
Graph-BasedGenomicSignatures

Amrita Pati

Dissertation submitted to the Faculty of the

Virginia Polytechnic Institute and State University

in partial ful¯llmen t of the requirements for the degreeof

Doctor of Philosophy

in

Computer Scienceand Applications

Lenwood S. Heath, Chair

Richard F. Helm

Narendran Ramakrishnan

Jo~ao Carlos Setubal

Anil M. Shende

April 14, 2008

Blacksburg, Virginia

Keywords: Genomes,Genomic signatures,de Bruijn graphs, Markov chains

Copyright 2008,Amrita Pati



Graph-basedgenomicsignatures

Amrita Pati

(ABSTRA CT)

Genomeshave both deterministic and random aspects, with the underlying DNA sequencesexhibiting fea-

tures at numerousscales,from codons to regionsof conserved or divergent geneorder. Genomic signatures

work by capturing one or more such features e±ciently into a compact mathematical structure. This work

examinesthe unique manner in which oligonucleotides ¯t together to comprise a genome,within a graph-

theoretic setting. A de Bruijn chain (DBC) is a marriage of a de Bruijn graph and a ¯nite Markov chain. By

representing a DNA sequenceasa walk over a DBC and retaining speci¯c information at nodesand edges,we

are able to obtain the de Bruijn chain genomicsignature (DBCGS), basedon both graph structure and the

stationary distribution of the DBC. We demonstrate that DBCGS is information-ric h, e±cient, su±ciently

representativ e of the sequencefrom which it is derived, and superior to existing genomicsignaturessuch as

the dinucleotidesodds ratio and word frequencybasedsignatures. We develop a mathematical framework to

elucidate the power of the DBCGS signature to distinguish betweensequenceshypothesizedto be generated

by DBCs of distinct parameters. We study the e®ectof order of the DBCGS signature on accuracywhile pre-

senting relationships with genomesizeand genomevariety. We illustrate its practical value in distinguishing

genomicsequencesand predicting the origin of short DNA sequencesof unknown origin, while highlighting

its superior performancecomparedto existing genomicsignatures including the dinucleotidesodds ratio.

Additionally , we describe details of the CMGS database,a centralized repository for raw and value-added

data particular to C. elegans.

This work was supported by NSF-ITR Grant-0428344 for the Computational Models for Gene Silencing

project.
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Chapter 1

In tro duction

The last 25 years have seentremendous progress in our understanding of biological paradigms. The se-

quencing of genomeshas opened up aspects of genomic sequencesthat had never been envisaged. Since

the ¯rst sequencingof a genome(the 5386-baselong bacteriophageÁ-X174) in 1977, several genomeshave

beensequenced,including the 3:2£ 109 baseslong human genome,whosesequencingwascompleted in 2003.

A comprehensive source of detailed information regarding complete and ongoing genomeprojects around

the world is the GenomesOnline Database[79], which housedapproximately 3250 incomplete and approx-

imately 800 completed genomeprojects as of January 2008. Of these, approximately 2300 are bacterial

genomeprojects, approximately 150 are archaeal genomeprojects, and approximately 1000 are eukaryotic

genomeprojects.

Analysis of such high-throughput genomic data has necessitatedthe application of computational models

and techniques. An organism'sgenomicsequenceencodesall of its individual traits at various scalesranging

from individual nucleotide (A, C, G, T) compositions to geneorders in large genomicregions. The genomeG

of an organism is a set of long nucleotide sequencesmodeled,within a formal languageframework, asstrings

over § DNA = f A; C; G; Tg, the DNA alphabet. Every genomehas a unique constitution of nucleotides that

encode speci¯c phenotypic traits and regulate the cellular and biological processesof that organism. Unique

featuresof a genomicsequencethat are globally conserved and can be captured in the form of mathematical

structures can serve as signatures for that genome.SinceG itself di®ersfrom one speciesto another, it can

serve as a unique mathematical structure, a string, representing a species. However, a genomeis typically

quite large (e.g., billions of basesfor the human genome)and also demonstratesslight di®erencesfrom one

individual of a speciesto another.
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Fix a genomic sequenceH that is a substring of somestring in G. Intuitiv ely, a genomic signature for an

organismis a mathematical structure µ(H ), typically a vector of numbersderived from H , which, ideally, can

be e±ciently computed, is signi¯cantly smaller to represent than H , and, if H is su±ciently representativ e

of G, can accurately identify the original organism even for relatively short lengths of H . The intent is that

the signaturesof other large substrings from G be highly similar to µ(H ) and distinguishably di®erent from

signaturesof other organisms. A genomicsignature is judged along two, typically antagonistic, dimensions:

(1) the amount of compressionachieved by µ(H ), and (2) its e®ectivenessin identifying the genomefrom

relatively short sequences.

The term \genomic signature" must not be confusedwith the term \gene expressionsignature" [67, 84],

although the two terms have been used interchangeably in a number of works [99, 7, 32, 124, 85, 19]. A

geneexpressionsignature is a distinct conserved model of geneexpressionpatterns observed in a set of genes

during speci¯c biological phenomenaor environmental conditions [67, 84]. Normark et al. [93] have used

the term \genomic signature" to represent long term genomice®ectsof the lossof sexand recombination on

asexualeukaryotic genomes.Cannon et al. [17] have usedit to represent probe sequencesthat are short (25

basesand less)primers that are hyper-dispersedin a probabilit y spaceof sequencesand generatedwithout

knowledgeof the target genome,while scientists who study the e®ectsof ionizing radiation on genomesuse

the term to indicate radiation-induced genomic changessuch as genecopy number and intra-chromosomal

aberrations [50, 65]. In this work, a genomic signature, as de¯ned in the previous paragraph, is a unique

mathematical structure strictly computed from sequencedata and conserved acrossreasonablylarge (a few

kilobases)subsequencesof a genomefor a wide range of subsequencelengths.

We proposea novel genomic signature called the de Bruijn chain signature µdbc. A de Bruin chain (DBC)

is a de Bruijn graph with an underlying ¯nite Markov Chain (Chapter 2). We derive the µdbc signature

by thinking of a genomicsequenceas a walk over a suitably de¯ned DBC. We then combine characteristic

properties of the stationary distribution of the underlying Markov chain with the manner in which the DBC

disintegrates on deleting edgesin a systematic manner, to obtain the µdbc signature. By de¯nition, the µdbc

signature retains featuresof genomicsequencesthat are di®erent from featuresretained by word-count based

signaturesexplored in related literature (SeeChapter 4). In this work, we explore the properties of the µdbc

signature and several other genomic signatures with an emphasison the identi¯cation of short unknown

DNA sequences.

The speciesfrom which a genomic sequenceis derived is its origin . A genomic sequenceX of unknown

origin is to be analyzed. We visualize X as an overlap of numeroussuccessive short sequencesof pre-de¯ned

length w each, in a speci¯c manner. The order is the above word length w at which a genomicsequenceis

analyzed. A signature µw (X ) of a pre-de¯ned type at order w, is computed from X and compared to the

2



samesignature at the sameorder w for the genomicsequencesof all specieswith sequencedgenomesusing

an algorithm proposed in this work. The correlations between µ(X ) and the existing signatures are used

to predict the origin of X . We demonstrate that the µdbc signature performs better than its competitors,

the di-nucleotidesodds ratio µdor and the word count vector µwcv . We further illustrate that combining the

strengths of the µdbc signature and the µdor signature results in higher accuracyof origin identi¯cation while

distinguishing betweendistant species.

Several applications of genomicsignaturesarepossible,someof which areasfollows. A databaseof signatures

of all fully or partially sequencedgenomescan be constructed. Apart from being a bene¯cial public resource,

such a databasewill enableidenti¯cation of the origin and/or closestrelativesof segments of unknown DNA.

An exhaustive database will lead to the discovery of new speciesand their placement on the tree of life

[81]. A sequenceidenti¯cation gadget constructed using this databaseand the algorithms we proposecan

be usedas a householdutilit y for testing food products for infectious microbial growth, screeninginsectsfor

parasites, and understanding the origin and properties of plants and animals in the surroundings. Such an

instrument will be invaluable to ecologists. The application of genomicsignatures to binning metagenomic

data can also be perceived.

Another aspect of sequencesthat are hypothesized to be generated by a Markov chain M is the order

of the underlying Markov chain M . We hypothesize that each genomeis generated, within a reasonable

approximation, by a Markov chain of unknown order. Given a sequenceH , we call such a Markov chain

M that generatesH , the generating Markov chain of H . Estimating the order of the generating Markov

chain will assist in understanding biological phenomenasuch as a di®erencein frequenciesof observed DNA

word1 patterns and repeats in the genome [52, 54]. We present an algorithm that usesfrequenciesof DNA

words at various orders to estimate the order of the Markov chain that generatesa given sequence.While

existing methodsarebasedon principles of entropy estimation, maximal °uctuation, and maximum likelihood

estimation, in this work, we proposea randomizedalgorithm for estimating the order of a generatingMarkov

chain within a framework of probabilit y distributions of its states and transitions.

This dissertation is organizedas follows. Chapter 2 de¯nes the fundamental mathematical conceptsusedin

this work. It also lays down the basic conceptual framework within which the rest of this work is organized,

and establishesnotation. Chapter 3 precisely de¯nes the computational problem at hand and describes its

various sub-problems and derivatives that are addressedin this work. In Chapter 4 we describe relevant

research in the scienti¯c literature related to this work and highlight their key contributions and impor-

tant results. Chapter 5 intro duces and de¯nes purely graph-basedsignatures. It establishesgraph-based

1A DNA word of length w is a string in § w
DNA .
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signatures as discriminating between speciesand conserved within a species. We also present comparisons

betweenexisting signatures in the literature and purely graph-basedsignatures. In Chapter 6 we intro duce

and de¯ne the novel de Bruijn chain signature µdbc. We explore its properties, both within a theoretical

framework, and using experimental methods. We establishits accuracyin origin prediction of unknown DNA

sequencesasgreater than the accuracyof any existing methods and present relevant results. In this chapter,

we establishthe superiorit y of the µdbc signature over existing signatures. We study the variation in accuracy

of origin prediction with varying sample sequencelength as well as order of the signature. In Chapter 7,

we explore the problem of predicting the order of the generating Markov chain of a given sequence. We

examine existing methods for doing so, and present a novel, sampling-basedapproach to predict the order

of the generatingMarkov chain of a given sequence.The complexity of this algorithm is much lessthan that

of existing methods. The dissertation is concluded in Chapter 8, where we summarizeour insights into the

area of genomicsignaturesand discussfuture directions of research.

The Appendix describes in detail the databasefor the Computational Models for Gene Silencing (CMGS)

project. Although unrelated to the central theme of this dissertation, the grant for the CMGS project was

responsible for funding this work.
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Chapter 2

De¯nition, Notation, and

Preliminaries

In this chapter, we de¯ne the essential conceptsfor a study of genomic sequencesand genomic signatures

within a graph-theoretic and formal languageframework. We build the fundamental framework and establish

necessarynotation.

2.1 Formal language background

Hopcroft and Ullman [60] and Lewis and Papadimitriou [77] are standard referencesfor formal language

concepts. An alphabet § is a non-empty, ¯nite set of symbols. In particular, the DNA alphabet is § DNA =

f A; C; G; Tg and the binary alphabet is § B = f 0; 1g. A string over § is a ¯nite sequenceof symbols, written

as a concatenation of symbols. For a string u over §, the length juj of u is its length as a sequence.The

sequenceATGCCA is a length-6 string over § DNA . The empty string ¸ is the unique string of length 0.

A single chromosomein a genomeis typically written as the string of nucleotides on one DNA strand. A

genomic sequence is a chromosomal sequenceor any substring of it. An organism's genomeG is the set of

all its chromosomalsequences.

The set of all strings over § is § ¤, an in¯nite set. If u; v 2 § ¤, and ¢ is the concatenation operator, the

concatenation u ¢v of u and v is the sequenceobtained by putting u before v; the concatenation u ¢v is

typically abbreviated uv. Clearly, juvj = juj + jvj. The concatenation of the two strings GGAG and TCC

5



from § ¤
DNA is GGAGTCC. The set § ¤ is a monoid [61] under concatenation, with identit y element ¸ . Let

u = ¾1¾2 ¢¢¢¾n 2 § ¤ be a string of length n. A string v 2 § ¤ is a substring of u if there exist strings

x; y 2 § ¤ such that u = xvy. A string v 2 § ¤ is a pre¯x of u if there exists a string x 2 § ¤ such that u = vx.

A string v 2 § ¤ is a su±x of u if there exists a string x 2 § ¤ such that u = xv. Including the empty string,

u has n + 1 pre¯xes and n + 1 su±xes.

For strings x and y with jxj · jyj, occ(x; y) is the count of occurrencesof x as a substring of y. We indicate

x being a substring of y by the expressionx @y. The frequency of x in y is

freq(x; y) =
occ(x; y)

jyj ¡ jxj + 1
:

Fix a word length w ¸ 1. The order-w state space is Sw = § w
DNA , the set consisting of the 4w words of

length w.

2.2 Mark ov chains

We are interested only in discrete-time stochastic processesthat have a ¯nite state space. Let X = f X i j

0 · ig be a set of random variables, indexed by non-negative integers,over the sameprobabilit y space,such

that each X i takes values in the state space Sw of X . The set X has the Markov property if, for all n ¸ 0

and all 0; 1; : : : ; n + 1 2 Sw , we have

Pr [X n +1 = n + 1 j X 0 = 0; X 1 = 1; : : : ; X n = n] = Pr [X n +1 = n + 1 j X n = n] :

If X has the Markov property, then it is a discrete time, ¯nite Markov chain, or simply, a Markov chain.

The Markov chain M is homogeneous in time if, for all m; n ¸ 0 and all j ; k 2 Sw , we have

Pr [X m +1 = m + 1 j X m = m] = Pr [X n +1 = m + 1 j X n = m] :

We will assumeall Markov chains are homogeneousin time. The resulting conditional probabilities

pk j = Pr [X n +1 = j j X n = k]

are the (stationary) transition probabilities of M .

Let s = jSw j. For easeof notation, we label the states in Sw so that Sw = f 1; 2; : : : ; sg. The transition

probability matrix of M is the s £ s matrix

PM =

0

B
B
B
B
B
B
@

p1;1 p1;2 : : : p1;s

p2;1 p2;2 : : : p2;s

...
...

. . .
...

ps;1 ps;2 : : : ps;s

1

C
C
C
C
C
C
A
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For all n ¸ 0, let ¹ n be the probabilit y distribution on X n . For a Markov chain M , the choice of ¹ 0, the

initial probability distribution, determinesevery other ¹ n . In fact, we have that

³
¹ n (1) ¹ n (2) : : : ¹ n (s)

´
=

³
¹ 0(1) ¹ 0(2) : : : ¹ 0(s)

´
Pn

M ;

written more simply as ¹ n = ¹ 0Pn
M . Let i; j 2 Sw be ¯xed states of M . State i is recurrent if

Pr [X n = i; for somen ¸ 1 j X 0 = i ] = 1;

otherwise, state i is transient. State i is absorbing if pi;i = 1. The period of state i is the greatest common

divisor of the set

f n ¸ 1 j Pr [X n = i j X 0 = i ] > 0g:

State i is periodic if its period is greater than 1; otherwise, it is aperiodic. The state pair (i; j ) communicates

if

Pr [X n = j ; for somen ¸ 1 j X 0 = i ] > 0:

The Markov chain M is ergodic if every pair of states communicates and if every state is recurrent and

aperiodic.

Let S be a genomicsequenceof length n. The generating Markov chain of S, G(S), is de¯ned asthe yet to be

characterized, hypothetical, Markov chain that generatesS. Consider the transition probabilities computed

for an order-w Markov chain using the counts of strings in Sw in S. De¯ne the empirical transition function

Pw;emp (S) as the transition probabilit y matrix obtained by enumerating all words of length w in S and

calculating probabilities of transitions betweenthem. De¯ne the derived transition function Pw;der (S) as the

transition probabilit y matrix obtained from Pw¡ 1;emp (S). Let x; y 2 Sw . Then,

Pw;der (x; y) = Pw¡ 1;emp (x[2: : : w ¡ 1]; y[2: : : w ¡ 1]);

and

Pw;emp (x; y) =
occ(x ¢y[w]; S)

occ(x; S)
:

Consider an empirical transition probabilit y matrix P3;emp (s) over § DNA and somestring s.

Let P3;emp (CCG; CGT) = 0:053. Then P4;der (AC CG; CCGT) = P3;emp (CCG; CGT) = 0:053.

A complexnumber ¸ that is a solution to the matrix equation PM v = ¸v is an eigenvalueof PM corresponding

to the eigenvector v. As the matrix equation has s, not necessarilydistinct, complex roots, we can list the

s roots as ¸ 1; ¸ 2; : : : ; ¸ s in decreasingorder by modulus. The set f ¸ 1; ¸ 2; : : : ; ¸ sg is the spectrum of PM .

7



Let x; y 2 Sw . If ¼is a probabilit y distribution on Sw such that

X

x 2S w

¼(x)P(x; y) = ¼(y);

then ¼is a stationary distribution . ¼is represented as an n¡ dimensional vector satisfying the property

¼T P = ¼T :

The distribution at time step 0 is denoted by ¼0. Additionally , the distribution at time step t is denoted by

¼t = ¼0P t . If ¼0 = ¼, then ¼t = ¼0P t = ¼for all t.

Two states i; j 2 Sw in the Markov chain M communicate if state j can be reached from state i and state

i can be reached from state j . Markov chain M is said to be irr educible when every pair of states in Sw

communicate. The period of a state i is de¯ned as the greatest common divisor g of the set

f n j Pr [X n = i j X 0 = i ] > 0g:

A state is said to be aperiodic when g = 1.

An irreducible ¯nite Markov chain is ergodic when all its states are aperiodic. For an ergodic Markov chain,

¼is unique and ¼t ! ¼as t ! 1 .

Further related material on Markov chains can be found in a number of references,including these[4, 5, 10,

14, 34, 46, 59, 104].

2.3 De Bruijn graphs

The order-w de Bruijn graph DBw = (Sw ; E ) over alphabet § is a directed graph, where (x i ; x j ) 2 E when

x i ¾= ¶xj , for some¾; ¶2 §; such an edgeis labeled ¾[103]. Figure 2.1 depicts de Bruijn graphs of orders

2 and 3 over the binary alphabet § B and the de Bruijn graph of order 2 over the DNA alphabet § DNA . As

observed, the vertex setsof the binary de Bruijn graphs of orders 2 and 3 are the set of all binary strings of

length 2 (f 00; 01; 10; 11g) and the set of all binary strings of length 3 (f 000; 001; 010; 011; 100; 101; 110; 111g),

respectively. Similarly, the vertex set of the DNA de Bruijn graph of order 2 is

§ 2
DNA = f AA ; AC; AG; AT; CA; CC; CG; CT; GA; GC; GG; GT; TA; TC; TG; TT g:

Let H 2 § ¤
DNA have length jH j = n. We think of H as a long genomicsequencethat traces a walk in DBw .

The vertex count of x i in H is vc(x i ; H ) = occ(x i ; H ), while the edgecount of edge(x i ; x j ) 2 E in H , where

x i ¾= ° x j , is ec((x i ; x j ); H ) = occ(x i ¾; H ). The order-w word count vector µwcv
w (H ) of H is the 4w -vector
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Figure 2.1: Schematic of de Bruijn graphs. (a) The order-2 de Bruijn graph over § B . (b) The order-3 de

Bruijn graph over § B ; the red line indicates a walk in the graph traced by the sequence0001110111000101.

(c) Representation of the de Bruijn graph DB2 over § DNA in terms of supernodes and superedges. Each

supernode consistsof the 4 nodes with the same1-symbol pre¯x in their labels and is closedby a dotted

boundary. An edge from a node to a supernode represents a set of edgesfrom the node to all nodes

in the supernode. For example, the edge from node AC to supernode C represents the set of edges

f (AC; CA) ; (AC; CC); (AC; CG); (AC; CT) g.
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Table 2.1: Nucleotide counts and frequenciesin various genomicsequences.
Sequence Length Nucleotide Coun ts (F requencies)

A C G T

E. coli 4639675 1142228 (0:246) 1179554 (0:254) 1176923 (0:254) 1140970 (0:246)

C. pneumoniae 1229858 363689 (0:296) 249149 (0:203) 249836 (0:203) 367115 (0:299)

B. burgdorferi 910724 323079 (0:355) 130760 (0:144) 129646 (0:142) 327196 (0:359)

A. thaliana , Chr 1 30268597 9711178 (0:321) 5436538 (0:180) 5422303 (0:179) 9698578 (0:320)

S. cerevisiae, Chr 12 1078173 330586 (0:307) 207778 (0:193) 207064 (0:192) 332745 (0:309)

Uniform 1 4000000 1001610 (0:250) 999091 (0:250) 1000543 (0:250 998756 (0:250

having components occ(x i ; H ), in lexicographic order. The corresponding order-w word frequency vector

is the 4w -vector having components freq(x i ; H ), in lexicographic order. In Figure 2.1(b), for instance, the

word count vector is h2; 2; 1; 2; 1; 2; 2; 2i . Nucleotide frequenciesvary between species,while, as Fickett et

al. [39] observe, the frequenciesof A's and T's (and henceof G's and C's) are approximately constant within

a single genome.This is illustrated in Table 2.1.

Now consider the Markov chain underlying the above de Bruijn graph DBw = (Sw ; E ). The said Markov

chain has state spaceSw and a sparsetransition probabilit y matrix with nonzero transition probabilities

only for edgesin DBw ; such a Markov chain is called an order-w de Bruijn chain (DBC) . Here, we use

DBCs in modeling of genomicsignatures,basedon the following intuition. Let DC be an order-w DBC with

4w £ 4w transition probabilit y matrix P = (pij ); here, pij is the probabilit y of a one-steptransition from

state x i to state x j [37]. P is sparse,with at most 4 nonzeroentries per row. The order-w DBC, DCw (H ),

for genomic sequence H has transition probabilities

pij =

8
<

:

ec(( x i ;x j ) ;H )
occ(x i ;H ) if occ(x i ; H ) > 0;

0 otherwise:

Genomicsequencesare su±ciently large and diversein their composition to ensureoccurrenceof all words in

Sw for reasonablysmall w 2 [1::5]. Any DBC generatingsuch a sequenceis irreducible. We alsoassumethat

DBCs generating genomic sequencesare aperiodic with ¯nite state space. Thus, we assumethat all DBC

are ergodic and hencethat there is a unique stationary distribution ¼= (¼i ) on Sw satisfying ¼P = ¼[37].

Ergodicit y may not hold in the caseof a short genomicsequenceconsisting of systematic repeats of a small

number of length-w words.

1Sequencegenerated by a Mark ov Chain with uniform transition probabilities.
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2.4 Genomic signatures

For a genomeG and a genomicsequenceH taken from G, a genomicsignature for H is a function µ, mapping

H to a mathematical structure µ(H ). Ideally, µ(H ) is e±ciently computable and can identify su±ciently

large substrings that comefrom G and accurately identify the origin genomeG of H from a set of genomes

by using the signature. In Chapter 5, we de¯ne several signaturescomputed from the structure of the DBC

and evaluate these and other signatures, such as the word frequency vector (µwf v ) and the dinucleotides

odds ratio signature (µdor ) [52, 53]. In Chapter 6 we study the behavior of the µdbc signature and present

associated empirical results [53].

Let H 2 § ¤
DNA have length jH j = n. Fixing word length w ¸ 1, we obtain DBw (H ), with associated

vc(x i ; H ) and ec((x i ; x j ); H ), where x i ; x j 2 Sw . Let Ã ¸ 0 be an integer threshold. Let E · Ã = f (x i ; x j ) 2

E j ec((x i ; x j ); H ) · Ãg, be the set of edgeswith counts at most Ã. Then edge deletion is the processof

deleting edgesin E · Ã from DBw , while varying Ã from 0 to ¥ = maxf ec((x i ; x j ); H ) j (x i ; x j ) 2 Eg and

deleting edgeswith tied counts in arbitrary order. As Ã increasesfrom 0 to ¥, the number of isolated vertices

increasesfrom 0 to 4w while the number of connectedcomponents increasesfrom 1 to 4w . The vertex deletion

order µvdo is the permutation of Sw giving the order in which vertices becomeisolated during edgedeletion.

Let Ãi be the smallestintegersuch that DBw (H ) haspreciselyi connectedcomponents. The component-based

edgedeletion vector µced is the 4w -vector whosei th component is the number of edgedeletionsrequired to go

from i ¡ 1 to i components. The vertex-based edgedeletion vector µved is the 4w -vector whosei th component

is the number of edgedeletions required to go from i ¡ 1 to i isolated vertices. The ordered vertex-based edge

deletion vector µoed is the 4w -vector whosei th component is the total number of edgedeletions required to

isolate the vertex x i , where x i is the i th element of Sw in lexicographic order. De¯ne the ordered vertex

isolation frequencyvector µov if asthe 4w -vector whosei th component is the frequencyof the last edgewhose

deletion isolates vertex labeled with the i th string in lexicographic order. The de Bruijn chain signature

µdbc is the 2 ¢4w -vector ¼w ¢µov if
w =4w¡ 1, where ¼w is the estimated stationary distribution for the order-w

de Bruijn chain and `¢' represents vector concatenation. Figure 2.2 illustrates the construction of the µdbc

signature.

