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Professional Mathematicians’ Level of Understanding: An Investigation of Pseudo-
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Kyle Joseph Flanagan 

 

ABSTRACT 

 

 

This research study investigated how professional mathematicians understand and 

operate with highly-abstract, advanced mathematical concepts in their own work. In 

particular, this study examined how professional mathematicians operated with 

mathematical concepts at different levels of understanding. Moreover, this study aimed to 

capture what factors influence professional mathematicians’ level of understanding for 

particular mathematical concepts. 

To frame these research goals, three theoretical levels of understanding were 

proposed, process-level, pseudo-object-level, object-level, leveraging two ways that 

Piaget (1964) described what it meant to know or understand a mathematical concept. 

Specifically, he described understanding an object as being able to “act on it,” and also as 

being able to “understand the process of this transformation” (p. 176). Process-level 

understanding corresponds to only understanding the underlying processes of the 

concept. Pseudo-object-level understanding corresponds to only being able to act on the 

concept as a form of object. Object-level understanding corresponds to when an 

individual has both of these types of understanding. This study is most especially 

concerned with how professional mathematicians operate with a pseudo-object-level 

understanding, which is called pseudo-objectification. 

For this study, six professional mathematicians with research specializing in a 

subfield of algebra were each interviewed three times. During the first interview, the 

participants were given two mathematical tasks, utilizing concepts in category theory 

which were unfamiliar to the participants, to investigate how they operate with 

mathematical concepts. The second interview utilized specific journal publications from 

each participant to generate discussion about influences on their level of understanding 

for the concepts in that journal article. The third interview utilized stimulated recall to 

triangulate and support the findings from the first two interviews. 

The findings and analysis revealed that professional mathematicians do engage in 

pseudo-objectification with mathematical concepts. This demonstrates that pseudo-

objectification can be productively leveraged by professional mathematicians. Moreover, 

depending on their level of understanding for a given concept, they may operate 

differently with the concept. For example, when participants utilized pseudo-objects, they 

tended to rely on figurative material, such as commutative diagrams, to operate on the 

concepts. Regarding influences on understanding, various factors were shown to 

influence professional mathematicians’ level of understanding for the concepts they use 

in their own work. These included factors pertaining to the mathematical concept itself, 

as well as other sociocultural or personal factors.



 

 
 

Professional Mathematicians’ Level of Understanding: An Investigation of Pseudo-

Objectification 

 

Kyle Joseph Flanagan 

 

GENERAL AUDIENCE ABSTRACT 

 

 

In this research study, I investigated how professional mathematicians utilize 

advanced mathematical concepts in their own work. Specifically, I examined how 

professional mathematicians utilize mathematical concepts that they do not fully 

understand. I also examined what factors might influence a professional mathematician to 

fully understand or choose not to fully understand a mathematical concept they are using.  

To address these goals, six research-active mathematicians were each interviewed three 

times. In these interviews, the mathematicians engaged with mathematical concepts that 

were unfamiliar to them, as well as concepts from one of their own personal research 

journal publications. 

The findings demonstrated that professional mathematicians sometimes utilize 

mathematical concepts in different ways depending on how well they understand the 

concepts. Moreover, even if mathematicians do not have a full understanding of the 

concepts they are using, they can still sometimes productively leverage this amount of 

understanding to successfully reach their goals. I also demonstrate that various factors 

can and do influence how well a professional mathematician understands a given 

mathematical concept. Such influences could include the purpose of use for the concept, 

or what a mathematician’s research community values.
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Chapter 1 - Introduction 

Historically, mathematics education research on mathematical practice has concentrated 

on K-16 students, as well as how they understand various mathematical concepts (e.g., Carlson et 

al., 2002; Confrey & Smith, 1995; Steffe, 2003; Zandieh, 2000). However, researchers have also 

been interested in the mathematical practices of professional mathematicians (e.g., Burton, 

1999b; Lockwood et al., 2016; Shepherd & van de Sande, 2014; Weber, 2008; Wilkerson-Jerde 

& Wilensky, 2011). By professional mathematician, I mean an individual who is hired as a 

tenure-track faculty member in a mathematics department at a college or university, who is 

currently engaged in many of the common mathematical practices, such as reading and 

producing mathematical research. I acknowledge that there is a wide range of mathematicians in 

terms of their engagement with research, teaching, and other practices. Moreover, other groups 

of individuals could be considered professional mathematicians, such as those who are using 

mathematics in industry settings. Many researchers commonly consider other groups, such as 

doctoral students, to be professional mathematicians (e.g., Carlson & Bloom, 2005; Weber, 

2001; Weber et al., 2022; Wilkerson-Jerde & Wilensky, 2011). However, this study focuses on a 

particular group of mathematicians, and understanding the mathematical practices of this group 

will also inform us about the practices of others.  

Research on professional mathematicians’ practices is desirable because one frequent 

goal of instruction in advanced mathematics, such as mathematical proof, is to help students 

think and behave mathematically, like mathematicians (e.g., Harel, 2001; Lampert, 1990; Maher 

et al., 2007). More specifically, Harel and Sowder (2007) claim that the purpose of mathematical 

instruction on proof should be “to help students gradually develop an understanding of proof that 

is consistent with that shared and practiced in contemporary mathematics” (p. 807). Stylianou 

(2002) stated that “if indeed we choose to focus on professional mathematical practice, then it is 
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crucial to have a thorough understanding of this practice” (p. 304). Moreover, new research on 

professional mathematicians contributes to the charge of Weber et al. (2014) that “if we want to 

make claims about how mathematicians or scientists behave, what they claim, and what they 

value, it is useful both to actually talk to a large number of mathematicians and scientists and to 

systematically observe their behavior” (p. 55). 

Conceptual and Theoretical Framework 

 In this section, I briefly introduce the conceptual and theoretical framework for this 

study, along with some of the relevant literature. This begins with a discussion of abstraction and 

process-object theories, followed by how have contributed to my theoretical framework for 

mathematical understanding. This section ends with a brief overview of some literature 

pertaining to professional mathematicians’ mathematical practices, with a greater focus on how 

mathematicians are influenced by various factors. 

Abstraction 

The mathematical community frequently uses the term “abstract” to describe components 

of formal mathematics because formal, or pure, mathematics utilizes generalized definitions and 

mathematical statements. Even though it is difficult to define what it means for a mathematical 

concept to be abstract (or highly-abstract), as what constitutes a high level of abstraction is 

somewhat subjective, people in the mathematical community still use the word nonchalantly. 

Moreover, I suggest that the mathematical community at large would roughly agree on which 

mathematical fields and concepts are more abstract than others. For example, concepts in 

category theory are commonly labeled as more abstract since mathematical concepts in various 

other contexts are instantiations of concepts in category theory. Dienes (1961) described this 

exact notion as follows: “When we say ‘more abstract’, we mean that more, seemingly rather 
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different, situations may be described at the same time… Getting more abstract then means 

extending the field of applicability” (p. 293). Moreover, Hiebert and Lefevre (1986) used the 

term “abstract” to refer to “the degree to which a unit of knowledge is tied to specific contexts. 

Abstractness increases as knowledge becomes freed from specific contexts” (pp. 4-5). 

In addition, it appears that as an individual continues to learn new mathematics in a 

specific field, it is common that at least some of the mathematical concepts become more 

abstract. However, there are likely differences in this phenomenon depending on the exact field 

of study. Therefore, the term highly-abstract, advanced mathematical concept will be used to 

simply indicate any mathematical concepts that professional mathematicians use in their 

research, highlighting the fact that many (but not all) of these concepts are both advanced and 

highly-abstract. A mathematical concept will refer broadly to any definition or theorem, while 

acknowledging that the ‘specific definition’ for a concept may differ between individuals (Tall & 

Vinner, 1981). 

Furthermore, the concept of abstraction has been studied and theorized by many 

individuals and has been studied in various disciplines. More specifically, in the field of 

mathematics, abstraction has seemingly always been a notion of importance, while also 

remaining a bit mystifying. Among these theories of abstraction, Piaget’s (1970, 1977) reflective 

abstraction (and broader genetic epistemology) has proven to be impactful and flexible for 

informing how mathematical abstraction occurs. Piaget (1970) claimed that reflective abstraction 

“is the basis of logical and mathematical abstraction” (p. 16). Due to the power and flexibility of 

Piaget’s theory, I will be using reflective abstraction as the leveraging theory for how I discuss 

how professional mathematicians engage in mathematical abstraction and understanding 

mathematical concepts. In particular, Piaget (1964) suggested two ways in which an individual 
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might know or understand a concept. He described understanding an object as being able to “act 

on it,” and also as being able to “understand the process of this transformation, and as a 

consequence to understand the way the object is constructed” (p. 176). These two types of 

understanding parallel closely with process-object theories, such as APOS theory. 

In most process-object theories, it is primarily argued that understanding involving 

processes, actions, and algorithms must develop before an understanding at the level of object. 

For instance, in Sfard’s (1991) discussion of operational and structural conceptions, she argued 

that there is a “prevailing tendency” for the structural to presuppose the operational (p. 23). 

However, even still, she recognized that there was potentially something special with how 

professional mathematicians engage with mathematical concepts. While presenting evidence for 

an operational before structural development, she still acknowledged,  

The contemporary mathematician would offer an entirely new idea in a form of a ready-

made object, clearly believing that the abstract construct may be brought into being just 

by force of an appropriate definition. Thus, the possibility must be considered that, after 

all, structural conception may sometimes be the first. This can certainly be true in the 

case of professional mathematicians - their well-trained minds can indeed be capable of 

manipulating abstract objects right away, without the mediation of computational 

processes (pp. 22-23). 

Though there is a recognition amongst these process-object theories that the understanding of 

mathematical concepts does not always progress linearly from action to process to object, this 

hierarchy is argued to be typical of most individuals at the K-16 level. These theories have 

primarily ignored the process of learning and understanding mathematics for professional 

mathematicians (see Inglis, 2015). This study provides evidence that professional 
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mathematicians sometimes do engage with mathematical concepts as a form of object prior to 

developing understanding of the underlying processes, demonstrating that mathematical 

understanding and abstraction is more nuanced for a professional mathematician than many prior 

theories have suggested. 

 Sfard (1992) described the notion of a pseudostructural conception as neither operational 

nor structural, which she stated indicated a “semantically debased conception” (p. 75). 

Linchevsky and Sfard (1991) defined pseudostructural conceptions to be when a student “unable 

to think in terms of abstract objects, uses symbols as things in themselves and, as a result, 

remains unaware of the relations between the secondary and primary processes” (p. 317). Thus, 

under this viewpoint, pseudostructural conceptions should be prevented due to their potentially 

damaging effects on learning new mathematical concepts. Zandieh (2000), when analyzing 

students’ understanding of derivatives, provided a slightly modified definition of 

pseudostructural conceptions (renamed pseudo-objects) that included instances where an 

individual chose to ignore or not refer to the underlying processes. In this way, she demonstrated 

that pseudo-objects should not always be viewed with a negative connotation. 

Utilizing some of this language as a guide, in this study, I introduce three theoretical 

levels of understanding. These levels directly correspond to the two ways of understanding a 

concept that were specified above (Piaget, 1964). A pseudo-object-level understanding indicates 

when an individual can “act on” a mathematical concept like an object but does not have a 

complete understanding of its underlying processes or construction. This includes instances 

where calculus students successfully act on limits (such as taking sums of limits) but do not 

understand the underlying processes of a limit. This also includes instances in more advanced 

mathematics, such as when someone successfully uses homological methods, such as the Mayer-
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Vietoris long exact sequence, without understanding the underlying processes behind that exact 

sequence. A process-level understanding indicates when an individual understands the 

underlying processes of a mathematical concept but cannot act on the concept as an object. This 

closely aligns with the notion of a process in APOS theory (Dubinsky & McDonald, 2001). 

Finally, an object-level understanding indicates when an individual can act on the mathematical 

concept but also understands the underlying processes. 

One major contribution of this study is that professional mathematicians do function at a 

pseudo-object-level of understanding. Furthermore, this can often be productive for the 

mathematician depending on the context. Some research on the mathematical practices of 

professional mathematicians has provided some preliminary evidence for this phenomenon. 

Mathematicians’ Mathematical Practices 

Though the study of professional mathematicians has seen less focus than other groups in 

mathematics education research, there is still a wide range of research on professional 

mathematicians’ mathematical practices. This includes mathematical practices and topics such as 

proof evaluation and comprehension (e.g., Mejía-Ramos & Weber, 2014, Weber, 2008), proof 

writing (e.g., Burton & Morgan, 2000; Weber, 2001), example-related activity (e.g., Lockwood 

et al., 2016; Lynch & Lockwood, 2019), engaging with new mathematics (Shepherd & van de 

Sande, 2014; Wilkerson-Jerde & Wilensky, 2011), norms and values (e.g., Burton, 1999b; 

Dawkins & Weber, 2017), conviction and certainty (e.g., Weber, Inglis, & Mejía-Ramos, 2014; 

Weber, Mejía-Ramos, & Volpe, 2022), as well as others. Moreover, there is some evidence that 

professional mathematicians do utilize pseudo-objects (i.e., concepts where one has a pseudo-

object-level understanding) in their own work, even though this terminology was not used. 
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Geist et al. (2010, p. 158) provided evidence that professional mathematicians will 

frequently “accept results from the published literature as black boxes in their own research,” 

meaning that they use the theorems in their own research without necessarily understanding the 

theorems (or why they are true). Similarly, though not directly pertaining to understanding a 

mathematical theorem, Weber and Mejía-Ramos (2011) interviewed professional 

mathematicians about their proof-reading behavior, which was followed by a mass survey of 

mathematicians (Mejía-Ramos & Weber, 2014). These mathematicians frequently appealed to 

example-based reasoning and authoritative reasoning for why they believed a mathematical 

proof was true, which included that the proof appeared in a reputable journal or that a well-

respected mathematician wrote it. The influence of authority on professional mathematicians has 

been studied in numerous other occasions (e.g., Inglis & Mejía-Ramos, 2009; Müller-Hill, 2010; 

Weber, 2008). Authoritative sources are one possible type of influence on professional 

mathematicians’ level of understanding (Flanagan, 2023). Furthermore, in a more recent study, 

Weber (2021) provided evidence that even in set theory, which is as close as one can get to 

constructing mathematics from its building blocks, professional mathematicians are content with, 

and even gain epistemic benefits from, formal logical objects that they never construct. 

Research Questions 

The overarching purpose of this study is to better understand how professional 

mathematicians work with and understand highly-abstract, advanced mathematical concepts. 

This will be addressed through the following two primary research questions: 

1. In what ways do professional mathematicians operate with highly-abstract, advanced 

mathematical concepts at different levels of understanding? 
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2. What factors can influence a professional mathematician’s level of understanding for a 

given mathematical concept? 

Methods 

 To address the above research questions, I conducted three semi-structured Zoom 

interviews (Hammer & Wildavsky, 1993) with six professional mathematicians, all with a 

research focus in a subfield of algebra. Algebraists were chosen due to my own mathematical 

background and expertise, which increased the chances that I could more accurately assess their 

level of understanding and ways of operating with mathematical concepts. It also allowed me to 

have discussions more productively with the participants about their own research topics. 

The first interview was a semi-structured, task-based interview (Maher & Sigley, 2014). 

The participants were given two category theory tasks, utilizing concepts the participants had not 

seen before. These were designed to analyze both their level of understanding for these concepts 

and how they operated with the concepts at that level of understanding. During the second 

interview with each participant, we discussed one of the participant’s published peer-reviewed 

journal articles. This provided insight into the various influences on the participant's level of 

understanding for the concepts in that paper, as well as opened opportunities to discuss 

influences on mathematical understanding in more generality. Finally, the third interview was 

used to gather more complete data for each participant. The primary component of this interview 

was the use of stimulated recall, which helped triangulate the data collected during the first two 

interviews. Prior to showing the participants any video clips from the previous interviews, I 

summarized how I am theorizing mathematical understanding. This allowed for the participants 

and I to reflect on the video clips together through a similar framing.  
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For the data analysis, each interview was video recorded, transcribed, and analyzed to 

investigate how professional mathematicians operate with highly-abstract mathematical concepts 

at different levels of understanding, and delineate influences on their level of understanding for 

different mathematical concepts. To analyze the data from the first interview, conceptual analysis 

(Thompson, 2008) was used to explain how the participants were operating on mathematical 

concepts in the tasks. To address the second research question, a form of thematic analysis 

(Braun & Clarke, 2006) was used to capture any influences on one’s level of understanding that 

were mentioned in the second and third interviews. Some additional analysis was conducted on 

the second and third interviews, such as the data from the stimulated recall, to better answer the 

first research question. 

Personal Motivation 

 To add to the reflexivity of this research study, I will share how my own personal 

experiences have impacted my choice of research questions and the design of my research study. 

Prior to beginning my studies in mathematics education, I had completed four years of a doctoral 

degree in pure mathematics, studying commutative algebra. In this program, I had completed 

everything except my dissertation, which included taking many highly-advanced commutative 

algebra courses, as well as beginning some preliminary research. During these courses, and 

continuing into my dissertation research topic, I began to encounter mathematical concepts 

where I did not understand all the underlying processes. In particular, I was aware that there were 

noticeable gaps in my understanding of certain definitions and theorems. Nonetheless, I was still 

able to successfully use them in proofs and as building blocks for future mathematical concepts. 

 For example, one such mathematical concept was the inverse (or projective) limit of a 

collection of modules. Given a collection of R-modules with a family of homomorphisms, this 
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structure was defined to be a specific submodule of the direct product of every module in this 

collection. There were many canonical examples of inverse limits, such as the p-adic integers or 

formal power series rings. However, I often found it difficult to understand how these examples 

resulted from the definition. Even still, I was able to successfully use this structure in various 

other contexts, such as homological algebra and m-adic completions. After later learning more 

commutative algebra, when I needed to revisit my understanding of this concept, I was able to 

develop an understanding of these underlying processes. 

Therefore, I wanted to know whether professional mathematicians shared similar 

experiences when they encountered new highly-abstract, advanced mathematical concepts. In 

addition, if this was occurring for mathematicians, what influences were contributing to them 

having an underdeveloped understanding of the underlying processes? Overall, I wanted to know 

to what degree professional mathematicians share in the experiences I have had learning highly-

abstract, advanced mathematical concepts. 

Summary 

 In summary, this study contributes to the growing literature on professional 

mathematicians’ mathematical practices, by specifically analyzing how mathematicians operate 

with highly-abstract, advanced mathematical concepts at different levels of understanding. This 

study demonstrates that the typical labeling of pseudo-object-level understanding as “debased” is 

contributing to a deficit model of students’ understanding. Instead, I provide evidence that 

functioning at a pseudo-object-level understanding for certain mathematical concepts can offer 

affordances to professional mathematicians, and hence students, to succeed mathematically. 

In Chapter II, I provide an overview of some of the literature on mathematical 

abstraction, mathematical understanding, and mathematicians’ mathematical practices, with a 
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focus on how these connect to the above research questions. Moreover, in that chapter, I outline 

the theoretical framework I will utilize for analyzing and describing how professional 

mathematicians successfully use highly-abstract, advanced mathematical concepts and in what 

ways professional mathematicians’ level of understanding is influenced. This framework 

introduces a new framing of mathematical understanding, into three levels, that challenges most 

other process-object theories. Chapter III outlines the methods that were used, including 

recruitment protocol, data collection procedures, and data analysis methods. I also provide a brief 

description of the pilot studies I conducted, explaining how they contributed to the development 

of this research study. In Chapter IV, I present the analysis of the data for this study. Finally, 

Chapter V discusses how exactly the research questions were addressed with connections to the 

broader mathematics education community. The limitations of the study and possible future 

directions for research are also discussed. 
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Chapter 2 – Literature Review and Theoretical Framework 

 This chapter begins with an overview of some of the literature on mathematical 

abstraction, mathematical understanding, and professional mathematicians’ mathematical 

practices. After this overview, the theoretical framework for this study is discussed, with 

connections to particularly relevant aspects of the literature review. 

Abstraction 

The process and concept of abstraction has been investigated and theorized by many 

individuals. Moreover, the intricacies of how this process occurs has been described differently 

by various authors. One of the most famous theories of abstraction is the notion of reflective 

abstraction with its related genetic epistemology (Piaget, 1970). The notion of abstraction was of 

noticeable importance to Piaget, as can be seen throughout his writings. This was observed by 

von Glasersfeld (1991), who wrote, “Few, if any, thinkers in this century have used the notion of 

abstraction as often and insistently as did Piaget” (p. 8). A more in-depth discussion of reflective 

abstraction is provided later in this chapter, but rather first, I present a summary of some other 

theories of abstraction. 

 Early in history, various philosophers have shown interest in abstraction. Most notably, in 

Ancient Greece, Aristotle discussed the concept of abstraction, though he did not typically use 

the word abstraction. According to Bäck (2014), Aristotle primarily refers to abstraction as a 

form of “selective attention,” where one focuses on a single aspect, looks for places that agree 

with that aspect, while ignoring the rest (p. 5).  This concept has remained in other modern 

theories and discussions of abstraction. Much later in history, Locke (1690/1975) famously 

commented on abstraction by stating, “This is called Abstraction, whereby ideas taken from 

particular beings become general representations of all the same kind” (Book II, Ch. X, §9). This 



13 
 

defining property of abstraction serves a central role in many theories of mathematical 

abstraction, where more abstract or general notions are constructed from particular instances. 

 Despite there being a consistent interest in abstraction throughout history, some groups 

have expressed doubt or even full rejection of the process of abstraction, including some 

philosophers. For example, Berkeley (1710/2003) described abstraction as incoherent because it 

would require the result of the abstraction to be both fully general and fully precise. In addition 

to the critiques of various philosophers, other academics have chosen or even fully rejected the 

process of abstraction for other notions, such as metaphor. Díaz-Rojas et al. (2021) provided 

such an extreme argument for “enactive metaphorizing” over abstraction, while even stating, 

“abstraction is not only a lie…but it is also an impoverishing process” (p. 272). In response to 

this article, Norton and Kokushkin (2021) argued that metaphors must presuppose abstractions. 

More specifically, even perception must involve some abstraction, otherwise an individual could 

not experience the same situation, such as drinking from a bottle of water, twice (p. 286). 

Even amongst embodied theorists and cognitive scientists, there are some who 

acknowledge abstraction, as well as analogy and metaphor. In cognitive science, the study of 

analogical reasoning frequently mentions the concept of abstraction. Gentner (1983), in her 

unveiling of the structure-mapping theory for analogy, described three main types of domain 

comparison, with two of them being analogy and abstraction. The only true distinction made 

between analogy and abstraction is that the base domain is an abstract relational structure. 

Gentner and Hoyos (2017) further discussed the connection between abstraction and analogy, by 

claiming that “analogical processes are a major way in which new relational abstraction are 

acquired” (p. 673). Moreover, English and Sharry (1996) presented a theory of how algebraic 

abstractions are developed through analogical reasoning, which aimed to extend Sfard’s (1991) 
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theory of structural and operational conceptions and Mason’s (1989) theory of abstraction. Most 

recently, Hicks et al. (2023) have begun delineating the connections between abstraction and 

analogical concept creation in mathematics. 

In addition to the literature on abstraction from philosophers, cognitive scientists, and 

other non-mathematical sources, there has always been a special interest in abstraction among 

the mathematical community. This is likely due to both the modern, formal mathematical style in 

advanced mathematics, which closely relates to abstraction, as well as the various fundamental, 

but still abstract, mathematical concepts in child development, such as number, that children 

must learn. An overview of many of the mathematical abstraction theories is provided here. 

Due to the vast amount of writing on mathematical abstraction, there are also various 

theories on what an abstraction is, and how the process of abstraction occurs. Various researchers 

have classified abstraction theories, as well as described the different components of abstraction. 

For example, Hazzan (1999), in the context of reducing the level of abstraction in abstract 

algebra, described three indicators for the level of abstraction, namely the quality of relationship 

between the object of thought and thinking person, the complexity of the concept of thought, and 

reflection of the process-object duality. Attending to any of these could contribute to the 

reduction of abstraction in an abstract algebra setting. More recently, Melhuish et al. (2018) 

revisited this framework and added a fourth dimension to this framework, being the precision or 

formality of the concept of thought. Moreover, in this same paper, the authors classified various 

theories on the process of abstraction into different groups, including abstracting via building 

connections and complexity, and abstracting via encapsulating processes. 

Frorer et al. (1997) provided three faces or themes of abstraction, being “a (helpful) 

ignoring of details; the relationship between the person and the object of thought; and abstraction 
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and properties” (p. 226). Mac Lane (1986), the cofounder of category theory, described three 

types of abstraction (as well as three types of generalization)–abstraction by deletion, abstraction 

by analogy, and abstraction by shift of attention. Another example is that Gray and Tall (2007) 

described three ways abstraction occurs in mathematics, namely through focusing on properties 

of perceived objects, actions on objects, and properties of mental objects, which lead to three 

distinct worlds of mathematics (Gray & Tall, 2001; Tall, 2004; Tall, 2013).  In addition, the 

theory of learning also impacts the theory of abstraction and how knowledge structures are 

created (Boero et al., 2002; Melhuish et al., 2018; Scheiner, 2016). One of the primary 

distinctions between abstraction theories is whether the theory of learning is cognitive or activity 

based. 

Abstraction as Deletion 

Among all the vast theories and writings on mathematical abstraction, the concept of 

abstraction as a process of ignoring or deletion is certainly prominent. Mac Lane’s (1986) 

abstraction by deletion is described as “omitting parts of the data describing the mathematical 

concept,” which leads to a more abstract concept (p. 436). He provided the example of taking a 

transformation group and deleting the physical elements of the group, in which only the group 

laws or axioms remain. Furthermore, Hiebert and Lefevre (1986) mentioned that abstractness is 

closely related to its freedom or removal from specific contexts. Tall (1988) defined abstraction 

as isolating or separating out specific attributes of a concept. Hence, deletion is really ignoring 

the context and isolating certain attributes or properties of a mathematical entity. However, this 

certainly does not mean that the ignored properties or context are lost or invaluable. In the 

context of reflective abstraction, Dubinsky (1991a) wrote to this end, stating that “one must do 

more than dissociate properties from those which will be ignored” (p. 99). Moreover, 
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Nemirovsky et al. (2020) distinguished abstraction as a path of white light versus black light. 

Specifically, they encouraged a viewpoint of abstraction via white light, writing, “Whereas the 

path of black light is abstraction by means of subtraction of sensible qualities, the path of white 

light meanders in the midst of a surplus of sensible qualities” (p. 4). This leads to another key 

component of many abstraction theories, which is the focus on the properties and similarities of 

different structures. 

Abstraction and Properties 

This component of abstraction is central to many early researchers in mathematics 

education. In a classic report on children’s geometric thinking, van Hiele (1959/1984) proposed 

five levels of geometric thought. These levels, though not explicitly described as such, 

approximately outline levels of abstraction or sophistication for the concepts. The later levels 

entailed an ability and tendency to recognize and use properties of the objects (for a similar 

model for area/volume thinking, see Battista, 2004). Dienes (1963) wrote about abstraction in 

various contexts, but he defined abstraction as “the extraction of what is common to a number of 

different situations” (p. 57). By recognizing what is similar across various contexts, abstractness 

is almost synonymous with the “formation of a class.” He also indicated that the “essence of 

abstraction is to draw out common properties from different types of situations” (Dienes, 1967, 

p. 201). A couple decades later, Skemp (1987) provided a similar definition of abstraction, where 

abstraction “is some kind of lasting change…which enables us to recognize new experiences as 

having the similarities of an already formed class” (p. 11). Moreover, Dreyfus (1991) suggested 

three different processes that form a “prerequisite basis to abstracting,” one of which included 

synthesizing various properties or aspects of a concept into one single picture.  
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In mild contrast to these other definitions of abstraction, Ohlsson and Lehtinen (1997) 

flipped the relationship between abstraction and similarity on its head, stating that one can only 

recognize a similarity of properties across different events after they have abstracted this new 

structure that encompasses the similar property. Hence, the result of the abstraction is that new 

ideas are assembled into a new knowledge structure that is more complex than the components 

used in the assembly (Ohlsson, 1995). This notion of abstraction was influenced by Piaget and is 

synonymous with what he defined as the coordination of schemas (Piaget, 1975/1985). The 

properties of objects are also central to the notion of structural abstraction, which was used by 

Tall (2013) and further elaborated on by Scheiner (2016). Furthermore, structural abstraction 

occurs by engaging with an object in various specific contexts, and through the interrelatedness 

between contexts, the underlying structure is created. 

Abstraction in Sociocultural Theories 

In addition to Scheiner’s (2016) theory of abstraction, other researchers have investigated 

the role of context and sociocultural influence on abstraction, rather than treating abstraction 

solely as a process of decontextualization. For example, Wilensky (1991) provided an alternative 

definition of concreteness, where it is “not a property of an object but rather a property of a 

person’s relationship to an object” (p. 4). Moreover, as one becomes more familiar with an 

object, it becomes more concrete for that individual, hence the various contexts that someone 

engages in with an object impacts how abstract or concrete the object is. However, probably the 

most developed sociocultural theory of abstraction is the abstraction in context framework, and 

the related RBC+C model (Dreyfus et al., 2001; Hershkowitz et al., 2001; Hershkowitz, Hadas, 

et al., 2007). This theory is motivated and theoretically founded by various other theories. 

Primarily, the abstraction in context framework stems from activity theory (Vygotsky, 
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1934/1986), where activities cannot be separated from their contexts. In addition, this framework 

utilized Davydov’s (1972/1990) notion of abstraction, due to its non-decontextualized nature. 

According to his theory of abstraction, the process proceeds from an abstract, vague, 

undeveloped form to a concrete, consistent, developed form. This form may be further refined 

through additional usage in other contexts, bringing abstraction closer to a process of 

contextualization. 

Thus, in the abstraction in context framework, “abstraction is an activity of vertically 

reorganizing previously constructed mathematics into a new mathematical structure” 

(Hershkowitz et al., 2001, p. 202, emphasis removed). This definition is closely related to 

vertical mathematizing in Realistic Mathematics Education (Freudenthal, 1973, 1983). Vertical 

mathematization is an activity of level-raising where mathematical ideas are organized and 

structured together, which leads to more general, abstract, or formal ideas. More specifically, this 

happens when an individual develops a model of a specific mathematical context and it becomes 

a model for new, more sophisticated mathematics (Gravemeijer, 1999; Zandieh & Rasmussen, 

2010). This notion of abstraction provides a model for the source of abstraction, which is three 

dynamically nested epistemic actions (along with consolidation): recognizing, building-with, and 

constructing. In particular, constructing involves all three actions, where one recognizes 

structures from previous contexts and adapts them to the current context, builds-with these 

adapted structures to make a viable structure for the current problem, and then constructs a new, 

novel structure. After this the individual engages in a process of consolidation, where their 

ability to recognize and build-with the new structure is strengthened. Thus, the process repeats 

itself in further instances of abstraction. 

Process-Object Theories  
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As was mentioned above, various researchers have listed process-object duality as one of 

the primary ways that abstraction occurs and is discussed in the literature (e.g., Hazzan, 1999; 

Melhuish et al., 2018; Scheiner, 2016). Additionally, the process of encapsulation (or reification) 

that is central to these theories is closely related to the processes described in other abstraction 

theories, such as vertical mathematization or Mason’s (1989) delicate shift of attention. Tall et al. 

(1999) provided an overview of some of the various process-object-like theories. In addition to 

the APOS theory (Dubinsky, 1991b), operational versus structural thinking (Sfard, 1991), and 

procept theory (Gray & Tall, 1994), which are three of the primary process-object theories, they 

indicated a handful of other related theories. Dienes (1967) elaborated on how a predicate can 

turn into the subject for another predicate, and Davis (1984) similarly discussed how a procedure 

(or verb) becomes an object (or noun). Also, Greeno (1983) indicated how a procedure can be 

conceived as a conceptual entity to be used in other procedures.  

Importantly, the influence of Piaget’s theory of reflective abstraction is evident in each of 

these theories, especially APOS theory. This is not surprising because the process of 

encapsulation is closely related to the process of thematization (Piaget & García, 1975/1989). 

APOS (Action, Process, Object, Schema) theory is a theory of learning that was created to 

extend Piaget’s work on reflective abstraction to collegiate-level mathematics (Dubinsky & 

McDonald, 2001, p. 276). More specifically, central to Piaget’s theory was that an individual 

derives properties of an object by acting on the object. Hence, a concept is first conceived as an 

action or transformation of other objects. At this level, an individual would necessarily rely on 

external stimuli. For example, when learning about Riemann sum approximations for the definite 

integral, the individual would require dividing up the interval and constructing the rectangles to 

perceive the approximation (Arnon et al, 2014, p. 20). The next progression in APOS theory is a 
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process. After an individual reflects upon an action, they can gain control over the action and 

perceive performing the action without doing it externally. Furthermore, they can view the action 

as a complete activity that always results in the same outcome when acted upon the same object. 

This mental mechanism is known as interiorization and is one way that processes are 

constructed. Another mechanism for constructing processes is coordination, which occurs when 

two processes are put together to form one cohesive process. Finally, a process can be reversed 

to give rise to the reverse process. At the process level, for any number of subintervals, an 

individual would be able to reflect on the action of constructing a Riemann sum approximation 

of that size without needing to perform the construction itself. 

Following a process, an object is constructed though recognizing the process as a totality 

and realizing you can further act and perform transformations on that structure. The mechanism 

by which this occurs is encapsulation, and results in a new way of seeing the object. In the case 

of the Riemann sum approximation, an individual can use this concept as an object when they 

can use it as an object of future actions, such as constructing the definite integral from an infinite 

limit of Riemann sums. Furthermore, after a concept is an object for an individual, they can 

engage in de-encapsulation as necessary, and view the process that gave rise to the object. The 

final component of APOS theory is a schema, which can be described as the full body of 

knowledge for a particular concept, which includes other actions, processes, objects, and 

schemas. This notion shares strong similarities with a concept image (Tall & Vinner, 1981), but 

is distinguished by its requirement of coherence, namely that the schema gives “means of 

determining which phenomena are in the scope of the schema and which are not” (Dubinsky & 

McDonald, 2001, p. 277). This is a relatively vague and subjective notion; however, it may 
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include concepts such as groups or rings. When a schema is seen as an object in its own right, it 

occurs through the mechanism of thematization (distinct from Piaget’s thematization). 

As APOS theory is a theory of learning, it aims to create models for how one might learn 

a certain concept. Each individual will likely progress through this learning process differently; 

however, this hypothetical model can describe which structures are likely needed to learn a 

specific mathematical concept. This model is called a genetic decomposition, which outlines how 

one progresses through the four mental structures of APOS theory. Generally, the progression 

from action to process to object is described as a linear process, in the sense that an object cannot 

occur without the concept having been constructed as an action and process. However, the theory 

does not claim true linearity for its genetic decomposition. For example, a genetic decomposition 

for a concept may start from an action and progress linearly to an object, only later to go back to 

an action interpretation with a more sophisticated, mature approach. 

Finally, though APOS theory claims to be an extension of Piaget’s reflective abstraction, 

various researchers have criticized components of the theory. Tallman & O’Bryan (in press) 

described the theory as a “pragmatic simplification” of Piaget’s genetic epistemology because of 

its “lack of attention to the explanatory mechanisms of reflective abstraction” (p. 46). Thompson 

(2002) questioned whether genetic decompositions can be effectively used to describe how 

someone might learn a concept because they are not deeply grounded in conceptual experience 

(p. 196). Elsewhere, Tall (1999) questioned whether APOS theory could be appropriately applied 

to the elementary geometry context because elementary geometry lends itself to being an object-

based theory, rather than truly starting from actions. Similarly, I question whether APOS theory 

can be successfully applied to a highly-advanced context, where professional mathematicians are 

regularly treating concepts as a form of object. 
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 Similar in many ways to APOS theory, Sfard (1991) introduced a process-object theory 

that focused on how mathematical concepts can be perceived both structurally and operationally. 

A structural conception of a concept is synonymous with treating concepts as abstract objects, 

whereas an operational conception is concerned with processes, algorithms, and actions. 

Moreover, Sfard indicated that there is a “deep ontological gap” between these conceptions and 

that they are “ostensibly incompatible;” however, “they are in fact complementary” (p. 4). 

Hence, even if structural conceptions are more abstract, they are both beneficial and helpful in 

the understanding of mathematical concepts. Sfard (1992) detailed how the concept of function 

can be used operationally and structurally (see also Slavit, 1997). An operational conception is 

one focused on changing quantities, where a structural conception could be rooted in an arbitrary 

correspondence based on ordered pairs (p. 64). 

 Additionally, these conceptions are involved in concept development when an individual 

encounters a new mathematical entity. First, at the stage of interiorization, the individual “gets 

acquainted with the processes which will eventually give rise to a new concept…These processes 

are operations performed on lower-level mathematical objects” (p. 18). This stage is closely 

coupled with the stage of condensation where these processes and operations are condensed into 

more manageable units. Sfard stated that condensation is where “a new concept is officially 

born” (p. 19). In comparison to APOS theory, where interiorization is the sole mechanism from 

which action turns to process, interiorization and condensation similarly describe two 

components of this progression. Finally, reification is the stage when an individual can conceive 

of the concept as an object and can see the concept from a new perspective. This notion is 

closely related to encapsulation from APOS theory. Sfard likened reification to an “instantaneous 

quantum leap,” and makes it clear that it is difficult for this shift to occur (p. 20). 
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 In addition to operational and structural conceptions, Sfard (1992) highlighted the notion 

of a pseudostructural conception, which she labeled as a “semantically debased conception” (p. 

75). Linchevsky and Sfard (1991) defined pseudostructural conceptions to be when a student 

“unable to think in terms of abstract objects, uses symbols as things in themselves and, as a 

result, remains unaware of the relations between the secondary and primary processes” (p. 317). 

In her framework for understanding the concept of derivative, Zandieh (2000) stated that 

pseudostructural conceptions (renamed pseudo-objects) should not be viewed with a negative 

connotation. Moreover, she modified Sfard’s notion of pseudo-object to include instances where 

an individual who understands the concept as both process and object, chooses to ignore or not 

refer to the underlying process. Hence, instead of a harmful conception, pseudo-objects can be 

beneficial to the individual in certain contexts. 

 The third process-object theory that will be discussed is Gray and Tall’s (1994) procept 

theory, with the closely related three worlds of mathematics (Gray & Tall, 2001; Tall, 2004; Tall, 

2013). Procept theory shares similarities with Dubinsky’s and Sfard’s theories; however, it also 

brings many differences. Central to the theory is the progression from procedural to proceptual 

thinking. A procedure is a “specific algorithm for implementing a process,” where a process is 

any “cognitive representation of a mathematical operation” (Gray & Tall, 1994). An elementary 

procept (a blending of process and concept) is a combination of three interrelated components, 

namely a process, its corresponding object, and a symbol that can dually represent either process 

or object. A procept is a group of elementary procepts with the same object. For example, Gray 

and Tall provided the example of the procept 6, which can be seen as a symbol representing an 

object and the process of counting to 6, but also includes other elementary procepts such as 2 + 4 

(p. 121). Gray and Tall (2007), in some of their later collaborative work, described the 
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progression from process to procept as a natural process of mental compression, where 

complicated mathematical phenomena are compressed into thinkable concepts (i.e., procepts). 

 The primary distinction between this theory and other process-object theories is that the 

relationship between process and object is not unidirectional. Instead, the notion of procept is a 

flexible relationship between process and object and symbol. Moreover, procept theory plays a 

central role in the three worlds of mathematics. Gray and Tall (2001) described three distinct 

ways that abstraction occurs in mathematics, which lead to three distinct forms of mathematical 

objects occurring in three distinct but interrelated worlds of mathematics. The first of these is the 

conceptual-embodied world based on the perception of properties of objects. The second is the 

proceptual-symbolic world based on actions and procedures on objects that are mentally 

compressed into procepts. Finally, the third is the axiomatic-formal world based on set-theoretic 

definitions and proof. The full encompassing of this theory is for the development of crystalline 

concepts, which is when an individual has a unified, rich understanding of a concept across all 

three worlds, and the individual can use the concept in imaginative ways across new contexts 

(Tall, 2011, 2013). 

Piagetian Abstraction 

 Likely the most influential theory of abstraction in mathematics education is Piaget’s 

various notions of abstraction, and the related genetic epistemology. The impact of Piaget’s 

contributions on abstraction can be seen in other theories of abstraction such as APOS theory and 

the notion of structural and reflectural abstraction (Scheiner, 2016). Moreover, Piaget’s work has 

deeply influenced mathematics education research utilizing the radical constructivist research 

paradigm (e.g., Hackenberg, 2005; Norton, 2008; Olive & Steffe, 2002; von Glasersfeld, 1995). 

Piaget (1970) himself believed that reflective abstraction is central to mathematics, claiming that 
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reflective abstraction “is the basis of logical and mathematical abstraction” (p. 16). Throughout 

his career, Piaget distinguished between two main types of abstraction, being empirical and 

reflective (or reflexive). Furthermore, he specified three different types of reflective abstraction, 

namely pseudo-empirical, reflecting, and reflected. 

 The first of these, being empirical abstraction, is based on one's sensory-motor 

experiences, where these experiences serve as the basis of the abstraction. For instance, this 

could include observing properties of objects, such as color, which Piaget described as “merely 

extracting the inherent properties of the object” (1948/1967, p. 25). This kind of abstraction 

could also occur through an individual’s actions on an object, such as a concept of weight 

coming from lifting objects. In either case, Piaget (2001) clarifies that the abstractions do not 

directly come from the objects themselves, but rather one mentally constructs the new 

knowledge using one’s previously constructed sensorimotor schemes. To illustrate empirical 

abstraction, I will use an example from when my daughter was one year old. As she was 

beginning to expand her vocabulary beyond a few select words, one day she was pointing to 

various yellow objects, such as the picture of the sun in a book. I told her that the color of these 

objects was yellow. The next day I asked her to point to the yellow key on a toy keyboard with 

each key having a different color, and she proceeded to point to the yellow key and say “yellow.” 

Hence, she was able to observe a similarity across various objects and abstract the color yellow. 

 In contrast to empirical abstraction, Piaget (1976) described that “a reflexive abstraction 

is one that derives its information from the subject’s action or, more specifically, from their 

coordinations” (p. 270). Hence, one can reflect on their own actions (either physical or mental) to 

create a more sophisticated structure or knowledge. Moreover, Piaget (1971b) described it as “a 

mode of thought characteristic of modern mathematics and logic–‘reflective abstraction’–which 
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does not derive properties from things but our ways of acting on things…from the various 

fundamental ways of coordinating such acts or operations” (p. 19). It is reflective abstraction 

itself that process-object theories draw their influence from Piaget, as the constructs of 

encapsulation and reification could be understood as a kind of reflective abstraction. Dubinsky 

and Lewin (1986) connected encapsulation and reflective abstraction: 

Reflective abstraction includes the act of reflecting on one’s cognitive actions and 

coming to perceive a collection of thoughts as a structured whole. As a result, the subject 

can now encapsulate the structure, and can see it as an aliment for other structures. (p. 

63) 

Piaget described three different types of reflective abstraction, with the first of these 

being pseudo-empirical abstraction. This type of abstraction is related to empirical abstraction as 

the physical objects are necessary for this pseudo-empirical abstraction; however, it is not solely 

a property of the object that is the subject of the abstraction, but rather, the individual’s actions 

exerted on the object. Piaget (1980) made this distinction by writing that pseudo-empirical 

abstractions are “concerned with properties due to the action of the subject himself” (p. 92). 

More specifically, Tallman and O’Bryan (in press) explicated: 

In pseudo-empirical abstraction the subject conceives the properties of an object as the 

result of having acted upon it and as encapsulating these actions so that the properties the 

subject abstracts capture both the action and the result of acting. (p. 10) 

In this way, the abstracted property is inseparable from the action that gave rise to it.  

For example, when my four-year-old son is playing with our toy abacus, he may abstract 

that putting three blue beads to one side and four red beads to one side results in the same total 

number of beads as putting four blue beads and three red beads to one side. This is a property 
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related to the commutativity of addition. When this property still requires the physical action on 

the abacus to make the abstraction, this abstraction is pseudo-empirical. However, if the result of 

the abstraction is separate from the action itself, then it would be a reflecting abstraction. Moore 

(2014) elaborated further on the notion of pseudo-empirical abstraction to also include mental 

actions on perceptual material, rather than just physical actions. For instance, elaborating on the 

abacus example, it would still be a pseudo-empirical abstraction if the action of moving and 

counting the beads was done mentally, and that the commutativity of addition property was still 

indistinguishable from these mental actions. 

In contrast to pseudo-empirical abstraction, reflecting abstraction does not require an 

object (either physical or mental). Tallman and O’Bryan (in press) described reflecting 

abstraction as “an abstraction of actions” (p. 13). More specifically, an individual reflects on 

their own actions and reconstructs them at a higher cognitive level of thought. Tallman and 

O’Bryan (in press) specified that this type of abstraction occurs in three phases. The first of these 

is differentiation, where actions are separated from the result of the action and can be 

coordinated together. The second is projection, where these coordinated actions are projected 

into a higher level of thought (called the level of representation). Finally, these projected actions 

go through reorganization where they are internalized into cognitive schemes. However, at this 

stage, the individual may or may not be cognitively aware of these projected actions (von 

Glasersfeld, 1995). In the case that they become aware, then the result is a reflected abstraction. 

Therefore, the main distinction between reflected and reflecting (as well as empirical and 

pseudo-empirical) is conscious awareness of the result of a reflecting abstraction (Piaget, 2001). 

Moreover, Piaget stated that “reflected abstractions are conceptualized objects of representation 

or consciousness” (p. 67). Piaget labeled this process as thematization, which shares similarities 



28 
 

with encapsulation, the progression from process to object in APOS theory, and reification, the 

progression from operational to structural in Sfard’s (1991) theory. Hence, the impact of a 

reflected abstraction is the ability to give meaning to this new object, as well as begin new 

mathematical endeavors and again engage in further reflective abstractions. 

For Piaget, closely related to the notion of abstraction are the notions of knowledge and 

understanding. Most commonly, Piaget often related understanding a mathematical object to the 

ability to act on it. For instance, he specified that: 

Any piece of knowledge is connected with an action and that to know an object or a 

happening is to make use of it by assimilation into an action schema…And this is true 

from elementary sensorimotor behavior right up to the higher logico-mathematical 

operations. (Piaget, 1971a, pp. 6, 8) 

This directly connects to reflective abstraction as Campbell (2001) mentioned that “the 

abstraction of a mental characteristic that qualifies some action scheme and is destined to bring 

this characteristic into a more complex scheme…is reflecting abstraction” (p. 10). More 

specifically, to Piaget, the evidence of reflecting and reflected abstraction demonstrated a type of 

understanding. However, Piaget actually distinguished another type of knowing or 

understanding, connected to knowing the underlying processes or construction of the object 

itself: 

To know an object, to know an event, is not simply to look at it and make a mental copy 

or image of it. To know an object is to act on it. To know is to modify, to transform the 

object, and to understand the process of this transformation, and as a consequence to 

understand the way the object is constructed. (Piaget, 1964, p. 176, emphasis added) 

Similarly, Piaget et al. (1991) also said, 
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From a general standpoint, the two meanings of an object are, subjectively, what can be 

done with it and, objectively, what it is made of or how it is composed. The former cannot 

be separated from the meaning of actions. (p. 57, emphasis added) 

These two types of understanding are closely related. Nonetheless, it is possible that an 

individual does not possess both kinds of understanding for a given concept, which is further 

elaborated on in the theoretical framework. 

