APPLICATIONS OF TRILINEAR COORDINATES TO SOME

PROBLEMS IN PLANE ELASTICITY

by .

Ramanath Williams

Thesis submitted to the Graduate Faculty of the

Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

MASTER OF SCIENCE
in

Engineering Mechanics

APPROVED:

H. F. Brinson, Chairman

C. W. Smith

D. Frederick, Department Head

Octeber, 1972

¢ Blacksburg, Virginia

“R. P. McNio

4

[

2 )



ACKNOWLEDGMENTS

The author wishes to express his sincere thanks to Professor
H. F. Brinson of the Department of Engineering Science and Mechanics,
Virginia Polytechnic Institute and State University, for his helpful
criticisms and encouragement during the course of this investigation.
The author is also grateful to the Department of Defense who sponsored
this work under Project Themis, Contract Number DAA-F07-69-C-0444
with Watervliet Arsenal, Watervliet, New York. Finally, thanks are

due to Mrs. Peggy Epperly for typing this manuscript.

ii



TABLE OF CONTENTS

Section

LIST OF ILLUSTRATIONS

LIST

OF SYMBOLS

INTRODUCTION & o & v ¢ o o o ¢ o o o o o o o« o 2 o o o o

1.

2.

(]

6.

10.

DEFINITION GF TRILINEAR COORDINATES . . . . . . . .

RELATIONSHIP BETWEEN CARTESIAN AND TRILINEAR COORDINATES

TRIAXIAL STRESS SYSTEM . . . .« + « ¢« & o +

STRESS~STRAIN RELATIONS IN TERMS OF TRIAXIAL STRESS
STRAIN COMPONENTS . . . . ¢« « + « ¢« « ¢« « .

RELATIONSHIP BETWEEN THE STATE OF STRESS AND STRAIN
THE CARTESTAN AND TRIAXTAL COORDINATES . . . .

PRINCIPAL STRESSES AND STRAIN ENERGY OF DEFORMATION
SOME EQUATIONS OF PLANE ELASTICITY . . . . . .

7.1 Equilibrium equations . . . . . . o . .

7.2 Kinematics and compatibility equation . . .
7.3 Governing equations of thin plate . . . . . .
7.4 Boundary conditions for a triangular plate . .

INTEGRATION CF A FUNCTION COMPOSED OF TRILINEAR
VARIABLES & o & « ¢« ¢ o o« o o o o o « &

SOME FUNCTIONAL RELATIONS BETWEEN THE TRILINEAR
VARTABLES © . . v ¢ ¢« o ¢ ¢ v v s o o o o o »

APPLICATIONS . v @ & ¢ v o 4 o & o o o s o o o

10.1 Bending of an eguilateral triangular plate

10.2 TFree vibration of an equilateral triangular plate .
q g p

iii

AND

IN

.

.

0

16

38

38

46

59

63

69

73

73

78



Section

DISCUSSION .

REFERENCES

FIGURES

B

°

-

iv



LIST OF ILLUSTRATIONS

Figure
1. Trilinear coordinates - sign convention . . . . . . .

2. Some fundamental points and circles associated with
a triangle . . . v 0 0 0 v e v e e e e e e e e e

3. Triaxial coordinates in relation tc the triangle of
reference . . . . o . 0 0 0 0 e e 0 e e e e e e e

4, Orientation of direct stresses and strain components
in relation to the triangle of reference . . . . .

5. A triangular element subjected to triaxial stress
components (0., O g s e e e e e 4 e e e e e e e
p (0, 9,5 0

6. Relationships between triaxial stresses (07, 0y, 0g)

and the Cartesian stresses (Oln, 01 s Tq) o ¢ o o o

s 1

~

. Relative orientation of triaxial coordinates with
respect to a reference {artesian ccordinates ., . .

8. Equilibrium of an infinitesimal triangular element
subjected to triaxial stress components . . . . . .

9. Cartesian displacements in relation to the triangle
of reference . . . . o . 0 s 0 s e v e e e e e



uy V.
(tins LS)

LIST OF SYMBOLS

points referring to vertices of a triangle
length of sides of triangle

cos nﬂci

flexural rigidity, D = Eh3/12(l - vz)
modulus of elasticity

dilatation

altitudes of a triangle, H; = )\/m:.L

plate thickness

dummy indices

triaxial bending moments

direct (normal) bending moments
cos 6
sin 6
cos 0y

i dummy index (i=1,2,3), suffix 'in' represents perpen-

dicular to the ith side of the triangle of reference.
Suffix 'is' represents parallel to the ith side of
the triangle of reference.

transverse load intensity

radius of circumcircle

sin nme,

Cartesian displacements corresponding to (xi,yi)
coordinates

vi



w
(x5¥) 5 (x5,95)
(xl’XZ’X3)

(al,a

2’“3)

B

y
A

(Ein’ fig> Yi)
(€15 €55 €3)

e}

{e }
(o4

(n’L 9”2 9”3)

e

V)

{Gt}
{c.}

vii

transverse plate displacements

rectangular Cartesian coordinates

triaxial coordinates

angles referring to the triangle of reference
\)/m]_mzm3
(1 - v)/2

area of the triangle of reference

Cartesian strain components corresponding to
(xi,yi) coordinates

triaxial strain components

{eln €on €3n}’ direct strain components - triaxial
system

{eX € Y }, Cartesian strain components corresponding
y Xy

to (xi,yi) coordinates

areal coordinates, Ci = ni/Hi

trilinear coordinates

first stress invariant

2Rm1m2m3

Poisson's ratio

radius of in-circle
P = 4R sin ay/2 . sin 0,/2 . sin a3/2

{Ol 7, 03}, triaxial stress components

{o, dy
to (xi,yi) coordinates

Txy}’ Cartesian stress components corresponding

stress function

second stress invariant



frequency
row matrix
column matrix

transpose matrix

inverse matrix



Introduction

In plane elasticity, it is necessary and sufficient to have
only two independent coordinates to study elastic deformation. Because
of the sufficiency of two independent coordinates, the most commonly
employed coordinate systems for analyzing plane problems in elas-
ticity have been Cartesian, polar, and other less familiar coordinate
systems, each with its own peculiarities. However, in solving boundary
value problems in plane elasticity, it was found that hitherto well
established coordinate systems are not necessarily the best - in the
sense that they are cumbersome - when confronted with triangular
boundaries. In principle, the most suitable coordinate system for
triangular boundaries would be one which conforms naturally to the
boundaries of a triangle. In this respect, it is felt that it would

be worthwhile to investigate the usefulness of trilinear coordinates

to boundary value problems in two dimensional elasticity.

For reasons unknown, the subject of trilinear coordinates is
omitted from modern textbooks on analytic geometry, but has been fully
developed in older British treatises. Among these are the works of
Whitworth(l) (1866). Ferrers (2) (1866), Askwith (3 (1918), Loney (4)
(1923), and a céncise treatment by Smith (53 (1919).

Just as any other coordinate system, the trilinear coordinates
are described with respect to a frame of reference: it is called the

triangie of reference. The trilinear coordinate of a point P, in the




plane, is denoted by (nl, Nys n3); in which Nys Ny and n3 are per-
pendicular distances from the sides of the triangle of reference to

the point P. Unlike other familiar coordinate systems, the coordinates
which are to be utilized do not have an origin; that is, there is no
ordered triad (0, 0, 0). However any finite point in the plane can

be located with respect to the triangle of reference.

The trilinear coordinates, also referred to as homogeneous
point coordinates in projective geometry, do not lend themselves readi-
ly to the direct investigation of purely metric properties. Formulae
on which these investigations depend (e.g. for the distance from one
point to another, for the angle made by one line with another, for the
equation of a conic, and for many other formulae and equations in
analytic geometry) can be derived or may be found in the classical
texts on analytic geometry.

Trilinear coordinates have many applications in mineralogy and

(6),(7)

geochemistry , but as the analytic geometry of these coordinates
is not generally well known, the data derived by this system of co-
ordinates are treated graphically rather than analytically. The first
use of trilinear coordinates to problems in plane elasticity seems to
have come about via the finite element stress analysis through the
independent investigations of Argyris (®) and Zienkiewicz %) with
their respective collaborators. Argfris in his writings calls
homogeneous point coordinates natural coordinates, and Zienkiewicz
refers to them as areal coordinates. Both these writers, and their

respective followers, have written numerous articles in the successful

application of these coordinates to the finite element stress analysis



(Displacement Method). No investigation has been carried out so far
to study the suitability of this coordinate system to other forms of
stress analysis. The aim of the present series of investigations is
to provide the necessary theoretical basis for all forms of stress
analysis and ultimately establish this system of coordinates as a
suitable alternative to two dimensional boundary value problems in-
volving triangular boundaries.

Having discussed the reasons for the present investigation, a
brief discussion will now be given on the content of this particular
discourse with the aim of giving the reader a clear outline of the work.

In Section 1 trilinear coordinates are defined and the common-
1y accepted sigﬁ convention for this coordinate system is presented.

In Section 2 a coordinate system termed triaxial is introduced. This
system of coordinates also comes under the general category of homo-
geneous point coordinates. The reason for introducing these coordinates
in the analysis is mainly to simplify the transition from the rectan-
gular Cartesian coordinates to trilinear coordinates. This section

also contains the derivations of a few relevant differential operator
relationships between the Cartesian, triaxial, and trilinear variables.

Using the notion of triaxial coordinates, the triaxial stress
system is defined in Section 3. The concept of a triaxial stress (and
strain) state is not new, but it has been used mainly in experimental
stress analysis. It is important to realize, that the triaxial
stresses are not the same as the direct (or actual) stresses corres-

ponding to the coordinate axes. 1In engineering design, the direct



stresses corresponding to the coordinates are of importance, therefore
in Section 3, the relationships between the triaxial and direct
stress components are derived.

The stress-strain relationships for the triaxial coordinate
system are developed in Section 4. Attention is however limited to
an isotropic material. Section 5 is devoted to developing the re-
lationships that exist between the stress components in the
Cartesian and triaxial coordinate system. Expressions for the prin-
cipal stresses and the strain energy of deformation, for the triaxial
system are given in Section 6.

In Secticn 7, the equilibrium equations and equations governing
bending of thin plates are deduced from their counterpart in rectan-
gular Cartesian coordinates. It is also shown in Section 7, that the
equilibrium equations could also be derived without restoring to the
equations in Cartesjian coordinates.

In Sections 8 and 9, respectively, the methods of integration
and the construction of functicnal relations for the trilinear
variables are investigated.

