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We study the behavior of truncated Rayleigh—Sdimger series for low-lying
eigenvalues of the time-independent Schinger equation, in the semiclassical
limit 2°,0. In particular we prove that if the potential energy satisfies certain
conditions, there is an optimal truncation of the series for the eigenvalues, in the
sense that this truncation is exponentially close to the exact eigenvalue. These
results were already discussed for the one-dimensional case in a previous article.
This time we consider the multi-dimensional problem, where degeneracy plays a
central role. ©2003 American Institute of Physic§DOI: 10.1063/1.1581353

I. INTRODUCTION

Perhaps one of the most elementary facts in quantum physics is that, for a sufficiently deep
potential well, the eigenvalue problem defined by the time-independent dichen equation
admits normalizable solutions. Equivalently, if one considers Planck’s constant as a parameter, the
equation

ﬁZ

H(A) W (#;X):=| — 5 A+ V() W (x)=E(#)P(#;x) (1)

is expected to have eigenvalues near the bottom of the potential well, in the semiclassical limit
i \.0.

Along with the problem of existence of low-lying eigenvalues, one is also interested in the
behavior of the corresponding perturbation series in powers,ofhe so-called Rayleigh—
Schralinger (R-9) series. It is well known that, in general, the R-S series are not convergent but
only asymptotic to the solutions of E¢l). However, one often wants to consider truncations of
these series as good approximations to the actual eigenvalues/eigenvectors. This raises the natural
question of whether or not one can find an optimal truncation that minimizes the difference
between the exact eigenvalues/eigenvectors and the corresponding truncated R-S series.

In this article we aim to find exponentially accurate asymptotics to the solutiofif).ofVe
shall assume that the potential enekg{x) satisfies the following conditions:

H1 V(x) is aC” real function onR? such that lim infy . V(X)=:V,,>0.
H2 V(x) has a unique global minimuii(0)=0 atx=0.
H3 The global minimum ofV(x) is nondegenerate in the sense that

Hess/(0)=diad w?,...,w3]

has only strictly positive eigenfrequencies,...,wq.
H4 V(x) has an analytic extension to a neighborhood of the re§jen{z:|Im z|< 5+ ¢} for some
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6>0 ande>0 arbitrarily small. Without loss we may assume tiat1.
H5 V(z) satisfies|V(z)|<M exp(z?) uniformly in S;, for some positive constantd >0 and
wol4= >0 wherew, denotes the lowest eigenfrequency of H£63.

We shall prove that one can truncate the R-S series so that the difference between the trun-
cated series and the actual eigenvalue/eigenvector can be made small&retkaf-1'/4) where
the positive constantd andI" are explicitly calculated. Our construction is based entirely on a
straighforward application of the formal R-S perturbation theory. These results extend those in
Ref. 19, where we discussed optimal truncation for the one-dimensional problem. We follow the
method explained in that article, which indeed is related with one developed by Hagedorn and
Joye to study approximate solutions to the time-dependent iciyer equatiorf.Roughly speak-
ing, we calculate upper bounds for each term in the R-S series for both eigenvalues and eigen-
fuctions. Then we combine these to obtain a recursion relation that yields an estimate for the
growth of these terms. From that we compute an estimate of the difference of the two sfdles of
after truncation at ordeN; this estimate behaves lilkeo"7V?(N!) 2. For eachi we chooseN to
minimize this quantity. This and some standard results of functional analysis yield our results. The
main change with respect to Ref. 19 comes from the fact that, in several dimensions, we need to
consider degenerate perturbation theory. There are also several technical nuissances which require
special treatment.

The study of this problem is not new, of course. The first proof of existence of low-lying
eigenvalues and asymptotic R-S series was presented by Cashhésn 1983. Their proof,
which involves Dirichlet—Newmann bracketing techniques, only considers the one-dimensional
problem. Shortly after, Simon gave another proof, based on geometric arguments, that is valid in
several dimension®. This problem was also studied by Helffer and Sjand in the broader
framework of microlocal analysis of self-adjoint pseudodifferential oper&trem these works,
it is known that eigenvalues/eigenfunctions near the bottom of the potential well admit asymptotic
expansions in half-powers of, where the leading orders are given by the corresponding
eigenvalues/eigenfunctions of the harmonic oscillator aproximation. These results require only to
assume that the potential energy satisfies H1—-H3, although further information has been obtained
in Ref. 6 for potentials with analytic continuation in a neighborhood of the minimum. In particular,
it is proved in Theorem 4.6 of Ref. 6 that the low-lying eigenvalues/eigenfunctions can be expo-
nentially approximated by truncated series.

The last result mentioned above is based on the rather involved theory of analytic pseudod-
ifferential operators® On the other hand, the work by Hagedorn and Jeysgests that a much
simpler method, involving only formal R-S series, may be used to contruct exponentially accurate
aproximations to the eigenvalues/eigenfunctionélpfindeed, the constructive method developed
in this work relies upon only some elementary notions on complex and functional analysis.
Moreover, we obtain explicit upper bounds to the growth of the R-S coefficients. Our construction
might be used for numerical computation, although the many constants that we define along the
way have not been optimized for that purpose. However, there is a tradeoff in our approach which
consists on the need of somewhat stronger assumptions about the potential energy, namely, hy-
pothesis H5. We finally would like to point out that our technique could be used to study the
time-independent Born—Oppenheimer approximation.

Results analogous to those discussed in this work have also been obtained for a €&ss of
potentials. Bambusit al! have studied exponentially accurate quasimodes up to an error of order
exp(—constk?) with p>1, when the potential energy is Gevrey of orger 1. Furthermore,
their estimate on the error is uniform i for all eigenvalues inf0/°] with 0<§<1. The
construction of those quasimodes is based upon quantization of the Birkhorff normal forms for the
classical Hamiltonian associated(fd. Since their proof relies on the KAM theorehthe authors
assume that the eigenfrequencies,...,wq satisfy the nonresonant conditiofE;wk;| !
<C(Zi|k|)¢, for C>0, >0, and for every nontrivial set of integerk(...,ky). Under similar
assumptions, Pop&¥*3has proved more general results by quantization of the KAM theory.

This article is organized as follows. In Sec. Il we make a transformation oflzcand some
technical results are proven. In Sec. Il we construct some operators through recursion relations,
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which allow us to calculate the several correction terms involved in the formal series for eigen-
values and eigenvectors. In particular, this construction allows us to consider the cases where
degeneracy occurs. Because of the tranformation done in Sec. I, we obtain a manageable recur-
sion relation for thenth term of the R-S series. Then we state and prove an estimate of the growth
of these terms. In Sec. IV we define a residual error function fo Bcand prove an estimate for

it. The main results are stated precisely in Sec. V. The Appendix is devoted to a computation
needed in Sec. IV.

II. PRELIMINARIES

In this work we shall use the standard multi-index notation: det (a4, ...,aq) eZd+ and x

=(Xq,...Xq) eRY, we denote|al=a;+-+ay, al=a;! - agl, X=X {4, D
=%, ... pd 2, _y21 . ..4y2 = (d 2,5 % ...
=t 4y, and x“:=x{+---+x5. For z=(z;,...,zq) €% we denote|z|*:=2,7] +
+242 .

We first transform(1) by scalingx—#/x and then dividing the whole equation thy This
unitary transformation scales the eigenvalues and eigenfunctiong-as ‘E and ¥(x)
— W (\hx), respectively. The transformed equation may be written as

[— 3A,+ V(701 (7;x) = E(R) W (£ X). (2)

Because of hypothesis H8(x) admits a Taylor expansion up to any oraerThus we can write

19
V(h;x)= Eijzl AijXixj+W(7i;x),

where the functioW(%;x) can be asymptotically approximated by

D2V(0)

— Xa+0(ﬁ(n71)/2X|a|:n+l). (3)

n
W(tiix) =2, #1722
=3

|a=1

Hypothesis H4 implies furthermore that the Taylor sefi®sis convergent inside the open poly-
disc{ze (%|z|< ). Upper bounds on the derivatives\éfx) can be easily obtained by using the
Cauchy integral formula. They are stated and proved below in Lemma 2.

Now we can rewritg2) as

[Ho+W(%;x)]% (i;x) =E(#) W (%;x), (4)

where, in suitable Cartesian coordinates,

d
1 1
HOI — EAX'F E;]_ a)iZXiz

is a harmonic oscillator Hamiltonian with eigenfrequencigs...,oq4. The eigenfunctions dfl
are therefore

d 1/4 1 d d
<ba<x>=(w—dH wi> (2“a!>-1’2exp(—52 wixﬁ)H he, (Verxi), (5)
=1 i=1 i=1 !

whereh;(y) denotes the Hermite polynomial of degreeThe corresponding eigenvalues &g
=3 wja+dl2.

In the semiclassical limit we want to considéf(%,x) as a perturbation dfl,. Then we can
propose formal Rayleigh—Schtimger series for botlE(%) and ¥ (%;x):
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W (%)~ o X) + iy (%) + 5o (X) + 15 2h3(3) + 2Py (X) - (6)
E(h)~Eg+ 7126+ hP2E,+ 13283+ h Y%y + - . (7)

In this work we essentially follow the standard, formal method to compute the R-S coefficients
(see, e.g., Ref. 11, Chap. XVIlalthough alternatively we could use the technique developed by
Kato (Ref. 10 Chaps. VII and VI)l However, this last approach seems rather difficult to imple-
ment here, in particular when degeneracy occurs. Concerning asymptotics in degenerate perturba-
tion theory, we must mention the approach developed by Hunziker—¥illet.

