correlations between system 1 and
system ¢ such that p; = —p;. Although this scenario seems unlikely to occur in practice, it provides
interesting insights into the possible shapes of the sets. Figure 4.2 shows that systems are classified
by all five sets for negative correlations (p; > 0), but as predicted by proposition 4.4, positive
correlations (p; < 0) implies systems are classified by only three sets I'y(p, ), 8p(p), or 8 ¢(p, @).
For very negative correlations, set 8,,, is the largest, with sets I', and 8, encompassing most other
systems. As correlation becomes increasingly positive, sets 8, and 8, together shrink to the
space occupied by the “true” set 8,,. In the case of positive correlation, as correlation increases, the
sets I'g(p, ) and 8y(p) progress from the “true” set definitions inwards until they encompass most

systems and 8, ¢(p, @) has shrunk significantly. O
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Equal Allocation and Variances; h1 =0; g1 =2; p1= —pi; v =0
g Pi= -0.999 : Pi—= -0.75 g Pi= -0.5 g Pi= -0.25
¢ ® : - o < ® System 1
= | = 22
! -+ <
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Figure 4.2: Graphs of sets I'y(p, ), Tu(p, @), 8(p), Swe(p, @), and 8, u(p, @) for equal allocations,
variances, and equal-but-opposite-sign correlations between system 1 and system ¢ in example 4.5.

The following theorem states the probability of false selection for the bivariate normal case as

a function of the correlation p.

Theorem 4.6. Under assumption 4.1, the rate function of the probability of false selection is

1 _ 2 h: — h 2 N 2
— lim —log P{FS} = min(oq(ﬂy 291) ,  min 2( ! 1)2 , min 7%(92 3 7) ,
n—00 n 207, i€ly(pa) 2(07, /o1 + 05, [ai) " i€S(p) 20y,
2
((hi —h1) — P10h1M> 9
in og, L o —gi)
ielu(pe)  2((1 = pfoj [ar + 0,2”/041-) 202,
2
((hz' — h1) = pion, (o 7)) 2
i Tgi ai(gi —7)
i€8y (o) 2(0% a1 + (1= pioj [ai) 202
2
<(hi—h1)—ﬂ10hlw — pion, % 7> 2 2
. 0g Ty, a1(y —g1)* | ailgi—7)
_ un 2N 2 2\ 2 + 2 2 :
i€8w,u(p,a) 2((1 = p1)oy,, Jea + (L = p7)oj, [ o) 20y, 205,

Thus the overall rate function for the probability of false selection is the minimum rate
function across five sets of systems, four of which are themselves defined by functions of the budget

allocation.
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4.3.2 Probability of False Selection: Second Formulation

From equation (4.1), recall that in the previous section the P{F'S} was stated as,

P{FS} = P{(G1 > 7) U (Uj_»(Gi <) N (H; < H) N (G <)},
which is the probability that system 1 is estimated infeasible or system 1 is estimated feasible and

is beaten by another estimated-feasible system. Equivalently,

v) N (H; < Hy) N (G <)}
N

(H; < Hy))}, (4.22)

P{FS} = P{(G1 > 7) U (U(Gi
= P{(G1 > %) U (U»(Gi

IN
IN

IN
IN

20,

where system 1 is no longer restricted to be estimated-feasible when it is beaten by another estimated-
feasible system in equation (4.22). Both formulations are correct, but lead to slightly different
analyses of the rate function of the P{F'S}. In this section, we formulate the probability of false
selection as in equation (4.22), that is, as the probability that system 1 is declared infeasible or that
another system 7 is declared feasible and beats system 1 in estimated objective value.

The P{F'S} in equation (4.22) has the lower bound

max (P{Gl >}, max (P{(C:i <) N (H; < ﬁl)}))

and the upper bound

7 X max <P{C¥1 > ’y},QIgzaé (P{(@, <) N(H; < ﬁl)}>>
such that

1 1 A A . .
im — = lim — ; < i < . .
nlgrgo - log P{F'S} nlggO - log max <P{G1 > v}, Joax (P{(GZ <v)N(H; < Hl)}>> (4.23)
As in chapter 3, we retain two main terms: one for the feasibility of system 1, and a second term
representing the event that another estimated-feasible system “beats” the estimated-feasible system 1
in estimated objective value. The following proposition states that the overall rate function is the

minimum rate function of the probability of each of these two events.

Proposition 4.7. The rate function for P{FS} is

- ILm ! log P{F'S} = min (alJl(’y), min ( inf  (a1li(x1) + aiIi(ati,yi))>> .
n—oo n

2<i<r \@i<z1, y; <v
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Proof. From equation (4.23) and proposition A.2, it follows that
.1 . 1 A
— lim —log P{F'S} :m1n<— lim —log P{G1 > ~},
n—oo n n—oo N
1 A N .
i — I — - < ;< .
Juin (= lim —log P{(Gi <) N (H; < Hl)})>

Since assumption 4.1 satisfies assumptions 2.2 and 2.3, it follows from theorem 2.1 that

1 A
— lim —log P{G1 >~} = a1 1().

n—oo n
Let us consider — lim,, oo % log P{(CA?Z <N (ﬁz < ﬁl)} for a system i # 1. Let
Alarnain) (61,0;) = 1OgE[e((ehgi),(ﬁl,ﬁu@i))]

(H1,H;,Gy)

be the cumulant generating function of the random vector (fl w:n G’Z) By the independence of

system 1 and system i (assumption 1),
Al (61,80) = A (60) + A g, (60
Under assumption 4.1,

. 1 (a1m,cm . 1 (a1m . 1 a;n)
A (01, m08) = T A (00) -l A (00

= o log E[e@/a) ] 4 o, 10g Blel0:/ i (Hin,Gi)],
Then by the Géartner-Ellis theorem, (f] L H;, G’l) satisfies an LDP with good rate function

Ii(z, @i, y) = ol (x1) + oL@, vi),

and hence
1 N N N
— lim — logP{(Gl- S ’7) N (Hz S Hl)} = inf <041]1($1) + aili(xi,yi)) O
n—o00 N z;<x
i <y

For notational simplicity, let the rate function inf,, <4, 4.<y (@111(21) + a;li(z4,y;)) be denoted

by K;(a1,a;). Then expanding the normal and bivariate normal rate functions, we have

Ki(ai, o) = inf (al(wl — )’ + % ((ﬂfz‘ —hi)®  2pi(xi — hi)(yi — 9:) n (yi — 9i)2>> .

2 2 2
zi<n1 205, 2(1—pg) i, Oh,0g, oz
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The following lemma provides the location of the infimum in K;(a1, o).

Lemma 4.8. Under assumption 4.1, the infimum in K;(a1, ;) is achieved at

o gt — (a1/07i )b + (i /7, ) =g
1 7 (a1/0%1)+(ai/g}%i) » Yi i

piog(a1/o) (b1 — h;)
(ar/op)) + (aifof,)  on,
0 ‘gf‘”), y=mi€8(p)  (4.25)
(v —9)

yie€l(p,a) (4.24)

* *
T = hl, XT; = hi —i—piohi

arhy o

o2, oL pD) <h"“’“’“ .
pi=af= 1M d L yf =1, i€8u(p,a) (4.26)

K3
31 O
E— _l’_ -
<a,§1 op, (1 - p?))

where

F(p,a) =< i:hiy>hy and g; <+ piog,

(07 /o) (hi — m)}

(o5, /1) + (of feu)  on,

gi

P 0'2, (673 hz — h
(G- Gs >+ Py (oh,/ )2 ( g
Og; (Uhl/al) + (Uhi/ai) Oh;

i:hy > h1 + piop,

Su(p) = {Z thi < hy + piop, (gia_ ) and g; > 7} ;
Sw(pa a) = {

Proof. Finding the infimum in K;(«1, q;) is a convex minimization problem. Letting A\, > 0 and

Ay > 0 be Lagrange multipliers, the KKT conditions are

O'%Ll 1—p? 0}2” Oh,0g, *
o (yi—gi  plaf —hi)
! - ‘ =A 4.28
e () 2
Ap(z; —27) =0 4.29)
Ay(y—9;) =0 (4.30)
zi =21 <0,y -y <0

Case 1: x7 > x; and y; > 7. Then \; = A\, = 0, which implies 2] = h1, 2] = h;, and y; = g;,
which is not a feasible point.

Case 2: x} =z and y; > ~. Then A\, > 0,\;, = 0. From equation (4.28),

)

. xr —h;
Yi =9+ pagiM. (4.31)
Oh,
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Using this value for ¢ in equation (4.27) and solving for z in yields the value of 27 = ] given
in equation (4.24). Substituting this value of ] into equation (4.31) yields the y; value given in
equation (4.24). Since A, > 0 implies ] > hy, then hy < h;. The second condition in set I'(p, a1, ;)
results from the fact that y7 > ~. When p =0, I'(p, a1, ) =T.

Case 3: x7 >z} and y; =~. Then A\, =0,\, > 0, and from equation (4.27), ] = hy. From
equation (4.30), y* = . Solving for z} in (4.27) results in the value of x} given in equation (4.25).

Since x] = hy > ], then
b —hi _ py ~ 9i)
Oh, Og;

3 7

Since A, > 0 and p? < 1, equation (4.28) results in the condition g; < 7 for 8;(p). When p = 0,
Sp(p) = Sp.
Case 4: x} = x} and yf = ~. Then \; > 0,\, > 0, and from equations (4.29) — (4.30), we
have 7 = z} and y; = . Solving for the value of z} in (4.27) yields the result in equation (4.26).
Since A, > 0, A, > 0, from equations (4.27)-(4.28), we have

i —hi — i —Gi ;= h
x] =x; > h; and Zi < Py = i) and L—9 > Pl Z).
Ohi Tg; Og; Oh;
Plugging in z} yields the conditions for 8, (p, a1, a;). When p =0, 8,(p, a1, ;) = 8. O

Recall the definitions of the sets for zero correlation as feasible and worse (I'), infeasible and

better (8p), and infeasible and worse (8,,). Formally,

F'={i:h;>hy and g; <~},
Sy={i:h;<hy and g; >},
Sw={i:h; >h; and g¢; >~}.

In the set definitions given in lemma 4.8, for positive p;, I'(p,a) 2 T' and 8y(p) 2 8, while
Sw(p, ) C 8. This result is intuitive: since the performance measures are positively correlated, a
system from 8, that is “close enough” to h; in objective value or “close enough” to « in constraint
value and succeeds in crossing one of these barriers will likely succeed in crossing the other. Therefore
some systems in 8,, may have rate functions similar to other systems in either I' or 8§, when there
is positive correlation. When there is negative correlation, the opposite occurs. Thus I'(p,a) C T
and 8y(p) C 8y, while 8, (p, @) 2 8. Now systems in I and §, have rate functions similar to other
systems in 8,,. For example, due to negative correlation, a system in I' that is “close enough” to
the constraint might be declared infeasible when it “beats” system 1 in objective value. Of the two

types of correlation, intuitively it seems that negative correlation is better since negative correlation
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may result in an increased rate of decay of the probability of false selection. However this result
depends on the formulation of the problem in section 1.2.
For each set I'(p, a), 8p(p), and Sy, (p, ), given the result from lemma 4.8, one can solve for

the rate functions. These rate functions are given in the following proposition.

Proposition 4.9. Under assumption 4.1, the relevant rate functions are

(hi - h1)2
K, i) = ’
ier(p.) (1, ) 2(07, fon + of, /)
a;i(gi — 7)2
Kies, (p) (a1, i) == 5
i

o 2
(hi —h1) — Piahiw> 2

K, (a1, ;) = 2 e

i€8uw (p,a) \ M 2(0j, fa1 + (1= pf)op [au) 205,

The rate functions for sets I'(p, ) and 8y(p) are identical to the rate functions of I" and 8 in
the independent case. That is, while the sets depend on p, rate functions for systems in these set
do not depend on p. In the independent case, the rate function for systems in 8,, comprises two
added terms: one for “optimality” that is identical to the rate function for systems in I', and one
for “feasibility” that is identical to the rate function for systems in 8. In the correlated case, the
rate function for systems in 8,,(p, a) comprises two added terms: one for “optimality,” adjusted for
the correlation with the constraint, and one for “feasibility” that is identical to the rate function of
systems in 8y(p).

The following theorem states the probability of false selection for the bivariate normal case as

a function of the correlation p.

Theorem 4.10. Under assumption 4.1, the rate function of the probability of false selection is

1 —q1)? hi — hy)? (g: — )2
— lim —log P{FS} = min iy —91)° 291) , min 2( . 1)2 , min @il9i —)° 5 ) ,
n—o0 n 207, i€l(p,a) 2(0, Jon + 0l [ai) " i€s(p) 207,
2
<(hz’ —h1) — Pmmw) 5
i Ty, ai(gi — ) )
i€8w (p,a) 2(0%1/041 +(1- p%)a,%i/a,-) 202,

As in chapter 3, the overall rate function will be determined by the most likely of four events.
In the correlated case, these events are: (i) system 1 is incorrectly estimated as infeasible; (ii) a
system from I'(p, «) is incorrectly estimated as optimal; (iii) a system from 8y(p) is incorrectly
estimated as feasible; (iv) a system from 8,(p, @) is incorrectly estimated as to be optimal and

feasible.
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4.3.3 Reconciliation of First and Second Probability of False Selection Formu-

lations

In this section, we reconcile the two P{FS} formulations and show that the overall rate of decay
of the P{F'S} is identical in both cases. Therefore for the sake of simplicity, we proceed with the
P{FS} formulation that yields the simplest analysis,

P{FS} = P{(G1>7) U (Ui5(Gi <) N (H; < H1))}.

