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Data-driven Target Tracking and Hybrid Path Planning Methods
for Autonomous Operation of UAV

Jae-Young Choi

(ABSTRACT)

The present study focuses on developing an efficient and stable unmanned aerial system

traffic management (UTM) system that utilizes a data-driven target tracking method and a

distributed path planning algorithm for multiple Unmanned Aerial Vehicle (UAV) operations

with local dynamic networks, which can provide flexible scalability, enabling autonomous

operation of a large number of UAVs in dynamically changing environment. Traditional

dynamic motion-based target tracking methods often encounter limitations due to their re-

liance on a finite number of dynamic motion models. To address this, data-driven target

tracking methods were developed based on the statistical model of the Gaussian mixture

model (GMM) and deep neural networks of long-short term memory (LSTM) model, to

estimate instant and future states of UAV for local path planning problems. The estima-

tion accuracy of the data-driven target tracking methods were analyzed and compared with

dynamic model-based target tracking methods. A hybrid dynamic path planning algorithm

was proposed, which selectively employs grid-free and -based path search methods depend-

ing on the spatio-temporal characteristics of the environments. In static environment, the

artificial potential field (APF) method was utilized, while the A∗ algorithm was applied in

the dynamic state environment. Furthermore, the data-driven target tracking method was

integrated with the hybrid path planning algorithm to enhance deconfliction. To ensure

smooth trajectories, a minimum snap trajectory method was applied to the planned paths,

enabling controller tracking that remains dynamically feasible throughout the entire opera-

tion of UAVs. The methods were validated in the Software-in-the-loop (SITL) demonstration

with the simple PID controller of the UAVs implemented in the software program.



Data-driven Target Tracking and Hybrid Path Planning Methods
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Jae-Young Choi

(GENERAL AUDIENCE ABSTRACT)

This dissertation focuses on developing data-driven models for tracking and path planning

of Unmanned Aerial Vehicle (UAV) in dynamic environments with multiple operations. The

goal is to improve the accuracy and efficiency of Unmanned Aircraft System traffic man-

agement (UTM) under such conditions. The data-driven models are based on Gaussian

mixture model (GMM) and long-short term memory (LSTM) and are used to estimate the

instant and consecutive future states of UAV for local planning problems. These models

are compared to traditional target tracking models, which use dynamic motion models like

constant velocity or acceleration. A hybrid dynamic path planning approach is also proposed

to solve dynamic path planning problems for multiple UAV operations at an efficient com-

putation cost. The algorithm selectively employs a path planning method between grid-free

and grid-based methods depending on the characteristics of the environment. In static state

conditions, the system uses the artificial potential field method (APF). When the environ-

ment is time-variant, local path planning problems are solved by activating the A∗ algorithm.

Also, the planned paths are refined by minimum snap trajectory to ensure that the path is

dynamically feasible throughout a full operation of the UAV along with controller track-

ing. The methods were validated in the Software-in-the-loop (SITL) demonstration with the

simple PID controller of the UAVs implemented in the software program.
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Unmanned Aerial Vehicle (UAV) operations have experienced a rapid growth for various

purposes across a wide range of applications. Figure1.1 shows that the market size for UAV

industries is predicted to double by 2028. This growth is expected to be seen in sectors

such as construction, agriculture, communications, and others. Another major application

of UAV is in the Urban Air Mobility sector, which Morgan Stanley predicts will reach a

market size of 1.5 trillion dollars by 2040 [2]. However, the increased diversity and volume of

UAV operations present significant challenges to the current air traffic management system.

To address these challenges, NASA and the Federal Aviation Administration’s (FAA) Next-

Gen program established the Advanced Air Mobility (AMM) Nation campaign in early 2020,

as well as the Urban Air Mobility (UAM) Vision Concept of Operation V.1.0 [3]. In addi-

tion, NASA and FAA NextGen have developed the UAS traffic management (UTM) system

to modernize traditional air traffic management. The UTM system’s Concept of Operation

V2.0 is complete [4].

This study is motivated by the goal of developing an efficient UTM (UAS Traffic Manage-

ment) framework. The proposed UTM framework consists of four main modules of data

exchange, target tracking, path planning, and tracking controller modules. The data ex-

1



2 Chapter 1. Introduction

change module enables UAVs to exchange their trajectory history through centralize cloud-

based database system by request. However, challenges such as data latency can lead to

inconsistencies in instant state information.

To address this problem, target tracking models are employed to estimate the current and

future state of UAV based on trajectory history to enhance deconflictions. The traditional

target tracking approaches based on dynamic motion models, such as Kalman filter or inter-

acting multiple model (IMM), face challenges in predicting the complex behavior patterns of

other vehicles due to a limited number of dynamic motion models. This becomes a difficult

task as the diversity of UAV types increases. To overcome this limitation, a data-driven

target tracking model is proposed, which utilizes a model-free approach based on Gaussian

mixture model (GMM) and long-short term memory (LSTM) techniques. The estimated

trajectory data from the target tracking module then utilized by path planning models to

generate optimal conflict-free paths.

Current study proposes a hybrid algorithm that selectively uses either the artificial poten-

tial field method (APF) or the A∗ path searching algorithm, depending on the situation,

to manage both static and dynamic path planning for multiple UAV operations effectively.

These traditional approaches have been widely used in robotics as a path planning strategy

for navigation systems. The APF method, known for its mathematical simplicity and com-

putational efficiency, does not depend on the size of the domain and is grid-free. However,

it can be prone to getting trapped in local minima, which can result in incorrect solutions

[5, 6]. In contrast, the A∗ and D∗ algorithms are grid-based path searching algorithms that

calculate length costs over a grid on a domain of interest and find an optimal path based

on minimizing the total length cost to the goal point. These algorithms can provide more

reliable results for path planning problems than the APF method [7], but the computation

cost can dramatically increase in larger domains [8]. The proposed path planning algorithm
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allows switching between the APF method and the A∗ algorithm by by the characteristic

of environments. The APF method is utilized for global path planning problems, where

the environment is static and simple, and the A∗ algorithm is utilized for the local path

planning problems, where the environment is dynamic and complex that the solution of the

APF method can be easily trapped onto a local minim. The following sections provide an

in-depth discussion of the data-driven target tracking models and the hybrid dynamic path

planning algorithm to achieve this goal. While path planning modules generate optimal path

trajectory, tracking control models ensure that UAV remain on the planned trajectory.

Figure 1.1: ] 2019 Teal Group Analyzes and Predicts Drone Market Responses Report[1]
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The increasing demand for Unmanned Aerial Vehicle (UAV) in low-altitude airspace has led

to the need for integrating UAS traffic management into current airspace due to the increas-

ing air traffic and resulting complexity [9]. To address this, the Federal Aviation Administra-

tion (FAA) began modernizing commercial air traffic management in 2012 [10] and developed

the foundations of urban operations for UAV research. In 2016, the FAA allowed routine UAV

operations in the national airspace system (NAS) [11], which have been conducted separately

from manned aircraft. NASA has proposed the concept of UAS traffic management (UTM)

as a means of safely and efficiently managing future UAV operations[12]. The UTM project

is organized into four technical capability levels (TCL), which increase in complexity as the

scenarios become more challenging, as defined by the FAA and NASA. During the TCL1

phase, UAV were tested in remote and unpopulated areas to collect data on their navigation

and tracking performance. The feasibility and functionality of autonomous beyond visual

line of sight (BVLOS) was then tested in areas with sparse populations during the TCL2

phase. The TCL3 phase involved suburban applications with manned aircraft in moderate

population and traffic conditions. Long-range vehicle-to-vehicle communications were tested,

along with sense and avoid capabilities to maintain safe distancing between cooperative and

non-cooperative UAV. In the TCL4 phase, which is structured for complex operations in

high-traffic density and densely populated urban areas, the system’s response to real-world

events, such as UAV-to-UAV encounters, UAV-to-manned aircraft encounters, static and

dynamic obstacle avoidance, and emergency priority operations, is investigated[13][14].

The UTM system is designed to manage small UAV by providing a set of services to the

ATM system and UAV operators, including operational rules, registrations, waivers, and
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performance-based requirements[15]. The primary purpose of UTM is to ensure safety and

efficiency in UAV operations. The US-based UTM architecture comprises several funda-

mental elements, including UAV operations, regulators, supplemental data providers, and

other stakeholders. These elements can be broadly categorized into two major parts: FAA

development and deployment, and industry development and deployment.

The FAA provides operators with regulatory and operational airspace restriction data. The

FAA communicates with UTM through a flight information management system (FIMS),

which acts as a data-sharing interface and provides traffic management frameworks to all

UTM members. The industry development and deployment sector maintains the UAV in-

frastructure. UAV Service Suppliers (USS) automate airspace authorizations and provide

tools for operators to navigate airspace safely and efficiently while meeting UTM operational

requirements. UAV operators are responsible for using UAV and overall UTM operations.

Supplemental Data Service Providers (SDSP) offer access to supplementary information such

as land environment, cellular coverage, navigation, and terrain information[16][17][18].

Similar to the UTM strategy, the concept of U-Space has been developed and declared

in Europe. U-Space is designed to facilitate complex UAV operations with a high degree

of automation in various environments, including urban areas[19]. The goal of U-Space

is to establish frameworks that ensure safe, efficient, and secure access to airspace for a

large number of drones. U-Space is not limited to a segregated volume of airspace for UAV

operation, but rather aims to ensure smooth UAV operation in all environments and airspace

types[20].

The evolution of U-Space services is organized based on the level of automation of UAV and

advanced forms of interaction with the environment through data exchange. U1 provides

e-registration, e-identification, and geofencing. U2 supports the management of UAV opera-

tions, including flight approval, airspace dynamic information, and procedural interface with
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air traffic control. In U3, advanced services are provided to support complex operations in

densely populated areas, where automated detect and avoid (DAA) functionality is essential

for safe and efficient UAV operations. U4 allows full operational capability for U-Space and

relies on high levels of automation, connectivity, and digitization for UAV and the U-Space

system[21].

Recent studies have been conducted to improve the UTM system. MaCathy et al[22] devel-

oped an Autonomous Air Traffic System (AAC) that uses deep multi-agent reinforcement

learning framework to provide real-time advisories to aircraft and ensure safe separation

along air paths and intersections of these air paths. This framework can identify and resolve

conflicts between aircraft in high-density environments. Sachrny et al.[23] used deep rein-

forcement learning, BRECCIA, to develop a Universal-UAV for determining optimal flight

policies and setting constraints on UAV operations near roadways. Shao et al.[24] conducted

risk assessment studies and quantified data based on Weibel’s ground impact model using

the Expected Level of Study (ELS). Liu et al.[25] developed a novel system framework for

real-time moving target tracking and path planning for quadrotor UAV in unknown regions.

Their tracking algorithms TCL and KCF improved tracking performance for long-term and

high-speed target tracking, respectively. They also developed an elliptical tangential model

that can find feasible paths without map building.

Target tracking estimation can be considered a sequential localization problem that necessi-

tates a real-time position estimation algorithm[26] and has been extensively researched and

developed to estimate unknown state variables in various fields of application. Navigation

is one of such fields in which target tracking is employed to estimate the instant and future
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states of a moving target.

Kalman filter has played a significant role in the history of target tracking methods, en-

abling accurate estimation of state variables such as position, velocity, and acceleration of a

maneuvering target from noisy measurements[27]. First introduced for prediction and esti-

mation problems in 1960[28], the Kalman filter has become a popular choice for navigation

of robots[29]. Singer[30] developed a target model to represent the motion of targets, and

the Kalman filter was utilized to estimate unknown state variables of maneuvering targets

based on a set of tracking data from multiple sensors.

The Kalman filter can be extensively used in conjunction with global positioning system

(GPS) data for location tracking[31], tracking the position and orientation of crop rows[32],

and for accurate estimation of the position and velocity of objectives[33]. The Kalman filter

has also been used for tracking both shape and position in various studies[34][35][36].

However, the behavior of a target can be difficult to characterize and evaluate using a single

dynamic motion model[37]. The state estimation of position and velocity can be inaccurate

due to mismatches between the unknown target dynamics and the tracker motion model. To

resolve this issue, target tracking by multiple models (MM) has been studied for hybrid state

estimation[38][39][40]. The MM yields adaptive estimations by kinematic regime jumps, and

Markov chain can be a governing model to manage the dynamic motion models.

In 1984, Blom[41] first proposed the interacting multiple model (IMM), which utilizes a set of

filters in parallel. The IMM algorithm utilizes a set of filters in parallel to estimate the state

of a target. The IMM combines state hypotheses from multiple filter models and changes

dynamics to match the behavior of the target for an accurate estimate[42]. The basic idea

behind the IMM is to estimate the target’s state by assuming that it follows different motion

models, and to select the most appropriate model for each time step. The IMM algorithm
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operates by combining the outputs of multiple Kalman filters, each of which represents a

different motion model. The IMM algorithm has been extensively studied and applied in

various fields, such as robotics, aerospace, and military[42]. The IMM has been shown to

provide improved tracking performance compared to a single motion model[43], and has

become one of the most widely used algorithms in target tracking.

In contrast to the traditional approaches, which are based on dynamic motion-models, data-

driven models have been developed using experimental input and output data collected from

real-world systems[44]. The fundamental idea behind data-driven approaches is to develop

a prediction model for target tracking, which is trained using a set of pre-existing data.

By inputting the corresponding time instances, a vector of unknown state variables can be

predicted, as shown in Figure 1.2.

Figure 1.2: Example of a data-driven approach for target tracking.

The Gaussian process has gained popularity due to its ability to perform exact Bayesian

analysis using simple matrix manipulations for various problems and applications[45]. It is a

generalization of the Gaussian probability distribution, where the distribution describes ran-

dom variables that can be scalar or vectors, while a stochastic process governs the properties

of the functions[46]. This allows for the creation of a fully probabilistic predictive distribution

and estimation of the uncertainty of corresponding predictions by specifying a hierarchical

model with a prior distribution over hyper-parameters and the prior distributions of the

weights relative to the hyper-parameters[47].
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For example, Figure 1.3 shows a Gaussian process regression with a training dataset. The

solid colored lines represent realizable functions, and an infinite number of potential functions

can be found within a given confidence level, as shown in the shaded area. The unknown

variables over the domain can be realized by manipulating the estimated mean values µx

and variance σ2
x of the probability density function that follows the Gaussian process, as

illustrated in Figure 1.4. To determine reasonable values for µx and σ2
x, maximum likelihood

estimation (MLE) is used to find hyper-parameters in the correlation function embedded

in the probability density function. These unknown parameters are determined through an

iterative process by minimizing the mean squared error between observed function values

and realized function values at the sample locations. More details on the mathematical

formulations for Gaussian process regression and MLE can be found in Section 2.5.

Figure 1.3: Gaussian process posterior

Recently, Gaussian process regression (GPR) has been studied extensively for time series

estimation of motion states in target tracking models [48, 49]. Aftab et al. [50] proposed a

GPR-based target tracking model to estimate the shape of the target, while the motion of the

target is filtered by a pre-existing physical model. However, these approaches rely on physical

models that can be difficult to evaluate for objects with highly complex maneuvering motions.

In this paper, we propose a data-driven framework for target tracking based on GPR that
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t � 1�- ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,

�pi (t) =
X

j

Fpij p̂j (t � 1) �U�k�X�8�V

x̂ i (t � 1) =
X

j

Fpij p̂j (t � 1)x̂ j (t � 1)/�pi (t) �U�k�X�e�V

Ĉ i (t � 1) =
X

j

Fpij p̂j (t � 1)[Ĉj (t � 1) + [ x̂ j ](t � 1) � x̂ i ](t � 1)[::]T ]/ �pi (t) �U�k�X�d�V

�q�?�2�`�2Fp �B�b �i�`���M�b�B�i�B�Q�M �T�`�Q�#���#�B�H�B�i�v �K���i�`�B�t�X

�A�M �i�?�2 �b�2�+�Q�M�/ �b�i�2�T�- �i�?�2 �+���H�+�m�H���i�2�/ �i�?�2N �T���B�`�bx̂ i (t � 1)�-Ĉ i (t � 1) �B�b �m�b�2�/ ���b �B�M�T�m�i �i�Q �� �E���H�K���M

�7�B�H�i�2�`�X �h�?�2 �2�b�i�B�K���i�2�/ �p���H�m�2 �Q�7�x j (t) ���M�/�Cj (t) ���`�2 �+���H�+�m�H���i�2�/ �#�v �i�2�K�T�Q�`���H �2�t�i�`���T�Q�H���i�B�Q�M�X �h�?�2

�K�2���b�m�`�2�K�2�M�i �m�T�/���i�B�M�; �+�Q�K�T�m�i�2�b�-x̂ j (t) ���M�/̂Cj (t) �7�`�Q�Ki �i�?�2 �E���H�K���M �7�B�H�i�2�` �B�M �i�?�B�b �b�i�m�/�v�X �h�?�2

�K�Q�i�B�Q�M �K�Q�/�2�H �7�B�H�i�2�` �m�b�2�b �� �i�Q�i���H �Q�7 �i�?�`�2�2 �7�B�H�i�2�`�b�, �+�Q�M�b�i���M�i �p�2�H�Q�+�B�i�v�- �+�Q�M�b�i���M�i ���+�+�2�H�2�`���i�B�Q�M�- ���M�/

�+�Q�M�b�i���M�i �i�m�`�M�- �r�?�B�+�? ���`�2 �i�?�2 �b���K�2 ���b �i�?�Q�b�2 �m�b�2�/ �B�M �i�?�2 �1�E�6 �K�2�i�?�Q�/�X �h�?�2N �r�2�B�;�?�i�b�pi (t)

���`�2 �i�?�2�M �m�T�/���i�2�/ �7�`�Q�K �i�?�2N �E���H�K���M �7�B�H�i�2�`�b �B�M �i�?�2 �i�?�B�`�/ �b�i�2�T�X

p̂i (t) = c � �pi (t) � kQi (t)k� 1/2 exp� 1/2� T
i (t)Q� 1

i (t)� i (t) �U�k�X�3�V

� i (t) = yi � hi �x i (t) �U�k�X�N�V



�k�X�8�X �.���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H �k�d

Qi (t) = h(i ) �Ri (t)hT (i ) + g(i )gT (i ) �U�k�X�R�y�V

�r�?�2�`�2 �+ �B�b �� �M�Q�`�K���H�B�x�B�M�; �+�Q�M�b�i���M�i�X �A�M �i�?�2 �H���b�i �b�i�2�T�- �i�?�2 �Q�m�i�T�m�i�b�-x̂ t ���M�/R̂t ���`�2 �+���H�+�m�H���i�2�/ ���b

�7�Q�H�H�Q�r�B�M�;�b�-

x̂ t =
X

i

p̂i (t)x̂ i (t) �U�k�X�R�R�V

Ĉt =
X

i

p̂i (t) + ( Ĉi (t) + ( x̂ i (t) � x̂ t )( x̂ i (t) � x̂ t )T ) �U�k�X�R�k�V

�h�?�2 �i�`���M�b�B�i�B�Q�M �T�`�Q�#���#�B�H�B�i�B�2�b ���`�2 �b�2�i �i�Q �N�y�W �B�M �i�?�2 �+�m�`�`�2�M�i �b�i�m�/�v�X �h�?�2 �A�J�J �/�Q�2�b �M�Q�i �`�2�[�m�B�`�2

�H�2���`�M�B�M�; ���#�Q�m�i �i�`���D�2�+�i�Q�`�v �/���i���- ���M�/ �B�i �T�`�2�/�B�+�i�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�i���i�2 �7�`�Q�K �B�M�7�Q�`�K���i�B�Q�M �b�m�+�? ���b

