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CHAPTER! 

INTRODUCTION 

General 

The subject of this research is replacement economy. Its objec-

tive is to develop a systems approach to replacement problems. Re-

placement has been defined by many authors (IS, 23, 24) and has been 

given as many definitions. In general, and in the most liberal inter­

p:r:etation it means that a system, 1 be it an entire proce s s, a machine 

or a component, has been displaced from se rv'ice. There is no impli-

cation of functional demise, nor of the dissolution of ownership, but 

merely the fact that the system has been displaced from its past 

pos iUon of rende ring se rvice for economic or utility reasons. Utility 

reasons will not be treated in this investigation. 

It should then be surmised that replacement economy, as 

approache"d by this investigator, is concerned with that body of knowl-

edge which relates to factors involved in the displacement of systems 

from service for economic reasons. 

etc. 

Terborgh states the following: > " 

It follows that replacement policy is much broader 
than acquisition policy. Its task is not simply the pro­
curement of new facilities which can economically take 

ISystem will be used with reference to any machine, component, 

1 
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over the functions of existing equipment; it is the assign­
ment of the existing equipment itself to secure the highest 
service at the lowest cost. Replacement policy should 
insure that all facilities in service are able to defend their 
functions against economical displacement by any chal­
lenger, whether inside or outside the same ownership. 2 

Major Problem Areas 

Two major problem areas in replacement economy are deter-

mining the economic life of an asset and identifying and selecting the 

equipment with which replacement is to be made. 

Economic life. Many problems are encountered in determining 

the e'conomic life of an asset. Most of these are concerned with the 

inability of man to predict the future. Acc urate forecasting is essen-

tial in the dete rmination of economic live s of equipment. When fore-

casting is poor, when there is no forecasting, or when predicted trends 

fail to follow forecasts, difficulties sometime occur. These difficulties 

normally have the effect of shortening the economic life of an asset. 

The result of this change in economic life is that an additional cost has 

occurred which was not originally recognized. This problem has not 

been properly recognized by most. Some writers say that any past 

cost is a sunk cost and as such is not relevant. This is so to a point, 

but only so many sunk costs can be absorbed before';operations will 

have to be discontinued for lack of capital. This problem with sunk 

costs is caused by not prope rly forecasting such things as ope rating 

2George Te rborgh, Dynamic Equipment Policy, McGraw -Hill, 
New York, 1949, p. 25. 
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inferiority of equipment and technological improvement in the area. 

Failure to forecast these properly, or in most cases failure to 

account for them at all, can leave a decision maker with the problem 

of a continuing string of sunk costs. This research will be based 

upon the assumption that data input to models is obtai.ned by .economi­

cally sound forecasting techniques. It is realized that elements which 

effect the overall outcome of an investment are nume rous.. Even the 

well educated and skilled economists which staff the offices of leading 

corporations and the agencies of government are often deceived by 

clouds of uncertainty on the prediction horizon. 

Equipment selection. In the area of equipment selection, a 

major problem is that of identifying viable alternatives for consider­

ation. This problem is due to the tremendous volume of machine ry 

production in this country and abroad. A second problem is the 

dete rmination of the point in time at which to begin a re.placement 

study. After the identification of alternatives for inclusion in a 

decision process, one is then faced with the difficulty of reducing 

the various attributes of the alternatives to a single common denomi­

nator for analysis. Many multi-dimensional ranking schemes have 

been developed for this purpose. Most ranking procedures are very 

subjective. They have not received popular acceptance in the field. 

This investigator does not advocate the use of any single ranking 

scheme. An assumption is made that a choice can be made to deter­

mine the best challenger for the function of any defender. 



4 

This discussion of problems should indicate to the reader that 

the proper application of replacement theory is no easy task. Many 

problems exist which will provide challenges to researchers into 

distant future. 

Types of Replacement Situations 

Replacement problems can normally be class ified into the 

follow tng cate gorie s: 

1. Replacement of items which fail suddenly. 
2. Like -for-like replacement. 
3. Military aircraft type replacement. 
4. Replacement of items which deteriorate and 

become obsolete with time. 

These problem areas will be further discussed in orde r to clarify 

their meaning. 

Items which fail suddenly. This type of replacement is of 

greatest conce rn in the area of electronic components. Its problems 

have lead to the development of an area of study, reliability engineer-

ing. This area is concerned with the development of policies and pro-

cedures which in general have as an objective, the minimization of 

two types of costs. These costs are: (1) equipment and installation 

costs and (2) cost of loss of service. The genera~ procedure is to 
'I 

develop a trade -off between these costs to dete rmine an optimum 

policy. When cost of lost service is prohibitive, considerations are 

made for equipment redundancy. In cases where weight of equipment 

is important, the trade -offs are often between weight and system 
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reliability with costs being a tertiary conccrn~ An exarnp!o of an itenl 

which fails suddenly is a light bulb. 

Like-for-like replacement. This category of replacement is one 

in which equipment is replaced by identical equiptnent. It is practi­

cally nonexistent. Its tnain use is a philos ophical one; that of an 

assumed approach in illustrative problem situations. This is so if we 

make the strictest setnantic interpretation of the title. However, if 

we make a more liberal interpretation of the meaning and assume that 

like in function is sufficient to satisfy the definition, we find this type 

of replacement common in industries which employ machine tools in 

their operations. It is evident that in any area where the tnachines 

are fairly standard and whe re they have been "state -of -the -art tl for 

years that the assumption of like -for-like replacement will not be in 

error. This category of replacement is a subset of replacement of 

items which deteriorate and become obsolete with titne~' It is given 

separate ranking because of its common acceptance by practitione rs. 

Military aircraft type replacement. This replacement area is 

one in which the decision maker is faced with problelTIs of analysis 

related to factors other than the systelTI which is in service. Here 

the concern is with instant obsolescence. The itelTI may display char­

acteristics of other replacement categories and have their problems 

but when a superior unit is developed it is obsolete for first grade 

service. It may be functionally downgraded a number of times but its 

value for main line se rvice has been lost. Military aircraft normally 



experience this type of replacement. Once the unit has become obso-

tete in the area, i. e., the enemy has developed a superior model, it 

has lost its value for first line service. It is no longer the d'eterrent 

that it was earlier. In the business world, electronic computers 

would be a close analogy to military aircraft in national defen"se. 

Replacement of items which deteriorate and become obsolete 

with time. This is the most common category of replacement and the 

one which has the greatest effect on the economic well-being of most 

industries and most countries • This category of replacement is con-

cerned with items which have design weaknesses. Machines wear 

and with this wear sometimes comes poor quality production. When 

quality drops, inspection costs increase. When the poor quality pro-

duction is attributed to a machine, reasons are sought for the change 

in quality. Discovery of an assignable cause for poor quality would 

probably lead to decreasing machine speed or altering s6rne variable 

which might enable the machine to hold process tolerances. This 

change normally leads to increased unit cost. The continuation of 

such changes, together with decreasing power efficiency, increasing 

maintenance cost due to aging, and profit loss from inferior products 

indicates that the machine is deteriorating. 
f 
'i 

The point in time at which the machine become s obsolete is 

related to deterioration of the defender and the technological advances 

made in challengers. This area of replacement is one in which the 

state-of-the-art is dynamic. 



Approach of Investigation 

As is ev ident, the a rea of replace me nt t' cona tlly is ve ry b 1'0;\ d 

and encompasses consideration of many factors. To narrow the topic 

of this thesis somewhat, it will be concerned specifically with the areas 

covered by categories two and four discussed earlier. These 'catego­

ries, (1) like -for-like replacement and (2) replacement of items which 

deteriorate and become obsolete with time, constitute a major portion 

of the replacement situations in industry. It is believed that a more 

realistic approach to these problems would constitute a major contri­

bution·to the replacement literature. 

The follow ing is a chapte r by chapte r outline of the deve lopment 

of a systems approach to replacement: 

Chapter II. A review of the replacement literature including 

discrete and continuous models, the MAPI approach, and existing 

mathematical programming approaches. '. 

Chapter Ill. A selected review of capital budgeting literature 

and mathematical programming techniques as a'pplied to capital bud 

geting. 

Chapter IV. The systems approach to the replacement problem. 

Formulation of process relationships and constraints for adaptation 

into the mathematical programming models. 

Chapter V. Formulation of mathematical programming models 

of rep lac e me nt s Hua t ions which inc lude p roce s s re lat ions h ip s . 

Chapter VI. Dimensionality and model analysis. 
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Chapter VII. Further analysis, model reduction and fornntJalion 

of exalTIple p rob Ie m. 

Chapte r VIII. RecolTImendations and conclus ions. 



General 

CHAPTER II 

SURVEY OF THE REPLACEMENT 
LITERATURE 

The bas ic work of replacement theory has been incorporated in 

engineering economy texts. Most texts deal with the one machine or 

one system case. Some of these texts, within subject matter other 

than replacement treat such problems as budgeting unde r limitations 

of funds and the choice between alternatives, some of which may be 

mutually exclus ive. Much othe r info rmation is to be found in the 

nte:rature. Basic texts together with material from other literature 

will be covered in this survey. 

Reasons for replacement. Thuesen and Fabrycky (25, p. 261) 

point out the two bas ic reasons for replacement or for the cons ide ration 

of replacing an asset. These are physical impairment and obsoles-

cence. Physical impairment is described by Masse (20, pp. 44-51) 

as being a change in the "function" of an asset due to a design weak 

ness. Obsolescence, of course, has nothing to do with the asset itself 
I . 

but rather the environment external to the asset--the world of the 

assets which are in functional competition for the "job 't of the asset 

presently being used. 

Depreciation and sunk cost. Most basic texts in the area of 

. engineering economy give adequate coverage to the subject of 

9 
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depreciation and its proper relation to replacement theory. Sunk 

costs are discussed by the authors and methods for their treatment 

are discussed. However, few authors point out the relevance of a 

series of sunk costs or possible reasons for the occurrence of these 

costs. Most merely indicate that they occur due to mistake~ made 

in the past. Undoubtedly these costs occur because of three factors. 

These factors are: (1) failure to take into account an obsolescence 

gradient cost1 (2) use of overly optimistic machine operating costs, 

and (3) poor forecasting in general. It is believed that an improvement 

can be made on e.ach of these factors by stressing their importance to 

young engineers who are about to enter the profession. The use of 

data in analysis which takes into account an obsolescence cost could 

possibly reduce the number of mistakes. The second and third points 

are, of course, both related to forecasting and could be improved upon 

by use of good forecasting techniques. 

Inflationary effects. Ghare and Torgersen (14) point out the 

effects of inflation on engineering economy decisions. This is indeed 

a relevant factor which has been discounted or omitted by some 

authors. The factor is assumed by most to be self-cancelling in a 

comparison of alternatives due to the factor having ,the same effect 

on each alternative. However, where the distributions of cash flows 

through time are significantly different, inflation can have influencing 

terminal effects. It is believed that this factor can be properly incor­

porated in a forecasting model to give better data for analysis. 



1.1 

Survey approach. This literature survey will he confined to 

deterministic models since these are the most relevant to the material 

to be encompassed within this investigation. The investigator seeks 

partial justification in this treatment from Tryvge Haavelmo who said, 

IIWe are ••• far from having exhausted the amount of clarification 

and ins ight that can be gained from the study of exact models. We 

shall find more than enough to do even in a hypothetical world of non­

stochastic models. ,,3 Even though this statement was written some 

ten years ago, this writer believes that it is still valid in the area of 

replacement economy. Hopefully, this belief will be supported by 

mate rial introduced here and in subsequent chapte rs. 

Text Book Approach 

In the basic engineering economy texts, the material on replace-

ment is limited. In most cases, an adequate discus s ion is given of 

the problems which are encountered in the application of economic 

principles. Then students are presented with special problems which 

illustrate the de s ired points. Most problems reduce to a simple 

annual cost or present worth comparison. 

Terborgh's MAP! Methods 
; i 

These methods were developed over a twenty-year period and 

published in four books; Dynamic Equipment Policy (1949), MAP! 

3Tryvge Haavelmo, A. Study in the Theory of Investment, 
University of Chicago Press, Chicago, 1960, p. 17-21. 
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Replacement Manual (1950), Bus iues s Iuve stnlcntPolicy (191)8 Land 

Business Investment Management (1967). The first two books deal 

with the equipment replacement problem. The latter extend the 

principles set forth in the first books to other types of investments. 

MAPI basics. The basic upon which the MAP! system <is built 

is a rate of return analysis computed from the equivalence of annual 

costs. It is, however, more complete than this statement would indi-

cate. In the basic form, it is a "rate-of-return for holding one more 

year l1 type of analysis. In this analysis, opportunity costs are taken 

into account and costs of not waiting are capitalized and added to 

other costs of the challenger. 

MAPI va ria Hans. The va rious MAPI mode 1s a re de ve lope d to 

take into account such things as income tax, different forms of depre-

ciation, various forms of income series, and various rates of annual 

accumulation of inferiority. Analys is can also be made' for situations 

in which the defende r will be retained for more than one year. 

Although Terborgh limited, by necessity, the number of variants of 

the factors desc ribed above, modifications can be made to the proce-

dures to take into account alternatives which he omitted in the cate-

gories. For example; the method could be modified for depreciation 

methods not covered by Terborgh. 

Terborgh developed the MAPI system as a workable one which 

could be applied by practitioners in industry and, hence, went into 

~. great detail in so doing. His system is built upon a collection of 

~.! 
~ 
~ 
~ 
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charts which simplify the calculation of information needed. It also 

is formulated around his MAP! worksheets for total cove rage of the 

analys is. He expanded the cove rage of the bas ic system in each war!': 

that he published but has not accounted for some important factors in 

the replacement area as this inve stigator would prefe r to define it. 

Two factors unaccounted for are comparisons of new pieces of equip-

ment and comparisons of expans ionary investments. Expans lonary 

investment is investment in new assets or systems to El(pand existing 

capac ity. 

l\lorris' Mode Is 

Several models for replacement situations are developed by 

M0rris (21, pp. 194-221). These models include considerations for 

one or more of the factors planning horiz-on, technology, lost patterns 

and zero or non-zero interest rate, together with ctssumptions with 

regard to the presence or absence of asset salvage value. 

Dete rrnination of economic life. Morris be gins with a simple 

problem of determining the economic service life of an asset. The 

toted cost for n years service from an asset is given by 

n 
TC(n)=It2 

j:::.;! 
C· J 

where I is the initial investment required and Cj is a monotonically 

increasing series of maintenance and operating costs. Dividing the 

above through by n, the number of years, yields 
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AC(n)-:::!. +.!. 
n n 

If N is the value of n which minimizes the above expression, then it 

holds that 

AC (N + 1) - AC (N) > 0 

and 

AC(N-l) - AC(N) O. 

Substituting the expression for AC(n) into the first expression and 

simplifying gives the follow ing: 

Making the same evaluation with the second expression gives 

AC{N)~CN. 

The combination of the above two conditions results in 

This gives a condition for replacement which can be stated as 

a marginal evaluation principle. As long as the marginal cost is lower 

than the average period cost to date, do not replace. When the mar-

ginal cost for the next period will exceed the average period cost to 

date, replace. 