For example, consider the E. coli K12 genome. Table 2.2 contains the order-2 transition matrix for this

sequence.

For the given transition matrix, the order-2 stationary distribution is

h0:0730 0:0552 0:0511 0:0668 0:0698 0:0584 0:0747 0:0511 0:0576 0:0827 0:0584 0:0552 0:0457 0:0576 0:0698 0:0730i .

The corresponding µov if
2 signature is
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µov if =4

Ordered vertex isolation frequencies: µov if
2

de Bruijn chain signature: µdbc
2

Genomic SequenceH

Stationary distribution: ¼2

Figure 2.2: Construction of the µdbc signature.

Table 2.2: Order 2 transition matrix for the E. coli genome.
AA A C A G A T CA CC CG CT GA GC GG GT T A TC TG TT

0: 322 0 : 243 0 : 187 0 : 245 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0: 228 0 : 291 0 : 285 0 : 195 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0: 237 0 : 340 0 : 213 0 : 210 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0: 205 0 : 279 0 : 247 0 : 269

0 : 237 0 : 205 0 : 321 0 : 237 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0: 317 0 : 176 0 : 321 0 : 187 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0: 206 0 : 332 0 : 251 0 : 211 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0: 114 0 : 179 0 : 438 0 : 268

0 : 313 0 : 204 0 : 159 0 : 324 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0: 249 0 : 241 0 : 299 0 : 209 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0: 207 0 : 342 0 : 176 0 : 275 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0: 205 0 : 213 0 : 259 0 : 322

0 : 325 0 : 248 0 : 127 0 : 299 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0: 313 0 : 209 0 : 267 0 : 209 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0: 259 0 : 295 0 : 265 0 : 181 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0: 203 0 : 247 0 : 227 0 : 323

12



001

010 101

011

110100

000 1110.27

0.73

0.55

0.45

0.64

0.36
0.5

0.5 0.82

0.18

0.45

0.55

0.77

0.23 0.3

0.7

(a)

001

010 101

011

110100

000 111

0.73

0.64

0.5

0.55

0.77 0.7

(b)

Figure 2.3: Construction of the µov if signature from an ed gecover. (a) The binary de Bruijn graph of order

3. (b) The edgecover from which valuesfor individual components of µov if
3 are taken.

h0:325 0:291 0:340 0:324 0:321 0:321 0:332 0:438 0:324 0:342 0:342 0:322 0:325 0:313 0:438 0:323i .

Therefore, the µdbc
2 signature for this speciesis

h0:073 0:0552 0:0511 0:0668 0:0698 0:0584 0:0747 0:0511 0:0576 0:0827 0:0584 0:0552 0:0457 0:0576 0:0698 0:0730

0:081 0:073 0:085 0:081 0:080 0:080 0:083 0:106 0:081 0:085 0:085 0:081 0:081 0:078 0:109 0:081i .

Our results (Chapter 6) indicate that the performance of the µdbc signature in predicting the origin of

short DNA sequencesis much better than the individual performancesof the ¼and µov if signaturesor the

individual performancesof any of the signatures described before. The individual components of the µov if
w

signature can alsobe visualized asweights on the edgesof an edgecover of DBw (H ). In the edgecover, each

vertex remainsconnectedthrough the strongestedge(edgewith highest frequency) incident on it. Figure 2.3

illustrates this point.

We compare a pair of signatures by computing the Pearson correlation coe±cient [115] between them.

Pearson'scorrelation re°ects the degreeof linear relationship between two variables. It rangesfrom +1 to

¡ 1. A correlation of +1 means that there is a perfect positive linear relationship between variables. A

correlation of ¡ 1 meansthat there is a perfect negative linear relationship betweenvariables. A correlation

of 0 meansthere is no linear relationship between the two variables. For vectors X and Y of length n, the
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Pearsoncorrelation coe±cient is computed as:

R(X ; Y ) =
n

P n
i =1 X i Yi ¡

P n
i =1 X i

P n
i =1 Yip

n
P n

i =1 X 2
i ¡ (

P n
i =1 X i )2

p
n

P n
i =1 Y 2

i ¡ (
P n

i =1 Yi )2
:

A pair of vectors can also be compared by calculating the distance between their transition probabilit y

matrices. The following distance measureshave been used in this work. Let x; y be vectors of n elements

each.

The Bray-Curtis or Sorensendistance betweenx and y is computed as

dbc(x; y) =
P n

i =1 jx i ¡ yi jP n
i =1 (x i + yi )

: (2.1)

If all x i ; yi are positive, 0 · dbc(x; y) · 1. A distance of 0 indicates equal sequences.

The Kul lback-Leibler distance is a directed discrepancymeasurebetweentwo functions. It is de¯ned as the

\information" lost when a function g is usedto approximate a function f , where f ; g are discrete functions,

and is given by

dK L (f ; g) =
nX

i =1

f i log
µ

f i

gi

¶
: (2.2)

f i gives the true probabilit y of the i th outcome, while gi gives the approximating probabilit y. dK L (f ; g) is

not necessarilyequal to dK L (g; f ). Becauseof this asymmetry, dK L is not a metric. dK L (x; y) is calculated

similarly.

The L1-distance or Manhattan distance betweenx and y is computed as

d(x; y) =
nX

i =1

jx i ¡ yi j: (2.3)

It takesvalues in the interval [0; 1 ).

The L2-distance or Euclidean distance betweenx and y is computed as

dL 2(x; y) =
p nX

i =1

(x i ¡ yi )2: (2.4)

It takesvalues in the interval [0; 1 ).

The Cosine distance betweenx and y is computed as

dcos(x; y) = 1 ¡
P n

i =1 (x i yi )P n
i =1 x2

i

P n
i =1 y2

i
: (2.5)

It takesvalues in the interval [0; 1].
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Chapter 3

Problem De¯nition

In this chapter, the central computational problem addressedin this dissertation is described. We de¯ne

\genomic signature" as a computational concept and characterize mathematical structures that conform to

this de¯nition.

As de¯ned in Chapters 1 and 2, a \genomic signature" is a mathematical structure that is e±ciently com-

putable from a genomicsequenceat hand, su±ciently representativ e of the sequencefrom which it is derived,

su±ciently di®erent from the genomicsignaturesderived from genomicsequencesof other genomes,and re-

quiring signi¯cantly smaller storagespacethan the sequenceitself.

Consider a signature function µ that takesa genomicsequenceas input and returns a signature as output.

Let SG = fG1; G2; : : : ; GN g be a set of N genomes. Recall that each genomecan be comprised of multiple

chromosomal sequences.Consider a genomeGi 2 SG. Let SGi = f H1; : : : ; HN Gi
g be the set of genomic

sequencesconstituting genomeGi . Consider a genomicsubsequenceS @H q 2 SGi of length n. Then µ(S)

should satisfy the following properties:

1. µ(S) shouldbe su±ciently representativeof the sequences in SGi . Mathematically, this meansthat for

a large range of n values, the distance between µ(S) and µ(H r ) for some H r 2 SGi should be very

small.

2. µ(S) should be su±ciently conserved within the genomeGi . This meansthat, for any genomicsubse-

quenceS0 @H r 2 SGi of length m, for a large range of values of m, the distance between µ(S) and

µ(S0) should be very small.

3. µ(S) should be su±ciently di®erent from the signatures of genomic sequences sampled from other
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genomes. For any genomic subsequenceS00 @ SGj , i 6= j , Gj 2 SG, the distance between µ(S) and

µ(S00) should be large, much larger in magnitude than the distance between µ(S) and µ(S0). It is

notable here that the distance between µ(S) and µ(S00) is generally dependent on their phylogenetic

separation.

4. µ(S) should be e±ciently computable. The complexity of computing the signature will already have a

large component contributed by the input sequencethat is to be scanned.So, the computation process

for the signature should be as inexpensive as possible.

5. µ(S) should require much lessspace than the input sequence. Sinceµ(S) is a prede¯ned mathematical

structure, a small, constant spacerequirement is ideal.

A direct application of genomic signatures is the processof identifying the origin of a DNA sequenceof

unknown origin. A genomicsequenceS whoseorigin is unknown is at hand. A databaseD of a pre-de¯ned

genomicsignature µ is precomputed. The origin of S is predicted by computing µ(S) and comparing it with

the signatures in D using a pre-de¯ned algorithm.

In the rest of this work, we intro duce several genomicsignatures and evaluate them with respect to origin

prediction.
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Chapter 4

Literature Review

In this chapter, we explore all types of genomic signatures proposed, derived, and used in the scienti¯c

literature. As discussedin Chapter 1, the term \genomic signature" has been used in two broad contexts.

In the ¯rst context, the term refers to unique imprin ts captured from the DNA sequencesof a genomeG

that have the power to distinguish between sequencessampled from G and sequencessampled from other

genomes.In the secondcontext, it refers to geneexpressionsignatures, which are distinct conserved models

of geneexpressionpatterns observed in a set of genesduring speci¯c biological phenomenaor environmental

conditions [67, 84]. We will limit ourselves to the discussionof genomic signatures in the ¯rst context.

The signatureswe will discussin this chapter are the dinucleotide odds ratio signature µdor , the word count

vector signature µwcv
w , the word frequency vector signature µwf v

w , and Chaos Game Representation (CGR)

images.

4.1 Din ucleotide odds ratio

A DNA word or an oligonucleotide is a short string of prede¯ned order over the DNA alphabet. Oligonu-

cleotide frequencieshave beendescribed ascharacteristic featuresof genomesin many works [18, 22, 27, 31,

33, 38, 64, 68, 70, 106, 123, 126, 127]. Karlin and Burge [68] were among the ¯rst to use the term genomic

signature. They de¯ne the dinucleotide odds ratio (µdor ) or relative abundance, which is the collection of 16

functions de¯ned for dinucleotidesX Y 2 § 2
DNA by

½X Y (H ) =
freq(X Y; H )

freq(X ; H ) freq(Y; H )
;
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where freq(x; H ) is the frequency of string x as a substring in H . As an example, consider the following

DNA sequence

S = ACGATACAGATCGATACGATACACCCCAAAA TTTGGGA GAGAGAGAGGGG:

S has length 50. The frequenciesof the mononucleotides A, C, G, and T are freq(A ; S) = 19=50 = 0:38,

freq(C; S) = 9=50 = 0:18, freq(G; S) = 15=50 = 0:30, and freq(T ; S) = 7=50 = 0:14. The frequenciesof the

dinucleotides in lexicographic order are

h0:0612; 0:1020; 0:1224; 0:1020; 0:0408; 0:0612; 0:0612; 0; 0:1837; 0; 0:1224; 0; 0:0612;

0:0204; 0:0204; 0:0408i :

As an example, the odds-ratio corresponding to the dinucleotide AC is computed as follows:

µdor
A C (S) =

freq(AC; S)
freq(A ; S) freq(C; S)

=
0:1020

(0:38)(0:18)
= 1:4912:

So, the dinucleotidesodds ratio signature µdor (S) is given by

µdor (S) = h½AA (S); ½A C (S); ½A G (S); ½AT (S); ½CA (S); ½CC (S); ½CG (S); ½CT (S);

½GA (S); ½GC (S); ½GG (S); ½GT (S); ½TA (S); ½TC (S); ½TG (S); ½TT (S)i

= h0:4238; 1:4912; 1:0737; 1:9173; 0:5965; 1:8889; 1:1333; 0; 1:6114; 0;

1:36; 0; 1:1504; 0:8095; 0:4857; 2:0816i :

Karlin and Burge observe that ½valuesare similar throughout a genomeand compareµdor for a number of

organisms. They alsonote that the variations in the dinucleotideabundanceswithin a genomeare limited and

proposeits useas a genomicsignature for discriminating genomicDNA. Figure 4.1 plots the µdor signatures

for 5 species.

Karlin et al. [70] observe that individual components of the µdor vector typically range from 0:78 to 1:23.

They use a normalized L1-distance, called delta-distance (±), to distinguish between species. Given the

dinucleotides odds ratio signatures µdor (S1) and µdor (S2) for two sequencesS1 and S2, respectively, the

±-distance betweenthem is computed as follows:

±(µdor (S1); µdor (S2)) =
1000
16

d
¡
µdor

S1
; µdor

S2

¢
:

Karlin et al. [70] compareand contrast genome-widecompositional biasesand distributions of short oligonu-

cleotidesacross15 diverseprokaryotesthat have substantial genomicsequencecollections. They observe that
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Figure 4.1: Plot of the µdor signaturesfor 5 species.The speciesshown are R. leguminosarum, M. leprae, P.

falciparum, E. coli, and H. sapiens chromosome21, using double stranded genomic DNA sequences.Note

the symmetry in the odds-ratios of dinucleotidesthat are reversecomplements of one another.
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the dinucleotide relative abundancepro¯les over multiple 50 Kb disjoint contigs within the samegenome

are approximately constant. They further note that the di®erencesbetween µdor vectors of 50 Kb sample

contigs of di®erent genomesalmost always exceedthe di®erencesbetweenthose of the samegenomes.

Campbell et al. [16] compare µdor signatures of prokaryotic, plasmid, and mitochondrial DNA. Their com-

parisons of µdor signatures for plasmids, both specialized and broad-range, and their hosts indicate that

plasmids and their hosts have substantially compatible (similar) genomesignatures. They also observe that

while mammalian mitochondrial (Mt) genomesare very similar, and animal and fungal Mt are generally

moderately similar, they diverge signi¯cantly from plant and protist Mt sets. 1 They ¯nd that in terms

of similarities between µdor signatures, archaea are not a coherent clade and contain some greatly diver-

gent species. They also found no consistent pattern of signature di®erencesamong thermophiles. They

group prokaryotes by environmental criteria (e.g., habitat propensities,osmolarity tolerance, chemical con-

ditions) and do not observe any tight correlations of genomesignatures in these groups. This does not

provide evidencefor the proposition of Karlin et al. [70] that dinucleotide composition could be related to

the determination of behaviors of speciesto various environmental conditions.

Gentles and Karlin [42] examine the µdor signature in sequencesof eukaryotic genomesand chromosomes,

including human chromosomes21 and 22, Saccharomyces cerevisiae, Arabidopsis thaliana, and Drosophila

melanogaster. They ¯nd that dinucleotide relative abundancesare remarkably constant acrosshuman chro-

mosomesand within the DNA of a particular species. They also observe that \din ucleotide biasesdi®er

betweenspecies,providing a genomesignature that is characteristic of the bulk properties of an organism's

DNA".

Jernigan and Baran [64] analyze 22 sequences,representing 19 species,to assessstabilit y of the signature

in windows ranging in size from 50 kilobases down to 125 bases. For each sequence,they compute the

distance of the global signature from the locally-computed signatures for all non-overlapping windows on

each sequence.They ¯nd that thesedistancesare log-normally distributed with nearly constant varianceand

with meansthat tend to zero slower than reciprocal squareroot of window size. Further, the mean distance

within genomesis larger for protist, plant, and human chromosomes,and smaller for archaea,bacteria, and

yeast, for any window size. They demonstrate empirically that the ±-distance between µdor signatures of

strings sampled within a genomeis approximately preserved over a wide range of string lengths, while it

varies for strings sampledfrom di®erent genomes.

1Protists are eukaryotic organisms that vary a lot from one another and are classi¯ed into the kingdom Protista.
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4.2 Chaos Game Represen tations (CGRs) of sequences

The second most widely-used method in the literature to visualize and study the composition of DNA

sequencesis ChaosGame Representation (CGR). Mathematically, the ChaosGame is an iterated function

system. CGR usesa two-dimensionalheat-map-style plot to provide a visual representation of composition

of a given DNA sequencein terms of DNA word frequencies. The tiled geometrical patterns in the CGR

sharpen with increasing DNA word lengths. Visualization of DNA sequencecomposition using CGRs was

¯rst proposedby Je®rey[63]. Subsequent work on CGRs involved mathematical characterization of CGRs

to predict the presenceor absenceof a sequencein any genefamily by using properties of CGRs asclassi¯ers

of gene families [35], analysis of CGR images to deduce that CGRs within a specieswere closely similar

while the di®erencesbetweenCGRs of two sequencesgrew with increasedphylogenetic separation [58], and

calculation of entropic pro¯les of DNA sequencesthrough analysisof their CGRs [94]. In 1993,Goldman [44]

assertedthat dinucleotide and trin ucleotide frequenciesalone explain the patterns observed in CGRs. In

2004,Wang et al. [129] challengedGoldmann's results. They concludedthat \if a CGRs resolution is 1=2k

and the DNA sequenceis much longer than k, this CGR is completely determined by all the numbers of

length k oligonucleotide occurrences". They also mention that the µdor signature and CGRs are related

and that all genomicsignatures are members of a spectrum of properties where each signature has its own

properties. In this work, distancesbetweenCGR imagesare also suggestedas a basis for phylogeny.

Deschavanne et al. [31] have deviseda graphic method which makes it possibleto show frequenciesof the

various words of a given length, by a CGR image with a fractal structure. Each pixel of the image is

dedicated to a word and the pixel intensity is proportional to the frequency of its associated word in the

genome. The resolution of the image determines the length of the studied words. At the lowest level are

the frequenciesof mononucleotides A, C, G, and T. The image showing mononucleotide frequencieshas

the smallest resolution; four pixels with each pixel allocated to one mononucleotide. This is illustrated by

the ¯rst image in Figure 1 in Deschavanne et al. [31], with the top-left square allocated to the frequency

of C, and the top-right, bottom-righ t, and bottom-left squaresallocated to the frequenciesof G, T, and

A, respectively. For every higher resolution-level, each pixel is broken up into four pixels while pre¯xing a

character from § DNA to it. The four cornersare assignedin the exact sameorder of the pre¯xed characters

as described above for the mononucleotide scenario. For example, sequencesof 2 basesgeneratedstarting

from the pixel for C are CC, GC, AC, and TC starting at the top-left square and moving clockwise one

squareat a time. Thus a 128 pixels-squareimage will describe frequenciesof all the 7 letter-words in the

analyzedgenomicsequence.The CGR imagesfor oligonucleotidesfrom length 1 to length 8 are presented in

the same¯gure in Deschavanne et al. [31]. The dictionary of all the words of ¯xed length usedin a genome

can therefore be visualized by a CGR image.
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Figure 4.2: Word count µwcv
2 signatures for ¯v e diversespecies.

Deschavanne et al. [31, 38] have constructed CGR images from oligonucleotide frequenciesand built the

application GENSTYLE, which predicts the approximate origin of a sequenceusing L1-distancesto oligonu-

cleotide frequencyvectors of all genomesequencesin the Entrez database,thus formally intro ducing CGRs

as a genomicsignature.

In the ¯rst ¯gure at the GENSTYLE website,Deschavanneet al. [29] useCGR imagesfor 7-long DNA words

to illustrate that the CGR imagemay vary signi¯cantly from onespeciesto another. While someimagesare

well-structured, others are chaotic with no obvious well-de¯ned structure. Also someregions of the image

can be astonishingly denserthan the remaining regions. In the fourth ¯gure, Deschavanne et al. [29] discuss

the diversity and conservation of the CGR image as a signature. They compare the CGR image for length

5 DNA words for the entire genomeof a speciesto CGR imagesof fragments of di®erent lengths sampled

from that genome. They observe that as the fragment size decreases,so does the resemblance of its CGR

image to the CGR image for its entire genome.

4.3 Word count vector signatures µwcv

The simple word count vector has also been used as a genomic signature in various works. Figure 4.2

illustrates the µwcv
2 signaturesof 5 diversespecies.
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For bacterial species, Coenye and Vandamme [22] correlate the ±-distance (Section 4.1) with 16S rDNA

sequencesimilarit y and DNA-DNA hybridization values. They demonstrate that the correlation between

the genomic signature and DNA-DNA hybridization values is high, while the overall correlation between

the genomic signature and 16S rDNA sequencesimilarit y is low, except for closely related organisms(16S

rDNA similarit y > 94%). For 57 prokaryotic genomes,Sandberg et al. [106] quantify the species-speci¯cit y

of µwf v
2 genomicsignaturesin the completegenomesof 57 prokaryotes. They con¯rm that the µwf v

2 genomic

signature is genome-wide,with high species-speci¯cit y in both coding and non-coding regions,and compare

G+C content, oligonucleotide frequency, and codon bias. Dufraigne et al. [33] and van Passelet al. [126]

employ oligonucleotide frequenciesto identify regions of horizontal gene transfer (HGT) in prokaryotes.

Carbone et al. [18] correlate the ecologicalnichesof 80 Eubacteria and 16 Archaeato codon bias usedas a

genomicsignature.

The application TETRA [123] usestetranucleotide frequenciesto calculate similarit y between sequences.

It stores tetranucleotide usagepatterns in all genomic sequencesavailable at NCBI. Based on a Markov

model, it evaluates the levels of over- and underrepresentation for each of the 256 possibletetranucleotides

in a submitted DNA sequence.Thesedata are then normalized via a z-transformation and their correlation

coe±cients to tetranucleotide frequenciesof existing genomesare calculated. TETRA is available both as a

stand-alonetool and a web-basedsystem at http://www.megx.net/tetra_new/index.html .

4.4 Gene fragmen ts as genomic barco des

DNA barcoding is a method of characterizing an organismusing a relatively short subsequenceof its genome

at an agreedupon position. Prof. Paul D. N. Hebert was the ¯rst to proposethe useof a speci¯c genomic

region as a genomic barcode. Hebert et al. [55] have establishedthat a 648 base long region in subunit I

of the mitochondrial genecytochrome c oxidase I (COI) can serve as the core of a global bioidenti¯cation

system for higher animals. This is basedon the concept that most eukaryotic cells contain mitochondria,

and hence,mitochondrial DNA (mtDNA), which has a fast mutation rate resulting in greater variation of

mtDNA betweenspeciesand much smaller variation of mtDNA within a species.

At a level of ¯ner detail the term DNA barcode di®ersslightly from the classicalde¯nition of a barcode. All

piecesof a product being sold or displayed are marked by the same11-digit barcode identi¯er. However,

the samecannot be said about the DNA barcode of di®erent individuals from the samespecies.Although a

DNA barcode is meant to be species-speci¯c, there is somevariation, albeit small, of DNA barcodeswithin

members of a species.
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Hebert et al. [57] tested the e®ectivenessof the 648-bpregionof the mitochondrial gene,cytochrome c oxidase

I (COI) in discriminating bird species. They determined COI barcodes for 260 North American birds and

found that each specieshas a di®erent COI barcode. Also, the di®erencesbetween closely related species

were,on average,18 times higher than the di®erenceswithin species.Their results identi¯ed 4 probable new

speciesof American birds, and they suggestedthat a global survey with a standard screeningof sequence

di®erenceof COI sequencescan identify new organismsquickly and inexpensively.

Next, Hebert et al. [56] applied DNA barcodes to the common neotropical skipper butter°y Astraptes ful-

gerator. They useda combination of natural history and morphological studies along with DNA barcoding

of museum specimensto show that A. fulgerator is a complex of at least 10 di®erent cryptic butter°ies

species2 from northwestern Costa Rica. However, Brower [15] challenged the results of Hebert et al. [56]

by conducting experiments that showed that at least 3, but not more than 7 mtDNA cladesthat may cor-

respond to the above cryptic speciesare supported by the evidence.He also addressedsomemethodological

and philosophical weaknessesof Hebert's claim that the DNA barcoding approach could serve as a proxy

for the arduous, painstaking work of genuine systematics. Thus, it can be concluded that the processof

delimiting speciesusing DNA barcoding is much dependent on the premisesand analytical methods usedby

the researchers. Hence,the results vary and are subjective.

Subsequently , Smith et al. [114] examined whether the cytochrome COI DNA barcode could function as a

tool for speciesidenti¯cation and discovery for the 20 morphospeciesof Belvosia parasitoid °ies (Diptera:

Tachinidae) that have been reared from caterpillars (Lepidoptera) in Area de Conservacio' n Guanacaste

(ACG), northwestern Costa Rica. They also found that barcoding not only discriminates among all 17

highly host-speci¯c morphospeciesof ACG Belvosia, but it also raisesthe speciescount to 32 by revealing

that each of the three generalist speciesare actually arrays of highly host-speci¯c cryptic species. In 2007,

Smith et al. [113] DNA-barcoded 2134 °ies belonging to what appeared to be the 16 most generalist of

the reared tachinid morphospecies. They encountered 73 mitochondrial lineagesseparatedby an average

of 4% sequencedivergenceand, as these lineagesare supported by collateral ecological information, and,

where tested, by independent nuclear markers (28S and ITS1), the authors therefore viewed these lineages

as provisional species. Each of the 16 initially apparent generalist specieswere categorizedinto one of four

patterns: (i) a singlegeneralistspecies,(ii) a pair of morphologically cryptic generalistspecies,(iii) a complex

of specialist speciesplus a generalist, or (iv) a complex of specialists with no remaining generalist. In sum,

there remained 9 generalist speciesclassi¯ed among the 73 mitochondrial lineagesanalyzed.

In [108], marine biologists Schander and Willassen proposethat DNA barcodescould be a very useful tool

2 Cryptic species are animals that appear morphologically identical but are genetically quite distinct.
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for taxonomy. They argue that barcodes could help to identify cryptic and polymorphic speciesand give

meansto associate life history stagesof unknown identit y and provide tools for higher taxonomic resolution

of disparate life forms in caseof ambiguousmorphology. However, they concludethat morphology and other

biological information about speciesis vital for their identi¯cation and cannot be madeobsoleteby barcodes.