We now inser(6) and(7) into (2) and equate powers &f-/2. The zeroth-order equation yields
Hoo=Eytbg. ThenEy=e andyye G, wheree is some eigenvalue df ; with multiplicity g and
associated eigenspaG Forn=1,2,.., wehave

<Ho—e>?1/n+|§l T"”)T/fnf':gl EWna-r, (8)

where we define

- 1
TO.= 2 —DV(0)x“,
|a]=1 @

Existence of solutions to the set of equatiéd@scan be shown by explicit construction, as the one

we shall develop in Sec. Ill. Also, the correction terps satisfies the following property:
Lemma 1: Let P, <, be the projection onto the subspace spanned iy, : |a|<I} and a
=a, be the smallest non-negative integer such tha Ran(P|,<,). Then, for each g1, A
€ Ran(P\a\Sa-%—Bn)
Proof: First, decomposes,= P, <atin+ (1= Py <a) dn=24{"+ 7). We have to prove the
assertion only for{?). Equation(8) yields

n n
“ZEZ):(HO_e)r_l(l_ P|a|<a)[|21 ElTﬁn—I _21 ’T(HZ)Tﬂn—I}a
where q-lo—e)r’1 is the inverse of the restriction ¢f,—e onto Ran(} P, <,). Since

Ran((Ho— e);l(l_ Plalsa)PlalsaJan)C Ran( P\a\sa+3n)r

it is sufficient to show that

n n
Izl gl"vﬂnfl_lzl T(I+2)T//nl) € P\alsa+3n . )

Now use mathematical induction. For 1, the assertiofi (), e P|a|<a+3 follows from the fact
thatT(®) contains terms that are at most proportional to the third power of creation operators, and
thatgroe GC P|a|<a- Assuming that statement is true o+ 1,...,n—1, then it is trivially true for

the first term in (9). Also, a simple calculation with ladder operators shows tkRé&p

e RanPgj<a+3(n-1y+|a) WheneverpeRan(P g<a+3(n-1y).- Finally, we have 3f—I)+2+I
=3n+2(1-1)<3nforl=1,..n. ]

The set of recursive equatiofi®) is not suitable for the purpose of finding the sharp upper
bounds for the R-S coefficients that we shall need later. It turns out to be convenient to transform
the problem in the following way: Lefd ,(x)} be a basis of eigenvectors bffy. For a given
eigenvaluee of Hg, let us define a new operatéy, by
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D,(x), if ®(x)eGC,

AcD,(x) = |
Pal) le—e,|” Y2 ,(x), otherwise,

wheree,, is the eigenvalue associateddq,(x). Then extend, to the whole Hilbert space( by
linearity. So definedA, is a bounded operator with unit norm but unbounded inverse. However,
Ran(P|4<a+3n) is clearly in the domain oAgl for eachn e N. This fact allows us to consider the
equivalent set of equations

n n
He¢n+|§1 T<'+2>z/fn_|=|§1 EAZYn-, (10)

whereHq:=Ay(Ho—€)A,, TM:=ATMA,, and¢=A_ *¥,. The operatoH, satisfies
0, if d(x)eG,

He®,(X) = e—e, )
ePalx) ®,(x), otherwise.
|e_ea|

Therefore the norm ofH, is equal to 1. In Sec. Ill we shall prove that botfy,| and |,
essentially grow a&"\/n! for large n.

We conclude this section with an assortment of technical lemmas. Lemma 2 states certain
estimates on the derivatives of the potential energy. In Lemma 3 we show a key upper bound to the
norm of the operator§("P|, . Finally, in Lemma 4 we state results about certain expressions
involving factorials that we shall use extensively in the sequel.

Lemma 2: Assume (X) satisfies H4. Then there are constants &d C, such that, for |
=1,

|D*V(0)|

la[=I !

sel<c,cl,.

If V(x) also satisfies Hbthen there exists a constangGuch that

lal

?| D*V(x)|<Cqexp27x?). (11

Proof: Let I'; be a circle of radiuss in the complex plane, centered»xt Then the Cauchy
integral formula applied td/(x), which makes sense because of hypothesis H4, states that for
each multi-indexa = (aq,...,aq)

DAV (x) a! J q q V(z)
VX)="5—3 zy ,
Qm) ), I, zdl_[i—l(zi—xi)ai+
which implies
a!
ID*V(x)|< WmaAV(z)L (12
ZiEFi
Let us prove(1l) first. Because of H5,
d d

max(V(z)|<M]] maxexp7/z|)<M]] exp(7|x;+ 8% <M exp(2dr6?)exp27x?),
i i1

ZiEFi |=lZiEFi
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s0(12) implies (11), after definingCo=M exp(2ir&°). If now thel';’s are circles centered at zero,
we have(without assuming Hpb

|D*V(0)| la|
————d“=maxV(z)|=c<.
a:
ZiEFi
Then
Mgla\gc 1
la[=I a! la[=I

for all I. The last summation is the number of different ways to slinon-negative integers such
as the result is equal o That is,

_(I+d=1)!

|; d=D1 ~@—prra-nTt

Therefore, we have

D“V(O) c
l; | | <a- 1)'(+d—1)d‘1sC1C'2

with obvious definition ofC,, andC, being either equal tod—1)max-, log(+d—1)/ (when
d>1) or equal to Awhend=1). O
Lemma 3: Forl@|=2, n=0 and some constant>0,

||AEX A P\ﬁ\<n”< (n+ 1)|

(|a|-2)/2
wo)

(el

As a consequence

ITOP g <pll<Car! 272

(n+1-1 )T’?

(n+1)!
for some G>0 and k=2
Proof: For a single coordinatg;, we have
1 *
Xf:—EZI(ar+ai) (13
v I

wherea; anda;" are the associated ladder operators. Considergan¥ ;d;® ;e H. DefineJg
:={multi-indicesB:® ze G}. Then

Belg Belg
_,6’2 dpVBi+1Pg g + Z dgle—eg|” V3B + 1Dp. g,
eJ G

whereB+1;:=(B1,...,8i+1,...,84). Thus,
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laf Aeel2= >, ldgl?(Bi+1)+ > |dgl?le—eg| H(Bi+1)
B B

EJG ¢JG
<(1+a) >, |d g|?+ > |dgl?le—eg "H(Bi+1)
BE‘]G B&JG
becauses e J implies B;<|B|<a. Moreover,

B+l 1 o(Bit3) 3 1 e 2
=— + <= — + :
le—esl w; |e—eg le—esl  wile—es |e—eg

Sinceo(Hg) has no accumulation points aeg+ e for all B¢ Jg, infﬁ¢JG|e— eﬁ|>0. Further-
more, since ling_.eze—eg =1, SURs ¢ 5.Esl€— eg| 1< Thus,

1 1
le—eg "H(Bi+1)= —~ supegle—eg| "+ 5 suple—eg| 1=K <o,
1Bedg Be&dg
which implies

laX Adl><=max{(1+ a),Kl}smgxmax{(lnLa),Kl}. (14)

wj
A similar calculation yields

laiAdl?><max{|1—al,K,}<maxmax|1—al,K,} (15

{oi}

for someK,< . Therefore,

1 1 1
IXiAdl= —=llaiAd| + ==laf A< —==(llaiAd| +[|af Ad) < ¥,

wherewy is the lowest eigenfrequency bf,, and we use the sum of the right-hand side¢1dj
and (15) to definey. Taking the adjoint yields

HAeXi||$7-
Since|a|=2, we can writex*=Xx; x“'xj for somex;, x;, with |a'|=|a|—2. Then
”AeXaAeP\ﬁ\sn”$||Aexixa,Plﬁ\sn+1XjAeP|B|an

<llAxilllx;Adl X% P|g<n-1l

o 2\ (n+]a’ [+ 1)1
g R— e —
Y @, (n+1)!
(la]=2)/2 —1y1712
:723 (n+]|a|-1)! 18
wqo (n+1)' '

where we use Lemma 5.1 of Ref. 4 to bOUW’P|ﬁ|sn+1||- The last statement follows from the
definition of T) and the first part of Lemma 2, along with the definitidbg=C, %6 2C3 and
k=max2,2w, 16 2C3}. O
Lemma 4: Letx=2 be the number defined in Lemma 3. Then we have the following
(1) For each integer &0 there is a constant &=C,(a) so that, for all n=0,



J. Math. Phys., Vol. 44, No. 7, July 2003 Error estimates of quasiclassical eigenvalues. I 2813

(1+a+m-D!(1+a+1)!]*?

(1+a+m)!

<C,.

(2) For all a=—1 there is a constant £so that, for all n=0,

m
—5l1/2
.:20 K

(1+a+3m—2D)!(1+a+m—1)1]¥2 c
(1+a+3m—3h)!(1+a+m)! o

(3) For each a0 there is a constant g=Cg(a) so that, for all n=0,

(1+a+m-DI(1+a+1)]¥?

(1+a)!l(a+m)!

=Cg.

m
— 51/2
2}1 K

Proof: Statement$1l) and(2) are shown in Lemma 2 of Ref. 19. To proi@, notice that for
1<I<sm-1 we have

m—

Ltat] H' l+a+s
M1, . . < a .
™ Y1+a+s) ( W e

(L+a+h)!(1+a+m—I)! (14 ats)
(a+m)!(1+a)! =(1+a+l)

<l+a+l.

