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Design of a Robust Acoustic Positioning 

System for an Underwater Nuclear Reactor 

Vessel Inspection Robot 

Abstract 

The objective of this thesis is the algorithmic enhancement and initial evaluation of an 

underwater acoustic positioning system which is designed to determine the position and 

orientation of a mobile nuclear reactor vessel inspection robot. 

Although a great deal of research has been done in the area of underwater acoustic 

positioning, this work differs from previous work in three significant ways. First, most 

applied acoustic positioning systems have been designed for the offshore oil drilling 

industry, and thus their requirements and restrictions are dictated by an oceanic 

environment. Second, most previous work has focused only upon acquiring the position 

of a point from the acoustic system. The inspection robot operation requires accurate 

positioning and orientation. Finally, the accuracy of acoustic positioning systems is 

generally dependent upon an evaluation of the speed of sound. However, this parameter is 

highly dependent upon water temperature. As will be discussed, the reactor vessel water 

temperature may not be uniform or constant, which makes the design of a precise 

positioning system difficult. Original methods to overcome this obstacle are discussed and 

evaluated. Also examined are configurations and constraints of the acoustic transceivers, 

the numerical solution procedures utilized, and the resulting errors associated with the 

developed methods.
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1. Introduction 

1.1 Motivation 

The work presented here is in response to the need for an underwater positioning system 

for use with a nuclear reactor vessel inspection robot. Specifically, a mobile inspection 

robot was designed by the Robotics and Mechanisms Group of Virginia Polytechnic 

Institute and State University in conjunction with the Special Products and Inspection 

Services (SPIS) Division of Babcock and Wilcox Nuclear Technologies for use in reactor 

vessel inspections. This robot was designed to eventually replace the ARIS system, which 

is currently performing the reactor vessel inspections. 

The ARIS (Automated Reactor Inspection System) and ARIS II manipulator are based 

upon a polar crane design which has a four degree-of-freedom, all-revolute, serial arm 

which is part of a deployable boom assembly. Although ARIS has successfully completed 

many past inspections, its size, weight, and complexity make installation and removal of 

the manipulator very difficult and time consuming. It requires several tractor trailers to 

transport it to site where a 20-ton crane must be used to assemble the manipulator's total 

16 ton bulk. The process of assembly and calibration takes approximately three days 

before vessel inspections may begin. Disassembly and loading for return transport 

requires about the same amount of time. Since the cost incurred by the utilities due to 

inspection is measured in lost reactor operational time, reducing the overall inspection 

period is highly desirable. 

URSULA (Underwater Reactor Scanner Un-Like Aris) is a design concept which greatly 

reduces total inspection time by decreasing the amount of assembly and disassembly 

required on-site. Transport requirements and personnel are similarly reduced. The 

URSULA design (Fig. 1.1) is based upon a mobile platform bearing a six-degree-of- 

freedom, all-revolute, serial manipulator arm. The platform sits atop a number of active 

suction pads which hold the mobile robot fixed to the vessel walls, while the manipulator 

arm is fitted with an ultrasonic transducer array which is used to scan the vessel welds. 

Upon completion of the scan pattern within the manipulator workspace, the manipulator 

replaces the ultrasonic head with an additional suction pad from a tool rack on the 

platform. This suction pad is then fixed to the vessel wall and the base pads release their 

hold. The manipulator arm is then used to move the platform to a new location, where the 
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Figure 1.1 URSULA in reactor vessel. 
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base pads reestablish their suction. It then replaces its suction pad with the appropriate 

scanning tool, and the process begins anew. In this manner the arm is used for both 

locomotion and inspection. 

The objective of the inspections is to ultrasonically scan the reactor vessel welds and 

evaluate their condition. It is thus necessary to accurately and consistently locate the 

scanning tools. Since the ARIS platform is fixed to the reactor vessel, the end-effector 

may be located relative to reactor vessel coordinates by applying forward and inverse 

kinematics to the manipulator arm. The URSULA design requires an additional step. 

While the forward and inverse kinematics provide a relationship between the end-effector 

and the mobile robot, the relationship between the mobile robot and the reactor vessel 

varies, and must be obtained by other means. 

In its simplest form, the objective of this work is to provide the transform which links 

URSULA to the reactor vessel. The process by which this is accomplished can not be as 

succinctly stated. 

1.2 Approach 

The goal of this positioning system is to determine the location and orientation of the 

mobile robot as it maneuvers about the interior walls of the reactor vessel. The basic 

solution to this problem is to attach a number of ultrasonic transceivers to known 

locations in the reactor vessel, and to attach additional transceivers to positions on the 

mobile robot which are known accurately relative to the robot itself. Each of these 

transceivers will then send and receive acoustic signals to and from one another, and the 

resulting times of flight will be used to determine the three dimensional position and 

orientation of the underwater robot. 

1.3 Literature Review 

Underwater acoustic location and positioning encompasses a vast amount of applications. 

Everything from subsea military defense to offshore drilling work to undersea exploration 

has found a place for acoustics. The reason sound has been so widespread a medium for 

the transmission of environmental information is that water is an extremely good 

conductor of acoustic signals, while it is an extremely poor conductor of the more 

conventional electromagnetic signals. The maximum underwater range for an acoustic 
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signal depends upon the transmission frequency and is on the order of 5x10* 

wavelengths. In contrast, electromagnetic transmissions such as radio waves are 

attenuated to unusable levels after a distance of only 100 wavelengths (McCartney, 1980). 

As a result, most underwater positioning work has relied exclusively upon acoustics. 

The most significant driving force behind the development of underwater positioning 

systems has been the offshore drilling industry. As the oil rigs are built increasingly larger 

in deeper waters the need for more precise construction techniques has provided a natural 

avenue for the use of acoustics. Acoustics have been used for accurate positioning of 

drilling templates on the ocean floor, location of remotely operated vehicles (ROVs) for 

underwater platform inspection, positioning of deep sea cable laying machines, and a 

myriad of additional applications. 

However, for the most part, these systems have been designed to operate at relatively 

large distances for which good accuracy is measured in feet, and even this result is 

frequently misrepresented as an absolute accuracy when in fact it is often only a 

repeatability factor. It is desired that the reactor vessel positioning system for URSULA 

be absolutely accurate to within a few centimeters. Although a specific, set boundary for 

the magnitudes of acceptable inaccuracies has not been established, positioning errors will 

essentially amount to lost dollars. Since the purpose of the mobile robot is to scan the 

reactor vessel welds, its operation must ensure that the welds have been completely 

covered. Therefore if the positioning system can only guarantee 5 cm accuracies, then a 5 

cm buffer zone must be added to the planned scanning area in order to be certain that the 

weld scan has been completed. This would require additional scanning time and thus an 

extended inspection period, resulting in further reactor down time. Additionally, the welds 

are scanned in a raster pattern which runs both perpendicular and parallel to the weld (Fig. 

1.2). The orientation of the robot must be determined to within a few degrees in order to 

accurately scan in this manner. 
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Figure 1.2 Scan patterns on reactor vessel meridian weld. Each pattern type must be performed twice 

over the same weld patch with the transducer head rotated 180 degrees. 

Another significant difference between previous work in acoustic positioning and the work 

presented here concerns the transmission velocity of the acoustic signal. Almost 

exclusively, this parameter has first been determined before positioning work could 

commence. As will be discussed, this may not be possible for the reactor vessel 

environment. 

Also, most acoustic positioning systems only address the location of an underwater object 

and disregard (or obtain by other means) the object's orientation, although there are 

exceptions. For example, Lee, Lee and Hong [1992] conducted an experimental study for 

the position control of an underwater ROV utilizing a system of acoustic transceivers 

which determined the heading as well as the position of the vehicle. 

It must be noted that the reactor vessel environment is extremely specific, and the 

operation of remote vehicles within this system is relatively new. Thus, there is limited 

previous work which may be used as a resource for the development of an accurate 

positioning system for this application. One source of information comes from General 

Electric Nuclear Energy!. They have developed a small ROV for visual inspection of 

boiling water reactors (BWRs) and use an acoustic transceiver array to determine the 

position and heading of the vehicle. They claim positioning accuracies on the order of a 

few centimeters. However, GE uses a more traditional approach to evaluate the speed of 

sound. The robot is sent to a known location where signal time of flight information is 

acquired. The known distances and returned times are then used to calculate a speed of 

sound. The robot is then constrained to operate in that local area, and the process must be 

repeated periodically. Although this method seems to work for GE, repeatedly moving 

URSULA to a specified location is not desirable since it is not as mobile as the GE 

swimming robot and would consume unacceptable inspection time in the process. 
  

1 Information obtained from conversations with David C. Vickerman (April 1993) of GE Nuclear Energy. 
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Mitsubishi Heavy Industries has taken a different approach to the positioning of their 

nuclear reactor vessel ultrasonic scanning robot which moves about the interior surface of 

the vessel?. They have utilized a system of three laser trackers to determine the robot 

location and rely upon operation constraints and inclinometer data to obtain the 

orientation. Although they claim positioning accuracies on the order of a few millimeters, 

their system is extremely expensive, and complicated to operate and maintain. 

  

2 Information obtained from communications with John Bares and Takeo Oomichi (February 1992) of 

Mitsubishi Heavy Industries, Ltd., Takasago Research & Development Center. 
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2. The Reactor Vessel Environment 

2.1 Physical Dimensions and Characteristics of Vessels 

Each nuclear facility employs reactor vessels with slightly different dimensions. The 

distance from the core bottom to the stud hole flange is usually around 10 m, and the 

diameter of this area ranges from 5 to 6 m. The overall water depth varies around 20 m. 

The overall layout of the vessel is best illustrated by Fig. 1.1. 

2.2 Radiation’ 

In the pressurized water reactors which BWNT is responsible for inspecting, the expected 

radiation exposure is dependent upon the position within the vessel. On the flange where 

the fixed transceivers will be located (as will be discussed), less than 1 R is expected. In 

the lower part of the reactor vessel where the fuel assembly is normally located the 

exposure increases. As high as 50 R may be found directly against the walls is this area, 

but due to the high absorption of the water this figure drops to less than 10 R only a few 

feet from the wall. Although GE has experienced some difficulties with their acoustic 

transceivers due to radiation exposure, it is expected that the lower radiation of the 

pressurized water reactors (PWRs) for which BWNT is responsible, and the fact that the 

mobile transceiver array will not be in direct contact with the vessel walls will prevent 

similar occurrences with the BWNT system. However, this remains to be seen. 

2.3 Temperatures 

Very little is known about the specific temperature distribution of the water in the reactor 

vessel. The vessel water may be a relatively uniform temperature, or there may be 

significant temperature gradients. It is possible that the water temperature varies by 

vertical striations, much as the temperature of the ocean. On the other hand, heat 

radiating from the vessel walls may produce a more radially dependent temperature 

profile. Convection may be playing a significant role, as may the intrusion and movement 

of the mobile robot. Inlet and outlet nozzle pumps may be in operation, along with the 

pumps associated with the operation of the robot itself which may create temperature 

  

3 Information supplied by S. W. Glass (May 1993) of Babcock & Wilcox Nuclear Technologies, Special 
Products and Inspection Services division. 
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currents. Most likely, all of these factors will affect the temperature characteristics of the 

reactor vessel water in a manner that is neither known, nor easily anticipated. 

Unfortunately, the velocity of sound in water is highly dependent upon the temperature. 

Fig. 2.1 illustrates this dependency, as well as the effect of the water salinity level which is 

made only as a point of comparison. It is expected that the water in the reactor vessel will 

be homogeneous with respect to salinity, and only unpredictable gradients in the water 

properties present problems for the positioning system. The reason for this will soon 

become clear. 

Speed of Sound Dependence on Temperature 
Medwin's Formula 
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Figure 2.1 Speed of sound dependence on water temperature and effects of salinity levels at 35 parts per 

thousand (sea water) and 0 parts per thousand (freshwater). 

This graph is based upon an empirical equation known as Medwin's formula (Eq. 2.1) 

which shows the dependence of the speed of sound in water (v) upon temperature (7), 

salinity (s), and depth (d) covering the ranges 0 < 7 < 35°C, 0 < s < 45 parts per thousand, 

0 <d< 1000m. The effects of pressure differences due to variations in depth over the 

operating range of the robot (~10m) is relatively insignificant. 

v=1449.2+4.67-0.0557’ + 0.000297" +(1.34-0.0107)(s —35)+0.016d (2.1) 
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It must be understood that the velocity of Eq. 2.1 is localized; it is the speed of sound at a 

point. As the transceiver signal travels through the water, it may experience areas of 

higher and lower temperatures, speeding up and slowing down accordingly. Additionally, 

the signal path will bend while traversing areas of different temperatures much as light is 

refracted at the boundaries of mediums with differing propagation velocities. Thus, the 

velocity of sound between two transceivers is not necessarily constant, nor does the 

acoustic signal necessarily follow a straight-line path. The speed of sound will only be 

consistent if che vessel water is uniform in temperature and composition. 

Although no detailed information pertaining to the thermal distribution of the vessel water 

is available in the literature, the experience of personnel familiar with reactor vessel 

inspections (BWNT, General Electric Nuclear Energy, Nuclear Regulatory Commission) 

may be used to estimate the bulk mean temperatures which may be expected. During 

inspections, it is believed that the vessel water temperature will generally range from 

60° C (140° F) to 38° C (100° F), decreasing over the period of reactor down time. 

Additionally, it is generally believed that the water will be a relatively uniform 

temperature, with the exception of the area directly above the core of BWRs. This 

condition would be ideal since the speed of sound could be measured at any convenient 

location and be applied throughout the vessel allowing a more simplistic triangulation 

scheme. However, there is no definitive data supporting these beliefs. Therefore the 

design of this positioning system is based upon a worst case assumption that there may be 

significant temperature gradients. 

Although the velocity of the acoustic signal may vary as it travels from one transceiver to 

another, it is possible to define a velocity which may be treated as constant. Eq. 2.2 

simply defines the experienced velocity between two transceivers i and 7 which are 

separated by a distance d, and a transmission time of flight ¢,. Unless otherwise 

indicated, all velocities in this discussion are experienced velocities, as opposed to 

localized point velocities. Experienced velocities will also be referred to as transmission 

velocities. 

d, 
—i (2.2) 

ij 
Vs experienced = 

Perhaps the best way to illustrate the effects of the speed of sound dependency on 

temperature is with an example. If two transceivers were separated by 10 m in water at a 
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uniform 30°C, the resulting velocity of sound would be approximately 1510 m/s. 

However, a miscalculation of only 1°C would cause a 2.4 m/s error in the transmission 

velocity value, resulting in approximately a 1.6 cm positioning error. Note that this error 

is only in one dimension; along the path between the transceivers. The errors associated 

with the full three-dimensional positioning system will be a product of many pathways, but 

this example does serve to demonstrate the sensitivity of the positioning system to the 

temperature variations which may be experienced. It can be seen that measuring the 

temperature or calculating the velocity at one point within the reactor vessel will not be 

sufficient if there are temperature differences in the water. 
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3. The Generalized Positioning System 

3.1 Definitions of Coordinate Systems 

The position and orientation of the mobile robot may be defined by relating a local 

coordinate system which is fixed to the robot, to a global coordinate system which is fixed 

to the reactor vessel. In three-dimensional space, this requires the definition of six 

variables. These values will be described by a vector P (which has three components) to 

define the global position of the local frame, and three rotation angles 6,¢, u to define the 

orientation of the local frame relative to the global frame. The global system will be 

characterized by the coordinates xyz and the vector superscript G, while the local robot 

system will be characterized by the coordinates grs and the vector superscript R . Note 

that in this work, global is related to the reactor vessel as opposed to the terrestrial 

reference of the g/obal satellite positioning system. 

  

  

Figure 3.1 Conventions and relationship of the global and local coordinate systems. 

Although the position of the robot as defined by “P may be clear, the orientation of the 

local frame in relationship to the global system requires further discussion. This 

relationship may be understood by initially envisioning the grs frame coincident with the 

xyz frame (Fig. 3.2a), then rotating it such that it could match any arbitrary orientation. 

This is done by first rotating the local frame about its s-axis (which is equivalent to a 

rotation about the global z-axis at this point) by angle @ (Fig. 3.2b). This results in a new 

orientation of the local frame which is designated g’r’s. The local frame is next rotated an 

angle @ about q’ which results in the next orientation g’r'"'s’ (Fig. 3.2c). The final rotation 
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(c) Phi rotation about q’. (d) Mu rotation about r". 

r 

  

(e) Translation of oriented system. 

Figure 3.2 Euler rotations of mobile robot coordinate frame. 
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is about r” by angle w (Fig. 3.2d). By defining the values of these rotation angles, the 

transceiver plane may be oriented in any manner. 

Now, any point on the mobile robot (*1/) may be described in the global coordinate 

system (°M/) by defining the values of °P and the rotation angles @,, 4 as in Eqs. 3.1 and 

3.2. 

°M = Ry, "M + °P = RR,R,"M + °P (3.1) 

cos@ -sin@ 0 1 O 0 cosu O sing 

R,=|sin@ cos@ 0;, R,=|0 cosp —sing|, R,=| 0 1 O (3.2) 

0 0 61 0 sing cosg —sings O cosy 

Note that Euler rotations (rotations about the moving frame) were used instead of fixed 

rotations (rotations about the fixed frame). Both methods will uniquely define the 

orientation of the local frame relative to the global system, but the Euler rotations are 

better suited to the actual implementation of the global positioning system. The reason for 

this will be explained. 

3.2 System Equations 

The acoustic transceivers may be divided into two categories, fixed and mobile. These 

transceivers will be designated F and M respectively with individual transceivers numbered 

sequentially beginning with zero. Although this numbering system may seem 

unconventional and even awkward at times, it corresponds to the zero offset labeling 

system used by the C programming language, and is adopted in order to more easily relate 

the written analysis to the computer code which accompanies this work. 

The basic plan for the global positioning system is to fix m acoustic transceivers at 

accurately known locations in the reactor vessel, and to attach n more to the robot at 

locations known accurately in the local robot coordinate frame. The times of flight 

between each of the fixed and mobile transceivers may then be utilized to determine the 

global position and orientation of the robot. This is done by solving a set of nonlinear 

system equations generated by equating the global vector differences between the fixed 

and mobile transceivers with the distance d between them. This distance d is simply the 

product of the experienced velocity of sound and the time of flight between those 

transceivers. That is, the number of system equations will be mxn. An arbitrary pair of 
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transceivers and their respective vector representations are illustrated in Fig. 3.3, and the 

resulting form of the system equations is given by Eq. 3.3 and 3.4. 

F; di M; 

  

Figure 3.3 Vector conventions and arrangement for an arbitrary pair of transceivers. 

°F, - M,|=4, (3.3) 

or 

(Ae-M,) +(F,-M,) +(F- m,)] =v,f, (3.4) 

There will be one equation in the above form for each F-M pairing. Note that the distance 

d, velocity v, and time f are each subscripted to indicate the fixed and mobile transceivers 

with which they are associated. The first subscript refers to the fixed transceiver, while 

the second subscript refers to the mobile transceiver. This convention is adopted 

throughout this work unless otherwise noted. 

Each of the system equations is comprised of known and unknown values. The global 

positions of the m fixed transceivers (°F) must be defined and known, while the times of 

flight (¢,) are provided by the acoustic transceiver system. Thus, the unknown variables 

of Eq. 3.4 are the velocities (v,,) and the global positions of the » mobile transceivers 

(°M,). As in Eq. 3.1, these global positions are defined by three unknown rotation angles 

6,44 and the undefined vector SP in addition to the known relative positions of the 

mobile transceivers. 
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OM, = Ray,"M, + °P (3.5) 

Hereafter, the origin of the local robot frame which is located by the vector °P will also 

be described as the pivot. 

3.3 Transceiver Configurations 

The question now arises, how many fixed transceivers and how many mobile transceivers 

are required to determine the position and orientation of the mobile robot? Without 

immediately turning to the system equations for the answer, assume for the time being that 

the velocity of sound between any two transceivers is known, or can be determined. 

When coupled with the times of flight, the distances between each of the fixed and mobile 

transceivers would then be known. 

With one transceiver fixed and a second mobile transceiver a known distance away, a 

spherical solution space for the three-dimensional position of the mobile transceiver is 

generated. This can be visualized by treating the distance between the transceivers as a 

rigid link of known length which is fixed to the global coordinate frame by a spherical 

joint. The resulting solution space is simply the set of all possible positions of the free end 

which is the surface of a sphere. This analogy may be extended to examine the results of 

utilizing multiple fixed and mobile transceivers. For instance, the solution space for a 

configuration of two fixed transceivers and one mobile is simply the intersection of the 

two resulting spheres. This intersection is generally a circle, although it can degrade to a 

single point if the mobile transceiver lies along the axis between the two fixed transceivers. 

Adding a third fixed transceiver results in a solution space of only two points, one on each 

side of the plane defined by the fixed array. If the workspace can be defined as existing on 

a specified side of this plane, then one of the solutions may be eliminated. Thus, the global 

position of a mobile transceiver (and thus a point on the robot) may be determined by a 

minimum of one mobile and three fixed transceivers. 

The problem of defining the orientation of the mobile robot in addition to its position may 

be related to the problem of uniquely describing a plane relative to the global coordinate 

system. If the plane is envisioned as attached to the mobile platform, then by defining 

three points in the plane which are related to the robot in a known manner, both the 

position and orientation of the robot may be determined. If three mobile transceivers were 

attached to the robot at positions defined in its local coordinate frame, then the global 
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positions of each of those points could be determined by a fixed array of three transceivers 

(Fig. 3.4) thus defining the robot position and orientation. However, this result is based 

upon the condition of determinable velocities which in reality is not likely the case. Much 

of the work presented here addresses this problem and investigates possible methods to 

circumvent this situation. 

F F 
2     

    

  
   

  

M,@ © M, 

Figure 3.4 Configuration of three fixed transceivers and three mobile transceivers. 

3.4 Equivalent Velocity Approximation 

The system equations for m fixed transceivers and n mobile transceivers are represented by 

Eq. 3.6. 

SF -M,|=vyt, {i O..m-1; jf: 0...n-1} (3.6) 
y ty 

As previously discussed, the three components of the pivot are unknown, as are the three 

rotation angles. Additionally, there are the unknown velocities ¥49.--Vjm-tyn-1)> one for 

each transmission path between the fixed and mobile transceivers. So for an arbitrary 

system configuration there are mxn system equations and 6+mxn unknowns. Even if 

the system equations were linear, the fact that there will always be more unknowns than 
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�b�e�t�w�e�e�n� �e�a�c�h� �o�f� �t�h�e� �f�i�x�e�d� �a�n�d� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �b�e�i�n�g� �t�r�e�a�t�e�d� �a�s� �a� �r�i�g�i�d� �l�i�n�k� �c�a�p�p�e�d� �b�y� 

�s�p�h�e�r�i�c�a�l� �j�o�i�n�t�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �s�t�r�u�c�t�u�r�e� �w�o�u�l�d� �s�t�i�l�l� �b�e� �a�b�l�e� �t�o� �r�o�t�a�t�e� �a�b�o�u�t� �t�h�e� �a�x�i�s� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� �s�o� �t�h�a�t� �t�h�e� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� 

�c�o�u�l�d� �b�e� �a�n�y�w�h�e�r�e� �o�n� �t�h�e� �r�e�s�u�l�t�i�n�g� �c�i�r�c�l�e� �o�f� �s�o�l�u�t�i�o�n� �s�p�a�c�e�.� �T�h�i�s� �w�i�l�l� �o�c�c�u�r� �w�h�e�t�h�e�r� �t�h�e�r�e� 

�a�r�e� �f�o�u�r� �o�r� �f�o�u�r� �h�u�n�d�r�e�d� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �o�p�e�r�a�t�i�n�g� �w�i�t�h� �t�h�e� �t�w�o� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s�.� 

�T�h�e�r�e�f�o�r�e� �E�q�.� �3�.�9� �i�s� �a� �n�e�c�e�s�s�a�r�y� �b�u�t� �n�o�t� �s�u�f�f�i�c�i�e�n�t� �c�o�n�d�i�t�i�o�n�.� �I�t� �m�u�s�t� �b�e� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� 

�r�e�s�t�r�i�c�t�i�o�n� �t�h�a�t� �n�o� �m�o�r�e� �t�h�a�n� �t�h�r�e�e� �t�r�a�n�s�c�e�i�v�e�r�s� �f�o�r� �m� �o�r� �m� �p�r�o�d�u�c�e� �i�n�d�e�p�e�n�d�e�n�t� �s�y�s�t�e�m� 

�e�q�u�a�t�i�o�n�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �o�n�l�y� �t�h�e� �t�h�i�r�d� �e�n�t�r�y� �o�f� �T�a�b�l�e� �3�.�1� �i�s� �v�a�l�i�d�.� �I�t� �w�i�l�l� �b�e� �s�h�o�w�n� �t�h�a�t� 

�r�e�d�u�n�d�a�n�t� �i�n�f�o�r�m�a�t�i�o�n� �(�i�.�e�.� �a�d�d�i�t�i�o�n�a�l� �t�r�a�n�s�c�e�i�v�e�r�s�)� �i�s� �e�x�t�r�e�m�e�l�y� �u�s�e�f�u�l�,� �b�u�t� �t�h�e� �m�i�n�i�m�u�m� 

�r�e�q�u�i�r�e�m�e�n�t�s� �m�u�s�t� �f�i�r�s�t� �b�e� �m�e�t�.� 

�m�x�n�>�6�+�m� �(�3�.�9�)� 

�T�a�b�l�e� �3�.�1� �T�r�a�n�s�c�e�i�v�e�r� �c�o�m�b�i�n�a�t�i�o�n�s� �f�o�r� �b�a�s�i�c� 
�s�y�s�t�e�m�;� �m�x�n�2�>�6�+!"�m� �r�e�s�t�r�i�c�t�i�o�n�.� 
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�N�u�m�b�e�r� �o�f� �F�i�x�e�d� �|� �R�e�s�u�l�t�i�n�g� �M�i�n�i�m�u�m� �R�e�q�u�i�r�e�d� 
�T�r�a�n�s�c�e�i�v�e�r�s� �m� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r�s� �n� 

�1� �7� 

�2� �4� 

�3� �3� 

�4� �2�.�5� �>� �3� 
� � 

�E�q�u�a�t�i�o�n�s� �3�.�1�0� �t�o� �3�.�1�8� �a�r�e� �t�h�e� �e�x�p�a�n�d�e�d� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �t�h�r�e�e� 

�f�i�x�e�d� �a�n�d� �t�h�r�e�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �u�t�i�l�i�z�i�n�g� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �T�h�i�s� �i�s� 

�a� �s�y�s�t�e�m� �o�f� �n�i�n�e� �e�q�u�a�t�i�o�n�s� �a�n�d� �n�i�n�e� �u�n�k�n�o�w�n�s� �w�h�i�c�h� �m�e�a�n�s� �t�h�a�t� �a� �s�o�l�u�t�i�o�n� �i�s� �n�o�w� �p�o�s�s�i�b�l�e� 

�a�l�t�h�o�u�g�h� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �u�n�i�q�u�e� �d�u�e� �t�o� �t�h�e� �n�o�n�l�i�n�e�a�r�i�t�y� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s�.� 

�|�°�F ��°�M�o�|� �=� �V�o�t�o� �(�3�.�1�0�)� 

�|�°�F ��-�°�M� �|� �=� �V�o�l�o�,� �(�3�.�1�1�)� 

�T�h�e� �G�e�n�e�r�a�l�i�z�e�d� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �1�8



�|�S�F�,�-�°�M�,�|� �=� �V�o�l�o�r� �(�3�.�1�2�)� 

�|� �F�M� �=� �V�i�t�r�o� �(�3�.�1�3�)� 

�S�F�M�,� �|� �=� �v�t�y�,� �(�3�.�1�4�)� 

�S�F�-�9�M�,�|� �=� �v�i�t� �(�3�.�1�5�)� 

�|�F�-�"�M�,�|� �=� �V�a�t�r�y� �(�3�.�1�6�)� 

�|�S�F�,�-�M�,�|� �=� �v�a�t� �(�3�.�1�7�)� 

�|�F�-�"�M�,� �|� �=� �V�a�t�y� �(�3�.�1�8�)� 

�3�.�6� �S�o�l�u�t�i�o�n� �P�r�o�c�e�s�s� 

�T�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �f�o�r� �a�n� �a�r�b�i�t�r�a�r�y� �t�r�a�n�s�c�e�i�v�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n� �p�r�e�v�i�o�u�s�l�y� �g�i�v�e�n� �b�y� �E�q�.� 

�3�.�8� �m�a�y� �b�e� �r�e�s�t�a�t�e�d� �i�n� �a� �m�o�r�e� �u�s�e�f�u�l� �f�o�r�m� �a�s� �i�n� �E�q�.� �3�.�1�9�.� �T�h�e� �t�e�r�m�s� �i�n� �e�a�c�h� �o�f� �t�h�e� 

�p�r�e�v�i�o�u�s� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �s�q�u�a�r�e�d�,� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �a�r�g�u�m�e�n�t�s� �w�e�r�e� �b�r�o�u�g�h�t� �t�o� �o�n�e� 

