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Introduction 

In plane elasticity, it is necessary and sufficient to have 

only two independent coordinates to study elastic deformation. Because 

of the sufficiency of two independent coordinates, the most commonly 

employed coordinate systems for analyzing plane problems in elas-

ticity have been Cartesian, polar, and other less familiar coordinate 

systems, each with its own peculiarities. However, in solving boundary 

value problems in plane elasticity, it was found that hitherto well 

established coordinate systems are not necessarily the best - in the 

sense that they are cumbersome - when confronted with triangular 

boundaries. In principle, the most suitable coordinate system for 

triangular boundaries would be one which conforms naturally to the 

boundaries of a triangle. In this respect, it is felt that it would 

be worthwhile to investigate the usefulness of trilinear coordinates 

to boundary value problems in two dimensional elasticity. 

For reasons unknown, the subject of trilinear coordinates is 

omitted from modern textbooks on analytic geometry, but has been fully 

developed in older British treatises. Among these are the works of 

WhitwortJ/l) (1866), Ferrers (Z) (1866), Askwith (3) (1918), Loney (4) 

(1923), and a concise treatment by Smith (S) (1919). 

Just as any other coordinate system, the trilinear coordinates 

are described with respect to a frame of reference: it is called the 

..S.I...:-~-~ngle -~I_eferen~.e_. The trilinear coordinate of a point P, in the 
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plane, is denoted by Cn1 , n2 , n3); in which n1 , n2 , and n3 are per-

pendicular distances from the sides of the triangle of reference to 

the point P. Unlike other familiar coordinate systems, the coordinates 

which are to be utilized do not have an origin; that is, there is no 

ordered triad (O, 0, O). However any finite point in the plane can 

be located with respect to the triangle of reference. 

The trilinear coordinates, also referred to as homogeneous 

point coordinates in projective geometry, do not lend themselves readi-

ly to the direct investigation of purely metric properties. Formulae 

on which these investigations depend (e.g. for the distance from one 

point to another, for the angle made by one line with another, for the 

equation of a conic, and for many other formulae and equations in 

analytic geometry) can be derived or may be found in the classical 

texts on analytic geometry. 

Trilinear coordinates have many applications in mineralogy and 
. (6) (7) geochemistry ' , but as the analytic geometry of these coordinates 

is not generally well known, the data derived by this system of co-

ordinates are treated graphically rather than analytically. The first 

use of trilinear coordinates to problems in plane elasticity seems to 

have come about via the finite element stress analysis through the 

independent investigations of Argyris (S) and Zienkiewicz (9) with 

their respective collaborators. Argyris in his writings calls 

homogeneous point coordinates natural coordinates, and Zienkiewicz 

refers to them as areal coordinates. Both these writers, and their 

respective followers, have written numerous articles in the successful 

:ippl icat:itrn of these coordinates to the finite element stress analysis 



3 

(Displacement Method). No investigation has been carried out so far 

to study the suitability of this coordinate system to other forms of 

stress analysis. The aim of the present series of investigations is 

to provide the necessary theoretical basis for all forms of stress 

analysis and ultimately establish this system of coordinates as a 

suitable alternative to two dimensional boundary value problems in-

volving triangular boundaries. 

Having discussed the reasons for the present investigation, a 

brief discussion will now be given on the content of this particular 

discourse with the aim of giving the reader a clear outline of the work. 

In Section 1 trilinear coordinates are defined and the common-

ly accepted sign convention for this coordinate system is presented. 

In Section 2 a coordinate system termed triaxial is introduced. This 

system of coordinates also comes under the general category of homo-

geneous point coordinates. The reason for introducing these coordinates 

in the analysis is mainly to simplify the transition from the rectan-

gular Cartesian coordinates to trilinear coordinates. This section 

also contains the derivations of a few relevant differential operator 

relationships between the Cartesian, triaxial, and trilinear variables. 

Using the notion of triaxial coordinates, the triaxial stress 

system is defined in Section 3. The concept of a triaxial stress (and 

strain) state is not new, but it has been used mainly in experimental 

stress analysis. It is important to realize, that the triaxial 

stresses are not the same as the direct (or actual) stresses corres-

ponding to the coordinate axes. In engineering design, the direct 
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stresses corresponding to the coordinates are of importance, therefore 

in Section 3, the relationships between the triaxial and direct 

stress components are derived. 

The stress-strain relationships for the triaxial coordinate 

system are developed in Section 4. Attention is however limited to 

an isotropic material. Section 5 is devoted to developing the re-

lationships that exist between the stress components in the 

Cartesian and triaxial coordinate system. Expressions for the prin-

cipal stresses and the strain energy of deformation, for the triaxial 

system are given in Section 6. 

In Section 7, the equilibrium equations and equations governing 

bending of thin plates are deduced from their counterpart in rectan-

gular Cartesian coordinates. It is also shown in Section 7, that the 

equilibrium equations could also be derived without restoring to the 

equations in Cartesian coordinates. 

In Sections 8 and 9, respectively, the methods of integration 

and the construction of functional relations for the trilinear 

variables are investigated. 

Section 10 is devoted to the application of the theory developed 

in this paper. Solutions to two examples are found. One of these 

examples is the bending of a simply supported equilateral triangular 

plate subjected to a uniform loading. Solution to this problem was 

originally obtained by Woinowsky-Krieger(lO) in terms of Cartesian 

variables. Here, the solution to this problem is found in terms of 

trilinear variables. To illustrate the application of the theory to 
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an eigenvalue problem, free transverse vibration of a simply supported 

triangular plate is considered, and the natural frequencies for all 

the symmetrical modes are found. 



1. DEFINITION OF TRILINEAR COORDINATES 

The trilinear coordinates ni of a point P are the perpendicular 

distances of P from the straight lines forming the triangle of 

reference. We shall denote the vertices of the triangle of reference 

by Ai and the sides opposite to them by ai, and the angles formed by 

the triangle at the vertices Ai will be denoted by ai. 

Si_gE CO!J.Ven~J:.sm 0 

A coordinate n1 , which is measured from ai, is said to be 

positive if it lies on the same side of ai as the point Ai. If the 

side ai lies between the points P and Ai, then ni is negative. If the 

point P lies within the triangle of reference, as shown in Figure 1, 

then all of its coordinates are positive. In Figure 1, the point P' 

lies outside the triangle of reference, and n1 has a negative value, 

but n2 and n3 are positive. No point in a plane has all its co-

ordinates negative. 

Fund§l:mental Identity of Trilinear Coordinates. 

If the area of the triangle of reference is denoted by ~ and 

the trilinear coordinates of any point by n1 ~ then 

(1-1) 

The above statement will now be verified for the point P shown 

in Fign1-c I in which the area of the triangle Ar;__PA3 is ll1a1/2, the area of 

6 
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the triangle A3PA1 is n2a 2/2, and the area of the triangle A1PA2 is 

n3a 3/2. Thus the total area b, of the triangle A1A2A3 is 

from which equation (1-1) follows. Equation (1-1) can equally be 

verified for any other point in the plane by carefully adapting the 

sign convention mentioned earlier. 

Now, if R is the radius of the circumcircle with center at 0, 

see Figure 2, then by sine rule, 

also from analytical geometry, we know that 

Now denoting, 

we have, 

(1-2) 

Substituting equation (1-2) in equation (1-1) shows, 

(1-3) 

i.Jhere, 
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(1-4) 

and this quantity is a constant for a given triangle of reference. 

Dividing equation (1-3) by A gives 

1 (1-5) 

The quantities, 

are called the altitudes of a triangle, and they are the lengths 

A1X1 in Figure 2. Now denoting, 

.\ and (1-6) 
Til.-J_ 

equation (l-3) becomes 

== 1 (1-7) 

The quantities i;: 1 are called Areal or triangular coordinates, also 

referred to as Bary···centric coordinates of Mobius. 



2. RELATIONSHIP BETWEEN CARTESIAN AND TRILINEAR COORDINATES. 

In this section, we introduce a new coordinate system 

(x1 ,xz,x3) with an origin (O,O,O) located at the in-center I of the 

triangle of reference. An illustration of these coordinates in 

relation to the triangle of reference is given in Figure 3. The co-

ordinate system (x1 ,x2 ,x3) will henceforth be called Triaxial co-

ordinates, and these can be readily related to the Cartesian co-

ordinates by usual coordinate transformations. Also by introducing 

these coordinates into the analysis, it becomes relatively easy to 

transform differential equations, which are in terms of the Cartesian 

coordinate variables (x,y), into trilinear variables <n1,n2,n3). 

In the subsequent analysis, we shall use simultaneously tri-

axial and trilinear coordinates. In deriving and stating equations 

of elasticity, we shall use triaxial coordinates (x1,x2 ,x3) because 

they are more convenient and compact. When it comes to solving a 

boundary value problem with respect to a triangle, emphasis will be 

placed on the trilinear system (n1 ,n2 ,n3) because it is more convenient 

to specify the boundary conditions. 