Section 10 is devoted to the application of the theory developed
in this paper. Solutions to two examples are found. One of these
examples is the bending of a simply supported equilateral triangular
plate subjected to a uniform loading. Solution to this problem was
originally obtained by Woinowsky—Krieger(lo) in terms of Cartesian
variables. Here, the solution to this problem is found in terms of

trilinear variables. To illustrate the application of the theory to



an eigenvalue problem, free transverse vibration of a simply supported
triangular plate is considered, and the natural frequencies for all

the symmetrical modes are found.



1. DEFINITION OF TRILINEAR COORDINATES

The trilinear coordinates n; of a point P are the perpendicular
distances of P from the straight lines forming the triangle of
reference. We shall denote the vertices of the triangle of reference
by Ai and the sides opposite to them by ay, and the angles formed by

the triangle at the vertices A will be denoted by 0y .

Sign Convention.

A coordinate N;, which is measured from a;, is said to be
positive if it lies on the same side of a; as the point A;. If the
side aj lies between the points P and Ay, then 7Ny is negative. If the
point P lies within the triangle of reference, as shown in Figure 1,
then all of its coordinates are positive. In Figure 1, the point P'
lies outside the triangle of reference, and N; has a negative value,

but Ty and N3 are positive. No point in a plane has all its co-

ordinates negative.

Fundamental Identity of Trilinear Coordinates.

If the area of the triangle of reference is denoted by A and

the trilinear coordinates of any point by n;, then

a;ng + asny + 83'i]3= 24. (1-1)

The above statement will now be verified for the point P shown

in Wigure I in which the area of the triangle A)PA3 is nypa;/2, the area of



the triangle AjPA; is Npay/2, and the area of the triangle A PA, is

03a3/2, Thus the total area A of the triangle AjAlAq 1is

a1l 22y 4303

y t—g t—g =4

from which equation (1-1) follows. Equation (1-1) can equally be
verified for any other point in the plane by carefully adapting the
sign convention mentioned earlier.

Now, if R is the radius of the circumcircle with center at 0,

see Figure 2, then by sine rule,

2R sin 0y = a4

also from analytical geometry, we know that
4RA = ajajaj

Now denoting,

sin 0y, = m, and cos q; = 2
we have,
and A = 2R2mlm2m3 . (1-2)
Substituting equation (1-2) in equation (1-1) shows,

myNy + mon,y + malig = A (1-3)

where,



A = 2R m1m2m3 (1’4)

and this quentity is a constant for a given triangle of reference.

Dividing equation (1-3) by A gives

ming man2 m3N3  _
s wl i | (1-5)

The quantities,

__L - ZRm2m3’ _A_ = 2lem3 s __.2\._. = ZRInlmZ
my m3

ml

are called the altitudes of a triangle, and they are the lengths

A;X; in Figure Z. Wow denoting,
AL ni .
= Hy and = 4 (1-6)
my Hi
equation (i-3) becomes
§1 4 CZ -+ C3 = 1 (1“7)

The quantities (.

; are called Areal or triangular ccordinates, also

referred to as Bary-centric coordinates of Mobius.



2. RELATIONSHIP BETWEEN CARTESIAN AND TRILINEAR COORDINATES.

In this section, we introduce a new coordinate system
(x1,%9,%x3) with an origin (0,0,0) located at the in-center I of the
triangle of reference. An illustration of these coordinates in
relation to the triangle of reference is given in Figure 3. The co-
ordinate system (xl,xz,x3) will henceforth be called Triaxial co-
ordinates, and these can be readily related to the Cartesian co-
ordinates by usual coordinate transformations. Also by introducing
these coordinates into the analysis, it becomes relatively easy to
transform differential equations, which are in terms of the Cartesian
coordinate variables (x,y), into trilinear variables.(nl,nz,n3).

‘In the subsequent analysis, we shall use simultaneously tri-
axial and trilinear coordinates. In deriving and stating equations
of elasticity, we shall use triaxial coordinates (xl,xz,x3) because
they are more convenient and compact. When it comes to solving a
boundary value problem with respect to a triangle, emphasis will be
placed on the trilinear system (nl,nz,n3) because it is more convenient
to specify the boundary conditions.

In discussing derivatives of a function with respect to a
coordinate system, one must distinguish between directional and
partial derivatives. In our analysis, we shall use triaxial variables

(xy,%9,x3) for the specification of directional derivative of a
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function. For example, the directional derivatives of a function F
will be dencted symbolically by 3F/3xi, 32F/3x§ etc., and these
derivatives have physical meanings, such as rate of change of F with
respect to x;, curvature of F with respect to x; etc.

Although the directional derivatives with respect to xy
variables have physical interpretations, these are not convenient in
finding solutions to physical problems. For this reason, prior to
solving a boundary value problem, we shall express the directional
derivatives in terms of the partial derivatives with respect to the
trilinear coordinate variables (nl,nz,n3).

It should be carefully noted that whenever 3/9xi appears it
represents a directional derivative and that whenever 3/3ni appears
it represents a partial derivative. Also it should be emphasized that
each component of x; refers to not only a triaxial coordinate but also
a Cartesian coordinate.

In Figure 3, three orthogonal Cartesian coordinates (xl,yl),
(xz,yz) and (x3,y3) are shown. These coordinate variables are related

to one another as follows.

. _ I _ . 1A
xé] ) —23 mg |} %q , X ) -23 ~mg x2 )
P my V1] 71 my 241y,
x; ~-22 —méﬂmxln -Xl- ~~22 mz.T -x;
- = : = > (2-1)
v m -2olly v -m -2 y
L '3‘ i 2 2“ i l_J ] ]‘ i 2 2_ i 3_
~xgq _—21 my XZT X, "Ql —ml_ -xg
y -m Loy y m -£ y
A 3_ i 1 1' L 2_ i .2_J ] 1 l. | 3__
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Further,

my%, + mox, +Fmyx, = 0

11 2%2 373
(2-2)

myy; + moyy + mgyy3 = 0
the trilinear variables n; are related to Xy and A variables by
i = 0%
Ny = p-xp = p+xpky - yimg (2-3)
N3 = p-xy = prxphy+ym

In which p is the radius of in-circle, p = 4R sin 0,/2 sin ty/2 sin aq/2.

Equation (2-3) can be written in matrix form as,

n1] 1 -1 o] e
T]2 = 1 /Q»3 ~m3 Xl (2-4)
n3 1 by myl (V1

P m, my my i
1
Xl = (m]_ & m7 + m3> —(mz + m3) mz m3 nz (2'5}
Lyl (R = 23)  —(142y))  (1+L,) || Ny

Using equations (2-1), (2-2) and (2-4), we have,



o -

Bxl

3 [zqa
sz T ox
3 DL
8x3 -

9
ax + " Byl

] _ [
_]
]

12

I SN TN M
any ’8n2 N,
9 3 2. 0
32 - o+ M
Bnl p) 8U3J
9 L. 9 P
2+ V12 - 2
any an, 3”3}

In matrix form the above equation can be written as,

> (2-6)

(2-7)

The above equation cannot be inverted, and it should be noticed.

mp 0, m

BX-L

9 4m3 9

3}{7

aX3

0

(2-8)

Equations developed so far in this section are utilized to construct

the following further relations amoungst the differential operators,

which are presented without further proof.

8 _ 1, - 259 | _
dyy nlL dxg |
._..B__ = - m3 9 + L 3 E) -] -
9y 9 X7 aylj
o _ rm2 o . %% 3 _
5y 5 L By ey

"ﬂ\3 aa + m2

-y 83 + ™

o n3

~my qB + ™
Onl

> (2-9)




13

m 9 m ) m 9
1 4+ 2 3 = -
S B S O S S GO L SO ST ST GO L Y O L
2 2 2 2
Bxl _3”1 8@2 8n3 3n18n7 3n13n3 8n23n3_
»
9% | 8% .\ 23 9% . 2 % 2n, 20, __9° 2048, 0 1
w2 2 2 2 . - n
x5 _anz anl 3n3 8018n2 8n23n3 Bnlcn34
2 [ a2 g2 a2 42 82 2 2 2
__a_é_mgrrz _§§+z __@_2__‘221__3_____22 02, 208, 3
3x3 8n3 8n1 anz 8n28n3 8n18n3 anlanz
(2-11)
~ - N
9% _ |n§ 3% md 3% 2mymy 3%
2 2
ayl ] 3n2 3n3 8n28n3~
2 2 2 2 .2 2
_a_?__ = ™ ——% + M3 _@_2_ - mmy 9 5 (2-12)
8y2 Bn3 anl 8n13n3
2 (2 2 2 .2 2 ]
i m, ~§§_+ my —§; B 2m1m2 d
av3 - 8nl Bné 8n13n2_
32 !m 32 m 32 2. m 82 2. .m 82
e T e s T e - T o T
9y 9y [ 3M19N, Ny N3 n3

2
(Lm, =~ &om,) 97
22 273 ﬁﬁéan3 (2~13)
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The Laplace's operator v?
. )
v | b, 8 [_ﬁ+_a_2_ I O
LBx]z_ By% L3x§ Syz Bx% Ay
_Faz+az+32 20, 05,0y 3
- 2 2 2 . an Py
'Bnl ang 8n3 8n28n3 anlan3
Also
o2 1 fqmg 32 + Lomy 92 + L4ms 32_l
= 2 <2 2
"M oy *2 8X3J
and,
) . 2 2 2
\\/ Q:
= ..4._._J.'_._...... ]m]_ _:.?._2.. + ’Q’Zmz .__3_2. + Q’3m3 __@_?_
LPLE Oyl Yo Byg

From equation (2-7),

therefeore,

my 9 + My 9
( SXl sz

2

%3 5 33 -1 (2-14)
NNy

(2-15)

(2-16)



that is, by

' w2
iy mymy Vo

il

using equation (2-15),

La 2 - 2
Q’lml ___d_,_)_ + fomy  9° +

3-‘<i ?)xz

15

P,3m3

o2

3x§

m




3. TRIAXIAL STRESS SYSTEM

In this section, using the concept of a triaxial coordinate
system (xl, X9 x3) shown in Figure 3, a stress system (01, 09, 03)
will be introduced. The three stresses Oys Oy, and 03 are indepen-
dent stress quantities corresponding to the triaxial system (xi, X9, x3),
in the same sense that (OX, Ty s Txy) are three independent stress
components in the familiar Cartesian coordinates (x,y).