�s�i�d�e�.� �T�h�e� �s�y�s�t�e�m� �w�a�s� �s�q�u�a�r�e�d� �i�n� �o�r�d�e�r� �t�o� �s�i�m�p�l�i�f�y� �t�h�e�i�r� �d�e�r�i�v�a�t�i�v�e�s� �w�h�i�c�h� �w�i�l�l� �b�e� �u�s�e�d� 

�l�a�t�e�r� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �r�e�a�s�o�n� �b�e�h�i�n�d� �b�r�i�n�g�i�n�g� �t�h�e� �t�e�r�m�s� �t�o� �o�n�e� �s�i�d�e� �o�f� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �a�n�d� �e�q�u�a�t�i�n�g� �t�o� �z�e�r�o� �w�i�l�l� �s�o�o�n� �b�e�c�o�m�e� �c�l�e�a�r�.� 

�A�,� �-�(�v�t�,�)� �=�0� �{�i� �0�.�.�.�m�-�1�;� �j�:� �0�.�.�.�n�-�1�}� �(�3�.�1�9�)� �m�y� 

�W�h�e�r�e� �A�,� �=�|� �\�°�F�,� �~� �°�M�,�|� �y� 

�3�.�6�.�1� �E�f�f�e�c�t� �o�f� �V�e�l�o�c�i�t�y� �A�p�p�r�o�x�i�m�a�t�i�o�n� 
�A�l�t�h�o�u�g�h� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�p�e�n�s� �t�h�e� �d�o�o�r� �t�o� �a� �p�o�s�s�i�b�l�e� �s�o�l�u�t�i�o�n� �o�f� 

�t�h�e� �s�y�s�t�e�m� �u�n�k�n�o�w�n�s�,� �i�t� �m�u�s�t� �b�e� �r�e�c�o�g�n�i�z�e�d� �t�h�a�t� �n�o�w� �t�h�e� �e�q�u�a�t�i�o�n�s� �m�a�y� �n�o� �l�o�n�g�e�r� �b�e� 

�s�o�l�v�e�d� �e�x�a�c�t�l�y�.� �T�h�a�t� �i�s�,� �t�h�e�r�e� �w�i�l�l� �b�e� �s�o�m�e� �e�r�r�o�r� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�,� �a�n�d� �t�h�e�r�e� 

�m�a�y� �n�o�t� �b�e� �a� �s�e�t� �o�f� �v�a�r�i�a�b�l�e� �v�a�l�u�e�s� �w�h�i�c�h� �e�x�a�c�t�l�y� �s�a�t�i�s�f�y� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s�.� �T�h�i�s� 

�c�o�n�d�i�t�i�o�n� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �E�q�.� �3�.�2�0� �w�h�i�c�h� �a�u�g�m�e�n�t�s� �E�q�.� �3�.�1�9� �t�o� �i�n�c�l�u�d�e� �a�n� �e�r�r�o�r� �f�a�c�t�o�r� 
�e�i� �.� 

�A�,� �-�(�v�t�,�)�°� �=�,� �{�i�:� �O�.�.�.�m ��1�;� �:� �0�.�.�.�n�-�1�}� �(�3�.�2�0�)� 

�T�h�e� �G�e�n�e�r�a�l�i�z�e�d� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �1�9



�T�h�e�s�e� �e�r�r�o�r� �f�a�c�t�o�r�s� �p�r�o�v�i�d�e� �a� �m�e�a�n�s� �t�o� �e�v�a�l�u�a�t�e� �h�o�w� �w�e�l�l� �a�n�y� �p�a�r�t�i�c�u�l�a�r� �s�e�t� �o�f� �v�a�l�u�e�s� �f�o�r� 

�t�h�e� �u�n�k�n�o�w�n� �v�a�r�i�a�b�l�e�s� �s�a�t�i�s�f�y� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s�.� �B�y� �t�r�e�a�t�i�n�g� �t�h�e� �s�y�s�t�e�m� �e�r�r�o�r�s� �a�s� �a�n� 

�m�x�n� �c�o�m�p�o�n�e�n�t� �v�e�c�t�o�r� �@�,� �i�t�s� �m�a�g�n�i�t�u�d�e� �m�a�y� �b�e� �e�v�a�l�u�a�t�e�d� �a�n�d� �u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� 

�o�v�e�r�a�l�l� �s�y�s�t�e�m� �e�r�r�o�r�.� �T�h�e� �g�o�a�l� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s� �i�s� �t�h�e�n� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�o�l�u�t�i�o�n� 

�w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�i�s� �m�a�g�n�i�t�u�d�e�.� 

�3�.�6�.�2� �M�i�n�i�m�i�z�a�t�i�o�n� �M�e�t�h�o�d� 
�A� �N�e�w�t�o�n�i�a�n� �n�u�m�e�r�i�c�a�l� �s�e�a�r�c�h� �p�r�o�c�e�s�s� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �n�i�n�e� �n�o�n�l�i�n�e�a�r� �s�y�s�t�e�m� 

�e�q�u�a�t�i�o�n�s�.� �B�y� �s�t�a�r�t�i�n�g� �a�t� �s�o�m�e� �d�e�f�i�n�e�d� �p�o�i�n�t� �(�s�e�t� �o�f� �v�a�l�u�e�s� �f�o�r� �t�h�e� �u�n�k�n�o�w�n�s�)� �t�h�e� 

�N�e�w�t�o�n�i�a�n� �s�e�a�r�c�h� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �c�h�a�n�g�e� �i�n� �e�a�c�h� �d�i�m�e�n�s�i�o�n� �(�e�a�c�h� �u�n�k�n�o�w�n�)� �n�e�c�e�s�s�a�r�y� �t�o� 

�m�i�n�i�m�i�z�e� �t�h�e� �f�u�n�c�t�i�o�n�a�l� �v�a�l�u�e�s� �o�f� �e�a�c�h� �e�q�u�a�t�i�o�n� �(�e�r�r�o�r�s� �@�)�.� �T�h�i�s� �i�s� �b�a�s�e�d� �u�p�o�n� �a� �f�i�r�s�t� 

�o�r�d�e�r� �T�a�y�l�o�r� �s�e�r�i�e�s�.� �A�s� �a�n� �e�x�a�m�p�l�e�,� �t�a�k�e� �t�h�e� �c�a�s�e� �o�f� �t�h�r�e�e� �a�r�b�i�t�r�a�r�y� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �i�n� 

�t�h�r�e�e� �u�n�k�n�o�w�n�s�:� 

�f�(�u�,�v�,�w�)� �=�  ¬�5� �(�3�.�2�1�)� 

�A�l�u�,�v�.�w�)� �=� �e�,� �(�3�.�2�2�)� 

�f�,�(�u�,�v�,�w�)� �=� �e�,� �(�3�.�2�3�)� 

�A�l�t�h�o�u�g�h� �i�t� �m�a�y� �n�o�t� �b�e� �p�o�s�s�i�b�l�e� �t�o� �f�i�n�d� �a� �s�e�t� �o�f� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �m�a�k�e�s� �e�a�c�h� �c�o�m�p�o�n�e�n�t� �o�f� 

�é� �e�q�u�a�l� �t�o� �z�e�r�o�,� �t�h�e� �e�r�r�o�r�s� �m�a�y� �b�e� �m�i�n�i�m�i�z�e�d� �b�y� �a� �s�e�a�r�c�h� �p�r�o�c�e�s�s� �w�h�i�c�h� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e�y� 

�a�r�e�,� �a�n�d� �t�h�e�n� �a�t�t�e�m�p�t�s� �t�o� �f�i�n�d� �a� �s�o�l�u�t�i�o�n� �w�h�i�c�h� �s�a�t�i�s�f�i�e�s� �t�h�a�t� �c�o�n�d�i�t�i�o�n�.� �T�h�i�s� �i�s� 

�a�c�c�o�m�p�l�i�s�h�e�d� �t�h�r�o�u�g�h� �a�n� �i�t�e�r�a�t�i�v�e� �u�s�e� �o�f� �a� �f�i�r�s�t�-�o�r�d�e�r� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n�.� �E�v�a�l�u�a�t�e�d� 

�a�t� �a� �p�a�r�t�i�c�u�l�a�r� �s�e�t� �o�f� �v�a�r�i�a�b�l�e� �v�a�l�u�e�s� �(�u�,�v�,�w�)�,� �t�h�e� �f�i�r�s�t� �o�r�d�e�r� �T�a�y�l�o�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �f�o�r� 

�E�g�s�.� �3�.�2�1�-�3�.�2�3� �w�o�u�l�d� �b�e�:� 

�f�r�,� �+�(�%�)� �d�u�+�(�%�)� �6�v�+�(�%�)� �d�v� �=�0� �(�3�.�2�4�)� 

�f�,�,� �+�(�%�)� �d�u�+�(�%�)� �6�+�(�%�)� �d�v�=�0� �(�3�.�2�5�)� 

�f�,�,� �(�2�)� �b�u�+�(�%�)� �d�+�(�%�)� �d�v� �=�0� �(�3�.�2�6�)� 

�E�q�u�a�t�i�o�n�s� �3�.�2�4�-�3�.�2�6� �m�a�y� �b�e� �r�e�s�t�r�u�c�t�u�r�e�d� �a�s�:� 

�T�h�e� �G�e�n�e�r�a�l�i�z�e�d� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�0



�o�f�y� �f�y� �O�f�,� �S�r� �o�y� �a�w� �|� �|� �O�F� �-�f�i� 
�a� �a�h� �O�f� �_� �B�u� �o�y� �a�w� �|� �|� �Y�L� �T�I�A� �(�3�.�2�7�)� 
�C�f�,� �O�f�,� �O�F�.� 
�a�u� �a�v� �B�w� �|� �L�O�W�  ��A�i� �|�,� 

�E�q�u�a�t�i�o�n� �3�.�2�7� �n�o�w� �r�e�p�r�e�s�e�n�t�s� �a� �s�y�s�t�e�m� �o�f� �l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�,� �a�n�d� �i�s� �o�f� �t�h�e� �f�o�r�m�:� 

�(�J�#�]� �=�|�-�7�]� �(�3�.�2�8�)� 

�I�n� �t�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m� �u�t�i�l�i�z�i�n�g� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �t�h�e� 

�J�a�c�o�b�i�a�n� �J� �i�s� �a�c�t�u�a�l�l�y� �a� �(�m�x� �n�)�x�(�6�+�m�)� �m�a�t�r�i�x�.� �T�h�e� �v�e�c�t�o�r� �¥� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�e�s�i�r�e�d� �f�i�n�i�t�e� 

�c�h�a�n�g�e�s� �i�n� �t�h�e� �u�n�k�n�o�w�n�s�,� �a�n�d� �t�h�e� �v�e�c�t�o�r� �f� �i�s� �t�h�e� �e�r�r�o�r� �v�e�c�t�o�r� �w�i�t�h� �e�a�c�h� �t�e�r�m� �n�e�g�a�t�e�d�.� 

�T�h�e� �J�a�c�o�b�i�a�n� �a�n�d� �e�r�r�o�r� �v�e�c�t�o�r� �v�a�l�u�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �a�t� �a� �p�a�r�t�i�c�u�l�a�r� �s�e�t� �o�f� �d�i�m�e�n�s�i�o�n�a�l� 

�v�a�l�u�e�s�,� �w�h�i�l�e� �¥� �m�u�s�t� �b�e� �s�o�l�v�e�d�.� 

�I�f� �t�h�e� �J�a�c�o�b�i�a�n� �w�a�s� �a� �s�q�u�a�r�e� �m�a�t�r�i�x�,� �t�h�e�n� �t�h�e� �n�e�x�t� �s�t�e�p� �w�o�u�l�d� �b�e� �t�o� �s�o�l�v�e� �f�o�r� �¥� �u�s�i�n�g� �a�n� 

�e�s�t�a�b�l�i�s�h�e�d� �l�i�n�e�a�r� �m�a�t�r�i�x� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� �s�u�c�h� �a�s� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� 

�p�o�s�s�i�b�l�e� �f�o�r� �t�h�e� �n�u�m�b�e�r� �o�f� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �t�o� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �n�u�m�b�e�r� �o�f� �u�n�k�n�o�w�n�s�.� 

�T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a�n� �o�v�e�r�d�e�t�e�r�m�i�n�e�d� �s�y�s�t�e�m�,� �a�n�d� �a�n� �a�d�d�i�t�i�o�n�a�l� �s�t�e�p� �i�s� �r�e�q�u�i�r�e�d� �b�e�f�o�r�e� �t�h�e� 

�m�a�t�r�i�x� �s�o�l�u�t�i�o�n� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d�.� 

�3�.�6�.�3� �O�v�e�r�d�e�t�e�r�m�i�n�e�d� �S�y�s�t�e�m�s� 
�A�t� �f�i�r�s�t� �i�t� �m�a�y� �s�e�e�m� �t�h�a�t� �a�n� �o�v�e�r�d�e�t�e�r�m�i�n�e�d� �s�y�s�t�e�m� �i�s� �u�n�d�e�s�i�r�a�b�l�e�,� �a�n�d� �t�h�a�t� �t�h�e� �b�e�s�t� �w�a�y� �t�o� 

�a�p�p�r�o�a�c�h� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �a�n� �o�v�e�r�d�e�t�e�r�m�i�n�e�d� �s�y�s�t�e�m� �w�o�u�l�d� �b�e� �t�o� �s�i�m�p�l�y� �e�l�i�m�i�n�a�t�e� �s�o�m�e� �o�f� 

�t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �s�u�c�h� �t�h�a�t� �t�h�e� �n�u�m�b�e�r� �o�f� �r�e�m�a�i�n�i�n�g� �e�q�u�a�t�i�o�n�s� �e�q�u�a�l�e�d� �t�h�e� �n�u�m�b�e�r� �o�f� 

�u�n�k�n�o�w�n�s�.� �I�f� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �w�e�r�e� �b�a�s�e�d� �u�p�o�n� �e�x�a�c�t� �t�h�e�o�r�e�t�i�c�a�l� �f�o�r�m�u�l�a�e�,� �t�h�e�n� �t�h�i�s� 

�e�l�i�m�i�n�a�t�i�o�n� �a�p�p�r�o�a�c�h� �m�i�g�h�t� �b�e� �p�l�a�u�s�i�b�l�e�.� �H�o�w�e�v�e�r�,� �s�i�n�c�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �n�o�t� �e�x�a�c�t� �d�u�e� 

�t�o� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n� �a�n�d� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e�i�r� �v�a�l�u�e�s� �w�i�l�l� �b�e� �a� �p�r�o�d�u�c�t� �o�f� 

�r�e�a�l�-�w�o�r�l�d� �a�p�p�l�i�c�a�t�i�o�n�,� �a� �r�e�d�u�n�d�a�n�c�y� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �i�s� �e�x�t�r�e�m�e�l�y� �b�e�n�e�f�i�c�i�a�l�.� �I�n� �a� �s�e�n�s�e�,� �t�h�e� 

�a�d�d�i�t�i�o�n�a�l� �n�u�m�b�e�r� �o�f� �e�q�u�a�t�i�o�n�s� �s�e�r�v�e� �t�o� �r�e�d�u�c�e� �t�h�e� �o�v�e�r�a�l�l� �e�f�f�e�c�t�s� �o�f� �t�h�e� �i�n�h�e�r�e�n�t� 

�i�n�c�o�n�s�i�s�t�e�n�c�i�e�s�.� �A�l�t�h�o�u�g�h� �t�h�e�r�e� �i�s� �n�o�t� �a� �q�u�a�n�t�i�f�i�e�d� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �i�n�c�r�e�a�s�i�n�g� 

�a�c�c�u�r�a�c�y� �a�n�d� �d�e�g�r�e�e� �o�f� �o�v�e�r�d�e�t�e�r�m�i�n�a�t�i�o�n�,� �r�e�d�u�c�i�n�g� �t�h�e� �r�a�t�i�o� �o�f� �u�n�k�n�o�w�n�s� �t�o� �e�q�u�a�t�i�o�n�s� 

�w�i�l�l� �g�e�n�e�r�a�l�l�y� �r�e�s�u�l�t� �i�n� �a� �m�o�r�e� �r�o�b�u�s�t� �s�y�s�t�e�m� �w�h�i�c�h� �i�s� �l�e�s�s� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �u�n�a�v�o�i�d�a�b�l�e� 

�d�i�s�c�r�e�p�a�n�c�i�e�s� �a�n�d� �p�e�r�t�u�r�b�a�t�i�o�n�s� �o�f� �t�h�e� �a�p�p�l�i�e�d� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�c�h�e�m�e�.� 

�I�n� �o�r�d�e�r� �t�o� �d�i�s�c�u�s�s� �t�h�e� �s�o�l�u�t�i�o�n� �m�e�t�h�o�d� �f�o�r� �a�n� �o�v�e�r�d�e�t�e�r�m�i�n�e�d� �s�y�s�t�e�m�,� �i�t� �i�s� �f�i�r�s�t� �n�e�c�e�s�s�a�r�y� 

�t�o� �e�m�p�l�o�y� �t�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �v�e�c�t�o�r�.� �T�h�e� �r�e�s�i�d�u�a�l� �v�e�c�t�o�r� �o�f� �E�q�.� �3�.�2�8� �w�o�u�l�d� �b�e�:� 

�T�h�e� �G�e�n�e�r�a�l�i�z�e�d� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�1



�[�R�]� �=� �[�J�1�z�]�+�[�7�]� �(�3�.�2�9�)� 

�F�o�r� �t�h�e� �i�d�e�a�l� �c�a�s�e�,� �t�h�e� �r�e�s�i�d�u�a�l� �v�e�c�t�o�r� �R� �w�o�u�l�d� �b�e� �r�e�d�u�c�e�d� �t�o� �t�h�e� �z�e�r�o� �v�e�c�t�o�r� �w�i�t�h� �a�n� 

�a�p�p�r�o�p�r�i�a�t�e� �c�h�o�i�c�e� �o�f� �X�¥�.� �I�n� �m�o�s�t� �c�a�s�e�s�,� �h�o�w�e�v�e�r�,� �t�h�i�s� �w�i�l�l� �n�o�t� �b�e� �p�o�s�s�i�b�l�e� �s�i�n�c�e� �t�h�e�r�e� �a�r�e� 

�m�o�r�e� �e�q�u�a�t�i�o�n�s� �t�o� �s�a�t�i�s�f�y� �t�h�a�n� �t�h�e�r�e� �a�r�e� �d�e�f�i�n�a�b�l�e� �v�a�r�i�a�b�l�e� �v�a�l�u�e�s�.� �T�h�u�s�,� �s�o�m�e� �m�e�t�h�o�d� �o�f� 

�m�i�n�i�m�i�z�i�n�g� �t�h�e� �r�e�s�i�d�u�a�l� �v�e�c�t�o�r� �m�u�s�t� �b�e� �u�s�e�d�.� �A�n� �a�p�p�r�o�a�c�h� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �s�u�m� �o�f� �t�h�e� 

�s�q�u�a�r�e�s� �o�f� �t�h�e� �r�e�s�i�d�u�a�l� �c�o�m�p�o�n�e�n�t�s� �s�e�e�m�s� �a�p�p�r�o�p�r�i�a�t�e� �a�n�d� �h�a�s� �b�e�e�n� �u�t�i�l�i�z�e�d� �i�n� �p�a�s�t� 

�a�c�o�u�s�t�i�c�a�l� �r�a�n�g�i�n�g� �s�y�s�t�e�m�s� �(�R�e�f�s�.� �5�,�1�8�)�.� �T�h�i�s� �m�e�t�h�o�d� �m�a�y� �b�e� �d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e�:� 

�A� �s�y�s�t�e�m� �o�f� �p� �e�q�u�a�t�i�o�n�s� �a�n�d� �q� �u�n�k�n�o�w�n�s� �(�p� �>� �q�)�:� 

�a�,� �Q�e� �|�|� �%� �b� 

�:� �i�}�:� �f�=�]�:� �(�3�.�3�0�)� 

�a� �B�q� �|� �*�a� �b�,� 

�C�o�n�v�e�r�t�e�d� �t�o� �a� �n�o�r�m�a�l�i�z�e�d� �n� �b�y� �n� �s�y�s�t�e�m� �b�y� �l�e�a�s�t�-�s�q�u�a�r�e�s� �m�e�t�h�o�d�:� 

�(�a�,� �-�,�)�  �� �(�a�,� �-�a�,�)� �x�;� �(�a�,� �.�5�)� 

�"� �:� �|�=� �:� �(�3�.�3�1�)� 

�(�a�,�-�a�)� �-�-� �(�@�,�-�a�,�)�]�x�,�|� �|�l�a�-�5�)� 
�W�h�e�r�e� �(�4�,�-�a�,�)�=�a�,�a�,�,� �+� �+�+�+� �+�@�,�a�,�,� 

�N�o�w� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �h�a�s� �b�e�e�n� �n�o�r�m�a�l�i�z�e�d�,� �X�¥� �m�a�y� �b�e� �s�o�l�v�e�d� �f�o�r� �b�y� �L�U� �d�e�c�o�m�p�o�s�i�t�i�o�n� �a�s� 

�p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �s�o�l�u�t�i�o�n� �i�s� �t�h�e� �x� �w�h�i�c�h� �m�i�n�i�m�i�z�e�s� �t�h�e� �v�e�c�t�o�r� 

�m�a�g�n�i�t�u�d�e� �o�f� �R�,� �a�n�d� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�i�m�e�n�s�i�o�n�a�l� �c�h�a�n�g�e�s� �n�e�e�d�e�d� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �e�r�r�o�r� 

�v�e�c�t�o�r�.� �T�h�e�s�e� �d�i�m�e�n�s�i�o�n�a�l� �c�h�a�n�g�e�s� �a�r�e� �m�a�d�e�,� �a�n�d� �t�h�e� �p�r�o�c�e�s�s� �i�s� �t�h�e�n� �r�e�p�e�a�t�e�d�.� 

�S�u�b�s�e�q�u�e�n�t� �i�t�e�r�a�t�i�o�n�s� �o�f� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �s�h�o�u�l�d� �q�u�i�c�k�l�y� �c�o�n�v�e�r�g�e� �t�o� �a� �s�t�a�b�l�e� �a�n�s�w�e�r�.� 

�T�h�e� �G�e�n�e�r�a�l�i�z�e�d� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�2



�4�.� �T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�c�h�e�m�e� 

�U�p� �t�o� �t�h�i�s� �p�o�i�n�t� �t�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m� �h�a�s� �b�e�e�n� �d�i�s�c�u�s�s�e�d� �i�n� �a� �r�e�l�a�t�i�v�e�l�y� 

�g�e�n�e�r�a�l�i�z�e�d� �m�a�n�n�e�r�.� �S�i�n�c�e� �t�h�e� �g�o�a�l� �o�f� �t�h�i�s� �w�o�r�k� �i�s� �t�o� �d�e�s�i�g�n� �a� �s�p�e�c�i�f�i�c� �s�y�s�t�e�m� �t�o� �b�e� �u�s�e�d� 

�w�i�t�h� �t�h�e� �B�W�N�T� �U�R�S�U�L�A� �r�o�b�o�t�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�h�a�t� �d�e�t�a�i�l�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�a�t� �s�y�s�t�e�m� �b�e� �i�n�v�e�s�t�i�g�a�t�e�d� �a�n�d� �a�d�d�r�e�s�s�e�d�.� �T�h�i�s� �e�x�a�m�i�n�a�t�i�o�n� �w�i�l�l� �r�e�v�e�a�l� 

�n�e�w� �d�i�f�f�i�c�u�l�t�i�e�s�,� �a�n�d� �w�i�l�l� �l�e�a�d� �t�o� �v�a�r�i�a�t�i�o�n�s� �i�n� �t�h�e� �b�a�s�i�c� �s�o�l�u�t�i�o�n� �s�c�h�e�m�e�.� 

�4�.�1� �U�R�S�U�L�A� �O�p�e�r�a�t�i�o�n� �C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�C�e�r�t�a�i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �m�o�b�i�l�e� �r�o�b�o�t� �o�p�e�r�a�t�i�o�n� �a�r�e� �s�i�g�n�i�f�i�c�a�n�t� �t�o� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� 

�o�f� �t�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�.� �F�i�r�s�t�,� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�h�a�t� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �r�e�t�a�i�n� �a� 

�c�l�e�a�r� �l�i�n�e�-�o�f�-�s�i�g�h�t� �b�e�t�w�e�e�n� �o�n�e� �a�n�o�t�h�e�r�.� �T�h�e� �a�c�o�u�s�t�i�c� �p�a�t�h�s� �m�u�s�t� �n�o�t� �b�e� �o�b�s�t�r�u�c�t�e�d� �b�y� �t�h�e� 

�m�o�b�i�l�e� �p�l�a�t�f�o�r�m�,� �m�a�n�i�p�u�l�a�t�o�r� �a�r�m�,� �o�r� �o�t�h�e�r� �e�q�u�i�p�m�e�n�t�.� �F�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� 

�m�o�b�i�l�e� �r�o�b�o�t� �w�i�l�l� �r�e�m�a�i�n� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�t�a�n�t� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �i�n�s�p�e�c�t�i�o�n�.� �B�y� 

�d�e�s�i�g�n�,� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �a�r�m� �a�l�w�a�y�s� �r�e�a�c�h�e�s� �d�o�w�n� �i�n� �t�h�e� �v�e�s�s�e�l�,� �b�e�l�o�w� �t�h�e� �m�o�b�i�l�e� �p�l�a�t�f�o�r�m�.� 

�T�h�i�s� �c�o�n�d�i�t�i�o�n� �g�r�e�a�t�l�y� �r�e�d�u�c�e�s� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �m�o�b�i�l�e� 

�t�r�a�n�s�c�e�i�v�e�r�s�.� 

�A�s�i�d�e� �f�r�o�m� �t�h�e� �t�i�m�e� �s�p�e�n�t� �r�e�p�o�s�i�t�i�o�n�i�n�g� �t�h�e� �m�o�b�i�l�e� �p�l�a�t�f�o�r�m� �b�a�s�e�,� �t�h�e� �p�l�a�t�f�o�r�m� �i�s� �a�l�w�a�y�s� 

�o�n� �t�h�e� �v�e�s�s�e�l� �w�a�l�l�s�.� �B�W�N�T� �h�a�s� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �t�h�e� �r�a�d�i�a�l� �d�i�s�t�a�n�c�e� �t�o� �t�h�e� �v�e�s�s�e�l� �w�a�l�l�s� �m�a�y� 

�n�o�t� �b�e� �c�o�n�s�t�a�n�t� �d�u�e� �t�o� �u�n�e�v�e�n� �c�l�a�d�d�i�n�g� �a�n�d� �s�u�r�f�a�c�e� �i�r�r�e�g�u�l�a�r�i�t�i�e�s�,� �b�u�t� �t�h�e�s�e� �i�n�a�c�c�u�r�a�c�i�e�s� 

�m�a�y� �p�r�o�v�e� �t�o� �b�e� �a�c�c�e�p�t�a�b�l�e� �a�s� �a� �m�e�a�n�s� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �r�o�b�o�t�.� 

�T�h�i�s� �f�a�c�t�o�r� �i�s� �n�o�t� �u�t�i�l�i�z�e�d� �i�n� �t�h�e� �w�o�r�k� �p�r�e�s�e�n�t�e�d� �h�e�r�e�,� �b�u�t� �i�t� �i�s� �w�o�r�t�h� �m�e�n�t�i�o�n�i�n�g� �a�n�d� 

�p�o�s�s�i�b�l�y� �w�o�r�t�h� �f�u�r�t�h�e�r� �e�x�a�m�i�n�a�t�i�o�n�.� 

�T�h�e�r�e� �w�a�s� �s�o�m�e� �c�o�n�s�i�d�e�r�a�t�i�o�n� �g�i�v�e�n� �t�o� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �p�l�a�c�i�n�g� �a� �t�r�a�n�s�c�e�i�v�e�r� �o�n� �t�h�e� 

�m�a�n�i�p�u�l�a�t�o�r� �a�r�m�.� �T�h�i�s� �m�i�g�h�t� �p�r�o�v�i�d�e� �a� �d�i�r�e�c�t� �l�i�n�k� �b�e�t�w�e�e�n� �t�h�e� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m� �a�n�d� �t�h�e� 

�t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �w�h�i�c�h� �r�e�l�a�t�e� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �t�o� �t�h�e� �r�o�b�o�t� �b�a�s�e�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �a�r�e� 

�s�i�t�u�a�t�i�o�n�s� �d�u�r�i�n�g� �t�h�e� �i�n�s�p�e�c�t�i�o�n� �p�r�o�c�e�s�s� �w�h�i�c�h� �w�i�l�l� �o�b�s�t�r�u�c�t� �t�h�e� �l�i�n�e� �o�f� �s�i�g�h�t� �t�o� �t�h�e� 

�m�a�n�i�p�u�l�a�t�o�r� �t�r�a�n�s�c�e�i�v�e�r� �s�u�c�h� �a�s� �t�h�e� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �i�n�l�e�t� �a�n�d� �o�u�t�l�e�t� �n�o�z�z�l�e�s�.� �T�h�u�s�,� �f�o�r� 

�t�h�e� �t�i�m�e� �b�e�i�n�g�,� �t�h�e� �m�a�n�i�p�u�l�a�t�o�r� �t�r�a�n�s�c�e�i�v�e�r� �o�p�t�i�o�n� �h�a�s� �n�o�t� �b�e�e�n� �u�t�i�l�i�z�e�d�.� 

�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�3



�4�.�2� �T�h�e� �M�a�r�q�u�e�s�t� �T�r�a�n�s�c�e�i�v�e�r�s� 

�M�u�c�h� �o�f� �t�h�e� �p�a�s�t� �w�o�r�k� �r�e�l�a�t�i�n�g� �t�o� �u�n�d�e�r�w�a�t�e�r� �a�c�o�u�s�t�i�c� �p�o�s�i�t�i�o�n�i�n�g� �h�a�s� �c�o�n�c�e�r�n�e�d� �t�h�e� 

�g�e�n�e�r�a�t�i�o�n� �a�n�d� �p�r�o�c�e�s�s�i�n�g� �o�f� �u�l�t�r�a�s�o�n�i�c� �t�r�a�n�s�m�i�s�s�i�o�n�s�.� �T�h�i�s� �a�s�p�e�c�t� �o�f� �a�c�o�u�s�t�i�c� �p�o�s�i�t�i�o�n�i�n�g� 

�i�s� �n�o�t� �w�i�t�h�i�n� �t�h�e� �s�c�o�p�e� �o�f� �t�h�i�s� �w�o�r�k�.� �T�h�u�s�,� �f�o�r� �t�h�e� �t�i�m�e� �b�e�i�n�g� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�l�y� �u�p�o�n� �a� 

�c�o�m�m�e�r�c�i�a�l�l�y� �a�v�a�i�l�a�b�l�e� �s�y�s�t�e�m� �o�f� �a�c�o�u�s�t�i�c� �t�r�a�n�s�c�e�i�v�e�r�s�.� �T�h�e� �M�a�r�q�u�e�s�t� �G�r�o�u�p�,� �I�n�c�.� 

�p�r�o�d�u�c�e�s� �j�u�s�t� �s�u�c�h� �a� �s�y�s�t�e�m� �w�h�i�c�h� �t�h�e�y� �h�a�v�e� �d�e�s�i�g�n�a�t�e�d� �S�H�A�R�P�S�.� 

�[�T�h�e� �S�o�n�i�c� �H�i�g�h� �A�c�c�u�r�a�c�y� �R�a�n�g�i�n�g� �&� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m�]� �i�s� �a�d�a�p�t�a�b�l�e� �f�o�r� �u�s�e� �i�n� 
�r�i�v�e�r�s�,� �l�a�k�e�s�,� �p�o�n�d�s�,� �o�r� �t�h�e� �o�p�e�n� �o�c�e�a�n�,� �b�u�t� �i�s� �e�x�c�e�p�t�i�o�n�a�l�l�y� �w�e�l�l�-�s�u�i�t�e�d� �t�o� �h�i�g�h� �m�u�l�t�i�-� 
�p�a�t�h� �e�n�v�i�r�o�n�m�e�n�t�s� �s�u�c�h� �a�s� �e�n�c�l�o�s�e�d� �t�a�n�k�s�.�.�.� �A�p�p�l�i�c�a�t�i�o�n�s� �i�n�c�l�u�d�e� �h�i�g�h�-�p�r�e�c�i�s�i�o�n� 
�t�r�a�c�k�i�n�g� �a�n�d� �n�a�v�i�g�a�t�i�o�n� �o�f� �d�i�v�e�r�s� �a�n�d� �r�e�m�o�t�e�l�y�-�o�p�e�r�a�t�e�d� �v�e�h�i�c�l�e�s�.�.�.� �(�S�H�A�R�P�S� 
�O�p�e�r�a�t�i�o�n� �a�n�d� �S�o�f�t�w�a�r�e� �M�a�n�u�a�l� �1�9�9�2�,� �8�)� 

�T�h�e� �S�H�A�R�P�S� �t�r�a�n�s�c�e�i�v�e�r�s� �u�t�i�l�i�z�e� �h�e�m�i�s�p�h�e�r�i�c�a�l� �p�i�e�z�o� �t�r�a�n�s�d�u�c�e�r�s� �t�o� �g�e�n�e�r�a�t�e� �a�n�d� �r�e�c�e�i�v�e� 

�a�c�o�u�s�t�i�c� �p�u�l�s�e�s� �c�e�n�t�e�r�e�d� �a�t� �3�0�0� �k�H�z�.� �O�p�e�r�a�t�i�n�g� �a�t� �t�h�e� �m�a�x�i�m�u�m� �r�a�n�g�e� �o�f� �1�0�0� �m�e�t�e�r�s�,� 

�M�a�r�q�u�e�s�t� �c�l�a�i�m�s� �a�c�c�u�r�a�c�i�e�s� �o�f� �+�2� �c�m�,� �a�n�d� �r�e�p�e�a�t�a�b�i�l�i�t�y� �o�f� �0�.�5� �c�m�.� 

�A�t� �f�i�r�s�t� �i�t� �m�a�y� �s�e�e�m� �t�h�a�t� �t�h�i�s� �s�y�s�t�e�m� �i�s� �i�d�e�a�l�,� �a�n�d� �d�i�r�e�c�t�l�y� �e�m�p�l�o�y�a�b�l�e� �a�s� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� 

�g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�.� �H�o�w�e�v�e�r�,� �S�H�A�R�P�S� �i�s� �o�n�l�y� �c�a�p�a�b�l�e� �o�f� �a�c�c�u�r�a�t�e�l�y� �l�o�c�a�t�i�n�g� �a� 

�s�i�n�g�l�e� �p�o�i�n�t� �a�n�d� �d�o�e�s� �n�o�t� �a�d�d�r�e�s�s� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �r�e�q�u�i�r�e�m�e�n�t�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �S�H�A�R�P�S� 

�r�e�l�i�e�s� �u�p�o�n� �a� �v�e�r�y� �a�c�c�u�r�a�t�e� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �s�p�e�e�d� �o�f� �s�o�u�n�d�.� 

�O�b�t�a�i�n�i�n�g� �t�h�i�s� �k�i�n�d� �o�f� �a�c�c�u�r�a�c�y� �r�e�q�u�i�r�e�s� �v�e�r�y� �p�r�e�c�i�s�e� �k�n�o�w�l�e�d�g�e� �o�f� �t�h�e� �s�p�e�e�d� �o�f� �s�o�u�n�d�.� 
�F�o�r� �i�n�s�t�a�n�c�e�,� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �t�h�e� �a�c�c�u�r�a�c�y� �s�t�a�t�e�d� �a�b�o�v�e�,� �s�p�e�e�d� �o�f� �s�o�u�n�d� �e�r�r�o�r�s� �m�u�s�t� 
�b�e� �l�i�m�i�t�e�d� �t�o� �1� �c�m� �a�t� �1�0�0� �m�e�t�e�r�s�,� �o�r� �1� �p�a�r�t� �p�e�r� �1�0�,�0�0�0�.� �S�o�u�n�d� �v�e�l�o�c�i�m�e�t�e�r�s� �w�h�i�c�h� 
�p�r�o�v�i�d�e� �t�h�i�s� �l�e�v�e�l� �o�f� �a�c�c�u�r�a�c�y� �a�r�e� �c�o�m�m�e�r�c�i�a�l�l�y� �a�v�a�i�l�a�b�l�e�.� �(�S�H�A�R�P�S� �O�p�e�r�a�t�i�o�n� �a�n�d� 
�S�o�f�t�w�a�r�e� �M�a�n�u�a�l� �1�9�9�2�,� �8�)� 

�A�s� �d�i�s�c�u�s�s�e�d�,� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �w�a�t�e�r� �m�a�y� �n�o�t� �b�e� �a� �h�o�m�o�g�e�n�e�o�u�s� �t�e�m�p�e�r�a�t�u�r�e�.� �T�h�u�s�,� �t�h�e� 

�u�s�e� �o�f� �s�o�u�n�d� �v�e�l�o�c�i�m�e�t�e�r�s� �w�o�u�l�d� �o�n�l�y� �p�r�o�v�i�d�e� �l�o�c�a�l�i�z�e�d� �p�o�i�n�t� �v�e�l�o�c�i�t�i�e�s�.� �A� �l�o�c�a�l�i�z�e�d� 

�v�e�l�o�c�i�t�y� �a�p�p�l�i�e�d� �t�o� �t�h�e� �e�n�t�i�r�e� �s�y�s�t�e�m� �w�h�i�c�h� �w�a�s� �n�o�t� �a� �u�n�i�f�o�r�m� �t�e�m�p�e�r�a�t�u�r�e� �w�o�u�l�d� 

�e�r�r�o�n�e�o�u�s�l�y� �t�r�e�a�t� �a�l�l� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s� �a�s� �e�q�u�i�v�a�l�e�n�t�.� �A�s� �d�i�s�c�u�s�s�e�d� �a�t� �t�h�e� �e�n�d� �o�f� 

�S�e�c�t�i�o�n� �2�.�3�,� �a� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �m�i�s�c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e�s�e� �v�e�l�o�c�i�t�i�e�s� �c�a�n� �r�e�s�u�l�t� �i�n� �s�i�g�n�i�f�i�c�a�n�t� 

�p�o�s�i�t�i�o�n�i�n�g� �e�r�r�o�r�s�.� 

�I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �S�H�A�R�P�S� �m�a�y� �n�o�t� �b�e� �a�p�p�l�i�e�d� �d�i�r�e�c�t�l�y�,� �b�u�t� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �i�t� �u�t�i�l�i�z�e�s� �a�l�o�n�g� 

�w�i�t�h� �t�h�e� �s�i�g�n�a�l� �g�e�n�e�r�a�t�i�o�n� �a�n�d� �p�r�o�c�e�s�s�i�n�g�,� �s�e�e�m� �t�o� �b�e� �i�d�e�a�l�.� �T�h�i�s� �i�s� �t�h�e� �s�y�s�t�e�m� �w�h�i�c�h� �h�a�s� 

�b�e�e�n� �p�u�r�c�h�a�s�e�d� �b�y� �B�W�N�T�,� �a�n�d� �t�h�u�s� �t�h�e� �s�p�e�c�i�f�i�c�s� �o�f� �t�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m� �m�u�s�t� 

�a�c�c�o�u�n�t� �f�o�r� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �S�H�A�R�P�S�.� �O�n�e� �o�f� �t�h�e�s�e� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �c�o�n�c�e�r�n�s� �t�h�e� 

�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�4



�n�u�m�b�e�r� �o�f� �t�o�t�a�l� �t�r�a�n�s�c�e�i�v�e�r�s�.� �T�h�e� �b�a�s�i�c� �S�H�A�R�P�S� �s�y�s�t�e�m� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �a� �m�a�x�i�m�u�m� �o�f� �6� 

�o�p�e�r�a�t�i�o�n�a�l� �t�r�a�n�s�c�e�i�v�e�r�s�,� �a�n�d� �1� �s�p�a�r�e�.� �T�h�e� �d�e�c�k� �u�n�i�t� �w�h�i�c�h� �c�o�n�n�e�c�t�s� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r� �c�a�b�l�e�s� 

�t�o� �t�h�e� �c�o�n�t�r�o�l�l�i�n�g� �c�o�m�p�u�t�e�r� �i�s� �c�o�n�f�i�g�u�r�e�d� �f�o�r� �s�i�x� �t�r�a�n�s�c�e�i�v�e�r�s�,� �a�n�d� �t�h�o�u�g�h� �i�t� �m�i�g�h�t� �b�e� 

�a�d�a�p�t�e�d� �f�o�r� �m�o�r�e�,� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�o� �d�e�s�i�g�n� �a� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m� �w�h�i�c�h� �o�n�l�y� �r�e�l�i�e�s� �u�p�o�n� �t�h�e� 

�s�t�a�n�d�a�r�d� �s�i�x�.� 

�4�.�3� �F�i�x�e�d� �T�r�a�n�s�c�e�i�v�e�r� �P�l�a�c�e�m�e�n�t� 

�I�t� �i�s� �v�i�t�a�l� �t�h�a�t� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� �b�e� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �a�t� �a�c�c�u�r�a�t�e�l�y� �k�n�o�w�n� 

�p�o�s�i�t�i�o�n�s�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e�y� �m�u�s�t� �b�e� �l�o�c�a�t�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �p�a�t�h�s� �b�e�t�w�e�e�n� �t�h�e� �f�i�x�e�d� �a�n�d� 

�m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �r�e�m�a�i�n� �c�l�e�a�r� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �i�n�s�p�e�c�t�i�o�n� �p�r�o�c�e�s�s�.� �I�d�e�a�l� �l�o�c�a�t�i�o�n�s� �w�h�i�c�h� 

�m�e�e�t�s� �t�h�e�s�e� �r�e�q�u�i�r�e�m�e�n�t�s� �a�r�e� �t�h�e� �s�t�u�d� �h�o�l�e� �p�l�u�g�s� �(�F�i�g�.� �1�.�1�)�.� �T�h�e�s�e� �h�o�l�e�s� �a�r�e� �u�s�e�d� �t�o� 

�p�o�s�i�t�i�o�n� �t�h�e� �t�o�p� �o�f� �t�h�e� �r�e�a�c�t�o�r� �c�o�r�e� �p�r�e�s�s�u�r�e� �h�o�u�s�i�n�g� �(�r�e�m�o�v�e�d� �i�n� �F�i�g�.� �1�.�1�)� �a�n�d� �h�a�v�e� �b�e�e�n� 

�l�o�c�a�t�e�d� �v�e�r�y� �a�c�c�u�r�a�t�e�l�y�.� 

�4�.�4� �A�d�d�i�t�i�o�n� �o�f� �I�n�c�l�i�n�o�m�e�t�e�r�s� 

�I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �l�i�n�e�-�o�f�-�s�i�g�h�t� �b�e�n�e�f�i�t�s�,� �t�h�e� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�t�a�n�t� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �m�o�b�i�l�e� 

�r�o�b�o�t� �f�a�c�i�l�i�t�a�t�e�s� �t�h�e� �u�s�e� �o�f� �i�n�c�l�i�n�o�m�e�t�e�r�s� �t�o� �o�b�t�a�i�n� �t�h�e� �p�l�a�t�f�o�r�m� �r�o�t�a�t�i�o�n� �a�n�g�l�e�s�.� �T�h�e� 

�r�o�t�a�t�i�o�n� �a�n�g�l�e�s� �g� �a�n�d� �y�w� �m�a�y� �b�e� �a�b�l�e� �t�o� �b�e� �o�b�t�a�i�n�e�d� �b�y� �o�n�l�y� �a� �p�a�i�r� �o�f� �i�n�c�l�i�n�o�m�e�t�e�r�s�;� �o�n�e� 

�a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �g�-�a�x�i�s� �a�n�d� �o�n�e� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �r�-�a�x�i�s�.� �T�h�i�s� �i�s� �t�h�e� �r�e�a�s�o�n� �E�u�l�e�r� �r�o�t�a�t�i�o�n�s� 

�w�e�r�e� �c�h�o�s�e�n� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �m�o�b�i�l�e� �p�l�a�t�f�o�r�m�.� �I�f� �f�i�x�e�d� �r�o�t�a�t�i�o�n�s� �w�e�r�e� 

�u�s�e�d� �i�n�s�t�e�a�d�,� �t�h�e�n� �t�h�e� �i�n�c�l�i�n�o�m�e�t�e�r� �a�n�g�l�e�s� �c�o�u�l�d� �n�o�t� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �d�i�r�e�c�t�l�y�.� �A�n� 

�a�d�d�i�t�i�o�n�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �w�o�u�l�d� �b�e� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�l�a�t�e� �t�h�e� �i�n�c�l�i�n�o�m�e�t�e�r� �r�e�a�d�i�n�g�s� �a�n�d� �t�h�e� 

�o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �r�o�b�o�t�.� 

�A�s� �p�r�e�v�i�o�u�s�l�y� �d�i�s�c�u�s�s�e�d�,� �t�h�r�e�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� �a�n�d� �t�h�r�e�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �a�r�e� �t�h�e� 

�m�i�n�i�m�u�m� �r�e�q�u�i�r�e�d� �t�o� �u�n�i�q�u�e�l�y� �d�e�t�e�r�m�i�n�e� �t�h�e� �p�o�s�i�t�i�o�n� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �r�o�b�o�t�.� �W�i�t�h� 
�t�h�e� �a�d�d�i�t�i�o�n� �o�f� �t�h�e� �i�n�c�l�i�n�o�m�e�t�e�r�s� �t�o� �d�e�t�e�r�m�i�n�e� �g� �a�n�d� �y�,� �t�h�i�s� �r�e�q�u�i�r�e�m�e�n�t� �r�e�l�a�x�e�s� �s�i�n�c�e� �t�h�e� 

�t�o�t�a�l� �n�u�m�b�e�r� �o�f� �u�n�k�n�o�w�n�s� �i�s� �r�e�d�u�c�e�d� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �4�.�1� �a�s� �c�o�m�p�a�r�e�d� �t�o� �E�q�.� �3�.�9�.� �T�h�e� 

�m�i�n�i�m�u�m� �r�e�q�u�i�r�e�m�e�n�t�s� �f�o�r� �t�r�a�n�s�c�e�i�v�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �w�h�e�n� �t�h�e� �i�n�c�l�i�n�o�m�e�t�e�r�s� �a�r�e� �u�t�i�l�i�z�e�d� 

�a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �4�.�1�.� �N�o�t�e� �t�h�a�t� �a� �m�i�n�i�m�u�m� �o�f� �t�h�r�e�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �i�s� �s�t�i�l�l� �r�e�q�u�i�r�e�d�,� 

�b�u�t� �n�o�w� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �w�i�t�h� �o�n�l�y� �t�w�o� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s�.� 

�m�x�n�>�4�+�m� �(�4�.�1�)� 

�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�5



�T�a�b�l�e� �4�.�1� �T�r�a�n�s�c�e�i�v�e�r� �c�o�m�b�i�n�a�t�i�o�n�s� �w�i�t�h� �t�h�e� �u�s�e� 
�o�f� �i�n�c�l�i�n�o�m�e�t�e�r�s�;� �m�x� �n�2�>�4�+�m� �r�e�s�t�r�i�c�t�i�o�n�.� 
� � 

� � 

� � 

�N�u�m�b�e�r� �o�f� �F�i�x�e�d� �|� �R�e�s�u�l�t�i�n�g� �M�i�n�i�m�u�m� �R�e�q�u�i�r�e�d� 
�T�r�a�n�s�c�e�i�v�e�r�s� �m� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r�s� �n� 

�2� �3� 
�3� �2�.�3�3� �>� �3� � � � � � � � � 

�4�.�5� �V�e�l�o�c�i�t�y� �C�o�m�p�e�n�s�a�t�i�o�n� �S�y�s�t�e�m� 

�T�h�e� �g�r�e�a�t�e�s�t� �o�b�s�t�a�c�l�e� �t�o� �a�n� �a�c�c�u�r�a�t�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m� �i�s� �t�h�e� �v�a�r�y�i�n�g� �t�e�m�p�e�r�a�t�u�r�e�,� 

�a�n�d� �t�h�u�s� �v�a�r�y�i�n�g� �s�p�e�e�d� �o�f� �s�o�u�n�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �w�a�t�e�r�.� �E�v�e�n� �w�i�t�h� �t�h�e� 

�u�s�e� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �t�h�e� �s�y�s�t�e�m� �d�i�m�e�n�s�i�o�n�s� �a�r�e� �s�t�i�l�l� �p�a�r�t�i�a�l�l�y� 

�c�o�m�p�r�i�s�e�d� �o�f� �m� �u�n�k�n�o�w�n� �v�e�l�o�c�i�t�i�e�s�.� �O�n�e� �a�p�p�r�o�a�c�h� �t�o� �t�h�i�s� �p�r�o�b�l�e�m� �m�i�g�h�t� �b�e� �t�o� �c�l�o�s�e�l�y� 

�a�s�s�o�c�i�a�t�e� �a� �s�o�u�n�d� �v�e�l�o�c�i�m�e�t�e�r� �w�i�t�h� �e�a�c�h� �o�f� �t�h�e� �f�i�x�e�d� �a�n�d� �e�a�c�h� �o�f� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s�.� 

�T�h�e�s�e� �t�r�a�n�s�d�u�c�e�r�s� �w�o�u�l�d� �t�h�e�n� �p�r�o�v�i�d�e� �a� �l�o�c�a�l� �s�p�e�e�d� �o�f� �s�o�u�n�d� �v�a�l�u�e� �i�n� �t�h�e�i�r� �v�i�c�i�n�i�t�y�.� �B�y� 

�u�s�i�n�g� �a� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e�s�e� �v�a�l�u�e�s�,� �a� �s�p�e�e�d� �o�f� �s�o�u�n�d� �b�e�t�w�e�e�n� �e�a�c�h� 

�t�r�a�n�s�c�e�i�v�e�r� �o�f� �t�h�e� �f�i�x�e�d� �a�r�r�a�y� �a�n�d� �e�a�c�h� �t�r�a�n�s�c�e�i�v�e�r� �o�f� �t�h�e� �m�o�b�i�l�e� �a�r�r�a�y� �c�o�u�l�d� �b�e� �o�b�t�a�i�n�e�d� �a�s� 

�i�n� �F�i�g�.� �4�.�1� �a�n�d� �E�q�.� �4�.�2�.� �H�e�r�e� �t�h�e� �l�o�c�a�l�i�z�e�d� �s�p�e�e�d� �o�f� �s�o�u�n�d� �a�t� �a� �t�r�a�n�s�c�e�i�v�e�r� �i�s� �s�u�b�s�c�r�i�p�t�e�d� 

�w�i�t�h� �a�n� �f� �o�r� �a�n� �m� �t�o� �i�n�d�i�c�a�t�e� �w�h�e�t�h�e�r� �i�t� �i�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �f�i�x�e�d� �o�r� �m�o�b�i�l�e� �a�r�r�a�y�s� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �f�o�l�l�o�w�e�d� �b�y� �a� �n�u�m�e�r�i�c�a�l� �v�a�l�u�e� �t�o� �i�n�d�i�c�a�t�e� �t�h�e� �s�p�e�c�i�f�i�c� �t�r�a�n�s�c�e�i�v�e�r�.� �T�h�e� 

�v�e�l�o�c�i�t�i�e�s� �b�e�t�w�e�e�n� �t�h�e� �f�i�x�e�d� �a�n�d� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �a�r�e� �i�n�d�i�c�a�t�e�d� �a�s� �b�e�f�o�r�e�.� �F�o�r� �e�x�a�m�p�l�e�,� 
�t�h�e� �s�p�e�e�d� �o�f� �s�o�u�n�d� �a�t� �t�r�a�n�s�c�e�i�v�e�r� �/�,� �w�o�u�l�d� �b�e� �d�e�s�i�g�n�a�t�e�d� �v�,�,�,� �w�h�i�l�e� �t�h�e� �v�e�l�o�c�i�t�y� �b�e�t�w�e�e�n� 

�f�,� �a�n�d� �M�,� �w�o�u�l�d� �b�e� �d�e�s�i�g�n�a�t�e�d� �v�,�,�.� 

�F�;� �M�;� 
�F�i�g�u�r�e� �4�.�1� �T�r�a�n�s�m�i�s�s�i�o�n� �b�e�t�w�e�e�n� �t�w�o� �t�r�a�n�s�c�e�i�v�e�r�s� �w�i�t�h� �k�n�o�w�n� �l�o�c�a�l� �p�o�i�n�t� �v�e�l�o�c�i�t�i�e�s�.� 

�V�a�t� �V�o�y� �(�4�.�2�)� 
� � �v�y�,� �5� 

�I�f� �t�h�i�s� �m�e�t�h�o�d� �i�s� �u�s�e�d�,� �t�h�e�n� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �a�r�e� �n�o� �l�o�n�g�e�r� �c�o�n�s�t�i�t�u�e�n�t�s� �o�f� �t�h�e� �s�y�s�t�e�m� 

�d�i�m�e�n�s�i�o�n�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �b�a�l�a�n�c�e� �o�f� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �t�o� �u�n�k�n�o�w�n�s� �i�s� �s�h�o�w�n� �i�n� �E�q�.� �4�.�3�,� 

�a�n�d� �t�h�e� �p�o�s�s�i�b�l�e� �t�r�a�n�s�c�e�i�v�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �4�.�2�.� �I�f� �t�h�e� �i�n�c�l�i�n�o�m�e�t�e�r�s� 
�a�r�e� �a�l�s�o� �u�t�i�l�i�z�e�d�,� �t�h�e�n� �t�h�e�r�e� �a�r�e� �o�n�l�y� �f�o�u�r� �r�e�m�a�i�n�i�n�g� �u�n�k�n�o�w�n�s� �i�n� �t�h�e� �s�y�s�t�e�m�:� �P�.�,� �P�,�,� �P�,�,�@�.� 

�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�6



�A�s� �i�n�d�i�c�a�t�e�d� �b�y� �E�q�.� �4�.�4� �a�n�d� �T�a�b�l�e� �4�.�3�,� �o�n�l�y� �t�w�o� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �a�r�e� �r�e�q�u�i�r�e�d�.� 

�A�l�t�h�o�u�g�h� �t�h�i�s� �i�s� �g�e�n�e�r�a�l�l�y� �t�r�u�e�,� �i�t� �m�u�s�t� �b�e� �m�e�n�t�i�o�n�e�d� �t�h�a�t� �t�h�e�r�e� �i�s� �a� �s�i�n�g�u�l�a�r� �p�o�i�n�t� �i�n� �t�h�e� 

�s�o�l�u�t�i�o�n� �w�h�e�n� �t�h�e� �v�e�c�t�o�r� �b�e�t�w�e�e�n� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �i�s� �a�l�i�g�n�e�d� �w�i�t�h� �t�h�e� �g�l�o�b�a�l� �z�-�a�x�i�s�.� 

�I�f� �t�h�i�s� �o�c�c�u�r�s�,� �@� �c�a�n�n�o�t� �b�e� �d�e�t�e�r�m�i�n�e�d�.� 

�m�x�n�2�=�6� �(�4�.�3�)� 

�T�a�b�l�e� �4�.�2� �T�r�a�n�s�c�e�i�v�e�r� �c�o�m�b�i�n�a�t�i�o�n�s� �w�i�t�h� �t�h�e� �u�s�e� 
�o�f� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�i�e�s�;� �m� �x�n� �>� �6� �r�e�s�t�r�i�c�t�i�o�n�.� 
� � 

� � 

� � � � � � � � � � 

�N�u�m�b�e�r� �o�f� �F�i�x�e�d� �|� �R�e�s�u�l�t�i�n�g� �M�i�n�i�m�u�m� �R�e�q�u�i�r�e�d� 

�T�r�a�n�s�c�e�i�v�e�r�s� �m� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r�s� �n� 

�2� �3� 

�3� �2� 

�m�x�n�>�=�4� �(�4�.�4�)� 

�T�a�b�l�e� �4�.�3�.� �T�r�a�n�s�c�e�i�v�e�r� �c�o�m�b�i�n�a�t�i�o�n�s� �w�i�t�h� �t�h�e� �u�s�e� 
�o�f� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�i�e�s� �a�n�d� �_� �i�n�c�l�i�n�o�m�e�t�e�r�s�;� 
�m�x�n�>� �4� �r�e�s�t�r�i�c�t�i�o�n�.� 
� � 

� � 

� � 

�N�u�m�b�e�r� �o�f� �F�i�x�e�d� �|� �R�e�s�u�l�t�i�n�g� �M�i�n�i�m�u�m� �R�e�q�u�i�r�e�d� 

�T�r�a�n�s�c�e�i�v�e�r�s� �m� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r�s� �7� 

�2� �2� 

�3� �1�.�3�3�5�2� � � � � � � � � 
�T�h�e�r�e� �a�r�e� �t�w�o� �m�a�j�o�r� �d�r�a�w�b�a�c�k�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�i�s� �v�e�l�o�c�i�t�y� �i�n�t�e�r�p�o�l�a�t�i�o�n� �a�p�p�r�o�a�c�h�.� �T�h�e� 

�f�i�r�s�t� �i�s� �t�h�a�t� �i�t� �r�e�q�u�i�r�e�s� �a�n� �a�d�d�i�t�i�o�n�a�l� �s�y�s�t�e�m� �o�f� �t�r�a�n�s�d�u�c�e�r�s� �t�o� �b�e� �i�n�t�e�g�r�a�t�e�d� �i�n�t�o� �t�h�e� 

�c�o�m�p�l�e�t�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�c�h�e�m�e�.� �T�h�i�s� �m�e�a�n�s� �m�+�n� �v�e�l�o�c�i�m�e�t�e�r�s� �a�n�d� �t�h�e�i�r� �a�s�s�o�c�i�a�t�e�d� 

�h�a�r�d�w�a�r�e� �i�n�c�l�u�d�i�n�g� �c�a�b�l�i�n�g� �a�n�d� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m� �m�u�s�t� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r� �p�h�y�s�i�c�a�l�l�y� 

�a�n�d� �f�i�n�a�n�c�i�a�l�l�y�.� �S�e�c�o�n�d�l�y�,� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�w�o� �l�o�c�a�l�i�z�e�d� �v�e�l�o�c�i�t�i�e�s� �m�a�y� �n�o�t� 