The following proposition states that the first and second formulations yield identical rate functions.

Proposition 4.11. For every a, the rate functions from the P{FS} formulations presented in

theorem 4.6 and theorem 4.10 are equivalent.

Proof. Recall that in addition to the rate function for the feasibility of system 1, the first formula-
tion produces sets I's(p, o), I'y(p, @), 8p(p), 8w e(p; @), and 8y 4 (p, ), while the second formulation
produces sets I'(p, ), 8p(p), and 8, (p, ). Further, the formulations and rate functions for each
8p(p) are identical, while I'y(p, &) C I'(p, ) and 8, ¢(p, ) C 8y (p, ).
By proposition 4.4 and by the requirement that g <+, if p1 <0, I'y(p, @) and 8, ,(p, ) are
empty. Thus when p; <0, the rate functions for the first and second formulation are identical.
Now let us suppose p; > 0 and that I',(p, @) and 8, (p, &) are nonempty. Then the rate

function for systems in I';(p, o) minus the rate function for the feasibility of system 1 is,

((h,; —hi) — plahlw_gh))z

Og
2((1 = p})op, a1 + oy o)

> 0,

and the rate function for systems in 8,,,(p, &) minus the rate function for the feasibility of system 1

is,

((hz‘—hl) —plo’hlw_m—/)z‘ahigi_7> 2
Tgy Tg; . @i(gi —7)

> 0.
2L =)o}, Jar + (1= p2)oF, Jau) 202,

Thus whenever a system falls in ', (p, &) or 8,4, (p, ), the rate function of that system is
larger than the rate function of the feasibility of system 1. Thus for any a, no system in I';(p, ) or
Swu(p, @) will determine the overall rate function of the P{F'S}. Hence the overall rate of decay of

the P{F'S} for the two formulations are identical. O

Further, when we wish to optimally allocate among the systems, we wish to maximize the
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minimum rate function. Thus the optimal allocation, which we will derive in the next section, would

never place any systems in I',(p, ) or 8y (p, @).

4.4 Optimal Allocation Strategy

Proceeding with the results of the second formulation of the P{F'S} presented in section 4.3.2, we

wish to allocate the a;’s to solve the following optimization problem:
max  min (alJl (7), min K;(aq, ai)> s.t. (4.32)
2<i<r
-
Z o; = 1, (07} > 0.
i=1

This problem can be re-expressed as

Problem Q@ : max 2z S.t.

Proposition 4.12. The rate function K;(a1,q;) is a concave function of (a1, ;).

Proof. Let a@ = (a1, ;) and & = (@1, @&;), such that a # &. Further, let A\ € (0,1). Then

Ki(Aai+ (1 — Narg, Ay + (1 — Nay)
= inf  [Aeq + (1= Na)i(z1) + Aas + (1= Nai) (2, :)]

i <x1,y: <y

= <ing <W[/\(04111(3?1) + aili(xi, i) + (1= N (a1l (z1) + aiLi(24, vi))]
TiXT1,Yi>

> inf  AMNaili(z1) + aili(zs, y)] +  inf (1 —XN)[aali(x1) + auidi (i, vi)]
<1,y <y 2 <x1,Yi <Y

= /\K@'(Oél, Oéi) =+ (1 — )\)Ki(dl, di). OJ

Changing values of (aq, ;) can change the set assignment for a particular function, and hence
change the rate function. So the question may arise, are the rate functions still concave across these
set boundary points? The answer is yes, since changing («, «;) amounts to changing the location of

the infimum over x; < z1,y; < v in the expression of K;(a1, ;). Since the concavity of K;(a1, ;)
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as a function of (aq, ;) does not depend on where this infimum occurs, and since a;.J1(7) is a
concave function of aq, problem (@ is a concave maximization problem.

Let problem Q% be as problem @ except with the inequality constraints on K;(o, o)
replaced by equality constraints and forcing a; > 0. Following a proof similar to that given in
proposition 3.8, it can be shown that problems @ and Q% 5 are equivalent, that is, they have an

identical optimal solution and optimal value. Problem Q% 5 is written as

Problem Qpy - max 2z s.t.

a1(y — 91)2

202,

(h1 — hi)?
2(0}2“/041 + U%i/ai)
ai(y — 9i)2
-

W2

<(hi ) — pighi(gzw> )
Og; + ai(gi - ’Y)

2(07, Jar + (1= p7)ay /o) 203,

.
ZO@ =1, a; > 0.
=1

>z

I

=z, i€l(p,a)

=2z, 1€ 8I(p)

=2z, 1€ Sw(ﬂ, Oé)

We propose that the solution to problem Q7% 5 be obtained using a solver.

4.4.1 An Approximate Closed-Form Solution

This section presents a closed-form solution to problem @7y, under the assumption that aj > of.
Thus the solutions in this section are only appropriate when such an assumption is reasonable. For
example, such a scenario may arise when the number of systems in I'(p, @) and 8,,(p, ) is large.
The of > of assumption appears often in previous OCBA literature (see, e.g., Lee et al., 2011).
Notationally, we remove the “stars” from « in this section to emphasize that the a value presented
here is an approximation to the true optimal solution. First, let us use the a; > «; assumption
to simplify the characterization of the sets T'(p, @) and 8, (p, ). Define the sets T'“1>%i(p) and

8317 (p) as

h; —h
[a>%i(p) = {z ch; >hy and g; <~ + piagi(l)} ,

Oh;

. hi —h
8a1>%i(p) = {z thi > hy + piahi(ga ) and g; > v+ piagi(l)} :
i hi
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Set 8(p) needs no modification, as it does not depend on (a, ;). The corresponding rate functions

are
ai(hy — hi)?
Kiereasai(p) (o, ai) = g2 aili(hy),
hi
Oéi(’)/ - 92)2
KiESb(p) (041, ai) = 202 - a'LJz(’Y>7
gi
_ (7 — hy)? (hi=hi) (v=g1)  (v=g)*\ _
KZESZl»ai () (0, aZ) B 2(1— pzz) ( O-i2u o Oh; Og; " ng‘ a aZIZ(hh 7

Let Iy denote the indicator function. Under assumption 4.1 and the assumption that o > af,
it follows from the equality constraints in problem Q7% 5 that the sample allocated to systems other
than system 1 should follow the proportion

a;  A(h)gerarsai) + Jk(Mlinesy o)) + Ielhn, VL egazeai )

ap  Li(h)ereasai(p)) + Ji(Ves, (o) + Li(ha, M egonzei )




Chapter 5

Multivariate Normal: Multiple

Constraints

Consider the context of problem P fully (see section 1.2), with multiple constraints. In this
chapter, we allow correlation between the objective function and constraints, but we require that the
underlying random variables follow a multivariate normal distribution. We provide a characterization
of the rate of decay of the probability of false selection and an optimal allocation strategy that is the
result of a concave maximization problem. We also provide an implementable sequential algorithm,

as well as numerical results displaying its performance.

5.1 Chapter Organization

Section 5.2 provides initial assumptions for the chapter. Section 5.3 contains the general rate
function of the probability of false selection and section 5.4 contains an optimal allocation strategy
that maximizes the rate of decay of the probability of false selection. In Section 5.5 we make the
multivariate assumption which allows the derivation of the consistent estimator of the optimal
allocation and the implementable fully sequential algorithm in Section 5.6. Numerical results are

presented in Section 5.7.

5.2 Assumptions for Chapter 5

While the main focus of this chapter is on the case in which the underlying random variables
(H;, G,y ..., Gis), i < r, follow a multivariate normal distribution, the results we present in sections

5.3 and 5.4 hold in a much more general context. Therefore we postpone making the multivariate

78
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normal assumption until our results require it. For now, in addition to assumptions 1 and 2, we
make two additional assumptions as is typical in large deviations contexts.

Let (H;,G;) = (H;,Gi1,...,Gis) be random variables with mean (h;,g;) = (hi, gi1, - - -, Gis)-
Let us define

(FIZ(n), (_;’,(n)) = (ﬁl(n), éil(n), ey st(n)) - (711 Z Hik7 % ZGﬂk, ey % ZG’LSk> .
k=1 k=1 k=1

We will use (Hz, G, ) = (H;(ain), Gi(a;n)) as shorthand for the estimator of (h;,g;) after scaling
the sample size by «; > 0, the proportion of the total sample n which is allocated to system .
Let Ag? (0) = logE[eGHi(")], Ag?7 (0) = logE[e‘géij(”)], and

A(n)

(H; G,)(O) = 10gE[e<97(gi(”)véi(n)))]

be the cumulant generating functions of H;(n), Gyj(n), and (H;(n), Gi(n)), respectively, where
6 €R, 0 c R and (-,-) denotes the dot product. Let the effective domain of a function f(-) be
denoted by Dy = {z : f(x) < oo} and its interior by D}. Let f’(x) denote the derivative of f with
respect to the argument z, and V f(x) denote the gradient of f.

As is usual in LD contexts, we make the following assumption.
Assumption 5.1. Let the following hold for each i < r and j < s:

(1) the limit A(g,.c,)(0) = h_{r;o nAET]L} G, )(nO) exists as an extended real number for all @ € RS,

where we denote Ap,(0) = lim A( )(ne) and Ag,;(0) = lim A( (nG) for all € R;

n—o00 N H; n—oon

(2) the origin belongs to the interior of ®A(Hi,Gi)’ that is, 0 € DZ(H -

(3) Nm, ) (0) is strictly convex and C> on D}

Ay ey’

(4) Nw,c,)(0) is steep, that is, for any sequence {0(n)} € Day, @, converging to a boundary
point of Dp ;o then it holds that limy, o0 [VA(g, G;)(8(n))| = oo

Assumption 5.1 implies that (H;(n), G;(n)) — (hs,g;) wpl (see Bucklew, 2003, remark 3.2.1).
Assumption 5.1 also ensures that H;(n), Gi;(n), and (H;(n),G;(n)) satisfy the large deviations

principle (LDP) with good rate functions

Ii(z) = zlel]g{@x — A (0)}, Jij(y) = zgg{@ —Ag,; (0)},
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and

Ii(xv y) = GESIEEH{<97 (1‘) y)) - A(H'“G'L)(e)}’

respectively (see, e.g., Dembo and Zeitouni, 1998, p.44). Assumption 5.1(3) is stronger than
what is needed for the Géartner-Ellis theorem to hold. However, we require Ay, (0), Ag,;(0), and
Am,,G,)(0) to be strictly convex and C° on the interiors of their respective domains so that
Ii(z), Jij(y), and I;(x,y) are strictly convex and C* for z € Fy = int{A} (0) : 0 € D},
yedg, = int{A’Gij(H) 10 € DZGU}, and (z,y) € Frc) = Int{VAg, g)0):0¢c D}’\(H%Gv}.
Let v = (71,...,7s) and let F5 denote the closure of the convex hull of {(h;,7) : (hi,y) €

Rs*1}. We assume the following.

Assumption 5.2. The closure of the convex hull of all points (h;,~) € Rt is a subset of the
intersection of the effective domains of the rate functions I;j(x,y) for all i < r, that is, TG C

i1 I (-

As in previous chapters, assumption 5.2 ensures that there exists a nonzero probability that any

system ¢ < r may be falsely selected as the best feasible system.

5.3 Rate Function of the Probability of False Selection

Let us formulate the probability of false selection as the probability that system 1 is declared
infeasible or that another system 4 is declared feasible and beats system 1 in estimated objective

value. That is,

P{FS} = P{[Uj_1G1; > 7] Ui—o [(N5=1Gij < ;) N (H; < Hy)l} (5.1)
system 1 system i system 1
estimated estimated beats
infeasible feasible system 1

The P{F'S} in equation (5.1) has lower bound

max <P{u§1c§1j > 75}, max (P{(m;zléij <) N(H; < ﬁl)})>
and upper bound

pcma (P(UG1 Gy > 33} o (PURAGy < 3) 0 (< )Y )
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such that

lim —log P{FS} = hm = log max(P{U Gy > ’7]'},2H<1&<X P{(ﬂ‘;zlézj <) N (H; < ﬁﬂ})

n—oo n

(5.2)

As in previous chapters, there are two main terms: one for the feasibility of system 1, and another
term representing the event that system 1 is “beaten” in estimated objective value by an estimated-
feasible system. The following proposition states that the overall rate function is the minimum rate

function of the probability of each of these two events.

