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Exponentially accurate error estimates of quasiclassical
eigenvalues. II. Several dimensions

J. H. Tolozaa)

Department of Physics and Center for Statistical Mechanics and Mathematical Physics,
Virginia Polytechnic Institute and State University,
Blacksburg, Virginia 24061-0435

~Received 16 February 2002; accepted 24 March 2003!

We study the behavior of truncated Rayleigh–Schro¨dinger series for low-lying
eigenvalues of the time-independent Schro¨dinger equation, in the semiclassical
limit \↘0. In particular we prove that if the potential energy satisfies certain
conditions, there is an optimal truncation of the series for the eigenvalues, in the
sense that this truncation is exponentially close to the exact eigenvalue. These
results were already discussed for the one-dimensional case in a previous article.
This time we consider the multi-dimensional problem, where degeneracy plays a
central role. ©2003 American Institute of Physics.@DOI: 10.1063/1.1581353#

I. INTRODUCTION

Perhaps one of the most elementary facts in quantum physics is that, for a sufficiently
potential well, the eigenvalue problem defined by the time-independent Schro¨dinger equation
admits normalizable solutions. Equivalently, if one considers Planck’s constant as a parame
equation

H~\!C̃~\;x!ªF2
\2

2
Dx1V~x!GC̃~x!5E~\!C̃~\;x! ~1!

is expected to have eigenvalues near the bottom of the potential well, in the semiclassica
\↘0.

Along with the problem of existence of low-lying eigenvalues, one is also interested in
behavior of the corresponding perturbation series in powers of\, the so-called Rayleigh–
Schrödinger ~R-S! series. It is well known that, in general, the R-S series are not convergen
only asymptotic to the solutions of Eq.~1!. However, one often wants to consider truncations
these series as good approximations to the actual eigenvalues/eigenvectors. This raises th
question of whether or not one can find an optimal truncation that minimizes the differ
between the exact eigenvalues/eigenvectors and the corresponding truncated R-S series.

In this article we aim to find exponentially accurate asymptotics to the solutions of~1!. We
shall assume that the potential energyV(x) satisfies the following conditions:
H1 V(x) is a C` real function onRd such that lim infuxu→`V(x)5..V`.0.
H2 V(x) has a unique global minimumV(0)50 at x50.
H3 The global minimum ofV(x) is nondegenerate in the sense that

HessV~0!5diag@v1
2 ,...,vd

2#

has only strictly positive eigenfrequenciesv1 ,...,vd .
H4 V(x) has an analytic extension to a neighborhood of the regionSd5$z:uIm ziu<d1e% for some

a!Partially supported by National Science Foundation Grant DMS-0071692. Current address: Centro de Investiga´n en
Matemáticas, Universidad Auto´noma del Estado de Hidalgo, Ciudad Universitaria, Carretera Pachuca-Tulancingo
4.5, Pachuca de Soto, Hidalgo, CP 42074, Me´xico. Electronic mail: htoloza@uaeh.reduaeh.mx
28060022-2488/2003/44(7)/2806/33/$20.00 © 2003 American Institute of Physics
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d.0 ande.0 arbitrarily small. Without loss we may assume thatd<1.
H5 V(z) satisfiesuV(z)u<M exp(tuzu2) uniformly in Sd , for some positive constantsM.0 and
v0/4>t.0 wherev0 denotes the lowest eigenfrequency of HessV(0).

We shall prove that one can truncate the R-S series so that the difference between th
cated series and the actual eigenvalue/eigenvector can be made smaller thanL exp(2G/\) where
the positive constantsL and G are explicitly calculated. Our construction is based entirely o
straighforward application of the formal R-S perturbation theory. These results extend tho
Ref. 19, where we discussed optimal truncation for the one-dimensional problem. We follo
method explained in that article, which indeed is related with one developed by Hagedor
Joye to study approximate solutions to the time-dependent Schro¨dinger equation.4 Roughly speak-
ing, we calculate upper bounds for each term in the R-S series for both eigenvalues and
fuctions. Then we combine these to obtain a recursion relation that yields an estimate f
growth of these terms. From that we compute an estimate of the difference of the two sides~1!
after truncation at orderN; this estimate behaves likeabN\N/2(N!) 1/2. For each\ we chooseN to
minimize this quantity. This and some standard results of functional analysis yield our result
main change with respect to Ref. 19 comes from the fact that, in several dimensions, we n
consider degenerate perturbation theory. There are also several technical nuissances which
special treatment.

The study of this problem is not new, of course. The first proof of existence of low-l
eigenvalues and asymptotic R-S series was presented by Combeset al. in 1983. Their proof,
which involves Dirichlet–Newmann bracketing techniques, only considers the one-dimen
problem. Shortly after, Simon gave another proof, based on geometric arguments, that is v
several dimensions.16 This problem was also studied by Helffer and Sjo¨strand in the broade
framework of microlocal analysis of self-adjoint pseudodifferential operators.6 From these works,
it is known that eigenvalues/eigenfunctions near the bottom of the potential well admit asym
expansions in half-powers of\, where the leading orders are given by the correspond
eigenvalues/eigenfunctions of the harmonic oscillator aproximation. These results require o
assume that the potential energy satisfies H1–H3, although further information has been o
in Ref. 6 for potentials with analytic continuation in a neighborhood of the minimum. In partic
it is proved in Theorem 4.6 of Ref. 6 that the low-lying eigenvalues/eigenfunctions can be
nentially approximated by truncated series.

The last result mentioned above is based on the rather involved theory of analytic pse
ifferential operators.18 On the other hand, the work by Hagedorn and Joye4 suggests that a muc
simpler method, involving only formal R-S series, may be used to contruct exponentially acc
aproximations to the eigenvalues/eigenfunctions of~1!. Indeed, the constructive method develop
in this work relies upon only some elementary notions on complex and functional ana
Moreover, we obtain explicit upper bounds to the growth of the R-S coefficients. Our constru
might be used for numerical computation, although the many constants that we define alo
way have not been optimized for that purpose. However, there is a tradeoff in our approach
consists on the need of somewhat stronger assumptions about the potential energy, nam
pothesis H5. We finally would like to point out that our technique could be used to stud
time-independent Born–Oppenheimer approximation.

Results analogous to those discussed in this work have also been obtained for a classC`

potentials. Bambusiet al.1 have studied exponentially accurate quasimodes up to an error of
exp(2const/\1/r) with r.1, when the potential energy is Gevrey of orderm.1. Furthermore,
their estimate on the error is uniform in\ for all eigenvalues in@0,\d# with 0,d,1. The
construction of those quasimodes is based upon quantization of the Birkhorff normal forms f
classical Hamiltonian associated to~1!. Since their proof relies on the KAM theorem,3 the authors
assume that the eigenfrequenciesv1 ,...,vd satisfy the nonresonant conditionu( iv iki u21

<C(( i uki u)a, for C.0, a.0, and for every nontrivial set of integers (k1 ,...,kd). Under similar
assumptions, Popov12,13 has proved more general results by quantization of the KAM theory.

This article is organized as follows. In Sec. II we make a transformation of Eq.~1!, and some
technical results are proven. In Sec. III we construct some operators through recursion re
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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which allow us to calculate the several correction terms involved in the formal series for e
values and eigenvectors. In particular, this construction allows us to consider the cases
degeneracy occurs. Because of the tranformation done in Sec. II, we obtain a manageabl
sion relation for thenth term of the R-S series. Then we state and prove an estimate of the g
of these terms. In Sec. IV we define a residual error function for Eq.~1! and prove an estimate fo
it. The main results are stated precisely in Sec. V. The Appendix is devoted to a compu
needed in Sec. IV.

II. PRELIMINARIES

In this work we shall use the standard multi-index notation: fora5(a1 ,...,ad)PZ1
d and x

5(x1 ,...,xd)PRd, we denoteuauªa11¯1ad , a!ªa1! • ••• •ad!, xa
ªx1

a1
• ¯ •xd

ad , Da

ª]x1

a1
• ¯ •]xd

ad, and x2
ªx1

21¯1xd
2 . For z5(z1 ,...,zd)PCd, we denote uzu2ªz1z1* 1¯

1zdzd* .
We first transform~1! by scalingx→\1/2x and then dividing the whole equation by\. This

unitary transformation scales the eigenvalues and eigenfunctions asE→\21E and C̃(x)
→C̃(A\x), respectively. The transformed equation may be written as

@2 1
2 Dx1V~\;x!#C̃~\;x!5E~\!C̃~\;x!. ~2!

Because of hypothesis H3,V(x) admits a Taylor expansion up to any ordern. Thus we can write

V~\;x!5
1

2 (
i , j 51

d

Ai j xixj1W~\;x!,

where the functionW(\;x) can be asymptotically approximated by

W~\;x!5(
l 53

n

\~ l 22!/2 (
uau5 l

DaV~0!

a!
xa1O~\~n21!/2xuau5n11!. ~3!

Hypothesis H4 implies furthermore that the Taylor series~3! is convergent inside the open poly
disc$zPCd:uzi u<d%. Upper bounds on the derivatives ofV(x) can be easily obtained by using th
Cauchy integral formula. They are stated and proved below in Lemma 2.

Now we can rewrite~2! as

@H01W~\;x!#C̃~\;x!5E~\!C̃~\;x!, ~4!

where, in suitable Cartesian coordinates,

H052
1

2
Dx1

1

2 (
i 51

d

v i
2xi

2

is a harmonic oscillator Hamiltonian with eigenfrequenciesv1 ,...,vd . The eigenfunctions ofH0

are therefore

Fa~x!5S p2d)
i 51

d

v i D 1/4

~2uaua! !2 1/2expS 2
1

2 (
i 51

d

v ixi
2D)

i 51

d

ha i
~Av ixi !, ~5!

wherehj (y) denotes the Hermite polynomial of degreej . The corresponding eigenvalues areea

5( i 51
d v ia i1d/2.
In the semiclassical limit we want to considerW(\,x) as a perturbation ofH0 . Then we can

propose formal Rayleigh–Schro¨dinger series for bothE(\) andC̃(\;x):
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C̃~x!;c̃0~x!1\1/2c̃1~x!1\2/2c̃2~x!1\3/2c̃3~x!1\4/2c̃4~x!1¯ , ~6!

E~\!;E01\1/2E11\2/2E21\3/2E31\4/2E41¯ . ~7!