�a�c�c�u�r�a�t�e�l�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �t�r�u�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�y�.� �T�h�i�s� �d�i�s�c�r�e�p�a�n�c�y� �i�s� �e�v�i�d�e�n�c�e�d� �b�y� �F�i�g�.� 

�4�.�2� �w�h�i�c�h� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� �a�n�d� �t�r�u�e� �v�e�l�o�c�i�t�i�e�s� �f�o�r� �a�n� 

�e�x�a�m�p�l�e� �v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e� �b�e�t�w�e�e�n� �t�w�o� �t�r�a�n�s�c�e�i�v�e�r�s� �s�e�p�a�r�a�t�e�d� �b�y� �3� �m�.� �T�h�e� �r�e�p�r�e�s�e�n�t�e�d� 

�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�7



�t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �p�a�r�a�b�o�l�i�c� �a�n�d� �s�y�m�m�e�t�r�i�c� �a�b�o�u�t� �d�=� �1�.�0� �m� �w�h�e�r�e� �i�t� �i�s� �3�0�°�C�.� �A�t� 

�d�=� �3� �m� �t�h�e� �m�o�d�e�l�e�d� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �4�0�°�C�.� �T�h�e� �t�r�u�e� �e�x�p�e�r�i�e�n�c�e�d� �v�e�l�o�c�i�t�y� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� 

�E�q�.� �4�.�5�,� �w�h�e�r�e� �A�s� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �t�o�t�a�l� �s�e�p�a�r�a�t�i�o�n� �o�f� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �(�s�,�  �� �5�,� �=� �A�s�=�3� �m� �i�n� 

�t�h�i�s� �c�a�s�e�)�.� �E�q�.� �4�.�6� �i�s� �t�h�e� �l�i�n�e�a�r�l�y� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y�.� �T�h�e� �r�e�a�s�o�n�s� �a� �p�a�r�a�b�o�l�i�c� 

�t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �w�a�s� �c�h�o�s�e�n� �h�e�r�e� �a�s� �a�n� �e�x�a�m�p�l�e� �w�i�l�l� �b�e� �m�a�d�e� �c�l�e�a�r� �i�n� �t�h�e� �n�e�x�t� 

�c�h�a�p�t�e�r�.� 

�C�o�m�p�a�r�i�s�o�n� �o�f� �L�i�n�e�a�r�l�y� �I�n�t�e�r�p�o�l�a�t�e�d� 
�a�n�d� �T�r�u�e� �V�e�l�o�c�i�t�y� �o�f� �S�o�u�n�d� 

� � 

� � � � � 
� � � � � � � 
� � � � 
� � � � � � 

�1�6�3�5� 

�a� �1�5�3�0� �F� 

�E� 
�~�~� �1�6�2�5� �|� 
�5� �L�i�n�e�a�r�l�y� �I�n�t�e�r�p�o�l�a�t�e�d� �V�e�l�o�c�i�t�y� 
�@�m� �8�2�0� �-�p� �e�e�e� �e�e�e� �e�s�e� �t�w� �e�w� �e�e� �e�e� �- �� �- �� �=� 

�=� �.� �.� 
�°� �T�r�u�e� �E�x�p�e�r�i�e�n�c�e�d� �V�e�l�o�c�i�t�y� 

�@� 
�2�.� �P�o�i�n�t� �V�e�l�o�c�i�t� 
�®� �1�5�1�0� �}� �y� 

�1�6�0�6�  ��} ��_ � ��_ ��_ ��_�-� �4� �_�,� �4� 

�0� �0�.�6� �1� �1�.�6� �2� �2�.�6� �3� 

�D�i�s�t�a�n�c�e� �s� �(�m�)� 

�F�i�g�u�r�e� �4�.�2� �C�o�m�p�a�r�i�s�o�n� �o�f� �t�h�e� �t�r�u�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�y� �w�i�t�h� �t�h�e� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y�.� 

�e�x�p�e�r�i�e�n�c�e�d� �=� �S�y� �a� �(�4�.�5�)� 

�V�s� �+�V� �5� 

�V�i�n�t� �e�r�p�o�l�a�t�e�d� �=� �2� �(�4�.�6�)� 

�H�o�w�e�v�e�r�,� �i�f� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �p�r�o�f�i�l�e� �b�e�t�w�e�e�n� �t�w�o� �t�r�a�n�s�c�e�i�v�e�r�s� �i�s� �c�l�o�s�e� �t�o� �l�i�n�e�a�r�,� �o�r� �a�t� �l�e�a�s�t� 

�n�o�t� �d�r�a�s�t�i�c�a�l�l�y� �n�o�n�l�i�n�e�a�r�,� �t�h�e�n� �t�h�i�s� �d�i�s�c�r�e�p�a�n�c�y� �w�i�l�l� �b�e� �l�e�s�s� �s�i�g�n�i�f�i�c�a�n�t� �a�n�d� �m�a�y� �b�e� 

�a�c�c�e�p�t�a�b�l�e�.� �I�f� �t�h�i�s� �i�s� �t�h�e� �c�a�s�e�,� �t�h�e�n� �t�h�e� �u�s�e� �o�f� �l�o�c�a�l�i�z�e�d� �s�p�e�e�d�s� �o�f� �s�o�u�n�d� �m�a�y� �b�e� �f�e�a�s�i�b�l�e�,� 

�a�l�t�h�o�u�g�h� �t�h�e�r�e� �s�t�i�l�l� �r�e�m�a�i�n�s� �t�h�e� �s�i�g�n�i�f�i�c�a�n�t� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �h�a�r�d�w�a�r�e�.� 

�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �2�8



�B�y� �u�t�i�l�i�z�i�n�g� �a�d�d�i�t�i�o�n�a�l� �i�n�f�o�r�m�a�t�i�o�n� �a�v�a�i�l�a�b�l�e� �f�r�o�m� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� 

�a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �p�a�i�r�i�n�g� �v�e�l�o�c�i�m�e�t�e�r�s� �w�i�t�h� �t�h�e� �a�c�o�u�s�t�i�c� �t�r�a�n�s�c�e�i�v�e�r�s�.� �S�o� �f�a�r�,� �a�l�l� 

�d�i�s�c�u�s�s�e�d� �a�c�o�u�s�t�i�c� �s�i�g�n�a�l�s� �h�a�v�e� �b�e�e�n� �b�e�t�w�e�e�n� �t�h�e� �f�i�x�e�d� �a�r�r�a�y� �a�n�d� �t�h�e� �m�o�b�i�l�e� �a�r�r�a�y�.� �I�t� �i�s� 

�a�l�s�o� �p�o�s�s�i�b�l�e� �f�o�r� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �o�f� �e�a�c�h� �a�r�r�a�y� �t�o� �c�o�m�m�u�n�i�c�a�t�e� �w�i�t�h� �o�n�e� �a�n�o�t�h�e�r� �i�n� �w�h�a�t� �i�s� 
�t�e�r�m�e�d� �a� �s�i�n�g�-�a�r�o�u�n�d�.� �F�i�g�u�r�e� �4�.�3� �s�h�o�w�s� �a�n� �a�r�r�a�y� �o�f� �t�h�r�e�e� �t�r�a�n�s�c�e�i�v�e�r�s� �(�7�)�,� �7�|�,�7�,�)� �w�h�i�c�h� 

�a�r�e� �c�o�n�n�e�c�t�e�d� �t�o�g�e�t�h�e�r� �b�y� �r�i�g�i�d� �m�e�m�b�e�r�s� �o�f� �k�n�o�w�n� �l�e�n�g�t�h�s�.� �T�h�i�s� �s�y�s�t�e�m� �c�o�u�l�d� �r�e�p�r�e�s�e�n�t� 

�e�i�t�h�e�r� �t�h�e� �f�i�x�e�d� �o�r� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y�s�.� �S�i�n�c�e� �t�h�e� �d�i�s�t�a�n�c�e�s� �b�e�t�w�e�e�n� �e�a�c�h� �o�f� �t�h�e� 

�t�r�a�n�s�c�e�i�v�e�r�s� �i�s� �k�n�o�w�n�,� �a�n�d� �t�h�e� �t�i�m�e�s� �o�f� �f�l�i�g�h�t� �m�a�y� �b�e� �o�b�t�a�i�n�e�d�,� �i�t� �i�s� �t�h�u�s� �p�o�s�s�i�b�l�e� �t�o� 

�d�e�t�e�r�m�i�n�e� �a�n� �a�c�c�u�r�a�t�e� �s�p�e�e�d� �o�f� �s�o�u�n�d� �b�e�t�w�e�e�n� �e�a�c�h� �o�f� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r� �l�o�c�a�t�i�o�n�s�.� �T�h�e�s�e� 

�v�e�l�o�c�i�t�i�e�s� �a�r�e� �d�e�s�i�g�n�a�t�e�d� �v�,�,�,�¥�,�,�,�¥�2�,�.� �N�o�t�e� �t�h�a�t� �h�e�r�e� �t�h�e� �s�u�b�s�c�r�i�p�t�s� �d�o� �n�o�t� �r�e�p�r�e�s�e�n�t� �f�i�x�e�d� 

�a�n�d� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �(�a�s� �i�s� �t�h�e� �s�t�a�n�d�a�r�d� �a�d�o�p�t�e�d� �c�o�n�v�e�n�t�i�o�n�)�,� �n�o�r� �i�s� �t�h�e�i�r� �o�r�d�e�r� 

�s�i�g�n�i�f�i�c�a�n�t�.� �T�h�e�y� �r�e�f�e�r� �o�n�l�y� �t�o� �t�h�e� �l�o�c�a�l� �t�r�a�n�s�c�e�i�v�e�r�s� �a�s� �i�n�d�i�c�a�t�e�d� �b�y� �F�i�g�.� �4�.�3�.� 
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�F�i�g�u�r�e� �4�.�3� �T�r�a�n�s�c�e�i�v�e�r� �s�i�n�g�-�a�r�o�u�n�d� �a�r�r�a�n�g�e�m�e�n�t� �a�n�d� �n�o�m�e�n�c�l�a�t�u�r�e� �f�o�r� �n�o�d�a�l� �v�e�l�o�c�i�t�y� �d�e�t�e�r�m�i�n�a�t�i�o�n�.� 

�T�h�e� �i�m�m�e�d�i�a�t�e� �g�o�a�l� �i�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �a�t� �e�a�c�h� �o�f� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �b�y� �u�s�i�n�g� 

�t�h�e� �v�e�l�o�c�i�t�i�e�s� �b�e�t�w�e�e�n� �t�h�e�m�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �f�i�r�s�t� �d�e�f�i�n�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 

�a�r�r�a�y� �a�s� �t�h�e� �a�v�e�r�a�g�e� �o�f� �e�a�c�h� �o�f� �t�h�e� �s�i�n�g�-�a�r�o�u�n�d� �v�e�l�o�c�i�t�i�e�s� �(�E�q�.� �4�.�6�)�.� 

�y� �=�~�a�1� �T�V�i�2� �+� �V�9� �¢� �3� �(�4�.�6�)� 
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�T�h�e� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �t�h�e� �v�e�l�o�c�i�t�i�e�s� �a�t� �t�h�e� �v�e�r�t�i�c�e�s� �s�h�o�w�n� �i�n� �E�q� �4�.�7� �l�o�g�i�c�a�l�l�y� �f�o�l�l�o�w�s� 

�f�r�o�m� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �d�i�s�t�a�n�c�e� �f�r�o�m� �a� �s�i�d�e� �o�f� �t�h�e� �t�r�i�a�n�g�u�l�a�r� �a�r�r�a�y� �t�o� �t�h�e� �c�e�n�t�e�r� �i�s� �a�l�w�a�y�s� 

�o�n�e�-�t�h�i�r�d� �t�h�e� �d�i�s�t�a�n�c�e� �f�r�o�m� �t�h�a�t� �s�i�d�e� �t�o� �t�h�e� �o�p�p�o�s�i�t�e� �t�r�a�n�s�c�e�i�v�e�r�.� 

�v�,� �=�v�.� �+�3�(�v�, ��v�,�)� �(�4�.�7�)� 

�H�e�r�e� �v�,� �i�s� �t�h�e� �n�o�d�a�l� �v�e�l�o�c�i�t�y� �(�v�e�l�o�c�i�t�y� �a�t� �a� �t�r�a�n�s�c�e�i�v�e�r� �p�o�s�i�t�i�o�n�)�,� �v�,� �i�s� �t�h�e� �v�e�l�o�c�i�t�y� �o�n� �t�h�e� 

�s�i�d�e� �o�p�p�o�s�i�t�e� �t�h�a�t� �t�r�a�n�s�c�e�i�v�e�r�,� �a�n�d� �v�,� �i�s� �t�h�e� �c�e�n�t�e�r� �v�e�l�o�c�i�t�y� �a�s� �p�r�e�v�i�o�u�s�l�y� �d�e�f�i�n�e�d�.� �F�o�r� �t�h�e� 

�s�y�s�t�e�m� �o�f� �F�i�g�.� �4�.�3�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �a�r�e� �g�i�v�e�n� �i�n� �E�q�s�.� �4�.�8�-�4�.�1�0�.� 

�V�y� �*�V�p�.� �+� �3�(�v�,� �~� �V�2�)� �(�4�.�8�)� 

�V�,� �©� �V�o�9� �+� �3�(�v�,�  �� �V�y�y�)� �(�4�.�9�)� 

�V�,� �®� �V�p�,� �+�3�(�v�,� �-� �V�o�r�)� �(�4�.�1�0�)� 

�T�h�e�s�e� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �l�o�c�a�l�i�z�e�d� �s�p�e�e�d� �o�f� �s�o�u�n�d� �a�t� �e�a�c�h� �o�f� �t�h�e� 

�t�r�a�n�s�c�e�i�v�e�r�s� �u�s�i�n�g� �a�v�a�i�l�a�b�l�e� �i�n�f�o�r�m�a�t�i�o�n�,� �a�n�d� �a�l�l�o�w� �t�h�e� �v�e�l�o�c�i�t�y� �i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�f�i�x�e�d� �a�n�d� �m�o�b�i�l�e� �a�r�r�a�y�s� �w�i�t�h�o�u�t� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �v�e�l�o�c�i�m�e�t�e�r�s�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �g�e�n�e�r�a�t�i�o�n� �o�f� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �a�n�d� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �t�o� 

�o�b�t�a�i�n� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s� �c�a�n� �b�e� �u�s�e�d� �a�s� �a� �s�t�a�n�d�-�a�l�o�n�e� �t�e�c�h�n�i�q�u�e� �o�f� �r�e�d�u�c�i�n�g� �t�h�e� 

�s�y�s�t�e�m� �u�n�k�n�o�w�n�s�,� �i�t� �m�a�y� �a�l�s�o� �b�e� �a�p�p�l�i�e�d� �t�o� �t�h�e� �s�y�s�t�e�m� �w�h�i�c�h� �u�t�i�l�i�z�e�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� 

�v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �A�s� �d�i�s�c�u�s�s�e�d�,� �t�h�e� �u�s�e� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�i�n�t�r�o�d�u�c�e�s� �e�r�r�o�r� �i�n�t�o� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �e�a�c�h� �o�f� �t�h�e� 

�t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s� �b�e�t�w�e�e�n� �t�h�e� �m�o�b�i�l�e� �p�l�a�t�f�o�r�m� �t�r�a�n�s�c�e�i�v�e�r�s� �a�n�d� �a� �p�a�r�t�i�c�u�l�a�r� �f�i�x�e�d� 

�t�r�a�n�s�c�e�i�v�e�r� �m�a�y� �n�o�t� �b�e� �e�x�a�c�t�l�y� �e�q�u�a�l�.� �I�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �u�s�e� �t�h�e� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �t�o� �p�a�r�t�i�a�l�l�y� 

�c�o�m�p�e�n�s�a�t�e� �f�o�r� �t�h�e�s�e� �d�i�s�c�r�e�p�a�n�c�i�e�s� �b�y� �a�u�g�m�e�n�t�i�n�g� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �a�n� �a�d�d�i�t�i�o�n�a�l� 

�s�c�a�l�e� �f�a�c�t�o�r� �a�s� �s�h�o�w�n� �i�n� �E�q�.� �4�.�1�1�.� 

�A�,� �-�(�o�,�v�t�,�)� �=�0� �{�i� �0�.�.�m�-�1�;� �7�:� �0�.�.�.�n�-�1�}� �(�4�.�1�1�)� 

�T�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �m�x�n� �t�r�u�e� 

�t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s� �b�y� �o�n�l�y� �m� �v�e�l�o�c�i�t�i�e�s� �i�n� �o�r�d�e�r� �t�o� �d�e�c�r�e�a�s�e� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� 
�u�n�k�n�o�w�n�s�.� �A� �j�u�d�i�c�i�o�u�s� �c�h�o�i�c�e� �o�f� �o�,� �w�i�l�l� �e�s�s�e�n�t�i�a�l�l�y� �r�e�i�n�s�t�a�t�e� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s� �o�f� �t�h�e� �m�x�n� 

�v�e�l�o�c�i�t�i�e�s� �w�h�i�l�e� �r�e�t�a�i�n�i�n�g� �t�h�e� �r�e�d�u�c�e�d� �s�y�s�t�e�m� �d�i�m�e�n�s�i�o�n�s�.� �I�n� �o�r�d�e�r� �t�o� �d�o� �t�h�i�s�,� �t�h�e� �n�o�d�a�l� 

�v�e�l�o�c�i�t�i�e�s� �m�u�s�t� �f�i�r�s�t� �b�e� �e�v�a�l�u�a�t�e�d� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �f�i�x�e�d� �a�n�d� �e�a�c�h� �o�f� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� 

�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �3�0



�a�s� �i�n� �E�q�.� �4�.�7�.� �E�q�.� �4�.�1�2� �t�h�e�n� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �s�i�m�p�l�i�f�i�e�d� �v�e�l�o�c�i�t�i�e�s� �(�v�,�)� �o�f� �t�h�e� �s�y�s�t�e�m� 

�e�q�u�a�t�i�o�n�s� �b�y� �a�v�e�r�a�g�i�n�g� �t�h�e� �n�o�d�a�l� �v�e�l�o�c�i�t�y� �o�f� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r� �F�,� �w�i�t�h� �t�h�e� �m�o�b�i�l�e� �a�r�r�a�y� 

�c�e�n�t�e�r� �v�e�l�o�c�i�t�y� �v�,�.� �E�q�.� �4�.�1�3� �s�i�m�i�l�a�r�l�y� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �t�r�u�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�y� �b�e�t�w�e�e�n� 
�f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r� �/�;� �a�n�d� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �M�/�,� �b�y� �t�h�e� �l�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �t�h�e�i�r� 

�a�s�s�o�c�i�a�t�e�d� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �V�¢� �a�n�d� �V�a�g� 
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�E�a�c�h� �a�d�j�u�s�t�m�e�n�t� �v�a�l�u�e� �o�,�,� �m�a�y� �n�o�w� �b�e� �e�v�a�l�u�a�t�e�d� �f�r�o�m� �t�h�e�s�e� �t�w�o� �e�q�u�a�t�i�o�n�s� �a�s� �i�n� �E�q�.� �4�.�1�4�.� 

�V�i�a� �Y�a� �+�M�y� 
�o�;� �=� � � �(�4�.�1�4�)� 

�4�.�6� �V�e�s�s�e�l� �T�e�m�p�e�r�a�t�u�r�e� �M�o�d�e�l�s� 

�I�n� �o�r�d�e�r� �t�o� �q�u�a�n�t�i�t�a�t�i�v�e�l�y� �e�x�a�m�i�n�e� �d�i�f�f�e�r�e�n�t� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�c�h�e�m�e�s� �b�e�f�o�r�e� �a�c�t�u�a�l� 

�t�e�s�t�i�n�g� �o�f� �t�h�e� �s�y�s�t�e�m� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �c�r�e�a�t�e� �a� �m�o�d�e�l� �o�f� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� 

�w�i�t�h�i�n� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l�.� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �t�r�u�e� �t�h�e�r�m�a�l� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �w�a�t�e�r� �a�r�e� 

�u�n�k�n�o�w�n�,� �a�n�d� �a�n� �a�c�c�u�r�a�t�e� �m�o�d�e�l� �w�h�i�c�h� �t�a�k�e�s� �i�n�t�o� �a�c�c�o�u�n�t� �a�l�l� �t�h�e� �p�o�s�s�i�b�l�e� �t�e�m�p�e�r�a�t�u�r�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �v�a�r�i�a�t�i�o�n�s� �w�o�u�l�d� �b�e� �e�x�t�r�e�m�e�l�y� �d�i�f�f�i�c�u�l�t� �i�f� �n�o�t� �i�m�p�o�s�s�i�b�l�e� �t�o� �c�r�e�a�t�e�.� 

�H�o�w�e�v�e�r�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �b�a�s�e� �a� �c�o�u�p�l�e� �o�f� �s�i�m�p�l�i�f�i�e�d� �m�o�d�e�l�s� �o�n� �e�d�u�c�a�t�e�d� �g�u�e�s�s�e�s� �a�t� �w�h�a�t� 

�m�i�g�h�t� �b�e� �e�n�c�o�u�n�t�e�r�e�d�.� 

�T�h�e�s�e� �m�o�d�e�l�s� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �t�i�m�e�s� �o�f� �f�l�i�g�h�t� �w�h�i�c�h� �i�n� �t�h�e� �r�e�a�l� �a�p�p�l�i�c�a�t�i�o�n� �w�o�u�l�d� 

�b�e� �p�r�o�v�i�d�e�d� �b�y� �t�h�e� �M�a�r�q�u�e�s�t� �t�r�a�n�s�c�e�i�v�e�r�s�.� �I�n� �t�h�e� �m�o�d�e�l�e�d� �s�y�s�t�e�m� �t�h�e� �t�r�u�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�s� 

�o�f� �t�h�e� �f�i�x�e�d� �a�n�d� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �w�i�l�l� �b�e� �d�e�f�i�n�e�d�,� �t�h�u�s� �t�h�e�i�r� �s�e�p�a�r�a�t�i�o�n�s� �w�i�l�l� �b�e� �k�n�o�w�n�.� 

�I�f� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s� �b�e�t�w�e�e�n� �t�r�a�n�s�c�e�i�v�e�r�s� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d�,� �t�h�e�n� �t�h�e� �t�i�m�e�s� �o�f� 

�f�l�i�g�h�t� �c�a�n� �b�e� �e�v�a�l�u�a�t�e�d�.� �T�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �c�a�r�r�y�i�n�g� �o�u�t� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �E�q�.� �4�.�5�,� 

�w�h�i�c�h� �i�s� �d�e�p�e�n�d�e�n�t� �u�p�o�n� �t�h�e� �p�o�i�n�t� �v�e�l�o�c�i�t�i�e�s�.� �T�h�e�s�e� �p�o�i�n�t� �v�e�l�o�c�i�t�i�e�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� 

�c�r�e�a�t�i�n�g� �a� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �m�o�d�e�l�,� �a�n�d� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �s�p�e�e�d� �o�f� �s�o�u�n�d� �b�y� �M�e�d�w�i�n�'�s� 

�f�o�r�m�u�l�a�.� �T�h�e� �p�o�s�i�t�i�o�n�i�n�g� �e�q�u�a�t�i�o�n�s� �a�r�e� �t�h�e�n� �s�o�l�v�e�d� �u�t�i�l�i�z�i�n�g� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �p�r�e�v�i�o�u�s�l�y� 

�d�i�s�c�u�s�s�e�d�,� �i�n�c�o�r�p�o�r�a�t�i�n�g� �o�n�l�y� �t�h�a�t� �i�n�f�o�r�m�a�t�i�o�n� �w�h�i�c�h� �w�o�u�l�d� �b�e� �a�v�a�i�l�a�b�l�e� �t�o� �t�h�e� �r�e�a�l� �s�y�s�t�e�m�.� 

�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �3�1



�4�.�6�.�1� �L�i�n�e�a�r� �M�o�d�e�l� 

�T�h�e� �l�i�n�e�a�r� �m�o�d�e�l� �o�f� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �w�a�t�e�r� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �d�e�c�r�e�a�s�e�s� 

�p�r�o�p�o�r�t�i�o�n�a�l�l�y� �t�o� �i�n�c�r�e�a�s�i�n�g� �d�e�p�t�h�.� �T�h�i�s� �i�s� �s�i�m�i�l�a�r� �t�o� �w�h�a�t� �i�s� �f�o�u�n�d� �i�n� �r�e�l�a�t�i�v�e�l�y� �s�t�a�g�n�a�n�t� 

�b�o�d�i�e�s� �o�f� �w�a�t�e�r� �u�n�e�x�p�o�s�e�d� �t�o� �e�n�v�i�r�o�n�m�e�n�t�a�l� �v�a�r�i�a�t�i�o�n�s�.� �T�h�e� �w�a�r�m�e�r� �w�a�t�e�r� �r�i�s�e�s�,� �a�n�d� �t�h�e� 

�d�e�n�s�e�r�,� �c�o�o�l�e�r� �w�a�t�e�r� �t�e�n�d�s� �t�o� �s�i�n�k�.� �T�h�i�s� �i�s� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �l�i�n�e�a�r� �t�e�m�p�e�r�a�t�u�r�e� �m�o�d�e�l�.� 

�T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �d�e�p�t�h� �z�=� �0� �i�s� �d�e�s�i�g�n�a�t�e�d� �7�;� �t�o� �i�n�d�i�c�a�t�e� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e�  ��o�p� �o�f� 

�t�h�e� �o�p�e�r�a�t�i�n�g� �d�o�m�a�i�n�.� �T�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �d�e�p�t�h� �z�=�  ��D� �i�s� �d�e�s�i�g�n�a�t�e�d� �7� �t�o� �i�n�d�i�c�a�t�e� �t�h�e� 

�t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �b�o�t�t�o�m� �o�f� �t�h�e� �o�p�e�r�a�t�i�n�g� �d�o�m�a�i�n�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �a�n�y� 

�d�e�p�t�h� �z� �i�n� �t�h�e� �v�e�s�s�e�l� �b�a�s�e�d� �o�n� �t�h�i�s� �l�i�n�e�a�r� �m�o�d�e�l� �i�s� �d�e�s�i�g�n�a�t�e�d� �7�;� �a�n�d� �i�s� �g�i�v�e�n� �b�y� �E�q�.� �4�.�1�5�.� 

�Z� 
�f�;� �D� �(�7� �-�Z�)�+�T�,� �(�4�.�1�5�)� 

�4�.�6�.�2� �P�a�r�a�b�o�l�i�c� �M�o�d�e�l� 
�T�h�e� �p�a�r�a�b�o�l�i�c� �m�o�d�e�l� �o�f� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �w�a�t�e�r� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �i�s� �r�a�d�i�a�l�l�y� 
�d�e�p�e�n�d�e�n�t�,� �b�e�i�n�g� �a� �h�i�g�h�e�r� �t�e�m�p�e�r�a�t�u�r�e� �7�,� �a�t� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �w�a�l�l� �d�u�e� �t�o� �i�t�s� �s�t�o�r�e�d� �h�e�a�t� 

�a�n�d� �r�a�d�i�a�t�i�v�e� �e�f�f�e�c�t�s�,� �a�n�d� �a� �l�o�w�e�r� �t�e�m�p�e�r�a�t�u�r�e� �7�;� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �v�e�s�s�e�l�.� �T�h�e� �g�e�n�e�r�a�l� 

�f�o�r�m�u�l�a� �f�o�r� �t�h�e� �p�a�r�a�b�o�l�i�c� �e�q�u�a�t�i�o�n� �d�e�p�e�n�d�e�n�t� �o�n� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� �E�q�.� �4�.�1�6�.� �T�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �s�o�l�v�e�d� �f�o�r� �b�y� �u�t�i�l�i�z�i�n�g� �t�h�e� �c�o�n�d�i�t�i�o�n�s� �o�f� �E�q�s�.� �4�.�1�7�-�4�.�1�9�,� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� 
�t�e�m�p�e�r�a�t�u�r�e� �a�t� �a� �p�o�i�n�t� �d�u�e� �t�o� �t�h�e� �p�a�r�a�b�o�l�i�c� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �(�7�,�)� �i�s� �g�i�v�e�n� �b�y� �E�q�.� 

�4�.�2�0�.� �T�h�e� �f�i�r�s�t� �c�o�n�d�i�t�i�o�n� �(�E�q�.� �4�.�1�7�)� �s�i�m�p�l�y� �s�t�a�t�e�s� �t�h�a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 
�v�e�s�s�e�l� �m�u�s�t� �b�e� �7�.� �T�h�e� �s�e�c�o�n�d� �c�o�n�d�i�t�i�o�n� �(�E�q�.� �4�.�1�8�)� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �t�h�e� 

�w�a�l�i� �w�h�e�r�e� �t�h�e� �r�a�d�i�u�s� �i�s� �R� �m�u�s�t� �b�e� �e�q�u�a�l� �t�o� �7�,�.� �T�h�e� �t�h�i�r�d� �c�o�n�d�i�t�i�o�n� �(�E�q�.� �4�.�1�9�)� �u�t�i�l�i�z�e�s� �t�h�e� 

�r�a�d�i�a�l� �s�y�m�m�e�t�r�y� �o�f� �t�h�e� �v�e�s�s�e�l� �t�o� �r�e�q�u�i�r�e� �t�h�a�t� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �p�r�o�f�i�l�e� �e�q�u�a�l� 

