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Weighted Optimality of Block Designs

Xiaowei WANG

(ABSTRACT)

Design optimality for treatment comparison experiments has been intensively studied by
numerous researchers, employing a variety of statistically sound criteria. Their general for-
mulation is based on the idea that optimality functions of the treatment information matrix
are invariant to treatment permutation. This implies equal interest in all treatments. In
practice, however, there are many experiments where not all treatments are equally impor-
tant. When selecting a design for such an experiment, it would be better to weight the
information gathered on different treatments according to their relative importance and/or
interest. This dissertation develops a general theory of weighted design optimality, with
special attention to the block design problem.

Among others, this study develops and justifies weighted versions of the popular A, E
and MV optimality criteria. These are based on the weighted information matrix, also
introduced here. Sufficient conditions are derived for block designs to be weighted A, E and
MV -optimal for situations where treatments fall into two groups according to two distinct
levels of interest, these being important special cases of the “2-weight optimality” problem.
Particularly, optimal designs are developed for experiments where one of the treatments is
a control.

The concept of efficiency balance is also studied in this dissertation. One view of effi-
ciency balance and its generalizations is that unequal treatment replications are chosen to
reflect unequal treatment interest. It is revealed that efficiency balance is closely related to
the weighted-FE approach to design selection. Functions of the canonical efficiency factors
may be interpreted as weighted optimality criteria for comparison of designs with the same
replication numbers.
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Chapter 1

Introduction

1.1 Classical Optimality of Block Designs

A brief review of the classical optimality approach to block designs aims at helping high-
light aspects and motivations of this research. Blocking, introduced by Fisher (1925), is one
of the basic principles of experimental design. Blocking aims at making an experiment more
efficient by grouping experimental units into “blocks”, such that the units are as uniform
within blocks as possible. The stratification of the experimental units may be performed
in one direction, which is ordinary blocking, or in two, giving rise to row-column designs
such as Latin squares and Youden designs. In this research, we investigate the optimality

for ordinary block designs, for which the term “block design” is reserved throughout.

A block design is an assignment of v treatments to bk experimental units arranged in b
blocks of size k. Particularly, if £ < v, the design is called an incomplete block design. Any
block design is connected if it allows unbiased estimation of all treatment contrasts. Only

connected designs are considered here.

Let D(v,b, k) be the class of all connected block designs for given v, b and k. For a



design d € D(v,b, k), let Ny = ((ng;)) denote the v x b incidence matrix whose entries
are nonnegative integers indicating the number of units to which treatment ¢ is assigned
in block j. The matrix NgNI is the treatment concurrence matrix of d, whose entries
are Agiy = 2221 NaijNairj- The information matrix for treatment estimation, or C-matrix,

obtained from the standard additive model (see (1.2)) for treatment and block effects is

1
Cy= D(rg) — ENdeT, (1.1)

where 74 is a v x 1 vector whose i*" element ry = 22:1 na;; is the replication of treatment
i, and D(rq) = Diag(rq;) (Chakrabarti, 1963). The above non-negative definite (nnd) infor-
mation matrix depends on the design d and, provided that the design is connected, has rank

v—1.

Useful measures of a design’s “goodness” are based on increasing functions of contrast
variances, and so are functions of the C-matrix through its Moore-Penrose inverse, denoted
C*. A good design will make variances small and so will minimize the appropriate such

function. Different functions lead to different optimality criteria.

Definition 1.1. Let 0 < eg; < eg < ... < eq,-1 be the positive eigenvalues of Cy. Thus,

> 1 s o> 1
ey

o 2 om 2 - are the positive eigenvalues of CJ, called the canonical variances.

Definition 1.2. A design d is E-optimal in a design class D if it minimizes the maximal
. . . . 1 o . . _ _
canonical variance, that is, if = = mingep -, or equivalently, e7; = maxgep €41
dl

1
€d

Definition 1.3. A design d is A-optimal in a design class D if it minimizes the average

v—1 1

canonical variance, that is, if > .~ % = mingep } i, ;-

Definition 1.4. A design d is D-optimal in a design class D if it minimizes the product of

. . . . v—1 1 . . v—1 1 . v—1 -
the canonical variances, that is, if [],_; o~ = Mingep I o Or equivalently, I eq =
v—1
maxgep [ ;2 €ai-



Besides the E-, A-, and D-criteria, the MV -criterion, which is not a function of the

canonical variances, is also investigated in this research.

Definition 1.5. Let pg1 > pa2 > ... > Pavw—1)/2 be the (;) variances vard(n/—_\n,) for the
pairwise treatment contrasts when using design d. A design d is M'V-optimal over D(v, b, k) if

it minimizes the maximum variance over all paired treatment contrasts, i.e. pz = mingep pai-

Kiefer (1975) introduced convex optimality functions ® on the information matrices, and
proved that balanced incomplete block designs (BIBDs) are universally optimal, i.e. min-
imize ®(C,) for every non-increasing, convex, permutation-invariant ®. Following closely
on the heels of Kiefer’s work, John and Mitchell (1977), Cheng (1978, 1980), and Jacroux
(1980a,b) used computer search and theoretical arguments to build optimal designs for the
criteria defined above, all of which fall into Kiefer’s framework. More recently, Majumdar
and Notz (1983), Majumdar (1986), Jacroux and Majumdar (1989), Bagchi (1989, 1991,
1996, 2001) and Morgan (2000, 2003, 2005, 2007) have been working on design optimality

for various classes of designs with blocking.

Let Y,; be the observation on experimental unit « in block j. The commonly employed
statistical model for any block design d, which in many cases is justifiable by randomization

alone (see Hinkelmann and Kempthorne, 2008), is
Yuj = [+ Td[u,j] + 6j + EUj’ (12)

where
i = mean response over all treatments and blocks,
d[u, j] = the treatment assigned to unit u in block j by design d,
Taju,j) = the effect of the treatment assigned to unit « in block j by design d,

B; = the effect of block 7,



and the F,;’s are uncorrelated, mean zero random variables with common variance o%,. This
model is employed in most of the papers cited above. It is the basis for the information
matrix (1.1). We usually assume with no loss of generality that the unit variability 0% is

0% = 1. The symbol N is used for the total number of experimental units; N = bk.

1.2 Weighted Optimality of Block Designs

Kiefer’s design optimality is based on functions of the information matrix that are in-
variant to treatment permutation, that is, ®(PCyPT) = ®(C,) for any permutation matrix
P. This implies equal interest in all treatments. However, in practice there are many cases
where not all treatments are equally important. For instance, we often encounter experimen-
tal situations where some test treatments are to be compared to a standard treatment (or
control treatment). Sometimes the control is included specifically to verify the expectation
of large treatment effects relative to control, after which the important comparisons among
test treatments are performed. This indicates asymmetry of interest on test treatments and

the control treatment, with (in this case) greater interest in test treatments than control.

Asymmetry of treatment interest implies that optimality based on the information matrix
should not be invariant to all permutations. With the premise of asymmetric interest,
the approach here is to group treatments into several subsets which are assigned distinct
weights; larger weight reflects greater interest placed on estimating comparisons involving
the corresponding treatments. In situations like that described above, this leads to a 2-
weight design problem, that is, the weights take only two values, with one small weight and

v — 1 larger, equal weights.

The theme of this research is to remove the symmetry restriction in a meaningful way and



develop new optimality theory accordingly. Asymmetry of treatment interest is incorporated
into standard optimality criteria, then conditions for and constructions of designs respecting
the weights are obtained. The 2-weight optimality problem is the starting point in tackling

weighted design optimality.

Gupta(1999, 2002) has used the term “weighted A-optimal” when comparing a group
of test treatments with a group of control treatments. Two different sets of contrasts,
treatment-control and treatment-treatment were considered to be estimated with unequal
precision. Compared to earlier work, this dissertation introduces a general idea of “weighted
optimality” that can be applied to any experimental situation (not limited to treatment-

control) and generalizing all standard (not just A) optimality criteria.

Design of experiments for which some of the treatments are controls has, from a special
perspective, been extensively investigated in recent years. That perspective is formalized in

the following definition.

Definition 1.6. A test treatment versus control (or TvC) experiment is an experiment in

which
(i) one of the v treatments is a control, and

(ii) the sole purpose of the experiment is to compare the control to the other, test treat-

ments.

Notable among the many papers seeking optimal designs for test treatment versus control
experiments are Jacroux (1989), Jacroux and Majumdar (1989), Majumdar (1992, 1996a,
b), Majumdar and Notz (1983), Stufken (1991a, b). Results in Section 2.1.1 will establish
that optimality work for TvC experiments is a limiting case, as the weight on the control

treatment goes to 1, of the weighted optimality framework constructed in this dissertation.



Notably absent from the design optimality literature is work for experiments of the type

described in the first paragraph of this section. These we formalize with a second definition.

Definition 1.7. A test treatment with control (or TwC) experiment is an experiment in

which
(i) one of the v treatments is a control, and

(ii) the control treatment is intended as a check on the expected efficacy of the other, test
treatments, and accordingly less importance is placed on estimation of differences between

the control and the test treatments.

The new approach advocated here allows for rigorous optimality investigation of TwC
experiments. Weights can be chosen to incorporate the relative importance placed on test
treatment versus control, and test treatment versus test treatment, comparisons. In the
chapters that follow, all results for the 2-weight problem, where one of the weights is assigned
to a single treatment, have applications to TwC experiments. From a larger perspective, an
important contribution of the new approach is to bring TwC and TvC experiments under a

common optimality umbrella.

1.3 Outline of Dissertation

This dissertation is organized as follows. In chapter 2, we give some preliminary results
on weighted optimality and some basic theory on matrix convexity, which is critical to our
research. In chapter 3, 4, and 5, theorems on sufficient conditions for weighted E, MV and
A optimality are given, and some methods of construction are included as well. In chapter

6, future work on weighted optimality is proposed.



Chapter 2

Preliminary Results

The main purpose of this chapter is to introduce main concepts and definitions, and to

develop some preliminary results on weighted optimality.

2.1 Definitions and Preliminary Results for Weighted

Optimality

Just as many conventional criteria are functions of the eigenvalues of the information
matrix Cy, many of the weighted criteria which will be used to evaluate design optimality

are functions of the eigenvalues of the weighted information matrix Cy,, defined as follows.

Definition 2.1. Let positive weights wy, ws, ..., w, be measures of interest on v treatments
where without loss of generality > w; = 1. Let W be a v x v diagonal matrix with w;
in the i'* diagonal position, that is, W = Diag(w;). Also, the square root matrix for W is

denoted as W/2. Then the weighted information matrix Cy, for design d is defined as

de = Wﬁl/QCdW71/2 = ((cdii//\/wiwi/)) (21)



The use of Cy, will be justified in the following facts. The key is to see how applying
weights to C,; induces weights on variances of treatment contrasts. Consider the spectral

decomposition of the Cy,-matrix:
v—1
de = VV_I/QC'dVV_l/2 - Zezfzfz/ (22)
i=0

where 0y < 6; < --- < 0,_1 are the eigenvalues of Cy, and the f; are an orthonormal set
of eigenvectors. For connected designs, both Cy and Cy, are of rank v — 1, and 6, = 0.

Let w = (wy,ws, ..., w,) be the vector of weights. The eigenvector corresponding to 6y is
— /2 — . !
fo=w"/" = (,/wl, Wa, ,«/wv) )

In optimality studies, designs are sought to minimize functions of variances of normalized
contrasts. A weighted variance will be a variance of a contrast but multiplied by an ap-
propriate weight, and normalization will play into weighted variance as well. For notational

convenience, the constant o% will be taken to be 0% = 1 (also see (1.2) and following).

Lemma 2.1. Let C; and C,, be arbitrary generalized inverses of Cq and Cg,, Tespectively.
Then W=Y2C, W2 is a generalized inverse of Cy, and WY2C; W% is a generalized

inverse of Cyy,.

Proof.
CVPCL, WP, = WRWTVRCW A (W RCW W
= WY2Cy,Cp,CawW? = W20, W2 = Cy
Similarly,

dewl/QC;W1/2de _ W*l/Z(Wl/Qdewl/2)Cdf(Wl/Qdewl/Q)W71/2

= WRC,C;C WP = WPCW TR = Gy



Define the v x v matrix F = (fo, fi, f2,..., fo—1) and let L = WY2F have columns
Il = WY2f;, Then LL" = W and L"W~'L = I. Note I'l =0 fori =1,...,v — 1 implies
li,ls,...,l,_1 are contrast vectors. Also, lop = w.

One of the generalized inverses of Cy is W—Y2CF W12 where Cf = 32—} Ffif! is the

Moore-Penrose inverse of Cy,. Now calculate the variance of the contrast {/7:

— 1
Var(lit) = LC 1 = UWV2C) W21, = flCt f, = T (2.3)

1

It can be seen that the variances of the 27\' are the inverses of the positive eigenvalues of the
weighted information matrix Cy,,. Note [; are normalized relative to the weights: ;W ~1; = 1.

That is, lj7,...,l, _ 7 are a set of v — 1 contrasts of equal weight, and moreover,
Cov(lir,Ur) = LCy L = LW V2CE WPl = 0T f; = 0= fif; = LW ', (24)

The property ;W ='; = 0 in (2.4) is termed weighted orthogonality of the contrast vectors

l17 l27 ey lvfl-
Now consider an arbitrary contrast ¢/r7. Be aware [1,[s,...,[,_1 are a basis for the space
of all contrast vectors. Write ¢ = Lg)q for some q(,—1)x1, where L) = (l1,1la, ..., l,—1) is the

v X (v — 1) matrix with columns [; excluding ly. The variance of ¢'7 is

v—1

—_~ _ _ 1
i=1 "
1 v—1 q2
= (Diag(z)a=) o (2.5)
(] i=1 K3
The variance in (2.5) is a convex combination of the 1/6; provided ¢'q = 1. This is the
key to a proper definition of weighted variance. Now L%)W”L(O) = I,_; so that ¢'q =
q’L'(O)WflL(O)q =W te.

Definition 2.2. The weighted variance for contrast I is

Var,(¢7) = W Var(dT) (2.6)



In expression (2.6), the multiplier [¢/'W ~1c|™! is called the weight of the contrast. Observe

that

e The contrasts l7 have weight 1.

e In the unweighted case, in which all w; are set to 1/v, Varw(g;) = %Var(g;)/c’c, the

usual variance of the normalized contrast.

e Optimality criteria that are functions of the #; through their inverses are evaluating
weighted variances. This includes criteria of the form ). f(6;), where f is convex and

decreasing.

Again, the weights wq, ws, ..., w, may be any positive numbers, subject only to the
restriction » ., w; = 1. However, it will often be the case that some weights are identical,
in which case the weights define groups of equally weighted treatments. When there are g

such groups, write the treatment set V' ={1,2,...,v} as
V=1UlU...UV,

where |V;| = v,. The 2-weight problem, mentioned in Chapter 1 and encountered frequently
in this dissertation, is simply that of two distinct wrights w; and wsy, and g = 2 groups.
Wherever appropriate and convenient, the set of weights will be referred to as the distinct

numbers wy, ws, ..., wy rather than the treatment-distinct numbers wy, ws, ..., w,.

With this framework in place, specific criteria can be examined for the weighted case. As
many conventional criteria are functions of the canonical variances, which are nothing but
the inverted positive eigenvalues of the unweighted C-matrix, weighted criteria are defined
as the same functions of the inverted positive eigenvalues of the C,-matrix, which may now

also be termed canonical weighted variances.

10



Definition 2.3. Let 0 < 05 < 04 < ... < 04,1 be the nonnegative eigenvalues of Cg,.

Thus, /&~ > -~ > ... > —— are the positive eigenvalues of C}, called the canonical
0a1 a2 0,1 d

weighted variances.

2.1.1 Basics for the weighted E-criterion

Definition 2.4. The weighted E-value (written as F,,) for a design d is the largest canonical

weighted variance for design d. That is,
E,=—. (2.7)

A design d is weighted E-optimal (or E,-optimal) in a design class D if it minimizes the

largest canonical weighted variance, that is, if

Ej, = min Eg,.

deD

Result 2.1. The weighted E-value is the largest weighted variance over all treatment con-

trasts.

Proof. The largest weighted variance over all contrasts is

Var(cr) dW2Cr Wl/2e yCily
max | ——— | = max = max |—%=).
dW-1le

¢1=0 '1=0 dW-1le ywl/2=0 y'y
w'/? is an eigenvector of C  corresponding to eigenvalue 0, so this is the largest eigenvalue
of C} | that is, 1/6;. O

Result 2.1 says that an E,-optimal design factors importance of contrasts into design
selection in minimizing impact of the worst case. It can be seen that for any design, increasing

the weight placed on a treatment increases weighted variances (2.6) of contrasts in which

11



it is involved. Minimizing summary functions of weighted variances (that is, minimizing
functions of 1/6;), pushes variances of treatments with higher weight to be smaller, this

being at the expense of variances of treatments with smaller weights.

Further insight into the FE,, criterion is gained by examining the extremes for weights,
done here for the 2-weight problem by letting one weight be arbitrarily close to 0. If the
proposed approach is correct, then in the limit it should reduce to unweighted optimality for

a subset of treatments.

Lemma 2.2. Partition Cy as

Cai Cai2
Cyqy=
Ca21 Caoz
where Cgi1 15 v1 X vy and 2 < vy < v —1. Write E,, = largest eigenvalue of C’;w = Jnverse

of smallest eigenvalue of Cyy,. Also let Cyri2) = Can — Cd12cd_2120d21. Then for the 2-weight

problem with vy treatments receiving weight wy,

w
limO —L — smallest positive eigenvalue of Cyiy(2).
wiuil/vl

Proof. Write Cy11 = Cyn + Nw?J, Ciiz = Ciyia + NwywsJ = ngla Cioo = Cas + Nw3J, and
P, = WY2JWY2 where N = Y, r4; is the total number of experimental units of design d.

E,, is the inverse of the smallest eigenvalue of

Ciw + NP, = W12 G Carz | 1o

Can Caz
which is positive definite. Thus E,, is the largest eigenvalue of (Cy, + NP,) ™!, i.e.

/ -1
Ew = Inax v (de + NPw) *
bt r'x

12



Partition 2’ = (2, z}) and

~_1 ~—1 = ~—1
(Caw + NP,) ™t = W2 Cane ~Cane CanzCars w2,
_CN(d_leéchCd_H (2) 0(1_212 + éd_ngédﬂéd_lll(Q)C’dlZ
Then
1 1 A A
E, = max %[wlm Cdlll - 2\/w1w2$30d111(2)0d120d212$2
(2.8)
+ ngg(é@ + édméd_lll(z)édm)%z]
Now
S N
lim Cyn = Ca1+—J,
wo—0 U1

lim Cy2 = Cao,
wo—0

N
lim Cdzz - Cdgg = hm Cdll Cdll(g) +—J

'U]Q*) w24> 1

and so for any fixed z, the limit (ignoring for now the max,) of the expression in (2.8) is

1 21[Canie) + J] 1 21 [Canz) + %J]_lﬂh
U1 x'x -0 xhxy
< — X largest eigenvalue of [Cy1(2) + J]
1

1
= — x [ smallest eigenvalue of Cyi1(2) + o J 7!
U1

1
= — X [ smallest positive eigenvalue of Cyy1(2)] ™"
U1

Since this is true for every fixed z, it follows that

wq
hmo —— > smallest positive eigenvalue of Cy1y(2)
wg— w

and it is easy to see that equality is attained when z; is an eigenvector corresponding to the

smallest positive eigenvalue. O]

13



The matrix Cgi1(2) is the unweighted information matrix for estimation of the treatments
Vi receiving weight w;. The smallest positive eigenvalue of Cyy1(2) is the worst variance over
all normalized treatment contrasts of treatments in V;. Lemma 2.2 says that if w, is very

small, E,, essentially minimizes worst case variance for comparing treatments in V;.

By symmetry, Lemma 2.2 includes the 2-weight problem for v; = 1 with w; — 0 and wy —
ﬁ. The limiting result for the 2-weight problem with v; = 1 for ws — 0 is substantially

different, however. The following lemma is useful in sorting out the additional difficulties.

Lemma 2.3. Let H be the (v — 1) X v information matriz whose rows are the coefficients of
the elementary contrast for estimating 77—\71 ,i.e. H= (1v_1f — Iv—l); and let Cyo be the

(v —1) x (v —1) right lower submatriz of Cy. Then (HC; HT)™! = Cypa.

Proof. Partition Cy as

where Cyop is (v —1) X (v —1), Cga1 is (v — 1) x 1 and Cyo; = CF,. Write ¢g11 = cg11 + N,
Carz = Catg+ N1', Cazy = Capy + N1, Cazy = Cagg+ N J,_y and a = ¢y —5d125§2125d21- Note

that, since the rows of H are contrast vectors, HC, H T"is invariant to choice of generalized

14



inverse of Cy. One choice is C; = (Cy+ NJ)~! so that for arbitrary N # 0,

—C
(HO; HT)Cpy = H(Cy+ NJ)! a
_Cd22
1 —Cai2 — N1 1
= H(Cy+NJ)~ + H(Cq+ NJ) M (N Jpxo-1)
_Cd22 - va,l
= H l N 1 N N _Nédliéd_zli ) _?dm
Y\ =CphCim aCph + CphCan CaraCl —Cuzz

+H(Cy+ NJ) (N Jox(o-1))

= I+ H(Cy+ NJ) M (NJpr o)) (2.9)

The second term H(Cyq + NJ) ' (NJyx(,—1)) in expression (2.9) equals zero, which follows
from
(Ca+ NJ)HCa+ NJp) Joxwv—1) = Jox(o-1)
= (Ca+ NJ) Y Nvys(o-1)) = Jox(w-1)

1
= (Cd + NJ>71<NJ’U><(’U—1)> = ;va(v—l)

1
= H(Cy+ NJ) " {(Ndpx(o-1)) = ;HJUX(U_D = 0.
Therefore, (HC; HT)Cyao = 1. O

The information matrix in the test treatments versus control problem (TvC; see Section
1.2) is (HC4HT)™'. Theorem 2.1 provides the link between the TvC problem and the

weighted optimality approach.

Theorem 2.1. Let f; (i =0,1,...,v—1) be orthonormal eigenvectors of Cy, corresponding

1/2

to eigenvalues 6;, where fo = w'* corresponds to the eigenvalue zero of Cqy. Let y; (i =

1

1,...,v—1) be eigenvectors corresponding to eigenvalues e; of (HCy HT)™!, where 1 < e3 <

-o» < ey_1. Then,

15



(i) lim wyClyyp = = ,
w1 —1

wa—0 0 Caz 0 (HC;H")™!

(i) lim wqb; = e;.
w1 —1
wo—0

Proof. (i) Write

22can —2Cra
wyCa = | Ve (2.10)
ok Cd21 Cd22

N
Letting wy — 1 and thus wy — 0, (i) follows easily from (2.10) and Lemma 2.3.

(ii) Partition f/ = (f1, f;"). Observe that

Cawli = 0i fi
L cair Caiz W — 6
Cann Caa2
Cd11l 1 * 3
N W+ ===Cua; _ 0 f1 ‘ (2.11)
\/ﬁcdﬂfl + w%Cdmfi* 01"

Now

v

W =0 = fun w3 f) =0
= oy = —w* (3 f7) (212)
and |y ., f7| is bounded. Thus as w; — 1 and wy — 0, the RHS of (2.12) goes to zero, so
lim f = 0. (2.13)
w1 —

Combined with the fact that Cy, and wyCy, share the same eigenvectors, equation (2.13)

and (i) together say that

16



and thus

UEI_T)Il wol f; = U}}Iill woCw fi
B 0o 0o 0
B 0 Clz Yi
B 0
E €ilYi
and (ii) follows. O

Theorem 2.1 says that as more weight is placed on the control treatment, the v —1 nonzero
eigenvalues of Cy, become proportional to eigenvalues of (HC; H')™' which as already
noted is the information matrix for the test treatment versus control problem. Recall y; is
the eigenvector corresponding to the smallest eigenvalue e; of (HC; H')™!, or equivalently,
corresponding to the smallest eigenvalue of Cyas. We will show that the elements of y; have

the same sign, i.e. y;,; are all non-positive or non-negative for i =1,...,v — 1.