In this work we essentially follow the standard, formal method to compute the R-S coeffic
~see, e.g., Ref. 11, Chap. XVI!, although alternatively we could use the technique developed
Kato ~Ref. 10 Chaps. VII and VIII!. However, this last approach seems rather difficult to imp
ment here, in particular when degeneracy occurs. Concerning asymptotics in degenerate p
tion theory, we must mention the approach developed by Hunziker–Pillet.8,9

We now insert~6! and~7! into ~2! and equate powers of\1/2. The zeroth-order equation yield
H0c05E0c0 . ThenE05e andc0PG, wheree is some eigenvalue ofH0 with multiplicity g and
associated eigenspaceG. For n51,2,..., wehave

~H02e!c̃n1(
l 51

n

T̃( l 12)c̃n2 l5(
l 51

n

El c̃n2 l , ~8!

where we define

T̃( l )
ª (

uau5 l

1

a!
DaV~0!xa.

Existence of solutions to the set of equations~8! can be shown by explicit construction, as the o
we shall develop in Sec. III. Also, the correction termsc̃n satisfies the following property:

Lemma 1: Let Puau< l be the projection onto the subspace spanned by$ Fa : uau< l % and a

5ae be the smallest non-negative integer such that G#Ran(Puau<a). Then, for each n>1, c̃n

PRan(Puau<a13n)
Proof: First, decomposec̃n5Puau<ac̃n1(12Puau<a)c̃n5..c̃n

(1)1c̃n
(2) . We have to prove the

assertion only forc̃n
(2) . Equation~8! yields

c̃n
(2)5~H02e!r

21~12Puau<a!F(
l 51

n

El c̃n2 l2(
l 51

n

T̃( l 12)c̃n2 l G ,

where (H02e) r
21 is the inverse of the restriction ofH02e onto Ran(12Puau<a). Since

Ran~~H02e!r
21~12Puau<a!Puau<a13n!,Ran~Puau<a13n!,

it is sufficient to show that

S (
l 51

n

El c̃n2 l2(
l 51

n

T̃( l 12)c̃n2 l D PPuau<a13n . ~9!

Now use mathematical induction. Forn51, the assertionT̃(3)c̃0PPuau<a13 follows from the fact
that T̃(3) contains terms that are at most proportional to the third power of creation operator
that c̃0PG,Puau<a . Assuming that statement is true fors51,...,n21, then it is trivially true for
the first term in ~9!. Also, a simple calculation with ladder operators shows thatxaw
PRan(Pubu<a13(n2 l )1uau) wheneverwPRan(Pubu<a13(n2 l )). Finally, we have 3(n2 l )121 l
53n12(12 l )<3n for l 51,...,n. h

The set of recursive equations~8! is not suitable for the purpose of finding the sharp up
bounds for the R-S coefficients that we shall need later. It turns out to be convenient to tran
the problem in the following way: Let$Fa(x)% be a basis of eigenvectors ofH0 . For a given
eigenvaluee of H0 , let us define a new operatorAe by
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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AeFa~x! 5 H Fa~x!, if Fa~x!PG,

ue2eau2 1/2Fa~x!, otherwise,

whereea is the eigenvalue associated toFa(x). Then extendAe to the whole Hilbert spaceH by
linearity. So defined,Ae is a bounded operator with unit norm but unbounded inverse. Howe
Ran(Puau<a13n) is clearly in the domain ofAe

21 for eachnPN. This fact allows us to consider th
equivalent set of equations

Hecn1(
l 51

n

T( l 12)cn2 l5(
l 51

n

ElAe
2cn2 l , ~10!

whereHeªAe(H02e)Ae , T(m)
ªAeT̃

(m)Ae , andcm5Ae
21c̃m . The operatorHe satisfies

HeFa~x! 5 H 0, if Fa~x!PG,

e2ea

ue2eau
Fa~x!, otherwise.

Therefore the norm ofHe is equal to 1. In Sec. III we shall prove that bothuEnu and icni
essentially grow asbnAn! for large n.

We conclude this section with an assortment of technical lemmas. Lemma 2 states
estimates on the derivatives of the potential energy. In Lemma 3 we show a key upper bound
norm of the operatorsT( l )Puau<n . Finally, in Lemma 4 we state results about certain express
involving factorials that we shall use extensively in the sequel.

Lemma 2: Assume V(x) satisfies H4. Then there are constants C1 and C2 such that, for l
>1,

(
uau5 l

uDaV~0!u
a!

d uau<C1C2
l .

If V(x) also satisfies H5, then there exists a constant C0 such that

d uau

a!
uDaV~x!u<C0 exp~2tx2!. ~11!

Proof: Let G i be a circle of radiusd in the complex plane, centered atxi . Then the Cauchy
integral formula applied toV(x), which makes sense because of hypothesis H4, states tha
each multi-indexa5(a1 ,...,ad)

DaV~x!5
a!

~2p i !d E
G1

dz1 ¯E
Gd

dzd

V~z!

) i 51
d ~zi2xi !

a i11 ,

which implies

uDaV~x!u<
a!

d uau max
ziPG i

uV~z!u. ~12!

Let us prove~11! first. Because of H5,

max
ziPG i

uV~z!u<M)
i 51

d

max
ziPG i

exp~tuzi u2!<M)
i 51

d

exp~tuxi1du2!<M exp~2dtd2!exp~2tx2!,
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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so~12! implies~11!, after definingC05M exp(2dtd2). If now theG i ’s are circles centered at zero
we have~without assuming H5!

uDaV~0!u
a!

d uau< max
ziPG i

uV~z!u5..c,`.

Then

(
uau5 l

uDaV~0!u
a!

d uau<c (
uau5 l

1

for all l . The last summation is the number of different ways to sumd non-negative integers suc
as the result is equal tol . That is,

(
uau5 l

15
~ l 1d21!!

l ! ~d21!!
<

1

~d21!!
~ l 1d21!d21.

Therefore, we have

(
uau5 l

uDaV~0!u
a!

d uau<
c

~d21!!
~ l 1d21!d21<C1C2

l

with obvious definition ofC1 , andC2 being either equal to (d21)maxl>1 log(l1d21)/l ~when
d.1) or equal to 1~whend51). h

Lemma 3: Foruau>2, n>0 and some constantg.0,

iAex
aAePubu<ni<g2S 2

v0
D ~ uau22!/2F ~n1uau21!!

~n11!! G1/2

.

As a consequence,

iT( l )Pubu<ni<C3k~ l 22!/2F ~n1 l 21!!

~n11!! G1/2

for some C3.0 and k>2.
Proof: For a single coordinatexi , we have

xi5
1

A2v i

~ai1ai* ! ~13!

whereai andai* are the associated ladder operators. Consider anyw5(bdbFbPH. DefineJG

ª$multi-indicesb:FbPG%. Then

ai* Aew5 (
bPJG

dbai* Fb1 (
b¹JG

dbue2ebu2 1/2ai* Fb

5 (
bPJG

dbAb i11Fb11i
1 (

b¹JG

dbue2ebu2 1/2Ab i11Fb11i

whereb11iª(b1 ,...,b i11,...,bd). Thus,
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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iai* Aewi25 (
bPJG

udbu2~b i11!1 (
b¹JG

udbu2ue2ebu21~b i11!

<~11a! (
bPJG

udbu21 (
b¹JG

udbu2ue2ebu21~b i11!

becausebPJG implies b i<ubu<a. Moreover,

b i11

ue2ebu
5

1

v i

v i~b i1
1
2!

ue2ebu
1

1
2

ue2ebu
<

1

v i

eb

ue2ebu
1

1
2

ue2ebu
.

Sinces(H0) has no accumulation points andebÞe for all b¹JG , infb¹JG
ue2ebu.0. Further-

more, since limubu→`ebue2ebu2151, supb¹JG
ebue2ebu21,`. Thus,

ue2ebu21~b i11!<
1

v i
sup

b¹JG

ebue2ebu211
1

2
sup

b¹JG

ue2ebu215..K1,`,

which implies

iai* Aei2<max$~11a!,K1%<max
$v i %

max$~11a!,K1%. ~14!

A similar calculation yields

iaiAei2<max$u12au,K2%<max
$v i %

max$u12au,K2% ~15!

for someK2,`. Therefore,

ixiAei<
1

A2v i

iaiAei1
1

A2v i

iai* Aei<
1

A2v0

~ iaiAei1iai* Aei !<g,

wherev0 is the lowest eigenfrequency ofH0 , and we use the sum of the right-hand sides of~14!
and ~15! to defineg. Taking the adjoint yields

iAexi i<g.

Sinceuau>2, we can writexa5xi xa8xj for somexi , xj , with ua8u5uau22. Then

iAex
aAePubu<ni<iAexix

a8Pubu<n11xjAePubu<ni

<iAexi iixjAeiixa8Pubu<n11i

<g2S 2

v0
D ua8u/2F ~n1ua8u11!!

~n11!! G1/2

5g2S 2

v0
D ~ uau22!/2F ~n1uau21!!

~n11!! G1/2

, ~16!

where we use Lemma 5.1 of Ref. 4 to boundixa8Pubu<n11i . The last statement follows from th
definition of T( l ) and the first part of Lemma 2, along with the definitionsC35C1g2d22C2

2 and
k5max$2,2v0

21d22C2
2%. h

Lemma 4: Letk>2 be the number defined in Lemma 3. Then we have the following.
(1) For each integer a>0 there is a constant C45C4(a) so that, for all m>0,
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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(
l 50

m F ~11a1m2 l !! ~11a1 l !!

~11a1m!! G1/2

<C4 .

(2) For all a>21 there is a constant C5 so that, for all m>0,

(
l 50

m

k2 5l /2F ~11a13m22l !! ~11a1m2 l !!

~11a13m23l !! ~11a1m!! G1/2

<C5 .

(3) For each a>0 there is a constant C65C6(a) so that, for all m>0,

(
l 51

m

k2 5l /2F ~11a1m2 l !! ~11a1 l !!

~11a!! ~a1m!! G1/2

<C6 .

Proof: Statements~1! and~2! are shown in Lemma 2 of Ref. 19. To prove~3!, notice that for
1< l<m21 we have

~11a1 l !! ~11a1m2 l !!

~a1m!! ~11a!!
5~11a1 l !

)s51
m2 l~11a1s!