�z�e�r�o� �a�t� �t�h�e� �c�e�n�t�e�r�.� 

�-�+�b�r�+�e� �(�4�.�1�6�)� 

�b�=�0� �(�4�.�1�7�,� �4�.�1�8�,� �4�.�1�9�)� 

�T�,� �=� �(�A�a�)� �+�T�.� �(�4�.�2�0�)� 
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�T�h�e� �A�p�p�l�i�e�d� �G�l�o�b�a�l� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �3�2



�5�.� �S�i�m�u�l�a�t�i�o�n� �o�f� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� 

�5�.�1� �S�y�s�t�e�m� �P�a�r�a�m�e�t�e�r�s� 

�T�h�e�r�e� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �t�w�o� �a�p�p�r�o�a�c�h�e�s� �t�o� �t�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m� �w�h�i�c�h� �w�i�l�l� �b�e� 

�e�x�a�m�i�n�e�d�.� �T�h�e� �f�i�r�s�t� �u�t�i�l�i�z�e�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�s�s�u�m�p�t�i�o�n� �t�o� �r�e�d�u�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� 

�u�n�k�n�o�w�n�s�,� �w�h�i�l�e� �t�h�e� �s�e�c�o�n�d� �u�t�i�l�i�z�e�s� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�i�e�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� 

�t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s�.� �W�i�t�h�i�n� �e�a�c�h� �o�f� �t�h�e�s�e� �s�y�s�t�e�m�s� �t�h�e�r�e� �a�r�e� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �v�a�r�i�a�t�i�o�n�s� 

�o�f� �c�o�n�f�i�g�u�r�a�t�i�o�n� �a�n�d� �e�n�v�i�r�o�n�m�e�n�t� �w�h�i�c�h� �h�a�v�e� �b�e�e�n� �e�x�a�m�i�n�e�d�.� �I�n� �o�r�d�e�r� �t�o� �a�p�p�r�e�c�i�a�t�e� �t�h�e� 

�o�v�e�r�a�l�l� �e�f�f�e�c�t�s� �o�f� �t�h�e�s�e� �d�i�f�f�e�r�e�n�c�e�s�,� �t�h�e�y� �m�u�s�t� �f�i�r�s�t� �b�e� �e�x�p�l�a�i�n�e�d�.� 

�5�.�1�.�1� �F�i�x�e�d� �T�r�a�n�s�c�e�i�v�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� 
�I�n� �a�l�l� �c�a�s�e�s�,� �t�h�r�e�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� �h�a�v�e� �b�e�e�n� �l�o�c�a�t�e�d� �a�t� �t�h�e� �s�t�u�d� �h�o�l�e�s�,� �e�v�e�n�l�y� �s�p�a�c�e�d� 

�a�r�o�u�n�d� �t�h�e� �v�e�s�s�e�l� �c�i�r�c�u�m�f�e�r�e�n�c�e�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�h�a�t� �t�h�e� �b�r�a�c�k�e�t�s� �w�h�i�c�h� �w�i�l�l� 

�p�o�s�i�t�i�o�n� �t�h�e�m� �t�h�e�r�e� �a�r�e� �d�e�s�i�g�n�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �a�c�t�u�a�l� �t�r�a�n�s�c�e�i�v�e�r� �i�s� �c�a�n�t�i�l�e�v�e�r�e�d� �o�u�t� 

�t�o�w�a�r�d�s� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �v�e�s�s�e�l�.� �I�n� �t�h�i�s� �w�a�y� �t�h�e�i�r� �r�a�d�i�a�l� �l�o�c�a�t�i�o�n� �i�n� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �t�h�e� 

�s�a�m�e� �a�s� �t�h�e� �v�e�s�s�e�l� �r�a�d�i�u�s�,� �a�l�l�o�w�i�n�g� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e�i�r� �o�v�e�r�a�l�l� �s�e�p�a�r�a�t�i�o�n�.� 

�5�.�1�.�2� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� 
�P�e�r�h�a�p�s� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �p�h�y�s�i�c�a�l� �a�s�p�e�c�t� �o�f� �t�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�c�h�e�m�e� �c�o�n�c�e�r�n�s� �t�h�e� 

�r�e�l�a�t�i�v�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �w�h�i�c�h� �w�i�l�l� �b�e� �f�i�x�e�d� �t�o� �t�h�e� �r�o�b�o�t�.� �A�l�t�h�o�u�g�h� �t�h�e� 

�p�o�s�s�i�b�l�e� �v�a�r�i�a�t�i�o�n�s� �a�r�e� �a�l�m�o�s�t� �u�n�l�i�m�i�t�e�d�,� �t�h�e�y� �m�a�y� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �t�h�r�e�e� �c�a�t�e�g�o�r�i�e�s�.� 

�5�.�1�.�2�.�1� �N�u�m�b�e�r� 

�A�l�t�h�o�u�g�h� �i�n� �s�o�m�e� �i�n�s�t�a�n�c�e�s� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �u�s�e� �o�n�l�y� �t�w�o� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s�,� �t�h�e� �b�e�s�t� 

�r�e�s�u�l�t�s� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �u�s�e� �o�f� �a�t� �l�e�a�s�t� �t�h�r�e�e�.� �S�i�n�c�e� �t�h�e� �M�a�r�q�u�e�s�t� �s�y�s�t�e�m� �i�s� 

�c�o�n�f�i�g�u�r�e�d� �f�o�r� �a� �t�o�t�a�l� �o�f� �s�i�x� �t�r�a�n�s�c�e�i�v�e�r�s� �w�i�t�h� �t�h�r�e�e� �a�l�l�o�c�a�t�e�d� �t�o� �t�h�e� �v�e�s�s�e�l� �s�t�u�d� �h�o�l�e�s�,� �t�h�r�e�e� 

�m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �a�r�e� �r�e�a�l�l�y� �a�l�l� �t�h�a�t� �a�r�e� �a�v�a�i�l�a�b�l�e�.� 

�5�.�1�.�2�.�2� �S�p�a�c�i�n�g� 

�T�h�e� �s�p�e�c�i�f�i�c� �s�p�a�c�i�n�g� �o�f� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s� �i�s� �a�n� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �t�h�e� �g�l�o�b�a�l� 

�p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�.� �T�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �w�i�l�l� �b�e� �a�r�r�a�n�g�e�d� �a�s� �t�h�e� �v�e�r�t�i�c�e�s� �o�f� �a�n� �e�q�u�i�l�a�t�e�r�a�l� 

�t�r�i�a�n�g�l�e�,� �a�n�d� �a�l�t�h�o�u�g�h� �i�t� �m�a�y� �s�e�e�m� �t�h�a�t� �t�h�e� �p�o�s�i�t�i�o�n�i�n�g� �w�i�l�l� �b�e�c�o�m�e� �m�o�r�e� �s�t�a�b�l�e� �a�n�d� �m�o�r�e� 

�a�c�c�u�r�a�t�e� �a�s� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r� �s�e�p�a�r�a�t�i�o�n� �i�s� �i�n�c�r�e�a�s�e�d�,� �t�h�e�r�e� �a�r�e� �c�o�u�n�t�e�r�a�c�t�i�n�g� �c�o�n�s�i�d�e�r�a�t�i�o�n�s�.� 

�F�i�r�s�t�,� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n� �w�i�l�l� �b�e�c�o�m�e� �l�e�s�s� �a�c�c�u�r�a�t�e�.� �A�s� �t�h�e� �s�p�a�c�i�n�g� 

�i�n�c�r�e�a�s�e�s� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �a�r�e� �e�x�p�o�s�e�d� �t�o� �g�r�e�a�t�e�r� �t�e�m�p�e�r�a�t�u�r�e� �d�i�f�f�e�r�e�n�c�e�s�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� 

�S�i�m�u�l�a�t�i�o�n� �o�f� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �3�3



�t�h�e�r�e� �a�r�e� �p�h�y�s�i�c�a�l� �b�o�u�n�d�a�r�i�e�s� �t�o� �s�e�p�a�r�a�t�i�o�n�.� �T�h�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �c�a�n�n�o�t� �b�e�c�o�m�e� �s�o� �l�a�r�g�e� 

�t�h�a�t� �t�h�e� �r�o�b�o�t� �i�n�s�t�a�l�l�a�t�i�o�n� �a�n�d� �o�p�e�r�a�t�i�o�n� �a�r�e� �a�d�v�e�r�s�e�l�y� �a�f�f�e�c�t�e�d�.� 

�5�.�1�.�2�.�3� �O�r�i�e�n�t�a�t�i�o�n� 

�T�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �c�a�n� �t�h�e�o�r�e�t�i�c�a�l�l�y� �t�a�k�e� �o�n� �a�n�y� �o�r�i�e�n�t�a�t�i�o�n� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� 

�v�e�s�s�e�l�.� �H�o�w�e�v�e�r�,� �a�s� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d� �t�h�e� �r�o�b�o�t� �m�a�i�n�t�a�i�n�s� �a� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�i�s�t�e�n�t� 

�o�r�i�e�n�t�a�t�i�o�n�,� �a�n�d� �t�h�u�s� �s�o� �w�i�l�l� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r� �t�r�i�a�n�g�l�e�.� �A�l�t�h�o�u�g�h� �t�h�e� �c�h�o�i�c�e�s� �a�r�e� �i�n�f�i�n�i�t�e�,� 

�t�w�o� �b�a�s�i�c� �o�r�i�e�n�t�a�t�i�o�n�s� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d�.� �T�h�e� �f�i�r�s�t� �o�r�i�e�n�t�a�t�i�o�n� �p�l�a�c�e�s� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� 

�p�l�a�n�e� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �g�l�o�b�a�l� �x�y� �p�l�a�n�e� �i�n� �a� �h�o�r�i�z�o�n�t�a�l� �o�r�i�e�n�t�a�t�i�o�n�.� �T�h�e� �s�e�c�o�n�d� �i�s� �a� �v�e�r�t�i�c�a�l� 

�o�r�i�e�n�t�a�t�i�o�n� �s�u�c�h� �t�h�a�t� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �p�l�a�n�e� �i�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �g�l�o�b�a�l� �x�y� �p�l�a�n�e�.� 

�I�n� �a�l�l� �c�a�s�e�s�,� �s�l�i�g�h�t� �@� �a�n�d� �y�z� �i�n�c�l�i�n�a�t�i�o�n�s� �(�~� �5�°�)� �h�a�v�e� �b�e�e�n� �i�n�c�o�r�p�o�r�a�t�e�d�.� �I�t� �w�a�s� �d�i�s�c�o�v�e�r�e�d� 

�e�a�r�l�y� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �t�e�s�t�i�n�g� �t�h�a�t� �w�h�e�n� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �w�a�s� �p�e�r�f�e�c�t�l�y� 

�h�o�r�i�z�o�n�t�a�l�,� �o�r� �p�e�r�f�e�c�t�l�y� �v�e�r�t�i�c�a�l� �(�a�n�d� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �r�a�d�i�a�l� �v�e�c�t�o�r�)�,� �t�h�e� �r�e�s�u�l�t�s� �w�e�r�e� 

�e�x�c�e�p�t�i�o�n�a�l�l�y� �g�o�o�d�.� �T�h�i�s� �w�a�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �w�e�r�e� �c�l�o�s�e�l�y� �a�l�i�g�n�e�d� 

�w�i�t�h� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s�.� �W�h�e�n� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r� �p�l�a�n�e� �w�a�s� �o�r�i�e�n�t�e�d� �i�n� �a� 

�p�e�r�f�e�c�t�l�y� �h�o�r�i�z�o�n�t�a�l� �m�a�n�n�e�r�,� �e�a�c�h� �o�f� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �w�a�s� �a�t� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �d�e�p�t�h� �w�h�i�c�h� 

�w�a�s� �t�h�e� �b�e�s�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �f�o�r� �m�i�n�i�m�a�l� �e�r�r�o�r� �d�u�e� �t�o� �t�h�e� �l�i�n�e�a�r� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�n�i�b�u�t�i�o�n� 

�m�o�d�e�l� �(�S�e�c�t�i�o�n� �4�.�6�.�1�)�.� �W�h�e�n� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r� �p�l�a�n�e� �w�a�s� �o�r�i�e�n�t�e�d� �v�e�r�t�i�c�a�l�l�y� �a�n�d� 

�p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �v�e�s�s�e�l� �r�a�d�i�a�l� �v�e�c�t�o�r�,� �e�a�c�h� �o�f� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�s� �w�a�s� �a�t� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� 

�s�a�m�e� �r�a�d�i�u�s�.� �T�h�i�s� �w�a�s� �t�h�e� �b�e�s�t� �c�o�n�f�i�g�u�r�a�t�i�o�n� �f�o�r� �m�i�n�i�m�a�l� �e�r�r�o�r� �d�u�e� �t�o� �t�h�e� �p�a�r�a�b�o�l�i�c� 

�t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n� �m�o�d�e�l� �(�S�e�c�t�i�o�n� �4�.�6�.�2�)�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �i�n�c�l�i�n�a�t�i�o�n�s� �w�e�r�e� �a�d�d�e�d� �i�n� 

�o�r�d�e�r� �t�o� �p�r�e�v�e�n�t� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �f�r�o�m� �i�n�d�i�c�a�t�i�n�g� �r�e�s�u�l�t�s� �w�h�i�c�h� �m�i�g�h�t� �n�o�t� �b�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� 

�o�f� �t�h�e� �a�c�t�u�a�l� �a�p�p�l�i�e�d� �s�y�s�t�e�m�,� �i�n�s�t�e�a�d� �b�e�i�n�g� �a� �p�r�o�d�u�c�t� �o�f� �t�h�e� �m�o�d�e�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� 

�T�h�e� �t�h�i�r�d� �r�o�t�a�t�i�o�n� �a�n�g�l�e� �@� �i�s� �s�e�l�e�c�t�e�d� �a�t� �e�a�c�h� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �m�o�b�i�l�e� �a�r�r�a�y� �s�u�c�h� �t�h�a�t� �i�t�s� 

�o�r�i�e�n�t�a�t�i�o�n� �w�i�l�l� �r�e�m�a�i�n� �c�o�n�s�t�a�n�t� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �v�e�s�s�e�l� �w�a�l�l� �a�s� �t�h�e� �m�o�d�e�l� �i�s� �m�a�d�e� �t�o� 

�c�i�r�c�l�e� �t�h�e� �r�e�a�c�t�o�r� �i�n�t�e�r�i�o�r�.� �T�h�a�t� �i�s�,� �i�f� �t�h�e� �m�o�b�i�l�e� �a�r�r�a�y� �b�e�g�a�n� �i�n� �a� �v�e�r�t�i�c�a�l� �p�o�s�i�t�i�o�n� �w�i�t�h� �t�h�e� 

�m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �p�l�a�n�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �w�a�l�l�,� �a�s� �t�h�e� �a�r�r�a�y� �m�o�v�e�d� �a�b�o�u�t� �t�h�e� �i�n�t�e�r�i�o�r� �i�t� 

�w�o�u�l�d� �c�o�n�t�i�n�u�e� �t�o� �b�e� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �w�a�l�l�.� 

�5�.�1�.�3� �D�e�p�t�h� 
�T�h�e� �o�p�e�r�a�t�i�n�g� �d�e�p�t�h� �o�f� �t�h�e� �m�o�b�i�l�e� �r�o�b�o�t� �w�i�l�l� �v�a�r�y� �o�v�e�r� �t�h�e� �c�o�u�r�s�e� �o�f� �t�h�e� �i�n�s�p�e�c�t�i�o�n�.� �F�i�v�e� 

�d�i�f�f�e�r�e�n�t� �d�i�s�t�a�n�c�e�s� �b�e�l�o�w� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r� �p�l�a�n�e� �h�a�v�e� �b�e�e�n� �e�x�a�m�i�n�e�d�:� �0�.�0� �m�,� �2�.�5� �m�,� 

�5�.�0� �m�,� �7�.�5� �m�,� �a�n�d� �1�0�.�0� �m�.� 

�S�i�m�u�l�a�t�i�o�n� �o�f� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �3�4



�5�.�1�.�4� �T�e�m�p�e�r�a�t�u�r�e� �D�i�s�t�r�i�b�u�t�i�o�n� 
�A�s� �d�i�s�c�u�s�s�e�d�,� �v�a�r�i�a�t�i�o�n�s� �i�n� �t�h�e� �v�e�s�s�e�l� �w�a�t�e�r� �t�e�m�p�e�r�a�t�u�r�e� �w�i�l�l� �a�d�v�e�r�s�e�l�y� �a�f�f�e�c�t� �t�h�e� �g�l�o�b�a�l� 

�p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�.� �T�h�e� �s�p�e�c�i�f�i�c� �e�f�f�e�c�t�s� �d�e�p�e�n�d� �u�p�o�n� �b�o�t�h� �t�h�e� �m�a�g�n�i�t�u�d�e�s� �a�n�d� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �t�h�e�r�m�a�l� �g�r�a�d�i�e�n�t�s�.� �T�w�o� �s�e�p�a�r�a�t�e� �t�e�m�p�e�r�a�t�u�r�e� �m�o�d�e�l�s� �h�a�v�e� �b�e�e�n� 

�g�e�n�e�r�a�t�e�d�,� �a�n�d� �b�y� �c�o�m�b�i�n�i�n�g� �t�h�e� �t�w�o� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a� �m�o�r�e� �c�o�m�p�l�e�x� �(�a�n�d� �h�o�p�e�f�u�l�l�y� 

�r�e�a�l�i�s�t�i�c�)� �s�y�s�t�e�m� �c�a�n� �b�e� �c�r�e�a�t�e�d�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �r�e�s�u�l�t�i�n�g� �s�p�e�e�d� �o�f� �s�o�u�n�d� 

�f�r�o�m� �e�a�c�h� �m�o�d�e�l� �a�n�d� �t�h�e�n� �a�v�e�r�a�g�i�n�g� �t�h�e� �t�w�o� �r�e�s�u�l�t�s�.� �D�i�f�f�e�r�e�n�c�e�s� �i�n� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� 
�v�a�r�i�a�b�l�e�s� �7�,�,�7�,�,� �o�f� �E�q�.� �4�.�1�5� �a�n�d� �7�,� �7�,� �o�f� �E�q�.� �4�.�2�0� �w�i�l�l� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�l�a�t�i�v�e� �e�f�f�e�c�t�s� �o�f� �e�a�c�h� 

�m�o�d�e�l� �o�n� �t�h�e� �o�v�e�r�a�l�l� �c�o�m�b�i�n�e�d� �s�y�s�t�e�m�.� 

�5�.�1�.�5� �I�n�c�o�r�p�o�r�a�t�e�d� �E�r�r�o�r�s� 
�I�n� �a�d�d�i�t�i�o�n� �t�o� �t�h�e� �p�o�s�i�t�i�o�n�i�n�g� �e�r�r�o�r�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�a�n�d� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �o�f� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s�,� �t�h�e�r�e� �w�i�l�l� �b�e� �e�r�r�o�r�s� �d�u�e� �t�o� �t�h�e� �r�e�a�l� �w�o�r�l�d� 

�a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�h�a�t� �t�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e�s�e� �e�r�r�o�r�s� 

�b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �f�u�l�l� �s�i�m�u�l�a�t�i�o�n� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �t�r�u�e� �t�o� �l�i�f�e� �r�e�s�u�l�t�s�.� �T�h�i�s� �h�a�s� �b�e�e�n� 

�a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �p�e�r�t�u�r�b�i�n�g� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s� �i�n� �a� �r�a�n�d�o�m� �m�a�n�n�e�r� �a�n�d� �s�u�b�s�e�q�u�e�n�t�l�y� 

�s�o�l�v�i�n�g� �t�h�e� �s�y�s�t�e�m� �w�i�t�h� �t�h�e�s�e� �e�r�r�o�r�s� �i�n�c�l�u�d�e�d�.� �S�i�n�c�e� �i�t� �i�s� �u�n�c�l�e�a�r� �i�n� �w�h�i�c�h� �m�a�n�n�e�r� �e�a�c�h� 

�p�a�r�a�m�e�t�e�r� �s�h�o�u�l�d� �b�e� �d�i�s�t�u�r�b�e�d� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �m�a�x�i�m�u�m� �o�r� �a�v�e�r�a�g�e� �o�v�e�r�a�l�l� �p�o�s�i�t�i�o�n�i�n�g� 

�e�r�r�o�r�s�,� �t�h�e� �r�a�n�d�o�m� �e�r�r�o�r� �a�d�d�i�t�i�o�n� �i�s� �i�t�e�r�a�t�e�d�,� �s�o�l�v�i�n�g� �t�h�e� �s�y�s�t�e�m� �e�a�c�h� �t�i�m�e�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� 

�a�l�l� �s�o�l�u�t�i�o�n�s� �a�r�e� �t�h�e�n� �e�x�a�m�i�n�e�d�.� 

�5�.�1�.�5�.�1� �F�i�x�e�d� �T�r�a�n�s�c�e�i�v�e�r� �P�o�s�i�t�i�o�n�s� 

�A�l�t�h�o�u�g�h� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� �w�i�l�l� �b�e� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �s�t�u�d� �h�o�l�e�s�,� �t�h�e�r�e� �m�a�y� �b�e� �s�o�m�e� �e�r�r�o�r� 

�i�n� �t�h�e�i�r� �p�o�s�i�t�i�o�n�i�n�g�.� �T�h�i�s� �m�a�y� �b�e� �d�u�e� �t�o� �t�h�e� �m�a�c�h�i�n�i�n�g� �o�f� �t�h�e� �r�e�t�a�i�n�i�n�g� �b�r�a�c�k�e�t� �w�h�i�c�h� 

�h�o�l�d�s� �t�h�e� �t�r�a�n�s�c�e�i�v�e�r�,� �o�r� �a� �m�i�s�a�l�i�g�n�e�d� �p�l�a�c�e�m�e�n�t� �o�f� �t�h�e� �b�r�a�c�k�e�t� �i�n� �t�h�e� �s�t�u�d� �h�o�l�e�.� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �t�h�e�r�e� �m�a�y� �b�e� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�s�s�u�m�e�d� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� 

�p�o�i�n�t� �f�r�o�m� �t�h�e� �p�i�e�z�o� �t�i�p� �w�h�i�c�h� �g�e�n�e�r�a�t�e�s� �t�h�e� �a�c�o�u�s�t�i�c� �p�u�l�s�e�.� �E�r�r�o�r�s� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �a� �f�e�w� 

�m�i�l�l�i�m�e�t�e�r�s� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d�.� 

�5�.�1�.�5�.�2� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r� �P�o�s�i�t�i�o�n�s� 

�S�i�m�i�l�a�r� �t�o� �t�h�e� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r� �p�l�a�c�e�m�e�n�t�,� �t�h�e� �m�o�b�i�l�e� 

�t�r�a�n�s�c�e�i�v�e�r�s� �m�a�y� �a�l�s�o� �e�x�p�e�r�i�e�n�c�e� �p�o�s�i�t�i�o�n�i�n�g� �i�n�a�c�c�u�r�a�c�i�e�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �e�r�r�o�r� �i�s� �r�e�l�a�t�i�v�e� 

�t�o� �t�h�e� �m�o�b�i�l�e� �c�o�o�r�d�i�n�a�t�e� �f�r�a�m�e�.� �E�r�r�o�r�s� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �a� �f�e�w� �m�i�l�l�i�m�e�t�e�r�s� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d�.� 

�S�i�m�u�l�a�t�i�o�n� �o�f� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �3�5



�5�.�1�.�5�.�3� �T�i�m�e�s� �o�f� �F�l�i�g�h�t� 
�T�h�e� �r�e�s�o�l�u�t�i�o�n� �o�f� �t�h�e� �M�a�r�q�u�e�s�t� �t�r�a�n�s�c�e�i�v�e�r�s� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1� �u�s� �a�n�d� �t�h�e�r�e� �m�a�y� �b�e� �e�r�r�o�r� 

�a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�i�s� �l�i�m�i�t�a�t�i�o�n�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �a� �c�o�n�s�i�s�t�e�n�t� �o�f�f�s�e�t� �e�r�r�o�r� �d�u�e� �t�o� �c�a�l�i�b�r�a�t�i�o�n� 

�m�a�y� �e�x�i�s�t�,� �a�s� �w�e�l�l� �a�s� �e�r�r�o�r� �w�h�i�c�h� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �f�i�x�e�d� �a�n�d� 

�m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y�s�.� �E�a�c�h� �o�f� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �h�a�s� �b�e�e�n� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �o�v�e�r�a�l�l� 

�s�y�s�t�e�m�.� �A�l�t�h�o�u�g�h� �v�a�r�i�o�u�s� �c�o�m�b�i�n�a�t�i�o�n�s� �a�n�d� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�h�e�s�e� �e�r�r�o�r�s� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d�,� 

�t�h�e� �t�o�t�a�l� �e�r�r�o�r� �w�i�l�l� �b�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �a� �f�e�w� �m�i�c�r�o�s�e�c�o�n�d�s�.� 

�5�.�1�.�5�.�4� �I�n�c�l�i�n�o�m�e�t�e�r�s� 

�I�f� �i�n�c�l�i�n�o�m�e�t�e�r�s� �a�r�e� �u�t�i�l�i�z�e�d�,� �t�h�e�n� �t�h�e�r�e� �w�i�l�l� �b�e� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �i�n�h�e�r�e�n�t� 

�l�i�m�i�t�a�t�i�o�n�s� �o�f� �t�h�e� �t�r�a�n�s�d�u�c�e�r�s�,� �a�s� �w�e�l�l� �a�s� �e�r�r�o�r� �d�u�e� �t�o� �i�m�p�e�r�f�e�c�t� �c�a�l�i�b�r�a�t�i�o�n�.� �M�o�s�t� �h�i�g�h� 

�p�r�e�c�i�s�i�o�n� �i�n�c�l�i�n�o�m�e�t�e�r�s� �g�u�a�r�a�n�t�e�e� �a�b�s�o�l�u�t�e� �a�c�c�u�r�a�c�i�e�s� �b�e�t�t�e�r� �t�h�a�n� �0�.�1� �d�e�g�r�e�e�s�.� 

�5�.�1�.�6� �C�o�m�p�e�n�s�a�t�i�o�n� �F�a�c�t�o�r� 
�E�q�u�a�t�i�o�n� �4�.�7� �m�a�y� �b�e� �r�e�w�r�i�t�t�e�n� �a�s� �E�q�.� �5�.�1�.� �I�n� �t�h�i�s� �i�n�s�t�a�n�c�e�,� �t�h�e� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �w�i�l�l� �a�l�s�o� 

�d�e�p�e�n�d� �u�p�o�n� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �c� �w�h�i�c�h� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r�.� �T�h�i�s� 

�v�a�l�u�e� �m�a�y� �b�e� �a�l�t�e�r�e�d� �t�o� �s�u�i�t� �t�h�e� �a�c�t�u�a�l� �e�x�p�e�r�i�e�n�c�e�s� �o�f� �t�h�e� �a�p�p�l�i�e�d� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� 

�s�y�s�t�e�m�,� �a�n�d� �a�l�l�o�w�s� �l�i�m�i�t�e�d� �a�d�j�u�s�t�m�e�n�t� �o�f� �t�h�e� �s�y�s�t�e�m� �w�i�t�h�i�n� �t�h�e� �s�o�f�t�w�a�r�e� �w�h�i�c�h� �g�o�v�e�r�n�s� �i�t�.� 

�V�i� �z�y�,� �+�c�(�v�,� �_� �v�.�)� �(�5�.�1�)� 

�F�o�r� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m�,� �a� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r� �v�a�l�u�e� �o�f� �1� �e�f�f�e�c�t�i�v�e�l�y� �r�e�s�u�l�t�s� �i�n� 
�n�o� �c�o�m�p�e�n�s�a�t�i�o�n�.� �T�h�i�s� �i�s� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �c�=� �1� �c�a�u�s�e�s� �e�a�c�h� �o�f� �t�h�e� �s�c�a�l�e� �f�a�c�t�o�r�s� �o�,� �t�o� 

�a�l�s�o� �b�e� �e�q�u�a�l� �t�o� �1�.� 

�5�.�1�.�7� �O�p�e�r�a�t�i�n�g� �R�a�d�i�u�s� 
�O�n�e� �f�i�n�a�l� �p�a�r�a�m�e�t�e�r� �w�h�i�c�h� �b�e�a�r�s� �e�x�a�m�i�n�a�t�i�o�n� �i�s� �t�h�e� �o�p�e�r�a�t�i�n�g� �r�a�d�i�u�s� �o�f� �t�h�e� �m�o�b�i�l�e� 

�t�r�a�n�s�c�e�i�v�e�r� �p�l�a�n�e� �a�s� �i�t� �c�i�r�c�l�e�s� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �v�e�s�s�e�l�.� �T�h�i�s� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �d�i�s�t�a�n�c�e� �f�r�o�m� 

�t�h�e� �c�e�n�t�e�r� �a�x�i�s� �o�f� �t�h�e� �r�e�a�c�t�o�r� �(�z� �a�x�i�s� �a�s� �d�e�f�i�n�e�d�)� �t�o� �t�h�e� �p�i�v�o�t�.� 

