VIBRATION CONTROL AND DESIGN OF
COMPOSITE CANTILEVERS TAKING INTO ACCOUNT
STRUCTURAL UNCERTAINTIES AND DAMAGE
by
Donglioon Oh
D.ssertation submitted to the Faculty of the

Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

in

Engineering Mechanics

e vinen — L. D eam#g
M.S. Cramer L. Meirovitch
’ ?7"“""‘ ’}A\ CC\O& ) \4'(/1 cm .
R.H. Plaut S. angjitham

April, 1993

Blacksburg, Virginia



LD
2658
3
) 993
o



VIBRATION CONTROL AND DESIGN OF
COMPOSITE CANTILEVERS TAKING INTO ACCOUNT
STRUCTURAL UNCERTAINTIES AND DAMAGE

by
Donghoon Oh

Committee Chairman: Dr. L. Librescu

Professor of Engineering Science and Mechanics

(ABSTRACT)

Within this work a study of the vibrations of laminated composite cantilevers
exhibiting structural uncertainties and damage is accomplished. The study is per-
formed within both the Classical Lamination (CLT) and the First-order Transverse
Shear Deformation Theories (FSDT). Upon comparing the natural frequencies and
mode shapes obtained by both theories, the effects of transverse shear deformation
will be emphasized. Other nonclassical effects as e.g. the bending-twist coupling
and the warping restraint on the cantilevered structure are also considered. As
passive techniques of vibration control, structural tailoring and optimization are
implemented. To deal with structural uncertainties, a probabilistic discretization
technique for the governing system is developed. Statistical properties of natural
frequencies are obtained by means of a second-moment method and a first-order
perturbation technique. Structural tailoring is reconsidered to reduce the sensitiv-
ity of the dynamic behavior to parameter uncertainties. Next, the damage effect
on the structure is considered in the design process. As a result, the problem of the

robustness of structures in the presence of damage is addressed. This work also



deals with the active feedback control of cantilevered structural systems. An efli-
cient control technique for continuous structures, namely modal control, is adopted
and the control gain is obtained by an optimal control law. The comparison of
controlled and uncontrolled dynamic responses is made between two models based
on CLT and FSDT with emphasis on the influence played by transverse shear

deformation and warping restraint.



ACKNOWLEDGEMENTS

I wish to express my sincere appreciation to the chairman of my advisory
committee, Dr. L. Librescu, for his devoted guidance, insightful suggestions, con-
tinuous encouragement and moral support during the course of this study.

I would like to thank Dr. L. Meirovitch and Dr. R.H. Plaut for providing
invaluable advice during my research. Furthermore, I extend my thanks to Dr.
M.S. Cramer and Dr. S. Thangjitham for being on my committee and guiding me.

Fruitful technical discussions with Dr. O. Song are also appreciated.

Mostly, a special word of heartfelt appreciation goes to my wife for her pa-
tience, love and encouragement, to my brother for understanding my study, and
to my lovely daughter Grace for providing me so much joy and comfort.

I dedicate this work to my parents who have made sacrifices throughout their

lives for their children.

v



TABLE OF CONTENTS

LIST OF FIGURES
LIST OF TABLES
1. INTRODUCTION

1.1 Motwvation . . . . . . . . . . . o o e

1.2 Qutline of Present Study
2. LITERATURE REVIEW
2.1 Modeling of Cantilevered Structures
2.2 Structural Optimization and Tailoring Techniques
2.8 Structures with Parameter Uncertainties
2.4 Analysis of Damaged Structures .
2.5 Active Vibration Control
3. DERIVATION OF GOVERNING EQUATIONS
3.1 Overview . . . .
3.2 Modeling of Composite Cantilevered Structures
3.2.1 First-order Transverse Shear Deformable Beam Theory
3.2.2 The Classical Beam Theory
4. FREE VIBRATION ANALYSIS
4.1 Overview .
4.2 Variational Formulation
4.2.1 Rayleigh-Ritz Formulation
4.2.2 Extended-Galerkin Formulation
4.2.3 Finite Element Formulation
4.8 Ezact Solutions of Special Composite Cantilevers

4.4 Numerical Ezamples . .

O o & W

10
13
14
16
16
16
17
24
29
29
29
30
33

37
41



4.4.1 Consideration of Convergence and Accuracy . . . . . . . . 42

4.4.2 Free Vibration Results . . . . . . . . . . . . ... . . 44
4.4.3 Parametric Study for Shear Correction Factor . . . . . . . 46
4.4.4 Changes of Natural Mode Shapes . . . . . . . . . . . . 46
5. PASSIVE VIBRATION CONTROL 76
5.1 Overview . . . . . . . . . . . . . . . . . . ... ... 76
5.2 Numerical Examples . . . . . . . . . . . . . . . . . ... .07
5.2.1 Structural Tailoring Results . . . . . . . . . . . . . . . 77
5.2.2 Nontraditional Effect on Structural Tailoring . . . . . . . 79

5.2.3 Parametric Study for Shear Correction Factor
in Structural Tailoring . . . . . . . . . . . .. ... . 80
6. STRUCTURAL OPTIMIZATION 101
6.1 Overview . . . . . . . . . . .. oo e e 101
6.2 Structural Optimization Technique . . . . . . . . . . . . . . .102
6.3 Numerical Examples . . . . . . . . . . . . . . ... ... 104

