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Compressible Lubrication Theory in Pressurized Gases

Ssu-Ying Chien

Abstract

In this dissertation we present theoretical and computational studies of a series of problems
intended to extend the classic lubrication theory to include the e�ects of pressurized gases.
The focus of this dissertation is on the canonical equation for nearly all lubrication �ows,
viz., the Reynolds equation.

This dissertation is composed of �ve studies. The �rst study begins with a careful and
systematic analysis of the Navier-Stokes-Fourier equations for a two-dimensional �ow in a
thin gap between a stationary surface and one translating with a constant speed. In order
to focus on the most fundamental issues concerning pressurized gases, the �ows are taken
to be laminar, steady and single-phase. An important contribution of this dissertation is
the establishment of the correct form of the Reynolds equation for pressurized gases. Our
analysis provides the boundaries on the range of validity of this Reynolds equation when
supercritical gases are of interest. Our Reynolds equation was veri�ed by comparing its
numerical solutions to those of the full Navier-Stokes-Fourier equations. In contrast with
the literature on high-pressure gas lubrication, our work shows that the Reynolds equation
is most conveniently cast as a di�erential equation for density rather than pressure. We also
demonstrate that the �ow dynamics can be described by a version of the commonly employed
speed number and a new parameter characterizing the local sti�ness of the lubricant; we
termed this parameter the e�ective bulk modulus. A new simpli�ed temperature equation
corresponding to our Reynolds equation is also derived and solved.

On the basis of our �rst study, we apply a perturbation analysis in the next three studies
to describe the dynamics and thermal e�ects associated with our new Reynolds equation
for large speed number �ows. Our second study provides simple and explicit formulas for
the local �ow parameters including pressure, temperature and heat �ux in terms of the
speed numbers, �lm thickness function and material functions. The third study develops
a simpli�ed model for the global �ow parameters including the lubricating force, friction
loss and attitude angle. Our work demonstrates that the total force scales with the bulk
modulus while the loss is controlled by the variation of the viscosity. The fourth study
employs a virial, i.e., small density, expansion technique to further simplify the results of
the third study. New results include simple, explicit formulas for the total force, friction loss
and attitude angle valid for dense and slightly supercritical �uids.

In the last study, we seek to extend the theory to three-dimensional lubrication �ows. A
systematic analysis similar to that applied to our �rst study is carried out for a standard
model of a thrust bearing. The resulting Reynolds equation is a nonlinear elliptical partial
di�erential equation for density and is solved using the �nite di�erence method. Through
a perturbation analysis, we develop the approximate solution to our Reynolds equation for
high-speed lubrication �ows. We �nd that the �ow structure is composed of �ve boundary



layers in addition to the relatively simple �core� region. The �ow in two of the boundary
layers is governed by a nonlinear heat equation and the remaining boundary layers can be
described by nonlinear relaxation equations. Finite di�erence codes are developed to examine
the details in each boundary layer. A composite solution was constructed which constitutes
a single approximation and has the same accuracy as the individual approximations in each
of their respective regions.

Overall, the key contributions are the establishment of the appropriate forms of the Reynolds
equation for dense and supercritical �ows, analytical solutions for quantities of practical
interest, demonstrations of the roles played by various thermodynamic functions, the �rst
detailed discussions of the physics of lubrication in dense and supercritical �ows, and the
discovery of boundary layer structures in �ows associated with thrust bearings.
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General Audience Abstract

Lubrication theory plays a fundamental role in all mechanical design as well as applications to
biomechanics. All machinery are composed of moving parts which must be protected against
wear and damage. Without e�ective lubrication, maintenance cycles will be shortened to
impractical levels resulting in increased costs and decreased reliability. The focus of the work
presented here is on the lubrication of rotating machinery found in advanced power systems
and designs involving micro-turbines.

One of the earliest studies of lubrication is due to Osborne Reynolds in 1886 who recorded
what is now regarded as the canonical equation governing all lubrication problems; this equa-
tion and its extensions have become known as the Reynolds equation. In the past century,
Reynolds equation has been extended to include three-dimensional e�ects, unsteadiness, tur-
bulence, variable material properties, non-newtonian �uids, multi-phase �ows, wall slip, and
thermal e�ects. The bulk of these studies have focused on highly viscous liquids, e.g., oils.
In recent years there has been increasing interest in power systems using new working �uids,
micro-turbines and non-fossil fuel heat sources. In many cases, the design of these systems
employs the use of gases rather than liquids. The advantage of gases over liquids include the
reduction of weight, the reduction of adverse e�ects due to fouling, and compatibility with
power system working �uids.

Most treatments of gas lubrication are based on the ideal, i.e., low pressure, gas theory and
straightforward retro-�tting of the theory of liquid lubrication. However, the 21st Century
has seen interest in gas lubrication at high pressures. At pressures and temperatures cor-
responding to the dense and supercritical gas regime, there is a strong dependence on gas
properties and even singular behavior of fundamental transport properties. Simple extrap-
olations of the intuition and analyses of the ideal gas or liquid phase theory are no longer
possible.

The goal of this dissertation is to establish the correct form of the Reynolds equation valid for
both low and high pressure gases and to explore the dynamics predicted by this new form of
the Reynolds equation. The dissertation addresses �ve problems involving our new Reynolds
equation. In the �rst, we establish the form appropriate for the simple benchmark problem
of two-dimensional journal bearings. It is found that the material response is completely
determined by a single thermodynamic parameter referred to as the e�ective bulk modulus.
The validity of our new Reynolds equation has been established using solutions to the full
Navier-Stokes-Fourier equations. We have also provided analytical estimates for the range
of validity of this Reynolds equation and provided a systematic derivation of the energy
equation valid whenever the Reynolds equation holds.

The next three problems considered here derive local and global results of interest in high



speed lubrication studies. The results are based on a perturbation analysis of our Reynolds
and energy equation resulting in simpli�ed formulas and the explicit dependence of pressure,
temperature, friction losses, load capacity, and heat transfer on the thermodynamic state
and material properties.

Our last problem examines high pressure gas lubrication in thrust bearings. We again derive
the appropriate form of the Reynolds and energy equations for these intrinsically three-
dimensional �ows. A �nite di�erence scheme is employed to solve the resultant (elliptic)
Reynolds equation for both moderate and high-speed �ows. This Reynolds equation is then
solved using perturbation methods for high-speed �ows. It is found that the �ow structure
is comprised of �ve boundary layer regions in addition to the main �core� region. The �ow
in two of these boundary layer regions is governed by a nonlinear heat equation and the
�ow in three of these boundary layers is governed by nonlinear relaxation equations. Finite
di�erence schemes are employed to obtain detailed solutions in the boundary layers. A
composite solution is developed which provides a single solution describing the �ow in all
six regions to the same accuracy as the individual solutions in their respective regions of
validity.

Overall, the key contributions are the establishment of the appropriate forms of the Reynolds
equation for dense and supercritical �ows, analytical solutions for quantities of practical
interest, demonstrations of the roles played by various thermodynamic functions, the �rst
detailed discussions of the physics of lubrication in dense and supercritical �ows, and the
discovery of boundary layer structures in �ows associated with thrust bearings.
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Chapter 1

Introduction

The Reynolds equation plays a central role in a wide variety of applications involving lubri-
cation theory. In the simplest case, this canonical equation can be written as

d

dx

(
h3

dp

dx

)
= 6µU

dh

dx
, (1.1)

where h = h(x) is the thickness of the �uid layer, p = p(x) is the �uid pressure, µ is the
shear viscosity, U is a measure of the �uid velocity in the main �ow direction, and x is
the spatial coordinate in the main �ow direction. Since �rst reported by Osborne Reynolds
[1], it has been extended to include e�ects of three-dimensionality, unsteadiness, turbulence,
non-newtonian �uids and thermal e�ects [2, 3, 5, 4].

The theory of compressible lubrication in low-pressure gases, i.e., ideal gases corresponding
to the regime seen in Figure 1.1, was developed between 1950 to 1970 [2, 3]. Since then,
gas �lm lubrication has been successfully used in many applications such as machine tools,
dental drills, navigation systems and high-precision instruments [3]. The advantages of gases
over liquids as lubricants are the obvious reductions in weight for aeronautical and space
applications, compatibility with working �uids in gas and micro-turbines, and a reduction
in fouling associated with oil leaks.

Because the shear viscosities of gases are considerably smaller than those of oils, signi�cant
reductions in the friction losses can be achieved. However, the speeds involved must be
relatively large in order to generate the pressures required to support a given load. As a
result, the �ows in gas bearings also tend to be compressible. In order to account for the
compressibility e�ects, the Reynolds equation is typically coupled with the perfect gas model
[2, 3, 5, 4].

Recent studies further extended the theory to supersonic lubrication �ows [6], piezoviscous
�uids [7, 8, 9] and a variety of bearing designs involving steady and transient �lms for
speci�c industrial applications [10, 11, 12, 13]. For example, the NASA Glenn Research
Center established the oil-free turbomachinery program for the development of foil bearing

1
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Figure 1.1: Pressure-Volume Diagram for Real Fluid. The state Vc, pc denotes the thermo-
dynamic critical point. Subscripts c will always denote quantities evaluated at the thermo-
dynamic critical point. V ≡ 1/ρ is the speci�c volume.

technology with potential applications to aeropropulsion engines [14, 15].

Interest in high-pressure gases as lubricants has been growing due to the development of
supercritical CO2 power cycles in the Sandia National Laboratories (SNL) and Southwest
Research Institute (SwRI) in the U.S [16, 17, 18]. The high-pressure gases include those
in the supercritical and dense gas regimes depicted in Figure 1.1. The motivation for their
study was the potential increases in the e�ciency of advanced micro-turbomachinery and
lower capital costs [17]. This new energy conversion cycle is expected to be applied in many
areas including nuclear [16], geothermal [19] and solar-thermal systems [20, 21].

Supercritical �uids are known to exhibit non-classical behaviors, particularly when the �ows
are highly compressible. Singularities and rapid variations of properties of supercritical �u-
ids may limit the validity of the Reynolds equation for lubrication problems. As a result,
in the supercritical and dense gas regimes, the ideal gas model cannot describe the correct
qualitative behavior of the �ow, nor can it give accurate quantitative estimates. Unfortu-
nately, previous investigations have not addressed the issue of singular properties and their
e�ects on the validity of the Reynolds equation or the dynamics in the context of lubrication.
Therefore, the use of pressurized gases as lubricants presents a new challenge in the �eld of
gas �lm lubrication.

While the literature on compressible lubrication in low-pressure gases can be dated back
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to 1950, little work on high-pressure gases has been carried out until very recently. An
important example is a series of experiments in pressurized gases initiated by the SNL. Their
experimental results demonstrated the need to consider thermal e�ects in lubrication �ows
[17]. Conboy [22], Kim [23], Dousti and Allaire [24] and Qin [25] have presented versions of
the Reynolds equation for compressible lubrication �ows of pressurized gases. Each has used
an equation of state based on the NIST REFPROP database [26]. Guenat and Schi�mann
[27] have used the COOLPROP database [28].

Conboy [22] used a Reynolds equation appropriate for compressible pressurized gases in foil-
thrust bearings. The equation was cast in terms of both pressure and density. Although
the author states that the �uid properties were evaluated based on the local temperature
and pressure, no algorithm for the computation of the temperature was presented. Both
turbulent and laminar �ows were considered and curve-�ts for the load and loss, based on
the numerical computations, were provided.

Kim [23] has presented a design strategy based on a Reynolds equation for a foil-journal
bearing. The Reynolds equation was cast in terms of pressure and a compressibility factor
averaged across the gap width. The shear viscosity was taken to be independent of pressure.
The pressures were in the dense gas regime, i.e., on the order of half the critical pressure.
In spite of the fact that the �ow inertia was ignored, the energy equation included energy
convection.

Dousti and Allaire [24] presented computational results for supercritical gases. The equation
of state was taken to have a linear density-pressure relation. As a result, the Reynolds equa-
tion is invalid for even moderate changes in pressure and density. The e�ects of turbulence
were considered but no temperature equation was given. For the purposes of comparison to
the incompressible theory, the authors estimated the power loss using the zero eccentricity,
i.e., zero load, formula.

The Reynolds equation used by Guenat and Schi�mann [27] resembles the equation devel-
oped in [29, 30] in that it is a single equation for the density. Guenat and Schi�mann [27]
introduced the bulk modulus in a manner similar to our work. The viscosity was taken to
be constant and no temperature equation was given.

Qin [25] evaluated the inertia e�ects for foil-thrust bearings by comparing the numerical
results from the full Navier-Stokes equations to those from the Reynolds equation. The full
Navier-Stokes equations were solved by a modi�ed commercial code (referred to as Eilmer)
and the Reynolds equation is solved using a �nite di�erence method. The comparison of these
two equations were only done for a speci�c thermodynamic state only and the temperature
equation was not considered.

Our review of previous studies has uncovered no detailed justi�cation of the Reynolds equa-
tion for pressurized gases nor have we found any discussion of the limitations on the validity
of the Reynolds equation. It is highly likely that the singular properties of supercritical �uids
would a�ect the validity of this important canonical equation. In addition, many previous
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investigations are inconsistent in their simultaneous �ow and thermal modeling, although
this may be complicated by their inclusion of turbulence. Finally, we note that there is a
need for a clari�cation of the physics of compressible pressurized lubricants.

The general goals of this dissertation, therefore, are (1) to establish the form and limitations
on the Reynolds equation for compressible supercritical �ows for two commonly encountered
con�gurations, (2) to examine the �ow dynamics and to identify and describe any new
physics arising in the supercritical or dense gas regime, and (3) to derive simple, explicit
formulas that can illuminate the physics by revealing the dependence of the �ow on the
key bearing parameters and �uid properties. The approach adopted in this dissertation is
through systematic analysis, numerical calculations, and the development of simple, explicit
approximate formulas for the dynamics.

The work presented in this dissertation is organized in �ve standalone manuscripts that
appear as �ve chapters. Starting with Chapter 2, we carry out a systematic derivation
of the two-dimensional compressible Reynolds equation and its corresponding temperature
equation. We also delineate the restrictions on and regions of validity of these equations for
high-pressure gases. We identify the key parameter that controls the behavior of lubrication
�ows of high-pressure gases; we term this parameter as �e�ective bulk modulus�.

Based on the theory derived in Chapter 2, in Chapter 3-5 we develop a simpli�ed model
to examine two-dimensional high-speed lubrication �ows of pressurized gases between non-
concentric cylinders. In Chapter 3 we derive the approximate solutions to the compressible
Reynolds equation and its corresponding simpli�ed temperature equation derived in Chapter
2. These results include the explicit formulas for pressure, density, temperature and heat
�ux in terms of the speed number, �lm thickness, and material functions, i.e., bulk modulus,
shear viscosity and thermal expansivity.

In Chapter 4 we develop the general expressions for the global parameters including the total
lubricating force and friction loss. The e�ects of pressurization and compressibility on the
lubricating force and friction loss are also discussed. In Chapter 5, we employ the virial,
i.e., small density, expansions for the bulk modulus and viscosity to derive simple, explicit
formulas of the lubricating force and friction loss for pressurized gases.

In Chapter 6, we apply a systematic analysis similar to that applied in Chapter 2-5 to a
three-dimensional con�guration, i.e., a standard model of a thrust bearing. The resulting
compressible Reynolds equation is found to be a nonlinear elliptic partial di�erential equation
for the density. A numerical scheme based on the �nite di�erence method is used to solve
this Reynolds equation. We also develop the approximate solutions to the Reynolds equation
for high-speed lubrication �ows. In the course of derivation we discovered that the boundary
layers form on three out of the four edges of the �ow domain. The equations that governs
these boundary layer �ows are derived and compared to solutions of the Reynolds equation.
The core and �ve boundary layer solutions are combined into a single composite solution
valid over the whole �ow regime.
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Chapter 2

Compressible Reynolds Equation for

High-pressure Gases

The contents of this chapter are reproduced from S. Y. Chien, M. S. Cramer, and A. Un-
taroiu. Compressible Reynolds equation for high-pressure gases. Physics of Fluids, 29(11),
116101, 2017, with the permission of AIP Publishing. The published article can be found
at: https://aip.scitation.org/doi/10.1063/1.5000827.

Attribution

The work presented in this chapter was primarily carried out by S.Y. Chien. M. S. Cramer
conceived of the main idea and contributed to the development and implementation of this
work. A. Untaroiu provided access to the commercial code, ANSYS-CFX for the numerical
computations discussed in Section 2.7.

Abstract

We derive the Reynolds equation corresponding to steady, laminar, two-dimensional, com-
pressible �ows of single-phase Navier-Stokes �uids in a thin gap between a stationary surface
and one translating with constant speed. The thermodynamic state of the �uid is taken to
be in the dense and supercritical gas regime. The equation of state is a well-known cubic
equation, and the shear viscosity and thermal conductivity are taken to depend on density
and temperature. Thermal boundary conditions are taken to include those for constant-
temperature and adiabatic walls. The �ow is seen to be governed by both the speed number
and a single thermodynamic parameter referred to as the e�ective bulk modulus. Numerical
solutions to the Reynolds equation are compared to those of the full Navier-Stokes equa-
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tions. It is shown that the Reynolds equation breaks down in the vicinity of the thermody-
namic critical point. Furthermore, we show that energy convection is negligible whenever
the Reynolds equation is valid which enables us to present new explicit solutions for the
temperature distributions.

2.1 Introduction

Flows in narrow gaps arise in a wide variety of applications including sealing, lubrication,
hydrodynamic scattering of particles, and biomechanics. The canonical equation governing
such �ows is the Reynolds equation which, in its simplest form, is written as

d

dx

(
h3

dp

dx

)
= 6µU

dh

dx
, (2.1)

where h = h(x) is the thickness of the �uid layer, p = p(x) is the �uid pressure, µ is the
shear viscosity, U is a measure of the �uid velocities in the main �ow direction, and x is the
spatial coordinate in the main �ow direction. This equation was �rst reported by Reynolds
[1] and forms the foundation of lubrication theory. Since that time (2.1) has been extended
to include the e�ects of three-dimensionality, unsteadiness, non-newtonian �uids, turbulence,
and thermal e�ects [2, 5, 4].

Implicit in the derivation of (2.1) and many of its generalizations are two key restrictions.
The �rst is that the �uid layer be thin compared to the length scales associated with the
variations in the main �ow direction and the second is that the reduced Reynolds number
[6] be small, i.e.,

ho
L
� 1 and Re

h2o
L2
� 1, (2.2)

where ho is a measure of the thickness of the �uid layer, L is a measure of the length scale
of the variations in the main �ow direction, and Re is the Reynolds number based on L and
U. The second of (2.2) is equivalent to a small Reynolds number approximation and permits
the neglect of the e�ects of inertia relative to the pressure and viscous forces.

Recently there has been considerable interest in the replacement of highly viscous liquids
as lubricants by gases. The motivation for this replacement is the obvious reduction in
weight for aeronautical and space applications, compatibility with working �uids in gas and
micro-turbines, and a reduction in fouling associated with oil leaks. For example, NASA
Glenn Research Center has established an oil-free turbomachinery program with potential
applications to aeropropulsion engines [12]. In recent years, more studies led by Sandia
National Laboratories (SNL) in the U.S. have focused on the development of closed-loop
Brayton cycles for nuclear power systems using supercritical carbon dioxide (CO2) as a
working �uid [11, 13, 14]. The motivation for their study was the potential increases in the
e�ciency of advanced micro-turbomachinery and lower capital costs [13]. Supercritical CO2
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cycles have also been applied in other areas including those involving geothermal [15] and
solar-thermal systems [16, 17].

Because the shear viscosities of gases are considerably smaller than those of oils, signi�cant
reductions in the friction losses can be achieved. However, the speeds involved must be
relatively large in order to generate the pressures required to support a given load. As a
result, the �ows in gas bearings also tend to be compressible. Many previous studies on
low-pressure gas bearings used the perfect gas model. However, in the supercritical and
dense gas regime the perfect gas model is no longer valid and, in some cases, can not even
provide the correct qualitative behavior.

Experimental studies on gas bearings in the dense gas regime include those carried out at
the SNL. These experiments clearly demonstrate the need to consider thermal e�ects [13]
in lubrication �ows. Conboy, et al [20] examined the role of turbulence using an isothermal
model[19] and an equation of state based on the NIST REFPROP database [18]. Kim
[21] and Dousti and Allaire [22] also presented computational results based on a modi�ed
Reynolds equation.

The goal of the present study is to provide a detailed derivation of a Reynolds equation
valid for compressible �ows in most of the supercritical and dense gas regime. In addition,
we present new explicit solutions for the temperature distribution; use of the latter can
signi�cantly reduce the computational complexity and e�ort when thermal e�ects are of
interest.

It is shown that the compressible form of the Reynolds equation is no longer valid when
the thermodynamic state is in the vicinity of the thermodynamic critical point. In the
near-critical region, the singularities in the speci�c heat at constant pressure, the thermal
expansion coe�cient and the Prandtl number cause the �ow properties to vary across the
�uid �lm and the energy convection to be non-negligible.

In the next section we describe our gas model and illustrate the behavior of these critical
parameters. In Sections 2.3-2.5 we outline the derivation of the Reynolds equation and
associated temperature equation valid over the bulk of the pressurized gas regime. In Section
2.6 we discuss the breakdown and region of validity of our results. In Section 2.7 we compare
our results to detailed numerical solutions to the Navier-Stokes equations.

2.2 Gas Model

In this study we focus on �ows which correspond to pressurized, rather than ideal, gases
including those occupying the supercritical gas regime. The general regimes of interest are
indicated in Fig. 2.1. In all that follows, we consider only single-phase �uids so that the �uid
is speci�ed by equation of state

p = p(ρ, T ), (2.3)
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Figure 2.1: Pressure-Volume Diagram for Real Fluid. The state Vc, pc denotes the thermo-
dynamic critical point. Subscripts c will always denote quantities evaluated at the thermo-
dynamic critical point. V ≡ 1/ρ is the speci�c volume.

where ρ > 0 is the �uid density, T > 0 is the absolute temperature, and the ideal gas or
zero-pressure speci�c heat at constant volume, i.e.,

cv∞ = cv∞(T ) ≡ lim
ρ→ 0

cv(ρ, T ), (2.4)

where

cv = cv(ρ, T ) ≡ cv∞(T )− T
ˆ ρ

0

∂2p

∂T 2

∣∣∣∣
ρ

dρ

ρ2
, (2.5)

is the actual speci�c heat at constant volume. As ρ −→ 0, the pressure approaches that of an
ideal gas. At small values of the speci�c volume V ≡ 1/ρ and the supercritical temperatures,
i.e., T ≥ Tc, the pressure typically becomes singular, e.g.,

p ∼ f(T )

V − b
, (2.6)

where f(T) is some function of temperature and b is a measure of the molecular excluded
volume. When V ≈ b, it can be shown that the �uid becomes sti� with large sound speeds
and a vanishingly small thermal expansion coe�cient. The focus of the present study is on
the supercritical and dense gases regimes. The singularities in the liquid-like regime, i.e., V
≈ b, will be ignored in all that follows.
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At the thermodynamic critical point, pressure is taken to satisfy

∂p

∂V

∣∣∣∣
T

=
∂2p

∂V 2

∣∣∣∣
T

= 0, (2.7)

although some gas models impose constraints on higher derivatives. In this regime, small
isothermal changes in pressure yield large changes in the speci�c volume and density, i.e.,
the �uid is extremely compressible. Near the thermodynamic critical point,

T

p

∂p

∂T

∣∣∣∣
ρ

= O(1). (2.8)

If we expand (2.3) in the vicinity of an arbitrary reference state V∗ ≈ Vc, T∗ ≈ Tc, we �nd
that the lowest order approximation for p(ρ, T ) is

p = p∗ +
∂p

∂T

∣∣∣∣
ρ

(T − T∗) +
∂p

∂V

∣∣∣∣
T

(V − V∗) +
1

2

∂2p

∂V 2

∣∣∣∣
T

(V − V∗)2

+
1

6

∂3p

∂V 3

∣∣∣∣
T

(V − V∗)3 +O(V − V∗)4, (2.9)

where all partial derivatives in (2.9) are evaluated at (V∗, T∗) and we have taken (2.8) and

V

p

∂p

∂V

∣∣∣∣
T

= O

(
V − Vc
Vc

)2

= o(1), (2.10)

V 2

p

∂2p

∂V 2

∣∣∣∣
T

= O

(
V − Vc
Vc

)
= o(1), (2.11)

V 3

p

∂3p

∂V 3

∣∣∣∣
T

= O(1), (2.12)

T − Tc
Tc

= O

(
V − Vc
Vc

)3

= o(1) (2.13)

in the near-critical regime. Thus, near the critical point, the pressure perturbations can
be taken to be linear in the temperature perturbations and cubic in the speci�c volume or
density perturbations.

In the course of our analysis, several thermodynamic parameters play a key role. These
parameters include the thermal expansion coe�cient or thermal expansivity

β = β(ρ, T ) ≡ −1

ρ

∂ρ

∂T

∣∣∣∣
p

, (2.14)

and the bulk modulus

κT = κT (ρ, T ) ≡ ρ
∂p

∂ρ

∣∣∣∣
T

= −V ∂p

∂V

∣∣∣∣
T

=
ρa2

γ
> 0, (2.15)
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where

a = a(ρ, T ) ≡

√
∂p

∂ρ

∣∣∣∣
s

(2.16)

is the thermodynamic sound speed and s = �uid entropy. The quantity γ = γ (ρ,T) ≡
cp/cv is the ratio of speci�c heats and cp = cp(ρ,T) is the speci�c heat at constant pressure.
Because the �ow is both viscous and compressible, the Grüneisen parameter

G = G(ρ, T ) ≡ βa2

cp
=
κTβ

ρcv
=

1

ρcv

∂p

∂T

∣∣∣∣
ρ

=
γ − 1

βT
(2.17)

will naturally arise. The speci�c heat at constant pressure is typically calculated from the
last of (2.17) combined with (2.5), (2.14), and the equation of state (2.3).

In the limit of ρ −→ 0, it is easily veri�ed that β −→ 1/T, κT −→ p, and G −→ γ − 1.
When we take the limit V −→ b, κT , p, and G, all become unbounded. In the near-critical
region, both cv and G are bounded and non-zero, and

κT = p∗ O

(
V − V∗
V∗

)2

−→ 0, (2.18)

βT =
T

κT

∂p

∂T

∣∣∣∣
ρ

= O

(
V − V∗
V∗

)−2
−→∞, (2.19)

cp
R

=
cv
R

+
βT

ρR

∂p

∂T

∣∣∣∣
ρ

∼ βT

ρR

∂p

∂T

∣∣∣∣
ρ

= O

(
V − V∗
V∗

)−2
−→∞, (2.20)

where R is the gas constant and the last of (2.17) has been used. Thus, any theory of
lubrication involving dense or supercritical �uids must take into account the singularities in
the speci�c heat and the thermal expansion coe�cient.

In order to give an explicit illustration of the physics, we employ a well-known cubic equation
of state, viz., the Redlich-Kwong-Soave (RKS) equation. While more accurate and signi�-
cantly more complex models are available, the RKS equation is reasonably accurate for the
purposes of the present study and, more importantly, gives the correct qualitative behavior
of all real gases. The details of the RKS equation and models for the ideal gas speci�c heat
can be found in Reid et al.[7]. The isotherms of CO2 corresponding to the RKS equation
have been plotted in Fig. 2.2 for temperatures T ≥ Tc. The molecular weight, properties
at the thermodynamic critical point, and acentric factor of CO2 can also be found in Reid
et al. [7]. The cubic nature of the isotherms near the critical point and the singularity in
the liquid-like region is clearly seen in Fig. 2.2. The speci�c heat at constant pressure and
thermal expansion coe�cient are plotted in Fig. 2.3 and Fig. 2.4, respectively. In each plot
the T = Tc curves become unbounded at V = Vc. Although βT � 1 in the liquid-like region,
i.e., V ≈ b, its value increases rapidly as V increases becoming O(1) over most of the p-V
diagram and large near the thermodynamic critical point. Thus, lubrication theories based
on the assumption of negligible thermal expansion are strictly only valid for liquids.
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Figure 2.2: Isotherms of CO2 Using the RKS Equation of State.

The viscosity and thermal conductivity models were taken to be those of Chung et al [24, 25].
The Chung et al.[24, 25] shear viscosity model was found to have excellent agreement with
the experimental data recorded by Reid et al.[7]. The shear viscosity using this model is
plotted in Fig. 2.5 for CO2. Near the critical point, the variations of µ with both temperature
and speci�c volume are seen to be mild.

The thermal conductivities are found to have a similar variation and the details are omitted
in order to save journal space.

We may now combine our viscosity and thermal conductivity models with the expressions
for the speci�c heat to compute the Prandtl number

Pr ≡ µcp
k
, (2.21)

where k = k(ρ,T) is the thermal conductivity. The Prandtl number is plotted in Fig. 2.6. The
shear viscosity and thermal conductivity are bounded and have roughly the same variation
with speci�c volume as each other, even near the critical point. The singularity in Pr is
solely due to the singularity in cp. Thus, the near-critical singularity in the Prandtl number
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Figure 2.3: Speci�c Heat at Constant Pressure of CO2. Equation of state is the RKS equation
and R is the gas constant.

is the same as that for cp and βT, i.e.,

Pr = O

(
V − V∗
V∗

)−2
. (2.22)

This contrasts with the situation involving liquid oil, where the speci�c heat takes on values
roughly equal to those in the ideal gas limit. In oils, large Prandtl numbers are due to the
relatively large values of the shear viscosity.