Since y; corresponds to the smallest eigenvalue of Cyag, it must satisfy ] Cyooyy = min, 2'Cyonz =
e, where z is an arbitrary normalized vector. Suppose the sign of some element in y; is
different from that of some other element. Without loss of generality, we assume the first &
elements, i.e. y;11,...,y1, have positive sign while the signs of y; y41,...,y1,, are all nega-

tive for some k+1 <m <wv — 1. Then

/
11 Ca2211
= E E (Ca22)ijyriyr,; + E E (Ca22)ijyriy1,; + E E (Ca22)ijy1,iv1,
1<4,5<k k+1<i,5<m 1<i<k
k+1<j<m
> E E (Caz2)ijyriy1; + E E (Caz2)ijyriv1y + E E (Ca22)i5(=y1,0)y1,5-
1<4,j<k k+1<i,5<m 1<i<k
k+1<j<m
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The above inequality is because all off-diagonal elements of Cy99 are non-positive. Observe
that (v—1)x 1 vector y; = (—y11, -, —Y1.k, Y1.k+1, - - » Y1,m, 0" )’ is also a normalized vector
and y}"CdQny < ¢y Caooyy- If the inequality is strict this is a contradiction and thus elements
of y; are either all non-positive or all non-negative. Otherwise y; Cdggyl = 1y1Cay1 = ey.

This proves the following theorem.

Theorem 2.2. The smallest eigenvalue ey of the information matriz (HC; HT)™" for com-
paring test treatments to a single control corresponds to an eigenvector for which all elements

are non-negative.

Note that if e; has multiplicity greater than 1, then there is at least one normalized

eigenvector with the non-negative property.

The importance of Theorem 2.2 is that it tells us the precise meaning of the F-criterion
in the test-treatment versus control problem, an issue previously unsettled in the literature

(e.g. Majumdar and Notz, 1983). The inverse of e; is

1 1 —~
— =y HCyH "y = = Var(h't) (2.14)
€1 o

where b/ = (Zf:—ll Y1i, —Y11, —Y12, -+, —Y1—1) IS & contrast vector comparing the control to

an average of test treatments.

Theorem 2.3. Consider all normalized averages S —| a;7;41 of the test treatments (3.~ a? =

Landa; >0 fori=1,2,--- ,v—1). An E-optimal design for the test treatment versus con-
trol problem minimizes the largest variance over all contrasts of the control with normalized

test treatment averages:

—

v—1 —
E;= max —Var( E aZ ™ — g amﬂ)
i, ,ay—1
=1 =1

> a?=1,a;>0
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Recall that for any contrast 7,
Vary(d7) = (W) Var(d7).

Let ¢ = (Y, @i, —a1, —az, -+ ,—a,—1)" where a; > 0 and ), a? = 1. The weight for contrasts

of this form is

(W le)™t = <M + i)_l.

w1 Wao
As wy — 1 this weight goes to 0. But as shown in Lemma 2.3, the correct way to evaluate

weighted expressions asymptotically when v; = 1 is to multiply W~ by w,. Doing so gives

32 -1
(wod Wte) ™t = (M + 1) — 1 as w; — 1.
w1y

This says that, for large wy, all contrasts of this form have essentially the same weight. Thus
minimizing the maximum of their unweighted variances is equivalent, asymptotically in the

weights, to minimizing the maximum of their weighted variances.

In conclusion, the E,-criterion is asymptotically equivalent to the E-criterion for the test
treatments versus control problem. The latter can be thought of as minimizing maximal
weighted variance where very large weight has been assigned to the control treatment. The
class of contrasts evaluated by the E-criterion for the TvC problem is that of all comparisons

of the control to normalized averages of the test treatments.

2.1.2 Basics for the weighted MV -criterion

From (2.6), the weighted variance of an elementary contrast 7, — 7; is

Vary(7; — 1) = %V@r(n/—\q). (2.15)
i J

This motivates the next definition.
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Definition 2.5. The weighted MV -value (written as M'V,,) is defined as the largest weighted

variance over all pairwise comparisons:

MYV, = max MVm‘(7'i/—\7'j). (2.16)
i#j W; + wy

A design d is weighted MV-optimal (or MV,,-optimal) in a design class D if

MVz, = min MVg,.
deD

Let M be the set of vectors m;; = \/ﬁ(o, W, 0,0 =W, -+, 0) for all

i <jandi,je€ {l,-- v}, where ,/w; is in the i’* position and ,/w; is in the j™ position.

The weighted variance for the pairwise comparison 7; — 7; can be written

W;Wj ——\ st ~y—r L e
w; + w; VaT(Ti - Tj) = mz‘jWQCd W?m,-j = midewmij (217)

showing that the MV, is the largest value of m{,Cy m;; over all my; € M. The MV,-

value is directly comparable to the unweighted MV-value: Cj is replaced by Cy,, and

the pairwise contrast vector (0---1---0--- —1---0) is replaced by the normalized vector
L0, /w;---0--- — J/w;---0)". Furthermore, the weighted variance for a weighted

A /wi—i-wj

contrast vector is invariant to the choice of generalized inverse C,, .

The MYV,,-criterion evaluates the weighted variances for the pairwise comparisons 7; — 7;.

Further insight is gained by considering extreme weights for the 2-weight problem. To begin,

let v1 = 1 treatment have weight w; and v, = v — 1 treatments have weight wy, = 11;“11 (this

can be thought of as a control and several test treatments situation). Then
2

B W Wy —— W) S }
MYV,, = max {—w1 oy e Var(r —7;), o = max Var(r; — 77)
[1— (v—1)ws|ws W _—
= max{ 02w, Var(m — ), o max Var(r; — Tj')}

To normalize this MV,,-value, divide by a common denominator of
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ZZ w;w, _( _1><1—(v—1)w2)w2+(v—l)(v—Q)%

witw; 1— (v—2)ws 2 2

(v —1)(v+2)wy — [4(v —1)> + (v —1)(v — 2)} w3
41 — (v — 2)ws]

Thus, the normalized MV,,-value MV is
A[1 — (v — Dywy] -
(0= D+ 2) [ - 17 + (o~ o~ 27, 15777

2[1 — (v — 2)wy) _— }

MVy = max{

- D02~ [ 1+ (v =10~ 2w sV =)

When w; — 1 and wy — 0,

i, MV = x| g3y Vo ), gy s Ver )

wo—0

When w; — 0 and wy — ﬁ,

. « 2 —
uEIE}O Mvw = max {0, m%&% VCLT‘(Tj — Tj/)}

wo—1

These results say that when large weight is assigned to the control, the MV,,-value places up
to double weight on treatment /control comparisons, and so pushes VCLT(Tl/—_\Tj/) to be small.
When large weight is evenly assigned to the v — 1 treatments, then the control is essentially
ignored and minimizing MV,,-value pushes the variances of pairwise contrasts within test

treatments to be smaller.

Now consider the 2-weight problem for v; > 1 treatments having weight w; and vy > 1

treatments having weight wy. Then

w1y — W1Wo — W2 —
MYV, = max {— max Var(r, — 1), max Var(r —7;),— max Var(r; — 7).
0,1/ <vy wy + wy  i<v 2 wni+1<jj'<v
v1+1<j<v

Divide by this common denominator to normalize the MV,,-value:

vi(vy — 1) wy ( Wi Wsy ) vg(vg — 1)%

5 o U, 2 2

When w; — 1/v; and wy — 0,

—

. *
lim MV, = max Var(r, — ).
w1—1/v1 1,1 <oy Ul(Ul — 1)
w2 —0
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When w; — 0 and wy — 1 /vy,

. 2 _
lim MV, = max ————Var(r;—r1j).
w1 —0 C uH<jg<v va(vy — 1)

wa—1/va

The above results say that MYV, values only depend on the pairwise contrast variance
within one group if treatments in the other group are not of interest; this is exactly as
expected. More generally, large values of one weight emphasizes small variance for pairwise

comparisons of treatments within that weight group.

2.1.3 Basics for the weighted A-criterion

Definition 2.6. The weighted A-value (written as A,,) for a design d is the average of the

canonical weighted variances for d:

Ay =

1
- 2.1
vo12-%, (2.18)

IlbﬂH

A design d is weighted A-optimal (or A,-optimal) in a design class D if

Az = min Ag,.
dw = gep M

Result 2.2. The weighted A-value is proportional to the average of the weighted variances

for any v — 1 weighted orthogonal contrasts.

Proof. Let 11,15, ...,1,_1 be the coefficient vectors for any set of weighted orthogonal con-
trasts, and with no loss of generality assume the corresponding v — 1 variance weights are 1.

Then W=, = 1, 'W~'; = 0 for i # j, and I'W '], = 0. Writing ﬂ(o)i%) = Zf;ll Ll =
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W — 1l = W —wu', then
Z Var(lit) = trace( Nen L) = trace(f/a)W*1/2C;wW*1/21~)(U))

= trace(CJ,W ™ "? L LE,W™?) = trace(C4,[I — foft])
=t (C;) - 1A 2.19
race(C},) Z 5= (v (2.19)
O
Result 2.2 shows that A,, does not depend on a particular set of equal-weighted contrasts
for a particular design; a design which minimizes A, is minimizing the average weighted

variance for any set of weight-orthogonal contrasts. The following Result shows that A,, can

be expressed in terms of pairwise contrast variances.

Result 2.3. A, =, > 7 Var(r; — 7).

Proof. Let h;; be the elementary contrast vector comparing treatments ¢ and j, that is,
hi;T = . Let b;; = \/w;w;h;; be the columns of the v x v(v — 1) matrix B. It can be
checked that W=2BBTW =12 = I — fyfi. Then

Z Z wiijar(n/;\Tj) = Z Z VCLT’(Z)TZ‘J'\T) = trace(BTC; B)

Ty i g
= trace(CH W V2BBTW~12) = trace(CJ,) = (v — 1)A,

O

Result 2.3 indicates A,, is proportional to a simple weighted average of pairwise contrast
variances. Minimization of A,, via choice of design implies that, on average, estimation of

differences 7; — 7; with larger w;w; will be more precise than pairs with smaller weights.

Again, consider the extreme weight grouping having v; = 1 and v9 = v — 1. Then

Ay =D S Var(R =)

1 j#i
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:vi1<z%v‘”’ WA T 1_w1 Var(/\n))

j#1 J>1j'>1
J'#3

; a2 1— 2
Divide A,, by Z Z :;U_wjl =7 (w; — 1101 + ((v _1111))2 ) to give the normalized A, as
e

wy — 1 —w
A =——"7T" Var(m — 1)+ Var(t —7'
v(1+w1)—2; (1 =7) (v— D +w) — 2| Z; )

As can be computed, the limiting values for A} are

2(1}—_12‘/@7”7?—\7']) as w; — 1 and wy — 0
J#1

1
mZZW ) asw - 0and wy - ——
J#3’

These results say that when full weight is assigned to the control only, the A,,-value depends
only on the pairwise contrasts between control and treatments, while the pairwise contrasts
within treatment group are not involved; if full weight is evenly assigned to the v — 1 treat-
ments and none to the control, then the A,-value depends only on the pairwise contrasts

within the treatment group.

Also, consider the 2-weight case with v; > 1 and vy > 1. Similar to the former case, the

normalized A, is

A* — Zz Zj;éi Var(r; — ;)
w T —1 —1
Mw% + Ulwl(l — Ulwl) + 2 (1 - U1w1)2
2 2U2
The limiting values for A; are
2 Z Z Var(m; —77) as w ! and wy — 0
T — Ty — — —
v —1 g ' 0 ?
0,0 1
Y S Var ) 0 and z =
ar(t; — Ty as w; — 0 and wy — —
vy — 1 = i T 1 27
B 2

These results show that when the full weight is evenly assigned to one group of treatments
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only, the A, -value depends only on the pairwise contrasts within this treatment group, while

treatments in the other group are not involved at all.

2.1.4 The weighted D-criterion

Another weighted criterion we introduce here is weighted D-optimality, although it turns

out to be of little interest.

Definition 2.7. The weighted D-value (written as D,,) for design d is the product of the

canonical weighted variances for d:
v—1
D, =[]
i=1

A design d is weighted D-optimal (or D,-optimal) in a design class D if D, = mingep Dge.

Perhaps surprisingly, the D, -optimal design is always identical to the D-optimal design

for the unweighted case. This is a consequence of the following result.

Result 2.4. If d, is D-better than do, then dy is D,,-better than ds for all choices of weights

w.

Proof. Since w'/? is the normalized eigenvector of Cy,, having eigenvalue 0, the D,, value of
any design d is

|Gl + w22 71,
The determinant in this expression can be simplified using relationships with adjugates:
|Caw + w 2w | = |Cau| + w% adj(Cy)w'’?  (Rao, 1973, pg. 32)
= 0+ w"?adj(D(w™?))adj(Cy)adj(D(w™/?))w'/?
— D(w™)] x w? D(w?)adj(Co) D(w w2
= [D(w™)] x D(w)adj(Ca) D(w).
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The adjugate of Cy is adj(Cy) = kJ for some k depending on d (Chakrabarti, 1963). Thus

the ratio of D,-values for two designs d; and ds is

Dy(di) _  |D(w™h)| x D(w)adj(Ca,) D(w)
Dy (da) | D(w=1)| x D(w)adj(Cq,) D(w)
_ D(w)(ra])D(w) _ ks
D(w)(k1J)D(w) Ky
which is the same regardless of the weights w. O]

That the D criterion cannot distinguish changes in relative treatment interest is a serious
deficiency. There is no need to investigate the D,, criterion further, for it offers no information

for a weighted evaluation of treatments.

2.1.5 A general class of weighted criteria

With the above criteria in place, we now define a general class of weighted criteria. An
arbitrary criterion ® is just a function ® : Cy, — R on the weighted information matrix Cly,
of an arbitrary design d. A design is ®,-optimal if it minimize ®(Cy,) over D(v,b, k). Not

any arbitrary ® is of statistical interest. To be of interest, ® must satisfy certain conditions.

As mentioned in Section 1.2, one property of conventional ®-optimality is ®(PCyPT) =
®(Cy) for every permutation matrix P, which means reordering treatments does not change
the optimality measure. Obviously, this property cannot be applied to weighted optimality
since the interest in the treatments is no longer uniform. However, for treatments with the
same weights, order is irrelevant. The following properties on the optimality functions of the

weighted information matrix are critical to this research.

Suppose the treatments are grouped into g sets with constant weight within each set. Let

(2 be any permutation matrix which preserves, in order, the weight groups. That is, () may
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only perform within-group treatment permutation. Then a weighted optimality criterion ®
must satisfy

®(Caw) = P(QCaQ") (2:20)
for every such ). It is apparent that the weighted criteria introduced above, E,,, MV,,, A,

possess this property.

The second requirement of ® is an obvious need that it be non-increasing in the following
sense. If Cy — Cuye 18 nnd, then ®(Cy,,y) < P(Cyyy). Note that Cg — Cayy is nnd <

cr., —Cr

dow diw

is nnd (Morgan, 2007), so this property says that if design d; dominates dy by

estimating every contrast with no larger variance, then ® cannot rank d, better than d;.

The third requirement, while having no obvious statistical interpretation, is important for

technical reasons. This is the property of matrix convexity:
O (aCyp + (1 — a)Chy) < a®(Cyyw) + (1 — @)P(Cyyu) (2.21)

Fortunately, the weighted versions of all the standard criteria introduced in the preceding

subsections satisfy this property (see section 2.2).
Henceforth, all optimality criteria ® considered are assumed to satisfy:

(1) @ is permutation invariant as in expression (2.20).
(1) @ is nonincreasing with respect to the nnd ordering of matrices.  (2.22)

(7i1) @ is matrix convex.

Here is a class of criteria satisfying the above conditions:
Definition 2.8. The weighted ®,-optimality criteria are defined as

13_—1 9P 1/p
P (Caw) = (—ij—i 1‘“ ) (2.23)

for 0 < p < oo, where the 0y are the nonzero eigenvalues of Cy,.
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For p =1, ®, is the A,-value. As p — oo, ®, becomes the E,-value.
Letting M be the set of weighted pairwise contrast vectors described in definition 2.5, then
(I)MV(de) = maMX m'Cme (224)
me

is the MV,,-value. @,y is not in the ®, class, but it does satisfy (i)-(iii).

2.2 Convexity and Generalized Group Divisible De-

signs

This section provides some theorems related to convexity of the optimality criteria, which
will be useful for proofs in chapters that follow. Convexity also leads to the concept of

generalized group divisible designs.

Definition 2.9. Given a full rank symmetric matrix X, let its spectral decomposition be
X = UDUT, where UUT = I and D = diag(\,...,\,) whose diagonal entries are the
eigenvalues of X. For any real-valued function f, let Dy = diag (f(\1),..., f(\,)), and
define the correspondent matrix function f(X) by f(X) = UD;U". Then, f is said to be
matrix convex if for symmetric matrices A, B and a € [0, 1],

F(@A+(1-0a)B) < af(A) + (1 - a) f(B),
that is, (af(A) + (1 —a)f(B)) — f(aA + (1 — a)B) is nonnegtive definite.

We will use the next theorem to give some properties on the convexity of the information

matrix.

Theorem 2.4. (Bapat and Raghavan, 1997) Let Ay,..., A, be v X v positive definite ma-
trices. Then

1 -
E(Al"i‘”""An)En(Afl‘i‘""i‘A;l) 1.
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1
Theorem 2.5. The function f(t) = n is matriz conver on t > 0.

Proof. We want to prove [@A + (1 — a)B]™! < aA™ + (1 — a)B~! for a € [0,1]. Write

a = m/n, where m and n are two positive integers satisfying 1 < m < n. Then,

A B
aA+(1—a)B = m(—) + (n—m) (—) (2.25)
n n
Let Ay =---=A4,, =Aand A,,.; =--- = A, = B, then utilizing Theorem 2.4, (2.25)
becomes
1
z (A AT
_ (@A—l i n— mB—l)—l
n n
=[aA™ '+ (1 —a)B7Y L
Equivalently, [0¢A + (1 —a)B] ™' 2 aA™ + (1 —a)B™! O

Corollary 2.1. >, o A7 — (30, auA;) 1 is positive definite for any Y, c; = 1 and a; > 0
Y i.
Theorem 2.6. Let Cy,,, and Cg,,, be the v X v weighted information matrices of rank v — 1

corresponding to any two connected designs d, and dy for weights w. Let Cgp = aCy .y +

(1 — a@)Cyyy for some a € [0,1], and let | be an arbitrary vector satisfying l'w*/? = 0. Then

I'Col <al'Cyp 4+ (1—a)l'Cy,l (2.26)

dow"?

where C’Cl_w, Cyw and Cy ., are generalized inverses for Cliw, Cayw and Cyyy, respectively.

Proof. For any v x v weighted information matrix Cy, for any connected design d, (Cgy +
sw'/?w'/?) is positive definite and (Cy, + ew'/?w'/?)~1 is a generalized inverse of Cy, for

any real number ¢ # 0. Note that Cy, is also a weighted information matrix (i.e. it is the
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weighted version of the symmetric nnd matrix aCy, + (1 — «)Cy, of rank v — 1), though it

need not correspond to any existing design. Moreover,
Caw + cw'?w'? = a(Cyypp + cw?w'?) + (1 — ) (Cpo + cw'w/?). (2.27)

It can be verified that I'C} [ is invariant to choice of generalized inverse of Cy,, hence,
applying Theorem 2.5,
U'(Cy + cwPw? )1 < ol (Cypop + 2w ?) U + (1 — )l (Cgy + cw 2w/ )71

= 1'Co 1l <al'Cy l+ (1 —a)Cy

dow

l O

Corollary 2.2. The E,, and MV,, criteria are matriz convex.

Proof. For the E,, criterion, let fi, fi1 and fi2 be normalized eigenvectors corresponding
to the smallest positive eigenvalues of Cy,, Cy,w and Cy,,,, respectively. Then & E(C_'dw) =
f1Co fi. Theorem 2.6 gives
®p(Caw) = [iCufi < afiChufi+ (L= ) fiC4, i
<afy dlwfll + (1 —a)fiy def12 = a®p(Chw) + (1 — ) Pp(Cayw)

For the MV, criterion, let l;; = m;;, where m;; is defined following Definition 2.5, so that

1t follows

Py (Ca) = max;; l;;Caulij- Assume the maximal value is achieved by l;; = [y,

that
(I)MV(de) = l/ dell * < Oél/ Cd_lwli*j* + (1 — a)l;*j*cdzwll * g
< amaxy; ;0 iy + (1 — a) maxy; [;;Cy L

= OtCI)Mv(Cdlw> + (1 — OZ)CI)MV(Odgw) u

Corollary 2.3. The A, criterion is matrixz convex.

Proof. Let I; = W'2f; (i = 1,...,v — 1) be the coefficient vectors for a set of weighted

orthogonal contrasts corresponding to fixed w, where the f; are as defined in (2.2) for Cy,.
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Then by Result 2.2 and Theorem 2.6,
®4(Caw) = 715 30, 11051 < 5 57 [aliCl + (1 — a)liCy 1]
= qu)A(Cdlw) + (1 — a)@A(de).

The inequality uses the fact that Theorem 2.6 holds even if all weights are equal. O]

The following results regarding various weighted optimal designs are based on the prop-

erties of matrix convexity.

Theorem 2.7. Suppose treatments are grouped into g mutually disjoint sets, each of constant
weight. Let Cyy, be a weighted information matriz for design d € D(v,b, k), let Q be a set
of n permutation matrices Q corresponding to within-group permutations, and write Cg, =
>0e0(QCawQ") /0. Then

®(Caw) < P(Caw),

where @ is any optimality function satisfying (2.22).

Proof. Using conditions (i) & (iii) of (2.22) for optimality criterion @,

(D(édw) = (I)< ZQeQ(QdeQT)/n) < ZQeQ @(QdeQT)/TL = CI)(de) O

Corollary 2.4. Let Cy, be the Cy-matriz for design d, and let d be a possibly hypothetical
design corresponding to weighted information matriz Cgy, = ZQEQ(QdeQT) /n, where Q is
a within group permutation matriz and n is the number of such permutation matrices in Q.

Then d is E,,, A, and MV, superior to design d.

We note that the matrix W in Definition 2.1 could conceivably be any positive definite
matrix. That is, the theory of weighted optimality need not be restricted to diagonal W
assigning individual weights to individual treatments. Any such alternative W would have

to be very carefully selected, lest interpretation become highly problematic. Moreover, only
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very special, nondiagonal W will allow convexity properties of optimality criteria to be
exploited via matrix averaging as in Theorem 2.7 and Corollary 2.4. For these reasons only

diagonal W is pursued in this dissertation.

Corollary 2.4 says that within group permutation of Cy,, will improve the weighted £, MV
and A criteria. Moreover, the minimum ®(Cy,,) for given Cy, is achieved if Q in Theorem 2.4

contains all within-group permutation matrices, that is, the number of permutation matrices

g
=1

in Qisn= v;!, where v; is the number of treatments in the j* group. This implies
that a generalized group divisible design (GGDD(g) - see Definition 2.10 just below) with
groups corresponding to the weight groups, if such design exists, has weighted information
matrix that is invariant to all admissible permutations, so will be the best design among
all designs with the same diagonal of the C-matrix. In fact, consider any design d, and let
t; be the sum of the diagonal elements in Cy; for the treatments in weight group j. The

tracet of Cyist = 2521 t;. Then Clw found by permuting Cy, over all 2521 v;! admissible

permutations is best over all designs with the same values of ¢1,...,%,.

