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(ABSTRACT)

The objective of this work is to solve a model one dimensional duct design problem
using a particular optimization method. The design problem is formulated as an equality
constrained optimization, called All at once method, so that the analysis problem is not
solved until the optimal design is reached. Furthermore, the block structure in the Jacobian
of the linearized constraints is exploited by decomposing the variables into the design and
flow parts. To achieve this, Sequential quadratic programming with BFGS upd‘ate for
the reduced Hessian of the Lagrangian function is used with Variable reduction method
which preserves the structure of the Jacobian in representing the null space basis matrix.
By updating the reduced Hessians only of which the dimension is the number of design
variables, the storage requirement for Hessians is reduced by a large amount. In addition,
the flow part of the Jacobian can be computed analytically.

The algorithm with a line search globalization is described. A global and local anal-
ysis is provided with a modification of the paper by Byrd and Nocedal [Mathematical

Programming 49(1991) pp 285-323] in which they analyzed the similar algorithm with the



Orthogonal factorization method which assumes the orthogonality of the null space basis
matrix. Numerical results are obtained and compared favorably with results from the Black

boz method- unconstrained optimization formulation.
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Chapter 1

INTRODUCTION

Our model design problem is a one dimensional duct problem which was recently inves-
tigated by Frank and Shubin in [1]. In [1] Frank and Shubin presented several numerical
approaches to this problem and compared the resulting designs. We are particularly in-
terested in the “all at once” method because the numerical results based on this method
appears to be cost effective when compared with other methods. This is the primary moti-
vation for further investigation on this method.

The design problem under consideration is to find the shape of the duct which minimizes
the distance from the given goal velocity. The design parameters are the coefficients of the
B-splines that generates the (iuct shape.

The Black box approach involves the following steps:

1. Input design variables
2. B-spline generates the duct shape
3. Calculate flow velocities by solving the flow equation
4. Measure the distance from the goal velocities.
Although this approach seems to be a natural optimization formulation, it has a draw-

back in step 3 if solving the flow equation is time consuming, because we need to solve the



flow equation whenever we evaluate the objective function.

In the all at once approach we use a discretized flow equation as a constraint and the
objective function only measures the difference between the computed velocity and the
goal velocity. Since most constrained optimization methods, including sequential quadratic
programming allows infeasible points during the iteration we do not solve the analysis
problem but compute the residual of the discretized equation.

There are two particular issues associated with this design problem; one is how to
handle non-smoothness in the optimization incurred by the shock of the flow equation under
consideration, the other is to develop a time-efficient optimization metho&. Our approach
to address these issues is to design a particular problem-oriented optimization algorithm.
That is, for the first issue, we employ a simple backtracking line search algorithm in [7]
with non-differentiable /; merit function. For the second issue, the all at once approach
with variable reduction method reduces the amount of work significantly.

As an optimization method, sequential quadratic programming with BFGS update for
the reduced Hessian of the Lagrangian function is applied to the design problem. Natural
decomposition of the design and the flow variables, along with the variable reduction method
in representing the null space bases, enables us to exploit the sparsity pattern of the Jacobian
matrix of the discretized equations. In fact, the flow variable part of the Jacobian turns
out to be tridiagonal and it can be computed analytically. We observe that this reduces the
amount of work dramatically. Also the dimension of the Hessian is significantly reduced by

updating the design variable part of the Hessian only.



The Sequential Quadratic Programming with reduced Hessian update algorithm without
globalization along with the variable reduction method appears in [11]. Local convergence
proofs were given in [8] which used an orthogonal factorization method. Also a similar
algorithm is provided and analyzed in [22] in infinite dimensional optimization. A great
deal of work was done for the SQP with reduced Hessian update along with orthogonal
factorization method, for example, [2],[4], [5], and [8]. Also, the super-linear convergence
characterization theorem in [21] by Dennis and Moré is extended in [2] by Powell using
the orthogonal factorization method. However, there are few results for the the variable
reduction method. This method requires a certain structure in the constraint gradient. We
need information that allows us to determine which submatrix of the constraint gradient
at each iteration is nonsingular. Hence, it may not be considered as a general nonlinear
programming method. Therefore, we give the convergence proofs of the algorithm based on
[5]-

The design problem which follows the introduction of the ananlysis problem is described
in section 1.2. In chapter 2 we present the algorithm based on reduced sequential quadratic
programming with BFGS update and an analysis is given in chapter 3. We implement this

method to the design problem and numerical results will be presented in chapter 4.



1.1 A Description of the Problem

1.1.1 Analysis Problem

The analysis problem is the one that Frank and Shubin considered in [1].

The steady flow of an invicid fluid in a duct of variable cross-sectional area A(€) is governed

by the Euler equations.

Fe+G=0, 0<¢(<1, (1.1.1)
where
puA 0
F=| (pu*+P)A |, G=| —P4; |>
(pE + P)uA 0

and ¢ is the distance along the duct, p is the density, u is velocity, £ = e + u%/2, and e is
specific internal energy, and P is pressure. A(£) is assumed to be smooth and A¢ denotes
the derivative with respect to £&. The pressure P is given by the equation of state for a
perfect gas, P = (v — 1)pe, v = C,/C, is the gas constant, where C,,C, denote specific
heats at constant volume and at constant pressure respectively. We used v = 1.4 for air.
The derivation of the Euler equations can be found in chapter 5 in [23] by Anderson.

We can reduce (1.1.1) to a single ordinary differential equation as explained in [13]. In
brief, we combine the continuity equation, puA = C, C is a constant, and conservation of

energy in the form of h + “2—2 = H, where h = ye and H is total enthalpy constant and
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substitute the result in the momentum equation to remove p, e, then we obtain
fe+g=0, (1.1.2)
where
_ _Ae,_ _
f(u) =ut H/u’ g(u,f): X(’Y’u’_ H/u),

3 =(y-1)/(7+1), and H = 2H7 are given constants, y = 1.4, H = 1.2.
Again, as noted in [1], applying standard results for hyperbolic conservation laws, we know
that the flow is sonic (where f’ vanishes) at u = u, = vH , supersonic for v > u,, and
subsonic for u < u,.

Solutions with shocks (discontinuity at £,) satisfy the Rankine-Hugoniot jump relation

(see [24]), f(w) — f(u,) = 0, or, equivalently,

wu, = H, (1.1.3)

where we assume that u is a smooth solution before and after the shock, and »; and u,
are the limits of u(&) as £ approaches &, from the left and from the right respectively. The
entropy condition states that such jumps are always from supersonic to subsonic which
implies
w > Uy > U, (1.1.4)
we note the equation (3.60) in [23].
We specify two boundary conditions, u = u;,, 4 = Uy, at inlet and at outlet respectively
and we assume that the duct is always diverging, i.e., A¢ > 0. These conditions are required

to ensure the well-posedness of the analysis problem.



We pose the analysis or forward problem, specified so that the solution contains a single
shock at &, is supersonic for 0 < £ < &, and subsonic for £; < £ < 1. Hence, the analysis
problem is, given A(£) with A; > 0, to find a solution u to the following boundary value

problem:

Je + g = 0, away from shocks;

wu, = H and u; > u, > u,, at shocks;

(1.1.5)
w(€ =0) = uip > us

\u(f:l):uout<u* /

The analysis problem given above is well-posed and existence and uniqueness and continuous
dependence of the solution on the data is known. A detailed description of the analytic

solution is given in [1].

1.1.2 Numerical Schemes for the Analysis Problem

We discretize [0 1] into cell centered equally spaced uniform mesh and let & = (5 —
1/2)h,h = 1/J, where J is the number of unknown grid values. Let u; denote an approxi-
mation to the value of the exact solution at the jth grid cell. A finite difference scheme for

(1.1.2) to solve (1.1.5) numerically gives

CJ' = f]+1/2 ; fj—1/2 + g] - 0. (1.1.6)



We employ three different numerical schemes by choosing different numerical flux functions,

fr41/2 and f;_y/; in terms of u;, u;4; and u;_;,u; respectively; Godunov scheme, Enquist-

Osher scheme, and Artificial Viscosity scheme which make f;11/, a C° C", and C* func-

tion of its arguments respectively. In particular, consider the following:

Godunov scheme:

fiv1/2 =

fin
fi
fe

\ maz(fi, fiv1)

)

if uj,ujp1 < Uy
if ujyujpn 2 U

if uj < we < ujpg;

if ujpr S Uy < uj )

Here f; = f(u;), etc., and u, is the speed of sound.

Enquist-Osher scheme:

fj+1/2 =

Artificial Viscosity scheme:

fit1
i
fe

\ fi+ fimn— S

)

if ujy i1 < U
iof Uiy Ujt1 2 Us;

of ujyue < Ujg1;

ifuj+1§u,.<uj/

fivp2 = Y2 fip + f; — o(ujpr — uj))

(1.1.7)

(1.1.8)

(1.1.9)



where we took a = 1.
Later we will show how the schemes smear out the shock by comparing the exact solution

with numerical solutions using different numerical schemes.

