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Multiple Gravity Assists for Low Energy Transport
in the Planar Circular Restricted 3-Body Problem

Matthew A. Werner

(ABSTRACT)

Much effort in recent times has been devoted to the study of low energy transport in

multibody gravitational systems. Despite continuing advancements in computational abili-

ties, such studies can often be demanding or time consuming in the three-body and four-body

settings. In this work, the Hamiltonian describing the planar circular restricted three-body

problem is rewritten for systems having small mass parameters, resulting in a 2D symplectic

twist map describing the evolution of a particle’s Keplerian motion following successive close

approaches with the secondary. This map, like the true dynamics, admits resonances and

other invariant structures in its phase space to be analyzed. Particularly, the map contains

rotational invariant circles reminiscent of McGehee’s invariant tori blocking transport in the

true phase space, adding a new quantitative description to existing chaotic zone estimates

about the secondary. Used in a patched three-body setting, the map also serves as a tool

for investigating transfer trajectories connecting loose captures about one secondary to the

other without any propulsion systems. Any identified initial conditions resulting in such a

transfer could then serve as initial guesses to be iterated upon in the continuous system. In

this work, the projection of the McGehee torus within the interior realm is identified and

quantified, and a transfer from Earth to Venus is exemplified.
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(GENERAL AUDIENCE ABSTRACT)

The transport of a particle between celestial bodies, such as planets and moons, is an

important phenomenon in astrodynamics. There are multiple ways to mediate this objective;

commonly, the motion can be influenced directly via propulsion systems or, more exotically,

by utilizing the passive dynamics admitted by the system (such as gravitational assists).

Gravitational assists are traditionally modelled using two-body dynamics. That is, a space-

craft or particle performs a flyby within that body’s sphere of influence where momentum

is exchanged in the process. Doing so provides accurate and reliable results, but the design

space effecting the desired outcome is limited when considering the space of possibilities.

Utilizing three-body dynamics, however, provides a significant improvement in the fidelity

and variety of trajectories over the two-body approach, and thus a broader space through

which to search. Through a series of approximations from the three-body problem, a discrete

map describing the evolution of nearly Keplerian orbits through successive close encounters

with the body is formed. These encounters occur outside of the body’s sphere of influence

and are thus uniquely formed from three-body dynamics. The map enables computation of a

trajectory’s fate (in terms of transit) over numerical integration and also provides a bound-

ary for which transit is no longer possible. Both of these features are explored to develop an

algorithm able to rapidly supply guesses of initial conditions for a transfer in higher fidelity

models and further develop the existing literature on the chaotic zone surrounding the body.
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�i�`���M�b�7�2�` �B�b �/�B�`�2�+�i�H�v �2�7�7�2�+�i�2�/ �#�v �`�2�T�2���i�2�/ �;�`���p�B�i�v ���b�b�B�b�i�b �Q�M �2���+�? �b�2�+�Q�M�/���`�v �r�B�i�?�Q�m�i �i�?�2 �m�b�2 �Q�7

���M�v �2�t�i�2�`�M���H �2�M�2�`�;�v �b�Q�m�`�+�2�b �b�m�+�? ���b �T�`�Q�T�m�H�b�B�Q�M �b�v�b�i�2�K�b�- �r�?�B�+�? �?���b �`�2�H�2�p���M�+�2 �i�Q �/�v�M���K�B�+���H

���b�i�`�Q�M�Q�K�v �U�2�X�;�X�- �2�D�2�+�i�� �7�`�Q�K �Q�M�2 �#�Q�/�v �i�`���M�b�7�2�`�`�B�M�; �i�Q ���M�Q�i�?�2�`�V ���M�/ �K�B�b�b�B�Q�M �/�2�b�B�;�M �U�2�X�;�X�- ��

�K�m�H�i�B�@�K�Q�Q�M �Q�`�#�B�i�2�` �r���M�i�B�M�; �i�Q �b���p�2 �7�m�2�H�V�X �l�H�i�B�K���i�2�H�v�- �i�?�2 �E�2�T�H�2�`�B���M �K���T �B�b �� �i�Q�Q�H �i�?���i �+���M

�R



�k �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�#�2 �m�b�2�/ �i�Q �b�2�2�F �/�2�b�B�`���#�H�2 �`�2�;�B�Q�M�b �Q�7 �T�?���b�2 �b�T���+�2 �7�Q�` �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �`�2�b�m�H�i�B�M�; �B�M �K�m�H�i�B�#�Q�/�v

�i�`���M�b�7�2�` �r�B�i�?�B�M �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �T�`�Q�#�H�2�K�X

�h�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�B�b �i�?�2�b�B�b �B�b ���b �7�Q�H�H�Q�r�b�X �*�?���T�i�2�` �k �B�M�i�`�Q�/�m�+�2�b �i�?�2 �T�H���M���` �+�B�`�+�m�H���` �`�2�@

�b�i�`�B�+�i�2�/ �j�@�#�Q�/�v �T�`�Q�#�H�2�K �U�S�*�_�j�"�S�V �B�M �+�Q�M�i�B�M�m�Q�m�b �i�B�K�2�X �a�B�K�T�H�B�7�v�B�M�; ���b�b�m�K�T�i�B�Q�M�b ���`�2 �i�?�2�M

�K���/�2 �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �/�v�M���K�B�+�b �B�M �/�B�b�+�`�2�i�2 �i�B�K�2 ���b �� �k�. ���`�2���@�T�`�2�b�2�`�p�B�M�; �U�b�v�K�T�H�2�+�i�B�+�V

�i�r�B�b�i �K���T�- �`�2�7�2�`�`�2�/ �i�Q ���b �i�?�2 �E�2�T�H�2�`�B���M �K���T�X �*�?���T�i�2�` �j �B�M�p�2�b�i�B�;���i�2�b �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�B�b

�K���T �i�Q �T�`�Q�p�B�/�2 �� �+�?���`���+�i�2�`�B�x���i�B�Q�M �Q�7 �i�?�2 �+�?���Q�i�B�+ �x�Q�M�2 �b�m�`�`�Q�m�M�/�B�M�; �i�?�2 �b�2�+�Q�M�/���`�v �#�Q�/�v �#�v

�K�2���M�b �Q�7 �`�Q�i���i�B�Q�M���H �B�M�p���`�B���M�i �+�B�`�+�H�2�b�X �*�?���T�i�2�` �9 �i�?�2�M �/�2�K�Q�M�b�i�`���i�2�b �i�?�2 �K�2�i�?�Q�/ �Q�7 �b�2�2�F�B�M�;

�i�`���M�b�7�2�`�b �#�v �T�`�Q�p�B�/�B�M�; ���M �2�t���K�T�H�2 �i�`���D�2�+�i�Q�`�v �#�2�i�r�2�2�M �1���`�i�? ���M�/ �o�2�M�m�b�X �*�?���T�i�2�` �8 �b�m�K�K���@

�`�B�x�2�b �i�?�2 �+�m�`�`�2�M�i �7�B�M�/�B�M�;�b�X



�*�?���T�i�2�` �k

�.�v�M���K�B�+���H �K�Q�/�2�H�b

�q�B�i�?�B�M �� �`�2�;�B�Q�M �Q�7 �i�?�2 �b�Q�H���` �b�v�b�i�2�K �/�Q�K�B�M���i�2�/ �#�v �Q�M�H�v �i�?�`�2�2 �+�2�H�2�b�i�B���H �#�Q�/�B�2�b�- �i�?�2 �K�Q�i�B�Q�M

�Q�7 �� �T���`�i�B�+�H�2P �B�b �r�2�H�H�@�/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �`�2�b�i�`�B�+�i�2�/ �9�@�#�Q�/�v �T�`�Q�#�H�2�K�X �� �i�v�T�B�+���H �+�Q�M�7�B�;�m�`���i�B�Q�M

�Q�7 �i�?�2 �T�`�Q�#�H�2�K �B�b �b�?�Q�r�M �#�v �6�B�;�m�`�2�k�X�R���- �B�M �r�?�B�+�? �i�r�Q �Q�7 �i�?�2 �#�Q�/�B�2�b �U�T�H���M�2�i�b �Q�` �K�Q�Q�M�b�V �Q�`�#�B�i

�� �+�Q�K�K�Q�M �+�2�M�i�`���H �#�Q�/�v �U�i�?�2 �b�m�M �Q�` �� �T�H���M�2�i�V �B�M �� �k�@�#�Q�/�v �7���b�?�B�Q�M�X �l�M�/�2�` �b�B�K�T�H�B�7�B�+���i�B�Q�M�- �i�?�2

�Q�`�#�B�i�b ���`�2 �+�B�`�+�m�H���`�B�x�2�/ ���M�/ �i�?�2 �+�2�M�i�`���H �#�Q�/�v �?�2�H�/ �7�B�t�2�/ ���b �B�M �6�B�;�m�`�2�k�X�R�#�c �i�?�B�b �B�b �i�?�2 �T�H���M���`

�+�Q�M�+�2�M�i�`�B�+ �+�B�`�+�m�H���` �`�2�b�i�`�B�+�i�2�/ �9�@�#�Q�/�v �T�`�Q�#�H�2�K �U�S�*�*�_�9�"�S�V�X �.�2�b�T�B�i�2 �i�?�B�b �K�Q�/�2�H�M�Q�i�b���i�B�b�7�v�B�M�;