The GGDD(g)s are defined in terms of the elements of the information matrix as follows:

Definition 2.10. (Morgan and Srivastav, 1998) The design d € D(v,b, k) is called a
GGDD(g) if the treatments in d can be divided into g mutually disjoint sets Vi, Vs, ...,V
of size v1, vy, ..., v, such that

(1) for j =1,...,¢9 and all ¢ € V}, cais = Ta; — Aaii/k = ¢;j, where ¢; depends on the set V;
but not otherwise on the treatment ¢,

(2) for j,j'=1,...,gand all t € V; and ¢ € Vj, with i # 4" if j = j', Agiw = —k~;;7, where

75 depends on the sets V; and Vj; but not otherwise on the treatment ¢ and 7.

While the general setup allows v arbitrary weights to be assigned to the v treatments

(subject only to Y ., w; = 1), the situations of greatest interest employ g weight groups for
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some g < v. In this case the weights partition the treatments into subsets of sizes vy, vy, ...,
vy where Y7 v, = v, Y 7 vw; =1, and wy, ..., w, are all distinct. The GGDD(g)s are
thus of primary interest in the search for weighted optimal designs, just as are the BIBDs
for unweighted optimality. Much of the theory in this dissertation is for two distinct weights
(9 = 2), what we call the two-weight problem, or the (vi,vs)-problem. In general we work

with the (v1,vs,...,v,)-problem, or g-weight problem.

For convenience, some properties of information matrices of GGDD(2)’s are stated here.
Case.vy=1land vy =v — 1.

The information matrix can be written as:

Q@ 02V
C, = ! Ix(=1) (2.28)
Yw—yx1 aly_1 + B2Jy_1
where in terms of Definition 2.10, By = 792, ap = 3 — Y90 and ¥ = 1.
Since Cy1 = 0, it follows that
ap+yv—-1) = 0 (2.29)
as+ Ge(v—=1)4+~v = 0 (2.30)
Let t be the trace for the C-matrix, so
o + Oég(?] — 1) + ﬁz(v — 1) =1 (231)

Of parameters oy, as, B2 and ~ in Cy, only one parameter is free if the trace is fixed. If ay

is taken as the free parameter, then

(v— 1t —vay
%) w1 =2) (2.32)
20&1 —1
B = CERICED) (2.33)



= — 2.34
V= (2.34)
Since for any C-matrix, §» must be negative, it follows that ay < ¢/2.
Case II. v; > 2 and vy > 2. The information matrix has the form:
07 ‘[’U + /8 J'U /}/Jv v
a=| e (2.35)

’VJUQX'Ul aQIUQ + /82J'U2

where in terms of Definition 210, ﬁl = Y11, &1 = C1 — Y11, ﬁg = 722, Oy = C2 — 722 and

Y= T2-
Cyl =0 gives
art+vif +vey = 0 (2.36)
a9 + 1)252 + vy = 0 (237)
For fixed trace, we have
vi(ay 4 B1) +va(ap + F2) =t (2.38)
Or,
(v — Dag + (va — Dag —vy =1t (2.39)

Note for fixed trace, there are two free parameters among oy, 31, as, P2 and 7.

In the following chapters, certain types of GGDD(2)s will be shown to be optimal in
terms of E,, MV, and A, criteria for the 2-weight problem. Among other designs, the
GGDD(2)s generalize the reinforced BIBDs originally introduced by Cox (1958) and Das
(1958).
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2.3 Efficiency Balance

In addition to the general theory of weighted optimality, efficiency balance is an area of

application to which the notion of weighted information directly relates.

The idea of efficiency balance was introduced by Jones (1959). Efficiency in the sense
of Jones measures the relative loss of information caused by the confounding of contrasts
with blocks. As defined before, let r4 = (741, ...,74,)" be the treatment replication numbers,
and let D(r;) = Diag(rq;). For these replication numbers, the C-matrix for a completely

randomized (i.e. unblocked) design d is

1 /
Cd = D(’l”d) — NTde (240)

where as usual N = ) .7y is the total number of experimental units. Now any connected

information matrix Cy, whether or not d is a blocked design, can be written in spectral form

as
v—1

Cd = Z edihdih;i (241)
i=1

where 0 < eg1 < ege < -+ < egp—1 are the positive eigenvalues of C; and the hy; are a

corresponding set of orthonormal eigenvectors each summing to zero. Consider the contrast

—

!, T; its variance is

.
Var(hl,T) = €_d‘ = 24 (2.42)

where zg4;, the inverse of ey, is called a canonical variance (see Definition 1.1). As pointed out
in Section 2.1, many conventional optimality criteria, including A, D, and E, are functions
of the canonical variances. One of the goals of this dissertation is to generalize conventional
optimality work in a way that it includes the other common perspective on judging block

designs, that based on efficiency balance, partial efficiency balance, and canonical efficiency
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factors. Here we state the basic ideas and define the basic quantities employed in any

discussion of (partial) efficiency balance.

Efficiency balance works with a transformed version of the C-matrix:
Caerr = D(ra) " *CaD(rg) ™ (2.43)

Let the spectral decomposition of Cy.s¢ be as follows:
v—1 _
Caerr = Z Oui fai fo; (2.44)
i=1

Each fy is orthogonal to 7“;/ 2 = D(rd)l/ 21, since this is the eigenvector of Ca,erf corresponding
to the eigenvalue of zero. It is easy to show that a generalized inverse of Cyers is Cp ¢p =
D(Td)l/QCJD(Td)l/Q where CJ is the M-P inverse of C,;. Now define sz = D(rq)~"2fs. Then
cai = D(rq)sqi = D(rq)"/? f4; is a contrast vector. The variance with which this contrast is

estimated is

VARG(cy7) = 4uCcas
= fuD(ra)'*Cy D(rg)'"? fu

= flliz’cczefffdi
1
1
_ 1 (2.45)
Oai

fiCacrsCqesCueps fai

JaiCaersfai

Now suppose the design d we had started with was a completely randomized design (CRD)

with information matrix Cy; as shown in (2.40). Then Cy.ss as given in (2.43) would be

1
Convers = D(ra)™*[D(ra) — rarg]D(ra)™"?

1
= I-— ND(rd)l/QJD(rd)l/Q (2.46)
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The nonzero eigenvalues for the matrix (2.46) are éoRD,l = -+ = Ocppp—1 = 1. That is,
when using a CRD, equation (2.45) says that the v — 1 contrasts ¢, 7 defined above are all
estimated with the same variance 1. With blocked design d having information matrix Cy,
the variances for the same contrasts, as shown in (2.45), are 1/9~di fori=1,...,v—1. Thus

the efficiency when estimating ¢/, 7 with design d relative to a CRD is

VARcrD

VAR,
1

1/04

REd(CIdJ) =

= O

The contrasts ¢, 7 are called the basic contrasts for design d. The eigenvalues 4 which

evaluate their relative efficiencies also have a special name.

Definition 2.11. The eigenvalues 04 of Ca.rs are called the canonical efficiency factors for

design d.

Definition 2.12. If 0 = --- = édﬂ,_l, then d is said to be efficiency balanced (EB).
Otherwise d is partially efficiency balanced (PEB) with number of distinct efficiencies equal

to the number of distinct 6.

This terminology and an extended development may be found in Calinski and Kageyama
(2000). Partial efficiency balance provides a method for judging the loss of information
imposed by blocking. The perspective it offers is summarized in the following bulleted

points:

e Begin by fixing the replication numbers r,...r,. These numbers are chosen to reflect

the relative interest in the treatments. Specifically, if we were able to use a CRD,
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then the variance of any contrast ¢'7 depends only on the replication numbers selected:
VARcrp(¢'T) = 32 ¢2/r;. As shown by this expression, those treatments allocated more
replication contribute less to variance than those allocated less replication. Since higher
interest means contrasts involving a treatment should be estimated more precisely (less

variance), replication numbers do indeed reflect interest, at least for a CRD.

If we are not able to use a CRD, then some information will be lost to blocking. The
canonical efficiency factors are a set of figures that summarize that loss and how it is

distributed across the treatments.

For efficiency balanced incomplete block designs all canonical efficiency factors are the
same. Thus relative information on the treatments is the same as if we had used a
CRD: the relative interest in the treatments as expressed in the replication numbers

has been exactly preserved.

Any incomplete block design that is not efficiency balanced is, by definition, partially
efficiency balanced. Designs having only a few distinct efficiency factors that are fairly
close to one another best preserve the relative interest expressed in the replication

numbers.

If all replication numbers are the same, r4; = --- = rg, = r, then the canonical efficiency

factors and the canonical variances have a very simple relationship:

ngi = —.
Zdi

In this case optimality arguments could be equivalently cast in terms of the canonical effi-

ciency factors rather than in the conventional terms of canonical variances. But what if the

replications are not the same?
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As already explained, the EB perspective says that unequal replications are chosen to
reflect unequal treatment interest. Conventional optimality theory is based on the presump-
tion of equal treatment interest. Thus they appear to be two divergent theories for evaluating
block designs. The general notion of weighted optimality introduced here unifies the two:
it allows for unequal treatment interest, while still providing mathematical evaluation of
designs that is aimed at maximizing the information with respect to that interest that can

be extracted from an experiment.

There have been attempts in the literature to define optimality criteria based on canonical
efficiency factors; see for example Das and Kageyama (1991) and Kozlowska (1996, 1999).
These papers suffer from two severe shortcomings. The first is that they offer no statis-
tical interpretation of the meaning of such criteria. Conventional optimality criteria are
meaningful because they compare designs in terms of summary functions of variances. Cor-
respondingly, the presentation here offers the first statistically meaningful interpretation of
design selection via (appropriately chosen) summary functions of canonical efficiency factors:

minimization of weighted variance.

The second shortcoming of the aforementioned papers is that they do not restrict design
selection based on canonical efficiency factors to a fixed replication class. This is wrong in

two fundamental ways:

e Since weights for the 8, depend on the replication numbers, comparison of designs with
different replications in terms of canonical efficiency factors is comparing weighted vari-
ances while imposing different weights for different designs. The destroys the meaning

of the comparison as explained in the preceding paragraph.

e As explained earlier in this section, canonical efficiency factors are themselves relative

measures, for they evaluate information in a blocked design relative to a CRD. But the
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information in a CRD depends on the replication numbers, invalidating comparisons of
canonical efficiency factors for designs where these numbers differ. The dependence of
CRD information on replication numbers is easily seen by calculating values of A, E,

MV, etc. for two CRDs having the same N but only one of which is equally replicated.

One could, of course, choose weights wy,...,w, so that Nw; is an integer for each ¢;
design choice based on canonical efficiency factors is implicitly demanding this. Yet another
advantage of the approach proposed here is that weight choice is not so constrained. Weights
can be selected to reflect, as accurately as possible, experimenter interest in the various

treatment comparisons.

In closing this discussion, it is worth mentioning that even if the weights wy, ..., w,
are such that Nw; is an integer for each i, a weighted optimal design will not necessarily
have replication numbers r; = Nw;. That is, weighted optimality does not necessarily
imply replication proportional to weights. This statement will be justified by the weighted
optimal designs presented as examples in the chapters to follow. As a general rule, choice
of replications and choice of weights should be thought about as two distinct parts of the

design selection process.

2.4 General balance, efficiency factors and weighted

optimality

This dissertation is primarily concerned with the intrablock information in a block design.
This is the information resulting from the intrablock analysis, that is, the analysis when the

data follows the model given in (1.2). The intrablock information is summarized in the
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information matrix Cy given in (1.1). In model (1.2) the blocks exert fixed affects, and all
treatment contrasts are based on within-block contrasts of observations (hence the names

“Intrablock information” and “intrablock analysis”).

In some experiments it is reasonable to think of the blocks as exerting random effects.
Before writing the corresponding model, let’s introduce a few matrices that will make the
expressions needed in this section easier to handle. If N is the total number of experimental
units, partitioned into b sets of k units each by the blocks, define Ly, to be the unitxblock

incidence matrix:

1 if unit « in block j,
((L))u; =

0 otherwise.

With suitable ordering of the units L can be expressed as L = I, ® 1;,. Let Ay be the N x v

unit x treatment incidence matrix:

1 if unit u receives treatment 7,
((Aa))us =

0 otherwise.

Then if Yy« is the vector of observations, model (1.2) can be written in matrix form as
Y=pln+Asr+ L+ E (2.47)
where FE ~ (0,0%Iy). In terms of A,y and L the information matrix (1.1) is
Cy= A1 — Pp)Ay (2.48)
where P;, = L(L'L)"'L’ is the projector onto the column space of L.
The model with random block effects is a simple modification of (2.47):
Y=ply+Asr+LB+E (2.49)

where B ~ (0,0%1,) is uncorrelated with E. If model (2.49) is appropriate, then while

the intrablock analysis is still applicable, if desired an additional analysis can be performed
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using the block totals as observations. The estimates of treatment contrasts coming from
this interblock analysis, which are uncorrelated with the intrablock estimates, can then be
combined with the intrablock estimates depending on 0% and ¢%. The goal here is to evaluate
the quality of the interblock information relative to that of the intrablock information, and to

understand how that is affected by weighting of treatments as proposed in this dissertation.

The information matrix for the interblock analysis is

1

Cap = Ay(Pp — NJN)Ad (2.50)

Notice that Cy + Cyp = AL(I — %J ~N)Ag = Cerp, the information matrix for a completely
randomized design with replications equals to that of the incomplete block design d. The
property of general balance for a block design can now be defined. For any positive definite

matrix S with spectral decomposition S = 3" e;&&!, use S¥/2 to denote the “square root

matrix,” S1/2 ="\ /e;&€L.
Definition 2.13. Write I, = ) ;| T; as the sum of orthogonal projectors. If
(ApAL) ™2 Ca(AYA) T2 = Z Oin Ty

and

(A4AL) 2 Cop(AYA) ™ = Zedtth

for nonnegative numbers édﬂ and ém, then design d is generally balanced with respect to

the decomposition 17,715, ..., Ty.

Equivalently, design d is generally balanced if (A’ Ay)~/2Cy(ALAq) "2 and (AL Ay)~V2Cy 5(ALAL) ™Y

commute.

The import of general balance (GB) is that, corresponding to the 7;’s, the intrablock and

interblock analyses each admit the same partitioning of the treatment contrasts subspace,
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so that contrasts within the ¢™ partition are estimated with variance édtl and édtg in the
intrablock and interblock analysis, respectively. For details see Houtman and Speed (1983)
and Speed (1983). Houtman and Speed (1983) established that every block design for which

all blocks have the same number £ of experimental units is generally balanced.

Looking again at the definition of GB, the numbers Oy are exactly the canonical efficiency
factors previously encountered in Definition 2.11. They report the proportion of information
on the corresponding contrasts that is accorded to the intrablock analysis, assuming that
0% = 0. Because 0% is typically much larger than ¢%, it is usually desired to have canonical

efficiency factors as large as possible.

With GB defined and its basic ideas stated, consider the question of how these notions
are impacted by a weighting of treatment interest via the weight matrix W. The weights

can be incorporated into model (2.49) as follows:

= puly+ AW VWY f LB+ E

= ply+ A7+ LB+ E (2.51)

where Ay = AgW =2 and # = W'/27. The intrablock information matrix for model (2.51)
is
AT — P)Ag = W1PANT — PAW Y2 =W V20,W 12
this being exactly Cy, as given in Definition 2.1. Likewise the interblock information matrix
is
Capw =W 2C,W1/2,
General balance with weighted treatment interest thus depends on the weighted information

matrices Cyy, and Cy py.
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Before proceeding, let’s verify that model (2.51) does indeed produce weighted variances.

Estimable functions of 7 are represented by the column space of Cy,:
C(Caw) = {c: dwt’? = 0}.

The scaled variance of a normalized contrast is

VAR(c'T) /0%, dCLc
cc e

CW2C; W e

N cc
)y~
dce - :

= ——d - where é = W1/2¢ is a contrast vector.
cdW-le

This is (see Definition 2.6) the (scaled) weighted variance for the estimator of ¢7 = 7, as
desired. Clearly model (2.51) provides an equivalent route for pursuing the ideas of weighted

treatment interest.

Working with model (2.51) the two matrices on which GB is based are
(AGAg) "2 Cau(AyAa) ™2 = (AyAL) 2 Ca(AgAl)

and
(A4 A2 Cy pu(AGAg) T2 = (ALAL) 2 Cap(ALAL) 2.

These are exactly the same matrices used to check GB in the unweighted case!

Theorem 2.8. The block design d is generally balanced under the treatment-weighted model

(2.51) if and only if it is generally balanced under the unweighted model (2.49).

Theorem 2.8 has been derived from the definition of general balance, but can also be seen
in (2.6). Because the weight [¢/W~1¢]~! applied to Vard(c’/;) does not depend on the design,

the ratio of weighted variance using a CRD to that using the incomplete block design d is
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the same as the ratio of unweighted variances. That is, the proportion of information in the

intrablock analysis is the same, whether or not that information is weighted.

In view of these results, Section 2.3, and other results in this chapter, the following

observations concerning the canonical efficiency factors can be made:

e Canonical efficiency factors are unresponsive to changes in relative treatment interest.

e Popularly employed summary functions of canonical efficiency factors, such as their
harmonic mean, summarize weighted variances for the special case of weights propor-

tional to the replication numbers.

e Consequently, these summary functions are valid measures of design efficacy only if

relative treatment interest is defined by this particular choice of weights.
e Likewise, these functions are valid for design comparison only if

(i) weights are proportional to replication numbers, and

(i) all designs being compared have the same replication numbers.

These points are at considerable odds with routine use of the generic term “efficiency.”
Broadly taken, measures of efficiency in statistical inference allow competing inferential
procedures to be compared on a relevant basis. Likewise, the common usage of efficiency
in the design literature is as a quantity allowing comparison among competing designs.
The proper use of canonical efficiency factors for comparing designs has been shown to
be restricted to a very special case of weighted treatment evaluation. This special case is
sufficiently narrow, and in any case is subsumed by a more general efficiency paradigm, that

it would be better to rename these terms as canonical information factors. This name better
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describes what the 4 of (2.43) and (2.44) do report: for fixed replication numbers, the part

of the information on treatment contrasts found by the intrablock analysis.
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Chapter 3

Weighted E-optimal Designs

We begin our investigation of conditions under which designs enjoy weighted optimality
with the weighted FE-criterion, in part because it will be shown to be closely related to
efficiency balance. It is also a straightforward starting point. In this chapter, several sufficient

conditions are derived for designs to be E,,-optimal.

3.1 Bounding Results and a Fundamental Theorem

Bounding arguments have been an important tool in tackling F-optimality problems.
Here the standard bounds are generalized for seeking F,,-optimal designs. Lower bounds for

FEy4, are equivalently stated as upper bounds for 6.

Lemma 3.1. Let Cy, be the v X v weighted information matrix for an arbitrary design d.

Let  be any v x 1 vector not proportional to fy = w'/? = (w/wl, VWwa, - ,,/wv),, where fy
1s the normalized eigenvector of Cy, corresponding to eigenvalue zero. Denote the smallest

nonzero eigenvalue of Cqy, as 041. Then

g < L Cawt
— 2l — fofh)x
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Proof. Letting x* = (I — fofy)x, then 2 fo = /(I — fof{)fo = 0. Let B = z¥a* =

*

(I — fof})r and write y = r

VB

fo. The fact that 64 = min y'Cy,y thus gives

. Then it is obvious that y is normalized and orthogonal to

'y=1
"' Capr” (I = fofy)CawI — fofo)r  2'Caux
Onn < Y Cauy = = = . O
Corollary 3.1. For an arbitrary design d,
Cdii
0y < ———— 3.2
fori=1,2,...,v, where cg; is the i*" diagonal element of Cj.
Proof. In Lemma 3.1, take 2’ = (0,...,1,...,0), where 1 is the i** entry in 2. Then
Cdwii Cdii
On < =
= 1—101 wz(l—wz)
]
Cdwii T Cdwi'ir — 2Cawii .
Coroll 3.2. 05 < "e{l,2,...,v}.
orollary dl_?—wi—wi/—l—Q\/Mwa?éZ { v}
Proof. In Lemma 3.1, take 2’ = (0,...,1,...,0,...,—1,...,0), where 1 and -1 are the i*"
and """ entries in the vector, respectively. O
Cawii T Cawi'i' T 2Cawii .
Coroll 3.3. 05 < "e{l,2,...,v}.
orollary dl_?—wi—wi/—Q\/Wforz#l { v}
Proof. In Lemma 3.1, take 2’ = (0,...,1,...,0,...,1,...,0). ]

Corollary 3.4. Let m be an integer satisfying 2 < m < v — 1. Let M be a subset of
{1,2,...,v} of size m. Then
Y iem Cdwii + 2 ZK&[ Cdwii!

1€

O <
' m = (D iem VWi)?
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Proof. In Lemma 3.1, let the i'" entry in vector o, be 1, where i € M, and the other entries

be 0. O

Optimality criterion bounds are generally used in one (or both) of two ways. One is
to rule out classes of inferior designs defined by specific conditions without evaluating the
individual members of that class. The other is to establish a best conceivable value of the
criterion in question, so that any design achieving that value is thus optimal. This latter

approach is followed in the first main result for F,-optimality.

Theorem 3.1. Consider D(v,b, k) for the general g-weight problem, having weight groups
of size v1,Va, . ..,v,, which are assigned distinct weights wy, wo, ..., w, respectively for some
1<g<w. Letd € D(v,b,k) be a design satisfying

(i) Cg, = €(I — foff) for some €, and

Cdii . Cdii
= max min

(i) o —wy)  aep w1 —wy)

Then, d is E,-optimal among all d € D.
Proof. The eigenvalues of Cj,, are:
0 with multiplicity 1

€ with multiplicity v — 1

Equating diagonal elements of Cy, and €(I — fo fj) gives €(1 — w;) = %<, Thus, € = w-(?iiw)

foralli=1,2,...,v.
By Corollary 3.1, for an arbitrary design d € D(v, b, k),

. Cd .. . C T
041 < min “ < min dii

—
i wz(l—wz) i wz(l—wz) ¢ dl

Since E,-optimal designs are those designs that maximize 64, over all designs in D, d is

E,-optimal over D(v, b, k). ]
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Corollary 3.5. Suppose a binary design d € D(v,b, k) satisfies Cg,, = e(I — fof}) for some

bk—b
viw; (1—w;)

€. Then, d is E,-optimal among all d € D. Necessarily, € = <3

=1

Proof. We will show that among all designs in D, maxgep min; w_(cldﬁw) is achieved by d, that

. . Cdii .
1S, MaXgep MII; m = €.

Suppose there exists another design d with min; - (Cf;iiwi) > ¢. Then using the fact that

— Cdii ;
€= ooy for all 4,

Caii > Caii = 2 Cani > 2_i Cau = trace(Cy) > trace(Cy) for all 7,

a contradiction.