1.2 The Design Problem

The design problem is formulated as follows:

given 4; for j = 1,...,J, seek u; which

minimizes 137, [u; — i;]? (1.2.1)

subject to ¢; = f’i%‘f"lﬁ +g;=0

_— A _ —
where, f(v) =u+ H/[u, g¢(u,§)=—(7u— H/[u).
As we see, the discretized ordinary differential equation is an equality constraint in our

optimization formulation.



Chapter 2

A STRUCTURED REDUCED SEQUENTIAL
QUADRATIC PROGRAMMING

A Structured reduced Sequential Quadratic Programming indicates that we update the
reduced Hessian only using the BFGS formula and exploit the “structure” of the Jacobian
of the linearized constraint function that comes from the design problem.

We consider the general nonlinear programming problem.

Minimize F(z) ( )
2.0.2

subject to ¢(z) =0, z € R", ¢(z) € R

where we assume that F'(z) and c(z) are twice continuously differentiable in an open convex
region that contains a strong local minimizer z..

The first order Karush-Kuhn-Tucker (or Kuhn-Tucker) necessary condition in [3] states
that if z, is a solution to (2.0.2) and the Jacobian at z. has full rank, then there exists a

vector (called Lagrange multiplier) A, such that

Ve F(z.) = 30 A Vaci(.), (2.03)

c(zs) = 0.



If we define a function, called a Lagrangian function,
t .
L(z,A)= F(z) - Z Aei(z) (2.0.4)
i=1

then the necessary condition can be given as

( Ve L(Zy Ax)
VL(z.,A) =

\ V,\E(m.‘, A*)

(

V.F(z.) — Et‘:l ,\ivxci(a)*) (2.0.5)

k —c(z.)

for some A,. Note that V,V, denotes the gradients of the function involved with respect
to (z,A) and z respectively.
Hence, the pair (2., A«) is a stationary point of the Lagrangian function £(z, ) in R™*.

Therefore an algorithm can be sought in finding a stationary point of £(z, \), i.e., solve
VL(z,A)=0 (2.0.6)

where £(z, A) is given in (2.0.4).
The obvious choice is to apply Newton’s method to the function VL, which leads us to

solve the following equation for pi, a newton step, given z, and Ax at the kth iteration.

VVL(zk, \e)pk = —VL(2k,A\k), pr € R™ (2.0.7)

10



and then x4y will be the first ¢ components of zy + pk.

Since
VL(z,A) = Y , (2.0.8)

we have

V. F(z) t | Viei(z
vVL(z,N)=V| “yv il ) ,

—c(z) =1 0

( Vang,A)T \

81‘1

v aF(eN)T

EE

V. F(z)

e(z)

= | yeEEnT

I

Vel (2.0.9)

And it is easy to see that

11



t V,;C,'(:l:) Zle )\,’Vici VxCT
SV = . (2.0.10)
i=1 0 0 0

By putting (2.0.9) and (2.0.10) together we obtain the expression for the Jacobian of
VL(z,)), we have

V. F Vzei(z
VVL(z,\) =V (=) -3t v (@)

—c(z) 0
(2.0.11)

VieF(2) = Tl MViei(z) —Vae(2)!

—V.e(z) 0

We note that
t .
ng£(£? ’\) = V:::F(x) - Z /\‘VZ.IC,'(QI),
=1

and V¢(z) is the transpose of the Jacobian of ¢(z).

We define A; and g; by
Ak = Vee(zk)T = (Veer(zk) Vaea(zk) ... Ve(zk))
gk = Vi F(zy),
respectively, and let F(zx) = Fi, c(zk) = ck. If we let p = (6=, 6/\)T and replace
VVL(zg, Ax) in (2.0.7) with expressions that we obtained, then the equation for newton

step becomes

12



V2, L(zk, Ak) —Ax bz —gk + Yteq M Voei(zk)

—AZ 0 6 Ck

Here AL is the ith component of A.

If welet A= Ax + 6 and 6 = 6z, we can further simplify to obtain,

V2, L(xk, k) —Ag é —gk
= (2.0.12)
—-AZ' 0 A Ck
By solving (2.0.12) we get the next iterates
Th41 = T+ 6
Ak+1 = A
Equation (2.0.12) is equivalent to the system
V2 L(zk, A8 = (g — AkA)
(2.0.13)

A{& = —¢t,

and (2.0.13) is equivalent to solving the following quadratic programming problem in the
sense that the first order necessary condition of the Lagrangian function of the following

quadratic programming problem leads to (2.0.13),

13



min g7 6 + 16TV L(zk, \)6 (2.0.14)

subject to AT6 = —cy.

More precisely, the solution § and the associated Lagrange multiplier A from (2.0.14) solve
(2.0.13). First we consider the constraint AT§ = —cx. We decompose R™ into the null space
and the range space, i.e., R® = N(A}) @ R(AT) where N(A]) denotes the null space of
A{ and R(A{) denotes the range space. Let Z; and Yj be matrices whose columns form a
basis of each space respectively and we pick Y such that A{Yk =I.

In view of this decomposition,
6 = Zywg + Yy,

the constraint becomes

A{ﬁ = A/{(kak + Ykrk)
= ALYrrr
=Tk

= —C.

Hence the constraint completely determines the range component of § and we should have

Tk = —Ckg-

If we denote V2_L(z, Ar) by Wi and substitute § = Zywy, — Yiex back into (2.0.14), we

14



obtain an unconstrained minimization with respect to wy as follows:
. 1
Min (Z,%rgk - Z{Wkchk)ka + Ew{Zngkak. (2.0.15)

The solvability of this unconstrained problem is guaranteed by the fact that ZEWka is
approximated by a positive definite matrix using BFGS updating formula. Hence, formally

we can write the following equation for wy,
(Zk WiZi)wr = —(Z§ gk — Zj; WiYicy)- (2.0.16)
Then the é of the Newton step py in (2.0.7) is given by
6 = —Z(ZTWi Z,) "W (ZT gx — ZT WiYier) — Yiek. (2.0.17)
If we ignore the term ZF WjYicy in (2.0.17), then the formula for § simplifies to
6 = = Zi(ZTWi Z1) "W (ZL g1) - Yiex. (2.0.18)

Thus, we need to update the projected Hessian -ZZ‘Wka only. Therefore, we may take
advantage of the small dimension of the projected Hessian which is n — ¢t. In fact, this is
an important aspect of the structure of this problem. Also, while the full Hessian might
not always be positive definite at an optimal point, the projected Hessian is always positive
definite by the second order sufficiency condition. One major disadvantage is that we lose
superlinear convergence. We may have a 2-step superlinear convergence rate with some
assumptions. Fletcher explains briefly in [3] why we expect 2-step superlinear convergence.

If we update the projected Hessian while ignoring the term Z,{Wkchk and also, if the

15



Hessian approximating positive definite matrix By is available at kth iteration, then the

formula for w; becomes

Brwy = —Zrgx (2.0.19)

and so the formula for § changes to

6= -—ZkBk_l Zggk - Y. (2.0.20)

Even though we do not need A for iterations, an estimate for ) is necessary for globalization
of the algorithm and the convergence analysis. An appropriate formula will be presented
after we consider the null space basis and range space basis matrices, i.e., Zx and Y.
Fletcher explains a general scheme for computing suitable Y; and Zj in [3] as follows:
choose any n X (n — t) matrix Ej such that (Ax E%) is nonsingular and choose Y and Z;
such that
YL

(Ax Ex)7 ! = ,
zf

then it follows that ApZ; = 0 and A,{Yk = I; which are the requirements that we imposed.
It is easy to see that the columns of such Zx and Y} represent bases for the respective spaces.
The two methods emerge if we take different matrices for Ey. If Ay is assumed to have full

rank, Q) R factorization of Aj is available so A; can be written as

R R
Ar=Q = (@1 @Q2) (2.0.21)

16



where @ is an orthogonal matrix and )y and @, are its block components whose dimensions
aren X t and n X (n — t) respectively. Here R is an ¢ X ¢ upper triangular matrix. If we

choose
Er =@

then
R1QT

Q1

(Ax Ex) ' = (Q1R @) 7' =

and we obtain
Ye = Q:R°Y

Zr = Q2.

These choices of Y and Zj is termed the orthogonal factorization method.

However, our interest lies in the second choice where

0
Ep =
I
In this case, the identity
-1
VI o v oo Y7
vl 1 —uTv T zT

gives expressions for Y; and Zj, that is,

17



Yy =
0
(2.0.22)
-1
— Uk
zZF = .
I
where,
AT = (v, Up), (2.0.23)

and Vi is t X t and Ui is t X (n — t). This representation of Z; and Y} is called the
Variable Reduction Method. It is easy to see that the sets of columns of Y; and Zj
form bases of the range space and the null space of A7 respectively. The advantage of the
latter formulation of Y; and Zj is that it allows us to exploit the structure of the submatrix
Vi, in our case, it is a tridiagonal matrix. On the other hand, the disadvantage is that we
lose orthogonality of matrix Z; which is often assumed in the literature to prove convergence

results.