�L�2�r�i�Q�M�ö�b �H���r�b �Q�7 �K�Q�i�B�Q�M�- �B�i �b�i�B�H�H �T�`�Q�p�B�/�2�b �B�M�b�B�;�?�i�7�m�H �/�v�M���K�B�+�b �m�b�2�7�m�H �7�Q�` �2�t�T�H�Q�`�B�M�; �b�Q�H�m�i�B�Q�M�b

�r�B�i�?�B�M �i�?�2 �i�`�m�2 �2�T�?�2�K�2�`�B�b�X �S���`�i�B�+�m�H���`�H�v�- �Q�M�2 �+���M �H�2�p�2�`���;�2 �i�?�2 �`�B�+�? �7�2���i�m�`�2�b �Q�7 �i�?�`�2�2�@�#�Q�/�v

�/�v�M���K�B�+�b �#�v �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �T���`�i�B�+�H�2P �T���i�+�?�2�/ �#�2�i�r�2�2�M �i�?�2m1 � m2 � P ���M�/m1 � m3 � P

�b�v�b�i�2�K�b�- �2���+�? �Q�7 �r�?�B�+�? �`�2�b�2�K�#�H�2�b �i�?�2 �T�H���M���` �+�B�`�+�m�H���` �`�2�b�i�`�B�+�i�2�/ �j�@�#�Q�/�v �T�`�Q�#�H�2�K �U�S�*�_�j�"�S�V�X

m1

m2
m3

P

�U���Vm2�-m3 �Q�`�#�B�i�B�M�;m1 ���b �B�M �i�?�2 �b�Q�H���` �b�v�b�i�2�K

m1

m2m3

P

�U�#�Vm2�-m3 �Q�`�#�B�i�B�M�;m1 �B�M �+�Q�M�+�2�M�i�`�B�+ �+�B�`�+�H�2�b

�6�B�;�m�`�2 �k�X�R�,���T�T�`�Q�t�B�K���i�B�M�; �/�v�M���K�B�+���H�H�v ���+�+�m�`���i�2 �i�`���D�2�+�i�Q�`�B�2�b ���b �+�B�`�+�m�H���` �Q�`�#�B�i�b �U�S�*�*�_�9�"�S�V�X

�j



�9 �+�Ñ�ž�ÿ���¶�� �l�Y �/�-�é�ž�è�Ô�«�ž�ã �è�ñ�²�¶�ã��

�k�X�R �*�Q�M�i�B�M�m�Q�m�b �/�v�M���K�B�+�b

�h�?�2 �T�H���M���` �+�B�`�+�m�H���` �`�2�b�i�`�B�+�i�2�/ �j�@�#�Q�/�v �T�`�Q�#�H�2�K �U�S�*�_�j�"�S�V �B�b �7�Q�`�K�m�H���i�2�/ �B�M �� �M�Q�M�/�B�K�2�M�@

�b�B�Q�M���H �+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K �`�Q�i���i�B�M�; �r�B�i�? �m�M�B�i ���M�;�m�H���` �p�2�H�Q�+�B�i�v �U�`�2�H���i�B�p�2 �i�Q �i�?�2 �B�M�2�`�i�B���H �7�`���K�2�V

�b�m�+�? �i�?���i �i�?�2 �i�r�Q �#�Q�/�B�2�b �Q�7 �K���b�b�2�bm1 ���M�/m2�- �r�B�i�?m2 6 m1�- ���T�T�2���` �b�i���i�B�Q�M���`�v�X �h�?�2�B�`

�K���b�b�2�b ���M�/ �/�B�b�i���M�+�2�b �7�`�Q�K �i�?�2�B�` �#���`�v�+�2�M�i�2�` �U�i�?�2 �Q�`�B�;�B�M�V ���`�2 �;�B�p�2�M �B�M �i�2�`�K�b �Q�7 �i�?�2 �K���b�b �T���@

�`���K�2�i�2�`� �/�2�7�B�M�2�/

� :=
m2

m1 + m2
: �U�k�X�R�V

�h�?�2 �K���b�b �T���`���K�2�i�2�` ���H�r���v�b �b���i�B�b�7�B�2�b� 6 0:5�- �i�?�Q�m�;�? �T�?�v�b�B�+���H�H�v �`�2�H�2�p���M�i �K���b�b �T���`���K�2�i�2�`�b

�7�Q�m�M�/ �i�?�`�Q�m�;�?�Q�m�i �i�?�2 �b�Q�H���` �b�v�b�i�2�K ���`�2 �Q�7�i�2�M �K�m�+�? �b�K���H�H�2�` �U�r�B�i�? �i�?�2 �2�t�+�2�T�i�B�Q�M �Q�7 �b�T�2�+�B���H �+���b�2�b

�H�B�F�2 �i�?�2 �S�H�m�i�Q�@�*�?���`�Q�M �T���B�`�V�X �L�2�r�i�Q�M�ö�b �;�`���p�B�i���i�B�Q�M���H �+�Q�M�b�i���M�iG = 1 �B�b ���H�b�Q �/�B�K�2�M�b�B�Q�M�H�2�b�b �B�M

�i�?�B�b �b�v�b�i�2�K �Q�7 �m�M�B�i�b�X �6�B�;�m�`�2�k�X�k�b�?�Q�r�b �i�?�2 �S�*�_�j�"�S �B�M �i�?�2 �`�Q�i���i�B�M�; �7�`���K�2 �r�B�i�? �i�?�2 �T���`�i�B�+�H�2

P �H�Q�+���i�2�/ ���i �i�?�2 �U�b�T���i�B���H�V �+�Q�Q�`�/�B�M���i�2�b(x; y) �� �/�B�b�i���M�+�2r �7�`�Q�K �i�?�2 �Q�`�B�;�B�M�X �h�?�2 �/�B�b�i���M�+�2�br1

���M�/r2 �7�`�Q�K �i�?�2 �T�`�B�K���`�v ���M�/ �b�2�+�Q�M�/���`�v�- �`�2�b�T�2�+�i�B�p�2�H�v�- �i�QP �7�Q�H�H�Q�r �b�B�K�B�H���`�H�v�X

r 2
1 = ( x + � )2 + y2

r 2
2 = ( x + � � 1)2 + y2

�U�k�X�k�V

r

P

� 1 � �� 1 +1
x

y

�a�2�+�Q�M�/���`�v
�Um2 �Q��̀ �V

�S�`�B�K���`�v
�Um1 �Q�1̀ � � �V

�6�B�;�m�`�2 �k�X�k�,�h�?�2 �S�*�_�j�"�S �B�M �i�?�2 �`�Q�i���i�B�M�; �7�`���K�2 �U�r�?�B�+�? �B�b �b�m�#�i�2�M�/�2�/ ���M ���M�;�H�2t �7�`�Q�K �i�?�2 �B�M�2�`�i�B���H
���t�B�b�V�X �h�?�2 �T�`�B�K���`�v �#�Q�/�v �?���b �U�M�Q�M�/�B�K�2�M�b�B�Q�M���H�V �K���b�b1 � � �c �H�B�F�2�r�B�b�2�- �i�?�2 �b�2�+�Q�M�/���`�v �#�Q�/�v �?���b �K���b�b
� �X �h�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �#�Q�/�B�2�b �B�b ���H�r���v�b1�X



�l�Y�S�Y �+�ñ�é���Ô�é���ñ���� �²�-�é�ž�è�Ô�«�� �8

�k�X�R�X�R �h�?�2 �>���K�B�H�i�Q�M�B���M

�A�M �i�?�2 �`�Q�i���i�B�M�; �7�`���K�2�- �i�?�2 �S�*�_�j�"�S ���/�K�B�i�b �� �b�2�i �Q�7 ���m�i�Q�M�Q�K�Q�m�b �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �T�`�Q�@

�p�B�/�B�M�; �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �T���`�i�B�+�H�2P�X �h�?�B�b �K�Q�i�B�Q�M �B�b �Q�7�i�2�M �/�2�b�+�`�B�#�2�/ �B�M�p�2�H�Q�+�B�i�v �+�Q�Q� �̀/�B�M���i�2�b

(x; y; _x; _y) 2 R4 �Q��̀K�Q�K�2�M�i�m�K �+�Q�Q� �̀/�B�M���i�2�b(x; y; px ; py) 2 R4�X �A�M �i�?�2 �H���i�i�2�` �+���b�2�- �>���K�B�H�i�Q�M�ö�b

�+���M�Q�M�B�+���H �2�[�m���i�B�Q�M�b �T�`�Q�p�B�/�2 �� �b�Q�m�`�+�2 �7�Q�` �i�?�2 �T���`�i�B�+�H�2�ö�b �K�Q�i�B�Q�M �r�B�i�? �i�?�2 �>���K�B�H�i�Q�M�B���M �7�m�M�+�i�B�Q�M