Applying Theorem 3.1, d is E,-optimal over D(v, b, k). Also,

Cai = wi(1 —w;)e for all 4

9
= trace(Cy) = EZ viw; (1 — w;)
i=1
trace(Cy) bk —b

= €= =
i viwi(1—wi) 3 viwi(1 — w;)’

as claimed. n

The condition in Theorem 3.1(i) extends the concept of efficiency balance, call it efficiency
balance with respect to weights w or weighted balance. Comparing Theorem 3.1 to the defin-
ition of an efficiency balanced design in Section 2.3 reveals a very interesting fact: efficiency
balance is implicitly concerned with FE,,-optimality. Thus efficiency balance can be thought
of as a special case of the weighted-FE approach to design selection. Particularly, an efficiency
balanced design is weighted E-optimal for weights proportional to selected replication num-
bers provided it meets condition (ii) of Theorem 3.1. Since the FE,-criterion minimizes the
maximum of weighted contrast variances, it tends to keep these weighted variances close to

one another, which is now revealed as the underlying goal of efficiency balance.
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Theorem 3.1 will be employed frequently in the sections to follow. It is worth noting that
although Theorem 3.1 has been stated for block designs, it holds for any class of designs for

comparing v treatments where the v x v treatment information matrices have rank v — 1.

Weighted balance is also the generalization of the notion of variance balance to the
weighted treatment information setup. The final result of this section clarifies the connection

between these two concepts.

Lemma 3.2. Design d is weight balanced if and only if Vardw(g;) 15 the same for every

contrast c'T.

Proof. For any d, from (2.5), Vary(cd7) = S g% where >, ¢? = W lcand 041, . . ., 0401

are the canonical weighted variances for d. If d is weight balanced, 041 = -+ = 04,1 = 0q

(say) = Vard(g’;) = [¢W~1c]/6,. Putting this in (2.6) gives

— — 1
Varg, () = [dW 1t Wary(dT) = 7
d

which does not depend on the contrast vector c.

Now suppose Vardw(c’/;) = ¢, a constant not dependent on c¢. Let I; = W'/2f, where the

spectral decomposition of Cly, is Ca = S o) %d_ fif!. Then again from (2.5) and (2.6), and

the fact that ;W1 =1,

e = Varg,(II7) = Varg(llt) =

1

Oui

1
= 0p=-=04,1 = -

= Caw=eY_ fif] = eI = fofy)

i.e. d is weight balanced. O]
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3.2 FE,-optimal Designs for the 2-weight Problem with

01:1

In this section, we explore E,-optimality for the 2-weight problem with v; = 1. An
important class of applications is experiments having a set of test treatments with a single
control treatment. As indicated in Section 2.1.1, small weight on the control emphasizes
comparisons among the test treatments, while large weight on the control places primary

importance on estimation of comparisons of the test treatments with the control.

We show that many GGDDs are E,-optimal for some particular weights and can be
constructed via augmenting BI BDs. Without loss of generality, we assume treatment 1 is

the control treatment throughout this section.

Theorem 3.2. Let d be a binary GGDD(2) design in D(v,b, k), with group sizes v, = 1
and vy = v — 1. That is, d is a binary design with C-matriz of the form in (2.28). Write

t for the trace of Cy. Then d is E,-optimal over D(v,b, k) for the 2-weight problem having

. o o ajg  agy(v=2) o By t—2a 7
vi=1 v =v—1 w =T = im0 W2 = TR = Gohivag
Proof. For wy = a({;il_l) and wy = _%’ it is claimed that the weighted information matrix
for d is

ol 1 —wy —Jwiwsl! az
Cuw = W2C,W1/2 = _—d2 = —=2(I - fofy). (3.3)

ﬁJQ —\/w1w21 Iy —wadyq ﬂJQ

Theorem 3.1 via Corollary 3.5 gives the result. To verify the claim, first note that by (2.32)

and (2.33),
% w1t —vag]?

By (v—1)(v—2)(t—2ag) (3-4)

52



and

2 T Pd2 = : 3.5
on + P v—1 ( )
Now check
an (v —1t—vag
Cawll — w_1 = —
_ =Dt —vagf (v —1)(t — 2ag)
(v —1)(v—2)(t —2ag) (v—1)t—vag
ad
—C 1 —w ,
ﬁgz( 1)
- = Qo + 6&2 _ [(U — 1)t — Uagl](t — ach)
v, (v—D(t— 204
_ [e=Dt—vagP (v =2)(t—az)
(v—1)(v—2)(t—2ag) (v—1)t—vag
2
a_
= 21 —wy), for i € V,
ﬁJZ
o Yoo %@
Cawli ,—w1w2 (’U — 1)w1w2 4/ W1W3
_ g1
— (U_ )Lﬁ\/wﬂl@
aJ2(U_1) Ao
2
P
= - VWiWwy,
ﬁciz
1 Ofg - a2,
Cdwiir = @:—a(b: (ﬂ)(—@) = @y, fori# i €V,
O

GGDD(2)s as employed in Theorem 3.2 can be obtained by augmenting BI B Ds, as shown

next.

Theorem 3.3. Suppose d is a BIBD in D(v,

b*, k) with k = v — 1. Let GGDD(2) d €

D(v,b, k) be constructed by appending b copies of one block in d, so that b = b* + b. Then,

d is Ey-optimal for vi = 1, vo = v — 1, wy

l—wy _ b*k(k—1)+bv(v—1) _ b* (v—2)+bv
va [b* (k—1)+b(v—1)]kv [b* (v—=2)+b(v—1)v *

93

b* (k—1)
[b* (k—1)4+-b(v—1)]v

b* (v—2)
[b* (v—2)+b(v—1)]v

and wy =



Proof. The C-matrix of d is

C_l(bk(k:ll)[_bk:(k; 11)J>+1 A A
v v(v—1) 0 bkI, | —bJ,_,

k

k

and the correspondent parameters are

B UV B U U
A v(v—1) 7 v
1 ok(k—1) .o, bk—1) -
e e L

T k(e - 1)

a2 = k:[v(v—l) +].
By Theorem 3.2, d is E,-optimal for the following weights
ag b*(k—1) b*(v —2)

w, = = =

ap(v—1)  [p*(k—1)+bv—Dv [b*(v—2)+bv—1)]v

and

 Bap Vkk-D+bv—1)  bw-2)+b

agp [k —1)+blv—Dkv  [b*(v—2)+blv—1]v

Wa

Example 3.1. Consider the following GGDD(2) d € D(4,5,3) with Vi = {1} and V;

{2,3,4}
11 1 2 2

2 2 3 3 3
S 4 4 4 4

]

d is constructed from a BIBD d € D(4,4,3) by appending one block to d, so b* = 4 and

b= 1. By Theorem 3.3, d is E,-optimal for wy = 2/11 and wy = 3/11. Equivalently, the

ratio of wy to we is wy/we = 2/3.

Theorem 3.2 says any binary GGDD(2) with group size v; = 1 and vy = v — 1 is Fy-

optimal, and weight balanced, for some specific w; and ws. The next result extends the

range of weights for which the optimality holds.

Theorem 3.4. Consider the 2-weight problem with vy = 1 and v, = v — 1. If a design d in

D(v,b, k) has weighted information matriz of the form in (2.28), then d is E,-optimal in D
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for any weights wy, we satisfying

. . Cdii o g
(Z) Idneagimiln w,(l — wz) N w1(1 - wl)’
. Wi %
i) — > ——
(i) wy — (v—1)Bg )
Regardless of (i), if equality holds in (i1) then d is weight balanced.

and

Proof. The non-zero eigenvalues for Cy,, are

o
—42 with multiplicity v — 2
Wa

_ _ _ 1 -
Qar + o+ (v~ 1) with multiplicity 1.
w1 %)

By condition (ii),

on w1 @S_(U—l)ﬁ@:>@+0452+(U—1)552§@.
(v—=1)Bgp ~ ws w1 wWa wi Wa Wa

Thus, the smallest eigenvalue of Cj,

ag  aptW-—1Bp an va  aq an ag
Opn = —+ =—-—=—+ = )
Wy Woy wy  we  wp (v—1Nwy  wi(l—wy)

For any other design d € D(v,b, k),
Cdii < g1
w1(1 — wl)

041 < min
? wl( — wz)

Theorem 3.2 says that any binary GGDD(2) d with v, = 1 is E,-optimal for z’}—; =

a1 ; d i : d d : Cdii — Cdii :
1nce 1S wel alan cd an max min; = 1 IW rue f I
(v—1)B S1c S ght b C deD i wi(l—w;) wi(1—w7) S always true 1o

this specific choice of weights. Theorem 3.4 says the range of weights for which the optimality
holds can be extended as shown in condition (ii), provided the maxmin condition holds for

the first treatment, as shown in condition (i).

We would like to find ranges of weights for optimality of a design whenever possible. The

next Lemma will prove useful in this regard.

Lemma 3.3. Let C; be the information matriz for d € D(v,b, k) with diagonal elements

95



Caii, © € 1,2,...,v. If the replication numbers ng; for the ith treatment in block j satisfy
i)ng: €la,a+ 1} if k =2a+ 1 for some integer a > 0, or
() dij { 9 } f g ’
(i) ng; = a if k = 2a for some integer a > 0.

Then maxqep Max; Cqi; = Max; Cgj;.

Proof. The " diagonal element of Cj is cg; = Zle Ngij — %25:1 nfﬁj. For each j, the

quadratic form n4; — %nfhj is maximized at the values given. O

Theorem 3.5. Construct a GGDD(2) design d from a BIBD d* € D(v*,b,k*) having v*
treatments in b blocks of size k* by adding the same new treatment in each block of d*, and
without loss of generality let it be the first treatment. Then d is E,-optimal over D(v,b, k)
forv=v"+1, k=k"+1, wy = (v-2)/[(v—-1)(k—1)—1] and wy = (k—2)/[(v—1)(k—1)—1].

Proof. 1t is easy to get C7 as

b(k —1) _b(l{:—l)l,
- k k(v—1)
Ca=| pk—1). rbk—1) (3.6
- 1 = Yazo |1 + VazoJ
k(v —1) k(v—1)
where 99 = ——Z(('Zj%((ijg

Comparing the above Cy with the C-matrix of GGDD(2) given in (2.28), then we have

bk —1)
al—Tu
o b0k = 1)2(0 = 2) + b(k — 1)(k — 2)
Tk (v—1)(v—2) ’
k=1 (k—2)
ﬂ”‘W”__uv—n@_zy
b(k —1)
T TR 1)

Applying Theorem 3.2, d is E,-optimal for
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o7 B v — 2
av—1) (v-1Dk—-1)—1
Pa k—2

B O RSV -

and

w1 =

It will be shown that among designs in Theorem 3.5, those having block size k = 3 are

E,-optimal for a weight range instead of just a specific set of weights.

Corollary 3.6. Suppose a design d € D(v,b, k) is obtained as described in Theorem 3.5 with
block size k = 3. Then d is E,-optimal over D provided that w, > (v — 2)/(2v — 3), or

equivalently, g—; > v — 2. In particular, d is E,-optimal if wy > 1/2.

Proof. This is an application of Theorem 3.4. From the C-matrix of d in (3.6), it can be

obtamed )ﬁ — = —Z:g. It can also be checked that ;"—; > —hig 1)5 iff wy > %
Moreover, if 2 > v — 2, then % =@w-Dp-1-E2] > 5 = 2t Tt follows
that wl(cfiilwl) < w;f?wz). By Lemma 3.3, ¢411 cannot be greater than b(k — 1)/k for k = 3,
so it follows that maxgep min; ” (Cldiiwi) = o (Cfilwl). By Theorem 3.4, d is E,-optimal over
D(v,b,3) for wy > (v —2)/(2v — 3). O

Example 3.2. Consider the design d with v, =1, vo =4, b=06, and k = 3

111 1 1 1
2 2 2 3 3 4
3 4 5 4 55

where d is built up by adding treatment 1 to every block in a BIBD(4,6,2). By Corollary

3.6, d is E,-optimal for wyfwe >v—2=3 w > %

Theorem 3.6. Given a BIBD d* € D(v*,b,k*), let GGDD(2) design d € D(v,b, k) with

vy = 1 and vy = v—1 be formed by adding the same number k € {k*—1,k*, k*+1} replications
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of treatment 1 to each block of d*. Then d is E,-optimal over D for w; > % and

Wy = 11:”11, where v = v* + 1 and k = k* + k.

Proof. Obviously, the parameters in C; of form (2.28) are:
&__0__bﬁk—@
a =G = T
b(k —k)(k—1)
k(v—1)

o bk—R)(k-k-1)
T ko —1)(v-2)

g+ Bap = Caiy = fori=2,---,v

It is simple to check [t < 2t if and only if wy > (v=2)k -, that is, minsey 55

(v—=1)(k—1)— w; (1—w;)

. Moreover, by Lemma 3.3, maxgep wl(cffwl) = wl(cffwl) since k € {k* =1, k* k*+1}.

Cdi1
wi (1—w1)

T Cdii _ Cd11
Hence, maxjep mingey i = Wiy

(v—2)k ives
o)1)k &V

In addition, w; >

v—2)k ag

(
k—Fk—1 (v—1)Bp

By Theorem 3.4, d* is E,-optimal. ]
Example 3.3. Consider the design d constructed from BIBD d* € D(6,10,3) by adding
two replications of treatment 1 in each block of d*,

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 3 3 3 4 4
3 8 4 5 6 4 5 6 5 5
4 5 6 7T 7T 7T 6 7T 6 7
Then d is E,-optimal in D(7,10,5) for the 2-weight problem with vy = 1 and oL > 5.

2

If adding 3 replicates of the first treatment in each block of d*, then the new design is E,,-
optimal over D(7,10,6) for o> T5.
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If adding 4 replicates of the first treatment in each block of d*, then the new design is E,-

optimal over D(7,10,7) for L > 10.

Theorem 3.2 says that any binary GGDD(2) with v; = 1 is E,-optimal with respect
to specific weights for the 2-weight problem with v; = 1. The following theorem extends

Corollary 3.5 from binary GGDD(2)s to uniform GGDD(2)s. The definition of uniform

designs is given first.

Definition 3.1. (Morgan and Parvu, 2007) In a block design, the assignment of treatment
i is said to be uniform if |n;; — n;j| <1 for every pair of blocks j # j'. A design is uniform

if the assignments of all treatments are uniform.

A binary incomplete block design is uniform. Also, a uniform block design d maximizes the
trace of Cy among all designs having the same replication numbers rq, o, .. ., r,. Particularly,
let ng; (as usual) be the number of replications of treatment i in the % block of design d and
write Kg; = max; ng;;. If kg < mt(%), then uniform d maximizes the diagonal elements c;;

among all designs having r; < rg. We now generalize Corollary 3.5.
Theorem 3.7. Let d be a uniform design in D(v,b, k) having kg < int(®L) for all i. If
d satisfies Cy, = (I — fof'y) for some € and w, that is, if d is weight balanced, then d is

E.,-optimal over D.

Proof. Suppose there is a design d which is E,-better than d. Cy, = e(I—fof'y) = —4i~ =

w; (1—w;)

€ =0y Vi. By Corollary 3.1, if d is E,-better than d, then —fii - > i — - for all

wi(1—w;) ~ wi(1—w;)

1. But if kg = % for any 7, then cg; cannot be exceeded. Otherwise, d has kg, < mt(g) for

all 7 and is uniform, so

Cdii Cdii Vi
w;i (1 — wy;) w;i (1 — wy;)

=Ty > Ty Y 7, a contradiction.
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Since there always exists a specific weight w; such that a GGDD(2) with v; = 1 is weight
balanced (see Theorem 3.4), Theorem 3.7 says a uniform GGDD(2) d with v; = 1 having
kg < int(EL) is E,-optimal for that wi. Due to the discrete nature of these designs, it is
expected that small changes in the weights will not change the design ordering with respect
to the weighted criterion. The following theorem establishes a weight neighborhood of w for

which uniform GGDD(2) designs are E,-optimal.

Theorem 3.8. For the 2-weight problem with v = 1 and vy = v — 1, let d be a uniform

GGDD(2) design in D(v,b, k). Write kg = max;ng; and Kz = max;>s;ng;. If d satis-

-~ o k=(2rg—1)
; k . k . . . e —
fies kg < int(3) and Ky < int(5), then d is E,-optimal in D for dlad-Q(v—kl) < w; <
ag (v=2) ; 1 ag (v=2)
— or equivalently, — — e <wy <
(v—1)2 (0‘11'2‘*'5&2_%)_0‘(217 Tt (”_1)3(ai?+ﬂd—2_%)_ad_l(v_l)
L B Oéd’l—ki(Qde_lil)
v—1 gy (v—1)2
Proof. Denote the lower bound for wy by wy = = — %1(}*3) - and
A e e T
B — 2'{3171
_ 1 ag————
the upper bound by woy = — — ”“ad_Q(v_’{)Q

The minimum nonzero eigenvalue for Cjy,, is

L if wy < L
wy (1—w1) Qo
9&1 =
22 if wy > 22
w2 *d2
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Let t; be the trace of Cj. Since d is GGDD(2), equations (2.31)-(2.33) give

_ @ _ t; — 20 _ 1 B (U — 2)0@1
o (v=1tg—vag v—-1 (v=1>%*t;— 5aq)
1 (v—2)ag
~ v—1 C1D2(4 — ) — (v — 1)3F=Zra—1)
(v )2 (ta v_ladl) (v ) k
_ 1 ag(v—2)
- _ B k—(2K75—1
o1 (= 1)¥ag + B — e i D) — ag(v—1)
= WL
and
_ B _ L (v —2)ag
g2 v—1 (v—1)>2(t;— UUTladl)

L (0= 2)(ap - S

< J—

v=1 (=12t - Haa)
1 ag -

v—1 agp(v—1)2
= W

Since d is the average of all matrices which are obtained by permuting treatment 2,
3, ..., v over the information matrix of an arbitrary design in D having c¢;; = cg; and
> o Cii = D iy Caii» 1O design having ¢1p = ¢z and >, i = Yo, ¢g; can be E,-better
than d for any set of weights. Hence we only need to check designs with ci; # cg; or

Z;]:z Cii 7 Zf:g Cdis -

_@ o gy _ Cdi1
Case I. wor < wqy < o =07 = e = el

(i) Suppose a competitor d* € D has rg > rg. S0, g < rg for at least one i €
{2,...,v}. Without loss of generality, assume rg49 < rg. Since the change in replication
of any treatment must be an integer, it follows that cgoy < ap + Bp — % (which is

attained iff 74«0 = rgp — 1 and treatment 2 is uniform in d*).
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ag(v—2)
vl (0= 1 ap + Be — HE) —ag(v - 1)

(v—1)(agp + Bp — %) — Qg

=>’LU22 -k
(U_1)2<O‘J2+5J2_w>—0@1

k—(2rg —1

= an(l—ws) > (v~ Doz + i~ 2D ()
k— (265 —1

= an(l - w) > (v~ Do + -~ =Ly,

aqy ijg‘f‘ﬁ@—%
j pu—
wy (1 —wy) wa (1 — ws)
= C(le > Cd+22

wi (1 —wy) = wy(l —ws)

By Corollary 3.1, the F,, value of d*, which is the minimum eigenvalue of Cy«,,, satisfies

. Cdxii Cd»22 Can
Og+1 < min < < =4
i wz(l — ’LUZ) w2(1 — WQ) wl(l — wl)

(ii) Next consider a competitor d’ € D having ryq1 < rg. Again, applying Corollary 3.1,
Cd'11 Cd11
U}l(l — ’ll)l) - w1(1 — wl) -
It can be seen that (i) and (ii) cover all possible competitor designs, and so d is E,-optimal

Oa1 <

= 0q-

for —% > Wy = War.
d2

Case II. _5_‘2 < wy < woy = O = 22,

w2

Let d' and d* be as defined in Case I. Then

= rgo<rjp—1 WLOG assume rg« < 7

k—(2kg,—1)
Cd*22 apt+lp——F2—  ap
< < = 8(217

= O <
b= w2<1—w2) - U)Q(]_—U)2> w9
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the last inequality because

k—(2K 370—1
Ogo + B — boQrgpml)

T

w2(1 - w2) Ws
_ 1 B k— (2/-%672 — 1) i
B wa (1 —wy) (ﬁd? N L + agwe

_ B —(2k7,—1)
1 k — (2%&1 - 1) adg(v - 1) —ag + k kdl ‘

= wa(1 — wy) <6d2_ k + (0 —1) since wy < Wy
- S tion (2.32 2.

| Gl ) B by equation (2.32) and (2:33)
< 0.

Next we will investigate d’, as defined in Case I, which has 47 < rz. We will need the

following implication of wy < woyy:

1 ag — k_(Q’Zél_l)
wy < -
v—1 agp(v—1)2
k—(2rgy —1
= agp(v—Dw > ag — ( kdl )
- k—Q2kg—1)
ag ap — ——d—
= —2 > d k (3.7)
w9 U)l(]_ — wl)
There are two possible situations:
(1) Ta1 < Tg-
We have rgq <715 = ag1 < ag — % So, from Corollary 3.1 and (3.7),
- k=25 —1)
Qg1 g — — % 7D
04 < < < £ =0;.
= wl(l—wl) - wl(l—wl) T W dl
(11) Ter=Tq1-
Those designs with 741 = 7z but rg; # g for at least onei € {2,--- v} can be eliminated
by case I1(i), because rg«; < rg — 1 for at least one i € {2,--- | v}.
It remains to evaluate those designs having rq; = rg for all i € {1,2,...,v}. Let d’ be
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such a design. Since d is uniform, d’ must have cg;; < cg; for all i. Let i and i’ be any two

treatments in {2,...,v}. By Corollary 3.2, if d’ is E,-better than d, then

22 o
Qg _ Cdii + Carw + T Carii + Cariryr + —4
On === < Oq1 <
Wa 2wy 2wy
= g > Mg since c¢g;; + Cgpir = Carii + Caririr (3.8)

where Ay and A, are the treatment concurrence counts for treatments ¢ and ¢’ for d’ and

d, respectively. Since treatment concurrence are integers, A\g ;v > Mgy + 1. For any fixed

i€{2,...,v}, Cyl =0 and Cy3l = 0 gives

Adri Adiit Adui Adii
= T T QL TE = 2y
i'#£1, i'#£1
)‘d’li S )\Jh- — (U — 2) since Cdlii S Cdii
. 27,;;2 Adrti 23:2 Adui (U - 1)(U - 2)
Ca1 = < -
k k k
(v—=1)(v—2) k—(2kz — 1)
=Ca T T < Qg — kdl .
o k=(2rg—1) )
So, again invoking Corollary 3.1 and (3.7), g1 < wl?il/_l'lwl) < ey < &, a contra-
diction to the assumption that d’ is E,-better than d. O

Example 3.4. The following nonbinary design d in D(6,15,5) is weight balanced for w, =
8/23 and wy = 3/23:

11111 1111122223
2 2 2 2 2 2 8 8 3 4 8 8 8 4 4
3 8 8 4 4 5 4 4 55 4 4 555
/5 6 56 6 56 6 65 66 6 6

d is a uniform design and satisfies condition in Theorem 3.8, so it is E,-optimal in D(6, 15, 5)

or equivalently, % < wp/wy < 18,

for 22 <wy < B .

16
115 417
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Corollary 3.7. For the 2-weight problem with vy = 1 and vo = v — 1, a binary GGDD(2)

k-1

d € D(v,b, k) with C-matriz given in (2.28) is E,-optimal in D for % < w <
ag (v=2) : 1 o (v-2) R B et

(ot ) e C4UAlently, S — e B e ) = Y2 S 0T T apeene

Proof. A binary d has k3, = kg, = 1 in Theorem 3.8. O

Example 3.5. Consider this binary GGDD d in D(v,b, k) = D(4,5,3) with vy = 1 and

?}2:3.'
11 1 2 2
2 2 3 3 3
S 44 44

By Theorem 3.1, d is weight balanced and hence E,,-optimal when wy = 2/11 and wy = 3/11,
or equivalently, wi/wy = 2/3. Corollary 3.7 says that d is E,-optimal over D(4,5,3) for

Example 3.6. The following d € D(5,6,3) is a GGDD(2) with vy = 1 and vy = 4:

1 1 1 1 1 1

2 2 2 38 8 4

3 4 5 4 5 5
It can be observed the replication of treatment 1 is twice that of the other treatments. By
Theorem 3.1, d is weight balanced and thus E,-optimal for wy = 0.428 and wy = 0.143,
or wi/wy = 3. By Corollary 3.7, the range of wo for which this design is E,-optimal is
wy € (0.077,0.161), equivalently, 2.2 < wy/wy < 9. Recall Example 3.2 has shown d is

E-optimal for wy/we > 3. Combining these two results, d is E,-optimal for wy /we > 2.2.
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Example 3.7. The following d € D(6,10,4) is a GGDD(2) with vy =1 and vy = 5:

11 1 1 1 1 1 1 1 1

2 2 2 2 2 2 3 3 3 J
3 3 3 4 4 5 4 4 565
/ 56 5 6 6 5 6 6 6

This design is weight balanced forw, = 0.2857 and wy = 0.1429, or wy /we = 2. Furthermore,

by Corollary 3.7, this design is E,-optimal in D(6,10,4) for 1.731 < wy /w, < 2.6.

