Estimation Of Partial Group Delay With Applications To
Small Samples

by

Milan Mangeshkar

Dissertation submitted to the Faculty of the
Virginia Polytechnic Institute and State University
in partial fulfillment of the requirements for the degree of
Doctor of Philosophy

Statistics

APPROVED :

Klaus H. Hinkelmann Golde 1. ¥otrzman
<_
MW Bocditr Mo ko foy et
Marvin Lentner Marion R. Reynolds, Jr.
February, 1995

Blacksburg, VA 24061



Estimation Of Partial Group Delay With Applications To
Small Samples

by

Milan Mangeshkar
Robert V. Foutz, Chairman
Statistics

(ABSTRACT)

Partial group delay has an interpretation as a parameter that measures the time-lag
relationship between two channels of a multiple time series after adjustments have been
made for the influence of the remaining channels. The time-lagged relationship is
typically studied frequency by frequency. In this dissertation a procedure for estimating
the partial group delay parameter is proposed which is intended to work well even for
small sample sizes. The only published procedure for estimating the partial group delay
parameter is by Zhang and Foutz [1989]. The procedure by them is an asymptotic one

and requires a fairly large sample size.

The proposed procedure for estimating the partial group delay parameter uses the
frequency domain approach of time series analysis. The frequency domain approach is
also known as spectral analysis and models a time series using sine-cosine functions. The
two most important spectral tools used in the dissertation are the discrete Fourier

transform and the periodogram ordinates.



The procedure consists of finding preliminary values for the partial group delay
parameter. The mean of the preliminary values is then estimated using transforming and
modeling techniques on the preliminary values. A key requirement for the procedure is
that the periodogram and cross periodogram ordinates at each Fourier frequency are
independent of the periodogram and cross periodogram ordinates at all other Fourier
frequencies. Under this requirement, the estimate is uniformly minimum variance
unbiased. The key requirement is satisfied as the sample size increases or if the channels
of the multiple time series are Guassian white noise processes and are not cross
correlated. The performance of the procedure is demonstrated using a simulation study

and is compared to the only published procedure by Zhang and Foutz [1989].
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Chapter 1
Introduction

1.1 Motivation

Time series analysis involves analysis of observations that are correlated and taken over
time. The techniques of time series analysis can be broadly classified into two major
categories, namely, techniques in the time domain, and techniques in the frequency
domain. In the present work we extensively make use of the latter techniques. Analysis
in the frequency domain is typically referred as 'Spectral Analysis' and these techniques
make use of the fact that the wave like patterns in a series can be modeled using a sine-

cosine function.

In the present work we propose a new procedure for estimating the partial spectral
parameter called the partial group delay. This parameter is also known as the partial time
delay or the adjusted group delay. Throughout this work these terms will be used
interchangeably. Note that estimation of partial group delay involves three or more
series. The aim of the present chapter is to familiarize the reader with the term partial
group delay and to put forth our motivation for introducing a procedure for estimating the
partial group delay parameter. In the following paragraphs, using a few examples we try

to accomplish this aim.

Consider monthly data for the following series : production of lumber, prices of wood,

and prices of furniture. It is evident that changes in the production of lumber will have its
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effect on the prices of wood and prices of furniture. For instance, a drop in the lumber
production will lead to a shortage of wood, thus causing an increase in the wood prices
and furniture prices. In addition the increase in the wood prices will cause an additional
increase in the furniture prices. This increase will not be reflected immediately but may
happen over a period of time. It would be of interest to quantify the extent of this time
lag, that is, one would like to know, how soon are the changes in wood prices reflected in

the prices of the furniture after adjusting for the effect of the lumber production.

One can observe several such groups of economic series, for instance, consider monthly
data for production of crude oil, production of gasoline, and gasoline prices. A natural
entity would be to calculate the time lag for the changes in gasoline production to be
reflected in the gasoline prices after adjusting for the effects of production of crude oil.
Another example would be that of finding the time lag between say iron and steel

industry, and housing after adjusting for the prime interest rates.