Hence our focus is given to develop an algorithm in which we can exploit this structure
but convergence properties are sustained. Since the decomposition of variables into the design
part and flow part in our case naturally leads to a structured block matriz Vi in Ag, the
latter choices fits well into our problem.

We note that Y; and Zj exist only if Vj is nonsingular so we should ensure nonsingularity

of Vi during the iterations. In computation, the inverse of Vi is not formed, we only need

18



to solve the matrix equations with tridiagonal coefficient matrix Vj.

For the Lagrange multiplier estimate Ax we use the block matrices in (2.0.23). What we

need to require of A\ is the estimate
A% = Asll € vellzk — 2] (2.0.24)

for some constant vz, and for large enough k.

The common choice of the first order multiplier estimate is a solution of the problem,

Minyepe||AxA — gil|-

With a QR factorization of Ak in (2.0.21) A can be obtained by solving

RA = Q19

Hence this formula agrees with orthogonal factorization method in representing Zj.
The block matrices in (2.0.23) can be employed to estimate A; using Vi only. We solve

the first ¢ equations only in

174
Ap) = A= gk
Ut

If we denote the first ¢ components of g by §x, this implies that we solve
VI = . (2.0.25)

This formula will be shown to satisfy the consistency relationship (2.0.24) near z..

19



The following formulas are those that we need when updating the reduced Hessian
Bji.. We note the similarity to the BFGS updating formula in the unconstrained case with

objective function f(z)

T T
yeYi  (Brsk)(Brsk) (2.0.26)

Biy1 = Bk +
+ y{sk S{Bksk

where
Yk = Vf(Tk41) — Vf(zk)

Sk — Tk41 — Tk

We give a motivation for the resulting formulas that we will use. The starting point for the
derivation of the BFGS formula would be the Quasi-Newton condition which comes from

the Taylor expansion of V f(zx41) about z after truncation:
Vf(xk + sk) — Vf(:l:k) = V2f(:12k)8k. (2.0.27)

If we let
Yk = Gk+1 — 9k = Vf(zr + sx) — V f(zk)

Sk = Tk41 — Tk

Gk = V2f(1"k)’

then we have the following

Yk = GiSk.

20



If we impose this condition on the next Hessian approximation Bjyy; then we obtain the

Quasi-Newton condition

Bk+18k = Yk. (2.0.28)

These s; and y, will be needed in the BFGS updating formula (2.0.26).

In case of a linearly constraint optimization problem
Min f(z)
ATz =,
it follows that if the columns of Z forms a basis for the null space of AT and zj is a current
feasible point, then the next iterate x4, is given by
Tk41 = 2k + Zwg, for some wy.

Consequently we have an unconstrained optimization over wy,

Min o(wi) = f(zk + Zwy).

Applying Taylor’s theorem to Vp(wy) about wy = 0, and truncating after the quadratic

term produces the identity,
V(W) = V. (0) = V2, (0w, (2.0.29)
and by the chain rule we have

Vup(w) = ZTVf(zk + Zwk)ZTV g4

ZTVz.f(zk)ZTvzgk

Il

Vu,p(0)

\SAZ (1) ZTV f(z1)2.

21



Therefore, (2.0.29) becomes
ZTgk.H -ZTg = ZTV2f(:z:k)Zwk.

Here ZT g; and ZTV? f(x+)Z are called the reduced gradient vector and the reduced Hessian
matrix respectively. If we denote these reduced Hessian matrix and reduced gradient vector

by Mj and gy, then the equation above reads
Yk = Mrwg.

Hence, the corresponding Quasi-Newton condition in a linearly constrained optimization can
be obtained from forcing the next reduced Hessian update, Bgy;, to satisfy the equation

above,

Biypywi = g
It follows that the BFGS formula in the linearly constraint case remains the same with
changes on s; and y; as
Sk = wg
w = 2o -2

If we extend the above formula to a problem with nonlinear constraints, one choice

would be

T T
Ye = Zip19k+1 — Zj 9k
S = Wg.

22



Other variants of this formula are given by Nocedal and Overton in [4]. We use a slightly

different formula,

Y = ZiyGk+ — Zi gk (2.0.30)

S = Wk, (2.0.31)

where gy = VF(zg + Zpwy), Z{_'_ is the null space basis matrix of A;{+ and k+ means
“at zf + Zrwi”. Hence our BFGS updating formula is the same as (2.0.26) with the above

formula for y; and sy.

2.1 Local Algorithm

We are now in a position to describe the algorithm without global consideration. In
order to exploit the structure of the Jacobian in the linearized constraint using the variable

reduction method we decompose the variables as follows:

n = mnf+ng

ey = (uk,dg)

where 7 is the number of total variables, ny is the number of flow variables, and ng is the
number of design variables. Here uj; is the flow variable, and dj is the design variable.

Accordingly, we decompose ¢/(zt) (= AT in earlier notation) as
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Vei(zx)T

, V@) |
(k) = . = (cj(2k), ca(zk))-

\ Vcnf(a:k)T /
The previous discussion implies

—c(zx) (k) p(zk)t
Zk = f , Yk = f

I, 0

With these matrices, we are given zx = (uk,dk), and By, we obtain wj by solving
Brwy = —ZIVF(zy).
It follows that

6k = (bk,, o)t
= Zrwi — Yic(zk)
—cl(zx) " ey(xx) c(zr)™?

= wi — c(zk)
\ I, 0

—y(zk) 7 (cy(zr)wr + c(zk))

Wk
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We set

bk, = —cp(me) " (@) wk + (k)
O, = wi
and we get the new iterate 241 = (uk41,dk41), Where
Up4r = Ug + Ok,
= uk — cy(z) 7 (c(zk)wr + c(2k))
dry1 = di+ gy

= di + wg.

We also need to compute an intermediate point z; + Zpwy

(

k di w

uk —c(zk) ez )wr
g+ Zrwg = +

( u — cp(zx) " g2k ) wi

\ di + wy

Combining these results yields the following algorithm.
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Algorithm 1: Given z; = (uk,dg), Bk;

1. Get wg:

~cy(zk) " ey(wr)
Compute Zy =
I,
Solve for wi: Brwy = —ZF VF(z)

2. Update z; = (u,dr):
Solve for vg: cp(zx)ve = —(cy(zr)wi + c(zk))

Set

Ukl = Uk + Uk

diy1 = di + wg
3. Get y:

Solve for mx: cs(2k)me = —cy(xs)w

Compute

vk = Z(uk + mk di + wi)T)VF(ug + i di + wi)T) — ZL V()
4. Update B;:

If y{ wy, is not too small,

Biy1 = By + Y — (Brg)(Bum)?

5. Update variables:

Set

o < (vktr diepr)T
Bk p— Bk+1

Gotol
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2.2 Global Algorithm

We will globalize the algorithm 1 using an [, merit function:
bun () = F(2) + prlle(z)||1 (2.2.1)

where, pj is a positive constant changing with iterations.
The essential feature of the merit function is that the direction §; obtained from our
local algorithm should be a descent direction. In order to ensure the descent direction, we

use the following rule in [5] in choosing py,

k-1 if pr-1 2 || Aklloo + 25

Akllo + 2p otherwise,

where p is some positive constant.

This formula also guarantees that for some ko, px = p for all k > ko if | Ak||co is bounded.
We employ the backtracking line search strategy in Dennis & Schnabel’s book-[7].

We set ) € (0,1/2) and when we obtain é from step 2 in the algorithm 1, with ay = 1 we

check

dzk + arbr) < ¢(zr) + nar DP(zk; Ok)- (2.2.3)

If (2.2.3) is not satisfied, reduce o) and check the condition again and keep continuing this
process until the condition is satisfied or the algorithm is terminated because the step size

is too small. When (2.2.3) holds for some a; we set

27



Tr41 = Tk + apli.
In step 2 in Algorithm 1, we set

Ukl = Uk + Qg

deyr = di + opwy.

The nondifferentiability of the /; merit function may cause slow convergence. The algo-
rithm may not be able to take a full step even near z, which is necessary to obtain 2 step
super linear convergence locally. To avoid this problem we add a second order correction
step which is given by sor = —Yie(zk + 8x). The effect is to decrease the quantity ||c(z)||
so that it is of the order ||ex||*> where e = 74 — z..

The second order correction step is implemented when we check the condition (2.2.3)
with o = 1. If it is not satisfied then before we reduce a; we add a second order correction

step sog to the step zx + 6 then check the condition again, i.e.

Sy (Tk + 6k + s0x) < G (2k) + Dy, (245 6k).

If this holds then we take this step and leave the line search routine otherwise we reduce
oy until the condition (2.2.3) is satisfied or the line search routine is terminated. In short,
we try two different search direction against condition (2.2.3), i.e. 8 and i + sox before
we start reducing oy.

