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Application of Machine Learning to Multi Antenna Transmission
and Machine Type Resource Allocation

Don-Roberts U. Emenonye

(ABSTRACT)

Wireless communication systems is a well-researched area in electrical engineering that

has continually evolved over the past decades. This constant evolution and development

have led to well-formulated theoretical baselines in terms of reliability and efficiency. How-

ever, most communication baselines are derived by splitting the baseband communications

into a series of modular blocks like modulation, coding, channel estimation, and orthogonal

frequency modulation. Subsequently, these blocks are independently optimized. Although

this has led to a very efficient and reliable process, a theoretical verification of the optimality

of this design process is not feasible due to the complexities of each individual block. In this

work, we propose two modifications to these conventional wireless systems.

First, with the goal of designing better space-time block codes for improved reliability, we

propose to redesign the transmit and receive blocks of the physical layer. We replace a por-

tion of the transmit chain - from modulation to antenna mapping with a neural network.

Similarly, the receiver/decoder is also replaced with a neural network. In other words, the

first part of this work focuses on jointly optimizing the transmit and receive blocks to pro-

duce a set of space-time codes that are resilient to Rayleigh fading channels. We compare

our results to the conventional orthogonal space-time block codes for multiple antenna con-

figurations.

The second part of this work investigates the possibility of designing a distributed multi-

agent reinforcement learning-based multi-access algorithm for machine type communication.

This work recognizes that cellular networks are being proposed as a solution for the connec-

tivity of machine type devices (MTDs) and one of the most crucial aspects of scheduling in



cellular connectivity is the random access procedure. The random access process is used by

conventional cellular users to receive an allocation for the uplink transmissions. This process

usually requires six resource blocks. It is efficient for cellular users to perform this process

because transmission of cellular data usually requires more than six resource blocks. Hence,

it is relatively efficient to perform the random access process in order to establish a con-

nection. Moreover, as long as cellular users maintain synchronization, they do not have to

undertake the random access process every time they have data to transmit. They can main-

tain a connection with the base station through discontinuous reception. On the other hand,

the random access process is unsuitable for MTDs because MTDs usually have small-sized

packets. Hence, performing the random access process to transmit such small-sized packets

is highly inefficient. Also, most MTDs are power constrained, thus they turn off when they

have no data to transmit. This means that they lose their connection and can’t maintain

any form of discontinuous reception. Hence, they perform the random process each time

they have data to transmit. Due to these observations, explicit scheduling is undesirable for

MTC.

To overcome these challenges, we propose bypassing the entire scheduling process by using

a grant free resource allocation scheme. In this scheme, MTDs pseudo randomly transmit

their data in random access slots. Note that this results in the possibility of a large number

of collisions during the random access slots. To alleviate the resulting congestion, we exploit

a heterogeneous network and investigate the optimal MTD-BS association which minimizes

the long term congestion experienced in the overall cellular network. Our results show that

we can derive the optimal MTD-BS association when the number of MTDs is less than the

total number of random access slots.
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(GENERAL AUDIENCE ABSTRACT)

Wireless communication systems is a well researched area of engineering that has continually

evolved over the past decades. This constant evolution and development has led to well

formulated theoretical baselines in terms of reliability and efficiency. This two part thesis

investigates the possibility of improving these wireless systems with machine learning.

First, with the goal of designing more resilient codes for transmission, we propose to redesign

the transmit and receive blocks of the physical layer. We focus on jointly optimizing the

transmit and receive blocks to produce a set of transmit codes that are resilient to channel

impairments. We compare our results to the current conventional codes for various transmit

and receive antenna configuration.

The second part of this work investigates the possibility of designing a distributed multi-

access scheme for machine type devices. In this scheme, MTDs pseudo-randomly transmit

their data by randomly selecting time slots. This results in the possibility of a large number

of collisions occurring in the duration of this slots. To alleviate the resulting congestion,

we employ a heterogeneous network and investigate the optimal MTD-BS association which

minimizes the long term congestion experienced in the overall network. Our results show

that we can derive the optimal MTD-BS algorithm when the number of MTDs is less than

the total number of slots.
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Although wireless networks have been extensively researched during the past decades,

the promise of improved guaranteed quality of service, - reliability, and latency and new

applications in future generation networks necessitates further investigation [1]. One area of

possible research involves the modularized physical layer. Examples of the modular blocks

include forward error correction, modulation, channel equalization, and orthogonal frequency

division multiplexing. Over time, the optimization of these blocks has spawned into distinct

and well-defined areas of research, and expert domain knowledge of these research areas has

been established. Hence, recent research has yielded only marginal improvements in the

performance gains, and most times these gains require complex analytical models that are

intractable in real-world systems. Also, the modular structure of the physical layer may not

be optimal, as is the case with the separation of modulation and coding [2].

However, in the machine learning world, model-free algorithms are being used to solve

complex problems. Authors in [3], proposes a novel paradigm shift from the conventional

design of the physical layer to an end-to-end machine-based design. This work led to a

surge in the research of end-to-end machine learning-based systems. Leveraging this existing

body of research, we aim to design space-time block codes that are more resilient to channel

1
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impairments. Following previous works, we construct the transmit and receive aspects of the

physical layer as a neural network. The symbols produced from the encoders are multiplexed

in both space and time such that the final output is an integer multiple of the number of

symbols in one time step. These symbol mappings are optimized by minimizing the mostly

convex loss functions deployed in machine learning systems [4, 5]. We present our case by

comparing our results with conventional space-time block codes which are submodular in

design.

The second aspect of this work pertains to the design of a  grant-free scheduling algo-

rithm for deivces that operate without human intervention. This devices are usually referred

to as machine type devices (MTDs). The expected prevalence of MTDs has led to a signif-

icant body of work directed at providing connectivity for such devices. Through this body

of work, cellular networks have been largely proposed and discussed as a solution. However,

MTDs operate in a different way than conventional cellular uses, hence, explicitly scheduling

such device through conventional cellular networks might prove challenging. The first chal-

lenge relates to the suitability of the random access process. The first issue pertaining to the

random access process is the sporadic, event-based nature of machine-type communications.

The event-based nature of machine type devices can lead to similar packets arrival times -

for instance, if there is a sudden change in the temperature, sensors reporting weather condi-

tions will simultaneously have a burst of packets. This will lead to an increase in congestion

and subsequently a high rate of collisions in the random access process. Second, after the

random access process fails, devices need to back off then retry the entire random access

procedure, this is unsuitable for machine type devices with stringent delay requirements.

Lastly, with the exception of autonomous vehicles, the packets generated by machine type

devices are small relative to the number of resource blocks used in the RA process, each RA

slot has a size of 1.04MHz in the uplink, this is equivalent to six resource blocks. Therefore,



3

it can be very inefficient to explicitly schedule machine type devices.

We propose a multi-agent reinforcement-based solution. This solution exploits a het-

erogeneous cellular network in order to alleviate the congestion caused by the simultaneous

transmission of packets by a large number of machine the devices. Results from this scheme

show that the MTDs are able to self-organize in a distributed manner across multiple cells

in order to eliminate the long term congestion.

Multi-antenna systems have been in existence for more than half a century. Single

Input Multiple Output systems based on receive combining has excited since the 1950s [6].

Multi transmit antenna systems (MISO) in [7], takes advantage of its time division duplex

TDD implementation to support transmit based selection diversity. Although SIMO and

MISO techniques had been popularized, the effect of simultaneously using multiple transmit

and receive antennas was not known. Authors in [8], showed that with independent channel

gains and antennas spaced sufficiently at both the transmitter and the receiver, the capacity

increases linearly as the number of transmitters and receivers increased

The Alamouti codes introduced in [9], provides a diversity achieving scheme with a lin-

early scale-able diversity order. Subsequent works in  [10], develops space-time block codes

using the mathematical concept of orthogonal designs and Hadamard matrices. Due to the

orthogonal nature of these block codes, the decoding/receive process has linear complexity.

Authors in [11] present an example list of block codes and their encoding and decoding algo-

rithms. Considering this plethora of works, multi-channel communication is a well-researched
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�+�2�H�H�m�H���` �+�Q�K�K�m�M�B�+���i�B�Q�M�b�- �2�M�;�B�M�2�2�`�b ���`�2 �H�B�K�B�i�2�/ �#�v �i�?�2 ���p���B�H���#�H�2 �b�T���+�2�X �h�?�B�b �B�b �#�2�+���m�b�2 �K�Q�#�B�H�2

�T�?�Q�M�2�b �?���p�2 �� �b�B�x�2 �#�2�v�Q�M�/ �r�?�B�+�? �i�?�2�v ���`�2 �B�K�T�`���+�i�B�+���H�X �h�?�B�b �K�Q�i�B�p���i�2�b �i�?�2 �M�2�2�/ �7�Q�` �i�`���M�b�K�B�i

�/�B�p�2�`�b�B�i�v �B�M �i�?�2 �7�Q�`�r���`�/ �H�B�M�F �Q�` �+�2�H�H�m�H���` �/�Q�r�M�H�B�M�F�X �>�Q�r�2�p�2�`�- ���+�?�B�2�p�B�M�; �i�`���M�b�K�B�i �/�B�p�2�`�b�B�i�v �B�b ��

�M�Q�M�i�`�B�p�B���H �i���b�F�X �*�Q�M�b�B�/�2�` �� �K�m�H�i�B �i�`���M�b�K�B�i �b�B�M�;�H�2 ���M�i�2�M�M�� �b�v�b�i�2�K�- �b�B�K�T�H�v �b�2�M�/�B�M�; �i�?�2 �b���K�2

�b�B�;�M���H ���+�`�Q�b�b ���H�H ���M�i�2�M�M���b �/�Q�2�b�M�ö�i �T�`�Q�p�B�/�2 �/�B�p�2�`�b�B�i�v�X �h�Q �b�2�2 �i�?�B�b�- �+�Q�M�b�B�/�2�` �i�?�2 �Q�m�i�T�m�i �Q�7 ��

�K���i�+�?�2�/ �7�B�H�i�2�` �r�B�i�? �� �b�B�M�;�H�2 �`�2�+�2�B�p�2 ���M�i�2�M�M���,

r =
s

p
s

N tX

i =1

hi + n �U�k�X�R�V

�A�M �i�?�B�b �2�[�m���i�B�Q�M�-r �- �`�2�T�`�2�b�2�M�i�b �i�?�2 �`�2�+�2�B�p�2�/ �b�B�;�M���H �b���K�T�H�2 ���i �i�?�2 �Q�m�i�T�m�i �Q�7 �Q�m�` �K���i�+�?�2�/

�7�B�H�i�2�`�-hi �/�2�M�Q�i�2�b �i�?�2 �+�?���M�M�2�H �#�2�i�r�2�2�M �i�?�2 �`�2�+�2�B�p�2�` ���M�/ �i�?�2i � �i�? �i�`���M�b�K�B�i�i�2�`�-s �B�b �i�?�2 �i�`���M�b�@

�K�B�i�i�2�/ �b�v�K�#�Q�H�- ���M�/n �`�2�T�`�2�b�2�M�i�b �i�?�2 �M�Q�B�b�2 �B�K�T���B�`�K�2�M�i�b�X �*�H�2���`�H�v�- �i�?�2 �`�2�+�2�B�p�2�/ �b�B�;�M���H �B�b �D�m�b�i

�� �b�+���H�2�/ �p�2�`�b�B�Q�M �Q�7 �i�?�2 �i�`���M�b�K�B�i�i�2�/ �b�B�;�M���H�X �A�M �7���+�i�- �i�?�2 �a�L�_ �B�b �M�Q �/�B�7�7�2�`�2�M�i �i�?���M �B�7 �Q�M�H�v �Q�M�2

���M�i�2�M�M�� �r���b �m�b�2�/ ���i �i�?�2 �i�`���M�b�K�B�i�i�2�`�X �h�?�B�b �B�b �#�2�+���m�b�2 �� �7�`���+�i�B�Q�M �Q�7 �i�?�2 �T�Q�r�2�` �B�b �b�2�M�i �7�`�Q�K �2���+�?

���M�i�2�M�M�� ���M�/ �i�?�2 �ô�+�Q�K�#�B�M�B�M�;�ô �?���T�T�2�M�b �B�M �i�?�2 ���B�` ���M�/ �B�b �i�?�m�b �M�Q�M�@�+�Q�?�2�`�2�M�i�X �h�Q �+�Q�`�`�2�+�i �i�?�B�b�-

�b�Q�K�2 �i�v�T�2 �Q�7 �2�M�+�Q�/�B�M�; �M�2�2�/�b �i�Q �#�2 �T�2�`�7�Q�`�K�2�/ ���i �i�?�2 �i�`���M�b�K�B�i�i�2�`�X �h�?�B�b �2�M�+�Q�/�B�M�; �B�b �F�M�Q�r�M ���b
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�b�T���+�2�@�i�B�K�2 �+�Q�/�B�M�;�X �h�?�2 �K�Q�b�i �T�Q�T�m�H���` �i�v�T�2 �Q�7 �b�T���+�2�@�i�B�K�2 �+�Q�/�B�M�; �7�Q�` �i�r�Q �i�`���M�b�K�B�i ���M�i�2�M�M���b

�B�b �F�M�Q�r�M ���b �i�?�2 ���H���K�Q�m�i�B �b�+�?�2�K�2�X �h�?�B�b �b�+�?�2�K�2 �?���b ���i�i�`���+�i�2�/ �K�m�+�? �T�Q�T�m�H���`�B�i�v �#�2�+���m�b�2 �B�i

�B�b �i�?�2 �Q�M�H�v �`���i�2 �Q�M�2 �b�T���+�2�@�i�B�K�2 �#�H�Q�+�F �+�Q�/�B�M�; �b�+�?�2�K�2 �7�Q�` �+�Q�K�T�H�2�t �K�Q�/�m�H���i�B�Q�M�X �h�?�B�b �K�2���M�b

�i�?���i �Q�M ���p�2�`���;�2 �Q�M�2 �b�v�K�#�Q�H �B�b �i�`���M�b�K�B�i�i�2�/ �2�p�2�`�v �i�B�K�2 �� �b�i�2�T�X ���i �i�?�2 �`�2�+�2�B�p�2�`�- �K���t�B�K�m�K

�h���#�H�2 �k�X�R�, ���H���K�Q�m�i�B �a�+�?�2�K�2

�h�B�K�2 �A�M�/�2�t ���M�i�2�M�M�� �R ���M�i�2�M�M�� �k

�i s1 s2

t + Ts � s�
2 s�

1

�`���i�B�Q �+�Q�K�#�B�M�B�M�; �B�b �m�b�2�/ �i�Q �`�2���H�B�x�2 �i�?�2 �/�B�p�2�`�b�B�i�v �#�2�M�2�7�B�i�b�X �� �+�Q�K�K�Q�M �b�T���+�2 �i�B�K�2 �#�H�Q�+�F �+�Q�/�2

�7�Q�` �?�B�;�?�2�` �M�m�K�#�2�` �Q�7 �i�`���M�b�K�B�i ���M�i�2�M�M���b �B�b �i�?�2 �Q�`�i�?�Q�;�Q�M���H �b�T���+�2 �i�B�K�2 �#�H�Q�+�F �+�Q�/�B�M�; �U�P�a�h�"�*�V

�b�+�?�2�K�2 �(�R�y�) �r�?�B�+�? �B�b �� �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �i�?�2 ���H���K�Q�m�i�B �b�+�?�2�K�2 ���M�/ �B�b �b�?�Q�r�M �B�M �h���#�H�2�b�k�X�k���M�/

�k�X�j�7�Q�` �j ���M�/ �9 ���M�i�2�M�M���b �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�b�2 �+�Q�/�2�b �;���B�M�2�/ �T�Q�T�m�H���`�B�i�v �#�2�+���m�b�2 �i�?�2 ���m�i�?�Q�`�b

�T�`�Q�p�B�/�2�/ �� �/�2�+�Q�/�B�M�; �b�+�?�2�K�2 �r�?�B�+�? �B�b �H�B�M�2���` �B�M �T�`�Q�+�2�b�b�B�M�; �i�B�K�2�X

�h���#�H�2 �k�X�k�, �P�a�h�"�* �7�Q�`3 �i�`���M�b�K�B�i ���M�i�2�M�M���b

�h�B�K�2 �A�M�/�2�t ���M�i�2�M�M�� �R ���M�i�2�M�M�� �k ���M�i�2�M�M�� �j

�i s1 s2 0
t + Ts � s�

2 s�
1 0

t + 2Ts 0 0 s1

t + 3Ts 0 0 � s2

�h���#�H�2 �k�X�j�, �P�a�h�"�* �7�Q�`4 �i�`���M�b�K�B�i ���M�i�2�M�M���b

�h�B�K�2 �A�M�/�2�t ���M�i�2�M�M�� �R ���M�i�2�M�M�� �k ���M�i�2�M�M�� �j ���M�i�2�M�M�� �9

