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Analysis of a Helix Antenna Using a Moment Method
Approach With Curved Basis and Testing Functions

Eric D. Caswell

(ABSTRACT)

Typically wire antenna structures are modeled by approximating curved structures
with straight wire segments.  The straight wire approximation yields accurate results, but
often requires a large number of segments to adequately approximate the antenna
geometry.  The large number of straight wire segments or unknowns requires a large
amount of memory and time to solve for the currents on the antenna.  By using curved
segments which exactly describe the contour of the antenna geometry the number of
unknowns can be reduced, thus allowing for bigger problems to be solved accurately.

This thesis focuses on the analysis of a helix antenna.  The Method of Moments is
used to solve for the currents on the antenna, and both the triangle basis and pulse testing
functions exactly follow the contour of the helix antenna.  The thin wire approximation is
used throughout the analysis.  The helix is assumed to be oriented along the z-axis with
an optional perfect electric conductor (PEC) ground plane in the x-y plane.  For
simplicity, a delta gap source model is used.  Straight feed wires may also be added to the
helix, and are modeled similarly to the helix by the Method of Moments with triangular
basis and pulse testing functions.

The primary validation of the curved wire approach is through a comparison with
MININEC and NEC of the convergence properties of the input impedance of the antenna
versus the number of unknowns.  The convergence tests show that significantly fewer
unknowns are needed to accurately predict the input impedance of the helix, particularly
for the normal mode helix.  This approach is also useful in the analysis of the axial mode
helix where the current changes significantly around one turn.  Because of the varying
current distribution, the improvement of impedance convergence with curved segments is
not as significant for the axial mode helix.  However, radiation pattern convergence
improvement is found.  Multiple feed structures for the axial mode helix are also
investigated.  In general, the many straight wire segments, and thus unknowns, that are
needed to accurately approximate the current around one turn can be greatly reduced by
the using the curved segment method.
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1.  Introduction

1.1  Thesis Motivation

Wire antennas are usually analyzed using codes such as the Numerical
Electromagnetics Code (NEC) and MININEC which use straight wires to model all
antenna structures.  This can be a very inefficient method in terms of unknowns or
computer memory for modeling curved wire antennas.  For some antennas many small,
straight wire segments are required to accurately model the curved geometry of the
antenna.  Often the number of straight wire segments needed to approximate the geometry
of the antenna exceeds the number of unknowns needed to model the current distribution
on the antenna.  By using curved segments, which can exactly follow the contour of the
antenna structure, the problem of modeling the antenna geometry can be greatly reduced.
In this thesis, a Method of Moments computer code, called the Curved code, will be
developed which uses curved basis and testing functions.  A helix antenna will be used to
demonstrate the improvements that can be achieved by using the Curved code.  Properties
of the helix such as current distribution, bandwidth, radiation pattern, and feed effects
will also be investigated in conjunction with the testing of the Curved code.

1.2  Literature Review

Helical antenna analysis and the more recent numerical modeling of such antennas
with the Method of Moments are well established fields of study.  In the late 1940s, J. D.
Kraus wrote many papers detailing the properties of helical antennas, which were later
included in his book, Antennas, (1950).  Others such as Wheeler (1947), Roy (1969), and
Marsh (1951) were early contributors to the study of helical antennas.  As wireless
communications become more wide spread, helix analysis for handheld devices is gaining
importance.  The effects of finite ground planes (Desplanches, et al, 1997), dielectric
loading (Hui, et al , 1997), and dual frequency techniques (Haapala et al, 1996) on helix
operation are current areas of interest.

The use of integral equations to study wire antennas and scatterers dates back to
Pocklington (1897) and Hallen (1938).  In the 1960s many papers were published on the
subject.  Much of the early numerical work was performed by R. F. Harrington and is
contained in his book, Field Computations by Moment Methods (1968).  Richmond
(1965), Mei (1965), and King (1967) were also key contributors to the field of wire
antenna analysis.  Work continues to this day in a effort to improve the computational
efficiency of the techniques described in the papers mentioned above.

One method of improving the computational efficiency of wire antenna analysis
with the Method of Moments is using curved segments.  The use of curved segments can
be implemented using various techniques with differing degrees of approximation.  A
paper by Medgyesi-Mitschang and Putnam (1985) models a curved wire following a
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circular arc with one curved segment and a sinusoidal current expansion.  Their
formulation is adapted to wires without a constant radius of curvature by using entire
domain expansion functions defined by a parametric representation of the wire locus.
Another method is to use quadratic segments to approximate the curve of the antenna
(Champagne, et al, 1992).  Champagne found that by using quadratic segments to model a
loop antenna and Archimedian spiral memory and computation time can be reduced.  A
generalized superquadratic loop, that is circular, elliptic, and rectangular loops, was
modeled using a parametric description of curved segments with piece-wise sinusoidal
basis and testing functions (Jensen and Rahmat-Samii, 1994).  A similar technique
outlined in (Li, et al, 1996) uses a parametric equation to model the wire antenna and
quadratic B-spline basis functions of the parameter to approximate the current.  This
technique was also applied to loop and spiral antennas.  It is also possible to improve on
the straight wire approximation by creating a new set of basis functions which are a
weighted sum of the original basis functions (Rogers and Butler, 1997).  The new basis
functions span several of the original basis functions reducing matrix rank and
computation time.  Khamas, et al, (1997a, 1997b) modeled Archimedian and logarithmic
printed wire spirals using piece-wise sinusoidal basis and testing functions following the
exact curve of the antenna.  Again, reduced memory space was obtained for accurate
results.

The results obtained from the Curved code will be compared to MININEC
Professional for Windows (Rockway and Logan, 1995), NEC (Burke, 1992), and WIRE
(Davis, 1995) in this thesis.  All three of the codes use a straight wire approximation to
model curved, wire antennas, but they don’t all use the same current approximation.
MININEC and WIRE use triangular basis and pulse testing functions while NEC uses
sinusoidal interpolation basis and delta testing functions.  Throughout this thesis,
MININEC Professional for Windows will be referred to as MININEC Pro or simply
MININEC.  NEC will refer to NEC-WIN Pro, which is a user interface for the NEC2 or
NEC4 computational engine.  The NEC2 engine was used in this thesis, however, the
results did not differ significantly from those obtained with NEC4.  WIRE was written by
Dr. W.A. Davis at Virginia Tech and is based on the concepts developed in MININEC.
WIRE is available on Dr. Davis’ web site.

1.3  Thesis Overview

Chapter 2 of this thesis discusses the background theory of straight wire antenna
analysis.  The electric field integral equation is derived and the Method of Moments is
presented.  A resonant half-wave dipole is used to demonstrate impedance and current
distribution convergence.  The concepts of Chapter 2 for the straight wire antenna are
extended in Chapter 3 for arbitrarily shaped wire antennas.  The helix antenna is chosen
to demonstrate the improvement found when using curved segments.  Along with the
general form of the electric field integral equation, the helix geometry and parameters,
wire connection concepts, and the perfect electric conductor (PEC) ground plane
formulation are presented in Chapter 3.
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The next two chapters make use of the concepts developed in Chapters 2 and 3 to
analyze a helix antenna.  First, Chapter 4 looks at the results from NEC, MININEC, and
the Curved code for a normal mode helix.  The primary characteristic that will be
considered is impedance convergence versus the number of segments used to model the
antenna.  Then, the axial mode helix is investigated in Chapter 5.  The convergence
properties for both an axial mode helix in free space and over an infinite PEC ground
plane are shown.  Both impedance and radiation pattern convergence are considered.  The
effects of different feed structures for the axial mode helix over ground are also
presented.  Finally, conclusions and recommendations for additional work are discussed
in Chapter 6.
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2.  Background Theory

This chapter presents the theory for the solution of the currents on straight wire
antennas using the Method of Moments (Harrington, 1968).  The first step in developing
the solution for the currents is to derive the appropriate electric field integral equation.
The Method of Moments will then be used to convert the integral equation into a system
of linear equations which can be solved by various techniques of linear algebra.  The
electric field integral equation and Method of Moments are general relationships, but are
usually applied to straight wire antenna geometry’s as presented in this chapter.  This
theory is the basis of the development for a helix antenna using the actual curved wire
contour to be presented in the next chapter.

2.1  Electric Field Integral Equation for Wire Antennas

The first step in developing the solution for the current on a wire antenna is
determining the appropriate integral equation. The starting point in deriving the electric
field integral equation (EFIE) is Maxwell’s equations in the frequency domain,

∇ × = − −
* * *
E j H Mωµ (2.1)

∇ × = +
* * *
H j E Jωε (2.2)

∇ ⋅ =
*
E eρ

ε
(2.3)

∇ ⋅ =
*
H mρ

µ
, (2.4)

along with the continuity equations,

∇ ⋅ = −
*
J j eωρ (2.5)

∇ ⋅ = −
*

M j mωρ . (2.6)

In the above equations, 
*
E  and 

*
H  are the electric and magnetic field intensities, 

*
J  and

*
M  are the electric and magnetic current densities, and ρe  and ρm  are the electric and
magnetic charge densities respectively.  The media is assumed to be linear, isotropic, and
homogenous so that the permittivity, ε , and permeability, µ , may be removed from the
curl and divergence operations.  The boundary conditions on the magnetic and electric
fields at the surface, S, as shown in Fig. 2.1 are

� ( )n H H Js× − =
* * *

2 1  (2.7)

� ( )n E E Ms× − = −
* * *

2 1 . (2.8)
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Figure 2.1  Geometry for the general scattering problem.
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If medium 1 is a perfect electric conductor (PEC), the fields inside the surface will
become zero and the boundary condition on the electric field becomes

� ( )n E× =
*

2 0 . (2.9)

The electric field outside of S, 
*
E2 , may be written as the sum of an incident electric field,

*
Ei , and a scattered electric field, 

*
Es.  The incident electric field induces the surface

current 
*
Js  which in turn creates the scattered field 

*
Es.  The Equivalence Principle can be

used to remove the PEC giving a homogeneous free space problem.  For the PEC case,
the equivalent current equals the induced current, 

*
Js .