Now we obtain Algorithm 2 with global consideration:
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Algorithm 2: Given z; = (uk,dg), Bx:

1. Get wy:

~c(zk) " ey(zk)
Compute Z; =
I,

Solve for wy: Bywi = —Z,{VF(mk)

2. Get 6x,Ak, and py:
Solve for vi: c(zk)vk = —(cy(zk)wi + c(zk))
6 = (vk, wi)T
Solve for Ag: cli(zk) Ak = Gk
Fix positive constant p

Hk—-1 2f Hk-1 > ”’\k”oo + p,
Kk =
[Aklloo + 2p otherwise
3. line search with second order correction:

Set ap =1

3.1:

Ukp1 = Uk + O Uk
de41 = di + apwy
Th+1 = (Uk+1,dk+1)T
fizp=10"1

if Gy (2h+1) < by (k) + Nk DBy (2; 6) then

W = QWi
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go to step 4,

otherwise

if ax = 1 then

sop = (—cf(azx) " 'e(zi + ) 0)T
Uky1 = Uk + Vg + S0, S0k = —cl(zx)c(Tk + bk)
diy1 = dp + wi
Tkt1 = (Ukt1, dk41)

if Gy (zr41) < By (zk) + NDPy, (k5 65) then

go to step 4,

reduce o and go to 3.1

. Get yi:

Solve for 7: c}(zk)nk = —cy(zr)wi

Compute

Yk = Z(uk + nk, dk + we)TVF (ug + 1k, di + wp)T = Z{VF(z1)
. Update Bj;:

If yF wy is not too small,

T T
YrY, B B
Bry1 = Br + —.,-—li—yk = - (Brwe)(Brw)”

wi Brwy
. Update variables:

Set

2 < (tpy1,dis1)T

By < By
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Go to 1.
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Chapter 3

A GLOBAL AND LOCAL CONVERGENCE OF
THE ALGORITHM

3.1 Global Behavior of the Algorithm

Our global analysis is a simple modification of the analysis by Byrd and Nocedal in [5].
In that paper they analyzed the global behavior of the same algorithm with the slightly dif-
ferent formulas in updating Hessians and estimating Lagrange multipliers, but the analysis
was done with the orthogonal factorization method in which Z,?Zk = [ is assumed. Now
that this assumption no longer holds in our algorithm, the proofs will be presented without
the orthogonality assumption but we will follow their framework in [5] with the /; merit

function;

bur(2) = F(z) + pelle(2)llx (3.1.1)

We make the following assumptions.

Assumption 1 The sequence zy from Algorithm 1 is contained in a convez set D with the
following properties,

1. For some positive constants m, M,
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vise/llsel> > m
lyell®/yis < M (3.1.2)

hold where,

T T
yeYi  (Birsk)(Brsk)
B =B — . 3.1.3
k+1 Bt y{sk sZ‘Bksk ( )

2. The functions F : R* — R,c: R® — R' and their first and second derivatives are
uniformly bounded by a constant My in D.

3. For some positive constants ~g, bg,

Vil < 7 (3.1.4)
WUl < b0 (3.1.5)
hold, where AT = (Vi,Uy), and
——V—IUk vl
Z7 = g Yi=| © |. (3.1.6)
I 0
We note that Assumption 1-3 implies
1Zkll < (7000 +1) (3.1.7)
IYell < 7. (3.1.8)

The following lemma in [5] gives the explicit formula for the directional derivative of

the {3 merit function at z; in the direction of §; where §; is the solution of the quadratic
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subproblem in Algorithm 1. We provide the proof in order to use some of the equations in

the following results.

Lemmal

Dy, (k3 8k) = gF 6k — puic||cklln (3.1.9)
if dui(z) = F(z) + pxlle()]|1-

Proof. From Taylor’s theorem and A{ék = —ck,a <1, and pi > 0, we have

A

G (T + bk) — bu,(zk) < gl bk + pllek + AT Sklly + b1 |[8k]|® — pellexlls

o(gi 0k — pillcell1) + bre?(| 6| (3.1.10)

IN

for some positive b; that depends on py.

But on the other hand, we also have

\%

Gun (T + b)) — b (zk) > g b + O(l|edi|®) + pkller + AL 6|11
—peO(||ebi|*) = pxlleklls

= a(gi 0k ~ prliexlls) + O(lledil|) — e O(lladi ).
Hence we can take a positive constant by such that
Su(2k + abk) = $u(z) > algh 8k — pllexllr) — bao®||6k[f? (3.1.11)

for sufficiently small «. Now we set b3 = max(by, b2) and replace both b; and b3 by b3 in

(3.1.10) and (3.1.11). If we divide (3.1.10) and (3.1.11) by o and take limits as a — 0, we

obtain the result.
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In the lemma below it is proved that the search direction 6 from Algorithm 1 is a descent
direction and pj eventually remains constant for all sufficiently large k& with appropriately

chosen pyg.

Lemma 2 If the rule below for choosing u; is taken, then the 8y from Algorithm 1 is a
descent direction and pi remains constant for all k > ko for some index kg when the merit

function ¢, in (3.1.1) is used. We have

Hk—1 if pr—1 > || Melloo + 2
tk = (3.1.12)

[Aklloo + 2p otherwise

where p is a fired posilive constant.

Proof. If we substitute é; = —ZkB;lZZ'gk — Yick into the formula for D¢, (2; 6k) in

Lemma 1, we obtain

Du(2k;6k) = gi 0k — pallexlln (3.1.13)

-—g;{ZkB;lZ{gk - QZchk - uk||ck||1. (3.1.14)

Since the definition of Yj in (3.1.6) and the Lagrange multiplier estimate in (2.0.25) imply

Y, = ﬁTVk-ICk

il

T
Ak Ck,
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we have

Do, (zk; ) = —92 Zk B ' ZF gk — M ek — pk|ck]l1- (3.1.15)
Also B;l is positive definite since By is positive definite so that
~(Z{ )" By (Zi k) < 0.

Therefore,

IAF lloo < 1tk (3.1.16)
would be sufficient to guarantee D¢, (zx; k) < 0 because
=Xkek < [WEerl < IAElloollexlls < pllerlls-

It is obvious that the sufficient condition (3.1.16) is satisfied if we choose pi according
to the rule (3.1.12).

Moreover, we have from Assumption 1-2 and 1-3 that

_1T. _ -
Mklloo < VE[Akll2 and [[Akllz = VT Gll < 1V gkl < voMo,

and this implies
IAklloo < VivoMo.

Hence || Ak||oo is bounded. Therefore, p; will stop increasing when ux > g, > Vty0Mo

and pp = pg, for all k > ko for some index ko. This completes the proof.
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We now state the theorem by Byrd and Nocedal in [6] which gives bounds for important
quantities. One of which can be used as a measure of decrease in the merit function. We

will discuss this quantity more after we state the theorem.

Theorem 1 Let { By} be generated by the BFGS formula (3.1.3) where, for allk > 1,5 # 0

and

yEse/|Isl* > m >0

llykll?/ 95 sk < M.

Then, for any p € (0,1), there ezist constants (1, 82,83 > 0 such that, for any k > 1, the

relations,

cosf; > B (3.1.17)

B2 < ||Bjs;li/lls;ll < Bs, (3.1.18)
hold for at least [pk] values of j € [1, k] where

T
83 Bss;
cosf, = — 2 177
7 il Bl

We now take a close look at cos ;. If we decompose §; as

O = hg + vp = Zpwg — Yick,
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then (3.1.9) can be written as
Dy, (k5 6) = g hie — M ek — pillek - (3.1.19)

Since gfhy = g,’;erZkThk if ZL Zr = I, Byrd and Nocedal considered the cosine angle
between hx and —Znggk as a measure of decrease in the merit function. Again, if we

assume Z] Z, then this quantity can be computed as

- —(ZxZF gr)Th

cos Oy ( ka 9k)

1 ZxZi; gilll| P

T
kM (3.1.20)
1 ZE gxllll el
Then, we also have

Déy(2x3 6) = =123 gklll|all cos bk — M ex — puxllexlls- (3.1.21)

This means if || ZF gk||, || k|| are not too small, then cos f, is required to be large for sufficient

decrease. The cosine angle satisfies the relation,

T
- s: B:s;
cosf; = —L 2
7 JIsslllIBjs;

However it seems that it is more appropriate to consider the projected null space com-
ponent and the projected gradient, i.e., wy, Z{gk, directly. If we do so, then we can avoid
the use of the orthogonality of Z; but we can still follow their analysis with a slight modifi-
cation. Moreover, since Bywr = —Zgy, it is likely that wi and —Zigx play the roles of 4,

and —gk in a unconstrained minimization in which the above theorem is stated and proved.

38



Hence we focus on the cosine angle between wy and —Zgg; in the projected space, i.e.,

—_anI 7T
cos b = — Wk Dk Uk (3.1.22)
llwklll Zi gl
Then (3.1.15) becomes
Dy (k5 8k) = —||wellll 2 gill cos 6k — N ex — pkl|exll1, (3.1.23)
and we also have
T
s; B;s;
cosfp = —2 27 _ (3.1.24)
lls;ll11Bjs;ll
The equation above implies
cos O = cos O,
but this is not surprising because if we assume Z] Z; = I, then since ||hi|| = || Zrwi| =
||wk||, their formulas coincide with ours.
We also have the following relation which will be used in later.
foell _ il (5,125

Besell ~— 125 gell”
The theorem claims that there are p times £ number of “good” iterates. We follow Byrd

and Nocedal’s definition of “good” iterates.