Theorem 5.1. The rate function for P{FS} is,

— hm —logP{FS} mln(mén a1J1(7;), min ( inf (alll(xl)+oz¢[i(:vi,y,-))>>. (5.3)
j€

2<i<r \ @i <71, Y; <¥

Proof. From equation (5.2) and proposition A.2, it follows that
.1 . o1 s A
—nlgngoﬁlogP{FS} =min( — hm flogP{szlGlj >},

min (— lim flogP{( <) N(H; < ﬁl)}))

2<i<r n—oo N

Under assumptions 5.1 and 5.2, it follows from theorem 3.4 that

n—oo n

— lim —logP{U 1élj > 75} = min a1J1;(75).
J€CE

1 A N .
Let us consider —nlgr&ﬁlogP{(ﬂjzlGij < ;) N (H; < Hp)} for a system ¢ # 1. For
(61,0;) € R**2_ let the cumulant generating function of (H,, H;, é’) be denoted AE;I”"I?ZQ )(01, 0;).
By the independence of system 1 and system i (assumption 1),

AGamer) (61,0:) = A (6) + A% (6:).

Under assumption 5.1(1),

(a1n,oin) (a1n) (aim)
i NG (100, n00) = T A ) + i G (000

= ailp, (01/1) + @i\, ) (0i/ i) -
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Then by the Géartner-Ellis theorem, (ﬁl, H;, G;) satisfies the LDP with good rate function

2] 0 0; 0;
Ii(x1, 75, y;) = a1 sup {1 x1 — Ap, <1> } + a; sup {<, ($iayi)> - Num,a) <>}
01/ar L O aq 0;/a; Q; o7

= O(lll(wl) + Oéi[i(xh yl)a
and hence

1 A N .
— hm — log P{(mjzlGij S ’)/j) N (HZ S Hl)} = mf (ozlll(xl) —+ ozZIZ(:Ul,y,)) . ]

n—oo N zi<w1, Yi <Y

While it was possible to separate systems into sets in chapter 3 and in the one-constraint
bivariate normal case in chapter 4, in this case, there are 2°%! potential sets and rate functions
that result from the Karush-Kuhn Tucker (KKT) conditions on the infimum in the expression
infy, <q1, y;<y (1l1(21) + il (x;,y5)). This large number of potential sets and rate functions makes

it difficult to categorize the rate functions of systems in this manner.

5.4 Optimal Allocation Strategy

For notational simplicity, let the rate function infy, <z, y;<+ (1l1(21) + ;i (x;,y;)) be denoted by

Ki(ai1, ;). Let us allocate the «;’s to solve the following optimization problem:

max  min (;é%r}; ()41:]1]-(%4)7 21%27“ K;(aq, al)> s.t. (5.4)
T
Z oy = 1, (67} Z 0.
i=1
The problem in (5.4) can be re-expressed as:
Problem @ : max 2z  S.t.

arJyj(y) =z j€Cp

Ki(on,04) >z, 2<i<r,
.
Zai = 1, (671 > 0.
i=1

where the values of K;(aq, ;) are obtained by solving
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Problem Kj : min a1 l(z1) + o li(wi,y;) st
r; < Zy,
Yi <.
foreachi=2,...,r.
Consider the structure of problem ). Specifically, the rate function K;(aq, ;) is a concave

function of (a1, a;), which leads to the result that problem @ is a concave maximization problem.

Lemma 5.2 and proposition 5.3 state these results formally.
Lemma 5.2. The rate function K;(a1, ;) is a concave function of (aq, ;).
Proof. Let a@ = (a1, ;) and & = (@1, @&;), such that a # &. Further, let A\ € (0,1). Then

Ki(Aag + (1 = Nag, da; + (1 — N)ay)
= inf [()\041 + (1 - )\)5&1)[1(1‘1) + <)\Oéi + (1 - A)di)Ii(xia yz)]

v <wy, Y <y
= ing <7[)\(a1[1(a;1) + aili(wi, ys5)) + (1 — AN (@r i (1) + aili(w,y;))]
i<z, Y3 <
> _inf  AMaih(21) + ili(zi,y:)]+_inf (1= A)[ardi(21) + @ili(wi, y:)]
x; <w1, Yi <Y 2 <x1, Yi <Y
= )\Ki(oq, Oéi) + (1 — )\)Ki(@l, 5[1'). ]

Proposition 5.3. Problem @) is a concave maximization problem.

Proof. The result proceeds from the following: (i) lemma 5.2 holds for all i = 2,...,r; (ii) a1J1;(75)
is a strictly concave function of a4 for all j € G%, (iii) the minimum of concave functions is also

concave, and (iv) the feasible set > ., a; =1, > 0 is convex. O

Under assumption 5.1, it seems that the rate function K;(aq,q;) is strictly concave in o and
hence problem (@ is a strictly concave maximization problem. However the proof of this property is

not obvious, and it is presented as the following conjecture 5.4.

Conjecture 5.4. The rate function K;(aq, ;) is a strictly concave function of (au, o), and problem

Q is a strictly concave maximization problem.

Let the rate function in equation (5.4) be called z(), that is,

z(a) = mln(mérll a1J1;(74), Juin Ki(oa, on‘))-

JECER
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Since a1J1;(7;) and K;(a1, ;) are continuous functions of o for all j € G}; and i =2,...,7, and
the minimum of a finite number of continuous functions is continuous, then z(a) is a continuous
function of a. Since problem @) is the maximization of a continuous function on a compact set, a

solution exists. The following proposition states this result without a formal proof.
Proposition 5.5. There exists at least one optimal solution a* = (o, a3, ..., ak) to problem Q.

To obtain a solution to problem (), we must also solve problem K; for each i = 2,...,r.
Under assumption 5.1, problem K; is a strictly convex minimization problem in (x1,x;,y;) for
all © = 2,...,r. Due to the structure of problem K; and its feasible region, the optimal solution

(xF,x,y}) exists. Proposition 5.6 formally states this result.

Proposition 5.6. Under assumptions 5.1 and 5.2, problem K; is a strictly convexr minimization
problem in (x1, xi,y;), and its unique solution, 3*(oq, ;) = (] (a1, ), ] (o1, ), Yy (on, @), exists

foralli=2,...,r.

Proof. Under assumption 5.1, the rate function aq (1) + ;i (x4, y;) is strictly convex and C*° on
its nonempty effective domain, and the feasible region X = {(z1, z;, ;) € R*T2 : 2y < x4, y; <~}
is convex. Therefore problem Kj is a strictly convex minimization problem.

Further, the objective function of problem K; is coercive. To see this, suppose there exists a
sequence (z1(n),z;(n),y;(n)) € X such that the euclidean norm ||(x1(n),z;(n),y;(n))|| — oo and
the objective function of problem K; remains bounded. Then it must be the case that the objective
function has an unbounded sub-level set. However under assumption 5.1, the rate functions in
the objective function oyl (x1) + «;1;(x;,y;) are good, which implies that all sub-level sets are
bounded. Therefore if ||(z1(n), z;(n), yi(n))|| = oo, then ayIi(z1(n)) + ail;(x;(n), y;(n)) — oo and
we conclude that the objective function is coercive.

Under assumption 5.2 the intersection of X and the effective domain of a1 (x1) + oy i (x;, y;)
is nonempty. Further, since X is closed and the objective function is coercive, then the minimum is
attained and an optimal solution 3*(aq, ;) exists. By Bazaraa et al. (2006, theorem 3.4.2, p. 125),

since the optimal solution exists and problem Kj is strictly convex, 3* (a1, ;) is unique. ]

Fach a-step in the concave “outer” optimization problem () requires solving r» — 1 versions of
problem K. Due to the nested-optimization structure of problem (), we propose that the solution
be obtained using a solver. We note that our allocation framework will work best with a “small”
number of systems, where the quantifier “small” depends on the resources available to solve the

optimal allocation problem.
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5.5 Multivariate Normal Assumption

While the theory presented in sections 5.3 and 5.4 holds generally, we make a multivariate normal
assumption to allow the development of a useful consistent estimator and a sequential allocation
algorithm. Let the exponent T" denote the matrix transpose. Henceforth, let us redefine G;, g;, and

~ as column vectors, and assume the following.

Assumption 5.3. We assume we may obtain wid replicates of the multivariate normal random

vector (H;, GT). That is,
H; hi
~ MV N DITE I
Gi 9gi

where Y; 1s the variance-covariance matric

2
Oh, PhiginOhiOgi1 -+ PhigisThiOgss
2
Phi,gi19h; O gix 0gi1 Pgi1,9is9 919 gis
ES . .
Oph.0 g, g 0'2
Phi,gisOhiOgis  Pgi1,9is99:119g:s -+ Jis

with correlation pp, .., |Ph; g1 < 1 and variances 0 < 0,2“ < oo and 0 < Jgij < oo foralli <r and

Jj<s.

Assumption 5.3 satisfies assumptions 5.1 and 5.2 in section 5.2. Thus recalling that (I:[Z-, é’f) =
(Hi(ain), Gi(a;,n)T), it follows that (H;, GT) satisfies the LDP with good rate function

a; | ©—h; _ x — h;
a;li(z,y) = Ez [ o ' ] :
Y—gi Y—gi
where y = (y1,%2,...,¥s)’ and the exponent —1 denotes the matrix inverse. Since the marginal

distributions for each replicate of H; and G;; are also normal, H; and C?ij likewise satisfy the LDP

with good rate functions

(67 (1‘ — hi)Q
20,2”

2

@iy — gis

and o, J;;(y) = 2(2 5 o)
Tgi;

Oél'IZ' ($) =

foralli <r,j<s.
Under assumption 5.3, we can substitute the multivariate normal rate functions into the
expression for z(a). The resulting rate function for the P{F'S} is presented in the following corollary

to theorem 5.1.
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Corollary 5.7. Under assumption 5.3, the rate function of the probability of false selection is

1 a2
— lim ~log P{FS} = min (min (v —915)°
n—oco N

JECE 2031;‘ ’
) T
min  inf 70&1(1’1 g ) + & [ %~ hi ] E;l Zi = hi ]
SIS mien 2Ty 2 lvi—gi Yi — gi

Likewise, we may express problem @ as,

Problem @ : max 2z s.t.

a1 (v — g15)* > ,
2 — )
QJQU

Ki(alaai) 22:7 QSZST,

r
ZO&Z' == 1, (67} Z 0.
=1

for all j € C}

where the values of K;(ay, ;) are obtained by solving

T
—h 2 . T — h 2 — h;
Problem K; : min M & ! ‘ Ei_l ! ‘ s.t.
20%, 2 | yi—gi Yi — i
x; < @y,
Yi <.
for each i = 2,...,r. Due to the quadratic structure of problem K;, much can be said about the

optimal solution to this problem. However this quadratic form also makes finding a solution to
problem K; quite easy in a solver. Therefore we refrain from further exploring the KKT conditions

for this problem.

5.6 Consistency and Implementation

This section contains an estimator for the optimal allocation and results regarding its consistency, as
well as a fully sequential algorithm fit for implementation under the multivariate normal assumption

(assumption 5.3).
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5.6.1 Consistency of Optimal Allocation Estimator

To solve problem @, one must have full knowledge of the rate functions. However in practice, these
rate functions must be estimated. Let us suppose that each system receives m samples, where the

dependence of the estimators on m is written explicitly in this section. Let

. A 1 — 1 1 —
(H;(m), Gi(m)) = (m;ff@k, meIGilk; ces mZGisk>

denote the estimators of (h;, gi1, . .., Gis)-
To estimate the rate functions, the best feasible system must be estimated. Let the unique

best feasible system be denoted
1 = argmin{h; : g;j < y; for all j < s},
7

and the estimate of the best feasible system be denoted

1(m) == argmin{H;(m) : G;;(m) < ~; for all j < s},

where any ties are broken randomly. Under assumptions 2 and 5.1, by proposition 3.10, we have
system 1(m) — system 1 with probability one (wpl) as m — oco. Then under the multivariate
normal assumption (assumption 5.3), consistent estimators of the relevant rate functions can be
constructed from simulation observations (H;i, Gk, - - -, Gisk), k = 1,...,m for the ith system as
follows.

a1(y; — Gij(m))?

a1 J1jm(V;) = ~ , (5.5)
J J 20,%”
i (m))? im) | 1i(m)
~ A — i Ty — 1M o Ty — L1;(m
crdy (1) + oili(zr, ) = ST EO(M)” | e ! 71 (m) : (5.6)
26%, 2 | y; — Gi(m) yi — Gi(m)
Kim(on, o) = igf (Oéljl(an) + Oéz‘fi(xz‘7yi)> ; (5.7)
TiST1
Yi <Y

where &?{1 denotes the sample variance of replicates Hi; and f)z(m) denotes the sample covariance

matrix for replicates (H;x, Giik, - - -, Gisk)-
Recall that problem @ is to minimize z(a) over compact support » ;_; o; = 1, > 0. Let
8o+ be the set of optimal solutions to problem @, which is nonempty by proposition 5.5. Let

Zm(a) be as z(a), except with all random quantities replaced by their estimators as specified in
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equations (5.5)(5.7). Then the sample average approximation (SAA) problem, called problem Q,
is to minimize Z,,(a) over the compact set Y ;_; a; = 1, > 0. Within problem Q, we have the
nested SAA problem Ki, which is identical to problem Kj;, except with random quantities replaced
by their estimators as specified in equation (5.7).

