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I. INTRODUCTION

In recent years, many multiple comparisons tests have
been presented. Among the guthors of these tests are New-
man (1939), Duncan{1947, 1951, and 1955), Tukey (1949,
1951, and 1953), Scheffé (1953), and Hartley (1954). These
procedures are used for testing differences between single
means or comparisons among more than two means from among
several. The properties and uses of each tests are dis-
cussed by the authors. In this paper a method is developed
and expressions are formulated for comparing certain
of these tests. Also, some interesting developments are
nade in the problem of enumerating the total number of de-
cisions.

Some common multiple range and multiple I tests are
the

l. DMultiple t test,

2. Least significant difference test,

3. Newman-Keuls multiple range test,

4. Duncan's multiple comparisons test,

5. Tukey's test based on allowances,

6. Scheffé's test based on contrasts,

7. Duncan's new multiple range test, and

8. Tukey's X procedure.
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Some of these tests are no more than mentioned in this
paper. Others are discussed in great detail. At least
one, the multiple t test, should never be used to test
differences among more than three means.

The procedures as we use and compare them involve
testing differences between pairs of means. Thus, they
are defined as followss

Assume that n sample means are arranged according
to increasing size. A multiple range test is one in
which the difference between any two means is declared
significant provided the range of every subset of p means,
p < n, which contains the two given means, is significant
according to a range test on p means. A multiple F test
is one in which the difference between any two means is
declared significant provided the variance of every sub-
set of p means, p< n, which contains the two given means,
is significant according to an F test on p means. This
is not the most general definition of an F test, but it
is sufficient for our purposes as is explained in IX.

Multiple comparisons tests may be classified accord-
ing to their system of significance levels. Correspond-
ing to each multiple range test there is a multiple F
test which has the same system of significance levels.

For example, 5 and 6 as well as 7 and 4 are companion



multiple range and multiple F tests, respectively. The
choice as to which of the multiple range tests (multiple
F tests) is best depends mainly on one's choice of a
system of significance levels., On the other hand, the
relative merits of a multiple range test versus the
corresponding multiple F test are very obscure. This

is the type comparison considered in this paper.

In order to compare the companion multiple range and
nmultiple F tests, it is necessary to derive and evaluate
sets of power functions. Each of these functions is one
whose use has been indicated by Lehmann (1950), Duncan
(1953 and 1955), Scheffd (1953), Hartley (1954), and
Harter (1954) and is concerned with measuring the correct
decision probabilities and error probabilities for de-
cisions involving differences between two means. Thus,
in testing the differences in a set of n means, n(n-l)
power functions of this type are formulated. These

power functions are thought of ag components of a vector,

called a power vector. Half of the components in each
power ?ector reproesent probabilities of correct decisions,
and the other half represent probabilities of errors.
Averages of the correct decision probability components
and erbor probability components of a power vector,

called correct decision vector and error vector, respec-

tively, are most useful for test comparisons.



-7 -

In considering experiments involving n means, it is
very important that we do not confuse the multiple compari-
aon problem in which we are interested with the apparently
gsimilar but very different problem of testing a single
homogeneity hypothesis of n means. Tang's (1938) power
function is for an F test of the homogeneity of means.

In our case, interest is primarily centered in tests of
hypotheses for the means considered two at a time, making
the power vector approach much more appropriate.

Expressions of power for the multiple range tests are
given for n=2,3,4, and the method for writing the power func-
tion for any n > 4 is discussed. Approximation methods are
formulated for the power of the multiple range tests and are
used to compute the power for Duncan's multiple range test of
four means. Numerical integration is used to find power for
Duncan's multiple comparisons test, making a comparison of
his two tests possible.

The notation could not be kept consistent throughout
this paper. However, the most important things do carry the
same notation from topic to topics. It should be noted that
for any two sets of points A and B, A+B denotes all points in
either A or B, A*B denotes all points common to both A and

B, and A-B denotes all points of A which are not in B,
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II. DECISIONS ALD REGIONS

1. Assumptions. .
Let

My, MO, eeey fin
denote a random sample of n observed means from n normal
populations with true means

Wys Bgs sees By
respectively, and a common standard error, oy. If this
standard error is unknown, assume the usual estimate, sy,
is available, is independent of the observed means, and is
based on a number of degrees of freedom, denoted by n3z.