Definition 1 Let p in Theorem 1 have the value p = 5/6. We define J to be the set of

iterates for which (3.1.17) and (3.1.18) hold. We will call J the set of “good” iterates.

The following lemma gives the relation between ||wg|| and ||Z¥ gk|| for the good iterates.
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Lemma 3 Suppose that the iterates zj generated by Algorithm 1 satisfy Assumption 1.

Then for any 7 € J,

5127 95l < lwill < 1127 g3, (3.1.26)
§
16112 < 22211 2] g;1I* + My*Vlejls- (3.1.27)

Proof. The first inequality follows from the relation (3.1.25). For the second inequality,

by (3.1.7), (3.1.8), Assumption 1-2, the above inequality, and ||c;|| < v/||cj||1, we have

16,117 = 11Zjw;ll> + (1Y e;l1?
< (7080 + 1)?|wjl|* + M¥3V|cjllx
Yobo + 1)2
< ot D)y aTo 12 + Madvilleslh.

53

We have proven in Lemma 2 that the search direction 6 from our algorithm is a descent
direction, but we provide here a stronger result that gives a lower bound in reduction for

the set of “good” iterates.

Lemma 4 Let the iterates zi be generated by Algorithm 1 with the weight chosen according

to the rule (3.1.12) for all k > 0 so that

i 2 [Auloo + . (3.1.28)
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Suppose that Assumption 1-2 are satisfied. Then for all k > 1,
D (248¢) < ~ 127 gellwel cos 8 — plleall, (3.1.29)
and there is a positive constant by such that for all j € J,
Dé,, (253 8;) < —balll ZF g511* + lles1a)- (3.1.30)

Moreover for any value p there is a positive constant v, such that if j € J and pj = p then

9u(e3) — Bu(zis1) 2 VIZT I + lles ). (3.1.31)

Proof. The inequality (3.1.29) follows immediately from (3.1.23) and (3.1.28). For

(3.1.30), it follows from Theorem 1 and Lemma 3 that
cosd; >
3127 gill < llwjll < 1127 g,
for all j € J. If we combine these two inequalities with (3.1.29) then we have
Dy (zj:65) < —%Ilzfgjllz = plleill,

and if we set by = min(3,/0s,p), we obtain (3.1.30).

To consider the decrease in ¢, for j € J, the line search condition (2.2.3) enforces
¢uj("”j) - ¢uj(xj+l) 2 “najD¢uj (z;;65)- (3.1.32)
Combining this with (3.1.30), we obtain

Gy (25) = o, (541) 2 mbac[[1Z] ;1% + lles ] (3.1.33)
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Now it remains to show that o; is bounded below to achieve (3.1.31).
Suppose a; < 1, this means that the line search condition failed for some step length &,

where 7@ < a; (in practice 7 = 0.1). The failure of the line search condition implies
bu; (25 + @b;) — by (2;) > naDey, (x5 é5), (3.1.34)
and (3.1.10) with a replaced by & yields
Gu; (2 + G8;) — 8,,(2;) < GDy,(zj;6;) + &b |65 (3.1.35)
Equations (3.1.34) and (3.1.35) are combined to yield
(v - 1)Dy,(25;8;) < @bs]|é]*. (3.1.36)
We also have an upper bound of ||é;|2 from Lemma 3,

i o +1)2 N
(= 1)D@, (25:85) < aby TRV 7013 4 5y MVl s, (3.1.37)
2

and if we set by = max(gl"—&[%%ﬂﬁ,M-yg\/f) and define K; = ||ZJ-ng||2 + |l¢jll1, we have
—abbsK; < (1—7)Dey;(;65)- (3.1.38)
Now (3.1.30) and (1 — 5) > 0 imply
(1= 1D, (23;) < —ba(1 ~ n)K;. (3.1.39)
By combining the last two inequalities, we obtain

. _by(l-1)
a> bibs >0,

hence by taking v, = b4b11b"5 L we establish (3.1.31) and the proof is complete.
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The proof of the following theorem is in [5], it is provided for completeness.

Theorem 2 Let the sequence z; be generated by Algorithm 1 using the Iy merit function

with pi chosen by the rule (3.1.12). Suppose that Assumption 1 is satisfied. Then

lim inf (|| Z{ gell + llell) = 0. (3.1.40)

Proof. By Lemma 2 and Theorem 1 there exists an index kg such that u = uj for all
k > ko and there exists a set J of good iterates . And also Lemma 2 guarantees that ¢,(zx)

decreases at each iterate, hence we have for k > kg,

k

$u(h) — Pul(zes1) = D (Bu(25) = du(zis1))

J=ko

Z (Bu(zj) = bu(j41))

j€Jn[ko k]

v > 27 gll® + llejllal-
j€JN[ko K]

\Y

v

By assumption 1-2 ¢,(z) is bounded below for all z € D, so the sum is finite, therefore

. T
dim (177 g5l + lleslly) = o, (3.1.41)

and by Theorem 1, J is infinite as ¥ — oo the theorem follows.
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3.2 Local Behavior of the Algorithm

In this section we now consider a local minimizer z, which satisfies the second order
sufficiency conditions and we will include these conditions in our assumptions. Even though
the Algorithm is expected to obtain super linear convergence rate, only local convergence
will be shown and we leave super linear convergence analysis for future work. Most results
from [5] hold with our algorithm but we must convince ourselves of a few assertions and
change the proofs since we do not have the orthogonality condition on Z(xz). The noticeable
difference can be observed in showing Lipschitz type continuity of Z(z) because we do not
rely on QR decomposition to update Z.

We consider a local minimizer .. Our goal here is to show that the algorithm is locally
R-linearly convergent if z, satisfies the second order sufficiency conditions.

We make the following assumptions:

Assumption 2 The point z. is a local minimizer for problem (2.0.2) at which the following
conditions hold:

1. The functions F(z) : R® — R and ¢i(z) : R* — R for all i = 1,...,t are twice
continuously differentiable and their Hessians are Lipschitz continuous in a neighborhood of
., where ¢(z) = (c1(z), ..., c(x))T.

2. We decompose A(z)T as
A(@)T = (V(2),U(z))

where V(z) is a t X t block submatriz and U(z) is at x (n — t) block submatriz of A(z)T.
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Then V(z) is invertible at ., and z. satisfies the second order sufficiency conditions.

Hence, there ezists a Lagrange multiplier A, such that
Ve L(2s, M) = g(z4) — A(z4) A = 0. (3.2.1)

3. For all w € R™!, w # 0, we have

wlGow > 0 (3.2.2)
where
G(z,\) = Z(z)T (V2 _L(z,)) - Xt: NV2_ci(2))Z(2), (3.2.3)
=1

and G = G(Z, As).
4. The line search has the property that, for z sufficiently close to x, and for large

enough pu,

Bu((1 = O)z + 0z441) < Pu(zk) (3.2.4)
for all 8 € [0,1].

Before we state some consequences of these assumptions we provide a lemma necessary
for our analysis, it can be found in [16].

We define L(RP, R?) to be the space of linear mapping from RP to RY.

Lemma 5 Let A,C € L(R",R") and assume that A is invertible, with ||A| < o. If

[|[A—C| £ B and af < 1, then C is also invertible, and

IC7I < a/(1- aB). (3.2.5)
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The subsequent lemmas are the consequences of Assumption 2. B(z,a) denotes

{y:|ly — z|| < a} and B(z,a) denotes {y: ||y — z|| < a} respectively.

Lemma 6 There ezists a § > 0 such that V(z) is invertible and ||V (z)7}|| < 73 in B(2,6)

for some constant 73, moreover V(z)~! is Lipschitz continuous in B(z.,8),i.e.,

IV(z)™ = V()™ < rllz -yl Yo,y € B(zs,6). (3.2.6)

Proof. Let ||V(z.)|| = @. Then by Lemma 5 and the continuity of V(z) at z., there

exist 3 and é; such that af < 1 and
[V(z) = V(z)|| < B Yz € B(zs,61)
moreover, V(z) is invertible and
V()7 < @/(1 - aB) Yz € B(z.,b1).
By taking 73 as a/(1 — af3), we obtain
IV(2)"!| < v Yz € B(a.,r), (3.2.7)

when r < é;.

Now by Assumption 2-1 there exist d2,; such that

IV(z) - VIl < mllz — yll Vz,y € B(zs,62). (3:2.8)
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If we take a § < min(;,8;), then we have for all 2,y in B(z.,§),

V(@) (V(z) ~ V(@)V(y) 7l

V(=)™ = vy~

IA

aysl[V(z) = V()

IA

ayam|lz -yl

hence V(z)~! is Lipschitz continuous in B(z.,6) with y2 = ay371.

The next lemma will show that the Lagrange multiplier estimate formula in (2.0.25) as

a function of z is Lipschitz continuous in a neighborhood of z..