Morris developed a model for an indefinite sequence of identical 

machines, interest and salvage value. This model wilt not be covered 

since it is a case which has little application in practice where people 

are concerned with a definite planning horizon. 
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Improved candidate for replC:'l.cement. Morris t model of an 

improved candidate for replacement, salvage value, interest and a 

finite planning horizon is the one deemed most re levant in actual 

application by this investigator. 

Morris defined terms used in the model development as follows: 

COj = the operating and maintenance cost for the 
present machine during the jth additional year 
of use (monotonically increasing). 

SOj = the salvage value of the pre sent machine at 
the end of the jth additional year of us e. 

the investment required to obtain the newe r 
machine. 

the ope rating and rna intenance cos t for the 
newer machine during the jth year of use 
(monotonically increasing). 

Slj= the salvage of the newer machine at the end 
of the jth year of use. 

The problem is to determine the year n at which to replace the present 

machine in order to minimize the present worth of the cost of the 

service over the planning horizon. The total cost in terms of present 

worth is given by 

, . 

De s ignating N as the optimal value of n, the following conditions mllst 

hold. 

TC (N+l) - TC (N)~ 0 

TC (N-I) - TC (N) ~O. 
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Following the procedure of substitution of the expression for 

TC (n) into these expressions developed above the conditions may be 

expres sed as 

and 

CON+l+(l+i) SON - SON+l ~Il i _ SIT -N - SIT -N -1 
(l+i)T-N-l 

T-N C 
+ 1: _lj_ 

j=l (1+ i)j 

T-N-l CI
J
" 

I, 
j=l (l+i)j 

T-N+l 
C I' 1: _..L-J __ 

j=l (1+i)j+l 

Morris states the principle of replacement here to be, 

liAs long as the cost of one additional year of 
use for the present machine is less than the saving,s 
resulting from postponing the purchase of the new ' 
machine one year, do not replace; when the cost of 
extending the use of the present machine fot an 
additional year exceeds the savings resulting from 
postponing the purchase of the new machine, then 
the new machine should be purchased. ,,4 

Obsolescence model. Mo'rris also developed a model for replace-

ment in which obsolescence was taken into account. ~e assumed that 

operat~ng and maintenance costs increased linearly with age. He also 

assumed that the first year operating cost decreased linearly with 

calendar time. 

4W. T_ Morris, Analysis of Management Decisions, R. D. 

Irw in, Homewood, Illinois, 1964, p. 204. 
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A machine, purchased new at the end of the Kth year of a pc riod 

under consideration, would have an operating and maintenance cost in 

year j from the time of purchase which is given by 

Cj=c+(j-1) a - (K-1) b, for K$.j 

where c is the operating and maintenance cost of the machines in use 

at the beginning of the period, j is the period after purchase for which 

the cost determination is to be made, K is the period at the end of 

which the new machine was adopted. The yearly inc rease in ope rating 

and maintenance costs is a, and b is the yearly change in operating 

advantage. 

The total cost for replacement of a machine at the end of each 

n yea rs is given by 

n 
TC (n)=1+ 2: 

j=l 

n 
c + (j - 1 ~a + I + I: 

(1 + i)J (1+ i)n j =1 

c +(j-l)a nb 

(l+i)n+J 

+ 1 + f: 
(l+i)2n j=l 

c+O-l)a - 2nb. 1 
2 .. + 3 +. 

(l+i) n+J (l+i) n 

which can be reduced to 

co n 
TC (o)Jr + t c+ (j-l)al (1+ i)o 

L j = 1 (1 + i)J J {I + i)n-l 
-2: L knb 

j=l (l+i)kn+j k=l 

Converting the above to an annual cost yields 

AC (n)=fr + f: c + (j -l.>a] i( l+i)n - [f t r j = 1 ( 1 - i)J ( 1 + i) n - 1 k = 1 j = 1 

, 
I, 

knb ]. 
(l+i)kn+j 1 
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Morris next solved a substitute problern by reasoning that the toUl! 

cost of operating a machine is the sum of the operating and mainte­

nance costs and the opportunity costs foregone by not replacing it 

with the best alternative available. In this situation the total cost in 

any year from the beginning of a machine's operation is give'n by 

C c+(j-l) (a+b). 

Here j is the year for which the total operating cost is to be deter­

mined and other terms are as previously defined. By setting up the 

annual costs in this form, it can be shown (21 ,pp. 524-525) that the 

difference in costs between the two expressions is a constant which 

is equal to tJ.~e capitalized value of the annual ope rating advantage. 

Since the expressions differ only by a constant, then their optimal 

values will be the same. 

The conditions for an optimum solution to this problem are as 

follows: 

AC (N) $. c+N (a+ b) 

AC (N-l)~c+(N-l) (a+b). 

It is believed that Morris covers points which are indeed relevant, 

namely, those of technological advancement and increasing costs of 

operation and maintenance. He also develops various models which 

incorporate presence or absence of interest and salvage value. His 

work provides a basis from which many models of replacement 

situations could be constructed. 
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Mas se' s Mode Is 

Masse (20, pp. 42-83) extended models similar to those of 

Churchman, Ackoff, and Arnoff(6) to include continuous interest and 

components w.hich had been used as constants as a function of time. 

A similar treatment of the continuous inte rest approach was also done 

by Reisman and Buffa (22). The work of Masse is, however, of 

greater interest. 

Elementary model. Masse's first model is as shown below: 

T 

-B(T)= J Q(t)e -1(t)dt+S(T)e -lIT) - c. 
o 

B(T) is the total discounted profit realized from an investment, T is 

the replacement time, Q(t)dt is gross income earned from the project 

in the time interval (t, t+dt), C is the initial investment, S(T} the 

salvage value of the project at time T, and i(t) the continuous inte re st 

rate which is assumed to vary with time t. Masse assumes that the 

gross income is the excess of sales over variable costs and does not 

include interest or depreciation expense. He also assumes that 

t 

J i(t)dt= l(t). 

o 

The optimum interval of replacement, T, is obtained by differentiating 

the expression for B(T) with respect to T. This is given by 

0=:: = [Q(T) - LIT) S(T)+Sl(T)] e-I(T). 
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Masse's interpretation of the preceding condifion 'was as follows: 

Condition (II. 2) means that at the end of the 
optimum length of service T, the interest on the retire­
ment value equals the potential profit on continued 
operation minus the loss in retirement value, all these 
magnitudes expressed per unit of time. 5 

Partial Replacement. Masse also developed a model for partial 

replacement. In this model he assumed that there were two decision 

variables under the control of management. These were the time of 

partial replacement 0 and the time of retirement T'. His model was 

as shown below: 

Tt 

Q(t)e -I(t)dt - ce -1(0) + f 
o 

q{O, t)e -I(t)dt. 

Taking the partial derivatives of the above expression with respect to 

o and T' and setting them equal to zero gives the following: 

and 

T' 

0: t~' :ci(B)e -l(B) - q(B, B)e -1(8) +! ~~ (B, t)e -l(t)~t, 
(j 

0= ~~: =Q(T')e -I(T')+q(B, T')e -l(T'). 

The first expression gives the optimum partiai;replacement 

interval for a given T'. This can be substituted into the second 

expression in order to find T'. Then, () can be evaluated from the 

first equation. 

5Pierre Masse', Optimal Investment Decisions, Prentice-Hall, 
Englewood Cliffs, New Jersey, 1962, p. 55. 
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Masse developed other models which were of less significance 

and also used a continuous approach to develop the conditions for the 

adverse minimum of Terborgh's MAP! models. His work is refreshing 

and is of cons ide rable value to the body of replacement. 

Dynamic Programming Formulations 

Belhnan and Dreyfus (2, 3, 9) developed the dynamic program-

ming model for the replacement problem. They assumed certain 

patterns for costs associated with the maintenance operation and 

replacement of equipment. The patterns and cost cons ide red we re 

as shown ~n Figures 1, 2, and 3. 

This approach was developed for a one machine or one system 

consideration. It was assumed that decisions would be made only at 

discrete intervals of time. The decisions would be either to keep the 

present machine Or to dispose of it and replace it w.ith the challe r. 

These alternatives were designated by K for "keepll and P for Itpur-

chase ". A function f(t) was introduced to repre sent the return ave r 

the period that the service was required assuming that the machine 

now in service was of age t. The value given by f(t) was also assumed 

to be the best value obtainable, i. e., that given by an optimal policy. 

A discounting factor was introduced in orde r to take the time value 

of money into account and also to k~ep the return finite. 

Functional equations were developed. These were: 

. {P: reO) - U(O) - C(t) + af(l)}. 
f(t)=max 

K: ret) - U(t) + af(t+l) 



r(t) 

22 

~--~----~-----------------------------------t o 1 2 3 

FIGURE 1 

ANNUAL RETURN FROM·MACHINE VERSUS 

AGE OF MACHINE 
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FIGURE 2 

ANNUAL OPERATING EXPENSE VERSUS 

AGE OF MACHINE 
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FIGURE 3 

REPLACEMENT COST VERSUS 

AGE OF MACHINE 

I, 
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The preceding equations de sc ribe an infinite proce s s. It is ev idcnt 

that an optimal policy will be to keep a machine or system until 

year "X" and then replace it. If year "X" is past the end of the 

planning horizon, the machine will not be replaced. 

To simplify the model n(t) was designated as the difference 

between the yearly return, r(t), and the yearly upkeep, u{t). 

To solve this problem analytically, a system of equations was 

developed. 

f(O) = n(O)+ aft 1) 

f ( 1) = n ( 1 ) + af ( 2 ) 

f(T-I) = n(T-I)+af(T) 

f(T) = -C(T)+n(O)+af(l) 

where T is the year of replacement and C(T) is the cost 'of replacing 

the ITlachine or system at that time. The above system of equations 

can be solved for f(I) to yield 

T-2 T-l] T-l + a n(T-I)+n(O)a -a C(T} 

I_aT 

A value of T is then determined which will maximize f(I). This value 

will maximize f(O) also. 

It should be noted that if the ITlachine in se rvice is oide r than 

T when the study is begun, it is not clear what to do. 

Bellman and Dreyfus make the dynamic programming forITlulation 

as follows: 
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Let us introduce the functions 

1. fN(t)=the value at year N of the overall return 
from a machine which is t years old, where an 
optimal replacement policy is employed for the 
remainde r of the process. 

The future is discounted as before. However, we also assume 
that the process lasts NO stages, and then stops. Hence 

fN + 1 (t) =0. 
o 

Since the overall return associated with purchase at 
year N is 

2. 

and the return from a decis ion to keep is 

(K) 
3. fN (t)=rN (t) - UN(t)+afN+l (t+l), 

we obtain the equation 

4. fN(t)=max { fW> (t), fk
K

} (t)} , 

or 

5. fN(t) max{ p. rN(O) - UNtO) - CN(t)+afN+l (I)} 

K: rN(t) - U N (t)+afN+1 (t+l)' • 

The function fN(t) is taken to be ze ro for N2. NO + I. 

Letting N assume the value NO in equation (5), we 
obtain an expression for fN

O 
(t) in terms of known functions. 

Hence, we can solve for fNO (t), for all admissible t • 

• • . Having constructed the function fNO (t), wr;; can use 
equation (5) to determine the function fN-l (t). Continuing 
this sequence, we obtain fl (tl,. the opti~al return for a 
process starting in year 1. Recording the policy used in 
the maximization of equation (5), we ha6'e the replacement 
policy which yields the optimal return. 

6Richard E. Belltnan and Stewart E. Dreyfus, Applied Dynatnic 
. Progratntning, Princeton University Press, Princeton, New Jersey, 

1962, pp. 118-119. 
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Be llman and Dreyfus point out that the te'chnique used is suffi-

c iently flexible to apply to a variety of problems in the replacerncnt 

area. 

Hanssmann's Models 

Hanssmann (16, pp. 98-106) did some of the work in replacement 

economy most relevant to the approach of this paper. His models were 

very basic but, indeed, of value for further development. 

One machine model. Hanssmann developed a one machine 

replacement model for a finite planning horiz,on. He chose to make the 

life of the machine coincident with that horizon. His assumption was 

that the re would be no more than one replacement during the planning 

period. He as sumed only one "challenge r" for cons ide ration. His 

problem was then to find the optimum time at which to replace in order 

to minimize the s urn of the non-discounted cost for maintaining the 

required production capability over the time horizon. His model was 

as shown below. 

C( r)= i [d(t)+e(t) ] + (T -r) [A-S+EJ ' r= 0, .... , T 
tIL 

where r is the year of replacement, T is the planning horizon, d{t) is 
,. 
" 

the deprec iation in actual value during year t, ,e (t) is the ope rating 

costs in year t, A is the first cost, S is the salvage value, E is the 

total current expense. ave r the project life and L is the economic life 

of the challenger. 
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Noticeable in this model is the absence of consideration of the 

time value of money and the presence of a terminal value assurnption. 

This model is identical in function to Morri.s ' improved candidate for 

replacement with a finite planning horizon, if Morris had neglected 

the time value of money. 

Hans smann next reasons as follows: 

A problem that renlains outs ide these replace­
ment models is that of flexibility. For example, 
minimization of costs during the horizon may require 
the use of a machine with relatively long economic 
life. Therefore, this solution may prevent us from 
making the .best use of future technological alterna':' 
tives that may become available after the horizon. 
In our pre sent treatment flexlbility should be con­
sidered an intangible that must be weighed against 
the economi~evaluations' obtained from the replace­
ment model. 

Model for several machines. Hanssmann next looked at the 

replacement problem for several independent machines and imposed 

a first year budget, B. Using the model above, he calc'ulated the 

optimal replacement time for each machine. 

Problems occur only if more machines are to be replaced in 

the budget year than available capital permits. His assumption was 

that if a machine cannot be replaced in the first budget year then it 

can be replaced in the second. The cost of not repl~cing a machine 

immediately is the difference between the costs of the earlier model 

evaluated at time one and at time zero. This can be expressed as 

E·=C· (1) - C· (0) J J J 

7 Fred Hanssmann, Operations Research Techniques for Capital 
Investment, John Wiley and Sons, Inc., New York, 1968, p. 100. 
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where E j is the cost of postponing the replacement of machine j for 

the first period. Cj(r) is the total cost for the planning horizon if 

machine j is replaced at time r. The quantity E j can also be con­

side red as the gain from immediate replacement of the asset j. This 

replacement situation can then be formulated as follow s: 

maximize 

m 
E = .l: EJ.X j , 

j=l 

subject to 

m 

l: IjXj~B, 
j=l 

where Ij represents the investment required for machine j and Xj is a 

zero-one variable for project selection. 

Next, Hanssmann modified his model to include a'yearly budget, 

B t , ove r a planning horizon, T. He again lirnited each machine to one 

challenger and to one replacement during the horizon. The decision 

variable Xu now represented whether or not machine i is replaced in 

year t. The problem then became 

minimize 

n T 
C=l: I CitXit' 

i=1 t=l 

subject to 

n 

I IiXit ~ Btl 
i = 1 

t==l, ••• , T, 



and 

T 
2 X· t = 1 

1 ' 
t 1 

(i=l, ••• , nl. 

