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Compressible Lubrication Theory in Pressurized Gases
Ssu-Ying Chien
Abstract

In this dissertation we present theoretical and computational studies of a series of problems
intended to extend the classic lubrication theory to include the effects of pressurized gases.
The focus of this dissertation is on the canonical equation for nearly all lubrication flows,
viz., the Reynolds equation.

This dissertation is composed of five studies. The first study begins with a careful and
systematic analysis of the Navier-Stokes-Fourier equations for a two-dimensional flow in a
thin gap between a stationary surface and one translating with a constant speed. In order
to focus on the most fundamental issues concerning pressurized gases, the flows are taken
to be laminar, steady and single-phase. An important contribution of this dissertation is
the establishment of the correct form of the Reynolds equation for pressurized gases. Our
analysis provides the boundaries on the range of validity of this Reynolds equation when
supercritical gases are of interest. Our Reynolds equation was verified by comparing its
numerical solutions to those of the full Navier-Stokes-Fourier equations. In contrast with
the literature on high-pressure gas lubrication, our work shows that the Reynolds equation
is most conveniently cast as a differential equation for density rather than pressure. We also
demonstrate that the flow dynamics can be described by a version of the commonly employed
speed number and a new parameter characterizing the local stiffness of the lubricant; we
termed this parameter the effective bulk modulus. A new simplified temperature equation
corresponding to our Reynolds equation is also derived and solved.

On the basis of our first study, we apply a perturbation analysis in the next three studies
to describe the dynamics and thermal effects associated with our new Reynolds equation
for large speed number flows. Our second study provides simple and explicit formulas for
the local flow parameters including pressure, temperature and heat flux in terms of the
speed numbers, film thickness function and material functions. The third study develops
a simplified model for the global flow parameters including the lubricating force, friction
loss and attitude angle. Our work demonstrates that the total force scales with the bulk
modulus while the loss is controlled by the variation of the viscosity. The fourth study
employs a virial, i.e., small density, expansion technique to further simplify the results of
the third study. New results include simple, explicit formulas for the total force, friction loss
and attitude angle valid for dense and slightly supercritical fluids.

In the last study, we seek to extend the theory to three-dimensional lubrication flows. A
systematic analysis similar to that applied to our first study is carried out for a standard
model of a thrust bearing. The resulting Reynolds equation is a nonlinear elliptical partial
differential equation for density and is solved using the finite difference method. Through
a perturbation analysis, we develop the approximate solution to our Reynolds equation for
high-speed lubrication flows. We find that the flow structure is composed of five boundary



layers in addition to the relatively simple “core” region. The flow in two of the boundary
layers is governed by a nonlinear heat equation and the remaining boundary layers can be
described by nonlinear relaxation equations. Finite difference codes are developed to examine
the details in each boundary layer. A composite solution was constructed which constitutes
a single approximation and has the same accuracy as the individual approximations in each
of their respective regions.

Overall, the key contributions are the establishment of the appropriate forms of the Reynolds
equation for dense and supercritical flows, analytical solutions for quantities of practical
interest, demonstrations of the roles played by various thermodynamic functions, the first
detailed discussions of the physics of lubrication in dense and supercritical flows, and the
discovery of boundary layer structures in flows associated with thrust bearings.
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General Audience Abstract

Lubrication theory plays a fundamental role in all mechanical design as well as applications to
biomechanics. All machinery are composed of moving parts which must be protected against
wear and damage. Without effective lubrication, maintenance cycles will be shortened to
impractical levels resulting in increased costs and decreased reliability. The focus of the work
presented here is on the lubrication of rotating machinery found in advanced power systems
and designs involving micro-turbines.

One of the earliest studies of lubrication is due to Osborne Reynolds in 1886 who recorded
what is now regarded as the canonical equation governing all lubrication problems; this equa-
tion and its extensions have become known as the Reynolds equation. In the past century,
Reynolds equation has been extended to include three-dimensional effects, unsteadiness, tur-
bulence, variable material properties, non-newtonian fluids, multi-phase flows, wall slip, and
thermal effects. The bulk of these studies have focused on highly viscous liquids, e.g., oils.
In recent years there has been increasing interest in power systems using new working fluids,
micro-turbines and non-fossil fuel heat sources. In many cases, the design of these systems
employs the use of gases rather than liquids. The advantage of gases over liquids include the
reduction of weight, the reduction of adverse effects due to fouling, and compatibility with
power system working fluids.

Most treatments of gas lubrication are based on the ideal, i.e., low pressure, gas theory and
straightforward retro-fitting of the theory of liquid lubrication. However, the 21st Century
has seen interest in gas lubrication at high pressures. At pressures and temperatures cor-
responding to the dense and supercritical gas regime, there is a strong dependence on gas
properties and even singular behavior of fundamental transport properties. Simple extrap-
olations of the intuition and analyses of the ideal gas or liquid phase theory are no longer
possible.

The goal of this dissertation is to establish the correct form of the Reynolds equation valid for
both low and high pressure gases and to explore the dynamics predicted by this new form of
the Reynolds equation. The dissertation addresses five problems involving our new Reynolds
equation. In the first, we establish the form appropriate for the simple benchmark problem
of two-dimensional journal bearings. It is found that the material response is completely
determined by a single thermodynamic parameter referred to as the effective bulk modulus.
The validity of our new Reynolds equation has been established using solutions to the full
Navier-Stokes-Fourier equations. We have also provided analytical estimates for the range
of validity of this Reynolds equation and provided a systematic derivation of the energy
equation valid whenever the Reynolds equation holds.

The next three problems considered here derive local and global results of interest in high



speed lubrication studies. The results are based on a perturbation analysis of our Reynolds
and energy equation resulting in simplified formulas and the explicit dependence of pressure,
temperature, friction losses, load capacity, and heat transfer on the thermodynamic state
and material properties.

Our last problem examines high pressure gas lubrication in thrust bearings. We again derive
the appropriate form of the Reynolds and energy equations for these intrinsically three-
dimensional flows. A finite difference scheme is employed to solve the resultant (elliptic)
Reynolds equation for both moderate and high-speed flows. This Reynolds equation is then
solved using perturbation methods for high-speed flows. It is found that the flow structure
is comprised of five boundary layer regions in addition to the main “core” region. The flow
in two of these boundary layer regions is governed by a nonlinear heat equation and the
flow in three of these boundary layers is governed by nonlinear relaxation equations. Finite
difference schemes are employed to obtain detailed solutions in the boundary layers. A
composite solution is developed which provides a single solution describing the flow in all
six regions to the same accuracy as the individual solutions in their respective regions of
validity.

Overall, the key contributions are the establishment of the appropriate forms of the Reynolds
equation for dense and supercritical flows, analytical solutions for quantities of practical
interest, demonstrations of the roles played by various thermodynamic functions, the first
detailed discussions of the physics of lubrication in dense and supercritical flows, and the
discovery of boundary layer structures in flows associated with thrust bearings.
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Chapter 1

Introduction

The Reynolds equation plays a central role in a wide variety of applications involving lubri-
cation theory. In the simplest case, this canonical equation can be written as

d dp dh

—(h* =) = 6uU —, 1.1

da:( dx) K dx (1.1)
where h = h(x) is the thickness of the fluid layer, p = p(x) is the fluid pressure, p is the
shear viscosity, U is a measure of the fluid velocity in the main flow direction, and x is
the spatial coordinate in the main flow direction. Since first reported by Osborne Reynolds
[1], it has been extended to include effects of three-dimensionality, unsteadiness, turbulence,
non-newtonian fluids and thermal effects 2], 3], Bl [4].

The theory of compressible lubrication in low-pressure gases, i.e., ideal gases corresponding
to the regime seen in Figure was developed between 1950 to 1970 [2, B]. Since then,
gas film lubrication has been successfully used in many applications such as machine tools,
dental drills, navigation systems and high-precision instruments [3]. The advantages of gases
over liquids as lubricants are the obvious reductions in weight for aeronautical and space
applications, compatibility with working fluids in gas and micro-turbines, and a reduction
in fouling associated with oil leaks.

Because the shear viscosities of gases are considerably smaller than those of oils, significant
reductions in the friction losses can be achieved. However, the speeds involved must be
relatively large in order to generate the pressures required to support a given load. As a
result, the flows in gas bearings also tend to be compressible. In order to account for the
compressibility effects, the Reynolds equation is typically coupled with the perfect gas model
[2, 13 5, 4.

Recent studies further extended the theory to supersonic lubrication flows [6], piezoviscous
fluids [7, 8, O] and a variety of bearing designs involving steady and transient films for
specific industrial applications [10, 11} 12, 13]. For example, the NASA Glenn Research
Center established the oil-free turbomachinery program for the development of foil bearing
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Supercritical Fluid

Pe ¢

Dense Gas

Liquid +
Vapor

Ideal Gas

Figure 1.1: Pressure-Volume Diagram for Real Fluid. The state V., p. denotes the thermo-
dynamic critical point. Subscripts ¢ will always denote quantities evaluated at the thermo-
dynamic critical point. V = 1/p is the specific volume.

technology with potential applications to aeropropulsion engines [14] [15].

Interest in high-pressure gases as lubricants has been growing due to the development of
supercritical COy power cycles in the Sandia National Laboratories (SNL) and Southwest
Research Institute (SwRI) in the U.S [16], 17, 18]. The high-pressure gases include those
in the supercritical and dense gas regimes depicted in Figure The motivation for their
study was the potential increases in the efficiency of advanced micro-turbomachinery and
lower capital costs [I7]. This new energy conversion cycle is expected to be applied in many
areas including nuclear [16], geothermal [19] and solar-thermal systems [20, 21].

Supercritical fluids are known to exhibit non-classical behaviors, particularly when the flows
are highly compressible. Singularities and rapid variations of properties of supercritical flu-
ids may limit the validity of the Reynolds equation for lubrication problems. As a result,
in the supercritical and dense gas regimes, the ideal gas model cannot describe the correct
qualitative behavior of the flow, nor can it give accurate quantitative estimates. Unfortu-
nately, previous investigations have not addressed the issue of singular properties and their
effects on the validity of the Reynolds equation or the dynamics in the context of lubrication.
Therefore, the use of pressurized gases as lubricants presents a new challenge in the field of
gas film lubrication.

While the literature on compressible lubrication in low-pressure gases can be dated back
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to 1950, little work on high-pressure gases has been carried out until very recently. An
important example is a series of experiments in pressurized gases initiated by the SNL. Their
experimental results demonstrated the need to consider thermal effects in lubrication flows
[17]. Conboy [22], Kim [23], Dousti and Allaire [24] and Qin [25] have presented versions of
the Reynolds equation for compressible lubrication flows of pressurized gases. Each has used
an equation of state based on the NIST REFPROP database [26]. Guenat and Schiffmann
[27] have used the COOLPROP database [28].

Conboy [22] used a Reynolds equation appropriate for compressible pressurized gases in foil-
thrust bearings. The equation was cast in terms of both pressure and density. Although
the author states that the fluid properties were evaluated based on the local temperature
and pressure, no algorithm for the computation of the temperature was presented. Both
turbulent and laminar flows were considered and curve-fits for the load and loss, based on
the numerical computations, were provided.

Kim [23] has presented a design strategy based on a Reynolds equation for a foil-journal
bearing. The Reynolds equation was cast in terms of pressure and a compressibility factor
averaged across the gap width. The shear viscosity was taken to be independent of pressure.
The pressures were in the dense gas regime, i.e., on the order of half the critical pressure.
In spite of the fact that the flow inertia was ignored, the energy equation included energy
convection.

Dousti and Allaire [24] presented computational results for supercritical gases. The equation
of state was taken to have a linear density-pressure relation. As a result, the Reynolds equa-
tion is invalid for even moderate changes in pressure and density. The effects of turbulence
were considered but no temperature equation was given. For the purposes of comparison to
the incompressible theory, the authors estimated the power loss using the zero eccentricity,
i.e., zero load, formula.

The Reynolds equation used by Guenat and Schiffmann [27] resembles the equation devel-
oped in [29 B0] in that it is a single equation for the density. Guenat and Schiffmann [27]
introduced the bulk modulus in a manner similar to our work. The viscosity was taken to
be constant and no temperature equation was given.

Qin [25] evaluated the inertia effects for foil-thrust bearings by comparing the numerical
results from the full Navier-Stokes equations to those from the Reynolds equation. The full
Navier-Stokes equations were solved by a modified commercial code (referred to as Eilmer)
and the Reynolds equation is solved using a finite difference method. The comparison of these
two equations were only done for a specific thermodynamic state only and the temperature
equation was not considered.

Our review of previous studies has uncovered no detailed justification of the Reynolds equa-
tion for pressurized gases nor have we found any discussion of the limitations on the validity
of the Reynolds equation. Tt is highly likely that the singular properties of supercritical fluids
would affect the validity of this important canonical equation. In addition, many previous
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investigations are inconsistent in their simultaneous flow and thermal modeling, although
this may be complicated by their inclusion of turbulence. Finally, we note that there is a
need for a clarification of the physics of compressible pressurized lubricants.

The general goals of this dissertation, therefore, are (1) to establish the form and limitations
on the Reynolds equation for compressible supercritical flows for two commonly encountered
configurations, (2) to examine the flow dynamics and to identify and describe any new
physics arising in the supercritical or dense gas regime, and (3) to derive simple, explicit
formulas that can illuminate the physics by revealing the dependence of the flow on the
key bearing parameters and fluid properties. The approach adopted in this dissertation is
through systematic analysis, numerical calculations, and the development of simple, explicit
approximate formulas for the dynamics.

The work presented in this dissertation is organized in five standalone manuscripts that
appear as five chapters. Starting with Chapter [2 we carry out a systematic derivation
of the two-dimensional compressible Reynolds equation and its corresponding temperature
equation. We also delineate the restrictions on and regions of validity of these equations for
high-pressure gases. We identify the key parameter that controls the behavior of lubrication
flows of high-pressure gases; we term this parameter as “effective bulk modulus”.

Based on the theory derived in Chapter [2, in Chapter we develop a simplified model
to examine two-dimensional high-speed lubrication flows of pressurized gases between non-
concentric cylinders. In Chapter [3| we derive the approximate solutions to the compressible
Reynolds equation and its corresponding simplified temperature equation derived in Chapter
These results include the explicit formulas for pressure, density, temperature and heat
flux in terms of the speed number, film thickness, and material functions, i.e., bulk modulus,
shear viscosity and thermal expansivity.

In Chapter |4 we develop the general expressions for the global parameters including the total
lubricating force and friction loss. The effects of pressurization and compressibility on the
lubricating force and friction loss are also discussed. In Chapter [5] we employ the virial,
i.e., small density, expansions for the bulk modulus and viscosity to derive simple, explicit
formulas of the lubricating force and friction loss for pressurized gases.

In Chapter [6] we apply a systematic analysis similar to that applied in Chapter to a
three-dimensional configuration, i.e., a standard model of a thrust bearing. The resulting
compressible Reynolds equation is found to be a nonlinear elliptic partial differential equation
for the density. A numerical scheme based on the finite difference method is used to solve
this Reynolds equation. We also develop the approximate solutions to the Reynolds equation
for high-speed lubrication flows. In the course of derivation we discovered that the boundary
layers form on three out of the four edges of the flow domain. The equations that governs
these boundary layer flows are derived and compared to solutions of the Reynolds equation.
The core and five boundary layer solutions are combined into a single composite solution
valid over the whole flow regime.
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Chapter 2

Compressible Reynolds Equation for
High-pressure Gases

The contents of this chapter are reproduced from S. Y. Chien, M. S. Cramer, and A. Un-
taroiu. Compressible Reynolds equation for high-pressure gases. Physics of Fluids, 29(11),
116101, 2017, with the permission of ATP Publishing. The published article can be found
at: https://aip.scitation.org/doi/10.1063/1.5000827.
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conceived of the main idea and contributed to the development and implementation of this
work. A. Untaroiu provided access to the commercial code, ANSYS-CFX for the numerical
computations discussed in Section 2.7

Abstract

We derive the Reynolds equation corresponding to steady, laminar, two-dimensional, com-
pressible flows of single-phase Navier-Stokes fluids in a thin gap between a stationary surface
and one translating with constant speed. The thermodynamic state of the fluid is taken to
be in the dense and supercritical gas regime. The equation of state is a well-known cubic
equation, and the shear viscosity and thermal conductivity are taken to depend on density
and temperature. Thermal boundary conditions are taken to include those for constant-
temperature and adiabatic walls. The flow is seen to be governed by both the speed number
and a single thermodynamic parameter referred to as the effective bulk modulus. Numerical
solutions to the Reynolds equation are compared to those of the full Navier-Stokes equa-
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tions. It is shown that the Reynolds equation breaks down in the vicinity of the thermody-
namic critical point. Furthermore, we show that energy convection is negligible whenever
the Reynolds equation is valid which enables us to present new explicit solutions for the
temperature distributions.

2.1 Introduction

Flows in narrow gaps arise in a wide variety of applications including sealing, lubrication,
hydrodynamic scattering of particles, and biomechanics. The canonical equation governing
such flows is the Reynolds equation which, in its simplest form, is written as

d , 5dp dh

dx ( d:z:) =0ub dz’ (2.1)
where h = h(x) is the thickness of the fluid layer, p = p(x) is the fluid pressure, p is the
shear viscosity, U is a measure of the fluid velocities in the main flow direction, and x is the
spatial coordinate in the main flow direction. This equation was first reported by Reynolds
[T] and forms the foundation of lubrication theory. Since that time has been extended
to include the effects of three-dimensionality, unsteadiness, non-newtonian fluids, turbulence,
and thermal effects [2] (5] [].

Implicit in the derivation of (2.1) and many of its generalizations are two key restrictions.
The first is that the fluid layer be thin compared to the length scales associated with the
variations in the main flow direction and the second is that the reduced Reynolds number

[6] be small, i.e.,
2

ho h?
7 < 1 and Reﬁ <1, (2.2)

where h, is a measure of the thickness of the fluid layer, L. is a measure of the length scale
of the variations in the main flow direction, and Re is the Reynolds number based on L and
U. The second of is equivalent to a small Reynolds number approximation and permits
the neglect of the effects of inertia relative to the pressure and viscous forces.

Recently there has been considerable interest in the replacement of highly viscous liquids
as lubricants by gases. The motivation for this replacement is the obvious reduction in
weight for aeronautical and space applications, compatibility with working fluids in gas and
micro-turbines, and a reduction in fouling associated with oil leaks. For example, NASA
Glenn Research Center has established an oil-free turbomachinery program with potential
applications to aeropropulsion engines [I2]. In recent years, more studies led by Sandia
National Laboratories (SNL) in the U.S. have focused on the development of closed-loop
Brayton cycles for nuclear power systems using supercritical carbon dioxide (COj) as a
working fluid |11}, 13} [T4]. The motivation for their study was the potential increases in the
efficiency of advanced micro-turbomachinery and lower capital costs [13]. Supercritical COq
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cycles have also been applied in other areas including those involving geothermal [15] and
solar-thermal systems [16], [17].

Because the shear viscosities of gases are considerably smaller than those of oils, significant
reductions in the friction losses can be achieved. However, the speeds involved must be
relatively large in order to generate the pressures required to support a given load. As a
result, the flows in gas bearings also tend to be compressible. Many previous studies on
low-pressure gas bearings used the perfect gas model. However, in the supercritical and
dense gas regime the perfect gas model is no longer valid and, in some cases, can not even
provide the correct qualitative behavior.

Experimental studies on gas bearings in the dense gas regime include those carried out at
the SNL. These experiments clearly demonstrate the need to consider thermal effects [13]
in lubrication flows. Conboy, et al [20] examined the role of turbulence using an isothermal
model[I9] and an equation of state based on the NIST REFPROP database [18]. Kim
[21] and Dousti and Allaire [22] also presented computational results based on a modified
Reynolds equation.

The goal of the present study is to provide a detailed derivation of a Reynolds equation
valid for compressible flows in most of the supercritical and dense gas regime. In addition,
we present new explicit solutions for the temperature distribution; use of the latter can
significantly reduce the computational complexity and effort when thermal effects are of
interest.

It is shown that the compressible form of the Reynolds equation is no longer valid when
the thermodynamic state is in the vicinity of the thermodynamic critical point. In the
near-critical region, the singularities in the specific heat at constant pressure, the thermal
expansion coefficient and the Prandtl number cause the flow properties to vary across the
fluid film and the energy convection to be non-negligible.

In the next section we describe our gas model and illustrate the behavior of these critical
parameters. In Sections [2.342.5] we outline the derivation of the Reynolds equation and
associated temperature equation valid over the bulk of the pressurized gas regime. In Section
[2.6| we discuss the breakdown and region of validity of our results. In Section 2.7 we compare
our results to detailed numerical solutions to the Navier-Stokes equations.

2.2 Gas Model

In this study we focus on flows which correspond to pressurized, rather than ideal, gases
including those occupying the supercritical gas regime. The general regimes of interest are
indicated in Fig. 2.1} In all that follows, we consider only single-phase fluids so that the fluid
is specified by equation of state

p=pp,T), (2.3)



Ssu-Ying Chien Chapter 2. Compressible Revnolds Equation 11

Superecritical Fluid

Pc ¢

Dense Gas

Liquid +
Vapor

Ideal Gas

Figure 2.1: Pressure-Volume Diagram for Real Fluid. The state V., p. denotes the thermo-
dynamic critical point. Subscripts ¢ will always denote quantities evaluated at the thermo-
dynamic critical point. V = 1/p is the specific volume.

where p > 0 is the fluid density, T > 0 is the absolute temperature, and the ideal gas or
zero-pressure specific heat at constant volume, i.e.,

Cooo = Cooo(T) = lim ¢, (p, T), (2.4)
p— 0
where o 2yl d
p| ap
v — Cy >TEvooT_T By 2.5
c=elp ) = e =T [* 52| 25)

is the actual specific heat at constant volume. As p — 0, the pressure approaches that of an
ideal gas. At small values of the specific volume V = 1/p and the supercritical temperatures,
i.e., T > T, the pressure typically becomes singular, e.g.,
f(T)
~ , 2.6
P~ (2.6)
where f(T) is some function of temperature and b is a measure of the molecular excluded
volume. When V & b, it can be shown that the fluid becomes stiff with large sound speeds
and a vanishingly small thermal expansion coefficient. The focus of the present study is on
the supercritical and dense gases regimes. The singularities in the liquid-like regime, i.e., V
~ b, will be ignored in all that follows.
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At the thermodynamic critical point, pressure is taken to satisfy

op|  p

T

although some gas models impose constraints on higher derivatives. In this regime, small
isothermal changes in pressure yield large changes in the specific volume and density, i.e.,
the fluid is extremely compressible. Near the thermodynamic critical point,

T op

o] =00 (2.8)

p

If we expand (2.3)) in the vicinity of an arbitrary reference state V, ~ V., T, = T, we find
that the lowest order approximation for p(p,T) is

Op Op 1 9% 2
— Px e T_T* ~t - Vi = At - Vi
p p+an( )+8VT(V V)+28V2T(V Vi)
1 &p
+ 5 aps| (V=V)P OV =W, (2.9)
6 0V3|,
where all partial derivatives in (2.9) are evaluated at (V,, T.) and we have taken (2.8)) and
V Op V-1
il =o(1 2.10
Car| o) = (210
V2 9%p V-V,
T c
V3 a3p
T
T-T. A
T = ( 7 ) =o(1) (2.13)

in the near-critical regime. Thus, near the critical point, the pressure perturbations can
be taken to be linear in the temperature perturbations and cubic in the specific volume or
density perturbations.

In the course of our analysis, several thermodynamic parameters play a key role. These
parameters include the thermal expansion coefficient or thermal expansivity

1 0p
= T = ———— 2.14
and the bulk modulus
op op pa?
_ T) = V= ==/ >0 2.15
K)T 'L{':T (p7 ) pap T av T ,-)/ > ? ( )
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a:a(p,T)EHg—]; (2.16)

is the thermodynamic sound speed and s = fluid entropy. The quantity v = v (p,T) =
¢p/ ¢y 18 the ratio of specific heats and ¢, = ¢,(p,T) is the specific heat at constant pressure.
Because the flow is both viscous and compressible, the Griineisen parameter

Ba*  kpf 1 Op v—1
Gl =Y kb 2 Opy Y=
G =Gp.T) Cp pco  pc, 0T, BT

where

(2.17)

will naturally arise. The specific heat at constant pressure is typically calculated from the
last of (2.17)) combined with (2.5)), (2.14]), and the equation of state (2.3).

In the limit of p — 0, it is easily verified that § — 1/T, kK — p, and G — v — 1.
When we take the limit V.— b, k7, p, and G, all become unbounded. In the near-critical
region, both ¢, and G are bounded and non-zero, and

2
KT = D O(%) — 0, (2.18)
T ap V-V.\""

¢ ¢ BT Op BT Op V-v.\"
R~ R pROT| "~ pROT|, V., OO (2:20)
where R is the gas constant and the last of (2.17) has been used. Thus, any theory of
lubrication involving dense or supercritical fluids must take into account the singularities in
the specific heat and the thermal expansion coefficient.

In order to give an explicit illustration of the physics, we employ a well-known cubic equation
of state, viz., the Redlich-Kwong-Soave (RKS) equation. While more accurate and signifi-
cantly more complex models are available, the RKS equation is reasonably accurate for the
purposes of the present study and, more importantly, gives the correct qualitative behavior
of all real gases. The details of the RKS equation and models for the ideal gas specific heat
can be found in Reid et al.[7]. The isotherms of CO; corresponding to the RKS equation
have been plotted in Fig. for temperatures T > T.. The molecular weight, properties
at the thermodynamic critical point, and acentric factor of CO, can also be found in Reid
et al. [7]. The cubic nature of the isotherms near the critical point and the singularity in
the liquid-like region is clearly seen in Fig. The specific heat at constant pressure and
thermal expansion coefficient are plotted in Fig. and Fig. 2.4] respectively. In each plot
the T = T. curves become unbounded at V = V.. Although 87" < 1 in the liquid-like region,
i.e., V & b, its value increases rapidly as V increases becoming O(1) over most of the p-V
diagram and large near the thermodynamic critical point. Thus, lubrication theories based
on the assumption of negligible thermal expansion are strictly only valid for liquids.
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Figure 2.2: Isotherms of COy Using the RKS Equation of State.

The viscosity and thermal conductivity models were taken to be those of Chung et al [24] 25].
The Chung et al.[24], 25] shear viscosity model was found to have excellent agreement with
the experimental data recorded by Reid et al.[7]. The shear viscosity using this model is
plotted in Fig. [2.5]for CO,. Near the critical point, the variations of x4 with both temperature
and specific volume are seen to be mild.

The thermal conductivities are found to have a similar variation and the details are omitted
in order to save journal space.