H : R4 ! R �r�`�B�i�i�2�M

H =
1
2

�
(px + y)2 + ( py � x)2

�

| {z }
�F�B�M�2�i�B�+ �2�M�2�`�;�v �B�M �i�?�2 �`�Q�i���i�B�M�; �7�`���K�2

+
�

�
1
2

(x2 + y2) �
1 � �

r1
�

�
r2

�
1
2

� (1 � � )
�

| {z }
�2�7�7�2�+�i�B�p�2 �T�Q�i�2�M�i�B���H �2�M�2�`�;�v

: �U�k�X�j�V

�h�?�2 �p�2�H�Q�+�B�i�B�2�b( _x; _y) ���M�/ �K�Q�K�2�M�i��(px ; py) ���`�2 �`�2�H���i�2�/ �p�B�� �i�?�2�B�` �G�2�;�2�M�/�`�2 �i�`���M�b�7�Q�`�K �(�8�)�X

px = _x � y

py = _y + x
�U�k�X�9�V

�"�v �>���K�B�H�i�Q�M�ö�b �2�[�m���i�B�Q�M�b�- �i�?�2 �K�Q�K�2�M�i�� �?���p�2 �i�?�2 �/�v�M���K�B�+�b_px = � Hx ���M�/_py = � Hy �- �Q�`

_px = + py �
(1 � � )(x + � )

((x + � )2 + y2)3/2
�

� (x + � � 1)
((x + � � 1)2 + y2)3/2

_py = � px �
(1 � � )y

((x + � )2 + y2)3/2
�

�y
((x + � � 1)2 + y2)3/2

:
�U�k�X�8�V

�h�?�2�b�2 �7�Q�m�` �`�2�H���i�B�Q�M�b �+�Q�K�T�H�2�i�2�H�v �/�2�b�+�`�B�#�2 �i�?�2 �T���`�i�B�+�H�2�ö�b �K�Q�i�B�Q�M �B�M �i�?�2 �S�*�_�j�"�S �p�B�� �K�Q�K�2�M�i�m�K

�+�Q�Q�`�/�B�M���i�2�b�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �/�v�M���K�B�+�b �B�M �i�2�`�K�b �Q�7 �p�2�H�Q�+�B�i�v �+�Q�Q�`�/�B�M���i�2�b �+���M �#�2 �Q�#�i���B�M�2�/

�#�v �/�B�7�7�2�`�2�M�i�B���i�B�Q�M �Q�7 �U�k�X�9�V ���M�/ �+�Q�K�#�B�M�B�M�; �B�i �r�B�i�? �U�k�X�8�V�X

���H�i�?�Q�m�;�? �b�B�K�B�H���` �B�M �2�t�T�`�2�b�b�B�Q�M�- �b�2�p�2�`���H �M�Q�i���#�H�2 �[�m���H�B�i�B�2�b �H�2���p�2 �i�?�2�b�2 �i�r�Q �b�2�i�b �Q�7 �+�Q�Q�`�/�B�M���i�2�b

�b�B�;�M�B�7�B�+���M�i�H�v �/�B�7�7�2�`�2�M�i �7�`�Q�K �Q�M�2 ���M�Q�i�?�2�`�X �A�M �T���`�i�B�+�m�H���` �7�Q�` �i�?�B�b �r�Q�`�F�- �p�2�H�Q�+�B�i�v �+�Q�Q�`�/�B�M���i�2�b

���`�2 �+�Q�M�p�2�M�B�2�M�i �7�Q�` �M�m�K�2�`�B�+���H �B�M�i�2�;�`���i�B�Q�M�f�+�Q�Q�`�/�B�M���i�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b�- �r�?�2�`�2���b �K�Q�K�2�M�i�m�K

�+�Q�Q�`�/�B�M���i�2�b ���`�2 �m�b�2�7�m�H �7�Q�` �i�?�2�Q�`�2�i�B�+���H �/�2�p�2�H�Q�T�K�2�M�i�b�X �L���K�2�H�v �i�?���i(p2
x + p2

y)/2 �B�b �i�?�2 �B�M�2�`�i�B���H

�F�B�M�2�i�B�+ �2�M�2�`�;�v ���M�/ �i�?�2 �/�v�M���K�B�+�b �B�M �i�?�2(x; y; px ; py) �T�?���b�2 �b�T���+�2 ���`�2�b�v�K�T�H�2�+�i�B�+�- �Q�` ���`�2���@

�T�`�2�b�2�`�p�B�M�; �(�k�-�8�)�X



�e �+�Ñ�ž�ÿ���¶�� �l�Y �/�-�é�ž�è�Ô�«�ž�ã �è�ñ�²�¶�ã��

�k�X�R�X�k �C���+�Q�#�B�ö�b �+�Q�M�b�i���M�i�� �G���;�`���M�;�2 �T�Q�B�M�i�b

�h�?�2 �>���K�B�H�i�Q�M�B���M �U�k�X�j�V �B�b �2�t�T�H�B�+�B�i�H�v �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�B�K�2 ���M�/ �i�?�m�b �� �+�Q�M�b�i���M�i �Q�7 �K�Q�i�B�Q�M

�(�8�-�R�j�-�R�d�)�X �6�`�Q�K �i�?�B�b�- �i�?�2�C���+�Q�#�B �+�Q�M�b�i���M�i�B�b �i���F�2�M �i�Q �#�2

CJ := � 2H �U�k�X�e�V

���M�/ �i�?�m�b �`�2�H���i�2�b �i�Q �i�?�2 �2�M�2�`�;�v�X �A�M �T���`�i�B�+�m�H���`�- �+�Q�M�b�B�/�2�`�B�M�; �r�?�2�`�2 �i�?�2 �U�`�Q�i���i�B�M�; �7�`���K�2�ö�b�V �F�B�M�2�i�B�+

�2�M�2�`�;�v �p���M�B�b�?�2�b �;�B�p�2�b �`�B�b�2 �i�Q �i�?�2�x�2� �̀Q�@�p�2�H�Q�+�B�i�v �+�m�`�p�2�b�- �r�?�B�+�? �B�K�T�H�B�+�B�i�H�v �b�?�Q�r �i�?�2 �T�Q�b�b�B�#�H�2

�`�2�;�B�Q�M�b �Q�7 �K�Q�i�B�Q�M �7�Q�` �� �;�B�p�2�M �C���+�Q�#�B �+�Q�M�b�i���M�i�X �� �r�2�H�H�@�F�M�Q�r�M �`�2�b�m�H�i �B�b �i�?���i �i�?�2�b�2 �x�2�`�Q�@�p�2�H�Q�+�B�i�v

�+�m�`�p�2�b ���`�2 �b�T�H�B�i �B�M�i�Q �7�B�p�2 �+���b�2�b �� �M�Q�i���#�H�v�- �i�?�2 �+�m�`�p�2�b �+�Q�K�T�H�2�i�2�H�v �/�B�b���T�T�2���` �7�Q�`CJ 6 3�X

�h�?�2�b�2 �x�2�`�Q�@�p�2�H�Q�+�B�i�v �+�m�`�p�2�b �#�B�7�m�`�+���i�2 ���i �i�?�2 �7�B�p�2�G���;� �̀��M�;�2 �T�Q�B�M�i�b�- �r�?�B�+�? ���`�2 �i�?�2 �S�*�_�j�"�S�ö�b

�2�[�m�B�H�B�#�`�B�� �(�8�)�X �h�?�B�b �b�2�i �+�Q�K�T�`�B�b�2�b �i�?�2 �i�?�`�2�2 �+�Q�H�H�B�M�2���` �T�Q�B�M�i�b �UL1�-L2�- ���M�/L3�V ���M�/ �i�r�Q �i�`�B���M�@

�;�m�H���` �T�Q�B�M�i�b �UL4 ���M�/L5�V�X �h�?�2 �Q�M�2�b �Q�7 �T���`�i�B�+�m�H���` �B�M�i�2�`�2�b�i �?�2�`�2 ���`�2 �M�2���`�2�b�i �i�Q �i�?�2 �b�2�+�Q�M�/���`�v�-

L1 ���M�/L2�- �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �H�Q�+���i�B�Q�M�b �Q�7 �i�?�2 �x�2�`�Q�@�p�2�H�Q�+�B�i�v �+�m�`�p�2 �#�B�7�m�`�+���i�B�Q�M�b �Q�+�+�m�`�`�B�M�;

���i CJ = C1 ���M�/CJ = C2 �B�M �6�B�;�m�`�2�k�X�j�X �h�?�2�b�2 �T�Q�B�M�i�b ���`�2 �;�B�p�2�M �b�T�2�+�B���H ���i�i�2�M�i�B�Q�M �b�B�M�+�2 �i�?�2�v

�;�Q�p�2�`�M �K�B�M�B�K���H�@�2�M�2�`�;�v �i�`���M�b�B�i �i�`���D�2�+�i�Q�`�B�2�b �#�2�i�r�2�2�M �`�2���H�K�b�X �h�?�2�B�` �H�Q�+���i�B�Q�M�b �7�Q�H�H�Q�r �7�`�Q�K �i�?�2

�U�m�M�B�[�m�2�V �`�2���H �b�Q�H�m�i�B�Q�M�b �i�Q �� �b�2�i �Q�7 �[�m�B�M�i�B�+ �T�Q�H�v�M�Q�K�B���H�b �(�8�-�R�d�)�X