In discussing derivatives of a function with respect to a 

coordinate system, one must distinguish between directional and 

partial derivatives. In our analysis, we shall use triaxial variables 

(x1 ,x2,x3) for the specification of directional derivative of a 

9 
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function. For example, the directional derivatives of a function F 

will be denoted symbolically by ClF/Clxi, a2F/dxi etc., and these 

derivatives have physical meanings, such as rate of change of F with 

respect to x., curvature of F with respect to x. etc. 
1 l 

Although the directional derivatives with respect to xi 

variables have physical interpretations, these are not convenient in 

finding solutions to physical problems. For this reason, prior to 

solving a boundary value problem, we shall express the directional 

derivatives in terms of the partial derivatives with respect to the 

trilinear coordinate variables (n1 ,n 2 ,n3). 

It should be carefully noted that whenever d/dxi appears it 

represents a directional derivative and that whenever a;ani appears 

it represents a partial derivative. Also it should be emphasized that 

each component of xi refers to not only a triaxial coordinate but also 

a Cartesian coordinate. 

In Figure 3, three orthogonal Cartesian coordinates (x1 ,y1), 

(x2 ,y2) and (x3 ,y3) are shown. These coordinate variables are related 

to one another as follows. 

[_::] r-i m3J[xl] [::] [-£3 ~m3] [x2] _-m: 
: = 

-0 y 
~3 1 m3 9,3 y 2 

[::] r-£2 -m2fl-1 [:J r-9, _m2] [x3J :::: 

1-m2 (2-1) 
m2 -9,2 LY1j 9,2 Y3 L L 2 

[::] r-9,l mll2J [::] r-£1 ~ml] n l-ml ·-9, y 1 2 ml 9,1 y 3 _, - L 



Further, 

11 

m1X1 + m2X2 + ID3X3 

m1Y1 + m2Y2 + m3Y3 

0 

= 0 

the trilinear variables ni are related to xi and yi variables by 

= p 

In which 

Equation 

nil 

n,J 
n: 

Equation 

Ip 
xl 

l_Yl_ 

= P + x1Q,3 - Y1m3 

P + x1£.2 + Y1m2 

p is the radius of in-circle, p = 4R sin 

(2-3) can be written in matrix form as, 

1 -1 0 p 

= 1 Q,3 -m3 xl 

1 Q,2 m2 Y1 

(2-4) can be inverted to give 

ml m2 
1 

-(m2 + m3) = -cm~+-;2. + m3) m2 

(Q,2 -- ,Q,3) -(1+Q.z) 

Using equations (2-1), (2-2) and (2-4), we have, 

a.1/2 sin a 2/2 

ID3 n~l 
::J 

m3 

(1 +Q.3) 

(2-2) 

(2-3) 

sin a.3/2. 

(2-4) 

(2-5) 
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d [- _. a_ + £J2_ + i 2_a__ J axl an1 an2 3n3 

a f 3-d - - m3 _a_] [£3_a __ _ a_+ 112_ J 
Clx2 CJxl ()yl an1 an2 cin3 

(2-6) 

d .J ,Q,2_a_ + m2 -~J [t2_a_ + i 1 a a J 
dXJ L 3x1 ay1J an1 an2 - an 3 

In matrix form the above equation can be written as, 

I a~ .. -1 --1 9.3 
121 

a 
an1 .i 

d = ,Q,3 -1 9,1 a 
Clx2 

-lj 
dT]2 

Cl 9,2 ,Q,l d 
dX 3 L an 3 

(2-7) 

1he above equation cannot be inverted, and it should be noticed. 

r- m1 _a_+ m2 _a_+ m3 . " ·= 0 I 
Clx1 C3x2 3x3 L ____ · --------

(2-8) 

Equations developed so far in this section are utilized to construct 

the following further relations amoungst the differential operators, 

which are presented without further proof. 

d _1J9.2 a - 13a:3] I -m3 _ _?___ + m2 _()_] 
Clyl m1L Clx2 L an2 an3 

d 
[m3 

a 9.3 d l [-m1 _a_+ m3 _L J 8y2. == ... ---+· (2-9) 8x1 3yJ:"J an 3 an1 

a [m2 _ _a_ - t2 _i_J 1-m- a m1 a ] 
J 8y3 = 

::; I L-" + --Clx1 Clyl an1 an 2 
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[--·-------B m a m a m a 
l ay 1 + 2 ay 2 + 3 . Cly 3 :::: 0 

----------

(2·-10) 

-~2 =' _l~ + 9,~ _i_ + JI,~ 32 -
axi lany a~~ an~ 

29, a2 29, a2 
3---- 2----+ 

an1an2 an1an 3 
n i a2 ] 3 2 ----

an2an3 

a2 r a2 9,~ a2 £2 a2 29, a2 29, --- _l ___ + 3 ----- + 1 -- - 3 - 1 '\, 2 - '\ 2 '\ 2 '\ 2 '\- '\ 
32 2,Q,39,l ---- + 32 ] 

o,{2 on2 onl on3 or)l on2 an2an3 an1 3113 

a2_ =r--32 + Q,~ ~~ + 9.,i ~ _, 
2 2 2 2 ax3 Lan 3 an1 an 2 

2\ _.]_~- - 29,2 ~- + 2\ 9,2 
an2an 3 an1an 3 

32 ] 
an1 an 2 

(2-11) 

a2 = [m~ _a_2 + m~ _a_2 _ 2m2m3 _a_2 -] 
~ 2 2 3yi an2 an3 an2an 3 

a~ _ [mi _a~ + rn; a~ _ 2m1m3 a2 J > (2_12) 
ay~ an 3 an 1 an1 an 3 

_o __ = m2 _<:!__ + m1 --3.._ _ m1 m2 _o __ '\2 I 2 '\2 2 '\2 2 '\2 J 
ay~ anf an~ an1an2 

'\ 2 a 

3x13yl 

r a2 a2 
I m3 ----· - m2 ---L an1an 2 an1 an 3 

·-9,m) -.--. a2 ] (£3rn2 2 3 an2 an3 

2 2 £3m3 _a_+ £2m2 _a_+ 
an2 an2 2 3 

(2--13) 



The Laplace 1 s operato~2 

Also, 

and, 

') 
P"-v 

[ a2 a2 a2 2 ~ -+ + - 1 an 2 3r17 anz 1 2 3 

a2 ---·+ 
d\'2 . 1 

From equation (2-7), 

therefore, 

14 

[ 82 82] ux§ + ()y~ 

(2-14) 

(2-15) 

(2-16) 
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that is, by using equation (2-15), 

( 2-1 7) 

) 



3. TRIAXIAL STRESS SYSTEM 

In this section, using the concept of a triaxial coordinate 

system (x1 , x2 , x3) shown in Figure 3, a stress system (01 , o2 , o3) 

will be introduced. The three stresses a1 , a 2 , and a3 are indepen-

dent stress quantities corresponding to the triaxial system (x1, x2 , x 3), 

in the. same sense that (ax, ay, Txy) are three independent stress 

components in the familiar Cartesian coordinates (x,y). 

Although the state of stress is completely defined by the 

triaxial stress components (o1 , a2 , a3), one may not consider these 

quantities as the direct stress components corresponding to the tri-

axial coordinate system. It should be remembered that the stress 

state (o1 , o2 , a3 ) is introduced merely for the purpose of analytical 

convenience in the formulation of the problem, and it has no direct 

significance in terms of strength related stresses. In engineering 

design, the normal and shear stress components corresponding to the 

coordinate axes are of importance. It is therefore essential to 

define the triaxial stress components in terms of the normal and shear 

stress components, that is, to derive the relationships between these 

stress componentso 

In Figure !+ the familiar normal and shear stress components 

(ioe., the Cartesian stress components) are shown in relation to the 

L t·.i ;rnglc~ of reference. With n~ference to th i.s fi.gurc, normal stresses 

rwrpcndicu1ar to the bounda:ry arc denoted by (oln• 0211 , 0311 ), normal 

16 
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stresses parallel to the boundary are denoted by (crls' cr2s' cr 3s) and 

the shear stress components are denoted by (T1 , T2 , 1 3). It will now 

be shown, that the Cartesian stress components (crin• 0is• Ti), 

i = 1, 2, 3, are linear combinations of the triaxial stresses. For 

this purpose, consider the stress state in a triangular element, 

subjected to a triaxial stress field (01 , crz, 0 3) as shown in Figure 5. 

As the primary interest of this section is to define the tri-

axial stresses, it will be assumed here that the element shown in 

Figure 5 is in static equilibrium. With this assumption one may con-

clude that any element within this triangle must also be in equilibrium. 

For example the square element of side o inside the triangle of Figure 

5 is in equilibrium. 

The relationships between the triaxial stress components and 

the Cartesian stress components (0ln, cr1s, T 1 ) will now be found by 

considering the forces acting on the square element. In Figure 6(a) 

the forces acting on the square element are illustrated. With 

reference to this figure, forces acting on sides Q)+-+@ and @+-+(I} 
are specified in terms of the usual Cartesian stress components, but 

the forces on sides @ +-+ @ and ®+-""Q) are specified in terms of 

the triaxial stress components. In Figure 6(b), the forces due to the 

triaxial stress components shown in Figure 6(a) are resolved into a 

parallel and a perpendicular component with respect to the x1-axis. 