We may now combine our viscosity and thermal conductivity models with the expressions
for the specific heat to compute the Prandtl number

pr=H% (2.21)

k
where k = k(p,T) is the thermal conductivity. The Prandtl number is plotted in Fig. The
shear viscosity and thermal conductivity are bounded and have roughly the same variation
with specific volume as each other, even near the critical point. The singularity in Pr is
solely due to the singularity in c,. Thus, the near-critical singularity in the Prandtl number
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Figure 2.3: Specific Heat at Constant Pressure of CO,. Equation of state is the RKS equation
and R is the gas constant.

is the same as that for ¢, and 8T, i.e.,

AN

Pr=0 ) 2.22
() 2

This contrasts with the situation involving liquid oil, where the specific heat takes on values
roughly equal to those in the ideal gas limit. In oils, large Prandtl numbers are due to the

relatively large values of the shear viscosity.

2.3  Formulation

In order to examine the physical effects in the simplest possible context, we consider a
two-dimensional, steady, single-phase, laminar flow in a thin gap corresponding to the con-
figuration sketched in Fig. The body force and volumetric energy supplies are taken to
be zero. A Navier-Stokes fluid is contained in the region 0 < x < L and 0 <y < h(x). The
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20

Figure 2.4: Thermal Expansion Coefficient of CO,. Equation of state is the RKS equation.

function h(x) is selected to correspond to a typical journal bearing,

h(l’) = hg

1+ 25sin? (%)] , (2.23)

where hy = h(0) is the minimum value of A(z) and § > 0 is a nondimensional amplitude
which can be associated with the bearing eccentricity. However, the only restrictions relevant
to the approximation scheme described here are the first of (2.2). The upper surface, i.e.,
y = h(zx), is at rest and h(z) varies with the length scale L. The lower surface, i.e., y = 0, is
translating with constant speed U in the positive x-direction. For convenience, we refer to
the upper and lower surface as the stator and rotor surfaces, respectively. Thus, the no-slip
and kinematic boundary conditions require

v, =U,v,=0aty =0, (2.24)
v, = v, =0 at y = h(z), (2.25)

where v, and v, are velocity components in the x and y directions. In Section we
take all physical variables to have identical values at x = 0 and x = L. Thermal boundary
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Figure 2.5: Shear Viscosity of COy vs Specific Volume. Viscosity model is that of Chung et
al.[24] 25].

conditions will be taken to be those for an adiabatic wall at either y = h(x) or at y = 0 with a
fixed known temperature at the non-adiabatic wall. Constant-temperature walls will also be
considered. In this case, both upper and lower surfaces are taken to have fixed temperatures.

Under these conditions, the nondimensional Navier-Stokes equations can be written

Oup) | 9(vp)

=0 2.26
ot oy ’ (2:26)
W2 —  0p 0T, K0T
Reﬁ pVv-Vu-+ i a5 + T2 o7 (2.27)
ne = op h2 (0T, T,
Mo — = £ _ o 2.2
Re—5pV VU+8@ L2<8§ + o7 ) (2.28)
o _—_ o (-9T\ no (-oT o
Re§ Prpe,v-VT = o <k8—y> + 5o (k%> + PrEc(® + pTv-Vp), (2.29)

where T = z/L, §j = y/ho, u = v, /U, v = v,L/Uhy. The thermodynamic pressure, density
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Pr

Figure 2.6: Prandtl Number of CO, vs Specific Volume. Viscosity model is that of Chung
et al. |24 25] and equation of state is the RKS equation.

and temperature are scaled as follows

h% 1% — T — Tref
P=(p—pref)——=, p=—,and T'= ———, (2.30)
et /LrerL Pref AT
where the quantity AT represents a measure of temperature differences occurring in the
flow. Throughout this study, the subscript “ref” denotes constant reference values, typically
selected to be the values of quantities evaluated at x = 0. The shear and second viscosities,
specific heat at constant pressure, and thermal conductivity are scaled as follows:

o= M/:u?"ef’ A= )‘/Mref’ Cp = Cp/cprefv k= k/kTEf (2'31)

where ) is the dimensionless second viscosity. It is well known [8, @, 10] that the bulk and
therefore second viscosity of COs can be thousands of times larger than the shear viscosity.
However, the flow examined here is quasi-parallel and we will require that

— <1 (2.32)
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Figure 2.7: Configuration Corresponding to the Reynolds Equation.

which allows us to ignore any effects of a large bulk viscosity.

The Reynolds number Re is based on fi,cf, pref, U and L. In all that follows, the Prandtl
number Pr is based on the reference values of the shear viscosity, thermal conductivity, and
¢p. The Eckert number is given by

U? M.,
Ec= Sl ¥e 2 2.33
C T s AT BAT D (2.33)

where the Mach number is based on U and the reference thermodynamic sound speed a,y.
The quantity @ is the viscous dissipation defined as

® = tr(T(Vv)), (2.34)

where "tr" denotes the trace, the superscript "T" denotes the transpose, and T is the
stress tensor having Cartesian components T,,, T,,, T,,, etc. The components of the
nondimensional stress tensor and the viscous dissipation in (2.27)-(2.29) are related to the
physical components T,,, T,,, Ty, and ® by

_ L _ ho _ L
T — —T:L":L"; Ty =—-+1, , = ——71, , 2.35
MTer Y ,U/TEfU Y vy ,U/Ter vy ( )
and
— h2
d=—>2-0 (2.36)

,ureflj2 '
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The mass, momentum, and energy equations — are exact. We now regard all
quantities with an overbar as being O(1). In many derivations of (2.1]), the restrictions
are regarded as sufficient to guarantee its validity. However, because the flow is compress-
ible, thermal effects and thermal expansion can play a significant role and can lead to a
breakdown of the Reynolds equation. The effect of thermal expansion can be measured by
the nondimensional product SAT. When one or the other surface is taken to be adiabatic,
the temperature differences are not imposed but are determined by the flow dynamics. In
this case, the scaling for the temperature difference AT can be taken to be

U2

Cpref

AT = Pr. (2.37)

If the temperature at the upper and lower surfaces are prescribed constants, we will require
that the prescribed temperature difference satisfies AT = O(M?,; Tyey). In the next section
the Mach number will be required to be small so that the temperature difference in this case
is required to be

AT
=0(M%,) < 1. (2.38)
Tref !
Thus, when one surface is adiabatic,
a’ . U2
BAT = —" = Pr = O(G,ey M2, Pr) = O(MZ; Pr), (2.39)
Cpref aref

everywhere outside of the liquid-like regime. When the wall temperatures are prescribed
BAT = O(ﬁrefTrefoef)- (240)

Because Pr = O(5T) = O(y) and G = O(1) at all pressures and temperatures outside of the
liquid-like regime, our restriction on the temperature variations can be taken to be

BAT = O(Bres Trey M2y) = O(Pr MZy) = Of3es M2y) < 1 (2.41)

for both types of boundary conditions used here. We note further that the product Pr Ec
appearing in (2.29)) can be taken to be 1 when one wall is adiabatic and O(G,cf Pr/BcfTres)

= O(1) when (2.38) is imposed.

2.4 Compressible Reynolds Equation

In this section, the pressures and temperatures are taken to be outside of the near-critical
region so that Pr, ¢, 7, and ST = O(1). We now apply the restrictions (2.2)) to obtain the
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following approximations to the momentum equations:

op 0 [ _du h2 R
p Wi oR2 B2

The solution to (2.43)) indicates that the pressure variation across the gap is essentially
negligible, i.e, p =~ p(x), and the x-momentum equation (2.42) can be integrated at least
once.

In order to evaluate the density variation in the lubrication flow, we now write p = p(p,T)
and we can therefore write

@ _ 7 Mref
a?

" ! dp — BATAT. (2.44)
Re

7D

The density changes are due to both pressure and temperature changes. Inspection of ([2.44))

reveals that changes in density due to pressure will be proportional to leé , whereas changes
Re

2
in density due to thermal expansion will be proportional to :
2 M?"ef
BAT = O(PrM;,;) < 7R R (2.45)
L2

where (2.2)) and (2.41]) have been used. The variation of the density in the main flow direction
is
1@ _ Y ref ap
poT pa Reﬁ—o oz

+O(Pr Tef) (2.46)

In order that the flow be compressible we require that

h2

Mref O(Re L2) o(1). (2.47)

Thus, our constraint on M,.s used in (2.38)) is seen to be consistent. Because v = O(Pr), we
have

laﬁ ’Y ref ap

lad 2.48
poT  pa Re 2 0T (2.48)
even in the near-critical region.
The variation in density across the gap, i.e., in the y-direction, is determined from
10p M2 . Op oT
—L o L gAT (2.49)
poy  pa’ Rels Oy oy
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From (2.43) it is clear that the first term on the right hand side of (2.49) is of 0(72—%) =

O(Pr%) < 1 and the second term is of order Pr M7, = O(Pr Re%). Thus, the density
variation across the gap is given by

19p hZ h2
o O(Pr—3, PrRe=3) < 1, (2.50)

and we can take p = p(T) outside of the near-critical regime. Thus, the mass equation ({2.26))
can be approximated as

J n
%[ﬁ/o udy] =~ 0, (2.51)

where the boundary conditions — have been used and h = h/h,. In general, the
viscosity, thermal conductivity, and bulk modulus all depend on the density and temperature.
We can evaluate changes in the shear viscosity by considering a Taylor series for T ~ T,.;.
When this is done, we find

T) — T, Trer O | AT —
po, T) = pp, Trey) _ Trey Op T+ =0(M%) <1, (2.52)
Href Href or pTref
where we have recognized that
T Ou
——| =0(1 2.53
2 7] = oW (253)

and have used (2.41). Thus, u(p,T) =~ p(p,T,es) and we can regard the variation of viscosity
as being due to density only. When the flow remains outside of the near-critical region
the density is approximately constant in the y-direction so that the shear viscosity is also
approximately constant with respect to y. A similar analysis can be carried out for the
thermal conductivity, bulk modulus (2.15]), and thermal expansion coefficient to show
that these quantities are, to the lowest order, constant in the y-direction.

The Reynolds equation may now be derived by integrating the x-momentum equation ([2.42))
twice and by using the boundary conditions (2.24))-(2.25]) we find that

Ldp (o +— Y
= — = (7 - 1—=. 2.54
Y 2n dx <y hy>+ h (2.54)

Substitution of (2.54) into the mass equation (2.51)) and integration in 7 yields

4 (iﬁ) ~ ¢4Ph), (2.55)

iz \ 7 dz dz

Examination of (2.46)) reveals that we may regard the x-variations of p as being proportional
to the x-variations of p. Thus, we may write
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dp ~ /{T(pv Tref) dp 2
&~ R o) (2.56)

so that the nondimensional form of the Reynolds equation for compressible flows becomes

d (—s_ dp d(ph)
df( iTe dT) az (2:57)
where
ﬁT(pa Tref)
Kre = Kre(p, Tref) = ————, 2.58
7e = #re(p Tres) 11(p, Trey) (258)
ET@ = KZT@(p’ Tref) = KTe(p’ TTef)? (2'59)
RTe (pref7 Tref) RTe }ref
6UL vef M7,
A= _ g2t s (2.60)
hg/{Te‘ref Re%

The quantity sr. will be referred to as the effective bulk modulus and gives a measure of
the effective stiffness of the fluid in lubrication flows. Alternatively, it gives a measure of the
relative strength of compressibility to the influence of friction on the flow. The quantity A
is frequently referred to as the speed number and, in the lubrication literature, is regarded
as a measure of flow compressibility. This is consistent with the interpretation of the ratio
M7/ Reﬁ—z’ in Section . The scaled version of effective bulk modulus has been plotted in
Fig. 2.8 As V. — o0, ire — p/11(0,Tyey). At the thermodynamic critical point the bulk
modulus vanishes and x7. therefore does as well.

Solutions for compressible lubrication flows are obtained by integrating for the density
once the equation of state and viscosity model are specified. The pressure is then determined
through use of the equation of state. We can recover the results for incompressible flow by
setting p = @ = 1 in . We recover the equation for ideal gases by recognizing that
kr — p — pRT and p — p(T) only in the ideal gas limit. If we employ the same
approximations found in Section [2.4] we find that can be approximated as

d (+s_dp d(ph)
a@ 9P\ o 22 2.61
df(h pdf) az (2:61)

Thus, in the case of ideal gases, the solution for density and pressure will be independent
of the reference thermodynamic state except through the speed number. This fact contrasts
with situation for non-ideal gases, e.g., dense gases or supercritical fluids, where the behavior
depends both on the thermodynamic state through x7. and the speed number. Result
is in complete agreement with the ideal gas formula given by Szeri [4].
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Figure 2.8: Effective Bulk Modulus of COy vs V/V,.. Viscosity model is that of Chung et

al.[24) 25] and the gas model is the RKS equation. Here pg = po(T) is the ideal gas (V
— 00) value of p.

2.5 Temperature Variation

We now apply the approximations ({2.2)) to the energy equation (2.29) to obtain the simplified
temperature equation:

o (-0T\ — dp hy  hy
o <k3_y> = —PrEc(® + ﬂTu%) + O (Pr Reﬁ ’ﬁ) : (2.62)
where )
DT (‘;—;) . (2.63)

Inspection of (2.62) reveals that the temperature field is determined by a balance of con-
duction in the y-direction, viscous dissipation, and flow work. Thus, when Pr = O(1), i.e.,
outside of the near-critical region, any self-consistent theory must neglect energy convection

whenever the inertia is neglected. Result (2.62) is in complete agreement with the simplified
temperature equation given by Gross, et al|3].

In Section we have already shown that the shear viscosity, thermal conductivity, and
thermal expansion coefficient can be taken to be functions of p(Z) and T..s. If we also
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recognize that T ~ T,.s, then the simplified temperature equation (2.62)) can be integrated
explicitly at each value of Z. The only functions of 7 will be those introduced by (2.54) and
its derivative.

We first consider the case where both stator and rotor surfaces have a prescribed temperature,
i.e., T =Tk = constant at y = 0 and T' = Ts = constant at ¥ = h(Z). It is easily shown
that the resultant solution to (2.62)) is

T —-Tg Y| K Co
AT rBer Tt @ Tl

Y y
=3+ (2.64)

“=da T A a0 (269)
c1 =262+ BT) = ¢1(7), (2.66)
co = —2¢o(1+¢o)(2+ BT) = 2(T), (2.67)
c3=1+2(1+BT)cy+ i = c3(T), (2.68)
so that is rewritten as
v L) (2.69)

UZCO_—Q—(1+00)
h

We note that the terms that proportional to the factor 57" in (2.64)-(2.68)) represent the
contributions due to flow work while the remaining terms are those due to viscous dissipation.

If the stator surface, i.e., the § = h surface, is specified as an adiabatic wall and the rotor
surface has a fixed temperature Tg, integration of (2.62)) yields
C2

€1 Y 7 y
2a-5)+26-Drae-D) (270

where we have used (2.37). Finally, if we take the rotor to be adiabatic and 7' = Ts at § =
h, we then find

T'—Ts RS 7 o Ik 7’
o=k aa-Dy e 2a-Hran- L),

(2.71)
T k|6 h h h

We note that the scaled temperature distributions will depend on the material functions
PT%7 ETev 6T7

and, for (2.64), Ec. The first material function is recognized as the local Prandtl number for
constant specific heat ¢,. In many flows where the Reynolds equation and our energy
equation @I} is valid, the variation of the ratio Pr ﬁ/% with density is small. For such
flows the primary influence of the shear viscosity on the temperature variation is through
the effective bulk modulus &r..
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2.6 Near-Critical Region

In Sections the pressures and temperatures were taken to be sufficiently far from the
near-critical region. When T &~ T, and V &~ V,, the Reynolds equation (2.57) and simplified
temperature equation are no longer valid due to the singularities in 8T, c¢,, and Pr.
Inspection of reveals that the pressure will remain nearly constant across the gap, i.e.,
in the y-direction. Because Re(hg/L)? is independent of the near-critical singularity, the flow
inertia can remain negligible in the near-critical region. In the near-critical region Pr > 1
and inspection of reveals that the convection of energy is no longer negligible when

hg
PrReﬁ = O(1). (2.72)

From (2.49), it can also be shown that the variation in density in the y-direction will no
longer be negligible, i.e.,

10p

7 0y
Although the dependence of viscosity on temperature remains negligible, the variation of
density with y will imply x = p(x,y) and the simple integration of the x-momentum equation
is not possible. Thus, the Reynolds equation (2.57) is expected to give a poor approximation
to the flow behavior in the near-critical region.

O(1). (2.73)

The region of validity of the theory presented here can be estimated by making use of the

expansions (2.9) and (2.22). In particular, (2.72) is satisfied if

_ 2
VvvczO(\/Re%) (2.74)

_ 2\ 3/2
0 Tc:O(Re@> : (2.75)

LQ

2.7 Numerical Results

To solve the compressible Reynolds equation (2.57) we impose boundary conditions p(0) =
p(1) =1 and employ a two-point boundary value solver coupled with the gas models described
in Section 2.2l Once the density and pressure distribution is obtained, we calculate the

temperature variations for each thermal boundary condition using (2.64)), (2.70), and (2.71)).

Numerical solutions to the compressible Reynolds equation (2.57)) and simplified temperature
equation (2.62) will be compared with the numerical solutions to the exact Navier-Stokes
equations and the total energy equation obtained using the commercial code, ANSYS-CFX,
in which the velocity-pressure coupling and overall solution procedure are based on the
coupled solver. The gas models described in Section [2.2|are employed in the CFD calculation.
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Figure 2.9: Scaled Density vs x/L. Here V(0) = V(L) = 4.8 V., T(0) = T(L) = 1.05 T..

The fluid domain sketched in Fig. is discretized using structured mesh with hexahedral
elements. In order to demonstrate grid independence, we compared the simulation results
of grids of 10, 15, 20 and 25 elements across the gap with 315, 635, 1250, and 2500 elements
in the main flow direction. Grid convergence was achieved with the grid of 15 x 1250 which
results in 0.1% difference in maximum density when compared to the grid of 25 x 2500.
The iteration convergence criteria requires the averaged residuals for mass, momentum, and
energy equations to be smaller than 10~7 and the variation of the resultant force on the rotor
and the maximum temperature inside the flow domain to be less than 1% per 200 iterations.

We first compare solutions of the Reynolds equation to those of the isothermal Navier-
Stokes equations, i.e., solutions to the mass and momentum equations where the constraint of
the energy equation is replaced by the condition of uniform temperature. A re-examination
of the discussion of Section shows that solutions to the Reynolds equation will agree with
the isothermal Navier-Stokes equations if the flow inertia is negligible. We also include the
numerical solutions to the full Navier-Stokes equations for each thermal boundary condition
discussed in Sections|2.3|and In the remainder of this study we take the channel sketched
in Fig. 2.7 to be given by h,/L = 2.251x107°, § = 2.536, and U = 62.832 m/s. The fluid
will be taken to be CO4 and the gas models discussed in Section are used. Unless stated
otherwise, T(0) = T(L) = 1.05 T..
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Figure 2.10: Pr Re(h/L)? vs x/L for Adiabatic Rotor on y = h(x)/2. Reduced Reynolds
number and Pr are based on the local values of p, i, h, v, and a fixed value of L. T(0) =
T(L) = 1.05 T..

The first case to be considered is that where the specific volume at the entrance and exit is
V(0) = V(L) = 4.8 V.. The pressure at these points is found to be approximately 40 bar so
that the thermodynamic state can be regarded as that of a dense gas or, because T > T, a
slightly supercritical fluid. The scaled density distribution for this case is plotted in Fig.
The agreement between the Reynolds equation and each of the Navier-Stokes simulations is
excellent.

In Fig. we have plotted the local values of Pr Re(h/L)? along the mid-surface, i.e., at
y = h/2, for an adiabatic rotor. Because Pr & 1 for this case, the magnitude of Re(h/L)?
is roughly the same as that of Pr Re(h/L)?. Both the reduced Reynolds number and Pr
Re(h/L)? are small on the centerline. Inspection of the detailed numerical solutions re-
veal that these parameters remain small everywhere in the flow. These observations are
completely consistent with the degree of agreement seen in Fig.

The temperature variations for the flow corresponding to the density distribution of Fig.
are plotted in Fig. for thermal boundary conditions corresponding to an adiabatic rotor,
an adiabatic stator, and constant-temperature walls. The reference temperature is taken to
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Figure 2.11: Scaled Temperature vs x/L. V(0) = V(L) = 4.8 V., T(0) = T(L) = T,y =
1.05 T.. Lines denote results from the full Navier-Stokes equations and symbols denote the
solutions to and (2.71)), (2.70)), and (2.64)). Results for the adiabatic rotor are denoted
by [J and == results for the adiabatic stator are denoted by () and ————— , and
results for the constant temperature walls Tp = 1.10 T, Tg = 1.01 T,, are denoted by A
and —-—-—.—-

be 1.05 T,¢¢. The temperatures seen in Fig. are taken to be those along the centerline
so that the curves will not necessarily begin at T = T,.;. We compare the temperature
variations computed from the Reynolds equation and the solutions to the nonconvective
temperature equation discussed in Section to those computed using the full Navier-
Stokes equations. The agreement is again seen to be very good. The temperature variation
is seen to be the strongest for the case of the adiabatic rotor.

The density distributions on the centerline of the channel for the cases of V(0) = V(L) = 2.4
V.and 1.2 V. and T = 1.05 T,s are plotted in Fig. For the case depicted in Fig.
2.12] the local values Re(h/L)? and Pr Re(h/L)? all remain small over nearly all of the flow.
The agreement between and the exact equations is seen to be quite good. In the case
depicted in Fig. differences in the density along the centerline are approximately 20.2%
for the case of the adiabatic rotor. The values of the reduced Reynolds number remain small
over most of the flow. An inspection of Fig. reveals that the local values of Pr Re(h/L)?
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Figure 2.12: Scaled Density vs x/L. Here V(0) = V(L) = 24 V., T(0) = T(L) = 1.05 T..

on the centerline remain small for this case. However, inspection of detailed solutions reveals
that the local values of Pr Re(h/L)? become as large as 1.58 near the y = 0 surface. Thus,
the discrepancies seen in Fig. are due to fact that near-critical effects are no longer
negligible in at least part of the flow regime. The case depicted in Fig. represents a
boundary of the region of validity of the compressible Reynolds equation.

The scaled density and pressure along the channel centerline for the case V(0) = V(L) =
0.6 V. are plotted in Fig. The local values of the reduced Reynolds number
were found to be small over most of the flow. The solutions to the Reynolds equation and
the isothermal Navier-Stokes equations yield pressure and density variations which are in
reasonably agreement with each other. Inspection of Fig. reveals that the values of Pr
Re(h/L)? « 1 for at least the case of the adiabatic rotor. The local values of Pr Re(h/L)? are
also found to be as large as 4.23 on the y = 0 surface. We conclude that both the Reynolds
equation and the simplified temperature equation (2.62)) are no longer valid leading
to the significant differences seen in Fig. and the observed strong dependence on
the thermal boundary conditions used.

We close this section by comparing solutions to the full Reynolds equation (2.57)) to those of
the Reynolds equation corresponding to ideal gases (2.61)). The case considered is that where
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Figure 2.13: Scaled Density vs x/L. Here V(0) = V(L) = 1.2 V., T(0) = T(L) = 1.05 T..

V(0) = V(L) = 2 V. and T, = 1.03 T, and the same values of h,, L, and ¢ as used for
Fig. The speed number used in (2.61)) is based on the ideal gas viscosity evaluated
at T,.y and was found to be 8.03. The speed number used in the full Reynolds equation
(2.57)) was found to be 38.30. The reason for the large difference in the speed number (2.60)
is the difference in the numerical value of the bulk modulus which, at a fixed value of V, is
proportional to the magnitude of the slope of the isotherm, i.e.,

op
v |,

Because the magnitude of the actual slope is considerably less than that of an ideal gas at
the same density and temperature, the speed number computed on the basis of the ideal gas
theory will be less than the dense gas value. The scaled pressure distributions for the two
models are plotted in Fig. The maximum difference was found to be approximately 40%.
The density variations were found to exhibit even larger differences. The variation of scaled
effective bulk modulus for the two models is plotted in Fig. Because kp — p
and p — p1o(Trer) in the ideal gas limit and the flows are isothermal, the variation in the
scaled k7. of an ideal gas is roughly that of the pressure. For the dense gas, the variation of
the scaled k. is qualitatively different. The flow follows isotherms similar to those plotted
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Figure 2.14: Scaled Density vs x/L. Here V(0) = V(L) = 0.6 V., T(0) = T(L) = 1.05 T..

in Fig. At x = 0, the slope of the Kr. vs V/V, curve is positive. Thus, the decreasing
density causes the value of K1, to increase until it attains the local maximum at x ~ 0.08 L.
At the minimum value of density and pressure, the value of K. reaches the local minimum
value seen in Fig. The density and pressure then increase with increasing x/L yielding a
mild increase in K7, until the local maximum is attained at x ~ 0.67 L. This local maximum
in %, is identical to that at x &~ 0.08 L. As the density and pressure increase further, the
value Ky, decreases until the local maximum in pressure and density are attained at x ~
0.97 L which also corresponds to the second local minimum in K.
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Figure 2.15: Scaled Pressure vs x/L. Here V(0) = V(L) = 0.6 V., T(0) = T(L) = 1.05 T..
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Figure 2.16: Comparison of Scaled Pressures Computed from (2.57) and (2.61). V(0) = V(L)
=2V, T(0) = T(L) = 1.03 T,. Solid line denotes the solution to the full Reynolds equation
and the dashed line denotes the solution to the ideal gas version of Reynolds equation.
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Figure 2.17: Comparison of Scaled Effective Bulk Modulus Computed from and
(2-61). V(0) = V(L) =2 V., T(0) = T(L) = 1.03 T.. Solid line denotes the solution to the
full Reynolds equation and the dashed line denotes the solution to the ideal gas version of
Reynolds equation.
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2.8 Summary

In this study we have sketched the derivation of the Reynolds equation and the corresponding
energy equation for two-dimensional, laminar, steady, compressible flows of single-phase
fluids. The viscosity and thermal conductivity are taken to be functions of density and
temperature. The Reynolds equation is seen to be valid for most pressures and
temperatures corresponding to supercritical and dense gases. For a compressible flow, the
classical conditions for lubrication flows, i.e., (2.2), are no longer sufficient to guarantee
the validity of Reynolds equation. We have shown that we must further require that the
temperature changes be sufficiently small as expressed by . When one of the walls
is adiabatic, (2.41)) is satisfied automatically provided ([2.47)) holds. If the walls have fixed
temperatures, we must make the additional restriction (2.38]).

The results of the present theory are expected to be in very good agreement with the numer-
ical solutions to the exact Navier-Stokes equations in most of the supercritical and dense gas
regime. Additionally, we have shown that whenever the Reynolds equation is valid, thermal
convection can be neglected. The resultant energy equation can be integrated explicitly for
the temperature distribution and recovery temperatures, i.e., the temperatures at adiabatic
walls. Our derivation has introduced a single thermodynamic parameter, the effective bulk
modulus, that along with the speed number (2.60), governs the flow. The effective bulk
modulus gives a local measure of the relative importance of the compressibility to the
fluid friction. In the simplest flows of ideal gases, the speed number is sufficient to deter-
mine the flow details. In dense and supercritical fluids, the flow will strongly depend on the
thermodynamic state; this dependence enters the Reynolds equation through the effective
bulk modulus.

