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Data-driven Target Tracking and Hybrid Path Planning Methods
for Autonomous Operation of UAV

Jae-Young Choi

(ABSTRACT)

The present study focuses on developing an efficient and stable unmanned aerial system
traffic management (UTM) system that utilizes a data-driven target tracking method and a
distributed path planning algorithm for multiple Unmanned Aerial Vehicle (UAV) operations
with local dynamic networks, which can provide flexible scalability, enabling autonomous
operation of a large number of UAVs in dynamically changing environment. Traditional
dynamic motion-based target tracking methods often encounter limitations due to their re-
liance on a finite number of dynamic motion models. To address this, data-driven target
tracking methods were developed based on the statistical model of the Gaussian mixture
model (GMM) and deep neural networks of long-short term memory (LSTM) model, to
estimate instant and future states of UAV for local path planning problems. The estima-
tion accuracy of the data-driven target tracking methods were analyzed and compared with
dynamic model-based target tracking methods. A hybrid dynamic path planning algorithm
was proposed, which selectively employs grid-free and -based path search methods depend-
ing on the spatio-temporal characteristics of the environments. In static environment, the
artificial potential field (APF) method was utilized, while the A* algorithm was applied in
the dynamic state environment. Furthermore, the data-driven target tracking method was
integrated with the hybrid path planning algorithm to enhance deconfliction. To ensure
smooth trajectories, a minimum snap trajectory method was applied to the planned paths,
enabling controller tracking that remains dynamically feasible throughout the entire opera-
tion of UAVs. The methods were validated in the Software-in-the-loop (SITL) demonstration

with the simple PID controller of the UAVs implemented in the software program.



Data-driven Target Tracking and Hybrid Path Planning Methods
for Autonomous Operation of UAV

Jae-Young Choi

(GENERAL AUDIENCE ABSTRACT)

This dissertation focuses on developing data-driven models for tracking and path planning
of Unmanned Aerial Vehicle (UAV) in dynamic environments with multiple operations. The
goal is to improve the accuracy and efficiency of Unmanned Aircraft System traffic man-
agement (UTM) under such conditions. The data-driven models are based on Gaussian
mixture model (GMM) and long-short term memory (LSTM) and are used to estimate the
instant and consecutive future states of UAV for local planning problems. These models
are compared to traditional target tracking models, which use dynamic motion models like
constant velocity or acceleration. A hybrid dynamic path planning approach is also proposed
to solve dynamic path planning problems for multiple UAV operations at an efficient com-
putation cost. The algorithm selectively employs a path planning method between grid-free
and grid-based methods depending on the characteristics of the environment. In static state
conditions, the system uses the artificial potential field method (APF). When the environ-
ment is time-variant, local path planning problems are solved by activating the A* algorithm.
Also, the planned paths are refined by minimum snap trajectory to ensure that the path is
dynamically feasible throughout a full operation of the UAV along with controller track-
ing. The methods were validated in the Software-in-the-loop (SITL) demonstration with the

simple PID controller of the UAVs implemented in the software program.
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Unmanned Aerial Vehicle (UAV) operations have experienced a rapid growth for various
purposes across a wide range of applications. Figurel.l shows that the market size for UAV
industries is predicted to double by 2028. This growth is expected to be seen in sectors
such as construction, agriculture, communications, and others. Another major application
of UAV is in the Urban Air Mobility sector, which Morgan Stanley predicts will reach a
market size of 1.5 trillion dollars by 2040 [2]. However, the increased diversity and volume of

UAV operations present significant challenges to the current air traffic management system.

To address these challenges, NASA and the Federal Aviation Administration’s (FAA) Next-
Gen program established the Advanced Air Mobility (AMM) Nation campaign in early 2020,
as well as the Urban Air Mobility (UAM) Vision Concept of Operation V.1.0 [3]. In addi-
tion, NASA and FAA NextGen have developed the UAS traffic management (UTM) system
to modernize traditional air traffic management. The UTM system’s Concept of Operation

V2.0 is complete [4].

This study is motivated by the goal of developing an efficient UTM (UAS Traffic Manage-
ment) framework. The proposed UTM framework consists of four main modules of data

exchange, target tracking, path planning, and tracking controller modules. The data ex-

1



2 Chapter 1. Introduction

change module enables UAVs to exchange their trajectory history through centralize cloud-
based database system by request. However, challenges such as data latency can lead to

inconsistencies in instant state information.

To address this problem, target tracking models are employed to estimate the current and
future state of UAV based on trajectory history to enhance deconflictions. The traditional
target tracking approaches based on dynamic motion models, such as Kalman filter or inter-
acting multiple model (IMM), face challenges in predicting the complex behavior patterns of
other vehicles due to a limited number of dynamic motion models. This becomes a difficult
task as the diversity of UAV types increases. To overcome this limitation, a data-driven
target tracking model is proposed, which utilizes a model-free approach based on Gaussian
mixture model (GMM) and long-short term memory (LSTM) techniques. The estimated
trajectory data from the target tracking module then utilized by path planning models to

generate optimal conflict-free paths.

Current study proposes a hybrid algorithm that selectively uses either the artificial poten-
tial field method (APF) or the A* path searching algorithm, depending on the situation,
to manage both static and dynamic path planning for multiple UAV operations effectively.
These traditional approaches have been widely used in robotics as a path planning strategy
for navigation systems. The APF method, known for its mathematical simplicity and com-
putational efficiency, does not depend on the size of the domain and is grid-free. However,
it can be prone to getting trapped in local minima, which can result in incorrect solutions
[5, 6]. In contrast, the A* and D* algorithms are grid-based path searching algorithms that
calculate length costs over a grid on a domain of interest and find an optimal path based
on minimizing the total length cost to the goal point. These algorithms can provide more
reliable results for path planning problems than the APF method [7], but the computation

cost can dramatically increase in larger domains [8]. The proposed path planning algorithm
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allows switching between the APF method and the A* algorithm by by the characteristic
of environments. The APF method is utilized for global path planning problems, where
the environment is static and simple, and the A* algorithm is utilized for the local path
planning problems, where the environment is dynamic and complex that the solution of the
APF method can be easily trapped onto a local minim. The following sections provide an
in-depth discussion of the data-driven target tracking models and the hybrid dynamic path
planning algorithm to achieve this goal. While path planning modules generate optimal path

trajectory, tracking control models ensure that UAV remain on the planned trajectory.

Commercial/Consumer UAS Forecast
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Figure 1.1: ] 2019 Teal Group Analyzes and Predicts Drone Market Responses Report[1]
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The increasing demand for Unmanned Aerial Vehicle (UAV) in low-altitude airspace has led
to the need for integrating UAS traffic management into current airspace due to the increas-
ing air traffic and resulting complexity [9]. To address this, the Federal Aviation Administra-
tion (FAA) began modernizing commercial air traffic management in 2012 [10] and developed
the foundations of urban operations for UAV research. In 2016, the FAA allowed routine UAV
operations in the national airspace system (NAS) [11], which have been conducted separately
from manned aircraft. NASA has proposed the concept of UAS traffic management (UTM)
as a means of safely and efficiently managing future UAV operations[12]. The UTM project
is organized into four technical capability levels (TCL), which increase in complexity as the
scenarios become more challenging, as defined by the FAA and NASA. During the TCL1
phase, UAV were tested in remote and unpopulated areas to collect data on their navigation
and tracking performance. The feasibility and functionality of autonomous beyond visual
line of sight (BVLOS) was then tested in areas with sparse populations during the TCL2
phase. The TCL3 phase involved suburban applications with manned aircraft in moderate
population and traffic conditions. Long-range vehicle-to-vehicle communications were tested,
along with sense and avoid capabilities to maintain safe distancing between cooperative and
non-cooperative UAV. In the TCL4 phase, which is structured for complex operations in
high-traffic density and densely populated urban areas, the system’s response to real-world
events, such as UAV-to-UAV encounters, UAV-to-manned aircraft encounters, static and

dynamic obstacle avoidance, and emergency priority operations, is investigated[13][14].

The UTM system is designed to manage small UAV by providing a set of services to the

ATM system and UAV operators, including operational rules, registrations, waivers, and
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performance-based requirements[15]. The primary purpose of UTM is to ensure safety and
efficiency in UAV operations. The US-based UTM architecture comprises several funda-
mental elements, including UAV operations, regulators, supplemental data providers, and
other stakeholders. These elements can be broadly categorized into two major parts: FAA

development and deployment, and industry development and deployment.

The FAA provides operators with regulatory and operational airspace restriction data. The
FAA communicates with UTM through a flight information management system (FIMS),
which acts as a data-sharing interface and provides traffic management frameworks to all
UTM members. The industry development and deployment sector maintains the UAV in-
frastructure. UAV Service Suppliers (USS) automate airspace authorizations and provide
tools for operators to navigate airspace safely and efficiently while meeting UTM operational
requirements. UAV operators are responsible for using UAV and overall UTM operations.
Supplemental Data Service Providers (SDSP) offer access to supplementary information such

as land environment, cellular coverage, navigation, and terrain information[16][17][18].

Similar to the UTM strategy, the concept of U-Space has been developed and declared
in Europe. U-Space is designed to facilitate complex UAV operations with a high degree
of automation in various environments, including urban areas[19]. The goal of U-Space
is to establish frameworks that ensure safe, efficient, and secure access to airspace for a
large number of drones. U-Space is not limited to a segregated volume of airspace for UAV
operation, but rather aims to ensure smooth UAV operation in all environments and airspace

types|[20].

The evolution of U-Space services is organized based on the level of automation of UAV and
advanced forms of interaction with the environment through data exchange. Ul provides
e-registration, e-identification, and geofencing. U2 supports the management of UAV opera-

tions, including flight approval, airspace dynamic information, and procedural interface with
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air traffic control. In U3, advanced services are provided to support complex operations in
densely populated areas, where automated detect and avoid (DAA) functionality is essential
for safe and efficient UAV operations. U4 allows full operational capability for U-Space and
relies on high levels of automation, connectivity, and digitization for UAV and the U-Space

system|[21].

Recent studies have been conducted to improve the UTM system. MaCathy et al[22] devel-
oped an Autonomous Air Traffic System (AAC) that uses deep multi-agent reinforcement
learning framework to provide real-time advisories to aircraft and ensure safe separation
along air paths and intersections of these air paths. This framework can identify and resolve
conflicts between aircraft in high-density environments. Sachrny et al.[23] used deep rein-
forcement learning, BRECCIA, to develop a Universal-UAV for determining optimal flight
policies and setting constraints on UAV operations near roadways. Shao et al.[24] conducted
risk assessment studies and quantified data based on Weibel’s ground impact model using
the Expected Level of Study (ELS). Liu et al.[25] developed a novel system framework for
real-time moving target tracking and path planning for quadrotor UAV in unknown regions.
Their tracking algorithms TCL and KCF improved tracking performance for long-term and
high-speed target tracking, respectively. They also developed an elliptical tangential model

that can find feasible paths without map building.

Ooooif  OOboot Oooooibd obobood

Target tracking estimation can be considered a sequential localization problem that necessi-
tates a real-time position estimation algorithm|[26] and has been extensively researched and
developed to estimate unknown state variables in various fields of application. Navigation

is one of such fields in which target tracking is employed to estimate the instant and future
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states of a moving target.

Kalman filter has played a significant role in the history of target tracking methods, en-
abling accurate estimation of state variables such as position, velocity, and acceleration of a
maneuvering target from noisy measurements[27]. First introduced for prediction and esti-
mation problems in 1960[28], the Kalman filter has become a popular choice for navigation
of robots[29]. Singer[30] developed a target model to represent the motion of targets, and
the Kalman filter was utilized to estimate unknown state variables of maneuvering targets

based on a set of tracking data from multiple sensors.

The Kalman filter can be extensively used in conjunction with global positioning system
(GPS) data for location tracking[31], tracking the position and orientation of crop rows|[32],
and for accurate estimation of the position and velocity of objectives[33]. The Kalman filter

has also been used for tracking both shape and position in various studies[34][35][36].

However, the behavior of a target can be difficult to characterize and evaluate using a single
dynamic motion model[37]. The state estimation of position and velocity can be inaccurate
due to mismatches between the unknown target dynamics and the tracker motion model. To
resolve this issue, target tracking by multiple models (MM) has been studied for hybrid state
estimation[38][39][40]. The MM yields adaptive estimations by kinematic regime jumps, and

Markov chain can be a governing model to manage the dynamic motion models.

In 1984, Blom[41] first proposed the interacting multiple model (IMM), which utilizes a set of
filters in parallel. The IMM algorithm utilizes a set of filters in parallel to estimate the state
of a target. The IMM combines state hypotheses from multiple filter models and changes
dynamics to match the behavior of the target for an accurate estimate[42]. The basic idea
behind the IMM is to estimate the target’s state by assuming that it follows different motion

models, and to select the most appropriate model for each time step. The IMM algorithm
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operates by combining the outputs of multiple Kalman filters, each of which represents a
different motion model. The IMM algorithm has been extensively studied and applied in
various fields, such as robotics, aerospace, and military[42]. The IMM has been shown to
provide improved tracking performance compared to a single motion model[43], and has

become one of the most widely used algorithms in target tracking.

In contrast to the traditional approaches, which are based on dynamic motion-models, data-
driven models have been developed using experimental input and output data collected from
real-world systems[44]. The fundamental idea behind data-driven approaches is to develop
a prediction model for target tracking, which is trained using a set of pre-existing data.
By inputting the corresponding time instances, a vector of unknown state variables can be

predicted, as shown in Figure 1.2.

Input Output
Trajectory History Machine learning model Trajectory Prediction
(Ny X 8) (GPR/DNN) (Np X 3)

Ny :input variable
Np: output variable

Figure 1.2: Example of a data-driven approach for target tracking.

The Gaussian process has gained popularity due to its ability to perform exact Bayesian
analysis using simple matrix manipulations for various problems and applications[45]. It is a
generalization of the Gaussian probability distribution, where the distribution describes ran-
dom variables that can be scalar or vectors, while a stochastic process governs the properties
of the functions[46]. This allows for the creation of a fully probabilistic predictive distribution
and estimation of the uncertainty of corresponding predictions by specifying a hierarchical
model with a prior distribution over hyper-parameters and the prior distributions of the

weights relative to the hyper-parameters[47].
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For example, Figure 1.3 shows a Gaussian process regression with a training dataset. The
solid colored lines represent realizable functions, and an infinite number of potential functions
can be found within a given confidence level, as shown in the shaded area. The unknown
variables over the domain can be realized by manipulating the estimated mean values px
and variance o2 of the probability density function that follows the Gaussian process, as
illustrated in Figure 1.4. To determine reasonable values for jx and o2, maximum likelihood
estimation (MLE) is used to find hyper-parameters in the correlation function embedded
in the probability density function. These unknown parameters are determined through an
iterative process by minimizing the mean squared error between observed function values
and realized function values at the sample locations. More details on the mathematical

formulations for Gaussian process regression and MLE can be found in Section 2.5.

Three samples from the GP posterior

-4 -2 0 ] 4

Figure 1.3: Gaussian process posterior

Recently, Gaussian process regression (GPR) has been studied extensively for time series
estimation of motion states in target tracking models [48, 49]. Aftab et al. [50] proposed a
GPR-based target tracking model to estimate the shape of the target, while the motion of the
target is filtered by a pre-existing physical model. However, these approaches rely on physical
models that can be difficult to evaluate for objects with highly complex maneuvering motions.