Mathematical Understanding 

 The concepts of mathematical understanding and knowledge have been of great interest 

to the mathematics education community, but they are also difficult concepts to properly define 

and measure. In the context of process-object theories, Sfard (1991) attended to this challenge by 

stating, “The ability of seeing a function or a number both as a process and as an object is 

indispensable for a deep understanding of mathematics, whatever the definition of 

‘understanding’ is” (p. 5, emphasis added). Despite this challenge, various notions and theories 

of mathematical understanding (and knowledge) have been put forth. Furthermore, theories of 

abstraction often connect to theories of understanding. For example, in most process-object 

theories, treating a mathematical concept as an object would likely be considered as a deeper or 

more mature understanding than only treating the concept as a process. However, there have 

been other treatments of mathematical understanding, some of which are briefly discussed here. 

 Richard Skemp (1976) wrote about mathematical understanding on numerous occasions, 

constantly adjusting and expanding his theory of understanding. He initially distinguished two 

forms of mathematical understanding, namely instrumental and relational understanding. 

Instrumental understanding is when an individual can apply rules to a situation without knowing 

why the rules work. Relational understanding is when an individual both knows the rules for a 
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given situation and why the rules apply. This theory was further elaborated on by Byers and 

Herscovics (1977) to include intuitive understanding and formal understanding. Intuitive 

understanding is when an individual can solve a problem without having analyzed the problem. 

Formal understanding includes when an individual can connect mathematical symbolism and 

ideas together into logical arguments. Skemp (1987) later adapted his original theory based on 

the mathematical understanding literature at that time (Backhouse, 1978; Buxton, 1978; Byers & 

Herscovics, 1977; Tall, 1978), where he proposed logical and symbolic understanding in place of 

intuitive and formal. Symbolic understanding is defined in the same way as Byers and 

Herscovics’ formal understanding. Logical understanding is when an individual demonstrates an 

ability to explain how “what has been stated follows of logical necessity, by a chain of 

inferences” (Skemp, 1987, p. 170, emphasis removed). 

 Hiebert and Lefevre (1986) famously distinguished between conceptual and procedural 

knowledge (or understanding), which do not encapsulate all knowledge but rather provide a tool 

to help understand why students succeed or fail. Conceptual knowledge is “knowledge that is 

rich in relationships,” meaning that there are deep connections between the various components 

of information (p. 3). Procedural knowledge, on the other hand, is the knowledge consisting of 

formal notation and language, as well as algorithms and rules. Often procedural knowledge can 

occur without conceptual knowledge of the deeper meanings, but an individual can have a blend 

of both kinds of knowledge. Furthermore, Hiebert and Carpenter (1992) defined mathematical 

understanding as “making connections between ideas, facts, or procedures,” which aligns closely 

with the notion of conceptual understanding (p. 67). Sierpinska (1990) equated understanding 

with “overcoming an epistemological obstacle” (p. 28). Finally, Harel and Sowder (2005) 

distinguished between ways of thinking and ways of understanding as two broad categories of 
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knowledge. Ways of understanding consist of the particular mathematical meanings, strategies, 

and solutions that an individual brings to a concept or problem. In contrast, ways of thinking are 

the broad problem-solving strategies, beliefs, and views on what constitutes truth (characterized 

through proof schemes, Harel & Sowder, 1998). 

Pirie-Kieren Theory of Understanding 

In contrast to some of the above theories, Pirie and Kieren (1989, 1994) suggested a 

recursive, dynamical theory of understanding, with a focus on how one experiences growth in 

understanding of mathematical concepts. Within the theory, there are eight potential distinct 

levels within an individual’s growth of understanding for a particular concept. The first level is 

primitive knowing, which rather than low-level mathematics, consists of one’s starting 

knowledge when encountering a new concept that will be built upon for future understanding. 

The second level in this model is image making, which consists of when an individual begins 

using the concept and constructs initial action-tied thoughts or images. This is closely tied to the 

third level of image having, where one can mentally construct thoughts or images about a 

concept without performing the actions that brought it about. This is closely related to the 

transition from action to process in APOS theory. The fourth level is property noticing, which 

consists of when an individual can use these mental thoughts and images about the concept and 

construct “context specific, relevant properties” (Pirie & Kieren, 1994, p. 170). The next level is 

formalising, when an individual can consciously reflect on the noticed properties, abstract 

common qualities, and construct formal mathematical definitions or algorithms. Furthermore, the 

sixth level of observing entails an ability “to reflect on and coordinate such formal activity and 

express such coordinations as theorems” (p. 171). The levels of formalising and observing also 

align closely with the transition from process to object. Next, structuring is when an individual 
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can organize one’s formal observations into a cohesive theory, rather than distinct components. 

Finally, inventising is the outermost level in the growth of understanding, which consists of when 

an individual has a fully structured understanding and can “break away from the preconceptions 

which brought about this understanding and create new questions which might grow into a 

totally new concept” (p. 171). This last stage does not imply that mathematical invention does 

not happen at other levels, because it does; however, this level captures a special kind of deep 

understanding that allows for full mathematical freedom (cf. Hadamard, 1945). 

In addition to these eight levels, this theory has other important features. For example, 

there exists three ‘don’t need’ boundaries among the eight levels. These boundaries illustrate that 

once someone’s understanding has grown past a boundary, that individual “does not need the 

specific inner understanding that gave rise to the outer knowing” (Pirie & Kieren, 1994, p. 173). 

More specifically, after surpassing these boundaries, there is a lasting abstraction that has 

occurred, where the individual can think about the mathematical concept in a distinctly new way. 

The first of these boundaries happens between the transition from image making to image 

having, the second occurs between property noticing and formalising, and the final boundary is 

between observing and structuring. Moreover, the first and second of these boundaries align 

closely with the transitions between action, process, and object-level understandings in process-

object theories. The final boundary shows similarities to the formation of a crystalline concept 

(Tall, 2011). Nevertheless, the existence of these boundaries does not imply that one cannot or 

will not return to a lower level of understanding. The mechanism describing this process is 

folding back, which will be elaborated further momentarily. 

Another feature of this theory is that each of the levels, except primitive knowing, can be 

decomposed into two complementary components, one of acting and another of expressing. In 
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particular, acting consists of utilizing previous understandings from lower levels to allow the 

formation of further understanding. Expressing is the process of articulating what is occurring in 

these actions. For example, image having can be decomposed into the acting component of 

image seeing and the expressing component of image saying. Image seeing could consist of 

being able to state that an example did not agree with their current images of the concept. Image 

saying would consist of further expressing why it did not fit into their current image. 

Finally, the mechanism of folding back is also central to this theory of understanding, and 

contributes to the theoretical framework for this study. Pirie and Kieren (1991) introduced the 

activity of folding back into their theory to delineate the dynamic, nonlinear process of 

understanding. This mechanism is similar to backwards transfer, which entails the influence of 

newer knowledge on prior knowledge, resulting in a thicker understanding (Gallagher et al., 

2022; Hohensee, 2014; Hohensee et al., 2021; Liljedahl et al., 2006). Folding back consists of 

returning to a previous level of understanding to overcome any problems at the current level of 

understanding. Pirie and Kieren (1994) elaborated on this, writing: 

This is the activity, vital to growth of understanding, which reveals the non-unidirectional 

nature of coming to understand mathematics. When faced with a problem or question at 

any level, which is not immediately solvable, one needs to fold back to an inner level in 

order to extend one’s current, inadequate understanding. This returned-to, inner level 

activity, however, is not identical to the original inner level actions; it is now informed 

and shaped by outer level interests and understandings (p. 173). 

Moreover, the path through these levels of understanding is different for each individual, and 

different reasons might cause someone to fold back at different times. Pirie and Kieren (1991, 

1994) provided an example of a student who quickly progressed from image making to 
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structuring. After realizing that his structure was inconsistent, he returned to image making to 

refine his understanding. This was contrasted with how some students need to spend more time 

creating an image in the image making level before progressing to outer levels. 

 More recently, Martin (2008) further elaborated on the activity of folding back by 

creating in-depth theory (see also Yao & Manouchehri, 2022). This theory included three high-

level categories, namely the source, form, and outcome of folding back. Specifically, the source 

corresponds to what type of intervention or event caused the individual to decide to fold back, 

which could be oneself, a teacher, or information one reads on a StackExchange article, and may 

or may not have been intentional. The outcome of folding back is related to what happens after 

the individual has engaged in folding back, namely whether the folding back was effective or not 

for overcoming the obstacle, and if returning to overcome the obstacle was externally or 

internally prompted.  

The form of folding back consists of the specific actions that the individual engages in 

after the intervention from the source. Martin indicated four such forms of folding back that may 

occur. Working at an inner layer using existing understanding can occur in two distinct ways, 

including if the individual is working on the understanding of the same concept or a different one 

(i.e., one’s primitive knowing). In the former scenario, the individual recognizes the limitations 

of their current understanding at an outer layer, so they fold back to an inner layer with a thicker, 

more mature understanding than when previously at that level. In the latter scenario, the 

individual would recognize that some aspects of their primitive knowledge are inadequate, so 

they fold back to the other concept(s) with purposeful goals. This could occur when a 

professional mathematician is trying to understand a new definition in a research paper but has 

not understood everything about some of the concepts utilized in the definition of the current 
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concept. Similar to these two forms, an individual may also fold back to collect. This involves 

retrieving or reviewing inner level knowledge, but while reviewing it with a new perspective. 

This occurs when an individual knows what is needed to overcome the current obstacle but 

cannot recall it. However, this recalling process still has the “thickening effect” of folding back 

because the individual is actively reviewing the information with a more mature understanding 

than before (Martin, 2008, p. 77). Lastly, it is also possible that an individual, when prompted to 

fold back, returns to an inner level of understanding without connecting it to what was gained 

from being at an outer level. In this case, it is as if the individual is starting over with new image 

making, causing a discontinuity in their growth of understanding. Hence, this is not exactly 

folding back because the connection from inner to outer levels is severed; however, this can still 

occur in some scenarios. 

Mathematicians’ Mathematical Practices 

 Researchers in mathematics education often believe that the practices of professional 

mathematicians should help inform how mathematics is taught and presented to students (e.g., 

Ball & Bass, 2000; Harel & Sowder, 2007; Schoenfeld, 1992). Moreover, some believe that 

students should share some of the same norms, values, and activities as professional 

mathematicians (e.g., Dawkins & Weber, 2017; Weber et al., 2014). These beliefs among 

researchers have led to the study of professional mathematicians’ mathematical practices in a 

variety of contexts. This section will review much of the literature on these practices. 

Mathematical Proof Reading and Validation 

 One of the most prevalent practices of professional mathematicians is their engagement 

with mathematical proof, including reading, writing, and evaluating proofs. Moreover, these 

various practices occur in numerous contexts, such as research, teaching, grading, and journal 
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reviewing. As such, a significant portion of the literature on mathematicians’ practices pertains 

to proof-related activity. First of all, researchers have analyzed how mathematicians read and 

comprehend mathematical proofs. In terms of proof-reading, some have argued that 

mathematicians typically agree on what mathematical statements are true and what constitutes a 

correct mathematical proof (e.g., Azzouni, 1994; Berry, 2016). However, there has been 

empirical evidence that this is not always the case (e.g., Inglis et al., 2013; Weber & Czocher, 

2019). Nonetheless, mathematicians have been shown to demonstrate a much stronger ability 

than students to judge proofs for correctness, as well as use more mature proof-reading 

techniques (e.g., Inglis & Alcock, 2012; Karunakaran, 2018; Selden & Selden, 2003; Weber, 

2010). 

 Weber (2008) interviewed eight professional mathematicians regarding methods for 

proof validation when reading proofs. He found that mathematicians use several different 

methods when determining whether a proof is valid, in addition to formal, deductive reasoning. 

This included example-based reasoning, informal reasoning, and authoritative reasoning. 

Specifically, one mathematician in this study concluded that a mathematical statement was true 

after checking only one example; however, this mathematician mentioned that this was due to 

how statements often work in elementary number theory. The use of non-deductive strategies 

when reading and evaluating proofs was further demonstrated by Weber and his colleagues 

(Mejía-Ramos & Weber, 2014; Weber & Mejía-Ramos, 2011). 

 One of the most prevalent factors in the literature, impacting how professional 

mathematicians judge the validity of a mathematical proof, is authority, both in terms of the 

writer and the source or ‘location’ of the mathematical text (Weber & Mejía-Ramos, 2013b). 

Multiple decades ago, Hanna (1983) argued that the reputation of expert mathematicians is more 
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important than the quality and rigor of a proof when deciding whether it is valid. Even in the last 

decades, there has been evidence of this in the mathematical community, with instances such as 

Sir Michael Atiyah’s alleged proof of the Riemann Hypothesis that was quickly regarded as 

faulty. When an ‘unknown’ mathematician claims to prove the Riemann Hypothesis, it is given 

no airtime, but when a famous mathematician such as Sir Michael Atiyah claims to have a proof, 

it is given serious attention and news headlines (see Crowell, 2018). 

 As mentioned above Weber (2008) found empirical evidence that some mathematicians 

appeal to the authorship of a proof for potential validation (see also Mejía-Ramos & Weber, 

2014; Weber & Mejía-Ramos, 2011). In addition, Inglis and Mejía-Ramos (2009) conducted a 

study to directly test the impact of authority on proof validation. Specifically, they provided a 

visual proof of the Fixed Point Theorem to 190 mathematicians, while informing some of the 

mathematicians that the proof was written by a famous mathematician. Those who had this 

additional information rated the proof significantly more persuasive than those without the direct 

influence of authority. Müller-Hill (2010) interviewed professional mathematicians and found 

that often they are more likely to believe that a proof is valid if it was written by a famous 

mathematician. Moreover, some of the interviewed mathematicians stated that if they did not 

understand the argument of a famous mathematician, it is possibly because they do not currently 

have enough knowledge. 

 Research has also investigated why professional mathematicians read proofs, and some of 

the techniques they use when reading them. Famously, Rav (1999) argued that, for 

mathematicians, proofs are primarily about demonstrating techniques and methods for future 

problem-solving. Building on Rav’s argument in the context of teaching, Hanna and Barbeau 

(2008) described proofs as “bearers of mathematical knowledge” (quoted from Rav, 1999, p. 20). 
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Dawson (2006) elaborated on why mathematicians re-prove theorems, as the belief that proofs 

contain mathematical knowledge beyond the statement of the theorem helps motivate this 

mathematical practice. More recently, these claims have been given further empirical support, 

with mathematicians stating that a primary reason for reading proofs is learning new techniques 

(Mejía-Ramos & Weber, 2014; Weber & Mejía-Ramos, 2011). Furthermore, de Villiers (1990) 

specified five different purposes of proof, including verification and communication. Hersh 

(1993) also attended to the purpose of proof, claiming that the central purpose is convincing. 

 In line with the purpose of proof, professional mathematicians may invoke any number of 

proof-reading strategies, depending on their current purpose of reading the proof. However, there 

has been recent eye-tracking evidence that mathematicians do not necessarily read proofs 

differently when reading for validation versus comprehension (Panse et al., 2018). Weber and 

Mejía-Ramos (2011) specified two different proof-reading techniques of “zooming in” and 

“zooming out,” which are complementary methods of using line-by-line, deductive reasoning 

and looking at big-picture methods in the proof (p. 340). Inglis and Alcock (2012) conducted an 

eye-tracking study with mathematicians and undergraduate students, to analyze their proof-

reading techniques. They concluded that mathematicians are more likely to use zooming in 

strategies. This later led to a disagreement on how mathematicians utilize proof skimming while 

reading and comprehending proofs (Inglis & Alcock, 2013; Weber & Mejía-Ramos, 2013a). 

Mathematical Proof Writing and Construction 

 Paired closely with proof reading are the mathematical practices of proof writing and 

construction. I acknowledge that writing proofs and constructing an argument are not fully 

synonymous; however, in some ways they are inseparable. Burton and Morgan (2000) addressed 

mathematical writing head-on, highlighting that professional mathematical writing is distinct 
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from other professional writing due to many social norms and values in the mathematical 

community, such as using phrases like ‘it follows immediately’ and writing in first-person plural. 

Also, Lew and Mejía-Ramos (2019) interviewed mathematicians who expressed that proofs 

should abide by certain linguistic conventions such as using terminology like ‘Let’ or ‘Suppose 

that’ when defining a new arbitrary instantiation of a mathematical object. However, most other 

research on proof writing is focused on constructing proofs and problem-solving.  

Kidron and Dreyfus (2014) distinguished between an individual’s proof image and the 

formal proof. An individual’s proof image consists of the various components and logical 

connections that lead to a conviction that a mathematical statement is true, which includes the 

ideas for how the proof will be organized. This distinction from the formal proof is motivated by 

analogous notions of concept image/definition (Tall & Vinner, 1981). Kidron and Dreyfus 

elaborated on how mathematicians get a convincing feeling that they have a proof, which is 

evidence of a proof image. Sharing similarities to this is the notion of semantic versus syntactic 

proof productions (Weber & Alcock, 2004). Syntactic proof productions are those consisting 

only of symbol-pushing and manipulating definitions and theorems. Semantic proof productions 

are those consisting of “instantiation(s) of the mathematical object(s) to which the statement 

applies to suggest and guide the formal inferences that he or she draws” (p. 210). This could 

consist of rephrasing the relevant mathematical concepts or constructing meaningfully chosen 

diagrams. (For a more detailed discussion of how mathematicians successfully use diagrams and 

visual reasoning see Samkoff et al., 2012; Stylianou, 2002; Stylianou & Silver, 2004). In this 

study, doctoral students demonstrated both semantic and syntactic understandings, while the 

undergraduate students typically demonstrated only syntactic understanding and were less 
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successful in constructing valid proofs. Weber (2001) similarly concluded that strategic 

knowledge was needed to “solve complex problems” (p. 114). 

 Researchers have also shown that the process of writing and constructing proofs, as well 

as problem-solving, is a non-linear process for professional mathematicians, often full of creative 

exploration (Holton & Thomas, 2021). Karunakaran (2018) directly investigated the linearity of 

the proving process for both mathematicians and novice provers. In this study, Karunakaran 

examined that mathematicians demonstrate a willingness to disrupt the linear, deductive proving 

process when necessary, knowing that it will be beneficial in constructing a complete, deductive 

argument in the end. However, in contrast, the novice provers appeared more reluctant to disrupt 

the linearity of the proving process, possibly due to how mathematical problem-solving has been 

demonstrated to them in previous contexts. Carlson and Bloom (2005) identified four phases in 

mathematical problem-solving, highlighting that mathematicians solve problems in a cyclic 

manner, rather than a linear process from reading the problem to writing a proof. In addition, 

professional mathematicians and graduate students in mathematics have been shown to 

strategically use examples as a tool to construct proofs and make mathematical conjectures 

(Alcock, 2008; Alcock & Inglis, 2008; Antonini, 2006; Knuth et al., 2019, Lockwood et al., 

2016; Lynch & Lockwood, 2019; Lynch et al., 2022; Weber, 2008). This contrasts with viewing 

the construction of examples as a proof in of itself (Harel & Sowder, 1998). Though novice 

provers appear to struggle more with productively using examples, the use of examples is central 

to how mathematicians successfully solve problems. Also, in regard to proving and conjecturing, 

Fernández-León et al. (2021) provided evidence that research mathematicians utilize these 

mathematical practices together. 

Mathematical Proof and Teaching 



41 
 

 In addition to professional mathematicians engaging with proofs for research and 

understanding, proofs are used by mathematicians in their teaching and pedagogical choices. 

Some mathematics education research claims that mathematicians’ mathematical practices 

should be used to help inform pedagogy and mathematical instruction, but others have expressed 

that this should not always be the case (Weber et al., 2020). Nevertheless, there have been 

studies purposely investigating how mathematicians engage with proof and pedagogical 

decisions, as mathematicians often have useful pedagogical insights (Iannone & Nardi, 2005). 

One overarching observation is that mathematicians do not typically use proofs for the primary 

goal of convincing students that mathematical results are true, as it is likely that a student is 

already convinced the results are true because their teacher told them. For instance, Weber 

(2012) interviewed mathematicians who expressed that they typically present proofs in class to 

demonstrate important techniques and help explain important concepts, rather than to obtain 

student conviction. Lai et al. (2012) also presented evidence qualitatively and quantitatively that 

pedagogical proofs should highlight and emphasize the main ideas of a proof, not just the 

deductive logic at each step. Similarly, Woods and Weber (2020) demonstrated that some of the 

goals of professional mathematicians when teaching advanced mathematics are to help students 

engage in authentic mathematical communication and help students understand informal 

mathematical content. 

 Similar goals are also seen in how professional mathematicians assign and grade 

homework problems. Rupnow et al. (2021) conducted a study where mathematicians claimed 

that the primary goal for assigning homework problems was to aid in their teaching of the course 

content, rather than evaluating the students. Moreover, Miller et al. (2018) provided examples of 

mathematicians who would assign full points to incomplete proofs if they were still ‘correct.’ 
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However, there are also inconsistencies in how different mathematicians evaluate and assign 

points on proofs (Moore, 2016). Overall, even though professional mathematicians have certain 

goals for their pedagogical decisions, they may not always be able to achieve these goals in the 

classroom (Lai & Weber, 2014; Weber, 2012). 

Conviction and Understanding  

Mathematical proof is a central component of mathematicians’ mathematical practices 

and research on these practices, but various other notions are necessarily related to proof, such as 

mathematical conviction and understanding. For example, conviction is sometimes attributed to 

being a prerequisite for constructing a proof of a mathematical statement (e.g., de Villiers, 1990; 

Pólya, 1957). However, the source and form of this conviction can certainly differ across 

scenarios. For instance, professional mathematicians likely have absolute conviction that certain 

mathematical facts are true; however, it is also likely that they only have relative conviction for 

other mathematical statements, meaning that the probability that it is true for that person exceeds 

a certain threshold (Weber & Mejía-Ramos, 2015). An example of this would include the 

infamous Four Color Theorem, which was proven with computer-assistance. I claim it is likely 

that many mathematicians are not absolutely certain that this theorem is true or that the proof is 

valid; however, it is accepted by the mathematical community at large that this theorem has been 

successfully proven. Similarly, Paseau (2015) argued that mathematicians can achieve 

“knowledge of mathematics” without proof or deductive evidence. 

 In the context of proof validation, it has already been discussed that even when 

professional mathematicians do not have deductive evidence, they will sometimes accept proofs 

as valid (e.g., Mejía-Ramos & Weber, 2014; Weber, 2008). Weber, Inglis, and Mejía-Ramos. 

(2014) use these instances as evidence that mathematicians can obtain high levels of conviction 
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without deductive evidence. Furthermore, Weber, Mejía-Ramos, and Volpe (2022) conducted a 

study with doctoral students, presenting them with a gradual increase in evidence for the truth of 

a mathematical claim, where their level of certainty was measured at each stage. Interestingly, 

some students after seeing the proof did not express high levels of certainty, but after seeing 

empirical and authoritative evidence, they were highly certain the claim was true. Nevertheless, 

the level of conviction obtained from empirical evidence may differ across mathematical 

domains (Weber, 2013). In addition, Weber (2021) provided evidence that even set theorists are 

content with using syntactic representations that they do not produce (or even know if they could 

produce) and can gain conviction from them. 

 In addition to certainty and conviction, research has been done on professional 

mathematicians’ mathematical understanding. Understanding mathematics is a dynamic, active 

process (Byers, 2020; Michener, 1978) with many facets. One facet of mathematicians’ 

understanding that has been researched is their use of metaphor and embodiment (Lakoff and 

Núñez, 2000). For example, Sinclair and Gol Tabaghi (2010) provided evidence that 

mathematicians’ understanding of eigenvectors was strongly related to physical interpretations 

and embodiments of time and motion. Sfard (1994) argued that mathematicians’ construction of 

appropriate metaphors is the basis of understanding, and similarly, Soto-Johnson et al. (2016) 

provided an example of the value of metaphor in understanding advanced mathematics, while 

also calling to attention the importance of being able to extend these metaphors and embodied 

experiences to formal mathematics. Oehrtman et al. (2019) explored mathematicians’ 

understanding and construction of meaning, utilizing a combination of embodied and 

constructivist theories. 
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 Furthermore, there have been research studies that have addressed the connection 

between reading ‘new’ mathematics and mathematical understanding. Wilkerson-Jerde and 

Wilensky (2011) conducted a study where professional mathematicians and advanced doctoral 

students read a research paper on knot theory, which was unfamiliar to each of the participants. 

A major finding was that these participants spent significant time understanding the 

mathematical objects central to each proof, to a point where they were able to construct their 

own examples and ideas. Similarly, Shepherd and van de Sande (2014) compared how 

professional mathematicians and graduate students read a textbook with material outside of their 

field of study. They found evidence that mathematicians spent much less time on material 

familiar to them, while also being willing to stop and take time understanding the key 

components of definitions and proofs. Both of these studies provide evidence that professional 

mathematicians are more attuned to what they do and do not understand, and that they know how 

to effectively use this in their mathematical undertakings. 

 Another focus of research on professional mathematicians is how they construct new 

definitions, which is particularly relevant to mathematicians who are conducting cutting-edge 

research. Each of these studies presents the defining process as a process that occurs in various 

phases or moments. One such theory is viewing the activity of defining through horizontal and 

vertical mathematizing; however, this is not specific to the context of mathematicians (Zandieh 

& Rasmussen, 2010). In addition, Ouvrier-Buffet (2015) and Martín-Molina et al. (2018) both 

described the process of constructing new mathematical definitions in four stages. Ouvrier-

Buffet (2015) used interviews with professional mathematicians to indicate four moments of 

work in the defining process, which may occur during studying proofs. Martín-Molina et al. 

(2018) provided a broader overview of the entire defining process, including the phase of finding 
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the opportunity to generalize and moving through to the phase of studying the newly defined 

mathematical object. Rupnow and Randazzo (2023) recently showed that professional 

mathematicians, specifically algebraists and category theorists, uphold certain norms and values 

in how they use and write definitions. These included a need for clarity and rigor in 

mathematical definitions but allowing for a “freedom of choice” in definition creation (p. 310). 

Mathematicians’ Norms and Values 

 To conclude this section will be a review of the literature on professional 

mathematicians’ norms and values, as well as research on the community of mathematicians. 

Dawkins and Weber (2017) indicated that in the context of mathematical proof, mathematicians 

desire for there to be a consistent set of norms and practices. In particular, they put forward 

various values that mathematicians typically share, such as that proofs should increase one’s 

understanding of mathematics and that mathematical knowledge should be independent of non-

mathematical contexts. For each of the values, they also suggested some norms of 

mathematicians that support and help enforce these values. For example, the proof norm of not 

referencing oneself as the author supports the value of having mathematical knowledge be 

independent of non-mathematical contexts (see also Burton & Morgan, 2000). Though these two 

papers claimed that proof norms are relatively shared among mathematicians, there are clearer 

differences in other areas. 

 For instance, research has demonstrated that there are different viewpoints on what 

makes mathematical concepts or proofs ‘beautiful’ or ‘aesthetically pleasing.’ Inglis and 

Aberdein conducted three studies measuring how mathematicians would describe proofs. First, 

Inglis and Aberdein (2014, 2016) indicated four different dimensions to mathematicians’ 

appraisal of a proof–aesthetics, intricacy, utility, and precision–with a variety of scores in each 
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area that did not correlate with one’s field of study or stage of career. Moreover, Inglis and 

Aberdein (2020) were able to provide evidence that mathematicians’ aesthetic judgements of a 

proof are influenced by sociocultural factors, as well as whether you are a pure or applied 

mathematician. This social influence on mathematical practice has clear impacts on other 

practices as well. For example, Misfeldt and Johansen (2015) described many factors that impact 

how professional mathematicians choose research problems to work on. Many of these factors 

were socially influenced, including whether the problem is interesting to other mathematicians 

and what is currently popular in one’s field of study. 

 In the study of sociocultural influences and connections to professional mathematicians, 

Leone Burton has likely written more than anyone else in mathematics education (for an 

aggregation of her work, see Burton, 2004). Through her interviews with a large number of both 

male and female mathematicians, in various research areas, she found evidence of similarities 

and differences between mathematicians. One similarity among almost all the mathematicians in 

this study was the importance of collaboration and working with other mathematicians (Burton, 

1999a, 1999b, 2001). Nevertheless, not many of the mathematicians identified themselves with 

one particular community, such as a number theorist or topologist (Burton, 1999b). In the 

context of understanding and knowing mathematics, Burton found many differences (1999a, 

2001). The mathematicians agreed upon the importance of intuition and instinct for mathematical 

knowing (Burton, 1999c), but different mathematicians may primarily understand and think 

about mathematical concepts either visually, analytically, or conceptually. Gowers (2000) also 

elaborated on this by discussing “two cultures of mathematics,” which is a description of a 

mathematician’s primary focus in doing mathematics. One culture involves those who primarily 

want to solve problems, and the other culture is more focused on building and understanding 
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mathematical theories. Though there are strong connections between these two cultures, it is 

possible that every mathematician is situated in one over the other. 

 Beyond this, one influence on mathematicians’ mathematical practices that has been 

understudied is the influence of the ‘modern research institution.’ For instance, research 

mathematicians at competitive universities are consistently under pressure to output certain 

numbers of journal articles and receive certain amounts of funding, while still managing their 

teaching, advising, and service duties (let alone their at-home life). These factors directly 

influence the specific mathematics in which an individual should focus their time and energy on. 

Kremakova (2016) elaborated on this, stating that those who are most successful are typically 

those who are best at playing “the game of money and time” (p. 4). This style of research grates 

against some of the goals of mathematical research, which are to explore and deeply understand. 

 In the following section, aspects of this literature review are organized and presented as a 

theoretical framework. This framework is then used to inform the methods, analysis, and 

conclusions of this research study. 

Theoretical Framework 

 First, to situate the theoretical framework, recall the two primary research questions for 

this study: 

 

1. In what ways do professional mathematicians operate with highly-abstract, advanced 

mathematical concepts at different levels of understanding? 

2. What factors can influence a professional mathematicians’ level of understanding for a 

given mathematical concept? 

For the context of this study, a professional mathematician will refer to a tenure-track faculty 

member in a mathematics department who is engaging in mathematical research. Even though 

there are many others that could be included in this category, this distinction helps ensure that 
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each participant in the study is actively engaging themselves with highly-abstract, advanced 

mathematical concepts, and is also involved with a research community.  

A mathematical concept in this study will broadly refer to any mathematical definition or 

theorem. I acknowledge that the precise way an individual interprets and thinks about a 

mathematical concept goes beyond the statement of the definition or theorem, as each individual 

may have their own concept definition (Tall & Vinner, 1981). However, I am primarily 

interpreting concepts through how they are defined by the mathematical community at large, 

which is often a primary way that professional mathematicians work with concepts. Giving a 

precise definition for a highly-abstract, advanced mathematical concept is subjective because the 

level of abstraction for an individual concept will likely differ between mathematicians. 

Nonetheless, there appears to be large-scale agreement among members of the broader 

mathematical community on what mathematical concepts and theories are highly-abstract. For 

instance, it is commonplace for fields of mathematics utilizing concepts in category theory, such 

as subfields of algebraic geometry, to be considered highly-abstract. Even still, whether a 

professional mathematician is studying mathematics related to category theory or not, research-

active mathematicians are often engaging with advanced, cutting-edge mathematics. It is in this 

sense that I define a highly-abstract, advanced mathematical concept, meaning that such a 

concept refers to the mathematical definitions and theorems that one is using in their current 

mathematical endeavors, assuming that many of these concepts will be both advanced and 

highly-abstract at this level. 

For Piaget, knowledge and understanding of a concept came from action. In this way, he 

utilized the term operation to refer to a way that an individual (mentally) acted upon a concept. 

In a similar manner, I use the term operation to refer to any way that any individual acts upon or 
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utilizes a concept. This could refer to acting upon a concept through utilizing it as a form of 

object in a commutative diagram. Moore et al. (2022), quoting Steffe (2019, personal 

communication), stated that “operations have to operate on something and that something is the 

figurative material contained in the operations, figurative material that has its origin in the 

construction of the operations.” Hence, operations can also refer to more broad manipulation of 

the symbolic or diagrammatic representations of the concepts. For this study, I am also more 

broadly including operations such as building examples with the concept. 

I chose to restrict what is considered a mathematical concept to definitions and theorems 

because, through a certain lens, one can view any theorem as a type of definition. This differs 

significantly from a mathematical proof, which is a mathematical entity where it can be difficult 

to pinpoint the underlying mathematical actions or processes. This is because proofs can take 

various forms and include various levels of detail, depending on different sociocultural factors 

and norms of the mathematical community (Burton & Morgan, 2000; Dawkins & Weber, 2017), 

and there is not always an agreed upon opinion on what constitutes a proof (e.g., Inglis et al., 

2013; Weber & Czocher, 2019). For this reason, I choose to not include mathematical proof as a 

mathematical concept in this study. To see how a theorem can viewed similarly to a typical 

mathematical definition, consider the theorem: ‘If P, then Q,’ where P and Q are open 

statements. One could define a mathematical object that satisfies both P and Q, completely 

ignoring the truth value of the theorem. This may seem odd at first, but when a mathematician is 

utilizing a theorem in their work, they already know (or believe) the theorem is true. Moreover, 

this actually aligns with how mathematicians sometimes define new concepts. A mathematician 

may realize that if a mathematical concept satisfies a property P, then a desired property Q holds. 
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So, a new definition is constructed as ‘the object satisfying P,’ and then the theorem, ‘if P, then 

Q’ is proven. 

For a more personal example in commutative algebra, the unmixedness property was a 

desired property that was shown to be true for certain classes of rings, like polynomial rings 

(Macauley, 1916) and power series rings (Cohen, 1946). Later, it was shown that if a ring has 

equal depth and dimension, then the ring satisfies the unmixedness property (this is actually an 

equivalence). The concept of a Cohen-Macauley ring was then created, which was defined as a 

certain class of rings satisfying dim(R) = depth(R). Then it was stated as a theorem that if a ring 

is Cohen-Macauley, then it satisfies the unmixedness property. 

Levels of Understanding 

To define what is meant by an individual’s level of understanding for a mathematical 

concept, I will build on the two ways that Piaget (1964) described what it meant to know or 

understand an object (see also Piaget et al., 1991, p. 57). He described knowing or understanding 

an object as being able to “act on it,” as well as to “understand the process of this transformation, 

and as a consequence to understand the way the object is constructed” (p. 176). These two types 

of understanding align closely with process-object theories. An object in APOS theory refers to 

when an individual can view the underlying process as a totality and perform further actions on 

it. Moreover, Sfard (1991, 1992) referred to structural conceptions when the concept can be 

utilized as a permanent object-like entity.  These are more or less synonymous with Piaget’s 

definition of being able to “act on it.” In contrast, in APOS theory (Dubinsky & McDonald, 

2001), a process refers to when an individual has gained control over an action and can perceive 

the outcome of the action by performing it. In Sfard’s (1991) theory, an operational conception 

refers directly to performing actions, processes, and algorithms. Though not directly synonymous 
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with Piaget’s second type of understanding, these share similarities with their emphasis on the 

process underlying the object, rather than the object itself. 

However, the main difference between these theories and Piaget, is that these process-

object theories typically insist that the process precedes the object and the operational must 

precede the structural. However, I am insisting that one can act on a concept without also having 

a complete understanding of the underlying processes, and this may be quite common for 

professional mathematicians. Moreover, Sfard (1991) acknowledged that this might be a 

possibility for mathematicians, even if it is not typical for students: 

The possibility must be considered that, after all, structural conception may sometimes be 

the first. This can certainly be true in the case of professional mathematicians - their well-

trained minds can indeed be capable of manipulating abstract objects right away, without 

the mediation of computational processes. (pp. 22-23, emphasis added) 

Hence, there is something special about the experiences of professional mathematicians and how 

they have been trained to think that affords them this ability to successfully act on mathematical 

concepts without, at that moment, fully understanding the underlying processes for that concept. 

A few years later in her career, Sfard (1994) made a similar comment about professional 

mathematicians: 

In the light of the mathematicians’ testimonies, the general rule of the developmental 

precedence of operational conceptions over structural has its exceptions. Mathematicians 

do not necessarily follow this process-object path. These adepts of abstract thinking, well 

trained in conjuring new abstract entities out of other abstract entities, may often reach 

for the metaphor of an ontological object directly, without worrying about the underlying 

processes. (p. 53, emphasis added) 
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Though worded through a lens of conceptual metaphor, Sfard seemed to think that 

mathematicians may act on a concept without understanding the “underlying processes.” 

 Closely connected to this is the notion of a pseudostructural conception. Linchevsky and 

Sfard (1991) defined a pseudostructural conception as when an individual is “unable to think in 

terms of abstract objects, uses symbols as things in themselves and, as a result, remains unaware 

of the relations between secondary and primary processes” (p. 317). That is, the individual is 

using symbols and objects without any understanding of what they are representing. Sfard (1992) 

labeled such a conception as “semantically debased” (p. 75). Zandieh (2000) utilized this notion 

in her framework on understanding the concept of derivative and renamed them pseudo-objects. 

Utilizing the two types of understanding as distinguish by Piaget (1964), as well as some 

of the language used in the various process-object theories, I will define three different 

theoretical levels of understanding that an individual can have for a mathematical concept (see 

Figure 2.1). These levels of understanding directly correspond to whether an individual has one 

or both types of understanding, according to the descriptions given by Piaget. As such, these 

levels of understanding are not traditional levels, where an individual must reach one level 

before advancing to the next, which contrasts with most other process-object theories (Dubinsky 

& McDonald, 2001; Sfard, 1991). 

First, I define a process-level understanding for a mathematical concept as when an 

individual understands the underlying processes but cannot act on the concept like an object. If 

an individual demonstrates evidence of understanding the underlying processes, but there is no 

evidence of whether or not they can act on the concept, then I say that the individual has at least 

a process-level understanding for that concept. The underlying processes, which I also refer to as 

the process-level components, of the concept refer to the various mental actions and processes 
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that make-up (or are used to construct) the concept. For a highly-abstract, advanced 

mathematical concept, there are likely numerous process-level components. However, there may 

be a smaller subset of process-level components that are central to the concept, and these can be 

more useful for assessing one’s level of understanding. 

Figure 2.1 

Levels of Understanding for a Mathematical Concept 

 

Next, I define a pseudo-object-level understanding for a mathematical concept as when 

an individual can act on the concept like an object but does not have a complete understanding of 

the underlying processes for the concept. If an individual understands some of the process-level 

components for a concept, but not all of them, then this would still constitute a pseudo-object-

level understanding. Furthermore, it is highly likely that an individual, especially a professional 

mathematician, understands at least some of the process-level components for a mathematical 

concept. In the case where there is evidence that an individual understands some but not all the 

process-level components, then I sometimes assert that the individual has an underdeveloped 

process-level understanding for that concept. If an individual is utilizing a mathematical concept 



54 
 

at a pseudo-object-level understanding, then this concept would be labeled as a pseudo-object for 

that person. Lastly, I define an object-level understanding for a mathematical concept as when an 

individual can both act on the concept, as well as understands the underlying processes for the 

concept. I acknowledge again that these are theoretical levels of understanding, and it is likely 

impossible to measure whether an individual understands all the process-level components for a 

given concept, especially those used in cutting-edge research. Nevertheless, there are potential 

indicators that demonstrate whether an individual has an underdeveloped process-level 

understanding. 

One potential indicator in the mathematics education literature for when a professional 

mathematician only has a pseudo-object-level understanding is when a mathematician utilizes a 

theorem in a proof as a form of black box. Here the relevant logical operations being applied to 

the theorem in the proof function as the action on the theorem. Professional mathematicians have 

indicated that it is commonplace to just “accept results from the published literature as black 

boxes in their own research” (Geist, Löwe, & Van Kerkhove, 2010, p. 158; see also Auslander, 

2008). This terminology of a theorem being a black box is meant to represent a kind of concept 

utilization that is lacking understanding of the underlying processes. Beyond instances of 

professional mathematicians using theorems as black boxes, there is no real literature regarding 

one’s level of understanding for a theorem. This is because the common theories of 

understanding and process-object theories do not consider theorems to be like standard 

mathematical definitions. 

Instead, the understanding of a theorem is typically viewed through the context of 

mathematical proof. For instance, Dawkins and Weber (2017) indicated that it is a normative 

value of professional mathematicians for proofs to increase one’s understanding of both the 
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corresponding theorem, as well as the relevant concepts and proof techniques. Also, there is a 

sizeable amount of research about understanding and comprehending the proofs of theorems, 

rather than the theorems themselves (e.g., Weber, 2008; Weber and Mejía-Ramos, 2001). For a 

non-theorem concept, a mathematician may demonstrate evidence of an underdeveloped process-

level understanding. To utilize an example from Chapter 4, a professional mathematician may 

demonstrate an underdeveloped process-level understanding for the commuting square property 

of a natural transformation. However, that mathematician may still be able to act on the 

commuting square by utilizing it in other contexts. Weber (2021) provided evidence that set 

theorists may sometimes utilize mathematical concepts that they could not (or do not know how 

to) produce themselves. 

Influences on Level of Understanding 

In addition to possible indicators of one’s level of understanding, there are various factors 

that might influence what a professional mathematician’s (or any individual’s) level of 

understanding is for a particular mathematical concept. The structure of formal mathematics used 

in modern research is saturated with mathematical definitions and theorems. Mathematical 

concepts are constantly being utilized as parts of other definitions and theorems, so being able to 

act on these concepts is all but required to produce meaningful results. However, a pseudo-

object-level understanding may sometimes be sufficient to make meaningful progress on a 

problem, and due to various influences on the mathematician, it may be beneficial to continue 

with this level of understanding until progress would otherwise become stagnant. In Chapter 4, 

analysis is provided on various influences that influenced the participants’ level of understanding 

in this study. However, to demonstrate what is meant by an influence on one’s level of 

understanding, a brief discussion will be provided on some of the influences found in a pilot 
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study I conducted (Flanagan, 2023). These do not necessarily indicate the same influences that 

were found in this study. 

 The first type of influence on one’s level of understanding that was found in the pilot 

study was authority. Harel and Sowder (1998) defined an authoritarian proof scheme as when the 

source of an individual's truth claims stem from someplace such as a teacher or textbook. In 

contrast, professional mathematicians may appeal to the authority of famous mathematicians or 

reputable journals (e.g., Mejía-Ramos & Weber, 2014; Müller-Hill, 2010; Weber, 2008, Weber 

& Mejía-Ramos, 2011). If reputable sources have explicitly stated that a mathematical result is 

true, then a professional mathematician is likely more inclined to accept it as true without 

checking the justification itself. Hence, a professional mathematician may possibly be more 

inclined to utilize such a theorem as a pseudo-object. 

 The second type of influence from the pilot study consisted of certain external pressures, 

such as time constraints. Professional mathematicians are busy with many duties and 

expectations from the college or university that they work for. This includes advising graduate 

students, serving on required committees, teaching courses, in addition to having a required 

number of research publications each year. To meet these research requirements, while attending 

to other required duties, putting in the time and effort to always develop a process-level 

understanding may not be permissible nor sensible. Another external pressure is what the 

mathematician’s research community believes is important to study. As Burton (1999b) noted, 

professional mathematicians are social creatures and typically work together in communities. 

Thurston (1994) elaborated on the motivation of mathematicians and how they “seek 

appreciation by other people,” “are driven by considerations of economics and status,” and that 

there is a tendency to “follow fads” (p. 171). If one’s research community more highly values 
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one collection of problems over another, then a mathematician may put more effort into 

understanding the relevant concepts to attack those problems (see Misfeldt & Johnsen, 2015). 

 A third type of influences are those that are more academic in nature, such as a 

professional mathematician’s area of research. The collaboration among mathematicians in 

different fields is becoming more common, so if a relevant mathematical concept is outside of 

one’s expertise, then the individual may choose to just accept the related mathematical facts as 

true with an underdeveloped process-level understanding (Auslander, 2008). Furthermore, the 

actual use of a mathematical concept may also influence how well a mathematician understands 

the concept. For instance, if a theorem is just being used in a proof because ‘it does the job,’ then 

a pseudo-object-level understanding of the theorem is likely sufficient. However, if the 

mathematician intends to use certain mathematical concepts to create other totally new 

mathematical concepts, such as through inventising (Pirie & Kieren, 1994; see also Hadamard, 

1945), then an object-level understanding of the original concepts may be required. 

Folding Back 

To elaborate on how professional mathematicians successfully work with mathematical 

concepts that are at a pseudo-object-level understanding, I utilize the mechanism of folding back 

from the Pirie-Kieren theory of understanding (Pirie & Kieren, 1989, 1994, see also Martin, 

2008). However, this mechanism did not end up contributing much overall to the data and 

analysis. Possible reasons for this are discussed in Chapter 5. Folding back is the process of 

when an individual is “faced with a problem or question at any level, which is not immediately 

solvable, [and needs to] fold back to an inner level in order to extend one’s current inadequate 

understanding” (Pirie & Kieren, 1994, p. 173). Michener (1978) described the process of 

understanding mathematics as a “very active process” where one must “shift the level of concern 
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from detail to broad overview and vice versa” (p. 373). In a similar manner, the Pirie-Kieren 

theory characterizes one’s growth in understanding as dynamic and constantly moving between 

levels. The most inner level of their eight-level theory is primitive knowing, which consists of 

one’s current knowledge when they encounter a new mathematical concept, and for a 

professional mathematician is often a vast amount of knowledge in different related domains 

gained from their years of experience. The outermost level is inventising, which consists of when 

an individual “has a full structured understanding and may therefore be able to break away from 

the preconceptions which brought about this understanding and create new questions which 

might grow into a totally new concept” (Pirie & Kieren, 1994, p. 171). 

 Pirie and Kieren (1991, 1994) provided an example of a more mathematically mature 

individual who progressed quickly from the inner few levels to the advanced level of structuring. 

After continuing to work at this level, he realized that he had an inadequate understanding of 

how the concept was constructed, which led him to fold back in the most inner levels again. In an 

analogous way, professional mathematicians appear to be efficient at quickly developing at least 

a pseudo-object-level understanding of the mathematical concepts they encounter. Hence, it 

seems that professional mathematicians might sometimes utilize concepts as pseudo-objects, 

which allows for them to begin solving problems and learning related mathematical theory 

without needing to develop a process-level understanding. Various factors may influence why 

the mathematician is content with such an understanding, such as time constraints; however, the 

mathematician may be confident they could develop a process-level understanding when 

necessary. Thus, when additional factors generate a need for an object-level understanding, such 

as the need to inventise or pressures from research colleagues, the mathematician could fold back 

to their understanding of the process-level components to meet this need. In the following 
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chapter this framework is utilized to frame and structure the data collection and data analysis 

methods for this study.



60 
 

Chapter 3 - Methods 

 I begin this chapter by outlining two pilot studies I conducted to test the viability of two 

different interview protocols. These pilot studies have been used to refine and expand on the 

methods used in this research study. Following an overview of these studies, I provide a detailed 

description of the participation recruitment and data collection methods, including the tasks and 

sample interview questions. Finally, the data analysis methods are discussed. 

Pilot Study 1 - Analyzing Mathematicians’ Concept Images and Definitions 

 The first pilot study was conducted prior to the development of the theoretical framework 

that is used in this study. The specific framework for this pilot study utilized concept images 

(Tall & Vinner, 1981) and aspects of visualization. One primary goal of this small pilot study 

was to begin addressing the following broad research question: how do professional 

mathematicians successfully work with and understand highly-abstract, advanced mathematical 

concepts? A secondary goal was to pilot a task-based interview that utilized mathematical 

concepts well beyond the undergraduate level. The results from one participant of this pilot study 

were subsequently presented and published in a conference proceedings (Flanagan, 2022). 