In plants, the sameCOI genecould not be used as a barcode becauseof a much slower rate of COI gene

evolution in higher plants than in animals. In 2005,Kresset al. [71] proposedthe nuclear internal transcribed

spacerregion and the plastid trnH-psbA intergenic spaceras potentially usable DNA regions for applying

barcoding to °owering plants. They basedtheir proposition on the fact that internal transcribed spaceris

the most commonly sequencedlocus usedin plant phylogenetic investigations at the specieslevel and shows

high levelsof interspeci¯c divergence.The trnH-psbA spacer,although short (¼ 450-bp), is the most variable

plastid region in angiospermsand is easily ampli¯ed acrossa broad rangeof land plants. They comparedthe

total plastid genomesof tobaccoand deadly nightshadeenhancedwith trials on widely divergent angiosperm

taxa, including closelyrelated speciesin seven plant families and a group of speciessampledfrom a local °ora

encompassing50 plant families (for a total of 99 species,80 genera,and 53 families), and found results that

suggestthat the sequencesin this pair of loci have the potential to discriminate among the largest number

of plant speciesfor barcoding purposes.In 2008,however, Savloleinen and his team [72] undertook intensive

¯eld collections in two biodiversity hotspots (Mesoamericaand southern Africa). Using > 1600samples,they

comparedeight potential genomicregionsfor ideal DNA barcoding properties. They assessedto what extent

a \DNA barcoding gap" is present between intra- and interspeci¯c variations, using multiple accessions

per species. They identi¯ed a portion of the plastid matK gene that had an adequate rate of variation,

easyampli¯cation, and alignment, as a good DNA barcode for °owering plants. They also analyzed > 1000

speciesof Mesoamericanorchids, and DNA barcoding with matK alone revealedcryptic speciesand proved

useful in identifying specieslisted in the Convention on International Trade of EndangeredSpecies(CITES)

appendixes.

The prospect of cataloging ancient life using DNA barcodes was explored by Lambert et al. [73] in 2005.

They sequencedthe 5' terminus of the mitochondrial COI geneof individuals belonging to the moa of New

Zealand, a group of extinct ratite birds. They derived preciseinformation about the number of moa species

that existed using a phylogenetic approach basedon a large data set including protein coding and 12SDNA

sequences,as well as morphology. They showed that each moa specieshad a distinct COI barcode and that

the variation in COI barcodes among individuals of any moa specieswas low. They suggestedthat DNA

barcoding might also help detect other extinct animal speciesand build a large-scaledirectory of ancient

life.

Taxonomists saw the application of DNA barcodes to classify speciesas an oversimpli¯cation of rigorous

25



systematic taxonomic methods. It has been found that using an mtDNA barcode to assigna speciesname

to an animal will be ambiguous or erroneoussome23% of the time [86]. Studies with insects suggestan

equal or even greater error rate, due to the frequent lack of correlation between the mitochondrial genome

and the nuclear genomeor the lack of a barcoding gap [132]. Given that insects represent over 75% of all

known organisms[56], this suggeststhat while mtDNA barcoding may work for vertebrates, it may not be

e®ective for the majorit y of known organisms.

The Consortium for Barcoding of Life (CBOL) has built the Barcoding of Life Database (BOLD) [102].

BOLD provides a repository for barcode records coupled with analytical tools and serves as an online

workbench for the DNA barcode communit y. It also provides a speciesidenti¯cation tool that acceptsDNA

sequencesfrom the barcode region and returns a taxonomic assignment to the specieslevel when possible.

4.5 Classi¯cation of DNA fragmen ts by di®eren t metho ds

The genomicsignaturesdescribed in this chapter have beendemonstratedby investigators to vary very little

within a speciesand much more betweenspecies.While between-speciesvariations in signatureshave been

amply pointed out in the literature, systematic tests to determine the power of thesesignaturesin predicting

the origin of short DNA fragments have been rare. In this section, we summarize all e®orts made so far

in scienti¯c literature towards exploring the power of genomic signatures described in this chapter in the

classi¯cation of DNA fragments of unknown origin.

A few tests were conducted by Deschavanne and his team [31, 30] to study the conservation of the CGR

genomicsignature in DNA fragments. They observe that \images obtained from parts of a genomepresent

the samestructure as that of the whole genome" (Fourth ¯gure in [29]). They note that, with decreased

segment sizes,a distinct reduction in sharpnessof the imagesis observed. However, their overall structure

resembles the general design of the image for the genome. They carried out an analysis using 13 species:

A. fulgidus, B. subtilis, C. acetobutylicum, D. radiodurans, E. coli, H. sapiens, M. leprae, M. musculus,

M. tuberculosis, S. cerevisiae, S. pombe, T. maritiana , and V. cholerae. They randomly selecteda 100 kb

subsequencefrom each species. The euclidean distancesbetween the signature of the 100 kb subsequence

of one speciesand the signatures of the 100 kb subsequencesof other specieswere computed. The mean

distance of each speciesto other speciesis indicated by the stars in Figure 3(b) in Deschavanne et al. [31].

The quantile plots and the associated mean and standard deviations represent the distribution of distances

betweensignaturesof intra-genomic fragments. Deschavanneet al. [31] observe that the mean intra-genomic

distance is about 700, compared with 1900 for the mean inter-genomic distance. The right-most quantile

plot in the ¯gure represents the distribution of distancesbetweensignaturesof inter-genomic fragments.
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Deschavanne et al. [30] examine the e®ectof DNA word length and fragment length on the classi¯cation

e±ciency usingCGR images.The results aresummarizedin Figure 1 in [30]. The authors used16unspeci¯ed

genomesfor the experiment. They randomly sampled seriesof (100, 25, 10, 5, 1, 0:5 and 0:1 kb) non-

overlapping DNA fragments from each genomeand generatedthe corresponding CGR images. They observe

that whole genomepatterns are maintained even when the segment sizedecreases.In order to test to what

extent short DNA fragments shareproperties of the speciesthey derive from, the authors usean unsupervised

clustering technique to group fragments as a function of the characteristics of their word distribution. The

proportion of well-classi¯ed fragments is then computed by comparing the fragments to the origin. They

observe that the variabilit y of word frequencieswithin a genomedecreaseswhen the size of the fragment

increases. They also note that longer words may be more species-speci¯c although their frequency along

the genomemay be more variable. The proportion of well-classi¯ed fragments roughly increaseswith the

size of the fragment, whatever the length of the words consideredin the calculation. They, however, point

out that a surprising high proportion of 1 kb fragments is properly classi¯ed. Similarly, the proportion of

well-classi¯ed fragments increaseswith the length of the words, whatever the size of the fragment. Their

key observation is that, while a perfect classi¯cation is already achieved using 3 letter-words and 100 kb

fragments, the analysisof longer words is required to get good results when small fragments are considered.

They comment that the usageof long words (5-letters) seemsto be quite constant along each genomewhile

being also very species-speci¯c.

Next, we explore the literature that has utilized dinucleotide compositions to classify DNA fragments.

Nakashima et al. [89] analyzed human, yeast, and E. coli coding sequencesin terms of dinucleotide oc-

currences. In 16-dimensional space, they observed that the human and E. coli clusters were distinctly

separatedwhile that for yeastwaspositioned in between. They observed that genesfrom the sameorganism

wereclusteredin the space.Later, Nakashimaet al. [90] usedthe 16 normalized dinucleotide compositions to

analyzethe protein-encoding nucleotide sequencesin nine completegenomesincluding 3 Gram-negative bac-

teria (Escherichia coli, Haemophilusin°uenzae, Helicobacter pylori ), 2 Gram-positive bacteria (Mycoplasma

genitalium, Mycoplasmapneumoniae), onecyanobacterium (Synechocystis sp.), two archaea(Methanococcus

jannaschii, Archaeoglobusfulgidus), and one eukaryote (Saccharomyces cerevisiae). They extracted protein-

coding nucleotide sequencesfrom thesespeciesusing sequencesand feature tables from the DNA data bank

of Japan. They observed that, as expected, the dinucleotide composition is signi¯cantly di®erent between

the organisms. They found that using the dinucleotide composition alone the genesfrom the nine complete

genomescluster around their respective genomes'centers with 80% accuracy in dinucleotide composition

spaceusing Euclidean distancesto compute separation. They observe that the fact that the whole genome

compositions are close to compositions of coding regions suggeststhat the characteristic feature of dinu-

cleotides holds not only for protein coding regions but also noncoding regions. Despite all of the above
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observations, this work did not report experimental results on the e®ectivenessof the genomicsignature in

identifying targets accurately.

Karlin et al. [70] establisheddi®erencesamong µdor signaturesof 15 diverseprokaryotes. They observe the

constancy of µdor signatures of 50 kb sequencessampled from any genome. They also observe that the

separationsbetweenµdor signaturesof sequencessampledwithin a genomewere much lesson averagethan

the separationsbetweenµdor signaturesof sequencessampledfrom di®erent genomes.Even though Karlin et

al. [70] point out interesting oligonucleotidesof varying lengths in di®erent species,they do not comment on

the e±cacy of the µdor signature on target identi¯cation or the e®ectsof available sequencelength and word

length on it. Campbell et al. [16] point out the similarities in dinucleotide compositions of plasmidsand their

hosts but do not addressthe problem of target identi¯cation in their work, or the e®ectof the lengths of

sequencesavailable from hosts and plasmids on the similarit y betweenthem. Gentles and Karlin [42] make

the sameobservations, while examining the genomesof yeast,arabidopsis,and drosophila, but do not mention

anything formally about the mapping of short sequencesto their respective origins. Karlin et al. [69] show

that ±-distancesbetweendi®erent genomicsequencesin the samespeciesare low and are generally smaller

than the between-species±-distances. They point out extremes in short oligonucleotide over- and under-

representation in several species. They assesshomogeneity of the dinucleotide relative abundancepro¯le

through the delta-distance and proposethe following standards for measuring the similarit y of an available

sequenceto a putativ e target:

0 < ± < 15 random

15 < ± < 30 very close

30 < ± < 45 close

45 < ± < 65 moderately related

65 < ± < 95 distantly related

Based on this standard, Jernigan and Baran [64] examine 22 sequencesfrom 19 species and 17 genera

with the understanding that the sequenceis fundamentally non-stationary, exhibiting statistically signi¯cant

variations in base frequenciesbetween non-overlapping 50 kb windows in a genome. They state that the

scaled±-distance (±=
p

n), where n is the length of the sequence,is a statistical invariant for any benchmark

sequencegeneratedby a Markov chain exhibiting the samesignature as the given sequence.Their results

suggestthat pro¯les seenthrough smaller windows arestatistically closerto the global signature. The pro¯les

seenthrough larger windows tend toward the signature but local °uctuations tend to zeroslower than 1=
p

n

(i.e., the convergencerate is \sub-Mark ov"). For details, pleaseseeFigure 1 in [64].

All of the above results further reinforce the conserved nature of dinucleotide odds within a genome,but do
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not say much about inter-genomic distancesand how they contribute to origin prediction.

4.6 Summary

The signatures described in this chapter demonstrate that signatures di®er among species,but with the

exception of the CGR images, none formally addressthe amount of variation, identi¯cation of unknown

DNA, and the e®ectof short available sequencelength on thesesignatures. Moreover, they do not examine

sequencesfrom the point of view of the structure of a graph on which the sequencecan be de¯ned as a

walk. As part of our DNA Words program investigating mathematical invariants derived from genomes,

we examine the ¯nest scale in graph-theoretic terms, while integrating DNA word graph structure with

Markov chain properties. One frequently exploited observation is that a string over § DNA de¯nes a walk in

a suitably de¯ned de Bruijn graph. Closely related is the correspondenceof such a string to an Eulerian tour

in a suitably de¯ned multigraph. Applications include DNA physical mapping, DNA sequenceassembly,

and multiple sequencealignment problems [96, 97, 134, 101, 135]. We explore purely graph-basedgenomic

signatures and compare their performance with the word count vector and the dinucleotides odds ratio

signatures. We identify a graph-basedsignature that is competitiv e with the dinucleotidesodds ratio (most

e±cient among existing signatures), performing marginally better (See Chapter 5). We intro duce the de

Bruijn chain signature µdbc and demonstrate that it performs better than all existing genomic signatures

with emphasison target identi¯cation from short DNA segments (SeeChapter 6). This signature performs

much better than oligonucleotide frequencyvectors in di®erentiating among diversegenomes.We proposea

mathematical framework for characterizing the abilit y of the µdbc signature to distinguish betweengenomes

usingshort genomicsegments. Weexaminethe e®ectof di®erent orderson the e±ciency of the µdbc signature.

We also study relationships among e±ciency, genomevariation, and genomesize.
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Chapter 5

Purely graph-based genomic

signatures

5.1 In tro duction

A genomic sequenceH of length n de¯nes a walk over a de Bruijn graph DBw of order w. The de Bruijn

graph DBw over the DNA alphabet § DNA = f A; C; G; Tg has vertex set § w
DNA and edgeset § w+1

DNA . Using

a sliding window that moves one character at a time, vertex counts and edgecounts of DBw (H ) can be

recorded using occurrencesof w-mers in H . In this chapter, we explore various properties of the graph

DBw (H ) and structures that are conserved acrosssequencessampled randomly from a genomeand vary

betweensequencessampledrandomly from di®erent genomes.

5.2 Databases of organisms

To test the accuracyof these¯rst, purely graph-basedsignaturesin identifying an organismfrom its sequence,

we used a databaseof diversegenomic sequencesof various lengths, including ®-proteobacteria, infectious

bacteria, and eukaryotes. Table 5.1 identi¯es these genomic sequencesand the acronyms used for them in

this chapter.
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Table 5.1: List of genomicsequencesin the set of diversespecies.Bacterial and eukaryotic specieshave been

used.
Species Acron ym Sequence length NCBI iden ti¯er

Rhizobium leguminosarum RL 5:1 Mb NC008380

Erythrobacter litor alis EL 3:1 Mb NC007722

Mycobacterium leprae ML 3:3 Mb NC002677

Neisseria meningitidis NM 2:2 Mb NC008767

Plasmodium falciparum PF chr 12, 2:3 Mb NC004316

Pseudomonasaeruginosa PA 6:4 Mb NC002516

Streptococcus pneumoniae SP 2:1 Mb NC008533

Escherichia coli EC 4:7 Mb NC000913

Caenorhabditis elegans CE chr 1, 15:3 Mb NC003279

Homo sapiens HS chr 1, 228:7 Mb AC000044

Arabidopsisthaliana AT chr 4, 18:85 Mb NC003075

Saccharomyces cerevisiae SC chr 4, 1:6 Mb NC001136

5.3 The word count (frequency) vector signature µwcv (µwf v)

The word count vector signature µwcv of order w is de¯ned as the 4w long vector whose i th compo-

nent is given by occ(x i ; H ), where x i is the i th word in lexicographic order in § w
DNA . The word fre-

quency vector signature µwf v of order w is de¯ned as the 4w long vector whose i th component is given

by occ(x i ; H ) =(n ¡ w + 1), where x i is the i th word in lexicographic order in § w
DNA . Consider the DNA se-

quenceS = AAA CGAGTCATTCCTGA GGAGCACC. Here n = 25. The corresponding µwcv
2 (S) signature

is

h2; 2; 3; 1; 2; 2; 1; 1; 3; 1; 1; 1; 0; 2; 1; 1i ;

and sincen ¡ w + 1 = 24, the corresponding µwf v
2 (S) signature is

h0:0833; 0:0833; 0:125; 0:0417; 0:0833; 0:0833; 0:0417; 0:0417; 0:125; 0:0417; 0:0417; 0:0417; 0; 0:0833; 0:0417; 0:0417i :

In Chapter 4, the word count and word frequency vector and its variants have beendiscussedin detail, so

we will not discussits fundamental properties further. In the rest of this section,we proposea mathematical

framework within which we characterize the separation betweenthe µwf v signaturesof sequencesgenerated

by the sameDBC. We also characterize the separation betweenthe µwf v signaturesof sequencesgenerated

by di®erent DBCs. Thereafter, we describe empirical results that illustrate the conservation of the µwf v

signature within a genome.We also study the accuracyof the µwf v signature in origin prediction.
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5.3.1 Mathematical results for µwf v

Let DC be an ergodic, order-w DBC. Let H be a sequencegeneratedby DC, where jH j = n. If x i ; x j 2 Sw ,

the probabilit y of transition from state x i to state x j is given by pi;j , and the stationary probabilit y for x i

is ¼i .

Let x = ¾1¾2 : : : ¾w 2 § w
DNA . A period of x is an integer i , where 1 · i · w, such that x[1: : : i ] =

x[w¡ i + 1: : : w]. Two occurrencesH [i : : : i + w¡ 1] and H [j : : : j + w¡ 1] of x in H overlap if i · j · i + w¡ 1

or j · i · j + w ¡ 1. An x-clump in H is a maximal subsequenceof one or more consecutive overlapping

occurrencesof x. For example,2 is a period of x = AACAA, and AACAACAACAACAA is a clump with 4

occurrencesof x. Waterman [130] notes that the count of a rare DNA word in H is a function of the number

of x-clumps in H , which approximately follows a Poisson distribution [130], with parameter ¸ ¯ (derived

below). Let x be a DNA word with shortest period d. Then a declumping event with respect to x is de¯ned

as the event of not observing the string x0 = x[1: : : d]. Supposethe probabilit y of occurrenceof x0 is px .

Then the probabilit y of a declumping event is given by qx = 1 ¡ px . The number of occurrencesof x within

a clump is approximately geometric with mean 1=px [130].

Lemma 5.1. Let X x be the random variable that is the number of occurrencesof word x in genomicsequence

H . Then the probability generating function of X x is

f X x (t) = exp
µ

¸ x (t ¡ 1)(1 ¡ px )
1 ¡ qx t

¶
:

Proof. Let Z be the random variable that is the number of x-clumps in H , and let Ci be the number of

occurrencesof x in the i th clump. Hence,

X x =
ZX

i =1

Ci :

SinceZ has (approximately) a Poissondistribution with parameter ¸ x , the probabilit y generating function

for Z is

f Z (t) =
1X

k=0

e¡ ¸ x
(¸ x t)k

k!
= e¸ x ( t ¡ 1) :

The probabilit y generating function for each Ci is

f C (t) = px

1X

k=0

(qx t)k =
px

1 ¡ qx t
:

Assuming independenceof the Ci , the probabilit y generating function for X x is

f X x (t) = f Z (f C (t)) = exp
µ

¸ x

µ
px

1 ¡ qx t
¡ 1

¶¶
= exp

µ
¸ x (t ¡ 1)(1 ¡ px )

1 ¡ qx t

¶
:

¤
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Lemma 5.2. E [X x ] =
¸ x qx

px
and Var [X x ] =

¸ x qx

px

µ
2qx

px
+ 1

¶
.

Proof. By results in [37], E [X x ] = f 0
X x

(1) and Var [X x ] = f
00

X x
(1) + f

0

X x
(1) ¡ (f

0

X x
(1))2.

f
0

X x
(t) = exp

µ
¸ x (t ¡ 1)(1 ¡ px )

1 ¡ qx t

¶ µ
¸ x (1 ¡ px )

1 ¡ qx t
+

qx ¸ x (t ¡ 1)(1 ¡ px )
(1 ¡ qx t)2

¶
:

f
00

X x
(t)

= f
0

X x
(t)

µ
¸ x (1 ¡ px )

1 ¡ qx t
+

qx ¸ x (t ¡ 1)(1 ¡ px )
(1 ¡ qx t)2

¶
+ f X x (t)

µ
2qx ¸ x (1 ¡ px )

(1 ¡ qx t)2 +
2q2

x ¸ x (t ¡ 1)(1 ¡ px )
(1 ¡ qx t)3

¶
:

We have

E [X x ] = f
0

X x
(1) =

¸ x qx

px
:

Now,

f
00

X x
(1) =

¸ 2
x q2

x

p2
x

+
2¸ x q2

x

p2
x

:

Therefore,

Var [X x ] = f
00

X x
(1) + f

0

X x
(1) ¡ (f

0

X x
(1))2

=
¸ 2

x q2
x

p2
x

+
2¸ x q2

x

p2
x

+
¸ x qx

px
¡

¸ 2
x q2

x

p2
x

=
¸q x

px

µ
2qx

px
+ 1

¶
:

The lemma follows from the above calculations. ¤

Lemma 5.3. Let H be a genomic sequence of length n, and let Âw
H be its word count vector. Fix threshold

¿ > 0. Then

Pr [d (Â; E [Â]) ¸ 4w ¿] ·
X

x 2S w

n¼x

¿2

µ
2qx

px
+ 1

¶
:

Proof. Let Âw
H = (X 1; X 2; : : : X 4w ). Since E [X x ] = n¼x = (¸ x qx )=px , we have ¸ x = (n¼x px )=qx . The

distance betweenÂ and E [Â] is d (Â; E [Â]) =
X

x 2S w

jX x ¡ E [X x ] j. By Chebyshev's bound and Lemma 5.2,

we obtain

Pr [jX x ¡ E [X x ] j ¸ ¿] ·
Var [X x ]

¿2 =
¸ x qx

px ¿2

µ
2qx

px
+ 1

¶
=

n¼x

¿2

µ
2qx

px
+ 1

¶
:

The lemma follows from the resulting inequality:

Pr [d (Â; E [Â]) ¸ 4w ¿] ·
X

x 2S w

Pr [jx ¡ E [x] j ¸ ¿] :
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¤

Theorems5.4 and 5.5 addressthe abilit y of word count vectors to identify and distinguish DBCs.

Theorem 5.4. Let DC be an order s DBC. Let H 1 and H2 be two genomic sequences of length n generated

independently by DC. Let Â1 and Â2 be their respective order-w word count vectors. Then,

Pr
£
d (Â1; Â2)) ¸ 2 ¢4w ¿

p
n

¤
·

2
¿2 (2 ¢4w ¡ 1):

Proof. The component-wise expectedvaluesin Â1 and Â2 are the same. Their expecteddi®erenceis therefore

the 0 vector. Therefore,

d (Â1 ¡ E [Â1] ; Â2 ¡ E [Â2]) = d (Â1; Â2) :

Furthermore using T = ¿
p

n we obtain,

Pr [d (Â1; E [Â1]) ¸ 4w T] = Pr [d (Â2; E [Â2]) ¸ 4w T] :

Using the above equationsand Lemma 5.3, we obtain

Pr [d (Â1 ¡ E [Â1] ; Â2 ¡ E [Â2]) ¸ 2 ¢4w T] = Pr [d (Â1; Â2) ¸ 2 ¢4w T] :

Pr [d (Â1; Â2) ¸ 2 ¢4w T] · Pr [d (Â1; E [Â1]) ¸ 4w T] + Pr [d (Â2; E [Â2]) ¸ 4w T]

= 2
X

x 2S w

n¼x

T2

µ
2qx

px
+ 1

¶
:

If x0 = x[1: : : d], where d is the smallest period of x, jxj ¸ jx0j. Therefore, px ¸ ¼x and
qx

px
·

1 ¡ ¼x

¼x
, which

yields

Pr [d (Â1; Â2) ¸ 2 ¢4w T] ·
2
¿2

X

x 2S w

¼x

µ
1 ¡ ¼x

¼x
+ 1

¶

=
2
¿2

X

x 2S w

(2 ¡ ¼x ) :

From the above results we have

Pr
£
d (Â1; Â2) ¸ 2 ¢4w ¿

p
n

¤
·

2
¿2 (2 ¢4w ¡ 1):

¤

Let H1 and H2 be genomicsequencesof length n, generatedindependently by DBCs DC1 and DC2 of orders

s1 and s2, respectively. Let Â1 = ÂH 1
1 and Â1 = ÂH 2

2 be their order-w word count vectors. This assumption

formalizes the separation of genomicsequencesobtained from di®erent organisms.
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Assumption 5.1. There exists a non-negative real number ° 2 (0; 1] such that

Pr
£
d (E [Â1] ; E [Â2]) ¸ 3 ¢4w ¿

p
n

¤
¸ ° :

Then, the distance d(Â1; Â2) can distinguish DC1 and DC2.

Theorem 5.5. let X x; 1 and X x; 2 denotethe counts of x in H 1 and H2, respectively. Assuming that H 1 and

H2 are both generated by Markov chains DC0
1 and DC0

2 of order w, let ¼x; 1 and ¼x; 2 denote the stationary

probabilities of state x in DC0
1 and DC0

2, respectively. If there exists a constant ° as in Assumption 5.1 then,

Pr
£
d (Â1; Â2) ¸ 4w ¿

p
n

¤
¸ ° ¡

2
¿2 (2 ¢4w ¡ 1):

Proof. Treating d (Â1; Â2), d (Â1; E [Â1]), d (Â2; E [Â2]), and d(E [Â1] ; E [Â2]) as distancesd, d1, d2, and d3,

respectively, in 1-dimensionalspaceand using T = ¿
p

n we obtain,

d3 · d + d1 + d2

Pr [d3 ¸ 3 ¢4w T] · Pr [d ¸ 4w T] + Pr [d1 ¸ 4w T] + Pr [d2 ¸ 4w T] :

From Assumption 5.1, Lemma 5.3, and ¼x · px we obtain,

° · Pr [d (Â1; Â2) ¸ 4w T] +
X

x 2S w

n¼x; 1

T2

µ
2qx; 1

px; 1
+ 1

¶
+

X

x 2S w

n¼x; 2

T2

µ
2qx; 2

px; 2
+ 1

¶
;

Pr
£
d (Â1; Â2) ¸ 4w ¿

p
n

¤
¸ ° ¡

1
¿2

X

x 2S w

(2 ¡ ¼x; 1) ¡
1
¿2

X

x 2S w

(2 ¡ ¼x; 2)

= ° ¡
1
¿2 (2 ¢4w ¡ 1) ¡

1
¿2 (2 ¢4w ¡ 1)

= ° ¡
2
¿2 (2 ¢4w ¡ 1):

The theorem follows. ¤

By Theorem 5.5, the probabilit y that the distance between the word count vectors of sequencesgenerated

by di®erent DBCs exceeds4w ¿
p

n, increaseswith ¿. Sequencesassumedto be generatedby two di®erent

DBC with su±ciently di®erent stationary distributions would have a high probabilit y of being separatedby

a large distance.