�T�Q�b�B�i�B�Q�M�- �p�2�H�Q�+�B�i�v�- ���+�+�2�H�2�`���i�B�Q�M�- ���M�/ ���M�;�H�2 �Q�7 �`�Q�i���i�B�Q�M �B�M �i�?�2 �H���b�i �b�i�2�T �Q�7 �i�?�2 �?�B�b�i�Q�`�v �i�`���D�2�+�i�Q�`�v

�/���i���X

�k�X�8 �.���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H

�k�X�8�X�R �:���m�b�b�B���M �T�`�Q�+�2�b�b �`�2�;�`�2�b�b�B�Q�M

�h�?�2 �:���m�b�b�B���M �`�2�;�`�2�b�b�B�Q�M �K�Q�/�2�H �B�b ���M �B�M�i�2�`�T�Q�H���i�B�Q�M �K�2�i�?�Q�/ �i�?���i �m�b�2�b �Q�#�b�2�`�p�2�/ �b���K�T�H�2 �p���H�m�2�b

���M�/ �B�b �K�Q�/�2�H�2�/ �#�v �� �:���m�b�b�B���M �T�`�Q�+�2�b�b �;�Q�p�2�`�M�2�/ �#�v �T�`�B�Q�` �+�Q�p���`�B���M�+�2�b �(�N�9�)�X �A�i�b �K�2�i���@�K�Q�/�2�H�B�M�;

���T�T�`�Q���+�? �2�b�i�B�K���i�2�b �7�m�M�+�i�B�Q�M �p���H�m�2�b �m�b�B�M�; �� �:���m�b�b�B���M �T�`�Q�+�2�b�b �(�N�8�)�X �h�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �m�M�F�M�Q�r�M

�7�m�M�+�i�B�Q�M �p���H�m�2�b �+���M �#�2 ���+�?�B�2�p�2�/ �m�b�B�M�; �i�?�2 �K�2���M �7�m�M�+�i�B�Q�M� (x ) ���M�/ �i�?�2 �+�Q�p���`�B���M�+�2 �7�m�M�+�i�B�Q�M

c(x ; x 0) �Q�7 �� �`�2���H �T�`�Q�+�2�b�bf (x )�- ���b �7�Q�H�H�Q�r�b�,



�k�3 �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

� (x ) = E[f (x )]

c(x ; x 0) = E[(f (x ) � � (x ))( f (x 0) � � (x 0))]

f (x ) � G(� (x ); c(x ; x 0))

�U�k�X�R�j�V

�r�?�2�`�2x �B�b �� �p�2�+�i�Q�` �Q�7p�@�/�B�K�2�M�b�B�Q�M���H �B�M�T�m�i �+�Q�p���`�B���i�2�b�-x = [ x1; x2; � � � ; xp]T �- �r�?�B�+�? ���`�2

�T�Q�b�B�i�B�Q�M �/���i�� �T�Q�B�M�i�b �Q�7 �l���o�X �h�?�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b �+���M �#�2 �/�2�7�B�M�2�/ ���b ���#�Q�p�2 �B�M �1�[�X�U�k�X�R�j�V�X

�h�?�2 �Q�#�b�2�`�p�2�/ �`�2�b�T�Q�M�b�2 �p���`�B���#�H�2y �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �+�Q�p���`�B���i�2�bx ���M�/

�T���`���K�2�i�2�`�B�x�2�/ �#�vw = [ w1; w2; � � � ; wp]T ���b �7�Q�H�H�Q�r�b�-

yi = x T
i w + � i ; i = 1; 2; � � � ; n;

w � G(0; � 2
w I p)

�U�k�X�R�9�V

�r�?�2�`�2n �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b�- ���M�/� �B�b ���/�/�B�i�B�p�2 �:���m�b�b�B���M �M�Q�B�b�2 �r�B�i�? �x�2�`�Q �K�2���M

���M�/ �m�M�F�M�Q�r�M �p���`�B���M�+�2� 2
� �X �h�?�2 �K�2���M �Q�7 �`�2�b�T�Q�M�b�2 �p���`�B���#�H�2y �B�b �/�2�7�B�M�2�/ ���b �x�2�`�Q�- ���M�/ �i�?�2

�`�2�;�`�2�b�b�B�Q�M �T���`���K�2�i�2�`w �B�b ���b�b�m�K�2�/ �7�Q�H�H�Q�r�B�M�; �x�2�`�Q�@�K�2���M ���M�/ �+�Q�p���`�B���M�+�2c �m�M�/�2�` �i�?�2 �"���v�2�b�B���M

�7�`���K�2�r�Q�`�F �#�v �b�T�2�+�B�7�v�B�M�; �� �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M ���b �b�?�Q�r�M �B�M �1�[�X�U�k�X�R�9�V�- �r�?�2�`�2I p �B�b ���M �B�/�2�M�i�B�i�v

�K���i�`�B�t �B�Mp� p�X �q�B�i�? �i�?�2 �+�Q�p���`�B���M�+�2 �7�m�M�+�i�B�Q�M�- �i�?�2 �7�m�M�+�i�B�Q�M �p���H�m�2�b ���i �i�?�2 �i�`�B���H �H�Q�+���i�B�Q�Mx̂ �+���M

�#�2 �`�2���H�B�x�2�/ �i�?�`�Q�m�;�?�Q�m�i �i�?�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M ���ix̂ ���bp(y = G(0; C ))

���M�/ �i�?�2 �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�tC �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �7�Q�H�H�Q�r�b �(�N�e�)�-

Cij = c(x i ; x j ) = E[yi ; yj ] = E
�
x T

i ww T x j
�

= � 2
wx T

i x j + � ij � 2
�

�U�k�X�R�8�V



�k�X�8�X �.���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H �k�N

C =

2

6
4

C (x i ; x j ) C (x i ; x̂ )

C (x̂ ; x i ) C (x̂ ; x̂ )

3

7
5 i; j = 1; 2; � � � ; n; �U�k�X�R�e�V

�r�?�2�`�2� ij �B�b �i�?�2 �/�2�H�i�� �7�m�M�+�i�B�Q�M�c �B�7i = j �-� ij = 0�- ���M�/ �B�7i 6= j �-� ij = 1�X �1���+�?x i �p�2�+�i�Q�` �?���b ��

n �M�m�K�#�2�` �Q�7 �Q�#�b�2�`�p�2�/ �7�m�M�+�i�B�Q�M �p���H�m�2�b�- ���M�/ �i�?�2 �b�B�x�2 �Q�7C (x i ; x j ) �B�b(n � n) �K���i�`�B�t�X �h�?�2 �b�B�x�2

�Q�7C (x i ; x̂ ) �B�b(n � 1)�XC (x̂ ; x i ) �B�b �i�`���M�b�T�Q�b�2 �K���i�`�B�t �Q�7C (x i ; x̂ ) �r�B�i�? �i�?�2 �b�B�x�2 �Q�7(1 � n)�X

�h�?�2 �+�Q�p���`�B���M�+�2 �#�2�i�r�2�2�M �i�?�2 �i�`�B���H �H�Q�+���i�B�Q�M�b�-C (x̂ ; x̂ )�- �#�2�+�Q�K�2�b(1 � 1)�X �q�B�i�? �i�?�2 �+�Q�p���`�B���M�+�2

�K���i�`�B�tC �- �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7 �7�m�M�+�i�B�Q�M �p���H�m�2 ���i �i�`�B���H �H�Q�+���i�B�Q�M�b �+���M �#�2 �+���H�+�m�H���i�2�/ ���b �#�2�H�Q�r�-

y = k T C � 1y � 2 = c(x̂ ; x̂ ) � k T C � 1k �U�k�X�R�d�V

�r�?�2�`�2k = [ C(x 1); � � � ; C(x n )]T �-y = [ y1; y2; � � � ; yn ]T �B�b �� �p�2�+�i�Q�` �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/ �p���`�B���#�H�2�b�X

�A�M�b�i�2���/ �Q�7 �B�M�7�2�`�`�B�M�; �i�?�2 �T���`���K�2�i�2�`w �- �i�?�2 �`�2�;�`�2�b�b�B�Q�M �K�Q�/�2�H �+���M �#�2 �/�2�p�2�H�Q�T�2�/ �#�v �+�Q�K�#�B�M�B�M�;

�+�Q�`�`�2�H���i�B�Q�M �7�m�M�+�i�B�Q�M�b�X �A�M �i�?�B�b �b�i�m�/�v�- �i�?�2 �;���K�K�� �2�t�T�Q�M�2�M�i�B���H �7�m�M�+�i�B�Q�M �(�N�d�) �B�b �m�b�2�/ ���b �i�?�2

�+�Q�`�`�2�H���i�B�Q�M �7�m�M�+�i�B�Q�M�X

Ck = �2�t�T(� � k jx ik � x jk j 
 ) ; 0 < 
 � 2: �U�k�X�R�3�V

k �p���`�B�2�b �7�`�Q�K1 �i�Q �i�?�2 �M�m�K�#�2�` �Q�7 �/�B�K�2�M�b�B�Q�M�b�-p�- ���M�/ �i�Q�i���H �M�m�K�#�2�` �Q�7(p+ 1) �m�M�F�M�Q�r�M �?�v�T�2�`�@

�T���`���K�2�i�2�`�b �Q�7� k ���M�/
 ���`�2 �i�Q �#�2 �7�Q�m�M�/�X �h�?�2 �p���H�m�2�b �Q�7 �?�v�T�2�`�@�T���`���K�2�i�2�`�b �B�M �i�?�2 �+�Q�`�`�2�H���i�B�Q�M

�7�m�M�+�i�B�Q�M �+���M �#�2 �Q�#�i���B�M�2�/ �#�v �i�?�2 �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M �U�J�G�1 �V �(�N�3�)�X



�j�y �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

�k�X�8�X�k �J�m�H�i�B�@�`�2�b�T�Q�b�M�b�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b �`�2�;�`�2�b�b�B�Q�M

�h�?�2 �B�/�2�� �Q�7 �i�?�2 �K�m�H�i�B�@�`�2�b�T�Q�M�b�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b �`�2�;�`�2�b�b�B�Q�M �K�Q�/�2�H �U�J�_�:�S�_�V �r���b �T�`�Q�T�Q�b�2�/

�#�v �q���M�; �2�i ���H�X �B�M �k�y�R�8 �(�N�y�)�X ���b �i�?�2 �J�_�:�S�_ �B�b �/�2�`�B�p�2�/ �7�`�Q�K �i�?�2 �i�`���/�B�i�B�Q�M���H �:���m�b�b�B���M

�`�2�;�`�2�b�b�B�Q�M �K�Q�/�2�H�- �B�i �?���b �� �b�B�K�B�H���` �K���i�?�2�K���i�B�+���H �7�Q�`�K�m�H���i�B�Q�M �i�Q �i�?���i �Q�7 �i�?�2 �b�B�M�;�H�2 �`�2�b�T�Q�M�b�2

�:�S�_ �K�Q�/�2�H�X �>�Q�r�2�p�2�`�- �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7 �i�?�2 �J�_�:�S�_ �K�Q�/�2�H �B�M�+�H�m�/�2�b

���/�/�B�i�B�Q�M���H �i�2�`�K�b �i�?���i ���H�H�Q�r �7�Q�` �i�?�2 �+�Q�`�`�2�H���i�B�Q�M �Q�7 �K�m�H�i�B�T�H�2 �`�2�b�T�Q�M�b�2�b �Q�7 �B�M�i�2�`�2�b�i �i�Q �#�2 �i���F�2�M

�B�M�i�Q ���+�+�Q�m�M�i �B�M �i�?�2 �b�i���i�B�b�i�B�+���H �K�Q�/�2�H�X

�*�Q�M�b�B�/�2�`q�@�/�B�K�2�M�b�B�Q�M���H �`�2�b�T�Q�M�b�2�b�-y = [ y1; y2; � � � ; yq]
T �- �� �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M �K�Q�/�2�H �7�Q�` �i�?�2

�K�m�H�i�B�T�H�2 �`�2�b�T�Q�M�b�2�b �+���M �#�2 �`�2�@�+���b�i�2�/ �r�B�i�? �� �p�2�+�i�Q�` �Q�7 ���/�/�B�i�B�Q�M���H �i�2�`�K�b �B�M �i�?�2 �K���i�`�B�tK i ���b

�7�Q�H�H�Q�r�b�-

y i = K i W + � i ; i = 1; 2; � � � ; n �U�k�X�R�N�V

�r�?�2�`�2n �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �Q�#�b�2�`�p�2�/ �7�m�M�+�i�B�Q�M �p���H�m�2�b�XK i
�
= I q 
 x T

i

�
�+���M �#�2 �Q�#�i���B�M�2�/ ���b ��

�E�`�Q�M�2�+�F�2�` �T�`�Q�/�m�+�i �Q�7 �i�?�2(q � q) �B�/�2�M�i�B�i�v �K���i�`�B�t�-�Aq�- ���M�/p�@�/�B�K�2�M�b�B�Q�M���H �+�Q�p���`�B���i�2�b �p�2�+�i�Q�`�-�tT
i �X

�h�?�2 �b�B�x�2 �Q�7 �i�?�2 �K���i�`�B�t �#�2�+�Q�K�2K i �B�b(q � pq)�XW �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �`�2�;�`�2�b�b�B�Q�M �p�2�+�i�Q�`�b �7�Q�` �i�?�2q

�`�2�b�T�Q�M�b�2 �p���`�B���#�H�2�b�- �r�?�2�`�2W =
h
w T

1 ; w T
2 ; � � � ; w T

q

i T
�r�B�i�? �� �b�B�x�2 �Q�7(pq� 1)�X �h�?�2 �:���m�b�b�B���M

�M�Q�B�b�2 �p�2�+�i�Q�`�-� i �- �B�b �;�B�p�2�M �#�v �� �x�2�`�Q �K�2���M �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�,� i � G(0; S)�- �r�?�2�`�2S �B�b

(q � q) �+�Q�p���`�B���M�+�2 �K���i�`�B�t �r�B�i�?� i ���b �2�H�2�K�2�M�i�b �B�M �B�i �(�N�y�)�X �a�B�M�+�2 �B�i �B�b �?���M�/�H�B�M�; �K�m�H�i�B�T�H�2 �M�m�K�#�2�`

�Q�7 �`�2�b�T�Q�M�b�2�b �B�M �i�?�2 �b�i���i�B�b�i�B�+���H �K�Q�/�2�H�-W �?���b �i�Q �#�2 �2�t�i�2�M�/�2�/ �i�Q �K�m�H�i�B�p���`�B���i�2 �:���m�b�b�B���M �i�Q ��

�x�2�`�Q�@�K�2���M �K���i�`�B�t �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�- ���M�/ �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �#�2�i�r�2�2�M �i�?�2 �`�2�;�`�2�b�b�B�Q�M

�p�2�+�i�Q�`�b �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �7�Q�H�H�Q�r�b�-

�+�Q�p(w g; w h) = B gh = � 2I p �U�k�X�k�y�V



�k�X�8�X �.���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H �j�R

�r�?�2�`�2q ���M�/p �B�M�/�B�+���i�2 �i�?�2 �/�B�K�2�M�b�B�Q�M �Q�7 �i�?�2 �`�2�b�T�Q�M�b�2�b ���M�/ �B�M�T�m�i �+�Q�p���`�B���i�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�h�?�2 �`�2�b�T�Q�M�b�2 �p�2�+�i�Q�` �B�b ���H�b�Q �2�t�i�2�M�/�2�/ �r�B�i�? �� �b�2�`�B�2�b �Q�7 �Q�#�b�2�`�p�2�/ �/���i�� �T�Q�B�M�i�b ���b �7�Q�H�H�Q�r�b�-

y = [ y T
1 ; y T

2 ; � � � ; y T
q ]T

y T
1 = [ y11; � � � ; y1n ]T

y T
2 = [ y21; � � � ; y2n ]T

y T
q = [ yq1; � � � ; yqn]T

�U�k�X�k�R�V

�h�?�2 �+�Q�p���`�B���M�+�2 �7�m�M�+�i�B�Q�M �B�b �b�m�;�;�2�b�i�2�/ �B�M �q���M�;�ö�b �b�i�m�/�v �(�N�y�)�-

Cgh
ij = Qij bgh + � ij � ghSgh �U�k�X�k�k�V

Qij = a0 + a1

pX

d=1

x id x jd + � 0�2�t�T

 

�
pX

d=1

� d (x id � x jd )2

!

�U�k�X�k�j�V

�r�?�2�`�2a0�-a1�- � 0�- ���M�/� d ���`�2 �?�v�T�2�`�@�T���`���K�2�i�2�`�b ���M�/ �7�`�Q�K �� �#�B���b �i�2�`�K�- �i�?�2 �r�2�B�;�?�i �Q�7 �H�B�M�2���`

�+�Q�`�`�2�H���i�B�Q�M �7�m�M�+�i�B�Q�M�- �i�?�2 �r�2�B�;�?�i �Q�7 �:���m�b�b�B���M �+�Q�`�`�2�H���i�B�Q�M �7�m�M�+�i�B�Q�M�- ���M�/ �i�?�2 �r�2�B�;�?�i �Q�M �/�B�b�i���M�+�2

�B�M �i�?�2 �:���m�b�b�B���M �+�Q�`�`�2�H���i�B�Q�M �7�m�M�+�i�B�Q�M�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7C �+���M �#�2 �/�2�`�B�p�2�/

�7�Q�` �i�?�2 �K�m�H�i�B�@�`�2�b�T�Q�M�b�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b �`�2�;�`�2�b�b�B�Q�M �K�Q�/�2�H �+���M �#�2 �/�2�`�B�p�2�/ �#�v ���T�T�H�v�B�M�; �i�?�2

�+�Q�p���`�B���M�+�2 �7�m�M�+�i�B�Q�M �i�Q �1�[�X �U�k�X�R�e�V ���b �7�Q�H�H�Q�r�b �(�N�y�)�-



�j�k �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

C =

2

6
6
6
6
6
6
6
4

b11Q + S11I n b12Q � � � b1qQ

b21Q b22Q + S22I n � � � b2qQ
�X�X�X

�X�X�X
�X�X�X

�X�X�X

bq1Q bq2Q � � � bqqQ + SqqI n

3

7
7
7
7
7
7
7
5

= B 
 Q + S 
 I n

�U�k�X�k�9�V

�1���+�? �#�H�Q�+�F �2�H�2�K�2�M�i �Q�7 �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �b�?�Q�r�M ���#�Q�p�2 �?���b �� �b�B�x�2 �Q�7(n � n)�- �`�2�b�m�H�i�B�M�;

�B�M �� �i�Q�i���H �b�B�x�2 �Q�7(qn � qn)�X �h�?�2 �K���i�`�B�tS �B�b ��q�@�/�B�K�2�M�b�B�Q�M���H �/�B���;�Q�M���H �K���i�`�B�t �Q�7 �M�Q�B�b�2�-

�r�B�i�? �2�H�2�K�2�M�i�b �+�Q�K�T�Q�b�2�/ �Q�7 �m�M�F�M�Q�r�M �p���`�B���#�H�2�bS11�-S22�-� � � �-Sqq�X �h�?�2�b�2 �m�M�F�M�Q�r�M �p���`�B���#�H�2�b

���`�2 �i�`�2���i�2�/ ���b �?�v�T�2�`�@�T���`���K�2�i�2�`�b �Q�7 �i�?�2 �K�Q�/�2�H�X �A�M �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t�* �- B �B�b �� �b�v�K�@