The continuous interval for w allow us to construct E,-optimal designs in a more mean-
ingful way. When designs are known to be optimal for a range of weights, experimenters are

not required to be as precise in their specification of relative treatment interest.

3.3 FE,-optimal Designs for the 2-weight Problem with

Group Sizes > 2

The implementation of Theorem 3.1 and Corollary 3.5 to construct E,-optimal designs

for comparing two treatment sets will be presented in this section.

Theorem 3.9. Let d € D(v,b, k) be a GGDD(2) with vy > 2 for g =1,2. Then va11Vaz2 =
Y3, in (2.85) is a necessary and sufficient condition for d to have weighted information

matriz Cgy = (I —w'?w'?) for some ¢ and some w; and wsy, and thus be a weight balanced

design.
Proof. If — ~2 hen take Wi — 2411 — Jd12 oy ivalentl — Yd12 n
roof Td117Yd22 Va2, then take w2 Yd12 Ydz2’ or equivalently, w; v1Yd12+v2Yd22 and
Wy = Yd22 and € = — (v1yd124+v27422)*
V1Yd12+v2Yd22’ Vd22 ’
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The elements of Cy,, can be checked as following:

For i,7 € V; and i # 7/,

~cai (vr = 1)yan + vavar
Cdwii = —— = —
w1 Yai2/ (V1Ya12 + V2Va22)
2
_ (U1’7d12 + U2’Yd22) [(v1 = 1)7a11 + v2yar2]vaze
Ydo2 (V1Yd12 + V2Yd22) Y12
v — 1 + v
_ e( 1 )’Yd12 27d22 _ 6(1 _ wl)’
V1Yd12 + V27Yd22
. _ Cair Yaur Va1 (V1Yai2 + vaVao2)
dwii! = = =
w1 w1 Yd12
2
(Uﬂdm + U2'7d22) Ydi12 — —ew
Yd22 V17Yd12 + V2Yd22 "

For 7,7 € V5 and i # 7/,

_ Cdii (UQ — 1)%122 + V17Y412
Cdwii = = -
Wo Wa
2
(viyar2 +v2va22)” (v2 — )yan + v1Yar2 (1 — w)
— — - w2),
Ya22 V17Yd12 + V2Vdo2
Cdiy' "d22
Cawii’ = =
Wa wa
2
(M’lez + 712%122) Vd22 w
= = —€Wa.
’}/d22 U17d12 + /027d22

For i € Vi and i’ € V4,
Yd12

Cawii' = Ya12/Wi1W2 = (V1Va12 + V2Yaz2) 7—
d22

2
v + v v/
( 17d12 2’Vd22) Yd127Yd22 _ —E\/m

Ydo2 V1Yd12 + V27d22

S0, Caw = €(I — w'?w'/?).
Also, if d has Cygy = e(I — w'/?w'/?), it follows that Cy = ¢(W — ww'). So

_ 2 _ _ 2
Yd11 = —€E€W; Vd12 = —EW1W2 Yd22 = —€Wsy,

that is,
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Ydi1  Vdi2 Wi 2
— = —— = — & Ya117Vd22 = Vaq12 -
Ydi2  Vd22 @ W2

Corollary 3.8. Let d € D(v,b, k) be a design which is weight balanced for weights wy and
wy as in Theorem 3.9. Let d* be a design formed as n > 1 copies of d. Then d* is weight
balanced. If d and hence d* is binary, then d* is E,-optimal in D(v,nb, k) for the same

weights wy and ws.

* n n * w

Proof. Jen _ Man  MYdiz _ Jd2 W gicates d* s weight balanced. By Corollary
Yd*12 n7Yd12 n7Yd22 Yd*22 W2

3.5 d* is Ey-optimal. O]

Corollary 3.8 allows another weight balanced FE,-optimal design to be constructed by
copying an existing balanced F,-optimal design. But if an E,-optimal design in D is not

weight balanced, n copies may not be FE,-optimal over D(v,nb, k).

According to the sufficient and necessary condition V3, = Yg117422 for d to be weight
balanced, settings of the parameters for possible binary weight balanced block designs can
be enumerated. Existence of designs corresponding to these parameters can be determined
using the GAP DESIGN software. The parameters for all binary weight balanced block
designs having v < 12, b < 30, k£ < v and vy, vy > 2 are listed in Table 3.1. For each set of

parameters, one design is given in Appendix A.

Theorem 3.10. Let dy be a complete block design in D(vy, by, ko) having by = (vo+1)? blocks
of size ko = vy. Let d be built up from dy by adding one new treatment in blocks 1, 2, ...,
vo + 1, adding a second new treatment in blocks (vo + 2), ..., 2(vo + 1), and so on. That is,
add the j'™ new treatment in blocks (j —1)(vo+1)+1, ..., jlvo+1) for j =1,2,...,v9+ 1.
Finally, append one block containing the vy + 1 new treatments so that d is a GGDD(2) with

two treatment sets of sizes vy = vy and vy = vy + 1. Then d is E,-optimal in D(v,b, k) for

1 1

wy = 3 and wy = 3, where v =vy + vy, b="bg+ 1 and k = ko + 1.

Bl
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Table 3.1: Parameters of weight balanced, binary block designs

v | (vi,v2) | k| b || o | An | Aoz | A2 | wy :wy | Design#
101 9 | 4 9 1 3 3:1 1
19 15| 9 | 12 3 6 2:1 2
5! (2,3) |3/120|18| 8 | 18 2 6 3:1 3
30 27121 27| 3 9 3:1 4
31261219 | 18 2 6 3:1 5
13112 7 | 12 3 6 2:1 6
6| (24) |4]26]24 14|24 6 | 12| 21 7
27122116 | 18 8 12 3:2 8
11| 7 | 4 4 1 2 2:1 9
33) |3[22[14[s8 8| 2 4] 21 10
29 122 7 | 16 1 4 4:1 11
25) 322186 16| 1 | 4 | 41 12
4117114 8 | 12 3 6 2:1 13
31171519 1 4 2 1:2 14
23| 15| 6 9 1 3 3:1 15
7 (3,4) 17116 | 5 | 16 1 4 4:1 16
4121116 9 | 12 3 6 2:1 17
23120 8 | 18 | 2 6 3:1 18
26) |4]30]27[11]27] 3| 9] 31 19
(35) |4]26|18 |10 12 3 6 2:1 20
8 (44) | 4118 13| 5 9 1 3 3:1 21
29 171121 9 4 6 3:2 22
27 [3l24]15]6] 9] 1 ]3] 31 23
4124120 8 | 18 2 6 3:1 24
9 (3, 6121|2011 20 5 10 2:1 25
(4,5 4126 6 |16 | 1 9 3 1:3 26
5126 1(125] 6 | 25 1 5 5:1 27
(2,8 4118 16| 5 | 16 1 4 4:1 28
10| (3, 3125|111 6 4 1 2 2:1 29
51151 3 | 7 8 2 4 2:1 30
(G5) |5]20]13] 78| 2| 4] 21 31
12 (2100 a3 5] 91 ]3] 31 32
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Proof. 1t is easy to get

KL, — k2 Ty, —kdy xu

ci=1
_kag X V1 kQI’Ug - ng

So, Yanvae = (—k)(—=1) = 1 = ~2,,. By Theorem 3.9, d must be a binary weight bal-

anced design for some weights w; and w,. Hence, by Corollary 3.5, d is E,-optimal over

D(v,b, k) for this w; and wy. Necessarily, by Theorem 3.9, w; = —42 = 1 and
» ! ’ V1Yg12 V27422 k
_ Yd22 _ 1
wy = — a2 1. 0
2 V1Yg12 V27 g2 k2

Example 3.8. The following design in D(7,17,4) is E,-optimal for Vi = {1,2,3}, V4 =
{4,5,6,7}, w1 = 1/4 and wy = 1/16

2 2 2 2222222222222
3 33 3 3333333232323 233°6
/4 4 455556666 77777

Lemma 3.4. Let d be a binary GGDD(2) in D(v,b, k). Let cg be the common diagonal

element of Cz for Vi, and let ¢z, be the common diagonal element of C; for Va. Without loss

of generality, assume wl(i‘ijwl) < w2(i{2w2). Let a be the largest integer that satisfies vy /vy > a.

; 4 L Cdii _ a1 .
Then, a sufficient condition for maxgep min; ey = wiieay

cp — (a+ 1)% < Ca1 < Cq2

w2(1 — ’lUQ) - w1(1 — U)l) - U)Q(l — w2)‘

Proof. Suppose there exists another design d* € D having min; w‘(:il_w) > wl('id__lwl) for i =

1,...,v. Write rg; = rg for all i € V} and rg, = rg for all ¢/ € V5. Then

Cad*ii Ca1
w1(1 — wl) w1(1 — wl)

forallie

= T > Tq + 1 for all i € V4, since d is binary
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N —(rz +1vy rpve— v .
= re < (ra ) = 42 for some i’ € V;
Vg V2

= Tgy <Tg— (a+1)

= Caririr < Cp — (a+ 1)7 since d is binary

_ k—1
Caririt cp — (a+1)%- < Cd1

= wo(l—we) = wo(l—wa) — wi(l—wp)’

a contradiction.

k-1

Corollary 3.9. For the binary GGDD(2) d defined in Lemma 3.4, if d satisfies ;‘E_T

(1—w2)

Cd1 Cd2
w1 (1—w1) S wa(1—ws2)’ then

. Cdis Ca1
max min =
dep i wi(1—w;)  wi(l —w)

Proof. This follows from the fact that a > 0 in Lemma 3.4.

U

]

Theorem 3.11. Let d be constructed from d described in Theorem 3.10 by adding one full

block of the treatments in V5. Then d is Ey-optimal for vi = k-1, vg =k, wy = % and
Wy = 1%2 in D(v,b, k), where v=1v; + vy and b= k* + 2.

Proof. The C-matrix of d is

. 0 0 0 0
0 kI—J 0 kI —FkJ

It can be checked 05 = k3.

Moreover, (Cfi'w) = k3 for i € W, w(l.w) =k + k—jl and % = k3 for i € V.
By Corollary 3.9, max,cp min; wi(cldiiwi) = k% = 0;,. The result follows immediately upon

application of Corollary 3.1.

]

Example 3.9. The following design d e D(7,18,4), which is constructed from the design
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described in Example 3.8, is E,-optimal for wy = 1/4 and wy = 1/16.

1111 1111111111114}
2 2 2 2 2 22 2 222222225545
33 388 8 3 3388833382883 6 6
J 4 4 4 555 566 6 6 777777

Theorem 3.12. Suppose design d* € D(v*,b*,k*) is a BIBD. Let the GGDD(2) design
de D(v,b, k) be built up from d* via the following steps:

(1) To each block of d*, add new treatments v*+ 1, v*+2, ..., v* 4+ (v* — k*) so that the new
block size is k = v* and the total number of treatments is v = v* 4 (v* — k*).

(2) Append b = mt(b*k*(l i

k k2)) + 1 blocks containing the treatments 1, 2, ..., v* so that
the total number of blocks is b = b* + b.

kE—1
Now, d consists of two sets of treatments, Vi and V5, where V| contains the treatments
1,2,...,v*" from d* and V5 contains the treatments v* + 1, v* 4+ 2, ..., v. Then d is E,-

optimal in D(v,b, k) for wy = k*/k* and wy = (1 — vjw,) /vy = 1/k.

. _ —)\* .
Proof. Write v15 = 212 and vy, = —*, where Ajp is the concurrence between treatment
sets V1 and V5, and Aj; is the concurrence within V; in d*. The information matrix of d can

be obtained as:

. R b*k/.*
1 (bkI—=bJ O 1 ¥ (k=1) = kviy |1+ kg J kyiaJ
Ci=% v
in which
= URT bR
Y12 = o 2
and
. —b*k* (k*—1 —b*k*(k* — 1)
711 - * * = 2
kv \v* —1 k2(k —1)
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Then, utilizing the fact v; = v* = k and v, = v* — k* = k — k*, the nonzero eigenvalues

for C;,, are

1.~ b*k* b k*(k* — 1)
w1 = — |bk k—1)+ ————F—
€dwl ]f[ + v ( >+ ]f(]{?—l) ]/wl
bk bk(k—1) b (k*—1)
Tk o v* * k—1
bk b*(k — k*
=0k + ? - % with multlphclty v — 1
ok, : L
Cgwa = e b*k with multiplicity vy — 1

Cws = tTCLCG(Cdiw) - eziwl(vl - 1) - ed~w2(v2 - 1)
1 - ~ bk (k-1 1
= =V [bk —b+ ¥]/w1 + —Uz(b*k - b*)/w2
k R v* k
bk btk — k)

— [k + = ﬁ} (v — 1) = b*k(vg — 1)

ko (bk—b) ko bk (k-1
= e + o pyo —|—(b k—b)vz

bk*  b*(k — k)

=0k with multiplicity 1

Moreover,
A b k*(L — &
b= mt(#) +1
bR -5
b k k

= 0> A

bk b (k — k*)
B ko1

Thus, 07 = ej,o = €j,3 = 0°k. Also for i € V5, w_(cl‘ifw‘) = wz(idfw) = b*l(flili/)k = b*k cannot

K2 K2 k k

be bigger than ﬁ by Corollary 3.1. So, min; wi(cfiiiwi) occurs for any treatment in V5.

Moreover, for i € V;
cgi — (k—=1)/k

w1(1 — U)l)
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B bk K (k — 1)

= b(k—1 k—1) — ——F~
/{33 b*k‘*(%—z—;) b* |
1)(k—1 k—1)—(k—1)| =b"k
By Corollary 3.9, maxgsep min; wi(idiiw,.) = bk = 03. The proof is completed by applying
Corollary 3.1. O

Example 3.10. For vy = 6, v = 3, wy; = 1/12 and wy = 1/6, the following design is
E.-optimal over D(v,b, k) = (9,11,6):

11 1112 2 2 3881
2 2 8 4 5 8 4 5 4 4 2
3 4 56 6 6 5 6 5 6 3
A A R A A
§ 8 8 8 8 8 8 8 8 8 &
9 9 9 9 9 9 9 9 9 9 ¢

It can be observed that the above design is built up by adding the treatments 7, 8 and 9 to

every block in the BIBD(6,10,3), then appending one block of treatment symbols {1,...,6}.

Theorem 3.13. Suppose d* is a BIBD inD(v,b*, k). Let d be obtained from d* by appending
b copies of one block in d*, so that d is a GGDD(2) in D(v,b, k), with group sizes v; = k,
vy =v—k, and b= b*+b. Let a be the largest integer that satisfies k/v > a/(a+1), and let

X denote the common treatment concurrence in d*. Then d is E.,-optimal in D(v,b, k) for

_A+b
W1 = X, ok

(i) b>0if Nv—Fk—1)< (a+1)(k—1),

(ii) b € [1,int (5o S HE=)] if Ao —k = 1) > (a+ 1)(k — 1),

and wy = #k, provided

Av+b

Proof. The C-matrix of d is

74



1 /b k(k—1 1 (bkI—bJ 0
c~:-(¥1_m)+g

k v—1 0 0
So, the corresponding eigenvalues for C;, are
( b h(k=1) | 7
—1 T bk . o
by = —————— with multiplicity v; — 1
]{/’U)l
b*k(k —1
{ €uws = # with multiplicity vy — 1
k(v — 1)ws
b*k(k —1
Cw3 = ( ) with multiplicity 1
L kv(v — 1)wyws
~ . . . v bk)?
For w; = )\iizk and wy = m, it is simple to see e,1 = ey3 < ey, thus 05, = €1 = (z(j\'f;; .
Meanwhile,
Cdii -
m = 9&1 for 4 S ‘/1 s
. . ci . Ciii Iy A
implying by Corollary 3.1 that wl(ld_lwl) = min; m for wy = /\Uigk and wy = ot
Also, since k/v > a/(a + 1) gives vy /vy > a, by Lemma 3.9 if
wl(l—wl) - 'LU2(1 —w2>
then wl(i‘ijwl) = maxgep min; o (Cldjiwi). The two solutions to the above inequality are
D Av—k—1)<(a+1)(k—1)and b >0,
. S Aa+1)(k—1
(i) Mo =k =1) > (a+ D)(k— 1) and 0 < b < int (553 5 2o )-
By Corollary 3.1, d is E,-optimal over D. m

Example 3.11. The following two designs are built up from BIBD(7,7,3). The first design
adds b =1 copy of the first block in BIBD(7,7,3) to obtain a GGDD(2). The second one
adds b =2 copies of the first block in BIBD(7,7,3).

For wy = .2, wy = .1, v = 3 and vy = 4, this design is E,-optimal in D(v,b, k) = (7,8,3):

111 2 2 8 38 1
2 4 6 4 5 4 5 2
s 65 7T 6 7T 7T 6 3
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For wy = 3/13, wy = 1/13, vy = 3 and vy = 4, this design is E,-optimal in D(v,b, k) =

(7,9,3):
1 11 2 2 38 8 1 1

2 4 6 4 5 4 5 2 2
3 5 76 776 3 3

Example 3.12. Consider the following BIBD(5,10,3):

1111112 2 2 3
2 2 2 3 83 4 83 3 4 /4
3 4 5 4 55 4 555

k/v = 3/5. Observe that 2/3 > k/v > 1/2, so a = 1 in Theorem 3.13. It can be checked
that Nv —k —1) < 2(k — 1), so d can be any positive number. Then designs constructed by
appending b copies of one block in the above BIBD are E,-optimal in D(v,b, k) = (5,10 +

8,3) forvy =3, vo =2 andw1/w2:()\+8)/>‘:§+1'

Lemma 3.5. Let d be a binary GGDD(2) in D(v,b,k) with ri > 7y, where vy and ro are
treatment replication numbers for the two sets of treatments Vi and Vay respectively, and

v1,V9 > 2. Then there exist wy and wy = 1‘;‘;—;“’1 such that maxgep min; w,(cldfw_) = wl(cld_jwl).
k2 1

Proof. Again, write ¢z as the common diagonal element of Cj; for Vi, and let ¢z be the

common diagonal element of Cj for V5. Corollary 3.9 shows a sufficient condition for

S Cdii _ Cd1 e
Maxgep Min; -t = —adrs is:
k—1
C2 — Ca1 Ca2
k< < (3.9)

w2(1 - UJQ) B w1(1 —wl) - w2(1 - w2)7

or equivalently,
(ro —1)(k—1) < ri(k—1) < ro(k — 1)

kwo(l —wq) — kwi(1—wy) = kwy(l — w2)' (3.10)
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Denote

wa (1—w2)
1

wii—wy) = T. The above inequalities are equivalent to 2=t < T < 2. The proof is
1) 1 r1

completed by solving for w; and ws,.

i)

7”2—1

<T
r

1— 1—
& (ry— D (1 —w) < _w(1 _ _W>
(%) (%)

& S1(wy) = [rvd — (ry — Dvs]w? + [(ry — 1)v3 + rivgvg — 2ro1]wy — rive + 171 <0

Now Si(w; =0) = —r1(va—1) < 0and Sy(w; = 1) =71 (v1 —1)(v—1) > 0. Note that S is a

quadratic form of wy, thus by the intermediate value theorem, there exists some wj € (0, 1)

such that S; < 0 for all 0 < wy; < w} and Sy (w}) = 0.

i) T<2
& So(wy) = [rv] — rov3w? + [ravy + rivyvy — 2rv|wy — rve + 11 >0

Now Sy(wy = 0) = —r1(ve — 1) < 0 and Sa(wy; = 1) = r1(vy — 1)(v —1) > 0. So, there exists

wi* € (0,1) such that Sy > 0 for all w{* < w; <1 and Sy(wi*) = 0.

Moreover, Sa(w) — S1(w;) = v3w; (1 —w;) > 0), indicating wi* < wi. So, wi* < wy < w}

solves ’”27;1 < wallzws) rp O

Theorem 3.14. Let d be a binary GGDD(2) in D(v,b, k), and let vy, ro be the replication
numbers for treatments in sets Vi and Vs, respectively, with r1 > ry. As usual, let \15 be the
concurrence between treatment sets Vi and Vs, A1 be the concurrence within Vi and Moo be

the concurrence within V. Then the weighted information matriz for d is

1 [ri(k=1)+A1[T—A11J PN
. — = w1 Vwiws
dw —
k . A2 J [TQ(k‘-l)-‘rAQQ]I—)\QQJ
V/wiwz w2

Let wy, = [Tl (I{Z - 1) — UQ/\lg]/[UlTl(k - ].) — 1)2/\12]. LetT1 = (7”2 — 1)(1{5 - 1)[7“1 (l{? — 1) — 1)2/\12],
T2 = 7“2(]{5 — 1)[7"1(]{3 — 1) — U2>\12] (Z’fld T = )\12[’[117”1(]{5 — ].) — ’U2)\12 — )\12(1)1 — 1)] Then Zf

T1<T <T2,d is E,-optimal over D(v,b, k).
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Proof. Note if wy = [r1(k—1) —voAia]/[v171(k—1) — v A1a], then we = [A2(vy —1)]/[v1r (K —

1) — v A12]. Tt is simple to check

T1<T<Toe 2=l owllzw) 1
1 wl(l—wl) T1

Since C;1 = 0, the parameters of d satisfy
ri(k—1) = A1(v1 — 1) + va 12

and
ro(k — 1) = Aaa(vg — 1) + Aoy

Thus, the three non-zero eigenvalues of Cj,, are:

.
7”1<]€ — 1) -+ )\11 U1T1<k — 1) — Ug)\lg . o 1e s
— = ith multiplicity v; — 1
Cdu kwl kw1 ('U1 — 1) v P v
Tg(k‘ — 1) + )\22 UQ’I“Q(IC — 1) — Ul)\lg . e .
s = = th multiplicit —1
€ Juw? s k(0 — 1) with multiplicity vy
A
Caus = 7 2 with multiplicity 1
w1W2
Moreover, w; = % is equivalent to \jp = %{i:l) S0, 01 = €gu1 = €dws-

Now compare eg,, With eg,s,

varawy (k — 1) — vywi Aig + A2 — V212

€aw2 — €qwz —

kw1w2 (UQ — 1)

= kw1w2(v2 — 1) [Tgwl(k ].) /\12(]_ wg)} >0

wg(l—’wz)

rowy (k—1) riwe(k—1) _
w1(1—w1) > - >\12'

1—w2 1—wy

since the condition < :—f gives
Again, denote cz as the common diagonal element of C; for V;, and denote cgz as the com-
mon diagonal element of Cj for V5. So now,

_ /\12 _ Tl(k? — 1) _ Ch
kw1w2 kIUl(]. —wl) w1<1 _wl).