In this paper, we propose a data-driven framework for target tracking based on GPR that
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6B;m 2 RX9, S.6 Q7 : mbbB M /Bbi B#Wv/iBQM/rB/i?2B,MB QM

mb2b iBK2 b2 'B2b Q7 bi i2p "B #H2b BM M BMTmi p2+iQ iQ +?B2
+m " 2Mi M/ 7mim 2 TQbBiBQM +QQ /BM i2b Q7 i *;2ibX

h?2 mb2 Q7 /22T H2 "MBM: “+?Bi2+im 2b? bb?QrM T QKBbBM: “2b
bm+? b+QKTmi2 pBbBQM-bT22+? "2+Q:MBiB®REXM2 25 K\222" B2b
M2irQ Fb U.LLV 2 /2p2HQT2/ iQ H2 "M K i?2K iB+ HHv QTiBK H °
8j-89X h  /BiBQM H 722/@7Q r / .LLb "2 +QKTQb2/ Q7 BMTmi M/
i2°Qm;? KmHiIBTH2 ?B//2M H v2'b BM@#2ir22MX h?2b2 H v2'b "2 7
“iB7B+B H MQ/2b i? i mb2 r2B;?i2/ BMTmib M/ T Q/m+2 M QmiTmi
+iBp iBQM 7n8MXiBQEMBM; .LL ivTB+ HHv BMpQHp2b i?2 mb2 Q7
M/ ;> /IB2Mi /2b+2Mi iQ KBMBKBxXx2 i?2 +Qbi 7mM+iBQM Q" K2 M b]
2DiBK i2/ QmiTmi rBi? "2bT2+i iQ i?2 Q#b83x2/ Ri+2Mp /B #H2b B M
> T?B+b T°Q+2bbBM; mMBib U:SIV ? p2 ++2H2" i2/i?2 2pQHmiBQN
Bi QM2 Q7 i?2 KQbi TQr2 7mH K2i?Q/B8MX +?BM2 H2 "MBM; (

_2+m "2MiM2m> HM2irQ ' Fb U _LLbVr2'27B biBMi'Q/m+2/BMi?2R
M/ QBHHB3KIM( ? p2 #22M M BKTQ'i Mi 7Q+mb Q7 "2b2 “+? M/ /2p2
RNNybX _LLb "2 /2bB;M2/iQ H2 "M b2[m2MiB B MBK2QWbQ@BM;
i° BM2/ mbBM; # +F@T QT ; iBQMX h?2v +QMi BM 722/# +F HQQT
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bi i2 Q7 i?2 MQ/2b iQ /2i2 ' KBM2 i?2 QmiTmi i Mv ;Bp2M BMbi Mi>
i2KTQ' H /2T2M/2M+v Bb p2'v 2772+iBp2 7Q" b2[m2M+2@iQ@b2[m:
+ M2M+QmMi2  p MBb?BM; M/ 2tTHQ/BM; :" /B2Mi T'Q#H2Kb 7Q " H

hQ 2bQHp2i?2b2 Bbbm2b-i?2 HQM; b?Q i@i2 KK2KQ v UGahJV r |
M/ a+?KB/?m#2° 8MKRINaMdE "2 p B MiQ7 _LLb M/ "2 /2bB;M2/iQ
i?72p MBb?BM; M/ 2tTHQ/BM; ;" /IB2Mi T Q#H2Kb bbQ+B i2/rBi? HQ
+QMi BM M //BiBQM H +QKKQM HQM;@b?Q i@i2 K K2KQ v HBM2-
MQM@HBM2 °~ +QK#BM iBQM Q7 Bib T'2pBQmb- +m "2Mi- M/ ?B//2
? p2 bBM+2 #2+QK2 p2'v 2772+iBp2 K2i?Q/ M/ ? p2 #22M TTHB2/
Q7 bim/vX w? MpRITHX @b2/ i ;2ii +FBM; K2i?Q/ i? i miBHBx2b
h2 'K J2KQ vUGahJV M2irQ F rBi? i?2 IMb+2Mi2/ E HK M 6BHi2 UIE
MiQMQKQmb H2 "MBM; M/ K2KQ'v + T #BHBiB2b Q7 GahJlX h?2 Gz«
p Hm2 Q7 Q#b2 p iBQMb M/ 722/bi?2K BMiQ i?21E6 H;Q Bi?KiQ Q°
i ;21 Q#D2+i 2p2M r?2M Q#b2 p iBQMb "2 Me}i BMBI /#tH2{ GR&T2i
H2 MBM; H;Q Bi?K7Q K M2mp2 BM;i ;2i@i +FBM;-r?B+? miBHE
M2irQ"F/2KQMbi® i2b277B+B2Mii° +FBM; Q7 K M2mp2 ' BM; i ;2ibr
Q77HBM2 i D2+iQ'v/ i 7 QK T 2pBQmbHv i +F2/i ;2ibX >mbb BWM
TT ' Q +? 7Q T 2/B+iBp2 i “;2ii° +FBM; rBi? ?B;? ++m > +v- r?B+?
KQ/2H + T #H2 Q7 2ti° +iBM; bT iB H M/ i2KTQ HT ii2 " Mb 7 QK iBl
Q#i BM2/ 7°QK AQh b2MbQ bX h?Bb TT Q +? + Mi +F KQ#BH2 i
r?BH2 KBMBKBxBM; Qp2j)MH 2M2 ;v +Qbi(

AM i?Bb bim/v- /i @/°Bp2M i *:2i i° +FBM; K2i?Q/b # b2/ QM i?2 bi
. mbbB M KBtim 2 KQ/2H U:JJV M/i?2 iB7B+B HBMi2HHB;2M+2 U
K2KQ v UGahJdV 2 /2p2HQT2/ 7Q"  bi i2 2biBK iBQMbX h?2b2 K2i?
i /BIBQM H /vM KB+ KQiBQM KQ/2H@# b2/ i ;2i i° +FBM; TT Q +1
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E HK M 7BHi2° M/ BMi2 +iBM; KmHIiBTH2 KQ/2H UAJJV 7BHi2 X

RXkXj S i? SH MMBM; H;Q Bi?Kb

S i? TH MMBM; H;Q Bi?Kb ? p2 7QmM/ rB/2 TTHB+ iBQMb BM p °
b KQ#BH2 eQ&FEid( TH M2i "ve@pRAM(2'r i2° pe3BHNH2{iQMQKQmb
b BH#ONM (?2B  T'BK v ;Q HBbiQ T'QpB/2 +QM7HB+i@7 22 QTi
TQBMi iQ i?2 ;Q H TQBMi rBi?BM i?2 b? y@R{BBKER? M7 2BD i M+B M
i?Bb "2 ? b ;"QrM i'2K2M/QmbHv Qp2  i?2 T bi 72r /2+ [2b- M/ p
TH MMBM; K2i?Q/b ? p2 #22M /2p2HQT2/X h?2b2 H;Q Bi?Kb + M #:.
i /BIBQM H M/ ?2m BbiB+ TT Q +?2bRMSAHHPM BT @ /+BM GBBibD QrN

TTHB+ iBQMb M/ HBKBi iBQMbX

h> /BiBQM HT i? TH MMBM; K2i?Q/b ivTB+ HHvmb2 H;Q Bi?KbiQ 2
i? i +QM7HB+i@7°22 T i? /Q2b MQi 2tBbiX >Qr2p2 - i?2b2 K2i?Q/b
2tT2MbBp2 M/ "2 mMbi #H2 BM /vM KB+ 2MpB QMK2Mib- K FBM; i??2
T Q#H2Kb r?2°2 i?2 2MpB " QMK2Mi Bb T idj)KHRM i ?2m®id 2 " nPM¥ M Q
22m BbiB+ TT'Q +?22b 2 /27BM2/ b Bi2 iBp2;2M2 iBQM T Q+2bt
QT2 iBQMb Q7 bm#Q /BM i2 22m BbiB+b iQ 277B+BaAMIHX T Q/m+2

6B:m 2 RX8, /2b+ BTiBQM Q7 T i? TH MMBM; + i2;Q B
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h?2 "2b2 "+?2 BM T i? TH MMBM: + M #2 i +2/# +FiQi?2H i2 RNeyb
iQTB+ Q7 BMi2 2bi BM KQ#BH2 "Q#Qi M pB; iBQM bvbi2Kb bBM+2 |
TH MMBM; TT Q +?22b r2°2 +iBp2Hv mb2/ T'BQ  iQ i?2 kyyybX PM.
TH MMBM; H:Q Bi?K 7Q° +QHHBbBQM pQB/ M+2 Bb i?2 'iB7B+B |
r?B+? Bb FMQrM 7Q" Bib bBKTH2 bi'm+im 2 M/ +QMiBMmIQM2b T i?
S6 K2i?Q/r b 7B bi BMi'Q/m+2/ #d &R AB# BM2RNRLB+H2b #v pB im
7B2H/ i? i Bb ;2M2" i2/ #v ii’ +iBp2 M/ 2TmHbBpP2 7Q +2 bQm +2b
BMi2 2biX h?2 ii° +iBp27Q +2Bb bbB;M2/iQi?2;Q HTQBMi- M/i-
iQ Q#bi +H2b-r?B+? 7Q K Db2i Q7 "2TmHbB §@3InQh?2b+QKHBil 2i BQK/
Q7 i?2 ii’ +iBp27Q +2 M/ i?2 2TmHDbBpP2 7Q +2 vB2H/b 2bmHi N
M/ /B 2+iBQM i? i /2i2 °KBM2 i?2 KQiBQdMIXihi22Q7QiM2 DRI?@FH22 S
K2i?Q/Bb bBKTH2 M/ p2'v2772+ ByX7J®W 2QRTH iMMBMKTmi iBQM
7Q T i? TH MMBM; Bb [mBi2 7 bi- b Bi Bb BM/2T2M/2Mi Q7 i?2 bBx2

h?2 S6 K2i?Q/ ? b #22M TTHB2/ iQ /B772 2Mi 7B2H/b Q7 bim/vX
TH2- T i? TH MMBM; Bb mb2/ BM "Q#QiB+ bQ++2  iQ K M ;2 TH v2°
QT2 iB@RMDYM i?2B  rQ F-i?2 S6 K2i?Q/ Bb mb2/iQ '27BM2 i?2 MQ
QTiBK HT i?b 7°QK T i? TH MMBM; 34 @IBHBXR/. P 2i SH(K2i?2Q/ 7¢
i?72 Ti? TH MMBM; Q7 l 0 iQ pQB/ +QHHBbBQMDb rBi? Qi?2° B i 7
+QHHBDbBQM pQB/ M+2-i?2v /2p2HQT2/ /vM KB+ ‘iB7B+B H TQi2
"2H iBp2 KQiBQM bi i2b Q7 i?2bm "QmM/BM; Q#bi +H2b M/ T2 7Q" ¢
p B #H2i? 2b?QH/X

AMbTBi2 Q7 Bib bBKTHB+Biv M/ HQr +QKTmi iBQM +Qbi-i?2 S6 K2
BM i? i Bi+ M2 bBHv #2 i’ TT2/ BM HQ+ H KBMBK M/ ;mB/2 p2?B-
BM 2MpB QMK2Mib rBi? +QKTH2t iQTQHQ;vX EQ 2M M/ "Q 2Mbi2B
RNNRX AM //BiBQM- QTiBK HT i?b + MMQi :Q i?°Qm;? M “Qr bT +
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Q#bi +H2b /m2iQ i?2 2tBbi2M+2 Q7 ?B;?@ 2TmHbBp27Q +27B2H/b
Q#bi +H2b M/ BM M ""Qr T bb ;2bX

a2p2° HBKT Qp2K2Mib ? p2 #22M T QTQDb2/iQ Qp2 +QK2 i?2b2 HQ"
2i HX T°QTQb2/ mbBM; [m MimK T "iB+H2 br "K QTiBKBx iBQM iQ |
T K2i2'b7Q  p "BQmb 2MpB QMK2Mib M/ KQiBQM bi i2bX "BM; 2]
7Q0°+2 7TmM+iBQM #v //BM; i?2 "2H iBp2 /Bbi M+2 #2ir22M i?2 “Q#C(
+? M;BM;i?2 2TmHbBp2/B 2+iBQMiQ pQB/HQ+ HKBMBK X w? M;
+HQDb2/ Q#bi +H2b 7Q° M QTiBK HT i? bQHMIBQM #27Q°2 + H+mH

MQi?2 # M+? Q7 T i? b2 +?BM; H;Q Bi?Kb Bb ?2m " BbiB+ b2 "+?
r2 -2 /2p2HQT2/ BM i?2 RN8yb iQ RNdyb 7Q° "Q#QiB+b KQiBQM 2tT
BM7HmM2MiB HbQHp2'bBbi?2 H;Q Bi?KX h?2 H;Q Bi?K BKT Q
HQ;B+ #v mbBM; ?22m BbiB+ 2p Hm iBQMb Qp2  i?2 HQQTX h?Bb H;
7mM+iBQMb i2 +? MQ/2 # b2/ QM 1m+HB/2 M /Bbi M+2 M/ 7BM/b M
KBMBKMK bmK Q7 i?2 2p Hm iBQM +Qbib HQM; i?2 T i? 7 QK i?2 bi
IMHBF2 i?2 S6 K2i?Q/-i?2 H:Q ' Bi?K /Q2b MQi 7 +2 Mv HQ+ H KB
7BM/ M QTiBK HT i? BM 2MpB " QMK2Mib rBi? ?B;? +QKTH2tBiv T C
T QpB/2/X

AM QTiBK HT i? TH MMBM; T'Q#H2Kb- i?2 KQiBQM bi i2 Q7 i?2 2M
7 +iQ° BM +?B2pBM; +QHHBbBQM@7'22 T i?iQi?2;Q H M/ + M #
Q /VM KB+- /[2T2M/BM; QM i?2 p BH #BHB3)XQ 7AKIQ QM BBM 710 K2 i
Q7 KQiBQM- i?2 HQ+ iBQM BM7Q K iBQM Bb FMQrM BM /p M+2X |
7QmM/ # b2/ QM i?2 ;Bp2M BM7Q K iBQM M/ + M ;mB/2 p2?B+H2b iC
T i? TH MMBM; T'Q+2bbX >Qr2p2 - BM /vM KB+ 2MpB QMK2Mib- i
Q#bi +H2b Bb QMHV T iB HHVEMQrM M/ + M+? M;2Qp2 iBK2X h?B
M22/b iQ #2 mT/ i2/ +QMiBMmQmbHv- M/ bBM;H2 +QKTmi iBQM 7
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'm > Mi22 +QHHBbBQM@7°22T i?iQi?2:Q HTQBMiX MBi2 iBp2
TH MMBM; H;Q 'Bi?K b i?2 2MpB ' QMK2Mi BM7Q K iBQM Bb mT/ i2
iQi H+QKTmi iBQM TQr2" "2[mB 2/X

Hi?Qm:?Ai?H;Q Bi?K Bb rB/2Hv@mb2/ ;> T? b2 "+? H;Q Bi?K 7Q°
2bi T i? #2ir22M irQ TQBMib BM bi iB+ 2MpB QMK2Mi- Bi K v MQ|
K2Mib r?2°2 2MpB " QMK2Mi BM7Q K iBQM Bb QMHvV T “iB HHv FMQ
iBK2@/2T2M/2MiX hQ // 2bb iABDbH;iQ2B/iPM-KBlHQ FMQrM:Q @22

