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(ABSTRACT) 

Inflatable dams are flexible membrane structures, pressurized with either air, water, or both, 

which have been used in recent years as a means of temporarily impounding water. A number of 

procedures have been developed to investigate the static behavior of the dams, but the dynamic 

behavior has been largely neglected. The few studies that have been done on dynamic behavior 

have used the simplifying assumption that the weight of the membrane was negligible. 

In this study, equations of equilibrium and equations of motion were derived for an air-

inflated dam impounding no water, but loaded with its own membrane weight. It was assumed that 

the effect of membrane extensibility is negligible in the analysis. Derivatives required in the 

equations of motion were approximated using finite difference equations. Computer programs were 

written to find solutions for the eigenvalues and eigenvectors of the equations of motion. The 

computer program plotted the mode shapes of vibration associated with the four lowest eigenvalues, 

as well as the static shape of the dam. The eigenvalues obtained were the square of the frequencies 

of the system, so the effects of a series of membrane weights on the frequencies of dams of various 

base lengths could be analyzed. 
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Chapter 1. Introduction 

Methods of temporarily impounding water have become increasingly important in recent 

years. In many areas, it is not uncommon to experience very limited stream flow during the ma-

jority of the year, while for short periods, excessive runoff exists. By capturing some of the flow, 

it is possible to store a portion of the temporary excess to be used in later dry periods. Temporary 

impounding or diversion of floodwaters is also of great importance, since with proper management 

of the situation, it is often possible to save lives, as well as property. Large darns made of concrete 

or earth are used for such purposes in many areas, but the use of such structures is often limited 

by economics and by the large amount of land required to accommodate the stored volume of 

water. Smaller structures such as dikes, levies, and sandbag dams have been used for the same 

purposes, but with varying degrees of effectiveness. All of these structures are basically permanent, 

with the exception of the sandbag, which is also the least efficient method. However, in 19 56, a 

new type of structure capable of impounding water was introduced by N. M. Imbertson 122]. 

The structure consists of an inflated tube, constructed of a rubber coated, high strength 

fabric, which is firmly anchored to a reinforced concrete foundation. Inflation of the tube, often 

called an inflatable dam, is accomplished by using either air, water, or a combination of the two. 

Since the fabric has negligible bending stiffness, it is basically a membrane structure. The shape 
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taken by the structure to reach equilibrium varies according to the loading conditions, and changes 

as the loadings change. The method of inflation also affects the structure's shape. 

Since the inflatable dam was introduced, it has been adapted to function in many capacities. 

Among the most important uses are controlling flood flow conditions, increasing the storage ca-

pacity of existing dams, and storing water for irrigation during dry months. They have also been 

used for recreational purposes, as locks for small boats, and as a means of preventing tidal water 

from contaminating fresh water with salt. 

In general, the inflatable dam has been found to be very durable; however, some problems 

do exist. Several dams have collapsed, and it is believed that vibrations in the structure may have 

contributed in some of the occurrences. The static behavior of inflatable dams has been investigated 

and reported, but the dynamic analysis has been limited to a few investigations which neglected the 

membrane weight. In this thesis, the importance of the weight of the membrane as it affects the 

frequencies and modes of vibration of an air-inflated dam will be investigated. The case considered 

will include no external head, but Shepherd et al. [241 have shown that this is an important part 

of the overall analysis, since the dam will sometimes be tested under such conditions. It is believed 

that the knowledge of the effect of the weight on the mode shapes and on the frequencies of vi-

bration will be of interest to future investigators of inflatable dams who consider the effect of ex-

ternal head on dynamic cases. 
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Chapter 2. Literature Review 

2 .1 Introduction 

The inflatable dam was invented and patented in 1956 by Norman M. Imbertson as a way 

to impound water during periods of low flow, while allowing easy runoff during heavier flow con-

ditions which could cause flooding [22). It is basically used as a holding device for water under 

hydrostatic conditions [ 1 ], for such uses as flood control, increasing storage capacity at existing 

dams, tidal control to prevent salinity in coastal water supplies, and for recreation and wildlife 

management purposes. However, the collapse of the flexible, water-inflated dams at the Mangla 

Dam Project, Pakistan, in 1967 [4J, and of the water-and-air-inflated Belmore Fabridam at the 

Belmore River, Australia, in 1969 [23], proved that new methods of analyzing inflatable dams were 

needed. The hydrodynamic conditions causing the collapse of these structures showed that such 

effects could cause major problems, so a dynamic analysis was needed. 
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2.2 Anwar' s Analysis 

Shortly before the collapse of the inflatable dam at the Mangla Dam Project, H. 0. Anwar, 

the Principal Scientific Officer at the Hydraulics Research Station, Wallingford, Berks, England, 

reported the results of work completed at his installation I l ). He was the first to present techniques 

of hydrostatic analysis for both air and water inflated dams. His work also included the 

hydrodynamic analysis of an air-filled dam experiencing flow over its crest, and experimental work 

was conducted to check the accuracy of the formulated equations. 

Static Analysis 

For both the hydrostatic and the hydrodynamic analyses, Anwar assumed that the weight 

of the material was negligible and that the membrane was inextensible. Then, for the static case, 

it was assumed that the internal pressure on the dam was proportional to the total upstream depth, 

Pi= apgH 

where a is the proportionality factor, pg is the specific weight of the water, and the other terms are 

as illustrated in Figure 1 on page 5. For the air-inflated dam, Anwar had shown that the down-

stream face would be a semicircular arc, so he used this property to find the horizontal force, T, 

acting on the dam, per unit width: 

T = .l.apgH2 
2 

Equations for the horizontal and the vertical component of the force at an arbitrary point, P, were 

found to be: 
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Figure I. Anwar's Diagram for an Air-Inflated Dam under Static Loading 111 
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and 

VP = pg.fJlx)d.x - apgHx 

where .fix) is an analytical function describing the shape of the dam. The two components of the 

force at a point can be related using the trigonometric function, tangent, such that 

tan e = y' = VP = - 2(1\x)dx - 2aHx 
HP aHi + y2 - 2aHy 

This function can be differentiated with respect to x, and y =.fix) can be used as the shape func-

tion, so the equation reduces to 

(y2 - 2aHy + aH2)y" + 2(y - alf)(y')2 + 2(y - alf)y = 0 

with the boundary conditions y(O) = y'(O) = 0, since Anwar used the top of the dam as the origin 

of his coordinate system. After nondimensionalizing by using the upstream head level, H, and ap-

plying the boundary conditions, the resulting equation for the position of the x - coordinate of 

any point is: 

~ = J2a { 2£(J; )- i(J; )- £[arc cos(~ - l),J; J 

+ ;1 arc cos(~ - l).J; J} [2 - I] 

where ~ and 11 are nondimensional values of the x and y coordinates of a point, and E and F are 

elliptic integrals of the second and first kind, respectively. The circumflex marks represent complete 

integrals. Anwar stated that Eq. [2-1 J had been evaluated with different proportionality factors, and 

it was discovered that the lowest value for which a solution was possible was a = 1/2. He presented 

results for a = I /2 and a = 1, along with experimentally measured values, for the upstream side 
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of the dam, as is shown in Figure 2 on page 7. The base length varied according to the value used 

as the proportionality constant. 

Hydrodynamic Analysis 

Anwar simplified the analysis by assuming flow over the crest to act as if flowing over a 

fully aerated nappe, thus allowing the downstream side of the dam to be fully exposed to atmo-

spheric pressure. He assumed the internal pressure to be proportional to the total upstream depth, 

(h + H), yielding: 

Pi = a.pg(h + H) 

The terms used in the analysis are illustrated for the dynamic case in Figure 3 on page 9. Using a 

procedure similar to that used for the static analysis, the horizontal force, T, acting at the crest of 

the darn, for a unit width, is 

T = 1-apg(h + H)H 
2 

The horizontal component of the force, HP, acting at any point P, can be shown to be 

HP = fapg(h + H)H + pg( Xy - s:cp(X)dX - xy + J;flx)dx] - a.pg(h + H)y 

The vertical component of the force is given by 

VP= pg[J;g(x)dx + s;flx)dx] - a.pg(h + H)x 

The tangent of the angle of the components can be found as with the static analysis, and after the 

equation is differentiated with respect to x, it becomes: 
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[ ~ (h + H)H + Xy - s:qi(X)dX- xy + J~ydx - a(h + H)y f" 
+ [ X'y + Xy' - fx s: q>(X)dX - xy' - a(h + H)y' }' 

= - [g(x) + y - a(h + H)] 

[2 - 2] 

in which y(x) describes the dam, and g(x) and q>(X) are unknown functions describing the pressure 

and horizontal force distribution, respectively. Since Eq. [2-2] contains two unknown functions, 

Anwar proposed the use of an approximate method to obtain a solution. A power series in x using 

only the first term was tried and found to yield unacceptable results, so Anwar retained the first two 

terms of each approximation, and used the boundary conditions 

y'(O) = O 

g'(O) = 0 

qi'(O) = 0 

y(a) = H 

g(a) = h 

q>(a + h + H) = H 

to determine the six coefficients required. Substituting the power series approximations into Eq. 

[2-2], and making the resulting equation dimensionless, yields: 

[ X'~ l X'11 + X11' - - ~11' - a(cr + 1)11' 11' 
(1 + () + p)2 

+ [..!!...(cr + 1) + x,, - X3 - ~,, + 1-(1-)2~3 - a(cr + 1)11]11" 
2 3( 1 + () + p)2 3 p 

[2 - 3] 

+ [ 2y~ - ~ ~2 + 11 - a(cr + 1) J = 0 
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where cr = h/H, ~ = a/H, y = h/a, ~ = x/H, l1 = y/H, and X = ~ + 2y~ - ( ~ )~2 + 11· Primes 

denote derivatives with respect to ~. 
-

Anwar used a computer to solve the equation numerically, then compared the results to 

those obtained experimentally. He concluded that overall agreement between the two sets of results 

was satisfactory. A three-term power series approximation was tested and shown to give results 

slightly different from those obtained in the two-term approximation, but the difference was small 

enough that Anwar concluded that a parabolic (two-term) approximation gave reasonable results. 

Although Anwar's analysis allows one to obtain the shape of the structure under dynamic 

flow conditions, it does nothing to account for changes in the shape of the structure due to oscil-

lations. He noted the presence of skin vibrations in the air-inflated dam when the nondimensional 

overflow coefficient, cr, was greater than 0.25. A lower internal pressure, (a = 1/2), produced 

greater vibrations than did a higher pressure, (a = 1), so higher inflation pressures seem to add to 

stability. In addition, Anwar stated that observations indicated that a flexible dam was not suitable 

for high overflows, due to the fact that the dam is more prone to vibrations at such flows. 

2.2 Binnie's Analysis 

Using the problems experienced in laboratory experiments on air-inflated dams reported 

by Anwar, and the actual collapse conditions of the water-and-air-inflated weir at Mangla (4J, A. 

M. Binnie (3) decided to completely ignore the air-inflated dam, and to concentrate on the water-

inflated dam with impounded head reaching the top of the dam. Since Anwar had ignored the ef-

fects of the base length and the perimeter, allowing them to be variables dependent on the internal 

pressure, Binnie derived relationships between these factors, the internal pressure, and the height 

of the dam. The derivation presented by Binnie differs from that of Anwar, but their conclusions 

on the shape of the water-inflated dam are the same. Although his analysis in the form presented 
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is not applicable to the study of air inflated dams, it did point out that problems existed in Anwar's 

method of analysis, and that more work was needed on the subject. 

2.3 Parbery' s Work 

R. D. Parbery's first published work on inflatable dams presented the derivation of the 

differential equations of equilibrium for the membrane structure [20]. Since Parbery was interested 

in the most general case possible, he stated that the shape of the dam was a function of the water 

levels on each side (upstream and downstream) of the dam, as well as the internal water depth and 

air pressure. Then, in order to further generalize the derivation, he assumed the membrane to have 

a constant weight, w, per unit area, and that it obeyed an elastic relationship of the form 

i:: = g(cr). His derivation of the static equation is almost identical to that which will be presented 

in Chapter 3, although he also included the effects of the stretching of the membrane. He related 

the stretched element length, dsx, to the unstretched element length, dS, by the equation 

dSx __ 
dS 1 + g(cr) = f{cr) 

where cr = T/ t, Tis the tension per unit width, and t is the thickness of the membrane. Although 

the terminology is slightly different, his three basic static equations are the same as those which will 

be presented in Chapter 3, except that he also includes the term fas a multiplier of each equation 

to account for possible stretching of the membrane. In addition, the initial boundary conditions 

presented by Parbery are the same as those to be used in Chapter 3, so they will not be shown here. 

With S as the independent variable, there were two unknowns, qi and T0, at each point on the 

membrane, in addition to the location variables, x and y. Since the equations presented were 

nonlinear, Parbery suggested the use of an iterative solution technique for the system, utilizing a 

fourth order Runge-Kutta method, with initial estimates of qi and T0 , which were then refined using 
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the Newton-Raphson method. The values would continue to be refined, and new iterations made 

until the boundary conditions were met. Problems arise in the analysis of nearly full dams due to 
-

the fact that two solutions may be obtained for certain values of upstream water head, and because 

the membrane may lay flat at the downstream anchor point. Parbery suggested that a particular 

upstream initial angle be fixed, and that the tension and upstream head be chosen to fill the 

boundary conditions by using the Newton-Raphson method. For the condition of a horizontal 

strip of the membrane at the downstream point, the boundary conditions were modified according 

to the flat length of the membrane. The relationship between the upstream head, H, and the initial 

tension in the membrane, T0, was then found by taking forces in the horizontal direction, and im-

posing the equilibrium condition for the static shape. Parbery's equation for the relationship as-

sumes a nearly full dam with the downstream slope laid flat for some distance. Figure 4 on page 

14 is used, considering pressure prisms acting on the upstream and downstream sides of the dam, 

with the internal pressure dropping out. The horizontal tension component of the upstream side 

is T0 cos <p(O), while at the downstream side, the resulting horizontal tension force is T0 cos <p(L), 

yielding: 

+yH2 - ; yD2 - T0 [ cos <p(O) + cos <p(L)] = 0 

Assuming the membrane is laid flat for some distance on the downstream side, the angle 

<p(L) = 0, so the relationship reduces to that shown by Parbery, 

from which the depth of the upstream head may be found to be: 

H = { ~ T0[1 + cos<p(O)] + D2 } 112 

Parbery compared the finite element analysis of static behavior developed by Harrison [9] 

to his own continuous method, and found that the finite element method was a second-order ap-
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proximation of the equations of equilibrium. Using the data from examples in Harrison's work, 

Parbery used his own method to show that the results of the two methods were very similar for the 

case of the water-inflated dam, although a considerable difference was obtained between the meth-

ods for the case of a water-and-air-filled dam. Parbery concluded that for those cases giving two 

solutions to the problem, the physically unstable case would 'collapse', with the overflow discharge 

causing the upstream head to drop to the level of the stable solution. Finally, Parbery stated that 

higher inflation pressures caused the dam to be stiffer, making multiple solutions less likely. 

Parbery's second paper examined the static form of the air-inflated dam [21). Using the 

equations of equilibrium derived in his previous paper, along with the matching initial boundary 

conditions, he assumed that an air-inflated dam would not lie flat on its downstream side. With 

these tools, he proceeded to analyze the effects of inflation pressure, impounded head, and perimeter 

length, along with the membrane weight and elasticity. Increased pressure made the dam stiffer, 

and allowed an increase in maximum impounded head, but this also increased the membrane ten-

sion. Longer perimeters experienced less deformation for a given pressure and upstream head, but 

this also resulted in an increase in the tension in the membrane. For long perimeter lengths, when 

the internal pressure and impounded head were constant, the problem of dual solutions for the 

equations was evident, but by shortening the perimeter length, this problem was eliminated. 

Parbery stated that membrane weight causes some change in the shape of the dam, and can 

cause a change in the stretched length due to the fact that the tension at a point is 

T = T0 + wy 

where w is the weight of the membrane. When he compared the profiles for several membranes 

weighing between 0 and 4.5 lb/sq ft, he decided that the effect of weight on the profile was negligi-

ble, due to the fact that displacements due to weight were very small compared to the overall di-

mensions of the dam. Parbery's displacements due to weight for the static shape are plotted in 

Figure 5 on page 16, for weights from 1.5 lb/sq ft to 4.5 lb/sq ft. The curves shown illustrate the 

displacements for various weights from the shape obtained for the weightless condition. The dis-

placement due to extensibility was also checked, and found to be two orders of magnitude less than 
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that due to membrane weight, so Parbery neglected these effects in his subsequent solution. The 

effect of neglecting these variables makes the tension constant around the perimeter, along with 

eliminating the strain in the membrane. 