We have also demonstrated that the compressible Reynolds equation is no longer valid when
the thermodynamic states are in the neighborhood of the thermodynamic critical point due to
the singularities in the specific heat at constant pressure, thermal expansion coefficient, and
Prandtl number discussed in Section [2.2] Near the thermodynamic critical point, convection
of energy and variations in the density and viscosity across the gap are no longer negligible.
The region in which these near-critical effects occur is given by or, equivalently, (2.74)-
(2.75)).

The estimates given in Section are most conveniently computed using known reference
values. However, our calculations suggest that near-critical effects can occur locally. These
are most likely to first appear near the y = 0 surface where the particle speed is the largest
and for the case of the adiabatic rotor.

We have also compared solutions of the full Reynolds equation (2.57) to its ideal gas version
(2.61). The differences between the solutions seen in Fig. are attributed to the large
difference in the computed speed number and to the qualitative behavior of the effective

bulk modulus (2.58]).
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The general approximation scheme and restrictions used here are expected to hold for a
wide variety of configurations including compressible squeeze films and three dimensional
lubrication flows.
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Chapter 3

Pressure, temperature, and heat flux in
high speed lubrication flows of
pressurized gases

The contents of this chapter are reproduced from S. Y. Chien and M. S. Cramer. Pres-
sure, temperature, and heat flux in high speed lubrication flows of pressurized gases. Tri-
bology International, 129, 468—475, 2019 , with the permission of Elsevier. The pub-
lished article can be found at: https://www.sciencedirect.com/science/article/pii/
S50301679X18304262.

Attribution

The work presented in this chapter was primarily carried out by S. Y. Chien. M. S. Cramer
conceived of the main idea and contributed to the development and implementation of this
work.

Abstract

We present approximate solutions to the compressible Reynolds equation and the corre-
sponding temperature equation which are valid for large speed numbers in the dense and
supercritical gas regime. The flows are taken to be two-dimensional, steady, compressible,
single-phase and laminar. New results include explicit formulas for pressure, density, temper-
ature and heat flux in terms of the speed number, film thickness function, and the material
functions. We have found that the first correction for finite speed number will depend on the
local values of the effective bulk modulus and thermal expansion coefficient. Our approx-
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imations are compared to numerical solutions to the exact Reynolds theory. It was found
that the first order approximation is necessary to obtain realistic pressure and temperature
distributions.

3.1 Introduction

In many applications involving lubrication theory, the Reynolds equation plays a central role.
Since first stated by Osborne Reynolds in 1886 [I], the Reynolds equation has been extended
to include the effects of unsteadiness, turbulence, three-dimensionality, non-newtonian fluids
and thermal effects [2] 5], 4], 3]. While the conditions leading to the Reynolds approximation
are frequently satisfied in many applications, see, e.g., [6, [7, 8, @, 10], further motivation
for studies of the Reynolds equation is that it provides valuable insights into more complex
lubrication flows while in a relatively simple context.

Historically, large viscosity liquids are employed as lubricating fluids. In recent years there
has been considerable interest in the use of both low and high pressure gases as working fluids
[11, 12, 13, 14, 15]. The advantage of gases over large viscosity liquids include significant
weight reduction, elimination of fouling and complications due to phase changes and the
incompatibility with working fluids in power systems. Because the viscosities of gases tend
to be smaller than those of liquid lubricants, lubricating gas flows require larger shear strains
and are frequently compressible.

The theory of low pressure gas lubrication is well established in the literature where the
perfect gas model is coupled with the Reynolds equation to account for compressibility
effects [2, Bl 4, B]. The resulting Reynolds equation in these studies is typically cast as a
nonlinear differential equation for pressure [2 5, 4. [3]. Both numerical and perturbation
techniques are commonly employed to obtain solutions to the Reynolds equation. One of
the first to derive perturbation solutions for low pressure gas films for high and low speed
flows, i.e., large and small speed numbers (or bearing numbers) was Gross [3]. Peng and
Khonsari [16] applied similar approach to estimate the lowest order hydrodynamic pressure
for foil bearings with large speed numbers and ideal gases.

When the thermodynamic state is such that the lubricating fluids are no longer ideal, i.e.,
are in the dense or supercritical gas regimes, one must account for a strong dependence of
material properties on the thermodynamic state and on rapid changes and singularities in
the flow variables. In fact, even the validity of the Reynolds equation must be questioned
in the supercritical gas regime, see, e.g., Chien, et al [I7, [I8]. Previous investigations such
as |19, 211, 20, 22, 23| apply pure numerical schemes to different versions of the Reynolds
equation. These studies account for the real-gas behavior of the lubricating gas through use
of digital table look-ups. For example, studies [19, 2], 20] employed the NIST REFPROP
database [24] and Guenat and Schiffmann [22] used the COOLPROP database [25]. Dousti
and Allaire [23] have modeled the real gas behavior with a linear pressure-density relation,
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but this model is not expected to be valid over the full range of pressures and temperatures
corresponding to the dense and supercritical regimes [26].

Because of the well known singularities in the supercritical gas regime, Chien, et al [I7] have
carried out a detailed justification of the Reynolds equation. Limitations on the Reynolds
equation were given. The corresponding simplified temperature equation was also derived.
Even when the traditional thin film and lubrication approximations are valid, it was shown
that the Reynolds equation and its corresponding temperature equation break down simul-
taneously in the vicinity of the thermodynamic critical point. Solutions to Chien, et al’s
[T7, 18] Reynolds and temperature equation were compared to solutions of the full Navier-
Stokes equations revealing excellent agreement in the stated range of validity of the theory.

The goal of the present study is to develop explicit analytical solutions for density, pressure,
temperature, and wall heat flux for high speed lubrication flows corresponding to a simple
journal bearing. We follow the approach of [19, 21, 20, 22] in that we analyze the Reynolds
equation. In particular, we base our calculations on the Reynolds and temperature equation
derived by [17]. We take the speed (or bearing) number to be large and present the first
correction to the lowest order theory; here the term “lowest order” will typically refer to the
approximation corresponding to an infinite speed number. The advantage of this work is
that the dependence on speed number and thermodynamic state is explicit. The present
work complements the extensive, but purely numerical, previous studies of pressurized gases
[19, 211 201 22] and the perturbation analysis of ideal gases by Gross [3].

In the next section we describe the specific configuration and thermal boundary conditions
to be considered. We take the flow to be sufficiently far from the near-critical regime so that
Chien et al’s [I7] Reynolds equation and its corresponding simplified temperature equation
can be regarded as valid. Exact solutions to Chien, et al.’s [I7] temperature equation are also
presented in Section In Section we present the approximate solutions for density,
pressure, temperature and heat flux valid for large speed numbers. In Section we com-
pare these approximate solutions to numerical solutions of the Reynolds equation and the
corresponding temperature equation. The numerical solutions are generated using realistic
and explicit models for the equation of state, viscosity, and thermal conductivity.

3.2 Formulation

We consider a two-dimensional flow in a thin gap corresponding to the configuration sketched
in Figure This representation is a reasonable representation of a (two-dimensional)
journal bearing if the clearance is small. The flow contained in the region 0 < x < L and
0 <y < h(z) is taken to be steady, single-phase, compressible, and laminar. All physical
variables are taken to have identical values at x = 0 and x = L. The film thickness h(x) is
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y =h(x)

0 U L X

Figure 3.1: Unwrapped Configuration of a Journal Bearing. The y = 0 axis corresponds to
the surface of the rotor and y = h(x) denotes the approximate position of the stator. The
value of x is the distance measured along the rotor surface from the point of minimum film
thickness. The quantity L denotes the circumference of the rotor and U denotes the constant
speed of the surface of the rotor. The fluid is contained in the space 0 <y < h(x), 0 <x <
L. Only x and y variations are considered and all velocity vectors will lie in the x-y plane.

any sufficiently smooth function that satisfies
h(0) = h(L) and —(0) = d—(L) =0. (3.1)
x

A specific form of h(x) which corresponds to a two-dimensional journal bearing having a thin
gap is provided in Section Axial flow is not considered so that solutions are expected
to be valid near the center plane of a long bearing. The upper surface, i.e., y = h(z), is at
rest and varies with the length scale L. The lower surface, i.e., y = 0, is translating with
constant speed U in the positive x-direction. For convenience, we will refer to the upper and
lower surfaces as the stator and rotor surfaces, respectively. Thus, the no-slip and kinematic
boundary conditions require

v, =U,vy=0aty=0, (3.2)
v, =v, =0 at y = h(z),

where v, and v, represent the velocity components in the x and y directions. Thermal
boundary conditions include constant temperature walls where we specify both upper and
lower surfaces with fixed temperatures. We will also consider boundary conditions corre-
sponding to an adiabatic wall at either y = h(z) or at y = 0 with a fixed known temperature
at the non-adiabatic wall.

The Reynolds equation derived by Chien, et al [I7] can be written in non-dimensional form
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as

d <E3ET6 @) _  4h) (3.4)

where T = /L and h = h(x)/ho; here h, = h(0) and is the measure of the thickness of the
fluid film. We take values of quantities evaluated at T = 0 as the constant reference values
and denote these values by the subscript “ref”. We denote the fluid density by p so that
P = p/pres is the scaled density. The bulk modulus of the fluid is

op
kr = kr(p,T) = p 5=
r=rrpT)=py

; (3.5)
T
where p = p(p,T) is the thermodynamic, i.e., absolute, pressure and T is the absolute
temperature. Chien, et al [17] have defined

RT(p7 T)
1(p, T)

as the effective bulk modulus. Here u(p,T) is the shear viscosity. The scaled version of the
effective bulk modulus appearing in (3.4) is defined as Rre = Kkre/Krelres. In [17], Chien, et
al have shown that T ~ T,.s for the purposes of solving (3.4)) so that

Kre = Kre(p, T) = (3.6)

/{Te(pa Tref)

Fre & 3.7
4 HTe(pTefa Tref) ( )
whenever (3.4) is valid.
The quantity A is the speed number introduced by Chien, et al [I7] and is given by
UL
AN=6——-—. 3.8
thTe‘ref ( )

This version of the speed number is found to be the most natural and convenient form of
the speed number for studies of dense and supercritical fluids. The speed number gives a
measure of either the speed or the overall compressibility of the flow. The effective bulk
modulus, on the other hand, gives a measure of the local fluid stiffness to the local fluid
friction.

Chien, et al [I7] have shown that the Reynolds equation (3.4)) is valid when the thin film
and lubrication approximations are valid, i.e., when

h2
hoe < L and Re—2 < 1,
12
where Re = p,cfUL/1,e¢ is the Reynolds number. When the temperature is fixed at the
surface of rotor and stator, the product of the temperature difference and thermal expansivity
is required to be sufficiently small. The Reynolds equation is then valid for all thermodynamic
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states in the single-phase regime except those very near thermodynamic critical point. For
the present purposes, the near-critical region was found to be

b 2 1/2
’ . ‘=0 ReL—; <1,
3/2
T-T, h?
‘ T =0 (ReL—;) < 1.

Here the subscript “c” denotes quantities evaluated at the thermodynamic critical point.

The density distribution is found by solving (3.4) subject to the boundary conditions

7(0) = 5(1) =1 (3.9)

once the models for the shear viscosity p(p,T) and thermodynamic pressure p = p(p,T) are
specified. This two-point boundary value problem is solved for p(Z) through use of a straight-
forward shooting method. The pressure distribution is then determined by substitution into
the equation of state, i.e., p = p(p,Tyes)-

The first integral of (3.4]) subject to (3.9) will be convenient later in this study. This first
integral is found to be

ph=1+ i (E Fre— — —(0)). (3.10)
Here we have used (3.1)), (3.9), and the fact that Rr.(1) = 1.

The temperature perturbations are determined from the energy equation. Chien, et al [17]
have shown that energy convection in gases is negligible whenever (3.4]) is valid. The non-
dimensional form of the resultant temperature equation can be written:

ou\’ dp
_(0u 7,4
“(8@) =

O*T PrEc

57 =T : (3.11)

where T = (T — Tyey) /AT, k = k/kyes, and Ec = U?/c,,.;AT is the Eckert number. The
quantity AT represents a measure of temperature differences occurring in the flow and will
depend on the specific boundary conditions used. The quantity k = k(p,T) is the thermal
conductivity, ¢, = ¢,(p,T) is the specific heat at constant pressure,

pr = Hrefret. (3.12)
kref

is the Prandtl number evaluated at the reference state, 3 is the thermal expansion coefficient,
and u is the scaled x-component of the particle velocity found to be

u@j%:%::O—AﬁO(l—%), (3.13)
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where the factor A is defined as

. 1dp 3Fp.dp
AF) = & _ 2T dp
=@ 27 &

(3.14)

We note that T ~ T,.; for the validity of and 1} and i, k and 3T were shown
to be functions of p(z) and T,.; only whenever and are valid in [I7]. As a
result, we can integrate explicitly at each value of ¥ and the only functions of 7 on
the right hand side of will be those introduced by u and its derivatives. Inspection of
(3.11)) reveals that the temperature perturbations are determined by a balance of conduction,
viscous dissipation, and flow work.

We have obtained solutions to (3.11)) for three commonly encountered thermal boundary
conditions. When both stator and rotor surfaces have prescribed temperatures, i.e., T'=Tg

= constant at ¥ = 0 and 7' = T = constant at 7 = h(T), the temperature variation is then
found to be

_ 73 _ =3 722 7= y
=T (B = 7%) + aa(B” — %) + as(h — )| + = (3.15)
where AT = Tg - Tg for this case, and the factors
1
2 Al —
g = _g%‘(w +2) (AR + 1), (3.17)
I [ ,2
0= 25+ AR [Ah +25T+2] (3.18)

We now differentiate (3.15)) to obtain the scaled heat flux at the rotor and stator surfaces.
The results are

PrEc

— — ok
qy = [alhg + O[QhQ + Oégh] - =, (319)
§=0 h
. PrEc -3 —2 = k
5| =5 [Salh 420k’ + agh] - (3.20)
where _
— 0T ho
=-k—=—— 3.21
qy ay krefA qy’ ( )

and q, is the dimensional y-component of the Fourier heat flux vector.

If we take the stator surface, i.e., 7 = h, to be adiabatic and the rotor surface to have a fixed
temperature Tg, we then find

T-T, Pr =3_ _ 2 T
= T |y - ')+ a2(3hF — 7°) + as(2hy — yz)] : (3.22)
2¢pref



Ssu-Ying Chien Chapter 3. Large Speed Number Approximation 47

At the stator, i.e., 7 = h, the temperature is defined as the adiabatic wall temperature T4

and is given by
Tad — TR Pr

T i <3a1h + 2a0h +a3h) (3.23)

2¢pref

where 1 is referred to as the recovery factor, i.e., a non-dimensional version of the temper-
ature at an adiabatic wall. At the rotor, i.e., 7 = 0, the scaled heat flux is

y

— <2Oélﬁ3 + ;OQEQ + Oégﬁ) y (324)

7=0
where we have used (3.22) and taken the temperature scaling to be AT = U2Pr/cypes-

Finally, when the rotor surface, i.e., 7 = 0, is taken to be adiabatic and T' = T at § — h,
the temperature variation becomes

% = 2 [l 1)+ aaff — ) + B - )] (3.25)
Cpref
The temperature at the rotor, i.e., ¥ = 0, is given by
ry= M % (alﬁ4 + 04253 + 04352) ) (3.26)
2prer
At the upper surface, i.e., § = h, the scaled heat flux is
7| = 2b'+ gaﬁ + ah. (3.27)

Comparison of and reveals that the magnitude of the heat flux at 7 = 0 for the
case of the adiabatic stator and the magnitude of the heat flux at 7 = h for the case of the
adiabatic rotor are identical. The magnitude of each of these heat fluxes is also identical to
the magnitude of the net heat flux given by the difference between (3.19)) and ([3.20).

3.3 Approximate Solutions

We now determine solutions to the Reynolds equation (3.4)) valid for flows with large speed
number A. The first order approximation is found to be

1 1_ dh
DR = — —FRTeo 0] 3.28
PR = — TR + O, (328)
where the subscript “o” will always represent the quantities evaluated at the lowest order
density, i.e.,
1
Freo(P) = Fre(3)- (3.29)
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It is easily verified that the equation satisfies boundary conditions and .
Previous studies [3 [16] typically considered the lowest order approximation, i.e, p = 1/h, at
most. Here we see that the first correction to the lowest order approximation is proportional
to the rate of variation of the gap function and the effective bulk modulus. The comparison
between the lowest order and the first order approximations will be presented in Section
From and we find that the approximate slope of p at T = 0 and 1 is
dp . 1d°h 1

%(O) ~ Kﬁ(o) + O(F) (3.30)
If his a minimum at T = 0,1, then the slope of p is always negative at ¥ = 0,1. Result
(3.30]) is particularly useful in the development of numerical solutions to . For example,
we have used in [I7] and the present study as a first guess in the two point boundary
value problem scheme applied to the Reynolds equation (3.4)). Because of and

we must have at least one maximum and one minimum in p.

The pressure distribution is obtained by expanding the reduced pressure p, = p/p. in a
simple Taylor series for p near 1/h. When this is done, we find

1 1 Krles_ o —dh 1
pr(ﬁ)’\’pr(E) i h—+0(55).

From (3.31)) it is clear that the first correction to the pressure will be proportional to the

o KTeo % (331)

product of the bulk modulus, the effective bulk modulus, and the slope of n
The values of (3.16))-(3.18)) accurate to O(A™!) were found to be

1
a1 =0(53) (3.32)
270 1
~——=A(B,T,. 2 —), .
ag % =5 A(BoTrer +2) + O 5) (3.33)
w 1
ag ~ % + 2A(B,Tres +1) + O(53) (3.34)
where (3.14) can now be approximated as
3 Freo dh 1
—KT% + (ﬁ) (3.35)

Thus, the first order approximate solutions to (3.11)) for each thermal boundary condition
can be derived by taking oy ~ 0 and substituting (3.33])-(3.34)) in (3.15]), (3.22]) and ({3.25).

For the case of constant temperature walls, we find that the temperature (3.15) becomes

T-Tp 7. PrEch 2 —dh
AT h,( h) 9 2 A'%Teo hdf (3(60 ref + )
— (BoTres +2)(1 + 2)) + Yy O(l). (3.36)
o-+-re h h A2
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From ([3.36) we find that (3.19)-(3.20) become

PrEch 2 —dh A 1
_ ~ — — 1 - —%k — (28.T 1 _ L .
Qy 7=0 2 h AHTCO hdf ( Bo ref + ) 7 + O(A2), (3 37)
PrEcq 2 —dh % 1
Gl ;™ 5 5 | A hgp(BoTrey = 1)) = 2+ O(5) (3.38)

In — the values of 77 and k have been left as their exact values. However, to be
consistent, the shear viscosity and thermal conductivity appearing explicitly in (3.36)-(3.38)
should be evaluated at the first order scaled density . Alternatively, the shear viscosity
could be expanded in a Taylor series to yield

T Fr 01| dE L
lu(p’TTBf) - /’Lo A aﬁ ) df +O(A2)7 (339)
where . 95 1
I I
= =2xL(=T. 3.40
. 8ﬁ(h /) (3.40)

is the lowest order value of the rate of change of 7. The expression for the first order

correction to k takes a form similar to (3.39)-(3.40).

When the stator surface, i.e., 7 = h, is taken to be adiabatic, the temperature (3.22) is found
to be

T—-Tg 7Y [ y 2 -dh v
2 == 2_:+_ eoh__ oTre +2 3___
N A A 25 \(BoTres + D3 = 25)
7 1
—3(B,Tyey +1)(2 — z))} +0(3). (3.41)

From (3.41])) we obtain the approximation for the recovery factor,

o R 2 —dh 1
Tf ~ P’I" ? 1 — KKTeo hﬁ(ﬁOTref — ].) + O(F), (342)
and that for the scaled heat flux at the rotor, i.e., y =0,
_ 7l 2 —dh 1
~—=(1-— eo h— oTre Ao/ A4
0]~ 20— 1R W AThep) + Ol55) (3.43)

If we take the rotor, i.e., 7 = 0, to be adiabatic, the temperature (3.25)) becomes

T-Ts T 72 2 —dh 7
~=|1—=+4+— h— T, 2)(1 — =
PTQCUQf L |: EQ + AHT@O dT((ﬁo ref + )( EB)

—3(BoTres + 1)(1 — %)) + O(%). (3.44)
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and the recovery factor (3.26) at y = 0 is approximated as

2 _dh 1
1 — ZFreo h— (2B8,Tpes +1)| + O(P

T E
k A dT

ry~ P T ). (3.45)

At the stator, i.e, ¥ = h, the scaled heat flux 1} becomes

2

_ —dh 1
(1 - KHTEO h% ﬁoTref) + O(_

el

y

~

==l

(3.46)

y=h

In (3.41)-(3.46) the quantities 77 and k should either be evaluated using (3.28) or expanded

in a first order Taylor series.

At large speed number the first corrections to the temperature and local heat flux are due
to three physical effects. The first effect is that due to the variation of the shear viscosity
and thermal conductivity with density; this effect vanishes in the ideal gas limit. The second
physical effect is associated with the terms proportional to ST which is recognized as the
heating due to flow work. The remaining terms represent heating due to viscous dissipation.
In the case of adiabatic walls, all three effects play a role in the temperature distributions,
but the local heat fluxes at the non-adiabatic walls will not depend directly on the viscous
dissipation, at least to the first order in large A.

3.4 Comparison with Exact Solutions

To demonstrate the accuracy of the large A approximation derived in Section [3.3] we compare
the approximate solutions for density, pressure, and recovery factor to the exact solutions of
the Reynolds equation (3.4) and the corresponding simplified temperature equation (3.11)).
For the purpose of illustration, we employ a well known Redlich-Kwong-Soave (RKS) equa-
tion of state, which is reasonably accurate and, more importantly, gives the correct qualita-
tive behavior of all real gases. The details of the RKS equation and models for the ideal gas
specific heat can be found in Reid, et al [27]. The viscosity and thermal conductivity models
were taken to be those of Chung, et al [28, 29]. The choice of fluid is carbon dioxide (COs);
physical parameters for CO, are taken from [27].

For all the cases presented here, we take the channel to be that corresponding to a typical
journal bearing. We therefore take

hz) ~ 1}1 [1 ~ ccos (2%“’)] , (3.47)

with ho/L = 2.623 x 1075 and € = 0.3 where hy = h(0) = ¢(1-€) is the minimum value of
h(x), ¢ is the radial clearance and € is the eccentricity ratio. The specific volume, i.e.,V
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= 1/p, and the temperature at the entrance and exit are taken to be V(0) = V(L) = 5.0 V,
and T(0) = T(L) = 1.05 T, respectively. The pressure at these points is approximately 38.7
bar so that the thermodynamic state can be regarded as that of a dense gas or a slightly
supercritical fluid.

12 —

Exact Reynolds soln.
— — Lowest order approx.
—-=--First order approx.

00 L 1 L 1 L 1 L 1 L
0.0 0.2 0.4 0.6 0.8 1.0

X

L
Figure 3.2: Scaled Density vs x/L at V(0) = V(L) = 5.0 V., T(0) = T(L) = 1.05 T, ¢ = 0.3,
A = 25. The solid line corresponds to the exact solutions to the Reynolds equation (3.4));

the dashed line denotes the lowest order solutions, i.e., p =1 /E; the dash-dot line represents
the first order solutions for the scaled density ({3.28]).

We first consider the case where the speed number A = 25. The variations of the scaled
density and pressure for this case are plotted in Figure [3.2] and Figure [3.3] The difference
between the dashed and dash-dot lines gives a measure of the influence of the first order
correction terms in (3.28)) and on the distributions of density and pressure. The
maximum error of the first order density is found to be 12.6%, which is smaller than that of
the lowest order density.

Observation of Figure [3.2]and Figure [3.3|also reveals that the first order approximation gives
better prediction of the slope of the curves near both ends of the channel. This is due to
the fact that the lowest order density and pressure are independent of A whereas the first
order approximation to the slope is given by . We also note that the local minima of
the density calculated by the exact and first order theory are located approximately at x/L
= 0.4 whereas the lowest order approximation will always have a local minimum at x/I. =
0.5. Thus, the density and pressure distribution are better approximated by the first order
approximation. We note that the factor dh/dZ in and vanishes at /L = 0.5.
As a result, the dashed line and the dash-dot line will always intersect at /L = 0.5 as seen
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1.2 T T T T T T T T
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— — Lowest order approx.
—-=--First order approx.
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Figure 3.3: Scaled Pressure vs x/L at V(0) = V(L) = 5.0 V., T(0) = T(L) = 1.05 T, € =
0.3, A = 25. The solid line corresponds to the exact pressure calculated by substituting the
exact density to the equation of state; the dashed line represents the lowest order pressure

obtained by substituting the lowest order density, i.e., p = 1/%, to the equation of state; the
dash-dot line denotes the first order pressure computed directly from (3.31)).

in Figure [3.2] and Figure (3.3

The accuracy of our approximation is expected to increase as A — oo. To verify this we
have presented the variations of density and pressure for the case of A = 100 in Figure [3.4
and Figure 3.5] The agreement between the approximate and exact solutions is excellent.
Because of the larger value of A for this case, the first order correction terms in and
become smaller, resulting in the smaller differences between the dashed and dash-dot
lines seen in Figure [3.4] and Figure [3.5] However, the first order approximation still gives
higher accuracy as compared to the lowest order approximation. The maximum relative
errors of the lowest order and first order density are found to be approximately 4% and
0.9%, respectively.

As a further indication of the accuracy of the large A approximation, the maximum difference
between the approximations and the results of the numerical solutions to and have
been plotted as a function of A in Figure [3.6] At the chosen reference state and eccentricity,
the error in the frequently employed lowest order approximation is below 5% at A ~ 100
but decreases slowly for larger speed numbers. As expected, the first order approximation
consistently provides a better estimate of the exact solution. The error in the first order
approximation is below 5% by A = 50 and drops below 1% for A > 100.
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Exact Reynolds soln.
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Figure 3.4: Scaled Density vs x/L at V(0) = V(L) = 5.0 V., T(0) = T(L) = 1.05 T, ¢ = 0.3,
A = 100. The solid line corresponds to the exact solutions to the Reynolds equation (3.4));

the dashed line denotes the lowest order solutions, i.e., 7 = 1/h; the dash-dot line represents
the first order solutions for the scaled density ({3.28)).