Expansionary Investment. Hanssmann also treated the case of 

replacement which he calls "expans iona ry investment. tI This' is the 

case where an alternate method of performing a task is included in a 

formulation such as that shown above. The ;reason for not including 

it under replacement is that the alternative for consideration may 

require additional capital and may not be like in function to the old 

asset. It also may increase the capacity of the process, hence, this 

accounts for the separate treatment. 

Here, Hanssmann takes the case of a one product firm and 

assumes the same finite planning horizon. He designates rj as the 

forecasted requirement for the jth year of the planning horizon. A 

simple process model used is as shown in Figure 4. 

With reference to Figure 4 as a network flow, it can be seen 

that the following must hold: 

U·+V·==r. 
J J J 

1 2 U. +U
J
. =U. 

J J f' . , 
Facilities will be excluded by not allocating units of production 

to them. Each machine cente r must have adequate capacity to service 

the allocated work. Hence, the following Il1ust hold. 

1 
CIX j ~ Uj 
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FIGURE 4 

MODEL OF PRODUCTION PROCESS 

USED BY HANSSMANN 

r. 
~ 

Note: The coefficients of X and Y in the figure represent 
machine capacities. 
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(j=l, •• ~, T) 

Here, the number of machines X. and Y
J
. are decision variables. J . 

At this point no objective function has been specified.. Hans smann 

states the following: 

The prope r mea sure of input is the inc re me ntal 
cost of owning and operating .all machines during the 
horizon. Consider the cost contribution in year j of 
one of the machine inventories, say Yj • 

.. .. .. we know that the cost contributions of old machines 
(already installed at the beginning of the horizon) and 
new machines {installed at some time during the horizon} 
must be treated differently. We therefore decompose 
Yj into YjO of old machines held over from the beginning 
of the horizon and thfe number Y jn installed later on 
and kept during pe riod j.. Thus we have 

Y.= Y '0+ y. 
J J In 

0=1, ..... , T). 

Clearly, the old machines can only decrease in time 
through retirement. 

(j=1, ..... , T). 

Let bjO be the cost contribution of an old machine in 
. year j, including decline of salvage value and current. 
maintenance expense. These costs are assumed 
independent of the actual utilization of the fac ility for 
production. Let b n be the annual cost contributi.on of 
a new machine. .. .. .. Finally, let B be the operating 
cost pe runit of product actually manufactured on a 
facility of type Y. Then it is clear that the total cost 
contribution of machine cente r Y in pe riod j can be 
written as 

8 

8 Ibid., pp. 103-104. 
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Hanssmann next extends this concept over all machine centc'rs 

and the resulting objective function becomes 

~. 1· 1 21 21 22 22 
C .LJ (ajO X·O+ ajO X·O +ajO X·O+ b· O Y, O J=1 J. J J J J 

1 1 21 21 22 22 
+ an X jn+ an X jn + anXjn + b n Yjn 

1 2 
+ Al U j + A21 U j + A2 2 U j + B V j)' 

which is to be minimized subject to the previously developed constraints 

in addition to 

x, Y, U, V~O (X, Y integers). 

Hence, it can be seen that this work by Hanssmann is the most 

complete of the deterministic models of replacement theory. It does 

not, however, encompass many important principles of engineering 

economy, however, and leaves much room for further or alternative 

developments. 

Discussion of Models 

It is evident from this survey of the lite rature that much work 

has been done in the replacement area and that there is much which 

remains to be done. Terborgh1s 1v1API method is on~ which is applied 
'f 

by some practitioners. It takes into account the possibilities of im-

provements in technology and the expected increases in operating costs. 

The models of Masse, Morris, and Bellman and Dreyfus are structured 

so that these factors can be considered. Interest rates are provided 

for in all of the models as in the presence or absence of a salvage 
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value. None of the models, with the possible 'exception of Hanssmann's, 

provide any relationship between the single machine or system in 

consideration and other projects being considered within the same 

firm. The models do not account for the fact that there is SOUle 

change in the productivity of most machines with aging. In general, 

they overlook some very important considerations in decision making. 

These considerations will be discussed in detail later. 

Replacement Versus Capital Budgeting 

The problems confronted by those concerned with capital bud-

geting are much the same as those encountered by individuals in the 

application of replacement economics. Capital budgeting is normally 

a problem with {ewe r constraints at a much highe r level of activity. 

Capital budgeting normally concerns itself with new projects and rnight 

be considered a macro-budgeting. Replacement is an activity which 

is carried on, in general, at a lower level than capital budgeting. It 

is conce rned with taking funds allocated from the capital budgeting 

process and allocating them as scarce resources in the production 

process, or contrawise, justifying the allocation of scarce resources 

in the processes of manufacture to those responsibl~ for capital bud-
. , 

geting. Hence, replacement economics might be called an application 

of mic ro -budgeting. 

It is believed that a review of lite rature of capital budgeting 

might be highly relevant since much more time has been devoted to 

that problem than to that of replacement economy. 



General 

CHAPTER III 

CAPITAL BUDGETING AND SELECTED CAPITAL 
BUDGETING MODELS. 

Lorte and Savage (19) defined three tasks which manage rs 

encounte r in achieving good financ ial management. The first task was 

preparing and reviewing capital budgets, delegating authority and 

assigning responsibility for money expended, and reviewing ·invest-

ments made. The second task was forecasting future cash flows with 

accuracy. Rationing of capital was listed as the third task. This 

latter task was broken down into the problems listed below: 

1 ~ 

2. 

3. 

Given a firms cost of capital and a management 
policy of us ing this cost to identify acceptable 
investment proposals, which group of "independent" 
investment proposals should the firm accept? , ..• 

Given a fixed sum of money to be used for capital 
investment, what group of investment proposals 
should be unde rtaken? •.• 

How should a firm select the best among mutually 
exclus ive alte rnatives ? 9 

The Lorte and Savage Problem 
'i 

The primary item of interest in the work of Lorte and Savage (19) 

is the ir method developed for the ranking of investment proposals, given 

9James H. Lorie and Leonard J. Savage, "Three Problems in 
Capital Rationing," Journal of Business, Vol. 28, October 1955, 
pp. 229 -239. 
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the firm's interest rate. This procedure was one of trial and error. 

It gives a feasible but not necessarily optimal solution. 

Problem approach. The problem approach is simple. Given 

the net present value (hereafter NPV) of project j as Y j , the NPV of 

the outlays for project j in period i as C ij , the NPV of the capital 

budgeted in period i as Pi' and the available capital as C i' the probtem 

becomes one of maximizing the NPV of the investments subject to the 

period by period budgets. First a one year planning horizon will be 

examined. The procedure is to rank the projects in dec reas ing order 

of Yj!Cij • Intuitively, 

K 
I, Clj~Cl' 

j =1 

where C 1 is the budget for year 1 and K is the last project chosen 

before the capital budget would be exceeded. At this point the quantity 

is pos itive or ze ro for all projects chos en whe re 

This multiplier, AI' can be determined by trial and ~rror to obtain a 
, 

workable solution. Lorie and savage believed it related to a Lag.range 

multiplier but gave no proof. A simple example will illustrate the 

application of this method. 
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Project K y. 
C Ij Y./C I " 

l J J 

1 25 5 5 

2 10 2.5 4 

3 15 5 3 

4 5 2.5 2 

If the capital budget C 1 is assumed to be 9, K must then equal 2. Then 

A I 4 and upon calculating Y j - Al C lj for each project the conditions 

as described previously are met. If the condition Al had not been 

known, it could have been determined by trial and error as follows: 

Assume Al=5 and calculate Y j - A1C 1j for each project. 

Project y. 
J - Al C lj 

1 0 

2 - 2.5 

3 -10.0 

4 - 7.5 

This would indicate that project 1 should be chosen. Upon evaluation , 

it is found that the capital budget is still not expended. Hence, the 

value chosen for A 1 was too large. 

Choose Al= 4 and evaluate the projects again in the same manner. 

This will give the solution obtained earlier. It should be noted, how-

ever, that the solution is not optimal since if projects 1 and 3 were 

chosen the budget would be exhausted and the NPV of the investments 

chosen would be maximized. It is interesting to note that, as the value 

. of Al is decreased toward zero, then at the value AI= 2 projects 2 and 
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:3 both have a Yj - Al C Ij value of 5. This could be an indication or 

the fact that project 3 could be substituted for project 2. 

Lorie and Savage used an example which illustrated the appli 

cation of the method in a two period situation. It was as shown below: 

Expense in Expense in 
Invest- Period 1 Period Z NPV 
. ment (C Ij) (CZ j ) of Project 

1 12 3 14 

Z 54 7 17 

3 6 6 17 

4 6 Z 15 

5 30 35 40 

6 6 6 12 

7 48 4 14 

8 36 3 10 

9 18 3 i'2 

To apply the method, values must be assigned to Al and A Z' the 

multiplie r s. Note that no ranking is required to begin as was previously 

assumed. Assign various values to the rnultipliers and evaluate the 

following expression for each alternative. 

These values fo"r sorne combinations are as shown in the following. 
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Value of y. 
J - Al C Ij - A2 C 2j for given AI' A!.. 

Project A 1=3, AZ=l A 1=1, AZ=l Al=·5, A --"01 
!.. 

1 - 25 - 1 5'" '" 

2 -152 -44 -17 

3 7 5':c: 8 >:~ 

4 5 7'" -,' 1 o~:{ 

5 - 85 -25 -10 

6 - lZ 0'" -.' 3"; -,' 

7 -138 -38 -14 

8 -101 -29 -11 

9 - 45 - 9 0'" ,,' 

~:{ indicates which projects should be chosen under 
the given conditions. 

By studying. the table, it can be determined that, as the value of 

A 1 was dec reased, more projects became acceptable by; the des ir -

ability criterion Yj /Cij' Budget requirements for the projects chosen 

are zero for the first case, PI 18 and P Z=14 for the second case, 

and Pf=48 and PZ=ZO for the third case. In the third case the budget 

for the second period is expended and projects 1, 3, 4, 6, and 9 

chosen for investment. The maximum present valu~' was $70. 

Weingartner (Z7) studied this approach to the problem and provided 

an explanation of the ranking or selection procedure in terms of the 

"shadow prices" of the dual problern. 

Weingartner's formulations of the Lorte and Savage problem. 

Weingartner (27, pp. 16-19) first forrnulated the Lorie and Savage 
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problem as a simple linear programming problem. This [orr-nulation 

was as follows: 

maximize 

subject to 

n 

I 
j = 1 

Ct-X· < C t J J - , 

where bj is the pre sent value of an individual project, Ctj. is the 

amount of capital required by project Xj in period t, C t is the budget 

constraint for period t, and Xj is the decision variable which repre­

sents what portion of a project will be chosen. Weingartner acknowl 

edged that this formulation would provide a result which involved 

fractional projects in most cases. He formulated a theorem for the 

maximum numbe r of fractional projects which would be involved. 

His second approach was to formulate the problem as one in 

integer programming. This problem formulation is the same as that 

given above with the addition of the requirement that X. be an intege r. 
J 

Weingartner's wo.rk is very rigorous and his study 6f the problems 

thorough. However, he spends very little time on formulations and 

devotes most of his work to the interpretation of the problems in terms 

of primal and dual variables and shadow prices of the primal and dual 

problems. His work is an approach to the capital budgeting problem 

from a theoretical mathematical programming approach. 
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Unge r' s Mode Is for Capital Budgeting 

Unger (26) formulated several interesting models for capital 

budgeting situations. One of his problem situations was as follows: 

A firm is faced with n independent investment projects which can be 

accepted or rejected. It has a limited budget for operating and uses 

no outs ide financing. Any returns from investments adopted can be 

used in funding new investments. Funds which are unused in a period 

can be carried 'over to the following period. The objective of the firm 

is to maximize' the present value of the dividends paid to stockholders. 

Unger defined the terms below: 

Atj = the net cash flow from the jth project in the 
tth time pe riod. 

the net cash flow in the tth period from projects 
adopted prior to the 1st period. 

the dividends' paid at time t. 

the interest rate at which dividends paid at 
time t are discounted. 

the amount of cash carried ave r from the tth 
to the (t +l)st period. 

A planning horizon of T years is as sumed. The problem state-

ment becomes 
! . , 

maximize 

subject to 
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n 

Yt - St-1+ S t -.k AtjX j < E t , 
J=1 

xd~. j=l ••••• n. So O. 

Yt , St2:'O, t=l, ••• , T. 

t=l, •.• , T, 

The variable Xj is zero-one depending upon acceptance or rejectance 

of the project. This problem is a mixed zero-one integer programmi.ng 

problem. 

Unger assumes that the interest rate, P t , is positive in every 

period. He then reasons that the constraints can b~ treated as equality 

constraints because any excess money in a period would be paid out as 

a dividend. 

Next, he assumes no funds can be carried forward from one 

period to the next and develops a second formulation as given below. 

The first constraint type becomes 

n 

Y t - .}: AtJX j = E t 
J=l . 

which can be written as 

n 

Yt=E t +.}: AtjXj • 
J=l 

Substituting the above quantity in the previously formulated objective 

function and restructuring the problem yields: 

maximize 
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subject to 

n 

E t + I AtJ·XJ. ~ 0, 
j 1 

t=l, .. •• , T, 

X j = {~, j=l, • •• , n .. 

The problem has now become a pure zero-one integer programming 

problem. 

Unger made one additional problem formulation. The as sump-

tions were the same as the first problem with the exception of the 

planning horizon which was changed to infinity. He then used spec ifie 

assumptions to derive terminal effects at the end of a definite time 

horizon. The problem was then reduced to the first problem formula-

Hon with minor modifications. 

Bernhard's General Model for Capital Budgeting 

Bernhard (4) developed a general model for capita.l bUdgeting. 

His inte rpretation of .the economic' implications of the optimal solution 

to the model in terms of the Kuhn-Tucker conditions was the best 

found in the lite rature .. 

The definition of terms used by Bernhard was as follows: 

Atj = cash flow from one unit of project j at time t. 
(may be either + or -) 

A· = J present worth at time T of all returns to 
project j after time T .. 

Mf = funds available from outs ide projects at time t. 

M' = present worth at time T of cash flows from all 
outs ide proje cts .. 
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It =: 1+ rlt, where rlt is the lending interest rate 
in period t+l. 

l
l+rb t ' where rbt is the rate of interest 

b
t 

= borrowed funds in period t+l. 

It for t 1, • • ., T -1, T, T + 1, • • • • 

B t = maximum value of W t-

d - total supply of scarce resource. 

on 

d j - consumption of scarce resource by unit of product j. 

Xj = units of project j to be unde rtaken. 

W t = dividends paid at time t. 

w t - cash to be borrowed from time t to time t + 1. 

V t cash to be loaned out in period t+l. 

G the te rminal wealth of the firm at time T afte r 
payment of dividends for period T. 