�i s1 s2 0 0
t + Ts � s�

2 s�
1 0 0

t + 2Ts 0 0 s1 s2

t + 3Ts 0 0 � s�
2 s�

1

�h�?�2 �b�2�+�Q�M�/ �K���D�Q�` �J�A�J�P �i�2�+�?�M�B�[�m�2 �B�b �b�T���i�B���H �K�m�H�i�B�T�H�2�t�B�M�; �U�a�J�V�X �a�T���i�B���H �K�m�H�i�B�T�H�2�t�B�M�;

�B�M�p�Q�H�p�2�b �b�2�M�/�B�M�; �/�B�b�i�B�M�+�i �b�i�`�2���K�b �Q�7 �/���i�� �Q�p�2�` �� �K�m�H�i�B�T���i�? �+�?���M�M�2�H�X �h�?�2 �M�m�K�#�2�` �Q�7 �b�i�`�2���K�b
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�i�?���i �+���M �#�2 �2�7�7�2�+�i�B�p�2�H�v �b�2�M�i �Q�p�2�` �b�m�+�? �� �+�?���M�M�2�H �B�bmin f N t ; Nr g�X �L�Q�i�B�+�2 �i�?���i �B�M �b�T���i�B���H �K�m�H�i�B�@

�T�H�2�t�B�M�;�- �K�m�H�i�B�T�H�2 �b�i�`�2���K�b ���`�2 �b�2�M�i �Q�p�2�` �i�?�2 �b���K�2 �7�`�2�[�m�2�M�+�v �`�2�b�Q�m�`�+�2 ���i �i�?�2 �b���K�2 �i�B�K�2�- �?�2�M�+�2�-

�i�?�B�b �i�2�+�?�M�B�[�m�2 �B�M�+�`�2���b�2�b �i�?�`�Q�m�;�?�T�m�i �r�B�i�?�Q�m�i �B�M�+�`�2���b�B�M�; �i�?�2 �`�2�[�m�B�`�2�/ �#���M�/�r�B�/�i�?�X �A�M ���M �a�J�@

�J�A�J�P �b�v�b�i�2�K�- �� �T�`�2�+�Q�/�2�` �B�b �m�b�2�/ �i�Q �K���T �i�?�2 �b�i�`�2���K �Q�7 �B�M�T�m�i �/���i�� �i�Q �i�?�2 �K�m�H�i�B�T�H�2 �i�`���M�b�K�B�i

���M�i�2�M�M���b�X �h�?�2 �T�`�2�+�Q�/�2�` �+���M �#�2 �� �b�B�K�T�H�2 �b�2�`�B���H �i�Q �T���`���H�H�2�H �+�Q�M�p�2�`�i�2�`�X �A�M �2�B�;�2�M�#�2���K�7�Q�`�K�B�M�;�-

�i�?�2 �T�`�2�+�Q�/�2�` �B�b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �+�Q�K�K�m�M�B�+���i�B�Q�M �+�?���M�M�2�H ���M�/ �i�?�m�b �`�2�[�m�B�`�2�b �7�2�2�/�#���+�F �7�`�Q�K

�i�?�2 �`�2�+�2�B�p�2�`�X

�h�?�2 �b�2�+�Q�M�/ ���b�T�2�+�i �Q�7 �i�?�2 �a�J�@�J�A�J�P �b�v�b�i�2�K �B�b �� �T�Q�b�i�+�Q�/�2�` �Q�` �b�T���i�B���H �/�2�+�Q�/�2�`�f�/�2�i�2�+�i�Q�`�X

�h�?�B�b �#�H�Q�+�F �T�`�Q�+�2�b�b�2�b �i�?�2 �b�B�;�M���H �`�2�+�2�B�p�2�/ ���i �i�?�2 �`�2�+�2�B�p�2 ���M�i�2�M�M���b�X �A�M �b�T���i�B���H �K�m�H�i�B�T�H�2�t�B�M�;�-

�2���+�? �`�2�+�2�B�p�2�/ �b�v�K�#�Q�H �+���M �#�2 �p�B�2�r�2�/ ���b �� �+�Q�K�T�H�2�t �r�2�B�;�?�i�2�/ �b�m�K �Q�7 ���H�H �i�?�2 �b�B�;�M���H�b �i�`���M�b�K�B�i�i�2�/

�7�`�Q�K �i�?�2 �i�`���M�b�K�B�i ���M�i�2�M�M���b�X �h�?�2 �T�Q�b�i�@�+�Q�/�2�` �/�2�+�Q�m�T�H�2�b �2���+�? �`�2�+�2�B�p�2�/ �/���i�� �b�i�`�2���K�X �S�Q�T�m�H���`

�/�2�+�Q�m�T�H�B�M�; �i�2�+�?�M�B�[�m�2�b �B�M�+�H�m�/�2 �x�2�`�Q�@�7�Q�`�+�B�M�; �U�w�6�V�- �x�2�`�Q�@�7�Q�`�+�B�M�; �r�B�i�? �b�m�+�+�2�b�b�B�p�2 �B�M�i�2�`�7�2�`�2�M�+�2

�+���M�+�2�H�H���i�B�Q�M�- �K�B�M�B�K�m�K �K�2���M �b�[�m���`�2�/ �2�`�`�Q�` �U�J�J�a�1�V�- ���M�/ �J�J�a�1�@�a�A�*�X �w�2�`�Q �7�Q�`�+�B�M�; �+���M �#�2

�B�M�i�m�B�i�B�p�2�H�v�˜�/�2�b�+�`�B�#�2�/ ���b �B�M�p�2�`�i�B�M�; �i�?�2 �+�?���M�M�2�H ���M�/ ���T�T�H�v�B�M�; �i�?���i �+�?���M�M�2�H �B�M�p�2�`�b�B�Q�M �i�Q �i�?�2

�`�2�+�2�B�p�2�/ �b�B�;�M���H �p�2�+�i�Q�`�X �h�?�B�b �K�2�i�?�Q�/ ���K�T�H�B�7�B�2�b �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i���H �B�K�T���B�`�K�2�M�i�b �U�M�Q�B�b�2�V �r�?�B�+�?

���`�2 �m�b�m���H�H�v �K�Q�/�2�H�2�/ ���b �� �:���m�b�b�B���M �`���M�/�Q�K �p���`�B���#�H�2�X �h�?�2 �J�J�a�1 �b�+�?�2�K�2 �B�b �b�B�K�B�H���` �i�Q �i�?�2 �x�2�`�Q

�7�Q�`�+�B�M�; �b�+�?�2�K�2�X �h�?�2 �7�m�M�/���K�2�M�i���H �/�B�7�7�2�`�2�M�+�2 �B�b �� �M�Q�M �x�2�`�Q �p���H�m�2 �B�b ���/�/�2�/ �i�Q �i�?�2 �/�B���;�Q�M���H�b

�Q�7 �i�?�2 �+�?���M�M�2�H �#�2�7�Q�`�2 �B�M�p�2�`�b�B�Q�M�- �i�?�B�b �T�`�2�p�2�M�i�b �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i���H �B�K�T���B�`�K�2�M�i�b �7�`�Q�K �#�2�B�M�;

���K�T�H�B�7�B�2�/�X �A�M �i�?�2 �b�m�+�+�2�b�b�B�p�2 �B�M�i�2�`�7�2�`�2�M�+�2 �+���M�+�2�H�H���i�B�Q�M �b�+�?�2�K�2�b�- �i�?�2 �J�J�a�1 �Q�` �w�6 �T�Q�b�i�+�Q�/�2�` �B�b

�b�2�[�m�2�M�i�B���H�H�v ���T�T�H�B�2�/ �i�Q �i�?�2 �`�2�+�2�B�p�2�/ �b�B�;�M���H�X �6�B�`�b�i�- �i�?�2 �`�2�+�2�B�p�2 ���M�i�2�M�M�� �r�B�i�? �i�?�2 �?�B�;�?�2�b�i �a�L�_

�B�b �2�b�i�B�K���i�2�/ ���M�/ �/�2�+�Q�/�2�/�- �i�?�2�M �i�?�2 �/�2�+�Q�/�2�/ �b�v�K�#�Q�H�b ���`�2 �T�`�Q�+�2�b�b�2�/ ���M�/ �b�m�#�i�`���+�i�2�/ �7�`�Q�K �i�?�2

�b�v�K�#�Q�H�b �Q�7 �i�?�2 �`�2�K���B�M�B�M�; �`�2�+�2�B�p�2 ���M�i�2�M�M���b�X �h�?�B�b �T�`�Q�+�2�b�b �B�b �B�i�2�`���i�2�/ �m�M�i�B�H ���H�H �i�?�2 �`�2�+�2�B�p�2

�b�i�`�2���K�b �?���p�2 �#�2�2�M �T�`�Q�+�2�b�b�2�/�X ���`�;�m���#�H�v�- �i�?�2 �K�Q�b�i �B�K�T�Q�`�i���M�i �T���`�i �Q�7 ���M�v �a�J�@�J�A�J�P �B�b �i�?�2
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�i�Q �+�Q�`�`�2�b�T�Q�M�/�B�M�; �H���#�2�H�by�X �h�?�B�b ���b�b�Q�+�B���i�B�Q�M �B�b �m�b�2�/ �i�Q �T�`�2�/�B�+�i �H���#�2�H �p���H�m�2�b �7�Q�` �T�`�2�p�B�Q�m�b�H�v

�m�M�b�2�2�M �i�2�b�i �/���i���X �1�t���K�T�H�2�b �Q�7 �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K�b �B�M�+�H�m�/�2 �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M�- �H�Q�@

�;�B�b�i�B�+ �`�2�;�`�2�b�b�B�Q�M�- ���M�/ �b�m�T�T�Q�`�i �p�2�+�i�Q�` �K���+�?�B�M�2�b�X �A�A�V �l�M�b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�;�, �h�?�2 �7�m�M�/���K�2�M�i���H

�/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �m�M�b�m�T�2�`�p�B�b�2�/ ���M�/ �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �B�b �i�?�2 ���#�b�2�M�+�2 �Q�7 �� �i���`�;�2�i�f�H���#�2�H �B�M

�i�?�2 �7�Q�`�K�2�`�X �l�M�b�m�T�2�`�p�B�b�2�/ ���H�;�Q�`�B�i�?�K�b ���i�i�2�K�T�i �i�Q �2�t�i�`���+�i �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2 �m�M�/�2�`�H�v�B�M�;

�/���i�� �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �i�`���B�M�B�M�; �b���K�T�H�2�b�X �h�?�2 ���H�;�Q�`�B�i�?�K�b �H�2���`�M �i�Q �+�H�m�b�i�2�` �i�`���B�M�B�M�; �b���K�T�H�2�b

�r�B�i�? �`�2�H���i�2�/ �7�2���i�m�`�2�b �B�M�i�Q �/�B�b�i�B�M�+�i �;�`�Q�m�T�b�X �q�?�2�M �� �M�2�r �i�2�b�i �b���K�T�H�2 �B�b �T�`�Q�p�B�/�2�/�- �i�?�2 ���H�@

�;�Q�`�B�i�?�K �K�m�b�i �/�2�i�2�`�K�B�M�2 �r�?�B�+�? �;�`�Q�m�T �T�H���+�2�K�2�M�i �B�b �K�Q�b�i �b�m�B�i���#�H�2 �7�Q�` �i�?�B�b �T�`�2�p�B�Q�m�b�H�v �m�M�b�2�2�M

�/���i���X �1�t���K�T�H�2�b �Q�7 �m�M�b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �B�M�+�H�m�/�2 �T�`�B�M�+�B�T���H �+�Q�K�T�Q�M�2�M�i ���M���H�v�b�B�b ���M�/k� �K�2���M�b

�+�H�m�b�i�2�`�B�M�;�X �h�?�2 ���m�i�?�Q�`�b �B�M �(�9�8�) �T�`�2�b�2�M�i ���M �2�t�i�2�M�b�B�p�2 �/�B�b�+�m�b�b�B�Q�M �Q�M �K���+�?�B�M�2 �H�2���`�M�B�M�; �+�Q�M�+�2�T�i�b�X

���H�i�?�Q�m�;�? �J�G �?���b �b�?�Q�r�M �T�`�Q�K�B�b�2 �B�M �p���`�B�Q�m�b ���T�T�H�B�+���i�B�Q�M�b �b�m�+�? ���b �Q�#�D�2�+�i�f�B�K���;�2 �+�H���b�b�B�7�B�+���@

�i�B�Q�M�- �?�Q�m�b�2 �T�`�B�+�B�M�; �T�`�2�/�B�+�i�B�Q�M�- �2�K���B�H �+�H���b�b�B�7�B�+���i�B�Q�M�f�b�T���K �7�B�H�i�2�`�B�M�;�- ���M�/ �Q�M�H�B�M�2 �7�`���m�/ �/�2�i�2�+�i�B�Q�M�c

�K���+�?�B�M�2 �H�2���`�M�B�M�; �#�2�+�Q�K�2�b �H�2�b�b �2�7�7�2�+�i�B�p�2 ���b �i�?�2 �/���i�� �/�B�K�2�M�b�B�Q�M�b �B�M�+�`�2���b�2 �B�X�2�X�- �r�?���i �B�b �F�M�Q�r�M
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���b �i�?�2 �+�m�`�b�2 �Q�7 �/�B�K�2�M�b�B�Q�M���H�B�i�v�X �h�?�2 �B�M�+�`�2���b�2 �B�M �/�B�K�2�M�b�B�Q�M �b�B�x�2 �U�H�2�M�;�i�? �Q�7 �7�2���i�m�`�2 �p�2�+�i�Q�`�V �H�2���/�b

�i�Q ���M �2�t�T�Q�M�2�M�i�B���H �B�M�+�`�2���b�2 �B�M �i�?�2 �M�m�K�#�2�` �Q�7 �T�Q�b�b�B�#�H�2 �/�B�7�7�2�`�2�M�i �7�2���i�m�`�2 �+�Q�M�7�B�;�m�`���i�B�Q�M�b ���M�/ �i�?�2

�T�`�Q�#���#�B�H�B�i�v �i�?���i �b�Q�K�2 �+�Q�M�7�B�;�m�`���i�B�Q�M�b �r�B�H�H �M�Q�i �?���p�2 ���M ���b�b�Q�+�B���i�2�/ �i�`���B�M�B�M�; �2�t���K�T�H�2 �B�M�+�`�2���b�2�b�X

�>�2�M�+�2�- �i�?�2 �Q�m�i�T�m�i �Q�7 �b�m�+�? �2�t���K�T�H�2�b �M�2�2�/�b �i�Q �#�2 ���T�T�`�Q�t�B�K���i�2�/�X �h�?�B�b �7�m�M�/���K�2�M�i���H �T�`�Q�#�H�2�K

�K�Q�i�B�p���i�2�b �i�?�2 �M�2�2�/ �7�Q�` �/�2�2�T �H�2���`�M�B�M�;�X

�k�X�j�X�R �.�2�2�T �G�2���`�M�B�M�;

�.�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H�b ���`�2 �m�M�B�p�2�`�b���H �7�m�M�+�i�B�Q�M ���T�T�`�Q�t�B�K���i�Q�`�b�X �*�Q�M�b�B�/�2�` �� �7�m�M�+�i�B�Q�M�-f �

�r�?�B�+�? �/�2�M�Q�i�2�b �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �� �/���i���b�2�iX �- ���M�/ �B�i�b �i���`�;�2�i�v�X �� �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H

���i�i�2�K�T�i�b �i�Q �m�b�2 �i�?�2 �/���i���b�2�if X; �vg �i�Q �H�2���`�M �� �b�2�i �Q�7 �T���`���K�2�i�2�`�b�-� �r�?�B�+�? ���T�T�`�Q�t�B�K���i�2�b �i�?�2

�7�m�M�+�i�B�Q�Mf � �X �� �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H �T�`�Q�/�m�+�2�b �i�?�2 �K���T�T�B�M�;�b�-� �v= f � (�t)�X ���H�i�?�Q�m�;�? �i�?�2�`�2 ���`�2

�Q�i�?�2�` �i�v�T�2�b �Q�7 �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H�b�- �B�M �B�i�b �K�Q�b�i �#���b�B�+ �7�Q�`�K�- �i�?�2 �Q�m�i�T�m�i �Q�7 �i�?�2 �/�2�2�T �H�2���`�M�B�M�;

�K�Q�/�2�H �?���b �M�Q �7�2�2�/�#���+�F �H�Q�Q�T ���M�/ �B�i �B�b �+���H�H�2�/ �� �7�2�2�/�7�Q�`�r���`�/ �M�2�i�r�Q�`�F�X �A�M �T�`���+�i�B�+�2�- �7�2�2�/�7�Q�`�r���`�/