Since the search space in problem @ is convex and compact, and the estimated (consistent)
rate functions are finite-valued, continuous, and concave, it broadly follows that for large enough
m, the set Sam of optimal solutions to problem Q exists, and as m — o0, Sa;‘n — 8o+ wpl (for a
definition of set convergence, see section 1.5). Theorem 5.10 states this result formally, which follows
as a direct application of results in the SAA literature (see, e.g., Shapiro et al., 2009, theorem 5.4,
p. 159). Before the formal presentation of theorem 5.10, we present lemmas 5.8 and 5.9 regarding
the convergence of the optimal value and solution in problem K;. The results presented in these

lemmas are required for the postulates of theorem 5.10.

Lemma 5.8. Let assumption 5.8 hold. Then for any fized o« and for alli=2,...,r,
(i) arl (x1) + ozifi(:ci,yi) — arli(x1) + il (x4, y5) pointwise wpl as m — oo, and
(ii) problem K; has a unique solution 3., (a1, ;) = (a?’l"m(al,ai),ﬁﬁf’m(al,ai),g]zm(al,ai)) wpl

for large enough m.

Proof. Under assumption 5.3, the sample averages and variances in the expression of o lq (z1) +
ozl-fi(:z:i,yi) converge to their true values wpl as m — oco. Further, the covariance estimates in
f]z(m) converge to their true values wpl as m — oo. Since ¥; is positive definite, so that E;l is
well-defined, and since f]l(m) is strongly consistent and the matrix inverse is a continuous function,
it follows that 37! (m) is well-defined for large enough m and hence f)l_l(m) — %7t wpl as m — oo.
Then for any fixed « and e, oy (1) + o li(zi, yi) = arli(z1) + ail; (x5, y5) wpl as m — oo (see,
e.g., Serfling, 1980, p. 24).

Due to its quadratic form, for m large enough that ﬁ];l(m) is well-defined, the estimated-
objective function oI (x1) + a;li(zi,y;) (expanded in equation (5.6)) is a strictly convex func-
tion of (x1,x;,y;) for each m. Further, the feasible set is convex for each m. By a proof sim-

ilar to that of proposition 5.6, it holds that problem K; has a unique solution 3, (a1, q;) =

(i’im(al, ai),:%fym(al,ai),gzm(al,ai)) wpl for large enough m. ]

Lemma 5.9. Let assumption 5.3 hold. Then for any fized o, and for alli=2,...,r,
(i) IA(@m(al,ai) — Kim(a1,a;) wpl as m — oo, and

(i1) 5r, (a1, ;) — 3% (a1, ;) wpl as m — oo.

Proof. Under assumption 5.3, the objective function in problem Kj;, aili(z1) + oil;i(zi, y;), is a

continuous function of (1, z;,y;) and is finite-valued for all (z1, z;,y;) € RE+2). By lemma 5.8, the
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law of large numbers holds pointwise for the objective function in problem K;, arl 1(z1) —I—aifi(:ci, Yi).
Further, the feasible set {(z1, i, y;) @ x; < x1,y; < 7y} is closed and convex, and by proposition 5.6,
the unique optimal solution 3*(aq, ;) to the true problem K; exists. Due to its quadratic form, the
estimated-objective function ayI1(z1) + a;l;(z;,ys) (expanded in equation (5.6)) is a continuous,
convex function of (x1,z;,y;) for each large-enough m that f];l(m) is well-defined. Thus we have

satisfied the postulates of Shapiro et al. (2009, theorem 5.4, p. 159), and the conclusions follow. [

Theorem 5.10. The estimated optimal value and set of estimated optimal allocations of problem Q

are strongly consistent, that is, Zy, (&) — z(a®) and Sa;n — 8o wpl as m — 0.

Proof. As argued previously, z(«) is a continuous, concave, finite-valued, function of e, the feasible
region in problem @ is compact and convex, and the optimal solution exists. The estimated function
Zm () is also a continuous, concave function of a for each large-enough m. It follows from the
strong consistency of the estimator a; jlj,m('yj) and from lemma 5.9 that the law of large numbers
holds pointwise for Z,,(a). Thus we have satisfied the postulates of Shapiro et al. (2009, theorem
5.4, p. 159), and the conclusion follows. O

5.6.2 A Sequential Algorithm for Implementation

In the following algorithm 5.4, we present a fully sequential algorithm based on the consistent
estimators outlined in section 5.6.1, where we let n be the total simulation budget and n; be the
total sample expended at system 1.

The essential idea in algorithm 5.4 is straightforward. After an initialization step in which we
calculate initial estimates (H;(n;), Gi(n;)) and 3;(n;) for all systems i < r, and 1(n), the estimate
of system 1, the eigenvalues of the estimated covariance matrix 3;(n;) are checked for all i # 1(n)
to determine if the estimated matrix can be reliably inverted. If the eigenvalues are large enough, as
determined by a pre-specified tolerance, then f)l(n,) is inverted and problem Q is solved by solving
problem K; for all i # 1(n) at each a-step. The subsequent solution & is used as a sampling
distribution to select the next system from which to sample. Sampling continues in this manner
until § new samples are observed, at which time the algorithm updates the estimators.

After updating the estimates (ﬁz(nz), G’Z(nz)) and ZAlz(nZ) for all ¢ < r, if no systems are
estimated feasible or if any eigenvalue is too small and hence an estimated covariance matrix cannot
be inverted, we check if problem @ has been successfully solved before. If not, we set &, to equal
allocation. If problem @ has been successfully solved before, we simply keep sampling using the
previous estimator.

Since the true optimal allocation a* > 0, it follows that the sequential algorithm should sample

from each system infinitely often. To ensure systems with small allocations continue to be sampled,
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Algorithm 5.4 Sequential algorithm for the case in which underlying random variables have
multivariate normal distributions
Require: Number of pilot samples dy > 0; number of samples between allocation vector updates
6 > 0; an eigenvalue tolerance vector € > 0; and a minimum-sample vector € > 0.
1: Initialize: collect dp samples from each system ¢ < r.

2: Initialize: total simulation effort n = rdy, effort for each system n; = dp, and an indicator that
problem Q has not been solved yet, I = 0.

3: Update the estimators (H;(n;), Gs(n;)) and 3;(n;) for all i < r.

4: if no systems are estimated feasible then

5:  go to step 12.

6: else

7. update 1(n), the estimated system 1.

8 For each system i # 1(n), calculate the vector of eigenvalues of 3;(n;), denoted e;.

9: if e; > e for all i < r then

10: Solve problem @ to obtain & . {At each step in problem Q, solve problem K; for all

i #1(n).} Set I =1 to indicate that problem @ has been solved.

11:  else

12: if 1 =0 then

13: Set & = (1/r,1/r,...,1/r).

14: else

15: Set a;, = & (45+)" {If we cannot solve problem Q, use the previous solution. }

16: end if

17 end if

18: end if

19: Collect one sample at each system X,k =1,2,...,6, where the X;’s are iid random variates

with probability mass function & and support {1,2,...,r}. Update nx, =nx, + 1.
20: Set n = n + ¢ and update &, = {n1/n,n2/n,...,n./n}.
21: if &, > € then
22:  Set 6T =0.
23: else
24:  Collect one sample from each system in the set of systems receiving insufficient sample J,,.
25:  Update n; =n; + 1 for all i € J,,. Let 6" = |I,,].
26: end if
27: Set n =n + 6" and go to step 3.

we assume knowledge of an “indifference zone” vector € > 0 such that if the actual proportion of
sample expended at each system in algorithm 5.4, defined as &y, = {n1/n,na/n,...,n,/n}, falls
below €, we sample once from each system receiving insufficient sample. All elements of € should be
“small” relative to 1/r. Therefore the algorithm essentially guarantees that a minimal amount of
sample is spent at each system in the limit.

Algorithm 5.4 provides flexibility in how often the optimal allocation vector is re-estimated

through the algorithm parameter §. The choice of parameter § will depend on the problem,
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particularly how many systems and constraints are in contention, as well as how expensive simulation
execution is. As algorithm 5.4 requires fully sequential and simultaneous observation of the objective

and constraint functions, deviations from these assumptions renders it inapplicable.

5.7 Numerical Results

Given a problem P with a pre-specified number of systems and constraints (see the problem
statement in section 1.2), and a simulation oracle capable of sequentially generating iid replicates of
multivariate normal random variables according to assumptions 1 and 5.3, we can employ algorithm
5.4 to estimate the optimal allocation. Therefore we wish to show the numerical performance of
algorithm 5.4 for a variety of problems with varying numbers of systems and constraints.
Algorithm B.5 (see appendix B.3) was developed to generate random versions of problem P
for a specified number of systems and constraints in the multivariate normal context. Specifically,
given r systems and s constraints, algorithm B.5 generates systems “located” at (h;,g;) with
(s + 1)-by-(s + 1) covariance matrices ¥; for all ¢ < r. The system “locations” and covariance
matrices are used in the simulation oracle to generate iid multivariate normal replicates in steps
1 and 3 of algorithm 5.4. For the numerical experiments, algorithm B.5 generated one hundred
problems Py, k = 1,...,100 of each type (i) 2 systems with 2 constraints, (ii) 5 systems with 2
constraints, (iii) 2 systems with 5 constraints, and (iv) 5 systems with 5 constraints. The shorthand
notation 2 x 2, 5 x 2, 2 x 5, and 5 x 5, respectively, refers to these generated problem scenarios.

Given a sampling algorithm and problem Py, let us define the actual proportion of the total

sampling budget n; expended at each system ¢ =1,2,...,r in problem P} as
_ {m,k N2k Ny g }
An,k = 5 P )
ng ng ng

and the optimality gap in the rate of decay of the P{F'S} of the sampling algorithm for problem P
as z(ag,) — 2(@p,k). Since z(a) is the fixed optimal rate of decay of the P{F'S} for each problem P,
the optimality gap is necessarily positive.

The proposed algorithm 5.4 was used to sample from the one hundred randomly generated
problems of each type 2 x 2, 5 x 2, 2 x 5, and 5 x 5, with pilot samples §y = 2, number of samples
between allocation vector updates § = 20, and eigenvalue tolerance vector € = {€1,¢€9,...,€511} =
{0.01,0.01,...,0.01}. At each sample size ny = {rdg,rd + 1,...,1000}, k = 1,2,...,100, the
optimality gap z(af) — 2(Gun k) Was calculated for the proposed algorithm 5.4. Due to the nature of
algorithm 5.4, z(af) — 2(Gp k) is a random variable for each k =1,2,...,100. The optimality gap

z(ag,) — 2(Gn,k) Was also calculated for sampling with equal allocation. For each k = 1,2,...,100,
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the equal allocation optimality gap is a fixed quantity. Then at each sample size ng, the 90th, 75th,
50th, and 25th percentiles of the distribution of the optimality gaps across problems Pj for the

proposed allocation and equal allocation were calculated. The results of these numerical experiments

are presented in figure 5.1.
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Figure 5.1: The graphs show a comparison between the 90th, 75th, 50th, and 25th percentiles of the
distribution of the optimality gap of the rate of decay of the P{F'S}, (z(a*) — z(&y,)), resulting from
(i) the proposed allocation in algorithm 5.4; and (ii) equal allocation; each calculated across 100
randomly generated 2-system and 2-constraint, 5-system and 2-constraint, 2-system and 5-constraint,
and 5-system and 5-constraint problems, respectively, at sample size values n = rdg, 79+ 1, . .., 1000.

Figure 5.1 shows that, as predicted by theory, the optimality gap of the actual allocation used
in algorithm 5.4 converges to zero as the sampling budget n increases. While the optimality gap of

the proposed algorithm converges to zero, it does not do so since the optimality gaps (z(a*) —z(@w,))
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calculated at each value of n are highly autocorrelated. Also as expected, the optimality gap of
equal allocation remains fixed as the sampling budget n increases.

For problems of each type, 2 x 2, 5 x 2, 2 x 5, and 5 x 5, respectively, the gains in the rate
of decay of the P{FS} of the proposed algorithm over equal allocation across a total sample size
of only n = 1000 are significant. In each problem type, the 90th percentile of problems achieve a
proposed-algorithm optimality gap that is lower than the 75th percentile equal-allocation optimality
gap within a sampling budget of approximately n = 200. However the number of samples required
for the proposed algorithm to reliably perform better than the competing equal-allocation scheme
varies by the number of systems: the more systems, the larger the required number of samples. This
result is intuitive since the more systems in consideration, the larger the required overall sampling
budget to gather information from each system (e.g., two systems require n = 4 for each system to
receive two samples, while ten systems require n = 20 for each system to receive two samples).