In this paper, it is assumed that np = o, in which
case sy = Op. It is also assumed that o, = 1 in most of
the paper. These assumptions simplify the work involved
by lessening the calculations and the writing considerably,
but they do not restrict us when comparing two tests. It
should be noted that, even though the t-test becomes the
normal deviate test and the F-test becomes the X*-test,
when np = oo, we do not change the names, multiple t-test
and multiple F-test, since the general procedure happens

to be illustrated only for the case when np = oo.

2. Decigions and Regions for Range Tests.

A review of the various decisions and their corres-

ponding regions of acceptance for the type tests under
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consideration is given at this time. In the simplest
case, with any pair of means, m; and mjs there are three
possible decisions. They are

l. mj is significantly less than mj,

2. my and my are not significantly different, and

3. m 4 is significantly less than mj,
where i,j = 1, 2, seey n, and i ¥ j. Following Duncan's
notation, these decisions are denoted by D{i,j), D{(i,j)
and D(j,i), respectively. The order of the numbers in
D{i,j) and D{(j,i) indicates the ranking of the means, and
D(i,j) indicates the means are not ranked. The decisions
D(i,j), D{i,j)}, and D(j,i) may also be interpreted to
mean py is less than i By is unranked relative to By and
nj is less than pj, respectively, and are denoted by
i < Bjs ®i = #js and uj < fy. It should be noted that
™13 is unranked relative to %j" means that py way be
greater than, equal to, or less than Bje

The ultimate objective in testing n means is to rank
each of the ncz pairs of true means. This is done by ex-
tending the ideas and notation for two means, as discussed
above, to three or more means. For three means, mj, mp,
mn3, we may make 19 consistent-pairwise {see III for dis-

cussion of term) decisions denoted as follows:
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D(1,2,3) D(1,2,3) D(1,2,3) D(1,2,3) D(1,2,3)
D(1,3,2) D(2,1,3) D(L,3,2) D(1,3,2)
D(2,1,3) D(3,1,2) D(2,3,1) D(2,1,3)
D(2,3,1) D(2,3,1)
D(3,1,2) D(3.:1,2)
D(3,2,1) D(3.2,1)

Clearly, only five distinctly different patterns occur
among these 19 different possible consistent-pairwise
decisions on three means. It is sufficient to define the
leading decision in each column. D(1,2,3) may be read as
my is significantly less than mp, mp is significantly less
D(1,2,3)

may be read as m3 is significantly less than my, mp and m3

than m3, and my is significantly less than mye

are not significantly different, and m; is significantly
less than m3. D(1l,2,3) may be read as mj and my are not
significantly different, mp is significantly less than m3,
and m) is significantly less than m3. D(1,2,3) nmay be

read as my; and mp are not significantly different, mpy and
m3 are not significantly different, and mj is significantly
less than m3. D(1,2,3) may be read as my and mp, mp and
m3, and my and my are not significantly different. In
general, for n means, mj, My, <.s, O, any decision is
denoted in a similar manner. The means are ordered in

some fashion with lines under some of them. Any pair of
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means not grouped by a common line are significantly
different, the first listed being the smaller. Any pair

of means grouped by at least cne line are not significantly
different.

For further discussion on the total number of patterns
for n means and the total number of decisions for 4, 5, and
6 means, see III,

Let D{ ) denote any decision. That collection of
all possible values of the set of sample differences be-
tween pairs of means for which we made this decision is
called its decision region and is denoted by deleting D
from the corresponding decision notation., Thus, (i,j)

denotes the decision region for making decision D(i,j).

3. Geometrv of Decision Regions.

In later discussions, it is convenient to think of
decision regions geometrically. To illustrate how the
regions look for the various nultiple range tests, the
simple but non-practical (for n > 2) multiple t test
regions are used. The decision regions for other tests,
which are discussed in more detail later, are easily de-
fined assuming an understanding of the multiple t'regions.