7. ANALYSIS OF STRUCTURES WITH

PARAMETER UNCERTAINTIES 109
7.1 Overview . . . . . . . . . . . . . . . . .. .. ... 109
7.2 Variation of Structural Properties . . . . . . . . . . . . . . .109
7.8 Numerical Ezamples . . . . . . . . . . . . . . . . .. .. .113
7.3.1 Stochastic Variation of Natural Frequencies . . . . . . . . 113
7.3.2 Reliability Analysis . . . . . . . . . . . . . .. ... 115
7.3.3 Structural Tailoring With Parameter Uncertainties . . . . . 117
8. ANALYSIS OF DAMAGED STRUCTURES 139
8.1 Overview . . . . . . . . . . . . . . .. ... ... 139
8.2 Modeling of Structural Damage . . . . . . . . . . . . . . . .139
8.8 Numerical Ezamples . . . . . . . . . . . . . . .. ... 140

vi



8.3.1 Damage Effect on Free Vibration . . . . . . . . . . . .
8.3.2 Safety Analysis . . . . . . . . . ..o oL
8.3.3 Structural Tailoring With Possible Damage Effect . . . . .
9. DESIGN OF ROBUST STRUCTURES
9.1 Overview .
9.2 Reliability-Based Design
9.8 Numerical Ezamples . .
9.3.1 Design Results . . . . . . . . . . . . . . .. ...
9.3.2 Effect of Transverse Shear Deformation on Design
10. ACTIVE VIBRATION CONTROL
10.1 Overview
10.2 Active Vibration Control . .
10.3 Numerical Simulations
11. CONCLUDING REMARKS
11.1 Summary and Conclusions .

11.2 Recommendations for Future Work .

REFERENCES
VITA

196
203

vil



LIST OF FIGURES

3.1 Coordinate system and geometry of cantilevered structure . . . . . . 28

4.1 First bending frequencies computed via the Rayleigh-Ritz method using poly-
nomial admissible functions (RRMX) and the finite element method using
quadratic (FEMQ) and cubic (FEMC) interpolation functions for the lami-
nate [903/0]s2 (I = 15 in, ¢ = 3 in) based on the FSDT and incorporation
of the warping restraint . . . . . . . . . . . . .. ... . ... 50

4.2 First torsional frequencies computed via the Rayleigh-Ritz method using
polynomial (RRMX) and trigonometric (RRMS) admissible functions and
the finite element method using quadratic (FEMQ) and cubic (FEMC) inter-
polation functions for the laminate [903/0]s2 (I = 15 in, ¢ = 3 in) based on
the FSDT and incorporation of the warping restraint . . . . . . . . 51

4.3 Convergence of the first bending frequencies computed via Rayleigh-Ritz
method using polynomial admissible function for the laminate [903/0]s2 (I =
15 in, ¢ = 3 in) based on four different structural models (i.e. FSDT, CLT
with/without warping restraint) . . . . . . . . . . . . . . . . . 52

4.4 Convergence of the first torsional frequencies computed via Rayleigh-Ritz
method using polynomial admissible function for the laminate [903/0]g2 (I =
15 in, ¢ = 3 in) based on four different structural models (i.e. FSDT, CLT
with/without warping restraint) . . . . . . . . . . . . .. . .. 53

4.5 Variation of first bending vibration frequency versus aspect ratio and span-
to-thickness ratio for laminate [90/ +45/0]s4 (¢ = 3 in, [ =6,9,12,15,18 in)
taking into account transverse shear deformation and warping restraint effects

54

4.6 Variation of first torsional vibration frequency versus aspect ratio and span-
to-thickness ratio for laminate [90/ £45/0]s4 (¢ =3 in, [ =6,9,12,15,18 in)
taking into account transverse shear deformation and warping restraint effects

%3]

4.7 Variation of first bending vibration frequency versus span-to-thickness ratio
for laminate [90/ + 45/0]s,, with moderate aspect ratio & = 8 (¢ = 3 in,
[ = 12 in) taking into account transverse shear deformation and warping
restraint effects . . . . . .. . .. . .. ... . ... ... b6

4.8 Variation of first torsional vibration frequency versus span-to-thickness ratio
for laminate [90/ £ 45/0]s, with moderate aspect ratio R = 8 (¢ = 3 in,

viil



I = 12 ¢n) taking into account transverse shear deformation and warping
restraint effects . . . . . ... ..o 0000000000 BT

4.9 Variation of first bending vibration frequency versus span-to-thickness ratio
for laminate [90/ 4 45/0]s,, with low aspect ratio R =4 (c =3 in, [ =6 in)
taking into account transverse shear deformation and warping restraint effects

o8

4.10 Variation of first torsional vibration frequency versus span-to-thickness ratio
for laminate [90/ 4 45/0]s, with low aspect ratio & =4 (¢ =3 in, [ = 6 in)
taking into account transverse shear deformation and warping restraint effects

59

4.11 Variation of first bending vibration frequency versus aspect ratio for laminate
[90/ +45/0]s, with moderate span-to-thickness ratio (I/h = 70.8) taking into
account transverse shear deformation and warping restraint effects . . 60

4.12 Variation of first torsional vibration frequency versus aspect ratio for laminate
[90/£45/0] s, with moderate span-to-thickness ratio (I/h = 70.8) taking into
account transverse shear deformation and warping restraint effects . . 61

4.13 Variation of first bending vibration frequency versus aspect ratio for lami-
nate [90/ £45/0]s, with low span-to-thickness ratio ({/h = 11.8) taking into
account transverse shear deformation and warping restraint effects . . 62

4.14 Variation of first torsional vibration frequency versus aspect ratio for lami-
nate [90/ £ 45/0]s,, with low span-to-thickness ratio ({/h = 11.8) taking into
account transverse shear deformation and warping restraint effects . . 63

4.15 Parametric study for transverse shear correction factor in first bending fre-
quency for laminate [90/ £+ 6/0]s4 (¢ = 3 in, | =6,9,12,15,18 :n) taking into
account warping restraint effect . . . . . . . . . . ... 0 ... 64

4.16 Parametric study for transverse shear correction factor in first torsional fre-
quency for laminate [90/+6/0]s4 (¢ =3 in, 1 =6,9,12,15,18 m) taking into
account warping restraint effect . . . . . . . . . 0 ... . . . 65

4.17 Parametric study for transverse shear correction factor in first bending fre-
quency for laminate [90/ +6/0]s4 with low aspect ratio R =4 (¢ =31n, [ =
6 in) taking into account warping restraint effect . . . . . . . . . . 66

4.18 Parametric study for transverse shear correction factor in first torsional fre-
quency for laminate [90/ +6/0]sy with low aspect ratio R =4 (¢ =3 in, | =
6 in) taking into account warping restraint effect . . . . . . . . . . 67