Bernhard's objective function then, in general terms, is to 

maximize the wealth of the stockholde rs or owne rs at some point in 

time. In general terms, this could be expressed as 

maximize 

(where the actual function can be determined to suit the specific case) 

subject to many variations in constraints, some of which are included 

below_ 

The firm must maintain a cash balance during period t+l of at 

This amount carried is a linear function of the outstanding de bt and 

earns interest at the lending rate. The general form of this liquidity 

constraint is 
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n 

-.2 AtjXj - 1t-1 [V t - 1+Ct-1 Wt-l+Ct-l] 
J=1 

+ [Vt+Ct Wt+Ct] b t _l Wt-l 

for t=1, 2, ••• , T. 

Be rnhard explained this constraint as follow s: 

Taking the terms in order, this says that at 
time t, the net cash outflow to projects, minus the 
cash inflow from time t-1 loans, plus the cash outflow 
for time t loans, plus the cash outflow for repayment 
of time t-1 borrowing, minus the cash inflow from 
time t borrowing, plus the cash outflow for time t 
dividends, must be less than or equal to the cash 
available from outside sources at time t. 10 

The next constraint is for te rminal wealth. 

n 
G=M' + 2 AJoXJo+V T+ cT wT+C T - wT 

j=1 

This constrains the terminal wealth of the firm at time T to be equal 

to the present worth at time T of cash flows from all otitside projects 

plus the present worth of the cash. flows after time T of projects chosen 

from the current analysis, plus the sum of all money loaned at time T 

minus all money owed at time T. 

A scarce resource constraint is formulated as 

n 
:£ dJoXj ~ d. 

j=l 

" 

This constraint requires that the amount of material d used be less than 

lORichard H. Bernhard, "Mathematical Programming Models for 
Capital Budgeting--A Survey, Generalization, and Critique, 11 Tech. 
Rept. #57, Dept. oro. R. College of Engineering, Cornell University, 
Ithica, New York, November 1968, pp. 5-6. 
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or equal to the supply available. Constraints' of this type arc used to 

ascertain that no projects will be chosen which are infeasible froln a 

standpoint othe r than capital budgeting. 

Bernhard formulated other constraints for limiting the borrowing 

in any period, for prohibiting mUltiple projects and for group payback 

restrictions. His non-negativity constraint required the variables X j , 

W t , w t ' andVt to be greater than or equal to .zero. Bernhard formu-

lated one constraint on terminal wealth which was not necessarily 

linear. He also pointed out that the objective function may not be 

linear. Bernhard's work stressed the simplification of his general 

model to take on the form of the models developed by others and the 

fact that his model incorporated many features that were omitted by 

people such as Weingartner or Baumol and Quandt. 

Kendrick's Inte rtemporal Planning Mode Is 

Kendrick (17) formulated economic planning models for the 

development of markets and industries. The result of the application 

of these models is used in capital budgeting but at a much large r 

scale, namely, that of a national economy or a segment of the economy_ 

He assumed that the industry of concern produced R=l, •• . , r 
" 

inte rmediate goods and R= r +1, • . ., K final goods in e =1, 2, . , 
E productive units at each plant. He used the symbol afe to denote 

the productive capac tty of unit e at plant i to produce a unit of product 

k. If a product does not require processing through a specific unit, 

ke 
then ai = 0 for that unit. At any stage of a manufacturing process, the 
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total product produced must be equal to that product passed to the next 

stage of the process, plus that product sent out of the plant as inter-

mediate goods, plus that part of the product sent out of the plant as 

final goods for cons umption. 

Productive capacity of a unit may be recognized as the .factor 

which limits production inside a given plant. This problem can be 

altered by shifting goods between plants. Since there are many prod-

ucts and plants to be cons ide red, Kendrick defined additional terms as 

follows: 
k 

Sj - the demand for product k in market j. 

e 
gi 

k 
Cij 

k 

the capacity of productive unit e in plant i. 

the cost of transporting a unit of product k 
from location i to location j. 

w .... the units of product k transferred from 
1J location i to location j. 

He then formulated the model as 

minimize 

1: 1: 
j 

K 
.I 

k=r+l 

k k 
C·· w·· 1J 1J 

subject to capacity utilization constraints, 

I 
j 

all i, e, 

market requirement constraints, 

all j, k=r+l, ••• , K, 
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and non-negativity restrictions, 

k 
W ij ~ 0, all i, j, k=r+l, ••• , K. 

This problem is one in ordinary linear programming. Its objective 

is to minimize the transportation cost of meeting a market require-

ment in an industry. It could also be modified to take into account 

the costs of transporting intermediate products in the industry to 

eliminate production bottlenecks and inc rease the ave rall output and 

efficiency. Kendrick defined a new variable uft which represented 

the units of inte rmediate product k shipped from plant i to plant 1. 

He the n ad de d the te rms 

n k k 
l: I I hit uit 
i l~i k=l 

k 
where hit is the cost of moving a unit of product k from location i to 

location 1. 

The effect of this new freedom on the capac ity constraints may 

be acc ouuted for by adding the follow ing te rm: 

I 
l~i 

n 
I 

k=l 
all i, e. 

The first term has the effect of using capacity since it is units taken 

from this process and sent elsewhere. The second term eases the 

capacity since it represents units brought in from other facilities. 

Kendrick also treats the effects of imports and exports on the 

overall model. Kendrick's models were used in studying the effects 

· of various locations considered for the location of a new automobile 
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plant in Brazil.. It was also used in the determination of the location 

at which plant capac ity should be constructed. In this light it can be 

cons ide red as a tool for capital budgeting. 



CHAPTER IV 

THE SYSTEMS APPROACH TO THE REPLACEMENT PROBLElv1: 
FORMULATION OF GENERAL CONSTRAINTS 

General 

As shown in Chapter II, most of the models developed for 

replacement problems consider a one machine case. These models 

all make the assumption that the machine will perform satisfactorily 

or produce the needed output ave r its life. In reality, the output of 

the machine will probably decrease with time or at best its quality 

will decrease. Hence, over the life of a machine there is some 

difference in output, either quality wise or quantity wise. Decision 

make rs realize this diffe rence and take into ac count such things as 

over capacity in early years in order to meet the capacity require­

ments toward the end of the machine's useful life. The~e decisions 

are predicated upon certain assumptions and when the decisions are 

made by more than one decision maker the assumptions may not be 

valid. One decision maker's assumptions may conflict with those of 

another. Except in rare circumstances, there will be more than one 
, , 

machine to, be considered. If a manufacturing facility has only one 

machine, the approach generally taken may be proper, but given the 

normal situation, thes olution obtained by application of the basic 

models will be a feasible one only. 

50 
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To take into account the important considerations one lTIUSt 

realize that a machine is a subsystem, a part of an overall rnanu-

facturing system.. Optimization of results at the machine level in a 

system will not necessarily result in the optimization of results at the 

system level. To obtain the best results the consideration for the 

optimal allocation of capital should be made at the highe st leve 1 

practical for a given situation at hand. 

The approach taken by Hanssmann (16) is one which takes into 

,account the machine as the part of a system. His treatment of the 

replacement problem was done superficially. His idea, however, was 

a good one which was worthy of much further study. The 'investigator 

chose to pursue that idea. 

The Production System as a Network 

Any production process can be represented by a network. The 

complexity of these networks will vary with the complexity of the prod-

uct produced. Any production facility can also be represented by one 

or more networks. In some multi-product facilities, there will be 

only one network due to the fact that one machine is used to produce 

a component of each product and, therefore, ties the otherwise unre­
,I, 

lated networks together. This work will treat the elements of a net-

work approach to the replacement problem by examining simple 

models of production processes. It is realized that as decisions are 

made and replacements occur the network may become more complex. 
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It will also be acknowledged that processes already in use n1ay be 

much more complex than these simple cases but can be synthesized 

from these cases. 

Figure 5 represents a network model of an m stage production 

process'with Kimachines per stage. 

The ares of the network represent machines which have the 

capacity required for this section of the process. Each also has a 

cost associated with its purchase and operation. The dotted arcs in 

Figure 6 represent alternatives to be considered in the replacement 

or addition to the network. 

Looking at a given stage of the proce s s, we find the situation 

as shown in Figure 7 .. 

The solid lines represent equipment in use, and the dotted lines 

represent the alternatives for replacement. The alternatives for 

replacement rn.ight all be the same (replications of the s~me machine) 

if it were found to dominate all alternatives considered for this stage 

of the process. If, however, alternatives for possible selection in 

this stage did not present one superior candidate, the number of 

pas s ibilitie s c auld be as many as kn whe re k equa 1s the numbe r of 

machines in the stage and n is the number of alternatives which are 

alternatively dominant as the various characteristics of the machines 

are exarnined. 

Examining the process as a whole, if j units are to be completed 

each period, then j units on the average rnust pass through each stage 
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Stage 1 2 m 

FIGURE 5 

MODEL OF AN I'M" STAGE PRODUCTION PROCESS 
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Stage 1 2 rn 

FIGURE 6 

Mon'EL OF AN "M" STAGE PRODUCTION PROCESS 

WITH ALTERNATIVES SUPERIMPOSED 
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....... ..---- - -- ....... 
./ .------

FIGURE 7 

DETAIL OF A SINGLE STAGE OF A PROCESS 

WITH ALTERNATIVES SUPERIMPOSED 

I , 
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of the production proce s s each pe riod. The refore 1 the mininlunl 

network cut must be equal toj. 

It is possible to pose alternatives for selection which would 

perform the operations of more than one stage in the network. This 

is the situation as shown in Figure 8 by the dotted line. The net 

effect of such an alte rnative is an inc rease in the capac ity of the 

intervening stages. 

Another possibility for consideration is the selection of a piece 

of equipment wh ich would dec rease the required capac ity of a follow ing 

or preceding stage of m.anufacture. This might be as shown in 

Figure 9. 

He re the selection of a in stage one has a secondary effect on 

stage two which can be represented by at. These are, therefore, 

dependent alternatives and a' cannot be attained individually. The 

same situation might also occur in reverse where the 'gelection of a 

Inight have a relationship which preceded a in the process. An 

example of this might be that, due to the capac ity of a, s orne work 

could be left undone at a preceding operation and passed onto a 

thereby, reduce a bottleneck. 

Othe'r considerations might be included such as a policy con-

straint. For example, no machine w·ill be replaced before it has n 

1n se rVlce more than x years. In the long run, this policy has the 

ct of decreasing the size of the problem, but it does not aid 

optiInality of the resulting solution. 
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---- --~ 

FIGURE 8 

PROCESS OF SEVERAL WITH AN ALTERNATIVE 

WHICH WOULD T\VO STAGES 
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a a' 

FIGURE 9 

PROCESS OF SEVERAL STAGES WITH ALTERNATIVE 

WHICH HAS INSEPARABLE STAGE EFFECTS 
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Network relationships. Some of the possibilities for process 

relationships are listed below: 

1. Either alternative a or alternative b must be 
chosen but not both. 

2. Either alternatives a and b can be chosen 
together, or they can both be rejected, or 
alternative a can be chosen by itself. 
A1ternativ~ b cannot be chosen by itself. 

3. Both projects can be chosen or both .rejected. 

4. If project Xi is not chosen then projects X j , 
Xh ,. and Xl must be chosen. 

5. Once a project has left the proce s s for a 
pe r iod, it cannot be re cons ide red as an 
alte rnative. 

6. Project a requires funding in advance. 

7. Alternative a will increase or decrease the 
capac ity of stage X, Y, and Z. 

8. Alternative a will lower the operating costs 
on machines j, k, and 1 by X% or conversely 
raise the ope rating costs. " 

9. If alternative a is not chosen, then a new 
alternative is presented. 

10. The distribution of funds required in the 
. planning horizon is ••• or the choice of 
certain alternatives would exceed the budget 
for period j. 

'; 

Formulation of System Relationships as Constraints 

Constraints will be formulated here for certain elementary cases. 

In spec ial problems or applications the formulation of the s e simple 

constraints will become much more complex. 
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Mutually exclusive project constraint. Either project Xi or 

project Xj must be chosen but only one of the two.. (Until qualified 

further all variables will be zero-one .. ) 

X·+X·==l 
L J 

Project contingency constraint--type 1. Either project'X. or 
L 

projects Xi and Xj may be chosen but not Xj exclus ively. 

x· - X· 0 
L J 

Project contingency constraint--type 2. This constraint type 

requires that both projects are chosen or both are rejected. 

X· - X· 0 
1 J 

Here, both Xi and Xj must equal zero or both equal one for the con­

s tra tnt to hold. 

Project contingency constraint--type 3 .. If project Xi is not 

chosen, then X j , X
k

' and Xl must be chosen. This typ~. of constraint 

requires the combination of a series of other constraint types. This 

can be accomplished as follows: 

X·+X·=l 
1 J 

Project re .:.entry constraint. Once a project has entered the 

system, it must continue in the process in period i to be a candidate 

for continuing in period i+l. Refer to Figure 10 for the representation 

of the jth stage of a manufacturing process in two subsequent periods, 
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a. 

h. 

FIGURE 10 

REPRESENTATION OF ALTERNATIVES IN 

SUBSEQUENT .FE RlODS 
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i 
i and i+l. Xjk represents machine number k in the jth stage of the 

i+l 
process for the ith period of consideration. For X jI to be con-

sidered, it must have been included in the previous period, otherwise, 

the assumption would be the dissolution of ownership. This type con-

straint is made by tying other constraints together with contingency 

constraint--type 1. 

Constraints for project with lead time. Realistically, most 

projects in industry require lead time. This time is required as 

either order time or construction time. In the case of order lead 

time, capital mayor may not be required until the delivery date. In 

the case of construction time, capital will most certainly be required 

in advance. Development of a constraint for a project of this type 

requires only that the capital requirement he accounted for in the 

proper periods in advance of any production benefits gained from the 

process, machine, or system. 

Constraints for capacity effects. He re each stage has to produce 

some given number of units. The constraints for each stage would be 

of the type 

I 
j 

for all i, 

where x .. is an alternative for stage i, c. is the capacity added by the 
lJ J 

alternative, and Ci is the required stage capacity. An alternative 

which would increase the capacity of stages 1, 2, and 3 would be 

treated as follows in the constraint where Xk is the alternative: 

l CjXij+diXk ~ C i , 
j 

for i=l, 2, 3, 
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where c j ' X ij , Xk , and C i are as defined earlier and d i is the effect 

of alternative Xk on the ith stage capacity for i=l, 2, 3. This "stage 

effect constraint" could be combined with any of the project type con­

stra ints to give additional relationships. 

Constraint for cost effects. A constraint of this type is very 

similar, to that for capacity effects. The diffe rence be ing that the 

effect w ill be in a budget constraint rathe r than in a capacity constraint. 

The situation whe re such a constraint would be applicable would be one 

in which the introduction of a machine into a proces s would have some 

"edge effects" which might permeate other adjacent machines, i, e., 

increase or decrease their capacities or work loads or alter them in 

some way_ 

Functional degradation type constraint. For a machine to be 

functionally degraded, it must be removed from service somewhere 

in the process and placed in a lower grade service else'where in the 

process. If the use of X k in the downgraded service is represented 

by Xk " then 

It is seen that functional degradation of a machine is no more than 

treating it as two mutually exclusive alternatives in the same process. 