This phenomenon is further illustrated in figure 5.2, which displays exactly the same problem
setup as figure 5.1, except for problems containing 10 systems and 10 constraints and with updating
parameter = 100. Figure 5.2 shows that it takes substantially more total sampling budget for the
proposed allocation to reliably outperform equal allocation than for 2-system or 5-system problems,
although the overall optimality gap of the proposed allocation does tend to zero. While figure 5.2
was relatively computationally intense to create, it does demonstrate that we are able to solve

problems of higher dimensions reliably using the proposed algorithm.
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Figure 5.2: The graphs show a comparison between the 90th, 75th, 50th, and 25th percentiles
of the distribution of the optimality gap of the rate of decay of the P{FS}, (z(a*) — z(&n)),
resulting from (i) the proposed allocation in algorithm 5.4; and (ii) equal allocation; each calculated
across 100 randomly generated 10-system and 10-constraint problems at sample size values n =
rdg, 00 + 1,...,700.



Chapter 6
Concluding Remarks

The constrained SO problem on finite sets is an important SO variation about which little is
currently known. Questions surrounding the relationship between sampling and error-probability
decay, sampling rates to ensure optimal convergence to the correct solution, and minimum sample size
rules that probabilistically guarantee attainment of the correct solution remain largely unexplored.
Following recent work by Glynn and Juneja (2004) for the unconstrained SO context and Szechtman
and Yiicesan (2008) for the context of detecting feasibility, we take key steps toward answering
these questions.

In particular, in chapter 3, we fully characterize the rate of decay of the probability of
false selection for the case of general distributions. We use this characterization to derive an
asymptotically optimal sampling framework, which is the solution to a concave maximization
problem. We then develop a sequential algorithm designed to sample from amongst the systems in
the optimal proportions in the limit. No competing algorithm exists for this general distribution
case; our results are the first on optimal sampling allocation in this context.

An important assumption made in chapter 3 is that of limiting independence between the
objective function and constraint estimators for each system. While this assumption is true in
certain contexts, it may be violated in a number of other “real-world” contexts. In contexts in
which the assumption does not hold, the framework presented in this chapter should be seen as
an approximate guide to simulation allocation obtained through the analysis of an imperfect but
tractable model.

To account for the effect of dependence on the optimal allocation, we investigate the optimal
allocation under the assumption that the underlying random variables follow a multivariate normal
distribution (chapters 4 and 5). This work is aimed at guiding sampling in contexts where

dependence between objective and constraint estimators cannot be ignored, and where the underlying
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distributions can be assumed as normal. In chapter 4, for one constraint, we characterize the rate of
decay of the probability of false selection as an explicit function of correlation. We then express
the optimal allocation as the solution to a concave maximization problem that is also an explicit
function of correlation. In chapter 5, for multiple constraints, we characterize the rate of decay of
the probability of false selection and express the asymptotically exact optimal allocation as the
solution to a concave maximization problem in which the constraints are themselves » — 1 convex
minimization problems. We present a fully sequential algorithm based on this optimal allocation
scheme, and demonstrate that it reliably performs better than equal allocation in finite time for
a “small” number of systems and constraints, where the quantifier “small” depends on available
computing resources. Thus we demonstrate that not only are we able to reliably solve for the optimal
allocation, and hence the asymptotically optimal allocation yields “implementable” results, but the
proposed sequential algorithm provides finite-time gains in the rate of decay of the probability of
false selection over naive allocation.

The two models offer an interesting dichotomy in the required assumptions. In the first model
(the general model), no distributional assumptions are required, but the potentially-impractical
assumption of limiting independence between the objective function and constraint estimators holds.
In the second model (the multivariate normal model), the random variables may be correlated, but a
distributional assumption of multivariate normality is required. Thus the selection of an appropriate
model in practice will require a trade-off between correlation and non-normality. The general model
is perhaps most useful when correlation is mild, but the random variates exhibit non-normality.
This model provides the only guidance in the literature for sampling in the context SO on finite
sets with stochastic constraints and general distributions. The multivariate normal model may be
useful when the multivariate normality assumption is “reasonable” or when the correlation is strong.
When the multivariate normal assumption is satisfied, this model provides the only asymptotically
exact allocation that directly accounts for correlation. (While Glynn and Juneja (2004) describe
batching as scaling the rate function and hence not altering the optimal allocation, batching can
alter the optimal allocation if we consider the limit as the batch size tends to infinity, not as the
overall sample size tends to infinity. Thus batching to achieve normality is possible.)

The usefulness of the general model may also rely on knowledge of the distributional family,
since papers such as Broadie et al. (2007) find that naive estimators of the rate functions, typically
computed as the Legendre-Fenchel transform (see, e.g., Dembo and Zeitouni, 1998, p. 26) of the
estimated cumulant generating function, are computationally impractical. Further, Glynn and
Juneja (2011) make the point that for unbounded random variables, the naive estimator of the rate
function is heavy-tailed. This observation implies that the error in estimating the rate function

swamps the gains made by optimizing with respect to sample size. However, given knowledge of the
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distributional family, is the resulting rate function estimator light-tailed? Also, if we assume no
knowledge of the distributional family, can computational complexity be reduced by estimating an
approximation to the rate function, e.g., estimating several terms in the Taylor series expansion
(Rudin, 1976, p. 110) and bounding the resulting error? Preliminary work on deriving a general
expression for the Taylor series expansion of an analytic rate function is provided in appendix D.
Interesting questions to explore in this context include, how many terms of the Taylor series
expansion should be used to estimate the rate function and ensure a reasonable approximation to
the actual optimal allocation? Further, how does this method compare in computational time and
in estimation accuracy with traditional (yet computationally intense) methods of estimating rate
functions — specifically, is the estimator light-tailed?

Numerous other ongoing research topics naturally stem from this work. For example, in the
unconstrained setting, we may derive an indifference zone formulation to answer the question of
how to sample when we are interested in selecting a system within some tolerance value of the
best feasible system. Further, we may move the constrained optimal allocation formulation into an
unconstrained realm by including the constraints in the objective function with weights or penalties
for violation of the constraints. We may also attempt to extend work on optimal allocation in
the unconstrained, heavy-tailed context by Blanchet et al. (2008) to the constrained, heavy-tailed

context.
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A.1 Principle of the Slowest Term

The following proposition appears as the “Principle of the Largest Term” in Ganesh et al. (2004,

lemma 2.1).

Proposition A.1. Let a’,i=1,2,... k, be a finite number of sequences such that 0 < a’, <1 for
all n and lim,_, %log al, = —a', where a® > 0. Let a’ be the slowest converging sequence, that is,
a' = —min; a’, and let al > 0 for all n. Then,

lim flogZa —max<hm —logay, > = —mina’.
n—o0 N n—oo n A

Proof. First,

k
.1
nh_}n(}oﬁlogZa hm log(al <1—|—Z ))— hmfloga + hm log(l—i—z )
i=1 i>1 i>1
Since lim, o L logal, = —a’, for all € > 0, there exists an N;(e) such that for all n > N;(e), we
have |1 logal, + a’| < e. Then af, € (e*”(ai“), e*”(“i*)).
Let € > 0 and n > max {k, max;{N;(¢)}, max;{(—loge)/(a’ — a' — 2¢)} }. Then,

1 al
‘n%(+§%ﬁ

i>1

n(a _6) 1 —n(a*—al—2¢
10g<1+z_na+e)>‘:‘n10g<l+ze ( )>‘

i>1 i>1

1
< Elog (1 + Ze)
i>1

A.2 Limit of the Maximum Equals Maximum of the Limits

1
< ‘log(1+ke)
n

1
< |—(ke)| <
< |20 <

Proposition A.2. Let a’,i=1,2,... k, be a finite number of sequences such that 0 < a’, <1 for
all n and lim,_, %log al, = a*, where a® < 0. Let al be the slowest converging sequence, that is,

a' = max;{a’}. Then,

li l1 = i 11 ‘
masc |l 7 log ) = fim 7 log { maxa

Proof. By the principle of the largest term, the lower bound is

1
max(hm —logay, > = hm —logz > lim —logmaxa .

9 n—oo n T n—oon



Susan R. Hunter Appendix A. Useful Results 104

Now the upper bound is given by

k
1 ; 1 ; 1 1
max < lim logaﬁl) = lim —log E a, < lim —log <k: maxa?) = lim —logmaxa;. O
n—oo n (2 3

i n—00 1 — n—oo N n—00 1,
1=
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B.1 Proof of Theorem 3.5

The rate function for P{FSy} is the rate function for the probability that system 1 is estimated
feasible, but another estimated-feasible system has a better estimated objective value. Since the
estimated set of feasible systems I may contain worse feasible systems (i € I'), better infeasible
systems (i € 8p), and worse infeasible systems (i € 8,,), in lemma B.1 we strategically consider the
rate functions for the probability that system 1 is beaten by a system in T NI, T N &y, or I N §,,
separately. Lemmas B.3 — B.5 provide specific statements of these three rate functions over the
sets I, 8y, and 8, respectively. Lemma B.2 provides a useful bookkeeping-type result that is the
starting point for lemmas B.3 — B.5.

Assuming for now that the required limits exist, lemma B.1 states that the rate function of
P{FS5} is determined by the slowest-converging probability that system 1 will be “beaten” by an

estimated-feasible system from I', 8, or 8.

Lemma B.1. The rate function for P {FSa} is given by the minimum rate function of the probability
that system 1 is beaten by an estimated-feasible system that is (i) feasible and worse, (ii) infeasible

and better, or (iii) infeasible and worse. That is,

n—o0

o1 . 1 . X
— lim . log P{F'S3} = min < nh_}ngo . log P{U;cr~rH1 > H;},
1 - . 1 . .
— lim —log P{U;cpng, H1 > H;}, — ILm Elog P{U;cprs, H1 > HZ}> . (B.1)

n—oo N

Proof. From equation (3.3), the probability that system 1 is beaten by another estimated-feasible

system can be written as
P{Ujer Hi > Hi} = P{(Uerrr B = Hi) U (Uierns, B > Hi) U (Uierns, Hi > i)}
We have

1 N N N A N N
~ log (max (P{Uerr B > Hi}, P{Uscrrs, B = Hi}, P{Userns, By > Hi}))

n
1 . A
< —log P{U;erH1 > Hi}
n

IN

1 N R . . . .
Elog (P{Uiefmrﬂl > H} + P{U;cpng, H1 > Hi} + P{U;cpngs, H1 > Hi}> .

Assuming the relevant limits exist, the conclusion is reached by noting that the limit of the left-
hand and right-hand sides are equivalent by proposition A.2 and the principle of the slowest term,

respectively. O
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Next, we will individually consider each of the terms on the right-hand side of equation (B.1),
and establish their respective limits. However before proceeding to these results, we first present
the following lemma which is a preliminary step for the proofs that follow. Lemma B.2 uses the law
of total probability to further separate the events involved in system 1 being “beaten” by another

estimated-feasible system.
Lemma B.2. For sets of systems 8 € {I", 8,8, } and C C 8§,

P{U;crns H1 > Hi}

~ A~

=> P{(Uiecfh > Hi) N (Niec Njeey, Gij < 77) N (Niec Njeey Gig < 75) N (Nies\o Y Gij > ’YJ)}-
N—————
C

-~

1 beaten by all systems in C all systems in C all systems in 8\C
system(s) in C declared feasible on declared feasible on all  declared infeasible
all feasible constraints  infeasible constraints on at least one
constraint

Proof. By the law of total probability, for some set of systems C' C 8,

P{Uierrs H1 2 Hi} = Y P{(UierrsH1 = Hi) N (I N8 = C)}

C
=Y P{(UiccH1 > H)N(T NS =C)} =Y P{(UiccH1 > H)) Nico (i €T) Nieg\c (0 ¢ T)}
C c
=Y P{(UiecH1 = Hi) N (Niec (Njeer, Gij < 7 Njeei Gij <75)) N (Nies\o Vj Gig > 1)} O

C

Let us now consider the rate function of the probability that system 1 is “beaten” by a worse
estimated-feasible system from I'. Since I is equivalent to I' in the limit, and we are considering
only the probability that system 1 is beaten by another truly feasible system, we expect that the
rate function will be the same as in the unconstrained case presented by Glynn and Juneja (2004).
Also, since system 1 can be beaten by any system in I' N I", we intuitively expect the rate function
to be the minimum rate function across all systems in I', corresponding to the system that is “best”

at crossing the optimality hurdle. Lemma B.3 states that this is indeed the case.

