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(ABSTRACT)

Consider the context of selecting an optimal system from among a finite set of competing

systems, based on a “stochastic” objective function and subject to multiple “stochastic” constraints.

In this context, we characterize the asymptotically optimal sample allocation that maximizes the

rate at which the probability of false selection tends to zero in two scenarios: first in the context of

general light-tailed distributions, and second in the specific context in which the objective function

and constraints may be observed together as multivariate normal random variates.

In the context of general light-tailed distributions, we present the optimal allocation as the

result of a concave maximization problem for which the optimal solution is the result of solving one of

two nonlinear systems of equations. The first result of its kind, the optimal allocation is particularly

easy to obtain in contexts where the underlying distributions are known or can be assumed, e.g.,

normal, Bernoulli. A consistent estimator for the optimal allocation and a corresponding sequential

algorithm for implementation are provided. Various numerical examples demonstrate where and to

what extent the proposed allocation differs from competing algorithms.

In the context of multivariate normal distributions, we present an exact, asymptotically

optimal allocation. This allocation is the result of a concave maximization problem in which there

are at least as many constraints as there are suboptimal systems. Each constraint corresponding

to a suboptimal system is a convex optimization problem. Thus the optimal allocation may easily

be obtained in the context of a “small” number of systems, where the quantifier “small” depends

on the available computing resources. A consistent estimator for the optimal allocation and a

fully sequential algorithm, fit for implementation, are provided. The sequential algorithm performs

significantly better than equal allocation in finite time across a variety of randomly generated

problems.

The results presented in the general and multivariate normal context provide the first founda-

tion of exact asymptotically optimal sampling methods in the context of “stochastically” constrained

simulation optimization on finite sets. Particularly, the general optimal allocation model is likely to

be most useful when correlation between the objective and constraint estimators is low, but the

data are non-normal. The multivariate normal optimal allocation model is likely to be useful when

the multivariate normal assumption is reasonable or the correlation is high.
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Chapter 1

Introduction

In many decision-making contexts, the process underlying a physical or abstract system is governed

by complex or unknown probabilistic laws and cannot be analyzed analytically. Thus constructing a

computer model (simulation) of the system can be a powerful decision-making tool. A simulation

model of a system enables the analysis of “what-if” scenarios in a wide variety of applications

in which the underlying system cannot be expressed analytically; examples of such applications

may include designing a traffic network, designing the layout of a factory, or designing an effective

policy to mitigate the spread of an epidemic through a city. Given that one can use a simulation to

perform such what-if analyses, it follows that a decision maker may wish to systematically construct

what-if scenarios with the explicit goal of identifying “the best” design (system) with respect to a

performance measure of interest. For example, from among some competing set of systems, the

decision maker may wish to identify the traffic network system that minimizes expected travel time,

the factory system that maximizes expected throughput, or the policy system that minimizes the

expected disease prevalence in an epidemic.

The problem of identifying the best system with respect to a performance measure of interest

by constructing what-if scenarios in a simulation is broadly called the simulation optimization

(SO) problem. Since the performance measure of interest can be estimated implicitly through

the simulation, the formulation of the SO problem is general and widely applicable, including in

situations where the underlying systems are highly complex. In addition to the traffic network,

factory, and epidemiological examples given, ready applications of the SO problem can also be

found in diverse contexts such as quality control, telecommunication systems, and health care (see

Henderson and Pasupathy, 2011, for a collection of contributed SO problems).

One näıve way of solving an SO problem is to fix a sampling budget, select a sample size

for a fixed set of candidate systems in advance, simulate the systems, and report the system with

1
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the best estimated performance measure as the solution. For example, select five traffic network

configurations, simulate each for 100 replications, and select as “best” the configuration producing

the lowest estimated expected travel time. However this näıve method is inefficient in two key

respects:

(i) “Structural” efficiency: We do not exploit the structure of the performance measure (objective)

as a function of system design parameters. Further, if the true set of candidate systems is

larger than the set of candidate systems we sample, e.g. the set is infinite, there is no method

to ensure that a system “near” the best in objective value will enter our consideration. This

question of structural efficiency exists in deterministic optimization and SO settings.

(ii) “Sampling” efficiency: We have made no attempt to efficiently expend the overall sampling

budget among the candidate systems we sample. Often simulation runs are expensive, and it

is inefficient to expend samples in such a way that clearly inferior systems are not eliminated

from consideration as quickly as possible. This question of “sampling” efficiency arises only in

SO settings.

These two efficiency issues have been among those considered by researchers interested in the

methodological aspects of SO. The types of methods developed depend on the nature of the objective

function, e.g., whether it is defined on a space classified as continuous or discrete, finite or infinite,

and ordered or unordered, and the presence of secondary performance measures (constraints). For

an overview of SO methods and entry points into this literature, see Andradóttir (2006); Spall

(2003); Fu (2002); Barton and Meckesheimer (2006), and Ólafsson and Kim (2002).

The focus of this work is on the SO variation in which the set of candidate systems is finite

and unordered, that is, no topological structure on the set of candidate systems is assumed. For

example, in the case of designing a factory, the set of competing systems might be a finite set

of possible machine configurations. Thus the machine configurations have no inherent “ordering.”

Since no topology is assumed, there is no structure in the objective function to exploit. Each system

must receive some portion of the overall sampling budget, and our interest in this SO variation is

exclusively on sampling efficiency: for some measure of efficiency, how do we optimally allocate the

simulation budget among the systems?

Within the context of SO on unordered finite sets, two prominent SO variations arise: the

unconstrained version, or selecting the best system from among a finite set of competing systems,

and the “stochastically” constrained version, or selecting the best feasible system from among a finite

set of competing systems. The unconstrained version of the SO problem on unordered finite sets has

arguably seen the most development among the SO variations. Appearing broadly as ranking and

selection (see Kim and Nelson, 2006, for an overview), the currently available solution methods are
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reliable and have stable digital implementations. In contrast, the constrained version of the problem

has seen far less development, despite its usefulness in the context of multiple performance measures

— for example, in the context of epidemiological policy-making, the decision maker may wish to

select, from among a finite set of competing policies, that policy which minimizes the expected

disease prevalence, subject to the expected cost of the intervention being less than some monetary

budget. The subject of our work is this stochastically constrained version of the SO problem, about

which little is currently known.

To explore this constrained SO variation in more detail, consider the following setting. Suppose

there exist multiple performance measures defined on a finite set of systems, one of which is primary

and called the objective function, while the others are secondary and called the constraint functions.

Suppose further that the objective and constraint function values for any given system may be

estimated using a stochastic simulation, and that the quality of the objective and constraint function

estimators is dependent on the simulation effort expended. Then the constrained SO problem is

to identify that system having the best objective function value, from among those systems whose

constraint values cross a pre-specified threshold, using only the simulation output. The efficiency

of a solution to this problem, which will be defined in rigorous terms later in this document, is

measured in terms of the total simulation effort expended.

The broad objective of this work is to rigorously characterize the nature of the most efficient

(optimal) sampling plan when solving the constrained SO problem on finite sets. Such characterization

is extremely useful in that it facilitates the construction of asymptotically optimal sampling

algorithms. The specific questions we ask along the way are twofold.

Q.1 Let an algorithm for solving the constrained SO problem estimate the objective and constraint

functions by allocating a portion of an available simulation budget to each competing system.

Suppose further that this algorithm returns to the user that system having the best estimated

objective function, among the estimated-feasible systems. As the simulation budget increases,

the probability that such an algorithm returns any system other than the truly best system

decays to zero. Can the asymptotic behavior of this probability of false selection be character-

ized? Specifically, can its rate of decay be deduced as a function of the sampling proportions

allocated to the various systems?

Q.2 Given a satisfactory answer to Q.1, can a method be devised to identify the sampling proportion

that maximizes the rate of decay of the probability of false selection?

This work answers both of the above questions in the affirmative. We provide general results for

the case in which the underlying performance measures have light-tailed distributions, as well as
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specific results for the case in which the underlying performance measures have multivariate normal

distributions.

In each case, relying on large-deviation principles and generalizing prior work in the uncon-

strained context by Glynn and Juneja (2004), we fully characterize the probabilistic decay behavior

of the false selection event as a function of the budget allocations. This characterization leads to

the formulation of a mathematical program whose solution is the allocation that maximizes the

rate of probabilistic decay. Since the constructed mathematical program is a concave maximization

problem, identifying the asymptotically optimal allocation is “easy” in contexts where the underlying

distributional family of the simulation estimator is known or assumed. This asymptotically optimal

allocation is then used to create a sequential algorithm guaranteeing that, in the limit, the systems

will be sampled in proportion to the optimal allocation – that is, in the limit, the proposed sampling

strategy achieves maximum efficiency.

1.1 This Work in Context

In the SO literature on finite sets, there exist two broad problem statements related to ensuring the

quality of the solution or ensuring efficiency in obtaining a solution. The first problem statement

is to identify the best feasible system in finite-time with a pre-specified probabilistic guarantee

(the finite-time guarantee problem statement). This problem statement yields finite-time results,

but provides no guarantees regarding computational efficiency. The second problem statement in

the literature, and the focus of this work, is to find a computing budget allocation that minimizes

the probability of falsely selecting any system other than the best feasible system (the efficiency

problem statement). This problem statement yields infinite-time (asymptotic) results with efficiency

guarantees.

With these two problem statements in mind, prior research on selecting the best system in

the unconstrained context falls broadly under one of three categories:

– traditional ranking and selection (R&S) procedures (see, e.g., Kim and Nelson, 2006, for an

overview), which typically require a normality assumption and provide finite-time probabilistic

guarantees on the probability of false selection or some other loss function.

– the Optimal Computing Budget Allocation (OCBA) framework (see, e.g., Chen et al., 2000),

which, under the assumption of normality, provides an approximately optimal sample allocation,

and

– the large-deviations (LD) approach (see, e.g., Glynn and Juneja, 2004), which provides an

asymptotically optimal sample allocation in the context of general light-tailed distributions.
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R&S procedures are developed in response to the finite-time guarantee problem statement, while

OCBA and LD approaches are developed in response to the efficiency problem statement.

Corresponding research in the stochastically constrained context is taking an analogous route.

For example, as illustrated in table 1.1, recent work by Batur and Kim (2010) and Andradóttir and

Kim (2010) provide finite-time guarantees on feasibility determination and on the probability of false

selection in the context of stochastically constrained SO, respectively. Both of these papers parallel

traditional R&S work on the finite-time guarantee problem statement. Similarly, recent work on

the efficiency problem statement by Lee et al. (2011) in the context of stochastically constrained

SO parallels the previous OCBA work in the unconstrained context. This work on the efficiency

problem statement, which appears in the bottom right-hand cell of table 1.1, is the first to provide

a complete generalization of previous large deviations work in ordinal optimization by Glynn and

Juneja (2004) and in feasibility determination by Szechtman and Yücesan (2008).

Table 1.1: Research in the area of simulation optimization on finite sets can be categorized by the
nature of the result, the required distributional assumption, and the presence of objective function
or constraints.

Result Required Optimization: Feasibility: Constrained Optimization:
Time Dist’n only objective(s) only constraint(s) objective(s) & constraint(s)

Finite Normal
Ranking & Selection
(e.g., Kim and Nelson,
2006)

Batur and Kim
(2010)

Andradóttir and Kim (2010)

Infinite
Normal

OCBA (e.g., Chen
et al., 2000)

[application of
general solution]1

OCBA-CO (Lee et al., 2011)

General
Glynn and Juneja
(2004)

Szechtman and
Yücesan (2008)

Chapters 2 & 3 of this work

1 Problems lying in the infinite-time, normal row are also solved as applications of the solutions
in the infinite-time, general row.

In addition to characterizing the optimal allocation strategy for stochastically constrained SO

on finite sets in the context of general light-tailed distributions, we also use an LD approach to provide

an exact characterization of the optimal allocation in the context of multivariate normal distributions.

This characterization fully accounts for dependence between the objective and constraint functions,

and has not previously been explored in the literature. In OCBA-CO (Lee et al., 2011), Bonferroni

bounds dissolve the effect of dependence in the solution, and hence correlation is not explicitly

taken into account in the allocation. In chapters 2 and 3 of this document, which provide results

in the bottom right-hand cell of table 1.1, the objective and constraints are assumed independent.

The ability to account for correlation in the optimal allocation thus remains an important open

question. Towards answering this question, chapters 4 and 5 contain a series of results that use the
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LD approach to precisely characterize the optimal allocation in the context of multivariate normal

distributions. In chapter 4, the characterized optimal allocations are asymptotically exact and

expressed explicitly as a function of the correlation between the performance measures. Chapter

5 contains a characterization of the asymptotically exact optimal allocation as the solution to a

concave optimization problem.

1.2 Problem Statement

The following rigorous problem statement will form the context of the analyses that follow. Suppose

there exists a finite set i = 1, 2, . . . , r of systems, each with an unknown objective value hi ∈ R and

unknown constraint values gij ∈ R, j = 1, 2, . . . , s and i = 1, 2, . . . , r. Given constants γj ∈ R, we

wish to select the system with the lowest objective value hi, subject to the constraints gij ≤ γj ,

j = 1, 2, . . . , s and i = 1, 2, . . . , r. That is, consider

Problem P : arg min
i=1,...,r

hi

s.t. gij ≤ γj , for all j = 1, 2, . . . , s and i = 1, 2, . . . , r;

where hi and gij are expectations, estimates of hi and gij are observed together through simulation

as sample means, and a unique solution to problem P is assumed to exist.

Let α = (α1, α2, . . . , αr) be a vector denoting the proportion of the total sampling budget

n given to each system, so that
∑r

i=1 αi = 1 and αi ≥ 0 for all i = 1, 2, . . . , r. Furthermore, let

the system having the smallest estimated objective value among the estimated-feasible systems be

selected as the estimated solution to problem P . Then one may ask, what vector of proportions α

maximizes the rate of decay of the probability that this procedure returns a suboptimal solution to

problem P?

1.3 Organization

The remainder of this chapter contains a list of the contributions of this work and a description of

the notation, conventions, and assumptions that hold throughout the document. In chapters 2 and 3,

we consider the case of general light-tailed distributions with one constraint and multiple constraints,

respectively. In chapters 4 and 5, we consider the case of multivariate normal distributions with

one constraint and multiple constraints, respectively. Chapter 6 contains concluding remarks and a

discussion of future research.
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1.4 Contributions

This work addresses the question of identifying “the best” among a finite set of systems in the

presence of multiple “stochastic” performance measures, one of which is used as an objective function

and the rest as constraints. This question is a crucial generalization of the work on unconstrained

simulation optimization on finite sets by Glynn and Juneja (2004). The following are the specific

contributions of this work.

In chapters 2 and 3, we consider the problem statement in section 1.2 in the context of general

light-tailed distributions with one constraint and multiple constraints, respectively. These chapters

contain the following contributions.

C.1 We present the first complete characterization of the optimal sampling plan for constrained SO

on finite sets when the performance measures can be observed as simulation output. Relying

on a large-deviations framework, we derive the probability law for erroneously obtaining a

suboptimal solution as a function of the sampling plan. We then demonstrate that the optimal

sampling plan can be identified as the solution to a strictly concave maximization problem.

C.2 We present a consistent estimator and a corresponding algorithm toward estimating the

optimal sampling plan. The algorithm is easy to implement in contexts where the underlying

distributions governing the performance measures are known or assumed, e.g., the underlying

distributions are normal or Bernoulli. In the absence of such distributional knowledge or

assumption, the proposed framework inspires an approximate algorithm derived through an

approximation of the rate function using Taylor’s theorem (Rudin, 1976, p. 110).

C.3 For the specific context involving performance measures constructed using normal random

variables, numerical examples demonstrate where and to what extent the only competitor in

the normal context, OCBA-CO (Lee et al., 2011), is suboptimal. There currently appear to

be no competitors to the proposed framework for more general contexts.

In chapters 4 and 5, we consider the problem statement in section 1.2 in the context of

multivariate normal distributions with one constraint and multiple constraints, respectively. The

normal context is particularly relevant since a substantial portion of the corresponding literature in

the unconstrained context makes a normality assumption. These chapters contain the following

contributions.

C.4 We present a series of results that precisely characterize the effect of correlation on the optimal

allocation in the context in which the underlying performance measures are independent and

identically distributed (iid) replications from a bivariate normal distribution (one constraint).
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These results provide particular insight into the effect of correlation on the rate of decay of

the probability of false selection.

C.5 In the multivariate normal context (multiple constraints), we present the first characterization

of the asymptotically exact optimal allocation as the solution to a concave maximization

problem, which is itself composed of r − 1 convex optimization problems. Thus one may solve

for the optimal allocation in the context of a “small” number of systems and constraints,

where the quantifier “small” depends on available computing resources.

C.6 We present a consistent estimator and fully sequential algorithm that is fit for implementation,

and demonstrate its performance on numerous randomly generated problems. The fully

sequential algorithm displays significant gains in the rate of decay of the probability of false

selection over an equal allocation scheme. These results demonstrate that, although the optimal

allocation results are asymptotic in nature, the proposed sequential algorithm performs well

in finite time.

1.5 Notation and Conventions

In the remainder of the document, let the following notation and conventions hold. Let the feasible

system with the lowest objective value be denoted system 1. Further, let us partition the set of r

competing systems into the following four mutually exclusive and collectively exhaustive subsets,

where i ≤ r and j ≤ s are shorthand for i = 1, 2, . . . , r and j = 1, 2, . . . , s.

1 := argmin
i
{hi : gij ≤ γj for all j ≤ s} is the unique best feasible system;

Γ :={i : gij ≤ γj for all j ≤ s, i �= 1} is the set of suboptimal feasible systems;

Sb :={i : hi ≤ h1 and gij > γj for at least one j ≤ s} is the set of infeasible systems

that have better (lower) objective values than system 1; and

Sw :={i : hi > h1 and gij > γj for at least one j ≤ s} is the set of infeasible systems

that have worse (higher) objective values than system 1.

The partitioning of the suboptimal systems into the sets Γ, Sb and Sw is strategic and facilitates

analyzing the behavior of the false selection probability.

The following notation allows us to distinguish between constraints on which the system is

classified as feasible or infeasible.

Ci
F := {j : gij ≤ γj} is the set of constraints satisfied by system i; and
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Ci
I := {j : gij > γj} is the set of constraints not satisfied by system i.

Let us interpret the minimum over the empty set as infinity (see, e.g., Dembo and Zeitouni,

1998, p. 5). Likewise, the union over the empty set is an event having probability zero, and

the intersection over the empty set is an event having probability one. Also, a sequence of sets

Am converges to the set A, denoted Am → A, if for large enough m the symmetric difference

(Am ∩Ac) ∪ (A ∩Ac
m) = ∅.

For two vectors x = {x1, x2, . . . , xk} and y = {y1, y2, . . . , yk}, let the notation x ≤ y indicate

that xi ≤ yi for all i = 1, . . . , k. This convention holds for row vectors, column vectors, and all

operators =, �=, ≤, <, ≥, and >.

To aid readability, whenever it is reasonable to do so, the following notational conventions

hold throughout this document: lower-case letters denote fixed values; upper-case letters denote

random variables; upper-case Greek or script letters denote fixed sets; estimated (random) quantities

are accompanied by a “hat,” e.g., Ĥ1 estimates the fixed value h1; optimal values have an asterisk,

e.g., x∗, and vectors are displayed in bold, e.g., α = {α1, α2, . . . , αr}.

1.6 Assumptions

The following assumptions hold throughout the document. First, let us assume that the systems are

simulated independent of each other.

Assumption 1. The output random variables (Hi,Gi) = (Hi, Gi1, . . . , Gis) are mutually indepen-

dent for all i ≤ r.

Thus correlation across systems, which may result from the use of common random numbers, is not

specifically taken into account in the asymptotically optimal allocations presented here.

To ensure that each system is distinguishable from the quantity on which its potential false

evaluation as the “best” system depends, and to ensure that the sets of systems maybe correctly

estimated with probability one (wp1), the following assumption holds.

Assumption 2. No system has the same objective value as system 1, and no system lies exactly on

a constraint, that is, h1 �= hi for all i ≤ r, i �= 1, and gij �= γj for all i ≤ r, j ≤ s.

Assumptions of this type also appear in Glynn and Juneja (2004) and Szechtman and Yücesan

(2008).

Further assumptions will be made by chapter.



Chapter 2

General Light-Tailed Distributions:

One Constraint

Consider the context of problem P (see section 1.2) when there is only one constraint, that is,

when s = 1. This chapter provides results that build intuition in the one-constraint case before

the presentation of the multiple-constraint case in chapter 3. A version of the work in this chapter

has been published in the Proceedings of the 2010 Winter Simulation Conference (Hunter and

Pasupathy, 2010).

2.1 Chapter Organization

This chapter is organized as follows. Section 2.2 contains assumptions for the chapter. Section 2.3

contains a derivation of the rate function of the probability of false selection as a function of the

computing budget allocation. Section 2.4 contains a framework for finding the optimal allocation

as a conceptual algorithm in which the optimal allocation is the solution to one of two nonlinear

systems of equations. Examples of the proposed algorithm are presented in section 2.5 for the case

in which the random variables follow normal distributions. Section 2.5 also contains a closed-form

solution for the allocation between systems other than system 1 when the assumption that α∗
1 
 α∗

i

is made.

2.2 Assumptions for Chapter 2

To estimate the unknown quantities hi and gi, we assume we may obtain replicates of the output

random variables (Hi, Gi) from each system. In addition to assumptions 1 and 2, in this chapter,

we make the following assumptions.

10
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Assumption 2.1. For any particular system i, the random variables Hi and Gi are independent.

Let H̄i(n) = n−1
∑n

k=1Hik and Ḡi(n) = n−1
∑n

k=1Gik. We will use Ĥi ≡ H̄i(αin) and

Ĝi ≡ Ḡi(αin) as shorthand for the estimators of hi and gi after scaling the sample size by αi. Let

Λ
(n)
Hi

(θ) = log E
[
eθH̄i(n)

]
and Λ

(n)
Gi

(θ) = log E
[
eθḠi(n)

]
be the cumulant generating functions of H̄i(n) and Ḡi(n), respectively. Let the effective domain of

a function f(·) be denoted by Df = {x : f(x) < ∞} and its interior by D◦
f . Let f

′(x) denote the

derivative of f with respect to the argument x. As is usual in large deviations (LD) contexts, we

make the following assumption.

Assumption 2.2. For each system i ≤ r,

(1) the limits

ΛHi(θ) = lim
n→∞

1

n
Λ
(n)
Hi

(nθ) = lim
n→∞

1

n
logE

[
eθ

∑n
k=1 Hik

]
and

ΛGi(θ) = lim
n→∞

1

n
Λ
(n)
Gi

(nθ) = lim
n→∞

1

n
logE

[
eθ

∑n
k=1 Gik

]
exist as extended real numbers for all θ;

(2) the origin belongs to the interior of DΛHi
and DΛGi

, that is, 0 ∈ D◦
ΛHi

and 0 ∈ D◦
ΛGi

;

(3) ΛHi(θ) and ΛGi(θ) are strictly convex and C∞ on D◦
ΛHi

and D◦
ΛGi

, respectively;

(4) ΛHi(θ) and ΛGi(θ) are steep, that is, for any sequence {θn} ∈ DΛHi
that converges to a

boundary point of DΛHi
, lim

n→∞ |Λ′
Hi
(θn)| = ∞, and likewise, for {θn} ∈ DΛGi

converging to a

boundary point of DΛGi
, lim

n→∞ |Λ′
Gi
(θn)| = ∞.

Assumption 2.2 implies that H̄i(n) → hi wp1 and Ḡi(n) → gi wp1 (see Bucklew, 2003,

remark 3.2.1). Furthermore, assumption 2.2 ensures that, by the Gärtner-Ellis theorem (Dembo

and Zeitouni, 1998, p. 44), H̄i(n) and Ḡi(n) satisfy the large deviations principle (LDP) (Dembo

and Zeitouni, 1998, p. 4) with good rate functions

Ii(x) = sup
θ∈R

{θx− ΛHi(θ)} and Ji(y) = sup
θ∈R

{θy − ΛGi(θ)}.

Assumption 2.2(3) is stronger than what is needed for the Gärtner-Ellis theorem to hold. However,

we require ΛHi(θ) and ΛGi(θ) to be strictly convex and C∞ on D◦
ΛHi

and D◦
ΛGi

, respectively, so
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that Ii(x) and Ji(y) are strictly convex and C∞ for x ∈ F◦
Hi

= int{Λ′
Hi
(θ) : θ ∈ D◦

ΛHi
} and

y ∈ F◦
Gi

= int{Λ′
Gi
(θ) : θ ∈ D◦

ΛGi
}, respectively.

Let h� = argmini{hi} and let hu = argmaxi{hi}. We further assume,

Assumption 2.3. (1) the interval [h�, hu] ⊂ ∩r
i=1F

◦
Hi
, and (2) γ ∈ ∩r

i=1F
◦
Gi
.

Assumption 2.3 assigns nonzero probability to false selection events. As in Glynn and

Juneja (2004), assumption 2.3(1) ensures that H̄i(n) may take any value in the interval [h�, hu].

Consequently, this assumption ensures that we may falsely estimate any system i, i = 2, . . . , r, as at

least as good in objective function value as system 1. Assumption 2.3(2) ensures there is a nonzero

probability that each system will be estimated feasible and a nonzero probability that each system

will be estimated infeasible. Specifically, it ensures there is a nonzero probability that system 1

will be estimated infeasible and a nonzero probability that an infeasible system will be estimated

feasible.

2.3 Rate Function of the Probability of False Selection

The false selection (FS) event is the event that the actual best feasible system, system 1, is not

the estimated best feasible system. That is, FS is the event that the optimal system is estimated

infeasible, or the optimal system is estimated feasible but another estimated-feasible system has a

lower estimated objective value. Let Γ̄ be the set of estimated-feasible systems excluding system 1,

that is, Γ̄ = {i : Ĝi ≤ γ, i �= 1}. Then the probability of false selection is

P{FS} = P{(Ĝ1 > γ) ∪ ((Ĝ1 ≤ γ) ∩ (Ĥ1 ≥ min
i∈Γ̄

Ĥi))}

= P{Ĝ1 > γ}+ P{(Ĝ1 ≤ γ) ∩ (Ĥ1 ≥ min
i∈Γ̄

Ĥi)} (2.1)

= P{FS1}+ P{FS2},

where FS1 denotes the event that system 1 is estimated infeasible, and FS2 denotes the event that

system 1 is estimated feasible but is “beaten” in objective function value by another estimated-

feasible system. We wish to obtain an expression for the rate at which the probability of false

selection tends to zero with increasing sampling budget n. We first derive expressions for the rate

functions of P{FS1} and P{FS2} appearing in equation (2.1), then we combine these results to

find the rate function of P{FS}.
First, consider the rate function for P{FS1}, the probability that system 1 is declared

infeasible on any of its constraints. Theorem 2.1 establishes the asymptotic behavior of P{FS1} as



Susan R. Hunter Chapter 2. General Light-Tailed: One Constraint 13

the rate function corresponding to the constraint on system 1 times the proportion of sample given

to system 1.

Theorem 2.1. The rate function for P {FS1} is given by

− lim
n→∞

1

n
logP {FS1} = α1J1(γ).

Proof. Under assumption 2.2, by the Gärtner-Ellis theorem,

− inf
y∈(γ,∞)

J1(y) ≤ lim inf
n→∞

1

n
logP (Ḡ1(n) > γ) ≤ lim sup

n→∞
1

n
logP (Ḡ1(n) > γ) ≤ − inf

y∈[γ,∞)
J1(y)

Since J1(y) is strictly convex and C∞ in F◦
G1

and g1 < γ ∈ F◦
G1

, it follows that − infy∈(γ,∞) J1(y) =

− infy∈[γ,∞) J1(y) = −J1(γ). Therefore the limit exists.

Now let the cumulant generating function of Ĝ1 be denoted Λ
(α1n)
G1

(θ). By assumption 2.2,

lim
n→∞

1

n
Λ
(α1n)
G1

(nθ) = lim
n→∞

1

n
log E[eθ/α1

∑α1n
k=1 G1k ] = lim

n→∞
α1

n
log E[eθ/α1

∑n
k=1 G1k ]

= α1ΛG1(θ/α1).

Hence Ĝ1 also satisfies the LDP with good rate function

sup
θ
{θy − α1ΛG1(θ/α1)} = α1 sup

θ/α1

{(θ/α1)y − ΛG1(θ/α1)} = α1J1(y).

Therefore by similar arguments to those given above, the infimum over the set (γ,∞) is achieved at

α1J1(γ), and the result follows.

Therefore the rate at which the probability that system 1 is estimated infeasible goes to zero is a

function of the constant J1(γ). Under our assumptions and with logic similar to that given in the

proof of theorem 2.1, it can be shown that for any infeasible system i, the rate function for the

probability that system i is estimated feasible is

− lim
n→∞

1

n
logP{Ĝi ≤ γ} = αiJi(γ).

Now consider the rate function for P{FS2}. Under the assumption of independence between

the objective function and constraint (assumption 2.1), and since the probability that system 1 is

estimated feasible tends to one,

lim
n→∞

1

n
logP{(Ĝ1 ≤ γ) ∩ (Ĥ1 ≥ min

i∈Γ̄
Ĥi)} = lim

n→∞
1

n
logP{Ĥ1 ≥ min

i∈Γ̄
Ĥi}. (2.2)
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As the equality in equation (2.2) always holds, in the remainder of this section, we omit the explicit

statement of the event that system 1 is estimated feasible.

The rate function for P{FS2} is the rate function for the probability that system 1 is

estimated feasible, but another estimated-feasible system has a better estimated objective value.

Since the estimated set of feasible systems Γ̄ may contain worse feasible systems (i ∈ Γ), better

infeasible systems (i ∈ Sb), and worse infeasible systems (i ∈ Sw), we strategically consider the

rate functions for the probability that system 1 is beaten by a system in Γ̄ ∩ Γ, Γ̄ ∩ Sb, or Γ̄ ∩ Sw

separately. Assuming for now that the required limits exist, lemma 2.2 states that the rate function

of P{FS2} is determined by the slowest-converging probability that system 1 will be “beaten” by

an estimated-feasible system from Γ, Sb, or Sw.

Lemma 2.2. The rate function for P {FS2} is given by the minimum rate function of the probability

that system 1 is beaten by an estimated-feasible system that is (i) feasible and worse, (ii) infeasible

and better, or (iii) infeasible and worse. That is,

− lim
n→∞

1

n
logP{FS2} = min

(
− lim

n→∞
1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Γ
Ĥi},

− lim
n→∞

1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Sb
Ĥi},− lim

n→∞
1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Sw
Ĥi}

)
. (2.3)

Proof. From equation (2.2), the probability that system 1 is beaten by another estimated-feasible

system can be written as,

P{Ĥ1 ≥ min
i∈Γ̄

Ĥi} = P{(Ĥ1 ≥ min
i∈Γ̄∩Γ

Ĥi) ∪ (Ĥ1 ≥ min
i∈Γ̄∩Sb

Ĥi) ∪ (Ĥ1 ≥ min
i∈Γ̄∩Sw

Ĥi)}

Therefore

1

n
logmax

(
P{Ĥ1 ≥ min

i∈Γ̄∩Γ
Ĥi}, P{Ĥ1 ≥ min

i∈Γ̄∩Sb
Ĥi}, P{Ĥ1 ≥ min

i∈Γ̄∩Sw
Ĥi}

)
≤ 1

n
logP{Ĥ1 ≥ min

i∈Γ̄
Ĥi}

≤ 1

n
log

(
P{Ĥ1 ≥ min

i∈Γ̄∩Γ
Ĥi}+ P{Ĥ1 ≥ min

i∈Γ̄∩Sb
Ĥi}+ P{Ĥ1 ≥ min

i∈Γ̄∩Sw
Ĥi}

)
.

Assuming the relevant limits exist, the conclusion is reached by noting that the limit of the left-

hand and right-hand sides are equivalent by proposition A.2 and the principle of the slowest term,

proposition A.1, respectively.

Next, let us individually consider each of the terms on the right hand side of equation (2.3), and

establish their respective limits.
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First, consider the rate function of the probability that system 1 is “beaten” by a worse

estimated-feasible system from Γ. Since Γ̄ is equivalent to Γ in the limit, and we are considering

only the probability that system 1 is beaten by another truly feasible system, we expect that the

rate function will be the same as in the unconstrained case presented in Glynn and Juneja (2004).

Also, since system 1 can be beaten by any system in Γ̄ ∩ Γ, we intuitively expect the rate function

to be the minimum rate function across all systems in Γ, corresponding to the system that is “best”

at crossing the optimality hurdle. Lemma 2.3 states that this is indeed the case.

Lemma 2.3. The rate function for the probability that system 1 is estimated feasible and has a

worse estimated objective value than an estimated-feasible system from Γ (feasible and worse) is

− lim
n→∞

1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Γ
Ĥi} = min

i∈Γ

(
inf
x
(α1I1(x) + αiIi(x))

)
.

Proof. Let C ⊆ Γ denote a set of systems. A lower bound for P{Ĥ1 ≥ mini∈Γ̄∩Γ Ĥi} is given by,

P{Ĥ1 ≥ min
i∈Γ̄∩Γ

Ĥi} = P{∪i∈Γ̄∩Γ Ĥ1 ≥ Ĥi} =
∑
C

P{(∪i∈Γ̄∩Γ Ĥ1 ≥ Ĥi) ∩ (Γ̄ ∩ Γ = C)}

=
∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (Γ̄ ∩ Γ = C)} =
∑
C

P{∪i∈CĤ1 ≥ Ĥi}P{Γ̄ ∩ Γ = C}

≥ P{∪i∈ΓĤ1 ≥ Ĥi}P{Γ̄ ∩ Γ = Γ} ≥ max
i∈Γ

P{Ĥ1 ≥ Ĥi}P{Γ̄ ∩ Γ = Γ}.

An upper bound is given by

P{∪i∈Γ̄∩Γ Ĥ1 ≥ Ĥi} ≤ P{∪i∈Γ Ĥ1 ≥ Ĥi} ≤ |Γ|max
i∈Γ

P{Ĥ1 ≥ Ĥi},

so that

max
i∈Γ

P{Ĥ1 ≥ Ĥi}P{Γ̄ ∩ Γ = Γ} ≤ P{Ĥ1 ≥ min
i∈Γ̄∩Γ

Ĥi} ≤ |Γ|max
i∈Γ

P{Ĥ1 ≥ Ĥi}.

By Glynn and Juneja (2004),

lim
n→∞

1

n
logP{Ĥ1 ≥ Ĥi} = − inf

x

(
α1I1(x) + αiIi(x)

)
.

Therefore by proposition A.2,

lim
n→∞

1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Γ
Ĥi} = −min

i∈Γ

(
inf
x
(α1I1(x) + αiIi(x))

)
.

Intuitively, the rate functions I1(x) and Ii(x) may be added because of the assumed independence
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between systems (assumption 1). Loosely speaking, in the prior lemma, the rate function of the

probability that system 1 is beaten by a worse feasible system is determined by the worse feasible

system which is “best” at being falsely estimated as the best feasible system. In this case, the rate

at which feasible systems become feasible does not affect the rate function.

Now consider the rate function of the probability that system 1 is beaten by a better infeasible

system. Since the only hurdle to a better, infeasible system being declared optimal is feasibility, the

rate function is determined by the better infeasible system which is best at being falsely estimated

as feasible. Lemma 2.4 states this result rigorously.

Lemma 2.4. The rate function for the probability that system 1 is estimated-feasible and beaten by

a better, infeasible, and estimated-feasible system is

− lim
n→∞

1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Sb
Ĥi} = min

i∈Sb
αiJi(γ).