Capital constraints. The general heading, capital constraints, LS 

so designated in order to take care of several situations. In some 

cases, it will be desirable to shift budgeted funds from one period to 
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the next. In other cases, it might be desirable to allow the budget to 

be exceeded if borrow ing funds could be profitable. 

The most elementary formulation of a budget constraint would 

be as follows: 

m 

I, dijX i S.Bj' 
i=l 

for all j, 

where m is the number of alternatives available, d .. is the cost of 
1J 

project Xi in period j, and B j is the budget in period j. 

To be more realistic the constraint might be formulated in the 

manne r shown be low. 

or 

m 

I, dilX i - Sl=B 1, j=l, 
i=l 

m 
I, 

i=1 
d··X·+S· 1 - S-=B· lJ 1. 1- 1 J' for j=2, ••• , n-1, 

m 
I, dinXi+Sn_l=B j , 

i=l 
for j=n, 

m 
I, d· X.+S 1 - S =B , 

i=1 1.n 1 n- n n 
for j=n. 

A slack variable Si is added in each period to carry funds forward to 

the following period. In the first period no funds are brought forward 

and in the last funds mayor may not be carried forward. It would be 

logical to allow this "carry-forward" in the last period, and to place. 

the variable Sn' which represents funds carried forward in the last 
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period, in the objective function with the proper sign. If an equality 

were forced, i. e., no "carry-forward" in the last period was allowed, 

the resulting solution might not be as good as could be obtained othe r-

wise. 

Constraints of the type used above lack some realism .. Funds 

have some time value. There is also the possibility of borrowing 

from future budgets. Figure 11 gives an idea'of the fund's balance for 

a given pe riod. The first formulation above allowed for only (1) and 

(6) as shown in the figure. The second formulation allowed for (I), 

(3), (4), and (6). Before incorporating (2) and (5) into a constraint 

formulation, it is realized that the time value of money must be 

accounted for. 

With refe rence to Figure 11, it can be seen that the funds avail­

able in any pe riod are equal to the funds budgeted, plus the funds bor­

rowed, plus the funds brought forward from previous periods, les s 

the funds carried forward to the next pe riod, le s s the funds borrowed 

from this period. Letting these be represented by Y 1 through Y 5' 

respectively, and Y6 represent the funds used in a period the following 

must hold: 

for all j:' 
where j is a budget pe riod. 

This could be handled easier if the time value of money was not 

of concern. In the formulation of the budget constraints, Y6j would be 

. partitioned out into the requirements for each proje.ct the reby adding 
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more variables to the constraint. These constraints would then be 

tied together by additional constraints which would account for the 

interest rates related to carrying money forward or backward in time. 

For example, two constraints might be 

and 

These would be tied together by two additonal constraints which would 

be written as below: 

This constraint requires that funds not used in period j grow at an 

interest rate if in passing to another period. 

I 
YZj=( l+ib) YS, j+l· 

This constraint requires that no more can be borrowed"in pe riod j 

than can be paid back in period j+l, or that the limit on borrowing in 

period j is equal to the present worth of what can be paid back in 

period j+l discounted at the borrowing rate ib -

Conclusions from Constraint Formulation I , , 

Using the constraints that have been formulated in this chapter, 

and variations thereof, it is believed that practically any production 

system can be modeled for a replacement analys is us ing a ITIathemati-

cal programming approach. In the following chapte r example situations 

will be modeled. 



CHAPTER V 

FORMULATION OF REPLACEMENT MODELS 

General 

In the previous chapte r, various constraints were formulated 

which could be used, with modifications, in describing process 

relationships and requirements. The discussion of objective functions 

was omitted from previous material. Before formulating models from 

problem situations in this chapter, the subject of objective functions 

must be discussed. 

Objective Functions for Replacement Models 

The normal objective function, either one for maximization or 

'minimization, was used for the replacement model. If the level of 

modeling for the process was at the same level as capital budgeting 

for the firm, then these two might pas s'ibly be me rged as one and the 

model be constructed of the entire firm. Such a model would include 

replacement and expansionary investment. The objective function 

could then be formulated as one of profit maximization. 
/': 

In othe r situations, the pe rson re spons ible for replaceme nt 

decis ions may not have visibility over the entire firm. The concern 

of the re spans ible individual then becomes the optimal allocation of 

his budgeted capital to accomplish assigned objectives. In this situa-

. tion a cost minimization model would be most appropriate. It is 

68 
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believed that this second case would be the one most: frcC]ucntly 

encountered. 

Several possibilities exist for formulation of the objective func-

tion. The approach chosen here was for a finite planning horizon 

which was used in all model formulations. The treatment WC}lS to 

minimize the pre sent worths of the costs of the "alte rnative s chos en 

for accomplishment of the assigned objectives. Since income tax is 

a relevant consideration in every case, it was included. (For treat-

ment of tax and dete rmination of costs used, see the Appendix. ) 

Hence, the objective functions for the cost minimization models 

we re of the form 

where C i is the after tax present worth cost of the alternative Xi' and 

n,' the number of alternatives. The objective was to minimize this 

function. For a profit maximization type model, the objective function 

would be of the same form. The coefficients Ci would represent profits 

in this case. 

Any deviations from these forms will be explained when they are 

used in this investigation. Other relevant explanatibns will be given 

for objective functions when the occas ion demands. 

Formulation of a Model for a Two Stage Process 

The process as shown in Figure 12 was modeled to illustrate a 

simple application of the constraints developed in Chapter IV. The 



Stage I Stage 2 

_,FIGURE 12 

A TWO STAGE PRODUCTION PROCESS 

-J 
o 
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following problem statement applies to Figure' 1 

In the first stage machines 1, 2, and 3 perform identical jobs. 

The second stage consists of three machines. Two of these machines, 

5 and 6, are required to perform the task which is performed by 

machine 4. They operate in parallel with machine 4. 

Management wishes to make an analysis in order to choose 

alternatives for replacement with the objective of minimizing the 

cost of meeting a forecasted output ove r the four pe riod planning hori-

zan. 

, The following data is available from forecasts and current market 

information: 

1. The expected operating costs of each machine 
in the process and of those being considered as 
alte rnative s for the proce ss. 

2. Machine capacities. 

3. The present market value and forecasted year. 
by year market values and salvage values for 
machine be ing cons idered. 

4. The forecasted demand for output of the system 
over the planning horizon (period by period). 

5. The budget for operating costs and replacement 
, costs ave r the planning horizon (period by 
pe riod). 

'i 

The following assumptions will be made: 

1. Machines 1 and 2 will not be cons ide red for 
replacement. 

2. Machines 5 and 6 will be considered for replace­
ment by a new machine, but machine 4 will not 
be cons ide red for replacement. 
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3. Machine capacities will be considered' constant 
for all machines over the planning horizon. 

4. There will be no provision for "carry-forwardll 
or "carry-backwardll of funds. 

5. Only the superior challenger will be considered 
in each stage. 

The problem can now be reduced to that shown by the oint 

network in Figure 13. Machines 5 and 6 are combined into a single 

machine M;;~. M3 and M~~ represent the best alternatives which are 

to be considered for the process. 

~or the problem formulation the process output was reduced at 

each stage by the capac ity of each machine which is not cons ide red for 

replacement. The budget was also reduced by the amounts required 

in each period for operating any machine whose acceptance was certain. 

This reduction is made because 'that is the problem which we are to 

solve. Hence, the problem was reduced to the situation ~hown in 

Figure 13. 

Definition of te rms to be us ed in the formulation. 

X ijk1 

B· J 

bijkl 

K .. 
1J 

k ijk1 

alternative k of the ith stage during the jth 
period which was first introduced in period 1. 

the present worth cost associated with the 
adoption of alte rnative k of stage i in pe ri.od 1. 

the amount of budgeted funds available in 
pe riod j. 

funds required for X ijk1• 

capacity required from stage i in period j. 

capacity of X ijk1-



'7 3 

~ M' 3 f-

M3 

r-- *' MS ~ 

M*' S 

FIGURE 13 
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Formulation of the objective function. The alternative presently 

in service in stage 1, M 3 , is represented as 

XI,l,l,l-
-'# MS' which is in stage two, was represented as 

Xz, 1,1,'1 

in the first period. Referring to M 3 , if it is continued in service 

throughout the planning horizon, the variables in subsequent periods 

will be 

Xl, Z, I, l' Xl, 3, 1, l' a nd X 1 J 4, 1, I· 

If the choice is made to replace the machine (defender) in the first 

period, the variables involved will be 

If the choice is made to replace the defende r in the nth pe riod, the 

variables involved will be 

Xl n 2 1 • · ., Xl 2 4+ 1- • , , , ,n" n 

These variables are shown in Table 1. 

An examination of Table I indicates that the appearance of ce rtain 

variables in the solution show which alternative had been chosen. 

These variables would be 

Xl 4 I 1 would indicate that the defender had not been replaced during , , , 

the planning horizon. Xl 4 Z .1 would indicate that the defender had , , , 
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TABLE I 

VARIABLES IN SOLUTION FOR ALTERNATIVE CASES 

Not Replaced Replaced Replaced Replaced 
Replaced At 1st At 2nd At 3rd At 4th 

X 
1,1,1,1 X 

1,1,2,1 

X 1,2,1,1 X 1,2,2,1 X 1,2,2,2 

X 
1,3,1,1 

X 
1,3,2,1 

X 
1,3,2,2 X 

1,3,2,3 

X 
1,4,1,1 

X 
1,4,2,1 

X 
1,4,2,2 

X 
1,4,2, .3 

X 
1,4,2,4 
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been replaced in the first period. Xl, 4,2, n would indicate thal th{~ 

defender had been replaced in the nth period. I-Ience, that part of 

the objective function related to the first stage would be 

C 1, 1, 1 XI, 4, 1, 1 + C 1, 2, 1 Xl, 4, 2, 1 + C 1, 2, 2 XI, 4, 2, 2 

+ C 1, 2, 3X 1, 4, 2, 3 + C 1, 2, 4X 1, 4, 2, 4 

where the Ci, k, 1 would be determined by the method shown in the' 

Appendix for an alte rnative cost .. 

Budget constraint (B). The total costs in each pe riod must be 

equal t,o or Ie s s than the budget fa r the pe riod. 

or 

b 1 1 1 1 XII 1 1 + b l X + b X ", ", ,1,2,21,1,2,1 2,1,1,12,1,1,1 

1: 1: 
i k 

A general constraint was formulated as 

M 2 j 
1: 2 

i 1 k=1 
2 b't J" k IX' . k 15:B., for j=l, .... J N. 

1 = 1 '" 1, J, , . J 

Capacity constraints (K). The machine s in se rvice at any future 

date in any stage of the process must provide the volqrne required 

from that stage of the process. 

For stage 1. 

k X +k X >K 1,1,1,11,1,1,1 1,1,2,11,1,2,1- 1,1 



+ k . X ~K 1,3,2,3 1,3,2,3 1,3 

The constraints can be formulated in a similar manner for stage 2, 

but in gene ral the constraints are given by 

j 
l: 

1=1 
for i=l, • f M 

and j=l, . . ., N. 

Process relationship constraints. These constraints are 

included to asce rtain that feas ihle solutions are obtained. Once a 

machine has been replaced during the planning horizon, it cannot be 

replaced again. Until the time of replacement, it faces new and 

different machines as challengers in each period. 

To formulate constraints of this type, it was useful to array 

the alternatives. This was done in Table II. Observing this table 

it was noted that n+1 possibilities exist at period n. With the 

additional requirement that only one replacement be allowed during 

the planning horizon, the number of alternatives wap, reduced to a 

total of n+l. These n+l alternatives can be constrained to allow the 

selection of one alternative from the group of five. 

The period alternatives were formulated from observation of 

Table II. In pe riod one the re we re only two pos s ibilitie s from which 

to choose. Since variables representing the alternatives are zero-one, 



Pe ri6d 

1 X 

2 X 

3 X 

4 X 
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TABLE II 

VARIABLES WHICH APPEAR IN THE PROCESS 

RELATIONSHIP CONSTRAINTS 

1, 1, 1, 1 X 1,1,2,1 X 1,1,1,1 X 1,1,1,1 

1,2,1,1 X 
1,2,2,1 

X 
1,2,2,2 X 1,2,1,1 

1,3,1,1 
X 

1,3,2,1 
X 

1,3,2,2 X 
1,3,2,3 

1,4,1,1 
X 

1,4,2,1 
X 

1,4,2,2 
X 
1,4,2,3 

X 1, 1, 1, 1 

X 
1,2,1,1 

X 
1, 3,1, 1 

X 
1,4,2,4 
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it follow s that 

Xl, 1, 1, I+ X l, 1,2,1=1. 

In the second period there are three possibilities, 

X +X· +X =1 1,2,1,1 I,Z,2,1 1,2,2,2 . 

Similarly, in the third and fourth periods there are four and five 

a 1 te rna ti ve s , re s pe c t i ve 1 y, 

X +X +X +X =·1, 1, 3, 1, 1 1, 3, 2, 1 1, 3, 2, Z 1, 3, 2, 3 

and 

-x +X +X· +X 2 +X 4 4= I. 1,4,1,1 1,4,2,1 1,4,2,2 1,4,,3 1, ,2, 

Once an alternative has been chosen, it must continue in service 

throughout the planning horizon. Constraints for this were forITlulated 

in· the manner shown below; if machine M'3 is chosen in the first 

period, it must continue throughout the four year planning horizon 

or 

Xl 1 Z 1 - Xl Z Z I 0, , , , , , , 

X 1,2,2,1- X l,3,Z,1=0, 

and 

Xl 3 2 1 Xl 4 2 1= o. , , , , , , 

If machine M3 is replaced by the best challenger in the second period, 

these conditions must hold 

X 1,Z,2,2 -X 1,3,2, 0, 

and 

X 1,3,2,2 -X 1,4,Z, 0. 
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For the third period it follows: 

Xl 3 2 3 - X 2 o. , " 1, 4, , 

No constraint is required for the fourth period. This was done for 

each series of alternatives in the process and will satisfy the process 

relationship requirement. 

Mathematical Model of the R~placement Situation 

The model can be expressed as shown below. 

minimize Z 

C 1 1 IX +C 2 X +C . " 1,4,1,1 1, ... ,11,4,2,1 1,2, 1,4,2,2 

+Cl 2 3X . +C X " 1,4,2,3 1,2,41,4, +C X 4 2,1,12,4,1,1 

+ C 2 2 X 2 . +C 2 2X 2+ C X 2 4 2 ,,1 ,4,2,1 2" 2,4,2, 2,2,3",3 

+ C 2 , 2, 4X 2, 4, 2, 4 

subject to the budget constraints, 

2 2 
~ I-

i:::: 1 k= 1 

the capac ity constraints, 

2 
I­

k::::l 

4 
I. KijklXijkl2.Kij, for all i, j, 

1=1 

the process relationship constraints, 

X I 1 2 1 + X 1 2 2 1+ X = 1 , , " ", 1,2,2,2 

Xl, 3,1, I+ X l, 3, 2,1 +X 1, 3,2, 2+X l, 3, 2, 1, 

Xl, 4,1, I+XI, 4,2, I+X l, 4, 2, 2+X l, 4,2, 3+X l, 4,2,4 1, 
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X 1, 1, 2, I 

Xl 22 l-X l ,3,2,·1=0, , , ,. 