)s5 l
m21~11a1s!

5~11a1 l !)
s51

m2 l
11a1s

l 1a1s
<11a1 l .

Therefore

(
l 51

m

k2 5l /2F ~11a1 l !! ~11a1m2 l !!

~a1m!! ~11a!! G1/2

<(
l 51

m

k2 5l /2~11a1 l !1/2,

where the right-hand side converges to some constantC6(a),`. h

III. COMPUTATION OF THE R-S COEFFICIENTS

Let us assume that the zeroth-order eigenvaluee is g-fold degenerate, with associated eigen
paceG. We allow g to be equal to 1. LetP be the projector ontoG and Qª12P. Up to
zeroth-order,c0 can be any vector inG, which we may require to be normalized,ic0i51. Two
cases may arise from solving~10! at higher order. Either the zeroth-order degeneracy is prese
at all orders, or it is removed to some extent at higher order. Let us start by discussing the
case, which trivially includes the nondegenerate one.

A. Degeneracy is preserved

Fix c0PG, with ic0i51. The first-order equation is

Hec11T(3)c05E1Ae
2c0 . ~17!

Let us multiply byP. Noting thatPHe50 andPAe
2c05c0 , we obtain

PT(3)Pc05E1c0 .

This is the secular equation for the finite-dimensional, self-adjoint operatorL (1)
ªPT(3)P. Since

we assume that the zeroth-order degeneracy is not broken at any order,L (1) must have only one
eigenvalue. Let us call itl1 . ThenE15l1 . Now multiply ~17! by Q. We obtain

HeQc152QT(3)c0 .

Let us introduce more notation. For any vectorcPH, definec i
ªPc and c'

ªQc. Also, let
(He)' be the restriction ofHe to Ran(Q). So defined, (He)' is invertible. Then we have

c1
'5J (1,')c0 ,
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whereJ (1,')
ª(He)'

21(2QT(3)). So farc1
i remains undefined.

The second-order equation is

Hec21T(3)c11T(4)c05E2Ae
2c01l1Ae

2c1 . ~18!

Multiply ~18! by P. After some algebra involving the definitions ofL (1) andJ (1,'), we obtain

~PT(3)J (1,')P1PT(4)P!c05E2c0 .

ThenE2 has to be equal to the unique eigenvalue of

L (2)
ªP~T(3)J (1,')1T(4)!P.

That is,E25l2 . Now multiply ~18! by Q to obtain

Hec2
'1QT(3)~c1

i
1c1

'!1QT(4)c05l1Ae
2c1

' ,

which yields

c2
'5J (2,')c01J (1,')c1

i ,

where we define

J (2,')
ª~He!'

21@~l1Ae
22QT(3)!J (1,')1QT(4)#

and no requirement is imposed on eitherc2
i or c1

i .
The third-order equation is

Hec31T(3)c21T(4)c11T(5)c05E3Ae
2c01l2Ae

2c11l1Ae
2c2 .

Following the procedure already described, we obtain

L (3)c05E3c0 ,

where

L (3)
ªP~T(3)J (2')1T(4)J (1,')1T(5)!P

has only one eigenvaluel3 . ThusE35l3 . Also

c3
'5J (3,')c01J (2,')c1

i
1J (1,')c2

i ,

where

J (3,')
ª~He!'

21@~l1Ae
22QT(3)!J (2,')1~l2Ae

22QT(4)!J (1,')2QT(5)#

and nothing is said aboutc3
i , c2

i or c1
i .

As one can see,En andcn
' can be calculated through recursive definition of certain opera

The form of these operators is now easy to guess:
Proposition 1: For n51,2,..., recursively define

J (1,')
ª2~He!'

21QT(3),

J (n,')
ª~He!'

21F2QT(n12)1 (
p51

n21

~ln2pAe
22QT(n122p)!J (p,')G ,

wherel l is, by assumption, the unique eigenvalue of
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L ( l )
ªPT( l 12)P1 (

p51

n21

PT( l 122p)J (p,')P.

Then, givenc0PG, En5ln and

cn5J (n,')c01 (
p51

n21

J (n2p,')cp
i
1cn

i ,

wherec1
i ,...,cn

i are vectors arbitrarily chosen from G.
This construction will be generalized in Proposition 2, from which the proof of Propositio

can be easily read out. To rule out arbitrariness, we setcn
i
50 for all n>1, which is equivalent to

absorbing those vectors intoc0 and renormalizing.
The recursive expressions for the operatorsL (n) andJ (n,') can be translated into recursiv

expressions forEn andcn . The result is

En5 (
p50

n21

^T(n122p)Puau<ac0 ,cp&,

cn5~He!'
21F2QT(n12)c01 (

p51

n21

~En2pAe
22QT(n122p)!cpG .

Furthermore, we can easily obtain the following inequalities:

uEnu<(
l 51

n

iT( l 12)Pu j u<aiicn2 l i ,

icni< (
l 51

n21

uEl uicn2 l i1(
l 51

n

iT( l 12)Pu j u<a13(n2 l )iicn2 l i .

By resorting to Lemma 3, we finally obtain

uEnu<C3(
l 51

n

k l /2F ~11a1 l !!

~11a!! G1/2

icn2 l i ,

icni< (
l 51

n21

uEl uicn2 l i1C3(
l 51

n

k l /2F ~11a13n22l !!

~11a13n23l !! G
1/2

icn2 l i .

As an immediate consequence, we have the following.
Theorem 1: For each a>0, there is b.0 so that

uE nu<k3nbn@~11a1n!! #1/2,

icni<k3nbn@~11a1n!! #1/2,

for all n>1.
A proof of this theorem is in Ref. 19, where the somewhat simpler one-dimensional pro

is discussed. Alternatively, one can modify the proof of Theorem 3.2 below to get some
tighter bounds.
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B. Degeneracy is removed

Let us examine the case where the zeroth-order degeneracy is partially removed only
order.

First-order: Now the operatorL (1)5PT(3)P hask>2 distinct eigenvaluesl1,1,...,l1,k . Let
G1 ,...,Gk be the corresponding eigenspaces, and letP(1),...,P(k) be their orthogonal projections
Set E15l1,i . Then c0 must lie in Gi . As before, c1

'5J (1,')c0 with J~1,'!
ª(He)'21(2QT(3)).

Second-order:Because of the choice forE1 we have

Hec21T(3)c11T(4)c05E2Ae
2c01l1,iAe

2c1 . ~19!

Multiply ~19! by P( j )

P( j )T(3)c11P( j )T(4)c05E 2P( j )c01l1,i P
( j )c1 . ~20!

Note thatP5( j 51
k P( j ). Then, for any vectorc, we havec i5( j 51

k c ( j ). On the other hand,

P( j )T(3)c i5(
l 51

k

P( j )PT(3)PP( l )c i5(
l 51

k

P( j )L (1)P( l )c i5(
l 51

k

l1,l P
( j )P( l )c i5l1,jc

( j ). ~21!

Therefore,( lÞ i P
( i )T(3)cn

( l )50. The identity~21! yields

P( j )T(3)c15P( j )T(3)c1
i
1P( j )T(3)c1

'5l1,jc1
( j )1P( j )T(3)c1

' . ~22!

Now insert~22! into ~20!. For j 5 i we have

P( i )T(4)c01P( i )T(3)c1
'5E2c0 .

Define

L (2,i )
ªP( i )~T(4)1T(3)J (1,')!P( i ).

Then we obtainL (2,i )c05E2c0 . By assumptionL (2,i ) has only one eigenvaluel2,i . Therefore
E25l2,i .

For j Þ i we have

P( j )T(4)c01P( j )T(3)c1
'1l1,jc1

( j )5l1,i P
( j )c1

becauseP( j )c050 wheneverj Þ i . Rearranging terms we finally obtainc1
( j )5J (1,j )c0 , where we

define

J (1,j )
ª~l1,i2l1,j !

21P( j )~T(4)1T(3)J (1,')!P( i ). ~23!

So far no requirement is imposed toc1
( i ) .

Now multiply ~19! by Q,

Hec2
'1QT(4)c01QT(3)c15l1,iAe

2c1
' . ~24!

Since

QT(3)c15QT(3)c1
'1(

lÞ i
QT(3)c1

( l )1QT(3)c1
( i )

5QT(3)J (1,')c01(
lÞ i

QT(3)J (1,l )c01QT(3)c1
( i ) ,
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~24! yields

Hec2
'52QT(4)c01l1,iAe

2J (1,')c02QT(3)J (1,')c02(
lÞ i

QT(3)J (1,l )c02QT(3)c1
( i ) .

From there we obtain

c2
'5J (2,')c01J (1,')c1

( i ) ,

where

J (2,')
ª~He!'

21Fl1,iJ
(1,')Ae

22QT(3)S J (1,')1(
lÞ i

J (1,l )D 2QT(4)G .
Third-order:

Hec31T(3)c21T(4)c11T(5)c05E3Ae
2c01l2,iAe

2c11l1,iAe
2c2 . ~25!

Multiply by P( j ), rearrange terms, and use~21! to obtain

E 3P( j )c05P( j )T(3)c21P( j )T(4)c11P( j )T(5)c02l2,ic1
( j )2l1,ic2

( j )

5P( j )T(3)~c2
'1c2

i
!1P( j )T(4)S c1

'1(
lÞ i

c1
( l )1c1

( i )D
1P( j )T(5)c02l2,ic1

( j )2l1,ic2
( j )

5P( j )T(3)c2
'1P( j )T(4)S c1

'1(
lÞ i

c1
( i )1c1

( i )D
1P( j )T(5)c02~l1,i2l1,j !c2

( j )2l2,ic1
( j ) . ~26!

For j 5 i we have

E3c05P( i )T(3)J (2,')c01P( i )T(4)S J (1,')1(
lÞ i

J (1,l )Dc0

1P( i )T(5)c01P( i )T(3)J (1,')c1
( i )1P( i )T(4)c1

( i )2l2,ic1
( i ) .

Let us note that

P( i )T(4)c ( i )1P( i )T(3)J (1,')c ( i )5L (2,i )c ( i )5l2,ic
( i ).

Thus we obtainE3c05L (3,i )c0 , where

L (3,i )
ªP( i )FT(5)1T(4)S J (1,')1(

lÞ i
J (1,l )D 1T(3)J (2,')GP( i ).