Although the state of stress is completely defined by the
triaxial stress components (Ol, 02, 03), one may not consider these
quantities as the direct stress components corresponding to the tri-
axial coordinate system. It should be remembered that the stress
state (01, 02, 03) is introduced merely for the purpose of analytical
convenience in the formulation of the problem, and it has no direct
significance in terms of strength related stresses. In engineering
design, the normal and shear stress components corresponding to the
coordinate axes are of importance. It is therefore essential to
define the triaxial stress components in terms of the normal and shear
stress components, that is, to derive the relationships between these
stress components.

In Figure 4 the familiar normal and shear stress components
(i.e., the Cartesian stress components) are shown in relation to the
Ltriangle of reference. With reference to this f{igure, normal stresses

perpendicutar to the boundary are denoted by (0y,, ¢y, U3,), normal
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stresses parallel to the boundary are denoted by (Ols, Opgo 033) and

S

the shear stress components are denoted by (Tl, T T It will now

3)'

be shown, that the Cartesian stress components (Oin’ Oig> Ti),

29

i =1, 2, 3, are linear combinations of the triaxial stresses. For
this purpose, consider the stress state in a triangular element,
subjected to a triaxial stress field (07, 0y, O3) as shown in Figure 5.

As the primary interest of this section is to define the tri-
axial stresses, it will be assumed here that the element shown in
Figure 5 is in static equilibrium. With this assumption one may con-
clude that any element within this triangle must also be in equilibrium.
For example the square element of side § inside the triangle of Figure
5 is in equilibrium.

The relationships between the triaxial stress components and
the Cartesian stress components (0j,, U5, T1) will now be found by
considering the forces acting on the square element. In Figure 6(a)
the forces acting on the square element are illustrated. With
reference to this figure, forces acting on sides (:)++(:) and (:)++<:>
are specified in terms of the usual Cartesian stress components, but
the forces on sides (:) > (:) and (:)+ﬁ(:> are specified in terms of
the triaxial stress components. In Figure 6(b), the forces due to the
triaxial stress components shown in Figure 6(a) are resolved into a
parallel and a perpendicular component with respect to the xp-axis.

Since by assumption the square element is in static equi-

libvium, one may readily deduce from Figure 6(b), the following
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equality between the triaxial stresses (01, 02, 03) and the Cartesian

g ag T .
stress components ( in’ “1s? 1)

2 2
- 2 2 -
O1g = Opmy + O.my > (3-1)

The 'stresses O1n and 014 are the direct stresses acting parallel and

perpendicular to the coordinate axis Xy

A similar procedure can now be followed to derive the stress system

(Ozn, 028, Tz) and (OSn’ 033’ T3). In the former, the square element
is rotated clockwise through an angle Ogs and in the latter, anti-
clockwise by a,. Hence,
G, = a,+ 0,02 + 0,22 )
2n 2 371 173
o = o.m? + o m > (3-2)
2s 31 13 B
T, =~ GBlel + 01£3m3 J
and,
- 2 2 N
Oy, =05+ 02!@1 + 0122
2 2
033 = 02m1 ER 01m2 ? (3-3)
Ty == GIRzmz + Ozﬁlml



The relationships between the direct stress components and the tri-

axial stresses can now be summarized in matrix form as,

the triaxial stress components

give,

-

O1n

3
NN W

=}

- ~

(3-4)

(3-5)

(3-6)

Equation (3-4) relates the direct stress components Oin to

2 2 2
2321 ~ L2

2.2 .2
2ok -

_ o4
1 £3

This equation can be inverted, to

(3-7)
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Equation (3-5) can also be inverted to give

It should be noted that equation (3-6)

determinant of the matrix

0 -1

i 4 2.2 2.9 ]
011 m1 mlm2 m3ml
o = 1 m2m2 —m4 mzm2

2 —y 172 2 273
2m1m2m3
o 3 m%ml m%m% -mg

3mg Rzmz
9 -
% 3mq 0 lel
is zero, and there exists the relationship,
Zlml’fl + »szzT? + 23]!13’[‘3 = 0

Using the trigonometrical identities
my = m.ﬂk + Q/mk
J J i, j, k=1, 2, 3
meme = Ay ¥Ry i § o=

it can be shown,

[ 3
fymy O + Rgmy Ogp + Rgmg Oy

and

.5

g 1 a. Gy O, ) ¥y =
lel 9 + leg O + Q3m3 C3s

k

m1m2m3(01 + g, -+

(3-8)

O3g

cannot be inverted, because the

(3-9)

(3-10)

mlmZmB(Ol + 02 + 03)

(3-11)

03)
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Tt will be shown in Section 6, (equation (6-6)), that

(01 +0, + 03) = 0O , the first stress invarient.



4. STRESS-STRAIN RELATIONS IN TERMS OF TRIAXIAL STRESS AND STRAIN
COMPONENTS

The stress-strain relationships, to be derived in this section,
are for an isotropic material having modulus of elasticity E, and
Poisson's ratio V. The direct in plane strains, acting along the tri-

axial coordinate axis X1y X, and Xq will be denoted by 81 s €2n and

n
€3n respectively. In the case of plane stress (i.e.: the out of

plane stress ¢ = 0), the in-plane direct strains €, are defined to

be (1)

(0. ~Vvo.,) i=1, 2,3 (4-1)

The quantities O3n and J5g (i =1, 2, 3) are direct in-plane stresses.
The orientation of these direct in-plane stresses and strains, in
relation to the friangle of reference, is jillustrated in Figure 4.

The direct stresses 9in and Ois are related to the triaxial stresses
(Ol, Ty 03) and the relationships are given in Section 3.

From equation (4-1) the direct strain gin is given by

substituting for the direct stresses Oln and Olv’ from Equations (3-4)
N =]

and (3-5) into the above equation gives,

r 2 2 2 2,
] ( -\ N - - -
LO + 02\23 )m3) -+ 03(Q2 vmz) (4-2)
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similarly,

1
€n = E’[Oz + 0125 - vnd) + 030f - Vm%ﬂ

1

- 2~ un?) + 2 _ yp2
€3n E[03+Ul(22 vmz) 02(52,l \)ml)]

(4-3)

(4-4)

Equations (4-2), (4-3) and (4-4) can be conveniently represented in

matrix form as,

{e.} =[T€Gt] {o,}

where,
1 i 2
r = — l 2'
[reot] E 3
2 2
913 - \)m3
2 2 2
‘2,2 - \)m2 21
{o.} = {0 0, 04}
and
e d = deg gy 85}

Matrix [Teoé] can be written as,

[teo] = [¥] [tee] [

(4-5)
2% - Vm%
2% - vm% (4-6)
1
i
(4=7)



where

and

24

1 0 0
23 m} ~%4ms (4-8)

i 23 m) Lomy |

[ 1 -V 0o ]

-V 1 0 (4-9)

|0 0 2(14V) |

Therefore, substituting (4-7) in Equation (4-5) gives,

{et}

= [R] [?EOJ [R]T'{ot} (4-10)

Note: Equation (4-7) was established using the following trigonomet-

ric relations.

Since, m; = sin ul and T = al + o, + ag,
my = sin oy = sin (m - (a2 + a3)) = sin (az + a3)
= sin a, cos a3 + sin a3 cos az
Similarly,
Rl = cos y = - cos (az + a3) = - (cosc& cos Gy -
sin 0, sin a3)

- (22 Q3 -

m, m3) (4-12)



Equation (4-5), in its expanded form

r h -
eln 1
1,2 2
€2n = *E— 23 - \)m3
2 2
€3n by - vmy

The above relation can be inverted

01 mi(%i+ym§)

Oyl = A mlmz(QlQZ-lemz)
93, _m1m3(2123'Ym1m3)
where,

Y = ié#%—xl and

25

Vm

w N

to give,

is given by

2 _ 2
% \)m2 oy

2 2
1 03

-
mymg (&g 85-ymyms)

2.2
m, (25+7m;,) mymy (2,8 3=ym,m,)
. 20242
mymy (2,2 y-ymymy)  my(Rgtym3)
E 1
A =
(1 - v%) 2.2 2

(4-13)

(4-15)

Equations (4-13) and (4-14) are matrix relationships between the tri-

axial stress components and direct strain components.

By using

equation (3-7), in conjunction witl equation (4-14), we can relate the

direct stress components to direct strain components.

€ (4-14)
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That is,

EN (1 - Bm 2,0, BL,m, pugly | [eg.]

Y| = T -V Bm, 2, 1 - Bmyly sy Bm, 2., €| (4-16)
_03n_ ] Bmy £ Bm, 2, 1 - Bm32122~ _€3n_

Where,

= Y )
mjmomg (4-17)
Equation (4-16) can be inverted to give,
- i L
“In 14 Bm 2oty ~Bmyl, B I
. 1 _
€| = E Bm; 29 L+ Bmyly &g -Bmq24 o, | (4-18)
€30 ~Blel —Bm222 1+ Bm3£221 O3p

Note: Equations (4-16) and (4-18) are matrix relationships between the
direct strain components and direct stress components. It should be
noticed that these matrices are symmetrical only if the triangle of

reference is equilateral.



5. RELATIONSHIP BETWEEN STRESS (STRAIN) COMPONENTS IN TRIAXIAL CO-
ORDINATES AND THE STRESS (STRAIN) COMPONENTS IN CARTESIAN
COORDINATES

In this section, the stress components in the triaxial co-
ordinates will be related to the stress components in Cartesian co-
ordinates. 1In the process of deriving this relationship between the
stress components, the relationships between the strain components in
these two coordinate system will be established. The relative
orientation of these two coordinate systems in the plane will be
defined by an angle 6, as shown in Figure 7. The reason for intro-
ducing this angle will be apparent in Section 6, where it is shown
that the relative orientation of these two coordinate systems is
irrelevent in computing principal stresses and strain energy of
deformation.