4.19 First bending modes W1(y) of laminate [90/ &+ 6/0]s4 (I = 15 in, ¢ = 3 in,
based on the FSDT, warping restraint effect being incorporated) with change
of ply orientation . . . . . . . . . . .. ... ... ... .. 68



4.20 First torsional modes ©,(y) of laminate [90/ £ 6/0]gs (I = 15 in, ¢ = 3 in,
based on the FSDT and incorporating warping restraint effect) with change
oftheplyangled . . . . . . . .. . . . ... .. ... ... 69

4.21 Second torsional modes ©2(y) of laminate [90/ £ 8/0]s4 (I = 15 in, ¢ = 3 in,
based on the FSDT with the incorporation of the warping restraint) with
change of the ply angled . . . . . . . . . . . ... ... ... 170

4.22 Natural mode shapes for laminate [90/+15/02/ —15/45/90]s (I = 15 in, ¢ =
3 in) based on the FSDT with the incorporation of the warping restraint 71

4.23 Natural mode shapes for laminate [90/ +15/02/ —15/45/90]4 (I = 15n, ¢ =
3 in) based on the FSDT and consideration of the free warping . . . 72

4.24 Natural mode shapes for laminate [90/ 4+ 15/0,/ —15/45/90); (I = 15 in, ¢ =
3 in) based on CLT with/without incorporation of the warping restraint 73

4.25 Natural mode shapes for laminate [903/0]s4 (I = 15 in, ¢ = 3 in) based
on the FSDT and consideration of the warping restraint (Same results are
obtained for CLT with/without incorporation of the warping restraint) 74

4.26 Natural mode shapes for laminate [903/0]s4 (I = 15 tn, ¢ = 3 in) based on
the FSDT with consideration of the free warping . . . . . . . . . . 75

5.1 Variation of first bending frequencies versus ply orientation as design vari-
able for eight-layer laminate (I = 6 in, ¢ = 3 in) based on the FSDT with
consideration of the warping restraint effect . . . . . . . . . . . . 81

5.2 Variation of first torsional frequencies versus ply orientation as design vari-
able for eight-layer laminate (I = 6 in, ¢ = 3 in) based on the FSDT with
consideration of the warping restraint effect . . . . . . . . . . . . 82

5.3 Variation of first bending frequencies versus ply orientation as design variable
for sixteen-layer laminate ({ = 6 in, ¢ = 3 in) based on the FSDT with
consideration of the warping restraint effect . . . . . . . . . . . . 83

5.4 Variation of first torsional frequencies versus ply orientation as design variable
for sixteen-layer laminate (I = 6 in, ¢ = 3 in) based on the FSDT with
consideration of the warping restraint effect . . . . . . . . . . . . &

5.5 Variation of first bending frequencies versus ply orientation as design variable
for sixteen-layer laminate (I = 12 ¢n, ¢ = 3 in) based on the FSDT with
consideration of the warping restraint effect . . . . . . . . . . . . 8

5.6 Variation of first torsional frequencies versus ply orientation as design variable
for sixteen-layer laminate (I = 12 in, ¢ = 3 n) based on the FSDT with
consideration of the warping restraint effect . . . . . . . . . . . . 86



5.7 Variation of first bending frequencies versus ply orientation for various aspect
ratios of laminate [90/ 4 8/0]s4 based on the FSDT with consideration of the
warping restraint effect . . . . . . . . . . ..o .. oo 0. . 87

5.8 Variation of first torsional frequencies versus ply orientation for various aspect
ratios of laminate [90/ £ 6/0]s4 based on the FSDT with consideration of the
warping restraint effect . . . . . . . . . . . .. . . ... ... 88

5.9 Effects of bending-twist coupling and warping restraint on the first bending

frequency of laminate [90/ £+ 8/0]s2 (I = 15 in, ¢ = 3 in) based on CLT 89

5.10 Effects of bending-twist coupling and warping restraint on the first torsional
frequency of laminate [90/ & 8/0]s2 (I = 15 in, ¢ = 3 in) based on CLT 90

5.11 Effects of transverse shear deformation and warping restraint on the first
bending frequencies of 32-layer laminate [90/ £+ 6/0]sy (I = 15 in, ¢ =3 in)
5.12 Effects of transverse shear deformation and warping restraint on the first

torsional frequencies of 32-layer laminate [90/ £ 6/0]s4 (I = 15 in, ¢ = 3 in)
92

5.13 Effects of transverse shear deformation and warping restraint on the first
bending frequencies of 64-layer laminate [90/ £ 8/0]ss (I = 15 in, ¢ =3 in)
5.14 Effects of transverse shear deformation and warping restraint on the first
torsional frequencies of 64-layer laminate [90/ £ 6/0]ss (I = 15 in, ¢ = 3 in)

5.15 Effects of transverse shear deformation and warping restraint on the first
bending frequencies of 128-layer laminate [90/ +6/0]s16 (I = 15 in, ¢ = 3 in)
5.16 Effects of transverse shear deformation and warping restraint on the first

torsional frequencies of 128-layer laminate [90/£6/0]s16 (I = 15 in, ¢ = 3 in)
. 96

5.17 Parametric study for transverse shear correction factors in structural tailoring
(first bending frequencies plotted for 64-layer laminate [90/ £ 6/0]ss with
I=154n, c=3in) . . . . . . . . ... 9T

5.18 Parametric study for transverse shear correction factors in structural tailoring
(first torsional frequencies plotted for G4-layer laminate [90/ £ 6/0]sg with
I=15wm,¢c=3wm) . . . . . . . . .. . ... 98

5.19 Parametric study for transverse shear correction factors in structural tailoring
(first bending frequencies plotted for 128-layer laminate [90/ & 6/0]s16 with
[=154n, ¢c=3) . . . . . .00 99

x1



5.20 Parametric study for transverse shear correction factors in structural tailoring
(first torsional frequencies plotted for 128-layer laminate [90/ £ 8/0]s16 with
I=15in,¢c=3m) . . . . . . .. . ... ... .....100