Therefore

1+a+)!(1+a+m—I)!]*2
(a+m)!l(1+a)!

m
E P 5|/2(1+a+|)l/2’
I=1

m
(
DR
=1

I

where the right-hand side converges to some con€lgfd) <. O

IlI. COMPUTATION OF THE R-S COEFFICIENTS

Let us assume that the zeroth-order eigenvaliseg-fold degenerate, with associated eigens-
paceG. We allow g to be equal to 1. LeP be the projector ont@s and Q:=1—P. Up to
zeroth-ordery), can be any vector i, which we may require to be normalizddy,|=1. Two
cases may arise from solvirigO) at higher order. Either the zeroth-order degeneracy is preserved
at all orders, or it is removed to some extent at higher order. Let us start by discussing the former
case, which trivially includes the nondegenerate one.

A. Degeneracy is preserved
Fix o€ G, with | 4|/ =1. The first-order equation is
Heha+ T o= E1AZ 0. (17)
Let us multiply byP. Noting thatPH.,=0 and PA§¢//O= o, We obtain
PTOPyo=E140.

This is the secular equation for the finite-dimensional, self-adjoint opefdfdr=P T®)P. Since
we assume that the zeroth-order degeneracy is not broken at any dftemust have only one
eigenvalue. Let us call ;. Then&;=\;. Now multiply (17) by Q. We obtain

HeQur=— QT®yy.

Let us introduce more notation. For any vecipbe H, definey':=Py and ¢ :=Qu. Also, let
(He), be the restriction oH, to Ran@Q). So defined, i), is invertible. Then we have

%:E(n)l/foy
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whereZ M) :=(Hy)  }(—QT®). So fary) remains undefined.
The second-order equation is

Hetra+ Ty + T®yo= EAZ00+ M ALY (18)
Multiply (18) by P. After some algebra involving the definitions af%) andZ(*"), we obtain
(PTOEEDP+PTOP) yhry=E 0.
Thené&, has to be equal to the unique eigenvalue of
A@ = p(TOF ML 4 T@)p,

That is,&,=\,. Now multiply (18) by Q to obtain

Hetr + QT+ 1) + QT =N1AZy7
which yields

W= 2L o+ E(“)zﬂ”l,

where we define

E@ED=(He)  T(MA- QTN ECH +QTH]

and no requirement is imposed on eithér or 4/} .
The third-order equation is

Hetpg+ Ty + TW sy + T = E3AZ 0+ N oAZr + N 1AL
Following the procedure already described, we obtain
ABYyo=E3u,
where
A®=p(TOECED L TOZ AL 4 TG p
has only one eigenvalue;. Thus&;=\3. Also
V5= EC o+ ERD P EAY,
where
B i=(He) TMAG— QTN EEH + (0 AZ - QTW) ED - QT®)]
and nothing is said abouty, ¥ or i .
As one can se€, and;, can be calculated through recursive definition of certain operators.

The form of these operators is now easy to guess:
Proposition 1: For r=1,2,.., recursively define

Et=—(Ho) QTS
n-1

ML) =(Hy)? _QT(n+2)+F)§_:l (An_pAZ— QT 2-PHE (L) |,

where\, is, by assumption, the unique eigenvalue of
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n-1
AW=pT0+2p4 > pT+2-PZELP,
p=1
Then, givenyy,e G, £,=\,, and
n—-1

=B o+ 2 EOPDyp by,

where ), ... are vectors arbitrarily chosen from G

This construction will be generalized in Proposition 2, from which the proof of Proposition 1
can be easily read out. To rule out arbitrariness, Wepﬁeto for all n=1, which is equivalent to
absorbing those vectors ini, and renormalizing.

The recursive expressions for the operatdf® and Z(™) can be translated into recursive
expressions fo€, and ¢, . The result is

n—-1
5n=p§0 (TOF27PPy oo, ),

n—1
Yn=(Ho) " —QT<“+2>wo+p§1 (En-pAZ—QT(T27P))y, |

Furthermore, we can easily obtain the following inequalities:

n
&nl= 2, 1T 2Py ol il

n—-1 n

lball = 241 |5I|||‘//nfl||+|zl T 2Py <ass-nlll -l

By resorting to Lemma 3, we finally obtain

1/2

1+a+l)!
Shiaulou ]

(1+a)!

n
|5n|$c3|2 K2
=1

n—-1 n

nll= 3, 16lln-+Cs3, o2

(1+a+3n-2I)!]¥?
(1xa+an—ani| ¥l

As an immediate consequence, we have the following.
Theorem 1: For each &0, there is b>0 so that

|€,=k3"D[(1+a+n)!1]Y2
Il < &"b[(1+a+n)!]Y2
for all n=1.
A proof of this theorem is in Ref. 19, where the somewhat simpler one-dimensional problem

is discussed. Alternatively, one can modify the proof of Theorem 3.2 below to get somewhat
tighter bounds.
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B. Degeneracy is removed

Let us examine the case where the zeroth-order degeneracy is partially removed only at first
order.
First-order: Now the operato (V=P TP hask=2 distinct eigenvalues ;...\ 1. Let
Gy,...,Gy be the corresponding eigenspaces, andP{&t,...,P® be their orthogonal projections.
Set &=\y;. Then ¢, must lie in G;. As before, y7=E@"y, with Z(1,1)
=(He)L —1(—QT(3)).
Second-orderBecause of the choice f@f, we have
Hewro+ T+ T®yo= EAZ00+ My AdYs - (19
Multiply (19) by PU)
P(j)T(g)‘r/fl"‘ P(j)T(4)l,//o: gzp(J) Yot Ny p(j)wl_ (20)

Note thatP==3!_,P!). Then, for any vectoy, we havey/==!_, 4. On the other hand,

K K K

p(J’)T(3)¢”:|21 ppT®P |:>(|),r/,”:|2:1 |:>(i)A(1)p(|),r/,”:IZ:1 )\l'lp(i)p(|)¢”:)\l’j J. (21
Therefore 3,..;POT®y=0. The identity(21) yields

PUTE gy = POTEY 4+ POTEyd =\ | )+ POTE YL 22)
Now insert(22) into (20). For j=i we have
p(i)T(4)l/,0+ p(i)T(3)¢i =&Ep.
Define
A@D) = pO) (T 4 TEZ ML) pli),
Then we obtainA @) = E,¢. By assumptionA(?") has only one eigenvalue,; . Therefore
52:)\2,i .
For j#i we have
POT® g+ p(J')T(3)¢i + Ny lpgi): Ay PWyy

because®) =0 whenevej #i. Rearranging terms we finally obtaif) = =)y, where we
define

= (L) ’=()\1,i _ )\Lj)*lp(i)(T(4)+ T(3)E(1,L)) pa), (23

So far no requirement is imposed #4" .
Now multiply (19) by Q,

Hetrs + QTM o+ QT yy = N1 A%y . (24)

Since
QT =QTys + 2, QTy{+ QT

= QT(3)E(1A)¢O+ ; QT(B)E(l’I)lﬂo'l' QT(3)¢(1i) ’
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(24) yields

Hegz = = QTWyo+ A AT ()= QTR yo— 3, QT yo - QTyY).

From there we obtain
Py =B o+ EAD g |

where

E(Z,L)::(He)ll )\LiE(M)Ag_QTG)( E(M)-i_; E(lJ)) _QT(4)}

Third-order:
Hetrat+ T+ Ty + TO o= EAL0+ N2 jAZYL + M1 AG Y. (25
Multiply by PU), rearrange terms, and u&21) to obtain

£3P0 o= POT®) g+ POT@ 4 POTE o — N5 gD =\ 1, 9§

= POTE) b+ )+ POTA

gi+ > g+
i

+POTE o= n98) — Ny )

= POT@) b+ POT@[ g+ )4 4
I #i

+POTO o= Ong=hy ) = ngiud!). (26

For j=i we have

Eatho=PDTEE @)y 1 p(i)T(4)< ICO Iy E(u)) o
1#i

+ POTE) o+ POTAZ @Dyl pOT@ O )\, ).
Let us note that
POTE@) 0 4 pOTEIF L) )= A @Dy D=, D).

Thus we obtairgsio=A Gy, where

=ACORE =1
(7

ABD .= p(i{T(s)JrTm) +T@= D | pl).

By assumptionA 3 has only one eigenvalues; S0 5= \3; .
Now for j #i we can rewrite(26) as

AL 5
=i

(A= App) ) = POTO g+ POTA) Yo+ POTOE @0 g -\, 2 W)y

+POTEE A g 4 pOT@ )

Now use(23) and define
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=ACOREY=1C)

+T(3)E(2”—)\2i5(1'j) p()
i '

5(24);:()\“—xlyj)—lp(D[T(S)JrTM)

to obtain
P =5 @0y + E @Dy
The last step is to multiply25) by Q,

Hetrs = QA1 AZ—T®) iy + QN5 A= T 4y — QT®) . (27)

We have
Q(M,iAé—T@)¢2=Qm,iAi—T“))wém,iAﬁQwé—QT“); P — QT
=QAAZ=TENE @D o+ QN1 AZ—TE)E XDy

_ QT(3)E E(Z'I)¢0_QT(3)E E(l"):p(li)—QT“)wg)
1 #i | #i

=— QTyP+Q

()\uAg_ TEYE@H - ; T(3)E(1J)} lﬂ(ll)

()\LiAg_ TEHYFE@LH > TR=FE@)
=i

+Q Yo, (28)

and similarly

Q(Az,iAé—T“”)wfQ[(Az,iAi—T“))E‘“)— TOZAD [y —QTH Y. (29)

Insert(28) and (29) in (27) and multiply the whole equation byH(,), * to obtain
,ﬁé;E(&L)l/,O_F E(Z’L)lﬂ(li)-i-E(l’Ulﬁ(zi)

with

E(SM::(HG)L1{()\“5(2#)4_ AZ’iE(lA))Ag_ QTG - QT(4)( (L) 4 ; E(lyl))
I

_QT<5)< IO E(ZJ))
1#1

As before, one can guess the solution for arbitraryLet us summarize hypotheses and
results:
Proposition 2: Define

AD:=pTOP,
2= (He) 'QTE).