Lemma 7 There ezists a 6 > 0 such that the Lagrange multiplier estimate A(z) = V(z)T ™ §(z)

is Lipschitz continuous in B(z.,6), that is, there ezists a y1, such that

[A(z) = AW < 12llz - 9l Vz,y € B(a.,6). (3:2.9)

Proof. By (3.2.6),(3.2.7), and the fact that g(z) is also Lipschitz continuous in a

neighborhood of z., there is a § such that for all z,y € B(z.,§),

-1
V()T || < 7s

A

lg() =gl < yalle - yll

V@™ -Vl < mnle -yl
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We have

M@ =A@ = V(@) 5(=) - V()™ )l
< V@) i) - V)T i)l
HIV() 3(y) - V()T ()l
< VE lE@) - g + 1V )T - v I§w)ll
< yavalle — yll + mas{||§(2)l| : 2 € B(wa, 6)}7alle -y

= (1374 + 12maz{||§(2)|| : z € B(z.,8)})llz - y]l-

Therefore, we obtain (3.2.9) with

7 = ¥374 + 1amaz{l§()] : z € Bz, 6)}.

In the Orthogonal Factorization Method, much effort was made to ensure the property
of the null space basis in this lemma, for example see [17], [18], and [19]. But in our case
(the Variable Reduction Method), this property can be obtained from the definition of the

null space basis that we have chosen.

Lemma 8 There ezists a constant @ and a neighborhood of z. such that for all z in the
neighborhood,

12(2) - Z(z)l| < dz - 2., (3:2.10)
where, Z(z) is the null space basis matriz defined in (2.0.22).
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Proof. From the formula for Z(z) we have

1Z(z) = Z(z)ll = IV (2)"'U () - V(2:) 7 U (@),

and

IV(2)7'U(z) = V(@)U < |IV(2)7'U(e) = V()7 U ()

HIV(2)7 U () = V(za) U ()l

IN

V() U () = Uzl
HIV(2)™! = V() IU(2)]]-
By Assumption 2-2 and Lemma 6 we have v, v3, and 75, all positive such that

IV(2)7'0(2) = V(2) ' U(z )l < v33sllz — 2l + 72| U(2)lll2 = 24|

I

(1375 + 72llU(z) DIl — 2.]l.
The result follows if we set @ = 375 + 72||U(z.)]l-

O

Lemma 9 Let G(z) be a Lipschitz continuous function from R™ to L(RP, RP) in a neigh-
borhood of c. Assume G(z) is symmetric for all ¢ € R™. If G(c) is positive definite then
G(z) is also positive definite in a neighborhood of ¢, and there exist m, M such that for all

w € RP and for all z in that neighborhood of c,

m|w||? < wTG(z)w < M|wl| (3.2.11)
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Proof. Since G(c¢) is symmetric positive definite there exist a, 3, for example, a:the

smallest eigenvalue, §:the largest eigenvalue of G(c¢) such that
af|wl|? < ! G(e)w < Bllwl?.
Then,

[wTG(z)w — wT G(c)w|

IN

lwl*G(z) - G(e)ll

IN

lwl*K |z - cl

for some constant K and for all z in a neighborhood of ¢ by the hypothesis.
Hence, for w # 0 in RP, we have

wT G(z)w N wTG(e)w

< - |l
| wlw wlw | < Kl — <]
If |z — ¢|| < /2K, then
T
w' G(z)w
2 < ——— 2.
/2 < wlw <Btaf

By taking m = a/2, M = 8+ /2, we obtain (3.2.11), and the positive definiteness of G(z)
in a neighborhood of ¢ follows from (3.2.11).

O

The following lemma originated in the paper [2] by M.J.D. Powell. It indicates that ¢(z)
and Z(z)Tg(z) may be regarded as a measure of the error at z. The proof of this lemma is

identical to that in [5] except for one place where the orthogonality of Z(z) is needed.
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Lemma 10 If Assumption 2 hold, then for all z sufficiently near z.,
Yelle — 24| < lle(2)l| + 1Z(z)T g(2)|| < y7llz — 2. (3:2.12)
for some positive constants yg,77.

Proof. Define the function H : R™*t — R™*! by
V.L(z,))

c(z)

H(z,\)=

Note that H(z,As) = 0, and H(z, ) is also differentiable since each component function

is differentiable in a neighborhood of z..

We define a norm || - || on R™*! by
™, o)) lle = llull + [loll Vu € R™,Vo € R,

by the corresponding induced matrix norm , for (n 4 t) X (n + t) matrices.

We will show that
Yellz — .| < [|H (2, A2))le < v7llz — 2] (3.2.13)

for z sufficiently near z. where A(z) is given by the formula in (2.0.25).

Also, we establish the equality
1 (2, M@)le = [12(2)" g(2)]| + lle(=)ll, (3.2.14)

which will yield the theorem.
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The Jacobian of H(z,A) at (., A«) is given by

V2, L(Tu, M) —A(Z4)
H'(z.,)\.) = . (3.2.15)

—A(z)T 0

We need to show that H'(z.,\.) is nonsingular. Suppose that
H'(z,, M) (T vT) =0
for some v € R™ and v € R', then

V2, L(z, A)u— A(z ) = 0 (3.2.16)
A(z)Tu = 0. (3.2.17)
This implies that u belongs to the null space of A(z.)T hence there exists a w € R"

such that v = Z(z.)w. On the other hand, if we premultiply (3.2.17) by uT we have

uwTV2_L(z.,A)u = 0, which implies
wl Z(2,)TV2, L(zv, \)Z(2.)w = 0. (3.2.18)

Now Assumption 2-3 gives w = 0,u = 0 and also v = 0 because A(z.) has full rank. Hence
H'(z.,\.) is nonsingular.

The differentiability of H at (z., A.) implies that for any ¢ > 0,

|1 H(z,A) - H'(z., A) lle < e(llz =zl + 1A = A,
A=A
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for all (z, M) sufficiently close to (z., A.).

Hence we obtain

18 (2, Mlle < (1H (@2, A)lle + €)(llz = @l + 1A = Auf])-

(3.2.19)

Now if we substitute A(z) for A in the Lagrange estimate formula (2.0.25), then by Lemma

7 we have for all z sufficiently near z,
1 H (2, A(z))lle < y7llz — 2all,

where 77 = (|| H'(zx, As)lle + €)(1 +71)-

Since for any z € R"*! and A, A~ € L(R"*t, R™)

llelle = Izl = [|A~" Az|le < [|A7" ||| Az,

we have

lllle
o S Az
lA=1le

We obtain for all z sufficiently near z,

Tollz — 2|l < [|H (2, A())lles

where 76 = 1/||H'(z., A\x)"}|c — € and assume that € is small enough so that

1/||H (%, A)7Y|e — € is positive.

We obtain (3.2.13) by combining the inequalities (3.2.20) and (3.2.22).

It remains to show the equality (3.2.14). It will be established by showing that

IVaL(z, X))l = 1Z(2)T g(=)]I-
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(3.2.22)
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We note that A(z) solves

V()" \(z) = §(2),

where,

A(z)T = (V(z) U(z)), and

9(z) = 1) ,
92(z)

g(z) contains the first ¢ components of the gradient vector g(z).

Then, we have

VoL(z @) = g(z) - A@)A()
[ @) - VeyA@)
| 9202) - U@)A@)
()

\ g2(z) = U(z)T\(z) )

Il

)

On the other hand, our formula for Z(z) in (2.0.22) yields

-V(z)"WU(= §(z
pettatey - | V@@ | [ 3@
I g2(z)

~U(2)TV(2)T " §(2) + ga()

= =U(2)"Az) + g2(2)

54

(3.2.24)



Hence we obtained (3.2.23) and this completes the proof.

The following lemma and theorem will be stated without proofs, because the same proofs
in [5] work for our case without modification. But we note that all the lemmas that were
used in the proofs are established here without using an orthogonality assumption on Z(z).

The following lemma shows that the merit function may be regarded as a measure of error.

Lemma 11 Suppose that Assumption 2 hold at z.. Then for any p > ||A|co, there exist

constants vg and 79, such that for all ||z — z.|| sufficiently small,

Yelle — z.1* < du(2) = du(zs) < (11Z(2)7 9(2)I* + lle(2)ll1) (3.2.25)

Now the following theorem shows that once z falls in some neighborhood of z,, then

zj converges to . R-linearly, and this section is completed.

Theorem 3 Let {z;} be generated by Algorithm 1 using the |, merit function, with
chosen by (2.2.2). Suppose that z, satisfies Assumption 2, and that {||A\(zk)||} is bounded.
Then u is a fized value for all sufficiently large k, and there is a neighborhood of z. such
that if any iterate xg, falls in that neighborhood, with pg, = p, then {z} converges to z..
Furthermore

Bu(zrr1) = Gu(zs) < TR (Bu(2k) = Bul4)), k2 ko (3.2.26)
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for some constant r < 1, and

o0
Z lze — .|| < oo.
k=
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Chapter 4

NUMERICAL IMPLEMENTATION AND
RESULTS

4.1 Numerical Implementation

We recall the discretized design problem:

given 4; for j = 1,...,J, seek u; which

minimizes %Zj:l |uj — ;2 (4.1.1)
subject to ¢; = w——la +9;=0

where, f(u) = u+ H [u, g(u,€) = %{('711 — H [u). The domain of both the velocity function
u(§) and the duct area function A(£) is [0 1]. We divided [0 1] into equally spaced J number
of cell centered grid with a center in the jth grid having coordinate §; = (j — 1/2)h where
h = 1/J and those functions will be evaluated at the center. u(£;) will be denoted by u;.
We took J = 40 for the experiment.