After dropping the membrane weight and the extensibility term from his equations of 

equilibrium, Parbery proceeded to make the equations nondimensional, using the base length as the 

generalized length term, rather than the head, so various solutions could be compared. Using el-

liptic integrals of the first and second kind, he derived a set of equations which define the static 

shape of the dam for given values of the initial angle, <p(O), and the initial tension. He again sug-

gested the Newton-Raphson method as a possible way of obtaining the initial values. Parbery 

stated that the use of the elliptical integrals gives a significant savings in computation time when 

compared to the numerical integration of the differential equations of equilibrium. In conclusion, 

he noted that the air-inflated dam could achieve a stable configuration when the air pressure was 

less than the upstream head. 

It should be noted that Parbery's work dealt only with the static condition, and that the 

effect of the assumption of the weightlessness of the membrane on the dynamic action of the dam 

was unknown. His work did prove that membrane weight and elasticity made little difference in 

the static analysis, therefore showing that Anwar's initial assumptions had been justified. 

2.4 Watson's Work 

R. Watson derived new sets of equations defming the shapes of dams under several 

hydrostatic inflation conditions [27]. Although never stated, he assumed the membrane to be 

weightless and inextensible. For dams inflated with air, he used his equations to show that there 

are four stages of inflation, and also to develop diagrams relating various properties of the darns. 

Since they deal only with static behavior, his equations are of little interest in this analysis, except 
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to note that elliptic integrals were again involved in the solution, and that the results verified the 

static shapes obtained by Anwar and Binnie for the special cases presented in their works. 

2.5 Other Contributions 

A number of other researchers have investigated vanous aspects of the behavior of 

inflatable dams. Baker et al. 121 reported the results of experimental work conducted on flexible 

dam models based on the design of the inflatable weir at the Mangla Dam, Pakistan. The investi-

gators reported the presence of vibrations and large fluctuations in the tension when the depth of 

flow over the dam was large. They proposed several methods of reducing or eliminating the vi-

brations, including the attachment of a flexible "trip wire" or rod near the crest of the dam to cause 

the flow to separate from the downstream face of the dan1, allowing the dam to "ventilate" itself. 

Anwar's Ill later experiments also showed that the trip rod could cause a considerable reduction in 

the vibration, but only if the dam was well ventilated and if the depth of flow over the dam was 

not extremely large. Harrison 191 reported that Stodulka and Marr achieved similar results on the 

effectiveness of the trip rod in model tests at Sydney University in 1970. Binnie's study of the 

collapse of the Mangla weir proposed that the downstream tailwater pressure and the oscillation 

of the bags could have caused resonance in the system, which would have contributed to the in-

stability of the structure. The Mangla dams were not equipped with trip rods, although the depth 

of flow over the structures at the times of collapse would have probably limited their usefulness for 

their design purpose. 

H. B. Harrison also introduced a finite element method for the solution of the static 

properties of inflatable dams. His analysis included the effect of weight, and allowed the upstream 

head to vary, but not to exceed the height of the dam. Either water or water-and-air could be used 

as the means of inflation for the dam. For the water-and-air inflated case, it was required that the 

internal water level equal the downstream head. Therefore, for the special case where the down-
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stream head was zero, the water-and-air case would reduce to the air-inflated case. Since the 

method involved the solution of 3N-2 simultaneous equations, where N is the number of elements 

defining the dam perimeter, Harrison wrote a computer program which he used to obtain results 

for various test cases. His results predicted that dams inflated with air would become stable at a 

much lower pressure than those inflated with water, and that the resulting tension would also be 

much smaller. However, he stated that the risk of explosive failure in air inflated dams was much 

larger than that in dams inflated with water only, and he concluded by saying that in design, the 

factor of safety for air-inflated dams would need to be much larger than that for water-inflated dams. 

The discussion by van Beesten [4) of Binnie's study of the Mangla collapse reported the 

presence of deep "V" notches near the ends of models of the Mangla weir, which were tested at the 

Nandipur field laboratory of the Irrigation Research Institute. The unsteady flow through the "V" 

notches caused variations in the pressure in the bags, and created vibrations caused by the surging 

action of the free water surface in water-and-air-inflated dam models. The presence of "V" notches 

in air-inflated dams has been noted by Marshall [18), and by the manufacturer's literature [22). 

Researchers investigating the behavior of inflatable membrane structures have contributed 

to the knowledge of the mechanics of inflatable dams. Irvine [ 15) stated that the dam is assumed 

to be long, so that the generators of the perimeter are straight. This is a general assumption used 

. in many of the theories of long membrane structures [ 16, 19,25). It allows a three-dimensional 

problem to be modeled in two-dimensions, since it eliminates complications caused by the end 

conditions. However, van Beesten observed that significant longitudinal surging had occurred in 

models tested at Nandipur, which suggests that a two dimensional analysis of dynamic behavior 

may be inadequate for water-and-air-inflated dams. Binnie et al. [4) concluded that if the dam were 

compartmentalized, the individual sections might reduce longitudinal movements of water in such 

structures. 

A significant amount of research into the static and dynamic behaviors of air-supported 

cylindrical membranes has been done by Firt [7], who effectively eliminated the effects of weight 

by assuming static loads in the direction radial to the deformed membrane, and by replacing static 

loads on circular arcs with a constant mean value. This was because Firt considered the internal 
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air pressure to be so much larger than the membrane weight, that the weight was relatively insig-

nificant. 

Filially, it should be noted that a number of other researchers studying membrane struc-

tures, and inflatable dams in particular, have concluded that the membrane may be assumed to be 

both weightless and inextensible [l,ll,15,16,17,19,25,26J. It has also been shown that Parbery's 

analysis included both parameters in the derivation of the equations of equilibrium for the air-

inflated dam, but that both were found to have negligible effect on the static behavior of the 

structure, and were eliminated. Although there is general agreement among most researchers about 

the effect of weight on static behavior, the manner in which membrane weight affects the dynamic 

behavior of the flexible dam inflated by air pressure apparently was not studied until now. 
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Chapter 3. The Static Analysis 

3.1 Introduction 

It has been shown that a number of researchers have previously investigated the static be-

havior of inflatable dams under a variety of inflation conditions and external loadings. Often, in 

order to simplify the analysis, it is assumed that the membrane material is weightless and 

inextensible (l,15,21). For the case considered, there are no external loadings applied to the air-

inflated membrane. The internal pressure and the self-weight of the membrane are the only forces 

applied to the structure. A set of differential equations will be derived for the static conditions of 

the dam, and a differential equation solver will be used to determine solutions of the equations. 
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3.2 Derivation of tlze Static Equations 

In order to obtain the static equations, a cross-sectional shape of the air-inflated membrane, 

loaded only with its own weight, is examined as shown in Figure 6 on page 23. The section taken 

is assumed to be in the central portion of a long dam, so that the end effects will not contribute 

significantly to the static analysis (7, I SJ. An element of the section can be taken as a free body di-

agram, showing all forces, dimensions, and angles of importance, as in Figure 7 on page 24. The 

variables illustrated are the differential element length, dS ; the tension at the beginning of the ele-

ment, T1 ; the rate of change in tension along the element, dT1/dS ; the weight of the membrane 

material per unit area of the dam, P; the internal guage air pressure, q; the initial angle of the 

membrane element, \ilo ; and the change in the angle through the element, d\j/0 • The x - y coor-

dinate system is defined by the horizontal x-axis and the vertical y-axis. It is important to note that 

the equation for the tension at the end of the element is a Taylor series with only the linear terms 

retained. Higher order terms could be included, but this is not necessary, since they would drop 

out when the element length is allowed to approach zero. 

Equations of equilibrium are used to obtain the first two static equations of the structure. 

First, forces are summed in the normal direction with respect to the curvature of the element. The 

resulting equation is set equal to zero, giving: 

[3 - 1] 

Next, it is specified that dS and d\j/0 must be small, as would be appropriate for a differential ele-

ment; therefore, sin d\j/0 is approximately equal to d\j/0• After dividing by dS, and letting dS ap-

proach zero, Eq. (3-lJ can be rearranged to obtain: 

d\ilo ---dS 
[3 - 2] 
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Figure 7. Free Body Diagram of an Element of the Cross-Section 
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Forces are then summed in the tangential direction of the arc: 

[3 - 3] 

As before, dw0 is considered to be small, so cos dw0 is approximately one. By making this ap-

proximation, and allowing dS to approach zero, the following equation results after combining 

terms: 

dT1 • -- = Psm 'Vo dS 
[3 - 4] 

For a very small arc length, the element dS is approximately a straight line, so dS, dx0 , 

and dy0 form a right triangle with a base angle of 'Vo . The definitions of sine and cosine give the 

following approximations: 

dyo . 
-- = Stn 'Vo dS 

dx0 -- =cos 'Vo dS 

[3 - 5] 

[3 - 6] 

Substituting Eq. [3-5] into Eq. [3-4], reducing, and rearranging, it can be seen that a simple differ-

ential equation results, if T1 is now treated as a function of y0: 

[3 - 7] 

Integrating this equation yields: 

[3 - 8] 

To evaluate the constant, C, the boundary conditions must be satisfied. At the base, where · 

Yo = 0, the initial tension in the element is T1 = T0 , so by setting Yo = 0 in Eq. [3-8], it is found 

that C = T0• Equation [3-8] then becomes: 
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[3 - 9] 

It is now possible to substitute Eq. [3-9] into Eq. (3-2], yielding: 

d\Jfo = - q + P cos \Jfo 
dS Py0 + T0 

[3 - 10] 

On examining equations [3-5], [3-6], and [3-lOJ, it can be seen that there are three differential 

equations in S with the unknowns x0, y0 , and \Jfo· The set is a solvable system of equations. 

The set can be simplified by making all terms in each equation nondimensional. The terms 

x0, Yo , and S have units of length, P and q have units of force per length, and the tension is in terms 

of force. The angle \Jfo is in units of radians, which is a nondimensional term. A generalized length 

term, t, is introduced to be used in the nondimensionalizing process. By arranging the terms ap-

propriately to eliminate all units, one can define: 

_:Q_ = x t 

BL =y t 

~= s 
t 

.E._ = p q 

To -
-=To qt 

[a] 

[b] 

[c] 

[d] 

[e] 

where x, y, s, p, and fa are nondimensional terms to be used in equations [3-5], (3-6], and (3-10]. 

This yields the nondimensional equations: 

dy . - = Slil 'VO ds 
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dx = cos 'Vo 
ds 

d'Vo = 
ds 

1 + p cos 'l'o 

PY+ To 

Similarly, it can be shown that Eq. 13-91 can be nondimensionalized to become: 

where Ti is the ntmdimensional value of the tension in the membrane at any point, y. 

3.3 Solution of the Static Equations 

[3 - 12] 

[3 - 13] 

[3 - 14] 

The three nondimensional equations of the static shape of the dam contain three unknowns 

that are dependent on the location on the dam cross-section. The unknowns, x, y , and 'l'o• can 

be obtained by using a differential equation solver in conjunction with the known boundary con-

ditions, if constant values of membrane weight, p, and initial tension, fa, are used. From the shape 

of the dam and the assigned origin of the coordinate system, it is seen that the values of both x and 

y are zero at the initial point on the cross-section. This gives two boundary conditions, but a third 

is required if the system is to be solved, since there are three unknowns. At the end of the cross-

section, the value of y must be zero, but there are many values of x at which this might occur. 

Therefore, it is required that y at the end of the cross-section equal zero at an assigned base length, 

B, from the initial starting point. The value, B, is transformed into a nondimensional value, b, by 

using the generalized length term, i: 

JL = b 
i 
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The finite difference method is used to solve the set of equations, [ 3.11) - (3.13). A number 

of equally spaced points is chosen for consideration, and the derivatives are approximated at those 

points. Using these approximations, a differential equation solver can compute the values of the 

unknowns at each node. 

To obtain the shape of the dam from the static equations, it is necessary to solve the si-

multaneous differential equations at each node, using the boundary conditions already discussed. 

Therefore, a standard, pre-programmed computer package for the solution of simultaneous differ-

ential equations can be used. The International Mathematics Subroutine Library [ 13), available 

through Virginia Tech's IBM 3084 processor complex on the VMl mainframe system, contains 

several differential equation solvers, including DVERK, a routine which uses the Runge-Kutta-

Verner fifth and sixth order solution method. However, the use of DVERK as the routine for 

solving the system of differential equations presents a problem. DVERK requires the use of initial 

boundary conditions, whereas in this case, only two of the three known boundary conditions occur 

at the initial point. A third initial boundary condition must be found which will satisfy the condi-

tions at the end of the membrane. Since the unknowns x and y have already been assigned as 

boundary conditions for the initial point on the cross-section, only 'l'o remains as a possible choice 

for the last initial condition. Fortunately, a computer algorithm called ZERO IN is available to help 

choose the correct starting angle. A possible range of angles is entered, and ZEROIN uses a 

bisection algorithm and an interpolation algorithm to compute the proper initial angle [8). A 

computer program developed by Hsieh [12) incorporated the ZEROIN algorithm and DVERK 

together to solve a problem related to the one being discussed. The program was rewritten to suit 

the current problem, so it could be used to obtain the static shape of the dam. The modified pro-

gram, SHAPE, written in the FORTRAN 77 computer language, is presented in Appendix B. 

Maximum and minimum possible values of the initial angle are included in the program, 

along with the number of nodes used. The program computes the element size and reads the 

nondimensional value of initial tension and membrane weight. The boundary conditions at the first 

node are given as x = 0 'y = 0' and 'l'o = e, where e is the value of the initial angle for the present 

iteration. In order to fulfill the known boundary condition, (y = 0 at the end of the cross-section 
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at the assigned base length, b), the distance from the actual end point to the required end point is 

computed for each iteration. The ZEROIN subroutine converges to the initial angle that gives the 

smallest possible error distance, and uses this as the last boundary condition for the solution of the 

static shape. 

For the actual shape for a given case to be obtained, the error distance must be zero. 

Changing the range of 'l'o's requires the program to use either more or fewer iterations to converge 

to the correct value of the initial lj/0, but does nothing to change the error distance. Since a partic-

ular membrane weight is a constant value, only the tension can effectively be changed to cause a 

difference in the error distance. The tension can be varied in successive runs of the program in order 

to fmd the value which gives an error distance of approximately zero. The zero error distance will 

only be found when the correct initial tension and initial angle are used. 

Finally, it should be noted that the SHAPE program also includes a graphics subroutine 

which plots the shape of the dam for a given case. This allows the user to make a visual comparison 

of various cases, and demonstrates the weight's impact on the shape of the dam. The program also 

smoothes the values at each point, producing a symmetrically shaped cross-section, since there are 

no nonsymmetrical loads on the structure. It then prints the nodal values to an output file so that 

the data for a given static shape can be used as the initial conditions of the dam in the dynamic 

analysis. 
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Chapter 4. Analysis of the Dynamic Behavior 

4.1 Introduction 

In Chapter 3, equations were derived which define the equilibrium shape of the air-inflated 

dam for the case of self-weight loading. The boundary conditions, which allow the set of equations 

to be solved, were given, and the SHAPE program, including the DVERK and ZERO IN routines, 

were developed in order to solve the equations. For a particular case, the shape obtained from this 

procedure is the starting point from which an analysis of dynamic behavior may be attempted. 