2.3 Formulation

In order to examine the physical e�ects in the simplest possible context, we consider a
two-dimensional, steady, single-phase, laminar �ow in a thin gap corresponding to the con-
�guration sketched in Fig. 2.7. The body force and volumetric energy supplies are taken to
be zero. A Navier-Stokes �uid is contained in the region 0 ≤ x ≤ L and 0 ≤ y ≤ h(x). The
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Figure 2.4: Thermal Expansion Coe�cient of CO2. Equation of state is the RKS equation.

function h(x) is selected to correspond to a typical journal bearing,

h(x) = h0

[
1 + 2δsin2

(
π
x

L

)]
, (2.23)

where h0 = h(0) is the minimum value of h(x) and δ > 0 is a nondimensional amplitude
which can be associated with the bearing eccentricity. However, the only restrictions relevant
to the approximation scheme described here are the �rst of (2.2). The upper surface, i.e.,
y = h(x), is at rest and h(x) varies with the length scale L. The lower surface, i.e., y = 0, is
translating with constant speed U in the positive x-direction. For convenience, we refer to
the upper and lower surface as the stator and rotor surfaces, respectively. Thus, the no-slip
and kinematic boundary conditions require

vx = U, vy = 0 at y = 0, (2.24)

vx = vy = 0 at y = h(x), (2.25)

where vx and vy are velocity components in the x and y directions. In Section 2.7, we
take all physical variables to have identical values at x = 0 and x = L. Thermal boundary
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Figure 2.5: Shear Viscosity of CO2 vs Speci�c Volume. Viscosity model is that of Chung et
al.[24, 25].

conditions will be taken to be those for an adiabatic wall at either y = h(x) or at y = 0 with a
�xed known temperature at the non-adiabatic wall. Constant-temperature walls will also be
considered. In this case, both upper and lower surfaces are taken to have �xed temperatures.

Under these conditions, the nondimensional Navier-Stokes equations can be written

∂(uρ)

∂x
+
∂(vρ)

∂y
= 0, (2.26)

Re
h2o
L2

ρ v · ∇u+
∂p

∂x
=
∂T yx
∂y

+
h2o
L2

∂T xx
∂x

, (2.27)

Re
h4o
L4

ρ v · ∇v +
∂p

∂y
=
h2o
L2

(
∂T xy
∂x

+
∂T yy
∂y

)
, (2.28)

Re
h2o
L2

Pr ρ cp v · ∇T =
∂

∂y

(
k
∂T

∂y

)
+
h2o
L2

∂

∂x

(
k
∂T

∂x

)
+ PrEc(Φ + βTv · ∇p), (2.29)

where x = x/L, y = y/h0, u = vx/U , v = vyL/Uh0. The thermodynamic pressure, density
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Figure 2.6: Prandtl Number of CO2 vs Speci�c Volume. Viscosity model is that of Chung
et al. [24, 25] and equation of state is the RKS equation.

and temperature are scaled as follows

p = (p− pref )
h20

µrefUL
, ρ =

ρ

ρref
, and T =

T − Tref
∆T

, (2.30)

where the quantity ∆T represents a measure of temperature di�erences occurring in the
�ow. Throughout this study, the subscript �ref� denotes constant reference values, typically
selected to be the values of quantities evaluated at x = 0. The shear and second viscosities,
speci�c heat at constant pressure, and thermal conductivity are scaled as follows:

µ = µ/µref , λ = λ/µref , cp = cp/cpref , k = k/kref (2.31)

where λ is the dimensionless second viscosity. It is well known [8, 9, 10] that the bulk and
therefore second viscosity of CO2 can be thousands of times larger than the shear viscosity.
However, the �ow examined here is quasi-parallel and we will require that

λ
h2o
L2
� 1 (2.32)
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Figure 2.7: Con�guration Corresponding to the Reynolds Equation.

which allows us to ignore any e�ects of a large bulk viscosity.

The Reynolds number Re is based on µref , ρref , U and L. In all that follows, the Prandtl
number Pr is based on the reference values of the shear viscosity, thermal conductivity, and
cp. The Eckert number is given by

Ec ≡ U2

cpref∆T
=
M2

ref

β∆T
Gref , (2.33)

where the Mach number is based on U and the reference thermodynamic sound speed aref .
The quantity Φ is the viscous dissipation de�ned as

Φ ≡ tr(T(∇v)T ), (2.34)

where "tr" denotes the trace, the superscript "T" denotes the transpose, and T is the
stress tensor having Cartesian components Txx, Txy, Tyy, etc. The components of the
nondimensional stress tensor and the viscous dissipation in (2.27)-(2.29) are related to the
physical components Txx, Txy, Tyy and Φ by

T xx =
L

µrefU
Txx, T xy =

h0
µrefU

Txy, T yy =
L

µrefU
Tyy, (2.35)

and

Φ =
h20

µrefU2
Φ. (2.36)
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The mass, momentum, and energy equations (2.26)-(2.29) are exact. We now regard all
quantities with an overbar as being O(1). In many derivations of (2.1), the restrictions (2.2)
are regarded as su�cient to guarantee its validity. However, because the �ow is compress-
ible, thermal e�ects and thermal expansion can play a signi�cant role and can lead to a
breakdown of the Reynolds equation. The e�ect of thermal expansion can be measured by
the nondimensional product β∆T. When one or the other surface is taken to be adiabatic,
the temperature di�erences are not imposed but are determined by the �ow dynamics. In
this case, the scaling for the temperature di�erence ∆T can be taken to be

∆T =
U2

cpref
Pr. (2.37)

If the temperature at the upper and lower surfaces are prescribed constants, we will require
that the prescribed temperature di�erence satis�es ∆T = O(M2

ref Tref ). In the next section
the Mach number will be required to be small so that the temperature di�erence in this case
is required to be

∆T

Tref
= O(M2

ref )� 1. (2.38)

Thus, when one surface is adiabatic,

β∆T =
βa2ref
cpref

U2

a2ref
Pr = O(Gref M

2
ref Pr) = O(M2

ref Pr), (2.39)

everywhere outside of the liquid-like regime. When the wall temperatures are prescribed

β∆T = O(βrefTrefM
2
ref ). (2.40)

Because Pr = O(βT) = O(γ) and G = O(1) at all pressures and temperatures outside of the
liquid-like regime, our restriction on the temperature variations can be taken to be

β∆T = O(βref Tref M
2
ref ) = O(Pr M2

ref ) = O(γref M
2
ref )� 1 (2.41)

for both types of boundary conditions used here. We note further that the product Pr Ec
appearing in (2.29) can be taken to be 1 when one wall is adiabatic and O(Gref Pr/βrefTref )
= O(1) when (2.38) is imposed.

2.4 Compressible Reynolds Equation

In this section, the pressures and temperatures are taken to be outside of the near-critical
region so that Pr, cp, γ, and βT = O(1). We now apply the restrictions (2.2) to obtain the
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following approximations to the momentum equations:

∂p

∂x
=

∂

∂y

(
µ
∂u

∂y

)
+O

(
Re

h2o
L2
,
h2o
L2

)
, (2.42)

∂p

∂y
= O

(
Re

h4o
L4
,
h2o
L2

)
= O

(
h2o
L2

)
. (2.43)

The solution to (2.43) indicates that the pressure variation across the gap is essentially
negligible, i.e, p ≈ p(x), and the x-momentum equation (2.42) can be integrated at least
once.

In order to evaluate the density variation in the lubrication �ow, we now write ρ = ρ(p,T)
and we can therefore write

dρ

ρ
=

γ

ρ a2
M2

ref

Re h
2
o

L2

dp− β∆TdT . (2.44)

The density changes are due to both pressure and temperature changes. Inspection of (2.44)

reveals that changes in density due to pressure will be proportional to
M2

ref

Re
h2o
L2

, whereas changes

in density due to thermal expansion will be proportional to

β∆T = O(PrM2
ref )� γ

M2
ref

Re h
2
o

L2

, (2.45)

where (2.2) and (2.41) have been used. The variation of the density in the main �ow direction
is

1

ρ

∂ρ

∂x
=

γ

ρ a2
M2

ref

Re h
2
o

L2

∂p

∂x
+O(Pr M2

ref ). (2.46)

In order that the �ow be compressible we require that

M2
ref = O(Re

h2o
L2

) = o(1). (2.47)

Thus, our constraint on Mref used in (2.38) is seen to be consistent. Because γ = O(Pr), we
have

1

ρ

∂ρ

∂x
≈ γ

ρ a2
M2

ref

Re h
2
o

L2

∂p

∂x
, (2.48)

even in the near-critical region.

The variation in density across the gap, i.e., in the y-direction, is determined from

1

ρ

∂ρ

∂y
=

γ

ρ a2
M2

ref

Re h
2
o

L2

∂p

∂y
− β∆T

∂T

∂y
, . (2.49)
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From (2.43) it is clear that the �rst term on the right hand side of (2.49) is of O(γ h
2
o

L2 ) =

O(Pr h
2
o

L2 ) � 1 and the second term is of order Pr M2
ref = O(Pr Re h

2
o

L2 ). Thus, the density
variation across the gap is given by

1

ρ

∂ρ

∂y
= O(Pr

h2o
L2
, P rRe

h2o
L2

)� 1, (2.50)

and we can take ρ = ρ(x) outside of the near-critical regime. Thus, the mass equation (2.26)
can be approximated as

d

dx

[
ρ

ˆ h

0

u dy
]
≈ 0, (2.51)

where the boundary conditions (2.24)-(2.25) have been used and h ≡ h/ho. In general, the
viscosity, thermal conductivity, and bulk modulus all depend on the density and temperature.
We can evaluate changes in the shear viscosity by considering a Taylor series for T ≈ Tref .
When this is done, we �nd

µ(ρ, T )− µ(ρ, Tref )

µref
=
Tref
µref

∂µ

∂T

∣∣∣∣
ρ

∆T

Tref
T + · · · = O(M2

ref )� 1, (2.52)

where we have recognized that
T

µ

∂µ

∂T

∣∣∣∣
ρ

= O(1) (2.53)

and have used (2.41). Thus, µ(ρ,T) ≈ µ(ρ,Tref ) and we can regard the variation of viscosity
as being due to density only. When the �ow remains outside of the near-critical region
the density is approximately constant in the y-direction so that the shear viscosity is also
approximately constant with respect to y. A similar analysis can be carried out for the
thermal conductivity, bulk modulus (2.15), and thermal expansion coe�cient (2.14) to show
that these quantities are, to the lowest order, constant in the y-direction.

The Reynolds equation may now be derived by integrating the x-momentum equation (2.42)
twice and by using the boundary conditions (2.24)-(2.25) we �nd that

u =
1

2µ

dp

dx

(
y2 − hy

)
+ 1− y

h
. (2.54)

Substitution of (2.54) into the mass equation (2.51) and integration in y yields

d

dx

(
ρh

3

µ

dp

dx

)
≈ 6

d(ρh)

dx
. (2.55)

Examination of (2.46) reveals that we may regard the x-variations of ρ as being proportional
to the x-variations of p. Thus, we may write
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dp

dx
≈ κT (ρ, Tref )

ρ

dρ

dx
[1 +O(M2

ref )]. (2.56)

so that the nondimensional form of the Reynolds equation for compressible �ows becomes

d

dx

(
h
3
κTe

dρ

dx

)
≈ Λ

d(ρh)

dx
, (2.57)

where

κTe ≡ κTe(ρ, Tref ) ≡ κT (ρ, Tref )

µ(ρ, Tref )
, (2.58)

κTe ≡
κTe(ρ, Tref )

κTe(ρref , Tref )
≡ κTe(ρ, Tref )

κTe
∣∣
ref

, (2.59)

Λ ≡ 6UL

h2oκTe
∣∣
ref

= 6
γrefM

2
ref

Re h
2
o

L2

. (2.60)

The quantity κTe will be referred to as the e�ective bulk modulus and gives a measure of
the e�ective sti�ness of the �uid in lubrication �ows. Alternatively, it gives a measure of the
relative strength of compressibility to the in�uence of friction on the �ow. The quantity Λ
is frequently referred to as the speed number and, in the lubrication literature, is regarded
as a measure of �ow compressibility. This is consistent with the interpretation of the ratio

M2
ref/Re

h2o
L2 in Section 2.4. The scaled version of e�ective bulk modulus has been plotted in

Fig. 2.8. As V −→ ∞, κTe −→ p/µ(0,Tref ). At the thermodynamic critical point the bulk
modulus (2.15) vanishes and κTe therefore does as well.

Solutions for compressible lubrication �ows are obtained by integrating (2.57) for the density
once the equation of state and viscosity model are speci�ed. The pressure is then determined
through use of the equation of state. We can recover the results for incompressible �ow by
setting ρ = µ = 1 in (2.55). We recover the equation for ideal gases by recognizing that
κT −→ p −→ ρRT and µ −→ µ(T) only in the ideal gas limit. If we employ the same
approximations found in Section 2.4 we �nd that (2.57) can be approximated as

d

dx

(
h
3
ρ
dρ

dx

)
≈ Λ

d(ρh)

dx
, (2.61)

Thus, in the case of ideal gases, the solution for density and pressure will be independent
of the reference thermodynamic state except through the speed number. This fact contrasts
with situation for non-ideal gases, e.g., dense gases or supercritical �uids, where the behavior
depends both on the thermodynamic state through κTe and the speed number. Result (2.61)
is in complete agreement with the ideal gas formula given by Szeri [4].
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Figure 2.8: E�ective Bulk Modulus of CO2 vs V/Vc. Viscosity model is that of Chung et
al.[24, 25] and the gas model is the RKS equation. Here µ0 = µ0(T) is the ideal gas (V
−→∞) value of µ.

2.5 Temperature Variation

We now apply the approximations (2.2) to the energy equation (2.29) to obtain the simpli�ed
temperature equation:

∂

∂y

(
k
∂T

∂y

)
= −PrEc(Φ + βTu

dp

dx
) +O

(
Pr Re

h2o
L2

,
h2o
L2

)
, (2.62)

where

Φ ≈ µ

(
∂u

∂y

)2

. (2.63)

Inspection of (2.62) reveals that the temperature �eld is determined by a balance of con-
duction in the y-direction, viscous dissipation, and �ow work. Thus, when Pr = O(1), i.e.,
outside of the near-critical region, any self-consistent theory must neglect energy convection
whenever the inertia is neglected. Result (2.62) is in complete agreement with the simpli�ed
temperature equation given by Gross, et al[3].

In Section 2.4 we have already shown that the shear viscosity, thermal conductivity, and
thermal expansion coe�cient can be taken to be functions of ρ(x) and Tref . If we also



Ssu-Ying Chien Chapter 2. Compressible Reynolds Equation 25

recognize that T ≈ Tref , then the simpli�ed temperature equation (2.62) can be integrated
explicitly at each value of x. The only functions of y will be those introduced by (2.54) and
its derivative.

We �rst consider the case where both stator and rotor surfaces have a prescribed temperature,
i.e., T = TR = constant at y = 0 and T = TS = constant at y = h(x). It is easily shown
that the resultant solution to (2.62) is

T − TR
∆T

= Pr Ec
y

h

µ

k

[
c1
12

(1− y3

h
3 ) +

c2
6

(1− y2

h
2 ) +

c3
2

(1− y

h
)

]
+
y

h
. (2.64)

where ∆T ≡TS - TR for this case. We have de�ned the factors

c0 ≡
h
2

2µ

dp

dx
=

3h
2

Λ

κTe
ρ

dρ

dx
= c0(x), (2.65)

c1 ≡ 2c20(2 + βT ) = c1(x), (2.66)

c2 ≡ −2c0(1 + c0)(2 + βT ) = c2(x), (2.67)

c3 ≡ 1 + 2(1 + βT )c0 + c20 = c3(x), (2.68)

so that (2.54) is rewritten as

u = c0
y2

h
2 − (1 + c0)

y

h
+ 1. (2.69)

We note that the terms that proportional to the factor βT in (2.64)-(2.68) represent the
contributions due to �ow work while the remaining terms are those due to viscous dissipation.

If the stator surface, i.e., the y = h surface, is speci�ed as an adiabatic wall and the rotor
surface has a �xed temperature TR, integration of (2.62) yields

T − TR
U2

2cpref

= Pr
µ

k

y

h

[
c1
6

(4− y3

h
3 ) +

c2
3

(3− y2

h
2 ) + a3(2−

y

h
)

]
, (2.70)

where we have used (2.37). Finally, if we take the rotor to be adiabatic and T = TS at y =
h, we then �nd

T − TS
U2

2cpref

= Pr
µ

k

[
c1
6

(1− y4

h
4 ) +

c2
3

(1− y3

h
3 ) + c3(1−

y2

h
2 )

]
. (2.71)

We note that the scaled temperature distributions will depend on the material functions

Pr
µ

k
, κTe, βT,

and, for (2.64), Ec. The �rst material function is recognized as the local Prandtl number for
constant speci�c heat cp. In many �ows where the Reynolds equation (2.57) and our energy
equation (2.62) is valid, the variation of the ratio Pr µ/k with density is small. For such
�ows the primary in�uence of the shear viscosity on the temperature variation is through
the e�ective bulk modulus κTe.
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2.6 Near-Critical Region

In Sections 2.4-2.5 the pressures and temperatures were taken to be su�ciently far from the
near-critical region. When T ≈ Tc and V ≈ Vc, the Reynolds equation (2.57) and simpli�ed
temperature equation (2.62) are no longer valid due to the singularities in βT, cp, and Pr.
Inspection of (2.28) reveals that the pressure will remain nearly constant across the gap, i.e.,
in the y-direction. Because Re(h0/L)

2 is independent of the near-critical singularity, the �ow
inertia can remain negligible in the near-critical region. In the near-critical region Pr � 1
and inspection of (2.29) reveals that the convection of energy is no longer negligible when

PrRe
h2o
L2

= O(1). (2.72)

From (2.49), it can also be shown that the variation in density in the y-direction will no
longer be negligible, i.e.,

1

ρ

∂ρ

∂y
= O(1). (2.73)

Although the dependence of viscosity on temperature remains negligible, the variation of
density with y will imply µ = µ(x,y) and the simple integration of the x-momentum equation
is not possible. Thus, the Reynolds equation (2.57) is expected to give a poor approximation
to the �ow behavior in the near-critical region.

The region of validity of the theory presented here can be estimated by making use of the
expansions (2.9) and (2.22). In particular, (2.72) is satis�ed if

V − Vc
Vc

= O

(√
Re

h2o
L2

)
, (2.74)

T − Tc
Tc

= O

(
Re

h2o
L2

)3/2

. (2.75)

2.7 Numerical Results

To solve the compressible Reynolds equation (2.57) we impose boundary conditions ρ(0) =
ρ(1) = 1 and employ a two-point boundary value solver coupled with the gas models described
in Section 2.2. Once the density and pressure distribution is obtained, we calculate the
temperature variations for each thermal boundary condition using (2.64), (2.70), and (2.71).

Numerical solutions to the compressible Reynolds equation (2.57) and simpli�ed temperature
equation (2.62) will be compared with the numerical solutions to the exact Navier-Stokes
equations and the total energy equation obtained using the commercial code, ANSYS-CFX,
in which the velocity-pressure coupling and overall solution procedure are based on the
coupled solver. The gas models described in Section 2.2 are employed in the CFD calculation.
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Figure 2.9: Scaled Density vs x/L. Here V(0) = V(L) = 4.8 Vc, T(0) = T(L) = 1.05 Tc.

The �uid domain sketched in Fig. 2.7 is discretized using structured mesh with hexahedral
elements. In order to demonstrate grid independence, we compared the simulation results
of grids of 10, 15, 20 and 25 elements across the gap with 315, 635, 1250, and 2500 elements
in the main �ow direction. Grid convergence was achieved with the grid of 15× 1250 which
results in 0.1% di�erence in maximum density when compared to the grid of 25 × 2500.
The iteration convergence criteria requires the averaged residuals for mass, momentum, and
energy equations to be smaller than 10−7 and the variation of the resultant force on the rotor
and the maximum temperature inside the �ow domain to be less than 1% per 200 iterations.

We �rst compare solutions of the Reynolds equation (2.57) to those of the isothermal Navier-
Stokes equations, i.e., solutions to the mass and momentum equations where the constraint of
the energy equation is replaced by the condition of uniform temperature. A re-examination
of the discussion of Section 2.4 shows that solutions to the Reynolds equation will agree with
the isothermal Navier-Stokes equations if the �ow inertia is negligible. We also include the
numerical solutions to the full Navier-Stokes equations for each thermal boundary condition
discussed in Sections 2.3 and 2.5. In the remainder of this study we take the channel sketched
in Fig. 2.7 to be given by ho/L = 2.251×10−5, δ = 2.536, and U = 62.832 m/s. The �uid
will be taken to be CO2 and the gas models discussed in Section 2.2 are used. Unless stated
otherwise, T(0) = T(L) = 1.05 Tc.
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Figure 2.10: Pr Re(h/L)2 vs x/L for Adiabatic Rotor on y = h(x)/2. Reduced Reynolds
number and Pr are based on the local values of ρ, µ, h, vx and a �xed value of L. T(0) =
T(L) = 1.05 Tc.

The �rst case to be considered is that where the speci�c volume at the entrance and exit is
V(0) = V(L) = 4.8 Vc. The pressure at these points is found to be approximately 40 bar so
that the thermodynamic state can be regarded as that of a dense gas or, because T > Tc, a
slightly supercritical �uid. The scaled density distribution for this case is plotted in Fig. 2.9.
The agreement between the Reynolds equation and each of the Navier-Stokes simulations is
excellent.

In Fig. 2.10 we have plotted the local values of Pr Re(h/L)2 along the mid-surface, i.e., at
y = h/2, for an adiabatic rotor. Because Pr ≈ 1 for this case, the magnitude of Re(h/L)2

is roughly the same as that of Pr Re(h/L)2. Both the reduced Reynolds number and Pr
Re(h/L)2 are small on the centerline. Inspection of the detailed numerical solutions re-
veal that these parameters remain small everywhere in the �ow. These observations are
completely consistent with the degree of agreement seen in Fig. 2.9.

The temperature variations for the �ow corresponding to the density distribution of Fig. 2.9
are plotted in Fig. 2.11 for thermal boundary conditions corresponding to an adiabatic rotor,
an adiabatic stator, and constant-temperature walls. The reference temperature is taken to
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Figure 2.11: Scaled Temperature vs x/L. V(0) = V(L) = 4.8 Vc, T(0) = T(L) = Tref =
1.05 Tc. Lines denote results from the full Navier-Stokes equations and symbols denote the
solutions to (2.57) and (2.71), (2.70), and (2.64). Results for the adiabatic rotor are denoted
by � and , results for the adiabatic stator are denoted by © and , and
results for the constant temperature walls TR = 1.10 Tc, TS = 1.01 Tc, are denoted by 4
and .

be 1.05 Tref . The temperatures seen in Fig. 2.11 are taken to be those along the centerline
so that the curves will not necessarily begin at T = Tref . We compare the temperature
variations computed from the Reynolds equation and the solutions to the nonconvective
temperature equation discussed in Section 2.5 to those computed using the full Navier-
Stokes equations. The agreement is again seen to be very good. The temperature variation
is seen to be the strongest for the case of the adiabatic rotor.

The density distributions on the centerline of the channel for the cases of V(0) = V(L) = 2.4
Vc and 1.2 Vc and T = 1.05 Tref are plotted in Fig. 2.12-2.13. For the case depicted in Fig.
2.12, the local values Re(h/L)2 and Pr Re(h/L)2 all remain small over nearly all of the �ow.
The agreement between (2.57) and the exact equations is seen to be quite good. In the case
depicted in Fig. 2.13 di�erences in the density along the centerline are approximately 20.2%
for the case of the adiabatic rotor. The values of the reduced Reynolds number remain small
over most of the �ow. An inspection of Fig. 2.10 reveals that the local values of Pr Re(h/L)2
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Figure 2.12: Scaled Density vs x/L. Here V(0) = V(L) = 2.4 Vc, T(0) = T(L) = 1.05 Tc.

on the centerline remain small for this case. However, inspection of detailed solutions reveals
that the local values of Pr Re(h/L)2 become as large as 1.58 near the y = 0 surface. Thus,
the discrepancies seen in Fig. 2.13 are due to fact that near-critical e�ects are no longer
negligible in at least part of the �ow regime. The case depicted in Fig. 2.13 represents a
boundary of the region of validity of the compressible Reynolds equation.

The scaled density and pressure along the channel centerline for the case V(0) = V(L) =
0.6 Vc are plotted in Fig. 2.14-2.15. The local values of the reduced Reynolds number
were found to be small over most of the �ow. The solutions to the Reynolds equation and
the isothermal Navier-Stokes equations yield pressure and density variations which are in
reasonably agreement with each other. Inspection of Fig. 2.10 reveals that the values of Pr
Re(h/L)2 6� 1 for at least the case of the adiabatic rotor. The local values of Pr Re(h/L)2 are
also found to be as large as 4.23 on the y = 0 surface. We conclude that both the Reynolds
equation (2.57) and the simpli�ed temperature equation (2.62) are no longer valid leading
to the signi�cant di�erences seen in Fig. 2.14-2.15 and the observed strong dependence on
the thermal boundary conditions used.

We close this section by comparing solutions to the full Reynolds equation (2.57) to those of
the Reynolds equation corresponding to ideal gases (2.61). The case considered is that where
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Figure 2.13: Scaled Density vs x/L. Here V(0) = V(L) = 1.2 Vc, T(0) = T(L) = 1.05 Tc.

V(0) = V(L) = 2 Vc and Tref = 1.03 Tc and the same values of ho, L, and δ as used for
Fig. 2.9-2.15. The speed number used in (2.61) is based on the ideal gas viscosity evaluated
at Tref and was found to be 8.03. The speed number used in the full Reynolds equation
(2.57) was found to be 38.30. The reason for the large di�erence in the speed number (2.60)
is the di�erence in the numerical value of the bulk modulus which, at a �xed value of V, is
proportional to the magnitude of the slope of the isotherm, i.e.,∣∣∣∣ ∂p∂V

∣∣∣∣
T

∣∣∣∣.
Because the magnitude of the actual slope is considerably less than that of an ideal gas at
the same density and temperature, the speed number computed on the basis of the ideal gas
theory will be less than the dense gas value. The scaled pressure distributions for the two
models are plotted in Fig. 2.16. The maximum di�erence was found to be approximately 40%.
The density variations were found to exhibit even larger di�erences. The variation of scaled
e�ective bulk modulus (2.59) for the two models is plotted in Fig. 2.17. Because κT −→ p
and µ −→ µ0(Tref ) in the ideal gas limit and the �ows are isothermal, the variation in the
scaled κTe of an ideal gas is roughly that of the pressure. For the dense gas, the variation of
the scaled κTe is qualitatively di�erent. The �ow follows isotherms similar to those plotted
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Figure 2.14: Scaled Density vs x/L. Here V(0) = V(L) = 0.6 Vc, T(0) = T(L) = 1.05 Tc.

in Fig. 2.8. At x = 0, the slope of the κTe vs V/Vc curve is positive. Thus, the decreasing
density causes the value of κTe to increase until it attains the local maximum at x ≈ 0.08 L.
At the minimum value of density and pressure, the value of κTe reaches the local minimum
value seen in Fig. 2.17. The density and pressure then increase with increasing x/L yielding a
mild increase in κTe until the local maximum is attained at x ≈ 0.67 L. This local maximum
in κTe is identical to that at x ≈ 0.08 L. As the density and pressure increase further, the
value κTe decreases until the local maximum in pressure and density are attained at x ≈
0.97 L which also corresponds to the second local minimum in κTe.



Ssu-Ying Chien Chapter 2. Compressible Reynolds Equation 33

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

 Isothermal Navier-Stokes
 Adiabatic Rotor, TS = 1.05 Tc

 Adiabatic Stator, TR = 1.05 Tc

 TR = 1.10 Tc, TS = 1.01 Tc

 Reynolds Equation

L
x

0p
p

 

 

Figure 2.15: Scaled Pressure vs x/L. Here V(0) = V(L) = 0.6 Vc, T(0) = T(L) = 1.05 Tc.
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Figure 2.16: Comparison of Scaled Pressures Computed from (2.57) and (2.61). V(0) = V(L)
= 2 Vc, T(0) = T(L) = 1.03 Tc. Solid line denotes the solution to the full Reynolds equation
and the dashed line denotes the solution to the ideal gas version of Reynolds equation.
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Figure 2.17: Comparison of Scaled E�ective Bulk Modulus (2.59) Computed from (2.57) and
(2.61). V(0) = V(L) = 2 Vc, T(0) = T(L) = 1.03 Tc. Solid line denotes the solution to the
full Reynolds equation and the dashed line denotes the solution to the ideal gas version of
Reynolds equation.
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2.8 Summary

In this study we have sketched the derivation of the Reynolds equation and the corresponding
energy equation for two-dimensional, laminar, steady, compressible �ows of single-phase
�uids. The viscosity and thermal conductivity are taken to be functions of density and
temperature. The Reynolds equation (2.57) is seen to be valid for most pressures and
temperatures corresponding to supercritical and dense gases. For a compressible �ow, the
classical conditions for lubrication �ows, i.e., (2.2), are no longer su�cient to guarantee
the validity of Reynolds equation. We have shown that we must further require that the
temperature changes be su�ciently small as expressed by (2.41). When one of the walls
is adiabatic, (2.41) is satis�ed automatically provided (2.47) holds. If the walls have �xed
temperatures, we must make the additional restriction (2.38).

The results of the present theory are expected to be in very good agreement with the numer-
ical solutions to the exact Navier-Stokes equations in most of the supercritical and dense gas
regime. Additionally, we have shown that whenever the Reynolds equation is valid, thermal
convection can be neglected. The resultant energy equation can be integrated explicitly for
the temperature distribution and recovery temperatures, i.e., the temperatures at adiabatic
walls. Our derivation has introduced a single thermodynamic parameter, the e�ective bulk
modulus, that along with the speed number (2.60), governs the �ow. The e�ective bulk
modulus (2.58) gives a local measure of the relative importance of the compressibility to the
�uid friction. In the simplest �ows of ideal gases, the speed number is su�cient to deter-
mine the �ow details. In dense and supercritical �uids, the �ow will strongly depend on the
thermodynamic state; this dependence enters the Reynolds equation through the e�ective
bulk modulus.