�K�2�i�`�B�+ �K���i�`�B�t �Q�7 �i�?�2 �+�Q�p���`�B���M�+�2 �Q�7 �Q�m�i�T�m�i �`�2�b�T�Q�M�b�2�b ���M�/ �+���M �#�2 �7���+�i�Q�`�B�x�2�/ �m�b�B�M�; �*�?�Q�H�2�b�F�v

�/�2�+�Q�K�T�Q�b�B�i�B�Q�M �(�N�N�)�- ���b �b�?�Q�r�M �#�2�H�Q�r

B = �� T ; � =

2

6
6
6
6
6
6
6
4

� 11 0 � � � 0

� 21 � 22 � � � 0
�X�X�X

�X�X�X
�X�X�X

�X�X�X

� q1 � q1 � � � � q1

3

7
7
7
7
7
7
7
5

�U�k�X�k�8�V

�r�?�2�`�2� 11�-� 21�-� 22�-� � � � qq ���`�2 �i�?�2 �?�v�T�2�`�@�T���`���K�2�i�2�`�b �Q�7 �i�?�2 �+�Q�p���`�B���M�+�2 �Q�7 �Q�m�i�T�m�i �`�2�b�T�Q�M�b�2�b�X

�h�?�2� gh �`�2�b�T�`�2�b�2�M�i�b �i�?�2 �+�Q�`�`�H�2���i�B�Q�M�Q�7gth �`�2�b�T�Q�M�b�2 �Q�7yg ���M�/hth �`�2�b�T�Q�M�b�2 �Q�7yh �B�`�`�2�b�T�2�+�i�B�p�2

�Q�7 �i�?�2 �b�T���i�B���H �H�Q�+���i�B�Q�M�b �Q�7x i ���M�/x j �X �h�?�2�b�2 �m�M�F�M�Q�r�M �?�v�T�2�`�@�T���`���K�2�i�2�`�b �+���M �#�2 �7�Q�m�M�/ �#�v

�K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M �T�`�Q�+�2�b�b�X

�6�`�Q�K �1�[�b�X �U�k�X�k�R�V ���M�/ �U�k�X�k�9�V�- �m�b�B�M�; �:���m�b�b�B���M �B�/�2�M�i�B�i�B�2�b�- �i�?�2 �T�Q�b�i�2�`�B�Q�` �T�`�Q�#���#�B�H�B�i�v�- �r�?�B�+�? �B�b

�i�?�2 �+�Q�M�/�B�i�B�Q�M���H �T�`�Q�#���#�B�H�B�i�v �Q�7ŷ �;�B�p�2�M �Q�#�b�2�`�p�2�/ �/���i��y �+���M �#�2 �+���H�+�m�H���i�2�/ ���b �#�2�H�Q�r�-



�k�X�8�X �.���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H �j�j

�q�B�i�? �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�tC �- �+�Q�p���`�B���M�+�2 �#�2�i�r�2�2�M �Q�m�i�T�m�i �`�2�b�T�Q�M�b�2�bB �- �i�?�2 �2�b�i�B�K���i�B�Q�M �Q�7

�7�m�M�+�i�B�Q�M �p���H�m�2 ���i �i�`�B���H �H�Q�+���i�B�Q�M�b �+���M �#�2 �+���H�+�m�H���i�2�/ ���b �#�2�H�Q�r�-

ŷ =
h
B 
 Q̂

i T
C � 1y �U�k�X�k�e�V

� 2 = B 
 Q (x̂ ; x̂ ) + S �
h
B 
 Q̂

i T
C � 1

h
B 
 Q̂

i
�U�k�X�k�d�V

�r�?�2�`�2̂y �B�b �� �p�2�+�i�Q�` �Q�7 �i�?�2 �K�2���M �p���H�m�2�b ���i �� �i�`�B���H �H�Q�+���i�B�Q�M�b�-x̂ �- ���M�/̂x �- ���M�/� 2 �B�b �� �K���i�`�B�t �Q�7

�2�b�i�B�K���i�B�Q�M �m�M�+�2�`�i���B�M�i�v �7�Q�` �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`�2�b�T�Q�M�b�2�b�X �h�?�2 �K���i�`�B�t �Q�7� 2 �B�M�+�H�m�/�2�b �i�?�2 �p���`�B���M�+�2

�Q�7 �i�?�2 �T�`�2�/�B�+�i�B�Q�M ���i �i�?�2 �i�`�B���H �H�Q�+���i�B�Q�M ���M�/ �i�?�2 �+�Q�p���`�B���M�+�2 �Q�7 �i�?�2 �T�`�2�/�B�+�i�B�Q�M �#�2�i�r�2�2�M �/�B�7�7�2�`�2�M�i

�`�2�b�T�Q�M�b�2�b ���b �b�?�Q�r�M �B�M �1�[�X �U�k�X�R�d�V�X̂Q = [ Q(x 1; x̂ ); Q(x 2; x̂ ); � � � ; Q(x n ; x̂ )] �B�b �i�?�2 �+�Q�p���`�B���M�+�2

�p�2�+�i�Q�` �#�2�i�r�2�2�M �i�?�2 �i�2�b�i �/���i�� �T�Q�B�M�i�X �h�?�2 �p���`�B���M�+�2 �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �#�2�H�Q�r�-

� 2(ŷ ) =

2

6
6
6
6
6
6
6
4

V ar(ŷ1) Cov(ŷ1; ŷ2) � � � Cov(ŷ1; ŷq)

Cov(ŷ2; ŷ1) V ar(ŷ2) � � � Cov(ŷ2; ŷq)
�X�X�X

�X�X�X
�X�X�X

�X�X�X

Cov(ŷq; ŷ1) Cov(ŷq; ŷ2) � � � V ar(ŷq)

3

7
7
7
7
7
7
7
5

�U�k�X�k�3�V

�h�?�2 �m�b�2 �Q�7 �i�?�2 �K�m�H�i�B�@�`�2�b�T�Q�M�b�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b �`�2�;�`�2�b�b�B�Q�M �B�M �i�?�2 �T�`�2�p�B�Q�m�b �p�2�`�b�B�Q�M �B�b �H�B�K�B�i�2�/

�B�M �B�i�b �b�2�H�2�+�i�B�Q�M �Q�7 �B�M�T�m�i �+�Q�p���`�B���i�2�b�X �A�M �B�i�b �Q�`�B�;�B�M���H �7�Q�`�K�- �i�?�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7 �Q�#�b�2�`�p�2�/ �/���i�� �T�Q�B�M�i�b

�?���b �i�Q �#�2 �i�?�2 �b���K�2 �M�m�K�#�2�` ���M�/ ���i �i�?�2 �b���K�2 �H�Q�+���i�B�Q�M�b �7�Q�` ���H�H �i�?�2 �`�2�b�T�Q�M�b�2�b�X �>�Q�r�2�p�2�`�- �q���M�;

�2�i ���H�X �(�N�y�) �T�`�Q�T�Q�b�2�/ �� �K�Q�/�B�7�B�2�/ �+�Q�p���`�B���M�+�2 �7�m�M�+�i�B�Q�M �i�?���i �T�`�Q�p�B�/�2�b �K�Q�`�2 �7�H�2�t�B�#�B�H�B�i�v �B�M �B�M�T�m�i

�/���i�� �b�2�H�2�+�i�B�Q�M�- ���b �7�Q�H�H�Q�r�b�-



�j�9 �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

Qghij =

"

a0 + a1

pX

d=1

xgidxhjd + � 0�2�t�T

 

�
pX

d=1

� d (xgid � xhjd )2

!#

bgh + � ij � ghSgh �U�k�X�k�N�V

�r�?�2�`�2g; h = 1; :::; q; i = 1 : ; :::; ngandj = 1; :::; nh �X ���b �b�?�Q�r�M �B�M �1�[�X�U�k�X�k�N�V�- �i�?�2 �`���M�;�2 �Q�7

�Q�#�b�2�`�p�2�/ �/���i�� �T�Q�B�M�i�b �B�b �2�t�i�2�M�/�2�/ �i�Q �2�M�i�B�`�2 �/���i�� �b�2�i �7�`�Q�K ���H�H �i�?�2 �`�2�b�T�Q�M�b�2 �Q�7 �B�M�i�2�`�2�b�i �+�Q�K�T���`�2�/

�i�Q �1�[�X�U�k�X�k�k�V ���M�/ �U�k�X�k�j�V�X �h�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �Q�7y = [ y11; � � � ; y1n ; � � � ; yq1 � � � yqnq]T �i�m�`�M�b

�B�M�i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�;�-

C =

2

6
6
6
6
6
6
6
4

b11Q11 + S11I n1 b12Q12 � � � b1qQ1q

b21Q21 b22Q22 + S22I n2 � � � b2qQ2q

�X�X�X
�X�X�X

�X�X�X
�X�X�X

bq1Qq1 bq2Qq2 � � � bqqQqq + SqqI nq
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= B � Q + S � I

�U�k�X�j�y�V

�r�?�2�`�2� �B�b �#�H�Q�+�F �>���/���K���`�/ �T�`�Q�/�m�+�i�- ���M�/Q �B�b �T�Q�b�B�i�B�p�2 �/�2�7�B�M�B�i�2 �K���i�`�B�t�X �h�?�2 �b�B�x�2 �Q�7 �+�Q�p���`�B���M�+�2

�K���i�`�B�tC �#�2�+�Q�K�2�bq(n1 + n2; � � � ; nq)�X �h�?�2 �T�`�2�/�B�+�i�B�Q�M ���i �i�`�B���H �H�Q�+���i�B�Q�M�b�-x = [ x 1 � � � x q] �+���M

�#�2 �2�b�i�B�K���i�2�/ �#�v �K�2���M ���M�/ �+�Q�p���`�B���M�+�2 �Q�7 �K�m�H�i�B�p���`�B�i�2 �:���m�b�b�B���M ���b �7�Q�H�H�Q�r�b�-

y = k �
T C � 1y �U�k�X�j�R�V

� 2 = c(x̂ ; x̂ ) � k �
T C � 1k � �U�k�X�j�k�V

�r�?�2�`�2Q�� �B�b ��q� q �K���i�`�B�t ���M�/ �`�2�7�H�2�+�i�b �i�?�2 �+�Q�p���`�B���M�+�2 �#�2�i�r�2�2�M �i�?�2 �i�2�b�i �T�Q�B�M�i�b ���M�/ �i�?�2�K�b�2�H�p�2�b



�k�X�8�X �.���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H �j�8

���M�/Qgh
�� = Q(xg� ; xh� )�- ���M�/K � = B � Q� �X �h�?�2 �K���i�`�B�tQ� ���H�b�Q �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�Q�p���`�B���M�+�2�b

�#�2�i�r�2�2�M �i�?�2 �Q�#�b�2�`�p�2�/ �/���i�� �T�Q�B�M�i�b �B�Mgth �Q�m�i�T�m�i ���M�/ �i�?�2 �Q�#�b�2�`�p�2�/ �/���i�� �T�Q�B�M�i�b �B�Mhth �Q�m�i�T�m�i�X

�k�X�8�X�j �:���m�b�b�B���M �J�B�t�i�m�`�2 �J�Q�/�2�H

�h�?�2 �:���m�b�b�B���M �K�B�t�i�m�`�2 �K�Q�/�2�H�U�:�J�J�V �B�b �� �T���`���K�2�i�`�B�+ �T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M�(�R�y�y�)�X �A�i

�B�b �+�Q�K�T�Q�b�2�/ �Q�7 �� �r�2�B�;�?�i�2�/ �b�m�K �Q�7 �:���m�b�b�B���M �+�Q�K�T�Q�M�2�M�i �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M�b�X �h�?�2 �:�J�J �B�b

�+�Q�K�K�Q�M�H�v �m�b�2�/ �� �T���`���K�2�i�`�B�+ �K�Q�/�2�H �Q�7 �+�Q�M�i�B�M�m�Q�m�b �T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M�- ���M�/ �i�?�2

�:���m�b�b�B���M �K�B�t�i�m�`�2 �/�2�M�b�B�i�v �+���M �#�2 �/�2�7�B�M�2�/ ���b �7�Q�H�H�Q�r�B�M�;�-

p(x1; x2) =
KX

k=1

� kN (x1; x2 j � k ; Ck) �U�k�X�j�j�V

�1�[�m���i�B�Q�M�k�X�j�j�`�2�T�`�2�b�2�M�i�b �i�?�2 �D�Q�B�M�i �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M �Q�7 �� �:�J�J�- �r�?�2�`�2x1 ���M�/x2 ���`�2 �B�M�T�m�i

�+�Q�p���`�B���i�2�b �U�2�X�;�X�- �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �i���`�;�2�i �p�2�?�B�+�H�2�V�X �h�?�2 �:�J�J �B�b �/�2�7�B�M�2�/ ���b �� �b�m�K �Q�7 �E

�:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�b�- �r�?�2�`�2 �2���+�? �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �K�m�H�i�B�T�H�B�2�/ �#�v �� �r�2�B�;�?�i �T���`���K�2�i�2�`

� k �i�?���i �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M �Q�7 �i�?�2 �i�Q�i���H �/���i�� �T�Q�B�M�i�b �i�?���i �#�2�H�Q�M�; �i�Q �i�?���i �T���`�i�B�+�m�H���`

�:���m�b�b�B���M �+�Q�K�T�Q�M�2�M�i�X �J�B�t�B�M�; �+�Q�2�7�7�B�+�B�2�M�i �p���H�m�2�b ���`�2 �/�2�i�2�`�K�B�M�2�/ �#�2�i�r�2�2�M0 � � k � 1�- �r�?�2�`�2

�i�?�2 �i�Q�i���H �b�m�K �Q�7 �K�B�t�B�M�; �+�Q�2�7�7�B�+�B�2�M�i�b �#�2�+�Q�K�2�b �R�(�R�y�R�)�X �h�?�2 �K�B�t�B�M�; �+�Q�2�7�7�B�+�B�2�M�i�b �+���M �#�2 �2�b�i�B�K���i�2�/

�#�v �1�t�T�2�+�i���i�B�Q�M�@�J���t�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K �U�1�J�V�- �r�?�B�+�? �B�b �� �b�i���i�B�b�i�B�+���H ���H�;�Q�`�B�i�?�K �m�b�2�/ �i�Q �7�B�M�/

�i�?�2 �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2 �Q�7 �i�?�2 �T���`���K�2�i�2�`�b �Q�7 �� �T�`�Q�#���#�B�H�B�i�v �K�Q�/�2�H �i�?���i �B�M�p�Q�H�p�2�b

�H���i�2�M�i �p���`�B���#�H�2�b�X �h�?�2 ���H�;�Q�`�B�i�?�K �B�i�2�`���i�B�p�2�H�v �2�b�i�B�K���i�2�b �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �p���`�B���#�H�2�b

���M�/ �i�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �T�`�Q�#���#�B�H�B�i�v �K�Q�/�2�H�- �K���t�B�K�B�x�B�M�; �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/ �/���i���X

�:�B�p�2�M �� �b�2�i �Q�7 �Q�#�b�2�`�p�2�/ �/���i��X ���M�/ �� �b�2�i �Q�7 �T���`���K�2�i�2�`�b� �- �i�?�2 �;�Q���H �Q�7 �i�?�2 �1�J ���H�;�Q�`�B�i�?�K

�B�b �i�Q �7�B�M�/ �i�?�2 �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �T���`���K�2�i�2�`�b �i�?���i �K���t�B�K�B�x�2 �i�?�2 �H�B�F�2�H�B�?�Q�Q�/



�j�e �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

�7�m�M�+�i�B�Q�Mp(X j�) �X �h�?�2 ���H�;�Q�`�B�i�?�K �r�Q�`�F�b �#�v �B�i�2�`���i�B�p�2�H�v �+�Q�K�T�m�i�B�M�; �i�r�Q �b�i�2�T�b�, �1�t�T�2�+�i���i�B�Q�M ���M�/

�K���t�B�K�B�x���i�B�Q�M �b�i�2�T�b�X �1�t�T�2�+�i���i�B�Q�M �b�i�2�T �U�1�@�b�i�2�T�V �+�Q�K�T�m�i�2�b �i�?�2 �2�t�T�2�+�i�2�/ �p���H�m�2 �Q�7 �i�?�2 �+�Q�K�T�H�2�i�2

�/���i�� �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �7�m�M�+�i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �+�m�`�`�2�M�i �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �T���`���K�2�i�2�`�b� (t ) �-

Q(� ; � (k)) = EZ jX; � ( k ) [�H�Mp(X; Z j �)] �U�k�X�j�9�V

�r�?�2�`�2Z �B�b �i�?�2 �b�2�i �Q�7 �H���i�2�M�i �p���`�B���#�H�2�b�- ���M�/� (k) �B�b �i�?�2 �+�m�`�`�2�M�i �2�b�i�B�K���i�2 �Q�7 �i�?�2 �T���`���K�2�i�2�`�b �Q�7

� k �-� k �- ���M�/Ck �X

�J���t�B�K�B�x���i�B�Q�M �b�i�2�T �U�J�@�b�i�2�T�V �7�B�M�/�b �i�?�2 �T���`���K�2�i�2�`�b �i�?���i �K���t�B�K�B�x�2 �i�?�2 �7�m�M�+�i�B�Q�MQ(� ; � (k))

�+�Q�K�T�m�i�2�/ �B�M �i�?�2 �1�@�b�i�2�T�X

� (k+1) = ���`�; �K���t
�

Q(� ; � (k)) �U�k�X�j�8�V

�h�?�2 ���H�;�Q�`�B�i�?�K �B�i�2�`���i�2�b �#�2�i�r�2�2�M �i�?�2 �1�@�b�i�2�T ���M�/ �J�@�b�i�2�T �m�M�i�B�H �+�Q�M�p�2�`�;�2�M�+�2�- �r�?�2�`�2 �+�Q�M�p�2�`�;�2�M�+�2

�B�b �/�2�7�B�M�2�/ ���b �i�?�2 �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �7�m�M�+�i�B�Q�M �p���H�m�2�b �Q�7 �i�r�Q �+�Q�M�b�2�+�m�i�B�p�2

�B�i�2�`���i�B�Q�M�b �#�2�B�M�; �b�K���H�H�2�` �i�?���M �� �T�`�2�@�/�2�7�B�M�2�/ �i�?�`�2�b�?�Q�H�/�X �h�?�2 �/�2�i���B�H�b �Q�M �i�?�2 �1�J �T�`�Q�+�2�b�b �+���M �#�2

�7�Q�m�M�/ �B�M ���`�i�B�+�H�2 �#�v �.�2�K�b�i�2�`�- �2�i ���H�(�R�y�k�)�X

�h�?�2 �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�vN (x1; x2 j � k ; Ck)�- �r�?�2�`�2� k ���M�/Ck ���`�2 �i�?�2

�K�2���M ���M�/ �+�Q�p���`�B���M�+�2 �K���i�`�B�t�- �`�2�b�T�2�+�i�B�p�2�H�v�- �7�Q�` �i�?�2 �F�@�i�? �:���m�b�b�B���M �+�Q�K�T�Q�M�2�M�i�X

p(x f j xh) =
p(xh; xf )R

p(xh; xf )dxf
=

KX

k=1

~� kN (xh j x f ~� k ; ~� C k ) �U�k�X�j�e�V

�r�?�2�`�2xh ���M�/x f ���`�2 �i�?�2 ���T�T�`�Q�t�B�K���i�2�/ �?�B�b�i�Q�`�v ���M�/ �7�m�i�m�`�2 �i�`���D�2�+�i�Q�`�v �B�M �i�?�2 �+�m�`�`�2�M�i �b�i�m�/�v �Q�7