Due to the length of the procedure, the complete derivations of the equations used in the analysis 

of the dynamic behavior are presented in Appendix A. Here, the method of obtaining a solution 

for the equations of motion will be discussed, as well as the results found for a series of sample 

problems. 
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4.2 The Dynamic Equations 

The nondimensional equation of motion for the air-inflated dam loaded with its 

membrane-weight is derived in Appendix A as: 

o = v[ - pAB sin 'Vo - 2pA3 cos 'Vo - "Acf1 + B2f1 J 
+ V'[ sin 'Vo( - 5pA- 2 B2 + 2pA- 1 C - 2pA2) + 2pB cos 'Vo 

+ 8A- 31Pf1 - 1:4- 2ffcf1 + ;r- 1l5f1 - :48f1J 
+ V"[5pA- 1B sin'Vo - 2pA COS\jlo - 8A- 2B2f1 + 3A- 1Cf1 - A2f1J 
+ V"'[ - 2p sin 'Vo + 4A- 1 Bf1] 

+ V""[ - f 1 J 
- ffi2 V'[ - 2:4- 1 ffJ 
- ffi2V"[1] 
-i- -;-2 - ro V[ - A ] 

[4 - I] 

where V and V' - V"" are the amplitudes of the mode shape and its derivatives with respect to 

S in the tangential direction of the cross-section; S is the arc length; p is the value of the membrane 

weight; fi is the tension at the point of interest; ~ is the frequency; and A - l5 are the first through 

fourth order derivatives of 'Vo with respect to S. All of these values are nondimensional. 

Derivatives of 'Vo and V with respect to S are needed in the equation, so finite difference 

equations are used to approximate them. Although central difference equations can be used over 

most of the perimeter, near the ends lack of data requires one to use forward and backward differ-

ences for some derivatives, as discussed in Appendix A. 

Since the finite difference equations for the derivatives of 'Vo contain only the previously 

computed values of 'Vo and the distance between the nodes on the cross-section, the approximations 

of these derivatives can be computed independently of the equation of motion. This is done uti-

lizing the computer program ALPHA, presented as Appendix C. However, the equations for the 

derivatives of V must be substituted into the equation of motion since the values of V are un-
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known. Therefore, upon substitution, node-specific equations are obtained. The general equation 

for any node i, before substitution, is: 

where 

-- "7'.3 --- n'2 -Rl = - pAB sin'Vo - 2pA cos'Vo - ACT1 + B T1 

R2 = sin 'Vo( - SpA- 2 IP + 2pA- 1 C - 2pA2) + 2pB cos 'Vo 

+ 8A- 31Pf1 - 7"A- 2scf1 + A- 1l5f1 - "Asf1 

- 1--R4 = - 2p sin 'Vo + 4A - BT1 

R7 = l 

R8 = - ;fl 

After substitution, for most interior nodes, the resulting equation of motion for a particular node i 

is: 
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[4 - 2] 

--i( R6· R7-) - co - 2h1 + h21 Vt- I 

- (t) - -- + R8- V· 4( 2R71 ) 
h2 I l 

- CO --' + --' Vt+ I L(R6- R7·) 
2h h2 

Different equations are obtained at the two exterior nodes at each end of the cross-section, as shown 

in Appendix A. The equations contain the unknowns V; at each node except the first and the last, 

where the values of v1 and vN are zero since these points are fixed, and ro2• By placing the equations 

in matrix form, one obtains: 

This is an eigenvalue problem, where 

IA - I.Bl = 0 [4 - 3] 

is the characteristic equation of the system, and A., the eigenvalue, is equal to ro2• 

In order to solve Eq. [4-3J, the DYNAMIC program uses the EISPACK subroutine library 

[6). The subroutine RGG (Real General Generalized matrix) solves the characteristic equation for 

the eigenvalues of the system. It also computes the associated normalized eigenvectors, which 

correspond to the values of v; at the nodes. Since the eigenvalues are obtained in no particular or-
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der, the IMSL subroutine VSRTRD [ 14] is used to sort the eigenvalues from the smallest to the 

largest. The eigenvectors are placed in the same order as their corresponding eigenvalues. 

Since the eigenvectors are normalized, the largest displacement assigned will be ± 1. For 

this analysis, S', the length of the perimeter of the cross-section, is chosen as the length by which 

terms are made nondimensional, since its value is larger than any other term involving length in the 

analysis. Then, one finds that S' = 1, so a displacement of ± 1 is obviously too large. The dis-

placements must be scaled down by some factor to be realistic. Ideally, a scale factor can be found 

that will preserve the length of the perimeter as 1, but actual displacements are not required, so any 

scale factor that gives a reasonable displacement when plotted will do. After some experimentation, 

scale factors of 1/20 and 1/50 were chosen for the first and second pairs of mode shapes, rcspec-

tively. 

The entries in the eigenvector correspond to the movement of the nodes in the tangential 

direction of the cross-section, but the movements of the nodes in the normal direction are still un-

known. In the derivation of the equations of motion, one finds that 

_ ( dlJfo )- I av _ A - I W - -- -- - V5 ds as 

Since the values of A and v are known at each point, it is possible to again use finite differences to 

find the value of v5 in the computation of w. At the interior nodes, the value of w is: 

At nodes 2 and N-1, the values of ware 
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The nondimensional values of A, which have already been computed by the ALPHA program, can 

be used, and since both v and hare nondimensional terms, the resulting equations are nondimen-

sional. 

Before any plotting can occur, the displacements at each node in the v and w directions 

must be converted to displacements in the x and y directions. The displacements are from the static 

position, computed in the ST A TIC program. By examining Figure 17 in Appendix A, one can 

see that the coordinates of a node in the dynamic case, xd and yd, are: 

Once the scaled displacements in the x and y directions are obtained, it is easy to plot the 

mode shape. The plotting program is the final part of the DYNAMIC program, which is presented 

in Appendix D. 

4.3 Defining the Study Cases 

The effect of the membrane-weight on the dynamic behavior of the dam can now be 

studied. In order to do so, a series of study cases with a constant base length to perimeter ratio and 

with various membrane weights will be examined. Then, other base-perimeter ratios will be ex-

amined for the same membrane-weight cases. The results of the various cases will be examined to 

determine if the weight of the membrane has a significant impact on the structure's behavior during 

vibration by comparing the study cases to the dynamic behavior exhibited in the weightless condi-

tion. 

The equations of motion are nondimensional, so the value of any term is not a physical 

quantity. However, it is desirable that the nondimensional terms be fairly realistic. For example, 
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if one were to use a value of BJS' greater than one, there would be a problem. Terms involving 

length were made nondimensional by dividing by the perimeter length, so the largest value possible 

is S' = 1 . -If BIS' is equal to S', the membrane lies flat over its entire surface, and if B/S' is greater 

than S ', in addition to lying flat, it cannot even be connected to one of the end supports. Another 

example might be P/q = l, which might correspond to P = q = 4 lbs/sq in. An internal pressure 

of 4 lb/sq in. is very reasonable, but an equivalent membrane weight would equal 576 pounds per 

square foot. Considering that a membrane might be a quarter of an inch thick, this proposed ma-

terial would weigh 27,648 pounds per cubic foot! This is approximately 39 times the weight of an 

equivalent amount of lead. Therefore, it is obvious that care must be taken in choosing the values 

used in the analysis if the results arc to have any meaning. 

In order to choose typical values that might be used in the analysis, examples given by 

Harrison [9], Parbery [20,21], and Watson [27J were examined. The range of values given for the 

base to perimeter ratio was from a low of 0.12 to a high of 0.50. It was decided to examine three 

cases in this range, for ratios of 1/2.5, 1/3, and 1/4. 

A wide range of weight to internal pressure ratios was desired, in order to be able to de-

termine the effects of increasing levels of weight on the membrane. The weightless case was also 

chosen so that the computed values for the cases involving weight could be compared to the 

weightless condition. The values chosen were: 0.0, 0.00 l, 0.005, 0.0 l 0, 0.020, 0.030, and 0.040. 

For an internal pressure of 4 psi, the largest value corresponds to a material weighing about 23 

pounds per square foot. This value is much larger than what might be considered reasonable, but 

it was retained in order to obtain results for a wider range of values, to help determine the effects 

of continuing to increase the weight. Higher values of 0.05 and 0.10 were tested, but were found 

to give unreasonable results for the number of nodes considered. 

The number of nodes chosen for the analysis also contributes to the accuracy of the sol-

ution obtained. Initially, twenty-one nodes were used, but this number was found to give poor 

results when the shapes were plotted. In addition, for the weightless dam, it was found that the 

shape of the static case was a portion of a circle. The first derivative of the initial angle 'Vo should 

be the curvature of the shape. For a circle, the curvature is constant, so higher order derivatives 
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of 'Vo should be zero. When twenty-one nodes were used, the higher order derivatives computed 

by the ALPHA program were small, but were not considered to be close enough to zero. There-

fore, the number of nodes was increased to forty-one. The resulting plots were much clearer, and 

the derivatives for the weightless case were very close to zero, so this number of nodes was used. 

The results of the weightless case were compared to those of Hsieh [ 121, and found to be identical 

for the same number of nodes. 

The choice of forty-one nodes on the cross-section gives thirty-nine points capable of being 

displaced, since the node at each end must be anchored. This yields thirty-nine simultaneous 

equations in the problem, with thirty-nine eigenvalues to be computed. For each eigenvalue, there 

is a corresponding eigenvector, which contains the nodal displacements in the tangential direction 

to the membrane. Thirty-nine modes of vibration could be computed and plotted if desired. 

However, the mode shapes associated with larger eigenvalues require more energy to be achieved 

than do those shapes associated with smaller eigenvalues. Since structures will take their dynamic 

shape according to the amount of energy in the system, shapes associated with smaller eigenvalues 

will generally occur. If the amount of energy involved in the vibration increases, mode shapes as-

sociated with larger eigenvalues might be achieved. With this knowledge, it is expected that the 

most common mode of vibration assumed will be that associated with the lowest eigenvalue. 

Therefore, it was decided that for purposes of this study, only the modes of vibration associated 

with the four smallest eigenvalues would be plotted. 

Once the problems to be studied had been chosen, it was desired to validate the accuracy 

of the equations. Since Firt [71 and Hsieh [ 121 had evaluated a semi-circular shape for the weightless 

membrane, it was decided to compare the results obtained from the DYNAMIC program with their 

sets of results. The first four eigenvalues obtained by this analysis, after being divided by 7t, the 

angle of the arc of the semi-circle, were found to be 1.70, 5.92, 12.92, 21.42, which were similar to 

those of Hsieh, whose values were 1.70, 5.96, 13.05, and 21.74. They differed slightly more with 

those of Firt, whose results were 1.71, 5.97, 13.07, and 21.86. The similarity in results seems to 

validate the numerical procedure presented for lower eigenvalues, although the increasing discrep-

ancy in the values brings into question their usefulness for higher eigenvalues. Of course, if a larger 
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number of nodes had been used, a higher degree of agreement might have been achieved for the 

results. 

4.4 Numerical Results 

Once the cases were defined, the STATIC program was used to obtain the static shape of 

the cross-section of the dam for each case being studied. The resulting values for the nondimen-

sional weight and tension for each of the three base lengths are given in Table 1 on page 39. The 

tension was found to decrease both as the weight increased, and as the base length became smaller. 

The shapes computed for weights of 0.0 and 0.02 are given in Figure 8 on page 40, for a base length 

to perimeter ratio of 0.40. It can be seen from the diagram that the weight has little influence on 

the shape for a reasonable range of values of membrane weight, as concluded by Parbery [20,211 

and others [1,11,lSJ. A check of the coordinates of the cross-section for the weightless case con-

finned that the shape was a portion of a circle. The derivatives of 'l'o with respect to S were cal-

culated using the ALPHA program. The resulting derivatives of the weightless case showed that 

the first derivative was constant, and that the higher order derivatives were close to zero, as shown 

in Table 2 on page 41. 

The DYNAMIC program was used to obtain a solution for each of the twenty-one cases 

being studied. In examining the plotted mode shapes, it quickly became obvious that each of the 

first four modes of vibration had a basic shape for the range of nondimensional base lengths and 

weights used. However, the basic shape of each mode was occasionally changed to a second shape, 

which seemed to contradict the first form. Since the structure may move in either the positive or 

negative direction of the eigenvalue, the second shape was actually the negative of the first. This 

conclusion was confirmed by looking at the cases with weights of 0.0 and 0.001 for the base length 

of 0.40. The mode shapes for these two cases are shown in Figure 9 on page 42 and Figure 10 

on page 43. The first and fourth mode shapes are different, although the change in weight was very 
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B/S P/Q T 

0.250 0.000 0.2020548 
0.001 0.2016627 
0.005 0.2000972 
0.010 0.1981460 
0.020 0.1942635 
0.030 0.1904083 
0.040 0.1865816 

0.333 0.000 0.2194068 
0.001 0.2189936 
0.005 0.2173397 
0.010 0.2152770 
0.020 0.2111671 
0.030 0.2070787 
0.040 0.2030129 

0.400 0.000 0.2352559 
0.001 0.2348247 
0.005 0.2331017 
0.010 0.2309517 
0.020 0.2266646 
0.030 0.2223953 
0.040 0.2181443 

Table 1. Base Length, Weight, and Tension for the Static Conditions 
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A 

-4.250690471780 
-4.250690471782 
-4.250690471782 
-4. 250690471780 
-4.250690471780 
-4.250690471780 
-4.250690471782 
-4.250690471782 
-4.25069047171!0 
-4.250690471780 
-4.250690471780 
-4.250690471782 
-4.250690471782 
-4.250690471780 
-4. 2 5 06 9 0 4 717 8 0 
-4.250690471780 
-4.250690471782 
-4.250690471782 
-4.250690471780 
-4.250690471780 
-4.250690471780 
-4.250690471782 
-4.250690471782 
-4.250690471780 
-4.250690471780 
-4 .250690471780 
-4.250690471782 
-4.250690471782' 
-4. 250690471780 
-4.250690471780 
-4.250690471780 
-4.250690471782 
-4.250690471782 
-4.250690471780 
-4.250690471780 
-4.250690471780 
-4.250690471782 
-4.250690471782 
-4.250690471780 

8 

0.000000000000 
-0.000000000160 

0.000000000160 
0.000000000000 
0.000000000000 
0.000000000000 

-0.000000000160 
0.000000000160 
0.000000000000 
0.000000000000 
0.000000000000 

-0.000000000160 
0.000000000160 
0.000000000000 
0.000000000000 
0.000000000000 

-0.000000000160 
0.000000000160 
0.000000000000 
0.000000000000 
0.000000000000 

-0.000000000160 
0.000000000160 
0.000000000000 
0.000000000000 
0.000000000000 

-0.000000000160 
0.000000000160 
0.000000000000 
0.000000000000 
0.000000000000 

-0.000000000160 
0.000000000160 
0.000000000000 
0.000000000000 
0.000000000000 

-0.000000000160 
0.000000000160 
0.000000000000 

c 
-0.000000006395 

0.000000003190 
0.000000003205 

-0.000000003190 
-0.000000000007 
-0.000000003205 

0.000000003205 
0.000000003205 

-0.000000003197 
0.000000000000 

-0.000000003197 
0.000000003205 
0.000000003197 

-0.000000003204 
-0.000000000003 
-0.000000003201 

0.000000003200 
0.000000003201 

-0.000000003200 
-0.000000000001 
-0.000000003200 

0.000000003201 
0.000000003200 

-0.000000003201 
-0.000000000003 
-0.000000003204 

0.000000003197 
0.000000003206 

-0.000000003195 
-0.000000000001 
-0.000000003204 

0.000000003205 
0.000000003205 

-0.000000003205 
-0.000000000007 
-0.000000003190 

0.000000003205 
0.000000003190 

-0.000000006395 

Table 2. Derivatives of the Initial Angle for B/S'=0.40 with P/q=O.O 
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D 