Proof. Let C ⊆ Sb denote a set of systems. An upper bound for P{Ĥ1 ≥ mini∈Γ̄∩Sb Ĥi} is given by

P{Ĥ1 ≥ min
i∈Γ̄∩Sb

Ĥi} = P{∪i∈Γ̄∩SbĤ1 ≥ Ĥi} =
∑
C

P{(∪i∈Γ̄∩SbĤ1 ≥ Ĥi) ∩ (Γ̄ ∩ Sb = C)}

=
∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (Γ̄ ∩ Sb = C)}

=
∑
C

P{∪i∈CĤ1 ≥ Ĥi}P{Γ̄ ∩ Sb = C}

=
∑
C

P{∪i∈CĤ1 ≥ Ĥi}
∏
i∈C

P{i ∈ Γ̄}
∏

i∈Sb\C
P{i /∈ Γ̄} (2.4)

≤
∑
C

∏
i∈C

P{i ∈ Γ̄} ≤
|Sb|∑
d=1

(|Sb|
d

)
max
i∈Sb

P{i ∈ Γ̄} ≤ 2|Sb|max
i∈Sb

P{i ∈ Γ̄}.

Let k∗ = argmaxi∈Sb P{i ∈ Γ̄}. From equation (2.4), it can be seen that P{Ĥ1 ≥ mini∈Γ̄∩Sb Ĥi} is

bounded below by P{Ĥ1 ≥ Ĥk∗}P{k∗ ∈ Γ̄}∏i∈Sb\{k∗} P{i /∈ Γ̄}. Therefore,

P{Ĥ1 ≥ Ĥk∗}P{k∗ ∈ Γ̄}
∏

i∈Sb\{k∗}
P{i /∈ Γ̄} ≤ P{Ĥ1 ≥ min

i∈Γ̄∩Sb
Ĥi} ≤ 2|Sb|P{k∗ ∈ Γ̄}.

Then by proposition A.2,

lim
n→∞

1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Sb
Ĥi} = lim

n→∞
1

n
logP{k∗ ∈ Γ̄} = lim

n→∞
1

n
logmax

i∈Sb
P{i ∈ Γ̄}

= max
i∈Sb

lim
n→∞

1

n
logP{i ∈ Γ̄} = −min

i∈Sb
αiJi(γ).
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Therefore the rate function is determined by the better infeasible system that is most easily falsely

estimated as being in the feasible set.

Finally, we consider the rate function for the probability that system 1 is beaten by a worse

infeasible system. Systems which are infeasible and worse must cross both feasibility and optimality

hurdles. Therefore the rate function includes both optimality and feasibility terms, where the

addition between these terms is a result of the independence between the objective function and

constraints (assumption 1).

Lemma 2.5. The rate function for the probability that system 1 is estimated-feasible and beaten by

a worse, infeasible, and estimated-feasible system is

− lim
n→∞

1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Sw
Ĥi} = min

i∈Sw

(
inf
x
(α1I1(x) + αiIi(x)) + αiJi(γ)

)
.

Proof. Let C ⊆ Sw denote a set of systems. An upper bound for P{Ĥ1 ≥ mini∈Γ̄∩Sw Ĥi} is given by

P{Ĥ1 ≥ min
i∈Γ̄∩Sw

Ĥi} = P{∪i∈Γ̄∩SwĤ1 ≥ Ĥi} =
∑
C

P{(∪i∈Γ̄∩SwĤ1 ≥ Ĥi) ∩ (Γ̄ ∩ Sw = C)}

=
∑
C

P{∪i∈CĤ1 ≥ Ĥi}
∏
i∈C

P{i ∈ Γ̄}
∏

i∈Sw\C
P{i /∈ Γ̄} (2.5)

≤
∑
C

|C|max
i∈C

(P{Ĥ1 ≥ Ĥi}P{i ∈ Γ̄})

≤
|Sw|∑
d=1

(|Sw|
d

)
|Sw|max

i∈Sw
(P{Ĥ1 ≥ Ĥi}P{i ∈ Γ̄})

≤ 2|Sw||Sw|max
i∈Sw

(P{Ĥ1 ≥ Ĥi}P{i ∈ Γ̄}).

Let k∗ = argmaxi∈Sw
(
P{Ĥ1 ≥ Ĥi}P{i ∈ Γ̄}). Then from equation (2.5), we find that

P{Ĥ1 ≥ Ĥk∗}P{k∗ ∈ Γ̄}
∏

i∈Sw\{k∗}
P{i /∈ Γ̄}

is a lower bound for P{Ĥ1 ≥ mini∈Γ̄∩Sw Ĥi}. Then,

P{Ĥ1 ≥ Ĥk∗}P{k∗ ∈ Γ̄}
∏

i∈Sw\{k∗}
P{i /∈ Γ̄} ≤ P{Ĥ1 ≥ min

i∈Γ̄∩Sw
Ĥi}

≤ 2|Sw||Sw|P{Ĥ1 ≥ Ĥk∗}P{k∗ ∈ Γ̄}.
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Since by proposition A.2 we have,

lim
n→∞

1

n
logmax

i∈Sw
(P{Ĥ1 ≥ Ĥi}P{i ∈ Γ̄}) = max

i∈Sw
lim
n→∞

1

n
logP{Ĥ1 ≥ Ĥi}P{i ∈ Γ̄}

= max
i∈Sw

lim
n→∞

(
1

n
logP{Ĥ1 ≥ Ĥi}+ 1

n
logP{i ∈ Γ̄}

)
,

then by prior results,

− lim
n→∞

1

n
logP{Ĥ1 ≥ min

i∈Γ̄∩Sw
Ĥi} = min

i∈Sw

(
inf
x
(α1I1(x) + αiIi(x)) + αiJi(γ)

)
.

As before, the rate function is determined by the worse infeasible system which is “best” at falsely

being declared both feasible and optimal.

Combining lemmas 2.2 through 2.5 and applying the principle of the largest term, we arrive

at the following theorem.

Theorem 2.6. The rate function for the probability of false selection, that is, the probability that

we return to the user a system other than system 1 is given by

lim
n→∞

1

n
logP{FS} = −min

(1 declared
infeasible︷ ︸︸ ︷
α1J1(γ),

1 declared feasible︷ ︸︸ ︷
min
i∈Γ

(
inf
x
(α1I1(x) + αiIi(x))

)
︸ ︷︷ ︸

1 beaten by worse
feasible system

, min
i∈Sb

αiJi(γ),︸ ︷︷ ︸
1 beaten by better
infeasible system

min
i∈Sw

(
inf
x
(α1I1(x) + αiIi(x)) + αiJi(γ)

)
︸ ︷︷ ︸
1 beaten by worse infeasible system

)
.

2.4 Optimal Allocation Strategy

From theorem 2.6, an asymptotically optimal allocation strategy will result from maximizing the

rate at which P{FS} tends to zero with increasing n. Thus we wish to allocate the αi’s to solve
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the following optimization problem:

max min

(
α1J1(γ), min

i∈Γ

(
inf
x
(α1I1(x) + αiIi(x))

)
, min

i∈Sb
αiJi(γ),

min
i∈Sw

(
inf
x
(α1I1(x) + αiIi(x)) + αiJi(γ)

))
s.t. (2.6)

r∑
i=1

αi = 1, αi ≥ 0.

By Glynn and Juneja (2006), infx(α1I1(x)+αiIi(x)) is a concave, strictly increasing, C∞ function of

α1 and αi. Let x(α1, αi) = arg infx(α1I1(x)+αiIi(x)). As Glynn and Juneja (2006) demonstrate, for

α1 > 0 and αi > 0, x(α1, αi) is a C∞ function of α1 and αi. Likewise, the linear functions α1J1(γ)

and αiJi(γ) and the sum infx(α1I1(x) + αiIi(x)) + αiJi(γ) are also concave, strictly increasing, C∞

functions of α1 and αi. Since the minimum of concave, strictly increasing functions is also concave

and strictly increasing, the problem in (2.6) is a concave maximization problem. Equivalently, we

may rewrite the problem in (2.6) as the following problem Q.

Problem Q : max z s.t.

α1J1(γ) ≥ z,

α1I1(x(α1, αi)) + αiIi(x(α1, αi)) ≥ z, i ∈ Γ

αiJi(γ) ≥ z, i ∈ Sb

α1I1(x(α1, αi)) + αi

[
Ii(x(α1, αi)) + Ji(γ)

] ≥ z, i ∈ Sw
r∑

i=1

αi = 1, αi ≥ 0.

Slater’s condition (see Boyd and Vandenberghe, 2004, p. 226) holds for problem Q, that is,

there exists a point α= (α1, α2, . . . , αr) in the relative interior of the feasible set such that α is

“strictly feasible,” or so that the inequality constraints hold with strict inequality. For example, a

point satisfying this condition is z = 0, αi = 1/r, i = 1, . . . , r. Since problem Q is concave with

differentiable objective function and constraints and Slater’s condition holds, strong duality holds

and the Karush-Kuhn Tucker conditions are necessary and sufficient for global optimality (see, e.g.,

Boyd and Vandenberghe, 2004).

Since problem Q is a strictly concave, continuous function of α on a compact set, a unique

solution exists. Proposition 2.7 states this result.

Proposition 2.7. There exists a unique solution α∗ = {α∗
1, α

∗
2, . . . , α

∗
r} to problem Q with optimal

value z∗.
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Let us define problem Q∗ by replacing the inequality constraints corresponding to systems in

Γ, Sb, and Sw with equality constraints, and forcing each αi to be strictly greater than zero.

Problem Q∗ : max z s.t.

α1J1(γ) ≥ z,

α1I1(x(α1, αi)) + αiIi(x(α1, αi)) = z, i ∈ Γ

αiJi(γ) = z, i ∈ Sb

α1I1(x(α1, αi)) + αi

[
Ii(x(α1, αi)) + Ji(γ)

]
= z, i ∈ Sw

r∑
i=1

αi = 1, αi > 0,

The following proposition formally states the equivalence of problem Q and problem Q∗.

Proposition 2.8. Problems Q and Q∗ are equivalent, that is, problem Q∗ has the unique solution

α∗ with optimal value z∗.

Proof. For αi = 1/r, i = 1, . . . , r, it follows that z > 0 in problem Q. Therefore if αi = 0 for

i ∈ {1} ∪ Sb, then z = 0, which is suboptimal. Now consider αi = 0 for i ∈ Γ ∪ Sw. In this case, the

constraints for i ∈ Γ ∩ Sw reduce to α1 infx I1(x) = α1I1(h1) = 0, and hence z = 0. Therefore in

problem Q, it must be the case that αi > 0 for all i ≤ r. As a matter of notation, for the remainder

of this proof we temporarily append the variable z to the vector α such that α = (z, α1, . . . , αr).

For dual variables ν and λ = (λi ≥ 0 : i ≤ r), the Lagrangian is,

L(α,λ, ν) = z + λ1(α1J1(γ)− z) +
∑
i∈Γ

λi(α1I1(x(α1, αi)) + αiIi(x(α1, αi))− z)

+
∑
i∈Sb

λi(αiJi(γ)− z) +
∑
i∈Sw

λi(α1I1(x(α1, αi)) + αi

[
Ii(x(α1, αi)) + Ji(γ)

]− z)

+ ν

(
r∑

i=1

αi − 1

)

= z

(
r∑

i=1

λi − 1

)
+ ν

(
r∑

i=1

αi − 1

)
+ α1

(
λ1J1(γ) +

∑
i∈Γ∪Sw

λiI1(x(α1, αi))

)
+
∑
i∈Γ

αiλiIi(x(α1, αi)) +
∑
i∈Sb

αi(λiJi(γ)) +
∑
i∈Sw

αiλi

[
Ii(x(α1, αi)) + Ji(γ)

]
.

Now we solve for the first-order KKT conditions by taking taking the gradient of the Lagrangian

and setting it equal to zero. Since x(α1, αi) solves α1I
′
1(x)+αiI

′
i(x) = 0, then ∂

∂α1

(
α1I1(x(α1, αi))+

αiIi(x(α1, αi))
)
= I1(x(α1, αi)) and

∂
∂αi

(
α1I1(x(α1, αi))+αiIi(x(α1, αi))

)
= Ii(x(α1, αi)) (see Glynn



Susan R. Hunter Chapter 2. General Light-Tailed: One Constraint 21

and Juneja, 2004). Then the stationarity conditions are

r∑
i=1

λi = 1 (2.7)

λ1J1(γ) +
∑

i∈Γ∪Sw
λiI1(x(α

∗
1, α

∗
i )) = ν (2.8)

λiIi(x(α
∗
1, α

∗
i )) = ν, i ∈ Γ (2.9)

λiJi(γ) = ν, i ∈ Sb (2.10)

λi[Ii(x(α
∗
1, α

∗
i )) + Ji(γ)] = ν, i ∈ Sw (2.11)

and the complementary slackness conditions are

λ1(α
∗
1J1(γ)− z∗) = 0 (2.12)

λi(α
∗
1I1(x(α

∗
1, α

∗
i )) + α∗

i Ii(x(α
∗
1, α

∗
i ))− z∗) = 0, i ∈ Γ (2.13)

λi(α
∗
i Ji(γ)− z∗) = 0, i ∈ Sb (2.14)

λi(α
∗
1I1(x(α

∗
1, α

∗
i )) + α∗

i

[
Ii(x(α

∗
1, α

∗
i )) + Ji(γ)

]− z∗) = 0, i ∈ Sw. (2.15)

Equation (2.7) implies that at least one λi > 0. Suppose any λi = 0 for i ∈ Γ∪Sb ∪Sw. Since αi > 0

for all i ≤ r, the rate functions in equations (2.9) – (2.11) are strictly greater than zero, which implies

ν = 0, λi = 0 for all i ∈ Γ ∪ Sb ∪ Sw, and λ1 = 1. Then from equation (2.8), J1(γ) = 0. However we

have a contradiction since by assumption, J1(γ) > 0. Therefore λi > 0 for i ∈ Γ ∪ Sb ∪ Sw.

Since λi > 0 in equations (2.13) – (2.15), then the complementary slackness conditions implies

that each of these constraints is binding. Therefore the inequality constraints corresponding to

i ∈ Γ ∪ Sb ∪ Sw in problem Q can be replaced with equality constraints as in problem Q∗.

The structure of the identical problem Q∗ lends intuition to the structure of the optimal

allocation, as noted in the following steps: (i) Solve a relaxation of problem Q∗ without the feasibility

constraint for system 1. Let this problem be called problem Q̃∗, and let z̃∗ be the optimal value at

the optimal solution α̃∗ = (α̃∗
1, . . . , α̃

∗
r) to problem Q̃∗. (ii) Check if the feasibility constraint for

system 1 is satisfied by the solution α̃∗. If the feasibility constraint is satisfied, α̃∗ is the optimal

solution for problem Q∗. Otherwise, (iii) force the feasibility constraint to be binding. The steps (i),

(ii), and (iii) are equivalent to solving one of two systems of nonlinear equations, as identified by the

KKT conditions of problems Q∗ and Q̃∗. Theorem 2.9 asserts this result formally.

Theorem 2.9. Let the set of suboptimal feasible systems Γ be non-empty, and define problem Q̃∗

as problem Q∗, but with the inequality constraint relaxed. Let (α∗, z∗) and (α̃∗, z̃∗) denote the
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unique optimal solution and optimal value pairs for problems Q∗ and Q̃∗, respectively. Consider the

conditions,

C0.
∑r

i=1 αi = 1,α > 0, and

z = α1I1(x(α1, αi)) + αiIi(x(α1, αi)) = αjJj(γ) = α1I1(x(α1, αk)) + αk[Ik(x(α1, αk)) + Jk(γ)]

for all i ∈ Γ, j ∈ Sb, k ∈ Sw,

C1.
∑
i∈Γ

I1(x(α1, αi))

Ii(x(α1, αi))
+

∑
i∈Sw

I1(x(α1, αi))

Ii(x(α1, αi)) + Ji(γ)
= 1.,

C2. α1J1(γ) = z.

Then (i) α̃∗ solves C0 and C1 and α̃∗
1J1(γ) ≥ z̃∗ if and only if α̃∗ = α∗; and

(ii) α∗ solves C0 and C2 and α̃∗
1J1(γ) < z̃∗ if and only if α∗ �= α̃∗.

Proof. Due to the structure of problem Q, the KKT conditions are necessary and sufficient for

global optimality. From prior results, recall that the solutions to problems Q, Q∗, and Q̃∗ exist, and

that condition C0 holds for the solutions α∗ and α̃∗.

We now simplify the KKT equations for problem Q. Since λi > 0 for all i ∈ Γ∪ Sb ∪ Sw in the

proof of proposition 2.8, it follows that ν > 0. Dividing (2.8) by ν and appropriately substituting in

values from (2.9)–(2.11),

λ1J1(γ)

ν
+
∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

= 1. (2.16)

By a similar logic to that given in the proof of proposition 2.8 and the simplification provided

in equation (2.16), omitting the term with λ1 in equation (2.16) yields condition C1 as a KKT

condition for problem Q̃∗. Taken together, C0 and C1 create a fully-specified system of equations

that form the KKT conditions for Problem Q̃∗. A solution α is thus optimal to problem Q̃∗ if and

only if it solves C0 and C1.

Let D(Q∗) and D(Q̃∗) denote the feasible regions of problems Q∗ and Q̃∗, respectively.

Proof of Claim (i). (⇒) Suppose α̃∗ solves C0 and C1, and α̃∗
1J1(γ) ≥ z̃∗. Then α̃∗ ∈ D(Q∗).

Since the objective functions of problems Q∗ and Q̃∗ are identical, and D(Q∗) ⊂ D(Q̃∗), it follows

that z∗ ≤ z̃∗. Therefore α̃∗ ∈ D(Q∗) implies α̃∗ is the optimal solution to problem Q∗, and by the

uniqueness of the optimal solution, α̃∗ = α∗.

(⇐) Now suppose α̃∗ = α∗. Since α̃∗ is the optimal solution to problem Q̃∗, then α̃∗ solves

C0 and C1. Further, since α∗ is the optimal solution to problem Q, α∗ = α̃∗ ∈ D(Q∗). Therefore

α̃∗
1J1(γ) ≥ z̃∗.
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Proof of Claim (ii). (⇒) Suppose α∗ solves C0 and C2, and α̃∗
1J1(γ) < z̃∗. Then α̃∗ /∈ D(Q∗),

and therefore α̃∗ �= α∗.

(⇐) By prior arguments, C0 holds for α∗ and α̃∗. Now suppose α∗ �= α̃∗, which implies

α̃∗ /∈ D(Q∗). Then it must be the case that α̃∗
1J1(γ) < z̃∗. Further, since α̃∗ uniquely solves C0

and C1, α∗ �= α̃∗ implies that C1 does not hold for α∗. Therefore when solving problem Q, it

follows that λ1 > 0 in equation (2.16). By the complementary slackness condition in equation (2.12),

α∗
1J1(γ) = z∗, and hence C2 holds for α∗.

Theorem 2.9 implies that, since a solution to problem Q∗ always exists, an optimal solution

to problem Q can be obtained as the solution to one of the two sets of nonlinear equations C0 and

C1 or C0 and C2. We state the procedure implicit in theorem 2.9 as algorithm 2.1.

Algorithm 2.1 Conceptual algorithm to solve for the optimal allocation α∗ in the case general
light-tailed distributions and one constraint

1: Solve the nonlinear system C0, C1 to obtain α̃∗ and z̃∗.
2: if J1(γ) ≥ z̃∗/α̃∗

1 then
3: return α∗ = α̃∗.
4: else
5: Solve the nonlinear system C0, C2 to obtain α∗.
6: return α∗.
7: end if

Theorem 2.9 assumes that we have at least one system in Γ. In the event that Γ is empty,

conditions C0 and C1 may not form a fully-specified system of equations (e.g., Γ and Sw are empty),

or may not have a solution. In such a case, C0 and C2 provide the optimal allocation. When the

sets Sb and Sw are empty but Γ is nonempty, theorem 2.9 reduces to the result presented in Glynn

and Juneja (2004).

2.4.1 Additional Mathematical Insight into the Structure of the Optimal Allo-

cation Problem (Problem Q)

One can a solution for the dual variables from the KKT conditions presented in the proof of

proposition 2.8 and the simplification presented in the proof of theorem 2.9 as follows.

Since ν > 0 and J1(γ) > 0, from equation (2.16),

∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

≤ 1.
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Rearranging terms and substituting 1−∑r
i=2 λi for λ1,

J1(γ)

ν
− J1(γ)

r∑
i=2

λi

ν
= 1−

∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

.

Further substitution yields,

ν =

⎡⎣∑
i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1

Ji(γ)
+

∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

+
1

J1(γ)

(
1−

∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

)⎤⎦−1

.

Then λ1 is given by

λ1 =
1

J1(γ)

(
1−

∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

)

×
⎡⎣∑

i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1

Ji(γ)
+

∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

+
1

J1(γ)

(
1−

∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

)⎤⎦−1

.

The value of z∗ may also be found in terms of other variables from condition C0 in theorem

2.9. Dividing through by α∗
1 and the appropriate rate functions yields

z∗

α∗
1

(
1

Ii(x(α∗
1, α

∗
i ))

)
=

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

+
α∗
i

α∗
1

for all i ∈ Γ

z∗

α∗
1

(
1

Ji(γ)

)
=

α∗
i

α∗
1

for all i ∈ Sb

z∗

α∗
1

(
1

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

)
=

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

+
α∗
i

α∗
1

for all i ∈ Sw.

Summing up the left hand side and the right hand side and noticing

∑
i∈Γ∪Sb∪Sw

α∗
i

α∗
1

=
1

α∗
1

− 1,
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it follows that

z∗

α∗
1

⎛⎝∑
i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1

Ji(γ)
+

∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

⎞⎠
=

∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

+
1

α∗
1

− 1.

Rearranging terms yields

z∗ =

1− α∗
1

⎛⎝1−
∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

⎞⎠
∑
i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1

Ji(γ)
+

∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

.

If C0 and C1 hold, then

z∗ =

⎛⎝∑
i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1

Ji(γ)
+

∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

⎞⎠−1

.

If C0 and C2 hold, then α∗
1J1(γ) = z∗. Hence,

z∗ =

⎡⎣⎛⎝∑
i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1

Ji(γ)
+

∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

⎞⎠
+

1

J1(γ)

⎛⎝1−
∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) + Ji(γ)

⎞⎠⎤⎦−1

.

2.4.2 An Approximate Closed-Form Solution for Normally Distributed Perfor-

mance Measures

We now consider an approximation for the case in which the random variables corresponding to

both the objective and constraint have normal distributions. The relevant rate functions for the

normal case are derived as follows.

Let Hi ∼ N(hi, σ
2
hi
) and Gi ∼ N(gi, σ

2
gi) for all i ≤ r. Then

Ii(x) =
(x− hi)

2

2σ2
hi

and Ji(γ) =
(γ − gi)

2

2σ2
gi

.
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Differentiating to find the value of x at which infx(α1I1(x) + αiIi(x)) is achieved yields

x(α1, αi) =
(σ2

hi
/αi)h1

(σ2
hi
/αi) + (σ2

h1
/α1)

+
(σ2

h1
/α1)hi

(σ2
h1
/α1) + (σ2

hi
/αi)

.

Then the rate functions are,

αiJi(γ) =
αi(γ − gi)

2

2σ2
gi

, i ∈ {1} ∪ Sb,

α1I1(x(α1, αi)) + αiIi(x(α1, αi)) =
(h1 − hi)

2

2(σ2
h1
/α1 + σ2

hi
/αi)

, i ∈ Γ

α1I1(x(α1, αi)) + αi[Ii(x(α1, αi)) + Ji(γ)] =
(h1 − hi)

2

2(σ2
h1
/α1 + σ2

hi
/αi)

+
αi(γ − gi)

2

2σ2
gi

, i ∈ Sw.

Taking partial derivatives with respect to αi yields

∂

∂α1
[α1I1(x(α1, αi)) + αiIi(x(α1, αi))] = I1(x(α1, αi)) =

α2
i σ

2
h1
(h1 − hi)

2

2(αiσ2
h1

+ α1σ2
hi
)2
, (2.17)

∂

∂αi
[α1I1(x(α1, αi)) + αiIi(x(α1, αi))] = Ii(x(α1, αi)) =

α2
1σ

2
hi
(h1 − hi)

2

2(αiσ2
h1

+ α1σ2
hi
)2
. (2.18)

The general solution for the optimal allocation in the normal case does not have a closed-form

expression.

In the unconstrained normal case, Chen et al. (2000) and Glynn and Juneja (2004) simplify

the optimal allocation by allowing α∗
1 
 α∗

i . However it is not clear what this approximation means

in terms of problem parameters. For example, to take the limit as α∗
1 → 1 and maintain the KKT

conditions for optimality, problem parameters such as σh1 must change to maintain the optimality

and feasibility of the new allocation. We circumvent this problem by removing the optimal allocation

requirement between system 1 and all other systems, that is, fixing α1 and optimizing with respect

to αi, i ∈ {2, . . . , r}. From condition C0 in theorem 2.9, the following corollary follows, regarding

the optimal allocation amongst all systems other than system 1.

Corollary 2.10. Let α′∗ = (α1, α
∗
2, . . . , α

∗
r). If α′∗ > 0,

∑r
i=2 α

∗
i = 1−α1 minimizes the asymptotic

probability of false selection, then

α∗
i Ji(γ) = α1I1(x(α1, α

∗
j )) + α∗

jIj(x(α1, α
∗
j )) = α1I1(x(α1, α

∗
k)) + α∗

k[Ik(x(α1, α
∗
k)) + Jk(γ)],

for all i ∈ Sb, j ∈ Γ, k ∈ Sw. (2.19)

To find the allocation for α1 
 α∗
i for a fixed α1, we fall within the purview of corollary 2.10.
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Using equation (2.19),

α∗
i

α∗
j

=
α1I1(x(α1, α

∗
j ))Ij∈Γ∪Sw − α1I1(x(α1, α

∗
i ))Ii∈Γ∪Sw + α∗

jIj(x(α1, α
∗
j ))Ij∈Γ∪Sw + α∗

jJj(γ)Ij∈Sb∪Sw
α∗
jIi(x(α1, α∗

i ))Ii∈Γ∪Sw + α∗
jJi(γ)Ii∈Sb∪Sw

=

α1α
∗
jσ

2
h1
(h1 − hj)

2

(α∗
jσ

2
h1

+ α1σ2
hj
)2

Ij∈Γ∪Sw +
α2
1σ

2
hj
(h1 − hj)

2

(α∗
jσ

2
h1

+ α1σ2
hj
)2
Ij∈Γ∪Sw +

(γ − gj)
2

σ2
gj

Ij∈Sb∪Sw

α1α
∗
i σ

2
h1
(h1 − hi)

2

(α∗
i σ

2
h1

+ α1σ2
hi
)2

Ii∈Γ∪Sw +
α2
1σ

2
hi
(h1 − hi)

2

(α∗
i σ

2
h1

+ α1σ2
hi
)2
Ii∈Γ∪Sw +

(γ − gi)
2

σ2
gi

Ii∈Sb∪Sw

. (2.20)

Now let α1 → 1 in equation (2.20). Since 1−α1 =
∑r

i=2 α
∗
i , then α∗

i → 0 for all i ∈ {2 . . . , r}. Then

α∗
i

α∗
j

≈

(
h1 − hj
σhj

)2

Ij∈Γ∪Sw +

(
γ − gj
σgj

)2

Ij∈Sb∪Sw(
h1 − hi
σhi

)2

Ii∈Γ∪Sw +

(
γ − gi
σgi

)2

Ii∈Sb∪Sw

.

where equality holds for all i, j ∈ Sb. When considering only feasible systems, these results reduce

to those presented by Glynn and Juneja (2004).

2.5 Normal Examples

To illustrate the proposed algorithm, we consider several examples where the underlying performance

measures have normal distributions. (See section 2.4.2 for the rate functions in the normal case.)

Specifically, we present cases in which α1J1(γ) is nonbinding (only C0 and C1 hold), binding with

λ1 > 0 (only C0 and C2 hold), and binding with λ1 = 0 (C0, C1, and C2 hold). To demonstrate

the effect of g1 on the allocation to system 1, we vary g1 while holding all other parameters of the

examples fixed.

Let there be r = 3 systems, each with normally distributed objective function and constraint

such that γ = 0 and with means and variances given in table 2.1.

Table 2.1: Means and variances for normal examples illustrating the proposed conceptual algorithm
in the case of general light-tailed distributions and one constraint

System (i) hi σ2
hi

gi σ2
gi

1 0 1.0 g1 < 0 varies 1.0
2 2.0 1.0 −1.0 1.0
3 2.0 1.0 −2.0 1.0

Thus in the examples that follow, Γ = {1, 2, 3}, Sb = ∅, and Sw = ∅. Since the basis for the

proposed allocation to systems in Γ regards their “scaled distance” from system 1, and systems 2
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and 3 are equal in this respect, one can intuitively expect that they will receive equal allocation.

Example 2.11 (α1J1(γ) nonbinding). In this example, let g1 = −2. Then problem Q̃∗ is

max z s.t.

(h1 − h2)
2

2(σ2
h1
/α1 + σ2

h2
/α2)

= z

(h1 − h3)
2

2(σ2
h1
/α1 + σ2

h3
/α3)

= z

α1 + α2 + α3 = 1

αi > 0,

which is equivalent to,

max z s.t.

2

1/α1 + 1/α2
= z

α2 − α3 = 0

α1 + α2 + α3 = 1

αi > 0.

Solving for α1 yields the equation

2α1(1− α1)

α1 + 1
= z. (2.21)

Taking the derivative and setting it equal to zero yields the quadratic equation

α2
1 + 2α1 − 1 = 0,

with solution

α̃∗
1 =

√
2− 1 ≈ 0.4142, α̃∗

2 = 1− 1√
2
≈ 0.2929, α̃∗

3 = 1− 1√
2
≈ 0.2929. (2.22)

Then z̃∗ = 6− 4
√
2 ≈ 0.3431.

Now let us check the value of α̃∗
1J1(γ). We have α̃∗

1J1(γ) = (
√
2− 1)(0 + 2)2/2 ≈ 0.8284 > z̃∗.

Therefore α̃∗ solves Problem Q∗, and the allocation given in (2.22) is optimal.
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Example 2.12 (α1J1(γ) binding, λ1 > 0). Now let g1 = −1. Thus this example is identical to

the previous example, except that the mean of the distribution on G1 has changed. Therefore the

solution to problem Q̃∗, α̃∗, is given by equation (2.22). However when upon checking the value of

α̃∗
1J1(γ), we find

α̃∗
1J1(γ) = (

√
2− 1)

(0 + 1)2

2(1)
≈ 0.2071 < z̃∗.

Therefore α̃∗ does not solve Q∗, and the allocation to system 1 must increase due to the slow rate

function for P{FS1}. Now let the constraint α1J1(γ) be binding such that α1J1(γ) = z. Then from

equation (2.21), it follows that
2α1(1− α1)

α1 + 1
=

α1

2
= z.

Solving for α1 in the above equation results in α1 = 0.6. Since the problem is fully specified, the

optimal allocation is,

α∗
1 = 0.6, α∗

2 = 0.2, α∗
3 = 0.2,

and the overall rate achieved is z∗ = 0.3.

Example 2.13 (α1J1(γ) binding, λ1 = 0). Now let

g1 = −
√

2(6− 4
√
2)√

2− 1
≈ −1.2872.

This example is identical to the previous examples, except that once again the mean of the

distribution on G1 has changed. Solving the relaxed problem Q̃∗, we find α̃∗ is given by equation

(2.22). Now checking α̃∗
1J1(γ) results in α̃∗

1J1(γ) = 6− 4
√
2 = z∗. For the allocation α̃∗,

∑
i∈Γ

I1(x(α1, αi))

Ii(x(α1, αi))
=

(
α∗
2

α∗
1

)2

+

(
α∗
3

α∗
1

)2

= 1,

and hence λ1 = 0. Thus this example was constructed so that the value of α1J1(γ) sits exactly at

the optimal allocation that results from solving problem Q̃∗.

The values of the optimal allocations and the achieved rate of decay of P{FS} can be plotted

as a function of the value g1. Solving for the optimal allocation as a function of g1 yields the

allocations displayed in figure 2.1 and the rate z∗ displayed in figure 2.2.

Figure 2.1 shows that as g1 becomes farther from γ = 0, system 1 requires a smaller portion

of the sample to determine its feasibility. For values of g1 smaller than g1 = −1.2872, the feasibility

of system 1 is not binding in this example. Therefore the optimal allocation as a function of g1 does
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Figure 2.1: The graph of the constraint value of
system 1 (g1) versus the optimal allocation for
the systems in table 2.1 shows that when the
system 1 is sufficiently “close” to the constraint,
the allocation to system 1 increases. When sys-
tem 1 is sufficiently “far” from the constraint,
the allocation to systems as a function of the
position of system 1 does not change.
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Figure 2.2: The graph of the constraint value of
system 1 (g1) versus the rate of decay of of the
probability of false selection (P{FS}) for the
systems in table 2.1 shows that the rate of decay
of the P{FS} decreases as system 1 becomes
closer to the constraint.

not change for g1 < −1.2872. Likewise, in figure 2.2, the rate of decay of P{FS} remains constant

at z∗ = 0.3431 for g1 < −1.2872. For g1 > −1.2873, the rate decreases to zero as a function of

increasing g1.



Chapter 3

General Light-Tailed Distributions:

Multiple Constraints

Consider the context of problem P fully, with multiple constraints (see section 1.2). In this chapter,

we define a relaxation of the assumption of independence between the objective function and

constraint random variables. Before presenting results analogous to those presented in chapter 2 for

the multiple-constraint case, we discuss the structure of permissible dependence. Since many of the

proofs in this chapter are similar to those presented in chapter 2, full proofs appear in appendix B.

A version of the work in this chapter is presented in the journal article by Hunter and Pasupathy

(2011).

3.1 Chapter Organization

Section 3.2 contains an exploration of the structure of permissible dependence for the results

presented in this chapter. Assumptions for the chapter are described in section 3.3. Section 3.4

contains an expression for the rate function of the probability of false selection as a function of the

computing budget allocation. Section 3.5 contains a general sampling framework and a conceptual

algorithm to solve for the optimal allocation. A consistent estimator and an implementable sequential

algorithm for the optimal allocation is provided in section 3.6. Section 3.7 contains numerical

illustrations for the normal case and a comparison with OCBA-CO (Lee et al., 2011).

3.2 Structure of Permissible Dependence

In this chapter, we replace the assumption regarding independence between the objective function

and constraint for each system with an assumption allowing certain types of dependence that “wash

31
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out” asymptotically. For independent events An and Bn, when the relevant limits exist,

lim
n→∞

1

n
logP{An ∩Bn} = lim

n→∞
1

n
logP{An}+ lim

n→∞
1

n
logP{Bn}.

That is, when computing the rate function of the intersection of two independent events, the rate

functions of each of the individual events simply add up. Intuitively, because An and Bn are

independent, P{An ∩Bn} = P{An}P{Bn}, and hence the summation results from taking the log

of both sides. While independence is a sufficient condition for the rate function of the intersection

to be the sum of the rate functions of each event, independence is not a necessary condition.

The events considered in large deviations contexts tend to be dichotomously categorized as

having probabilities that tend to zero or one. For example, the event that system 1 is deemed

feasible tends to one, and the event that system 1 is deemed infeasible tends to zero. Therefore in

the following discussion of permissible dependence, we only consider events An and Bn such that

P{An} → 0, either P{Bn} → 0 or P{Bn} → 1, and P{An ∩Bn} → 0.

Let us define

cn =
P{An ∩Bn}
P{An}P{Bn} .

Then by definition P{An ∩Bn} = cnP{An}P{Bn}, and it follows that

1

n
logP{An ∩Bn} =

1

n
log cn +

1

n
logP{An}+ 1

n
logP{Bn}.