By assumptionL (3,i ) has only one eigenvaluel3,i so E35l3,i .
Now for j Þ i we can rewrite~26! as

~l1,i2l1,j !c2
( j )5P( j )T(5)c01P( j )T(4)S J (1,')1(

lÞ i
J (1,l )Dc01P( j )T(3)J (2,')c02l2,iJ

(1,j )c0

1P( j )T(3)J (1,')c1
( i )1P( j )T(4)c1

( i ) .

Now use~23! and define
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.173.125.76 On: Mon, 24 Mar 2014 14:59:05



d

2818 J. Math. Phys., Vol. 44, No. 7, July 2003 J. H. Toloza

 This article is copyrig
J (2,j )
ª~l1,i2l1,j !

21P( j )FT(5)1T(4)S J (1,')1(
lÞ i

J (1,l )D 1T(3)J (2,')2l2,iJ
(1,j )GP( i )

to obtain

c2
( j )5J (2,j )c01J (1,j )c1

( i ) .

The last step is to multiply~25! by Q,

Hec3
'5Q~l1,iAe

22T(3)!c21Q~l2,iAe
22T(4)!c12QT(5)c0 . ~27!

We have

Q~l1,iAe
22T(3)!c25Q~l1,iAe

22T(3)!c2
'1l1,iAe

2Qc2
i
2QT(3)(

lÞ i
c2

( l )2QT(3)c2
( i )

5Q~l1,iAe
22T(3)!J (2,')c01Q~l1,iAe

22T(3)!J (1,i )c1
( i )

2 QT(3)(
lÞ i

J (2,l )c02QT(3)(
lÞ i

J (1,l )c1
( i )2QT(3)c2

( i )

52 QT(3)c2
( i )1QF ~l1,iAe

22T(3)!J (1,')2(
lÞ i

T(3)J (1,l )Gc1
(1)

1 QF ~l1,iAe
22T(3)!J (2,')2(

lÞ i
T(3)J (2,l )Gc0 , ~28!

and similarly

Q~l2,iAe
22T(4)!c15QF ~l2,iAe

22T(4)!J (1,')2(
lÞ i

T(4)J (1,l )Gc02QT(4)c1
( i ) . ~29!

Insert ~28! and ~29! in ~27! and multiply the whole equation by (He)'
21 to obtain

c3
'5J (3,')c01J (2,')c1

( i )1J (1,')c2
( i )

with

J (3,')
ª~He!'

21F ~l1,iJ
(2,')1l2,iJ

(1,')!Ae
22QT(5)2QT(4)S J (1,')1(

lÞ i
J (1,l )D

2QT(5)S J (2,')1(
lÞ i

J (2,l )D G .
As before, one can guess the solution for arbitraryn. Let us summarize hypotheses an

results:
Proposition 2: Define

L (1)
ªPT(3)P,

J (1,')
ª2~He!'

21QT(3).

Suppose thatL (1) has k distinct eigenvaluesl1,1,...,l1,k with eigenspaces G1 ,...,Gk . Let
P(1),...,P(k) be the associated projection operators. Given1< i<k and jÞ i , set

L (2,i )
ªP( i )~T(4)1T(3)J (1,')!P( i ),
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128.173.125.76 On: Mon, 24 Mar 2014 14:59:05



prove

2819J. Math. Phys., Vol. 44, No. 7, July 2003 Error estimates of quasiclassical eigenvalues. II

 This article is copyrig
J (1,j )
ª~l1,i2l1,j !

21P( j )~T(4)1T(3)J (1,')!P( i ),

J (2,')
ª~He!'

21Fl1,iJ
(1,')Ae

22QT(4)2QT(3)S J (1,')1(
lÞ i

J (1,l )D G .
And then recursively define

L (n,i )
ªP( i )S T(n12)1 (

s51

n21

T(n122s)J (s,')1 (
s51

n22

(
lÞ i

T(n122s)J (s,l )D P( i ),

J (n21,j )
ª~l1,i2l1,j !

21P( j )S T(n12)1 (
s51

n21

T(n122s)J (s,')1 (
s51

n22

(
lÞ i

T(n122s)J (s,l )

2 (
s52

n21

ls,iJ
(n2s, j )D P( i ),

J (n,')
ª~He!'

21F (
s51

n21

ls,iJ
(n2s,')Ae

22QT(n12)2 (
s51

n21

QT(s12)S J (n2s,')1(
lÞ i

J (n2s,l )D G ,

wherels,i is, by assumption, the unique eigenvalue ofL (s,i ) when s>2.
Let En ,cn be the R-S coefficients. ThenE1 has to be equal to one of the eigenvalues ofL (1),

let us sayE15l1,i . Consequently, c0PGi and

En5ln,i , ~30!

cn21
( j ) 5J (n21,j )c01 (

s51

n21

J (n2s21,j )cs
( i ) , ~31!

cn
'5J (n,')c01 (

s51

n21

J (n2s,')cs
( i ) , ~32!

cn5cn
'1(

j Þ i
cn

( j )1cn
( i ) .

The vectorsc1
( i ) , ...,cn

( i ) are arbitrarily chosen from Gi .
Proof: Use mathematical induction. Because of the discussion above, we only have to

the inductive step. Thus, let us assume thatEm , cm21
( j ) and cm

' are given by~30!–~32!, for m
52,...,n. Let us computeEn11 , cn

( j ) andcn11
' . The (n11)-st-order equation is

Hecn111 (
p50

n

T(n132p)cp5(
s50

n

En112sAe
2cs . ~33!

We have
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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(
p50

n

T(n132p)cp5T(n13)c01 (
p51

n

T(n132p)cp
'1 (

p51

n

T(n132p)(
lÞ i

cp
( l )1 (

p51

n

T(n132p)cp
( i )

5T(n13)c01T(n12)J (1,')c01 (
p52

n

T(n132p)S J (p,')c01 (
s51

p21

J (p2s,')cs
( i )D

1d(
lÞ i

T(n12)J (1,l )c01 (
p52

n21

(
lÞ i

T(n132p)S J (p,l )c01 (
s51

p21

J (p2s,l )cs
( i )D

1(
lÞ i

T(3)cn
( l )1 (

p51

n

T(n132p)cp
( i )

5S T(n13)1 (
p51

n

T(n132p)J (p,')1 (
p51

n21

(
lÞ i

T(n132p)J (p,l )Dc0

1 (
s51

n21

(
p5s11

n

T(n132p)J (p2s,')cs
( i )

1 (
s51

n22

(
p5s11

n21

(
lÞ i

T(n132p)J (p2s,l )cs
( i )1(

lÞ i
T(3)cn

( l )1(
s51

n

T(n132s)cs
( i )

5S T(n13)1 (
p51

n

T(n132p)J (p,')1 (
p51

n21

(
lÞ i

T(n132p)J (p,l )Dc0

1 (
s51

n21

(
m51

n2s

T(n132s2m)J (m,')cs
( i )1 (

s51

n22

(
m51

n212s

(
lÞ i

T(n132s2m)J (m,l )cs
( i )

1(
lÞ i

T(3)cn
( l )1(

s51

n

T(n132s)cs
( i )

where we use that(p51
r (s51

p21Fsp5(s51
r 21(p5s11

r Fsp and then we change indexp→m5p2s. Let
us multiply ~33! by P( i ). SinceP( i )He50 andP( i )Ae

25Ae
2P( i )5P( i ), we obtain

(
p50

n

P( i )T(n132p)cp5En11c01(
s51

n

ln112s,ics
( i ) . ~34!

The left-hand side can be written as

(
p50

n

P( i )T(n132p)cp5P( i )S T(n13)1 (
p51

n

T(n132p)J (p,')1 (
p51

n21

(
lÞ i

T(n132p)J (p,l )Dc0

1 (
s51

n22

P( i )S T(n132s)1 (
m51

n2s

T(n132s2m)J (m,')

1 (
m51

n212s

(
lÞ i

T(n132s2m)J (m,l )Dcs
( i )1P( i )~T(3)J (1,')1T(4)!cn21

( i )

1(
lÞ i

P( i )T(3)cn
( l )1P( i )T(3)cn

( i ) .

By the argument that leads to~21!, we know that( lÞ i P
( i )T(3)cn

( l )50. Also cs
( i )5P( i )cs

( i ) . Then
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(
p50

n

P( i )T(n132p)cp5L (n11,i )c01(
s51

n

L (n112s,i )cs
( i ) . ~35!

Inserting~35! into ~34! we conclude

L (n11,i )c05En11c0 .

Now let us multiply~33! by P( j ) for j Þ i . SinceP( j )c050, we have

l1,icn
( j )5 (

p50

n

P( j )T(n132p)cp2 (
s51

n21

ln112s,ics
( j ) . ~36!

The right-hand side can be manipulated in the same way as before. The result is

(
p50

n

P( i )T(n132p)cp2 (
s51

n21

ln112s,ics
( j )5~l1,i2l1,j !J

(n, j )c01 (
s51

n21

~l1,i2l1,j !J
(n2s, j )cs

( i )

1(
l 51

k

P( j )T(3)cn
( l ) .

As proven in~21!, the last term above is equal tol1,jcn
( j ) . Thus~36! leads to

cn
( j )5J (n, j )c01 (

s51

n21

J (n2s, j )cs
( i ) .

Finally, multiply ~33! by Q,

Hecn11
' 5 (

p51

n

ln112p,iAe
2cp

'2 (
p50

n

QT(n132p)cp . ~37!

For the first term we have

(
p51

n

ln112p,iAe
2cp

'5(
s51

n

ln112s,iAe
2J (s,')c01 (

p52

n

(
s51

p21

ln112p,iAe
2J (p2s,')cs

( i )

5(
s51

n

ln112s,iAe
2J (s,')c01 (

s51

n21

(
m51

n2s

ln112s2m,iAe
2J (m,')cs

( i ) ,

and for the second one

(
p50

n

QT(n132p)cp5QS T(n13)1 (
p51

n

T(n132p)J (p,')1 (
p51

n21

(
lÞ i

T(n132p)J (p,l )Dc0

1 (
s51

n22

QS T(n132s)1 (
m51

n2s

T(n132s2m)J (m,')

1 (
m51

n212s

(
lÞ i

T(n132s2m)J (m,l )Dcs
( i )1 Q~T(3)J (1,')1T(4)!cn21

( i )

1(
lÞ i

QT(3)cn
( l )1QT(3)cn

( i ) .
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Then insert these expressions into~37!. After multiplying the whole equation by (He)'
21 we obtain

the desired result. h

As before, we setcn
( i )50 for all n51,2,.... Consequently,cn will be orthogonal toc0 and

cn5S J (n,')1(
lÞ i

J (n,l )Dc0 .