"Bi?K-r b BMi"Q/m+2/ BM RNNj 7QD "2H@QHB MM BWMEXi AP 2?22 2p Hm i
+Qbi i MQ/2b QMHV r?2°2 +? M;2b Q++m - "2bmHiBM; BM 7 bi2  "2@
iBK2 +QKT "2/AQMH2D BDPKIQ+mb2D BBi2r2 2 H i2 /2p2HQT2/iQ 7m
BKT Qp2i?2 2tT MbBQM M/ 2/m+iBQM Q7 M Hvx2/ MQ/2b M/ i?2"
T°Q+2bb 7Q  2p Hm iBQM +Qbi + H+mH iBQMb ii?2 p2 iB+2b Q7 i?2

q?BH2 ;> T? b2 "+? H;@ BWMAKb HBFR72+iBp2-i?22v + M #2 iBK2@ +Q N\
i72v "2HV QM +Qbi K Tbi? i Kmbi #2 2T2 i2/Hv ;2M2" i2/ M/ biQ 2/X
? b #22M BM+ 2 bBM; BMi2 2bi BM ‘iB7B+B H BMi2HHB;2M+2 U AV (
T Q#H2Kb- r?B+? mb2 K +?BM2 H2 "MBM; K2i?Q/b bm+? b /22T "2E
M2m> H M2irQ Fb- Q" +QMpQHMIBQM H M2irQ Fb iQ KBMBKBx2 +Q|
"2 H@iBK2 +QM7HB+i@7°22 T i? TH MMBM; iQ i ;2i TQbBiBQMX

TH MMBM: ? p2 #22M Tm#HBb?2/ bBM+2 kyy3d-ABiA@t KMHYXb BM+Hn

_242MiHv- i?2°2 7 b #22M M BM+'2 bBM; ii2MiBQM M/ 2ti2MbBp2
K2Mi H2 "MBM;X SBM2QTH» A/ 2M/@iQ@2M/ T i? TH MMBM; K2i?2Q/
"Q#Qi T i? TH MMBM; mbBM; /22T "2BM7Q +2K2Mi H2 "MBM;- r?B+7
Q#i BM i?2 QTiBK H +iBQM /B 2+iHv 7°QK i?2 Q'B:BM H pBbm H T
?2 M/+ 7i2/ 72 im 2b M/ 72 im 2 K i+?BM:X) B pkbiHBQ HH/2i 28 2BT(HE
+ iBQM Q7 S'QtBK H SQHB+v PTiBKBx iBQM USSPV- /22T "2BM7Q"
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T QpB/2 b2+m 2 M/ +QKTmi iBQM HHv 277B+B2Mi ;mB/ M+2 7Q |
Q#bi +H2bX

AM i?Bb bim/v- ?2v# B/ /vM KB+ T i? TH MMBM:; H;Q Bi?K Bb T°QTQ
T i? TH MMBM: H;Q Bi?KPE2K2i21Q i ?RI/A?2H;Q Bi?K # b2/ QM i?2 bB:
M/ bi i2 Q7 2MpB QMK2Mib 7Q" bi #BHBiv M/ 277B+B2Mi +QKTmi il

RXj *QMi'B#miBQMb

h?Bb bim/v T 2b2Mib i?2 /2p2HQTK2Mi M/ bBKmH iBQM Q7 bi #H2
“iBM; ?v#'B//vM KB+ T i? TH MMBM; H;Q Bi?K M/ /i @/ Bp2M |
r?BH2 miBHBXxBM; "2KQi2 A.iQ 2M #H2 1 obiQ 2bi #HBb? i?2B  HQ +
i° HBx2// i # b2 bvbi2K T°QpB/2b mT/ i2/ TQbBiBQM BM7Q K iBQM
"2[m2bi #vi?22;Q10i?2°Qm:? +HQmM/@# b2/ / i # b2 bvbi2K U*.aVX

h?2 T°QTQb2/ +2Mi° HBx2/ /i # b2 bvbi2K Q772 b bm#bi MiB H #21
p2?B+H2@iQ@p2?B+H2 UokoV +QKKmMB+ iBQMX q?BH2 /B 2+i ok
#BHBxXx2/ #v 7 +iQ b bm+? b i?2 .QTTH2 2772+i M/ BM+QMbBbi2Mi
+QKKmMMB+ iBQMb #2ir22M 7 bi KQpBM; p2?B+H2b- i?2 T'QTQb2/ +
+ M T°QpB/2 bi #H2 +QKKmMB+ iBQMX gBi? M +[mBbBiBQM Q7 i7
| ob-i?22;Ql o+ M+QMIiBMm HHvi®  +Fi?2i ;2ilob 7 QK i?2 *.a-2
#Q'BM; |l 0i  p2Hb 2MpB QMK2Mib r?2'2 oko +QKKmMB+ iBQM Bb ?E

h?2 T°QTQb2/ /i @/'Bp2M i “;2ii° +FBM; K2i?Q/- r?B+? miBHBx2b
U:JJV + M/2HBp2' ++m" i22biBK iBQMbX PM2 Q7 i?2/27BMBM; +?
Bb Bib #BHBiviQ [m MiB7v 2biBK iBQM mM+2'i BMiB2b- r?B+? HH
bm "QmM/BM; i?2 2biBK i2/ TQbBiBQMX h?Bb 72 im 2 Bb MQi BM?2
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K2i?Q/QHQ:B2b M/ + M 2M? M+2 i?2 /[2+QM7HB+iBQMbX

h?2 T°QTQDb2/ T i? TH MMBM; H;Q Bi?K +QK#BM2b i?2 H:Q Bi?k
7Q 277B+B2Mi +QKTmi iBQMX h?2 H;Q'Bi?K+ MT QpB/2bi #H2
Qmi+QK2b b HQM; bi?2?22m BbiB+ M/ +Qbi 7mM+iBQMb 2K BM +
/22T M2m" H M2irQ F@# b2/ H:Q Bi?Kb- bm+? b .22T 2BM7Q +2K.
2MiHv "2Hv QM Bi2  iBp2 TT QtBK iBQM-T * K2i2  imMBM;- M/ 7mM
i?72i° BMBM; T'Q+2bbX h?Bb /2T2M/2M+v "2bmHib BM TQi2MiB H 7
T2 7Q°K M+2- +QMiBM;2Mi mTQM i?2 Mm M+2b Q7 i?2B" "2bT2+iBp:
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h :2i h” D2+iQ v h +FBM;

*?2 Ti2k/2b+ " B#2b bi iBbiB+ H M/ A# b2/ KQ/2Hb mb2/ 7Q i?2 i D:
/IBIBQM iQ i /BiBQM H /vVM KB+ KQiBQM # b2/ KQ/2HbX h?2 7mim 2
2biBK i2/ # b2/ QM i?2 i D2+iQ v ?BbiQ v pB K2i @KQ/2HBM; rBi?
K i?2K iB+ H7Q KmH iBQMb Q7 i?2bm "Q; i2 KQ/2Hb "2 /Bb+mbb2/
bB MT Q+2bb 2;:"2bbBQMUa_:S_V-KmHIiB@ 2bTQMb2: mbbB M T«
: mbbB M JBtim 2 JQ/2H U:JJV iQ 2biBK i2 ++m > i2 T'2/B+iBQMb iQ
QTiBK HT i?X AMi> D2+iQ vi® +FBM: # b2/ QM i?2i°  D2+iQ v/ i mb
+ MKF2 H ;22 'Q T 2/B+iBQM ++m" +vX hQ BKT Qp2i?2 ++m"
:JJ Bb miBHBx2/ HQM; rBi? ;2M2° HBx2/ HBF2HB?QQ/  iBQ i2bi Bb
TQOBMi 2?22 /X HbQ-i?2Q'B;BM H H;Q'Bi?K Q7 i?2 KmHIiB@ 2bTQM
7°QK g M; 2iNBb(KQ/B7B2/BM Q /2" iQ ;Bp2 7H2tB#BHBivBMb2H?Z
2 +? " 2bTQMb2bX h?2 KQ/B7B2/ KQ/2H + M HHQrb i?72 KmHIB@ 2bT
MmK#2 Q7 b KTH2b i/B772°2MiHQ+ iBOQMbiQ 2 +?2 Qi?2 X h?2 +? 1
K2i?2Q/b-bm+? bHQM;@b?Q i i2°KK2KQ'vUGahJV-r?B+? "2 mb2/
i D2+iQ v T 2/B+iBQMX

R3



KXRX 1 0*QKKmMB+ iBQM L2irQ F RN

KXR | o *QKKmMB+ iBQM L2irQ F

kXRXR .1 2t+? M;2 M/ +QKKmMB+ iBQM

AM7Q K iBQM QM Qi?2 | ob Bb MQi ivTB+ HHv FMQrM b i?2 p2?B+t
MB+ iBQM Bb p2 v HBKBi2/ BM i?2bi i2@Q7@i?2@ il 0QT2 iBQM;
A.NR2M #H2b i?2 #°Q /+ biBM; Q7 i?2 p2?B+H2BM7Q K iBQM Q7 B/:
bi F2@Q77 BM7Q K iBQMX >Qr2p2 - /B 2+j "2+2BTi Q7 i?2 BM7
MQi 2 /BHv p BH #H2 /2bTBi2 i?2 p BH #BHBivQ7 M /p M+2/ +QK
GQM; _M:2qB/2 "2 L2irQ FUBRI?J BY T BK "BHvV BMi2M/2/ 7Q" BN
b+B2MiB7B+- M/ K2/B+NHXTTHB+ iBQMb (

AMi?2T 2b2Mibim/v-i?2+QM+2Ti Q7 +HQmM/@# b2/ +2Mi° H/ i # b
+QHH2+ib p2°B7B2/ BM7Q K iBQM 7' QK | ob bm+? b p2?B+H2 “2:Bb
b2MbQ /i - M/ 2H vi?2 /i iQ bT2+B7B+1l omTQM "2[m2biX M 2}
2 +?1 o miQK iB+ HHv "2[m2bib TQbBIiBQM /i 7Q M2B;?#Q BM; | ol
7 +BHBi iBM; BM/B 2+i +QKKmMB+ iBQM KQM: | obX h?2 /i +QHH
Hz iQ 2Mbm 2 +QKTHB M+2 rBi? i?2 i D2+iQ v KQ/2HBM; iBK2 +QMEL

IM+2 i BMiB2b K v biBHH 2tBbi BM i?2 /i T QpB/2/ #v "2KQi2 A. by
i2°72°2M+2- bB;M H /2;" / iBQM M/ +QKKmMB+ iBQM H i2M+v i? i -
+QHHBbBQMbX h?2b2 mM+2'i BMiB2b "2 MQi 2tTHB+BiHv KQ/2H2/
iBQMb "2T27Q K2/ mM/2 B/2 H+QM/BiBQMb rBi? MQ mM+2'i BMiB
# b2/ QM i?2 " v2bB M BM72 2M+2 T QpB/2b i?2 2biBK iBQM mMM+2" |
BMi?2 T 2/B+iBQMX

h?2 T°QTQb2/ H:Q Bi?KmiBHBx2b +HQmM/@# b2/ +2Mi> H/ i # b2b
KmMB+ iBOM KQM: | ob #v +QHH2+iBM: M/ 2H vBM:; HQ+ iBQM M/
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rBH2 *.a miBHBx2b bQ7ir " 2@/27BM2/ M2irQ FiQ 2 /BHVK M ;2 i?

kXRXk GQ+ H/vM KB+ M2irQ F

bi?2 +QHHBbBQM pQB/ M+2 Bb HQ+ H2p2MirBi?i?2T i? TH MM
pBim HHQ+ HM2irQ ' F +QKTQb2/ Q7 M2:Qlo M/i?2 M2B;?#Q Bl
/IBbi M+2 7°QK i?22:Q1 -i? i HbQ +? M:2b Qp2 iBK2 BM "2bTQMb?2
Bb 7mM/ K2Mi H mMBi 7Q  i?2 M HvbBb M/ bBKmH iBQMX J2K#z
Bb /2i2°KBM2/ #v i?2 /IBbi M+2 iQ Mv M2B;?#Q BM; | ob- +2 i2/ M/
/Im " BM; i?722;Ql o /p M+2bX

AM +m "2Mi bim/v-2 +2 1 0 +QHH #Q  i2b BM /Bbi B#mi2/ K MM2 - |
iBQM HHQ / QM BM/BpB/m H Il ob M/ K FBM; miQMQKQmb /2+BbBC
M/ +QHHBbBQM pQB/ M+2X .2+2Mi° HBx2/ TH MMBM; Q772'b bB;
TH MMBM;-r?2°22 +21 0+ MBM/2T2M/2MiHv TH M Bib i’ D2+iQ v m
Q7 i?2 2MpB QMK2MiX h?Bb HHQrb ;"2 i2° miQMQKv M/ 7TH2tB#E
i?72 10+ M QT2 i2 BM /2+2Mi’ HBx2/ K MM2 - rBi?Qmi "2HVBM; Q
+QQ /BM i2 i?2B" +iBQMbX h?Bb TT ' Q +? HbQ 2M #H2blo0iQ / T
"QMK2Mi M/ ? M/H2 +QKTH2t b+2M 'BQb KQ 2 2772+iBp2HvX Hi?Q
i?72 TQi2MiB HiQ +?B2p2 +QKTH2i2M2bb M/ ;HQ# H QTiBKBxXx iBQNM
>Qr2p2 - +2Mi> HBx2/ TH MMBM; K vi F2HQM;2 /m2iQ i?2 ?B;? /Bk
m> iBQM bT +2b #2BM; b2 “+22/X h?2 KQbi bB;MB7B+ Mi /" r# +F Bl
"2[mB 2b HHBM7Q K iBQM iQ #2 +2Mi N§i®x2/ BM bBM;H2 HQ+ iBC(

AMQ /2 iQ pQB/ +QKKmMB+ iBQM M/ +QKTmi iBQM H Qp2 HQ / 7
TQb2/ H:Q Bi?K /QTib M2irQ F 7Q K iBQM TT ' Q +?7-r?2°2 M2B;
i722:Q1 0ob "2B/2MiB7B2/ M/ HQ+ HBx2/ mbBM: +2Mi  H+HQm/@



kXkX h> D2+iQ vb KTH2 ;2M2" iBQM kR

+Qp2 ;2 M;2 Q7 2KQi2 A.pB GQ_qgLBb2ti2M/2/ mT iQ Ryyy K i
iIBQM Q7 M Mi2MM rBi? i MbKBbbBQM TQr2 Q7 R9 /"KX h?2 H(
i?72 2:Q | ob QMHvV HHQrb i?2 K2K#2'b?BT iQ i?Qb2 | ob- r?B+? M2]
+QKKmMB+ iBQM ~ /Bmb Q7 jyy KX

h?2 +QKKmMB+ iBQM bvbi2K Bb TTHB2/iQ | ob rBi?BM i?22;Q 1 o N
KQ/2HBM; M/ +QHHBbBQM +?2+FBM;X h?2 MmK#2 Q7 | ob BM M:
b2i Q7 M2irQ Fb Bb /vM KB+ HHv +°2 i2/ 7Q  M2B:?#Q BM: | obX ht

Qp2 'HQ /- M2rHv /2i2+i2/ 1 ob + M #2 //2/iQ i?2 M2irQ F-r?BH2 +m"