Now suppose all relevant limits exist. Then

lim
n→∞

1

n
logP{An ∩Bn} = lim

n→∞
1

n
log cn + lim

n→∞
1

n
logP{An}+ lim

n→∞
1

n
logP{Bn}.

When P{Bn} → 1, the above equation simplifies to

lim
n→∞

1

n
logP{An ∩Bn} = lim

n→∞
1

n
log cn + lim

n→∞
1

n
logP{An}.

From this argument, the conditions for asymptotic independence become clear: we require

lim
n→∞

1

n
log cn = 0.

The following definition states this requirement formally.

Definition 3.1. Let An and Bn be events with P{An} → 0 and either P{Bn} → 0 or P{Bn} → 1.
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Then An and Bn exhibit limiting independence if

lim
n→∞

1

n
log

P{An ∩Bn}
P{An}P{Bn} = 0.

Equivalently, we require

lim
n→∞

(
P{An ∩Bn}
P{An}P{Bn}

)1/n

= 1.

This definition does not allow certain types of extreme dependence, such as the case where

events An and Bn are disjoint and hence P{An ∩Bn} = 0, or the case where P{Bn} → 0, Bn ⊆ An,

and hence P{An ∩Bn} = P{Bn}. In addition, the following example shows that when P{An} → 0

and P{Bn} → 1, limiting independence does not hold if Bn acts in such a way that it increases the

rate at which P{An ∩Bn} tends to zero.

Example 3.2. Let An and Bn be events such that P{An} = e−2n + e−3n, P{Bn} = 1− e−2n, and

P{An ∩Bn} = P{Bn} − P{Ac
n} = e−3n. One can imagine these measures on a [0, 1] number line

where Bn = [0, 1− e−2n], An = [1− e−2n− e−3n, 1], and An∩Bn = [1− e−2n− e−3n, 1− e−2n]. Then

limn→∞ 1
n logP{An ∩Bn} = −3, and by the principle of the largest term, limn→∞ 1

n logP{An} =

limn→∞ 1
n log

(
e−2n + e−3n

)
= −2. Therefore P{An ∩Bn} → 0 faster than P{An} → 0.

Among the types of allowable dependence are those where cn is bounded away from 0 and

∞, and where cn tends to ∞ slowly enough that the overall term limn→∞ 1
n log cn still tends to

zero. The following example explores one type of permissible dependence for bivariate normal

distributions.

Example 3.3. For i = 1, . . . , n, let[
X1i

X2i

]
iid∼ BN

([
0

0

]
,

[
1 ρ

ρ 1

])
,

where BN indicates the bivariate normal distribution, correlation ρ = E[(X1 − μ1)(X2 − μ2)]/σ1σ2,

and |ρ| < 1. Then for X̄1 =
1
n

∑n
i=1X1i and X̄2 =

1
n

∑n
i=1X2i,[

X̄1

X̄2

]
∼ BN

([
0

0

]
,
1

n

[
1 ρ

ρ 1

])
.

Consider the events P{X̄1 > a} and P{X̄2 > b} for some a > 0 and b < 0, where a, b < ∞, and

ρ ≥ 0. Then

P{X̄1 > a, X̄2 > b} ≥ P{X̄1 > a}P{X̄2 > b}, (3.1)
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and hence cn ≥ 1. If b < 0, then P{X̄2 > b} → 1, and since

cn =
P{X̄1 > a, X̄2 > b}

P{X̄1 > a}︸ ︷︷ ︸
≤1

1

P{X̄2 > b}︸ ︷︷ ︸
→1

, (3.2)

then lim sup cn ≤ 1. Since cn ≥ 1 and lim sup cn ≤ 1, it follows that limn→∞ cn = 1 and hence

limn→∞ 1
n log cn = 0.

3.3 Assumptions for Chapter 3

To estimate the unknown quantities hi and gij , we assume we may obtain replicates of the output

random variables (Hi, Gi1, . . . , Gis) from each system. In addition to assumptions 1 and 2, let the

following assumptions hold in this chapter.

We assume limiting independence across events regarding the classification of systems on

optimality and feasibility.

Assumption 3.1. For any particular system i, all events involving the output random variables

Hi, Gi1, . . . , Gis exhibit mutual limiting independence.

The assumption that for any particular system i, the output random variables Hi, Gi1, . . . , Gis are

mutually independent is a more strict version of Assumption 3.1.

Let us define H̄i(n) = n−1
∑n

k=1Hik and Ḡij(n) = n−1
∑n

k=1Gijk. We will use Ĥi ≡ H̄i(αin)

and Ĝij ≡ Ḡij(αin) as shorthand for the estimators of hi and gij after scaling the sample size by

αi > 0, the proportion of the total sample n which is allocated to system i.

Let

Λ
(n)
Hi

(θ) = log E
[
eθH̄i(n)

]
and Λ

(n)
Gij

(θ) = log E
[
eθḠij(n)

]
be the cumulant generating functions of H̄i(n) and Ḡij(n), respectively. Let the effective domain of

a function f(·) be denoted by Df = {x : f(x) < ∞} and its interior by D◦
f . Let f

′(x) denote the

derivative of f with respect to the argument x. As is usual in LD contexts, we make the following

assumption.

Assumption 3.2. For each system i ≤ r and constraint j ≤ s,

(1) the limits

ΛHi(θ) = lim
n→∞

1

n
Λ
(n)
Hi

(nθ) and ΛGij (θ) = lim
n→∞

1

n
Λ
(n)
Gij

(nθ)

exist as extended real numbers for all θ;
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(2) the origin belongs to the interior of DΛHi
and DΛGij

, that is, 0 ∈ D◦
ΛHi

and 0 ∈ D◦
ΛGij

;

(3) ΛHi(θ) and ΛGij (θ) are strictly convex and C∞ on D◦
ΛHi

and D◦
ΛGij

, respectively;

(4) ΛHi(θ) and ΛGij (θ) are steep, that is, for any sequence {θn} ∈ DΛHi
that converges to a

boundary point of DΛHi
, lim

n→∞ |Λ′
Hi
(θn)| = ∞, and likewise, for {θn} ∈ DΛGij

converging to a

boundary point of DΛGij
, lim

n→∞ |Λ′
Gij

(θn)| = ∞.

Assumption 3.2 implies that H̄i → hi wp1 and Ḡij → gij wp1 (see Bucklew, 2003, remark 3.2.1).

Furthermore, assumption 3.2 ensures that, by the Gärtner-Ellis theorem (Dembo and Zeitouni,

1998, p. 44), H̄i and Ḡij satisfy the large deviations principle (LDP) (Dembo and Zeitouni, 1998,

p. 4) with good rate functions Ii(x) = supθ∈R{θx − ΛHi(θ)} and Jij(y) = supθ∈R{θy − ΛGij (θ)}.
Assumption 3.2(3) is stronger than what is needed for the Gärtner-Ellis theorem to hold. However,

we require ΛHi(θ) and ΛGij (θ) to be strictly convex and C∞ on D◦
ΛHi

and D◦
ΛGij

, respectively,

so that Ii(x) and Jij(y) are strictly convex and C∞ for x ∈ F◦
Hi

= int{Λ′
Hi
(θ) : θ ∈ D◦

ΛHi
} and

y ∈ F◦
Gij

= int{Λ′
Gij

(θ) : θ ∈ D◦
ΛGij

}, respectively.
Let h� = argmini{hi} and let hu = argmaxi{hi}. We further assume,

Assumption 3.3. (1) the interval [h�, hu] ⊂ ∩r
i=1F

◦
Hi
, and (2) γj ∈ ∩r

i=1F
◦
Gij

for all j ≤ s.

Assumption 3.3 assigns nonzero probability to false selection events. As in Glynn and Juneja

(2004), assumption 3.3(1) ensures that H̄i may take any value in the interval [h�, hu]. Consequently,

this assumption ensures that we may falsely estimate any system i, i = 2, . . . , r, as at least as good

in objective function value as system 1. Assumption 2.3(2) ensures there is a nonzero probability

that each system will be estimated feasible and a nonzero probability that each system will be

estimated infeasible. Specifically, it ensures there is a nonzero probability that system 1 will be

estimated infeasible and a nonzero probability that an infeasible system will be estimated feasible.

3.4 Rate Function of Probability of False Selection

The false selection (FS) event is the event that the actual best feasible system, system 1, is not

the estimated best feasible system. More specifically, FS is the event that system 1 is incorrectly

estimated infeasible on any of its constraints, or that system 1 is estimated feasible on all of

its constraints but another system, also estimated feasible on all of its constraints, has the best

estimated-objective value. Let Γ̄ be the set of estimated-feasible systems, excluding system 1, that
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is, Γ̄ = {i : Ĝij ≤ γj for all j ≤ s, i �= 1}. Then formally, the probability of false selection is

P{FS} = P{(∪j Ĝ1j > γj) ∪ ((∩j Ĝ1j ≤ γj) ∩ (Ĥ1 ≥ min
i∈Γ̄

Ĥi))}

= P{∪j Ĝ1j > γj}+ P{(∩j Ĝ1j ≤ γj) ∩ (∪i∈Γ̄ Ĥ1 ≥ Ĥi)} (3.3)

= P{FS1}+ P{FS2}.

The following theorems 3.4 and 3.5 provide derivations of the rate functions for P{FS1} and

P{FS2}, respectively, whose expressions appear in equation (3.3). In theorem 3.5, through the

strategic division of systems into the sets Γ, Sb, and Sw, the rate function of P{FS2} splits into the

minimum of three separate terms corresponding to the rate functions for systems in each of these

three sets. Finally, in theorem 3.6, these results are combined to produce the overall rate function

for P{FS}.
First consider the rate function for P{FS1}, the probability that system 1 is declared infeasible

on any of its constraints. Theorem 3.4 establishes the asymptotic behavior of P{FS1} as the rate

function corresponding to the constraint on system 1 that is most likely to be declared unsatisfied.

Theorem 3.4. The rate function for P {FS1} is given by

− lim
n→∞

1

n
logP{FS1} = min

j∈C1
F

α1J1j(γj).

Proof. The following upper and lower bounds hold for P{FS1}:

max
j∈C1

F

P{Ĝ1j > γj} ≤ P{∪j∈C1
F
Ĝ1j > γj} ≤ smax

j∈C1
F

P{Ĝ1j > γj}.

Assuming the relevant limits exist and by application of proposition A.2 (see appendix A) the rate

function for maxj∈C1
F
P{Ĝ1j > γj} is given by

lim
n→∞

1

n
logmax

j∈C1
F

P{Ĝ1j > γj} = max
j∈C1

F

lim
n→∞

1

n
logP{Ĝ1j > γj}.

Under assumption 3.2, by the Gärtner-Ellis theorem, we have

− inf
y∈(γj ,∞)

J1j(y) ≤ lim inf
n→∞

1

n
logP (Ḡ1j(n) > γj) ≤ lim sup

n→∞
1

n
logP (Ḡ1j(n) > γj) ≤ − inf

y∈[γj ,∞)
J1j(y)

Since by assumption 3.3, J1j(y) is strictly convex and C∞ in F◦
G1j

and g1j < γj ∈ F◦
G1j

, it follows

that − infy∈(γj ,∞) J1j(y) = − infy∈[γj ,∞) J1j(y) = −J1j(γj). Therefore the limit exists.
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Now let the cumulant generating function of Ĝ1j be denoted Λ
(α1n)
G1j

(θ). By assumption 3.2,

lim
n→∞

1

n
Λ
(α1n)
G1j

(nθ) = lim
n→∞

1

n
log E[eθ/α1

∑α1n
k=1 G1jk ] = lim

n→∞
α1

n
log E[eθ/α1

∑n
k=1 G1jk ]

= α1ΛG1j (θ/α1).

Hence Ĝ1j also satisfies the LDP with good rate function

sup
θ
{θy − α1ΛG1j (θ/α1)} = α1 sup

θ/α1

{(θ/α1)y − ΛG1j (θ/α1)} = α1J1j(y).

Therefore by similar arguments to those given above, the infimum over the set (γ,∞) is achieved at

α1J1j(γ). Therefore the limit exists and

lim
n→∞

1

n
logP{FS1} = max

j∈C1
F

lim
n→∞

1

n
logP{Ĝ1j > γj} = − min

j∈C1
F

α1J1j(γj).

Theorem 3.4 implies that the rate function for P{FS1} is determined by the constraint that is most

likely to qualify system 1 as infeasible. Under our assumptions and with logic similar that given in

the proof of theorem 3.4, it can be shown that for any system i that does not satisfy constraint j,

the rate function for the probability that system i is incorrectly estimated feasible on constraint j is

lim
n→∞

1

n
logP{Ĝij ≤ γj} = −αiJij(γj).

Now consider P{FS2}. Since the probability that system 1 is estimated feasible tends to one

and under our assumptions regarding independence (assumptions 1 and 3.1), it holds that

lim
n→∞

1

n
logP{(∩j Ĝ1j ≥ γj) ∩ (∪i∈Γ̄ Ĥ1 ≥ Ĥi)} = lim

n→∞
1

n
logP{∪i∈Γ̄ Ĥ1 ≥ Ĥi}. (3.4)

Therefore the rate function of P{FS2} is governed by the rate at which the probability that system

1 is “beaten” by another estimated-feasible system tends to zero. Since the equality in equation

(3.4) always holds, in the remainder of the chapter, we omit the explicit statement of the event that

system 1 is estimated feasible. Since the estimated set of feasible systems Γ̄ may contain worse

feasible systems (i ∈ Γ), better infeasible systems (i ∈ Sb), and worse infeasible systems (i ∈ Sw),

we strategically consider the rate functions for the probability that system 1 is beaten by a system

in Γ, Sb, or Sw separately. Theorem 3.5 states that the rate function of P{FS2} is determined by

the slowest-converging probability that system 1 will be “beaten” by an estimated-feasible system

from Γ, Sb, or Sw.
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Theorem 3.5. The rate function for P {FS2} is given by the minimum rate function of the

probability that system 1 is beaten by an estimated-feasible system that is (i) feasible and worse, (ii)

infeasible and better, or (iii) infeasible and worse. That is,

− lim
n→∞

1

n
logP{FS2} = min

( system 1 beaten by a
feasible and worse system︷ ︸︸ ︷

min
i∈Γ

(inf
x
(α1I1(x) + αiIi(x))),

system 1 beaten by an
infeasible and better system︷ ︸︸ ︷

min
i∈Sb

αi

∑
j∈Ci

I

Jij(γj),

min
i∈Sw

(inf
x
(α1I1(x) + αiIi(x)) + αi

∑
j∈Ci

I

Jij(γj))

︸ ︷︷ ︸
system 1 beaten by an

infeasible and worse system

)
.

Proof. See appendix B, section B.1.

Like the intuition behind theorem 3.4, that the rate function of P{FS1} is determined by

the constraint most likely to disqualify system 1, in theorem 3.5, the rate function of P{FS2} is

determined by the system most likely to “beat” system 1. However systems in Γ, Sb, and Sw must

overcome different obstacles to be falsely estimated as the best feasible system. Since systems in Γ

are truly feasible, they must overcome one obstacle: optimality. The rate function for systems in

Γ is thus identical to the unconstrained optimization case presented in Glynn and Juneja (2004)

and is determined by the system in Γ most likely to be falsely estimated as optimal. Systems in

Sb are truly better than system 1, but are infeasible. They also have one obstacle to overcome

to be selected as best: feasibility. The rate function for systems in Sb is thus determined by the

system in Sb that is most likely to be falsely estimated as feasible. Since an infeasible system in Sb

must falsely be estimated as feasible on all of its infeasible constraints, the rate functions for the

infeasible constraints simply add up inside the overall rate function for each system in Sb. Systems

in Sw are worse and infeasible, so two obstacles must be overcome: optimality and feasibility. The

rate function for systems in Sw is thus determined by the system that is most likely to be falsely

estimated as optimal and feasible, and there are two terms added in the rate function corresponding

to optimality and feasibility.

Theorem 3.6 presents the rate function for the P{FS} that results from combining the

rate function results for P{FS1} and P{FS2}. Recalling from equation (3.3) that P{FS} =

P{FS1}+ P{FS2}, the overall rate function for the probability of false selection is determined by

the minimum of the rate functions for P{FS1} and P{FS2}.
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Theorem 3.6. The rate function for the probability of false selection, that is, the probability that

we return to the user a system other than system 1 is given by

− lim
n→∞

1

n
logP{FS} = min

( system 1
estimated infeasible︷ ︸︸ ︷

min
j

α1J1j(γj),

system 1 estimated feasible︷ ︸︸ ︷
min
i∈Γ

(inf
x
(α1I1(x) + αiIi(x))),︸ ︷︷ ︸

system 1 beaten by
feasible and worse system

min
i∈Sb

αi

∑
j∈Ci

I

Jij(γj),

︸ ︷︷ ︸
system 1 beaten
by infeasible and
better system

min
i∈Sw

(inf
x
(α1I1(x) + αiIi(x)) + αi

∑
j∈Ci

I

Jij(γj))

︸ ︷︷ ︸
system 1 beaten by

infeasible and worse system

)
.

Theorem 3.6 asserts that the overall rate function of the probability of false selection is

determined by the most likely of the following four events: (i) system 1 is incorrectly declared

infeasible on one of its constraints; (ii) a feasible and worse system is correctly declared feasible,

but incorrectly declared best; (iii) an infeasible and better system is correctly declared better, but

incorrectly declared feasible; (iv) an infeasible and worse system is incorrectly declared feasible and

best. This result is intuitive since we expect an unlikely event to happen in the most likely way.

3.5 Optimal Allocation Strategy

In this section, we derive an optimal allocation strategy that asymptotically minimizes the probability

of false selection. An asymptotically optimal allocation strategy will result from maximizing the

rate at which the P{FS} tends to zero as a function of α. Thus we wish to allocate the αi’s to

solve the following optimization problem:

max min

(
min
j

α1J1j(γj), min
i∈Γ

(
inf
x
(α1I1(x) + αiIi(x))

)
, min

i∈Sb
αi

∑
j∈Ci

I

Jij(γj),

min
i∈Sw

(
inf
x
(α1I1(x) + αiIi(x)) + αi

∑
j∈Ci

I

Jij(γj)

))
s.t. (3.5)

r∑
i=1

αi = 1, αi ≥ 0.

By Glynn and Juneja (2006), infx(α1I1(x)+αiIi(x)) is a concave, strictly increasing, C∞ function of

α1 and αi. Let x(α1, αi) = arg infx(α1I1(x)+αiIi(x)). As Glynn and Juneja (2006) demonstrate, for

α1 > 0 and αi > 0, x(α1, αi) is a C∞ function of α1 and αi. Likewise, the linear functions α1J1j(γj)
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and αi
∑

j∈Ci
I
Jij(γj) and the sum infx(α1I1(x)+αiIi(x))+αi

∑
j∈Ci

I
Ji(γj) are also concave, strictly

increasing C∞ functions of α1 and αi. Since the minimum of concave, strictly increasing functions

is also concave and strictly increasing, the problem in (3.5) is a concave maximization problem.

Equivalently, the problem in (3.5) may be written as the following problem Q.

Problem Q : max z s.t.

α1J1j(γj) ≥ z, j ∈ C1
F

α1I1(x(α1, αi)) + αiIi(x(α1, αi)) ≥ z, i ∈ Γ

αi

∑
j∈Ci

I

Jij(γj) ≥ z, i ∈ Sb

α1I1(x(α1, αi)) + αiIi(x(α1, αi)) + αi

∑
j∈Ci

I

Jij(γj) ≥ z, i ∈ Sw

r∑
i=1

αi = 1, αi ≥ 0.

Since problem Q is a strictly concave, continuous function of α on a compact set, a unique solution

exists. Proposition 3.7 states this result.

Proposition 3.7. There exists a unique solution α∗ = {α∗
1, α

∗
2, . . . , α

∗
r} to problem Q, with optimal

value z∗.

Proof. Under assumptions 2 and 3.3, the rate function of P{FS} as a function of α is a map from a

compact set onto the set of positive real numbers. By assumption 3.2, the rate function of P{FS} is

also a continuous function of α, and hence attains its maximum on its domain. Therefore a solution

α∗ exists as a non-negative real number for problem Q. Since P{FS} is a strictly increasing concave

function of α, the solution α∗ is unique.

Slater’s condition (see, e.g. Boyd and Vandenberghe, 2004, p. 244) holds for problem Q, that

is, there exists a point α= (α1, α2, . . . , αr) in the relative interior of the feasible set of problem Q

for which the inequality constraints are not binding. For example, a point satisfying this condition

is z = 0, αi = 1/r, i ≤ r. Since problem Q is concave with differentiable objective function and

constraints and Slater’s condition holds, the Karush-Kuhn Tucker (KKT) conditions are necessary

and sufficient for global optimality (see, e.g., Boyd and Vandenberghe, 2004). Therefore the solution

to the KKT conditions for problem Q will yield a unique optimal solution α∗. By solving the

KKT conditions for problem Q, we encounter a more conveniently-expressed problem Q∗ which

has an identical optimal solution and optimal value to that of problem Q. Let us define problem

Q∗ by replacing the inequality constraints corresponding to systems in Γ, Sb, and Sw with equality
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constraints, and forcing each αi to be strictly greater than zero.

Problem Q∗ : max z s.t.

α1J1j(γj) ≥ z, j ∈ C1
F

α1I1(x(α1, αi)) + αiIi(x(α1, αi)) = z, i ∈ Γ

αi

∑
j∈Ci

I

Jij(γj) = z, i ∈ Sb

α1I1(x(α1, αi)) + αiIi(x(α1, αi)) + αi

∑
j∈Ci

I

Jij(γj) = z, i ∈ Sw

r∑
i=1

αi = 1, αi > 0.

The following proposition states the equivalence of problem Q and problem Q∗.

Proposition 3.8. Problems Q and Q∗ are equivalent, that is, problem Q∗ has the unique solution

α∗ with optimal value z∗.

Proof. For αi = 1/r, i ≤ r, it follows that z > 0 in Q. Therefore αi = 0 for i ∈ {1}∪Sb is suboptimal

since z = 0. Now consider αi = 0 for i ∈ Γ ∪ Sw. In this case, the constraints for i ∈ Γ ∪ Sw reduce

to α1 infx I1(x) = α1I1(h1) = 0, and hence z = 0. Therefore in problem Q, we must have α∗
i > 0

for all i ≤ r. As a matter of notation, for the remainder of this proof we temporarily append the

variable z to the vector α such that α = (z, α1, . . . , αr).

Denoting the dual variables ν and λ = (λ1
j ≥ 0, λi ≥ 0 : j = 1, . . . , |C1

F |, i = 2, . . . , r), the

Lagrangian dual may be written as,

L(α,λ, ν) = z +
∑
j∈C1

F

λ1
j (α1J1j(γj)− z)

+
∑
i∈Γ

λi

(
α1I1(x(α1, αi)) + αiIi(x(α1, αi))− z

)
+
∑
i∈Sb

λi

(
αi

∑
i∈Ci

I

Jij(γj)− z

)

+
∑
i∈Sw

λi

(
α1I1(x(α1, αi)) + αi

[
Ii(x(α1, αi)) +

∑
j∈Ci

I

Jij(γj)
]− z

)
+ ν

( r∑
i=1

αi − 1

)
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L(α,λ, ν) = z

(
1−

∑
j∈C1

F

λ1
j −

r∑
i=2

λi

)
+ ν

( r∑
i=1

αi − 1

)

+ α1

(∑
j∈C1

F

λ1
jJ1j(γj) +

∑
i∈Γ∪Sw

λiI1(x(α1, αi))

)
+
∑
i∈Γ

αiλiIi(x(α1, αi))

+
∑
i∈Sw

αiλi

(
Ii(x(α1, αi)) +

∑
j∈Ci

I

Jij(γj)

)
+
∑
i∈Sb

αiλi

∑
j∈Ci

I

Jij(γj).

Now we take the gradient of the Lagrangian and set it equal to zero to solve for the stationarity

KKT conditions. Since x(α1, αi) solves α1I
′
1(x) + αiI

′
i(x) = 0, it holds that ∂

∂α1

(
α1I1(x(α1, αi)) +

αiIi(x(α1, αi))
)
= I1(x(α1, αi)) and

∂
∂αi

(
α1I1(x(α1, αi))+αiIi(x(α1, αi))

)
= Ii(x(α1, αi)) (see Glynn

and Juneja, 2004). Then the stationarity conditions are,

|C1
F |∑

j=1

λ1
j +

r∑
i=2

λi = 1 (3.6)

∑
j∈C1

F

λ1
jJ1j(γj) +

∑
i∈Γ∪Sw

λiI1(x(α
∗
1, α

∗
i )) = ν (3.7)

λiIi(x(α
∗
1, α

∗
i )) = ν, i ∈ Γ (3.8)

λi

∑
j∈Ci

I

Jij(γj) = ν, i ∈ Sb (3.9)

λi

[
Ii(x(α

∗
1, α

∗
i )) +

∑
j∈Ci

I

Jij(γj)
]
= ν, i ∈ Sw, (3.10)

and the complementary slackness conditions are,

λ1
j

[
α∗
1J1j(γj)− z

]
= 0, j ∈ C1

F (3.11)

λi

[
α∗
1I1(x(α

∗
1, α

∗
i )) + α∗

i Ii(x(α
∗
1, α

∗
i ))− z

]
= 0, i ∈ Γ (3.12)

λi

[
α∗
i

∑
j∈Ci

I

Jij(γj)− z

]
= 0, i ∈ Sb (3.13)

λi

[
α∗
1I1(x(α

∗
1, α

∗
i )) + α∗

i Ii(x(α
∗
1, α

∗
i )) + α∗

i

∑
j∈Ci

I

Jij(γj)− z

]
= 0, i ∈ Sw. (3.14)

Equation (3.6) implies that at least one λi > 0. Suppose λi = 0 for some i ∈ Γ ∪ Sb ∪ Sw.

Since αi > 0 for all i ≤ r, the rate functions in equations (3.8)–(3.10) are strictly greater than zero,

which implies ν = 0, λi = 0 for all i ∈ Γ ∪ Sb ∪ Sw, and
∑|C1

F |
j=1 λ

1
j = 1. Therefore at least one λ1

j > 0.
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Then in equation (3.7), it must be the case that for λ1
j > 0, the corresponding J1j(γj) = 0. However

we have a contradiction since by assumption, J1j(γj) > 0 for all j ∈ |C1
F |. Therefore λi > 0 for all

i ∈ Γ ∪ Sb ∪ Sw.

Since λi > 0 in equations (3.12)–(3.14), then complementary slackness implies each of these

constraints is binding. Therefore the inequality constraints corresponding to i ∈ Γ ∪ Sb ∪ Sw in

problem Q may be replaced with equality constraints in problem Q∗.

The structure of the identical problem Q∗ lends intuition to the structure of the optimal

allocation, as noted in the following steps: (i) Solve a relaxation of problem Q∗ without the feasibility

constraint for system 1. Let this problem be called problem Q̃∗, and let z̃∗ be the optimal value at

the optimal solution α̃∗ = (α̃∗
1, . . . , α̃

∗
r) to Problem Q̃∗. (ii) Check if the feasibility constraint for

system 1 is satisfied by the solution α̃∗. If the feasibility constraint is satisfied, α̃∗ is the optimal

solution for problem Q∗. Otherwise, (iii) force the feasibility constraint to be binding. The steps (i),

(ii), and (iii) are equivalent to solving one of two systems of nonlinear equations, as identified by the

KKT conditions of problems Q∗ and Q̃∗. Theorem 3.9 asserts this result formally.

Theorem 3.9. Let the set of suboptimal feasible systems Γ be non-empty, and define problem Q̃∗

as problem Q∗ but with the inequality constraint on the feasibility of system 1 relaxed. Let (α∗, z∗)

and (α̃∗, z̃∗) denote the unique optimal solution and optimal value pairs for problems Q∗ and Q̃∗,

respectively. Consider the conditions,

C0.
∑r

i=1 αi = 1, α > 0, and

z = α1I1(x(α1, αi)) + αiIi(x(α1, αi)) = αk
∑

j∈Ck
I
Jkj(γj)

= α1I1(x(α1, α�)) + α�

[
I�(x(α1, α�)) +

∑
j∈C�

I
J�j(γj)

]
, for all i ∈ Γ, k ∈ Sb, � ∈ Sw,

C1.
∑
i∈Γ

I1(x(α1, αi))

Ii(x(α1, αi))
+

∑
i∈Sw

I1(x(α1, αi))

Ii(x(α1, αi)) +
∑

j∈Ci
I
Jij(γj)

= 1,

C2. minj∈C1
F
α1J1j(γj) = z.

Then (i) α̃∗ solves C0 and C1 and minj∈C1
F
α̃∗
1J1j(γj) ≥ z̃∗ if and only if α̃∗ = α∗; and

(ii) α∗ solves C0 and C2 and minj∈C1
F
α̃∗
1J1j(γj) < z̃∗ if and only if α∗ �= α̃∗.

Proof. Due to the structure of problem Q, the KKT conditions are necessary and sufficient for

global optimality. From prior results, we recall that the solutions to problems Q, Q∗, and Q̃∗ exist,

and that condition C0 holds for the solutions α∗ and α̃∗.

We simplify the KKT equations for problem Q for use in the remainder of the proof. Since

λi > 0 for all i ∈ Γ ∪ Sb ∪ Sw in the proof of proposition 3.8, it follows that ν > 0. Dividing (3.7) by
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ν and appropriately substituting in values from (3.8)–(3.10), we find∑
j∈C1

F
λ1
jJ1j(γj)

ν
+
∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

= 1. (3.15)

By a similar logic to that given in the proof of proposition 3.8 and the simplification provided

in (3.15), omitting terms with λ1
j in equation (3.15) yields condition C1 as a KKT condition for

problem Q̃∗. Taken together, C0 and C1 create a fully-specified system of equations that form the

KKT conditions for problem Q̃∗. A solution α is thus optimal to problem Q̃∗ if and only if it solves

C0 and C1.

Let D(Q∗) and D(Q̃∗) denote the feasible regions of problems Q∗ and Q̃∗, respectively.

Proof of Claim (i). (⇒) Suppose α̃∗ solves C0 and C1, and minj∈C1
F
α̃∗
1J1j(γj) ≥ z̃∗. Then

α̃∗ ∈ D(Q∗). Since the objective functions of problems Q∗ and Q̃∗ are identical, and D(Q∗) ⊂ D(Q̃∗),

it follows that z∗ ≤ z̃∗. Therefore α̃∗ ∈ D(Q∗) implies α̃∗ is the optimal solution to problem Q∗,

and by the uniqueness of the optimal solution, α̃∗ = α∗.

(⇐) Now suppose α̃∗ = α∗. Since α̃∗ is the optimal solution to problem Q̃∗, then α̃∗ solves

C0 and C1. Further, since α∗ is the optimal solution to problem Q, α∗ = α̃∗ ∈ D(Q∗). Therefore

minj∈C1
F
α̃∗
1J1j(γj) ≥ z̃∗.

Proof of Claim (ii). (⇒) Let us suppose that α∗ solves C0 and C2, and minj∈C1
F
α̃∗
1J1j(γj) < z̃∗.

Then α̃∗ /∈ D(Q∗), and therefore α̃∗ �= α∗.

(⇐) By prior arguments, C0 holds for α∗ and α̃∗. Now suppose α∗ �= α̃∗, which implies

α̃∗ /∈ D(Q∗). Then it must be the case that minj∈C1
F
α̃∗
1J1j(γj) < z̃∗. Further, since α̃∗ uniquely

solves C0 and C1, α∗ �= α̃∗ implies that C1 does not hold for α∗. Therefore when solving problem

Q, it must be the case that λ1
j > 0 for at least one j ∈ C1

F in equation (3.15). By the complementary

slackness conditions in equation (3.11), minj∈C1
F
α∗
1J1j(γj) = z̃∗, and hence C2 holds for α∗.

Theorem 3.9 implies that, since a solution to problem Q∗ always exists, an optimal solution

to problem Q can be obtained as the solution to one of the two sets of nonlinear equations C0 and

C1 or C0 and C2. The procedure implicit in theorem 3.9 is presented as algorithm 3.2. Theorem 3.9

also assumes that we have at least one system in Γ. In the event that Γ is empty, conditions C0 and

C1 may not form a fully-specified system of equations (e.g., Γ and Sw are empty), or may not have

a solution. In such a case, C0 and C2 provide the optimal allocation. When the sets Sb and Sw are

empty but Γ is nonempty, theorem 3.9 reduces to the result presented in Glynn and Juneja (2004).
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Algorithm 3.2 Conceptual algorithm to solve for the optimal allocation α∗ in the case of general
light-tailed distributions and multiple constraints

1: Solve the nonlinear system C0, C1 to obtain α̃∗ and z̃∗.
2: if minj α̃

∗
1J1j(γj) ≥ z̃∗ then

3: return α∗ = α̃∗.
4: else
5: Solve the nonlinear system C0, C2 to obtain α∗.
6: return α∗.
7: end if

3.5.1 Additional Mathematical Insight into the Structure of the Optimal Allo-

cation Problem (Problem Q)

From the proof of theorem 3.9, recall equation (3.15), which is duplicated here.∑
j∈C1

F
λ1
jJ1j(γj)

ν
+
∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

= 1. (3.16)

Since λ1
j = 1−∑r

i=2 λi −
∑

k∈C1
F , k �=j λ

1
k, then expanding the first term in the prior equation, a bit

of algebra yields∑
j∈C1

F
λjJ1j(γj)

ν
=

1

ν

[ ∑
j∈C1

F

J1j(γj)−
∑
j∈C1

F

(
J1j(γj)

∑
k∈C1

F
k �=j

λk

)]
−

∑
j∈C1

F

J1j(γj)

(
r∑

i=2

λi

ν

)
.

Substituting values from the stationarity KKT conditions for
∑r

i=2 λi/ν above and plugging into

equation (3.16), further algebra yields,

ν =

[
1−

∑
j∈C1

F

(
J1j(γj)

∑
k∈C1

F , k �=j λk

)∑
j∈C1

F
J1j(γj)

]

×
[ ∑

i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1∑
j∈Ci

I
Jij(γj)

+
∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

+
1∑

j∈C1
F
J1j(γj)

(
1−

∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

)]−1

Suppose that all constraints for feasibility of system 1 are non-binding, that is, minj α
∗
1J1j(γj) > z∗.

Then by complimentary slackness, λ1
j = 0 for all j = 1 . . . |C1

F | and the numerator of ν equals 1. If

condition C2 holds such that at least one constraint for the feasibility of system 1 is binding, no

particular insight is gained by further simplifying the expression for ν.
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Further insight into the optimal rate of decay of the probability of false selection, z∗, can be

obtained as follows. From condition C0, dividing through by α∗
1 and the appropriate rate functions,

we have,

z∗

α∗
1

(
1

Ii(x(α∗
1, α

∗
i ))

)
=

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

+
α∗
i

α∗
1

for all i ∈ Γ (3.17)

z∗

α∗
1

(
1∑

j∈Ci
I
Jij(γj)

)
=

α∗
i

α∗
1

for all i ∈ Sb (3.18)

z∗

α∗
1

(
1

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

)
=

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

+
α∗
i

α∗
1

for all i ∈ Sw (3.19)

Summing up the left hand side and the right hand side of equations (3.17)–(3.19), noticing that

∑
i∈Γ∪Sb∪Sw

α∗
i

α∗
1

=
1

α∗
1

− 1,

and rearranging terms,

z∗ =

1− α∗
1

⎛⎝1−∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

⎞⎠
⎛⎝∑

i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1∑
j∈Ci

I
Jij(γj)

+
∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

⎞⎠ .

If C0 and C1 hold, then

z∗ =

⎛⎝∑
i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1∑
j∈Ci

I
Jij(γj)

+
∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

⎞⎠−1

.