We now compare the approximations for temperature with the solutions to the simplified
temperature equation . Here we only present results from the case of an adiabatic rotor
due to the fact that the temperature variations for this case are always seen to be larger
than those corresponding to other boundary conditions [I7]. The variations of the recovery
factor, i.e., (3.49), at A = 25 are plotted in Figure 3.7 The values of the lowest order ry
are approximately constant along the main flow direction. This is due to the fact that the
values of the lowest order r; depend only on the ratio of 1z and k and, as pointed out by
Chien, et al [I7], the variations of & for COy with density at a given temperature are mild
and are similar to those of k. As a result, the lowest order approximation is seen to be in
poor agreement with the exact solutions to . On the other hand, the variation of the
first order approximation to ry has qualitative behavior more closely resembling that of the
exact solutions. However, the maximum error between the first order approximation for ry
and the exact solution is found to be approximately 45% at x/L = 0.43. The discrepancy in
ry is seen to decrease as A increases and the overall approximation becomes better.

We have also plotted the distribution of ry at A = 100 for the case of an adiabatic rotor in
Figure Comparison of Figure to Figure reveals that the variation of ry becomes
smaller at the higher value of A due to the fact that the first order correction to ry is propor-
tional to 1/A. Examination of Figure also reveals that the variation of the lowest order
ry is still nearly constant whereas the first order approximation is in very good agreement
with the exact simplified temperature equation. The maximum differences between the solid
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1.2 T T T T T T T T
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Exact scaled pressure
— — Lowest order approx.
—-—--First order approx.
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N~ =

Figure 3.5: Scaled Pressure vs x/L at V(0) = V(L) = 5.0 V., T(0) = T(L) = 1.05 T, € =
0.3, A = 100. The solid line corresponds to the exact pressure calculated by substituting the
exact density to the equation of state; the dashed line represents the lowest order pressure
obtained by substituting the lowest order density, i.e., p = 1/h, to the equation of state; the
dash-dot line denotes the first order pressure computed directly from (3.31)).

line and the dash-dot line is found to be approximately 2% at z/L = 0.5.
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Figure 3.6: Maximum Relative Error between the Approximate and Exact Density vs A at
V(0) = V(L) = 5.0 V., T(0) = T(L) = 1.05 T.. The symbol A denotes errors of the lowest
order approximation; the symbol B represents errors of the first order approximation.
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Figure 3.7: Recovery Factor r; vs x/L at V(0) = V(L) = 5.0 V., T(0) = T(L) = 1.05 T, €
= 0.3, A = 25. The solid line denotes the exact ry computed from (3.26). The dashed line
(13.45))

represents the lowest order approximation for ry, i.e., the first term in where 77 and k
are evaluated at p = 1/h; the dash-dot line corresponds to the first order approximation for

ry obtained using (3.43)).
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Figure 3.8: Recovery Factor ry vs x/L at V(0) = V(L) = 5.0 V., T(0) = T(L) = 1.05 T, ¢
= 0.3, A= 100. The solid line denotes the exact r; computed from (3.26). The dashed line
(13.45))

represents the lowest order approximation for ry, i.e., the first term in where 77 and k
are evaluated at p = 1/h; the dash-dot line corresponds to the first order approximation for

ry obtained using (3.43)).
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3.5 Conclusion

We have presented approximate solutions to the Reynolds equation and the correspond-
ing temperature equation (3.11)) valid for single-phase, steady, two-dimensional, compress-
ible, and laminar flows for large speed number (3.8). The results of Section are valid
for general gas models and for most pressures and temperatures corresponding to supercrit-
ical, dense, and ideal gases. Within this scope, our results reveal the dependence of density,
pressure, temperature and wall heat flux on the material functions, i.e., the viscosity, ther-
mal conductivity, effective bulk modulus and coefficient of thermal expansion, and the
global constants such as the speed, Prandtl, and Eckert number. In the lowest order the-
ory, the density, pressure, temperature and heat flux depend only on the viscosity, thermal
conductivity, and Prandtl number. We have shown that local values of the effective bulk
modulus and thermal expansion coefficient must also be considered when accounting for the
first correction for finite speed number.

The first correction presented in Section also provides a qualitative and quantitative
measure of the asymmetry in the density and pressure distributions about the T = 1/2
point, i.e., the point of maximum film thickness. As the fluid is pressurized from an ideal to
a dense gas state at constant temperature, the effective bulk modulus, viscosity, and thermal
expansion coefficient all increase. As a result, the coefficients of A~ will increase and the
effect of finite speed number on all parameters will also increase. If the pressure is further
increased, the non-monotone variation of the bulk modulus can result in a decrease in the
coefficients of A~! resulting in a relative weakening of the effect of the speed number.

In Section we have compared the lowest and first order approximations to numerical
solutions to the exact Reynolds model and (3.11)). The first order theory was seen to
give a more realistic pressure distribution than that obtained by the lowest order theory,
both with respect to the values near the minimum gap width and the shift in the local
minimum of the density and pressure distributions. The strength of the asymmetry is seen
to be directly related to the effective bulk modulus . Larger differences are observed in
the temperature distributions. The lowest order approximation predicts a nearly constant
temperature at adiabatic walls with a single local maximum. On the other hand, the exact
and first order theory predict significant variation in the flow direction with a local maximum
and minimum. Thus, the resultant thermal expansion of either the rotor or stator will have
a stronger Z-variation than that predicted by the lowest order theory.

Although the case considered here is relatively simple, the basic approach can be extended
by including more complex configurations and turbulence. Material functions such as the
effective bulk modulus and the thermal expansion coefficient are expected to play a significant
role in both extensions of the present analysis and the interpretation of pure numerical
studies. Further extensions include the computation of global parameters such as the load,
loss, and net heat transfer and a study of the breakdown of the current theory at high
loading; both studies are currently under way by the authors.
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Chapter 4

Load and loss for high speed lubrication
flows of pressurized gases between
non-concentric cylinders

The contents of this chapter are reprinted from the accepted manuscript of the Journal of
Fluid Mechanics with permission of Cambridge University Press.

Attribution

The work presented in this chapter was primarily carried out by S. Y. Chien. M. S. Cramer
conceived of the main idea and contributed to the development and implementation of this
work.

Abstract

We examine the high-speed flow of pressurized gases between non-concentric cylinders where
the inner cylinder rotates at constant speed while the outer cylinder is stationary. The flow
is taken to be steady, two-dimensional, compressible, laminar, single-phase and governed by
a Reynolds lubrication equation. Approximations for the lubricating force and friction loss
are derived using a perturbation expansion for large speed numbers. The present theory is
valid for general Navier-Stokes fluids at nearly all states corresponding to ideal, dense, and
supercritical gases. Results of interest are the observation that pressurization gives rise to
large increases in the lubricating force and decreases in the fluid friction. The lubrication
force is found to scale with the bulk modulus. Within the context of the Reynolds equation
an exact relation between total heat transfer and power loss is developed.
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4.1 Introduction

Thin viscous films arise in a wide variety of applications including those concerned with
rotating machinery, tribology, the spreading of droplets or coatings, particle-particle interac-
tion, and bio-lubrication. In such films, inertia is typically ignored and shear forces must be
balanced by pressure forces. In lubrication applications, the pressure variations provide the
force required to maintain the separation between solid surfaces, i.e., in order to maintain a
load. Perhaps the earliest study of such thin film flows was carried out by Osborne Reynolds
[1] who stated that the pressure in a steady, incompressible, laminar two-dimensional thin
film satisfies

d
h?(x) d_i = 6uUh(z) + constant, (4.1)

where h(x) is the film thickness, x is the spatial variable in the main flow direction, x> 0 is
a constant shear viscosity, and U is a measure of the relative speed of the solid surfaces being
lubricated. Both and its first derivative with respect to x are known as the Reynolds
equation. In the time since the publication of Reynolds’ study, the Reynolds equation has
been extended to include the effects of unsteadiness, turbulence, property variations, and
more complex configurations. In recent years, there has been increasing interest in the use
of gases rather than liquids as lubricating fluids; see, e.g., [2], [3], [4], [5], and [6]. The
advantages of gases over liquids are compatibility with working fluids in power systems and
turbomachinery, the reduction of weight, the reduction of fouling due to leaks, and the
reduction of complications due to phase changes. Because the viscosity of gases is smaller
than that of high viscosity oils, gas lubrication requires considerably higher speeds than
those used in applications involving liquids and the resultant flows are typically taken to be
compressible.

Most of the previous investigations of compressible gas lubrication have focused on the
behavior of ideal, i.e., low pressure, gases. Examples include the discussions of Pinkus
and Sternlicht|[7], Gross et al.[§], Szeri[9], Hamrock et al.[I0], Peng and Khonsari|[I1], and
DellaCorte et al.[3]. Recent studies have examined the behavior of pressurized gases, i.e.,
gases corresponding to pressures and temperatures on the order of that of the thermodynamic
critical point. Studies of lubrication with pressurized gases include those of Conboy[12],
Kim|[13], Dousti and Allaire[I4], Qin[I5], Heshmat et al.[16], and Guenat and Schiffmann|I9]
who applied pure numerical schemes to different versions of the Reynolds equation. The
behavior of pressurized gases in these studies was evaluated using a digital table look-up such
as the NIST REFPROP database [20] used by [12], [13], [15] and the CoolProp database [21]
used by [19]. Dousti and Allaire[I4] have employed a gas model based on a linear pressure-
density relation, but this model is not expected to be valid over the full range of pressures
and temperatures corresponding to the dense and supercritical regimes [16].

Important differences between pressurized gases and ideal gases are the strong dependence
on the thermodynamic state and the rapid and sometimes singular dependence of material
properties on the density and temperature. Chien et al.[22] have examined the approxima-
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tions leading to the Reynolds equation for compressible flows of pressurized gases. A general
form of the Reynolds equation was derived and its range of validity was delineated. In addi-
tion to the well known thin film and lubrication limitations on the film thickness and mild
conditions on the imposed temperature difference between isothermal walls, it was shown
that the Reynolds equation breaks down in the vicinity of the thermodynamic critical point.
It was also shown that the temperature equation can be simplified whenever the Reynolds
equation is valid.

In the case of ideal gases governed by the Reynolds equation, the simplest flows are governed
by a single parameter referred to as the speed or bearing number [7, 8 @, 10]. The speed
number gives a measure of either the flow speed or the overall compressibility of the flow. In
the case of pressurized gases, computations must take into account the local thermodynamic
state. Chien et al.[22] have shown that the local thermodynamic state enters the problem
solely through the effective bulk modulus

RT (p7 T)
Kre = Kre(p, T) = ————=, 4.2
pu(p,T) 42
where p and T are the fluid density and absolute temperature,
Jp
Rr=p——| , 4.3
5. (43)

is the bulk modulus of the fluid, and p = p(p,T) is the thermodynamic pressure. The effective
bulk modulus (4.2)) is recognized as a measure of the local fluid stiffness to the local shear
forces.

In the limit of ideal gases, the effective bulk modulus increases monotonically with
pressure or density at constant temperatures. In the case of pressurized gases, the variation of
Kre 18 no longer monotone and can take on relatively small values in the general neighborhood
of the thermodynamic critical point. To illustrate this variation we have plotted the variation

of a scaled version of (4.2) along isotherms in Figure [4.1]

A non-dimensional measure of the flow speed or the overall compressibility of the flow is the
speed or bearing number defined as

A=6 }LZL (4.4)
OKTe‘ref
where U, L, and h, are measures of the flow speed, length scale in the general flow direction,
and the gap width, respectively, and are defined more precisely in the next section. The
quantity Krelres is the effective bulk modulus evaluated at a reference thermodynamic
state. The form is that given by [22] 23] and arises naturally when pressurized gases
are considered.

In many applications the speed number (4.4)) is relatively large partly due to the need to
generate sufficiently large lubrication forces and partly to avoid thermal runaway instabili-
ties. Such instabilities will result in excessive heating of the solid components of the device
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Figure 4.1: Effective Bulk Modulus of Carbon Dioxide (CO3) vs V/V,. Viscosity model is
that of Chung et al.[26, 27] and the gas model is the Redlich-Kwong-Soave (RKS) equation.
Here V = 1/p is the specific volume and pp = po(7T) is the ideal gas (V — 00) value of p.
The subscript “c” denotes values at the thermodynamic critical point.

resulting in thermal expansion which in turn can lead to metal-on-metal contact and failure
of the bearing; see, e.g., the discussions of Howard et al.[17] and Briggs et al.[18]. Gross
et al.[8] was one of the first to derive the analytical solutions to the Reynolds equation for
lubrication flows with large speed numbers. Peng and Khonsari[l1] adopted a similar ap-
proach to evaluate the lowest-order load generated by different configurations. However, the
approximate solutions provided by Gross et al.[§] and Peng and Khonsari[II] are valid for
low pressure gases only and thermal effects were not considered.

Chien and Cramer [24] have presented approximate solutions to the Reynolds and corre-
sponding temperature equation for the local values of the density, pressure, temperature,
and heat flux valid for flows of pressurized gases with large speed numbers. These solutions
reveal the role played by material functions, e.g., the effective bulk modulus and thermal
expansivity, in the variation of the fundamental local quantities. The goal of the present
study is to develop approximations for the total force and total friction loss valid for large
speed numbers. The results will be valid everywhere the Reynolds equation of [22] is, i.e., at
all pressures and temperatures in the ideal, dense, and supercritical gas regimes except suffi-
ciently close to the thermodynamic critical point. Although the first-order theory described
by Chien and Cramer [24] is sufficient to find the first corrections to the density, pressure,
and temperature distributions, we have found that the first corrections to global parameters
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such as load, loss, and net heat transfer require expansions which are second-order in A~

Because our primary interest is to examine the effects of pressurization and finite speed
number (4.4)), we follow previous investigators in restricting attention to a simple canonical
lubrication model, i.e., that of [22], which is the simplest model for compressible thin film
flows of high-pressure gases. In addition to requiring the usual thin film conditions of a small
lubrication Reynolds number and small layer thickness, Chien et al. [22] have required that
the thermodynamic states be sufficiently far from those of the thermodynamic critical point;
order of magnitude estimates for the size of the near-critical condition in the context of thin
films were given by [22]. The particular form of the Reynolds and temperature equation used
here is valid for steady, laminar, two-dimensional, and single-phase gas flows. Here we focus
on supercritical temperatures so that multiphase flows will not be relevant. The motivation
for the restriction to two-dimensional steady flows is done in order to focus attention on the
new behavior arising from pressurization. The condition of two-dimensional flow will to be
approximately satisfied for long bearings near the plane of symmetry. As demonstrated by
Szeri [9], a Reynolds equation for turbulent flows can be developed, but its form is essentially
the same as that used here with a Reynolds number dependent turbulent viscosity and other
average properties replacing the local values used here.

In order to present concrete results, we examine the simple case of non-concentric cylinders:
the details of this configuration are described in the next section. The large speed number
approximations are developed in Section [4.3] We compare our approximations to numerical
solutions of the compressible Reynolds equation in Section A short derivation of the
relation between power loss and heat transfer leaving the fluid film is given in the appendix
[A] The latter result is exact within the context of the Reynolds equation.

4.2 Formulation

The physical configuration is that sketched in Figure The flow is taken to be contained
between the inner and outer cylinders depicted there. The inner cylinder has a radius R;
and the outer cylinder has a radius R,. The origin of the stationary x’-y" coordinate system
is located at the center of the inner cylinder. The center of the outer cylinder is located at
x' = - e, y/ = 0. The inner cylinder rotates at a constant rate w while the outer cylinder is
stationary. For convenience, we refer to the inner cylinder as the rotor and the outer cylinder
as the stator.

Throughout this work we apply the thin film approximation so that we compute the flow
details using the “unwrapped” configuration sketched in Figure When R, ~ R; the fluid
can be taken to be contained in the region 0 <y < h(x), where the variable y is recognized
as a distance measured normal to the inner cylinder and x = 0 R, is distance measured
along the inner cylinder. The curve y = h(x) in Figure 4.3| approximately corresponds to the
surface of the stator. We can now define L. = 27R,; which is just the circumference of the
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Figure 4.2: Sketch of Physical Configuration.

inner cylinder and h, = h(0) which is the minimum gap width; we take h, to be a measure
of the film thickness. For the non-concentric cylinders sketched in Figure the thickness
of the fluid layer can be approximated by

h= h}(Lx) ~1+0—dcos(h), (4.5)
where ]
— €
5:§(hm—1)— e (4.6)

The quantity h,, = (T = 1/2) = h(# = ) is the maximum value of . The factor § has
been related to the eccentricity ratio € = e/c where ¢ = R,-R; is called the radial clearance;
the eccentricity € is commonly used in the lubrication literature; see, e.g., [7], [8], [10], or [9].

In our detailed calculations we will employ (4.5). However, many of our results are also valid
under the weaker condition that h be symmetric about 6 = 7, i.e.,

him —0) =h(0 — 7). (4.7)
As a result, the derivatives of h(#) will satisfy

dh dh
(= 0) = —Zo(~(m —0)). (4.8)

In order to ensure that A is a minimum at Z = 0, 1 or 6 = 0, 27, we require that

dh
— > ] <<
d@_O fo<o<nm

<0 ifr <O <2r. (4.9)
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Figure 4.3: Unwrapped Configuration: The stationary outer cylinder of Figure is ap-
proximated by the y = h(x) surface and the rotating inner cylinder is approximated by the y
= 0 surface. The minimum gap width is h, = h(0) and the maximum value of h(x) is h,, =
h(L/2).

The flow will be taken to be steady, two-dimensional, compressible, single-phase and laminar.
The physical flow is required to satisfy the usual thin film and lubrication restrictions, i.e.,

h

f" <1, (4.10)
hQ
ReL—; < 1, (4.11)

where Re is the Reynolds number based on L, U = R; w, pref, and p,ep. The subscript “ref”
will always refer to quantities evaluated at a given reference thermodynamic state. Here
we take that reference state to be that at x = 0 and L. As discussed by [22] we also need
to require that the flow be sufficiently far from the thermodynamic critical point. If the
rotor and stator are both isothermal, we must also require that the product of the fixed,
known temperature difference and the thermal expansion coefficient defined by be
small. Under these conditions, the flow will satisfy the Reynolds equation of [22] which can
be written in non-dimensional form as

d (7s_ dp\ _  d(ph)
df (h ’{Tedf) = A df s (412)
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where p = p/p,ey is the non-dimensional density. Here 7 = x/L and

R —E (ﬁ) _ ’fTe(p; Tref) _ ’fTe(IOJ TT"ef) (4 13)
Te Te - RTe |ref K/Te(prefa Tref) .

is the scaled effective bulk modulus. For the present purposes, the Reynolds equation (4.12))
will be integrated subject to the periodicity conditions

p(0) =p(1) = 1. (4.14)

The solution for the fluid density is generally obtained by integrating (4.12) subject to (4.14)
to yield p = p(Z; A) once the reference thermodynamic state (p,.r,T,cr) and gas models are
specified. The pressure is then found by substitution in the equation of state.

In the following discussion, a convenient first integral of (4.12)) is
1 1(/—»_ dp 1dp
p==+ (R Fre—t — =-2(0) ), 4.15
P ;{*A( e 1z iuﬂ()) (4.15)

where we have used the fact that h = . = 1 at T = 0. In the limit of incompressible flow
with constant viscosity (4.15) reduces to Reynolds’ original formula (4.1)) with

playing the role of the integration constant.

With the thin film approximation (4.10) we can write the x’ and y’ components of the forces
on the rotor from the fluid as

_ or 1 [*"dp .

Fu =~ /0 pcos(0)dd = %) @ sin(6)d6, (4.16)

Fy o~ /027r psin(6)df = % OZW Z—g cos(6)db, (4.17)
where B 2

b is the length of the cylinders in the z’-direction, and F’ is the dimensional force on the
rotor. The quantity p is the scaled pressure and is related to the dimensional pressure p by

2 (P = Dres)- (4.19)

The power loss is the work per time done on the rotor, i.e., the y = 0 surface in Figure [4.3
In the thin film approximation, this can be written

bLU? ltye s —
$p’

s (4.20)

L
P:bU/ T, dz ~
0
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L ()

1L = p/ firer is a scaled version of the viscosity, and § = y/h, is the scaled y-coordinate. The
x-component of the fluid velocity, denoted by u, is scaled with U and its expression is given
in Appendix [A]

where the scaled loss is
dz, (4.21)

y=0

4.3 General Results

We now determine the approximate solutions to the Reynolds equation (4.12)) for lubrication
flows with large speed numbers. We first consider the second-order expansion for density,
ie.,

P G ST
p=potH +A2+O(A3). (4.22)
If we substitute (4.22)) and its derivative in (4.15)), we then obtain the functions
1
. 4.23
Po 7 ( )
dh
P1 = — ET@O%? (424)
—2 d dh 1d*h
— g2 ——(0 4.25

where the subscript “o” will always refer to quantities evaluated at the lowest-order density,
P~ 1/ h. For example,
1

ETeo(p) = ET@(%) (426)

It is easily verified that (4.22)-(4.25) satisfy the boundary conditions (4.14)) and the equation
for h, i.e., 1} to the appropriate order.

To demonstrate the accuracy of —, we have plotted a comparison of the approxi-
mate density and the numerical solution to the exact Reynolds equation at A
— 40 in Figures Here we take the channel sketched in Figure [£.3]to be given by h,/L
— 1.989 x107°, and § = 0.5. The gas models are taken to be those described in Section
The temperature at the entrance and exit is taken to be T(0) = T(L) = 1.05 T.. In
Figure [4.4] the specific volume, i.e., V = 1/p, is taken to satisfy V(0) = V(L) = 10 V.. The
pressure at this state is approximately 21.2 bar ~ 0.29 p., so that the thermodynamic state
can be regarded as that of a dense gas. In Figure [4.5| we consider the case of a slightly
supercritical fluid in which the reference specific volume is taken to be V(0) = V(L) = 2V,
and the corresponding pressure is approximately 78.2 bar ~ 1.06 p..
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Figure 4.4: Scaled Density vs x/L at V(0) = V(L) = 10 V,, T(0) = T(L) = 1.05 T, § = 0.5,
A = 40. The symbols O denote the exact solutions to the Reynolds equation (£.12). The
solid line denotes the lowest-order solutions, i.e., 7 = 1/h. The dashed and dash-dot lines
represent the first- and second-order solutions of the scaled density , respectively.
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Figure 4.5: Scaled Density vs x/L at V(0) = V(L) =2 V., T(0) = T(L) = 1.05 T, § = 0.5,
A = 40. The symbols O denote the exact solutions to the Reynolds equation . The
solid line denotes the lowest-order solutions, i.e., 7 = 1/h. The dashed and dash-dot lines
represent the first- and second-order solutions of the scaled density , respectively.
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Figure 4.6: Root-Mean-Square Error (RMSE) Between the Approximate and Exact Density
vs A at T(0) = T(L) = 1.05 T. and 6 — 0.5. The symbols B, @ and V¥ represent the lowest-,
first- and second-order approximations, respectively, at V(0) = V(L) = 2 V.. The symbols
O, O and V represent the lowest-, first- and second-order approximations, respectively, at
V() = V(L) =10 V..

Inspection of Figure and reveals that the second-order approximation is in excellent
agreement with the exact solutions. As compared to the lowest-order approximation, the
first-order term corrects the slope of the curves near both ends of the channel whereas the
second-order correction term further improves the prediction of the position and magnitude
of the local minimum.

The accuracy of our approximation for both cases increases as A — o0o. In order to illustrate
the accuracy of the approximation, we have also plotted the root-mean-square error (RMSE)
between the approximate density and the exact solution to the Reynolds equation
as a function of A in Figure [£.6] It was found that the second-order approximation
can provide reasonable accuracy when A > 20. When A = 20, the RMSEs of the second-
order approximation for cases of V(0) = V(L) = 10 V. and 2 V. are approximately 1.4%
and 8%, respectively.

We now turn to the determination of the large A approximation for the forces, i.e., (4.16])
and (4.17), on the rotor. If we use (4.3)), (4.4) and (4.19), the expressions for the exact force

components (4.16) and (4.17) can be rewritten as

A_ 1 dp .

—F )= —/ %—Cos (4.28)
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where the factor
HT

X = c@(p, ref) (429)
can be expanded in a Taylor series for p near 1/ h yielding
1 1d*°%# 1
4 re Ky + — — =)+ -——| (p—= O 4.30
(7. Tres) =t | (5 )+ 5| -7 40 (40

If we combine (4.30) with (4.22)), and multiply the result by the derivative of (4.22]), we find

dp dpo  1d(Zep1) 1 d 1d#
g T 0P = 4.31
i N o R b +O(A3) (4.31)
Through substitution of (4.23))-(4.25) and (4.31)) in (4.27)) and straightforward manipulation
we then obtain A [ I
TN\ —
——F, = — 4.32
where the quantities
" Fro dh
Iy =21 /0 %@sin(@d@, (4.33)
e [T pdh
I =47 RroRTeoch——c08(0)d0, (4.34)
; do
_\ 2
T d (kr dr> dh
I3 =—81° —Freo— | — e — 0)do
o= | [2’%@ ()|, 7| | () e
27 . dQE
+ 8 /0 ETOE%ethWcos(Q)dQ
dQE 2
—87T3W(0) /0 Frocos(6)do. (4.35)

We note that &z > 0 for all fluids due to the Gibbs stability condition and both dh/d# and
sin(f) are antisymmetric with respect to § = m. Thus, the quantity I,; will always be non-
zero. From conditions we can also show that I,; < 0 for all fluids. That is, the lowest
order F,; > 0 so that the x’-component of the dimensional force on the rotor will point to
the left in Figure On the other hand, the quantity I, = 0, because each term in the
integrand of I, is symmetric with respect to § = 7 except for dh/df which is antisymmetric.
In the integrand of each integral is symmetric about § = 7. As a result, each term of
I3 is seen to be non-zero.

If we substitute (4.22))-(4.25)), (4.31)) in (4.28), we then find

TA— Lo
_F/_I _J°
3 1+A+O(A)

(4.36)
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where
T Ero dh
Iy =— 27T/0 %@Cos( )do (4.37)
) 27r_ _ dh
Iy =—4r RroRTeoh— 7 sin(0)do. (4.38)
0

We note that %o, h, and cos(f) are symmetric about § = 7 while the derivative dh/d@ is
antisymmetric. Hence I,; = 0 for all fluids. In like manner, it is easily demonstrated that
I,o # 0 in general. If we further require that the conditions hold, the y’-component of
the dimensional force on the rotor will be positive in Figure [4.2]

From (4.32)-(4.38) we can obtain the approximation for the magnitude of the scaled load

—  3|L4| 1 (Ls 11 1
AlF| = I+ 5+ +575 — 4,
F| - T Az (Ixﬁzfgl +0(5) ] (4.39)

and the angle of the load, i.e., attitude angle

F, 11 1
¢ =tan" " <_y ) AT — Kﬁ + O(F)’ (4.40)

T

where we have used the expansion of the tangent function for ¢ ~ 7 in (4.40). Given the
conditions (4.9)), it is easily verified that

bo |

<p<m. (4.41)

In order to obtain the expression for the approximate loss, we substitute the derivative of u,
as given by (A.9)), and the exact solution (4.15) in (4.21)) yielding

1 — 1 ——2 —\ 2
= Fo 43 Ldp dp_ 3//MTe dp
-P=| Zd 1——-2(0 —Ldz L) dz

/0 Rt A( Adx< )> 0 —de A2 » \dz)

3 [YEFRLe (dp\~ (78
) <% <ph 1)df. (4.42)

We note that the second integral is identically zero and the last integral is seen to be O(A™3).
As a result, the second-order approximation for loss is found to be

N\ 2
_ 3 [t —(dh 1
= / Zdﬁ” a2 ), Freerreh (‘m) Ol (4.43)

In (4.43) the values of & in the first integral have been left as their exact values. However,
to be consistent, the shear viscosity in (4.43) should be expanded in a Taylor series for p ~
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1/h in a manner similar to that done for . Alternatively, to simplify the computations,
we evaluate the viscosity in the first integral of by substituting the O(A~2) density
expansion in the viscosity model. Errors in this approach will be on the order of terms
already neglected.