The following expressions will be useful later:

L (n,i )c05P( i )T(n12)c01 (
s51

n22

P( i )T(n122s)cs1P( i )T(3)cn21
' , ~38!

cn
'5~He!'

21F (
s51

n21

EsAe
2cn2s

' 2QT(n12)c02 (
s51

n21

QT(s12)cn2sG , ~39!

cn21
( j ) 5~l1,i2l1,j !

21S P( j )T(n12)c01 (
s51

n22

P( j )T(n122s)cs1 P( j )T(3)Pu j u<a13(n21)cn21
'

2 (
s52

n21

Escn2s
( j ) D . ~40!

Next, let us estimate the growth of these coefficients. SinceEnc05L (n,i )c0 ,

uEnu5u^c0 ,L (n,i )c0&u

<u^c0 ,P( i )T(n12)c0&u1 (
s51

n22

u^c0 ,P( i )T(n122s)cs&u1u^c0 ,P( i )T(3)cn21
' &u

<iT(n12)Puau<ai1 (
s51

n22

u^T(n122s)c0 ,cs&u1u^T(3)c0 ,cn21
' &u

<iT(n12)Puau<ai1 (
s51

n22

iT(n122s)Puau<aiicsi1iT(3)Puau<aiicn21
' i

5(
s52

n

iT(s12)Puau<aiicn2si1iT(3)Puau<aiicn21
' i . ~41!

This calculation follows from~38!, the self-adjointness ofT( l ), and Lemma 1.
From the definition ofHe , it is straightforward to see thati(He)'

21i51. Also, iAei51. Thus,
from ~39! we have

icn
'i< (

s51

n21

uEsuicn2s
' i1iT(n12)Puau<aiic0i1 (

s51

n21

iT(s12)Puau<a13(n2s)iicn2si

5 (
s51

n21

uEsuicn2s
' i1(

s51

n

iT(s12)Puau<a13(n2s)iicn2si . ~42!

Finally let us consider~40!:
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icn21
( j ) i<ul1,i2l1,j u21S iT(n12)Puau<aiic0i1 (

s51

n22

iP( j )T(n122s)iicsi

1 iP( j )T(3)iicn21
' i1 (

s52

n21

uEsuicn2s
( j ) i D .

Set C7ªminjÞiul1,i2l1,j u21. Also, let us notice that iP( j )T(n122s)i5iT(n122s)P( j )i
5iT(n122s)Puau<aP( j )i<iT(n122s)Puau<ai . Thus,

icn21
( j ) i<C7(

s52

n21

uEsuicn2s
( j ) i1C7(

s52

n

iT(s12)Puau<aiicn2si1C7iT(3)Puau<aiicn21
' i . ~43!

These inequalities will allow us to obtain upper bounds for the growth of R-S coefficients. I
following theorem we make use of Lemmas 3 and 4.

Theorem 2: Let k be the number of subspaces as defined in Proposition 3.2. Defin1

ªC3@kC61(21a)1/2#, b2ª8C7@b1C41C3(21a)1/21kC3C6# and b3ªb1C41C3C5@1
1b2(k21)#. Then for any b>max$b1,b2,b3,1% and for n51,2,...,

uEnu<b1k3nbn22@~a1n!! #1/2, ~44!

icn21
( l ) i<b2k3(n21)bn22@~a1n!! #1/2, ~45!

icn
'i<b3k3nbn22@~11a1n!! #1/2. ~46!

Proof: Assume the estimates are true fors51,...,n21. This implies that

icsi<@b31b2~k21!#k3sbs21@~11a1s!! #1/2<k3skbs@~11a1s!! #1/2 ~47!

for s<n22. We shall use the second inequality in~47! to prove~44! and~45!, and the first one to
prove ~46!.

Let us start showing~44!. Applying Lemmas 3 and 4, statement 2, we obtain

(
s52

n

iT(s12)Puau<aiicn2si<C3k(
s52

n

ks/2F ~11a1s!!

~11a!! G1/2

k3(n2s)bn2s@~11a1n2s!! #1/2

<C3kk3nbn22@~a1n!! #1/2(
s52

n

k2 5s/2F ~11a1s!! ~11a1n2s!!

~11a!! ~a1n!! G1/2

<kC3C6k3nbn22@~a1n!! #1/2.

Thus,~41! yields

uEnu<kC3C6k3nbn22@~a1n!! #1/21C3k3(n21)b3bn23k1/2~21a!1/2@~a1n!! #1/2

<kC3C6k3nbn22@~a1n!! #1/21C3~21a!1/2k3nbn22@~a1n!! #1/2

<b1k3nbn22@~a1n!! #1/2,

which completes the proof of~44!.
To prove~45! we start from~43! and proceed in the same fashion:
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icn21
( j ) i<C7k3nb1b2bn23(

s52

n21

@~a1s!! ~11a1n2s!! #1/21C3C7k3nb3bn23~21a!1/2

3@~a1n!! #1/21C3C7kk3nbn22(
s52

n

k2 5s/2F ~11a1s!! ~11a1n2s!!

~11a!! G1/2

<C7b1k3nbn22@~a1n!! #1/2(
m51

n22 F ~11a1m!! ~a1n2m!!

~a1n!! G1/2

1C3C7~21a!1/2k3nbn22@~a1n!! #1/2

1C3C7kk3nbn22@~a1n!! #1/2(
s52

n

k2 5s/2F ~11a1s!! ~11a1n2s!!

~11a!! ~a1n!! G1/2

,

where we have changed indexs→m5s21 in the first term. From this and statements 1 and 3
Lemma 4, we obtain

icn21
( j ) i<8C7@b1C41C3~21a!1/21kC3C6#k3(n21)bn22@~a1n!! #1/2

5b2k3(n21)bn22@~a1n!! #1/2,

so ~45! is done. Consequently,~47! must be valid fors5n21.
Finally, let us show~46!. Note that the first term of~42! is bounded like the first term of~43!.

Applying statement 2 of Lemma 4, it follows that

icn
'i<b1b3k3nbn23C6@~a1n!! #1/21C3@11b2~k21!#k3nbn22@~11a

1n!! #1/2(
s51

n

k2 5s/2F ~11a13n22s!! ~11a1n2s!!

~11a13n23s!! ~11a1n!! G1/2

<b1C6k3nbn22@~11a1n!! #1/21C3@11b2~k21!#C5k3nbn22@~11a1n!! #1/2

5b3k3nbn22@~11a1n!! #1/2 .
h

Corollary 1:

uE nu<k3nbn21@~a1n!! #1/2,

icni<k3nkbn@~11a1n!! #1/2.

For the case where degeneracy is partly broken only up to second order, one needs to
certain operatorsL (n,i 1 ,i 2), J (n22,i 1 ,i 2), J (n,') for n>3, in addition to those already defined in th
last subsection. Nowc0 would be required to lie in a certain subspaceGi 1,12

,Gi 1
,G, and one

would be able to determinecn module an arbitrary component inGi 1,12
. This scheme may be

extended to the general case. But the complexity of the set of equations that recursively
those operators rapidly becomes wild. For that reason, we do not go further. We assume
that, in general,

uE nu<k3nbn1w@~11a1n!! #1/2,

icni<k3nbn1w@~11a1n!! #1/2,

for some positive integerw, which may depend on where degeneracy splits.
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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IV. THE TWO-SIDE ERROR FUNCTION

The upper bounds foruEnu and icni will allow us to estimate the error made in the Schr¨-
dinger equation when truncated series are inserted on it. Here we basically follow the tec
developed by Hagedorn and Joye in Ref. 4. Concretely, forN>1 define

ENªe1 (
n51

N21

\n/2En , CN~x!ªc0~x!1 (
n51

N21

\n/2cn~x!.

These are the truncations at orderN of the R-S series. We define

jN~x!ªAe@H01W~\;x!2EN#AeCN~x!5FHe1AeW~\;x!Ae2 (
j 51

N21

\ j /2EjAe
2G (

m50

N21

\m/2cm~x!.

~48!

We call jN(x) the two-side error function since it is the difference between both sides o
Schrödinger equation when exact eigenvalues and eigenfunctions are replaced by truncated
It can be portrayed in a more suitable way through a number of cancellations. The calcula
outlined in the Appendix. The result is

jN~x!5 (
n50

N21

\n/2AeW
[N2n11]~\;x!Aecn~x!2 (

n5N

2N22

\n/2 (
j 5n2N11

N21

EjAe
2cm2 j~x!.

HereW[ j ] (\;x) is the tail of the Taylor series ofV(\;x):

W[ j ]~\;x!5V~\;x!2(
l 52

j

\~ l 22!/2 (
uau5 l

DaV~0!

a!
xa5\~ j 21!/2 (

uau5 j 11

DaV~z j !

a!
xa,

wherez j5z j (x)5Q j x with Q jP(0,1), as the Taylor theorem states. So we have

jN~x!5\N/2(
n50

N21

(
uau5N2n12

DaV~zn!

a!
Aex

aAecn~x!2 (
n5N

2N22

\n/2 (
l 5n2N11

N21

ElAe
2cn2 l~x!. ~49!

Our main result in the next section relies on an upper bound of theL2-norm of (H2EN)AecN

5Ae
21jN . Note that, for eachN>2, jN is in the domain of the unbounded operatorAe

21 . This
estimate on the two-side error function is stated as follows:

Theorem 3: There are positive constants A, B and N0 so that

iAe
21jN~x!i< (

n5N

2N

ABN\N/2@~21a1n!! #1/2

whenever N0<N and\<1.
To estimate the norm ofAe

21jN , we first set a suitable closed region around the bottom of
potential well. Then we compute that norm inside and outside of that region. Most of the w
involved in the outside estimate, which requires control on the growth of derivatives ofV(x) far
away from the minimum ofV(x). For that reason we shall summarize it as a separate lemma.
the hypothesis H5 becomes crucial.