�*���b�2 �8�,CJ < 3

P

�8

3 6 CJ < C 3

P

�9

C3 6 CJ < C 2

P

�j

C2 6 CJ < C 1

P

�k

C1 6 CJ

P

�R

�6�B�;�m�`�2 �k�X�j�,�h�?�2 �7�Q�`�#�B�/�/�2�M �`�2���H�K �U�;�`�2�v�V ���M�/ �i�?�2 �x�2�`�Q�@�p�2�H�Q�+�B�i�v �+�m�`�p�2�b �U�B�i�b �#�Q�m�M�/���`�v�V �7�Q�` �i�?�2 �T���`�i�B�+�H�2
P �r�B�i�? �� �;�B�p�2�M �C���+�Q�#�B �+�Q�M�b�i���M�iCJ �X �*���b�2 �j �B�b �i�?�2 �7�B�`�b�i �B�M�b�i���M�+�2 �r�?�2�`�2 �i�?�2 �T���`�i�B�+�H�2P �?���b �7�m�H�H ���+�+�2�b�b
�i�Q �i�?�2 �2�M�i�B�`�2 �b�T���+�2�X �h�?�2 �7�Q�`�#�B�/�/�2�M �`�2���H�K �+�Q�K�T�H�2�i�2�H�v �/�B�b���T�T�2���`�b �B�M �+���b�2 �8�X



�l�Y�l�Y �b�è�ž�ã�ã�A�ª�ñ�²�- �ž�ÿ�ÿ���ñ�,�Ô�è�ž���Ô�ñ�é �d

�k�X�k �a�K���H�H�@�#�Q�/�v ���T�T�`�Q�t�B�K���i�B�Q�M

�k�X�k�X�R �.�2�+�Q�K�T�Q�b�B�M�; �i�?�2 �>���K�B�H�i�Q�M�B���M

�l�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M� � 1�- �r�?�2�`�2 �i�?�2 �S�*�_�j�"�S �B�b �+�Q�M�b�B�/�2�`�2�/ �� �T�2�`�i�m�`�#���i�B�Q�M �Q�7 �i�?�2

�k�@�#�Q�/�v �T�`�Q�#�H�2�K �U�k�"�S�V�- �_�Q�b�b ���M�/ �a�+�?�2�2�`�2�b �(�R�8�) �r�`�B�i�2 �i�?�2 �>���K�B�H�i�Q�M�B���M �U�k�X�j�V �2�t�T�`�2�b�b�2�/ ���b

H =
�

p2
x + p2

y

2
�

1
r

�

| {z }
K

�
p

a(1 � e2)
| {z }

G

+ �
�

�+�Q�b�
r 2

�
1

p
r 2 � 2r �+�Q�b� + 1

+
1
r

�

| {z }
R

+ O(� 2); �U�k�X�d�V

�r�?�2�`�2(px ; py) ���`�2 �i�?�2 �+���M�Q�M�B�+���H �K�Q�K�2�M�i�� ���M�/(r; � )�- �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�9�- �7�Q�H�H�Q�r �7�`�Q�K �i�?�2

�k�"�S�X �S���`�i�B�+�m�H���`�H�v �r�?�2�M� � 1�- �i�?�2 �/�B�b�i���M�+�2�br ���M�/r1 ���`�2 �2�[�m���H �m�T �i�QO(� ) ���M�/� �B�b �i�?�2

���`�;�m�K�2�M�i �Q�7 �H���i�B�i�m�/�2 �B�M �i�?�2 �`�Q�i���i�B�M�; �7�`���K�2�X

r =
a(1 � e2)
1 + e�+�Q�b�

; � = �! + � �U�k�X�3�V

�>�2�`�2�- �i�?�2 �b�2�K�B�K���D�Q�` ���t�B�ba�- �2�+�+�2�M�i�`�B�+�B�i�ve�- ���M�/ �i�`�m�2 ���M�Q�K���H�v� �Q�7 �i�?�2 �T���`�i�B�+�H�2�ö�b �Q�`�#�B�i ���#�Q�m�i

�i�?�2 �T�`�B�K���`�v ���`�2 �B�M �i�?�2 �m�b�m���H �b�2�M�b�2 �Q�7 �i�?�2 �k�"�S�c �?�Q�r�2�p�2�`�-�! �B�b �i�?�2 ���`�;�m�K�2�M�i �Q�7 �T�2�`�B���T�b�2 �B�M

�i�?�2� �̀Q�i���i�B�M�;�7�`���K�2�X �A�i�b �`�2�H���i�B�Q�M �i�Q �i�?�2 �m�b�m���H ���`�;�m�K�2�M�i �Q�7 �T�2�`�B���T�b�2! �B�b �;�B�p�2�M �#�v �B�M�b�T�2�+�i�B�Q�M �Q�7

�6�B�;�m�`�2�k�X�9�X �6�m�`�i�?�2�`�-G ���M�/K ���`�2 �i�?�2 �T���`�i�B�+�H�2�ö�b �k�"�S ���M�;�m�H���` �K�Q�K�2�M�i�m�K ���M�/ �p�B�b �p�B�p�� �B�M�i�2�;�`���H

�B�M �� �b�v�b�i�2�K �r�B�i�? �� �+�2�M�i�`���H �K���b�b1�X �h�?�B�b �B�M�i�2�;�`���H�- �+���H�H�2�/ �i�?�2�E�2�T�H�2�`�B���M �2�M�2� �̀;�v�- �+�Q�M�b�2�[�m�2�M�i�H�v

�`�2�H���i�2�b �i�Q �i�?�2 �b�2�K�B�K���D�Q�` ���t�B�b ���b �(�R�-�R�j�)

K := �
1
2a

: �U�k�X�N�V

�.�2�H���m�M���v �p���`�B���#�H�2�b

�h�?�2 �>���K�B�H�i�Q�M�B���M �U�k�X�d�V �B�b �B�M �� �/�2�b�B�`���#�H�2 �7�Q�`�K �b�B�M�+�2 �� �i�`���M�b�7�Q�`�K���i�B�Q�M �B�M�i�Q �.�2�H���m�M���v �p���`�B�@

���#�H�2�b(L; G; l; �g) 2 R4�- �� �b�2�i �Q�7 ���+�i�B�Q�M�@���M�;�H�2 �p���`�B���#�H�2�b�- �B�b �T�`�Q�T�2�`�X �h�?�2���M�;�H�2�bl ���M�/�g ���`�2

�+�Q�M�D�m�;���i�2 �i�Q �i�?�2���+�i�B�Q�M�bL ���M�/G�- �`�2�b�T�2�+�i�B�p�2�H�v�c �B�M �T���`�i�B�+�m�H���`�- �i�?�2�v ���#�B�/�2 �#�v �>���K�B�H�i�Q�M�ö�b

�+���M�Q�M�B�+���H �2�[�m���i�B�Q�M�b�X



�3 �+�Ñ�ž�ÿ���¶�� �l�Y �/�-�é�ž�è�Ô�«�ž�ã �è�ñ�²�¶�ã��

X

Y

x

y

���T
�b�B�/���

H �H�B�M
�2

���T�Q���T�b�2

�T�2�`�B���T�b�2

a

ae

r

P

�

�!�

m1

m2t

!

�6�B�;�m�`�2 �k�X�9�,���M �2�t���K�T�H�2 �i�`���D�2�+�i�Q�`�v �B�M �i�?�2 �S�*�_�j�"�S �r�B�i�?� � 1�X �6���` ���r���v �7�`�Q�K �i�?�2 �b�2�+�Q�M�/���`�vm2�-
�i�?�2 �T���`�i�B�+�H�2P �U�M�2���`�H�v�V �2�t�T�2�`�B�2�M�+�2�b �� �E�2�T�H�2�`�B���M �i�`���D�2�+�i�Q�`�v �r�B�i�? �Q�`�#�B�i���H �2�H�2�K�2�M�i�b(a; e; �; ! ) �r�?�B�+�?
�`�2�H���i�2 �i�Q �i�?�2 �.�2�H���m�M���v �p���`�B���#�H�2�b(L; G; l; g )�X �h�?�2 �Q�`�#�B�i �B�b �b�m�#�D�2�+�i �i�Q �+�?���M�;�2 �r�?�2�MP ���T�T�`�Q���+�?�2�bm2

���M�/ �i�?�2�M �b�i���v�b �+�Q�M�b�i���M�i ���;���B�M �m�M�i�B�H �i�?�2 �M�2�t�i �+�H�Q�b�2 ���T�T�`�Q���+�?�X �h�?�B�b �i�`���D�2�+�i�Q�`�v �B�b �b�?�Q�r�M�2�t�i�2�`�B�Q�`�i�Q
m2�c �?�Q�r�2�p�2�`�- �� �i�`���D�2�+�i�Q�`�v �+�Q�m�H�/ ���H�b�Q �#�2 �b�?�Q�r�M�B�M�i�2�`�B�Q�`�i�Qm2�X �A�M �i�?�B�b �+���b�2�- �i�?�2 �+�H�Q�b�2 ���T�T�`�Q���+�?
�r�Q�m�H�/ �Q�+�+�m�` ���i ���T�Q���T�b�2�X �h�?�2 �T�Q�b�B�i�B�Q�M�B�M�; �Q�7 �i�?�2 �#�Q�/�B�2�b �B�b �/�`���r�M �i�Q �b�+���H�2 �r�B�i�?� = 10 � 7�X

�A�M �i�2�`�K�b �Q�7 �Q�`�#�B�i���H �2�H�2�K�2�M�i�b�- �i�?�2 ���M�;�H�2�bl ���M�/�g ���`�2 �i�?�2 �K�2���M ���M�Q�K���H�v ���M�/ �i�?�2 �`�Q�i���i�B�M�;

�7�`���K�2�ö�b ���`�;�m�K�2�M�i �Q�7 �T�2�`�B���T�b�2�- �`�2�b�T�2�+�i�B�p�2�H�v �U�B�X�2�X�-l � M ���M�/�g � �! �V �(�R�d�)�X �h�?�2 ���+�i�B�Q�M�b ���`�2