+ M #2 "2KQpPNK)G2T 2b2Mib i?2 HQ+ H /vM KB+imM2i0 Qi FBR2 i?2

t- M/ BiBM+Hm/2b b2iQ7i D2+iQ v ?BbiQ ' B2b Q7 i?2 M2B;?#Q "B\

T M;2X

Ne(t)=fT,ji=1;::0;NK
UkXRV
k 2 f1; ' Ngg

(220 "2T 2b2Mibi?2i D2+iQ VM@PHiQiB@BM2?2 HQ+ H/VM KB+ M

QK i? i?2 1 0o- ME,,m BM/B+ i2bi i?2 iQi H MmK#2" Q7 i?2 | ob rBi?B
/IvM KB+ M2irQ FX

kXk h> D2+iQvb KTH2 :2M2" iBQM

AM i?Bb bim/v- i?2 i° BMBM; i’ D2+iQ v b KTH2b 2 ;2M2" i2/ # b2
b BHHmbi  i2/ BMOBB, 72 2X2 iBQM Q7 i?2b2 b+2M "BQb BMpQHp2b
AMBIiB HHv-T B b Q7 bi i M/ 2M/ TQBMib 2 “#Bi  "BHv TQbBiBQ]
b /2TB+i2/ BM BRRWR2XL2ti- ~ M/QK MmK#2 Q7 Q#bi +H2b Q7 p°
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BMi Q/m+2/ rBi?BM i?Bb +BURVXBAIVMMGR; P 2K T Bb +QMbi m+i2/- i?2
SQi2MiB H 6B2H/ U S6V K2i?Q/ Bb BKTH2K2Mi2/iQ ;2M2 i2 M QT
bi i M/ 2M/ TQBMib b b?QkMMBMXB;02RX?2°2 T i? + MMQi #2 7Q\
2t+HmM/2/ /m " BM; i?2 T Q+2bbX h?2 +m "2Mii D2+iQ'vb KTH2 ;2M2
rQ ' F 2t+HmbBp2Hv rBi? k. b+2M "BQbX >Qr2p2 - Bi + M #2 2ti2M/2/
7Q ;2M2 iBM;j.i D2+iQ B2b 7Q i?2 7mim 2rQ FbX

6B:m 2 kXR, h> D2+iQ v :2M2" iBQM

kXj .1 /Bbi B#miBQM BM i ;2ii +FBM;

h?2 +[mBbBiBQM Q7i?2/ i QMi?21 0bQ7BMi2 2biBb F2viQi?2i "
Bb# bB+ HHvVi? Qm:;?2i?2+2Mi  H/ i # b2bvbi2KU*.aV QM ;" QmM/X
HQ+ H M//vM KB+ M2irQ'F7Q i?22;Q1 0Bb + BiB+ HBM/27BMBM;
+QMi'B#mi2b iQ i?2 b+ H #BHBivQ7i?2 QT2 iBQMX h?2 +QMi2Mib
iQ i?2 bi i2 p Hm2b Q7pRGIPHBIIMi 22 ++2H2X iBQWBbLiIB+ H KQ/2H b
r2HH bi?2/22TH2 "MBM; # b2/ TT ' Q +? 2miBHBx2/ b/ i @/ Bp2l
h?2b2 2 /vM KB+ KQiBQM@KQ/2H TT Q +?22b M/ 2tTHQ 2/ rBi? i /
KQ/2H # b2/ i *;2ii° +FBM; K2i?Q/bX h?2 K2i?Q/b miBHBx2/ BM i?B
E HK M 7BHi2  ULE6V K2i?Q/- UkV : mbbB M JBtim 2 JQ/2H- M/ U



kX9X h® /BiBQM Hi “:2ii° +FBM; K2i?Q/ Kj

GQM: a?Q i@h2 K J2KQ v K2i?Q/X T Q#H2K 7Q KmH iBQM 7Q" i?2
Bb b 7QHHQrbX

)&
6BM/, KBMBKB=x2 RMSE(W"X-+

2 ot [T
T
||

i=1 UkXkV
bm#D 2+ i®D

r?2’2Bb bmK Q7 _Jalp Hm2b Q7 bi i2 2biBK iBQMb ¥y Bb i72 i" +FE
bBx2 Q7 T °2/B+iBQM ?Q BxQMX

h?2i> BMBM; / i b2i BboD/2 QG2 )l - r22 XN = fx;;X,;%5;:15%y, 9 Bb
MBMTmip2+iRi QEMBM; b KTH2 ri-? MYBR2 © Fx];x5;X5;:1:;Xy, 0~
Bbi?2+Q "2bTQM/BM; @QniPTimiBA2B M) 'bORTH2 rBi X hBX28@Qi2b
i?22 MmMK#2 Q7 i  BMBMidfKTHRIgX M72 i2bi/ i b2i Bb /IRMQi2/ #v

kX9 h > /BiBQM Hi “:2ii° +FBM: K2i?Q/

kX9XR E HK M 7BHi2"

h?2 E HK M 6BHi2" Bb rB/2Hv mb2/ H;Q Bi?K 7Q" 2biBK iBM; [m I
T 2b2M+2 Q7 p "BQmb bQm +2b Q7 mM+2"i BMiv- bm+? b K2 bm 2
H:Q Bi?K +QKT Bb2b irQ bi ;2b, T 2/B+i M/ mT/ i2X AM i?2 T 2/B-
1[XkXji?2 H;Q Bi?K T 2/B+ib i?2 p Hm2 M/ ++m > +v Q7 i?2 bi i2 p
bbmK2/ KQ/2H Q7 i?2 /vM KB+ H bvbi2K- i?2 p Hm2 Q7 i?2 bi i2 p
iBK2 bi2T- M/ i?2 +m "2Mi +QMi'QH BMTmiX AM i?2 mk4%i2di ;2- 2
H;Q Bi?K mT/ i2b i?2 bi i2 p "B #H2 Q#i BM2/ BM i?2 T 2/B+i bi ;2
#2ir22M i?2 T 2/B+i2/ M/ +im H K2 bm 2K2MibX
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Predictstep:
Xk = Fx¢ 1+ Buy UkXjV

Py = FkPe 1F/ + Q

U pdatestep:

Kk = P« 1Hk(HkPk=1 H{ + Ry) *
UkX9V

Xk = X 1+ K[z h(Re 1)]

Pc=Px 1 KgHiPx 1

22 % M 20?2 i ;2i bii2 M/ +QMi ' QH BMFRmM@B+i Q@ bxX2

2biBK i2b Q7 +Qp "B M+2-bi i2@i° MbBiBQM KQ/2H- M/ Q#b2 p iBC
K i'B% /2T2M/b QM i?2 KQiBQM KQ/2H +?2Qb2M 7Q i “:2ii> +FBM; ;X *
BM+HmM/2- +QMbi Mi p2HQ+Biv- +QMbi Mi ++2H2  iBQM M/ +QMbi
Q7 i?2b2 KQ/2Hb + M #2 7QmM/ BM "~ _16Xa? HQKOb #QQFRX h?2
i +FBM; Bb 2ti2M/2/BMp BQmbr vbiQ7Q KQ 22772+iBp2i +FBM
E HK M 7BHi2° U1E6V Bb mb2/ r?2M MQMHBM2 * KQiBQM KQ/2Hb |
AMi2" +iBM; JmHIBTH2 JQ/2H UAJJV TT Q +? +QMbB/2 b T 2/B+iB
KQiBQM KQ/2Hb- 7TQHHQIrBM; r?B+? i?2 #2bi K i+? Bb b2H2+i2/X h?
/IBb+mbbBQM M/ 2bmHib mbBM; /p M+2/ E HK M 6BHi2 # b2/ K2i?
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kX9Xk AMi2 +iBM; KmHIBTH2 KQ/2H

AMi2> +iBM; JmHiBTH2 JQ/2H UAJJV Bb K i?2K iB+ H 7" K2rQ F m|
iQ i +F i?2 bi i2 Q7 bvbi2K i? i Bb +? M;BM; Qp2  iBK2X h?2 AJJ
K2i?Q/ 7Q° Q#i BMBM; bi i2 2biBK i2b Q7 i *;2ib rBi? /vM KB+ p "B il
2vTQi?2b2b 7°QK b2p2° H 7BHi2  KQ/2HbX h?2 7BHi2" KQ/2Hb mb
brBi+?2/ Q KBt2/rBi? 2 +? Qi?2 iQK i+?i?2#2? pBQ Q7 i?2 KQpBN\
KQ/2Hb ? bBib QrM b2i Q7 T * K2i2 b i? i/2b+ B#2 Bib #2? pBQ - bm
M/ ++2H2 iBQM Q7 i?2 Q#D2+iX "v +QK#BMBM; i?2 BM7Q K iBQ|
AJJ H;Q Bi?K + M 2biBK i2 i?2 bi i2 Q7 i?2 bvbi2K rBi? ;"2 i2° ++1
KQ/2HX h?2 bi'm+im 2 Q7 i?2 AJJ mb2/ BM i?Bb bim/v Bb /2TB+i2/ B
BM 6 Rk

6B;m 2 kXk, 6HQr /B ;- KQ7 AJJ 7BHi2"

h?2 AJJ H;Q Bi?K b2H2+ib i?2 KQbi TT QT B i2 KQ/2H 7Q" i?2 +m’
# b2/ QM i?2 p BH #H2 b2MbQ /i X h?2b2 b2MbQ /i + M #2 Q#]i
K2 Mb- bm+? b /B 2+i K2 bm 2K2Mi- +QKKmMB+ iBQM- Q /i 2t+?
[2T2M/BM; QM i?2 bT2+B7B+ TTHB+ iBQMX h?Bb b2H2+iBQM T Q +2
r?B+? "2 mT/ i2/ Qp2 iBK2 # b2/ QM i?2 HBF2HB?QQ/ Q7 2 +? KQ/2



ke *?2 Ti2 kX h ";2ih” D2+iQ v h™ +FE

h?2 AJJ H;Q'Bi?K 7TQHHQrb +v+H2 +QMbBbiBM; Q7 7Q/MX bi2Th-
h?2 7B bi bi2T Bb i?2 +QKTmi iBQM Q7 i?2 KBt2/ BMBiB H +QM/BiB
+QKTmNBM,B; b -N K2 Mb,- MN bbQ+B i2/ +Q B MiBX® bi2T

t 1- ++Q'/BM; iQ i?2 7TQHHQrBM; 2[m iBQMb,

X

pi(t) = Foi Bt 1) UkX8V
i
, X
R (t 1= Fpij Q (t 1)R‘J (t 1)/p(t) UkXeV
i
. X .
Ct =" Fpunt DIGE D+XIE 1) &Yt DETVp®  UkXdV

i
q?2 B, Bbi® MbBiBQM T Q# #BHBiv K i BtX

AMi?2b2+QM/ bi2T-i?2N THB&IH 1pCi221) Bb mb2/ b BMTmiiQ E HK
7BHiI2 X h?2 2biBKxXj@) pMHEENit2 QZ + H+mH i2/ #vi2KTQ  H 2ti° TQH JE
K2 bm 2K2Mi mT/ iBM# ¢Q WI(i2 D QK?2 E HK M 7BHi2 BM i?Bb bim/
KQiBQM KQ/2H 7BHi2  mb2b iQi HQ7i? 22 7BHi2 b, +QMbi Mi p2H
+QMbi Miim M- r?B+? "2i?2b K2 bi?Qb2 mb2/NM2i®:20E6 K2i?2Q/
"2 i?2M mT/ i2/ 7NQK HA2 M 7BHi2 b BM i?2 i?B / bi2 TX

Bi(t) = ¢ pi(t) kQi(hk Y2exp 172 T(1)Q; X(t) i(t) UkX3V

i) =y hx(t) UkXNV
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Qi(t) = h(HRi()h (i) + g(i)g’ (i) UkXRyV

r?2°2 +Bb MQ 'K HBXxBM: +QMbi MiX AM R 2MRDb i 12i 2 TH + reHQIR I Tn i b
7QHHQIBM:b-

X
2= PO UKXRRYV

X
¢ = B+ (Ci)+ (X)) R)E(M) =) UkXRKkV
h?2i° MbBiBQM T Q# #BHBiB2b "2 b2iiQ NyWBM i?2 +m "2Mi bim/\
H2 "MBM; #Qmii® D2+iQ'v/ i - M/BiT 2/B+ibi?2 7TQHHQIrBM; bi iZ
TQbBIiBQM- p2HQ+Biv- ++2H2  iBQM- M/ M;H2 Q7 Qi iBQMBM i?2

[ i X

kX8 . i @/"Bp2M i “;2ii° +FBM: KQ/2H

KX8XR : mbbB M T Q+2bb "2; ' 2bbBQM

h?2: mbbB M "2;°2bbBQM KQ/2H Bb M BMi2 " TQH iBQM K2i?Q/i? in
M/ Bb KQ/2H2/ #v : mbbB M T Q+2bb ;Qp2 MPXK#ANiD KB @ RQ /BHBM
TT Q +?2biBK i2b7mM+iBQMp Hm2b NBBM? 2:2mitBokB i B @ MQR-2 miM(F N
TmM+iBQM p Hm2b + M #2 +?B2p2/ mPpBMMIA2K2Qp 7BBNMHIB QMM +iE
cx;x9) Q7 "2 HTfQF2b7QHHQTrb,
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(x) = E[f ()]
cx;x9= E[(F(x)  0ONF(X)  (x9)] UKXRjV
fx)  G( (x);c(x;x9)

r?2°2 Bb p2+iQ@OEK2MbBQM H BMXmi[%Q@ BXFb-r?B+? 2
TQbBIiBQM /i TQBMib Q7 10X h?2 : mbbB M T Q+2bb +kXIR§2 /27BM
h?2 Q#b2°p2/ "2bTQNMb2 M #B 2H2Z 2bb2/ b 7mM+iBQMQM/i?2 +Qp
T ° K2i2 Bx@Efw;;wy;;  ;wp]' b 7QHHQrb-

yi=xiw+ 5 i=12
UkXR9V
wo G(0; 3lp)
r?2°'@ Bb i?72 MmK#2" Q7 Q#b2 BbBQBIBp2M/ mbbB M MQBb2 rBi? x2
M/ MMFMQrM p?» M22K2 M Q7 "2bTQMIBD g2BB##H2 b x2 Q- M/ i?
“2:°2bbBQM Tw BKR2iBBMK2/ 7QHHQIrBM; x2 Q @K2MM2 Mi”?2Q pv2B BMM 2
7 K2rQ F #v bT2+B7vBM; T BQ /Bbi BkoRS (PM ,2Bb? QIrBI/BMiBjXU
K i BtBMX gqBi?i?2+Qp B M+2 7mM+iBQM-i?2 7TmM+iBRQMM HmM2b
#2 "2 HBx2/i?2 ' Qm;?2Qmi i?2: mbbB M T Q+2 Dyb+25B;Q))/Bbi B#m
M/ i?22 2H2K2Mib Q7 i?2 +Q@ *BM#2 Xt T Bbb2/ bNEQHHQrb (

\:O
I

c(Xi;Xj) = E[yi;y;1= E x{ww Tx;
UkXR8V

2

—_ T 2
= WX Xj o
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2 3
C(xi:x;) C(x;:%R
c=9 (iixg) e )E ij=1:2 :n UkXReV
C(R;xi) C*;%)
r?2°32 Bbi?2 /2Hi 7TmM=+jiBRME-BM/iBS7j-; =1X 1 X?p2+iQ " ? b

n MMK#2° Q7 Q#b2°p2/ 7TmM+iBQM [€MmQbBLM/n)?R bBXX @272 bBx2
QC(xi;R) Bm 1)XC(R;x;) Bb i® MbTQb2 K(KiP) @Bi? i?2 bRX2 )X

h?2 +Qp B M+2 #2ir22M i?20BRH-HQ+QRQM)KX-gBi? i?2 +Qp B M+2
K i'Bl-i?2 2biBK iBQM Q7 7mM+iBQM p Hm2 i i'B HHQ+ iBQMb + N

y=k'C ly 2=¢c®;®) k'C Ik UkXRdV

r?2°R=[C(x1); ;CXn)" -y =[yuy2; ;¥al" Bb p2+iQ° Q7 i?2 Q#b2 p2/p "B

AMbi2 / Q7 BM72 "BM;Wi?27R2 "2 22DbBQM KQ/2H + M #2 /2p2HQT2/ #
+Q "2H iBQM 7mM+iBQMbX AM i?Bb bim/v- i?2N} BN b2 0Q M2iNB H
+Q "2H iBQM 7mM+iBQMX