Suppose thatA(*) has k distinct eigenvalues,,,... N1, with eigenspaces G...,G,. Let
P ... PX be the associated projection operators. Giviesi<k and j#i, set

A@D .= p(i)(T(4)+ T(3)E(1,L)) =108
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2D (N g — Ag)) " IPOT@+ TEZ L) PO,

E(ZA),z(He)L1[)\1’i5(1¢)Ag_QT(4)_QT(3)< E(LL)_,_; E(L')”_

And then recursively define

n—1 n-2
A(n,i):= P(i)(-l—(n+2)+ Z T(n+275)E(s,L)+
s=1 =1

= S 1 #i

T(n+23)E(s,I)) p()

n—1 n—-2
E(nfl,j):z()\lyi_)\l‘j)flp(j) -|—(n+2)_|_32l T(n+273)E(s,L)+S P T(n+275)E(s,I)
= = i

n-1
-3 )\S’iE(n—s,i)) pa),
s=2

n-1 n-1
E<“'“==(He>J1LEl N EMTIAL- QT 3 QT B4 D, E(”S"’H,

wherel; is, by assumption, the unique eigenvalue\ét") when s=2.
Let&,, ¥, be the RS coefficients. Thefi, has to be equal to one of the eigenvalue\ &,
let us say&;=\,;. Consequentlyy,e G; and

En=Nniis (30)
n—1

PRl =Byt 3, BTy, (31)
n-1

wﬁ::(ﬂ,l)wo_;r_ 821 E(H—S,L)lpgl)’ (32)

Un=tnt 2 o+
j#I

The vectors/{" ...,y are arbitrarily chosen from G.

Proof: Use mathematical induction. Because of the discussion above, we only have to prove
the inductive step. Thus, let us assume that zpﬁﬂ,)_l and ¢, are given by(30)—(32), for m
=2,...n. Let us compute, ., #\) andy., ,. The (n+1)-st-order equation is

n n
He‘»[/n+1+p20 T(n+37p)dfp=520 gn-%—l—sAg':[ls- (33

We have
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n n N )
_ - ) | 7 |
Z T(+3 p),/,p:T(n+3),/,o+2 T(n+3 p),’thrZ T(n+3 p)E ,T/,E))JFZ T(n+3 p)wg)
P p=1 p=1 (Zi =1
n p—1
=T(“+3)¢0+T(“+2)E(“)¢o+ E T(n+3—p)<E(P,L)¢O+ 2 E(p—s,L)lpgi))
p=2 s=1
n-1 p-1
+d|§i TO+H2DZ AN g+ pgz ;. T(n+3p)<5(p,l)¢,0+ 521 E(ps,l)dl(sl))

n
+é:i T(3)'//§‘I)+p§—:1 T3P )

n n-1
=| T34 > TO3-pE 0L L Y . T(n+3—p)E(p,l)>¢o
p=1 p=1 1#i
n—1 n
+> > TR (e=sl) 0
s=1 p=s+1 s
n-2 n-1 n

D > TOmnEE-shy 0 > 7@y LN T390
s=1 p=s+1 |#i s 1#i n s=1 s

n n—-1
T(+3) 4 21 T+3=PEPL) 4 > D T(n+3p)5(pyl)> o
p:

p=1 I#i
n-1 n-s n-2n-1-s
+ E E T(n+3—s—m)E(m,L){/l(i)+ 2 T(n+3—s—m)E(m,|)w(i)
s=1 m=1 S s=1 m=1 I#i S

n
| B )
+|§i T(3)¢,§1)+§l T(+3 3)17[/2)

where we use that},_,SP_/F ,=S{Z130_ F.;and then we change indg«m=p—s. Let
us multiply (33) by P®). SincePWH =0 andPMA2=AZ2P"=pP®  we obtain

n

n
pzo p(i)T(n+3*P),//p:gn+llp0+S§=:l Mni1ositd). (34)

The left-hand side can be written as

) N n-1
2 P(i)T(n+3—D)¢p:P(i)(T(n+3)+2 T(n+3—p)g(p,i)+2 2 TOE3=PE (D |y
2 =1 p=1 l1#i
n—2 n-s
+ > PO T#3=9 1 ' T(n+3-s—mz(m.L)
§=1 m=1
n—-1-s
+ > T(+3=s=mgmD |40 4 pOTEZ AL 4+ @) g0
m=1 |#i

+3 POTE Y0+ pOTE YD
1#i

By the argument that leads ta1), we know thats,.;POT® gy =0. Also y'=PDy{)  Then
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n n
pzo P(i)T(n+3*p)d/p:A(n+l,i)¢0+§l A(nJrlfS,i)l/l‘(Si) i (35)
Inserting(35) into (34) we conclude

AT o =En L 1ihg.
Now let us multiply(33) by P for j#i. SincePWy,=0, we have
n-1

n
Ay w&“=p§o F>“’T<”*3*">¢/fp—s§1 Mns1ositd). (36)

The right-hand side can be manipulated in the same way as before. The result is

n n—-1 n—-1

DZO P(i)T(n+37p)'r/’p_§l )\n+1—s,il//(sj):(Kl,i_Al,j)E(n'j)l//OJr ;l (Al,i_xl,i)E(nis’”‘/f(si)

k
+3 pUOTE 0,
=1

As proven in(21), the last term above is equal 1 ;#{’ . Thus(36) leads to

n—-1
JO=ZOD g+ S ZO-si
s=1

Finally, multiply (33) by Q,

n n
He M:pzl Nt 1-p,iASYp — pzo QTM+3=Ply, (37)

For the first term we have

n n n p-1
2 2D bt 20— _ H
pgl )\n+l—P,iAe¢é:sgl )\n+1—s,iAe:(SVL)’p0+p22 321 )\n-%—l—p,iAe:'(p S’L)lﬂg)

n n—1 n—s
= 2 )\n+1fs,iA§E(S'l)¢O+ 2 2 )\n+1737m,iA<zaE(m'i)wg) ’
s=1 s=1 m=1
and for the second one
n n n—-1
> QT(“+3‘p)¢p=Q(T(“+3)+E TOF3=PEEL 4 D > TO3-P5 R |y
p=0 p=1 p=1 1#i

n—s

n—-2
+ E Q(T(n+35)+ E T(n+37sfm)E(m,L)
s=1 m=1

+ 2 T(n+3—s—m)E(m,I) w(si)_l_ Q(T(3)5(1¢)+T(4))wgizl

n-1-s
=1 I#i

m

+ 2, QT+ QTy.
1#i
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Then insert these expressions if8d). After multiplying the whole equation byH,) | * we obtain
the desired result. ‘ O
As before, we set//ﬂ)=0 for alln=1,2,... Consequently, will be orthogonal toy, and

I#i

wn=(5<“”+2 E“"’)wo.

The following expressions will be useful later:

n-2
A(n'i)‘ﬂo: p)T(n+ 2)¢0+ 521 p)T(h+2-s) st p(i)T(3)¢ﬁ_1 , (39
n—1 n—1
Un=(Ho)"| 2 EALR- = QT D= 3, QTC 2y o), (39)
n—-2

P =Ny~ ml( POTM+2) 0+ 521 POTO+2=8) g+ POITOP| i 5oy 1
n—-1
- 522 esw(n”s) : (40)

Next, let us estimate the growth of these coefficients. Sthag= A"y,

1 Eal= {00, AV )|
n—-2
<|<wo,P<"T<“*2>wo>|+§l (o, POTMF279 gy |+ [ (g, POTR )|

n—-2
<||T<“+2’F’|a\sa||+SZ1 (T2 g, )+ (T g, g 1)

n—2
$||T(”+2)P|a\sa||+§1 ITC279P 4 <allll bl + I TPy <all |94

n
=SZZ TP gy<all -l + TPy <allll -l (41

This calculation follows from(38), the self-adjointness 6f(), and Lemma 1.
From the definition oH,, it is straightforward to see thitH.) [ }|=1. Also,||A¢|=1. Thus,
from (39) we have

n-1 n-1
1= 2, Ll d+ T 2Pl + 3 1T 2P cvso-oll -

n-1 n

=3 18l i+ 3 TPy ol (@2)

Finally let us considef40):
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n—-2
sl =INg =Nyl = ITOF 2Py <all[ ol + 521 IPOTO=2=9] [y

n—1

+ IPOTO| g+ 522 Ellw2dl].

Set Cy=mini.[A;;—Nqj| 1. Also, let us notice that|[POT(*279)=|T(h*2=9p)|
=T+ 279p) , PO < [T 279pP , _,||. Thus,

n—-1 n
lurlal=<Cr 2 Il dl+Cr 2 1T 2P g <alllgin-dl + CATOP g <alllgnall. - 43

These inequalities will allow us to obtain upper bounds for the growth of R-S coefficients. In the
following theorem we make use of Lemmas 3 and 4.