L :=
p

a

G := L
p

1 � e2;
�U�k�X�R�y�V

�r�?�2�`�2 ���T�T�2���`�b �i�?�2 ���M�;�m�H���` �K�Q�K�2�M�i�m�KG�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �>���K�B�H�i�Q�M�B���M �U�k�X�d�V �#�2�+�Q�K�2�b

H = �
1

2L2
� G + �R + O(� 2): �U�k�X�R�R�V

�h�?�2 �/�B�b�i�m�`�#�B�M�; �7�m�M�+�i�B�Q�M �B�M �i�?�2�b�2 �p���`�B���#�H�2�b �i���F�2�b �i�?�2 �7�Q�`�KR = R(L; G; l; �g)�X

�h�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �B�M�i�Q �.�2�H���m�M���v �p���`�B���#�H�2�b �7�`�Q�K �p�2�H�Q�+�B�i�v �+�Q�Q�`�/�B�M���i�2�b(x; y; _x; _y) �B�b ���H�b�Q



�l�Y�l�Y �b�è�ž�ã�ã�A�ª�ñ�²�- �ž�ÿ�ÿ���ñ�,�Ô�è�ž���Ô�ñ�é �N

�m�b�2�7�m�H�X �6�`�Q�K ���M �B�M�i�2�;�`���i�B�Q�M �Q�7 �i�?�2 �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�- �U�k�X�R�y�V �T�2�`�K�B�i�b �� �/�B�`�2�+�i �U�B�X�2�X�- �i�B�K�2�@

�B�M�/�2�T�2�M�/�2�M�i�V �`�2���H�B�x���i�B�Q�M �Q�7 �i�?�2 �Q�b�+�m�H���i�B�M�; �2�H�2�K�2�M�i�b(a; e) �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �Q�`�#�B�i�ö�b �;�2�Q�K�2�i�`�v�c

�B�i�b �Q�`�B�2�M�i���i�B�Q�M �B�M �i�?�2 �T�H���M�2 �B�b �;�B�p�2�M �#�vg = �g + t�- �r�?�B�+�? �B�b �i�?�2 ���`�;�m�K�2�M�i �Q�7 �T�2�`�B���T�b�2 �B�M �i�?�2

�B�M�2�`�i�B���H �7�`���K�2�X �h�?�2 �7�m�H�H �i�`���M�b�7�Q�`�K���i�B�Q�M(x; y; _x; _y) 7! (L; G; l; �g) �B�b �T�`�Q�p�B�/�2�/ �B�M ���T�T�2�M�/�B�t�� �X

�k�X�k�X�k �h�B�b�b�2�`���M�/�ö�b �T���`���K�2�i�2�`�� �K���M�B�7�Q�H�/�b �Q�7 �i�?�2 �G���;�`���M�;�2 �T�Q�B�M�i�b

�A�M�b�2�`�i�B�M�; �i�?�2 �>���K�B�H�i�Q�M�B���M �U�k�X�R�R�V �B�M�i�Q �U�k�X�e�V�- �i�?�2 �C���+�Q�#�B �+�Q�M�b�i���M�i �2�t�T�`�2�b�b�2�/ �B�M �i�2�`�K�b �Q�7

�Q�`�#�B�i���H �2�H�2�K�2�M�i�b �B�b

CJ =
1
a

+ 2
p

a(1 � e2) + O(� ): �U�k�X�R�k�V

�h�?�2 �i�2�`�K�b �m�T �i�Q �H�2���/�B�M�; �Q�`�/�2�` ���`�2 �+���H�H�2�/ �i�?�2�h�B�b�b�2� �̀��M�/ �T��� �̀��K�2�i�2�`�r�?�B�+�? ���T�T�`�Q�t�B�K���i�2�b �i�?�2

�K�Q�i�B�Q�M�ö�b �i�`�m�2 �C���+�Q�#�B �+�Q�M�b�i���M�i �B�M �i�?�2 �S�*�_�j�"�S �(�R�j�)�X �h�?�m�b�- �i�?�2 �h�B�b�b�2�`���M�/ �T���`���K�2�i�2�` �B�b �M�2���`�H�v

�6�B�;�m�`�2 �k�X�8�,�*�Q�M�i�Q�m�`�b �Q�7 �i�?�2 �h�B�b�b�2�`���M�/ �T���`���K�2�i�2�`�X �h�?�2 �+�Q�M�i�Q�m�`CJ = 3 �B�b �i�?�2 �Q�M�2 �i�?���i �B�M�+�H�m�/�2�b �i�?�2
�T�Q�B�M�i(a; e) = (1 ; 0)�- �r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �b�2�+�Q�M�/���`�v�X �*�Q�M�i�Q�m�`�b �r�B�i�?CJ > 3 ���`�2 �`�2�b�i�`�B�+�i�2�/ �i�Q
�2�B�i�?�2�` �i�?�2 �B�M�i�2�`�B�Q�` �Q�` �2�t�i�2�`�B�Q�` �Q�7m2 �r�?�2�`�2���bCJ 6 3 �+�Q�M�i�Q�m�`�b �?���p�2 �7�m�H�H ���+�+�2�b�b �2�p�2�`�v�r�?�2�`�2�X �A�;�M�Q�`�B�M�;
�i�`���M�b�B�i �i�`���D�2�+�i�Q�`�B�2�b �#�2�i�r�2�2�M �`�2���H�K�b�- �i�?�B�b �#�2�?���p�B�Q�` ���;�`�2�2�b �r�B�i�? �6�B�;�m�`�2�k�X�j�X



�R�y �+�Ñ�ž�ÿ���¶�� �l�Y �/�-�é�ž�è�Ô�«�ž�ã �è�ñ�²�¶�ã��

�6�B�;�m�`�2 �k�X�e�,�.�B���;�`���K �Q�7 �i�?�2 �m�M�b�i���#�H�2 �K���M�B�7�Q�H�/�bW u(L 1) ���M�/W u(L 2) �m�M�i�B�H �i�?�2�B�` �7�B�`�b�i ���T�Q���T�b�2
���M�/ �T�2�`�B���T�b�2�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�b�2 �2�p�2�M�i�b �Q�+�+�m�` �r�?�2�M �i�?�2 �i�`���D�2�+�i�Q�`�v �;�`���x�2�b �i�?�2 �7�Q�`�#�B�/�/�2�M �`�2���H�K�-
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �S�Q�B�M�+���`�û �b�2�+�i�B�Q�Mf (x; y; _x; _y) 2 R4 j _r = 0g�- �r�?�2�`�2_r �B�b �;�B�p�2�M �#�v �U���X�R�V�X

�+�Q�M�b�i���M�i �7�Q�` �K�Q�i�B�Q�M �B�M �b�v�b�i�2�K�b �r�B�i�?� � 1�X �A�M �i�?�B�b �+���b�2�- �i�?�2O(� ) �i�2�`�K�b ���`�2 �/�`�Q�T�T�2�/ ���M�/

�i�?�2 �h�B�b�b�2�`���M�/ �T���`���K�2�i�2�` �B�b �B�/�2�M�i�B�7�B�2�/ �r�B�i�? �i�?�2 �C���+�Q�#�B �+�Q�M�b�i���M�iCJ �i�Q �2���b�2 �M�Q�i���i�B�Q�M�X �h�?�B�b

�`�2�H���i�B�Q�M �B�b �2�b�T�2�+�B���H�H�v �m�b�2�7�m�H �7�Q�` �r�`�B�i�B�M�; �i�?�2 �2�+�+�2�M�i�`�B�+�B�i�v ���be = e(a; CJ ) �b�Q �i�?���i ���M �Q�`�#�B�i�ö�b

�;�2�Q�K�2�i�`�v �B�b �b�T�2�+�B�7�B�2�/ �#�v �B�i�b �b�2�K�B�K���D�Q�` ���t�B�b ���M�/ �h�B�b�b�2�`���M�/ �T���`���K�2�i�2�`�X �6�B�;�m�`�2�k�X�8�b�?�Q�r�b �i�?�2

�T�Q�b�b�B�#�H�2 �i�`���D�2�+�i�Q�`�B�2�b �7�Q�` �� �;�B�p�2�M �h�B�b�b�2�`���M�/ �T���`���K�2�i�2�`�X

�q�B�i�?� � 1�- �i�?�2 �K���M�B�7�Q�H�/�b �2�K���M���i�B�M�; �7�`�Q�K �i�?�2 �G���;�`���M�;�2 �T�Q�B�M�i�b �+���M �#�2 �+�?���`���+�i�2�`�B�x�2�/

�i�Q�Q �B�M �i�2�`�K�b �Q�7 �b�2�K�B�K���D�Q�` ���t�B�ba�- �2�+�+�2�M�i�`�B�+�B�i�ve�- ���M�/ ���`�;�m�K�2�M�i �Q�7 �T�2�`�B���T�b�2 �U�B�M �i�?�2 �`�Q�i���i�B�M�;

�7�`���K�2�V�! �X �h�?�2�b�2 �b�T�2�+�B���H �k�"�S �i�`���D�2�+�i�Q�`�B�2�b �b�2�`�p�2 ���b �T�`�Q�t�B�2�b �7�Q�` �i�?�2 �+���T�i�m�`�2�f�2�b�+���T�2 �i�`���D�2�+�i�Q�`�B�2�b