Ck: ZtT ijik Xjkj);0< 2: UkXR3V

kp 'B2b 1iQK?2 MmMK#2> Q7 IBKWELEBQMMmM@#2 @MFMQrM 2vT2 @
T > K2i2 b, QM/ "2iQ #2 7QmM/X h?2 p Hm2b Q7 ?2vT2 @T ~ K2i2 b
7mMM+iBOM + M #2 Q#i BM2/ #v i?2 K tBKmK HBFEBB?QQ/ 2biBK iBQ
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kX8Xk IJmHIB@ 2bTQbMb2 : mbbB M T Q+2bb "2; 2bbB

h?2 B/2 Q7 i?2 KmHIB@ 2bTQMb2 : mbbB M T ' Q+2bb "2;°2bbBQM K
#v g M; 2i HX BNNYYR® (22 J_:S_Bb /2'Bp2/ 7°QK i?2 i’ /BiBQM H
“2;°2bbBQM KQ/2H-Bi ? b bBKBH " K i?2K iB+ H7Q KmH iBQM iQ
S _KQ/2HX >Qr2p2 -i?2bim+im 2Q7i?2+Qp B M+2K i'BtQ7i?2
/IBiBQM Hi2 Kb i? i HHQr 7Q i?2 +Q "2H iBQM Q7 KmHiBTH2 “2b"
BMiQ ++QmMiBMi?2 bi iBbiB+ HKQ/2HX

*QMbB/@IBK2MbBQM H 2lyT@:Mb3f-- HBM2 ° "2;°2bbBQM KQ/2H 7
KmHiBTH2 "2bTQMb2b + M #2 2@+ bi2/ rBi? p2+iQ &7 b/BiBQM |
7QHHQrb-

yi= KW+ ;;i=1;2 ;n UKkXRNV

re2 2 Bb i?72 MmK#2" Q7 Q#b2‘p2/WmMI+qu)C§M+pM1m2tQ(#i BM2/ b
E'QM2+F2° T Q/(m+0)QB/2MiBiv KA- BMJ@/BK2MbBQM H +Qpu ™ i2b p2-
h?2 bBx2 Q7 i?2 K i‘}BHtBt(lq+m<)QN iBTb +QKTQb2/ Q7 "2;°2bbB@OM p2+iQ°
"2bTQMb2 p "B #M2b-wi?2®&] 2 ;wg rBi? bBXQWMX h?2: mbbB M
MQBb2 p2+Bb sBp2M #v x2 Q K2 M : mbbB MG(B;S)-Br#RA BB M,
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6B:m 2 kXe, h> D2+iQ v T 2/B+iBQM #v bi iBbiB+ HKQ/2H Q7 : n

h?2i D2+iQ vi +FBM; KQ/2Hr bp HB/ i2/BMirQ@/BK2MbBQM H *
i?72 T 2/B+i2/ i D2+iQ B2b 2biBK i2/ # b2/ QM i?2i D2+iQ v ?BbiQ"
V@/B 2+iBQMbX h?2 KQ/2H r b i’ BM2/ mbBM; 8yyy i° D2+iQ v b KT
i?72 "2bmHib 2 T 2b2MK2GNBIP BBL8W2+QM7B/2M+2 BMi2 p Hb 2 T°
[Qii2/ ;"22M +B +H2b r?Qb2 +2Mi2 b +Q "2bTQM/iQ i?2 TIKAB+i2/ TQ
b?Qrb i? i i?2 T 2/B+i2/ i D2+iQ ' B2b BM i?2 irQ@/BK2MbBQM H bT
;"22K2Mi rBi? i?2 +im H T i?bX h?2b2 p HB/ iBQM "2bmHib /2KQM
2772+iBp2M2bb Q7 i?2 :JJ@# b2/ /i @/ 'Bp2M i’ D2+iQ v i  +FBM; ¥
T 2/B+iBM; +QKTH2t i  D2+iQ ' B2b BM irQ@/BK2MbBQM H * “i2bB |



99 *?2 Ti2 kX h ";2ih” D2+iQ v h™ +FE

6B;:m 2 kXd, h> D2+iQ v T 2/B+iBQM #v : mbbB M KBtim"2

kXeXj *QKT "BbQM Q7 bi iBbiB+ H KQ/2Hb 7Q" bi i2 2bi

AM Q/2° iQ 2biBK i2 mMFMQrM bi i2 p "B #H2b- b2p2  H :S_@# b2
miBHBx2/- BM+Hm/BM; aBM;H2@ 2bTQMb2 : mbbB M S'Q+2bb _2;°
S'Q+2bb _2;°2bbBQM- M/: mbbB M JBtim 2 JQ/2HX HH KQ/2Hb r2
i BMBM; /i b2i- M/ mb2/2B;?i/ i XQBIMix, ;B Xmkp;Xx;9- iQ

;2M2° i2 7Bp2 7mim 2 bi i2=2flx] BK; ¥B G MbgX "Qi? i?2 i° BMBM; M/ i2b
/i b2ibr2°2:2M2° i2/7°QK bBMmbQEB/XB DmpBA2B QMKTEHR,NQZ i?2 bi
2biBK iBQM 7Q" 2 +? bi iBbiB+ HKQ/2H 7°'QK 8yyy i2bi mMbX h?2
2T 2b2Mib i?2 2B;?2i BMTmi/ i TQBMib- r?BH2bi?R#MHHN2 21D 7215 2H\BI M
i?2 bi i2 2biBK i2bX h?2 "2/ bQHB/ HBM2 rBi? +B +H2b BM/B+ i2b |
Qp2 H TT2/rBi?i?2 bi i2 2biBK i2bX h?2 7B biirQ +QHMKMb b?Qr i’
QM2@/BK2MbBQM Ht@ M/ v@/B 2+iBQMb-r?BH2i?2H bi +QHmMKM
irQ@/BK2MbBQM H bT +2X p2 ;2 p Hm2 Q7 i?2 _Jal p Hm2b r2 2 +



kXeX o HB/ iBQM 98

ai i22biBK iBQM ++m" +v
JQ/2HDb a_ @:S_ J @:S_ :JJ
_Jal yXyjke yXRyNy yXyRKR

h #H2 kXR, *QKT "'BbQM Q7 Jal p Hm2b 7 QK bi iBbiB+ HKQ/2Hb,
:JJ

b2i Q7 8yyy b KTH2b- M/ i?2 "2bmHib "X¥@&KK Bx2/ BM h #H2

*QKT "BbQM Q7 i?2 "2bhaX3M/BIVHMRBM2B+ i2 i? i i?22 :JJ@# b2/i ;2]
i° +FBM; KQ/2H /2KQMbi  i2/ i?2 #2bi T2'7Q K M+2 BM i2 Kb Q7 2
+QKT "2/iQ i?2 Qi?2° KQ/2HbX h?2°27Q°2- BM i?2 +m "2Mi bim/v- i
i72 # b2 KQ/2H 7Q  i?2 bi iBbiB+ HKQ/2H@# b2/ i “;2ii +FBM; K2i
i?72 /2p2HQTK2Mi Q7 i?2 T i? TH MMBM; H;Q Bi?K- r?B+9XrBHH #2 B

6B:m 2 kX3, h> D2+iQ v T 2/B+iBQM #v bi iBbiB+ HKQ/2Hb, a_@:



9e *?2 Ti2 kX h ";2ih” D2+iQ v h™ +FE

6B;m 2 kXN, h D2+iQ v T 2/B+iBQM #v: mbbB M KBtim 2 KQ/2H B

kXeX9 *QKT "BbQM #2ir22M /vM KB+ KQ/2H@# b2/ M/
i ;2ii +FBM; KQ/2HDb

AM i?Bb b2+iBQM- bi i2 2biBK iBQMb Q7 1 0 "2 +QKTmi2/ #v i?2 /v)
i?2 bi iBbiB+ HKQ/2H@# b2/i “;2ii° +FBM; K2i?Q/b M/ 2p Hm i2/ #
2°°Q° U_JalVkBi&a[X



kXeX o HB/ iBQM 9d

S 5

NH + +
RMSE (R*;x*) = ‘=1(T\i| X()* UkX99V
H

r?2 Ry Bb i?2 bBx2 Q7 i?2 T 2/R¢iBONP2I@ BX@M2biBK iBQM BM i?
T 2/B+iBQM ?QxBBQNR2MQ#b2 p2/ bi i2 p Hm2X

1ti2M/2/ E HK M 7BHi2  U1E6V Bb 2KTHQV2/ rBi? i? 22 ivT2b Q7 /v
+QMbi Mi p2HQ+Biv- +QMbi Mi ++2H2  iBQM- M/ +QMbi Mi im M "
i ;20 i° +FBM; TT Q +? 2tTHQBib i?2 bi iBbiB+ H KQ/2H Q7 i?2 :JJ
bi i2p B #H2bX h?2 T 2/B+iBQM ?Q BxQMyBM iBKRKbiZB2m BE VB p 2
TQbBIiBQM Q7 i?2 i ;2iloX h?2 K2 M p Hm2 Q7 _Jal Q7 i?2 bi i2 2|
+QKT "2 i?2 2biBK iBQMb ++m" +v 7°QK 2 +2 i “:2i i’ +FBM: K2i?Q/
:2M2° i2/ #v bBMmbQB/ H 7mM+iBQM- M/ i?2 b2;K2Mib Q7 bBMmb
mb2/X h?2 H bi 2B;?i /i TQBMib Q7 i?2 i’ D2+iQ v ?BbiQ v Q7 | o
P2+iQ iQi?2/ i @/'Bp2Mi *:2ii° +FBM; K2i?Q/b M/ VvB2H/2/i? 22 T
/i TQBMib "2 /Bbi'B#mi2/ rBi? iBK2 bi2T bBx2 Q7 QM2 b2+QM/ T

6B;MKXRIR2b2Mib bi iBbiB+ H M HvbBb Q7 i?2 "QQi K2 M b[m 2/
bi i2 2biBK i2 Qp2  8yyy i2bib KTH2bX h?2 "2bmHib BM/B+ i2i? ii?
rBi? +QMbi Mi ++2H2  iBQM vB2H/2/i?2 KQbi T 2+Bb2 bi i2 2biBK |
KQM: i?2 /M KB+ KQiBQM KQ/2HbX >Qr2p2 - i?2 bi iBbiB+ H KQ/
K2i?Q/ ;2M2° HHv QmiT2 7Q K2/ i?2 /vM KB+ KQ/2H@# b2/i “;2ii

1t KTH2b Q7 i2bi "2bmHib 7 QK i?2 8yyy i2bi b KXKgb?2 2vdP &B#B M
KQiIBQM@# b2/ i “;2i i° +FBM; K2i?Q/ rBi? bBM;H2 /vM KB+ KQiBC
++m’ i2HV/27BM2i?2 #2? pBQ Q7i?21 0- bi?2/2;°22Q7 MQM@HB
BM+'2 b2/X h?2°27Q°2-i?2mb2 Q7 bi iBbiB+ HKQ/2H@# b2/ i *;2ii



93 *?2 Ti2 kX h ";2ih” D2+iQ v h™ +FE

JJ@# b2/ TT'Q +?2-Bb T QKBDBBM:; Hi2 M iBp2iQ i?2 /vM KB+ KQ
++m’ i2HV T 2/B+iBM; |l 0i  D2+iQ'B2b BM 2 H@iBK2X

hQ 7m i?2° 2p Hm i2 i?2 T2 7Q K M+2 Q7 i?2 bi iBbiB+ HKQ/2H@#
i72 BMi2> +iBM; KmHiBTH2 KQ/2H UAJJV r b miBHBx2/ M/ +QKT 2/
:JJX h?2 bi iBbiB+ H M HvbBb Q7 i?2b2 irQk XIRERVQ B~? 2BbBil B2t 2
AJJ VvB2H/b bi i2 2biBK iBQMb rBi? HQr2  _Jali? Mi?2 1E6 rBi? bBI
KQ/2H- #mi Bb QmiT2 7Q K2/ #v i?2 :JJ@# b2/i “:2ii° +FBM; TT Q

1t KTH2b Q7 i?2 +QKT "BbQM #2ir22M i?2b2 irQ TT KXRRED2 2 b?Q
bi i2 2biBK i2b #v i?2 AJJ "2 2T 2b2Mi2/ #v ; 22M bQHB/ HBM2b r
JJ@# b2/ i1 ;2i 0 +FBM; K2i?Q/ Bb 2T 2b2Mi2/ #vx#ihvwvK2QHBX/ HB
h?2 2t KTH2b /2KQMbi™ i2i? ii?2:JJ@# b2/i “;2ii° +FBM; K2i?Q/ +

T 2/B+ii?2 7mim 2 i D2+iQ B2b Q7 i?2i ;2ilor?2M +QKT "2/ rBi-
h?2 "2bmHib bm;;2bi i? i i?2 :JJ@# b2/ i “;2ii° +FBM; K2i?Q/ Bb k
2772+iBp2 TT Q +? 7Q" 2biBK iBM; i?2 bi i2 p "B #H2b Q7 | ob BM
IVM KB+ KQiBQM@# b2/ M/ AJJ@# b2/ TT ' Q +?2bX

kXeX8 *QKT "BbQM #2ir22M /i @/ Bp2M i ;2ii +FBM;

h?Bb b2+iBQM +QM/m+ib +QKT 'BbQM Q7 bi i2 2biBK iBQMb mbB
# b2/ QM i?2 bi iBbiB+ H KQ/2H Q7 :JJ M/ i?2 A KQ/2H Q7 GahJX
i° BM2/ mbBM; M B/2MiB+ H/ i b2i +QMbBbiBM; Q7 8yyy b KTH2b- I
T2 7Q K2/ Qp2 i?2b K2 MmK#2 kQPBHKMH2b K2 BRIXKTH2b Q7 i?2 2bi
“2bmHib QM i?2 i2bi /i b2i- rBi? i?2 bi i2 2biBK iBQMb #v :JJ M/ G.
M/ Tm TH2 bQHB/ HBM2b- "2bT2+iBp2HvX h?2 :"22M +B +H2b BM/E
Q#i BM2/7 QK :JJX"Qi?/ i @/ 'Bp2M K2i?Q/b T QpB/2/ ++m’ i2bi i2



kXeX o HB/ iBQM 9N

iQ i?72 Q#b2'p2/ p "B #H2b-r?B+? "2 /2TB+i2/ BM 2/ bQHB/ HBM2b

6B;XKXRj"2b2Mib bi iBbiB+ H M HvbBb Q7 i?2 bi i2 2biBK i2b Qp2°
2 +?2/ i @/'Bp2M KQ/2HX h?2 " 2bmHibb?Qri? ii?2 GahJ@# b2/ KQ/2
i?72 :JJ@# b2/ KQ/2H #2+ mb2 i?2 GahJ Bb /2bB;M2/iQ bQHpP2 b2[m:
H2Kb- K FBM; Bi KQ 2 2772+iBp2BM 2ti° TQH iBQM i bFbX PMi?2 Qi
bmBi2/ 7Q  bT2+B HBMi2 TQH iBQM T ' Q#H2KbX

H#2Bi i?72 bmT2 BQ T2 7Q K M+2 Q7 i?2 GahJ@# b2/ KQ/2H- i?2 :
i2;°i2/ BMiQ i?2 /vM KB+ T i? TH MMBM; H;Q Bi?K BM i?Bb bim/v
MmMM+2'i BMiv #QmM/b Q#i BM2/ 7 QK :JJ + M #2 miBHBx2/ b +QMbi
M+2 BM i?2T i? TH MMBM; T " Q+2bbX



8y *?2 Ti2 kX h ";2ih” D2+iQ v h™ +FE

6B;m 2 kXRy, h> D2+iQ v T 2/B+iBQM #vi?2: mbbB MKBtim 2 KQ/2}
7BHi2"



kXeX o HB/ iBQM 8R

6B;m 2 KXRR, *QKT "BbQM _Jal Q7 bi iBbiB+ HKQ/2H@# b2/ U:JJV
KQIBQM@# b2/ ULE6V i “:2ii  +FBM: K2i?Q/b