0.000000766818 
0.000000766818 

-0.000000765681 
0.000000254090 
0. 0 0 00 00 0 0 0 568 

-o. 000000256364 
0.000000769091 

-0.000000769091 
0.000000256932 
0.000000000000 

-0.000000255227 
0.000000768523 

-0.000000767351 
0.000000256293 
0. 000000000213 

-0.000000255653 
0.000000767422 

-0.000000768274 
0.000000255902 
0.000000000000 

-0.000000255902 
0.000000768274 

-0.000000768452 
0.000000255618 

-0.000000000462 
-0.000000256328 

0.000000767351 
-0.000000768097 

0.000000255582 
0.000000000071 

-0.000000256399 
0.000000769091 

-0.000000769091 
0.000000256364 

-0.000000000568 
-0.000000254090 

0.000000765681 
-0.000000766818 
-0.000000766818 
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EIGENVECTORS CFIRST THROUGH FOURTH MODES) 
0.00705746 0.01971111 -0.03242357 -0.05104321 
0. 02747136 0.07454700 -0.12130120 -0.18697659 
0.06025850 0.15882734 -0.25373408 -0.37942832 
0.10422881 0.26573097 -0.41342212 -0.59279549 
0.15800749 0.38759266 -0.58207538 -0.78922371 
0.22006093 0.51624037 -0.74100632 -0.93391373 
0.28872595 0.64335734 -0.87276109 -1.00000000 
0.36224174 0.76085210 -0.96264406 -0.97230760 
0.43878389 0.86121906 -1.00000000 -0.84945289 
0.51649970 0.93787285 -0.97913919 -0.64398886 
0.59354428 0.98544082 -0.89982320 -0.38057418 
0. 66811651 1.00000000 -0.76726780 -0.09242547 
0.73849426 0.97924742 -0.59166254 0.18344334 
0. 80306811 0.92259588 -0.38724970 0. 41151858 
0.86037287 0 .83119049 -0 .17104446 0.56286880 
0. 90911639 0.70784536 0.03868993 0.61928942 
0.94820492 0.55690310 0.22407638 0.57592145 
0.97676460 0.38402372 0.36922207 0.44197229 
0.99415868 0.19591257 0.46163843 0.23943673 
1.00000000 0.00000000 0.49335649 0.00000000 
0.99415868 -0.19591257 0.46163843 -0.23943673 
0.97676460 -0.38402372 0.36922207 -0.44197229 
0.94820492 -0.55690310 0.22407638 -0.57592145 
0. 90911639 -0.70784536 0.03868993 -0.61928942 
0.86037287 -0. 83119049 -0.17104446 -0.56286880 
0. 80306811 -0.92259588 -0.38724970 -0. 41151858 
0.73849426 -0.97924742 -0.59166254 -0.18344334 
0. 66811651 -1.00000000 -0.76726780 0.09242547 
0.59354428 -0.98544082 -0.89982320 0.38057418 
0.51649970 -0.93787285 -0.97913919 0.64398886 
0.43878389 -0.86121906 -1.00000000 0.84945289 
0.36224174 -0.76085210 -0.96264406 0.97230760 
0.28872595 -0.64335734 -0.87276109 1.00000000 
0.22006093 -0.51624037 -0.74100632 0.93391373 
0.15800749 -0.38759266 -0.58207538 0.78922371 
0.10422881 -0.26573097 -0.41342212 0.59279549 
0.06025850 -0 .158827 34 -0.25373408 0.37942832 
0.02747136 -0.07454700 -0.12130120 0.18697659 
0.00705746 -o. 01971111 -0.03242357 0.05104321 

Table 3. Eigenvectors for B/S'=0.40 with P/q=O.O 
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EIGENVECTORS CFIRST THROUGH FOURTH MODES) 
-0.00707992 
-0.02755095 
-0.06041879 
-0 .10448211 
-0.15835536 
-0.22049530 
-0.28923079 
-o. 36279511 
-0.43936024 
-0.51707228 
-0.59408744 
-0.66860783 
-0.73891628 
-0.80340964 
-0.86062974 
-0.90929165 
-0.94830846 
-0.97681224 
-0.99417083 
-1.00000000 
-0.99417083 
-0.97681224 
-0.94830846 
-0.90929165 
-0.86062974 
-0.80340964 
-0. 7 3891628 
-0.66860783 
-0.59408744 
-0.51707228 
-0.43936024 
-0. 36279511 
-0.28923079 
-0.22049530 
-0 .15835536 
-0 .10448211 
-0.06041879 
-0.02755095 
-0.00707992 

0.01977027 
0.07474473 
0.15920236 
0.26628343 
0.38828971 
0.51702454 
0.64415676 
0.76159140 
0.86182974 
0.93830214 
0.98565807 
1.00000000 
0.97905053 
0.92224494 
0.83074510 
0.70737420 
0.55647530 
0.38370025 
0.19573877 
0.00000000 

-0 .19573877 
-0.38370025 
-0.55647530 
-0.70737420 
-0.83074510 
-0.92224494 
-0.97905053 
-1.00000000 
-0.98565807 
-0.93830214 
-0.86182974 
-0.76159140 
-0.64415676 
-0.51702454 
-0.38828971 
-0.26628343 
-0.15920236 
-0.07474473 
-0. 01977027 

Table 4. Eigenvectors for B/S'=0.40 with P/q=0.001 
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-0.03250889 
-0.12157408 
-0.25422277 
-0.41408693 
-0.58282503 
-0.74172154 
-0.87332108 
-0.96295146 
-1.00000000 
-0.97882999 
-0.89925622 
-0.76653800 
-0.59089097 
-0.38656153 
-0.17054650 

0.03892815 
0.22403463 
0.36893247 
0 .46117909 
0.49283686 
0.46117909 
0.36893247 
0.22403463 
0.03892815 

-0.17054650 
-0.38656153 
-0.59089097 
-0.76653800 
-0.89925622 
-0.97882999 
-1.00000000 
-0.96295146 
-0.87332108 
-0.74172154 
-0.58282503 
-0.41408693 
-0.25422277 
-0.12157408 
-0.03250889 

0. 05116322 
0.18733804 
0.38002349 
0.59350746 
0.78987095 
0.93430744 
1.00000000 
0.97186306 
0.84861854 
0. 64291347 
0.37946493 
0.09149768 

-0.18401840 
-0. 41165458 
-0.56258409 
-0.61870078 
-0.57521354 
-0.44135068 
-0.23907603 

0.00000000 
0.23907603 
0.44135068 
0. 57 521354 
0.61870078 
0.56258409 
0. 41165458 
0.18401840 

-0.09149768 
-0. 37946493 
-0.64291347 
-0.84861854 
-0.97186306 
-1.00000000 
-0.93430744 
-0.78987095 
-0.59350746 
-0.38002349 
-0.18733804 
-0. 05116322 
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small. A comparison of the eigenvectors of these modes, shown in Table 3 and Table 4, shows 

that although the numerical values are very similar, the signs are opposite. A check of a few values 

of one mode showed that if the signs were changed for one eigenvector, the coordinates associated 

with the other eigenvector would result, as was expected. 

The relationship between the eigenvalue and the frequency is recalled as A. = co2. For the 

range of base lengths studied, it was found that the relationship between the nondimensional base 

length and frequency was almost linear, as can be seen from Figure 11 on page 47. The curve for 

any particular mode shape studied was not significantly affected by an increase in weight. Since this 

was so, it was decided to consider a few additional base lengths to determine whether the relation-

ship remained linear as the base length increased. The semi-circular case, corresponding to a base 

length of 2/Tt, and cases with base lengths of 0.8, 0.85, and 0.9 were examined for P/q = 0.0 and 

P/q = 0.020. When the results of the weightless case were plotted, it could be seen that the re-

lationship between the base length and the frequency became increasingly nonlinear as the base 

length increased, as shown in Figure 12 on page 48. The results of the case where P/q = 0.020 were 

found to be almost identical to those of the weightless case, although the frequency for a given base 

length was slightly less than that of the corresponding base length for the weightless case. There-

fore, it can be concluded that a change in the base length to perimeter ratio will have a more sig-

nificant effect on the frequency than will an increase in membrane weight, for a realistic range of 

weights. 

By checking the results for the various cases, it was found that the frequency of the system 

decreased as the weight increased, and for the range of lengths used, increased as the base to per-

imeter length increased. When larger base lengths were examined for the weightless case, the fre-

quency continued to increase as the base length increased. For each of the first four modes of 

vibration, figures showing the relationship between the nondimensional weight and the frequency 

were plotted. By examining the plots, presented as Figure 13 on page 49, Figure 14 on page 50, 

Figure 15 on page 51, and Figure 16 on page 52, it can be seen that over the range of weights 

shown, the relationship is almost linear. A mathematical check showed this to be true, with the 

slope of the curve of the relationship generally becoming only slightly less negative as the weight 
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increased. It was also found that the slopes of the curves of the respective constant base to per-

imeter lengths became less negative with higher modes of vibration. It should be noted that the 

frequency, plotted on the abscissa, is illustrated over a limited range in order to utilize the same scale 

for all four diagrams, while making the figures as large as possible. 
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Chapter 5. Conclusions and Recommendations 

5.1 Sum1nary and Conclusions 

In summary, a number of observations and conclusions have been made in this work on 

the effect of membrane weight on vibrations of an air-inflated dam. The conclusions reached in this 

study will be summarized below, and recommendations for future research on the subject will be 

made. 

Assuming the effect of membrane extensibility to be negligible, it was found that the weight 

of the membrane does not have a significant effect on the static form of the air-inflated dam, which 

confirms the general conclusion of Parbery and others. The results of the static case showed that 

the membrane tension increased as the base to perimeter length ratio increased, which also agrees 

with the findings of Parbery. It was found that an increase in the weight of the membrane led to 

a reduction in the tension in the fabric. It was also found that the static forms of the weightless 

cases were always a portion of circle, with the base acting as a chord cutting the circle. With only 

the internal pressure, considered constant throughout the height of the structure, acting normal to 

the membrane surface at all points, the circular shape obtained is understandable. 
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For the analysis using the equations of motion derived in this study, the DYNAMIC pro-

gram was developed, tested, and used. The eigenvalues obtained for the weightless, semicircular 

membrane structure were found to be only slightly different than those found by Firt and by Hsieh 

for the same structure. The deviations in the values computed, in comparison to those previously 

found, increased with larger eigenvalues. However, the shapes generally taken during vibration 

correspond to the lower eigenvalues, since less energy is required to achieve such forms, so the 

procedure developed here is believed to be acceptable for the most commonly occurring shapes. 

In addition, it is felt that the accuracy of the solutions obtained by this procedure can be improved 

by using a larger number of nodes on the cross-section of the structure, although the degree of 

improvement may be small. 

The relationship between the base to perimeter length ratio and the frequency was checked 

for a realistic range of weights for constant modes of vibration. For base lengths between 0.25 and 

about 0.60, the relationship was almost linear, although at larger base lengths, the frequencies in-

creased more rapidly with equivalent increases in the base length. Testing a series of weights for 

base lengths between 0.25 and 0.40 showed that an increase in weight had little effect on the fre-

quency. 

Finally, in a check of the weight to frequency relationship for base lengths of 0.25, 0.333, 

and 0.40, it was found that for a constant base length, an increase in weight led to a reduction in 

the frequencies. For the range of weights tested, the relationship between the weight and the fre-

quency was almost linear for each of the four modes of vibration studied. It was seen from 

Figure 13 through figure 16 that a major reduction in weight would have much less effect on 

the frequency than would an increase in the base length, which confirms the previous result. 

With the results obtained in this study, it can be concluded that the effect of membrane 

weight on the vibration of flexible dams inflated by air pressure is minor. Furthermore, it is felt that 

if weight were neglected, the results obtained from the equations of motion would be conservative, 

since membrane weight causes a reduction in both tension and frequency when compared to the 

weightless case. 
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5.2 Recommendations for Future Studies 

The conclusion of this study points to a number of possible avenues of future research. 

The effect of the weight on the higher order modes of vibration could be investigated, although it 

is believed that the same general results obtained for the lower modes would also be found for the 

higher modes. If such an investigation is conducted, the computer programs developed in this study 

might be utilized, although some improvements in their structure would be appropriate. The 

STATIC program uses the ZEROIN routine as a shooting method to find the initial angle at each 

node on the cross-section, but the initial tension must still be found by a trial and error procedure. 

The use of a shooting method to obtain the initial tension would not be extremely complicated, if 

the present file were imbedded inside the loop used for the method. The ZEROIN routine might 

be used again, or some other method tried, such as Parbery's suggestion of the use of the 

N ew1on-Raphson method. 

Since the case studied considered only loadings of internal air pressure and weight, future 

research into the effects of weight on the vibration of the air-inflated dam might consider additional 

loading conditions, such as external water pressure acting on the upstream face, downstream face, 

or both faces of the structure, and the effect of overflow coupled with that of weight. The intro-

duction of water, with its increase in pressure with greater depth, would present a complication in 

the analysis. Finally, it would be desirable to rederive the equations of motion for the structure, 

retaining all the nonlinear terms in v and w which were eliminated in this study. The results ob-

tained from such equations might be compared to those obtained in this study, to determine the 

effect of the nonlinear terms. 
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Appendix A. The Equations of Motion 

A .1. The Static Equations 

It was shown in Chapters 3 and 4 that the equations for the static shape of the dam are 

needed to establish initial conditions for a particular case when the dynamic analysis is performed. 

A set of differential equations for the static shape were derived in Chapter 3, and are repeated below, 

in their dimensional form, for easy reference in the following derivations: 

dT1 • 
-- = P sin 'Vo dS 

dyo . -- = Slll 'V 0 dS 

dx0 
-- =cos 'Vo dS 
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d'l'o = - q + P cos 'l'o 
dS Py0 + T0 

[3 - 10] 

A.2. Derivation of the Dynamic Equations 

An element of the membrane is illustrated in Figure 17 on page 61. It is very similar to 

Figure 7 on page 24, except that the components of movement, v and w, are shown in their positive 

directions. It should also be noted that the equation of motion requires a mass term. The mass 

per unit length of the membrane will be denoted µ. 

An equation of motion can be derived in each of the two defined directions of motion, in 

order to obtain the dynamic equations for the system. If motion in the tangential direction is 

considered, the following equation results: 

µdS ~:~ = - T + ( T + ~~ dS + ... ) cos d'I' - P sin 'I' dS 

where µdS'is the mass, (;2v/8t2 is the acceleration, and the terms to the right of the equal sign are 

forces acting on the cross-section in the tangential direction. If d\jl is very small, then cos d\jl ;::- 1. 

Simplifying the equation and rearranging terms yields: 

2 µl....Y. = aT - P sin 'I' at2 as [A - I] 

Considering motion in the normal direction, it is found that: 

µdS ~:~ = ( T + ~~ dS + ... ) sin d'I' - P cos 'I' dS + q dS 
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dS 

x 

Figure 17. An Element of the Cross-Section with Dynamic Loading 
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As before, d\I/ is considered to be small, yielding sin d\J/ ~ d\J/. Substituting, dividing by dS, and 

letting dS ..... 0, the previous equation can be rearranged to become: 

a2 '.'l 
µ~ = T .2}L - P cos '4' + q at2 oS 

[A - 2] 

Equation [A-21 can be rearranged to give: 

~ a2 
T .2}L = µ~ + P cos '4' - q oS at2 

or, 

T = (~)- I (µ a2w + p cos '4' - q) 
oS at2 

This can be differentiated with respect to S to yield: 

.fl.= - (k)-2(h)[µ a2w + p cos '4' - ql as as as2 ai2 

+ (k)-I[µ~ -pk sin '4' - j_!f..._l 
as asai2 as as 

Substituting this equation into Eq. [A-11 gives: 

2 µ1-2:. = 
ai2 - (~)- 2(h)[µ a2w + Pcos'4' - ql as as2 a12 

+ (k)- t [µ~ -pk sin 'V - ~q ] - P sin 'V as asai2 as os 

If this equation is multiplied by ( a'4' / aS)2 , and similar terms are combined, the following equation 

is obtained: 
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µ~(k)2= 
at2 as 

~1 a1 ~1 ~1 a a3 - µ o w ~ - p~ cos lj/ + q..!2.J!_ + µ~ __ w_ 
ar2 as2 as2 as2 as asar2 [A - 3] - 2p(k)2 . - k cq 

as sm lj/ as as 

The relationship between Oljl/oS and d1j10/dS can be found using derivations presented by 

Henrych (10]. The curvature of the deformed shape (dynamic case) can be found by adding the 

change in curvature to the curvature of the original shape (static case). Using the terminology of 

this study, Henrych's equation for the change in curvature is: 

/),_K = _l [ o2w + ( d'Vo )2w + d2'Vo v] 
Q as2 ds ds2 

where Q = l + ~; - ~~0 w. For a linear analysis, the last two terms of Q may be neglected. 

With the original curvature defmed as K1 = d'V0/dS and the resulting curvature defmed as 

Ki = a'V I as, the relationship between the curvature at the two stages is Ki = K1 + /),_K , or: 

[A - 4] 

It is possible to integrate Eq. [A-4] to obtain: 

[ 2 l cw d'l'o 2 d 'l'o 
'l' = 'l'o + - + J (-) w + --v dS as ds dS2 

Since the second half of the equation is more difficult to integrate, a way to reduce the equation is 

sought. 