�2�M�+�H�Q�b�2�/ �#�v �i�?�2 �K���M�B�7�Q�H�/�b �r�B�M�/�B�M�; �Q�M�i�Q ���M�/ �Q�7�7 �Q�7 �i�?�2 �G�v���T�m�M�Q�p �Q�`�#�B�i�b �(�N�)�X �h�Q �2�M�b�m�`�2

�b�m�7�7�B�+�B�2�M�i �/�B�b�i���M�+�2 �7�`�Q�K �i�?�2 �b�2�+�Q�M�/���`�v �b�Q �i�?���i �� �k�"�S �i�`���D�2�+�i�Q�`�v �B�b �2�7�7�2�+�i�B�p�2�H�v �2�b�i���#�H�B�b�?�2�/�- �i�?�2

�Q�`�#�B�i���H �2�H�2�K�2�M�i�b ���`�2 �i���F�2�M ���i ���T�Q���T�b�2 �r�?�2�M �B�M�i�2�`�B�Q�` �i�Qm2�- ���M�/ ���i �T�2�`�B���T�b�2 �r�?�2�M �2�t�i�2�`�B�Q�` �i�Q

m2�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�e�X

���+�+�m�`���i�2 �+�m�`�p�2 �7�B�i�b �Q�7 �i�?�2�b�2 �K���M�B�7�Q�H�/�b ���i �i�?�2�B�` �7�B�`�b�i ���T�Q���T�b�2�f�T�2�`�B���T�b�2 �+���M �#�2 �7�Q�m�M�/ �B�M �i�?�2



�l�Y�l�Y �b�è�ž�ã�ã�A�ª�ñ�²�- �ž�ÿ�ÿ���ñ�,�Ô�è�ž���Ô�ñ�é �R�R

�7�Q�H�H�Q�r�B�M�; �K���M�M�2�`�X �G�2�iL i �r�B�i�?i = 1; 2 �#�2 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �#�2�B�M�; �+�Q�M�b�B�/�2�`�2�/ ���i �i�?�2

�+�Q�Q�`�/�B�M���i�2�b�teq = ( x; y; _x; _y)eq = ( L i ; 0; 0; 0) ���M�/

�� :=
�

jL i + � � 1j3
+

1 � �
jL i + � j3

: �U�k�X�R�j�V

�h�?�2�M �i�?�2 �H�B�M�2���`�B�x���i�B�Q�M ���#�Q�m�i �i�?�B�b �T�Q�B�M�iL i �T�`�Q�p�B�/�2�b �/�v�M���K�B�+�b �r�B�i�? �i�?�2 �m�M�b�i���#�H�2 �K���M�B�7�Q�H�/�ö�b

�2�B�;�2�M�p���H�m�2 ���M�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �2�B�;�2�M�p�2�+�i�Q�` �U�r�?�2�`�2� �B�b �m�b�2�/ �m�M���K�#�B�;�m�Q�m�b�H�v�V �(�8�)�X

� W u (L i ) =

s
�� � 2 +

p
9�� 2 � 8��

2
; �pW u (L i ) =

2

6
6
6
6
6
6
6
4

1

� (� 2 � 2�� + 3)/(2 � 2�� )

�

(� 2 � 2�� � 1)/2

3

7
7
7
7
7
7
7
5

�U�k�X�R�9�V

�L�Q�r �H�2�i� : R � R4 ! R4 �#�2 �i�?�2 �7���K�B�H�v �Q�7 �7�H�Q�r �K���T�b �;�2�M�2�`���i�B�M�; �i�?�2 �i�`���D�2�+�i�Q�`�v�t(t) �7�`�Q�K �i�?�2

�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�t0 �b�m�+�? �i�?���i�t(t) = � (t; �t0)�X �h�?�2 �i�`���D�2�+�i�Q�`�v� (t; �teq + � �̂p)�- �r�?�2�`�2j� j � 1

�B�b �� �b�K���H�H �T�2�`�i�m�`�#���i�B�Q�M�- �b�?���/�Q�r�b �i�?�2 �m�M�b�i���#�H�2 �K���M�B�7�Q�H�/ �7�Q�`t > 0�X �A�M �T���`�i�B�+�m�H���`�- �+�?�Q�Q�b�B�M�;

t �H���`�;�2 �2�M�Q�m�;�? �2�p�2�M�i�m���H�H�v �`�2�b�m�H�i�b �B�M �i�?�2 �i�`���D�2�+�i�Q�`�v �;�`���x�B�M�; �i�?�2 �7�Q�`�#�B�/�/�2�M �`�2���H�K�- �`�2�p�2���H�B�M�;

�+�?���`���+�i�2�`�B�b�i�B�+�b ���#�Q�m�i �i�?�2 �K���M�B�7�Q�H�/�ö�b �b�2�K�B�K���D�Q�` ���t�B�ba ���M�/ �2�+�+�2�M�i�`�B�+�B�i�ve �r�?�2�M� � 1 ���b

�b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�e�X

�l�b�B�M�; �i�?�2 ���#�Q�p�2 �T�`�Q�+�2�/�m�`�2�- �i�?�2 �m�M�b�i���#�H�2 �U���M�/ �b�i���#�H�2�V �K���M�B�7�Q�H�/�b �Q�7L1 ���M�/L2 ���`�2 �7�Q�m�M�/

�i�Q �#�2 �r�2�H�H ���T�T�`�Q�t�B�K���i�2�/ �#�v �7�B�i�i�B�M�; �[�m���/�`���i�B�+ �+�m�`�p�2�b �B�M �i�?�2 �b�T���+�2�b(�H�M�; �H�Me) ���M�/(e; a) �7�Q�`

�b�Q�K�2 �+�Q�M�b�i���M�i�b�; �; 
; �; " 2 R�X

e(� ) = �� � �H�M� + 
 ; a(� ) = �e2 + "e + 1 �U�k�X�R�8�V

�h���#�H�2 �k�X�R�,�6�B�i�b �7�Q�` �i�?�2 �Q�`�#�B�i���H �2�H�2�K�2�M�i�b(a; e) �Q�7 �i�?�2 �m�M�b�i���#�H�2 �K���M�B�7�Q�H�/�bW u(L 1) ���M�/W u(L 2) ���i �i�?�2�B�`
�7�B�`�b�i ���T�Q���T�b�2�f�T�2�`�B���T�b�2�X �"�v �i�B�K�2�@�`�2�p�2�`�b���H �b�v�K�K�2�i�`�v�- �i�?�2�b�2 �7�B�i�b ���H�b�Q �/�2�b�+�`�B�#�2 �i�?�2 �b�i���#�H�2 �K���M�B�7�Q�H�/�b�X

�J���M�B�7�Q�H�/� � 
 � "

W u(L1) 1:6342 � 1:0433� 10� 3 0:3002 1:3275 � 1:6004

W u(L2) 2:9066 1:2594� 10� 3 0:3727 1:8096 1:5666



�R�k �+�Ñ�ž�ÿ���¶�� �l�Y �/�-�é�ž�è�Ô�«�ž�ã �è�ñ�²�¶�ã��

�k�X�j �.�B�b�+�`�2�i�2 �/�v�M���K�B�+�b

�k�X�j�X�R �h�?�2 �E�2�T�H�2�`�B���M �K���T

�l�b�B�M�; �i�?�2 �>���K�B�H�i�Q�M�B���M�b �U�k�X�d�V ���M�/ �U�k�X�R�R�V �m�T �i�QO(� )�- �_�Q�b�b ���M�/ �a�+�?�2�2�`�2�b �(�R�8�) �T�`�Q�p�B�/�2 ��

�/�B�b�+�`�2�i�2�@�i�B�K�2 ���T�T�`�Q�t�B�K���i�B�Q�M�- �+�Q�B�M�2�/ �i�?�2�E�2�T�H�2�`�B���M �K���T�6 : C ! C �- �r�?�2�`�2C = S1 � R �B�b

�i�?�2 �+�v�H�B�M�/�2�`�- �Q�7 �i�?�2 �T���`�i�B�+�H�2�ö�b �K�Q�i�B�Q�M ���i �B�i�b ���T�b�2�b �U�2�B�i�?�2�` �T�2�`�B���T�b�2 �Q�` ���T�Q���T�b�2�V �r�B�i�? �Q�`�#�B�i���H

�2�H�2�K�2�M�i�b(!; a; e )�X "
! n+1

K n+1

#

:=

"
! n � 2� (� 2K n+1 )� 3/2

K n + �f (! n )

#

| {z }
�6(! n ;K n )

�U�k�X�R�e�V

�>�B�b�i�Q�`�B�+���H�H�v�-! �?�2�`�2 �`�2�7�2�`�b �i�Q �i�?�2 ���`�;�m�K�2�M�i �Q�7 �T�2�`�B���T�b�2�B�M �i�?�2 � �̀Q�i���i�B�M�; �7� �̀��K�2�U�B�X�2�X�-�! �- �#�m�i

�i�?�2 �#���` �M�Q�i���i�B�Q�M �B�b �/�`�Q�T�T�2�/�V ���M�/ �B�b �M�Q�i �i�Q �#�2 �+�Q�M�7�m�b�2�/ �r�B�i�? �i�?�2 �i�v�T�B�+���H �k�"�S ���`�;�m�K�2�M�i �Q�7