�i�?�2 �i���`�;�2�i �i�`���+�F�B�M�;�X �h�?�2 �T���`���K�2�i�2�`�b�-~� kx�- ~� k �- ���M�/~� Ck �`�2�T�`�2�b�2�M�i �K�B�t�i�m�`�2 �r�2�B�;�?�i�b�- �K�2���M�b�-

�+�Q�p���`�B���M�+�2 �K���i�`�B�t ���M�/ �+���M �#�2 �7�Q�m�M�/ ���b�-



�k�X�8�X �.���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H �j�d

~� k =
� kp(xh j � k;x h ; Ck;x h ;xh )

P K
j =1 � j p(xh j � j;x h ; C j;x h ;x h

� k = � k;x f + Ck;x f ;x h C � 1
k;x f ;x h

(xh � � k;x h )

~� C k = Ck;x f ;x f � Ck;x f ;x h C � 1
k;x h ;x h

Ck;x h ;x f

�U�k�X�j�d�V

�r�?�2�`�2�-� ���M�/C ���`�2 �+�Q�K�T�Q�b�2�/ �Q�7�-

� k =

2

6
4

� k;x h

� k;x f

3

7
5 ; Ck =

2

6
4

Ck;x h ;x h Ck;x h ;x f

Ck;x f ;x h Ck;x f ;x f

3

7
5 �U�k�X�j�3�V

�6�B�M���H�H�v�- �i�?�2 �K�2���M ���M�/ �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b �Q�7 �i�?�2 �K�B�t�i�m�`�2 �K�Q�/�2�H�X� ���M�/C �+���M �#�2 �7�Q�m�M�/�-

� =
KX

k=1

� k � k

C =
KX

k=1

� k
�
Ck + ( � k � � )( � k � � )T

�
�U�k�X�j�N�V

�h�?�2 �b�i���i�2 �2�b�i�B�K���i�B�Q�M�b�-x̂ + �- ���`�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v� �- ���M�/ �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�tC ���`�2 �m�b�2�/

�i�Q �+���H�+�m�H���i�2 ��95�W �+�Q�M�7�B�/�2�M�+�2 �B�M�i�2�`�p���H �Q�7 �2�b�i�B�K���i�B�Q�M �m�M�+�2�`�i���B�M�i�v �7�Q�` �i�?�2 �/���i���@�/�`�B�p�2�M �i���`�;�2�i

�i�`���+�F�B�M�; �K�2�i�?�Q�/�X

�k�X�8�X�9 �G�a�h�J�U�G�Q�M�; �a�?�Q�`�i �h�2�`�K �J�2�K�Q�`�v�V �2�M�+�Q�/�2�`�@�/�2�+�Q�/�2�`

�h�?�2 �G�a�h�J �2�M�+�Q�/�2�`�@�/�2�+�Q�/�2�` �B�b �� �i�v�T�2 �Q�7 �`�2�+�m�`�`�2�M�i �M�2�m�`���H �M�2�i�r�Q�`�F �/�2�b�B�;�M�2�/ �b�T�2�+�B�7�B�+���H�H�v �i�Q

�b�Q�H�p�2 �b�2�[�m�2�M�+�2�@�i�Q�@�b�2�[�m�2�M�+�2 �T�`�Q�#�H�2�K�b�X �a�2�[�m�2�M�+�2�@�i�Q�@�b�2�[�m�2�M�+�2 �T�`�2�/�B�+�i�B�Q�M �B�b �+�?���H�H�2�M�;�B�M�; ���b �i�?�2



�j�3 �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

�B�M�T�m�i ���M�/ �Q�m�i�T�m�i �b�2�[�m�2�M�+�2�b �+���M �p���`�v �B�M �H�2�M�;�i�?�- �r�?�B�H�2 �M�2�m�`���H �M�2�i�r�Q�`�F�b ���`�2 �/�2�b�B�;�M�2�/ �i�Q �?���M�/�H�2

�7�B�t�2�/�@�H�2�M�;�i�? �B�M�T�m�i�b�X �h�Q �`�2�b�Q�H�p�2 �i�?�B�b�- �K�m�H�i�B�T�H�2�@�H�2�M�;�i�? �B�M�T�m�i�b ���`�2 �+�Q�M�p�2�`�i�2�/ �B�M�i�Q �7�B�t�2�/�@�H�2�M�;�i�?

�p�2�+�i�Q�`�b �i�?�`�Q�m�;�? �2�M�+�Q�/�B�M�;�- �r�?�B�+�? ���`�2 �i�?�2�M �/�2�+�Q�/�2�/ ���M�/ �Q�m�i�T�m�i ���b �7�B�t�2�/�@�H�2�M�;�i�? �p�2�+�i�Q�`�b �i�?�`�Q�m�;�?

�/�2�+�Q�/�B�M�;�X �h�?�2 �G�a�h�J ���`�+�?�B�i�2�+�i�m�`�2 �B�b �b�m�B�i���#�H�2 �7�Q�` �T�`�2�/�B�+�i�B�M�; �M�Q�M�H�B�M�2���` �K�Q�i�B�Q�M �i�`���D�2�+�i�Q�`�B�2�b �B�M

�i���`�;�2�i �i�`���+�F�B�M�;�- �r�?�2�`�2 �i�?�2 �b�B�x�2 �Q�7 �B�M�T�m�i ���M�/ �Q�m�i�T�m�i �p�2�+�i�Q�`�b �/�B�7�7�2�`�X �A�i �i���F�2�b �B�M �i�?�2 �i�`���D�2�+�i�Q�`�v

�?�B�b�i�Q�`�v �Q�7 �M�2�B�;�?�#�Q�`�B�M�; �l���o�- ���b �B�M�T�m�i ���M�/ �2�b�i�B�K���i�2�b �i�?�2 �M�2�t�i �T�`�2�/�B�+�i�2�/ �T�Q�b�B�i�B�Q�M�b�X

LSTM (x �
k ) � (x̂ +

k )

x �
k � f x i ; y i g; i 2 f 1; � � � ; N tg

�U�k�X�9�y�V

�r�?�2�`�2 �i�?�2LSTM (�) �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�Q�b�B�i�B�Q�M �2�b�i�B�K���i�B�Q�M �7�m�M�+�i�B�Q�M �#���b�2�/ �Q�M �G�a�h�J�X �h�?�2 �G�a�h�J

�+�2�H�H�b �B�M �i�?�2 ���`�+�?�B�i�2�+�i�m�`�2 �+�Q�M�b�B�b�i �Q�7 �7�Q�m�` �+�Q�K�T�Q�M�2�M�i�b�, �i�?�2 �B�M�T�m�i �;���i�2�- �7�Q�`�;�2�i �;���i�2�- �K�2�K�Q�`�v �+�2�H�H�-

���M�/ �Q�m�i�T�m�i �;���i�2�X �h�?�2 �B�M�T�m�i �;���i�2 �/�2�i�2�`�K�B�M�2�b �r�?�B�+�? �T���`�i�b �Q�7 �i�?�2 �+�m�`�`�2�M�i �B�M�T�m�i �b�?�Q�m�H�/ �#�2 �b�i�Q�`�2�/

�B�M �i�?�2 �K�2�K�Q�`�v �+�2�H�H�- �r�?�B�H�2 �i�?�2 �7�Q�`�;�2�i �;���i�2 �/�2�i�2�`�K�B�M�2�b �r�?�B�+�? �T���`�i�b �Q�7 �i�?�2 �T�`�2�p�B�Q�m�b �b�i���i�2 �b�?�Q�m�H�/

�#�2 �/�B�b�+���`�/�2�/�X �h�?�2 �K�2�K�Q�`�v �+�2�H�H �B�b �� �i�v�T�2 �Q�7 �K�2�K�Q�`�v �i�?���i �+���M �b�2�H�2�+�i�B�p�2�H�v �`�2�K�2�K�#�2�` �Q�` �7�Q�`�;�2�i

�B�M�7�Q�`�K���i�B�Q�M �#���b�2�/ �Q�M �i�?�2 �B�M�T�m�i ���M�/ �T�`�2�p�B�Q�m�b �b�i���i�2�- ���M�/ �i�?�2 �Q�m�i�T�m�i �;���i�2 �/�2�i�2�`�K�B�M�2�b �r�?�B�+�?

�T���`�i�b �Q�7 �i�?�2 �K�2�K�Q�`�v �+�2�H�H �b�?�Q�m�H�/ �#�2 �m�b�2�/ �i�Q �;�2�M�2�`���i�2 �i�?�2 �Q�m�i�T�m�i�X

i t = � (Wi x �
k;t + Ui x̂

+
k;t � 1 + bi )

f t = � (Wf x �
k;t + Uf x̂ +

k;t � 1 + bf )

C t = f tC t � 1 + i t �i���M�?(WCx �
k;t + UC x̂ +

k;t � 1 + bC )

ot = � (Wox �
k;t + Uox̂

+
k;t � 1 + bo)

�U�k�X�9�R�V

�r�?�2�`�2i t �- f t �- ���M�/ot ���`�2 �i�?�2 �B�M�T�m�i �;���i�2�- �7�Q�`�;�2�i �;���i�2�- ���M�/ �Q�m�i�T�m�i �;���i�2 �Q�m�i�T�m�i�b ���i �i�B�K�2t�-

�`�2�b�T�2�+�i�B�p�2�H�v�cCt �B�b �i�?�2 �K�2�K�Q�`�v �+�2�H�H �b�i���i�2 ���i �i�B�K�2t�cx �
k �B�b �i�?�2 �B�M�T�m�i �p�2�+�i�Q�` ���i �i�B�K�2t�cx̂ +

t � 1

�B�b �i�?�2 �T�`�2�p�B�Q�m�b �G�a�h�J �Q�m�i�T�m�i�c� (�) �B�b �i�?�2 �b�B�;�K�Q�B�/ ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�c ���M�/ �i���M�?(�) �B�b �i�?�2



�k�X�e�X �o���H�B�/���i�B�Q�M �j�N

�?�v�T�2�`�#�Q�H�B�+ �i���M�;�2�M�i ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�XW ���M�/U ���`�2 �r�2�B�;�?�i �K���i�`�B�+�2�b�- ���M�/b �B�b �� �#�B���b �p�2�+�i�Q�`�X

�h�?�2�b�2 �+�Q�K�T�Q�M�2�M�i�b �r�Q�`�F �i�Q�;�2�i�?�2�` �i�Q �`�2�b�Q�H�p�2 �i�?�2 �T�`�Q�#�H�2�K �Q�7 �p���M�B�b�?�B�M�; �;�`���/�B�2�M�i�b �B�M �i�`���/�B�i�B�Q�M���H

�_�L�L�b ���M�/ �K���F�2 �G�a�h�J �M�2�i�r�Q�`�F�b �K�Q�`�2 �2�7�7�2�+�i�B�p�2 ���i �?���M�/�H�B�M�; �b�2�[�m�2�M�i�B���H �/���i���X �h�?�2x̂ +
t �B�b �i�?�2

�G�a�h�J �Q�m�i�T�m�i ���i �i�B�K�2t ���M�/ �+���M �#�2 �7�Q�m�M�/ ���b �B�M �1�[�X�k�X�9�k�X �h�?�2 �Q�T�2�`���i�Q�`�-� �- �B�b �>���/���K���`�/

�T�`�Q�/�m�+�i �Q�T�2�`���i�Q�`�X

x̂ +
t = �i���M�?(f t � C t � 1 + i t � �i���M�?(WCx �

k;t + U C x̂ +
k;t � 1 + bC )) �U�k�X�9�k�V

�k�X�e �o���H�B�/���i�B�Q�M

�k�X�e�X�R �E�@�7�Q�H�/ �*�`�Q�b�b�@�o���H�B�/���i�B�Q�M

�E�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �B�b �� �r�B�/�2�H�v �m�b�2�/ �p���H�B�/���i�B�Q�M �K�2�i�?�Q�/ �B�M �K���+�?�B�M�2 �H�2���`�M�B�M�; �7�Q�` �2�p���H�m���i�@

�B�M�; �K�2�i���@�K�Q�/�2�H�b�X �A�i �Q�7�7�2�`�b ���/�p���M�i���;�2�b �Q�p�2�` �Q�i�?�2�` �+�H���b�b�B�+ �p���H�B�/���i�B�Q�M �K�2�i�?�Q�/�b �#�v �K�B�M�B�K�B�x�B�M�;

�Q�p�2�`�7�B�i�i�B�M�;�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �?�Q�H�/�Q�m�i �K�2�i�?�Q�/ �b�T�H�B�i�b �/���i�� �B�M�i�Q �i�r�Q �;�`�Q�m�T�b�, �� �i�2�b�i �b�2�i ���M�/ ��

�i�`���B�M�B�M�; �b�2�i�- �r�B�i�? �i�?�2 �b�T�H�B�i �T�2�`�+�2�M�i���;�2 �/�2�i�2�`�K�B�M�2�/ �#���b�2�/ �Q�M �i�?�2 �p�Q�H�m�K�2 �Q�7 ���p���B�H���#�H�2 �i�`���B�M�B�M�;

�b���K�T�H�2�b�X �>�Q�r�2�p�2�`�- �`�2�H�v�B�M�; �Q�M �i�?�2 �i�2�b�i �b�2�i�- �r�?�B�+�? �B�b �Q�M�H�v �� �b�K���H�H �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �2�M�i�B�`�2 �/���i���b�2�i�-

�+���M �H�2���/ �i�Q �Q�p�2�`�7�B�i�i�B�M�; ���M�/ �+�Q�K�T�`�Q�K�B�b�2 �i�?�2 �i�`���B�M�2�/ �K�Q�/�2�H�ö�b �2�p���H�m���i�B�Q�M�X �h�Q �K�B�i�B�;���i�2 �i�?�2�b�2

�T�`�Q�#�H�2�K�b�- �F�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �+���M �#�2 �2�K�T�H�Q�v�2�/�X

�A�M �F�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M�- �i�?�2 �/���i���b�2�i �B�b �`���M�/�Q�K�H�v �b�T�H�B�i �B�M�i�Q �E �`�Q�m�;�?�H�v �2�[�m���H�@�b�B�x�2�/ �T���`�i�b �Q�`

�7�Q�H�/�b�-D 1 �i�?�`�Q�m�;�?D K �(�R�y�j�)�X �h�?�2 ���H�;�Q�`�B�i�?�K �i�?�2�M �/�2�7�B�M�2�b �i�r�Q �/�B�7�7�2�`�2�M�i �;�`�Q�m�T�b �Q�7 �7�Q�H�/�b�X �P�M�2

�7�Q�H�/ �B�b ���b�b�B�;�M�2�/ ���b �i�?�2 �i�2�b�i �b�2�i�- ���M�/ �i�?�2 �Q�i�?�2�`�b ���`�2 �m�b�2�/ �i�Q �i�`���B�M �i�?�2 �T�`�2�/�B�+�i�B�Q�M �K�Q�/�2�H�- ���b

�b�?�Q�r�M �B�M �6�B�;�m�`�2�k�X�j�X �P�M�+�2 �i�?�2 �K�Q�/�2�H �2�p���H�m���i�B�Q�M �B�b �+�Q�K�T�H�2�i�2�/ �r�B�i�? �i�?�2 �i�2�b�i �b�2�i�- �i�?�2 �F�@�7�Q�H�/

�+�`�Q�b�b�@�p���H�B�/���i�B�Q�M ���H�;�Q�`�B�i�?�K �+�?�Q�Q�b�2�b �� �M�2�r �7�Q�H�/ ���b �i�?�2 �i�2�b�i �b�2�i �i�?���i �?���b �M�Q�i �#�2�2�M �m�b�2�/ �#�2�7�Q�`�2�X �A�i

�b�2�[�m�2�M�i�B���H�H�v �2�p���H�m���i�2�b �i�?�2 �7�Q�H�/�b�- �Q�M�2 �#�v �Q�M�2�- ���b �i�?�2 �i�2�b�i �b�2�i �m�M�i�B�H �i�?�2 �2�M�i�B�`�2 �/���i���b�2�i �?���b �#�2�2�M



�9�y �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

�m�b�2�/ ���b �i�?�2 �i�2�b�i �b�2�i�X �h�?�B�b �T�`�Q�+�2�b�b �T�`�Q�p�B�/�2�b �� �K�Q�`�2 �`�Q�#�m�b�i �p���H�B�/���i�B�Q�M �T�`�Q�+�2�b�b �i�?���i �K�B�M�B�K�B�x�2�b

�i�?�2 �Q�p�2�`�7�B�i�i�B�M�; �2�7�7�2�+�i�b �Q�M �i�?�2 �`�2�b�m�H�i�b�X

�A�M �i�?�B�b �b�i�m�/�v�- �F�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �B�b �m�b�2�/ �i�Q �p���H�B�/���i�2 �i�?�2 �i�`���D�2�+�i�Q�`�v �i�`���+�F�B�M�; �K�Q�/�2�H�b �#���b�2�/

�Q�M �i�?�2�B�` �T�`�2�/�B�+�i�B�Q�M �2�`�`�Q�`�b�X �a�T�2�+�B�7�B�+���H�H�v�- �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �K�Q�/�2�H�b �B�b �2�p���H�m���i�2�/ �m�b�B�M�;

�F�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �#�v �/�B�p�B�/�B�M�; �i�?�2 �/���i���b�2�i �B�M�i�Q �E �2�[�m���H�H�v �b�B�x�2�/ �7�Q�H�/�b ���M�/ �b�2�[�m�2�M�i�B���H�H�v �b�2�@

�H�2�+�i�B�M�; �Q�M�2 �7�Q�H�/ ���b �i�?�2 �i�2�b�i �b�2�i �r�?�B�H�2 �i�?�2 �`�2�K���B�M�B�M�; �7�Q�H�/�b ���`�2 �m�b�2�/ �7�Q�` �i�`���B�M�B�M�;�X �h�?�2 �T�`�2�/�B�+�i�B�Q�M

�2�`�`�Q�`�b ���`�2 �i�?�2�M �+���H�+�m�H���i�2�/ ���M�/ �m�b�2�/ �i�Q ���b�b�2�b�b �i�?�2 �K�Q�/�2�H�ö�b �Q�p�2�`���H�H �T�2�`�7�Q�`�K���M�+�2�X

CVN;K =
KX

� =1

D �

N

D �X

i =1

(yi � ŷi )2 �U�k�X�9�j�V

�r�?�2�`�2N �B�b �i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b�- ���M�/m� �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b �B�M �i�?�2� th �7�Q�H�/�X

yi ���M�/̂yi ���`�2 �i�?�2 ���+�i�m���H ���M�/ �T�`�2�/�B�+�i�B�Q�M �p���H�m�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�6�B�;�m�`�2 �k�X�j�, �a�+�?�2�K���i�B�+ �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �F�@�7�Q�H�/ �+�`�Q�b�b �p���H�B�/���i�B�Q�M



�k�X�e�X �o���H�B�/���i�B�Q�M �9�R

�k�X�e�X�k �o���H�B�/���i�B�Q�M �Q�7 �/���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H

�h�Q �2�M�b�m�`�2 �Q�T�i�B�K���H �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �i�`���D�2�+�i�Q�`�v �i�`���+�F�B�M�; �K�Q�/�2�H�- �� �+�Q�M�p�2�`�;�2�M�+�2 �b�i�m�/�v �r���b

�+�Q�M�/�m�+�i�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �B�/�2���H �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b ���M�/ �+�H�m�b�i�2�`�b�X �6�B�;�m�`�2�k�X�9�b�?�Q�r�b ���M

�2�t���K�T�H�2 �Q�7 �i�?�2 �2�7�7�2�+�i�b �Q�7 �p���`�v�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �i�`���B�M�B�M�; �b���K�T�H�2�b ���M�/ �+�H�m�b�i�2�`�b �Q�M �i�?�2 �`�Q�Q�i