Making use of the fact that the divergence of 
*
H  is zero when ρm is zero, the

magnetic field may be defined as the curl of an auxillary vector,

* *
H A= ∇ × , (2.10)

where 
*
A is called the magnetic vector potential.  After substituting (2.10) into (2.1) and

noting that curl of 
*
E  is proportional to the curl of 

*
A when 

*
M  is zero, the electric scalar

potential, Φ , is defined in terms of 
*
E  and 

*
A as

− ∇Φ = +
* *
E j Aωµ . (2.11)

The electric scalar potential and the magnetic vector potential allow for the solution of
the electric and magnetic fields by one uncoupled equation, called the wave equation,
rather than the two coupled curl equations (2.1) and (2.2).  After substituting (2.10) and
(2.11) into (2.2) and making use of a vector identity and the Lorentz gauge (Balanis,
1989),

∇ ⋅ = −
*
A jωεΦ , (2.12)

the vector wave equation is found to be

∇ + = −2 2
* * *
A k A J. (2.13)

Solving the vector wave equation for the magnetic vector potential due to 
*
Js , the free

space solution is found to be

* * * *
A r J r G R dss

S

( ) ( ' ) ( ) '= ∫∫ , (2.14)

where the free space Green’s Function, G , is given by



7

( )G R
e

R

jkR

=
−

4π
, R r r= −* *

' . (2.15)

The primed vector, 
*
r ' , defines the source coordinates, 

*
r  defines the observation

coordinates, and the wave number is k o o= ω ε µ .  The scattered electric field is then

found from combining (2.11) and (2.12) to give

* * *
E j A j As o

o

= − − ∇ ∇ ⋅ωµ
ωε

1
( ) , (2.16)

where εo  and µo  are the permittivity and permeability of free space.

The final step in determining the EFIE is to combine (2.9) and (2.16) to relate the
scattered and incident fields, giving

( )( )� �n
j

k A A n E
o

i× + ∇ ∇ ⋅ = ×
ωε

2
* * *

. (2.17)

If 
*
A is replaced by (2.14), then (2.17) may be written as

( ) ( ) ( ) ( )� ' ' ' ' �n
j

k J r G R ds J r G R ds n Es s
SS

i× +∇ ∇ ⋅






















= ×∫∫∫∫ωε
2
* * * * *

. (2.18)

The second term on the left hand side of (2.18) can be further simplified by bringing the
second ∇  operator inside the integral and integrating by parts.  Finally, the remaining ∇
operator may also be brought inside the integral.  After simplifying, (2.18) reduces to

( ) ( ) ( )( ) ( )[ ]� ' ' ' ' �n
j

k J r G R J r G R ds n E
o

s s i
S

× + ∇ ⋅ ∇ = ×∫∫ωε
2
* * * * *

, (2.19)

where ∇'  means that the “del” operator now works on the source coordinates, 
*
r ' .

Equation (2.19) is the general electric field integral equation which will be used for the
straight wire formulation later in this chapter, and also for the helix formulation in the
next chapter.  The above derivation was in part based on work presented by Stutzman and
Thiele (1998) and Poggio and Miller (1987).  A general derivation based on the vector
Green’s theorem, which does not assume a perfectly conducting surface, is also presented
by Poggio and Miller.
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2.2  Method of Moments

The Method of Moments (MoM) is a well known technique for solving linear
equations.  In antenna analysis, the MoM is used to convert the electric field integral
equation into a matrix equation or system of linear equations.  The matrix equation can
then be solved for the current coefficients by LU decomposition, Gaussian elimination, or
other techniques of linear algebra.  The following development is based on the work by
(Harrington, 1968).

The basic form of the equation to be solved by the Method of Moments is

( )L u f= , (2.20)

where L  is the linear operator, u  is the unknown function, and f  is the source or
forcing function.  In order to create the matrix equation, the unknown function is defined
to be the sum of a set of known independent functions, un , called basis or expansion
functions with unknown amplitudes, αn ,

u un n
n

= ∑α . (2.21)

Using the linearity of the operator, L , the unknown amplitudes can be brought out of the
operator giving

( )αn n
n

L u f∑ = . (2.22)

The unknown amplitudes cannot yet be determined because there are n  unknowns, but
one functional equation.  A fixed set of equations are found by defining independent
weighting or testing functions, wm , which are integrated with (2.22) to give m different
linear equations.  The integration of the weighting functions with (2.22) may be written
symbolically as the inner product of the two functions, giving

( )αn m n m
n

w L u w f, ,=∑ , (2.23)

where the inner product1, a b, , is defined to be the integral of the two functions over the
domain of the linear operator.  Now there are an equal number of unknowns and
independent equations, which allow for the solution of the unknown amplitudes, αn .

                                                
1 The form of the inner product for real functions is used, though strictly speaking the functions may be
complex.  The range of complex variation is sufficiently small to allow this use of the form.
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For antenna problems, the matrix equation of (2.23) is usually written in a form
similar to Ohm’s Law (Stutzman and Thiele, 1981),

[ ][ ] [ ]Z I Vm n n m, = . (2.24)

The generalized impedance matrix is given by [ ] ( )[ ]Z w L um n m n, ,= , the generalized

current matrix is given by [ ] [ ]I n n= α , and the generalized voltage matrix is given by

[ ] [ ]V w fm m= , .  The generalized matrices may need to be scaled to obtain the same

units as the counterparts in Ohm’s Law.

2.3  Straight Wire Formulation

The electric field integral equation for straight wire geometries has been studied in
great depth for many years.  One of the most well known forms of the EFIE was
developed by Pocklington (1897).  The derivation of Pocklington’s integral equation for
straight wires is similar to that of Sec. 2.1.  The straight wire geometry of Fig. 2.2 is used
in the following formulation.  For this geometry, the Lorentz gauge along the wire length,
" ,  reduces to

Φ = −
1

j
A

oωε
∂
∂" "

, (2.25)

and the scattered electric field of (2.16) becomes

E j Ao" "
"

= − −ωµ
∂
∂

Φ , (2.26)

where the "  subscripts indicate the component of the vectors in the �"  direction.  After
taking the derivative of (2.25) and substituting the result into (2.26), the electric field may
be written as

E
j

k A A
o

" " "
"

= +










1 2
2

2ωε
∂
∂

. (2.27)

Making use of the thin wire approximation, which states that the current around the
circumference of the wire is uniform and the axially directed electric field is to be

estimated along the axis of the current in the �"  direction, the vector potential, A
"
, is

given by
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Figure 2.2  Straight wire geometry.
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( ) ( )A I G R d
L

L

"
" "=

−
∫ ' '

/

/

2

2

, ( )R a= − +" "' 2 2 . (2.28)

Finally, combining (2.27), (2.28), and the electric field boundary condition at the surface
of the wire, (2.9), Pocklington’s electric field integral equation is given by

( ) ( ) ( )j
I G R k G R d E

o L

L

iωε
∂
∂

"
"

"
"' '

/

/

−
∫ +









 =

2

2 2

2
2 , (2.29)

where Ei
"  is the part of the incident electric field directed along the �"  axis.  Note that, in

general, Pocklington’s equation, (2.29), is not valid.  The use of the thin wire

approximation allows the 
∂
∂

2

2
2

"
+









k  term to be brought inside the integral since the

second derivative is now defined.

As an example, consider a center fed dipole antenna in the �z direction.  Using the
Method of Moments to solve the problem, the current is expanded using piece-wise
sinusoidal basis functions giving

( )

( )
( )
( )
( )I z I

k z z

k z z
z z z

k z z

k z z
z z z

otherwise

n
n

n

n n
n n

n

n n

n n'

sin '

sin
, '

sin '

sin
, '

,

=

−
−

≤ <

−
−

≤ <
















∑

−

−
−

+

+
+

1

1
1

1

1
1

0

, (2.30)

and the weighting functions are pulses one segment wide as shown if Fig. 2.3.  The
incident electric field is approximated by the delta gap source model which assumes that
the incident electric field is due to the applied voltage across a small gap in the antenna,
of width δ approaching zero, and is confined to that gap.