6.1 Optimum torsional frequencies compared to the ones obtained by structural
tailoring . . . . . . . . . . . . . . . ... .. . ... 108

7.1 Fluctuation of fundamental natural frequency of laminate [90/ £45/0]s4 (I =
15 in, ¢ = 3 in, modeled as per the FSDT with warping restraint) due to
uncertain material properties . . . . . . . . . . . oo L. 0122

7.2 Comparison of the mean value of fundamental natural frequency for laminate
[90/ & 45/0]s4 (I = 15 in, ¢ = 3 in) in the presence of uncertain material
properties . . . . . . . . . . . . . . e e ..o 123

7.3 Comparison of coefficients of variation of fundamental natural frequency for
laminate [90/ £ 45/0]s4 (I = 15 in, ¢ = 3 in) in the presence of uncertain
material properties . . . . . . . . . . . . . .. . ... ... 0124

7.4 Coefficients of correlation of the first natural frequencies of laminate [90/ &+
75/0]s4 (I = 15 in, ¢ = 3 in, modeled as per the FSDT with incorporation
of the warping restraint) according to the increased uncertainties of material
properties . . . . . . . . . o o e e e e e e e e e e e 128

7.5 Coeflicients of correlation of the first natural frequencies of laminate [90/ £
75/0]s4 (I = 15 in, ¢ = 3 in, modeled as per the FSDT with incorpora-
tion of the warping restraint) according to the increased uncertainty of ply
orientation . . . . . . . . . . . . . ... ... 126

7.6 Reliability of laminate [90/+45/0]s (I = 9 in, ¢ = 3 in, modeled as per FSDT
with incorporation of the warping restraint) under an external oscillatory
load. The uncertainties concern the elastic moduli . . . . . . . . . 127

7.7 Reliability of laminate [90/ + 45/0]s (I = 9 in, ¢ = 3 in, modeled as per
the FSDT with incorporation of the warping restraint) under an external
oscillatory load. The uncertainty concerns the lamina thickness . . . 128

7.8 Reliability of laminate [90/ £ 45/0]s (I = 9 in, ¢ = 3 in, modeled as per
the FSDT with incorporation of the warping restraint) under an external
oscillatory load. The uncertainty concerns the ply orientation . . . . 129

7.9 Reliability of laminate [90/ & 45/0]s (I =9 in, ¢ = 3 in, modeled as per the
FSDT with incorporation of warping restraint) under an external oscillatory
load. The uncertainty concerns the mass density . . . . . . . . . . 130

7.10 Reliability of laminate [90/ 4+ 45/0]s (I = 9 in, ¢ = 3 in, modeled as per
the FSDT with incorporation of the warping restraint) under an external
oscillatory load. The uncertainties concern all variables . . . . . . . 131

x11



7.11 Coeflicients of variation of the first bending frequencies versus ply orientation

for structurally tailored laminate (I = 12 in, ¢ = 3 in, modeled as per
the FSDT with incorporation of the warping restraint). The uncertainties
concern the material properties . . . . . . . . . .. . . ... .132

7.12 Coeflicients of variation of the first torsional frequencies versus ply orientation
for structurally tailored laminate (I = 12 in, ¢ = 3 in, modeled as per FSDT
with incorporation of the warping restraint). The uncertainties concern the
material properties . . . . . . . . . . . . . ... . . . ... .133

7.13 Effect of the thickness of laminate on the coefficient of variation of the first
natural frequencies for laminate [90/ + 6/0]g, (I = 15 in, ¢ = 3 in, t =
.0053 in, n = 2,4, modeled as per the FSDT with incorporation of the
warping restraint). The uncertainties concern material properties and ply
orientations of all layers . . . . . . . . . . . . . ... ... . .13

7.14 Effect of the number of layers on the coefficient of variation of the first bending
frequency for laminate [90,,/ + 6,/ — 6,,/0,]s2 (I = 15 in, ¢ = 3 in, h =
1696 in, n = 1,2,4, modeled as per the FSDT with incorporation of the
warping restraint). The uncertainties concern material properties and ply
orientations ofall layers . . . . . . . . . . . ... ... ... .135

7.15 Effect of the number of layers on the coefficient of variation of the first tor-
sional frequency for laminate [90,/ + 6,/ — 6,/0x]s2 (I = 15 in, ¢ = 3 in,
h = .1696 in, n = 1,2,4, modeled as per the FSDT with incorporation of
the warping restraint). The uncertainties concern material properties and ply
orientations of all layers . . . . . . . . . . . .. . ... ... .136

7.16 Effect of the number of layers on the coeflicient of variation of the first bending
frequency for laminate [90,,/ 4+ 6,/ — 6,,/0n]s2 (I = 15 in, ¢ = 3 in, h =
1696 n, n = 1,2,4 modeled as per the FSDT with incorporation of the
warping restraint). The uncertainty concerns layer thickness . . . . . 137

7.17 Effect of the number of layers on the coefficient of variation of the first tor-
sional frequency for laminate [90,,/ + 8,/ — 6,/0,]s2 (I = 15 in, ¢ = 3 in,
h = .1696 in, n = 1,2,4, modeled as per the FSDT with the incorporation of
the warping restraint). The uncertainty concerns layer thickness . . . 138

8.1 Description of the damaged panel geometry . . . . . . . . . . . .144

8.2 Influence of location of the damage on the fundamental natural frequencies
for the laminate [90/ +45/0]s2 (I = 15 in, ¢ = 3 in, 10% of span experiences
80% drop of elasticity moduli) . . . . . . . . . . . . . .. .. .145

8.3 Fundamental natural frequency drop for the laminate [90/ + 45/0]s2 (I =
15 in, ¢ = 3 in) with propagation of damage in the thickness direction (10%
of span experiences 80% drop of elasticity moduli) . . . . . . . . . 146

xiii



8.4 Reduced fundamental frequencies for laminate [87/67/ — 68/ — 67/77/ —
59/78/90]s2 (I = 15 in, ¢ = 3 in) with various intensities of damage (all
layers damaged) propagated from root totip . . . . . . . . . . . 147