Theorem 2: Let k be the number of subspaces as defined in Proposition 3.2. Define b
:=C4[kCg+ (2+a)?], b,:=8C,[b;C,+C3(2+a)>+kC3Cs] and by:=b,;C,+C3Cs[1
+b,(k—1)]. Then for any b=maxb; ,b,,bs, 1} and for n=1,2,..,

|Eal<b1x3"D"?[(a+n)!1 ]2 (44
482 I<b,k®® Db~ 2[(a+n)!1 142, (45)
[ ll<bzx®b""2[(1+a+n)! Y2 (46)

Proof: Assume the estimates are true for 1,... n—1. This implies that
[l <[ba+by(k—1)]x*b5 [ (1+a+s)! %< k3kbT (1+a+s)! ]2 (47)

for s<sn—2. We shall use the second inequality(#Y) to prove(44) and(45), and the first one to
prove (46).
Let us start showing44). Applying Lemmas 3 and 4, statement 2, we obtain

1/2

1+a+9)!
(d+a+s)! k39" (1+a+n—s)!]¥?

(1+a)!

n n
2 ||T(S+Z)P\a|sa”” ¢n—s||SC3k2 K52
s=2 s=2

(1+a+s)!(1+a+n—s)!|*?
(1+a)!(a+n)!

n
gcngSnbn72[(a+n)!]l/22 P 5s/2
s=2

<kC3Cqx®"b"?[(a+n)! Y2
Thus, (41) yields

|E)|<kC3Cek®'b" [ (a+n)! 12+ C3k3( Dhgb"3kY2(2+ )Y (a+n)!1]Y2
<kC3Cax®'b" [ (a+n)! Y2+ Cy(2+a) Y23 " ?[(a+n)! Y2
<b;x3b" [ (a+n)!]"?

which completes the proof q#4).
To prove(45) we start from(43) and proceed in the same fashion:
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n—-1
[4) | <C7x3"byb,b" 3> [(a+s)!(1+a+n—s)! Y2+ CyCox3"bsh" 3(2+a) 2
s=2
(1+a+s)!(1+a+n—s)!]¥?
(1+a)!

n
X[(a+m1124+ CoCrki®p" 23, k-~ 592
s=2

n-2
=Crby®b" (@t m!2 Y,

(1+a+m)!(a+n—m)! |2

(a+n)!

+C3Co(2+a)Y%> 0" (a+n)! ]

(1+a+s)!(1+a+n—s)!]¥?

(1+a)!(a+n)!

n
+C3Crkib" 2 (a+n)1 M2, k592
s=2

where we have changed index>-m=s—1 in the first term. From this and statements 1 and 3 of
Lemma 4, we obtain

[9) | <8C[byCy+ Ca(2+a)Y2+kC3Cql x> Vb 2[ (a+n)1]12
— b2K3(”_1)b”_2[(a+ n)' ]1/2,

so (45) is done. Consequently47) must be valid fos=n—1.
Finally, let us show(46). Note that the first term of42) is bounded like the first term @#13).
Applying statement 2 of Lemma 4, it follows that
[ |<b1bsk®"b" 3Cg[ (a+n)! 1Y%+ C4[ 1+ by(k—1)]1«%"0" [ (1+a

n
+ n)! ]1/22 K 5s/2
s=1

<b;Cer®"b" [ (1+a+n)! 12+ Cy[1+by(k—1)]Csx3"b" [ (1+a+n)!]*?

(1+a+3n—2s)!(1+a+n—s)!]?
(1+a+3n—3s)!(1+a+n)!

=bgx3"b" [ (1+a+n)!]?

Corollary 1:
|5n|$K3nb”_1[(a+ 1142
il < &KD" (1+a+n)! 2

For the case where degeneracy is partly broken only up to second order, one needs to define
certain operatord (™1.12) E(n=2i1i2) 5("L) for n=3, in addition to those already defined in the

last subsection. Nowy, would be required to lie in a certain subspﬁ@,chich, and one

would be able to determing,, module an arbitrary component i1'12' This scheme may be
extended to the general case. But the complexity of the set of equations that recursively defines

those operators rapidly becomes wild. For that reason, we do not go further. We assume instead
that, in general,
|EL=k3" Y[ (1+a+n)!]Y2

loll < &®"™ Y[ (1+a+n)1 ]2,

for some positive integew, which may depend on where degeneracy splits.
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IV. THE TWO-SIDE ERROR FUNCTION

The upper bounds fdi€,| and| || will allow us to estimate the error made in the Schro
dinger equation when truncated series are inserted on it. Here we basically follow the technique
developed by Hagedorn and Joye in Ref. 4. ConcretelyNfarl define

N-1 N-1

En=e+ n; AM2E,, W(X) = o(X)+ gl A2 (X).

These are the truncations at ordenf the R-S series. We define
N—-1 N—-1
EnOO =Ad Ho+ W(T1:X) — ENJAWN(X) = | Hot AW(;3)Ag— 2, AIPEAZ| 2 7™ 4hin(X).
j=1 m=0
(48)
We call £&y(x) the two-side error function since it is the difference between both sides of the
Schralinger equation when exact eigenvalues and eigenfunctions are replaced by truncated series.

It can be portrayed in a more suitable way through a number of cancellations. The calculation is
outlined in the Appendix. The result is

N—-1 2N-2 N—-1
En00 = 2 ATAMWINT R0 A (0~ X AT 3 EAn-;():

HereWU(%:x) is the tail of the Taylor series of(#;x):

i av(o

Wl(7:x) =V(#;x) = 2 711 2)’2; =pli-12 DV e
|

=2 loSf+1 !

where ;= {;(x) =0;x with 0, € (0,1), as the Taylor theorem states. So we have

N—-1 D“V(g ) 2N—-2 N—-1
En()=hN2 Y —— AKX A () — X A2 D §AZY (%), (49)
n=0 |a|=N—-n+2 a: n=N I=n—N+1

Our main result in the next section relies on an upper bound of theorm of (H—E\) Ay
=A_'&y. Note that, for eactN=2, &, is in the domain of the unbounded operator®. This
estimate on the two-side error function is stated as follows:

Theorem 3: There are positive constants, 8 and N, so that

2N
IActen(x)l= 2 ABMANE (2+a+n)!]H2

whenever ly<N andz<1.

To estimate the norm oﬁe’lgN, we first set a suitable closed region around the bottom of the
potential well. Then we compute that norm inside and outside of that region. Most of the work is
involved in the outside estimate, which requires control on the growth of derivativééxgffar
away from the minimum o¥/(x). For that reason we shall summarize it as a separate lemma. Here
the hypothesis H5 becomes crucial.

For R>0, let us define

1
XR(X)= i
0 otherwise.
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Lemma 5: Set R\6N+2a+d—4. Given a multi-index «, with |a|=2, and
n=0,...N—1, there exists certain constants@nd C, such that

sl :
?D"‘V({n)Xa (1= xr)Pgi<atan+1

(3n+a+d)d-17?2
<C Cg3n+2+a)/2 —
1_ _)

o

(3n+|a|+[d/2]+a)!|¥2
(3n+a)! '

where|a'|=|a|— 1, wg=min{wy,...,04}, and[J] stands for the largest integer less than or equal
to J.

Proof: Since|Z,|=<|x|, the first part of Lemma 3 implies

le

?|D“V(§n)|sco exp(27x?). (50)

Let us consider an eigenfunctiah,(x) of Hy. We have

_]R

sC%fP e’y
R

2
x2e! |‘I)B(X)|2[1 xXr(X)]d%

lal

V()

e
‘JD“vw)x“’(l—xR)cb,g(x)

@ 5(x)[°[1- xr(x)]1d%,

where we have dropped the indaxn ¢,,. Now change variableg,—y;= \/Eixi to get

ol 2
‘gD“vmx“’(l—xR)%(x)

d
C(Z) H wiailIZ) J]R E4(r/w,)y|y2a |(D |2[1 XR(y)]dd

A

I

d
—af - tlwg) y2,,2a’
Cé(iﬂl w, " ”2) fRde““ 0Y'y2e’ | o(y)|2[ 1~ xm(y)]ddy

=D& w0 Yy« (1— y) @ 4y)||2, (51)

whereD is defined in the obvious way. In the new variables

Xr(Y)=

1 if y?’<R?,
0 otherwise.

Using the new variables it6), we see tha® 4(y) is an eigenfunction of the normalized harmonic
oscillator operator
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in spherical coordinates, wher? is the angular momentum operator defined $h®. The
eigenvalues now reagl=2n+q+d/2 and the eigenfunctions are

12 2

2Kk! r
ra gt d’21(r2)exr{ — 5) Yo (o).

Wy q(ro)= TkF o+ d2)

HereY, ,(w) are the normalized eigenfunctions 6, with quantum numberg,». For eachq
=0,1,... there are/, values ofv. Although the explicit formula fow, is rather clumsy, there is a
simple bound for it, namely,=<Cye*d. This bound suffices for the purpose of our prdgff(x)
denotes the Laguerre polynomial. By Lemma 6.2 of Ref. 4, this polynomial satisfies
|La* 9271 (x)|< x¥/k! for all x>4k+2q-+d. Finally, by equating the expressions for the energy,
we obtain| 8| =2k +qg.