We have also demonstrated that the compressible Reynolds equation is no longer valid when
the thermodynamic states are in the neighborhood of the thermodynamic critical point due to
the singularities in the speci�c heat at constant pressure, thermal expansion coe�cient, and
Prandtl number discussed in Section 2.2. Near the thermodynamic critical point, convection
of energy and variations in the density and viscosity across the gap are no longer negligible.
The region in which these near-critical e�ects occur is given by (2.72) or, equivalently, (2.74)-
(2.75).

The estimates given in Section 2.6 are most conveniently computed using known reference
values. However, our calculations suggest that near-critical e�ects can occur locally. These
are most likely to �rst appear near the y = 0 surface where the particle speed is the largest
and for the case of the adiabatic rotor.

We have also compared solutions of the full Reynolds equation (2.57) to its ideal gas version
(2.61). The di�erences between the solutions seen in Fig. 2.16 are attributed to the large
di�erence in the computed speed number and to the qualitative behavior of the e�ective
bulk modulus (2.58).
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The general approximation scheme and restrictions used here are expected to hold for a
wide variety of con�gurations including compressible squeeze �lms and three dimensional
lubrication �ows.
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Chapter 3

Pressure, temperature, and heat �ux in

high speed lubrication �ows of

pressurized gases
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sure, temperature, and heat �ux in high speed lubrication �ows of pressurized gases. Tri-
bology International, 129, 468�475, 2019 , with the permission of Elsevier. The pub-
lished article can be found at: https://www.sciencedirect.com/science/article/pii/
S0301679X18304262.
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Abstract

We present approximate solutions to the compressible Reynolds equation and the corre-
sponding temperature equation which are valid for large speed numbers in the dense and
supercritical gas regime. The �ows are taken to be two-dimensional, steady, compressible,
single-phase and laminar. New results include explicit formulas for pressure, density, temper-
ature and heat �ux in terms of the speed number, �lm thickness function, and the material
functions. We have found that the �rst correction for �nite speed number will depend on the
local values of the e�ective bulk modulus and thermal expansion coe�cient. Our approx-
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imations are compared to numerical solutions to the exact Reynolds theory. It was found
that the �rst order approximation is necessary to obtain realistic pressure and temperature
distributions.

3.1 Introduction

In many applications involving lubrication theory, the Reynolds equation plays a central role.
Since �rst stated by Osborne Reynolds in 1886 [1], the Reynolds equation has been extended
to include the e�ects of unsteadiness, turbulence, three-dimensionality, non-newtonian �uids
and thermal e�ects [2, 5, 4, 3]. While the conditions leading to the Reynolds approximation
are frequently satis�ed in many applications, see, e.g., [6, 7, 8, 9, 10], further motivation
for studies of the Reynolds equation is that it provides valuable insights into more complex
lubrication �ows while in a relatively simple context.

Historically, large viscosity liquids are employed as lubricating �uids. In recent years there
has been considerable interest in the use of both low and high pressure gases as working �uids
[11, 12, 13, 14, 15]. The advantage of gases over large viscosity liquids include signi�cant
weight reduction, elimination of fouling and complications due to phase changes and the
incompatibility with working �uids in power systems. Because the viscosities of gases tend
to be smaller than those of liquid lubricants, lubricating gas �ows require larger shear strains
and are frequently compressible.

The theory of low pressure gas lubrication is well established in the literature where the
perfect gas model is coupled with the Reynolds equation to account for compressibility
e�ects [2, 5, 4, 3]. The resulting Reynolds equation in these studies is typically cast as a
nonlinear di�erential equation for pressure [2, 5, 4, 3]. Both numerical and perturbation
techniques are commonly employed to obtain solutions to the Reynolds equation. One of
the �rst to derive perturbation solutions for low pressure gas �lms for high and low speed
�ows, i.e., large and small speed numbers (or bearing numbers) was Gross [3]. Peng and
Khonsari [16] applied similar approach to estimate the lowest order hydrodynamic pressure
for foil bearings with large speed numbers and ideal gases.

When the thermodynamic state is such that the lubricating �uids are no longer ideal, i.e.,
are in the dense or supercritical gas regimes, one must account for a strong dependence of
material properties on the thermodynamic state and on rapid changes and singularities in
the �ow variables. In fact, even the validity of the Reynolds equation must be questioned
in the supercritical gas regime, see, e.g., Chien, et al [17, 18]. Previous investigations such
as [19, 21, 20, 22, 23] apply pure numerical schemes to di�erent versions of the Reynolds
equation. These studies account for the real-gas behavior of the lubricating gas through use
of digital table look-ups. For example, studies [19, 21, 20] employed the NIST REFPROP
database [24] and Guenat and Schi�mann [22] used the COOLPROP database [25]. Dousti
and Allaire [23] have modeled the real gas behavior with a linear pressure-density relation,
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but this model is not expected to be valid over the full range of pressures and temperatures
corresponding to the dense and supercritical regimes [26].

Because of the well known singularities in the supercritical gas regime, Chien, et al [17] have
carried out a detailed justi�cation of the Reynolds equation. Limitations on the Reynolds
equation were given. The corresponding simpli�ed temperature equation was also derived.
Even when the traditional thin �lm and lubrication approximations are valid, it was shown
that the Reynolds equation and its corresponding temperature equation break down simul-
taneously in the vicinity of the thermodynamic critical point. Solutions to Chien, et al's
[17, 18] Reynolds and temperature equation were compared to solutions of the full Navier-
Stokes equations revealing excellent agreement in the stated range of validity of the theory.

The goal of the present study is to develop explicit analytical solutions for density, pressure,
temperature, and wall heat �ux for high speed lubrication �ows corresponding to a simple
journal bearing. We follow the approach of [19, 21, 20, 22] in that we analyze the Reynolds
equation. In particular, we base our calculations on the Reynolds and temperature equation
derived by [17]. We take the speed (or bearing) number to be large and present the �rst
correction to the lowest order theory; here the term �lowest order� will typically refer to the
approximation corresponding to an in�nite speed number. The advantage of this work is
that the dependence on speed number and thermodynamic state is explicit. The present
work complements the extensive, but purely numerical, previous studies of pressurized gases
[19, 21, 20, 22] and the perturbation analysis of ideal gases by Gross [3].

In the next section we describe the speci�c con�guration and thermal boundary conditions
to be considered. We take the �ow to be su�ciently far from the near-critical regime so that
Chien et al's [17] Reynolds equation and its corresponding simpli�ed temperature equation
can be regarded as valid. Exact solutions to Chien, et al.'s [17] temperature equation are also
presented in Section 3.2. In Section 3.3 we present the approximate solutions for density,
pressure, temperature and heat �ux valid for large speed numbers. In Section 3.4 we com-
pare these approximate solutions to numerical solutions of the Reynolds equation and the
corresponding temperature equation. The numerical solutions are generated using realistic
and explicit models for the equation of state, viscosity, and thermal conductivity.

3.2 Formulation

We consider a two-dimensional �ow in a thin gap corresponding to the con�guration sketched
in Figure 3.1. This representation is a reasonable representation of a (two-dimensional)
journal bearing if the clearance is small. The �ow contained in the region 0 ≤ x ≤ L and
0 ≤ y ≤ h(x) is taken to be steady, single-phase, compressible, and laminar. All physical
variables are taken to have identical values at x = 0 and x = L. The �lm thickness h(x) is
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Figure 3.1: Unwrapped Con�guration of a Journal Bearing. The y = 0 axis corresponds to
the surface of the rotor and y = h(x) denotes the approximate position of the stator. The
value of x is the distance measured along the rotor surface from the point of minimum �lm
thickness. The quantity L denotes the circumference of the rotor and U denotes the constant
speed of the surface of the rotor. The �uid is contained in the space 0 ≤ y ≤ h(x), 0 ≤ x ≤
L. Only x and y variations are considered and all velocity vectors will lie in the x-y plane.

any su�ciently smooth function that satis�es

h(0) = h(L) and
dh

dx
(0) =

dh

dx
(L) = 0. (3.1)

A speci�c form of h(x) which corresponds to a two-dimensional journal bearing having a thin
gap is provided in Section 3.4. Axial �ow is not considered so that solutions are expected
to be valid near the center plane of a long bearing. The upper surface, i.e., y = h(x), is at
rest and varies with the length scale L. The lower surface, i.e., y = 0, is translating with
constant speed U in the positive x-direction. For convenience, we will refer to the upper and
lower surfaces as the stator and rotor surfaces, respectively. Thus, the no-slip and kinematic
boundary conditions require

vx = U, vy = 0 at y = 0, (3.2)

vx = vy = 0 at y = h(x), (3.3)

where vx and vy represent the velocity components in the x and y directions. Thermal
boundary conditions include constant temperature walls where we specify both upper and
lower surfaces with �xed temperatures. We will also consider boundary conditions corre-
sponding to an adiabatic wall at either y = h(x) or at y = 0 with a �xed known temperature
at the non-adiabatic wall.

The Reynolds equation derived by Chien, et al [17] can be written in non-dimensional form



Ssu-Ying Chien Chapter 3. Large Speed Number Approximation 44

as
d

dx

(
h
3
κTe

dρ

dx

)
= Λ

d(ρh)

dx
, (3.4)

where x = x/L and h = h(x)/h0; here ho ≡ h(0) and is the measure of the thickness of the
�uid �lm. We take values of quantities evaluated at x = 0 as the constant reference values
and denote these values by the subscript �ref�. We denote the �uid density by ρ so that
ρ ≡ ρ/ρref is the scaled density. The bulk modulus of the �uid is

κT ≡ κT (ρ, T ) = ρ
∂p

∂ρ

∣∣∣∣
T

, (3.5)

where p = p(ρ,T) is the thermodynamic, i.e., absolute, pressure and T is the absolute
temperature. Chien, et al [17] have de�ned

κTe = κTe(ρ, T ) ≡ κT (ρ, T )

µ(ρ, T )
(3.6)

as the e�ective bulk modulus. Here µ(ρ,T) is the shear viscosity. The scaled version of the
e�ective bulk modulus appearing in (3.4) is de�ned as κTe ≡ κTe/κTe|ref . In [17], Chien, et
al have shown that T ≈ Tref for the purposes of solving (3.4) so that

κTe ≈
κTe(ρ, Tref )

κTe(ρref , Tref )
(3.7)

whenever (3.4) is valid.

The quantity Λ is the speed number introduced by Chien, et al [17] and is given by

Λ ≡ 6
UL

h2oκTe|ref
. (3.8)

This version of the speed number is found to be the most natural and convenient form of
the speed number for studies of dense and supercritical �uids. The speed number gives a
measure of either the speed or the overall compressibility of the �ow. The e�ective bulk
modulus, on the other hand, gives a measure of the local �uid sti�ness to the local �uid
friction.

Chien, et al [17] have shown that the Reynolds equation (3.4) is valid when the thin �lm
and lubrication approximations are valid, i.e., when

ho � L and Re
h2o
L2
� 1,

where Re ≡ ρrefUL/µref is the Reynolds number. When the temperature is �xed at the
surface of rotor and stator, the product of the temperature di�erence and thermal expansivity
is required to be su�ciently small. The Reynolds equation is then valid for all thermodynamic
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states in the single-phase regime except those very near thermodynamic critical point. For
the present purposes, the near-critical region was found to be∣∣∣∣ρ− ρcρc

∣∣∣∣ = O

(
Re

h2o
L2

)1/2

� 1,

∣∣∣∣T − TcTc

∣∣∣∣ = O

(
Re

h2o
L2

)3/2

� 1.

Here the subscript �c� denotes quantities evaluated at the thermodynamic critical point.

The density distribution is found by solving (3.4) subject to the boundary conditions

ρ(0) = ρ(1) = 1 (3.9)

once the models for the shear viscosity µ(ρ,T) and thermodynamic pressure p = p(ρ,T) are
speci�ed. This two-point boundary value problem is solved for ρ(x) through use of a straight-
forward shooting method. The pressure distribution is then determined by substitution into
the equation of state, i.e., p = p(ρ,Tref ).

The �rst integral of (3.4) subject to (3.9) will be convenient later in this study. This �rst
integral is found to be

ρh = 1 +
1

Λ

(
h
3
κTe

dρ

dx
− dρ

dx
(0)

)
. (3.10)

Here we have used (3.1), (3.9), and the fact that κTe(1) ≡ 1.

The temperature perturbations are determined from the energy equation. Chien, et al [17]
have shown that energy convection in gases is negligible whenever (3.4) is valid. The non-
dimensional form of the resultant temperature equation can be written:

∂2T

∂y2
= −PrEc

k

[
µ

(
∂u

∂y

)2

+ βT u
dp

dx

]
, (3.11)

where T = (T − Tref )/∆T , k = k/kref , and Ec = U2/cpref∆T is the Eckert number. The
quantity ∆T represents a measure of temperature di�erences occurring in the �ow and will
depend on the speci�c boundary conditions used. The quantity k = k(ρ,T) is the thermal
conductivity, cp = cp(ρ,T) is the speci�c heat at constant pressure,

Pr ≡ µrefcpref
kref

, (3.12)

is the Prandtl number evaluated at the reference state, β is the thermal expansion coe�cient,
and u is the scaled x-component of the particle velocity found to be

u(x, y) =
vx
U

=
(

1− Ahy
)(

1− y

h

)
, (3.13)
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where the factor A is de�ned as

A(x) ≡ 1

2µ

dp

dx
=

3

Λ

κTe
ρ

dρ

dx
. (3.14)

We note that T ≈ Tref for the validity of (3.4) and (3.11) and µ, k and βT were shown
to be functions of ρ(x) and Tref only whenever (3.4) and (3.11) are valid in [17]. As a
result, we can integrate (3.11) explicitly at each value of x and the only functions of y on
the right hand side of (3.11) will be those introduced by u and its derivatives. Inspection of
(3.11) reveals that the temperature perturbations are determined by a balance of conduction,
viscous dissipation, and �ow work.

We have obtained solutions to (3.11) for three commonly encountered thermal boundary
conditions. When both stator and rotor surfaces have prescribed temperatures, i.e., T = TR
= constant at y = 0 and T = TS = constant at y = h(x), the temperature variation is then
found to be

T − TR
∆T

= y
PrEc

2k

[
α1(h

3 − y3) + α2(h
2 − y2) + α3(h− y)

]
+
y

h
, (3.15)

where ∆T ≡ TS - TR for this case, and the factors

α1 ≡
1

3
A2µ(βT + 2), (3.16)

α2 ≡ −
2

3

Aµ

h
(βT + 2)(Ah

2
+ 1), (3.17)

α3 ≡
µ

h
2 + Aµ

[
Ah

2
+ 2βT + 2

]
. (3.18)

We now di�erentiate (3.15) to obtain the scaled heat �ux at the rotor and stator surfaces.
The results are

qy

∣∣∣
y=0

= −PrEc
2

[
α1h

3
+ α2h

2
+ α3h

]
− k

h
, (3.19)

qy

∣∣∣
y=h

=
PrEc

2

[
3α1h

3
+ 2α2h

2
+ α3h

]
− k

h
, (3.20)

where

qy ≡ − k
∂T

∂y
=

ho
kref∆T

qy, (3.21)

and qy is the dimensional y-component of the Fourier heat �ux vector.

If we take the stator surface, i.e., y = h, to be adiabatic and the rotor surface to have a �xed
temperature TR, we then �nd

T − TR
U2

2cpref

=
Pr

k

[
α1(4h

3
y − y4) + α2(3h

2
y − y3) + α3(2hy − y2)

]
. (3.22)
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At the stator, i.e., y = h, the temperature is de�ned as the adiabatic wall temperature Tad
and is given by

rf ≡
Tad − TR

U2

2cpref

=
Pr

k

(
3α1h

4
+ 2α2h

3
+ α3h

2
)
. (3.23)

where rf is referred to as the recovery factor, i.e., a non-dimensional version of the temper-
ature at an adiabatic wall. At the rotor, i.e., y = 0, the scaled heat �ux is

qy

∣∣∣
y=0

= −
(

2α1h
3

+
3

2
α2h

2
+ α3h

)
, (3.24)

where we have used (3.22) and taken the temperature scaling to be ∆T = U2Pr/cpref .

Finally, when the rotor surface, i.e., y = 0, is taken to be adiabatic and T = TS at y = h,
the temperature variation becomes

T − TS
U2

2cpref

=
Pr

k

[
α1(h

4 − y4) + α2(h
3 − y3) + α3(h

2 − y2)
]
. (3.25)

The temperature at the rotor, i.e., y = 0, is given by

rf ≡
Tad − TS

U2

2cpref

=
Pr

k

(
α1h

4
+ α2h

3
+ α3h

2
)
. (3.26)

At the upper surface, i.e., y = h, the scaled heat �ux is

qy

∣∣∣
y=h

= 2α1h
3

+
3

2
α2h

2
+ α3h. (3.27)

Comparison of (3.24) and (3.27) reveals that the magnitude of the heat �ux at y = 0 for the
case of the adiabatic stator and the magnitude of the heat �ux at y = h for the case of the
adiabatic rotor are identical. The magnitude of each of these heat �uxes is also identical to
the magnitude of the net heat �ux given by the di�erence between (3.19) and (3.20).

3.3 Approximate Solutions

We now determine solutions to the Reynolds equation (3.4) valid for �ows with large speed
number Λ. The �rst order approximation is found to be

ρ ≈ 1

h
− 1

Λ
κTeo

dh

dx
+O(

1

Λ2
), (3.28)

where the subscript �o� will always represent the quantities evaluated at the lowest order
density, i.e.,

κTeo(ρ) ≡ κTe(
1

h
). (3.29)
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It is easily veri�ed that the equation (3.28) satis�es boundary conditions (3.1) and (3.9).
Previous studies [3, 16] typically considered the lowest order approximation, i.e, ρ = 1/h, at
most. Here we see that the �rst correction to the lowest order approximation is proportional
to the rate of variation of the gap function and the e�ective bulk modulus. The comparison
between the lowest order and the �rst order approximations will be presented in Section 3.4.

From (3.28) and (3.1) we �nd that the approximate slope of ρ at x = 0 and 1 is

dρ

dx
(0) ≈ − 1

Λ

d2h

dx2
(0) +O(

1

Λ2
). (3.30)

If ~ is a minimum at x = 0,1, then the slope of ρ is always negative at x = 0,1. Result
(3.30) is particularly useful in the development of numerical solutions to (3.4). For example,
we have used (3.30) in [17] and the present study as a �rst guess in the two point boundary
value problem scheme applied to the Reynolds equation (3.4). Because of (3.30) and (3.9)
we must have at least one maximum and one minimum in ρ.

The pressure distribution is obtained by expanding the reduced pressure pr = p/pc in a
simple Taylor series for ρ near 1/h. When this is done, we �nd

pr(ρ) ≈ pr(
1

h
)− 1

Λ

κT |ref
pc

µo κ
2
Teoh

dh

dx
+O(

1

Λ2
). (3.31)

From (3.31) it is clear that the �rst correction to the pressure will be proportional to the

product of the bulk modulus, the e�ective bulk modulus, and the slope of h
2
.

The values of (3.16)-(3.18) accurate to O(Λ−1) were found to be

α1 = O(
1

Λ2
) (3.32)

α2 ≈ −
2

3

µ

h
A(βoTref + 2) +O(

1

Λ2
), (3.33)

α3 ≈
µ

h
2 + 2µA(βoTref + 1) +O(

1

Λ2
), (3.34)

where (3.14) can now be approximated as

A ≈ − 3

Λ

κTeo

h

dh

dx
+O(

1

Λ2
). (3.35)

Thus, the �rst order approximate solutions to (3.11) for each thermal boundary condition
can be derived by taking α1 ≈ 0 and substituting (3.33)-(3.34) in (3.15), (3.22) and (3.25).

For the case of constant temperature walls, we �nd that the temperature (3.15) becomes

T − TR
∆T

≈ y

h
(1− y

h
)
PrEc

2

µ

k

[
1− 2

Λ
κTeo h

dh

dx

(
3(βoTref + 1)

− (βoTref + 2)(1 +
y

h
)
)]

+
y

h
+O(

1

Λ2
). (3.36)
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From (3.36) we �nd that (3.19)-(3.20) become

qy

∣∣∣
y=0
≈ −PrEc

2

µ

h

[
1− 2

Λ
κTeo h

dh

dx
(2βoTref + 1)

]
− k

h
+O(

1

Λ2
), (3.37)

qy

∣∣∣
y=h
≈ PrEc

2

µ

h

[
1− 2

Λ
κTeo h

dh

dx
(βoTref − 1)

]
− k

h
+O(

1

Λ2
). (3.38)

In (3.36)-(3.38) the values of µ and k have been left as their exact values. However, to be
consistent, the shear viscosity and thermal conductivity appearing explicitly in (3.36)-(3.38)
should be evaluated at the �rst order scaled density (3.28). Alternatively, the shear viscosity
could be expanded in a Taylor series to yield

µ(ρ, Tref ) = µo −
κTeo

Λ

∂µ

∂ρ

∣∣∣∣
o

dh

dx
+O

( 1

Λ2

)
, (3.39)

where
∂µ

∂ρ

∣∣∣∣
o

≡ ∂µ

∂ρ
(
1

h
, Tref ) (3.40)

is the lowest order value of the rate of change of µ. The expression for the �rst order
correction to k takes a form similar to (3.39)-(3.40).

When the stator surface, i.e., y = h, is taken to be adiabatic, the temperature (3.22) is found
to be

T − TR
Pr U2

2cpref

≈ µ

k

y

h

[
2− y

h
+

2

Λ
κTeo h

dh

dx

(
(βoTref + 2)(3− y2

h
2 )

− 3(βoTref + 1)(2− y

h
)
)]

+O(
1

Λ2
). (3.41)

From (3.41) we obtain the approximation for the recovery factor,

rf ≈ Pr
µ

k

[
1− 2

Λ
κTeo h

dh

dx
(βoTref − 1)

]
+O(

1

Λ2
), (3.42)

and that for the scaled heat �ux at the rotor, i.e., y = 0,

qy

∣∣∣
y=0
≈ −µ

h
(1− 2

Λ
κTeo h

dh

dx
βoTref ) +O(

1

Λ2
). (3.43)

If we take the rotor, i.e., y = 0, to be adiabatic, the temperature (3.25) becomes

T − TS
Pr U2

2cpref

≈ µ

k

[
1− y2

h
2 +

2

Λ
κTeo h

dh

dx

(
(βoTref + 2)(1− y3

h
3 )

− 3(βoTref + 1)(1− y2

h
2 )
)]

+O(
1

Λ2
). (3.44)
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and the recovery factor (3.26) at y = 0 is approximated as

rf ≈ Pr
µ

k

[
1− 2

Λ
κTeo h

dh

dx
(2βoTref + 1)

]
+O(

1

Λ2
). (3.45)

At the stator, i.e, y = h, the scaled heat �ux (3.27) becomes

qy

∣∣∣
y=h
≈ µ

h
(1− 2

Λ
κTeo h

dh

dx
βoTref ) +O(

1

Λ2
). (3.46)

In (3.41)-(3.46) the quantities µ and k should either be evaluated using (3.28) or expanded
in a �rst order Taylor series.

At large speed number the �rst corrections to the temperature and local heat �ux are due
to three physical e�ects. The �rst e�ect is that due to the variation of the shear viscosity
and thermal conductivity with density; this e�ect vanishes in the ideal gas limit. The second
physical e�ect is associated with the terms proportional to βT which is recognized as the
heating due to �ow work. The remaining terms represent heating due to viscous dissipation.
In the case of adiabatic walls, all three e�ects play a role in the temperature distributions,
but the local heat �uxes at the non-adiabatic walls will not depend directly on the viscous
dissipation, at least to the �rst order in large Λ.

3.4 Comparison with Exact Solutions

To demonstrate the accuracy of the large Λ approximation derived in Section 3.3, we compare
the approximate solutions for density, pressure, and recovery factor to the exact solutions of
the Reynolds equation (3.4) and the corresponding simpli�ed temperature equation (3.11).
For the purpose of illustration, we employ a well known Redlich-Kwong-Soave (RKS) equa-
tion of state, which is reasonably accurate and, more importantly, gives the correct qualita-
tive behavior of all real gases. The details of the RKS equation and models for the ideal gas
speci�c heat can be found in Reid, et al [27]. The viscosity and thermal conductivity models
were taken to be those of Chung, et al [28, 29]. The choice of �uid is carbon dioxide (CO2);
physical parameters for CO2 are taken from [27].

For all the cases presented here, we take the channel to be that corresponding to a typical
journal bearing. We therefore take

h(x) ≈ h0
1− ε

[
1− εcos

(
2πx

L

)]
, (3.47)

with h0/L = 2.623 × 10−5 and ε = 0.3 where h0 = h(0) = c(1-ε) is the minimum value of
h(x), c is the radial clearance and ε is the eccentricity ratio. The speci�c volume, i.e.,V
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≡ 1/ρ, and the temperature at the entrance and exit are taken to be V(0) = V(L) = 5.0 Vc

and T(0) = T(L) = 1.05 Tc, respectively. The pressure at these points is approximately 38.7
bar so that the thermodynamic state can be regarded as that of a dense gas or a slightly
supercritical �uid.
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Figure 3.2: Scaled Density vs x/L at V(0) = V(L) = 5.0 Vc, T(0) = T(L) = 1.05 Tc, ε = 0.3,
Λ = 25. The solid line corresponds to the exact solutions to the Reynolds equation (3.4);
the dashed line denotes the lowest order solutions, i.e., ρ = 1/h; the dash-dot line represents
the �rst order solutions for the scaled density (3.28).

We �rst consider the case where the speed number Λ = 25. The variations of the scaled
density and pressure for this case are plotted in Figure 3.2 and Figure 3.3. The di�erence
between the dashed and dash-dot lines gives a measure of the in�uence of the �rst order
correction terms in (3.28) and (3.31) on the distributions of density and pressure. The
maximum error of the �rst order density is found to be 12.6%, which is smaller than that of
the lowest order density.

Observation of Figure 3.2 and Figure 3.3 also reveals that the �rst order approximation gives
better prediction of the slope of the curves near both ends of the channel. This is due to
the fact that the lowest order density and pressure are independent of Λ whereas the �rst
order approximation to the slope is given by (3.30). We also note that the local minima of
the density calculated by the exact and �rst order theory are located approximately at x/L
= 0.4 whereas the lowest order approximation will always have a local minimum at x/L =
0.5. Thus, the density and pressure distribution are better approximated by the �rst order
approximation. We note that the factor dh/dx in (3.28) and (3.31) vanishes at x/L = 0.5.
As a result, the dashed line and the dash-dot line will always intersect at x/L = 0.5 as seen
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Figure 3.3: Scaled Pressure vs x/L at V(0) = V(L) = 5.0 Vc, T(0) = T(L) = 1.05 Tc, ε =
0.3, Λ = 25. The solid line corresponds to the exact pressure calculated by substituting the
exact density to the equation of state; the dashed line represents the lowest order pressure
obtained by substituting the lowest order density, i.e., ρ = 1/h, to the equation of state; the
dash-dot line denotes the �rst order pressure computed directly from (3.31).

in Figure 3.2 and Figure 3.3.

The accuracy of our approximation is expected to increase as Λ → ∞. To verify this we
have presented the variations of density and pressure for the case of Λ = 100 in Figure 3.4
and Figure 3.5. The agreement between the approximate and exact solutions is excellent.
Because of the larger value of Λ for this case, the �rst order correction terms in (3.28) and
(3.31) become smaller, resulting in the smaller di�erences between the dashed and dash-dot
lines seen in Figure 3.4 and Figure 3.5. However, the �rst order approximation still gives
higher accuracy as compared to the lowest order approximation. The maximum relative
errors of the lowest order and �rst order density are found to be approximately 4% and
0.9%, respectively.

As a further indication of the accuracy of the large Λ approximation, the maximum di�erence
between the approximations and the results of the numerical solutions to (3.4) and (3.9) have
been plotted as a function of Λ in Figure 3.6. At the chosen reference state and eccentricity,
the error in the frequently employed lowest order approximation is below 5% at Λ ≈ 100
but decreases slowly for larger speed numbers. As expected, the �rst order approximation
consistently provides a better estimate of the exact solution. The error in the �rst order
approximation is below 5% by Λ = 50 and drops below 1% for Λ > 100.
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Figure 3.4: Scaled Density vs x/L at V(0) = V(L) = 5.0 Vc, T(0) = T(L) = 1.05 Tc, ε = 0.3,
Λ = 100. The solid line corresponds to the exact solutions to the Reynolds equation (3.4);
the dashed line denotes the lowest order solutions, i.e., ρ = 1/h; the dash-dot line represents
the �rst order solutions for the scaled density (3.28).

We now compare the approximations for temperature with the solutions to the simpli�ed
temperature equation (3.11). Here we only present results from the case of an adiabatic rotor
due to the fact that the temperature variations for this case are always seen to be larger
than those corresponding to other boundary conditions [17]. The variations of the recovery
factor, i.e., (3.45), at Λ = 25 are plotted in Figure 3.7. The values of the lowest order rf
are approximately constant along the main �ow direction. This is due to the fact that the
values of the lowest order rf depend only on the ratio of µ and k and, as pointed out by
Chien, et al [17], the variations of µ for CO2 with density at a given temperature are mild
and are similar to those of k. As a result, the lowest order approximation is seen to be in
poor agreement with the exact solutions to (3.11). On the other hand, the variation of the
�rst order approximation to rf has qualitative behavior more closely resembling that of the
exact solutions. However, the maximum error between the �rst order approximation for rf
and the exact solution is found to be approximately 45% at x/L = 0.43. The discrepancy in
rf is seen to decrease as Λ increases and the overall approximation becomes better.