5.3.2 Empirical results for the µwcv signature

In this section, we examinethe properties of the µwcv signature within genomicsequencesof a diverseset of

genomes.

35



First, we computed µwcv signaturesof orders 2 and 3 for entire chromosomalsequencesof AT chromosomes

I, I I, and I I I, CE chromosomesI, I I I, and IV, and SC chromosomesIV, V, and VI I I. We then computed

Pearsoncorrelation between the signatures of each pair of chromosomes.Figure 5.1 illustrates the results.

Figure 5.1(a) contains the results corresponding to order-2 µwcv signatureswhile Figure 5.1(b) contains the

results corresponding to order-2 µwcv signatures. Each rectanglewith rounded cornersillustrates the Pearson

correlation coe±cients betweenthe µwcv signaturesof chromosomalsequenceswithin genome.Edgesbetween

rectanglesindicate the range of Pearsoncorrelation coe±cients betweenthe µwcv signaturesof each of the 9

pairs of chromosomesfor every pair of organisms.

Observe that the range of Pearsoncorrelation coe±cients betweenthe chromosomalsequencesof a genome

is not very di®erent from the range of Pearsoncorrelation coe±cients between the chromosomal sequences

of two di®erent genomesirrespective of the order of the µwcv signature. It is expected of a good genomic

signature that the rangeof Pearsoncorrelation coe±cients betweengenomesbe lower in magnitude than the

range of Pearsoncorrelation coe±cients within a genome. This property is not demonstrated by the µwcv

signature as is illustrated in Figure 5.1. Therefore, we study graph-basedsignatures to examine if they are

competitiv e with word-count basedsignatures.

Next, we examined the accuracy of the µwcv signature in predicting the origin of relatively short DNA

sequences. Figure 5.2 illustrates the results. From each specieson the x-axis, 100 sequencesamplesof

of length 10 kb each were randomly sampled. For each sample, the µwcv
2 signature was computed and its

distancecomputed from each µwcv
2 signature in the set of 12 genomicsignaturesfor all specieson the x-axis.

The specieswith the closest distance was predicted as the origin of the sample. The number of correct

predictions is the accuracy, which is plotted on the y-axis. Although the µwcv
2 signature is not able to

e®ectively distinguish betweenentire chromosomalsequencesof di®erent species,it can predict the origin of

short DNA sequenceswith higher accuracy than was expected from the results in Figure 5.1.

5.4 The edge deletion cycle

Let Ã ¸ 0 be an integer threshold. Let E · Ã = f (i; j ) 2 E j ec(( i; j ); H ) · Ãg be the set of edgeswith

counts at most Ã. Then edge deletion is the processof deleting edgesin E · Ã from DBw , while varying Ã

from 0 to ¥ = maxf ec(( i; j ); H ) j (i; j ) 2 Eg and deleting edgeswith tied counts in arbitrary order. The

Ã-edgedeletion of DBw is DBw (Ã) = (S ; E ¡ E · Ã ). As Ã increasesfrom 0 to ¥, the number of connected

components in DBw (Ã) increasesfrom 1 to 4w , while the number of isolated vertices increasesfrom 0 to 4w .

Figures 5.4, 5.5, 5.6 and 5.7 illustrate the various stagesof edgedeletion in the order-3 DBC over the binary
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Figure 5.1: Pearsoncorrelation coe±cients betweenµwcv signatures of AT, CE, and SC. µwcv signatures of

orders (a) 2 and (b) 3 have beenused.
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Figure 5.2: Accuracy of the µwcv
2 signature. DNA fragments of length 10 kb and a databaseof 12 diverse

specieshave beenused.

alphabet shown in Figure 5.3.

5.5 The vertex deletion order signature µvdo

In the courseof an edgedeletion cycle, verticesof the DBC becomeisolated. The number of isolated vertices

increasesfrom 0 at the beginning of the edgedeletion cycle to jV j at the end of the edgedeletion cycle,

where jV j is the number of vertices in the DBC. The vertex deletion order µvdo is the permutation of Sw

giving the order in which vertices becomeisolated during edgedeletion.

Figure 5.8 contains the graphical representations of the µvdo
2 signaturesof several species,including multiple

chromosomesof some species. Observe that the µvdo
2 signatures of di®erent organisms are very di®erent

from each other. The µvdo
2 signatures of two closely related speciesC. pneumoniae and C. muridarum are

very similar. The µvdo
2 signatures of two di®erent AT chromosomesare almost the same, as are the µvdo

2

signaturesof three di®erent SC chromosomes.Figures 5.9 and 5.10 contain the graphical representations of

µvdo
3 signatures of AT and SC chromosomes.Figure 5.11 (a) illustrates the Pearsoncorrelation coe±cients

betweenthe µvdo
2 signaturesof the 16SCchromosomeswhile Figure 5.11(b) illustrates the Pearsoncorrelation

coe±cients betweenthe µvdo
3 signaturesof the 16 SC chromosomes.Similarly, Figure 5.12 (a) illustrates the

Pearsoncorrelation coe±cients betweenthe µvdo
3 signaturesof the 5 AT chromosomeswhile Figure 5.12 (b)
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Figure 5.3: A binary DBC of order 2 with edgecounts.

illustrates the Pearsoncorrelation coe±cients betweenthe µvdo
3 signaturesof the 6 CE chromosomes.Observe

that the µvdo signature is conserved very well betweenthe genomicsequencesof a given genome. However,

while the µvdo signature is conserved very well within a genome,it is not very e®ective at distinguishing

betweengenomesas is illustrated in Figure 5.13.

5.6 The comp onent-based edge deletion vector µced

In the courseof an edge-deletioncycle, the number of connectedcomponents in the DBC increasesfrom 1 at

the beginning of the edgedeletion cycle to jV j at the end of the edgedeletion cycle. Let Ãi be the smallest

integer such that DBw (Ãi ) has precisely i connectedcomponents. The component-based edgedeletion vector

µced is the 4w -vector whose i th component is the number of edgedeletions required to go from i ¡ 1 to i

components. Figure 5.14shows the µced
2 signaturesfor the entire chromosomalsequencesof several sequences.

The abilit y of the µced
3 signature to distinguish betweenthe chromosomalsequencesof the three speciesAT,

CE, and SC is better than that of the µwcv
3 and µvdo

3 signaturesas is illustrated in Figure 5.15. However, the

accuracyof the µced
2 signature in identifying the origin of a short DNA sequenceof length 10 kb is much less

than the accuracyof the order-2 signaturesdiscussedso far as illustrated in Figure 5.16.

5.7 The ordered vertex-based edge deletion vector µoed

The vertex-based edge deletion vector µved is the 4w -vector whose i th component is the number of edge

deletions required to go from i ¡ 1 to i isolated vertices. The ordered vertex-based edgedeletion vector µoed
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Figure 5.4: Edge deletion cycle - I. Edge deletion cycle steps: 1, 2, 3, and 4.
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Figure 5.5: Edge deletion cycle - I I. Edge deletion cycle steps: 5, 6, 7, and 8.
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Figure 5.6: Edge deletion cycle - I I I. Edge deletion cycle steps: 9, 10, 11, and 12.
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Figure 5.7: Edge deletion cycle - IV. Edge deletion cycle steps: 13, 14, 15, and 16.
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Figure 5.8: µvdo
3 signaturesof entire chromosomesof various species.

44



Figure 5.9: µvdo
3 signaturesof entire chromosomesof SC and AT.
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Figure 5.10: µvdo
3 signaturesof entire chromosomesof CP, CM, CE, BB, and HS.
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Figure 5.11: Pearsoncorrelation coe±cients between µvdo signatures of the 16 SC chromosomes. (a) µvdo
2

signaturesand (b) µvdo
3 signatureshave beenused.
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Figure 5.12: Pearsoncorrelations betweenµvdo
3 signaturesof chromosomesof (a) AT and (b) CE. Chromo-

somal sequencesof the 5 AT chromosomesand 6 CE chromosomeshave beenused.
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Figure 5.14: µced
2 signaturesof various species.Complete chromosomalsequenceshave beenusedto generate

signatures. The ¯rst ¯gure correspondsto the µced
2 signature for a sequencegeneratedby a DBC with uniform

transition probabilities.
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Figure 5.16: Accuracy of ¯rst hits of the µced
2 signature. Samplesequencesof length 10 kb and a database

of 12 diversespecieshave beenused.
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is the 4w -vector whosei th component is the total number of edgedeletions required to isolate the vertex x i ,

where x i is the i th element of Sw in lexicographic order. Figure 5.17 illustrates that the µoed
3 bar code of

each speciesis unique and su±ciently di®erent from the µoed
3 bar codesof other species.

The accuraciesof origin prediction of the three signaturesµwcv
2 , µdor

2 , and µoed
2 werecomparedin two scenarios.

The ¯rst scenario consisted of testing the accuracy of origin prediction, while choosing from an existing

databaseconsisting of signatures of far-away species. We used 12 speciesfor this purposeas described in

Table 6.1. Sequencesof length 50 kb that were randomly sampled from genomicsequencesof thesespecies

were usedas input data. The results are shown in Figure 5.18(a).

The secondscenarioconsistedof testing the accuracy of origin prediction while choosing from an existing

database consisting of signatures of closely-related species. We used 20 speciesfor sampling purposesas

described in Table 6.2, while the databaseconsistedof signaturesof 52 ®-proteobacteriaaslisted in Table 5.2.

In this work, we have excludedplasmids from all experiments involving bacteria. Sequencesof length 50 kb

that were randomly sampled from genomicsequencesof thesespecieswere usedas input data. The results

are shown in Figure 5.18(b).
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(a)

(b)

Figure 5.17: µoed
3 signaturesfor (a) 4 prokaryotes and (b) 4 eukaryotes. Numbers denote chromosomes.The

above is a gray scalerepresentation. Each shaded-barrepresents a speci¯c component in the signature.
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Table 5.2: List of 53 ®-proteobacterial species. List of ®-proteobacteria

and their genomic sequencesused to build a large database of closely-

related species.

Species Size NCBI accession num bers

A. marginale 1214881 NC004842

A. phagocytophilum 1492378 NC007797

A. tumafaciens 2882199 NC003062, NC003063, NC003304, NC003305

B. abortus, chromosomes1, 2 2154688 NC006932, NC006933

B. bacil liformis, KC583 1465745 NC008783

B. henselae,Houston-1 1958717 NC005956

B. japonicum, USDA-110 9235994 NC004463

B. melitensis, 16M, chromosomes1,

2

2147476 NC003317, NC003318

B. melitensis, biovar-Abortus-2308,

chromosomes1, 2

2151768 NC007618, NC007624

B. quintana 1604058 NC005955

B. suis, chromosomes1, 2 2137988 NC004310, NC004311

C. crescentus 4074408 NC002696

C. pelagibacter, ubique-HTCC1062 1327544 NC007205

E. canis, Jake 1333891 NC007354

E. cha®eensis, Arkansas 1193136 NC007799

E. litor alis, HTCC2594 3096085 NC007722

E. ruminantium, Gardel 1521430 NC006831

E. ruminantium, Welgevonden 1534678 NC006832

G. bethesdensis,CGDNIH1 2747130 NC008343

G. oxydans, 621H 2740851 NC009977

H. neptunium, ATCC-15444 3758031 NC008358

Jannaschia sp. CCS1 4379731 NC007802

Mesorhizobium sp. BNC1 4475553 NC008254

M. loti 7136665 NC002678

M. magneticum, AMB-1 5038190 NC007626

M. maris, MCS10 3416978 NC008347

N. aromaticivor ans, DSM-12444 3612554 NC007794

N. hamburgensis, X14 4470001 NC007964

N. winogradskyi 3450775 NC007406
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P. denitri¯c ans, PD1222, chromo-

somes1, 2

2893125 NC008686, NC008687

R. bellii, RML369-C 1543895 NC007940

R. conorii, Malish7 1286962 NC003103

R. denitri¯c ans, OCh-114 4192225 NC008209

R. etli 4444225 NC007761

R. felis, URRWX Cal2 1506440 NC007109

R. leguminosarum 5129417 NC008380

R. palustris, BisA53 5584227 NC008435

R. palustris, BisB18 5592696 NC007925

R. palustris, BisB5 4962694 NC007958

R. palustris, CGA009 5537284 NC005296

R. palustris, HaA2 5407903 NC007778

R. prowazekii, Madrid-E 1127486 NC000963

R. rubrum, ATCC-11170 4415090 NC007643

R. sphaeroides, 2. 4. 1 3234254 NC007493

R. typhi, Wilmington 1127456 NC006142

S. alaskensis,RB2256 3393039 NC008048

Silicibacter sp. TM1040 3246738 NC008044

S. meliloti 1373665 NC003037, NC003047, NC003078

S. pomeroyi, DSS-3 4168226 NC003911

Wolbachia, Brugia malayi endosym-

biont

1095613 NC006833

Wolbachia, Drosophila melanogaster

endosymbiont

1285992 NC002978

Z. mobilis 2085879 NC006526

5.8 Discussion and Conclusions

To compare the accuraciesof the three signatures we used sequencesamplesof fairly large length, i.e., 50

kb. From Figure 5.18(a), we observe that the µoed
2 signature outperforms the µwf v

2 signature 4=12 times

while the latter outperforms the former 4=12 times. Similarly, the µoed
2 signature outperforms the µdor

2
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signature 5=12 times while the µdor
2 signature outperforms the µoed

2 signature 5=12 times. From the plot in

both Figure 5.18(b), we observe that the µoed
2 signature outperforms the µwf v

2 signature 11=20 times while

the latter outperforms the former 8=20 times. Similarly, the µoed
2 signature outperforms the µdor

2 signature

10=20 times while the µdor
2 signature outperforms the µoed

2 signature 9=20 times. Observe also, that, while

distinguishing a DNA segment sampledfrom R. leguminosarum is more accurateusing a databaseof diverse

species,the identi¯cation becomeslessaccuratewhen a databaseof closely-relatedspecies.While it appears

that the graph-basedµoed
2 signature is evenly matched with both the dinucleotide frequencybasedsignatures,

it is notable that their performancesare complimentary to each other. For instance, observe that, in the

caseof B. suis, the graph-basedµoed
2 signature performs much better than the µdor

2 and µwcv
2 signatures.

suggestingthat the sequencefeaturescaptured by the µoed
2 signature are more well-conserved in B. suis than

dinucleotide counts or odds ratios. The complementarit y of accuraciescould be attributed to the fact that

the two categoriesof signaturespick out entirely di®erent features of sequences.This led to the possibility

that a signature that picked out both graph structure-based features and oligonucleotide frequency based

featureswould have substantially higher accuracy than either of thesesignaturesalone. In further chapters,

we further improve the µoed signature to obtain the more accurateµov if signature. We alsoderive a stronger

and more accurate word frequency basedsignature, the ¼ signature. In Chapter 6, we combine these two

signatures to obtain the µdbc signature that has a higher accuracy of origin prediction than any of the

signaturesdiscussedso far.
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Chapter 6

The de Bruijn chain signature

In this chapter, we characterize the de Bruijn chain signature µdbc. We build a theoretical framework within

which the properties of the µdbc
w signature can be explored. Within this framework, we characterize the µdbc

2

signature in particular, although the methods and bounds presented for the µdbc
2 signature are applicable to

higher-order µdbc
w signatures. We derive and evaluate probabilistic upper bounds on the separation between

the µdbc
2 signatures of sequencesgeneratedby the samede Bruijn chain and probabilistic lower bounds on

the separation betweenthe µdbc
2 signaturesof sequencesgeneratedby di®erent de Bruijn chains. We present

results that show the accuracy of target identi¯cation by the µdbc
2 signature when the databaseconsistsof

far-away speciesas well as closely-relatedspecies. In the end, we combine the powers of the µdbc
2 and µdor

2

signatures for even more accurate origin predictions.

6.1 Theory and Metho ds

In this section, we build a theoretical framework to analyze distancesbetween µdbc
2 signatures in terms of

the parameters of the DBCs generating them. Let DC be an ergodic, order-2 DBC. Let H be a sequence

generatedby DC, where jH j = n. If x i ; x j 2 S2, the probabilit y of transition from state x i to state x j is

given by pi;j , while the stationary probabilit y for x i is ¼x i
. The stationary probabilit y for x i , when estimated

from a given sequenceH , is denoted by ¼x i (H ).

As observed in Chapter 2, the µdbc
2 signature is a concatenationof the ¼2 signature and the µov if

2 =4 signature.

First we develop a framework for characterizing ¼2.
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6.1.1 Separation between ¼2 signs deriv ed from sequences generated by the

same DBC

Let H be a long DNA sequencegenerated by an order-w DBC with irreducible transition matrix P and

stationary distribution ¼w (H ). Let h be a much shorter subsequenceof H with transition matrix P 0 and

stationary distribution ¼w (h). Assuming that P 0 is irreducible, P 0 is a perturb ed form of P. When P and

P0 are close,the distance between¼w (H ) and ¼w (h) is very small and can be bounded.

Recall that S is a genomicsequenceover the alphabet § DNA .

Solan and Vieille [116] have de¯ned a measureof closenessof P 0 to P. They de¯ne ³ as

³P = minC ½S

X

s2 C

¼w (H )Pr
£
s ! ¹C

¤
:

They state that P 0 is (²; b)-closeto P if for all pairs of states s; t 2 Sw ,
¯
¯
¯
¯1 ¡

P0(s ! t)
P(s ! t)

¯
¯
¯
¯ · b

whenever (a) ¼w
s (H )P(s ! t) ¸ ²³ P or (b) ¼w

s (H )P0(s ! t) ¸ ²³ P . Let

L =
jS w j¡ 1X

i =1

µ
jSw j

i

¶
i jS w j :

Then, if b 2 (0; 1=2jS w j ) and ² 2
µ

0;
b(1 ¡ b)
L jSw j4

¶
, for every transition matrix P 0 that is (²; b)-closeto P

² P0 is irreducible and

² Its stationary distribution ¼w (h) satis¯es
¯
¯
¯
¯1 ¡

¼w
s (h)

¼w
s (H )

¯
¯
¯
¯ · 18bL:

A more detailed account of the above intuition can be found in Solan and Vieille [116].

From the above discussion,it is clear that for a genomicsequenceH generatedby order-w DBC DC and its

much smaller subsequenceh, the stationary distribution of DC can be accurately represented by ¼w (H ) and

closelyapproximated by ¼w (h). Therefore, the estimated stationary distribution of the DBC that generates

a genomicsequence,can serve as a genomicsignature.

Our results [53] (not shown here) suggestthat µwf v
w (H ) ¼ ¼w (H ), and ¼w (h) ¼ ¼w (H ), while µwf v

w (h) might

not display such similarit y to either µwf v
w (H ) or ¼w (H ). This property is conserved for a wide range of

lengths of h (tested for ¸ 5 kb). In Theorem 6.2, we bound the distancebetweenthe stationary distributions
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derived from the transition matrices of sequencesgeneratedby the sameDBC. First, we prove the following

lemma.

Lemma 6.1. Let H be a genomic sequence of length n generated by an order 2 DBC with underlying sta-

tionary distribution ¼. Assumethat the number of occurrencesof a dinucleotide x hasa Poisson distribution

with mean n¼x . Let ¼̂x be the random variable representing the stationary probability ¼x (H ) of x estimated

from H . Then for ¿ > 0 and T = n¿,

Pr [j¼̂x ¡ E [¼̂x ] j > ¿] < L ¼(x) + U¼(x);

where

L ¼(x) = exp
µ

T2

2n¼x

¶

and

U¼(x) =

0

B
@

e
T

n¼ x

³
1 + T

n¼x

´ 1+ T
n¼ x

:

1

C
A

n¼x

:

Proof. Let X x be the random variable representing the number of occurrencesof the dinucleotide x. Then

X x can be expressedas a sum of n ¡ 1 indicator random variables, each representing the occurrenceof x at

a given position in the sequence.In particular,

X x =
n ¡ 1X

i =1

X x (i );

where Pr [X x (i ) = 1] is equal to ¼x for all i , and E [X x ] ¼ n¼x . Now,

Pr [j¼x ¡ E [¼x ] j > ¿] = Pr [jX x ¡ E [X x ] j > n¿] :

Let T = n¿. Since X x can be expressedas a sum of independent indicator random variables, Cherno®'s

bounds [87] are applicable. For the lower tail of the above probabilit y, the following Cherno®bound [87] is

applicable:

Pr [X x < (1 ¡ ±)¹ ] < e
¡ ¹± 2

2 ;

where ¹ = E [X x ]. Using

Pr [X x ¡ E [X x ] < ¡ T] = Pr [X x < n¼x ¡ T]

= Pr [X x < (1 ¡ ±)n¼x ]

we get

n¼x ¡ T = (1 ¡ ±)n¼x

or ± =
T

n¼x
:

59



Therefore, the lower tail probabilit y is bound as follows:

Pr [X x ¡ E [X x ] < ¡ T] < exp

Ã
¡ n¼x

2
¢
µ

T
n¼x

¶ 2
!

= exp
µ

¡ T2

2n¼x

¶
:

For the corresponding upper tail of the probabilit y, the following Cherno®'s bound [87] is applicable:

Pr [X x > (1 + ±)¹ ] <
µ

e±

(1 + ±)1+ ± :
¶ ¹

:

Using

Pr [X x ¡ E [X x ] > T] = Pr [X x > n¼x + T]

= Pr [X x > (1 + ±)n¼x ]

we get

n¼x + T = (1 + ±)n¼x

or ± =
T

n¼x
:

Therefore, the upper tail probabilit y is bound as follows:

Pr [X x ¡ E [X x ] > T] <

0

B
@

e
T

n¼ x

³
1 + T

n¼x

´ 1+ T
n¼ x

:

1

C
A

n¼x

:

Combining the two tail probabilities we have

Pr [j¼̂x ¡ E [¼̂x ] j > ¿] = Pr [jX x ¡ E [X x ] j > T]

· L ¼(x) + U¼(x):

The lemma follows. ¤

Theorem 6.2. Let H 1 and H2 be genomicsequences of length n independently generated by the sameorder

2 DBC with underlying stationary distribution ¼. Let ¼̂1 and ¼̂2 be the random variables representing the

order 2 stationary distributions derived from the respective transition matrices of H 1 and H2. Assumethat

the number of occurrences of a dinucleotide x has a Poisson distribution with mean n¼x . Then for ¿ > 0

and T = n¿,

Pr
£
d

¡
¼̂1; ¼̂2¢

> 32¿
¤

< 2 ¢
X

x 2S 2

(L ¼(x) + U¼(x)) :
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Proof. Using the bound for the stationary distribution of each dinucleotide as derived in Lemma 6.1 and

applying the union bound we have

Pr
£̄̄

¼̂1 ¡ E
£
¼̂1 ¤̄̄

> 16T=n
¤

·
X

x 2S 2

(L ¼(x) + U¼(x))

and

Pr
£̄̄

¼̂2 ¡ E
£
¼̂2 ¤̄̄

> 16T=n
¤

·
X

x 2S 2

(L ¼(x) + U¼(x)) :

The expected value of ¼x for any x is the samein both sequencesH 1 and H2. Therefore,

d
¡
(¼̂1 ¡ E

£
¼̂1¤

); (¼̂2 ¡ E
£
¼̂2¤

)
¢

= d
¡
¼̂1; ¼̂2¢

:

Using the union bound we get,

Pr
£
d

¡
¼̂1; ¼̂2¢

> 32¿
¤

= Pr
£
d

¡
¼̂1; ¼̂2¢

> 32T=n
¤

= Pr
£
d

¡
¼̂1 ¡ E

£
¼̂1¤

; ¼̂2 ¡ E
£
¼̂2¤¢

> 32T=n
¤

· Pr
£
j¼̂1 ¡ E

£
¼̂1¤

j > 16T=n
¤

+ Pr
£
j¼̂2 ¡ E

£
¼̂2¤

j > 16T=n
¤

:

The theorem follows. ¤

We study the nature of the above bound in Theorem 6.2 as follows. In Figure 6.1(a), we have plotted

the distribution of T = n¿ values using ¿ values computed from L 1 distancesbetween sequencessampled

from the same organism. Sequencesof size 10 kilobases were used. A set of genomic sequenceswere

randomly selected.From each genomicsequence100 pairs of sub-sequenceswere independently sampledat

random, their stationary distributions were estimated, and the L 1 distance betweeneach pair of stationary

distributions was recorded. Both ¿ and T values were computed from this distance and their distribution

plotted as in Figure 6.1(a). In Figure 6.1(b), the theoretical bounds are simulated for di®erent values of

T and the upper bounds on probabilit y are plotted using n = 10000and both uniform and non-uniform

stationary distributions. Note that approximately for T > 160, the corresponding probabilit y of separation

is very low. This illustrates that the bound displays a strong synergy to real data from genomes.