For the geometrical discussion more notation is in-
troduced. Let

(1) dij = mi - mj,
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where 1 = 1, eeey, N-1, J = 2, seey 1, and i < j, denote the

ordered difference for sauple means m; and mye Let

%

i . fa
(2) X{ ™= (kazll my - imi.,.l)/ (2'—(2'—;2'-}») P)

o

where 1 = 1, ..., n-l, denote the axes in the space of the
differences dij which is called the reduced-sample-space by
Juncan. Sometimes we wish to think of x; in terms of dif-

ferences. Thus we write, using (2),
%
: i{i+l
X3 = ((ml - mi+1) * see + (mi - mi,,,l))/ (""("'2'"'2')
!}X—

i(i+1)) ®
= (dy,541 * eee *dy,54)/ (—LEJ') » OT

i i (1+41) ) 2
(3) *i = 5% 45,14 / (éi“g“l) .

Now the geometric regions of the t test for two means
are defined. The best test for choosing from among three
possible decisions D{1,2), D{(1l,2), and D{2,1) is given by
the following rule: make the decision D(1,2) if
m - my = dyp < -4/2 tys,, the decision D(1,2) if

g - m2| = ldll’l < J2 tysy,, or the decision D(2,1) if

my - mp > /2 ty8;, where t, is the two-tail a-level signi-
ficant value of t based on np degrees of freedom and s

is the standard error of the means. Under our restrictive
assumptions /2 tgsy = /2 (1.96)°L = 2.77 when a = 5%. Geo-
metrically, the sample-space is represented by a straight

line, Xy = djp = my - Mg, as shown in Figure 1. A
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particular value on this line, representing an observed
difference my - my = dyp, is called a sample point. The
test rule divides the line into three intervals, or regions,
d12 < =2477, -2.77 < d1p < 2477, and dy, > 2.77 which are
denoted by (1,2), (1,2), and (2,1), respectively. Decision
D(1,2), D(1,2), or D(2,1) is made depending upon whether
the sample point falls in decision region (1,2), (1,2), or

{(2,1).

-2.77 2.77
1, L
T {1,2) (L2)  (2,1)
Figure 1

Regions of 5% Level Multiple Normal Deviate Test

(np = w0, 0, =1, n = 2)

To discuass the decision regions of the multiple t test
involving three means, my, m,, and my, 8 reduced two-~dimen-
sional sample-space is required. Let the horizontal axis
be xp = mll- my = dyjp and the vertical axis be the compari-
son xz = (m)+my-2mg) / /3 = (dy 3+dpq) / V3, since x, and
Xp are clearly orthogonal. Because we are interested in how
much each of the dij's differ from zero, we wish to solve for
the dj j's as a function of the x;'s. This is always possible

as is shown in IV. Using theorems 3 and 4 of IV gives
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(4} diz = %3, dy3 = (x3+V3 x)/2, dp3 = (-x3+/3 x3)/2.

Consider what happens when dyp = U, dy3 = 0, &23 = Q,
Geometrically, we have three lines through the origin,
intersecting so that the angle cut out by any pair of
lines is 60°., Remembering in the two mean case that the
interval -2 tgsy < djp < /2 tgSy about dyp = 0 was
selected as the region for the decision D(1,2), we take
similar intervals about djp = U, dy3 = U, dp3 = O to make
the decisions D(1,2), D(l,3), D(2,3), respectively. How-
ever, in two dimensions the intervals are plane bands,
-2 tosy <djy < JR g8y, where ij = 12, 13, 23. These
bands intersect in a symmetrical fashion about the origin
cutting the plane into 19 parts as shown in Figure 2.
These are the decision regions for the 19 decisions for
three means given in Section 2. Letting /2 tgsy = qg,
we may also think of the 19 regions as being cut out by
the symmetrical intersection about the origin of the
following three pairs of parallel lines:

Xy =X Qo
(5) %, + 3 x5 = 2qy, and
-x) + 3 x5 = * 2,

In the multiple t test involving four means, g, Mg,

mg, and my, a reduced three-dimensional sample-space is

required. The orthogonal axes are, from (3),
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|
|
|
|
|
i
o
(1,2,3)
!
[
|
|
!
i

Figure 2
Regions of 5% Level lMultiple Normal-Deviate Test,

=(D’G],"ﬁ=l,n=3)
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x] = d12s
(6) Xo = (dlj*d23)/-/§a and

x3 = (dy, +dy, +d3, )/ /6.
From IV, we find dgjs 1J = 12, 13, 23, 14, 24, 34, in terms
of x5, i =1, 2, 3. Setting dij = + qp and simplifying,
gives (5) plus the following equationss

3xy +/3 x5 + 26 x5 = # 6q,
(7) ~3x1 +4/3 xp + 2./6 %3 = * 6qp, and

~2J5x2+2,/5x3=16q2.

The 6 pairs of parallel planes in (5) and (7) intersect
symmetrically about the origin in a three dimensional
space to form 183 decision regions (see III) for the four
mean multiple t test. There are 183 consistent-pairwise
decisions, each of which corresponds to one and only one
of the 183 decision regions.

In the multiple t test involving n means, my, LY
eesp My, a reduced (n-l)-dimensional sample-space is re-
guired. The orthogonal axes are

x) = djo,
Xp = (dyy+dp3)/ V3

(8) S8 GO PPOGAEEEREENETS

*n-1 © (j-z:-ZlL dj,n)/ n .

From IV, we find dij, where 1‘1' creyp n"'l’ J=2, seey N

and i < j’ in terms of Xi’ 1’1' 2y sevy n-1l, On satting



-17 -
djj = * q2 and simplifying, we get

x =X qy
xq +./3 Xy = * 2qq)
-X] 4./5 Xy = + 2@,2;"

dl,n""x]_ = 4y

dl’n"“ cc.o *dn”z,n”‘/'@:;%&zu Xn‘.z - 1 (n‘Z)ng
where
dl,n e [(3"& ses '(n*}.) )xl + (4°5 aee (n"l) ) -/.5 xz
+ cbbc + (n-3):./j§::2‘}-%§:u xn_z + (n-z):

] / a1t

and the other d's are given by (11) in IV. These (n-l)n/2

pairs of parallel hyperplanes intersect symmetrically about
the origin in n-) space. The decision regions for an n
mean test are determined by these intersectionsa. There is
a one-to-one correspondence between these regions and the

consistent-pairwise decisions on n means,

L. Comparison of Regions for Different Tests.
The three mean multiple t test regions may be used to

define corresponding regions for other symmetric multiple
range tests. The multiple t region (1,2,3) is symmetric
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about the origin (center at the origin) and the two decision
region (1,2) = (1,2,3) + (1,2,3) + (3,1,2) + (1,2,3) + (3.1,2)
+ {wﬁéiz} + (34=££) 1s symmetric about xj=d;,=0 and the origin.
‘The region (1,2,3) for any symmetric multiple range test may
be obtained from the multiple t test region (1,2,3) by uni-
formly moving all its boundaries to a new positicn, keeping
them parallel to their original position. The boundaries of
(1,2), with the exception of those common to (1,2,3), are

termed the two decision boundaries of (1,2). The region

(1,2) for any symmetric multiple range test is cbtained,
after the multiple range region (1,2,3) is defined, by uni-
formly moving the two decisien boundaries of the multiple
t test reglon (1,2) to a new pesition, keeping them parallel
to their original position. The multiple range test regions,
{1,3) and (2,3) in a symmetric test, are fixed once (1,2)
is defined. Thus, the 19 decision regions for any symmetric
multiple range test are defined when the boundaries of (1,2,3)
and {1,2) for that test are fixed. In a similar manner, four
decision, three decision, and twe decisiocn houndaries for a
four mean multiple t test may be defined. The decision re-
gions for a multiple range teat ¢f four means may then be
determined by moving the four, three, and twc decision bound-
aries of the mulpiple t test to a new position, keeping them
parallel to their original position.