Since by assumption the square element is in static equi-

l ibrit1m, one may readily deduce from Figure 6(b), the following 
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equality between the triaxial stresses (01 , 0 2 , 0 3) and the Cartesian 

stress components (0ln' ~ls' T1). 

01n 01 + 
2 02,Q,3 

2 + 0 3,Q,2 

01s 
2 2 

02m3 + 03m2 (3-1) 

Tl 0 2i3m3 + 0 3,\l,2m2 

The ·stresses o1n and 0 18 are the direct stresses acting parallel and 

perpendicular to the coordinate axis x1 . 

A similar procedure can now be followed to derive the stress system 

(oZn' o2s' T2) and (03n' 0 3s' T3). In the former, the square element 

is rotated clockwise through an angle a 3 , and in the latter, anti-

clockwise by a.,. Hence, 
L 

02n 02 + 2 0 3,Q,l + 2 019.3 

er m2 ") 

er2 + a1m; s 3 1 (3-2) 

T2 -· 0 3,\l,.lml + 0 1,\l,3m3 

and, 

2 2 
0 3n a + 02-'\ + erl9.2 3 

er 
3s 

a 2 
2ml + a 2 

lm2 (3-3) 

r 3 - 0 1£2m2 + 02,\l,lml 
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TI1e relationships between the direct stress components and the tri-

axial stresses can now be summarized in matrix form as, 

CT ln 

T 
3 

0 

m2 
3 

m2 2 

0 

9, m 
3 3 

-9, m 
2 2 

1 

0 

m2 
1 

0 

Q, m 
1 1 

l 

0 

-.Q, m 
1 1 

0 

(3-4) 

(3-5) 

(3-6) 

Equation (3-4) relates the direct stress components ain to 

the triaxial stress components CTi. This equation can be inverted, to 

give, 

l - Q,1 2 2 2 2 2 2 

011 9,19,2 ·- Q,3 Q,39,1 - 9,2 CTln 

1 9,29,2 ·- 9,2 4 9,29,2 - 9, 2 (3-7) 02 l 2 3 1 - ,Q,2 2 3 1 02n 
I 2m2m2m2 

L 0 3_1 

l i• 3 
9., 29., 2 2 0 2.Q,2 - Q,2 9,4 

3 1 - ,Q,2 ''2 3 1 1 - 3 0 Jn 
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Equation (3-5) can also be inverted to give 

r :: 
-m4 m2m2 m2m2 0 1s 1 1 2 3 1 

= 1 2 2 4 2 2 (3-8) 

l OJ 

2 2 2 m1m2 -m2 m2m3 0 2s 
2m1m2m3 

2 2 2 2 4 
0 3s m3rn1 rnzm3 -m3 

It should be noted that equation (3-6) cannot be inverted, because the 

determinant of the matrix 

0 

is zero, and there exists the relationship, 

Using the trigonometrical identities 

it can be shown, 

m/1<. + .Q,j~ 

\ + 9~jik } i, j, k=l, 2, 3 
i ~ j ~ k 

(3-9) 

(3-10) 

and (3-11) 
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It will be shown in Section 6, (equation (6-6)), that 

= e . the first stress invarient. 



4. STRESS-STRAIN RELATIONS IN TERMS OF TRIAXIAL STRESS AND STRAIN 
COHPONENTS 

The stress-strain relationships, to be derived in this section, 

are for an isotropic material having modulus of elasticity E, and 

Poisson's ratio v. 1he direct in plane strains, acting along the tri-

axial coordinate axis x1 , x2 and x3 will be denoted by Eln' E20 and 

E3n respectively. In the case of plane stress (i.e.: the out of 

plane stress cr - 0), the in-plane direct strains E. are defined to z in 
be (ll) 

E. in 
1 ( cr. in 
E 

-·\!CT.) 
lS 

i 1, 2, 3 (4-1) 

The quantities crin and cris (i = 1, 2, 3) are direct in-plane stresses. 

The orientation of these direct in-plane stresses and strains, in 

relation to the tricmgle of reference, is illustrated in Figure I+. 

The direct stresses 0. and 0. are related to the triaxial stresses 
ln lS 

(01 , a2 , o 3) and the relationships are given in Section 3. 

From equation (4-1) the direct strain E. is given by 
in 

substituting for the direct stresses cr1n and cr, , from Equations (3-4) 
.iS 

and (3-5) into the above equation gives, 

(4-2) 

22 
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similarly, 

(4-3) 

(4-4) 

Equations (4-2), (4-3) and (4-4) can be conveniently represented in 

matrix form as, 

where, 

[T£at] 
1 I 1 
E 

lt~ 
2 - vm3 

R. 2 2 
2 - Vm2 

{at} - {al Oz CJ3} 

and 

{s } = t {£ln £2n £3n} 

Matrix [T£at] can be written as, 

[Tsat] = [ R J [ T £a J [R J T 

9v 2 
3 

2 
- Vm3 

1 

Jl,2 
1 

Vm2 - 1 

2 . 2 
Jl,2 Vm2 

Jl.i - vmi 
1 

(4-6) 

(4-7) 
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where 

1 0 0 

[R] 9,2 2 
-9-3m3 3 m3 (4-8) 

9,~ m2 i2m2 

and 

1 -\) 0 

[Tm] 
l 

-\) 1 0 
E 

(4-9) 

0 0 2(l+v) 

Therefore, substituting (4-7) in Equation (4-5) gives, 

{Et} = [R J [Tscr J [R]T {at} 

Note: Equation (4-7) was established using the following trigonomet-

ric relations. 

Since, ml 

ml 

Similarly, 

!l, 
l. 

sin 

sin 

sin 

m2 

al and 1T 

a 1 sin 

a2 cos a3 

9,3 + ffi3 ,Q,2 

= al + a.2 + a3, 

(1T - (a2 + a3)) = sin (a2 + a3) 

+ sin a 3 cos a2 

(4-11) 

- (cos '-2 cos a 3 -

(4-12) 
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Equation (4-5)' in its expanded form is given by 

i2 .... 2 vm2 Eln 1 - \!mL 9"2 al 3 3 2 

1 .Q,2 2 1 Q,2 2 ( 4-13) E2n - \!m - vml a2 E 3 3 1 

.Q,2 - \!m2 2 2 1 E3n R,l - \!m a3 2 2 1 

The above relation can be inverted to give, 

2 2 2 
m1m2(.Q,1.Q,2-Ym1m2) m1m3(Q,1.Q,3-Ym1m3) al m1(.Q.1+Ym1) Eln 

a2 A mlm2(.Q,1Q,2-ymlm2) 
2 2 m2(.Q,2+ym2) m2m3(.Q,2Q,3-ym2m3) E2n (4-14) 

03 mlm3(Q,l.Q,3-yrnlm3) m2m3(.Q,2.Q,3-ym2m3) m2(.Q,2+ym2) 
3 3 3 E3n 

where, 

and 1 (4-15) 

Equations (4-13) and (4-14) are matrix relationships between the tri-

axial stress components and direct strain components. By using 

equation (3-7), in conjunction with equation (4-14), we can relate the 

direct stress components to direct strain components. 
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That is, 

0 ln 1 - Sml .Q,2.Q,3 S.R.2m2 

E 
0 211 0-~7) Sm1£1 1 - Sm2£15l3 

0 3n Sm1 .Q,1 f3m2£2 

Where, 

\) 

Equation (4-16) can be inverted to give, 

s 2n 
1 
E 

(4-·16) 

(4-17) 

(4-18) 

Note: Equations (4-16) and (!+--18) are matrix relationships between the 

direct strain components and direct stress components. It should be 

noticed that these matrices are synnnetrical only if the triangle of 

reference is equilateral. 



5. RELATIONSHIP BETWEEN STRESS (STRAIN) COMPONENTS IN TRIAXIAL CO-
ORDINATES AND THE STRESS (STRAIN) COMPONENTS IN CARTESIAN 
COORDINATES 

In this section, the stress components in the triaxial co-

ordinates will be related to the stress components in Cartesian co-

ordinates. In the process of deriving this relationship between the 

stress components, the relationships between the strain components in 

these two coordinate system will be established. The relative 

orientation of these two coordinate systems in the plane will be 

defined by an angle 8, as shown in Figure 7. The reason for intro-

ducing this angle will be apparent in Section 6, where it is shown 

that the relative orientation of these two coordinate systems is 

irrelevent in computing principal stresses and strain energy of 

deformation. 