In the ideal gas limit, i.e., ky — p — pRT and p — (Ther), we can take Ky = p and [1

= 1 so that all the integrals in (4.39)), i.e., (4.33))-(4.35) and (4.37))-(4.38]), and (4.43) can be
integrated explicitly. As a result, the expression of the scaled load can be written as

— 127(1+6—+v1+26) 272 1
AlF| = 1+ —(1+0)(V1+20-2)| +O0(—=), 4.44
F e (10 | +0() (A
and the attitude angle (4.40) becomes
2/ 14 26 1
The expression for the scaled loss can also be written as
— 1 1272 1
—P= + 1+6—-vV1+2))+0(—). 4.46
—— (16— VIT20) + Ol ) (1.46)

Our lowest-order load and loss, i.e., the first terms of and (4.46)), the expression of
the attitude angle and the fact that the first corrections for the load and loss are O(A™?)
are consistent with the ideal gas results by Gross et al.[8]. The work here indicates that
this ordering of the large A expansion also holds for general fluids. Examination of (4.39),
and — reveals that the lowest-order approximation of the scaled load and
loss and attitude angle are dependent on ¢ and A alone when the gas is ideal. However, for
pressurized gases, the lowest-order scaled load also depends on the variation of the scaled
bulk modulus ®r; the lowest-order scaled loss depends on the variation of the scaled shear

viscosity 7u; the attitude angle depends on the variation of both kr and & in addition to ¢
and A.

4.4 Numerical Results

In this section, we compare the approximation for the scaled load , scaled loss ,
and the attitude angle to their exact values based on the density variation obtained
from the exact Reynolds equation . More specifically, the exact Reynolds equation
(4.12) was solved through the use of a straightforward shooting method. Once the pressure
distribution was determined by substituting the resulting density variation in the equation
of state, the exact scaled load was then computed using —. The exact scaled loss
was calculated using . The exact attitude angle was computed by taking the ratio of

(D) o (10).
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As described in Section [4.3] the viscosity in the first integral of was evaluated using
the second-order density and the reference temperature. In the remaining integrals of our
approximation, i.e., (£.33)-(£.33)) and (4.38), the bulk modulus and shear viscosity were
computed based on the lowest-order density and the reference temperature. Derivatives of
the bulk modulus and viscosity seen in (4.35) were estimated numerically. All numerical
integrations of (4.16)-({.17), (4.21), (4.33) and (4.35), (4.38), and were computed
using Simpson’s rule. Discretization errors were checked for all computations presented
here. For example, the difference in p between 200 and 300 points distributed over the
interval 0 < T < 1 was less than 0.006%. The tolerance for the value of p(1) for the shooting
method was set to be 1078,

For the purpose of illustration, we use the Redlich-Kwong-Soave equation of state and the
polynomial curve-fit for the ideal gas specific heat provided in Reid et al.[25]. The fluid was
chosen to be carbon dioxide (CO,). The physical properties of COy were taken from Reid
et al.[25]; the critical pressure and temperature of COy are p. = 73.77 bar and T, = 304
°K, respectively. The acentric factor for CO, was given by [25] to be 0.239. The viscosity
model is that of [26], 27]. Parameters required for the application of the model of Chung et
al.[20], 27] were taken from [25]. We take the channel sketched in Figure 4.3[ to be given by
h,/L = 1.989 x107°. Unless stated otherwise, § = 0.5.

We first consider the effect of pressurization on the load. In Figure [4.7] we have plotted
the variation of the lowest-order scaled load, i.e., the first term in , with the reference
specific volume for a range of reference temperatures. At T,.; = 1.05 T, pressurization can
increase the scaled load by 56% over the scaled load attained at low pressure. The physical
reason for this increase can be seen by an examination of Figure [£.8] in which the variation
of Ky with T is plotted for various thermodynamic states. At the lowest pressure, i.e., for
V(0) = 10 V., Ry is < 1 over much of the range of Z. As the pressure is increased, the
variation of ®y from 1 decreases. At V(0) =2 V. and 1 V, it is seen that the values of Rr
are approximately one. As a result, the scaled load will be larger than that at low pressure.
The observation that 7 does not decrease significantly at high pressures is due to the non-
monotone variation of the bulk modulus. At higher temperatures, the variation of the bulk
modulus is a monotone decreasing function of the specific volume. As a result, Ky < 1 over
most of the bearing resulting in an insignificant increase in the scaled load.

We note that the scaled load in Figure remains nearly constant as the reference specific
volume is varied in the range V(0) > 4 V.. This observation suggests that the load scales
with the reference bulk modulus ,'£T|re 5 This fact becomes obvious if we multiply (4.39) by

HT‘re ¥

b
and use . The resultant scaled load is

6|F"|

(4.47)
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Figure 4.7: Lowest-Order Scaled Load vs Reference Specific Volume. The parameter § —
0.5.
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Figure 4.8: Scaled Bulk Modulus vs x/L for T,.r = 1.05 T,.. The parameter 6 = 0.5.
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Figure 4.9: Rescaled Load vs Reference Specific Volume. The parameter 6 — 0.5.

The scaled force gives a measure of the physical force which is independent of the
reference states. The variation of the lowest-order load with reference thermodynamic
state is plotted in Figure This version of the load is seen to increase significantly with
pressurization at most temperatures and pressures. In the general vicinity of the thermo-
dynamic critical point, the non-monotone variation of the bulk modulus will give rise to a
corresponding non-monotone variation in the load.

We next consider the lowest-order loss, i.e., the first term of , where 1 is evaluated at
the lowest-order density. Following the conventional scaling used in the lubrication literature
where the film thickness is scaled with the radial clearance, we have multiplied by
1+6 and have plotted this version of the scaled loss in Figure for various reference
thermodynamic states. Inspection of Figure reveals that the reference temperature has
an insignificant effect on the scaled loss. This is due to the fact that the shear viscosity
roughly scales with the ideal gas shear viscosity, at least for the purposes of computing the
temperature dependence. To illustrate this point, we have plotted the variation of the ratio
of the shear viscosity to the ideal gas viscosity at the same temperatures in Figure [4.11

As indicated in the discussion of , the scaled loss for low pressure gases will depend
only on ¢ due to the fact that @ = 1 in the ideal gas limit. Thus, each curve in Figure [4.10
will approach the same low pressure asymptote for fixed . We note that the loss has been
scaled with the loss found when the load is zero, i.e., when § = 0. As a result, the scaled
loss will always be larger than 1 as we approach the ideal gas limit. However, observation
of Figure reveals that the viscosity will depend on the local density as the reference
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Figure 4.12: Variation of Scaled Viscosity with x/L for T,.; = 1.05 T,.. The parameter § =
0.5.

pressure is increased. Because the viscosity increases monotonically with increasing density,
7t < 1 over most of the fluid domain. An example of the viscosity variation with 7 is plotted
for various thermodynamic states in Figure As result, the scaled loss will decrease and
even become less than 1 as the reference pressure is increased. That is, for pressurized gases
the scaled loss generated by non-concentric cylinders can be smaller than that corresponding
to concentric cylinders.

The effects of pressurization on the attitude angle are displayed in Figure for various
reference temperatures at A = 50. Here we used the associated attitude angle ¢y = 71—, i.e.,
the angle between the direction of the total force and the negative x" axis seen in Figure
Inspection of Figure [£.13] reveals that ¢ increases with pressurization for a fixed reference
temperature. At T,.; = 1.05 T, pressurization results in 25.5% increase of ¢ over the value
of ¢ obtained at low pressure. The reason for this increase is due to the non-monotone
variation of both K7 and K. leading to a smaller decrease in the size of the integrand in
. At higher temperatures both % and  undergo a monotone increase as the pressure
is increases. Thus, the integrands in (4.40) will be smaller and the increase in ¢ will be
smaller at higher temperatures.

A comparison of the approximate and the exact scaled load was plotted as a function of ¢§
at A = 20, 30, 40, 50 and oo with various reference thermodynamic states in Figure [4.14
The reference temperature is taken to be T,.y = 1.15 T.. The range of the speed numbers is
selected to be within the general operating range described by previous investigators [12] [13].
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Figure 4.13: Attitude Angle (¢) vs Reference Specific Volume. The parameter § = 0.5 and
the speed number A = 50.

From the rotational speeds corresponding to A = 20 at V(0) =12 V., 6 V. and 3 V. are
found to be 8432 rpm, 14221 rpm and 19660 rpm, respectively. The solid lines denote the
lowest-order theory and the broken lines represent the second-order approximation (4.39).
At V(0) = 12 V., there is little variation of the load with A and it is reasonable to suggest
that the lowest-order approximation is sufficient to predict the scaled load for this range
of §. As the reference pressure increases, the scaled load increases as expected, and more
importantly, the effect of A on the scaled load is seen to become more significant. As a result,
the second-order approximation is seen to be necessary to evaluate the load generated by
pressurized gases. Even at A = 20 it was found that the maximum discrepancy between the
second-order approximation and the exact scaled load for the case of V(0) = 3V, is 4.7%.

In order to illustrate the effect of A on the loss, we have plotted the approximate and exact
scaled loss as a function of 6 at V(0) = 12 V. and 3 V. in Figure and Figure [4.16]
respectively. The speed number A = 20, 30, 40, 50 and oo, and the reference temperature
was taken to be T,.r = 1.15 T.. Examination of Figure indicates that the agreement
between the approximate and exact scaled loss is excellent for each A at V(0) = 12 V.. The
maximum difference between the second-order approximation and the exact scaled loss is
found to be 2.5% at A = 20. The scaled loss is seen to decrease with the increase of A and
to increase monotonically as ¢ increases. At higher pressures, the rate of increase of the
viscosity with increasing density is larger than in the low pressure case so that the loss for
the case V(0) = 3 V. has a local minimum located at § ~ 0.2. At these higher pressures the
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Figure 4.14: Scaled Load vs § at V(0) = 3 V,, 6 V., and 12 V.. The speed numbers were
taken to be A = 20, 30, 40, 50, oo and the reference temperature T,.; = 1.15 T.. Symbols
represent the exact scaled load computed from — in which the pressure variation
was obtained from the Reynolds equation @D and the equation of state. Lines denote
the approximation of the scaled load (4.39). The lowest-order results, i.e., A = oo, are

represented by . Results for A = 50 are denoted by J and ——————— ,
results for A = 40 are denoted by O and —-——-—-—- , results for A = 30 are represented
by ¢ and = —re—e—- , and results for A = 20 are denoted by A and =====-==-- .

difference between the exact and approximate solutions is larger than in the low pressure
examples. Nevertheless, the maximum difference between the exact solution and the A = 20
approximation is less that 10% for the chosen values of § and V(0).

The attitude angle v is plotted as a function of ¢ at T,.r = 1.15 T, for V(0) = 12 V. and 3
V. in Figure[4.17 and Figure 4.18] respectively. The speed numbers were taken to be A = 20,
30, 40, and 50. Observation of Figure reveals that the agreement between the exact v
and the first-order approximate 1) is seen to be very good for each A at V(0) = 12 V. where
the maximum discrepancy is found to be 4% at A = 20. The scaled attitude angle decreases
with the increase of A and the decrease in 0. At V(0) = 3 V, the first-order approximation
of ¢ still has reasonable agreement with the exact ¢» when A > 30. At A = 20, the maximum
difference between the exact 1 and approximate 1 is found to be 10.6%. We note that the
non-zero attitude angle at § = 0 is due to the fact that both F,, and Fy/ — 0 at the same
rate as & — 0. The limiting value of ¢ can be found by taking 6 — 0 in ([£.40)), and
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Figure 4.15: Scaled Loss vs 6 at V(0) = 12 V.. The speed numbers are taken to be A = 20,
30, 40, 50, co and the reference temperature T,.; = 1.15 T,. Symbols represent the exact
scaled loss computed from (4.21)). Lines denote the approximation of the scaled loss (4.43).
The lowest-order results, i.e., A = 0o, are represented by == Results for A = 50 are
denoted by J and —=————— , results for A = 40 are denoted by O and =—+—r—-—- )
results for A = 30 are denoted by ¢ and —s-—r—-- , and results for A = 20 are denoted
by A and ====---- :
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Figure 4.16: Scaled Loss vs § at V(0) = 3 V.. The speed numbers are taken to be A = 20,
30, 40, 50, co and the reference temperature T,.; = 1.15 T,. Symbols represent the exact
scaled loss computed from (4.21]). Lines denote the approximation of the scaled loss (4.43).
The lowest-order results, i.e., A = oo, are represented by == Results for A = 50
are denoted by J and ———=— | results for A = 40 are denoted by O and —+—+—:—- )
results for A = 30 are denoted by ¢ and —s-—r—-- , and results for A = 20 are denoted
by A and ====---- :
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Figure 4.17: Attitude Angle vs § at V(0) = 12 V.. The speed numbers are taken to be A =
20, 30, 40 and 50 and the reference temperature T,.; — 1.15 T.. The scaled attitude angle
is defined as ¥ = m — ¢, i.e., the angle between the direction of the load and the negative
x’ axis seen in Figure 4.2 Symbols represent the exact scaled attitude angle computed from
4.16)) and . Lines denote the approximation of the scaled attitude angle obtained from
4.40)). Results for A = 50 are denoted by [J and ————— , results for A = 40 are denoted
by O and —:——-—:—. , results for A = 30 are denoted by & and —-+—1—-- , and
results for A = 20 are denoted by A and ======== .

(133) yielding
2
b ~ KW as & — 0. (4.48)
Thus, ¥ at 6 = 0 will be independent of the reference thermodynamic state. For A = 20, 30,

40, and 50, the values of ¥ at 6 = 0 will be 18°, 12°, 9°, and 7.2°, respectively. This non-zero
limit of ¢ as 0 vanishes is consistent with the finding of [8] for ideal gases.
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Figure 4.18: Attitude Angle vs § at V(0) = 3V.. The speed numbers A = 20, 30, 40 and
50 and the reference temperature T,.; = 1.15 T.. The scaled attitude angle is defined as
1 = m — o, i.e., the angle between the direction of the load and the negative x" axis seen
in Figure . Symbols represent the exact scaled attitude angle computed from and
(#.17). Lines denote the approximation of the scaled attitude angle obtained from (4.40).
Results for A = 50 are denoted by J and —=———— , results for A = 40 are denoted by O
and —r—-—r—- , results for A = 30 are denoted by < and —_——— , and results for
A = 20 are denoted by A and ===-==--- .
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4.5 Summary

We have obtained approximate solutions for the load and loss of a two-dimensional, steady,
compressible, laminar, and single-phase flow between two non-concentric cylinders. Solutions
are based on large A expansions of the Reynolds equation and are therefore valid at
most pressures and temperatures in the single-phase regime and for all Navier-Stokes fluids;
the primary exception is the neighborhood of the thermodynamic critical point where (4.12))
breaks down. In Appendix [A] we have given the connection between the friction loss and the
net heat flux so that the heat transfer is determined once the friction loss is.

In the limit of ideal gases, the work of [8] suggests that the first corrections to the load and
loss are O(A~2). The present study demonstrates that this ordering holds for general fluids,
i.e., for both low and high pressure gases, as well.

The effects of pressurization and non-ideal gas behavior have been illustrated primarily
through the use of the lowest-order theory. Pressurization affects the load through the bulk
modulus and it affects the loss through the density dependence of the shear viscosity. We
found that the load scales with the reference bulk modulus k7|,s so that the non-monotone
variations of the bulk modulus can result in a non-monotone variation of the load. Isothermal
pressurization is seen to result in significant increases in the load.

At moderate pressures, inspection of Figures and suggests that A |F| and (1 + 0)
|P| can be regarded as nearly constant for reference specific volumes of V(0) > 6 V.. At
higher pressures, the dependence of the density on the bulk modulus and viscosity becomes
more noticeable. As a result, the strong decrease in the loss and the increase in the load will
require the use of pure numerical solutions or the approximations given here.

The second-order approximations for load and loss are compared to the exact values obtained
based on the solutions to the Reynolds equation for a range of 9 in Figures 4.16
These examples illustrate the dependence of the load and loss on the eccentricity parameter
and the speed number.

The lowest-order attitude angle (¢» = m — p)has been computed and is found to decrease
with increasing A. At constant A and a fixed reference thermodynamic state, the attitude
angle is seen to approximately increase linearly with 0, at least for the cases shown. The
values of ¢ at 0 = 0 are given by and are seen to be independent of thermodynamic
state.

In order to focus on the physical effects of pressurization and the structure of the approx-
imation scheme, we have restricted attention to the relatively simple flow model of [22];
this model has been validated against numerical solutions to the full Navier-Stokes solutions
in [22] 23]. Many of the observed features here are due to the density dependence of the
material functions and will be present, to greater or lesser degrees, in more complex flows,
including those involving turbulent and three dimensional flows.
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Chapter 5

Virial Approximation for Load and Loss
in High-Speed Journal Bearings using
Pressurized Gases

The contents of this chapter have appeared as an open access article in the Fluids, volume 4,
issue 1, 2019. The published article can be found at: https://www.mdpi.com/2311-5521/
4/1/27.
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work.

Abstract

We consider steady, laminar, compressible lubrication flows in a high-speed two-dimensional
journal bearing governed by the appropriate Reynolds equation. The thermodynamic states
correspond to pressurized gases and are in the single-phase regime. Simple explicit formulas
for the load capacity, power loss and attitude angle are derived by applying the virial (or
small density) expansions of pressure and shear viscosity to results developed in previous
studies. The present virial approximation was compared to the exact numerical solutions to
the Reynolds equation. It was shown that the results based on our virial expansions are quite
accurate at thermodynamic states corresponding to dense and supercritical gases. The first
virial correction is seen to significantly improve predictions based on the ideal gas theory.
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5.1 Introduction

The canonical equation governing many lubrication flows is the Reynolds equation [I]. Since
its introduction in the late 19" century, it has been generalized to include the effects of three-
dimensional unsteady flow, turbulence, non-newtonian constitutive laws, two-phase flow, and
wall slip |2, B, 4, 5]. Conditions under which the Reynolds equation is valid are satisfied in
many devices [6, [7, 8, 9, 10]. An important motivation for the use of the Reynolds equation is
that it provides a relatively simple, computationally efficient, and easily reproducible context
in which to examine physical effects and mathematical models.

Recent interest in novel power systems have motivated the use of gases rather than highly
viscous oils [12], 11, T3], 14, 15]. The advantages of gases over liquids include weight reduction,
elimination of complications associated with fouling due to leaks and complications due to
phase changes, and the compatibility with working fluids of the parent power system.

Because the viscosity of gases is smaller than that of oils, gas lubrication requires high speeds
to support reasonable loads and the resultant flows are very often compressible. The overall
compressibility of the flow is usually characterized by the speed or bearing number defined
as a non-dimensional measure of the flow speed; a precise definition of the version of the
speed number used here will be given in the next section.

In most of the previous investigations of gas lubrication the ideal gas model was employed
[3, 12 16]. Onme of the first analytical studies is due to Gross et al. [3] who developed
approximations to the Reynolds equation valid for large speed numbers and ideal gases. It
was shown that the first correction for finite speed number to the lowest-order, i.e., that
corresponding to an infinite speed number, load and loss of a simple journal bearing is of
order of the inverse square of the speed number. For journal bearings lubricated with ideal
gases, Gross et al. [3] provided explicit formulas for load and loss in terms of the speed
number and eccentricity.

When the pressures are on the order of those of the thermodynamic critical point, the gas
can no longer be regarded as ideal, and more complex gas models must be employed. In
order to investigate the effects of pressurized gases on bearing performance, previous studies
[17, 18, 19, 20] have numerically solved the Reynolds equation along with digital table look-
ups to capture the real-gas behavior. Conboy [17], Kim [I8] and Qin [I9] used the NIST
REFPROP database [21] while Guenat and Schiffmann [20] employed the COOLPROP
database [22].

At the thermodynamic critical point, properties such as the specific heat at constant pressure
and the thermal expansivity are singular; as a result, the Prandtl number is also singular at
the thermodynamic critical point. Additionally, the bulk modulus

0
=p 2L >0,
op|r

where p > 0, T > 0, and p = p(p,T) are the fluid density, absolute temperature, and

kr = kr(p,T) (5.1)
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Figure 5.1: Variation of the Scaled Bulk Modulus with Reduced Specific Volume for COs.
Subscripts “c” will always denote quantities evaluated at the thermodynamic critical point
and V = p~! = the specific volume. The curves were generated using the Redlich-Kwong-
Soave (RKS) equation of state. Details of the RKS equation are given in [23] along with the
physical constants for COs.

thermodynamic pressure, is seen to be zero at the thermodynamic critical point and has a
non-monotone variation with density at constant temperature. A plot of a scaled version of
is provided in Figure[5.1] Recognition of the singular behavior of high pressure gases has
led [24] to examine the validity of the Reynolds equation in the general single-phase regime.
These authors have given a careful derivation of the Reynolds equation and corresponding
temperature equation valid for compressible flows of pressurized gases. The usual constraints
of a thin fluid layer and small lubrication Reynolds number were imposed along with mild
conditions on any imposed temperature differences. The resultant form of their Reynolds
equation is given in the next section. The Reynolds and temperature equations of [24] were
found to be valid over most of thermodynamic states corresponding to ideal, dense, and
supercritical fluids, but were seen to break down simultaneously in the near-critical regime.
The size of this near-critical region was given in terms of the lubrication Reynolds number;
see, e.g., Section IV of [24]. It was shown by [25] and [24] that, within the stated region of
validity, the solutions to the Reynolds and temperature equation of [24] were found to be in
excellent agreement with the Navier-Stokes equations.

Chien and Cramer [26] have derived approximate solutions to the Reynolds and temperature
equation of [24] valid for pressurized gases and large speed numbers. Explicit expressions
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w = constant. The angle ¢ is the angle between the force F' and the positive x” axis. The

angle v =1 — .

for the local density, pressure, temperature and heat flux were given in terms of the bulk
modulus, shear viscosity, thermal conductivity, thermal expansivity, Prandtl number, speed
number, and the film thickness. In [27] Chien and Cramer have used approximations which
are second order in the speed number to derive general expressions for the load, loss and
attitude angle for a two-dimensional journal bearing. For convenience, the relevant results
of |27] are recorded in the next section. While the results are explicit, the results require
the numerical evaluation of a number of integrals if the gas model is more complicated than
that of an ideal gas. Numerical integration will also be required if the fluid properties are
supplied by digital table look-ups.

The goal of the present investigation is to develop a simplified model for the load, loss
and attitude angle based on virial, i.e., small density, expansions of the pressure and shear
viscosity. The resultant expressions will obviate the need for numerical evaluations of the
integrals and provide explicit expressions for the load, loss and attitude angle in terms of
the first virial coefficient for pressure and a reference viscosity.
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5.2 General Formulas

We begin with the general formulas for the load, loss, and attitude angle derived in [27] for
large speed number. These formulas were derived by finding the second-order approximations
to the Reynolds equation of [24]-]25] and then integrating the results for pressure over the
journal bearing configuration sketched in Figure 5.2l The Reynolds equation is valid for
steady, two-dimensional, compressible, laminar, single-phase flows at thermodynamic states
sufficiently far from those of the thermodynamic critical point. Again, we refer the reader
to [24] and [27| for details, derivations, and validation of these results. In the following, we
summarize the principal results of [27] which form the basis for the present study.

The configuration considered in this study is a two-dimensional infinitely long journal bearing
as sketched in Figure 5.2} The inner cylinder corresponds to the rotor, which has radius R;
and is centered at x’ = 0 and y’ = 0. The rotor rotates at a rate w = U/R;, where the
constant U is the speed of the surface of the inner cylinder. The outer cylinder represents a
stator, which is stationary and has a radius = R, > R;. The center of the stator is located
at X' =-e =-¢€(R,-R;), y = 0. Here € is the eccentricity.

We take the gap between the rotor and stator to be sufficiently small compared to their radii.
We can then approximate the flow using the unwrapped configuration sketched in Figure
The film thickness is given by the function h(x), the surface of the stator is taken to be
y = h(x) and the surface of the rotor to be given by y = 0. The coordinate x is the distance
taken along the inner cylinder, i.e., the rotor, and is related to the angle 6 by 6 = 27x/L
where L = 27R; is the circumference of the rotor. The coordinate y is taken to be normal to
the rotor. The minimum film thickness occurs at the origin and is given by h, = h(0) and
the maximum thickness is h,, = h(x = L/2) = h(f = 27). Because of the periodicity of the
physical configuration and the choice of the coordinate system,

h(0) = h(L) = h,, (5.2)
dh dh
T (0)=—-(0) =0, (5.3)
d?’h d?’h

The general results of [27] were obtained using the relatively weak condition on h(x) that it
is symmetric about x = L/2 or 6 = 7, i.e.,

h(mr —0) =h(0 —7) or h(L/2—x)=h(z— L/2). (5.5)
The formulas derived in Section use an explicit form of h(x) corresponding to a two-

dimensional journal bearing sketched in Figure 5.2 When the gap width is small compared
to the radii of the rotor and stator, we find that h(x) can be approximated by

= h(F) = h,(f)

=1406—0dcos(2mT), (5.7)

~1+4+§—3dcos(f), (5.6)
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e

U=R o

Figure 5.3: Unwrapped Configuration: The surface y = 0 corresponds to the surface of the
inner cylinder, i.e., the rotor. The surface y = h(x) corresponds to the surface of the outer
cylinder, i.e., the stator. The minimum film thickness is taken to be h, = h(0) and the
maximum film thickness is taken to be h,, = h(L/2).

where T = x/L = 0/27 and the parameter 0 is related to the eccentricity by 6 = €/(1 — €).