�K�2���M �b�[�m���`�2�/ �2�`�`�Q�` �U�_�J�a�1�V �p���H�m�2�X �h�?�2 �i�`���B�M�B�M�; �b���K�T�H�2�b �r�2�`�2 �p���`�B�2�/ �7�`�Q�K �8�y �i�Q �k�y�y�y�-

�r�?�B�H�2 �i�?�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �r���b �p���`�B�2�/ �7�`�Q�K �k �i�Q �N�X �h�?�2 �T�H�Q�i �b�?�Q�r�b �i�?���i �i�?�2 �_�J�a�1 �p���H�m�2�b

�/�2�+�`�2���b�2 �T�`�Q�T�Q�`�i�B�Q�M���H�H�v �r�B�i�? �i�?�2 �M�m�K�#�2�` �Q�7 �i�`���B�M�B�M�; �b���K�T�H�2�b�- ���M�/ �i�?���i �i�?�2�`�2 �B�b �M�Q �b�B�;�M�B�7�B�+���M�i

�B�K�T�`�Q�p�2�K�2�M�i �B�M �T�2�`�7�Q�`�K���M�+�2 �Q�M�+�2 �i�?�2 �M�m�K�#�2�` �Q�7 �i�`���B�M�B�M�; �b���K�T�H�2�b �2�t�+�2�2�/�b �k�y�y�y�X
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�Q�#�i���B�M�2�/ �7�`�Q�K �:�J�J�X �"�Q�i�? �/���i���@�/�`�B�p�2�M �K�2�i�?�Q�/�b �T�`�Q�p�B�/�2�/ ���+�+�m�`���i�2 �b�i���i�2 �2�b�i�B�K���i�2�b �B�M �`�2�H���i�B�Q�M



�k�X�e�X �o���H�B�/���i�B�Q�M �9�N

�i�Q �i�?�2 �Q�#�b�2�`�p�2�/ �p���`�B���#�H�2�b�- �r�?�B�+�? ���`�2 �/�2�T�B�+�i�2�/ �B�M �`�2�/ �b�Q�H�B�/ �H�B�M�2�b �r�B�i�? �+�B�`�+�H�2�b�X

�6�B�;�X�k�X�R�j�T�`�2�b�2�M�i�b �� �b�i���i�B�b�i�B�+���H ���M���H�v�b�B�b �Q�7 �i�?�2 �b�i���i�2 �2�b�i�B�K���i�2�b �Q�p�2�` �8�y�y�y �i�2�b�i �/���i���b�2�i�b �7�`�Q�K

�2���+�? �/���i���@�/�`�B�p�2�M �K�Q�/�2�H�X �h�?�2 �`�2�b�m�H�i�b �b�?�Q�r �i�?���i �i�?�2 �G�a�h�J�@�#���b�2�/ �K�Q�/�2�H �b�H�B�;�?�i�H�v �Q�m�i�T�2�`�7�Q�`�K�2�/

�i�?�2 �:�J�J�@�#���b�2�/ �K�Q�/�2�H �#�2�+���m�b�2 �i�?�2 �G�a�h�J �B�b �/�2�b�B�;�M�2�/ �i�Q �b�Q�H�p�2 �b�2�[�m�2�M�+�2�@�i�Q�@�b�2�[�m�2�M�+�2 �T�`�Q�#�@

�H�2�K�b�- �K���F�B�M�; �B�i �K�Q�`�2 �2�7�7�2�+�i�B�p�2 �B�M �2�t�i�`���T�Q�H���i�B�Q�M �i���b�F�b�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �i�?�2 �:�J�J �B�b �#�2�i�i�2�`

�b�m�B�i�2�/ �7�Q�` �b�T�2�+�B���H �B�M�i�2�`�T�Q�H���i�B�Q�M �T�`�Q�#�H�2�K�b�X

���H�#�2�B�i �i�?�2 �b�m�T�2�`�B�Q�` �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �G�a�h�J�@�#���b�2�/ �K�Q�/�2�H�- �i�?�2 �:�J�J�@�#���b�2�/ �K�Q�/�2�H �B�b �B�M�@

�i�2�;�`���i�2�/ �B�M�i�Q �i�?�2 �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K �B�M �i�?�B�b �b�i�m�/�v �#�2�+���m�b�2 �i�?�2 �2�b�i�B�K���i�B�Q�M

�m�M�+�2�`�i���B�M�i�v �#�Q�m�M�/�b �Q�#�i���B�M�2�/ �7�`�Q�K �:�J�J �+���M �#�2 �m�i�B�H�B�x�2�/ ���b �+�Q�M�b�i�`���B�M�i�b �7�Q�` �+�Q�H�H�B�b�B�Q�M ���p�Q�B�/�@

���M�+�2 �B�M �i�?�2 �T���i�? �T�H���M�M�B�M�; �T�`�Q�+�2�b�b�X



�8�y �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

�6�B�;�m�`�2 �k�X�R�y�, �h�`���D�2�+�i�Q�`�v �T�`�2�/�B�+�i�B�Q�M �#�v �i�?�2 �:���m�b�b�B���M �K�B�t�i�m�`�2 �K�Q�/�2�H ���M�/ �i�?�2 �2�t�i�2�M�/�2�/ �E���H�K���M
�7�B�H�i�2�`



�k�X�e�X �o���H�B�/���i�B�Q�M �8�R

�6�B�;�m�`�2 �k�X�R�R�, �*�Q�K�T���`�B�b�Q�M �_�J�a�1 �Q�7 �b�i���i�B�b�i�B�+���H �K�Q�/�2�H�@�#���b�2�/ �U�:�J�J�V �/���i���@�/�`�B�p�2�M ���M�/ �/�v�M���K�B�+
�K�Q�i�B�Q�M�@�#���b�2�/ �U�1�E�6�V �i���`�;�2�i �i�`���+�F�B�M�; �K�2�i�?�Q�/�b

�6�B�;�m�`�2 �k�X�R�k�, �h�`���D�2�+�i�Q�`�v �T�`�2�/�B�+�i�B�Q�M �#�v �i�?�2 �:���m�b�b�B���M �K�B�t�i�m�`�2 �K�Q�/�2�H ���M�/ �i�?�2 �B�M�i�2�`���+�i�B�M�; �K�m�H�@
�i�B�T�H�2 �K�Q�/�2�H �B�M �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2



�8�k �*�?���T�i�2�` �k�X �h���`�;�2�i �h�`���D�2�+�i�Q�`�v �h�`���+�F�B�M�;

�6�B�;�m�`�2 �k�X�R�j�, �*�Q�K�T���`�B�b�Q�M �_�J�a�1 �Q�7 �b�i���i�B�b�i�B�+���H �K�Q�/�2�H�@�#���b�2�/ �U�:�J�J�V ���M�/ ���A �K�Q�/�2�H�@�#���b�2�/
�U�G�a�h�J�V �/���i�� �/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�2�i�?�Q�/�b



�k�X�e�X �o���H�B�/���i�B�Q�M �8�j

�6�B�;�m�`�2 �k�X�R�9�, �6�B�;�m�`�2�, �h�`���D�2�+�i�Q�`�v �S�`�2�/�B�+�i�B�Q�M �m�b�B�M�; �i�?�2 �:���m�b�b�B���M �J�B�t�i�m�`�2 �J�Q�/�2�H �U�:�J�J�V ���M�/
�G�Q�M�; �a�?�Q�`�i�@�h�2�`�K �J�2�K�Q�`�v �U�G�a�h�J�V �B�M �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2



�*�?���T�i�2�` �j

�h�`���/�B�i�B�Q�M���H �T���i�? �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�b

�j�X�R ���`�i�B�7�B�+�B���H �S�Q�i�2�M�i�B���H �6�B�2�H�/ �J�2�i�?�Q�/

�h�?�2 ���`�i�B�7�B�+�B���H �T�Q�i�2�M�i�B���H �7�B�2�H�/ �K�2�i�?�Q�/ �B�b �Q�M�2 �Q�7 �T���i�? �T�H���M�M�B�M�; �i�2�+�?�M�B�[�m�2�b �m�b�2�/ �i�Q �7�B�M�/ ���M

�Q�T�i�B�K���H �7�H�B�;�?�i �i�`���D�2�+�i�Q�`�v �7�Q�` �l���o �#�v �+�`�2���i�B�M�; �� �T�Q�i�2�M�i�B���H �7�B�2�H�/ �+�Q�K�T�Q�b�2�/ �Q�7 �i�r�Q �i�v�T�2�b �Q�7

���`�i�B�7�B�+�B���H �b�Q�m�`�+�2�b�, ���i�i�`���+�i�B�p�2 �T�Q�i�2�M�i�B���H ���M�/ �`�2�T�m�H�b�B�p�2 �T�Q�i�2�M�i�B���H�X �h�?�2 ���i�i�`���+�i�B�p�2 �T�Q�i�2�M�i�B���H �B�b

�/�2�7�B�M�2�/ ���i �i�?�2 �;�Q���H �T�Q�B�M�i�- �r�?�B�H�2 �i�?�2 �`�2�T�m�H�b�B�p�2 �T�Q�i�2�M�i�B���H �B�b �/�2�7�B�M�2�/ ���i �Q�#�b�i���+�H�2 �H�Q�+���i�B�Q�M�b�X

�"�v �+�Q�K�T�m�i�B�M�; �i�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2 �T�Q�i�2�M�i�B���H �7�B�2�H�/�-~F = r U�- �� �`�2�b�m�H�i���M�i �7�Q�`�+�2 �7�B�2�H�/ �B�b �;�2�M�2�`���i�2�/

�i�?���i �;�m�B�/�2�b �i�?�2 �l���o �i�Q �i�?�2 �;�Q���H �Q�p�2�` �i�?�2 �p�2�+�i�Q�` �7�B�2�H�/�X �h�?�2 �`�2�T�m�H�b�B�p�2 �7�Q�`�+�2 �;�2�M�2�`���i�2�/ �#�v

�Q�#�b�i���+�H�2�b �2�M�b�m�`�2�b �i�?���i �i�?�2 �l���o �K�Q�p�2�b ���r���v ���M�/ ���p�Q�B�/�b �+�Q�H�H�B�b�B�Q�M �/�m�`�B�M�; �7�H�B�;�?�i�- �r�?�B�H�2 �i�?�2

���i�i�`���+�i�B�p�2 �T�Q�i�2�M�i�B���H �7�`�Q�K �i�?�2 �;�Q���H �B�b �;�H�Q�#���H �B�M �M���i�m�`�2�- �/�B�`�2�+�i�B�M�; �i�?�2 �l���o �i�Q�r���`�/�b �i�?�2 �;�Q���H

�7�`�Q�K ���M�v �H�Q�+���i�B�Q�M�X

�h�Q ���+�?�B�2�p�2 �i�?�B�b�- �i�?�2 ���i�i�`���+�i�B�p�2 �T�Q�i�2�M�i�B���H �b�?�Q�m�H�/ �?���p�2 �� �;�H�Q�#���H �K���i�?�2�K���i�B�+���H �/�2�7�B�M�B�i�B�Q�M�-

�r�?�2�`�2���b �i�?�2 �`�2�T�m�H�b�B�p�2 �T�Q�i�2�M�i�B���H �b�?�Q�m�H�/ ���+�i �H�Q�+���H�H�v�- ���b �Q�#�b�i���+�H�2�b ���`�2 �Q�M�H�v �Q�7 �+�Q�M�+�2�`�M �r�?�2�M

�i�?�2 �l���o �B�b �+�H�Q�b�2 �i�Q �i�?�2�K�X �h�?�2 �i�r�Q �7�Q�`�+�2�b ���`�2 �;�B�p�2�M �#�v �2�[�m���i�B�Q�M�b�j�X�R���M�/�j�X�k�`�2�b�T�2�+�i�B�p�2�H�v�-

�r�B�i�? �b�+���H�B�M�; �7���+�i�Q�`�bka ���M�/kr �7�Q�` �i�?�2 ���i�i�`���+�i�B�p�2 ���M�/ �`�2�T�m�H�b�B�p�2 �7�Q�`�+�2�b�- ���M�/ �T�Q�b�B�i�B�Q�M �p�2�+�i�Q�`�b~x�-

~xg�- ���M�/~xo �7�Q�` �i�?�2 ���;�2�M�i �l���o�- �;�Q���H�- ���M�/ �Q�#�b�i���+�H�2�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�A�M �2�[�m���i�B�Q�M�j�X�k�-dobs �B�b �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �Q�#�b�i���+�H�2 �T�Q�b�B�i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 ���;�2�M�i �l���o�-

���M�/do �B�b �i�?�2 �i�?�`�2�b�?�Q�H�/ �/�B�b�i���M�+�2�X �h�?�B�b �7�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �`�2�T�m�H�b�B�p�2 �7�Q�`�+�2 �2�M�b�m�`�2�b �i�?���i �B�i �Q�M�H�v

�8�9



�j�X�k�X ��� �a�2���`�+�? ���H�;�Q�`�B�i�?�K �8�8

���+�i�b �r�?�2�M �i�?�2 �l���o �B�b �r�B�i�?�B�M �� �+�2�`�i���B�M �i�?�`�2�b�?�Q�H�/ �/�B�b�i���M�+�2 �7�`�Q�K �i�?�2 �Q�#�b�i���+�H�2�X

~Watt (~x) = � ka
�
~x � ~xg

�
�U�j�X�R�V

~Wrep(~x) =

8
>>><

>>>:

kr exp

"

�
�

dobs
d0

� 2
# �

~x� ~xo

�

dobs
; dobs < d 0

0; else

�U�j�X�k�V

�h�?�2 �i�Q�i���H �7�Q�`�+�2 �Q�M �i�?�2 ���;�2�M�i �l���o ���i ���M�v �H�Q�+���i�B�Q�M �U~X �V �+���M �i�?�2�M �#�2 �+���H�+�m�H���i�2�/ �#�v �b�m�K�K�B�M�;

���H�H �i�?�2 �7�Q�`�+�2�b �U~W = ~Watt +
P ~Wrep �V�X �"�v �m�b�B�M�; �� �b�m�B�i���#�H�2 �i�B�K�2 �b�i�2�T�- �i�?�2 �7�Q�`�+�2 �+���M �i�?�2�M �#�2

�B�M�i�2�;�`���i�2�/ ���M�/ �� �+�Q�H�H�B�b�B�Q�M �7�`�2�2 �i�`���D�2�+�i�Q�`�v �+���M �i�?�m�b �#�2 �;�2�M�2�`���i�2�/�X

�j�X�k ��� �a�2���`�+�? ���H�;�Q�`�B�i�?�K

�h�?�2A � ���H�;�Q�`�B�i�?�K �B�b �� �+�Q�K�K�Q�M�H�v �m�b�2�/ �?�2�m�`�B�b�i�B�+ �b�2���`�+�? ���H�;�Q�`�B�i�?�K �7�Q�` �`�Q�#�Q�i �T���i�? �T�H���M�M�2�`�b�X �A�i

�`�2�H�B�2�b �Q�M �� �?�2�m�`�B�b�i�B�+ �7�m�M�+�i�B�Q�Mg(x; y) ���M�/ ���M �2�p���H�m���i�B�Q�M �7�m�M�+�i�B�Q�Mh(x; y) �i�Q �+���H�+�m�H���i�2 �i�?�2 ���+�i�m���H

�+�Q�b�i ���M�/ �2�b�i�B�K���i�2�/ �+�Q�b�i�- �`�2�b�T�2�+�i�B�p�2�H�v�- �#���b�2�/ �Q�M �i�?�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �M�Q�/�2�b �(�R�y�9�)�X

�h�?�2 �H�2�M�;�i�? �+�Q�b�i�- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2 �b�i���i�2 �p���H�m�2�b ���i �2���+�? �M�Q�/�2 �B�M �i�?�2 �/�Q�K���B�M �Q�7 �B�M�i�2�`�2�b�i�- �B�b

�i�?�2 �b�m�K �Q�7 �i�?�2�b�2 ���+�i�m���H ���M�/ �2�p���H�m���i�B�Q�M �+�Q�b�i�b�X

�h�?�2A � ���H�;�Q�`�B�i�?�K �B�i�2�`���i�B�p�2�H�v �+���H�+�m�H���i�2�b �i�?�2 �H�2�M�;�i�? �+�Q�b�i ���M�/ �7�B�M�/�b ���M �Q�T�i�B�K���H �T���i�? �#�v �K�B�M�B�@

�K�B�x�B�M�; �i�?�2 �H�2�M�;�i�? �+�Q�b�i �i�Q �i�?�2 �;�Q���H�X �h�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�Mfc (x; y) �B�b �m�b�2�/ �i�Q �+���H�+�m�H���i�2 �i�?�2 �H�2�M�;�i�?