6B;m 2 kXRk, h" D2+iQ v T 2/B+iBQM #vi?2: mbbB M KBtim 2 KQ/2
IBTH2 KQ/2H BM irQ@/BK2MbBQM HDbT +2



8k *?2 Ti2 kX h ";2ih” D2+iQ v h™ +FE

6B;m 2 kXRj, *QKT 'BbQM _Jal Q7 bi iBbiB+ H KQ/2H@# b2/ U:JJ
UGahJV /i /"Bp2Mi “:2ii° +FBM: K2i?Q/b



kXeX o HB/ iBQM 8j

6B:m 2 kKXR9, 6B:m 2, h> D2+iQ v S'2/B+iBQM mbBM; i?2 : mbbB M
GQM: a?Q i@h2 K J2KQ'vUGahJVBMirQ@/BK2MbBQM H bT +2



*2 Ti2" ]

h /BIBQM HT i? SH MMBM; H;C(

i XR "iB7B+B H SQi2MiB H 6B2H/ J2i?Q/

h?2 “iB7B+B H TQi2MiB H 7B2H/ K2i?Q/ Bb QM2 Q7 T i? TH MMBN
QTiBK H 7HB:?i i’ D2+iQ v 7Q 1 0o #v +' 2 iBM; TQi2MiB H 7B2H/ +
“iB7B+B H bQm +2b, ii’ +iBp2 TQi2MiB H M/ "2TmHbBp2 TQi2MiE
[27BM2/ ii?2;Q HTQBMi-r?BH2i?2 2TmHbBp2 TQi2MiB H Bb /27

"V +QKTmiBM;i?2 ;" /B2Mi Q7 i F2=TrQU2MiBbmMABMH/-Q +2 7B2H/ Bb ;2
i? 1 ;mB/2b i?2 1 0 iQ i?2 ;Q HQp2 i?2 p2+iQ°  7B2H/X h?2 "2TmHDb
Q#bi +H2b 2Mbm 2b i? i i?2 1 0 KQp2b rv M/ pQB/b +QHHBbBQM
ii* +iBp2 TQi2MiB H 7' QK i?2 ;Q HBb ;HQ# HBM M im 2- /B 2+iBM
7°QK Mv HQ+ iBQMX

hQ +?B2p2 i?Bb- i?2 ii° +iBp2 TQi2MiB H b?QmH/ ? p2 ;HQ# H
re2°2 b i?2 2TmHbBp2 TQi2MiB H b?QmH/ +i HQ+ HHv- b Q#bi +F
i?72 1 0Bb +HQb2 iQ i?2KX h?2 irQ 7Q +2b |XRRB XM 24T 2[i BiBIHWb

rBi? b+ HBM k7 MIQ Q" i?2 ii° +iBp2 M/ 2TmHbBp2 7Q +2b- M/ TQ
X- M# 7Q i?2 ;2Mil o-;Q H- M/ Q#bi +H2- "2bT2+iBp2HvX

AM 2[m jB&MBb i?2 K ;MBim/2 Q7 i?2 Q#bi +H2 TQbBiBQM rBi? "2bT:
Mb, Bb i?2 i? 2b?QH/ /Bbi M+2X h?Bb 7Q KmH iBQM Q7 i?2 "2TmHb

89
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+ib r?2M i?2 1 0 Bb rBi?BM +2°i BMi? 2b?QH/ /Bbi M+2 7°QK i?2 Q

Wat (%) = Ka % % UjXRV
8 " #
2
e exp G T dgs<do .
Wrep('x): § UJXkV
: 0; else

h?2 iQi H7Q +2 QM i?2 ;2Mil o X\WMv MQ?2B@R Y H+mH i2/ #v bmK
F)

HH i?2 7Q =3 ¥ W VX "V mMbBM; bmBi #H2 iBK2 bi2T-i?2 7Q +

BMi2:  i2/ M/ +QHHBbBQM 7 22 i D2+iQ v+ Mi?mb #2 ;2M2" i2/X

] XK a2 +? H;Q Bi?K

h?2 H;Q Bi?KBb +QKKQMHvV Mb2/?2m BbiB+ b2 "+? H;Q Bi?K 7(
"2HB2b QM ?2m BB+ M MH+2B QGHVIn i B Q NOTYD M+ # BB MMH i2 i?22 +im
+Qbi M/ 2biBK i2/ +Qbi- "2bT2+iBp2Hv-# b2/ QM i?2 1mRHE/2 M /Bl
h?2 H2M;i? +Qbi- r?B+? 2T 2b2Mib i?2 bi i2 p Hm2b i2 +? MQ/2 BM
i?2 bmK Q7 i?2b2 +im H M/ 2p Hm iBQM +QbibX

h?Z2 H;Q Bi?K Bi2 iBp2Hv + H+mH i2b i?2 H2M;i? +Qbi M/ 7BM/b
KBXBM; i?2 H2M;i? +Qbi iQ i?2 ;Q KX P Bb @bi27 M+ iBOMH i2 i?2 H?2
+Qbi M/ + M #2 2tT 2bb2/ bi?2bmK Q7 i?2?2m BbiB+ 7mM+iBQM

b b?QrM #RHRr (

fc(x;y) = gdx;y) + he(x;y) UjXjVv



8e *?2 Ti2  jX h” /IBIiIBQM HT i? SH MMBM; H

X1p .
ng; y) = (Xn+1 Xn)2 + (Yn+1 yn)2 U J X 9 V
n=1
X 1p .
hC(X;y) = (Xm+1 Xm)2+(ym+1 Ym)2 U] X8V
m=1

h?2 +QQ /BM i2b Q7 i?2 @ QYIE/BM¥IBQMb ~2x/ NWQ i2/b#v2 +iBp2 Hv-

M/ i?2 +im H +Qbi Bbi?2 /Bbi M+2i? ii?21 0?2 bi> p2H2/ 7' QK i?2
+m C2Mi MQ/2- b +QKTmi2/ #v i?2dp2y) BMiBO7 m M?QB MM 6B;m 2
jXR h?2 2p Hm iBQM 7nKj+ i B@MH M L[R2 2p Hm iBQM +Qbi # b2/ QN
#2ir22M i?2 +m "2Mi MQ/2 M/ QM2 Q7 Bib M2B;?#Q BM; MQ/2b- b r:
M2B;?#Q BM; MQ/2iQ i?2 ;Q HX

PM+2 i?2 H;Q Bi?K + H+mH i2b i?2 H2M;i? +Qbi 7Q  i?2 M2B;?#Q B
i72 MQ/2b M/ i?2B  +Q "2bTQM/BM; H2M;i? +QBB IR BMBiB?22HV biC
H:Q Bi?K b2H2+ib i?2 MQ/2 rBi? i?2 HQRSALH2M;i? i?Q M BtMK @D 2
7Q°i?2 QTiBK HT i?X h?2 H2M:i? +Qbi M/i?2 +Q "2bTBMIBM; MQ/?
v "2mT/ i2/ bi?2 H;Q Bi?K #mBH/b mT i?2 T i? rBi? i?2 KBMBK
H;Q Bi?K "2T2 i2/Hv + H+mH i2b i?2 H2M:i? +Qbi mMiBH Bi 7BM/b
i?72 KBMBKmK H2M;i? +QbiX h?2 Ab2nQQ BiQ K BY7; B2 \KBM 6B;m" 2

jXj . a2 "+? H;Q Bi?K

h?Bb bim/v HbQ 2RTHQW B12K b MQi?2 :"B/@# b2/ T i?7BM/BM:
i?2A H:Q Bi?KD i?R:Q Bi?K Bb b2 “+? H:Q Bi?K mb2/ iQ 7BM/ i?2
#2ir22MirQ TQBMib BM ;> T?2 Q" ;'B/@# b2/ K TX AiBb M BM+ 2K2\



iXjX . a2 “+? H:;Q Bi?K 8d

6B;m 2 jXR, a+?2K iB+ 7Q ; B/ /Bbi B#miBQM M/ ?2m BbiB+ 7TmMH+

rQ Fb #v 2tTHQ BM; i?2 ;> T? 7°7QK i?2 :Q HMQ/2 iQ i?2 bi i MQ/2-
bi "iMQ/2iQi?2:Q HMQ/2 bBMi /BiBQM Hb2 +? H;Q Bi?KbX

AMbi2 / Q7 #mBH/BM; i?2 QTiBK HT i? i@i?R:Q BiBK2tiBH2i2b H2M ;
+Qbi +QKTmi iBQMb i? i br22T +°Qbb HH MQ/2b #2ir22M i?2 bi “iBN\
iQi HH2M:i? +Qbi Bb i?2 +mKmH iBp2 "+ +Qbi 7°QKi?2:;Q HiQ i?2
BM 1K

Xl

f(Xy)=  cost(Xn+1;Xn) UjXeV

n=1

p
COSt( tnsr; th) = (Xnsz Xn)2+(Yns1  Yn)? _
ujxdvVv

ther = TXne1;Yna1 O th = FXniYn0



83 *?2 Ti2  jX h” /IBIiIBQM HT i? SH MMBM; H

6B:m 2 jXk, Sb2m/Q bT +2A HHOQOBB?RK/ Q"

[?22°80S(Xn1;Xn) B "+ +QDbi 7MM+iBQM #2kin2:2 MMIRQXM B?72bH2M ;i ?
+Qbi Bb biQ 2/ M/ mT/ i2/ i2 +BNMR2a@@mM/IP.A6u@*Pah
TmMM+iBRMbEMP*laa@ahhmM+iBQM- Bi "2T2 i2/Hv + H+mH i2b i?2
i?72 +Qbi 7mM4$XBRM 17X M2B;?#Q BM; MQ/2b M/ BMBERLIHBV biQ 2t



iXjX . a2 “+? H:;Q Bi?K 8N

b?QrM BM GBjMP2H2M;i? +Qbib Q7 i?2PBQUL2D BM M2 772+i2/ M/
+? M;2/ #v M2B;?#Q BM; MQ/2b 7Q  i?2B  H2M;i? +QbiPSH+mH iBQ!
Vv ? p2 #22M "2T2 i2/Hv + H+mH i2/ M/ "2 MQ HQM:;2 iQ #2 KQ/E
MQ/2b-i?2M i?2v "2 "2KOQRSLZ QK i™M2 biQ 2+FBMaQ.  VRy)X
' b2/ QM i?2 H2M;i? +Qbi ii?2 MQ/2b- i?2 H;Q Bi?K ;2M2" i2b p2
2 +?2 MQHHFTQENIM 2+i p2+iQ > 7°QK i?2 ?B;?2  H2M;i? +Qbi iQ i
+Qbi b b?QrM BM®SBQbBZ2+B7v M QTiBK HT i? BMi2 'K Q7 b?Q i2b
'Q H-i?2 H;Q Bi?Ki F2bi?2 T i? 7TQHHQrBM:; i?2 ?B;?2bi ;" /B2Mip
b?QrM BM §BEm 2

6Q IBK2@/2T2M/2Mi T Q#H2K- 1?22 Bb i?72°2+ M #2 +? M;2b BM |
M2r Q#bi +H2b + M TT2 - Q" Q#bi +H2b + M KQp2 Qp2  i?2 iBK2X
| 0 /2i2+ib +? M;2b BM i22P/.QBUBEBMPZMM+iBQMb Bb mb2/iQ 2@+ H+
KQ/B7B2b i?2 H2M;i? +Qbi ++Q /BMX @ ?2QH2 m? QB QHI @B i ? K

Bb b?QrM BMX6B; X



ey *?2 Ti2  jX h” /IBIiIBQM HT i? SH MMBM; H

6B;:m 2 jXj, a+?2K iB+ 7Q" :'B/ /Bbi'B#miBQM M/ +@+Qbi +QKTm
/IQK BM Q7 BMi2 2bi



iXjX . a2 “+? H:;Q Bi?K eR

6B:m 2 jX9, a+?2K iB+ 7Q° p2+iQ  7B2H/ Q7 :; /IB2Mib Q7 “+@-



ek

*?2 Ti2  jX h” /IBiIBQM HT i? SH MMBM;

6B:m 2 jX8, Sb2m/Q bT +2 HHOOBB?PKK7 Q"

H



*?2 Ti2 9

>v# B/ .vM KB+ S i? SH MMBM;
H:Q Bi?K

h?2 T'QTQb2/ ?2v# B/ /vM KB+ T i? TH MMBM; H;Q Bi?K BMpQHp2b
irQ K2i?Q/b- M K2Hv i?2 "iB7B+B H TQi2MiB H AB 2H{;/QUBS 8N -K2M? Q ,
Q/2 iQ 2772+iBp2Hv bQHp2 #Qi? ;HQ# H M/ HQ+ HT i? TH MMBM;

#22M 2ti2M/2/iQ bmTTQ i /Bbi'B#mi2/ T i? TH MMBM; 7Q  KmHiBTH
[m /°QiQ 10 QT2 iBM;BM irQ@/BK2MbBQM H bT +2X

h?2 2v# B/ /vM KB+ T i? TH MMBM; H;Q Bi?K mb2b i?2 S6 K2i?Q/ I
r?2°2 Bi bbmK2b iBK2@BMp "B MibT +2 M/ B;:MQ 2b M2B;?#Q BN
i72 2;Q 10 rBi?BM +2°i BM +'Bi2'B X //BiBQM HHv- Bi bbmK2b i
"2H iBp2Hv H ;2 +QKT "2/ iQ i?2 bBx2 Q7 i?2 10X S i? TH MMBM;
/VM KB+ KQiBQM Bb + "B2/ Qmi rBi?BM HQ+ H/QK BM-r?B+? Bb ;
'HQ# H /QK BMX

h?2 7mM/ K2Mi H B/2 2K#2//2/ BM i?2 T°'QTQb2/ ?2v# B/ /vM KB+ T |
Bb BM M +iBp2 brBi+?BM; #2ir22M irQ /B772 2Mi K2i?Q/bc “iB7E
K2i?Q/ M/ H;Q Bi?KX a?B7iBM; 7 QK QM2 iQ i?2 Qi?2 -i?22 2v# B/ /v
H;Q Bi?K + M 2772+iBp2Hv bQHp2 ;HQ# H M/ HQ+ H T i? TH MMBI
2ti2M/2/ iQ /Bbi"B#mi2/ T i? TH MMBM; 7Q° KmHiBTH2 QT2  iBQMb
i72ivT2 Q71 0Bb[m /"Qi2 -r?B+? QT2  i2bBM irQ@/BK2MbBQM H |

ej



e9 *?2 Ti2  9X >v#°'B/ .vM KB+ S i? SH MMBM; F

Bb bbmK2/ iBK2@BMp "B Mi bT +2- M/ M2B;?#Q BM; |l o 2 B;MQ 2
2;QlorBi?BM +'Bi2°'B X h?2 bi iB+ Q#bi +H2b "2 "2H iBp2Hv p2'v
bBx2 Q7 1 oX

.M BM; i?2 bBKmH iBQM h?2 2MpB " QMK2Mib 2 :2M2" i2/ rBi? ~ M/«
HQrBM;-

radius

( Xbend sztart ) lNrand
Xcenter = Irand (Xbend XDstart ) U9XRYV

Ycenter = Irand (Xbend sztart)

r?2°2 1?2 KBMBKmK #QmM/b BM i?2 t@ MAw@ tRIyhe -/ 23T i2+ @b
iBp2HvX aBKBH "Hv- i?2 K tBKmK #QmM/b BM i XBn§ @M Mlnv@ t2b- /:
"2bT2+iBp2Hv- /27BM2 i?2 2ti2Mi QZnd ? 2U(19:Q640:30]) QB bB MiXM B 7 Q " K