If C0 and C2 hold, then α∗
1minj J1j(γj) = z∗, and hence

z∗ =

⎡⎣∑
i∈Γ

1

Ii(x(α∗
1, α

∗
i ))

+
∑
i∈Sb

1∑
j∈Ci

I
Jij(γj)

+
∑
i∈Sw

1

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

+
1

minj J1j(γj)

⎛⎝1−
∑
i∈Γ

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i ))

−
∑
i∈Sw

I1(x(α
∗
1, α

∗
i ))

Ii(x(α∗
1, α

∗
i )) +

∑
j∈Ci

I
Jij(γj)

⎞⎠⎤⎦−1

.
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3.6 Consistency and Implementation

In practice, the rate functions in algorithm 3.2 are unavailable and must be estimated. Therefore

with a view toward implementation, we address consistency of estimators in this section. Specifically,

we first show that the important sets, {1},Γ, Sb, Sw,Ci
F and Ci

I , can be estimated consistently, that

is, they can be identified correctly as simulation effort tends to infinity. Next, we demonstrate that

the optimal allocation estimator, identified by using estimated rate functions in algorithm 3.2, is a

consistent estimator of the true optimal allocation α∗. These generic consistency results inspire the

sequential algorithm presented in section 3.6.2, which is easily implementable at least in contexts

where the distribution families underlying the rate functions are known or assumed.

3.6.1 Generic Consistency Results

To simplify notation, let each system be allocated m samples, where we explicitly denote the

dependence of the estimators on m in this section. Suppose we have at our disposal consistent

estimators Îmi (x), Ĵm
ij (y), i ≤ r, j ≤ s of the corresponding rate functions Ii(x), Jij(y), i ≤ r, j ≤ s.

Such consistent estimators are easy to construct when the distributional families underlying the

true rate functions Ii(x), Jij(y), i ≤ r, j ≤ s are known or assumed. For example, suppose Hik, k =

1, 2, . . . ,m are simulation observations of the objective function of the ith system, assumed to be

resulting from a normal distribution with unknown mean hi and unknown variance σ2
hi
. The obvious

consistent estimator for the rate function Ii(x) =
(x−hi)

2

2σ2
hi

is then Îmi (x) = (x−H̄i)
2

2σ̂2
i

, where H̄i and

σ̂hi
are the sample mean and sample standard deviation of Hik, k = 1, 2, . . . ,m respectively. In the

more general case where the distributional family is unknown or not assumed, the rate function

may be estimated as the Legendre-Fenchel transform (see, e.g., Dembo and Zeitouni, 1998, p. 26) of

the cumulant generating function estimator

Îmi (x) = sup
θ
(θx− Λ̂m

Hi
(θ)), (3.20)

where Λ̂m
Hi
(θ) = logm−1

∑m
k=1 exp(θHik). In what follows, to preserve generality, the discussion

pertains to estimators of the type displayed in equation (3.20). By arguments analogous to those in

Glynn and Juneja (2004) and under our assumptions, the estimator in equation (3.20) is consistent.

Let (H̄i(m), Ḡi1(m), . . . , Ḡis(m)) =
(
1
m

∑m
k=1Hik,

1
m

∑m
k=1Gi1k, . . . ,

1
m

∑m
k=1Gisk

)
de-

note the estimators of (hi, gi1, . . . , gis). We also define the following set estimators.

1̂(m) := argmin
i
{H̄i(m) : Ḡij(m) ≤ γj for all j ≤ s} is the estimated best feasible system;
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Γ̂(m) :={i : Ḡij(m) ≤ γj for all j ≤ s, i �= 1̂(m) } is the estimated set of suboptimal

feasible systems;

Ŝb(m) :={i : H̄1̂(m)(m) ≥ H̄i(m) and Ḡij(m) > γj for some j ≤ s} is the estimated set of

infeasible, better systems;

Ŝw(m) :={i : H̄1̂(m)(m) < H̄i(m) and Ḡij(m) > γj for some j ≤ s} is the estimated set of

infeasible, worse systems;

Ĉi
F (m) :={j : Ḡij(m) ≤ γj} is the set of constraints on which system i is estimated feasible;

Ĉi
I(m) :={j : Ḡij(m) > γj} is the set of constraints on which system i is estimated infeasible.

Notice Γ̄ (defined in section 3.4) excludes system 1 while Γ̂(m) excludes the estimated system 1.

Since assumption 3.2 implies H̄i(m) → hi wp1 and Ḡij(m) → gij wp1 for all i ≤ r and j ≤ s,

and the numbers of systems and constraints are finite, all estimated sets converge to their true

counterparts wp1 as m → ∞. (See section 1.5 for a rigorous definition of the convergence of sets.)

Proposition 3.10 formally states this result.

Proposition 3.10. Under assumption 3.2, system 1̂(m) → system 1, Γ̂(m) → Γ, Ŝb(m) → Sb,

Ŝw(m) → Sw, Ĉ
i
F (m) → Ci

F , and Ĉi
I(m) → Ci

I wp1 as m → ∞.

Proof. We only prove that Ĉi
F → Ci

F wp1 as m → ∞. The proofs for the other parts of the theorem

follow in a very similar fashion.

By assumption 3.2, Ḡij(m) → gij wp1 for all i ≤ r and j ≤ s. By definition, gij < γj for each

j ∈ Ci
F . Since |Ci

F | < ∞, for large enough m, Ḡij(m) < γj uniformly in j ∈ Ci
F wp1, and hence the

assertion holds.

Let α̂∗(m) denote the estimator of the optimal allocation vector α∗ obtained by replacing

the rate functions Ii(x), Jij(x), i ≤ r, j ≤ s appearing in conditions C0, C1, and C2 with their

corresponding estimators Îmi (x), Ĵm
ij (x), i ≤ r, j ≤ s obtained through sampling, and then using

algorithm 3.2. Since the search space {α : αi ≥ 0,
∑r

i=1 αi = 1} is a compact set, and the estimated

(consistent) rate functions can be shown to converge uniformly over the search space, it is no

surprise that α̂∗(m) converges to the optimal allocation vector α∗ as m → ∞ wp1. Theorem 3.13

formally asserts this result, with a proof that is a direct application of results found in the stochastic

root-finding literature (see, e.g., Pasupathy and Kim, 2011, theorem 5.7).

Before the statement of theorem 3.13, two additional lemmas are required. The proof of the

following lemma 3.11 follows closely along the lines of the proofs in Glynn and Juneja (2004).
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Lemma 3.11. Suppose assumption 3.3 holds. Then there exists ε > 0 such that Îmi (x) → Ii(x) as

m → ∞ uniformly in x ∈ [h� − ε, hu + ε] wp1, for all i ∈ {1} ∪ Γ ∪ Sw.

Proof. By assumption 3.3, [h�, hu] ⊂ ∩r
i=1F

◦
Hi
, recalling that F◦

Hi
= int{Λ′

Hi
(θ) : θ ∈ D◦

ΛHi
}. Then

there exists an ε > 0 such that [h� − ε, hu + ε] ⊂ ∩r
i=1F

◦
Hi
. Glynn and Juneja (2004) show that

Îi(x) → Ii(x) pointwise wp1 on [h�, hu], however by the exact same arguments, we may show that

Îi(x) → Ii(x) pointwise wp1 on [h� − ε, hu + ε].

Suppose that Îmi (x) does not converge uniformly in x ∈ [h� − ε, hu + ε] to Ii(x) as m → ∞
wp1. Then for some ε0 > 0, there exists a sequence {xk} → x∗, {xk} and x∗ in [h� − ε, hu + ε], and

a subsequence Îi,mk
(x) of Îi(x) such that |Îi,mk

(xk)− Ii(xk)| > ε0 for all k. This statement will be

contradicted.

Consider

|Îi,mk
(xk)− Ii(xk)| = |Îi,mk

(xk)− Îi,mk
(x∗) + Îi,mk

(x∗)− Ii(x
∗) + Ii(x

∗)− Ii(xk)|
≤ |Îi,mk

(xk)− Îi,mk
(x∗)|+ |Îi,mk

(x∗)− Ii(x
∗)|+ |Ii(xk)− Ii(x

∗)|. (3.21)

From the last term in equation (3.21), by the continuity of Ii(·) at x∗, Ii(xk) → Ii(x
∗).

Therefore there exists Ka(ε0/6) such that for all k ≥ Ka(ε0/6), |Ii(xk)− Ii(x
∗)| < ε0/6.

From the middle term in equation (3.21), by the pointwise convergence of Îi,mk
(x∗) to Ii(x

∗),

there exists Ma(ε0/6) such that for all mk ≥ Ma(ε0/6), |Îi,mk
(x∗)− Ii(x

∗)| < ε0/6.

From the first term in equation (3.21), since Îi,mk
(·) is convex for all m,

|Îi,mk
(xk)− Îi,mk

(x∗)| ≤ max{|Î ′i,mk
(h1 − ε)|, |Î ′i,mk

(hr + ε)|}|xk − x∗|. (3.22)

By arguments analogous to those in Glynn and Juneja (2004), Î ′i(x) → I ′i(x) pointwise in x

wp1 for x ∈ [h� − ε, hu + ε]. Therefore there exists Mb1(ε1) and Mb2(ε1) such that wp1, for all

mk > max{Mb1(ε1),Mb2(ε1)}, |Î ′i,mk
(hr−ε)−I ′i,mk

(hr−ε)| < ε1 and |Î ′i,mk
(hr+ε)−I ′i,mk

(hr+ε)| < ε1.

Since [h1 − ε, hr + ε] is a compact set in ∩r
i=1F

◦
Hi
, then I ′i(x) is bounded. Hence for all mk >

max{Mb1(ε1),Mb2(ε1)}, |Î ′i,mk
(hr− ε)| and |Î ′i,mk

(hr+ ε)| are uniformly bounded wp1; let this bound

be B. Since {xk} → x∗, there exists Kb(ε0/6B) such that for all k ≥ Kb(ε0/6B), |xk − x| < ε0/6B.

Then from equation (3.22), for all k ≥ Kb(ε0/6B) and mk > max{Mb1(ε1),Mb2(ε1)},

max{|Î ′i,mk
(h1 − ε)|, |Î ′i,mk

(hr + ε)|}|xk − x| ≤ B|xk − x| < ε0
6
.

Now let k > max{Ka(ε0/6),Kb(ε0/6B)} and mk > max{Ma(ε0/6),Mb1(ε1),Mb2(ε1)}. Then



Susan R. Hunter Chapter 3. General Light-Tailed: Multiple Constraints 50

from equation (3.21),

|Îi,mk
(xk)− Ii(xk)| ≤ ε0

6
+

ε0
6

+
ε0
6

=
ε0
2
,

and the conclusion follows by contradiction.

Lemma 3.12. Let the system of equations C0 and C1 be denoted f1(α) = 0, and let the system

of equations C0 and C2 be denoted by f2(α) = 0, where f1 and f2 are vector-valued functions

with compact support
∑r

i=1 αi = 1,α ≥ 0. Let the estimators F̂m
1 (α) and F̂m

2 (α) be the same set

of equations as f1(α) and f2(α), respectively, except with all unknown rate functions replaced by

their corresponding estimated quantities. If assumption 3.3 holds, then the functional sequences

F̂m
1 (α) → f1(α) and F̂m

2 (α) → f2(α) uniformly in α as m → ∞ wp1.

Proof. The proof of the theorem proceeds in two steps. We first show that α1Î
m
1 (x̂m(α1, αi) +

αiÎ
m
i (x̂m(α1, αi)) converges uniformly in α as m → ∞ wp1 for all i ∈ Γ ∪ Sw, where x̂m(α1, αi) =

arg infx(α1Î
m
1 (x) + αiÎ

m
i (x)). Next we show that the quantities αi

∑
j∈Ci

I
Ĵm
ij (γj), i ∈ Sb ∪ Sw, j ≤ s

and α1Ĵ
m
1j (γj), j ∈ C1

F converge uniformly in α as m → ∞ wp1. These assertions, together with the

observation that we search only in the set {α :
∑r

i=1 αi = 1, αi > 0} and hence Ii(x(α1, αi)) > δ > 0,

which implies for large enough m, Îmi (x̂m(α1, αi)) > δ, proves the theorem.

By lemma 3.11, Îmi (x) → Ii(x) uniformly in x on [h�− ε, hu+ ε] wp1 for some ε > 0. By Glynn

and Juneja (2004), x̂m(α1, αi) → x(α1, αi) wp1, where x(α1, αi) = arg infx(α1I1(x) + αiIi(x)) ∈
[h�, hu]. Therefore for m large enough and for all feasible α1, αi, we have x̂m(α1, αi) ∈ [h�− ε/2, hu+

ε/2] wp1 for all i ∈ {1}∪Γ∪Sw. It then follows that α1Î
m
1 (x̂m(α1, αi)+αiÎ

m
i (x̂m(α1, αi)) converges

uniformly in α as m → ∞ wp1, for all i ∈ Γ ∪ Sw.

Under assumption 3.3, it follows from analogous arguments to those in Glynn and Juneja

(2004) that Ĵm
ij (γj) → Jij(γj) as m → ∞ wp1, for all i ∈ Sb ∪ Sw and j ≤ s. Therefore the terms

αi
∑

j∈Ci
I
Ĵm
ij (γj) converge uniformly in α as m → ∞ wp1. Likewise, for all j ∈ C1

F , α1Ĵ
m
1j (γj)

converges uniformly in α as m → ∞ wp1.

Theorem 3.13. Let the postulates of lemma 3.12 hold, and assume Γ is nonempty. Then the

empirical estimate of the optimal allocation is consistent, that is, α̂∗(m) → α∗ as m → ∞ wp1.

Proof. As argued previously, f1(α) and f2(α) are continuous functions of α on a compact set.

Further, the solutions f1(α) = 0 and f2(α) = 0 exist. If each rate function in problem Q is replaced

with estimated rate functions, these new problems remain continuous, concave maximization

problems on a compact set, which attain their maximums. Therefore the systems F̂m
1 (α) = 0

and F̂m
2 (α) = 0 have a solution for large enough m wp1. By lemma 3.12, it also holds that

F̂m
1 (α) → f1(α) and F̂m

2 (α) → f2(α) uniformly in α as m → ∞ wp1. Thus all the requirements are
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satisfied for convergence of the sample-path solution α̂∗(m) to its true counterpart α∗ as m → ∞
wp1 (see Pasupathy and Kim, 2011, theorem 5.7).

3.6.2 A Sequential Algorithm for Implementation

This section concludes with a sequential algorithm that naturally stems from the conceptual

algorithm (algorithm 3.2) outlined in section 3.5 and the consistent estimator that was discussed

in the previous section. Algorithm 3.3 formally outlines this procedure, where n denotes the total

simulation budget, and ni denotes the total sample expended at system i.

Algorithm 3.3 Sequential algorithm for the case of general light-tailed distributions with multiple
constraints
Require: Number of pilot samples δ0 > 0; number of samples between allocation vector updates

δ > 0; and a minimum-sample vector ε > 0.
1: Initialize: collect δ0 samples from each system i ≤ r.
2: Initialize: n = rδ0, ni = δ0. {Initialize total simulation effort and effort for each system.}
3: Update rate function estimators Îni

i (x), Ĵni
ij (x), i ≤ r, j ≤ s.

4: if no systems are estimated feasible then
5: Set α̂∗(n) = (1/r, 1/r, . . . , 1/r).
6: else
7: Solve the system C0, C1 using the updated rate function estimators to obtain ̂̃α∗

(n) and̂̃z∗(n).
8: if minj ̂̃α∗

1(n)Ĵ
n1
1j (γj) ≥ ̂̃z∗(n) then

9: α̂∗(n) = ̂̃α∗
(n).

10: else
11: Solve the system C0, C2 using the updated rate function estimators to obtain α̂∗(n).
12: end if
13: end if
14: Collect one sample at each of the systems Xk, k = 1, 2, . . . , δ, where the Xk’s are iid random

variates having probability mass function α̂∗(n) and support {1, 2, . . . , r}, and update nXk
=

nXk
+ 1.

15: Set n = n+ δ update ᾱ(n) = {n1/n, n2/n, . . . , nr/n}.
16: if ᾱ(n) > ε then
17: Set δ+ = 0.
18: else
19: Collect one sample from each system in the set of systems receiving insufficient sample In.
20: Update ni = ni + 1 for all i ∈ In. Let δ

+ = |In|.
21: end if
22: Set n = n+ δ+ and go to step 3.

The essential idea in algorithm 3.3 is straightforward. At the end of each iteration, the optimal

allocation vector is estimated using rate function estimators constructed from samples already
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gathered from the various systems. Systems are chosen for sampling at the subsequent iteration by

using the estimated optimal allocation vector as the sampling distribution. Since the true optimal

allocation α∗ > 0, it follows that the sequential algorithm should sample from each system infinitely

often. To ensure systems with small allocations continue to be sampled, we assume knowledge of

an “indifference zone” vector ε > 0 such that if the actual proportion of sample expended at each

system in algorithm 5.4, defined as ᾱ(n) = {n1/n, n2/n, . . . , nr/n}, falls below ε, we sample once

from each system receiving insufficient sample. All elements of ε should be “small” relative to 1/r.

Therefore the algorithm guarantees that we spend a minimal amount of sample at each system in

the limit.

In a context where the distributional family underlying the simulation observations is known

or assumed, the rate function estimators should be estimated in step 3 accordingly — by simply

estimating the distributional parameters appearing within the expression for the rate function. Also,

algorithm 3.3 provides flexibility on how often the optimal allocation vector is re-estimated through

the algorithm parameter δ. The choice of the parameter δ will depend on the particular problem,

and specifically, on how expensive the simulation execution is relative to solving the nonlinear

systems in steps 4 and 7. Lastly, as is clear from the algorithm listing, algorithm 3.3 relies on fully

sequential and simultaneous observation of the objective and constraint functions. Deviation from

these assumptions, while interesting, renders the present context inapplicable.

3.7 Comparison with OCBA-CO

Now consider the case in which the random variables corresponding to both the objective and

constraint have normal distributions. The relevant rate functions for the normal case are presented

in section 2.4.2. In what follows, the actual rate functions governing the simulation estimators

have been used for analysis instead of the sequential estimator outlined in algorithm 3.3. This

choice helps display the asymptotic allocation proposed by theory and highlights its deviation from

the asymptotic solution proposed by OCBA-CO without introducing simulation noise. Owing to

their routine nature, results from numerical tests demonstrating that the sequential estimator in

algorithm 3.3 indeed converges to the optimal allocation vector identified by theory have been

omitted.

3.7.1 Theoretical Comparison

Lee et al. (2011) describe an OCBA framework for an asymptotic simulation budget allocation

for constrained simulation optimization on finite sets (OCBA-CO). The work by Lee et al. (2011)
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provides the only other asymptotic sample allocation result for constrained simulation optimization

on finite sets in the literature.

For suboptimal systems, Lee et al. (2011) divide the systems into a “feasibility dominance”

set and an “optimality dominance” set. Formally, these sets are defined as

SF : the feasibility dominance set, SF = {i : P{Ĝi ≤ γ} < P{Ĥ1 > Ĥi}, i �= 1},
SO : the optimality dominance set, SO = {i : P{Ĝi ≤ γ} ≥ P{Ĥ1 > Ĥi}, i �= 1}.

Lee et al. (2011) make the assumption α1 
 αi∈SO and then note that systems in Sw are in set

SO if
(
h1−hi
σhi

)2 ≥
(
γ−gi
σgi

)2
, and in set SF otherwise. The assumption α1 
 αi∈SO , along with an

approximation to the probability of correct selection, allows Lee et al. (2011) to solve explicitly

for each αi. This closed-form approximation provided by Lee et al. (2011) can be written as, for

systems i = 2, . . . , r,

αi =

(
σhi

h1 − hi

)2

Ii∈SO +

(
σgi

γ − gi

)2

Ii∈{1}∪SF∑
i∈SO

(
σhi

h1 − hi

)2

+
∑

i∈{1}∪SF

(
σgi

γ − gi

)2 if
(γ − g1)

2

2σ2
g1

≤ 1

2σh1

√∑
i∈SO

σ2
hi
/(h1 − hi)

4
, (3.23)

=

(
σhi

h1 − hi

)2

Ii∈SO +

(
σgi

γ − gi

)2

Ii∈SF∑
i∈SO

(
σhi

h1 − hi

)2

+
∑
i∈SF

(
σgi

γ − gi

)2

+ σh1

√∑
i∈SO

σ2
hi
/(h1 − hi)

4

otherwise.

The allocation for system 1 is equal to the allocation given in equation (3.23), provided the condition

in equation (3.23) holds. If this condition does not hold, then α1 = σh1

√∑
i∈SO(α

2
i /σ

2
hi
).

Like the LD-based allocation discussed in this paper, if rate of decay of the probability of

false selection due to the infeasibility of system 1 is “fast,” as defined by the criteria in equation

(3.23), Lee et al. (2011) allocate sample to system 1 in a way that is similar to the unconstrained

case (see Chen et al., 2000). Otherwise, the allocation to system 1 is calculated in a way that is

similar to the allocation of other systems.

Particular insight into the allocation provided by Lee et al. (2011) is given by writing the

proportional allocation for suboptimal sets under OCBA-CO as,

αi

αk
=

(
h1 − hk
σhk

)2

Ik∈SO +

(
γ − gk
σgk

)2

Ik∈SF(
h1 − hi
σhi

)2

Ii∈SO +

(
γ − gi
σgi

)2

Ii∈SF

for all i, k = 2, . . . , r. (3.24)
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The allocation is written in this format for comparison with the corresponding expression recom-

mended by the proposed allocation for α1 
 α∗
i , which is given in section 2.4.2 as,

αi

αk
≈

(
h1 − hk
σhk

)2

Ik∈Γ∪Sw +

(
γ − gk
σgk

)2

Ik∈Sb∪Sw(
h1 − hi
σhi

)2

Ii∈Γ∪Sw +

(
γ − gi
σgi

)2

Ii∈Sb∪Sw

, (3.25)

where equality holds for all i, k ∈ Sb.

As can be seen from equation (3.24), in OCBA-CO, only one term in each of the numerator

and denominator is active at a time. This artifact of the set definitions and the assumptions

used in Lee et al. (2011) can sometimes lead to severely suboptimal allocations for infeasible and

worse systems. The example we present next is designed to highlight this issue and the consequent

inefficiency incurred in the form of a decreased convergence rate of false selection.

3.7.2 Numerical Comparison

The following numerical examples demonstrate the differences between the proposed allocation and

the allocation provided by OCBA-CO (Lee et al., 2011).

Example 3.14. Suppose there are two systems and one constraint such that each Hi and Gi are

normally distributed. Let the means and variances be as given in table 3.1, and let γ = 0.

Table 3.1: Means and variances for numerical example 3.14 illustrating the differences in optimal
allocation between the proposed allocation and OCBA-CO (Lee et al., 2011)

System (i) hi σ2
hi

gi σ2
gi

1 0 2.0 −10.0 1.0
2 2.0 1.0 g2 ∈ (0, 1.9] 1.0

Note the following features of this example: (i) Since system 2 belongs to SO for large enough

n and g2 ∈ (0, 1.9], the OCBA-CO allocation to system 2 does not depend on g2; (ii) For all values

of g2, system 2 is an element of Sw, and hence the proposed allocation will change as a function

of g2; (iii) System 1 is decidedly feasible (g1 = −10 and σg1 = 1), and so does not require much

sample for detecting its feasibility. Solving for the optimal allocation as a function of g2 yields the

allocations displayed in figure 3.1 and the overall rate of decay of P{FS} displayed in figure 3.2.

From the proposed optimal allocation in figure 3.1, it can be seen that the allocation to system

2 should not remain constant as a function of g1, as proposed by Lee et al. (2011). In fact, for

certain values of g1, nearly all the sample should be allocated to system 2.
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Figure 3.1: The graph of the constraint value of
the second system (g2) versus optimal allocation
(α∗) for the systems in example 3.14 shows the
differences between the proposed allocation and
OCBA-CO.

0 0.5 1 1.5
0

0.5

1

1.5

2

Constraint Value of System 2 (g2)

R
at
e
of

d
ec
ay

of
P
{F

S
} Proposed

OCBA-CO

Figure 3.2: The graph of the constraint value of
the second system (g2) versus the rate of decay of
the probability of false selection (P{FS}) for the
systems in example 3.14 shows the differences
in the rate of decay of P{FS} for the proposed
allocation and OCBA-CO.

Now suppose the constraint value for system g2 is fixed, and explore the allocation to system

1 as a function of σh1 . As a result of the α1 
 αi assumption, the OCBA-CO allocation to α1

increases as a function σh1 , the variance of the objective value of system 1. The next example in

this section is designed to show how this allocation policy can be severely suboptimal.

Example 3.15. Retain the two systems and their values from example 3.14, except fix g2 = 1.6,

and vary σ2
h1

in the interval [0.2, 4]. Table 3.2 displays the means and variances for this example.

Table 3.2: Means and variances for numerical example 3.15 illustrating the differences in optimal
allocation between the proposed allocation and OCBA-CO (Lee et al., 2011)

System (i) hi σ2
hi

gi σ2
gi

1 0 σ2
h1

∈ [0.2, 4] −10.0 1.0

2 2.0 1.0 1.6 1.0

Solving for the optimal allocation as a function of σ2
h1

yields the allocations displayed in

figure 3.3 and the achieved rate of decay of P{FS} displayed in figure 3.4.

From figure 3.3, it can be seen that the proposed allocation to system 1 increases slightly at

first, and then decreases to a very low, steady allocation from approximately σ2
h1

= 1.5 onwards.

The steady allocation occurs because system 1 requires only a minimal proportion of the total

sample to determine its feasibility.
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Figure 3.3: The graph of variance of the best
feasible system (σ2

h1
) versus optimal allocation

allocation (α∗) for the systems in example 3.15
shows the differences between the proposed allo-
cation and OCBA-CO.
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Figure 3.4: The graph of variance of the best
feasible system (σ2

h1
) versus the rate of decay of

the probability of false selection (P{FS}) for the
systems in example 3.15 shows the differences
in the rate of decay of P{FS} for the proposed
allocation and OCBA-CO.

Contrasting this allocation is the OCBA-CO allocation, which constantly increases as σ2
h1

increases. The OCBA-CO allocation does not exploit the fact that system 1 can be correctly selected

by allocating more sample to system 2 to disqualify it faster. In figure 3.4, while the proposed

allocation achieves a rate of decay that remains constant as σ2
h1

increases beyond approximately

σ2
h1

= 1.5, the rate of decay of P{FS} for the OCBA-CO allocation continues to decrease as a

function of σ2
h1
.



Chapter 4

Bivariate Normal: One Constraint

Consider the special case of problem P (see section 1.2) in which there is only one constraint (s = 1),

and the underlying random variables follow a bivariate normal distribution. We derive results

analogous to those presented in chapters 2 and 3 as an explicit function of correlation. Because the

bounds on the probability of false selection can be formulated in multiple ways, the formulation

of the P{FS} that was used in previous chapters is not the simplest version. Therefore we derive

rate functions for the two P{FS} formulations (the P{FS} as written in previous chapters, and a

simpler version) and show that the rate functions are equivalent. The simpler formulation leads to

the proposed optimal allocation strategy. As with chapter 2, this chapter is used to build intuition

before considering the multiple constraint case in chapter 5. A version of the work in this chapter

appears in the Proceedings of the 2011 Winter Simulation Conference (Hunter et al., 2011).

4.1 Chapter Organization

This chapter is organized as follows. Section 4.2 contains assumptions for this chapter. Section 4.3

contains a derivation of the rate function of the P{FS}. Section 4.4, contains an optimal allocation

strategy and a closed-form solution for the allocation between systems other than system 1 under

the assumption that α∗
1 
 α∗

i .

4.2 Assumptions for Chapter 4

Let (Hi, Gi) be a random output vector from the simulation. In addition to assumptions 1 and 2,

we assume the following throughout the chapter.

57
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Assumption 4.1. We assume we may obtain independent and identically distributed (iid) replicates

of the bivariate normal random vector (Hi, Gi), with correlation ρi, |ρi| < 1. That is,[
Hi

Gi

]
∼ BV N

([
hi

gi

]
, Σi

)
,

where Σi is the variance-covariance matrix

Σi =

(
V ar(Hi) Cov(Hi, Gi)

Cov(Gi, Hi) V ar(Gi)

)
=

(
σ2
hi

ρi σhi
σgi

ρi σhi
σgi σ2

gi

)
,

and σ2
hi

< ∞, σ2
gi < ∞. We denote the vector of correlations as ρ = (ρ1, ρ2, . . . , ρr).

Let us define (H̄i(n), Ḡi(n)) = (n−1
∑n

k=1Hik, n
−1

∑n
k=1Gik), and define the vector (Ĥi, Ĝi) ≡

(H̄i(αin), Ḡi(αin)) as shorthand notation for the estimator of (hi, gi) after scaling the sample size

by αi. Under assumption 4.1, by the Gärtner-Ellis theorem (see, e.g., Dembo and Zeitouni, 1998, p.

44), (H̄i, Ḡi) satisfies the large deviations principle (LDP) with good rate function

Ii(x, y) =
1

2

[
x− hi y − gi

]
Σ−1
i

[
x− hi

y − gi

]

=
1

2(1− ρ2i )

(
(x− hi)

2

σ2
hi

− 2ρi(x− hi)(y − gi)

σhi
σgi

+
(y − gi)

2

σ2
gi

)
.

Since the marginal distributions for each Hi and Gi are also normal, H̄i and Ḡi likewise satisfy the

LDP with good rate functions

Ii(x) =
(x− hi)

2

2σ2
hi

and Ji(y) =
(y − gi)

2

2σ2
gi

.

4.3 Rate Function of the Probability of False Selection

We present two formulations of the P{FS} and their resulting rate functions. We then reconcile

these formulations, and proceed using the simplest.

4.3.1 Probability of False Selection: First Formulation

Consistent with the formulation of the probability of false selection in previous chapters, let us

formulate the P{FS} as the probability that system 1 is declared infeasible or that system 1
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estimated feasible and is beaten in estimated objective value by another estimated-feasible system.

That is,

P{FS} = P{( Ĝ1 > γ︸ ︷︷ ︸
system 1
estimated
infeasible

) ∪ (∪r
i=2

systems 1 and i estimated feasible
and system i “beats” system 1︷ ︸︸ ︷

( Ĝi ≤ γ︸ ︷︷ ︸
system i
estimated
feasible

) ∩ (Ĥi ≤ Ĥ1︸ ︷︷ ︸
system i
“beats”
system 1

) ∩ ( Ĝ1 ≤ γ︸ ︷︷ ︸
system 1
estimated
feasible

))}. (4.1)

We now derive the rate function for the P{FS} in equation (4.1). The P{FS} in equation (4.1)

has the lower bound

max

(
P{Ĝ1 > γ}, max

2≤i≤r

(
P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ)}

))
and the upper bound

r ×max

(
P{Ĝ1 > γ}, max

2≤i≤r

(
P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ)}

))
such that

lim
n→∞

1

n
logP{FS} = lim

n→∞
1

n
logmax

(
P{Ĝ1 > γ}, max

2≤i≤r

(
P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ)}

))
.

(4.2)

As in chapter 3, there are two main terms: one for the feasibility of system 1, and a second term

representing the event that another estimated-feasible system “beats” the estimated-feasible system 1

in estimated objective value. The following proposition states that the overall rate function is the

minimum rate function of the probability of each of these two events.

Proposition 4.1. The rate function for P{FS} is

− lim
n→∞

1

n
logP{FS} = min

(
α1J1(γ), min

2≤i≤r

(
inf

xi≤x1
y1≤γ
yi≤γ

(
α1I1(x1, y1) + αiIi(xi, yi)

)))
.

Proof. From equation (4.2) and proposition A.2, assuming the relevant limits exist, it follows that

− lim
n→∞

1

n
logP{FS} =min

(
− lim

n→∞
1

n
logP{Ĝ1 > γ},

min
2≤i≤r

(− lim
n→∞

1

n
logP{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ)})).
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Since assumption 4.1 satisfies assumptions 2.2 and 2.3, it follows from theorem 2.1 that

− lim
n→∞

1

n
logP{Ĝ1 > γ} = α1J1(γ).

Let us consider − lim
n→∞

1

n
logP{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ)} for a system i �= 1. Let

Λ
(α1n,αin)
(H1,G1,Hi,Gi)

(θ1,θi) = log E
[
e〈(θ1,θi),(Ĥ1,Ĝ1,Ĥi,Ĝi)〉]

be the cumulant generating function of the random vector (Ĥ1, Ĝ1, Ĥi, Ĝi). By the independence of

system 1 and system i (assumption 1),

Λ
(α1n,αin)
(H1,G1,Hi,Gi)

(θ1,θi) = Λ
(α1n)
(H1,G1)

(θ1) + Λ
(αin)
(Hi,Gi)

(θi).

Under assumption 4.1,

lim
n→∞

1

n
Λ
(α1n,αin)
(H1,G1,Hi,Gi)

(nθ1, nθi) = lim
n→∞

1

n
Λ
(α1n)
(H1,G1)

(nθ1) + lim
n→∞

1

n
Λ
(αin)
(Hi,Gi)

(nθi)

= α1 log E[e
〈θ1/α1,(H11,G11)〉] + αi log E[e

〈θi/αi,(Hi1,Gi1)〉].

Then by the Gärtner-Ellis theorem, (Ĥ1, Ĝ1, Ĥi, Ĝi) satisfies an LDP with good rate function

Ii(x1, y1, xi, yi) = α1I1(x1, y1) + αiIi(xi, yi),

and hence

− lim
n→∞

1

n
logP{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ)} = inf

xi≤x1
y1≤γ
yi≤γ

(
α1I1(x1, y1) + αiIi(xi, yi)

)
.

For notational simplicity, let the rate function infxi≤x1, y1≤γ, yi≤γ (α1I1(x1, y1) + αiIi(xi, yi))

be denoted by Ki(α1, αi). Then expanding the bivariate normal rate functions,

Ki(α1, αi) = inf
xi≤x1
y1≤γ
yi≤γ

(
α1

2(1− ρ21)

(
(x1 − h1)

2

σ2
h1

− 2ρ1(x1 − h1)(y1 − g1)

σh1σg1
+

(y1 − g1)
2

σ2
g1

)

+
αi

2(1− ρ2i )

(
(xi − hi)

2

σ2
hi

− 2ρi(xi − hi)(yi − gi)

σhi
σgi

+
(yi − gi)

2

σ2
gi

))
.

The following proposition provides the location of the infimum in Ki(α1, αi).
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Proposition 4.2. Let

Γ�(ρ, α) =

{
i : hi > h1, g1 ≤ γ − ρ1

σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1),

gi ≤ γ + ρi
σgi
σhi

(σ2
hi
/αi)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1)

}
,

Γu(ρ, α) =

{
i : hi > h1 + ρ1σh1

(γ − g1)

σg1
, γ − ρ1

σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1) < g1 ≤ γ,

gi ≤ γ + ρi
σgi
σhi

(σ2
hi
/αi)

((1− ρ21)σ
2
h1
/α1) + (σ2

hi
/αi)

(
hi −

(
h1 + ρ1σh1

(γ − g1)

σg1

))}
,

Sb(ρ) =

{
i : hi − ρiσhi

(gi − γ)

σgi
≤ h1 and gi > γ

}
,

Sw,�(ρ, α) =

{
i : hi − ρiσhi

(gi − γ)

σgi
> h1,

g1 ≤ γ − ρ1
σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1) + ((1− ρ2i )σ

2
hi
/αi)

((
hi − ρiσhi

(gi − γ)

σgi

)− h1

)
,

gi > γ + ρi
σgi
σhi

(σ2
hi
/αi)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1)

}
,

Sw,u(ρ, α) =

{
i : hi − ρiσhi

(gi − γ)

σgi
> h1 + ρ1σh1

(γ − g1)

σg1
,

γ − ρ1
σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1) + ((1− ρ2i )σ

2
hi
/αi)

((
hi − ρiσhi

(gi − γ)

σgi

)− h1

)
< g1 ≤ γ,

gi > γ + ρi
σgi
σhi

σ2
hi
/αi

((1− ρ21)σ
2
h1
/α1) + (σ2

hi
/αi)

(
hi −

(
h1 + ρ1σh1

(γ − g1)

σg1

))}
.