8.5 Reduced fundamental frequencies for laminate [87/67/ — 68/ — 67/77/ —
59/78/90]s2 (I = 15 in, ¢ = 3 in) with various intensities of damage (all
layers damaged) propagated from tip toroot . . . . . . . . . . . 148

8.6 Probabilistic failure of the laminate [90/ £ 45/0]s2 (I =9 in, ¢ = 3 in) with
various intensities of damage at composite skins (whole span damaged) under
an external oscillatory load . . . . . . . . . . . . oo oL L. 149

8.7 Probabilistic failure of the laminate [90/ £ 45/0]s2 (I =9 in, ¢ = 3 in) with
partly damaged composite skins (the damaged panel experiences 50% drop
of elasticity moduli) under an external oscillatory load . . . . . . . 150

8.8 Probabilistic failure of the laminate [90/ + 45/0]s, (I = 9 in, ¢ = 3 in) with
propagation of damaged composite skins (the damaged panel experiences 50%

drop of elasticity moduli) under an external oscillatory load . . . . . 151
8.9 Probabilistic failure of the laminate [90/ £45/0]s2 (I =9 in, ¢ = 3 in) with
damage (whole span damaged) under an external oscillatory load . . 152

8.10 Variation of the first bending frequencies versus ply orientation as design
variable for laminated cantilever ({ = 12 in, ¢ = 3 in) with damaged skins

(whole span damaged 50%) . . . . . . . . . . . . . . ... . .153

8.11 Variation of the first torsional frequencies versus ply orientation as design
variable for laminated cantilever (I = 12 in, ¢ = 3 in) with damaged skins
(whole span damaged 50%) . . . . . . . . . . . . . ... .. .154

8.12 Reduction of the first bending frequencies for laminated cantilever (I =
12 in, ¢ = 3 in) with damaged skins (whole span damaged 50%) . . . 155

8.13 Reduction of the first torsional frequencies for laminated cantilever (I =
12 in, ¢ = 3 in) with damaged skins (whole span damaged 50%) . . . 156

8.14 Probabilistic failure of structurally tailored laminate (I = 9 in, ¢ = 3 n)
with parameter uncertainties under an external oscillatory load . . . 157

8.15 Probabilistic failure of structurally tailored laminate (I = 9 in, ¢ = 3 in)
with damaged composite skins (whole span damaged 50%) under an external
oscillatory load . . . . . . . . . . . . . .. .. .. .. .. .158

9.1 Alpha-value of random variables for the laminate [90/445/0]s2 ({ =9 in, ¢ =

9.2 Probabilistic failure of original and robust structures (I =9 in, ¢ = 3 in) to
uncertainties (C.0.V.(E, G,vy2) = .1) with damaged composite skins (whole

Xiv



span of 1st and 16th layers are damaged up to 100 %) according to newly
designed material properties . . . . . . . . . . . . . . .. .. 170

9.3 Probabilistic failure of original and robust structures (I =9 in, ¢ =3 n) to
uncertainties with damaged composite layers (whole span of 1st, 16th layers
for original laminate [90/ £ 45/0]s2 and 1Ist, 2nd, 31st, 32nd layers for its
robust counterpart [90/ 4 45/0]45 are damaged, respectively, up to 100 %)

9.4 Probabilistic failure of original and robust structures (I =9 in, ¢ = 3 in) to
uncertainties (C.0.V.(E,G,vy2) = .1) and damage (whole span of 1st and
16th layers damaged up to 100 %) according to the newly designed material
properties . . . . . . . . . . . . . . o000 e e e oo 172

9.5 Probabilistic failure of original and robust structures (I = 9 in, ¢ = 3 wn)
to damage (whole span of 1st and 16th layers damaged up to 100 %) with
uncertain material properties . . . . . . . . . . . . . .. .. .173

9.6 Natural frequencies of transversely isotropic structure (I/h = 5, R = 4)
before and after damage (whole span of the each top and bottom 5% thickness
experiences 100% reduction of elastic moduli) . . . . . . . . . . . 174

9.7 Natural frequencies of transversely isotropic structure ({/h = 20, &R = 16)
before and after damage (whole span of the each top and bottom 5% thickness
experiences 100% reduction of elastic moduli) . . . . . . . . . . . 175

9.8 Standard deviations of natural frequencies of a transversely isotropic struc-

ture (I/h =5, RM=4) . . . . . . . . . . ... .. ......176

9.9 Standard deviations of natural frequencies of a transversely isotropic struc-

ture (I/h =20, R=16) . . . . . . . . . . . .. ... ...l
9.10 Alpha-value of random variables for a transversely isotropic structure . 178

10.1 Controlled and uncontrolled responses of the first bending vibration mode for
the cantilevered composite beam . . . . . . . . . . . . . . . . .185

10.2 Controlled responses of the first torsional vibration mode for the cantilevered

composite beam . . . . . . . . . . . . . . .. .. ... .. .186
10.3 Magnitude of first actuator force . . . . . . . . . . . . . . .. 187
10.4 Magnitude of second actuator force . . . . . . . . . . . . . . . .188
10.5 Magnitude of third actuator force . . . . . . . . . . . . . . . . 189

XV



LIST OF TABLES

4.1 Rayleigh-Ritz and exact solutions of the natural frequencies for cross-ply

laminate (I =15in, ¢c¢=3in)basedon CLT . . . . . . . . . . . . 48
4.2 Rayleigh-Ritz and exact solutions of the natural frequencies for specially or-
thotropic laminate (I = 15 ¢n, ¢ =3 in) based on CLT . . . . . . . 49
6.1 Transformed reduced stiffness in terms of material invariants . . . . . 103

6.2 Optimum ply orientations for 1st torsional frequencies based on the FSDT
and incorporation of warping restraint effect . . . . . . . . . . . . 107