Xl, 3, 2,1 - Xl, 4,2,1=0, 

Xl 2 2 2 - Xl 3 2 2= 0, , , , , , , 

Xl 3 2 2 - Xl 4 2 2=0, , , , , , , 

X 1,3,2,3 -X l ,4,2,3=0, 

X 2 , 1, I, I+X 2, 1,2,1 =1, 

x +X +X =1, 2,1,2,1 2,2,2,1 Z,Z,Z,Z 

X2, 3,1, I+X 2, 3, Z, I+X 2, 3, Z, Z+XZ, 3, Z, 3=1, 

X z +X +X +X +X =1, , 4, 1, 1 2, 4, Z, 1 2, 4, 2, Z Z, 4, Z, 3 2, 4, 2, 4 

X Z,I,Z,I-XZ,Z,2,I=O, 

X 2,2,2,1 X 2 3 Z 1=0, , , , 

X2,3,2,1 - X 2 ,4,Z, 1=0, 

X z 2 2 2 - X 2 3 2 2 =. 0, , , " ", 

X 2 3 2 2 - X 2 4 2 2 = 0, , , , , , , 

X 2 ,3,2,3 - X Z,4,2,3=0, 

and finally the ze ro-one re striction, 

X ijk1= {~, for all i, j, k and 1. 

Formulation of Model for a Three Stage Process 

The problem, as shown by Figure 14, is to minimize the cost of 

providing the se rvice in accordance with the following problem statement: 
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FIGU 14 

A THREE STAGE PRODUCTION PROCESS 
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Problem statement. All machines will be' considered for 

replacement in the present period only. MI and M2 have challengers 

for replacement, M7 and M8' which are repetitions of the same 

machine_ If M9 is chosen, it will replace both M3 and M4 - M IO 

will replace M5 only, and MIl will replace M6 only. If MID is 

chosen, it will have a secondary effect on the first stage of the pro-

ce s s of inc reas ing its capac ity by 50 units pe r yea r _ Although the 

decision concerns what to do in allocating capital to the process in 

a single period, it is desired that the decisions provide a process 

that wlll meet forecasted demands for a three year planning horizon. 

Definitions of te rms to be used in the formulation. 

Xijk=machine k of the ith stage during the jth 
pe riod. 

Cijk=the present worth cost associated with the 
acceptance of alte rnative X ijk• 

B j = the budgeted funds available in period j. 

bijk =£unds required for X ijk• 

Kij capacity required from stage i in period j. 

k· "k= capacity of X· Ok 1J 1J • 

Model formulation. The problem then becomes the following: 

minimize 

3 
~ I. 
i=l k 

subject to the following constraints: 



capac ity constraints J 

budget constraints, 

~ 
i 

I 
k 

b··kX··k<·B., 1J lJ J 
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for i=l, 2, and all j, 

for ,i=3, and all j; 

for all j; 

proce s s re lationship constraints, 

XI, 1, 8 - X I, 2, 8= 0 

Xl, 1,9 - Xl, l, 0 

X - X =0 
2,l,9 2,3,9 

X3 1 6+X 3 I , " ,1, 1 



HS 

X 3, Z, 11 

Formulation of a General Systems ReplacelUent Model for a Finite 

Planning Horizon of NPeriods 

This model was generalized from the proces s relationships and 

proces s requirements covered in the two previous formulations. It 

was assumed that one alternative was available in each period for 

each machine in each stage of the process. Only one replacement 

was Cl:l1owed during the planning horizon. 

The terms used in the formulation were the same as those used 

in the Model I formulation with the following added: 

Xijklm == represents the kth alternative for 
machine m in stage i during period j 
which was originally adopted at period 1. 

the cost of adopting XiNkllU. 

Y rj fund flow of type r into pe riod j. 

kijklm - the capac ity contributed to stage i of 
the proce s s in pe riod j by alte rnative k 
for machine m which was adopted in 
period 1. 

The objective function of the model was constructed in the same 
! 

manne r as the Mode 1 I objective function. In the Nth pe riod, since 

only one replacement was allowed during the planning horizon, the 

variables present will indicate which alternatives were chosen for 

the process. Since there were only two alternatives for each process 

subsystem or machine, it was reasoned that one of these alternatives 
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will be included in the solution. X iN • 1, 1, 1 re-prescnts the original 

machine used for machine 1 in stage i at the outset. X iN, 2, 1,2 

represents the choice of alternative 2 for machine 2 in the ith stage 

of the process which was originally chosen in period 1 •. I-Ience, the 

objective function was developed as follows: 

I, I­
i j 

I­
k 

I­
I 

I- Xijk1m 
m 

would represent all poss ible X terms used in the problem formulation. 

Since the examination was to be made of the terms in solution in the 

last period only, the formulation can be reduced to 

I­
i 

I, 
k 

I. 
1 

I- X iNklm• 
m 

There were only two alternatives for each machine in a stage. The 

above was separated into 

I, 
1 

I­
t m 

X iN, 1, 1m' 

but the first alternative was introduced in period 1 in every case, so 

the above was rew ritten as: 

I. I, 
i 1 

I. XiN 2 1m +I-" . m 1 
I-
m 

The above represents the total alternatives available during the 

planning horizon expressed in terms of variables appearing in the 

solution of the problem at the Nth period. To conve rt it to an objec-

tive function, constants representing the cost of each alternative IT1USt 

be added. This was expressed as 

I. CiklmXiN, 2, Im+ ~ 
m 1 

I- CiklmXiN, 1, 1m­
m 

The above is the objective function for the general model. 



.. 

B7 

The budget constraints were formulated Jor the general case 

with the possibility of funds being carried forward or backward 

through time. The fund balance in any pe riod was equal to the bud-

geted funds for the period, plus funds brought forward from previous 

periods, plus funds borrowed from future periods, less operating 

expenses and capital disbursements for the present period, less 

funds carried forward to the next period, less funds carried back to 

the previous period. (It was assumed that funds are carried forward 

at an interest rate, if' and backward at an interest rate, ibo) The 

amount of each of these six poss ibilities was represented by Y I' Y 2' 

Y3, Y4' Y 5 , and Y6' respectively. The funds balance for any period 

was then given by 

It was clear that 

It was reasoned that the money consumed by the projects adopted was 

L 
i 

L 
1 

I. for j=1, •.. J N. 
m 

In terms of present value in period j, the Y j were given by 

Y··=B· 1J J' fo r j 1, . • ., N, 

Y 2 j Y 5, j - 1 (1 + if) , 
1 

Y 3 j :: Y 6, j + 1 (1 + ib)' 

Y 4j Y 4j 

for j 2, ••• , N, 

for j 1, • • ., N -1, 

i 
• f 



form: 

Y 5 j'=Y 5j 

Y 6j =Y6j 
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In general, then the constraints for budgets were of the following 

Ylj+YZj+Y3j - Y 4j - Y 5j - Y 6j 0, forj=l, .. 0, N, 

with the additional requirements that 

Y 2 j = Y 5 1 j - 1 ( 1 + if)' for j =2, •.• ,N, 

and 

for j = 1, • • ., N -1, 

where the Yrj were as defined previously. 

The capac ity constraints were formulated by reasoning that the 

capac ity of each stage must be equal to or greater than the required 

stage capacity for that stage and period. This was written as 

for all i, j. 

Process relationships constraints are unique. They cannot be 

generalized. The relationship for a single repla-cement during a 

finite planning horizon is formulated here. It is not intended to infe r 

that this represents all possible process relationships. 

For a given machine (1\'1) in stage a of the proces s it is necessary 

that the following be true in the first period: 

x +X =1. a, 1, I, 1, M a, 1,2,1, M 

If Xa 1 21M is chosen, it must be kept in service throughout , , , , 

the planning horizon. Hence, 
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Xa,l,2,1,M-Xa,2,2,l,M 0 

Xa 2 2 I M - X 3 21M =0 , , " a, , , , 

x - X =0 a,N-l,2,l,M a,N,2,I,M • 

In pe riod two it must hold that 

X 2 1 M+X. M+ X :::0. a" ,1, a,2,2,1, a,2,2,2,M 

In other words, the only possibilities are that the original machine is 

s till in se rvice or that the new machine was put in se rvice in pe r lod I 

or that the new machine was put in service in period 2. Upon study, 

it can be seen that this is compatible with the alternatives presented. 

If in pe riod 1 it was dec ided to replace the old machine, then 

Xa , 2, 2,1, M will be equal to one. If not, then in period two the choice 

between Xa 2 11M and Xa 2 22M must be made. T.his can be , , , , , , , , 

gene ralized to N pe,riods to provide the follow ing constraints: 

j 
X 'lIM+L a, J, , , 

1::: I 
X· . 1 a,J,2,1,M ' for j = I, ., N, 

i ::: 1, ., M, 

and rn =1, ••• , K i , 

where k. is the number of machines in a stage 
L 

(Xa ,j,2,I,m - Xa,j 1 21M)::: 0, , , , for 1 ::: I, 

i ::: 1, 

j ::: 1, 

and m= I, 

· 
· 
· 
. 

· · , N 1, 

· · , M, 

· · , N-l, 

. . , K .. 
t 
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This problem can be sUlnnlarized as follows: 

minimize 

LL L 
1 m 

subject to 

y 2 j = Y 5, j - 1 ( 1 + if)' 

1 
Y3J'=Y6 . 1(--) 

, J + 1 + Lb ' 

j 

fa r j ::; 1, • • ., N, 

fa r j = 2, • • • J' N, 

for j ::;·1, ••. , N-l, 

for all i, j, 

X + "': X·· 2 1 = 1 i,j,l,l,m k 1,)" ,m ' for j = I, ., N, 
1 1 

and 

x .. 2 1 - x .. 
L, J, , ,m 1, ) 

X. . =, {
o 

1, J, k, 1, m 1 

11 

. =0 
1,2,1,rn ' 

and m=l, ••• , K i , 

for 1 = I; . . ., N-I, 

1, • • ., N -1 t 11 

iI, ., M, 

and m =:. 1, ., K., 
1 

for aU i, j, k, 1, m, 

Possibly this should be written as IIfar ( (1=1, ••• , N-l), 
j 1, • • ., N-I), " since this is the idea to be conveyed. 
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y.?o 
rJ t 

for all r, j. r::=l, • t 6, 

and j = 1 t ., N. 

This problem formulation can be reduced into any of the s impic r 

cases which have been formulated previously. It can also be reduced 

to give results similar to many given by the methods discus d in 

Chapters II and III. It is believed that this model for process replace-

ment will give results superior to those given by most methods dis-

cussed previously. It is realized that this problem formulation is 

hardly applicable in most complex processes over long planning hori-

zons- since it will become unwieldly rapidly. However, for a small 

,problem and a short planning horizon very good results could be 

expec ted. (This would depend, of course, upon the accuracy of fore-

casting techniques used to predict the future, or more specifically, 

upon how well the future developments followed the predicted patte rn. ) 

Further analysis of the problem will be conducted: in subsequent 

chapters. 



CHAPTER VI 

MODEL ANALYSIS AND DISCUSSION 

Introduction 

In the previous chapter a general model was formulated for a 

systems replacement situation ave r a finite planning ho rizon. In th is 

chapter that model will be examined to determine its characteristics 

which were not previously discussed. Limiting cases will be exarnined 

in addition to the general model. Solution procedures will be dis-

cussed for the general model and for a special case. 

D imens Lona lity 

The size of the general replacement model should be determined 

in order to have some appreciation for the model. The number of 

zero-one variables in the problem is equal to the number of possible 

Xijklm'S in the formulation. This can be deternlined as follows: 

The total pas s ibilities are given by 

This 

M n 2 n K· 
I I. L I. I,L X.o

kl 
• 

i=l j=l k=l 1=1 m=I 1J m 

can be rew ritten as 

M n 
I. I 

i=1 j=l 

n K· M 
1C' 1C'1 
k k X. '11 + I. 

1=1 m=1 1J m i=1 
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n 
I. 

1=1 

f 
• i 

Ki 
L Xij21rn. 

m=l 



Now alternative one was introduced in period l.so 

M n K· M n n K· 
I. I. I.

1 
I. 

l 

Xijklm + I ~ I Xij21rn· 
i=1 j=l m=l i=1 j=l 1= 1 m=l 

Hence, .the maximum. of zero-one variables can be seen to be 

m . n • K. + m • n 2 . K. 
1 max 1 max 

or m n Ki max (1+n). 

where Ki max is the maximum number of machines in any s ge. 

The maximum number of continuous variables, those variables 

used to carry funds backward and forward through time, in the prob-

lern formulation is given by (6 • n) - 4 where n is the planning horizon 

of the project and 6 is the number of continuous variables associated 

with each year in the project life except the first and last. The four 

is deducted because in year one and year n two variables are not 

defined. Borrowing and carrying forward are not permitted in the 

last year. Carrying back and borrowing from earlier periods are not 

permitted in period one. These years have two less variables in each 

case. The total numbe r of variables is equal to 

(ltn) n m (K. ) ... 6n-4. 
t max 

The maximum number of constraints associated with the problem 

can be determined as follows: 

Budget constraints n 

Constraints for forward equivalence n-1 

Constraints for backward equivalence n-1 
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Capac ity cons traints . Mn 

Proce s s re lat ionship cons tra ints Mn Ki nlax --! 

Mn (n~l) K_ 
(.., 1 max 

Total 

To determine the number of constraints of the form (X. 'kl -. lJ m 

Xijklm=O) for values of i, j, k, 1 and rn the following procedure wilt 

be used. The relationship (1=1, ••• , n-l), j=-:l, ••• , n-l) is of 

the form of a ne sted loop. It is des ired that the total numbe r of te rlns 

included in the nesting be found. The reasoning is when 

1=1, 

j =1, • • ., n-l 

1=2, 

j=2, •.• , n-1 

1=n-1, 

j=n-l 

The number of te rms in the 1 st serie s is n-1. 

The number of terms in the 2nd series is n-2. 

The number of terms in the n-lst series is 1 . 

. Hence, the total number of constraints involved due to the indices is 



n(n-l} 
2 

which is given by t.he sum of an arithm~~tic st'rl(~s. This Ciln 

be multiplied by M . Ki max to give the total possible constraints of 

this type. 

The total number of constraints is then given by the SUITI of the 

previous ly listed pos s ibUitie s.. This is 

In the case where a process has two stages, there is a four 

year planning horizon, and one machine per stage with no provision 

for funds being carried forward and backward, the model would be 

expected to be of the size 40 variables and 32 constraints. This can 

be ve rified by examining the first model formulated in Chapte r V. 