�K�Q�/�2�H�b �?���p�2 �K���M�v �H���v�2�`�b ���M�/ �+���M �#�2 �p�B�2�r�2�/ ���b �7�m�M�+�i�B�Q�M�b �Q�7 �7�m�M�+�i�B�Q�M�b�X

f (x) = f (l )(� � � f (2) (f (1) (�t))) �U�k�X�k�V

�h�?�2 �7�m�M�+�i�B�Q�M�b �˜f 1 �-f 2 �- ���M�/f l �/�2�M�Q�i�2�b �i�?�2 �7�B�`�b�i�- �b�2�+�Q�M�/�- ���M�/ �Q�m�i�T�m�i �H���v�2�`�b �`�2�b�T�2�+�i�B�p�2�H�v�X

�� �b�B�M�;�H�2 �H���v�2�` �Q�7 �i�?�2 �7�2�2�/�7�Q�`�r���`�/ �K�Q�/�2�H�b ���H�b�Q �F�M�Q�r�M ���b �� �T�2�`�+�2�T�i�`�Q�M ���M�/ �+���M �#�2 �/�2�b�+�`�B�#�2�/

�r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�m�M�+�i�B�Q�M�,

�vl = � l (�q l �t l � 1 + �#l ) �U�k�X�j�V

�h�?�2 �r�2�B�;�?�i�b�-�q l 2 RN l � N l � 1 �- ���M�/ �i�?�2 �#�B���b�2�b�-�#l 2 RN l �- �i�2�`�K�b ���`�2 �i�?�2 �i�`���B�M���#�H�2 �T���`���K�@

�2�i�2�`�b �Q�7 �i�?�2l � �i�? �H���v�2�` �@� l = f �r l ; �#lg�X �h�?�2 �B�M�T�m�i �B�M�i�Q �i�?�2l � �i�? �H���v�2�`�-�t l 2 RN l � 1 �- �B�b �i�?�2

�Q�m�i�T�m�i �Q�7 �i�?�2(l � 1)�i�? �H���v�2�`�X �h�?�2 �2�M�i�B�`�2 �Q�T�2�`���i�B�Q�M �+���M �#�2 �p�B�2�r�2�/ ���b �� �H�B�M�2���` �i�`���M�b�7�Q�`�K���i�B�Q�M



�l�Y�k�Y �B�é�����ñ�²���«���Ô�ñ�é ���ñ �K�ž�«�Ñ�Ô�é�¶ �H�¶�ž���é�Ô�é�Ì �k�j

�7�Q�H�H�Q�r�2�/ �#�v �� �M�Q�M�H�B�M�2���` ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�X �h�?�2 �M�Q�M�@�H�B�M�2���`�B�i�v �Q�7 �i�?�2 ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b �B�b

�i�?�2 �2�t�T�`�2�b�b�B�p�2 �T�Q�r�2�` �Q�7 �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F�b�X

�h���#�H�2 �k�X�9�, ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b

�L���K�2 �6�m�M�+�i�B�Q�M�( �[) �_���M�;�2

�G�B�M�2���` qi (�1 ; 1 )

�h���M�> �i���M�?(qi ) (� 1; 1)

�_�1�G�l �(�9�e�) �K���t(0; qi ) [0; 1 ]

�G�2���F�v �_�1�G�l �(�9�d�)

(
� �[; �7�Q�`�[ < 0

�[; �7�Q�`�[ � 0
[�1 ; 1 )

�a�B�;�K�Q�B�/ 1
1+ e� q (0; 1)

���`�+�h���M tanh � 1(qi ) (�1 ; 1 )

�1�G�l �(�9�3�)

(
�[; �7�Q�`�[ > 0

�e �[ � � �7�Q�`�[ � 0
(0; 1 )

�a�Q�7�i�S�H�m�b �(�9�N�) In (1 + exp(�[)) (0; 1 )

�a�Q�7�i�J���t �(�8�y�) e�[ i
P j = N

j =0 e�[ j
(0; 1)

�a�r�B�b�? �(�8�R�) �[
1+ e� �[ (0; 1 )

�A�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �i�?�B�b �2�t�T�`�2�b�b�B�p�2 �T�Q�r�2�`�- �i�?�2�`�2 �r�Q�m�H�/ �#�2 �M�Q �`�2���H �;���B�M �B�M �m�b�B�M�; �� �K�m�H�i�B�T�H�2

�H���v�2�`�2�/ �M�2�m�`���H �M�2�i�r�Q�`�F�X �h�?�2 ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M �Q�T�2�`���i�2�b �Q�M �B�i�b �B�M�T�m�i �p�2�+�i�Q�`�- �#�v �Q�T�2�`���i�B�M�;

�B�M�/�2�T�2�M�/�2�M�i�H�v �Q�M �2���+�? �Q�7 �B�i�b �2�H�2�K�2�M�i�b�X �>�2�M�+�2�-[�( �[)]i = �( �[ i )�X �h���#�H�2�k�X�9�T�`�2�b�2�M�i�b �� �+�Q�K�@

�T�`�2�?�2�M�b�B�p�2 �H�B�b�i �Q�7 �+�Q�K�K�Q�M ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b�X �6�B�;�m�`�2�b�k�X�R�- �k�X�k�- �k�X�j�- �k�X�9�- ���M�/�k�X�8�T�`�2�b�2�M�i

�;�`���T�?�B�+���H �B�H�H�m�b�i�`���i�B�Q�M�b �Q�7 �i�?�2 ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b �m�b�2�/ �B�M �i�?�B�b �r�Q�`�F�X �A�M �B�i�b �K�Q�b�i �b�B�K�T�H�B�b�i�B�+

�7�Q�`�K�- �i�?�2 �Q�T�2�`���i�B�Q�M �Q�7 �� �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H �+���M �#�2 �/�B�p�B�/�2�/ �B�M�i�Q �i�r�Q �T�B�2�+�2�b�@ �i�?�2 �7�Q�`�r���`�/ �T���b�b

���M�/ �i�?�2 �#���+�F�r���`�/ �T���b�b�X �h�?�2 �7�Q�`�r���`�/ �T���b�b �T�`�Q�/�m�+�2�b ���M ���T�T�`�Q�t�B�K���i�2 �Q�m�i�T�m�i�-�̂v = f (�t; � )�X

�h�?�B�b ���T�T�`�Q�t�B�K���i�B�Q�M ���H�Q�M�; �r�B�i�? �� �+�Q�M�p�2�t �H�Q�b�b �7�m�M�+�i�B�Q�M�b ���`�2 �m�b�2�/ �B�M �i�?�2 �#���+�F�r���`�/ �T���b�b �Q�7 �i�?�2
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�M�2�m�`���H �M�2�i�r�Q�`�F �Q�T�2�`���i�B�Q�M�X

�h���#�H�2 �k�X�8�, �G�Q�b�b �7�m�M�+�i�B�Q�M�b

�L���K�2 l(�̂v; �v)

�"�B�M���`�v �1�M�i�`�Q�T�v �G�Q�b�b � �v�H�Q�;(�̂v) � (1 � �v) �H�Q�;(1 � �̂v)

�J�B�M�B�K�m�K �a�[�m���`�2�/ �1�`�`�Q�` k(�̂v� �v)k2

�J�B�M�B�K�m�K ���#�b�Q�H�m�i�2 �1�`�`�Q�` j (�̂v� �v) j

�*�`�Q�b�b �1�M�i�`�Q�T�v �G�Q�b�b �
P M

j �vj �H�Q�;(�̂v)

�h�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M �T�`�Q�/�m�+�2�b �� �+�Q�K�T���`�B�b�Q�M �#�2�i�r�2�2�M �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F ���T�T�`�Q�t�B�K���i�B�Q�M�b�-

�̂v�- ���M�/ �i�?�2 �i���`�;�2�i �p���`�B���#�H�2�b�-�v�X �h���#�H�2�k�X�8�T�`�Q�p�B�/�2�b �2�t���K�T�H�2�b �Q�7 �+�Q�K�K�Q�M �H�Q�b�b �7�m�M�+�i�B�Q�M�b�X �A�i

�b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �i�?���i �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M�b ���`�2 ���T�T�H�B�+���i�B�Q�M�f�T�`�Q�#�H�2�K �b�T�2�+�B�7�B�+�X �A�M �_�2�;�`�2�b�b�B�Q�M�@�#���b�2�/

�/�2�2�T �H�2���`�M�B�M�; ���T�T�H�B�+���i�B�Q�M�b�- �#�Q�i�? �i�?�2 �i���`�;�2�i �p���`�B���#�H�2�-�v�- ���M�/ �i�?�2 �2�b�i�B�K���i�2�b �T�`�Q�/�m�+�2�/ �#�v �i�?�2

�M�2�m�`���H �M�2�i�r�Q�`�F�̂v ���`�2 �+�Q�M�i�B�M�m�Q�m�b ���M�/ �`�2���H�@�p���H�m�2�/�- �?�2�M�+�2 �i�?�2 �K�B�M�B�K�m�K �b�[�m���`�2�/ ���M�/ �K�B�M�B�K�m�K

���#�b�Q�H�m�i�2 �2�`�`�Q�` ���`�2 �b�m�B�i���#�H�2 �H�Q�b�b �7�m�M�+�i�B�Q�M�b�X �6�Q�` �+�H���b�b�B�7�B�+���i�B�Q�M �T�`�Q�#�H�2�K�b�- �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F

�T�`�Q�/�m�+�2�b �� �+�Q�M�i�B�M�m�Q�m�b �`�2���H �M�m�K�#�2�` �#�2�i�r�2�2�M �i�?�2 �`���M�;�2 �U�y�-�R�V�X �h�?�B�b �`�2�b�i�`�B�+�i�B�Q�M �B�M �i�?�2 �`���M�;�2

�B�b �m�b�m���H�H�v �2�M�7�Q�`�+�2�/ �#�v ���T�T�H�v�B�M�; �i�?�2 �b�B�;�K�Q�B�/ �U�#�B�M���`�v �+�H���b�b�B�7�B�+���i�B�Q�M�V �Q�` �b�Q�7�i�K���t �U�K�m�H�i�B�M�Q�K�B���H

�+�H���b�b�B�7�B�+���i�B�Q�M�b�V ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b�X �h�?�2 �i���`�;�2�i �p���`�B���#�H�2�b �B�M �+�H���b�b�B�7�B�+���i�B�Q�M �T�`�Q�#�H�2�K�b ���`�2 �2�B�i�?�2�`

�R�-�y�- �B�X�2�vi 2 f 0; 1g�X �A�M �T�`���+�i�B�+�2�- �i�?�B�b �p���H�m�2 �B�b �Q�M�2�@�?�Q�i �2�M�+�Q�/�2�/ �b�m�+�? �i�?���i �i�?�2 �i���`�;�2�i �p�2�+�i�Q�` �7�Q�`

�� �b�B�M�;�H�2 �/���i�� �b���K�T�H�2 �+�Q�M�b�B�b�i�b �Q�7 ���H�H �x�2�`�Q�b �2�t�+�2�T�i ���i �i�?�2 �B�M�/�2�t �Q�7 �i�?�2 �+�Q�`�`�2�+�i �+�H���b�b �H���#�2�H�X �h�?�2

�B�M�/�2�t �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �+�Q�`�`�2�+�i �H���#�2�H �+�Q�M�i���B�M�b �� �ô�R�ô ���b �B�i�b �p���H�m�2�X



�l�Y�k�Y �B�é�����ñ�²���«���Ô�ñ�é ���ñ �K�ž�«�Ñ�Ô�é�¶ �H�¶�ž���é�Ô�é�Ì �k�8

�6�B�;�m�`�2 �k�X�R�, �� �_�1�G�l ���+�i�B�p���i�B�Q�M �6�m�M�+�i�B�Q�M�X

�6�B�;�m�`�2 �k�X�k�, �h�?�2 �G�2���F�v �_�1�G�l ���+�i�B�p���i�B�Q�M �6�m�M�+�i�B�Q�M�X



�k�e �+�Ñ�ž�ÿ���¶�� �l�Y �#�ž�«�á�Ì���ñ���é�²

�6�B�;�m�`�2 �k�X�j�, �h�?�2 �a�B�;�K�Q�B�/ ���+�i�B�p���i�B�Q�M �6�m�M�+�i�B�Q�M�X

�6�B�;�m�`�2 �k�X�9�, �h�?�2 �h���M�? ���+�i�B�p���i�B�Q�M �6�m�M�+�i�B�Q�M�X



�l�Y�k�Y �B�é�����ñ�²���«���Ô�ñ�é ���ñ �K�ž�«�Ñ�Ô�é�¶ �H�¶�ž���é�Ô�é�Ì �k�d

�6�B�;�m�`�2 �k�X�8�, �h�?�2 �a�Q�7�i�K���t ���+�i�B�p���i�B�Q�M �6�m�M�+�i�B�Q�M�X



�k�3 �+�Ñ�ž�ÿ���¶�� �l�Y �#�ž�«�á�Ì���ñ���é�²

�h�?�2 �#���+�F�r���`�/ �T���b�b �2�M�i���B�H�b �T�`�Q�T���;���i�B�M�; �i�?�2 �H�Q�b�b �7�`�Q�K �i�?�2 �Q�m�i�2�`�K�Q�b�i �H���v�2�` �i�?�`�Q�m�;�?�Q�m�i

�i�?�2 �2�M�i�B�`�2 �M�2�i�r�Q�`�F �B�M �Q�`�/�2�` �i�Q �m�T�/���i�2 �i�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F�X �h�?�2 �T�Q�T�m�H���`

�#���+�F�@�T�`�Q�T���;���i�B�Q�M ���H�;�Q�`�B�i�?�K �T�`�Q�p�B�/�2�b ���M �B�M�i�m�B�i�B�p�2 �r���v �Q�7 ���+�?�B�2�p�B�M�; �i�?�B�b �(�8�k�)�X ���i �� �i�B�K�2t + 1�-

�r�B�i�? �� �H�2���`�M�B�M�; �`���i�2�-
 �- �i�?�2 �#���+�F�@�T�`�Q�T���;���i�B�Q�M ���H�;�Q�`�B�i�?�K �+���M �#�2 �/�2�b�+�`�B�#�2�/ �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�;

�2�[�m���i�B�Q�M�,

� t+1 = � t � 

@l(�̂v; �v)

@�t
�U�k�X�9�V

���H�i�?�Q�m�;�? �;�`���/�B�2�M�i �/�2�b�+�2�M�i �?���b �b�?�Q�r�M �;�Q�Q�/ �T�2�`�7�Q�`�K���M�+�2 �(�8�j�-�8�9�)�- �`�2�b�2���`�+�?�2�`�b �?���p�2 �`�2�@

�+�2�M�i�H�v �T�`�Q�T�Q�b�2�/ �Q�i�?�2�` �T�`�Q�T���;���i�B�Q�M ���H�;�Q�`�B�i�?�K�b�X ���m�i�?�Q�`�b �B�M �(�8�8�)�- �B�K�T�`�Q�p�2 �m�T�Q�M �i�?�2 �;�`���/�B�2�M�i

�/�2�b�+�2�M�i ���H�;�Q�`�B�i�?�K �#�v �/�v�M���K�B�+���H�H�v �m�T�/���i�B�M�; �i�?�2 �H�2���`�M�B�M�; �`���i�2�X �h�?�B�b �K�2�i�?�Q�/ �B�b �`�2�7�2�`�`�2�/ �i�Q

���b �K�Q�K�2�M�i�m�K�- ���M�/ �T�`�Q�p�B�/�2�b �;�`���/�B�2�M�i �b�i���#�B�H�B�i�v ���M�/ ���+�+�2�H�2�`���i�2�b �/�2�b�+�2�M�i ���+�`�Q�b�b �`�2�;�B�Q�M�b �Q�7 �H�Q�r

�b�i�2�2�T�M�2�b�b�X �� �b�B�K�T�H�2 �T���`���K�2�i�2�` �m�T�/���i�2 �r�B�i�? �;�`���/�B�2�M�i �/�2�b�+�2�M�i ���M�/ �K�Q�K�2�M�i�m�K �B�b �b�?�Q�r�M �B�M

�1�[�m���i�B�Q�M�k�X�8�,

Qt+1 = �Q t + (1 � � )
@l(�̂v; �v)

@�t

� t+1 = � t � 
Q t+1

�U�k�X�8�V

� 2 [0; 1] �B�b �� �?�v�T�2�`�T���`���K�2�i�2�` �i�?���i �+���M �#�2 �m�b�2�/ �i�Q �i�m�M�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �H�2���`�M�B�M�;

�b�v�b�i�2�K�X �_�2�+�2�M�i�H�v�- �i�?�2 ���/���K ���H�;�Q�`�B�i�?�K �(�8�e�) �?���b �b�2�2�M �B�i�b �T�Q�T�m�H���`�B�i�v �B�M�+�`�2���b�2 ���K�Q�M�; �`�2�b�2���`�+�?�2�`�b