6.3 Percentage errors of the optimum first torsional frequencies by modeling ap-
proximation . . . . . . . . . . . . . . . . . . . . . . ... 107

7.1 Material properties and statistics for graphite/epoxy laminate . . . . 119

7.2 Coefficients of variation of the first natural frequencies of laminate [90/ +
75/0]s4 (I = 15 in, ¢ = 3 in, modeled as per the FSDT with warping re-
straint) with uncertain moduli of elasticity, Poisson’s ratio, thickness, mass
density, and fiber orientation . . . . . . . . . . . . . . . . .. .120

7.3 Effect of coefficients of correlation on the first natural frequencies of laminate
[90/ £ 75/0]s4 (I = 15 in, ¢ = 3 in, modeled as per the FSDT with warping
restraint) with uncertain moduli of elasticity, Poisson’s ratio, thickness, mass
density, and fiber orientation . . . . . . . . . . . . . . .. .. .121

9.1 New material properties designed for constructing robust structure to uncer-

tainties (C.O.V.(E,G,v12)=.1) . . . . . . . . . . . . ... . .168

xvi



1. INTRODUCTION

1.1 Motivation

Based on their outstanding properties, fiber-reinforced composite materials
have been increasingly used in aircraft and spacecraft structures, and it is sure
that this trend will continue and intensify in the future. In addition to the well-
known superior features of composite material systems, the ability to tailor their
anisotropic properties according to given requirements provides new advantages,
enabling one to improve the dynamic characteristics of laminated composite struc-
tures.

However, besides their superior properties, composite material structures ex-
hibit high flexibilities in transverse shear. Moreover, unavoidable uncertainties
exist in composite structures. As a result, probabilistic analysis must be incorpo-
rated to evaluate their structural response. Monte Carlo simulation has been used
for statistical analysis. Large samples, however, may be needed in order to find
correct statistical parameters of the structures, thus; this method becomes very
expensive. Another disadvantage of the Monte Carlo simulation is that due to
independent sampling, correlated random variables are excluded in this analysis.
To circumvent this ineffectiveness, the probabilistic finite element method has been
used for the analysis of composite structures with parameter uncertainties. In this
study, the Stochastic Rayleigh-Ritz method is developed to predict the effects of
the uncertainties on free vibration characteristics.

It should be pointed out that flying vehicles are exposed during their life oper-

ation to various types of damage which may result in dramatic reductions of their
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structural integrity. The damage can produce a change of vibration characteris-
tics and even the failure of the structure. Due to the increasing use of composite
materials in lifting surfaces of flying vehicles, structural safety must be taken into
account during their service life. Although there are a number of studies dealing
with the effect of damage on free vibration of cantilevered beams, to the best
knowledge of the author, studies are not available dealing with the alleviation
of the deteriorating effect of the damage on the dynamic behavior of composite
beams. The increase of the level of safety of cantilevered composite structures by
increasing their resistance capability to damage is studied herein. Being designed
to withstand damage and uncertainties, the catastrophic failure of the structure
can be avoided.

The classical beam theory based on the Bernoulli-Euler assumption that the
lines normal to the midline before deformation remain straight and normal after
deformation is widely applied in the design of metallic beam structures, where this
theory provides reliable results. However, with the advent of advanced composite
material systems, this theory fails to provide reliable results. For composite mate-
rial structures, it is found that the bending-twist coupling has a significant effect
on natural frequencies and mode shapes. In addition, for cantilevered beams, the
warping inhibition effect should be accounted for in modeling of the structure.

In contrast to the metallic structures, in the case of the composite ones their
elastic stiffnesses depend on the stacking sequence of laminae and ply orienta-
tion. Therefore dynamic performance can be enhanced by structural tailoring
and optimization techniques. The freedom of tailoring the elastic characteristics
of fiber-reinforced composite structures has a great importance on the design of
robust structures. Using the unique directionality characteristics of anisotropic

materials, dramatic improvements of the dynamic performance can be achieved.
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A number of studies have revealed that the warping restraint effect can be ben-
eficial in the case of the undamped vibration problem of cantilevered composite
structures.

In connection with structural vibration control, a large number of works have
been devoted to conventional metallic structures. For composite material struc-
tures, however, a very limited number of studies are available. The idea of im-
plementing linear feedback control is to make the system asymptotically stable by
locating all open-loop poles to the left-hand side of the complex domain. The con-
tinuous structures possess an infinite number of modes; consequently, controlling
all modes is impractical even if possible. Vibration response of mechanical struc-
tures is governed by lower modes, thus effective control of these critical modes is

desired.

1.2 Outline of Present Study

This study is concerned with vibration control of cantilevered composite struc-
tures in the presence of parameter uncertainties and damage. A shear deformable
cantilevered beam accounting for the effects of warping restraint and bending-
twist coupling is considered. For the sake of comparison, the classical lamination
counterpart is also considered.

Variational methods are used to find approximate solutions for the coupled
bending and torsional vibration problem. To deal with structural uncertainties,
probabilistic methods are incorporated in the discretization process. A second
moment method and a perturbation technique are used to solve the stochastic
eigenvalue problem. In the modeling of damaged structures, the damage is char-
acterized in terms of damage parameters. For the safe operation of cantilevered

structures, the ones are constructed to be robust to uncertainties and damage.
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To minimize the control effort in vibration, structural tailoring and optimiza-
tion are proposed. Specific dynamic performance goals, such as the increase of
natural frequencies and a lower sensitivity to structural uncertainties and dam-
age, can be achieved by using structural tailoring and optimization techniques.

In addition to this, active control is applied to reduce vibration response in
an effective manner. An optimal control design method is presented on the basis
of linear quadratic control where the minimizing of the performance index leads
to a Riccati equation.

This work consists of eleven chapters.

Chapter 2 gives a brief review of the literature.