For R.0, let us define

xR~x!5H 1 if (
i

d

v ixi
2<R2,

0 otherwise.
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Lemma 5: Set R5A6N12a1d24. Given a multi-index a, with uau>2, and
n50,...,N21, there exists certain constants C8 and C9 such that

I d uau

a!
DaV~zn!xa8~12xR!Pubu<a13n11I

<C8C9
~3n121a!/2 ~3n1a1d!~d21!/2

S 12
t

v0
D uau/2 F ~3n1uau1vd/2b1a!!

~3n1a!! G1/2

,

whereua8u5uau21, v05min$v1,...,vd%, and vJb stands for the largest integer less than or equ
to J.

Proof: Sinceuznu<uxu, the first part of Lemma 3 implies

d uau

a!
uDaV~zn!u<C0 exp~2tx2!. ~50!

Let us consider an eigenfunctionFb(x) of H0 . We have

I d uau

a!
DaV~z!xa8~12xR!Fb~x!I 2

5E
Rd
Ud uau

a!
DaV~z!U2

x2a8uFb~x!u2@12xR~x!#ddx

<C0
2E

Rd
e4tx2

x2a8uFb~x!u2@12xR~x!#ddx,

where we have dropped the indexn in zn . Now change variablesxi→yi5Av ixi to get

I d uau

a!
DaV~z!xa8~12xR!Fb~x!I 2

<C0
2S )

i 51

d

v
i

2a i82 1/2D E
Rd

e( i4~t/v i ! yi
2
y2a8uFb~y!u2@12xR~y!#ddy

<C0
2S )

i 51

d

v
i

2a i82 1/2D E
Rd

e4~t/v0! y2
y2a8uFb~y!u2@12xR~y!#ddy

5D1
2ie2~t/v0! y2

ya8~12xR!Fb~y!i 2, ~51!

whereD1 is defined in the obvious way. In the new variables

xR~y!5H 1 if y2<R2,

0 otherwise.

Using the new variables in~5!, we see thatFb(y) is an eigenfunction of the normalized harmon
oscillator operator

H0852 1
2 Dy1 1

2 y2

with energyeb5ubu1d/2. Ford>2 this operator is equal to

H085
1

2 S 2
]2

]r 2 2
d21

r

]

]r
1

L 2

r 2 1r 2D
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in spherical coordinates, whereL 2 is the angular momentum operator defined onSd21. The
eigenvalues now reade52n1q1d/2 and the eigenfunctions are

Ck,q,n~r ,v!5F 2k!

G~k1q1 d/2!G
1/2

r qLk
q1 d/2 21~r 2!expS 2

r 2

2 DYq,n~v!.

HereYq,n(v) are the normalized eigenfunctions ofL 2, with quantum numbersq,n. For eachq
50,1,... there arenq values ofn. Although the explicit formula fornq is rather clumsy, there is a
simple bound for it, namelynq<Cdemdq. This bound suffices for the purpose of our proof.Lk

j (x)
denotes the Laguerre polynomial. By Lemma 6.2 of Ref. 4, this polynomial sati
uLk

q1 d/221 (x)u< xk/k! for all x.4k12q1d. Finally, by equating the expressions for the ener
we obtainubu52k1q.

Now Fb(y) is certain linear combination ofCk,q,n(r ,v),

Fb~y!5 (
k,q,n:

2k1q5ubu

ck,q,nCk,q,n~r ,v!

with (uck,q,nu251. From~51!, it follows that

I d uau

a!
DaV~z!xa8~12xR!Fb~x!I 2

<D1
2 (

k,q,n:
2k1q5ubu

ie2~t/v0! y2
ya8~12xR!Ck,q,n~y!i 2

<D1
2 (

k,q,n:
2k1q5ubu

2k!Ad21

G~k1q1 d/2!
E

R

`

e2(12 4t/v0)r 2
r 2(uau211q)

3uLk
q1 d/221 ~r 2!u2r d21dr,

where Ad21 is the area of the (d21) dimensional unit sphere. We also have used thaty2ua8u

<r 2ua8u5r 2(uau21). SinceR>A2uau1d, Lemma 6.2 of Ref. 4 applies so

I d uau

a!
DaV~z!xa8~12xR!Fb~x!I 2

<D1
2 (

k,q,n:
2k1q5ubu

2Ad21

k!G~k1q1 d/2!
E

R

`

e2(12 4t/v0)r 2
r 2uau12q14k1d23dr

5D1
2 (

k,q,n:
2k1q5ubu

2Ad21

k!G~k1q1 d/2!

G~ uau1q12k1 d/221!

2~12 4t/v0! uau1q12k1 d/2 21

5D1
2Ad21

G~ uau1ubu1 d/221!

~12 4t/v0! uau1ubu1 d/2 21 (
k,q:

2k1q5ubu

nq

k!G~k1q1 d/2!

5D1
2Ad21

G~ uau1ubu1 d/221!

~12 4t/v0! uau1ubu1 d/2 21 (
k50

v ubu/2b
n ubu22k

k!G~ ubu2k1 d/2!

<D1
2Ad21Cdemdubu G~ uau1ubu1 d/221!

~12 4t/v0! uau1ubu1 d/2 21 (
k50

v ubu/2b
e22mdk

k!G~ ubu2k1 d/2!
. ~52!

For ubu>1, ubu2k1d/2>11d/2>2 for all 0<k<v ubu/2b . SinceG(x) is an increasing function
for x>2, we have
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(
k50

v ubu/2b
e22mdk

k!G~ ubu2k2 d/2!
< (

k50

v ubu/2b
1

k! ~ ubu2k!!
<

1

ubu! (
k50

ubu S ubu
k D5

1

ubu!
2ubu.

For ubu50, the sum above is smaller than 2/Ap. Therefore

(
k50

v ubu/2b
e22mdk

k!G~ ubu2k2 d/2!
<

2

Apubu!
2ubu

for all ubu>0. Thus~52! becomes

I d uau

a!
DaV~z!xa8~12xR!Fb~x!I 2

<D2
22ubuemdubu G~ uau1ubu1 d/221!

ubu! ~124t/v0! uau1ubu1 d/2 21

with D2
2
ª2D1

2Ad21Cdp21/2.
Now consider anywPRan(Pubu<3n1a11) so w5( ubu<3n1a11cbFb(x). Then the Ho¨lder in-

equality implies that

I d uau

a!
DaV~z!xa8~12xR!Pubu<a13n11w I 2

<iwi2 (
ubu<3n1a11

I d uau

a!
DaV~z!xa8~12xR!Fb~x!I 2

.

Therefore

I d uau

a!
DaV~z!xa8~12xR!Pubu<a13n11I 2

<D2
2 23n1a11emd(3n1a11)

S 12
4t

v0
D 3n1uau1a1 d/2 (

ubu<3n1a11

G~ uau1ubu1 d/221!

ubu!

<D2
2 23n1a11emd(3n1a11)

~12 4t/v0!3n1uau1a1 d/2 (
ubu<3n1a11

~ uau1ubu1vd/2b21!!

ubu!

where we use that 0,(124t/v0),1. The terms under the summation sign are increasing inubu.
Also,

(
ubu<3n1a11

15 (
s50

3n1a11

#$b:ubu5s%

5 (
s50

3n1a11
~s1d21!!

s! ~d21!!

< (
s50

3n1a11
~s1d21!d21

~d21!!

<
~3n1a1d!d21

~d21!!
~3n1a12!,

and, moreover, (3n121a)/(3n111a)<2. Thus,

I d uau

a!
DaV~z!xa8~12xR!Pubu<a13n11I 2

<D2
2 23n1a12emd(3n1a11)

~12 4t/v0!3n1uau1a1 d/2 ~3n1a1d!d21
~3n1uau1vd/2b1a!!

~3n1a!!
.

Now defineC8ªD2e2md/2(124t/v0)12d/4 andC9ª@2emd/(124t/v0)#1/2. h
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Proof of Theorem 3:Recall that we assume thatd<1. We already know, from Theorem 2, tha
b>1. From the proof of Lemma 3, we also know thatixiAei<g. Now, from ~49!, it follows that

iAe
21jN~x!i<\N/2(

n50

N21

(
uau5N2n12

IDaV~zn!

a!
~12xR~x!!xaAecn~x!I

1 \N/2(
n50

N21

(
uau5N2n12

IDaV~zn!

a!
xR~x!xaAecn~x!I

1 (
n5N

2N22

\n/2 (
l 5n2N11

N21

iElAecn2 l~x!i

<\N/2(
n50

N21

(
uau5N2n12

IDaV~zn!

a!
~12xR~x!!xa8Pubu<3n1a11I ixiAeiicn~x!i

1 \N/2(
n50

N21

(
uau5N2n12

IDaV~zn!

a!
xR~x!xa8Pubu<3n1a11I ixiAeiicn~x!i

1 (
n5N

2N22

\n/2 (
l 5n2N11

N21

uEl uicn2 l~x!i , ~53!

where we splitxa into xa8xi , which is possible for some coordinatexi becauseuau>2. Then
ua8u5uau21. Let us estimate each term on the right hand side of~53! individually. Applying
Lemma 5 and the estimates forixaAei and icni , we obtain

first term<\N/2(
n50

N21

(
uau5N122n

d uauC8C9
~3n1a12!/2S 12

4t

v0
D 2 uau/2

~3n1a1d!~d21!/2

3 F ~3n1uau1vd/2b1a!!

~3n1a!! G1/2

gk3nbn1w@~11a1n!! #1/2

<C8g\N/2bN1wd2(N12)C9
~3N1a1d11!/2S 12

4t

v0
D 2 ~N12!/2

~3N1a1d23!~d21!/2

3 (
n50

N21

k3nF ~2n1N1vd/2b1a12!! ~n1a11!!

~3n1a!! G1/2

(
uau5N122n

1.

From the proof of Lemma 2, we know that( uau5N122n1<@(d21)!#21(N1d11)d21. Let us
define A1ªgd22bwC8C9

(a1d11)/2@(d21)!(124t/v0)#21 and B1ªd21C9
3/2b(124t/v0)21.

Then

first term<A1B1
N\N/2~N1d11!d21~3N1a1d23!~d21!/2

3 (
n50

N21

k3nF ~2n1N1vd/2b1a12!! ~n1a11!!

~3n1a!! G1/2

.