�5�.�2� �S�i�m�u�l�a�t�i�o�n� �R�e�s�u�l�t�s� 

�T�h�e� �n�o�m�e�n�c�l�a�t�u�r�e� �o�f� �e�a�c�h� �o�f� �t�h�e� �d�a�t�a� �f�i�l�e�s� �g�e�n�e�r�a�t�e�d� �(�A�p�p�e�n�d�i�x� �3�)� �i�n�d�i�c�a�t�e�s� �t�h�e� �s�p�e�c�i�f�i�c� 

�p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �s�y�s�t�e�m� �w�h�i�c�h� �w�a�s� �s�o�l�v�e�d�.� �T�h�e�s�e� �c�o�n�v�e�n�t�i�o�n�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� 

�A�p�p�e�n�d�i�x� �2�.� �T�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �u�s�e�d� �t�o� �g�e�n�e�r�a�t�e� �g�r�a�p�h�i�c�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�s� �w�h�i�c�h� �i�l�l�u�s�t�r�a�t�e� 

�t�h�e� �e�f�f�e�c�t�s� �o�f� �v�a�r�i�a�t�i�o�n�s� �i�n� �d�i�f�f�e�r�e�n�t� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s�.� �I�n� �o�r�d�e�r� �t�o� �c�o�m�p�a�r�e� �t�h�e� 

�S�i�m�u�l�a�t�i�o�n� �o�f� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �3�6



�e�f�f�e�c�t�i�v�e�n�e�s�s� �o�f� �e�a�c�h� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �a�p�p�r�o�a�c�h�e�s�,� �e�r�r�o�r�s� �a�r�e� �e�x�a�m�i�n�e�d� �f�o�r� �b�o�t�h� �t�h�e� 

�e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�n�d� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m�s�.� 

�E�a�c�h� �s�y�s�t�e�m� �s�o�l�u�t�i�o�n� �e�x�a�m�i�n�e�s� �v�a�r�i�o�u�s� �p�o�s�i�t�i�o�n�i�n�g� �e�r�r�o�r�s�.� �A�n� �e�r�r�o�r� �i�n� �a�n� �a�r�b�i�t�r�a�r�y� 

�p�a�r�a�m�e�t�e�r� �Q� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �E�q�.� �5�.�2�.� 

�Q�O� � �=�9� �e�r�r�o�r� �d�e�t�e�r�m�i�n�e�d� �Q� �(�5�.�2�)� �a�c�t�u�a�l� 

�T�h�e� �e�x�a�m�i�n�e�d� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �t�h�e� �p�i�v�o�t� �p�o�s�i�t�i�o�n�s� �°�P�,�,�°�P�,�,�°�P�,� �a�n�d� �t�h�e� �r�o�t�a�t�i�o�n� �a�n�g�l�e�s� 

�0�, ��,�4�4�.� �A�l�s�o� �e�x�a�m�i�n�e�d� �w�e�r�e� �t�h�e� �a�n�g�u�l�a�r� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�i�v�o�t� �w�i�t�h�i�n� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �a�,� 

�a�n�d� �t�h�e� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�i�v�o�t�.� �T�h�e� �a�n�g�u�l�a�r� �p�o�s�i�t�i�o�n� �a�@� �i�s� �d�e�f�i�n�e�d� �a�s� �i�n� �F�i�g�.� �5�.�1�.� 

� � 

�F�i�g�u�r�e� �5�.�1� �D�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �a�n�g�u�l�a�r� �p�o�s�i�t�i�o�n�@� �o�f� �t�h�e� �p�i�v�o�t� �w�i�t�h�i�n� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l�.� 

�A�l�s�o� �d�e�f�i�n�e�d� �i�s� �a� �t�o�t�a�l� �e�r�r�o�r� �a�n�d� �a� �r�a�d�i�a�l� �e�r�r�o�r� �(�E�q�s�.� �5�.�3�,�5�.�4�)�.� �T�o�t�a�l� �e�r�r�o�r� �i�s� �t�h�e� 

�m�a�g�n�i�t�u�d�e� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �a�c�t�u�a�l� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�i�v�o�t� �a�n�d� �t�h�e� �p�o�s�i�t�i�o�n� �w�h�i�c�h� 

�w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s�.� �T�h�e� �r�a�d�i�a�l� �e�r�r�o�r� �i�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�t�r�u�e� �p�i�v�o�t� �l�o�c�a�t�i�o�n� �r�a�d�i�u�s� �a�n�d� �t�h�e� �d�e�t�e�r�m�i�n�e�d� �p�i�v�o�t� �l�o�c�a�t�i�o�n� �r�a�d�i�u�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� 

�v�e�s�s�e�l� �c�e�n�t�e�r�.� �I�t� �m�a�y� �t�u�r�n� �o�u�t� �t�h�a�t� �i�n� �t�h�e� �a�c�t�u�a�l� �o�p�e�r�a�t�i�o�n� �o�f� �U�R�S�U�L�A�,� �t�h�e� �r�a�d�i�a�l� �e�r�r�o�r� �i�s� 

�n�o�t� �a� �v�e�r�y� �s�i�g�n�i�f�i�c�a�n�t� �f�a�c�t�o�r� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �r�o�b�o�t� �w�i�l�l� �b�e� �o�n� �t�h�e� �w�a�l�l�.� �T�h�i�s� 

�k�n�o�w�l�e�d�g�e� �m�a�y� �e�l�i�m�i�n�a�t�e� �t�h�e� �n�e�e�d� �f�o�r� �a� �r�a�d�i�a�l� �m�e�a�s�u�r�e�m�e�n�t� �e�x�c�e�p�t� �a�s� �a�d�d�i�t�i�o�n�a�l� 

�c�o�n�f�i�r�m�a�t�i�o�n� �t�h�a�t� �t�h�e� �p�l�a�t�f�o�r�m� �i�s� �a�g�a�i�n�s�t� �t�h�e� �v�e�s�s�e�l� �i�n�t�e�r�i�o�r� �s�u�r�f�a�c�e�.� 

�x�,�e�r�r�o�r� �J�y�,�e�r�r�o�r� �2�,�e�r�r�o�r� 
�t�o�t�a�l� �e�r�r�o�r� �=�|�(�°�P� �P�+�(�o�P�_�)� �+�(�%�P� �y� �(�5�.�3�)� 

�S�i�m�u�l�a�t�i�o�n� �o�f� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �3�7



�/�2� 

�r�e� �a�d�i�a�l� �e�r�r�o�r� �=� �(� �°�P�.�.� �d�e�t�e�r�m�i�n�e�d� �)� �+� �(�  ��P�,� �d�e�t�e�r�m�i�n�e�d� �)� �|� �~� �(� �°�P�.�.� �a�c�t�u�a�l� �)� �°� �+� �(� �S�P�.� �m�a�t� �(�5�.�4�)� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �e�r�r�o�r� �e�x�a�m�i�n�a�t�i�o�n�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �A�p�p�e�n�d�i�x� �1�.� �I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� 

�r�e�a�l�i�z�e� �t�h�a�t� �t�h�e�s�e� �r�e�s�u�l�t�s� �a�r�e� �m�o�s�t� �l�i�k�e�l�y� �m�o�r�e� �q�u�a�l�i�t�a�t�i�v�e� �t�h�a�n� �q�u�a�n�t�i�t�a�t�i�v�e�.� �T�h�a�t� �i�s�,� �t�h�e� 

�r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �g�e�n�e�r�a�l� �m�a�g�n�i�t�u�d�e�s� �a�n�d� �e�r�r�o�r� �t�r�e�n�d�s� �m�o�r�e� �t�h�a�n� �t�h�e�y� �r�e�p�r�e�s�e�n�t� �e�x�a�c�t� �e�r�r�o�r�s� 

�w�h�i�c�h� �w�i�l�l� �b�e� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �t�h�e� �a�p�p�l�i�e�d� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�.� 

�5�.�2�.�1� �D�e�p�t�h� 
�F�i�g�u�r�e�s� �5�.�2� �a�n�d� �5�.�3� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �d�e�p�t�h� �o�n� �t�h�e� �t�o�t�a�l� �e�r�r�o�r� �o�f� �t�h�e� �p�o�s�i�t�i�o�n�i�n�g� 

�s�y�s�t�e�m� �a�s� �t�h�e� �m�o�b�i�l�e� �r�o�b�o�t� �c�i�r�c�u�m�s�c�r�i�b�e�s� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l� �w�a�l�l�.� �N�o�t�e� �t�h�a�t� 

�o�n�l�y� �1�8�0�°� �o�f� �t�r�a�v�e�l� �i�s� �d�i�s�p�l�a�y�e�d�.� �T�h�i�s� �i�s� �s�i�m�p�l�y� �d�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� 

�a�r�e� �e�q�u�a�l�l�y� �s�p�a�c�e�d� �a�s� �i�n� �F�i�g�.� �5�.�1�,� �a�n�d� �s�o� �t�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�y�m�m�e�t�r�i�c�a�l� �a�b�o�u�t� �t�h�e� �1�8�0�°� 

�p�o�s�i�t�i�o�n�.� �A�d�d�i�t�i�o�n�a�l�l�y�,� �F�i�g�s�.� �5�.�4�,� �5�.�5� �s�h�o�w� �t�h�e� �r�a�d�i�a�l� �a�n�d� �d�e�p�t�h� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �t�o�t�a�l� 

�e�r�r�o�r� �a�t� �a� �d�e�p�t�h� �o�f� �7�.�5� �m�.� �T�h�i�s� �i�s� �a� �s�t�a�n�d�a�r�d� �d�e�p�t�h� �w�h�i�c�h� �i�s� �u�s�e�d� �a�s� �a� �b�a�s�e� �o�f� �c�o�m�p�a�r�i�s�o�n� 

�f�o�r� �o�t�h�e�r� �e�r�r�o�r� �e�f�f�e�c�t�s� �d�u�e� �t�o� �v�a�r�i�a�t�i�o�n�s� �i�n� �o�t�h�e�r� �p�a�r�a�m�e�t�e�r�s�.� �T�h�i�s� �d�e�p�t�h� �w�a�s� �c�h�o�s�e�n� �a�s� �a� 

�S�t�a�n�d�a�r�d� �s�i�n�c�e� �i�t� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�h�e� �m�a�x�i�m�u�m� �d�e�p�t�h� �b�e�l�o�w� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r� �p�l�a�n�e� �a�t� 

�w�h�i�c�h� �t�h�e� �m�o�b�i�l�e� �r�o�b�o�t� �i�s� �e�x�p�e�c�t�e�d� �t�o� �o�p�e�r�a�t�e�.� 

�5�.�2�.�2� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r� �A�r�r�a�y� �O�r�i�e�n�t�a�t�i�o�n� 
�U�n�l�e�s�s� �o�t�h�e�r�w�i�s�e� �n�o�t�e�d�,� �a�l�l� �e�x�a�m�i�n�a�t�i�o�n�s� �a�r�e� �b�a�s�e�d� �u�p�o�n� �a� �s�t�a�n�d�a�r�d� �v�e�r�t�i�c�a�l� �t�r�a�n�s�c�e�i�v�e�r� 

�a�r�r�a�n�g�e�m�e�n�t� �(�s�e�e� �A�p�p�e�n�d�i�x� �2�,� �L�o�c�a�l� �P�o�s�i�t�i�o�n�s� �o�f� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r�s� �-� �I�n�d�e�x� �A�)�.� 

�H�o�w�e�v�e�r�,� �F�i�g�s�.� �5�.�6�-�5�.�9� �m�a�y� �b�e� �c�o�m�p�a�r�e�d� �t�o� �F�i�g�s�.� �5�.�2�-�5�.�5� �i�n� �o�r�d�e�r� �t�o� �d�i�s�c�e�r�n� �t�h�e� 

�s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �o�r�i�e�n�t�a�t�i�o�n�.� �T�h�e� �e�r�r�o�r�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� 

�h�o�r�i�z�o�n�t�a�l� �o�r�i�e�n�t�a�t�i�o�n� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �t�h�e� �f�o�r�m�e�r�,� �w�h�i�l�e� �e�r�r�o�r�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �v�e�r�t�i�c�a�l� 

�o�r�i�e�n�t�a�t�i�o�n� �a�r�e� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �t�h�e� �l�a�t�t�e�r�.� 

�A�l�s�o� �n�o�t�e� �t�h�a�t� �e�a�c�h� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m� �i�n�c�o�r�p�o�r�a�t�e�s� 
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�F�i�g�u�r�e� �5�.�3�1� �E�f�f�e�c�t�s� �o�f� �d�e�c�r�e�a�s�i�n�g� �t�h�e� �o�p�e�r�a�t�i�n�g� �r�a�d�i�u�s� �o�f� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �f�r�o�m� �t�h�e� �s�t�a�n�d�a�r�d� 
�1�.�5� �m�t�o� �1�.�0� �m�.� �R�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �a�t� �a� �d�e�p�t�h� �o�f� �7�.�5� �m� �f�o�r� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m�.� 

�S�i�m�u�l�a�t�i�o�n� �o�f� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �5�4



�6�.� �F�u�t�u�r�e� �W�o�r�k� 

�6�.�1� �T�e�s�t�i�n�g� 

�T�h�e� �l�o�g�i�c�a�l� �n�e�x�t� �s�t�e�p� �i�n� �t�h�e� �c�r�e�a�t�i�o�n� �o�f� �a� �f�u�n�c�t�i�o�n�i�n�g� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m� �i�s� �t�o� �u�s�e� 

�t�h�e� �m�e�t�h�o�d�s� �e�s�t�a�b�l�i�s�h�e�d� �a�n�d� �d�i�s�c�u�s�s�e�d� �w�i�t�h�i�n� �t�h�i�s� �w�o�r�k� �t�o� �t�e�s�t� �t�h�e� �M�a�r�q�u�e�s�t� �t�r�a�n�s�c�e�i�v�e�r�s�.� 

�A�l�t�h�o�u�g�h� �s�i�g�n�i�f�i�c�a�n�t� �c�o�n�s�i�d�e�r�a�t�i�o�n� �h�a�s� �b�e�e�n� �g�i�v�e�n� �t�o� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l�i�n�g� �p�r�e�s�e�n�t�e�d� 

�h�e�r�e�,� �o�n�l�y� �a�c�t�u�a�l� �t�e�s�t�i�n�g� �w�i�l�l� �p�r�o�v�i�d�e� �a� �t�r�u�e� �m�e�a�s�u�r�e� �o�f� �t�h�e� �p�o�s�i�t�i�o�n�i�n�g� �d�e�s�i�g�n�s �� 

�e�f�f�e�c�t�i�v�e�n�e�s�s�.� 

�6�.�2� �S�y�s�t�e�m� �A�l�t�e�r�a�t�i�o�n�s� 

�6�.�2�.�1� �R�e�d�u�c�t�i�o�n� �o�f� �F�i�x�e�d� �T�r�a�n�s�c�e�i�v�e�r�s� 
�B�y� �e�x�a�m�i�n�i�n�g� �t�h�e� �b�a�l�a�n�c�e� �o�f� �u�n�k�n�o�w�n�s� �t�o� �s�y�s�t�e�m� �e�q�u�a�t�i�o�n�s�,� �i�t� �w�a�s� �s�h�o�w�n� �t�h�a�t� �l�e�s�s� �t�h�a�n� 

�t�h�r�e�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �p�r�o�b�l�e�m�.� �T�h�i�s� 

�a�p�p�l�i�e�s� �t�o� �b�o�t�h� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m� �w�h�i�c�h� �u�s�e�s� �t�w�o� �i�n�c�l�i�n�o�m�e�t�e�r�s�,� �a�n�d� �t�o� �t�h�e� 

�i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m� �w�h�i�c�h� �s�o�l�v�e�s� �f�o�r� �a�l�l� �t�h�r�e�e� �o�f� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �a�n�g�l�e�s�.� �T�h�i�s� 

�r�e�d�u�c�e�d� �t�r�a�n�s�c�e�i�v�e�r� �p�o�s�s�i�b�i�l�i�t�y� �m�a�y� �p�r�o�v�e� �u�s�e�f�u�l� �d�u�r�i�n�g� �o�p�e�r�a�t�i�o�n� �i�f�,� �f�o�r� �i�n�s�t�a�n�c�e�,� �o�n�e� �o�f� 

�t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� �s�h�o�u�l�d� �m�a�l�f�u�n�c�t�i�o�n�.� �T�h�e� �m�o�b�i�l�e� �p�l�a�t�f�o�r�m� �m�i�g�h�t� �s�t�i�l�l� �b�e� �a�b�l�e� �t�o� �f�i�n�i�s�h� 

�o�p�e�r�a�t�i�n�g� �w�i�t�h�i�n� �a� �p�a�r�t�i�c�u�l�a�r� �a�r�e�a� �w�h�i�l�e� �t�h�e� �d�e�f�e�c�t�i�v�e� �t�r�a�n�s�c�e�i�v�e�r� �i�s� �r�e�p�l�a�c�e�d�,� �s�a�v�i�n�g� 

�v�a�l�u�a�b�l�e� �i�n�s�p�e�c�t�i�o�n� �t�i�m�e�.� 

�A�d�d�i�t�i�o�n�a�l�l�y�,� �g�r�o�u�p�i�n�g� �t�w�o� �o�f� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s� �a�t� �a� �t�i�m�e� �a�n�d� �t�h�e�n� �s�o�l�v�i�n�g� �t�h�e� �s�y�s�t�e�m� 

�u�s�i�n�g� �t�h�i�s� �r�e�d�u�c�e�d� �a�r�r�a�y� �m�a�y� �p�r�o�v�e� �t�o� �b�e� �a� �u�s�e�f�u�l� �t�a�c�t�i�c�.� �E�a�c�h� �p�a�i�r�e�d� �g�r�o�u�p� �o�f� �f�i�x�e�d� 

�t�r�a�n�s�c�e�i�v�e�r�s� �c�o�u�l�d� �c�o�v�e�r� �o�n�e� �t�h�i�r�d� �o�f� �t�h�e� �i�n�t�e�r�i�o�r� �s�u�r�f�a�c�e� �o�f� �t�h�e� �r�e�a�c�t�o�r�,� �m�u�c�h� �l�i�k�e� �t�h�e� 

�E�a�r�t�h�'�s� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�a�t�e�l�l�i�t�e�s� �c�o�v�e�r� �s�e�l�e�c�t�e�d� �a�r�e�a�s� �o�f� �t�h�e� �p�l�a�n�e�t�.� �A�l�t�h�o�u�g�h� �t�h�e� �e�r�r�o�r� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�i�l�l� �b�e� �d�i�f�f�e�r�e�n�t� �t�h�a�n� �w�i�t�h� �a�l�l� �t�h�r�e�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s�,� �s�p�e�c�i�f�i�c� �p�a�r�a�m�e�t�e�r�s� 

�m�a�y� �p�r�o�v�e� �t�o� �b�e� �m�o�r�e� �a�c�c�u�r�a�t�e� �w�i�t�h� �t�h�i�s� �m�e�t�h�o�d�.� �I�n�i�t�i�a�l� �t�e�s�t�i�n�g� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �r�a�d�i�a�l� �e�r�r�o�r� 

�m�a�y� �b�e� �d�i�m�i�n�i�s�h�e�d� �s�l�i�g�h�t�l�y� �b�y� �t�h�i�s� �t�e�c�h�n�i�q�u�e�,� �p�a�r�t�i�c�u�l�a�r�l�y� �f�o�r� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� 

�s�y�s�t�e�m�.� 

�6�.�2�.�2� �H�a�r�m�o�n�i�c� �M�e�a�n� 
�F�o�r� �b�o�t�h� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m�'�s� �c�o�m�p�e�n�s�a�t�i�o�n� �s�c�h�e�m�e� �a�n�d� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� 

�v�e�l�o�c�i�t�y� �s�y�s�t�e�m�'�s� �e�v�a�l�u�a�t�i�o�n� �o�f� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s�,� �a�n� �a�v�e�r�a�g�i�n�g� �t�e�c�h�n�i�q�u�e� �w�a�s� 

�u�t�i�l�i�z�e�d�.� �T�h�e�r�e� �i�s� �s�o�m�e� �s�u�p�p�o�r�t� �f�o�r� �t�h�e� �u�s�e� �o�f� �t�h�e� �h�a�r�m�o�n�i�c� �m�e�a�n� �i�n�s�t�e�a�d�,� �a�s� �d�e�f�i�n�e�d� �b�y� 

�E�q�.� �6�.�1�.� 

�F�u�t�u�r�e� �W�o�r�k� �5�5



�T�h�e� �h�a�r�m�o�n�i�c� �m�e�a�n� �b�e�t�w�e�e�n� �t�w�o� �v�a�l�u�e�s� �x� �a�n�d� �y� �i�s� �d�e�f�i�n�e�d� �a�s�:� 

�H�M�.� �=�=� �2�%� �(�6�.�1�)� � � � � 

�T�h�e� �r�e�a�s�o�n� �b�e�h�i�n�d� �u�s�i�n�g� �t�h�e� �h�a�r�m�o�n�i�c� �m�e�a�n� �i�n�s�t�e�a�d� �o�f� �a� �s�t�r�a�i�g�h�t� �a�v�e�r�a�g�e� �i�s� �b�e�s�t� �i�l�l�u�s�t�r�a�t�e�d� 

�b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e�:� 

�G�i�v�e�n� �t�w�o� �t�r�a�n�s�c�e�i�v�e�r�s� �s�e�p�a�r�a�t�e�d� �b�y� �a� �d�i�s�t�a�n�c�e� �a�b�+�b�c� �w�h�e�r�e� �t�h�e� �s�p�e�e�d� �o�f� �s�o�u�n�d� �i�s� �v�,� 

�b�e�t�w�e�e�n� �p�o�s�i�t�i�o�n�s� �a� �a�n�d� �b�,� �a�n�d� �v�,�.� �b�e�t�w�e�e�n� �p�o�s�i�t�i�o�n�s� �b� �a�n�d� �c�:� 

�a� �b� 

�V�a�b� �|� �V�b� 

�©� � � �@
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�t
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� 

�F�i�g�u�r�e� �6�.�1� �V�e�l�o�c�i�t�i�e�s� �b�e�t�w�e�e�n� �t�r�a�n�s�c�e�i�v�e�r�s�.� 

�T�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�y� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �t�r�a�n�s�c�e�i�v�e�r�s� �a�s� �c�a�l�c�u�l�a�t�e�d� �b�y� �a�n� �a�v�e�r�a�g�e� �i�s�:� 

 �� �Y�a�p� �+� �V�o�c� �V�a�v�g� �>� 

�T�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�y� �c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�e� �h�a�r�m�o�n�i�c� �m�e�a�n� �i�s�:� 

�_� �2�V�a�V�i� 
�Y�i�n�g� �=� 

�+�Y�V�,� �V�i�b� �T� �V�i�b�e� 

�T�h�e� �t�r�u�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�y� �i�s�:� 

�_�a�b�+�b�e� �_� �v�,�.�v�,�,�(�a�b�+�b�c�)� 
�+�b� �v�i� �b�e�t�+�v�a�b� 
� � 

�t�r�u�e� 

�I�f� �a�b� �=� �b�e� �t�h�e�n� �V�i�n�g� �=� �V�i�n�e� �-� 

�A�s� �a� �n�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e�,� �i�f� �a�b�=�b�c�=�4� �m�,� �v�,�=� �1�4�0�0� �m�/�s�,� �a�n�d� �v�,�,�=� �1�5�0�0� �m�/�s�,� �t�h�e�n� �t�h�e� 

�a�v�e�r�a�g�e� �e�v�a�l�u�a�t�e�d� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�y� �w�o�u�l�d� �b�e� �1�4�5�0�.�0�0�,� �w�h�i�l�e� �t�h�e� �h�a�r�m�o�n�i�c� �m�e�a�n� �a�n�d� 

�t�r�u�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s� �w�o�u�l�d� �b�e� �1�4�4�8�.�2�8� �m�/�s�.� 

�T�h�i�s� �m�e�t�h�o�d� �w�a�s� �e�x�a�m�i�n�e�d� �f�o�r� �b�o�t�h� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�n�d� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y� 

�s�y�s�t�e�m�s�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� �t�h�e� �h�a�r�m�o�n�i�c� �m�e�a�n� �e�r�r�o�r� �r�e�s�u�l�t�s� �a�n�d� �t�h�e� �a�v�e�r�a�g�i�n�g� 

�F�u�t�u�r�e� �W�o�r�k� �5�6



�m�e�t�h�o�d� �r�e�s�u�l�t�s� �w�e�r�e� �i�n�s�i�g�n�i�f�i�c�a�n�t�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �m�a�y� �s�i�m�p�l�y� �b�e� �a� �p�r�o�d�u�c�t� �o�f� �t�h�e� �m�o�d�e�l� 

�i�t�s�e�l�f�.� �T�h�e� �u�s�e� �o�f� �t�h�e� �h�a�r�m�o�n�i�c� �m�e�a�n� �s�h�o�u�l�d� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �f�u�t�u�r�e� �t�e�s�t�i�n�g� �o�f� �t�h�e� �a�c�t�u�a�l� 

�s�y�s�t�e�m�,� �a�n�d� �t�h�e� �n�e�c�e�s�s�a�r�y� �a�l�t�e�r�a�t�i�o�n�s� �a�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n� �t�h�e� �c�o�m�p�u�t�e�r� �c�o�d�e� �o�f� �A�p�p�e�n�d�i�c�e�s� 

�4�a� �a�n�d� �4�b� �t�o� �f�a�c�i�l�i�t�a�t�e� �t�h�i�s� �e�x�a�m�i�n�a�t�i�o�n�.� 

�6�.�2�.�3� �S�y�s�t�e�m� �C�o�m�b�i�n�a�t�i�o�n�s� 
�I�n� �s�o�m�e� �c�a�s�e�s� �t�h�e� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �c�o�m�p�o�n�e�n�t� �f�r�o�m� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m� 

�s�o�l�u�t�i�o�n� �m�a�y� �b�e� �l�e�s�s� �t�h�a�n� �f�r�o�m� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m�.� �T�h�i�s� �s�i�t�u�a�t�i�o�n� �m�a�y� �b�e� 

�u�s�e�d� �t�o� �c�r�e�a�t�e� �a�n� �o�v�e�r�a�l�l� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s� �w�i�t�h� �i�s� �a�n� �a�m�a�l�g�a�m�a�t�i�o�n� �o�f� �t�h�e� �t�w�o� �b�a�s�i�c� 

�s�y�s�t�e�m�s�.� �F�o�r� �i�n�s�t�a�n�c�e�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �s�o�l�v�e� �f�o�r� �p�o�s�i�t�i�o�n�i�n�g� �u�t�i�l�i�z�i�n�g� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� 

�v�e�l�o�c�i�t�y� �s�c�h�e�m�e�,� �r�e�t�a�i�n�i�n�g� �t�h�e� �r�o�t�a�t�i�o�n� �a�n�g�l�e�s� �a�n�d� �t�h�e� �d�e�p�t�h� �r�e�s�u�l�t�s�.� �T�h�e�s�e� �v�a�l�u�e�s� �c�o�u�l�d� 

�t�h�e�n� �b�e� �f�e�d� �i�n�t�o� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m� �(�s�i�g�n�i�f�i�c�a�n�t�l�y� �r�e�d�u�c�i�n�g� �t�h�e� �u�n�k�n�o�w�n�s�)�,� 

�w�h�i�c�h� �m�i�g�h�t� �t�h�e�n� �r�e�t�u�r�n� �a�n� �a�n�g�u�l�a�r� �p�o�s�i�t�i�o�n� �a�n�d� �r�a�d�i�u�s� �t�h�a�t� �i�s� �m�o�r�e� �a�c�c�u�r�a�t�e� �t�h�a�n� �w�o�u�l�d� 

�b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �e�i�t�h�e�r� �s�y�s�t�e�m� �a�l�o�n�e�.� 

�T�h�i�s� �s�e�q�u�e�n�t�i�a�l� �p�r�o�c�e�s�s� �m�a�y� �a�l�s�o� �b�e� �c�a�r�r�i�e�d� �o�u�t� �w�i�t�h�i�n� �o�n�e� �s�y�s�t�e�m�.� �F�o�r� �i�n�s�t�a�n�c�e�,� �a�s� �i�s� 

�e�v�i�d�e�n�c�e�d� �b�y� �F�i�g�.� �5�.�2�3�,� �t�h�e� �d�e�p�t�h� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r� �o�f� �3� �i�s� 

�r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l�.� �A�l�s�o�,� �t�h�e� �r�a�d�i�a�l� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r� �o�f� �1� �i�s� �t�h�e� 

�s�m�a�l�l�e�s�t� �c�o�n�t�r�i�b�u�t�o�r� �o�f� �e�r�r�o�r� �f�o�r� �t�h�a�t� �s�o�l�u�t�i�o�n�.� �S�o� �t�h�e� �s�y�s�t�e�m� �c�o�u�l�d� �b�e� �r�u�n� �w�i�t�h� �c�=�3�,� 

�r�e�t�a�i�n�i�n�g� �t�h�e� �d�e�p�t�h� �r�e�s�u�l�t�s�,� �a�n�d� �t�h�e�n� �r�u�n� �a�g�a�i�n� �w�i�t�h� �c� �=� �1� �t�o� �o�b�t�a�i�n� �a� �r�a�d�i�a�l� �m�e�a�s�u�r�e�m�e�n�t�.� 