If the strain components in the Cartesian coordinates are

denoted by (EX € ), then, the direct triaxial strains

y Txy
(Eln €90 €3n) can be related to these by a resolution of strain com-

ponents.(ll)

For example, the direct strain €, corresponding to the

1n

xl—axis is,

2

9 )
€1n = EXIL + i—:ym + yxykm (5-1)

27
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where
£ =cos © and m = sin ©

The direct strain corresponding to the xz—axis is,
€, = €. cos® (o, + o, + 8) + ¢ sin2 (a, + ay + 6)
2n 7x 1 2 y 1 2

+ ny cos (al +o, + 6) sin (al +oa, + 8) (5-2)

This equation can be simplified using the following trigonometric

relations. Since,

+ o, +a

7T=OL1 2 3

it follows that,

sin (al + a. + 0)

) sin (7 - (a3 - 0)) = sin (a3 - 0)

= sin a3 cos B - cos a3 sin 6

= m32 - 23m (5-3)

cos (al + a. + 8)

cos (m - (a3 - 0)) - cos (a3 - 0)

2

= -(cos ®, cos O + sin o, sin 6)

3 3

= (452 + mym) (5-4)
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From Equations (5-3) and (5-4) it follows that,

. \
cos Kal + Qy + 06) sin (al + u2 + 6)

- (m3ﬁ - £3m) (23Q + m3m)

2

il

tm (25 - m3) - Lm, (&% - n) (5-5)

Substituting (5-3), (5-4) and (5-5) into Equation (5-2) gives,

2 2
= + + -
€9n Ex (QBQ m3m) Ey (SLm3 mZB)

2 2 2 2
+ ny [Rm (23 - m3) - 23m3 (2 - m ﬂ (5-6)

Similarly the direct strain corresponding to the x3—axis is given by,

€ = € COSZ(TT+OL + 0) + ¢ sinz('IT+0L2+e)

3n X 2 y

+ yxy[cos (m + Oy + 0) sin (W + 0, + eﬁ

Once again, using the trigonometric relations, the above equation can

be written as,

€

2 2
3 = S (M = mp)® + e (mdy + imy)

Yy [zm (43 - nd) + 2,m, @? - mz)] (5-7)

The direct strains given by Equations (5-1), (5-5) and (5-7) can be

conveniently represented in the following matrix form,

{e.} Z[Bgtc] {e.} (5-8)



where

30

22 m2
B = 0 ) G, - w2
[ Etc] 3 T mmg 3 7 M3
(22, - mm2)2 (mf, + Rmz)z
{ec} = {eg gy vyyl
and
{ee} = {egp €9y €35}

T tri
he matrix [BEtc

[Pere] -

[ -

and,

g =

NN

where, the matrix [R] is defined by Equation (4-8),

cos O, m =

92 m2

m2 92
| -28m 2%m
sin ©

Substituting (5-10) into Equation (5-8)

{e.} = [r] [0] {e.}

2m

2
tm(Ry - mg) - 2my (22 = n?)

(22 - md) + fymy (2% - m?)

] can be factorized in the following form,

£m

~2m

(" - m")

gives,

-

(5-9)

(5-10)

(5-11)

(5-12)



31

Using Equation (4-5), Equation (5-12) becomes,

) oo " [ [7] tee (5-13)

The stress-strain relation in the Cartesian coordinates is given by,
e} =[Teo] fo ) (5-14)

Where, matrix [Teo] is defined by Equation (4-9).

Substituting (5-14) into Equation (5-13) gives,

0,) =[th]'1 [ [{] [ree] o (5-15)

From this Equation it follows that,

o o] [ ] o] o2 (5-16)

Substituting (4~7) in Equation (5-16) gives,

O} =[reg] " [0] " [Teg] [F] to0) (5-17)

Using Equation (4-9) and (5-11), it can be shown that,

el [ ] -

Substituting (5-18) in Equation (5-17) gives,

o} = [6]" [R]" fo, (5-19)
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Therefore, expanding Equation (5-19) yields,

Q
|

= 0, 22 + 0, (80y + my)? + 03(28, - mmy)?

2

o}
1]

2 2
g, m“ + 0, (mly = m,y)° + Gq(ml, + 2m,)
] 2 3 3 3 2
1 . 2 # (5~20)

Tey = 0; Im + 0, [Qm(zg - m3) - fymy(8” - mz)]

+ o, [sz,m(gg - md) + fymy (22 - m?-)]

/
Using Equation (5-20), it will be shown in Section 6 that the princi-
pal stresses and the strain energy of deformation are independent of
the arbitrary angle 8. After considering Section 6, and without loss
of generality, it would be advantageous to take the angle O equal to
zero. The implication of the angle 6 equal to zero is that the x
axis of the Cartesian coordinates is coaxial with the Xy axis of the

triaxial coordinates. In the particular case when 0 equal to zero,
£ =cos 0=1andm=sin0 =0

and therefore,
[é]T = [I] (identity matrix).

Hence (5-19) becomes,

o} = [K]" {0} (5-21)
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expanding of this equation yields,

- 2 2
0. =20 +02 L +0322

X 1 3
= 2 2
Txy = - 02 ,Q3m3 + 03 lemz

which is the same as equation (3-1).

ﬁ (5-22)




6. PRINCIPAL STRESSES AND STRAIN ENERGY OF DEFORMATICN

The principal stresses, in terms of the triaxial stress com-
ponents, can be readily obtained from the corresponding expressions
in the Cartesian system by using the results of Section 5.

The principal stresses cpl and 0p2 and the maximum shearing

stress T .. are related to the Cartesian stress components

1o , . (11)
(OX, Oy, Txy) by the following expressions.
0+ ¥ )
g =
pl 2
o .Q__Z-_.K_ S (6-1)
X
T = L
max . 2
7/
where,
0 = ox + Oy (6-2)
and,
Ox -0 ? 2 12
X = 2 ——-é-—l Ty (6-3)
| My

The stress combinations © and Y are known as stress invariants of
plane elasticity. In brief, a quantity is said to be invariant if it
is unchanged when referred to a new set of rectangular axes obtained

by rotation of the original axes.

34
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The stress invariants © and ¥ can be readily obtained in terms of the
triaxial stresses by using the relationship between the Cartesian and
triaxial stresses given by Equation (5-20). Therefore the first

invariant, O, is given by,

O=0 4406 =0 (22 + mz) + o, [(2Q3 + mm3)2 + (m)Z3 - ng)é]

X y 1
+ 0, | (2, - mm,)% + (8, + tm,)? (6-4)
3 2 2 2 2
where,
£ = cos 6, m = sin ©
22 = COS 0, m, = sin o,
and,
23 = COS Oy, my = sin 04
Now,
22 + m? =1
(22 + mm )2 = (cos O cos 0, + sin O sin « )2 = c032 (0 - a,)
3 3 3 ' 37, 3’

(mQ,3 - Qm3) = (sin B cos Oq = cos 0 sin a3) = sin2 6 - a3)

(QRZ - mm2)2 (cos B cos 0y - sin 6 sin uz)z = cos? 6 + az)

(sz + sz)z = (sin 0O cos Oy + cos O sin a2)2 sin2 (6 + az)

(6-5)

Hence, substituting (6--5) into Equation (6-4) gives,

O=¢ +0 = (o1 + 0

. y ) + 63) (6-6)

2
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The second invariant, X, is obtained by substituting (5-20) into

Equation (6-3) and using similar trigonometric relations as previously.

Therefore

1]
N

1/2
S SR I | (6,0,m2 + 0,0.m2 + 0.0.m2 6-7
2 0)0ymy + 0;04my + 0,04m)) (6-7)

Substituting Equations (6-6) and (6-7) into Equation (6-1) gives the

following expressions for the principal stresses Op1 and 0p2 and the

maximum shear

Opl =

p2

—
H

max

These

maximum shear

stress T
max

(07 + 0y + O3) [01'+ oy + 0
= +

2
3 2
9 1/2
01 03 my + 0y O3 my)

(0] + 0y + 0g) rol +0, + 6312

5 ) 1/2
0) 03 My T 0, 04 mi)]

1/2

2
O, +0_. 4+0 2 2 2
[ 1 02 3] - (o1 0y My + 0, 05 m, + 0, og ml)

7/

relationships show that the principal stresses and the

stress are independent of the arbitrary angle 6, which

was introduced in Section 5. These relationships therefore imply

that the stress quantities Opl’ g

and T are invariants and inde-
p2 max

pendent of the relative orientation of the triaxial and Cartesian

coordinate systems.
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The strain energy of deformafion in terms of the triaxial
stress components can be obtained by considering the analogous expres-
sion for the strain energy in terms of the Cartesian stress components.

In the case of plane stress, the strain energy density Vg,

is given by,(ll)

v, = —12— |_°e_| [TEG] {o,} (6-9)

This expression is in terms of the Cartesian stress components. There-
fore, substituting Equation (5-19) into (6-9), the energy in triaxial

stress components is given by,
1 T T
to = [oe] [elefed] [o]" [x] * o0
Substituting Equation (5-18) for Bﬂ T only, in the above, gives

w4 ) [ felle]

Substituting Equation (4-7) into the right hand side of this equation

gives,

\U =

N

o [eod o)

This gives the strain energy density in terms of triaxial stress com-~
ponents. Since Equation (6-10) is independent of the angle 6, it

follows that the strain energy per unit volume V0 is an invariant and
independent of‘the relative orientation of the triaxial and Cartesian

coordinate systems.



7. SOME EQUATIONS OF PLANE ELASTICITY IN TRILINEAR COORDINATES.

Some of the governing equations of two dimensional elasticity,
with plane stress aésumptions, will now be derived in terms of the
trilinear system by considering the analogous equations in the

rectangular Cartesian coordinates.

7.1, Equilibrium equations.

The equilibrium equations corresponding to the trilinear
system will now be obtained by making appropriate transformations to
the corresponding set of equations in the rectangular Cartesian co-
ordinates. A geometrical interpretation of these equations will be
given later in this section.

In the case of absence of body force and inertia forces, the

equations of equilibrium in the rectangular coordinates (x,y) are

. (11)
derived to be,
_8_%_+§_T_7Q=0
X 3y
> (7-1)
%0y 4+ %y - g
By Oy )

38
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Substituting equation (5-22) in equation (7-1) yields,

307 Ly |2 3 ~
%01 %3 |%393 m3d | oy Ay )hp3  mpd jo3
ox ox oy ox ay

and >(7-2)

m 2., 93 m, o o] m L, 9 m, 0 o
- 9 _mg9d | Oy 4 l o_ 4 my 9 =
3 [ 3 = 3 ay] 2 2 5 2 ay] 3 0

Now writing 9/9x = 8/8x1 and 9/9dy = 3/8y1 in the above two equations
and then making use of the operator identities given by equation (2-5),
we have the following two equations for the equilibrium conditions in

the triaxial systems.