6.1.2 Separation between µovif
2 signs deriv ed from sequences generated by the

same DBC

Next, we present boundsfor separationbetweenthe µov if
2 signaturesderived from a pair of genomicsequences

generatedby the sameDBC. Webeginby characterizing the distribution of the transition probabilit y between

two states. Let the transition t : ¾1 ¢¢¢¾w ! ¾2 ¢¢¢¾w+1 be de¯ned. Let X and Y be random variables
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Figure 6.1: Plot of upper bounds derived in Theorem 6.2. (a) Plot of distribution of T values computed

using ¿ valuestaken from L 1 distancesbetweenstationary distributions of sequencesfrom the samegenome.

The L 1 distance between each pair was equated to 32¿. ¿, and subsequently T, were derived and the

distribution of T values was computed and plotted. Note that approximately T > 150 indicates a large

and unlikely separation between ¼̂ signatures of sequencesgeneratedby the sameDBC. (b) Plot of upper

boundsof separationbetweenstationary distributions of sequencesfrom the sameDBC using the theoretical

expressionderived in Theorem 6.2.
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denoting the number of occurrencesof ® = ¾1¾2 ¢¢¢¾w+1 and ¯ = ¾1 ¢¢¢¾w respectively in a sequenceH .

The random variable Z representing the estimated probabilit y of the transition t is

Z =

8
<

:
X =Y if Y 6= 0;

0 otherwise:

Lemma 6.3 presents an upper bound on the probabilit y of a speci¯ed separation betweenthe frequencyof a

given transition t and its expected value.

Lemma 6.3. Assume, for ® and ¯ as described above, that, given an occurrence of ¯ , the occurrence of ® is

binomially distributed with parameter ¼®=¼̄ . Let a sequence H of length n be given along with a transition

t represented by the random variable Z as de¯ned above. Then for ¿ > 0,

Pr [jZ=4 ¡ E [Z=4] j ¸ ¿] < L ov if (¯ ) + Uov if (¯ );

where,

L ov if (¯ ) = e¡ n¼¯

µ
exp

µ
exp

µ
¡ 8¿2 ¼̄

¼®

¶
(n¼̄ )

¶
¡ 1

¶

and

Uov if (¯ ) = e¡ n¼¯

0

B
B
B
@

exp

0

B
B
B
@

0

B
B
@

e
4¿ ¼¯

¼®

³
1 + 4¿¼̄

¼®

´ 1+
4¿ ¼¯

¼®

1

C
C
A

¼®
¼¯

(n¼̄ )

1

C
C
C
A

¡ 1

1

C
C
C
A

:

Proof. Recall that the µov if
2 signature is scaled by 4 to maintain similar orders of magnitude as the ¼w

signature (Section 6.1). Let X ® and X ¯ be random variables representing the number of occurrencesof

strings ® and ¯ respectively in H .

Pr [jZ=4 ¡ E [Z=4] j ¸ ¿] = Pr
· ¯
¯
¯
¯

X ®

4X ¯
¡ E

·
X ®

4X ¯

¸ ¯
¯
¯
¯ ¸ ¿

¸

=
1X

c=1

Pr
· ¯
¯
¯
¯
X ®

4c
¡

1
4

E
·

X ®

X ¯

¸ ¯
¯
¯
¯ ¸ ¿ j X ¯ = c

¸
¢Pr [X ¯ = c]

=
1X

c=1

Pr
· ¯
¯
¯
¯
X ®

4
¡

¼®

4¼̄
c

¯
¯
¯
¯ ¸ ¿c j X ¯ = c

¸
¢

e¡ n¼¯ (n¼̄ )c

c!

=
1X

c=1

Pr
· ¯
¯
¯
¯X ® ¡

c¼®

¼̄

¯
¯
¯
¯ ¸ 4¿c j X ¯ = c

¸
¢

e¡ n¼¯ (n¼̄ )c

c!
:

Since X ® can be represented as a sum of independent indicator random variables with E [X ®] = c¼®=¼̄ ,

Cherno®'s bounds [87] are applicable to the probabilit y

Pr
· ¯
¯
¯
¯X ® ¡

c¼®

¼̄

¯
¯
¯
¯ ¸ 4¿c j X ¯ = c

¸
:
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Consider the lower tail probabilit y

Pr
·
X ® ¡

c¼®

¼̄
· ¡ 4¿c j X ¯ = c

¸
= Pr

·
X ® ·

c¼®

¼̄
¡ 4¿c j X ¯ = c

¸
:

Cherno®'s lower tail bounds [87] are of the form

Pr [X < (1 ¡ ±)¹ ] < e
¡ ¹± 2

2 ;

where ¹ = E [X ®]. Using

c¼®

¼̄
¡ 4¿c = (1 ¡ ±)

c¼®

¼̄

we get

± =
4¿¼̄
¼®

:

Therefore, the lower tail probabilit y is bounded as follows:

Pr
·
X ® ¡

c¼®

¼̄
· ¡ 4¿c j X ¯ = c

¸
< exp

Ã
¡ c¼®

2¼̄
¢
µ

4¿¼̄
¼®

¶ 2
!

= exp
µ

¡ 8c¿2 ¼̄
¼®

¶
:

Now consider the upper tail probabilit y

Pr
·
X ® ¡

c¼®

¼̄
¸ 4¿c j X ¯ = c

¸
= Pr

·
X ® ¸

c¼®

¼̄
+ 4¿c j X ¯ = c

¸
:

The following Cherno®'s bound [87] is applicable.

Pr [X x > (1 + ±)¹ ] <
µ

e±

(1 + ±)1+ ± :
¶ ¹

:

Using

c¼®

¼̄
+ 4¿c = (1 + ±)

c¼®

¼̄

we get

± =
4¿¼̄
¼®

:

Therefore, the upper tail probabilit y is bounded as follows:

Pr
·
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:
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Combining the two tail probabilities we get

Pr [jZ=4 ¡ E [Z=4] j ¸ ¿]
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:

The lemma follows. ¤

We assumethe existenceof a maximum transition probabilit y among all probabilities associated with tran-

sitions to or from any given state in Assumption 6.1.

Assumption 6.1. Consider an order-2 DBC DC that generates sequence H . Let D̂C be the DBC recon-

structed from H . Given a state ¯ 2 § w
DNA in the DBC DC, de¯ne trans(¯ ) as the set of all transitions of

the form ¯ ! ¯ [2¢¢¢w]¾ or ¾̄ [1¢¢¢w ¡ 1] ! ¯ , for ¾2 § DNA . There exists a positive constant s, and a

maximum transition t¤ 2 trans(¯ ) in DC such that, for all t 2 trans(¯ ) n f t¤g,

p(t¤) ¡ p(t) > s;

where p(t) denotes the probability associated with the transition t. For some &, where 0 < & · 1, and

transitions t 2 trans(¯ ), the probability that the sametransition t¤ 2 trans(¯ ) is also the maximum probability

transition for state ¯ in D̂C is given by

Pr [p(t¤) ¡ p(t) > s] = &:

Given ¯ 2 § w
DNA , we de¯ne the maximum ¯ -transition t¤

¯ as the transition in trans(¯ ) having maximum

frequency. The frequency of t¤
¯ is the vertex isolation frequency of ¯ . De¯ne S(¯ ) as the state at which t¤

¯

starts and E(¯ ) as the state at which t¤
¯ ends. De¯ne T (¯ ) as the label of t¤

¯ . When t¤
¯ is directed away

from ¯ , S(¯ ) = ¯ , E(¯ ) = ¯ [2: : : w]¾, and T (¯ ) = ¯ ¾, for some¾ 2 § DNA . When t¤
¯ is directed into ¯ ,

S(¯ ) = ¾̄ [1: : : w ¡ 1], E(¯ ) = ¯ , and T (¯ ) = ¾̄ , for some¾2 § DNA .
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The L 1 distance between the µov if
2 signatures of sequencesgenerated by the same DBC is bounded in

Theorem 6.4.

Theorem 6.4. Assume Assumption 6.1. Let H1 and H2 be two genomic sequences generated by the same

DBC of order 2. Let µov if
1 and µov if

2 be their respective order-2 µov if signatures. Then for any ¿ > 0,

Pr

"

d

Ã
µov if

1

4
;

µov if
2

4

!

> 32¿

#

< 2&2
X

¯ 2S 2

¡
L ov if (¯ ) + Uov if (¯ )

¢
:

Proof. Using the results from Lemma 6.3, Assumption 6.1, and the union bound we get
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We get
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¢
:

The theorem follows. ¤

We now analyzethe behavior of the upper bound in Theorem 6.4 when applied to real data. For a randomly

selectedset of genomic sequences,100 pairs of sequencesof length 100 kilobaseseach were randomly and

independently sampledfrom each genomicsequence.For each pair, their µov if
2 =4 signatureswere computed

and the L 1 distance betweenthem was noted. Figure 6.2(a) plots the distribution of thesedistances. Note

that a distance greater than approximately 0:5 marks a large and unlikely separation. The ¿ value corre-

sponding to a distance of 0:5 is 0:5=32 = 0:0156, whosecorresponding upper bound of probabilit y is very

low as observed in Figure 6.2(b).

Next, we combine the properties of the ¼̂2 and µov if
2 =4 signatures to derive the separation between µdbc

2

signaturesof sequencesgeneratedby the sameDBC.
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Figure 6.2: Plot of upper bounds derived in Theorem 6.4. (a) Plot of distribution of L 1 distancesbetween

µov if
2 =4 signatures of sequencesfrom the samegenome. ¿ can be derived by dividing each L 1 distance by

32. Note that approximately 0:5 distance or ¿ = 0:0156 indicates a large and unlikely separation between

two µov if
2 =4 signatures. (b) Plot of upper bounds of separation between µov if

2 =4 signatures of sequences

from the sameDBC using the theoretical expressionderived in Theorem 6.4. Note that the probabilit y for

¿ > 0:0156 is 0:006113,which is low. n = 10000,&= 0:75, and a uniform stationary distribution were used

for computing the bounds in (b).
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6.1.3 Separation between µdbc
2 signatures deriv ed from sequences generated by

the same DBC

For sequenceshypothesized to be generated by the same de Bruijn chain, Theorem 6.5 proves that the

separation betweentheir µdbc
w signatures is lessthan a speci¯ed threshold with high probabilit y.

Theorem 6.5. Let DC be an order 2 DBC with underlying stationary distribution ¼. Let H 1 and H2 be two

genomic sequences of length n generated independently by DC. Let µdbc
1 and µdbc

2 be their respective order-w

DBC signatures. Similarly, let ¼̂1 and ¼̂2 be their estimated order-2 stationary distributions and µov if
1 and

µov if
2 be their order-2 OVIF signatures, respectively. Then,

Pr
£
d

¡
µdbc

1 ; µdbc
2

¢
> 64¿

¤
< 2 ¢

X

¯ 2S 2

(L ¼(¯ ) + U¼(¯ )) + 2&2
X

¯ 2S 2

¡
L ov if (¯ ) + Uov if (¯ )

¢
:

Proof. Note that µdbc
2 = ¼̂2 ¢µov if

2 =4. Using the union bound we have

Pr
£
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¡
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2

¢
> 64¿

¤
· Pr

£
d

¡
¼̂1; ¼̂2¢

> 32¿
¤

+ Pr
h
d

³
µov if

1 ; µov if
2

´
> 32¿

i
:

The theorem follows using the results from Theorems6.2 and 6.4. ¤

6.1.4 Separation between µdbc
2 signatures of sequences generated by di®eren t

DBCs

Let H1 and H2 be genomicsequencesof length n, generatedindependently by two di®erent order-2 DBCs

DC1 and DC2, respectively. Let µdbc
1 and µdbc

2 be their order-w DBC signatures. Let ¼̂1 and ¼̂2 be the

stationary distributions estimated from the respective two sequencesand µov if
1 and µov if

2 be their respective

OVIF signatures.

Then, the distanced
¡
µdbc

1 ; µdbc
2

¢
can distinguish DC1 and DC2. Assumptions 6.2 formalizesthe separationof

estimated stationary distributions of genomic sequencesobtained from di®erent organisms,while Assump-

tion 6.3 formalizesthe probabilit y of the maximum transition being di®erent for a given state using genomic

sequencesobtained from di®erent organisms.

Assumption 6.2.

d
¡
E

£
¼̂1¤

; E
£
¼̂2¤¢

> 3 ¢16¿:

Assumption 6.3.

d
³

E
h
µov if

1

i
; E

h
µov if

2

i ´
> 3 ¢16¿:
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Theorem 6.6. If there exist constants ° and º as in Assumptions 6.2 and 6.3 then,
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as distancesd1,

d2, d3, and d4 respectively, in 1-dimensionalspacewe obtain,

d3 · d1 + d2 + d3

Pr [d4 ¸ 6 ¢16¿] · Pr [d ¸ 2 ¢16¿] + Pr [d1 ¸ 2 ¢16¿] + Pr [d2 ¸ 2 ¢16¿] :

From Assumptions 6.2 and 6.3 we obtain,
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We have,

1 · Pr
h
d

³
µdbc

1 ; µdbc
2

´i
+ Pr

h
d

³
µdbc

1 ; E
h
µdbc

1

i´
¸ 2 ¢16¿

i
+ Pr

h
d

³
µdbc

2 ; E
h
µdbc

2

i´
¸ 2 ¢16¿

i

Pr
h
d

³
µdbc

1 ; µdbc
2

´
¸ 2 ¢16¿

i
¸ 1 ¡ Pr

h
d

³
µdbc

1 ; E
h
µdbc

1

i ´
¸ 2 ¢16¿

i
¡ Pr

h
d

³
µdbc

2 ; E
h
µdbc

2

i´
¸ 2 ¢16¿

i
:

The theorem follows. ¤

We demonstrate Assumptions 6.2 and 6.3 using sequencesfrom the speciesC. elegans and P. falciparum.

Figure 6.3 presents the distribution of L 1 distances between µdbc
2 signatures of pairs of 10 kilobase long

sequencesrandomly sampled from the above two species, respectively. The actual distance between the

expected values of ¼1 and ¼2 is 0:4735. From Assumption 6.2 we have ¿ < 0:4735=48 = 0:0099. Using

d
¡
µdbc

1 ; µdbc
2

¢
¸ 2 ¢16¿ gives d

¡
µdbc

1 ; µdbc
2

¢
¸ 32¿. For ¿ < 0:0099, 32¿ < 0:3168, and the probabilit y

Pr
£
d

¡
µdbc

1 ; µdbc
2

¢
¸ 2 ¢16¿

¤
is large as seenin Figure 6.3. A similar scenariois observed for Assumption 6.3.

The L 1 distance between the expected values of the µov if
1 and µov if

2 0:374622,which leads to ¿ being less

than 0:374622=48 = 0:0078. For thesevaluesof ¿ the probabilit y Pr
£
d

¡
µdbc

1 ; µdbc
2

¢
¸ 2 ¢16¿

¤
is high.

In Theorem 6.6, each negative term in the R.H.S. is very small, making the total probabilit y on the R.H.S

a very large value. Theorem 6.6 states that the probabilit y that the separation between the µdbc
w s of two

sequenceshypothesizedto be generatedby di®erent DBCs exceedsa given threshold is very high.

6.1.5 Algorithm

Let H be a genomicsequencewhoseorigin is unknown. Algorithm 1 is usedto approximate the origin of an

unknown sequenceusing order-2 µdbc signatures. For an available genomic sequenceH , the corresponding

DBC signature µdbc
2 (H ) is ¯rst computed. This signature is then comparedwith all DBC signaturesof order
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Figure 6.3: Distribution of L 1 distancesbetweenµdbc
2 signaturesof CE and PF. Distribution of L 1 distances

between µdbc
2 signatures of pairs of 10 kilobase long sequencesrandomly sampled from the two speciesC.

elegans and P. falciparum.

2 stored in the databaseD using the Pearsoncorrelation coe±cient. The genomewhosesignature displays

maximum correlation with µdbc
2 (H ) is predicted as the target for H .

The µdbc
2 for a sequenceof length n can be computed in O(n + 16logn + 4096)= O(n) time and space. In

general, the complexity of the order-w µdbc
w signature for a sequenceof length n is O(n + 4w logn + (43w ) =

O(n+ 64w ). The 43w factor is contributed by the Choleskydecomposition performedby MATLAB to compute

the stationary distribution. For small w 2 [1; 4], we observed that the time-complexity was dominated by n,

as we would expect.

6.2 Results

To evaluate the µdbc signature and to compareits accuracyin sequenceorigin prediction with that of existing

signatures,we usedbacterial and eukaryotic genomicsequences.First, we compiled a list of diversegenomic

sequencesof various lengths including ®-proteobacteria, infectious bacteria, and eukaryotes. Table 6.1 dis-

plays thesegenomicsequencesand the acronyms usedfor them in this chapter.

Second,we collected a set of 52 ®-proteobacterial genomesincluding multiple strains of several speciesto
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Algorithm 1: MATCH

INPUT: Set S of genomic sequences,Database D of existing µdbc
2 s for sequencesin S, SequenceH of

unknown origin.

1: Compute µov if
2 (H )

2: Compute ¼2(H )

3: µdbc
2 (H ) Ã ¼2(H ) ¢µov if

2 (H )=4

4: maxcorr = 0

5: origin(H ) = ¸

6: for each sequenceX 2 S do

7: µdbc
2 (X ) Ã D(X )

8: ½Ã R(µdbc
2 (H ); µdbc

2 (X ))

9: if ½> maxcorr then

10: maxcorr Ã ½

11: origin(H ) Ã origin(X )

12: end if

13: end for

14: return origin(H )

Table 6.1: List L 1 of genomicsequencesin the set of diversespecies.

Species Acron ym Sequence length NCBI iden ti¯er

R. leguminosarum RL 5:1 Mb NC008380

E. litor alis EL 3:1 Mb NC007722

M. leprae ML 3:3 Mb NC002677.1

N. meningitidis NM 2:2 Mb NC008767.1

P. falciparum PF chr 12, 2:3 Mb NC004316.2

P. aeruginosa PA 6:4 Mb NC002516.2

S. pneumoniae SP 2:1 Mb NC008533.1

E.coli EC 4:7 Mb NC000913

C. elegans CE chr 1, 15:3 Mb NC003279

H. sapiens HS chr 1, 228:7 Mb AC000044

A. thaliana AT chr 4, 18:8 Mb NC003075

S. cerevisiae SC chr 4, 1:6 Mb NC001136
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Table 6.2: List of genomicsequencesin the set of closely-related®-proteobacterial species

Species Sequence length NCBI iden ti¯er

Wolbachia BM 1:1 Mb NC006833

R. typhi 1:1 Mb NC006142

A. marginale 1:2 Mb NC004842

C. pelagibacter 1:3 Mb NC007205

A. phagocytophilum 1:5 Mb NC007797

B. suis chr 1, 2:1 Mb NC004310

G. bethesdensis 2:7 Mb NC008343

P. denitri¯c ans chr 1, 2:9 Mb NC008686

E. litor alis 3:1 Mb NC007722

S. alaskensis 3:4 Mb NC008048

H. neptunium 3:8 Mb NC008358

C. crescentus 4:1 Mb NC002696

S. pomeroyi 4:2 Mb NC003911

Jannaschia ssp. CCS1 4:4 Mb NC007802

R. rubrum 4:4 Mb NC007643

N. hamburgensis 4:5 Mb NC007964

M. magneticum 5:0 Mb NC007626

R. leguminosarum 5:1 Mb NC008380

R. palustris 5:6 Mb NC008435

M. loti 7:1 Mb NC002678

build a collection of genomic sequencesderived from closely related species. As before, plasmid sequences

wereexcluded. Of these52 sequences,the 20 that wereusedto randomly sampleshorter sequencesfor origin

prediction are listed in Table 6.2.

Two databasesof µdbc signatures were constructed; the ¯rst databaseDdbc
1 consistedof the signatures cor-

responding to the complete sequencesin list L 1, while the seconddatabaseDdbc
2 consistedof the signatures

corresponding to the complete sequencesof the 52 ®-proteobacteria, E. coli, and the 4 higher eukaryotes

from list L 1. Similar databasesDdor
1 and Ddor

2 corresponding to the µdor signature, and Dwcv
1 and Dwcv

1

corresponding to the µwcv signature were also constructed.
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6.2.1 Characterization of the accuracy of the µdbc signature in origin prediction

First, the abilit y of the µdbc signature to distinguish betweengenomicsequencestaken from distant species

was tested. In the associated experiment, the variables are the order w, the sample sequencelength, and

the databaseused for matching signatures. We used orders 2, 3, 4, and 5, sequencelength 10 kb, 25 kb,

50 kb, and 100 kb, and databaseDdbc
1 for this purpose. For each horder; lengthi combination, 100 samples

were randomly sampled from each organism in list L 1 (Table 6.1). We do not ensurethat sampled regions

are non-overlapping. For each sample X , the vector µdbc
w (X ) was correlated, using the Pearsoncorrelation

coe±cient, with all the µdbc
w vectors in D1. Accuracy was computed as follows. For a sampleX , the matches

to µdbc
w (X ) were ranked 1; 2; 3; : : : in decreasingorder of their correlation coe±cients or increasing order of

their distances. Recall that the actual speciesfrom which the sample is taken is called the origin of the

sample. In a ¯rst hit scenario, the origin is ranked 1. In a good hit scenario, the origin is ranked 1, 2, or 3.

Depending on the scenariounder consideration, the number of ¯rst hits (or good hits) per 100 samplesis

the accuracy.

Figure 6.4 illustrates the accuracy of ¯rst-hits for each organism in list L 1 for all points in the above

experiment. For ¯xed order, observe that the accuracyof origin prediction increaseswith increasingsample

size, reaching 100% ¯rst hits at length 100 K for all speciesat order 4. This is intuitiv e becausea larger

sequenceencodes more information about the underlying DBC. This in turn leads to the calculation of a

µdbc signature highly representativ e of the origin. The ¯gure also suggeststhat the µdbc signature is more

highly conserved at order 4 than at other orders. This coincideswith the hypothesisbehind the application

TETRA [123], which also attempts to discover the origin of unknown DNA sequences,but does not work

well with short sequences.However, we also note that su±cient information about the underlying DBC of

order 4 can only be acquired from sequencesof size 50 Kb or higher under our model; this is not helpful

in identifying origins of short DNA sequences.Intuitiv ely, a short sequencecontains maximum information

about the underlying DBC of order 1. Although the corresponding µdbc
1 signature can be computed in less

time than higher order signatures, it encodes information about mononucleotidesonly, which is insu±cient

to accurately predict the origin of an unknown sequence.Therefore, for identi¯cation of the origin of short

DNA sequences,we use the more accurate and origin-representativ e, but expeditiously computable order-2

µdbc
2 signatures.

In Figure 6.5, we explore the distributions of the Pearsoncorrelation coe±cients betweenthe µdbc
2 signature

of a samplesequenceand the µdbc
2 signaturesof other sequencesin the databaseincluding thoseof the origin

of the samplesequence.

For each specieson the x-axis, there are 2 box and whisker plots generatedas follows. 100samplesof length
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Figure 6.4: Plot of accuraciesof µdbcs of orders 2 through 5. Prediction of origins from databaseDdbc
1 has

been examined. The x-axis indicates speciesfrom list L 1. The y-axis indicates the order w. The z-axis

represents the accuracy of ¯rst hits. Sample sequencesof length (a) 10 kilobases,(b) 25 kilobases,(c) 50

kilobases,and (d) 100 kilobases,have beenused.
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µdbc
2 of their origin. The larger box and whisker plots represent the distribution of correlations with µdbc

2 s of

other genomes.
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50 kb each are randomly sampled from the genomeof each species. The correlation of the µdbc
2 signature

of each sample with the µdbc
2 signature of its origin is binned separately from its correlations with the µdbc

2

signatures of all other organisms. The distribution of numbers in each bin is represented by a box and

whisker plot along the y-axis. The smaller box plots with medians close to 1 and small ranges between

the ¯rst quartile and the third quartile represent the distribution of correlations of signatures of sample

sequenceswith the signaturesof their origin. The larger box plots with large rangesbetweentheir ¯rst and

third quartiles and smaller medians represent the distribution of correlations with speciesother than the

origin. These data demonstrate that the µdbc signature retains features unique to each organism and can

di®erentiate betweenthe origin and other species.It is highly conserved within a genomeand di®ersbetween

genomes.

Second,the abilit y of the µdbc signature to distinguish betweengenomicsequencesfrom closely-relatedspecies

and di®erent strains of the samespecieswastested. The samestepsasabove werefollowed with the following

di®erence.Only the 20 sequenceslisted in list L 2 (Table 6.2) were usedas sourcesfor sampling while using

D2 (57 signatures) for origin prediction. Similar results for the set of ®-proteobacteria are presented for

samplesequencesof lengths 10 Kb and 50 Kb in Figure 6.6. Observe that the order-2 µdbc signature is better

at distinguishing betweenclosely related speciesthan µdbc signaturesof higher order.