Groups of similar such series can also be observed in fields of study, such as,
oceanography, seismology, meteorology, geo-physics, and signal processing. For
instance, in oceanography one might be interested in knowing the time lag between the
changes in air pressure that are reflected on the height of the tidal wave after adjusting the
two series for the effect of wind velocity. Another important use of the adjusted time lag
is that it can be used to estimate other parameters. For instance, in sonar and radar
systems, the estimation of time delay between the transmitted and the received signal
from a target can be used to find the location and the velocity of the target (see Quazi

[1981] for more details).
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The entity which determines the time lag of one series over another series after adjusting
for the influences of the common series is called as the partial group delay. In the
following paragraph a formal definition for partial group delay is given using the result
by Zhang and Foutz [1989]. The problem of estimating the partial group delay is an
important one but is rarely addressed in the literature. There is only one method by
Zhang and Foutz [1989] for estimating the partial group delay. This procedure requires a
fairly large sample size. Our basic motivation for the present research has been the
unavailability of an alternate procedure for estimating the partial group delay that works

well even for a small sample size.

Let A be a band of frequencies and let X,, Y,, and (Z,’A,ZZ,A,....,ZP,A) be the
components of the continuous, weakly stationary, and stochastic processes X, Y, and
(ZI,ZZ,....,ZP) respectively in the band A. As A shrinks to a single frequency say A,
the relationship between X, , and (YA,ZLA,ZM,....,ZP,AV) reduces to a simple linear
time lagged relationship as shown below,
XA(t) = aYA(t - ‘t) +a|ZLA(t -Tl)+ ------ +apzpyA(t - Tp) +8A

where —o <t<wo, €, is uncorrelated with (YA,Z,’A,ZM,....,ZM), and T is called the
partial group delay of X behind Y after adjusting for the delays t,,7,,....,t, due to the

series (ZM 3Ly pseees ZM) respectively.

In many instances the lead or the lag will be a function of the frequency, for example, a
wave propagating through a dispersive medium will have its speed of propagation
dependent on the frequency. Hence, in the literature the phrase 'time delay' is used to
suggest that the lead or lag is constant and the phrase 'group delay' to convey that the lead

or the lag is dependent on frequency.
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Other important partial spectral parameters are the partial spectral density, partial cross
spectral density, partial phase, and partial coherence. Partial coherence is a very
important parameter and it quantifies the strength of the relationship between the two
series after adjusting for the effect of the common influencing series. We refer the reader
to chapter 2 for a detailed discussion on these parameters as a thorough understanding of
these parameters will facilitate understanding the partial group delay parameter in greater

depths.

1.2 Organization Of The Thesis

The dissertation is divided into six chapters. In chapter 2 we present the basic concepts in
time series analysis with emphasis on spectral analysis. The thrust of the discussion is
not on technical terms but rather on the intuitive understanding of the concepts especially
in spectral analysis. This chapter is strongly recommended for the reader who is
unfamiliar with the notions in spectral analysis. Having acquired the requisite
background knowledge we present in chapter 3 brief discussions of the papers referred by
us during the course of this dissertation. The literature discussed falls into five main
categories, namely, papers concerned with the estimation of unadjusted time delay and
other spectral parameters; paper discussing the existing procedure for estimating partial
group delay; papers on the merits/demerits of transforming data; and papers describing
spline models and their application. Again we do not give the technical details but rather
point out some of the key issues which were of help to us. In chapter 4 we present step-
by-step details of the procedure for estimating the partial group delay. The use of the

proposed procedure is then demonstrated using simulation studies in chapter 5. Finally
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we end this dissertation with conclusions, ideas for further research and an example in
chapter 6. In the appendix we have details of the Box-Cox transformation technique and
present the C language code for the various programs that were written by us to

demonstrate the procedure.
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Chapter 2
Review Of Spectral Analysis

2.1 Introduction

A ray of light is composed of many different colors occurring in varying proportions.
Using an optical device such as a prism, a ray of white light can be split into its
constituent colors. In physics this is referred to as a Spectrum. Alternately, if the
different colors and their respective proportions were known, a ray of light could be
reconstructed by mixing the colors in their right proportions. So, spectral analysis in
physics refers to studying the composition and properties of light. Spectral analysis in the
context of time series refers to expressing a process as a sum of sinusoids (sine-cosine

wave), thus displaying the patterns and the variability in the process.