The participants in this study were two male professional mathematicians with research 

specializations in subfields of abstract algebra. These participants were chosen due to their 

mathematical expertise in areas closely related to my own. The participants each participated in 

two Zoom interviews, due to the in-person restrictions of COVID-19. The initial phases of 

interviews were approximately 15 minutes and aimed to better assess the participants’ 

understanding of various topics in commutative algebra and describe the procedure for the 

second interview. No data was collected during this phase; however, the responses from the 

participants were used to aid in the development of the mathematical task for the second phase of 
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interviews. The task was designed to include abstract mathematical concepts in commutative 

algebra that both participants were familiar with but did not use frequently in their own work. 

The central concept that was used in the task, and met these criteria, was the direct limit of 

modules. 

The second interview in this study was a semi-structured task-based interview that lasted 

for approximately 45 minutes and consisted of three stages. The first stage of this interview was 

centered around delineating their understanding of three central concepts to commutative 

algebra, being modules, tensor products, and direct limits. Two representative interview 

questions included: 

1. How would you define what a module is? 

2. What other mathematical concepts, objects, or ideas do modules make you think about? 

The second stage of the interview consisted of a mathematical task where the participant was 

asked to compute the direct limit of a collection of modules, which can be seen in Figure 3.1. 

The participants were instructed to think-aloud and describe their thinking processes while 

completing the task. They were given about 20 minutes to complete the task before moving on to 

the final stage of the interview. During this final stage the participants were asked more directly 

about how they are able to successfully understand and work with mathematical concepts that are 

highly-abstract or that they cannot accurately visualize. These entire second interviews were 

video and audio recorded, transcribed, and then further analyzed. The analysis process focused 

on identifying key components of the participants’ concept images and definitions, as well as 

identifying how they approached and understood highly-abstract mathematical concepts. 

The results of this first pilot study revealed some evidence that professional 

mathematicians’ concept images are composed of various well-chosen examples, visualizations, 
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and informal descriptions. However, these more informal components are supplemented by 

relevant formal mathematics. Even though the results of this pilot study do not directly pertain to 

the specific research questions in this study, the results demonstrated that rich, interesting data 

can be obtained from this type of task-based interview, which was used to inform the interview 

protocol for the present study. 

Figure 3.1 

Pilot Study 1 - Interview Task on Direct Limits of Modules 

 

Pilot Study 2 - Influences on Mathematicians’ ‘Full Understanding’ 

 The second pilot study was conducted with the primary goal of piloting an interview 

protocol for the present study. The participant for this study was one female professional 

mathematician with a research specialization in coding theory, which has some strong 

connections to abstract algebra. Like the first pilot study, this participant was chosen based on 

her mathematical expertise, in order for me to be able to understand a sufficient amount of her 

mathematical input. The results from this pilot study were compiled, and later presented and 

published in a conference proceedings (Flanagan, 2023). 

 The pilot study consisted of a single one-hour semi-structured Zoom interview with the 

participant. This interview consisted of three phases, and the first phase was used to ask basic 

questions about her mathematical background and expertise. For the second phase of the 

interview, we discussed one of her own research journal publications. Interview questions 

focused on aspects of the article where she referenced mathematical concepts from other sources. 

This was to assess whether she believed she ‘fully understood’ the concepts she was utilizing in 
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the paper. The final phase consisted of direct questions about whether she did or did not always 

‘fully understand’ the mathematical concepts she utilized in her own work. Two sample 

questions are provided below for reference: 

1. Are there any times where you believe that you have encountered a new advanced or 

highly-abstract mathematical concept where you were able to successfully work with it, 

but did not ‘fully understand’ the concept? 

2. Have there been any incidents where you read a research paper relevant to your own 

research where you utilized some of the mathematics in the paper, but did not understand 

why it was true? 

 The central research question for this pilot study was as follows: what reasons do 

professional mathematicians give for why they believe they ‘fully understand’ or do not ‘fully 

understand’ the mathematical concepts they use in their own work? To answer this question from 

the interview, the interview transcript was transcribed and analyzed through two phases of 

coding. The initial phase of coding looked for general codes pertaining to the research question. 

During the second phase of coding, these initial codes were then subsequently refined and 

grouped into more precise codes, which were applied to the entire transcript. To present the 

findings from this coding process, the codes were organized using a thematic analysis, and four 

themes emerged from the data. The four major themes are each a category of influences on the 

participant’s level of understanding. The themes were (1) authoritative reasoning, (2) external 

pressures, (3) academic influences, and (4) intellectual factors. Components of these same four 

themes were discussed above in the theoretical framework of Chapter 2, and they played a 

central role in guiding the preliminary analysis of the present study’s data. 

Summary of Methodology 
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 For this research study, six professional mathematicians with a research focus in a 

subfield of algebra were chosen as participants. These participants were recruited based on their 

mathematical expertise, and its similarity to my own mathematical background. The data 

collection consisted of three distinct semi-structured Zoom interviews. The first of these 

interviews involved two mathematical tasks aiming to collect data pertaining to how they operate 

with highly-abstract, advanced mathematical concepts at different levels of understanding. The 

second interview with each participant utilized a similar protocol and design to the second pilot 

study, using a recent journal publication from the participant to generate discussion about the 

influences on their level of understanding for the concepts in that particular paper. Finally, a 

third interview was conducted to bring the participants directly into the research questions and 

gather a more encompassing perspective on their levels of understanding, and what influences 

this understanding. This third interview also utilized stimulated recall, where participants 

watched video clips from their previous interviews to help triangulate the data. 

 Each of these three interviews was video recorded and transcribed, and all written work 

on the tasks was collected electronically. Moreover, I took notes during each interview to aid in 

the subsequent analysis of that interview data. The data analysis consisted of three main 

components. For the first interview, each interview transcript was analyzed with conceptual 

analysis (Thompson, 2008), in order to analyze the participants’ level of understanding and ways 

of operating with the mathematical concepts utilized in the two tasks. Data from the stimulated 

recall during the third interview helped triangulate these conceptual analyses. Additionally, the 

electronically collected written work was used to help support the data from the transcripts. For 

the second and third interviews, two types of analysis were conducted. The first analysis 

consisted of a thematic analysis (Braun & Clark, 2006), which was done through multiple rounds 
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of coding. This thematic analysis aimed to capture the various influences on the participants’ 

level of understanding for the mathematical concepts they use in their own mathematical 

endeavors. The final codes from the second pilot study were used as initial codes to guide the 

first phase of coding. After this initial phase of coding, additional passes through the transcripts 

were used to produce a more accurate and comprehensive set of codes. The second type of 

analysis of the second and third interviews consisted of identifying any excerpts that clearly 

pertained to the first research question, which could be used to support the data from the 

conceptual analyses. These excerpts were grouped and presented in broad categories. 

Participant Recruitment 

The recruitment of participants for this research study was based on three primary 

conditions. First, because the second interview involved discussing through a recent research 

journal publication written by the participant, only professional mathematicians who had 

published within the last five years (at the time of recruitment), specifically since 2018, were 

considered. Second, to ensure that I could better understand the mathematics present in the 

journal publications, only professional mathematicians who had published research papers in 

subfields of algebra, such as algebraic geometry, algebraic topology, coding theory, 

representation theory, and number theory were considered for recruitment. Third, because the 

first interview utilized category theory concepts for the tasks, it was necessary that participants 

understood the basic concepts in category theory, primarily objects, morphisms, and functors. 

However, participants could not be overly experienced in category theory, to better ensure they 

did not know the concepts being utilized in the tasks.  For the initial form of recruitment, emails 

were sent out to various email listservs with professional mathematicians, requesting 

participation from any mathematicians satisfying the three aforementioned conditions. 
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From the initial recruitment, more than six mathematicians demonstrate interest in 

participation who met the above selection criteria. Hence, a more detailed evaluation of their 

publication history was given. I analyzed some of their recent publications, and looked for those 

who had written papers that I could understand best. Of course, I would not be able to easily 

understand a sizable amount of any of the papers; however, it was imperative that I at least 

understood some of the major concepts and the overarching goal of the paper, so that I could 

engage in meaningful discussion with the participant about the mathematical content. Those with 

research papers most suitable for the second interview were the first to be officially offered to 

participate. Each of these individuals were sent an email with a description of the study and a 

detailed structure of the interview process. At this stage, these individuals were given a formal 

opportunity to acknowledge their participation, ask any questions, and choose a pseudonym, if 

they liked. All six of these individuals agreed to participate. 

Data Collection 

 The data collection for this study consisted of three different interviews. The methods and 

procedures for each of these interviews are provided below. Sample interview protocols (as they 

sometimes differed between participants) can be found in Appendix A. Additionally, a complete 

version of each of the tasks used in the first interview can be found in Appendix B. 

Interview 1 

 The first interview for data collection was composed of a structured task-based Zoom 

interview (Goldin, 2000; Maher & Sigley, 2014) consisting of two tasks, each lasting at most 30 

minutes. Prior to each task, the participants were instructed to set up the screen sharing display 

for their work (such as via a tablet) and were encouraged to think-aloud and explain their thought 

process while working (Charters, 2003; Ericsson & Simon, 1993). The task was then shared with 
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the participant through the Zoom chat, and they were informed that they had 30 minutes to work, 

but they could choose to stop working at any point. After the 30 minutes had expired, or the 

participant stopped working, the second task was issued in an analogous manner. 

 Prior to the interviews, five potential tasks were designed. Each task involved a question 

pertaining to one or more concepts in category theory. Even though only two tasks would be 

given to a participant, five tasks were designed to better ensure that there were at least two tasks 

where a participant did not know the central concept. The design of the participant recruitment, 

as well as the tasks themselves, was intended to help ensure there were at least two suitable 

tasks. The definitions and questions for four of the tasks were based on exercises and examples 

from Mac Lane’s (1978) and Roman’s (2017) textbooks on category theory, and the fifth task 

was an expanded version of the task used in my first pilot study. The design of these tasks took 

inspiration from some tasks in the mathematics education literature where a novel definition was 

provided to the participants, along with subsequent questions (Dahlberg & Housman, 1997; 

Lockwood et al., 2016). However, instead, unfamiliar definitions to the participants from 

category theory were used, because these concepts are universally accepted as highly-abstract in 

the mathematical community. 

 At the beginning of each interview, participants were first asked to briefly describe their 

mathematical background, with the purpose of helping them adjust to the interview setting. Next, 

they were asked whether they knew the central concepts related to each task. Because all six 

participants did not know about image factorization systems or comma categories, the tasks 

corresponding to these concepts were chosen for every participant. This created consistency 

across participants, allowing for better opportunities to analyze data across participants. The first 

task (see Figure 3.2 for the main component of the task) given to each participant was the Image 
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Factorization System (IFS) Task, which was taken from Roman (2017, p. 34). The participants 

were also given standard definitions for epimorphisms and monomorphisms (see Appendix B). 

The second task (see Figure 3.3 for the main component of the task) given to each participant 

was the Comma Category Task, which was a modified version of a problem found in Mac Lane 

(1978, p. 47). Additionally, any participant who was unfamiliar with a natural transformation 

was also provided with a standard definition of that concept as well (see Appendix B). 

Description of IFS Task. The first task consisted of three primary concepts, IFS, epimorphism, 

and monomorphism. An IFS consists of four properties (see Figure 3.2), but I claim that this 

concept has four slightly different primary process-level components. First, there is the 

factorization property (FP), stating that any morphism can be factored into an epimorphism 

followed by a monomorphism. This is part of Property 4 from the definition of IFS. The other 

part of Property 4 is the isomorphism property (IP), which states that if there are two such 

factorizations of the same morphism, then there is an isomorphism between the middle objects. 

Third, there is the composition property (CP), which accounts for the first and second listed 

properties in the definition. This property states that the sets (or classes) of epimorphisms and 

monomorphisms for an IFS are closed under composition. Lastly, there is the isomorphism 

inclusion property (IIP), which states that any isomorphism must be contained in both ℰ and ℳ, 

corresponding to the third property in the definition. There are various other process-level 

components for IFS, such as what goes into the concepts of category, morphism, function 

composition, closure, etc. However, for this study, unless there is evidence suggesting otherwise, 

I assume that the participants have an object-level understanding of each of these concepts. This 

is a reasonable assumption for an algebraist who has some experience with category theory. This 

means that if a participant were to demonstrate that they had at least a process-level 
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understanding of each of these primary four components, then I would conclude that they had at 

least a process-level understanding for IFS. 

Figure 3.2 

Image Factorization System Task Without Definitions for Epimorphism or Monomorphism 

 

 In addition to the concept of IFS, there are also the concepts of epimorphism and 

monomorphism. The main process-level component for these concepts is a form of morphism 

cancellation. Hence, similarly, if a participant demonstrated a certain level of understanding for 
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this component, then I would conclude the participant had that level of understanding for 

epimorphism or monomorphism. 

Figure 3.3 

Comma Category Task Without Definition for Natural Transformation 

 

Description of Comma Category Task. The second task was more involved than the first task, 

in the sense that there were four primary concepts involved, namely comma category, natural 

transformation, projection functor, and diagonal functor. For the concept of comma category, the 

primary process-level components are more difficult to pinpoint, especially as there are much 

more interconnected pieces. However, as a comma category is a category, it has objects and 

morphisms. The objects are defined to be triples where the first two elements of the triple are 

objects from two other categories and the third element is a morphism between images of the two 

objects under two functors. This coordination of properties can be thought of as one primary 
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underlying process-level component of a comma category, representing what the objects are. For 

the morphisms, this is more complicated as they consist of pairs of other morphisms, each 

mapping between the respective objects in the relevant triples. Moreover, there is a commuting 

square property (stated symbolically, not diagramatically) utilizing the functors, the morphisms 

in the pair, and the morphisms in the triples (see Figure 3.3). This property alone has many 

underlying process-level components. Due to the importance of the commuting square property 

for the morphisms in this task, this is the central concept I use to help assess their level of 

understanding for a comma category. Additionally, this property utilizes essentially all the other 

process-level components of the comma category definition. 

 For a natural transformation, there are two primary process-level components for the 

concept. The first is the association of a morphism to each object in the domain category. The 

second is an associated commuting square property for each morphism between objects in the 

domain category. Similar to a comma category, due to the nature of the second task, I primarily 

assess their level of understanding of a natural transformation based on their level of 

understanding for the commuting square property. For projection functor and diagonal functor, 

the underlying processes are much simpler, and likely familiar for most algebraists. The primary 

underlying process-level component for a projection functor is a ‘picking-off’ of one of the 

elements of an ordered triple. The primary underlying process-level component for the diagonal 

functor is mapping an object from a category identically into two copies of the category. These 

underlying process-level components are the main tool that is utilized to assess the participants’ 

level of understanding for them. Like an IFS, there are numerous other process-level components 

for these four concepts, such as what goes into the concepts of category, functor, ordered n-tuple, 
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etc. However, for this study, unless there is evidence suggesting otherwise, I assume that all 

participants have an object-level understanding of these concepts. 

Interview 2 

The second interview for data collection revolved around using a recently published 

journal article from the participant to generate discussion pertaining to the research questions. 

For each participant one of their research articles published in 2018, or more recently, was 

chosen. This interview was typically conducted one week following the first interview with that 

participant. The participants were informed ahead of the interview about which article would be 

discussed, so that they had time to review the article, if they desired. Prior to each interview, I 

identified various components of the research paper to discuss with the participant. This included 

instances where they provided new mathematical definitions, utilized theorems that are not 

themselves proven in the research paper, when other papers are referenced, and other aspects of 

the paper that seemed connected to my research questions. 

Each of these interviews was a semi-structured Zoom interview (Hammer & Wildavsky, 

1993) lasting approximately one hour, and it consisted of three main phases. The first phase 

involved brief questioning about the background of the paper to provide context for the ensuing 

discussion. This included questions about how familiar the participant still was with the 

mathematical content written in the paper and if they still worked on research related to the ideas 

in this paper. Furthermore, some questions pertained to how long the process was for completing 

the research published in the paper, and what aspects of the research process they still remember 

for that paper. Choosing a research paper written within the last five years increased the 

likelihood that the participants still had a relatively strong memory of the research process. 
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The second phase of the interview consisted of discussing specific aspects of the journal 

article. The components of the paper that were preselected before the interview served as a 

launching point for discussion. For example, if a definition for a mathematical concept, call it C, 

was provided, then a potential question would be the following: 

In the paper on page x, you provided a definition for C. Is this a new mathematical 

concept for your research community? [If yes] How familiar are you with the various 

components of this definition? What was your experience with creating or bringing this 

definition into your research? [If no] Why did you choose to cite the definition here? 

How familiar are you with the various components of this definition? 

The intention of such a set of questions was to first assess why the participant chose to cite the 

definition in the research paper. Using this information, a deeper discussion about the influences 

on the participant’s level of understanding could follow. For instance, if a mathematical concept 

was new to the field and the mathematician was possibly engaging in some form of inventising 

(Pirie & Kieren, 1989, 1994), then I could gather data pertaining to how well the participant 

understood the process-level components of the concept. Additionally, if the participant is solely 

citing the definition for other reasons, such as using it as a black box in a proof, then I could 

assess their level of understanding and relative influences. 

 Other components of the paper that were sometimes questioned included when theorems, 

not themselves proven in the paper, were used in proofs, or when other sources were referenced. 

If such a theorem T, whether it had a direct citation to another reference or not, was utilized in a 

proof, then a possible interview question would have been: 

In the proof P on page y, you utilized T on line L. How familiar are you with T? How 

would you describe your understanding of T? Why would you describe your 
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understanding of T in that way? What influenced you to have that kind of understanding 

for T? 

Asking questions like these provided opportunities to assess the participants’ understanding of 

various theorems they were utilizing in their proofs. If a participant stated that they understood 

the given theorem, then any influence on why they believed they needed that level of 

understanding could be assessed. If a mathematician stated that they did not fully understand the 

theorem, then influences on why they still chose to utilize the theorem could be assessed. In 

either case, these conversations served as a launching point for later discussion in the third phase 

of the interview. Similar questions were asked for some of the citations and references in the 

paper. 

 The intention of the third phase of the interview was to continue the discussion about 

influences on the participant’s levels of understanding generated from the second phase and ask 

questions about how they think about mathematical understanding. More specifically, the 

questions in this phase were more open-ended but designed to generate rich data from having 

participants reflect on their own mathematical research practices that were discussed earlier in 

the interview. Three sample interview questions for this phase included the following: 

1. What would you consider as understanding or ‘fully understanding’ a mathematical 

concept, such as a definition or theorem? Do you believe ‘fully understanding’ a 

mathematical concept is always necessary? 

2. What is it about a particular mathematical concept (or the use of it) that influences how 

deeply you need to understand it? 
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3. Have there been any (other) incidents where you read a research paper relevant to your 

own research where you later utilized some of the mathematical concepts in that paper, 

but did not ‘fully understand’ those concepts? 

These questions were designed to specifically encourage the participants to reflect on how their 

level of understanding for mathematical concepts has been influenced by the concepts 

themselves (or the use of them). The use of the terminology ‘fully understand’ was used as a 

proxy for object-level understanding, since at this point in the study, they had not been informed 

about my precise theoretical framework. This terminology matched what was used in the second 

pilot study. Impromptu follow-up and probing questions were asked as necessary. 

Interview 3 

 The final interview for this research study was primarily designed as a follow-up to the 

previous two interviews to triangulate and build upon the findings from the first two interviews. 

Due to this, the third interview with each participant was scheduled about one or two months 

after completing both of the first two interviews. This provided sufficient time to engage in 

preliminary analysis and reflection with the participant’s data from these first two interviews. 

This analysis and reflection were the main contributing factors in which video clips were used 

for stimulated recall, and what questions would be asked. The interview was designed to take 

approximately one hour. 

Prior to each interview, utilizing the preliminary analysis and reflection, three video clips 

were chosen for stimulated recall, which included at least one clip from each of the first two 

interviews. Specific questions were designed for each video clip to guide the discussion about 

the clip. Video clips were chosen based on their potential to generate rich data that aided in 

answering the two main research questions. This sometimes included instances where a 
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participant demonstrated strong evidence of using a pseudo-object, or provided interesting 

remarks about mathematical understanding. 

The interview consisted of four phases, with a majority of the time spent on the 

stimulated recall phase. The first phase of the interview was intended to collect more data about 

the sociocultural influences on the participants’ level of understanding of the mathematical 

concepts they use in their own work. The data from the second interview sometimes addressed 

these sociocultural influences; however, due to investigating a research paper, much of the 

influences were about how the mathematical concepts themselves influenced understanding. 

Two sample interview questions for this first phase included: 

1. Are there aspects of your career or life that have an influence on how deeply you try to 

understand the mathematical concepts you are using in your research? 

2. Do you believe that your research community has an influence on how well you need to 

understand the mathematical concepts you engage with? 

In the second phase of the interview, I informed the participants how I am framing 

mathematical understanding, specifically about the two components of understanding specified 

by Piaget (1964). Through doing this, participants were able to become coinvestigators during 

the stimulated recall. The following description of understanding was read to each participant: 

Thus far in the interviews, I have asked you a variety of questions about your level of 

understanding for particular mathematical concepts, and what influences it. I now want to 

give you a brief overview of how I am theorizing understanding for my research. I am 

thinking of two different components of understanding. The first is when an individual is 

able to act on the concept, meaning that they can modify, transform, or utilize it in other 

mathematical actions. The second is when an individual understands the underlying 
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process, construction, or make-up of how the concept functions or transforms. I believe 

that professional mathematicians can have one component of understanding without the 

other, and I’m primarily interested in when a mathematician has the first without the 

second. 

In addition to this description, I provided the participants with a personal example of where I 

believed I was functioning at a pseudo-object-level understanding, in order for them to better 

delineate the differences between these components of understanding. The example I shared was 

with the concept of inverse limits, which I described in Chapter 1 under my personal motivation 

for this research study. 

 The third phase of this interview consisted of the stimulated recall but began with asking 

the participants how well they remembered the mathematical tasks from the first interview. This 

allowed me to determine how much context I would need to provide for each participant before I 

showed them the clip(s) from the first interview. For each video clip, some context was provided, 

and then the clip was displayed by sharing my screen on Zoom. One or more questions were 

asked pertaining to each clip. This procedure was repeated for each of the three video clips. 

The final phase of the interview was used to ask a few final questions that I determined, 

from the preliminary analysis, were valuable to ask each participant. These questions were saved 

until after the stimulated recall because I determined it was important for them to have some 

knowledge of how I am framing mathematical understanding before answering them. Three 

sample questions from this final phase included:  

1. How would you describe your ability to assess your own understanding of a 

mathematical concept? How does this impact how you do mathematics, if at all? 
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2. When you first encounter a new mathematical concept, how do you typically proceed 

with using it and trying to understand it? Does it depend on the mathematical concept? 

3. What qualities of a mathematical definition impact how well you need to (or try to) 

understand it? 

After this phase of final questions, the participants were provided with an opportunity to share 

anything else they would like to that pertains to the general phenomena we discussed over the 

course of the three interviews. Each participant was then thanked for their time and commitment 

as a participant. Finally, each participant was informed about their connection to the research, 

now that the three interviews have been completed. In particular, each participant may be 

emailed to clarify on anything said during the interviews, and after the results had been formally 

written, they would be provided with an opportunity to read what was written and provide input, 

if they would like.  

Data Analysis 

 The sources of data for the data analysis are the three interview recordings, the interview 

transcripts, and the written work from the participants working through the tasks during the first 

interview. Three distinct forms of data analysis were used to answer the two research questions. 

For the data from the first interview, conceptual analysis (Thompson, 2008; see also Hackenberg 

& Tillema, 2009) was used to both assess their level of understanding of the mathematical 

concepts in the task and analyze their ways of operating with these concepts at their level of 

understanding. This type of analysis was primarily used to answer the first research question. 

The analysis was conducted and written while reading through the interview transcript 

chronologically. Hypotheses regarding how the participant was operating with a mathematical 

concept were made throughout the analysis. 
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If a participant demonstrated evidence of having mathematical understanding for a 

concept in line with how the levels of understanding were defined in Chapter 2, then an 

assessment of their level of understanding was provided, along with evidence for why that 

assessment was made. For example, if a participant had demonstrated evidence of understanding 

the underlying processes for a concept, but had not yet acted on the concept, then I concluded 

that the participant had at least a process-level understanding for that concept. This means that 

there was evidence of the participant actively reflecting upon the underlying actions constituting 

the processes without needing to perform the actions themselves. Evidence for understanding the 

underlying processes for the factorization property of IFS would include being able to not only 

apply the process of splitting a morphism into an epimorphism followed by a monomorphism, 

but also be able to actively reflect upon the factorization process as a complete entity without 

engaging in the factorization itself. 

If a participant demonstrated evidence of acting on a mathematical concept, then the 

corresponding action was identified. When a participant also demonstrated evidence of 

understanding the underlying processes for the concept, then I concluded that the participant had 

an object-level understanding of the concept. However, if a participant demonstrated evidence of 

having an underdeveloped process-level understanding, by improperly coordinating the 

processes that constitute the concept, then I concluded that the participant had a pseudo-object-

level understanding of the concept. In some cases, participants did not demonstrate sufficient 

evidence to confidently assess whether they understood the underlying processes. For these 

scenarios, conjectures on whether the participant had a pseudo-object-level understanding or an 

object-level understanding were sometimes made based on other factors or evidence. However, 

no certain assessment of their level of understanding was determined. Beyond assessing the 
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participants’ level of understanding, I explained how the participants were operating with the 

mathematical concepts in the tasks at these different levels of understanding. This included how 

participants did or did not utilize their understanding of the underlying processes to their 

advantage, as well as how participants were or were not able leverage pseudo-objects in 

completing the tasks. 

 To analyze the data from the second and third interviews, the primary form of analysis 

was a form of thematic analysis (Braun & Clarke, 2006). This thematic analysis was used to 

answer the second research, focusing on what influences professional mathematicians’ level of 

understanding for specific mathematical concepts. To construct the codebook for the thematic 

analysis, the final set of codes was created through multiple phases of coding (Saldana, 2009). 

These codes were used to develop themes capturing the various influences on mathematicians’ 

level of understanding.  

 For the first phase of coding, an initial list of codes was used based on the results from 

the second pilot study. The purpose of using these initial codes was to help guide the analysis. A 

full list of initial codes, along with the corresponding themes from the pilot study, can be seen in 

Table 3.1, which directly corresponds to the factors and influences discussed in the theoretical 

framework of Chapter 2. Additionally, any excerpt from a transcript that described an influence 

on one’s understanding but was not properly captured by any codes from the initial list was given 

a preliminary code. This preliminary coding utilized an open coding procedure (Corbin & 

Strauss, 2015), where codes were typically longer and more descriptive. After each interview 

transcript had been analyzed with the first phase of coding, the full set of codes was refined 

through a form of axial coding (Corbin & Strauss, 2015). This second round of codes was then 

applied to each interview transcript. A third and final round of coding was conducted, to ensure 
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that every excerpt could be properly coded. This final set of codes was then grouped into themes, 

along with supporting excerpts from the transcripts. A more comprehensive explanation of the 

coding procedure is provided in Chapter 4. 

Table 3.1 

Predetermined Codes (with Themes) for Influences on Participants’ Level of Understanding 

Corresponding Theme Name of Code 

Authority 
Reputable Journal 

Respected Individual 

External Pressures 

Time Constraints 

Community’s Values 

Resource Availability 

Academic Influences 

Field of Study 

Stage of Career 

Mathematical Use 

Intellectual Factors 

Mental Capacity 

Level of Abstraction 

Reasonability 

 

Note. The codes and themes in this table reflect those found in the second pilot study and are not 

representative of the codes or themes in the final thematic analysis. 

The third form of data analysis focused on any additional excerpts from the second and 

third interviews that helped better answer the first research question. This included data from the 

stimulated recall pertaining to how the participants worked with the concepts during the first 

interview. For this analysis, during the first round of coding of the thematic analysis, while 

reading through each of the transcripts from the second and third interviews, I identified any 
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excerpts that directly pertained to the first research question or helped support the data from the 

conceptual analysis. Any excerpts from the stimulated recall that supported the conceptual 

analysis were utilized to address any hypotheses that I made about the participants’ level of 

understanding or how they were operating with the concepts in the first interview. The other 

excerpts were organized into broad categories pertaining to how professional mathematicians 

work with and develop understanding for mathematical concepts that they encounter. These 

categories and excerpts included connections between mathematical understanding and proving 

(e.g., Weber et al., 2014), professional mathematicians’ metacognitive awareness (e.g., 

Lockwood et al., 2016), and example-related activity (e.g., Lynch & Lockwood, 2019).  
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Chapter 4: Results and Data Analysis 

 In this chapter, the results and data analysis are presented for each of the three interviews. 

At times, some preliminary discussion and conclusions are introduced, but a more detailed 

discussion and conclusion are covered in the following chapter. The analysis in this chapter is 

separated into four sections. The first section consists of an individual conceptual analysis for 

each participant’s first interview, aiming to begin answering the first research question. In the 

second section, the results from the stimulated recall that pertain to the first interview will be 

used to support and triangulate the data from the conceptual analyses. The third section consists 

of a thematic analysis which is used to address the second research question. Finally, the fourth 

section consists of some additional analysis that was conducted to support and supplement the 

findings from the two primary forms of analysis, the conceptual and thematic analyses. 

Conceptual Analysis for Interview 1 

 For each participant, conceptual analysis (Thompson, 2008) was conducted to analyze 

their level of understanding for the given mathematical concepts, as well as how they were 

operating with these concepts. This type of analysis is intended to address the first research 

question, which is provided below as a reminder to the reader. 

RQ1: In what ways do professional mathematicians operate with highly-abstract, 

advanced mathematical concepts at different levels of understanding? 

Whenever possible, a participant’s level of understanding (i.e., process, pseudo-object, or object) 

for a mathematical concept was assessed. Moreover, assessments and hypotheses were made 

about how the participants operated with these concepts, given their level of understanding of 

that concept. 

Caleb 
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Task 1. Caleb began working through the first task by considering the definitions of epic and 

monic. He stated, “A morphism is a monomorphism or monic, if for any other pair of morphisms 

g, h from C to A, and we got some cancellation there.” Hence, immediately after he saw the 

central process in the definition, namely that if fg = fh then g = h, he referenced it as just a 

cancellation property. Though he quickly moved past these definitions, this is already evidence 

that he had at least a process-level understanding of these two concepts. At this point, he had not 

acted on either concept but was able to represent the central process for the concept with the term 

“cancellation,” likely echoing cancellation he has seen in other areas of mathematics, such as the 

property shared by all integral domains. Whenever this symbolic property is present in subfields 

of algebra, it is frequently described as a kind of cancellation. For this reason, he had 

demonstrated he could reflect on the underlying process (a form of cancellation) behind these 

concepts as a complete entity without actually performing the action, implying he had at least a 

process-level understanding of them. Interestingly, he also mentioned that “I usually think about 

epics or monos as sort of surjective and injective. I mean it’s not always the case, obviously.” 

Surjective and injective are stronger properties for a morphism than epic and monic, and Caleb 

demonstrated he had more familiarity with these the properties of surjective and injective, which 

is unsurprising given how frequently we use those properties of functions. 

He continued by reading through the rest of the task, including the definition of image 

factorization system (IFS) and the problem statement. Afterwards, he began by applying the 

factorization property (FP) to both f and g in the commutative diagram, and indicated them as 

“the factorization of f and g.” By having applied FP to the morphisms f and g, and also having 

reflected on this process (splitting a morphism into a composition of an epic followed by a 

monic) as a form of “factorization,” this demonstrated he had at least a process-level 
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understanding of FP. This is a reasonable first step to the problem as it adds additional 

morphisms to the commutative diagram, possibly revealing how to construct a morphism from B 

to C. It is worth noting here that he used I and J for the intermediate factors, aligning with the 

statement of Property 4, even though these were factorizations of different morphisms (see 

Figure 4.1). In Property 4, I and J are used for the factors of two different factorizations of the 

same morphism. One suitable explanation for this symbolism is that he was just copying the 

notation used in Property 4, without attending to how I and J were used in IP. However, this 

could also indicate some conflation of the Isomorphism Property (IP) and FP. Either way, this 

notation could be adjusted later when needing to apply IP to the morphisms. It is at this instant 

that Caleb made his first comment regarding uncertainty about how he would get a morphism 

going from B to C, indicating that he may have expected the factorizations to have easily led him 

to construct h. 

Figure 4.1 

Image Factorization System Property 4 

 

Caleb proceeded to revisit the definitions, addressing his uncertainty about finding the 

desired map h. He continued by verbally describing that both the Composition Property (CP) and 

IP could be applied to the commutative diagram with the added factorizations, saying, “This 

composition here is an element of ℰ…That means I get a map going backwards from J to I.” He 
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did not actually apply the properties, but he reflected upon the outcome of applying both 

processes, requiring a coordination of the two processes. So, he demonstrated that he had at least 

a process-level understanding of both properties. Furthermore, while doing this, Caleb acted on 

both the epimorphism and monomorphism concepts with CP. Since he had already demonstrated 

that he had at least a process-level understanding of these two concepts, he shows that he had an 

object-level understanding of both. 

Due to the nature of this task, the only remaining major process-level component of IFS, 

namely the Isomorphism Inclusion Property (IIP), is not needed to solve the problem. 

Additionally, he did not utilize this property at any point during his solution. Hence, there is no 

certain way to directly analyze his level of understanding for this component of IFS. Even still, 

because this property has relatively simple underlying processes–set inclusion and an 

isomorphism being both epic and monic–it is highly likely that he would have had at least a 

process-level understanding of IIP as well. So, I conjecture that Caleb had at least a process-level 

understanding of IFS, and that he did not use IFS as a pseudo-object. 

It is worth noting that Caleb’s coordination of the IFS properties quickly allowed him to 

complete all the necessary steps to show the existence of h. However, he did not recognize this 

and could not find a composition of morphisms that would give him h. At this point in the task, a 

deeper understanding (object-level) of IFS would likely not contribute any further to solving the 

problem. Caleb had constructed all the necessary morphisms, and all that remained was to find 

the proper composition of morphisms to get a morphism from B to C. Finding a string of 

morphisms utilizes understanding of concepts and problem-solving heuristics that are disjoint 

from an understanding of IFS. It is almost a certainty that he had a sufficient understanding of all 

these other concepts and problem-solving heuristics, as they are more elementary. However, in 
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this instance he did not actively recall or coordinate them with the morphisms and diagram he 

was working on. 

 Caleb then changed approaches by converting the problem to a more familiar category or 

setting, namely one like R-modules, where there is an underlying set for each object. This is not a 

valid assumption for this problem, and Caleb acknowledged that one cannot necessarily make 

this assumption. However, I conjecture that he was unsure of how to connect his work at that 

point, so he went to a context where he had more power, more available mathematical actions to 

utilize. Despite demonstrating he had an object-level understanding of epimorphism and 

monomorphism, he still felt it was beneficial to work with surjections and injections. This 

demonstrated that the remaining barrier for Caleb completing the problem was composing and 

coordinating morphisms in the commutative diagram, and he would have had much more 

experience doing that in the case of set-based categories. 

As he stated at the beginning of the task, he often thinks about epimorphisms and 

monomorphisms as surjections and injections, and he ultimately ended up using standard 

diagrams chasing techniques that utilized properties of surjective and injective morphisms: 

Let’s pretend they’re sets and just see if we can do that in that case…So an epic in the 

category of modules is a surjective map. So, the idea is, if I want to go from B down to C, 

and the idea is, if I’m doing modules, then you take an element sort of in here [in B]. I 

guess we would call it b…So, I’d take a b, and I’d try and make its way down to C. So, 

I’d start with a b here, and say since e is epic, that means there’s something over here [in 

A], an a that maps to b. And then, as soon as I’ve got that, then I can push it down to f. 

Despite proceeding through this argument to its almost-completion, he was aware that this work 

would not directly translate to the general case. For instance, when checking that the map he 
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found with this method was well-defined, he mentioned, “So, the thing I think I’d do next would 

be to check that this would be a well-defined map, somehow. For an abstract category, I’d have 

to think hard about that.” He proceeded with the standard approach when the morphisms are set 

maps but acknowledged that he would need to “think harder” in the general case. 

 After using a standard diagram chase argument to verify well-definedness, he expressed 

concern that he never truly used Property 4 to find h, stating, “I’m not using the key ingredient 

here about the factorization. I haven’t really used this factorization at all yet. But, that probably 

comes in with the uniqueness.” He likely made this conjecture because IP is a type of uniqueness 

property, and often uniqueness properties will be used to show other uniqueness properties in 

category theory contexts. However, this is not the case with this problem, where IP is needed to 

show existence. To create an opportunity to apply IP in his verification of uniqueness, he began 

with a standard assumption that there were two morphisms h and h’, and then applied FP to both. 

Using these factorizations, he applied the cancellation property for epimorphisms to show h = h’. 

This verification was valid without any additional assumptions on the category. However, to 

check h is unique, you can just apply the cancellation property for epimorphisms with ℎ ∘ 𝑒 =

ℎ′ ∘ 𝑒, without using FP, further demonstrating his need to have used the components of Property 

4. However, following his proof, he acknowledged, “It’s a little disconcerting, cause I don’t 

think I used the facts here. I didn’t use any of the tools here to build this thing really.” This is 

because he never utilized IP in his solution, but only described how it could be applied to the 

commutative diagram. 

 He proceeded to take a very long pause to relook over his solution and the task statement. 

After this, Caleb stated, “I think this goes to show that Sets must have an image factorization 

system.” However, he actually proved that there was a unique map h for categories with 
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underlying sets. This could potentially bring into question whether Caleb did completely 

understand the underlying processes for an IFS. However, instead I suggest that he really meant 

that this problem was true for the category of Sets, and just had an inconsistency in his language 

use. Given the strong evidence from early in the interview that he has at least a process-level 

understanding of IFS, this seems to be a more consistent explanation. He concluded his attempt 

on this problem by considering the category of open sets of a topological space X, quickly 

determining that this is a trivial, uninteresting example. This only further shows that he was 

looking to more familiar contexts to give insight into what aspect of the problem he was missing. 

Finally, he concluded by stating, “It seems to me like you’d need some more hypotheses to make 

this problem work. I’m not sure that you can get a map from B to C, otherwise, unless there’s 

some kind of underlying set or some kind of other thing.” This concluding statement may also 

demonstrate that he likely believed he had sufficient understanding of the concepts to complete 

this problem, as he ultimately stated that the problem was not doable with the given resources. 

Task 2. Caleb progressed through the Definitions in Task 2 at a rapid pace, especially compared 

to the other five participants. Due to how he quickly gave positive verbal acknowledgement as 

soon as he encountered each part of the definition, it is likely that he believed he had a sufficient 

understanding of the concepts (i.e., their process-level components) to continue into the problem 

(even if he did not actually have a process-level understanding). For example, when reading 

through the definition of projection functors, he commented, “The comma category has two 

projection functors, namely F to ℬ and to 𝒞. Functor 𝑃ℬ is defined by, oh, so it’s just the 

projections.” Caleb was quickly able to identify that the projection functors were like any 

canonical projections from other contexts, demonstrating he likely had at least a process-level 

understanding for projection functors. Similar to how Caleb described the notion of cancellation 
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for epic and monic morphisms, he assimilated this concept with a broader notion of “projections” 

that he has seen in other contexts. 

The first concept that he spent significant time working through was natural 

transformation. It is worth noting that he received Task 2a, which did not have the definition 

provided for him, because at the beginning of the interview he stated that he knew what a natural 

transformation was. He said, “Every time I use one [natural transformation], I always like to look 

up the definition to make sure I get it right.” After making this remark, he proceeded to quickly 

construct the proper diagram without any help. This shows potential evidence that he understood 

some of the underlying processes for natural transformation, but he may have just been able to 

recall the pattern of morphisms in the commuting square without an understanding of the 

process-level components. After constructing the diagram, he mentioned that “a natural 

transformation takes, and basically is that diagram.” Caleb almost certainly knows that a natural 

transformation is not just a diagram and represents some kind of transformation of similar 

structures. It consists of a (typically infinite) collection of diagrams, where each diagram is 

associated to a specific morphism from the domain category of the functors. Even still, this is 

glancing over various other components of the concept, including the deep relationship that is 

encoded in each commuting square. Despite all of this, Caleb associated a natural transformation 

to one diagram. This is potential evidence that he had an underdeveloped process-level 

understanding of natural transformation, conflating the commuting square property to one 

diagram. Whether or not this was the case, this indicated that he viewed the diagram as what was 

important to utilize in the context of this problem. 

From this point, he very quickly progressed through the rest of the solution. Caleb 

acknowledged, “I want to define a functor eta hat, from 𝒞 to F down G. And there’s probably 
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only one thing to do, as is often the case of categories.” Here he is beginning to bring in prior 

understanding of category theory heuristics into this task, in particular, when verifying 

statements in category theory, you typically need to follow the canonical choices at each step. I 

conjecture that an understanding of these heuristics could allow for a pseudo-object-level 

understanding of comma category to be sufficient for Caleb to successfully complete the 

problem. 

While constructing the corresponding functor, he first defined where objects go. While 

doing this, he repeatedly referred back to the definition of the comma category, giving further 

evidence that he had likely not fully interiorized the underlying processes for this concept yet, 

but could still act on them in the context of this problem and commutative diagram. When 

determining the morphism in the triple (each object is a triple where the third component is a 

morphism), he mentioned, “So where am I going to get a morphism between their images? Well, 

that’s just this here. Only one thing it could possibly be, it’s going to be eta_C.” In category 

theory, there is usually only one standard choice for what must work, and he just picked that one 

without any explanation as to why, further supporting his deep understanding of category theory 

heuristics. 

Interestingly, for the first two elements in the triple, he picked C and C, rather than C and 

C’. I suspect that he may have recognized that in the commutative diagram, the diagonal functor 

from 𝒞 to 𝒞 × 𝒞 would have to map C to (C, C), so the diagram would not commute without 

these choices for the triple (see Figure 4.2) Instead, he may have been using intuition from 

category theory heuristics, such as how functors often map objects (and morphisms) to the 

canonical candidate. Similarly, when determining where the morphisms go, he stated, “I need to 

give you a pair of morphisms in 𝒞…so this is just the map. Well, there’s only one thing to 
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do…This is just the map f comma f, I guess.” To verify that this pair of morphisms is actually a 

morphism in the comma category, he checked that the composition property was verified. Caleb 

remarked, “So I want G of f composed with eta_A should be eta_B composed with F of f, which 

is exactly what this commutative diagram [for a natural transformation] is saying right here, I 

believe. So, that’s the functor.” He showed that the two commuting squares were the same in 

terms of the relevant structure, and he was able to match the relevant information between each 

of them. 

Figure 4.2 

Problem Statement for Comma Category Task 

 

The end of Caleb’s solution was just verifying the remaining little pieces, such as 

checking if it was indeed a functor, that the final diagram commuted, and that you could reverse 

the whole process. These steps are highly routine for this kind of mathematics, and he checked 

most of them quickly with a typical amount of hand-waving. For instance, to verify that the 

functor preserved identity morphisms, he said, “This will just be the identity, (A, A, eta_A). 

Right, I mean you could check it, but that’ll go through.” Additionally, instead of explicitly 

verifying that the whole process could be reversed, he stated “Basically, that’s just reworking all 

this again backwards,” to claim that if you took a functor, you could get a natural transformation 

with the inverse solution. This kind of reasoning further exhibited his solid understanding of 
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category theory heuristics. He did, however, still give a concise but detailed explanation of how 

that process would go afterwards: 

Okay, suppose we have eta hat that makes this diagram commute, then what could I do 

on objects? Well, if it’s going to commute with this, then it has to send C to C comma C, 

and then something…It’s going to be some function. Right, some function between F(B) 

and, sorry F(C) and G(C). Right, so there’s a morphism. Then on morphisms, it’s got to 

do the same thing…But then if it’s going to commute with these two projections, then the 

image of that by eta F, it’s going to be something like alpha, beta. If it’s going to 

commute with these two projections, then those have, in fact, be f and f’. And then we 

say, well then what’s eta?... I’ll just call it eta_C, just because. And then you just say, 

well whatever that eta_C is, by this definition here, as soon as you write it down, that’s 

exactly the definition of a natural transformation. And so, that’s the other direction. 

This detailed explanation provides even further evidence of his understanding of category theory 

heuristics, that he could quickly reverse all the steps. Nevertheless, this could reveal some initial 

evidence that his level of understanding for the underlying processes of comma category had 

increased while working through the task. 

Overall, throughout this second task, there seemed to be somewhat strong evidence that 

his prior understanding of certain category theory heuristics was sufficient for him to work 

through the task. This is supported by his claim after the task, where he acknowledged that this 

type of problem “was more like I’m used to.” Furthermore, he may have treated the comma 

category as a pseudo-object while working through the problem, since he had not shown any 

noticeable evidence of actively reflecting upon the underlying processes for the concept. 

However, further evidence regarding his understanding of the process-level components would 
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be necessary to make this conclusion. Moreover, he solved this problem, but not the problem in 

the first task, even though he demonstrated more evidence of understanding the underlying 

processes for an IFS than he did for a comma category. This could be due to the types of 

problems that were given with each task, but nevertheless supports the idea that a pseudo-object-

level understanding can be sufficient for completing certain types of mathematical problems. 

Joe 

Task 1. First, it is important to mention that due to the nature of the first interview with Joe, it is 

more difficult to make informed claims about his mathematical ways of operating. Throughout 

the interview, he rarely shared his thoughts, even after many instances of prompting for more 

verbal explanation. Unlike every other participant, he did not share his work via screen share on 

Zoom but worked through the problem on the whiteboard in his office. Moreover, he only wrote 

out his work on the board for a small portion of the first task. 

 During this first task, Joe began by quietly talking to himself about the definitions in the 

problem, but quickly proceeded to think in silence for a considerable amount of time. After a few 

minutes passed, I prompted him to explain what he was thinking. He replied, “Right now I’m 

just looking at the diagram [in the problem statement]. Just checking out the bottom is an 

injection and making sure where the arrows go, and trying to apply (4). I just have to apply (4) 

somehow.” At this point, Joe seemed to believe that applying Property 4 (see Figure 4.1) was the 

central ingredient to solving this problem, and that once this property was used in the correct 

way, the problem would be solved. This property does capture much of the underlying processes 

for an IFS, and part of the property is described through a commutative diagram. Because the 

problem is asking to find a unique morphism making another diagram commute, it is reasonable 

to assume the diagram in Property 4 would be most critical to the solution. 
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 However, after another period of silence, I prompted him once again to explain his 

thinking. He immediately provided a similar comment, stating, “I have to get an epic followed by 

a monic together at the same time to apply (4). So, that’s all I’m thinking about.” Not only did 

this provide further evidence of his approach to the problem, but it provided evidence of his level 

of understanding about an IFS. As discussed above, Property 4 consists of two main components, 

namely FP and IP. For FP, this provides a factorization of a morphism into an epic followed by a 

monic. For IP, you need two such factorizations, leading to an isomorphism between the middle 

factors. This means, finding an epic followed by a monic is not sufficient to apply any 

component of Property 4, demonstrating an underdeveloped process-level understanding of IFS. 

More specifically, I conjecture that by this point in the task, Joe was conflating Property 4 to 

only include IP, meaning that he felt he had to create instances of epics and monics in order to 

apply Property 4, rather than use FP to create a factorization with them. Despite this, he 

attempted to apply Property 4 in the problem, demonstrating strong evidence that he likely was 

using IFS (at least Property 4) as a pseudo-object, whether or not he was cognizant of 

misunderstanding the properties. It is also possible that by stating he needed an epic followed by 

monic, he really meant that he needed to find two such factorizations; however, this seems 

unlikely. 