�Q�p�2�` �i�?�2 �T���b�i �+�Q�m�T�H�2 �Q�7 �v�2���`�b�X �h�?�B�b �T�Q�T�m�H���`�B�i�v �B�b �/�m�2 �i�Q �B�i�b ���#�B�H�B�i�v �i�Q �/�2���H �r�B�i�? �b�i�Q�+�?���b�i�B�+

�Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�b �r�?�B�H�2 �K���B�M�i���B�M�B�M�; �� �b�B�K�T�H�B�b�i�B�+ �B�K�T�H�2�K�2�M�i���i�B�Q�M�X �h�?�2 ���H�;�Q�`�B�i�?�K �+���M �#�2

�r�`�B�i�i�2�M �m�b�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�; �r�2�B�;�?�i �m�T�/���i�2�,

�r�?�B�H�2� t �M�Q�i �+�Q�M�p�2�`�;�2�/�/�Q
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t  t + 1

mt  � 1mt � 1 + (1 � � 1) @l(�̂v;�v)
@�t � 1

qt  � 2qt � 1 + (1 � � 2)( @l(�̂v;�v)
@�t � 1

)2

~mt  mt /(1 � � t
1)

~qt  qt /(1 � � t
2)

� t  � t � 1 � 
 ~mt /(
p

~qt + � )

�2�M�/ �r�?�B�H�2

�h�?�2( @l(�̂v;�v)
@�t � 1

)2 �i�2�`�K �`�2�T�`�2�b�2�M�i�b �2�H�2�K�2�M�i�r�B�b�2 �b�[�m���`�B�M�; �Q�7 �i�?�2 �;�`���/�B�2�M�i �p�2�+�i�Q�`�X �A�M ���/�/�B�i�B�Q�M�-

�i�Q �i�?�2 �H�2���`�M�B�M�; �`���i�2�-
 �c� 1; � 2 2 [0; 1] ���M�/� ���`�2 ���H�b�Q �?�v�T�2�`�T���`���K�2�i�2�`�b�X �6�Q�` �K�m�+�? �Q�7 �+�?���T�i�2�`

�j�- �� �/�2�2�T �M�2�m�`���H �K�Q�/�2�H �B�b �2�K�T�H�Q�v�2�/ ���M�/ �Q�T�i�B�K�B�x�2�/ �i�?�`�Q�m�;�? �i�?�2 ���/���K ���H�;�Q�`�B�i�?�K�X

�k�X�j�X�k �_�2�B�M�7�Q�`�+�2�K�2�M�i �G�2���`�M�B�M�;

�� �M�Q�p�B�+�2 �r�Q�m�H�/ �#�2 �7�Q�`�;�B�p�2�M �7�Q�` �2�t�T�2�+�i�B�M�; �T�`�2�p�B�Q�m�b�H�v �/�B�b�+�m�b�b�2�/ �H�2���`�M�B�M�; �i�2�+�?�M�B�[�m�2�b �i�Q �#�2

���H�H�@�2�M�+�Q�K�T���b�b�B�M�; �Q�7 ���H�H �i�?�2 ���p���B�H���#�H�2 �H�2���`�M�B�M�; �i�2�+�?�M�B�[�m�2�b�- �#�m�i �i�?�B�b �B�b �M�Q�i �i�?�2 �+���b�2�X �� �b�T�2�+�B���H

�+�H���b�b �Q�7 �H�2���`�M�B�M�; �B�M�p�Q�H�p�2�b �K���T�T�B�M�; �+�B�`�+�m�K�b�i���M�+�2�b �i�Q ���+�i�B�Q�M�b�- �B�M �Q�`�/�2�` �i�Q �2�M�b�m�`�2 �i�?���i �� �M�m�@

�K�2�`�B�+���H �`�2�r���`�/ �B�b �#�2�B�M�; �K���t�B�K�B�x�2�/�X �h�?�B�b �+���i�2�;�Q�`�v �Q�7 �H�2���`�M�B�M�; �B�b �`�2�7�2�`�`�2�/ �i�Q ���b �`�2�B�M�7�Q�`�+�2�K�2�M�i

�H�2���`�M�B�M�;�X �h�?�B�b �K�Q�/�2�H �/�2�T�B�+�i�b �� �H�2���`�M�2�` �i�?���i �+���M �b�i���`�i �Q�7�7 ���b �K�v�Q�T�B�+ ���M�/ �b�2�[�m�2�M�i�B���H�H�v �#�2�+�Q�K�2�b

�B�M�i�2�H�H�B�;�2�M�i �#�v �H�2�p�2�`���;�B�M�; �B�i�b �T���b�i �2�t�T�2�`�B�2�M�+�2�b�X �� �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �b�v�b�i�2�K �?���b �M�Q �B�M�@

�b�i�`�m�+�i�B�Q�M �K���M�m���H�- �i�?�2 �H�2���`�M�2�` �B�b �M�2�p�2�` �i�Q�H�/ �r�?���i �i�Q �/�Q�- �?�Q�r�2�p�2�`�- �i�?�2 �b�v�b�i�2�K �B�b �/�2�b�B�;�M�2�/ ���b ��

�+�H�Q�b�2�/�@�H�Q�Q�T �b�v�b�i�2�K �b�m�+�? �i�?���i �i�?�2 �H�2���`�M�2�` �+���M �`�2�+�2�B�p�2 �M�m�K�2�`�B�+���H �7�2�2�/�#���+�F �Q�M �i�?�2 �+�Q�M�b�2�[�m�2�M�+�2�b

�Q�7 �B�i�b ���+�i�B�Q�M�b�X

�� �/�B�b�i�B�M�+�i�B�Q�M �#�2�i�r�2�2�M �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; ���M�/ �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �B�b �i�?�2 ���#�b�2�M�+�2

�Q�7 �H���#�2�H�2�/ �/���i���X �A�M �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�;�- �i�?�2 �H�2���`�M�B�M�; �T���`���K�2�i�2�`�b ���`�2 �i�`���B�M�2�/ �m�b�B�M�; �H���#�2�H�2�/

�2�t���K�T�H�2�b�- �b�m�#�b�2�[�m�2�M�i�H�v�- �i�?�2 �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K �r�B�i�? �i�?�2�b�2 �H�2���`�M�B�M�; �T���`���K�2�i�2�`�b ���i�i�2�K�T�i�b �i�Q



�j�y �+�Ñ�ž�ÿ���¶�� �l�Y �#�ž�«�á�Ì���ñ���é�²

�T�`�2�/�B�+�i �i�?�2 �H���#�2�H �Q�7 �T�`�2�p�B�Q�m�b�H�v �m�M�b�2�2�M �/���i���X �*�H�2���`�H�v�- �i�?�2�b�2 �T���`���K�2�i�2�`�b ���`�2 �i�`���B�M�2�/ �i�Q �;�2�M�2�`�@

���H�B�x�2�- �?�Q�r�2�p�2�`�- �B�M �B�M�i�2�`���+�i�B�p�2 �b�v�b�i�2�K�b �r�?�2�`�2 �i�?�2 ���+�i�B�Q�M�b �T�`�2�/�B�+�i�2�/ �#�v �i�?�2 ���H�;�Q�`�B�i�?�K �;�2�M�2�`���i�2�b

�M�2�r �i�`���B�M�B�M�; �b���K�T�H�2�b ���M�/ �� �M�2�r ���+�i�B�Q�M �b���K�T�H�2 �b�T���+�2�- �B�i �#�2�+�Q�K�2�b �B�K�T�Q�`�i���M�i �i�?���i �H�2���`�M�B�M�; �b�v�b�@

�i�2�K�b �?���p�2 �i�?�2 ���#�B�H�B�i�v �i�Q �b�2�[�m�2�M�i�B���H�H�v �B�K�T�`�Q�p�2 �i�?�2�B�` �T���`���K�2�i�2�`�b �i�?�`�Q�m�;�? �2�t�T�2�`�B�2�M�+�2�b�X �h�Q �b�Q�H�p�2

�i�?�B�b �T�`�Q�#�H�2�K�- �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �K�Q�/�2�H�b ���`�2 �m�b�2�/ �i�Q �H�2���`�M �7�`�Q�K �i�?�2�B�` �T���b�i �2�t�T�2�`�B�2�M�+�2�b�X

�P�#�p�B�Q�m�b�H�v�- �H�2���`�M�B�M�; �7�`�Q�K �2�t�T�2�`�B�2�M�+�2 �B�K�T�H�B�2�b �i�?���i �i�?�2 �H�2���`�M�B�M�; �b�v�b�i�2�K �K�m�b�i �?���p�2 �� �i���`�;�2�i �;�Q���H

���M�/ �#�2�?���p�B�Q�`�X �h�?�2 �i���`�;�2�i �;�Q���H �Q�7 ���M�v �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �T�`�Q�#�H�2�K �B�b �+�Q�K�T�H�2�i�2�H�v �/�2�b�+�`�B�#�2�/

�#�v �� �`�2�r���`�/ �b�B�;�M���H�X �_�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �B�b �b�m�T�T�Q�b�2�/ �i�Q �T�`�Q�p�B�/�2 ���M �B�M�i�m�B�i�B�p�2 �b�Q�H�m�i�B�Q�M �i�Q

�i�?�2 �+�Q�M�m�M�/�`�m�K �Q�7 �;�Q���H�@�#���b�2�/ �H�2���`�M�B�M�; �7�`�Q�K �B�M�i�2�`���+�i�B�Q�M�X

�A�M �T�`���+�i�B�+�2�- �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �b�Q�H�m�i�B�Q�M�b ���`�2 �m�b�m���H�H�v �7�`���K�2�/ ���b �J���`�F�Q�p �/�2�+�B�b�B�Q�M

�T�`�Q�+�2�b�b�2�b �U�J�.�S�b�V�X �h�?�2 �7�Q�`�K�m�H���i�B�Q�M �Q�7 �� �J���`�F�Q�p �/�2�+�B�b�B�Q�M �T�`�Q�+�2�b�b �+���M �#�2 �/�B�p�B�/�2�/ �B�M�i�Q ���M

���;�2�M�i ���M�/ �B�i�b �2�M�p�B�`�Q�M�K�2�M�i�X �h�?�2 ���;�2�M�i �K���F�2�b �/�2�+�B�b�B�Q�M�b �#���b�2�/ �Q�M �� �7�m�H�H �Q�` �T���`�i�B���H �Q�#�b�2�`�p���i�B�Q�M

�Q�7 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�X �h�?�2 �2�M�p�B�`�Q�M�K�2�M�i �`�2�b�T�Q�M�/�b �i�Q �i�?�2 �/�2�+�B�b�B�Q�M�b �#�v �T�`�Q�p�B�/�B�M�; �#�Q�i�? �� �`�2�r���`�/

�b�B�;�M���H ���M�/ �M�2�r �2�M�p�B�`�Q�M�K�2�M�i���H �b�B�i�m���i�B�Q�M�b �i�Q �i�?�2 ���;�2�M�i�X �J�Q�`�2 �+�Q�M�+�B�b�2�H�v�- ���i �� �/�B�b�+�`�2�i�2�@�i�B�K�2

�b�i�2�T�-t�- ���M ���;�2�M�i �Q�#�b�2�`�p�2�b �2�B�i�?�2�` �� �7�m�H�H �Q�` �T���`�i�B���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�-St 2 S�X

�h�?�`�Q�m�;�? �� �b�i�Q�+�?���b�i�B�+ �Q�` �/�2�i�2�`�K�B�M�B�b�i�B�+ �T�Q�H�B�+�v �+�Q�M�/�B�i�B�Q�M�2�/ �Q�M �i�?�B�b �Q�#�b�2�`�p���i�B�Q�M� (at jst )�- ���M

���+�i�B�Q�M �B�b �b�2�H�2�+�i�2�/�-A t 2 A(St )�X �L�Q�i�2 �i�?���i�-S�- �B�b �i�?�2 �b�2�i �Q�7 ���H�H �T�Q�b�b�B�#�H�2 �b�i���i�2�b ���M�/A(St ) �B�b �i�?�2

�b�2�i �Q�7 ���H�H �T�Q�b�b�B�#�H�2 ���+�i�B�Q�M�b �T�`�Q�p�B�/�2�/ �i�?���i �r�2 ���`�2 �B�M �b�i���i�2�-St �X �a�m�#�b�2�[�m�2�M�i�H�v ���i �i�?�2 �M�2�t�i �i�B�K�2

�b�i�2�T�- �i�?�2 ���;�2�M�i �`�2�+�2�B�p�2�b �� �M�m�K�2�`�B�+���H �`�2�r���`�/�-Rt+1 2 R ���M�/ �i�`���M�b�B�i�B�Q�M�b �B�M�i�Q �� �M�2�r �b�i���i�2St+1 �X

�h�?�B�b �+�Q�M�i�B�M�m�Q�m�b �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M �i�?�2 ���;�2�M�i ���M�/ �2�M�p�B�`�Q�M�K�2�M�i �+�`�2���i�2�b �� �b�2�[�m�2�M�+�2 �Q�7

�b�i���i�2�- ���+�i�B�Q�M�- ���M�/ �`�2�r���`�/�X �L�Q�i�B�+�2 �i�?���i �7�Q�` �� �7�B�M�B�i�2 �J�.�S�- �i�?�2 �+���`�/�B�M���H�B�i�v �Q�7 �i�?�2 �b�2�i �Q�7 ���H�H

�T�Q�b�b�B�#�H�2 �b�i���i�2�b�- ���+�i�B�Q�M�b�- ���M�/ �`�2�r���`�/�b �K�m�b�i �#�2 �7�B�M�B�i�2�X �6�Q�` �i�?�B�b �b�T�2�+�B���H �7�B�M�B�i�2 �J�.�S �+���b�2�- �i�?�2

�`�2�r���`�/�b ���M�/ �b�i���i�2�b ���`�2 �`���M�/�Q�K �p���`�B���#�H�2�b �r�B�i�? �T�`�Q�T�2�`�H�v �/�2�7�B�M�2�/ �/�B�b�+�`�2�i�2 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�@
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�i�B�Q�M�b�X �h�?�2�b�2 �`���M�/�Q�K �p���`�B���#�H�2�b �2�t�?�B�#�B�i �i�?�2 �J���`�F�Q�p �T�`�Q�T�2�`�i�v�,

p(s
0
; r js; a) = Prf St = s

0
; Rt = r jSt � 1 = st � 1; A t � 1 = at � 1g �U�k�X�e�V

�r�?�2�`�2�-s
0

�/�2�M�Q�i�2�b �i�?�2 �7�m�i�m�`�2 �b�i���i�2�X �h�?�2 �J���`�F�Q�p�B���M �T�`�Q�T�2�`�i�v �B�K�T�H�B�2�b �i�?���i �+�m�`�`�2�M�i �b�i���i�2�b

�B�M�+�H�m�/�2 ���H�H �i�?�2 �T���b�i �B�M�7�Q�`�K���i�B�Q�M �r�?�B�+�? �r�Q�m�H�/ �B�M�7�H�m�2�M�+�2 �7�m�i�m�`�2 �b�i���i�2�b�X

X

s02 S

X

r 2 R

p(s
0
; r js; a) = 1 ; 8s 2 S; a 2 A(s) �U�k�X�d�V

�A�M �1�[�m���i�B�Q�M�k�X�e�-p �B�b �� �T�`�Q�#���#�B�H�B�i�v �p���`�B���#�H�2 �/�2�M�Q�i�B�M�; �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �J���`�F�Q�p �/�2�+�B�b�B�Q�M

�T�`�Q�+�2�b�b�X �q�B�i�? �i�?�2 �J���`�F�Q�p�B���M �T�`�Q�T�2�`�i�v ���M�/ �i�?�2 �/�v�M���K�B�+�b �p���`�B���#�H�2�- �r�2 �?���p�2 ���H�H �i�?�2 �B�M�7�Q�`�K���i�B�Q�M

�T�2�`�i���B�M�B�M�; �i�Q �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i�- ���M�/ ���M�v �`�2�H�2�p���M�i �B�M�7�Q�`�K���i�B�Q�M �+���M �#�2 �;�2�M�2�`���i�2�/�X �6�Q�` �2�t���K�T�H�2�-

�i�?�2 �b�i���i�2 �i�`���M�b�B�i�B�Q�M �T�`�Q�#���#�B�H�B�i�B�2�b �+���M �#�2 �+�Q�K�T�m�i�2�/ �r�B�i�?

p(s
0
js; a) =

X

r 2 R

p(s
0
; r js; a) �U�k�X�3�V

�r�?�B�H�2�- �i�?�2 �`�2�r���`�/ �7�Q�` �� �b�T�2�+�B�7�B�+ �b�i���i�2 ���+�i�B�Q�M �T���B�` �+���M �#�2 �+�Q�K�T�m�i�2�/ ���b

r (s; a) =
X

r 2 R

r
X

s02 R

p(s
0
; r js; a) �U�k�X�N�V

�A�M �Q�`�/�2�`�- �i�Q �7�Q�`�K���H�H�v ���M�/ �K���i�?�2�K���i�B�+���H�H�v �/�2�7�B�M�2 �i�?�2 �`�2�r���`�/ �b�i�`�m�+�i�m�`�2�- �+�Q�M�b�B�/�2�` �i�?�2 �`�2�r���`�/

�`�2�+�2�B�p�2�/ �7�`�Q�K �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i ���7�i�2�` �i�B�K�2 �b�i�2�Tt�, Rt+1 ; Rt+2 ; � � � ; �˜RT �- �r�?�2�`�2T �B�M�/�B�+���i�2�b

�i�?�2 �7�B�M���H �i�B�K�2 �b�i�2�T�X �h�?�2 �[�m�2�b�i�B�Q�M ���`�B�b�2�b�, �?�Q�r �/�Q �r�2 �r���M�i �i�Q �K���t�B�K�B�x�2 �i�?�B�b �b�2�[�m�2�M�+�2�\ ���M

�B�M�i�m�B�i�B�p�2 ���M�b�r�2�` �r�Q�m�H�/ �#�2�- �i�Q �K���t�B�K�B�x�2 �i�?�2 �b�m�K �Q�7 �i�?�2 �i�Q�i���H �b�2�[�m�2�M�+�2�X �h�?�B�b �b�m�K �Q�7 �b�2�[�m�2�M�i�B���H

�`�2�r���`�/�b �B�b �� �b�B�K�T�H�2 �7�Q�`�K �Q�7 �i�?�2 �`�2�i�m�`�M�X

Gt = Rt+1 + Rt+2 + � � � + RT �U�k�X�R�y�V
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�h�?�B�b �M���B�p�2 ���T�T�`�Q���+�? �+�Q�m�H�/ �r�Q�`�F �r�2�H�H �7�Q�` �� �b�2�[�m�2�M�+�2 �r�B�i�? �� �7�B�M�B�i�2 �H�2�M�;�i�?�-T < 1 �X �6�Q�` �b�m�+�?