�+�Q�b�i ���M�/ �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �i�?�2 �b�m�K �Q�7 �i�?�2 �?�2�m�`�B�b�i�B�+ �7�m�M�+�i�B�Q�M ���M�/ �i�?�2 �2�p���H�m���i�B�Q�M �7�m�M�+�i�B�Q�M�-

���b �b�?�Q�r�M �#�2�H�Q�r �(�R�y�8�)�,

fc (x; y) = gc(x; y) + hc(x; y) �U�j�X�j�V



�8�e �*�?���T�i�2�` �j�X �h�`���/�B�i�B�Q�M���H �T���i�? �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�b

gc(x; y) =
n� 1X

n=1

p
(xn+1 � xn )2 + ( yn+1 � yn )2 �U�j�X�9�V

hc(x; y) =
m� 1X

m=1

p
(xm+1 � xm )2 + ( ym+1 � ym )2 �U�j�X�8�V

�h�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �M�Q�/�2�b �B�M �i�?�2x�@ ���M�/y�@�/�B�`�2�+�i�B�Q�M�b ���`�2 �/�2�M�Q�i�2�/ �#�vx ���M�/y�- �`�2�b�T�2�+�i�B�p�2�H�v�-

���M�/ �i�?�2 ���+�i�m���H �+�Q�b�i �B�b �i�?�2 �/�B�b�i���M�+�2 �i�?���i �i�?�2 �l���o �?���b �i�`���p�2�H�2�/ �7�`�Q�K �i�?�2 �b�i���`�i�B�M�; �M�Q�/�2 �i�Q �i�?�2

�+�m�`�`�2�M�i �M�Q�/�2�- ���b �+�Q�K�T�m�i�2�/ �#�v �i�?�2 �?�2�m�`�B�b�i�B�+ �7�m�M�+�i�B�Q�Mg(x; y) �B�M �1�[�X�j�X�9�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2

�j�X�R�X �h�?�2 �2�p���H�m���i�B�Q�M �7�m�M�+�i�B�Q�M �B�M �1�[�X�j�X�j�+���H�+�m�H���i�2�b �i�?�2 �2�p���H�m���i�B�Q�M �+�Q�b�i �#���b�2�/ �Q�M �i�?�2 �/�B�b�i���M�+�2

�#�2�i�r�2�2�M �i�?�2 �+�m�`�`�2�M�i �M�Q�/�2 ���M�/ �Q�M�2 �Q�7 �B�i�b �M�2�B�;�?�#�Q�`�B�M�; �M�Q�/�2�b�- ���b �r�2�H�H ���b �i�?�2 �/�B�b�i���M�+�2 �7�`�Q�K �i�?�2

�M�2�B�;�?�#�Q�`�B�M�; �M�Q�/�2 �i�Q �i�?�2 �;�Q���H�X

�P�M�+�2 �i�?�2 ���H�;�Q�`�B�i�?�K �+���H�+�m�H���i�2�b �i�?�2 �H�2�M�;�i�? �+�Q�b�i �7�Q�` �i�?�2 �M�2�B�;�?�#�Q�`�B�M�; �M�Q�/�2�b�- �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7

�i�?�2 �M�Q�/�2�b ���M�/ �i�?�2�B�` �+�Q�`�`�2�b�T�Q�M�/�B�M�; �H�2�M�;�i�? �+�Q�b�i ���`�2 �B�M�B�i�B���H�H�v �b�i�Q�`�2�/ �B�M �i�?�2�P�S�1�L���`�`���v�X �h�?�2

���H�;�Q�`�B�i�?�K �b�2�H�2�+�i�b �i�?�2 �M�Q�/�2 �r�B�i�? �i�?�2 �H�Q�r�2�b�i �H�2�M�;�i�? �+�Q�b�i �B�M �i�?�2�P�S�1�L���`�`���v ���b �i�?�2 �M�2�t�i �K�Q�p�2

�7�Q�` �i�?�2 �Q�T�i�B�K���H �T���i�?�X �h�?�2 �H�2�M�;�i�? �+�Q�b�i ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �M�Q�/�2 �B�M�7�Q�`�K���i�B�Q�M �B�M �i�?�2�P�S�1�L

���`�`���v ���`�2 �m�T�/���i�2�/ ���b �i�?�2 ���H�;�Q�`�B�i�?�K �#�m�B�H�/�b �m�T �i�?�2 �T���i�? �r�B�i�? �i�?�2 �K�B�M�B�K�m�K �H�2�M�;�i�? �+�Q�b�i�X �h�?�2

���H�;�Q�`�B�i�?�K �`�2�T�2���i�2�/�H�v �+���H�+�m�H���i�2�b �i�?�2 �H�2�M�;�i�? �+�Q�b�i �m�M�i�B�H �B�i �7�B�M�/�b �i�?�2 �Q�T�i�B�K���H �T���i�? �B�M �i�2�`�K�b �Q�7

�i�?�2 �K�B�M�B�K�m�K �H�2�M�;�i�? �+�Q�b�i�X �h�?�2 �T�b�2�m�/�Q �+�Q�/�2 �Q�7 �i�?�2A � ���H�;�Q�`�B�i�?�K �B�b �;�B�p�2�M �B�M �6�B�;�m�`�2�j�X�k

�j�X�j �.� �a�2���`�+�? ���H�;�Q�`�B�i�?�K

�h�?�B�b �b�i�m�/�v ���H�b�Q �2�K�T�H�Q�v�b �i�?�2D � ���H�;�Q�`�B�i�?�K ���b ���M�Q�i�?�2�` �;�`�B�/�@�#���b�2�/ �T���i�?�7�B�M�/�B�M�; �K�2�i�?�Q�/�X �G�B�F�2

�i�?�2A � ���H�;�Q�`�B�i�?�K�- �i�?�2D � ���H�;�Q�`�B�i�?�K �B�b �� �b�2���`�+�? ���H�;�Q�`�B�i�?�K �m�b�2�/ �i�Q �7�B�M�/ �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?

�#�2�i�r�2�2�M �i�r�Q �T�Q�B�M�i�b �B�M �� �;�`���T�? �Q�` �;�`�B�/�@�#���b�2�/ �K���T�X �A�i �B�b ���M �B�M�+�`�2�K�2�M�i���H �b�2���`�+�? ���H�;�Q�`�B�i�?�K �i�?���i



�j�X�j�X �.� �a�2���`�+�? ���H�;�Q�`�B�i�?�K �8�d

�6�B�;�m�`�2 �j�X�R�, �a�+�?�2�K���i�B�+ �7�Q�` �;�`�B�/ �/�B�b�i�`�B�#�m�i�B�Q�M ���M�/ �?�2�m�`�B�b�i�B�+ �7�m�M�+�i�B�Q�M ���M�/ �2�p���H�m���i�B�Q�M �7�m�M�+�i�B�Q�M

�r�Q�`�F�b �#�v �2�t�T�H�Q�`�B�M�; �i�?�2 �;�`���T�? �7�`�Q�K �i�?�2 �;�Q���H �M�Q�/�2 �i�Q �i�?�2 �b�i���`�i �M�Q�/�2�- �`���i�?�2�` �i�?���M �7�`�Q�K �i�?�2

�b�i���`�i �M�Q�/�2 �i�Q �i�?�2 �;�Q���H �M�Q�/�2 ���b �B�M �i�`���/�B�i�B�Q�M���H �b�2���`�+�? ���H�;�Q�`�B�i�?�K�b�X

�A�M�b�i�2���/ �Q�7 �#�m�B�H�/�B�M�; �i�?�2 �Q�T�i�B�K���H �T���i�? �i�Q �i�?�2 �;�Q���H �B�i�2�`���i�B�p�2�H�v�- �i�?�2D � ���H�;�Q�`�B�i�?�K �2�t�2�+�m�i�2�b �H�2�M�;�i�?

�+�Q�b�i �+�Q�K�T�m�i���i�B�Q�M�b �i�?���i �b�r�2�2�T ���+�`�Q�b�b ���H�H �M�Q�/�2�b �#�2�i�r�2�2�M �i�?�2 �b�i���`�i�B�M�; �T�Q�B�M�i ���M�/ �i�?�2 �;�Q���H�X �h�?�2

�i�Q�i���H �H�2�M�;�i�? �+�Q�b�i �B�b �i�?�2 �+�m�K�m�H���i�B�p�2 ���`�+ �+�Q�b�i �7�`�Q�K �i�?�2 �;�Q���H �i�Q �i�?�2 �+�m�`�`�2�M�i �H�Q�+���i�B�Q�M�- ���b �b�?�Q�r�M

�B�M �1�[�X�j�X�e�X

f (x; y) =
n� 1X

n=1

cost(x n+1 ; x n ) �U�j�X�e�V

cost(�tn+1 ; �tn ) =
p

(xn+1 � xn )2 + ( yn+1 � yn )2

�tn+1 = f xn+1 ; yn+1 g; �tn = f xn ; yng
�U�j�X�d�V



�8�3 �*�?���T�i�2�` �j�X �h�`���/�B�i�B�Q�M���H �T���i�? �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�b

�6�B�;�m�`�2 �j�X�k�, �S�b�2�m�/�Q �b�T���+�2 ���H�;�Q�`�B�i�?�K �7�Q�`A � ���H�;�Q�`�B�i�?�K

�r�?�2�`�2cost(x n+1 ; x n ) �B�b ���`�+ �+�Q�b�i �7�m�M�+�i�B�Q�M �#�2�i�r�2�2�M �i�r�Q �M�Q�/�2�bx n+1 ���M�/x n �X �h�?�2 �H�2�M�;�i�?

�+�Q�b�i �B�b �b�i�Q�`�2�/ ���M�/ �m�T�/���i�2�/ ���i �2���+�? �M�Q�/�2 �i�?�`�Q�m�;�?�S�_�P�*�1�a�a�@�a�h���h�1���M�/�J�P�.�A�6�u�@�*�P�a�h

�7�m�M�+�i�B�Q�M�b�(�R�y�e�)�X �A�M�S�_�P�*�1�a�a�@�a�h���h�1�7�m�M�+�i�B�Q�M�- �B�i �`�2�T�2���i�2�/�H�v �+���H�+�m�H���i�2�b �i�?�2 �H�2�M�;�i�? �+�Q�b�i �#�v

�i�?�2 �+�Q�b�i �7�m�M�+�i�B�Q�M �1�[�X�j�X�e�7�Q�` �i�?�2 �M�2�B�;�?�#�Q�`�B�M�; �M�Q�/�2�b ���M�/ �B�M�B�i�B���H�H�v �b�i�Q�`�2�b �i�?�2�K �B�M�P�S�1�L���b



�j�X�j�X �.� �a�2���`�+�? ���H�;�Q�`�B�i�?�K �8�N

�b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�j�h�?�2 �H�2�M�;�i�? �+�Q�b�i�b �Q�7 �i�?�2 �M�Q�/�2�b �B�M �i�?�2�P�S�1�L���`�`���v �+���M �#�2 ���7�7�2�+�i�2�/ ���M�/

�+�?���M�;�2�/ �#�v �M�2�B�;�?�#�Q�`�B�M�; �M�Q�/�2�b �7�Q�` �i�?�2�B�` �H�2�M�;�i�? �+�Q�b�i �+���H�+�m�H���i�B�Q�M�b�X �A�7 �i�?�2 �M�Q�/�2�b �B�M �i�?�2�P�S�1�L

���`�`���v �?���p�2 �#�2�2�M �`�2�T�2���i�2�/�H�v �+���H�+�m�H���i�2�/ ���M�/ ���`�2 �M�Q �H�Q�M�;�2�` �i�Q �#�2 �K�Q�/�B�7�B�2�/ �#�v �i�?�2 �M�2�B�;�?�#�Q�`�B�M�;

�M�Q�/�2�b�- �i�?�2�M �i�?�2�v ���`�2 �`�2�K�Q�p�2�/ �7�`�Q�K �i�?�2�P�S�1�L���`�`���v ���M�/ �b�i�Q�`�2�/ �B�M�i�Q�*�G�P�a�1�.���`�`���v �(�R�y�e�)�X

�"���b�2�/ �Q�M �i�?�2 �H�2�M�;�i�? �+�Q�b�i ���i �i�?�2 �M�Q�/�2�b�- �i�?�2 ���H�;�Q�`�B�i�?�K �;�2�M�2�`���i�2�b �� �p�2�+�i�Q�` �7�B�2�H�/ �i�?���i ���b�b�B�;�M�b

�2���+�? �M�Q�/�2�b�#���+�F�T�Q�B�M�i�2�`�i�Q �/�B�`�2�+�i �� �p�2�+�i�Q�` �7�`�Q�K �i�?�2 �?�B�;�?�2�` �H�2�M�;�i�? �+�Q�b�i �i�Q �i�?�2 �H�Q�r�2�` �H�2�M�;�i�?

�+�Q�b�i ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�9�X �h�Q �b�T�2�+�B�7�v ���M �Q�T�i�B�K���H �T���i�? �B�M �i�2�`�K �Q�7 �b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2 �i�Q �i�?�2

�;�Q���H�- �i�?�2 ���H�;�Q�`�B�i�?�K �i���F�2�b �i�?�2 �T���i�? �7�Q�H�H�Q�r�B�M�; �i�?�2 �?�B�;�?�2�b�i �;�`���/�B�2�M�i �p���H�m�2 �Q�7 �i�?�2 �H�2�M�;�i�? �+�Q�b�i ���b

�b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�9�X

�6�Q�` �i�B�K�2�@�/�2�T�2�M�/�2�M�i �T�`�Q�#�H�2�K�- �i�?�2�`�2 �B�b �� �i�?�2�`�2 �+���M �#�2 �+�?���M�;�2�b �B�M �i�?�2 �/�Q�K���B�M�X �6�Q�` �2�t���K�T�H�2�-

�M�2�r �Q�#�b�i���+�H�2�b �+���M ���T�T�2���`�- �Q�` �Q�#�b�i���+�H�2�b �+���M �K�Q�p�2 �Q�p�2�` �i�?�2 �i�B�K�2�X �A�M �i�?�B�b �+���b�2 �r�?�2�M �2�;�Q

�l���o �/�2�i�2�+�i�b �+�?���M�;�2�b �B�M �i�?�2 �/�Q�K���B�M�-�J�P�.�A�6�u�@�*�P�a�h�7�m�M�+�i�B�Q�M�b �B�b �m�b�2�/ �i�Q �`�2�@�+���H�+�m�H���i�2 ���M�/

�K�Q�/�B�7�B�2�b �i�?�2 �H�2�M�;�i�? �+�Q�b�i ���+�+�Q�`�/�B�M�; �i�Q �i�?�Q�b�2 �+�?���M�;�2�b �(�R�y�d�)�X �h�?�2 �T�b�2�m�/�Q �+�Q�/�2 �7�Q�`D � ���H�;�Q�`�B�i�?�K

�B�b �b�?�Q�r�M �B�M �6�B�;�X�j�X�8�X



�e�y �*�?���T�i�2�` �j�X �h�`���/�B�i�B�Q�M���H �T���i�? �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�b

�6�B�;�m�`�2 �j�X�j�, �a�+�?�2�K���i�B�+ �7�Q�` �;�`�B�/ �/�B�b�i�`�B�#�m�i�B�Q�M ���M�/ ���`�+�@�+�Q�b�i �+�Q�K�T�m�i���i�B�Q�M ���i �2���+�? �M�Q�/�2 �B�M �i�?�2
�/�Q�K���B�M �Q�7 �B�M�i�2�`�2�b�i



�j�X�j�X �.� �a�2���`�+�? ���H�;�Q�`�B�i�?�K �e�R

�6�B�;�m�`�2 �j�X�9�, �a�+�?�2�K���i�B�+ �7�Q�` �� �p�2�+�i�Q�` �7�B�2�H�/ �Q�7 �;�`���/�B�2�M�i�b �Q�7 ���`�+�@�+�Q�b�i �Q�p�2�` �i�?�2 �/�Q�K���B�M



�e�k �*�?���T�i�2�` �j�X �h�`���/�B�i�B�Q�M���H �T���i�? �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�b

�6�B�;�m�`�2 �j�X�8�, �S�b�2�m�/�Q �b�T���+�2 ���H�;�Q�`�B�i�?�K �7�Q�`A � ���H�;�Q�`�B�i�?�K



�*�?���T�i�2�` �9

�>�v�#�`�B�/ �.�v�M���K�B�+ �S���i�? �S�H���M�M�B�M�;

���H�;�Q�`�B�i�?�K

�h�?�2 �T�`�Q�T�Q�b�2�/ �?�v�#�`�B�/ �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K �B�M�p�Q�H�p�2�b ���+�i�B�p�2�H�v �b�r�B�i�+�?�B�M�; �#�2�i�r�2�2�M

�i�r�Q �K�2�i�?�Q�/�b�- �M���K�2�H�v �i�?�2 ���`�i�B�7�B�+�B���H �T�Q�i�2�M�i�B���H �7�B�2�H�/ �U���S�6�V �K�2�i�?�Q�/ ���M�/ �i�?�2A � ���H�;�Q�`�B�i�?�K�- �B�M

�Q�`�/�2�` �i�Q �2�7�7�2�+�i�B�p�2�H�v �b�Q�H�p�2 �#�Q�i�? �;�H�Q�#���H ���M�/ �H�Q�+���H �T���i�? �T�H���M�M�B�M�; �T�`�Q�#�H�2�K�b�X �h�?�B�b ���H�;�Q�`�B�i�?�K �?���b

�#�2�2�M �2�t�i�2�M�/�2�/ �i�Q �b�m�T�T�Q�`�i �/�B�b�i�`�B�#�m�i�2�/ �T���i�? �T�H���M�M�B�M�; �7�Q�` �K�m�H�i�B�T�H�2 �l���o �Q�T�2�`���i�B�Q�M�b�- ���b�b�m�K�B�M�;

�� �[�m���/�`�Q�i�Q�` �l���o �Q�T�2�`���i�B�M�; �B�M �� �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2�X

�h�?�2 �?�v�#�`�B�/ �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K �m�b�2�b �i�?�2 ���S�6 �K�2�i�?�Q�/ �B�M �i�?�2 �;�H�Q�#���H �/�Q�K���B�M�-

�r�?�2�`�2 �B�i ���b�b�m�K�2�b �� �i�B�K�2�@�B�M�p���`�B���M�i �b�T���+�2 ���M�/ �B�;�M�Q�`�2�b �M�2�B�;�?�#�Q�`�B�M�; �l���o �m�M�i�B�H �i�?�2�v ���T�T�`�Q���+�?

�i�?�2 �2�;�Q �l���o �r�B�i�?�B�M �� �+�2�`�i���B�M �+�`�B�i�2�`�B���X ���/�/�B�i�B�Q�M���H�H�v�- �B�i ���b�b�m�K�2�b �i�?���i �b�i���i�B�+ �Q�#�b�i���+�H�2�b ���`�2

�`�2�H���i�B�p�2�H�v �H���`�;�2 �+�Q�K�T���`�2�/ �i�Q �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �l���o�X �S���i�? �T�H���M�M�B�M�; �7�Q�` �2�M�p�B�`�Q�M�K�2�M�i�b �r�B�i�?

�/�v�M���K�B�+ �K�Q�i�B�Q�M �B�b �+���`�`�B�2�/ �Q�m�i �r�B�i�?�B�M �� �H�Q�+���H �/�Q�K���B�M�- �r�?�B�+�? �B�b �;�2�M�2�`���i�2�/ ���b �� �b�m�#�b�2�i �Q�7 �i�?�2

�;�H�Q�#���H �/�Q�K���B�M�X

�h�?�2 �7�m�M�/���K�2�M�i���H �B�/�2�� �2�K�#�2�/�/�2�/ �B�M �i�?�2 �T�`�Q�T�Q�b�2�/ �?�v�#�`�B�/ �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K

�B�b �B�M ���M ���+�i�B�p�2 �b�r�B�i�+�?�B�M�; �#�2�i�r�2�2�M �i�r�Q �/�B�7�7�2�`�2�M�i �K�2�i�?�Q�/�b�c ���`�i�B�7�B�+�B���H �T�Q�i�2�M�i�B���H �7�B�2�H�/ �U���S�6�V

�K�2�i�?�Q�/ ���M�/A � ���H�;�Q�`�B�i�?�K�X �a�?�B�7�i�B�M�; �7�`�Q�K �Q�M�2 �i�Q �i�?�2 �Q�i�?�2�`�- �i�?�2 �?�v�#�`�B�/ �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�;

���H�;�Q�`�B�i�?�K �+���M �2�7�7�2�+�i�B�p�2�H�v �b�Q�H�p�2 �;�H�Q�#���H ���M�/ �H�Q�+���H �T���i�? �T�H���M�M�B�M�; �T�`�Q�#�H�2�K�b�X �h�?�2 ���H�;�Q�`�B�i�?�K �B�b

�2�t�i�2�M�/�2�/ �i�Q �/�B�b�i�`�B�#�m�i�2�/ �T���i�? �T�H���M�M�B�M�; �7�Q�` �K�m�H�i�B�T�H�2 �Q�T�2�`���i�B�Q�M�b �Q�7 �l���o�X �A�i �B�b ���b�b�m�K�2�/ �i�?���i

�i�?�2 �i�v�T�2 �Q�7 �l���o �B�b �[�m���/�`�Q�i�2�`�- �r�?�B�+�? �Q�T�2�`���i�2�b �B�M �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2�X �h�?�2 �;�H�Q�#���H �/�Q�K���B�M

�e�j



�e�9 �*�?���T�i�2�` �9�X �>�v�#�`�B�/ �.�v�M���K�B�+ �S���i�? �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K

�B�b ���b�b�m�K�2�/ �i�B�K�2�@�B�M�p���`�B���M�i �b�T���+�2�- ���M�/ �M�2�B�;�?�#�Q�`�B�M�; �l���o ���`�2 �B�;�M�Q�`�2�/ �m�M�i�B�H �B�i ���T�T�`�Q���+�?�2�b �i�?�2

�2�;�Q �l���o �r�B�i�?�B�M �� �+�`�B�i�2�`�B���X �h�?�2 �b�i���i�B�+ �Q�#�b�i���+�H�2�b ���`�2 �`�2�H���i�B�p�2�H�v �p�2�`�v �H���`�;�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2