Furthermore,

rz— 1 < w2(1 — w2) < 2 = max min Cii = ‘L
ry wi(l—wy) dep i wi(l—w;)  wi(l —w)

= 9&17
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which follows immediately from Lemma 3.5. The proof will be completed by applying Corol-

lary 3.1. [

If let V4 = {7,8,9} and V5 = {1,2,3,4,5,6}, the design in Example 3.10 is E,-optimal
for wy =1/6 and we = 1/12, since it can be checked T'1 = 500, T2 = 600 and 7" = 550, and

thus satisfies 71 < T < T2.

3.4 FE,-optimal Designs with Blocks of Size £ =v

The most popular of all block designs are the randomized complete block designs, or
RCBDs. These are designs with blocks of size k = v for which each treatment is assigned
to one experimental unit in each block. RC'BDs are known to be universally optimal over
D(v,b,k = v) in the unweighted case (Kiefer 1975). This section explores the FE,-behavior

of RCBDs and their competitors for the 2-weight problem.

Lemma 3.6. For the 2-weight problem with v = 1, the two eigenvalues of the C\,-matriz

for an RCBD are X with multiplicity v — 2 and —22=2)
wo v

T () with multiplicity 1. Furthermore,

the minimum of the eigenvalues of C,, for an RCBD is

b 1

— for wy < —

9 — Wao v

RCBD,1 bv — 1) 1

TS EE— for wy > —.

vwy (1 — wy) v
Let ry, 79, ..., 1, be the replication numbers for treatments 1, 2, ..., v, respectively. For
the 2-weight problem with v; = 1, without loss of generality, assume ro < rg < --- < 71,

throughout this section.

Lemma 3.7. Consider the 2-weight problem with v1 =1, k=v and b < v — 2. Let d be an

arbitrary design in D(v,b, k) having rg1 < b . Then, d cannot be E,-better than an RCBD.
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Proof. 1t is simple to observe (14 + rq3) < 2b. By Corollary 3.2, the smallest eigenvalue 64

of Cy,, satisfies

1
Onn < —(Cao2 + Cas —20d23)
QWQ
b
J 1” d2j ] 1” d3j Qijl 425 1d3;
= n +
2w2<z dzj — Z d3_] v "
b b 2 b
= E n +§ :n _ J 1 X Zj:ln a3j 22].:1 Nd2jNd3;
2w2 47 7 () ) v
b
1 1 )
= Tg2 +7Ta3 — — Naz; — Nd3;j
2w2< dz T UJZ_;( d2j d33)>
< —(ro+ra)
r r
= Duw, d2 d3
b
< =
Wa

If w; < %, by Lemma 3.6, we have

0 < — = OreBpo-
Ws

If wy, > %, by Corollary 3.1,

edl S Cd11 S b(’U — 1)
wi (1 —wy) = vwy (1 —wy

) = OrcBD,1-
O

Theorem 3.15. Consider the 2-weight problem with vy =1, k =v and b < v —2. Then, an

RCBD is Ey-optimal over D(v,b, k) for wy < %

Proof. All competitors having r; < b have been ruled out by Lemma 3.7, so it is sufficient to

show that d € D having r4; > b+1 is E,-inferior to an RCBD for w;, < % Since rq; > b+1,
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rg < b—1. For w; < %, by Corollary 3.1,

by < Cd22 b—1w—-1) bl—3)(v—1) - <i) <(1 ~Hw - 1)>

< —

~ wa(1l — wy) vwa (1 — wy) vws (1 — ws) 2 v(1 — ﬁ)
() () < oo

]

Lemma 3.8. Consider the 2-weight problem with vi = 1, k = v and b = v — 1. Let
d € D(v,b, k) be an arbitrary design having 2 < rgy < v — 1. Then, d cannot be E,,-better

than an RCBD.

Proof. Since rg; > 2, it is easy to see rg + rg3 < 2b. Using reasoning similar to that in

Lemma 3.7, for w; < 1,
v

1 b
01 < —(Can2 + Cazs — 2¢a23) < ——(rago +71a3) < — = Orenpa-
2w2 211)2 Wa

If wy > %, by Corollary 3.1,

Cd11 < le(]{? — 1) < (U — 1)2
wi(l —wy) =~ kwi (1 —w) = vwi (1 —wy

On < ) = OrcBD,1-

]

Lemma 3.9. Consider the 2-weight problem with vi = 1, k = v and b = v — 1. Let d €
D(v,b,k) be a nonbinary GGDD(3) constructed from an RCBD by replacing treatment 1
with treatment i+ 1 in the i block fori=2,3,...,v—1. Let D; C D(v,b, k) be the subclass

in which all designs have ry = 1. Then d is E,-optimal over Dy for any weight.

Proof. Note all designs in D must have r, < v — 1. Let Dy C D(v,b, k) be the subclass

having 1 = 1, ra =b=v—1and ng; = 1 for j = 1,2,...,b, and thus cas = (v — 1)?/v.
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Obviously, d e Dy C D Also, d maximizes the trace of Cj over d € D;. The C-matrix of d

18

v—1 1 147
v v vl v—2
L= 1 (v—1)2 /
Od T N _111—2

T R A

It can be seen C; is the average of all permuted C-matrices obtained by permuting over
treatments 3,4, ..., v for an arbitrary design in D, with the same trace as C';. By convexity,
d is E,-best among designs having the same trace in Dy. Now consider competitors d €

D, having smaller trace. Averaging over treatments 3,4,...,v produces the GGDD(3)

information matrix Cy having smaller trace than C 3

v—1 1 11/
v v vlv_z
~ 1 v—1)2 /
Ca=| -1 G T . (3.11)
_11 -1 0&33(7)—2)—1)?51 . Cd’33_vii,1
v—2 v— v—3 v—2 v—3 v—2

where by assumption, cgss < ¢jg3. It follows that trace(Cyy) < trace(Cy,).

By Morgan and Parvu (2007), two nonzero eigenvalues of both Cj,, and C;,, are the two

eigenvalues of the following 3 x 3 reduced matrix,

v—1 -1 o v=2
vwq vy/wiwz vy/wiwy
0w e | (3.12)
NI vws wa
-1  _1 vl
NGRS wa vws

The remaining positive eigenvalue of Cy, has multiplicity v — 3, as does that of C; . Since
trace(Cay) < trace(Cy,), that eigenvalue for Cj, is larger than that of Cy,. Consequently,

d cannot be E,-better than d.

It remains to compare d with those designs d € D, /Dy having ¢ < gy = (v — 1)%/v.

v2—20—1
- .

Specifically, cgoo <
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The positive eigenvalues of C; =~ are

v? -1 . o
with multiplicity v — 3
VW3
1 . e
with multiplicity 1
VW1 W2
— 1
vout with multiplicity 1.
\ VW2

The minimum eigenvalue of Cj;  follows as

— 1 1
vovdt for w; < ————
0. — VWy vP—v+1
" ! f > 1
or w; > —————.
VW Wo |
If w; < +1, by Corollary 3.1,
2 _ 2 _ 2 _ _
0 —On > v —v+1 Ca22 Z(v v—i—l)_(v 20— 1)
VWo wa (1 —wy) VWo vwy (1l — wy)
@+l —wy) — (v =20 —1)
B vwy (1l — wy)
(VP—v+1)(1-5)— (v —2v—-1) . 1
= since wy <
vwe (1 — wy) v—1
2- 5
 vw(1 — wy)
> 0.
If wy > +1’ again by Corollary 3.1,
1 —1
edAl = = v = Ca11 2 edl-

vwywe  vwi(l—wy)  wi(l—w)

O

Theorem 3.16. For the 2-weight problem with vy =1, k =v and b =v — 1, the GGDD(3)

de D(v,b, k) defined in Lemma 8.9 is E,-optimal over D for w; < U21

—v°
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Proof. Lemma 3.9 has shown d is E,-optimal over all designs in D having r; = 1. Lemma
3.8 has shown no design having 2 < r; <wv —1is F,-better than an RCBD. Moreover, the

proof of Lemma 3.8 shows no design having r; > 2 is E,,-better than an RCBD for w; < %

and thus for w; < 21_1). So, it is sufficient to show d is E,-better than RCBD for w; < v21_

"

Using results in the proof of Lemma 3.9, when w; < ﬁ,
vP—v+1 wv-—1
05 = > = OrcBD,1-
VW2 Wa
If v? 1'u—i-l Swr S v2—v?
1 1 v—1
0. = > = =40 .
W pww,y U(vzl,v)ﬂh () ROBDL
]
Example 3.13. Consider this design in D(v,b, k) with k =v =15 and b = 4:
1 2 2 2
2 3 38 3
4 4 4 9
5 5 5 5
This design is E,-optimal in D(5,4,5) for wy < ﬁ = %, or equivalently, ¥ < U2U—_vl—1 =

%. For % <w; < %, or equivalently, % < <Loan RCBD s E,-optimal as shown next.

Theorem 3.17. For the 2-weight problem with vi =1, k =v and b=v — 1, an RCBD s

E,-optimal over D(v,b, k) for — - <w; < %

v2—

Proof. Lemma 3.8 has eliminated all competitors in D having 2 < r; < v — 1. Lemma 3.9

has shown GGDD(3) d having r; = 1 is E,-best among all designs having r; = 1. So first
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compare an RC BD with this d. Again, we use results in the proof of Lemma 3.9 along with

Corollary 3.1:

1 1 v—1
9(21 = < v( = = 9RCBD,1-

1
VW W2 m)ub Wa

It remains to compare an RC'BD with an arbitrary competitor d € D having rqy; > v = b+ 1.

Since rg7 > b+1, rgo < b—1 and

O <

Caz2 < (5—1)(0—1)§<b><( — -1

wo(l —we) —  vwy(l —ws) w_g

- (Y,

ot =55

v—1

Lemma 3.10. Consider the 2-weight problem with vy = 1, k = v and b = v. let d be an

arbitrary design in D(v,b, k) having 3 < rq1 < v. Then, d cannot be E,-better than an

RCBD.

Proof. Since rq; > 3, it follows rgp + rg3 + -+ + rqy < v2 — 3. So, it is simple to observe

Ta2 + ra3 < 2v. Corollary 3.2 gives

1
On < 2—(0d22 + Cazz — 2Ca03)-
Wa

If wy < %, using the proof in Lemma 3.7, we get

1 v
01 < —(ra2 +743) < — =breppo-
2’[1}2 W9
If wy > %, by Corollary 3.1,
9d1 S Cd11 < le(k — 1) v—1

=0 )
’LU1(1 — wl) o kwl(l — wl) - ’LUl(l — 'LUl) ROBD)1
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Theorem 3.18. Consider the 2-weight problem with vi = 1, k = v and b = v. Let the
nonbinary GGDD(3) d € D(v,b, k) be constructed from an RCBD by replacing treatment 1
with treatment i in the it block for i = 3,4,...,v. Then, d is Ey,-optimal in D(v,b, k) for

1 2
0241 <w; < 5.

Proof. Since rj =2, 140 =0, 143 =+ =14 = v+ 1, the C-matrix for dis
2(v — 1) ) —21',
1
Ci=—| -2 02— —(v+ 11, : (3.14)

21, —(v+Dlye (W +v—1DI_9— (v+2)Jy_2

The v — 1 non-zero eigenvalues of Cj;, =~ are

(
— D (v? —1
(v ()(U T ) with multiplicity v — 3
v

1— wl)
(v—1)(v*+1)
v(1 —wy)
2(v —1)
Lvwq (1 — wy)

with multiplicity 1 (3.15)

with multiplicity 1.

So, the minimum eigenvalue of C;, is

(v = 1)+ 1)

for 0 < wy <

g — ) vl—w) vi+1 (3.16)
a 2(v — 1) ] -

— < or w .

vwy (1 — wy) PE ez

For any design in D having r; = 2, it is simple to see ro < v. Optimality of d will
be established, by comparing d to competitors in these six disjoint subclasses of D for
wr Swi S g

(i) designs having r; =1

(ii) designs having 3 < r; <w
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iii) designs having 1 > v + 1

(

(iv) designs having 1 =2, ro < v —1

(v) designs having 1 = 2, 1y = v and ¢y < v — 1
(

vi) designs other than d having r1 =2, ry =v and cpo = v — 1

Case (i). Compare d with designs having r; = 1.

Let d be an arbitrary design in (i). By Corollary 3.1, 04 < wl(cldfwl) = Uw;zl__lwl). So, if
= <wp < FA,
v—1)(v*+1 v—1 v—1
0&1 = ( )( ) = 1 2 Z Hdl'
v(1 — wy) V(o) (L —wi) — vwi (1 —wy)
If 2 <wy < 3,
2(v—1 v—1
0&1 = ( ) Z gdl

Cow (1 —wp) T vwi (1 — wy)

Case (ii). Compare d with designs having 3 < r; < .

Let d be an arbitrary design in (ii). Recall Lemma 3.10 has shown no design with 3 <r; <wv

can be E,-better than an RCBD. Thus d need only to be compared to an RCBD.

If ,U2{’_1 S w1 S

2
V2417

g _ =D +1) (v—1)(v+1) Jolv=1) _ v,
a1 —wy) 1 —wy 1—w,  w, =~ OPPE

If <w <%

2
v24+1
2(v — 1) 2 o2

v
i = = > = — = 0roBD,1-
N vw(I—wy)  vwywy — v(S)ws  wo !

Case (iii). Compare d with designs having r; > v + 1.

rao(k—1) (v—1)2
% .

v

Let d be an arbitrary design in (iii). It can be seen that rgo < v—1, 50 cgog <

87



If i < < @i
g _ WoDEP+1) (P4 -—wy) @ D)
di v(1 —wy) vwy (1l — wy) vwa (1 — wy)
v—24+ L
(v + () Al (o1 ) 317
- vwy(1 —ws) vwsy(1 — wo) (3:17)
241-2
Kt St} > 0n by Corollary 3.1
vwe (1 — wy)
If 2 <wy < 3,
g 20-1) 2wy ()
dl vwi (1 —wy)  vwywe(l —wy)  vwy(l — wy)
2(v=2) 2 A2 2(v=2 2 2 22
_ wmeyter (@) v Gt v (3.18)
vwa(l —ws) —  vwe(l — wy) vwy(l —ws)  vwy(l — ws) '
2
vo3) 48
(o pp g o ey Lo
N vwy(1 —wy) vwy (1l — wy) vwy (1l — wy)

> On by Corollary 3.1

Case (iv). Compare d with designs having r; = 2 and 75 < v — 1.

Let d be an arbitrary design in (iv). The proof is the same as in (iii), as ¢z < (”:}1)2.
Case (v). Compare d with designs having r;1 =2, ro = v and ¢y < v — 1.

Let d be an arbitrary design in (v). Observe that rge = v and cgo < v — 1 implies

. 24—
treatment 2 appears more than once in at least one block, so ¢j < - 2,

If v++1 <w; < v%ﬂ, using (3.17) and Corollary 3.1,

D o Vit i Sl Gl =) B i = S i
dl —

v(l —wy) — vwa (1l — wy) vwa(l —wy) T vwy(l —wy) T
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If 2= < w; <3, using (3.18) and Corollary 3.1,

virl = U1 =
V2 V2
R T R = I T RY RS =
dl vwy (1 —wy) — vwy(l — wy) vwy (1l — wy)
v —v—2)4 2 )
= ( )+ o S > Og1.
vws (1 — wy) vwe (1 — wy)

Case (vi). Compare d with designs having ry = 2, rp = v and ¢y = v — 1

a). Let D3 C D be the subclass of designs in Case (vi) having ¢;; = 2(v — 1) /v, that is, the
two replicates of treatment 1 of any design in D3 appear in two different blocks. Let d be an
arbitrary design other than d in Ds. It can be observed that trace(Cy) < trace(C;) =
trace(Cqy,) < trace(Cy,) for any fixed w; and w,. Also notice that if trace(Cqy,) =
trace(Cy,), then C;, = > pep PCawPT /(v — 2)!, where P is a class of all v X v permu-
tation matrices that permute treatments 3,...,v. So, d is E-equal or better than any d in

Ds having trace(Cy) = trace(Cy).

To compare d with d € D3 having trace(Cy) < trace(Cy), write Cy = Cy =" pep PCyPT /(v—2)!,
where P is defined above. Since cj;; = ¢g11, Cjys = Co2 and V4, = Va1, by the same argu-
ment surrounding (3.12) it is known two eigenvalues of C}, and Cg, are the same, but the

third eigenvalue of Cg, (with multiplicity v —3) is less than that of C; . So, 03 > 03 > 04.

b). Let Dy C D be the subclass of designs in Case (vi) for which the two replicates of
treatment 1 both appear in the same block, so that ¢;; = 2(v — 2)/v. Let d be an arbitrary
design in Dy. It can be seen that if r4, > v + 1, then rg = ry3 = v. Following the proof of

Lemma 310, we get 9,11 S % = ’LULQ S GRCBD,I‘

Now we only need to consider those d having r4y3 = -+ = rg, = v+ 1. For any such
d define the GGDD(3) d by Cy = Cy = Y pep PCaPT /(v — 2)! where P is defined in (a)

above. Then Cj is
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2
2 Cdi1 "y 1/
- v] v—2

Cdit T v—2
- 2 v+117/
Cj= -2 v—1 = . (3.19)
c7 -H)—l—é c7 -Hj—l—é
CJ11*%1 v+11 0&33(7)_2)_4‘111 v—2 v I 0&33_%!}
T T tv=2 T T tv-2 v—3 v—=2 " T =3  Yv=2

Since d is E,-inferior to d, it is sufficient to show 6z < 6;. Recall that d is also a
GGDD(3), with C-matrix similar to (3.19) except ¢j;; = 2(v—1)/v, while cg; = 2(v—2) /v,

and cjq3 > Cgs3-

Both d and d have three distinct nonzero eigenvalues. Among these two positive eigen-

values for d and d are the two nonzero eigenvalues for the reduced matrix shown here:

2

e __ 2 Ty
w1 vy/wiwz Vwiwz

. ool (=) | (3.20)
vy/W1 W2 wa vwsg

i C11—% vl Cll+v_1_%

(v—2)/wiws Vw9 (v—2)wa

These eigenvalues are two solutions to the quadratic equation:

Q) = 2* + qz + g = 0, (3.21)
where
c & c11 + coo + 2
ql——(£+£+ 11 22 712)7
wp  we (v — 2)wy
C11C22 C11C22 C11C22 Vi _ gie _ gie

© = ws * (v — 2)wywe * (v—2)w2 wws (v—2uwws (v— 2w

The two solutions for (3.21) are 71 = —q1—/q7 — 4qo and xo = —q1++/¢? — 4qo. Specifically,

¢ and g for C; are:

1/2(v—-1 v(v—1 +2)(v—1)—4
o L[ =) D)4y
v Wy Woy (v — 2)wy
1 (20(v—1) N 20(v—1)2 2v(v—-12 4 4 4
Gio = 32 wWiwse (v —=2)wyws (v —2)w? wiwy (v—2wws (v—2)ws)’
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and ¢; and gy for Cj are:

B 1(2(U_2)+U(v_1)+v(v+1)—8)7

dan = ——

v\ w Wy (v —2)w,
o L2 -1DEw=2) 20@w-1Dw=2) 2ww-1E-2) 4
a0 = v2 ( Wi Wo + (v — 2)wywe (v — 2)w? WiWsy

(- Swlwz (v —42)?11%)'

It is simple to see from (3.15) and (3.16) that the minimum positive eigenvalue of C},,
6, is the smaller solution to @ (z) = 0. So now it is sufficient to show the smaller solution

to Q () = 0 is greater than or equal to the smaller solution to Qg(x) =0, i.e.

— Q3 =\ — 450 >~ — \/ 05 — 440 (3.22)

Rearranging inequality (3.22), it can be checked that a sufficient condition for (3.22) to hold

(g1 — 931) Q095 — 20%a1) — (@jo — 9a0)° = 0. (3.23)

Using the expressions above for ¢;;, o, ¢z1 and qgp, the LHS of (3.23) simplifies to

4(v —1)2[wy (v + 1) — 2?
(v —2)v*(1 — wy)*w?

which is clearly nonnegative (=0 at w; = UQLH &L= vil).

]

Lemma 3.11. Consider the 2-weight problem with vi = 1, k = v and b = v. Let Dy C
D(v,b, k) be the subclass in which all designs have ry = 1. Let d € Dy be the nonbinary
GGDD(2) constructed from an RCBD by replacing treatment 1 with treatment i in the i’

block forv=2,3,...,v. Then, d is Ey-best over Dy for any weight.
Proof. The C-matrix for d is

C,=

1[v—1 -1/
= ' (3.24)
v

—10_1 <U2 +v— 1)[1,_1 - (U + 2)Jv_1.
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The two nonzero eigenvalues of C; ~are

v+ov—1
VW3o
v—1

with multiplicity v — 2

T Z with multiplicity 1.
vwy (1 —wy)

Accordingly,
2 -1 1
9. — VWe v +v—1
i v—1 1
_— for w; > ————.
vwy (1 — wyq) vi4ov—1

Moreover, it can be seen C} is the average of all permuted information matrices obtained
by permuting over treatments 2, 3, ..., v for an arbitrary design in D; having the same trace

as C;. By convexity, no design in D; with the same trace as C; can be E,-better than d.

It is obvious that d maximizes trace of the C-matrix over D. Now, let d be any design
in D; which has smaller trace than cZ, and let C; be the average of all permutations of Cj
over treatments 2, 3, ..., v. If write 6z as the smallest positive eigenvalue of Cy, then the
convexity property says 04 < 03, so it is sufficient to show d is F,-inferior to d. It can be

seen that both C; and C; = Cj have the form as (3.24), in which ag = ay, = ”;1. From

(2.28), we can see

(v —Dtrace(Cy) —vag (v — 1)trace(Cy) — vay, vito—1

T T D=2 (w-D-2) &7

since trace(Cy) < trace(Cy).

. . (057
If wy < one eigenvalue of Cg, is 7£. So, for wy <

1 1
v24u—17 v2to—17

QXdgz _ Yo
O <05 <2 02 g
Wao W2

If wy > 21— by Corollary 3.1, 64 <07 < —u=l 0. ]

v24v—17 vwi (1—w1)
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Theorem 3.19. Consider the 2-weight problem with v = 1, k = v and b = v. Let d be
the GGDD(2) having 1 = 1 defined in Lemma 3.11. Then d is E,-optimal in D(v,b, k) for

1
wl S ’U2+1‘

Proof. By Lemma 3.11, only competitors having r; > 2 need to be considered. We will
compare d with other designs belonging to the following disjoint design classes:
(i) Designs having 1 > 3

v—2

(ii) Designs having r; = 2 and ¢99 < UQ_T_

(iii) Designs having 1 =2, 7 = v and coo = v — 1

Case (i). Designs having r; > 3.
Let d be an arbitrary design in (i). By Lemma 3.10, d cannot be E,-better than RCBD.