To prepare Pocklington’s integral equation for solution, the first term of (2.29)
will be integrated by parts twice where the following substitutions will be used,

( ) ( )∂
∂

∂
∂" "

G R G R= −
'

 and ( ) ( )∂
∂

∂
∂

2

2

2

2
" "

G R G R=
'

 with ( )R a= − +" "' 2 2 .  The actual

equation that will be solved is now given by

( ) ( ) ( )j

z
I z k I z G R dz E

o L

L

i
z

ωε
∂
∂

2

2
2

2

2

'
' ' '

/

/

+








 =

−
∫ , ( )R z z a= − +' 2 2 (2.31)
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Figure 2.3  Geometry, basis function, and weighting function for straight wire example.
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where it is assumed the antenna is �z directed and the approximation of ( )I z'  in (2.30) is
to be used.  Incorporating the piece-wise sinusoidal basis functions, the pulse weighting
functions, and the delta gap source model into (2.31), gives

( ) ( ) ( )[ ] ( )

( )

I
j k

k
z z z z z z k G R dz dz

V
z z dz

n
n o

n n n

z

z

z

z

ms
ms

z

z

n

n

m

m

m

m

∑ ∫∫

∫

− + − − −

= −

+ −
−

+

−

+

−

+

+

+

ωε
δ δ δ

δ

sin
' ' ' cos '

∆
∆

∆

∆

∆

∆

∆

∆

∆

1 1

2

2

2

2

2

(2.32)

where ∆  is one segment length, zn  is n∆  from the origin along the �z axis, zms is the

location of the mth  source, and Vms is the voltage of the mth  source.  The notation, ∆+ ,
has been used to indicate that the end points are to be considered in the interval.  Finally,
evaluating the integral of the delta functions on the left-hand side of (2.32) gives

  ( ) ( ) ( ) ( )I
j k

k
G R G R G R k dz

V
z z dzn

n o
n n n

z

z

ms
ms

z

z

m

m

m

m

∑ ∫ ∫+ −

−

+

−

+

+ − = −
ωε

δ
sin

cos
∆

∆
∆∆

∆

∆

∆

1 1

2

2

2

2

2 (2.33)

where ( )R z z an n= − +
2 2 .

To illustrate the solution of (2.33), consider a resonant dipole antenna with a
length of 0.47λ, a radius of 0.005λ, 6 segments, and a source voltage of 1 volt.  The
segment length is equal to the dipole length divided by the number of segments, which
for this example is 0.0783λ.  The number of unknowns is 5, one less than the number of
segments because each basis function spans 2 segments.  It is convenient to choose an
odd number of unknowns (or even number of segments) so that the antenna may be feed
at the center unknown.  If an even number of unknowns are chosen, half of the desired
source voltage may be placed across each of the two center elements to obtain the same
effect.

After evaluating (2.33) for the above specifications, the impedance matrix is

Z =

∠ − ° ∠ ° ∠ ° ∠ ° ∠ °
∠ ° ∠ − ° ∠ ° ∠ ° ∠ °
∠ ° ∠ ° ∠ − ° ∠ ° ∠ °

∠ ° ∠ ° ∠ °

488 5 89 4 256 6 88 9 32 3 821 9 2 64 7 4 5 432

256 6 88 9 4885 89 4 256 6 88 9 32 3 821 9 2 64 7

32 3 821 256 6 88 9 488 5 89 4 256 6 88 9 32 3 821

9 2 64 7 32 3 821 256 6 88 9 488

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

5 89 4 256 6 88 9

4 5 432 9 2 64 7 32 3 821 256 6 88 9 4885 89 4

∠ − ° ∠ °
∠ ° ∠ ° ∠ ° ∠ ° ∠ − °






















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and the voltage vector is

V = ∠ °























0

0

1 0

0

0

.

Now, solving for the current vector gives

I =

∠ − °
∠ °
∠ °
∠ °

∠ − °























−10

81 10

130 19

14 8 7 5

130 19

81 10

3

. .

. .

. .

. .

. .

,

for an input impedance of 66 9 88. .− j  ohms.  Note that the impedance matrix is
symmetric and the voltage and current vectors are symmetric about the center element.
The voltage and current symmetry is a result of the antenna being center fed with a
constant segment length.  The symmetry of the impedance matrix is similarly due to the
straight wire geometry and constant segment length chosen for the example.  Once the
first row of the impedance matrix is calculated, the rest of the matrix can be generated
from the following formula (Stutzman and Thiele, 1998),

[ ] [ ]Z Z m nm n m n, , ,= ≥ ≥− +1 1 2 1. (2.34)

Such matrices are called Toeplitz matrices.  A considerable amount of computation work
and time can be saved when the impedance matrix is a Toeplitz matrix.  Some additional
time can be saved when computing the current vector for a Toeplitz impedance matrix.
In the next chapter, the impedance matrix for the helix antenna will also be shown to have
a Toeplitz form.

A perfectly resonant half-wave dipole is typically found to have an input
impedance of 72 0+ j  ohms, which varies slightly from that obtained in the above
example.  The difference is caused by the small number of segments used in the example.
Six segments were chosen so that the matrices could be displayed in a relatively small
amount of space, but a better answer is obtained if more segments were used.  For
example, if 12 segments are used the input impedance is 713 18. .− j  ohms, which is very
close to the expected resonant value.  Fig. 2.4 shows that the input impedance converges
to approximately 77 5+ j  ohms and the input admittance converges to approximately
0 013 0 00084. .− j  siemens for 60 segments.  The input admittance plot is interesting
because it shows slightly better convergence than the input impedance plot.  The thin wire
approximation begins to break down as the segment length approaches the radius of the
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Input Impedance vs. Number of Segments
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Figure 2.4  Input impedance and admittance vs. number of segments.  L = 0 47. λ ,
a = 0 005. λ
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Current vs. Position for L=0.47 and a=0.005
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wire, a .  For 100 segments, ∆ = 0 94. a , and the input impedance is 80 0 0 74. .+ j  ohms
and the input admittance is 0 012 0 00012. .+ j  siemens, which both show divergence from
the values of Fig. 2.4.  The effect of increasing the number of segments on the current
distribution is shown in Fig. 2.5.  As the number of segments is increased, the current
maximum decreases and begins to form a small dip as expected, but if only an estimate of
the current is needed even the 6 segment case produces good results.  This dip is the
result of multiple effects caused by the increase in unknowns.  These effects include an
increase in the effective length of the dipole and a shunt knife edge capacitance at the
feed as the number of unknowns increases.

The dependence of the answer on the number of unknowns (or segments) is
expected when using the Method of Moments, since the expansion functions more closely
approximate the true current distribution as the number of unknowns is increased.  In
practice, the answer will usually appear to converge as the number of unknowns is
increased, but may begin to breakdown if too many unknowns are used due to numerical
and modeling constraints on the solution algorithms.  It is also possible to obtain slightly
different results and have various convergence speeds depending upon the expansion and
weighting functions used in the problem.  (Miller and Deadrick, 1975)

Pocklington’s integral equation may be the most commonly used form of the
electric field integral equation, but there are other forms that may be used to solve wire
antenna problems.  One such form of the EFIE was developed by Hallen (1938).  Hallen’s
integral equation is found by solving the vector wave equation, giving

( )I G R d
j

C k C k
V

k
L

L

o

T( ' ) ' cos sin sin
/

/

" " " " "

−
∫ = − + +







2

2

1 2 2ωε
,

( )R a= − +" "' 2 2 . (2.35)

The unknowns, C1 and C2 , are found from making the current go to zero at the ends of
the wire, and VT  is the voltage applied at the center of the antenna.  The Hallen
formulation with point matching is equivalent to the Pocklington formulation with
piecewise sinusoidal testing functions, the latter including the Green’s function of the
differential operator (Wilton and Butler, 1976).  Hallen’s formulation is not as common
as Pocklington’s equation because it is more difficult to generalize for bent wire
structures and will not be pursued any further.  The next chapter develops another form of
the EFIE, which can be used for general wire antenna structures.
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3.  Helix Antenna Theory

This chapter develops the theory used for a Moment Method program to solve for
the currents on a helix antenna.  First, the geometry and equations necessary to describe a
helical structure will be presented.  The electric field integral equation derived in Section
2.1 will be applied to the helix and setup to solve by the Method of Moments.  A feed
will also be introduced, consisting of straight wires connecting the helix and a perfect
ground.  Triangle basis functions and pulse weighting functions will be used on the
straight wires of the feed and the helix antenna when implementing the Method of
Moments.  For the helix, both the basis and weighting functions will follow the contour
of the helical structure.

3.1 Helix Description

For this thesis, the helix is oriented along the z axis, perpendicular to perfect
ground lying in the xy− plane.  The parameters and geometry used to describe the helical
structure are shown in Fig. 3.1.  The starting height of the helix is given by zo , ρ  is the
radius of the helix, L  is the length of one turn, α  is the pitch angle, S is the spacing

between turns, �"  is the tangential unit vector describing the contour of the helix, and a  is
the radius of the wire used to wind the helix.  Fig. 3.1 also shows a schematic of one turn
of the helix if it were unwound (Stutzman and Thiele, 1981).  This schematic helps in
understanding the relationships between the parameters.