In terms of the unwrapped configuration of Figure the non-dimensional form of the
Reynolds equation derived by Chien and Cramer [24] is

% (53@6%) - %, (5.8)
subjected to the periodicity condition
p=1 at =0, 1. (5.9)
Here 7 = x/L = 0/27, and )
p= oo (5.10)

is the scaled fluid density. The subscript “ref” will always refer to a reference thermodynamic
state; throughout this study we take this reference state to be that at the minimum gap
thickness, i.e., at T = 0, 1 or, equivalently, 8 = 0, 2w. The thermodynamic function
RT (pv T)
Kre = Kre(p, T) = ————=, (5.11)
p(p,T)
is the effective bulk modulus which gives a measure of the relative strength of the local fluid
stiffness to the fluid friction. The quantity pu = u(p,T) > 0 is the shear viscosity. The scaled
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version of the effective bulk modulus (5.11)) is

T, T,
Fre = S 20 Treg) _ Kol Toey) (5.12)

/{Te(prefa Tref) K'Te|ref

As in the classical lubrication theory the flow may be regarded as isothermal for the purposes
of computing the density and pressure. The temperature is therefore taken to be T,.s
throughout this calculation. The constant

6U L

A I
hg/fTe|ref

(5.13)

is the speed number. This form is the one that arises naturally during the non-
dimensionalization process when pressurized gases are of interest.

For A > 1, [27] have shown that the net force on the rotor seen in Figure[5.2] can be written

as
6|F'| 3K7 e 1 (Ls 112 1
il R Lo |14+ — (2422 — 14
peR;b TPe ol +A2 ]x1+2[§1 —FO(A?’)7 (5.14)

where F’ is the dimensional force, p. is the pressure at the thermodynamic critical point,
and b is the length of the bearing in the axial direction, i.e., the direction orthogonal to the
diagrams of Figures The quantities I, I3, and I,» arise naturally in the course of
the derivation of [27] and are defined

T Foro dh
I =— 27r/ %Esinw)d@, (5.15)
0
_\ 2
11, 0 (F —_ OR2, dh
I3 =— 87r3/0 [55%%6? ( pT) ) + hFfro ag ) w7 cos(6)db
2T . dQE
+ 87® / ETOE%ethWCOS(G)dO
0
SdQE 27r_
— 8m W(O) i Rrocos(0)do, (5.16)
2m 7
Iy = — 4n? / FroRTeo B %sm(e)de, (5.17)
0
where T
Fp = (P, Trey) (5.18)

"iT(prefa Tref) ‘

The subscripts “0” denote quantities evaluated at the lowest-order density p =~ 1/h, e.g.,

1
ETO EET(zaTref)- (519)
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The attitude angle () is defined as the angle between F’ and the positive X’ axis seen in
Figure and was found to be

F, 11 1

¢ =tan"! (Fy > ~m— -2 4O (5.20)
Because both I,; and I,» are always < 0, the force on the rotor will always lie in the second
quadrant of the x'-y’ plane sketched in Figure [5.2] It will therefore be convenient to define
the associated acute angle ¢ =7 — ¢.

Under the same conditions, [27] have shown that the scaled power loss can be written

_\ 2
_ he ' 3 /! —(dh 1
By = P S Y 5 R R N i W o TR 21
At /Oh x—I—A2/O Freo Fir (dx) PO, (521)

where P is the dimensional power loss having units of energy per time, and is negative if
fluid friction opposes the motion of the rotor. The quantity

11(p; Trey)
M(Pref, Tref)

is the shear viscosity scaled with the reference value. The evaluation of the scaled viscosity
in the first integral on the right hand side of can be done by using the second-order
expression for density derived by [27] or by expanding 7i(p,T,.s) in a Taylor series. In
[27], the first approach was used in detailed numerical examples. Each approach will give
approximations which are consistent with the accuracy of [27]. Here it will be convenient
to use the second approach. We first expand 7z in a Taylor series for densities near the
lowest-order density distribution, i.e., near p = 1 /E. This expansion reads

7= 75, Tyes) = (5.22)

of 1. 10%n 1.2 1
n=0,+— p—=)+-—| (p— = O(-= 5.23
H Ho + ap O(p h> + 2 aEQ 0(10 h> + (A3>7 ( )
where, as pointed out above,
_ 1
Flo = (3= Trep)- (5.24)

and the derivatives are to be evaluated at p = 1/5 and T = T,.;. If we further use the
second-order expansion for the density, we have
1 1 1 1
D = = —_— ey O -y
10 h+Ap1+A2p2+ (A3)7
where p; and py are O(1) expressions given in [27]. Substitution in (5.23) and the first

integral on the right hand side of (5.21)) yields
dz 1
pﬂ = o (5.26)

1 — 1 — 1 _

oo [ Ip
:dx: :dl’—i—— e =)
/0 0 /g R TN, L% D A7)

where the symmetry condition ((5.5]) has been used to show that the O(A™!) contribution is
identically zero.

(5.25)

16°m
prt st
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5.3 Virial Expansion of Pressure and Bulk Modulus

The ideal gas theory is valid at low pressures. In particular, the densities are taken to be
small compared to those at the thermodynamic critical point, i.e., when

p < pe, (5.27)

where the subscript “c” will always denote quantities evaluated at the thermodynamic critical
point. Thus, the expansion of pressure in a power series for small density and constant
temperature can be written

p=pRTY Bi(T)p', (5.28)
=0
where the B; = B,(T) are referred to as the virial constants and R = the gas constant. In
order that p = p(p,T) — pRT as p — 0, we require that By = 1 so that

p=pRT[1+ Bip+ O(p*)]. (5.29)

Here By will be referred to as the first virial coefficient. We now define a nondimensional
version of this factor as

B E(%) = _pB (5.30)
so that ) P
p:pRT[l—Bp——i—O(p—) ). (5.31)

Here we have chosen to rescale By with a minus sign due to the fact that the first effects of
intermolecular forces is to lower the pressure relative to the ideal gas value as the density is
increased from zero.

The bulk modulus (5.1)) is calculated to be

kp = pRT[1 — 2§pﬁ + O(pﬁ)2 ! (5.32)

At the reference density and temperature, the bulk modulus is

K7lref = Pref RTves[1 — 2Bep A + O(A?) ] (5.33)
where
A=t g (5.34)
Pe

is the small parameter associated with the virial expansion. The quantity

Tregy (5.35)

Eref = E( T
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To obtain the scaled bulk modulus (5.18) we evaluate (5.32) at T = T,.; and take the ratio
of (5.32) to (.33) yielding

Fr = pl1 —2B,;A(p — 1) + O(A?)]. (5.36)
The quantity (5.19) seen in our expressions for L1, L3, L2 and (5.21) is found to be

Kro =

_ — 1
(14 2B,efA) — 2B, A = +0(A?). (5.37)

= =

5.4 Virial Expansion of the Shear Viscosity

We now expand the shear viscosity in a virial, i.e., small density, expansion,

p=ulp,T)=> ai(T)p' (5.38)

—0

= ao(T) + a1 (T)p + O(p?). (5.39)

In order that 1 — igear(T) as p — 0 we require that ag = ftigeqr(T) so that (5.39) can be
written

f= figea| 1 + @A D+ O(A?)] (5.40)
where
i=3 — ai (T)pc
a=ua(T) = (@) (5.41)

We refer to a; as the first virial coefficient of p and (5.41]) as the scaled first virial coefficient
of . When the viscosity is evaluated at the reference state, we have

pres = fideal(Treg)[ 1 + Grep A+ O(A%)], (5.42)

where @,.; = a(T,.s). For future use, we note that

tref — Wideal(Tref) — ~ 9
=arer A+ O(A*) <« 1. 5.43
Hideal (Tref) ! ( ) ( )

The scaled viscosity (5.22)) is obtained by evaluating (5.40) at T = T,.; and dividing the
result by (5.42)) to obtain

(P, Tyes) = 14+ Greg A (p— 1) + O(A?). (5.44)
The quantity (5.24) appearing in (5.26]) is found to be

— 1 . ~ 1
n, = M(ﬁ’TTef) = (1 — Qpef A) + Qref A E + O<A2) (545)
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Furthermore, the derivatives of i can be obtained by differentiating (5.44) to obtain

O
N
77 = O(A?). (5.47)

Thus, (5.26)) can be written

1 1 — 1 —
o Iy A o 1
/Oh - /0 2 7+ 0(5) /0 2 47+ o(5).
Vdz Laz 1
= (1 = Qpey A) x+arefA/ hf+o( A), (5.48)
0

where (5.45) has been used.

5.5 Virial Expansions of Load, Loss and Attitude Angle

We now substitute our virial expansions of the scaled bulk modulus and viscosity in (5.14))-
(-17), (b-21), (5-48) and (5.20). We will retain only terms which are first-order in the small
density expansion, i.e., those of order A, and only terms which are second-order in the speed
number A, except in the case of the attitude angle where we drop all terms o(A™!). We
therefore will provide the first corrections to the A — oo theory of ideal gases. Note that
any terms multiplied by A=2 can be evaluated in the ideal gas state, i.e., at A = 0. Thus,

the integrals (5.15))-(5.17)) become

T sin(6) dh
~d = (14 2B,y A) /0 e
— 2m sm(9) dh 9
—QBrefA /0 h %d0+O(A ) (549)
L 1 (dh\® T d*h
_87T3 = 2/0' ﬁ(@) COS(Q)d@ —/0 WCOS(Q) de
+ ﬁ(()) /% <59 49 1+ o(n). (5.50)
d6? 0 h '
Ls * 1dh |
__4772 = ; %@ Sln(e) d@
_ R T 1 1.dh )
— (4Byef + Qrep) A (=5 — =) —5sin(F) do + O(A?). (5.51)
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If we now substitute the explicit expression for the film thickness (5.6) in (5.49)-(5.51)), we
find

In 1430 -V1+20 )
— oz = Co |1+ BrepA——— +0(A%) (5.52)
1.3
— a1 =0 - 200(30 +2) + O(A), (5.53)
I — —~
—55 = CoVI+2 14 (4Bey +Tref) 1A +0(A2), (5.54)
where the factors
1 V142
Co= Colo) = L0 VIE2 (5.55)
0v1+ 26
1
O = (s <o 5.56
1=G10) = 1+20 (5:56)

Through substitution of (5.52)-(5.54) in (5.14) and straightforward manipulation, we then
obtain the virial expansion of the load,

6/F'| AT, 5
=127 BietA
peRib Co 7 Z. T, ref ACr
272 A 1
+ 55 (F2 4 VIF20)(140) + O(5. A% )| (5.57)
where
B 14+6+vI+26
Crr = Cir(0) = Y > 0, (5.58)
and we have recognized that (5.33) can be rewritten as
re A T’/’E ED)
Ktlrer _ A Tre [1 = 2AB,.; + O(AY)]. (5.59)

De Zc Tc

Here
Pe  DVe

.= =
peRT. RT,

(5.60)

is the critical compressibility.

If we substitute (5.52)) and (5.54)) in ((5.20) we obtain the virial approximation to the attitude
angle

2 1 25 ref — Midea
eVl + 1 4 Hret Mdzcl

A Hideal

©
I

2

Ch A® 1
+ BrefA (Cl + 4) + O(T> p) (561)
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where we have used (j5.43)).

The expression for virial expansion of the power loss is obtained by substituting (5.7)), (5.37)),
and (5.45)) in (5.48) and (5.21]) yielding

1 1— Href — Hideal o

m Hideal 1 + 25
1272 A,
+ = Cod(1+26) | +0(55, A%), (5.62)

P

Results (5.57), (5.61), and (5.62)) give the dependence of the load, attitude angle, and power
loss in terms of the eccentricity (through §), the specific gas model, the speed number, and

the degree of pressurization. In the ideal gas limit, i.e., as A — 0, firef —> Lideat, (5.57)

and (5.62)) become

6‘F,| A Tref 271'2 1

DoRib ~ 127w C ZTC{l—i—F(—Q—F V1+25)(1+6)+O(F) , (5.63)
-5 1 1272 1

—P ~ =% [1—0— A2 005(1+25) —|—O(F)] (5.64)

Because Eref > 0 and fiyef > Midear, further inspection of and 1) shows that the
load and loss will always be less than that predicted by the ideal gas theory when A = 0.
That is, the ideal gas theory will always overpredict the value of the load and loss, at least
in the near-ideal and dense gas regime.

Because the shear viscosity increases with pressurization along isotherms, result is
consistent with the observations of [27] that |P| undergoes a weak decrease as the fluid is
pressurized, at least in the near-ideal and dense gas regimes. At this level of approximation,
the effect of pressurization on the scaled loss is determined by the ratio

Href
Hideal

which [27] have pointed out tends to be nearly independent of temperature, particularly in
the near-ideal and dense gas regime. This fact is illustrated in the next section as well. The
independence of the scaled loss with temperature is consistent with the more comprehensive
computations of [27].

In the ideal gas limit, (5.61) the attitude angle reduces to

2/ 1+ 26 1
—x o)

A comparison of (5.65) to (5.61) reveals that isothermal pressurizations will increase the
deviation of the attitude angle from the ideal gas result.

(5.65)

pRT—
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Once the fluid is chosen, fluid properties such as the critical pressure and temperature and the
molecular weight can be obtained from widely available references; in the following examples
we will use the data found in [23]. Once the degree of pressurization, i.e., per and Ty,
is chosen, the only remaining material parameters are the scaled virial constant Eref and
ref/ Hideat- These parameters are computed by different approaches depending on the nature
of the gas model.

If the equation of state and viscosity is determined by tabular data or is computed by using
a digital property bank, the values of p,.; and T,.; are used to compute or interpolate the
corresponding pyes and pier. The value of fiigeq(Trer) is estimated by using a sufficiently
small value of p,.r/p. from the tabular data or property bank. It is then a straightforward
matter to compute

5] pref ,Uref - ,uideal(Tref)
Bt Ax1-— and .
/ prefRTref Hideal (Tref)

If the equation of state and shear viscosity are modeled by explicit known formulas, the same
approach as for the case of tabular data could be used. That is, we could simply compute
Drefs Mrefs Hideal(Trer) from pres, Trep. Alternatively, formulas for the required parameters
can be computed by expanding these explicit functions for small values of p/p.. It is this
latter approach that we will employ for the numerical calculations in the next section.

5.6 Numerical Results

For the purpose of illustration, we take the Redlich-Kwong-Soave (RKS) equation of state
described in [23] and the viscosity model of Chung et al. |28, 29| as our exact gas models
(EGM). The fluid is chosen to be carbon dioxide (CO3) and the physical parameters of CO,
were taken from Reid et al. [23].

If we expand the pressure for small density and constant temperature, we then obtain the
scaled first virial coefficient for the pressure corresponding to the RKS equation of
state. The details are straightforward. In order to conserve journal space, we record only
the final result here. The value of B was found to be

O‘(Tr)
TT'

E(Tr) =7 [k

2 — by - (5.66)

Internally consistent values of the nondimensional constants seen in (5.66) were found to be
k = 0.427480, by = 0.08664, Z. = 1/3. The reduced temperature T, = T'/T, and

2
A(T}) = |1+ (0.48 + 1.57T4wge — 0.17602.)(1 — \/Tr)} , (5.67)

is a dimensionless function of T, and the acentric factor w,. — constant.
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Figure 5.4: Scaled Bulk Modulus vs V/V. at T = 1.25 T, 1.15 T, and 1.05 T.. The lines
represent the exact bulk modulus obtained from the exact gas model (EGM) and (5.1)). The
symbols denote the virial expansion of the bulk modulus computed using (5.68) and (5.66).

We have plotted the scaled version of virial expansion of kp

KT 1 pT — T p P2

Pe  Zepe Tt 1 QB<TC),OC +O(pc) ) (568)
combined with along with its exact value calculated using the EGM and in
Figure [5.4] at temperatures equal to 1.25 T., 1.15 T, and 1.05 T.. The lines represent the
exact kr; the symbols denote the virial expansion of kp . AsV — 0, 2Bp/p. becomes
O(1) such that the virial expansion is no longer valid. As a result, we will only consider the
cases where 2Bp/p. < 0.5 in all that follows. Examination of Figure reveals that the
agreement is very good over most of the dense gas regime. The difference between the exact
kr and the virial expansion of k7 are found to be less than 5% for each temperature and V
>5 V..

In like manner, a small density approximation is carried out for the viscosity model of Chung
et al. [28 29]. The details of this expansion are straightforward. We again only record the
final result. The scaled virial coefficient for the viscosity (5.43) was found to be

2E,Es + 5(F; + Es) — By E?

E - )
0 2(E1Ey + Es + E)

(5.69)

a=

1
6
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Figure 5.5: Scaled Shear Viscosity vs V/V, at Temperatures = 1.25 T,, 1.15 T, and 1.05
T.. The lines denotes the exact viscosity resulted from the viscosity model of Chung et al.
[28, 29]. The symbol O denote the virial expansion of viscosity computed using (5.69)) and
(5.70)).

where the quantities E;, i = 1 to 5, are given in [28], [29], or [23] as functions of the acentric
factor, dipole moment, and association factor of the fluid in question. Thus, @ is independent
of the temperature for the Chung et al. model [28]-[29].

The local form of the shear viscosity can be obtained from (5.40)). The result is found to be

1(p, T) e P P2

ﬂideal(T) ! - a(T) Pec * O(pc) ' (570)
In all that follows, we take a(T) to be given by so that @ is a constant. We have
plotted this approximation to the viscosity along with that generated by the exact Chung et
al. [28] 29] model for temperatures of 1.25 T, 1.15 T. and 1.05 T, in Figure Examination
of Figure [5.5[shows good agreement between the exact and the virial expansion of y for V >
5V.. The difference is found to be approximately 6.8% at V = 5V,.. Because @ — constant
for the Chung et al. model, the curve corresponding to the virial expansion is the same for
every isotherm. The exact solution for i/ i;geq is also seen to have only a weak variation
with temperature for the temperatures and densities in Figure [5.5

We now compare the load, loss, and attitude angle predicted by our virial approximations
to the more general integral formulas (5.14)-(5.17), (5.20)-(5.21) derived by [27]. We also
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Acronym| Reference Description

Numerical solution to
the Reynolds equation
with exact gas model.

LLEGM Large A approxima-
D-14)-(.17), | i to Reynolds equa-

0-20), (]5'21[) tion with exact gas

model.
Virial expansion ap-

LLv gg; » (0:61): | plied to LLEGM

REGM | [24], [25]

Ideal gas approxi-

LLIG ' mation applied to

LLEGM or LIV

Table 5.1: Acronyms and Approximations

compare the virial approximations of the load, loss, and attitude angle to those obtained with
the simplification of the ideal gas theory. For context, we also compare the results based on
each of these approximations to those based on numerical solutions to the exact Reynolds
equation . For the convenience of the reader, we have summarized these approximations

in Table

We regard the exact solutions to be the numerical integrations of the Reynolds equation
derived and validated in [24] and [25] and used by [26]-[27]. The RKS gas model and Chung,
et al [28] 29] viscosity models will be employed in the integration of the Reynolds equation.
A shooting method is used to solve the resultant two-point boundary value problem. The
procedure for the calculation of the load and loss from the numerical solutions to the Reynolds
equation is described in [27]. Checks on the tolerance for the shooting method and the
resolution in the streamwise direction were carried out to ensure that the results displayed
here are independent of the tolerance and number of points in Z. Further details regarding
the solution to the exact Reynolds equation can be found in [24], [25], and [27]. We will refer
to this case using the acronym REGM.

The next level of accuracy is associated with the large A theory of [27]. The load, loss, and
attitude angle are given by (5.14)-(5.17), (5.20)-(5.21). The integrals are evaluated using
Simpson’s rule. Checks on the number of points have been done to ensure that any results
presented here are independent of the discretization. The material functions in (5.14)-(5.17),
(6-20)-(5-21)) were evaluated using the RKS equation of state and the full Chung et al. [28,29]
models. This large A (LL) approximation using the exact gas model (EGM) will be referred
to by using the acronym LLEGM.

The third set of results is based on the virial approximation scheme developed here, i.e., on

results , , and with Bief, firef/tideat(Tres) estimated by — and



Ssu-Ying Chien Chapter 5. Virial Expansion 106

(5.43) combined with (5.69). In the following, we refer to this case as the virial expansion
applied to LLEGM, i.e., LLV.

Finally, we compare each of these results to those obtained in the ideal gas theory. The
formulas corresponding to the ideal gas theory are given by (5.63))-(5.65). We refer to this
case as ideal gas approximation applied to LLEGM or LLV and will denote this case by
LLIG.

The accuracy of the virial expansions developed here will be seen by comparing the LLV
results to the integral formulas on which LLEGM theory is based; that is, it provides a
measure of the accuracy of the approximation of the material functions in the context of the
load, loss and attitude angle. The inclusion of the results of the exact Reynolds equation,
i.,e., REGM, will give a measure of the total error due to the large A approximation and the
virial approximation. The comparison of each of these theories to the ideal gas theory will
give an indication of the error in the ideal gas theory at higher pressures in the context of
load, loss, and attitude angle.

In these examples, we consider the unwrapped journal bearing sketched in Figure The
ratio hy/L = 1.989 x107° and the speed number is taken to be A = 50. Unless stated
otherwise, 6 — 0.5. Throughout this study we take the reference thermodynamic state to be
that at x = 0 and L.

8 T T T
REGM
! | | 0 LLEGM
ol o T o LLV i
¢ LLIG
6F"| |
4 o
pcRib |
2 o
0
0

Figure 5.6: Scaled Load vs Reference Specific Volume V/V, at T,.r = 1.05 T,.. The speed
number A = 50 and the parameter 6 = 0.5.

The variation of the scaled load at T,.; = 1.05 T, and 1.25 T, with the reference specific
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Figure 5.7: Scaled Load vs Reference Specific Volume V/V, at T,.; = 1.25 T,.. The speed
number A = 50 and the parameter § — 0.5.

volume is plotted in Figures [5.6| and respectively. In all that follows, we only present
results for reference thermodynamic states having 2BA < 0.5. Inspection of Figures
and reveals that the LLV model is in excellent agreement with the LLEGM and REGM
models for all the given reference thermodynamic states. As indicated in Section 5.5 the use
of the ideal gas model will result in an overestimation of the load when the gas is pressurized.
A comparison of Figures5.6]and [5.7]shows that the error in the ideal gas model is larger when
Tyep = 1.05 T, than when T,.r = 1.25 T, for fixed V,.s. This can be explained by the fact
that the first correction term in (5.57)), i.e., FTEfA, decreases as the reference temperature
increases. The maximum difference between the LLV and LLIG model for the case of T,.s
= 1.05 T, and 1.25 T, occurs at V,.; = 3.45 V. and 2.27 V,, respectively, and its value is
found to be 53.7% and 41.2%, respectively.

Observation of Figures and also indicates that the scaled load increases with the
pressurization and the increase of the reference temperature. This is due to the fact that
the load is dominated by the variation of the bulk modulus for fixed § and A. These results
are consistent with the findings of [27].

Because it was shown that the effects of the temperature on the scaled loss are insignificant
[27], we have only plotted the variation of the scaled loss corresponding to the case of T,y =
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Figure 5.8: Scaled Loss vs Reference Specific Volume V(0)/V. at T,.; = 1.25 T.. The speed
number A = 50 and the parameter o = 0.5.

1.25 T,; our results are recorded in Figure 5.8 We have multiplied the scaled loss by (1)
in concert with the conventional practice in which the film thickness is scaled with the radial
clearance. FExamination of Figure reveals that the agreement between the LLV model
and the REGM and LLEGM models is seen to be excellent even at V,.; = 2.27 V., where
the fluids can be considered to be dense gases or slightly supercritical fluids. As discussed
in [27], the monotone increase of the viscosity with increasing pressure or decreasing specific
volume leads to the decrease of the scaled loss for fixed § and A. As is clear from (5.64)), the
scaled loss predicted by the LLIG model remains constant with isothermal pressurization.
This is due to the fact that the ideal gas viscosity is a function of the reference temperature
only. Again, the LLIG model overestimates the scaled loss in the pressurized gas regimes.
The maximum differences between the LLV and LLIG models are found to be 8% for the
cases considered in Figure [5.8

We note further that the loss is scaled with the zero-load loss, i.e., when § = 0. Inspection of
Figure [5.8/shows that the scaled loss of ideal gases will always be larger than 1. On the other
hand, because of the density dependence of the shear viscosity, the scaled loss can become
< 1 at higher pressures. This result is consistent with [27], but can be easily revealed by our
result , at least where the virial expansion is valid.

The variation of the scaled version of the attitude angle at T,.; = 1.25 T, is plotted as a
function of the reference specific volume in Figure Here we use the associated attitude
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Figure 5.9: Scaled Attitude Angle vs Reference Specific Volume V(0)/V. at T, = 1.25 T..
The speed number A = 50 and the parameter 6 = 0.5.

angle 1 = m— ¢, i.e., the angle between the direction of the total force F’ and the negative x’
axis seen in Figure[5.2] The agreement between the LLV, LLEGM and REGM models is seen
to be excellent. The attitude angle ¢ resulting from the LLV, LLEGM and REGM models
increases as the reference density rises. Inspection of reveals that 1 is dependent
only on ¢ and A for ideal gases. Thus, the scaled attitude angle corresponding to the LLIG
model remains constant and its value is smaller than that predicted by the LLV, LLEGM
and REGM models at higher pressures. The maximum discrepancy between the LLV and
LLIG models is found to be 25.6% for the reference states considered in Figure

We also have plotted the variation of the scaled load as a function of ¢ for V,.; = 5V, 10 V.
and 15 V. at T,y — 1.05 T, in Figure [5.10] Results obtained from the LLV, LLEGM and
REGM models are found to be in excellent agreement. Inspection of Figures [5.10] reveals
that the differences between the LLV and LLIG models increase with the increase of 6 and
reference pressure. The maximum differences between the LLV and the LLIG models at Vs
= 5V,, 10V, and 15V, are found to be 23.1%, 12.1% and 7.4%, respectively and occur at ¢
= 1.

The variation of the scaled loss is plotted against § at T,.; = 1.05 T, for V,.; = 10 V. and 5
V. in Figures[5.11]and respectively. Examination of Figure [5.11]and [5.12]indicates that
the LLV model is in very good agreement with the LLEGM and REGM models for a range
of 0 in both cases. The effects of the first virial correction term become more significant
as 0 increases for fixed pressure. The maximum discrepancy between the LLV and LLIG
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Figure 5.10: Scaled Load vs 6 at V,.y — 5 V., 10 V. and 15 V. for T,.; — 1.05 T.. The
speed number A = 50. The solid lines represent the scaled load obtained from the REGM
model; the symbols [, () and < denote the scaled load computed by the LLEGM, LLV and
LLIG approximations, respectively.

models for the case of V,.; = 10 V. and 5 V. are found to be approximately 1% and 3%,
respectively. The effects of the first virial correction on the scaled loss seems to be
smaller than that on the scaled load (5.57)). This is due to the fact the variation of rr with
the density is stronger than that of y, as shown in Figures and [5.5]

Inspection of also shows that the scaled loss has a local minimum at 6 = 0.103 for the
V,ef = bV, case. In general, it is easily shown that a local minimum of (1 + §) |P| occurs

when
,uref 1= 5(1 + 25) ’ (571)
Wideal 1+0+ 62
if we consider only the lowest-order approximation in A, i.e, A = oo, for the loss (5.62).
From , it is easily shown that the minimum scaled loss of ideal gases will always be
at 6 = 0. For pressurized gases, the location of the minimum scaled loss will depend on the

ratio of fiycf O igeqr- It can be shown that
d(1+ 29)
1+ 6+ 62

increases monotonically from 0 to 2 as 6 — oo. Thus, if f,ef/ligea 1S @ constant and A >
1, a local minimum in the scaled loss, i.e., (1 + J) | P|, occurs iff

Href S 3 Hideal -
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Figure 5.11: Scaled Loss vs 0 at V,.; = 10V, and T,y = 1.05 T.. The speed number A =

90.