We have also plotted the distribution of rf at Λ = 100 for the case of an adiabatic rotor in
Figure 3.8. Comparison of Figure 3.7 to Figure 3.8 reveals that the variation of rf becomes
smaller at the higher value of Λ due to the fact that the �rst order correction to rf is propor-
tional to 1/Λ. Examination of Figure 3.8 also reveals that the variation of the lowest order
rf is still nearly constant whereas the �rst order approximation is in very good agreement
with the exact simpli�ed temperature equation. The maximum di�erences between the solid
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Figure 3.5: Scaled Pressure vs x/L at V(0) = V(L) = 5.0 Vc, T(0) = T(L) = 1.05 Tc, ε =
0.3, Λ = 100. The solid line corresponds to the exact pressure calculated by substituting the
exact density to the equation of state; the dashed line represents the lowest order pressure
obtained by substituting the lowest order density, i.e., ρ = 1/h, to the equation of state; the
dash-dot line denotes the �rst order pressure computed directly from (3.31).

line and the dash-dot line is found to be approximately 2% at x/L = 0.5.
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Figure 3.6: Maximum Relative Error between the Approximate and Exact Density vs Λ at
V(0) = V(L) = 5.0 Vc, T(0) = T(L) = 1.05 Tc. The symbol 4 denotes errors of the lowest
order approximation; the symbol � represents errors of the �rst order approximation.
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Figure 3.7: Recovery Factor rf vs x/L at V(0) = V(L) = 5.0 Vc, T(0) = T(L) = 1.05 Tc, ε
= 0.3, Λ = 25. The solid line denotes the exact rf computed from (3.26). The dashed line
represents the lowest order approximation for rf , i.e., the �rst term in (3.45) where µ and k
are evaluated at ρ = 1/h; the dash-dot line corresponds to the �rst order approximation for
rf obtained using (3.45).
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Figure 3.8: Recovery Factor rf vs x/L at V(0) = V(L) = 5.0 Vc, T(0) = T(L) = 1.05 Tc, ε
= 0.3, Λ= 100. The solid line denotes the exact rf computed from (3.26). The dashed line
represents the lowest order approximation for rf , i.e., the �rst term in (3.45) where µ and k
are evaluated at ρ = 1/h; the dash-dot line corresponds to the �rst order approximation for
rf obtained using (3.45).
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3.5 Conclusion

We have presented approximate solutions to the Reynolds equation (3.4) and the correspond-
ing temperature equation (3.11) valid for single-phase, steady, two-dimensional, compress-
ible, and laminar �ows for large speed number (3.8). The results of Section 3.3 are valid
for general gas models and for most pressures and temperatures corresponding to supercrit-
ical, dense, and ideal gases. Within this scope, our results reveal the dependence of density,
pressure, temperature and wall heat �ux on the material functions, i.e., the viscosity, ther-
mal conductivity, e�ective bulk modulus (3.6) and coe�cient of thermal expansion, and the
global constants such as the speed, Prandtl, and Eckert number. In the lowest order the-
ory, the density, pressure, temperature and heat �ux depend only on the viscosity, thermal
conductivity, and Prandtl number. We have shown that local values of the e�ective bulk
modulus and thermal expansion coe�cient must also be considered when accounting for the
�rst correction for �nite speed number.

The �rst correction presented in Section 3.3 also provides a qualitative and quantitative
measure of the asymmetry in the density and pressure distributions about the x = 1/2
point, i.e., the point of maximum �lm thickness. As the �uid is pressurized from an ideal to
a dense gas state at constant temperature, the e�ective bulk modulus, viscosity, and thermal
expansion coe�cient all increase. As a result, the coe�cients of Λ−1 will increase and the
e�ect of �nite speed number on all parameters will also increase. If the pressure is further
increased, the non-monotone variation of the bulk modulus can result in a decrease in the
coe�cients of Λ−1 resulting in a relative weakening of the e�ect of the speed number.

In Section 3.4 we have compared the lowest and �rst order approximations to numerical
solutions to the exact Reynolds model (3.4) and (3.11). The �rst order theory was seen to
give a more realistic pressure distribution than that obtained by the lowest order theory,
both with respect to the values near the minimum gap width and the shift in the local
minimum of the density and pressure distributions. The strength of the asymmetry is seen
to be directly related to the e�ective bulk modulus (3.6). Larger di�erences are observed in
the temperature distributions. The lowest order approximation predicts a nearly constant
temperature at adiabatic walls with a single local maximum. On the other hand, the exact
and �rst order theory predict signi�cant variation in the �ow direction with a local maximum
and minimum. Thus, the resultant thermal expansion of either the rotor or stator will have
a stronger x-variation than that predicted by the lowest order theory.

Although the case considered here is relatively simple, the basic approach can be extended
by including more complex con�gurations and turbulence. Material functions such as the
e�ective bulk modulus and the thermal expansion coe�cient are expected to play a signi�cant
role in both extensions of the present analysis and the interpretation of pure numerical
studies. Further extensions include the computation of global parameters such as the load,
loss, and net heat transfer and a study of the breakdown of the current theory at high
loading; both studies are currently under way by the authors.
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Chapter 4

Load and loss for high speed lubrication

�ows of pressurized gases between

non-concentric cylinders

The contents of this chapter are reprinted from the accepted manuscript of the Journal of
Fluid Mechanics with permission of Cambridge University Press.

Attribution

The work presented in this chapter was primarily carried out by S. Y. Chien. M. S. Cramer
conceived of the main idea and contributed to the development and implementation of this
work.

Abstract

We examine the high-speed �ow of pressurized gases between non-concentric cylinders where
the inner cylinder rotates at constant speed while the outer cylinder is stationary. The �ow
is taken to be steady, two-dimensional, compressible, laminar, single-phase and governed by
a Reynolds lubrication equation. Approximations for the lubricating force and friction loss
are derived using a perturbation expansion for large speed numbers. The present theory is
valid for general Navier-Stokes �uids at nearly all states corresponding to ideal, dense, and
supercritical gases. Results of interest are the observation that pressurization gives rise to
large increases in the lubricating force and decreases in the �uid friction. The lubrication
force is found to scale with the bulk modulus. Within the context of the Reynolds equation
an exact relation between total heat transfer and power loss is developed.

61
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4.1 Introduction

Thin viscous �lms arise in a wide variety of applications including those concerned with
rotating machinery, tribology, the spreading of droplets or coatings, particle-particle interac-
tion, and bio-lubrication. In such �lms, inertia is typically ignored and shear forces must be
balanced by pressure forces. In lubrication applications, the pressure variations provide the
force required to maintain the separation between solid surfaces, i.e., in order to maintain a
load. Perhaps the earliest study of such thin �lm �ows was carried out by Osborne Reynolds
[1] who stated that the pressure in a steady, incompressible, laminar two-dimensional thin
�lm satis�es

h3(x)
dp

dx
= 6µUh(x) + constant, (4.1)

where h(x) is the �lm thickness, x is the spatial variable in the main �ow direction, µ > 0 is
a constant shear viscosity, and U is a measure of the relative speed of the solid surfaces being
lubricated. Both (4.1) and its �rst derivative with respect to x are known as the Reynolds
equation. In the time since the publication of Reynolds' study, the Reynolds equation has
been extended to include the e�ects of unsteadiness, turbulence, property variations, and
more complex con�gurations. In recent years, there has been increasing interest in the use
of gases rather than liquids as lubricating �uids; see, e.g., [2], [3], [4], [5], and [6]. The
advantages of gases over liquids are compatibility with working �uids in power systems and
turbomachinery, the reduction of weight, the reduction of fouling due to leaks, and the
reduction of complications due to phase changes. Because the viscosity of gases is smaller
than that of high viscosity oils, gas lubrication requires considerably higher speeds than
those used in applications involving liquids and the resultant �ows are typically taken to be
compressible.

Most of the previous investigations of compressible gas lubrication have focused on the
behavior of ideal, i.e., low pressure, gases. Examples include the discussions of Pinkus
and Sternlicht[7], Gross et al.[8], Szeri[9], Hamrock et al.[10], Peng and Khonsari[11], and
DellaCorte et al.[3]. Recent studies have examined the behavior of pressurized gases, i.e.,
gases corresponding to pressures and temperatures on the order of that of the thermodynamic
critical point. Studies of lubrication with pressurized gases include those of Conboy[12],
Kim[13], Dousti and Allaire[14], Qin[15], Heshmat et al.[16], and Guenat and Schi�mann[19]
who applied pure numerical schemes to di�erent versions of the Reynolds equation. The
behavior of pressurized gases in these studies was evaluated using a digital table look-up such
as the NIST REFPROP database [20] used by [12], [13], [15] and the CoolProp database [21]
used by [19]. Dousti and Allaire[14] have employed a gas model based on a linear pressure-
density relation, but this model is not expected to be valid over the full range of pressures
and temperatures corresponding to the dense and supercritical regimes [16].

Important di�erences between pressurized gases and ideal gases are the strong dependence
on the thermodynamic state and the rapid and sometimes singular dependence of material
properties on the density and temperature. Chien et al.[22] have examined the approxima-
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tions leading to the Reynolds equation for compressible �ows of pressurized gases. A general
form of the Reynolds equation was derived and its range of validity was delineated. In addi-
tion to the well known thin �lm and lubrication limitations on the �lm thickness and mild
conditions on the imposed temperature di�erence between isothermal walls, it was shown
that the Reynolds equation breaks down in the vicinity of the thermodynamic critical point.
It was also shown that the temperature equation can be simpli�ed whenever the Reynolds
equation is valid.

In the case of ideal gases governed by the Reynolds equation, the simplest �ows are governed
by a single parameter referred to as the speed or bearing number [7, 8, 9, 10]. The speed
number gives a measure of either the �ow speed or the overall compressibility of the �ow. In
the case of pressurized gases, computations must take into account the local thermodynamic
state. Chien et al.[22] have shown that the local thermodynamic state enters the problem
solely through the e�ective bulk modulus

κTe = κTe(ρ, T ) ≡ κT (ρ, T )

µ(ρ, T )
, (4.2)

where ρ and T are the �uid density and absolute temperature,

κT ≡ ρ
∂p

∂ρ

∣∣∣∣
T

, (4.3)

is the bulk modulus of the �uid, and p = p(ρ,T) is the thermodynamic pressure. The e�ective
bulk modulus (4.2) is recognized as a measure of the local �uid sti�ness to the local shear
forces.

In the limit of ideal gases, the e�ective bulk modulus (4.2) increases monotonically with
pressure or density at constant temperatures. In the case of pressurized gases, the variation of
κTe is no longer monotone and can take on relatively small values in the general neighborhood
of the thermodynamic critical point. To illustrate this variation we have plotted the variation
of a scaled version of (4.2) along isotherms in Figure 4.1.

A non-dimensional measure of the �ow speed or the overall compressibility of the �ow is the
speed or bearing number de�ned as

Λ ≡ 6
UL

h2oκTe
∣∣
ref

(4.4)

where U, L, and ho are measures of the �ow speed, length scale in the general �ow direction,
and the gap width, respectively, and are de�ned more precisely in the next section. The
quantity κTe|ref is the e�ective bulk modulus (4.3) evaluated at a reference thermodynamic
state. The form (4.4) is that given by [22, 23] and arises naturally when pressurized gases
are considered.

In many applications the speed number (4.4) is relatively large partly due to the need to
generate su�ciently large lubrication forces and partly to avoid thermal runaway instabili-
ties. Such instabilities will result in excessive heating of the solid components of the device
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Figure 4.1: E�ective Bulk Modulus of Carbon Dioxide (CO2) vs V/Vc. Viscosity model is
that of Chung et al.[26, 27] and the gas model is the Redlich-Kwong-Soave (RKS) equation.
Here V ≡ 1/ρ is the speci�c volume and µ0 = µ0(T) is the ideal gas (V −→ ∞) value of µ.
The subscript �c� denotes values at the thermodynamic critical point.

resulting in thermal expansion which in turn can lead to metal-on-metal contact and failure
of the bearing; see, e.g., the discussions of Howard et al.[17] and Briggs et al.[18]. Gross
et al.[8] was one of the �rst to derive the analytical solutions to the Reynolds equation for
lubrication �ows with large speed numbers. Peng and Khonsari[11] adopted a similar ap-
proach to evaluate the lowest-order load generated by di�erent con�gurations. However, the
approximate solutions provided by Gross et al.[8] and Peng and Khonsari[11] are valid for
low pressure gases only and thermal e�ects were not considered.

Chien and Cramer [24] have presented approximate solutions to the Reynolds and corre-
sponding temperature equation for the local values of the density, pressure, temperature,
and heat �ux valid for �ows of pressurized gases with large speed numbers. These solutions
reveal the role played by material functions, e.g., the e�ective bulk modulus and thermal
expansivity, in the variation of the fundamental local quantities. The goal of the present
study is to develop approximations for the total force and total friction loss valid for large
speed numbers. The results will be valid everywhere the Reynolds equation of [22] is, i.e., at
all pressures and temperatures in the ideal, dense, and supercritical gas regimes except su�-
ciently close to the thermodynamic critical point. Although the �rst-order theory described
by Chien and Cramer [24] is su�cient to �nd the �rst corrections to the density, pressure,
and temperature distributions, we have found that the �rst corrections to global parameters
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such as load, loss, and net heat transfer require expansions which are second-order in Λ−1.

Because our primary interest is to examine the e�ects of pressurization and �nite speed
number (4.4), we follow previous investigators in restricting attention to a simple canonical
lubrication model, i.e., that of [22], which is the simplest model for compressible thin �lm
�ows of high-pressure gases. In addition to requiring the usual thin �lm conditions of a small
lubrication Reynolds number and small layer thickness, Chien et al. [22] have required that
the thermodynamic states be su�ciently far from those of the thermodynamic critical point;
order of magnitude estimates for the size of the near-critical condition in the context of thin
�lms were given by [22]. The particular form of the Reynolds and temperature equation used
here is valid for steady, laminar, two-dimensional, and single-phase gas �ows. Here we focus
on supercritical temperatures so that multiphase �ows will not be relevant. The motivation
for the restriction to two-dimensional steady �ows is done in order to focus attention on the
new behavior arising from pressurization. The condition of two-dimensional �ow will to be
approximately satis�ed for long bearings near the plane of symmetry. As demonstrated by
Szeri [9], a Reynolds equation for turbulent �ows can be developed, but its form is essentially
the same as that used here with a Reynolds number dependent turbulent viscosity and other
average properties replacing the local values used here.

In order to present concrete results, we examine the simple case of non-concentric cylinders:
the details of this con�guration are described in the next section. The large speed number
approximations are developed in Section 4.3. We compare our approximations to numerical
solutions of the compressible Reynolds equation in Section 4.4. A short derivation of the
relation between power loss and heat transfer leaving the �uid �lm is given in the appendix
A. The latter result is exact within the context of the Reynolds equation.

4.2 Formulation

The physical con�guration is that sketched in Figure 4.2. The �ow is taken to be contained
between the inner and outer cylinders depicted there. The inner cylinder has a radius Ri

and the outer cylinder has a radius Ro. The origin of the stationary x′-y′ coordinate system
is located at the center of the inner cylinder. The center of the outer cylinder is located at
x′ = - e, y′ = 0. The inner cylinder rotates at a constant rate ω while the outer cylinder is
stationary. For convenience, we refer to the inner cylinder as the rotor and the outer cylinder
as the stator.

Throughout this work we apply the thin �lm approximation so that we compute the �ow
details using the �unwrapped� con�guration sketched in Figure 4.3. When Ro ≈ Ri the �uid
can be taken to be contained in the region 0 ≤ y ≤ h(x), where the variable y is recognized
as a distance measured normal to the inner cylinder and x ≡ θ Ri is distance measured
along the inner cylinder. The curve y = h(x) in Figure 4.3 approximately corresponds to the
surface of the stator. We can now de�ne L ≡ 2πRi which is just the circumference of the
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Figure 4.2: Sketch of Physical Con�guration.

inner cylinder and ho ≡ h(0) which is the minimum gap width; we take ho to be a measure
of the �lm thickness. For the non-concentric cylinders sketched in Figure 4.2, the thickness
of the �uid layer can be approximated by

h ≡ h(x)

ho
≈ 1 + δ − δ cos(θ), (4.5)

where

δ ≡ 1

2
(hm − 1) =

ε

1− ε
. (4.6)

The quantity hm ≡ h(x = 1/2) = h(θ = π) is the maximum value of h. The factor δ has
been related to the eccentricity ratio ε ≡ e/c where c ≡ Ro-Ri is called the radial clearance;
the eccentricity ε is commonly used in the lubrication literature; see, e.g., [7], [8], [10], or [9].

In our detailed calculations we will employ (4.5). However, many of our results are also valid
under the weaker condition that h be symmetric about θ = π, i.e.,

h(π − θ) ≡ h(θ − π). (4.7)

As a result, the derivatives of h(θ) will satisfy

dh

dθ
(π − θ) = −dh

dθ
(−(π − θ)). (4.8)

In order to ensure that h is a minimum at x = 0, 1 or θ = 0, 2π, we require that

dh

dθ
≥ 0 if 0 ≤ θ ≤ π

≤ 0 if π ≤ θ ≤ 2π. (4.9)
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Figure 4.3: Unwrapped Con�guration: The stationary outer cylinder of Figure 4.2 is ap-
proximated by the y = h(x) surface and the rotating inner cylinder is approximated by the y
= 0 surface. The minimum gap width is ho ≡ h(0) and the maximum value of h(x) is hm ≡
h(L/2).

The �ow will be taken to be steady, two-dimensional, compressible, single-phase and laminar.
The physical �ow is required to satisfy the usual thin �lm and lubrication restrictions, i.e.,

ho
L
� 1, (4.10)

Re
h2o
L2
� 1, (4.11)

where Re is the Reynolds number based on L, U ≡ Ri ω, µref , and ρref . The subscript �ref�
will always refer to quantities evaluated at a given reference thermodynamic state. Here
we take that reference state to be that at x = 0 and L. As discussed by [22] we also need
to require that the �ow be su�ciently far from the thermodynamic critical point. If the
rotor and stator are both isothermal, we must also require that the product of the �xed,
known temperature di�erence and the thermal expansion coe�cient de�ned by (A.6) be
small. Under these conditions, the �ow will satisfy the Reynolds equation of [22] which can
be written in non-dimensional form as

d

dx

(
h
3
κTe

dρ

dx

)
= Λ

d(ρh)

dx
, (4.12)
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where ρ ≡ ρ/ρref is the non-dimensional density. Here x ≡ x/L and

κTe = κTe(ρ) ≡ κTe(ρ, Tref )

κTe|ref
=

κTe(ρ, Tref )

κTe(ρref , Tref )
(4.13)

is the scaled e�ective bulk modulus. For the present purposes, the Reynolds equation (4.12)
will be integrated subject to the periodicity conditions

ρ(0) = ρ(1) = 1. (4.14)

The solution for the �uid density is generally obtained by integrating (4.12) subject to (4.14)
to yield ρ = ρ(x; Λ) once the reference thermodynamic state (ρref ,Tref ) and gas models are
speci�ed. The pressure is then found by substitution in the equation of state.

In the following discussion, a convenient �rst integral of (4.12) is

ρ =
1

h
+

1

Λ

(
h
2
κTe

dρ

dx
− 1

h

dρ

dx
(0)

)
, (4.15)

where we have used the fact that h = κTe = 1 at x = 0. In the limit of incompressible �ow
with constant viscosity (4.15) reduces to Reynolds' original formula (4.1) with

dρ

dx
(0)

playing the role of the integration constant.

With the thin �lm approximation (4.10) we can write the x′ and y′ components of the forces
on the rotor from the �uid as

F x′ ≈
ˆ 2π

0

p cos(θ)dθ = − 1

2π

ˆ 2π

0

dp

dx
sin(θ)dθ, (4.16)

F y′ ≈
ˆ 2π

0

p sin(θ)dθ =
1

2π

ˆ 2π

0

dp

dx
cos(θ)dθ, (4.17)

where

F ≡ − h2o
µrefU2πR2

i b
F′, (4.18)

b is the length of the cylinders in the z′-direction, and F′ is the dimensional force on the
rotor. The quantity p is the scaled pressure and is related to the dimensional pressure p by

p ≡ h2o
µrefUL

(p− pref ). (4.19)

The power loss is the work per time done on the rotor, i.e., the y = 0 surface in Figure 4.3.
In the thin �lm approximation, this can be written

P = b U

ˆ L

0

Tyx dx ≈
bLU2µref

ho
P , (4.20)
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where the scaled loss is

P ≡
ˆ 1

0

(
µ
∂u

∂y

)∣∣∣∣
y=0

dx, (4.21)

µ ≡ µ/µref is a scaled version of the viscosity, and y ≡ y/ho is the scaled y-coordinate. The
x-component of the �uid velocity, denoted by u, is scaled with U and its expression is given
in Appendix A.

4.3 General Results

We now determine the approximate solutions to the Reynolds equation (4.12) for lubrication
�ows with large speed numbers. We �rst consider the second-order expansion for density,
i.e.,

ρ = ρ0 +
ρ1
Λ

+
ρ2
Λ2

+O(
1

Λ3
). (4.22)

If we substitute (4.22) and its derivative in (4.15), we then obtain the functions

ρ0 =
1

h
, (4.23)

ρ1 =− κTeo
dh

dx
, (4.24)

ρ2 =− h2 d
dx

(
κ2Te

dh

dx

)∣∣∣∣
o

+
1

h

d2h

dx2
(0), (4.25)

where the subscript �o� will always refer to quantities evaluated at the lowest-order density,
ρ ≈ 1/ h. For example,

κTeo(ρ) ≡ κTe(
1

h
). (4.26)

It is easily veri�ed that (4.22)-(4.25) satisfy the boundary conditions (4.14) and the equation
for h, i.e., (4.5), to the appropriate order.

To demonstrate the accuracy of (4.22)-(4.25), we have plotted a comparison of the approxi-
mate density (4.22) and the numerical solution to the exact Reynolds equation (4.12) at Λ
= 40 in Figures 4.4-4.5. Here we take the channel sketched in Figure 4.3 to be given by ho/L
= 1.989 ×10−5, and δ = 0.5. The gas models are taken to be those described in Section
4.4. The temperature at the entrance and exit is taken to be T(0) = T(L) = 1.05 Tc. In
Figure 4.4 the speci�c volume, i.e., V ≡ 1/ρ, is taken to satisfy V(0) = V(L) = 10 Vc. The
pressure at this state is approximately 21.2 bar ≈ 0.29 pc, so that the thermodynamic state
can be regarded as that of a dense gas. In Figure 4.5 we consider the case of a slightly
supercritical �uid in which the reference speci�c volume is taken to be V(0) = V(L) = 2Vc

and the corresponding pressure is approximately 78.2 bar ≈ 1.06 pc.
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Figure 4.4: Scaled Density vs x/L at V(0) = V(L) = 10 Vc, T(0) = T(L) = 1.05 Tc, δ = 0.5,
Λ = 40. The symbols # denote the exact solutions to the Reynolds equation (4.12). The
solid line denotes the lowest-order solutions, i.e., ρ = 1/h. The dashed and dash-dot lines
represent the �rst- and second-order solutions of the scaled density (4.22), respectively.
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Figure 4.5: Scaled Density vs x/L at V(0) = V(L) = 2 Vc, T(0) = T(L) = 1.05 Tc, δ = 0.5,
Λ = 40. The symbols # denote the exact solutions to the Reynolds equation (4.12). The
solid line denotes the lowest-order solutions, i.e., ρ = 1/h. The dashed and dash-dot lines
represent the �rst- and second-order solutions of the scaled density (4.22), respectively.
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Figure 4.6: Root-Mean-Square Error (RMSE) Between the Approximate and Exact Density
vs Λ at T(0) = T(L) = 1.05 Tc and δ = 0.5. The symbols �,  and H represent the lowest-,
�rst- and second-order approximations, respectively, at V(0) = V(L) = 2 Vc. The symbols
2, # and O represent the lowest-, �rst- and second-order approximations, respectively, at
V(0) = V(L) = 10 Vc.

Inspection of Figure 4.4 and 4.5 reveals that the second-order approximation is in excellent
agreement with the exact solutions. As compared to the lowest-order approximation, the
�rst-order term corrects the slope of the curves near both ends of the channel whereas the
second-order correction term further improves the prediction of the position and magnitude
of the local minimum.

The accuracy of our approximation for both cases increases as Λ −→∞. In order to illustrate
the accuracy of the approximation, we have also plotted the root-mean-square error (RMSE)
between the approximate density (4.22) and the exact solution to the Reynolds equation
(4.12) as a function of Λ in Figure 4.6. It was found that the second-order approximation
can provide reasonable accuracy when Λ ≥ 20. When Λ = 20, the RMSEs of the second-
order approximation for cases of V(0) = V(L) = 10 Vc and 2 Vc are approximately 1.4%
and 8%, respectively.

We now turn to the determination of the large Λ approximation for the forces, i.e., (4.16)
and (4.17), on the rotor. If we use (4.3), (4.4) and (4.19), the expressions for the exact force
components (4.16) and (4.17) can be rewritten as

−Λ

6
F x′ =

1

2π

ˆ 2π

0

R
dρ

dx
sin(θ)dθ, (4.27)

Λ

6
F y′ =

1

2π

ˆ 2π

0

R
dρ

dx
cos(θ)dθ. (4.28)
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where the factor

R = R(ρ, Tref ) ≡ κT
ρ
, (4.29)

can be expanded in a Taylor series for ρ near 1/ h yielding

R(ρ, Tref ) = Ro +
dR

dρ

∣∣∣∣
o

(ρ− 1

h
) +

1

2

d2R

dρ2

∣∣∣∣
o

(ρ− 1

h
)2 +O(

1

Λ3
). (4.30)

If we combine (4.30) with (4.22), and multiply the result by the derivative of (4.22), we �nd

R
dρ

dx
= Ro

dρ0
dx

+
1

Λ

d(Roρ1)

dx
+

1

Λ2

d

dx

[
Roρ2 +

1

2

dR

dρ

∣∣∣∣
o

ρ21

]
+O(

1

Λ3
). (4.31)

Through substitution of (4.23)-(4.25) and (4.31) in (4.27) and straightforward manipulation
we then obtain

− πΛ

3
F x′ = Ix1 +

Ix2
Λ

+
Ix3
Λ2

+O(
1

Λ3
), (4.32)

where the quantities

Ix1 ≡− 2π

ˆ 2π

0

κTo

h

dh

dθ
sin(θ)dθ, (4.33)

Ix2 ≡4π2

ˆ 2π

0

κToκTeoh
dh

dθ
cos(θ)dθ, (4.34)

Ix3 ≡− 8π3

ˆ 2π

0

[
1

2
κ2Teo

d

dρ

(
κT
ρ

) ∣∣∣∣
o

+ hκTo
dκ2Te
dρ

∣∣∣∣
o

](
dh

dθ

)2

cos(θ)dθ

+ 8π3

ˆ 2π

0

κToκ
2
Teoh

3d2h

dθ2
cos(θ)dθ

− 8π3d
2h

dθ2
(0)

ˆ 2π

0

κTocos(θ)dθ. (4.35)

We note that κT > 0 for all �uids due to the Gibbs stability condition and both dh/dθ and
sin(θ) are antisymmetric with respect to θ = π. Thus, the quantity Ix1 will always be non-
zero. From conditions (4.9) we can also show that Ix1 < 0 for all �uids. That is, the lowest
order F x′ > 0 so that the x′-component of the dimensional force on the rotor will point to
the left in Figure 4.2. On the other hand, the quantity Ix2 = 0, because each term in the
integrand of Ix2 is symmetric with respect to θ = π except for dh/dθ which is antisymmetric.
In (4.35) the integrand of each integral is symmetric about θ = π. As a result, each term of
Ix3 is seen to be non-zero.

If we substitute (4.22)-(4.25), (4.31) in (4.28), we then �nd

πΛ

3
F y′ = Iy1 +

Iy2
Λ

+O(
1

Λ2
), (4.36)
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where

Iy1 =− 2π

ˆ 2π

0

κTo

h

dh

dθ
cos(θ)dθ, (4.37)

Iy2 =− 4π2

ˆ 2π

0

κToκTeoh
dh

dθ
sin(θ)dθ. (4.38)

We note that κTo, h, and cos(θ) are symmetric about θ = π while the derivative dh/dθ is
antisymmetric. Hence Iy1 = 0 for all �uids. In like manner, it is easily demonstrated that
Iy2 6= 0 in general. If we further require that the conditions (4.9) hold, the y′-component of
the dimensional force on the rotor will be positive in Figure 4.2.

From (4.32)-(4.38) we can obtain the approximation for the magnitude of the scaled load

Λ|F| = 3|Ix1|
π

1 +
1

Λ2

(
Ix3
Ix1

+
1

2

I2y2
I2x1

)
+O(

1

Λ3
)

 , (4.39)

and the angle of the load, i.e., attitude angle

ϕ ≡ tan−1

(
F y′

F x′

)
≈ π − 1

Λ

Iy2
Ix1

+O(
1

Λ2
), (4.40)

where we have used the expansion of the tangent function for ϕ ≈ π in (4.40). Given the
conditions (4.9), it is easily veri�ed that

π

2
≤ ϕ ≤ π. (4.41)

In order to obtain the expression for the approximate loss, we substitute the derivative of u,
as given by (A.9), and the exact solution (4.15) in (4.21) yielding

−P =

ˆ 1

0

µ

h
dx+

3

Λ

(
1− 1

Λ

dρ

dx
(0)

) ˆ 1

0

κT
ρ2
dρ

dx
dx+

3

Λ2

ˆ 1

0

µ κ2Te
ρ5

(
dρ

dx

)2

dx

+
3

Λ2

ˆ 1

0

µ κ2Te
ρ5

(
dρ

dx

)2 (
ρ3h

3 − 1
)
dx. (4.42)

We note that the second integral is identically zero and the last integral is seen to be O(Λ−3).
As a result, the second-order approximation for loss is found to be

− P =

ˆ 1

0

µ

h
dx+

3

Λ2

ˆ 1

0

κTeoκToh

(
dh

dx

)2

dx+O(
1

Λ3
). (4.43)

In (4.43) the values of µ in the �rst integral have been left as their exact values. However,
to be consistent, the shear viscosity in (4.43) should be expanded in a Taylor series for ρ ≈
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1/h in a manner similar to that done for (4.30). Alternatively, to simplify the computations,
we evaluate the viscosity in the �rst integral of (4.43) by substituting the O(Λ−2) density
expansion (4.22) in the viscosity model. Errors in this approach will be on the order of terms
already neglected.