Note that (2n1N1vd/2b1a12)!<(2n1N1a12)!(2n1N1vd/2b1a12)vd/2b. Then
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first term<A1B1
N\N/2~3N1a1d23!~d21!/2~N1d11!d21~3N1a1vd/2b !vd/2b /2

3@~21a1N!! #1/2(
n50

N21

k3nF ~21a1N12n!! ~11a1n!!

~a13n!! ~21a1N!! G1/2

<A1B1
Nk3N\N/2~3N1a1d23!~d21!/2~N1d11!d21~3N1a1vd/2b !vd/2b /2

3@~21a1N!! #1/2 max
1< l<N

F ~3N23l 1a11!~3N23l 1a12!

~N2 l 1a12! G1/2

3(
l 51

N

k2 5l /2F ~21a13N12l !! ~21a1N2 l !!

~21a13N23l !! ~21a1N!! G1/2

.

The change of indexn→ l 5N2n was performed in the last sumation above. Now we need
apply Lemma 4, statement 2, to obtain

first term<C5A1B1
Nk3N\N/2~3N1a1d23!~d21!/2~N1d11!d21~3N1a1vd/2b !vd/2b /2

3@3~3N1a12!#1/2@~21a1N!! #1/2.

Finally, defineN1 as the smallest integer such that the inequality

~3N1a1vd/2b !vd/2b /2~3N1a1d23!~d21!/2~N1d11!d21@3~3N1a12!#1/2<kN

holds for allN>N1 . Then, wheneverN>N1 ,

first term<C5A1B1
Nk4N\N/2@~21a1N!! #1/2.

Statement 2 of Lemma 2 yields

d uau

a!
uDaV~z~x!!u<C0 expS 2td

v0
2 R2D 5C0 expF2td

v0
2 ~2a1d24!GexpS 12td

v0
2 ND

on the support ofxR(x). Thus, the second term of~53! satisfies

second term<\N/2gd2(N12)C0 expF2td

v0
2 ~2a1d24!GexpS 12td

v0
2 ND

3 (
n50

N21

(
uau5N2n12

ixa8Pubu<3n1a11iicn~x!i

<\N/2gd2(N12)C0 expF2td

v0
2 ~2a1d24!GexpS 12td

v0
2 ND

3 (
n50

N21

(
uau5N2n12

k~ uau21!/2F ~a1uau13n!!

~11a13n!! G1/2

k3nbn1w@~11a1n!! #1/2

<\N/2gd2(N12)C0 expF2td

v0
2 ~2a1d24!GexpS 12td

v0
2 NDbN1wk~N11!/2

3 (
n50

N21

k5n/2F ~21a1N12n!! ~11a1n!!

~11a13n!! G1/2

(
uau5N2n12

1.

Define A2ªgd22k1/2C0bw exp@2td(2a1d24)#@(d21)!#21 and B2ªd21k1/2b exp(12td/v0
2).

Then, following the argument we have used to estimate the first term, we obtain
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second term<A2B2
N\N/2~N1d11!d21 (

n50

N21

k3nF ~21a1N12n!! ~11a1n!!

~11a13n!! G1/2

<A2B2
Nk3N\N/2~N1d11!d21@~21a1N!! #1/2

3 max
1< l<N

F21a13N23l

21a1N2 l G1/2

(
l 51

N

k2 5l /2F ~21a13N12l !! ~21a1N2 l !!

~21a13N23l !! ~21a1N!! G1/2

<31/2C5A2B2
Nk3N\N/2~N1d11!d21@~21a1N!! #1/2.

Now defineN2 such that (N1d11)d21<kN for everyN>N2 . Then

second term<31/2C5A2B2
Nk4N\N/2@~21a1N!! #1/2.

For the third term of~53!, we only need to use the first statement of Lemma 4. The result is

third term< (
n5N

2N

C4k3nbn12w\N/2@~11a1n!! #1/2.

To complete the proof defineN05max$N1,N2%, A5max$C5A1,3
1/2C5A2 ,C4b2w% and B

5max$k4B1,k3B2,k3b%. h

V. OPTIMAL TRUNCATION

In this section we shall prove that exact eigenvalues and eigenfunctions ofH(\)ª2 1
2Dx

1V(\,x) can be approximated by truncated R-S series, up to an exponentially small error. T
end, we shall use our estimate of the normAe

21jN(x). We shall also need a couple of results. T
first is a lower bound for the distance between perturbed eigenvalues that degenerate at\50. The
second is a ‘‘reverse’’ definition of asymptoticness.

Let us consider two distinct eigenvalues ofH(\), E(\) and E8(\), which converge to the
same eigenvalue ofH0 as\ goes to 0. Also, let us assume that their asymptotic series have
a finite number of common R-S coefficients. That is,

E~\!;e1E 1\1/21...1EM21\~M21!/21E M\M /21EM11\~M11!/21...,

E8~\!;e1E 1\1/21...1EM21\~M21!/21E M8 \M /21EM118 \~M11!/21...,

with EMÞE M8 . Then,

E~\!2E8~\!;~EM2E M8 !\M /21~EM112EM118 !\~M11!/21...,

so we expect that the difference between these exact eigenvalues be bounded below byO(\M /2).
Since the series above is asymptotic, there areCM.0 and\a(M ).0 so that

uE~\!2E8~\!2~EM2E M8 !\M /2u<CM\~M11!/2,

whenever\<\a(M ). Then

uE~\!2E8~\!u>uEM2E M8 u\M /22CM\~M11!/2.

Set\b(M )5uEM2E M8 u/2CM . Then for\<\b(M ),

CM\~M11!/2< 1
2 uEM2E M8 u\M /2.

Thus for\<\1ªmin$\a(M),\b(M)% we have
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uE~\!2E8~\!u> 1
2 uEM2E M8 u\M /2.

Let us denoteEM2E M8 asDEM . Therefore, so far we know the following.
Lemma 6: Let E(\) and E8(\) be distinct eigenvalues of H(\), which degenerate at\50.

Then either
(1) uE(\)2E8(\)u<O(\N/2) for all non-negative integers N, or
(2) there exists M and\15\1(M ) such that

uE~\!2E8~\!u> 1
2 uDEMu\M /2

whenever\<\1 .
Remark:It is clear that Lemma 6 is also valid when several eigenvalues ofH(\) converge to

the same eigenvalue ofH0 . As a shorthand, we will say thatE(\) is quasi-degenerateif the
condition 1 in the lemma above occurs.

Lemma 7: Suppose(n50f nbn is asymptotic to f(b) in the sense that given N>N0>M , there
exists CN and b(N) such that for allb<b(N)

U f ~b! 2 (
n50

N21

f n bn U,CN bN.

Then givene.0, there existsb(e).0, such that for eachb<b(e) there is an N(b)>N0 (maybe
equal to`), so that

U f ~b! 2 (
n50

N21

f n bn U< ebM ~54!

whenever N0<N,N(b).
Proof: Fix e.0. Defineb1(N0)5(e CN0

21)1/(N02M ). Then forN.N0 , recursively choose posi

tive numbersb1(N) that satisfy

b1~N!,min$~e CN
21!1/~N2M !, b1~N21!%.

Then

U f ~b! 2 (
n50

N21

f n bn U<~CNbN2M !bM<~CNb1~N!N2M !bM<ebM

wheneverb,b1(N).
Defineb(e)5b1(N0), and define

N~b! 5 H N11 if b1~N11!,b<b1~N!,

` if b,b1~N! for all N.

Then ~54! holds wheneverN0<N<N(b). h

Let $eI% I 50
` be an arrangement in increasing order of the eigenvalues ofH0 , counting multi-

plicities. Theorem 1.1 of Ref. 16 states that given a non-negative integerJ, we can choose\0 so
that for each\<\0 there are at leastJ1K eigenvalues ofH(\), counting multiplicities. Further-
more, each one of them converges to one of the firstJ1K eigenvalues ofH0 . In the following
proposition, we study the behavior of truncations of the R-S series ofEJ(\), theJth eigenvalue of
H(\). We setK so thateJ1K.eJ .
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Proposition 3: Let E(\)5EJ(\) be a non-quasi-degenerate eigenvalue of H(\), which con-
verges to e5eJ . Let EN(\) be the associated R-S series, truncated at order N. Let N0 be as
defined in Theorem 3. Then there exists\e.0 and, for each\<\e there is an Ne(\)>N0 such
that

uEN~\!2E~\!u< (
n5N

2N

ABn\n/2@~21a1n!! #1/2

for all N0<N<Ne(\).
Proof: We shall consider the case where there exists another eigenvalue ofH(\) that con-

verges toe. The proof can be easily simplified to accomodate the opposite situation, whi
studied in Proposition 3 of Ref. 19. So said, letE8(\) be another eigenvalue ofH(\) converging
to e as \↘0. By Lemma 6, there areM and \1 so that uE(\)2E8(\)u> 1

2uDE Mu\M /2 for \
<\1 . Without loss we may assume thatN0>M . To simplify the proof, we furthermore assum
that no other eigenvalue ofH(\) converges toe. Let Ge be the eigenspace associated toe.

Now setN1(\) as the largestN>N0 such that

(
n5N1(\)

2N1(\)

ABn\~n2M !/2@~21a1n!! #1/2<
1

4
uDEMu.

Then, from Theorem 3 it follows that

i@H~\!2EN~\!#AeCN~\;x!i< (
n5N

2N

ABn\n/2@~21a1n!! #1/2<
1

4
uDE Mu\M /2

whenever\<\0ªmin$1,uDE Mu22/M% and N0<N<N1(\). On the other hand, note thatCN

5c01wN , wherewN is orthogonal toc0PGe because of the normalization we chose for t
correction termscn . SinceAec05c0 , we conclude thatiAkCN(\;x)i>1. So Theorem 3 implies
that

i@H~\!2EN~\!#AeCN~\;x!i< (
n5N

2N

ABn\n/2@~21a1n!! #1/2 iAeCN~\;x!i . ~55!

We may assume thatEN(\)¹s(H(\)), so @H(\)2EN(\)# is invertible. It follows that

H (
n5N

2N

ABn\n/2@~21a1n!! #1/2J 21

<i@H~\!2EN~\!#21i .