If the strain components in the Cartesian coordinates are 

denoted by (ex cy Yxy), then, the direct triaxial strains 

(cln c2n c3n) can be related to these by a resolution of strain com-

ponents. (ll) 

For example, the direct strain c1 corresponding to the .n 

x1-axis is, 

c_10 = c £2 + c m2 + y £m x y xy 

27 

(S-1) 
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where 

1 cos e and m = sin & 

The direct strain corresponding to the x2-axis is, 

(5-2) 

This equation can be simplified using the following trigonometric 

relations. Since, 

it follows that, 

sin (TI - (a3 - 8)) = sin (a3 - B) 

= sin a3 cos e - cos a3 sin e 

= m 1 - 1 m 3 3 (5-3) 

COS (TI - (a3 - 8)) - cos (a3 - 8) 

= -(cos a3 cos 8 + sin a3 sin 8) 

(5-4) 
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From Equations (5-3) and (5-4) it follows that, 

(5-5) 

Substituting (5-3), (5-4) and (5-5) into Equation (5-2) gives, 

(5-6) 

Similarly the direct strain corresponding to the x 3-axis is given by, 

Once again, using the trigonometric relations, the above equation can 

be written as, 

2 2 s 3n EX (ii2 - nun2) + Ey (mi2 + £m2) 

+ Yxy [im (i~ - m~) + ~2m2 (~2 - m2 ~ (S-7) 

Tlw direct strains given by Equations (5-1), (5-5) and (5-7) can be 

conveniently represented in the following matrix form, 

(5-8) 



where 

and 

2 m 

30 

tm 

tm(Q.~ - m~) + i 2m2(t2 - m2) 

(5-9) 

The matrix [nEtc] can be factorized in the following form, 

(5-10) 

where, the matrix [R] is defined by Equation (4-8), 

Q, 2 m2 tm 

[e] = m2 Q, 2 -im (5-11) 

-2.Q.m 2,Q,m (Q,2 _ m2) 

and, 

Q, ·- cos 8, m = sin e 

Substituting (5-10) in to Equation (5-8) gives, 

{Et} = [R] [e] {EC} (5-12) 
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Using Equation (4-5), Equation (5-12) becomes, 

(5-13) 

The stress-strain relation in the Cartesian coordinates is given by, 

(5-14) 

Where, matrix [TEa] is defined by Equation (4-9). 

Substituting (5-14) into Equation (5-13) gives, 

(5-15) 

From this Equation it follows that, 

(5-16) 

Substituting (4-7) in Equation (5-16) gives, 

(5-17) 

Using Equation (4-9) and (5-11), it can be shown that, 

(5-18) 

Substituting (5-18) in Equation (5-17) gives, 

(5-19) 
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Therefore, expanding Equation (5-19) yields, 

0 x 

(J y 

Txy 

01 m2 + 02 (m.Q. 3 - Slm3) 2 + 03 (m.Q,2 + Slm2) 2 

0 1 .flm + 0 2 [Slm(,Q,~ 2 - m3) - 9,3m3 (.Q, 
2 m2)] 

+ 03 [Slm(Sl~ - m~) + .Q.2m2 (.Q,2 - mz)J 

(5-·20) 

Using Equation (5-20), it will be shown in Section 6 that the princi-

pal stresses and the strain energy of deformation are independent of 

the arbitrary angle 8. After considering Section 6, and without loss 

of generality, it would be advantageous to take the angle e equal to 

zero. The implication of the angle B equal to zero is that the x 

axis of the Cartesian coordinates is coaxial with the x1 axis of the 

triaxial coordinates. In the particular case when B equal to zero, 

cos 0 1 and m sin 0 0 

and therefore, 

[r] (identity matrix). 

Hence (5-19) becomes, 

(5-21) 
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expanding of this equation yields, 

a + o ~2 + o ~ 2 1 2 3 3 2 

a2 m2 + o m2 
3 3 2 (5-22) 

which is the same as equation (3-1). 



6. PRINCIPAL STRESSES AND STRAIN ENERGY OF DEFORMATION 

The principal stresses, in tenns of the triaxial stress com-

ponents, can be readily obtained from the corresponding expressions 

in the Cartesian system by using the results of Section 5. 

The principal stresses apl and ap 2 and the maximum shearing 

stress T are related to the Cartesian stress components max 

(ax, ay, Txy) by the following expressions. (ll) 

where, 

and, 

= 8 + x 
2 

- 8 - x 0 r2 - --2-

T 
max. 

8 

x 
2 

a +a 
x y 

+ T2 
xy 

] 
1/2 

(6-1) 

(6-2) 

(6-3) 

The stress combinations 8 and X are known as stress invariants of 

plane elasticity. In brief, a quantity is said to be invariant if it 

is unchanged when referred to a new set of rectangular axes obtained 

by rotation of the original axes. 

34 
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The stress invariants 8 and X can be readily obtained in terms of the 

triaxial stresses by using the relationship between the Cartesian and 

triaxial stresses given by Equation (5-20). Therefore the first 

invariant, e, is given by, 

e = ox + oy = 01 (9,2 + m2) + 02 [(9,9,3 + nnn3)2 + (m9,3 - 9,m3)2] 

+ a3 [(,Q,.Q,2 - nnn2)2 + (m9,2 + 9.m2)2J 

where, 

9, cos e, m = sin e 

and, 

9,3 cos a 3 , m3 sin a3 

Now, 

Q,2 + ? , m- -L 

(HJ + )2 (cos e cos e 2 2 (0 - a3) . mm3 a3 + sin sin a3) cos 

(m9,3 9, '2 (sin e cos a3 e sin 2 sin 2 < e -- CX3) m3, - cos a3) 

(,Q,9,2 nun2) 2 (cos e cos a2 - sin e sin a )2 
2 cos 2 (O + o:2) 

(m9,2 + 9,m2) 2 (sin e cos a2 + cos 8 2 ') 

(8 + a2) sin az) sin~ 

(6-5) 

Hence, substituting (6-·5) into Equation (6-4) gives, 

(6-6) 
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The second invariant, x, is obtained by substituting (5-20) into 

Equation (6-3) and using similar trigonometric relations as previously. 

Therefore 

x = [ox -o~r 2 2 + T2 r2 
xy 

{[01 + ~2 03r r2 + - 2 2 2 (6-7) = (crlcr2m3 + crlcr3m2 + cr2cr3ml) 

Substituting Equations (6-6) and (6-7) into Equation (6-1) gives the 

following expressions for the principal stresses crpl and crp2 and the 

maximum shear stress T max 

- (cr1 cr2 m~ + 

(J 
<cr1 + 0 2 + C"3) [[01 + ~2 + cr3]2 

- (Ol cr2 2 + p2 2 m3 

crl (J 3 m2 
2 + J1'2 <12 °3 mi) 

[[01 + ~2 + 03r - (a 2 2 2 ~ l/2 a., m3 + 0 1 0"3 m2 + 02 03 ml) J T =: 1 ... 
max 

These relationships show that the principal stresses and the 

maximum shear stress are independent of the arbitrary angle 8, which 

was introduced in Section 5. These relationships therefore imply 

that the stress quantities crpl' crp2 and Tmax are invariants and inde-

pendent of the relative orientation of the triaxial and Cartesian 

coordinate systems. 

(6-8) 
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The strain energy of deformation in terms of the triaxial 

stress components can be obtained by considering the analogous expres-

sion for the strain energy in terms of the Cartesian stress components. 

In the case of plane stress, the strain energy density V0 , 

is given by,(ll) 

(6-9) 

This expression is in terms of the Cartesian stress components. There-

fore, substituting Equation (5-19) into (6-9), the energy in triaxial 

stress components is given by, 

Substituting Equation (5-18) for [e] T only, in the above, gives 

Substituting Equation (4-7) into the right hand side of this equation 

gives, 

v 
0 

(6-10) 

This gives the strain energy density in terms of triaxial str~ss com-

ponents. Since Equation (6-10) is independent of the angle 8, it 

follows that the strain energy per unit volume V0 is an invariant and 

independent of the relative orientation of the triaxial and Cartesian 

coordinate systems. 



7. SOME EQUATIONS OF PLANE ELASTICITY IN TRILINEAR COORDINATES. 

Some of the governing equations of two dimensional elasticity, 

with plane stress assumptions, will now be derived in terms of the 

trilinear system by considering the analogous equations in the 

rectangular Cartesian coordinates. 

7.1. Equilibrium equations. 

The equilibrium equations corresponding to the trilinear 

system will now be obtained by making appropriate transformations to 

the corresponding set of equations in the rectangular Cartesian co-

ordinates. A geometrical interpretation of these equations will be 

given later in this section. 

In the case of absence of body force and inertia forces, the 

equations of equilibrium in the rectangular coordinates (x,y) are 

derived to be, 
(11) 

(7-1) 

38 
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Substituting equation (5-22) in equation (7-1) yields, 

0 

and (7-2) 

0 

Now writing 'd/'dx = Cl/'dx1 and 'd/'dy = Cl/'dy1 in the above two equations 

and then making use of the operator identities given by equation (2-5), 

we have the following two equations for the equilibrium conditions in 

the triaxial systems. 