Variables Versus Constraints 

It would be desirable to show that 

( (n-1) 6 
3n-2 + 1v1n 1 + Ki max+ ---z- Ki max < (n-1) nM Ki IIl.?-X+ n-4 

in order to know that the number of variables will always exceed the 

number of constraints. The expression will be simplified as follows: 

The expression is: 

Mn Ki max+ Mn
2 

Ki max+6n - 4 >3n-2 Mn+Mn Ki 

which can be rew rittenas, 

Mn
2 

Ki max+6M-4 >3n-Z+Mn+Mn (n-1) Ki max" 
2 

Multiply both s ides through by 2, 

2 
ZMn Ki max+ 1Zn - 8 >6n-4+ZMn+Mn(n-l) Ki max. 

Simplifying the above yields, 

(n-l) 
Mn-Z-K i max 
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Mn{n-l) Ki max+ 2Mn Ki max+12n-8 > 6n-4t-ZMn. 

At the lower limit, the values of n, M, and Ki max would each equal 

one.· It is evident that at this lowe r limit the condition holds. For 

any value s of n, M, and Ki max above the lowe r limits, a s uffic ient 

condition for the inequality to hold is that the partial derivatives with 

respect to n, M, and Ki max of the left hand side be greater than the 

same partial derivatives of the right hand side. Since this condition 

is met, it can be said that the number of vari.ables will always be 

greate r than the numbe r of constraints. 

Poss ibility of Solution 

The intent of the investigator at the outset was to formulate a 

general systems model for replacement which would take into account 

process relationships, equipment output requirements changing equip­

ment availability and budgeted funds. Methods for soluHon of this 

problem, once formulated, would be avail able in the lite rature. The re 

are many solution procedures available for small problems. However, 

this general replacement problem was much too large to be solved by 

hand with one of these procedures. One efficient algorithm for solu­

tion claimed that a fifteen variable integer problem could be solved 

in four hours by hand. The gene ral replacement mode 1 for a six 

period planning horizon and a five stage process with three machines 

per stage would have 662 variables and 361 constraints. Six hundred 

and thirty of these variables would be zero-one while the remaining 

thirty -two would be continuous. 
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I-Ience, solution procedures that exist we're not feasihl(' for 

working a problem of this size. It was concluded that even though 

this model would give good results is applied in conjunction with 

accurate data, this was infeasible for other than a srnall problem. 



General 

CHAPTER VII 

MODEL REDUCTION 

In the previous chapter reference was made to a problem with a 

six period planning horizon and a five stage process with three ma­

chines per stage. Each machine was to be considered for replacement 

in each period of the planning horizon by constantly improving chal­

lenge rs. A problem of this size is one that would cove r many situations 

encountered in replacement applications. When formulated into the 

general model, however, it involves the solution of a mixed zero-one 

programming problem with 662 variables and 361 constraints. No 

literature reference could be found related to mixed zero-one problems 

of that size. 

Imposed Limitations 

Consultation (13) and further surveys of the literature on solution 

algorithms (7, 10, 12) substantiated the belief that the general model 

for a problem of that size would be unsolvable with currently available 

algorithms. 
, , 

Fleischmann (11) experimented with Balas' additive algorithm 

and found that problems of the s ize80 rows by 150 columns of the 

zero-one type could be solved by a computer in a feasible amount of 

time. Ghare (13) indicated the feasibility of larger zero-one problems. 

Lemke and Speilberg (18) discussed the solution of problems of the 

98 
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order 30 constraints and 90 variables in their article related to zcro­

one and mixed programming. 

The investigator concluded that zero-one problems of the size 

90 to 100 constraints and 150 to 200 variables are solvable with 

algo rithms currently available in the lite rature. Mixed ze ro :'one 

problems can be solved if the number of constraints does not exceed 

20 to 30. 

This would indicate that solution of the general model for a 

practical problem with algorithms currently developed is impractical. 

Cons ide ration of Linear Programming 

The use of linear programming to solve such a problem cannot 

be deemed altogether infeasible. Weingartner (27) pointed out by way 

of a proof that the maximum numbe r of fractional projects in his 

linear programming solution to the integer formulation ?f a capital 

budgeting problem was equal to the number of budget constraints. 

Cabot and Hurter (5) formulate a zero-one program as a linear pro­

gramming and point out that the linear programnling solution to the 

special problenl yields a zero-one solution to the original problem. 

Although at first glance linear programming .~eems infeasible, 

an approximate solution to the problem might be equally desirable 

to the exact solution and indeed would be much superior to no solution 

at all. The linear programming formulation of the general replace­

ment model can be solved with currently available algorithms. 
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Reduction Pos sib ilities 

Since it secmed impossible to solve the problem exactly as 

formulated, it now became desirable to consider tra.de-offs which 

could be made. Possibly SOITle reality included in the problem could 

be traded-off to obtain a solvable problem. 

Referring to Chapter VI, the number of constraints was given 

as shown below: 

Budget constraints n 

Equivalence constraints 

forward n-l 

backward n-l 

Capac ity cons tra ints Mn 

Process relationship constraints 
. n-l 

Mn Ki max (l+---z-). 

The nUITlbe r of v,ariables is given by Mn Kt" (1+n)+6n-4. max 

Budget constraint reduction. It seemed infeas ible to cons ide r 

de leting budget constraints since budgets are a primary factor of 

concern in the modeling procedure • 

. Equivalence constraint deletion. The equivalence constraints 

could be deleted without loss of model fidelity. Howcver, oue of the 

benefits to be obtained from this modeling was to be a schedule of 

funds desired for future projects for budgeting purposes. In reality, 

funds are normally budgeted year by year with no provisions for 

carrying funds forward or backward. This would not appreciably 

reduce the problem size since the reduction would involve only 2n-2 
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constraints. It would, however, convert the problen1 to a pun' zcro­

one progratntning problem. For the reference problem the siy;c would 

be reduced to 662 variables and 351 constraints. This is roughly a 

three per cent reduction in the number of constraints. 

Capacity constraint deletion. Capacity constraints could be 

deleted by assuming some constant capacity for each ITlachine over 

the planning horizon. This results in a reduction of "Mn" constraints. 

For the exatnple problem, this repre sents a reduction to a problem 

of 662 variables and 331 constraints. This was roughly a nine per cent 

reduction in the original number of constraints. 

Process relationship constraint deletion. Dropping the process 

relationships constraints was infeasible because of the way the problern 

had been formulated. The objective function depended upon the pres­

ence of certain variables in the final solution. If these variables were 

not forced to appear in the final solution, a m.eaningless s6lution would 

occur at a ze ro total cost. 

Assumption of a single interest rate. Further study revealed 

that if a single inte rest rate could be as sumed, a la rge scale reduction 

in problem size would occur. The equivalence relationships required 

the use of two interest rates. One of these was related to carrying 

funds forward and the other to bringing funds backward through time. 

This concept was related to investing or borrowing of funds. Invested 

funds normally return a higher rate of interest than is charged on 

borrowed funds. 
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A conservative assumption was made at this point. If the rate 

of-return on invested funds was assumed equal to the cost of borrowed 

money, an equivalence relationship could be used for moving funds 

forward and backward through time. With this change, the problenl 

was formulated as a single period (n=l) problem with all dollar 

values in terms of present dollars. The effect of this change on 

problem size was significant. The number of constraints and the 

number of variables of the reduced problem are as shown below: 

Constraints 

Budget constraints 

Equivalence constraints 

forward 

backward 

Capacity constraints 

Process relationship constraints 

Variables 

2 
Mn Ki max (l+n ) 

n 1 

n-1 0 

n-1 0 

Mn 5 

Mn K. ( ~) 15 
1 max 

21 

30 

(1) 

(O) 

(0) 

(30) 

(15 ) 

(46 ) 

(105) 

The numbers in parentheses represent the value for 'the number of 

constraints or variables obtained from the actual problem. The 

difference in values will be explained in subsequent paragraphs. The 

example problem was reduced from a mixed zero-one problem with 

662 variables and 361 constraints to a zero-one problem with 105 

variables and 46 constraints. This problem is of a size amenable to 

solution by algorithms currently available in the literature. 
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To understand the apparent difference in what is obtained by 

substituting n=1 into the expre s s ion for the numbe r of constra ints 0 r 

the number of variables and the value used in the reduced problem 

analysis requires some study. 

Only one budget constraint is needed because aU required funds 

w ill be represented by the ir present values. Equivalence constraints 

are dropped from the problem since it is to be formulated as a single 

pe riod problem. Capacity constraints do not benefit from the reduc­

tion neces sarBy. The reason fO'r this is that the equivalence reduc­

tion which occurs in the monetary constraints does not apply in 

capacity constraints. This could be reduced only if capacity were 

assumed constant for each machine in each period. This should 

indicate to the observer that the term "n" must have two different 

contexts in the formulas; one as the nu:mber of periods in the capital 

horizon and the second as the nutnber of periods in the formulation 

or planning horizon. These will be designated as nc and N, respec­

tively. These can be identical or the capital horizon can be reduced 

to a single period probletnas in this analysis. In the expression for 

the nutnbe r of variables the first lin" represents the capital horizon, 

n c ' and the second "nfl, N, the problem horizon. 

When the capital horizon is one, .a zero-one variable can be used 

to represent an alternative in the-formulation. In the old formulation 

a ze ro-one variable represented a machine in a period. 

General expressions for the number of variables and constraints 

in the new probleni were as follows: 
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C I+MN+M Ki max' 

V= M Ki max (N+I), 

where C represents the maximum nUITlber of constraints, V represents 

the maximum number-of variables, N represents the planning hori.zon, 

M represents the number of stages in the process being modeled, and 

Ki max represents the maximuITl number of machines per stage. 

Observation should indicate that if the stages had varying nUITl-

bers of machines or if some machines were not considered for replace-

ment in every period, the probleITl would become somewhat smaller. 

Dimensions of Solvable Problems 

Assuming that problems of the size 80 to 100 constraints and 

150-200 variables are solvable this could allow for many possible 

variations in problem size. Table III contains many combinations of 

M, Nand Ki max and indicates the corresponding maximum problem 

s in te rms of the number of constraints, C, and the numbe r of 

variables, V. 

Formulation of Example Problem 

An example of the zero-one formulation has been constructed 
I-

for the following problem stateITlent. 

Problem statement. A company wishes to dete rmine an optiITlum 

equipment replacement policy ave r a three year planning horizon. 

Management realizes that this policy is optimum only with respect to 



N 

M C 

2 13 
3 19 . 

3 4 25 
5 31 
6 37 

2 15 
3 22 

4 4 29 
5 36 
6 43 

2 17 
3 25 

5 4 33 
5 41 
6 49 

2 19 
3 28 

6 4 37 
5 46 
6 55 

TABLE III 

DIMENSIONS OF MAXIMUM PROBLEM SIZE FOR 

VARIOUS VALUES OF N, M AND K max 

K max 3 

V M C V M C V 

24 7 43 84 2 15 32 
36 8 49 96 3 22 48 
48 9 55 108 4 29 64 
60 10 61 120 5 36 80 
72 11 67 132 6 43 96 

30 7 50 105 2 17 40 
45 8 57 120 3 25 60 
60 9 64 135 4 ·33 80 
75 10 71 150 5 41 100 
90 11 78 165 6 49 120 

36 7 57 126 2 19 48 
54 8 65 144 3 28 72 
72 9 73 162 4 37 96 
90 10 81 190 5 46 120 

108 11 89 208 6 55 144 

42 7 147 2 22 56 
63 8 73 168 3 32 84 
84 9 82 189 4 42 112 

105 10 91 210 5 52 140 
1 11 100 231 6 62 168 

Kma=X 4 

M C V 

7 50 . 112 
8 57 128 
9 64 144 

10 71 160 
11 78 176 

7 57 140 
~ 

0 

8 65 160 Ul 

9 73 180 
10 81 200 
11 89 220 

7 64 168-
8 73 192 
9 82 216 

10 91 ZAO 
11 100 ?' .. 

... C"":t 

7 72 196 
8 82 22-1 
9 92 ) .: ; 

10 102 260 
11 112 308 
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the data input and furthe r realizes that the extent to which it is 

accurate will depend upon how well outcomes follow their forecasted 

behavior. 

The company has a production process which is composed of 

three stages with three machines in parallel in each stage. Each 

machine will be considered for replacement in each period of the 

planning horizon until it is replaced. Then, no furthe r cons ide ration 

for replacement will be made during the planning horizon. 

It is assumed that one superior challenger has been found for 

each defender. When, and if, the defender is replaced, it will be 

with the challenger. This challenger is "state-of-the-art'! and is 

expected to remain so throughout the horizon. 

Salvage values are assumed to be represented accurately by 

book values. The companies effective tax rate is assumed to be 

fifty per cent. For purposes of this illustration the dollar values 

given in the tables are assumed to be present worths. The capital 

and operating budget is assumed to be twelve thousand dollars for 

the period and the required output is 30, 34 and 38 units in the 

respective periods. Other data related to the problem is given in 

Tables IV through IX. 

Representation of Alternatives. In this formulation X ijk will 

represent selection or rejection of alternative k for the jth inc 

in the ith stage of the proce s s. 



Time 1 

0 400 

1 300 

2 200 

3 100 

107 

TABLE IV 

FORECASTED SALVAGE VALUES FOR 

EXISTING MACHINES 

Stage # 
1 2 

Machine # Machine # 
2 3 1 2 "3 1 . 

500 600 800 800 700 700 

300 450 600 700 600 600 

200 300 400 600 500 500 

100 150 200 500 400 400 

, , 

3 

Machine # 
2 3 

500 400 

400 300 

300 200 

200 100 



Age 1 

0 1200 

1 1000 

2 800 

3 600 
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TABLE V 

FORECASTED SALVAGE VALUES FOR 

CHALLENGERS 

Stage # 
1 2 

Machine # Machine # 
2 3 1 2 3 1 

1200 1200 1400 1400 1400 1600 

1000 1000 1200 1200 1200 1200 

800 800 1000 1000 1000 1000 

600 600 800 800 800 800 

·3 

Machine # 
2 3 

1600 1600 

1200 1200 

1000 1000 

800 800 
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Machine 
Year 1 2 

1 10 10 

2 10 10 

3 9 10 

J ()9 

TABLE VI 

FORECASTED CAPACITY FOR 

EXISTING MACHINES 

Stage # 
2 

# Machine # 
3 1 2 3 

10 5 10 15 

9 4 9 12 

9 3 9 12 

3-

Machine If 
I 2 3 

12 8 10 

12 8 10 

11 8 10 



Year 
of Use 1 

1 15 

2 15 

3 15 

1 
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TABLE VI1 

FORECASTED CAPACITY FOll 

CHALLENGERS 

Stage # 
2 

Machine # Machine # 
2 3 1 2 3 

15 15 15 20 20 

15 15 15 20 20 

15 15 15 20 20 

.3 

Machine Jf 
I 2 ) 

14 10 15 

14 10 15 

14 10 15 



Year 1 

1 190 

2 210 

3 230 

1 I. 1 

TABLE VIII 

FORECASTED OPERATING COSTS FOR 

EXISTING MACHINES 

Stage # 
1 2 

Machine # Machi.ne # 
2 3 1 2 3 1 

210 200 100 110 100 150 

210 200 120 120 110 160 

250 230 140 120 120 160 

. , 

3, 

Machine # 
2 3 

180 150 

180 180 

180 200 



Year 
of Use 1 

1 100 

2 100 

3 110 

1 l~: 

TABLE IX 

FORECASTED OPERATING COSTS FOR 

CHALLENGE RS 

Stage if 

1 2 

Machine # Machine # 
2 3 1 2 3 1 

100 110 80 80 60 120 

100 120 80 80 60 120 

120 120 80 90 60 120 

3 

Machine # 
2 3 

120 130 

140 130 

140 140 
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Each machine in the process will present four alternatives. 