Lemma B.3. The rate function for the probability that system 1 is estimated feasible and has a

worse estimated objective value than an estimated-feasible system from T' (feasible and worse) is

1 N .
— lim —log P{U;cfqr H1 > H;} = min (inf(alfl (x) + ailz-(a:))) .

n—oo N, el

Proof. From lemma B.2, let § = I and therefore C' C I'. Then
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P{Uiefmr ﬁl > I:Iz}

=Y P{(UiccH1 > Hy) N (Mico Njees, Gij < 73) N (Nice Njeer Gij < 75) N (Nierve Uy G > 75)}
C

We derive a lower bound bound by letting C' = I' and noticing that all constraints are feasible for
all ¢ € I'. Then

P{Uicrnr Hy > H;} > P{(Uier H1 > H;) N (Njer nj GU <)}

> %%XP{( > H;) N (Nier N Gij < vj)}-

We derive an upper bound by noting that,
P{Usernpr fh > Hi} < P{Uier B > H} < |0 max P{H > H;}. (B.2)

Then

max P{(F > H;) N (Qier 0 Gij < 75)} < P{Ujerar H1 > Hi} < |V max P{HL > H;}.
By proposition A.2 and the assumptions regarding independence (assumptions 1 and 3.1), the rate

function for the lower bound is,

lim —logmaXP{(Hl > H) (Nier Ny Gij <)}

n—oo N

= - > < — >
Ilné%xnh_)rgonlogP{(Hl H;) N (Nier Ny GU i)} = r?earxgugo logP{H1 H;}.

pr —0 pr —1

Likewise applying proposition A.2 to the upper bound in the right-hand side of equation (B.2),
we find that the rate function for the upper bound is equivalent to the rate function for the lower
bound. By Glynn and Juneja (2004),

1
— lim —log P{H, > H;} = inf(onI1(z) 4+ a;li(z)),

n—00 7,

and hence the conclusion follows. O

We now consider the rate function of the probability that system 1 has a worse estimated
objective value than an estimated-feasible system from 8§, (infeasible but better). Since the only

hurdle to an infeasible, better system being falsely selected as the best system is feasibility, the only
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terms that appear in the rate function in the prior lemma are with regard to feasibility.

Lemma B.4. The rate function for the probability that system 1 is estimated feasible and has a

worse estimated objective value than an estimated-feasible system from 8 (infeasible and better) is

.1 - 5 .
jeei
Proof. From lemma B.2, let § = §; and therefore C' C §;. An upper bound is given by
P{Uiefmsb Hy > Hz}

A~ A~ ~

=Y P{(UiecH1 2 H;) N (Niec Njeer, Gij < 75) N (Niec Njeer Gig < 13) N (Nies,\o Uj Gij > 75)}

C
(B.3)
. . |8b‘ |8b‘ .
< Zp{miec Njees Gij < v} < Z%%(P{ﬂjeegGij <} < Z < J ) ?éaslfp{mjeegGij <75}
C C d=1
s .
< 2| bl %%Z(P{mjeei]Gij < ’Yj}.
Therefore the rate function for the upper bound is
lim 1 P Gii < B.4
M 108 T P ey G = 25 (B4

Let k* = arg max;es, P{ﬂjeegéij < ~;}. A lower bound may be found by letting k* be the only

element in C. Continuing from equation (B.3), the lower bound is given by,

> P{UiecHy = Hi) N (Niec Njeei, Gij <) N (Niee Njee; Gig < 75) N (Nies,\e Ui Gig > 7))}
c

> P{(H1 > Hy+) N (Neey G < 77) N (Meey Gy < 75) N (Nigsy\ ey U5 Gig > 7))

Under the assumptions regarding independence (assumptions 1 and 3.1), for the lower bound,

1 S . i .
Jim —log PA(HL 2 Hi-) N (Njeerr Grej < %) N (Njeer Grrj < 75) N (Nies\ (k) Ui Gig > 75)}

pr —1 pr —0 pr —1

.1 A .1 .
= lim —logP{ﬁjeellg* G+ <7} = lim —log IZIéSSLz( P{mjeegGij <},

n—oo n n—oo n

which is the rate function for the probability that system k* is falsely estimated as feasible on all

constraints for which it is truly infeasible. This rate function is equivalent to the rate function for the
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upper bound in equation (B.4). By proposition A.2 and the assumptions regarding independence,

the rate function for the upper and lower bounds is,

1 1
nl;rglo - logmaxP{ﬂjeez Gij <} = max Z hm = log P{Gi; <7} = —mlnozZ Z Jii(74),
JEC]

and the conclusion follows. OJ

Finally, consider the rate function for the probability that system 1 has a worse estimated
objective value than an estimated-feasible system from §,, (infeasible and worse). To be falsely
classified as the best feasible system, systems in 8,, must be falsely estimated as optimal and falsely
estimated as feasible on all constraints for which they are truly infeasible. There are two hurdles for
a system in §,, to be declared the best feasible system: optimality and feasibility. Thus the overall
rate function for systems in 8, is determined by the system that is the best at “pretending” to be

optimal and feasible. Lemma B.5 states this result formally.

Lemma B.5. The rate function for the probability that system 1 is estimated feasible and has a

worse estimated objective value than an estimated-feasible system from 8, (infeasible and worse) is

— hm ElogP{Ulems Hy > H; } = nggg(lnf(alh( )+ aili(x)) + Z@ Jij (7 >
JEC]

Proof. From lemma B.2, let § = §,, and therefore C' C §,,. An upper bound is given by

P{Uiefmswﬁl > ﬁz}

=Y P{(UiecH1 = Hi) N (Niec Njeey, Gij < 75) N (Niee Nieey Gij < 77) N (Nies, o Yy Gig > )}
C
(B.5)

< ZP{ (UiecHy > H;) N (Niec Njee: Gij <)} <) P{Uiec(Hy > HiN (ﬂjeegéz’j <))}
c

< Z |Clmax P{( (Hi = Hi) N (Njee; Gig < 7))
|S |

5. R X .
< Z (' |> |8w|?€1§micp{(H1 > Hi) N (Njee; Gij < 75)}

~

< 2|8wl|sw| ?elgxP{(ﬁl > H;) N (Njees Gij < 77)}-
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Therefore the rate function for the upper bound is

1 . - R
lim —logmax P{(H; > H;)N (ﬂjeegaij <)} (B.6)

n—0o0 N 1€8y

Let k* = arg max;ecs, P{(H; > H;) N (mjeegéij <;)}. A lower bound is found by letting k* be

the only element in C. Continuing from equation (B.5),

~

Y P{UiccHi > Hi) N (Nice Njees, Gij <) N (Nice Njeer Gig < 75) N (Nies,\e U Gig > 7))
c
> P{(H1 = Hy+) N (N cerr Gy < 75) N (Njeer G < 75) N (Nies,\ (e} Us Gig > 5)}-

Under the assumptions regarding independence (assumptions 1 and 3.1),

1 S i i i
Jim = log P{(H1 > Hi) N (Njeerr Grej < 73) N (Njeer Girej < 75) N (Niesu\iwey Us Gig > 75)}

2

pr —0 pr —1 pr —0 pr —1

1 o )
= lim —log P{(H; > Hk*)ﬁ(mjeek*Gk*j < ’)’j)}
— !

n—o0 N

pr —0 pr —o0

1 - - A
= lim —logmax P{(Hy 2 Hi) N (Njee; Gij < 75)
which is the rate function for the probability that system k* is falsely estimated as optimal and
feasible on all constraints for which it is truly infeasible. This rate function is equivalent to the rate
function for the upper bound in equation (B.6). By proposition A.2 and the assumptions regarding

independence, the rate function for the upper and lower bounds is,
o1 . . .
dim —logmax P{(H > Hi) N (Njee; Gij < 75)}

1 o .
= max lim —logP{(Hl > Hz) N (mjeegGij < ’yj)}

1€8yw N0 N

) 1 - ; 1 A
= max lim <nlogP{H1 > H;} + Z EIOgP{Gz‘j < ’Yj}>

1E8y M—00 —
JEeCy

Applying previous results, the conclusion follows. ]

Proof of Theorem 3.5. Theorem 3.5 follows by substituting the results from lemmas B.3-B.5 into

the result presented in lemma B.1. ]
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B.2 Alternate Proof of Proposition 4.4

We provide the following alternate, algebraic proof for proposition 4.4. Loosely speaking, proposi-
tion 4.4 states that if p; < 0 in the formulation of the bivariate normal case presented in section
4.3.1, then the sets I',(p, &) and 8, (p, &) are empty. This result implies that when p; < 0, p; does

not affect the rate function of any system.

Proof of proposition 4.4. Case I',(p, ). Recall the following definition of I';(p, a):

Ly(p, o) = {Z hi > hi + proy, b -g) - (o1, /) (hi —h1) <g1 <7
1 Ogy Ohy (U%l/al)—l-(a}zli/ai) =
2
99: (o, /) < (v —91)
gi < v+ pi gt ’ hi — (h1 + p1on .
71, (L= P)7 fa) + @ Jay o)

Suppose that I'y(p, «) is nonempty and p; < 0. From the condition on g;, it must be the case that

h; — h1 < 0. Now let us consider the conditions on h; and g; together, writing them as

2
on, (Y —91) o, (v—q1) og, (o, /1)
>1 and —= .
P —hi) o, (hi—h) og ~ Vow (07, ) + (07, Jou)

(B.7)

Multiplying the right-hand inequality in equation (B.7) by p; on both sides and combining the

statements yields

2 (O-f2n /al) Oh, (7 - gl)
PL02 Jar) + (02 Ja) ~ P hi— 1) oy,

> 1. (B.8)

However now we have a contradiction, since the left-hand side of equation (B.8) must be less than
one.
Case 8y u(p, ). The proof of the 8,,,(p, a) case proceeds in an similar way to the proof of

I'u(p, ). Recall the following definition of 8, ,(p, @):

Swulp, ) = {2 : hi — piop, 9 =) > hy + pthlwa
gi Og;
2
Ty, (o7, /1) < (9: =) )
RAmE iy hi — pion, —h) <g <7,
om (02 Jan) + (1= 207 Jan) \{ o)
2
oy, T,/ < (vy—q) > }
9%>’Y+Pz . hz— h1+p10—h7 .
o (0= )2 jar) + (@ fay (1~ )

Suppose that 8, (p, ) is nonempty and p; < 0. From the condition on g, it must be the case that
((hi — piahi(g;i;w) - hl) < 0. Now let us consider the conditions on h; and g1 together, writing
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them as
N on, r—9) (B.9)
((hi - PiUhi%) - hl) o0
and
Oh, (v—g1) _ p (oh, /1) (B.10)

1 .
(= pon =) — ) om (02, Jar) + (1= p2)o?, Jau)

Multiplying both sides of equation (B.10) by p; and combining the resulting inequality with the

inequality in equation (B.9),

2
) (07, /) Oh,y (v —g1)
P > p1 > 1. (B.11)
Yo, o) + (1 = p)ot i) ((hz — pioy, Wi hl) Tg,
G'gi

Now there is a contradiction, since the left-hand side of equation (B.11) must be less than one. [

B.3 Algorithm for Creating Random Multivariate Normal Prob-
lems (Problems P)

The following algorithm is used to create random instances of multivariate normal problems P (see

the problem statement in section 1.2). This algorithm is referenced in section 5.7.



Susan R. Hunter Appendix B. Items Omitted in the Main Text 114

Algorithm B.5 Algorithm that generates a random Problem P in the multivariate normal context

Require: Number of systems numsys > 0; Number of constraints numcon > 0.

1:
2:
3:

4
5:
6

Xt

8:

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

26:
27:
28:
29:
30:
31:
32:
33:

Initialize: the constraint values ; = 0 for all j < s; set the tolerance value tolerance = 0.05.
for i = 1 to numsys do
Generate the objective value h; as a uniformly distributed random variate in [—3, 3]
for j = 1 to numcon do
if i <= ceiling(numsys/3) then
Generate the constraint value g;; as a uniformly distributed random variate in [—3, 0].
{Put approximately the first one-third of systems in the feasible set.}
else
Generate the constraint value g;; as a uniformly distributed random variate in [—3, —3].
end if
if |gij — 4| < tolerance then
Go to step 5 {If the system is too close to the constraint, move it.}
end if
end for
end for
Find the location of system 1.
for i = 1 to numsys do
while system i is not system 1 and |h; — hi| < tolerance do
Generate a new h; value as a uniformly distributed random variate in [—3, 3].
end while
if system i is feasible and h; < h; then
Go to step 15. {The location of system 1 has changed.}
end if
end for
for i = 1 to numsys do
Create a (numcon + 1)-by-(numcon + 1) matrix X with all entries generated as uniformly
distributed random variates in [—1,1].
Calculate X7 X. {The matrix X7 X is at least positive semi-definite, if not positive definite.}
Calculate the eigenvalues of X7 X.
if any eigenvalue of X7 X < tolerance then
Go to step 25.
else
Assign X7 X as the covariance matrix for system 4.
end if
end for
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C.1 Mathematica Code for Symbolic Solution of Bivariate Normal

Rate Functions, First Formulation

In[1]:= Clear[” ‘x”]; (x Clear[” ‘«”] clears all input variables x)

Sigl = {{sh1°2,plxshlxsgl} {pl*«shlxsgl, sgl "2}};

Sigi = {{shi"2,pixshixsgi},{pi*shixsgi,6sgi”2}} ;

xlyl = Transpose[{{x1,yl}}]; xiyi = Transpose[{{xi,yi}}

hlgl = Transpose[{{hl,gl}}]; higi = Transpose[{{hi,gi}}];