 The next time he spoke, he started treating the objects and morphisms in the diagram as if 

they were ordinary sets and functions (or algebraic structures). For instance, he suggested the 

following approach: 

I mean [the morphism from] C is injective and the diagram commutes…So the image one 

way has to be the image the other way. So, the image of B is the image of C, which is C. 
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So, you could take the whole diagram, it looks like, and make D equal to C, if you just 

restrict to the image of g, which is the image of m. So, I would write a new diagram. 

This type of argument closely mimics arguments used in (algebraic) diagram chasing. For 

example, Joe provided a brief argument that you could “make D equal to C,” which really means 

that by identifying C with the image of m, because m is injective, you have that C is isomorphic 

to the image of g inside D. This type of ‘incorrect’ language and notation for equality versus 

isomorphism is commonplace in subfields of algebra. I suggest that he took such an approach to 

the problem due to his initial lack of success in being able to apply Property 4 to the commuting 

square in the problem statement. Hence, by shifting into a context where he had much greater 

familiarity, it gave him more tools (mathematical actions) to find an epic followed by a monic. 

Ultimately, Joe’s underdeveloped process-level understanding of IFS likely led him to resort to 

such methods, even though he openly acknowledged that these methods were invalid. 

 His solution to the first task continued to utilize this approach. He specifically mentioned 

that: 

And, so this map h you want is basically first do g, then do m inverse. And again, I’m 

going to have to fix that because there’s really not an inverse. You just have to use the 

fact that you have a monomorphism, but I won’t let that stop me. I will just fix it later. 

He even suggested the possibility of utilizing the Third Isomorphism Theorem, despite there 

being no presence of any quotient structure. He eventually returned to a similar comment from 

earlier, namely, “How do I get an epic? How do I make a map injective?... I’d have to tink 

around with it for a while and try to figure out how to get an epic followed by a monic right 

together.” This is further evidence that he still had an underdeveloped process-level 

understanding of Property 4, where he was not acknowledging the existence of FP. These various 
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attempts at applying more algebraic-like methods were being used to hopefully accomplish what 

FP would have mostly provided. 

 After another long pause, Joe decided to force the diagram to have an epic followed by a 

monic in two places, in order that he could use IP. Specifically, he commented, “I’d just replace 

this [B] by B mod the kernel of g, kernel of e.” Despite the fact that he incorrectly changed it to B 

mod the kernel of e, which is not a valid quotient structure, by doing this along with replacing C 

with the image of f, he was now in a situation where he could apply IP. He correctly applied IP to 

his updated diagram, stating that, “Now you have an epic then a monic, and an epic then a 

monic. And so, right, there’s some map, I think, theta here.” This provides some evidence that 

Joe had at least a process-level understanding of IP because in addition to applying the property, 

he also frequently reflected on how having and epic followed by a monic was central to the 

property. As stated above, I believe that during the interview he conflated Property 4 to be just 

IP, which is why he frequently commented that he needed to use Property 4 by finding an epic 

followed by a monic. Whether this conflation was due to simply overlooking FP in the definition 

or not, Joe’s reasoning highlights the importance of having developed an understanding of 

specific process-level components for certain problems. His underdeveloped process-level 

understanding of IFS culminated in a choice to morph the problem into a more familiar context 

where symbol-pushing (pseudo-objectification) was more comfortable for achieving his goal of 

applying IP by finding a pair of epics followed by monics. By doing this, it is likely he believed 

that he could have translated his solution into one for a general category. Joe’s attempt at the first 

task ended shortly after this, unsuccessfully determining how to utilize the morphism θ that he 

had created with IP. 
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Task 2. Similar to the first task, Joe did not actively share his thoughts and reasoning while 

working through this task. Moreover, the only things he wrote down were the two diagrams 

given to him in the task, even after being encouraged to write down some of what he was 

thinking. This added an additional challenge to analyzing his ways of reasoning and operating. 

He also was open about the fact that he was inexperienced with any category theory during this 

task, other than specific cases, like chain complexes. 

 To begin the task, he started reading through the definition of natural transformation. 

However, he then immediately made the comment that he “would just skip to the diagram at the 

bottom.” There is no distinct evidence that he actually just skipped to the diagram for a natural 

transformation; however, this already provided initial evidence that his understanding of a 

natural transformation was closely tied to the commuting square in the definition. Following this, 

he spent a short amount of time thinking through part of the definitions for natural 

transformation and comma category. During this, he questioned the notation of F(B) and G(C) 

that is used in the definition of comma category. This is standard functor notation, demonstrating 

that he potentially came into the interview with an underdeveloped understanding (or at least 

familiarity) with some of the underlying concepts (like functor) used in the definitions of natural 

transformation and comma category. 

 Following this, Joe spent a long period of time thinking about the task without speaking. 

When I asked him to explain what he was thinking, he mentioned, 

Okay, now I kind of looked at the definition [of comma category]. And, the morphisms 

feel kind of like some kind of change of basis thing, or something like that. And, then I 

was just trying to decode what a projection functor is. 
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These remarks, along with taking a long time to think in silence, are evidence that he was 

attempting to understand some of the process-level components of comma category and the 

subsequent concepts (projection functor and diagonal functor) before proceeding with the actual 

problem. More specific to his “change of basis” comment, every morphism (𝛼, 𝛽) in the comma 

category satisfies the property that 𝐺(β) ∘ 𝑓 = 𝑓′ ∘ 𝐹(α). Though distinct in many ways, this 

symbolically aligns with the change of basis formula for matrices, 𝑃𝐴 = 𝐵𝑃, and both represent 

a transformation of structure. Additionally, when applying the functors F and G to the 

morphisms in the above property, the images are now in a new category. Thus, it is possible that 

he was acknowledging such similarities when making this “change of basis” comment. In terms 

of projection functors, he quickly deduced that projection functors were “simple” and represent 

“collapsing.” Being able to describe and reflect upon the underlying process in a projection 

functor as a notion of collapsing used in many other contexts provided evidence that he likely 

had at least a process-level understanding of projection functors. This was also true for the 

diagonal functor. 

 He eventually shifted to working on the board, but only wrote down the two diagrams 

from the problem statement. Afterwards, he stated that, “I’m just trying to get the definitions to 

line up…So, I’m trying to get a triple. Okay, so I have to get a triple.” By mentioning that he 

wanted to “get the definitions to line up,” Joe demonstrated a goal of just matching up certain 

components of the definitions for natural transformation and comma category until the solution 

falls out. There was no concrete evidence of him acting on either of the two definitions since he 

did not write anything down or communicate much of his thinking. However, such behavior is 

evident of a pseudo-object-level understanding of these concepts, since there is a desire to just 

match up the relevant figurative material without needing to attend to the underlying processes. 
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Moreover, if he was able to find a suitable triple (object in the comma category), then he could 

potentially match the commuting squares in the two definitions. By stating that he needed to “get 

a triple,” he meant that by finding an object in the comma category that lines up with certain 

structure of a natural transformation, that would be a suitable candidate for the image of an 

object under the desired functor. 

 This type of approach to the problem continued until the end of the interview. The 

interview time was almost up, so I asked him to explain in more detail what his current goal was. 

He explained that, 

But, you have to line things up. And there are lots of renamed things, C’s and X’s and Y’s 

and stuff…So, that’s all I was trying to do, is just line up the two definitions…And, I was 

just trying to get everything lined up. But, that’s what I was trying to do. It looks like it’s 

probably moderately easy if you just rename things so everything looks the same. And 

then you just plug it in. 

I acknowledge that it is possible that someone could have an object-level understanding of both 

comma category and natural transformation, and still primarily solve the problem by lining up 

the two definitions. However, there is no strong evidence that Joe ever demonstrated a process-

level understanding during the interview. Following this long remark by Joe, I asked him to 

explain why he thought lining up the definitions “would be worth doing here.” His response was 

telling of his viewpoint and approach to general category theory, which helps explain why he 

approached the problem the way he did. 

Because what I think of category theory,...most everything just follows trivially if you 

just name things correctly and then just follow through…It’s like I said, general 
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nonsense. It’s just a bunch of notation in set theory, and you just need to have everything 

set up just right, and then it will fall out. 

This provided relatively strong evidence that he believes that category theory follows this pattern 

that you can just do the standard approach (only option) and it must work. Therefore, a pseudo-

object-level understanding is likely sufficient to work with these concepts in this kind of way. 

Carolyn 

Task 1. Carolyn utilized a different method to display her work over Zoom. She communicated 

that she prefers to work through math problems via LaTeX, so she chose to use this medium for 

working on the tasks. Though this is a perfectly valid method to work through mathematics, 

because this was a timed interview, and the concepts involved commutative diagrams, this 

contributed to her progressing more slowly through the tasks. Moreover, she mentioned that she 

was feeling under the weather and had a headache, which also influenced the data. 

 Her progress through the first task began slowly due to her situating the LaTeX document 

in a way that would be beneficial for working through the problem. When she read through 

Property 4, she acknowledged that using IP would be central to the solution, stating, “Okay, so 

this is theta, that’s what we want to construct in the diagram that we’re looking at. And so, I want 

to factor.” Whether or not, at this point, Carolyn believed that theta would be the same as h, is 

uncertain. However, she determined that applying FP would be the essential first step, so she 

spent some time reflecting on the processes underlying FP. This led to her commenting: 

Okay, so I want to factor either e or f. Okay, so if that’s already epic, then the 

factorization of A means that the monic part is trivial. But, maybe I should try to factor B 

so that I can get; hang on a second. Maybe I should try to factor g. I’m just going to try 

and factor g. 
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From this, she has demonstrated that she had at least a process-level understanding of FP because 

she was able to reflect on the underlying process of FP for the case of an epimorphism without 

performing the factorization. She identified that the factorization would have a trivial “monic 

part” since the morphism is already epic. Furthermore, Carolyn acted on the concept of 

epimorphism with FP, but further insight is necessary to conclude whether she had either a 

pseudo-object-level or object level understanding of the concept (and similarly monomorphism). 

 After this, Carolyn revisited the definitions and problem statement, which led her to 

conclude that she should “try to factor f as well.” Now both f and g were factored, but she 

questioned how she would get a map from B to C. As before, when she was unsure how to 

continue, she returned to the definitions, acknowledging that she had not used the definition of 

epimorphism (and monomorphism). She stated that, “I’ve just got to translate it into notation for 

the diagram,” referring to the definition of epimorphism (and monomorphism). This meant that 

she wanted to find a suitable candidate in the diagram to apply the cancellation property of an 

epimorphism, by looking for an instance where “g composed with f equals h composed with f.” 

By wanting to fit the notation for one definition into another context, it is entirely possible that 

Carolyn was trying to use epimorphism without any attending to the underlying processes. This 

could be linked to using the concept as a pseudo-object, but there was no evidence regarding 

whether she had a process-level understanding of the concept. 

 To continue the problem, she claimed, “I haven’t used the monic property of m, as of yet, 

but let’s see if I can prove the whole thing using only the epic property of e.” In order to pursue 

this conjecture, she updated her notation in the diagrams for her factorizations. Then she made 

another similar conjecture, “Okay, so I claim that I can solve it if I use the factorization of the 

outside diagram, factorization of f and g, and the epic property of e…That’s my claim.” After a 
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bit more work, she updated her conjecture to include, “I guess I have to use the fact that m is 

monic as well.” It appeared that her strategy for this problem entailed reflecting on a seemingly 

relevant component of the definitions, and then trying to apply it until she could not progress any 

further. She then repeated this strategy as needed. It may have been due to the interview setting, 

where she felt she would have needed to use every component of the definition in the problem, 

but this led her to seemingly try and force an instance where she could have applied the 

definition of epic. This problem-solving strategy was exhibited one last time when she realized 

that she had not directly used the commuting square, 

I guess I’m just getting a little bit confused about how to use the epic and monic 

properties to construct h. But, I haven’t used commuting of the outside diagram, and I 

guess that’s a major thing I haven’t made use of yet. So, let me just write it in a slightly 

different way. 

 In the end, it was her problem-solving choices that led to her repeated confusion 

throughout the task. More specifically, her level of certainty that FP, the definitions of 

epimorphism and monomorphism, and the commuting square were sufficient to show the 

existence of h contributed to her never focusing on IP, which was necessary for showing the 

existence of h. The remaining time she spent on the problem was dedicated to fixing a mistake in 

her notation, but no additional progress was made. Immediately after the thirty minutes had 

expired, she expressed some frustration due to this having been a “graduate student level 

question.” This provides some insight into how she may have had experience with similarly 

styled problems in the past, which could have influenced her overall approach to working 

through the problem. 
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Task 2. To begin the second task, Carolyn conducted an initial scan through each part of the 

task. She made multiple remarks regarding how she had a slight headache, so she might be slow 

while working through the task. Due to this, she spent a majority of her time on the task sharing 

her thoughts, rather than directly working with the concepts on paper. Next, she read through the 

task in more depth, and she concluded that, “I want to construct a comma category…Okay, so 

using the natural transformation, then I can construct the comma category, as all objects triples.” 

It is likely that she wanted to construct what the triples in the comma category would be under 

the image of the functor, rather than actually construct the comma category. The problem asked 

to construct a functor, not a comma category, and her comment regarding the objects being 

triples indicated that this is likely her thought process. 

 After revisiting the definitions another time, she expressed that, “Oh I see. Okay, so yeah. 

This is sort of just a translation of language. I mean I see it. I’m not sure if I’m gonna be able to 

write the same thing.” Moments later, she expanded on this remark by saying: 

For the natural transformation you’ve just got to map between objects, and the comma 

category…This is just kind of a relabeling of properties of the definition using the 

product thing as an auxiliary…So the commutativity [of the diagram] is just because, 

yeah, this is now just a formality because on the one hand you’ve got the diagonal map. 

So, the diagonal map from 𝒞 to 𝒞 cross 𝒞…This is the same as mapping objects in 𝒞 to 

triples in the comma category and then using the projection maps. 

At this point, Carolyn had not written down anything other than copying the definitions; 

however, she correctly indicated the overarching structure behind the problem. More 

specifically, I inferred this to mean that she assimilated common structures from both a natural 

transformation and a comma category. The common structure she was likely referring to is the 
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commutating squares that certain morphisms satisfy from each concept. She also stated that 

commutativity of the diagram (see Figure 4.2) was “just a formality.” I conjecture that she was 

referencing how the diagonal functor and projection functors were the canonical functors needed 

to make a commutative diagram once the functor η was constructed. To elaborate, the functor η 

maps an object C to the triple (C, C, 𝜂𝐶). The ‘meaningful’ aspect of the problem is determining 

this functor. However, determining that there is a commutative diagram by projecting this triple 

to (C, C) or by initially taking the diagonal map is nothing more than “formality.” Ultimately, 

this type of explanation demonstrated that Carolyn came in with an understanding and intuition 

of certain category theory heuristics, which were pivotal to her identifying the high-level ideas in 

this problem. 

 After giving this explanation, Carolyn indicated that she wanted to stop working due to 

her headache. I agreed to end the interview, but asked if she could first provide a more detailed 

explanation of how she was thinking about the problem, as well as how she would have 

proceeded. Her explanation further supported my prior conjecture. 

I see these morphisms between the objects in the natural transformation as kind of being 

rewritten into the definition of the comma category. Namely that they show up as, right, 

this map f is now exactly the maps you see in the natural transformation. So, it’s just 

really, I mean I just sort of see it as a relabeling of the properties where this 

transformation here between the objects is now relabeled into these triples f. Uh, sorry, 

the last element in the triple, f. And so, to prove the commutativity…so this map delta is 

just obvious. It’s just the definition of the diagonal functor…Okay, so 𝒞 and the comma 

category, they’re just categories, so we can define a functor between them. And that 

would map objects to objects. So, the objects here map to a triple, but the natural 
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transformation has got this map between objects. And so that is kind of, it’s just like a 

transport of structure. And then this gets you back to two copies of the category because 

the objects in the comma category have got two objects from the original categories, as 

well as a map between them. And so, this is why we project. You project one of those 

objects in the triple for the comma category onto one copy of C, and the other one onto 

the other copy of C. 

In this longer explanation, Carolyn verified that she was seeing the strong structural similarity 

between the commuting square and the morphism composition property for objects in the comma 

category. Moreover, this property was not specified as a commuting square (diagrammatically), 

but rather symbolically as a composition of morphisms, so she understood that such a 

composition of morphisms indicated a commuting square. She additionally verified why the 

commutative diagram had to be constructed the way it was, with the projection functors and 

diagonal functor. 

 These comments by Carolyn provided evidence that she had prior knowledge of category 

theory heuristics, which aided her in holistically identifying a solution. This could additionally 

indicate that she had at least a process-level understanding of comma category, because she was 

able to reflect on various process-level components of the concept and relate them to similar 

structures in natural transformation. However, it is also possible that she was just treating these 

concepts as pseudo-objects and was able to recognize the strong symbolic and diagrammatic 

similarities between the concepts without a developed process-level understanding of either 

concept. Comments such as “a relabeling of the properties” do give some support towards this 

viewpoint of just purely matching up properties that look similar. If this were true, then her prior 

knowledge of certain category theory heuristics, along with the problem stating “show that a 
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natural transformation is the same as a functor,” could have successfully led her to determine a 

detailed overview of the solution. Ultimately, further evidence of her understanding of the 

underlying processes for comma category and natural transformation would be required to make 

a more certain assessment. 

Fritz 

Task 1. Fritz began working through the task by reading through the definitions and problem 

statement quietly. He occasionally mumbled different aspects of what he was reading, such as, 

“Every one from A to B can be factored,” demonstrating that he was reflecting on properties for 

an IFS. Furthermore, he wrote out a factorization for both f and g in function composition 

notation, rather than using a diagram.. At this point I reminded him to make sure he was 

explaining his thinking while working. He clarified what he had been processing through by 

stating: 

The first thing I was doing was just writing down what, I’m remembering what 

commutative diagram means. So, the composition of the g and the e should be the same 

thing as the m and f. To get from A to B to D should be the same thing as going from A to 

C to D. And, then I was using the fact that I’ve got morphisms from A to C and B to D 

and using the image factorization property above to try to rewrite those in terms of a 

monic morphism and an epic. 

This remark is relevant for multiple reasons. First of all, this demonstrated some preliminary 

evidence that Fritz had at least a process-level understanding of FP because he was starting to 

reflect on the factorization process as a complete entity. However, at this point, it is difficult to 

conclude this with certainty because he had just written out two separate factorizations with 

function composition notation, and he may have been relying on this external stimuli for 
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describing the process. Second, he described that he was trying to “remember what commutative 

diagram means.” Because Fritz is an algebraist, it would have been expected that this was a 

concept he was overly familiar with. However, because he felt he needed to walk back through 

the underlying composition process that occurs in a commutative diagram, this provided 

evidence that he was less experienced with commutative-diagram-based algebra problems. 

 Following this, Fritz continued to use his factorizations of f and g to rewrite the 

commutativity of the diagram as (m2 ∘ 𝑒2) ∘ 𝑒 = 𝑚 ∘ (m1 ∘ e1). He also rearranged the 

parentheses in this composition equation to have the epimorphisms together and the 

monomorphisms together. These are useful identifications to make towards solving the problem, 

but he did not utilize them any further at this point. This also demonstrated that he acted on FP 

through function composition, specifically composing the symbolic representations of the 

factorizations with other morphisms (and then using the associative property). This means that he 

likely had an object-level understanding of FP because he had also shown some evidence of 

understanding the underlying processes for the concept. 

Next, he attempted to figure out which part of the definition he was not using to his 

advantage. One comment he made was, “Now as far as the uniqueness part, I’m assuming I’m 

going to use the uniqueness of the factorization of these things above, in the definition for the 

image factorization theorem [system].” This is a reasonable assumption, as uniqueness properties 

are often used to prove other uniqueness properties. However, after some further struggling and 

revisiting the definitions, he actually determined that IP would be beneficial to utilize. He 

commented, “I now have two factorizations of the same function, so if I go to my commutative 

diagram part, I know that I have an isomorphism for the things in the middle.” This demonstrated 

some preliminary evidence that he had least a process-level understanding of IP, because he 
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began to reflect on the underlying processes. However, he tried to apply IP to the original 

commuting square (which is invalid), rather than coordinating this property with how he used 

FP. This could demonstrate some counterevidence to Fritz understanding the underlying 

processes of IP because he did not appear to recognize that an isomorphism only exists when the 

factorizations are compositions of an epimorphism followed by a monomorphism. He actually 

labeled the isomorphism h from B to C with B = I and C = J, likely hoping that this step would 

lead to the existence of h. Nevertheless, I conjecture that he applied IP this way because he had 

written out all the diagrammatic information using morphism composition equations, rather than 

representing them in a commutative diagram. This made it more challenging for him to 

coordinate the various processes of IFS in the context of this problem. For this reason, I 

hypothesize that Fritz did have at least a process-level understanding of IP. 

 Fritz realized that this application of IP was invalid, so he revisited his factorizations of f 

and g. In particular, he wrote out each of the individual factorization maps with function 

notation, rather than using a diagram (see Figure 4.3). However, despite now having all the 

relevant information for the problem written out in function notation, Fritz was initially unable to 

coordinate FP, CP, and IP in a way where he could construct an isomorphism between suitable 

factors. For example, after writing out the factorization maps with function notation, he 

remarked: 

I’m thinking about this wrong. That’s what I’m doing. I’m trying to make it too 

complicated. I’m just factoring it into two pieces…Oh, I can think of this as going into 

the same thing. That’s my problem. I can think about f and g having the same 

intermediate spot from A to B. No wait, f and g are different things. I don’t know. 
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I conjecture, because he was comparing intermediate factors for f and g, that he wanted to apply 

IP to get an isomorphism between these factors. This is the correct step to take; however, you 

must also be able to recognize that these are the intermediate factors for a factorization from A to 

D, otherwise, they seemingly do not satisfy the conditions for being intermediate factors. This 

likely led to Fritz’ confusion in coordinating these processes. 

Figure 4.3 

Fritz’s Factorization Maps for Task 1 

 

Fritz then reflected back on his earlier identification that 𝑚2 ∘ (𝑒2 ∘ 𝑒) = (𝑚 ∘ 𝑚1) ∘ 𝑒1 

by stating, “So I’ve got two factorizations of the same function…So, I know that you get an 

isomorphism from the thing in the middle. What’s the thing in the middle?” He verified that the 

source of his confusion was that he was misidentifying what the “middle” object was, namely the 

codomain of the epic and domain of the monic. He began to try answering his question by 

translating the work he had done into commutative diagrams. This allowed him to successfully 

apply IP to construct an isomorphism θ. However, he still did not combine the information into 

one commutative diagram that captured all the relevant morphisms, but rather resorted back to 

reasoning with θ via function notation. 

It appeared that Fritz was more comfortable working with function notation rather than 

commutative diagrams. This is further supported by his earlier comment that he was trying to 

remember “what commutative diagram means.” His reasoning with function notation provided 
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strong evidence that he had at least a process-level understanding (sometimes object-level) of the 

various components of IFS; however, it was difficult for him to coordinate these processes in the 

context of the problem. Once he began representing the information with commutative diagrams, 

he was able to coordinate FP, CP, and IP to construct the isomorphism θ. Nevertheless, because 

he did not represent this information in the commuting square from the problem, he then 

struggled to construct a suitable candidate for the morphism h. He did, however, acknowledge 

that he felt he was approaching the problem correctly, “I feel like I’m where I need to be. I just 

can’t get the pieces to go together where they need to go…I’m just not getting the connection 

that I need to get from one to the other.” 

Fritz’ attempt at the task demonstrates the power that commutative diagrams provide for 

solving certain kinds of problems, such as constructing a morphism between two objects (i.e., 

finding a visual path). Moreover, having at least a process-level understanding of the underlying 

components of IFS is insufficient for completing this problem. An IFS allows for the 

construction of certain maps, but they need to be coordinated with tools disjointed from the IFS 

concept. Furthermore, it is possible that a pseudo-object-level understanding is good enough for 

solving this problem. Commutative diagrams can represent a lot of structure in a convenient 

visual representation, which could make-up for an underdeveloped process-level understanding 

of certain concepts. 

Task 2. Fritz began the second task with a lot of processing through the definitions and problem 

statement. He was bouncing between different components of the problem, demonstrating that he 

was reflecting on the underlying processes for the concepts, as well as developing a sense of how 

to approach a solution, prior to writing anything down. For instance, when reading through the 

definition of natural transformation, he commented, “For every object there is a morphism…and 
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for every morphism, you apply the functor to the morphism and then the transformation. Or you 

apply the transformation and then the, okay.” This is evidence that he was trying to develop an 

understanding of the process-level components of natural transformation. 

I eventually asked him to further elaborate on how he was trying to proceed through the 

problem. He provided the following response: 

I’m trying to get a handle on how I’m supposed to connect this natural transformation to 

the functor that I’m interested in…Just trying to get a handle on that, as best I can. So, 

going back through and trying to decide how I would show that it’s the same. Which if I 

was thinking about it in terms of functions…when I put the same inputs, I get the same 

exact outputs to make sure the functions themselves would be identical…So, I just have 

been trying to read back through the definitions again and make sure that I understand 

what they’re trying to tell me, to see if that’s going to help me figure out where I need to 

go. And, I keep going back to the comma category idea, to see if I truly understand what 

it’s telling me. Because I feel like there’s almost a commutative diagram relationship at 

the end of that definition with the composition of the functors there. 

This excerpt highlights that Fritz was trying to extract structural similarities between a natural 

transformation and a functor from the category C to the comma category, particularly how they 

could be “the same.” He drew on an analogy of determining if two functions are equal, likely 

seeing both a natural transformation and a functor as a transport of structure, even if they are 

technically not functions. One structural similarity that he identified was that the composition 

property, namely 𝐺(β) ∘ 𝑓 = 𝑓′ ∘ 𝐹(α), was “almost a commutative diagram relationship,” 

similar to that of a natural transformation. In comparison with the first task, where he had to 

rework through the concept of a commutative diagram, he was now able to (almost) identify a 
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commutative diagram from its function notation. This demonstrated that his level of 

understanding and familiarity with commutative diagrams had improved over the course of the 

interview. Shortly after this longer response, he interjected, “Now I see where the comma 

category part was coming in with the commutative diagram. Because now I’m seeing where I’ve 

got the composition part here.” Here Fritz stated he now could see where the comma category 

composition related to the commutative diagram for a natural transformation. 

 As Fritz continued, he commented on how he now understood why the diagonal functor 

was appearing in the commutative diagram. He said, “Now at least I know where the diagonal 

piece is coming in now, since I’m talking about two things from the same category.” Because a 

comma category has objects as triples, where the first two entries are objects in 𝒞, in order for 

the diagram to commute, the category 𝒞 needs to map to something where there is at least an 

ordered pair of objects in 𝒞. The diagonal functor does this in the most canonical way. 

Furthermore, Fritz then questioned, “n [η] bar takes objects in 𝒞 to objects that look like this [(C, 

C’, f)]. n bar of C is going to look like what? A triple. Oh, is it just going to map to this triple 

[(C, C, _)]? What f though?” In attempting to define how the functor η behaves on objects, he 

deduced that the first two components of the triple must be C, rather than C and C’. I suspect that 

this is because he had just identified why the diagonal functor was integrated into the 

commutative diagram. Because the image of C under the diagonal functor would be (C, C), and 

the comma category maps to this product category via projection functors, in order for the 

diagram to commute, the image of C under η must be of the form (C, C, _). Nonetheless, Fritz 

was unsure what morphism should be in the third component of the triple. 

 Next, Fritz returned to his understanding for the component f in the triple. He expressed, 

“So, f is going where? It’s going from B to C. No, f is a morphism in 𝒟…Oh, I see. f is going 



114 
 

from F of B to G of C in 𝒟…Oh, they’re going to the same 𝒟?” For Fritz, this processing 

through f was closely tied to working through the commuting composition property for the 

morphisms of the comma category, likely because the morphism f appeared in the composition 

property. He tried to write out the composition property as a commutative diagram, but he wrote 

an incomplete commutative diagram (see Figure 4.4), stating that “I just can’t write it as a 

commutative diagram. That’s part of my problem, but it’s behaving like that behavior.” This 

provides some preliminary evidence that he had an underdeveloped process-level understanding 

for this morphism composition property, and hence for comma category. Even though, earlier in 

the task, Fritz seemed to have identified a structural similarity between the commuting square for 

natural transformation and the composition property for morphisms in the comma category, he 

was now unable to represent the composition property as a commuting square. I conjecture that, 

based on his current progress, if he had been able to properly represent the composition as a 

commuting square, then he would have been able to finish most (if not all) of the problem, given 

some extra time. 

Figure 4.4 

Fritz’s Incomplete Commutative Diagram Representation for Morphism Composition Property 

 

Fritz had already identified the key structural similarity between a natural transformation 

and a comma category. With the commuting square constructed, he would have likely identified 

that the third component of the triple under the image of η would have been 𝜂𝐶 . Then the rest of 

the problem would have primarily been a routine checking of properties. This demonstrates the 
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importance of at least understanding the composition property for comma category morphisms as 

a commuting square. Fully identifying this structural similarity is pivotal to constructing the 

image of η. It is entirely possible that Fritz had misread or overlooked some of the notation, but 

the prior evidence demonstrates that he had an underdeveloped process-level understanding of 

this composition property. This means that Fritz’ underdeveloped understanding was likely the 

main contributor to him not completing the task. Nevertheless, I suggest that a pseudo-object-

level understanding of natural transformation and comma category is sufficient for fully 

identifying this structural similarity. By being able to represent the composition property as a 

commuting square, an individual could make a figurative connection between the two diagrams 

without understanding the underlying processes that these diagrams are representing. 

 Right before the time was up for working on the problem, he interjected, “I feel like the n 

[η] bar is supposed to be like an inclusion map, it feels like. I’m just really not getting how to 

connect the dots in this one. I’m sure it’s because I don’t really understand what this comma 

category is.” He first referred to η as an “inclusion map,” which demonstrates that he possibly 

developed a strong intuition for how the problem works, even with some noticeable gaps in his 

process-level understanding of the relevant concepts. It is possible that he had a sense that η was 

mapping the structure of a natural transformation into the comma category via a type of 

inclusion. However, instead, this comment may have solely been based on his determination that 

η(C) = (C, C, _), which has the beginnings of an inclusion map. Also, in this remark, he 

suspected that his lack of success on this task was due to an underdeveloped understanding of 

comma category. He further asserted that, “If I really had a better grasp on what the definitions 

were, I’d probably figure out where I’m supposed to go. But, I’m not seeing something 

fundamental in the definition that’s telling me what I need to do to get there.” This comment 
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provides evidence that Fritz believed that he needed a stronger process-level understanding (i.e., 

there was something “fundamental” to the concept) to progress through this problem any further. 

Emmy 

Task 1. Emmy began this task by first reading through the problem statement, and then she 

returned to reading through the definitions. While reading through the definition of IFS, she took 

a moment to briefly explain each of the four properties. These explanations demonstrated that 

she had familiarity with similar category theory properties. For instance, she commented, “A 

nonempty set of epics closed under composition. Classic,” as well as, “Okay, so there’s like, 

classic diagram rule,” when referring to Property 4 (see Figure 4.1). Additionally, she had 

intuition for why the properties were presented the way they were. In regard to Property 4, she 

recognized, “So, it’s really like we have a morphism A to B. I understand why we don’t really 

draw the f. We can factor it, where we first do e and then do m.” Even though in Property 4, the 

diagram has an implicit morphism f in it, because the property is really about the factorizations, 

there is no reason to include it in the diagram (see Figure 4.5). These remarks show some 

evidence that Emmy had at least a process-level understanding of Property 4, since she actively 

reflected on the underlying processes for the property and coordinated them together. Moreover, 

she showed that she came in with a strong intuition for how definitions of category theory 

concepts are written. This is not surprising because much of her research utilized category theory 

language. 

Furthermore, Emmy mentioned that she was “just starting a new project that kind of is 

related to weak factorization systems.” Weak factorization systems are a more general category 

theory concept, so they are highly similar to image factorization systems. Even though she had 

awareness of a more general construct, it did not appear that she knew they were similar because 
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she stated that she wanted to check the definition and see “how does it compare to this.” 

Following this comment, she indicated, “Category theory is kind of annoying because there’s 

just so many definitions that are all kind of similar. So, I always have to go back and look up 

what does this one exactly mean again.” This provides even further support that Emmy has seen 

other category theory concepts and recognized the similarities between them. This experience 

almost certainly impacted how she approached the tasks in this interview. 

Figure 4.5 

Emmy’s Diagrammatic Representation of Property 4 for IFS 

 

To proceed through the problem, Emmy began to construct various commutative diagram 

relationships. She first applied FP to both f and g individually, apart from the commuting square. 

Moreover, before writing out the factorization, she said, “So, it [f] can be factored. What do we 

know? We know that f goes from A to C. We know that can be factored.” Thus, she was able to 

actively perceive the factorization of f (and later g) without needing to perform the factorization 

itself. This demonstrated that Emmy had at least a process-level understanding of FP. Beyond 

this, when constructing a factorization of g, she remarked that, “And, we know that g can also be 

factored like this…We might want to use 𝐽 later to match notations. I don’t know, 𝐼′.” Emmy 

was already beginning to think ahead and coordinate FP and IP with the commutative diagram, 

likely due to her process-level understanding of Property 4. In particular, she was able to 

recognize that she may need to apply IP to both f and g in the diagram, which would require two 
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separate applications of FP with different notations. To keep the notation consistent with the 

statement of Property 4, she saved the use of 𝐽 (and 𝐽′) in case she needed this second 

factorization of f (or g). 

 Emmy’s next step was to revisit the definitions of epic and monic morphisms because she 

realized that she had not used that e is epic nor that m is monic in the commuting square. After 

doing this, she proceeded to build a large commutative diagram that captured all the morphisms 

that are relevant to the problem (see Figure 4.6). This began by including the factorizations of f 

and g into the diagram. However, even with this, she was not seeing a way to construct a map 

from B to C. Specifically, she said, “I think right now I’m getting tripped up because I’m looking 

for a path from B to C…I can get from A to D. But, I’m not seeing a path, a clear path from B to 

C.” By wanting to “look for a path,” it appears that Emmy thought that once the relevant 

information was on the diagram, she should just be able to visually see the path (composition of 

morphisms) from B to C. Due to this, she asked, “What piece of information am I forgetting?” 

Figure 4.6 

Emmy’s Complete Commutative Diagram for Task 1 
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 After having revisited the definition of IFS again, she applied both CP and IP to the 

morphisms in her diagram to construct an isomorphism from If to Ig. Emmy explained: 

So, we have like e compose es [eg] compose mg, from A to D…Then we have ef compose 

mf compose m from A to D. And, so those two things have to be isomorphic, in the sense 

that there’s an isomorphism from If to Ig…because there’s two routes to D from A, so 

there’s an isomorphism If to Ig. But again, that doesn’t really seem to be getting me 

anywhere closer to a map from B to C. 

In this excerpt, Emmy described two routes from A to D to use IP between the factors. However, 

there was no mention of why this was a suitable application of IP. This relies on the fact that the 

sets (or classes) of monics and epics for an IFS are closed under composition, namely CP. 

Moreover, when extending the factorizations to be from A to D, the objects in the middle 

correspond to the factors from the factorizations of f and g. I cannot conclude whether she 

recognized that CP was being applied in this instance. This excerpt also shows an instance of 

Emmy describing the underlying process of IP. Thus, this further supports that she had at least a 

process-level understanding of IP. If this is the case, I conjecture that she had at least a process-

level understanding of IFS, despite not verbally acknowledging that she needed to use CP (or 

reflecting on IIP). 

Despite constructing a detailed and correct diagram of all the relevant information needed 

to construct h, Emmy could not find a composition of morphisms from B to C. Her frustration 

was captured by her remark that, “I feel like I’m missing something basic, and I’m mad about 

that.” This led her to try various new approaches. This included trying to brute force a situation 

where she could apply the cancellation properties of epic and monic morphisms, because she was 

“still not using the fact that we have epimorphisms and monomorphisms.” Furthermore, she 
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suggested, “Let’s draw some more arrows. What other arrows can we draw?” By drawing more 

arrows, it was likely that she hoped she would fill in the missing morphism that she had not used 

yet. To conclude her attempt, she commented, “But, were we to keep going, I’d probably start 

over, maybe scrap it, revisit some definitions.” Such a comment suggested that Emmy thought 

that her strategy may have been faulty because it had not led to a morphism from B to C. 

 Overall, Emmy displayed strong evidence that she had at least a process-level 

understanding of Property, and possibly also at least a process-level understanding of IFS. Either 

way, her level of understanding for IFS was sufficient to construct all the necessary components 

for showing the existence of h. However, the final step that was needed to finish this part of the 

problem, namely recognizing how to compose the morphisms in the diagram, was disjoint from 

an understanding of IFS. Finding the correct composition of morphisms (path through the 

diagram) comes down to problem-solving heuristics and experience with similar problems. I 

suspect that she would have found the composition given more time, or if she had taken a break 

and later returned to the problem. Additionally, I conjecture that by verbally acknowledging the 

isomorphism in the diagram as a morphism from If to Ig, rather than also a morphism from Ig to 

If, this contributed to her not seeing the path from B to C (as the composition uses the inverse of 

the isomorphism she constructed). However, Emmy’s attempt at this problem demonstrated that 

a process-level (or even object-level) understanding of the relevant concepts may not always be 

enough to complete a problem. Her level of understanding afforded her a way to coordinate the 

various morphisms into one commutative diagram, but this needs to be effectively coordinated 

with other problem-solving heuristics and strategies, that are sometimes disjoint from the 

concepts themselves. More specifically, by utilizing her factorizations of f and g, she was able 
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utilize IP to construct an isomorphism, but she was unable to compose these factorization 

morphisms and the isomorphism in a way that resulted in the desired morphism h. 

Task 2. Emmy began this task by commenting, “I’ve heard of comma categories before. Like 

where has it come up? And I don’t remember.” Moreover, after skimming through the entire 

task, she mentioned, “This feels familiar somehow. Not that I’ve seen it before, just like, I don’t 

know.” Similar to the last task, this is evidence that she had awareness or experience with related 

category theory concepts. From this point, she started to work through the definition of comma 

category in more detail. Emmy quickly demonstrated some understanding of how the objects 

worked as triples, and she even constructed her own diagrammatic visualization for the triple 

(see Figure 4.7). She explained, 

Objects are triples, (B, C, f), so objects in ℬ and 𝒞. C is an object of 𝒞, and f is a 

morphism in 𝒟 from F of B to G of C, right. Because we have like ℬ to 𝒟; we have my 

functor. And we have 𝒞 to 𝒟. Then we have an object B maps to F of B, and an object C 

will then map to G of C. 

Though this alone is not complete evidence that she had at least a process-level understanding of 

the objects (triples) for a comma category, it demonstrates that she was actively engaging with 

the underlying processes for this part of the concept. 

After Emmy worked through the objects of a comma category, she shifted her attention to 

the morphisms, which are pairs of morphisms from the domain categories that satisfy a specific 

composition property. Emmy immediately recognized this as “all pairs of morphisms such that 

something commutes,” and then represented the composition property as a commuting square. 

This provided some initial evidence that she had at least a process-level understanding of the 

morphism composition property because she actively reflected on the underlying processes 
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without performing them, as well as representing the property as a commutative diagram. 

However, she did not verbally acknowledge that this diagram was similar or possibly connected 

with the commuting square diagram for a natural transformation. Next, she quickly passed over 

the definitions of projection functor and diagonal functor, likely because she had seen these or 

similar concepts elsewhere in category theory. She said, “You have two projection functors. 

Checks out…Yes, diagonal functor. Got that.” With how quickly she progressed through these 

two concepts, I conjecture that she had an object-level understanding of them, but further 

evidence would be needed to be certain. 

Figure 4.7 

Emmy’s Diagrammatic Representation for the Objects (Triples) of a Comma Category 

 

 The next concept she spent time on was a natural transformation. Due to her response at 

the beginning of the interview, where she specified that she knew what a natural transformation 

was, I provided her with a version of the task without the definition. However, during the task 

she insisted on wanting to look up the definition on Wikipedia, because she had not seen it in a 

while. Because some participants were provided with the definition, I allowed her to do this. 

However, this meant that she had a version of the definition that used X and Y for the objects in 

the definition, rather than C and C’. This ended up adding an additional layer of complexity to 

the problem because she had to translate notations between the definitions of comma category 

and natural transformation. When writing down the commuting square property from the 
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definition, she explained, “It’s like my hands know how to write it quicker than my brain does 

because I really have used natural transformations a lot. It’s just my brain is rusty, but like my 

mechanical instincts, like they know how to draw the picture.” It appears that at some point, 

Emmy had a process-level (or even an object-level) understanding of natural transformation, but 

she had forgotten some of that information. However, just by glancing over parts of the 

definition, her understanding began to come back to her. 

 From this point forward, Emmy tried to coordinate the various concepts to construct the 

desired functor. While doing this, she demonstrated that she was able to act on the comma 

category concept by describing how the projection functors would act on the comma category in 

the commutative diagram. Since there was already some prior evidence that she may have had at 

least a process-level understanding of comma category, this demonstrated that she possibly had 

an object-level understanding of the concept. However, she struggled with converting the 

notation of natural transformation to match that of a comma category (C’s instead of X’s). She 

specifically mentioned, “I’m still having trouble with like converting notations.” Nonetheless, 

she decided to continue without matching the notations, at this point. Instead, she fixed her 

attention on the main commutative diagram in the problem, which gave her confidence that the 

problem statement was true. She elaborated, 

Okay, what are we doing here? We’re taking objects here [𝒞] to the comma category and 

then pulling it into each thing [component of 𝒞 × 𝒞]. And that’s the same as just the 

diagonal functor…C maps to C comma C. And then, morphisms go to obviously the 

morphism with itself…This is the projection functors that says, yeah, yeah, yeah…I’m 

laughing to myself. I’m like, yeah, I believe it. 
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I suspect that Emmy “believed” the result due to how the diagonal and projection functors relate 

in the commutative diagram. The diagonal functor and projection functors should both map to 

something of the form (C, C). Moreover, the functor will take an object in the category C, and 

map it to a triple involving that object. Despite this conviction that the problem is believable, she 

acknowledged that her issue was that she did not “have a good enough understanding of this 

comma category.” She felt that she needed a better understanding of comma category to decipher 

the images of objects and morphisms in the comma category under the functor η, even though it 

is possible that she had an object-level understanding of the concept. 

 Emmy revisited the definition of comma category, and actually rewrote the entire thing 

with new notation (using X’s and Y’s) so it would match with the notation of natural 

transformation. From doing this, she began to recognize a visual similarity between the two 

commuting squares. She explained, 

But, this diagram is all in 𝒟 [comma category]. But, I guess this does too; this diagram is 

all in 𝒟 [natural transformation]...But, I need to like line them up better…Maybe you can 

draw it that way, draw it horizontal. See if we can see that things line up 

diagrammatically. 

Though she noticed the visual similarity, she still needed to line the diagrams up in a way where 

she could pull out the structural similarities that would aid in solving the problem. Whether or 

not Emmy had a developed process-level understanding of both concepts, a pseudo-object-level 

understanding would have been sufficient to recognize diagrammatic similarities because one 

could match the symbols without understanding the underlying processes that they represent. 
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 Due to being low on time, she once again shifted focus to the main commutative diagram 

and trying to define η. At this point, she began to express confusion on how this diagram could 

be commutative. 

Five minutes ago, I was like, I believe this. Now I’m like, wait a minute. It feels weird to 

me that we have this composition, so you have this and this and this [points to the three 

categories in the diagram], and then split it up. But, this is just the diagonal functor. So, it 

just sends the objects to object comma object, and morphisms to morphism comma 

morphism. So, now I’m really confused at how just doing the diagonal functor could be 

the same as this composition and the natural transformation…It feels to me like the 

diagonal functor doesn’t really do anything, but like a natural transformation does. 

I conjecture that Emmy’s confusion was due to her thinking about the image of an object under η 

as being an arbitrary element of the comma category, namely (C, C’, f). If the image looked like 

this, then the projection functors would not map this triple to (C, C), which is necessitated by the 

diagonal functor. Because she did not recognize that η(C) had to be of the form (C, C,_), this led 

to her confusion. Ultimately, it appeared that the notational differences made it challenging for 

her to coordinate her understanding of the concepts, which both may have been at least process-

level, with the problem context. Her attempt at the task demonstrated the importance of 

recognizing that η(C) has to be of the form (C, C,_) and that there are structural similarities 

between the two commuting squares for completing this task. 

Aaron 

At the beginning of the interview, prior to starting the first task, Aaron expressed his 

experience with natural transformations, saying, “I have seen it; I’ve read it…I know it involves 

a commutative diagram, and like equivalences between commutative diagrams…And I’ve never 
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really wrapped my head around what that is, in a way that I could explain it to someone.” This 

demonstrated that Aaron likely came in with an underdeveloped process-level understanding of 

natural transformation, because it is not an equivalence between diagrams but rather an 

equivalence between functors that is represented by a class of commutative diagrams. In 

contrast, when asked about epimorphisms and monomorphisms before the first task, he 

commented, “Yeah, I always forget which one is which. I know one is the left cancel; one’s right 

cancel. And I mean I could rederive it, but it’s just…I would just do whichever one Sets’ is, and 

then it’s the same.” This comment provided evidence that he had at least a process-level 

understanding of these concepts. He was able to reflect on the underlying processes as 

cancellation properties, and this understanding was reinforced through his deep understanding of 

surjective and injective functions. He could rederive which cancellation property corresponded to 

which type of morphism through his understanding of how epimorphisms and monomorphisms 

in the category of Sets are the same as surjective and injective functions. For this reason, he 

appeared to think it was unnecessary to try and remember which cancellation property 

corresponded to which class of morphisms. 

Task 1. As Aaron began the first task, he first reworked through the concepts of epimorphism 

and monomorphism, and he echoed his comments from the pre-task questioning. Specifically, he 

elaborated, “A category with morphisms, epic or monic. One’s left cancel; one’s right cancel. I 

always forget which, and it doesn’t help, the fact that we write function composition right to left 

and we write left to right. So, I always just draw a picture for this.” Moreover, he said that he 

likes to “always draw a picture,” whenever he can (see Figure 4.8 for his pictures of epic and 

monic). I conjecture that by representing things visually, this could aid in the development of 

process-level understanding, or instead allow for a pseudo-object-level understanding to be 



127 
 

sufficient to progress through the problem. Additionally, there was more evidence that his 

understanding of epic and monic morphisms was intimately tied to his understanding of 

surjective and injective functions. He made comments such as, “Mono, which is like one-to-

one,” and “you got a bunch of onto and monics,” demonstrating that he was even using these 

words interchangeably. However, he understood that there were differences in these 

assumptions, stating, “I know there’s weird things where like monic maps don’t have to be one-

to-one…and epics don’t have to be onto.” 

Figure 4.8 

Aaron’s Figurative Representation for Epimorphism and Monomorphism 

 

Aaron next spent time working through the definition of IFS, and while doing so, he 

made comments about IIP. 

And, then any isomorphism of 𝒞 belongs to both…I always forget the subtleties between 

isomorphisms and equivalences…So, in the image factorization, every isomorphism has 

to be in both. So, you include those because you probably have to…So, isomorphism I 

think it’s just something that’s epi and monic. I know there’s weird subtleties about…the 

difference between equivalence and isomorphism, but I forget that. I don’t think that’s 

gonna be relevant here. 

First, similar to the distinctions between epimorphism and surjective (also, monomorphism and 

injective), Aaron wanted to ensure that subtleties between the concepts of isomorphism and 
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equivalence would not impact the task. There are various subtleties between these concepts, but 

they primarily occur in other contexts, such as between functors or objects in higher-category 

theory (e.g., 2-categories or ∞-categories). For this context, isomorphism and equivalence are 

the same concept. Despite him not knowing these precise distinctions, he demonstrated a correct 

intuition that these subtleties should not “be relevant.” This could simply be due to him 

expecting that a task in an interview setting would not rely on such subtleties, but it could also be 

a product of his prior experience with certain concepts in category theory. 