�b�B�x�2 �Q�7 �l���o�X

�.�m�`�B�M�; �i�?�2 �b�B�K�m�H���i�B�Q�M �h�?�2 �2�M�p�B�`�Q�M�K�2�M�i�b ���`�2 �;�2�M�2�`���i�2�/ �r�B�i�? �`���M�/�Q�K �+�Q�M�7�B�;�m�`���i�B�Q�M�b ���b �7�Q�H�@

�H�Q�r�B�M�;�-

radius = ( xbend � xbstart ) � r rand

xcenter = r rand � (xbend � xbstart )

ycenter = r rand � (xbend � xbstart )

�U�9�X�R�V

�r�?�2�`�2 �i�?�2 �K�B�M�B�K�m�K �#�Q�m�M�/�b �B�M �i�?�2 �t�@ ���M�/ �v�@���t�2�b ���`�2 �/�2�M�Q�i�2�/ ���bxbstart ���M�/ybstart �- �`�2�b�T�2�+�@

�i�B�p�2�H�v�X �a�B�K�B�H���`�H�v�- �i�?�2 �K���t�B�K�m�K �#�Q�m�M�/�b �B�M �i�?�2 �t�@ ���M�/ �v�@���t�2�b�- �/�2�M�Q�i�2�/ ���bxbend ���M�/ybend�-

�`�2�b�T�2�+�i�B�p�2�H�v�- �/�2�7�B�M�2 �i�?�2 �2�t�i�2�M�i �Q�7 �i�?�2 �;�H�Q�#���H �/�Q�K���B�M�Xr rand � U([0:05; 0:30])�- �B�b �� �m�M�B�7�Q�`�K

�`���M�/�Q�K �p���`�B���#�H�2 �r�?�B�+�? �i���F�2�b �p���H�m�2�b �#�2�i�r�2�2�M �y�X�y�8 �i�Q �y�X�N�8�X �_���/�B�m�b �B�b �i�?�2 �`���/�B�m�b �Q�7 �b�i���i�B�+

�Q�#�b�i���+�H�2�b�X �h�?�2 �2�b�i�B�K���i�B�Q�M �m�M�+�2�`�i���B�M�i�B�2�b �r�B�i�? �N�8�W �+�Q�M�7�B�/�2�M�+�2 �B�M�i�2�`�p���H �r�2�`�2 �+�Q�M�/�m�+�i�2�/ �i�Q �7�B�M�/

�b���7�2�i�v �#�Q�m�M�/�b �i�Q �i�?�2 �2�b�i�B�K���i�2�/ �T�Q�b�B�i�B�Q�M�b �7�`�Q�K �i�?�2 �:�J�J �#���b�2�/ �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H�X �h�?�2

�i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�2�H �r���b �i�`���B�M�2�/ �r�B�i�? �i�?�2 �/���i���b�2�i�-D = ( X 5
i =1 ; H 2

i =1 )5000�X �A�M �i�?�B�b �b�i�m�/�v�-

�i�?�2 ���H�;�Q�`�B�i�?�K ���B�K�b �i�Q �7�B�M�/ �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�#�H�2�K �b�i���i�2�K�2�M�i ���b �;�B�p�2�M �B�M

�2�[�m���i�B�Q�M�9�X�j�X �h�?�2 �T���i�? �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b�-

T p = f x i ; y i g; i 2 f 1; 2; 3; : : : ; Nwg

T p � x s; x g

�U�9�X�k�V

�r�?�2�`�2 �i�?�2 �B�M�/�2�ti �`�2�7�2�`�b �i�Q �i�?�2 �r���v �T�Q�B�M�i�b�- ���M�/Nw �B�b �i�?�2 �K���t�B�K�m�K �M�m�K�#�2�` �Q�7 �r���v �T�Q�B�M�i�b �B�M

�i�?�2 �T�H���M�M�2�/ �T���i�?�X �h�?�2 �p�2�+�i�Q�`�bx s ���M�/x g �/�2�M�Q�i�2 �i�?�2 �p�2�+�i�Q�`�b �Q�7 �b�i���`�i�B�M�; ���M�/ �;�Q���H �T�Q�B�M�i�b �Q�7



�e�8

�i�?�2 �2�;�Q �l���o�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�Q �2�M�b�m�`�2 �+�Q�K�T���i�B�#�B�H�B�i�v �r�B�i�? �i�?�2 �i�B�K�2 �B�M�i�2�`�p���H �#�2�i�r�2�2�M �m�T�/���i�2�b

�Q�7 �i�?�2 �Q�+�+�m�T���M�+�v �K���T �2�p�Q�H�m�i�B�Q�M�- �i�?�2 �T���i�? �T�H���M�M�B�M�; �+�Q�K�T�m�i���i�B�Q�M �+�Q�b�i �B�b �+�Q�M�b�i�`���B�M�2�/ �i�Q �#�2

�H�2�b�b �i�?���M �Q�M�2 �b�2�+�Q�M�/�X

�h�?�2 �+�Q�K�T�m�i���i�B�Q�M �+�Q�b�i �7�Q�` �T���i�? �T�H���M�M�B�M�; �B�b �+�Q�M�b�i�`���B�M�2�/ �H�2�b�b �i�?�2�M �Q�M�2 �b�2�+�Q�M�/�- �r�?�B�+�? �B�b �i�?�2

�T�2�`�B�Q�/ �#�2�i�r�2�2�M �i�?�2 �Q�+�+�m�T���M�+�v �K���T �m�T�/���i�2�b�X �h�?�2 �i�Q�i���H �/�B�b�i���M�+�2 �i�`���p�2�H�2�/ �+���M �#�2 �+���H�+�m�H���i�2�/

�#�v �+�`�2���i�B�M�; �r���v �T�Q�B�M�i�b ���i �2���+�? �i�B�K�2 �b�i�2�T�- ���b �T�`�2�b�2�M�i�2�/ �B�M �1�[�m���i�B�Q�M�9�X�j�X

�6�B�M�/�, �K�B�M�B�K�B�x�2
x i ;y i

Nw � 1X

i;j =1

p
((x i +1 � x i )2 + ( yi +1 � yi )2)2 i 2 f 1; : : : ; Ndg

�b�m�#�D�2�+�i �i�Q�,tcomp < 1 �b�2�+

dsafe � �xd;k k 2 f 1; : : : ; Ndg

�U�9�X�j�V

�r�?�2�`�2

�xd;k = jjx 0 � x d;i jj i 2 f 1; : : : ; Ndg �U�9�X�9�V

�r�?�2�`�2 �i�?�2�xd;k �B�b �� �p�2�+�i�Q�` �Q�7 �/�B�b�i���M�+�2�b �i�Qk� �i�? �M�2�B�;�?�#�Q�`�B�M�; �l���o�X�X �h�?�2dsafe �B�b �i�?�2 �b���7�2

�/�B�b�i���M�+�2�- �r�?�B�+�? �B�b �Q�#�i���B�M�2�/ �7�`�Q�K �1�[�X�9�X�R�k�- ���M�/ �i�?�2tcomp �B�b �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �i�B�K�2 �7�Q�` �i�?�2 �T���i�?

�T�H���M�M�B�M�; �+���H�+�m�H���i�B�Q�M ���i �2���+�? �i�B�K�2 �b�i�2�T�X �h�?�2x 0 �B�b �� �p�2�+�i�Q�` �+�m�`�`�2�M�i �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �2�;�Q �l���o�-

���M�/ �i�?�2x d;i �B�b �i�?�2i � �i�? �M�2�B�;�?�#�Q�`�B�M�; �l���o �B�M �i�?�2 �H�Q�+���H �/�v�M���K�B�+ �M�2�i�r�Q�`�F �Q�7 �i�?�2 �2�;�Q �l���o�X �h�?�2

Nd �B�b �i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �� �/�B�b�+�`�2�2�i �r���v �T�Q�B�M�i�b �Q�7 �T�H���M�M�2�/ �T���i�?�X



�e�e �*�?���T�i�2�` �9�X �>�v�#�`�B�/ �.�v�M���K�B�+ �S���i�? �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K

�9�X�R �J�2�+�?���M�B�b�K �Q�7 �?�v�#�`�B�/ �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�; ���H�;�Q�@

�`�B�i�?�K

�h�?�2 �7�H�Q�r�+�?���`�i �B�M �6�B�;�m�`�2�9�X�R�B�H�H�m�b�i�`���i�2�b �i�?�2 �?�v�#�`�B�/ �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�- �r�?�B�+�?

�b�2�H�2�+�i�B�p�2�H�v �m�i�B�H�B�x�2�b �i�?�2 ���S�6 �K�2�i�?�Q�/ ���M�/ �i�?�2A � ���H�;�Q�`�B�i�?�K �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �b�i���i�2 �Q�7 �i�?�2

�2�M�p�B�`�Q�M�K�2�M�i �7�Q�` �2�7�7�2�+�i�B�p�2 �T���i�? �T�H���M�M�B�M�;�X �h�?�2 �T���i�? �T�H���M�M�B�M�; �T�`�Q�+�2�/�m�`�2 �+�Q�M�b�B�b�i�b �Q�7 �i�r�Q �K���B�M

�T�?���b�2�b�X

�A�M �i�?�2 �7�B�`�b�i �T�?���b�2�- �i�?�2 ���H�;�Q�`�B�i�?�K �b�Q�H�p�2�b �7�Q�` �i�?�2 �;�H�Q�#���H �T���i�? ���M�/ �+���H�+�m�H���i�2�b �� �+�Q�M�7�H�B�+�i�@�7�`�2�2

�T���i�? �i�Q �i�?�2 �;�Q���H �T�Q�B�M�i�X �h�?�2 ���S�6 �K�2�i�?�Q�/ �B�b �m�b�2�/ �7�Q�` �;�H�Q�#���H �T���i�? �T�H���M�M�B�M�; �T�`�Q�#�H�2�K�b�- �r�?�2�`�2

�i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �B�b �7�m�H�H�v �F�M�Q�r�M ���M�/ �i�B�K�2�@�B�M�p���`�B���M�i�X �h�?�2 �2�;�Q �l���o �B�b �;�m�B�/�2�/ �#�v �i�?�2 �T���i�?

�r�?�B�H�2 �+�Q�M�i�B�M�m�Q�m�b�H�v �m�T�/���i�B�M�; �B�i�b �2�M�p�B�`�Q�M�K�2�M�i �B�M�7�Q�`�K���i�B�Q�M �i�Q �/�2�i�2�+�i ���M�v �+�?���M�;�2�b �+�Q�K�T���`�2�/

�i�Q �T�`�2�p�B�Q�m�b �B�M�7�Q�`�K���i�B�Q�M�X �h�?�2 ���H�;�Q�`�B�i�?�K ���b�b�m�K�2�b �i�?���i �i�?�2 �;�H�Q�#���H �/�Q�K���B�M �B�b �+�Q�K�T�Q�b�2�/ �Q�7

�b�B�K�T�H�2 �b�i�`�m�+�i�m�`�2�b�- �b�m�+�? ���b �#�m�B�H�/�B�M�;�b�- �K�Q�m�M�i���B�M�b�- �Q�` �;�2�Q�@�7�2�M�+�2�b�- �r�?�B�+�? ���`�2 �b�T���`�b�2�H�v �b�+���i�i�2�`�2�/

�i�Q �K�B�i�B�;���i�2 �Q�+�+�m�`�`�2�M�+�2�b �Q�7 �/�2���/�H�Q�+�F �+���b�2�b �/�m�`�B�M�; �T���i�? �T�H���M�M�B�M�;�X �h�?�2 �b�B�x�2 �Q�7 �i�?�2 �l���o �B�M �i�?�2

�/�Q�K���B�M �B�b ���b�b�m�K�2�/ �i�Q �#�2 �`�2�H���i�B�p�2�H�v �b�K���H�H �+�Q�K�T���`�2�/ �i�Q �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �b�i�`�m�+�i�m�`�2�b ���M�/

�B�;�M�Q�`�2�/ �/�m�`�B�M�; �;�H�Q�#���H �T���i�? �T�H���M�M�B�M�;�X �J�Q�`�2 �/�2�i���B�H�b �Q�M �i�?�B�b ���T�T�`�Q���+�? �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �B�M �i�?�2

�7�Q�H�H�Q�r�B�M�; �b�m�#�b�2�+�i�B�Q�M�b�X

�h�?�2 �Q�i�?�2�` �T�?���b�2 �Q�7 �i�?�2 �?�v�#�`�B�/ �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�; �T�`�Q�+�2�/�m�`�2 �B�b �i�`�B�;�;�2�`�2�/ �r�?�2�M ���M �m�M�@

�F�M�Q�r�M �l���o �B�b �/�2�i�2�+�i�2�/ ���`�Q�m�M�/ �i�?�2 ���;�2�M�i �l���o�- �r�?�B�+�? �m�i�B�H�B�x�2�b �i�?�2A � ���H�;�Q�`�B�i�?�K�X �h�?�2 ���H�;�Q�@
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�h�?�2 �T�Q�b�B�i�B�Q�M �H���v�2�` �m�b�2�b �i�?�2 �b�i���i�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7 �l���o�X ���b �i�?�2 �;�H�Q�#���H �T���i�? �T�H���M�M�B�M�; �T�`�Q�#�H�2�K�b

�/�Q �M�Q�i �B�M�+�H�m�/�2 ���M�v �/�v�M���K�B�+ �Q�#�b�i���+�H�2�b�- �i�?�B�b �H���v�2�` �B�b �Q�M�H�v �i���F�2�M �B�M�i�Q ���+�+�Q�m�M�i �7�Q�` �H�Q�+���H �T���i�?

�T�H���M�M�B�M�; �T�`�Q�#�H�2�K�b�X �l�M�H�B�F�2 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �H���v�2�`�- �i�?�2 �b�i���i�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7 �l���o �+���M �#�2 �i�B�K�2�@

�/�2�T�2�M�/�2�M�i ���b �i�?�2 �l���o �+�?���M�;�2 �i�?�2�B�` �b�i���i�2�b �Q�p�2�` �i�B�K�2�- ���M�/ �i�?�B�b �B�M�7�Q�`�K���i�B�Q�M �B�b �F�2�T�i �m�T�/���i�2�/

�i�?�`�Q�m�;�? �/���i�� �2�t�+�?���M�;�2�b�X �h�?�2 �T�Q�b�B�i�B�Q�M �H���v�2�` �B�b �;�2�M�2�`���i�2�/ ���M �2�[�m���H �M�m�K�#�2�` �Q�7 �i�B�K�2�b �i�Q �i�?�2

�i�Q�i���H �M�m�K�#�2�` �Q�7 �l���o �B�M �i�?�2 �b���K�2 ���B�`�b�T���+�2�X ���M �2�t���K�T�H�2 �Q�7 �i�?�2 �T�Q�b�B�i�B�Q�M �H���v�2�` �B�b �b�?�Q�r�M �B�M

�6�B�;�m�`�2�9�X�3�- �r�?�2�`�2 �i�?�2 �`�2�/ �i�`�B���M�;�H�2�b �`�2�T�`�2�b�2�M�i �i�?�2 �+�m�`�`�2�M�i �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �l���o�- ���M�/ �� �b���7�2�i�v

�#�Q�m�M�/ �r�B�i�? �� �b���7�2�i�v �`���/�B�m�b �B�b �;�B�p�2�M ���`�Q�m�M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �l���o �i�Q �/�2�+�`�2���b�2 �i�?�2 �T�`�Q�#���#�B�H�B�i�v

�Q�7 �+�Q�H�H�B�b�B�Q�M �r�B�i�? �Q�i�?�2�` �l���o�X

�6�B�;�m�`�2 �9�X�3�, ���M �2�t���K�T�H�2 �Q�7 �i�?�2 �T�Q�b�B�i�B�Q�M �H���v�2�` �7�Q�` �� �/�`�Q�M�2 �r�B�i�? �i�?�`�2�2 �M�2�B�;�?�#�Q�`�B�M�; �/�`�Q�M�2�b



�9�X�R�X �J�2�+�?���M�B�b�K �Q�7 �?�v�#�`�B�/ �/�v�M���K�B�+ �T���i�? �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K�d�j

�h�`���D�2�+�i�Q�`�v �T�`�2�/�B�+�i�B�Q�M �H���v�2�`

�h�?�2 �i�`���D�2�+�i�Q�`�v �T�`�2�/�B�+�i�B�Q�M �H���v�2�` �+�Q�M�i���B�M�b �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2 �7�m�i�m�`�2 �i�`���D�2�+�i�Q�`�B�2�b �Q�7 �Q�i�?�2�`

�l���o�- �r�?�B�+�? ���`�2 �+���H�+�m�H���i�2�/ �m�b�B�M�; �i�?�2 �/���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �r�B�i�? �i�?�2 �b�i���i�B�b�i�B�+���H �K�Q�/�2�H

�Q�7 �i�?�2 �:�J�J�X �a�B�K�B�H���` �i�Q �i�?�2 �T�Q�b�B�i�B�Q�M �H���v�2�`�- �i�?�2 �T�`�2�/�B�+�i�B�Q�M �H���v�2�` �B�b �i�B�K�2�@�/�2�T�2�M�/�2�M�i �b�T���+�2�X �h�?�2

�H���v�2�` �B�b �`�2�T�2���i�2�/�H�v �;�2�M�2�`���i�2�/ ���M�/ �i�2�`�K�B�M���i�2�/ ���b �i�?�2 �Q�T�i�B�K���H �T���i�?�b ���`�2 �+�Q�K�T�m�i�2�/ ���i �/�B�7�7�2�`�2�M�i

�i�B�K�2 �B�M�b�i���M�+�2�b �/�m�`�B�M�; �i�?�2 �T���i�? �T�H���M�M�B�M�; �T�`�Q�+�2�/�m�`�2�b�X �h�?�2 �T�`�2�/�B�+�i�2�/ �i�`���D�2�+�i�Q�`�B�2�b ���+�i ���b ��

�b�2�`�B�2�b �Q�7 �Q�#�b�i���+�H�2�b �B�M �i�?�2 �/�Q�K���B�M�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�9�X�N�X �h�?�2 �M�m�K�#�2�` �Q�7 �T�Q�b�B�i�B�Q�M �H���v�2�`�b �B�b

�2�[�m���H �i�Q �i�?�2 �M�m�K�#�2�` �Q�7 �l���o �B�M �i�?�2 �b���K�2 ���B�`�b�T���+�2�X

�6�B�;�m�`�2 �9�X�N�, ���M �2�t���K�T�H�2 �Q�7 �i�?�2 �T�`�2�/�B�+�i�B�Q�M �H���v�2�` �7�Q�` �� �/�`�Q�M�2 �r�B�i�? �i�?�`�2�2 �M�2�B�;�?�#�Q�`�B�M�; �/�`�Q�M�2�b



�d�9 �*�?���T�i�2�` �9�X �>�v�#�`�B�/ �.�v�M���K�B�+ �S���i�? �S�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K

�9�X�R�X�k �*�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �Q�+�+�m�T���M�+�v �K���T�b �7�Q�` �;�H�Q�#���H ���M�/ �H�Q�+���H �T���i�?