Then the infimum in Ki(α1, αi) is achieved at the following locations.

For i ∈ Γ�(ρ, α),

x∗1 = x∗i =
(σ2

hi
/αi)h1 + (σ2

h1
/α1)hi

(σ2
h1
/α1) + (σ2

hi
/αi)

; y∗1 = g1 + ρ1
σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1);

y∗i = gi − ρi
σgi
σhi

(σ2
hi
/αi)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1). (4.3)

For i ∈ Γu(ρ, α),

x∗1 = x∗i =
(σ2

hi
/αi)(h1 + ρ1σh1

(γ−g1)
σg1

) + ((1− ρ21)σ
2
h1
/α1)hi

(1− ρ21)σ
2
h1
/α1 + σ2

hi
/αi

; y∗1 = γ; (4.4)
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y∗i = gi − ρi
σgi
σhi

σ2
hi
/αi

((1− ρ21)σ
2
h1
/α1 + σ2

hi
/αi)

(
hi −

(
h1 + ρ1σh1

(γ − g1)

σg1

))
. (4.5)

For i ∈ Sb(ρ),

x∗1 = h1; x
∗
i = hi − ρiσhi

(gi − γ)

σgi
; y∗1 = g1; y

∗
i = γ. (4.6)

For i ∈ Sw,�(ρ, α),

x∗1 = x∗i =
(1− ρ2i )σ

2
hi
/αi(h1) + (σ2

h1
/α1)(hi − ρiσhi

(gi−γ)
σgi

)

σ2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi

; (4.7)

y∗1 = g1 + ρ1
σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

((
hi − ρiσhi

(gi − γ)

σgi

)− h1

)
; y∗i = γ. (4.8)

For i ∈ Sw,u(ρ, α),

x∗1 = x∗i =
(1− ρ2i )σ

2
hi
/αi

(
h1 + ρ1σh1

(γ−g1)
σg1

)
+ (1− ρ21)σ

2
h1
/α1

(
hi − ρiσhi

(gi−γ)
σgi

)
(1− ρ21)σ

2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi

; (4.9)

y∗1 = γ; y∗i = γ. (4.10)

Proof. Ki(α1, αi) is a convex function of (x1, xi, y1, yi). Let λx ≥ 0, λy1 ≥ 0, and λyi ≥ 0 be the

Lagrange multipliers such that

L(x1, xi, y1, yi, λx, λy1 , λyi) =
α1

2(1− ρ21)

(
(x1 − h1)

2

σ2
h1

− 2ρ1(x1 − h1)(y1 − g1)

σh1σg1
+

(y1 − g1)
2

σ2
g1

)

+
αi

2(1− ρ2i )

(
(xi − hi)

2

σ2
hi

− 2ρi(xi − hi)(yi − gi)

σhi
σgi

+
(yi − gi)

2

σ2
gi

)
+ λx(xi − x1) + λy1(y1 − γ) + λyi(yi − γ).

Under assumption 4.1, Ki(α1, αi) is a continuous, differentiable, strictly convex function of

(x1, xi, y1, yi) which attains its unconstrained minimum at (h1, hi, g1, gi). Further, Slater’s condition

(Boyd and Vandenberghe, 2004, p. 244) holds, that is, there exists a “strictly feasible” point in the

interior of the space xi ≤ x1, y1 ≤ γ, yi ≤ γ. Therefore the Karush-Kuhn-Tucker (KKT) conditions

(see, e.g., Boyd and Vandenberghe, 2004) are necessary and sufficient for a global minimum, and by

the strict convexity of Ki(α1, αi), this minimum is unique. Then the KKT conditions are,
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α1

(1− ρ21)

(
(x∗1 − h1)

σ2
h1

− ρ1(y
∗
1 − g1)

σh1σg1

)
=

−αi

(1− ρ2i )

(
(x∗i − hi)

σ2
hi

− ρi(y
∗
i − gi)

σhi
σgi

)
= λx (4.11)

−α1

(1− ρ21)

(
−ρ1(x

∗
1 − h1)

σh1σg1
+

(y∗1 − g1)

σ2
g1

)
= λy1 (4.12)

−αi

(1− ρ2i )

(
−ρi(x

∗
i − hi)

σhi
σgi

+
(y∗i − gi)

σ2
gi

)
= λyi (4.13)

λx(x
∗
i − x∗1) = 0, λy1(y

∗
1 − γ) = 0, λyi(y

∗
i − γ) = 0 (4.14)

(x∗i − x∗1) ≤ 0, (y∗1 − γ) ≤ 0, (y∗i − γ) ≤ 0. (4.15)

Case: λx = 0. From equation (4.11), λx = 0 implies

x∗1 = h1 + ρ1σh1

(y∗1 − g1)

σg1
and x∗i = hi + ρiσhi

(y∗i − gi)

σgi
. (4.16)

Since λx = 0, conditions in equations (4.14) and (4.15) imply x∗i ≤ x∗1. Hence(
hi + ρiσhi

(y∗i − gi)

σgi

)
≤

(
h1 + ρ1σh1

(y∗1 − g1)

σg1

)
.

Case: λx > 0. The complementary slackness (CS) conditions in equation (4.14) imply that if

λx > 0, then x∗1 = x∗i . Letting x∗1 = x∗i in equation (4.11),

x∗1 = x∗i =

α1

(1− ρ21)σ
2
h1

(
h1 + ρ1σh1

(y∗1 − g1)

σg1

)
+

αi

(1− ρ2i )σ
2
hi

(
hi + ρiσhi

(y∗i − gi)

σgi

)
α1

(1− ρ21)σ
2
h1

+
αi

(1− ρ2i )σ
2
hi

(4.17)

Equivalently,

x∗1 = x∗i =
(1− ρ21)σ

2
h1
/α1

(
hi + ρiσhi

(y∗i −gi)
σgi

)
+ (1− ρ2i )σ

2
hi
/αi

(
h1 + ρ1σh1

(y∗1−g1)
σg1

)
(1− ρ21)σ

2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi

. (4.18)

From equation (4.11), λx > 0 and equation (4.17) imply(
hi + ρiσhi

(y∗i − gi)

σgi

)
>

(
h1 + ρ1σh1

(y∗1 − g1)

σg1

)
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Case: λy1 = 0. From equation (4.12), λy1 = 0 and y∗1 ≤ γ imply

y∗1 = g1 + ρ1σg1
(x∗1 − h1)

σh1

and g1 ≤ γ − ρ1σg1
(x∗1 − h1)

σh1

. (4.19)

Case: λy1 > 0. From the CS conditions in equation (4.14), λy1 > 0 implies y∗1 = γ. Further,

from equation (4.12), it follows that g1 > γ − ρ1σg1(x
∗
1 − h1)/σh1 .

Case: λyi = 0. From equation (4.13), λyi = 0 and y∗i ≤ γ imply

y∗i = gi + ρiσgi
(x∗i − hi)

σhi

and gi ≤ γ − ρiσgi
(x∗i − hi)

σhi

. (4.20)

Case: λyi > 0. From the CS conditions in equation (4.14), λyi > 0 implies y∗i = γ. Further,

from equation (4.13), it follows that gi > γ − ρiσgi(x
∗
i − hi)/σhi

.

Considering all possible combinations of the cases and solving for the relevant (x∗1, x∗i , y
∗
1, y

∗
i )

values yields the results. Table 4.1 shows which λ values correspond to which sets. Table 4.2 displays

the infeasible solutions to the KKT conditions.

Table 4.1: Feasible solutions to the KKT conditions for finding the infimum in the rate function of
the probability of false selection P{FS} for the bivariate normal case

λx λy1 λyi Set

> 0 0 0 Γ�(ρ, α)

> 0 > 0 0 Γu(ρ, α)

0 0 > 0 Sb(ρ)

> 0 0 > 0 Sw,�(ρ, α)

> 0 > 0 > 0 Sw,u(ρ, α)

Table 4.2: Infeasible solutions to the KKT conditions for finding the infimum in the rate function of
the probability of false selection P{FS} for the bivariate normal case

λx λy1 λyi Solution

0 0 0
x∗1 = h1; x

∗
i = hi; y

∗
1 = g1; y

∗
i = gi

hi ≤ h1; g1 ≤ γ; gi ≤ γ.

0 > 0 0
x∗1 = h1 − ρ1σh1

(g1−γ)
σg1

; x∗i = hi; y
∗
1 = γ; y∗i = gi

hi ≤ h1 − ρ1σh1

(g1−γ)
σg1

; g1 > γ; gi ≤ γ

0 > 0 > 0
x∗1 = h1 − ρ1σh1

(g1−γ)
σg1

; x∗i = hi − ρiσhi

(gi−γ)
σgi

; y∗1 = γ; y∗i = γ

hi − ρiσhi

(gi−γ)
σgi

≤ h1 − ρ1σh1

(g1−γ)
σg1

; g1 > γ; gi > γ
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Using the infima from proposition 4.2 in the rate function expression, one can derive the rate

functions presented in theorem 4.3.

Theorem 4.3. The relevant rate functions are

Ki∈Γ�(ρ,α)(α1, αi) =
(hi − h1)

2

2(σ2
h1
/α1 + σ2

hi
/αi)

,

Ki∈Γu(ρ,α)(α1, αi) =

(
(hi − h1)− ρ1σh1

(γ − g1)

σg1

)2

2((1− ρ21)σ
2
h1
/α1 + σ2

hi
/αi)

+
α1(γ − g21)

2σ2
g1

,

Ki∈Sb(ρ)(α1, αi) =
αi(γ − gi)

2

2σ2
gi

,

Ki∈Sw,�(ρ,α)(α1, αi) =

(
(hi − h1)− ρiσhi

(gi − γ)

σgi

)2

2(σ2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

+
αi(gi − γ)2

2σ2
gi

,

Ki∈Sw,u(ρ,α)(α1, αi) =

(
(hi − h1)− ρ1σh1

(γ − g1)

σg1
− ρiσhi

gi − γ

σgi

)2

2((1− ρ21)σ
2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

+
α1(γ − g1)

2

2σ2
g1

+
αi(gi − γ)2

2σ2
gi

.

Proof. Mathematica code using results from proposition 4.2 to find the rate function expressions

is provided in appendix C.1. The rate functions for Ki∈Γu(ρ,α)(α1, αi),Ki∈Sw,�(ρ,α)(α1, αi), and

Ki∈Sw,u(ρ,α)(α1, αi) can be found by completing the square in the following expanded formulations:

Ki∈Γu(ρ,α)(α1, αi) =

(hi − h1)
2 − 2ρ1σh1(hi − h1)

(γ − g1)

σg1
+

α1(γ − g1)
2

σ2
g1

(
σ2
h1
/α1 + σ2

hi
/αi

)
2((1− ρ21)σ

2
h1
/α1 + σ2

hi
/αi)

,

Ki∈Sw,�(ρ,α)(α1, αi) =

(hi − h1)
2 − 2ρiσhi

(hi − h1)
(gi − γ)

σgi
+

αi(gi − γ)2

σ2
gi

(
σ2
h1
/α1 + σ2

hi
/αi

)
2(σ2

h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

,

Ki∈Sw,u(ρ,α)(α1, αi) =

[
(hi − h1)

2 − 2(hi − h1)

(
ρ1σh1

(γ − g1)

σg1
+ ρiσhi

(gi − γ)

σgi

)
+ 2ρ1σh1

(γ − g1)

σg1
ρiσhi

(gi − γ)

σgi
+

α1(γ − g1)
2

σ2
g1

(
σ2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi

)
+

αi(gi − γ)2

σ2
gi

(
(1− ρ21)σ

2
h1
/α1 + σ2

hi
/αi

) ]
× [

2((1− ρ21)σ
2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

]−1
.

The following proposition states that when ρ1 ≤ 0, Γu(ρ, α) and Sw,u(ρ, α) are empty. This

result depends on the formulation of problem P in section 1.2.
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Proposition 4.4. Given the formulation of Problem P in Section 1.2 and under Assumption 4.1,

if ρ1 < 0, then Γu(ρ, α) and Sw,u(ρ, α) are empty.

Proof. The following proof is based on the notion of limiting independence (see definition 3.1). See

appendix B.2 for an alternate, algebraic proof.

In the right-hand side of equation (4.2), the rate function is determined by the system that

has the maximum probability of being declared feasible and beating system 1 when system 1 is

also declared feasible. To derive a rate function for this “duel” between system 1 and some other

system i, we derive a rate function for the probability

P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ)}. (4.21)

Since ρ1 < 0, it follows that

P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1)}P{Ĝ1 ≤ γ} ≤ P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ)}
≤ P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1)}

Since P{Ĝ1 ≤ γ} → 1, then the rate function we derive for the probability in equation (4.21)

considers only the random vector (Ĥ1, Ĥi, Ĝi), and hence the correlation between Ĥ1 and Ĝ1 does

not appear. Thus when ρ1 < 0, these events display limiting independence, and loosely speaking,

the effect of correlation is washed away by the logarithmic limit.

Thus α plays a different role in the correlated bivariate normal than it does in the independent

case: changing α can affect which terms enter the rate function by changing the set assignment of

that system. The following example provides insight into the structure of the five sets defined in

proposition 4.2.

Example 4.5. To better understand the sets defined in proposition 4.2, the following two figures

show the set boundaries for the case of equal allocation and variances across sets, where system 1 is

located at (h1, g1) = (0,−2) with σ2
h1

= σ2
g1 = σ2

hi
= σ2

gi = 1, and the constraint is γ = 0.

In figure 4.1, the correlations are identical between system 1 and system i, that is, ρ1 = ρi.

As predicted in proposition 4.4, for negative correlation ρ1, systems fall into one of Γ�(ρ, α), Sb(ρ),

or Sw,�(ρ, α). For very negative correlation, set Sw,� is the “largest,” but as the negative correlation

approaches zero, Sw,� shrinks to approach the “true” sets, Γ, Sb, and Sw. For positive correlations,

systems fall into one of each of the five sets, with Sw,� and Sw,u shrinking as correlation increases.

For high, positive correlation, the sets Γu(ρ, α) and Sb seem to encompass most systems.
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Figure 4.1: Graphs of sets Γ�(ρ, α),Γu(ρ, α), Sb(ρ), Sw,�(ρ, α), and Sw,u(ρ, α) for equal allocations,
variances, and correlations between system 1 and system i in example 4.5.

Now let us retain the same example, but consider opposite correlations between system 1 and

system i such that ρ1 = −ρi. Although this scenario seems unlikely to occur in practice, it provides

interesting insights into the possible shapes of the sets. Figure 4.2 shows that systems are classified

by all five sets for negative correlations (ρ1 > 0), but as predicted by proposition 4.4, positive

correlations (ρ1 < 0) implies systems are classified by only three sets Γ�(ρ, α), Sb(ρ), or Sw,�(ρ, α).

For very negative correlations, set Sw,u is the largest, with sets Γu and Sb encompassing most other

systems. As correlation becomes increasingly positive, sets Sw,u and Sw,� together shrink to the

space occupied by the “true” set Sw. In the case of positive correlation, as correlation increases, the

sets Γ�(ρ, α) and Sb(ρ) progress from the “true” set definitions inwards until they encompass most

systems and Sw,�(ρ, α) has shrunk significantly.
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Figure 4.2: Graphs of sets Γ�(ρ, α),Γu(ρ, α), Sb(ρ), Sw,�(ρ, α), and Sw,u(ρ, α) for equal allocations,
variances, and equal-but-opposite-sign correlations between system 1 and system i in example 4.5.

The following theorem states the probability of false selection for the bivariate normal case as

a function of the correlation ρ.

Theorem 4.6. Under assumption 4.1, the rate function of the probability of false selection is

− lim
n→∞

1

n
logP{FS} = min

(
α1(γ − g1)

2

2σ2
g1

, min
i∈Γ�(ρ,α)

(hi − h1)
2

2(σ2
h1
/α1 + σ2

hi
/αi)

, min
i∈Sb(ρ)

αi(gi − γ)2

2σ2
gi

,

min
i∈Γu(ρ,α)

(
(hi − h1)− ρ1σh1

(γ − g1)

σg1

)2

2((1− ρ21)σ
2
h1
/α1 + σ2

hi
/αi)

+
α1(γ − g21)

2σ2
g1

,

min
i∈Sw,�(ρ,α)

(
(hi − h1)− ρiσhi

(gi − γ)

σgi

)2

2(σ2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

+
αi(gi − γ)2

2σ2
gi

,

min
i∈Sw,u(ρ,α)

(
(hi − h1)− ρ1σh1

(γ − g1)

σg1
− ρiσhi

gi − γ

σgi

)2

2((1− ρ21)σ
2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

+
α1(γ − g1)

2

2σ2
g1

+
αi(gi − γ)2

2σ2
gi

)
.

Thus the overall rate function for the probability of false selection is the minimum rate

function across five sets of systems, four of which are themselves defined by functions of the budget

allocation.
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4.3.2 Probability of False Selection: Second Formulation

From equation (4.1), recall that in the previous section the P{FS} was stated as,

P{FS} = P{(Ĝ1 > γ) ∪ (∪r
i=2(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ))},

which is the probability that system 1 is estimated infeasible or system 1 is estimated feasible and

is beaten by another estimated-feasible system. Equivalently,

P{FS} = P{(Ĝ1 > γ) ∪ (∪r
i=2(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1) ∩ (Ĝ1 ≤ γ))},

= P{(Ĝ1 > γ) ∪ (∪r
i=2(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1))}, (4.22)

where system 1 is no longer restricted to be estimated-feasible when it is beaten by another estimated-

feasible system in equation (4.22). Both formulations are correct, but lead to slightly different

analyses of the rate function of the P{FS}. In this section, we formulate the probability of false

selection as in equation (4.22), that is, as the probability that system 1 is declared infeasible or that

another system i is declared feasible and beats system 1 in estimated objective value.

The P{FS} in equation (4.22) has the lower bound

max

(
P{Ĝ1 > γ}, max

2≤i≤r

(
P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1)}

))
and the upper bound

r ×max

(
P{Ĝ1 > γ}, max

2≤i≤r

(
P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1)}

))
such that

lim
n→∞

1

n
logP{FS} = lim

n→∞
1

n
logmax

(
P{Ĝ1 > γ}, max

2≤i≤r

(
P{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1)}

))
. (4.23)

As in chapter 3, we retain two main terms: one for the feasibility of system 1, and a second term

representing the event that another estimated-feasible system “beats” the estimated-feasible system 1

in estimated objective value. The following proposition states that the overall rate function is the

minimum rate function of the probability of each of these two events.

Proposition 4.7. The rate function for P{FS} is

− lim
n→∞

1

n
logP{FS} = min

(
α1J1(γ), min

2≤i≤r

(
inf

xi≤x1, yi≤γ
(α1I1(x1) + αiIi(xi, yi))

))
.
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Proof. From equation (4.23) and proposition A.2, it follows that

− lim
n→∞

1

n
logP{FS} =min

(
− lim

n→∞
1

n
logP{Ĝ1 > γ},

min
2≤i≤r

(− lim
n→∞

1

n
logP{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1)}

))
.

Since assumption 4.1 satisfies assumptions 2.2 and 2.3, it follows from theorem 2.1 that

− lim
n→∞

1

n
logP{Ĝ1 > γ} = α1J1(γ).

Let us consider − limn→∞ 1
n logP{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1)} for a system i �= 1. Let

Λ
(α1n,αin)
(H1,Hi,Gi)

(θ1,θi) = log E
[
e〈(θ1,θi),(Ĥ1,Ĥi,Ĝi)〉]

be the cumulant generating function of the random vector (Ĥ1, Ĥi, Ĝi). By the independence of

system 1 and system i (assumption 1),

Λ
(α1n,αin)
(H1,Hi,Gi)

(θ1,θi) = Λ
(α1n)
H1

(θ1) + Λ
(αin)
(Hi,Gi)

(θi).

Under assumption 4.1,

lim
n→∞

1

n
Λ
(α1n,αin)
(H1,Hi,Gi)

(nθ1, nθi) = lim
n→∞

1

n
Λ
(α1n)
H1

(nθ1) + lim
n→∞

1

n
Λ
(αin)
(Hi,Gi)

(nθi)

= α1 log E[e
(θ1/α1)H11 ] + αi log E[e

〈θi/αi,(Hi1,Gi1)〉].

Then by the Gärtner-Ellis theorem, (Ĥ1, Ĥi, Ĝi) satisfies an LDP with good rate function

Ii(x1, xi, yi) = α1I1(x1) + αiIi(xi, yi),

and hence

− lim
n→∞

1

n
logP{(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1)} = inf

xi≤x1
yi≤γ

(
α1I1(x1) + αiIi(xi, yi)

)
.

For notational simplicity, let the rate function infxi≤x1, yi≤γ (α1I1(x1) + αiIi(xi, yi)) be denoted

by Ki(α1, αi). Then expanding the normal and bivariate normal rate functions, we have

Ki(α1, αi) = inf
xi≤x1
yi ≤ γ

(
α1(x1 − h1)

2

2σ2
h1

+
αi

2(1− ρ2i )

(
(xi − hi)

2

σ2
hi

− 2ρi(xi − hi)(yi − gi)

σhi
σgi

+
(yi − gi)

2

σ2
gi

))
.
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The following lemma provides the location of the infimum in Ki(α1, αi).

Lemma 4.8. Under assumption 4.1, the infimum in Ki(α1, αi) is achieved at

x∗1 = x∗i =
(α1/σ

2
h1
)h1 + (αi/σ

2
hi
)hi

(α1/σ2
h1
) + (αi/σ2

hi
)

, y∗i = gi +
ρiσgi(α1/σ

2
h1
)

(α1/σ2
h1
) + (αi/σ2

hi
)

(h1 − hi)

σhi

, i ∈ Γ(ρ, α) (4.24)

x∗1 = h1, x
∗
i = hi + ρiσhi

(γ − gi)

σgi
, y∗i = γ, i ∈ Sb(ρ) (4.25)

x∗1 = x∗i =

α1h1
σ2
h1

+
αi

σ2
hi
(1− ρ2i )

(
hi + ρiσhi

(γ − gi)

σgi

)
(

α1

σ2
h1

+
αi

σ2
hi
(1− ρ2i )

) , y∗i = γ, i ∈ Sw(ρ, α) (4.26)

where

Γ(ρ, α) =

{
i : hi > h1 and gi ≤ γ + ρiσgi

(σ2
hi
/αi)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1)

σhi

}
,

Sb(ρ) =

{
i : hi ≤ h1 + ρiσhi

(gi − γ)

σgi
and gi > γ

}
,

Sw(ρ, α) =

{
i : hi > h1 + ρiσhi

(gi − γ)

σgi
and gi > γ + ρiσgi

(σ2
hi
/αi)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1)

σhi

}
.

Proof. Finding the infimum in Ki(α1, αi) is a convex minimization problem. Letting λx ≥ 0 and

λy ≥ 0 be Lagrange multipliers, the KKT conditions are

α1(x
∗
1 − h1)

σ2
h1

= − αi

1− ρ2

(
x∗i − hi
σ2
hi

− ρ(y∗i − gi)

σhi
σgi

)
= λx (4.27)

αi

1− ρ2

(
y∗i − gi
σ2
gi

− ρ(x∗i − hi)

σhi
σgi

)
= λy (4.28)

λx(x
∗
i − x∗1) = 0 (4.29)

λy(γ − y∗i ) = 0 (4.30)

x∗i − x∗1 ≤ 0, γ − y∗i ≤ 0

Case 1: x∗1 > x∗i and y∗i > γ. Then λx = λy = 0, which implies x∗1 = h1, x
∗
i = hi, and y∗i = gi,

which is not a feasible point.

Case 2: x∗1 = x∗i and y∗i > γ. Then λx > 0, λy = 0. From equation (4.28),

y∗i = gi + ρσgi
(x∗i − hi)

σhi

. (4.31)
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Using this value for y∗i in equation (4.27) and solving for x∗i in yields the value of x∗1 = x∗i given

in equation (4.24). Substituting this value of x∗i into equation (4.31) yields the y∗i value given in

equation (4.24). Since λx > 0 implies x∗i > h1, then h1 < hi. The second condition in set Γ(ρ, α1, αi)

results from the fact that y∗i > γ. When ρ = 0, Γ(ρ, α1, αi) = Γ.

Case 3: x∗1 > x∗i and y∗i = γ. Then λx = 0, λy > 0, and from equation (4.27), x∗1 = h1. From

equation (4.30), y∗ = γ. Solving for x∗i in (4.27) results in the value of x∗i given in equation (4.25).

Since x∗1 = h1 > x∗i , then
h1 − hi
σhi

>
ρ(γ − gi)

σgi

Since λy > 0 and ρ2 < 1, equation (4.28) results in the condition gi < γ for Sb(ρ). When ρ = 0,

Sb(ρ) = Sb.

Case 4: x∗1 = x∗i and y∗i = γ. Then λx > 0, λy > 0, and from equations (4.29) – (4.30), we

have x∗1 = x∗i and y∗i = γ. Solving for the value of x∗i in (4.27) yields the result in equation (4.26).

Since λx > 0, λy > 0, from equations (4.27)–(4.28), we have

x∗1 = x∗i > h1 and
x∗i − hi
σhi

<
ρ(γ − gi)

σgi
and

γ − gi
σgi

>
ρ(x∗i − hi)

σhi

.

Plugging in x∗i yields the conditions for Sw(ρ, α1, αi). When ρ = 0, Sw(ρ, α1, αi) = Sw.

Recall the definitions of the sets for zero correlation as feasible and worse (Γ), infeasible and

better (Sb), and infeasible and worse (Sw). Formally,

Γ = {i : hi > h1 and gi ≤ γ} ,
Sb = {i : hi ≤ h1 and gi > γ} ,
Sw = {i : hi > h1 and gi > γ} .

In the set definitions given in lemma 4.8, for positive ρi, Γ(ρ, α) ⊇ Γ and Sb(ρ) ⊇ Sb, while

Sw(ρ, α) ⊆ Sw. This result is intuitive: since the performance measures are positively correlated, a

system from Sw that is “close enough” to h1 in objective value or “close enough” to γ in constraint

value and succeeds in crossing one of these barriers will likely succeed in crossing the other. Therefore

some systems in Sw may have rate functions similar to other systems in either Γ or Sb when there

is positive correlation. When there is negative correlation, the opposite occurs. Thus Γ(ρ, α) ⊆ Γ

and Sb(ρ) ⊆ Sb, while Sw(ρ, α) ⊇ Sw. Now systems in Γ and Sb have rate functions similar to other

systems in Sw. For example, due to negative correlation, a system in Γ that is “close enough” to

the constraint might be declared infeasible when it “beats” system 1 in objective value. Of the two

types of correlation, intuitively it seems that negative correlation is better since negative correlation
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may result in an increased rate of decay of the probability of false selection. However this result

depends on the formulation of the problem in section 1.2.

For each set Γ(ρ, α), Sb(ρ), and Sw(ρ, α), given the result from lemma 4.8, one can solve for

the rate functions. These rate functions are given in the following proposition.

Proposition 4.9. Under assumption 4.1, the relevant rate functions are

Ki∈Γ(ρ,α)(α1, αi) =
(hi − h1)

2

2(σ2
h1
/α1 + σ2

hi
/αi)

,

Ki∈Sb(ρ)(α1, αi) =
αi(gi − γ)2

2σ2
gi

,

Ki∈Sw(ρ,α)(α1, αi) =

(
(hi − h1)− ρiσhi

(gi − γ)

σgi

)2

2(σ2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

+
αi(gi − γ)2

2σ2
gi

.

The rate functions for sets Γ(ρ, α) and Sb(ρ) are identical to the rate functions of Γ and Sb in

the independent case. That is, while the sets depend on ρ, rate functions for systems in these set

do not depend on ρ. In the independent case, the rate function for systems in Sw comprises two

added terms: one for “optimality” that is identical to the rate function for systems in Γ, and one

for “feasibility” that is identical to the rate function for systems in Sb. In the correlated case, the

rate function for systems in Sw(ρ, α) comprises two added terms: one for “optimality,” adjusted for

the correlation with the constraint, and one for “feasibility” that is identical to the rate function of

systems in Sb(ρ).

The following theorem states the probability of false selection for the bivariate normal case as

a function of the correlation ρ.

Theorem 4.10. Under assumption 4.1, the rate function of the probability of false selection is

− lim
n→∞

1

n
logP{FS} = min

(
α1(γ − g1)

2

2σ2
g1

, min
i∈Γ(ρ,α)

(hi − h1)
2

2(σ2
h1
/α1 + σ2

hi
/αi)

, min
i∈Sb(ρ)

αi(gi − γ)2

2σ2
gi

,

min
i∈Sw(ρ,α)

(
(hi − h1)− ρiσhi

(gi − γ)

σgi

)2

2(σ2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

+
αi(gi − γ)2

2σ2
gi

)
.

As in chapter 3, the overall rate function will be determined by the most likely of four events.

In the correlated case, these events are: (i) system 1 is incorrectly estimated as infeasible; (ii) a

system from Γ(ρ, α) is incorrectly estimated as optimal; (iii) a system from Sb(ρ) is incorrectly

estimated as feasible; (iv) a system from Sw(ρ, α) is incorrectly estimated as to be optimal and

feasible.
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4.3.3 Reconciliation of First and Second Probability of False Selection Formu-

lations

In this section, we reconcile the two P{FS} formulations and show that the overall rate of decay

of the P{FS} is identical in both cases. Therefore for the sake of simplicity, we proceed with the

P{FS} formulation that yields the simplest analysis,

P{FS} = P{(Ĝ1 > γ) ∪ (∪r
i=2(Ĝi ≤ γ) ∩ (Ĥi ≤ Ĥ1))}.

The following proposition states that the first and second formulations yield identical rate functions.

Proposition 4.11. For every α, the rate functions from the P{FS} formulations presented in

theorem 4.6 and theorem 4.10 are equivalent.

Proof. Recall that in addition to the rate function for the feasibility of system 1, the first formula-

tion produces sets Γ�(ρ, α),Γu(ρ, α), Sb(ρ), Sw,�(ρ, α), and Sw,u(ρ, α), while the second formulation

produces sets Γ(ρ, α), Sb(ρ), and Sw(ρ, α). Further, the formulations and rate functions for each

Sb(ρ) are identical, while Γ�(ρ, α) ⊆ Γ(ρ, α) and Sw,�(ρ, α) ⊆ Sw(ρ, α).

By proposition 4.4 and by the requirement that g1 < γ, if ρ1 ≤ 0, Γu(ρ, α) and Sw,u(ρ, α) are

empty. Thus when ρ1 ≤ 0, the rate functions for the first and second formulation are identical.

Now let us suppose ρ1 > 0 and that Γu(ρ, α) and Sw,u(ρ, α) are nonempty. Then the rate

function for systems in Γu(ρ, α) minus the rate function for the feasibility of system 1 is,

(
(hi − h1)− ρ1σh1

(γ − g1)

σg1

)2

2((1− ρ21)σ
2
h1
/α1 + σ2

hi
/αi)

> 0,

and the rate function for systems in Sw,u(ρ, α) minus the rate function for the feasibility of system 1

is, (
(hi − h1)− ρ1σh1

(γ − g1)

σg1
− ρiσhi

gi − γ

σgi

)2

2((1− ρ21)σ
2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

+
αi(gi − γ)2

2σ2
gi

> 0.

Thus whenever a system falls in Γu(ρ, α) or Sw,u(ρ, α), the rate function of that system is

larger than the rate function of the feasibility of system 1. Thus for any α, no system in Γu(ρ, α) or

Sw,u(ρ, α) will determine the overall rate function of the P{FS}. Hence the overall rate of decay of

the P{FS} for the two formulations are identical.

Further, when we wish to optimally allocate among the systems, we wish to maximize the
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minimum rate function. Thus the optimal allocation, which we will derive in the next section, would

never place any systems in Γu(ρ, α) or Sw,u(ρ, α).

4.4 Optimal Allocation Strategy

Proceeding with the results of the second formulation of the P{FS} presented in section 4.3.2, we

wish to allocate the αi’s to solve the following optimization problem:

max min

(
α1J1(γ), min

2≤i≤r
Ki(α1, αi)

)
s.t. (4.32)

r∑
i=1

αi = 1, αi ≥ 0.

This problem can be re-expressed as

Problem Q : max z s.t.

α1J1(γ) ≥ z,

Ki(α1, αi) ≥ z, 2 ≤ i ≤ r,

r∑
i=1

αi = 1, αi ≥ 0.

Proposition 4.12. The rate function Ki(α1, αi) is a concave function of (α1, αi).

Proof. Let α = (α1, αi) and ᾱ = (ᾱ1, ᾱi), such that α �= ᾱ. Further, let λ ∈ (0, 1). Then

Ki(λα1+ (1− λ)ᾱ1, λαi + (1− λ)ᾱi)

= inf
xi≤x1,yi≤γ

[(λα1 + (1− λ)ᾱ1)I1(x1) + (λαi + (1− λ)ᾱi)Ii(xi, yi)]

= inf
xi≤x1,yi≤γ

[λ(α1I1(x1) + αiIi(xi, yi)) + (1− λ)(ᾱ1I1(x1) + ᾱiIi(xi, yi))]

≥ inf
xi≤x1,yi≤γ

λ[α1I1(x1) + αiIi(xi, yi)] + inf
xi≤x1,yi≤γ

(1− λ)[ᾱ1I1(x1) + ᾱiIi(xi, yi)]

= λKi(α1, αi) + (1− λ)Ki(ᾱ1, ᾱi).

Changing values of (α1, αi) can change the set assignment for a particular function, and hence

change the rate function. So the question may arise, are the rate functions still concave across these

set boundary points? The answer is yes, since changing (α1, αi) amounts to changing the location of

the infimum over xi ≤ x1, yi ≤ γ in the expression of Ki(α1, αi). Since the concavity of Ki(α1, αi)
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as a function of (α1, αi) does not depend on where this infimum occurs, and since α1J1(γ) is a

concave function of α1, problem Q is a concave maximization problem.

Let problem Q∗
BV N be as problem Q except with the inequality constraints on Ki(α1, αi)

replaced by equality constraints and forcing αi > 0. Following a proof similar to that given in

proposition 3.8, it can be shown that problems Q and Q∗
BV N are equivalent, that is, they have an

identical optimal solution and optimal value. Problem Q∗
BV N is written as

Problem Q∗
BV N : max z s.t.

α1(γ − g1)
2

2σ2
g1

≥ z,

(h1 − hi)
2

2(σ2
h1
/α1 + σ2

hi
/αi)

= z, i ∈ Γ(ρ, α)

αi(γ − gi)
2

2σ2
gi

= z, i ∈ Sb(ρ)(
(hi − h1)− ρiσhi

(gi − γ)

σgi

)2

2(σ2
h1
/α1 + (1− ρ2i )σ

2
hi
/αi)

+
αi(gi − γ)2

2σ2
gi

= z, i ∈ Sw(ρ, α)

r∑
i=1

αi = 1, αi > 0.

We propose that the solution to problem Q∗
BV N be obtained using a solver.

4.4.1 An Approximate Closed-Form Solution

This section presents a closed-form solution to problem Q∗
BV N under the assumption that α∗

1 
 α∗
i .

Thus the solutions in this section are only appropriate when such an assumption is reasonable. For

example, such a scenario may arise when the number of systems in Γ(ρ, α) and Sw(ρ, α) is large.

The α∗
1 
 α∗

i assumption appears often in previous OCBA literature (see, e.g., Lee et al., 2011).