" M/QK p "B #H2 r?B+? i F2b p Hm2b #2ir22M yXy8 iQ yXN8X _ /Bm
Q#bi +H2bX h?2 2biBK iBQM mM+2" i BMiB2b rBi? N8W +QM7B/2M+2
b 72iv#QmM/b iQ i?2 2biBK i2/ TQbBiBQMb 7 QK i?2 :JJ # b2/ i *;2i
i ;20 i° +FBM; KQ/2H r b i’ BM2/ rBi2 (R2,/HZD)PNX AM i?Bb bim/v-
i72 H;Q Bi?K BKbiQ 7BM/i?2b?Q i2bi T i? #vi?2 7TQHHQIrBM; T Q?
2[m iBRQM h?2 T i? + M #2 2T 2b2Mi2/ b-

Tp=1fxi;y;00 1211,2,3;:::;Nywg
U9 XkV
TP XsiXg
r?2°2i?22 BM2Zt2 b iQ i?2r v T QR Bibi? MK tBKmMK MmK#2 Q7 r v TQBI
i?72 TH MM2/ T i?X h@2 M&4iRMQi2 i?2 p2+iQ b Q7 bi "iBM; M/ ;Q H



e8

i?72 2;Q1 0- "2bT2+iBp2HvX hQ 2Mbm 2 +QKT iB#BHBiv rBi? i?2 iBK2Z
Q71?2 Q++mT M+v K T 2pQHmMIBQM-i?2 T i? TH MMBM; +QKTmi iB(
H2bb i? M QM2 b2+QM/X

h?2 +QKTmi iBQM +Qbi 7Q T i? TH MMBM: Bb +QMbi> BM2/ H2bb i-
T2 'BQ/ #2ir22M i?2 Q++mT M+v K TmT/ i2bX h?2iQi H/Bbi M+2 i’
#v + 2 iBM;r v TQBMib i2 +? iBK2 bi2T- b ¥X8b2Mi2/ BM 1[m iBQM

N 1p
6BM/, KBMBKBx2 ((Xixa X)2+(Vix ¥)?? i2f1::: Nag
XiiYi ..
i =1
. Uuoax;v
bm#D 2 +tioh@Rs 1 b2+
Osafe  Xdk k2f1;:::;Ngg
r?2 2
Xak = J]Xo  Xail] i2f1:::;Ngg UgXxov

r?72°2 i%% Bb p2+iQ Q7 /BbiiMAM2DB;Q#Q BM; | dfXBh?i22 b 72
/IBbi M+2-r?B+? Bb Q#i BMIM7 i@XK,1BX i?2 +QKTmi iBQM iBK2 7Q" i?
TH MMBM; + H+mH iBQM i 2x¢ BbBK2biDT % m?2Mi TQbBiBQM Q7 i?:
M/ i2@; Bbi?2? M2B;?#Q BM; | 0 BMi?2 HQ+ H/vM KB+ M2irQ F Q7 i
Ng Bb i?2 iQi HMmK#2 Q7 /Bb+'22ir v TQBMib Q7 TH MM2/ T i?X



ee *?2 Ti2  9X >v#°'B/ .vM KB+ S i? SH MMBM; F

OXR J2+? MBbK Q7 ?v# B/ /vM KB+ T i? TH MN

"Bi?K

h?2 7THQr+? i BMX@8B{irmmdi~ i2b i?2 ?v# B/ /vM KB+ T i? TH MMBM,;
b2H2+iBp2Hv miBHBx2b i?72 &6 KZQ®@/i?K//[2A2M/BM; QM i?2 bi i2 ¢
2MpB QMK2Mi 7Q " 2772+iBp2 T i? TH MMBM;X h?2 T i? TH MMBM; T
T? b2bX

AM i?2 7B bi T? b2-i?2 H;Q Bi?K bQHp2b 7Q" i?2 ;HQ# H T i? M/
Ti?2iQi?2;Q HTQBMiX h?2 S6 K2i?Q/ Bb mb2/7Q" ;HQ# HT i? TH
i?72 2MpB QMK2Mi Bb 7mHHv FMQrM M/ iBK2@BMp "B MiX h?2 2;Q
r?BH2 +QMiBMmQmbHv mT/ iBM; Bib 2MpB " QMK2Mi BM7Q 'K iBQM i
iQ T'2pBQmb BM7Q K iBQMX h?2 H;Q Bi?K bbmK2b i? i i?2 ;HQ#
bBKTH2 bi'm+im 2b- bm+? b #mBH/BM;:b- KOQmMi BMb- Q" ;2Q@72M
iQ KBiB; i2Q++m "2M+2b Q7 /2 /HQ+F + b2b/m BM; T i? TH MMBM;
/IQK BM Bb bbmK2/ iQ #2 "2H iBp2Hv bK HH +QKT "2/ iQ i?72 7Q 2k
B:MQ 2/ /m'BM; ;HQ# HT i? TH MMBM;X JQ 2 /2i BHb QM i?Bb TT (
7TQHHQrBM; bm#b2+iBQMbX

h?2 Qi?2 T? b2 Q7 i?2 ?v# B/ /vM KB+ T i? TH MMBM; T'Q+2/m 2 B
FMQrM 1 o Bb /2i2+i2/ "QmM/i?2 ;2Mil o- A?BH?QnBERIBX 20?22 2H:Q @
"Bi?K :2M2" i2b HQ+ H/QK BM M/ /27BM2b HQ+ H:;Q HTQBMi-r?
'HQ# H/QK BM M/ + M ?2HT KBMBKBxXx2 +QKTmi iBOQM +Qbib 7Q" i?:
+ H+mH iBQMb BM)iIB2?KX h?2 bi i2 BM7Q K iBQM Q7 i?2i “;2iloB
mT/ i2/iQi?2 T i? TH MMBM; bvbi2K- M/ M BMbi Mi M2Qmb +QM7H
+ H+mH i2/ mMiBH i?2i ;2iloBbQmiQ7i?2HQ+ H/QK BMX



9XRX J2+? MBbK Q7 ?v# B/ /vM KB+ T i? TH MMBM; H;Q 8d?K

6B;m 2 9XR, 6HQr+? i Q7 ?v# B/ /vM KB+ T i? TH MMBM,; }

h?2 HQ+ HT i? TH MMBM; T°'Q+2bb Bb i2 ' KBM i2/ r?2M i?2 ;2Mil o
TQBMi- M/i?2 T i? TH MMBM; H:Q Bi?K im Mb i?2 ;2Mil o # +F QN
7°22 T i?2-r?B+?r b+ H+mH i2/ BMi?2 ;HQ# HT i? TH MMBM; T? b
h?2 ?2v# B/ /vM KB+ T i? TH MMBM; H;Q Bi?K 2T2 i2/Hv 2t2+mi2b i’
M/ HQ+ HT i? TH MMBM; mMiBH i?2 1 0 "2 +?2b BIXEBQK Hi?2biB M
Th2m/Q H;Q Bi?K 7Q  i?2 ?2v# B/ /vM KB+ T i? TH MMBM; H;Q Bi?K

>Qr2p2°-i?2 ;HQ# HT i? TH MMBM; + M7 BHiQ 7BM/ bQHMmMIBQM
KBMBK 2p2M BM i?2 K TrBi? HQr +QKTH2tBiv 7Q" ba{ 2AM th2b+D b ? (
+ b2b-A?H;Q Bi?KBb T2 7Q K2/iQ bbBbii?2 S6K2i?2Q/ 2@TH MM
Q7 mbBM; 7BM2 ;'B/ Qp2 i?2/QK BM-i?2 H;Q Bi?K + 2 i2b +Q "I
9%0 h?2 H;Q Bi?K Bb i?2M 2t2+mi2/ iQ T°QpB/2 +QM7HB+i@7 22
TQBMib- r?B+? 2 2tTHQBIi2/ b M2r bi 'iBM; TQBMib iQ i?2 S6 K2i
bb?QrM BM OB8P2 S6 K2i?Q/ +QKTmi2b i?2 bQHMiIBQMb 7 QK 7B"
"2T2 ibi?2 "2@TH MMBM; B7 Bi 7 BHbX 6B;X jb?Qrb M 2t KTH2
S6 K2i?Q/ rBi? i?2 bbBbiAM+2;Q7Bi?XX h?2 Th2m/Q H:® Bi?K 7Q
bbBbi2/ S6 K2i?Q/ Bb ;B> BM 6B;m" 2



e3 *?2 Ti2  9X >v#°'B/ .vM KB+ S i? SH MMBM; F

6B:m 2 9Xk, Sb2m/Q H:Q Bi?K 7Q  ?2v# B/ /vM KB+ T i? TH MM

AM /vM KB+ 2MpB QMK2Mi- i?2 ?v# B/ /vM KB+ T i? THAMMBM; H
H:Q ' Bi?K iQ ? M/H2 HQ+ H T i? TH MMBM; T Q#H2Kb- r?2°2 i?2 b
| o Bb T iB HHv FMQrMX hQ “2/m+2 +QKTmi iBQM +Qbi- i?2 HQ+ H
HBKBi2/iQ 7 +iBQMQ7i?2 ;HQ# H/QK BMX h?2/ i @/ 'Bp2Mi ;2i
iQ 2biBK i2 i?2 MMFMQrM bi i2b Q7 Qi?2 | o # b2/ QM i?AB" i° D2+i
H:Q Bi?K 7BM/b BMbi Mi M2Qmb +QM7HB+i@7°22T i?b M/Bb 2T2
bi i2 BM7Q K iBQM Q7 Qi?2 1 0 BM /Bb+"2i2 iBK2 bi2Th b i?2 ;2Mi
T i?X PM+2i?2 :2Mil o0 2 +?22b i?2 HQ+ H ;Q H TQBMi- i?2 HQ+ H
i2°KBM i2/- M/ i?2 :2Mil o 2im MbiQ i?2 ;HQ# H QTiBK H T i?X



9XRX J2+? MBbK Q7 ?v# B/ /vM KB+ T i? TH MMBM; H;Q 8N?K

6B;m 2 9Xj, ai iB+ bi i22MpB QMK2Mi UH27iV M/ 7 BHm 2 + b2 Q7
KBMBK U'B;?iV

6B:m 2 9X9, 6BM2 ;"B/ UH27iV M/ +QAbR:QBBU?IB;?iV 7Q" i?:

Ti?TH MMBM; H;Q Bi?K "2T2 ibi?2 brBi+?BM; #2ir22M ;HQ# H M/
i?72 ;2Mil o "2 +?2bi?72 ;Q HTQBMIiXb



dy *?2 Ti2  9X >v#°'B/ .vM KB+ S i? SH MMBM; F

6B;m 2 9X8, UV MQTiBK A TH?QWEIRK?8/ U#V M2r QTiBK HT i?:
S6 K2i?Q/ rBiAi?R;Q Bi?K bbBbi2/

6B:m 2 9Xe, Sb2m/Q A QLBIRIKRIZE6 K2i?Q/
OXRXR G v2' bQ7i?2Q++mT M+v K T

hQ +?B2p2 ++m > i2 M/ Q#mbi T i? TH MMBM;- p 'BQmb ivT2b Q7
M/ T QD2+i2/ QMiQ KmHIiBTH2 H v2'biQ 7Q°K M Q++mT M+v K TX h



9XRX J2+? MBbK Q7 ?v# B/ /vM KB+ T i? TH MMBM; H;Q @&R?K

BM7Q K iBOM QM i?2 2MpB " QMK2Mi- TQbBiBQMb- M/ bi i2 2biBK iB
Hv2 b "2mb2/iQ +QKTQb2 +QKTH2i2 Q++mT M+v K T, i?2 2MpB ¢
Hv2'- M/i?2i D2+iQ'vT 2/B+iBQM H v2' X

I1MpB " QMK2Mi H v2°

h?2 2MpB QMK2MiH v2 ' Q7i?2Q++mT M+vK Tmb2b2MpB QMK2Mi E
"2T 2b2Mi H ;2 bi iB+ Q#D2+ib HBF2 KQmMi BMb- #mBH/BM;b- M/
Hv2 /Q2b MQi BM+HmM/2 BM7Q K iBQM QM /vM KB+ Q#bi +H2bX N
Hv2 Bbb?QrM BMIGR @122 +B +H2b rBi? b? /2/ "2 b 2T 2b2Mii?2k

6B:m 2 9Xd, IMpB ' QMK2Mi H v2 Q7 M Q++mT M+vK T7Q" ;



dk *?2 Ti2  9X >v#°'B/ .vM KB+ S i? SH MMBM; F

SQbBIiBQM H v2°

h?2 TQbBiBQMH v2  mb2bi?2bi i2BM7Q K iBQM Q710X bi?2 ;HQ?
/Q MQi BM+HmM/2 Mv /vM KB+ Q#bi +H2b- i?Bb H v2' Bb QMHV i F2N\
TH MMBM; T Q#H2KbX IMHBF2 i?22MpB " QMK2MiH v2 -i?2bi i2BM
[2T2M/2Mi b i?21 0 +? M;2 i?2B" bi i2b Qp2  iBK2- M/ i?Bb BM7Q K
i?2°Qm;? /i 2t+? M;2bX h?2 TQbBIiBQM H v2 Bb ;2M2" i2/ M 2[m H
iQi HMmMK#2 Q71 0BMi?2b K2 B'bT +2X M 2t KTH2 Q7 i?2 TQDbE
6B;mIX3r?2°2i?2 "2/1i B M;H2b "2T 2b2Mi i?2 +m 2Mi TQbBIiBQM Q°
#QmM/ rBi? b 72iv: /IBmbBb ;Bp2M QmM/i?2+Q 2bTQM/BM; | oiC
Q7 +QHHBbLBQM rBi? Qi?2 | oX

6B;m 2 9X3, M2t KTH2 Q7 i?2 TQbBIiBQMH v2 7Q° / QM2 rBi? i~



9XRX J2+? MBbK Q7 ?v# B/ /vM KB+ T i? TH MMBM; H;Q ®&ji?K

h D2+iQ v T 2/B+iBQM H v2°

h?2 i° D2+iQ v T'2/B+iBQM H v2'  +QMi BMb BM7Q K iBQM #Qmi i?
| o-r?B+? "2+ H+mH i2/ mbBM; i?2/ i @/ Bp2Mi ;2ii +FBM; rBi?
Q7i?2:JJX aBKBH " iQi?2 TQbBiBQMH v2'-i?2T 2/B+iBQMH v2 ' B
H v2 Bb 2T2 i2/Hv ;2M2" i2/ M/i2'KBM i2/ bi?2 QTiBK HT i?b "2
iBK2 BMbi M+2b /m BM; i?2 T i? TH MMBM; T'Q+2/m 2bX h?2 T 2/
b2'B2b Q7 Q#bi +H2b BM i?2 /QK BWM&XNbh 2?2 Im\KBAT 6B, iQBiBQM H
2[m HiQ i?2 MmK#2 Q71 o0BMi?2b K2 B bT +2X

6B;m 2 9XN, M 2t KTH2 Q7 i?2 T'2/B+iBQMH v2  7Q" /"QM2 rBi? i



do *?2 Ti2  9X >v#°'B/ .vM KB+ S i? SH MMBM; F

9XRXk *QKTQbBIiBQM Q7 Q++mT M+v K Th 7Q° :HQ# H
TH MMBM:

h?2 ;HQ# H M/ HQ+ HT i? TH MMBM; mb2 /B772 2Mi +QKTQbBiBQ\
K TbX 6Q i?2 ;HQ# HT i? TH MMBM;-r?22i?22MpB " QMK2Mi Bb B
bBM:H2 H v2  Bb mb2/iQ 7Q K i?2 Q++mT M -9k 7I2XQ b+Hn? D \H+B M 6TB :
Bbi?2b K2 bi?22MpB QMK2Mi H v2 X PMi?2 Qi?2 ? M/-BMi?2 H
i?72 /QK BM Bb iBK2@/2T2M/2Mi-i?2 T i? TH MMBM; H;Q Bi?K miBH
M BMbi Mi M2Qmb Q++mT M+v K TX i2 +? iBK2 BMbi M+2-i?2 TQb
"2 +°2 02/ # b2/ QM i?2 +m "2Mi TQbBiBQM M/ bi i2 2biBK iBQM #
i~ +FBM; K2i?Q/- M/ i?2v "2bmT2 BKTQb2/ QM i?2 2MpB QMK2Mi I
9XRYy