The definition of strain, g = ~t, can be used to obtain one displacement in terms of the 

other. The original and elongated elements, N and M, respectively, are illustrated in Figure 18 on 

page 64. The length of N is found to be: 

N = 1im R + (R + dR) d = 2R = Rd 
dR-+O 2 lj/ 2 ljl 

Appendix A. The Equations of Motion 63 



R+dR w+dw 

R 

Figure 18. Original and Elongated Elements Used in Strain Relationship 
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Similarly, M's length is discovered to be: 

M = (R - w)d'V + ( v + dv )(R + dR - w - dw) - (....!:'.....)(R - w) 
R + dR R 

= Rd\jl _ wd\jl + ( vR + Rdv - vw - wdv - vdw - dvdw) _ v + vw 
R + dR R 

In general, it can be assumed that the radius of the arc is much larger than the change in radius 

which occurs in the length, N , so R ~ R + dR. Making this approximation, and simplifying the 

resulting equation, the length of M becomes: 

M = Rd\jl _ wd\jl + dv _ wdv _ vdw _ dvdw 
R R R 

It is also probable that the displacement in the normal direction will be small in comparison to the 

length of the radius of the element. By making this assumption, it is possible to neglect the last 

three terms in the preceeding equation, which reduces to: 

M = Rd\jl - wd\jl + dv 

f; = 

In terms of M and N, the strain equation is 

M-N 
N 

From the derivation of the static equations of the system, it is recalled that it was assumed that the 

membrane material was inextensibile. A material that does not extend under stress experiences no 

strain, so according to the assumption, E = 0. When the components are substituted into the strain 

equation, the following results are obtained: 

0 = Rd'¥ - wd\jl + dv - Rd\jl 
Rd'V 

= _1 (_!k_ - w) 
R d'V · 

Multiplying by R, the equation can be rearranged to find: 
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w = dv 
di.v 

The chain rule for derivatives can be used to put w in a different form: 

This is easily transformed into: 

w = (k)-1...ili:'._ 
as as 

Since the nonlinear terms are relatively insignificant, if only the linear terms of Eq. [A-4) are re-

tained, and substituted into the above equation, it is found that: 

= ( di.vo )-1...ili:'._ 
w dS as 

Also, using Eq. [A-5] in the integration of Eq. [A-4), one obtains: 

aw di.vo 
'I' = 'Vo + - + --v as ds 

[A - 5] 

[A - 6] 

In order to simplify the equations, a simplified notation will be adopted for the derivatives 

of 'V with respect to S, as shown below: 

A - ,,, - di.vo - TOS- --dS 

2 d 'Vo 
B ='Voss= --dS2 

3 d 'Vo 
C = 'Vosss = --dS3 
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cf 'Vo 
D = 'Vossss = --ds4 

In addition, derivatives of v and w will be denoted by the appropriate letter with as many sub S 's 

as the order of the derivative. Finally, derivatives with respect to time will be denoted by the ap-

propriate letter with the number of sub t 's equaling the number of the order of the derivative. 

These substitutions will reduce the length of the equations, and make them look less formidable, 

while retaining their meaning. 

Although all components of Eq. [A-3] have been obtained, substitution will be easier if 

each component is put in the same form as in the equation. Since the terms v and w are considered 

to be small, nonlinear combinations of these terms are eliminated prior to the combination of 

components, since the nonlinear forms will be negligible. Therefore, it is found that: 

(k) 2 = A 2 + 2A a2w + 2A 3w + 2ABv + ( a2w ) 2 + 2 rJ2w A 2w 
as as2 as2 as2 

~2 

+ 2 ° w Bv + A4w2 + 2A 2Bvw + B2v2 
as2 

Eliminating the nonlinear terms involving v and w, the equation reduces to: 

( ~] ) 2 = A 2 + 2Aw55 + 2A 3w + 2ABv 

Then one can write 

When nonlinear terms are dropped, the resulting equation is: 

(_i_x_)(k)2 = A2v 
2 as rr ai 

Using the simplified notation, the first derivative of Eq. [A-4) is: 
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a2 2 ~ = B + w555 + 2ABw + A w5 + Cv + Bv5 as2 

The final components of Eq. [A-3] to be obtained are cos 'I' and sin 'I'· If 'I' is arbitrarily set equal 

to a + p, then the trigonometric identities, 

cos( a + p) = cos a cos p - sin a sin p 

sin( a + p) = sin a cos P + cos a sin p 

can be used. If ljl, from Eq. IA-6], is divided as a = 'Vo and p = ow/oS + (d'Vo/dS)v, then p will 

be small since both of its components are small, so cos p ~ 1 and sin p ~ p . Therefore, the ge-

ometric identities reduce to the following forms in the simplified notation: 

cos 'I'~ cos 'Vo - (w5 + Av) sin 'Vo 

sin 'I'~ sin 'Vo + (w5 + Av) cos 'Vo 

The components of Eq. IA-3] can now be substituted, yielding: 

µA 2va = - µwa(B + Wsss + 2ABw + A 2w5 + Cv + Bv5 ) - PBcos'Vo 

- Pw555 cos 'Vo - 2ABPw cos 'Vo - PA 2w5 cos 'Vo - PCv cos 'Vo 

- PBv5 cos 'Vo + PB(w5 + Av) sin 'Vo + Pw555(w5 + Av) sin 'Vo 

+ 2PABw(w5 + Av) sin 'Vo + PA 2w5(w5 + Av) sin 'Vo + PCv(w5 + Av) sin 'Vo 

+ PBv5 (w5 + Av) sin 'Vo + qB + qw555 + 2ABqw + A 2qw5 + Cqv + Bqv5 

2 + µAwsa + µwssWsu + µA WWsa + µBvwsa 

- 2PA 2 sin 'Vo - 4PAw55 sin 'Vo - 4PA 3w sin 'Vo - 4PABv sin 'Vo 

- 2PA \w5 + Av) cos 'Vo - 4PAw55(w5 + Av) cos 'Vo - 4PA 3w(w5 + Av) cos 'Vo 

- 4PABv(w5 + Av) cos 'Vo - Aq5 - w55q5 - A 2wq5 - Bvq5 

When the equation is examined, it is found to have a number of nonlinear terms containing v, w, 

or both. If these terms are eliminated, the equation reduces to: 
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µA 2vu = - µBwu - PB cos '¥o - Pw555 cos '¥o - 2PABw cos '¥o 

- PA 2w5 cos '¥o - PCv cos '¥o - PBv5 cos '¥o + PBw5 sin '¥o 

+ PABv sin '¥o + qB + qw555 + 2ABqw + A 2qw5 + Cqv 

+ Bqv5 + µAwsu - 2PA 2 sin '¥o - 4PAw55 sin '¥o 

- 4PA 3w sin '¥o - 4PA Bv sin '¥o - 2PA 2w5 cos '¥o - 2PA 3v cos '¥o 
2 - Aq5 - w55q5 - A wq5 - Bvq5 

[A - 7] 

It is noted that several terms in Eq. !A-7] do not contain either v or w. These terms can 

be gathered into one term, y: 

y = - PBcos\jlo + qB- 2PA 2 sin'Vo - Aq5 [A - 8] 

It is possible to eliminate q from the equation by using static Equations !3-9] and !3-10], which 

combine to give: 

d'¥o = - q + P cos '¥o 
dS T1 

This can be rearranged to give 

[A - 9] 

and the first derivative of q with respect to S is found to be 

q5 = - PA sin '¥o - BT1 - A~ 

From Eq. !3-4], it is seen that dTif dS can be placed in terms of P sin lj/0, so Eq. IA-9] becomes: 

[A - 10] 

Substituting Equations IA-9] and [A-10] into Eq. [A-8] yields: 
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When similar terms are combined, it is found that all terms are eliminated, or y = 0, so all terms 

in Eq. [A-7] not involving either v or w can be dropped from the equation. This was to be expected, 

since if v and ware zero, there is no movement of the cross-section of the dam, so all other terms 

must add up to zero. 

The q terms in Eq. [A-7] can be eliminated by substituting in Equations [A-9] and [A-lOJ: 

µA 2vu = - µBwu - Pw555 cos 'Vo - 2PABw cos 'Vo - PA 2w5 cos 'Vo 

- PCvcoslJlo - PBv5 coslJlo + PBw5 sinlJlo + PABvsinlJlo 
2 + Pw555 coslJlo - AT1w555 + 2PABwcoslJlo - 2A BT1w 

2 3 + PA w5 cos 'Vo - A T1 w5 + PCvcos 'Vo - A CT1 v + P Bv5 cos 'Vo 

- ABT1v5 + µAwsu - 4PAw55 sin IJlo - 4PA 3w sin IJlo - 4PABv sin IJlo 

- 2PA 2w5 cos 'Vo - 2PA 3v cos IJlo + 2PAw55 sin 'Vo + BT1 w55 

+ 2PA 3wsin'Vo + A 2BT1w + 2PABvsinlJlo + B2T1v 

When similar terms are combined, the equation reduces to the following: 

µA 2vu = - µBwu + PBw5 sinlJlo -AT1w555 -A 2BT1w- A3T1w5 

- ACT1v - ABT1v5 + µAw5 u - 2PAw55 sin IJlo - 2PA 3w sin IJlo 

- PABv sin 'Vo - 2PA 2w5 cos 'Vo - 2PA 3vcos 'Vo + BT1 w55 + B2T1 v 

[A - 11] 

The relationship between v and w was shown in Eq. [A-5]. In the simplified notation, this 

equation becomes: 

-1 w =A v5 

Since all three terms are functions of S, and both v and w are functions oft, it is possible to take 

derivatives with respect to these variables to obtain w in terms of v in order to substitute into Eq. 

[A-11] to eliminate the w terms. When the appropriate derivatives are taken, the following 

equations in simplified notation result: 
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-2 -) ws = - A Bvs + A vss 

-3 2 -2 -2 -) 
wss = 2A B vs - A Cvs - 2A Bvss + A vsss 

wsss = - 6A- 4B3vs + 6A- 3BCvs + 6A- 3B2vss - A- 2Dvs - 3A- 2Cvss 

- 3A - 2Bvsss +A - 1Vssss 

-2 -) 
Wsu = - A Bvsu + A Vssu 

After substituting these equations and combining similar terms, Eq. [A-11) becomes: 

µA 2vu = - 2µA - I Bvsu - SPA - 2 B2vs sin 'Vo + SPA - I Bvss sin \\fo 

+ 8A- 3B3T1Vs - 7A- 2BCT1Vs - 8A- 2B2T1Vss + A- 1DT1Vs 

+ 3A -ICT1Vss + 4A - 1BT1Vsss - T1Vssss - A2T1Vss - ACT1v 

- ABT1 vs + µvssu + 2PA - i Cvs sin 'Vo - 2Pvsss sin 'Vo - 2PA 2vs sin 'Vo 

- PABvsin'Vo + 2PBvscOS\\fo -2PAvssCOS\\fo - 2PA 3vcos'Vo + B2T1v 

[A - 12] 

Since the w terms have been eliminated in Eq. [A-12), the equation can be simplified by 

combining terms according to the order of the derivatives of v. The resulting equation is: 

0 = v[ - PAE sin 'Vo - 2PA 3 cos 'Vo - ACT1 + B2T1] 

+ v5 [ sin 'Vo( - SPA - 2B2 + 2PA -IC - 2PA 2) 

+ 2PBcos\\fo + 8A- 3B3T1 - 7A- 2BCT1 + A- 1DT1 - ABT1] 

+ Vss[SPA - IB sin 'Vo - 2PA cos 'Vo - 8A - 2B2 T1 + 3A - 1CT1 - A2T1] 

+ Vsss[ - 2P sin 'Vo + 4A - 1 BT1] 

+ Vssss[ - T1] 

+ Vsrl - 2µA -1B] 

+ Vssrlµ] 

+ vrrC - µA2] 
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It should be recalled that the equations of equilibrium used in the derivation of the dynamic 

equations were in their dimensional form, and additional equations obtained using the equation of 

motion also contain dimensional values. It is desirable to nondimensionalize the equations, so the 

same procedure used for the static equations will be followed. The nondimensional terms used are 

repeated below: 

_:Q_ = x 
t 

l'.Q_ = y 
t 

~=s 
t 

]!_ = p 
q 

[A - a] 

[A - b] 

[A - c] 

[A - d] 

[A - e] 

where x, y , S, p, and Ta are nondimensional terms, and tis a generalized length term. The ad-

ditional terms v and t can be made nondimensional by: 

[A - /] 

Pt= i [A - g] 

where P is a nondimensionalizing constant for time. 

Using these equations, it is possible to place derivatives with respect to S in their nondi-

mensional form as: 
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2 2 
d 'Vo 1 d 'Vo I -B=--=---=-B 
dS 2 t2 dS2 t2 

3 3 d 'Vo J d ljfo I -C=--=---=-C 
dS3 t3 d°S3 t3 

- CV - t OV - -
Vs - as - T as - Vs 

a3v t a3v 1 -Vsss = -- = --- = -v-as3 t3 aS3 t2 sss 

a4v t a4v I -Vssss = -- = --- = -v--as4 t4 as4 t3 ssss 

Vs = ~ = l_a2 o3v _ a2-
tt asar2 t.., asar2 - .., vsu 

;i2 ;i2-
v = _u_v = f.':t2_u_v_ = ea2v-
tt ar2 .., a12 .., u 

It is noted that in Eq. [A-gJ, p, a nondimensionalizing term for time, was introduced. Al-

though it is necessary for the term to have units of [ l/t] , the terms involved inside p to obtain the 

necessary units are unknown. Since p appears in several of the nondimensionalized derivatives, it 

is possible to substitute for each of the dimensional quantities in Eq. [A-13] in order to obtain the 
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required terms in P necessary to make the equation non-dimensional. This is illustrated below, 

with only the dimensional terms retained: 

0 = (i)(q)(l/i)(l/f.2) 

+ (l)(q)(t2)(1/t4 ) 

+ (l/i2)(q)(i)(l/i) 

+ (l/i2)(q) 

+ (l/i3)(qi) 

+ p2µ(i)(l/t2) 

+ <P2/t)µ 

+ tp2µ(l/t2) 

Only the first set of dimensional terms for each derivative is shown above, since it is evident that 

every term in the multiplier of a derivative must have equivalent dimensions. The above dimen-

sional equality can easily be reduced to show that the first five terms have dimensions of q/i2, and 

the last three have dimensions of p2µ/i. If the equality is divided by q/i2, so that it is eliminated 

from the first five terms, the last three terms then contain: 

fi(_l ) = p2..I!!_ 
t q/i2 q 

This can be rearranged to obtain the non-dimensional equality, 

~2 = ...!L 
µt 

or, 

~ = .J...!L µt 

The nondimensional value has now been obtained for each dimensional term in Eq. [A-13]. 