Q,3 Cla2 
Clx2 -

(7-3) 

These first order partial differential equations can be more 

elegantly represented by using some trigonometrical identities. For 

example, multiplying the first equation (7-3) by m3 and the second 

equation of (7-3) by Q, 3 and adding, we have the following system of 

equations. 

0 

(7-4) 

m3 ao2 _ m2 'da 3 
Clx2 Clx 3 

0 



Since mi = sin O'.i .Q,i = cos O'.i and, 

TI = (al + <Y.2 + Cl.3) ' it follows that, 

sin al sin a.2 cos Cl.3 + sin a.3 cos az ' that is 

ml = m2.Q,3 + i2m3 (7-5) 

Thus using equation (7-5), the equilibrium equations (7-4) can be 

written as, 

m3 dC\ _ ml acr 3 0 
axl dX3 

(7-6) 

m3 acrz m2 acr3 
= 0 ---

ox3 ax2 

Equation (7-6) is the equilibrium condition for the triaxial system, 

and it can be satisfied by selecting a stress function ¢, such that 

01 = ml a2¢ 
ax2ax3 

Oz m2 d2¢ 
dXl dX3 

03 ID3 a2<P 
dXldXz 

Geometrical interpretation of equilibrium conditions for an 
infinitesimal triangular element. 

(7·-7) 

Consider a triangular element of unit thickness, area 1::,* whose 

sides are perpendicular to the axes (x1 , x2 , x3). The element in 

i·c lali on to the t riaxial coordinate sys tern is shown in Figure 8. The 



41 

net resultant force F1 due to the triaxial stress component a1 will 

now be found. With reference to Figure 8, the force F1 due to the 

triaxial stress a1 in the Xl direction is given by 

Using the sine rule it can be shown that 

xlp = ~ (x1 - Kl) 
mzm3 

(7-8) 

(7-9) 

The area of the shaded portion of the triangle, denoted by 6, is given 

by, 

(7-10) 

Substituting (7-9) in (7-10) gives, 

(7-11) 

Therefore, 

llsing L'CJU<1Lion (7-9), Lhe above equation can be writ ton as, 

di\ (7-12) 
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Substituting (7-12) into (7-8) and then changing the lower and 

* upper limit of the integral to zero and ~ , respectively, gives, 

(7-13) 

By following the method used in finding the force F1 , it can be shown 

that the force F2 due to the stress component cr2 , and the force F3 due 

to the stress component cr3 are as follows 

(7-14) 

For the equilibrium of the element, the net resultant force in any 

direction must be zero. For example, the equilibrium condition in the 

x1 direction requires. 

Similarly the equilibrium conditions in the x2 and x3 direction requires 
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Substituting for F1 , F2 and F3 , from (7-13) and (7-14), into the last 

three equations yields, 

ic f ~ 
0 

0 

* f ~ [-~3 0 

0 

f 
t/ 

0 

The above equilibrium conditions must hold irrespective of the area of 

the triangle. Hence the integrands themselves must vanish in each of 

the above three equations. That is, 

aa1 Q, ') 002 9,,2 aa 3 J 0 --= 
dXl dX 2 dX 3 

9,,3 aa1 ()02 9,,1 'd03 
(7-15) --+--- 'dx3 = 0 dXl dX2 

Q,2 ()01 9,1 aa2 aa3 
0 ·--+-= '\ dX2 dX) ox1 

It should be stated a.t this point that, not all of the above three 

equations are independent, and one of these can be eliminated. For 



example, we shall now eliminate the first equation of (7-15). Multiply 

the first, second, and third equations of (7-15) by m1 , m2 and m3 

respectively and add the second and third equation to the first. This 

yields the following set of equations, 

0 (7-16) 

Because of trigonometrical relationships, the first equation of (7-15) 

is identically zero. 

Since 

we have 

The remaining two equations of equation (7-15) can be written in 

numerous ways; but we shall now put these two equations in the same 

form as equation (7-6). Multiply the second equation by Q.1 and add 

the third equation to it. This yields, 
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2 - m1 , the above two equations 

are equivalent to, 

Now multiply the first and second of above equations by t 2 and m3 

respectively and add to the second of the resulting equation. This 

procedure yields the following equations, 

Since, m3 t 2m1 + i 1m2 , the above two equations are equivalent to, 

m3 aa1 _ ml ()03 
0 -- = 

axl ax3 

m3 d02 m2 aa3 
0 ax; - -- = 

dX) 

the above two equations are identical to equation (7-6). Now dif-

ferentiating the first of the above equation with respect to x1 , and 

the second of the above equation with respect to x2 , and then adding 

these equations yields, 
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+ 

From equation (2-8), _m3 d 
dX 3 

m2 _a_] , therefore the above 
CJx2 

equation can be written as, 

a2a a2a 
') 

(:)""0 
1 2 3 0 -- + -- + -2- =: 2 2 dXl Clx2 Clx3 

( 7-17) 

The equation corresponding to equation (7-17) in the Cartesian co-

ordinate system is the 

2 32-r 
__ xy~ = 0 
ClxCly 

7.2. Kinematics and cornpatibi~ity equation. 

This section is devoted to the analysis of some aspects of 

kinematics and developing the compatibility equation that is natural 

to the triaxial (and trilinear) coordinates. Discussions provided in 

this section are necessarily brief, since the method of formulation of 

the problem is essentially the same as that adopted in previous sections. 

In Figure 9, three orthogonal Cartesian coordinate systems 

(x1 , y1), (x2 , y 2) and (x3 , y3) are shown in relation to the triangle 

of reference. Corresponding to these three coordinate systems, there 

exist the following displacement components. 

(xl ' yJ) ClWrdinate system: displacements (uln' v ) ls 
(x2, Y2) coord:inate system: displacenwn ts (u2n' v2s) 

(x3, y 3) coordinate system: displacements (u3n' VJS) 
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Not all of the above displacements are independent, and the relation-

ships among these displacements can be given by the following 

equations. 

(7-18) 

Further, 

+ (7-19) 

m2 v_2_s __ ... _· __ rn_3_v_3_s __ =_~ (7-20) 

Strain Components 

Corresponding to the three Cartesian coordinates shown in 

Figure 4 there exist the following strain components 

(x1' Y1) coordinate system strain components (E:ln•<"is• Y1) 

(x2' yz) coordinate system strain components (E:zn•E:zs• Y z) 

(x3, Y3) coordinate system strain components (s3n'E:3s' y ) 3 
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The relationships among these strain components can be written in the 

following form, 

e:2n .11,2 
3 

m2 
3 -.l/,3m3 e:ln 

e:2s m2 
3 

.11,2 
3 i3m3 e:ls (7-21) 

Y2 23m3 -i3m3 2 2 (.l/,3-m3) Y1 

2 m2 izmz c3n .1/,2 2 E:ln 

e:3s = m2 2 
.11,2 

2 -R.zm2 e:ls 0-:-22) 

Y3 -R.2m2 R.zm2 (.l/,~-m~) yl 

Triaxial strain components 

Prior to developing the compatibility equation for the triaxial 

system, three strain components e:1 , e:2 , and e: 3 will be introduced, and 

these will be called the triaxial strain components which correspond 

to the triaxial coordinates x1 , x2 and x3 • The triaxial strains ci 

are not the same as the direct triaxial strains e:in· The triaxial 

strains c1 , c2 , and c3 have no direct physical meaning in the same 

sense that the triaxial stresses cr1 , a2 and a3 , introduced in Section 

3, had no physical meaning. The relationships between the Cartesian 

strain components (e:in' e:is' Yi) and the triaxial strains (e:l' e: 2 , e: 3 ) 

will be written in the following form 



l 

1 

0 

0 

0 
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1 

2 ml 

0 

0 

Both equation (7-23) and (7-24) can be inverted; the results are 

1 

r 1-9-~ 

-m4 
1 

4 
-m2 

1-.Q.4 
3 E:: 

3n 

(7-23) 

(7-24) 

(7-25) 

(7-26) 

(7-27) 
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It should be noted that equation (7-25) cannot be inverted. Further, 

the following relations are of general interest 

(7-28) 

It can be verified that the quantity 

e, the first strain invarient. 

Relationship between direct stresses and triaxial strains 

In the case of plane stress, the normal stress crin is related 

to the normal strains Ein and Eis by this equation(ll) 

i 1,2,3 (7-29) 

The orientation of these stress and strain components, in relation to 
. 

the triangle of reference, is illustrated in Figure 4. 

Using equations (7-23) and (7-24), the stress-strain relationship 

given by equation (7-29) can be written as, 

0 ln 1 ri2+vm2) \ 3 3 
2 2 (.Q,2+vm2) El 

E 2 2 1 (.Q,2+vm2) (7-30) 0 211 l-v2 
(.Q,3+Vm3) 1 1 E2 

O]n ( .Q, 2+Vm2) 2 2-
2 2 (£1+Vm1) 1 [3 
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The relationships between the triaxial stresses (o1 , o2 , o3) and the 

triaxial strains (£1 , £2 , £3) can be obtained by combining equations 

(4-13) and (7-23). The result is, 

£1 (l+v) - si1m1 -(39,lml -(39,lml Gl 

E2 1 -(39,zmz (l+v) - si2m2 -si2rn2 02 (7-31) 
E 

E3 -f39,3m3 -f39,3m3 (l+v) - (3.R.3m3 03 

where, s v = 
mlm2m3 

Compatibility equation. 