6Q 2t KTH2- tiiBXK2Q++mT M+v K T Bb +QKTQb2/ Q7 i?2 2MpB QMK
TQbBIiBQM M/ T 2/B+iBQ@MAQM BMEHX2 2MpB QMK2Mi H v2  +QMi
b K2BM7Q K iBQM #Qmii?2 HQ+ H2MpB QMK2Mi Qp2° HH iBK2 B
Q7 iBK2X //BIiBRMKH#RVQ7 Q++mT M+v K Th rBHH #2 ;2M2" i2/iQ 2
70  NnMMK#2° Q7 /°"QM2b- b b?TXRIRBM 6B;m "2

MAP gioba = Env

i=1;2;3;::n

r?2Env Bbi?22MpB QMK2RIAsHM/2S-2M/2T 2b2Mib i?2 TQbBIiBQM M/ T
Hv2 b 2bT2MABRLHBM/B+ i2b i?2 Q++mT +vK T7Q i?2 HQ+ H/QK



9XRX J2+? MBbK Q7 ?v# B/ /vM KB+ T i? TH MMBM; H;Q @8?K

MMAPGoba BD i?2 Q++mT M+v K T7Q  i?2 ;HQ# H/QK BMX

6B:m 2 9XRy, *QKTQbBiBQM Q7 M Q++mT M+v K T #v bmT2 BKTQ
M/ T 2/B+iBQM H v2'b

6B;MIXRRTB+ib i?2 Th2m/Q bT +2 H;Q Bi?K miBHBx2/ 7Q" ;2M2°

IM/2" /vM KB+ 2MpB QMK2Mi- i?2 H:;@ BiPQ BiBK iZbbQ2p2 7Q" H
T i? TH MMBM;-r?2"2i?2bi i2BM7Q K iBQM Q7i?2 M2B;?2#Q BM; | o
h?2 /i @/'Bp2M i “;2ii° +FBM; KQ/mH2 Bb miBHBx2/ iQ 2biBK i2 i?
| o- # b2/ QM i?2B i D2+iQ v ?BbiQ B2bX h?2 iBK2 /2T2M/2Mi T i?
"2T°2b2Mi2/ #v /Bb+'2i2 iBK2 b2 'B2b Q7 Q++mT M+WKQTBi#Kb2/ Q
7BM/b BMbi Mi M2Qmb +QM7HB+i@7°22 T i?b M/ Bb "2T2 i2/Hv 2t:
Q7 Qi?2 1 oX M Q++mT M+v K T +QMi BMb KmHiBTH2 H v2'b Q7 B
2MpB QMK2Mib- UkV TQbBiBQMb Q7 HH Qi?2 I o- M/ UjV bi i2 2
Hv2'b "27Q KmH i2/ b K i'B+2b-r?B+? 2T 2b2Mib i?2 T 2b2M+2 C
+QQ /BM i2 bvbi2KX h?2 2H2K2Mib Q7 K i'Bt "2 +QKTQDb2/ Q7 BMi
p HM2 Q7 2 +? BM/BpB/m H 2H2K2Mi Bb /27BM2/ b 7QHHQrb-



de

6B;m 2 9XRR,

%

Li(isj) =

*?2 Ti2° 9X >v#°'B/ .vM KB+ S i? SH MMBM;

:2M2° iBQM Q7 Q++mT M+vK Th7Q  7Qm"

T#QmM/Lij)= BM7

B7 Q++mTBR/L(i;j) N_ UuoXxeV

> B7 2KTiv  L(i;j)=0

|_
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where ¢ 2 1,2,3,...,mg, 72 f1,2,3,...,ng, and k 2 f1,2,3,...,N.g. The
occupancy map of the current study is composed of three layers and can be expressed as a

sum of matrices of three layers as follows:

Mo=L:[L[Ls
(47)

i 2 F1,2,3,...,mgQ, j 2 ¥1,2,3,...,n0
where M is an occupancy map, and N; is the total number of layers. Xqps:j is a vector of
discrete position of obstacles, and Ny number of obstacle. The environment layer of the
occupancy map represents the static state of the environment. The position layer describes
the current coordinates of the UAV, which are time-dependent and updated at each time
step for local path planning. The state estimations from the data-driven target tracking
model are considered obstacles and are projected onto the prediction layer. The prediction
layer is also time-dependent and updated repeatedly to reflect changes in estimated position.
The three layers are combined to form an occupancy map that accumulates the coordinates

of all obstacles.

0i0 JOootiio Uioibidooot 0obd biotoooo

In this study, the solutions to time-dependent path planning problems are represented by
path planning on a discrete time series of occupancy maps that reflect changes in the state
and state estimations of UAV in position and prediction layers. The optimal conflict-free
path is updated at every t¢. Figure 4.13 shows an example of the time evolution of an
occupancy map with a step size of ¢ for a single UAV. The occupancy map reflects changes
in the position of UAV and evolves over time. For the local path planning problem, the

hybrid dynamic path planning algorithm activates the A* algorithm for stable path searching
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Algorithm Occupancy map generation

define m, n
define N;
fork=1to N,
forj=1tondo
fori=1tomdo
Li,j,k: 0
end for
end for
end for
while Goal # Start do
// 1nitializing layer matrices
fork=2to N,
forj=1tondo
fori=1tomdo
Li,j,k = 0
M,=0
end for
end for
end for

Li,j,l(xobs,sa yobs,s) =1
Li,j,z(xobs,da yobs,d) =1
Li,j,3(xobs,pa yobs,p) =1

fork=1to Ny, do
MO = Mo + Li,j,k
end for
end while

// m: size of rows, n: size of columns
// L: number of layers of an occupancy map

// 1nitializing layers

// nitializing layers
// nitializing occupancy map

// coordinates of static obstacles
// coordinates of UAS
/I coordinates of estimated position

Figure 4.12: Pseudo algorithm of occupancy maps in dynamic state environment with mul-

tiple neighboring UAV

procedures.

The time-dependent path planning for a single UAV is extended to multiple UAV operations.

Each individual UAV has its own occupancy map, which is generated an equal number of

times to the total number of UAV in the local domain. All occupancy maps share an
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Figure 4.13: Time evolution of multiple occupancy maps for a single UAV operation

environment layer but are composed of different position and prediction layers by each UAV.
Figure 4.14 shows an example of the occupancy map composition for path planning with
multiple UAV. Similar to single UAV operation, time evolves in all occupancy maps at the
same rate. Figure 4.14(al) (a3) indicate the occupancy map of UAV 1, 2, and 3 at o,
respectively. The red triangle in each occupancy map represents the current position of
the corresponding UAV, and other UAV are shown as obstacles. Figure 4.14(b1) (b3) and
(c1) (c3) show the evolution of the occupancy map with time with a time step of 5 ¢ as

the positions of UAV 1, 2, and 3 are updated.

Qo0 boooidooob tboob Do boubobdo tbbooboto

In this study, the UAVs utilized in the simulations are quadrotors. The quadrotor’s state

is represented by a six-dimensional vector that includes position and orientation, with the
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Figure 4.14: Time evolution of multiple occupancy maps for multiple UAV operations

primary objective of tracking arbitrary trajectories through a four-dimensional vector that

varies as a function of time. The quadrotor model includes nested feedback loops, compris-

ing an inner loop for attitude control and an outer loop for position control as illustrated
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in Fig.4.15. The inner loop determines the orientation through feedback from the actual
attitude, angular velocity, and roll, pitch, and yaw angles and rates, which allows the cal-
culation of the input U,, derived from motor speeds and representing a function of thrust
and moments. The outer loop involves position feedback, requiring the specified position
vector, specified yaw angle, actual position, and actual velocity to compute U;, representing

the sum of all thrust forces.

Yr
Uy
jC.'le"'RvZR \ i
R YR R 0 Attitude (U, U,, U
XR: YR, ZR| Position Control R PR 20 Y3 Y4
Planner " (PID) — ) Control % YAV Plant
(PID)
0,0, ¢
0,0,9
X, V,Z
Y4

Figure 4.15: An example of PID controller of quadrotor

A proportional plus derivative controller is used to design the inner feedback loop, which
computes U, given the commanded roll, pitch, and yaw angles and their derivatives, as well
as the actual roll, pitch, and yaw angles and their derivatives. The dynamics are linearized,
assuming a hover position, and the linearized equations of motion are used to design the
inner feedback loop and compute the error equation for position tracking. The aim is to
minimize the error vector between the desired and actual position and yaw angle, resulting
in the determination of the commanded acceleration, the application of thrust, and the
establishment of roll, pitch, and yaw angles using the linearized equations. The position
control system leads to a fourth-order system, which requires at least four differentiable

trajectories, motivating the use of minimum snap trajectories.
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A method of the minimum snap trajectory is utilized to enhance the obtained path dynam-
ically feasible for an UAV to track by the controller. The type of UAV used in this study
is assumed to be quadrotor, whose order of controller system is up to the fourth derivative
of the position as shown in Fig.4.15. The minimum snap trajectory is used to minimize
the fourth derivative of state integrated over time. The system of quadrotors are proven
differentially flat and all state and input variables can be determined in terms of four flat
outputs and their derivatives[108]. These outputs are composed of a vector of three states
and yaw angle, [z,v, z,%]". The minimum snap trajectory passes through two consecutive

points, r(0) and r(T) in time 7. The minimum snap function can be express as below,

Zq *xZy
min ~ (z®®)? dt = min (z*(t))* dt (4.8)
0 i=1 G 1

Solving for the minimizing problem and integrating eight times of r® it yields the minimum

snap trajectory as follows,

X(t) = cpt” + cgt® + cst® + cat? + cat® + cot? + 1t + ¢ (4.9)

The trajectory is divided into n segments. A piecewise polynomial function over time can
be expresses in Eq.4.10. The unknown eight coefficient can be found using constraints in

boundary conditions at end points of each segments[109].



4.3. Feasibility study on tracking controller 83

x(t) = z1 = [1, 65,62, . "] [con,cr1, L3N L ¢t t<ty
2 = [1, 8,82, 63, "] [coz,cr2, 2,32, Pt t <ty

x3 = [1,6, 2,63, .. t"] [cos, c13, 3,33, Pty t<ts (4.10)
xn = [17t,t2,t3,...,’tn] [CO;n,Cl;n’Cz;n,Cs;n,...,767;n],tn71 t < tn

QoD ibiod 0obo Ubbitobbot boooibbobh Lo oo bodioootu oboo
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The minimum snap trajectory is applied to the solutions of real-time path planning problems
to make the planned path dynamically feasible for quadrotors. The test environments consist
of multiple static obstacles and multiple UAV. The ego UAV is managed by the APF method
and the A* algorithm, depending on the characteristics of the given environment, while the
path planning for the other UAV is governed by the A* algorithm of the hybrid dynamic
path planning algorithm. The main challenge in applying the A* algorithm directly to UAV
path planning is the presence of abrupt changes in the solutions, which can be difficult for
UAV to maneuver to follow. The minimum snap trajectory is then applied to resolve such
abrupt changes and reshape the path dynamically feasible. The application of the minimum
snap trajectory returns with state profiles, which include desired position, velocity, and

acceleration at every 0.01 seconds.

Figure 4.16(left) shows an example of a single UAV operation and the comparison between
the original and the modified path by the minimum snap trajectory. The black solid line is

the path traveled by each UAV, and the blue dashed line indicates the planned path. The
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modified path is shown in a red solid line on top of the planned path. The results show that
the minimum snap trajectory replaces the sharp corners with continuous curvatures with
a higher-order function. The planned trajectory is updated every 1 second for this local
path planning problem. The application of the minimum snap trajectory is limited to the
first few seconds-long distance of the planned path from the current location of the agent
UAV for efficient computation cost. The applicable range and computation efficiency can
vary depending on the velocity of the agent UAV. Figure 4.16(right) shows that the planned
path is refined only for a small segment of the planned path. This reduces computation cost
to one-fifth of the computation cost for the entire path. In this study, the real-time path
refinement process by the minimum snap trajectory is utilized for the local path planning

problem to deliver a dynamically feasible path.
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(a) Application of minimum snap trajectory (b) Application of minimum snap trajectory
for the entire planned path to a segment of the planned path

Figure 4.16: Minimum snap trajectory applications to the planned path: (a) entire path and
(b) improved path
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The real-time path refinement by the minimum snap trajectory is extended to the local path
planning problems of multiple agent UAV operations in test environments, which is composed
of static obstacles and multiple UAV. The hybrid dynamic path planning algorithm manages
all UAV in the domain to deliver conflict-free operations by calculating optimal paths for each
individual UAV. The planned trajectories are reconstructed by the minimum snap trajectory

to make them dynamically feasible for quadrotors.

Figure 4.17 shows a snapshot of the path planning and reconstructed trajectories of multiple
agent UAV operations. Unlike path planning for a single target, changes in the state of
multiple UAV can affect the occupancy maps of others, which can cause a complicated
trajectory during the path planning process. However, the implementation of the minimum
snap trajectory works not only for multiple planned trajectories but also for rapid turns in

the planned path effectively, as seen in UAV 1’s path in Figure 4.17.

000 00NOooiooo

0ooif 00 Lotjotoo oo tooooo

In the presence of local minima, the A* algorithm with coarse grid is utilized to generate
a series of way points, which then serve as new starting points for the APF method to
perform re-planning. Figure 4.18 illustrates examples of failed cases in global path planning
problems and the sequential path planning from the way points until the path is found.

The computational cost of the A* assisted APF method increases proportionally with the
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Figure 4.17: Application of minimum snap trajectory to the planned path of the multiple
UAV

number of runs, which includes the number of times the APF method is performed plus
one computation of the A* algorithm. The total computational cost can be calculated using

Eq.4.11.

Costan = napg  Costapr + COStA51 (411)

where the napg is the number of path plannings, performed by APF method. Costaa,
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Figure 4.18: Optimal path planning by the A* algorithm assisted APF method

Costaa, Costaa are the computation cost of the APF method, the A* algorithm, and the
APF method with the assistive A* algorithm. The computation costs for the example cases
in Figure 4.18 are summarized in Table.4.1 and Figure 4.19, along with a comparison to the
results from the A* algorithm with a fine grid. In case 1, an initial optimal conflict-free path
was calculated by the APF method, but it failed to reach the goal due to local minima near
a static obstacle (as shown in Figure 4.18 (Case 1)). To resolve this, the A* algorithm was
used with a coarse grid of 51 by 51 to generate a series of way points, with the numbers
indicating starting points (1 being the original starting point). The APF method was then
run sequentially at the way points, starting with point 2, until a solution was found at point
3. The resulting computation cost, calculated using Eq.4.11, was 0.1785 sec, which was faster

than solely using the A* algorithm with a fine grid of 201 by 201.

The computation costs were similarly lower for the other example cases when using the
A* assist, although they were slightly higher due to additional runs by the APF method.
This implies that potential failures from the APF method, even in the global domain, can
be resolved using the proposed algorithm, which finds an optimal path by relocating the

start point along the way points provided by the A* algorithm, at a substantially lower
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