�I�n�i�t�i�a�l� �t�e�s�t�i�n�g� �o�f� �t�h�e�s�e� �m�e�t�h�o�d�s� �h�a�s� �s�h�o�w�n� �p�r�o�m�i�s�e�,� �a�n�d� �s�h�o�u�l�d� �b�e� �i�n�v�e�s�t�i�g�a�t�e�d� �f�u�r�t�h�e�r�.� 

�6�.�3� �T�e�m�p�e�r�a�t�u�r�e� �R�a�n�g�e� �R�e�s�t�r�i�c�t�i�o�n�s� 

�M�o�s�t� �p�r�e�v�i�o�u�s� �u�n�d�e�r�w�a�t�e�r� �a�c�o�u�s�t�i�c� �w�o�r�k� �h�a�s� �f�o�c�u�s�e�d� �o�n� �t�h�e� �n�a�t�u�r�a�l� �e�n�v�i�r�o�n�m�e�n�t�,� �a�n�d� 

�t�h�u�s� �t�h�e� �e�m�p�i�r�i�c�a�l� �f�o�r�m�u�l�a�e� �w�h�i�c�h� �c�a�l�c�u�l�a�t�e� �t�h�e� �s�o�u�n�d� �v�e�l�o�c�i�t�y� �(�s�u�c�h� �a�s� �M�e�d�w�i�n�'�s�)� �h�a�v�e� 

�o�n�l�y� �b�e�e�n� �a�c�c�u�r�a�t�e�l�y� �d�e�f�i�n�e�d� �w�i�t�h�i�n� �t�h�e� �s�c�o�p�e� �o�f� �n�a�t�u�r�a�l�l�y� �o�c�c�u�r�r�i�n�g� �t�e�m�p�e�r�a�t�u�r�e�s�.� �U�n�t�i�l� 

�r�e�c�e�n�t�l�y�,� �t�h�i�s� �r�e�s�t�r�i�c�t�i�o�n� �h�a�s� �b�e�e�n� �i�n�c�o�n�s�e�q�u�e�n�t�i�a�l�.� �N�o�w�,� �h�o�w�e�v�e�r�,� �a�n� �e�m�p�i�r�i�c�a�l� �f�o�r�m�u�l�a� 

�w�h�i�c�h� �r�e�l�a�t�e�s� �t�h�e� �v�e�l�o�c�i�t�y� �o�f� �s�o�u�n�d� �t�o� �t�e�m�p�e�r�a�t�u�r�e�s� �a�b�o�v�e� �3�5�°�C� �i�s� �d�e�s�i�r�a�b�l�e�,� �a�n�d� �h�a�s� �a�n� 

�a�p�p�l�i�c�a�t�i�o�n�.� 

�S�o�m�e� �o�f� �t�h�e� �s�y�s�t�e�m� �e�x�a�m�i�n�a�t�i�o�n�s� �o�f� �t�h�i�s� �w�o�r�k� �w�e�r�e� �d�o�n�e� �a�t� �t�e�m�p�e�r�a�t�u�r�e�s� �b�e�y�o�n�d� �t�h�e� 

�s�p�e�c�i�f�i�e�d� �b�o�u�n�d�a�r�y� �o�f� �M�e�d�w�i�n�'�s� �f�o�r�m�u�l�a� �i�n� �o�r�d�e�r� �t�o� �m�o�r�e� �c�l�o�s�e�l�y� �m�o�d�e�l� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e�s� 

�w�h�i�c�h� �a�r�e� �e�x�p�e�c�t�e�d� �w�i�t�h�i�n� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �r�e�s�u�l�t�i�n�g� �v�e�l�o�c�i�t�y� 
�d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �t�h�e� �e�x�a�m�i�n�e�d� �s�y�s�t�e�m�s� �m�a�y� �n�o�t� �r�e�p�r�e�s�e�n�t� �t�h�e� �e�f�f�e�c�t�s� �o�f� �e�x�a�c�t� �l�i�n�e�a�r� �a�n�d� 

�p�a�r�a�b�o�l�i�c� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s�.� �H�o�w�e�v�e�r�,� �s�i�n�c�e� �t�h�e� �g�o�a�l� �w�a�s� �s�i�m�p�l�y� �t�o� �a�p�p�r�o�x�i�m�a�t�e� 

�F�u�t�u�r�e� �W�o�r�k� �5�7



�t�h�e� �v�e�s�s�e�l� �w�a�t�e�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �i�n� �o�r�d�e�r� �t�o� �c�r�e�a�t�e� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s� �w�h�i�c�h� �w�o�u�l�d� �b�e� 

�d�e�t�r�i�m�e�n�t�a�l� �t�o� �t�h�e� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�,� �t�h�e� �e�n�d� �r�e�s�u�l�t� �i�s� �b�a�s�i�c�a�l�l�y� �t�h�e� �s�a�m�e�.� 

�6�.�4� �C�o�d�e� �O�p�t�i�m�i�z�a�t�i�o�n� 

�A�l�t�h�o�u�g�h� �c�o�n�s�i�d�e�r�a�b�l�e� �e�f�f�o�r�t� �h�a�s� �b�e�e�n� �m�a�d�e� �t�o� �p�r�o�d�u�c�e� �c�o�d�e� �w�h�i�c�h� �i�s� �v�e�r�s�a�t�i�l�e� �a�n�d� �e�a�s�i�l�y� 

�a�p�p�l�i�e�d� �t�o� �t�h�e� �f�u�n�c�t�i�o�n�i�n�g� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�,� �i�t� �i�s� �b�y� �n�o� �m�e�a�n�s� �o�p�t�i�m�a�l�.� �T�h�e�r�e� �a�r�e� 

�a� �n�u�m�b�e�r� �o�f� �a�r�e�a�s� �w�h�i�c�h� �m�i�g�h�t� �b�e�n�e�f�i�t� �f�r�o�m� �t�h�e� �s�c�r�u�t�i�n�i�z�a�t�i�o�n� �o�f� �a� �m�o�r�e� �e�x�p�e�r�i�e�n�c�e�d� 

�c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�m�e�r�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �w�h�i�c�h� �s�e�e�d�s� �t�h�e� �N�e�w�t�o�n�i�a�n� �s�e�a�r�c�h� �w�i�t�h� �a�n� �i�n�i�t�i�a�l� 

�g�u�e�s�s� �i�s� �o�n�e� �e�x�a�m�p�l�e�.� �I�t� �i�s� �c�u�r�r�e�n�t�l�y� �d�e�s�i�g�n�e�d� �f�o�r� �s�i�m�u�l�a�t�i�o�n� �t�e�s�t�i�n�g�,� �a�n�d� �w�i�l�l� �n�e�e�d� �w�o�r�k� 

�b�e�f�o�r�e� �i�t� �i�s� �c�o�m�p�l�e�t�e�l�y� �p�r�e�p�a�r�e�d� �f�o�r� �r�e�a�l� �o�p�e�r�a�t�i�o�n� �o�f� �t�h�e� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�.� 
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�7�.� �C�o�n�c�l�u�s�i�o�n� 

�E�s�s�e�n�t�i�a�l�l�y� �t�w�o� �s�e�p�a�r�a�t�e� �b�u�t� �r�e�l�a�t�e�d� �p�o�s�i�t�i�o�n�i�n�g� �m�e�t�h�o�d�s� �h�a�v�e� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �w�o�r�k�.� 

�T�h�e� �f�i�r�s�t� �w�a�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�c�h�e�m�e� �w�h�i�c�h� �r�e�d�u�c�e�d� �t�h�e� �s�y�s�t�e�m� �u�n�k�n�o�w�n�s� �b�y� 

�a�p�p�r�o�x�i�m�a�t�i�n�g� �s�i�m�i�l�a�r� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s� �a�s� �e�q�u�a�l�.� �T�h�e� �s�e�c�o�n�d� �w�a�s� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� 

�v�e�l�o�c�i�t�y� �s�c�h�e�m�e� �w�h�i�c�h� �u�s�e�d� �c�a�l�c�u�l�a�t�e�d� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� 

�v�e�l�o�c�i�t�i�e�s�.� �B�o�t�h� �u�t�i�l�i�z�e� �o�r�i�g�i�n�a�l� �a�p�p�r�o�a�c�h�e�s� �t�o� �t�h�e� �d�e�s�i�g�n� �o�f� �a� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�.� 

�T�h�e� �p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �w�e�r�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e�s�e� �s�y�s�t�e�m�s� �w�e�r�e� �d�i�s�c�u�s�s�e�d�,� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�a�s�s�o�c�i�a�t�e�d� �e�r�r�o�r�s� �w�e�r�e� �e�x�a�m�i�n�e�d�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y� �a�p�p�r�o�a�c�h� �p�r�o�v�e�d� �t�o� 

�b�e� �m�o�r�e� �a�c�c�u�r�a�t�e� �a�n�d� �l�e�s�s� �s�e�n�s�i�t�i�v�e� �t�o� �e�r�r�o�r�s�.� �H�o�w�e�v�e�r�,� �a�s� �p�r�e�s�e�n�t�e�d� �i�n� �S�e�c�t�i�o�n� �6�.�2�.�3� 

�t�h�e�r�e� �i�s� �p�r�o�m�i�s�e� �f�o�r� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�a�c�h�,� �e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �o�p�e�r�a�t�i�n�g� �i�n� 

�c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m�.� 

�A�l�t�h�o�u�g�h� �t�h�i�s� �w�o�r�k� �h�a�s� �b�e�e�n� �l�a�r�g�e�l�y� �t�h�e�o�r�e�t�i�c�a�l�,� �t�h�e� �p�r�o�c�e�s�s�e�s� �d�e�s�i�g�n�e�d� �h�e�r�e� �a�r�e� �i�n�t�e�n�d�e�d� 

�f�o�r� �a�c�t�u�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �i�n� �a�n� �i�n�d�u�s�t�r�i�a�l� �e�n�v�i�r�o�n�m�e�n�t�.� �T�o� �t�h�i�s� �e�n�d�,� �e�v�e�r�y� �e�f�f�o�r�t� �h�a�s� �b�e�e�n� 

�m�a�d�e� �t�o� �m�o�d�e�l� �t�h�e� �e�f�f�e�c�t�s� �o�f� �r�e�a�l�i�t�y� �a�n�d� �t�o� �p�r�e�p�a�r�e� �t�h�e� �c�o�m�p�u�t�e�r� �c�o�d�e� �f�o�r� �u�s�e� �w�i�t�h�i�n� �t�h�e� 

�a�p�p�l�i�e�d� �s�y�s�t�e�m�.� �H�o�w�e�v�e�r�,� �i�t� �m�u�s�t� �b�e� �s�t�r�e�s�s�e�d� �t�h�a�t� �o�n�l�y� �a�c�t�u�a�l� �t�e�s�t�i�n�g� �o�f� �t�h�e�s�e� �g�l�o�b�a�l� 

�p�o�s�i�t�i�o�n�i�n�g� �s�y�s�t�e�m�s� �w�i�l�l� �u�l�t�i�m�a�t�e�l�y� �d�e�t�e�r�m�i�n�e� �t�h�e� �b�e�s�t� �t�e�c�h�n�i�q�u�e�s� �a�n�d� �t�h�e� �r�e�s�u�l�t�i�n�g� �e�r�r�o�r�s�.� 

�T�h�i�s� �t�e�s�t�i�n�g� �i�s� �s�l�a�t�e�d� �t�o� �b�e�g�i�n� �a�t� �t�h�e� �e�n�d� �o�f� �M�a�y�,� �1�9�9�3�.� 

�C�o�n�c�l�u�s�i�o�n� �5�9



�8�.� �R�e�f�e�r�e�n�c�e�s� 

�1�.� �B�u�r�d�i�c�,� �W�i�l�l�i�a�m� �S�.�,� �1�9�8�4�,� �"�U�n�d�e�r�w�a�t�e�r� �A�c�o�u�s�t�i�c� �S�y�s�t�e�m� �A�n�a�l�y�s�i�s�"�,� �P�r�e�n�t�i�c�e�-�H�a�l�l� 
�I�n�c�.�,� �N�J�.� 

�2�.� �C�a�t�i�p�o�v�i�c�,� �J�o�s�k�o� �A�.�,� �F�r�e�i�t�a�g�,� �L�e�e� �E�.�,� �1�9�9�0�,� �"�H�i�g�h� �D�a�t�a� �R�a�t�e� �A�c�o�u�s�t�i�c� �T�e�l�e�m�e�t�r�y� 
�f�o�r� �M�o�v�i�n�g� �R�O�V�s� �i�n� �a� �F�a�d�i�n�g� �M�u�l�t�i�p�a�t�h� �S�h�a�l�l�o�w� �W�a�t�e�r� �E�n�v�i�r�o�m�e�n�t�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� 
�S�y�m�p�o�s�i�u�m� �o�n� �A�u�t�o�n�o�m�o�u�s� �U�n�d�e�r�w�a�t�e�r� �V�e�h�i�c�l�e� �T�e�c�h�n�o�l�o�g�y�"�,� �I�E�E�E�,� �W�a�s�h�i�n�g�t�o�n�,� �D�C�.� 

�3�.� �C�o�o�k�,� �P�e�t�e�r� �L�.�,� �1�9�8�0�,� �"�M�o�n�i�t�o�r�i�n�g� �t�h�e� �3�-�D�i�m�e�n�s�i�o�n�a�l� �P�o�s�i�t�i�o�n� �a�n�d� �3�-�A�x�i�s� 
�R�o�t�a�t�i�o�n� �o�f� �S�u�b�m�e�r�g�e�d� �S�t�r�u�c�t�u�r�e�s�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �E�u�r�o�p�e�a�n� �O�f�f�s�h�o�r�e� �P�e�t�r�o�l�e�u�m� 
�C�o�n�f�e�r�e�n�c�e� �a�n�d� �E�x�h�i�b�i�t�i�o�n�,� �V�o�l�.� �1�,� �E�a�r�l�s� �C�o�u�r�t�,� �L�o�n�d�o�n�.� 

�4�.� �G�o�r�d�o�n�,� �A�l�a�n�,� �1�9�9�2�,� �"�U�s�e� �o�f� �L�a�s�e�r� �S�c�a�n�n�i�n�g� �S�y�s�t�e�m� �o�n� �M�o�b�i�l�e� �U�n�d�e�r�w�a�t�e�r� 
�P�l�a�t�f�o�r�m�s�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �S�y�m�p�o�s�i�u�m� �o�n� �A�u�t�o�n�o�m�o�u�s� �U�n�d�e�r�w�a�t�e�r� �V�e�h�i�c�l�e� 
�T�e�c�h�n�o�l�o�g�y�,� �I�E�E�E�,� �W�a�s�h�i�n�g�t�o�n�,� �D�C�.� 

�5�.� �H�i�c�k�s�,� �J�.� �A�.�,� �M�e�t�t�e�r�t�,� �P�.� �M�.�,� �M�o�r�g�a�n�,� �M�.� �J�.�,� �1�9�7�8�,� �"�A�c�o�u�s�t�i�c�s� �T�e�c�h�n�o�l�o�g�y� �f�o�r� 
�O�c�e�a�n� �E�n�g�i�n�e�e�r�i�n�g�"�,� �O�c�e�a�n� �R�e�s�o�u�r�c�e�s� �E�n�g�i�n�e�e�r�i�n�g�,� �V�o�l�.� �1�2�,� �N�o�.� �3�,� �p�p�.� �1�1�-�2�2�.� 

�6�.� �H�i�m�m�e�l�b�l�a�u�,� �D�a�v�i�d� �M�.�,� �1�9�7�2�,�  ��A�p�p�l�i�e�d� �N�o�n�l�i�n�e�a�r� �P�r�o�g�r�a�m�m�i�n�g�"�,� �M�c�G�r�a�w�-�H�i�l�l�,� 
�I�n�c�.� 

�7�.� �L�e�e�,� �P�.�M�.�,� �L�e�e� �J�.�S�.�,� �H�o�n�g�,� �S�.�W�.�,� �1�9�9�2�,� �"�E�x�p�e�r�i�m�e�n�t�a�l� �S�t�u�d�y� �o�f� �a� �P�o�s�i�t�i�o�n� �C�o�n�t�r�o�l� 
�S�y�s�t�e�m� �f�o�r� �R�O�V�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �S�e�c�o�n�d� �I�n�t�e�r�n�a�t�i�o�n�a�l� �O�f�f�s�h�o�r�e� �a�n�d� �P�o�l�a�r� 
�E�n�g�i�n�e�e�r�i�n�g� �C�o�n�f�e�r�e�n�c�e�,� �S�a�n� �F�r�a�n�c�i�s�c�o�,� �C�A�.� 

�8�.� �M�c�C�a�r�t�n�e�y�,� �B�.� �S�.�,� �1�9�8�1�,� �"�U�n�d�e�r�w�a�t�e�r� �A�c�o�u�s�t�i�c� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m�s�:� �S�t�a�t�e� �o�f� �t�h�e� 
�A�r�t� �a�n�d� �A�p�p�l�i�c�a�t�i�o�n�s� �i�n� �D�e�e�p� �W�a�t�e�r�"�,� �I�n�t�e�r�n�a�t�i�o�n�a�l� �H�y�d�r�o�g�r�a�p�h�i�c� �R�e�v�i�e�w�,� �L�V�I�I�I� �(�1�)�,� 
�M�o�n�a�c�o�.� 

�9�,� �M�e�d�w�i�n�,� �H�e�r�m�a�n�,� �1�9�7�5�,� �"�S�p�e�e�d� �o�f� �S�o�u�n�d� �i�n� �W�a�t�e�r�:� �A� �S�i�m�p�l�e� �E�q�u�a�t�i�o�n� �f�o�r� 
�R�e�a�l�i�s�t�i�c� �P�a�r�a�m�e�t�e�r�s�"�,� �Z�h�e� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�c�o�u�s�t�i�c�a�l� �S�o�c�i�e�t�y� �o�f� �A�m�e�r�i�c�a�,� �V�o�l�.� �5�8�,� �N�o�.� �4�,� 
�p�p�.� �1�3�1�7�,�1�3�1�8�.� 

�1�0�.� �M�i�l�n�e�,� �P�.�H�.�,� �1�9�8�3�,� �"�U�n�d�e�r�w�a�t�e�r� �A�c�o�u�s�t�i�c� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m�s�"�,� �E�.� �&� �F�.� �N�.� �S�p�o�n� 

�L�t�d�.�,� �L�o�n�d�o�n�.� 

�1�1�.� �M�i�l�n�e�,� �P�.� �H�.�,� �1�9�8�6�,� �"�O�f�f�s�h�o�r�e� �O�i�l� �A�p�p�l�i�c�a�t�i�o�n�s� �o�f� �S�o�n�a�r� �T�e�c�h�n�o�l�o�g�y�"�,� �M�a�r�i�n�e� 
�T�e�c�h�n�o�l�o�g�y� �S�o�c�i�e�t�y� �J�o�u�r�n�a�l�,� �V�o�l�.� �2�0�,� �N�o�.� �4�,� �p�p�.� �2�8�-�3�7�.� 

�1�2�.� �M�i�t�s�u�b�i�s�h�i� �H�e�a�v�y� �I�n�d�u�s�t�r�i�e�s�,� �L�t�d�.�,� �1�9�9�1�,� �"�A�d�v�a�n�c�e�d� �U�l�t�r�a�s�o�n�i�c� �T�e�s�t�i�n�g� �M�a�c�h�i�n�e� 
�f�o�r� �R�e�a�c�t�o�r� �V�e�s�s�e�l�"�,� �S�a�l�e�s� �a�n�d� �I�n�f�o�r�m�a�t�i�o�n� �B�r�o�c�h�u�r�e�,� �5�-�1�,� �M�a�r�u�n�o�u�c�h�i� �2�-�c�h�r�o�m�e�,� 
�C�h�i�y�o�d�a�-�k�u�,� �T�o�k�y�o� �1�0�0�,� �J�a�p�a�n�.� 

�1�3�.� �|� �N�e�w�m�a�n�,� �R�.� �V�.�,� �1�9�8�1�,� �"�T�h�e� �S�t�a�t�u�s� �o�f� �U�n�d�e�r�w�a�t�e�r� �A�c�o�u�s�t�i�c� �P�o�s�i�t�i�o�n�i�n�g�"�,� �O�f�f�s�h�o�r�e� 
�S�e�r�v�i�c�e�s� �a�n�d� �T�e�c�h�n�o�l�o�g�i�e�s�,� �V�o�l�.� �1�4�,� �N�o�.� �7�,� �p�p�.� �3�2�,�3�4�-�3�6�.� 

�R�e�f�e�r�e�n�c�e�s� �6�0



�1�4�.�  ��N�e�w� �S�u�b�s�e�a� �I�n�s�p�e�c�t�i�o�n� �S�y�s�t�e�m� �C�l�a�i�m�s� �A�c�o�u�s�t�i�c� �P�o�s�i�t�i�o�n�i�n�g� �B�r�e�a�k�t�h�r�o�u�g�h�"�,� 
�1�9�8�1�,� �O�f�f�s�h�o�r�e� �E�n�g�i�n�e�e�r�,� �N�o�.�3�4�,� �p�p�.�3�4�.� 

�1�5�.� �P�r�e�s�s�,� �W�.� �H�.�,� �F�l�a�n�n�e�r�y�,� �B�.� �P�.�,� �T�e�u�k�o�l�s�k�y�,� �S�.� �A�.�,� �V�e�t�t�e�r�l�i�n�g�,� �W�.� �T�.�,� �1�9�8�8�,� 
�"�N�u�m�e�r�i�c�a�l� �R�e�c�i�p�e�s� �i�n� �C�,� �T�h�e� �A�r�t� �o�f� �S�c�i�e�n�t�i�f�i�c� �C�o�m�p�u�t�i�n�g�"�,� �C�a�m�b�r�i�d�g�e� �U�n�i�v�e�r�s�i�t�y� �P�r�e�s�s�.� 

�1�6�.� �P�o�l�v�a�n�i�,� �D�a�v�i�d� �G�.�,� �1�9�8�4�,� �"�H�a�r�m�o�n�i�c� �M�e�a�n� �S�o�u�n�d� �S�p�e�e�d� �i�s� �A�d�e�q�u�a�t�e� �f�o�r� 
�T�r�a�n�s�p�o�n�d�e�r� �N�a�v�i�g�a�t�i�o�n�"�,� �O�c�e�a�n�s� �8�4� �P�r�o�c�e�e�d�i�n�g�s�,� �I�E�E�E�,� �V�o�l�.� �1�,� �p�p�.� �6�4�-�6�8�.� 

�1�7�.� �R�o�b�e�r�t�s�,� �J�.� �L�.�,� �D�e�S�i�l�v�i�s�,� �D�.� �J�.�,� �1�9�8�6�,� �"�N�e�w� �M�u�l�t�i�m�o�d�e� �A�c�o�u�s�t�i�c� �P�o�s�i�t�i�o�n�-� 
�R�e�f�e�r�e�n�c�e� �S�y�s�t�e�m�"�,� �O�c�e�a�n� �I�n�d�u�s�t�r�y�,� �V�o�l�.� �2�1�,� �N�o�.� �5�,� �p�p�.� �3�0�-�3�4�.� 

�1�8�.� �S�a�x�e�n�a�,� �N�.� �K�.�,� �T�u�c�k�e�r�,� �S�.� �P�.�,� �E�z�e�q�u�i�e�l�,� �A�.� �M�.�,� �K�u�m�a�r�,� �M�.�,� �1�9�8�7�,� �"�I�n�t�e�r�c�o�m�p�a�r�i�s�o�n� 
�o�f� �V�a�r�i�o�u�s� �G�P�S� �R�e�c�e�i�v�e�r�s� �f�o�r� �M�a�r�i�n�e� �P�o�s�i�t�i�o�n�i�n�g�"�,� �O�c�e�a�n�s� �8�7� �P�r�o�c�e�e�d�i�n�g�s�:� �T�h�e� �O�c�e�a�n�,� 
�a�n� �I�n�t�e�r�n�a�t�i�o�n�a�l� �W�o�r�k�p�l�a�c�e�,� �T�E�E�E�,� �V�o�l�.� �3�,� �p�p�.� �9�9�8�-�1�0�0�2�.� 

�1�9�.� �S�c�h�e�i�d�,� �F�r�a�n�c�i�s�,� �1�9�6�8�,�  ��S�c�h�a�u�m�'�s� �O�u�t�l�i�n�e� �o�f� �T�h�e�o�r�y� �a�n�d� �P�r�o�b�l�e�m�s� �o�f� �N�u�m�e�r�i�c�a�l� 
�A�n�a�l�y�s�i�s�"�,� �M�c�G�r�a�w�-�H�i�l�l�.� 

�2�0�.� �"�S�o�n�i�c� �H�i�g�h� �A�c�c�u�r�a�c�y� �a�n�d� �P�o�s�i�t�i�o�n�i�n�g� �S�y�s�t�e�m� �O�p�e�r�a�t�i�o�n� �a�n�d� �S�o�f�t�w�a�r�e� �M�a�n�u�a�l�"�,� 
�J�u�n�e� �1�9�9�2�,� �M�a�r�q�u�e�s�t� �G�r�o�u�p�,� �I�n�c�.� 

�2�1�.� �S�o�m�e�r�s�,� �T�a�g�o�r�e�,� �1�9�9�2�,� �"�M�o�b�i�l� �/� �M�a�r�q�u�e�s�t� �R�O�V� �D�y�n�a�m�i�c� �P�o�s�i�t�i�o�n�i�n�g� �T�r�i�a�l�s�"�,� 
�I�n�t�e�r�v�e�n�t�i�o�n�/�R�O�V� �9�2�:� �A� �D�e�c�a�d�e� �o�f� �A�c�h�i�e�v�e�m�e�n�t�,� �M�T�S�,� �p�p�.� �3�6�9�-�3�7�3�,� �S�a�n� �D�i�e�g�o�,� �C�A�.� 

�2�2�.� �S�o�m�e�r�s�,� �T�a�g�o�r�e�,� �1�9�9�3�,� �"�D�e�v�e�l�o�p�m�e�n�t� �o�f� �a�n� �U�n�d�e�r�w�a�t�e�r� �V�e�h�i�c�l�e� �f�o�r� �N�u�c�l�e�a�r� 
�A�p�p�l�i�c�a�t�i�o�n�s�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �A�N�S� �F�i�f�t�h� �T�o�p�i�c�a�l� �M�e�e�t�i�n�g� �o�n� �R�o�b�o�t�s� �a�n�d� �R�e�m�o�t�e� 
�S�y�s�t�e�m�s�,� �V�o�l�.� �2�,� �p�p�.� �7�0�7�-�7�1�1�,� �K�n�o�x�v�i�l�l�e�,� �T�N�.� 

�2�3�.� �U�r�i�c�k�,� �R�o�b�e�r�t� �J�.�,� �1�9�7�5�,� �"�P�r�i�n�c�i�p�l�e�s� �o�f� �U�n�d�e�r�w�a�t�e�r� �S�o�u�n�d�"�,� �R�e�v�i�s�e�d� �E�d�i�t�i�o�n�,� 
�M�c�G�r�a�w�-�H�i�l�l�,� �I�n�c�.� 

�2�4�.� �V�i�c�k�e�r�m�a�n�,� �D�a�v�i�d� �C�.�,� �1�9�9�3�,� �"�N�u�c�l�e�a�r� �E�n�e�r�g�y� �a�n�d� �R�O�V�s�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �A�N�S� 
�F�i�f�t�h� �T�o�p�i�c�a�l� �M�e�e�t�i�n�g� �o�n� �R�o�b�o�t�s� �a�n�d� �R�e�m�o�t�e� �S�y�s�t�e�m�s�,� �V�o�l�.� �2�,� �p�p�.� �7�1�3�-�7�2�3�,� �K�n�o�x�v�i�l�l�e�,� 
�T�N�.� 

�2�5�.� �W�o�o�d�,� �R�a�y�m�o�n�d�,� �1�9�8�6�,� �"�A�n� �U�n�d�e�r�w�a�t�e�r� �A�c�o�u�s�t�i�c� �P�o�s�i�t�i�o�n� �F�i�x�i�n�g� �S�y�s�t�e�m� �f�o�r� 
�P�r�e�c�i�s�e� �L�o�w� �R�a�n�g�e� �U�s�e�"�,� �P�r�o�c�e�e�d�i�n�g�s� �o�f� �t�h�e� �T�w�e�l�t�h� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�g�r�e�s�s� �o�n� 
�A�c�o�u�s�t�i�c�s ��,� �H�a�l�i�f�a�x�,� �N�o�v�a� �S�c�o�t�i�a�,� �C�a�n�a�d�a�.� 

�R�e�f�e�r�e�n�c�e�s� �6�1



�A�p�p�e�n�d�i�x� �1� 
�E�r�r�o�r� �T�r�e�n�d�s� �a�n�d� �R�e�s�u�l�t�s� 

�T�h�i�s� �i�s� �a� �c�o�m�p�i�l�a�t�i�o�n� �o�f� �t�h�e� �o�b�s�e�r�v�e�d� �e�r�r�o�r� �t�r�e�n�d�s� �a�n�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �f�o�r� �b�o�t�h� �t�h�e� 