Now ® 4(y) is certain linear combination o¥,  ,(r, ),

PpV)= 2 CquWiqulr o)
2k+q-|p]

with =|cy 4 /%= 1. From(51), it follows that

8la| ’ 2 2 ’
’;Davmx“(l—xR)%(x) =0} X [0y (1-xp Wiy
2k+q=|pl
| o
<D? ﬂf e~ (1= 47lwg)r? 2(|al-1+0)
Kagr T'(k+qg+d2) Jr
2k+q=|p|

X|LE+ d/2—1(r2)|2rd—1dr'

whereA,_; is the area of thed—1) dimensional unit sphere. We also have used 4t
<r2’l=r2(al=1) gjnceR= \2[a]+d, Lemma 6.2 of Ref. 4 applies so

2

Slel ,
‘ “IDAV(OX (1= xR) D 4(%)

2Ad-1 me—(l— 47/w0)r2r2|a|+2q+4k+d—3dr
2k+q=|p|

sDi

2A4_1 I'(|a|+q+2k+d/2—1)

Ko KIT(k+q+ d/2) 2(1— 471/ wg)lelFat2ksdz—1
2k+q=|p|

I(Ja|+|B|+ dl2—1) 2 Vq

1— 47/ wg) @ T 1AIT d2—1 k,q: m
2k+a= |8l

T(|a|+|g|+di2—1) & V)| 2k

1= 47/ wo) T IFT 9271 & KIT(|B]—k+ d/2)

= DiAdfl(

= DiAdfl(

T(|a|+|8|+ d2—1) &2 e 2k
(1— 47l wg)@IF 1A d2-1 = [T (|B|—k+ d/2)

<D?Aq1Cqetd” (52)

For|B|=1, |B|—k+d/2=1+d/2=2 for all 0<k=[|B]|/2]. SinceI'(x) is an increasing function
for x=2, we have



2828 J. Math. Phys., Vol. 44, No. 7, July 2003 J. H. Toloza

[l8l72] - [18l172] B
o emd T 1 1g (181) - 2
o KIT([Bl—k=d/2) ~ & kI(IB]-K)! |B['Eo | k| (B!
For |8|=0, the sum above is smaller than,2/. Therefore
[181/2] “ougk
3 e -2 L
o KIT(|Bl[—k=d2) ~/z|a|!
for all | 8|=0. Thus(52) becomes
2 I'(|el+|B]+d2—-1)

<D22/Flerd Al

Slel

T DVOX (1= xR 4(X)

[B]1 (1= 47/ o)l FIATF 21

with D3:=2D?A4_,Cqmr 2
Now consider anyp € Ran(P|gj<sn+a+1) SO ¢=2|g<3n+a+1CsP s(X). Then the Hider in-
equality implies that

2 2

5‘0(' / 5|a| ,
—D*V()x* (1~ xp)Pjg= < el —DAV(OXY (1= xR) P p(x)| -
‘a! (Ox* (1= xr)Pig=arans 19| <l¢| PP (Ox* (1= xr) P g(x)
Therefore
el , 2
?D“V(é’)xa (1=xr)Pgi<at3n+1
<p? 28n+a+lgug(3n+a+1) I'(|a|+|B|+ d2—-1)
2 _4_7'3n+‘a‘+a+d/2\ﬁ|$3n+a+1 B!
wo
. 23n+a+lgug(3n+a+l) (|a|+|Bl+[d/2]—1)!
<
2(l— 47’/(1)0)3n+|0‘|Jra+ d/2|ﬁ|s3n+a+1 |:8||

where we use that€(1—47/wy)<1. The terms under the summation sign are increasifg|in
Also,

3n+a+1
1= > #BlBl=s}
|Bl<3n+a+1 s=0
_3”§“ (s+d—1)!
&y sl(d-1)!
3n+a+1 _a4nd—1
- 2 (s+d—-1)
=0 (d—1)!
(3n+a+d)d-1t
<(d_—1)!(3n+a+2),
and, moreover, (8+2+a)/(3n+1+a)=<2. Thus,

‘ slel 2

?D“V(é’)xa,(1—XR)P|5|sa+3n+1

28n+at2gugSntati) (3n+a+d)d*1(3n+|a| +[d2]+a)!
(3n+a)!

ng(l_ Gl ag)dr Tl e a2

Now defineCg:=D,e “d2(1— 47/ wy)*~9* and Cq:=[ 2e4d/(1— 47/ wq) Y2 O
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Proof of Theorem 3Recall that we assume that 1. We already know, from Theorem 2, that
b=1. From the proof of Lemma 3, we also know tfjatA ||<+y. Now, from (49), it follows that

N—-1

1A en(x)l|<AaN2
n=0 |a|=N—-n+2

DYV(Z,
2 (1 0 A0

N—-1

4 hN/ZE
n=0 |a|=N-n+2

DV({,
D) 0K A

2N-2 N—-1

+ 2 " Y &AW (X
n=N l=n—N+1

N—-1
D*V(Z,) )
<iN2Y —— (1= XR())X P gi=ansar | [XiAd ()]
n=0 |a|=N—-n+2 a.
N—1
D“V(¢n) ,
+ ﬁN/ZE —|nXR(X)Xa P|ﬁ\s3n+a+l ”XiAe”H‘/’n(X)H
n=0 |a|=N-n+2 a:
2N—-2 N—1
+ > 5" > &, (53
n=N I=n—N+1

where we splitx® into x“'xi, which is possible for some coordinate becausd a|=2. Then
|a’'|=|a|—1. Let us estimate each term on the right hand sid€58f individually. Applying

Lemma 5 and the estimates fpr, A | and| .||, we obtain

N—-1 _

A7 |a|/2

first term=/iN2Y, > 5lalcgc<:"*a“‘”2(1—w—) (3n-+a+d)d@ 12
0

n=0 |a|=N+2-n

1/2

3n+|a|+[d/2]+a)!
( o] +[di2) +2) 3" W (1+a+n)! ]2

(3n+a)!

— (N+2)/2

4
’ (3N+a+d—3)d-72

SCg,thIZbNer&f(N+2)C53N+a+d+ 1)/2( 1— —
0

(2n+N+[d/2]+a+2)!(n+a+1)!

1/2
s
(3n+a)! la|=N+2-n

N-1
X E K3n
n=0

From the proof of Lemma 2, we know thalt,—y4z-nl<[(d—1)!]"Y(N+d+1)*"1 Let us
define A;:=y8 2b"CoCR "V (d—1)1(1—47/wo)]"* and Bi:=6 *C¥b(1—47/wo) *.

Then

first term=A;B}ANAN+d+1)% }(3N+a+d—3)d 1?2

N [(2n+N+[di2]+a+2)! (n+a+1)1]2
X > k3N .
n=0 (3n+a)!

Note that (h+N-+[d/2]+a+2)!<(2n+N+a+2)!(2n+N+[d/2]+a+2)[%] Then



2830 J. Math. Phys., Vol. 44, No. 7, July 2003 J. H. Toloza

first term<A;B)zN2(3N+a+d—3) 4" Y2(N+d+1)9"Y(3N+a+[d/2])[¢d?
N—-1

X[(2+a+N)I¥2D, k30
n=0

(2+a+N+2n)!(1+a+n)! |2

(a+3n)!(2+a+N)!

<A;BYk*NAN2(3N+a+d—3) @ V2(N+d+1)9" L3N+ a+[d/2])l¢22

(3N—3l+a+1)(3N—3l+a+2)]*?

(N—1+a+2)

X[(2+a+N)! T2 max

1<I<N

(2+a+3N+2)!(2+a+N—1)1]*2

(2+a+3N—3)!(2+a+N)!

N
XE P 51/2]
I=1

The change of index—I|=N-—n was performed in the last sumation above. Now we need to
apply Lemma 4, statement 2, to obtain

first term<CgA;B)k*NaN2(3N+a+d—3) " V2(N+d+ 1) Y(3N+a+[d/2])[¢272
X[3(3N+a+2)]Y¥(2+a+N)! ]2
Finally, defineN; as the smallest integer such that the inequality
(3N+a+[d/2]) 23N+ a+d—3) " VZN+d+1)? [3(3N+a+2)]2< kN
holds for allN=N;. Then, wheneveN=N,,
first term<CgsA;B)k*NaN (2+a+N)!]2

Statement 2 of Lemma 2 yields

127d
ex >—N
wq

sl 27d _, 27d
?|D V(Z(X))|<=Cpex w—gR =Coexp—»(2a+d—4)

wq

on the support ofr(Xx). Thus, the second term ¢53) satisfies

127d
ex —N
)

N—1
X E E 2 ”Xa’P|,B|<3n+a+l||||¢’n(x)”

n=0 |a|=N—-n
127d
ex —N
W

12
3" (1+a+n)! ]

27d
second terneAN2ys~(N*T2)C, exp{7(2a+ d—4)
0

27d
<pN2ys-(NT2C, ex;{7(2a+d—4)
0

N-1
xS D (lal=1)2
n=0 |a|=N-n+2

(a+|a|+3n)!
(1+a+3n)!

27d
<#iN2ys-(N*2)C exr{7(2a+d—4)
0

exy{ 127d N) PN+ W  (N+1)/2
Wo

(2+a+N+2n)!(1+a+n)!]¥?

(1+a+3n)!

N—1
% E K5n/2
n=0

|a|=N—n+2

Define A,:=y6 2k*2Cob" ex27d(2a+d—4)[(d—1)!1T* and B,:=6 *«*% exp(12rd/w?).
Then, following the argument we have used to estimate the first term, we obtain
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N—-1
second terns A,BYANA(N+d+1)971 >, &3
n=0

(2+a+N+2n)!(1+a+n)!|*?