The helical contour can be described by the vector,

 ( )*
r xx yy z z zo= + + +� � � , (3.1)

which points from the origin to any point on the helix.  The x  and y  coordinates are
given by

( )x
S

z zo= −



ρ

π
cos

2
(3.2)

and

( )y
S

z zo= −



ρ

π
sin

2
. (3.3)

The spacing between turns can be written as S L= sinα , and the z coordinate is given

by z = "sinα , where "  is the distance along the helix in the �"  direction.  Combining the
above relationships with (3.1) gives
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Figure 3.1  Helix geometry.
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( )*
" " "r x

L
y

L
z zo= 



 + 



 + +� cos � sin � sinρ

π
ρ

π
α

2 2
, (3.4)

which describes any point on the helix.  The unit vector, �" , which describes the contour

of the helix is defined by �"
"

*=
∂
∂

r .  Recognizing from Fig. 3.1 that ρ
α

π
=

Lcos

2
, the unit

vector is given by

� �cos sin � cos cos �sin" " "= − 



 + 



 +x

L
y

L
zα

π
α

π
α

2 2
. (3.5)

Finally, the unit vector, �" , can be written in cylindrical coordinates by using φ
π

=
2

L
"

and � �sin � cosφ φ φ= − +x y , giving

� �cos �sin" = +φ α αz . (3.6)

Equations (3.4) and (3.6) will be used in the development of the electric field integral
equation for the helix in the next section.

3.2 Helix Antenna Formulation

The solution for the currents on the helix antenna begins with the electric field
integral equation derived in Section 2.1,

( ) ( ) ( )( ) ( )[ ]� ' ' ' ' �n
j

k J r G R J r G R ds n E
o

s s i
S

× + ∇ ⋅ ∇ = ×∫∫ωε
2
* * * * *

. (2.19)

As in the straight wire example presented in the previous chapter, the thin wire
approximation will be used for the helix.  This means that the surface current, ( )* *

J rs ' , is

approximated as a line current given by ( )I " "' � ' , where � '"  is defined at the source point

and follows the contour of the helix.  Similarly, the ∇'  operator reduces to � '
'

"
"

∂
∂

.

Equation (2.19) can now be written as

( ) ( ) ( ) ( )� � ' '
'

' ' �

'

" " "
"

" " "
*

"

⋅ + 



∇







= ⋅∫
j

k I G R I G R d E
o

iωε
∂

∂
2 , (3.7)
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where the �n ×  has been replaced by the dot product with �" .  The distance between the
source and observation points,R, is based on the thin wire approximation and is a
function of "  and "'  which will be derived later in this section.

Now, applying the Method of Moments to (3.7), the current is approximated as a
sum of expansion functions giving

( ) ( )I I un n
n

" "' '= ∑ , (3.8)

and the weighting function is represented by ( )wm " .  Combining the expansion and
weighting functions with (3.7) gives

( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )

j
I k w u G R d d

w G R u d d w E d

o
n

n
m n

m n m i

ωε

∂
∂

∑ ∫ ∫

∫ ∫ ∫




 ⋅

+ ⋅ ∇



 = ⋅

2
" " " " " "

" "
"

" " " " "
*

"

" "

" " "

� � ' ' '

�

'
' ' � .

'

'

(3.9)

Finally, substituting ( ) ( )�"
"

⋅ ∇ =G R G R
∂
∂

 into (3.9) gives

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

j
I k w u G R d d

w G R u d d w E d

o
n

n
m n

m n m i

ωε

∂
∂

∂
∂

∑ ∫ ∫

∫ ∫ ∫




 ⋅

+



 = ⋅

2
" " " " " "

"
" "

" " " " "
*

"

" "

" " "

� � ' ' '

'
' ' � .

'

'

, (3.10)

where the integral equation depends only on "  and "'  with their corresponding unit
vectors.  Equation (3.10) is a general equation that applies to any thin wire antenna

geometry, not just the helix, by defining the appropriate wire contour �" .

The basis function chosen for the helix antenna problem is a two segment wide
triangle function centered about the junction between the two segments given by

( ) ( )u T
n

n

otherwise
n n" "

"
"' '

'
, '

,
= = −

−
− <






1

0

∆
∆

∆ ∆ , (3.11)

where ∆  is the segment length.  The weighting function is a one segment wide pulse
function also centered about the junction between the two segments defined as
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( ) ( )w P m

otherwise
m m" "

"= = − <




1

2
0

,

,

∆
∆

. (3.12)

Note that both the basis and weighting functions follow the contour of the helix described

by the unit vector, �" .  Fig. 3.2 shows the geometry for the helix antenna and the
orientation of the basis and weighting functions.  The helix is assumed to have a starting
angle of φ = 0, and the origin of the " -axis is at the bottom of the helix as shown.

Now, substituting the triangle basis function and pulse weighting function into
(3.10) gives

( ) ( ) ( )

( ) ( )

j
I k T G R d d

G R T d d E d

o
n

n
n

n i

m

m m

ωε

∂
∂

∂
∂

∑ ∫∫

∫ ∫ ∫

⋅






+



 = ⋅

2 � � ' ' '

'
' ' � .

'

'

" " " " "

" "
" " " "

*
"

""

" " "

, (3.13)

where the integral over " m  represents the integral over the extent of the mth  pulse
weighting function and the integral over "'  represents the integral over the extent of the
antenna, but is bounded by the nth  triangle basis function, ( )Tn "' .  The second term on the
left hand side of (3.13) can be further simplified by recognizing that

( ) ( )∂
∂x

f x y dx f x y
a

b

a

b
, ,∫ =  which gives

( ) ( ) ( )

( ) ( )

j
I k T G R d d

G R T d E d

o
n

n
n

n i

m

m

m

m

ωε

∂
∂

∑ ∫∫

∫ ∫

⋅






+















 = ⋅

−

+

2 � � ' ' '

'
' ' � .

'

'

" " " " "

"
" " "

*
"

""

"
"

"

"

. (3.14)

The derivative of the triangle basis function can be represented by the difference of two
pulse functions,

( ) ( ) ( )[ ]∂
∂"

" " "
'

' ' 'T P Pn n n= −+ −1

∆
. (3.15)

The pulse functions, ( )Pn
+
"'  and ( )Pn

−
"' , represent the positive and negative sloped sides

of the triangle function respectively, and are given by
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( )P
n

otherwise
n
+ = − + <






"

"
'

, '

,

1
2 2

0

∆
∆ ∆

(3.16)

and

( )P
n

otherwise
n
− = − − <






"

"
'

, '

,

1
2 2

0

∆
∆ ∆

. (3.17)

Finally, substituting (3.15) into (3.14) gives

( ) ( ) ( )

( ) ( ) ( )[ ]

j
I k T G R d d

G R
P P d E d

o
n

n
n

n n i

m

m

m

m

ωε ∑ ∫∫

∫ ∫

⋅






+ −















 = ⋅+ −

−

+

2 � � ' ' '

' ' ' � .

'

'

" " " " "

" " " "
*

"

""

"
"

"

"
∆

. (3.18)

The right hand side of (3.18) will be determined by using the delta gap source
model that was described in Section 2.3 for the straight wire problem.  Replacing the
right hand side of (3.18) with the delta gap source model from Eq. (2.32) gives

( ) ( ) ( )

( ) ( ) ( )[ ] ( )

j
I k T G R d d

G R
P P d

V
s d

o
n

n
n

n n
ms

m

m

m

m

m

ωε

δ

∑ ∫∫

∫ ∫

⋅






+ −















 = −+ −

−

+

2 � � ' ' '

' ' ' .

'

'

" " " " "

" " " " "

""

"
"

"

"
∆ ∆

, (3.19)

where Vms is the voltage of the mth  source and sm  is the location of the mth  source.
Equation (3.19) is the final form of the electric field integral equation for the helix that
will be presented here.  A substitution of variables, " "− ' , was used in the actual program
to make the integration a bit easier to code, but is not necessary for understanding the
formulation presented in this section.  However, before equation (3.19) can be

implemented the dot product, ( )� � '" "⋅ , and the distance between the source and

observation points, R,  must be defined.

First, consider the dot product term.  The unit vector which describes the contour
of the helix was defined in Section 3.1 and is given by
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� �cos sin � cos cos �sin" " "= − 



 + 



 +x

L
y

L
zα

π
α

π
α

2 2
. (3.5)

In equation (3.18), the �"  unit vector describes the helix for the observation points and the
� '"  unit vector similarly describes the helix for the source points.  The source unit vector
is defined in the same manner as (3.5), giving

� ' � cos sin ' � cos cos ' �sin" " "= − 



 + 



 +x

L
y

L
zα

π
α

π
α

2 2
. (3.20)

The dot product of (3.5) and (3.20) is then given by

( ) ( )� � ' cos cos ' sin" " " "⋅ = −



 +2 22

α
π

α
L

. (3.21)

The distance between the source and observation points is an approximate length
based on the thin wire approximation.  The distance between the center of the wire at the
source points and the center of the wire at the observation points is defined to be
R r ro = −* *

' .  The total distance, R, is then approximated by

R R ao= +2 2 , (3.22)

where, a , is the radius of the wire used to construct the helix.  To determine Ro , the
vectors to the source and observation points are needed.  The vector to the observation
point was defined in Section 3.1 as

( )*
" " "r x

L
y

L
z zo= 



 + 



 + +� cos � sin � sinρ

π
ρ

π
α

2 2
, (3.5)

and the vector to the source point is defined similarly as

( )*
" " "r x

L
y

L
z zo' � cos ' � sin ' � 'sin= 



 + 



 + +ρ

π
ρ

π
α

2 2
. (3.23)

The distance between the source and observation points is given by

( ) ( )R
L

L0

2

2 2 2= 



 −



 + −

cos
sin ' ' sin

α
π

π
α" " " " . (3.24)
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The material presented in this section is sufficient for the calculation of the currents on a
helix in free space.  The addition of feed wires and a perfect ground plane will be
discussed in the following two sections.