By choosing appropriate schemes for computing fluxes f;,;/2, the solution of the follow-
ing subproblem (nonlinear system of equations) approximates the solution of the continuous

analysis problem (1.1.5).
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where, f(u)=u+ H/u, g(u, €)= i:f(%)(?u - H/u),7=1/6, H=1.2.

The functions A(), A¢(€) are the evaluations of the cubic spline defined by B-splines
and its derivative at {. We also note that A(£¢) and A¢(¢) depends on the design parameters.
The boundary conditions, up = 1.299 and ujy = 0.506 are imposed at the inlet and outlet.

Three different constraint functions can be formulated depending on how we compute
fi+1/2 and f;_y/9,i.e., the Artificial Viscosity, Enquist-Osher, and Godunov schemes making
the constraint function C*,C1, and C° respectively.

In order to see how the numerical solutions different from the analytic solution we
compared an analytic solution with different numerical solutions in figures 4.1.1 through
4.1.3.

As we mentioned earlier in section 1, if we treat this subproblem-(4.1.2) as a constraint
while we consider both velocities and design parameters as independent variables then we
obtain an Equality constrained formulation called All at once method. On the other hand, if
the only variables are design parameters and computing objective function involves solving
the flow equation with given design variables, then we are led to Black boxr method.

Design variables are the coefficients of B-splines which generates duct shapes. We have
six parameters to fix to determine a unique spline in the interval, two of them are design
variables which give heights at two mid points, another two of them are heights at two

both ends in our case we fixed them as A(0) = 1.05 and A(1) = 1.745, and the last two
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length along duct

Figure 4.1.1: Exact solution versus Numerical solution using Artificial Viscosity scheme.
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cross: Enquist-Osher used
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

length along duct

Figure 4.1.2: Exact solution versus Numerical solution using Enquist-Osher scheme.
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1.8 T T T L T — L T T

06l solid: exact solution ﬁ
cross: Godunov used
0.4 1 — | — | - | 1 1 — 1 1
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

length along duct
Figure 4.1.3: Exact solution versus Numerical solution using Godunov scheme.

parameters fix the slopes at both ends we gave both zero slopes.

In order to generate a target duct shape and a goal velocity field we fixed the design
parameter. A spline generating routine gives a duct shape and for the goal velocities we
used the scheme in [1] to solve the flow equation analytically or computationally in some
cases.

Both optimization approaches were considered, unconstrained formulation (Black box
method) and equality constrained formulation (All at once method), but we focus on the
latter. Some routines are based on the pseudo codes in [7] and LAPACK routines are used
for linear algebra manipulations.

We consider the unconstrained formulation first. We only need to define an objective
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function:

J
F(d) = 1/22'11]' — i, 2
i=1

where d = (d;...d,,), design parameters, and 4; is a goal velocities, u; is computed by

solving the following nonlinear system of equations

fiv1y2 — fi-1/2

c(u,d) = o

where, f(u) = u+ H/u, g(u,§) = %((%(im - H/u),¥=1/6, H=1.2. and z = (u d), u is
the flow variable of dimension ns(= J) and d is design variable of dimension ng. We take
ny = 40 and ng = 2 for the experiment. We used a forward difference approximation for
the first derivative of the objective function and the Hessian is updated using the BFGS
formula so there is no need for the second derivative.

For the equality constrained formulation, described by Algorithm 2, we need to define

an objective function F(z) and a constraint function ¢(z),

J
F(z) =1/2) |u; - ;]

i=1
where z = (u,d), v = (u1,...,u5), and d = (dy,...,d,,). The equation (4.1.3) becomes a
constraint in the Equality constrained formulation.
For the equality constrained optimization experiment, in order to implement Algorithm

2 successfully to the design problem it is crucial that ¢%(zx) is nonsingular. Also to see the
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advantage that we claimed, we should show that it is a tridiagonal matrix.

Theorem 4 In step 1 in Algorithm 2, the ny X ny matriz c;(zx), ny = J for our case, is
tridiagonal and nonsingular with the following assumptions:

1. there ezists only one indez k(1 < k < J) such that
Uk > Ux > Uk4]-
2. For some positive p and o
u; > us+p Vi<k
and
u; <u,—0 Vji>k

where u, denotes the sound of speed.

3. For some positive
Ae(d, ) 2 8 > 0,
and u; is bounded above by M > 0 and 1 < A(d,u;) < 2.

Proof. We provide detailed proofs for the Godunov Scheme and the Enquist-Osher
scheme. Since very similar argument applies to the proof for the Enquist-Osher scheme, we
only provide the structure of c_’,-(:c) for the Enquist-Osher scheme and made the conclusion

from there. First it is easy to see that the matrix is tridiagonal because if we let z = (u, d),
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. — f._ Ae(d, &) B
cj(z) = Uity th 1/2) + jgd,g)(’)’uj“f{/uj),

fi+172 in (1.1.7) is a function of u;,u;41, and u, and f;_y/; is also a function of u;_1,u;,
and u,. It follows that

9¢i(2) _,

Ou;
if |4 — j| > 1. And this shows that ¢,(z) is a tridiagonal matrix.
The nonsingularity of the matrix c¢,(z) will be shown by establishing that det c;(z) > 0.
Because of Assumption 1 and the definition of f;1,/, and f;_;/; in Godunov scheme, four
different ¢;(z)’s can be formed depending on the index j,ie., s < k,j=k,j=k+ 1, and

j > k + 1. For each case we will show that

dcj(x) e

'
Dy >0, detcf_H o

i=1
which yields det c¢s(z) > 0.

Case 1: j < k. f uj_y,uj,and uj4y > u, then

cj(z) = f];hfjll- +9(z,&5)
_ u]'+I-1/uJ'—(u]'_1+f{/Uj-—l) A&(d’fj) 51— H -
= h A gy v H )
Hence
ac]'(x) _ . .
- = 0 wunlesst=j—1orj
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dcj(z) - Adi&) o\ g2
oy, - T gy O A
9¢;(2)

6uj_1

(-1+ I—I/uf_l)/h.

We note from u; > u, + p that

- 2pu, + p?
1- Hju? >
/"1 2 u3
2pu, + p?
> 0
And A¢ > B, A <2 imply
dcj(z)  2pu+p° B.o 72
> = .
o 2 o )b+ 5+ H/M) >0

Case 2: 7> k+ 1. f uj_q,u;, and u;41 < u, then we obtain

@) = Il g0

h
Uipr + H/ujpr = (ui+ H/uj) | Agd &) =
= + u; — H/fu;).
Hence,
M:O unless t = j+ 1 or ¢ = j.
8u,~

In a similar fashion as above we can show that

%53) 5 (oua/M? + a/M)/h+ B/2(3 + H/M?) > 0.

J

Case 3: j = k. If u; > u., uj41 < uy, then

W) = fie | Addh ) =
cj(a:)zmaz(f’ th) fim1 ff((d’é;’))(’yuj—ﬂ/uj).
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We have two different 8—;‘(—1.)-8 depending on the max function above,
J

dej(z) | (L= H/uD/h+ FEH T+ H[w) i f; 2 fin

ou; , _
’ %%%(7 + H/"?) otherwise

but we always get positive %iifji). We can easily show positiveness using a similar argument

in case 1. We note that if f; < f;31 we obtain three non-zeros, %%, 8—;-’%, and %%%:l.
Case4: if j =k + 1. If uj_1 > ux,u; < Uy, then

oy _ Sirr = fi) —maz(fi-1, i) | Ady) - =,
so we again obtain two different 8—657;%5,

dcj(z) A(d gl) (5 + H/u}) if fi-1 2 f;
ou; _
! (—1+H/u?)/h+ —/}45((%6;’)—(7+H/u2) otherwise.

In this case also we have positive %’é—l and if f; > f;j+1 we obtain three non-zeros, g%zﬂ,

Ocj(x) dc;(x)
et A S 5 il
Bu; and Forgr "

Therefore, the matrix has a very nice structure, there are only diagonal and subdiagonal
non-zero elements when j < k and there are three non-zero elements when j = kor j = k+1
(only once) and there are only diagonal and super diagonal non-zero elements after the row
with three non-zero elements. The following picture illustrates the structure of the matrix
ci(z),

if f; < fj41 then
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c;(x) =

otherwise

dy
X d

X  ds
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X ds 0

cj(z) = X d

X dk+1 X

From this we can conclude that det ¢ (z) = L, Q%ﬂ% is greater than zero in either case
so that c’(z) is nonsingular.

Now for the Enquist-Osher scheme, similar argument leads to the following structure of

the matrix ¢}(z),
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X ds

ci(z) = X dr p

qQ din X

de p
K;, =
q dip
then, since
J
detci(z)=( [ di)det Kyp,
i#k,iFk+1

68




a similar argument for Godunov scheme shows

J
H d,' >0,
itk ik+1

it remains to show that det K35 # 0.