Notationally, we remove the “stars” from α in this section to emphasize that the α value presented

here is an approximation to the true optimal solution. First, let us use the α1 
 αi assumption

to simplify the characterization of the sets Γ(ρ, α) and Sw(ρ, α). Define the sets Γα1�αi(ρ) and

Sα1�αi
w (ρ) as

Γα1�αi(ρ) =

{
i : hi > h1 and gi < γ + ρiσgi

(hi − h1)

σhi

}
,

Sα1�αi
w (ρ) =

{
i : hi > h1 + ρiσhi

(gi − γ)

σgi
and gi > γ + ρiσgi

(hi − h1)

σhi

}
.
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Set Sb(ρ) needs no modification, as it does not depend on (α1, αi). The corresponding rate functions

are

Ki∈Γα1�αi (ρ)(α1, αi) =
αi(h1 − hi)

2

2σ2
hi

= αiIi(h1),

Ki∈Sb(ρ)(α1, αi) =
αi(γ − gi)

2

2σ2
gi

= αiJi(γ),

K
i∈Sα1�αi

w (ρ)
(α1, αi) =

αi

2(1− ρ2i )

(
(h1 − hi)

2

σ2
hi

− 2ρi
(h1 − hi)

σhi

(γ − gi)

σgi
+

(γ − gi)
2

σ2
gi

)
= αiIi(h1, γ).

Let I(·) denote the indicator function. Under assumption 4.1 and the assumption that α∗
1 
 α∗

i ,

it follows from the equality constraints in problem Q∗
BV N that the sample allocated to systems other

than system 1 should follow the proportion

αi

αk
=

Ik(h1)I(k∈Γα1�αi (ρ)) + Jk(γ)I(k∈Sb(ρ)) + Ik(h1, γ)I(k∈Sα1�αi
w (ρ))

Ii(h1)I(i∈Γα1�αi (ρ)) + Ji(γ)I(i∈Sb(ρ)) + Ii(h1, γ)I(i∈Sα1�αi
w (ρ))

.



Chapter 5

Multivariate Normal: Multiple

Constraints

Consider the context of problem P fully (see section 1.2), with multiple constraints. In this

chapter, we allow correlation between the objective function and constraints, but we require that the

underlying random variables follow a multivariate normal distribution. We provide a characterization

of the rate of decay of the probability of false selection and an optimal allocation strategy that is the

result of a concave maximization problem. We also provide an implementable sequential algorithm,

as well as numerical results displaying its performance.

5.1 Chapter Organization

Section 5.2 provides initial assumptions for the chapter. Section 5.3 contains the general rate

function of the probability of false selection and section 5.4 contains an optimal allocation strategy

that maximizes the rate of decay of the probability of false selection. In Section 5.5 we make the

multivariate assumption which allows the derivation of the consistent estimator of the optimal

allocation and the implementable fully sequential algorithm in Section 5.6. Numerical results are

presented in Section 5.7.

5.2 Assumptions for Chapter 5

While the main focus of this chapter is on the case in which the underlying random variables

(Hi, Gi1, . . . , Gis), i ≤ r, follow a multivariate normal distribution, the results we present in sections

5.3 and 5.4 hold in a much more general context. Therefore we postpone making the multivariate

78
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normal assumption until our results require it. For now, in addition to assumptions 1 and 2, we

make two additional assumptions as is typical in large deviations contexts.

Let (Hi,Gi) = (Hi, Gi1, . . . , Gis) be random variables with mean (hi, gi) = (hi, gi1, . . . , gis).

Let us define

(H̄i(n), Ḡi(n)) = (H̄i(n), Ḡi1(n), . . . , Ḡis(n)) =

(
1

n

n∑
k=1

Hik,
1

n

n∑
k=1

Gi1k, . . . ,
1

n

n∑
k=1

Gisk

)
.

We will use (Ĥi, Ĝi) ≡ (H̄i(αin), Ḡi(αin)) as shorthand for the estimator of (hi, gi) after scaling

the sample size by αi > 0, the proportion of the total sample n which is allocated to system i.

Let Λ
(n)
Hi

(θ) = log E
[
eθH̄i(n)

]
, Λ

(n)
Gij

(θ) = log E
[
eθḠij(n)

]
, and

Λ
(n)
(Hi,Gi)

(θ) = log E
[
e〈θ,(H̄i(n),Ḡi(n))〉]

be the cumulant generating functions of H̄i(n), Ḡij(n), and (H̄i(n), Ḡi(n)), respectively, where

θ ∈ R, θ ∈ R
s+1, and 〈·, ·〉 denotes the dot product. Let the effective domain of a function f(·) be

denoted by Df = {x : f(x) < ∞} and its interior by D◦
f . Let f

′(x) denote the derivative of f with

respect to the argument x, and ∇f(x) denote the gradient of f .

As is usual in LD contexts, we make the following assumption.

Assumption 5.1. Let the following hold for each i ≤ r and j ≤ s:

(1) the limit Λ(Hi,Gi)(θ) = lim
n→∞

1

n
Λ
(n)
(Hi,Gi)

(nθ) exists as an extended real number for all θ ∈ R
s+1,

where we denote ΛHi(θ) = lim
n→∞

1

n
Λ
(n)
Hi

(nθ) and ΛGij (θ) = lim
n→∞

1

n
Λ
(n)
Gij

(nθ) for all θ ∈ R;

(2) the origin belongs to the interior of DΛ(Hi,Gi)
, that is, 0 ∈ D◦

Λ(Hi,Gi)
;

(3) Λ(Hi,Gi)(θ) is strictly convex and C∞ on D◦
Λ(Hi,Gi)

;

(4) Λ(Hi,Gi)(θ) is steep, that is, for any sequence {θ(n)} ∈ DΛ(Hi,Gi)
converging to a boundary

point of DΛ(Hi,Gi)
, then it holds that limn→∞ |∇Λ(Hi,Gi)(θ(n))| = ∞.

Assumption 5.1 implies that (H̄i(n), Ḡi(n)) → (hi, gi) wp1 (see Bucklew, 2003, remark 3.2.1).

Assumption 5.1 also ensures that H̄i(n), Ḡij(n), and (H̄i(n), Ḡi(n)) satisfy the large deviations

principle (LDP) with good rate functions

Ii(x) = sup
θ∈R

{θx− ΛHi(θ)}, Jij(y) = sup
θ∈R

{θy − ΛGij (θ)},
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and

Ii(x,y) = sup
θ∈Rs+1

{〈θ, (x,y)〉 − Λ(Hi,Gi)(θ)},

respectively (see, e.g., Dembo and Zeitouni, 1998, p.44). Assumption 5.1(3) is stronger than

what is needed for the Gärtner-Ellis theorem to hold. However, we require ΛHi(θ), ΛGij (θ), and

Λ(Hi,Gi)(θ) to be strictly convex and C∞ on the interiors of their respective domains so that

Ii(x), Jij(y), and Ii(x,y) are strictly convex and C∞ for x ∈ F◦
Hi

= int{Λ′
Hi
(θ) : θ ∈ D◦

ΛHi
},

y ∈ F◦
Gij

= int{Λ′
Gij

(θ) : θ ∈ D◦
ΛGij

}, and (x,y) ∈ F◦
(Hi,Gi)

= int{∇Λ(Hi,Gi)(θ) : θ ∈ D◦
Λ(Hi,Gi)

}.
Let γ = (γ1, . . . , γs) and let Fc

d denote the closure of the convex hull of {(hi,γ) : (hi,γ) ∈
R
s+1}. We assume the following.

Assumption 5.2. The closure of the convex hull of all points (hi,γ) ∈ R
s+1 is a subset of the

intersection of the effective domains of the rate functions Ii(x,y) for all i ≤ r, that is, Fc
d ⊂

∩r
i=1F

◦
(Hi,Gi)

.

As in previous chapters, assumption 5.2 ensures that there exists a nonzero probability that any

system i ≤ r may be falsely selected as the best feasible system.

5.3 Rate Function of the Probability of False Selection

Let us formulate the probability of false selection as the probability that system 1 is declared

infeasible or that another system i is declared feasible and beats system 1 in estimated objective

value. That is,

P{FS} = P{[∪s
j=1Ĝ1j > γj︸ ︷︷ ︸
system 1
estimated
infeasible

] ∪r
i=2 [(∩s

j=1Ĝij ≤ γj︸ ︷︷ ︸
system i
estimated
feasible

) ∩ (Ĥi ≤ Ĥ1︸ ︷︷ ︸
system i
“beats”
system 1

)]} (5.1)

The P{FS} in equation (5.1) has lower bound

max

(
P{∪s

j=1Ĝ1j > γj}, max
2≤i≤r

(
P{(∩s

j=1Ĝij ≤ γj) ∩ (Ĥi ≤ Ĥ1)}
))

and upper bound

r ×max

(
P{∪s

j=1Ĝ1j > γj}, max
2≤i≤r

(
P{(∩s

j=1Ĝij ≤ γj) ∩ (Ĥi ≤ Ĥ1)}
))
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such that

lim
n→∞

1

n
logP{FS} = lim

n→∞
1

n
logmax

(
P{∪s

j=1Ĝ1j > γj}, max
2≤i≤r

P{(∩s
j=1Ĝij ≤ γj) ∩ (Ĥi ≤ Ĥ1)}

)
.

(5.2)

As in previous chapters, there are two main terms: one for the feasibility of system 1, and another

term representing the event that system 1 is “beaten” in estimated objective value by an estimated-

feasible system. The following proposition states that the overall rate function is the minimum rate

function of the probability of each of these two events.

Theorem 5.1. The rate function for P{FS} is,

− lim
n→∞

1

n
logP{FS} = min

(
min
j∈C1

F

α1J1j(γj), min
2≤i≤r

(
inf

xi≤x1, yi≤γ
(α1I1(x1) + αiIi(xi,yi))

))
. (5.3)

Proof. From equation (5.2) and proposition A.2, it follows that

− lim
n→∞

1

n
logP{FS} =min

(
− lim

n→∞
1

n
logP{∪s

j=1Ĝ1j > γj},

min
2≤i≤r

(− lim
n→∞

1

n
logP{(∩s

j=1Ĝij ≤ γj) ∩ (Ĥi ≤ Ĥ1)}
))

.

Under assumptions 5.1 and 5.2, it follows from theorem 3.4 that

− lim
n→∞

1

n
logP{∪s

j=1Ĝ1j > γj} = min
j∈C1

F

α1J1j(γj).

Let us consider − lim
n→∞

1

n
logP{(∩s

j=1Ĝij ≤ γj) ∩ (Ĥi ≤ Ĥ1)} for a system i �= 1. For

(θ1,θi) ∈ R
s+2, let the cumulant generating function of (Ĥ1, Ĥi, Ĝi) be denoted Λ

(α1n,αin)
(H1,Hi,Gi)

(θ1,θi).

By the independence of system 1 and system i (assumption 1),

Λ
(α1n,αin)
(H1,Hi,Gi)

(θ1,θi) = Λ
(α1n)
H1

(θ1) + Λ
(αin)
(Hi,Gi)

(θi).

Under assumption 5.1(1),

lim
n→∞

1

n
Λ
(α1n,αin)
(H1,Hi,Gi)

(nθ1, nθi) = lim
n→∞

1

n
Λ
(α1n)
H1

(nθ1) + lim
n→∞

1

n
Λ
(αin)
(Hi,Gi)

(nθi)

= α1ΛH1 (θ1/α1) + αiΛ(Hi,Gi) (θi/αi) .
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Then by the Gärtner-Ellis theorem, (Ĥ1, Ĥi, Ĝi) satisfies the LDP with good rate function

Ii(x1, xi,yi) = α1 sup
θ1/α1

{
θ1
α1

x1 − ΛH1

(
θ1
α1

)}
+ αi sup

θi/αi

{〈
θi
αi

, (xi,yi)

〉
− Λ(Hi,Gi)

(
θi
αi

)}
= α1I1(x1) + αiIi(xi,yi),

and hence

− lim
n→∞

1

n
logP{(∩s

j=1Ĝij ≤ γj) ∩ (Ĥi ≤ Ĥ1)} = inf
xi≤x1, yi≤γ

(α1I1(x1) + αiIi(xi,yi)) .

While it was possible to separate systems into sets in chapter 3 and in the one-constraint

bivariate normal case in chapter 4, in this case, there are 2s+1 potential sets and rate functions

that result from the Karush-Kuhn Tucker (KKT) conditions on the infimum in the expression

infxi≤x1, yi≤γ (α1I1(x1) + αiIi(xi,yi)). This large number of potential sets and rate functions makes

it difficult to categorize the rate functions of systems in this manner.

5.4 Optimal Allocation Strategy

For notational simplicity, let the rate function infxi≤x1, yi≤γ (α1I1(x1) + αiIi(xi,yi)) be denoted by

Ki(α1, αi). Let us allocate the αi’s to solve the following optimization problem:

max min

(
min
j∈C1

F

α1J1j(γj), min
2≤i≤r

Ki(α1, αi)

)
s.t. (5.4)

r∑
i=1

αi = 1, αi ≥ 0.

The problem in (5.4) can be re-expressed as:

Problem Q : max z s.t.

α1J1j(γj) ≥ z, j ∈ C1
F

Ki(α1, αi) ≥ z, 2 ≤ i ≤ r,

r∑
i=1

αi = 1, αi ≥ 0.

where the values of Ki(α1, αi) are obtained by solving
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Problem Ki : min α1I1(x1) + αiIi(xi,yi) s.t.

xi ≤ x1,

yi ≤ γ.

for each i = 2, . . . , r.

Consider the structure of problem Q. Specifically, the rate function Ki(α1, αi) is a concave

function of (α1, αi), which leads to the result that problem Q is a concave maximization problem.

Lemma 5.2 and proposition 5.3 state these results formally.

Lemma 5.2. The rate function Ki(α1, αi) is a concave function of (α1, αi).

Proof. Let α = (α1, αi) and ᾱ = (ᾱ1, ᾱi), such that α �= ᾱ. Further, let λ ∈ (0, 1). Then

Ki(λα1 + (1− λ)ᾱ1, λαi + (1− λ)ᾱi)

= inf
xi≤x1, yi≤γ

[(λα1 + (1− λ)ᾱ1)I1(x1) + (λαi + (1− λ)ᾱi)Ii(xi,yi)]

= inf
xi≤x1, yi≤γ

[λ(α1I1(x1) + αiIi(xi,yi)) + (1− λ)(ᾱ1I1(x1) + ᾱiIi(xi,yi))]

≥ inf
xi≤x1, yi≤γ

λ[α1I1(x1) + αiIi(xi,yi)] + inf
xi≤x1, yi≤γ

(1− λ)[ᾱ1I1(x1) + ᾱiIi(xi,yi)]

= λKi(α1, αi) + (1− λ)Ki(ᾱ1, ᾱi).

Proposition 5.3. Problem Q is a concave maximization problem.

Proof. The result proceeds from the following: (i) lemma 5.2 holds for all i = 2, . . . , r; (ii) α1J1j(γj)

is a strictly concave function of α1 for all j ∈ C1
F , (iii) the minimum of concave functions is also

concave, and (iv) the feasible set
∑r

i=1 αi = 1,α > 0 is convex.

Under assumption 5.1, it seems that the rate function Ki(α1, αi) is strictly concave in α and

hence problem Q is a strictly concave maximization problem. However the proof of this property is

not obvious, and it is presented as the following conjecture 5.4.

Conjecture 5.4. The rate function Ki(α1, αi) is a strictly concave function of (α1, αi), and problem

Q is a strictly concave maximization problem.

Let the rate function in equation (5.4) be called z(α), that is,

z(α) = min

(
min
j∈C1

F

α1J1j(γj), min
2≤i≤r

Ki(α1, αi)

)
.
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Since α1J1j(γj) and Ki(α1, αi) are continuous functions of α for all j ∈ C1
F and i = 2, . . . , r, and

the minimum of a finite number of continuous functions is continuous, then z(α) is a continuous

function of α. Since problem Q is the maximization of a continuous function on a compact set, a

solution exists. The following proposition states this result without a formal proof.

Proposition 5.5. There exists at least one optimal solution α∗ = (α∗
1, α

∗
2, . . . , α

∗
r) to problem Q.

To obtain a solution to problem Q, we must also solve problem Ki for each i = 2, . . . , r.

Under assumption 5.1, problem Ki is a strictly convex minimization problem in (x1, xi,yi) for

all i = 2, . . . , r. Due to the structure of problem Ki and its feasible region, the optimal solution

(x∗1, x∗i ,y
∗
i ) exists. Proposition 5.6 formally states this result.

Proposition 5.6. Under assumptions 5.1 and 5.2, problem Ki is a strictly convex minimization

problem in (x1, xi,yi), and its unique solution, z∗(α1, αi) = (x∗1(α1, αi), x
∗
i (α1, αi),y

∗
i (α1, αi)), exists

for all i = 2, . . . , r.

Proof. Under assumption 5.1, the rate function α1I1(x1) +αiIi(xi,yi) is strictly convex and C∞ on

its nonempty effective domain, and the feasible region X = {(x1, xi,yi) ∈ R
s+2 : x1 ≤ xi, yi ≤ γ}

is convex. Therefore problem Ki is a strictly convex minimization problem.

Further, the objective function of problem Ki is coercive. To see this, suppose there exists a

sequence (x1(n), xi(n),yi(n)) ∈ X such that the euclidean norm ||(x1(n), xi(n),yi(n))|| → ∞ and

the objective function of problem Ki remains bounded. Then it must be the case that the objective

function has an unbounded sub-level set. However under assumption 5.1, the rate functions in

the objective function α1I1(x1) + αiIi(xi,yi) are good, which implies that all sub-level sets are

bounded. Therefore if ||(x1(n), xi(n),yi(n))|| → ∞, then α1I1(x1(n)) +αiIi(xi(n),yi(n)) → ∞ and

we conclude that the objective function is coercive.

Under assumption 5.2 the intersection of X and the effective domain of α1I1(x1) + αiIi(xi,yi)

is nonempty. Further, since X is closed and the objective function is coercive, then the minimum is

attained and an optimal solution z∗(α1, αi) exists. By Bazaraa et al. (2006, theorem 3.4.2, p. 125),

since the optimal solution exists and problem Ki is strictly convex, z∗(α1, αi) is unique.

Each α-step in the concave “outer” optimization problem Q requires solving r − 1 versions of

problem Ki. Due to the nested-optimization structure of problem Q, we propose that the solution

be obtained using a solver. We note that our allocation framework will work best with a “small”

number of systems, where the quantifier “small” depends on the resources available to solve the

optimal allocation problem.
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5.5 Multivariate Normal Assumption

While the theory presented in sections 5.3 and 5.4 holds generally, we make a multivariate normal

assumption to allow the development of a useful consistent estimator and a sequential allocation

algorithm. Let the exponent T denote the matrix transpose. Henceforth, let us redefine Gi, gi, and

γ as column vectors, and assume the following.

Assumption 5.3. We assume we may obtain iid replicates of the multivariate normal random

vector (Hi,G
T
i ). That is, [

Hi

Gi

]
∼ MVN

([
hi

gi

]
,Σi

)
,

where Σi is the variance-covariance matrix

Σi =

⎛⎜⎜⎜⎜⎜⎝
σ2
hi

ρhi,gi1σhi
σgi1 . . . ρhi,gisσhi

σgis

ρhi,gi1σhi
σgi1 σ2

gi1 . . . ρgi1,gisσgi1σgis
...

...
. . .

...

ρhi,gisσhi
σgis ρgi1,gisσgi1σgis . . . σ2

gis

⎞⎟⎟⎟⎟⎟⎠
with correlation ρhi,gij , |ρhi,gij | < 1 and variances 0 < σ2

hi
< ∞ and 0 < σ2

gij < ∞ for all i ≤ r and

j ≤ s.

Assumption 5.3 satisfies assumptions 5.1 and 5.2 in section 5.2. Thus recalling that (Ĥi, Ĝ
T
i ) =

(H̄i(αin), Ḡi(αi, n)
T ), it follows that (Ĥi, Ĝ

T
i ) satisfies the LDP with good rate function

αiIi(x,y) =
αi

2

[
x− hi

y − gi

]T
Σ−1
i

[
x− hi

y − gi

]
.

where y = (y1, y2, . . . , ys)
T and the exponent −1 denotes the matrix inverse. Since the marginal

distributions for each replicate of Hi and Gij are also normal, Ĥi and Ĝij likewise satisfy the LDP

with good rate functions

αiIi(x) =
αi(x− hi)

2

2σ2
hi

and αiJij(y) =
αi(y − gij)

2

2σ2
gij

for all i ≤ r, j ≤ s.

Under assumption 5.3, we can substitute the multivariate normal rate functions into the

expression for z(α). The resulting rate function for the P{FS} is presented in the following corollary

to theorem 5.1.
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Corollary 5.7. Under assumption 5.3, the rate function of the probability of false selection is

− lim
n→∞

1

n
logP{FS} = min

(
min
j∈C1

F

α1(γj − g1j)
2

2σ2
g1j

,

min
2≤i≤r

inf
xi≤x1
yi≤γ

⎛⎝α1(x1 − h1)
2

2σ2
h1

+
αi

2

[
xi − hi

yi − gi

]T
Σ−1
i

[
xi − hi

yi − gi

]⎞⎠⎞⎠ .

Likewise, we may express problem Q as,

Problem Q : max z s.t.

α1(γj − g1j)
2

2σ2
g1j

≥ z, for all j ∈ C1
F

Ki(α1, αi) ≥ z, 2 ≤ i ≤ r,

r∑
i=1

αi = 1, αi ≥ 0.

where the values of Ki(α1, αi) are obtained by solving

Problem Ki : min
α1(x1 − h1)

2

2σ2
h1

+
αi

2

[
xi − hi

yi − gi

]T
Σ−1
i

[
xi − hi

yi − gi

]
s.t.

xi ≤ x1,

yi ≤ γ.

for each i = 2, . . . , r. Due to the quadratic structure of problem Ki, much can be said about the

optimal solution to this problem. However this quadratic form also makes finding a solution to

problem Ki quite easy in a solver. Therefore we refrain from further exploring the KKT conditions

for this problem.

5.6 Consistency and Implementation

This section contains an estimator for the optimal allocation and results regarding its consistency, as

well as a fully sequential algorithm fit for implementation under the multivariate normal assumption

(assumption 5.3).
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5.6.1 Consistency of Optimal Allocation Estimator

To solve problem Q, one must have full knowledge of the rate functions. However in practice, these

rate functions must be estimated. Let us suppose that each system receives m samples, where the

dependence of the estimators on m is written explicitly in this section. Let

(Ĥi(m), Ĝi(m)) =

(
1

m

m∑
k=1

Hik,
1

m

m∑
k=1

Gi1k, . . . ,
1

m

m∑
k=1

Gisk

)

denote the estimators of (hi, gi1, . . . , gis).

To estimate the rate functions, the best feasible system must be estimated. Let the unique

best feasible system be denoted

1 = argmin
i
{hi : gij ≤ γj for all j ≤ s},

and the estimate of the best feasible system be denoted

1̂(m) := argmin
i
{Ĥi(m) : Ĝij(m) ≤ γj for all j ≤ s},

where any ties are broken randomly. Under assumptions 2 and 5.1, by proposition 3.10, we have

system 1̂(m) → system 1 with probability one (wp1) as m → ∞. Then under the multivariate

normal assumption (assumption 5.3), consistent estimators of the relevant rate functions can be

constructed from simulation observations (Hik, Gi1k, . . . , Gisk), k = 1, . . . ,m for the ith system as

follows.

α1Ĵ1j,m(γj) =
α1(γj − Ĝ1j(m))2

2σ̂2
G1j

, (5.5)

α1Î1(x1) + αiÎi(xi,yi) =
α1(x1 − Ĥ1(m))2

2σ̂2
H1

+
αi

2

[
xi − Ĥi(m)

yi − Ĝi(m)

]T
Σ̂−1
i (m)

[
xi − Ĥi(m)

yi − Ĝi(m)

]
(5.6)

K̂i,m(α1, αi) = inf
xi≤x1
yi≤γ

(
α1Î1(x1) + αiÎi(xi,yi)

)
, (5.7)

where σ̂2
H1

denotes the sample variance of replicates H1k and Σ̂i(m) denotes the sample covariance

matrix for replicates (Hik, Gi1k, . . . , Gisk).

Recall that problem Q is to minimize z(α) over compact support
∑r

i=1 αi = 1,α ≥ 0. Let

Sα∗ be the set of optimal solutions to problem Q, which is nonempty by proposition 5.5. Let

ẑm(α) be as z(α), except with all random quantities replaced by their estimators as specified in
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equations (5.5)–(5.7). Then the sample average approximation (SAA) problem, called problem Q̂,

is to minimize ẑm(α) over the compact set
∑r

i=1 αi = 1,α ≥ 0. Within problem Q̂, we have the

nested SAA problem K̂i, which is identical to problem Ki, except with random quantities replaced

by their estimators as specified in equation (5.7).

Since the search space in problem Q is convex and compact, and the estimated (consistent)

rate functions are finite-valued, continuous, and concave, it broadly follows that for large enough

m, the set Ŝα̂∗
m

of optimal solutions to problem Q̂ exists, and as m → ∞, Ŝα̂∗
m
→ Sα∗ wp1 (for a

definition of set convergence, see section 1.5). Theorem 5.10 states this result formally, which follows

as a direct application of results in the SAA literature (see, e.g., Shapiro et al., 2009, theorem 5.4,

p. 159). Before the formal presentation of theorem 5.10, we present lemmas 5.8 and 5.9 regarding

the convergence of the optimal value and solution in problem K̂i. The results presented in these

lemmas are required for the postulates of theorem 5.10.

Lemma 5.8. Let assumption 5.3 hold. Then for any fixed α and for all i = 2, . . . , r,

(i) α1Î1(x1) + αiÎi(xi,yi) → α1I1(x1) + αiIi(xi,yi) pointwise wp1 as m → ∞, and

(ii) problem K̂i has a unique solution ẑ∗m(α1, αi) = (x̂∗1,m(α1, αi), x̂
∗
i,m(α1, αi), ŷ

∗
i,m(α1, αi)) wp1

for large enough m.

Proof. Under assumption 5.3, the sample averages and variances in the expression of α1Î1(x1) +

αiÎi(xi,yi) converge to their true values wp1 as m → ∞. Further, the covariance estimates in

Σ̂i(m) converge to their true values wp1 as m → ∞. Since Σi is positive definite, so that Σ−1
i is

well-defined, and since Σ̂i(m) is strongly consistent and the matrix inverse is a continuous function,

it follows that Σ̂−1
i (m) is well-defined for large enough m and hence Σ̂−1

i (m) → Σ−1
i wp1 as m → ∞.

Then for any fixed x and α, α1Î1(x1) + αiÎi(xi,yi) → α1I1(x1) + αiIi(xi,yi) wp1 as m → ∞ (see,

e.g., Serfling, 1980, p. 24).

Due to its quadratic form, for m large enough that Σ̂−1
i (m) is well-defined, the estimated-

objective function α1Î1(x1) + αiÎi(xi,yi) (expanded in equation (5.6)) is a strictly convex func-

tion of (x1, xi,yi) for each m. Further, the feasible set is convex for each m. By a proof sim-

ilar to that of proposition 5.6, it holds that problem K̂i has a unique solution ẑ∗m(α1, αi) =

(x̂∗1,m(α1, αi), x̂
∗
i,m(α1, αi), ŷ

∗
i,m(α1, αi)) wp1 for large enough m.

Lemma 5.9. Let assumption 5.3 hold. Then for any fixed α, and for all i = 2, . . . , r,

(i) K̂i,m(α1, αi) → Ki,m(α1, αi) wp1 as m → ∞, and

(ii) ẑ∗m(α1, αi) → z∗(α1, αi) wp1 as m → ∞.

Proof. Under assumption 5.3, the objective function in problem Ki, α1I1(x1) + αiIi(xi,yi), is a

continuous function of (x1, xi,yi) and is finite-valued for all (x1, xi,yi) ∈ R
(s+2). By lemma 5.8, the
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law of large numbers holds pointwise for the objective function in problem K̂i, α1Î1(x1)+αiÎi(xi,yi).

Further, the feasible set {(x1, xi,yi) : xi ≤ x1,yi ≤ γ} is closed and convex, and by proposition 5.6,

the unique optimal solution z∗(α1, αi) to the true problem Ki exists. Due to its quadratic form, the

estimated-objective function α1Î1(x1) + αiÎi(xi,yi) (expanded in equation (5.6)) is a continuous,

convex function of (x1, xi,yi) for each large-enough m that Σ̂−1
i (m) is well-defined. Thus we have

satisfied the postulates of Shapiro et al. (2009, theorem 5.4, p. 159), and the conclusions follow.

Theorem 5.10. The estimated optimal value and set of estimated optimal allocations of problem Q̂

are strongly consistent, that is, ẑm(α̂∗
m) → z(α∗) and Ŝα̂∗

m
→ Sα wp1 as m → ∞.

Proof. As argued previously, z(α) is a continuous, concave, finite-valued, function of α, the feasible

region in problem Q is compact and convex, and the optimal solution exists. The estimated function

ẑm(α) is also a continuous, concave function of α for each large-enough m. It follows from the

strong consistency of the estimator α1Ĵ1j,m(γj) and from lemma 5.9 that the law of large numbers

holds pointwise for ẑm(α). Thus we have satisfied the postulates of Shapiro et al. (2009, theorem

5.4, p. 159), and the conclusion follows.

5.6.2 A Sequential Algorithm for Implementation

In the following algorithm 5.4, we present a fully sequential algorithm based on the consistent

estimators outlined in section 5.6.1, where we let n be the total simulation budget and ni be the

total sample expended at system i.

The essential idea in algorithm 5.4 is straightforward. After an initialization step in which we

calculate initial estimates (Ĥi(ni), Ĝi(ni)) and Σ̂i(ni) for all systems i ≤ r, and 1̂(n), the estimate

of system 1, the eigenvalues of the estimated covariance matrix Σ̂i(ni) are checked for all i �= 1̂(n)

to determine if the estimated matrix can be reliably inverted. If the eigenvalues are large enough, as

determined by a pre-specified tolerance, then Σ̂i(ni) is inverted and problem Q̂ is solved by solving

problem K̂i for all i �= 1̂(n) at each α-step. The subsequent solution α̂∗
n is used as a sampling

distribution to select the next system from which to sample. Sampling continues in this manner

until δ new samples are observed, at which time the algorithm updates the estimators.

After updating the estimates (Ĥi(ni), Ĝi(ni)) and Σ̂i(ni) for all i ≤ r, if no systems are

estimated feasible or if any eigenvalue is too small and hence an estimated covariance matrix cannot

be inverted, we check if problem Q̂ has been successfully solved before. If not, we set α̂∗
n to equal

allocation. If problem Q̂ has been successfully solved before, we simply keep sampling using the

previous estimator.

Since the true optimal allocation α∗ > 0, it follows that the sequential algorithm should sample

from each system infinitely often. To ensure systems with small allocations continue to be sampled,
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Algorithm 5.4 Sequential algorithm for the case in which underlying random variables have
multivariate normal distributions
Require: Number of pilot samples δ0 > 0; number of samples between allocation vector updates

δ > 0; an eigenvalue tolerance vector ε > 0; and a minimum-sample vector ε > 0.
1: Initialize: collect δ0 samples from each system i ≤ r.
2: Initialize: total simulation effort n = rδ0, effort for each system ni = δ0, and an indicator that

problem Q̂ has not been solved yet, I = 0.
3: Update the estimators (Ĥi(ni), Ĝi(ni)) and Σ̂i(ni) for all i ≤ r.
4: if no systems are estimated feasible then
5: go to step 12.
6: else
7: update 1̂(n), the estimated system 1.
8: For each system i �= 1̂(n), calculate the vector of eigenvalues of Σ̂i(ni), denoted ei.
9: if ei ≥ ε for all i ≤ r then

10: Solve problem Q̂ to obtain α̂∗
n. {At each step in problem Q̂, solve problem K̂i for all

i �= 1̂(n).} Set I = 1 to indicate that problem Q̂ has been solved.
11: else
12: if I = 0 then
13: Set α̂∗

n = (1/r, 1/r, . . . , 1/r).
14: else
15: Set α̂∗

n = α̂∗
n−(δ+δ+). {If we cannot solve problem Q̂, use the previous solution.}

16: end if
17: end if
18: end if
19: Collect one sample at each system Xk, k = 1, 2, . . . , δ, where the Xk’s are iid random variates

with probability mass function α̂∗
n and support {1, 2, . . . , r}. Update nXk

= nXk
+ 1.

20: Set n = n+ δ and update ᾱn = {n1/n, n2/n, . . . , nr/n}.
21: if ᾱn > ε then
22: Set δ+ = 0.
23: else
24: Collect one sample from each system in the set of systems receiving insufficient sample In.
25: Update ni = ni + 1 for all i ∈ In. Let δ

+ = |In|.
26: end if
27: Set n = n+ δ+ and go to step 3.

we assume knowledge of an “indifference zone” vector ε > 0 such that if the actual proportion of

sample expended at each system in algorithm 5.4, defined as ᾱn = {n1/n, n2/n, . . . , nr/n}, falls
below ε, we sample once from each system receiving insufficient sample. All elements of ε should be

“small” relative to 1/r. Therefore the algorithm essentially guarantees that a minimal amount of

sample is spent at each system in the limit.

Algorithm 5.4 provides flexibility in how often the optimal allocation vector is re-estimated

through the algorithm parameter δ. The choice of parameter δ will depend on the problem,
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particularly how many systems and constraints are in contention, as well as how expensive simulation

execution is. As algorithm 5.4 requires fully sequential and simultaneous observation of the objective

and constraint functions, deviations from these assumptions renders it inapplicable.

5.7 Numerical Results

Given a problem P with a pre-specified number of systems and constraints (see the problem

statement in section 1.2), and a simulation oracle capable of sequentially generating iid replicates of

multivariate normal random variables according to assumptions 1 and 5.3, we can employ algorithm

5.4 to estimate the optimal allocation. Therefore we wish to show the numerical performance of

algorithm 5.4 for a variety of problems with varying numbers of systems and constraints.

Algorithm B.5 (see appendix B.3) was developed to generate random versions of problem P

for a specified number of systems and constraints in the multivariate normal context. Specifically,

given r systems and s constraints, algorithm B.5 generates systems “located” at (hi, gi) with

(s + 1)-by-(s + 1) covariance matrices Σi for all i ≤ r. The system “locations” and covariance

matrices are used in the simulation oracle to generate iid multivariate normal replicates in steps

1 and 3 of algorithm 5.4. For the numerical experiments, algorithm B.5 generated one hundred

problems Pk, k = 1, . . . , 100 of each type (i) 2 systems with 2 constraints, (ii) 5 systems with 2

constraints, (iii) 2 systems with 5 constraints, and (iv) 5 systems with 5 constraints. The shorthand

notation 2× 2, 5× 2, 2× 5, and 5× 5, respectively, refers to these generated problem scenarios.

Given a sampling algorithm and problem Pk, let us define the actual proportion of the total

sampling budget nk expended at each system i = 1, 2, . . . , r in problem Pk as

ᾱn,k =

{
n1,k

nk
,
n2,k

nk
, . . . ,

nr,k

nk

}
,

and the optimality gap in the rate of decay of the P{FS} of the sampling algorithm for problem Pk

as z(α∗
k)−z(ᾱn,k). Since z(α

∗
k) is the fixed optimal rate of decay of the P{FS} for each problem Pk,

the optimality gap is necessarily positive.