In Chapter 3, the equations of motion of laminated composite shear de-
formable beam structures, along with its classical lamination counterpart, are
derived via Hamilton’s principle for the study of the following structural prob-
lems:

- Free vibration

- Structural tailoring and optimization

- Analysis of structures with unavoidable uncertainties

- Analysis of structures with possible damage

- Design of robust structures to uncertainties and damage

- Active vibration control

In Chapter 4, the deterministic eigenvalue problem is presented using varia-
tional methods, while in the subsequent Chapters 5 and 6, passive vibration con-
trol for cantilevered composite structures is accomplished by applying structural

tailoring and optimization techniques, respectively.
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In Chapter 7, a stochastic discretization technique is presented for uncertain
distributed-parameter structures. Material properties, elastic moduli, mass den-
sity and design parameters such as stacking sequence, fiber orientation and layer
thickness are considered as random variables.

In Chapters 8 and 9, to ensure proper operating conditions for the structures,
possible damage effects are predicted and robust structures are constructed to
increase the resistance capability to damage and uncertainties.

In Chapter 10, a stable closed-loop system can be achieved without modifying
the structural modes by applying a convenient modal control theory to continu-
ous structures. For the purpose of implementing active control into cantilevered
composite structures, the governing equations of motion are expressed in terms of
state variables, then transformed into natural coordinates by a coordinate trans-
formation.

Finally, in Chapter 11, a summary of the results from previous chapters and
some concluding remarks emerging from this study are outlined. Recommen-
dations for possible future work related to this study are also presented in this

chapter.
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2. LITERATURE REVIEW

In this section, the previous literature on modeling of composite cantilevers
with structural uncertainties and damage, and on passive and active vibration
control, is reviewed, along with a brief presentation of the current approaches to

these topics.

2.1 Modeling of Cantilevered Structures

The understanding of the vibration behavior of the cantilevered type of struc-
tures 1s of high technological importance in the design of lifting surfaces because
the aircraft wings and fuselage as well as helicopter blades are modeled as can-
tilevered beams.

It is known that in beam theory, Timoshenko [1] was the first one to refer to
the classical Euler-Bernoulli beam theory by accounting for the effect of transverse
shear deformation. Kruszewski [2] considered both transverse shear and rotary
inertia terms in his vibration analysis of a uniform beam. Traill-Nash and Collar
[3] found that the effect of shear flexibility was considerably more significant than
that of rotary inertia. Cowper [4] introduced shear correction factors to account
for the effective transverse shear strains. Huang [5] studied the effect of shear
deformation and rotary inertia on the natural frequency and natural modes for
beams with simple end conditions.

In the above investigations, most of the papers included both the effects of
transverse shear and rotary inertia, However, in spite of its importance, the warp-

ing constraint effect was disregarded. Reissner and Stein [6] have emphasized the
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importance of the axial warping inhibition on the torsion of thin cantilevered struc-
tures. Later, Librescu et al. [7] have accounted for this restraint to aeroelastic
divergence of multi-cell metallic wings.

In a number of monographs (Ambartsumian [8], Librescu [9]) fundamental
theories of anisotropic elastic plates and shells have been developed. During that
time, Whitney and Leissa [10] have also carried out analytical studies devoted to
heterogeneous anisotropic plates.

In connection with the dynamic characteristics of composite wing structures,
Crawley and Dugundji [11] have performed a study of the vibration of cantilevered
graphite/epoxy beams. The estimation of natural frequencies was accomplished
by incorporating the effect of warping restraint and use of the Rayleigh-Ritz and
Finite Element methods. Their study was continued with the investigation of the
effect of bending-torsion stiffness coupling on natural frequencies and modes of un-
balanced laminated cantilevered beams [12]. Jensen et al. [13] have revealed that
inclusion of chordwise bending is significantly important for anisotropic beams,
even for high aspect ratio beams.

Recently, Kaza and Kielb [14] presented the effect of warping on the torsional
vibration of rotating pretwisted beams as their aspect ratio was varied. They sug-
gested that the structural warping term must be accounted for in the modeling of
blades, even if isotropic materials are used. Song [15] has incorporated the warp-
ing restraint effect in the study of composite thin-walled beam structures. Hodges
et al. [16] have studied the coupling effects on the free vibration characteristics of
composite box beams by incorporating the cross-sectional warping.

Meanwhile, for a better understanding and evaluation of static and dynamic
behavior, refined models have been developed. Higher-order theories for lami-

nated composite structures have been developed without the necessity of shear
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correction coefficients by Reddy [17] and Librescu [18]. Quite recently, Librescu
and Simovich [19] have presented a refined wing structural model by incorporating
the warping restraint effect. The governing equations are described by two inde-
pendent variables, namely plunging and twist deflections w and 8, respectively.
Thangjitham and Librescu [20] used this model for the study of vibration charac-
teristics of anisotropic composite wing structures. At the same time, Karpouzian
and Librescu [21] proposed an explicit model based on first-order transverse shear
deformation theory (FSDT), also incorporating the warping restraint effect.

To analyze the free vibration response of laminated panels with complex
boundary conditions, there is no choice but to use approximate methods such
as Rayleigh-Ritz, Galerkin or Finite Element. In Refs. [22-24], these techniques
were discussed, and discretization procedures for continuous structures were ac-
complished. Meirovitch [33] restricts the validity of approximate solutions by
Rayleigh-Ritz to only lower modes, indicating that higher frequencies are of little
significance in the vibration response of flexible structures. The convergence of
Extended-Galerkin techniques was examined for both conservative [25] and non-
conservative systems [26].