�b�2�[�m�2�M�+�2�b�- �i�?�2 �i���b�F �2�M�/�b �r�?�2�M �i�?�2 ���;�2�M�i �K�Q�p�2�b �B�M�i�Q �� �i�2�`�K�B�M���H �b�i���i�2�-S� �X �_�2�B�M�7�Q�`�+�2�K�2�M�i

�H�2���`�M�B�M�; �T�`�Q�#�H�2�K�b �i�?���i �+���m�b�2 ���;�2�M�i�b �i�Q �B�M�i�2�`���+�i�b �r�B�i�? �2�M�p�B�`�Q�M�K�2�M�i�b �b�m�+�? �i�?���i �i�?�2 �;�2�M�2�`���i�2�/

�b�2�[�m�2�M�+�2 �Q�7 �b�i���i�2�b �2�M�/�b �B�M �� �i�2�`�K�B�M���H �b�i���i�2 ���`�2 �i�2�`�K�2�/ �2�T�B�b�Q�/�B�+ �i���b�F�b ���M�/ �i�?�2 �`�2�b�m�H�i�B�M�;

�b�2�[�m�2�M�+�2�b ���`�2 �`�2�7�2�`�`�2�/ �i�Q ���b �2�T�B�b�Q�/�2�b�X �A�M �+�Q�M�i�`���b�i�- �˜�i���b�F�b �i�?���i ���`�2 �/�2�b�B�;�M�2�/ �B�M �b�m�+�? �� �r���v

�i�?���i �i�?�2�`�2 ���`�2 �M�Q �i�2�`�K�B�M���H �b�i���i�2�b ���`�2 �`�2�7�2�`�`�2�/ �i�Q ���b �� �˜�+�Q�M�i�B�M�m�B�M�; �i���b�F�X �6�Q�` �+�Q�M�i�B�M�m�B�M�; �i���b�F�b�-

�i�?�2 �b�m�K �Q�7 �i�?�2 �i�Q�i���H �`�2�r���`�/ �r�Q�m�H�/ �#�2 �B�M�7�B�M�B�i�2�- �?�2�M�+�2 �`�2�b�2���`�+�?�2�`�b �B�M�i�`�Q�/�m�+�2�/ �� �/�B�b�+�Q�m�M�i�B�M�;

�7���+�i�Q�`�-
 �X �A�M �� �+�Q�M�i�B�M�m�B�M�; �i���b�F�- �i�?�2 ���;�2�M�i�b �b�2�H�2�+�i ���+�i�B�Q�M�b �i�?���i �K���t�B�K�B�x�2 �i�?�2 �+�m�K�m�H���i�B�p�2 �b�m�K

�Q�7 �B�i�b �B�K�K�2�/�B���i�2 �`�2�r���`�/ ���M�/ �� �/�B�b�+�Q�m�M�i�2�/ �b�m�K �Q�7 ���H�H �7�m�i�m�`�2 �`�2�r���`�/�b�X

Gt = Rt+1 + 
R t+2 + � � � =
1X

k=0


 kRt+ k+1 �U�k�X�R�R�V

�1�[�m���i�B�Q�M�k�X�R�k�T�`�2�b�2�M�i�b �� �;�2�M�2�`���H�B�b�2�/ �/�2�7�B�M�B�i�B�Q�M �Q�7 �i�?�2 �`�2�i�m�`�M�X �h�?�2 �/�B�b�+�Q�m�M�i �7���+�i�Q�` �+���M �Q�M�H�v

�i���F�2 �p���H�m�2�b �#�2�i�r�2�2�M �x�2�`�Q ���M�/ �R�-0 � 
 � 1�X �q�B�i�? �� �/�B�b�+�Q�m�M�i �7���+�i�Q�` �Q�7 �x�2�`�Q�- �i�?�2 ���;�2�M�i

�Q�M�H�v �+�Q�M�b�B�/�2�`�b �B�K�K�2�/�B���i�2 �`�2�r���`�/�- ���M�/ ���b �i�?�B�b �7���+�i�Q�` �B�b �B�M�+�`�2���b�2�/ �7�`�Q�K �x�2�`�Q �i�Q �Q�M�2�- �i�?�2 ���;�2�M�i

�#�2�+�Q�K�2�b �H�2�b�b �K�v�Q�T�B�+�X �>�Q�r�2�p�2�`�- �� �M�2�+�2�b�b���`�v �+�Q�M�/�B�i�B�Q�M �7�Q�` �#�Q�m�M�/�2�/�M�2�b�b �B�b
 < 1�X �h�?�2 �`�2�i�m�`�M

�+���M �#�2 �`�2�+�m�`�b�B�p�2�H�v �r�`�B�i�i�2�M ���b�,

Gt = Rt+1 + 
G t+1 �U�k�X�R�k�V

�� �i�2�`�K �T�`�2�p���H�2�M�i �i�Q �K�Q�b�i �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K�b �B�b �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�X �h�?�2

�p���H�m�2 �7�m�M�+�i�B�Q�M �/�2�M�Q�i�2�b �i�?�2 �[�m���H�B�i�v �Q�7 �� �+�2�`�i���B�M �b�i���i�2 �B�M �i�2�`�K�b �Q�7 �7�m�i�m�`�2 �2�t�T�2�+�i�2�/ �`�2�i�m�`�M�X

�>�Q�r�2�p�2�`�- �i�?�2 �2�t�T�2�+�i�2�/ �`�2�r���`�/ �B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 ���;�2�M�i �@ �B�i�b �T�Q�H�B�+�v�X �>�2�M�+�2�-

�i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M �B�b �/�2�`�B�p�2�/ �#�v �2�p���H�m���i�B�M�; �B�i�b �2�t�T�2�+�i�2�/ �`�2�i�m�`�M ���b �� �7�m�M�+�i�B�Q�M �Q�7 �B�i�b �T�Q�H�B�+�B�2�b�X

�a�i�`�B�+�i�H�v �b�T�2���F�B�M�;�- �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M �Q�7 �� �b�T�2�+�B�7�B�+ �b�i���i�2�-s�- �B�b �i�?�2 �2�t�T�2�+�i�2�/ ���K�Q�m�M�i �Q�7 �`�2�r���`�/
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���M ���;�2�M�i �+���M ���+�+�`�m�2 �B�7 �B�i �b�i���`�i�b �Q�m�i ���i �i�?���i �b�i���i�2 ���M�/ �7�Q�H�H�Q�r�b �� �+�2�`�i���B�M �T�Q�H�B�+�v�-� �X

v� (s) = E� [Gt jSt = s] = E�

"
1X

k=0


 kRt+ k+1 jSt = s

#

; 8s 2 S �U�k�X�R�j�V

�G�B�F�2�r�B�b�2�- ���M ���+�i�B�Q�M �p���H�m�2 �7�m�M�+�i�B�Q�M �+���M �/�2�7�B�M�2�/ ���b �i�?�2 �2�t�T�2�+�i�2�/ �7�m�i�m�`�2 �`�2�i�m�`�M �B�7 ���M ���;�2�M�i �b�i���`�i�b

���i �� �b�i���i�2�-St 2 S �i���F�2�b ���+�i�B�Q�M�-A t 2 A ���M�/ �b�m�#�b�2�[�m�2�M�i�H�v �7�Q�H�H�Q�r�b �� �T�Q�H�B�+�v�-� �X

q� (s; a) = E� [Gt jSt = s; At = a] = E�

"
1X

k=0


 kRt+ k+1 jSt = s; At = a

#

�U�k�X�R�9�V

�6�`�Q�K �2�[�m���i�B�Q�M�b�k�X�R�j���M�/�k�X�R�9�- �i�?�2 �b�i���i�2 �p���H�m�2 �7�m�M�+�i�B�Q�M �B�b �/�2�`�B�p�2�/ �#�v ���p�2�`���;�B�M�; ���H�H �B�i�b ���+�i�B�Q�M

�p���H�m�2�b�X

v� (s) =
X

a02 A(s)

� (a
0
js)q� (s; a

0
) �U�k�X�R�8�V

�a�B�K�B�H���` �i�Q �i�?�2 �`�2�i�m�`�M �7�m�M�+�i�B�Q�M�k�X�R�k�- �i�?�2 �p���H�m�2 ���M�/ ���+�i�B�Q�M �7�m�M�+�i�B�Q�M�b �Q�7 �� �b�T�2�+�B�7�B�+ �b�i���i�2 �?���b ��

�`�2�+�m�`�b�B�p�2 �`�2�H���i�B�Q�M�b�?�B�T �r�B�i�? �B�i�b �b�m�+�+�2�b�b�B�p�2 �b�i���i�2�b�X

v� (s) = E� [Gt jSt = s]

v� (s) = E� [Rt+1 + 
R t+2 + � � � j St = s]

v� (s) = E� [Rt+1 + 
G t+1 jSt = s]

v� (s) = E� [Rt+1 jSt = s] + E� [
G t+1 jSt = s]

�U�k�X�R�e�V

�l�b�B�M�; �i�?�2 �H���r �Q�7 �i�Q�i���H �2�t�T�2�+�i���i�B�Q�M�c
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v� (s) = E� [Rt+1 jSt = s] + 
 E� [E� [Gt+1 jSt+1 ] jSt = s]

v� (s) = E� [Rt+1 jSt = s] + 
 E� [v� (st+1 )jSt = s]

v� (s) = E� [Rt+1 + 
v � (st+1 )jSt = s]

�U�k�X�R�d�V

�a�B�K�B�H���`�H�v�- �i�?�2 ���+�i�B�Q�M �p���H�m�2 �7�m�M�+�i�B�Q�M �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b

q� (s; a) = E� [Gt jSt = s; At = a]

q� (s; a) = E� [Rt+1 + 
R t+2 + � � � j St = s; At = a]

q� (s; a) = E� [Rt+1 + 
G t+1 jSt = s; At = a]

q� (s; a) = E� [Rt+1 jSt = s] + E� [
G t+1 jSt = s; At = a]

�U�k�X�R�3�V

���;���B�M �r�B�i�? �i�?�2 �H���r �Q�7 �i�Q�i���H �2�t�T�2�+�i���i�B�Q�M

q� (s; a) = E� [Rt+1 jSt = s] + 
 E� [E� [Gt+1 jSt+1 ] jSt = s; At = a]

q� (s; a) = E� [Rt+1 jSt = s] + 
 E� [v� (st+1 )jSt = s; At = a]

q� (s; a) = E� [Rt+1 + 
v � (st+1 )jSt = s; At = a]

�U�k�X�R�N�V

�h�?�2 �H���b�i �2�[�m���i�B�Q�M �B�M�k�X�R�d���M�/�k�X�R�N�/�2�M�Q�i�2�b �i�?�2 �"�2�H�H�K���M �2�[�m���i�B�Q�M �7�Q�`v� ���M�/q� �`�2�b�T�2�+�@

�i�B�p�2�H�v�X �L�Q�i�B�+�2 �i�?���i �i�?�2 �#�2�H�H�K���M �2�[�m���i�B�Q�M�b ���`�2 �/�2�T�2�M�/�2�M�i �Q�M �i�?�2 �T�Q�H�B�+�v�-� �X �>�2�M�+�2�- �7�Q�` �� �7�B�M�B�i�2

�J�.�S �r�2 �+���M �i���F�2 ���/�p���M�i���;�2 �Q�7 �i�?�2 �#�2�H�H�K���M �2�[�m���i�B�Q�M�b �B�M �Q�`�/�2�` �i�Q �/�2�7�B�M�2 ���M �Q�T�i�B�K���H �T�Q�H�B�+�v�-

� � �X �J�Q�`�2 �b�T�2�+�B�7�B�+���H�H�v�- �� �T�Q�H�B�+�v� � �B�b �#�2�i�i�2�` �i�?���M �2�p�2�`�v �Q�i�?�2�` �T�Q�H�B�+�v�-� �- �B�7 �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M

v� � (s) 8s �˜�/�2�`�B�p�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�Q�H�B�+�v�-� � �- �˜�B�b �2�[�m���H �Q�` �;�`�2���i�2�` �i�?���M �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�b

�/�2�`�B�p�2�/ �7�`�Q�K �7�Q�H�H�Q�r�B�M�; ���M�v �Q�i�?�2�` �T�Q�H�B�+�v�-v� (s) 8s�X ���H�i�?�Q�m�;�? �2�p�2�`�v �7�B�M�B�i�2 �J�.�S �?���b ���M �Q�T�i�B�@

�K���H �T�Q�H�B�+�v�- �B�i �/�Q�2�b�M�ö�i �?���p�2 �i�Q �#�2 �m�M�B�[�m�2�X ���H�H �2�[�m�B�p���H�2�M�i �T�Q�H�B�+�2�b �b�?���`�2 �i�?�2 �b���K�2 �b�i���i�2�@�p���H�m�2
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�7�m�M�+�i�B�Q�M�b �i�2�`�K�2�/ �i�?�2 �Q�T�i�B�K���H �b�i���i�2�@�p���H�m�2 �7�m�M�+�i�B�Q�M�-v� �X

v� (s) = �K���t
�

v� (s) �U�k�X�k�y�V

�P�#�p�B�Q�m�b�H�v�- �i�?�2 �Q�T�i�B�K���H �b�i���i�2 �p���H�m�2 �7�m�M�+�i�B�Q�M �B�b �2�[�m�B�p���H�2�M�i �i�Q �i�?�2 �2�t�T�2�+�i�2�/ �`�2�i�m�`�M �/�2�`�B�p�2�/ �#�v

�b�2�H�2�+�i�B�M�; �i�?�2 ���+�i�B�Q�M �r�B�i�? �?�B�;�?�2�b�i ���+�i�B�Q�M �p���H�m�2�X

v� (s) = �K���t
a2 A(s)

q� � (s; a)

v� (s) = �K���t
a

E� � [Rt+1 + 
G t+1 jSt = s; At = a]

v� (s) = �K���t
a

E� � [Rt+1 + 
v � (St+1 )jSt = s; At = a]

v� (s) = �K���t
a

X

s0;r

p(s
0
; r js; a) [r + 
v � (St+1 )]

�U�k�X�k�R�V

�h�?�2 �"�2�H�H�K���M �Q�T�i�B�K���H�B�i�v �2�[�m���i�B�Q�M �7�Q�`v� (s) �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �H���b�i �i�r�Q �2�[�m���i�B�Q�M�b �X �a�B�K�B�H���`�H�v�-

�i�?�2 �i�?�2 �Q�T�i�B�K���H�B�i�v �2�[���m�i�B�Q�M �7�Q�`q� (s) �B�b

q� (s; a) = E
�
Rt+1 + 
 �K���t

a0
q� (St+1 ; a

0
)jSt = s; At = a

�
�U�k�X�k�k�V

�:�B�p�2�M �i�?�2 �Q�T�i�B�K���H �p���H�m�2�b �7�Q�` �b�i���i�2 �p���H�m�2 �7�m�M�+�i�B�Q�Mv� (s)�- �i�?�2 �#�2�b�i �T�Q�H�B�+�v �B�b �Q�M�2 �i�?���i �B�b �;�`�2�2�/�v