K[xlylv_,xiyiv_]:=(al/2)«Transpose|[(xlylv—hlgl)].Inverse[Sigl].(xlylv—
hlgl)+(ai/2)*Transpose|( xiyiv—higi)].Inverse[Sigi]|.(xiyiv—higi);

L[]:=K[x1lyl, xiyi]+lamx«(xi—x1)+lamyl*(yl—gam)+lamyi*(yi—gam) ;

gradL = {{Part|[Simplify [D[L[] ,x1]],1,1]},{Part[Simplify [D[L[], xi
11,1,1]} ,{Part[Simplify [D[L[] ,y1]],1,1]},{Part[Simplify [D[L[], yi
11,1,1]}}//MatrixForm

Simplify [Solve [{D[L[] ,x1]==0},{lamx }]]

lamxle=lamx/.% ; (xget expression for solutionx)

Simplify [Solve [{D[L[] , xi]==0},{lamx }]]

lamxie=lamx/.%;

Simplify [Solve [{D[L[] ,y1]==0},{lamyl }]]

lamyle = lamyl/.%;

Simplify [Solve [{D[L[] , yi]==0},{lamyi }]]

lamyie = lamyi/.%;

Simplify [ Solve [{ lamxle==lamxie } ,{x1 }]]

xle=x1/.%;

lamxleFn|[x1_,yl1_]:=(al (hl sgl—gl pl shl—sgl x14pl shl y1))/((—1+pl~2)
sgl sh1°2);

lamxieFn [xi_ ,yi-]:=(ai (—hi sgi+gi pi shi+sgi xi—pi shi yi))/((—1+pi~2)
sgi shi"2);

lamyleFn[x1_,yl_]:=(al (hl pl sgl—gl shl—pl sgl xl+shl y1))/((=1+pl~2)
sgl”2 shl);

lamyieFn [xi_,yi_]:= (ai (hi pi sgi—gi shi—pi sgi xi+shi yi))/((=1+pi~2)
sgi”2 shi);

Out[8]//MatrixForm= (
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(=lamx (—14pl1°2) sgl shl"2+al (hl sgl—gl pl shl—-sgl xl+pl shl yl))
/((=1+pl1°2) sgl shl"2)

(lamx (—1+4pi“2) sgi shi"2+ai (hi sgi—gi pi shi—sgi xi+pi shi yi))/((—1+
pi“2) sgi shi"2)

(lamyl (—14pl1°2) sgl”2 shl+al (—hl pl sgl+gl shl4pl sgl x1—shl yl))
/((=14pl1°2) sgl”2 shl)

(lamyi (—14pi“2) sgi"2 shi+ai (—hi pi sgi+gi shi+pi sgi xi—shi yi))
/((=1+pi~2) sgi”2 shi)

)

Out[9]= {{lamx—>(al (hl sgl—gl pl shl-sgl xl+pl shl yl1))/((—1+pl~2) sgl
sh1°2)}}

Out[11]= {{lamx—>(ai (—hi sgi+gi pi shi+sgi xi—pi shi yi))/((—=1+pi~2)
sgi shi“2)}}

Out[13]= {{lamyl—>(al (hl pl sgl—gl shl—pl sgl xl+shl y1))/((—1+pl~2)
sgl”2 shl)}}

Out[15]= {{lamyi—>(ai (hi pi sgi—gi shi—pi sgi xi+shi yi))/((—1+pi”2)
sgi“2 shi)}}

Out[17]= {{x1-—>(al (—14pi~"2) sgi shi"2 (hl sgl+pl shl (—gl+yl))+ai (—1+
pl~2) sgl sh1°2 (hi sgi—gi pi shi—sgi xi+pi shi yi))/(al (—1+pi~2)
sgl sgi shi"2)}}

In[23]:= (¥ ——— SOLVE FOR VARIOUS CASES ———— %)

(x* CONDITIONS : INFEASIBLE )

lam000=Simplify [ Solve [{ lamxle==0,lamxie==0,lamyle==0,lamyie==0},{x1, xi,
yl,yi}]]

xlylans=Transpose[{x1,yl}/.1lam000]; xiyians=Transpose[{xi,yi}/.lam000];

Part [K[xlylans, xiyians],1,1 | (*xGIVES RATE FUNCTIONx )

xlans=Part[x1/.1am000,1]; xians = Part[xi/.lam000,1];

ylans = Part[yl/.lam000,1]; yians = Part[yi/.lam000,1];

GamCond = Reduce|[{ xians<=xlans,ylans<=gam, yians<=gam,hl<hi, gl<gam, gi<
gam,0<al<1l,0<ai<l1,al+ai<1,shl>0,shi>0,sgl >0,sgi>0,—1<pl<l,—1<pi<1},{
hl, gl,gi} |

SbSwCond = Reduce[{ xians<=xlans ,ylans<=gam, yians<=gam, gl<gam, gi>gam,0<
al<l,0<ai<l,al+ai<1,shl>0,shi>0,sgl>0,sgi>0,—1<pl<l,—1<pi<1},{hl,gl,

gi} |
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Out[23]= {{x1—>hl,xi—>hi,yl-—>gl,yi—>gi}}
Out[25]= 0

Out[28]= False

Out[29]= False

In[30]:= (¥ — S_b(\r ho) —— x)

Clear [xlylans, xiyians ,xlans,ylans, xians ,yians ,x1,xi,yl,yi,hl,gl hi,gi]

lam001=Simplify [ Solve [{lamxle==0,lamxie==0,lamyle==0,yi=—gam} ,{x1,xi,yl
,yiH]

xlylans=Transpose[{x1,yl}/.lam001]; xiyians=Transpose[{xi,yi}/.lam001];

Part [ Simplify [K[xlylans, xiyians|],1,1]

xlans=Part [x1/.lam001 ,1]; xians = Part[xi/.lam001,1];

ylans = Part[yl/.lam001,1]; yians = Part[yi/.lam001,61];

lambdayi = Simplify [lamyieFn [xians , yians]]

Out[31]= {{x1—>hl,xi—>(hi sgi+(gam—gi) pi shi)/sgi,yl-—>gl,yi—>gam}}
Out[33]= (ai (gam—gi) 2)/(2 sgi"2)

Out[36]= (ai (—gamtgi))/sgi"2

In[37]:= («+CONDITIONS: INFEASIBLE )

Clear [xlylans, xiyians ,xlans,ylans,xians,yians ,x1,xi,yl,yi,hl,gl, hi,gi,
lambdayi |

lam010=Simplify [ Solve [{lamxle==0,lamxie==0,yl=—gam, lamyie==0},{x1, xi ,yl
,yi}t]]

xlylans=Transpose[{x1,yl}/.1lam010]; xiyians=Transpose[{xi,yi}/.lam010];

Part [ Simplify [K[xlylans, xiyians]],1,1]

xlans=Part[x1/.lam010,1]; xians = Part[xi/.lam010,1];

ylans = Part|[yl/.lam010,1]; yians = Part[yi/.lam010,1];

lambdayl = Simplify [lamyleFn[xlans,ylans]];

GamCond = Simplify [Reduce[{ xians<=xlans ,lambdayl >0,yians<=gam,hl<hi,gl<
gam , gi<gam,0<al<1,0<ai<l,al4ai<1l,shl>0,shi>0,sgl>0,sgi>0,—1<pl<l,—1<
pi<l1},{hl gl gi} ]]

SbSwCond = Simplify [Reduce[{ xians<=xlans ,lambdayl >0,yians<=gam, gl<gam,
gi>gam,0<al<1,0<ai<1l,al4+ai<1,shl1>0,shi>0,sgl>0,sgi>0,—1<pl<l,—1<pi
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<1},{hl,gl,gi} ]]

Out[38]= {{x1—>(hl sgl+(—gl+gam) pl shl)/sgl,xi—>hi,yl-—>gam,yi—>gi}}
Out[40]= (al (gl—gam)"2)/(2 sgl"2)

Out[44]= False

Out[45]= False

In[46]:= (xCONDITIONS: INFEASIBLE x)

Clear [xlylans, xiyians ,xlans,ylans,xians ,yians ,x1,xi,yl,yi,hl,gl, hi,gi,
lambday1 |

lam011=Simplify [ Solve [{lamxle==0,lamxie==0,yl=—gam, yi=—gam } ,{x1,xi ,y1,
yi}]]

xlylans=Transpose[{xl,yl}/.lam011]; xiyians=Transpose[{xi,yi}/.lam011];

Part [ Simplify [K[xlylans, xiyians|],1,1]

xlans=Part[x1/.lam011 ,1]; xians = Part[xi/.lam011,1];

ylans = Part|[yl/.lam011,1]; yians = Part[yi/.lam011,61];

lambdayl = Simplify [lamyleFn[xlans,ylans|]; lambdayi = Simplify |
lamyieFn [xians , yians]];

GamCond = Simplify [Reduce[{ xians<=xlans ,lambdayl >0,lambdayi >0, hl<hi, gl
<gam, gi<gam,0<al<1,0<ai<1,al+ai<1,shl1>0,shi>0,sgl>0,sgi>0,—1<pl
<l,—1<pi<1l},{hl,gl,gi} ]]

SbSwCond = Simplify [Reduce[{ xians<=xlans ,lambdayl>0,lambdayi >0,gl<gam,
gi>gam,0<al<1,0<ai<1l,al4+ai<1,shl1>0,shi>0,sgl>0,sgi>0,—1<pl<l,—1<pi
<1},{hl,gl,gi} ]]

Out[47]= {{x1->(hl sgl+(—gl+gam) pl shl)/sgl,xi—>(hi sgi+(gam—gi) pi
shi)/sgi,yl-—>gam, yi—>gam}}

Out[49]= (ai (gam—gi) "2 sgl™2+al (gl-gam) 2 sgi”2)/(2 sgl 2 sgi’2)

Out 53]

Out[54]= False

False

In[55]:= (¥ ——— Gamma.\ ell —— x)
Clear [xlylans, xiyians ,xlans,ylans,xians ,yians ,x1,xi,yl,yi,hl,gl, hi,gi,

lambdayi ,lambday1]
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lam100=Simplify [ Solve [{ xle=—xi ,x1=—xi ,lamyle==0,lamyie==0},{x1,xi,yl, yi
HI

xlylans=Transpose[{x1,yl}/.lam100]; xiyians=Transpose[{xi,yi}/.lam100];

Part [ Simplify [K[xlylans, xiyians]],1,1]

xlans=Part[x1/.lam100,1]; xians = Part[xi/.lam100,1];

ylans = Part|[yl/.lam100,1]; yians = Part|[yi/.lam100,1] ;

lambdax = Simplify [lamxleFn[xlans,ylans]]

Out[56]= {{x1—>(ai hi sh1"2+al hl shi"2)/(ai shl"24+al shi"2),xi—>(ai hi
sh1°2+al hl shi“2)/(ai shl1"2+al shi"2),yl—>(ai shl (—=hl pl sgl+hi
pl sgl+gl shl)+al gl shi“2)/(ai shl"2+al shi"2),yi—>(ai gi shl"2+al
shi (hl pi sgi—hi pi sgi+gi shi))/(ai shl"2+al shi“2)}}

Out[58]= (al ai (hl-hi)"2)/(2 (ai shl"2+al shi“2))

Out[61]= (al ai (—hl+hi))/(ai shl"2+al shi"2)

In[62]:= (* —— Gammau —— x*)

Clear [xlylans, xiyians ,xlans,ylans,xians,yians ,xl,xi,yl,yi,hl,gl, hi,gi,
lambdax , lambdayi]

lam110=Simplify [ Solve [{ xle=—xi , x1=—xi , yl=gam, lamyie==0},{x1,xi,yl, yi
1]

xlylans=Transpose[{x1,yl}/.lam110]; xiyians=Transpose[{xi,yi}/.lam110];

Collect [Part [Simplify [K[x1lylans, xiyians]],1,1],gl—gam]

xlans=Part[x1/.lam110,1]; xians = Part[xi/.lam110,1];

ylans = Part[yl/.lam110,1]; yians = Part[yi/.lam110,1];

lambdax = Simplify [lamxleFn[xlans,ylans]]

lambdayl = Simplify [lamyleFn[xlans, ylans]]

Out[63]= {{x1—>(ai hi (—-14+pl1°2) sgl shl1°2—al (hl sgl+(—gl4+gam) pl shl)
shi“2)/(sgl (ai (—1+pl°2) shl1"2—al shi"2)),xi—>(ai hi (—14+pl°2) sgl
sh1"2—al (hl sgl+(—gl+gam) pl shl) shi"2)/(sgl (ai (—=14pl°2) shl 2—
al shi“2)),yl-—>gam,yi—>(ai gi (—14+pl~°2) sgl shl1"2—al shi (hl pi sgl
sgi—hi pi sgl sgi—gl pl pi sgi shl+gam pl pi sgi shl4+gi sgl shi))/(
sgl (ai (—14pl°2) shl"2—al shi"2))}}