The symmetric central region in all the tests discussed

in this paper is expanded as well as most of the two decision,
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three decision, +.., n~1 decision regions. These regions
are never expanded enough to change tihe number of n mean de-
¢igion regions in an n mean test. (Of course, the sigze of
any region may change.)

Tukey's test based on allowances is the same as the
multiple t test, except that the parallel hyperplanes (lineas)
are moved out until the central region is wmuch larger. The
Newman-Keuls test and Duncan's new multiple range test are
obtained by moving the three decision, ..., n decision bound-
aries. Tukey's 1953 multiple range test is a compromise be-
tween his test based on allowances and the Newman-Keuls test.
(There are many possible rultiple range tests. One diffi-
culty in selecting the best one for a given experiment comes
in choosing & system of significance levels.)

The multiple F tests may be described using the corres-
ponding range tests as guides. In these, the symmetric cen-
ter 1s replaced by a sphere, the three decision, +¢4, n-l
decision region boundaries are replaced by cylinders, and
the two decision region boundaries remain the same (planes).
This 1ntéadueea more regions for teshing whether a4 given

contrast is significantly different from zero.
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III. THE ENUMERATION OF DECISION PATTERNS

1. Introduction.

This chapter contains a mathematical treatment of the
enumeration of consistent decision patterns obtained in

the pairwise comparison of n means. In the comparison of

c
n=

and each individual comparison between two means, say my

n means, there are all together pairwise comparisons,
and my, must be a preference for my, a preference for m,
or an indifference between the two. Symbolically, these
three alternatives are written as my < m,, m, < my, and
my = m,, respectively.

There are, thus, all togsther 3“62 possible decision
sets in the comparison of n means, a decision set consist-
ing of the ncz pairwise comparisons. There are many in-
consistent or circular decision sets. For example, for
n = 3, the decision set my < m,, m, < my, my < my is cir-
cular and does not permit a linear ordering of the pref-
erence expressed for these means.

If a decision set is non-circular, it can be repre-
sented symbolically with the use of the following schemes

If my < my, the letter my is written to the left of
my3 if my = m,, the letters m; and m, are underlined with
what we shall call an indifference line (if my & m,, it
does not matter whether we write mm, or fZEl)‘ We shall
also write mymam; 0 express the fact that my = mp,



m, = mj, and my & my. In general, the fact that m = m,
will be expressed by an indifference line common to my and
my; as well as all other means in between,

The following are two simple examples illustrating
this representation of decision sets: |

(i) The decision set my < my, m < my, m < m,

m, = my, my <m, and m, & m,

moomy, my om,

is written as

and
(11) The decision set m; = My, My = my, m <m,
m, = my, my = m , and m, = m, is written as
m m, my m .

If the 6n1y difference between the schematic presentation
of two decision sets is a permutation of the means mj, Moy
M3p sesy Mpy they are sald to belong to the same decision
pattern. A decision pattern is, therefore, characterigzed
by the number of means and the number and the arrangement
of the indifference lines, The decision pattern corres-

ponding to a given decision set will be Indicated by re-

placing the means with dots., The declsion pattern corres-

ponding to the first example above is

. 3 e L] ?

and that of the second example is

* - 2 * L]
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Two important points which must be observed in the

construction of decision patterns are

(i) No indifference line is completely covered by
another indifference line., For example, it
is not permissible to write . , 22 e o The
shorter line is evidently redundant.

{ii) Two indifference lines extending in the same
direction can not terminate at the same dot.

For example, it 1s permissible to have s o
but it 1s not permissible to have , s
This 1s an immediate consequence of (i),

Having defined decision patterns and decision sets,

one may now ask |

(1) What is the total number of distinet and con-
sistent, that is, non-circular, decision sets
in the pairwise comparison of n means?

{i1) what is the total number of distinet and con-
sistent, that is, non-circular, decision pat~
terns in the pairwise comparison of n means?