�i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�y� �a�n�d� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �s�y�s�t�e�m�s�.� �T�h�e�s�e� �r�e�s�u�l�t�s� �w�e�r�e� �o�b�t�a�i�n�e�d� 

�f�r�o�m� �a�n� �e�x�a�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �g�r�a�p�h�s� �o�f� �c�h�a�p�t�e�r� �5� �a�n�d� �t�h�e� �d�a�t�a� �f�i�l�e�s� �o�f� �A�p�p�e�n�d�i�x� �3�.� 

�G�e�n�e�r�a�l� �T�r�e�n�d�s� 
�1�.� �L�a�r�g�e�s�t� �e�r�r�o�r�s� �o�c�c�u�r� �w�h�e�n� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �i�s� �s�i�t�u�a�t�e�d� �b�e�t�w�e�e�n� �e�a�c�h� �o�f� �t�h�e� 

�f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s�:� �@� �=� �6�0�°�,�1�8�0�°�,� �3�0�0�°�.� 

�2�.� �S�m�a�l�l�e�s�t� �e�r�r�o�r�s� �o�c�c�u�r� �w�h�e�n� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �i�s� �s�i�t�u�a�t�e�d� �d�i�r�e�c�t�l�y� �b�e�l�o�w� �e�a�c�h� 

�o�f� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s�:� �a�@� �=� �0�°�,�1�2�0�°�,� �2�4�0�°� 

�3�.� �A�v�e�r�a�g�e� �Q� �e�r�r�o�r� �i�s� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �a�v�e�r�a�g�e� �N� �e�r�r�o�r�.� 

�e� �N� �e�r�r�o�r� �i�s� �m�o�r�e� �c�o�n�s�i�s�t�e�n�t�;� �l�e�s�s� �v�a�r�i�a�t�i�o�n� �i�n� �e�r�r�o�r� �v�a�l�u�e�s� �a�s� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� 

�a�r�r�a�y� �c�i�r�c�l�e�s� �t�h�e� �i�n�t�e�r�i�o�r� �o�f� �t�h�e� �r�e�a�c�t�o�r� �v�e�s�s�e�l�.� 

�e� �Q�e�r�r�o�r� �i�s� �o�c�c�a�s�i�o�n�a�l�l�y� �l�e�s�s� �t�h�a�n� �N� �e�r�r�o�r� �a�r�o�u�n�d� �@� �=� �0�°�,�1�2�0�°�,� �2�4�0�°�.� 

�4�.� �T�h�e�r�e� �i�s� �l�e�s�s� �e�r�r�o�r� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �v�e�r�t�i�c�a�l� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� 

�t�h�a�n� �t�h�e�r�e� �i�s� �w�i�t�h� �a� �h�o�r�i�z�o�n�t�a�l� �o�r�i�e�n�t�a�t�i�o�n�.� 

�e� �T�h�e� �h�o�r�i�z�o�n�t�a�l� �o�r�i�e�n�t�a�t�i�o�n� �i�s� �m�u�c�h� �w�o�r�s�e� �f�o�r� �Q� �t�h�a�n� �f�o�r� �N�.� 

�e� �H�o�r�i�z�o�n�t�a�l� �o�r�i�e�n�t�a�t�i�o�n� �i�s� �e�s�p�e�c�i�a�l�l�y� �p�o�o�r� �a�s� �d�e�p�t�h� �a�p�p�r�o�a�c�h�e�s� �z�e�r�o� �(�m�o�b�i�l�e� �a�n�d� 

�f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r� �p�l�a�n�e�s� �b�e�c�o�m�e� �a�l�i�g�n�e�d�)� �f�o�r� �b�o�t�h� �Q� �a�n�d� �N�.� 

�5�.� �T�h�e� �p�o�s�i�t�i�o�n�i�n�g� �e�r�r�o�r� �i�s� �r�e�d�u�c�e�d� �a�s� �t�h�e� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �o�p�e�r�a�t�e�s� �f�u�r�t�h�e�r� �f�r�o�m� 

�t�h�e� �v�e�s�s�e�l� �w�a�l�l�,� �n�e�a�r�e�r� �t�h�e� �v�e�s�s�e�l� �c�e�n�t�e�r�.� 

�R�a�d�i�a�l� �a�n�d� �D�e�p�t�h� �E�r�r�o�r�s� 
�1�.� �E�r�r�o�r�s� �i�n�c�r�e�a�s�e� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �s�e�p�a�r�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �f�i�x�e�d� �a�n�d� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� 

�a�r�r�a�y�s�.� �Q� �e�r�r�o�r� �i�n�c�r�e�a�s�e�s� �m�o�r�e� �d�r�a�s�t�i�c�a�l�l�y� �t�h�a�n� �t�h�e� �N� �e�r�r�o�r�.� 

�2�.� �R�a�d�i�a�l� �e�r�r�o�r� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �b�u�l�k� �o�f� �t�h�e� �N� �e�r�r�o�r�;� �N� �d�e�p�t�h� �p�o�s�i�t�i�o�n�i�n�g� �i�s� �g�o�o�d�.� 

�3�.� �D�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�o�t�a�l� �e�r�r�o�r� �b�e�t�w�e�e�n� �r�a�d�i�a�l� �a�n�d� �d�e�p�t�h� �i�s� �m�o�r�e� �e�v�e�n� �f�o�r� �Q� �t�h�a�n� �f�o�r� �N�.� 

�e� �R�a�d�i�a�l� �Q� �e�r�r�o�r� �i�s� �u�s�u�a�l�l�y� �g�r�e�a�t�e�r� �t�h�a�n� �Q� �d�e�p�t�h� �e�r�r�o�r�.� 

�e� �I�n�t�h�e� �c�a�s�e� �w�h�e�r�e� �t�h�e� �m�o�b�i�l�e� �a�r�r�a�y� �i�s� �o�r�i�e�n�t�e�d� �h�o�r�i�z�o�n�t�a�l�l�y�,� �t�h�e� �t�o�t�a�l� �Q� �e�r�r�o�r� �i�s� �t�h�e�n� 

�m�o�s�t�l�y� �d�u�e� �t�o� �d�e�p�t�h� �e�r�r�o�r�.� 

�A�p�p�e�n�d�i�x� �|� �:� �E�r�r�o�r� �T�r�e�n�d�s� �a�n�d� �R�e�s�u�l�t�s� �6�2



�a� �(�A�n�g�u�l�a�r� �P�o�s�i�t�i�o�n� �o�f� �P�i�v�o�t� �i�n� �V�e�s�s�e�l�)� �E�r�r�o�r�s� 
�1�.� �T�h�e� �a�n�g�u�l�a�r� �p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�i�v�o�t� �i�n� �t�h�e� �v�e�s�s�e�l� �w�a�s� �v�e�r�y� �a�c�c�u�r�a�t�e�.� �T�h�e� �e�r�r�o�r�s� �w�e�r�e� 

�s�m�a�l�l� �(�o�n� �t�h�e� �o�r�d�e�r� �o�f� �0�.�1�°�)� �f�o�r� �b�o�t�h� �N� �a�n�d� �Q�.� 

�@� �e�r�r�o�r� �i�s� �r�e�l�a�t�i�v�e�l�y� �u�n�a�f�f�e�c�t�e�d� �b�y� �v�a�r�i�a�t�i�o�n�s� �i�n� �d�e�p�t�h�.� 

�3�.� �F�o�r� �b�o�t�h� �N� �a�n�d� �Q�,� �a� �e�r�r�o�r� �i�s� �d�i�r�e�c�t�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s�;� 

�d�o�u�b�l�i�n�g� �t�h�e� �g�r�a�d�i�e�n�t�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �d�o�u�b�l�e�s� �t�h�e� �e�r�r�o�r�.� 

�4�.� �R�e�l�a�t�i�v�e�l�y� �u�n�a�f�f�e�c�t�e�d� �b�y� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r�.� 

�5�.� �O�n�l�y� �Q� �@� �e�r�r�o�r� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t�e�d� �b�y� �m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �a�r�r�a�y� �o�r�i�e�n�t�a�t�i�o�n�.� 

�g� �a�n�d� �u�w� �E�r�r�o�r�s� 

�1�.� �G�e�n�e�r�a�l�l�y� �s�m�a�l�l� �e�r�r�o�r�s� �(�o�n� �t�h�e� �o�r�d�e�r� �o�f� �0�.�1�°�)� �f�o�r� �N� �(�e�x�a�m�i�n�e�d� �Q� �s�y�s�t�e�m�s� �u�s�e�d� 
�i�n�c�l�i�n�o�m�e�t�e�r�s� �a�n�d� �s�o� �@� �a�n�d� �y�z� �w�e�r�e� �n�o�t� �p�a�r�t� �o�f� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�c�e�s�s�)�.� 

�2�.� �A�n�g�u�l�a�r� �e�r�r�o�r�s� �w�e�r�e� �m�u�c�h� �w�o�r�s�e� �(�o�n� �t�h�e� �o�r�d�e�r� �o�f� �1�.�0�°�)� �f�o�r� �h�o�r�i�z�o�n�t�a�l� �s�y�s�t�e�m� �a�t� �z�e�r�o� 

�d�e�p�t�h�,� �b�u�t� �s�m�a�l�l� �f�o�r� �a�l�l� �o�t�h�e�r� �d�e�p�t�h�s�.� 
�3�.� �g� �e�r�r�o�r� �w�a�s� �l�i�n�e�a�r�l�y� �d�e�p�e�n�d�e�n�t� �u�p�o�n� �t�h�e� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r�,� �r�a�n�g�i�n�g� �f�r�o�m�  ��0�.�8�°� �t�o� 

�0�.�2�°� �a�s� �c� �r�a�n�g�e�d� �f�r�o�m� �0� �t�o� �4�.� �B�e�s�t� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r� �c�a�l�c�u�l�a�t�e�d� �t�o� �b�e� �3�.�2�.� 

�é� �E�r�r�o�r�s� 
�1�.� �N�o�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t�e�d� �b�y� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r� �o�r� �d�e�p�t�h� �f�o�r� �e�i�t�h�e�r� �N� �o�r� �Q�.� 

�2�.� �@� �e�r�r�o�r�s� �d�i�r�e�c�t�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �m�a�g�n�i�t�u�d�e�s� �o�f� �t�e�m�p�e�r�a�t�u�r�e� �g�r�a�d�i�e�n�t�s�.� 

�3�.� �E�r�r�o�r� �i�n�c�o�r�p�o�r�a�t�i�o�n� �a�f�f�e�c�t�e�d� �b�o�t�h� �N� �a�n�d� �Q� �e�q�u�a�l�l�y�,� �r�a�i�s�i�n�g� �t�h�e� �e�r�r�o�r� �f�r�o�m� �l�e�s�s� �t�h�a�n� �0�.�1�°� 

�t�o� �a�r�o�u�n�d� �0�.�2�5�°�.� �E�r�r�o�r�s� �i�n� �t�i�m�e�s� �o�f� �f�l�i�g�h�t� �h�a�d� �t�h�e� �m�o�s�t� �e�f�f�e�c�t�.� 

�E�f�f�e�c�t�s� �o�f� �C�o�m�p�e�n�s�a�t�i�o�n� �F�a�c�t�o�r� 
�1�.� �T�o�t�a�l� �N� �e�r�r�o�r� �i�s� �r�e�l�a�t�i�v�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r� �v�a�l�u�e�.� 

�2�.� �T�o�t�a�l� �Q� �e�r�r�o�r� �i�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t�e�d� �b�y� �c�h�a�n�g�e�s� �i�n� �c�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r�.� 

�e� �c�=�3� �r�e�s�u�l�t�e�d� �i�n� �l�e�a�s�t� �a�v�e�r�a�g�e� �e�r�r�o�r�.� 

�e� �c�=�2� �w�a�s� �s�l�i�g�h�t�l�y� �b�e�t�t�e�r� �f�o�r� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �m�a�x�i�m�u�m� �Q� �e�r�r�o�r�.� 

�e� �c�=� �1� �(�n�o� �c�o�m�p�e�n�s�a�t�i�o�n�)� �r�e�s�u�l�t�s� �i�n� �m�o�s�t� �o�f� �t�h�e� �Q� �e�r�r�o�r� �b�e�i�n�g� �a�t�t�r�i�b�u�t�e�d� �t�o� �d�e�p�t�h� 

�i�n�s�t�e�a�d� �o�f� �r�a�d�i�a�l� �p�o�s�i�t�i�o�n� �a�s� �i�n� �m�o�s�t� �c�a�s�e�s�.� 

�A�p�p�e�n�d�i�x� �I� �:� �E�r�r�o�r� �T�r�e�n�d�s� �a�n�d� �R�e�s�u�l�t�s� �6�3



�E�f�f�e�c�t�s� �o�f� �A�d�d�e�d� �E�r�r�o�r� 
�1�.� �N� �p�o�s�i�t�i�o�n�i�n�g� �w�a�s� �e�x�t�r�e�m�e�l�y� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �i�n�c�o�r�p�o�r�a�t�e�d� �e�r�r�o�r�s�.� 

�2�.� �T�h�e� �a�d�d�i�t�i�o�n� �o�f� �t�h�e� �f�u�l�l� �s�y�s�t�e�m� �e�r�r�o�r�s� �d�e�c�r�e�a�s�e�d� �t�h�e� �Q� �p�o�s�i�t�i�o�n�i�n�g� �e�r�r�o�r� �a�m�p�l�i�t�u�d�e� �b�y� 

�3�3�%� �b�u�t� �i�n�c�r�e�a�s�e�d� �i�t�s� �a�v�e�r�a�g�e� �e�r�r�o�r� �v�a�l�u�e� �b�y� �4�3�%�.� �T�h�e� �e�x�a�m�i�n�e�d� �i�n�d�i�v�i�d�u�a�l� �e�r�r�o�r�s� 

�s�h�o�w�e�d� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �i�s� �m�o�s�t� �a�f�f�e�c�t�e�d� �b�y� �e�r�r�o�r�s� �i�n� �t�h�e� �t�i�m�e� �o�f� �f�l�i�g�h�t� �i�n�f�o�r�m�a�t�i�o�n�.� 

�3�.� �A�l�t�h�o�u�g�h� �t�h�e� �a�v�e�r�a�g�e� �a�b�s�o�l�u�t�e� �e�r�r�o�r� �w�a�s� �n�o�t� �v�a�s�t�l�y� �d�i�f�f�e�r�e�n�t� �b�e�t�w�e�e�n� �t�h�e� �N� �a�n�d� �Q� 

�s�y�s�t�e�m�s�,� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �a�n�d� �w�o�r�s�t� �c�a�s�e� �e�r�r�o�r�s� �w�e�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �b�e�t�t�e�r� �f�o�r� �N�.� 

�E�f�f�e�c�t�s� �o�f� �T�r�a�n�s�c�e�i�v�e�r� �S�p�a�c�i�n�g� 
�1�.� �T�o�t�a�l� �p�o�s�i�t�i�o�n�i�n�g� �e�r�r�o�r� �i�n�c�r�e�a�s�e�d� �f�o�r� �N� �a�n�d� �Q� �w�i�t�h� �a� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �s�e�p�a�r�a�t�i�o�n� 

�b�e�t�w�e�e�n� �t�h�e� �f�i�x�e�d� �t�r�a�n�s�c�e�i�v�e�r�s�.� 

�2�.� �T�o�t�a�l� �p�o�s�i�t�i�o�n�i�n�g� �e�r�r�o�r� �d�e�c�r�e�a�s�e�d� �f�o�r� �Q� �w�i�t�h� �a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r�s�,� �b�u�t� �r�e�m�a�i�n�e�d� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�t�a�n�t� �f�o�r� �N�.� 

�A�p�p�e�n�d�i�x� �1� �:� �E�r�r�o�r� �T�r�e�n�d�s� �a�n�d� �R�e�s�u�l�t�s� �6�4



�A�p�p�e�n�d�i�x� �2� 
�D�a�t�a� �F�i�l�e� �C�o�n�v�e�n�t�i�o�n�s� 

�E�a�c�h� �o�f� �t�h�e� �d�a�t�a� �f�i�l�e�s� �c�o�n�t�a�i�n�s� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �e�r�r�o�r� �a�n�a�l�y�s�i�s� �f�o�r� �a� �p�a�r�t�i�c�u�l�a�r� �s�y�s�t�e�m� �o�f� 

�a�c�o�u�s�t�i�c� �t�r�a�n�s�c�e�i�v�e�r�s�.� �I�n�d�i�v�i�d�u�a�l� �s�y�s�t�e�m�s� �a�r�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �v�a�r�i�a�t�i�o�n�s� �i�n� �f�i�x�e�d� �a�n�d� 

�m�o�b�i�l�e� �t�r�a�n�s�c�e�i�v�e�r� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�,� �v�e�s�s�e�l� �t�e�m�p�e�r�a�t�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s�,� �i�n�c�o�r�p�o�r�a�t�e�d� �e�r�r�o�r�s�,� 

�e�t�c�.� �T�h�e�s�e� �d�i�f�f�e�r�e�n�c�e�s� �a�r�e� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �d�a�t�a� �f�i�l�e� �n�a�m�e� �(�e�a�c�h� �p�o�s�i�t�i�o�n� �i�n� �t�h�e� �f�i�l�e� �n�a�m�e� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o� �a� �s�p�e�c�i�f�i�c� �s�y�s�t�e�m� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�)� �a�n�d� �a�r�e� �d�e�f�i�n�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�a�b�l�e�s�:� 

�F�i�l�e� �N�o�m�e�n�c�l�a�t�u�r�e� 
� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � 

� � � � � � � � 

� � 

� � 

� � 

�I�n�d�e�x� �P�o�s�i�t�i�o�n� �I�n�d�e�x� �R�e�f�e�r�e�n�c�e� 
�i�s�t� �P�r�o�g�r�a�m� 

�2�n�d� �F�i�x�e�d� �T�r�a�n�s�c�e�i�v�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� 
�3�r�d� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r� �C�o�n�f�i�g�u�r�a�t�i�o�n� 
�4�t�h� �D�e�p�t�h� �o�f� �P�i�v�o�t� �M�o�d�e�l� 
�S�t�h� �T�e�m�p�e�r�a�t�u�r�e� �D�i�s�t�r�i�b�u�t�i�o�n� �M�o�d�e�l� 
�6�t�h� �E�r�r�o�r� �M�o�d�e�l� 
�7�t�h� �C�o�m�p�e�n�s�a�t�i�o�n� �F�a�c�t�o�r� �(�0�,�/�,�2�,�3�,�4� �e�t�c�.�)� 
�8�t�h� �U�s�e� �o�f� �i�n�c�l�i�n�o�m�e�t�e�r�s� �@� �a�n�d� �j�z� �(�i� �=� �u�s�e�d�;� �b�l�a�n�k� �=� �u�n�u�s�e�d�,� �a�n�g�l�e�s� �s�o�l�v�e�d�)� 

�S�u�f�f�i�x� �.�0�0�0� �:� �n�o�r�m�a�l� 
�-�h�m�n� �:� �u�s�e�s� �h�a�r�m�o�n�i�c� �m�e�a�n� �i�n�s�t�e�a�d� �o�f� �a�v�e�r�a�g�e� �t�o� �o�b�t�a�i�n� �i�n�t�e�r�p�o�l�a�t�e�d� �v�e�l�o�c�i�t�i�e�s� 

�t�d�l� �:� �o�p�e�r�a�t�i�n�g� �r�a�d�i�u�s� �o�f� �r�o�b�o�t� �r�e�d�u�c�e�d� �t�o� �1�.�0� �m� �(�f�r�o�m� �1�.�5� �m� �s�t�a�n�d�a�r�d�)� 

�P�r�o�g�r�a�m�s� 

�I�n�d�e�x� �P�r�o�g�r�a�m� �P�r�o�g�r�a�m� �D�e�s�c�r�i�p�t�i�o�n� 

�N� �G�P�S�N�D�V�E�L� �U�t�i�l�i�z�e�s� �e�v�a�l�u�a�t�e�d� �n�o�d�a�l� �v�e�l�o�c�i�t�i�e�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s�.� 
�Q� �G�P�S�E�Q�V�E�L� �U�t�i�l�i�z�e�s� �e�q�u�i�v�a�l�e�n�t� �v�e�l�o�c�i�t�y� �a�p�p�r�o�x�i�m�a�t�i�o�n� �a�n�d� �s�o�l�v�e�s� �f�o�r� �r�e�s�u�l�t�i�n�g� 

�t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s�.� � � � � � � � � � � 

�G�l�o�b�a�l� �P�o�s�i�t�i�o�n�s� �o�f� �F�i�x�e�d� �T�r�a�n�s�c�e�i�v�e�r�s� �(� �5�3�0� �=� �s�i�n�3�0�°� �,� �c�3�0� �=� �c�o�s�3�0�°� �)� 
� � 

� � 

� � � � � � � � � � � � � � � � � � � � � � 

� � 

� � 

� � 

� � � � � � � � � � � � � � � � � � � � � � � � � � � � 

�I�n�d�e�x� �R� �(�m�)� �|� �f�o�,� �f�y�,� �f�i�,� �|� �F�i�,� �i�,� �F�,�,� �|� �F�,�,� �f�,�,� �f�,�,� 

�A� �|� �2�.�2�8�6� �|�|� �R� �0�.�0� �0�.�0� �|�|� �-�R�s�3�0� �|� �R�c�3�0� �0�.�0� �|�|� �-�R�s�3�0� �|� �-�R�c�3�0� �|� �0�.�0� 
�B� �|� �2�.�0�0�0�]� �R� �0�.�0� �0�.�0� �|�|� �-�R�s�3�0� �|� �R�c�3�0� �0�.�0� �|�|� �-�R�s�3�0� �|� �-�R�c�3�0� �|� �0�.�0� 

�L�o�c�a�l� �P�o�s�i�t�i�o�n�s� �o�f� �M�o�b�i�l�e� �T�r�a�n�s�c�e�i�v�e�r�s� �(� �5�3�0� �=� �s�i�n�3�0�°� �,� �c�3�0� �=� �c�o�s�3�0�°� �)� 

�I�n�d�e�x� �|� �R� �(�m�)� �M�,�,� �M�,�,� �M�,�,� �M�,�,� �M�,�,� �M�,�,� �M�,�,� �M�,�,� �M�,�,� 

�A� �0�.�5� �0�.�0� �|� �-�R�c�3�0� �|� �-�R�s�3�0� �|�}� �0�.�0� �R�o�3�0� �|� �-�R�s�3�0� �|� �0�.�0� �0�.�0� �R� 
�B� �0�.�5� �|�|� �R�s�3�0� �|� �-�R�c�3�0� �|� �0�.�0� �R�s�3�0� �|� �R�c�3�0� �0�.�0� �R� �0�.�0� �0�.�0� 

�C�c� �0�.�7�5� �0�.�0� �|� �-�R�c�3�0� �|� �-�R�s�3�0� �|�|� �0�.�0� �R�c�3�0� �|� �-�R�s�3�0� �|� �0�.�0� �0�.�0� �R� 

�A�p�p�e�n�d�i�x� �2� �:� �D�a�t�a� �F�i�l�e� �C�o�n�v�e�n�t�i�o�n�s� �6�5



� � 

�I�n�d�e�x� 

�M�o�d�e�l�s� 

� � 

�o�f� �P�i�v�o�t� �(�m� 

�0�.�0� 
�2�.�5� 
�5�.�0� 
�7�.�5� 
�1�0�.�0� 

� � 

�T�e�m�p�e�r�a�t�u�r�e� �D�i�s�t�r�i�b�u�t�i�o�n� �M�o�d�e�l�s� 
� � 

� � 

� � 

� � � � 

� � � � � � � � � � � � � � 

� � 

� � 

� � 

� � 

� � 

� � � � � � � � � � � � � � � � � � 
� � 

�I�n�d�e�x� �|� �W�a�l�l� �(�°�C�)� �|� �C�e�n�t�e�r�( ��C�)� �|� �T�o�p�(�C�)� �|� �B�o�t�t�o�m�(�°�C�)� 
�A� �4�0� �4�0� �4�0� �4�0� 

�B� �4�0� �3�5� �4�0� �3�0� 
�C� �4�5� �3�0� �5�0� �3�0� 

�D� �3�0� �2�5� �3�0� �2�0� 

�I�n�c�o�r�p�o�r�a�t�e�d� �E�r�r�o�r� �M�o�d�e�l�s� 

�I�n�d�e�x� �|� �F� �P�o�s�i�t�i�o�n�s� �|� �M� �P�o�s�i�t�i�o�n�s� �|� �T�o�F�,� �O�f�f�s�e�t� �|� �T�o�F�,� �R�a�n�d�o�m� �|�}� �T�o�F�,� �D�e�p�t�h� �I�n�c�l�i�n�o�m�e�t�e�r�s� 

�(�+�/�-� �m�m�)� �(�+�/�-� �m�m�)� �(�+�/�-� �L�S�)� �(�+�/�-� �M�S�)� �(�+�/�-�  ��s�/�m�)� �(�+�/�-� �d�e�g�)� 
�A� �0�.�0� �0�.�0� �0�.�0� �0�.�0� �0�.�0� �0�.�0� 

�B� �1�.�0� �1�.�0� �0�.�5� �1�.�0� �0�.�1� �0�.�1� 

�C�c� �2�.�0� �2�.�0� �0�.�0� �0�.�0� �0�.�0� �0�.�0� 
�D� �0�.�0� �0�.�0� �1�.�0� �2�.�0� �0�.�2� �0�.�0� 
�E� �0�.�0� �0�.�0� �0�.�0� �0�.�0� �0�.�0� �0�.�2� 

�6�6� �A�p�p�e�n�d�i�x� �2� �:� �D�a�t�a� �F�i�l�e� �C�o�n�v�e�n�t�i�o�n�s



�A�p�p�e�n�d�i�x� �3� 
�G�P�S� �D�a�t�a� �F�i�l�e�s� 

�T�h�e� �g�l�o�b�a�l� �p�o�s�i�t�i�o�n�i�n�g� �d�a�t�a� �f�i�l�e�s� �a�r�e� �o�u�t�p�u�t� �f�r�o�m� �p�r�o�g�r�a�m�s� �G�P�S�N�D�V�E�L�.�C�P�P� �(�A�p�p�e�n�d�i�x� 

�4�a�)� �a�n�d� �G�P�S�E�Q�V�E�L�.�C�P�P� �(�A�p�p�e�n�d�i�x� �4�b�)�.� �A�s�i�d�e� �f�r�o�m� �t�h�e� �f�i�r�s�t� �c�h�a�r�a�c�t�e�r� �o�f� �t�h�e� �d�a�t�a� �f�i�l�e� 

�n�a�m�e� �(�w�h�i�c�h� �i�n�d�i�c�a�t�e�s� �w�h�e�t�h�e�r� �t�h�e� �d�a�t�a� �i�s� �f�r�o�m� �G�P�S�N�D�V�E�L� �o�r� �G�P�S�E�Q�V�E�L�)�,� �t�h�e� �f�i�l�e�s� 

�a�r�e� �l�i�s�t�e�d� �a�l�p�h�a�b�e�t�i�c�a�l�l�y�.� �E�a�c�h� �f�i�l�e� �n�a�m�e� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�p�e�c�i�f�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� 

�s�y�s�t�e�m� �w�h�i�c�h� �i�s� �b�e�i�n�g� �e�v�a�l�u�a�t�e�d� �(�s�e�e� �A�p�p�e�n�d�i�x� �2�)�,� �w�i�t�h� �b�o�t�h� �f�i�l�e�s� �o�n� �o�n�e� �p�a�g�e� �r�e�s�u�l�t�i�n�g� 

�f�r�o�m� �s�i�m�i�l�a�r� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �S�o�m�e� �o�f� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �l�i�s�t�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e� �f�i�l�e�s� �i�n� 

�o�r�d�e�r� �t�o� �f�a�c�i�l�i�t�a�t�e� �c�o�m�p�a�r�i�s�o�n�s�.� 

�A�p�p�e�n�d�i�x� �3� �:� �G�P�S� �D�a�t�a� �F�i�l�e�s� �6�7



�T�w� �=� �4�0�.�0�0�,� �T�e� �=� �3�5�.�0�0�,� �T�t� �=� �4�0�.�0�0�,� �T�h� �=� �3�0�.�0�0�.� 
�C�o�m�p�e�n�s�a�t�i�o�n� �f�a�c�t�o�r� �=� �3�.�0�0� 
�P�l�a�t�f�o�r�m� �p�i�v�o�t� �a�t� �r�a�d�i�u�s� �o�f� �1�.�5�0� �m� �a�n�d� �d�e�p�t�h� �o�f� �0�.�0�0� �m�.� 

�G�P�s� �u�t�i�l�i�z�i�n�g� �i�n�t�e�r�p�o�l�a�t�e�d� �t�r�a�n�s�m�i�s�s�i�o�n� �v�e�l�o�c�i�t�i�e�s�.� 

�N�o� �a�d�d�e�d� �e�r�r�o�r� �t�o� �s�y�s�t�e�m�.� 

�S�o�l�v�i�n�g� �f�o�r� �P�x�,�P�y�,�P�z�,�T�h�e�t�a�,�P�h�i�,�M�u�.� 

�P�r�o�g�r�a�m�:� �G�P�S�N�D�V�E�L�.�C�P�P� 
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