So, it is sufficient to show d is E,-better than RCBD for w; < ——.

v241
Ifw < o,
v+ov—1 v
0 = ———— > — =0Ogrcap,1-
VWy W9
1 1
I ooy < wn < s
v—1 1 1 v +1 v
05 = = > T = > — = 0OrcBD,1-
vwi (1 —wy) vwiwe U(UQ—H)U)Q VWo Wo
Case (ii). Designs having r; = 2 and cg < ”LT”_?
Let d be an arbitrary design in (ii).
Ifw < o,
2 1 20— 1)(1 - v? v —1)(1 -1 1
0 = vy = (W= +v ) ws) > ( ) o) since wy <
VWo vwy (1l — wy) vwy (1l — wy) v—1
R vi—v—2

v—1
= > > 04
vwa(l —wy) ~ vwy(l —ws) — a
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If o Swi < g
9. — v—1 B 1 —w,y (1 —wo) (1)1 —we)
dl vwi (1 —wy)  vwywe(l — wo) v(ﬁ)wg(l — wy) vwy (1 — wy)
v24u— 02420 —
W+ 1) - ) YV mheten L v -2
- vwa (1l — wy) B vwa (1 — wy) vwa (1 — wy)
> O

Case (iii). Designs having 1 = 2, ro = v and 9 = v — 1.
Let d be an arbitrary design in (iii). Then d is either the competitor in Case (vi) or d defined

in Theorem 3.18. It was shown that d was E,-better than those designs in Case (vi) of

Theorem 3.18 for any weight. So, we only need to show d is E,-better than d for wy < UQLH
If w1 S m,
vP+ov—1 (v—=1D0*+v—-1) (v—=1)(*+1)
05 = = = 0.
() v(1 —wy) v(1 —wy)
If oy <o <
v—1 v—1 (v—1)(v*+1)
05 = > 1 = = 9&1-
vwy (1 — wy) v(v2—+1)(1 — wy) v(1 —wy)
O

Example 3.14. By Theorem 3.19, the following GGDD(2) design in D(v,b, k) with v =

b=k =75 is E,-optimal in D(5,5,5) for wy/wy < 4/25.

12 2 2 2
2 2 8 3 3
3 8 8 4 /
4 4 4 4 95
55 5 5 5
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By Theorem 3.18, this design is E,-optimal in D(5,5,5) for 4/25 < w;/wy < 8/23.

112 2 2
2 2 8 3 3
3 8 8 4 /4
4 4 4 4 95
55 5 5 5

Finally, an RCBD is E,-optimal in D(5,5,5) for 8/23 < wy/wy < 1, as shown next.
Theorem 3.20. Consider the 2-weight problem with vy = 1, k = v and b = v. Then an

RCBD 1is E-optimal in D(v,b, k) for v% <w; < %

Proof. Let d be an arbitrary competitor in D.

If rgp <2, for U% <w; < %, by Corollary 3.1,

2(v —1 2 2
s 2D 2 vy 2y v,
wi(l —wy) — vw(l —wy)  vwiws Wo

If 3 <rgy <w, by Lemma 3.10, d cannot be E,-better than an RC'BD for any weight.

So now it is sufficient to show an RC'BD is F,-better than d having rg; > v+1 = rg <

v — 1. So, for v% <w; < %, by Corollary 3.1,

6, < Cd22 < (v—1)2 :<1><(v—1)2>

vwy (1l — wy) wy/ \v2(1 — ws)

© D) - (g < s

In this Section we have found the E,-optimal designs in the design classes D(v,b, k)

for k = v and b < v for the 2-weight problem with v; = 1 and w; < 1/v (or equivalently,

95



wy /we < 1). This is a TwC experimental situation (compare Definition 1.7 and the discussion
in Section 1.2) where comparisons with the control are of less interest. Surprisingly, if the
number of blocks is no greater than v — 2, the E,-best choice is always an RCBD. For
b=wv—1orb=vthe E,-best design depends on w; < 1—1}, with the RCBD being best only

if wy is sufficiently close to 1/v, the equal weight case.
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Chapter 4

Weighted A-optimal Designs

In this chapter, we generalize some sufficient conditions for designs to be A, -optimal.

Theorem 4.1. For the 2-weight problem with vi = 1 and vo = v — 1, let d be a binary

GGDD(2) in D(v,b, k) with weighted information matriz

—cq

—Cq

—D)/wrws

c1—ca(v—1)

(D)

(v—1)(v—2)w2

c1—ca(v—1)

(v—1)(v—2)w2

—cq

—Dyanws

€2
w2

Let d* € D be a possibly hypothetical design having completely symmetric C-matriz with

trace(Cy+) = trace(Cy). Note d* is a BIBD if a BIBD exists.

(i) If ¢c1 > cq, then d is Ay-better than d* if and only if wy > (

(i1) If ¢1 < cq, then d is Ay-better than d* if and only if w, < (

(v—=2)c1
v—1)2co—cy *

(v—2)c1
v—1)2co—c1 °

Proof. (i) Denote the non-zero eigenvalues for Cj = as ej,, with multiplicity 1 and egj,, with

multiplicity (v — 2) , which can be computed by solving these equations:
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C
eczwl + (U - 2)€Jw2 = w_

Co g —co(v—1)
€y = — —
W2y (0= 1) (v — 2w,
Thus, the two nonzero eigenvalues of Cj, are

ca(v—1)% — ¢
(v—1)(v—2)wy

C1 i C1
€jy1 = — + ————
Wl (v = 1wy

So the A,-value for d is

and eg,, =

1 1 v — 1)wjw v—1)(v—2)>2w
®4(Cy,) = — + (v —2)— B Gl 5 >_< 2_) -
€dw1 € w2 1 co(v —1) C1

Denote cg+; = ¢ for all i € {1,2,...,v}, thus ¢ = w Then,

DA(Cg,) — Pa(Carw)
_ (ﬂ_ﬂ+ (=22 <“—2>>(U_1)w2.

c1 ¢ v-12—-¢ cv

d is A,-superior to d* iff
Pa(Cy,) — Pa(Camw) <0

(v—2)2 v—2
cv—=1)2—-¢ cv (v—2)
= > =
" T - 1P
C C1
The proof for (ii) follows similar steps. O

(v—2)c1

Here we compare CE - with 1/v. Denote trace for a binary design by ¢. Applying

the fact ¢; + (v — 1)cg = ¢, it follows that
(v—=2)a  (v—=2)
(v—1)2%;—c; (v—1t—wve;

Obviously, the above function is increasing in ¢; and is bigger than 1/v when ¢; = t/v.

(v—2)c1
(v—1)2ca—c1

A,-better than d if ¢; > c¢s.

So, ¢1 > ¢y = > 1/v. Thus w; < ws is a sufficient condition for d* to be

Theorem 4.2. For the 2-weight problem with v, = 1, let d be a binary GGDD(2) design
in D(v,b, k), for which C; has information matriz as shown in (2.28). Lett = b(k — 1) be

the trace for information matrices of binary designs in D. Then, d is Ay-optimal over D
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U(U_2)20¢§~1 _w=Dt—vaz 2 —v[(v—2)ay]?

Jor wy = [(—T)i—va 2 and wy = —D)[(v—1)i—vay, 2

if either of the following conditions
18 met:
(i) k> o+

iy Vv - (v=1)t
(ZZ)]CS\/B—FW andadl < [O=STSy WL

Proof. For an arbitrary design d € D, let Cy be the averaged information matrix obtained
by permuting Cy within the treatment set {2,3,...,v}. Then ®4(Cy,) < ®4(Cyy). Thus,

it is sufficient to show ®4(C},) < ®a(Cyy) for any d with trace(Cy) < t.

It is known that Cj; has form given in (2.28). The eigenvalues of its correspondent Cg,, =

W-Y2C, W12 are
| g+ (v—1)5

0, = + with multiplicity 1
w1 w9
Qg . T

Oy = — with multiplicity v — 2.
Wa

Then the A, -best design for a fixed trace minimizes

~ 1 1 1 U)Q(U - 2)
(bA(de) = 9_1 + (U - 2)9_2 T o + az+(v—1)B2 %) ‘
w1 w2

Utilizing facts that a1 = —(v — 1)y and ag + (v — 1)Fs = —7 given in (2.29) and (2.30),

~ wo(v — 2 WW
©4(Ca) = 22

The trace of the information matrix for Cy, is

trace(C’d) = trace(Cy) = ap+(v—1)(ag+02) = a1+ (v—2)ag—7v = (v—2)ozz+v 3 1a1.
So,
_ ’LUQ(’U — 2) wW1Wa2
Q4(Coy) =
A(Caw) Qs + trace(Cq) — a1 — (v — 2)a
wy(v — 2) W1 Wav
_ by (2.32). 4.1
Qs * trace(Cy) — (v —2) g v (2.32) 4
Equivalently, ®4(Cy,) can be expressed in terms of a:
_ (v—2)2 wy
Ba(Cu) — (1 — o} 4.2
A(Caw) = (1 —w) [(v — Dtrace(Cq) —vay  ay 4
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To investigate the minimum of this expression, assume the parameters in Cy; can change
continuously. Setting trace(Cy) = t and then taking the derivative of expression (4.1) of
d A(C_’dw) with respect to ay and setting it to zero, we can get the value of ay, call it aj,,

such that design d is A,-optimal over the binary subclass of D for fixed weight w; and ws.

0P4(Caw)  wa(v—2) wiwav(v — 2) et
Al 2 S0
day a3 [t — (v—2)as]
1 WV
=5 = 2 (4.3)
ag, [t — (v —2)og]
(4.3) can be rewritten as:
t 2
e
w1 = Yo .
v
Correspondingly,
¢ 2
v— [— — (v — 2)}
_ Ao
Wy =
v(v—1)

Equivalently, we can use aj instead of aj, in the expressions of w; and ws, giving

v(v —2)%a2

(v = 1)t —vag|?

wyp =

and
[(v— 1)t —vay]? —v[(v —2)ag ]
(v —=D[(v = 1)t = vag]?

Wy =

092 (Cw)
a3

It can also be checked > 0,50 ®4(Cy,) < Pa(Cyy) for any binary d.

We also need to make sure 0 < wy; < 1. It is apparent w; > 0 is satisfied, but to ensure
wy < 1, the following restriction must be added:

vag (v = 2)7 <l=ay < (= 1)t
(0 — 1)t — vag,]? N Ea NG

the inequality (4.4) is always true if

wy = (4.4)

; : : _ b(k—1) ¢
Since any binary design has ag < =4 = ¢,

(v 1)t (v=2+ VOV _ Vo
t/l<;<(v_2+\/5)\/5 s k> =N —\/5+\/5+1. (4.5)
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So, if k > /u+ \/\E/il’ d is A,-better for the specified weights than any other binary GGDD(2)

having v; = 1. If £ < /v + \/}{L, then aj < % need to be satisfied for d to be

A,,-better.

Next, we will show d is A,-superior to all nonbinary designs in D for the above w; and ws.
Let d be an arbitrary nonbinary design in D. Let CJw be the averaged information matrix
obtained by permuting treatments 2, 3, ..., v of C_ . By Theorem 2.7, ®4(C5 ) < ®4(C5,).

If d is A,-better than d, then for fixed wy, wy and v, using (4.2),

DA(C5,) < Pa(Cy,)
. trace(Cy)

= 4(C5,) < P4(Cy,) since trace(Cy) <t
-2 t C- —2)?
= (1 o w1)|: ( ) _i| 7‘(106( d) < (1 _ wl)[ ('U ) + ﬂ
(v = Dtrace(Cy) —vay — ag t (v=Dt—vay o
v—2 w v—2)32 w
= [y * o) < [ en * ]
<U - l)t —vag (trace(Cg)) an (trace(Cg)) (U o )t v aq
The above inequality says a binary GGDD with a; = (c is A,-better than d, which is
a contradiction to the former proof that no binary design can be A,-better than d. m

Here is one of the possible applications of Theorem 4.2. Similar results can be written for

other constructions given earlier in this dissertation.

Corollary 4.1. Let d be constructed as in Theorem 3.3. Then d is A,-optimal over D for

_ [ D) (k=1)(v—1) 2 _ (0" +6) (k—1)(v—1) 2
w1 = oy — @ = 2] /v andwe = o — (SEZRE 5y — (0= 2)) /(v — 1))

Proof. Recall in the proof for Theorem 3.3, we showed that d is GGDD(2) for which v; = 1

and vy = v — 1 along with

b*(k—1
aqr = <'U )7

1 bk —1) -
==
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1-0k(k—1) -
2= 50—
Now apply Theorem 4.2 to get w; and ws. O

Example 4.1. Again, consider the following design d in D(4,5,3),

11 1 2 2

2 2 3 3 3
S 44 4 4

The C-matriz of d

2
2 __11><3

C;= 3
21 11] + (—1)J.
3 3x1 3 3 3

Thus, aj; = 2 and g, = 11/3. By Theorem 4.2, d is Ay-optimal design among D(4, 5, 3) for
wy = 16/121 and wy = 35/121. Recall from Example 3.1 that this design is weight balanced

and Ey-optimal for wy = 2/11 and wy = 3/11.
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Chapter 5

Weighted MV-optimal Designs

In this chapter, we derive sufficient conditions for a GGDD design d to be MV,,-optimal
for the 2-weight problem. The first result provides conditions for which a weight balanced

design is MV,-optimal, so long as each weight group contains at least two treatments.

Theorem 5.1. Suppose v treatments are divided into two treatment sets with size vy, vy > 2,
that are assigned distinct weight wi and wy. Let d be a binary GGDD(2) in D(v,b, k) that

has information matriz shown in (2.35) and satisfying Cg, = €(I — fof}) for some e. Then

d is MV, -optimal over D if w; < and wy < )

VU1 VU9

Proof. Let d be an arbitrary design in D. By Theorem 2.7, ®3;v(Caw) < @y (Cae) where
Clw is the averaged version of Cy, obtained by within-group permutation. Let d be a design
having C;, = é(I — fof}) for some ¢, and satisfying trace(C;) = trace(Cy) = trace(Cy) = t.
Obviously, both C; and C; have GGDD(2) form. So, we start the proof by showing that,

for w1 S \/v;Tl and wo S \/+T2’ (DMV(CJU;) S CI)MV(C_’dw)-

The Moore-Penrose inverse of C-matrix having GGDD(2) form in (2.35) is (Majumdar,
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1936)

1 1 v 1
_-[Ul - J’Ul - 2 QJU1 _21’Ul><’uz
Cct=|™ Q101 yuv yv (5.1)
1 L g,y |
2 V2 XVU1 052 v 052’1]2 v2 "}/’[)2’(]2 v2

YU
Let [ be the contrast vector for comparing treatment ¢ and i’. Using (2.15) with (5.1), the

weighted variances of pairwise contrasts are
(

w ..
— for i,7' € V}
&3]
w ..
- I —2 for i,i' € V,
Var,(r, — ) = ———ICH' = { @2
w; + Wy W1 Wa 1 1 1 1 1 (v2 L U1 49
wy+wy |y aqup Q. ol Y2 rur U9
forie Vi and i €V,

\
Note from Lemma 3.2 that C;, = (I — fof}) implies Vardw(n/—\n/) is constant for 7,7 €
{1,...,v} and i # i'. Writing VCLTOZw(Ti/—\Ti/) = m for 4,7/ € {1,2,...,v}, then m can be

calculated by setting

w w wiw 1 1 1 1 1 00w
ani__LLC__ P - 2Q+:+@>
O Ol Qgy  QgUz2 Yg07 U1 U2

Qg B Q gy Cwp +wy
Solving these equations with (2.39) gives

_ﬁ o _ﬁ wlwgt

o = , oG, = , and vi=— )
a Wa 42 wq d viwy (1 — wy) + vows (1 — wy)
Thus,
o wr _ wy  wiwy viwy (1 — wy) 4+ vows (1 — wy)
X o) Vi t

Let the possibly hypothetical design d* have information matrix Cy« = Cy. Then Cy- has
GGDD(2) form in (2.35) and trace t. To improve on d, d* must satisfy Vard*w(n/—\n/) <m

for all ¢ # 4', and so

w1 w1

< — = Qg1 > Qg (5.2)
Qg1 Qg
W2 W2

< —= = ge2 > Q- (5.3)
Qg2 & go
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Combining the inequalities (5.2) and (5.3) with the fact from (2.39) that g = [(vy —

Dage + (v2 — 1)ageo — t], it is simple to see y4« > y; must also be satisfied, since ¢ is fixed.

Now we investigate the implications for the pairwise variance

— wW1W2 1 1 1 1 1 (%) (%1
Varg,(m —m) = —282 | 2 (2 2)
w1 + wo | a1 QO  YU° U] Vg

(5.4)

where for simplicity the d* subscript has been omitted from the design parameters. Note
that for fixed ¢, there are two free parameters, which are taken as o and ay. Treating the
weighted variance for this pairwise comparison as a continuous function of the parameters

oy and ay for i € Vi and i’ € V3, and noting that —L; (2 + Z—; +2) =1

7”2 v1 yviva’

— wiwy 0 1 1 1 1 1
—Vary(ri—-1)=————r-~ | —m— — 4+ — — — —
Oay w1 +we Oy \ vy v Qg Qols  YU1U
 wawy 0 { 1 1 N 1 1 v }
N w1 + wWo 3@1 a1 Q11 (g QU2 [(Ul — 1)0[1 + (UQ - 1)042 - t]Uﬂ)g

W1 Wo 1 1 v v — 1
wy + wo a7 (5] VU2 [(vl —Dag + (vg — 1ag — ﬂ
wywy v — 1 [ v 1 }
wy +wy V1 V2 [(Ul — 1)0(1 + (’1}2 — 1)062 — t]2 Oé% '

Evaluate the above derivative at any point (aj, o) for which of > oy, and a3 > o,
 wwy v — 1 [ v 1 ]

—

—Vary,(m — 1)

8(1/1

witwy v Luy[(v — Do + (v2 — 1)ag — ﬂ2 a? |’

(of,03)

For convenience, we change back to v* and use the facts w; < iv and wy < \/+72 Then

. wiwy vV — 1 ( 1 - 1 )
- 2 *2
(ataz) W1 +wy U1 VUY* o)
2
W1 Ws vl—1<w2_ 1 )
2
wy +we Vg 2 o

wWiwWs Ul—l<w§_ 1 )_0

E

— Vary(7; — 77)

8041

2 2
wy +wy  vq oG,

the last inequality because v must be negative and thus y*? < 73.

0 —
We can similarly get —Varg,(r; — 7r)
8042

—

> (. Consequently, the variance of 7, — 7

(o ,03)
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for i € Vi and i’ € V5 is larger for d* thus for d. Since all pairwise comparisons with d have
the same variance,

—_— —_—
max Varg, (7, — 77) > max Vary, (1, — 1),
i i

a contradiction. So, such Cy- = C; does not exist, that is, no d can improve on a weight

balanced design of the same trace.

We now know d is MV,,-best among designs in D with fixed trace of C-matrix. It remains
to show d with maximum trace of C-matrix is MV,,-better than d. Since both designs are
weight balanced, it is sufficient to show that any elementary contrast has lower weighted

variance with d. Now since t < trace(Cj) implies € < ¢, it follows that

~

€
Qg = 20431 <oagq,

~

€
Qo = Eagz < Qgo,

so Varg, (1, — 74) < Var;, (7, — 74) for any i # ' in the same weight group. O

Corollary 5.1. For the 2-weight problem where vi,vy > 2, without loss of generality let
wy < wy. Then, a binary design d having Cy, = (I — fof}) is MV,,-optimal over D(v,b, k)

provided that 2 > “2(%2 — 2).

v2 w1 w1

Proof. Write g—f = p for some p > 1, then

w; 1 Low < 1 - 1

—=—-=w < - .

wy  p P T oo
Furthermore,

v Wy W

2> 2(222)=0v> (p— 1)

V2 w; Wy

= 0> (2 — 1),

wq
w9 v
- 2 1<,/
(1 —’U2w2)/U1 (%]
1
= Wy <

1/ VUy
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By Theorem 5.1, d is MV,,-optimal since both w; < = and wy < —— hold. O

/U1 /U2

Note that if %* < w; < w; holds, then z—; > ﬂ(g—f — 2) holds. So weighted-balanced

w1

designs are MV,,-optimal so long as one weight is not more than twice the other.
Example 5.1. The following binary GGDD(2) design in D(6,11,3)

11 11 2 2 2 3 8 38 4

24 4 5 4 495 4 4 595
3 5 6 65 6 6 5 6 6 6

has Vi = {1,2,3}, Vo = {4,5,6}, A1 = 1, Aia = 2, Aoy = 4, and satisfies Ajjhag = Niy.
Thus, for wy/ws = A2/Xea = 1/2, it is weight balanced and E,-optimal over D(6,3,11)
forvi = vy = 3, wy = 1/9 and wy = 2/9. Moreover, wy < 1/\/vv; = 0.2357 and w, <
1/\/vvy, = 0.2357, so it is also MV,-optimal over D(6,3,11). It can also be checked that

Ao 222 9y = () for we/wy = 2.

v2 w1 Cw1

In practice, it is not difficult to find (see Chapter 3) E,-optimal designs that satisfy

Caw = €(I — foff). However, of these E,-optimal designs, only a few satisfy the extra

conditions stated in Theorem 5.1 for MV,-optimality. That is, w; < \/+Tl and wy < \/572

also need to be met.

Those MV,-optimal designs above are optimal with respect to a certain weight setting.
However, can we show a class of designs are MV,,-superior to another class of designs in

D(v, b, k) for some weights? The following Theorem will be needed regarding this question.

Theorem 5.2. For the 2-weight problem with vi = 1, vo = v — 1 and wy; + (v — Dwy = 1,
let d € D be a binary GGDD(2) with information matriz of the form shown in (2.28).

Let d* € D be a possibly hypothetical design having completely symmetric C-matrixz with
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trace(Cy-) = trace(Cy) =t. Then
(i) If ag < L, d* is MV,-better than d for wy > 1, while d is MV,,-better than d* for
wr < %

(it) If £ < ag < %, d is MV,,-better than d* for w; > (v2—2)t(f;v2()1f—l)agl7 while d* is MV,,-

(v—2)t
(v2=2)t—2v(v—1)ag *

(Note that gy = L implies Cy- = Cy.)

better than d for wy <

Proof. A g-inverse of Cj is
o -1
c; = (C a_J
P )
v—1

Oéglv

0
(v—1)(v—2) [I - (g — ag — Bp)v—1)
(g + Bp)(v =12 —ag | agv(v—2)
Using the properties (2.32) - (2.34) stated in Section 2.2, it follows that
_— W Ws (v—2)2 1
) (

Varg,(f —7; | forj£1
CLwa(Tl Tj U—l)t—vadl—'—adl} OI’]?é )

Jv—l

w1 + wa

_— wa(v —1)(v—2)
Vara,(r; = 17) = (v—1)t —vag

for j and 5/ € {2,3,...,v} and j # j'.

So, the MV, value for d is

wiwy [ (v—2)? L} o > (v—2)agz
MV, = W +wy [ (v—1t—vag ap (v =1t —vagy
Y wy(v —1)(v—2)
(v—1)t —vag

otherwise.

The MYV, value for d* is
wiwy 2(v —1)

if wy > —,
MV = { Wi + wWo t i v
(v —1)ws

: otherwise.
- t
Case I. ag < .

It is easy to see that % < 1. So for wy < %, it follows that
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wo(v — 1)(v — 2) _ wa(v —1) MV

MV, =

(v—1)t —vag t
For % <wy < %,
w; 1 [v-1)—-"2lag  (w=1)/t
—— < o< = _
wy +we 2 (v—4)ag +t _@=2? 1
g (v=1)t—vag g
07
—2)? 1 —1
MV, = —2 (v—2) L) owl=D oy
wy +wy [(v— 1Dt —vag  ag t
For wy; > =,
MV, = [ (v —2)2 L} L Wiy 2(v—1) MV
W 4wy (v — Dt —vag  og wy +wy s
: (v—2)2 17 2w=1)  (v=D)(t—vag)(t—2a4)
SIee [(v—l)t—valgl ozgl] t [(v—l)t—z()ijxgl]agltdl > 0.

Case IL. £ < agy < 5. Then
L<ag <3
& (t—2ag)(t —vag) <0

(v—1)t* = (v —1)(v+ 2agt + 2v(v — 1)a2 <0

¢

& (v—Dt* —vagt < (v = 2)agt —2v(v — 1)a3,

Loy (-2
(v—1t—vagyg ~ (v2—2)t —2v(v—1)ag

(3

—2)t . L o
(v—2) > L since the former expression is increasing in ay;.