.
301 Q3 802 22 803 )
F S S Sl
1 2 3
? (7-3)
m, 302 m, 303 B
T o0
) 3 )

These first order partial differential equations can be more
elegantly represented by using some trigonometrical identities. For
example, multiplying the first equation (7-3) by mq and the second
equation of (7-3) by Q3 and adding, we have the following system of
equations. |

my Egl _ (12m3 + m223) ES;

axl 3x3

= 0

o (7-4)
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Since mj = sin oy , % = cos o4 and,

1

=3
|

= (ul + o, + a3), it follows that,
sin 0, = sin Q, cos 04 + sin Oq cos Oy, that is

= mpl3 + Lomg (7-5)

=
I

Thus using equation (7-5), the equilibrium equations (7-4) can be

written as,

m3 801 _ ml Egl - 0
Bxl 8X3
(7-6)
m3 362 my 303 - 0
Eral

Equation (7-6) is the equilibrium condition for the triaxial system,

and it can be satisfied by selecting a stress function ¢, such that

ml 32® W

01 :
3XZBX3

_ 2
Oz"mz 3@

5215;; ) (7-7)

5%
3x18x2 )

Q
I

3° M3

Geometrical interpretation of equilibrium conditions for an
infinitesimal triangular element.

*
Consider a triangular element of unit thickness, area A whose
sides are perpendicular to the axes (xl, X0, X3). The element in

relation to the triaxial coordinate system is shown in Figure 8. The
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net resultant force F; due to the triaxial stress component 0y will
now be found. With reference to Figure 8, the force F; due to the

triaxial stress 9 in the x; direction is given by

K>
le
N1

Using the sine rule it can be shown that

le _m (x7 - Kl) (7-9)

B myi3

The area of the shaded portion of the triangle, denoted by A, is given

by,

A = O~ K x (7-10)
2

Substituting (7-9) in (7-10) gives,

_my (g - Kl)2 (7-11)
2m2m3

Therefore,

dA

|

Using equation (7-9), the above equation can be written as,

dA = xlp.dxl (7-12)
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Substituting (7-12) into (7-8) and then changing the lower and

upper limit of the integral to zero and A*, respectively, gives,
*
F. o= A 30'1 A '
1 j, —3';1- (7-13)
0

By following the method used in finding the force F;, it can be shown

that the force F2 due to the stress component 0y, and the force F3 due

to the stress component 03 are as follows

A* ; .
F = 0’2 .
2 —
[ Ra
0
b (7-14)
: %
F. = A 904
3 -[. ‘ggg dA /
0

For the equilibrium of the element, the net resultant force in any
direction must be zero. For example, the equilibrium condition in the

% direction requires.

Fl - 23F2 - 22F3 =0

Similarly the equilibrium conditions in the X, and Xq direction requires

I
o

"
o

—QZFI - QlFZ + F3
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from (7-13) and (7-14), into the last

Substituting for Fl, F2 and F3,

three equations yields,

*

A
301 23 302 QZ 303
B, T %, " ox |4 =0
1 2 3
0
A*
23 801 302 21 303
TGk, T, T G, | %70
1 2 '3
0
o
%9 907 A7 909 903
] " w T, ta, |0
1 2 3
0

The above equilibrium conditions must hold irrespective of the area of

the triangle. Hence the integrands themselves must vanish in each of

the above three equations. That is,

acl L., 302 22 803 ~

F N~ s
"1 2 3
330,20 M ¥s, Yy (7-15)

3xl BXZ 8x3 -

22 301 Ql 802 303 _

SR A vl o

1 *2 3 J

It should be stated at this point that, not all of the above three

equations are independent, and one of these can be eliminated.

For
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example, we shall now eliminate the first equation of (7-15). Multiply
the first, second, and third equations of (7-15) by my, m, and Mgy
respectively and add the second and third equation to the first. This

yields the following set of equations,

N\

(ml—23m2~22m3)ggl.+ (m2—23ml—21m3)33g (m3-22ml—21m2)322 )

+ =0
Bxl sz 8x3

L4 90 a0 29 30
Sk Rite e 1—3—\:—3-=o  (7-16)

Bxl sz 3

22 301 9,1 30'2 303
- + x4 =0

Bxl dx2

Because of trigonometrical relationships, the first equation of (7-15)

is identically zero.

Since m, = sin o

4 i 21 = cos a;, and Oq + o, +o, =T,

2 3

we have (mlw23m2"22m3 = (m2—23ml~21m3) = (m3—22m1~21m2) =0

The remaining two equations of equation (7-15) can be written in
numerous ways; but we shall now put these two equations in the same
form as equation (7-6). Multiply the second equation by Rl and add

the third equation to it. This yields,

2
(2321 + Qz) Efl.+ (Ql - 1) 303

Bxl _3—:;3—:0
220 M s
- 0%, 9%, = 9%,
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. 2 2 .
Since 22 = - £321 + m,m, and (21 -1) = - m s the above two equations

are equivalent to,

m, 301 ml_ég} -

axl 3x3

22 301 Ql 302 803

+ =0
Bxl 8x2 8x3

Now multiply the first and second of above equations by QZ and mq
respectively and add to the second of the resulting equation. This

procedure yields the following equations,

m3 801 ml 363 _
Bxl %4

0

le Egg N (m3 - szl) Egé }

sz 3x3

Since, my = szl + lez, the above two equations are equivalent to,

m., o0 my 90

3 1 3
L —2 =9
le 3x3

m3 36g m2 803 B
ox. 0%, 0
2 3

the above two equations are identical to equaticn (7-6). Now dif-
ferentiating the first of the above equation with respect to X and
the second of the above equation with respect to X9 and then adding

these equations yields,
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2 2 b
R A L L R
Bxl sz 8x3 Bxl 3x2
From equation (2-8), _m, 0 _|m; 9 m 2 , therefore the above
3= =M g+ T2 5
X3 *1 *2
equation can be written as,
8201 8202 8203
5+ 5+ 5 =0 (7-17)
axl 3x2 8x3

The equation corresponding to equation (7-17) in the Cartesian co-

ordinate system is the

ax ax 90Xy

7.2. Kinematics and compatibility equation.

This section is devoted to the analysis of some aspects of
kinematics and developing the compatibility equation that is natural
to the triaxial (and trilinear) coordinates. Discussions provided in
this section are necessarily brief, since the method of formulation of
the problem is essentially the same as that adopted in previous sections.

In Figure 9, three orthogonal Cartesian coordinate systems
(xl, yl), (XZ’ yz) and (x3, y3) are shown in relation to the triangle
of reference. Corresponding to these three coordinate systems, there
exist the following displacement components.

(x], yJ) coordinate system: displacements (Uln’ v

)

(x9, yy) coordinate system: displacements (u2n’ VZS)

1s

(x3, y3) coordinate system: displacements (uq,s v3s)
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Not all of the above displacements are independent, and the relation-

ships among these displacements can be given by the following

equations.

- - - -~ - - - _ ~ N

Usn 23 m, uln W 23 my Uon

Vn -m -2 v v m -4, Vo

|25 ] | 3 3] L'1s i 1s 3 3 2s

_ . - - . _ o - -

uq, ~22 -m, ”1n1 Ui, —22 my) u3n

= . - L ( 7"‘ ]. 8)

V3s m | (M1 Vis my Rp) | V3s

L . L. - - S... L. L - - -

~ - _ . - - _ - - -

U3n A myf | U2n A1 m| |3

Vg ~my -21 Vog Vg my -9,1 Vig

L. J L. < L ) L .. L. P R . . )

Further,
myug + myu, + MU, = 0 (7-19)
myvyg mZVZS + maVa. = 0 (7-20)

Strain Components

Corresponding to the three Cartesian coordinates shown in
Figure 4 there exist the following strain components

(%1, y1) coordinate system : strain components (Eln’als’ 1)

(%9, y9) coordinate system : strain components (€2n’€28’ Y2)

(x3, y3) cocrdinate system : strain components <€3n’€38’ Y3)
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The relationships among these strain components can be written in the

following form,'

] [ 2 2 [ ]
€9n 5 m3 ~2ymq 1 €1n
_ 2 2 _
2 2
Yy Lamz  =f3my  (R3-m3) 1 |
~ - r 2 2 - ~ -
€3n 5 m; Loymy €1n
_ 2 2 )
Y ~%om 2om (23-m%)| |Y
| V3] | ~22m) ) 5-m% 1]

Triaxial strain components

Prior to developing the compatibility equation for the triaxial
system, three strain components €1 €95 and 83 will be introduced, and
these will be called the triaxial strain components which correspond
to the triaxial coordinates xi, X9 and X3, The triaxial strains g£;
are not the same as the direct triaxial strains €in- The triaxial
strains €15 €95 and 63 have no direct physical meaging in the same
sense that the triaxial stresses 015 0y and 03, introduced in Section
3, had no physical meaning. The relationships between the Cartesian

strain components (€., €ig Yi) and the triaxial strains (g, €95 83)

will be written in the following form



Both equation (7-23) and (7-24) can be inverted; the results are

1

2 m%m%m%

-~

1-21

20202
70525
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2_02
2£23-23
4
l"'4Q/2

20292
2223 21

242345

2523-2%

~0b
1 23

N

2
msm
m2m3

~m

w

€1n

(7-23)

(7-24)

(7-25)

(7-26)

(7-27)



It should be noted that equation (7-25) cannot be inverted.

the following relations are of general interest
Q,lm] Yl + 2/21112 Yz + 9.3m3 Y3 =0
lel €1n + 2-2m2 €y + Q,3m3 €49, = Mymymg (El+€2+€3)

L. m, € + 9

1My €y FoAgmy Egg F Lgmg €50 = mymomy (€ +E HeS)

It can be verified that the quantity

(E1 + 82 + 83) = e, the first strain invarient.

Relationship between direct stresses and triaxial strains

Further,

> (7-28)

In the case of plane stress, the normal stress 0;  1is related

to the normal strains €in and €is by this equation(ll)

(7-29)

The orientation of these stress and strain components, in relation to

the triangle of reference, is illustrated in Figure 4.

Using equations (7-23) and (7-24), the stress-strain relationship

given by equation (7-29) can be written as,

- - r-

. 2,2 2, 2.
014 1 (23+Vm3) (22+Vm2) el
_ E 2 2 2 2
1-v
2 2 2,2 .
“O 3[\_ ‘(52,2"!'\71112) (,Q,]_‘l \)ml ) 1 ] LE, 3

(7-30)
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The relationships between the triaxial stresses (01, 095 03) and the
triaxial strains (g, €95 €4) can be obtained by combining equations

(4-13) and (7-23). The result is,

™ - -

€1 (1+v) - By m ~Baymy —Bllml Gy
€)1 = %_ ~BRym, (1+v) - BRomy =BL,m, oy| (7-31)
-83- I ~BL4mg -Bl3m3 (1+v) - 823m3_ L03..
where, B = v
My momM3

Compatibility equation.