Substituting these values into the equation yields: 
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[ pq -- 2pq --;3 q --- q n2-] 0 = v - -AB sin 'l'o - --A cos 'Vo - - 2 A CT1 + -B Ti 
i 2 t 2 i i 2 

-

+v-[sin'l'o(- 5pqA-2B2+ 2pqA-ic- 2pqA2) 
s t2 t2 t2 

2pq- 8q--3n'.l- 7q--2--- q --i-- q ---J + --B cos'l'o +-A B T1 - -A BCTi +-A DT1 - -ABTi 
i2 t2 t2 t2 t2 

- [Spq--1-. 2pq- 8q--2n2- 3q--i-- q "72-J + v55 - 2-A B sm 'l'o - --A cos 'Vo - -A B T1 + - 2 A CT1 - -A Ti 
t t2 t2 t t2 

_ [ 2pq . 4q -- I -- ] + vsss -7sm\jlo + fA BT, 

- [ q l J + vssu µt Tµ 

+ v-[ - e-1_µA2] 
It µt t2 

It is possible to reduce this equation by canceling terms, and dividing the equation by q/i2, in order 

to give: 

O= -- --;3 --- n2 -v[ - pAB sin 'l'o - 2pA cos 'Vo - A CT1 + B T1] 

--2n2 --1- "72 + v5[ sin 'l'o( - 5pA B + 2pA C - 2pA ) 

+ 2ps cos"'0 + glf- 3B37\ - ?°A- 2scr1 + A'-iDTi - A'sr1J 
--1- - --2n2- --1-- "72-+ v55 [5pA B sin 'l'o - 2pA cos 'Vo - 8A B T1 + 3A CT1 - A T1] 

--1--+ v555 [ - 2psin'l'o + 4A BT1] 

+ Vssss[ - f1J 
- 1-+ v5tt[ - 2A - B] 

+vssu[l] 

+ v-[ - A2J tt 
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It should be remembered that the v terms in the preceding equation are functions of S and 

t. In eigenvalue analysis it is possible to separate the terms, by the form: 

fi.x,t) = <l>(x) fl. t) 

where <l>(x) is the amplitude of the mode shape at x, and j{t) is a time-dependent term. At any 

position, x, the mode shape has a constant value, although the displacement will vary due to the 

time-dependent term. For the case of interest, it is possible to divide v as follows: 

v(S,t) = V(S) cos cot [A - 15] 

where co is the circular frequency, with units of [ 1/ tl Therefore, an additional nondimensional 

term must be introduced, in order to eliminate the units of time. This is done by: 

where ro is the nondimensional value of the frequency, and p is the constant used to make time 

nondimensional as previously defined. Substituting the nondimensional quantities into Eq. [A-15], 

and reducing, yields: 

v(S J) = V(S) cos cot 

Derivatives can be taken with respect to S and to t to give: 

v- = V' cos ~t s 

v- = V" cos rot SS 

v555 = V"' cos rot 

vssss = V"" cos rot 

v5 u = - ffi2V'cosrot 
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- - ro2 V" cos rot VSStt = 
-

-i- --Vu = - CO V COS (J)( 

When these equations are placed into Eq. [A-14J, and then divided by cos rot I the result is the 

non-dimensional equation of motion for the inflatable dam, with constant internal pressure, carry-

ing its own self-weight: 

o = v[ - pAB sin 'Vo - 2pA3 cos 'Vo - "Acf1 + 1Pf1J 
+ V'[ sin 'Vo( - 5pA- 2 IP + 2pA- 1 C - 2pA2) + 2pB cos 'Vo 

+ s"A- 3Ji3f1 - 7A- 2BCT1 + "A- 1l5f1 - ABf1J 
- --1- - --2~- --1-- -;2-+ V"[5pA B sin 'Vo - 2pA cos 'Vo - 8A B T1 + 3A CT1 - A T1] 

+ V"'[ - 2p sin 'Vo + 4A- 1 BT1] 

+ V""[ - f 1 J 
- ffi2V'[ - 2A- 1B] 

- ffi2V"[1 J 
-i- -;2 - co V[ - A ] 

[A - 16] 

A.3 Approximation of Derivatives by Finite Differences 

The equation of motion of the dam contains derivatives of both \Vo and V with respect to 

S, that must be satisfied at each point on the cross-section. Since information is needed at a dis-

crete number of points on the membrane, a procedure to obtain the derivatives at the nodes is 

needed. It can be shown that the derivatives of a continuous system can be approximated by using · 

frnite difference techniques at each point of interest on the cross-section. Crandall [5) gives the first 

through fourth order derivative approximations, which after being rearranged, are represented as: 
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(k) - 1 2 dx J - 2h('VJ+ 1 - 'l'J-1) + O(h) 

~ · = -('!'·+ 1 - 2'1') + 'lf·- 1) + O(h ) ( d 2 ) 1 2 
dx2 J h2 J J 

2-.f J = -3 ('1'1+2 - 2'1'1+1 + 2'1'1-1 - '1'1-2) + O(h) ( d3 ) 1 2 

dx 2h 

where O(h2) is a remainder term of order h2, and 'Vj is the value of 'I' at node j. This term represents 

the error involved in using only the first portion of the equation to approximate the actual value 

of the appropriate derivative. By making the value of h small, the remainder term becomes very 

small due to h2, which is then multiplied by the appropriate constant terms to make the equation 

exact. The remainder term is usually small compared to the rest of the equation, so neglecting it 

does not significantly change the value of the derivative. By dropping the remainder terms, any of 

the above equations may be confirmed by taking appropriate differences of lower order difference 

equations. Some use will be made of forward and backward differences, due to the lack of data 

beyond the end points of the cross-section. 

Approximations of the Derivatives of the Initial Angles 

The equation of motion of the dam cross-section includes the first through fourth order 

derivatives of 'Vo with respect to S, represented as A, ff, C, and i5 respectively. Through the central 

portion of the cross-section, the following approximations for the derivatives at any node i are valid: 
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where 'l'o is the value of the base angle at the node indicated, and his the uniform distance between 

nodes on the cross-section. 

It should be noted that the preceding equations were said to be valid only in the central 

portion of the cross-section. Examination of the terms C and D shows that both terms require the 

use of 'l'o;- 2 and 'l'o;+ 2• It must be remembered that both the first and last nodes on the cross-section 

denoted by i = 1 and i = N, respectively, are anchored, and therefore, do not move, so the 

equation of motion must be used only between node 2 and node N-1. At the first point of concern 

on the cross-section, node i = 2, the angle at node 0 is required in the approximation of the third 

and fourth order derivatives. This is outside the realm of knowledge of the structure, as a look at 

the STATIC program will reveal, so a different approach must be taken at this node, as well as at 

node N-1, where a similar pro bl em is encountered. The approximations for the derivatives at that 

point require the angle at node N + l, which is also outside the area of the problem. At node 2, 

the first forward difference of the second difference and of the third difference will yield the third 

difference and the fourth difference equations, respectively, at the point: 

Appendix A. The Equations of Motion 79 



D, ~ ! [ ('Vos - 3'1'04:, 3'1'03 - '1'02 ) _ ( '1'04 - 3'1'03 :, 3'1'02 - 'l'ot ) l 
= ~('Vos - 4'1'04 + 6'1'03 - 4'1'02 + '1'01) 

h 

In a similar manner, the first backward difference of the second difference and of the third difference 

can be used to obtain the approximations of the third and fourth order derivatives at node N-1, 

which, after reduction, yield: 

A computer program, written in the FORTRAN programming language, was developed 

to calculate the values of the derivatives at each point from node 2 to node N-1, using the finite 

difference approximations shown above. The program, ALPHA, is presented as Appendix C. 

Approximations of the Derivatives of the Tangential Displacements 

The derivatives of V will be obtained in a manner similar to that used to find those of 'Vo· 

The major difference is that the boundary conditions at the ends of the cross-section are known for 

V, while nothing was known about the conditions involving 'Vo· At the end nodes, I and N, it is 

evident that v and w must be zero, since the end supports do not move. This means that the first 

and last nodes are not used in the equation of motion, so only nodes 2 through N-1 must be ex-

amined. Examination of the finite difference approximations for the third and fourth order deriv-

atives shows that the value at node 0 is needed. at point 2, and the value at node N + I is required 

at point N-1. Since these are the only points with problems, the use of forward and backward 

differences could again be used, but the boundary conditions allow a more accurate approximation 
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to be made. Using the boundary conditions given for the static condition, it is known that the 

displacement at node 1 is zero. From Eq. IA-SJ, it is known that either (d'l'0/dS)- 1 or av/oS must 

be zero. The first term is obtained from the finite difference equations and will have some value, 

so the term ov/oS must then be zero. Therefore, denoting the value of V at any node i as V;, the 

approximation is: 

The equation can be solved to reveal that v0 = v2• The procedure can also be used at node N to 

show that VN+l = vN-i· 

The conditions at the ends of the cross-section can be substituted into the finite difference 

equations for nodes 2, 3, N-2, and N-1. These can be reduced to give: 

-V"- 1 ( 2) 2 - - V3 - V2 h2 

-V "' - l ( 2 ) 2 - -3- V4 - V3 - V2 
2h 
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V '"' - ~v - 4v + 6v - 4v ) 3 - h4 s 4 3 2 

-v ,,, - 1 ( 2 + 2 ) N-2 - --3 - VN-1 VN-3 - VN-4 
2h 

-v ,,, - 1 ( + 2 ) N-1 - --3 VN-1 VN-2 - VN-3 
2h 

-v ,,,, - 1 (7 4 + ) N-1 - 4 VN-1 - VN-2 VN-3 
h 

From node 4 to node N-3, the central difference equations are used in the following form: 
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Since h is the equivalent distance between each node on the nondimensional perimeter 

length, it is nondimensional, and its value is S/(N - 1), so the preceding equations are unitless. 

A.4 The Equations of Motion in Computer Form 

The approximations for the derivatives, obtained in Section A.3, can be substituted into 

Eq. [A-141 for specific nodes. The terms in the point specific equations can then be sorted ac-

cording to the vi 's, and the set of equations can be placed in matrix form. In order to simplify the 

equations, Eq. [A-141 can be placed in the form: 

where R 1 through R8 are the coefficients from Eq. (A-14), as shown below: 

-- 0 --- ~-Rl = - pAB sin'Vo - 2pA cos'Vo -ACT1 + B T1 

( - 2~ - 1- ~ -R2 = sin 'Vo - SpA - B + 2pA - C - 2pA ) + 2pB cos 'Vo 

+ s::r- 3JPf1 - 1::r- 2scf1 + ::r- 1vf1 - A"sf1 

--1--
R4 = - 2p sin 'l'o + 4A BT1 
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R7 = 1 

R8 = - A2 

The substitution for the first point of interest, node 2, is illustrated below: 

When the v terms are collected, the equation of motion for the cross-section of the dam at node 2 

becomes: 

The equations of motion are found at all points on the cross-section in a manner similar 

to that illustrated for node 2. The simplified equation for each of the particular case nodes will be 

presented, as well as the general case equation, which is valid for the interior points from node 4 

to node N-3. For node 3, the equation of motion is found to be: 
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For node N-2, the equation of motion is found to be: 

0 = (- R4N-2 + 
2h3 

+ (- R2N-2 
2h 

(R 2 R3N-2 6 RSN-2) + lN-2 - 2 + 4 VN-2 
h h 

+ ( R2N-2 + R3N-2 - 2 R4N-2 -
~ h2 2h3 

and for node N-1, the resulting equation of motion is: 
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O= (- R4N-I + 
2h3 

+(-R2N-1 
2h 

-ffi2(- _R_6_N_-_1 + R7 N-1 )v 
2h h2 N-2 

-2( 2R7N-1 - co -
h2 

In general, for the i-th node, the equation of motion for the cross-section may be presented in the 

form: 

( R4· RS·) 
0 = - 2h~ + h41 vi-2 

+ ( R2i + R3i _ 2 R4i _ 4 RSi )v·+ 1 
2h h2 2h3 h4 l 

[A - 17] 
+ __ 1 + __ l Vi+2 ( R4· RS·) 

2h3 h4 

-ro ---+-- v ~c R6i R?i) 
2h h2 1-1 

where i represents any node from 4 to N-3. 

Each of the four node-specific equations and the generalized equation of motion are used 

in the FORTRAN program, DYNAMIC. The correct equation of motion is used at each node 
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on the cross-section, and the resulting equations are placed in matrices, which form the character-

istic equation of the structure: 

[A - A.BJ = 0 

where A and B are matrices containing the multipliers of the various v 's, and A. = ffi2 are the 

eigenvalues to be found. The matrices in the DYNAMIC program are in slightly different notation 

due to the fact that it is easier to program a matrix with values from i = l to N-2 than one with 

values from i = 2 to N-1. The DYNAMIC program is presented as Appendix D. 
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Appendix B. The STATIC Computer Program 

The STATIC program, written in the FORTRAN 77 computer language, is shown on the 

following pages. It calculates the shape of an air-inflated dam, loaded only with its own weight and 

the internal pressure, for the static case. 
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c 
c 
C INFLATABLE DAM STATIC PROGRAM 
c 
c 
C WRITTEN BY TONY D. FAGAN, AS PART OF RESEARCH FOR HIS MASTERS 
C OF SCIENCE THESIS, USING PORTIONS OF A PROGRAM WRITTEN BY 
C J.C. HSIEH [12], AND THE ZEROIN SUBROUTINE [8]. 
C MARCH 10, 1987 

C PROGRAM DESCRIPTION: 
C THE STATIC PROGRAM COMPUTES THE SHAPE OF AN INFLATABLE DAM FOR 
C A GIVEN PERIMETER AND BASE LENGTH. THE TENSION CAN BE VARIED 
C IN ORDER TO SATISFY THE BOU:\DARY CONDITIONS, WHICH INCLUDE THE 
C BASE LENGTH. WHEN THE REQUIRED BASE LENGTH MATCHES THE ACTUAL 
C LENGTH FOR A PARTICULAR CASE, THE CORRECT SOLUTION IS OBTAINED. 
C THE l'.\:ITIAL ANGLE, ZA, IS FOUND BY A SHOOTING METHOD USING THE 
C ZEROIN SUBROUTINE. 

C VARIABLES ARE DEFINED, AND COMMON BLOCKS ARE ESTABLISHED. 

EXTERNAL F 
DIM ENSIGN XA(l 03),Y A(! 03),ZA(l 03),W A(l03) 
DOUBLE PRECISION A.B.Z,TOL2,ZEROIN,TN,P,SN 
DOCBLE PRECISION DNMAX,T,STEP,F,BLENG,ERROR,XCENTR 
DOUBLE PRECISION XEND,YEND,XA,YA,ZA,WA 
DOUBLE PRECISION XSCAL,YSCAL,XAPl,XAP2,YAPl,YAP2 
INTEGER SUM,l,J,ITOP,LIKE,ITYPE 
REAL XTN,XP,TOP 
COMMON /Kl(fN,P 
COMMON /K2/NMAX,ITER 
COMMON /K3(f,STEP,ERROR,BLENG 
COMMON /K4/XAPl,XAP2,YAPl,YAP2 
COMMON /KS/XEND,YEND,XSCAL,YSCAL 
COMMON /K6/XA,YA,ZA,WA,NX 

NMAX=41 
DNMAX = NMAX*l.ODO 

C THE MAXIMUM VALUES OF THE PLOTTED AXES, XEND AND YEND, THE 
C PERIMETER LENGTH, SN, THE STEP SIZE, STEP, AND THE RANGE OF 
C THE INITIAL ANGLES, A AND B, ARE ESTABLISHED. 

XEND = 0.9DO 
YEND = 0.5DO 

SN = I.ODO 
STEP = SN/(DNMAX-1.0DO) 
CALL PLOTS(0,0,50) 
CALL PLOT(2.15,2.25,-3) 

A= 0.30DO 
B = 3.l4DO 

C TRIAL VALUES ARE ENTERED. 
C NOTES: IF ITYPE = 0, THE UNMODIFIED VALUES ARE PRINTED. 
C IF ITYPE > 0, THE VALUES ARE AVERAGED TO OBTAIN SYMMETRY. 
C THE BASE LENGTH, BLENG, IS READ, ALONG WITH THE TRIAL VALUE OF 
C THE TENSION AND OF THE WEIGHT. 

READ(5,7) ITYPE 
READ~~)XTN,BLENG 
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READ(S,9) XP 
7 FORMAT(2X,ll) 
8 FORMAT(2X,Fl0.8,2X,Fl6.13) 
9 FORMAT(2X,Fl0.8) 

TN= DBLE(XTN) 
P= DBLE(XP) 

ITER = l 
CALL NEWPEN(l) 

C THE ZEROIN FUNCTION IS CALLED TO FIND THE CORRECT VALUE OF THE 
C INITIAL ANGLE FOR THE CASE BEING TESTED. THE STATIC SHAPE IS 
C PLOTTED WITH THE SHOWl SUBROUTINE. 

TOL2 = 2.SD-5 
Z = ZEROIN(A,B,F,TOL2) 
CALL SHOWl(XA,YA,NX) 
DO lO I= l,NMAX 

XA(I) = XA(l)/XSCAL 
Y A(I) = Y A(l)/YSCAL 

lO CONTINUE 

C IF THE CORRECT VALUE OF INITIAL TENSION IS KNOWN, THE COORDINATES 
C ARE AVERAGED TO OBTAIN A SYMMETRICAL SHAPE ABOUT THE CENTER LINE 
C OF THE STRUCTURE. IF THE VALUE IS NOT KNOWN, THE ERROR DISTANCE 
C IS PRINTED. 