The definition of the Enquist-Osher scheme gives us

[ 5
e

Ock4r  Ockqa
Ou

\ Fur
/dkp

\ q dk+1

where

de = (- B[+ ST 1)

p = (1-Hju,)/h

¢ = (-1+H/u))/h

A§ (d7 §k+l)

L B a2
A(d, €k41) G+ H/ukyr)-

dey1 = (-1+ f[/ui+1)/h+

Hence we obtain

Ae(d,€x41) ,_ | 5
W) O )

+1/h(=1+ ﬁ/uzﬂ)_—i‘f((z’ fik))
Ae(d, &) Ag(dbrrr) - 7, 2
A(d, &) A(d,Erpr) 7+ H/uk+l)

> 0.

det Kg,g = l/h(l - H/“z)
(7 + H/uF)

+
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We can compute an actual lower bound with a similar argument in case 1 for the proof

of the Godunov scheme. This completes the proof.

4.2 Numerical Results

First we make some observation on the design problem with the black box approach
because this experiment gives us insight into how the presence of the shock affects the
optimization problem. Some difficulties that arise in this approach leads us to consider the
equality constrained formulation of the problem.

In figures 4.2.1 through 4.2.3, we plot the objective function F(d) on the (d;,d;) plane
with velocities computed analytically, using Godunov scheme, and using Artificial Viscosity.

The objective function plot in figure 4.2.1 shows the difficulty of finding a minimum
point. There is a big deep valley and the whole picture looks like a stairs. The phenomenon
can be explained as follows: we took 40 nodes (centers of the cell) in [0 1], if the shock
of the goal velocities is located in between, for example, the 18th and 19th node, then the
difference between any solution velocities with the shock lying in between the 18th and 19th
node and goal velocities is small. Hence all the design pairs in the valley generate the same
location of shocks as goal velocities but if a shock is one node away from the shock of the
goal velocities we take one step up from the valley. This explains the presence of the stairs
and the long valley. Although the bottom looks flat, if we zoom in we can see the existence

of the minimum point, in fact, we plotted contour lines to see this.
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When we use the Godunov scheme we observed smeared out edges. The Artificial
Viscosity scheme almost removed all the edges which means less trouble in running the
optimization but we can not expect good matching. Also the ellipsoids in contours with
the artificial viscosity scheme are thicker than those with the Godunov scheme (see Figure
4.2.6).

In figures 4.2.4 through 4.2.6, we plot three contours of the objective functions computed
analytically, using the Godunov scheme, and the artificial viscosity scheme respectively.
Thick black lines indicate steep jumps in values.

We plot the objective function with one design variable fixed while the other varies in
figure 4.2.7. We computed velocities using the Godunov scheme. The picture shows that
even though the use of the Godunov scheme makes sharp edges a lot smoother compared
with those in figure 4.2.1 there are still some quite sharp edge and spots with almost zero
slope which gives us trouble because this could mean nondifferentiability or gradient zero.

In summary we observed in the Black box approach that, as we expected, the optimiza-
tion runs are very costly because we need to solve the nonlinear system of equations to
evaluate the objective function, especially when we compute gradients using forward finite
difference scheme. Another difficulty is, as the plot of objective function shows, the presence
of many possible local minima.

Now we turn to the equality constrained formulation of the problem. Although algo-
rithm 2 is expected to obtain 2-step super linear convergence, with assumptions that both

objective function and constraint function are twice continuously differentiable, we found
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one example in which we can see this convergence rate, but in general we could not observe
this convergence rate in the 1-D model duct problem.

Because methods other than the Artificial Viscosity scheme do not generate a C? con-
straint function, we used the A.V. scheme. We set up the goal velocity in the objective
function using the A.V. scheme so that we can expect perfect matching if the optimization
succeeds. The design variables that generate a goal velocity are dy = 1.12, d; = 1.43. Initial
designs are dy = 1.26, d; = 1.67 and for the initial velocity we used A.V. to compute those
with design variables, d; = 1.20 and d; = 1.60. In figure 4.2.8 we show the initial, goal, and
final (computed) duct shape and we also show initial, goal, and final velocities evaluated at
cell centered nodes in figure 4.2.9.

In figures 4.2.10 through 4.2.15, we used analytically computed goal velocities and we
tried Artificial Viscosity, Enquist-Osher, and Godunov schemes to match goal velocities.

For the comparison of our approach with black box approach, since we do not solve the
underlying ordinary differential equation exactly, our approach is time efficient. We also
note that we could save a lot of time because we were able to compute the Jacobian of the
ny X ny block matrix of ¢’;(z) analytically which is more than 95% of whole Jacobian, due
to the decomposition of variables. We observed that the black-box code took much more
time in solving the discretized ordinary differential equation as we expected and sometimes
the Newton solver had trouble solving with the given design data. In that case that the
code looped over until it reaches the iteration limit.

In terms of robustness our all at once approach with decomposition of variables is quite
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Table 4.1: The CPU time comparison of All At Once versus Black Box

Initial Objective | Scheme for | Scheme for | No. of CPU

design function | initial vel. | goal vel. iterations | time
B.B. | 1.10,1.47 | 4.36-04 Godunov | Analytic 10 2m 30s
A.0. | 1.10,1.47 | 4.09-04 Godunov Analytic 58 17.6s
B.B. | 1.10,1.47 | 4.36-04 Artificial Analytic 10 2m 22s
A.0. | 1.10,1.47 | 4.86-04 Artificial Analytic 27 9.2s
B.B. | 1.20,1.60 | 4.36-04 Godunov Analytic 13 4m 49s
A.0. | 1.20,1.60 | 4.71-04 Godunov Analytic 37 12.0s
B.B. | 1.20,1.60 | 4.36-04 Artificial Analytic 13 4m 42s
A.0. | 1.20,1.60 | 4.45-04 Artificial Analytic 62 17.4s
B.B. | 1.14,1.48 | 4.36-04 Artificial Analytic 10 4m 38s
A.0. | 1.14,1.48 | 1.50-03 Artificial Analytic 9 5.5s
B.B. | 1.20,1.60 | 6.06-08 Artificial Artificial 10 5m 23s
A.0. | 1.20,1.60 | 1.19-07 Artificial Artificial 92 32.5s

robust. But we can not claim that it is as robust as black box approach. The location of
the shock of the initial velocity is almost always far from the goal velocity.

The performance of our approach versus the black-box approach is compared in table
4.1. We compared the performance by measuring CPU times. The goal velocity is computed
analytically with the design variables d; = 1.12,d; = 1.43 except in the last experiment.
We computed the initial guesses for the velocities using both the Artificial Viscosity scheme
and the Godunov scheme. The computation was done on Sun Sparc-station server 1000.
B.B. and A.O. means Black box and All at once respectively. The Godunov scheme was

used for the first four runs and the Artificial Viscosity was used for the rest.
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Figure 4.2.1: 3D objective function plot using exact solution.
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Figure 4.2.2: 3D objective function plot using Godunov scheme.
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Figure 4.2.3: 3D objective function plot using Artificial Viscosity scheme.
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Figure 4.2.4: Contour plot of objective function using exact solution.
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Figure 4.2.6: Contour plot of objective function using Artificial Viscosity scheme.
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Figure 4.2.7: Cross Section of Objective function.
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Figure 4.2.8: Duct area matching-Artificial Viscosity used.
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Figure 4.2.9: Velocity matching-Artificial Viscosity used.
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Figure 4.2.10: Duct area matching-Artificial Viscosity used.
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1.8 — — . T . . . —
dots: initial duct c 0 e
17r solid: goal duct |
16k % computed duct . |
1 1 1 'l '} 1 'l 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

length along duct
Figure 4.2.12: Duct area matching-Enquist-Osher used.
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Figure 4.2.14: Duct area matching-Godunov used.
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Figure 4.2.15: Velocity matching-Godunov used.

4.3 Conclusion

We applied a particular optimization method to solve a model 1-D design problem. An
equality constrained optimization formulation with rather simple line search globalization
is expected to reduce the adverse effect of a shock and the variable reduction method
in representing the null space basis matrices is efficient in reducing the amount of work.
Numerical experiment shows that the all at once approach should be emphasized as a time
efficient method. In addition, the variable reduction method allows us to compute most
of the Jacobian matrix analytically, which saves a great deal of time. If we take more
grid points in the space dimension then the savings could be even more. Moreover, since

the dimension of the Hessian is the number of design variables, the reduced Sequential
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Quadratic Programming reduces the storage requirement.

During the computation it is found that the optimization runs are quite sensitive to the
initial p (parameter in the !; merit function) and the maximum allowable step length. The
initial p should be small enough; a large maximum allowable step length induced iterates
out of the bound.

Since the benefit from not solving the underlying flow equation could be huge, the
algorithm can be applied to other design or control problem in which solving a underlying
equation is very time consuming.

The super linear convergence rate is expected to be observed in smooth problems and
its convergence proof would be future work. Also improved globalization (for example the

trust region approach) should help increase the robustness of the algorithm.
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