3.3 Feed Wire Formulation

In this section, the theory for the addition of feed wires to the helix antenna will
be developed, allowing more realistic antenna geometries to be analyzed.  The connection
terms at the junction of two wires, as well as the terms where the source and observation
points are on different wires will also be presented.

As shown in Fig. 3.1, the feed wires used in this thesis are straight wires.  The
same triangle basis and pulse weighting functions that were used in the previous section
for the helix will also be used for the straight feed wires rather than the sinusoidal basis
and pulse weighting functions used in the previous chapter for the straight wire example.
For multiple wire structures, the sinusoidal-pulse combination no longer has a
computational advantage over the triangle-pulse combination.  Eq. (3.19), which was the
final equation for the helix, is also applicable to the straight wire problem, but with

different definitions of �"  and R.  If the ends of the wire are described by the coordinates

( )x y z1 1 1, ,  and ( )x y z2 2 2, , , then the unit vector along the wire is given by

( ) ( ) ( )
( ) ( ) ( )

�
� � �

" =
− + − + −

− + − + −

x x x y y y z z z

x x y y z z

2 1 2 1 2 1

2 1

2

2 1

2

2 1

2
. (3.25)

Unlike the helix, both �"  and � '"  are in the same direction for a single straight wire giving

a dot product of unity, ( )� � '" "⋅ = 1.  The distance between the source and observation

points using the thin wire approximation, in terms of the local coordinate system defined

by �"  for the feed, is ( )R a= − +" "' 2 2 , which is identical to that given for the straight
wire example of Section 2.3.

Since the antenna now consists of at least two different wires, it is also necessary
to determine the current at the connection points and the cross terms (or the current from
to source points that are on different wires).  The connection and cross terms are very
similar in their formulations.  In fact, the cross terms are really a simplification of the
connection terms.

Once again, the starting point for the connection terms is equation (3.19) with

different definitions of �"  and R.  The geometry for a generic connection term and cross
term is shown in Fig. 3.3.  The connection term consists of four integrals; segments 1 to
3, segments 1 to 4, segments 2 to 3, and segments 2 to 4.  The integrals of segments 1 to 3
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and segments 2 to 4 have both segments on the same wire and can be solved using the
techniques describe in Section 3.2 and the first part of this section.  The remaining two
integrals, that is segments 1 to 4 and segments 2 to 3, involve segments on different wires
and are described below.

If the source point is on the helix, then its unit vector from (3.20) is

� ' � cos sin ' � cos cos ' �sin" " "= − 



 + 



 +x

L
y

L
zα

π
α

π
α

2 2
(3.20)

and its position vector from (3.23) is

( )*
" " "r x

L
y

L
z zo' � cos ' � sin ' � 'sin= 



 + 



 + +ρ

π
ρ

π
α

2 2
. (3.23)

If the observation point is on the straight wire, then its unit vector, �" , is the same as
defined above in (3.25) and its position vector is given simply by

*
r xx yy zz= + +� � � . (3.26)

The dot product of the unit vectors for the source and observation points is

  ( )
( ) ( ) ( )

( ) ( ) ( )
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" "
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and the distance between the source and observation points is approximately

  ( )R x
L

y
L

z z
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π
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The distance, R, is once again based on the thin wire approximation.  The radius of the
wire used in (3.28) is the average of the radius of the observation point wire, a , and the
radius of the source point wire, a' .  An alternative to using the average of the two radii is
to just use the radius of the source wire, a' , signifying that the incident electric field is
approximated on the axis of the observation wire.  A similar formulation to that shown
above can be defined for the complimentary problem of a source point on the straight
wire and the observation point on the helix.

The other possible connection term is for the junction of two feed wires.  The unit
vector for the source point is given by
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( ) ( ) ( )
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and the unit vector for the observation point was given in (3.25).  The position vector for
the source point is

*
r xx yy zz' � ' � ' � '= + + (3.30)

and the position vector for the observation is defined by (3.26).  The dot product of the
two unit vectors and the approximate distance between the two points is then given by
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(3.31)

and

( ) ( ) ( )R x x y y z z
a a

= − + − + − +
+



' ' '
'2 2 2

2

2
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The above formulation is for the connection terms between two wires, but is also
applicable to the cross terms.  The cross terms occur when the entire source point or the
entire observation point is on a single wire.  In this case, fewer sub-segments are needed.
As an example, one segment for the basis function and another segment for the weighting

function as shown in Fig. 3.3.  The dot product, ( )� � '" "⋅ , and the distance between the

source and observation points, R, can now be calculated using the same techniques
described above for the connection terms.  The above theory can also be extended to
handle connection points of three or more wires (Miller and Deadrick, 1975).

3.4 Ground Plane Formulation

As stated in Section 3.1, the ground plane is chosen to be in the x y−  plane and is
perfectly conducting and infinite.  The ground plane formulation is based on image
theory.  The basic concept of image theory is to mirror image the structure and sources
above the ground plane across the ground plane and then remove the ground plane.  If the
current above the ground plane is given by

*
J J x J y J zx y z= + +� � � , (3.33)

then the image current an equal distance below the ground plane is given by
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*
J J x J y J zi x y z= − − +� � � . (3.34)

The image structure still has the same x  and y  coordinates as the real structure, but the
z coordinates for the image structure are the negative of the z coordinates for the real
structure.  The total electric field at each observation point above the ground plane is now
the superposition of the field due to the real current and the field due to the image current.
Image theory is only valid for observation points above the ground plane.

In terms of the electric field integral equation of (3.19), only the impedance matrix
given by
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∆
, (3.35)

is affected by the introduction of image currents to the problem.  Eq. (3.35) is extended
by adding the integral over the image sources, " n

i .  Thus, the total impedance matrix can
be represented by

Z Z Zm n m n
r

m n
i

, , ,= + , (3.36)

where Zm n
r

,  is due to the real current and Zm n
i

,  is due to the image current.  An example

geometry for the ground plane problem via image theory is shown in Fig. 3.4.  The
formulation will be described in two parts; the connection term at the ground plane and
all other terms.

First, consider the ground plane formulation for all the terms except the
connection term.  The impedance matrix terms due to the image current can be calculated
by treating the terms in the same manner as the cross terms described in the previous
section.  The observation point is still above the ground plane, but the source point is now
below the ground plane.  As before, (3.19) can be used to solve the problem with new

definitions of �"  and R.

There are three cases that must be considered when computing the impedance
matrix due to the image currents.  First, both the source and observation points could be

on straight wires.  The image of the source point unit vector, � '" , is giving by
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(3.37)
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Figure 3.4  Ground plane formulation.
a)  Example geometry for ground plane formulation.
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Figure 3.4  Ground plane formulation.
b)  Image theory for example ground plane formulation.
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and the unit vector for the observation point is still given by (3.25).  The dot product,

( )� � '" "⋅ i , can be computed giving
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The distance between the source image and observation points is found by negating the z
coordinate of the source point in (3.32) giving
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The other two cases can be found by using the same procedure as described
above.  If the source point is on the helix image and the observation point is on a feed

wire or vice versa, the dot product, ( )� � '" "⋅ i , is given by
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and the distance between the two points is approximated by
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The final case is when both the source image and observation points are on the helix.  The

dot product, ( )� � '" "⋅ i , and the distance, R, for this case are given by
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The connection term at the ground plane will be treated differently than the other
terms described above.  The ground connection term consists of one row and one column
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Figure 3.5  Geometry for the row and column of the ground plane connection.
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in the impedance matrix.  Fig. 3.5 shows the geometry for the row and column of the
impedance matrix corresponding to the ground plane connection.  The formulation is
easier to understand if the pulse weighting function at the ground connection is treated as
a full width pulse centered about the ground plane, rather than the half width pulse of Fig.
3.4.  From the symmetry of the problem it can be seen that the contributions of the real
current at the left half of the pulse are equal to the contributions of the image currents at
the right half of the pulse.  Also, the contributions of the image currents at the left half of
pulse are equal to the contributions of the real currents at the right half of the pulse.
Using this symmetry, the row of the impedance matrix corresponding to the ground plane
connection can be found by doubling the contributions of the real currents at the right half
of the pulse.  The column corresponding to the ground plane connection is calculated
using the same procedure as described for the general ground plane term, except the
image current is described by half a triangular basis function as shown in Fig. 3.5.  The
ground plane also effects the voltage source if it is applied at the unknown which spans
the ground plane.  The image of the voltage source adds to the real source causing the
total voltage to double.  The theory and concepts described in this chapter will be
demonstrated and validated in the following chapter with some simple antenna problems.
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4.  Normal Mode Helix

In the previous chapter, we presented the theory used in the development of the
Moment Method code for the solution of the currents on a helix antenna.  In this chapter,
the code will be validated and compared to other codes using the normal mode helix as an
example.  First, a normal mode helix is used to approximate a straight wire antenna,
which is then compared to the straight wire example discussed in Chapter 2.  Then, as an
extension of approximating a straight wire with a helix, a comparison between a dipole
and a normal mode helix will be presented.  Finally, the convergence characteristics of
the Curved code for a normal mode helix will be compared to the Numerical
Electromagnetics Code (NEC) (Burke, 1992),  and MININEC (Rockway and Logan,
1995).  This will provide a validation of the code and show the advantage of using curved
basis and testing functions over straight segments.