These will be (1) to replace immediately, (2) to replace at the end of 

the first year, (3) to replace at the end of the second year, and (4) 

not to replace. 

Model Formulation 

As described previously, this model was formulated by alterna 

tives. Each zero-one variable represents an alternative for selection 

or rejection. Terms used in the formulation are as follows: 

X ijk= Alternative k for the jth machine in the ith stage 

of the proce s s. 

COOk 1J 

k' '1 1J 

Present worth cost associated with X ijko 

Capacity of machine j of the ith stage during period 1. 

=: Required stage capacity during period 1. 

D ijk= Cash flow consumption of alternative Xijk-

The objective function is then to minimize 

M 
~ 
i=l 

K· N+l 
',£t I. C ijk X ijk' 
j=l k=l 

whe re Ki is the numbe r of machine s in stage i, M is the numbe r of 

stages and N is the planning horizon of the problem_ Other terms 

are as defined in the previous paragraph. 

The budget constra int is as follow s: 

M 
I 
i=l 

K· N+l 
~t ~ 
k k D" k X" k . 1 k=l 1) 1J J= 
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where all terms are as previously defined. This is very sinlilar to 

the objective function. D ijk . howeve r, represents cash flow rathe r 

than cost. 

Capacity constraints are formulated in the following manner: 

k· 1 N + 1 
It (I kijlXijk +I kijlXijk)?'kl' for i=l, 

j=l k=1 k=l+l 
., M 

and 1=1, N. 

Process relationship constraints require that only one alternative 

can be chosen from the group of N+l available for each machine. This 

is accomplished as follows: 

N+l 
2 

k=l 
X·- k = 1 lJ' for iI, • . ., M 

and j =1, . . ., 

In addition, it is required that all variable s be ze ro -one. 

for all i, j, k. 

This model was used to formulate the example which follows 

this section. 

Problem Formulation 

The problem formulation is as follows: 

minimize the objective function 

+420 X Z11 +430 X 212 +450 X Z13+480 X Z14 
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+425 X ZZ1 t '))5 X lZ2 \)5~ X 2Zr ' 32 1
) :\2l.~ 

+390 X Z31 +360 XZ3Z+3~5 X Z33 +315 X Z )4 

+ 580 X 311 +545 X 312 +Z65 X 313+335 X314 

+ 600 X 3Z1 +570 X 322+540 X 323+420 X
324 

+600 X331+555 X 332 +530 X 333 +415 X 334 , 

subject to several d.ifferent constraints. The first is the cash flow 

constraint which is 

1510 XIII +1690 X l12 +1900 X l13 +1030 X 114 

+1520 X 121 +1810 X 1ZZ+Z020 X 123+ 1170 X 1Z4 

+1550 X 13I +1780 X 13Z+Z010 X 133+1Z30 X
134 

+1640 X Z11 +1860 X Z1Z+Z100 X 213+1160 X Z14 

+1650 XZZ1+1770 X ZZZ +1910 X ZZ 1150 X Z24 

+ 1580 X Z31 +17Z0 X Z3Z +1870 X Z33 +I030 X Z34 

+1960 X311+Z090 X 312+ZZ30 X 313+1170 X314 

+2000 X 3Z1 +Z140 X 3ZZ+ZZ80 X 3Z3 +1040 X 3Z4 

+ZOOO X 331+ Zl10 X 332+ZZ60 X333 + 930 X 334 

~17,400. 

Secondly, for each stage and 'pe riod the required capac ity must 

be available. Constraints by stage and period are as follows: 



stage one, period one, 

i5 X 111+10 (X11Z+X +X ) 
113 114' 

+15 X 131+10 (XI3Z+XI33+X134) 

> 30 , 

stage one, pe riod two, 

+ 15 (X131+X13Z)+lO (X133+XI34) 

~ 34, 

stage one, period three, 

+15 (XI31+XI3t",X133)+lO X 134 

> 38, 

stage two, period one, 

~30, 

stage two, period two, 
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+ 20 (X221+X222)+10 (X223+X224) 

+ 20 (X231+X23Z)+lS (X233+XZ34) 

> 34, 

stage two, period three, 

15 (X211+X ZIZ+X Z13)+S X Z14 

+ 20 (XZ21+X222+X223)+IO X 224 . 

+20 (X Z31+ X232+X233)+15 X 234 

> 38, 

stage three, period one, 

14 X 311+12 (X312+X313+X314) 

+ 10 X321+ 8 (X322+X323+X324) 

+ 15 X331+10(X332+X333+X334) 

.?30, 

stage three, pe riod two, 

14 (X311+X312)+IZ (X313+X314) 

+10 (X321+X322)+8 (X323+X324) 

+15 (X331+X332)+10 (X333+X334) 

> 34, 

and finally stage three, period three, 

14 (X311+X312+X313)+12 X 314 

+ 10 {X3Z1+X32Z+X323)+8 X 324 
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Proces s re lationship constraints require that only one alte rna-

tive be selected for each machine. By individual machines and stage, 

these are as follows: 

Xlll+Xl12+Xl13+Xl14 1, 

x + X +X +X = 1 
321 322 323 324 ' 

In addition, it is required that each of the' variables be zero-onc. 

X ijk {~ for all i, j, k. 

Cost Coefficients of Objective Function 

The cost coefficients of the objective function were obtained in 

the manner shown in the Appendix. In this case, all dollar values 

given in Tables IV, V, ~VIII, and IX were assumed to be present values 

in orde r to expedite preparation. 
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Capacity Constraints 

Capacity constraints were formulated by alternatives. Each 

constraint is related to a single period and stage of the process. An 

alternative consists of either one or two machines. Variable X ZZ2 

represents the s.econd alternative for machine two in the second stage 

of the process. This alternative was that of replacing the old rnachine 

at the end of the first period. Hence, when a first period constraint 

is formulated for the second stage of the process the coefficient of 

X222 must be equal to the production capacity of the old machine. In 

the second or third periods, the coefficient of X 222 would be equal to 

the production capacity of the new machine. Similarly, the process 

is followed for all stages and periods. 

To formulate the capacity constraint the possibilities for pro-

duction capacity in each stage for each period are arrayed. There 

are three machines per stage and four alternatives per machine, 

hence, twelve variables per constraint. The proper capacity co-

efficient is assigned to the alternatives and periods. This is illus-

trated below for the first stage and first pe riod: 

XIII X 112 X l13 X 114 
/ / 

X
l21 

X
122 

X
123 X 124 

X l31 X 132 X
133 

X 134 

I n the fir st. pe r i od X III ' X
121 

andX
131 would produce 15 units. 
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and X134 produce 10 units each. The total capacity of the stage In 

this period must exceed 3,0 units. 

Proces s Re lationship Constraints 

These constraints require that only one alternative be selected 

for each machin'e during the planning horizon. An alternative con­

sists of a specific defender-challenger time relationship during the 

planning horizon. For example; replace immediately, at time one, 

... do not replace, are examples of alternatives. 

Budget Constraint 

This constraint is more difficult to unde rstand. The total 

resources available during the period are equal to th.e present machines 

plus the capital and operating budget. This may be summed up by 

adding the total value of present machines to the capital and operating 

budget. Each alternative for implementation w ill cons unlt:" a ce rta in 

amount of cash flow. The coefficient of X ijk in the budget constraint 

is equal to the cash flow consumed by the alternative, plus the residual 

remaining at the end of the planning horizon in the form of a salvage 

value. 

The objective function and restrictions together with the zero­

one requirement for the variables constitute the problem. formulation. 
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CHAPTE R VIn 

RECOMMENDA TIONS AND CONCLUSIONS 

At the outset of this writing an idea was proposed to develop a 

systems model for replacement. 

Chapter I introduced the replacement concept along with ideas 

which have been set forth by many knowledgeable writers in the area. 

It discussed the major areas of replacement theory and pointed out 

the general topics to be covered in this investigation. 

Chapter II introduced the reader to the replacement literature. 

It contained a survey of many models for replacelTIent situations. It 

also introduced the idea of a systelTIs approach to the replacement 

problem. " 

Chapter III illustrated some models of capital budgeting and 

their treatment as mathematical programming problems. 

Chapter IV developed general process and problem relationships 

and formulated these relationships as constraints for mathelTIatical 

programming problems. 

Chapter V was devoted to the development of two special case 

problems and a general model for systems replacement. 

Chapter VI was an analys is of the general model formulated in 

Chapter V. 

121 
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Chapter VI! pr(!sented a slightly modified general HysternH 

replacement model. It included a formulation of the model of it 

production process as a zero-one programming problem. Also 

included was an example problem with an analysis of problem s ize ~ 

It is believed by the investigator that the objectives of this 

research, as originally outlined, have been accomplished. 

Recommendations 

It is recommended that further study of this problem area be 

directed as follows: 

1. The development of a sufficiently large horizon 

model for optimality under the conditions of an 

infinite planning horizon. Pas s ibly conditions 

can be derived for an adequate planning horizon 

which would give optimal conditions for the 

infinite horizon mode l. 

2. The development of additonal models or con­

straints which would be applicable in this replace­

:ment area. 

3. Formulation of a profit maximization model for 

a situation similar to that of the models in 

Chapter V. 

4. Formulation of a modet' for alternatives rather 

than a model for machines such as those covered 

in th is writing. 

ii 
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5. Study of a method for including secondary process 

effects in the formulation by alte rnative s. 

Cone Ius ions 

It is believed by the investigator that the idea of the systems 

approach to the replacement problem is sound. It is also believed 

that this is a correct approach to the problem. It has been stated 

conclusively that this model can be reduced to show that most of the 

single machine replacement models are special cases of the general 

model presented in Chapter V. 

In most machine replacement situations the decision maker is 

confronted with a variety of opportunities for investment of his capital.­

It is very difficult, if not impossible, for a decision maker to consider 

all pos sible proce s s re lationships in allocating capital. He nee I any 

procedure for replacement used should take into account machine and 

process relationships, forecasted demand for future output, machine 

capacity, salvage and replacement costs. The procedural model 

developed in Chapter V takes these points into account. The fact that 

the problem size expands rapidly is only inc idental. With the advent 

of better procedures for solution of large scale programs and with the 

deve lopment of larger compute rs the economic feas ibility for solutions 

of this model may soon be achieved. Until that time, at which sensi­

tivity analys is can be applied to the general model, better results 

should be obtainable with the reduced model as shown in Chapter VII. 
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APPENDIX 

This appendix illustrates the approach used to determine con-

stants used as the coefficients of the variables appearing in the. 

objective function. The approach was to determine the cost of the 

alternative represented by the variable. 

For each alternative a determination of the after tax cash flows 

of costs associated with the implementation of the alternative was 

made. Next, the present worth discounted at the firm's minimum 

attractive rate of return was determined. This present worth was 

used as the coefficient of the variable representing the alte rnative. 

Table X gives data which is analyzed for an example 0 The 

cash flow analys is is given in Table XI. 

Discounting of the after tax cash flow given in Table. XI at an 

interest rate of 10 per cent was accomplished in the following manner: 

DCF ::: -1000 -400 (PF-l'O%-l 
• 90909 

-10,900 

+ 300 

+ 7000 

( PF -1 00/0-2 
.82645 

PA-IO%-3 
( .2.4869 ) 

( PF-IO%-5) 
.62092 

DCF ::: - 5408.89 

PF-IO%-2 
.82645 . 

whe re DCF was the discounted cash flow for the analys is. 
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TABLE X 

DATA FOR DETERMINATION OF COST COEFFICIENT 
FOR VARIABLE REPRESENTING ALTERNATIVE 

Realizable Value 
at Time 2 

Book Value 
at Time 2 

Method of 
Depree iation 

Annual Ope rating 
Cost 

Yearly Depree iation 
Cost 

Planning Horizon 

Estimated Salvage 
at Time 5 

Assumed Tax Rate 

Life of Machine 

Current 
Machine 

1,000 

2 ,000 

straight line 

1 , 000 

200 

5 years 

50% 

5 

Challenge r in 
Second Year 

10,000 

10,000 

stra ight line, 

400 

1,000 

1', 000 

50% 

10 



Time 

a 

1 

2 

2 

2 

3 

4 

5 

5 

1)0 

TABLE XI 

CASH FLOW ANALYSIS FOR DETERMINATION 
OF COST COEFFICIENT FOR VARIABLE 

IN THE OBJECTIVE FUNCTION 

Cash Depree ia- Operating Taxable Income 
Flow tion EXJ2ense Income Tax 

- 1,000 

200 -1,000 -1,200 +600 

200 -1,000 -1,200 +600 

-1, 000~:~ -1,000 +500 

-10,000 

-1,000 400 -1,400 +700 

-1,000 400 -1,400 +700 

-1,000 400 -1,400 +700 

+ 7, 000 

~:~ Loss on disposal of asset. 

Cash Flow 
After Tax 

- 1,000 

400 

400 

500 

-10,000 

+ 300 

+ 300 

+ 300 

+ 7,000 
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The value obtained would represent the present worth of the 

after tax cost of the alternative replace machine "X" at the end of 

year two with the challenge r. 

Sirnilarly, other alternatives could be priced to rnake up the 

cost coefficient of variables appearing in the objective function. 
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ABSTRACT 

A SYSTEMS APPROACH TO REPLACEMENT 

by 

Thomas Gerald Ray 

The object of this study is 'a new approach to the problem of 

replacement of assets which deteriorate and become obsolete with 

time. The investigator views replacement theory as a subset of 

capital budgeting. Capital budgeting has rece ived much more attention, 

has benefited from many advances in mathematical programming 

techniques, and in general has been advanced to a much more sophis­

ticated state of the art than has replacement theory. 

The approach taken in this work is to point out this divergence 

in advance s in these areas by surveying the lite rature in ectch. Next 

a new approach to the replacement problem is presented. This ap­

proach is new in that it attacks the replacement problem as a system 

of interacting components rather than take the normal replacement 

approach to a single machine. The production process is modeled as 

a network in whi.ch each machine is represented by an a~c. A single 

machine or two or more machines in parallel compose a stage of the 

process. Several stages are combined to complete the network. 

The general model is formulated as a mixed zero-one program­

ming problem for a finite planning horizon. This model can be 

further modified by adding specialized constraints to make it fit more 



specific cases. The general model has provisions for equivalence 

relationships to carry funds forward or backward through tirne. It 

also takes into account such items as process requirements and 

machine capac ities. 

Difficulties are encountered in that a normal problem is too 

large to solve. Further study reveals that by making a conservative 

assumption of using a single interest rate the problem can be reduced 

to a much smaller zero-one programming problem. This formulation 

for a reasonably sized production process is small enough to be solved 

by zero-one algorithms available in the literature. 

An exampl,e problem is formulated for illustrative purposes. 