The compatibility equation in Cartesian coordinates (x;, yi) is given

1
by,(ll)

2 2%
9 _Eip 4+ B _ &g = 1

2 (7-32)
ay2 o

%39y

Considering the case i = 1, we have from equations (7-23), (7-24) and

(7-25)

_ . 02 2
€ = 81 { 23 €9 + 52,2 53
€ls = €y + m3 €3
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Substituting the above three equations in equation (7-31), for i = 1,

gives,

. 2 2 2 2 2 ' 2
'éff (gl + 2382 + 2263) + 9 . (m3€2 + m2€3) - 2.3 (—23m352 + £2m2€3)
Byl Bxl Bxlayl
That is,
2 2 2
R L e B e R R R N N (7-33)
Y1 Syl Bxl Byl Bxl

2 2 2 2
§”§_= £3 9, m, 2 and 9 > = £9 0 _my 3
’&yz 8y1 Bxl 8y3 Byl 3){1
Therefore, equation (7-33) can be written as,

3261 3262 3283
] 5 3

Equation (7-34) is the compatibility equation for the triaxial system,

and this equation can be written in a different form.

Since, v2 _ 32 + 32 , equation (7-33) can be written as,
92 dy2
X{ i
2/ N 2 2 2
Ve tey) B e B g - (7-35)
Bxl BXZ BX3

The quantity (61 + €2 + €3) = e , is known as the first-strain in-
varient (also called the dilatation or volume expansion) and in terms

of Cartesian strain components, e = (€X + Ey). In the case of absence
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of body force the dilatation e is a harmonic function (ll), there-
fore
2. - 2 -
Ve V(€1+ez+e3) 0
hence, equation (7-35) can be written as,
2 2 2
"€ '€ 9°€
Loy Z 4 ) (7-36)

2 2 2
axl sz 3x3

It is of general interest to note that the compatibility equation

(7-36) is of the same form as the equilibrium equation (7-17).

The combined compatibility-equilibrium equation.

It was shown that the stress function &, defined by equation
(7-7) satisfies the equilibrium equation. Substituting equation (7-7)
in equation (7-31) will yield the following relationships between the

triaxial strain components and the stress function

- _ - -
€1 (1+v) - B,Q,lml ~821ml —621m1 m; @,23
| -88 (1+v) - BS -6 6
€ T E 2™ v 2™y 2™ My ¥a13
€3 - Bigmg ~Bymg (A+v) = Blgmg) imy 0,59
L. - . . - -
where,
_ a2
0,5 = 3%

dx, 0x,
i 3
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Substituting the above expressions for strains €i into equation (7-36)

vields,
(1+V) ] my 9 4+ M _§~_+ my 9 o
E 3x13x23x3 [ Bxl 3x2 3x3
2 2 2 2 2 2
__% lel _§§ + lzmz 82 + 23m3 _§3 m ] 5 ) m, 9 s
x] x5 8x3 3x28x3 8x13x3 dx18x2
(7-37)

From equation (2-8), my 9 ) o + m3__§_ -0
Bxl 3x2 3x3

From equation (2-17),

2 1 2 2 2
mym,m v = lel 32 > lzmz 32 + 23m3 32
8x1 sz 8x3

_ oM 82 m 32 m 32

T 4 2 v + A A
3x28x3 Bx13x3 3x18x2

Therefore, using the above three equations, the governing differential

equation given by (7-37) can be written as,

v o = o0 (7-38)

7.3. Governing equatiomns for thin triangular plate.

We shall now express the equations governing bending of tri-
angular plates in the triaxial stress and coordinate system. The
equations to be derived are based on classical thin plate theory and

Kirchhoff's hypotheses for the boundary conditions.
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Equations of bending of triangular plates.

The moment equilibrium equation in rectangular Cartesian co-

ordinate system is given by,(lz)
sPM_ 2 9%M 3%
5+ L+ —F = g (7-39)
% 9x9y dy

in which q is the normal load intensity.
We shall now define the triaxial bending moments.

The bending moments Mx’ MXy and My are related to the

Cartesian stress components by the following definite integrals(lz)
h/2 h/2 h/2
Mx = z Oy dz : My = z Oy dz Mxy = z Txy dz (7-40)
~h/2 -h/2 -h/2

In equation (7-40), h is the thickness of the plate, and the variable z
measured from the middle plane of the plate.
Substituting equation (5-22) in equation (7-40) yields the

following equations,

. 2 2
- 2 2
M, = Mym§ + Mymj 0 (7-41)
Mxy = —M213m3 + M3Q2m2
/
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in which trilinear moments Ml’ M2 and M3 are defined as,

h/2 h/2 h/2
Ml = z 03 dz M2 = z 02 dz : M3 = z Oq dz (7-42)
-h/2 ~h/2 -h/2

Substituting equation (7-41) in equation (7-39) yields,

9 2 .2 2 a2 2
ox ox oy 90X 0y
(2 2 2 .2 A
2
+ ¥y 32 4 mp 97 4 20mp 37 | M3 = -q (7-43)
i ax? 3y? 3xdy |

Now writing 9/9x = 3/9x; and 3/3y = 3/3y; in equation (7-43), and using
(2-6), the moment equilibrium condition in the triaxial system can be

given as,

2 2 2
Bxl 3x2 3X3

-4 (7-44)

We shall now develop the relationship between the triaxial bending
moments and the curvature of the bent plate. To develop the required
relationships, we consider the isotropic stress-strain relationships,
as given by equation (4-14). Denoting the transverse displacements
of plate by W, we may now express the direct triaxial strains

€1ns €2n and €3, in terms of w as follows,

. - B - ~ 2. = - ,
Yin © 7 z 3w > Sn z 9 V » €3n 7 Z-Q%L (7-45)
Dx% 3x§ 8x§
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Substituting equation (7-45) in equation (4-14) and then multiplying
the resulting equation by z and integrating over the thickness of the
plate, we have the following relationship between the triaxial moments

and the curvatures.

— - EN
M, = - D gy VA + (1-v) 9%y
mymq 3x23x3
My, = - D |2y VP4 (1-v) 32y S (7-46)
m) Mg i 3x18x3_
M3 = - _L 213 vzw + (1"'\)) azw
L. 4 )
where,
D = EQE_ _is the flexural rigidity of plate. (7~47)
12(1-v2)

Substituting equation (7-46) in equation (7-44) yields,

2 2 2 2
D Lqmp 97 szz 907 4 Q3m3 _@_} Vo

my Mmoo le sz 3X§J

(7-48)

|
Ka)

c@y 30 w2 my 3 ymy b |
0x7 9%9 09X 9xq 9x9 d%4

From equations (2-8) and (2-15), respectively, we have

[ml__a.. + My 9 +m3-§-:! = 0

Bxl 3x2 8x3
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and,
2 2 2 2
mymymy ax% sz Bx%
Therefore we can write equation (7-48) as
Vhy = q ' (7-49)
D

Equation (7-49) is the well known differential equation governing the
transverse bending of thin plates. Jn the case of polygonal plates,
it is advantageous to replace the fourth order differential equation
(7-49) developed for bending of a plate by two equations of the
second order which represent the deflections of a membrane. This
method of approaching problems in bending of plates by membrane

analogy is known as the Marcus method (10).

The equations governing
plate bending, by the Marcus method, can be developed for the triaxial

system in the following maaner.

Adding together all the three equations of (7-45), we have,

2
My + My + Mg =-D (llml + szz + Lgm3) V'w
Wy Ty
+ (1-v) my 32w + My 32w 4+ Mg 3%{__ (7-50)
3x26x3 3x18x3 8xldx2

From equation (2-17), we have,

2 :
Vi = = 1 r“‘l Dy + ™ D + M3 -49—23‘?--—«--]
M,y [ 3x78x3 8x18x3 3x13x3J



Also, it is possible to show from trigonometrical properties, that
(lel + 22m2 -+ £3m3) = 2mlm2m3 (7-51)

Therefore using the last twe identities, equation (7-50) can be

written as,
M + My + My = - D(l+v) Vi (7-52)

Now introducing a quantity M such that,

=
[

1 (fy + My + M3) (7-53)
(1+v)

we could write equation (7-52) as,

V24 = -~ M (7-54)

From equations (7-49) and (7-54) it follows that,

V2 = - g (7-55)

7.4. Boundary conditions for a triangular plate.

Based on the assumptions of Kirchhoff's theory of thin plates,
we shall specify here the equations governing the following three types
of edge conditious,

a) simply supported edge

b) clamped edge

¢c) free edge
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a) Simply supported edge. If the side ni = 0 is simply supported,

then the deflection W and the normal (direct) bending moments Min at

the supported edge are zero. That is,

. _ _ 2 2
l:WJn' ~ = 0 and [Min n. _ = =D |93°w 4V 9w = 0
i=0 i=20 2 2
0xy dyi| n, =0

1

o 2
observing that Bzw/dyi must vanish together with w along the recti-
linear edge n; = 0, we find that the second of the above equation is
. 2 2 _ 2 - .
equivalent to (9 w/axi)ni -0 = 0 or also (V w)ni -0 " 0. Therefore,

the analytical expression for the boundary conditions in this case are
r = 2 =
W A =90 and [V w] _A=0 (7-56)
L ]ni =0 ni = 0

b) Clamped edge. If the side n; = 0 is clamped, then the deflection

and the normal slope Bw/axi are zero at ni = (0. That is,

and f (7-57)
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c) Free edge. If the side ny = 0 is ffee, then the normal bending

moment M; and the edge reaction V; are zero. That is,

M50 = D | Wl + (1-v) 2% = 0 (7-58)
- 4Ny =0 dx2
*ini =9
where the differential operators v? and Bz/axi are given by
. N
2 2 2 2 2 2
V2=[82+32”" 32‘221_ ) +5?,2 9 +£l3 )
A o
Lanl an; on3 3n28n3 3n18n3 8n13n2
and
S (7-59)
2 2 2 2 2 2 2
B B S S SN P W T
2 2 2 2
oxy any N ong N3 9Ny
N 20,8, 52
§ e -9
an, an, anank J
where,

{i,j,k =1,2,3 : 1 = j = k}

The condition that the edge reaction V, must vanish is specified by

V., = + oM
1 Qxi _*_z(‘iy]'- = 0 (7—60)

where Q . and M}py are respectively the shearing forces and twisting
i 171

moments corresponding to the x; direction. In terms of trilinear

svstem, these quantities can be given as,

") 7 2
) — "'.‘y = - - p o -
T e b e Bt (7-61)

-r
ae



and

2
My.y, = - D (@ ~-Vv) 9% (7-62)
IY1 axiayi

Using the operator relationships of Section 2, equation (7-62) can be

written as,

2 2 2 2
Mxiyi = - D (1-V) m 9w _ mj oW _ kak 9 ; + Qjmj ) Z
Bnianj an ony anj My
+ (&;,m, - 2.m ) 82w
S (7-63)
ik
where,

{i,j,k = 1,2,3 : 1 = j # k}

Substituting (7-61) and (7-62) in equation (7-60) gives,

¥’ + @V %

=0 (7-64)
3% BX.Byg '
i i7i

ﬂi=o

© Therefore, the boundary conditions corresponding to the free edge, at
Ny o= 0, are specified by equations (7-58) and (7-64). The differential
operators B/BXi and B/Byi are given by equations (2-7) and (2-9)

respectively.