The accuracyof the µdbc
2 signature for both test casesis summarized in Figure 6.7.
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Figure 6.6: Plot of prediction accuracy vs. order for µdbc signatures. Plot of accuraciesof origin prediction

for orders 2, 3, 4, and 5 µdbc signaturesusing databaseD2 of closely related species.100 sequencessamples
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Sample sequence length List L 1 List L 2

5 kb 90:5 77:5

10 kb 94:5 84

20 kb 96 93

25 kb 97 -

50 kb 100 99

100 kb 100 -

(c)

Figure 6.7: Summary of accuracy of ¯rst hits of µdbc
2 . (a) Speciesin list L 1, (b) Speciesin list L 2. (c)

Listing of median ¯rst hit accuraciesof origin prediction for various samplesequencelengths using µdbc
2 . The

hyphens indicate placeholdersfor entries that were computed not for 100 samples,but for a lessernumber

of samples,and hence,are not shown here.
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In caseof list L 1, a median accuracy greater than 90% is achieved even for sequencesas short as 5 kb.

The median accuracy increasessteadily with sample size and is 100% at a sample length of 50 kb. In the

caseof the human genome,the µdbc
2 signature consistently does not perform well. This issue is addressed

in Section 6.2.2 where we comparedi®erent signatures and discussconservation of speci¯c features in each

genome.Distinguishing betweenclosely-relatedspeciesis a harder task than distinguishing betweendiverse-

species. The signature must capture subtle di®erencesat a much ¯ner scale between two closely-related

sequencesin order to be able to tell them apart. Therefore, the reduced accuracy in caseof list L 2 is

expected. In caseof list L 2, a median accuracy greater than 84% is achieved for sequencesof length 10

kb, and improves to almost 100% on increasing the sample sequencesize to 50 kb. We note that sample

sequencesof length 20 kb are su±cient to predict the origin with reasonablyhigh accuracy.

6.2.2 Comparison of performances of µdbc, µdor , and µwcv signatures

We compared the accuracy of the three signatures µdbc, µdor , and µwcv in predicting the origin of short

DNA segments. The samemethods and terminologies as described in Section 6.2.1 have beenused. Order 2

signatureswere usedfor several reasons.In Section 6.2.1 we found order-2 DBCs to be most representativ e

of the origin in the caseof short sequencesand the corresponding µdbc
2 more quickly computable than higher

order signatures. Also, the µdor signature has an underlying order of 2, hence,using the sameorder for its

competitors is fair.

First, the abilit y of all three signatures to distinguish between highly separated specieswas tested using

list L 1 for sampling and Ddbc
1 , Ddor

1 , and Dwcv
1 databasesfor origin prediction. Shorter sequencesamplesof

lengths 5 kb, 10 kb, and 20 kb wereused. Figure 6.8(a), (b), and (c) illustrate the results. 100subsequences

wererandomly sampledfrom each of the 12 diversespecieson the x-axis. All three signatureswerecomputed

using each sample and correlated to their respective D1 databasesof signatures. The accuracy of ¯rst hits

are recordedon the y-axis.

Observe that the µdbc
2 signature outperforms the µdor signature for all sequencelengths by demonstrating

better accuracy in the caseof 8=12, 9=12, and 8=12 speciesfor sequencelengths 5 kb, 10 kb, and 20 kb,

respectively. The µdbc
2 signaturealsooutperformsthe µwcv

2 signature for all sequencelengthsby demonstrating

better accuracy in the caseof 9=12, 10=12, and 11=12 speciesfor sequencelengths 5 kb, 10 kb, and 20 kb,

respectively. The only genomesfor which µdbc
2 consistently demonstrates worse accuracy than µdor are

N. meningitidis, E. coli, and H. sapiens. Of particular interest is the human genome, where the µdor

signature appearsto be very well conserved demonstrating almost 100%accuracy irrespective of the sample

sequencelength. In the rest of the genomes(RL, EL, ML, PF, PA, SP, CE, AT, SC), the µdbc
2 signature is
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Figure 6.9: Comparison of relative accuraciesof µdbc
2 , µdor

2 and µwcv
2 . Comparison of relative accuraciesof

(a) µdbc
2 and µdor

2 and (b) µdbc
2 and µwcv

2 for sequencelengths 5 kb, 10 kb, and 20 kb. For each specieson

the x-axis, the y-axis represents the number of samplesout of 100 where the µdbc
2 signature outperforms its

competitor.

better conserved than the µdor signature. Comparedwith the µwcv
2 signature, the µdbc

2 signature consistently

performs worse only in case of C. elegans. For all other species, the accuracy of the µdbc
2 signature is

better than or equal to that of the µwcv
2 signature. Consider Figure 6.9. In Figure 6.9(a), for each species

on the x-axis, the y-axis plots the number of samples out of 100 for each sequencelength, where µdbc
2

outperformedthe µdor signature in predicting the origin of the sample. Observe that with decreasingsequence

length, the relative predictive accuracyof µdbc
2 increasesand is an advantage over that of the µdor signature.

The exceptions are the three speciespointed out above where µdor is more well-conserved than µdbc
2 . The

samebehavior is repeated in the caseof the comparison between prediction accuraciesof µdbc
2 and µwcv

2 in

Figure 6.9(b) with C. elegans being the only exception.

Next, we compared the abilities of the three signatures to distinguish betweenclosely-relatedspecieswhile

using list L 2 for sampling and the Ddbc
2 , Ddor

2 , and Dwcv
2 databasesfor origin prediction. Short sequence

samplesof lengths 5 kb, 10 kb, and 20 kb were used. Figure 6.10(a), (b), and (c) illustrate the results. The

samemethod wasfollowedasin the previouscaseof diversespecies.100subsequenceswererandomly sampled

from each speciesof the 20 closely-related®-proteobacterial specieson the x-axis. All three signatureswere

computed using each sampleand correlated to their respective D2 databasesof signatures. The accuracyof

¯rst hits are recordedon the y-axis.

The database,in this case,contains 52 speciesfrom the samefamily (®-proteobacteria) and 5 other diverse

species. Figure 6.10(a), (b), and (c) illustrate that the µdbc
2 signature outperforms both µdor and µwcv

2

signatures in the caseof all sequencelengths with better predictive accuracy for 15=20 speciesagainst the
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Figure 6.11: Comparison of relative accuraciesof µdbc
2 , µdor

2 and µwcv
2 for APB. Comparison of relative

accuraciesof (a) µdbc
2 and µdor and (b) µdbc

2 and µwcv
2 for sequencelengths 5 kb, 10 kb, and 20 kb randomly

sampledfrom ®-proteobacteria. For each specieson the x-axis, the y-axis represents the number of samples

out of 100 where the µdbc
2 signature outperforms its competitor.

µdor signature and an average better accuracy of 16:33=20 speciesagainst the µwcv
2 signature. The µdor

signature appearsconsistently more well-conserved than the µdbc
2 signature in the caseof Wolbachia. In the

comparisonbetweenthe µdbc
2 and µwcv

2 signatures,the µdbc
2 signature is consistently at least aswell conserved

as its competitor in all speciesbut that of B. suis. Even in the caseof closely-relatedspecies,the relative

accuracy of the µdbc
2 signature increaseswith decreasingsequencelength as is demonstrated by the data in

Figure 6.11.

For the order-2 signaturesabove, Figure 6.12 summarizesthe median accuracy of prediction of ¯rst hits in

the caseof both list L 1 and L 2 and varying sequencelengths of 5 kb, 10 kb, and 20 kb. Observe that in all

cases,the µdbc
2 signature outperforms the µdor signature, which in turn outperforms the µwcv

2 signature.

6.2.3 Com bining the powers of µdbc
2 and µdor

In Section 6.2.2, we demonstrated that in predicting the origin of an unknown DNA sequencethe µdbc
2

signature has greater accuracy than the µdor and µwcv
2 signatures. The objective of this work is not to

intro duceyet another genomicsignature. We are interested in exploring the di®erent aspectsof construction

of the genomic sequencea genomethat are preserved within the genomeitself, while di®ering from those

aspects in the genomicsequencesof other species.So far, we have beensuccessfulin discovering somesuch

aspects through the µdbc signature.

To test whether an even greater accuracy of origin prediction for short sequencescan be achieved, we con-
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Figure 6.12: Comparison of median accuraciesof µdbc
2 , µdor , and µwcv

2 signatures. The x-axis represents

samplesequencelengths. The y-axis represents accuracyof ¯rst hits.

ducted experiments wherewe combined the strengths of the µdbc
2 and µdor signatures. We tried three di®erent

methods of doing the above. We concatenatedthe two signatures into one vector and usedPearsoncorrela-

tions to determine the closestspecies. This method works no better than using individual µdbc
2 signatures.

Working with the sum of the Pearsoncorrelation distance and the normalized L 1-distance, separately com-

puted, did not yield better results either. However, using the product of the Pearsoncorrelation distance

and the normalized ±-distance, separately computed, producesdi®erent results.

To reiterate our observations from Section6.2.1, the µdbc
2 demonstrateshigh accuracywhen samplesequences

of length 20 kb or higher are available, both in di®erentiating between far-away speciesand closely-related

species. Its accuracy drops only when sample sizesdrop to lower lengths than 20 kb. We are interested

in coupling the properties of the µdbc
2 signature and the µdor signature to improve the accuracy of origin

prediction in such cases.Using the product of the Pearsoncorrelation distanceand the normalized ±-distance

appearsto producea better accuracythan using the µdbc
2 signaturealone,in the caseof di®erentiating between

far-away speciesas observed in Figure 6.13. The samemethod as described in the previous sectionswas

usedto determine accuracy.

However, the same method does not demonstrate substantially higher accuracy than the µdbc
2 signature

in di®erentiating between closely-related species. We make this observation based on the results in in

Figure 6.14. In fact, in this case,accuracydrops to lessthan 25%for most specieswhen the samplesequence

length is approximately 1 kb, which is why results corresponding to such short sequencesare not shown.
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6.2.4 Accuracies of µdbc
2 , µdor

2 , µwcv
2 , and µcombo

2 for a large database of div erse

species

In this section,we construct a larger diversedatabaseof signaturesfor 50 diversespecieswhile ensuring that

as many regionsas possiblein the taxonomic tree in NCBI's databasehave representation in this database.

In Table 6.3, we list the genomicsequencesof these50speciesthat we usealongwith their accessionnumbers,

sizes,and positions in the taxonomic tree. We usea collection of 10 archaealgenomicsequences,20 bacterial

genomicsequences,and 20 eukaryotic genomicsequences.

Table 6.3: List of 50 diversespeciestaken uniformly from the taxonomic

tree. List of organisms and their genomic sequencesused to build a

larger database of 50 diverse species while sampling species uniformly

and manually from the taxonomic tree.

Aeropyrum pernix K1,

complete genome

NC 000854 1693618 cellular organisms; Archaea; Crenarchaeota; Ther-

moprotei; Desulfurococcales;Desulfurococcaceae;

Aeropyrum; Aeropyrum pernix

Sulfolobus tokodaii

str. 7, complete gen-

ome

NC 003106 2733328 cellular organisms; Archaea; Crenarchaeota; Ther-

moprotei; Sulfolobales; Sulfolobaceae;Sulfolobus; Sul-

folobus tokodaii

Pyrobaculum aerophi-

lum str. IM2 ,

complete genome

NC 003364 2254259 cellular organisms; Archaea; Crenarchaeota; Ther-

moprotei; Thermoproteales; Thermoproteaceae; Py-

robaculum; Pyrobaculum aerophilum

Archaeoglobus

fulgidus DSM 4304,

complete genome

NC 000917 2209600 cellular organisms; Archaea; Euryarchaeota;

Archaeoglobi; Archaeoglobales;Archaeoglobaceae;

Archaeoglobus

Halobacterium sp.

NRC-1, complete gen-

ome

NC 002607 2043086 cellular organisms; Archaea; Euryarchaeota;

Halobacteria; Halobacteriales; Halobacteriaceae;

Halobacterium

Methanococcus mari-

paludis C5, complete

genome

NC 009135 1806279 cellular organisms; Archaea; Euryarchaeota;

Methanococci; Methanococcales;Methanococcaceae;

Methanococcus; Methanococcus maripaludis

Methanopyrus kand-

leri AV19, complete

genome

NC 003551 1719258 cellular organisms; Archaea; Euryarchaeota;

Methanopyri; Methanopyrales; Methanopyraceae;

Methanopyrus; Methanopyrus kandleri
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Thermoplasma volca-

nium GSS1, complete

genome

NC 002689 1607521 cellular organisms; Archaea; Euryarchaeota; Thermo-

plasmata; Thermoplasmatales; Thermoplasmataceae;

Thermoplasma; Thermoplasma volcanium

Methanospiril lum

hungatei JF-1,

complete genome

NC 007796 3595457 cellular organisms; Archaea; Euryarchaeota;

Methanomicrobia; Methanomicrobiales; Methanospir-

illaceae; Methanospirillum; Methanospirillum hun-

gatei

Nanoarchaeum

equitans Kin4-M ,

complete genome

NC 005213 497975 cellular organisms; Archaea; Nanoarchaeota; Nanoar-

chaeum; Nanoarchaeum equitans

Frankia sp. EAN1pec,

complete genome

NC 009921 8982042 cellular organisms; Bacteria; Actinobacteria;

Actinobacteria (class); Actinobacteridae; Actinom yc-

etales; Frankineae; Frankiaceae; Frankia

Streptomyces

avermitilis MA-4680,

complete genome

NC 003155 9025608 cellular organisms; Bacteria; Actinobacteria;

Actinobacteria (class); Actinobacteridae; Actinom yc-

etales; Streptomycineae; Streptomycetaceae;Strepto-

myces

Aquifex aeolicus VF5,

complete genome

NC 000918 1551335 cellular organisms; Bacteria; Aqui¯cae; Aqui¯cae

(class); Aqui¯cales; Aqui¯caceae; Aquifex

Acaryochloris marina

MBIC11017, complete

genome

NC 009925 6503724 cellular organisms; Bacteria; Bacteroidetes/Chlorobi

group; Bacteroidetes; Sphingobacteria;

Sphingobacteriales; Flexibacteraceae;Cytophaga; Cy-

tophaga hutchinsonii

Chlamydophila

pneumoniae CWL029,

complete genome

NC 000922 1230230 cellular organisms; Bacteria; Chlamydiae/

Verrucomicrobia group; Chlamydiae; Chlamydiae

(class); Chlamydiales; Chlamydiaceae;

Chlamydophila; Chlamydophila pneumoniae

Herpetosiphon

aurantiacus ATCC

23779, complete gen-

ome

NC 009972 6346587 cellular organisms; Bacteria; Chloro°exi; Chloro°exi

(class); Herpetosiphonales; Herpetosiphonaceae;Her-

petosiphon; Herpetosiphon aurantiacus

Nostoc sp. PCC 7120,

complete genome

NC 003272 6413771 cellular organisms; Bacteria; Cyanobacteria; Nosto-

cales;Nostocaceae

Deinococcus radiodu-

rans R1 chromosome

1, complete sequence

NC 001263 2648638 cellular organisms; Bacteria; Deinococcus-Thermus;

Deinococci; Deinococcales;Deinococcaceae;

Deinococcus; Deinococcus radiodurans
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Solibacter usitatus

El lin6076, complete

genome

NC 008536 9965640 cellular organisms; Bacteria; Fibrobacteres

/Acidobacteria group; Acidobacteria; Solibacteres;

Solibacterales; Solibacteraceae;Solibacter

Alkaliphilus metalli-

redigens QYMF ,

complete genome

NC 009633 4929566 cellular organisms; Bacteria; Firmicutes; Clostridia;

Clostridiales; Clostridiaceae

Bacil lus cereus ATCC

14579, complete gen-

ome

NC 004722 5411809 cellular organisms; Bacteria; Firmicutes; Bacilli;

Bacillales; Bacillaceae; Bacillus; Bacillus cereusgroup

Fusobacterium nuclea-

tum subsp. nucleatum

ATCC 25586, com-

plete genome

NC 003454 2174500 cellular organisms; Bacteria; Fusobacteria; Fusobac-

teria (class); Fusobacteriales; Fusobacteriaceae; Fu-

sobacterium; Fusobacterium nucleatum

Rhodopirellula baltica

SH 1, complete gen-

ome

NC 005027 7145576 cellular organisms; Bacteria; Planctomycetes; Planc-

tomycetacia; Planctomycetales; Planctomycetaceae;

Rhodopirellula

Bradyrhizobium

japonicum USDA 110,

complete genome

NC 004463 9105828 cellular organisms; Bacteria; Proteobacteria; ®-

proteobacteria; Rhizobiales; Bradyrhizobiaceae;

Bradyrhizobium; Bradyrhizobium japonicum

Delftia acidovorans

SPH-1, complete

genome

NC 010002 6767514 cellular organisms; Bacteria; Proteobacteria; Betapro-

teobacteria; Burkholderiales; Comamonadaceae;Delf-

tia; Delftia acidovorans

Syntrophobacter

fumaroxidans MPOB ,

complete genome

NC 008554 13033779 cellular organisms; Bacteria; Proteobacteria;

delta/epsilon subdivisions; Deltaproteobacteria;

Myxo coccales;Sorangineae;Polyangiaceae;

Sorangium

Hahella chejuensis

KCTC 2396, complete

genome

NC 007645 7215267 cellular organisms; Bacteria; Proteobacteria;

Gammaproteobacteria; Oceanospirillales;

Hahellaceae;Hahella; Hahella chejuensis

Leptospira interr ogans

serovar Lai str. 56601

chromosome I,

complete sequence

NC 004342 4332241 cellular organisms; Bacteria; Spirochaetes;

Spirochaetes (class); Spirochaetales; Leptospiraceae;

Leptospira; Leptospira interrogans
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Caldicellulosiruptor

saccharolyticus DSM

8903, complete

genome

NC 009437 2970275 cellular organisms; Bacteria; Synergistetes;

Syntrophomonadaceae; Caldicellulosiruptor; Caldicel-

lulosiruptor saccharolyticus

Petrotoga mobilis

SJ95, complete

genome

NC 010003 2169548 cellular organisms; Bacteria; Thermotogae; Thermo-

togae (class); Thermotogales; Thermotogaceae;Petro-

toga; Petrotoga mobilis

Plasmodium falci-

parum 3D7 chromo-

some14, complete

sequence

NC 004317 3291006 cellular organisms; Eukaryota; Alv eolata; Apicom-

plexa; Aconoidasida; Haemosporida; Plasmodium;

Plasmodium (Laverania)

Eimeria tenella str.

Houghton chromosome

1, complete sequence

NC 008685 1347714 cellular organisms; Eukaryota; Alv eolata; Apicom-

plexa; Coccidia; Eucoccidiorida; Eimeriorina; Eimeri-

idae; Eimeria

Paramecium tetraure-

lia macronuclear,

complete genome

NC 006058 984602 cellular organisms; Eukaryota; Alv eolata; Ciliophora;

Intramacronucleata; Oligohymenophorea; Peniculida;

Parameciidae; Paramecium

Guil lardia theta nucle-

omorph chromosome

1, complete sequence

NC 002752 196216 cellular organisms; Eukaryota; Cryptoph yta; Cryp-

tomonadaceae;Guillardia

Leishmaniabraziliensis

MHOM/BR75/M2904

chromosome 20

NC 009312 1668259 cellular organisms; Eukaryota; Euglenozoa; Kineto-

plastida; Trypanosomatidae; Leishmania; Viannia;

Leishmania braziliensis speciescomplex

Magnaporthe grisea

70-15 chromosome 7,

complete sequence

NC 009594 3994966 cellular organisms; Eukaryota; Fungi/Metazoa group;

Fungi; Dikarya; Ascomycota; Pezizomycotina; Sor-

dariomycetes; Sordariomycetes incertae sedis;Magna-

porthaceae; Magnaporthe; Magnaporthe grisea

Saccharomyces cere-

visiae chromosomeIV,

complete chromosome

sequence

NC 001136 1531918 cellular organisms; Eukaryota; Fungi/Metazoa group;

Fungi; Dikarya; Ascomycota; Saccharomycotina;

Saccharomycetes; Saccharomycetales; Saccharomyc-

etaceae;Saccharomyces

Cryptococcus neofor-

mans var. neoformans

JEC21 chromosome1,

complete sequence

NC 006670 2300533 cellular organisms; Eukaryota; Fungi/Metazoa group;

Fungi; Dikarya; Basidiomycota; Agaricomycotina;

Tremellomycetes; Tremellales; Tremellaceae;Filobasi-

diella
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Encephalitozoon cuni-

culi GB-M1 chro-

mosome XI, complete

sequence

NC 003237 267509 cellular organisms; Eukaryota; Fungi/Metazoa group;

Fungi; Microsporidia; Apansporoblastina; Unikary-

onidae; Encephalitozoon

Rattus norvegicus

chromosome 12,

referenceassembly

(based on RGSC v3.4)

NC 005111 46782294 cellular organisms; Eukaryota; Fungi/Metazoa group;

Metazoa; Eumetazoa; Bilateria; Coelomata;

Deuterostomia; Chordata; Craniata; Vertebrata;

Gnathostomata; Teleostomi; Euteleostomi;

Sarcopterygii; Tetrapoda; Amniota; Mammalia;

Theria; Eutheria; Euarchontoglires; Glires;

Rodentia; Sciurognathi; Muroidea; Muridae;

Murinae; Rattus

Homosapiens chromo-

some 21, alternate as-

sembly (based on Cel-

era assembly), whole

genomeshotgun

sequence

AC 000064 33216610 cellular organisms; Eukaryota; Fungi/Metazoa group;

Metazoa; Eumetazoa; Bilateria; Coelomata;

Deuterostomia; Chordata; Craniata; Vertebrata;

Gnathostomata; Teleostomi; Euteleostomi;

Sarcopterygii; Tetrapoda; Amniota; Mammalia;

Theria; Eutheria; Euarchontoglires; Primates;

Haplorrhini; Simiiformes; Catarrhini; Hominoidea;

Hominidae; Homo/P an/Gorilla group; Homo

Equus caballus chro-

mosome 13, reference

assembly (based on

EquCab1), whole gen-

ome shotgun sequence

NC 009156 17519737 cellular organisms; Eukaryota; Fungi/Metazoa group;

Metazoa; Eumetazoa; Bilateria; Coelomata;

Deuterostomia; Chordata; Craniata; Vertebrata;

Gnathostomata; Teleostomi; Euteleostomi;

Sarcopterygii; Tetrapoda; Amniota; Mammalia;

Theria; Eutheria; Laurasiatheria; Perissodactyla;

Equidae; Equus; Equus subg. Equus

Gallus gallus chromo-

some 9, reference as-

sembly (based on Gal-

lus gallus-2.1)

NC 006096 25554352 cellular organisms; Eukaryota; Fungi/Metazoa group;

Metazoa; Eumetazoa; Bilateria; Coelomata;

Deuterostomia; Chordata; Craniata; Vertebrata;

Gnathostomata; Teleostomi; Euteleostomi;

Sarcopterygii; Tetrapoda; Amniota; Sauropsida;

Sauria; Archosauria; Dinosauria; Saurischia;

Theropoda; Coelurosauria; Aves; Neognathae;

Galliformes; Phasianidae; Phasianinae; Gallus
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Danio rerio chromo-

some 25, reference as-

sembly (based on Zv6)

NC 007136 40315040 cellular organisms; Eukaryota; Fungi/Metazoa group;

Metazoa; Eumetazoa; Bilateria; Coelomata;

Deuterostomia; Chordata; Craniata; Vertebrata;

Gnathostomata; Teleostomi; Euteleostomi;

Actinopterygii; Actinopteri; Neopterygii;

Teleostei; Elopocephala; Clup eocephala; Otocephala;

Ostariophysi; Otophysi; Cypriniph ysi; Cypriniformes;

Cyprinoidea; Cyprinidae; Rasborinae; Danio

Tribolium cas-

taneum linkage group

9, reference assembly

(based on Tcas 2.0),

whole genomeshotgun

sequence

NC 007424 15222296 cellular organisms; Eukaryota; Fungi/Metazoa group;

Metazoa; Eumetazoa; Bilateria; Coelomata; Protosto-

mia; Panarthrop oda; Arthrop oda; Mandibulata; Pan-

crustacea; Hexapoda; Insecta; Dicondylia; Pterygota;

Neoptera; Endopterygota; Coleoptera; Polyphaga;

Cucujiformia; Tenebrionoidea; Tenebrionidae; Tri-

bolium

Caenorhabditis elegans

chromosome I I I,

complete sequence

NC 003281 13783681 cellular organisms; Eukaryota; Fungi/Metazoa group;

Metazoa; Eumetazoa; Bilateria; Pseudocoelomata;

Nematoda; Chromadorea; Rhabditida; Rhabditoidea;

Rhabditidae; Peloderinae; Caenorhabditis

Dictyostelium dis-

coideum AX4 chromo-

some2, complete

sequence

NC 007088 8470428 cellular organisms; Eukaryota; Mycetozoa;

Dict yosteliida; Dict yostelium

Ostreococcus lucimari-

nus CCE9901

chromosome 1, com-

plete sequence

NC 009355 1152508 cellular organisms; Eukaryota; Viridiplan tae; Chloro-

phyta; Prasinophyceae; Mamiellales; Mamiellaceae;

Ostreococcus; Ostreococcus 'lucimarin us'

Arabidopsis thaliana

chromosome 4, com-

plete sequence

NC 003075 18585042 cellular organisms; Eukaryota; Viridiplan tae; Strepto-

phyta; Streptophytina; Embryophyta; Tracheophyta;

Euphyllophyta; Spermatophyta; Magnoliophyta; eu-

dicotyledons; core eudicotyledons; rosids; eurosids I I;

Brassicales;Brassicaceae;Arabidopsis
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Oryza sativa (jap on-

ica cultiv ar-group) ge-

nomic DNA, chromo-

some10

NC 008403 22685906 cellular organisms; Eukaryota; Viridiplan tae; Strepto-

phyta; Streptophytina; Embryophyta; Tracheophyta;

Euphyllophyta; Spermatophyta; Magnoliophyta; Lil-

iopsida; commelinids; Poales; Poaceae; BEP clade;

Ehrhartoideae; Oryzeae; Oryza; Oryza sativa

The objective of retesting the accuracyof origin prediction with a larger diversedatabaseis twofold. First, it

facilitates the study of the behavior of all signatureswhen the databaseis larger. Second,a uniform sampling

of organismsfrom di®erent parts of the taxonomic tree will shedlight on whether each signature is conserved

for speciesin all parts of the tree and help identify pockets of high or low conservation of each signature in

the tree. We computed databasesof µdbc
2 , µdor

2 , µwcv
2 , and µcombo

2 signatures of the 50 speciesin Table 6.3.