On the other hand, exact solution approaches were carried out by Song [15],
Librescu and Thangjitham [27,20], and Oyibo [28]. Oyibo [28] used the conven-
tional linear operator method to obtain the fundamental natural frequency where
mode shapes are required to satisfy the associated boundary conditions. Song [15],
Librescu and Thangjitham [27], and Thangjitham and Librescu [20] employed the
Laplace Transformation technique to determine natural frequencies and natural
modes. The suggested technique offers a unified manner of solution procedure,
thus accurate solutions to general problems in vibration can be obtained in the

same manner without consuming lots of operational effort.
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2.2 Structural Optimization and Tailoring Techniques

A first study on the design synthesis of laminated composites was presented
by Bert [33]. He obtained closed-form solutions for the eigenvalues of simply
supported plates composed of cross-ply symmetric laminates, and then the eigen-
frequencies were maximized. Starnes and Haftka [34], and Shin et al. [35] have
presented design methodologies for laminated plates with constraints on buckling
to increase the maximum load capacity. Rao and Singh [36] used linear program-
ming when performing optimal weight design of symmetric laminated structures.
On the other hand, Hirano [37] used nonlinear programming based on Powell’s
method [38] in the optimum design of laminated plates under uniaxial and biax-
ial compression. Mesquita and Kamat [39] showed that improvement in dynamic
performance could be achieved through maximization of structural frequencies.
Recently, Haftka and Walsh [40] presented integer-programmaing formulations for
the design of symmetric and balanced laminated plates under biaxial compression.

A comprehensive survey on structural optimization and aeroelastic tailoring
of aircraft design was made in Ref. [41]. Weisshaar and Foist [42] discussed vibra-
tion tailoring of laminated composite beam-like structures with moderate-to-high
aspect ratio. Their study has revealed the capability of controlling mode shape and
nodal lines as well as natural frequencies by changing ply angles and considering
the degree of elastic coupling in terms of the bending-twist coupling parameter.
In the paper by Jensen et al. [12] the aeroelastic performance of unbalanced lami-
nated wings featuring bending-torsion stiffness coupling and warping stiffness was
studied.

Librescu and Simovich [19] have investigated the aeroelastic divergence insta-
bility of composite swept-forward wing structures. In a subsequent work, Librescu

and Khdeir [43] have analyzed the same problems and obtained additional results
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which concern the effect of warping inhibition on the static aeroelastic instability.
Later, Thangjitham and Librescu [20] applied a structural tailoring technique to
dynamic problems to improve vibration characteristics. The variations of the first
three natural frequencies of coupled dynamic structures with or without warp-
ing constraint were presented as function of wing aspect ratio and ply angles.
Recently, Seitz [44] demonstrated the benefits of using the anisotropicity of a
composite layup to tailor the response of a low-aspect wing. The tailoring tech-
nique was applied in both spanwise and chordwise directions, and showed that the

vibration and flutter responses are significantly affected.

2.8 Structures with Parameter Uncertainties

Structures with parameter uncertainties are modeled by stochastic differential
equations with random coefficients. The parameter variations in the structural
system results in corresponding variations in natural frequencies and dynamic
responses. To estimate the effects of the uncertainties, variations in structural
properties are often interpreted in a probabilistic sense.

Boyce [45] gave a statistical description of the eigenvalues and eigenvectors
by calculating their probability density functions. Collins and Thomson [46] have
considered the eigenvalue problem for dynamic systems with uncertain structural
parameters. The analysis has revealed a good representation of the statistics of the
eigenvalues and eigenvectors. Soong [47] has referred to elastic beams as disordered
systems, where the uncertain spring constants of the lumped-parameters model
represent the variation of the stiffness matrix. Lin and Yang [48] considered the
eigenvalue problem of disordered periodic beams to determine the variance of
natural frequencies and normal modes under fluctuation of bending stiffness in a

random field. Ang and Tang [49] used a second-order Taylor series expansion when
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reanalyzing a system after a small change in design parameters. Romstad et al [50]
applied a general power series method with a perturbation technique to discrete
systems to obtain the variations of eigenvalues. Their work provided the basis of
later studies of random eigenvalue problems. Chen and Soroka [51] have studied
the dynamic response of multi-degree of freedom dynamic systems with statistical
properties. The statistics of the response was calculated once random eigenvalue
and eigenvectors were determined. Their results revealed that the response of
stochastic systems was higher than that of deterministic ones.

Vanmarcke [52] and Nakagiri and Hisada [53] treated continuous systems with
parameter uncertainties by applying the finite element method with distributed
structures. This procedure is referred to as the Stochastic or Probabilistic Finite
Element method in the sense of discretizing the structure in a stochastic sense by a
second-moment method and a perturbation technique. Vanmarcke et al. [54] gave
a survey of developments in the field of stochastic finite element analysis. They
pointed out that the Stochastic Finite Element method based on a probabilistic
approach requires much less computational time than statistical analysis based on
Monte Carlo simulation. Later, Ibrahim [55] reviewed a number of topics related
to the dynamics of structures exhibiting parameter uncertainties. A number of
problems as, e.g., design optimization, reliability, as well as random eigenvalue
problem, were addressed.

The Stochastic Finite Element method was applied to composite material
structures by Nakagiri et al. [56]. In isotropic material structures, the parameters
are influenced by material properties such as elastic constants and mass density.
For anisotropic structures composed of composite materials, the uncertainties as-

sociated with the ply orientation, stacking sequence, and layer thickness are taken
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into account. These design parameters are treated as random variables, resulting
in complicated eigenvalue problems.

In the previous approach [53,56], the finite elements were assumed to be fully
correlated. To obtain satisfactory results, the element size must be much smaller
than half of the correlation distance of the random field. Consequently, the com-
putational cost could be high since a large number of elements is required. Weiqiu
and Weiqiang [57] considered local averages of the random field in the Stochastic
Finite Element method to improve convergence of second-order statistics. In addi-
tion, they performed a second-order perturbation to improve stochastic solutions.
Based on their results, it was concluded that introduction of local averages to the
Stochastic Finite Element method provided better convergence. The second-order
perturbation offered only a little improvement, however, and a large amount of
computational time and huge memory storage were consumed.

Liaw and Yang [58] used the Stochastic Finite Element method for the reliabil-
ity analysis of laminated composite shells. They applied a mean-centered second-
moment method and a perturbation technique based on the assumption that the
eigenvalues and eigenvectors exhibit sufficiently small variations from their mean.
Engelstad and Reddy [59] have calculated the variations of static deflections and
interlaminar stresses by introducing a probabilistic approach with the layerwise
theory. Thangjitham and Rantis [60] have investigated the probabilistic static
stability of a laminated composite plate by determining the distribution function

of the critical bucking loads.
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