Also, he had commented that the IIP property is there because “you probably have to” 

include it in the definition. There could be various reasons for why he had this intuition, but one 

possible explanation is he realized that you may not be able to guarantee factorizations of 

morphisms that are already epic or monic. In these cases, you would need to utilize the identity 

morphism as one part of the factorization (see Carolyn’s conceptual analysis for a similar 

explanation that she gave). Furthermore, because isomorphisms are both epic and monic, there is 

a natural inclination to avoid including such a morphism in one set but not the other. Overall, this 

comment demonstrated that Aaron was actively reflecting on the underlying processes of the 

concepts prior to working through a solution. Specifically, in this case, this demonstrated some 

evidence that he had at least a process-level understanding of IIP. 

 When reading through Property 4 (see Figure 4.1), he completely shifted contexts into 

group theory, which is central to his research in algebra. He said, 

Every morphism can be factored…So, what I’m thinking of now is that if you have a 

group,...every group homomorphism f from G to H can be decomposed as a, first of all, 

as a quotient π, and then as an embedding to H. So that’s, so every homomorphism can be 

decomposed…Yeah so, homomorphisms have this property, that you can factor as a 
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quotient by the kernel, and then you embed; and then followed by an embedding. So, 

every morphism we factor like this. This factorization is unique in the following sense, as 

you’d expect. So, let’s suppose that you had two factorizations. You have this here and I 

have this here. And I mean, I’m just doing this for groups, but the thing will carry 

over…But, the point is that you want every morphism to factor as a quotient with an 

embedding. 

Aaron recognized that Property 4 was just a more general version of the Fundamental 

Homomorphism Theorem for groups. Moreover, because groups were a category he was 

comfortable working with, framing everything in this context likely gave him more insight into 

why the problem would be true. Because he was viewing these properties through a specific 

example, I cannot for certain judge his level of understanding. However, because he could take 

the relevant processes and represent them in another context, there is some evidence that he had 

at least a process-level understanding of FP and IP. 

 Aaron’s reference to the group theory context continued beyond this one instance. After 

reading through the problem statement, he suggested an approach that was situated within the 

group theory context: 

And I can’t do it, you know, if it was a group, I would take a generator to find it. But so, I 

have to somehow talk about why this such a map exists. So, we have, I have A, I have C, 

and then I have B, and I have an epimorphism here…Now, I think back to, so for groups, 

if you have a diagram like this (see Figure 4.9 for diagram), and you have a surjection 

here [points to e], as long as the kernel in here [points to e] is contained in the kernel here 

[points to f], if you collapse less here [points to e] than you do here [points to f], then you 

can guarantee a unique morphism that makes this diagram commute. So, we don’t have 
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that. So, in here, we can’t necessarily define; we can’t necessarily do that. But, because 

there’s definitely gonna be categories where that isn’t going to hold. But, I think I’m 

optimistic with the fact this is an epi because I would expect something like this to hold. I 

mean, this is the type of diagram where it should hold…Okay, so for this diagram 

[commuting square] to commute is going to basically have to be this map [g] and then the 

inverse of that map [m]. And, the map may not be invertible on everything here, but you 

know m is injective. 

This long excerpt highlights how much Aaron’s experience with group theory influenced his 

approach to the problem. More specifically, he temporarily focused on the upper triangle of the 

commuting square (see Figure 4.9), if you were to include the map h that was yet to be 

constructed. He cited a group theory result, that with extra assumptions on the kernels of e and f 

(it should have been that ker(f) ⊂ ker(e)), then there would be a unique h making that triangle 

commute. This problem context had no additional assumptions like this; however, this group 

theory result not only convinced him that the problem should be true, but I conjecture that it gave 

him a general outline for how he thought the proof would go. He wanted to try and construct a 

proof that approximated this theorem up to the change in assumptions. 

Figure 4.9 

Aaron’s Group Theoretic Diagram for Understanding Task 1 
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Even though Aaron had primarily situated his explanations of the problem in a group 

theory context, he understood that even assuming the objects in the category were sets was an 

over-assumption. He specified, 

So, I know in a concrete category, we can assume that there’s a set. And, in general 

categories I always, again, I just forget what we can assume…So, maybe if I need to, I’ll 

just throw an assumption that I don’t need…In some category theory, if I throw an 

assumption unnecessarily, you can often get rid of it. 

By assuming that the category has underlying sets, one could use an approach as mentioned 

above, where you use that m is injective. However, he had a preconceived notion of category 

theory that you could just modify the argument with additional assumptions (like with sets or 

groups) and get a more general solution. 

Aaron revisited Property 4 for IFS, and he misinterpreted what FP stated. He claimed that 

given f and e, as in Figure 4.9, there is an h making the diagram commute. The property actually 

claims that given a morphism f, there is a factorization into an epic and a monic. Instead, he 

interpreted it to mean that given a morphism and an epic with the same domain, then you can 

find a third morphism (likely needing to be monic) that formed a commuting triangle with those 

two morphisms. I strongly suspect that this misinterpretation of FP was due to an expectation 

that the solution would need to work similarly to how it does in a group theory context. This is 

because he translated FP to have the same conclusion as the group theory result with extra 

assumptions on the kernels of the morphisms, and moreover, he used the diagram (Figure 4.9) 

that he made for that result to visually demonstrate how FP worked. Aaron’s strong reliance and 

understanding of similar group theory results contributed to a conflation of concepts. 
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 Next, Aaron identified two remaining components to the problem that needed to be 

verified, namely showing the entire diagram commuted with the h he found and showing that 

such an h is unique. For showing that the entire diagram commuted, when h is included, he 

commented that, “So, that should be fairly straightforward. I mean, it’s the fact that this diagram 

[outer square] commutes.” Aaron demonstrated that he had come into the interview with a strong 

intuition of how to work with commutative diagrams, as he quickly recognized that the outer 

square and upper triangle commuting were enough to show the lower triangle commuted as well. 

He proceeded to show this, elaborating, 

And so, now if we want to, we can replace f with this…So, instead of f we’re going to do 

h followed by e equals g followed by e. Now we’re gonna use the fact that this is an 

epimorphism. I always forget which one is which, but I’m, given that this is, I’m pretty 

sure that this is the right one. 

Aaron used the commutative diagram properties that he already knew to be true to show that the 

lower triangle commuted as well. He utilized that e was epic to do this, trusting that the 

epimorphism property had to be right-cancellation. Because he got to a point where right-

cancellation was necessary, that was sufficient for him to be sure that it was the corresponding 

property for an epimorphism. 

 For showing that h is unique, Aaron was consistently perturbed about the subtle 

differences between uniqueness and uniqueness up to equivalence. He described the uniqueness 

in IP, as uniqueness up to equivalence. Regarding these differences in uniqueness, he explained, 

Do we get uniqueness for free here? Cause we only have, I mean there’s a unique h that 

makes this diagram commute. So, there can’t be two of these things making this diagram 

commute because by the assumption, by the every morphism can be factored, so the 
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factorization is unique. So well, okay, so Property 4 says it’s not, you know, not unique, 

but it’s unique up to equivalence, which is weaker than. The problem doesn’t say show 

this is unique up to equivalence; it says show that it is unique. So, I’m guessing what I’m 

going to show…We actually have to show they’re actually equal as morphisms. And 

again, it’s not entirely clear to me what the, you know, the difference of equality, just 

because it’s not my area. I don’t do it much, equivalence versus equality. Like in a 

category, if you pre- or post-compose with the identity morphism, I forget if that’s equal 

or equivalent. It doesn’t really matter, but some people would say it does. 

First, Aaron was questioning whether you would “get uniqueness for free” with how he 

constructed h. Because he constructed h directly as a misapplication of Property 4, he likely 

thought that h had to be unique just by definition of IFS. Hence, he revisited the definition and 

recognized a small subtlety that by Property 4, h is unique up to equivalence (i.e., isomorphism). 

However, even though he identified that he would need to show that any two such morphisms 

must be equal, he continued to dwell on the differences between equivalence and equality. 

 Next, Aaron commented that, “If I’m going to do equivalence versus equality, I’m going 

to have to use the actual definition [of IFS].” However, he recognized,  

No, wait. This is used for if we have multiple e’s and multiple m’s, and we’re not really 

doing that here…Yeah, I think I’m just fine saying that because h is unique up to 

equivalence that, I mean, you know, the idea is, we have this diagram…Because we have 

an image factorization system, f can be factored uniquely as e followed by this…We 

know it’s unique…We have uniqueness up to equivalence. 

This was the first time that Aaron had verbally acknowledged any details about IP beyond that it 

is a uniqueness up to equivalence. Nevertheless, he asserted that IP did not apply in this case, but 
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still claimed to know that h is unique up to equivalence due to it being an IFS. This demonstrates 

that Aaron had an underdeveloped process-level understanding of IFS, because he had yet to use 

anything that would imply h is unique. It appeared that he was implicitly attributing a uniqueness 

up to equivalence to FP. I suspect that this is closely related to his earlier reliance on group 

theory results to understand the problem context. The specific group theory result that he used to 

interpret FP implied that the morphism was unique. In this case, Aaron may have been 

attributing this additional property because he expected it to hold in this case. 

 Soon after, Aaron resorted to trying to check how IP would work in this context (see 

Figure 4.10). He utilized a similarly structured diagram as in Figure 4.9, only further supporting 

how his earlier appeal to group theory has impacted his understanding of and approach to the 

problem. He said, 

And then well, so I and J would be the same. Yeah, so I and J here would not just; we’re 

only dealing with one e…so what we would have here is we would have I and J are the 

same that would collapse into B, and then we’d have two maps here…And so this, so we 

would have h and then we have h’. But, these things are the same…So, this 

isomorphism’s really, I mean it would just be the identity on B. 

Though this was a seemingly correct application of IP, there was still no recognition of how h 

and h’ would need to be monic to apply the property. Ultimately, his misinterpretation of FP led 

him to never attend to this component of the property during his solution. This might mean that 

he had an underdeveloped process-level understanding of IP, but there was not enough evidence 

to conclude this with certainty. 

To conclude, Aaron’s understanding of IFS appeared to be deeply connected to 

understanding of similar concepts in group theory. He first recognized FP as being similar to the 
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Fundamental Homomorphism Theorem in group theory. While looking into the problem 

statement itself, he drew on a similarity between the context in the problem and a theorem in 

group theory that exhibited the existence of a specific morphism (see Figure 4.9). From this 

point, Aaron not only believed that the problem was true, but began to formulate incorrect 

assumptions about IFS that strongly correlated with this group theory context. This provided 

strong evidence that he had an underdeveloped process-level understanding of FP, and thus for 

IFS. With his misinterpretation of the concept, he ended up solving almost a different problem, 

since he was working with a concept with ‘different’ process-level components. His attempt at 

this task portrayed the benefits and potential shortcomings of using another context to begin 

structuring your understanding in a new context. 

Figure 4.10 

Aaron’s Application of IP to His Specific Morphism h in Task 1 

 

Task 2. At the beginning of this task, when I shared the problem with Aaron, he commented, 

“This was one of the things I feel like for twenty years. I was like one time I’ll wrap my head 

around natural transformation; I just never have…because I’ve never really needed to.” 

This already demonstrated that Aaron came into this interview believing that he had an 

underdeveloped understanding of natural transformation. After this, he continued by beginning 

to read through the task. Even from the first sentence, where it introduces three categories with 

two functors, Aaron began using algebraic topology to understand the concepts and problem 
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context. This is similar to how he utilized the group theory context to understand the first task. 

More specifically, he stated, “So, consider categories with functors. Oh boy. So, we got functors. 

These are like, so we got groups, and like topological spaces and groups. So, we’re mapping, so 

associating structure-preserving transformations [functors] from one to the other.” Shortly after 

this, he continued to utilize this context to help understand the morphism f in the triple. He said, 

So, this is F and this is G. So, we have two different; so we have like topological space 

and pointed topological space, or something…So, f somehow goes; so, we take like the 

fundamental group…so, we have like two different topological spaces or something. 

It appears that he was trying to situate his understanding of comma category in this algebraic 

topology context, where the two functors are applying the fundamental group to topological 

spaces and pointed topological spaces, and f would be a map between fundamental groups. Even 

though this context is flawed, because you cannot define the fundamental group without a 

pointed topological space, it appeared to have given Aaron a way to situate the concepts into a 

more familiar context where he had a more developed understanding. 

 When considering the morphisms of the comma category, Aaron created his own 

diagrammatic representation of the morphism composition property. This property alone can be 

represented with a commuting square, but he was able to create a diagram that also visually 

captured what the objects and morphisms of a comma category are in relation to this composition 

property (see Figure 4.11). Prior to creating the diagram, he identified that, “If you draw every 

single thing visually, it will help. It is amazing how that works.” Aaron appeared to believe that 

visual representations contribute to understanding, or at least aid in solving problems, so he tried 

to capture the relevant information about comma category in a visual representation. Moreover, 

the creation of this diagrammatic representation of comma category provided evidence that he 
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may have had a process-level understanding for the concept. He was able to (at least visually) 

meaningfully coordinate the underlying mapping processes for the objects, morphisms, and 

composition property. 

Figure 4.11 

Aaron’s Diagrammatic Representation of a Comma Category 

 

Aaron also utilized this diagram in understanding what a projection functor was. He 

explained, 

Okay, the comma category has projection functors…Okay, so we’re gonna map a 

diagram like this [top layer of Figure 4.11] to ℬ, and okay, yeah, yeah. So, we just pick 

off a B and we pick off a C. That makes sense…Oh, and it’s a functor. So, it’s going to 

not just send objects to objects, but it’s going to send morphisms to morphisms. So, it’s 

going to send these two things to a [𝛼]. Yeah, yeah. Okay. So, it just takes the blue part 

or it takes the red part. 

Hence, Aaron visually described which portions of the comma category were mapped under the 

projection functors based on coloring the diagram a certain way. Because he described and 

reflected on the projection as “picking off” certain parts of the triple, this showed some evidence 

that he had at least a process-level understanding of projection functors. As Aaron continued 
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reading through the task, he quickly passed over the definition of diagonal functor, by saying, 

“Okay, that’s easy enough.” At this point, there is no certain way to assess his level of 

understanding, but this seems to indicate that likely had at least a process-level understanding of 

the diagonal functor. 

Next, he began reading through the problem statement, which led him to revisit the 

concept of natural transformation. In regard to natural transformation, he specified, “I feel like 

this is one of those definitions I can work without having to understand. Some category theory is 

like that.” This already displayed some strong evidence that Aaron believed that his level of 

understanding (likely pseudo-object-level from what he said before the tasks) was sufficient for 

using certain concepts in category theory, such as natural transformation. To try and better 

understand the concept, he once again tried to reason about it in the context of algebraic 

topology, 

So, if F and G are between category 𝒞 and category 𝒟, if F and G are functors from here, 

like two different functors, like fundamental group and the homology groups, then a 

transformation from between those functors. So, topological space, you got homology 

groups; you got fundamental groups. And the idea is, I guess those wouldn’t be natural; 

those would not be the same. But, maybe it’s like singular versus simplicial homology…I 

remember I didn’t wrap my head around this because the examples are all things that I’m 

not familiar with, on Wikipedia…So, basically saying that the two functors are going to 

be equivalent. 

Aaron suggested two possible pairs of functors where a natural transformation might exist. 

Additionally, he expressed that his first suggestion “wouldn’t be natural,” and then suggested a 

second example that would be natural. The second example between singular and simplicial 
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homology is actually a natural equivalence, which is a stronger condition, and may explain why 

he described a natural transformation as “two functors are going to be equivalent,” when this is 

not always the case. This type of reasoning about the concept continued with him saying, 

So, I don’t really fully, I don’t holistically understand the definition other than the fact 

that it’s like probably singular versus simplicial, like two different but equivalent 

morphisms or functors. But, I don’t think I need to know much to do this, other than just 

looking at the diagram and showing that this is what it is. 

This further supports that he had an underdeveloped process-level understanding of natural 

transformation because he was referring to it as a type of equivalence, which is inferring a much 

stronger structure than the concept entails. He also once again claimed that he was lacking 

(process-level) understanding of natural transformation but believed that this would be sufficient 

to complete this problem, as he could just use the diagram as a pseudo-object. Moreover, this is 

further evidence that he is deeply relying on the example of simplicial and singular homology for 

understanding. Specifically, this example afforded him to develop a satisfactory-for-him (but 

underdeveloped) process-level understanding to begin using the concept as a pseudo-object in 

the problem. 

As Aaron directed his attention to constructing the functor 𝜂̅, he was initially perplexed 

by how the projection functors were utilized in the commutative diagram, because they were 

functors into 𝒞 × 𝒞 rather than just 𝒞. However, he was able to reason through what the notation 

actually represented. He explained, 

The projection functor is defined to go to ℬ or to go to 𝒞. Now this one is defined to go 

to 𝒞 cross 𝒞, which isn’t really quite consistent. I mean, I know how that’s going to be 
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defined. I think it’s implied that these projection maps are going to send C1 to C1 comma 

C1. I don’t see where else they would go. I mean, that’s not how it’s defined. 

Aaron had an intuition of what the notation would have to represent, even though he thought 

there were inconsistencies. By reasoning through these projection functors, he then concluded 

that the image of objects under 𝜂̅ must be of the form (C, C, _). Referring to the second element 

of the triple, he asserted, “And this has to be a C here; there’s no other way around it.” From here 

he began to construct a diagrammatic representation for how the functors in the commutative 

diagram would transform objects in the categories (see Figure 4.12). It is worth noting that this 

diagram utilized the same visual interpretation of objects in the comma category that Aaron used 

in Figure 4.11. By acting on the comma category in this commutative diagram, through the 

action of the projection functors, this demonstrated that he likely had an object-level 

understanding of comma category, since he had previously shown relatively strong evidence has 

understanding the underlying processes. 

Figure 4.12 

Aaron’s Representation for How the Functors Map Objects in the Commutative Diagram 

 

Following this, Aaron switched his attention to how the functor 𝜂̅ would transform 

morphisms of 𝒞. He commented, 
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The morphisms have to get worried about. I’ll have to worry about that as well. So, what 

I’m going to do is, I’m going to take this picture up here [Figure 4.11], and I’m going to 

copy it. And, I really feel like it’s gonna fall out if I do this. 

He believed that his diagrammatic representation for the comma category would be sufficient to 

determine how the morphisms would behave under 𝜂̅. Because Aaron had already identified how 

the functor would transform objects (other than the third element in the triple), and his diagram 

captured the structure of morphisms in the comma category, he could use this diagram to 

figuratively interpret what the image of the morphisms had to be. He adjusted his diagram to 

match the context where the first two elements in the triples were the same. After doing this, he 

commented, “So the claim is that a natural transformation, is this picture [right side of Figure 

4.13], is really the same as a functor.” Moreover, he stated that “we have that thing right there,” 

acknowledging that the commuting square property is shared by both the image of 𝒞 under 𝜂̅ and 

the natural transformation 𝜂 (see Aaron’s yellow highlights in Figure 4.13). 

Figure 4.13 

Aaron Acknowledging the Commuting Squares in Both Definitions for Task 2 

 

 As stated before, Aaron likely had an object-level understanding of comma category. 

Moreover, his comments regarding Figure 4.13 demonstrated that he was utilizing his 
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diagrammatic representation of comma category as figurative material to meaningfully condense, 

reason with, and act on the structure in various instances. This included being able to recognize 

the meaningful symbolic similarities between comma category and natural transformation. In 

contrast, in these remarks, Aaron was showing more evidence of using natural transformation as 

a pseudo-object by stating that a natural transformation was simply “this picture.” This agrees 

with his previous comment where he believed he could just look at the diagram to use the 

concept. 

 Aaron’s time working through the task ended with him verifying what the third 

component of the triple had to be for η(C). By comparing the diagrams in Figure 4.13, he 

concluded, “It’s a natural transformation where this thing is f and this thing is g.” He was 

specifically referring to the morphisms 𝜂1 and 𝜂2 in Figure 4.13, and how they must correspond 

with the morphisms f and g from the third components in the triples. However, because of this, 

he asserted that η(C) = (C, C, 𝜂), instead of having the third component be 𝜂C. This assertion 

only further supported the claim that Aaron was pseudo-objectifying natural transformation. 

First, he acted on the concept by using the concept as its own entity in the triple. Second, he 

demonstrated an underdeveloped process-level understanding by identifying the natural 

transformation as one morphism, rather than a collection of morphisms corresponding to the 

various objects in the category 𝒞. This matches with how he had described the natural 

transformation as one “picture,” rather than a collection of them encoding deeper structure. 

Overall, Aaron had utilized an algebraic topology context to help situate himself with the 

concepts in the problem. He then constructed a meaningful diagrammatic representation of 

comma category, likely implicating an object-level understanding of the concept. This diagram 

became the primary way that he reasoned about the problem, and it afforded him the ability to 
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use the natural transformation as a pseudo-object. He could notice visual and symbolic 

similarities between the commuting square in a natural transformation and the diagram he had 

created. This led to him successfully constructing the functor 𝜂̅, minus a small issue with how he 

identified the third component of the triple. By having a more developed process-level 

understanding of natural transformation, Aaron likely could have identified this error. 

Stimulated Recall 

 During the third interview, most of the time was utilized for stimulated recall from the 

previous interviews. Even though clips from the second interview were also used in the 

stimulated recall, each participant engaged in stimulated recall with at least one video clip from 

the first interview. I use the data from this part of the stimulated recall to help support some of 

the hypotheses that I made during the conceptual analyses above. It is worth noting that for some 

participants, the stimulated recall did not directly answer any hypotheses made during the 

conceptual analysis. However, the data at least provided further support for the claims that were 

made. 

Caleb 

 For Caleb, in the conceptual analysis, I conjectured that Caleb had at least a process-level 

understanding of IFS, and that his level of understanding was sufficient to complete the problem. 

He just was unable to recognize the correct composition of morphisms among the morphisms he 

had constructed. In the stimulated recall, he verified this conjecture: 

I think there was a disconnect between my understanding of what the things were that we 

were talking about and how to use them. I felt like I understood the properties pretty well 

of what the problem was asking... I mean the properties all made sense to me. And, kind 

of on an abstract level, I could understand sort of what they were getting at, all those 
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properties, and I probably could have given examples. But, to be able to use them in a 

problem, you can see I didn't have understanding very well, I think…until I, maybe until 

I put it into someplace where I did have that kind of understanding, which is kind of set-

based objects. And then, you know, it goes back into a place, so I did feel like I 

understood, that I could do something with it. 

Caleb described his understanding of the IFS properties as being pretty strong “on an abstract 

level,” and he felt he could even give examples of an IFS. However, he recognized that there was 

some kind of disconnect between this understanding and being able to successfully complete the 

problem. What was needed to solve the problem, namely being able to recognize a correct 

composition of morphisms in a commutative diagram, was disjoint from understanding IFS. 

Hence, in order to help him more effectively use the concept in the problem, he shifted into a 

more familiar context of “set-based objects.” I had additionally conjectured in the conceptual 

analysis that Caleb switched to this context because he had more available mathematical actions 

to utilize. He elaborated that he had done exactly this by stating, “Oftentimes in a category you’d 

think of them as set-based just because you can [utilize the] language,” and “So, me having never 

seen this [IFS] before…[I] sort of tried to mimic what I’ve done before, what I’ve seen before.” 

The context of set-based objects was familiar for him, so he felt it would have given him more 

opportunity to recognize a solution in that setting. 

 In regard to the comma category task, I hypothesized that Caleb possibly had a pseudo-

object-level understanding of comma category. Moreover, this was sufficient for him to complete 

the problem due to his knowledge of category theory heuristics. Caleb provided multiple remarks 

during the stimulated recall that supported this hypothesis. First, he stated, 
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So, my understanding of the comma category, well let's think about. This is one I think 

that I understand, I think, in the first sense [action-based], in some way…I wouldn't say I 

understand maybe what a comma category is, per se, because if you were to ask me for 

an example, I would have to think probably pretty hard before I could give you one…So, 

kind of understanding what it is, I don't feel I got a deep understanding of it. But sort of, 

from my background in category theory, and I guess maybe from when I'm teaching it, 

and sort of the way I think about it, yeah, if you can sort of grab onto some properties, 

those are the things that drive how you work with things. 

Caleb specified that he felt he had more of an action-based understanding, but he could still 

“grab onto” some of the category theoretic properties to act on it. For example, he mentioned 

that, 

I mean, this problem was just like restating the definition of a natural transformation in 

terms of another kind of object which is called the comma category with the diagonal 

functor…I kept saying there's only one thing to do here. I mean, and so this is maybe the 

sort of thing I'm more used to is, when you're talking about abstract categories and don't 

have a lot of structure, you basically have morphisms. There's not a lot that you can say, 

usually. And, so you got things like the identity functor, or the identity map or things like 

that. Those are a lot of times the only thing you have to work with. 

He understood that in category theory, there are certain properties that you must work with 

because of the structure of these concepts (see the Thematic Analysis below for more discussion 

on this). Utilizing the identity morphism is a category theory heuristic that someone with 

experience in category theory could utilize to their advantage, but it is disjoint from one’s 

understanding of comma category. Caleb also was able to recognize, “That's a commuting 
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square. There's a commuting square in the natural transformation. There's got to be a 

connection.” He saw two different commuting square properties in the problem, so he assumed 

that he would have to make a connection between them in his solution. 

Joe 

 Because Joe was much quieter during the first interview, it was difficult to provide as 

detailed of a conceptual analysis of this interview. For similar reasons, it was difficult to get 

much data from the stimulated recall for these tasks. However, Joe did state that he felt that he 

does not have a deep understanding of category theory concepts in general, including those from 

the tasks. He commented, 

And, my understanding of category theory is absolutely 100% the action. It's just, these 

are the things. These are arrows; what do they mean? They don't mean anything. They are 

arrows. Right, and if you can come up with an argument that goes through it, great. 

He also mentioned that, 

But, I'm just not good at it [category theory]. I mean, I know what it is, but I'm not 

efficient. I'm sure for them [those who study category theory], they have the intuition that 

natural transformations are this wonderful thing, and this is how they fit the diagrams. 

But, I'm not knowledgeable about that. 

Joe felt that he did not understand the underlying processes for natural transformation, as he 

explained that he did not understand “how they fit the diagrams.” This supports my assertion in 

the conceptual analysis that he had a pseudo-object-level understanding of natural 

transformation. Moreover, this gives further support to how he views category theoretic 

concepts, in that they are almost designed to be pseudo-objectified. This matches his approach to 
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the second task of wanting to “get the definitions to line up” for natural transformation and 

comma category. 

Carolyn 

 In the stimulated recall with Carolyn, for the first interview, the discussion was focused 

on the comma category task. In particular, we primarily focused on how she was able to provide 

a mostly complete, conceptual overview of the solution without having much of anything written 

down. From the conceptual analysis, I hypothesized that she was utilizing prior knowledge of 

category theory heuristics, similar to Caleb. Her responses from the stimulated recall support that 

she was relying on her experiences with similar concepts to come to that solution. First, for her 

ability to construct this conceptual overview, she elaborated, 

It's based on experience. It's based on, you know, knowledge of algebra and how things 

should fit together, sort of based on experience and what to expect and, you know, based 

on knowing, you know, certain things about algebra that would kind of point things in the 

right direction. 

Moreover, in regard to specific category theory concepts, she mentioned 

So, I've never actually worked on category theory as such. But, I have seen these 

concepts just arising in group theory and Lie theory. So, I was trying to use my 

experience to make educated guesses about the category theory question, and I was 

guessing a lot. But, the guesses were based on experience. 

Carolyn had no specific experience with pure category theory. Nevertheless, her experience with 

similar concepts in the contexts of algebra helped her recognize how the solution would go. 

Fritz 
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 For Fritz, the stimulated recall data did not meaningfully verify any conjectures that were 

made in the conceptual analysis. Instead, he shared where he felt that his level of understanding 

was for some of the concepts in the tasks. For the IFS task, I concluded that Fritz had an object-

level understanding of FP due to how he was operating with that property. He commented that he 

felt he had a similar level of understanding by saying, “I mean, I got the breaking in two pieces, 

that particular concept.” For the comma category task, I suspected that he likely had a pseudo-

object-level understanding of comma category. Fritz commented multiple times that believed he 

had an underdeveloped process-level understanding of the concept. For example, he stated, 

That one [comma category] I really did not understand what it was. I really was trying to 

just play around with what I was presented with, to try to get to the end of the task…I 

didn't understand what the concept really was…So, I really was just trying to use the 

knowledge that was presented me from a definition, and my ideas of how I should go 

from definition to using that particular thing to prove what I was being asked to do, rather 

than really understanding what it was in a conceptual sense. 

He further elaborated, 

Yeah, so I said that there was a lot going on. There's lots of different definitions, which is 

why I was more interested in trying to apply what the definition was telling me, rather 

than trying to figure out exactly what the concepts were, and why I might care about said 

concepts. So, it was just there was a lot, it seemed like I had a lot more to work with. So, 

that was the way I was just trying to use it to work with it, without necessarily maybe 

having a conceptual understanding of what was going on. 
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Fritz disclosed multiple times that he was simply trying to act on the comma category concept 

throughout the task, rather than trying to develop the underlying process-level understanding. He 

felt that this was because there were a lot of moving parts to the problems. 

Emmy 

 In the conceptual analysis for Emmy, I concluded that she likely had at least a process-

level understanding of IFS, and similar to Caleb, she only needed to recognize which 

composition of morphisms provided the desired morphism. During this task, after she had 

constructed her diagram with all the relevant morphisms (see Figure 4.6) and was unable to 

recognize what h would be in the diagram, she switched to trying to apply the definitions of 

epimorphism and monomorphism to the diagram. When asking her about why she switched 

attempts, she elaborated, “I felt pretty good about the pictures. I just felt like I didn't have enough 

tools to see the connections that I needed to see.” She was struggling to see the connections 

between the morphisms in the diagram, so she tried using another tool. Immediately after making 

this comment, while we were looking at the diagram, she interjected, “Wait, hold on! So, is the 

map just you take the inverse of the isomorphism and go through mf?” Now that Emmy had 

taken a step away from the problem, she was immediately able to recognize what the correct 

composition of morphisms would result in h. This demonstrated that Emmy did have a sufficient 

level of understanding of IFS to complete the problem, but she was simply unable to see the 

connections during the first interview. 

 For the second task, it was difficult to assess where Emmy’s level of understanding was 

for natural transformation and comma category. For natural transformation, I suspected that she 

had at least a process-level understanding of the concept at some point but I was uncertain. Her 
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comments from the stimulated recall suggested that she felt she had an underdeveloped process-

level understanding for natural transformation. She mentioned, 

I think, looking back, I think that the idea of natural transformations and like how they 

play with categories, how they like map one thing to another has always kind of tripped 

me up. I think I never really got, had a good understanding of that in a general sense. And 

I think that probably came through here as I was trying to, like, remember exactly how to 

think about natural transformations, for general categories. Like I was doing it for my 

thesis work; I had a natural transformation. But, I would get really good understanding of 

that specific one, but I had trouble understanding, in general. 

Ultimately, it is possible that she did have a process-level understanding, but felt uncomfortable 

with other aspects of the concept, such as how it connects with other concepts. Either way, she 

believed that her understanding of the natural transformation was hindering her completion of 

the problem. I believe that a pseudo-object-level understanding for the natural transformation 

concept is sufficient to complete the task, but an object-level understanding may have further 

aided her in finding a solution. 

Aaron 

 The stimulated recall for Aaron, pertaining to the first interview, unfortunately did not 

provide much data. He quickly moved past most of my questions about the tasks, so much of 

time was spent on stimulated recall clips from the second interview. However, the data that was 

collected primarily pertained to his solution for the comma category task. During his solution to 

this task, he mentioned on two occasions that he felt he did not need to have a process-level 

understanding of natural transformation to use the concept in this problem. When I showed him 

these two clips, he responded, 
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I feel like it's because I kind of understood how these things work. And I have this, you 

know, I almost have an intuition or feel for this, that some of the details of the definition, 

I could work, you know, could figure out later. 

He further elaborated on this by describing this kind of understanding as a general intuition for 

concepts related to algebra. He has had decades of experience working with these algebra 

concepts that utilized diagrammatic-based properties, which allowed him to act on the concept of 

natural transformation with an underdeveloped process-level understanding. 

Thematic Analysis for Interviews 2 and 3 

 As described in Chapter 3, a form of thematic analysis (Braun & Clarke, 2006) was 

utilized to analyze and report on the data specific to the second research question. This research 

question is provided again below. 

RQ2: What factors can influence a professional mathematician’s level of understanding 

for a given mathematical concept? 

After multiple rounds of coding (Saldana, 2009), I identified fourteen distinct codes in the data, 

each capturing a factor of influence on mathematicians’ level of understanding for a given 

mathematical concept. These codes were then grouped into themes. Specifically, five distinct 

themes emerged from the data, where each theme captured a broader class of influences on 

participants’ level of understanding– (1) Career-Based, (2) External, (3) Personal, (4) Utilization 

of a Concept, and (5) Qualities About a Concept. 

Development of the Codes and Themes 

 The coding procedure began with a preliminary first round of coding on each of the 

interview transcripts from the second and third interviews (see Appendix C for examples from 

each round of coding). This preliminary coding utilized an open coding procedure (Corbin & 
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Strauss, 2015), where any excerpt that appeared to indicate an influence on one’s level of 

understanding for a mathematical concept was coded. These codes tended to be significantly 

longer than the final codes and distinct from all other codes, as the main purpose was to capture 

the specific influence(s) in the excerpt. The preliminary coding resulted in over seventy codes. 

As outlined in Chapter 3, the final coding scheme from the second pilot study served as an initial 

list of possible codes that could appear in the data (see Table 3.1 for a list of these codes). This 

meant that many of the preliminary codes from the first round of coding partially utilized one of 

these initial codes. For example, four of the preliminary codes are provided below. 

● Mathematical Use - Explicitly Constructing the Concept 

● Community’s Values - What Collaborators Want 

● Stage of Career - When You Started Learning the Field’s Fundamentals 

● Explaining the Concept to Others 

Observe that the first three codes utilized the structure of “Initial Code - Description,” to better 

ensure that I captured any meaning beyond the initial coding scheme. Over half of the codes took 

this form; however, many new influences emerged from the data, which were just coded with a 

description of the influence, like the fourth code example. 

 These preliminary codes were then organized and grouped into thirteen codes through a 

form of axial coding (Corbin & Strauss, 2015), and each of the interview transcripts from the 

second and third interviews were re-coded with this new list of codes. These thirteen codes can 

be seen in Table 4.1, which are organized in a manner to compare and contrast against the third 

and final set of codes. This makes it simpler to see the small adjustments that were made 

between the second and third rounds of coding. In comparison to the initial codes (see Table 

3.1), only four of the codes were the same–Time Constraints, Community’s Values, Field of 
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Study, and Stage of Career. In contrast, most notably, the Mathematical Use code from the pilot 

study was expanded into five different codes–Extension of a Concept, Using a Concept, 

Connections Between Disciplines/Concepts, Area of a Concept, and Type of Theorem. This 

expanded coding, of how the mathematical use of a concept influences one’s understanding of it, 

allowed for a much more elaborate contribution. The two initial authority codes, Reputable 

Journal and Respected Individual, were replaced by a more general Trust code that could capture 

more influences. All the other initial codes were not relevant to the data in this study, but three 

other codes emerged, namely, Conveying Meaning to Others, Concept’s Presentation, and 

Affect. 

 After applying the second round of codes to each of the twelve interview transcripts, 

there were various excerpts that could not be properly coded. These excerpts all pertained to 

influences regarding the mathematical use of the concept. More specifically, there were excerpts 

that did not seem to align with extending or using a concept. The Extension of a Concept code 

was renamed to Building on a Concept, in order to better describe the type of influences it was 

capturing. The Extension of a Concept code was primarily used for instances where a participant 

described how needing to extend a concept beyond its prior uses influenced how deep of an 

understanding the participant needed. This was renamed to Building on a Concept, because it 

also captured instances of reformulating a concept, constructing a concept, and fixing an error 

with a concept. The types of mathematical behavior appearing in this code closely aligned with 

the notion of inventising, which is where the individual “has a full structured understanding and 

may therefore be able to break away from the preconceptions which brought about this 

understanding and create new questions which might grow into a totally new concept” (Pirie & 

Kieren, 1994, p. 171). 
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Table 4.1 

Comparison of Codes After Second and Third Rounds of Coding 

Second Round of Codes Third Round of Codes 

Field of Study Field of Study 

Stage of Career Stage of Career 

Time Constraints Time Constraints 

Community’s Values Community’s Values 

Conveying Meaning to Others Conveying Meaning to Others 

Concept’s Presentation Concept’s Presentation 

Trust Trust 

Affect Affect 

Extension of a Concept Building on a Concept 

Using a Concept 
Application of a Concept 

Purpose for a Concept 

Connections Between Disciplines/Concepts Connections Between Disciplines/Concepts 

Area of a Concept Area of a Concept 

Type of Theorem Type of Theorem 

 

Moreover, there were excerpts that did not fit into Extension of a Concept nor Using a 

Concept but described a closely related influence. For example, there were excerpts explaining 

how a concept being foundational to a research project would influence their level of 

understanding of it. Hence, I created two different codes in place of Using a Concept, namely 

Application of a Concept and Purpose for a Concept. The Application of a Concept code was 

able to capture the common type of influence surrounding only needing to use the concept as a 

tool or black box. The Purpose for a Concept code was utilized for excerpts that were tied to 
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influences about the purpose of use for the concept but were not explicitly about extending or 

black boxing a concept. After this coding scheme was applied to each of the relevant interview 

transcripts, every excerpt was able to be sufficiently coded. These fourteen codes were grouped 

into five distinct themes. For a complete list of the final codes organized by theme, see Table 4.2 

below. 

Table 4.2 

Final List of Codes Organized by Theme 

Theme Final Codes 

Career-Based 
Field of Study 

Stage of Career 

External 

Time Constraints 

Community’s Values 

Conveying Meaning to Others 

Concept’s Presentation 

Personal 
Trust 

Affect 

Utilization of a Concept 

Building on a Concept 

Application of a Concept 

Purpose for a Concept 

Connections Between Disciplines/Concepts 

Qualities About a Concept 
Area of a Concept 

Type of Theorem 

 

Overview of the Thematic Analysis 
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 The themes that emerged from the data primarily took two forms. Three of the themes, 

Career-Based, External, and Personal all pertained to influences on one’s level of understanding 

that came from sociocultural or personal factors. The other two themes, Utilization of a Concept 

and Qualities About a Concept, pertained directly to how the mathematical concept itself may 

influence one’s level of understanding of that concept. A majority of the thematic analysis is 

centered on these two themes. Each theme, along with the corresponding codes, will be 

discussed individually, with occasional connections across themes. Definitions for each of the 

codes will be provided when they are discussed (see also Appendix C for the definitions of each 

code). 

 It is worth mentioning, ahead of the analysis, that some of the participants had a difficult 

time separating understanding a theorem (in one or both of the two ways as described in the 

theoretical framework) from understanding a proof of the theorem or why it is true. This 

distinction was even difficult for some of the participants after describing the two types of 

understanding in the third interview. This meant that sometimes when a participant spoke about 

an influence on their understanding of a theorem, it could have been more about their ability to 

prove it or understand why it is true. For example, in the third interview, Joe stated, “I always 

have a proof for a theorem, if I think I know the theorem.” This limitation of the data is 

discussed in more detail in Chapter 5. However, this limitation only applied to a small proportion 

of the data, and I believe that the analysis provides sufficient and meaningful evidence that a 

professional mathematician’s (as well as others who work with mathematical concepts) level of 

understanding for mathematical concepts is influenced by various factors, both sociocultural and 

mathematical in nature. 

Career-Based Influences 
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The first theme that emerged from the data is Career-Based influences. This theme 

consisted of influences on one’s level of understanding that pertained to the individual’s specific 

career. In particular, the two codes included in this theme are influences based on one’s Field of 

Study and Stage of Career. I begin by discussing how one’s field of study may influence an 

individual’s level of understanding for mathematical concepts. An excerpt was coded as Field of 

Study if it consisted of any influence on one’s level of understanding pertaining to the specific 

field of study that the individual is involved in. More specifically, these are influences that come 

from being involved with a certain area of research. This is distinct from the Area of a Concept 

code, which is concerned with the mathematical concepts themselves, not just which field(s) of 

study someone is involved with. 

The primary way that this influence appeared in the data was about whether or not a 

mathematical concept was in the participant’s field of study or area of research. For instance, 

when Caleb was reflecting on his solution to the comma category task during the third interview, 

he stated, 

I wouldn’t say I understand maybe what a comma category is, per se…So, kind of 

understanding what it is, I don’t feel like I got a deep understanding of it. But sort, from 

my background in category theory, and I guess maybe from when I’m teaching it…if you 

can sort of grab onto some properties, those are the things that derive how you work with 

things. 

Here Caleb described how he felt he had an underdeveloped process-level understanding of 

comma category, but due to his background in category theory from his research area he was 

able to “grab onto some properties” about the concept to successfully use the concept. If a 

concept is similar to other concepts in your field of study, then it could make the process-level 
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understanding easier to develop, or it could allow for the individual more readily use the concept 

as a pseudo-object because they have acted on similar concepts before. 

 In contrast, when someone works with mathematical concepts in a field of study distinct 

from their own, this could also influence their level of understanding of those concepts. Carolyn 

provided two examples of this from her own career. First, she described an example from 

graduate school where she struggled to understand a theorem in representation theory, which was 

distinct from her research area. 

I'm just thinking of one book, in particular, and one theorem, which I banged my head 

against a brick wall with this theorem. And then I thought I understood it. And, I 

presented it in class, to graduate students, and they pointed out all these mistakes in my 

understanding. But then, when I needed that result, to prove something new, and I still 

didn't completely understand it. Just because of my lack of background in representation 

theory, I didn't know all of the, I didn't know all the nuts and bolts of the details of the 

proof. But, I knew it well enough to know that it would work in a different setting. 

This demonstrated how Carolyn was likely lacking process-level understanding of the theorem 

because it was outside her field of study; however, she was still able to somewhat effectively use 

it as a pseudo-object in the context of another proof. Carolyn’s other example provided a case 

where she was beginning to work with concepts in a new field of study. Specifically, she 

explained, 

I definitely had to start to make a start in the subject. And so, I did that by just doing 

things sort of very, you know, very mechanically. Well, you've got this and you've got 

this and it has to do this. And, you know, I definitely can start off in a subject like that. 
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Hence, when working in a new field of study, sometimes working with the concepts at a pseudo-

object-level understanding may be a valuable way to begin. 

 In addition to these types of influences, Aaron described how his breadth of research 

areas likely influences his level of understanding of certain concepts he works with. He works 

across four different fields of study, ranging from group theory to mathematical biology, which 

contributes to the depth of his understanding. He elaborated on this experience as, 

I'll say, some of them [understanding theorems] might be based on the breadth of your 

research. Like I mean, I work in combinatorics, and algebra, and mathematical biology, 

and crystallography…As you do have more breadth in your research, you probably aren't 

as focused. Whereas there's some people who do, you know who are number theorists, 

and that's all they do, is number theory…You know at some point you have to sacrifice 

breadth for depth. 

Moreover, he later added to this by saying, “I feel like I’m fluent in those areas but not like as a 

native speaker.” It appears that Aaron felt that he understood what he needed in these areas to be 

a fluent member of those research communities, but he may have been lacking process-level 

understanding for some of the concepts. He began to contrast this with someone who is solely a 

number theorist, only having connections to one field of study, where they would likely have a 

deeper level of understanding for the relevant concepts. 

 Lastly, there were instances where participants described more generally how being 

involved in a specific field of study would influence what you chose to understand at a deeper 

level. Different fields of study have different research norms, and they have different concepts 

that they deem necessary to understand at certain levels. For instance, Aaron specified how he 

felt he had at least a process-level understanding of the theorem that the fundamental group of 
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the circle is the integers. However, he did not understand much of the theorems and concepts 

used in the proof of that result, such as the theory of covering spaces. In regard to whether he 

would deepen his level of understanding of that theory, he specified, 

But I don't feel like I would gain much by going back and doing that unless I were to 

actually work in topology…Maybe if you're a topologist, maybe those tools are necessary 

for doing three manifold stuff. But, for my purposes, there's no reason for me to go back 

and figure out how to develop the whole theory of covering spaces and fundamental 

groups, and you know, homotopy just to prove the fundamental group of the circle is 

Z…In terms of what I'm using it for, like that's one of those things of, I don't need to do 

assembly code to use a computer. 

So, for his field of study, it was not valuable for him to develop a deeper level of understanding, 

but he claimed that it would be for someone in the field of topology. Similarly, Joe described a 

fundamental difference between how researchers in topology and dynamical systems treat 

understanding classical theorems. 

Yeah, there's not a lot of folklore. I think we call things folklore. I work with dynamical 

systems people there too. And they have lots of folklore theorems that they use. And like, 

we were trying to write a paper to prove one once, and we weren't successful proving 

their folklore theorem. In the topology I do, I think there isn't much folklore and that you 

can find stuff. But, for instance, you know, you should really understand well how 

covering spaces work and things like that. And, there's a lot of analogy between that and 

other things and how that works, and geometric group theory and fibration theory…But 

in, like dynamical systems, there are folklore theorems that everyone knows, that 
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everyone accepts, and no one knows the proofs, a proof of them. And so, I just always 

thought that was really weird, but that's their culture. And so okay. 

Joe labeled certain theorems as folklore because they were just accepted by the community, even 

though no one could prove them. This is more focused on being able to prove a theorem versus 

understanding it; however, it demonstrates that there are clear differences between how fields of 

study approach mathematical concepts. Mathematicians researching dynamical systems appear to 

be more accepting of theorems they do not understand than certain topologists. 

 Next, I will discuss how one’s stage of career may influence an individual’s level of 

understanding for mathematical concepts. An excerpt was coded as Stage of Career if it 

consisted of any influence on one’s level of understanding pertaining to where the individual is 

or was at in their career (or life). One prominent way that this kind of influence appeared in the 

data was in regard to when an individual learned mathematical concepts at an earlier stage of 

life. Aaron most prominently spoke about this from his own personal experience. For example, 

when discussing his understanding of concepts in category theory, he acknowledged, 

Where I have more of a sense for commuting diagrams and categories, and even 

algebraic topology, even though I don't do these things anymore, because I took enough 

of it at a young age, sort of like how you learn German in college and you become fluent. 

You don't, or if you forget it, you're still going to have a lot of those neurons are still 

there, and can be fired…And, I look back and I think it's like, things that I spent more 

time doing in grad school are things that I feel more fluidish with now, even if I don't do 

them. And, it makes me wish that I had learned statistics and learned a few other things 

as well. 
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Aaron seemed to believe that if you learned the fundamentals of certain fields of study at a 

younger age, such as when you were in graduate school, this would allow for you to more easily 

develop a deeper understanding of similar concepts that you encounter later in life. He labeled 

this as “a lifetime of intuition for how those things generally work.” 

 Similarly, Carolyn commented on how younger mathematicians tend to more frequently 

function at a pseudo-object-level understanding, and the mathematical community actually trains 

them to learn that way. After explaining to her the different types of understanding, she said, 

I think that young mathematicians, probably, because of the way we train them, they are 

stronger on the action side. And it's, you know, usually after, you know, more, many 

more years of experience, you know, they build up that second side. 