In thls discussion, an answer will be provided to question
{1i), and formulas will be developed for the enumeration
of the total number of decision patterns. AlLhough ques-~
tion (i) can, of coursz, be answered by direct enumeration
for small values of n, the general treatment of this prob-

lem is as yet unsolved.
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2. Basic Relations.
In order to derive formulas giving the total number

of decision patterns, consider the last k dots on the
right in a pattern which has n dots, n > k., Beneath each
pair of dots, aj and aj.), where i = 1, 2, ..., k-1, J
line segments, j = 0, 1, 2, ....s may be drawn, each line
being part of or a whole indifference line, The step from
a; to aj4), called the ith gtep, may be made in many ways
as indicated by the number of line segments underlining
the pair of dots, Let 8j denote a step with j line seg-
ments, It should be noted that each line segment under
dots aj and aj,; may or may not be part of an indifference
line including several other dots. A dot aj 1s called a
right terminal dot (left terminal dot) of an indifference
line whenaever the indifference line does not extend to
ai4+] (ai_ll.

Let fj(x), J=0, 1, 2, eeesp denote the total number
of decision patterns possible when the first step of k
dots is sj.

It can be seen easily that
(1) folk) = £o(k-1) + £3(k-1), k 2 3,
since the number of decision patterns for k dots with
first step s, is the same as the sum of the number of
decision patterns for k-l dots with the first steps s, and
sy (k cannot be < 2, since f3(k-1) would be undefined).



If the first step is s;, then the right terminal dot

of sy is either a, or some dot to its right, If it is oY)

2
the sscond step must be elther s, or s;. If it were 840
with Jj > 2, there would have to be more than one indif-
ference line with a, as a left terminal dot. As was
pointed out before, this is not permissible, For similar
reasons, the second step must be either sy or s,. The
recursion formula can therefore be written as

£1(1) = [£o0km1) + £3(ke1)] +[ £5(6-1) + £,(-1)] ,
or
(2)  £3(k) = £,(k-1) + 2f4 (k-1) + fz(k-lj, k>3 .

Next, suppose the first step is Sy in which case it

is necessary that n > k+l so that two indifference lines
will not have a common left terminal dot at aj. The
right terminal dots may be (i) one at a, and the other to
the right of a,, or (ii) both to the right of ay. For (1),
the second step can be sy or s,, and for {i1), the second
step can be sy or sj. Thug the total number of decision
patterns with k dots where the first step 1s s, is given
by the recursion form

£alk) = [£1(x-1) + £,(k-1)] + [£5(k-1) + £,(x-1}] ,
or
(3)  £y(k) = £(k-1) + 2f (k=1) + £3(k-1), k 2 3.
Similarly,

(4)  f£3(k) = £,(k-1) + 2f3(k-1) + £, (k-1), k 2 3.
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The generai recursion formula for e = 1, 2, 3, ...
may be written as
(5) fe(k) = fe_l(k-l) + 2fe(k-1) + fe.,l(k—l), k>3 .
To prove (5), assume that sg is the first step, in which
case it is necessary that n > k+e-l. It must be large
enough so that no two of the e indifference lines of the
first step have aj or any dot to the left of a; as a com-
mon left terminal dot, At least e-l of the indifference
lines in step one must be continued beyond a, since two
indifference lines can not have a common right terminal
dot at a,. The second step, thus, has at least e-l in-
difference lines. On the other hand, not more than e+l
indifference lines are possible in the second step since
two indifference lines would otherwise have a; as a common
left terminal dot. Thus, if the first step is sg and only
one of its indifference lines terminates at any the second

step is sg_ 3] or s,; if the first step is such that no

e’
indifference lines terminate at ay, the second step is s4
OT Sg+4]s

For certain values of k, sy is an impossible first
step and fo(k) is set equal to zero., (It will be assumed
here that n is sufficiently large so that not more than
one indifference line has a left terminal dot at aj.) The
problem is to see how large k must be so that there is at
most one indifference line with a right terminal dot at 8ne
















































































































