�r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�B�b �p���H�m�2 �7�m�M�+�i�B�Q�M�X ���+�+�Q�`�/�B�M�; �i�Q �1�[�m���i�B�Q�M�k�X�k�R�- ���+�i�B�M�; �;�`�2�2�/�B�H�v �2�M�i���B�H�b �T�2�`�@

�7�Q�`�K�B�M�; �� �Q�M�2�@�b�i�2�T �H�Q�Q�F ���?�2���/ ���M�/ �2�p���H�m���i�B�M�; ���H�H �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�b �Q�7 ���H�H �T�Q�b�b�B�#�H�2 �b�m�+�+�2�b�b�Q�`

�b�i���i�2�b ���M�/ �b�2�H�2�+�i�B�M�; �i�?�2 ���+�i�B�Q�M �i�?���i �H�2���/�b �i�Q �i�?�2 �b�i���i�2 �r�B�i�? �i�?�2 �?�B�;�?�2�b�i �2�t�T�2�+�i�2�/ �`�2�i�m�`�M�X �A�i

�B�b �2���b�v �i�Q �b�2�2 �i�?���i �B�M �� �b�v�b�i�2�K �r�B�i�? �� �H���`�;�2 �M�m�K�#�2�` �Q�7 �b�m�+�+�2�b�b�Q�` �b�i���i�2�b�- �i�?�B�b �Q�M�2�@�b�i�2�T �H�Q�Q�F

���?�2���/ �r�B�H�H �#�2�+�Q�K�2 �2�t�T�2�M�b�B�p�2�X �h�Q �K�B�M�B�K�B�x�2 �i�?�B�b �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i�- �i�?�2 �Q�T�i�B�K���H ���+�i�B�Q�M�@�p���H�m�2

�7�m�M�+�i�B�Q�M �+���M �#�2 �m�b�2�/�X �q�B�i�?�-q� �i�?�2 ���;�2�M�i �b�B�K�T�H�v �b�2�H�2�+�i�b �i�?�2 ���+�i�B�Q�M �i�?���i �K���t�B�K�B�x�2�b �i�?�2 �2�t�@

�T�2�+�i�2�/ �`�2�i�m�`�M�-q� (s; a)�X �A�M �2�b�b�2�M�+�2�- �i�?�2 ���+�i�B�Q�M �p���H�m�2 �T�`�Q�p�B�/�2�b �� �H�Q�+���H�H�v ���p���B�H���#�H�2 �+���+�?�2 �Q�7 �i�?�2

�2�t�T�2�+�i�2�/ �`�2�i�m�`�M�X �>�2�M�+�2�- �i�?�2 �Q�M�2�@�b�i�2�T �H�Q�Q�F ���?�2���/ �B�b �2�H�B�K�B�M���i�2�/ ���i �i�?�2 �+�Q�b�i �Q�7 �b�i�Q�`�B�M�; �i�?�2 �2�t�@
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�T�2�+�i�2�/ �`�2�i�m�`�M �Q�7 �2���+�? �b�i���i�2�@���+�i�B�Q�M �p���H�m�2 �T���B�`�X �˜�*�Q�M�b�B�/�2�`�B�M�; �i�?�B�b�- �r�2 �b�i�B�H�H �?���p�2 �i�?�2 �T�`�Q�#�H�2�K �Q�7

�Q�#�i���B�M�B�M�; �i�?�2 �Q�T�i�B�K���H ���+�i�B�Q�M�f�b�i���i�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�b�X �a�B�M�+�2 �i�?�2 �"�2�H�H�K���M �2�[�m���i�B�Q�M�b �`�2�T�`�2�b�2�M�i ��

�M�Q�M�H�B�M�2���` �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�- �i�?�B�b �T�`�Q�#�H�2�K �+���M �#�2 �b�Q�H�p�2�/ �i�?�`�Q�m�;�? �p���`�B�Q�m�b �`�2���/�B�H�v ���p���B�H���#�H�2

�i�2�+�?�M�B�[�m�2�b�X �>�Q�r�2�p�2�`�- �2�t�T�H�B�+�B�i�H�v �b�Q�H�p�B�M�; �i�?�2 �"�2�H�H�K���M �Q�T�i�B�K���H�B�i�v �2�[�m���i�B�Q�M�b �B�b ���M���H�Q�;�Q�m�b �i�Q

�T�2�`�7�Q�`�K�B�M�; ���M �2�t�?���m�b�i�B�p�2 �b�2���`�+�? ���M�/ �i�?�B�b �b�2���`�+�? �/�2�T�2�M�/�b �Q�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�,

�Ç �q�2 �?���p�2 �7�m�H�H �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b�-p�X

�Ç �q�2 �?���p�2 �2�M�Q�m�;�? �+�Q�K�T�m�i���i�B�Q�M �`�2�b�Q�m�`�+�2�b �i�Q �2�p���H�m���i�2 ���H�H �b�i���i�2�b�X

�*�H�2���`�H�v�- �7�Q�` �K�Q�b�i �`�2���H�@�r�Q�`�H�/ �T�`�Q�#�H�2�K�b �r�B�i�? �� �?�B�;�? �M�m�K�#�2�` �Q�7 �T�Q�b�b�B�#�H�2 �b�i���i�2�b�- �i�?�2�b�2 ���b�b�m�K�T�@

�i�B�Q�M�b ���`�2 �M�Q�i ���T�T�H�B�+���#�H�2�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �`�2�b�2���`�+�?�2�`�b �m�b�m���H�H�v �b�2�i�i�H�2 �7�Q�` ���T�T�`�Q�t�B�K���i�2 �b�Q�H�m�i�B�Q�M�b�X

�h�r�Q �2�t���K�T�H�2�b �Q�7 �T�Q�T�m�H���` �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; ���T�T�`�Q�t�B�K���i�B�Q�M�b �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �B�M �i�?�2

�7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�b�X

�.�v�M���K�B�+ �S�`�Q�;�`���K�K�B�M�;

�.�v�M���K�B�+ �T�`�Q�;�`���K�K�B�M�; �U�.�S�V �i�2�+�?�M�B�[�m�2�b �T�`�Q�p�B�/�2 �i�?�2 �#���+�F�#�Q�M�2 �7�Q�` �K�Q�b�i �Q�7 �i�?�2 ���H�;�Q�@

�`�B�i�?�K�b �m�b�2�/ �B�M �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�;�X ���H�;�Q�`�B�i�?�K�b �i�?���i �7���H�H �m�M�/�2�` �i�?�2 �/�v�M���K�B�+ �T�`�Q�;�`���K�K�B�M�;

�7�`���K�2�r�Q�`�F �2�K�T�H�Q�v�b �i�?�2 �+�Q�K�T�H�2�i�2 �b�v�b�i�2�K �/�v�M���K�B�+�b �Q�7 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i ���b �� �J���`�F�Q�p �/�2�+�B�b�B�Q�M

�T�`�Q�+�2�b�b �B�M �Q�`�/�2�` �i�Q �B�i�2�`���i�B�p�2�H�v �7�B�M�/ �i�?�2 �Q�T�i�B�K���H �T�Q�H�B�+�v�X �� �T�2�`�i�B�M�2�M�i �B�/�2�� �i�Q �/�v�M���K�B�+ �T�`�Q�@

�;�`���K�K�B�M�; �B�b �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �"�2�H�H�K���M �2�[�m���i�B�Q�M�b �B�M�i�Q �m�T�/���i�2 �`�m�H�2�b�- �b�m�#�b�2�[�m�2�M�i�H�v�-

�i�?�2�b�2 �m�T�/���i�2 �`�m�H�2�b ���`�2 �m�b�2�/ �i�Q �B�i�2�`���i�B�p�2�H�v �B�K�T�`�Q�p�2 �i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M�b �Q�7 �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�b�X

�A�M �Q�`�/�2�` �i�Q �2�p���H�m���i�2 �� �+�2�`�i���B�M �T�Q�H�B�+�v�- �7�B�`�b�i�- �i�?�2 �b�i���i�2�@�p���H�m�2 �7�m�M�+�i�B�Q�M �/�2�`�B�p�2�/ �7�`�Q�K �i�?���i �T�Q�H�B�+�v
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�"�2�H�H�K���M �Q�T�i�B�K���H�B�i�v �2�[�m���i�B�Q�M �B�M�i�Q ���M �m�T�/���i�2 �`�m�H�2�,

vk+1 (s) = �K���t
a

E� [Rt+1 + 
v k(St+1 )jSt = s; At = a]

vk+1 (s) = �K���t
a

X

s0;r

p(s
0
; r js; a)

h
r + 
v k(s

0
)
i �U�k�X�k�N�V

�h�?�2 �p���H�m�2 �B�i�2�`���i�B�Q�M ���H�;�Q�`�B�i�?�K ���;�;�`�2�;���i�2�b �� �b�B�M�;�H�2 �T�Q�H�B�+�v �2�p���H�m���i�B�Q�M �B�i�2�`���i�B�Q�M �r�B�i�? �� �b�B�M�;�H�2

�T���b�b �Q�7 �T�Q�H�B�+�v �B�K�T�`�Q�p�2�K�2�M�i�b�X �h�?�2 �+�Q�K�T�H�2�i�2 �T�b�2�m�/�Q�@�+�Q�/�2 �7�Q�` �p���H�m�2 �B�i�2�`���i�B�Q�M �B�b �7�Q�m�M�/ �B�M

�(�8�d�)�X ���H�i�?�Q�m�;�? �T�Q�H�B�+�v ���M�/ �p���H�m�2 �B�i�2�`���i�B�Q�M �T�`�Q�p�B�/�2�b �� �K�2�i�?�Q�/ �Q�7 �#�Q�i�? �T�Q�H�B�+�v �2�p���H�m���i�B�Q�M ���M�/

�T�Q�H�B�+�v �B�K�T�`�Q�p�2�K�2�M�i�- �i�?�2�v ���`�2 �#�Q�i�? �+�Q�M�b�i�`���B�M�2�/ �/�m�2 �i�Q �i�?�2�B�` �/�2�T�2�M�/�2�M�+�2 �Q�M �i�?�2 ���p���B�H���#�B�H�B�i�v

�Q�7 �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �/�v�M���K�B�+ �T�`�Q�;�`���K�K�B�M�; �K�2�i�?�Q�/�b ���`�2 �/�2�T�2�M�/�2�M�i �Q�M

�i�?�2 �+�Q�K�T�H�2�i�2 �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �b�v�b�i�2�K �K�Q�/�2�H�X �a�B�M�+�2 �� �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �+�Q�K�T�H�2�i�2 �b�v�b�i�2�K

�/�v�M���K�B�+�b ���`�2 �m�b�m���H�H�v �B�M�i�`���+�i���#�H�2 �7�Q�` �K�Q�b�i �B�M�i�2�`�2�b�i�B�M�; �T�`�Q�#�H�2�K�b�X �˜�J�Q�/�2�H�@�7�`�2�2 �b�Q�H�m�i�B�Q�M�b ���`�2

�m�b�2�/ �i�Q �+�B�`�+�m�K�p�2�M�i �i�?�B�b �+�?���H�H�2�M�;�2 �#�v ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b �7�`�Q�K �2�t�T�2�`�B�2�M�+�2�/

�/���i���X

�J�Q�/�2�H �6�`�2�2 ���H�;�Q�`�B�i�?�K�b

�J�Q�/�2�H�@�7�`�2�2 ���H�;�Q�`�B�i�?�K�b ���`�2 �m�b�m���H�H�v �+�H���b�b�B�7�B�2�/ ���b �2�B�i�?�2�`�, �A�V �J�Q�M�i�2 �*���`�H�Q �#���b�2�/ �U�J�*�V ���H�;�Q�@

�`�B�i�?�K�b �Q�` �A�A�V �h�2�K�T�Q�`���H �.�B�7�7�2�`�2�M�+�2 �U�h�.�V ���H�;�Q�`�B�i�?�K�b�X �h�. ���M�/ �J�Q�M�i�2 �*���`�H�Q ���H�;�Q�`�B�i�?�K�b �m�T�/���i�2

���M �2�b�i�B�K���i�2�-V �Q�7 �i�?�2 ���+�i�m���H �p���H�m�2 �7�m�M�+�i�B�Q�M�b�-v� �- �#���b�2�/ �Q�M �2�t�T�2�`�B�2�M�+�2�b �;���B�M�2�/ �#�v �7�Q�H�H�Q�r�B�M�; ��

�T�Q�H�B�+�v�-� �X �h�?�2 �/�B�7�7�2�`�2�M�+�2 �B�M �i�?�2 �i�r�Q ���H�;�Q�`�B�i�?�K�b �H�B�2�b �B�M �i�?�2 �K���M�M�2�` �Q�7 �m�T�/���i�2�X �J�Q�M�i�2 �*���`�H�Q

���H�;�Q�`�B�i�?�K�b �r���B�i �m�M�i�B�H �i�?�2 �2�T�B�b�Q�/�2�b �i�2�`�K�B�M���i�2 ���M�/ �`�2�i�m�`�M�-Gt �B�b ���p���B�H���#�H�2�X �J�* ���H�;�Q�`�B�i�?�K�b



�l�Y�k�Y �B�é�����ñ�²���«���Ô�ñ�é ���ñ �K�ž�«�Ñ�Ô�é�¶ �H�¶�ž���é�Ô�é�Ì �9�R

���T�T�`�Q�t�B�K���i�2 �i�?�2 ���+�i�m���H �b�i���i�2 �p���H�m�2 �7�m�M�+�i�B�Q�M �;�B�p�2�M �#�v �1�[�m���i�B�Q�M�k�X�R�d���b

V(St ) = V(St ) + � [Gt � V (St )] �U�k�X�j�y�V

�J�* �K�2�i�?�Q�/�b �+���M �#�2 �b�H�Q�r �b�B�M�+�2 �i�?�2 �H�2���`�M�B�M�; �2�T�B�b�Q�/�2�b �+�Q�m�H�/ �i���F�2 �� �H�Q�M�; �i�B�K�2 �i�Q �i�2�`�K�B�M���i�2�X

�h�2�K�T�Q�`���H �/�B�7�7�2�`�2�M�+�2 ���H�;�Q�`�B�i�?�K�b �T�`�Q�p�B�/�2 �� �b�B�K�T�H�2 ���H�i�2�`�M���i�B�p�2�X �h�. ���H�;�Q�`�B�i�?�K�b �T�`�Q�p�B�/�2 ���M

�m�T�/���i�2 �#�v �#�Q�Q�i�b�i�`���T�T�B�M�; �i�?�2 �+�m�`�`�2�M�i �`�2�i�m�`�M�-Rt �- �r�B�i�? ���M �2�b�i�B�K���i�2 �Q�7 �i�?�2 �M�2�t�i �b�i���i�2 ���+�i�B�Q�M

�p���H�m�2�-V(St )�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �i�2�K�T�Q�`���H �/�B�7�7�2�`�2�M�+�2 �H�2���`�M�B�M�; ���T�T�`�Q�t�B�K���i�2 �1�[�m���i�B�Q�M�k�X�R�d�- ���b

V(St ) = V(St ) + � [Rt+1 + 
V (St+1 ) � V(St )] �U�k�X�j�R�V

���b �r�B�i�? �/�v�M���K�B�+ �T�`�Q�;�`���K�K�B�M�;�- ���7�i�2�` �2�p���H�m���i�B�M�; �i�?�2 �b�i���i�2 �p���H�m�2 �7�m�M�+�i�B�Q�M �/�2�`�B�p�2�/ �7�`�Q�K ��

�T�Q�H�B�+�v�-� �- �i�?�2 �M�2�t�i �b�i�2�T �B�b �i�Q �B�K�T�`�Q�p�2 �Q�M �i�?���i �T�Q�H�B�+�v�X �>�Q�r�2�p�2�`�- �m�M�H�B�F�2 �/�v�M���K�B�+ �T�`�Q�;�`���K�K�B�M�;

�i�?�2 �b�i���i�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�b ���`�2 �M�Q�i �b�m�7�7�B�+�B�2�M�i �7�Q�` �T�Q�H�B�+�v �B�K�T�`�Q�p�2�K�2�M�i�X �q�B�i�? �� �K�Q�/�2�H �U�/�v�M���K�B�+

�T�`�Q�;�`���K�K�B�M�;�V�- �/�m�`�B�M�; �T�Q�H�B�+�v �B�K�T�`�Q�p�2�K�2�M�i�- �� �b�B�K�T�H�2 �H�Q�Q�F�@���?�2���/ �T�`�Q�p�B�/�2�b �i�?�2 �#�2�b�i ���+�i�B�Q�M �i�Q