The compatibility equation in Cartesian coordinates (xi, yi) is given 

by' (11) 

(7-32) 

Considering the case i = 1, we have from equations (7-23), (7-24) and 

(7-25) 

Eln E + 1 
9, 2 

3 f.2 + i2 2 £3 

els mj £2 2 + rnz £3 

YJ -2.R.3m3 E2 + 2i2m2 £3 
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Substituting the above three equations in equation (7-31), for i 1, 

gives, 

That is, 

(7-33) 

From equation (2-9), 

Therefore, equation (7-33) can be written as, 

+ + = 0 (7-34) 

Equation (7-34) is the compatibility equation for the triaxial system, 

and this equation can be written in a different form. 

Since, V2 = ~ + ~, equation (7-33) can be written as, 
2 2 dx. ay. 
1 1 

= 0 (7-35) 

, is known as the first-strain in-

varient (also called the dilatation or volume expansion) and in terms 

01~ Cartesian strain components, e = (E: + E: ) • In the case of absence x y 
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of body force the dilatation e is a harmonic function (ll) there-

fore 

0 

hence, equation (7-35) can be written as, 

2 2 2 Cl E:1 
+ 

Cl E:2 
+ Cl E:3 

0 2 2 2 Clx1 Clx2 Clx3 
(7-36) 

It is of general interest to note that the compatibility equation 

(7-36) is of the same form as the equilibrium equation (7-17). 

The combined compatibility-equilibrium equation. 

It was shown that the stress function ¢, defined by equation 

(7-7) satisfies the equilibrium equation. Substituting equation (7-7) 

in equation (7-31) will yield the following relationships between the 

triaxial strain components and the stress function 

E:l (1 +v) - (:3.Q.1 m1 -S.Q.1m1 -(:3.Q.l ml ml ¢,23 

1 
-B£2m2 (1 +v) - (3.Q. 2m2 -f39,2m2 <f>,13 E:2 E m2 

E: 3 -S.Q.3m3 -f3.Q.3m3 (l+v) - (:3,~ 3m3 m3 ¢ '12 

where, 

<P,ij a2¢ 
ax. Clx. 

l_ J 
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Substituting the above expressions for strains €. into equation (7-36) 
1 

yields, 

[ (l+V) 3 [ml _a_+ m2 
dXl 

_a_ + m3 _a_] 0 
dX 2 dX3 . E dXl dX2 dX3 

- Jl. [£1ml a2 2 £3m3 _£][ml a2 32 ,2 B i2m2 _a_ + m2 + m3 --+ 2 + ¢ = E ax2 dX2 ax2 8x213x3 8x1ax3 'CJx1 8x2 1 3 

(7-37) 

From equation (2-8), 0 

From equation (2-17), 

Therefore, using the above three equations, the governing differential 

equation given by (7-37) can be written as, 

(7-38) 

7.3. y__!)V~Eni~~ations for thin triangular plate. 

We shall now express the equations governing bending of tri-

angular plates in the triaxial stress and coordinate system. The 

equations to be derived are based on classical thin plate theory and 

Kirchhoff's hypotheses for the boundary condi.tions. 

0 
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Equations of bending of triangular plates. 

The moment equilibrium equation in rectangular Cartesian co-· 

b (12) ordinate system is given y, 

2 a2M a2M 
_ _N_ + _J_ = 

axay ay 2 
-q 

in which q is the normal load intensity. 

We shall now define the triaxial bending moments. 

(7-·39) 

The bending moments Mx' Mxy and My are related to the 

Cartesian stress components by the following definite integrals<12 ) 

M xy dz (7-40) 

In equation (7-40), his the thickness of the plate, and the variable z 

measured from the middle plane of the plate. 

Substituting equation (5-22) in equation (7-40) yields the 

following equations, 

2 2 
M M1 + Mz.Q.3 + M3.Q,2 x 

My 2 2 M2m3 + M3m2 (7-41) 

M -M2.Q.3m3 + M3.Q.2m2 xy 
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in which trilinear moments Ml, M2 and M3 are defined as, 

H //:. dz M2 = //:2 dz M3 //:3 dz 1 .1 

-h/2 --h/2 -h/2 

(7-42) 

Substituting equation (7-41) in equation (7-39) yields, 

()2 M + [i2 a2 m2 32 2£3m3 LJ Mz -- l 3--+ 3--
2 dX2 ()y2 dXdY dX 

[ 2 2 2 2 2 ] + .Q,2 ..J? + m2 _a_ + 2Jl,2m2 _a_ 
()x- ()y 2 dXdY 

M3 -q (7-43) 

Now writing a/ax= ()/()xl and Cl/Cly= Cl/Clyl in equation (7-43), and using 

(2-6), the moment equilibrium condition in the triaxial system can be 

given as, 

(7-44) 

We shall now develop the relationship between the triaxial bending 

moments and the curvature of the bent plate. To develop the required 

relationships, we consider the isotropic stress-strain relationships, 

as given by equation (4-14). Denoting the transverse displacements 

of plate by w, we may now express the direct triaxial strains 

Eln, E2n and E3n in terms of w as follows, 

t. ln ·- z a2w c - z a2w E3n - z 22w (7-45) , ~zn , 
() 2 ') ') 

Xl ;-lx-· 8x3 .,, 2 
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Substituting equation (7-45) in equation (4-14) and then multiplying 

the resulting equation by z and integrating over the thickness of the 

plate, we have the following relationship between the triaxial moments 

and the curvatures. 

Ml = - D 
[i1 

'V'4-1 + (1-v) a2w J 
mzm3 dX2dX3 

M2 D 
r 2 

a2,, J li2 'V w + (1-v) 
mlm3 dXl dX}. 

M3 = D [i3 V2w + (1-·V) d2w ] 
mlm.2 dXldX2 

where, 

Substituting equation (7·-46) in equation (7-44) yields, 

D 2 'V w 

From equations (2-8) and (2-15), respectively, we have 

0 

(7-!+6) 

q (7-48) 
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and, 

Therefore we can write equation (7-48) as 

= (7-49) 

Equation (7-49) is the well known differential equation governing the 

transverse bending of thin plates. In the case of polygonal plates, 

it is advantageous to replace the fourth order differential equation 

(7-49) developed for bending of a plate by two equations of the 

second order which represent the deflections of a membrane. This 

method of approaching problems in bending of plates by membrane 

analogy is known as the Marcus method (lO) • The equations governing 

pl ate bending, by thE.• Marcus method, can be developed for the triaxial 

system in the following manner. 

Adding together all the three equations of (7-45), w~ have, 

+ (1-v) 

From equation (2-17), we have, 

J. ') l m"3 __ }-\:J ____ _ 
- Jx1ax 3 . . . _J 
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Also, it is possi.ble to show from trigonometrical properties, that 

(7-51) 

Therefore using the last two identities, equation (7-50) can be 

written as, 

- D(l+v) v4.-r (7-52) 

Now introducing a quantity M such that, 

M = 1 (M1 + Mz + M3) 
(l+v) 

(7-53) 

we could write equation (7-52) as, 

(7-54) 

From equations (7-49) and (7-54) it follows that, 

(7-55) 

7. 4. ~ound;g-_y conditions f_or a triangular plate. 

Based on the assumptions of Kirchhoff's theory of thin plates, 

we shall specify here the equations governing the following three types 

of edge conditions. 

a) simply supported edge 

b) clamped edge 

c) free edge 
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If the side n. = 0 is simply supported, 
1 

then the deflection w and the normal (direct) bending moments M. at 
in 

the supported edge are zero. That is, 

[wJn 
'i 

0 
0 0 

0 

observing that o2w/8yi must vanish together with w along the recti-

linear edge n. = o~ we find that the second of the above equation is 
l 

0 

equivalent to (Cl 2w/axi) 11 i = 0 = 0 or also ('i72w)ni = 0 = O. Therefore, 

the analytical expression for the boundary conditions in this case are 

[w] 11 . = 0 = 0 and 
1 

(7-56) 

If the side n. = 0 is clamped, then the deflection 
1 

and the normal slope <3w/Clxi are zero at ni = 0. That is, 

and (7-57) 

[aw J I aw + ikaw i.aw] 0 L- --+ J --dX• n. 0 ani · an. an. 
l = J I<. ni 0 

1 

in which, 

{i ,j • k 1~2,3 i ;z! j _, ,... k} 
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c) Free edge. If the side ni = 0 is free, then the normal 

moment Min and the edge reaction Vi are zero. That is, 

[Minl =: -D ~V2w + (1-v) a2wl 0 
- 'J lli 0 8x? 