We have also plotted the variation of the scaled attitude angle as a function of § at V,.p =5
V. and T,.r = 1.05 T, in Figure Observation of Figure [5.13|reveals the good agreement
between the LIV, LLEGM and REGM models, and the predicted attitude angle 1) increases
as 0 increases. The maximum difference between the LLV and REGM models is found to
be 6.4% and occurs at 6 = 1.0. As is clear from (5.61)), the LLIG model, on the other hand,
results in underestimation of the scaled attitude angle and deviates from the LLV model by
23.1% at § = 1.0. In addition, we note that both F,, and F,, — 0 at the same rate as ¢
goes to 0; this result is consistent with the findings of [30] for ideal gases.
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Figure 5.12: Scaled Loss vs ¢ at V,.; = 5 V. and T,.; = 1.05 T.. The speed number A =
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Figure 5.13: Scaled Attitude Angle ¢ vs 0 at T,ey = 1.05 T, and V,.r = 5 V.. The speed
number A = 50.
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5.7 Summary

The main goal of the present study has been to provide simple explicit formulas for the
load, power loss and attitude angle for moderately pressurized gases. We have applied a
virial expansion, i.e., a p/p. < 1 approximation, to the large speed number approximations
developed in [27]. The general results for the load, attitude angle, and loss are given by
(.57, (5.61), and (5.62). The numerical results of Section suggests that our virial
expansions yield excellent agreement with both exact solutions to the Reynolds equation
and the large A approximations of [27] well into the dense gas and supercritical fluid regime.
For example, for CO5 at a reference specific volume of 5 V. and a reference temperature of
1.05 T, =~ 43.2 °C, the RKS equation of state predicts a reference pressure of 0.55 p. ~ 40.5
bar. Inspection of Figures [5.6 and reveals that our approximations are quite good
even at these elevated reference pressures. The results based on our simple virial expansions
are also seen to be a significant improvement over those of the ideal gas theory.

Once the virial coefficients and are determined from experiment, tabulated data,
or analytical gas models, the formulas presented here can be used to gain intuition regarding
the effects of pressurization, to carry out engineering estimates, and reduce computation time
in large-scale numerical studies involving moderate pressures. The approach taken here was
to replace complex material functions, i.e., complex equations of state and viscosity models,
with a simple approximation. Thus, virial expansions such as that employed here should
be equally effective for unsteady, fully three-dimensional, and turbulent lubrication flows at
moderate pressures.
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Chapter 6

Compressible Lubrication Flows in
Thrust Bearings

The work presented in this chapter is part of an ongoing project. The contents of this chapter
have not been published yet.

Attribution

The work presented in this chapter was primarily carried out by S. Y. Chien. M. S. Cramer
conceived of the main idea and contributed to the development and implementation of this
work.

Abstract

We present a detailed derivation of the Reynolds equation and its corresponding energy
equation for three-dimensional, steady, laminar, compressible flows of single-phase Navier-
Stokes fluids in thrust bearings. These equations are shown to be valid over most of the
dense and supercritical gas regime except for the vicinity of the thermodynamic critical
point. Numerical solutions to our Reynolds equation are obtained using a finite difference
scheme for both moderate and high-speed flows.

We also develop approximate solutions to our Reynolds equation for high-speed flows through
a perturbation analysis. It is found that boundary layers form on three out of four edges of
the thrust pad. At the inner and outer radii of the pad, the flow is governed by a nonlinear
heat equation. As the main flow leaves the pad, the flow is governed by a nonlinear relax-
ation equation. Two more boundary layers are required in the corners of the computational
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domain in order to ensure that the end boundary layer and the boundary layers at the inner
and outer radii are consistent. Last, we construct a composite solution which provides a
single approximation and has the same accuracy as the individual approximations in their
respective regions of validity.

6.1 Introduction

The science of thin viscous films has been developed for a wide variety of applications includ-
ing the lubrication of mechanical components, the spreading of droplets, or coating processes,
particle-particle interaction, and biomechanics. It is well-known that the flow dynamics in
such films are governed by the Reynolds equation which, in its simplest form, is written as

d ( .dp dh
— () = — A
dx ( dx) 6'LLde’ (6.1)

where x is the spatial variable in the main flow direction, h = h(x) is the film thickness, p
= p(x) is the fluid pressure, ; > 0 is the constant shear viscosity, and U is a measure of
fluid velocity in the main flow direction. Since first introduced by Osborne Reynolds [1], this
equation has formed the foundation of lubrication theory. To date many scientists and
engineers have extended to include the effects of three-dimensionality, non-newtonian
fluids, unsteadiness, turbulence, phase changes and more complex configurations.

The key restrictions involved with the derivation and generalization of (6.1)) are

ho<<1adRhg<<1 (6.2)
- n C— .
L ’ L2 ’

where h, is a measure of the thickness of the fluid layer, L is a measure of length scale in
the main flow direction, and Re is the Reynolds number based on U and L. The first of
(6.2) requires that the fluid layer be thin compared to the length scales associated with the
variations in the main flow direction. The second of ensures that the inertia is negligible
such that the shear forces balance the pressure forces.

Interest in replacing liquids with gases as lubricating fluids has been increasing with the
development of advanced power systems and turbomachinery; see.e.g., |2, Bl 4 [5) 6]. The
advantages of gases over liquids include the obvious weight reduction for aeronautical and
space applications, the reduction of fouling due to oil leaks, and the elimination of compli-
cations due to cavitation. The shear viscosity of gases is known to be smaller than that
of liquids; as a result, gas lubrication can reduce the friction losses of rotating machines.
However, in order to generate the pressure required to support a given load, the speed must
be higher than that in viscous liquids. Gas lubrication therefore tends to be compressible.

When ideal, i.e., low pressure, gases are of interest, the perfect gas model is used to modify
the Reynolds equation (6.1)) to account for the compressibility of the gas film. This approach
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is found in many studies [7, 8, O, 10, 11, B]. Recently research has focused on lubrication
with pressurized gases, i.e., gases corresponding to pressures and temperatures on the order
of that of the thermodynamic critical point. These studies include those of Conboy [12],
Kim [13], Dousti and Allaire [14], Qin [15], Heshmat [16], and Guenat and Schiffmann
[17] who employed pure numerical schemes to solve different versions of modified Reynolds
equation. Most of these studies evaluated the thermodynamic properties of pressurized gases
using digital table look-ups. Examples include the NIST REFPROP database [18] used by
Conboy [12], Kim [13] and Qin [I5], and the CoolProp database [19] used by Guenat and
Schiffmann[I7]. The numerical results of Dousti and Allaire [14] used a gas model based
on a linear pressure-density relation, but this model may not be valid over the full range of
thermodynamic states corresponding to the dense and supercritical regime [16].

The transport and thermodynamic properties of pressurized gases, particularly supercriti-
cal fluids, are known to have a rapid and sometimes singular dependence on density and
temperature. Chien et al. [20] have performed a careful analysis to examine the approxi-
mations leading to the Reynolds equation for compressible lubrication flows in pressurized
gases. They have derived a general form of the Reynolds equation and corresponding tem-
perature equation and delineated their region of validity. Besides the usual lubrication
approximations, Le., (6.2), and mild conditions on the imposed temperature difference be-
tween isothermal walls, their analysis revealed that the validity of the Reynolds equation
further requires the thermodynamic states to be sufficiently far from the thermodynamic
critical point. Chien et al. [20] also showed that energy convection is negligible whenever
the Reynolds equation is valid.

Chien and Cramer 21 22, 23] have derived the approximate solutions to the Reynolds
and corresponding temperature equations of [20] for high-speed high-pressure lubrication
flows between non-concentric cylinders. Their results provide the explicit formulas for the
local values of the pressure, temperature and heat flux in terms of material functions, e.g.,
the viscosity, bulk modulus and thermal expansivity [21]. The approximations for global
parameters including the total force and total friction loss were also developed in [22] 23].
While the numerical and analytic results of [21] 22, 23] delineate the effects of pressurization
for a simple two-dimensional configuration, the complication due to the three-dimensionality
of the flow has not yet been investigated in their analysis.

The goal of the present study is to examine the compressible lubrication flows in a thrust
bearing for pressurized gases. The thrust bearing is commonly used in a wide variety of
applications, including the automotive, marine, and aerospace industries. An example of the
geometry of a thrust bearing is provided in Figure 6.1} As sketched in Figure[6.1] the thrust
bearing carries the axial load of a rotating shaft. The operational portion of the bearing is
an upper plate which rotates with the angular speed w. A lower plate remains stationary
and is separated from the rotating plate by a lubricating fluid. In order to generate load
carrying pressure, a variation in the film thickness is required; this is provided by the series
of sector-shaped pads sketched at the right of Figure 6.1l These pads vary the film thickness
in the direction of rotation resulting in an increase of pressure over the background static



Ssu-Ying Chien Chapter 6. Thrust Bearings 120

pressure.
Load
A0 —]
o
¥ NS
R,
/
Ri
Thrust
Bearing pad
Lubricant—\ ‘ &P
TTTITTTTT777 777777777

Bearing pad
Figure 6.1: Schematic Diagram of a Thrust Bearing.

Because the flow in the thrust bearing is intrinsically three-dimensional, we aim to extend the
form of the compressible Reynolds equation of |20] to include the three-dimensional effects
using cylindrical polar coordinate system. The resultant Reynolds equation is found to be
a nonlinear elliptic partial differential equation for the density. A numerical scheme based
on the finite difference method is employed to solve this Reynolds equation. In addition,
we have derived approximate solutions to the Reynolds equation valid for high speed flows.
In doing so we have found that boundary layers form on three out of the four edges of the
pads. At the inner and outer radii of the pad, the flow is governed by a nonlinear diffusion
equation. As the main flow leaves the pad, the flow is governed by a nonlinear relaxation
equation.

In the next section we describe the detailed configuration of a thrust bearing and the non-
dimensionalization scheme used in this study. In Sections [6.3| and [6.4] we outline the deriva-
tion of the Reynolds equation and corresponding simplified temperature equation valid over
most of the supercritical and dense gas regime. In Section we discuss the breakdown and
region of validity of our results. In Sections we develop the approximate solutions
to the derived Reynolds equation for high-speed lubrication flows. In Section we de-
scribe the numerical scheme used to solve the Reynolds equation. The exact solution to the
Reynolds equation is also presented and discussed for a range of speed numbers. In Section
we construct a composite solution and then compare the results of this approximation
to the detailed numerical solutions to the Reynolds equation.
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Figure 6.2: Schematic Diagram of a Thrust Bearing (Top View).
6.2 Formulation

Because of the symmetry, we consider only the single thrust pad sketched in Figure [6.2
and [6.3] We take the flow to be three-dimensional, steady, compressible, single-phase, and
laminar. The body force and volumetric energy supplies are taken to be zero. We consider
the pressures and temperatures to be outside of the liquid-like regime. The top view of a
single thrust pad corresponding to Figure is sketched in Figure [6.2] The rotor, stator,
and the main flow lie in the x-y or r-6 plane. The radii of the inner and outer boundaries
are denoted by R; and R,, respectively. The width of the pad is denoted as Af. The side
view of the thrust pad as viewed from the origin of Figure [6.2]is displayed in Figure[6.3] The
rotor surface is located at z = h, = constant and has the constant speed U = R,;w in the
f-direction where w is the angular velocity of the rotor. The equation of the stator surface is
z = hof(0, r/L), where L is any reasonable measure of the length of the pad in the 6 direction;
throughout this study we taken L. = R;. The function f(6 , r/L) is any sufficiently smooth
function. The gap width therefore is

h = h(o, %) = ho(1 — f). (6.3)
We will place the positive x-axis at the leading edge of the pad so that the pad occupies
Ri S r S Rm 0 S 0 S eend- (64)

where A6 = 0.,4 gives the angular width of the pad. The boundary conditions for the fluid
are

vy =v9 =0, =0 on z:hof(e,%), (6.5)

v, =0, =0 and vy = rw on z = h,, (6.6)
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Figure 6.3: Schematic Diagram of a Thrust Bearing (Side View).

where v,., vy, and v, are the r-, 6-, and z-components of the fluid velocity. We follow previous
investigation [5], 12 [15] requiring that all physical quantities have the same value at § =
0,0 = 0.pq, v = R; and r = R,. Thermal boundary conditions include the isothermal-wall
condition where the surfaces of the rotor and stator have fixed known temperatures, and the
adiabatic-wall condition where one of the walls is taken to be adiabatic and another wall has
a fixed known temperature.

The nondimensional Navier-Stokes equations in cylindrical polar coordinates can now be
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written
10(prv) | 10(pu)  O(pw) _
L T = 0 (6.7)
h? = u* op OT.. hK21[o(G°T,.) OGFTe) =
2o 5(v - S Dt Zo _T .
R6L2 p(v-Vu = )+ 7 o% + 727 [ 7 + 20 60} ) (6.8)
h?) e = uv 1 8]_9 8729 hz 1 a(F2T9r) 1 8799
RepaPV-Vu- )4 556 =%: "2 |2 a7 70 | (6.9)
hi — 0p h2|O0(T,.) 10Ty, OT..
o 55, CS——) — 1
RepiPV Vot e =1 | "ar tTroe T oz | (6:10)
h? S - =
ReZ5Prpe -V T =PrEe (815 Vp+ )
+ h_g lg FE@ + lg E@
L? |7Or or roo \ T 00
o (-0T
— == A1
Tz az) ’ (6.11)

where 7 = r/L and Z = z/h,. The scaled velocity vector is denoted as v and the nondimen-
sional quantities are defined as

Vo Ur

U= V=3 and w:vzhoU. (6.12)
The scalings for the thermodynamic pressure, density and temperature are
h2 P — T — Tref
n — — Dre o , o —_—, d T = — 613
P=(p— Pres) UL P AT (6.13)

respectively, where the subscript “ref” denotes the value of quantities evaluated at a reference
thermodynamic state. Throughout this study, we take this reference state to be that at § —
0. The quantity AT is a measure of the temperature differences occurring in the flow. The
shear viscosity (u), thermal conductivity (k) and the specific heat at constant pressure (c,)

are scaled as T o T T
1p, ), k= (p, ), and ¢, = (P ), (6.14)
Href kref Cpref

7=

respectively. The quantity 8 = 5(p,T) is the thermal expansivity. The nondimensional
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parameters are defined

refUL
Re =%  the Reynolds number, (6.15)
Href
Pr = % = the Prandt]l number, (6.16)
ref
U2
Ec = ——— = the Eckert number. (6.17)
CprefAT

The components of the nondimensional stress tensor are given by

Ty = 2ﬁ8—; +A(V-9), (6.18)
— _(10u v -
0z ]
— — 1.0 [u 10v
Tre = TO'/‘ = U T% (%) + %%] s (6.21)
_ — _[r2ow ov
_ _ (0w h2 10w
To, =T.p=T1 | — + 2-"_ 2
0z 20 % a§+ szael 5 (6 3)

where A = A(p,T)/M\es is the scaled second viscosity (\). The scaled stress components
(6.18))-(6.23)) are related to the dimensional stress components by

_ L — L — L

T, = TTT‘? Tyo = TO@: T..=—F+T1. 6.24
/Lrer /Lrer Nrer ( )

_ L — ho = ho

T = Tr@: T, = —Tr‘za Ty, = T . 6.25
,urer /Jlrer ,urer ( )

The nondimensional viscous dissipation is given by

G lh g o le[(Ov), (Lou v\* . (Ow)?
T U2 | \or TOO T oz

paE (Lo on Nt fou mzrow) (Row o)
M2 \Fo0 " or 7 oz 127 00 2or | oz

2
o

12

+ 2V %)% (6.26)
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6.3 Three-Dimensional Compressible Reynolds Equation

We now apply the well-known approximation of lubrication theory, i.e., (6.2)), to the exact
Navier-Stokes equations (6.7)-(6.10). The results are

10(pT0) | 10(pu)  Olpw)

Foor 7 0f 0z :20’ 2 (6.27)
% :% (ﬁ%) O(Re%, %) (6.28)
%% —% (ugZ) + O(Rez—z, Z—‘E) (6.29)
gl_z’ —O<R€Z—iv 2_2) _ O<%§>' (6.30)

Inspection of (6.30) reveals that the pressure variation across the gap is negligible, i.e.,
P ~ p(TF,0) only. As a result, (6.28) and (6.29) can be integrated with respect to z at least
once.

The density variation can be evaluated using the simple identity

d M?"e
P o _7_2 dp — BATdT, (6.31)
p R L2
where
M, = = the reference Mach number, (6.32)
Qref
v =~(p,T) = the ratio of specific heats, (6.33)
0 0
a=a(p,T) = Ly - fy—p = the sound speed. (6.34)
ap ap -

The variations of the density in the r- and #-direction therefore can be written as

10p M2y v 0p oT
Sor~ mikr@or AT (6.35)
1aﬁ Mfef Y 81_9 aT

Examination of (6.35) and (6.36)) indicate that the density changes due to the temperature
is proportional to SAT. When one of the walls is adiabatic, the temperature difference is
determined by the flow dynamics and given by

U2

Cpref

AT =

Pr. (6.37)
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As a result,
a?, . U2
BAT = Plres ——Pr = O(G,ef M}, 1 Pr), (6.38)
Cpref @
pref Yref
where
Ba? .
G = — = the Grueneisen parameter, (6.39)
Cp

When the isothermal wall condition is considered, we will require that the temperature
difference satisfies

GresPr
AT = O(M2 Ty p—rL ), 6.40
( ! fﬂrefTref) ( )
and as a result,
BAT = O(M?.;Gyef Pr). (6.41)

Because we consider all pressures and temperature outside of the liquid-like regime, Pr =
O(BT) = O(y) and G = O(1). That is, the scaling of the thermal expansion for both types of
thermal boundary conditions, i.e., (6.38) and (6.41)), are found to be O(PrM?., ;). Therefore,
the density changes due to the temperature can be written

M,
BAT = O(MZ,Pr) < O(y eh_g). (6.42)
L2

Therefore, the equations (6.35]) and (6.36]) can be rewritten as

19p M7, ~ p

—E__r L 2L O(M*,P 6.43
ﬁ@? Rez_éﬁEQ 8F+ ( ref 7’), ( )
18ﬁ 147?6]0 Y aﬁ 2

- = —— +O(M?= .Pr). 6.44
ﬁae Rez_é ﬁEQ ae + ( ref r) ( )

M7, ; = O(Re=%) = o(1). (6.45)

Because of (6.45) and (6.40)), it is easily shown that the temperature differences needs to be
sufficiently small, i.e.,

AT )
T, = O(My) = olD). (6.46)

when the isothermal-wall condition is imposed.

The density variation across the gap, i.e., in the z-direction, is determined by

10p ML, ~ op oT
2= — = — BAT— 4
POz Re_zgﬁ# 0z b z’ (6.47)
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where, from (6.30) and (6.45) we recognize that the first term of (6.47) is O(fyﬁ—%) =

O(PTZ—%) < 1 and the second term is O(PrM7,;) = O(PrReZ—%). We therefore conclude
that the density variation across the gap is negligible, i.e.,

10p h? h?

and we can take p = p(r, ) only.

To evaluate the changes in the shear viscosity, we expand the shear viscosity in a Taylor
series for T ~ T,.y, i.e.,

T) — Tre Trer Op | AT —
ploT) = pp Trey) _ Treg Op) AT O(M2,) < 1, (6.49)
Href Href oT pTref
where we used (6.46]) and have recognized
Tref 8#
—— =0(1). 6.50
L9 = o (6.50)
P

Hence, the variation of the shear viscosity can be taken to be dependent on density only,
ie.,
1w(p, T) & pi(p, Trep) = p(r, 0). (6.51)

When the flow is away from the thermodynamic critical point, the density remains constant
across the gap such that the shear viscosity is also approximately constant with respect to
z. If we carry out similar analysis for the thermal conductivity, bulk modulus, and thermal
expansion coefficient, we find

k(p,T) = k(p, Trer) = k(r,0), (6.52)
/€T<p7 T) ~ 'LiT</07 Tref) R HT(T, 9)7 (653)
BT(p.T) ~ BT(p, T,es) ~ BT(r,0). (6.54)

We now can integrate the 7- and #-momentum equations, i.e., (6.28)) and (6.29)), twice with
the boundary conditions (6.5) and (6.6). The results are

u:%(z—1)(z—f)+1_f(z—f), (6.55)
v = %(z —1(E-f), (6.56)

where 95 95
By = —z and P, = a_};' (6.57)
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If we substitute (6.55)) and (6.56) in the mass equation (6.27) and integrate from z = f to z

= 1, we then obtain
—3
10 (prh Op 10 (ph Op _ =\
7 OF < I 8?) T (ﬂ? a0 0p h) =0 (6.58)

where A = h/h,. Examination of (6.44) and (6.43) reveals that the variations of p in 1-
and f-direction can be regarded as being proportional to the variation of p in the r- and
f-direction, respectively, i.e.,

gﬁ % Zf 102 (6.59)
8p (pa ref) 810 2
5= 0 [1 + O(Mmf)] (6.60)

If we substitute (6.59)) and (6.60) in (6.58), we then obtain the nondimensional compressible
Reynolds equation in cylindrical polar coordinates, i.e.,

10 (m Fre(p )a”) 410 (M@) _ A0, (6.61)

T Or or 700 T 00 00

where the quantity 7. is the effective bulk modulus defined as

KJT(p; Tref)

RTe = RTel\p,s Tre = 5 6.62
( f) ,Lb(p, Tref) ( )
and the scaled version of effective bulk modulus is denoted as
€ ) Tre € ) Tre
Fre = kre(p; Trer) _ Kre(p f)' (6.63)

/{Te(pref7T7"ef) B /{Te|ref

The effective bulk modulus gives a measure of relative importance of the local fluid stiffness

to the fluid friction. The quantity
6U L
A= —— 6.64
thTe |ref ( )
is the speed number and is regarded as a measure of flow compressibility. As mentioned in

Section we take the boundary conditions of the Reynolds equation (6.61) to be

p=1 at 6=0, re{ 1 (6.65)

p=1at 0 =0u4, T {1, E"] (6.66)

p=1at 7T=1, 0€[0,0c4, (6.67)
R,

p=1at T=—, 0€[0,0nq] . (6.68)

R;



Ssu-Ying Chien Chapter 6. Thrust Bearings 129

6.4 Simplified Temperature Equation

We apply the lubrication approximation (6.2) to the temperature equation (6.11). The
resultant simplified temperature equation reads

9 (=0T
% (k&) = —PrFEc L2 L2

drT [(%)2 + (%)2] . (6.70)

When Pr = O(1), i.e., in the thermodynamic states away from the critical point, we found
that the convection terms are negligible. As a result, the temperature distribution is therefore
determined by a balance of the conduction in the z-direction, viscous dissipation and flow
work.

Due to (6.51)), (6.52)) and (6.54) and the fact that T ~ T,.s, we found that the temperature

equation can be integrated explicitly. The only function of Z will be introduced by combining
(653) and (6:50) with (6:69) and (6.70).

We now define

op  uwdp) - R
BT (v—f + %—p> + | + O(Re=2 Pr, 22, (6.69)

where

Fy = Bi(r,0) = m%, (6.71)
Fy = Bo(r,0) = %T%, (6.72)
Ay = Ay (r,0) = %, (6.73)
Ay = Ay(r,0) = %, (6.74)
B, = By(r,0) = —(1+f)%+1%, (6.75)
By = By(r,0) = —(1 + f)%, (6.76)
Dlle(r,Q):%];— f_ff, (6.77)
Dy = Dy(r,0) = % (6.78)

such that the equations (6.55]) and (6.56]) can be rewritten as

w=AZ+BZ+ Dy, (6.79)
v = AQEZ + ng + DQ. (680)
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The simplified temperature equation can also be rewritten as

o (0T _ _
P <k‘£) = —PrEc(Giz> + G2z + G3) , (6.81)
where
Gy = Gi(r,0) = FiAy + Fy Ay + 40( A7 + A3), (6.82)
GQ = GQ(?", (9) = FlBg + FQBl + 4ﬁ(AlBl + AQBQ), (683)
Gs = G3(r,0) = F1Dy + FyDy + (B} + B3). (6.84)

We note that the contribution due to the flow work are those terms with the factors £, and
E5. These are first two terms in ([6.82))-(6.84) while other terms without the factors F; and
E5 are those due to the viscous dissipation.

We first consider the case where both stator and rotor surfaces have prescribed temperatures,
ie., T'=Tr — constant at Z =1 and T' = Ts — constant at Z = f. It is easily shown that

the resultant solution to is

TA}TR = _}ZEEC{Gl [24 —(f+D)(PP+1z+ f(fP+ [+ 1)] (6.85)
+2G: [53 —(fP+HfH)E+f(F+ 1)] (6.86)
+6G3[22—(f+1)2+f]}+i:1, (6.87)

where AT =Tg - Tx for this case.

If the stator surface, i.e., the Z = f surface, is specified as an adiabatic wall and the rotor
surface has a fixed temperature Ty, integration of yields

T — TR Pr _4 3_ 3
— = —— |G (Z' =4z +4f -1 6.88
QC[]{ref 12k |: 1(2 f ) f ) ( )
+2G5(Z° = 3f°Z +3f* — 1) (6.89)
+6G3(z* - 2fz +2f —1)], (6.90)

where we have used (6.37)). Finally, if we take the rotor to be adiabatic and T'= Ts at Z =

f, we then find
T—1Tg Pr 4
=——|G1(z" —4z—- f"+4 6.91
U2 12k 1( f f) ( )

+2G5(Z° — 32 — 2 + 3f) (6.92)

+6G5(Z2 — 22 — 2+ 2f) . (6.93)
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6.5 Near-Critical Region

In Section we have taken the pressures and temperatures to be sufficiently far from
the near-critical region. When the thermodynamic state is in the vicinity of thermodynamic
critical point, i.e., pref = p. and T,y = T, the quantities of 3T, ¢, and Pr become singular
[20] such that the Reynolds equation and its corresponding simplified temperature

equation are no longer valid.
Examination of (6.28)-(6.30) reveals that the pressure will remain nearly constant in the

z-direction, and the flow inertia will remain negligible in the near-critical region. However,
when
hs
P’r’Reﬁ =0(1), (6.94)

which will occur near the thermodynamic critical point, the energy convection is no longer

negligible in (6.69). If we apply (6.94) to (6.48), we can further show that the variation of

density in the z-direction will no longer be negligible, i.e.,
10p
-—— =0(1). 6.95
_ =0 (6.95)

While the shear viscosity is found to remain independent of temperature, the density vari-
ation with z will imply that p = u(r,6,2). As a result, the integration of and
becomes impossible. Therefore, the Reynolds equation and its corresponding sim-
plified temperature equation are insufficient to describe the compressible lubrication
flows when holds. These results are consistent with the finding of [20] for a two-
dimensional configuration. The region of validity of the theory given by Equation (74) and
(75) in [20] is still valid for a three-dimensional thrust bearing.