In the ideal gas limit, i.e., κT −→ p −→ ρRT and µ −→ µ(Tref ), we can take κT = ρ and µ
= 1 so that all the integrals in (4.39), i.e., (4.33)-(4.35) and (4.37)-(4.38), and (4.43) can be
integrated explicitly. As a result, the expression of the scaled load can be written as

Λ|F| = 12π(1 + δ −
√

1 + 2δ)

δ
√

1 + 2δ

[
1 +

2π2

Λ2
(1 + δ)(

√
1 + 2δ − 2)

]
+O(

1

Λ3
), (4.44)

and the attitude angle (4.40) becomes

ϕ ≈ π − 2π
√

1 + 2δ

Λ
+O(

1

Λ2
). (4.45)

The expression for the scaled loss can also be written as

− P =
1√

1 + 2δ
+

12π2

Λ2
(1 + δ −

√
1 + 2δ) +O(

1

Λ3
). (4.46)

Our lowest-order load and loss, i.e., the �rst terms of (4.44) and (4.46), the expression of
the attitude angle and the fact that the �rst corrections for the load and loss are O(Λ−2)
are consistent with the ideal gas results by Gross et al.[8]. The work here indicates that
this ordering of the large Λ expansion also holds for general �uids. Examination of (4.39),
(4.40) and (4.43)-(4.46) reveals that the lowest-order approximation of the scaled load and
loss and attitude angle are dependent on δ and Λ alone when the gas is ideal. However, for
pressurized gases, the lowest-order scaled load also depends on the variation of the scaled
bulk modulus κT ; the lowest-order scaled loss depends on the variation of the scaled shear
viscosity µ; the attitude angle depends on the variation of both κT and µ in addition to δ
and Λ.

4.4 Numerical Results

In this section, we compare the approximation for the scaled load (4.39), scaled loss (4.43),
and the attitude angle (4.40) to their exact values based on the density variation obtained
from the exact Reynolds equation (4.12). More speci�cally, the exact Reynolds equation
(4.12) was solved through the use of a straightforward shooting method. Once the pressure
distribution was determined by substituting the resulting density variation in the equation
of state, the exact scaled load was then computed using (4.16)-(4.18). The exact scaled loss
was calculated using (4.21). The exact attitude angle was computed by taking the ratio of
(4.17) to (4.16).
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As described in Section 4.3, the viscosity in the �rst integral of (4.43) was evaluated using
the second-order density and the reference temperature. In the remaining integrals of our
approximation, i.e., (4.33)-(4.35) and (4.38), the bulk modulus (4.3) and shear viscosity were
computed based on the lowest-order density and the reference temperature. Derivatives of
the bulk modulus and viscosity seen in (4.35) were estimated numerically. All numerical
integrations of (4.16)-(4.17), (4.21), (4.33) and (4.35), (4.38), and (4.43) were computed
using Simpson's rule. Discretization errors were checked for all computations presented
here. For example, the di�erence in ρ between 200 and 300 points distributed over the
interval 0 ≤ x ≤ 1 was less than 0.006%. The tolerance for the value of ρ(1) for the shooting
method was set to be 10−8.

For the purpose of illustration, we use the Redlich-Kwong-Soave equation of state and the
polynomial curve-�t for the ideal gas speci�c heat provided in Reid et al.[25]. The �uid was
chosen to be carbon dioxide (CO2). The physical properties of CO2 were taken from Reid
et al.[25]; the critical pressure and temperature of CO2 are pc = 73.77 bar and Tc = 304
◦K, respectively. The acentric factor for CO2 was given by [25] to be 0.239. The viscosity
model is that of [26, 27]. Parameters required for the application of the model of Chung et
al.[26, 27] were taken from [25]. We take the channel sketched in Figure 4.3 to be given by
ho/L = 1.989 ×10−5. Unless stated otherwise, δ = 0.5.

We �rst consider the e�ect of pressurization on the load. In Figure 4.7 we have plotted
the variation of the lowest-order scaled load, i.e., the �rst term in (4.39), with the reference
speci�c volume for a range of reference temperatures. At Tref = 1.05 Tc pressurization can
increase the scaled load by 56% over the scaled load attained at low pressure. The physical
reason for this increase can be seen by an examination of Figure 4.8, in which the variation
of κT with x is plotted for various thermodynamic states. At the lowest pressure, i.e., for
V(0) = 10 Vc, κT is < 1 over much of the range of x. As the pressure is increased, the
variation of κT from 1 decreases. At V(0) = 2 Vc and 1 Vc, it is seen that the values of κT
are approximately one. As a result, the scaled load will be larger than that at low pressure.
The observation that κT does not decrease signi�cantly at high pressures is due to the non-
monotone variation of the bulk modulus. At higher temperatures, the variation of the bulk
modulus is a monotone decreasing function of the speci�c volume. As a result, κT < 1 over
most of the bearing resulting in an insigni�cant increase in the scaled load.

We note that the scaled load in Figure 4.7 remains nearly constant as the reference speci�c
volume is varied in the range V(0) > 4 Vc. This observation suggests that the load scales
with the reference bulk modulus κT

∣∣
ref

. This fact becomes obvious if we multiply (4.39) by

κT
∣∣
ref

pc
,

and use (4.18). The resultant scaled load is

6|F′|
pcRib

. (4.47)
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Figure 4.7: Lowest-Order Scaled Load vs Reference Speci�c Volume. The parameter δ =
0.5.
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Figure 4.8: Scaled Bulk Modulus vs x/L for Tref = 1.05 Tc. The parameter δ = 0.5.
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Figure 4.9: Rescaled Load vs Reference Speci�c Volume. The parameter δ = 0.5.

The scaled force (4.47) gives a measure of the physical force which is independent of the
reference states. The variation of the lowest-order load (4.47) with reference thermodynamic
state is plotted in Figure 4.9. This version of the load is seen to increase signi�cantly with
pressurization at most temperatures and pressures. In the general vicinity of the thermo-
dynamic critical point, the non-monotone variation of the bulk modulus will give rise to a
corresponding non-monotone variation in the load.

We next consider the lowest-order loss, i.e., the �rst term of (4.43), where µ is evaluated at
the lowest-order density. Following the conventional scaling used in the lubrication literature
where the �lm thickness is scaled with the radial clearance, we have multiplied (4.43) by
1+δ and have plotted this version of the scaled loss in Figure 4.10 for various reference
thermodynamic states. Inspection of Figure 4.10 reveals that the reference temperature has
an insigni�cant e�ect on the scaled loss. This is due to the fact that the shear viscosity
roughly scales with the ideal gas shear viscosity, at least for the purposes of computing the
temperature dependence. To illustrate this point, we have plotted the variation of the ratio
of the shear viscosity to the ideal gas viscosity at the same temperatures in Figure 4.11.

As indicated in the discussion of (4.46), the scaled loss for low pressure gases will depend
only on δ due to the fact that µ = 1 in the ideal gas limit. Thus, each curve in Figure 4.10
will approach the same low pressure asymptote for �xed δ. We note that the loss has been
scaled with the loss found when the load is zero, i.e., when δ ≡ 0. As a result, the scaled
loss will always be larger than 1 as we approach the ideal gas limit. However, observation
of Figure 4.11 reveals that the viscosity will depend on the local density as the reference
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Figure 4.10: Lowest-Order Scaled Loss vs Reference Speci�c Volume. The parameter δ =
0.5.
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Figure 4.11: Scaled Shear Viscosity of CO2 vs V/Vc. The viscosity model is that of [26, 27].



Ssu-Ying Chien Chapter 4. Load and loss 79

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

L
x

 V(0) = 10Vc

 V(0) = 6Vc

 V(0) = 2Vc

 V(0) = Vc

 

 

 )0(

Figure 4.12: Variation of Scaled Viscosity with x/L for Tref = 1.05 Tc. The parameter δ =
0.5.

pressure is increased. Because the viscosity increases monotonically with increasing density,
µ < 1 over most of the �uid domain. An example of the viscosity variation with x is plotted
for various thermodynamic states in Figure 4.12. As result, the scaled loss will decrease and
even become less than 1 as the reference pressure is increased. That is, for pressurized gases
the scaled loss generated by non-concentric cylinders can be smaller than that corresponding
to concentric cylinders.

The e�ects of pressurization on the attitude angle are displayed in Figure 4.13 for various
reference temperatures at Λ = 50. Here we used the associated attitude angle ψ ≡ π−ϕ, i.e.,
the angle between the direction of the total force and the negative x′ axis seen in Figure 4.2.
Inspection of Figure 4.13 reveals that ψ increases with pressurization for a �xed reference
temperature. At Tref = 1.05 Tc pressurization results in 25.5% increase of ψ over the value
of ψ obtained at low pressure. The reason for this increase is due to the non-monotone
variation of both κT and κTe leading to a smaller decrease in the size of the integrand in
(4.38). At higher temperatures both κT and µ undergo a monotone increase as the pressure
is increases. Thus, the integrands in (4.40) will be smaller and the increase in ψ will be
smaller at higher temperatures.

A comparison of the approximate and the exact scaled load was plotted as a function of δ
at Λ = 20, 30, 40, 50 and ∞ with various reference thermodynamic states in Figure 4.14.
The reference temperature is taken to be Tref = 1.15 Tc. The range of the speed numbers is
selected to be within the general operating range described by previous investigators [12, 13].
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Figure 4.13: Attitude Angle (ψ) vs Reference Speci�c Volume. The parameter δ = 0.5 and
the speed number Λ = 50.

From (4.4) the rotational speeds corresponding to Λ = 20 at V(0) = 12 Vc, 6 Vc and 3 Vc are
found to be 8432 rpm, 14221 rpm and 19660 rpm, respectively. The solid lines denote the
lowest-order theory and the broken lines represent the second-order approximation (4.39).
At V(0) = 12 Vc there is little variation of the load with Λ and it is reasonable to suggest
that the lowest-order approximation is su�cient to predict the scaled load for this range
of δ. As the reference pressure increases, the scaled load increases as expected, and more
importantly, the e�ect of Λ on the scaled load is seen to become more signi�cant. As a result,
the second-order approximation is seen to be necessary to evaluate the load generated by
pressurized gases. Even at Λ = 20 it was found that the maximum discrepancy between the
second-order approximation and the exact scaled load for the case of V(0) = 3Vc is 4.7%.

In order to illustrate the e�ect of Λ on the loss, we have plotted the approximate and exact
scaled loss as a function of δ at V(0) = 12 Vc and 3 Vc in Figure 4.15 and Figure 4.16,
respectively. The speed number Λ = 20, 30, 40, 50 and ∞, and the reference temperature
was taken to be Tref = 1.15 Tc. Examination of Figure 4.15 indicates that the agreement
between the approximate and exact scaled loss is excellent for each Λ at V(0) = 12 Vc. The
maximum di�erence between the second-order approximation and the exact scaled loss is
found to be 2.5% at Λ = 20. The scaled loss is seen to decrease with the increase of Λ and
to increase monotonically as δ increases. At higher pressures, the rate of increase of the
viscosity with increasing density is larger than in the low pressure case so that the loss for
the case V(0) = 3 Vc has a local minimum located at δ ≈ 0.2. At these higher pressures the
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Figure 4.14: Scaled Load vs δ at V(0) = 3 Vc, 6 Vc, and 12 Vc. The speed numbers were
taken to be Λ = 20, 30, 40, 50, ∞ and the reference temperature Tref = 1.15 Tc. Symbols
represent the exact scaled load computed from (4.16)-(4.18) in which the pressure variation
was obtained from the Reynolds equation (4.12) and the equation of state. Lines denote
the approximation of the scaled load (4.39). The lowest-order results, i.e., Λ = ∞, are
represented by . Results for Λ = 50 are denoted by � and ,
results for Λ = 40 are denoted by # and , results for Λ = 30 are represented
by 3 and , and results for Λ = 20 are denoted by 4 and .

di�erence between the exact and approximate solutions is larger than in the low pressure
examples. Nevertheless, the maximum di�erence between the exact solution and the Λ = 20
approximation is less that 10% for the chosen values of δ and V(0).

The attitude angle ψ is plotted as a function of δ at Tref = 1.15 Tc for V(0) = 12 Vc and 3
Vc in Figure 4.17 and Figure 4.18, respectively. The speed numbers were taken to be Λ = 20,
30, 40, and 50. Observation of Figure 4.17 reveals that the agreement between the exact ψ
and the �rst-order approximate ψ is seen to be very good for each Λ at V(0) = 12 Vc where
the maximum discrepancy is found to be 4% at Λ = 20. The scaled attitude angle decreases
with the increase of Λ and the decrease in δ. At V(0) = 3 Vc, the �rst-order approximation
of ψ still has reasonable agreement with the exact ψ when Λ > 30. At Λ = 20, the maximum
di�erence between the exact ψ and approximate ψ is found to be 10.6%. We note that the
non-zero attitude angle at δ = 0 is due to the fact that both F x′ and F y′ −→ 0 at the same
rate as δ −→ 0. The limiting value of ψ can be found by taking δ −→ 0 in (4.40), (4.33) and
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Figure 4.15: Scaled Loss vs δ at V(0) = 12 Vc. The speed numbers are taken to be Λ = 20,
30, 40, 50, ∞ and the reference temperature Tref = 1.15 Tc. Symbols represent the exact
scaled loss computed from (4.21). Lines denote the approximation of the scaled loss (4.43).
The lowest-order results, i.e., Λ =∞, are represented by . Results for Λ = 50 are
denoted by � and , results for Λ = 40 are denoted by # and ,
results for Λ = 30 are denoted by 3 and , and results for Λ = 20 are denoted
by 4 and .
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Figure 4.16: Scaled Loss vs δ at V(0) = 3 Vc. The speed numbers are taken to be Λ = 20,
30, 40, 50, ∞ and the reference temperature Tref = 1.15 Tc. Symbols represent the exact
scaled loss computed from (4.21). Lines denote the approximation of the scaled loss (4.43).
The lowest-order results, i.e., Λ = ∞, are represented by . Results for Λ = 50
are denoted by � and , results for Λ = 40 are denoted by # and ,
results for Λ = 30 are denoted by 3 and , and results for Λ = 20 are denoted
by 4 and .
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Figure 4.17: Attitude Angle vs δ at V(0) = 12 Vc. The speed numbers are taken to be Λ =
20, 30, 40 and 50 and the reference temperature Tref = 1.15 Tc. The scaled attitude angle
is de�ned as ψ ≡ π − ϕ, i.e., the angle between the direction of the load and the negative
x′ axis seen in Figure 4.2. Symbols represent the exact scaled attitude angle computed from
(4.16) and (4.17). Lines denote the approximation of the scaled attitude angle obtained from
(4.40). Results for Λ = 50 are denoted by � and , results for Λ = 40 are denoted
by # and , results for Λ = 30 are denoted by 3 and , and
results for Λ = 20 are denoted by 4 and .

(4.38) yielding

ψ ∼ 2π

Λ
as δ −→ 0. (4.48)

Thus, ψ at δ = 0 will be independent of the reference thermodynamic state. For Λ = 20, 30,
40, and 50, the values of ψ at δ = 0 will be 18°, 12°, 9°, and 7.2°, respectively. This non-zero
limit of ψ as δ vanishes is consistent with the �nding of [8] for ideal gases.
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Figure 4.18: Attitude Angle vs δ at V(0) = 3Vc. The speed numbers Λ = 20, 30, 40 and
50 and the reference temperature Tref = 1.15 Tc. The scaled attitude angle is de�ned as
ψ ≡ π − ϕ, i.e., the angle between the direction of the load and the negative x′ axis seen
in Figure 4.2. Symbols represent the exact scaled attitude angle computed from (4.16) and
(4.17). Lines denote the approximation of the scaled attitude angle obtained from (4.40).
Results for Λ = 50 are denoted by � and , results for Λ = 40 are denoted by #
and , results for Λ = 30 are denoted by 3 and , and results for
Λ = 20 are denoted by 4 and .
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4.5 Summary

We have obtained approximate solutions for the load and loss of a two-dimensional, steady,
compressible, laminar, and single-phase �ow between two non-concentric cylinders. Solutions
are based on large Λ expansions of the Reynolds equation (4.12) and are therefore valid at
most pressures and temperatures in the single-phase regime and for all Navier-Stokes �uids;
the primary exception is the neighborhood of the thermodynamic critical point where (4.12)
breaks down. In Appendix A we have given the connection between the friction loss and the
net heat �ux so that the heat transfer is determined once the friction loss is.

In the limit of ideal gases, the work of [8] suggests that the �rst corrections to the load and
loss are O(Λ−2). The present study demonstrates that this ordering holds for general �uids,
i.e., for both low and high pressure gases, as well.

The e�ects of pressurization and non-ideal gas behavior have been illustrated primarily
through the use of the lowest-order theory. Pressurization a�ects the load through the bulk
modulus and it a�ects the loss through the density dependence of the shear viscosity. We
found that the load scales with the reference bulk modulus κT |ref so that the non-monotone
variations of the bulk modulus can result in a non-monotone variation of the load. Isothermal
pressurization is seen to result in signi�cant increases in the load.

At moderate pressures, inspection of Figures 4.7 and 4.10 suggests that Λ |F| and (1 + δ)
|P | can be regarded as nearly constant for reference speci�c volumes of V(0) > 6 Vc. At
higher pressures, the dependence of the density on the bulk modulus and viscosity becomes
more noticeable. As a result, the strong decrease in the loss and the increase in the load will
require the use of pure numerical solutions or the approximations given here.

The second-order approximations for load and loss are compared to the exact values obtained
based on the solutions to the Reynolds equation (4.12) for a range of δ in Figures 4.14-4.16.
These examples illustrate the dependence of the load and loss on the eccentricity parameter
(4.6) and the speed number.

The lowest-order attitude angle (ψ ≡ π − ϕ)has been computed and is found to decrease
with increasing Λ. At constant Λ and a �xed reference thermodynamic state, the attitude
angle is seen to approximately increase linearly with δ, at least for the cases shown. The
values of ψ at δ = 0 are given by (4.48) and are seen to be independent of thermodynamic
state.

In order to focus on the physical e�ects of pressurization and the structure of the approx-
imation scheme, we have restricted attention to the relatively simple �ow model of [22];
this model has been validated against numerical solutions to the full Navier-Stokes solutions
in [22, 23]. Many of the observed features here are due to the density dependence of the
material functions and will be present, to greater or lesser degrees, in more complex �ows,
including those involving turbulent and three dimensional �ows.
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Chapter 5

Virial Approximation for Load and Loss

in High-Speed Journal Bearings using

Pressurized Gases

The contents of this chapter have appeared as an open access article in the Fluids, volume 4,
issue 1, 2019. The published article can be found at: https://www.mdpi.com/2311-5521/
4/1/27.
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Abstract

We consider steady, laminar, compressible lubrication �ows in a high-speed two-dimensional
journal bearing governed by the appropriate Reynolds equation. The thermodynamic states
correspond to pressurized gases and are in the single-phase regime. Simple explicit formulas
for the load capacity, power loss and attitude angle are derived by applying the virial (or
small density) expansions of pressure and shear viscosity to results developed in previous
studies. The present virial approximation was compared to the exact numerical solutions to
the Reynolds equation. It was shown that the results based on our virial expansions are quite
accurate at thermodynamic states corresponding to dense and supercritical gases. The �rst
virial correction is seen to signi�cantly improve predictions based on the ideal gas theory.
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5.1 Introduction

The canonical equation governing many lubrication �ows is the Reynolds equation [1]. Since
its introduction in the late 19th century, it has been generalized to include the e�ects of three-
dimensional unsteady �ow, turbulence, non-newtonian constitutive laws, two-phase �ow, and
wall slip [2, 3, 4, 5]. Conditions under which the Reynolds equation is valid are satis�ed in
many devices [6, 7, 8, 9, 10]. An important motivation for the use of the Reynolds equation is
that it provides a relatively simple, computationally e�cient, and easily reproducible context
in which to examine physical e�ects and mathematical models.

Recent interest in novel power systems have motivated the use of gases rather than highly
viscous oils [12, 11, 13, 14, 15]. The advantages of gases over liquids include weight reduction,
elimination of complications associated with fouling due to leaks and complications due to
phase changes, and the compatibility with working �uids of the parent power system.

Because the viscosity of gases is smaller than that of oils, gas lubrication requires high speeds
to support reasonable loads and the resultant �ows are very often compressible. The overall
compressibility of the �ow is usually characterized by the speed or bearing number de�ned
as a non-dimensional measure of the �ow speed; a precise de�nition of the version of the
speed number used here will be given in the next section.

In most of the previous investigations of gas lubrication the ideal gas model was employed
[3, 12, 16]. One of the �rst analytical studies is due to Gross et al. [3] who developed
approximations to the Reynolds equation valid for large speed numbers and ideal gases. It
was shown that the �rst correction for �nite speed number to the lowest-order, i.e., that
corresponding to an in�nite speed number, load and loss of a simple journal bearing is of
order of the inverse square of the speed number. For journal bearings lubricated with ideal
gases, Gross et al. [3] provided explicit formulas for load and loss in terms of the speed
number and eccentricity.

When the pressures are on the order of those of the thermodynamic critical point, the gas
can no longer be regarded as ideal, and more complex gas models must be employed. In
order to investigate the e�ects of pressurized gases on bearing performance, previous studies
[17, 18, 19, 20] have numerically solved the Reynolds equation along with digital table look-
ups to capture the real-gas behavior. Conboy [17], Kim [18] and Qin [19] used the NIST
REFPROP database [21] while Guenat and Schi�mann [20] employed the COOLPROP
database [22].

At the thermodynamic critical point, properties such as the speci�c heat at constant pressure
and the thermal expansivity are singular; as a result, the Prandtl number is also singular at
the thermodynamic critical point. Additionally, the bulk modulus

κT = κT (ρ, T ) ≡ ρ
∂p

∂ρ

∣∣∣∣
T

≥ 0, (5.1)

where ρ > 0, T > 0, and p = p(ρ,T) are the �uid density, absolute temperature, and
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Figure 5.1: Variation of the Scaled Bulk Modulus with Reduced Speci�c Volume for CO2.
Subscripts �c� will always denote quantities evaluated at the thermodynamic critical point
and V ≡ ρ−1 = the speci�c volume. The curves were generated using the Redlich-Kwong-
Soave (RKS) equation of state. Details of the RKS equation are given in [23] along with the
physical constants for CO2.

thermodynamic pressure, is seen to be zero at the thermodynamic critical point and has a
non-monotone variation with density at constant temperature. A plot of a scaled version of
(5.1) is provided in Figure 5.1. Recognition of the singular behavior of high pressure gases has
led [24] to examine the validity of the Reynolds equation in the general single-phase regime.
These authors have given a careful derivation of the Reynolds equation and corresponding
temperature equation valid for compressible �ows of pressurized gases. The usual constraints
of a thin �uid layer and small lubrication Reynolds number were imposed along with mild
conditions on any imposed temperature di�erences. The resultant form of their Reynolds
equation is given in the next section. The Reynolds and temperature equations of [24] were
found to be valid over most of thermodynamic states corresponding to ideal, dense, and
supercritical �uids, but were seen to break down simultaneously in the near-critical regime.
The size of this near-critical region was given in terms of the lubrication Reynolds number;
see, e.g., Section IV of [24]. It was shown by [25] and [24] that, within the stated region of
validity, the solutions to the Reynolds and temperature equation of [24] were found to be in
excellent agreement with the Navier-Stokes equations.

Chien and Cramer [26] have derived approximate solutions to the Reynolds and temperature
equation of [24] valid for pressurized gases and large speed numbers. Explicit expressions
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Figure 5.2: Sketch of Two-Dimensional Journal Bearing. The angular velocity of the rotor
ω = constant. The angle ϕ is the angle between the force F′ and the positive x′ axis. The
angle ψ ≡ π − ϕ.

for the local density, pressure, temperature and heat �ux were given in terms of the bulk
modulus, shear viscosity, thermal conductivity, thermal expansivity, Prandtl number, speed
number, and the �lm thickness. In [27] Chien and Cramer have used approximations which
are second order in the speed number to derive general expressions for the load, loss and
attitude angle for a two-dimensional journal bearing. For convenience, the relevant results
of [27] are recorded in the next section. While the results are explicit, the results require
the numerical evaluation of a number of integrals if the gas model is more complicated than
that of an ideal gas. Numerical integration will also be required if the �uid properties are
supplied by digital table look-ups.

The goal of the present investigation is to develop a simpli�ed model for the load, loss
and attitude angle based on virial, i.e., small density, expansions of the pressure and shear
viscosity. The resultant expressions will obviate the need for numerical evaluations of the
integrals and provide explicit expressions for the load, loss and attitude angle in terms of
the �rst virial coe�cient for pressure and a reference viscosity.
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5.2 General Formulas

We begin with the general formulas for the load, loss, and attitude angle derived in [27] for
large speed number. These formulas were derived by �nding the second-order approximations
to the Reynolds equation of [24]-[25] and then integrating the results for pressure over the
journal bearing con�guration sketched in Figure 5.2. The Reynolds equation is valid for
steady, two-dimensional, compressible, laminar, single-phase �ows at thermodynamic states
su�ciently far from those of the thermodynamic critical point. Again, we refer the reader
to [24] and [27] for details, derivations, and validation of these results. In the following, we
summarize the principal results of [27] which form the basis for the present study.

The con�guration considered in this study is a two-dimensional in�nitely long journal bearing
as sketched in Figure 5.2. The inner cylinder corresponds to the rotor, which has radius Ri

and is centered at x′ = 0 and y′ = 0. The rotor rotates at a rate ω = U/Ri, where the
constant U is the speed of the surface of the inner cylinder. The outer cylinder represents a
stator, which is stationary and has a radius = Ro > Ri. The center of the stator is located
at x′ = - e ≡ - ε (Ro - Ri), y

′ = 0. Here ε is the eccentricity.

We take the gap between the rotor and stator to be su�ciently small compared to their radii.
We can then approximate the �ow using the unwrapped con�guration sketched in Figure
5.3. The �lm thickness is given by the function h(x), the surface of the stator is taken to be
y = h(x) and the surface of the rotor to be given by y = 0. The coordinate x is the distance
taken along the inner cylinder, i.e., the rotor, and is related to the angle θ by θ ≡ 2πx/L
where L ≡ 2πRi is the circumference of the rotor. The coordinate y is taken to be normal to
the rotor. The minimum �lm thickness occurs at the origin and is given by ho ≡ h(0) and
the maximum thickness is hm ≡ h(x = L/2) = h(θ = 2π). Because of the periodicity of the
physical con�guration and the choice of the coordinate system,

h(0) = h(L) = ho, (5.2)

dh

dx
(0) =

dh

dx
(0) = 0, (5.3)

d2h

dx2
(0) =

d2h

dx2
(L) > 0. (5.4)

The general results of [27] were obtained using the relatively weak condition on h(x) that it
is symmetric about x = L/2 or θ = π, i.e.,

h(π − θ) = h(θ − π) or h(L/2− x) = h(x− L/2). (5.5)

The formulas derived in Section 5.5 use an explicit form of h(x) corresponding to a two-
dimensional journal bearing sketched in Figure 5.2. When the gap width is small compared
to the radii of the rotor and stator, we �nd that h(x) can be approximated by

h = h(x) ≡ h(x)

ho
≈ 1 + δ − δ cos(θ), (5.6)

= 1 + δ − δ cos(2 π x), (5.7)
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Figure 5.3: Unwrapped Con�guration: The surface y = 0 corresponds to the surface of the
inner cylinder, i.e., the rotor. The surface y = h(x) corresponds to the surface of the outer
cylinder, i.e., the stator. The minimum �lm thickness is taken to be ho ≡ h(0) and the
maximum �lm thickness is taken to be hm ≡ h(L/2).

where x ≡ x/L = θ/2π and the parameter δ is related to the eccentricity by δ ≡ ε/(1− ε).

In terms of the unwrapped con�guration of Figure 5.3, the non-dimensional form of the
Reynolds equation derived by Chien and Cramer [24] is

d

dx

(
h
3
κTe

dρ

dx

)
= Λ

d(ρh)

dx
, (5.8)

subjected to the periodicity condition

ρ = 1 at x = 0, 1. (5.9)

Here x ≡ x/L = θ/2π, and

ρ ≡ ρ

ρref
(5.10)

is the scaled �uid density. The subscript �ref� will always refer to a reference thermodynamic
state; throughout this study we take this reference state to be that at the minimum gap
thickness, i.e., at x = 0, 1 or, equivalently, θ = 0, 2π. The thermodynamic function

κTe = κTe(ρ, T ) ≡ κT (ρ, T )

µ(ρ, T )
, (5.11)

is the e�ective bulk modulus which gives a measure of the relative strength of the local �uid
sti�ness to the �uid friction. The quantity µ = µ(ρ,T) > 0 is the shear viscosity. The scaled
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version of the e�ective bulk modulus (5.11) is

κTe ≡
κTe(ρ, Tref )

κTe(ρref , Tref )
=
κTe(ρ, Tref )

κTe|ref
. (5.12)

As in the classical lubrication theory the �ow may be regarded as isothermal for the purposes
of computing the density and pressure. The temperature is therefore taken to be Tref
throughout this calculation. The constant

Λ ≡ 6UL

h2oκTe|ref
(5.13)

is the speed number. This form is the one that arises naturally during the non-
dimensionalization process when pressurized gases are of interest.