A time series is a sequence of observations made at regular intervals of time. By regular
interval of time we mean that the observations are equispaced and the unit of time could
be seconds, hours, days, months or years. Examples of such series are the daily

temperatures, monthly unemployment figures, and annual rainfall figures.

The primary objectives for analyzing a time series are descriptive, inferential, prediction,
and control. Using tools such as the correlogram or periodogram, data can be
represented graphically. This will enable us to observe and study the patterns in the
series, thus aiding us to understand and appreciate the underlying process which

generated the series. Having depicted the series graphically, one would like to model the
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series, thereby quantifying the observed patterns. The fitted model in turn, would help to
control the series and forecast values for the future. For instance, one could build a
model for the sales data of a store based on previous months sales records. With the aid of
the fitted model, the store can make predictions for the future months. The forecasted

sales will aid the store in having just the right level of inventory, thereby increasing

profits.

Some of the frequently used tools for analyzing data are the techniques of regression and
analysis of variance. These techniques try to establish a relationship between a dependent
variable and one or many independent variables. In addition, it is also assumed that the
errors are independently distributed. In the analyses of time series we make use of the
knowledge that the subsequent observations and hence subsequent errors are correlated.
Often we try to seek a relationship between the past and the current observations. This
relationship aids in understanding the nuances of the process and helps in predicting
(forecasting) values for the future. Unlike other forms of analyses, in time series analysis

the observations are first detrendend and the errors around the trend are modeled.

The two primary approaches employed in analyzing a time series are the time domain
approach (Box Jenkins models) and frequency domain approach (Spectral Analysis). For
the time domain approach, depending on the behavior of the series, the series is fitted
with either an AR (autoregressive) model or a MA (moving average) model or an
ARIMA (autoregressive integrated moving average) model. Spectral Analysis makes use
of the fact that many phenomena in nature exhibit cyclical patterns. Using a Fourier
transform the observed data are transformed to a sum of sinusoids (sine-cosine wave) and

the variability in the data are studied frequency by frequency.
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In this work data are analyzed using the frequency domain approach. The techniques used
in spectral analysis are illustrated in the following example obtained from BMDP
Statistical Software Manual. Figure 2.1 shows the annual number of Canadian lynx
trappings for the years 1821-1934. The series exhibits an oscillatory pattern with
approximately a 10 year period. To model this data set, a sine wave of the same period
is fitted, this is shown in figure 2.2. The sine wave seems to fit the data well but it fails to
take into account the heights of the peaks. To account for the peaks different sine waves
with varying periods can be fitted. Figure 2.3 shows a sum of seven sine waves with
periods ranging from 7Y% to 12) years fitted to the data. Further refinement can be

obtained by taking the sum over several frequency bands as shown in figure 2.4.

Lynx Trappings

1820 1840 1860 1880 1900 1920 1940

Plot Of Canadian Lynx Trappings [ 1821 - 1934]

Figure 2.2
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In the following sections, we describe some of the basic elements of spectral analysis.
Emphasis is laid more on concepts than on technical details. For greater details the
reader 1s referred to Koopmans [1974] as it has been extensively referred to in this work.
The assumptions necessary for the analysis of a time series are listed and two forms ot
representation of a time series are given. The need to select an appropriate sampling
interval is discussed in the sampling and aliasing section. Two crucial concepts namely
transforming the data using Fourier transforms and constructing periodograms/cross-
periodograms are also discussed. These two steps form the basis for analyzing any time
series in the spectral domain. This is followed by sections which discuss univariate,
bivariate. and multivariate spectral parameters and their interpretations. Finally, we end

this chapter with a brief discussion on the notion of linear filters.

2 Review Of Spectral Analysis 10




2.2 Assumptions

For the process {X(t)},—oo <t < oo, under consideration, the following assumptions are

made,

1.

As the observations are made over time, we assume that subsequent observations are
correlated.
The process under consideration is said to be stochastic (random), that is at time point
t (say), the process assumes not a single value but rather a set of values. The series
under study is then just one possible realization from the collection of all possible
realizations.
The process is weakly stationary, that is, the mean of the process remains constant
and the covariance depends upon T, the displacement in time but not on time t. Also
the variance of the process is finite. The property of weak stationarity can be
represented mathematically as,

E(X(1)=p -0 <t<aw

E(X(t)X(t+1))=c(7) ~0<t,T<®

V(X(1)) <o -0 <t<om
We will assume throughout that p = 0.
The underlying process which generated the series is continuous and the series is just
sampled over discrete time intervals. Typically, we assume that the series is sampled

at ime t=1,2,...... ,N.