�i���F�2 �B�M �Q�`�/�2�` �i�Q ���+�?�B�2�p�2 �i�?�2 �K���t�B�K�m�K �`�2�r���`�/�X �q�B�i�?�Q�m�i �� �K�Q�/�2�H�- �i�?�B�b �b�B�K�T�H�2 �H�Q�Q�F ���?�2���/

�B�b �M�Q�i �T�Q�b�b�B�#�H�2 �r�B�i�?�Q�m�i �+�Q�K�T�m�i�B�M�; �i�?�2 ���+�i�B�Q�M�@�p���H�m�2 �7�m�M�+�i�B�Q�M�b�X �>�2�M�+�2�- �K�Q�/�2�H�@�7�`�2�2 �K�2�i�?�Q�/�b

���`�2 �H���`�;�2�H�v �/�2�T�2�M�/�2�M�i �Q�M �2�b�i�B�K���i�B�M�; �i�?�2 ���+�i�B�Q�M�@�p���H�m�2 �7�m�M�+�i�B�Q�M�b�-Q(St ; A t )�X �1�b�i�B�K���i�B�M�; �i�?�2

�b�i���i�2�@�p���H�m�2 �7�m�M�+�i�B�Q�M�b �i�?�`�Q�m�;�? �h�. �H�2���`�M�B�M�; �+���M �#�2 �/�2�b�+�`�B�#�2�/ ���b

Q(St ; A t ) = Q(St ; A t ) + � [Rt+1 + 
Q (St+1 ; A t+1 ) � Q(St ; A t )] �U�k�X�j�k�V

�L�Q�i�B�+�2 �i�?���i �B�7 �i�?�2 �T�Q�H�B�+�v �r�?�B�+�? �;�2�M�2�`���i�2�b �i�?�2 �M�2�t�i ���+�i�B�Q�M�-A t+1 �B�b �/�2�i�2�`�K�B�M�B�b�i�B�+�- �H�2���`�M�@

�B�M�; �7�`�Q�K �2�t�T�2�`�B�2�M�+�2 �+���M �#�2 �;�`�2���i�H�v �?�B�M�/�2�`�2�/�X �h�?�B�b �B�b �#�2�+���m�b�2 �b�Q�K�2 ���+�i�B�Q�M�b �r�B�H�H �M�2�p�2�` �#�2

�b�2�H�2�+�i�2�/ ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�i���i�2�@���+�i�B�Q�M �p���H�m�2�b �r�B�H�H �M�2�p�2�` �B�K�T�`�Q�p�2 �r�B�i�? �2�t�T�2�`�B�2�M�+�2 ���M�/



�9�k �+�Ñ�ž�ÿ���¶�� �l�Y �#�ž�«�á�Ì���ñ���é�²

�i�?�B�b �m�M�/�2�`�K�B�M�2�b �i�?�2 �2�M�i�B�`�2 �;�Q���H �Q�7 �H�2���`�M�B�M�;�X �h�Q �b�Q�H�p�2 �i�?�B�b �T�`�Q�#�H�2�K ���M�/ �2�M�b�m�`�2 �i�?���i ���H�H

�b�i���i�2�@���+�i�B�Q�M �T���B�`�b ���`�2 �p�B�b�B�i�2�/�- �� �T�`�Q�#���#�B�H�B�b�i�B�+ �+�Q�M�b�i�`���B�M�i �B�b �m�b�m���H�H�v �B�K�T�Q�b�2�/ �Q�M �i�?�2 �H�2���`�M�B�M�;

�T�`�Q�+�2�b�b�X �h�?�B�b �+�Q�M�b�i�`���B�M�i �/�2�K���M�/�b �i�?���i ���i �2�p�2�`�v �i�B�K�2 �b�i�2�T�- �i�?�2 ���;�2�M�i �?���b �� �M�Q�M�@�x�2�`�Q �+�?���M�+�2

�Q�7 �T�B�+�F�B�M�; �2�p�2�`�v �T�Q�b�b�B�#�H�2 ���+�i�B�Q�M�X �h�?�2 �K���M�M�2�` �B�M �r�?�B�+�? �i�?�B�b �+�Q�M�b�i�`���B�M�i �B�b �B�K�T�Q�b�2�/ �/�2�7�B�M�2�b

�i�r�Q �+�H���b�b�2�b �Q�7 �H�2���`�M�B�M�;�, �A�V �Q�M�@�T�Q�H�B�+�v�, �?�2�`�2�- �i�?�2 ���;�2�M�i ���i�i�2�K�T�i�b �i�Q �B�K�T�`�Q�p�2 �i�?�2 �T�Q�H�B�+�v �m�b�2�/ �i�Q

�;�2�M�2�`���i�2 �i�?�2St ; A t ; Rt ; St+1 �b�2�[�m�2�M�+�2�- ���M�/ �A�A�V �Q�7�7�@�T�Q�H�B�+�v�, �i�?�2 ���;�2�M�i �B�K�T�`�Q�p�2�b �� �T�Q�H�B�+�v �i�?���i

�B�b �/�B�7�7�2�`�2�M�i �7�`�Q�K �i�?�2 �T�Q�H�B�+�v �T�`�Q�/�m�+�B�M�; �i�?�2 �b�2�[�m�2�M�+�2 �i�`���M�b�B�i�B�Q�M�b�X �A�M �B�i�b �K�Q�b�i �b�B�K�T�H�B�7�B�2�/ �7�Q�`�K�-

�i�?�2 �Q�M �T�Q�H�B�+�v �m�T�/���i�2 �b�+�?�2�K�2 �7�Q�` �h�. �H�2���`�M�B�M�; �B�b �;�B�p�2�M �#�v �1�[�m���i�B�Q�M�k�X�j�k�- �r�B�i�? �i�?�2 �b�H�B�;�?�i

�K�Q�/�B�7�B�+���i�B�Q�M�- �i�?���i �i�?�2 �M�2�t�i ���+�i�B�Q�M�-A t+1 �- �M�2�2�/ �7�Q�` �#�Q�Q�i�b�i�`���T�T�B�M�; �˜�B�b �/�2�`�B�p�2�/ ���+�+�Q�`�/�B�M�; �i�Q�-

A t+1  

8
>><

>>:

���`�; �K���ta Q(St+1 ; a); �q�B�i�? �T�`�Q�#���#�B�H�B�i�v1 � �

���M�v ���+�i�B�Q�M ��; �q�B�i�? �T�`�Q�#���#�B�H�B�i�v�
�h�?�B�b �B�b �`�2�7�2�`�`�2�/ �i�Q ���b� �@�;�`�2�2�/�v �b�2�H�2�+�@

�i�B�Q�M�- �r�B�i�? �Q�T�i�B�K�B�x���i�B�Q�M �?�v�T�2�`�T���`���K�2�i�2�`�-� �X �h�?�2 �`�2�b�m�H�i�B�M�; ���H�;�Q�`�B�i�?�K �B�b �`�2�7�2�`�`�2�/ �i�Q ���b �a���`�b��

�(�8�d�)�X �h�?�2 �Q�7�7�@�T�Q�H�B�+�v �h�. ���H�;�Q�`�B�i�?�K �(�8�3�) �?���b �� �b�H�B�;�?�i �K�Q�/�B�7�B�+���i�B�Q�M�X

Q(St ; A t ) = Q(St ; A t ) + �
h
Rt+1 + 
 �K���t

a
Q(St+1 ; a) � Q(St ; A t )

i
�U�k�X�j�j�V

�>�2�`�2�- �i�?�2 �T�`�2�b�2�M�i �b�i���i�2 �B�b �T�B�+�F�2�/ ���+�+�Q�`�/�B�M�; �i�Q �i�?�2� � �;�`�2�2�/�v �b�i�`���i�2�;�v �r�?�B�H�2 �i�?�2 �[�@�p���H�m�2 �m�b�2�/

�7�Q�` �#�Q�Q�i�b�i�`���T�T�B�M�; �B�b �b�2�H�2�+�i�2�/ ���+�+�Q�`�/�B�M�; �i�Q �� �;�`�2�2�/�v �T�Q�H�B�+�v�X �h�?�B�b ���H�;�Q�`�B�i�?�K �B�b �+�H�2���`�H�v �Q�7�7�@�T�Q�H�B�+�v�-

�r�B�i�? �i�?�2 �#�2�?���p�B�Q�`���H �T�Q�H�B�+�v �b�T�2�+�B�7�B�2�/ �#�v �i�?�2� � �;�`�2�2�/�v �b�i�`���i�2�;�v�- ���M�/ �r�B�i�? �� �+�Q�K�T�H�2�i�2�H�v �;�`�2�2�/�v

�i���`�;�2�i �T�Q�H�B�+�v�X �h�?�2 �`�2�b�m�H�i�B�M�; ���H�;�Q�`�B�i�?�K �B�b �`�2�7�2�`�`�2�/ �i�Q ���b �Z�@�H�2���`�M�B�M�;�X �*�?���T�i�2�`�9�2�K�T�H�Q�v�b ��

�p���`�B���i�B�Q�M �Q�7 �i�?�B�b �Z�@�H�2���`�M�B�M�; �b�+�?�2�K�2�X



�*�?���T�i�2�` �j

�G�2���`�M�B�M�; �"���b�2�/ �J�m�H�i�B�@���M�i�2�M�M��

�h�`���M�b�K�B�b�b�B�Q�M �a�v�b�i�2�K�b
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�6�B�M���H�H�v�- �i�?�2 �b�v�K�#�Q�H �B�b �2�b�i�B�K���i�2�/ ���bŝ = ���`�; �K���ti [�p]i �X[�p]i �- �/�2�M�Q�i�2�b �i�?�2i � �i�? �2�H�2�K�2�M�i �Q�7

�� �p�2�+�i�Q�`�p�X



�9�3 �+�Ñ�ž�ÿ���¶�� �k�Y �H�¶�ž���é�Ô�é�Ì �#�ž���¶�² �K���ã���Ô�A���é���¶�é�é�ž �i���ž�é���è�Ô�����Ô�ñ�é �b�-�����¶�è��

�j�X�R�X�R �.�2�2�T �G�2���`�M�B�M�; �"���b�2�/ �h�`���M�b�K�B�i�i�2�` �.�2�b�B�;�M

�h�?�2 �i�`���M�b�K�B�i�i�2�` �B�b �/�2�b�B�;�M�2�/ �m�b�B�M�; �� �7�2�2�/�7�Q�`�r���`�/ �M�2�m�`���H �M�2�i�r�Q�`�F�X �� �p�2�+�i�Q�` �Q�7 �B�M�T�m�i �b�v�K�@

�#�Q�H�b �Q�7 �#���i�+�? �b�B�x�2 �˜M �B�b �T���b�b�2�/ �i�?�`�Q�m�;�? ���M �2�K�#�2�/�/�B�M�; �H���v�2�` �7�Q�H�H�Q�r�2�/ �#�v �� �b�B�M�;�H�2 �?�B�/�/�2�M �/�2�M�b�2

�H���v�2�` ���M�/ ���M �Q�m�i�T�m�i �H���v�2�`�X �h�?�2 �2�K�#�2�/�/�B�M�; �H���v�2�` �B�b �2�b�b�2�M�i�B���H�H�v �� �H�Q�Q�F�m�T �i���#�H�2�X �A�i �+�Q�M�p�2�`�i�b

�T�Q�b�B�i�B�p�2 �B�M�i�2�;�2�`�b �B�M�i�Q �� �`�Q�r �p�2�+�i�Q�` �Q�7 �7�B�t�2�/ �b�B�x�2�-T�X �A�i �B�b �2�b�b�2�M�i�B���H�H�v �� �K�Q�`�2 �2�7�7�B�+�B�2�M�i �B�K�T�H�2�K�2�M�@

�i���i�B�Q�M �Q�7 �Q�M�2�@�?�Q�i �2�M�+�Q�/�B�M�;�X �h�?�2 �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �H�Q�Q�F�m�T �i���#�H�2 ���`�2 �B�M�B�i�B���H�B�x�2�/ �`���M�/�Q�K�H�v �m�b�B�M�;

�s���p�B�2�`�ö�b �K�2�i�?�Q�/ �(�8�N�)�X �s���p�B�2�`�ö�b ���H�;�Q�`�B�i�?�K �B�M�B�i�B���H�B�x�2�b �� �p�2�+�i�Q�` �#�v �b�2�H�2�+�i�B�M�; �`���M�/�Q�K �p���`�B���#�H�2�b

�7�`�Q�K �� �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M�X �h�?�2 �2�M�/�T�Q�B�M�i�b �Q�7 �i�?�2 �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �b�T�2�+�B�7�B�2�/ �#�v �(�@�/�-

�/�)�- �r�?�2�`�2d =
q

6
2T : �6�Q�` �� �b�T�2�+�B�7�B�+ �b�v�K�#�Q�H �B�M �� �#���i�+�? �Q�7 �b�B�x�2M �- �i�?�2 �p�2�+�i�Q�` �Q�m�i�T�m�i�-�bi �- �Q�7 �i�?�2

�H���b�i �/�2�M�b�2 �H���v�2�` �?���b �� �/�B�K�2�M�b�B�Q�M �Q�72 � N t � K: �h�?�B�b �p�2�+�i�Q�` �B�b �`�2�b�?���T�2�/ �i�Q �;�2�M�2�`���i�2 �+�Q�K�T�H�2�t

�M�m�K�#�2�`�b�- ���M�/ �B�i �B�b �K�m�H�i�B�T�H�2�t�2�/ ���+�`�Q�b�b ���H�H �i�?�2 ���M�i�2�M�M���b ���M�/ ���H�Q�M�;K �i�B�K�2 �B�M�b�i���M�i�b �i�Q �T�`�Q�/�m�+�2

�� �K���i�`�B�t�- �˜�ai 2 �˜CNt � K : �1�H�2�K�2�M�i�b �B�M�ai ���`�2 ���M���H�Q�;�Q�m�b �i�Q �K�Q�/�m�H���i�2�/ �b�v�K�#�Q�H�b�X

�h���#�H�2 �j�X�R�, �G�2���`�M�2�/ �h�`���M�b�K�B�i�i�2�` �@ �L�2�m�`���H �L�2�i�r�Q�`�F �J�Q�/�2�H

�G���v�2�` �A�M�/�2�t �a�?���T�2 �Q�7 �L�2�m�`�Q�M�b �L�m�K�#�2�` �Q�7 �L�2�m�`�Q�M�b

�A�M�T�m�i �G���v�2�` T � T T2

�J�B�/�/�H�2 �G���v�2�` �(2N tT�)� T �(2N tT2�)
�P�m�i�T�m�i �G���v�2�` �(2N tK �)� �(2N tT�) 4N 2

t KT �)

���i �2���+�? �i�B�K�2 �B�M�b�i���M�i�- �i�?�2 �i�`���M�b�K�B�i �T�Q�r�2�` �B�b �M�Q�`�K���H�B�b�2�/ ���+�`�Q�b�b �2���+�? ���M�i�2�M�M���- �b�m�+�? �i�?���i

�i�?�2 �i�`���M�b�K�B�i �T�Q�r�2�` ���H�Q�M�; �� �b�B�M�;�H�2 ���M�i�2�M�M�� �B�b� 1�X �6�B�;�m�`�2�j�X�k�T�`�Q�p�B�/�2�b ���M �B�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2

�i�`���M�b�K�B�i�i�2�`�X

�h�Q �T�`�Q�p�B�/�2 �B�M�i�m�B�i�B�Q�M ���#�Q�m�i �i�?�2 �b�v�K�#�Q�H�b �T�`�Q�/�m�+�2�/ �#�v �i�?�2 �2�M�+�Q�/�2�`�- �r�2 �T�`�Q�p�B�/�2 �+�Q�M�b�i�2�H�@

�H���i�B�Q�M �T�H�Q�i�b �7�Q�` ��2 � 2 �b�v�b�i�2�K �r�B�i�? �� �+�Q�/�2 �`���i�2�-1/ K = 1�X



�k�Y�S�Y �b�-�����¶�è �K�ñ�²�¶�ã �9�N

�6�B�;�m�`�2 �j�X�k�, �G�2���`�M�2�/ �h�`���M�b�K�B�i �b�v�b�i�2�K�X



�8�y �+�Ñ�ž�ÿ���¶�� �k�Y �H�¶�ž���é�Ô�é�Ì �#�ž���¶�² �K���ã���Ô�A���é���¶�é�é�ž �i���ž�é���è�Ô�����Ô�ñ�é �b�-�����¶�è��

�U���V �9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` ���M�i�2�M�M�� �R�U�#�V �9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` ���M�i�2�M�M�� �k

�6�B�;�m�`�2 �j�X�j�, �9�@���`�v �h�`���M�b�K�B�i �*�Q�M�b�i�2�H�H���i�B�Q�M

�U���V �3�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` ���M�i�2�M�M�� �R�U�#�V �3�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` ���M�i�2�M�M�� �k