For Λ� 1, [27] have shown that the net force on the rotor seen in Figure 5.2 can be written
as

6|F′|
pcRib

= −3κT |ref
πpc

Ix1

[
1 +

1

Λ2

(
Ix3
Ix1

+
1

2

I2y2
I2x1

)]
+O(

1

Λ3
), (5.14)

where F′ is the dimensional force, pc is the pressure at the thermodynamic critical point,
and b is the length of the bearing in the axial direction, i.e., the direction orthogonal to the
diagrams of Figures 5.2-5.3. The quantities Ix1, Ix3, and Iy2 arise naturally in the course of
the derivation of [27] and are de�ned

Ix1 ≡− 2π

ˆ 2π

0

κTo

h

dh

dθ
sin(θ)dθ, (5.15)

Ix3 ≡− 8π3

ˆ 2π

0

[
1

2
κ2Teo

∂

∂ρ

(
κT
ρ

) ∣∣∣∣
o

+ hκTo
∂κ2Te
∂ρ

∣∣∣∣
o

](
dh

dθ

)2

cos(θ)dθ

+ 8π3

ˆ 2π

0

κToκ
2
Teoh

3d2h

dθ2
cos(θ)dθ

− 8π3d
2h

dθ2
(0)

ˆ 2π

0

κTocos(θ)dθ, (5.16)

Iy2 =− 4π2

ˆ 2π

0

κToκTeo h
dh

dθ
sin(θ)dθ, (5.17)

where

κT ≡
κT (ρ, Tref )

κT (ρref , Tref )
. (5.18)

The subscripts �o� denote quantities evaluated at the lowest-order density ρ ≈ 1/h, e.g.,

κTo ≡ κT (
1

h
, Tref ). (5.19)
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The attitude angle (ϕ) is de�ned as the angle between F′ and the positive x′ axis seen in
Figure 5.2, and was found to be

ϕ ≡ tan−1
(
Fy′

Fx′

)
≈ π − 1

Λ

Iy2
Ix1

+O(
1

Λ2
). (5.20)

Because both Ix1 and Iy2 are always < 0, the force on the rotor will always lie in the second
quadrant of the x′-y′ plane sketched in Figure 5.2. It will therefore be convenient to de�ne
the associated acute angle ψ ≡ π − ϕ.

Under the same conditions, [27] have shown that the scaled power loss can be written

− P = − ho
bLU2µref

P =

ˆ 1

0

µ

h
dx+

3

Λ2

ˆ 1

0

κTeo κTo h

(
dh

dx

)2

dx+O(
1

Λ3
), (5.21)

where P is the dimensional power loss having units of energy per time, and is negative if
�uid friction opposes the motion of the rotor. The quantity

µ = µ(ρ, Tref ) =
µ(ρ, Tref )

µ(ρref , Tref )
(5.22)

is the shear viscosity scaled with the reference value. The evaluation of the scaled viscosity
in the �rst integral on the right hand side of (5.21) can be done by using the second-order
expression for density derived by [27] or by expanding µ(ρ,Tref ) in a Taylor series. In
[27], the �rst approach was used in detailed numerical examples. Each approach will give
approximations which are consistent with the accuracy of [27]. Here it will be convenient
to use the second approach. We �rst expand µ in a Taylor series for densities near the
lowest-order density distribution, i.e., near ρ = 1/h. This expansion reads

µ = µo +
∂µ

∂ρ

∣∣∣∣
o

(ρ− 1

h
) +

1

2

∂2µ

∂ρ2

∣∣∣∣
o

(
ρ− 1

h

)2
+O(

1

Λ3
), (5.23)

where, as pointed out above,

µo ≡ µ(
1

h
, Tref ). (5.24)

and the derivatives are to be evaluated at ρ = 1/h and T = Tref . If we further use the
second-order expansion for the density, we have

ρ =
1

h
+

1

Λ
ρ1 +

1

Λ2
ρ2 +O(

1

Λ3
), (5.25)

where ρ1 and ρ2 are O(1) expressions given in [27]. Substitution in (5.23) and the �rst
integral on the right hand side of (5.21) yieldsˆ 1

0

µ

h
dx =

ˆ 1

0

µo
h
dx+

1

Λ2

ˆ 1

0

[
∂µ

∂ρ

∣∣∣∣
o

ρ2 +
1

2

∂2µ

∂ρ2

∣∣∣∣
o

ρ21

]
dx

h
+O(

1

Λ3
), (5.26)

where the symmetry condition (5.5) has been used to show that the O(Λ−1) contribution is
identically zero.
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5.3 Virial Expansion of Pressure and Bulk Modulus

The ideal gas theory is valid at low pressures. In particular, the densities are taken to be
small compared to those at the thermodynamic critical point, i.e., when

ρ� ρc, (5.27)

where the subscript �c� will always denote quantities evaluated at the thermodynamic critical
point. Thus, the expansion of pressure in a power series for small density and constant
temperature can be written

p = ρRT
∞∑
i=0

Bi(T )ρi, (5.28)

where the Bi = Bi(T) are referred to as the virial constants and R = the gas constant. In
order that p = p(ρ,T) −→ ρRT as ρ −→ 0, we require that B0 = 1 so that

p = ρRT [ 1 +B1ρ+O(ρ2) ]. (5.29)

Here B1 will be referred to as the �rst virial coe�cient. We now de�ne a nondimensional
version of this factor as

B = B(
T

Tc
) ≡ −ρcB1 (5.30)

so that
p = ρRT [ 1−B ρ

ρc
+O

( ρ
ρc

)2
]. (5.31)

Here we have chosen to rescale B1 with a minus sign due to the fact that the �rst e�ects of
intermolecular forces is to lower the pressure relative to the ideal gas value as the density is
increased from zero.

The bulk modulus (5.1) is calculated to be

κT = ρRT [1− 2B
ρ

ρc
+O

( ρ
ρc

)2
]. (5.32)

At the reference density and temperature, the bulk modulus is

κT |ref = ρrefRTref [1− 2Bref∆ +O(∆2) ] (5.33)

where
∆ ≡ ρref

ρc
� 1 (5.34)

is the small parameter associated with the virial expansion. The quantity

Bref ≡ B
(Tref
Tc

)
. (5.35)
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To obtain the scaled bulk modulus (5.18) we evaluate (5.32) at T = Tref and take the ratio
of (5.32) to (5.33) yielding

κT = ρ[ 1− 2Bref∆(ρ− 1) +O(∆2) ]. (5.36)

The quantity (5.19) seen in our expressions for Ix1, Ix3, Iy2 and (5.21) is found to be

κTo =
1

h
(1 + 2Bref∆)− 2Bref∆

1

h
2 +O(∆2). (5.37)

5.4 Virial Expansion of the Shear Viscosity

We now expand the shear viscosity in a virial, i.e., small density, expansion,

µ = µ(ρ, T ) =
∞∑
i=0

ai(T )ρi (5.38)

= a0(T ) + a1(T )ρ+O(ρ2). (5.39)

In order that µ −→ µideal(T ) as ρ −→ 0 we require that a0 ≡ µideal(T) so that (5.39) can be
written

µ = µideal[ 1 + â∆ ρ+O(∆2) ] (5.40)

where

â = â(T ) ≡ a1(T )ρc
a0(T )

. (5.41)

We refer to a1 as the �rst virial coe�cient of µ and (5.41) as the scaled �rst virial coe�cient
of µ. When the viscosity is evaluated at the reference state, we have

µref = µideal(Tref )[ 1 + âref ∆ +O(∆2) ], (5.42)

where âref ≡ â(Tref ). For future use, we note that

µref − µideal(Tref )
µideal(Tref )

= âref ∆ +O(∆2)� 1. (5.43)

The scaled viscosity (5.22) is obtained by evaluating (5.40) at T = Tref and dividing the
result by (5.42) to obtain

µ(ρ, Tref ) = 1 + âref ∆ (ρ− 1) +O(∆2). (5.44)

The quantity (5.24) appearing in (5.26) is found to be

µo = µ
(1

h
, Tref

)
= (1− âref ∆) + âref ∆

1

h
+O(∆2). (5.45)
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Furthermore, the derivatives of µ can be obtained by di�erentiating (5.44) to obtain

∂µ

∂ρ
= O(∆), (5.46)

∂2µ

∂ρ2
= O(∆2). (5.47)

Thus, (5.26) can be written

ˆ 1

0

µ

h
dx =

ˆ 1

0

µo
h
dx+O

(∆

Λ2

)
=

ˆ 1

0

µo
h
dx+ o

( 1

Λ2

)
,

= (1− âref ∆)

ˆ 1

0

dx

h
+ âref ∆

ˆ 1

0

dx

h
2 + o

( 1

Λ2
,∆
)
, (5.48)

where (5.45) has been used.

5.5 Virial Expansions of Load, Loss and Attitude Angle

We now substitute our virial expansions of the scaled bulk modulus and viscosity in (5.14)-
(5.17), (5.21), (5.48) and (5.20). We will retain only terms which are �rst-order in the small
density expansion, i.e., those of order ∆, and only terms which are second-order in the speed
number Λ, except in the case of the attitude angle where we drop all terms o(Λ−1). We
therefore will provide the �rst corrections to the Λ −→ ∞ theory of ideal gases. Note that
any terms multiplied by Λ−2 can be evaluated in the ideal gas state, i.e., at ∆ = 0. Thus,
the integrals (5.15)-(5.17) become

−Ix1
2π

= (1 + 2Bref ∆)

ˆ 2π

0

sin(θ)

h
2

dh

dθ
dθ

− 2Bref ∆

ˆ 2π

0

sin(θ)

h
3

dh

dθ
dθ +O(∆2), (5.49)

− Ix3
8π3

= 2

ˆ 2π

0

1

h

(
dh

dθ

)2

cos(θ)dθ −
ˆ 2π

0

d2h

dθ2
cos(θ) dθ

+
d2h

dθ2
(0)

ˆ 2π

0

cos(θ)

h
dθ +O(∆), (5.50)

− Iy2
4π2

=

ˆ 2π

0

1

h

dh

dθ
sin(θ) dθ

− (4Bref + âref )∆

ˆ 2π

0

( 1

h
2 −

1

h

)dh
dθ

sin(θ) dθ +O(∆2). (5.51)
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If we now substitute the explicit expression for the �lm thickness (5.6) in (5.49)-(5.51), we
�nd

− Ix1
4π2

= C0

[
1 +Bref∆

1 + 3δ −
√

1 + 2δ

1 + 2δ
+O(∆2)

]
, (5.52)

− Ix3
8π4

= δ − 2C0(3δ + 2) +O(∆), (5.53)

− Iy2
8π3

= C0

√
1 + 2δ

[
1 + (4Bref + âref )C1∆

]
+O(∆2), (5.54)

where the factors

C0 ≡ C0(δ) =
1 + δ −

√
1 + 2δ

δ
√

1 + 2δ
> 0, (5.55)

C1 ≡ C1(δ) = 1− 1√
1 + 2δ

> 0. (5.56)

Through substitution of (5.52)-(5.54) in (5.14) and straightforward manipulation, we then
obtain the virial expansion of the load,

6|F′|
pcRib

= 12π C0
∆

Zc

Tref
Tc

[
1−Bref∆CκT

+
2π2

Λ2
(−2 +

√
1 + 2δ)(1 + δ) +O(

∆

Λ2
,∆2,

1

Λ3
)

]
, (5.57)

where

CκT ≡ CκT (δ) =
1 + δ +

√
1 + 2δ

1 + 2δ
> 0, (5.58)

and we have recognized that (5.33) can be rewritten as

κT |ref
pc

=
∆

Zc

Tref
Tc

[
1− 2∆Bref +O(∆2)

]
. (5.59)

Here

Zc ≡
pc

ρcRTc
=
pcVc
RTc

(5.60)

is the critical compressibility.

If we substitute (5.52) and (5.54) in (5.20) we obtain the virial approximation to the attitude
angle

ϕ = π − 2π
√

1 + 2δ

Λ

[
1 +

µref − µideal
µideal

C1

+Bref∆
C1

2
(C1 + 4)

]
+O(

∆2

Λ
,

1

Λ2
), (5.61)
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where we have used (5.43).

The expression for virial expansion of the power loss is obtained by substituting (5.7), (5.37),
and (5.45) in (5.48) and (5.21) yielding

−P =
1√

1 + 2δ

[
1− µref − µideal

µideal

δ

1 + 2δ

+
12π2

Λ2
C0δ(1 + 2δ)

]
+O(

∆

Λ2
,∆2), (5.62)

Results (5.57), (5.61), and (5.62) give the dependence of the load, attitude angle, and power
loss in terms of the eccentricity (through δ), the speci�c gas model, the speed number, and
the degree of pressurization. In the ideal gas limit, i.e., as ∆ −→ 0, µref −→ µideal, (5.57)
and (5.62) become

6|F′|
pcRib

∼ 12π C0
∆

Zc

Tref
Tc

[
1 +

2π2

Λ2
(−2 +

√
1 + 2δ)(1 + δ) +O(

1

Λ3
)

]
, (5.63)

−P ∼ 1√
1 + 2δ

[
1 +

12π2

Λ2
C0δ(1 + 2δ) +O(

1

Λ3
)

]
. (5.64)

Because Bref > 0 and µref > µideal, further inspection of (5.57) and (5.62) shows that the
load and loss will always be less than that predicted by the ideal gas theory when ∆ 6= 0.
That is, the ideal gas theory will always overpredict the value of the load and loss, at least
in the near-ideal and dense gas regime.

Because the shear viscosity increases with pressurization along isotherms, result (5.62) is
consistent with the observations of [27] that |P | undergoes a weak decrease as the �uid is
pressurized, at least in the near-ideal and dense gas regimes. At this level of approximation,
the e�ect of pressurization on the scaled loss (5.62) is determined by the ratio

µref
µideal

which [27] have pointed out tends to be nearly independent of temperature, particularly in
the near-ideal and dense gas regime. This fact is illustrated in the next section as well. The
independence of the scaled loss with temperature is consistent with the more comprehensive
computations of [27].

In the ideal gas limit, (5.61) the attitude angle reduces to

ϕ ≈ π − 2π
√

1 + 2δ

Λ
+O(

1

Λ2
). (5.65)

A comparison of (5.65) to (5.61) reveals that isothermal pressurizations will increase the
deviation of the attitude angle from the ideal gas result.
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Once the �uid is chosen, �uid properties such as the critical pressure and temperature and the
molecular weight can be obtained from widely available references; in the following examples
we will use the data found in [23]. Once the degree of pressurization, i.e., ρref and Tref ,
is chosen, the only remaining material parameters are the scaled virial constant Bref and
µref/µideal. These parameters are computed by di�erent approaches depending on the nature
of the gas model.

If the equation of state and viscosity is determined by tabular data or is computed by using
a digital property bank, the values of ρref and Tref are used to compute or interpolate the
corresponding pref and µref . The value of µideal(Tref ) is estimated by using a su�ciently
small value of ρref/ρc from the tabular data or property bank. It is then a straightforward
matter to compute

Bref∆ ≈ 1− pref
ρrefRTref

and
µref − µideal(Tref )

µideal(Tref )
.

If the equation of state and shear viscosity are modeled by explicit known formulas, the same
approach as for the case of tabular data could be used. That is, we could simply compute
pref , µref , µideal(Tref ) from ρref , Tref . Alternatively, formulas for the required parameters
can be computed by expanding these explicit functions for small values of ρ/ρc. It is this
latter approach that we will employ for the numerical calculations in the next section.

5.6 Numerical Results

For the purpose of illustration, we take the Redlich-Kwong-Soave (RKS) equation of state
described in [23] and the viscosity model of Chung et al. [28, 29] as our exact gas models
(EGM). The �uid is chosen to be carbon dioxide (CO2) and the physical parameters of CO2

were taken from Reid et al. [23].

If we expand the pressure for small density and constant temperature, we then obtain the
scaled �rst virial coe�cient for the pressure (5.30) corresponding to the RKS equation of
state. The details are straightforward. In order to conserve journal space, we record only
the �nal result here. The value of B was found to be

B(Tr) =
1

Zc

[
k
α(Tr)

Tr
− b0

]
. (5.66)

Internally consistent values of the nondimensional constants seen in (5.66) were found to be
k = 0.427480, b0 = 0.08664, Zc = 1/3. The reduced temperature Tr ≡ T/Tc and

α(Tr) ≡
[
1 + (0.48 + 1.574ωac − 0.176ω2

ac)(1−
√
Tr)
]2
, (5.67)

is a dimensionless function of Tr and the acentric factor ωac = constant.
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Figure 5.4: Scaled Bulk Modulus vs V/Vc at T = 1.25 Tc, 1.15 Tc and 1.05 Tc. The lines
represent the exact bulk modulus obtained from the exact gas model (EGM) and (5.1). The
symbols denote the virial expansion of the bulk modulus computed using (5.68) and (5.66).

We have plotted the scaled version of virial expansion of κT

κT
pc

=
1

Zc

ρ

ρc

T

Tc

[
1− 2B(

T

Tc
)
ρ

ρc
+O

( ρ
ρc

)2]
(5.68)

combined with (5.66) along with its exact value calculated using the EGM and (5.1) in
Figure 5.4 at temperatures equal to 1.25 Tc, 1.15 Tc and 1.05 Tc. The lines represent the
exact κT ; the symbols denote the virial expansion of κT (5.68). As V −→ 0, 2Bρ/ρc becomes
O(1) such that the virial expansion is no longer valid. As a result, we will only consider the
cases where 2Bρ/ρc ≤ 0.5 in all that follows. Examination of Figure 5.4 reveals that the
agreement is very good over most of the dense gas regime. The di�erence between the exact
κT and the virial expansion of κT are found to be less than 5% for each temperature and V
≥ 5 Vc.

In like manner, a small density approximation is carried out for the viscosity model of Chung
et al. [28, 29]. The details of this expansion are straightforward. We again only record the
�nal result. The scaled virial coe�cient for the viscosity (5.43) was found to be

â =
1

6

[
E6 −

2E2E5 + 5(E2 + E3)− E1E
2
4

2(E1E4 + E2 + E3)

]
, (5.69)
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Figure 5.5: Scaled Shear Viscosity vs V/Vc at Temperatures = 1.25 Tc, 1.15 Tc and 1.05
Tc. The lines denotes the exact viscosity resulted from the viscosity model of Chung et al.
[28, 29]. The symbol © denote the virial expansion of viscosity computed using (5.69) and
(5.70).

where the quantities Ei, i = 1 to 5, are given in [28], [29], or [23] as functions of the acentric
factor, dipole moment, and association factor of the �uid in question. Thus, â is independent
of the temperature for the Chung et al. model [28]-[29].

The local form of the shear viscosity can be obtained from (5.40). The result is found to be

µ(ρ, T )

µideal(T )
= 1 + â(T )

ρ

ρc
+O

( ρ
ρc

)2
. (5.70)

In all that follows, we take â(T) to be given by (5.69) so that â is a constant. We have
plotted this approximation to the viscosity along with that generated by the exact Chung et
al. [28, 29] model for temperatures of 1.25 Tc, 1.15 Tc and 1.05 Tc in Figure 5.5. Examination
of Figure 5.5 shows good agreement between the exact and the virial expansion of µ for V ≥
5Vc. The di�erence is found to be approximately 6.8% at V = 5Vc. Because â = constant
for the Chung et al. model, the curve corresponding to the virial expansion is the same for
every isotherm. The exact solution for µ/µideal is also seen to have only a weak variation
with temperature for the temperatures and densities in Figure 5.5.

We now compare the load, loss, and attitude angle predicted by our virial approximations
to the more general integral formulas (5.14)-(5.17), (5.20)-(5.21) derived by [27]. We also
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Acronym Reference Description

REGM [24], [25]
Numerical solution to
the Reynolds equation
with exact gas model.

LLEGM (5.14)-(5.17),
(5.20), (5.21)

Large Λ approxima-
tion to Reynolds equa-
tion with exact gas
model.

LLV (5.57), (5.61),
(5.62)

Virial expansion ap-
plied to LLEGM

LLIG (5.63)-(5.65)
Ideal gas approxi-
mation applied to
LLEGM or LLV

Table 5.1: Acronyms and Approximations

compare the virial approximations of the load, loss, and attitude angle to those obtained with
the simpli�cation of the ideal gas theory. For context, we also compare the results based on
each of these approximations to those based on numerical solutions to the exact Reynolds
equation (5.8). For the convenience of the reader, we have summarized these approximations
in Table 5.1.

We regard the exact solutions to be the numerical integrations of the Reynolds equation
derived and validated in [24] and [25] and used by [26]-[27]. The RKS gas model and Chung,
et al [28, 29] viscosity models will be employed in the integration of the Reynolds equation.
A shooting method is used to solve the resultant two-point boundary value problem. The
procedure for the calculation of the load and loss from the numerical solutions to the Reynolds
equation is described in [27]. Checks on the tolerance for the shooting method and the
resolution in the streamwise direction were carried out to ensure that the results displayed
here are independent of the tolerance and number of points in x. Further details regarding
the solution to the exact Reynolds equation can be found in [24], [25], and [27]. We will refer
to this case using the acronym REGM.

The next level of accuracy is associated with the large Λ theory of [27]. The load, loss, and
attitude angle are given by (5.14)-(5.17), (5.20)-(5.21). The integrals are evaluated using
Simpson's rule. Checks on the number of points have been done to ensure that any results
presented here are independent of the discretization. The material functions in (5.14)-(5.17),
(5.20)-(5.21) were evaluated using the RKS equation of state and the full Chung et al. [28, 29]
models. This large Λ (LL) approximation using the exact gas model (EGM) will be referred
to by using the acronym LLEGM.

The third set of results is based on the virial approximation scheme developed here, i.e., on
results (5.57), (5.61), and (5.62) with Bref , µref/µideal(Tref ) estimated by (5.66)-(5.67) and
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(5.43) combined with (5.69). In the following, we refer to this case as the virial expansion
applied to LLEGM, i.e., LLV.

Finally, we compare each of these results to those obtained in the ideal gas theory. The
formulas corresponding to the ideal gas theory are given by (5.63)-(5.65). We refer to this
case as ideal gas approximation applied to LLEGM or LLV and will denote this case by
LLIG.

The accuracy of the virial expansions developed here will be seen by comparing the LLV
results to the integral formulas on which LLEGM theory is based; that is, it provides a
measure of the accuracy of the approximation of the material functions in the context of the
load, loss and attitude angle. The inclusion of the results of the exact Reynolds equation,
i.e., REGM, will give a measure of the total error due to the large Λ approximation and the
virial approximation. The comparison of each of these theories to the ideal gas theory will
give an indication of the error in the ideal gas theory at higher pressures in the context of
load, loss, and attitude angle.

In these examples, we consider the unwrapped journal bearing sketched in Figure 5.3. The
ratio h0/L = 1.989 ×10−5 and the speed number is taken to be Λ = 50. Unless stated
otherwise, δ = 0.5. Throughout this study we take the reference thermodynamic state to be
that at x = 0 and L.
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Figure 5.6: Scaled Load vs Reference Speci�c Volume V/Vc at Tref = 1.05 Tc. The speed
number Λ = 50 and the parameter δ = 0.5.

The variation of the scaled load at Tref = 1.05 Tc and 1.25 Tc with the reference speci�c
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Figure 5.7: Scaled Load vs Reference Speci�c Volume V/Vc at Tref = 1.25 Tc. The speed
number Λ = 50 and the parameter δ = 0.5.

volume is plotted in Figures 5.6 and 5.7, respectively. In all that follows, we only present
results for reference thermodynamic states having 2B∆ ≤ 0.5. Inspection of Figures 5.6
and 5.7 reveals that the LLV model is in excellent agreement with the LLEGM and REGM
models for all the given reference thermodynamic states. As indicated in Section 5.5, the use
of the ideal gas model will result in an overestimation of the load when the gas is pressurized.
A comparison of Figures 5.6 and 5.7 shows that the error in the ideal gas model is larger when
Tref = 1.05 Tc than when Tref = 1.25 Tc for �xed Vref . This can be explained by the fact
that the �rst correction term in (5.57), i.e., Bref∆, decreases as the reference temperature
increases. The maximum di�erence between the LLV and LLIG model for the case of Tref
= 1.05 Tc and 1.25 Tc occurs at Vref = 3.45 Vc and 2.27 Vc, respectively, and its value is
found to be 53.7% and 41.2%, respectively.

Observation of Figures 5.6 and 5.7 also indicates that the scaled load increases with the
pressurization and the increase of the reference temperature. This is due to the fact that
the load is dominated by the variation of the bulk modulus for �xed δ and Λ. These results
are consistent with the �ndings of [27].

Because it was shown that the e�ects of the temperature on the scaled loss are insigni�cant
[27], we have only plotted the variation of the scaled loss corresponding to the case of Tref =
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Figure 5.8: Scaled Loss vs Reference Speci�c Volume V(0)/Vc at Tref = 1.25 Tc. The speed
number Λ = 50 and the parameter δ = 0.5.

1.25 Tc; our results are recorded in Figure 5.8. We have multiplied the scaled loss by (1+δ)
in concert with the conventional practice in which the �lm thickness is scaled with the radial
clearance. Examination of Figure 5.8 reveals that the agreement between the LLV model
and the REGM and LLEGM models is seen to be excellent even at Vref = 2.27 Vc where
the �uids can be considered to be dense gases or slightly supercritical �uids. As discussed
in [27], the monotone increase of the viscosity with increasing pressure or decreasing speci�c
volume leads to the decrease of the scaled loss for �xed δ and Λ. As is clear from (5.64), the
scaled loss predicted by the LLIG model remains constant with isothermal pressurization.
This is due to the fact that the ideal gas viscosity is a function of the reference temperature
only. Again, the LLIG model overestimates the scaled loss in the pressurized gas regimes.
The maximum di�erences between the LLV and LLIG models are found to be 8% for the
cases considered in Figure 5.8.

We note further that the loss is scaled with the zero-load loss, i.e., when δ = 0. Inspection of
Figure 5.8 shows that the scaled loss of ideal gases will always be larger than 1. On the other
hand, because of the density dependence of the shear viscosity, the scaled loss can become
≤ 1 at higher pressures. This result is consistent with [27], but can be easily revealed by our
result (5.62), at least where the virial expansion is valid.

The variation of the scaled version of the attitude angle at Tref = 1.25 Tc is plotted as a
function of the reference speci�c volume in Figure 5.9. Here we use the associated attitude
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Figure 5.9: Scaled Attitude Angle vs Reference Speci�c Volume V(0)/Vc at Tref = 1.25 Tc.
The speed number Λ = 50 and the parameter δ = 0.5.

angle ψ ≡ π−ϕ, i.e., the angle between the direction of the total force F′ and the negative x′

axis seen in Figure 5.2. The agreement between the LLV, LLEGM and REGM models is seen
to be excellent. The attitude angle ψ resulting from the LLV, LLEGM and REGM models
increases as the reference density rises. Inspection of (5.65) reveals that ψ is dependent
only on δ and Λ for ideal gases. Thus, the scaled attitude angle corresponding to the LLIG
model remains constant and its value is smaller than that predicted by the LLV, LLEGM
and REGM models at higher pressures. The maximum discrepancy between the LLV and
LLIG models is found to be 25.6% for the reference states considered in Figure 5.9.

We also have plotted the variation of the scaled load as a function of δ for Vref = 5Vc, 10 Vc

and 15 Vc at Tref = 1.05 Tc in Figure 5.10. Results obtained from the LLV, LLEGM and
REGM models are found to be in excellent agreement. Inspection of Figures 5.10 reveals
that the di�erences between the LLV and LLIG models increase with the increase of δ and
reference pressure. The maximum di�erences between the LLV and the LLIG models at Vref

= 5Vc, 10Vc and 15Vc are found to be 23.1%, 12.1% and 7.4%, respectively and occur at δ
= 1.

The variation of the scaled loss is plotted against δ at Tref = 1.05 Tc for Vref = 10 Vc and 5
Vc in Figures 5.11 and 5.12, respectively. Examination of Figure 5.11 and 5.12 indicates that
the LLV model is in very good agreement with the LLEGM and REGM models for a range
of δ in both cases. The e�ects of the �rst virial correction term become more signi�cant
as δ increases for �xed pressure. The maximum discrepancy between the LLV and LLIG
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Figure 5.10: Scaled Load vs δ at Vref = 5 Vc, 10 Vc and 15 Vc for Tref = 1.05 Tc. The
speed number Λ = 50. The solid lines represent the scaled load obtained from the REGM
model; the symbols �, © and 3 denote the scaled load computed by the LLEGM, LLV and
LLIG approximations, respectively.

models for the case of Vref = 10 Vc and 5 Vc are found to be approximately 1% and 3%,
respectively. The e�ects of the �rst virial correction on the scaled loss (5.62) seems to be
smaller than that on the scaled load (5.57). This is due to the fact the variation of κT with
the density is stronger than that of µ, as shown in Figures 5.4 and 5.5.

Inspection of 5.12 also shows that the scaled loss has a local minimum at δ = 0.103 for the
Vref = 5Vc case. In general, it is easily shown that a local minimum of (1 + δ) |P | occurs
when

µref
µideal

− 1 =
δ(1 + 2δ)

1 + δ + δ2
, (5.71)

if we consider only the lowest-order approximation in Λ, i.e, Λ = ∞, for the loss (5.62).
From (5.71), it is easily shown that the minimum scaled loss of ideal gases will always be
at δ = 0. For pressurized gases, the location of the minimum scaled loss will depend on the
ratio of µref to µideal. It can be shown that

δ(1 + 2δ)

1 + δ + δ2

increases monotonically from 0 to 2 as δ −→ ∞. Thus, if µref/µideal is a constant and Λ�
1, a local minimum in the scaled loss, i.e., (1 + δ) |P |, occurs i�

µref ≤ 3 µideal.
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Figure 5.11: Scaled Loss vs δ at Vref = 10Vc and Tref = 1.05 Tc. The speed number Λ =
50.