6.6 Large Speed Number Approximation

In the remaining sections we will focus on solutions to the Reynolds equation (6.61). We
seek approximate solutions valid for high-speed flows, i.e., flows with large speed numbers.
We make the simplification that f = f(6) only so that

h="h0)=1- f(0). (6.96)

The function A is taken to further satisfy

h=1at §=0 and 7€ [1,6,], (6.97)
h=lhepa <1 at 0 =04 and 7€ [1,6,], (6.98)
dh
i 0 at 0 =0.,4 and T € [1,4,) (6.99)
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where 0, = R,/R; and hepg = h(Oeng)-

We first obtain the simplest solution valid over most of the pad. We found that the first-order
expansion for the scaled density can be written as

)ﬁ—g) - O(%), (6.100)

for A — oo. Because of , we can easily show that satisfies the boundary
condition . However, cannot satisfy the boundary conditions at = 0., and T
— 1 and 4, i.e., (6.100) cannot satisty (6.66)-(6.68). In order to obtain the approximations
valid over the whole pad, we seek boundary layer solutions in these regions.

corner-Boundary Layer
(cBL)

end-Boundary Layer
(eBL)

r-Boundary Layer
(rBL)

corner-Boundary Layer
(cBL)

r-Boundary Layer

Figure 6.4: Sketch of Boundary Layers in the Thrust Bearing Problem.

The regions of interest are those sketched in Figure The solution is valid in
the core region where § = O(1) and 7 = O(1). The r-boundary layers are located at the
inner and outer radii of the pad, i.e., near 7 = 1 and §, = R,/R;, and can be shown to
have the thickness of O(A~%/2). We will refer to the inner and outer r-boundary layers by
using the acronym “rBLi” and “rBLo0”, respectively. The end-boundary layer is located near
0 = 0.,4, and will be referred to by using the acronym “eBL”. The thickness of eBL can be
shown to be O(A™!). The corner-boundary layers are in the regions where 7 — 1 = O(A~1/?),
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6o =T = O(A™?) and [0 — O.pg| = O(A™'). We will refer to the inner and outer corner
boundary layers by using the acronym “cBLi” and “cBLo0”, respectively.

In Section 6.9] we will present the lowest-order approximation in each region, i.e., rBL,
eBL and cBL. In the interests of clarity, we will use a primitive matching rather than the
formal Method of Matched Asymptotic Expansions (MMAE)|[27, 28].

6.7 r-Boundary layers

To analyze the boundary layer flow in the rBL region, we re-scale the radial coordinate as
follows:

~

F=o(F—0O)WVA=T=06+——, 6.101
Polr- VR T=0 (6101

with 7= O(1), § = O(1), and

c=1,6=1, for Ta1, (6.102)
o=-1,0=20, for 7=/, (6.103)

The density in the r-boundary layers is expanded for large A, i.e.,
1

P =107 + Ol

(6.104)

where p"BL is the lowest-order approximate density in the rBL region and the A=/2 in the
error term is selected due to a recognition of higher order terms in the Reynolds equation.

If we substitute (6.101)) and (6.104)) in (6.61]) and equate like powers of A, we found that the
flow in the rBL region is governed by

O™ oo d [ ) 007
B L

which is a nonlinear parabolic partial differential equation. The boundary conditions for this
equation are

1

(6.105)

pPPE=1 at 7=0, forall 0 <0 < O, (6.106)
pPPE=1 at 0=0, forall 7> 0. (6.107)

Condition acts as an “initial condition” for in a scheme which marches in
6. Condition (6.106) is (6.67) recast in terms of and (6.103). The final boundary
condition in 7 must come from a matching to the core solution (6.100)). A primitive matching
simply requires that p"BL approaches the core solution as 7 — oo, i.e.,

1
"Bl —— 4+ 0(1) as T —> 00,0 > 0. (6.108)

(6)
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6.8 End Boundary layer

We now turn to analyze the flow in the eBL region, i.e., the region near 6 = 6,4, where p
makes transition from the core solution, i.e., p & 1/hepq, to the boundary condition .
Here, we re-scale 0 as follows:

-~

0

0= MOy — 0) = 0 = Oppg — T (6.109)

with 6 = O(1) and 7 = O(1). We also expand the density in a large A expansion of the form:

1

p=prPHO.7) + O(5).

(6.110)
where pBL = O(1) is the lowest-order approximate density in the eBL region. If we expand
the h() in a Taylor series near 6 & 0,4, we find

_ 02 a2

h(0) :he”‘“LWW +O0(—=), (6.111)

0=0cnq

where we have used (6.99) and ([6.109).
If we substitute (6.109)-(6.111)) in (6.61) and equate like powers of A, we find the equation

for p°BL can be written as
0 —E_igdi <ETe(peBL)aLfL> LO(2). (6.112)
90 ™ 00 00 A2
The boundary conditions corresponding to are found to be
pBE =1 at 0=0,7%1,6,, (6.113)
PP 4 o(1) as B — o0, (6.114)
end

where the condition (6.113)) is the lowest-order form of and the condition (|6.114)) has
again been obtained through a primitive matching to the core solution (6.100]).

A first integral of (6.112)) can be obtained by direct integration to yield

-2

eBL hend—

. apeBL
pBh = e (o)

+ B(7), (6.115)

where B(T) is an integration function. According to (6.114), p*®L approaches a constant as

0 — o0, i.e.,

apeBL R
5 — 0 as § — oo. (6.116)
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As a result, we found that

1
B(T) = =— (6.117)
hend
and we can rewrite (6.112) as
o eBL 72 1
e O R (6.118)
00 hend end

which is recognized as a nonlinear relaxation equation. Because Fp. > 0 and heg < 1, a

straightforward analysis of (6.113) and (6.118) can show that p°Zl increase monotonically
from 1 to 1/henq With increasing 6 or decreasing 6.

6.9 Corner Boundary layers

The corner region is taken to be rectangular in shape and has the same length in the 7
direction as the rBL and the same width in the # direction as the eBL, i.e.,

), 10 = Oenal = O(l). (6.119)

F—0=0( X

5~

The scaling for 7 and 6 are therefore the same as those in the rBL and eBL, i.e.,

~

T
T=0+ — 7 =0(F - VA,
TR0 T )
0= 0a — % = 0 = A(Opng — 0) = O(1). (6.120)

We expand the density in the corner region for the large A, i.e.,

~ 1

- cBL 3
= ,7)+ O(—). 6.121
p=p=r(0,7)+0O( JK) (6.121)
where p°BL is the lowest-order approximate density in the cBL region. The expansion of h(6)

near 0 = 0.,4, i.e., (6.111]), can also be applied in the cBL. Substitution of (6.120]), (6.121))
and (6.111]) in (6.61) yields

9pBL EQ L0 - §pBL
< = — o — | & e ¢ — | +o(1 s 6.122
=~ () P ) o) (6122)

which is similar to the eBL equation, i.e., (6.112). The boundary condition for the corner

boundary layer equation ({6.122)) is
PPl =1 at =0, (6.123)
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which corresponds to (6.66). The second boundary condition for (6.122)) is obtained by a
primitive matching to the rBL solutions evaluated at 6 = 6.,,. Thus,

pBY s B (0,0a, ) + 0(1) as 6 — oo. (6.124)

We can obtain a first integral of (6.122)) subject to (6.123)) and (6.124)) in a manner similar

to that of Section [6.8] The resultant equation governing the flow in the corner boundary is

B 8 cBL 52 R .
re(p ) L = S (7 B T) = p7) + 0(1). (6.125)
ae hend

It is easily verified that the corner solution satisfying (16.123))-(6.125|) also correctly matches
the solution of the eBL, i.e., (6.113)-(6.118]), as 7 — oo.

6.10 Numerical Scheme for Reynolds Equation

In order to obtain the numerical solution to the compressible Reynolds equation (6.61]) we
impose the boundary conditions — and employ a numerical scheme based on
the finite difference method. The fluid domain is discretized using a uniform grid with
rectangular elements in r-6 space. The central difference scheme is applied to both the first
and second derivatives in (6.61). The resulting system of equations is coupled with the
Redlich-Kwong-Soave (RKS) equation of state described in [24] and the viscosity model of
Chung et al. [25, 26]. Once discretized, the resultant system of algebraic equations was
solved using a iterative linear solver provided by MATLAB. The iteration process begins
with an initial guess values of p and continues until the average variation of p is less than
107°. The pressure distribution is obtained by substituting the resultant density field to the
RKS equation of state.

To demonstrate the grid independence, we compared the numerical results of grids of 100,
200 and 300 elements in the r direction and 200, 400, 600, 800 and 1000 elements in the 0
direction. Grid convergence was typically achieved with the grid of 200 x 800 which yields
0.01% difference in the load when compared to the grid of 300 x 1000.

In the remainder of this study, we take the configuration of the pad sketched in Figure [6.2
and [6.3] to be given by

=14 (6.126)
hs7 for 95 S 0 S eend

_ {Lum—nm@@,mmgeg@

with hy = 1/2, s, = 7/12 and 0., = 7/4 and 0o = R,/R; = 2. We have plotted (6.126) as
a function of 0 in Figure . The region where h increases from 1 to h; will be referred to
as the ramp or ramp region. The region where h = hy = constant will be referred to as the
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ol
0.0 0.2 0.4 0.6 0.8

0
Figure 6.5: Film Thickness Function h = h(f).

plateau or plateau region. Unless stated otherwise, we take the reference specific volume, i.e.,
V = 1/p, and the reference temperature tobe V,.; = V(0@ =0,r) =5 V,and T,.f =T (0 =
0, 1) = 1.05 T, respectively. The pressure at these points is approximately 38.7 bar so that
the thermodynamic state can be regarded as that of a dense gas or a slightly supercritical
fluid. We select the fluid to be carbon dioxide (COs) and the physical parameters of CO,
are taken from [24].

We have plotted the variation of the scaled density at the centerline of the pad in the r
direction, i.e, at r = 1.5R;, for A = 5, 15, 25, 35 and 45 in Figure [6.6] At A — 5, the scaled
density is seen to increase almost linearly in the ramp and to reach its maximum value at
6 ~ 0.24 radians. Once the flow enters the plateau region, a slight decrease in the scaled
density is seen to occur for 0.262 radians < 6 < 0.71 radians. As the flow reaches the end
of the pad, the scaled density gradually decreases to a value of 1. We have also plotted the
variation of the scaled density at the centerline of the pad in the 6 direction, i.e, at = /8
= 0.392 radians (which is located in the plateau region), for A = 5, 15, 25, 35 and 45 in
Figure [6.7 The scaled density for the case of A = 5 increases from the inner and outer radii
of the pad toward the center. In this case, the maximum scaled density is found to be 1.585
and located at r = 1.575 R;.

Examination of Figure reveals that the end boundary layer begins to form as A increases.
At A = 15, the slope of the curve in the ramp increases by 37% as compared to the case
of A = 5. The maximum scaled density is found to be 1.83 for this case. In contrast with
the case of A = 5, the scaled density remains its maximum value in the plateau region. Due
to the formation of the end boundary layer, the scaled density is seen to decrease abruptly
near the end of the pad. As A increases, the scaled density in the plateau increases and the
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Inspection of Figure shows that the increase of A also results in the formation of the
boundary layers near the inner and outer radii of the pad. To further demonstrate this, we
have also plotted the contour of the scaled density on the pad at A = 5, 25 and 45 in Figure
[6.8aH6.8¢] respectively. As predicted in Section the thickness of the r-boundary layer is

seen to decrease as A increases.

25 7 T T T
P
pm’/’ :
""""""" —_— A\ =45
- =A=35
L -——-A=25
05 -_ """"""""""""""""""""" ---.A:15 """ -
- A=5
OO L " " " 1 1 L L L 1 L
0.0 0.2 04 0.6 0.8
0

Figure 6.6: Scaled Density vs € at r = 1.5 R;.
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Figure 6.8: Distribution of Scaled Density at V,.; =5 V. and T,.y = 1.05 T,. Contour lines
are drawn at equal intervals of p between 1 and 2.
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6.11 Construction of a Composite Solution

The solutions derived in the previous sections comprise five boundary layer solutions and
the core solution of Section For purposes of comparison it will be convenient to combine
these six solutions into a single “composite” solution. A discussion of composite solutions
in the MMAE can be found in any text on perturbation methods; see, e.g., [27, 28]. The
strategy is to note that the core, rBL solutions can be solved independent of the end and
corner boundary layers. We then form a single composite solution which has the same
accuracy as the core and rBL solutions in their respective regions. We then form a second
composite solution comprised of the eBLL and ¢BL boundary layers. The resultant composite
solutions are then used to generate a single composite solution which is valid over the whole
pad to the same accuracy as each solution in their respective regions.

We begin by defining the function
2

g—,e = plore | rBLi+ T‘BLO__ ’
(7.0) = p*"“ +p p 70

(6.127)

where p°"¢ is the first-order core solution . In the language of the Method of Matched
Asymptotic Expansions (MMAE), the last term in (6.127)) is recognized as the matched or
common part of the two boundary layers and the core. The superscripts rBLi and rBLo
denote the boundary layers in the vicinity of r = R; and R,, respectively, that is

PPl (T, 0) = p"PE((F — 1)VA,0), (6.128)
pBEe (7, 0) = prBE(6 — T)VA, 0). (6.129)

The function ¢ is the first composite solution for p valid in the core region and the r-boundary
layers. Because

r— 00 (6.130)
in the core region,
prBE ~ 1 (6.131)
h(0)
exponentially fast. Thus,
G ~ prc 4 E(16) + 5(19) — 5(20) = pr + 0(%), (6.132)

which has the same accuracy as the core solution itself.

In the rBLi, the 7 corresponding to the rBLo — 0o so that

1
rBLo  _~ 6.133
p o) ( )
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exponentially fast. The 7 corresponding to the rBLi is of O(1) so that p"PL* = O(1) and
satisfies (6.105]). Because 7 =~ 1 in the rBLi, we can write the core solution as

1 1 1

P = O = g o) (6.134)
Thus,
G o L o(1) £ pBE (1) =~ B () (6.135)
0 P h(6) O ’ ‘

which has the same accuracy as the boundary layer solution in the rBLi region. Similar
arguments can be made to show that & ~ p"BL° 1 o(1) in the rBLo region.

We now consider the second composite solution, this time uniformly valid in the end bound-

ary layer and the corner boundary layers. If we compare the relaxation equations found in
Sections and [6.9] it should be clear that

apeBL* 72
Fre(pPl*) o = ——— (p°PY* — G(7, 0una)) (6.136)
89 hend
subject to R
PP =1 at =0 (6.137)

yields a solution having the same accuracy as the (6.118) and the ((6.125)) in their respective
regions. As a verification we note that

1 1
G (T, Oena) = p*"*(T, Ocna) + o( ) = — o(1) (6.138)
end

in the end boundary layer, i.e., when 7 = O(1) and = O(1). Thus, (6.136) reduces to
(6.118)). In the cBLi region 7 ~ 1 and

G (T, Oeng) = p"PY(T, Oena) + 0(1) (6.139)

in which case (|6.136)) reduces to (6.125)) to the appropriate accuracy. Similar remarks hold
for the cBLo region. Thus, p*PX* satisfying (6.136)) will be taken to be the solution valid for

all @ = O(1) and all 1 <7 < §,,.

The composite solution for the whole pad, i.e., that uniformly valid over 0 < 6 < 0.4, 1
<7 <, will be taken to be the “composite of the composite solutions”, i.e.,

=97, 0)+ pP* —G(F,Ocna), (6.140)

where the last term is recognized as the matched or common part of and p*BL*. Note
that in the eBL* region, 4(7,0) ~ 4(T,0.nq) + o(1) yielding p ~ pBL* 4 0(1) as required. In
the core and rBL regions, p*BL* ~ 4 (T, 0.,,4) + exponentially small terms so that p ~ ¥4(7, 0)
+ exponentially small terms as required.

The algorithm for the generation of solutions therefore is:
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1. Compute p®r¢ from (6.100) and p"P% from (6.105)-(6.108) for all 1 < 7 < 6, and 0
S 0 S Qend-

2. Compute ¢4(7,0) for all 1 <7 <4, and 0 < 0 < Opq.

3. Compute or save ¥ (T, 0e,q) for all 1 <7 <4,

4. Compute p°BL* from (6.136]) and (6.137).
5. Compute p using ([6.140)).

We applied the Crank-Nicolson scheme to the nonlinear diffusion equation and solved
the resultant system of equations using a iterative linear solver by MATLAB. We continued
the Crank-Nicolson iteration process until the average change in the solution was found
to be less than 107°. The nonlinear relaxation equation, i.e., (6.136]), is solved using the
second-order Runge-Kutta method. Discretization errors were checked for all computations
presented here. The difference in the load between the grids of 200 x 800 and 300 x 1000
points was less than 107%%.

In Figures [6.9 we have plotted the constant density contours based on our composite
solution and on the exact numerical solutions of (6.61). The same scales have been used
for both and the h(#) function is that given by The reference state is taken to be
Viep=V(@ =0,1) =5 V,and T,y = T(0 =0, r) = 1.05 T, and the gas models are those
described in Section [6.10} Inspection of Figures[6.9H6.11]suggests that the composite solution
described above agrees well with the exact calculations for A > 60. One can observe small
deviations between the composite and exact solutions in the plots corresponding to A = 30.
The most noticeable difference is the white area in the vicinity of 7 = 1 in Figure this
indicates that the composite solution generates values of p which are < 1. To examine this
discrepancy in more detail, we have plotted the variation of p with 7 at a fixed 6 in Figure

for the case depicted in Figure The value of 6 chosen was 0 = 0,,4/2 = /8.

Inspection of Figure shows that the composite solution still agrees well with the exact
solutions in the core region, but noticeable differences is seen in the rBL region. This is
expected because the errors of the rBL solutions, i.e., , are O(A~"/?). The maximum
numerical discrepancy between the composite and exact solution is seen to be on the same
order of magnitude in the rBL region. We have examined the composite solution and this
mismatch is always o(1), which is within the accuracy of the boundary layer solutions them-
selves. As A increases, the error in the boundary condition decreases. This can be seen by an
inspection of Figures [6.946.11] Figure and Figures [6.13]6.14} the latter figures contain
comparisons of the composite solution and the exact solution at the same conditions as in
Figure but for A = 60 and 90.

We note that the accuracy of the composite solution is quite good in the core region. Our
first order core solution (6.100) captures the increase in scaled density with increasing p. At
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large A, the main contribution to the global properties is expected to come from this core
solution so that we expect that the load and loss will be predicted to reasonable accuracy.

Inspection of Figures and reveals that the scaled density increases slightly
between r = 1.2R; and 1.8R;; this corresponds to the core region in the large A cases. This
mild increase of the scaled density can be described by the first correction term of . As
the flows enters the plateau region, i.e., 0, < 60 < 0.,4, h = constant and because dﬁ/d@ =0
the effective bulk modulus no longer affects the core solution. Because

dh

¥ - <0,

the scaled density in the core will increase as 7 increases.

Observation of Figures [6.9H6.11] also suggests that the composite solution has excellent agree-
ment in the variation of the scaled density in the main flow direction even when A = 30.
This can be seen more clearly by an examination of the variation of the scaled density at
r = 1.5R; for A = 30. This variation is plotted in Figures [6.15] Because the error of the
eBL solution is O(A™) < O(A~"/?), any mismatches are expected to first appear in the rBL
region as A decreases.
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Figure 6.9: Distribution of Scaled Density at A = 90. The reference state V,.; = 5 V. and

T,ey = 1.05 T.. Contour lines are drawn at equal intervals of p between 1 and 2.
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Figure 6.10: Distribution of Scaled Density at A = 60. The reference state V,.; = 5 V. and

T,ey = 1.05 T.. Contour lines are drawn at equal intervals of p between 1 and 2.
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(b) Exact Reynolds Solution.

Figure 6.11: Distribution of Scaled Density at A = 30. The reference state V,.; = 5 V. and
T,er = 1.05 T.. Contour lines are drawn at equal intervals of p between 1 and 2.
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Figure 6.13: Scaled Density vs r/R; at 0 = 0.,4/2 = /8 at A = 60. The reference state
Vier =95 Veand T,y = 1.05 T,
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Figure 6.14: Scaled Density vs r/R; at 6 = 0.,4/2 = 7/8 at A = 90. The reference state
Vier =95 Veand T,y = 1.05 T,
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Figure 6.15: Scaled Density vs 6 at r = 1.5 R; at A = 30. The reference state V,.; =5 V.
and T,.p — 1.05 T..
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6.12 Summary

In this study we present a detailed derivation of the Reynolds equation and its corresponding
simplified temperature equation for a standard model of a thrust bearing. The flow is
taken to be three-dimensional, steady, compressible, laminar and single-phase. The resulting
Reynolds equation is shown to be a nonlinear elliptic partial differential equation for
the density.

For a two-dimensional compressible lubrication flows, the work of [20] shows that besides the
typical lubrication approximation, i.e., , the validity of the Reynolds equation requires
the thermodynamic state to be sufficiently far away from the thermodynamic critical point;
whenever the Reynolds equation is valid, the energy convection is negligible. The present
study demonstrates that these results still hold for a three-dimensional configuration.

In the course of deriving approximate solutions to the Reynolds equation for high-speed
flows, we discover that the boundary layers form near the inner and outer radii as well as
the end of the pad. We therefore divided the fluid domain into six regions, i.e., the core,
rBLi, rBLo, eBL, ¢BLi and ¢cBLo and have treated each region separately in Sections
Our analysis demonstrates that the rBLi and rBLo are governed by a nonlinear diffusion
equation, i.e., (6.105)), whereas the cBLi, cBLo and eBL are governed by nonlinear relaxation
equations, i.e., (6.118)) and (6.125]).

Based on the approximate solution in each region, a composite solution is developed in
Section [6.11} This composite solution provides a single approximation describing the flows
in all six regions which have the same accuracy as each approximation in their respective
regions. We have verified this fact analytically in Section [6.11] This composite solution is
compared to the exact solutions of the for typical values of the speed number. As
A increases, the accuracy of our composite solution is seen to increase and for the cases
considered in Figures [6.9] [6.10] [6.13)6.14] our composite solution is seen to be in excellent
agreement with the exact solutions of our Reynolds equation .
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Appendix A

Relation of Loss to Heat Transfer

In this appendix, we derive the relation between the heat transfer at the solid surfaces located
at y = 0 and y = h(x) in Figure The result is exact in the context of the approximations
leading to (4.12). Chien et al. [I] have shown that the energy equation corresponding to

(4.12) can be written

g, ou\’ dp dp
—= = PrFEc |u| — T—1)u— — Al
o poge n(Ge) +0r - pu L+ u ), (A1)
where _
—oT
is the scaled version of the y-component of the heat flux q, and
— k
k= A.
k?ref’ ( 3)
_ :urefcp|ref
Pr=—+- A4
r kref ? ( )
U2
Fe= ——— A5
¢ Cp|refAT ( )

are the scaled thermal conductivity k(p, T,cr) > 0, Prandtl number, and Eckert number.

The quantity
10

B=pBpT)= T, or (A.6)

is the thermal expansivity and c,|..s is the specific heat at constant pressure evaluated at
the reference state. As discussed by [I], AT is determined by the flow details yielding Pr Ec
= 1 when one of the walls is adiabatic.
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Because the flow is isothermal to lowest order and p =~ p(T) only, the variables &z, 8T, and
dp/dZ can be regarded as independent of 7. The only 7 dependence will arise from the scaled
velocity u = v, /U, where v, is the x-component of the particle velocity. This scaled velocity
component satisfies the approximate momentum equation

dp 0 [(_Ou
iz oy <M8_§> (A7)

By combining 1) with 1) and noting that u = 1 at 7 = 0 and u = 0 at = h we obtain
the integral

_ _ _Ou B dp "
qy‘yzﬁ - qy‘g:o + PrEc (Ma_@) ‘y_o = PrEc(fT — 1)% /o u dy. (A.8)

To evaluate the last integral of (A.8) we use the solution to (A.7) subject to the no-slip
conditions u = 1 at ¥ = 0 and u = 0 at ¥ = h which can be written

2

u=1-(1+4n") 4+ an*%, (A.9)
h h
where L d5 3% do
2udx A p dx
Substitution of (A.9))-(A.10]), integration, and straightforward manipulation yields
-3
_ _ _Ou B A [~ hFEredp
qy‘gzﬁ — Qy|y_y T PrEc (“8@) 'y:o = PrEc(pT — 1)? [hp TN 2l (A.11)
Use of (4.15)) yields
_ _ _Ou A 1dp
==, PrE — = PrEc(fT —1)— |1 ———(0)]. A2
lyon Bl PrEe (755 )| = Prror 0" 0
We now integrate with respect to T from 0 to 1 and reuse (A.10)) to obtain
1 — 1 —
_ _ _ — 3Prkc 1dp Rpdp .
/0 q, Gh qy‘yzo] dT + PrEc P = n [1 - K%(O)} /0 ?ﬁdx, (A.13)

where the definition (4.21)) has been used. Because Er seen in the integral on the right hand
side is a function of p only and our periodicity conditions require that p(0) = p(1) = 1, the
fundamental theorem of calculus requires that the integral is zero yielding

1
P /0 [Tyl — Tyl s ] 47 (A.14)
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Result gives a direct relation between the work done by fluid friction to the heat which
must be transferred out of the channel. If friction results in a loss of mechanical energy, P <
0 and the net flow of heat energy will be out of the channel. We also note that the net heat
transfer out of the fluid can be obtained once the loss is computed either numerically or the
approximations derived in the Section [4.3]

Chien and Cramer [2] have shown that the variation of the thermal expansion coefficient
and therefore the flow work play an important role in the variation of the local heat
fluxes. However, it should be clear from that the net heat transfer is unaffected by
the value of ST and therefore the flow work. The physical reason behind this observation is
that the flow work is a reversible contribution. Therefore its net effect is zero when the total
energy transfer is computed. The heat transfer is due solely to the irreversible work done by
the viscous dissipation.
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