BecauseH is self-adjoint,i(H2E)21i5dist$E,s(H)%21 by the spectral theorem. Thus,

dist$EN~\!,s~H !%< (
n5N

2N

ABn\n/2@~21a1n!! #1/2<
1

4
uDE Mu\M /2 ~56!

for \<\0 andN0<N<N1(\). Let D be the minimum nonzero distance between the firstJ1K
eigenvalues ofH0 . SinceEI(\)→eI , we can set\D.0 so that for 0<I<J1K, uEI(\)2eI u
< 1

4D if \<\D . That implies that, for\<\D andE9(\)Ps(H(\))\$E(\),E8(\)%,

uE#~\!2E9~\!u> 1
2 D

where E# denotes eitherE or E8. Now set\25(D/uDEMu)2/M. Then for \<\2 we have 1
2D

> 1
2uDE Mu\M /2. As a consequence,

uE~\!2E9~\!u> 1
2 uDE Mu\M /2,
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uE~\!2E8~\!u> 1
2 uDE Mu\M /2,

which ultimately implies that

dist$E~\!,s~H !\E~\!%> 1
2 uDE Mu\M /2 ~57!

whenever\<min$\0,\1,\D ,\2%. SinceEN(\) is asymptotic toE(\), we may apply Lemma 7
Then there is\3.0 such that for each\<\3 we can fixN2(\)>N0 so that

uE~\!2EN~\!u< 1
4 uDE Mu\M /2 ~58!

for N0<N<N2(\).
Now ~57!, ~58! and the second inequality of~56! imply that

dist$EN~\!,s~H !%5uE~\!2EN~\!u

whenever\<min$\0,\1,\2,\3,\D%5:\e andN0<N<min$N1(\),N2(\)%5:Ne(\). h

Remark:The numberNe(\) defined in the proof must indeed be equal toN1(\). Assume that
Ne(\),N1(\), and considerNe(\)<N<N1(\). Then EN(\) has to be near some eigenvalu
E9(\) different toE(\). By reducing\, EN(\) approaches toE(\) while keeping itself close to
E9(\), which leads to a contradiction.

Remark: Ne(\) grows likeg/\, as one can see from the proof of Theorem 4 below.
The requirement ofE(\) to be non-quasi-degenerate can be relaxed, and we formulat

following weaker version of Proposition 3. The proof is a straighforward variation of it.
Proposition 4: Let E(\)5EJ(\) be an eigenvalue of H(\), which converges to e5eJ . Let

EN(\) be the associated R-S series, truncated at order N. Also let E#(\) be any eigenvalue o
H(\) that satisfies the condition 1 of Lemma 6 [including E(\) itself.] Then there exists\e.0 so
that for each\<\e there is an Ne(\)>N0 such that

uEN~\!2E#~\!u< (
n5N

2N

ABn\n/2@~21a1n!! #1/2

for all \<\e , N0<N<Ne(\), and E#(\).
In the following theorem we assume the hypotheses of Proposition 3. An analogous

follows from the hypotheses of Proposition 4.
Theorem 4: Assume the hypotheses of Proposition 3. Then for each0,g,B22, there is

\g.0 such that for each\<\g there exists N(\) such that

uEN(\)~\!2E~\!u<L expS 2
G

\ D
for someL.0 and G.0 independent of\.

Proof: Fix 0,g,B22. Then 0,B2g,1; consequently there isV.0 such thatB2g
5exp(2V). Consider the function

f ~\!ªAg expS 2
V~11a!

4 D\2 ~41a1M !/2 expS 2
Vg

4\ D .

It is clear thatf (\).0 on ~0,̀ ! has a single maximum, andf (\)→0 as\→0 or \→`. Now set

\45sup$\: f ~\! is increasing andf ~\!< 1
4 uDEMu%.

Then set
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\̂g5supH \:\<min$\e ,\4% and V g

\B>21a12N0J .

Now for \<\̂g define N(\) by 21a12N(\)5vg/\ b . So defined,N(\)>N0 . On the other
hand, since we can assumeB>1 and 21a1n<g/\ for N(\)<n<2N(\) we have

(
n5N(\)

2N(\)

ABn\n/2@~21a1n!! #1/2< (
n5N(\)

2N(\)

ABn\n/2~21a1n!~21a1n!/2

<A\2 ~21a!/2 (
n5N(\)

2N(\)

@B2\~21a1n!#~21a1n!/2

<A\2 ~21a!/2 (
n5N(\)

2N(\)

~B2g!~21a1n!/2.

Now use thatB2g5exp(2V),1 and the fact thatxn>xn11 if x<1 to obtain

(
n5N(\)

2N(\)

ABn\n/2@~21a1n!! #1/2<A\2 ~21a!/2 (
n5N(\)

2N(\)

expH 2
V

2
@21a1N~\!#J

5A\2 ~21a!/2e2 ~V/4!(21a)@11N~\!#expH 2
V

4
@21a12N~\!#J

<A\2 ~21a!/2e2 ~V/4!(21a)@21a12N~\!#expF2
V

4 S g

\
21D G

<Age2 ~V/4!(11a)\2 ~41a1M !/2 expS 2
Vg

4\ D\M /2

< f ~\4!\M /2 ~59!

< 1
4 uDE Mu\M /2. ~60!

Thus,N(\)<Ne(\). Therefore, Proposition 3 holds for\,\̂g , which along with~59! implies

uEN(\)~\!2E~\!u <Age2 ~V/4!(11a)\2 ~41a!/2 expS 2
Vg

4\ D ,

for all \<\̂g . Finally, define

\g5maxH \<\̂g :\2 ~41a!/2 expS 2
vg

8\ D<1J .

Then the assertion is true for all\<\g with GªVg/8 andLªAg exp(2V(11a)/4). h

Proposition 5: Let E(\) be a non-quasi-degenerate eigenvalue of H(\), with eigenspace GE .
Let PE be the (orthogonal) projector onto GE . Let C̃N(\;x) be the Nth truncation of the R-S
series (6). Let\e and Ne(\) be defined as in Proposition 3. Then for each\<\e and N0<N
<Ne(\),

I C̃N~\;x!

iC̃N~\;x!i
2

PEC̃N~\;x!

iPEC̃N~\;x!i
I<16uDE Mu21 (

n5N

2N

ABn\~n2M !/2@~21a1n!! #1/2

for some M<N0 .
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Proof: Notice that~55! means that

i@H~\!2EN~\!#iC̃N~\;x!i21C̃N~\;x!i< (
n5N

2N

ABn\n/2@~21a1n!! #1/2.

On the other hand, we can write

iC̃N~\;x!i21C̃N~\;x!5wNiPEC̃N~\;x!i21PEC̃N~\;x!1VN~\;x!,

where VN(\;x) is orthogonal toGE , and uwNu21iVN(\;x)i251. Since these functions ar
defined up to a global phase, we can assume that indeed 0,wn<1. Then the normalization
condition implies

iVN~\;x!i > iVN~\;x!i2 5 12uwNu2 5 ~11wN!~12wN! > 12wN .

So we have

iiC̃N~\;x!i21C̃N~\;x!2iPEC̃N~\;x!i21PEC̃N~\;x!i<2iVN~\;x!i . ~61!

Since

@H~\!2EN~\!#VN~\;x!5@H~\!2EN~\!#
C̃N~\;x!

iC̃N~\;x!i
2wN@E~\!2EN~\!#

PEC̃N~\;x!

iPEC̃N~\;x!i
,

it follows from Proposition 3 that

i@H~\!2EN~\!#VN~\;x!i<2 (
n5N

2N

ABn\n/2@~21a1n!! #1/2 ~62!

for \<\e andN0<N<Ne(\).
Recall thatEN(\)¹s(H(\)). From the fact that@H(\)2EN(\)#VN(\;x) is orthogonal to

GE , it follows that

iVN~\;x!i<i@H~\!2EN~\!#'
21ii@H~\!2EN~\!#VN~\;x!i , ~63!

where@H(\)2EN(\)#' is the restriction of@H(\)2EN(\)# to the subspace orthogonal toGE .
For simplicity, let us assume that there is only one distinct eigenvalueE8(\) that converges to the
same eigenvalue ofH0 asE(\). Since

dist$EN~\!,s~H !\E~\!%> 1
2dist$E~\!,s~H !\E~\!%,

the spectral theorem along with~57! implies that

i@H~\!2EN~\!#'
21i<4uDE Mu21\2 M /2. ~64!

The assertion now follows from~61!–~64!. h

Remark:The assumption of non-quasi-degeneracy ofE(\) is critical, as one can see in th
argument that leads to~64!.

The last result of this section concerns the optimal truncation for the eigenfunctions ofH(\).
It follows from Proposition 5 in the same way as Theorem 4 does from Proposition 3:

Theorem 5: Fix 0<g<B22. Let L and G be defined as in Theorem 4. Then there ex
\g8.0 such that for each\<\g8 there is N(\) so that
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I C̃N(\)~\;x!

iC̃N(\)~\;x!i
2

PEC̃N(\)~\;x!

iPEC̃N(\)~\;x!i
I<16uDEMuL expS 2

G

\
D .

Proof: Define

f 8~\!ªAg expS 2
V~11a!

4 D\2 ~41a12M !/2 expS 2
Vg

4\ D ,

\48ªsup$\: f 8~\! is increasing andf ~\!< 1
4 uDEMu%,

\̂g8ªsupH \:\<min$\e ,\48% and V g

\B>21a12N0J .

\g8ªmaxH \<\̂g8 :\2 ~41a1M !/2 expS 2
vg

8\ D<1J .

Now proceed as in the proof of Theorem 4. h
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APPENDIX: COMPUTATION OF jN

Here we simplify the formula~48! by using the identity~10!. This calculation is formally
identical the one done in Ref. 19, with some notational change. We reproduce it here for a s
convenience:

jN5FHe1AeWAe2 (
j 51

N21

\ j /2EjAe
2G (

m50

N21

\m/2cm

5 (
m50

N21

\m/2Hecm1 (
m50

N21

\m/2AeWAecm2 (
j 51

N21

(
m50

N21

\~ j 1m!/2EjAe
2cm .

We use AeWAe5( j 53
N12\ ( j 22)/2T( j )1AeW

[N12]Ae and change the index byj→ j 22. Using
Hec050, we then obtain

jN5 (
m51

N21

\m/2Hecm1 (
m50

N21

(
j 51

N

\~m1 j !/2T( j 12)cm1 (
m50

N21

\m/2AeW
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The first, second and fifth terms of last equation cancel because of~10!. In the third term define
m5n2 j and thenp5n2N. This yields
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