A point worth noting here is about an important class of processes called the

nonstationary processes. These processes, unlike stationary processes do not wander

about a constant mean. Instances of nonstationary processes are typically encountered in

2 Review Of Spectral Analysis 11



fields of study such as economics and business. An example of the same would be stock
prices observed over several months. In general, although the process fluctuates at
different levels at different times, the series shows a similar behavior when the
differences in the levels are accounted for. Nonstationary processes can be modeled by
assuming that the d-th difference of the process is stationary. Models which make this
assumption are called the autoregressive integrated moving average models (ARIMA). In

this work we do not consider such processes.

2.3 Representation Of A Time Series

Let {X(t)},—oo <t < be the time series of interest and let x(t) represent the value taken

by the series {X(t)} at time point t. One way of modeling a series which exhibits a wave

like pattern is by using the sine and cosine functions. For instance, the series could be
represented exclusively by a sine function or by a cosine function or by a mixture of sine-
cosine functions. Two forms of representing a time series, namely, the Cartesian

representation, and the complex representation are discussed below. In this work the latter

representation is of main concern to us. The Cartesian representation of a series {X(t)}
is given as,

X(t)=Y A,Sin(rAt+9¢,) ~0<t<o [2.1]

where A is the angular frequency, A, is the amplitude, ¢, is the phase, and the

summation represents sums over different amplitudes, phases and frequencies.

Using the trigonometric relation,
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Sin(a + b) = SinaCosb + CosaSinb

and de Moivre relation,
e™ = Cos(At) +iSin(At)

the complex representation for the series {X(t)},—oo<t <o can be constructed by

expanding and rearranging expression [2.1] as given below,

X(t)=) C,e™ ~o<t<o [2.2]
tA
iy, —
where, C, = A,‘ze. and C,=C,
1

2.4 Sampling And Aliasing Effect

It has been stated in the assumptions that the process {X(t)} is continuous and stochastic

by nature. To gain better understanding of the underlying continuous process, the process
needs to be sampled at discrete time interval say t=0,%1,%+2,....., in particular for the
purpose of analysis we consider t=1,2,..,N. This time interval denoted by the symbol
At is typically equispaced and is referred to as the sampling interval.

In spectral analysis we are concerned with functions of the type e™' (see expression [2.2])
where A is the angular frequency and t is the time. When time t assumes discrete values
say t =0,%1,+2,..... the functions e™ and e‘***™" (s is some integer) become almost
indistinguishable. That is, the components in {X(t)} at frequency A 27w, A t4m,......

seem to have the same frequency A. This phenomenon is called the aliasing effect and

Ax2ns (s=1,2,3...) are said to be aliases of A. As a result of this effect even the best
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estimates of the sampled series may prove to be poor estimates for the original

continuous series.

The problem of aliasing can be minimized by choosing a proper sampling interval At.
Using the sampling theorem an appropriate choice of At can be made. The theorem
states that if for some frequency A, the power (variance) for the time series {X(t)}
outside the range —A <A <A is zero then the underlying continuous time series can be

reconstructed from the sampled series, such that the sampling interval is

At=nk/A, k=0,%1,..

2.5 Discrete Fourier Transforms

Let {X(t)}, t=1,2,3,...,N be the sampled version of the process {X(t)},—oo <t <. The
discrete Fourier transform is defined as,

Sx(te ™  -[]<k<[¥] 23]

1
N&S
where [c] is an integer not greater than c and A, = ZNLk The frequencies A, are called the

Wx()\’k) =

Fourier frequencies. Note that, only discrete values of k will be used. The inequalities in

expression [2.3] around k are used for compactness of the expression . In practice Fourier

coefficients are found at Fourier frequencies A,, k =0, 1,2,...,[%].