Accuraciesweredetermined for sequencesamplesat lengths 100kb, 50 kb, 25 kb, 10kb, 5 kb, and 2.5 kb. As

before,at each length, 100 subsequencesof that length were randomly sampledfrom each genomicsequence

listed in Table 6.3. For each sample,all signaturesof order 2 were computed. The origin was predicted for

each samplewith each signature using its respective database. The accuracyat each length for each species

was computed as the number of correct ¯rst hits in the 100 samples.Figure 6.15 illustrates the accuracyof

the µdbc
2 signature for each of the 50 species.The ¯rst 10 ticks on the x-axis correspond to archaeal genomic

sequences,ticks 11-30correspond to bacterial genomicsequences,and ticks 31-50correspond to eukaryotic

genomicsequences.

Observe that, asexpected,accuracydrops with decreasingsequencelength. The averageaccuraciesof origin

prediction of the µdbc
2 signature for sequencesof lengths 100 kb, 50 kb, 25 kb, 10 kb, 5 kb, and 2.5 kb are

95:3%, 94:04%, 92:52%, 87:02%, 80:52%, and 70:3%, respectively. We also observe that the accuracy of the

µdbc
2 signature is very low for the genomicsequencesof H. sapiens, E. caballus, and G. gallus. The average

accuraciesof the µdbc
2 signature for the above 3 speciesare 43:33%,40:33%,44:33%,36%,30:33%,and 25:33%

for samplesof lengths 100 kb, 50 kb, 25 kb, 10 kb, 5 kb, and 2.5 kb, respectively. Excluding these3 species,

the averageaccuraciesof origin prediction of the µdbc
2 signature for sequencesof lengths 100 kb, 50 kb, 25

kb, 10 kb, 5 kb, and 2.5 kb are 98:62%, 97:47%, 95:60%, 90:28%, 83:68%, and 73:17%, respectively.

In Figures 6.16 and 6.17, we compare the accuraciesof all the three signatures for all sample lengths listed

above.

Observe that, the results are similar to those observed in Section 6.2.2. For samplesof length 100 kb all

three signatures demonstrate an average accuraciesgreater than 90%. As the sample length decreases,

92



0

20

40

60

80

100

A
. p

er
ni

x
S

. t
ok

od
ai

i
P

. a
er

op
hi

lu
m

A
. f

ul
gi

du
s

M
. m

ar
ip

al
ud

is
M

. k
an

dl
er

i
T

. v
ol

ca
ni

um
M

. h
un

ga
te

i
N

. e
qu

ita
ns

F
ra

nk
ia

S
. a

ve
rm

iti
lis

A
. a

eo
lic

us
A

. m
ar

in
a

C
. p

ne
um

on
ia

e
H

. a
ur

an
tia

cu
s

N
os

to
c

D
. r

ad
io

du
ra

ns
S

. u
si

ta
tu

s
A

. m
et

al
lir

ed
ig

en
s

B
. c

er
eu

s
F

. n
uc

le
at

um
R

. b
al

tic
a

B
. j

ap
on

ic
um

D
. a

ci
do

vo
ra

ns
S

. f
um

ar
ox

id
an

s
H

. c
he

ju
en

si
s

L.
 in

te
rr

og
an

s
C

. s
ac

ch
ar

ol
yt

ic
us

P
. m

ob
ili

s
P

. f
al

ci
pa

ru
m

E
. t

en
el

la
P

. t
et

ra
ur

el
ia

G
. t

he
ta

L.
 b

ra
zi

lie
ns

is
M

. g
ris

ea
S

. c
er

ev
is

ia
e

C
. n

eo
fo

rm
an

s
E

. c
un

ic
ul

i
R

. n
or

ve
gi

cu
s

H
. s

ap
ie

ns
E

. c
ab

al
lu

s
G

. g
al

lu
s

D
. r

er
io

T
. c

as
ta

ne
um

C
. e

le
ga

ns
D

. d
is

co
id

eu
m

O
. l

uc
im

ar
in

us
A

. t
ha

lia
na

O
. s

at
iv

a

A
cc

ur
ac

y 
of

 fi
rs

t h
its

 (
%

)

H
al

ob
ac

te
riu

m
2.5 kb

5 kb

10 kb

25 kb

50 kb

100 kb

Figure 6.15: Accuracy of origin prediction of the µdbc
2 signature for a large database. Accuracy of origin

prediction of the µdbc
2 signature using the specieslisted in Table 6.3.

accuracyfalls for all signatures. We note that the µdor
2 signature hasa much higher °uctuation in accuracies

among di®erent speciesthan the µdbc
2 signature. For the 3 speciesmentioned in the previous paragraph, all

three signaturesdemonstrate relatively lower accuracies.It is easyto seethat in general, the µdbc
2 signature

demonstrateshigher overall accuracy of prediction than the µdor
2 and µwcv

2 signatures. Speci¯c numbers are

discussedin the following passages.Also note that, for somespecies,the µdbc
2 signature is consistently more

well-conserved than the the µdor
2 signature. These speciesare A. fulgidus, M. maripaludis, T. volcanium,

N. equitans, Frankia, S. avermitilis , A. marina, C. pneumoniae, H. aurantiacus, Nostoc, D. radiodurans,

S. usitatus, A. metallir edigens, B. cereus, R. baltica, B. japonicum, D. acidovorans, S. fumaroxidans, L.

interr ogans, C. saccharolyticus, P. mobilis, P. falciparum, E. tenella, P. tetraurelia, G. theta, M. grisea, S.

cerevisiae, R. norvegicus, T. castaneum, C. elegans, D. discoideum, O. lucimarinus, A. thaliana, and O.

sativa. For other speciessuch as A. pernix, P. aerophilum, M. hungatei, F. nucleatum, H. chejuensis, C.

neoformans, E. cuniculi, H. sapiens, E. caballus, G. gallus, and D. rerio, the µdor
2 signature is consistently

more well-conserved than the the µdbc
2 signature.

At sequencelength of 5 kb, the accuracy of the µdbc
2 signature is approximately 80%. Below 5 kb, the

accuracyof the µdbc
2 signature falls to valueslower than 80%. The median accuraciesof the three signatures

for various sequencelengths are summarized in Figure 6.18. Observe that the median accuracy of the µdbc
2
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Figure 6.18: Median accuraciesof µdbc
2 , µdor

2 , and µwcv
2 using a large database.

signature is higher than those of the other signatures at every sample length. Also observe that, as the

sample length decreases,the amount by which the median accuracy of the µdbc
2 signature is greater than

those of the other signatures increases.

The experiments conductedin this sectiondemonstratethat the µdbc
2 signature predicts origins of short DNA

segments accurately even when the databasesize is large, and in doing so, performs much better than µwcv
2

and µdor
2 genomicsignatures.

6.2.5 Relationship between genome size and accuracy of origin prediction

Next, we exploredpairwise relationships betweengenomesize,genomevariation, and accuracyof ¯rst hits of

the µdbc
2 signature using sequencesamplesof length 10 Kb. Given a genomicsequenceH , de¯ne the genome

variation of H as follows. De¯ne an order w, a window length W , and a skip length s. Compute the word

frequencyvector signature µwf v
w (H ) for the entire genome.Start at the beginning of the sequenceand read

the sequenceW charactersat a time, while sliding the window by s characterseach time. For each substring

thus read, compute the word frequency vector signature and store the component-wise absolute di®erence

from µwf v
w (H ). After the sliding window hasread the entire sequence,compute the averageabsolutedi®erence

for each component. The genomevariation is the sum of the averagesthus computed. Figure 6.19 presents

scatter plots for 3 kinds of pairwise relationships possible. We have usedW = 10 kb and s = 2:5 kb for our
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computations. Plots (a), (b), and (c) are for 11 out of 12 genomesin list L 1 (the human genomewas not

usedas it was an outlier that disrupted the otherwise observed correlations, becauseof its large size), while

plots (d), (e), and (f ) are for the 20 ®-proteobacterial species.Observe that the accuracyof µdbc is negatively

correlated with genomesize in both sets, using the Pearsoncorrelation coe±cient. Other relationships are

not obvious from theseresults.

However, when we study the variation of accuracy with genomesize for the larger databaseof 50 species,

the negative correlation is not observed. The results are shown in Figure 6.20.
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Figure 6.19: Relationships between genomesize, genomevariation, and accuracy of µdbc
2 . (a), (b), and (c)

demonstrate results for the ¯rst 11 organisms in list L 1. (d), (e), and (f ) demonstrate results for the 20

®-proteobacterial species.
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Chapter 7

Estimating Mark ov Chain Order

7.1 In tro duction

At its lowest level, almost every organizational unit of a genomeis a genomic(that is, contiguous) sequence,

which is formally a string over the alphabet § DNA = f A; C; G; Tg. Genomicsequencesencode the genesof an

organism,amongother characteristics. We hypothesizethat each segment of a genomeis generated,within a

reasonableapproximation, by a Markov chain of unknown order. Given a sequenceS, we call such a Markov

chain M that generatesS, the generating Markov chain of S. Estimating the order of the generatingMarkov

chain will assist in understanding biological phenomenasuch as a di®erencein frequenciesof observed DNA

word1 patterns and repeats in the genome [52, 54].

Others [3, 25, 28, 36, 95, 110] have proposedmethods for estimating the order of the generating Markov

chain of a sequence.Peresand Shields[95] intro duce two Markov order estimators. Both estimators usetest

functions that depend on sample size and a candidate w for the order. As w increases,the test functions

exhibit a qualitativ e changeof behavior when w reaches the true order. The ¯rst test function is basedon

a form of entropy, while the secondtest function is basedon maximal °uctuation (seeSection 7.2.3) and is

more relevant to our formulation.

Dalevi and Dubhashi [28] give a novel interpretation of the Peres-Shieldsestimator as a sharp transition

function. They claim that their interpretation makes the estimator more useful in the context of DNA

sequenceswhen sequencesizesare moderate, and extend the estimator to variable length Markov chains.

1A DNA word of length w is a string in § w
DNA .

100



Their method is useful in identifying the order of the generating Markov chain for a sequencee®ectively.

However, a mathematical framework that models nucleotide frequenciesand the sharp transition function

was not proposed. Moreover, the algorithm has time complexity that is exponential in the order of the

underlying Markov chain.

Existing methods are basedon principles of entropy estimation, maximal °uctuation, and maximum likeli-

hood estimation. In this work, we proposea randomized algorithm for estimating the order of a generating

Markov chain within a framework of probabilit y distributions of its states and transitions.

Section 7.2 intro ducesand de¯nes relevant computational concepts, and establishesnotation. Section 7.3

builds the framework, computesa distribution for the transition probabilit y, and describesthe algorithm to

estimate order. We give a qualitativ e description of the maximum °uctuation that leadsto a decisionabout

the generating Markov chain order. Section 7.5 discussesresults and illustrates the maximum °uctuation.

In Section 7.6, we draw conclusionsand discusspossibleimprovements and future directions.

7.2 Preliminaries

7.2.1 Strings

As usual, an alphabet § is a ¯nite, nonempty set of symbols. A string over § is a ¯nite sequenceof symbols

from §. Henceforth, we take § = § DNA = f A; C; G; Tg. The length of a string is its length as a sequence.

The empty string ¸ is the unique string of length 0. For n ¸ 0, § n is the set of strings of length n over §,

while § ¤ =
S

n ¸ 0
§ n is the set of all strings over §. By convention, we employ ®, ¯ , and ° for strings and ½,

¾, and ¿ for symbols.

The concatenation of strings ® and ¯ is ® ¢¯ or, simply, ®¯ . Let ® = ½1½2 ¢¢¢½n 2 § n . For 1 · k · n,

the kth character of ® is ®[k] = ½k . If 1 · i · j · n, then the (i; j ) substring or subsequence of ® is

®[i::j ] = ½i ½i +1 ¢¢¢½j ; otherwise, ®[i::j ] = ¸ . The (i; j ) substring ®[i::j ] occurs at position i . For strings ®

and ¯ , the predicate ¯
i
A ® is true just when ¯ = ®[i::j ], for somej ¸ 0.

Let ® = ½1½2 ¢¢¢½n 2 § n . For 0 · k · n, the length-k pre¯x of ® is ®[1::k] = ½1½2 ¢¢¢½k , while the length-k

su±x of ® is ®[n ¡ k + 1::n] = ½n ¡ k+1 ½n ¡ k+2 ¢¢¢½n . Strings ® and ¯ overlap if a nonempty pre¯x of ® is a

su±x of ¯ or vice versa. Strings ® and ¯ are non-overlapping if they do not overlap.

The count of the occurrences of ¯ in ® is

ª( ®; ¯ ) =

¯
¯
¯
¯

½
i j 1 · i · n ¡ j¯ j + 1 and ¯

i
A ®

¾¯
¯
¯
¯ :
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The frequency of ¯ in ® is

freq(®; ¯ ) =

8
><

>:

ª( ®; ¯ )
n ¡ j¯ j + 1

if n ¸ j¯ j;

0 otherwise:

7.2.2 Probabilities

For w ¸ 1, a Markov chain M = (§ w ; P) of order w over § consistsof the state space § w and a 4w £ 4w

stochastic matrix P of transition probabilities with rows and columns indexed by elements of § w . For

®; ¯ 2 § w satisfying ®[2; w] = ¯ [1::w ¡ 1], the transition probabilit y p®;¯ is the probability of leaving ® on

the symbol ¯ [w]. Alternately , if ¾2 §, then the transition from ® 2 § w to ¯ = ®[2::w] ¢¾ is abbreviated

® ¾! ¯ and p®;¯ = Pr
h
® ¾! ¯

i
.

Let M be an ergodic Markov chain of order w. Let S be a random sequencegeneratedby M . The Markov

Order problem is to determine the order of M , using only the generated sequenceS. For ® ¾! ¯ , the

empirical transition probability from ® to ¯ is

pe (®; ¯ ) =

8
<

:

ª( S;®¢¾)
ª( S;®) if ª( S; ®) 6= 0;

0 otherwise.

As an example, let w = 3, ® = AAG, ¯ = AGT, and

S = AAGTCGAA GTT ATGTCGGT AAGCCAGCGCCCAA GA:

By observation, ª( S; AAG) = 4 and ª( S; AAGT) = 2. Hence,pe (AAG; AGT) = 2=4 = 1=2. The derived

transition probability from ® to ¯ is the empirical transition probabilit y for ®[2; w] ¾! ¯ [2; w], which is

pd (®; ¯ ) = pe (®[2; w]; ¯ [2; w]) :

In the previous example,

pd (AA G; AGT) = pe (AG; GT) = 2=5:

Clearly, pe (®; ¯ ) and pd (®; ¯ ) may di®er.

Note that both the empirical and derived transition probabilities give transition matrices for Markov chains

of order w. The probability di®erential ¢ w is the L1 distance betweenthe two transition matrices:

¢ w =
X

®2 § w

X

¾2 §

X

®
¾
! ¯

jpe (®; ¯ ) ¡ pd (®; ¯ )j :

Intuitiv ely, for any ¯ randomly chosen, this is very small if w ¡ 1 is the order of the Markov chain that

generated S. To empirically con¯rm this intuition, sequencesof length between 50 and 19531250were
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Table 7.1: Distances between empirical and derived probabilit y distributions: true order 5. Distances

betweenempirical and derived probabilit y distributions of a sequenceof length 781250basesgeneratedby a

Markov chain of order 5.
w dB C dK L dL 1 dL 2 dcos

3 0.01215 0.33447 0.19453 0.06930 0.03565

4 0.00529 0.45641 0.16951 0.04048 0.02314

5 0.00496 3.53444 0.31770 0.05248 0.07102

6 3.55E-05 0.00249 0.00454 0.00063 2.03E-05

7 5.75E-05 0.13273 0.01472 0.00258 0.00066

8 4.04E-05 0.32663 0.02053 0.00191 0.00072

9 3.30E-05 5.00267 0.03317 0.00281 0.00314

10 2.59E-05 15.81827 0.05098 0.00264 0.00560

generatedby Markov chains of various orders. Thesesequenceswere then usedto estimate the order of the

generating Markov chain using distancesbetween empirical and derived distributions at each order. Table

7.1 summarizesthe results for a sequenceof length 781250basesthat wasgeneratedusing a Markov chain of

order 5. Table 7.2 summarizesthe results for a sequenceof length 3906250basesthat was generatedusing a

Markov chain of order 4. Observe that when the value of w equalsonemore than the order of the generating

Markov chain, i.e., w = 6 in Table 7.1 and w = 5 in Table 7.2, every distance between the empirical and

derived distributions falls abruptly to a very small number.

7.2.3 Maximal Fluctuations

Let S = ¾1¾2 ¢¢¢ be an in¯nite sequencegeneratedby a Markov chain of order ŵ. For n ¸ 1, let f n : § n ! N

be any function. Peresand Shields [95] de¯ne the sequencef 1; f 2; : : : to be a consistent order estimator if

lim f n (S[1::n]) = w with probabilit y 1.

Dalevi and Dubhashi [28] interpret the Peres-Shieldsestimator as a sharp transition function described

below. Let ¯ 2 § l and ° = ¯ [l ¡ w + 1: : : l ] be the w-su±x of ¯ . Then, given a sequenceS and for ¾2 §,,

D w
S (¯ ) is de¯ned as the di®erencebetweenthe observed and expected number of occurrencesof ¯ ¾in S as

follows:

D w
S (¯ ) = max

¾2 §

¯
¯
¯
¯ª( S; ¯ ¾) ¡

ª( S; ° ¾)
ª( S; ° )

ª( S; ¯ )

¯
¯
¯
¯;
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Table 7.2: Distances between empirical and derived probabilit y distributions: true order 4. Distances

betweenempirical and derived probabilit y distributions of a sequenceof length 3906250basesgeneratedby

a Markov chain of order 4.
w dB C dK L dL 1 dL 2 dcos

3 0.02765 1.27104 0.44251 0.13007 0.10903

4 0.00756 1.21845 0.24209 0.05821 0.04057

5 2.56545e-05 0.00013 0.00164 0.00030 2.12975e-06

6 4.37504e-05 0.00633 0.00560 0.00105 5.20785e-05

7 4.04292e-05 0.05512 0.01034 0.00155 0.00022

8 3.94200e-05 1.25930 0.02014 0.00254 0.00120

9 3.15086e-05 3.62831 0.03190 0.00279 0.00293

10 2.15628e-05 14.67987 0.04258 0.00251 0.00481

The estimator is described as

wP S (S) = min
½

w ¸ 0j max
w< j ¯ j< log log n

D w
S (¯ ) < n3=4

¾
;

where they state that this interpretation makesthe estimator more useful in the context of DNA sequences

when sequencesizesare moderate. They also extend the estimator to variable length Markov chains.

7.3 Theory

Let M = (§ ŵ ; P) be an ergodic Markov chain of order ŵ. Let S be a random sequenceof length n > ŵ

generatedby M . For somew satisfying 1 · w · n ¡ 1, let ¯ be a random string of length w + 1 that occurs

in S and doesnot overlap itself. Let ® = ¯ [1::w], the length w pre¯x of ¯ , and let ° = ¯ [2::w + 1], the length

w su±x of ¯ . Let ¾= ¯ [w + 1]. Then ® ¾! ° .

For 1 · i · n, let X i be the indicator random variable for ¯
i
A S and Yi the indicator random variable for

®
i
A S. Then, X =

P
i X i = ª( S; ¯ ) and Y =

P
i Yi = ª( S; ®) are non-negative random variables. Note

that X i = 1 implies Yi = 1, for all i ; therefore, 0 · X · Y .

We assumethat Pr [X i = 1 j Yi = 1] = pe (®; ° ) = X =Y . For purposesof abbreviation, set p = pe (®; ° ). Let

f Y : N ! R be the probabilit y density function for Y . Note that, since¯ occurs in S, we have f Y (0) = 0.
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De¯ne Z to be the random variable

Z =

8
<

:
X =Y if Y 6= 0;

0 otherwise:

Then Lemma 7.1 and Lemma 7.2 hold.

Lemma 7.1. Under the assumption that X i conditioned on Yi occurs with probability p, we have

E [X ] = pE [Y ]

and

Var [X ] = pVar [Y ] + p(1 ¡ p)(E [Y ])2:

Proof. Start with the probabilit y distribution of X , which is

f X (x) = Pr [X = x]

=
X

y¸ x

Pr [X = x j Y = y] Pr [Y = y] :

The expected value is now

E [X ] =
X

x ¸ 0

x
X

y¸ x

Pr [X = x j Y = y] Pr [Y = y]

=
X

x ¸ 0

x
X

y¸ x

µ
y
x

¶
px (1 ¡ p)y¡ x Pr [Y = y]

=
X

y¸ 0

Pr [Y = y]
X

0· x · y

x
µ

y
x

¶
px (1 ¡ p)y¡ x

=
X

y¸ 0

Pr [Y = y] (yp)

= pE [Y ] :

105



The variance is then

Var [X ] = E
£
X 2¤

¡ (E [X ])2

= E
£
X 2¤

¡ p2(E [Y ])2

=
X

x ¸ 0

x2
X

y¸ x

Pr [X = x j Y = y] Pr [Y = y] ¡ p2(E [Y ])2

=
X

x ¸ 0

x2
X

y¸ x

µ
y
x

¶
px (1 ¡ p)y¡ x Pr [Y = y] ¡ p2(E [Y ])2

=
X

y¸ 0

Pr [Y = y]
X

0· x · y

x2
µ

y
x

¶
px (1 ¡ p)y¡ x ¡ p2(E [Y ])2

=
X

y¸ 0

Pr [Y = y] (y2p(1 ¡ p) + (yp)2)) ¡ p2(E [Y ])2

= pE
£
Y 2¤

¡ p2(E [Y ])2

= p(Var [Y ] + (E [Y ])2) ¡ p2(E [Y ])2

= pVar [Y ] + p(1 ¡ p)(E [Y ])2:

¤

Lemma 7.2. Under the assumption that X i conditioned on Yi occurs with probability p, we have

E [Z ] = p

and

Var [Z ] = p(1 ¡ p)E [1=Y ] :

Proof. Start with the probabilit y distribution of Z , which is, for 0 < z · 1 and z rational,

f Z (z) = Pr [Z = z]

=
X

y¸ 1

X

0· x · y

Pr [X = yz j Y = y] Pr [Y = y] :

Note that, if yz is not an integer, then

Pr [x = yz j Y = y] = 0:
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The expected value is now

E [Z ] =
X

y¸ 1

X

0· x · y

µ
x
y

¶
Pr [X = x j Y = y] Pr [Y = y]

=
X

y¸ 1

Pr [Y = y]
y

X

0· x · y

xPr [X = x j Y = y]

=
X

y¸ 1

Pr [Y = y]
y

X

0· x · y

x
µ

y
x

¶
px (1 ¡ p)y¡ x

=
X

y¸ 1

Pr [Y = y]
y

(yp)

= p:

The variance is then

Var [Z ] = E
£
Z 2¤

¡ (E [Z ])2

= E
£
Z 2¤

¡ p2

=
X

y¸ 1

X

0· x · y

µ
x2

y2

¶
Pr [X = x j Y = y] Pr [Y = y] ¡ p2

=
X

y¸ 1

Pr [Y = y]
y2

X

0· x · y

x2Pr [X = x j Y = y] ¡ p2

=
X

y¸ 1

Pr [Y = y]
y2

X

0· x · y

x2
µ

y
x

¶
px (1 ¡ p)y¡ x ¡ p2

=
X

y¸ 1

Pr [Y = y]
y2 (yp(1 ¡ p) + y2p2) ¡ p2

=
X

y¸ 1

Pr [Y = y]
y2 (yp(1 ¡ p) + y2p2) ¡ p2

=
X

y¸ 1

Pr [Y = y]
y

(p(1 ¡ p)) +
X

y¸ 1

Pr [Y = y] (p2) ¡ p2

= p(1 ¡ p)E [1=Y ] + p2 ¡ p2

= p(1 ¡ p)E [1=Y ] :

¤

The proofs are straight-forward and have beenderived from ¯rst principles. Next, we derive upper bounds

on E [1=Y ] as given in Lemmas7.3 and 7.4.