�T�H���M�M�B�M�;

�h�?�2 �;�H�Q�#���H ���M�/ �H�Q�+���H �T���i�? �T�H���M�M�B�M�; �m�b�2 �/�B�7�7�2�`�2�M�i �+�Q�K�T�Q�b�B�i�B�Q�M�b �Q�7 �H���v�2�`�b �B�M �i�?�2�B�` �Q�+�+�m�T���M�+�v

�K���T�b�X �6�Q�` �i�?�2 �;�H�Q�#���H �T���i�? �T�H���M�M�B�M�;�- �r�?�2�`�2 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �B�b �B�M �� �b�i���i�B�+ �b�i���i�2 �Q�7 �K�Q�i�B�Q�M�- ��

�b�B�M�;�H�2 �H���v�2�` �B�b �m�b�2�/ �i�Q �7�Q�`�K �i�?�2 �Q�+�+�m�T���M�+�v �K���T�X ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�9�X�d�- �i�?�2 �Q�+�+�m�T���M�+�v �K���T

�B�b �i�?�2 �b���K�2 ���b �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �H���v�2�`�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �B�M �i�?�2 �H�Q�+���H �T���i�? �T�H���M�M�B�M�;�- �r�?�2�`�2

�i�?�2 �/�Q�K���B�M �B�b �i�B�K�2�@�/�2�T�2�M�/�2�M�i�- �i�?�2 �T���i�? �T�H���M�M�B�M�; ���H�;�Q�`�B�i�?�K �m�i�B�H�B�x�2�b �K�m�H�i�B�T�H�2 �H���v�2�`�b �i�Q �#�m�B�H�/

���M �B�M�b�i���M�i���M�2�Q�m�b �Q�+�+�m�T���M�+�v �K���T�X ���i �2���+�? �i�B�K�2 �B�M�b�i���M�+�2�- �i�?�2 �T�Q�b�B�i�B�Q�M ���M�/ �T�`�2�/�B�+�i�B�Q�M �H���v�2�`�b

���`�2 �+�`�2���i�2�/ �#���b�2�/ �Q�M �i�?�2 �+�m�`�`�2�M�i �T�Q�b�B�i�B�Q�M ���M�/ �b�i���i�2 �2�b�i�B�K���i�B�Q�M �#�v �i�?�2 �/���i���@�/�`�B�p�2�M �i���`�;�2�i

�i�`���+�F�B�M�; �K�2�i�?�Q�/�- ���M�/ �i�?�2�v ���`�2 �b�m�T�2�`�B�K�T�Q�b�2�/ �Q�M �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �H���v�2�`�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2

�9�X�R�y�X

�6�Q�` �2�t���K�T�H�2�- ���i �i�B�K�2t1�- �i�?�2 �Q�+�+�m�T���M�+�v �K���T �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �H���v�2�` �T�H�m�b �i�?�2

�T�Q�b�B�i�B�Q�M ���M�/ �T�`�2�/�B�+�i�B�Q�M �H���v�2�`�b ���it1�- ���b �b�?�Q�r�M �B�M �1�[�X�9�X�8�X �h�?�2 �2�M�p�B�`�Q�M�K�2�M�i �H���v�2�` �+�Q�M�i���B�M�b �i�?�2

�b���K�2 �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2 �H�Q�+���H �2�M�p�B�`�Q�M�K�2�M�i �Q�p�2�` ���H�H �i�B�K�2 �B�M�b�i���M�+�2�b�- ���b �B�i �B�b �B�M�/�2�T�2�M�/�2�M�i

�Q�7 �i�B�K�2�X ���/�/�B�i�B�Q�M���H�H�v�-n �M�m�K�#�2�` �Q�7 �Q�+�+�m�T���M�+�v �K���T�b �r�B�H�H �#�2 �;�2�M�2�`���i�2�/ �i�Q �`�2�T�`�2�b�2�M�i �� �/�Q�K���B�M

�7�Q�` ���Mn �M�m�K�#�2�` �Q�7 �/�`�Q�M�2�b�- ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�9�X�R�R�X

MAP Global = Env

MAP Local;t i = Env + Post i + Predt i

i = 1; 2; 3; :::n

�U�9�X�8�V

�r�?�2�`�2Env �B�b �i�?�2 �2�M�p�B�`�Q�M�K�2�M�i �H���v�2�`�- ���M�/Pos���M�/ �S�`�2�/ �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�Q�b�B�i�B�Q�M ���M�/ �T�`�2�/�B�+�i�B�Q�M

�H���v�2�`�b �`�2�b�T�2�+�i�B�p�2�H�v�XMAP Local;t i �B�M�/�B�+���i�2�b �i�?�2 �Q�+�+�m�T���+�v �K���T �7�Q�` �i�?�2 �H�Q�+���H �/�Q�K���B�M ���i �i�B�K�2�-t i �-
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���M�/MAP Global �B�b �i�?�2 �Q�+�+�m�T���M�+�v �K���T �7�Q�` �i�?�2 �;�H�Q�#���H �/�Q�K���B�M�X

�6�B�;�m�`�2 �9�X�R�y�, �*�Q�K�T�Q�b�B�i�B�Q�M �Q�7 ���M �Q�+�+�m�T���M�+�v �K���T �#�v �b�m�T�2�`�B�K�T�Q�b�B�M�; �2�M�p�B�`�Q�M�K�2�M�i�- �T�Q�b�B�i�B�Q�M�-
���M�/ �T�`�2�/�B�+�i�B�Q�M �H���v�2�`�b

�6�B�;�m�`�2�9�X�R�k�/�2�T�B�+�i�b �i�?�2 �T�b�2�m�/�Q �b�T���+�2 ���H�;�Q�`�B�i�?�K �m�i�B�H�B�x�2�/ �7�Q�` �;�2�M�2�`���i�B�M�; �Q�+�+�m�T���M�+�v �K���T�b�X

�l�M�/�2�` �/�v�M���K�B�+ �2�M�p�B�`�Q�M�K�2�M�i�- �i�?�2 ���H�;�Q�`�B�i�?�K ���+�i�B�p���i�2�b �i�?�2A � ���H�;�Q�`�B�i�?�K �i�Q �b�Q�H�p�2 �7�Q�` �H�Q�+���H

�T���i�? �T�H���M�M�B�M�;�- �r�?�2�`�2 �i�?�2 �b�i���i�2 �B�M�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �M�2�B�;�?�#�Q�`�B�M�; �l���o ���`�2 �Q�M�H�v �T���`�i�B���H�H�v �F�M�Q�r�M�X

�h�?�2 �/���i���@�/�`�B�p�2�M �i���`�;�2�i �i�`���+�F�B�M�; �K�Q�/�m�H�2 �B�b �m�i�B�H�B�x�2�/ �i�Q �2�b�i�B�K���i�2 �i�?�2 �m�M�F�M�Q�r�M �b�i���i�2�b �Q�7 �i�?�2

�l���o�- �#���b�2�/ �Q�M �i�?�2�B�` �i�`���D�2�+�i�Q�`�v �?�B�b�i�Q�`�B�2�b�X �h�?�2 �i�B�K�2 �/�2�T�2�M�/�2�M�i �T���i�? �T�H���M�M�B�M�; �T�`�Q�#�H�2�K�b ���`�2

�`�2�T�`�2�b�2�M�i�2�/ �#�v �� �/�B�b�+�`�2�i�2 �i�B�K�2 �b�2�`�B�2�b �Q�7 �Q�+�+�m�T���M�+�v �K���T�b�- �#���b�2�/ �Q�M �r�?�B�+�? �i�?�2A � ���H�;�Q�`�B�i�?�K

�7�B�M�/�b �B�M�b�i���M�i���M�2�Q�m�b �+�Q�M�7�H�B�+�i�@�7�`�2�2 �T���i�?�b ���M�/ �B�b �`�2�T�2���i�2�/�H�v �2�t�2�+�m�i�2�/ �r�B�i�? �i�?�2 �m�T�/���i�2�/ �b�i���i�2

�Q�7 �Q�i�?�2�` �l���o�X ���M �Q�+�+�m�T���M�+�v �K���T �+�Q�M�i���B�M�b �K�m�H�i�B�T�H�2 �H���v�2�`�b �Q�7 �B�M�7�Q�`�K���i�B�Q�M�- �r�?�B�+�? ���`�2 �U�R�V

�2�M�p�B�`�Q�M�K�2�M�i�b�- �U�k�V �T�Q�b�B�i�B�Q�M�b �Q�7 ���H�H �Q�i�?�2�` �l���o�- ���M�/ �U�j�V �b�i���i�2 �2�b�i�B�K���i�B�Q�M�b �Q�7 �l���o�X �h�?�2�b�2

�H���v�2�`�b ���`�2 �7�Q�`�K�m�H���i�2�/ ���b �K���i�`�B�+�2�b�- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �i�?�2 �Q�#�b�i���+�H�2�b �Q�p�2�` �i�?�2 �k�.

�+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K�X �h�?�2 �2�H�2�K�2�M�i�b �Q�7 �� �K���i�`�B�t ���`�2 �+�Q�K�T�Q�b�2�/ �Q�7 �B�M�i�2�;�2�`�b �Q�7 �B�M�7�- �y�- �R�- ���M�/ �i�?�2

�p���H�m�2 �Q�7 �2���+�? �B�M�/�B�p�B�/�m���H �2�H�2�K�2�M�i �B�b �/�2�7�B�M�2�/ ���b �7�Q�H�H�Q�r�b�-
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�6�B�;�m�`�2 �9�X�R�R�, �:�2�M�2�`���i�B�Q�M �Q�7 �Q�+�+�m�T���M�+�v �K���T�b �7�Q�` �7�Q�m�` �/�`�Q�M�2�b

L k(i; j ) =

8
>>>>>><

>>>>>>:

�K���T �#�Q�m�M�/���`�v; L k(i; j ) = �B�M�7

�B�7 �Q�+�+�m�T�B�2�/; 1 � L k(i; j ) � NL
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where i 2 f1, 2, 3, . . . ,mg, j 2 f1, 2, 3, . . . , ng, and k 2 f1, 2, 3, . . . , NLg. The

occupancy map of the current study is composed of three layers and can be expressed as a

sum of matrices of three layers as follows:

MO = L1 [ L2 [ L3

i 2 f1, 2, 3, . . . ,mg, j 2 f1, 2, 3, . . . , ng
(4.7)

where MO is an occupancy map, and NL is the total number of layers. xobs;i is a vector of

discrete position of obstacles, and Nobs number of obstacle. The environment layer of the

occupancy map represents the static state of the environment. The position layer describes

the current coordinates of the UAV, which are time-dependent and updated at each time

step for local path planning. The state estimations from the data-driven target tracking

model are considered obstacles and are projected onto the prediction layer. The prediction

layer is also time-dependent and updated repeatedly to reflect changes in estimated position.

The three layers are combined to form an occupancy map that accumulates the coordinates

of all obstacles.

In this study, the solutions to time-dependent path planning problems are represented by

path planning on a discrete time series of occupancy maps that reflect changes in the state

and state estimations of UAV in position and prediction layers. The optimal conflict-free

path is updated at every �t. Figure 4.13 shows an example of the time evolution of an

occupancy map with a step size of �t for a single UAV. The occupancy map reflects changes

in the position of UAV and evolves over time. For the local path planning problem, the

hybrid dynamic path planning algorithm activates the A∗ algorithm for stable path searching
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Figure 4.12: Pseudo algorithm of occupancy maps in dynamic state environment with mul-
tiple neighboring UAV

procedures.

The time-dependent path planning for a single UAV is extended to multiple UAV operations.

Each individual UAV has its own occupancy map, which is generated an equal number of

times to the total number of UAV in the local domain. All occupancy maps share an
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Figure 4.13: Time evolution of multiple occupancy maps for a single UAV operation

environment layer but are composed of different position and prediction layers by each UAV.

Figure 4.14 shows an example of the occupancy map composition for path planning with

multiple UAV. Similar to single UAV operation, time evolves in all occupancy maps at the

same rate. Figure 4.14(a1)�(a3) indicate the occupancy map of UAV 1, 2, and 3 at t0,

respectively. The red triangle in each occupancy map represents the current position of

the corresponding UAV, and other UAV are shown as obstacles. Figure 4.14(b1)�(b3) and

(c1)�(c3) show the evolution of the occupancy map with time with a time step of 5�t as

the positions of UAV 1, 2, and 3 are updated.

In this study, the UAVs utilized in the simulations are quadrotors. The quadrotor’s state

is represented by a six-dimensional vector that includes position and orientation, with the
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Figure 4.14: Time evolution of multiple occupancy maps for multiple UAV operations

primary objective of tracking arbitrary trajectories through a four-dimensional vector that

varies as a function of time. The quadrotor model includes nested feedback loops, compris-

ing an inner loop for attitude control and an outer loop for position control as illustrated
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in Fig.4.15. The inner loop determines the orientation through feedback from the actual

attitude, angular velocity, and roll, pitch, and yaw angles and rates, which allows the cal-

culation of the input U2, derived from motor speeds and representing a function of thrust

and moments. The outer loop involves position feedback, requiring the specified position

vector, specified yaw angle, actual position, and actual velocity to compute U1, representing

the sum of all thrust forces.

Figure 4.15: An example of PID controller of quadrotor

A proportional plus derivative controller is used to design the inner feedback loop, which

computes U2 given the commanded roll, pitch, and yaw angles and their derivatives, as well

as the actual roll, pitch, and yaw angles and their derivatives. The dynamics are linearized,

assuming a hover position, and the linearized equations of motion are used to design the

inner feedback loop and compute the error equation for position tracking. The aim is to

minimize the error vector between the desired and actual position and yaw angle, resulting

in the determination of the commanded acceleration, the application of thrust, and the

establishment of roll, pitch, and yaw angles using the linearized equations. The position

control system leads to a fourth-order system, which requires at least four differentiable

trajectories, motivating the use of minimum snap trajectories.
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A method of the minimum snap trajectory is utilized to enhance the obtained path dynam-

ically feasible for an UAV to track by the controller. The type of UAV used in this study

is assumed to be quadrotor, whose order of controller system is up to the fourth derivative

of the position as shown in Fig.4.15. The minimum snap trajectory is used to minimize

the fourth derivative of state integrated over time. The system of quadrotors are proven

differentially flat and all state and input variables can be determined in terms of four flat

outputs and their derivatives[108]. These outputs are composed of a vector of three states

and yaw angle, [x, y, z, ψ]T . The minimum snap trajectory passes through two consecutive

points, r(0) and r(T ) in time T . The minimum snap function can be express as below,

min
Z T

0

(x(4)(t))2 dt = min
kX

i=1

Z ti

ti�1

(x4(t))2 dt (4.8)

Solving for the minimizing problem and integrating eight times of r(8), it yields the minimum

snap trajectory as follows,

x(t) = c7t
7 + c6t

6 + c5t
5 + c4t

4 + c3t
3 + c2t

2 + c1t
1 + c0 (4.9)

The trajectory is divided into n segments. A piecewise polynomial function over time can

be expresses in Eq.4.10. The unknown eight coefficient can be found using constraints in

boundary conditions at end points of each segments[109].
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x(t) = x1 = [1, t, t2, t2, ..., , tn] � [c0;1, c1;1, c
2;1, c3;1, ..., , c7;1], t0 � t < t1

x2 = [1, t, t2, t3, ..., , tn] � [c0;2, c1;2, c
2;2, c3;2, ..., , c7;2], t1 � t < t2

x3 = [1, t, t2, t3, ..., , tn] � [c0;3, c1;3, c
2;3, c3;3, ..., , c7;3], t2 � t < t3

...

xn = [1, t, t2, t3, ..., , tn] � [c0;n, c1;n, c
2;n, c3;n, ..., , c7;n], tn−1 � t < tn

(4.10)

The minimum snap trajectory is applied to the solutions of real-time path planning problems

to make the planned path dynamically feasible for quadrotors. The test environments consist

of multiple static obstacles and multiple UAV. The ego UAV is managed by the APF method

and the A∗ algorithm, depending on the characteristics of the given environment, while the

path planning for the other UAV is governed by the A∗ algorithm of the hybrid dynamic

path planning algorithm. The main challenge in applying the A* algorithm directly to UAV

path planning is the presence of abrupt changes in the solutions, which can be difficult for

UAV to maneuver to follow. The minimum snap trajectory is then applied to resolve such

abrupt changes and reshape the path dynamically feasible. The application of the minimum

snap trajectory returns with state profiles, which include desired position, velocity, and

acceleration at every 0.01 seconds.

Figure 4.16(left) shows an example of a single UAV operation and the comparison between

the original and the modified path by the minimum snap trajectory. The black solid line is

the path traveled by each UAV, and the blue dashed line indicates the planned path. The
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modified path is shown in a red solid line on top of the planned path. The results show that

the minimum snap trajectory replaces the sharp corners with continuous curvatures with

a higher-order function. The planned trajectory is updated every 1 second for this local

path planning problem. The application of the minimum snap trajectory is limited to the

first few seconds-long distance of the planned path from the current location of the agent

UAV for efficient computation cost. The applicable range and computation efficiency can

vary depending on the velocity of the agent UAV. Figure 4.16(right) shows that the planned

path is refined only for a small segment of the planned path. This reduces computation cost

to one-fifth of the computation cost for the entire path. In this study, the real-time path

refinement process by the minimum snap trajectory is utilized for the local path planning

problem to deliver a dynamically feasible path.

Figure 4.16: Minimum snap trajectory applications to the planned path: (a) entire path and
(b) improved path
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The real-time path refinement by the minimum snap trajectory is extended to the local path

planning problems of multiple agent UAV operations in test environments, which is composed

of static obstacles and multiple UAV. The hybrid dynamic path planning algorithm manages

all UAV in the domain to deliver conflict-free operations by calculating optimal paths for each

individual UAV. The planned trajectories are reconstructed by the minimum snap trajectory

to make them dynamically feasible for quadrotors.

Figure 4.17 shows a snapshot of the path planning and reconstructed trajectories of multiple

agent UAV operations. Unlike path planning for a single target, changes in the state of

multiple UAV can affect the occupancy maps of others, which can cause a complicated

trajectory during the path planning process. However, the implementation of the minimum

snap trajectory works not only for multiple planned trajectories but also for rapid turns in

the planned path effectively, as seen in UAV 1’s path in Figure 4.17.

In the presence of local minima, the A∗ algorithm with coarse grid is utilized to generate

a series of way points, which then serve as new starting points for the APF method to

perform re-planning. Figure 4.18 illustrates examples of failed cases in global path planning

problems and the sequential path planning from the way points until the path is found.

The computational cost of the A∗ assisted APF method increases proportionally with the
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Figure 4.17: Application of minimum snap trajectory to the planned path of the multiple
UAV

number of runs, which includes the number of times the APF method is performed plus

one computation of the A∗ algorithm. The total computational cost can be calculated using

Eq.4.11.

CostAA = nAP F � CostAP F + CostA�
51

(4.11)

where the nAP F is the number of path plannings, performed by APF method. CostAA,
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Figure 4.18: Optimal path planning by the A∗ algorithm assisted APF method

CostAA, CostAA are the computation cost of the APF method, the A∗ algorithm, and the

APF method with the assistive A∗ algorithm. The computation costs for the example cases

in Figure 4.18 are summarized in Table.4.1 and Figure 4.19, along with a comparison to the

results from the A∗ algorithm with a fine grid. In case 1, an initial optimal conflict-free path

was calculated by the APF method, but it failed to reach the goal due to local minima near

a static obstacle (as shown in Figure 4.18 (Case 1)). To resolve this, the A∗ algorithm was

used with a coarse grid of 51 by 51 to generate a series of way points, with the numbers

indicating starting points (1 being the original starting point). The APF method was then

run sequentially at the way points, starting with point 2, until a solution was found at point

3. The resulting computation cost, calculated using Eq.4.11, was 0.1785 sec, which was faster

than solely using the A∗ algorithm with a fine grid of 201 by 201.

The computation costs were similarly lower for the other example cases when using the

A∗ assist, although they were slightly higher due to additional runs by the APF method.

This implies that potential failures from the APF method, even in the global domain, can

be resolved using the proposed algorithm, which finds an optimal path by relocating the

start point along the way points provided by the A∗ algorithm, at a substantially lower
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