In expression [2.3] each observation of the time series {X(t)} at time t is multiplied by its

corresponding observation on the sine and cosine waves. Each cross product is summed

over all N observations and the average is found. This is equivalent to finding two
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covariances, namely, (i) between the series and the sine wave, and (ii) between the series
and the cosine wave at the Fourier frequency A, , —[%]<k <[¥]. Thus, finding the
Fourier transforms of the data at Fourier frequency A, , —[%!]<k <[}] is equivalent
to finding how well the data are modeled by the sine and cosine wave at Fourier

frequency A, , -[N—z‘l]sk S[-’zi] .

If the time series {X(t)} is Gaussian then the Fourier coefficients W (4, ) follow a
multivariate complex normal distribution with mean 0 and variance f, (%, ), called the
spectral density function. The Fourier coefficients are uncorrelated provided the sample

size is large and the spectral density function is smooth.

It can be shown that for the time series {X(t)} sampled at discrete time points

t=1,2,...,N, the variability (power) of the series {X(t)} is given by,

1 3] ’ .

N2 X 0= 2 W0 24]
This implies that the variance accounted for by each Fourier frequency
Ay s —[%]sks[%] or rather by each wave pattern can be added to give the total
variability for the series {X(t)} If we were to consider the different waves as our various

treatment groups, then this process of accounting for the variability as explained by each

wave can be thought of as the technique of ANOVA.
For reasons of convenience we shall use the denominator +27nN instead of N. Also for

simplicity of an expression, the subscript k will be dropped from A, and the Fourier

transform at a Fourier frequency A will be represented as,
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A ;x(t)e'“‘ [2.5]

2.6 Periodograms And Cross Periodograms

Using the Fourier transforms Wx(k), periodogram ordinates are constructed as,

[2.6]

where W (1) is the complex conjugate of W, (A). Comparing expression [2.4] to
expression [2.6], the periodogram ordinate can be interpreted as a measure of the
amount of variability at frequency A. Another way of describing a periodogram ordinate

is that it is a sample statistic for measuring the variability in a series at a frequency A.

The periodogram ordinates are asymptotically independent for k >0 and follow a Chi-

squared distribution with mean fx(x ) and the respective variances for k = 0, 5 k=0;

and k = = are f2(A, ), 2f2(0), and 2f2(n).

For the bivariate case, let {Xj(t)}, and {Xk(t)},—oo<t<oo be the two series under
consideration, then the cross periodogram ordinates are constructed at the Fourier

frequencies A as,

Ijk (l)=WA(7\.)Wk(7\.) (2.7]
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The cross periodogram ordinate is a measure of covariance between the series {Xj(t)},

and {Xk(t)} at frequency A .

2.7 Univariate Spectral Parameter

In probability theory, one way of summarizing the behavior of the random variable is by
means of probability density function. Likewise in spectral analysis it would be of

interest to measure the variability of not just a single instance but of the entire stochastic

process {X(t)}, —w<t<owo. Such a spectral parameter is called the autospectrum,
commonly known as the spectral density function. It is denoted by f (A ), where A is a

frequency of interest. Typically A is taken to be the Fourier frequency.

The periodogram ordinates display the variability for one realization of the process and

can be thought of as S?, the sample variance in basic statistics. If repeated samples of size

N were to be drawn from the stochastic process {X(t)}, —o<t<o we would get a
collection of periodogram ordinates at the various frequencies. The expected value of the
ordinates at the respective frequencies can be found to give us the distribution of power
for the stochastic process. Thus the spectral density function can be thought of as the
quantity o’, the population variance in basic statistics. Note that, in this work the term

power and variability will be used interchangeably.

The estimates of the univariate spectral parameters are easily derived from the

periodogram ordinates. For example, it can be shown that the periodogram ordinate at
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frequency A is an asymptotically unbiased estimate of f, (1), the spectral density of the

series {X(t)} This is expressed in notations as,

f(A)=1()= [2.8]

X

However, for smaller sample sizes the periodogram ordinates are biased estimates of the

spectral density function.

A major drawback of the periodogram ordinates is, that it is not a consistent estimator.
That is, the variance of the periodogram ordinate does not tend to zero as the sample size
N increases. This can be explained by observing the fact that the periodogram ordinates

are Fourier transforms of C(t), the sample autocovariance function (see Koopmans

[1974], pp. 74, expression 3.23, and pp. 266, expression 8.19),

L) = > e(x) [2.9]
LR
where
A 1 N-||
=— Y X(t+[f)x(t) |ff<N-1
NG [2.10]

=0 [t|>N-1
For lags near N-1, C(t) is an average of fewer pairs of observations. This leads to an

unstable estimate of C(t) and hence an unstable I, (1) irrespective of the sample size N.