(1+a+3n)!

<ABYNAENHN+d+1)4 1 [(2+a+N)!1 ]2

12 N

E P 5172

I=1

2+a+3N—-3
2+a+N-—I

X max

(2+a+3N+2I)!(2+a+N—I)!r’z
1=<I<N

(2+a+3N-3I)!(2+a+N)!

<3Y2CA,BY kNANAN+d+ 1) [ (2+a+N)! M2
Now defineN, such that N+d+1)4"*<«N for everyN=N,. Then
second terne3Y2CA,BY kNN (2+a+N)1 Y2

For the third term 0f53), we only need to use the first statement of Lemma 4. The result is

2N
third terms >, C,x3"b" 24N (1+a+n)!1 Y2
n=N

To complete the proof defineNy=maxN;,N,}, A=maxCsA;,3"°CsA,,C,b?"} and B
= maX{KABl,KsBZ ,K3b}. O

V. OPTIMAL TRUNCATION

In this section we shall prove that exact eigenvalues and eigenfunctioRi7gf:=— 3A
+V(#,X) can be approximated by truncated R-S series, up to an exponentially small error. To that
end, we shall use our estimate of the no@@lg,\‘(x). We shall also need a couple of results. The
first is a lower bound for the distance between perturbed eigenvalues that degenkrate ahe
second is a “reverse” definition of asymptotichess.

Let us consider two distinct eigenvaluestétr), E(2) andE’ (%), which converge to the
same eigenvalue dfl; as# goes to 0. Also, let us assume that their asymptotic series have only
a finite number of common R-S coefficients. That is,

E(h)~e+ & hY°+ .. +Ey_ 1AM V2 g iM21 g, aMTD24
E'(h)~e+EhYV2+ . + &y _pM V2 g M2y gl pMADR2y
with Ey# &y, - Then,
E(h)—E' ()~ (Eq—ENEM2+ (Eysr— E e DEM D24

so we expect that the difference between these exact eigenvalues be bounded b@igit'y.
Since the series above is asymptotic, thereGye>0 and#,(M)>0 so that

|E(f)—E'(h)— (Ey—EAM<CyaMt D2,
wheneveri<f#,(M). Then
|[E(h) = E' (h)| =] — EqlaM2 = Cup M1,
Setfi,(M)=|Ey—EulI2Cy . Then fori<f,(M),
CMh(M+1)/2$ %|5M_5|,\/||hM/2'

Thus fori<fi,:=min{fiy(M),%,(M)} we have
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|E(h)—E'(h)|= 3|Eu—E a2

Let us denot&fy, — &y asA&y . Therefore, so far we know the following.

Lemma 6: Let EA) and E' (%) be distinct eigenvalues of (f), which degenerate di=0.
Then either

(1) |E(2)—E'(%)|<0O(%N") for all non-negative integers Nor

(2) there exists M and@,=7%,(M) such that

|E(h)—E'(h)|= 3|A&| M2

wheneveri<#i,.

Remark:lt is clear that Lemma 6 is also valid when several eigenvalués$(éf) converge to
the same eigenvalue ¢1,. As a shorthand, we will say th&t(%) is quasi-degeneraté the
condition 1 in the lemma above occurs.

Lemma 7: Supposg, -f,B" is asymptotic to §3) in the sense that givenNNy=M, there
exists G, and B(N) such that for all3=< B(N)

N—-1

‘ f(,B) - nZO ann <CNBN-

Then givene>0, there existg3(€)>0, such that for eactB=< B(¢€) there is an NB) =N, (maybe
equal tox), so that

N-1
‘ < egM (54

f(B) — go f,B"

whenever Y<N<N(B).
Proof: Fix e>0. DefineB;(Ng) = (e C,Qol)l’(NO*""). Then forN>N,, recursively choose posi-

tive numbersB,(N) that satisfy
B(N)<min{(e CyH¥N"M), g (N-1)}.

Then

N—-1

‘f(ﬂ)— 3 10" =(CuBM M) BM=(CuBNN M) M=

whenever3<B;(N).
Define B(€) = B1(Ng), and define

N+1 if By(N+1)<pB<p(N),

N(B) = [oo if B<pByN) forallN.
Then (54) holds wheneveN,<N=<N(g). O
Let{e},_, be an arrangement in increasing order of the eigenvaluék, pcounting multi-
plicities. Theorem 1.1 of Ref. 16 states that given a non-negative infegee can choosé, so
that for eachh <14 there are at least+ K eigenvalues oH(7%), counting multiplicities. Further-
more, each one of them converges to one of the JifsK eigenvalues oHg. In the following
proposition, we study the behavior of truncations of the R-S seri&s(df), theJth eigenvalue of
H(%). We setK so thate;, x>e;.
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Proposition 3: Let E#)=E’(%) be a non-quasi-degenerate eigenvalue ¢fild which con-
verges to ese;. Let Ey(#) be the associated & series, truncated at order.N.et N, be as
defined in Theorem 3. Then there exi&ts>-0 and, for eachi <7, there is an N(%#)=Ng such
that

2N
|En(F)—E(f)|< ZN AB"A" (2+a+n)1]Y2

for all Ng<N=<Ng(%).

Proof: We shall consider the case where there exists another eigenvatiéidfthat con-
verges toe. The proof can be easily simplified to accomodate the opposite situation, which is
studied in Proposition 3 of Ref. 19. So said, Et(7) be another eigenvalue &f(#) converging
to e as#\,0. By Lemma 6, there ar® and#, so that|E(%)—E’'(#)|=3|AEy|RM? for #
<# 4. Without loss we may assume thdg=M. To simplify the proof, we furthermore assume
that no other eigenvalue &f(%) converges te. Let G, be the eigenspace associatec1to

Now setN, (%) as the largesN=N, such that

2Ny (1)

1
> ABMTMIZ (24 a+n) Y= A&y
n=N1(#) 4

Then, from Theorem 3 it follows that

2N
1
ITH(#) — En(f) AT f(#0]|< X AB™AM (2+a+n)!1]Y2< Z|AEy|aM?
n=N

wheneverfi<fiy:=min{1,]AE | ™} and Ng<N=<N,(%). On the other hand, note thalty
=i+ ¢n, Wheregy is orthogonal toy,e G, because of the normalization we chose for the
correction termsy,, . SinceA.io= 15, we conclude thatA, W (% ;x)||=1. So Theorem 3 implies
that

2N
I[H (%) — En(R) JAY N (75 X) | < ZN AB"A"(2+a+n) TY2[| AW (75 X)) (55)

We may assume thdiy(%) € o(H (%)), so[H(%)—Eyn(%)] is invertible. It follows that

2N -1
> AB(2+arm! 2 <|[H(h)~Exh)] Y.

BecauseH is self-adjoint,|(H—E) ~||=dis{E,o(H)} ! by the spectral theorem. Thus,

2N
1
dis{En(h),0(H)}< >, AB"A"q(2+a+n)!]Y2< Z|A5M|hM/2 (56)
n=N

for A=<hy andNy=N=N,(%). Let A be the minimum nonzero distance between the firsK

eigenvalues oH,. SinceE,(%)—e,, we can seti,>0 so that for GI<J+K, |E (%) —eg|

<ZA if A<#,. That implies that, fori<#%, andE”"(%) e o(H(%))\{E(%),E’ ()},
[E¥(7)—E"()|= 3A

where E* denotes eitheE or E’. Now set#,=(A/|AEy[)?M. Then fori<#, we have3A
=4AE M2, As a consequence,

|E(h)—E"()|= 3|AE|AM?,
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|E(h)—E'(f)|= L|AE|AM2,
which ultimately implies that
dis{E(%),0(H)\E(h)}= 3|AE | M2 -

wheneverfi <min{fig,fi1,fip ,iio}. SinceEy(%) is asymptotic toE(%), we may apply Lemma 7.
Then there igi3>0 such that for eachi <75 we can fixN,(%#) =N, so that

[E(h)—En(R)|< F|AEW[AM? (58

for Ng=<N=Ny,(%).
Now (57), (58) and the second inequality ¢56) imply that

dis{En(%),0(H)}=|E(#)— En(h)|

wheneverh <min{fig,fiq ,fis,fiz,fix} =11 and No< N<min{N;(%),Ny(f)}=:Ng(#). O

Remark:The numbeiN(%) defined in the proof must indeed be equaNtd%). Assume that
Ng(7)<Nq(%), and consideNg(%)<N=<N,(%). ThenEy(%) has to be near some eigenvalue
E"(#) different toE(%). By reducingf, Ey(%) approaches t& (%) while keeping itself close to
E”(%), which leads to a contradiction.

Remark: N(%) grows likeg/%, as one can see from the proof of Theorem 4 below.

The requirement oE(%) to be non-quasi-degenerate can be relaxed, and we formulate the
following weaker version of Proposition 3. The proof is a straighforward variation of it.

Proposition 4: Let E#)=E’(#) be an eigenvalue of ), which converges toee;. Let
En(%) be the associated 8 series, truncated at order.Mlso let E¥(%) be any eigenvalue of
H(#) that satisfies the condition 1 of Lemma 6 [includinf itself.] Then there exists.>0 so
that for eachii<#, there is an N(%)=N, such that

2N
|En(7)—E*(7)|< D, AB"A"(2+a+n)1]Y2
n=N

for all Ai<f,, Ng<N=<Ng(%), and E*(%).