TOP= NMAX/2.0 
ITOP= NINT(TOP) 
SUM=O 
IF (ITYPE.NE.O) THEN 
DO 60 I= l,ITOP 

IF (l.NE.ITOP) THEN 
LIKE = NMAX-SUM 
XCENTR = ((XA(LIKE)-XA(l))/2.0DO) 
XA(I) = (BLENG/2.0DO)-XCENTR 
XA(LIKE) = (BLENG/2.0DO)+ XCENTR 
Y A(I) = ((Y A(I) + Y A(LIKE))/2.0DO) 
YA(LIKE) = YA(l) 
ZA(I) = ((ZA(l)-ZA(LIKE))/2.0DO) 
ZA(LIKE) = -ZA(l) 
WA(I) = ((WA(l)+WA(LIKE))/2.0DO) 
WA(LIKE) = WA(l) 

ELSE 
XA(I) = (RLENG/2.0DO) 
ZA(I) = O.ODO 

ENDIF 
SUM•SUM+l 

60 CONTINUE 
XA(l) .. O.ODO 
XA(NMAX) = BLENG 
YA(l) = O.ODO 
Y A(NMAX) = O.ODO 
ELSE 

PRINT'(2X,A,Fl0.8)', 'ERROR = ', ERROR 
ENDIF 

C THE VALUES OF THE COORDINATES, XA AND YA, THE ANGLE, ZA, AND THE 
C TENSION, WA, AT EACH POINT ARE PRINTED TO THE OUTPUT FILE, ALONG 
C WITH THE MEMBRANE WEIGHT AND THE STRUCTURE'S BASE LENGTH. 
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PRINT'(2X,Fl6.l3,4X,Fl6.l4)', P, BLENG 
DO 70 J = l,NMAX 

PRINT'(2X,4(F l 6. l 3,4X))', XA(J),Y A(J),ZA(J),W A(J) 
70 CONTINUE 

51 CALL PLOT(l2.,-2.,999) 
50 STOP 

END 

DOUBLE PRECISION FUNCTION F(X) 

C THE FUNCTION F SERVES AS THE SOLUTION DRIVER ROUTINE, BY CALLING 
C DVERK. 

EXTERNAL BUCKI 
DIMENSION C(24),W(3,9) 
DIME~SION Y(3),XA(l03),YA(l03),ZA(l03),WA(l03) 
DOUBLE PRECISION X,Y,C,W,T,TOL,TOUT,STEP,TN,P 
DOCBLE PRECISION XEND,YEND.XA.YA,ZA,WA.ERROR,BLENG 
INTEGER N,IND.:--.:W,IER 
COMMON /Kl;TN,P 
COMMON /K2;NMAX,ITER 
C0:\1MON /K3;T,STEP,ERROR,BLENG 
COMMON /K6/XA,Y A,ZA,\V A,:\X 

NW= 3 
N = 3 

TOL = l.OD-5 
IND= l 

C THE INITIAL BOUNDARY CONDITIONS ARE SET. 

Y(l) = O.ODO 
Y(2) = O.ODO 
Y(3) = X 
ITER = ITER + l 
T = O.ODO 

DO 100 NC = l,NMAX 
XA(NC) = Y(l) 
Y A(NC) = Y(2) 
ZA(NC) = Y(3) 
WA(NC) = P*Y(2) +TN 

TOCT = T + STEP 
CALL DVERK(N,BUCKl.T,Y,TOUT,TOL,IND,C,NW,W,IER) 
IF((IND.L T.0.).0R.(IER.GT.O.)) GO TO 200 

100 CONTINUE 
NX = NMAX 

C THE ERROR DISTANCE, F, IS COMPUTED. 

F = SQRT(((ABS(BLENG-XA(NX)* l.OD0)) .. 2) 
$ + ((ABS(Y A(NX)* l .ODO))* *2)) 
ERROR= F 

200 RETURN 
END 

SUBROUTINE BUCKl(N,T,Y,YPRIME) 

C THE SUBROUTINE BUCK! CONTAINS THE EQUATIONS OF EQUILIBRIUM FOR 
C THE INFLATABLE DAM. 
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INTEGER N 
DIMENSION Y(N),YPRIME(N) 
DOUBLE PRECISION T,Y,YPRIME,TN,P 
COMMON /Kl;TN,P 

YPRIME(l) = COS(Y(3)) 
YPRIME(2) = SIN(Y(3)) 
YPRIME(3) = ((-1 + P*COS(Y(3)))/(P*Y(2)+TN)) 
RETURN 
END 

SUBROUTINE SHOWl(XA,YA,NP) 

C SHOW! IS THE PLOTTING ROUTINE WHICH PLOTS THE STATIC SHAPE OF 
C THE DAM. 

DIMENSION XA(*),YA(*) 
DOUBLE PRECISION XEND,YEND,XA,YA,ZA,WA,ERROR 
DOUBLE PRECISION XSCAL,YSCAL,XAP1,XAP2,YAP1,YAP2 
COMMON /K4/XAPl,XAP2,YAP1,YAP2 
COMMON /K5;XEND,YEND,XSCAL,YSCAL 

CALL FACTOR(l.l) 
XA(NP+ l)= 0. 
XA(NP+ 2)= XEND/9.0 
XAPl = XA(NP+ l) 
XAP2 = XA(NP+ 2) 
YA(NP+ l)= 0. 
YA(NP+2)= YEND/5.0 
YAPl = YA(NP+ l) 
YAP2 = YA(NP+2) 

C THE X AND Y AXES ARE ORA WN. 

CALL AXIS(0.,0.,1 HX,-1,9.,0.,XAPl ,XAP2) 
CALL AXIS(-l .0,0.,l HY,l ,5.,90.,Y A Pl ,Y AP2) 

C THE COORDINATES ARE SCALED FOR PLOTTING, AND THE SHAPE IS DRAWN. 

XSCAL = 9./XEND 
YSCAL = 5./YEND 
XENDl = XEND*XSCAL 
YENDl = YEND*YSCAL 
DO 10 I = 1, NP 

XA(I) = XA(l)*XSCAL 
Y A(I) = Y A(l)*YSCAL 

10 CONTINUE 

CALL PLOT(XA(l),YA(l),3) 

DO 20 I• 2,NP 
CALL PLOT(XA(I),Y A(l),2) 

20 CONTINUE 
CALL NEWPEN(l) 

CALL F ACTOR(l.) 
RETURN 
END 

DOUBLE PRECISION FUNCTION ZEROIN(AX,BX,F,TOL) 

Appendix B. The STATIC Computer Program 92 



C A ZERO OF THE FUNCTION F(X) IS COMPUTED IN THE INTERVAL AX. BX, 
C WHERE AX AND BX ARE THE MINIMUM AND MAXIMUM VALUES OF THE 
C POSSIBLE RANGE OF THE INITIAL ANGLE. 

DOUBLE PRECISION AX,BX,F,TOL 

DOUBLE PRECISION A,B,C,D,E,EPS,FA,FB,FC,TOLI .XM,P,Q,R,S 

EPS = I.ODO 
10 EPS = EPS/2.0DO 

TOLi = I.DO + EPS 
IF (TOLi .GT. I.ODO) GO TO 10 

A= AX 
B =BX 
FA = F(A) 
FB = F(B) 

20 C =A 
FC =FA 
D = B -A 
E=D 

30 IF (ABS(FC) .GE. ABS(FB)) GO TO 40 
A=B 
B=C 
C=A 
FA= FB 
FB = FC 
FC =FA 

40 TOLi = 2.DO*EPS*ABS(B) + 0.5*TOL 
XM = .5*(C -B) 
IF (ABS(XM) .LE. TOLi) GO TO 90 
IF (FB .EQ. O.DO) GO TO 90 

IF (ABS(E) .LT. TOLi) GO TO 70 
IF (ABS(FA) .LE. ABS(FB)) GO TO 70 

IF (A .NE. C) GO TO 50 

S = FB/FA 
P = 2.DO*XM*S 
Q = I.DO - S 
GO TO 60 

50 Q = FA/FC 
R = FB/FC 
S = FB/FA 
P = S*(2.DO*XM*Q*(Q - R) - (B - A)*(R - l.DO)) 
Q = (Q - l.DO)*(R - l.DO)*(S - l.DO) 

60 IF (P .GT. O.DO) Q = -Q 
P = ABS(P) 

IF ((2.DO*P) .GE. (3.DO*XM*Q - ABS(TOLI *Q))) GO TO 70 
IF (P .GE. ABS(0.5*E*Q)) GO TO 70 
E=D 
D = P/Q 
GO TO 80 

70 D = XM 
E = D 
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80 A= B 
FA= FB 
IF (ABS(D) .GT. TOLI) B = B + D 
IF (ABS(D) .LE. TOLI) B = B + SIGN(fOLl, XM) 
FB = F(B) 
IF ((FB*(FC/ABS(FC))) .GT. 0.DO) GO TO 20 
GO TO 30 

90 ZEROIN = B 
RETURN 
END 
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Appendix C. The ALPHA Program 

The routine which calculates the first four derivatives of \j/ 0, denoted A, B, C, and l5 in the 

simplified notation of this work, is shown on the following pages. Written in the FORTRAN 77 

programming language, the program, ALPHA, computes each of the derivatives at every interior 

node on the cross-section of the dam. 

Appendix C. The ALPHA Program 95 



c 
c 
C ALPHA PROGRAM FOR DERIVATIVES OF PSI BY FINITE DIFFERENCES 
c 
c 
C WRITTEN BY TONY D. FAGAN, AS PART OF THE RESEARCH FOR A MASTER 
C OF SCIENCE THESIS. 
C DATE: MARCH 10, 1987 

C PROGRAM DESCRIPTION: 
C THIS PROGRAM COMPUTES THE FIRST FOUR DERIVATIVES OF THE INITIAL 
C ANGLE PSI (SUB 0) AT EACH :'\ODE BY USl:\!G FINITE DIFFERENCE 
C APPROXIMATIONS. FORWARD AND BACKWARD DIFFERENCES ARE USED AT 
C THE SECOND A:'\D NEXT-TO-LAST POINTS, RESPECTIVELY, FOR THE THIRD 
C AND FOURTH DERIVATIVES, A:\D CENTRAL DIFFERE;"\;CES ARE USED FOR ALL 
C OTHER POINTS EXCEPT THE FIRST AND LAST WHICH ARE IGNORED Sl:'\CE 
C THEY DO NOT MOVE, AND ARE :\OT USED IN THE DYl'AMIC EVALUATION. 
C THE LETTERS A THROUGH D REPRESENT THE DERIVATIVES. 

C ASSIGNMENT OF VARIABLES 

INTEGER NMAX.INMAX.NINMAX,J 
PARAMETER (NMAX=41) 
DOUBLE PRECISION A,B,C,D.PSl,H,DNMAX 
DOUBLE PRECISION A'.\!GO,ANG1,ANG2.ANG3,ANG4 
DIMENSION A(NMAX),B(NMAX),C(NMAX),D(NMAX),PSl(NMAX) 

C THE DATA ARE ENTERED. 

DNMAX = DBLE(NMAX) 
READ(S,*) TRASHl, TRASH2 
DO 10 J = \,NMAX 

READ(S,8) PSl(J) 
8 FORMAT(42X,Fl6.13) 

10 CO:\TINUE 
H = l.ODOi(DNMAX-1.0DO) 
WRITE(6,15) H 

15 FORMAT(2X,Fl6.13) 
1:-.JMAX = NMAX - 1 
NINMAX = INMAX - 1 

C THE FIRST DERIVATIVES, A(l)'S, ARE CALCULATED FOR ALL POINTS. 

DO 20 J = 2,IN'.'VlAX 
ANG2 = PSl(J + 1) 
ANGO = PSl(J-1) 
A(J-1) = ((ANG2-ANG0)/(2*H)) 

20 CONTINUE 

C THE SECOND DERIVATIVES, B(l)'S, ARE CALCULATED FOR ALL POINTS. 

DO 30 J = 2,INMAX 
ANG2 = PSl(J + 1) 
ANG 1 = PSl(J) 
ANGO = PSI(J-1) 
B(J-1) = ((ANG2-2.0DO* ANG 1 + ANGO)/(H*H)) 

30 CONTINUE 

C THE THIRD DERIVATIVES, C(l)'S, ARE CALCULATED AT NODES (2) 
C AND (N-1), AND AT THE INTERIOR POINTS. 

DO 40 J = 2,INMAX 
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IF (J.EQ.2) THEN 
ANG3 = PSl(J + 2) 
ANG2 = PSl(J + 1) 
ANGl = PSl(J) 
ANGO = PSl(J-1) 
C(l) = ((ANG3-3.DO*ANG2+3.DO*ANG1-ANGO)/(H**3)) 

ELSE IF (J.EQ.IN:vtAX) THEN 
ANG3 = PSI(J + 1) 
ANG2 = PSl(J) 
ANGl = PSl(J-1) 
ANGO = PSl(J-2) 
C(J-1) = ((ANG3-3.DO*ANG2+ 3.DO*ANG1-ANGO)/(H**3)) 

ELSE 
ANG3 = PSI(J + 2) 
ANG2 = PSl(J + 1) 
ANGl = PSl(J-1) 
ANGO = PSl(J-2) 
C(J-1) = ((ANG3-2.DO*ANG2+2.DO*ANG1-ANG0)/(2*H**3)) 

ENDIF 
40 CONTINUE 

C THE FOURTH DERIVATIVES, D(l)'S, ARE CALCULATED AT NODES (2) 
C AND (N-1), AND AT THE INTERIOR POINTS. 

DO 50 J = 2,INMAX 
IF (J.EQ.2) THEN 

ANG4 = PSl(J + 3) 
ANG3 = PSI(J + 2) 
ANG2 = PSl(J + l) 
ANG! = PSl(J) 
ANGO = PSl(J-1) 
D(l) = ((ANG4-4*ANG3 + 6*ANG2-4*ANG1 + ANGO)/(H**4)) 

ELSE IF (J.EQ.INMAX) THEN 
ANG4 = PSl(J + 1) 
ANG3 = PSl(J) 
ANG2 = PSl(J-1) 
ANGI = PSl(J-2) 
ANGO = PSl(J-3) 
D(J-1) = ((ANG4-4*ANG3 + 6*ANG2-4*ANG1 + ANGO)/(H**4)) 

ELSE 
ANG4 = PSl(J + 2) 
ANG3 = PSl(J + 1) 
ANG2 = PSl(J) 
ANG I = PSl(J-1) 
ANGO = PSl(J-2) 
D(J-1) = ((ANG4-4*ANG3 + 6*ANG2-4*ANG1 + ANGO)/(H**4)) 

ENDIF 
50 CONTINUE 

C THE RESULTS OF A, B, C, AND D FOR NODES (2) THROUGH (N-1), 
C AND THE SINE AND COSINE FOR EACH OF THESE POINTS ARE 
C PRINTED TO AN OUTPUT FILE. 

DO 70 J = l ,NINMAX 
WRITE(6,65) A(J),B(J),C(J),D(J) 

65 FORMAT(2X,4(Fl 7.12,2X)) 
70 CONTINUE 

STOP 
END 
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Appendix D. The DYNAMIC Program 

The node-specific equations of motion are entered in matrix form in the FORTRAN 77 

program, DYNAMIC, and are solved using the eigenvalue solution subroutine, RGG [6J. The 

eigenvalues are used to find the normalized eigenvectors. The four lowest eigenvalues are chosen, 

and the matching eigenvectors are scaled, converted to displacements in the x and y directions, and 

used to find the first four mode shapes for the vibrating structure. The four mode shapes computed 

are plotted, along with the shape of the dam in the static condition for comparison purposes. The 

DYNAMIC program is presented on the following pages. 
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c 
c 
C INFLATABLE DAM DYNAMIC PROGRAM 
c 
c 
C WRITTEN BY TONY D. FAGAN, AS PART OF THE RESEARCH FOR A MASTER 
C OF SCIENCE THESIS. 
C DATE: MARCH 10, 1987 

C PROGRAM DESCRIPTION: 
C THIS PROGRAM CALCULATES AND PLOTS THE FORMS OF THE FIRST FOUR 
C MODE SHAPES OF VIBRATION FOR AN AIR INFLATED DAM. THE MEMBRANE 
C WEIGHT AND THE 11\:TERNAL AIR PRESSURE ARE THE ONLY FORCES ACTING 
C ON THE STRUCTURE. 

C THE VARIABLES ARE ASSIGNED. 