�6�B�;�m�`�2 �j�X�9�, �3�@���`�v �h�`���M�b�K�B�i �*�Q�M�b�i�2�H�H���i�B�Q�M



�k�Y�S�Y �b�-�����¶�è �K�ñ�²�¶�ã �8�R

�U���V �R�e�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` ���M�i�2�M�M�� �R�U�#�V �R�e�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` ���M�i�2�M�M�� �k

�6�B�;�m�`�2 �j�X�8�, �R�e�@���`�v �h�`���M�b�K�B�i �*�Q�M�b�i�2�H�H���i�B�Q�M

�U���V �e�9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` ���M�i�2�M�M�� �R�U�#�V �e�9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` ���M�i�2�M�M�� �k

�6�B�;�m�`�2 �j�X�e�, �e�9�@���`�v �h�`���M�b�K�B�i �*�Q�M�b�i�2�H�H���i�B�Q�M



�8�k �+�Ñ�ž�ÿ���¶�� �k�Y �H�¶�ž���é�Ô�é�Ì �#�ž���¶�² �K���ã���Ô�A���é���¶�é�é�ž �i���ž�é���è�Ô�����Ô�ñ�é �b�-�����¶�è��

�j�X�R�X�k �.�2�2�T �G�2���`�M�B�M�; �"���b�2�/ �_�2�+�2�B�p�2�` �.�2�b�B�;�M

�h�?�2 �`�2�+�2�B�p�2�` �B�b ���H�b�Q �/�2�b�B�;�M�2�/ �m�b�B�M�; �� �7�2�2�/�@�7�Q�`�r���`�/ �M�2�m�`���H �M�2�i�r�Q�`�F�- �i�?�2 �b�B�;�M���H�b ���+�`�Q�b�b �i�?�2

�`�2�+�2�B�p�2 ���M�i�2�M�M���b ���i �2���+�? �i�B�K�2 �b�i�2�T �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v�vi �- �r�?�2�`�2i = 1; � � � ; K �X�vi �B�b �+�Q�`�`�m�T�i�2�/

�#�v �M�Q�B�b�2 ���M�/ �i�?�2 �K�m�H�i�B�T�H�B�+���i�B�p�2 �2�7�7�2�+�i�b �Q�7 �_���v�H�2�B�;�? �7���/�B�M�; �+�?���M�M�2�H�X

�vi = �> i �t + �Mi �U�j�X�9�V

�6�Q�` �� �b�T�2�+�B�7�B�+ �i�`���M�b�K�B�i�i�2�/ �b�v�K�#�Q�Hsi �- �i�?�2 �`�2�+�2�B�p�2�/ �b�B�;�M���H ���+�`�Q�b�b �b�T���+�2 ���M�/ �i�B�K�2 �+���M �#�2

�K�Q�/�2�H�2�/ �#�v �� �K���i�`�B�t�-�ui �X �h�?�2 �K���i�`�B�t�ui �`�2�T�`�2�b�2�M�i�b �i�?�2 �`�2�+�2�B�p�2�/ �b�v�K�#�Q�H�b ���+�`�Q�b�b ���H�H ���M�i�2�M�M���b

�/�m�`�B�M�; �� �b�2�[�m�2�M�+�2 �Q�7K �i�B�K�2 �B�M�b�i���M�i�b�X

�ui =
�

�v1 �v2 : : : �vK

� T

�U�j�X�8�V

�h�?�2 �/�2�+�Q�/�2�` �U�`�2�+�2�B�p�2�`�V �?���b �i�r�Q �#�`���M�+�?�2�b �@ �� �T�`�2�T�`�Q�+�2�b�b�B�M�; �#�H�Q�+�F ���M�/ �� �b�B�;�M���H �`�2�+�Q�p�2�`

�#�H�Q�+�F�X �h���#�H�2�j�X�k�T�`�2�b�2�M�i�b �� �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �/�2�T�i�? ���M�/ �/�2�b�B�;�M �Q�7 �i�?�2 �T�`�2�@�T�`�Q�+�2�b�b�Q�` �X

�h���#�H�2 �j�X�k�, �S�`�2�@�T�`�Q�+�2�b�b�B�M�; �@ �L�2�m�`���H �L�2�i�r�Q�`�F �J�Q�/�2�H

�G���v�2�` �A�M�/�2�t �a�?���T�2 �Q�7 �L�2�m�`�Q�M�b �L�m�K�#�2�` �Q�7 �L�2�m�`�Q�M�b

�A�M�T�m�i �G���v�2�3̀0� �(2Nr �) �(40Nr �)
�J�B�/�/�H�2 �G���v�2�` 22� 30 �(660�)
�P�m�i�T�m�i �G���v�2�` �(2N 2

r �)� 22 �(44N 2
r �)



�k�Y�S�Y �b�-�����¶�è �K�ñ�²�¶�ã �8�j

�6�B�;�m�`�2 �j�X�d�, �G�2���`�M�2�/ �S�`�2�@�T�`�Q�+�2�b�b�B�M�; �b�v�b�i�2�K�X



�8�9 �+�Ñ�ž�ÿ���¶�� �k�Y �H�¶�ž���é�Ô�é�Ì �#�ž���¶�² �K���ã���Ô�A���é���¶�é�é�ž �i���ž�é���è�Ô�����Ô�ñ�é �b�-�����¶�è��

�6�B�;�m�`�2 �j�X�3�, �G�2���`�M�2�/ �.�2�+�Q�/�2�` �b�v�b�i�2�K�X



�k�Y�S�Y �b�-�����¶�è �K�ñ�²�¶�ã �8�8

�6�B�;�m�`�2 �j�X�N�, �P�p�2�`���H�H �.�2�+�Q�/�2�` �b�v�b�i�2�K�X



�8�e �+�Ñ�ž�ÿ���¶�� �k�Y �H�¶�ž���é�Ô�é�Ì �#�ž���¶�² �K���ã���Ô�A���é���¶�é�é�ž �i���ž�é���è�Ô�����Ô�ñ�é �b�-�����¶�è��

�h�?�2 �T�`�2�@�T�`�Q�+�2�b�b�B�M�; �T���`�i �Q�7 �i�?�2 �/�2�+�Q�/�2�` �B�b �/�2�T�B�+�i�2�/ �B�M�j�X�d�- ���M�/ �i���F�2�b ���b �B�i�b �B�M�T�m�i�u�X �h�?�2

�`�2���H ���M�/ �B�K���;�B�M���`�v �T���`�i �Q�7 �i�?�2 �K���i�`�B�t ���`�2 �+�Q�M�+���i�2�M���i�2�/�- ���M�/ �i�?�2 �K���i�`�B�t �B�b �`�2�b�?���T�2�/ �i�Q �7�Q�`�K ��

�p�2�+�i�Q�` �Q�7 �H�2�M�;�i�?2Nr K �X �h�?�2 �p�2�+�i�Q�` �B�b �T���b�b�2�/ �i�?�`�Q�m�;�? �i�?�`�2�2 �7�2�2�/�@�7�Q�`�r���`�/ �H���v�2�`�b�X ���7�i�2�` �2���+�? �Q�7

�i�?�2 �i�?�`�2�2 �H���v�2�`�b�- �i�?�2 �2�t�T�`�2�b�b�B�p�2 �2�H�2�K�2�M�i �Q�7 �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F �B�b �T�`�Q�p�B�/�2�/ �#�v �� �`�2�H�m ���+�i�B�p���i�B�Q�M

�7�m�M�+�i�B�Q�M�X ���H�i�?�Q�m�;�? �i�?�B�b �#�H�Q�+�F �B�b �b�v�M�Q�M�v�K�Q�m�b �r�B�i�? �i�?�2 �+�?���M�M�2�H �2�b�i�B�K���i�B�Q�M ���M�/�f�Q�` �+�?���M�M�2�H

�2�[�m���H�B�x���i�B�Q�M �#�H�Q�+�F�b �B�M �+�Q�M�p�2�M�i�B�Q�M���H �b�v�b�i�2�K�b�- �r�2 �/�Q �M�Q�i �M�2�2�/ �T�B�H�Q�i�b �7�Q�` �+�?���M�M�2�H �2�b�i�B�K���i�B�Q�M�X

�h�?�2 �2�t�T�`�2�b�b�B�p�2 �M���i�m�`�2 �Q�7 �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F�b ���H�H�Q�r�b �7�Q�` �i�?�2 �+�?���M�M�2�H �i�Q �#�2 �/�B�`�2�+�i�H�v �B�M�7�2�`�`�2�/

�7�`�Q�K �� �#���i�+�? �Q�7 �`�2�+�2�B�p�2�/ �b�v�K�#�Q�H�b�X �L�Q�i�B�+�2�- �i�?�B�b �B�M�+�m�`�b �� �/�2�H���v ���b �i�?�2 �2�M�i�B�`�2 �#���i�+�? �K�m�b�i �#�2

�`�2�+�2�B�p�2�/ �#�2�7�Q�`�2 ���M�v �Q�7 �B�i�b �b�v�K�#�Q�H�b ���`�2 �/�2�+�Q�/�2�/�X �h�?�2 �Q�m�i�T�m�i �p�2�+�i�Q�` �Q�7 �i�?�2 �H���b�i �M�2�m�`���H �M�2�i�r�Q�`�F

�H���v�2�` �?���b �� �b�B�x�2 �Q�72N 2
t �X �h�?�2 �`�2���H �p�2�+�i�Q�` �B�b �i�`���M�b�7�Q�`�K�2�/ �B�M�i�Q �� �+�Q�K�T�H�2�t �p�2�+�i�Q�` �r�B�i�? �� �b�B�x�2 �Q�7

N t � Nr �X �h�?�B�b �p�2�+�i�Q�` �B�b �`�2�b�?���T�2�/ �B�M�i�Q �K���i�`�B�t �7�Q�`�K�-�̂> 2 CN r � N t �r�?�B�+�? �B�b �m�b�2�/ �7�Q�` �+�?���M�M�2�H

�2�[�m���H�B�x���i�B�Q�M�X

b�u = �u � b�> �U�j�X�e�V

�h�Q �B�H�H�m�b�i�`���i�2 �i�?�2 �Q�m�i�T�m�i �Q�7 �i�?�2 �T�`�2�@�T�`�Q�+�2�b�b�B�M�; �#�H�Q�+�F�- �r�2 �T�H�Q�i �i�?�2 �+�Q�K�T�H�2�t �+�Q�M�b�i�2�H�H���i�B�Q�M �T�`�Q�@

�/�m�+�2�/ �7�`�Q�K �1�[�m���i�B�Q�M�j�X�e�- �7�Q�` �p���`�v�B�M�; �p���H�m�2�b �Q�7 �b�B�;�M���H �i�Q �M�Q�B�b�2 �`���i�B�Q �(�j�X�R�j�- �j�X�R�d�- ���M�/�j�X�k�R�)�X

�6�Q�` �i�?�2�b�2 �T�H�Q�i�b�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�7�B�;�m�`���i�B�Q�M�b �B�b �m�b�2�/�,N t = 2 = Nr ���M�/K = 1

�h�?�2 �`�2���H ���M�/ �B�K���;�B�M���`�v �T���`�i �Q�7 �i�?�B�b �K���i�`�B�t �B�b �+�Q�M�+���i�2�M���i�2�/ �i�Q �7�Q�`�K �� �p�2�+�i�Q�` �Q�7 �b�B�x�2

2 � N t � K �X �h�?�B�b �b�2�`�p�2�b ���b �B�M�T�m�i �7�Q�` �i�?�2 �b�2�+�Q�M�/ �#�`���M�+�? �Q�7 �i�?�2 �/�2�+�Q�/�2�`�X

�h���#�H�2 �j�X�j�, �a�2�+�Q�M�/ �.�2�+�Q�/�2�` �"�`���M�+�? �@ �L�2�m�`���H �L�2�i�r�Q�`�F �J�Q�/�2�H

�G���v�2�` �A�M�/�2�t �a�?���T�2 �Q�7 �L�2�m�`�Q�M�b �L�m�K�#�2�` �Q�7 �L�2�m�`�Q�M�b

�A�M�T�m�i �G���v�2�` �(N tT�)� �(2N tK �) �(2N 2
t KT �)

�J�B�/�/�H�2 �G���v�2�` �(N tT�)� �(N tT�) �(N 2
t T2�)

�P�m�i�T�m�i �G���v�2�` �(T�)� �(N tT�) �(N tT2�)



�k�Y�S�Y �b�-�����¶�è �K�ñ�²�¶�ã �8�d

�h�?�2 �7�Q�H�H�Q�r�B�M�; �7�B�;�m�`�2�b �b�?�Q�r �i�?�2 �Q�m�i�T�m�i �Q�7 �i�?�2 �T�`�2�@�T�`�Q�+�2�b�b�B�M�; �#�H�Q�+�F�X

�U���V �9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R�U�#�V �3�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R

�6�B�;�m�`�2 �j�X�R�y�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M

�U���V �R�e�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R�U�#�V �e�9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R

�6�B�;�m�`�2 �j�X�R�R�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M



�8�3 �+�Ñ�ž�ÿ���¶�� �k�Y �H�¶�ž���é�Ô�é�Ì �#�ž���¶�² �K���ã���Ô�A���é���¶�é�é�ž �i���ž�é���è�Ô�����Ô�ñ�é �b�-�����¶�è��

�U���V �9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �k�U�#�V �3�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �k

�U���V �R�e�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �k�U�#�V �e�9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �k

�6�B�;�m�`�2 �j�X�R�j�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M



�k�Y�S�Y �b�-�����¶�è �K�ñ�²�¶�ã �8�N

���i ���M �a�L�_ �Q�77�/�"�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�b�i�2�H�H���i�B�Q�M �T�H�Q�i�b �/�2�T�B�+�i�b �i�?�2 �+�Q�K�T�H�2�t �2�M�+�Q�/�B�M�;�b �Q�7

�i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F�b�X

�U���V �9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �@�R�U�#�V �3�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R

�6�B�;�m�`�2 �j�X�R�9�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M

�U���V �R�e�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R�U�#�V �e�9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R

�6�B�;�m�`�2 �j�X�R�8�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M



�e�y �+�Ñ�ž�ÿ���¶�� �k�Y �H�¶�ž���é�Ô�é�Ì �#�ž���¶�² �K���ã���Ô�A���é���¶�é�é�ž �i���ž�é���è�Ô�����Ô�ñ�é �b�-�����¶�è��

�U���V �9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �k�U�#�V �3�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �k

�6�B�;�m�`�2 �j�X�R�e�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M

�U���V �R�e�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �k�U�#�V �e�9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �k

�6�B�;�m�`�2 �j�X�R�d�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M



�k�Y�S�Y �b�-�����¶�è �K�ñ�²�¶�ã �e�R

���i ���M �a�L�_ �Q�718�/�"�- �i�?�2 �+�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �T�`�2�@�T�`�Q�+�2�b�b�B�M�; �B�b �;�B�p�2�M �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�;

�7�B�m�;�`�2�b�,

�U���V �9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R�U�#�V �3�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R

�6�B�;�m�`�2 �j�X�R�3�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M

�U���V �R�e�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R�U�#�V �e�9�@���`�v �*�Q�M�b�i�2�H�H���i�B�Q�M �7�Q�` �_�t ���M�i�2�M�M�� �R

�6�B�;�m�`�2 �j�X�R�N�, �*�Q�M�b�i�2�H�H���i�B�Q�M ���7�i�2�` �1�[�m���H�B�b���i�B�Q�M




	Titlepage
	Abstract
	General Audience Abstract
	Dedication
	Acknowledgements
	List of Figures
	List of Tables
	Introduction
	The Case for Learning-Based Systems
	Current Trends
	End-to-End Learning Based Diversity Systems
	Grant Free Resource Allocation for Machine Type Communications

	Thesis Organisation and Contributions
	Organization


	Background
	Multi-antenna Systems 
	Machine Type Devices
	Random Access

	Introduction to Machine Learning
	Deep Learning
	Reinforcement Learning


	Learning Based Multi-Antenna Transmission Systems
	System Model
	Deep Learning Based Transmitter Design
	Deep Learning Based Receiver Design

	Training Scheme
	Simulation
	Simulation With Independent Rayleigh Fading Channels Encountered During Validation
	Simulation With Correlated Rayleigh Fading Channels Encountered During Validation
	Simulation With Heterogeneous Distributions Encountered During Validation

	Conclusion

	 Reinforcement Learning for Massive Machine Type Communications
	System Model
	Proposed Solution
	Simulation Results
	Conclusion

	Conclusions and Future Work
	Bibliography
	Appendices
	Appendix Reinforcement Learning for Massive Machine Type Communication
	Channel Utilization Ratio for uncongested Cells
	Probability of Collision for uncongested Cells