In the following theorem we assume the hypotheses of Proposition 3. An analogous result
follows from the hypotheses of Proposition 4.

Theorem 4: Assume the hypotheses of Proposition 3. Then for @ach<B~2, there is
fi4>0 such that for eacli <% 4 there exists N#:) such that

r
|Eny () —E(R)|<A exp{ - %)

for someA>0 andI'>0 independent ofi.
Proof: Fix 0<g<B~2. Then 0<B?g<1; consequently there i§)>0 such thatB?g
=exp(—). Consider the function

Q(1+a)
f(h)=Ag ex;{ -

ho (4+a+M)/2eXF< _ Qg) )

an
Itis clear thatf(%#)>0 on(0,%) has a single maximum, arf¢#)—0 asfs—0 orA—o. Now set
ha=sudh:f(h) is increasing andf(%)< z|A&y|}.

Then set
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fig=sup[h:hsmin{ﬁe,h4} and Hg

7 =2+a+2Ng

Now for hsﬁg define N(%) by 2+a+2N(%)=[g/%]. So definedN(%)=Ny. On the other
hand, since we can assuBe=1 and 2+a+n=<g/#x for N(#)<n<2N(%) we have

2N(#) 2N(#)
> ABMMI(2+a+n) < D AB"%M(2+a+n)@ratne
n=N() n=N(#%)
2N(#)
<Ah~ (2+a)l2 E [BZﬁ(2+a+n)](2+a+n)/2
n=N(#)
2N(#)
gAﬁ_(z‘*'a)/Z E (Bzg)(2+a+n)/2_
n=N(#%)

Now use thaB?g=exp(—Q)<1 and the fact that"=x"** if x<1 to obtain

2N(#) 2N(#) QO
> AB“Y(2+a+n)!]Y2<Ar~ @2 N ex ——[2+a+N(ﬁ)]}
n=N(%) n=N(%) 2

Q
=Af~ (2Fal2gm (QME2ra) ] 4 N(ﬁ)]exp{ - g[2+a+ 2N(ﬁ)]]

<Ah~ (2ralzg- (9’4)(2+a)[2+a+2N(ﬁ)]ex;{—% %—1”
Qg

= — (QH(1+a)p — (4+a+M)/2 _ TP M2

<Age h exp( 4ﬁ)h

<f(hy)hM? (59

< HAEy|AM2, (60)

Thus,N(%)=<Ng(%). Therefore, Proposition 3 holds fér<fig, which along with(59) implies

Q
|Engiy(R)—E(R)| <Age (¥a0Fa);~(4ra)i ex;{ _ 4_;1) ’

for all ﬁgfig. Finally, define

~ B a)g
ﬁgzmax{ﬁgﬁg % (‘”a)’zexp( — ﬁ) sl].

Then the assertion is true for dik<7 4 with I':=(2g/8 and A :=Agexp(—(1+a)/4). O

Proposition 5: Let E#) be a non-quasi-degenerate eigenvalue ¢flH with eigenspace G.
Let Pg be the (orthogonal) projector onto G Let Wy (%:x) be the Nh truncation of the RS
series (6). Leth, and Ny(%) be defined as in Proposition 3. Then for edck#, and Ny<N
<Ng(2),

2N

V(%% PeW \(7;x
N( ) _ E N( ) $16|A5M|_12 ABnh(n—M)/2[(2+a+n)!]1/2
n=N

TN PEP ()|

for some M<Njy.



2836 J. Math. Phys., Vol. 44, No. 7, July 2003 J. H. Toloza

Proof: Notice that(55) means that

2N
||[H<h>—ENm)]ll\TfN(ﬁ;x)H*“TfN(h;x)HanN AB"A" (2+a+n)! Y2

On the other hand, we can write

1V N ()1 (530 =W PP (7530~ PP N (75%) + Qi (%),
where Qy(%;x) is orthogonal toGg, and |wy|?+ | Qn(%;X)|?=1. Since these functions are
defined up to a global phase, we can assume that indeed,& 1. Then the normalization

condition implies

1N )| = [QnE;0)]17 = 1= [wy|? = (1+wy) (1-wy) = 1—wy.

So we have
1% (R3] 2 (%) — | PP N (F3) |~ PeW (A %) || < 2] (7250 (62)
Since
T \(F;%) Pl \(#;%)
[H(#) = En(7)1Qn(f;X) =[H(A) = En(f) ] ————— —Wy[E(A) — En(f) ] —————,
W N (75%)|| [PEW (7 X)]

it follows from Proposition 3 that

2N
ICH(R) — En()]On(A;x)][<2 2, ABM(2+a+n)! ] (62

for i<h, andNog=N=<N(%).
Recall thatEn(7%) ¢ o(H(%)). From the fact thafH (%) —En(%) ]Qn(%;X) is orthogonal to
Gg, it follows that

ln)I<ITH () — En(f) 1 HITH () — En() 1Qn(R:)], (63)

where[H (%) —Ey(#)], is the restriction of H(%#) —Eyn(#) ] to the subspace orthogonal @ .
For simplicity, let us assume that there is only one distinct eigen\&l(#&) that converges to the
same eigenvalue dfly asE(%). Since

dis{En(%),0(HN\E(%)}= 3dist{E(%),0(H\E(#)},
the spectral theorem along witB7) implies that
IH(R) = En(a)] I<4[AE |~ M2, (64

The assertion now follows fror(61)—(64). O
Remark:The assumption of non-quasi-degeneracyeé#f) is critical, as one can see in the
argument that leads t®4).
The last result of this section concerns the optimal truncation for the eigenfunctioh@: df
It follows from Proposition 5 in the same way as Theorem 4 does from Proposition 3:
Theorem 5: Fix 0<g<B~2. Let A and I" be defined as in Theorem 4. Then there exists
ﬁé>0 such that for eachﬁsﬁé there is N#) so that
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gy (75X) B PeW sy (1%)
1@ ey B0l [PE® gy (s X)

r
<16A&Y|A exp( _;)

Proof: Define

Q(1+a)

Qg
’ — N — (4+a+2M)/2 _ <
f (ﬁ)._Agexp( 7 h exp( 4ﬁ),

fiy=sudh:f'(h) is increasing andf(%)< ;|A&ul},

ﬁé:zsur{ﬁ:ﬁsmin{he,ﬁg} and H% =2+a+2Ngp;.
' 21 p — (4+atM)2 «g
hg._max[ﬁsﬁg.ﬁ (4+a+M) ex;{—g <1p.
Now proceed as in the proof of Theorem 4. O
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APPENDIX: COMPUTATION OF &)y

Here we simplify the formula48) by using the identity(10). This calculation is formally
identical the one done in Ref. 19, with some notational change. We reproduce it here for a sake of
convenience:

N—-1 N—-1

En=| Het AWA,— ,Zl 1i2e, A2 mZ:O A2,

N—-1 N-1 N—-1 N—-1
= 2 A Hemt 2 ATIAW A= 3 3 A AL

We use AWA.=3 74072270+ AWINT2IA, and change the index by—j—2. Using
H.40=0, we then obtain

N—1 N—-1 N N—-1
En= 2 ﬁmlee‘/fm"' E 2 ﬁ(mﬂ)/zT(HZ)‘ﬁm"' 2 hm/erW[N+2]Ae'/fm
m=1 m=0 j=1 m=0
N—1 N—-1 N—1 N—1 n
_ 2 2 h<]+m)/25jAg¢m: 2 ﬁn/zHe¢n+ 2 ﬁn/ZZ T(J+2)¢nfj
m=0 j=1 n=1 n=1 j=1
2N—-1 N N—1 N—-1 n
+ E hn/Z' E T(J+2)djn_j+ E ﬁmIZAew[N+2]Ael//m_ 2 ﬁnIZE 5jAgl/fn—J
n=N j=n-N+1 m=0 n=1 =1
2N—-2 N—1
- XA X EAL.
n=N j=n—N+1

The first, second and fifth terms of last equation cancel becau€ipfin the third term define
m=n-—|j and thenp=n—N. This yields
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2N-1 N—1 N—1 2N—-2 N—1
gN: E ﬁnIZ E T(nfm+2)d,m+ E ﬁmleeW[N+2]Ae‘//m_ 2 hn/Z' E ngtzawn—J
n=N m=n—N m=0 n=N j=n—N+1
N—1 N-1 N—1
— pzo mz:p ﬁ(p+N)/2T(p+N—m+2)¢m+ mEZO ﬁm/erW[N+2]Ae¢m
2N—-2 N—1
_ ﬁn/2 €A2 .
ngN j:nZN+1 iAetn-
N—1 m
— 2 ﬁmIZE ﬁ(p+N7m)/2T(p+me+2)¢/m
m=0 p=0
N—-1 2N-2 N—-1
+ 2 ﬁm/ZAew[N-%—Z]Aewm_ 2 ﬁn/2‘ E 51Aé¢n—1
m=0 n=N j=n—N+1
N—1 m+2 2N—-2 N—-1
— 2_ hm/Z Z ﬁ(lJermfz)lz-l—(l+me)_|_'A\(_:‘V\/[N+2]Ae in— Z ﬁnlz-_ Z 5jA(Za¢nfj )
m=0 i=2 n=N j=n—N+1

Finally, note that: =210 + AW FHA = A WUIA, . Therefore, it follows that

N—-1 2N—-2 N—-1
En= 2 AMPAMWINTMILA g — > A2 Y E ALY
m=0 n=N j=n—N+1
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