The proposed algorithm 5.4 was used to sample from the one hundred randomly generated

problems of each type 2× 2, 5× 2, 2× 5, and 5× 5, with pilot samples δ0 = 2, number of samples

between allocation vector updates δ = 20, and eigenvalue tolerance vector ε = {ε1, ε2, . . . , εs+1} =

{0.01, 0.01, . . . , 0.01}. At each sample size nk = {rδ0, rδ0 + 1, . . . , 1000}, k = 1, 2, . . . , 100, the

optimality gap z(α∗
k)− z(ᾱn,k) was calculated for the proposed algorithm 5.4. Due to the nature of

algorithm 5.4, z(α∗
k)− z(ᾱn,k) is a random variable for each k = 1, 2, . . . , 100. The optimality gap

z(α∗
k)− z(ᾱn,k) was also calculated for sampling with equal allocation. For each k = 1, 2, . . . , 100,
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the equal allocation optimality gap is a fixed quantity. Then at each sample size nk, the 90th, 75th,

50th, and 25th percentiles of the distribution of the optimality gaps across problems Pk for the

proposed allocation and equal allocation were calculated. The results of these numerical experiments

are presented in figure 5.1.

Figure 5.1: The graphs show a comparison between the 90th, 75th, 50th, and 25th percentiles of the
distribution of the optimality gap of the rate of decay of the P{FS}, (z(α∗)−z(ᾱn)), resulting from
(i) the proposed allocation in algorithm 5.4; and (ii) equal allocation; each calculated across 100
randomly generated 2-system and 2-constraint, 5-system and 2-constraint, 2-system and 5-constraint,
and 5-system and 5-constraint problems, respectively, at sample size values n = rδ0, rδ0+1, . . . , 1000.

Figure 5.1 shows that, as predicted by theory, the optimality gap of the actual allocation used

in algorithm 5.4 converges to zero as the sampling budget n increases. While the optimality gap of

the proposed algorithm converges to zero, it does not do so since the optimality gaps (z(α∗)−z(ᾱn))
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calculated at each value of n are highly autocorrelated. Also as expected, the optimality gap of

equal allocation remains fixed as the sampling budget n increases.

For problems of each type, 2× 2, 5× 2, 2× 5, and 5× 5, respectively, the gains in the rate

of decay of the P{FS} of the proposed algorithm over equal allocation across a total sample size

of only n = 1000 are significant. In each problem type, the 90th percentile of problems achieve a

proposed-algorithm optimality gap that is lower than the 75th percentile equal-allocation optimality

gap within a sampling budget of approximately n = 200. However the number of samples required

for the proposed algorithm to reliably perform better than the competing equal-allocation scheme

varies by the number of systems: the more systems, the larger the required number of samples. This

result is intuitive since the more systems in consideration, the larger the required overall sampling

budget to gather information from each system (e.g., two systems require n = 4 for each system to

receive two samples, while ten systems require n = 20 for each system to receive two samples).

This phenomenon is further illustrated in figure 5.2, which displays exactly the same problem

setup as figure 5.1, except for problems containing 10 systems and 10 constraints and with updating

parameter δ = 100. Figure 5.2 shows that it takes substantially more total sampling budget for the

proposed allocation to reliably outperform equal allocation than for 2-system or 5-system problems,

although the overall optimality gap of the proposed allocation does tend to zero. While figure 5.2

was relatively computationally intense to create, it does demonstrate that we are able to solve

problems of higher dimensions reliably using the proposed algorithm.
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Figure 5.2: The graphs show a comparison between the 90th, 75th, 50th, and 25th percentiles
of the distribution of the optimality gap of the rate of decay of the P{FS}, (z(α∗) − z(ᾱn)),
resulting from (i) the proposed allocation in algorithm 5.4; and (ii) equal allocation; each calculated
across 100 randomly generated 10-system and 10-constraint problems at sample size values n =
rδ0, rδ0 + 1, . . . , 700.



Chapter 6

Concluding Remarks

The constrained SO problem on finite sets is an important SO variation about which little is

currently known. Questions surrounding the relationship between sampling and error-probability

decay, sampling rates to ensure optimal convergence to the correct solution, and minimum sample size

rules that probabilistically guarantee attainment of the correct solution remain largely unexplored.

Following recent work by Glynn and Juneja (2004) for the unconstrained SO context and Szechtman

and Yücesan (2008) for the context of detecting feasibility, we take key steps toward answering

these questions.

In particular, in chapter 3, we fully characterize the rate of decay of the probability of

false selection for the case of general distributions. We use this characterization to derive an

asymptotically optimal sampling framework, which is the solution to a concave maximization

problem. We then develop a sequential algorithm designed to sample from amongst the systems in

the optimal proportions in the limit. No competing algorithm exists for this general distribution

case; our results are the first on optimal sampling allocation in this context.

An important assumption made in chapter 3 is that of limiting independence between the

objective function and constraint estimators for each system. While this assumption is true in

certain contexts, it may be violated in a number of other “real-world” contexts. In contexts in

which the assumption does not hold, the framework presented in this chapter should be seen as

an approximate guide to simulation allocation obtained through the analysis of an imperfect but

tractable model.

To account for the effect of dependence on the optimal allocation, we investigate the optimal

allocation under the assumption that the underlying random variables follow a multivariate normal

distribution (chapters 4 and 5). This work is aimed at guiding sampling in contexts where

dependence between objective and constraint estimators cannot be ignored, and where the underlying

95
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distributions can be assumed as normal. In chapter 4, for one constraint, we characterize the rate of

decay of the probability of false selection as an explicit function of correlation. We then express

the optimal allocation as the solution to a concave maximization problem that is also an explicit

function of correlation. In chapter 5, for multiple constraints, we characterize the rate of decay of

the probability of false selection and express the asymptotically exact optimal allocation as the

solution to a concave maximization problem in which the constraints are themselves r − 1 convex

minimization problems. We present a fully sequential algorithm based on this optimal allocation

scheme, and demonstrate that it reliably performs better than equal allocation in finite time for

a “small” number of systems and constraints, where the quantifier “small” depends on available

computing resources. Thus we demonstrate that not only are we able to reliably solve for the optimal

allocation, and hence the asymptotically optimal allocation yields “implementable” results, but the

proposed sequential algorithm provides finite-time gains in the rate of decay of the probability of

false selection over näıve allocation.

The two models offer an interesting dichotomy in the required assumptions. In the first model

(the general model), no distributional assumptions are required, but the potentially-impractical

assumption of limiting independence between the objective function and constraint estimators holds.

In the second model (the multivariate normal model), the random variables may be correlated, but a

distributional assumption of multivariate normality is required. Thus the selection of an appropriate

model in practice will require a trade-off between correlation and non-normality. The general model

is perhaps most useful when correlation is mild, but the random variates exhibit non-normality.

This model provides the only guidance in the literature for sampling in the context SO on finite

sets with stochastic constraints and general distributions. The multivariate normal model may be

useful when the multivariate normality assumption is “reasonable” or when the correlation is strong.

When the multivariate normal assumption is satisfied, this model provides the only asymptotically

exact allocation that directly accounts for correlation. (While Glynn and Juneja (2004) describe

batching as scaling the rate function and hence not altering the optimal allocation, batching can

alter the optimal allocation if we consider the limit as the batch size tends to infinity, not as the

overall sample size tends to infinity. Thus batching to achieve normality is possible.)

The usefulness of the general model may also rely on knowledge of the distributional family,

since papers such as Broadie et al. (2007) find that näıve estimators of the rate functions, typically

computed as the Legendre-Fenchel transform (see, e.g., Dembo and Zeitouni, 1998, p. 26) of the

estimated cumulant generating function, are computationally impractical. Further, Glynn and

Juneja (2011) make the point that for unbounded random variables, the näıve estimator of the rate

function is heavy-tailed. This observation implies that the error in estimating the rate function

swamps the gains made by optimizing with respect to sample size. However, given knowledge of the
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distributional family, is the resulting rate function estimator light-tailed? Also, if we assume no

knowledge of the distributional family, can computational complexity be reduced by estimating an

approximation to the rate function, e.g., estimating several terms in the Taylor series expansion

(Rudin, 1976, p. 110) and bounding the resulting error? Preliminary work on deriving a general

expression for the Taylor series expansion of an analytic rate function is provided in appendix D.

Interesting questions to explore in this context include, how many terms of the Taylor series

expansion should be used to estimate the rate function and ensure a reasonable approximation to

the actual optimal allocation? Further, how does this method compare in computational time and

in estimation accuracy with traditional (yet computationally intense) methods of estimating rate

functions — specifically, is the estimator light-tailed?

Numerous other ongoing research topics naturally stem from this work. For example, in the

unconstrained setting, we may derive an indifference zone formulation to answer the question of

how to sample when we are interested in selecting a system within some tolerance value of the

best feasible system. Further, we may move the constrained optimal allocation formulation into an

unconstrained realm by including the constraints in the objective function with weights or penalties

for violation of the constraints. We may also attempt to extend work on optimal allocation in

the unconstrained, heavy-tailed context by Blanchet et al. (2008) to the constrained, heavy-tailed

context.
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A.1 Principle of the Slowest Term

The following proposition appears as the “Principle of the Largest Term” in Ganesh et al. (2004,

lemma 2.1).

Proposition A.1. Let ain, i = 1, 2, . . . , k, be a finite number of sequences such that 0 ≤ ain ≤ 1 for

all n and limn→∞ 1
n log ain = −ai, where ai > 0. Let a1n be the slowest converging sequence, that is,

a1 = −mini a
i, and let a1n > 0 for all n. Then,

lim
n→∞

1

n
log

m∑
i=1

ain = max
i

(
lim
n→∞

1

n
log ain

)
= −min

i
ai.

Proof. First,

lim
n→∞

1

n
log

k∑
i=1

ain = lim
n→∞

1

n
log

(
ai1

(
1 +

∑
i>1

ain
a1n

))
= lim

n→∞
1

n
log a1n + lim

n→∞
1

n
log

(
1 +

∑
i>1

ain
a1n

)
.

Since limn→∞ 1
n log ain = −ai, for all ε > 0, there exists an Ni(ε) such that for all n > Ni(ε), we

have | 1n log ain + ai| < ε. Then ain ∈
(
e−n(ai+ε), e−n(ai−ε)

)
.

Let ε > 0 and n > max
{
k,maxi{Ni(ε)},maxi{(− log ε)/(ai − a1 − 2ε)}}. Then,∣∣∣∣∣ 1n log

(
1 +

∑
i>1

ain
a1n

)∣∣∣∣∣ ≤
∣∣∣∣∣ 1n log

(
1 +

∑
i>1

e−n(ai−ε)

e−n(a1+ε)

)∣∣∣∣∣ =
∣∣∣∣∣ 1n log

(
1 +

∑
i>1

e−n(ai−a1−2ε)

)∣∣∣∣∣
≤

∣∣∣∣∣ 1n log

(
1 +

∑
i>1

ε

)∣∣∣∣∣ ≤
∣∣∣∣ 1n log (1 + kε)

∣∣∣∣ ≤ ∣∣∣∣ 1n(kε)
∣∣∣∣ ≤ ε.

A.2 Limit of the Maximum Equals Maximum of the Limits

Proposition A.2. Let ain, i = 1, 2, . . . , k, be a finite number of sequences such that 0 < ain ≤ 1 for

all n and limn→∞ 1
n log ain = ai, where ai < 0. Let a1n be the slowest converging sequence, that is,

a1 = maxi{ai}. Then,

max
i

(
lim
n→∞

1

n
log ain

)
= lim

n→∞
1

n
log

(
max

i
ain

)
Proof. By the principle of the largest term, the lower bound is

max
i

(
lim
n→∞

1

n
log ain

)
= lim

n→∞
1

n
log

k∑
i=1

ain ≥ lim
n→∞

1

n
logmax

i
ani .
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Now the upper bound is given by

max
i

(
lim
n→∞

1

n
log ain

)
= lim

n→∞
1

n
log

k∑
i=1

ain ≤ lim
n→∞

1

n
log

(
kmax

i
ani

)
= lim

n→∞
1

n
logmax

i
ani .
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B.1 Proof of Theorem 3.5

The rate function for P{FS2} is the rate function for the probability that system 1 is estimated

feasible, but another estimated-feasible system has a better estimated objective value. Since the

estimated set of feasible systems Γ̄ may contain worse feasible systems (i ∈ Γ), better infeasible

systems (i ∈ Sb), and worse infeasible systems (i ∈ Sw), in lemma B.1 we strategically consider the

rate functions for the probability that system 1 is beaten by a system in Γ̄ ∩ Γ, Γ̄ ∩ Sb, or Γ̄ ∩ Sw

separately. Lemmas B.3 – B.5 provide specific statements of these three rate functions over the

sets Γ, Sb, and Sw, respectively. Lemma B.2 provides a useful bookkeeping-type result that is the

starting point for lemmas B.3 – B.5.

Assuming for now that the required limits exist, lemma B.1 states that the rate function of

P{FS2} is determined by the slowest-converging probability that system 1 will be “beaten” by an

estimated-feasible system from Γ, Sb, or Sw.

Lemma B.1. The rate function for P {FS2} is given by the minimum rate function of the probability

that system 1 is beaten by an estimated-feasible system that is (i) feasible and worse, (ii) infeasible

and better, or (iii) infeasible and worse. That is,

− lim
n→∞

1

n
logP{FS2} = min

(
− lim

n→∞
1

n
logP{∪i∈Γ̄∩ΓĤ1 ≥ Ĥi},

− lim
n→∞

1

n
logP{∪i∈Γ̄∩SbĤ1 ≥ Ĥi},− lim

n→∞
1

n
logP{∪i∈Γ̄∩SwĤ1 ≥ Ĥi}

)
. (B.1)

Proof. From equation (3.3), the probability that system 1 is beaten by another estimated-feasible

system can be written as

P{∪i∈Γ̄ Ĥ1 ≥ Ĥi} = P{(∪i∈Γ̄∩ΓĤ1 ≥ Ĥi) ∪ (∪i∈Γ̄∩SbĤ1 ≥ Ĥi) ∪ (∪i∈Γ̄∩SwĤ1 ≥ Ĥi)}.

We have

1

n
log

(
max

(
P{∪i∈Γ̄∩ΓĤ1 ≥ Ĥi}, P{∪i∈Γ̄∩SbĤ1 ≥ Ĥi}, P{∪i∈Γ̄∩SwĤ1 ≥ Ĥi}

))
≤ 1

n
logP{∪i∈Γ̄Ĥ1 ≥ Ĥi}

≤ 1

n
log

(
P{∪i∈Γ̄∩ΓĤ1 ≥ Ĥi}+ P{∪i∈Γ̄∩SbĤ1 ≥ Ĥi}+ P{∪i∈Γ̄∩SwĤ1 ≥ Ĥi}

)
.

Assuming the relevant limits exist, the conclusion is reached by noting that the limit of the left-

hand and right-hand sides are equivalent by proposition A.2 and the principle of the slowest term,

respectively.
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Next, we will individually consider each of the terms on the right-hand side of equation (B.1),

and establish their respective limits. However before proceeding to these results, we first present

the following lemma which is a preliminary step for the proofs that follow. Lemma B.2 uses the law

of total probability to further separate the events involved in system 1 being “beaten” by another

estimated-feasible system.

Lemma B.2. For sets of systems S ∈ {Γ, Sb, Sw} and C ⊆ S,

P{∪i∈Γ̄∩S Ĥ1 ≥ Ĥi}

=
∑
C

P

{
(∪i∈CĤ1 ≥ Ĥi)︸ ︷︷ ︸
1 beaten by

system(s) in C

∩ (∩i∈C ∩j∈Ci
F
Ĝij ≤ γj)︸ ︷︷ ︸

all systems in C
declared feasible on

all feasible constraints

∩ (∩i∈C ∩j∈Ci
I
Ĝij ≤ γj)︸ ︷︷ ︸

all systems in C
declared feasible on all
infeasible constraints

∩ (∩i∈S\C ∪j Ĝij > γj)︸ ︷︷ ︸
all systems in S\C
declared infeasible
on at least one

constraint

}
.

Proof. By the law of total probability, for some set of systems C ⊆ S,

P{∪i∈Γ̄∩S Ĥ1 ≥ Ĥi} =
∑
C

P{(∪i∈Γ̄∩SĤ1 ≥ Ĥi) ∩ (Γ̄ ∩ S = C)}

=
∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (Γ̄ ∩ S = C)} =
∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩i∈C (i ∈ Γ̄) ∩i∈S\C (i /∈ Γ̄)}

=
∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (∩i∈C (∩j∈Ci
F
Ĝij ≤ γj ∩j∈Ci

I
Ĝij ≤ γj)) ∩ (∩i∈S\C ∪j Ĝij > γj)}.

Let us now consider the rate function of the probability that system 1 is “beaten” by a worse

estimated-feasible system from Γ. Since Γ̄ is equivalent to Γ in the limit, and we are considering

only the probability that system 1 is beaten by another truly feasible system, we expect that the

rate function will be the same as in the unconstrained case presented by Glynn and Juneja (2004).

Also, since system 1 can be beaten by any system in Γ̄ ∩ Γ, we intuitively expect the rate function

to be the minimum rate function across all systems in Γ, corresponding to the system that is “best”

at crossing the optimality hurdle. Lemma B.3 states that this is indeed the case.

Lemma B.3. The rate function for the probability that system 1 is estimated feasible and has a

worse estimated objective value than an estimated-feasible system from Γ (feasible and worse) is

− lim
n→∞

1

n
logP{∪i∈Γ̄∩Γ Ĥ1 ≥ Ĥi} = min

i∈Γ

(
inf
x
(α1I1(x) + αiIi(x))

)
.

Proof. From lemma B.2, let S = Γ and therefore C ⊆ Γ. Then
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P{∪i∈Γ̄∩Γ Ĥ1 ≥ Ĥi}
=

∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (∩i∈C ∩j∈Ci
F
Ĝij ≤ γj) ∩ (∩i∈C ∩j∈Ci

I
Ĝij ≤ γj) ∩ (∩i∈Γ\C ∪j Ĝij > γj)}

We derive a lower bound bound by letting C = Γ and noticing that all constraints are feasible for

all i ∈ Γ. Then

P{∪i∈Γ̄∩Γ Ĥ1 ≥ Ĥi} ≥ P{(∪i∈ΓĤ1 ≥ Ĥi) ∩ (∩i∈Γ ∩j Ĝij ≤ γj)}
≥ max

i∈Γ
P{(Ĥ1 ≥ Ĥi) ∩ (∩i∈Γ ∩j Ĝij ≤ γj)}.

We derive an upper bound by noting that,

P{∪i∈Γ̄∩Γ Ĥ1 ≥ Ĥi} ≤ P{∪i∈Γ Ĥ1 ≥ Ĥi} ≤ |Γ|max
i∈Γ

P{Ĥ1 ≥ Ĥi}. (B.2)

Then

max
i∈Γ

P{(Ĥ1 ≥ Ĥi) ∩ (∩i∈Γ ∩j Ĝij ≤ γj)} ≤ P{∪i∈Γ̄∩Γ Ĥ1 ≥ Ĥi} ≤ |Γ|max
i∈Γ

P{Ĥ1 ≥ Ĥi}.

By proposition A.2 and the assumptions regarding independence (assumptions 1 and 3.1), the rate

function for the lower bound is,

lim
n→∞

1

n
logmax

i∈Γ
P{(Ĥ1 ≥ Ĥi) ∩ (∩i∈Γ ∩j Ĝij ≤ γj)}

= max
i∈Γ

lim
n→∞

1

n
logP{(Ĥ1 ≥ Ĥi)︸ ︷︷ ︸

pr →0

∩ (∩i∈Γ ∩j Ĝij ≤ γj)︸ ︷︷ ︸
pr →1

} = max
i∈Γ

lim
n→∞

1

n
logP{Ĥ1 ≥ Ĥi}.

Likewise applying proposition A.2 to the upper bound in the right-hand side of equation (B.2),

we find that the rate function for the upper bound is equivalent to the rate function for the lower

bound. By Glynn and Juneja (2004),

− lim
n→∞

1

n
logP{Ĥ1 ≥ Ĥi} = inf

x
(α1I1(x) + αiIi(x)),

and hence the conclusion follows.

We now consider the rate function of the probability that system 1 has a worse estimated

objective value than an estimated-feasible system from Sb (infeasible but better). Since the only

hurdle to an infeasible, better system being falsely selected as the best system is feasibility, the only
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terms that appear in the rate function in the prior lemma are with regard to feasibility.

Lemma B.4. The rate function for the probability that system 1 is estimated feasible and has a

worse estimated objective value than an estimated-feasible system from Sb (infeasible and better) is

− lim
n→∞

1

n
logP{∪i∈Γ̄∩Sb Ĥ1 ≥ Ĥi} = min

i∈Sb
αi

∑
j∈Ci

I

Jij(γj).

Proof. From lemma B.2, let S = Sb and therefore C ⊆ Sb. An upper bound is given by

P{∪i∈Γ̄∩Sb Ĥ1 ≥ Ĥi}
=

∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (∩i∈C ∩j∈Ci
F
Ĝij ≤ γj) ∩ (∩i∈C ∩j∈Ci

I
Ĝij ≤ γj) ∩ (∩i∈Sb\C ∪j Ĝij > γj)}

(B.3)

≤
∑
C

P{∩i∈C ∩j∈Ci
I
Ĝij ≤ γj} ≤

∑
C

max
i∈C

P{∩j∈Ci
I
Ĝij ≤ γj} ≤

|Sb|∑
d=1

(|Sb|
d

)
max
i∈Sb

P{∩j∈Ci
I
Ĝij ≤ γj}

≤ 2|Sb|max
i∈Sb

P{∩j∈Ci
I
Ĝij ≤ γj}.

Therefore the rate function for the upper bound is

lim
n→∞

1

n
logmax

i∈Sb
P{∩j∈Ci

I
Ĝij ≤ γj}. (B.4)

Let k∗ = argmaxi∈Sb P{∩j∈Ci
I
Ĝij ≤ γj}. A lower bound may be found by letting k∗ be the only

element in C. Continuing from equation (B.3), the lower bound is given by,

∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (∩i∈C ∩j∈Ci
F
Ĝij ≤ γj) ∩ (∩i∈C ∩j∈Ci

I
Ĝij ≤ γj) ∩ (∩i∈Sb\C ∪j Ĝij > γj)}

≥ P{(Ĥ1 ≥ Ĥk∗) ∩ (∩j∈Ck∗
F
Ĝk∗j ≤ γj) ∩ (∩j∈Ck∗

I
Ĝk∗j ≤ γj) ∩ (∩i∈Sb\{k∗} ∪j Ĝij > γj)}.

Under the assumptions regarding independence (assumptions 1 and 3.1), for the lower bound,

lim
n→∞

1

n
logP{(Ĥ1 ≥ Ĥk∗) ∩ (∩j∈Ck∗

F
Ĝk∗j ≤ γj)︸ ︷︷ ︸

pr →1

∩ (∩j∈Ck∗
I
Ĝk∗j ≤ γj)︸ ︷︷ ︸

pr →0

∩ (∩i∈Sb\{k∗} ∪j Ĝij > γj)︸ ︷︷ ︸
pr →1

}

= lim
n→∞

1

n
logP{∩j∈Ck∗

I
Ĝk∗j ≤ γj} ≡ lim

n→∞
1

n
logmax

i∈Sb
P{∩j∈Ci

I
Ĝij ≤ γj},

which is the rate function for the probability that system k∗ is falsely estimated as feasible on all

constraints for which it is truly infeasible. This rate function is equivalent to the rate function for the
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upper bound in equation (B.4). By proposition A.2 and the assumptions regarding independence,

the rate function for the upper and lower bounds is,

lim
n→∞

1

n
logmax

i∈Sb
P{∩j∈Ci

I
Ĝij ≤ γj} = max

i∈Sb

∑
j∈Ci

I

lim
n→∞

1

n
logP{Ĝij ≤ γj} = −min

i∈Sb
αi

∑
j∈Ci

I

Jij(γj),

and the conclusion follows.

Finally, consider the rate function for the probability that system 1 has a worse estimated

objective value than an estimated-feasible system from Sw (infeasible and worse). To be falsely

classified as the best feasible system, systems in Sw must be falsely estimated as optimal and falsely

estimated as feasible on all constraints for which they are truly infeasible. There are two hurdles for

a system in Sw to be declared the best feasible system: optimality and feasibility. Thus the overall

rate function for systems in Sw is determined by the system that is the best at “pretending” to be

optimal and feasible. Lemma B.5 states this result formally.

Lemma B.5. The rate function for the probability that system 1 is estimated feasible and has a

worse estimated objective value than an estimated-feasible system from Sw (infeasible and worse) is

− lim
n→∞

1

n
logP{∪i∈Γ̄∩SwĤ1 ≥ Ĥi} = min

i∈Sw

(
inf
x
(α1I1(x) + αiIi(x)) + αi

∑
j∈Ci

I

Jij(γj)

)
.

Proof. From lemma B.2, let S = Sw and therefore C ⊆ Sw. An upper bound is given by

P{∪i∈Γ̄∩SwĤ1 ≥ Ĥi}
=

∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (∩i∈C ∩j∈Ci
F
Ĝij ≤ γj) ∩ (∩i∈C ∩j∈Ci

I
Ĝij ≤ γj) ∩ (∩i∈Sw\C ∪j Ĝij > γj)}

(B.5)

≤
∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (∩i∈C ∩j∈Ci
I
Ĝij ≤ γj)} ≤

∑
C

P{∪i∈C(Ĥ1 ≥ Ĥi ∩ (∩j∈Ci
I
Ĝij ≤ γj))}

≤
∑
C

|C|max
i∈C

P{(Ĥ1 ≥ Ĥi) ∩ (∩j∈Ci
I
Ĝij ≤ γj)}

≤
|Sw|∑
d=1

(|Sw|
d

)
|Sw|max

i∈Sw
P{(Ĥ1 ≥ Ĥi) ∩ (∩j∈Ci

I
Ĝij ≤ γj)}

≤ 2|Sw||Sw|max
i∈Sw

P{(Ĥ1 ≥ Ĥi) ∩ (∩j∈Ci
I
Ĝij ≤ γj)}.
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Therefore the rate function for the upper bound is

lim
n→∞

1

n
logmax

i∈Sw
P{(Ĥ1 ≥ Ĥi) ∩ (∩j∈Ci

I
Ĝij ≤ γj)}. (B.6)

Let k∗ = argmaxi∈Sw P{(Ĥ1 ≥ Ĥi) ∩ (∩j∈Ci
I
Ĝij ≤ γj)}. A lower bound is found by letting k∗ be

the only element in C. Continuing from equation (B.5),

∑
C

P{(∪i∈CĤ1 ≥ Ĥi) ∩ (∩i∈C ∩j∈Ci
F
Ĝij ≤ γj) ∩ (∩i∈C ∩j∈Ci

I
Ĝij ≤ γj) ∩ (∩i∈Sw\C ∪j Ĝij > γj)}

≥ P{(Ĥ1 ≥ Ĥk∗) ∩ (∩j∈Ck∗
F
Ĝk∗j ≤ γj) ∩ (∩j∈Ck∗

I
Ĝk∗j ≤ γj) ∩ (∩i∈Sw\{k∗} ∪j Ĝij > γj)}.

Under the assumptions regarding independence (assumptions 1 and 3.1),

lim
n→∞

1

n
logP{(Ĥ1 ≥ Ĥk∗)︸ ︷︷ ︸

pr →0

∩ (∩j∈Ck∗
F
Ĝk∗j ≤ γj)︸ ︷︷ ︸

pr →1

∩ (∩j∈Ck∗
I
Ĝk∗j ≤ γj)︸ ︷︷ ︸

pr →0

∩ (∩i∈Sw\{k∗} ∪j Ĝij > γj)︸ ︷︷ ︸
pr →1

}

= lim
n→∞

1

n
logP{(Ĥ1 ≥ Ĥk∗)︸ ︷︷ ︸

pr →0

∩ (∩j∈Ck∗
I
Ĝk∗j ≤ γj)︸ ︷︷ ︸

pr →0

}

≡ lim
n→∞

1

n
logmax

i∈Sw
P{(Ĥ1 ≥ Ĥi) ∩ (∩j∈Ci

I
Ĝij ≤ γj)},

which is the rate function for the probability that system k∗ is falsely estimated as optimal and

feasible on all constraints for which it is truly infeasible. This rate function is equivalent to the rate

function for the upper bound in equation (B.6). By proposition A.2 and the assumptions regarding

independence, the rate function for the upper and lower bounds is,

lim
n→∞

1

n
logmax

i∈Sw
P{(Ĥ1 ≥ Ĥi) ∩ (∩j∈Ci

I
Ĝij ≤ γj)}

= max
i∈Sw

lim
n→∞

1

n
logP{(Ĥ1 ≥ Ĥi) ∩ (∩j∈Ci

I
Ĝij ≤ γj)}

= max
i∈Sw

lim
n→∞

(
1

n
logP{Ĥ1 ≥ Ĥi}+

∑
j∈Ci

I

1

n
logP{Ĝij ≤ γj}

)

Applying previous results, the conclusion follows.

Proof of Theorem 3.5. Theorem 3.5 follows by substituting the results from lemmas B.3–B.5 into

the result presented in lemma B.1.
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B.2 Alternate Proof of Proposition 4.4

We provide the following alternate, algebraic proof for proposition 4.4. Loosely speaking, proposi-

tion 4.4 states that if ρ1 < 0 in the formulation of the bivariate normal case presented in section

4.3.1, then the sets Γu(ρ, α) and Sw,u(ρ, α) are empty. This result implies that when ρ1 < 0, ρ1 does

not affect the rate function of any system.

Proof of proposition 4.4. Case Γu(ρ, α). Recall the following definition of Γu(ρ, α):

Γu(ρ, α) =

{
i : hi > h1 + ρ1σh1

(γ − g1)

σg1
, γ − ρ1

σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1) + (σ2

hi
/αi)

(hi − h1) < g1 ≤ γ,

gi ≤ γ + ρi
σgi
σhi

(σ2
hi
/αi)

((1− ρ21)σ
2
h1
/α1) + (σ2

hi
/αi)

(
hi −

(
h1 + ρ1σh1

(γ − g1)

σg1

))}
.

Suppose that Γu(ρ, α) is nonempty and ρ1 < 0. From the condition on g1, it must be the case that

hi − h1 < 0. Now let us consider the conditions on hi and g1 together, writing them as

ρ1
σh1

(hi − h1)

(γ − g1)

σg1
> 1 and

σh1

(hi − h1)

(γ − g1)

σg1
> ρ1

σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1) + (σ2

hi
/αi)

. (B.7)

Multiplying the right-hand inequality in equation (B.7) by ρ1 on both sides and combining the

statements yields

ρ21
(σ2

h1
/α1)

(σ2
h1
/α1) + (σ2

hi
/αi)

> ρ1
σh1

(hi − h1)

(γ − g1)

σg1
> 1. (B.8)

However now we have a contradiction, since the left-hand side of equation (B.8) must be less than

one.

Case Sw,u(ρ, α). The proof of the Sw,u(ρ, α) case proceeds in an similar way to the proof of

Γu(ρ, α). Recall the following definition of Sw,u(ρ, α):

Sw,u(ρ, α) =

{
i : hi − ρiσhi

(gi − γ)

σgi
> h1 + ρ1σh1

(γ − g1)

σg1
,

γ − ρ1
σg1
σh1

(σ2
h1
/α1)

(σ2
h1
/α1) + ((1− ρ2i )σ

2
hi
/αi)

((
hi − ρiσhi

(gi − γ)

σgi

)− h1

)
< g1 ≤ γ,

gi > γ + ρi
σgi
σhi

σ2
hi
/αi

((1− ρ21)σ
2
h1
/α1) + (σ2

hi
/αi)

(
hi −

(
h1 + ρ1σh1

(γ − g1)

σg1

))}
.

Suppose that Sw,u(ρ, α) is nonempty and ρ1 < 0. From the condition on g1, it must be the case that((
hi − ρiσhi

(gi−γ)
σgi

)− h1

)
< 0. Now let us consider the conditions on hi and g1 together, writing
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them as

ρ1
σh1((

hi − ρiσhi

(gi−γ)
σgi

)− h1

) (γ − g1)

σg1
> 1 (B.9)

and

σh1((
hi − ρiσhi

(gi−γ)
σgi

)− h1

) (γ − g1)

σg1
> ρ1

(σ2
h1
/α1)

(σ2
h1
/α1) + ((1− ρ2i )σ

2
hi
/αi)

. (B.10)

Multiplying both sides of equation (B.10) by ρ1 and combining the resulting inequality with the

inequality in equation (B.9),

ρ21
(σ2

h1
/α1)

(σ2
h1
/α1) + ((1− ρ2i )σ

2
hi
/αi)

> ρ1
σh1((

hi − ρiσhi

(gi−γ)
σgi

)− h1

) (γ − g1)

σg1
> 1. (B.11)

Now there is a contradiction, since the left-hand side of equation (B.11) must be less than one.

B.3 Algorithm for Creating Random Multivariate Normal Prob-

lems (Problems P)

The following algorithm is used to create random instances of multivariate normal problems P (see

the problem statement in section 1.2). This algorithm is referenced in section 5.7.
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Algorithm B.5 Algorithm that generates a random Problem P in the multivariate normal context

Require: Number of systems numsys > 0; Number of constraints numcon > 0.
1: Initialize: the constraint values γj = 0 for all j ≤ s; set the tolerance value tolerance = 0.05.
2: for i = 1 to numsys do
3: Generate the objective value hi as a uniformly distributed random variate in [−3, 3]
4: for j = 1 to numcon do
5: if i <= ceiling(numsys/3) then
6: Generate the constraint value gij as a uniformly distributed random variate in [−3, 0].