Furthermore, when reflecting on her own experience in graduate school, he commented, 

I mean, I was very aware when I was in grad school that, you know, I passed my 

qualifying exams and all that based on this sort of, you know, action-based understanding 

of how you use things. And, I was really surprised that I could pass just with that shallow, 

I found it a very shallow understanding. But I had neither the time nor the experience to 

really go deeper at that point. And, it was really only when I started doing research that, 

when I had enough time to work on things, that I really did go much deeper. 

In graduate school, students are bombarded with numerous mathematical concepts and expected 

to utilize them in difficult problems. At this stage of career, a pseudo-object-level understanding 

is likely necessary for many of the concepts a graduate student encounters. However, when the 

time comes for shifting into research, a deeper level of understanding starts to become necessary. 

 Participants also indicated other examples of how their level of understanding was 

influenced by what stage of professorship they were at in their career. Carolyn described how she 
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would work harder to understand difficult concepts in a certain area once she had established a 

research program in that area. Specifically, she stated, 

I guess at some point, once a research program kind of takes shape, and if I've had some 

success, then I know I'm on the right track. And so, I kind of double down, if you'd like, 

and sort of insist on following what the program that I've laid out. You know, once I 

know that, once I know that there's been some measure of success, I will persevere even 

with very difficult things. 

At later stages in a research program, she will put more effort into developing a deeper level of 

understanding for the relevant concepts. Additionally, Emmy shared her research experiences 

with transfer systems and 𝑁∞-operads, which was recently a new research area for her. She 

contrasted her needed level of understanding for where she was currently at in her career and life 

with someone who would want to be a leader in that area of research. 

So, we're playing a lot with these transfer systems and finding connections between them. 

And I'm like, this is an example of me being like, “Okay, I can do my research in transfer 

systems and I can let one of my collaborators make the connections to N-infinity 

operads.” I have a general sense of what they are. I don't have enough of a sense to prove 

anything about them or prove a connection between them and transfer systems. But like, 

for where I am in my life and my career right now, I'm happy with that…I mean, I think 

if I really wanted to be like a leader in this type of research, you'd need that 

understanding. 

This excerpt highlights that where a mathematician is in their career can greatly influence what 

level of understanding they are content having for a particular mathematical concept. 

External Influences 
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The second theme that emerged from the data is External influences. This theme 

consisted of influences on one’s level of understanding that pertained to factors external to the 

individual and the mathematical concepts themselves, such as life-based and community-based 

influences. There were four codes included in this theme, namely Time Constraints, 

Community’s Values, Conveying Meaning to Others, and Concept’s Presentation. First, I begin 

by overviewing how time constraints, both personal and academic, can influence one’s level of 

understanding for certain mathematical concepts. 

 Time constraints can take many forms, and they are common influencers in many areas 

of our lives. In regard to mathematical understanding, Carolyn provided a fantastic overview of 

how time constraints can influence a professional mathematician, saying: 

I'd have to say that there are definitely some things where I have only a mechanical 

understanding. And, you know, it might, I didn't say this earlier, but it might actually, in 

retrospect, time might also be a factor, that you don't actually have time to follow up 

every single concept and sit and reflect on it, because there's just too much to do. So, you 

know, I think I'm always doing, you know, decision making. You know, what, you know, 

what's more essential that I understand and that I sit and reflect on, and you know, what's 

mechanical, that I can just have a kind of rote understanding of it, or maybe hand it over 

to a collaborator to work on. 

This describes the balancing act that mathematicians make in their careers, where they need to 

decide, based on time constraints, which mathematical concepts are worth having a pseudo-

object-level understanding and for which are worth developing a process-level understanding. 

Almost all the time constraints that participants mentioned were regarding academic-based 
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constraints, but there were a few mentions of family-based time constraints. For instance, Caleb 

acknowledged that: 

I spend a lot of time with my family. So, I probably, I don't know how it is with other 

mathematicians and students. Probably, I spend a lot more time with my family, I think 

then a lot do. I do a lot of thinking in spare time. But then again, I try to keep work at 

work a little bit and not always be thinking about work when I'm with my kids and my 

wife.  

Overall, non-academic commitments, such as family, can take time away from focusing on more 

deeply understanding mathematical concepts. 

 For academic time constraints, all participants at least acknowledged that these 

influenced understanding. Simply put, Caleb also commented that, “It’s just how much time 

we’ve got to dedicate to research versus, I don’t know, teaching or other responsibilities.” Fritz 

expressed his experiences similarly, by mentioning: 

So, that definitely influences where I'm looking for things because I don't, just with my 

teaching load, I don't have time to have multiple research projects going at the same time. 

So, I have to be cognizant of things that I have time that I can do and have the ability to 

bring students in with me. So, I would say those are kind of the biggest influences that I 

have. 

Fritz even stated that he felt these were “kind of the biggest influences” that he had, which 

included a balancing of teaching, research, and working with students. In a similar but more 

comical way, Joe acknowledged that academic influences like teaching and serving on 

committees, as well as family life, are present in his life. 
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I guess it's just how much time you have, time you have to do math. I do math whenever 

I'm not doing something else. Like, I'm like the barber. The Barber of Seville cuts the hair 

of the people that don't cut their own hair. Who cuts his hair? Yeah, so, he's bald, like me. 

But, the point is, yeah, if you or your family life sometimes takes up a lot of time, or you 

have to end up doing a whole bunch of committee work, or like I'm teaching at eight 

o'clock in the morning in spring, for some reason, so I'm a little tired. 

 Moreover, Emmy expressed how one’s stage of career and life can be intertwined with 

time constraints, which only complicates how a mathematician responds to these influences. She 

first elaborated on how she deals with teaching and research, given that she is at a more teaching-

oriented university. 

I'm older, I'm busier. I have a lot more going on…Teaching is top priority at my 

university. Although research is a big component for promotion and tenure. And, just you 

know, being busier at home, having a family, having more responsibilities, just makes me 

devote less time to understanding. 

Later in the third interview, she returned to this by adding, 

Especially if it's math research because I have very limited time for it. And I need, you 

know, I want to get promoted, so I need publications. So, you got to like, I mean, you got 

to do the best you can given your [situation]. My weakness is time. And, I think time's 

the number one thing I need to fully understand A, B, or C, and I just don't have it. So, 

you get to the point where you understand it enough. You use it and move on. If it 

interests you, if it's like, if I get passionate into it and like I think it's really cool, and I 

have the time, then I sit back and I do more. 
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Emmy closely related her time constraints with her stage of career of wanting to be promoted to 

full professor. She felt she needed to get publications out to satisfy that requirement; however, 

time does not always allow for her to do this in a satisfactory way. For that reason, Emmy 

commented that sometimes just settling with a pseudo-object-level understanding is good enough 

to reach this goal. If there was time, and she had personal interest in a certain mathematical 

concept, then she would pursue a deeper level of understanding of it. 

 Next, I will discuss how community values may influence an individual’s level of 

understanding for mathematical concepts. An excerpt was coded as Community’s Values if it 

consisted of any influence on one’s level of understanding pertaining to what the mathematical 

community values, both at large and in smaller communities that the individual was involved 

with. Whenever a participant spoke of influences pertaining to community values, it was closely 

connected to the need to work on mathematical problems that the mathematical community 

would find valuable or interesting. 

 For instance, Joe explained this as, “There are lots of things you can do. And so, you 

want to do things that you think other people you respect will think are cool, and new, and not 

derivative or easy…And so, that’s why I would work harder on something, because I think 

people would appreciate it.” Caleb also summarized this type of influence well, by claiming that 

the mathematical community actually “dictates what’s interesting.” 

There is a mathematical community. You sort of want your research, I think, to be 

interesting to everybody in the community. And so, you don't want to necessarily work 

on stuff that nobody cares about. So, that way, I mean, the community sort of, in some 

ways, dictates what's interesting and what people care about. ... And so, you want to 

spend more time studying things that are relevant to the things of interest. In the projects 
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that I happen to be currently working on, I spend a lot more time working on trying to 

understand topics that sort of relate to those. 

In both of these excerpts, there is direct influence from their mathematical communities on what 

is worth spending time on and understanding more deeply. By working on mathematical 

problems that others care about, it allows for better opportunities for collaboration and higher 

chances of getting research published in a top journal. Moreover, valuable collaborations and 

publications are directly tied to promotions and academic success, which only makes these 

influences that much more potent. 

Other examples of this kind of influence include what was shared by Emmy and Carolyn. 

Emmy spoke more directly towards the influence of wanting to have collaborators, mentioning, 

“I'm always looking for collaborators. I'm pretty much willing to work on whatever my 

collaborators are interested in…So, if someone's like, I want to study blah. And I'm like, yeah, 

let's do it. And, that's what I'll go understand.” Carolyn shared that she would classify 

mathematical concepts and problems by their priority in a mathematical community and research 

program. She would choose to work on problems that are of higher priority, and she described 

one example as “finding something new, that people hadn’t actually seen before, like looking at 

things from a different way and revealing something new.” Finally, Carolyn also stated that she 

would be influenced more heavily by the preferences of senior members in the mathematical 

community. 

The other major factor is reactions from colleagues…Particularly, if they're, you know, 

how we view people we view as founders of the subject. If there's someone more senior, 

and they like the approach, they'll like the direction of the research and they liked the 

approach, and if they ask, I'd be very inclined to follow their questions. 
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Because these mathematicians have more experience in the field, and likely much more 

influence, their preferences on what to research and focus on better understanding are seen as 

more important to take seriously. 

 Now, I will explore how the need to convey the meaning of a mathematical concept to 

others may influence an individual’s level of understanding for that concept. An excerpt was 

coded as Conveying Meaning to Others if it consisted of any influence on one’s understanding 

that comes from the need to convey meaning about a mathematical concept to another, whether 

through teaching or another medium. There were two primary ways that this influence appeared 

in the data, namely having a need to teach the concept or needing to discuss the concept through 

writing a book or journal publication. 

 First, I will discuss how participants indicated that teaching a mathematical concept to 

others can sometimes necessitate a deeper level of understanding, but also leads to developing a 

deeper understanding. For example, Fritz elaborated on his experiences as a teacher, and how 

that motivates him to have a deeper level of understanding for the concepts he will be teaching to 

his students. Outside of his influences from time constraints, which were discussed earlier, he 

described this as the next biggest influence. 

I think most of it, for my purposes, is mainly being able to convey it to my students. So, 

my level of understanding better be at where I can break it down and be able to explain it 

to a student. So, I think that's the kind of the biggest thing. If I'm trying to understand 

something, how would I explain it to somebody else? I think that's kind of the biggest 

influence I would have, that would be outside of the things I've already mentioned. 

Teachers may feel that they need to have deep understanding (likely object-level) for most of the 

concepts they will be teaching their students, that way they are prepared to answer questions and 
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guide them to a similar level of understanding. Moreover, teaching a mathematical concept can 

actually help deepen one’s understanding, whether through making connections with other 

mathematical concepts or actually deepening one’s level of understanding. Aaron spoke about 

this on multiple occasions, including when he mentioned, “If I ever taught a semester course in 

Coxeter groups, I would probably be able to tell you more…And I would have a completely 

better understanding of it.” Aaron also expressed that he believed this was always the experience 

mathematicians have when they need to convey mathematical meaning to others, exclaiming, 

“And talking to people who write books, or teach courses, graduate courses, it’s always the same 

experience.” As Aaron is currently working on writing an algebra textbook, he also shared how 

this has influenced his understanding of certain mathematical concepts, like non-unique 

factorization domains (UFD). The type of understanding he gained seemed to be about 

connections to other algebraic concepts, rather than his level of understanding for non-UFDs; 

however, this still highlights that the need to properly convey meaning to others influences 

people to pursue deeper understanding. 

 Additionally, Caleb and Carolyn both elaborated on how using a mathematical concept in 

a journal publication influenced their level of understanding. Simply put, Caleb commented, “I 

mean, if you're gonna publish a paper or something, you have to be certain that you have 

understood it, at least sufficiently to make claims you're making and stuff like that.” Carolyn 

expressed this similarly as, “I'm trying to convey that I want these associations with other 

people's work [in the paper] to be extremely concrete.” If connections between different 

mathematical concepts are being made in a research paper, then it is important to understand 

those connections so they can be properly conveyed in the paper. Beyond this, when discussing 

the two different components of understanding during the third interview, Carolyn also described 
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how writing a quality research paper requires both types of understanding. Precisely, she 

claimed, “So, you have to use both of those skills that you're talking about. So, you know, they 

both have to be there to produce a successful paper.” 

 The final influence for this theme includes how the way a concept is presented can 

influence someone’s level of understanding of that concept. An excerpt was coded as Concept’s 

Presentation if it consisted of any influence one’s understanding resulting from how the 

mathematical concept was presented to that individual, such as how it was presented in a 

textbook or research paper. Only two participants shared examples of this kind of influence, but 

this addresses some of the more subtle ways that one’s level of understanding can be shaped by 

external factors. 

 Emmy spoke about this type of influence in the most depth, and how she has felt it 

impacted her own level of understanding. One way she described this was: 

I've read a lot of bad math papers [both laugh]. And like, some of the writing is just 

terrible for understanding. And that being said, like some of it is just the writing…I mean, 

like how a theorem's stated, like if it's a new paper, where it is in the paper, how it's 

presented in context, all those can influence how much you really understand it...So, 

some it is like the actual words in the proposition or the theorem, like the actual 

statement. And some of it is, maybe they're not giving you enough context to understand 

it; it's maybe in the wrong spot in a paper. 

On the surface, this may appear to be only a matter of semantics; however, the way a concept is 

presented can have a vast impact on an individual. It is commonplace for mathematicians to 

describe a mathematical concept in a way that conceals some of the underlying process-level 

components. This especially occurs in certain subfields of algebra where category theory is 
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heavily-present, and a mathematical concept can be stated more succinctly with fancier category 

theory terminology. This can lead to it becoming more challenging for someone to be able 

understand the underlying processes, and as a result, resort to pseudo-objectification. Carolyn 

expressed similar concerns when she commented, 

So, often a definition or a theorem is not done to my satisfaction, in terms of what I'm 

trying to understand. And then I'll get very frustrated, and then I'll look again and see 

what, you know, try to find out if anyone else has done it, or if I can sort of squeeze it out 

of the work of other people. 

Sometimes a mathematical concept is not presented in a way that is beneficial for deeper levels 

of understanding, which may require putting in more effort to develop that understanding. 

Personal Influences 

The next theme that emerged from the data is Personal influences. This theme consisted 

of influences on one’s level of understanding that pertained to factors that are more personal to 

the individual, such as their emotions, personal interest, or confidence. There were two codes 

included in this theme, namely Trust and Affect. First, I discuss how trust can influence one’s 

level of understanding for a mathematical concept. 

An excerpt was coded as Trust if it consisted of any influence on one’s understanding 

that is based on trusting another source, which includes another individual, a journal, or 

something pertaining to a mathematical concept itself. The notion of trust is necessarily deeply 

intertwined with mathematics because mathematical proof is a central practice of the discipline. 

Mathematicians are willing to trust and accept that a theorem is correct if they trust a proof or 

trust that they could produce a proof themselves. Nevertheless, trust is connected to 

mathematical understanding beyond its relevance to proving. When asked, at the end of the 
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second interview, to provide a definition for fully understanding a mathematical concept, Joe 

asserted, “Completely understanding something, I guess, is just believing that you know, the 

literature that you've read and know, and that there isn't a counterexample somewhere because 

someone made a mistake.” Joe completely translated the conversation of understanding into one 

of trust and belief, and professional mathematicians are highly influenced by how much they 

trust a mathematical concept. 

More specifically, Carolyn connected trust with correctness, in that a mathematician 

needs to have trust that what they are working on is correct. 

I mean, mathematics has to be correct. So, because it's got to be so correct, if there's 

doubt, we have to spend more time and energy on it. So, my decisions are based on levels 

of certainty and levels of doubt about the veracity of something. 

Ultimately, Carolyn believed that her decisions about what to understand more deeply were 

based on how certain she was about it. Carolyn also elaborated on how having trust in other 

mathematicians or well-known results can influence a mathematician’s need for deeper 

understanding. In regard to mathematicians in general, she said, “If one of their friends thinks it’s 

true, then they’ll often think it’s true.” She also spoke about well-known or famous results, and 

how the mathematical community trusts these are true, namely: 

There's definitely a lot of, well, you know, it's been in the literature for 20 years. And you 

look at people who've cited that result, and you see what they say. There's definitely 

plenty of that that goes along, where I won't necessarily understand it, but the 

community's accepted it. And, I will let things go by, like, you know, like that if I don't 

need to have a more detailed understanding of it. 
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If a result has been utilized in a mathematical community for a long time, there is trust that it is 

correct and can be used in other research. This can lead to a tendency to just apply a theorem as a 

pseudo-object if a deeper understanding is unnecessary for the situation, implying that trust may 

sometimes be a deterrent for a deeper understanding. 

 The notion of trust was frequently related to pseudo-objectification, and different 

participants expressed varying degrees in which they would use a concept as a pseudo-object 

based on trust. Fritz discussed this when he mentioned, 

As my advisor used to say, if you had to meet every woman in the world before you 

decided who to marry, you'd have never gotten married. Sometimes you just have to start 

going with it. So, sometimes you just kind of have to believe what you're reading and go 

on with it and try to build from there, because otherwise, you're gonna get stuck in a rut 

for a long time. 

Thus, the influence of trust can be closely connected to practicality, as there is a need to keep 

making mathematical progress as a mathematician. Carolyn’s remarks complemented this: 

Because you really have to see what's going on and have a level of confidence about it. 

And, if I don't have that level of confidence, I mean, you know, I think I have a very 

critical mind. And, I know when I don't understand something, but then I can also sense 

when I understand it well enough to work with it…But, it doesn't slow me down. 

Here she described how she felt she could typically assess her own level of understanding of a 

mathematical concept and determine whether it is enough to utilize the concept in a certain 

context. If she had confidence or trust in the concept, then she would be perfectly fine using the 

concept as a pseudo-object if she believed that level of understanding was sufficient. 
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 Next, I discuss how factors that are more affectual may influence an individual’s level of 

understanding of mathematical concepts. An excerpt was coded as Affect if it consisted of any 

influence on one’s level of understanding that is affectual, including personal interest and 

emotion. A majority of the excerpts coded with Affect pertained to how personal interest can 

influence one’s level of understanding about the concept, which is where the discussion will 

begin. 

 In terms of the influence from personal interest, Caleb acknowledged that he puts more 

effort into developing understanding for a concept “because I think it’s interesting and part of it, 

I think, is because of outside influence.” Shortly after this, he added, 

Yeah, just probably a lot of factors, like how interesting I find the topic. A lot of times it's 

how motivated I am at a particular point in time. Sometimes I let myself get distracted 

more easily. And sometimes I'm a lot more focused. 

His comments demonstrated that personal interest is correlated with motivation, which can 

certainly influence how much time we spend understanding certain mathematical concepts. Also, 

Fritz described in both the second and third interview how personal interest is a factor in what he 

chooses to better understand. He described an experience in research where he was using a 

theorem from graph theory in an algebra context: 

I think there's something specifically about it [theorem] giving us specific information 

about what we need for our results that isn't compelling me to go back through and see 

why it has to be true. I think that's probably why, it's more general graph theory stuff. 

And, I'm more interested in the algebra anyway. So, it's given me a graph theory result 

that I need as a tool. But, it's not giving me, that particular result's not going to give me 

algebraic information per se. So, for me, it's not as interesting of a thing to go look up. 
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Fritz’s primary interest is in algebraic concepts, not graph theory, which influences which of 

those concepts he will choose to develop a deeper level of understanding for. In the third 

interview, he further elaborated on this when he said, 

I enjoy understanding the algebra and the algebra behind things and why it's true. So, I'm 

probably going to be more focused on the processes, like you said that way, versus just 

the applications of it. But again, that's just because I enjoy it more. I want to know why 

it's true from an algebraic perspective versus other ones. For me a lot of that other stuff, 

when it's an applied area,…I'd rather just use it as an application, use it as a tool at that 

point. 

These two excerpts both have connections to proof, but this also demonstrates that the topics he 

is most interested in, he wants to develop process-level understanding for those concepts. 

However, for concepts he is not as interested in, he is possibly content using them as pseudo-

objects. 

 Some participants also shared how affect as an influence on understanding is related to 

their research and their stage of career. Carolyn expressed that, “If I do think that studying their 

methods will be enhancing to my work, I definitely put the time in.” This is primarily in the 

context of proof techniques, but still shows that mathematicians make affectual judgment calls 

on what is worth understanding better. Emmy commented that her personal interests need to be 

juggled with her stage of career, as she still wants to be promoted to full professor. 

I think it's just like passion and personal interest. You know, I am at a point where I'm 

tenured and promoted. So, like, I have the freedom to be like, I'm interested in A and not 

B, so I'm gonna focus on A and not worry about B. I mean, it's not full freedom, because 

I do want to get promoted again. So, I have to be a little bit careful. 
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Personal interest greatly influences what concepts someone wants to deeply understand; 

however, other influences may prevent that individual from fully pursuing those interests. 

 Lastly, Emmy expressed that professional mathematicians are content with an 

underdeveloped process-level understanding. She contrasted this with her students, who 

sometimes feel less comfortable working at such a level of understanding, whether they actually 

do. 

I feel like mathematicians have the understanding that it's okay that we don't understand 

everything. But, we can still use some things as long as we understand something. Where 

students, right, they're like, “Well, if I don't understand all of it, then I can't do any of it.” 

It seems that professional mathematicians are more confident and willing to work at a pseudo-

object-level understanding for a time, knowing that this can still be productive. Developing the 

underlying process-level understanding can come later, if necessary. 

Influences From the Utilization of a Concept 

 The next two themes are focused on how the use of a mathematical concept, or aspects of 

the mathematical concept itself, influence one’s understanding of that concept. These kinds of 

influences provide a unique contribution beyond sociocultural influences, and highlight that 

professional mathematicians engage in understanding concepts differently depending on the 

context. The first of these two themes is Utilization of a Concept, which consists of how the 

intended use for a mathematical concept might influence one’s understanding of that concept. 

There were four codes pertaining to this theme, which included Building on a Concept, 

Application of a Concept, Purpose for a Concept, and Connections Between 

Disciplines/Concepts. 



178 
 

 To better motivate the distinction between the codes of Building on a Concept and 

Application of a Concept, I highlight two specific excerpts from the interviews. First, Fritz 

commented that: 

I mean, if you're gonna build on a paper, you probably need to understand a lot of the 

details. But, if you're just trying to use the old things, and try to build on to new things, I 

don't think a lot of those details into the more specific results are necessary. 

Similarly, Emmy also described a difference in purpose for how we use mathematical concepts. 

I think it's what you need in a situation. If you're trying to prove something is that 

definition, I think you really need to have that underlying comprehension of the 

definition. But if you're like, oh, I need to use the definition to show blah, to get to C, like 

B to get to C or whatever, it's a bit more of a connection than a thing, than like your 

outcome. I think you can, you know, your cursory understanding is fine. 

Both excerpts contrast two opposing mathematical uses for a mathematical concept, where one is 

more conducive for pseudo-objectification and the other requires a developed process-level 

understanding. I will begin by discussing each of these utilizations of a concept, which 

correspond to the Building on a Concept and Application of a Concept. 

 First, I will discuss the influences that come from building on or creating a concept. An 

excerpt was coded as Building on a Concept if it consisted of any influence on one’s 

understanding of a mathematical concept that is the result of needing to build upon or construct 

the concept, including extending, restructuring, or fixing an error with the concept. For a first 

example of this, in the context of the research article for the second interview, Aaron described 

how he needed to have a deeper level of understanding of certain concepts because other 

concepts in the paper built upon them. In particular, he commented, 
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I mean, I think cause like the toric heap stuff directly builds off of the toric poset stuff. So 

it is a... so to properly define things for toric posets, you absolutely have to have a 

geometric understanding of, of what these things are. And, especially in the poset 

case…And so like, you really have to understand these concepts to build up the theory of 

toric posets, and so a toric heap is just another definition involving a poset that we're 

looking at the cyclic analogue of. So, you absolutely have to understand that stuff well. 

In this research paper, toric heap was the primary mathematical concept being constructed, and 

further theoretical contributions were being made with this concept. Hence, in order to construct 

and build upon the concept of toric heap, which consists of a toric poset with other structure, the 

toric poset structure had to be understood at a deeper level (likely object-level). 

Similarly, during Carolyn’s second interview, when discussing her research paper, she 

remarked, 

And, right, so we actually used, so what we did there was we took Mathematician's 

paper…That's another paper read in gory detail. Read it well enough that we could restate 

his results in an equivalent way, which was going to be more useful for us, and then 

setting up his result in the way that we needed. 

Because the goal of using this particular theorem in the paper was to restate it in a different but 

equivalent way, this required Carolyn to have had a deeper level of understanding of the 

theorem. In addition to extending and building on prior concepts, in Fritz’s research paper from 

the second interview, he and his coauthors also needed to recognize and correct an error in the 

theorem statement. He explained this as: 

I think that was the big motivation, that he [coauthor] had found that error. So, that was 

one motivation for being able to correct that error. And, then the other was they were 
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looking at just principal ideal domains in their article. And, we realized that with the way 

that the other types of rings had similar properties, we would be able to extend those 

results…I certainly needed to understand the details of that particular theorem with its 

claims, because that was the one that we were trying to correct, and well, trying to make 

sure that that it was corrected in its entirely, as well as trying to extend it to the other 

types of rings that we were looking at. 

To not only be able to extend a theorem to other types of rings, but also recognize how to fix an 

error in the statement requires a developed process-level understanding of the theorem. It is 

worth mentioning here that being able to fix a theorem does also have strong connections with 

knowing a proof, but I believe that there is also a need for an object-level understanding of the 

theorem to build on it in this way. 

 As a final example of how building on a concept can influence one’s level of 

understanding, Emmy described how her understanding of Mackey and Tambara functors was 

influenced by how they were utilized in her research. Regarding her research article from the 

second interview, she claimed, “So, the overarching goal of this paper was really to like 

explicitly construct these norm functors.” She was constructing specific types of Mackey and 

Tambara functors, which led to the necessity of an object-level understanding for these concepts. 

She described this in detail when reflecting on this during the third interview, by saying, 

I've been thinking about a project where I really had to understand, like a fundamental 

understanding of what the things were, like my thesis paper that I talked about, that we 

talked about in that second interview. Like, I constructed things on Mackey functors, and 

then related Mackey and Tambara functors. And, I felt like I really had to understand 

what Mackey and Tambara functors were in a very constructive way, and not just as a 
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like glossing over the top. And again, like, it kind of goes back to my thesis on this 

interview, which is like, what it was in that paper, I was creating something about 

Mackey functors and Tambara functors. I was putting a structure on those things. Those 

things were like the point of my research. So, those are why, like you're doing something, 

you're creating something new with those objects. So, I really needed that complete 

understanding of the process, the construction, why it works. 

Because Emmy was creating new mathematical structure and furthering the theory of Mackey 

and Tambara functors, she had to have an object-level understanding of those concepts. This 

demonstrates how building on a concept closely aligns with inventising (Pirie & Kieren 1994), as 

I mentioned above. 

 Next, I will discuss the influences that come from simply applying a concept. An excerpt 

was coded as Application of a Concept if it consisted of any influence on one’s understanding of 

a mathematical concept that is the result of simply needing to apply the concept in another 

context, such as using the concept as a tool or black box. This type of influence on one’s level of 

understanding is in direct contrast to Building on a Concept, as mentioned demonstrated above. 

To further emphasize this, consider how Emmy stated, 

Like classification theorems, like if you're trying to prove something using the theorem, 

cursory understanding or actable understanding is probably sufficient. But, if you're 

trying to come up with a modified classification theorem, or like come up with a theorem 

yourself, that's like a classification theorem, you probably need that like underlying 

process, why it works understanding. I still just think it depends on what you're going to 

do with that. 
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If your goal is simply to apply a concept, more commonly a theorem, then a pseudo-object-level 

understanding is sometimes sufficient. Almost every participant provided various examples of 

this during the interviews. I will share some examples from three of the participants. 

 For Emmy, during the second interview, when I asked her if there was anything about 

particular mathematical concepts that influenced her level of understanding for the concepts, she 

responded: 

Some of it's like, hey, I don't need to fully understand this to apply it to this other thing. 

And, sometimes that's okay. Sometimes, if the theorem or whatever isn't the focus of 

what you need to do, just understanding it enough to apply it, that's fine. So, I've been in 

that spot many a times. I feel like a lot of concepts in category theory are like that, for 

me, where like I understand it just enough to use it. Which is fine, but don't ask me to 

like, very understand it further, at this point in time. 

She specifically describes the case where a theorem is not the focus, but only needs to be simply 

applied, then a process-level understanding is unnecessary. She even considered some category 

theory concepts to be similar in this way. During the third interview, Emmy provided an example 

of some approval voting research she had been involved with, where graph theory concepts were 

being utilized. She described how the original research paper in this subject utilized the graph 

theory, along with her own personal experiences, as: 

And, they push the graph theory and create like an agreement graph, where an interval 

becomes a vertex, and then there's an edge if the intervals overlap. And, they then look 

into like the clique number and the chromatic number. And, they use like, known results 

about those things to conclude something about approval voting…I think their uses of 

clique number and chromatic number are like great examples of like, for me, when I'm 
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reading this, I'm like okay, I can look up those definitions and see how they're using them 

without having that deeper understanding of what those things are in graph theory, 

Especially because at this point, when I first started reading this paper, it was like my first 

time really thinking about graph theory. 

This research project was really focused on the approval voting results, so the graph theory 

concepts were just tools to be used in this context. Hence, a process-level understanding may not 

have been necessary for each of these concepts. 

 Next, for Caleb’s research, he provided a few examples of tools or black boxes that he 

has used, or that are common in his primary area of research, which is connected to K3 surfaces. 

One such concept that is often treated as a black box among mathematicians in this field is the 

Picard lattice, along with theorems connecting this concept to K3 surfaces. Caleb described in 

detail their connection as: 

They're sort of a tool, rather than a main player or something in the ideas…And so, if you 

really understand the Picard lattice, then you really understand the geometry of the K3 

surface. And, it goes so far as, that any two K3 surfaces…if they have the same Picard 

lattice, it’s like they’re almost the same surface…But, if you can give me an isomorphism 

between the Picard lattices, then you can actually use that to give me an isomorphism 

between the K3 surfaces. There's a good black box by the way, that theorem. That's one 

that just is used all over the time in this subject, and it's a really important one, to say that 

anybody understands it, well there are people who do. 

There are connections between K3 surfaces and Picard lattices that are of great value to this area 

of research, but Caleb goes as far as implying that he does not think many people understand 

those connections. However, it is such a powerful tool that it is worth using as a pseudo-object 
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for some mathematicians. Caleb later added to this discussion of the Picard lattice by sharing his 

own experience with finding connections between the Picard lattice and the p-adic integers. 

At some point, I used p-adic integers, which I never feel like I quite understand as deeply 

as I should. But, it was an important result to use. They were a tool to get out. So, the 

Picard lattice, this lattice if you tensor with the p-adic integers it gives you certain 

properties, certain things you can say. Then, if you understand that, then you can go back 

to just the case of lattice over Z, over the integers. So, using the p-adic integers was a bit 

of a stretch for me because I never worked with them before. So, you know, what I did is 

I learned as much as I needed to. So, yeah, I can think of those as some kind of black box 

and then some sort of rudimentary understanding of the p-adic integers here. But, in the 

end, it was useful to sort of get the result that I needed. 

The p-adic integers, along with related properties about them, were likely pseudo-objects for 

Caleb. However, they were “useful to sort of get the result” that he needed, so he was fine using 

the concept in that way. Moreover, he mentioned that he had some “rudimentary understanding” 

of the p-adic integers in addition to using them as a black box. This aligns closely with my own 

experience with the p-adic integers, as they can be constructed as an inverse limit of quotient 

modules. In Chapter 1, I described how I struggled to understand the underlying process of the 

inverse limit for about one year. I had a rudimentary understanding of how the inverse limit 

construction worked, but my process-level understanding was underdeveloped. I suspect that 

Caleb was describing a similar experience to my own. 

 Fritz also frequently provided examples of how he would use results without a deeper 

understanding. However, Fritz appeared to have a more difficult time separating understanding 

from proving, even after discussing the different components of understanding in the third 
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interview. For this reason, he sometimes talked about not needing to know why a theorem was 

true, instead of solely focusing on understanding. For example, during the stimulated recall, 

when reflecting on a prior discussion about graph theory concepts he was using in his algebra 

research, he elaborated: 

I can understand what the result is saying, but I wouldn't necessarily be able to reproduce 

why it would have to be that. I can absolutely use the result, and have, with some of the 

results that we've come up with, since even this interview, but not necessarily know why 

they have to be true. And truth be told, I'm not even sure I care, as far as my 

understanding, only because I'm trying to use it to do the algebra part. I think from that 

perspective, it is very, you know, it's just a black box idea, just using it. 

In addition, he also provided examples of using statistics and modeling techniques, for which he 

had an underdeveloped process-level understanding. In regard to concepts in mathematical 

modeling, he specified: 

Part of it for me would just be if I'm trying to apply it. So, I can see, I could see doing 

some modeling types of things, maybe doing some data analysis types of things, where I 

don't need to know all of the conceptual understanding…So, in that situation, I could see 

where the first one [action-based understanding] is probably good enough. Unless I'm 

actually, you know, trying to develop a new method, maybe, then I would need to know 

the second type [process-level understanding]. But, if I'm just trying to use it and doing 

applications, I think the first type is probably sufficient, at least for my purposes, 

especially since I'm not an applied mathematician. 
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Fritz explained that because he was not an applied mathematician, he would likely only be using 

concepts in that field of study if was simply applying the results. Hence, this would influence 

him to not develop the underlying process-level understanding. 

 Now, I discuss influences on an individual’s level of understanding that are connected to 

the purpose of mathematical use for the concept, but are more general than building on or simply 

applying the concept. An excerpt was coded as Purpose for a Concept if it consisted of any 

influence on one’s understanding of a mathematical concept that is described as having 

originated from the general purpose for utilizing the concept, such as needing for background 

information. Emmy mentioned that “the thing you’re building depends on how well you need to 

understand the tool.” Moreover, she specified: 

So, I don't think I can articulate how I do it for each concept and each problem. But, I can 

generally be like, if you look at a problem and be like, I think I need to use thing A to do 

blah, and you're just like, I have no idea, no tools, I don't even know where to start, start 

with understanding thing A. 

Emmy outlined how she would approach whether she needed to understand a specific concept. If 

she had other tools to use “thing A,” such as a theorem for how to apply it, then understanding 

the concept may not be necessary. However, if she knows that “thing A” needs to be utilized and 

there are other tools at her disposal, then she would begin to develop a process-level 

understanding for that concept. 

 The most common way this code appeared in the data was when a concept was part of the 

foundational background content needed for some mathematical pursuit. For instance, Fritz 

specified that certain concepts are pivotal to conducting research on factorizations. He said, 
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Yeah, so in factorization, in particular, yeah, there are certainly ideas of what it means to 

be atomic. And so, the things that are everything has a factorization. What irreducibility 

means, those kinds of things. There's definitely some things that you definitely have to 

know. 

A mathematician may not always be explicitly building on these concepts, but because they are 

fundamental to the area, they should be understood at a deeper level. Carolyn highlighted the 

importance of understanding the background concepts when she remarked, “I mean, you know, 

typically I would not understand something if I’m lacking in background.” The background 

concepts provide a sort of context for how to think about the underlying processes for the 

concepts you are working with. For Carolyn, in the research paper from the second interview, 

she believed it was important to have some understanding of background concepts, even if not at 

a deeper level. 

I don't think the level of detail that I had from Mathematicians’ paper actually was 

needed, but a general knowledge of what was done. Not even so much how it was done, 

but a general knowledge of what was done in contrast to what I think are the open 

questions that are needed. I think that's really important. 

The work from these mathematicians provided some context for the research Carolyn was doing. 

 For Emmy, the concept of a Green functor was “foundational” to her research, even 

though it was not a central concept in the research paper. Green functors were connected to 

Mackey functors, and Mackey functors were one of the two central concepts to the research 

project. Emmy explained that: 

Yeah, Green functor was like really foundational. So, I understand those very well. It was 

like, the analogy is like, groups are to Mackey functors as rings are to Green functors. So 
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Green functors are kind of like the ring for Mackey functors. And then like, I have this 

extra structure that, like actually, if you look in this other land, we actually want Tambara 

functors to be like the rings. So like, yeah, like I had a great understanding of Green 

functors. 

Green functors related to Mackey functors in a sort of analogous way to how Tambara functors 

related to Mackey functors. So, even though Emmy was not explicitly building on the Green 

functor concept, having an object-level understanding of them was important for working in the 

somewhat analogous context of Tambara functors. 

 The final influence on one’s understanding in this theme pertains to when a concept is 

being utilized across different fields of study, or explicit connections are being made between 

concepts. An excerpt was coded as Connections Between Disciplines/Concepts if it consisted of 

any influence on one’s understanding resulting from making (or the need to make) explicit 

connections between different mathematical concepts or between mathematical concepts in 

different mathematical areas. Unlike the Building on a Concept and Application of a Concept 

codes, this type of influence sometimes led to a participant only needing a pseudo-object-level of 

understanding, but it also sometimes would necessitate at least a process-level understanding for 

the concept. 

 As means for a first example, I previously introduced how Emmy was beginning to work 

on a new research topic that utilized connections between transfer systems and N∞-operads. 

During the second interview she described how she was making connections between these two 

separate areas, and how that influenced her understanding of the concept of 𝑁∞-operads. She 

specifically stated, 
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We're looking at these things called transfer systems… [They] apply back to N-infinity 

operads in algebraic topology. Now, we don't need to know the details. But, what we 

need to know is transfer systems are super accessible. They're like, you draw dots, and 

you draw arrows. And like, they connect in a special way; there's just rules that you can 

like, draw and, like, understand. So, they're super nice because of this accessibility. And 

then you apply them to N-infinity operads to get cool results about N-infinity operads. So, 

for me, operads, I don't really understand them. I don't really get what N-infinity operads 

are, but I'm okay with the fact that I know that they're important to people who study 

them…Yeah, there's like a paper; I call it the OG paper. Like this first paper that connects 

N-infinity operands, or one of the first, to transfer systems. Like, I just pretty much, I 

started reading it. And, I just skipped down to like transfer systems and started just 

reading the transfer system part, which is like, starting on page four of the paper. And 

like, okay, I'm gonna start reading from here, and then like, backlog and go back and read 

about N-infinity operads as needed to make connections. 

Emmy asserted that “we don’t need to know the details” about 𝑁∞-operads and how they 

connect to transfer systems. Because she was more focused on the transfer systems, she was 

content with trusting that the connections were there, and she could deepen her understanding of 

𝑁∞-operads as necessary. Thus, when making connections between different areas of research, it 

is possible that the one concept is primarily being used to further research pertaining to the other 

concept. In these scenarios, it is sometimes sufficient to have a pseudo-object-level 

understanding of one of the two concepts. 

 In contrast, Emmy also provided an example of where she felt she would need a deeper 

level of understanding for both contexts to make connections between them. Related to her 
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research on Mackey and Tambara functors, she described what would be needed to make further 

connections with commutative 𝐺∞-ring spectra, which she labeled as being a concept in 

topology. She explained, 

So, I think for me in algebraic topology, I think if I wanted to stay in topology and do 

more stuff, I would have had to really start understanding that like background stuff. 

Like, I know Mackey functors; I know Tambara functors. I know them as like a this is 

what they are; this is how they're connected to each other. I understand them 

fundamentally as objects. What I don't have a very good sense of is like then their 

connection to these like spectra. Like I can write down. Like I can state the statement. 

And, I can say it enough, so that I sound right when I say it. I don't fundamentally 

understand that connection, the way I fundamentally understand the structure of Mackey 

and Tambara functors. So, I think, if I want to do like, make more connections between 

Mackey and Tambara functors to spectra, I would need to understand that connection. 

Emmy felt that a deeper understanding of commutative 𝐺∞-ring spectra would be necessary to 

start making more connections between them and Mackey and Tambara functors. She later 

added, “I guess you can’t bridge the gap until you really fundamentally understand both things 

you’re trying to bridge.” There is a lot of evidence that she had an object-level understanding of 

Mackey and Tambara functors; however, if she wanted to make meaningful connections in t his 

context, she did not feel like this was enough to just have a pseudo-object-level understanding of 

commutative 𝐺∞-ring spectra. These two different examples from Emmy demonstrate that 

depending on the types of connections that are trying to be made between concepts, varying 

levels of understanding may be needed (or felt like they are needed). 
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 Beyond connections across research areas or disciplines, some participants commented 

on how strong connections between concepts can influence their understanding of those 

concepts. For example, in the context of category theory concepts, Aaron remarked: 

Sometimes when there's a lot of familiarity, a lot of definitions sound the same. You 

know, like, there exists a unique map making such that this diagram commutes. It's like, 

you know, when you see ten of those things, it becomes, it helps you understand. 

Numerous mathematical concepts, especially in areas like category theory, have similar structure 

and hence similar underlying processes. A commuting square, for instance, describes a certain 

mathematical process, so when you have seen many concepts with that structure, it influences 

how easily you can understand the underlying processes of any new concept with that same 

structure. Caleb even went as far as saying that many of the concepts we use in mathematics are 

just “modifications” of other concepts. 

A lot of the things we think we understand we've seen somebody else do first. So, I mean, 

at least the way I see the world is most, I mean a lot of the ideas, we have things that are 

just modifications of things we've seen other people do. 

As you see a lot of mathematical concepts, you can recognize similar underlying processes 

among many of them, which makes it easier to develop that understanding. Fritz provided related 

comments on this in the context of his research on factorizations, saying: 

So, there's certainly lots of different notions of things in terms of unique factorization. 

And then, maybe the factorization is not unique but they all have the same length versus 

the factorization; there's only a finite number of different factorizations versus there's a 

bound on the length of the factorizations. There's all these ideas of factorization length 
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ideas…Cause so many of them all have to do with factorization lengths, I think there's so 

many similarities that you can still figure out, kind of follow along what's going on. 

Because all these concepts have similarities, in that they relate to factorization length, it allows 

for a mathematician to be able to follow what is being done with that concept, whether they have 

at least a process-level understanding of the concept or not. 

Influences Regarding Qualities About a Concept 

The final theme is Qualities About a Concept, which consists of any influence on one’s 

understanding for a mathematical concept corresponding to qualities specific to the concept 

itself, not how it is being utilized. There were two codes pertaining to this theme, which included 

Area of a Concept and Type of Theorem. I first discuss the data relevant to the Area of a Concept 

code. An excerpt was coded as Area of a Concept if it consisted of any influence on one’s 

understanding of a mathematical concept that pertained to the specific area of study for that 

concept, such as category theory or graph theory, or a broad descriptive quality of that concept, 

such as the age of the concept or it being a visual concept. 

Because the concepts in the first interview were category theoretic, this led to more 

targeted discussion on such concepts in the latter interviews. Moreover, every participant who 

discussed this type of influence for category theoretic concepts said that they are more easily 

utilized with a pseudo-object-level understanding due to the nature of category theory. Emmy 

quickly commented on this when she said, “You can kind of, in category theory, like sweep 

some things under the rug. And, everyone just kind of assumes that it's like, oh, yeah, clear. And 

you can kind of convince yourself of it and others.” More specifically, Caleb and Joe both 

elaborated on how category theory concepts are structured in a certain way. During the 

stimulated recall on his solution to the second task, Caleb mentioned: 
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I guess I kept saying there's only one thing to do here. I mean, and so this is maybe the 

sort of thing I'm more used to is, when you're talking about abstract categories and don't 

have a lot of structure, you basically have morphisms. There's not a lot that you can say, 

usually. And so, you got things like the identity functor, or the identity map or things like 

that. Those are a lot of times the only thing you have to work with. 

Joe spoke on this in much more detail during the third interview, claiming that category theory is 

“supposed to” have concepts that are used as pseudo-objects. After I shared my experience with 

inverse limits, as discussed in Chapter 1, he remarked: 

So, in your analogy of inverse limits versus what they really are, the action was just 

taking an inverse limit of a, you know, the sequence…That's an inverse limit. For me, 

category theory is all that. There's none of the other part [underlying processes] that I 

really understand, and I think that's the way it's supposed to be. If you really, just for me, 

it's like, this is the part you can do with zero intuition. Right, injective, not because two 

things don't go to one, it's because when you follow it by another one…So, it's supposed 

to get all, you know, filter out all the intuition and trickery that you would do, and just go 

through by, you know, the minimum number of hypotheses on something, because then it 

will apply to the maximum number of situations…And, my understanding of category 

theory is absolutely 100% the action. It's just, these are the things. These are arrows; what 

do they mean? They don't mean anything. They are arrows. Right, and if you can come 

up with an argument that goes through it, great. 

Both of these excerpts highlight that there are inherent qualities about category theory concepts 

that lead to pseudo-objectification. Because you are primarily working with morphisms (i.e., 

arrows), most of the concepts are reduced to diagrammatic properties, namely figurative 
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material. However, category theory is designed to be an overarching theory that captures the 

most general properties shared by various different concepts in mathematics. Joe stated that this 

leads to “the minimum number of hypotheses,” so it can “apply to the maximum number of 

situations.” This raises the question of what the underlying processes actually are for category 

theory concepts like this, which will be discussed in more detail in Chapter 5. 

 Another area that was mentioned by multiple participants was graph theory. Because 

graph theory is often used as a tool to connect between disciplines, along with it being much 

more visual, it lends itself to having a more noticeable influence on one’s understanding of the 

concepts. In addition to what was discussed in the Connection Between Disciplines/Concepts 

part of the thematic analysis, Emmy stated: 

It's like, there are lots of other topics of math research that can be transformed into a 

graph theory statement, and then proven via graph theory. And, I think graph theory has 

just so much, so many properties. Right. I feel like there are a million properties or 

theorems out there. It's just like [audio cuts out] use graph theory language. And I mean 

like, well, which graph theory property can I apply in this situation? I just feel like there's 

a lot of problems that do that really nicely. 

Because problems are frequently transformed into graph theory problems, one can search for 

graph theory results that work nicely in that context. Then they can simply be applied as a tool, 

even if the individual has an underdeveloped process-level understanding of the concept. 

Additionally, Fritz spoke about the visualizability of graph theory concepts, which can lead to a 

more action-based understanding in some cases. 

I think it’s more easily visualizable than other things, because I can, you know, I can put 

some dots down, I can play connect the dots, and I see what a graph is…So, I do think, 
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just the simplicity of being able to play with dots and sticks, I think lends itself very well 

to kind of using that first idea [action-based] of understanding. 

More visual mathematics may lead to easier pseudo-objectification, but it may also aid in the 

development of process-level understanding for specific graph theory results. 

 Both Emmy and Caleb made remarks about how concepts being visualizable can 

influence one’s level of understanding of the concept. During the second interview, Emmy 

reflected on her understanding of the box product, which is a product operation between Mackey 

functors and hence has a diagrammatic property. 

Like that picture, like if I were to read the words, I was like “Uh-uh, I don't understand 

those words." But like, looking at Figure 2 at the bottom of page 14, like, even though I 

haven't looked at this in a couple of years, I look at that picture and I'm like, “Oh yeah, 

that's what it is.” And so like, for me, my understanding is very visual, like, I could not 

understand the box product without drawing that picture. But, that picture to me makes 

sense. 

Because this concept had a visual representation for some of the underlying processes, it helped 

Emmy to better understand some of those processes. Caleb spoke about how visualizations of 

concepts can make the concept easier to work with and understand. In the context of his research 

paper from the second interview, he spoke about Dynkin diagrams. 

So, what this does for you is it makes really easily all the information at hand, I mean, all 

the information really that you care about it in a very nice, compact form. That makes it 

easy to work with in general.  