PARAMETER (NMAX=41) 
INTEGER INMAX,NINMAX.I.J,MATZ,IERR,IR 
DOUBLE PRECISION A,B,C,D,XCOSIN,XSINE,AINVRS 
DOUBLE PRECISION Rl,R2,R3,R4,R5,R6,R7,R8 
DOUBLE PRECISION H,P,BLENG,PSl,Tl,S,T,X,Y 
DOUBLE PRECISION ALFR,ALFl,BETA,Z,W 
DIM ENS ION S(39,39),T(39 ,39),A LFR(39),A LFl(39),B ET A(39) 
DIMENSION Z(39,39),IR(39),AINVRS(39),W(39),PSI(39) 
DIMENSION X(SO),Y(SO),XA(SO),YA(SO),UX(SO),UY(SO),SX(SO),SY(SO) 

C THE STEP SIZE, H, AND THE MEMBRANE WEIGHT, P, ARE ENTERED. 

READ(S,4) H 
4 FORMAT(2X,Fl6.13) 

READ(4,5) P, BLENG 
5 FORMAT(2X,Fl6.l3,4X,Fl6.14) 

INMAX = NMAX-1 
NINMAX= INMAX-1 

C THIS LOOP READS THE COORDINATES, XA AND YA, THE ANGLE, PSI, AND 
C THE TENSION, Tl, FOR EACH !\ODE ON THE CROSS-SECTION. THE VALUES 
C OF THE DERIVATIVES WITH RESPECT TO PSI ARE READ (COMPUTED IN 
C ALPHA ROUTINE), AND THE CONSTANTS Rl THROUGH R9 ARE COMPUTED. 
C FINALLY, THE ENTRIES IN THE MATRICES OF THE CHARACTERISTIC 
C EQUATION ARE COMPUTED FOR EACH NODE, WHERE THE CHARACTERISTIC 
C EQUATION IS OF THE FORM, (S - (LAMBDA) T) = 0. 

DO 40 I= l,NINMAX 
IF (1.EQ.l) THEN 

READ(4,6) XA(l),YA(l),PSl(l),Tl 
6 FORMATU,2X,4(Fl 6.13,4X)) 

ELSE 
READ(4,7) XA(l),YA(l),PSl(l),Tl 

7 FORMAT(2X,4(Fl6.13,4X)) 
ENDIF 
UX(I + 1) = XA(I) 
UY(I+ l)=YA(I) 
XCOSIN = DCOS(PSl(I)) 
XSINE = DSIN(PSl(I)) 
READ(S,8) A, B, C, D 

8 FORMAT(2X,4(Fl7.12,2X)) 
AINVRS(I) = (l/A) 
DO 10 J = l,NINMAX 

S(l,J) = 0.000 
T(l,J)= O.ODO 
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10 CONTINUE 

C COMPONENTS OF EQUATION 

Rl = .-P*A *B*XSINE-2*P*(A **3)*XCOSIN-A *C*Tl + (B*B)*Tl 

R2 = XS I NE *(((-5* P*(B *B))'(A •A))+ ((2* P*C)/A)-(2*P*(A •A))) 
$ + 2* P* B*XCOSIN + ((8*(B** 3)*Tl);(A **3)) 
$ -((7*B*C*Tl)/(A *A))+ (D*Tl/A)-A *B*Tl 

R3 = (5*P*B*XSINE/A)-2*P*A *XCOSIN-(8*(B•B)*Tl/(A *A)) 
$ +(3*C*Tl/A)-(A*A)*Tl 

R4 = -2*P*XSINE+(4*B*Tl/A) 

R5 = -Tl 

R6 = -2*8/A 

R7 = 1 

R8 = -(A*A) 

IF (l.EQ.l) THEN 

S(l.I) = (Rl-(2* R3/(H*H))-(R4/(2*(H • *3))) + (7* R5/(H**4))) 
S(l,I +I) = ((R2/(2*H))+ (R3i(H*H))-(2*R4/(2*(H**3))) 

$ -(4*R5;(H**4))) 
S(l,I + 2) = ((R4i(2*(H**3)))+ (R5;(H**4))) 

T(l,I) = ((-2*R7/(H*H))+ R8) 
T(l.I +I) = ((R6/(2*H))+ (R7/(H*H))) 

ELSE IF (l.EQ.2) THEN 

S(l.1-l) = ((-R2i(2* H)) + (R3/(H • H)) + (2*R4/(2*(H** 3))) 
$ -(4*R5/(H**4))) 

S(l,I) = (Rl-(2*R3/(H*H))+ (6*R5/(H**4))) 
S(l,I +I) = ((R2i(2*H))+ (R3/(H*H))-(2*R4/(2*(H**3))) 

$ -(4*R5 (H**4))) 
S(l.I + 2) = ((R4/(2*(H**3)))+ (R5/(H**4))) 

T(l,1-l) = ((-R6/(2*H))+ (R7/(H*H))) 
T(l.I) = ((-2*R7/(H*H))+ R8) 
T(l,I + 1) = ((R6/(2*H))+ (R7/(H*H))) 

ELSE IF (l.EQ.(NMAX-3)) THEN 

S(l,1-2) = ((-R4/(2*(H**3)))+ (R5/(H**4))) 
S(l,l-1) = ((-R2/(2*H))+ (R3/(H*H))+ (2*R4/(2*(H**3))) 

$ -(4*R5/(H**4))) 
S(l,I) = (Rl-(2*R31(H*H))+ (6*R5/(H**4))) 
S(l,I + 1) = ((R2/(2* H)) + (R3/(H*H))-(2* R4/(2*(H **3))) 

$ -(4*R5/(H**4))) 

T(l,1-1) = ((-R6/(2*H))+(R7/(H*H))) 
T(l,I) = ((-2*R7/(H'"H))+ R8) 
T(l,I + 1) = ((R6;(2*H))+ (R7/(H*H))) 

ELSE IF (l.EQ.NINMAX) THEN 

S(l,1-2) = ((-R4/(2*(H**3)))+ (R5/(H**4))) 
S(l,1-1) = ((-R2/(2*H))+ (R3/(H*H))+ (2*R4/(2*(H**3))) 
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S -(4*R5/(H""4))) 
S(l,I) = (Rl-(2" R3/(H "H)) + (R4/(2"(H" "3))) + (7"R5/(H""4))) 

T(l.1-1) = ((-R6/(2"H))+ (R7/(H"H))) 
T(l,1-) = ((-2"R7/(H"H))+ R8) 

ELSE 

S(I.1-2) = ((-R4/(2"(H""3)))+ (R5/(H""4))) 
S(l,1-1) = ((-R2/(2"H))+ (R3/(H"H))+ (2"R4/(2"(H""3))) 

S -(4"R5/(H""4))) 
S(l,I) = (Rl-(2*R3/(H"H))+ (6*R5/(H*"4))) 
S(l,I + l) = ((R2/(2*H))+ (R3/(H"H))-(2"R4/(2"(H""3))) 

S -(4*R5/(H 0 4))) 
S(l,I + 2) = ((R4/(2"(H*"3))) + (R5/(H**4))) 

T(l,1-1) = ((-R6/(2"H))+ (R71(H"H))) 
T(l,I) = ((-2*R7/(H*H))+ R8) 
T(l,I + l) = ((R6/(2*H))+(R7/(H*H))) 

ENDIF 
40 CONTINUE 

C THE BOUNDARY CONDITIONS ARE ENTERED. 

UX(l)=O.O 
UX(NMAX) = (BLENG/l .O) 
UY(l)=O.O 
UY(NMAX) = 0.0 
!COUNT= l 
CALL PLOTS(0,0,50) 
CALL PLOT(2. l 5,2.25,-3) 

C THE COORDINATES OF THE STATIC FORM ARE STORED IN XA AND YA. 

DO 50 I = l,NMAX 
XA(I) = UX(I) 
Y A(I) = UY(I) 

50 CONTINUE 

C THE EISPACK ROUTINE RGG (6) IS CALLED TO SOLVE THE 
C CHARACTERISTIC EQUATION. IT RETURNS THE REAL PORTION OF THE 
C NUMERATOR IN ALFR, AND THE DENOMINATOR IN BETA. ANY COMPLEX 
C PORTION IS STORED IN ALFI. IF A COMPLEX PORTION IS RETURNED, 
C THE PROGRAM TERMINATES. THE NORMALIZED EIGENVECTORS ARE STORED 
C IN THE MATRIX Z. 

MATZ=l 
CALL RGG(NINMAX,NINMAX,S,T,ALFR,ALFI,BETA,MATZ,Z,IERR) 
PRINT'(/,2X,A,110)', '!ERR = ', IERR 
DO 250 I=-1,NINMAX 

ALFR(I) • ALFR(l)/BETA(I) 
ALFl(I) .,. ALFl(I)/BET A(I) 
IR(I) = I 
IF (ALFI(I).NE.O) THEN 

PRINT'(2X,A)',' ERROR! EIGENVALUES COMPLEX! PROGRAM ENDS' 
GOTO 888 

ENDIF 
250 CONTINUE 

C THE IMSL SUBROUTINE VSRTRD (14) ORDERS THE EIGENVALUES FROM 
C SMALLEST TO LARGEST. 

Appendix D. The DYNAMIC Program 101 



CALL VSRTRD(ALFR,NINMAX,IR) 
PRINT'U,2X,A)', 'EIGENVALUES, FROM LOWEST TO HIGHEST' 
DO 300 I= l,NINMAX 

PRINT'(2X,13,4X,FI6.6)', IR(I), ALFR(I) 
300 CONTINUE 

PRINT'(2X,A)', 'EIGENVECTORS (FIRST THROUGH FOURTH MODES)' 
DO 400 I= l,NINMAX 

PRINT(2X,4(Fl2.8,4X))', (Z(l,IR(J)), J = 1,4) 
400 CONTINUE 

C SINCE THE EIGENVECTORS ARE NORMALIZED, THEY MUST BE REDUCED BY 
C SOME FACTOR, SINCE THE NO:\-DIMENSIONALIZED COORDINATES ARE SMALL. 
C THE FOUR LOWEST MODES OF VIBRATION ARE CONSIDERED. 

DO 600J=1,4 
DO 450 I= l,NIN:vtAX 

IF ((J.EQ.l).OR.(J.EQ.2)) THEN 
Z(l,IR(J)) = Z(l,IR(J))/20.0DO 

ELSE 
Z(l.I R(J)) = Z(l,IR(J))/50.0DO 

E'.'\DIF 
450 CONTINUE 

DO 460 I = 1,50 
X(l)=O.ODO 
Y(l)=O.ODO 

460 CONTINUE 

C THE EIGENVECTORS IN THEIR REDUCED FORM REPRESENT DISPLACEMENTS, 
C V, IN THE TANGENTIAL DIRECTION OF THE CROSS-SECTION. USING THE 
C RELATIONSHIP (W = AV (SUBS)), THE DISPLACEMENTS IN THE NORMAL 
C DIRECTION CAN BE FOUND. THEN, TRIGONOMETRY IS VSED TO CONVERT 
C TANGENTIAL AND NORMAL DISPLACEMENTS INTO DISPLACEMENTS IN THE 
C X ANDY DIRECTIONS. 

DO 500 I= l,NINMAX 
IF (l.EQ.l) THEN 

W(J) = AINVRS(l)*(Z((I + l ),I R(J))/(2*H)) 
ELSE IF (l.EQ.NIN:vtAX) THEN 

W(I) = AINVRS(l)*(-Z((l-1 ),I R(J))/(2* H)) 
ELSE 

W(I) = AINVRS(l)*((Z((I + l ),I R(J))-Z((l-1 ),IR(J)))/(2* H)) 
ENDIF 

X(I + 1) = XA(I + 1) + Z(l.IR(J))*DCOS(PSl(l))-W(I)* DSIN(PSl(I)) 
Y(I + l) = Y A(l + 1) + Z(l,IR(J))*DSIN(PSl(l)) + W(I)* DCOS(PSl(I)) 

500 CONTINUE 
X(l)=O.ODO 
X(NMAX)= BLENG 
Y(l)=O.ODO 
Y(NMAX)=O.ODO 

C THE X ANDY COORDINATES ARE PRINTED FOR THE DYNAMIC SHAPE FOR 
C EACH OF THE FIRST FOUR MODES. THE SUBROUTINE MODES IS CALLED 
C AND EACH OF THE MODES ARE PLOTTED, ALONG WITH THE STATIC SHAPE 
C AS A REFERENCE. 

DO 530 I= l,NMAX 
PRINT'(2X,Fl6.10,4X,Fl6.10)', X(I), Y(I) 
SX(I) = XA(I) 
SY(I) = YA(I) 
UX(I) = X(I) 
UY(!) = Y(I) 

530 CONTINUE 
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CALL MODES(UX,UY,SX,SY,NMAX,ICOUNT) 

600 CONTINUE 
CALL PLOT(l2.,-2.,999) 

888 STOP 
END 

SUBROUTINE MODES(X,Y,SX,SY,NP,ICOUNT) 
DIMENSION X(*),Y(*),SX(*),SY(*) 

CALL FACTOR(.4) 
CALL NEWPEN(l) 
X(NP+ l) = 0.0 
X(NP+ 2) = 0.1 
XAPI = X(NP+ 1) 
XAP2 = X(NP+ 2) 
Y(NP+ l) = 0.0 
Y(NP+ 2) = 0.1 
YAPI = Y(NP+ 1) 
YAP2 = Y(NP+2) 

C THE X AND Y AXES ARE PLOTTED FOR EACH OF THE FIRST FOUR MODE 
C SHAPES. THE COORDINATES ARE SCALED TO FIT THE PLOTS. 

IF (ICOUNT.EQ.l) THEN 
CALL AXIS(0.,8.,1 HX,-1,5.,0.,XAPI ,XAP2) 
CALL AXIS(-l.0,8.,IHY,l,5.,90.,YAPI;YAP2) 
XSCAL = 10.0 
YSCAL = 10.0 
DO 10 I = l,NP 

X(I) = X(l)*XSCAL 
Y(I) = Y(l)*YSCAL + 8.0 
SX(I)= SX(l)*XSCAL 
SY(I) = SY(l)*YSCAL + 8.0 

IO CONTINUE 
ELSE IF (ICOUNT.EQ.2) THEN 

CALL AXIS(8.,8.,l HX,-1,5.,0.,XAPl ,XAP2) 
CALL AXIS(7.,8.,lHY,l,5.,90.,YAPl,YAP2) 
XSCAL = 10.0 
YSCAL = 10.0 
DO 20 I = l,NP 

X(I) = X(l)*XSCAL + 8.0 
Y(I) = Y(l)*YSCAL + 8.0 
SX(I) = SX(l)*XSCAL + 8.0 
SY(I)= SY(l)*YSCAL+ 8.0 

20 CONTINUE 
ELSE IF (ICOUNT.EQ.3) THEN 

CALL AXIS(0.,0.,1 HX,-1,5.,0.,XAPI ,XAP2) 
CALL AXIS(-l.0,0.,lHY,l,5.,90.,YAPl,YAP2) 
XSCAL - 10.0 
YSCAL - 10.0 
DO 30 I ,,. l,NP 

X(I) = X(l)*XSCAL 
Y(I) = Y(l)*YSCAL 
SX(I)= SX(l)*XSCAL 
SY(I)= SY(l)*YSCAL 

30 CONTINUE 
ELSE 

CALL AXIS(8.,0.,l HX,-1,5.,0.,XAPl ,XAP2) 
CALL AXIS(7.,0.,l HY,l ,5.,90.,Y A Pl ,YAP2) 
XSCAL = 10.0 

Appendix D. The DYNAMIC Program 103 



YSCAL =- 10.0 
DO 40 I = l,NP 

X(I) ... X(l)*XSCAL + 8.0 
Y(I) = Y(l)*YSCAL 
SX(I)- SX(I)*XSCAL+ 8.0 
SY(I)= SY(l)*YSCAL 

40 CONTINUE 
ENDIF 

C THE STATIC SHAPE OF THE DAM IS PLOTTED. 

CALL NEWPEN(3) 
CALL PLOT(SX(l),SY(l),3) 
DO 50 I = 2,1\iP 

CALL PLOT(SX(l),SY(l),2) 
50 CONTINUE 

C THE MODE SHAPE IS PLOTTED. 

CALL NEWPEN(l) 
CALL PLOT(X(l),Y(l),3) 
DO 60 I = 2,:-\P 

CALL PLOT(X(I),Y(I),2) 
60 CONTINUE 

CALL FACTOR(!.) 
!COUNT= !COUNT+ 1 

RETURN 
END 
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