4.1 Straight Wire Approximation

A helix antenna reduces to a straight wire structure when the pitch angle, α ,
equals 90°.  The code must check for a pitch angle of exactly 90° because the calculation

of the length of one turn of the helix blows up, since L =
2πρ

αcos
.  The code has been

modified to accommodate a pitch angle of 90°, but it is not really necessary since a pitch
angle of 89° approximates a straight wire quite well.  Also, since the pitch angle is not
exactly 90°, all of the code pertaining to the helix will be executed, providing an excellent
check of the code.

For comparison a helix with α = 89° will be compared to the straight wire
example of Section 2.3.  The example is for a dipole antenna with a length of 0.47λ and a
wire diameter of 0.005λ.  The parameters of the helix approximating the straight wire are
given in Table 4.1.  Note that the number of turns is very small since only a portion of a
turn is needed to create the necessary dipole length.  Both antennas are broken into 6
segments.  The currents on the half wave dipole obtained in Section 2.3 and using the
helix approximation are
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The input impedance from Section 2.3 is 66 9 88. .− j  ohms and the input impedance using
the helix approximation is 67 7 6 9. .− j  ohms.  For 12 segments, the input impedance from
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Section 2.3 is 713 18. .− j  ohms versus 738 2 3. .+ j  ohms.  The data shows that the straight
wire example and the helix approximation converge at different rates, but in general the
helix approximation compares very well for both current and input impedance.  A pitch
angle of exactly 90° gives the same results as the 89° approximation for the number of
significant digits shown.  This means that the small differences in the current and input
impedance shown above are due to the use of a sinusoidal basis function for the straight
wire and a triangular basis function for the helix.

Table 4.1  Parameters for Helix Approximation
     to Straight Wire Antenna

Helix Parameter Numerical Values

Helix Radius, ρ 0.02λ
Pitch Angle, α 89°
Number of Turns, N 0.06527
Wire Radius, a 0.005λ

Another useful example is that of a quarter-wave monopole with a perfect ground
plane.  This example checks that the code can handle the ground plane properly for both
computing the currents and for imaging the voltage source, which is applied at the
connection of the monopole and the ground.  The same helix approximation to a straight
wire that was used above will also be used for the monopole example.  The only change
in the helix parameters is to reduce the number turns, N , by one-half giving
N = 0 032635. .  The resulting current solution for 6 segments is

I Monopole =
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and the input impedance is 356 0 3. .− j  ohms.  Not that row 1 of the current vector
represents the unknown located at the ground plane.  As expected the peak current of
281. mA for the monopole is about twice the peak current for the dipole, and the input
impedance of the monopole is approximately half that of the dipole example shown
above.
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4.2  Dipole vs. Normal Mode Helix

In the previous section, a normal mode helix was used to approximate a straight
wire as a check of the Curved code versus standard dipole results.  It may also be
interesting to compare a normal mode helix with a total wire length of 0.5λ to a straight
dipole antenna of the same length.  Fig. 4.1 shows the current along a 0.5λ dipole with
a = 0 001. λ  and a normal mode helix with parameters:  ρ λ= 0 0273. , α = °12 ,
N = 2 851.  turns, a = 0 001. λ , and 50 segments.  Both the helix current and the dipole
current are sinusoidal in shape, but the helix current is about 3 times greater in magnitude
at the center of the antenna due to coupling effects when the wire is wound into a helix.
Also, the shape of the current plots implies the two antennas have slightly different input
impedances.  The dipole current dips slightly at its center signifying an inductive
impedance, whereas the helix current peaks at its center implying a capacitive impedance.
The actual values of the input impedance for the dipole and helix are 84 8 436. .+ j Ω  and
39 34 6. .− j Ω , respectively.

Given the similarities between the dipole and normal mode helix in terms of the
wire structure and basic sinusoidal current shape, it should be possible to simulate a
normal mode helix as a straight wire with inductive loading.  As an example, consider a
center fed normal mode helix in free space with the following parameters:  ρ λ= 0 007. ,
α = °15 , N = 17 turns, a = 0 0007. λ , and 340 segments.  The helix has a height of 0 2. λ ,
a total wire length of 0 774. λ , and an input impedance of 14 4 4 5. .− j Ω .  The normal
mode helix described above can be simulated by inductively loading a dipole where the
length of the dipole equals the height of the helix.  Specifically, the dipole has a length of
0 2. λ , a wire radius of a = 0 007. λ , which equals the radius of the helix, and the dipole is
broken into 10 segments.  The following data was computed using the WIRE antenna
code (Davis, 1995).

Without loading, the input impedance of the dipole is 6 7 2701. .− j Ω , but when
loaded with a reactance of j68 6. Ω  at each unknown the input impedance becomes
141 4 6. .− j Ω , which compares very well with the input impedance of the normal mode
helix.  As a check of the loading process, if the dipole is broken into 20 segments and
again uniformly loaded, half the reactance of the 10 segment example should be required
to match the dipole with the helix.  And as expected, a uniform load of j336. Ω  for the 20
segment case results in an input impedance of 14 6 4 3. .− j Ω  for the dipole.  An
approximate number for the reactance can be computed from simple theory by using the
formula for the inductance of a solenoid (Edminister, 1993),

L
N Ao=

µ 2

"
, (4.1)

where N  is the number of turns, A is the cross-sectional area, and "  is the axial length
of the solenoid.  For the 20 segment dipole case: A = 0 000154 2. λ , N = 085. turns, and
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                       a normal mode helix.  Both antennas have a wire length of 0.5λ.
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" = 0 01. λ  for one segment.  From (4.1) the theoretical inductance is computed and the
corresponding reactance per dipole segment is j26 4. Ω .  The simple theory matches fairly
well with the reactance found using WIRE given that the theory is for a distributed
inductance but WIRE uses lumped loads at each unknown.  Also, the appropriateness of
(4.1) may be questionable since the formula is for solenoids of small cross-sectional area
and many turns.  In practice, inductive loading may be desirable when modeling antennas
such as a helix wound out of a spring, where the spring can be simulated by inductively
loading the helix.

4.3  Validation and Convergence Comparison to NEC and MININEC

The convergence characteristics of the Curved code are shown to validate the
results of the code and to demonstrate the advantage of using curved basis and testing
functions.  Consider a center fed normal mode helix in free space with parameters as
given in Fig 4.2.  The convergence plots of Fig. 4.3 show that significantly less unknowns
are needed when using the Curved code versus the conventional straight wire
approximation used in NEC and MININEC.  For the example of Fig. 4.3, both NEC and
MININEC are fairly well converged at approximately 400 segments, or 40 segments per
turn, and the Curved code is fairly well converged at 50 segments, or 5 segments per turn.
This corresponds to an improvement of about 8:1 when using the Curved code.  It is also
useful to check the convergence properties of the admittance as shown in Fig. 4.4.  The
admittance convergence properties are similar to those of the impedance.  The Curved
code performs well at about 15 to 20 segments per turn, but  NEC and MININEC are still
questionable at 50 segments per turn.

A quantitative way of comparing the three codes is to compute the percent
convergence error for the impedance convergence plots.  For each code, its percent error
is calculated relative to its impedance value at 500 segments as follows,

%Error
Z Z

Z
=

−
×500

500

100 . (4.2)

The percent error of the three codes is shown in Fig. 4.5.  The numerical value of the
error is not as important as the relative error between the codes.  For example, at 100
segments the Curved code has 20 times less percent error than MININEC and about 30
times less than NEC.
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Figure 4.2  Normal mode helix geometry and parameters.
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Figure 4.3  Normal mode helix impedance convergence plots.
Helix parameters: ρ λ= 0 0273. ,α = °12 , N = 10  turns, a = 0 001. λ , Center Fed
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Input Conductance vs. Number of Segments
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Figure 4.4  Normal mode helix admittance convergence plots.
Helix parameters: ρ λ= 0 0273. ,α = °12 , N = 10  turns, a = 0 001. λ , Center Fed
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Percent Convergence Error vs. Number of Segments
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Figure 4.5  Percent error of normal mode helix convergence plots.
Helix parameters: ρ λ= 0 0273. ,α = °12 , N = 10  turns, a = 0 001. λ , Center Fed
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4.4  Conclusions

In this chapter, it has been shown that the Curved code outperforms NEC and
MININEC in all areas that were considered, that is impedance and admittance
convergence and percent error.  The use of curved segments allows a more accurate
modeling of the geometry of a normal mode helix than the straight wire approximation
used in NEC and MININEC.  This allows the Curved code to accurately model the helix
with approximately 8 times fewer unknowns than the other codes.  It has also been shown
that an inductively loaded dipole can be used to simulate a normal mode helix.  It is
believed that the accuracy of predicting the necessary load impedance from theory would
increase for more tightly wound helices.  The next chapter will investigate the
convergence properties of the axial mode helix along with some interesting feed effects.
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5.  Axial Mode Helix

The major differences between a normal mode helix and an axial mode helix is
the radius of the helix with respect to wavelength and the presence of the a ground plane.
The radius of a normal mode helix is much smaller than a wavelength which results in a
radiation pattern normal to the axis of the helix.  The axial mode helix has a radius

corresponding to a circumference for one turn of approximately 
3

4

4

3
λ λ< <C  (Stutzman

and Thiele, 1998), which gives rise to radiation pattern maxima along the axis of the
helix.  The axial mode helix is usually backed by a ground plane to cut off one of the
lobes of the pattern to create a pencil beam forward radiation pattern.  In this chapter, the
convergence properties of the axial mode helix will be investigated in terms of its
impedance and radiation pattern.  Bandwidth and feed effects for two different feed
structures will also be examined.