When concepts have strong visual representations, it allows for someone to compress much of 

the underlying processes in a figurative form. This could aid in developing process-level 
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understanding, but also make it easier to use the concept as a pseudo-object. This also connects 

to the diagrammatic nature of many concepts in category theory. 

 Also, there was some discussion about certain concepts that were “more abstract” than 

others, or were nonconstructive. Caleb labeled the concepts in his research area as “a lot more 

abstract than a lot of other areas of math. So, I think you need to dedicate more time.” He also 

spoke more broadly about how mathematicians treat more abstract concepts by saying: 

I'm going to say this used to bother me a little bit…I'm going to say a derived category or 

something like that. A lot of times, you'd be in conversation with other mathematicians 

who just casually bring up something. And everybody's like, “Oh, yeah.” And it seems 

like everybody understands that well. But, it turns out, if you were to say, like, ask for an 

example, or something, nobody knows one. Or, nobody could sort of sufficiently describe 

it, because they're too complicated. And actually, nobody understands it, even the 

experts, as objects, but they understand sort of things they're good for or what you can do 

with them, or how you can interact with them. And, that for most mathematicians, I think, 

is enough. I mean I think we'd like to understand, like to have a deep understanding of a 

lot of mathematical constructions, but I think they're just too complicated for us to really 

understand. I mean, we just can't get our hands on them. But, we can still interact with 

them. I think that's part of it. It used to drive me crazy…I think the way I finally got to be 

okay with it is I finally, somehow I guess, I heard enough mathematicians say, “Oh, we 

don't know anything about this,” even though they seem to be comfortable with it. 

Caleb seemed to believe that certain concepts, like a derived category, are so abstract and 

complex that it is difficult to have process-level understanding of them. However, 

mathematicians function as if they understand them because they can use them as pseudo-objects 
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in the contexts they care about. This is closely related to how Joe described nonconstructive 

concepts, like ultrafilters, which requires the axiom of choice. 

For me, when you understand things, it's this idea of scrutability. Can you really do that 

without using an axiom of choice so strong that you really didn't understand what you're 

doing? Because some of the constructions, you know, this isn't blah because I'll just take 

an ultrafilter, or just take a, you know, take a basis for, you know, this vector space, Z to 

the naturals. Just pick a basis for it, blah, blah. Well, you know you don't know a basis for 

it, right? You know you don't know an ultrafilter, right? And, so you can construct this 

counterexample to something but you really didn't understand it. 

This excerpt highlights the question of whether you can fully develop your process-level 

understanding for certain nonconstructive concepts. If the existence of a mathematical object 

relies on a nonconstructive assumption, like the axiom of choice or Zorn’s lemma, what would 

the underlying processes be for that concept? This will be discussed in more detail in Chapter 5. 

 Finally, Carolyn also acknowledged that the age of a concept may influence her need for 

a deeper level of understanding. She said, 

But other stuff that might be in a book or it might be somewhat well-known, you know, 

I'd spend less time really focused on it. And, I think the short answer is, I would spend a 

lot more time and effort on a new, on a very new idea, or a very new theorem. 

If a concept is newer to the mathematical community, then she felt that she would be less 

comfortable utilizing it as a pseudo-object. This also closely connects with the influence of trust 

because she appeared to have more trust in concepts that have been in the literature longer. 

 The final influence on one’s understanding coming from this theme pertains to when a 

specific type of theorem was referenced. An excerpt was coded as Type of Theorem if it 
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consisted of any influence on one’s understanding of a mathematical theorem that explicitly 

corresponded to a specific type or style of theorem. At the end of the third interview, Caleb 

described how different theorem types could influence one’s needed level of understanding for 

the theorem. 

There's theorems that describe properties of objects, and those are often very useful. And, 

there's theorems that just are like existence, for example. And a lot of times, it's nice to 

know that such a thing exists, but like, what are you going to do with that? You know 

what I mean? Like, you can't use that theorem…So, the theorems you often cite in your 

research, I think, would tend to be more of the first type of understanding [action-based], 

when we were talking where you can interact with objects without knowing what they are 

or something. But yeah, I mean, not every theorem, I think, can be put into one camp or 

the other. 

Not every theorem can be classified as always being utilized as a pseudo-object or not, as the 

utilization of the theorem still matters, but some theorems lend themselves to one level of 

understanding. For instance, multiple participants discussed classification theorems, including 

Carolyn. She elaborated, “Sometimes you get a classification of something. And that's a 

complete statement, which is very easy to cite, because it's, you know, it's complete.” Sometimes 

classification theorems are easier to develop a process-level understanding for, but due to the 

nature of that kind of theorem, they are much easier to use as pseudo-objects when needed. 

 Another interesting type of theorem was a “connector-fact theorem,” which was a term 

created by Emmy during the second interview when asked about theorems she uses as black 

boxes in her own research. She described a connector-fact theorem as 
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So, I guess like, connector-fact theorems, right. Like, I think algebra has this a lot, where 

you like, in algebra, there's a lot of things that are like, well, if thing A has this property 

then it's thing B, and if thing B has that property, then it's thing C. And, your goal is to 

show that thing A is thing C. And, you can hop through these properties by applying 

theorems. Oh, well thing A is blah, so it has this, which means it has this, from this other 

rando theorem, which means we get our results…Or like, I feel like this happens a lot in 

like, I'm doing another research project that sometimes dabbles in some graph theory, 

some, like approval voting stuff. And, I feel like a lot of our research, we sometimes do 

some Googling, and we're like, “What graph theory facts could we apply to this, that 

would be helpful.” And like, we don't necessarily need to understand them more than the 

definitions, or we don't need to understand why they work. We just need like, “Oh, this 

graph is a blank type of thing. That means it has this property. And oh, that property 

translates to what we actually want. That's cool.” 

Emmy provided two areas where connector-fact theorems are more prominent, namely algebra 

and graph theory. Because your goal with these theorems is to hop between different contexts, 

you do not necessarily need a developed process-level understanding. Instead, you just want the 

power from these theorems to make progress with the concept most relevant to your research. 

During the stimulated recall in the third interview, I asked Emmy to further elaborate on how she 

would describe her level of understanding of connector-fact theorems in the above excerpt, given 

that I had now described the different components of understanding to her. She said, 

My thoughts I had are like these are obviously the act on portion. I'm saying exactly what 

you were saying, where you were like, “You know, these are things you don't really need 

to understand.” You just like look at the theorem. I mean, like, I can connect these dots 
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and call it a day. I don't understand why the theorem works. I don't need to read the proof. 

I don't need to know where it comes from. I just need to use this theorem to relate back to 

whatever I'm actually doing. So, I think it's like, maybe not even like act on or transform, 

it's literally just like, apply the math fact, very, very superficial, right. Very surface level 

understanding, just enough to be like, oh, I can use it for however I need. 

She described her understanding of these theorems as only needing to be “superficial,” because 

the true need for the theorem is simply to apply it where it would be beneficial. 

Additional Analysis 

 In addition to the conceptual analysis and thematic analysis above, there was other data 

from the interviews that pertained to the research questions. This data came from the second and 

third interviews, and it primarily serves the purpose of supporting and triangulating the data for 

answering the first research question. The excerpts for this analysis were identified during the 

preliminary coding for the thematic analysis. Any excerpts that did not directly pertain to the 

second research question, namely influences on one’s level of understanding, but were still 

meaningfully relevant for addressing the first research question, were identified. After 

completing the conceptual and thematic analyses, these excerpts were organized into broad 

categories related to how professional mathematicians operate on and develop understanding for 

highly-abstract, advanced mathematical concepts. For each excerpt, multiple excerpts will be 

discussed, but a more in-depth discussion on many of these topics is given in Chapter 5. 

Descriptions of Mathematical Understanding 

 At the center of this research study is the topic of understanding, which meant that many 

of the interview questions and discussions revolved around this topic. Hence, participants 

sometimes shared how they were thinking about (levels of) understanding. During the second 
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interview, participants were asked how they would define (fully) understanding a mathematical 

concept. Both Caleb and Carolyn provided responses to this and related questions that had some 

strong similarities with the levels of understanding in my theoretical framework. For this reason, 

they were both shown one of these clips from the second interview during the stimulated recall. 

This allowed them to reflect on their description in terms of the levels of understanding that I 

defined for them earlier in the third interview. 

 During the second interview, Caleb described what he thought contributed to 

understanding a concept deeply. He remarked, 

Yeah, I think it's sometimes more important to understand an object's properties rather 

than to be able to sort of construct it…So, this is like, maybe tensors, but this is 

something where my students are often like, “I really don't feel like I understand that a 

lot.” And, I didn't for a while either. And, I know how to construct the tensor product, say 

of two modules. But, to say that knowing how to construct it means that I understand it 

well or deeply, I don't think is true…I think it's more important that you understand sort 

of its purpose. I mean, understand where it sort of arises, how to interact with it, where it 

might sort of show up in mathematics, and sort of what properties it possesses. 

He explained that understanding the construction for a concept is less important than 

understanding how to use the concept in other mathematical situations. Each of the facets of 

understanding that he described at the end are somewhat independent of understanding the 

underlying processes for the concept. You can understand how to interact with the concept in 

certain contexts and where it will appear without having a process-level understanding. In the 

third interview, during the stimulated recall, he stated the following regarding this excerpt, 
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So like, what I was describing, I think, was your first component of understanding 

[action-based]...I guess if you understand properties, and how something maybe behaves, 

or how to work with it, then you can work with it. And, I don't know, you could prove 

theorems about it or find relations with other things that mathematicians might care 

about. 

Here he further explained that these facets of understanding meant that you could still possibly 

do meaningful things with the concept. 

 In a similar way, when Carolyn was asked how she would define understanding a 

mathematical concept, she replied: 

There are definitely different levels of understanding. There's like a very abstract 

conceptual understanding, where you get the main idea of what's trying to, you know, 

what it's trying to do. And, then there's a more familiar level of understanding where you, 

you’re quite comfortable with the statements and you know, where it fits in, in the 

general scheme of the subject. And, then there's an extremely concrete type of 

understanding where you, which is, I think we achieved in this paper, where you've 

gotten down to the nuts and bolts in such detail that if there's anything that you want to 

work out, you know, the tools in the paper are there, and you can just sit there and 

compute something or work it out. So, I think I do work at those three different levels of 

understanding, you know, back and forth. 

Carolyn specified three different levels of understanding, which are different but have some 

similarities with the two different components of understanding in my theoretical framework. 

She described a kind of “concrete” understanding, which corresponded to being able to use or act 

on the concept. The other two levels that she described were related to process-level 
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understanding; however, they also had components of having a broader intuition and awareness 

of how the concept fits into the discipline of mathematics. In the third interview, when shown 

this excerpt during the stimulated recall, she commented: 

The general sense of how things work is, it does come from an understanding of where 

things are coming from and what they've got to be. That's sort of your second type of 

understanding. And, then there's, you know, what I was saying about the nuts and bolts. 

That's, you know, kind of the action part of it where you have to get tactically proficient 

in order to answer the questions that you have. 

Carolyn felt that her levels of understanding fit into the two components of understanding that I 

described to her. 

Overall, there were noticeable differences between the ways that both Caleb and Carolyn 

described understanding. However, even without having been informed of any theoretical 

framework for thinking about understanding, they both described similar types of understanding. 

This provides some additional evidence that professional mathematicians are aware that they 

operate under various levels of understanding at different times. During the second interview, 

Emmy described her progression of understanding mathematical concepts, which closely aligned 

with a transition from pseudo-object-level to object-level. After describing to her an example of 

a pseudo-object (without using those words) to her, she said: 

A lot of things start off like that, right? Where you have a general sense, but you don't 

really have that, like, ingrained intuition of what's going on, because you just haven't seen 

it enough. But, you just understand it where you're at, and you like, use it where you can. 

And then, every time you do that, you get a little bit better understanding until that 
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understanding does become that deep level of understanding that is really kind of hard to 

get to. 

Professional mathematicians may sometimes start off with some initial intuition or an 

underdeveloped process-level understanding, and then as they use the concept as a pseudo-

object, the concept becomes a true object for them. 

Mathematical Understanding and Proving 

 Though most participants showed evidence of understanding the distinctions between the 

different types of understanding I explained to them in the third interview, there was certainly 

some confusion among the participants at times. For example, Joe commented that, “Yeah, the 

two ways [of understanding], or how they differ, are still a little fuzzy for me.” The primary way 

that participants seemed to struggle with delineating the different levels of understanding was 

when it came to thinking about theorems as concepts. Theorems in mathematics are so closely 

interconnected with mathematical proof, that participants had a difficult time disconnecting proof 

and understanding, even after some distinctions were made. For example, after describing the 

two different types of understanding to Aaron, he asked, “So, the second one was like how to 

prove it, or how to get there, how to develop it? And, the other one is how to apply, and what 

does it really mean? Is that what you're saying?” Immediately, Aaron had the tendency to 

connect the underlying processes of a theorem to its proof. These distinctions were clarified after 

he asked this question. 

 Both Fritz and Joe seemed to have the most difficulty with distinguishing between 

understanding a theorem and knowing a proof. When asked about whether there is anything 

about a theorem that impacts how well he understands it, Fritz stated, 
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If I'm seeing something that is giving me, like some of the results in here that's telling me 

about what the irreducibles have to look like, for example, I think I can use that without 

necessarily having understood exactly why it was true, if I needed to use those particular 

irreducibles. However, something that's using, maybe something that's more 

conceptual,…I think I better understand the details of why that concept was true before I 

tried to go on and build on it. So, I think I can use a technical result, and use the 

techniques behind it without actually understanding why it's true. 

This description of understanding theorems is teeming with connection to “why” the theorem 

was true, which is rooted in proof. Joe’s connection between understanding a theorem and 

knowing a proof was even stronger, as he commented, “I always have a proof for a theorem, if I 

think I know the theorem.” This connection came out in other instances, for example, when he 

mentioned: 

My advisor, on the first time I was working with him, he wanted me to classify surfaces. 

So, I just rip through it, you know, classify, classify. And he said, “Well, how do you 

triangulate a surface?” “It's a theorem of Rado from 1903.” “Go off and find a proof of 

that.” And I go, “Dang, I thought I really understood this one.” I couldn't prove you could 

triangulate a surface, and it's really hard. So, but you feel good about it, right. It wouldn't 

bother you. If someone needed to triangulate, you wouldn't go off and learn theorem of 

Rado. You would just, “Sure you can,” right? And so, I just don't think understanding is 

something that you can quantify other than, it's what you're comfortable with. 

Because he could not effectively prove everything he used in the proof of classifying surfaces, he 

said, “I thought I really understood this one.” His description of understanding was solely reliant 
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on whether he could sufficiently prove a statement almost down to the axioms of set theory, or 

some other agreed upon starting point in his area of research. 

 The conflation of understanding a theorem and knowing a proof was not the only way 

that participants connected mathematical understanding and proving. Multiple participants 

shared examples of how you can have an object-level understanding of a theorem without 

knowing the proof. This does not mean knowing the proof of a theorem cannot aid in developing 

understanding for the theorem, but it is not always necessary. Caleb generally described how you 

can have a pseudo-object-level understanding of a theorem without knowing the proof as: 

So, for me, I think most results that you can look at, this isn't also true for all results, but I 

think most results, you can kind of think of application versus proof. Understanding one 

isn't necessarily necessary for the other. Right. So, I mean, some proofs are completely 

unilluminating. I mean, this is why the thing works…It doesn't have anything to do with 

the sort of intuition of why, like why it should work or not. I mean, it is true, obviously. 

And, then the application is just completely unrelated to the proof. 

Being able to act on a theorem is disconnected from its proof. Regarding the process-level 

understanding as well, Joe commented how he had used the three-dimensional Poincare 

Conjecture in a published proof, but he definitely did not understand the proof. When asked 

whether he understood the underlying processes, he remarked, “Yeah. Everyone knows what it 

means.” Even though the Poincare Conjecture has an extremely difficult proof to understand, the 

theorem itself has process-level components that are much simpler to understand. 

 Aaron specifically shared two different examples of theorems that he believed he had at 

least a process-level understanding of, but he did not know or understand the proofs for them. 
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The first example corresponded to a theorem regarding principal ideal domains (PIDs) that are 

not Euclidean domains. He stated, 

So, there's rings of quadratic integers. And, there's exactly four of them that, you know, 

it's really hard to find a Euclidean domain. Sorry, a PID that's not a Euclidean domain. 

And there's four quadratic integer rings that have that, that satisfy that. There's a ring of 

quadratic integers for every square free m, and so if m equals -19, -43, -60 something, and 

-161 are PIDs that are not Euclidean domains. And, I've never bothered to prove any of 

those. And, I'm gonna actually have to do one of them, I think in my book…I know the 

proof is actually in this book…And, there's a lot of cases. But, I don't think it's 

necessarily that helpful to really go and understand all those cases, because it's just 

checking a bunch of things. So, I would say this result's sort of like that. It's, do I know 

how to prove it? No, but I'm okay with not knowing how to prove it. 

This is a theorem that has relatively simple process-level components if you understand what a 

PID and Euclidean domain are. Moreover, the proof of this theorem is long and technical, and 

knowing it does not correspond to understanding the theorem. A second example he shared was 

in regard to the theorem stating that the fundamental group of the circle is the integers. He 

commented, 

But in topology, like, I know that the fundamental group of the circle is Z. And, I know 

I've proved it 20 years ago in a grad class. I don't know how the proof goes. Because I 

mean, but I completely understand. You know, it totally makes sense that the 

fundamental group of the circle is Z. But, there's so much tools and so much methods for 

algebraic topology. I don't know how to actually formalize how that would go. But, in a 

paper on dynamic algebraic combinatorics recently, I'm talking about covering maps and 
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the fundamental group of torus, you know, a finite torus, etc. So like, I fully understand 

what the fundamental group is of these tori and circles, but I don't actually know how to 

absolutely, rigorously prove the fundamental group. 

Proving that the fundamental group of the circle is isomorphic to the integers utilizes a lot of 

algebraic topology. However, Aaron believed that he “fully understood” the theorem without 

knowing the proof. 

How Mathematicians Develop Mathematical Understanding 

 The participants in the study also shared their experiences with how they develop 

understanding for different mathematical concepts, which included many connections to 

example-related activity. Additionally, a few participants acknowledged that they had a 

metacognitive ability to assess their own level of understanding. For instance, Carolyn 

commented that, “I mean, you know, I think I have a very critical mind. And, I know when I 

don't understand something, but then I can also sense when I understand it well enough to work 

with it.” She also stated at another point in the interviews, “I mean, it's very clear to me when 

I've got no clue what's going on. And, I can usually tell when I've got some idea what's going on. 

And, there are other things I'm very sure about.” Carolyn believed that she could not only assess 

her own level of understanding but could judge whether her understanding was sufficient to 

accomplish her goals. This aligns with the idea that professional mathematicians demonstrate 

metacognitive awareness, and this might influence their level of understanding at a given time. 

Emmy made a similar comment, “I have been like, ‘Ah, I don't understand this enough.’ That's 

my problem…So, I think I do have an ability to assess my understanding. But, I feel like it's very 

instinctual.” Emmy believed that sometimes she could assess that her current level of 

understanding, likely at the pseudo-object-level, was insufficient for her current goals. 
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 After describing the two different types of understanding to the participants, it became 

clear that not every professional mathematician aims to develop understanding for concepts in 

the same way. Emmy expressed that the level of understanding she aimed for varies based on the 

utilization of the concept, as discussed in the thematic analysis. 

It's a balance, everything's about a balance, I think. You know, being a mathematician, 

there are some things that you feel like that qualifies you get to that level of 

understanding, you're like understanding the underlying process. And, like you get to that 

level on some things. But, you don't need to get to that level on everything. 

Even though there are influences on one’s level of understanding, and there is evidence that 

likely all professional mathematicians are influenced in some ways, some mathematicians have 

stronger preferences for needing to develop the underlying process-level understanding first. 

Caleb described how he will at least try to develop this understanding first, namely “I think a lot 

of times when you're trying to build understanding, I will try at least to stab at the second kind 

[process-level] of understanding.” Also, both Joe and Carolyn labeled themselves as professional 

mathematicians that typically aim to develop their process-level understanding first before acting 

on the concept. In contrast, Carolyn stated that, 

I know a lot of people who are very action-based and, you know, have technical 

proficiency but they don't sit and reflect a lot as, you know, as to the real meaning of 

these definitions and the essence of it…There are plenty of people like that, I think. 

She believed that some mathematicians tend to utilize pseudo-objects in their work much more 

than she does. All these remarks demonstrate that there are differences between professional 

mathematicians in how they engage with understanding mathematical concepts. 
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 Additionally, there were various remarks that were more specific to how professional 

mathematicians engage with trying to understand a concept. Emmy explained that, “You’re not 

really ready to understand the underlying foundation until you’ve played sufficiently with the 

things.” By interacting with and utilizing a mathematical concept, it often helps develop 

understanding. The most common mention of utilizing a concept to develop understanding was 

example-related activity, which is unsurprising due to the importance of examples in 

mathematics. Joe commented, “I want the canonical example and the canonical counterexample, 

if you give me a definition.” Moreover, in the second interview when asked to define 

understanding, Caleb suggested, “So, for understanding, I would say probably, you at least know 

the definition and maybe one or two examples.” Example-related activity, such as constructing 

examples and relying on canonical examples is closely connected to understanding. 

 In some instances, participants actually described ‘having understanding’ as the ability to 

create examples. Emmy specifically stated, 

So, I see really understanding a theory, or something like a Mackey functor, it's really 

understanding it, being able to write it down or bring out examples of it. And, then being 

able to take that thing and apply it to something that you haven't necessarily seen before. 

Or understand how to use it in like a novel, or at least new to you, way. 

For Emmy, example-creation is at the center of understanding a concept like a Mackey functor. 

This is more generally related to being able to take a concept and use it in a “novel way,” which 

could include creating an example of the concept that you had not done before. Fritz expressed a 

similar sentiment about example-creation and conjecturing, saying: 

I think I understand a definition, if I can create my own examples…Not only that can I 

create my own examples that illustrate what the definition means, but also create 



211 
 

examples of what the definition doesn't mean…Fully understanding a definition, I think, 

is kind of example creation, for me…Being able to create examples, being able to make 

conjectures, I think, is a good indication of understanding. 

Fritz further expanded on this in the third interview, when I showed him the clip for this excerpt 

in the stimulated recall. He felt that example creation is “lending more of itself to the second one 

[process-level understanding].” He thought that the ability to create examples was some evidence 

that the individual might have a process-level understanding of the concept. Caleb also shared 

similar thoughts when reflecting on his understanding of comma category during the stimulated 

recall. 

So, my understanding of the comma category, well let's think about. This is one I think 

that I understand, I think, in the first sense [action-based], in some way…I wouldn't say I 

understand maybe what a comma category is, per se, because if you were to ask me for 

an example, I would have to think probably pretty hard before I could give you one. 

Caleb described his understanding of a comma category as pseudo-object-level because he would 

not be able to construct an example. I provide a more in-depth discussion on the connections 

between example-creation and levels of understanding in Chapter 5. 

 Despite participants describing example-creation as an indicator of understanding, they 

also explained that example-creation can aid in developing understanding for the concept. Emmy 

said that for theorems in her research, “I really understood them by like writing out examples, 

and like doing small cases.” When asked in the third interview about how she approaches new 

concepts, she reiterated: 

Examples, examples, examples. I, you know, just work tons of different examples until I 

understand it to the whatever level I need to understand it…Like, if it's just like trying to 
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understand what the thing is, writing examples of that thing is going to help me 

specifically understand the second type, the deeper underlying process, construction, why 

it works, understanding. But like, I don't know, I guess like maybe it's more of like how 

many examples or how crazy the examples get depends on how much I need to 

understand it, right. Like, if I just need a base level understanding so that I can apply it, 

I'll maybe do a couple of examples and be like, "Okay, I see how this works. Now, how 

can I use it?" But again, if like I need to prove something about this thing, then it's like I 

built myself up a bit more dramatic examples, you know. 

For Emmy, example-creation is the primary way for her to further develop her understanding of 

a concept. By engaging with examples of various complexity, it can help her develop her 

process-level understanding to whatever degree is necessary for her goals. When Caleb was 

asked the same question as Emmy, he remarked: 

I think usually I would try and give myself an example of such a thing, just so I feel 

comfortable thinking about it…Once you get a definition, and sort of the results about it, 

so usually I try and give myself an example or some way to kind of feel like I can interact 

with this thing. So, either an example or some kind of, something that I'm used to 

thinking about, trying to relate it to that. Then as the results come in, you know, you see 

propositions or lemmas or theorems about the thing, you try and, I try to connect them to 

the example I've got in my head…I can sort of see, based on what I'm already familiar 

with, how this [example] is different, how it's the same. 

Having an example of a concept allows Caleb to feel like he can interact with the concept. This 

canonical example serves as a way for him to connect the concept to other parts of the 
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mathematical literature, such as other theorems. He can think of how the theorem would apply to 

that specific example. 

Different Definitions for Mathematical Concepts 

 Some of the participants explained how some mathematical concepts can be defined in 

different ways, and depending on the definition, this can impact how they understand the 

concept. Both Caleb and Aaron discussed different ways of defining and thinking about the 

tensor product. Caleb explained: 

So, like I tell my students the correct definition of, I don't know, say the tensor product, is 

this one. It's an object in a category that has a certain property up to, well yeah, it well 

has a universal property. That kind of definition makes it so that you can work with the 

thing, and I think it lends itself very well to the first component of understanding [action-

based] that we talked about. I think the first time I learned about tensor products, they 

were defined for modules, using the construction…So, if you define it the first way that I 

described, using the universal property, then the very next thing you have to do is say, 

well, is the theorem that such a thing exists and is unique up to unique isomorphism, 

right. I think a lot of people when they first, or some texts or some, like in physics or 

applied mathematicians just define the tensor product using that theorem, and say here's 

what a tensor product is. They define it using the construction. And, then a theorem 

would then be, by the way it has this universal. Well, they probably wouldn't call it a 

universal property, but it has its property. And, so yeah, there certainly are definitions 

that lend themselves in both ways [of understanding], right. 

The tensor product between modules is often defined with a universal property, which is more of 

a category theoretic definition. Caleb felt that this type of definition is purposed for acting on it, 
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so some people may utilize tensor products as a pseudo-object with that definition. However, you 

can also define it as a specific quotient module of a free module, where you quotient-out the 

module generated by elements that represent the typical bilinear relations. This definition lends 

itself to more easily developing a process-level understanding for tensor products because some 

of the underlying processes are built into the quotient structure. Nonetheless, both definitions 

arrive at an equivalent mathematical concept, where the other definition is provided as a 

theorem. Aaron shared his experiences with the various ways to approach the tensor product, 

saying: 

I don't fully understand this concept, and one of them is tensors…I know the tensor of 

two vector spaces, you're basically multiplying vectors. Think of it, one's a polynomial in 

x, one's a polynomial in y. You multiply them and now your basis elements are x to the i 

[times] y to the j. I know that…So, physicists will talk about tensors as like an outer 

product. So, a vector here times vector there gives you a one rank one matrix. In modules, 

there’s you tensor over a ring…You have this ordered pair and the ring elements can go 

back…You know, the constant goes back and forth. But, those are sort of different 

perspectives of tensors. Those are all examples of, there's an underlying concept of what 

a tensor is that sort of unifies those, that I don't fully understand…So, it's like the fewest 

number of relations you need to be bilinear. But like, all of these things are, you know, 

these are very different looking things. But, they're all kind of all the same…And, I 

understand them individually. But, I don't know. Maybe there isn't a broader, bigger way 

to understand that; you just have to accept that. I don't know. 

Aaron really demonstrates that the tensor product can be defined and thought about in multiple 

ways, each having fundamentally different, but closely related, underlying processes. This brings 
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up the natural question of whether these are different concepts, or if there is a more general 

concept that can be thought of that consists of all these properties. This is discussed in more 

detail in Chapter 5. 

 There were also other concepts that participants shared regarding this. Caleb also 

described how derived categories can be viewed categorically, but also in more descriptive ways 

for certain contexts. This is a common phenomenon with category theory concepts because they 

often have related but different underlying processes when you define the analogous concept in a 

specific category. The concepts of epimorphism and monomorphism from the IFS task versus the 

definitions of surjection and injection represent another example of this. Regarding derived 

categories, Caleb elaborated: 

Say, so you want to talk about the derived category. And you want to say, “Well, do we 

understand the derived category?” For certain objects, yeah. For certain spaces, yeah. The 

derived category of projective space, we can give a really good description of…But, you 

couldn't just give me some algebraic variety or anything, and ask about the derived 

category because then you wouldn't be able to say anything about it. But, we don't know, 

sort of, in general, even an object maybe in there for just some arbitrary thing. 

Similarly, Emmy explained how different researchers define norm functors in different ways, 

one being more category theoretic versus how she defines them in a more concrete way. 

I had a great understanding of Green functors. But again, like, not necessarily in terms of 

like category theoretic sense, like in the concrete sense. Like, I'm going to write down a 

Mackey functor. And I'd be like, this is what you need to add to it. This is the extra 

structure we put on top of it to make it a Green functor. Then this is the extra structure I 

need to add, again, to make it a Tambara functor. And like, you know, you can read 
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different sources on Mackey functors, and Green functors, and Tambara functors that 

define them in terms of category theory, like really abstractly. You'll see some 

commuting diagrams, and I look at those I'm like, I don't know. 

Emmy had a level of understanding of these norm functors that was based on what specific extra 

structure was added. She shared how there are also mathematicians who defined these norm 

functors with commutative diagrams, but she does not have a deep understanding of these. I see 

this as being similar to how someone could understand the tensor product of modules as a 

specific quotient module, rather than as the universal object for a certain universal property. 

 In the next chapter, the categories in this extra analysis are discussed in more detail. More 

specifically, the various analyses in this chapter will be connected back to the two primary 

research questions for this study. Connections to the mathematics education literature are made. 

Plans for future research, along with limitations from the study are also discussed in detail.  
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Chapter 5 - Conclusion 

 This research study broadly aimed to better understand how professional mathematicians 

operate with highly-abstract, advanced mathematical concepts. This was done through 

addressing the two following research questions: 

1. In what ways do professional mathematicians operate with highly-abstract, advanced 

mathematical concepts at different levels of understanding? 

2. What factors can influence a professional mathematician’s level of understanding for a 

given mathematical concept? 

To answer these research questions, three semi-structured Zoom interviews (Hammer & 

Wildavsky, 1993) were conducted with six professional mathematicians specializing in a 

subfield of algebra. Algebraists were chosen for this study because of my mathematical 

expertise, allowing me to better analyze their level of understanding and ways of operating. The 

first interview consisted of a semi-structured, task-based interview (Maher & Sigley, 2014), 

where two category theory tasks were given to the participants. The second interview utilized 

research journal publications from the participants to generate discussion about any influences on 

their level of understanding. The third interview was used to inform the participants of my own 

ways of theorizing understanding, which then allowed for an active reflection and discussion 

about the prior interviews where both the participants and I were using a similar theoretical 

framing. The data from these three interviews was analyzed through two primary forms of 

analysis, along with some additional analysis. Conceptual analysis (Thompson, 2008) on the first 

interview transcripts was used to address the first research question, and a thematic analysis 

(Braun & Clarke, 2006) was used to address the second research question. 
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 In addition to answering the research questions, this study provided a theoretical 

contribution in the form of the three levels of understanding, adapted from Piaget’s (1964) two 

ways of understanding or knowing a mathematical concept. These three levels of understanding, 

pseudo-object-level, process-level, and object-level, both expand upon and challenge other 

process-object theories and theories of abstraction. In particular, this study provided evidence 

that a pseudo-object-level understanding can be productive for professional mathematicians and 

is not necessarily a “semantically debased conception” (Sfard, 1992, p. 75). Regarding the first 

research question, the data provided evidence that professional mathematicians do frequently 

operate at a pseudo-object-level understanding of mathematical concepts. Moreover, one’s level 

of understanding has connections with one’s way of operating with the concepts. For the second 

research question, the analysis revealed a wide range of influences on one’s level of 

understanding. This included a detailed analysis of how the utilization and qualities of a 

mathematical concept can influence understanding, greatly expanding upon the findings of my 

second pilot study (Flanagan, 2023). In this chapter, I provide an overview of the main findings 

and contributions from this study, with connections back to the mathematics education literature. 

I conclude this chapter with a discussion of limitations and ideas for future research. 

Discussion of Findings 

 This section summarizes and discusses the main findings from this research study. These 

findings are organized by research question, with connections being made to the literature 

whenever appropriate. Additionally, further overarching contributions from this study, such as 

theoretical findings, are discussed at the end of this section. 

Research Question 1 
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 To answer the first research question, the conceptual analysis was the primary source of 

data. The stimulated recall and additional analysis did provide further meaningful insight into 

supporting the findings from the first interview. To begin, using the conceptual analyses, I 

provide an overview of what levels of understanding for the relevant concept I believe were 

sufficient for successfully completing the problems. This overview provides evidence that 

functioning at a pseudo-object-level understanding for certain concepts can be meaningfully 

productive, and also shows that having an object-level understanding is sometimes necessary for 

certain problems. Furthermore, this shows the type of problem that a concept is being used for 

can influence one’s level of understanding for that concept. Afterwards, I describe my findings 

on how the participants operated with the mathematical concepts in the tasks and other ways they 

described operating with other concepts, including a discussion on how these ways of operating 

related to their level of understanding. 

 For the first task, the primary concept was IFS. This concept differed from comma 

category because the process-level components were mostly listed as disjointed properties in the 

definition. In contrast, the commuting square property of a comma category consisted of a 

coordination of the other process-level components. Also, every participant who successfully 

made significant progress on the first task, had demonstrated evidence of having at least a 

process-level understanding of IFS. Because the isomorphism inclusion property (IIP) is never 

needed in the problem, there were no meaningful instances of participants’ interacting with that 

underlying process. However, I argue that for a professional mathematician in algebra, the 

underlying processes for this property are simple to understand. 

 Caleb, Emmy, and Fritz all made the same amount of progress through the first task. 

They had utilized the definition of IFS to construct all the needed morphisms to determine the 
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existence of h. However, this level of understanding (likely object-level) was insufficient for any 

of them to successfully determine h, at least during the interview. In order to determine h, what 

remained for each of these participants was to recognize which composition of morphisms would 

equal h. This step utilized problem-solving techniques and knowledge that is disjoint from their 

understanding of IFS. This demonstrates that there is more to successfully solving a 

mathematical problem than having an object-level understanding of the relevant concepts. For 

Joe and Aaron, they both misinterpreted (and thus had an underdeveloped process-level 

understanding of) some aspects of Property 4, which consisted of FP and IP (see Figure 4.1). 

This highlights that an underdeveloped understanding of the underlying processes can lead to 

incorrect solutions or struggles with generating a solution, which is expected. However, I see 

what occurred with Joe and Aaron as fundamentally different from a professional mathematician 

purposely using a concept as a pseudo-object. When a mathematician makes this choice, they 

recognize that they may need to further develop their process-level understanding at a later time. 

However, when someone misinterprets the underlying processes, then they are ultimately 

working with an entirely different concept. 

For the second task, the two primary concepts were comma category and natural 

transformation. The conceptual analyses revealed that a pseudo-object-level understanding of 

both concepts was sometimes sufficient for successfully completing the problem. The main 

property that needs to be identified for this task is that the functor must be defined 𝜂̅(C) = (C, C, 

𝜂C) on objects and 𝜂̅(f) = (f, f) on morphisms. After identifying this, the rest of the problem is 

mostly routine verification, such as checking the diagram commutes (see Figure 4.2). To 

recognize that 𝜂̅(C) has the form (C, C, _) rather than (C, C’, _), one only needs to utilize how 

the diagonal and projection functors appear in the commutative diagram. The image of C under 
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the diagonal functor must be (C, C). Because the diagram commutes, the image of the projection 

functors also must be (C, C). However, by definition of the projection functor 𝑃𝒞, the image of 

objects under 𝜂̅ must be (C, C, _). This argument is completely disjointed from the definition of 

comma category or natural transformation, other than understanding that objects in a comma 

category are specific triples. All that is needed is the definitions of diagonal and projection 

functors, along with using the diagram commutes. Both Aaron and Caleb provided arguments for 

the image having the form (C, C, _) in this way, and Fritz’s analysis demonstrated that he was 

likely reasoning in the same way. Referring to the second element of the triple, Aaron 

acknowledged, “And this has to be a C here; there’s no other way around it.” In contrast, Emmy 

was held up at this part of the task because she had not provided a reason for why (C, C’, _) was 

incompatible with the commutative diagram. To recognize that 𝜂̅(f) = (f, f), a similar argument 

can be applied. 

 To identify that the third element in the triple must be 𝜂C, it is sufficient to match up the 

commuting squares from the two diagrams (see Aaron’s diagrams in Figure 4.13). This aligning 

of the two diagrams can be done without a process-level understanding of either comma category 

or natural transformation. Because the image of 𝜂̅ must obey the commuting square property for 

a comma category, and this has to be the same as a natural transformation, one can just recognize 

that the f from the comma category’s commuting square property should be replaced with the 𝜂C 

in the natural transformation’s commuting square property. For example, Aaron provided strong 

evidence that he only had a pseudo-object-level understanding of natural transformation but 

utilized the diagrammatic representation as figurative material to act on the concept. He 

commented, “I don’t really fully, I don’t holistically understand the definition [of natural 

transformation]…But, I don’t think I need to know much to do this, other than just looking at the 
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diagram and showing that this is what it is.” For Fritz, though he had identified that 𝜂̅(C) = (C, 

C, _), he was unable to determine what the third element had to be. Fritz has demonstrated 

evidence of only having a pseudo-object-level understanding of comma category, but he was not 

representing the commuting square property with a diagram. This underdeveloped process-level 

understanding and lack of figurative material to match-up, was likely the reason a pseudo-object-

level understanding was insufficient for him to complete the problem. 

 During the first interview, there were multiple ways that participants operated on pseudo-

objects. However, the primary distinction between these different ways of operating was whether 

the participants were leveraging a diagrammatic form of the concept as the figurative material to 

act on (see Thompson et al., in press). In the first task, Aaron operated on both comma category 

and natural transformation via a diagrammatic representation (see Figure 4.13). I conjectured that 

Aaron may have had an object-level understanding of comma category, which allowed for him to 

construct a viable diagrammatic representation for the concept (see Figure 4.11). Through 

utilizing this, he was able to productively act on the commuting square for a natural 

transformation, where structural similarities in the figurative representations could be matched 

together. In particular, the similar process-level components pertaining to the two commuting 

squares were reduced to matching symbols. Nevertheless, operating on these two concepts in this 

way required Aaron to coordinate these diagrams with other components of the problem, such as 

how the diagonal and projection functors were utilized in the commutative diagram. 

 Joe and Fritz also operated on comma category and natural transformation as pseudo-

objects, but they had not constructed meaningful figurative material to act on as proxies for the 

two concepts. Joe described his strategy for the second task as “just trying to get everything lined 

up.” However, he had not constructed any symbolic or diagrammatic form for comma category 
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other than what was provided in the definitions. Because the comma category and natural 

transformation concepts have various underlying processes, it is likely challenging to act on them 

without a way to represent the concept that significantly condenses or ignores those process-level 

components. A commuting square, like could be utilized in this task, is one way to represent the 

process-level components symbolically without needing to understand them. Fritz, on the other 

hand, tried to match up the two concepts symbolically as compositions of morphisms, rather than 

with commuting squares. However, Fritz was still unable to make the proper connections 

between the concepts without a diagrammatic representation. He commented, “I just can’t write 

it as a commutative diagram. That’s part of my problem, but it’s behaving like that behavior.” He 

had recognized that there should be some kind of structural similarities between the two 

commuting square properties, but because he had an underdeveloped process-level 

understanding of the concepts, he could not see the relevant similarities between the concepts 

without more cohesive figurative material to operate on. These examples showed that a primary 

way the participants operated with pseudo-objects was through choosing specific figurative 

material to act on. 

 Beyond this, throughout both tasks, participants operated with the mathematical concepts 

in a variety of ways and utilized different ways of understanding (Harel & Sowder, 2005). As 

described above in the comma category task, Caleb, Aaron, and Fritz all utilized comma 

category or natural transformation (if not both) as pseudo-objects. For example, Aaron openly 

admitted that he believed he could solve the problem through diagrammatic reasoning. This 

closely aligns with what Weber (2001) described as a syntactic strategy, “where all one does is 

‘unwrap the definitions’ and ‘push symbols’” (p. 114). Weber further acknowledged that 

sometimes syntactic strategies are beneficial to use, depending on the problem context. Weber 
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and Alcock (2005) further elaborated that “syntactic proof productions can be very valuable in 

certain situations” (pp. 229-230). However, they argue that only being able to construct syntactic 

proof productions can be detrimental to the individual. The professional mathematicians in this 

particular study have demonstrated that mathematicians have an awareness of when syntactic 

strategies and proof productions are suitable for the problem, which may influence them to 

function at only a pseudo-object-level understanding. Even still, “strategic knowledge is 

heuristic,” so certain problems require knowledge and problem-solving heuristics beyond a 

certain level of understanding of the relevant concepts (Weber, 2001, p. 116). Caleb, Emmy, and 

Fritz, during the time of the first interview, did not demonstrate the necessary strategic 

knowledge with commutative diagrams to complete the task. This does not mean that they did 

not have the available strategic knowledge, however, because Emmy was able to immediately 

construct the desired composition of morphisms after seeing the task again in the stimulated 

recall. 

 One common strategy that was used by participants during the first interview was trying 

to understand the concepts in terms of a more familiar context. Aaron, Caleb, and Joe all tried to 

reframe the problem into a set-based or algebra-based context for part (or all) of their solution. 

Hazzan (1999) described that one way students reduce abstraction is, “If a given problem 

requires the manipulation of mental objects (like groups) the students haven’t yet constructed, 

they would tend to think with familiar objects (like numbers), and to solve the problem using 

these familiar entities instead” (pp. 76-77). Moreover, Hazzan mentioned that this can be an 

unproductive strategy for students because they “mentally hang on to some familiar entity” (p. 

77). Similarly, McGowen and Tall (2010; see also Tall, 2013) described the notion of a met-

before, saying “A met-before focuses…on the way in which a student, or a mathematician, or a 
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mathematics educator, may interpret ideas biased by their previous experience. Inappropriate use 

of personal met-befores can lead to subtle difficulties in learning” (p. 169). 

 In support of this literature, both Aaron and Joe overly relied on the algebraic context, 

which contributed to their lack of success on the first task. Aaron made a comparison of FP with 

a group theory result that he was familiar with, because they shared some similarities in structure 

(see Hicks, 2022; Hicks et al., 2023). However, his overreliance on viewing the problem through 

an algebra context led him to replace FP with this other group theory property. For Joe, he 

believed that his solution in the algebraic setting would transfer over with some adjustments. 

Thus, even professional mathematicians can overly rely on interpreting concepts in a more 

familiar context. Nevertheless, some participants also productively leveraged the connections 

they made with other contexts. 

 While working on the first task, there were multiple instances where Caleb referred to a 

set-based context. Even at the beginning of the interview, while reading through the definitions 

of epimorphism and monomorphism, he said, “I usually think about epics or monos as sort of 

surjective and injective. I mean it’s not always the case, obviously.” He used context-specific 

setting of set-based functions to guide his way of thinking about the more general concepts. 

However, he recognized that not every situation fits into that context, and so, he originally 

approached the problem only using the provided definitions of the concepts. It was not until he 

had gotten to a point where he felt he could not progress any further that he decided to work 

through part of the problem in a set-based context. When I asked him about this during the 

stimulated recall, he elaborated that: 
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There was a disconnect between my understanding of what the things were that we were 

talking about and how to use them…until I put it into someplace where I did have that 

kind of understanding, which is kind of set-based objects. 

Even though Caleb believed he had an object-level understanding of the concepts, he was not 

able to apply the appropriate strategic knowledge to complete the task. However, he felt that if he 

shifted into a more familiar context, then he would have the available strategic knowledge, which 

he could later translate back into the general context. This type of behavior demonstrates that 

professional mathematicians can utilize other contexts to productively operate with less familiar 

mathematical concepts they encounter, which challenges some of the claims made by Hazzan 

(1999). 

 Similar to utilizing other contexts during the tasks, Aaron utilized some examples from 

algebraic topology, a context more familiar to him, to gain confidence in the concepts for the 

comma category task. Specifically, he used multiple examples of functors from algebraic 

topology to reason through what a natural transformation is. His first hypothetical example was 

using fundamental groups to reason through part of the comma category concept, and then later 

the natural transformation concept. Later during the task, he tried reasoning about the structure of 

natural transformation as the connection between singular and simplicial homology. When 

referencing these examples, he always sounded a bit uncertain, but he was utilizing them to 

develop enough trust and confidence in the concepts to work with them. As mentioned above, 

Aaron demonstrated evidence that he only had a pseudo-object-level understanding of natural 

transformation, but through these hypothetical examples, he concluded, “I don’t think I need to 

know much to do this, other than just looking at the diagram and showing that this is what it is.” 
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These examples from another context influenced him to feel confident using natural 

transformation as a pseudo-object. 

 This type of reasoning by Aaron is a form of example-based reasoning. Surprisingly, 

there was very little example-based reasoning during the first interviews. This could be due to 

the type of category theory concepts, where examples are more difficult to construct without 

going to a specific context. Also, the participants only having 30 minutes per task to complete a 

challenging problem may have led participants to feel as though there was not enough time to 

work through some examples. Lockwood et al. (2016) demonstrated that mathematicians 

sometimes select examples based on their familiarity with the particular context. This closely 

aligns with how Schoenfeld (1985) indicated that “the successful implementation of heuristic 

strategies in any particular domain often depends heavily on the possession of specific subject 

matter knowledge” (p. 92). The participants in this study, like Aaron, who used example-based 

reasoning typically utilized examples from contexts that were familiar to them. Also, I suspect 

that because the general context of category theory was often unfamiliar to the participants, and 

more seen as a tool-based context in their own work, they lacked the domain-specific knowledge 

to meaningfully create examples. 

Furthermore, example-related activity has been studied in various contexts, including 

how professional mathematicians leverage examples in their own work (e.g., Antonini, 2006; 

Knuth et al., 2009; Lockwood et al., 2016). One primary finding is that mathematicians utilize 

examples in various ways, especially when engaging with proving and conjecturing. Weber 

(2008) provided evidence that mathematicians will sometimes use examples to identify patterns 

that could be used in a proof, as well as test for possible counterexamples. Moreover, some 

mathematicians from that study even used a single example to assess the validity of a statement 
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(see also, Weber & Mejía-Ramos, 2011). The literature has also revealed that professional 

mathematicians more productively leverage example-based reasoning than students (e.g., Alcock 

& Inglis, 2008; Lynch & Lockwood, 2019). Also, Wilkerson-Jerde and Wilensky (2011) found 

that the mathematicians in their study spent significant time understanding the concepts central 

to the proofs they were reading, until they were able to construct their own examples. 

Even though the professional mathematicians in this present study did not demonstrate 

much of this behavior during the first interview, they often brought up example-related activity 

in discussion during the other two interviews, particularly as it related to mathematical 

understanding. Multiple participants provided an initial definition of understanding a concept 

that involved example-creation. Caleb said, “For understanding [a concept], I would say 

probably, you at least know the definition and maybe one or two examples.” Similarly, Emmy 

stated, “I see really understanding a theory, or something like a Mackey functor, it's really 

understanding it, being able to write it down or bring out examples of it.” These sorts of 

comments support the literature on example-creation as a central way of operating with a concept 

when trying to develop understanding. Closely related to example-creation, Fritz also 

commented that “fully understanding a definition, I think, is…being able to make conjectures.” 