�T�2�`�B���T�b�2! �X �h�?�2 �K���T �?���b �i�r�B�b�i �i�Q �i�?�2 �H�2�7�i �U�2�`�`�Q�M�2�Q�m�b�H�v �+�H���B�K�2�/ �i�Q �i�?�2 �`�B�;�?�i �#�v �T�`�2�p�B�Q�m�b

�`�2�7�2�`�2�M�+�2�b �(�j�- �R�8�)�V ���M�/ �B�b �T�Q�b�2�/ �B�M �i�2�`�K�b �Q�7 �i�?�2 �2�M�2�`�;�vK �U�B�M�b�i�2���/ �Q�7 �i�?�2 �b�2�K�B�K���D�Q�` ���t�B�b

a�V �i�Q �2�M�b�m�`�2 �i�?���i �i�?�2 �/�v�M���K�B�+�b �+���M �#�2 �b�v�K�T�H�2�+�i�B�+ �H�B�F�2 �i�?�2 �Q�`�B�;�B�M���H �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �B�M

�K�Q�K�2�M�i�m�K �+�Q�Q�`�/�B�M���i�2�b�X �h�?�2 �2�+�+�2�M�i�`�B�+�B�i�ve �B�b �B�M�/�m�+�2�/ �#�v �i�?�2 �h�B�b�b�2�`���M�/ �T���`���K�2�i�2�`CJ �b�Q �i�?���i

�2�p�2�`�v �i�`���D�2�+�i�Q�`�v �B�b �#�Q�m�M�/ �i�Q �K�Q�p�2 ���H�Q�M�; �� �b�B�M�;�H�2 �+�Q�M�i�Q�m�` �Q�7 �6�B�;�m�`�2�k�X�8�p�B�� �i�?�2�F�B�+�F �7�m�M�+�i�B�Q�M

f : S1 ! R �r�`�B�i�i�2�M

f (! ) := �
1

p
a(1 � e2)

Z

S1

�
r 3

(r 2 � 2r �+�Q�b(! � t(� ) + � ) + 1) 3/2
� 1

�
�b�B�M(! � t(� ) + � ) d�

�
1

p
Q2 + 2Q �+�Q�b(! + � ) + 1

+
1

p
Q2 + 2Q �+�Q�b(! � � ) + 1

+
2�b�B�M� �b�B�M!

Q2
: �U�k�X�R�d�V

�>�2�`�2�-Q = a(1 + e) ���M�/� = �a 3/2 ���`�2 �i�?�2 ���T�Q���T�b�2 �/�B�b�i���M�+�2 ���M�/ �?���H�7�@�T�2�`�B�Q�/�- �`�2�b�T�2�+�i�B�p�2�H�v�- �Q�7

�i�?�2 �U�`�2�7�2�`�2�M�+�2�V �k�"�S �i�`���D�2�+�i�Q�`�vr = r (� ) �r�B�i�? �b�2�K�B�K���D�Q�` ���t�B�ba ���M�/ �2�+�+�2�M�i�`�B�+�B�i�ve ���b �;�B�p�2�M �#�v

�U�k�X�3�V�X �h�?�2 �F�B�+�F �7�m�M�+�i�B�Q�M �B�b �B�M�i�2�;�`���i�2�/ �Q�p�2�`S1 �`�2�T�`�2�b�2�M�i�B�M�; �Q�M�2 �T�2�`�B�Q�/ �Q�7 �K�Q�i�B�Q�M�c �M�m�K�2�`�B�+���H�H�v�-

�B�i�b �7�2���i�m�`�2�b ���`�2 �#�2�i�i�2�` �`�2�b�Q�H�p�2�/ �m�b�B�M�; �i�?�2 �B�M�i�2�`�p���H(� �; � ) �B�7a > 1 �U�i�?�2�2�t�i�2�`�B�Q�`�f�T�2�`�B���T�b�2 �F�B�+�F

�7�m�M�+�i�B�Q�M�V ���M�/(0; 2� ) �B�7a < 1 �U�i�?�2�B�M�i�2�`�B�Q�`�f���T�Q���T�b�2 �F�B�+�F �7�m�M�+�i�B�Q�M�V�X �q�B�i�? �i�?�2�b�2 �i�r�Q �+���b�2�b �B�M



�l�Y�k�Y �/�Ô���«���¶���¶ �²�-�é�ž�è�Ô�«�� �R�j

�K�B�M�/�- �i�?�2 �i�B�K�2t = t(� ) �Q�p�2�` �r�?�B�+�? �i�?�2 �Q�`�#�B�i ���+�i�b �B�b �+�Q�K�T���+�i�H�v �r�`�B�i�i�2�M

t(� ) = a3/2 M (� ) � �u (1 � a); �U�k�X�R�3�V

�r�?�2�`�2M �B�b �i�?�2 �K�2���M ���M�Q�K���H�v �b���i�B�b�7�v�B�M�; �E�2�T�H�2�`�ö�b �2�[�m���i�B�Q�M ���M�/u(�) �i�?�2 �m�M�B�i �b�i�2�T �7�m�M�+�i�B�Q�M�X

�6�m�`�i�?�2�`�- �i�?�2 �E�2�T�H�2�`�B���M �K���T�6 ���/�K�B�i�b ���M �B�M�p�2�`�b�2 �b�Q �i�?���i �#���+�F�r���`�/�b �B�i�2�`���i�B�Q�M �B�b �r�2�H�H�@�/�2�7�B�M�2�/�X
"

! n� 1

K n� 1

#

:=

"
! n + 2� (� 2K n )� 3/2

K n � �f (! n� 1)

#

| {z }
�6� 1 (! n ;K n )

�U�k�X�R�N�V

�A�M �#�Q�i�? �B�M�i�2�`�B�Q�` ���M�/ �2�t�i�2�`�B�Q�` �+���b�2�b�- �i�?�2 �E�2�T�H�2�`�B���M �K���T �B�b �/�2�M�Q�i�2�/�6 �b�B�M�+�2 �B�i �B�b �B�K�T�H�B�2�/ �+�H�2���`�H�v

�r�?�B�+�? �Q�M�2 �B�b �m�b�2�/ �7�Q�` �K�Q�i�B�Q�M �B�M�b�B�/�2 ���M�/ �Q�m�i�b�B�/�2 �Q�7 �i�?�2 �b�2�+�Q�M�/���`�v�X �h�?�B�b �K���T�T�B�M�;�6 �+�Q�`�`�2�b�T�Q�M�/�b

�i�Q �� �k�"�S �i�`���D�2�+�i�Q�`�v �r�B�i�? �Q�`�#�B�i���H �2�H�2�K�2�M�i�b(! n ; an ; en ) �#�2�+�Q�K�B�M�;(! n+1 ; an+1 ; en+1 ) ���7�i�2�` �� �+�H�Q�b�2

���T�T�`�Q���+�? �r�B�i�? �i�?�2 �b�2�+�Q�M�/���`�v �B�M �7�Q�`�r���`�/ �i�B�K�2 �U�b�B�K�B�H���`�H�v�-�6� 1 �B�M �#���+�F�r���`�/�b �i�B�K�2�V�X

�q�B�i�? ���M �B�M�B�i�B���H �k�"�S �i�`���D�2�+�i�Q�`�v �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �2�H�2�K�2�M�i�b(! 0; K 0)�- �i�?�2 �E�2�T�H�2�`�B���M �K���T

�;�2�M�2�`���i�2�b ���i� �̀��D�2�+�i�Q�`�vT �B�M �i�?�2(!; K ) �T�?���b�2 �b�T���+�2 ���b

TN
(! 0 ;K 0 ) := f �6n (! 0; K 0) 2 C j n = 0; : : : ; N �r�B�i�?N 2 Zg: �U�k�X�k�y�V

�>�2�`�2�-�6n �B�M�/�B�+���i�2�b �7�m�M�+�i�B�Q�M �+�Q�K�T�Q�b�B�i�B�Q�M �U�B�X�2�X�- �7�Q�` �b�Q�K�2k > 1�-�6k = �6 � �6k� 1 ���M�/ �b�B�K�B�H���`�H�v

�6� k = �6� 1 � �6� k+1 �V �r�B�i�?�60 �i�?�2 �B�/�2�M�i�B�i�v�X �>�2�M�+�2�-TN
(! 0 ;K 0 ) �B�b �M�2�p�2�` �2�K�T�i�v�X �L�Q�i�2 �i�?���i �i�?�2

�B�M�p�2�`�b�2 �K���T �2�M���#�H�2�b �� �i�`���D�2�+�i�Q�`�v �i�Q �#�2 �ó�+�2�M�i�2�`�2�/�ô �Q�M �i�?�2 �+�Q�Q�`�/�B�M���i�2�b(! 0; K 0)�c �B�i �+���M �#�2

�2�b�i���#�H�B�b�?�2�/ ���bTM;N
(! 0 ;K 0 ) := TM

(! 0 ;K 0 ) [ TN
(! 0 ;K 0 ) �7�Q�` �b�Q�K�2M 6 0 6 N �X �h�?�2 �#�B�@�B�M�7�B�M�B�i�2 �i�`���D�2�+�i�Q�`�v

�+�2�M�i�2�`�2�/ �Q�M �i�?�2 �+�Q�Q�`�/�B�M���i�2�b(! 0; K 0)�- �B�7 �B�i �2�t�B�b�i�b�- �B�b �+���H�H�2�/ ���M�Q�`�#�B�iO �(�R�N�) ���M�/ �B�b �/�2�M�Q�i�2�/