Moreover, T3 (v=T)an,

For w; < %?
MV; :wz(v—l)(U—Q) > UJQ(U_l) :M‘/d*
W (o= 1)t —vag t )
X (v—2)t
For 5 <w; < (1;2—2)1:20(’0—1)%17
) (v—2)t
w
1 (V2 =2)t —2v(v — D)ag
1 —w, vt — 2vag
= wy = > |
W2 =" (02 = 2)t = 2v(v — Dag
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Thus,

Wi _ (v—2)t I (v—2)t
wy vt —2vagy  wytws  2[(v—1)t —vag]
So,
—1)(v—2 2(v—1
MV, = wy(v —1)(v—2) L Wi (v—1) MV
(v—1t—vagy =~ w+wy t
(v—2)t (v—2)ag
For (v2-2)t—2v(v—1)a g < Wy < (vfl)tfvdct(il’
- (v—2)t wr (v—2)t wy (v—2)t
w — .
T =)t — 20— Dag | ws | vt—2vag | wit+ws | 2[(v— 1)t — vag]
So,
—1)(v—2 2(v—1
MV, = wy(v—1)(v—2) L Wi (v—1) MV

(v—1t—vagy  w+wy t
It can also be checked that

t < < t
— (6% —
v dl 2
& (v—1)(t —2a5)(t —vag) <0

S (=D +[(v—2)*—v -2 —1)agt +20(v - 1)a2, <0

& (v —2)%ag —vag + (v —Dtt < 2(v — 1)[(v — 1)t —vaglag

(v—2)2 1 <2(U—1)
(v—1t—vagy ap t
(v—2)a g
So for wy, > m,
MV, - Wi (v —2)2 1 wiwe 2(v —1)
W+ we (v—1Dt—vagy ag wy + Wo t

Note that in Section 2.2, we have stated ag > % is impossible.

We can now give conditions under which weight balance implies

V1 = 1.

- MVd*w.

MV,,-optimality when

Theorem 5.3. Let d € D be a binary GGDD(2) with information matriz of the form shown

(bk—b) (v—1)
Vu(oru—2)

MV,,-optimal over D for wy = ©—2ag,

v=1)t—vag ’

in (2.28) and satisfying ag <
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Proof. The weighted pairwise variances are given for any binary GGDD(2) in the proof

of Theorem 5.2. As shown there, Varg,(r — 7;) = Varg,(t; — 7;1) = % if wy =

%' Then any other binary GGDD(2) d* € D(v,b, k) can beat d only if

(o—1)i—vay
we(v—1)(v—=2)  we(v—1)(v—2)
(v —1)t — vag (v—1t —vag

:> ad*l < Oédj_

Differentiate Varw(ﬁ) for an arbitrary binary GGDD(2) with respect to ay:

) I w1 ws ([( (v — 2)? 1>'

oy el = T) = (w1 + ws) \ [(v — 1)t — vay)?

8041

2
ai

It follows that %Vardw(ﬁ/—\q) < 0 when oy < \/a(t\(;a;lv)_z) = %ﬁfv__%, which implies

—_— —_— * .
Varg(m —1;) > Varg,(n —7;) as ag1 < ag. So d* does not exist.

So far we have shown that d is MV,,-better than other binary GGDD(2) designs. Once
again, applying Theorem 2.7 enables us to rule out all binary non-GGDD(2) designs. It
remains to eliminate all nonbinary designs. Let d’ be an arbitrary nonbinary design with trace
t' < t. By Theorem 2.7, ® v (Cpo) < Parv(Car), where Cy is the C-matrix obtained by
permuting Cy within the V5 group. Moreover, ti,éd/ is an information matrix with GGDD(2)
form and the same trace as Cj, so @y (Cy,) < @MV(Z—,C_‘d/w) < Oy (Caw) < Pary (Car)-

]

Example 5.2. This design d in D(4,5,3) has been previously seen in Examples 3.1 and 4.1:

111 2 2
2 2 38 3 3
S 4 4 4 4

Obviously, d is a GGDD(2) with Vi = {1}, Vo = {2,3,4}, ag = 2. Furthermore, ag <
% = 15/4, so d is an MV,,- optimal design over D(4,5,3) for w; = 2/11 and
wy = 3/11. Note d is also E,-optimal over D for wy = 2/11 and wy = 3/11 as shown in

Ezxample 5.1.
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Theorem 5.4. Suppose a binary GGDD(2) d € D(v,b, k) has o = % Then d is

MV,,-optimal over D for weight w, € [%, 1).

Proof. Recall in the proof of Theorem 5.3 we get %Varw(ﬁ/—\ﬁ) = (w“iij) [[(Uf(lggfgil]Q

ai%} Thus %Varw(ﬁ/—\@-) = 0 when oy = % Furthermore, the second order

derivative of Varw(Tl/—\Tj) with respect to oy is

0? —— wywWs 202 (v — 2)? 2
~ » e — 0.
da3 Vary(n —7;) (w1 + wy) <[(v — Dt —vay]? + ol o

As a result, Var, (7'1/—\7]) is minimized at ag = % for any fixed weights. Moreover,

it can be checked that d is weighted-balanced for w; = 1/4/v, and so when w; > —-

Vv
—_—

Vargw(ﬂ) > Varg,(r; — 7). O

Design d in Theorem 5.4 may not be easy to find. The appealing aspect of this result lies
in that once such a design is feasible, it will be MV,-optimal for a continuous interval of

weights.
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Chapter 6

Proposed Future Work

The purpose of this research is to explore weighted optimality of incomplete block designs.
Sufficient conditions for designs being weighted optimal with respect to certain weights have
been derived. Promising avenues for future research along these lines include the following

directions:

1. This dissertation establishes weight intervals for F,-optimal designs covering all possi-
ble TwC situations with & = v and having smaller weight on the contrast. Future work could
attempt to establish weight intervals for larger wy (i.e. w; > 1/v1), including the asymptotic
weights of TvC situations. Also, A, and MV,-optimal designs having k = v under both

TvC and TwC situations can be investigated.

2. A neighborhood of weights for which GGDD(2) designs maintain E,-optimality in
D(v,b, k) would be highly desirable for experimental situations in which vy,ve > 2. Also,
neighborhoods of weights based on known weighted optimal GG'D D(2)s could be investigated

for weighted A and MV optimality.

3. The intervals of weights shown in Theorem 3.8 should be broadened, if possible. For
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example, it is not difficult to verify the following design d € D(6, 10, 3)

4 5 6 56 6 5 6 6 6

is E,-optimal for 1 < wy/we < 2.6, while the interval of the ratio between w; and w, given
by Theorem 3.8 is 1.731 < w; /wy < 2.6. The former is more appealing because it indicates

d maintains F-optimality even in the unweighted case.

4. The MV,-optimality criterion is important for TvC situations. However, results on
MYV,,-optimality are limited in this dissertation. Clearly more work is needed for this impor-
tant situation. Furthermore, sufficient conditions for designs being M V,,-optimal for specific

weights, or for weight intervals, should be explored.

5. Computational tools can be employed to construct weighted optimal designs, not just
weight balanced designs as done here. It would be useful to compile a catalog of optimal
designs covering a practical range of (v,b, k), and a large weight range, for comparing a

control with several treatments.
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Appendix A

Table of Designs

The table below contains all weight balanced, binary block designs for the 2-weight prob-
lem for vy, vy > 2, v <12, b < 30, and k < v — 1. The notation (1,2,4) x 3, for example,

means 3 copies of a block containing treatments 1, 2 and 4.

design# block
1 (1,2,3) x 3, (1,2,4) x 3, (1,2,5) x 3, (3,4,5)
2 (1,2,3) x 4, (1,2,4) x 4, (1,2,5) x 4, (1,3,4), (1,3,5), (1,4,5), (2,3,4)
(2,3,5), (2,4,5), (3,4,5)
3 two copies of #1

three copies of #1
(1,2,3) x 5, (1,2,4) x 3, (1,2,5) x 5, (1,2,6) x 5, (1,3,4), (1,4,5)
(1,4,6), (2,3,4), (2,4,5), (2,4,6), (3,5,6), (3,5,6)

6 (1,2,3,4) x 2, (1,2,3,5) x 2, (1,2,3,6) x 2, (1,2,4,5) x 2, (1,2,4,6) x 2
(1,2,5,6) x 2, (3,4,5,6)
7 two copies of #6

(1,2,3,4) x 3, (1,2,3,5) x 3, (1,2,3,6) x 3, (1,2,4,5) x 3, (1,2,4,6) x 3
(1,2,5,6) x 3, (1,3,4,5), (1,3,4,6), (1,3,5,6), (1,4,5,6)
(27 37 47 5)7 (2’ 3’ 47 6)7 (27 37576)7 (27 47 57 6)7 (3’ 47 57 6)

9 (1,2,3), (1,2,4), (1,2,5), (1,2,6), (1,3,4), (1,3,5), (1,3,6), (2,3,4)
(2? 37 5)7 (27 3’ 6)7 (47 57 6)
10 two copies of #9
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design# block
11 (1,2,3) x 10, (1,2,4) x 2, (1,2,5) x 2, (1,2,6) x 2, (1,3,4) x 2, (1,3,5) x 2
(1,3,6) x 2, (2,3,4) x 2, (2,3,5) x 2, (2,3,6) x 2, (4,5,6)
12 (1,2,3) x 4, (1,2,4) x 3, (1,2,5) x 3, (1,2,6) x 3, (1,2,7) x 3, (1,4,6), (1,5,7)
(2,4,7), (2,5,6), (3,4,5), (3,6,7)
13 (1,2,3,4) x 2, (1,2,3,5) x 2, (1,2,3,7), (1,2,4,6) x 2, (1,2,4,7), (1,2,5,6) x 2
(1,2,5,7), (1,2,6,7), (1,3,6,7), (1,4,5,7), (2,3,6,7), (2,4,5,7), (3,4,5,6)
14 (1,2,3), (1,4,5) x 2, (1,6,7) x 2, (2,4,6) x 2, (2,5,7) x 2, (3,4,7) x 2
(3,5,6) x 2, (4,5,6), (4,5,7) x 2, (5,6,7)
15 (1,2,3) x 4, (1,2,4) x 2, (1,2,5), (1,2,6), (1,2,7), (1,3,4), (1,3,5) x 2, (1,3,6)
(1,3,7), (1,6,7), (2,3,4), (2,3,5) (2,3,6) x 2, (2,3,7), (2,5,7), (3,4,7), (4,5,6)
16 (1,2,3,4) x 4, (1,2,3,5) x 4, (1,2,3,6) x 4, (1,2,3,7) x 4, (4,5,6,7)
17 (1,2,3,4x 2, (1,2,3,5) x 2, (1,2,3,6) x 3, (1,2,3,7) x 2, (1,2,4,5) x 2, (1,2,6,7)
(1,3,4,7) x 2, (1,3,5,6), (1,5,6, 7) (2,3,4,6) (2,3,5,7) x 2, (2,4,6,7), (3,4,5,6)
18 (1,2,3,4) x 5, (1,2,3,5) x 4, (1,2,3,6) x 4, (1,2,3,7) x 4, (1,2,5,6)
(1,3,6,7), (1,4,5,7), (2 3,5,7), (2,4,6,7), (3,4,5,6)
19 (1,2,3,4) x 2, (1,2,3,5), (1,2,3,6) x 2, (1,2,3,7) x 2, (1,2,3,8) x 2, (1,2,4,5) x 2
(1,2,4,6) x 2, (1,2,4,7) x 2, (1,2,4,8), (1,2,5,6) x 2, (1,2,5,7) x 2, (1,2,5,8) x 2
(1,2,6,7), (1,2,6,8) x 2, (1,2,7,8) x 2, (3,4,5,8), (3,5,6,7), (4,6,7,8)
20 (1,2,3,6) x 2, (1,2,3,7) x 2, (1,2,3,8) x 2,(1,2,4,5) x 3, (1,2,6,7)
(1,2,6,8), (1,2,7,8), (1,3,4,7) x (1 3,4,8), (1,3,5,6) x 2, (1,3,5,8)
(2,3,4,6) x 2, (2,3,4,8), (2,3,5,7) x (2 3,5,8), (4,6,7,8), (5,6,7,8)
21 (1,2,3,4), (1,2,3,5), (1,2,3,6), (1,2,3,7), (1,2,3,8), (1,2,4,5)
(1,2,4,6), (1,2,4,7), (1,2,4,8), (1, 3 4 5) (1,3,4,6), (1,3,4,7)
(1,3,4,8), (2,3,4,5), (2,3,4,6), (2,3,4,7), (2,3,4,8), (5,6,7,8)
22 (1,2,3,4), (1,2,3,6) x 2, (1,2,3,8) x 2, (1,2,4,6) x 2, (1,2,4,7) x 2
(1,3,4,5) x 2, (1,3,7,8) x 2, (1,4,5,8) x 2, (1,5,6,7) x 2, (2,3,4,5) x 2
(2,3,5,7) x 2, (2,4,7,8) x 2, (2,5,6,8) x 2, (3,4,6,7) x 2
23 (1,2,3) x 3, (1,2,4), (1,2,5), (1,2,6), (1,2,7), (1,2,8), (1,2,9), (1,4,6)
(1,4,9), (1,5,6), (1,5,8), (1,7,8), (1,7,9), (2,4,5), (2,4,8), (2,5,7)
(2,6,7), (2,6,9), (2,8,9), (3,4,7), (3,5,9), (3,6,8)
24 (1,2,3,4) x 2, (1,2,3,6) x 2, (1,2,4,5), (1,2,4,7), (1,2,4,8), (1,2,4,9)

(1,2,5,6), (1,2,5,7), (1,2,5,8) x 2, (1,2,6,7), (1,2,6,8), (1,2,6,9), (1,2,7,9) x 2
(1,2,8,9), (1,3,5,9), (1,3,7,8), (2,3,5,9), (2,3,7,8), (4,5,6,7), (4,6,8,9)
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design#

block

25

(1,2,3,4,5,6) x 2, (1,2,3,4,5,7) x 2, (1,2,3,4,6,8) x 2, (1,2,3,4,7,9) x 2
(1,2,3,4,8,9) x 2, (1,2,3,5,6,9) x 2, (1,2,3,5,7,8) x 2, (1,2,3,5,8,9) x 2
(1,2,3,6,7,8) x 2, (1,2,3,6,7,9) x 2, (4,5,6,7,8,9)

26

(1,2,3,4), (1,5,6,7) x 2, (1,5,8,9), (1,6,8,9), (1,7,8,9), (2,5,6,8) x 2
(2,5,7,9), (2,6,7,9), (2,7,8,9), (3,5,6,9), (3,5,7,8) x 2, (3,6,7,9)
(3,6,8,9), (4,5,6,9), (4,5,7,9), (4,5,8,9), (4,6,7,8) x 2, (5,6,7,8)

(5,6,7,9), (5,6,8,9), (5,7,8,9), (6,7,8,9)

27

(1,2,3,4,5) x 5, (1,2,3,4,6) x 5, (1,2,3,4,7) x 5, (1,2,3,4,8) x 5
(1,2,3,4,9) x 5, (5,6,7,8,9)

28

(1,2,3,4), (1,2,3,8), (1,2,3,9), (1,2,3,10), (1,2,4,5), (1,2,4,6), (1,2,4,7)
(172’ 5’ 8)7 (]‘727579)7 (1?2? 5? 10)7 (]‘727 67 8)? (]‘727 6? 9)’ (1’ 2’ 6’ 10)
(172? 77 8)7 (17 2’ 77 9)7 (1727 77 10)7 (37 5’ 6’ 7)7 (47 87 97 10)

29

(1,2,3) x 4, (1,4,5), (1,4,7), (1,5,7), (1,6,9), (1,6,10), (1,8,9), (1,8,10)
(2,4,6), (2,4,10), (2,5,6), (2,5,8), (2,7,8), (2,7,9), (2,9,10), (3,4,8)
(3,4,9), (3,5,9), (3,5,10), (3,6,7), (3,6,8), (3,7,10)

30

(17273747 7)’ (172737 5? 7)7 (1727 37 67 8)7 (1?2? 37 679)7 (]‘? 27 37 77 10)7 (1727 378’ 9)
(1,2,4,5,6), (1,2,4,9,10), (1,3,4,5,8), (1,3,5,9,10), (1,6,7,8,10), (2,3,4,8, 10)
(2,3,5,6,10), (2,5,7,8,9), (3,4,6,7,9)

31

(1,2,3,4,6), (1,2,3,4,7), (1,2,3,5,7), (1,2,3,5,10), (1,2,3,9,10), (1,2,4,5,6)
(1,2,4,5,9), (1,2,4,8,10), (1,3,4,5,8) x 2, (1,3,5,6,9), (1,4,5,7,10), (1,6,7,8,9)
(2,3,4,5,6), (2,3,4,8,9), (2,3,5,7,8), (2,4,5,7,9), (2,5,6,8,10), (3,4,5,9, 10)
(3,4,6,7,10)

32

(1,2,3,4), (1,2,3,5), (1,2,4,9), (1,2,5,9), (1,2,6,8), (1,2,6,10), (1,2,7,8)
(1,2,7,10), (1,2,11,12), (1,3,10,12), (1,4,7,11), (1,5,6,11), (1,8,9,12)
(2,3,8,11), (2,4,6,12), (2,5,7,12), (2,9,10,11), (3,6,7,9), (4,5,8,10)

117




REFERENCES

Baccni, S. AND SHAH, K. R. (1989). On the optimality of a class of row-column

designs. Journal of Statistical Planning and Inference 23, 397-402.

BAGcHI, S. AND VAN BERKUM (1991). On the optimality of a new class of adjusted

orthogonal designs. Journal of Statistical Planning and Inference 28, 61-65.

BAGcHI, S. (1996). An infinite series of adjusted orthogonal designs with replication two.

Statistica Sinica 6, 975-987.

BaccHi, B. AND BAcGcHi, S. (2001). Optimality of partial geometric designs. The

Annals of Statistics 29, 577-594.

BapaT, R. B. AND RAGHAVAN, T. E. S. (1997). Nonnegative Matrices and Applica-

tions. Cambridge University Press, Cambridge.
BHATIA, R. (1997). Matriz Analysis. Springer-Verlag, New York.

CALINSKI, T. AND KAGEYAMA, S. (2000). Block Designs: A Randomization Approach.

Volume I: Analysis.. Springer-Verlag, New York.

CHAKRABARTI, M. C. (1963). On the C-matrix in design of experiments. Journal of the

Indian Statistical Association 1, 8-23.

CHENG, C.-S. (1978). Optimal designs for the elimination of multi-way heterogeneity.

The Annals of Statistics 6, 1262-1272.

CHENG, C.-S. (1980). On the E-optimality of some block designs. Journal of the Royal

Statistical Society. Series B. Methodological 42, 199-204.

Cox, D. R. (1958). Planning of Ezperiments. John Wiley & Sons Inc., New York;

Chapman & Hall, Ltd., London .

118



Das, A. AND KAGEYAMA, S. (1991). A class of E-optimal proper efficiency-balanced

designs. Biometrika 78, 693-696.

Das, M. N. (1958). On reinforced incomplete block designs. Journal of the Indian

Society of Agricultural Statistics 10, 73-77.

FisHER, R.A. (1925). Statistical Methods for Research Workers. Oliver and Boyd,
Edinburgh.

GupTA, V. K. AND PANDEY, A. AND PARSAD, R. (1998). A-optimal block designs

under a mixed model for making test treatments—control comparisons. 60, 496-510.

GupTa, V. K. AND RAMANA, D. V. V. AND PARSAD, R. (1999). Weighted A-efficiency
of block designs for making treatment-control and treatment-treatment comparisons. Journal

of Statistical Planning and Inference 77, 301-319.

GupTA, V. K. AND RAMANA, D. V. V. AND PARSAD, R. (2002). Weighted A-optimal
block designs for comparing test treatments with controls with unequal precision. Journal

of Statistical Planning and Inference 106, 159-175.

HINKELMANN, K. AND KEMPTHORNE, O. (2008). Design and Analysis of Experiments.

Vol. 1, Second Edition. Wiley-Interscience [John Wiley & Sons], Hoboken, NJ.

JACROUX, M. (1980a). On the determination and construction of E-optimal block

designs with unequal numbers of replicates. Biometrika 67, 661-667.

JACrROUX, M. (1980b). On the E-optimality of regular graph designs. Journal of the

Royal Statistical Society. Series B. Methodological 42, 205-209.

JAcroOUX, M. (1989). The A-optimality of block designs for comparing test treatments

with a control. Journal of the American Statistical Association 84, 310-317.

119



JACROUX, M. AND MAJUMDAR, D. (1989). Optimal block designs for comparing test

treatments with a control when k& > v. Journal of Statistical Planning and Inference 23,

381-396.

JONES, R. M. (1959). On a property of incomplete blocks. Journal of the Royal Statistical

Society. Series B. Methodological 21, 172-179.

JonN, J. A. AND MITCHELL, T. J. (1977). Optimal incomplete block designs. Journal

of the Royal Statistical Society. Series B. Methodological 39, 39-43.

KIEFER, J. (1974). General equivalence theory for optimum designs (approximate the-

ory). The Annals of Statistics 2, 849-879.

KIEFER, J. (1975). Construction and optimality of generalized Youden designs. In:
SRIVISTAVA, J. N. A Survey of Statistical Design and Linear Models. North-Holland,

Amsterdam, 333-353.

Kozt.owska, M. (1996). A note on the bounds of efficiency factor and Er optimality of

block designs. Statistics and Probability Letters 30, 199-203.

Kozr.owska, M. (1999). Optimality of some class of incomplete block designs. Biomet-

rical Journal 41, 427-430.

MAJUMDAR, D. (1986). Optimal designs for comparisons between two sets of treatments.

Journal of Statistical Planning and Inference 14, 359-372.

MAJUMDAR, D. (1992). Optimal designs for comparing test treatments with a control

utilizing prior information. The Annals of Statistics 20, 216-237.

MAJUMDAR, D. (1996a). Design and analysis of experiments. optimal and efficient

treatment-control designs. 13, 1007-1053.

120



MAJUMDAR, D. (1996b). On admissibility and optimality of treatment-control designs.

The Annals of Statistics 24, 2097-2107.

MAJUMDAR, D. AND NoTz, W. (1983). Optimal incomplete block designs for a com-

paring treatments with a control. Annals of Statistics 11, 258-266.

MORGAN, J. P. (1997). On pairs of Youden designs. Journal of Statistical Planning and

Inference 60, 367-387.

MORGAN, J. P. (2000). Optimal designs with many blocking factors. Annals of Statistics
28, 553-577.

MORGAN, J. P. (2003). Optimal row-column design for two treatments . Journal of

Statistical Planning and Inference 115, 603-622.

MORGAN, J. P. (2007). Optimal incomplete block designs. Journal of the American

Statistical Association 102, 655-663.

MORGAN, J. P. AND PArvu, V. (2008). Most robust BIBDs. Statistical Sinica 18,
689-707.

RECK, B. AND MORGAN, J. P. (2005). Optimal design in irregular BIBD settings.

Journal of Statistical Planning and Inference 129, 59-84.

SRIVASTAV, S. K. AND MORGAN, J. P. (1998). Optimality of designs with generalized

group divisible structure. Journal of Statistical Planning and Inference 71, 313-330.

STUFKEN, J. (1991a). On group divisible treatment designs for comparing test treatments
with a standard treatment in blocks of size 3. Journal of Statistical Planning and Inference

28, 205-221.

121



STUFKEN, J. (1991b). Bayes A-optimal and efficient block designs for comparing test
treatments with a standard treatment. Communications in Statistics. Theory and Methods

20, 3849-3862.

TAakEUCHI, K. (1961). On the optimality of certain type of PBIB designs. Rep. Stat.

Appl. Res. UN. Japan Sci. Engrs 8, 140-145.

122