Out[65]= —((al (ai hl1"2 sgl1"2—2 ai hl hi sgl"24+ai hi"2 sgl”2))/(2 sgl”2
(ai (=14pl1°2) shl"2—al shi"2)))—(al (gl—gam) (—2 ai hl pl sgl shl+42
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ai hi pl sgl shl))/(2 sgl”2 (ai (—1+4pl1~°2) shl"2—al shi"2))—(al (gl—
gam) "2 (ai shl"2+al shi“2))/(2 sgl"2 (ai (—14pl~°2) shl"2—al shi"2))
Out[68]= (al ai (hl sgl—hi sgl4+(—gl4+gam) pl shl))/(sgl (ai (—14+pl~2)
sh1"2—al shi“2))
Out[69]= —((al (ai shl (—hl pl sgl+hi pl sgl+gl shl—gam shl)+al (gl—gam
) shi“2))/(sgl"2 (ai (—14pl1°2) shl"2—al shi"2)))

In[70]:= (* —— S_w,\ ell ——x)

Clear [xlylans, xiyians ,xlans,ylans,xians ,yians ,x1,xi,yl,yi,hl,gl, hi,gi,
lambdax |

lam101=Simplify [ Solve [{ xle=—xi ,x1=xi,lamyle==0,yi=—gam} ,{x1,xi,yl, yi
HI

xlylans=Transpose[{xl,yl}/.lam101]|; xiyians=Transpose[{xi,yi}/.lam101];

Collect [Part [Simplify [K[x1lylans, xiyians]],1,1],gam—gi |

xlans=Part[x1/.lam101 ,1]; xians = Part[xi/.lam101,1];

ylans = Part|[yl/.lam101,1] ;yians = Part[yi/.lam101,1];

lambdax = Simplify [lamxleFn[xlans,ylans]]

lambdayi = Simplify [lamyieFn [xians , yians|]

Out[71]= {{x1—>(—al hl (—=1+pi”"2) sgi shi"24+ai sh1"2 (hi sgi+(gam—gi) pi
shi))/(sgi (ai shl"2—al (—1+pi~“2) shi"2)),xi—>(—al hl (—1+pi“2) sgi
shi“2+ai sh1°2 (hi sgi+(gam—gi) pi shi))/(sgi (ai shl"2—al (—1+pi
"2) shi"2)),yl—>(—-al gl (—1+pi“2) sgi shi"2+ai shl (—=hl pl sgl sgi+
hi pl sgl sgi+gl sgi shl4gam pl pi sgl shi—gi pl pi sgl shi))/(sgi (
ai shl1"2—al (—1+4pi~“2) shi"2)),yi—>gam}}

Out[73]= (ai (al h1°2 sgi“2—2 al hl hi sgi"2+al hi"2 sgi“2))/(2 sgi"2 (
ai shl1"2—al (—1+4pi~“2) shi“2))+(ai (gam—gi) (-2 al hl pi sgi shi+2 al
hi pi sgi shi))/(2 sgi"2 (ai shl"2—al (—14+pi~“2) shi"2))+(ai (gam—gi
)"2 (ai shl"24+al shi"2))/(2 sgi"2 (ai shl"2—al (—1+pi~“2) shi“2))

[

Out[76]= —((al ai (hl sgi—hi sgi+(—gamtgi) pi shi))/(sgi (ai shl"2-al
(=1+pi“2) shi“2)))

Out[77]= —((ai (ai (gam—gi) shl"24+al shi (—hl pi sgit+hi pi sgi+gam shi—
gi shi)))/(sgi"2 (ai shl"2—al (—1+4pi~2) shi"2)))

In[78]:= (¥ —— S_wy —— %)



Susan R. Hunter Appendix C. Source Code 122

Clear [xlylans, xiyians ,xlans,ylans,xians ,yians ,x1,xi,yl,yi,hl,gl, hi,gi,
lambdax ,lambday1 |

lam111=Simplify [ Solve [{ xle=—xi ,x1=xi , yl=—gam, yi=—gam } ,{x1,xi,yl, yi }]]

xlylans=Transpose[{xl,yl}/.lam111]; xiyians=Transpose[{xi,yi}/.lam111];

Collect [Part [Simplify [K[xlylans , xiyians]],1,1],gam—gi|;

KSim = Collect[%,gl—gam | ;

Kmod = ((hi—h1l)"2 —(2*pl*shl«*(hi—hl)x*(gam—gl)/sgl) —(2*pi*shi*(hi—hl)x(
gi — gam) /sgi)+al((gam—gl) "2/sgl "2)x(shl1°2/al + (1—pi“2)xshi”2/ai)
+ 2xplspixshlxshix((gam—gl)/sgl)*((gi—gam)/sgi)+aix((gi—gam) 2/sgi
“2)x((1—pl~2)xshl"2/al+shi"2/ai) )/(2x((1—pl~2)*shl"2/al+(1—pi~2)=x
shi“2/ai))

If [Simplify [KSim —Kmod]|==0, True, False]

xlans=Part[x1/.lam111 ,1]; xians = Part[xi/.lam111,1];

ylans = Part|[yl/.lam111,1]; yians = Part[yi/.lam111,61];

lambdax = Simplify [lamxleFn[xlans, ylans]]

lambdayl = Simplify [lamyleFn[xlans, ylans]]

lambdayi = Simplify [lamyieFn [xians ,yians]]

Out[79]= {{x1-—>(al (—1+4pi~"2) sgi (hl sgl+(—gl+gam) pl shl) shi 2+ai
(—14pl1°2) sgl shl1"2 (hi sgi+(gam—gi) pi shi))/(sgl sgi (ai (—1+pl~2)
sh1°2+al (—1+4pi~“2) shi“2)),xi—>(al (=1+pi~2) sgi (hl sgl+(—gltgam)
pl shl) shi"24+ai (—=14pl°2) sgl shl1"2 (hi sgi+(gam—gi) pi shi))/(sgl
sgi (ai (—=14pl1°2) shl"24+al (—1+4+pi~“2) shi"2)),yl—>gam,yi—>gam}}

Out[83]= ((—hl+hi)"2—(2 (—gl+gam) (—hl+hi) pl shl)/sgl—(2 (—gam+gi) (—
hl+hi) pi shi)/sgi+(2 (—gl4+gam) (—gam+gi) pl pi shl shi)/(sgl sgi)+(
ai (—gam+gi)"2 (((1—pl1°2) shl°2)/al+shi"2/ai))/sgi"24+(al (—gligam) 2
(sh1"2/al+((1—pi~“2) shi“2)/ai))/sgl"2)/(2 (((1—pl1~°2) shl"2)/al+4((1—
pi“2) shi"2)/ai))

Out[84]= True

Out[87]= (al ai (hl sgl sgi—hi sgl sgi—gl pl sgi shl4gam pl sgi shl—gam
pi sgl shi+gi pi sgl shi))/(sgl sgi (ai (—1+pl°2) shl"2+al (—1+pi
"2) shi“2))

Out[88]= (al (al (gl—gam) (—1+pi~“2) sgi shi"2+ai shl (hl pl sgl sgi—hi
pl sgl sgi—gl sgi shl4gam sgi shl—gam pl pi sgl shi+gi pl pi sgl shi
)))/(sgl"2 sgi (ai (—14+pl°2) shl"2+al (—1+4pi~“2) shi"2))
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Out[89]= —((ai (ai (gam—gi) (—14+pl°2) sgl shl"2+al shi (hl pi sgl sgi—
hi pi sgl sgi—gl pl pi sgi shl4gam pl pi sgi shl—gam sgl shi+gi sgl
shi)))/(sgl sgi"2 (ai (—14+pl°2) shl"2+al (—1+pi~“2) shi"2)))
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D.1 Taylor Series Expansion of the Rate Function About its Mean

Proposition D.1. Let X be a random variable with mean p, variance o2, and analytic rate function

I(x) having the form I(x) = supy{fx —log E[e?X]}. Then the Taylor series expansion of I(x) about

JIRE]

o0 b i1 bi | ) n— . b;

= (z—p)" $ (“E [XZ ' } E[XHZ ' D 1—[1 0% ()
o2 bi!bo! .. . bp—q! ‘ i!
n=1 @n\{bnzl} i=1
|:le 1 zi| n—1 0(1 b;
o ()

where for any m, O, denotes all different solutions in nonnegative integers by, ba, ..., by, of the

equation by + 2bg + ... + mby, = m, and O,\{b,, = 1} denotes the set of solutions without the

solution in which b, = 1.

Proof. The general form of the Taylor series expansion of I(x) about p is

= Z[(n)(u)(x;!“)n' (D.1)
n=0

Since I(u) = I'(u) = 0, let us consider terms beginning at n = 2 in the equation (D.1).
Let M(6) = E[e?X] denote the moment generating function of X. Then

I(z) = 0(x)x — log M (0(x)),
where 0(z) satisfies x = M'(0)/M (6). Taking the derivative of I(z) yields
I'(z) = 0(z) + z6'(z) —

Then it follows that 1(")(z) = 8~ (z). Noting that I(u) = I'(1) = 6(p) = 0, equation (D.1) may

be rewritten as,
= Z g(n—l)(,u)(x_n'“) (D.2)
n=1 ’

To obtain a general expression for 6(") (x), let us take the nth derivative on both sides of the
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equation M ((z)) = M'(6(x)). That is, we wish to solve for #(")(z) using the equation
(M (0(2))™ = (M'(B())" (D3)

By the general Leibniz rule, and since 20 =z 20 =123 =0,..., 2™ =0, we have

n

k=0

Now Faa di Bruno’s Formula (see, e.g., Johnson, 2002) may be used to obtain expressions for
M(O(x))™, M(0(x))™D and (M'((z)))™. Substituting these expressions into equation (D.3)
yields

. n (00 (2)\”

On i=1

. b;
n! n oD@\

o N V(85 > Y
_;bllbgl...bn!M 1 (0($))H< i)

i=1

where for any m, ©,, denotes all different solutions in nonnegative integers by, bo, ..., b,, of the
equation by + 2bs + ... 4+ mb,, = m. Noting that the only solutions to the equations in ©,, which
yield the terms 9(")(x) are by = 0,00 = 0,...,b,_1 = 0,b, = 1, and that except in this solution

]

b, = 0, we may simplify the above equation to

x[M’(a(x))m”)(x)}m[ > bl'bZ”’bM _<

On\{bn=1} i=1

n-l ()
+n [Z b1'b2 MO b)(e( )) 0 ]

! — [ 00)( b
=M"(6(x)0" (z) + > ﬁM(”EZ 1 ( )
On\{bn=1} 2 —1

~.
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Combining terms yields the following general expression

p(n) (z)

n! n N n—1 (z) " b;
|: Z l)lll)Q"bnl' (xM(Zizl bi)(g(x)) _ M(1+Zi=lbi)(0(x))> H (9 ( ))

il
@n\{anI} =1

- n L )\ )
+ Z b1'b2 M(ZZ =% (0(2) [T (9 Z,( )> ] x [M"(6(x)) — M’ (0(x))] .

i=1

Substituting in = p and noting that 6(u) = 0, we find

| B [X T — B [XE0]) i 00\
6" () = = L \%:1}( { bllbz]!...bn[_lz ) ( uu>
E [XZ?; bi] n—1 G(i)( ) bi
n—1

.
Il
—_

7!

and the result follows. O

Corollary D.2. The first three nonzero terms of the Taylor series expansion of I(x) given in
proposition D.1 are

o) — M(6(a)
M(6(z)) — 2 M (0(x))
() — M OG0 (@) + 0/ (@) (O(x)) — M"(0(x)]
M(6()) — 20 (8(z))
(2)”

0" (z) = |3M'(6(2))0" () + 3M"(0(z))0 (x

+30'(2)0" () [z M" (0(x)) — M"™(0())]+

0'(2)’[eM"(0(2)) — MW (O(x))]| x [M"(8(x)) — = M'(6(x))] "
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which, after substitution and some algebra in the first two equations above, implies

) =00 = 7y and 1) =070 = - (5

o2 o2

3
) B[(X — ).

However, the algebra is cumbersome for finding 0”'(x) and any larger derivatives since we are using

an unsimplified version of proposition D.1. Thus let us use proposition D.1. We find,

02 o2

_ (12>3 [BIX?] — 3uB[X?) + 2p%] = — <;>3E[(X - p)°).

g

Likewise, the result follows from noting that,
P = % [“E[X?’L,! S (L) + (et - mix7) (— (&) B m)
L (;) BIX W, E[f] (0_12)]
)2 +3 (EIX) - uE[X) (2)5 BI(X — )

E—

[0 (MELX?] — E[X*)) + 3 (E[X?] — pE[X?)) E[(X — p)?]

30 B[(X — )] + 3(0*)*E[X]
[0 (E[X] — BIXY)) + 3 (BIX?] — juB[X?] — uo®) B[(X — )] + 3(0*)*E[X?]
[0 (E[X?] — BIX")) + 3 (E[(X — )% + po®) EI(X — )% + 3(c*)*E[X?]
[0 (UE[X?) — E[X*] + BuE[(X — 2)"] + 30°E[X?]) + BE[(X — )’}
[0%(3(0%)? — E[(X — u)")) + BE[(X — )°]’]

I (CSIE D

2
—E