8. INTEGRATION OF A FUNCTION COMPOSED OF A TRILINEAR VARIABLE

In analyzing problems in elasticity by approximate methods,
such as finite element method or methods based on energy theorems,
there is a need to integrate some appropriate function with respect
to the domain in question. Since the method of integration of a
function composed of trilinear or areal coordinates is not obvious,
an investigation is carried out here as regards the method of inte-
gration of these types of functions with respect to the triangle of

reference,
Let the given function be F,
F = F(‘;Lo Ezs CB)

vhere, (i = 1,2,3) are the areal coordinates, and these quantities
are related to the trilinear variables 1y, (i = 1,2,3) according to

equation (1-6). That is

Let us assume that we need to find

F(%y, Cy, Gy) di

63
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where, A is the area of the triangle of reference.
The infinitesimal element of area dA can be represented in more than
one wvay. For example if F = F(Cl) then, with reference to the sketch

below, dA can be represented as a function of 77 (or nl); details are

as follows.

The area of the shaded area, dA is,

dA = ”1p d”l (8-1)

But using sine rule, nlp = 2R my SBL_:mHll (8-2)

Hl

In which R is the radius of circumcircle and Hy is the altitude in the
1

Ny direction. From the analysis of Secticn 1, we have

”l = 2R m2m3 and 7_11“ = Cl (8"3)
Hy
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Substituting {8-3) in equation (8-2) yields
Np = 2Rmyp (1~ &y) (8-4)
Therefore equation {(8-1) can be written as

B _ _ _ ) -
db = my, dng = 2R myHy 1 -2 gnl = 4R° mpmpm3 (1 - &) db
1

Using equation (1-2), the above equation can be written as

Therefore,

1
if ¥ = F(Cl), then F(Cl) dA = 2A (1 - Ql) F(Ql) dCl
A 0
Similarly, it can be shown that
1
if F = F(Cz), then F(Cz) dA = 2A (1 - CZ) F(Cz) dCz %(8-5)
A 0
1
or, if F = F(C3)3 then F(CB) dA = 20 (1 -~ C3) F(C3) dC3
A 0 ’

Suppose that the given function F = F(C], CZ) and we need to evaluate

the integral /P F(Cl, CZ) dA. TIn this case, we can express the

differential dA as a function of f7 and 3,, by making use of the
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properties of the triangle. Sketch below illustrates, an infinitesimal

element of area dA, in relation to the triangle of reference.

The area of dA, the shaded portion in the above sketch, is

dnldnz Hlﬂz d‘:ld‘:‘? (8-6)
m3 - m3

¥ =
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From the analysis of Section 1, the altitudes H; are given by
H; = 2R mjmk
Hence, equation (8-6) can be written as

- 2
dA = 4R mymym, dCl dC2

Using equation {(1-2), the above equation can be written as

dh = 24 dtp dg, (8-7)

Therefore,

-

(1-¢))

il

if F(C19C2) then F(Cl, Qz) dA 2A I(C]Y ) dgz dCl

Similarly, it can be shown that

(1- Cl
if P(2y,0y) then | F(g), ) db = 28 F(cl,cz) dr| dry
A 0

1 S (8~8
(1-z,)
or, if F(Cz, CB) then F(z,y, C3) dA = 2A F(Cz, ;3) ar3 dz
) A ]
Suppose F = F(El9 Coo 53), then we may eliminate one of the variables

by using the identity, g3 + p9 + Ly = 1, and then equation (8-8) can
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be used to integrate F with respect to the area over the area of the

triangle of reference.

For example (13), if F = Ci C% Cg , 1,j,k are integers, then

tt o c§ dh = 24 it §! k! (8-9)
(i+ji+k+2)!

Details of the above examples can be found on page 84, Reference 13.



9. SOME FUNCTIONAL RELATIONS BETWEEN THE TRILINEAR VARIABLES

This section contains some functional relations between the
trilinear variables. The relationships developed here are useful, in
investigating the possible form of the solution to a boundary value

problem involving triangular boundary.
From equation (1-7) we have,
Cl + EZ + C3 =1
Multiplying this equation by nm, n an integer, we have
nm §l + nT €2 + nm C3 = nm (9-1)
and
sin (om gy +om g, + nm C3) =0
Expanding the above equation shows,

Sn1 Sn2 Sn3 = [Snl Cn2 Cn3 + Sn2 Cn1 Cp3 + Sp3 Cny an} (5-2)

where,

wn
i

ni sin nm g, and Cni = cos nf Ci (9-3)

69
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From equation (9-1),

cos nm gy = cos nf (1 - C2 - §3) = cos nT cos nT (cz + C3)
_,__n -
= (-1) [bos nT Lo cos nT C3 sin nm CZ sin nm 23]
That is,
—_..n \
Cho Cn3 = (-1 Cnl + S0 Sn3
similarly,
-—-_n -
Cnl Cn3 = (=1 Cn2 + Snl sn3 ‘ > (9-4)
c.c.=¢D"Cc.+s.,s
nl "n2 n3 nl “n2

Using the relatiomns (9-4), equation (9-2) can be written as,

nt+1 -
Snl Sn2 Sp3 < i:%l. [%nl Ch1 t+ Sn2 Ch2 + Sp2 Cnﬁ] (9-5)

Using (9-3); the above equation can be written as,

sin nm Cy sin nom CZ sin nm CB = i:ll?+l[éin 2nm C]
7 )

+ sin 2am Ly + sin 2nm Qé] (9-6)

Using equation (9-1), numerous numbers of functional relations between
the trilinear variables can be developed. Some of these relations are

given below.
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&%1 a2 Cn3 * ("1)n+{] = [Sn1 Sn2 a3 * Su1 Ca2 Sz + Sng Sn Cat
9-7)
[Snf t Sn% + Sng] (9-8)
Also,
[?os 2nT gy * cos 2nm g, + cos 2nm §3] =

+
= 3 -4 [?os nm g1 cos nm Ly cos nf Zj + (--l)n %]

(9-9)
Trigonometrical summation
From equation (512), page 96, Reference 14, we have
[o0]
m (1 - 20) _ ZE: sin 2070 ,0<0<1 (9-10)
2 N n
=1

Therefore,

ol

' E1~2 1) + (12 £,) + (1-2 ;3ﬂ - [%ince, LTy Ty = {]

0
j; (sin 2nmgy + sin 2nﬁC2 + sin 2nﬂ§3),
(S n

(0 <z <1) and i=1,2,3,
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Using relation (9-6), the above equation becomes,

[e]
- §i¥ (--l)n+1 sin nw Z1 sin n7 o sin nm )
n

or

A ntl | . .
3 -1 sin am sin nm sin nT
Tl D ‘1 . %2 °3 (9-11)

for 0 < g; < 1 1 =1,2,3



10. APPLICATIONS

Applications of trilinear coordinates to problems in plane
elasticity will be illustrated by considering two problems associated
with a thin triangular plate. We will consider here however, only an
equilateral triangular plate with all its edges simply supported.

The problems investigated are:

1) Bending subjected to a uniform normal load

2) Free vibration of a triangular plate

Treating each of these problems separately, the details of the analysis

are as follows.

10.1. Bending of a simply supported equilateral triangular plate.

The solution to this problem, in terms of Cartesian co-
ordinates (x,y), was first obtained by Woinowsky-Krieger; details of
his analysis can be found in page 313 of Reference 10. We will now
proceed to obtain the solution to this problem based on the theory

developed in the previous sections.
The governing differential equation to this problem is given by,

vhy = 4 (10-1)

73
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in which q is the uniform normal load intensity. If h is the plate

thickness, then the flexural rigidity D is given by,

3
D:.._._E.h

12 (1~v

N (10-2)
2

In the case of simply supported polygonal plates, it is convenient to
replace equation (10-1) by the following two differential equations of

the second order. (Details of this procedure are given in Section 7.)

v?M — - q (10—3)
V2 = - % (10-4)
where,

Since the plate is simply supported, it follows from Section

(7.4) that the boundary conditions are given by,

> (i = 1,2,3) (10-6)
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In the case of the equilateral triangle, £; = cos @; = cos T/3 = 1/2,
therefore, Laplace's operator V2, given by equation (2-14), can be

written as

2 2 2 2 2 2 -
I GO G G D S LR (10-7)

an% an% Bn% 8n28n3 8n13n3 anlanz

Comparing equation (10-4) and the second equation of (10-6), we con-

clude that

[M]ni o = O (i =1,2,3) (10-8)

A tentative solution to (10-3), which is subjected to the boundary

condition (10-8), will be taken as,

M=Amn; Ny Ny (10-9)
where, A is a constant.
Substituting equation (10-9) in (10-3) yields,

v2(anynyny) = | 9%, 3%, 92 2 437 4 8% ||anynyngy

3n% Bn% Bn% 8n23n3 8n18n3 8n28n3

1]

- A (nl + Ny + n3) = - q (10-10)
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In the case of the equilateral triangle, m; = sin aj = sin 7/3
= V3/2. Therefore, the fundamental identity of the trilinear co-

ordinates, given by equation (1-3), can be written as,

(g + 1y + n3) =2\ (2R mympmz) = 3 R (10-11)

=2
3 /3 2
where, R is the radius of the circumcircle.

Substituting (10-11) into equation (10-10) shows that A = 2q/3R.

Therefore, from equations (10-4) and (10-9), we have

V2w = -2 g NiNyN, (10-12)
3RD ‘

The solution to the above equation is subjected to the first equation

of (10-6); that is,

"

[W]n =0 =0 ) (i 192’3)

i
If we assume the solution to equation (10-12) as,
w =3B (nln2 + nyng + n2n3) NiNyN4 R (B, a constant) (10-13)

then the required condition that the displacement must vanish at the

boundary is satisfied. Substituting (10-13) in equation (10-12) vyields,

2 2 2 2 22
B| 9%, o2, 92 | 92 4 9% , 92 ] Eﬁ”2”3 +npnsng + ”2”3”J
an an3 o3 |ampdng  ampdng  anyén,

=-12Bm nyng = - 3R% Ny Ny Ny (10-14)
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Therefore,

B = _i._
18RD

and hence the transverse displacement is given by,

=9 (nqng *+ NyNy + NyNg) NyNyNg (10-15)

Y " 18RD

It is of interest to note that the expression (nlnz + nln3 + n2n3)
is the equation of the circumcircle, while N1NoNg is the equation of
the triangle.