This also supports the growing literature on professional mathematicians’ conjecturing activity 

(e.g., Fernández-León et al., 2021; Lockwood et al., 2016; Lynch et al., 2022). 

Additionally, there were certain comments from participants that suggested a connection 

between process-level understanding and the ability to meaningfully create examples of the 

concept. Caleb expressed that he believed he did not have a process-level understanding of 

comma category “because if you were to ask me for an example, I would have to think probably 

pretty hard before I could give you one.” In order to generate examples, there may be some 
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requirement to understand some of the underlying processes. Also, through example generation, 

it can help develop one’s process-level understanding. The exact interplay between professional 

mathematicians’ example-related activity and their understanding of the process-level 

components needs to be investigated further. 

Lockwood et al. (2016; see also, Lynch & Lockwood, 2019) showed that mathematicians 

demonstrated a metacognitive awareness of the connection between their example-related 

activity and proving activity. Metacognitive awareness is an awareness of one’s own thinking 

and how that thinking will interplay with one’s activity. Wilkerson-Jerde and Wilensky (2011) 

provided evidence that professional mathematicians are often aware of their own level of 

understanding, as the participants in their study would stop to create examples to better 

understand the concepts in the proofs they were reading. Moreover, Shepherd and van de Sande 

(2014) found that mathematicians purposefully made choices on which concepts they needed to 

understand better and which they did not when reading through a textbook in advanced 

mathematics. The analysis from this study provided further support of this literature, as multiple 

participants made unprompted claims about their metacognitive awareness. Carolyn asserted, “I 

think I have a very critical mind. And, I know when I don’t understand something, but then I can 

also sense when I understand it well enough to work with it.” Emmy also claimed, “I think I do 

have an ability to assess my understanding. But, I feel like it’s very instinctual.” Because 

professional mathematicians sometimes seem to have a metacognitive awareness of their own 

level of understanding, this can influence their choice of whether a pseudo-object-level 

understanding is sufficient or whether developing a process-level understanding is necessary. If a 

further developed process-level understanding becomes necessary, then the mathematician can 

choose to fold back (Pirie & Kieren, 1991, 1994) to the relevant process-level components. A 
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further exploration of the findings pertaining to influences on professional mathematicians’ level 

of understanding are discussed in the next section. 

Research Question 2 

 For the second research question, pertaining to the influences on one’s level of 

understanding for a mathematical concept, the thematic analysis was used to organize the 

relevant findings. This analysis resulted in five overarching themes for different influences on 

understanding, Career-Based, External, Personal, Utilization of a Concept, and Qualities About a 

Concept. These themes and influences greatly expanded upon what was found in my second pilot 

study (Flanagan, 2023) but also demonstrate that professional mathematicians are influenced in 

many ways, both by the mathematics itself and sociocultural factors. 

 Regarding career-based and external influences, the analysis demonstrated that 

professional mathematicians are influenced by their stage of career, field of study, research 

community’s values, time constraints, and other factors. Misfeldt and Johnsen (2015) provided 

evidence that mathematicians are influenced by various factors when selecting research problems 

to work on. In particular, they found that mathematicians were influenced in their problem 

selection by their colleagues’ thoughts and preferences. Similarly, in the context of proof 

aesthetics, Inglis and Aberdein (2020) demonstrated that mathematicians tend to conform to 

aesthetic judgments made by colleagues and other mathematicians. Weber (2008) also provided 

some preliminary evidence that a mathematicians’ field of study influences how they determine 

the validity of a proof. These types of sociocultural influences from one’s community and field 

of study align closely with how Thurston (1994) described mathematicians as people who “are 

inspired by other people,” “seek appreciation by other people,” and “follow fads” (p. 171).  
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The career-based and external influences on professional mathematicians’ level of 

understanding support this literature that mathematicians are influenced in various ways by their 

community’s values and what field of study they are in. Moreover, this study greatly expands on 

this literature by further demonstrating that mathematicians are not only influenced in their 

mathematical practices, but that even their level of understanding is influenced by such factors. 

For example, Caleb mentioned, 

There is a mathematical community. You sort of want your research, I think, to be 

interesting to everybody in the community. And so, you don't want to necessarily work 

on stuff that nobody cares about. So, that way, I mean, the community sort of, in some 

ways, dictates what's interesting and what people care about…And, so you want to spend 

more time studying things that are relevant to the things of interest. In the projects that I 

happen to be currently working on, I spend a lot more time working on trying to 

understand topics that sort of relate to those. 

For one’s field of study, the thematic analysis revealed that if a mathematical concept was a field 

of study disjoint from the participant’s primary research area, then there was more of an 

influence to not understand the underlying processes. However, there were also differences 

between how researchers in different fields of study treat mathematical understanding. Joe 

described how in his area of topology, it is more common to develop an object-level 

understanding of the main concepts, but in areas of dynamical systems research, there are 

“folklore theorems” that are not well understood. 

Additionally, this study provided strong evidence of how the external pressures of time 

constraints in academia influence mathematicians’ level of understanding. This supports the 

claim made by Kremakova (2016) that the structure of academia “is in a direct clash with the 
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thinking time required to learn, and do, science” (p. 3). Carolyn provided a description of how 

time constraints and mathematical understanding are closely tied to one another, where time 

constraints may lead to settling for a pseudo-object-level understanding: 

It might actually, in retrospect, time might also be a factor, that you don't actually have 

time to follow up every single concept and sit and reflect on it, because there's just too 

much to do. So, you know, I think I'm always doing, you know, decision making. You 

know, what, you know, what's more essential that I understand and that I sit and reflect 

on, and you know, what's mechanical, that I can just have a kind of rote understanding of 

it, or maybe hand it over to a collaborator to work on. 

Beyond the influence of time constraints, this study also provided evidence that one’s stage of 

career, how the concept is presented, and the necessity to convey the concept’s meaning to others 

can all influence one’s understanding. For instance, regarding her stage of career, Emmy 

contrasted where she is currently at in her career researching 𝑁∞-operads versus if she was a 

leader in that area of research. For a pseudo-object-level understanding, she said “For where I am 

in my life and my career right now, I'm happy with that [level of understanding]…I mean, I think 

if I really wanted to be like a leader in this type of research, you'd need that understanding.” Each 

of these additional kinds of influences are much less prevalent in the literature, so this 

demonstrates the breadth of career-based and external influences on one’s level of 

understanding. 

 This study also provided evidence that professional mathematicians’ level of 

understanding is influenced by personal factors, such as trust and affect. The influence of trust on 

professional mathematicians has been extensively researched in the context of mathematical 

proof (e.g., Mejía-Ramos & Weber, 2014; Müller-Hill, 2010; Weber, 2008). For example, Inglis 
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and Mejía-Ramos (2009) found that “in some situations, mathematics students and researchers 

report higher level of persuasion in mathematical arguments that are associated with an authority 

figure than in those not so associated” (p. 40). These types of authoritative influences in the 

context of proof, such as a famous professional mathematician or a reputable journal were also 

expressed by mathematicians in other studies (e.g., Inglis et al., 2013; Weber, Inglis, & Mejía-

Ramos, 2014; Weber, Mejía-Ramos, & Volpe, 2022). This study provided complementary 

evidence that authoritative sources also influence one’s level of understanding. Carolyn 

acknowledged that: 

There's definitely a lot of, well, you know, it's been in the literature for 20 years. And you 

look at people who've cited that result, and you see what they say. There's definitely 

plenty of that that goes along, where I won't necessarily understand it, but the 

community's accepted it. And, I will let things go by, like, you know, like that if I don't 

need to have a more detailed understanding of it. 

In addition to trusting in authoritative sources, this study demonstrated evidence that the 

influence of trust is related to pseudo-objectification. The participants were more willing to use 

theorems as black boxes, with only a pseudo-object-level understanding, if they trusted that the 

result was correct. 

Furthermore, professional mathematicians have a difficult time separating understanding 

a theorem from trusting that they know a proof for the theorem. When initially asked to define 

understanding a theorem, prior to explaining my theory of understanding, Joe explained, 

“Completely understanding something, I guess, is just believing that you know, the literature that 

you've read and know, and that there isn't a counterexample somewhere because someone made 

a mistake.” Due to the importance of mathematical proving for mathematicians, they are 
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constantly being influenced by their trust in the concepts they are utilizing. Also, though less 

prominent in the data, there were comments on the influence of personal interest. For example, 

Fritz described multiple times that when utilizing concepts from other fields of study in his 

algebra research, he would primarily focus on understanding the algebra concepts, often using 

the other concepts as pseudo-objects, because that is where his personal interest lies. This 

supports the findings by Misfeldt and Johnsen (2015) that mathematicians choose research 

problems based on personal interest. 

The last two themes from the thematic analysis, namely Utilization of a Concept and 

Qualities About a Concept, provide a unique contribution from this study. As was just 

demonstrated, there has been literature showing that professional mathematicians are influenced 

in their mathematical practices by career-based, external, and personal factors. However, there 

has been minimal research exploring the influences from the mathematical concepts themselves 

and how they are utilized. Reporting on mathematicians’ testimonies, Geist et al. (2010) shared 

that professional mathematicians “accept results from the published literature as black boxes in 

their own research” (p. 158). Moreover, Auslander (2008), a topologist, explained that “This is 

the case even if we haven’t read the proof” (p. 64). This is closely related to the influence of 

trust, but it demonstrates that mathematicians may sometimes use theorems as pseudo-objects, 

and the purpose for why it is being utilized may influence whether a pseudo-object-level 

understanding is sufficient. In the area of set theory, Weber (2021) found evidence that 

mathematicians sometimes utilize mathematical concepts that they could not, or do not know 

how to, produce themselves. 

 In this study, participants described two broad ways of utilizing a mathematical concept, 

that is building on the concept or simply applying the concept as a tool or black box. Typically, if 
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a participant described needing to build on the concept, which could include extending, 

restructuring, or fixing an error with the concept, then the participant described having an 

influence (or needing) an object-level understanding for that concept. In contrast, when simply 

applying the concept as a tool or black, participants often described how a pseudo-object-level 

understanding may be sufficient for their purposes. 

 Emmy provided a great example of building on a concept with the research paper we 

discussed in her second interview. She was utilizing the concepts of Mackey and Tambara 

functors, and the main goal of using these concepts was to “explicitly construct these norm 

functors.” She further elaborated that, 

I've been thinking about a project where I really had to understand, like a fundamental 

understanding of what the things were, like my thesis paper that I talked about, that we 

talked about in that second interview. Like, I constructed things on Mackey functors, and 

then related Mackey and Tambara functors. And, I felt like I really had to understand 

what Mackey and Tambara functors were in a very constructive way, and not just as a 

like glossing over the top. And again, like, it kind of goes back to my thesis on this 

interview, which is like, what it was in that paper, I was creating something about 

Mackey functors and Tambara functors. I was putting a structure on those things. Those 

things were like the point of my research. So, those are why, like you're doing something, 

you're creating something new with those objects. So, I really needed that complete 

understanding of the process, the construction, why it works. 

Because Emmy was building on these norm functors by “putting a structure” on them, an object-

level understanding was required. Pirie and Kieren (1994) theorized a model of understanding 

focused on mathematical growth, and the outermost level was inventising. They described 
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inventising as when an individual has “a full structured understanding and may therefore be able 

to break away from the preconceptions which brought about this understanding and create new 

questions which might grow into a totally new concept” (p. 67). For this reason, I see this type of 

building on a concept closely resembling inventising. This is also connected to the notion of a 

crystalline concept (Tall, 2011, 2013), where the individual can use the concept in imaginative 

ways across new contexts. 

 For simply applying a concept, Emmy also provided various examples. She explained 

that sometimes a pseudo-object-level understanding is good enough: 

Some of it's like, hey, I don't need to fully understand this to apply it to this other thing. 

And, sometimes that's okay. Sometimes, if the theorem or whatever isn't the focus of 

what you need to do, just understanding it enough to apply it, that's fine. So, I've been in 

that spot many a times. I feel like a lot of concepts in category theory are like that for me, 

where like I understand it just enough to use it. Which is fine, but don't ask me to like, 

very understand it further, at this point in time. 

If Emmy was just going to simply apply certain concepts, like some in category theory, then 

having an underdeveloped process-level understanding is perfectly fine. Similarly, Caleb 

described his experiences with Picard lattices and the p-adic integers, both of which he described 

as black boxes. He commented that, “I can think of those as some kind of black box and then 

some sort of rudimentary understanding of the p-adic integers.” This “rudimentary 

understanding” may refer to facts or properties related to the p-adic integers, or just an 

underdeveloped process-level understanding for the concept. Nonetheless, if a mathematician 

understands other related mathematical concepts or properties, then the mathematician may be 

able to rely on those to successfully utilize a pseudo-object-level understanding. 
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 The other primary type of influence in this Utilization of a Concept theme was when 

participants explicitly referenced how making connections between disciplines or concepts could 

influence their level of understanding of the relevant concepts. Depending on the types of 

connections that the participants were being made, this sometimes influenced the participant to 

function with only a pseudo-object-level understanding but other times need to have a developed 

process-level understanding as well. For Emmy’s research project on transfer systems and 𝑁∞-

operads, because she was making connections between these two vastly different concepts, and 

her focus was on the transfer systems, a pseudo-object-level understanding was sufficient. On the 

other hand, Emmy elaborated on possible connections she could make between her norm functor 

research and 𝐺∞-spectra: 

So, I think for me in algebraic topology, I think if I wanted to stay in topology and do 

more stuff, I would have had to really start understanding that like background stuff. 

Like, I know Mackey functors; I know Tambara functors. I know them as like a this is 

what they are; this is how they’re connected to each other. I understand them 

fundamentally as objects. What I don’t have a very good sense of is like then their 

connection to these like spectra. 

These two examples from Emmy show that when making connections between different 

disciplines or concepts, the utilization of the concept still plays a central role in influencing the 

necessary level of understanding. 

 Finally, some participants described how different concepts can have similar structure, 

which can influence one’s level of understanding for certain similar concepts. For example, 

Aaron commented that a lot of concepts in category theory have definitions with the form “there 

exists a unique map making such that this diagram commutes.” Caleb made a stronger claim that 
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most mathematical concepts “are just modifications of things we’ve seen other people do.” This 

alludes to various highly-abstract, advanced mathematical concepts sharing some underlying 

processes. This phenomenon may have contributed to Aaron’s success on the comma category 

task, even though he showed strong evidence of having a pseudo-object-level understanding for 

natural transformation. Because he had seen other category theory concepts with similar 

commuting diagram structures, he was able to utilize that familiarity to supplement his 

underdeveloped process-level understanding of natural transformation. 

 Beyond the ways a mathematical concept is utilized, there was a plethora of evidence that 

the qualities about a concept influenced the participants’ level of understanding for that concept. 

This supports my findings from the conceptual analyses that I described in the previous section. 

The comma category concept was much easier to utilize as a pseudo-object due to the central 

underlying process being a diagrammatic property, namely a commuting square. Hence, this 

commuting square can serve as figurative material (Thompson et al., in press) for the 

mathematician to act on, without the necessity of a process-level understanding for that material. 

 Multiple participants discussed category theory concepts during the second and third 

interviews, and there was a prevailing tendency for the participants to believe that category 

theory concepts lend themselves to being utilized as pseudo-objects. Joe spoke to this most 

directly when he said, 

For me, category theory is all that [pseudo-objectification]. There’s none of the other part 

[underlying processes] that I really understand, and I think that’s the way it's supposed to 

be…and just go through by, you know, the minimum number of hypotheses on 

something, because then it will apply to the maximum number of situations…And, my 
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understanding of category is absolutely 100% the action. It’s just, these are the things. 

These are arrows; what do they mean? They don’t mean anything. They are arrows. 

In this excerpt, Joe described the central goal of category theory, which is to define a concept 

with “the minimum number of hypotheses” so it will “apply to the maximum number of 

situations.” This is a form of abstraction by deletion, which is described as “omitting parts of the 

data describing the mathematical concept” (Mac Lane, 1986, p. 436). Furthermore, category 

theory concepts also fit the description that, “Abstractness increases as knowledge becomes freed 

from specific contexts” (Hiebert & Lefevre, 1986, p. 5). 

 Because the number of hypotheses are minimized for category theory concepts, this 

presents the question: are the process-level components for certain category theory concepts 

simpler than their context-dependent counterparts? To provide an example, in the same 

discussion with Joe immediately above, he described how the category theoretic analogue of an 

injective function, namely a monomorphism, is “not because two things don’t go to one, it’s 

because when you follow it by another one.” He is describing how the underlying process for an 

injective function, captured by two distinct elements in the domain mapping to distinct elements 

in the codomain, is replaced by a symbolic left-cancellation. The figurative material was reduced 

to a symbolic manipulation of removing a function symbol from both sides. There is certainly 

more to the underlying process of cancellation, but this does highlight that (1) an individual can 

rely on the symbolic or diagrammatic figurative material for pseudo-objectification, and (2) there 

is a kind of ‘simplification’ that occurs when moving from a context-dependent situation to a 

category-theoretic one. I believe that because any context has been removed, sometimes category 

theory concepts do have simpler process-level components. However, because category theory is 

often used as a tool for professional mathematicians, pseudo-objectification is typically 
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acceptable (if not preferable). If a mathematician wants to use a theorem or property about a 

certain category theory concept (e.g., derived functor), they likely only care about utilizing it 

with a context-dependent analogue of the concept (e.g., Ext and Tor). So, they use the theorem or 

property as a pseudo-object while having an underdeveloped process-level understanding of the 

category-theoretic version of the concept. 

 Beyond category theory, multiple participants described how a concept being more 

visual, such as those in graph theory, can influence their understanding of it. This shares a 

similarity with category theory concepts because one can rely on the visual materials to operate 

on. This can lead to an influence that leads towards a pseudo-object-level understanding of those 

concepts. However, a concept with a visual representation of the main underlying processes may 

allow for a mathematician to more easily develop a process-level understanding (like an IFS). 

Stylianou (2002) found that mathematicians constructed and utilized visual representations in 

systematic ways when solving problems. Moreover, Stylianou and Silver (2004) found that 

mathematicians use visual representations as “dynamic objects” when engaging in problem 

solving, unlike novice students. (p. 353). This study supports this literature by demonstrating that 

professional mathematicians can productively leverage a pseudo-object-level understanding for 

concepts that are more visual and diagrammatic. 

 Finally, the thematic analysis also revealed that the type of theorem might influence what 

level of understanding a mathematician believes they need to utilize that theorem. Multiple 

participants described classification theorems as a type of theorem that could usually be used as a 

pseudo-object. However, the most interesting type of theorem from the study was what Emmy 

called a “connector-fact theorem,” which she described as: 
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So, I guess like, connector-fact theorems, right. Like, I think algebra has this a lot, where 

you like, in algebra, there’s a lot of things that are like, well if thing A has this property 

then it’s thing B, and if thing B has that property, then it’s thing C. And, your goal is to 

show that thing A is thing C. And, you can hop through these properties by applying 

theorems. Oh, well thing A is blah, so it has this, which means it has this, from this other 

rando theorem, which means we get our results. 

During the stimulated recall, Emmy further elaborated that a pseudo-object-level understanding 

is typically sufficient to utilize these theorems. This is because the goal is show “thing C” has a 

certain property, so the connections needed to get that property are not always viewed as 

important to the mathematician. For example, in commutative algebra, I see a connector-fact 

theorem as any Cohen-Macaulay ring is universally catenary. A professional mathematician may 

not have a developed process-level understanding for universally catenary rings, but if they have 

another connector-fact theorem that gives a desired property, then the mathematician can string 

these theorems together with only a pseudo-object-level understanding of each one. A future 

research study could further investigate theorems like these, and how professional 

mathematicians tend to operate with them. 

Additional Findings and Contributions 

 In addition to the findings directly pertaining to the two research questions, other findings 

and contributions emerged from the data analysis that support the broader goals and theoretical 

framing of this study. First, there were differences between the different participants in the study 

on how they approached utilizing concepts at different levels of understanding. For instance, 

Carolyn stated, “I wouldn't be surprised if I'm a mathematician who maybe has more of the 

second quality [process-level understanding] and less of the first quality [pseudo-object-level 



242 
 

understanding.” In similar ways, the second and third interviews with Joe revealed that he had a 

strong preference for wanting to always have a developed process-level understanding when 

engaging with concepts relevant to his broader research program. In contrast, both Emmy and 

Fritz demonstrated a significant amount of evidence that they were content utilizing pseudo-

objects in their research depending on the purpose of use. Interestingly, during the tasks in the 

first interview, all participants showed some evidence of pseudo-objectifying either comma 

category or natural transformation. Therefore, even if some participants may prefer to not 

pseudo-objectify concepts, mathematicians will still utilize pseudo-objects sometimes. This kind 

of difference between mathematicians supports the claims that mathematicians may understand 

and think about mathematical concepts in fundamentally different ways (Burton, 1999c) and that 

mathematicians may be more situated in one of “two cultures of mathematics” (Gowers, 2000). 

One culture pertains to those who primarily want to solve problems (related to pseudo-object-

level understanding), and the other culture is more focused on building and understanding 

mathematical theories (related to process-level understanding). 

 Another major contribution of this study is the theoretical framework of levels of 

understanding. This framework both extends and challenges prior theories of abstraction, such as 

process-object theories. APOS theory (Dubinsky & McDonald, 2001) and Sfard’s (1991) theory 

of operational and structural conceptions both support a typical progression from an 

understanding similar to process-level to an understanding similar to object-level. However, this 

study provides evidence that professional mathematicians do not always progress in the same 

way that previous process-object theories have suggested. Specifically, this does support the 

hypothesis made by Sfard (1991, pp. 22-23) that professional mathematicians may have a 

different progression through operational and structural conceptions. In fact, this study provided 
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evidence that some professional mathematicians seem to utilize pseudo-objectification relatively 

frequently. 

 Sfard (1992) labeled the notion of a pseudostructural conception as “semantically 

debased,” and “unsatisfactory and potentially harmful” (pp. 75, 77). Nevertheless, there was 

noticeable evidence that professional mathematicians do not only use pseudo-objects relatively 

frequently, but they also successfully leverage them in their work. This challenges prior deficit 

perspectives on pseudo-objectification, and instead supports that pseudo-objectification can 

provide meaningful affordances in mathematics. Even still, it is worth noting that not all 

instances of pseudo-objectification are beneficial, and students may function at a pseudo-object-

level understanding in a way that is unsatisfactory for them. This means that there is a need for 

research on how to guide students to productively leverage pseudo-objects, because as Sfard 

(1992) acknowledged, “Pseudostructural conceptions can hardly be avoided within the usual 

structural way of teaching…The object-oriented language used by the teacher forces the pupil to 

look for a more tangible entity which may serve as a reasonable substitute.” Such research would 

support the belief that the practices of professional mathematicians should help inform how 

mathematics is taught and presented to students (e.g., Ball & Bass, 2000; Harel & Sowder, 2007; 

Weber et al., 2014). 

 The theoretical framework in this study has also provided some other unique 

contributions to theories of abstraction and the notion of a mathematical concept. In other 

theories, typically only mathematical concepts with a traditional definition, like function, limit, 

or group, were studied as objects with underlying mental actions and processes. The theoretical 

framework in this study also considered mathematical theorems as concepts that could be 

thought of as having underlying processes. Furthermore, certain other process-object theories, 
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like APOS theory, seem to describe an individual demonstrating a process understanding of a 

concept as if there was one singular underlying process for the entire concept. However, for most 

highly-abstract, advanced mathematical concepts that professional mathematicians are utilizing, 

there are likely many process-level components for the concept. This also aligns more closely 

with a Piagetian perspective, where concepts are coordinations of various mental actions. 

 Through viewing a mathematical concept as being composed of various process-level 

components, sometimes the same concept by name can actually be viewed as different concepts 

with different underlying processes. Multiple participants in this study shared examples of this 

exact phenomenon. For example, both Caleb and Aaron discussed different ways of defining the 

concept of tensor products (for a module). Caleb described how you can define a tensor product 

with a universal property, which “lends itself very well to the first component of understanding 

[action-based],” and also you can define a tensor product of modules as a specific quotient of a 

free module using a bilinear relation. Aaron questioned whether “there’s an underlying concept 

of what a tensor is that unifies those.” Utilizing the theoretical framework in this study, these are 

closely related but different mathematical concepts. Defining a tensor product with a universal 

property, which is a categorical definition centered around a commutative diagram, has 

underlying processes that are more diagrammatic. For this reason, similar to how Aaron utilized 

the concept of natural transformation in the first interview, it is easier to act on the commutative 

diagram as figurative material when utilizing the concept, which could lead to pseudo-

objectification. Defining a tensor product as a specific quotient module has process-level 

components corresponding to a quotient structure, which are absent from the universal property 

definition. 
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 This distinction between these two concepts of the tensor product does not support that 

these forms should be treated separately. These are both logically equivalent ways to define the 

tensor product (of modules), which is a standard theorem. Additionally, both definitions share 

strong similarities, in that both involve the central notion of bilinearity. The definition utilizing a 

quotient of a free module has a heavy focus on the bilinearity due to the submodule in the 

quotient being generated by bilinear relations. Thus, this definition would encourage one to 

develop an understanding of the underlying processes because they are central to the quotient 

structure. However, for the universal property definition, the bilinearity is mostly reduced to a 

morphism in a commutative diagram. This means that the underlying processes of bilinearity are 

easier to ignore when utilizing tensor products from this perspective. This aligns with the above 

findings that concepts being more category theoretic can influence one to function at a pseudo-

object-level understanding. Moreover, Norton (2014) attempted to find underlying actions of 

cohomology from a geometric perspective. However, one could also define cohomology from a 

purely algebraic perspective, where the underlying processes are built on module 

homomorphisms with no geometric underpinnings. Rupnow and Randazzo (2023) found that 

professional mathematicians typically held a value that there should be a “freedom of choice for 

the use and creation of definitions” (p. 310). Sometimes, like in the case of cohomology, a 

definition is created for a concept that eliminates some of the underlying processes that 

highlighted where the concept originated. For cohomology, this was primarily done because this 

concept was such a powerful tool that could be used in non-topological contexts. 

 Because this study viewed theorems as a mathematical concept, various questions 

throughout the interviews were targeted towards how professional mathematicians understand 

theorems. For this reason, the notion of mathematical proof was sometimes mentioned. In some 
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ways, this posed a challenge because some participants had a difficult time disconnecting 

understanding a mathematical theorem from knowing a proof of the theorem. For example, Joe 

stated, “I always have a proof for a theorem, if I think I know the theorem.” Similarly, when I 

initially defined the two different types of understanding to Aaron, he questioned, “So, the 

second one [understanding the underlying processes] was like how to prove it, or how to get 

there, how to develop it?” Though this posed a challenge and a limitation for this study, this type 

of connection between understanding and proving is heavily documented in the literature. 

Dawkins and Weber (2017; see also, Rav, 1999) specified one value of professional 

mathematicians regarding proof is that proofs should help convey mathematical understanding. 

Research has also demonstrated that mathematicians will read proofs to not only convince 

themselves that a theorem is correct, but also to learn proof strategies and techniques (e.g., 

Hanna & Barbeau, 2010; Mejía-Ramos & Weber, 2014). This is one reason why mathematicians 

sometimes re-prove theorems (Dawson, 2006). 

 Beyond further validating the close relationship between mathematical understanding of a 

theorem and proving, the theoretical framework in this study provided a way to capture 

understanding a theorem without knowing a proof (or even a proof existing). Paseau (2015) 

argued that it is possible to achieve knowledge of mathematics without proof or deductive 

evidence. This then “creates the conceptual space for an argument to the effect that we already 

know GC (Goldbach’s conjecture) or the Riemann hypothesis on the basis of current evidence” 

(p. 795). By viewing theorems as mathematical concepts with underlying processes, then 

someone can even have at least a process-level understanding of a theorem when there is no 

proof available (or the theorem may be false), such as the Riemann hypothesis. For a simpler 

example, consider the twin prime conjecture, which is a famous open conjecture. This conjecture 



247 
 

simply states that there are infinitely many pairs of primes, p1 < p2, such that p2 - p1 = 2. The 

process-level components for this theorem involve a notion of primality (which involves 

divisibility), a notion of subtraction or distance, and a notion of infinitude. I would suggest that 

the average undergraduate mathematics major could understand the underlying processes for this 

conjecture, even though a proof is unknown and highly sought after by some of the greatest 

mathematical minds. 

 During the interviews, some participants shared examples of theorems that they felt they 

understood the underlying processes for, despite not knowing a proof. Aaron shared multiple 

examples during the second and third interviews, but one corresponded to the theorem that the 

fundamental group of the circle is isomorphic to the integers. He commented, “I know that the 

fundamental group of the circle is Z. And, I know I've proved it 20 years ago in a grad class. I 

don't know how the proof goes. Because I mean, but I completely understand.” This theorem has 

more involved underlying processes than the twin primes conjecture, because the fundamental 

group is built upon homotopy and loops, but one can still understand them without knowing the 

technical proof utilizing covering spaces. Homotopy and loops involve some geometrically-

based underlying processes. The framework in this study provides a way to view understanding a 

theorem distinct from knowing a proof, but further research would be needed to explore the 

value in disconnecting a theorem from its proof(s). In the next section, I discuss limitations of 

this research study, including how mathematical understanding and proving were sometimes 

conflated by participants. 

Limitations 

 This research study had various limitations that contributed to the above findings. In 

terms of the research design, each of the interviews had possible limitations. For the task-based 



248 
 

interview, there were unique challenges due to giving the participants challenging category 

theory problems in a short time frame (30-minutes per task). For instance, mathematical 

problems with highly-abstract, advanced mathematical concepts, like those given in the tasks, 

would typically be worked on without a time constraint. However, it is difficult to directly 

simulate the process of working on research-level mathematics in a task-based interview setting. 

Also, there were multiple occurrences of participants commenting on how they believed that they 

needed to use all the information in the problem. This feeling is more specific to task-based 

settings, and is less common in research settings, where the outcomes are uncertain and the 

mathematical engagement with the concepts is less structured. For this reason, there are likely 

differences between how mathematicians operate with concepts in a research setting versus a 

task-based setting. Similarly, Löwe and Van Kerkhove (2019) argued that it is difficult to 

directly observe professional mathematicians’ actual behavior in a task-based interview setting. 

Another possible limitation of this task-based interview is called reactivity (Inglis & Alcock, 

2012; Russo et al., 1989). Because the participants were asked to think-aloud verbally while 

engaging in cognitively demanding tasks, the participants are unable to direct as much cognitive 

resources to the task as they would in a more natural setting. 

 The second interview also had its own possible limitations. One such limitation was 

veridicality (Inglis & Alcock, 2012; Nisbett & Wilson, 1977; Russo et al., 1989), which was also 

a limitation of the stimulated recall in the third interview. This is the phenomenon that when an 

individual is asked to provide an account of past occurrences, they may fail to report all the key 

components or simply misremember what actually happened. Because participants were asked to 

actively reflect on their understanding of the relevant concepts from a research article written up 

to five years prior, as well as their processes for producing the research, it is likely that some of 
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the participants had misremembered some aspects of what they shared during the interview. 

Additionally, throughout this interview, the participants were asked about their understanding of 

various mathematical concepts. However, at this point, the participants had not been informed of 

my precise theoretical framing for mathematical understanding. This meant that participants may 

have meant different things when describing their understanding. The primary way that this 

seemed to occur was through how participants conflated understanding a theorem with knowing 

a proof of the theorem, as was discussed in the previous section. Hence, some of the recorded 

influences on one’s level of understanding may have been an influence on a related notion, such 

as understanding of a mathematical proof. Nonetheless, I purposely tried to primarily present 

evidence for influences on one’s level of understanding. 

 For the third interview, the main limitation was how the stimulated recall was designed. 

Prior to choosing video clips and questions for the stimulated recall portion of the third 

interview, each of the first two interviews were transcribed and some brief initial analysis was 

conducted. However, after later completing the conceptual analyses for the first interview, I 

realized that I could have asked more targeted questions towards the hypotheses I made in these 

conceptual analyses if I had finished them prior to conducting the third round of interviews. Due 

to the timing of the third interview, this likely would not have been possible. However, in future 

studies where any stimulated recall is being utilized, I will strongly consider having completed 

more detailed analysis prior to designing the stimulated recall protocol. Additionally, as in the 

second interview, it is not certain that all participants were properly interpreting how I described 

the two types of understanding. Fortunately, only two participants showed any noticeable 

evidence of this, namely Joe and Fritz, so there appeared to be much stronger agreement in how 

understanding was being discussed during this third interview. 



250 
 

 Though not a direct limitation of the study, the mechanism of folding back (Pirie & 

Kieren, 1994) ended up not being a useful construct in this study for analyzing how professional 

mathematicians operate with mathematical concepts. Initially, I had hypothesized that folding 

back was closely connected with the use of pseudo-objects, because after experiencing an 

influence to have a deeper process-level understanding of the concept, the mathematician would 

need to fold back to their understanding of the process-level components. For this reason, I 

designed interview questions for the third interview to collect data on how professional 

mathematicians fold back (see Appendix A). Moreover, though I saw instances of folding back 

during the first interview, much of the folding back was simply to revisit parts of the definitions 

because they were stuck on the tasks. I still believe that professional mathematicians engage in 

folding back, and that there are connections between this mechanism and pseudo-objectification. 

However, future research targeted at this interplay would be required. The mathematical tasks in 

this study were not designed with a clear, intended purpose of analyzing folding back, but rather 

to investigate how mathematicians operate with highly-abstract, advanced mathematical concepts 

they had not encountered before. 

Ideas for Future Research 

 To conclude, I will discuss some potential ideas for future research stemming from this 

research study. First, there is a need to investigate more professional mathematicians on their 

uses of pseudo-objectification, especially those in areas outside of algebra. Algebra research 

often involves certain concepts that share some similarities with those in category theory, such as 

utilizing commutative diagrams. For this reason, algebraists may be more accustomed to 

functioning at a pseudo-object-level understanding due to the more symbolic or diagrammatic 

nature of some of the concepts. It was found in this study that mathematicians may rely on 
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figurative material, like the commuting squares in the natural transformation and comma 

category definitions, to act on the concept. I would like to investigate mathematicians’ use of 

commutative diagrams further, along with how pseudo-objectification may occur with non-

algebraic concepts. This includes more deeply exploring how the area of a concept influences 

one’s level of understanding. 

 Second, this study provided evidence that pseudo-objectification can be productively 

leveraged by professional mathematicians in certain contexts, and that some mathematicians 

likely function at a pseudo-object-level understanding quite frequently. It is also likely that 

students in the classroom use pseudo-objects. For this reason, there is a need to better understand 

where students are utilizing pseudo-objectification in the classroom, and if there are any 

similarities between them and experts. Depending on the similarities and differences, there could 

be various implications for teaching, such as having a better understanding of when students 

need additional help with developing their process-level understanding for a concept. 

 I would also like to conduct further research on how both example-related activity and 

folding back are connected with one’s level of understanding for a particular mathematical 

concept. As mentioned above, there is a significant amount of literature demonstrating that 

professional mathematicians leverage example-related activity for mathematical understanding 

and proving (e.g., Lockwood et al., 2016; Wilkerson-Jerde & Wilensky, 2011). However, there 

was minimal use of examples during the two tasks in this study. I would hope to better 

understand if example-related activity is at all correlated with the level of understanding an 

individual feels that they need for a concept. If a professional mathematician believes that a 

pseudo-object-level understanding is sufficient for their goals, then is example-related activity 

less utilized? Furthermore, how effectively can a mathematician generate examples for a concept 
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with only a pseudo-object-level understanding? Similarly, for folding back, I would like to 

further investigate how folding back is connected with professional mathematicians’ level of 

understanding. This includes better understanding if professional mathematicians are more 

purposeful than students in folding back activity due to having a more substantial metacognitive 

awareness of their own level of understanding. 

 Next, I would like to further explore how my theoretical framework applies to 

nonconstructive concepts, such as the axiom of choice or the algebraic closure of a field. The 

algebraic closure of a field is a familiar concept in algebra, but demonstrating the existence of 

such a closure is nonconstructive, typically utilizing something like Zorn’s lemma. In Piaget’s 

(1964) description of two different ways to understand or know a concept, he described the 

second type as being able to “understand the process of this transformation, and as a 

consequence to understand the way the object is constructed” (p. 176, emphasis added). In the 

example of the algebraic closure of a field, there is no actual construction. In one sense, there is 

no actual way to understand the process-level components corresponding to the construction of 

this concept because the only reason the object exists is because the mathematical community at 

large has accepted the axiom of choice and its equivalent statements (like Zorn’s lemma). In 

another sense, I feel like I can understand the underlying processes for its ‘construction’ because 

I feel like I understand the process of ‘adjoining the roots of every polynomial, followed by 

adjoining the roots of all the new polynomials, continued infinitely.’  

I see having a process-level understanding for a nonconstructive concept as sharing 

similarities with how I can have a process-level understanding of the twin primes conjecture 

without knowing whether the statement is true, false, or unprovable. Additionally, Joe directly 

spoke to the connection between nonconstructability and understanding when he said, 
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For me, when you understand things, it’s this idea of scrutability. Can you really do that 

without using an axiom of choice so strong that you really didn’t understand what you’re 

doing? Because some of the constructions, you know, this isn’t blah because I’ll just take 

an ultrafilter, or just take, you know, take a basis for, you know, this vector space, Z to 

the naturals. Just pick a basis for it, blah, blah. Well, you know you don’t know a basis 

for it, right? You know you don’t know an ultrafilter, right? And, so you can construct 

this counterexample to something but you really didn’t understand it. 

Therefore, I would like to first understand better what the process-level components look like for 

nonconstructive concepts like these. Following this, I would hope to interview professional 

mathematicians regarding their level of understanding for such concepts. 

 Finally, I want to research how professional mathematicians understand concepts that 

come in pairs or groupings, such as epimorphism and monomorphism in the first task. These two 

concepts are nearly identical, with the only difference being that epimorphism satisfies a right-

cancellation property and monomorphism satisfies the analogous left-cancellation property. For 

this reason, it appears that these two mathematical concepts have the same process-level 

components up to a small symbolic change. Various other concepts in category theory come in 

similar pairings, such as a cone and co-cone, where the only difference is a change of direction in 

the morphisms for the commutative diagram. During the first interview, Aaron appeared to group 

the concepts of epimorphism and monomorphism together into some kind of ‘paired concept’ 

when he said, “Yeah, I always forget which one is which. I know one is the left cancel; one’s 

right cancel.” I would like to explore if professional mathematicians actually do group different 

concepts in this way based on their process-level components. If so, I would want to know if this 

is more unique to category theoretic concepts because they are more symbolic and diagrammatic, 
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and many concepts have a dual concept (e.g., product and coproduct). Moreover, these types of 

paired or grouped concepts likely have strong connections with analogy (see Hicks et al., 2023). 

 These are some of the ideas and goals for further research that I would like to pursue 

from this research study. Overall, beyond these specific ideas, this theoretical framework of this 

study will allow me to establish a research program for studying professional mathematicians’ 

understanding and mathematical practices. Research on professional mathematicians is a 

growing body of research, and this study has positioned me to make meaningful contributions to 

it, as well as make contributions to other bodies of research in mathematics education.  
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Appendix A – Sample Interview Protocols 

 

Interview 1 Protocol 

 

Pre-Tasks Questions 

Thanks again for participating in my study. This first interview will primarily involve working 

through mathematical tasks on topics in category theory. However, we will begin with a few 

questions about your mathematical background. 

1. Can you summarize your mathematical career? For instance, how long have you been 

studying mathematics, doing research in mathematics, etc? 

2. What experience do you have with category theory? 

3. The next questions will be used to help determine which tasks you will be given. 

• Do you know what a natural transformation between functors is? Natural 

isomorphism? 

• Do you know what an image factorization system is? 

- Do you know what it means for a morphism to be epic? Monic? 

• Do you know what a comma category is? 

• Do you know what a regular morphism is? 

• Do you know what a representable functor is? 

- Do you know what a hom functor is? 

• Do you know what a direct limit is? 

• (If they know all) Which of these are you least experienced and comfortable working 

with? 

 

Tasks 

You will now be given a series of mathematical problems to work on. The problems will be 

shared through a PDF file in the Zoom chat, which you will need to download. I want to remind 

you that I am not assessing for correctness in any way, but rather I am wanting to analyze how 

you think about, understand, and work through the problem. Please try to explain what you are 

thinking and doing while working on the problem. Additionally, please share your screen why 

you are working, so that I can see your work. 

 

If any of the notation is unclear, because you are accustomed to different category theory 

notation, do not hesitate to ask. 
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Interview 2 Protocol 

 

Overview 

The major focus of this interview is to better understand how professional mathematicians 

understand the highly-abstract mathematical concepts they utilize in their careers. We will be 

using one of your own journal publications to aid us in this discussion. I want to inform you that 

this interview is not designed to assess your mathematical ability nor assess the quality of this 

research publication, but rather analyze how you think about and understand the mathematical 

concepts you use in some of your own research. 

 

Initial Questions 

The interview will begin with a series of short questions to better understand your background, 

as it pertains to this research article. Please try to answer each question fully and completely, as 

you see fit. 

1. Can you provide a brief overview of the current research topics you are pursuing? 

2. How is this article situated within your larger research landscape? 

3. What is your experience with the major mathematical concepts in this journal article? 

4. How familiar are you still with the content in this article? With the process you went 

through to complete this research? 

5. Can you describe the process you went through to complete and publish this journal 

article? (If coauthored) How much were you involved compared to your coauthors? What 

was your role? 

 

Journal Article Discussion (Emmy’s Questions) 

We will now proceed to talk about certain components of your journal article with COAUTHOR, 

titled “PAPER TITLE.” I will ask you a variety of questions about the paper. As before, please 

try to answer each question fully and completely, as you see fit. 

1. There are various proofs in this paper that use a lot of category theory language, such as 

the proof of Proposition 2.3 on page 4 and Theorem 2.8 on page 10 (i.e., universally 

determined values). How would you describe your understanding of these results? 

2. On page 14, you provide a definition of the box product for G-Mackey functor, 

referenced from Lewis and Shulman. This definition is an underlying component of 

things like the free G-Mackey functor, which is then used to inductively build up the 

Tambara reciprocity sub-Mackey functor. How would you describe your understanding 

of this box product, since it is a component of other subsequent concepts in the paper? 

3. In the proof of Lemma 3.14 on page 25, you use a fact about box powers and quotients. 

How would you describe your understanding of that fact? 

4. Throughout this paper, various properties of symmetric monoidal categories and functors 

are used, such as in the proof of Theorem 4.7 to get a natural isomorphism. How would 

you describe your understanding these symmetric monoidal concepts? 
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5. In the proof of Lemma 5.6 on page 33, you cite a result from Mac Lane’s book about 

adjoints. How would you describe your understanding of that result? 

6. On page 39, you provide a proof of Proposition 5.7. This shows that 𝑀 is a Green 

functor. How would you describe your understanding of the concept of a Green functor? 

7. More generally, how does phrasing your research in a language as abstract as category 

theory impact your understanding of the pertinent mathematical concepts/theorems in the 

paper? 

8. It appears that this research is situated in a more general stable homotopy theory but is 

using category theory as a language. How would you describe your understanding of the 

underlying connections between these? (Why category theory?) 

 

Post-Article Questions 

Now that we have gone through the journal article, we will continue with some more discussion 

questions. As before, please try to answer each question fully and completely as you see fit. 

1. What would you consider as ‘fully understanding’ a mathematical concept, such as a 

definition or theorem? Do you believe ‘fully understanding’ mathematical concepts is 

always necessary? 

2. What is it about a particular mathematical concept (or the use of it) that influences how 

deeply you need to understand it? 

3. Have there been any (other) incidents where you read a research paper relevant to your 

own research where you utilized some of the mathematics in the paper, but did not ‘fully 

understand’ those concepts? 

4. Are there any times where you believe that you have encountered a new advanced or 

highly abstract mathematical concept where you were able to successfully utilize it, but 

did not ‘fully understand’ the concept? 
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Interview 3 Protocol 

 

Influences on Understanding 

1. Are there aspects of your career or life that have an influence on how deeply you try to 

understand the mathematical concepts you are using in your research? 

2. Do you believe that your research area(s) has an influence on how well you need to 

understand the mathematical concepts you engage with? What about for other 

mathematicians? 

3. Do you believe that your research community has an influence on how well you need to 

understand the mathematical concepts you engage with? 

4. During the second interview, we discussed using mathematical theorems as “black 

boxes”. Can you elaborate more on what might cause you to use theorems without full 

understanding? Does the source of the theorem ever impact how much understanding you 

need to have? 

5. Are there any other factors that you believe influence how well you need to (or try to) 

understand the mathematical concepts you engage with in your work? 

 

Description of Understanding 

Thus far in the interviews, I have asked you a variety of questions about your level of 

understanding for particular mathematical concepts, and what influences it. I now want to give 

you a brief overview of how I am theorizing understanding for my research. I am thinking of two 

different components of understanding. The first is when an individual is able to act on the 

concept, meaning that they can modify, transform, or utilize it in other mathematical actions. The 

second is when an individual understands the underlying process, construction, or make-up of 

how the concept functions or transforms. I claim that professional mathematicians can have one 

component of understanding without the other, and I’m primarily interested in when a 

mathematician has the first without the second. I call such a concept a pseudo-object for that 

individual. 

1. Reflecting on the two mathematical tasks from the first interview, how would you 

describe your understanding of those concepts with this description of understanding? 

What about the given mathematical concepts leads you to describe your understanding in 

that way? 

 

Stimulated Recall (Caleb’s Questions) 

In this portion of the interview, I will show you some video clips from the previous interviews. 

Following each clip, I will have one or more questions pertaining to the video. Moreover, as we 

are going through these videos, this is an opportunity for you to reflect on your understanding, in 

relation to the two components of understanding that I just described. 

1. (Int 1, 12:00 - 13:18) So here you deduced that there is an isomorphism from J to I, 

which actually allows you to construct h. However, you then switch over to the case of 
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sets and R-modules. Can you describe where you believe your understanding was at this 

point, and why you chose to take this new direction in trying to solve the problem? 

2. (Int 1, 40:48 - 42:41) and (43:38 - 44:26) You mention that categories just work a certain 

way, and you proceeded to solve this problem very quickly. You also mentioned at the 

end of the interview that you were “more used to” this concept. Can you elaborate more 

on why you believe you were able to solve this problem so quickly? And does the nature 

of concepts in category theory play any role in how you are able to use and understand 

them? 

3. (Int 2, 46:54 - 47:45) and (48:10 - 49:13) Here you contrast understanding properties 

versus understanding the construction. How do you think this connects back to different 

components of understanding that I just outlined? 

 

Final Questions 

1. How would you describe your ability to assess your own understanding of a 

mathematical concept? How does this impact how you do mathematics, if at all? 

2. (Folding Back) When you first encounter a new mathematical concept, how do you 

typically proceed with using it and understanding it? Does it depend on the mathematical 

concept? 

3. What qualities of a mathematical theorem impact how well you need to (or try to) 

understand it? (e.g., Classifications, CPTs) How do you believe proofs contribute to the 

understanding of a theorem? 

4. What qualities of a mathematical definition impact how well you need to (or try to) 

understand it? 
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Appendix B – Interview 1 Tasks 

 

Task 1 (Image Factorization System Task) 
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Task 2 Version 1 (Comma Category Task Without Natural Transformation) 
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Task 2 Version 2 (Comma Category Task With Natural Transformation) 

 

 
 

  



283 
 

Appendix C – Sample Thematic Analysis Coding 

 

Preliminary List of Codes 
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Second Round of Coding Organization 
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Final Round of Coding Organization by Theme (Only Carolyn’s Quotes) 
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