O(! 0 ;K 0 ) := �H�B�K
N !1

T � N;N
(! 0 ;K 0 ) : �U�k�X�k�R�V

�G�2�iT := f TN
(! 0 ;K 0 ) j (! 0; K 0) 2 C; N 2 Zg �#�2 �i�?�2 �b�2�i �Q�7 ���H�H �i�`���D�2�+�i�Q�`�B�2�b ���M�/�- �b�B�K�B�H���`�H�v�-O �i�?�2

�b�2�i �Q�7 ���H�H �Q�`�#�B�i�b�X �h�?�2 �2�H���T�b�2�/ �i�B�K�2 �U�Q�` �i�B�K�2 �Q�7 �7�H�B�;�?�i�V� t : T ! R �Q�p�2�` �� �i�`���D�2�+�i�Q�`�v �B�b

� t = 2�
X

n

a3/2
n : �U�k�X�k�k�V
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�6�B�;�m�`�2 �k�X�d�,�*�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2(!; a ) �T�?���b�2 �b�T���+�2 �#�2�i�r�2�2�M �i�?�2 �E�2�T�H�2�`�B���M �K���T �U�H�2�7�i�V ���M�/ �i�?�2 �i�`�m�2
�/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �U�`�B�;�?�i�V�- �r�?�B�+�? �/�2�T�B�+�i �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �k�"�S�@�H�B�F�2 �i�`���D�2�+�i�Q�`�B�2�b �i�?�`�Q�m�;�? �b�m�+�+�2�b�b�B�p�2
�b�2�+�Q�M�/���`�v �2�M�+�Q�m�M�i�2�`�b�X �h�?�B�b �7�B�;�m�`�2 �B�b ���/���T�i�2�/ �r�B�i�? �T�2�`�K�B�b�b�B�Q�M �7�`�Q�K �_�Q�b�b ���M�/ �a�+�?�2�2�`�2�b �(�R�8�)�X

�G�Q�+���H ���T�T�`�Q�t�B�K���i�B�Q�M ���#�Q�m�i �� �`�2�7�2�`�2�M�+�2 �i�`���D�2�+�i�Q�`�v

�� �M�2�+�2�b�b���`�v ���M�/ �b�m�7�7�B�+�B�2�M�i �+�Q�M�/�B�i�B�Q�M �7�Q�` �i�?�2 �E�2�T�H�2�`�B���M �K���T �i�Q �#�2 �b�v�K�T�H�2�+�i�B�+ �B�b �i�?���i �i�?�2

�F�B�+�F �7�m�M�+�i�B�Q�Mf �#�2 �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �2�M�2�`�;�vK �(�R�8�)�X �h�?�B�b �`�2�[�m�B�`�2�K�2�M�i �B�b �7�m�H�7�B�H�H�2�/ �#�v �+�?�Q�Q�b�B�M�;

�� �T���`�i�B�+�m�H���` �2�M�2�`�;�vK = �K �- �r�?�2�`�2�K �B�b �+�Q�M�b�i���M�i�- �7�m�`�M�B�b�?�B�M�; ��� �̀2�7�2� �̀2�M�+�2 �i� �̀��D�2�+�i�Q�`�v�/�2�b�+�`�B�#�2�/

�#�v ���H�H �T���`���K�2�i�2�`�b �Q�7f �U�B�X�2�X�-a�-e�-Q�- ���M�/� ���H�H �K�m�b�i �#�2 �+�Q�M�b�i���M�i�V�X �h�?�m�b�- �i�?�2 �`�2�7�2�`�2�M�+�2 �Q�`�#�B�i�ö�b

�Q�`�B�2�M�i���i�B�Q�M! �B�b �B�i�b �Q�M�H�v �/�2�;�`�2�2 �Q�7 �7�`�2�2�/�Q�K�X

�L�2���`�#�v �Q�`�#�B�i�b �r�B�i�? �2�M�2�`�;�B�2�b �b�B�K�B�H���` �i�Q�K �2�t�T�2�`�B�2�M�+�2 �b�B�K�B�H���` �/�v�M���K�B�+�b �i�?�`�Q�m�;�? �i�?�2 �E�2�T�@

�H�2�`�B���M �K���T �� �i�?���i �B�b�- �i�?�2 �`�2�7�2�`�2�M�+�2 �i�`���D�2�+�i�Q�`�v �ó�i���M�;�2�M�i�B���H�H�v ���T�T�`�Q�t�B�K���i�2�b�ô �i�?�2 �Q�`�#�B�i�b �b�m�`�@

�`�Q�m�M�/�B�M�; �B�i�X �G�2�if K 1 < K < K 2 < 0 j CJ = �+�Q�M�b�i:g �#�2 �i�?�2 �b�2�i �Q�7 �i�`���D�2�+�i�Q�`�B�2�b �r�B�i�? ��

�7�B�t�2�/ �h�B�b�b�2�`���M�/ �T���`���K�2�i�2�` �U�B�X�2�X �Q�`�#�B�i�b �7�Q�H�H�Q�r�B�M�; �� �b�B�M�;�H�2 �+�Q�M�i�Q�m�` �Q�7 �6�B�;�m�`�2�k�X�8�V �#�2�i�r�2�2�M �i�?�2

�2�M�2�`�;�B�2�bK 1 ���M�/K 2�X �h�?�2�M �Q�M�2 �r���v �i�Q �T�B�+�F �i�?�2 �`�2�7�2�`�2�M�+�2 �2�M�2�`�;�v �K���v �#�2

�K := �K 1 + (1 � � )K 2; �U�k�X�k�j�V

�r�?�2�`�2� 2 [0; 1] �B�b �i�Q �#�2 �+�?�Q�b�2�M �� �� �T�Q�T�m�H���` �+�?�Q�B�+�2 �#�2�B�M�;� = 0:5�X �1�[�m�B�p���H�2�M�i�H�v�- �Q�M�2 �+���M



�l�Y�k�Y �/�Ô���«���¶���¶ �²�-�é�ž�è�Ô�«�� �R�8

���H�b�Q �r�`�B�i�2 �i�?�2 �`�2�7�2�`�2�M�+�2 �2�M�2�`�;�v �B�M �i�2�`�K�b �Q�7 �i�?�2 �b�2�K�B�K���D�Q�` ���t�2�ba1 ���M�/a2�- �`�2�b�T�2�+�i�B�p�2�H�v�-

�a := �a 1 + (1 � � )a2 �U�k�X�k�9�V

�h�?�2 �K�B�t�B�M�; �T���`���K�2�i�2�`�b� ���M�/� �/�B�7�7�2�` �#�v �i�?�2 �`�2�H���i�B�Q�M

1
�

�


�

= 1 � 
; �U�k�X�k�8�V

�r�?�2�`�2
 = K 2/ K 1 = a1/ a2�X �.�2�b�T�B�i�2 �i�?�B�b �b�B�K�T�H�B�7�B�+���i�B�Q�M �b�2�2�K�B�M�;�H�v �H�2���/�B�M�; �i�Q �B�M���+�+�m�`���+�B�2�b�-

�M�m�K�2�`�B�+���H �2�p�B�/�2�M�+�2 �b�?�Q�r�b �i�?���i �� �`�2�7�2�`�2�M�+�2 �i�`���D�2�+�i�Q�`�v �B�b �/�2�b�B�`���#�H�2 ���b �B�i �`�2�b�m�H�i�b �B�M �� �T�?���b�2 �b�T���+�2

�b�i�`�m�+�i�m�`�2 �`�2�b�2�K�#�H�B�M�; �i�?�2 �i�`�m�2 �/�v�M���K�B�+�b �r�?�B�H�2 ���H�b�Q �2�M���#�H�B�M�; �?�B�;�? �+�Q�K�T�m�i���i�B�Q�M���H �2�7�7�B�+�B�2�M�+�v �(�R�8�)�X

�� �i�Q�T�Q�H�Q�;�B�+���H�H�v �2�[�m�B�p���H�2�M�i �F�B�+�F �7�m�M�+�i�B�Q�M

���M ���M���H�v�i�B�+ ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �F�B�+�F �7�m�M�+�i�B�Q�Mf �B�b �`�2���/�B�H�v ���p���B�H���#�H�2 ���M�/ �m�b�2�7�m�H�X �h�?�2

�B�M�i�2�;�`���M�/ �Q�7 �U�k�X�R�d�V �+���M �#�2 �2�p���H�m���i�2�/ ���i� = �u (1 � a)�- �r�?�B�+�? �T�`�Q�/�m�+�2�b �i�?�2 �+�m�`�p�2

~f (! ) := �
�

p
a(1 � e2)

�
Q3

(Q2 � 2� Q �+�Q�b! + 1) 3/2
� 1

�
�b�B�M!

�
1

p
Q2 + 2Q �+�Q�b(! + � ) + 1

+
1

p
Q2 + 2Q �+�Q�b(! � � ) + 1

+
2�b�B�M� �b�B�M!

Q2
�U�k�X�k�e�V

�r�?�2�`�2Q = a(1 + �e ) ���M�/� = �b�;�M(1 � a)�X �>���p�B�M�; �b�B�K�B�H���` �K���;�M�B�i�m�/�2 ���M�/ �Q�i�?�2�` �/�2�b�B�`���#�H�2
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