1 .J ni 0 

where the differential operators v2 and a 2 /ax~ are given by 
l 

and 

where, 

- 2 

2 
+ Q,j 

{i,j,k = 1,2,3 : i ~ j ~ k} 

bending 

(7-58) 

(7-59) 

The condition that the edge reaction Vi must vanish is specified by 

0 (7-60) 

'\Jhere Q and M are respectively the shearing forces and twisting 
xi ·xiyi 

moments corresponding to the x1 direction. In terms of trilinear 

system, these quantities can be given as, 

d -') 

r- a SI, d L a~~J v2w () - D \J'-"' .•. D 
'Xi --+ k --- + J (7-61) <Jx. dr)i an. 

:L J ._ 



and 
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- D (1 - V) a2w 
axiayi 

(7-62) 

Using the operator relationships of Section 2, equation (7-62) can be 

written as, 

.where, 

{i,j,k - 1,2,3 i ~ j ~ k} 

2 Lm. a w 
J J 2 

ank 

Substituting (7-61) and (7-62) in equation (7-60) gives, 

[ a2w (2-v) --+ 
ax~ 

1 

0 

( 7-63) 

(7-64) 

'TI1erefore, the boundary conditions corresponding to the free edge, at 

rii = 0, are specified by equations (7-58) and (7-64). 111e differential 

operators 3/axi and a/ayi are given by equations (2-7) and (2-9) 

respectively. 



8. INTEGR.l\TION OF A FUNCTION COMPOSED OF A TRILINEAR VARIABLE 

In analyzing problems in elasticity by approximate methods, 

such as finite element method or methods based on energy theorems, 

there is a need to integrate some appropriate function with respect 

to the domain in question. Since the method of integration of a 

function composed of trilinear or areal coordinates is not obvious, 

an investigation is carried out here as regards the method of inte-

grat.ion of these types of functions with respect to the triangle of 

reference, 

Let the given function be F, 

where, i;;1 (i '""~ 1,2,3) are the areal coordinates, and these quantities 

are related to the trilinear variables ni, (i = 1,2,3) according to 

equation (1-6). That is 

Let us assume that we need to find 

63 
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where, L'i is the area of the triangle of reference. 

The infinitesimal element of area db. can be represented in more than 

one way. For example. if F = F(t;;1 ) then, with reference to the sketch 

below, dL'l can be represented as a function of Z:1 (or n1); details are 

as follows. 

~.:::. ___ H_, --~ 

The area of the shaded area, dll is, 

(8-1) 

But using sine rule, (8-2) 

In which R is the radius of circumcircle and H1 is the altitude in the 

n1 direction. From the analysis of Section 1~ we have 

and (8-3) 



65 

Substituting (8-3) in equation (8-2) yields 

(8·-4) 

Therefore equation (8-1) can be written as 

di\. 

Using equation (1-2), the above equation can. be written as 

Therefore, 

Similarly, it can be shown that 

(8-5) 

Suppose that the given function F = F(t;1 , t; 2) and we need to evaluate 

the :i.ntegrnl l F(s1 , z;; 2) dfi. In this case, we can express the 
L\ 

differential d6 as a function of z;;1 and l; 2 , by making use of the 
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properties of the triangle, Sketch below illustrates, an infinitesimal 

element of area d~, in relation to the triangle of reference. 

77 =O ,.,=0--2 t ~2 

0, 

The area of dll, the shaded portion in the above sketch, is 

(8-fi) 
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From the analysis of Section 1, the altitudes Hi are given by 

Hence, equation (8-6) can be written as 

Using equation (1-2), the above equation can be written as 

(8-7) 

Therefore, 

Similarly, it can be shown that 

Suppose F: F(~1 • t 2 , t 3), then we may eliminate one of the variables 

by using the identity, ti+ t 2 + tJ = 1, and then equation (8-8) can 
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be used to integrate F with respect to the area over the area of the 

triangle of reference. 

For example (l3), if F i,j,k are integers, then 

26 i! j ! k! 
(i+j+k+2)! 

(8-9) 

Details of the above examples can be found on page 84, Reference 13. 



9. SOME FUNCTIONAL RELATIONS BETWEEN THE TRILINEAR VARIABLES 

This section contains some functional relations between the 

trilinear variables. The relationships developed here are useful, in 

investigating the possible form of the solution to a boundary value 

problem involving triangular boundary. 

From equation (1-7) we have, 

Multiplying this equation by nTI, n an integer, we have 

nTI sl + nTI s2 + nTI S3 = nTI (9-1) 

and 

Expanding the above equation shows, 

(9-2) 

where, 

s . Ill. sin nTI Si· and c . : cos nTI sl.. 
Ill. 

(9-3) 

69 
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From equation (9-1), 

That is, 

similarly, 

(-l)n C + S S n2 nl n3 (9-4) 

c c = (-l)n c + snl sn2 nl n2 n3 

Using the relations (9-4), equation (9-2) can be written as, 

(9-5) 

Using (9-3)s the above equation can be written as, 

+ sin 2nTI sz + sin 2nTI s3J (9-6) 

Using equation (9-1), numerous numbers of functional relations between 

the trilinear variables can be developed. Some of these relations are 

given below. 
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(9-7) 

= .!. [s 2 + s 2 + s 2·] 2 nl n2 n3 (9-8) 

Also, 

[cos 2mr i;1 + cos 2n1T z;; 2 + cos 2n1T z;; 3J = 

4 r (-l)n+l] = 3 - Leos n1T z;; 1 cos n1T z;; 2 cos n1T i; 3 + 

Trigonometrical summation 

From equation (512), page 96, Reference 14, we have 

TI (1 - 28) 
2 

Therefore, 

00 

= L 
n==l 

00 

n=l 

sin 2n1T8 
n 

,0<8<1 

= 1T 
2 

5si~-~1Tz;; 1 _+ sin 2nnz;;2 +sin 2n1Ts 3), 
n 

(O < t 1 < 1) and i 1,2,3. 

(9-9) 

(9-10) 
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Using relation (9-6), the above equation becomes, 

(-l) n+l . . 
~1Il nTf_ /;;l SHI n7f 1';;2 sin n71 s3 

n 

or 

00 

8 
,-,.,, 

(--l)n+l sin nn 1';;1 sin nn sz sin nTf s3 ., 
2-4 .L 1T n 

(9-11) 
l==n 

for 0 < l;;i < l; i 1,2,3 



10. APPLICATIONS 

Applications of trilinear coordinates to problems in plane 

elasticity will be illustrated by considering two problems associated 

with a thin triangular plate. We will consider here however, only an 

equilateral triangular plate with all its edges simply supported. 

The problems investigated are: 

1) Bending subjected to a uniform normal load 

2) Free vibration of a triangular plate 

Treating each of these problems separately, the details of the analysis 

are as follows. 

10.1. Bending of a simply supported equilateral triangular plate. 

The solution to this problem, in terms of Cartesian co-

ordinates (x,y), was first obtained by Woinowsky-Krieger; details of 

his analysis can be found in page 313 of Reference 10. We will now 

proceed to obtain the solution to this problem based on the theory 

developed in the previous sections. 

The governing differential equation to this problem is given by, 

(10-1) 

73 
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in which q is the uniform normal load intensity. If h is the plate 

thickness, then the flexural rigidity D is given by, 

D 2 12 (1-·V ) 
(10-2) 

In the case of simply supported polygonal plates, it is convenient to 

replace equation (10-1) by the following two differential equations of 

the second order. (Details of this procedure are given in Section 7.) 

\72M - q (10-3) 

v2w M 
D (10-4) 

where, 

M:::: 1 (Ml + M2 + M3) TI+v) (10-5) 

Since the plate is simply supported, it follows from Section 

(7 .4) that the boundary conditions are given by, 

0 = 0 

(i 1,2,3) (10-6) 
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In the case of the equilateral triangle, £1 = cos a 1 =cos TI/3 = 1/2, 

therefore, Laplace's operator V2 , given by equation (2-14), can be 

written as 

(10- 7) 

Comparing equation (10-4) and the second equation of (10-6), we con-

elude that 

= 0 (i 1,2,3) (10-8) 

A tentative solution to (10-3), which is subjected to the boundary 

condition (10-8), will be taken as, 

(10-9) 

where, A is a constant. 

Substituting equation (10-9) in (10-3) yields, 

- q (10-10) 
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In the case of the equilateral triangle, m. = sin ai = sin n/3 
1 

= /3/2. Therefore, the fundamental identity of the trilinear co-

ordinates, given by equation (l-3), can be written as, 

(n1 + n2 + n3) = ~ = 1. (2R m1m2m3) = 3 R (10-11) 

13 13 2 

where, R is the radius of the circumcircle. 

Substituting (10-11) into equation (10-10) shows that A 2q/3R. 

Therefore, from equations (10-4) and (10-9), we have 

(10-12) 

The solution to the above equation is subjected to the first equation 

of (10-6); that is, 
[wJn. = O 

1 

0 (i = 1,2,3) 

If we assume the solution to equation (10-12) as, 

(B, a constant) (10-13) 

then the required condition that the displacement must vanish at the 

boundary is satisfied. Substituting (10-13) in equation (10-12) yields, 

= - _?__q 
3RD 

(10-11+) 



Therefore, 

B = _g__ 
18RD 
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and hence the transverse displacement is given by, 

(10-15) 

is the equation of the circumcircle, while n111 211 3 is the equation of 

the triangle. 