{Put approximately the first one-third of systems in the feasible set.}
7: else
8: Generate the constraint value gij as a uniformly distributed random variate in [−3,−3].
9: end if

10: if |gij − γj | < tolerance then
11: Go to step 5 {If the system is too close to the constraint, move it.}
12: end if
13: end for
14: end for
15: Find the location of system 1.
16: for i = 1 to numsys do
17: while system i is not system 1 and |hi − h1| < tolerance do
18: Generate a new hi value as a uniformly distributed random variate in [−3, 3].
19: end while
20: if system i is feasible and hi < h1 then
21: Go to step 15. {The location of system 1 has changed.}
22: end if
23: end for
24: for i = 1 to numsys do
25: Create a (numcon+ 1)-by-(numcon+ 1) matrix X with all entries generated as uniformly

distributed random variates in [−1, 1].
26: Calculate XTX. {The matrix XTX is at least positive semi-definite, if not positive definite.}
27: Calculate the eigenvalues of XTX.
28: if any eigenvalue of XTX < tolerance then
29: Go to step 25.
30: else
31: Assign XTX as the covariance matrix for system i.
32: end if
33: end for
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C.1 Mathematica Code for Symbolic Solution of Bivariate Normal

Rate Functions, First Formulation

In [ 1 ] := Clear [ ” ‘∗ ” ] ; (∗ Clear [ ” ‘∗” ] c l e a r s a l l inpu t v a r i a b l e s ∗)
Sig1 = {{ sh1 ˆ2 , p1∗ sh1∗ sg1 } ,{p1∗ sh1∗ sg1 , sg1 ˆ2}} ;
S i g i = {{ s h i ˆ2 , p i ∗ s h i ∗ s g i } ,{ pi ∗ s h i ∗ sg i , s g i ˆ2}} ;

x1y1 = Transpose [{{ x1 , y1 } } ] ; x i y i = Transpose [{{ xi , y i } } ] ;
h1g1 = Transpose [{{h1 , g1 } } ] ; h i g i = Transpose [{{ hi , g i } } ] ;
K[ x1y1v , x i y i v ] :=( a1 /2) ∗Transpose [ ( x1y1v−h1g1 ) ] . Inverse [ S ig1 ] . ( x1y1v−

h1g1 )+( a i /2) ∗Transpose [ ( x iy iv−h i g i ) ] . Inverse [ S i g i ] . ( x iy iv−h i g i ) ;

L [ ] :=K[ x1y1 , x i y i ]+lamx ∗( xi−x1 )+lamy1 ∗( y1−gam)+lamyi ∗( yi−gam) ;

gradL = {{Part [ Simplify [D[ L [ ] , x1 ] ] , 1 , 1 ] } , {Part [ Simplify [D[ L [ ] , x i

] ] , 1 , 1 ] } , {Part [ Simplify [D[ L [ ] , y1 ] ] , 1 , 1 ] } , {Part [ Simplify [D[ L [ ] , y i

] ] , 1 , 1 ] } } / /MatrixForm

Simplify [ Solve [{D[ L [ ] , x1 ]==0} ,{ lamx } ] ]
lamx1e=lamx/.% ; (∗ ge t e xp re s s i on f o r s o l u t i o n ∗)
Simplify [ Solve [{D[ L [ ] , x i ]==0} ,{ lamx } ] ]
lamxie=lamx/.%;

Simplify [ Solve [{D[ L [ ] , y1 ]==0} ,{ lamy1 } ] ]
lamy1e = lamy1 /.%;

Simplify [ Solve [{D[ L [ ] , y i ]==0} ,{ lamyi } ] ]
lamyie = lamyi /.%;

Simplify [ Solve [{ lamx1e==lamxie } ,{ x1 } ] ]
x1e=x1 /.%;

lamx1eFn [ x1 , y1 ] :=( a1 ( h1 sg1−g1 p1 sh1−sg1 x1+p1 sh1 y1 ) ) /((−1+p1ˆ2)

sg1 sh1 ˆ2) ;

lamxieFn [ x i , y i ] :=( a i (−hi s g i+g i p i s h i+s g i xi−pi s h i y i ) ) /((−1+pi ˆ2)

s g i s h i ˆ2) ;

lamy1eFn [ x1 , y1 ] :=( a1 ( h1 p1 sg1−g1 sh1−p1 sg1 x1+sh1 y1 ) ) /((−1+p1ˆ2)

sg1 ˆ2 sh1 ) ;

lamyieFn [ x i , y i ] := ( a i ( h i p i sg i−g i sh i−pi s g i x i+sh i y i ) ) /((−1+pi ˆ2)

s g i ˆ2 sh i ) ;

Out [ 8 ] / /MatrixForm= (
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(−lamx (−1+p1ˆ2) sg1 sh1ˆ2+a1 ( h1 sg1−g1 p1 sh1−sg1 x1+p1 sh1 y1 ) )

/((−1+p1ˆ2) sg1 sh1 ˆ2)

( lamx (−1+pi ˆ2) s g i s h i ˆ2+a i ( h i sg i−g i p i sh i−s g i x i+pi sh i y i ) ) /((−1+

pi ˆ2) s g i s h i ˆ2)

( lamy1 (−1+p1ˆ2) sg1 ˆ2 sh1+a1 (−h1 p1 sg1+g1 sh1+p1 sg1 x1−sh1 y1 ) )

/((−1+p1ˆ2) sg1 ˆ2 sh1 )

( lamyi (−1+pi ˆ2) s g i ˆ2 sh i+a i (−hi p i s g i+g i s h i+pi s g i xi−s h i y i ) )

/((−1+pi ˆ2) s g i ˆ2 sh i )

)

Out[9 ]= {{ lamx−>(a1 ( h1 sg1−g1 p1 sh1−sg1 x1+p1 sh1 y1 ) ) /((−1+p1ˆ2) sg1

sh1 ˆ2) }}
Out[11 ]= {{ lamx−>(a i (−hi s g i+g i p i s h i+s g i xi−pi s h i y i ) ) /((−1+pi ˆ2)

s g i s h i ˆ2) }}
Out[13 ]= {{ lamy1−>(a1 ( h1 p1 sg1−g1 sh1−p1 sg1 x1+sh1 y1 ) ) /((−1+p1ˆ2)

sg1 ˆ2 sh1 ) }}
Out[15 ]= {{ lamyi−>(a i ( h i p i sg i−g i sh i−pi s g i x i+sh i y i ) ) /((−1+pi ˆ2)

s g i ˆ2 sh i ) }}
Out[17 ]= {{x1−>(a1 (−1+pi ˆ2) s g i s h i ˆ2 ( h1 sg1+p1 sh1 (−g1+y1 ) )+a i (−1+

p1ˆ2) sg1 sh1 ˆ2 ( h i sg i−g i p i sh i−s g i x i+pi sh i y i ) ) /( a1 (−1+pi ˆ2)

sg1 s g i s h i ˆ2) }}

In [ 2 3 ] := (∗ −−−−−−−−−− SOLVE FOR VARIOUS CASES −−−−−−−−−− ∗)
(∗CONDITIONS: INFEASIBLE ∗)
lam000=Simplify [ Solve [{ lamx1e==0, lamxie==0,lamy1e==0, lamyie==0},{x1 , xi ,

y1 , y i } ] ]
x1y1ans=Transpose [{ x1 , y1 }/ . lam000 ] ; x i y i an s=Transpose [{ xi , y i }/ . lam000 ] ;

Part [K[ x1y1ans , x i y i an s ] , 1 , 1 ] (∗GIVES RATE FUNCTION∗)
x1ans=Part [ x1 / . lam000 , 1 ] ; x ians = Part [ x i / . lam000 , 1 ] ;

y1ans = Part [ y1 / . lam000 , 1 ] ; y ians = Part [ y i / . lam000 , 1 ] ;

GamCond = Reduce [{ xians<=x1ans , y1ans<=gam , yians<=gam , h1<hi , g1<gam , gi<

gam,0<a1<1,0<ai <1,a1+ai <1, sh1>0, sh i >0, sg1>0, sg i >0,−1<p1<1,−1<pi <1} ,{
h1 , g1 , g i } ]

SbSwCond = Reduce [{ xians<=x1ans , y1ans<=gam , yians<=gam , g1<gam , gi>gam,0<

a1<1,0<ai <1,a1+ai <1, sh1>0, sh i >0, sg1>0, sg i >0,−1<p1<1,−1<pi <1} ,{h1 , g1 ,

g i } ]
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Out[23 ]= {{x1−>h1 , xi−>hi , y1−>g1 , yi−>g i }}
Out[25 ]= 0

Out[28 ]= False

Out[29 ]= False

In [ 3 0 ] := (∗ −−−−−− S b (\ r ho ) −−−−−− ∗)
Clear [ x1y1ans , x iy ians , x1ans , y1ans , xians , yians , x1 , xi , y1 , yi , h1 , g1 , hi , g i ]

lam001=Simplify [ Solve [{ lamx1e==0, lamxie==0,lamy1e==0,y i==gam} ,{x1 , xi , y1
, y i } ] ]

x1y1ans=Transpose [{ x1 , y1 }/ . lam001 ] ; x i y i an s=Transpose [{ xi , y i }/ . lam001 ] ;

Part [ Simplify [K[ x1y1ans , x i y i an s ] ] , 1 , 1 ]

x1ans=Part [ x1 / . lam001 , 1 ] ; x ians = Part [ x i / . lam001 , 1 ] ;

y1ans = Part [ y1 / . lam001 , 1 ] ; y ians = Part [ y i / . lam001 , 1 ] ;

lambdayi = Simplify [ lamyieFn [ xians , y ians ] ]

Out[31 ]= {{x1−>h1 , xi−>(h i s g i+(gam−g i ) p i s h i ) / sg i , y1−>g1 , yi−>gam}}
Out[33 ]= ( a i (gam−g i ) ˆ2) /(2 s g i ˆ2)

Out[36 ]= ( a i (−gam+g i ) ) / s g i ˆ2

In [ 3 7 ] := (∗CONDITIONS: INFEASIBLE ∗)
Clear [ x1y1ans , x iy ians , x1ans , y1ans , xians , yians , x1 , xi , y1 , yi , h1 , g1 , hi , g i ,

lambdayi ]

lam010=Simplify [ Solve [{ lamx1e==0, lamxie==0,y1==gam , lamyie==0},{x1 , xi , y1
, y i } ] ]

x1y1ans=Transpose [{ x1 , y1 }/ . lam010 ] ; x i y i an s=Transpose [{ xi , y i }/ . lam010 ] ;

Part [ Simplify [K[ x1y1ans , x i y i an s ] ] , 1 , 1 ]

x1ans=Part [ x1 / . lam010 , 1 ] ; x ians = Part [ x i / . lam010 , 1 ] ;

y1ans = Part [ y1 / . lam010 , 1 ] ; y ians = Part [ y i / . lam010 , 1 ] ;

lambday1 = Simplify [ lamy1eFn [ x1ans , y1ans ] ] ;

GamCond = Simplify [Reduce [{ xians<=x1ans , lambday1>0, yians<=gam , h1<hi , g1<

gam , gi<gam,0<a1<1,0<ai <1,a1+ai <1, sh1>0, sh i >0, sg1>0, sg i >0,−1<p1<1,−1<

pi <1} ,{h1 , g1 , g i } ] ]

SbSwCond = Simplify [Reduce [{ xians<=x1ans , lambday1>0, yians<=gam , g1<gam ,

gi>gam,0<a1<1,0<ai <1,a1+ai <1, sh1>0, sh i >0, sg1>0, sg i >0,−1<p1<1,−1<pi
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<1} ,{h1 , g1 , g i } ] ]

Out[38 ]= {{x1−>(h1 sg1+(−g1+gam) p1 sh1 ) / sg1 , xi−>hi , y1−>gam , yi−>g i }}
Out[40 ]= ( a1 ( g1−gam) ˆ2) /(2 sg1 ˆ2)

Out[44 ]= False

Out[45 ]= False

In [ 4 6 ] := (∗CONDITIONS: INFEASIBLE ∗)
Clear [ x1y1ans , x iy ians , x1ans , y1ans , xians , yians , x1 , xi , y1 , yi , h1 , g1 , hi , g i ,

lambday1 ]

lam011=Simplify [ Solve [{ lamx1e==0, lamxie==0,y1==gam , y i==gam} ,{x1 , xi , y1 ,
y i } ] ]

x1y1ans=Transpose [{ x1 , y1 }/ . lam011 ] ; x i y i an s=Transpose [{ xi , y i }/ . lam011 ] ;

Part [ Simplify [K[ x1y1ans , x i y i an s ] ] , 1 , 1 ]

x1ans=Part [ x1 / . lam011 , 1 ] ; x ians = Part [ x i / . lam011 , 1 ] ;

y1ans = Part [ y1 / . lam011 , 1 ] ; y ians = Part [ y i / . lam011 , 1 ] ;

lambday1 = Simplify [ lamy1eFn [ x1ans , y1ans ] ] ; lambdayi = Simplify [

lamyieFn [ xians , y ians ] ] ;

GamCond = Simplify [Reduce [{ xians<=x1ans , lambday1>0, lambdayi>0, h1<hi , g1

<gam , gi<gam,0<a1<1,0<ai <1,a1+ai <1, sh1>0, sh i >0, sg1>0, sg i >0,−1<p1

<1,−1<pi <1} ,{h1 , g1 , g i } ] ]

SbSwCond = Simplify [Reduce [{ xians<=x1ans , lambday1>0, lambdayi>0,g1<gam ,

gi>gam,0<a1<1,0<ai <1,a1+ai <1, sh1>0, sh i >0, sg1>0, sg i >0,−1<p1<1,−1<pi

<1} ,{h1 , g1 , g i } ] ]

Out[47 ]= {{x1−>(h1 sg1+(−g1+gam) p1 sh1 ) / sg1 , xi−>(h i s g i+(gam−g i ) p i

s h i ) / sg i , y1−>gam , yi−>gam}}
Out[49 ]= ( a i (gam−g i ) ˆ2 sg1ˆ2+a1 ( g1−gam) ˆ2 s g i ˆ2) /(2 sg1 ˆ2 s g i ˆ2)

Out[53 ]= False

Out[54 ]= False

In [ 5 5 ] := (∗ −−−−−− Gamma \ e l l −−−−−− ∗)
Clear [ x1y1ans , x iy ians , x1ans , y1ans , xians , yians , x1 , xi , y1 , yi , h1 , g1 , hi , g i ,

lambdayi , lambday1 ]
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lam100=Simplify [ Solve [{ x1e==xi , x1==xi , lamy1e==0, lamyie==0},{x1 , xi , y1 , y i
} ] ]

x1y1ans=Transpose [{ x1 , y1 }/ . lam100 ] ; x i y i an s=Transpose [{ xi , y i }/ . lam100 ] ;

Part [ Simplify [K[ x1y1ans , x i y i an s ] ] , 1 , 1 ]

x1ans=Part [ x1 / . lam100 , 1 ] ; x ians = Part [ x i / . lam100 , 1 ] ;

y1ans = Part [ y1 / . lam100 , 1 ] ; y ians = Part [ y i / . lam100 , 1 ] ;

lambdax = Simplify [ lamx1eFn [ x1ans , y1ans ] ]

Out[56 ]= {{x1−>(a i h i sh1ˆ2+a1 h1 sh i ˆ2) /( a i sh1ˆ2+a1 sh i ˆ2) , xi−>(a i h i

sh1ˆ2+a1 h1 sh i ˆ2) /( a i sh1ˆ2+a1 sh i ˆ2) , y1−>(a i sh1 (−h1 p1 sg1+hi

p1 sg1+g1 sh1 )+a1 g1 sh i ˆ2) /( a i sh1ˆ2+a1 sh i ˆ2) , yi−>(a i g i sh1ˆ2+a1

sh i ( h1 p i sg i−hi p i s g i+g i s h i ) ) /( a i sh1ˆ2+a1 sh i ˆ2) }}
Out[58 ]= ( a1 a i ( h1−hi ) ˆ2) /(2 ( a i sh1ˆ2+a1 sh i ˆ2) )

Out[61 ]= ( a1 a i (−h1+hi ) ) /( a i sh1ˆ2+a1 sh i ˆ2)

In [ 6 2 ] := (∗ −−−−−− Gamma u −−−−−− ∗)
Clear [ x1y1ans , x iy ians , x1ans , y1ans , xians , yians , x1 , xi , y1 , yi , h1 , g1 , hi , g i ,

lambdax , lambdayi ]

lam110=Simplify [ Solve [{ x1e==xi , x1==xi , y1==gam , lamyie==0},{x1 , xi , y1 , y i
} ] ]

x1y1ans=Transpose [{ x1 , y1 }/ . lam110 ] ; x i y i an s=Transpose [{ xi , y i }/ . lam110 ] ;

Collect [Part [ Simplify [K[ x1y1ans , x i y i an s ] ] , 1 , 1 ] , g1−gam ]

x1ans=Part [ x1 / . lam110 , 1 ] ; x ians = Part [ x i / . lam110 , 1 ] ;

y1ans = Part [ y1 / . lam110 , 1 ] ; y ians = Part [ y i / . lam110 , 1 ] ;

lambdax = Simplify [ lamx1eFn [ x1ans , y1ans ] ]

lambday1 = Simplify [ lamy1eFn [ x1ans , y1ans ] ]

Out[63 ]= {{x1−>(a i h i (−1+p1ˆ2) sg1 sh1ˆ2−a1 ( h1 sg1+(−g1+gam) p1 sh1 )

sh i ˆ2) /( sg1 ( a i (−1+p1ˆ2) sh1ˆ2−a1 sh i ˆ2) ) , xi−>(a i h i (−1+p1ˆ2) sg1

sh1ˆ2−a1 ( h1 sg1+(−g1+gam) p1 sh1 ) sh i ˆ2) /( sg1 ( a i (−1+p1ˆ2) sh1ˆ2−
a1 sh i ˆ2) ) , y1−>gam , yi−>(a i g i (−1+p1ˆ2) sg1 sh1ˆ2−a1 sh i ( h1 p i sg1

sg i−hi p i sg1 sg i−g1 p1 p i s g i sh1+gam p1 pi s g i sh1+g i sg1 sh i ) ) /(

sg1 ( a i (−1+p1ˆ2) sh1ˆ2−a1 sh i ˆ2) ) }}
Out[65 ]= −((a1 ( a i h1ˆ2 sg1ˆ2−2 a i h1 h i sg1ˆ2+a i h i ˆ2 sg1 ˆ2) ) /(2 sg1 ˆ2

( a i (−1+p1ˆ2) sh1ˆ2−a1 sh i ˆ2) ) )−(a1 ( g1−gam) (−2 a i h1 p1 sg1 sh1+2
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a i h i p1 sg1 sh1 ) ) /(2 sg1 ˆ2 ( a i (−1+p1ˆ2) sh1ˆ2−a1 sh i ˆ2) )−(a1 ( g1−
gam) ˆ2 ( a i sh1ˆ2+a1 sh i ˆ2) ) /(2 sg1 ˆ2 ( a i (−1+p1ˆ2) sh1ˆ2−a1 sh i ˆ2) )

Out[68 ]= ( a1 a i ( h1 sg1−hi sg1+(−g1+gam) p1 sh1 ) ) /( sg1 ( a i (−1+p1ˆ2)

sh1ˆ2−a1 sh i ˆ2) )

Out[69 ]= −((a1 ( a i sh1 (−h1 p1 sg1+hi p1 sg1+g1 sh1−gam sh1 )+a1 ( g1−gam
) sh i ˆ2) ) /( sg1 ˆ2 ( a i (−1+p1ˆ2) sh1ˆ2−a1 sh i ˆ2) ) )

In [ 7 0 ] := (∗ −−−−−− S w ,\ e l l −−−−−−∗)
Clear [ x1y1ans , x iy ians , x1ans , y1ans , xians , yians , x1 , xi , y1 , yi , h1 , g1 , hi , g i ,

lambdax ]

lam101=Simplify [ Solve [{ x1e==xi , x1==xi , lamy1e==0,y i==gam} ,{x1 , xi , y1 , y i
} ] ]

x1y1ans=Transpose [{ x1 , y1 }/ . lam101 ] ; x i y i an s=Transpose [{ xi , y i }/ . lam101 ] ;

Collect [Part [ Simplify [K[ x1y1ans , x i y i an s ] ] , 1 , 1 ] , gam−g i ]

x1ans=Part [ x1 / . lam101 , 1 ] ; x ians = Part [ x i / . lam101 , 1 ] ;

y1ans = Part [ y1 / . lam101 , 1 ] ; y ians = Part [ y i / . lam101 , 1 ] ;

lambdax = Simplify [ lamx1eFn [ x1ans , y1ans ] ]

lambdayi = Simplify [ lamyieFn [ xians , y ians ] ]

Out[71 ]= {{x1−>(−a1 h1 (−1+pi ˆ2) s g i s h i ˆ2+a i sh1 ˆ2 ( h i s g i+(gam−g i ) p i

s h i ) ) /( s g i ( a i sh1ˆ2−a1 (−1+pi ˆ2) sh i ˆ2) ) , xi−>(−a1 h1 (−1+pi ˆ2) s g i

s h i ˆ2+a i sh1 ˆ2 ( h i s g i+(gam−g i ) p i s h i ) ) /( s g i ( a i sh1ˆ2−a1 (−1+pi

ˆ2) sh i ˆ2) ) , y1−>(−a1 g1 (−1+pi ˆ2) s g i s h i ˆ2+a i sh1 (−h1 p1 sg1 s g i+

hi p1 sg1 s g i+g1 s g i sh1+gam p1 pi sg1 shi−g i p1 p i sg1 sh i ) ) /( s g i (

a i sh1ˆ2−a1 (−1+pi ˆ2) sh i ˆ2) ) , yi−>gam}}
Out[73 ]= ( a i ( a1 h1ˆ2 s g i ˆ2−2 a1 h1 h i s g i ˆ2+a1 hi ˆ2 s g i ˆ2) ) /(2 s g i ˆ2 (

a i sh1ˆ2−a1 (−1+pi ˆ2) sh i ˆ2) )+( a i (gam−g i ) (−2 a1 h1 p i s g i s h i+2 a1

h i p i s g i s h i ) ) /(2 s g i ˆ2 ( a i sh1ˆ2−a1 (−1+pi ˆ2) sh i ˆ2) )+( a i (gam−g i

) ˆ2 ( a i sh1ˆ2+a1 sh i ˆ2) ) /(2 s g i ˆ2 ( a i sh1ˆ2−a1 (−1+pi ˆ2) sh i ˆ2) )

Out[76 ]= −((a1 a i ( h1 sg i−hi s g i+(−gam+g i ) p i s h i ) ) /( s g i ( a i sh1ˆ2−a1

(−1+pi ˆ2) sh i ˆ2) ) )

Out[77 ]= −(( a i ( a i (gam−g i ) sh1ˆ2+a1 sh i (−h1 p i s g i+hi p i s g i+gam shi−
g i sh i ) ) ) /( s g i ˆ2 ( a i sh1ˆ2−a1 (−1+pi ˆ2) sh i ˆ2) ) )

In [ 7 8 ] := (∗ −−−−−− S wu −−−−−− ∗)
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Clear [ x1y1ans , x iy ians , x1ans , y1ans , xians , yians , x1 , xi , y1 , yi , h1 , g1 , hi , g i ,

lambdax , lambday1 ]

lam111=Simplify [ Solve [{ x1e==xi , x1==xi , y1==gam , y i==gam} ,{x1 , xi , y1 , y i } ] ]
x1y1ans=Transpose [{ x1 , y1 }/ . lam111 ] ; x i y i an s=Transpose [{ xi , y i }/ . lam111 ] ;

Collect [Part [ Simplify [K[ x1y1ans , x i y i an s ] ] , 1 , 1 ] , gam−g i ] ;

KSim = Collect [% ,g1−gam ] ;

Kmod = ( ( hi−h1 ) ˆ2 −(2∗p1∗ sh1 ∗( hi−h1 ) ∗(gam−g1 ) / sg1 ) −(2∗pi ∗ s h i ∗( hi−h1 ) ∗(
g i − gam) / s g i )+a1 ∗ ( (gam−g1 ) ˆ2/ sg1 ˆ2) ∗( sh1 ˆ2/a1 + (1−pi ˆ2) ∗ s h i ˆ2/ a i )
+ 2∗p1∗ pi ∗ sh1∗ s h i ∗ ( (gam−g1 ) / sg1 ) ∗ ( ( gi−gam) / s g i )+a i ∗ ( ( gi−gam) ˆ2/ s g i

ˆ2) ∗((1−p1ˆ2) ∗ sh1 ˆ2/a1+sh i ˆ2/ a i ) ) /(2∗((1−p1ˆ2) ∗ sh1 ˆ2/a1+(1−pi ˆ2) ∗
s h i ˆ2/ a i ) )

I f [ Simplify [KSim −Kmod]==0, True , False ]

x1ans=Part [ x1 / . lam111 , 1 ] ; x ians = Part [ x i / . lam111 , 1 ] ;

y1ans = Part [ y1 / . lam111 , 1 ] ; y ians = Part [ y i / . lam111 , 1 ] ;

lambdax = Simplify [ lamx1eFn [ x1ans , y1ans ] ]

lambday1 = Simplify [ lamy1eFn [ x1ans , y1ans ] ]

lambdayi = Simplify [ lamyieFn [ xians , y ians ] ]

Out[79 ]= {{x1−>(a1 (−1+pi ˆ2) s g i ( h1 sg1+(−g1+gam) p1 sh1 ) sh i ˆ2+a i

(−1+p1ˆ2) sg1 sh1 ˆ2 ( h i s g i+(gam−g i ) p i s h i ) ) /( sg1 s g i ( a i (−1+p1ˆ2)

sh1ˆ2+a1 (−1+pi ˆ2) sh i ˆ2) ) , xi−>(a1 (−1+pi ˆ2) s g i ( h1 sg1+(−g1+gam)

p1 sh1 ) sh i ˆ2+a i (−1+p1ˆ2) sg1 sh1 ˆ2 ( h i s g i+(gam−g i ) p i s h i ) ) /( sg1

s g i ( a i (−1+p1ˆ2) sh1ˆ2+a1 (−1+pi ˆ2) sh i ˆ2) ) , y1−>gam , yi−>gam}}
Out[83 ]= ((−h1+hi ) ˆ2−(2 (−g1+gam) (−h1+hi ) p1 sh1 ) / sg1−(2 (−gam+g i ) (−

h1+hi ) p i s h i ) / s g i +(2 (−g1+gam) (−gam+g i ) p1 p i sh1 sh i ) /( sg1 s g i )+(

a i (−gam+g i ) ˆ2 (((1−p1ˆ2) sh1 ˆ2) /a1+sh i ˆ2/ a i ) ) / s g i ˆ2+(a1 (−g1+gam) ˆ2

( sh1 ˆ2/a1+((1−pi ˆ2) sh i ˆ2) / a i ) ) / sg1 ˆ2) /(2 (((1−p1ˆ2) sh1 ˆ2) /a1+((1−
pi ˆ2) sh i ˆ2) / a i ) )

Out[84 ]= True

Out[87 ]= ( a1 a i ( h1 sg1 sg i−hi sg1 sg i−g1 p1 s g i sh1+gam p1 s g i sh1−gam
pi sg1 sh i+g i p i sg1 sh i ) ) /( sg1 s g i ( a i (−1+p1ˆ2) sh1ˆ2+a1 (−1+pi

ˆ2) sh i ˆ2) )

Out[88 ]= ( a1 ( a1 ( g1−gam) (−1+pi ˆ2) s g i s h i ˆ2+a i sh1 ( h1 p1 sg1 sg i−hi

p1 sg1 sg i−g1 s g i sh1+gam s g i sh1−gam p1 pi sg1 sh i+g i p1 p i sg1 sh i

) ) ) /( sg1 ˆ2 s g i ( a i (−1+p1ˆ2) sh1ˆ2+a1 (−1+pi ˆ2) sh i ˆ2) )
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Out[89 ]= −(( a i ( a i (gam−g i ) (−1+p1ˆ2) sg1 sh1ˆ2+a1 sh i ( h1 p i sg1 sg i−
hi p i sg1 sg i−g1 p1 p i s g i sh1+gam p1 pi s g i sh1−gam sg1 sh i+g i sg1

sh i ) ) ) /( sg1 s g i ˆ2 ( a i (−1+p1ˆ2) sh1ˆ2+a1 (−1+pi ˆ2) sh i ˆ2) ) )



Appendix D

Preliminary Work on the

Implementability of Optimal

Sampling Laws

124



Susan R. Hunter Appendix D. Preliminary Work: Implementability 125

D.1 Taylor Series Expansion of the Rate Function About its Mean

Proposition D.1. Let X be a random variable with mean μ, variance σ2, and analytic rate function

I(x) having the form I(x) = supθ{θx− logE[eθX ]}. Then the Taylor series expansion of I(x) about

μ is

I(x) =

∞∑
n=1

(x− μ)n

σ2

⎡⎣ ∑
Θn\{bn=1}

(
μE

[
X

∑n
i=1 bi

]
− E

[
X1+

∑n
i=1 bi

])
b1!b2! . . . bn−1!

n−1∏
i=1

(
θ(i)(μ)

i!

)bi

+
∑
Θn−1

E
[
X

∑n−1
i=1 bi

]
b1!b2! . . . bn−1!

n−1∏
i=1

(
θ(i)(μ)

i!

)bi
⎤⎦

where for any m, Θm denotes all different solutions in nonnegative integers b1, b2, . . . , bm of the

equation b1 + 2b2 + . . . + mbm = m, and Θm\{bm = 1} denotes the set of solutions without the

solution in which bm = 1.

Proof. The general form of the Taylor series expansion of I(x) about μ is

I(x) =
∞∑
n=0

I(n)(μ)
(x− μ)n

n!
. (D.1)

Since I(μ) = I ′(μ) = 0, let us consider terms beginning at n = 2 in the equation (D.1).

Let M(θ) = E[eθX ] denote the moment generating function of X. Then

I(x) = θ(x)x− logM(θ(x)),

where θ(x) satisfies x = M ′(θ)/M(θ). Taking the derivative of I(x) yields

I ′(x) = θ(x) + xθ′(x)− M ′(θ(x))
M(θ(x))

θ′(x) = θ(x).

Then it follows that I(n)(x) = θ(n−1)(x). Noting that I(μ) = I ′(μ) = θ(μ) = 0, equation (D.1) may

be rewritten as,

I(x) =

∞∑
n=1

θ(n−1)(μ)
(x− μ)n

n!
(D.2)

To obtain a general expression for θ(n)(x), let us take the nth derivative on both sides of the
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equation xM(θ(x)) = M ′(θ(x)). That is, we wish to solve for θ(n)(x) using the equation

(xM(θ(x)))(n) = (M ′(θ(x)))(n) (D.3)

By the general Leibniz rule, and since x(0) = x, x(1) = 1, x(2) = 0, . . . , x(n) = 0, we have

(xM(θ(x)))(n) =

n∑
k=0

(
n

k

)
x(k)M(θ(x))(n−k) = xM(θ(x))(n) + nM(θ(x))(n−1).

Now Faà di Bruno’s Formula (see, e.g., Johnson, 2002) may be used to obtain expressions for

M(θ(x))(n), M(θ(x))(n−1), and (M ′(θ(x)))(n). Substituting these expressions into equation (D.3)

yields

x

⎡⎣∑
Θn

n!

b1!b2! . . . bn!
M (

∑n
i=1 bi)(θ(x))

n∏
i=1

(
θ(i)(x)

i!

)bi
⎤⎦

+ n

⎡⎣∑
Θn−1

(n− 1)!

b1!b2! . . . bn−1!
M (

∑n−1
i=1 bi)(θ(x))

n−1∏
i=1

(
θ(i)(x)

i!

)bi
⎤⎦

=
∑
Θn

n!

b1!b2! . . . bn!
M (1+

∑n
i=1 bi)(θ(x))

n∏
i=1

(
θ(i)(x)

i!

)bi

,

where for any m, Θm denotes all different solutions in nonnegative integers b1, b2, . . . , bm of the

equation b1 + 2b2 + . . .+mbm = m. Noting that the only solutions to the equations in Θn which

yield the terms θ(n)(x) are b1 = 0, b2 = 0, . . . , bn−1 = 0, bn = 1, and that except in this solution

bn = 0, we may simplify the above equation to

x
[
M ′(θ(x))θ(n)(x)

]
+ x

⎡⎣ ∑
Θn\{bn=1}

n!

b1!b2! . . . bn!
M (

∑n
i=1 bi)(θ(x))

n−1∏
i=1

(
θ(i)(x)

i!

)bi
⎤⎦

+ n

⎡⎣∑
Θn−1

(n− 1)!

b1!b2! . . . bn−1!
M (

∑n−1
i=1 bi)(θ(x))

n−1∏
i=1

(
θ(i)(x)

i!

)bi
⎤⎦

= M ′′(θ(x))θ(n)(x) +
∑

Θn\{bn=1}

n!

b1!b2! . . . bn!
M (1+

∑n
i=1 bi)(θ(x))

n−1∏
i=1

(
θ(i)(x)

i!

)bi
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Combining terms yields the following general expression.

θ(n)(x) =

⎡⎣ ∑
Θn\{bn=1}

n!

b1!b2! . . . bn−1!

(
xM (

∑n
i=1 bi)(θ(x))−M (1+

∑n
i=1 bi)(θ(x))

) n−1∏
i=1

(
θ(i)(x)

i!

)bi

+
∑
Θn−1

n!

b1!b2! . . . bn−1!
M (

∑n−1
i=1 bi)(θ(x))

n−1∏
i=1

(
θ(i)(x)

i!

)bi
⎤⎦× [

M ′′(θ(x))− xM ′(θ(x))
]−1

.

Substituting in x = μ and noting that θ(μ) = 0, we find

θ(n)(μ) =
n!

σ2

⎡⎣ ∑
Θn\{bn=1}

(
μE

[
X

∑n
i=1 bi

]
− E

[
X1+

∑n
i=1 bi

])
b1!b2! . . . bn−1!

n−1∏
i=1

(
θ(i)(μ)

i!

)bi

+
∑
Θn−1

E
[
X

∑n−1
i=1 bi

]
b1!b2! . . . bn−1!

n−1∏
i=1

(
θ(i)(μ)

i!

)bi
⎤⎦ ,

and the result follows.

Corollary D.2. The first three nonzero terms of the Taylor series expansion of I(x) given in

proposition D.1 are

I(x) =
1

2

(
x− μ

σ

)2

− 1

3!
E

[(
X − μ

σ

)3
](

x− μ

σ

)3

+
1

4!

⎡⎣3E[(
X − μ

σ

)3
]2

− E

[(
X − μ

σ

)4
]
+ 3

⎤⎦(
x− μ

σ

)4

.

Proof. Taking derivatives on both sides of the equation xM(θ(x)) = M ′(θ(x)), we find

θ′(x) =
M(θ(x))

M ′′(θ(x))− xM ′(θ(x))

θ′′(x) =
2M ′(θ(x))θ′(x) + θ′(x)2[xM ′′(θ(x))−M ′′′(θ(x))]

M ′′(θ(x))− xM ′(θ(x))

θ′′′(x) =
[
3M ′(θ(x))θ′′(x) + 3M ′′(θ(x))θ′(x)2 + 3θ′(x)θ′′(x)[xM ′′(θ(x))−M ′′′(θ(x))]+

θ′(x)3[xM ′′′(θ(x))−M (4)(θ(x))]

]
× [M ′′(θ(x))− xM ′(θ(x))]−1
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which, after substitution and some algebra in the first two equations above, implies

I ′′(μ) = θ′(μ) =
1

σ2
and I ′′′(μ) = θ′′(μ) = −

(
1

σ2

)3

E[(X − μ)3].

However, the algebra is cumbersome for finding θ′′′(μ) and any larger derivatives since we are using

an unsimplified version of proposition D.1. Thus let us use proposition D.1. We find,

θ′′(μ) =
2!

σ2

[
μE[X2]− E[X3]

2!

(
1

σ2

)2

+ E[X]

(
1

σ2

)]
=

(
1

σ2

)3 [
μE[X2]− E[X3] + 2μσ2

]
= −

(
1

σ2

)3 [
E[X3]− 3μE[X2] + 2μ3

]
= −

(
1

σ2

)3

E[(X − μ)3].

Likewise, the result follows from noting that,

θ′′′(μ) =
3!

σ2

[
μE[X3]− E[X4]

3!

(
1

σ2

)3

+
(
μE[X2]− E[X3]

) 1

σ2

(
−
(

1

σ2

)3 E[(X − μ)3]

2!

)

−μ

(
1

σ2

)3 E[(X − μ)3]

2!
+

E[X2]

2!

(
1

σ2

)2
]

=

(
1

σ2

)2
[
(μE[X3]− E[X4])

(
1

σ2

)2

+ 3
(
E[X3]− μE[X2]

)( 1

σ2

)3

E[(X − μ)3]

−3μ

(
1

σ2

)2

E[(X − μ)3] + 3E[X2]

(
1

σ2

)]

=

(
1

σ2

)5 [
σ2(μE[X3]− E[X4]) + 3

(
E[X3]− μE[X2]

)
E[(X − μ)3]

−3μσ2E[(X − μ)3] + 3(σ2)2E[X2]
]

=

(
1

σ2

)5 [
σ2(μE[X3]− E[X4]) + 3

(
E[X3]− μE[X2]− μσ2

)
E[(X − μ)3] + 3(σ2)2E[X2]

]
=

(
1

σ2

)5 [
σ2(μE[X3]− E[X4]) + 3

(
E[(X − μ)3] + μσ2

)
E[(X − μ)3] + 3(σ2)2E[X2]

]
=

(
1

σ2

)5 [
σ2

(
μE[X3]− E[X4] + 3μE[(X − μ)3] + 3σ2E[X2]

)
+ 3E[(X − μ)3]2

]
=

(
1

σ2

)5 [
σ2(3(σ2)2 − E[(X − μ)4]) + 3E[(X − μ)3]2

]
=

(
1

σ2

)2
⎡⎣3E[(

X − μ

σ

)3
]2

− E

[(
X − μ

σ

)4
]
+ 3

⎤⎦ .