We have also plotted the variation of the scaled attitude angle as a function of δ at Vref = 5
Vc and Tref = 1.05 Tc in Figure 5.13. Observation of Figure 5.13 reveals the good agreement
between the LLV, LLEGM and REGM models, and the predicted attitude angle ψ increases
as δ increases. The maximum di�erence between the LLV and REGM models is found to
be 6.4% and occurs at δ = 1.0. As is clear from (5.61), the LLIG model, on the other hand,
results in underestimation of the scaled attitude angle and deviates from the LLV model by
23.1% at δ = 1.0. In addition, we note that both Fx′ and Fy′ −→ 0 at the same rate as δ
goes to 0; this result is consistent with the �ndings of [30] for ideal gases.
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Figure 5.12: Scaled Loss vs δ at Vref = 5 Vc and Tref = 1.05 Tc. The speed number Λ =
50.
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Figure 5.13: Scaled Attitude Angle ψ vs δ at Tref = 1.05 Tc and Vref = 5 Vc. The speed
number Λ = 50.
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5.7 Summary

The main goal of the present study has been to provide simple explicit formulas for the
load, power loss and attitude angle for moderately pressurized gases. We have applied a
virial expansion, i.e., a ρ/ρc � 1 approximation, to the large speed number approximations
developed in [27]. The general results for the load, attitude angle, and loss are given by
(5.57), (5.61), and (5.62). The numerical results of Section 5.6 suggests that our virial
expansions yield excellent agreement with both exact solutions to the Reynolds equation
and the large Λ approximations of [27] well into the dense gas and supercritical �uid regime.
For example, for CO2 at a reference speci�c volume of 5 Vc and a reference temperature of
1.05 Tc ≈ 43.2 °C, the RKS equation of state predicts a reference pressure of 0.55 pc ≈ 40.5
bar. Inspection of Figures 5.6 and 5.10-5.13 reveals that our approximations are quite good
even at these elevated reference pressures. The results based on our simple virial expansions
are also seen to be a signi�cant improvement over those of the ideal gas theory.

Once the virial coe�cients (5.30) and (5.41) are determined from experiment, tabulated data,
or analytical gas models, the formulas presented here can be used to gain intuition regarding
the e�ects of pressurization, to carry out engineering estimates, and reduce computation time
in large-scale numerical studies involving moderate pressures. The approach taken here was
to replace complex material functions, i.e., complex equations of state and viscosity models,
with a simple approximation. Thus, virial expansions such as that employed here should
be equally e�ective for unsteady, fully three-dimensional, and turbulent lubrication �ows at
moderate pressures.
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Chapter 6

Compressible Lubrication Flows in

Thrust Bearings

The work presented in this chapter is part of an ongoing project. The contents of this chapter
have not been published yet.

Attribution

The work presented in this chapter was primarily carried out by S. Y. Chien. M. S. Cramer
conceived of the main idea and contributed to the development and implementation of this
work.

Abstract

We present a detailed derivation of the Reynolds equation and its corresponding energy
equation for three-dimensional, steady, laminar, compressible �ows of single-phase Navier-
Stokes �uids in thrust bearings. These equations are shown to be valid over most of the
dense and supercritical gas regime except for the vicinity of the thermodynamic critical
point. Numerical solutions to our Reynolds equation are obtained using a �nite di�erence
scheme for both moderate and high-speed �ows.

We also develop approximate solutions to our Reynolds equation for high-speed �ows through
a perturbation analysis. It is found that boundary layers form on three out of four edges of
the thrust pad. At the inner and outer radii of the pad, the �ow is governed by a nonlinear
heat equation. As the main �ow leaves the pad, the �ow is governed by a nonlinear relax-
ation equation. Two more boundary layers are required in the corners of the computational
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domain in order to ensure that the end boundary layer and the boundary layers at the inner
and outer radii are consistent. Last, we construct a composite solution which provides a
single approximation and has the same accuracy as the individual approximations in their
respective regions of validity.

6.1 Introduction

The science of thin viscous �lms has been developed for a wide variety of applications includ-
ing the lubrication of mechanical components, the spreading of droplets, or coating processes,
particle-particle interaction, and biomechanics. It is well-known that the �ow dynamics in
such �lms are governed by the Reynolds equation which, in its simplest form, is written as

d

dx

(
h3
dp

dx

)
= 6µU

dh

dx
, (6.1)

where x is the spatial variable in the main �ow direction, h = h(x) is the �lm thickness, p
= p(x) is the �uid pressure, µ > 0 is the constant shear viscosity, and U is a measure of
�uid velocity in the main �ow direction. Since �rst introduced by Osborne Reynolds [1], this
equation (6.1) has formed the foundation of lubrication theory. To date many scientists and
engineers have extended (6.1) to include the e�ects of three-dimensionality, non-newtonian
�uids, unsteadiness, turbulence, phase changes and more complex con�gurations.

The key restrictions involved with the derivation and generalization of (6.1) are

ho
L
� 1, and Re

h2o
L2
� 1, (6.2)

where ho is a measure of the thickness of the �uid layer, L is a measure of length scale in
the main �ow direction, and Re is the Reynolds number based on U and L. The �rst of
(6.2) requires that the �uid layer be thin compared to the length scales associated with the
variations in the main �ow direction. The second of (6.2) ensures that the inertia is negligible
such that the shear forces balance the pressure forces.

Interest in replacing liquids with gases as lubricating �uids has been increasing with the
development of advanced power systems and turbomachinery; see.e.g., [2, 3, 4, 5, 6]. The
advantages of gases over liquids include the obvious weight reduction for aeronautical and
space applications, the reduction of fouling due to oil leaks, and the elimination of compli-
cations due to cavitation. The shear viscosity of gases is known to be smaller than that
of liquids; as a result, gas lubrication can reduce the friction losses of rotating machines.
However, in order to generate the pressure required to support a given load, the speed must
be higher than that in viscous liquids. Gas lubrication therefore tends to be compressible.

When ideal, i.e., low pressure, gases are of interest, the perfect gas model is used to modify
the Reynolds equation (6.1) to account for the compressibility of the gas �lm. This approach
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is found in many studies [7, 8, 9, 10, 11, 3]. Recently research has focused on lubrication
with pressurized gases, i.e., gases corresponding to pressures and temperatures on the order
of that of the thermodynamic critical point. These studies include those of Conboy [12],
Kim [13], Dousti and Allaire [14], Qin [15], Heshmat [16], and Guenat and Schi�mann
[17] who employed pure numerical schemes to solve di�erent versions of modi�ed Reynolds
equation. Most of these studies evaluated the thermodynamic properties of pressurized gases
using digital table look-ups. Examples include the NIST REFPROP database [18] used by
Conboy [12], Kim [13] and Qin [15], and the CoolProp database [19] used by Guenat and
Schi�mann[17]. The numerical results of Dousti and Allaire [14] used a gas model based
on a linear pressure-density relation, but this model may not be valid over the full range of
thermodynamic states corresponding to the dense and supercritical regime [16].

The transport and thermodynamic properties of pressurized gases, particularly supercriti-
cal �uids, are known to have a rapid and sometimes singular dependence on density and
temperature. Chien et al. [20] have performed a careful analysis to examine the approxi-
mations leading to the Reynolds equation for compressible lubrication �ows in pressurized
gases. They have derived a general form of the Reynolds equation and corresponding tem-
perature equation and delineated their region of validity. Besides the usual lubrication
approximations, i.e., (6.2), and mild conditions on the imposed temperature di�erence be-
tween isothermal walls, their analysis revealed that the validity of the Reynolds equation
further requires the thermodynamic states to be su�ciently far from the thermodynamic
critical point. Chien et al. [20] also showed that energy convection is negligible whenever
the Reynolds equation is valid.

Chien and Cramer [21, 22, 23] have derived the approximate solutions to the Reynolds
and corresponding temperature equations of [20] for high-speed high-pressure lubrication
�ows between non-concentric cylinders. Their results provide the explicit formulas for the
local values of the pressure, temperature and heat �ux in terms of material functions, e.g.,
the viscosity, bulk modulus and thermal expansivity [21]. The approximations for global
parameters including the total force and total friction loss were also developed in [22, 23].
While the numerical and analytic results of [21, 22, 23] delineate the e�ects of pressurization
for a simple two-dimensional con�guration, the complication due to the three-dimensionality
of the �ow has not yet been investigated in their analysis.

The goal of the present study is to examine the compressible lubrication �ows in a thrust
bearing for pressurized gases. The thrust bearing is commonly used in a wide variety of
applications, including the automotive, marine, and aerospace industries. An example of the
geometry of a thrust bearing is provided in Figure 6.1. As sketched in Figure 6.1, the thrust
bearing carries the axial load of a rotating shaft. The operational portion of the bearing is
an upper plate which rotates with the angular speed ω. A lower plate remains stationary
and is separated from the rotating plate by a lubricating �uid. In order to generate load
carrying pressure, a variation in the �lm thickness is required; this is provided by the series
of sector-shaped pads sketched at the right of Figure 6.1. These pads vary the �lm thickness
in the direction of rotation resulting in an increase of pressure over the background static
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pressure.

Figure 6.1: Schematic Diagram of a Thrust Bearing.

Because the �ow in the thrust bearing is intrinsically three-dimensional, we aim to extend the
form of the compressible Reynolds equation of [20] to include the three-dimensional e�ects
using cylindrical polar coordinate system. The resultant Reynolds equation is found to be
a nonlinear elliptic partial di�erential equation for the density. A numerical scheme based
on the �nite di�erence method is employed to solve this Reynolds equation. In addition,
we have derived approximate solutions to the Reynolds equation valid for high speed �ows.
In doing so we have found that boundary layers form on three out of the four edges of the
pads. At the inner and outer radii of the pad, the �ow is governed by a nonlinear di�usion
equation. As the main �ow leaves the pad, the �ow is governed by a nonlinear relaxation
equation.

In the next section we describe the detailed con�guration of a thrust bearing and the non-
dimensionalization scheme used in this study. In Sections 6.3 and 6.4 we outline the deriva-
tion of the Reynolds equation and corresponding simpli�ed temperature equation valid over
most of the supercritical and dense gas regime. In Section 6.5 we discuss the breakdown and
region of validity of our results. In Sections 6.6-6.9, we develop the approximate solutions
to the derived Reynolds equation for high-speed lubrication �ows. In Section 6.10 we de-
scribe the numerical scheme used to solve the Reynolds equation. The exact solution to the
Reynolds equation is also presented and discussed for a range of speed numbers. In Section
6.11 we construct a composite solution and then compare the results of this approximation
to the detailed numerical solutions to the Reynolds equation.
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Figure 6.2: Schematic Diagram of a Thrust Bearing (Top View).

6.2 Formulation

Because of the symmetry, we consider only the single thrust pad sketched in Figure 6.2
and 6.3. We take the �ow to be three-dimensional, steady, compressible, single-phase, and
laminar. The body force and volumetric energy supplies are taken to be zero. We consider
the pressures and temperatures to be outside of the liquid-like regime. The top view of a
single thrust pad corresponding to Figure 6.1 is sketched in Figure 6.2. The rotor, stator,
and the main �ow lie in the x-y or r-θ plane. The radii of the inner and outer boundaries
are denoted by Ri and Ro, respectively. The width of the pad is denoted as ∆θ. The side
view of the thrust pad as viewed from the origin of Figure 6.2 is displayed in Figure 6.3. The
rotor surface is located at z = ho = constant and has the constant speed U = Riω in the
θ-direction where ω is the angular velocity of the rotor. The equation of the stator surface is
z = hof(θ, r/L), where L is any reasonable measure of the length of the pad in the θ direction;
throughout this study we taken L = Ri. The function f(θ , r/L) is any su�ciently smooth
function. The gap width therefore is

h = h(θ,
r

L
) = ho(1− f). (6.3)

We will place the positive x-axis at the leading edge of the pad so that the pad occupies

Ri ≤ r ≤ Ro, 0 ≤ θ ≤ θend. (6.4)

where ∆θ ≡ θend gives the angular width of the pad. The boundary conditions for the �uid
are

vr = vθ = vz = 0 on z = hof(θ,
r

L
), (6.5)

vr = vz = 0 and vθ = rω on z = ho, (6.6)
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Figure 6.3: Schematic Diagram of a Thrust Bearing (Side View).

where vr, vθ, and vz are the r-, θ-, and z-components of the �uid velocity. We follow previous
investigation [5, 12, 15] requiring that all physical quantities have the same value at θ =
0, θ = θend, r = Ri and r = Ro. Thermal boundary conditions include the isothermal-wall
condition where the surfaces of the rotor and stator have �xed known temperatures, and the
adiabatic-wall condition where one of the walls is taken to be adiabatic and another wall has
a �xed known temperature.

The nondimensional Navier-Stokes equations in cylindrical polar coordinates can now be
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written

1

r

∂(ρ rv)

∂r
+

1

r

∂(ρu)

∂θ
+
∂(ρw)

∂z
= 0, (6.7)

Re
h2o
L2

ρ(v · ∇v − u2

r
) +

∂p

∂r
=
∂T zr
∂z

+
h2o
L2

1

r

[
∂(rT rr)

∂r
+
∂(rT θr)

∂θ
− T θθ

]
, (6.8)

Re
h2o
L2

ρ(v · ∇u− uv

r
) +

1

r

∂p

∂θ
=
∂T zθ
∂z

+
h2o
L2

[
1

r2
∂(r2T θr)

∂r
+

1

r

∂T θθ
∂θ

]
, (6.9)

Re
h4o
L4

ρ v · ∇w +
∂p

∂z
=
h2o
L2

[
∂(rT rz)

∂r
+

1

r

∂T θz
∂θ

+
∂T zz
∂z

]
, (6.10)

Re
h2o
L2
Prρ cpv · ∇ T =PrEc

(
βTv · ∇p+ Φ

)
+
h2o
L2

1

r

∂

∂r

(
rk
∂T

∂r

)
+

1

r

∂

∂θ

(
k

r

∂T

∂θ

)
+

∂

∂z

(
k
∂T

∂z

)
, (6.11)

where r = r/L and z = z/ho. The scaled velocity vector is denoted as v and the nondimen-
sional quantities are de�ned as

u =
vθ
U
, v =

vr
U

and w = vz
L

hoU
. (6.12)

The scalings for the thermodynamic pressure, density and temperature are

p = (p− pref )
h2o

µrefUL
, ρ =

ρ

ρref
, and T =

T − Tref
∆T

(6.13)

respectively, where the subscript �ref� denotes the value of quantities evaluated at a reference
thermodynamic state. Throughout this study, we take this reference state to be that at θ =
0. The quantity ∆T is a measure of the temperature di�erences occurring in the �ow. The
shear viscosity (µ), thermal conductivity (k) and the speci�c heat at constant pressure (cp)
are scaled as

µ =
µ(ρ, T )

µref
, k =

k(ρ, T )

kref
, and cp =

cp(ρ, T )

cpref
, (6.14)

respectively. The quantity β ≡ β(ρ, T ) is the thermal expansivity. The nondimensional
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parameters are de�ned

Re ≡ ρrefUL

µref
= the Reynolds number, (6.15)

Pr ≡ µrefcpref
kref

= the Prandtl number, (6.16)

Ec ≡ U2

cpref∆T
= the Eckert number. (6.17)

The components of the nondimensional stress tensor are given by

T rr = 2µ
∂v

∂r
+ λ(∇ · v), (6.18)

T θθ = 2µ

(
1

r

∂u

∂θ
+
v

r

)
+ λ(∇ · v), (6.19)

T zz = 2µ
∂w

∂z
+ λ(∇ · v), (6.20)

T rθ = T θr = µ

[
r
∂

∂r

(
u

r

)
+

1

r

∂v

∂θ

]
, (6.21)

T rz = T zr = µ

[
h2o
L2

∂w

∂r
+
∂v

∂z

]
, (6.22)

T θz = T zθ = µ

[
∂u

∂z
+
h2o
L2

1

r

∂w

∂θ

]
, (6.23)

where λ = λ(ρ, T )/λref is the scaled second viscosity (λ). The scaled stress components
(6.18)-(6.23) are related to the dimensional stress components by

T rr =
L

µrefU
Trr, T θθ =

L

µrefU
Tθθ, T zz =

L

µrefU
Tzz; (6.24)

T rθ =
L

µrefU
Trθ, T rz =

ho
µrefU

Trz, T θz =
ho

µrefU
Tθz. (6.25)

The nondimensional viscous dissipation is given by

Φ =
h2o

µrefU2
Φ = 2µ

h2o
L2

[(
∂v

∂r

)2

+

(
1

r

∂u

∂θ
+
v

r

)2

+

(
∂w

∂z

)2 ]
+ µ

[
h2o
L2

(
1

r

∂v

∂θ
+
∂u

∂r
− u

r

)2

+

(
∂u

∂z
+
h2o
L2

1

r

∂w

∂θ

)2

+

(
h2o
L2

∂w

∂r
+
∂v

∂z

)2 ]
+
h2o
L2
λ(∇ · v)2. (6.26)
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6.3 Three-Dimensional Compressible Reynolds Equation

We now apply the well-known approximation of lubrication theory, i.e., (6.2), to the exact
Navier-Stokes equations (6.7)-(6.10). The results are

1

r

∂(ρ rv)

∂r
+

1

r

∂(ρu)

∂θ
+
∂(ρw)

∂z
= 0, (6.27)

∂p

∂r
=
∂

∂z

(
µ
∂v

∂z

)
+O(Re

h2o
L2
,
h2o
L2

), (6.28)

1

r

∂p

∂θ
=
∂

∂z

(
µ
∂u

∂z

)
+O(Re

h2o
L2
,
h2o
L2

), (6.29)

∂p

∂z
=O(Re

h4o
L4
,
h2o
L2

) = O(
h2o
L2

). (6.30)

Inspection of (6.30) reveals that the pressure variation across the gap is negligible, i.e.,
p ≈ p(r, θ) only. As a result, (6.28) and (6.29) can be integrated with respect to z at least
once.

The density variation can be evaluated using the simple identity

dρ

ρ
=
M2

ref

Re h
2
o

L2

γ

ρ a2
dp− β∆TdT , (6.31)

where

Mref ≡
U

aref
= the reference Mach number, (6.32)

γ ≡ γ(ρ, T ) = the ratio of speci�c heats, (6.33)

a ≡ a(ρ, T ) =

√√√√∂p

∂ρ

∣∣∣∣∣
s

=

√√√√γ
∂p

∂ρ

∣∣∣∣∣
T

= the sound speed. (6.34)

The variations of the density in the r- and θ-direction therefore can be written as

1

ρ

∂ρ

∂r
=
M2

ref

Re h
2
o

L2

γ

ρ a2
∂p

∂r
− β∆T

∂T

∂r
, (6.35)

1

ρ

∂ρ

∂θ
=
M2

ref

Re h
2
o

L2

γ

ρ a2
∂p

∂θ
− β∆T

∂T

∂θ
. (6.36)

Examination of (6.35) and (6.36) indicate that the density changes due to the temperature
is proportional to β∆T . When one of the walls is adiabatic, the temperature di�erence is
determined by the �ow dynamics and given by

∆T =
U2

cpref
Pr. (6.37)
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As a result,

β∆T =
βa2ref
cpref

U2

a2ref
Pr = O(GrefM

2
refPr), (6.38)

where

G ≡ βa2

cp
= the Grueneisen parameter, (6.39)

When the isothermal wall condition is considered, we will require that the temperature
di�erence satis�es

∆T = O(M2
refTref

GrefPr

βrefTref
), (6.40)

and as a result,
β∆T = O(M2

refGrefPr). (6.41)

Because we consider all pressures and temperature outside of the liquid-like regime, Pr =
O(βT ) = O(γ) and G = O(1). That is, the scaling of the thermal expansion for both types of
thermal boundary conditions, i.e., (6.38) and (6.41), are found to be O(PrM2

ref ). Therefore,
the density changes due to the temperature can be written

β∆T = O(M2
refPr)� O(γ

M2
ref

Re h
2
o

L2

). (6.42)

Therefore, the equations (6.35) and (6.36) can be rewritten as

1

ρ

∂ρ

∂r
=
M2

ref

Re h
2
o

L2

γ

ρ a2
∂p

∂r
+O(M2

refPr), (6.43)

1

ρ

∂ρ

∂θ
=
M2

ref

Re h
2
o

L2

γ

ρ a2
∂p

∂θ
+O(M2

refPr). (6.44)

In order that the �ow be compressible we require that

M2
ref = O(Re

h2o
L2

) = o(1). (6.45)

Because of (6.45) and (6.40), it is easily shown that the temperature di�erences needs to be
su�ciently small, i.e.,

∆T

Tref
= O(M2

ref ) = o(1). (6.46)

when the isothermal-wall condition is imposed.

The density variation across the gap, i.e., in the z-direction, is determined by

1

ρ

∂ρ

∂z
=
M2

ref

Re h
2
o

L2

γ

ρ a2
∂p

∂z
− β∆T

∂T

∂z
, (6.47)
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where, from (6.30) and (6.45) we recognize that the �rst term of (6.47) is O(γ h
2
o

L2 ) =

O(Pr h
2
o

L2 ) � 1 and the second term is O(PrM2
ref ) = O(PrRe h

2
o

L2 ). We therefore conclude
that the density variation across the gap is negligible, i.e.,

1

ρ

∂ρ

∂z
= O(Pr

h2o
L2
, P rRe

h2o
L2

)� 1, (6.48)

and we can take ρ = ρ(r, θ) only.

To evaluate the changes in the shear viscosity, we expand the shear viscosity in a Taylor
series for T ≈ Tref , i.e.,

µ(ρ, T )− µ(ρ, Tref )

µref
=
Tref
µref

∂µ

∂T

∣∣∣∣∣
ρ

∆T

Tref
T + · · · = O(M2

ref )� 1, (6.49)

where we used (6.46) and have recognized

Tref
µref

∂µ

∂T

∣∣∣∣∣
ρ

= O(1). (6.50)

Hence, the variation of the shear viscosity can be taken to be dependent on density only,
i.e.,

µ(ρ, T ) ≈ µ(ρ, Tref ) ≈ µ(r, θ). (6.51)

When the �ow is away from the thermodynamic critical point, the density remains constant
across the gap such that the shear viscosity is also approximately constant with respect to
z. If we carry out similar analysis for the thermal conductivity, bulk modulus, and thermal
expansion coe�cient, we �nd

k(ρ, T ) ≈ k(ρ, Tref ) ≈ k(r, θ), (6.52)

κT (ρ, T ) ≈ κT (ρ, Tref ) ≈ κT (r, θ), (6.53)

βT (ρ, T ) ≈ βT (ρ, Tref ) ≈ βT (r, θ). (6.54)

We now can integrate the r- and θ-momentum equations, i.e., (6.28) and (6.29), twice with
the boundary conditions (6.5) and (6.6). The results are

u =
pθ

2µ r
(z − 1)(z − f) +

r

1− f
(z − f), (6.55)

v =
pr
2µ

(z − 1)(z − f), (6.56)

where

pθ ≡
∂p

∂θ
and pr ≡

∂p

∂r
. (6.57)
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If we substitute (6.55) and (6.56) in the mass equation (6.27) and integrate from z = f to z
= 1, we then obtain

1

r

∂

∂r

(
ρ rh

3

µ

∂p

∂r

)
+

1

r

∂

∂θ

(
ρ h

3

µ r

∂p

∂θ
− 6ρ rh

)
= 0. (6.58)

where h = h/ho. Examination of (6.44) and (6.43) reveals that the variations of p in r-
and θ-direction can be regarded as being proportional to the variation of ρ in the r- and
θ-direction, respectively, i.e.,

∂p

∂r
≈ κT (ρ, Tref )

ρ

∂ρ

∂r

[
1 +O(M2

ref )
]
, (6.59)

∂p

∂θ
≈ κT (ρ, Tref )

ρ

∂ρ

∂θ

[
1 +O(M2

ref )
]
. (6.60)

If we substitute (6.59) and (6.60) in (6.58), we then obtain the nondimensional compressible
Reynolds equation in cylindrical polar coordinates, i.e.,

1

r

∂

∂r

(
rh

3
κTe(ρ)

∂ρ

∂r

)
+

1

r

∂

∂θ

(
h
3
κTe(ρ)

r

∂ρ

∂θ

)
= Λ

∂(ρh)

∂θ
, (6.61)

where the quantity κTe is the e�ective bulk modulus de�ned as

κTe ≡ κTe(ρ, Tref ) ≡
κT (ρ, Tref )

µ(ρ, Tref )
, (6.62)

and the scaled version of e�ective bulk modulus is denoted as

κTe ≡
κTe(ρ, Tref )

κTe(ρref , Tref )
=
κTe(ρ, Tref )

κTe|ref
. (6.63)

The e�ective bulk modulus gives a measure of relative importance of the local �uid sti�ness
to the �uid friction. The quantity

Λ ≡ 6UL

h2oκTe|ref
(6.64)

is the speed number and is regarded as a measure of �ow compressibility. As mentioned in
Section 6.2, we take the boundary conditions of the Reynolds equation (6.61) to be

ρ = 1 at θ = 0, r ∈
[
1,
Ro

Ri

]
, (6.65)

ρ = 1 at θ = θend, r ∈
[
1,
Ro

Ri

]
, (6.66)

ρ = 1 at r = 1, θ ∈ [0, θend] , (6.67)

ρ = 1 at r =
Ro

Ri

, θ ∈ [0, θend] . (6.68)
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6.4 Simpli�ed Temperature Equation

We apply the lubrication approximation (6.2) to the temperature equation (6.11). The
resultant simpli�ed temperature equation reads

∂

∂z

(
k
∂T

∂z

)
= −PrEc

[
βT

(
v
∂p

∂r
+
u

r

∂p

∂θ

)
+ Φ

]
+O(Re

h2o
L2
Pr,

h2o
L2

), (6.69)

where

Φ ≈ µ

[(
∂u

∂z

)2

+

(
∂v

∂z

)2
]
. (6.70)

When Pr = O(1), i.e., in the thermodynamic states away from the critical point, we found
that the convection terms are negligible. As a result, the temperature distribution is therefore
determined by a balance of the conduction in the z-direction, viscous dissipation and �ow
work.

Due to (6.51), (6.52) and (6.54) and the fact that T ≈ Tref , we found that the temperature
equation can be integrated explicitly. The only function of z will be introduced by combining
(6.55) and (6.56) with (6.69) and (6.70).

We now de�ne

F1 = β1(r, θ) = βT
∂p

∂r
, (6.71)

F2 = β2(r, θ) =
βT

r

∂p

∂θ
, (6.72)

A1 = A1(r, θ) =
pθ

2µ r
, (6.73)

A2 = A2(r, θ) =
pr
2µ
, (6.74)

B1 = B1(r, θ) = −(1 + f)
pθ

2µ r
+

r

1− f
, (6.75)

B2 = B2(r, θ) = −(1 + f)
pr
2µ
, (6.76)

D1 = D1(r, θ) =
pθf

2µ r
− rf

1− f
, (6.77)

D2 = D2(r, θ) =
prf

2µ
(6.78)

such that the equations (6.55) and (6.56) can be rewritten as

u = A1z
2 +B1z +D1, (6.79)

v = A2z
2 +B2z +D2. (6.80)
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The simpli�ed temperature equation (6.69) can also be rewritten as

∂

∂z

(
k
∂T

∂z

)
= −PrEc

(
G1z

2 +G2z +G3

)
, (6.81)

where

G1 = G1(r, θ) = F1A2 + F2A1 + 4µ(A2
1 + A2

2), (6.82)

G2 = G2(r, θ) = F1B2 + F2B1 + 4µ(A1B1 + A2B2), (6.83)

G3 = G3(r, θ) = F1D2 + F2D1 + µ(B2
1 +B2

2). (6.84)

We note that the contribution due to the �ow work are those terms with the factors E1 and
E2. These are �rst two terms in (6.82)-(6.84) while other terms without the factors E1 and
E2 are those due to the viscous dissipation.

We �rst consider the case where both stator and rotor surfaces have prescribed temperatures,
i.e., T = TR = constant at z = 1 and T = TS = constant at z = f . It is easily shown that
the resultant solution to (6.69) is

T − TR
∆T

=
−Pr Ec

12k

{
G1

[
z4 − (f + 1)(f 2 + 1)z + f(f 2 + f + 1)

]
(6.85)

+ 2G2

[
z3 − (f 2 + f + 1)z + f(f + 1)

]
(6.86)

+ 6G3

[
z2 − (f + 1)z + f

]}
+
z − 1

f − 1
, (6.87)

where ∆T ≡TS - TR for this case.

If the stator surface, i.e., the z = f surface, is speci�ed as an adiabatic wall and the rotor
surface has a �xed temperature TR, integration of (6.69) yields

T − TR
U2

2cpref

= − Pr
12k

[
G1(z

4 − 4f 3z + 4f 3 − 1) (6.88)

+ 2G2(z
3 − 3f 2z + 3f 2 − 1) (6.89)

+ 6G3(z
2 − 2fz + 2f − 1)

]
, (6.90)

where we have used (6.37). Finally, if we take the rotor to be adiabatic and T = TS at z =
f, we then �nd

T − TS
U2

2cpref

= − Pr
12k

[
G1(z

4 − 4z − f 4 + 4f) (6.91)

+ 2G2(z
3 − 3z − f 3 + 3f) (6.92)

+ 6G3(z
2 − 2z − f 2 + 2f)

]
. (6.93)
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6.5 Near-Critical Region

In Section 6.3- 6.4 we have taken the pressures and temperatures to be su�ciently far from
the near-critical region. When the thermodynamic state is in the vicinity of thermodynamic
critical point, i.e., ρref = ρc and Tref = Tc, the quantities of βT , cp and Pr become singular
[20] such that the Reynolds equation (6.61) and its corresponding simpli�ed temperature
equation (6.69) are no longer valid.

Examination of (6.28)-(6.30) reveals that the pressure will remain nearly constant in the
z-direction, and the �ow inertia will remain negligible in the near-critical region. However,
when

PrRe
h2o
L2

= O(1), (6.94)

which will occur near the thermodynamic critical point, the energy convection is no longer
negligible in (6.69). If we apply (6.94) to (6.48), we can further show that the variation of
density in the z-direction will no longer be negligible, i.e.,

1

ρ

∂ρ

∂z
= O(1). (6.95)

While the shear viscosity is found to remain independent of temperature, the density vari-
ation with z will imply that µ = µ(r, θ, z). As a result, the integration of (6.28) and (6.29)
becomes impossible. Therefore, the Reynolds equation (6.61) and its corresponding sim-
pli�ed temperature equation (6.69) are insu�cient to describe the compressible lubrication
�ows when (6.94) holds. These results are consistent with the �nding of [20] for a two-
dimensional con�guration. The region of validity of the theory given by Equation (74) and
(75) in [20] is still valid for a three-dimensional thrust bearing.