The above drawback can be remedied by averaging the periodogram ordinates over a
window. This is also known as smoothing a periodogram. A smoothed periodogram
estimator is represented as,

[Z K-, (2,) [2.11]

\ l

°=T
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where K(*) the window function is symmetric and real valued. It is also referred to as
the periodic weight function. An example of such an estimator is the Danielle estimator.
For the Danielle estimator a window is considered such that the frequency of interest is at
the center of the window. The periodogram ordinates in this window are then averaged to
give us an estimate of the spectral density for the frequency of interest. It can be shown
(see Koopmans [1974], pp. 269, expressions 8.24-8.25 ) that the Danielle estimate is

asymptotically unbiased and consistent.

Likewise for the time domain representation we can define a weighted covariance

estimator for the spectral density function as,

f(Ak) = 2% ie-f“wm (1)C(x) [2.12]

T=-—00

where W_ (1), also called the lag window is the weight function. By applying smaller

weights to unstable C(t) , we can eliminate their effect and make the estimator consistent.

2.8 Multivariate Time Series

In practice it would be of interest to study two or more series simultaneously, thus
leading to a multivariate system of study. Examples of such systems in time are
encountered in fields of study such as agriculture, engineering, social sciences, biological
sciences, and economics. The primary objectives for analyzing a multivariate time series
would be to study the interrelationship among the univariate series that form the system
or to know whether a series or a group of series influence another group of series.

Brillinger [1975, pp. 1] points to a multivariate system of series generated from a set of
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signals recorded by an array of seismometers in the aftermath of an earthquake or nuclear
explosion. Stock prices for various blue chip companies would form an interesting
economic multivariate series. Monthly sales data of clothing items split up in categories

such as skirts, blouses, shirts, trousers, and coats would be another example of

multivariate time series.

Let X'(1) = ({X,(OL{X, ®}ner.n.... X, (®}), -0 <t<co be a multivariate system of
interest, such that each {Xj(t)}, j=12,....,p is a univariate series. For X(t) to be a
stationary stochastic process, each {X j (t)} should be weakly stationary. The covariance

between the series {Xj(t)}, and {Xk (t)}, j#k should be stationary, that is, it should

depend on lag t, and not on time t. It is expressed as,

C (1) = E[X;(DX,(t+7)] -o<tr<w, 1<jk<p, jvk [213]

When j=k , this becomes the condition of covariance stationarity.

The multivariate system can be adequately described by the parameter spectral density

matrix (or covariance matrix). Other spectral parameters like phase, coherence, group

delay can be derived from the spectral density matrix. We shall discuss below the

parameters, how to estimate them and their interpretation.
The spectral density matrix f(1), where A is usually a Fourier frequency of interest has

autospectrums, fﬂ(l), j=1,2....p, on the diagonals and the cross spectral densities

£ (1), j,k=1,2....p, j # k on the off-diagonals. It is represented as,
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(= - 2.14]

Similarly the covariance matrix, C(1), with autocovariances C i (t) j=1,2....p and cross

covariances C (t) j,k=1,2....p, j # k is given by,

C“.(‘t) C,.z(‘t) C]p(‘t)
c(x)=| . o [2.15]

where C; (1) is given by expression [2.13].

Estimates of the elements of the spectral density matrix are obtained by sampling each

of the univariate series {Xj(t)}, j=1,2,....,p, at discrete time intervals, say t =1,2,....,N.

To each univariate series Fourier transformation is applied at the Fourier frequencies

2nk []

7L=—N—, k=0,1,2..... Let the Fourier transforms at Fourier frequency A be

represented by Wj(l) j=12,....,p. The periodogram, and cross periodogram ordinates

are constructed as,

[2.16]

L=WMR)W(X) ik =12..,p j=k

As discussed in the previous section, I jj(k) is an unbiased estimate of the autospectrum

for the j-th univariate series. Similarly, it can be shown that the cross periodogram

ordinate I jk(k) estimates the cross spectral density f, (1), a complex valued function.

The cross periodogram ordinates like the periodogram ordinates are asymptotically
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