5.1  Axial Mode Helix in Free Space

As stated previously, the axial mode helix is usually backed by a ground plane.
However, for comparison to the normal mode helix presented in the last chapter, a center
fed axial mode helix in free space will initially be considered.  The geometry and
parameters for the 20 turn helix are shown in Fig. 5.1.  The helix radius is chosen such
that the circumference of one turn equals a wavelength at mid-band.  The impedance and
admittance convergence properties for this helix are shown in Fig. 5.2 and Fig. 5.3,
respectively.  From the figures, it is apparent that the Curved code does not give as much
an improvement over NEC and MININEC for the axial mode helix as it does for the
normal mode helix.  The improvement in convergence ranges from a high of about 4:1 for
the reactance down to approximately 2:1 for the susceptance.  In terms of segments per
turn, the Curved code works well for 5 to 10 segments per turn while the other codes
required 20 segments per turn.  Notice that NEC and MININEC converge at about 400
segments (20 segments per turn) for all four plots, but the convergence of the Curved
code  varies slightly, between 100 and 200 segments (5 to 10 segments per turn) for the
four plots.

The difference in the improvement for the axial mode helix compared to the
normal mode helix is due to the current distribution on the antenna.  The current
distribution for the 20 turn axial mode helix in free space is shown in Fig. 5.4.  For the
normal mode helix the current is approximately uniform over one turn so the determining
factor is how well the code models the geometry of the antenna.  But for the axial mode
helix, one turn is about equal to a wavelength.  The accuracy with which the code models
the current distribution on the antenna is now the most important criteria.  How well the
code models the curve of the helix is now a secondary consideration, which results in a
much smaller improvement in the number of segments for the Curved code compared to
NEC and MININEC.
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Parameters: ρ λ= 0159.
α = °13
N = 20  turns
a = 0 001. λ
Center Fed

Figure 5.1  Axial mode helix geometry and parameters.
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Figure 5.2  Axial mode helix in free space impedance convergence plots.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 20  turns, a = 0 001. λ , Center Fed
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Figure 5.3  Axial mode helix in free space admittance convergence plots.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 20  turns, a = 0 001. λ , Center Fed
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Figure 5.4  Axial mode helix in free space current distribution.  The values on the
                         horizontal axis represent the number of the current expansion function,
                        but the plot is more easily understood it the horizontal axis is taken to

                            be position along the helix.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 20  turns, a = 0 001. λ , Center Fed
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5.2  Axial Mode Helix Over Ground

The axial mode helix in free space was presented in the previous section to
demonstrate the effect of the current distribution versus approximating the geometry of
the helix.  The effects of an infinite PEC ground plane and a small feed wire on the
convergence characteristics for an axial mode helix will be considered in this section.
The feed wire is a small straight wire segment from the end of the helix down to the
ground plane as shown in Fig. 5.5.  The feed wire is broken into 2 segments with the
voltage source located at its center.

The impedance convergence plots for the axial mode helix over ground are shown
in Fig. 5.6.  Convergence is not shown for NEC because it is unable to model the antenna
in the same manner as the Curved code and MININEC.  The Curved code is much
smoother than MININEC, but both codes converge at about 200 segments.  The lack of
improvement for convergence of the Curved code versus MININEC is probably due to
the feed being located on the straight feed wire.  Neither the size nor shape of the feed
region varies as the number of unknowns on the helix is increased.  Because of the
stability of the feed region, the advantages of the Curved code demonstrated in previous
examples do not come into effect.

Even though the Curved code does not show improvement in impedance
convergence, an improvement in pattern convergence was investigated.  Since the pattern
is dominated by the current on the helix, not the current on the small feed wire, the
Curved code should out perform MININEC because it can more accurately model the
current on the helix for a fewer number of unknowns.  The patterns for the helix of Fig.
5.5 are shown in Fig 5.7 and Fig. 5.8 for the helix with 50, 100, and 200 segments.  Fig.
5.7 shows the theta-component of the electric field versus theta and Fig. 5.8 shows the
phi-component of the electric field versus theta, where theta and phi are standard
spherical coordinates.  Both Fig. 5.7 and Fig. 5.8 are theta cuts for phi equal zero, and the
plots are normalized to the 200 segment curve.  The feed wire is located in the φ = °0
plane.  The pattern plots show a significant improvement in pattern performance for the
Curved code.  Pattern performance refers to the general pattern shape including side lobe
and null formation as well as peak pattern values.  The 200 segment patterns from
MININEC and the Curved code match well as expected for this 10 turn helix, since Sec.
5.1 has shown that MININEC adequately converges at about 20 segments per turn.
However, the Curved code yields much better patterns for 50 and 100 segments than
MININEC.

Another important parameter is the axial ratio, which is a measure of the
polarization ellipse.  A perfect dipole would have an axial ratio of infinity and a infinite
helix would have pure circular polarization on axis, or an axial ratio of one.  For the axial
mode helix considered in this section, the axial ratio should be close to one at theta equals
zero and increase as theta increases.  Using the techniques outlined in Stutzman (1993)
the axial ratio was computed for the helix of Fig. 5.5 with 50, 100, and 200 segments, and
the results are shown in Fig. 5.9.  Once again, the Curved code shows faster convergence
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a = 0 001. λ

Figure 5.5  Axial  mode helix over ground geometry and parameters.



53

Input Resistance vs. Number of Segments

300

305

310

315

320

325

0 50 100 150 200 250 300 350 400

Number of Segments

In
pu

t R
es

is
ta

nc
e,

 o
hm

s
Curved MININEC Pro

(a)  Input resistance.

Input Reactance vs. Number of Segments

-10

-5

0

5

10

15

20

25

0 50 100 150 200 250 300 350 400

Number of Segments

In
pu

t R
ea

ct
an

ce
, o

hm
s

Curved MININEC Pro

(b)  Input reactance.

Figure 5.6  Axial mode helix over ground impedance convergence plots.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 10 ,a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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Figure 5.7  Theta-component of far-field electric field patterns for axial mode helix
                       over ground.
Helix parameters: ρ λ= 0159. , α = °13 , N = 10 , a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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Figure 5.8  Phi-component of far-field electric field patterns for axial mode helix over
                        ground.
Helix parameters: ρ λ= 0159. , α = °13 , N = 10 , a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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Figure 5.9  Axial ratio for axial mode helix over ground.
Helix parameters: ρ λ= 0159. , α = °13 , N = 10 , a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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 than MININEC, particularly for the 50 segment case, but even the 100 and 200 segment
examples show slightly lower local maximums at about θ = ± °40  for the Curved code.

5.3  Bandwidth and Feed Effects of Axial Mode Helix Over Ground

As stated earlier in this chapter, an axial mode helix should operate over a

frequency range such that its circumference is bounded by 
3

4

4

3
λ λ< <C .  This

corresponds to a bandwidth of approximately 1.78:1 or 56%.  Fig. 5.10 shows the input
impedance versus wavelength for two different feed structures computed using only the
Curved code with a helix of 200 segments.  The first feed structure is the single straight
feed wire as shown in Fig. 5.5, and the second structure consists of two straight feed
wires as shown in Fig. 3.1.  Fig. 5.10 shows that the impedance behaves well for
wavelengths from 08 135. .< <λ  meters.  Compared to theory, the antenna falls a bit short
of meeting the high frequency prediction of λ=0.75 m.

The bandwidth can be further validated by checking the antenna patterns at the
band edges for the single feed wire.  The patterns for wavelengths of 0.75 m, 0.8 m, and
1.35 m are shown in Figs. 5.11, 5.12, and 5.13, respectively.  Fig. 5.11 shows that a
wavelength of 0.75 m is definitely outside the range for good antenna pattern
performance, but Fig. 5.12 and Fig. 5.13 show well formed patterns which supports the
bandwidth predicted from the impedance plots of Fig. 5.10.  Of course, other parameters
such as gain and beamwidth could also be computed over the frequency range, but are not
considered in this thesis.