Having found the solution to the problem in terms of trilinear
variables, we will now express the solution (10-15) in terms of the
Cartesian variables (x,vy) and then compare this result with the

solution provided by Woinowsky-Krieger.

The relationships between the Cartesian and trilinear variables are
given by equation (2-4): 1In the case of the equilateral triangle,

these relationships become
N, =P - X

-3y > (10-16)

in which p is the radius of incircle; for the equilateral triangle,

p = 4R sin ¥ sin %2 sin O3 = 4R sindp = R (10-17)
2
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Substituting (10-16) and (10-17) in equation (10-15) gives,

we g | 3 {R% - x2+yD)] [R3 - x3 - 3R (x*yD) + 3y%x (10-18)
18RD |16 2 2

We could replace R in the above equation by the altitude H of the

triangle. For an equilateral triangle all the three altitudes Hj

are of the same magnitude, say H; but from Section 1, H = 3R/2.

Therefore equation (10-18) takes the form,

W= __g_*_[[é_Hz - x2 - y{I [_ﬁ B3 - x3 - H(x? + y2) + 3y2%} (10-19)
64 DH L.9 27

It may appear that there is a conflict in sign between the above result

and the solution given by Woinowsky-Krieger (equation (201), page 313,

Reference 10). The reason for this disagreement in sign»is due to the

adapted conventions regarding the orientation of the triangle with

respect to the reference Cartesian coordinates. If we substitute,

x = -x and y = -y, in equation (10-19), we have the same form of

solucion as that obtained by Woinowsky-Krieger.

16.2. Free vibration of a simply supported equilateral triangular plate.

The governing equation corresponding to the free vibration of a

plate, of uniform thickness and of mass density U, is given by

DV + U,ﬁ%&

NER 0 (10-20)
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Solution to the above equation is subjected to the simply supported

edge conditions.

]
o

[w]ni e
[Vzw]ni =0 =0

Solution to the above problem will now be found by utilizing the

y (1 = 1,2,3) (10-21)

/

analysis of Section 9.

From equation (2-14), the Laplacian operator V2 for the trilinear co-

ordinate system is

v2=| 02, 9%, % _ 2y 9% 4+, 3% 4+, 37
Bn% an% an% angansg anjons anpon3

Using the relationships between the trilinear and aereal coordinates,
given by equation (1-6), we could write V2 in terms of the non-

dimensional variables g; (areal coordinates). That is,

: 2 2 2
v2 = 1 [;f d_ 4+ mg o 4+ m2 3

12 2 2 2
A L ac? 3z2 3c2
-2t mm, 3% 4 fomma 9%+ f.mim, 92 (10-22)
1MoMg __ 0+ Xommy J_ + Xgmmy 0 -
9%909Z3 9Z19%3 91 9Ly
where,
mj = sin 0y s %4 = cos 0y (i=1,2,3)

and A = 2R mymomy . R is the radius of circumcircle
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In the case of the equilateral triangle, m, = /3/2, Qi = 1/2 and
XA = R3/3/4. 1In this case equation (10-22) reduces to,
o 4 | 9% 9% 2 52 52 52

5 5 + 5 + 5 + + (10-23)
9R aCl 3(;2 3&3 3@231;3 31;132;3 3€l3C2

Since ¢; = 0 implies and implied by ng = 0, we can write equation

(10-24) as,

L (i =1,2,3) (10-24)

We will now intuitively assume that the solution to equation (10-20) is

of the form,

[ee]
w = Z B, [snl S19 sn3] cos Wt (10-25)
n=1
where, Bn represents the amplitude of the nth mode, and W, represents

the natural frequency of nth

mode, and this quantity has to be deter-
mined. The term S_;, occuring in equation (10-25), are defined by

equation (9-3); that is, S;; = sin nm Ly o (i =1,2,3).

Equation (10-25) satisfies the first equation of (10-24); we will now
verify that the expression (10-25) also satisfies the second equation

of (10-24).
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Operating equation (10-25) with V2, yields

(o]

2 2

Viw = -4m° },J 2

oR2 n°B, [? Sn1 Sn2 Sp3
n=1

-

(51 Cn2 C3 * Sn2 Cnl Ca3 * Sn3 Cnl Cnp)| cos “pf  (10-26)
where,

Cyi = cos nT &y, and from equation (9-2)

Sa1 Sn2 Sn3 = Sp1 Chp Chsz F Sh2 Ch Caz T Sh3 Cop Cno)

Therefore, using the last relationship, equation (10-26) can be written

as,
2 - |
24 = - -2OTC 2 -
Vag = - =2 :Z: n Bnlfnl S_, sné] cos wt (10-27)
=1
Since S ; vanishes at the ith edge of the triangle, it follows from

equation (10-27) second equation of (10-24) is also satisfied.

Substituting (10-25) in equation (10-20) yields,

4
b 4 256

Lo
81 R* n

2 .2
or, w, R? ju = n” 7T 16 (10-28)
D
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With reference to the sketch below, the above equation for the natural

frequency W, can also be written

wn B2 fu = 4 n2 72 (10-29)
VD

or,

(U 52 \/ﬂ. nz 'ITZ ]__6_ {(10-30)
b 3

EQUILATERAL TRIANGLE
CIRCUM CIRCLE —

/ R &
Al
»-/Z / s=/3R

A

\, 5R/2ﬁ%»

4 \\\\\ V//////
< ¥

In the case of N = 1, we find from equation (10-29) wy HZV/%V= 39.478

and this result is in agreement with the established results for the

fundamental frequency.



DISCUSSION

The concept of trilinear coordinates, also known as homo-
geneous point coordinates in the plane, are well known for their
convenience in the study of problems in projective geometry. The
present investigation was carried out in the belief that these co-
ordinates could also be of great value in the study of boundary value
problems involving triangular boundaries.

The analytical properties of trilinear coordinates -- as
applied to the physical sciences -- are not yet fully established.
Therefore; considerable analysis has yet to be perfdrmed to fully
understand their complexity and to exploit their merits. In this
respect, this discourse may be considered as a preliminary investi-
gation on the applicaebility of trilinear coordinates to boundary
value problems. Although this report considers only the suitability
of trilinear coordinates to problems in plane elasticity, it is
believed thait in due time, and with further investigation, they could
also be of use in the study of other physical sciences.

In the present investigation, it was found useful to introduce
the concepts of triaxial stress, strain, moments and curvature.

These quantities are very unfamiliar and do not have direct physical
meaning; however they are found to possess certain qualities, that
make it possible to express the governing equations in a simpler and

more elegant form. This makes it possible to aim at a solution in

83
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terms of trilinear variables in a relatively easy manner. Although
the triaxial quantities, i.e., triaxial stress, triaxial strain, etc.,
do not have physical meaning, they are linear combinations of known
physical quantities, such as normal stress, normal strain, etc. The
algebraic relationships between physical and non-physical quantities
are explicitly given in this discourse, and therefore one can always
obtain physical interpretation at any stage of the analysis.

To illustrate the application of the theory developed herein,
two examples of simply supported equilateral triangular plates are
considered. Solutions to both of these problems were previously
known in terms of Cartesian coordinates. These two simple examples
are included here merely for the purpose of illustrating the tech-
niques that one must adopt in dealing with trilinear coordinates.

At present, progress is being made on the application of
trilinear coordinates to some problem in plane elasticity, which are
not of triangular configuration (i.e.: hexagon, rombus, etc.). It
appears that the trilinear coordinates may also have some advantages
over the conventional Cartesian coordinates in the presence of induced
anisotropy such as laminated and semi-monoque structures. Application
of trilinear coordinates to these problems is also under consideration.
The results of the present series of investigations will be presented

in a subsequent report.
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CIRCUMCIRCLE

FIGURE 2. SOME RELEVANT POINTS AND CIRCLES
ASSOCIATED WITH A TRIANGLE
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X

FIGURE 3. TRIAXIAL COORDINATES IN RELATION TO
THE TRIANGLE OF REFERENCE
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FIGURE 4. ORIENTATION OF DIRECT STRESS AND
AND STRAIN COMPONENTS IN RELATION
TO THE TRIANGLE OF REFERENCE
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NOTATION

£;=cos a;, m;=sin a; p/

FIGURE 5. A TRIANGULAR ELEMENT SUBJECTED TO
TRIAXIAL STRESS COMPONENTS (0], 0p,0%)
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NOTATION

4i=cos aj, m=sin ¢

pd

N l
2

FIGURE 6. RELATIONSHIPS BETWEEN TRIAXIAL STRESSES
(0, 0, ,05) AND CARTESIAN STRESSES (C},,,0;,T))
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FIGURE 7. RELATIVE ORIENTATION OF TRIAXIAL
COORDINATES WITH RESPECT TO A
REFERENCE CARTESIAN COORDINATE
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FIGURE 8. EQUILIBRIUM OF AN INFINITESIMAL
TRIANGULAR ELEMENT SUBJECTED
TO TRIAXIAL STRESS COMPONENTS
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FIGURE 9. CARTESIAN DISPLLACEMENTS IN
RELATION TO THE TRIANGLE
OF REFERENCE
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APPLICATIONS OF TRILINEAR COORDINATES TO

SOME PROBLEMS IN PLANE ELASTICITY

by
Ramanath Williams

(ABSTRACT)

This discourse considers some analytical aspects involved in the
application of trilinear coordinates to boundary wvalue problems in
plane elasticity. Trilinear coordinates, also known as homogeneous
point coordinates, are defined. The concepts of triaxial stress,
strain, bending moments and curvature are introduced: utilizing these
concepts, the stress—strain relationship, moment-curvature relationship
and a few other basic equations of two dimensional elasticity are
developed for an isotropic material. All these relationships are pre-
sented in matrix form - as an aid to finite element stress analysis.
Governing equations corresponding to some two dimensional problems in
elasticity are‘deduced for the trilinear system. An investigation was
carried out on the method of integration of a function composed of
trilinear variables. A few functional relations between the trilinear
vavriables are also developed.

To illustrate the application of the theory, two examples on

simply supported equilateral triangular plate are ceonsidered.
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