Having found the solution to the problem in terms of trilinear 

variables, we will now express the solution (10-15) in terms of the 

Cartesian variables (x,y) and then compare this result with the 

solution provided by Woinowsky-Krieger. 

The relationships between the Cartesian and trilinear variables are 

given by equation (2-4): In the case of the equilateral triangle, 

these relationships become 

111 p - x 

112 p + x /3 y (10-16) 
2 2 

113 p + x + 13 _y_ 
2 2 

in which JJ is the radius of incircle; for the equilateral triangle, 

p 4R sin _?'.i sin 
2 

a2 sin ~ = 4R sin3n 
2 2 6 

R 
2 

(10-17) 
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Substituting (10·-16) and (10-17) in equation (10-15) gives, 

w ~ tlRD [l~ [R2 _ (x2+y2~ [ I3 _ x3 _ ~R (x2+y2) + 3y2~] (10-18) 

We could replace R in the above equation by the altitude H of the 

triangle. For an equilateral triangle all the three altitudes Hi 

are of the same magnitude, say H; but from Section 1, H = 3R/2. 

Therefore equation (10-18) takes the form, 

w q (10-19) 
64 DH 

It may appear that there is a conflict in sign between the above result 

and the solution given by Woinowsky-Krieger (equation (201), page 313, 

Reference 10). The reason for this disagreement in sign is due to the 

adapted conventions regarding the orientation of the triangle with 

respect to the reference Cartesian coordinates. If we substitute, 

x = -x and y = -y, in equation (10-19), we have the same form of 

solucion as that obtained by Woinowsky-Krieger. 

10.2. Free vibration of a simply supported equilateral triangular plate. 

The governing equation corresponding to the free vibration of a 

plate, of uniform thickness and of mass density µ, is given by 

DV4w + ]J ~!w 
8t 2 

= 0 (10-20) 
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Solution to the above equation is subjected to the simply supported 

edge conditions. 

(i = 1,2,3) (10-21) 

Solution to the above problem will now be found by utilizing the 

analysis of Section 9. 

From equation (2-14), the Laplacian operator V2 for the trilinear co-

ordinate system is 

Using the relationships between the trilinear and aereal coordinates, 

given by equation (1-6), we could write v2 in terms of the non-

dimensional variables i;;i (areal coordinates). That is, 

(10-22) 

where, 

(i = 1,2,3) 

and R is the radius of circumcircle 
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In the case of the equilateral triangle, m. = ./3/2, R,. = 1/2 and 
1 1 

A. = R3./3/4. In this case equation (10-22) reduces to, 

(10-23) 

Since l'.';i = 0 implies and implied by ni = O, we can write equation 

(10-24) as, 

[w] = 0 
l'.';i 0 

(i = 1,2,3) (10-24) 
[v2w] = 0 

l'.';i - 0 

We will now intuitively assume that the solution to equation (10-20) is 

of the form, 

00 

w =I: (10-25) 
n=l 

where, Bn represents the amplitude of the nth mode, and wn represents 

the natural frequency of nth mode, and this quantity has to be deter-

mined. The term Sni' occuring in equation (10-25), are defined by 

equation (9-3); that is, sni (i = 1,2~3). 

Equation (10-25) satisfies the first equation of (10-24); we will now 

verify that the expression (10-25) also satisfies the second equation 
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Operating equation (10-25) with 92 , yields 

(10-26) 

where, 

C11 i cos nTT (,i, and from equation (9-2) 

Therefore, using the. last relationship, equation (10-26) can be written 

as, 

(10-27) 

Since S11 i vanishes at the i th edge of the triangle, it follows from 

equation (10-27) second equation of (10-24) is also satisfied. 

Substituting (10-25) in equation (10-20) yields, 

µ 

or, 

w 2 
n 

(10-28) 
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With reference to the sketch below, the above equation for the natural 

frequency Wn can also be written 

tH2 J¥ = 4 n2 ~2] (10-29) 

or, 

~s2Ji n2 7T2 16 -
3 

(10-30) 

EQUILATERAL TRIANGLE 

CIRCUM Clf~CLE ---

S=.f3R 

In the case of n = 1, we find from equation (10-29) w1 H2~ = 39.478 

and this result is in agreement with the established results for the 

fundamc~ntal frequency. 



DISCUSSION 

111e concept of trilinear coordinates, also known as homo-

geneous point coordinates in the plane, are well known for their 

convenience in the study of problems in projective geometry. The 

present investigation was carried out in the belief that these co-

ordinates could also be of great value in the study of boundary value 

problems involving triangular boundaries. 

The analytical properties of trilinear coordinates -- as 

applied to the physical sciences -- are not yet fully established. 

Therefore, considerable analysis has yet to be perfonned to fully 

understand their complexity and to exploit their merits. In this 

respect, this discourse may be considered as a preliminary investi-

gation on the applicability of trilinear coordinates to boundary 

value problems. Although this report considers only the suitability 

of trilinear coordinates to problems in plane elasticity, it is 

believed that in due time, and with further investigation, they could 

also be of use in the study of other physical sciences. 

In the present investigation, it was found useful to introduce 

the concepts of triaxial stress, strain, moments and curvature. 

These quantities are very unfamiliar and do not have direct physical 

meaning; however they are found to possess certain qualities, that 

make it possible to express the governing equations in a simpler and 

more elegant form. This makes it possible to aim at a solution in 

83 
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terms of trilinear variables in a relatively easy manner. Although 

the triaxial quantities, i.e., triaxial stress, triaxial strain, etc., 

do not have physical meaning, they are linear combinations of known 

physical quantities, such as normal stress, normal strain, etc. The 

algebraic relationships between physical and non-physical quantities 

are explicitly given in this discourse, and therefore one can always 

obtain physical interpretation at any stage of the analysis. 

To illustrate the application of the theory developed herein, 

two examples of simply supported equilateral triangular plates are 

considered. Solutions to both of these problems were previously 

known in terms of Cartesian coordinates. These two simple examples 

are included here merely for the purpose of illustrating the tech-

niques that one must adopt in dealing with trilinear coordinates. 

At present, progress is being made on the application of 

trilinear coordinates to some problem in plane elasticity, which are 

not of triangular configuration (i.e.: hexagon, rombus, etc.). It 

appears that the trilinear coordinates may also have some advantages 

over the conventional Cartesian coordinates in the presence of induced 

anisotropy such as laminated and semi-monoque structures. Application 

of trilinear coordinates to these problems is also under consideration. 

The results of the present series of investigations will be presented 

in a subsequent report. 
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FIGURE I. TRILINEAR COORDINATES-SIGN CONVENTION 
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CIRCUMCIRCLE 

EULER LINE---" 

TRIANGLE OF REFERENCE 

-----

FIGURE 2. SOME RELEVANT POINTS AND CIRCLES 
ASSOCIATED WITH A TRIANGLE 
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FIGURE 3. TRIAXIAL COORDINATES IN RELATION TO 
THE TRIANGLE OF REFERENCE 
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FIGURE 4. ORIENTATION OF DIRECT STRESS AND 
AND STRAIN COMPONENTS IN RELATION 
TO THE TRIANGLE OF REFERENCE 
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0-2 

\ 

NOTATION 

f. =cos a· m· =sin a· I I 1 I I 

FIGURE 5. A TRIANGULAR ELEMENT SUBJECTED TO 
TF~iAXIAL STRESS COMPONENTS (Oj, cr2 , cr3 ) 
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FIGURE 6a 

NOTATION 
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\ FIGURE 6b 
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\ 

FIGURE 6. RELATIONSHIPS BETWEEN TRIAXIAL STRESSES 
(Oj ~ CJ2 ,o-3) AND CARTESIAN STRESSES (Ojn•Ois•1i) 
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APPLICATIONS OF TRILINEAR COORDINATES TO 

SOME PROBLEMS IN PLANE ELASTICITY 

by 

Ramanath Williams 

(ABSTRACT) 

This discourse considers some analytical aspects involved in the 

application of trilinear coordinates to boundary value problems in 

plane elasticity. Trilinear coordinates, also known as homogeneous 

point coordinatest are defined. The concepts of triaxial stress, 

strain, bending moments and curvature are introduced: utilizing these 

concepts, the stress-strain relationship, moment-curvature relationship 

and a few other basic equations of two dimensional elasticity are 

developed for an isotropic material. All these relationships are pre-

sented in matrix form - as an aid to finite element stress analysis. 

Governing equations corresponding to some two dimensional problems in 

elasticity are deduced for the trilinear system. An investigation was 

carried out on the method of integration of a function composed of 

tri L:inear variables. A few functional relations between the trilinear 

variables are also developed. 

To illustrate the application of the theory, two examples on 

simply supported equilateral triangular plate are considered. 
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