6.6 Large Speed Number Approximation

In the remaining sections we will focus on solutions to the Reynolds equation (6.61). We
seek approximate solutions valid for high-speed �ows, i.e., �ows with large speed numbers.
We make the simpli�cation that f = f(θ) only so that

h = h(θ) = 1− f(θ). (6.96)

The function h is taken to further satisfy

h = 1 at θ = 0 and r ∈ [1, δo] , (6.97)

h = hend ≤ 1 at θ = θend and r ∈ [1, δo] , (6.98)

dh

dθ
= 0 at θ = θend and r ∈ [1, δo] (6.99)
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where δo ≡ Ro/Ri and hend ≡ h(θend).

We �rst obtain the simplest solution valid over most of the pad. We found that the �rst-order
expansion for the scaled density can be written as

ρ =
1

h
+

1

Λhr2

(
dh

dθ

∣∣∣∣
θ=0

− κTe(
1

h
)h
dh

dθ

)
+O(

1

Λ2
), (6.100)

for Λ −→ ∞. Because of (6.97), we can easily show that (6.100) satis�es the boundary
condition (6.65). However, (6.100) cannot satisfy the boundary conditions at θ = θend and r
= 1 and δ, i.e., (6.100) cannot satisfy (6.66)-(6.68). In order to obtain the approximations
valid over the whole pad, we seek boundary layer solutions in these regions.

Figure 6.4: Sketch of Boundary Layers in the Thrust Bearing Problem.

The regions of interest are those sketched in Figure 6.4. The solution (6.100) is valid in
the core region where θ = O(1) and r = O(1). The r-boundary layers are located at the
inner and outer radii of the pad, i.e., near r = 1 and δo = Ro/Ri, and can be shown to
have the thickness of O(Λ−1/2). We will refer to the inner and outer r-boundary layers by
using the acronym �rBLi� and �rBLo�, respectively. The end-boundary layer is located near
θ = θend, and will be referred to by using the acronym �eBL�. The thickness of eBL can be
shown to be O(Λ−1). The corner-boundary layers are in the regions where r−1 = O(Λ−1/2),
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δo − r = O(Λ−1/2) and |θ − θend| = O(Λ−1). We will refer to the inner and outer corner
boundary layers by using the acronym �cBLi� and �cBLo�, respectively.

In Section 6.7-6.9, we will present the lowest-order approximation in each region, i.e., rBL,
eBL and cBL. In the interests of clarity, we will use a primitive matching rather than the
formal Method of Matched Asymptotic Expansions (MMAE)[27, 28].

6.7 r-Boundary layers

To analyze the boundary layer �ow in the rBL region, we re-scale the radial coordinate as
follows:

r̂ ≡ σ(r − δ)
√

Λ⇐⇒ r ≡ δ +
r̂

σ
√

Λ
, (6.101)

with r̂ = O(1), θ = O(1), and

σ = 1, δ = 1, for r ≈ 1, (6.102)

σ = −1, δ = δo, for r ≈ δo. (6.103)

The density in the r-boundary layers is expanded for large Λ, i.e.,

ρ = ρrBL(θ, r̂) +O(
1

Λ1/2
), (6.104)

where ρrBL is the lowest-order approximate density in the rBL region and the Λ−1/2 in the
error term is selected due to a recognition of higher order terms in the Reynolds equation.

If we substitute (6.101) and (6.104) in (6.61) and equate like powers of Λ, we found that the
�ow in the rBL region is governed by

∂(hρrBL)

∂θ
≈ σ2h

3 ∂

∂r̂

[
κTe(ρ

rBL)
∂ρrBL

∂r̂

]
+O(

1

Λ1/2
), (6.105)

which is a nonlinear parabolic partial di�erential equation. The boundary conditions for this
equation are

ρrBL = 1 at r̂ = 0, for all 0 ≤ θ < θend, (6.106)

ρrBL = 1 at θ = 0, for all r̂ ≥ 0. (6.107)

Condition (6.107) acts as an �initial condition� for (6.105) in a scheme which marches in
θ. Condition (6.106) is (6.67) recast in terms of (6.102) and (6.103). The �nal boundary
condition in r̂ must come from a matching to the core solution (6.100). A primitive matching
simply requires that ρrBL approaches the core solution as r̂ −→∞, i.e.,

ρrBL ∼ 1

h(θ)
+ o(1) as r̂ −→∞, θ ≥ 0. (6.108)
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6.8 End Boundary layer

We now turn to analyze the �ow in the eBL region, i.e., the region near θ = θend, where ρ
makes transition from the core solution, i.e., ρ ≈ 1/hend, to the boundary condition (6.66).
Here, we re-scale θ as follows:

θ̂ ≡ Λ(θend − θ)⇐⇒ θ = θend −
θ̂

Λ
, (6.109)

with θ̂ = O(1) and r = O(1). We also expand the density in a large Λ expansion of the form:

ρ = ρeBL(θ̂, r) +O(
1

Λ2
), (6.110)

where ρeBL = O(1) is the lowest-order approximate density in the eBL region. If we expand
the h(θ) in a Taylor series near θ ≈ θend, we �nd

h(θ) = hend +
θ̂2

2Λ2

d2h

dθ2

∣∣∣∣
θ=θend

+O(
1

Λ3
), (6.111)

where we have used (6.99) and (6.109).

If we substitute (6.109)-(6.111) in (6.61) and equate like powers of Λ, we �nd the equation
for ρeBL can be written as

∂ρeBL

∂θ̂
≈ −h

2

end

r2
∂

∂θ̂

(
κTe(ρ

eBL)
∂ρeBL

∂θ̂

)
+O(

1

Λ2
). (6.112)

The boundary conditions corresponding to (6.112) are found to be

ρeBL = 1 at θ̂ = 0, r 6≈ 1, δo, (6.113)

ρeBL ∼ 1

hend
+ o(1) as θ̂ −→∞, (6.114)

where the condition (6.113) is the lowest-order form of (6.66) and the condition (6.114) has
again been obtained through a primitive matching to the core solution (6.100).

A �rst integral of (6.112) can be obtained by direct integration to yield

ρeBL = −h
2

end

r2
κTe(ρ

eBL)
∂ρeBL

∂θ̂
+B(r), (6.115)

where B(r) is an integration function. According to (6.114), ρeBL approaches a constant as

θ̂ −→∞, i.e.,
∂ρeBL

∂θ̂
−→ 0 as θ̂ −→∞. (6.116)
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As a result, we found that

B(r) =
1

hend
(6.117)

and we can rewrite (6.112) as

κTe(ρ
eBL)

∂ρeBL

∂θ̂
=

r2

h
2

end

(
1

hend
− ρeBL

)
+ o(1), (6.118)

which is recognized as a nonlinear relaxation equation. Because κTe > 0 and hend < 1, a
straightforward analysis of (6.113) and (6.118) can show that ρeBL increase monotonically

from 1 to 1/hend with increasing θ̂ or decreasing θ.

6.9 Corner Boundary layers

The corner region is taken to be rectangular in shape and has the same length in the r
direction as the rBL and the same width in the θ direction as the eBL, i.e.,

r − δ = O(
1√
Λ

), |θ − θend| = O(
1

Λ
). (6.119)

The scaling for r and θ are therefore the same as those in the rBL and eBL, i.e.,

r ≡ δ +
r̂

σ
√

Λ
⇐⇒ r̂ = σ(r − δ)

√
Λ,

θ ≡ θend −
θ̂

Λ
⇐⇒ θ̂ = Λ(θend − θ) = O(1). (6.120)

We expand the density in the corner region for the large Λ, i.e.,

ρ = ρcBL(θ̂, r̂) +O(
1√
Λ

). (6.121)

where ρcBL is the lowest-order approximate density in the cBL region. The expansion of h(θ)
near θ = θend, i.e., (6.111), can also be applied in the cBL. Substitution of (6.120), (6.121)
and (6.111) in (6.61) yields

∂ρcBL

∂θ̂
= −h

2

end

δ2
∂

∂θ̂

(
κTe(ρ

cBL)
∂ρcBL

∂θ̂

)
+ o(1), (6.122)

which is similar to the eBL equation, i.e., (6.112). The boundary condition for the corner
boundary layer equation (6.122) is

ρcBL = 1 at θ̂ = 0, (6.123)
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which corresponds to (6.66). The second boundary condition for (6.122) is obtained by a
primitive matching to the rBL solutions evaluated at θ = θend. Thus,

ρcBL −→ ρrBL(θend, r̂) + o(1) as θ̂ −→∞. (6.124)

We can obtain a �rst integral of (6.122) subject to (6.123) and (6.124) in a manner similar
to that of Section 6.8. The resultant equation governing the �ow in the corner boundary is

κTe(ρ
cBL)

∂ρcBL

∂θ̂
=

δ2

h
2

end

(
ρrBL(θend, r̂)− ρcBL

)
+ o(1). (6.125)

It is easily veri�ed that the corner solution satisfying (6.123)-(6.125) also correctly matches
the solution of the eBL, i.e., (6.113)-(6.118), as r̂ −→∞.

6.10 Numerical Scheme for Reynolds Equation

In order to obtain the numerical solution to the compressible Reynolds equation (6.61) we
impose the boundary conditions (6.65)-(6.68) and employ a numerical scheme based on
the �nite di�erence method. The �uid domain is discretized using a uniform grid with
rectangular elements in r-θ space. The central di�erence scheme is applied to both the �rst
and second derivatives in (6.61). The resulting system of equations is coupled with the
Redlich-Kwong-Soave (RKS) equation of state described in [24] and the viscosity model of
Chung et al. [25, 26]. Once discretized, the resultant system of algebraic equations was
solved using a iterative linear solver provided by MATLAB. The iteration process begins
with an initial guess values of ρ and continues until the average variation of ρ is less than
10−5. The pressure distribution is obtained by substituting the resultant density �eld to the
RKS equation of state.

To demonstrate the grid independence, we compared the numerical results of grids of 100,
200 and 300 elements in the r direction and 200, 400, 600, 800 and 1000 elements in the θ
direction. Grid convergence was typically achieved with the grid of 200 x 800 which yields
0.01% di�erence in the load when compared to the grid of 300 x 1000.

In the remainder of this study, we take the con�guration of the pad sketched in Figure 6.2
and 6.3 to be given by

h =

{
1 + (hs − 1)sin(π

2
θ
θs

), for 0 ≤ θ ≤ θs

hs, for θs ≤ θ ≤ θend
(6.126)

with hs ≡ 1/2, θs ≡ π/12 and θend ≡ π/4 and δo = Ro/Ri = 2. We have plotted (6.126) as
a function of θ in Figure 6.5. The region where h increases from 1 to hs will be referred to
as the ramp or ramp region. The region where h = hs = constant will be referred to as the
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Figure 6.5: Film Thickness Function h ≡ h(θ).

plateau or plateau region. Unless stated otherwise, we take the reference speci�c volume, i.e.,
V ≡ 1/ρ, and the reference temperature to be Vref ≡ V(θ = 0, r) = 5 Vc and Tref ≡ T (θ =
0, r) = 1.05 Tc, respectively. The pressure at these points is approximately 38.7 bar so that
the thermodynamic state can be regarded as that of a dense gas or a slightly supercritical
�uid. We select the �uid to be carbon dioxide (CO2) and the physical parameters of CO2

are taken from [24].

We have plotted the variation of the scaled density at the centerline of the pad in the r
direction, i.e, at r = 1.5Ri, for Λ = 5, 15, 25, 35 and 45 in Figure 6.6. At Λ = 5, the scaled
density is seen to increase almost linearly in the ramp and to reach its maximum value at
θ ≈ 0.24 radians. Once the �ow enters the plateau region, a slight decrease in the scaled
density is seen to occur for 0.262 radians ≤ θ ≤ 0.71 radians. As the �ow reaches the end
of the pad, the scaled density gradually decreases to a value of 1. We have also plotted the
variation of the scaled density at the centerline of the pad in the θ direction, i.e, at θ = π/8
= 0.392 radians (which is located in the plateau region), for Λ = 5, 15, 25, 35 and 45 in
Figure 6.7. The scaled density for the case of Λ = 5 increases from the inner and outer radii
of the pad toward the center. In this case, the maximum scaled density is found to be 1.585
and located at r = 1.575 Ri.

Examination of Figure 6.6 reveals that the end boundary layer begins to form as Λ increases.
At Λ = 15, the slope of the curve in the ramp increases by 37% as compared to the case
of Λ = 5. The maximum scaled density is found to be 1.83 for this case. In contrast with
the case of Λ = 5, the scaled density remains its maximum value in the plateau region. Due
to the formation of the end boundary layer, the scaled density is seen to decrease abruptly
near the end of the pad. As Λ increases, the scaled density in the plateau increases and the
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boundary layer near the end becomes thinner.

Inspection of Figure 6.7 shows that the increase of Λ also results in the formation of the
boundary layers near the inner and outer radii of the pad. To further demonstrate this, we
have also plotted the contour of the scaled density on the pad at Λ = 5, 25 and 45 in Figure
6.8a-6.8c, respectively. As predicted in Section 6.7, the thickness of the r-boundary layer is
seen to decrease as Λ increases.
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Figure 6.6: Scaled Density vs θ at r = 1.5 Ri. The reference state Vref = 5 Vc and Tref =
1.05 Tc.
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Figure 6.7: Scaled Density vs r/Ri at θ = θend/2 = π/8. The reference state Vref = 5 Vc

and Tref = 1.05 Tc.
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(a) Λ = 5

(b) Λ = 25

(c) Λ = 45

Figure 6.8: Distribution of Scaled Density at Vref = 5 Vc and Tref = 1.05 Tc. Contour lines
are drawn at equal intervals of ρ between 1 and 2.
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6.11 Construction of a Composite Solution

The solutions derived in the previous sections comprise �ve boundary layer solutions and
the core solution of Section 6.6. For purposes of comparison it will be convenient to combine
these six solutions into a single �composite� solution. A discussion of composite solutions
in the MMAE can be found in any text on perturbation methods; see, e.g., [27, 28]. The
strategy is to note that the core, rBL solutions can be solved independent of the end and
corner boundary layers. We then form a single composite solution which has the same
accuracy as the core and rBL solutions in their respective regions. We then form a second
composite solution comprised of the eBL and cBL boundary layers. The resultant composite
solutions are then used to generate a single composite solution which is valid over the whole
pad to the same accuracy as each solution in their respective regions.

We begin by de�ning the function

G (r, θ) ≡ ρcore + ρrBLi + ρrBLo − 2

h(θ)
, (6.127)

where ρcore is the �rst-order core solution (6.100). In the language of the Method of Matched
Asymptotic Expansions (MMAE), the last term in (6.127) is recognized as the matched or
common part of the two boundary layers and the core. The superscripts rBLi and rBLo
denote the boundary layers in the vicinity of r = Ri and Ro, respectively, that is

ρrBLi(r, θ) ≡ ρrBL((r − 1)
√

Λ, θ), (6.128)

ρrBLo(r, θ) ≡ ρrBL((δ − r)
√

Λ, θ). (6.129)

The function G is the �rst composite solution for ρ valid in the core region and the r-boundary
layers. Because

r̂ −→∞ (6.130)

in the core region,

ρrBL ∼ 1

h(θ)
(6.131)

exponentially fast. Thus,

G ∼ ρcore +
1

h(θ)
+

1

h(θ)
− 2

h(θ)
= ρcore + o(

1

Λ
), (6.132)

which has the same accuracy as the core solution itself.

In the rBLi, the r̂ corresponding to the rBLo −→∞ so that

ρrBLo ∼ 1

h(θ)
(6.133)
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exponentially fast. The r̂ corresponding to the rBLi is of O(1) so that ρrBLi = O(1) and
satis�es (6.105). Because r ≈ 1 in the rBLi, we can write the core solution as

ρcore =
1

h(θ)
+O(

1

Λ
) =

1

h(θ)
+ o(1). (6.134)

Thus,

G ∼ 1

h(θ)
+ o(1) + ρrBLi +

1

h(θ)
+ o(1)− 2

h(θ)
= ρrBLi + o(1), (6.135)

which has the same accuracy as the boundary layer solution in the rBLi region. Similar
arguments can be made to show that G ∼ ρrBLo + o(1) in the rBLo region.

We now consider the second composite solution, this time uniformly valid in the end bound-
ary layer and the corner boundary layers. If we compare the relaxation equations found in
Sections 6.8 and 6.9, it should be clear that

κTe(ρ
eBL∗)

∂ρeBL∗

∂θ̂
= − r2

h
2

end

(ρeBL∗ − G (r, θend)) (6.136)

subject to
ρeBL∗ = 1 at θ̂ = 0 (6.137)

yields a solution having the same accuracy as the (6.118) and the (6.125) in their respective
regions. As a veri�cation we note that

G (r, θend) = ρcore(r, θend) + o(
1

Λ
) =

1

hend
+ o(1) (6.138)

in the end boundary layer, i.e., when r = O(1) and θ̂ = O(1). Thus, (6.136) reduces to
(6.118). In the cBLi region r ≈ 1 and

G (r, θend) = ρrBLi(r, θend) + o(1) (6.139)

in which case (6.136) reduces to (6.125) to the appropriate accuracy. Similar remarks hold
for the cBLo region. Thus, ρeBL∗ satisfying (6.136) will be taken to be the solution valid for

all θ̂ = O(1) and all 1 ≤ r ≤ δo.

The composite solution for the whole pad, i.e., that uniformly valid over 0 ≤ θ ≤ θend, 1
≤ r ≤ δo will be taken to be the �composite of the composite solutions�, i.e.,

ρ = G (r, θ) + ρeBL∗ − G (r, θend), (6.140)

where the last term is recognized as the matched or common part of (6.127) and ρeBL∗. Note
that in the eBL* region, G (r, θ) ∼ G (r, θend) + o(1) yielding ρ ∼ ρeBL∗ + o(1) as required. In
the core and rBL regions, ρeBL∗ ∼ G (r, θend) + exponentially small terms so that ρ ∼ G (r, θ)
+ exponentially small terms as required.

The algorithm for the generation of solutions therefore is:
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1. Compute ρcore from (6.100) and ρrBL from (6.105)-(6.108) for all 1 ≤ r ≤ δo and 0
≤ θ ≤ θend.

2. Compute G (r, θ) for all 1 ≤ r ≤ δo and 0 ≤ θ ≤ θend.

3. Compute or save G (r, θend) for all 1 ≤ r ≤ δo.

4. Compute ρeBL∗ from (6.136) and (6.137).

5. Compute ρ using (6.140).

We applied the Crank-Nicolson scheme to the nonlinear di�usion equation (6.105) and solved
the resultant system of equations using a iterative linear solver by MATLAB. We continued
the Crank-Nicolson iteration process until the average change in the solution was found
to be less than 10−5. The nonlinear relaxation equation, i.e., (6.136), is solved using the
second-order Runge-Kutta method. Discretization errors were checked for all computations
presented here. The di�erence in the load between the grids of 200 x 800 and 300 x 1000
points was less than 10−4%.

In Figures 6.9-6.11 we have plotted the constant density contours based on our composite
solution and on the exact numerical solutions of (6.61). The same scales have been used
for both and the h(θ) function is that given by (6.126). The reference state is taken to be
Vref ≡ V(θ = 0, r) = 5 Vc and Tref ≡ T(θ = 0, r) = 1.05 Tc and the gas models are those
described in Section 6.10. Inspection of Figures 6.9-6.11 suggests that the composite solution
described above agrees well with the exact calculations for Λ ≥ 60. One can observe small
deviations between the composite and exact solutions in the plots corresponding to Λ = 30.
The most noticeable di�erence is the white area in the vicinity of r = 1 in Figure 6.11a; this
indicates that the composite solution generates values of ρ which are < 1. To examine this
discrepancy in more detail, we have plotted the variation of ρ with r at a �xed θ in Figure
6.12 for the case depicted in Figure 6.11. The value of θ chosen was θ = θend/2 = π/8.

Inspection of Figure 6.12 shows that the composite solution still agrees well with the exact
solutions in the core region, but noticeable di�erences is seen in the rBL region. This is
expected because the errors of the rBL solutions, i.e., (6.104), are O(Λ−1/2). The maximum
numerical discrepancy between the composite and exact solution is seen to be on the same
order of magnitude in the rBL region. We have examined the composite solution and this
mismatch is always o(1), which is within the accuracy of the boundary layer solutions them-
selves. As Λ increases, the error in the boundary condition decreases. This can be seen by an
inspection of Figures 6.9-6.11, Figure 6.12 and Figures 6.13-6.14; the latter �gures contain
comparisons of the composite solution and the exact solution at the same conditions as in
Figure 6.12 but for Λ = 60 and 90.

We note that the accuracy of the composite solution is quite good in the core region. Our
�rst order core solution (6.100) captures the increase in scaled density with increasing ρ. At
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large Λ, the main contribution to the global properties is expected to come from this core
solution so that we expect that the load and loss will be predicted to reasonable accuracy.

Inspection of Figures 6.7 and 6.12-6.14 reveals that the scaled density increases slightly
between r = 1.2Ri and 1.8Ri; this corresponds to the core region in the large Λ cases. This
mild increase of the scaled density can be described by the �rst correction term of (6.100). As
the �ows enters the plateau region, i.e., θs ≤ θ ≤ θend, h = constant and because dh/dθ = 0
the e�ective bulk modulus no longer a�ects the core solution. Because

dh

dθ

∣∣∣∣
θ=0

< 0,

the scaled density in the core will increase as r increases.

Observation of Figures 6.9-6.11 also suggests that the composite solution has excellent agree-
ment in the variation of the scaled density in the main �ow direction even when Λ = 30.
This can be seen more clearly by an examination of the variation of the scaled density at
r = 1.5Ri for Λ = 30. This variation is plotted in Figures 6.15. Because the error of the
eBL solution is O(Λ−1)� O(Λ−1/2), any mismatches are expected to �rst appear in the rBL
region as Λ decreases.
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(a) Composite Solution.

(b) Exact Reynolds Solution.

Figure 6.9: Distribution of Scaled Density at Λ = 90. The reference state Vref = 5 Vc and
Tref = 1.05 Tc. Contour lines are drawn at equal intervals of ρ between 1 and 2.
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(a) Composite Solution.

(b) Exact Reynolds Solution.

Figure 6.10: Distribution of Scaled Density at Λ = 60. The reference state Vref = 5 Vc and
Tref = 1.05 Tc. Contour lines are drawn at equal intervals of ρ between 1 and 2.
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(a) Composite Solution.

(b) Exact Reynolds Solution.

Figure 6.11: Distribution of Scaled Density at Λ = 30. The reference state Vref = 5 Vc and
Tref = 1.05 Tc. Contour lines are drawn at equal intervals of ρ between 1 and 2.
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Figure 6.12: Scaled Density vs r/Ri at θ = θend/2 = π/8 at Λ = 30. The reference state
Vref = 5 Vc and Tref = 1.05 Tc.
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Figure 6.13: Scaled Density vs r/Ri at θ = θend/2 = π/8 at Λ = 60. The reference state
Vref = 5 Vc and Tref = 1.05 Tc.
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Figure 6.14: Scaled Density vs r/Ri at θ = θend/2 = π/8 at Λ = 90. The reference state
Vref = 5 Vc and Tref = 1.05 Tc.
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Figure 6.15: Scaled Density vs θ at r = 1.5 Ri at Λ = 30. The reference state Vref = 5 Vc

and Tref = 1.05 Tc.
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6.12 Summary

In this study we present a detailed derivation of the Reynolds equation and its corresponding
simpli�ed temperature equation for a standard model of a thrust bearing. The �ow is
taken to be three-dimensional, steady, compressible, laminar and single-phase. The resulting
Reynolds equation (6.61) is shown to be a nonlinear elliptic partial di�erential equation for
the density.

For a two-dimensional compressible lubrication �ows, the work of [20] shows that besides the
typical lubrication approximation, i.e., (6.2), the validity of the Reynolds equation requires
the thermodynamic state to be su�ciently far away from the thermodynamic critical point;
whenever the Reynolds equation is valid, the energy convection is negligible. The present
study demonstrates that these results still hold for a three-dimensional con�guration.

In the course of deriving approximate solutions to the Reynolds equation for high-speed
�ows, we discover that the boundary layers form near the inner and outer radii as well as
the end of the pad. We therefore divided the �uid domain into six regions, i.e., the core,
rBLi, rBLo, eBL, cBLi and cBLo and have treated each region separately in Sections 6.7-
6.9. Our analysis demonstrates that the rBLi and rBLo are governed by a nonlinear di�usion
equation, i.e., (6.105), whereas the cBLi, cBLo and eBL are governed by nonlinear relaxation
equations, i.e., (6.118) and (6.125).

Based on the approximate solution in each region, a composite solution is developed in
Section 6.11. This composite solution provides a single approximation describing the �ows
in all six regions which have the same accuracy as each approximation in their respective
regions. We have veri�ed this fact analytically in Section 6.11. This composite solution is
compared to the exact solutions of the (6.61) for typical values of the speed number. As
Λ increases, the accuracy of our composite solution is seen to increase and for the cases
considered in Figures 6.9, 6.10, 6.13,6.14 our composite solution is seen to be in excellent
agreement with the exact solutions of our Reynolds equation (6.61).
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Appendix A

Relation of Loss to Heat Transfer

In this appendix, we derive the relation between the heat transfer at the solid surfaces located
at y = 0 and y = h(x) in Figure 4.3. The result is exact in the context of the approximations
leading to (4.12). Chien et al. [1] have shown that the energy equation corresponding to
(4.12) can be written

∂qy
∂y

= PrEc

[
µ

(
∂u

∂y

)2

+ (βT − 1)u
dp

dx
+ u

dp

dx

]
, (A.1)

where

qy ≡ −k
∂T

∂y
, (A.2)

is the scaled version of the y-component of the heat �ux qy and

k ≡ k

kref
, (A.3)

Pr ≡ µrefcp|ref
kref

, (A.4)

Ec ≡ U2

cp|ref∆T
(A.5)

are the scaled thermal conductivity k(ρ, Tref ) > 0, Prandtl number, and Eckert number.
The quantity

β = β(ρ, T ) ≡ −1

ρ

∂ρ

∂T

∣∣∣∣
p

(A.6)

is the thermal expansivity and cp|ref is the speci�c heat at constant pressure evaluated at
the reference state. As discussed by [1], ∆T is determined by the �ow details yielding Pr Ec
= 1 when one of the walls is adiabatic.
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Because the �ow is isothermal to lowest order and ρ ≈ ρ(x) only, the variables µ, βT, and
dp/dx can be regarded as independent of y. The only y dependence will arise from the scaled
velocity u = vx/U, where vx is the x-component of the particle velocity. This scaled velocity
component satis�es the approximate momentum equation

dp

dx
≈ ∂

∂y

(
µ
∂u

∂y

)
. (A.7)

By combining (A.7) with (A.1) and noting that u = 1 at y = 0 and u = 0 at y = h we obtain
the integral

qy
∣∣
y=h
− qy

∣∣
y=0

+ PrEc

(
µ
∂u

∂y

)∣∣∣∣
y=0

= PrEc(βT − 1)
dp

dx

ˆ h

0

u dy. (A.8)

To evaluate the last integral of (A.8) we use the solution to (A.7) subject to the no-slip
conditions u = 1 at y = 0 and u = 0 at y = h which can be written

u = 1−
(
1 + Ah

2)y
h

+ Ah
2 y2

h
2 , (A.9)

where

A ≡ 1

2µ

dp

dx
=

3

Λ

κTe
ρ

dρ

dx
. (A.10)

Substitution of (A.9)-(A.10), integration, and straightforward manipulation yields

qy
∣∣
y=h
− qy

∣∣
y=0

+ PrEc

(
µ
∂u

∂y

)∣∣∣∣
y=0

= PrEc(βT − 1)
µA

ρ

[
hρ− h

3
κTe
Λ

dρ

dx

]
. (A.11)

Use of (4.15) yields

qy
∣∣
y=h
− qy

∣∣
y=0

+ PrEc

(
µ
∂u

∂y

)∣∣∣∣
y=0

= PrEc(βT − 1)
µA

ρ

[
1− 1

Λ

dρ

dx
(0)

]
. (A.12)

We now integrate with respect to x from 0 to 1 and reuse (A.10) to obtain

ˆ 1

0

[qy
∣∣
y=h
− qy

∣∣
y=0

] dx+ PrEc P =
3PrEc

Λ

[
1− 1

Λ

dρ

dx
(0)

]ˆ 1

0

κT
ρ2
dρ

dx
dx, (A.13)

where the de�nition (4.21) has been used. Because κT seen in the integral on the right hand
side is a function of ρ only and our periodicity conditions require that ρ(0) = ρ(1) = 1, the
fundamental theorem of calculus requires that the integral is zero yielding

P =
1

Pr Ec

ˆ 1

0

[ qy
∣∣
y=0
− qy

∣∣
y=h

] dx. (A.14)
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Result (A.14) gives a direct relation between the work done by �uid friction to the heat which
must be transferred out of the channel. If friction results in a loss of mechanical energy, P <
0 and the net �ow of heat energy will be out of the channel. We also note that the net heat
transfer out of the �uid can be obtained once the loss is computed either numerically or the
approximations derived in the Section 4.3.

Chien and Cramer [2] have shown that the variation of the thermal expansion coe�cient
(A.6) and therefore the �ow work play an important role in the variation of the local heat
�uxes. However, it should be clear from (A.14) that the net heat transfer is una�ected by
the value of βT and therefore the �ow work. The physical reason behind this observation is
that the �ow work is a reversible contribution. Therefore its net e�ect is zero when the total
energy transfer is computed. The heat transfer is due solely to the irreversible work done by
the viscous dissipation.
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