There are two feed effects that will be considered further.  The first is the effect of
the feed location on the antenna input impedance.  The geometry is shown in Fig. 5.14.
For the 2 feed wire structure, the horizontal feed wire has 6 segments, and both feed
structures have 8 segments on the vertical wire, which gives 9 feed locations indicated by
the small hash marks.  The helix parameters are those of Fig. 5.5 with a helix of 200
segments.  Fig. 5.15 shows the input impedance versus the feed location on the vertical
feed wire for the 1 and 2 feed wire structures.  The input resistance for the 1 wire feed
increases almost linearly as the feed location moves away from the ground plane, but the
input resistance for the 2 wire feed is roughly constant as the feed location is varied.  The
general trend of the imaginary part of the input impedance is the same for both feed
structures, but the 1 wire feed is resonant for a feed location between unknown 2 and 3
(about 0 02. λ  above ground) and the 2 wire feed is resonant for a feed location at
unknown 5 (about 0 05. λ  above ground).

The effect of feed height, or the parameter zo , on the input impedance is the
second characteristic to be considered.  The height of the vertical feed wire for both feed
structures is increased in steps of 0 025. λ , which is also the length of one segment.  The
voltage source is always located at the connection with the ground plane.  Once again, the
helix is described in Fig. 5.5 with 200 segments, and the horizontal wire of the 2 wire
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Figure 5.10  Input impedance vs. wavelength for axial mode helix over ground.
Helix parameters: ρ λ= 0159. , α = °13 , N = 10 , a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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Figure 5.11  Far-field electric field patterns for axial mode helix over ground at

                              λ = 0 75.  m.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 10 ,a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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Figure 5.12  Far-field electric field patterns for axial mode helix over ground at

                              λ = 08.  m.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 10 ,a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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Figure 5.13  Far-field electric field patterns for axial mode helix over ground at

                              λ = 135.  m.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 10 ,a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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Figure 5.14  Feed structure geometry for different feed locations.
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Figure 5.15  Input impedance vs. feed location for axial mode helix over ground.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 10 ,a = 0 001. λ , zo = 01. λ , Feed= 0 05. λ
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Figure 5.16  Input impedance vs. feed height for axial mode helix over ground.
Helix parameters: ρ λ= 0159. ,α = °13 , N = 10 ,a = 0 001. λ , zo = 01. λ , fed at ground
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feed has 6 segments.  Fig. 5.16 shows the input impedance of the antenna as the height of
the helix off the ground plane is increased.  The data for the 2 wire feed starts at a height
of 0 025. λ  because a zero height does not make sense for this feed structure.  Both the
real and imaginary parts of the input impedance oscillate as the height increases, but the
amplitude of the oscillations is greater for the 2 wire feed structure.  Also, as the height
increases the oscillations seem to be damping out.  Only the 2 wire feed is resonant,
which is for a height of 0 025. λ .  This gives a very short feed structure when compared to
the helix radius of ρ λ= 0159. .

Another important consideration is comparison to measured data.  Kraus (1950)
performed many input impedance measurements for axial mode helices and found the
input impedance to be nearly real with values from 100 to 200 ohms.  In particular, Kraus

gives the empirical formula R
C

= 140
λ

 ohms ± 20%  for the input impedance of an axial

mode helix for 12 15°< < °α , 
3

4

4

3
λ λ< <C , N > 3 turns, and fed at the ground plane.

Kraus measured an axial mode helix with a single feed wire diagonally from the bottom
end of the helix to the ground plane.  The pitch of the diagonal feed wire was the same as
the helix pitch angle.  Using the Curved code to model a 10 turn axial mode helix with
α = °13  and C = λ , the input impedance is 16397 64 0. .− j Ω .  The real part predicted by
the Curved code is within the range of the values prescribed by the empirical relation.
The slightly large imaginary part is probably due to feed modeling considerations,
however the Curved code and MININEC both predict approximately the same input
impedance.

5.4  Conclusions

The axial mode helix in free space was presented for comparison with the normal
mode helix in the last chapter.  Since approximating the current on the axial mode helix is
more important than approximating the curve of the helix, the Curved code does not show
as big an improvement over NEC and MININEC as for the normal mode helix.  Despite
this fact, anywhere from 2 to 4 times fewer unknowns can still be achieved with the
Curved code.  When the axial mode helix is placed over a ground plane with a straight
feed wire no improvement in input impedance convergence is found.  This is because the
voltage source is located on the straight feed wire where both the Curved code and
MININEC perform about equally.  However, the Curved code does show an improvement
in pattern convergence for the axial mode helix over ground.  Bandwidth, feed location,
and feed height were also investigated.  The axial mode helix over ground was found to
operate well for a turn circumference bounded by 08 135. .λ λ< <C .  The effects of feed
location and feed height on input impedance were shown for 1 and 2 feed wire structures.
The axial mode helix example was resonant when the source was located in the center of
the 1 wire feed example, which was about double the height above ground required to
resonate the 2 wire feed example.  The input impedance to the axial mode helix oscillates
as the height of the helix above the ground plane increases, but the effect of the 2
different feed structures becomes less significant as the height increases.
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6.  Conclusions

A more efficient method for the analysis of curved wire antennas has been
presented in this thesis.  By using curved basis and testing functions which exactly follow
the contour of the antenna, fewer unknowns can be used compared to programs such as
MININEC and NEC, which use a straight wire approximation.  The helix antenna has
been used as an example to demonstrate the improvement found when using the Curved
code.  As a secondary goal of this thesis, the Curved code is used to analyze some
interesting properties of the helix, such as bandwidth and feed effects.

The background theory for wire antenna analysis using the Method of Moments
was presented in Chapter 2.  This includes the derivation of the electric field integral
equation for general structures and the basics of the Method of Moments, which were
then applied to a straight wire antenna.  The thin wire approximation and delta gap source
model were also described.  As an example, a resonant center fed dipole was analyzed
using the Method of Moments with piece-wise sinusoidal basis functions and pulse
testing functions.

In Chapter 3, the electric field integral equation for straight wires was extended
for use with arbitrary wire antenna structures.  The helix geometry and terminology was
presented as the primary example of this thesis.  The general electric field integral
equation presented in this chapter can be applied to any wire antenna by defining the

appropriate unit vector, �" , and position vector, 
*
r .  Triangular basis functions and pulse

weighting functions are used in the analysis of the helix antenna.  The formulation for
wire connections and a pec ground plane are also presented.

Using the theory for the Curved code, a normal mode helix is analyzed in Chapter
4.  First, a normal mode helix with a pitch angle of α = °89  is discussed for code
validation purposes.  The large pitch angle allows the helix to approximate a straight wire
for comparison to the results of Chapter 2.  Both a half-wave dipole in free space and a
monopole connected to an infinite pec ground gave excellent agreement.  A method of
modeling a normal mode helix with an inductively loaded dipole was also presented.
This technique is limited by the ability of the theory to determine a priori the required
load, but the theory should predict the required inductive load more accurately for more
tightly wound helices.  A normal mode helix has a turn radius much smaller than a
wavelength, resulting in a current distribution which is approximately uniform for one
turn.  Since the current is nearly uniform, accurately modeling the curve of the helix is of
primary importance.  This is the strength of the Curved code.  Compared to MININEC
and NEC an improvement of about 8:1 is achieved.  In other terms, the Curved code gives
accurate results for approximately 5 segments per turn versus 40 segments per turn for the
other codes.

The axial mode helix, presented in Chapter 5, has a turn length of approximately
one wavelength and is usually backed by a ground plane.  An axial mode helix in free
space was first analyzed for comparison with the normal mode helix in Chapter 4.  An
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improvement of between 2 and 4 times fewer unknowns is found when using the Curved
code as compared to 8 times fewer unknowns for the normal mode helix.  The difference
in the improvement between to the two helix antennas is due to their current distributions
within a single turn.  Since current on an axial mode helix varies for approximately a full
wavelength around one turn, it is more important to accurately model the current than to
model the curve of the helix.  The strength of the Curved code is of secondary importance
and a smaller impedance improvement results.  The axial mode helix over ground shows
no significant improvement in impedance convergence because the voltage source is
located on the straight feed wire.  However, an improvement in radiation pattern
convergence is found.  The Curved code was also used to analyze the bandwidth and
some feed effects for the axial mode helix over ground.  A 1 and 2 wire feed example are
used to examine the effects of voltage source location and helix height off ground plane.
It was found that a source located in the center of the 1 wire feed example and about half
that height above ground for the 2 wire feed example give resonant behavior.  The input
impedance oscillates as the height of the helix above ground increases, however the
differing effects on the input impedance for the 1 and 2 wire feed examples become less
significant as the height of the helix above ground increases.

6.1  Recommendation for Future Work

Potential for future work exists in the area of enhancements to the Curved code.
Tapered helices, spirals, arbitrary helix orientations, and finite ground could all be added
to the code.  In addition to these improvements the Curved code’s integral routines could
be improved through the use of more sophisticated algorithms or through the use of semi-
analytic techniques which would lower the required computation time.  The use of the full
kernel, instead of the thin wire approximation, would also improve the accuracy of the
Curved code.  The curved techniques may be applied to more complicated structures,
possibly  including curved surfaces.
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