Lemma 7.3. If Y has a Poisson distribution with parameter ¸ , then

E [1=Y ] < 2¸ ¡ 1 ¡ 2e¡ ¸ ¸ ¡ 1 ¡ 2e¡ ¸ :
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Proof. The upper bound is obtained as follows.

E [1=Y ] = e¡ ¸
X

y¸ 1

1
y

¢
¸ y

y!

= e¡ ¸ ¸ ¡ 1
X

y¸ 1

y + 1
y

¢
¸ y+1

(y + 1)!

= e¡ ¸ ¸ ¡ 1
X

y¸ 1

µ
1 +

1
y

¶
¢

¸ y+1

(y + 1)!

< e¡ ¸ ¸ ¡ 1
X

y¸ 1

2 ¢
¸ y+1

(y + 1)!

= 2e¡ ¸ ¸ ¡ 1 ¡
e¸ ¡ 1 ¡ ¸

¢

= 2¸ ¡ 1 ¡ 2e¡ ¸ ¸ ¡ 1 ¡ 2e¡ ¸ :

¤

Lemma 7.4. If Y has a binomial distribution with parameters m and p, then

E [1=Y ] <
2

(m + 1)p

¡
1 ¡ (1 ¡ p)m +1 ¡ (m + 1)p(1 ¡ p)m ¢

:

Proof. The upper bound is obtained as follows.

E [1=Y ] =
mX

y=1

1
y

µ
m
y

¶
py (1 ¡ p)m ¡ y

=
mX

y=1

1
y

m!
y!(m ¡ y)!

¢py (1 ¡ p)m ¡ y

=
mX

y=1

y + 1
y

m!
(y + 1)!(m ¡ y)!

¢py (1 ¡ p)m ¡ y

< 2
mX

y=1

m!
(y + 1)!(m ¡ y)!

py (1 ¡ p)m ¡ y

=
2

m + 1

m +1X

y=2

(m + 1)!
y!(m + 1 ¡ y)!

py¡ 1(1 ¡ p)m +1 ¡ y

=
2

(m + 1)p

m +1X

y=2

(m + 1)!
y!(m + 1 ¡ y)!

py (1 ¡ p)m +1 ¡ y

=
2

(m + 1)p

¡
1 ¡ (1 ¡ p)m +1 ¡ (m + 1)p(1 ¡ p)m ¢

:

¤

Let S be a random sequenceof length n generatedby M = (§ ŵ ; P). Let ¯ be a random string of length

l > ŵ that occurs in S. Let ¾= ¯ [l ]. For w satisfying l ¡ 1 ¸ w > 0, let ®w = ¯ [l ¡ w : : : l ¡ 1], the length
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w su±x of the length l ¡ 1 pre¯x of ¯ , and let ° w = ¯ [l ¡ w + 1: : : l ], the length w su±x of ¯ . Similarly,

let ®w¡ 1 = ¯ [l ¡ w + 1: : : l ¡ 1], and ° w¡ 1 = ¯ [l ¡ w + 2: : : l ]. Let Zw be the random variable for the

transition probabilit y p = pe (®w ; °w ) and let Zw¡ 1 be the random variable for the transition probabilit y

pe (®w¡ 1; °w¡ 1). Let

¢ w = jZw ¡ Zw¡ 1j:

Then, Theorem 7.5 follows.

Theorem 7.5. Let S be a sequence of length n generated by a Markov chain M of order ŵ. If ¢ w is as

de¯ned above, then for all w > ŵ,

E [¢ w ] = 0:

Proof. Sincethe order of M is ŵ, and w > ŵ, we have w ¡ 1 ¸ ŵ. By de¯nition of w and w ¡ 1, E [Zw ] = p

and E [Zw¡ 1] = p. Therefore,

E [¢ w ] = E [Zw ¡ Zw¡ 1] = E [Zw ] ¡ E [Zw¡ 1] = p ¡ p = 0:

¤

Consider Var [Z ]. If Y is Poisson distributed with parameter ¸ , and X i , conditioned on Yi , occurs with

probabilit y p, from Lemmas7.2 and 7.3, Var [Z ] has the following upper bound Varu [Z ]:

Varu [Z ] = 2p(1 ¡ p)( ¸ ¡ 1 ¡ e¡ ¸ ¸ ¡ 1 ¡ e¡ ¸ ):

Figure 7.1 depicts the behavior of Varu [Z ] and Varu [Z ]0 with increasing ¸ . Varu [Z ]0 =
dVaru [Z ]

d¸
is the

function

2p(1 ¡ p)(e¡ ¸ ¡ ¸ ¡ 2 + ¸ ¡ 2e¡ ¸ + ¸ ¡ 1e¡ ¸ );

which has zeroes at ¸ = f 0; 1:79328213g. Moreover, Varu [Z ]0 decreasesin the interval ¸ 2 (0; 1:79328213]

and increasesin the interval ¸ 2 [1:79328213; 1 ). For a given ®, let ¼® be its stationary probabilit y. Then,

¸ ® = n¼®. Observe that as the length of ® increases,¼® decreases.In caseof uniformly distributed words,

¼® decreasesapproximately by a factor of 4 with each successive increasein the length of ® by 1. For a

sequenceof ¯xed length, in the interval [1:793; 1 ), Varu [Z ] increaseswith decreasing¸ , and hence¼, while

increasing with increasing word size. This is intuitiv e and expected. However, in the interval [0; 1:793],

Varu [Z ] increaseswith increasing ¸ , and hence¼, and thus decreaseswith increasing word size. Although
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Figure 7.1: Behavior of Varu [Z ] and (b) Varu [Z ]0 with ¸ and Poisson distributed Y . ¸ = 1:79328213is

a local maximum. Varu [Z ] decreaseswith increasing ¸ , therefore, increasing with increasing word length

in the interval [1:79328213; 1 ), where it occurs with high probabilit y. It displays opposite behavior in the

interval [0; 1:79328213],where its probabilit y of occurrenceis low.

the behavior of Varu [Z ] is inconsistent with what is expected, the probabilit y of ¸ being in this interval is

extremely low as shown in Lemma 7.6.

If Y is binomially distributed with parametersm and p0, then Var [Z ] has the following upper bound:

Varu [Z ] · p(1 ¡ p)
2

(m + 1)p0(1 ¡ (1 ¡ p0)m +1 ¡ (m + 1)p0(1 ¡ p0)m ):

Figure 7.2 depicts the behavior of Varu [Z ] and Varu [Z ]0 with increasing p0. Observe that the behavior

exhibited by Varu [Z ] is similar in caseof both the Poissonand binomial approximations to the distribution

of Y .

Lemma 7.6. Let S be a sequence of length n = 4k . Assuming that k >> 2w, and S is observed at scale w,

the probability that ¸ 2 [0; 2] is bounded above by

Pr [¸ 2 [0; 2]] · exp
¡
¡ 2 ¢4k ¡ 4w ¡ 41¡ w + 41¡ k ¢

:

Proof. There are 4w words at scalew, and approximately 4k (precisely 4k ¡ w + 1) positions in S where a

word could occur. The probabilit y that any word has lessthan or equal to 2 occurrencesis then given by

the left tail of the binomial distribution as follows:

Pr [¸ · 2] = B
¡
0;4k ; 4¡ w ¢

+ B
¡
1;4k ; 4¡ w ¢

+ B
¡
2;4k ; 4¡ w ¢

;
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Figure 7.2: Behavior of Varu [Z ] and (b) Varu [Z ]0 with p0 and binomially-distributed Y .

where B (k; n; p) is the binomial probabilit y of observing k successesin a Binomial distribution with pa-

rameters (n; 4¡ w ), and B (k; n; p) is the corresponding cumulativ e probabilit y. Since k >> 2w, applying

Cherno®'s inequality [20] to the binomial distribution, we have

Pr [¸ · 2] = F
µ

2;4k ;
1

4w

¶

· exp
¡
¡ 2(4k ¡ 2w ¡ 41¡ w + 41¡ k )

¢
:

¤

Figure 7.3 illustrates the probabilit y variation for di®erent valuesof k and w. It is clear that for k >> 2w,

the probabilit y is closeto zero. The above results suggestthat, for a sequenceS of length n, that is analyzed

at scalew, Varu [Z ] increaseswith increasingw with high probabilit y.

Theorem 7.5 suggeststhat, for a sequenceS generatedby a Markov chain of order w, jZk ¡ Zk+1 j is very

close to zero for all k ¸ w. We use this fact to estimate the order of the generating Markov chain for a

sequenceas described in the algorithm in Figure 7.4.

The upper bound on the varianceof Z , Varu [Z ] increaseswith increasingk for a given sequence.For a given

wmax and a sequenceS of length n, our algorithm estimatesŵ in O(¹ (nwmax + c)) time and space,where ¹

is the number of times ¯ is sampled. Valuesof ¹ are discussedin Section 7.5.
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Figure 7.3: Surface plot illustrating probabilit y bounds for a range of k and w values. For k > 2w, the

probabilit y is closeto zero. For the very unlikely casek · 2w, the probabilit y has beenmanually set to ¡ 1.

Observe that the probabilit y is much larger when k = 2w. This casedoes not satisfy the requirements of

Lemma 7.6 and is rarely seenin real data.

INPUT: S, wmax

1: Generatea random word ¯ of length wmax + 1, conditioned on ª( S; ¯ ) > 0.

2: ®1 Ã ¯ [wmax ]

3: ° 1 Ã ¯ [wmax + 1]

4: pe (®1; ° 1) Ã
ª( S; ®1)

ª( S; ®1:° 1)
5: for w = 2 to wmax do

6: ®w Ã ¯ [wwmax ¡ w + 1::wwmax ]

7: ° w Ã ¯ [wwmax ¡ w + 2::wwmax + 1]

8: pe (®w ; °w ) Ã
ª( S; ®w ¢°w [w])

ª( S; ®w )
9: pd (®w ; °w ) Ã pe (®w¡ 1; °w¡ 1)

10: end for

11: for w = 1 to wmax do

12: ¢ w Ã L1(pe (i w ; j w ) ; pd (i w ; j w ))

13: prin t ¢ w

14: end for

Figure 7.4: Pseudocode for determining the variation of ¢ w with w.
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7.4 Variation of distances between pe (x; y) and pd (x; y) with input

sequence length

To build a Markov chain corresponding to an input sequence,enough sequencemust be present for the

Markov chain to sample the transitions su±cient number of times and model the input sequencecorrectly.

This meansthat the input sequenceshould be long enough to enable su±cient sampling of each state. In

the absenceof a su±ciently long sequence,the Markov chain produced from the sequenceis no longer a

true model. Figure 7.5 examinesthe variation of distancesbetweenPw;emp and Pw;der for binary sequences

of di®erent lengths. In Figure 7.5(a), the generating Markov chain of the sequenceshas order 3, while in

Figure 7.5(b), the generating Markov chain of the sequenceshas order 5. Observe that as the sequencegets

longer, the sharp transition indicating the order of the generating Markov chain becomesmore and more

prominent and the noiseat higher word lengths decreases.

7.5 Results

To study the abilit y of our algorithm to identify the order of the generating Markov chain for a given

sequence,we conducted the following experiment. We randomly generatedMarkov chains of orders 2, 3, 4,

5, 6, and 7. Each Markov chain wasusedto generatesequencesof length 1 Mb. Each sequencewasexamined

at word lengths w 2 [2; 10].

First, we studied the behavior of ¢ w . For each sequence,̄ was sampled100 times and ¢ w was computed

for w 2 [2; 10] as described in Figure 7.4 and Section 7.3. For each w, ¢ w was plotted. Figure 7.6 illustrates

the variation of ¢ w with increasing w. Observe that the change in ¢ w between consecutive values of w is

negative and maximum betweenw = ŵ and w = ŵ + 1. Figure 7.6(a) and (b) also illustrate that E [¢ w ] ! 0

for w ¸ ŵ. In the ideal situation, with more sequenceat hand, this phenomenonis also exhibited when

ŵ is higher. Observe that as w increases,for the same sequencesize, the noise increases. This can be

attributed to the behavior of Var [Z ] as described in Section 7.3. For a sequenceof a given length, higher

order words occur more infrequently , and their occurrencecounts do not represent their real distribution.

This is responsible for increasednoiseat higher valuesof w.

Figure 7.6 also suggeststhat it is not reliable to utilize a single instance of ¯ to estimate ŵ. Sampling ¯

several times gives a more reliable estimate of ¢ w values, as illustrated in Figure 7.7. For each sequence,

we used100 samplesof ¯ to compute the averagevalue of ¢ w at each value of w. Theseaveragevaluesare

plotted in Fig 7.7. Observe that when an averageover multiple samplesare taken, the ¢ w curve is much
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(a)

(b)

Figure 7.5: Variation of L 1 distances with input sequencelength and word length variation. The x-axis

indicates the word length at which the sequenceis being examined. The y-axis indicates the distance

betweenthe empirical and derived distributions. Di®erent colors indicate distancevariation graphs for input

sequencesof di®erent lengths. (a) An order 3 generating Markov chain was used. (b) An order 5 generating

Markov chain was used.
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Figure 7.6: Variation of ¢ w in a sequencegeneratedby Markov chains of di®erent orders. (a) ŵ = 3 and

(b) ŵ = 4. , (c) ŵ = 5, and (d) ŵ = 6. Observe that E [¢ w ] ¼ 0 for w > ŵ is demonstrated nicely by (a).

This is becauseof the presenceof ample sequenceto characterize the transition probabilities at various word

lengths.
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Figure 7.7: Plot of average¢ w values over 100 samplesof ¯ . The identi¯cation of ŵ is much more well-

de¯ned. The sharp transitions are clearer and the ¢ w curve is much smoother.

smoother and identi¯es ŵ correctly in all cases.

Next, we studied the e®ectivenessof our algorithm in identifying ŵ for a given sequence.Using each Markov

chain, we generated25 sequencesand then usedaverage¢ w valuesacrossmultiple samplesof ¯ to estimate

ŵ. Figure 7.8 illustrates the results. In 100%of the samples,our algorithm estimated ŵ correctly. Genomic

segments of A. thaliana including coding regions, untranslated regions, and random genomic segments of

lengths 30 kilobases and 80 kilobases were studied using our estimator. Neither our estimator nor the

Dalevi-Dubhashi estimator identi¯ed an order in thesesequences.

7.5.1 Dep endence of convergence on eigenvalues of Pw .

In this section, we explore the relationships between the secondlargest eigenvalue modulus (SLEM) of the

transition matrix and the convergenceof its Markov chain. We then try to relate the SLEM to the order of

the generating Markov chain. A transition matrix P is said to have an eigenvalue ¸ if there exists a vector

v 6= 0 such that

P ¢v = ¸ ¢v.

The eigenvaluesof P are the roots of the characteristic polynomial p(¸ ) = det(P ¡ ¸I ), whereI is the identit y

matrix. If jS j = n and P is n £ n, P has n eigenvalues ¸ 0; ¸ 1; : : : ; ¸ n ¡ 1, and corresponding eigenvectors

v0; v1; : : : ; vn ¡ 1.
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Figure 7.8: E®ectivenessof ¢ w in identifying ŵ. 25 di®erent sequencesgeneratedby Markov chains of order

(a) 3 (b) 4 and (c) 5, respectively, have beenused.
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Lemma 7.7. Any stochastic matrix P has an eigenvalueequal to 1.

Proof. If P is a stochastic matrix, then, for the vector u such that u(x) = 1 for all x 2 Sw , P ¢u = u.

Therefore, any stochastic matrix P has an eigenvalue equal to 1. ¤

Let ¸ 0 = 1. Among ¸ 1; : : : ; ¸ n ¡ 1, let ¸ ¤ be the largest eigenvalue. j¸ ¤ j is called the Second LargestEigenvalue

Modulus (SLEM) . Then, Lemma 7.8 holds.

Lemma 7.8. For a stochastic matrix P, let ¸ ¤ be the SLEM of P. Then ¸ ¤ · 1.

Proof. Let Pv = ¸v for some eigenvalue ¸ and corresponding eigenvector v. Choose x 2 Sw such that

jv(x)j ¸ jv(y)j for all y 2 Sw .

j¸v (x)j = j(Pv)x j

=

¯
¯
¯
¯
¯

X

y

P(x; y)v(y)

¯
¯
¯
¯
¯

·
X

y

jv(y)jP(x; y)

·
X

y

jv(x)jP(x; y)

· jv(x)j:

So, j¸ j · 1. Therefore, ¸ ¤ · 1. ¤

Lemma 7.9. A ¯nite Markov chain satis¯es ¸ ¤ < 1 if and only if it is both indecomposableand aperiodic.

A proof for Lemma 7.9 can be found in Behrends[10].

Recall that an n £ n matrix P is said to be diagonalizableif P can be written as P = B DB ¡ 1, where D is a

diagonal n £ n matrix with the eigenvaluesof P as its main entries and B is an invertible (i.e., det(B ) 6= 0)

n £ n matrix consisting of the eigenvectors corresponding to the eigenvaluesof P.

Lemma 7.10. If P is diagonalizableand ¸ ¤ < 1, then there is a unique stationary distribution ¼ on Sw .

Given an initial distribution ¹ 0 and a point x 2 Sw ,

j¹ k (x) ¡ ¼(x)j ·
n ¡ 1X

m =1

jam vm (x)jj ¸ m jk ·
µ n ¡ 1X

m =1

jam vm (x)j
¶

(¸ ¤)k ;

where, k denotesthe number of steps,

¸ 0; ¸ 1; : : : ; ¸ n ¡ 1
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are the eigenvaluesof P,

v0; v1; : : : ; vn ¡ 1

are a basis of the corresponding right eigenvectors, and am are the unique complex coe±cients satisfying

¹ 0 = a0v0 + a1v1 + : : : + an ¡ 1vn ¡ 1:

Proof. The following proof has beentaken from Behrends[10].

¹ k = ¹ 0P k : (7.1)

vm P = ¸ m vm : (7.2)

¸ 0 = 1: (7.3)

Using Equations 7.1, 7.2, and 7.3, we get

¹ k = (a0v0 + a1v1 + : : : + an ¡ 1vn ¡ 1)P k (7.4)

= (a0v0 + a1v1 + : : : + an ¡ 1vn ¡ 1)(v¡ 1
m ¸ m vm )k (7.5)

= a0v0¸ 0 + a1v1(¸ 1)k + : : : + an ¡ 1vn ¡ 1(¸ n ¡ 1)k : (7.6)

¸ ¤ < 1. So, (¸ m )k ! 0 as k ! 1 , for 1 · m · n ¡ 1. So, ¹ k ! a0v0. And a0 =
¡ P

y v0(y)
¢¡ 1

. Therefore,

¼= a0v0 is a unique probabilit y distribution independent of ¹ 0 and

¹ k (x) ¡ ¼(x) = a1v1(x)( ¸ 1)k + : : : + an ¡ 1vn ¡ 1(x)( ¸ n ¡ 1)k (7.7)

) j¹ k (x) ¡ ¼(x)j = ja1v1(x)( ¸ 1)k + : : : + an ¡ 1vn ¡ 1(x)( ¸ n ¡ 1)k j (7.8)

) j¹ k (x) ¡ ¼(x)j ·
n ¡ 1X

m =1

jam vm (x)jj ¸ m jk : (7.9)

¤

For more explanations, consult Feller [37]. The above bounds were veri¯ed by comparing to the actual

number of stepsneededfor a Markov chain to converge. For the alphabet B = f 0; 1g, Markov chains of order

w = 3 and w = 4 were generated. The number of stepsneededfor each transition matrix P to convergewas

computed empirically by raising P to the k th power such that norm(P k ¡ P k ¡ 1) < ², whereepsilon = 10¡ 5.

The theoretical bound on the number of stepswas computed using Lemma 7.10 by taking the averagevalue

over all x 2 Sw . A subsetof the results is summarizedin Table 7.3 which demonstratesthat the theoretical

and empirical valuesof k are close.
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Table 7.3: Number of steps required for matrix convergence. Comparison of number of steps required for

transition matrix convergence,when computed empirically and theoretically.

w k (empirical) k (theoretical)

3 18 18:375

3 44 47:750

3 53 56:625

3 32 34:000

4 74 73:500

4 84 92:937

4 44 43:000

4 33 34:313

The following experiment is done to study the SLEMs and steps neededfor convergenceof Markov chains

of various orders computed from a sequencegeneratedby a Markov chain of ¯xed order. Markov chains

of orders 3 until 10 are generated by randomly assigning probabilities to their transition matrices, while

maintaining their stochastic nature. TheseMarkov chains are usedto generatesequences.

Prop osition 1. If a sequence S hasa generating Markov chain of order ŵ, then, the SLEMs of the transition

matrices of all Markov chains of order ŵ + 1 and greater generated from S wil l di®er by ², where ² ! 0, as

S ! 1 .

While we do not have a theoretical proof for the above proposition yet, Figure 7.9 illustrates values that

agreewith Proposition 1. Figure 7.10 illustrates the number of steps neededfor convergencein generated

Markov chains. We observe that while the SLEM varies very little for w > ŵ + 1, the number of steps

required for convergencedoesnot stabilize for generatedMarkov chains of orders w and greater.

Further exploration in this direction is one of the future directions of research we are exploring.

7.6 Conclusions and Future work

In this work, we have built a formal framework for the analysis of sequencesusing DNA words of di®erent

lengths and illustrated the performanceof the algorithm we useto estimate Markov chain order. With suit-

able sampling, it is possibleto predict the order of generating Markov chains using much shorter sequences.

The exact method and the corresponding mathematical framework is one of the directions we are pursuing.
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Figure 7.9: Variation of SLEMs in generated Markov chains of di®erent orders. Di®erent colors indicate

generated transition matrix SLEM trends for generating Markov chains of di®erent orders. The color legend

givesthe generating Markov chain orders.
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Figure 7.10: Variation of steps needed for convergencein generated Markov chains of di®erent orders.

Di®erent colors indicate steps required for generated transition matrix convergencefor generating Markov

chains of di®erent orders. The color legendgivesthe generating Markov chain orders.
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Comparison of the performanceof our algorithm to that of the Peres-Shieldsand Dalevi-Dubhashi estima-

tors is also one of the future directions. Having su±cient sequenceto summarizethe transition probabilities

accurately at all word lengths is also important. Ultimately , the amount of available sequence,the range of

word lengths, the behavior of the variance,and the transition probabilities, can all be integrated to compute

an e±cient Markov order estimator from sequence.
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Chapter 8

Conclusions

Genomic signaturescomputed from sequencesthat useoligonucleotide frequencieshave beenstudied exten-

sively in scienti¯c literature. In computing the de Bruijn chain signature, we have integrated aspectsof graph

structure and Markov chain stationary distributions to extract unique aspects of genomicsequences.Both

the stationary distribution and graph-basedsignatures are novel approaches that have not been explored

previously in the scienti¯c literature. The graph-basedcomponent of the DBC signature is a measureof

the strength of connectivity of each vertex to the largest connectedcomponent of the graph of which it is

part, while the stationary distribution is a relative of word frequencybasedsignaturesthat characterizesthe

underlying Markov chain more closely. Together, thesetwo featuresresult in a powerful signature that hasa

better accuracyof origin prediction for short DNA sequencesthan existing word frequencybasedsignatures.

Using a collection of speciessampleduniformly from all parts of the taxonomic tree, we have demonstrated

that the µdbc
2 signature is very well-conserved in all speciesexcept the set of tetrapod vertebrates in our

collection. We demonstrate that the µdbc
2 signature is able to accurately distinguish betweendiversespecies

as well as closely-relatedspecies.

In this work, besidesexploring the properties of the µdbc
2 signature using empirical results, we build a

theoretical framework within which we characterizethe separationbetweenµdbc
2 signaturesof DNA fragments

hypothesized to be generated by either the same or di®erent de Bruijn chains. We obtain probabilistic

bounds on separation using parametersof the hypothetical generating de Bruijn chain(s). Additionally , we

also establish a mathematical framework for the word count vector, which is novel.

Several interesting computational problems arise from the study of genomicsignatures. Distancesbetween

µdbc
2 signatures can serve as a basis for phylogenetic reconstruction. This would eliminate the need for
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computation-intensive alignments. Another possibledirection is to study the conservation of each genomic

signature under every level of organization in the taxonomic tree. This will help identify the extent to

which the organisms under every level of organization are related to each other. Tree-wide analysis will

also help to identify horizontal transfers betweenspecies.Moreover, alternate positions for organismsin the

taxonomic tree may be identi¯ed. A large-scalesoftware system that stores the genomic signatures of all

sequencedgenomesand is meant to identify the origin and closerelativesof short segments of DNA is under

construction.

Genomic signaturesare the central topic of this dissertation. Two other computational problems have also

been addressedin this work. The ¯rst problem deals with the estimation of Markov chain order. Given a

sequencehypothesizedto be generatedby a Markov chain, we proposea mathematical framework and an

algorithm to estimate the order of that Markov chain using properties of oligonucleotides in the sequence.

The secondtopic is a part of the Computational Modelsfor GeneSilencingproject. It consistsof a centralized

databasefor all typesof biological data for C. elegans. Associated computational tools perform data-mining

operations on this data and enrich the databasewith the computed results. Raw data as well as hypotheses

generatedby the data-mining methods are served using an associated website.
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App endix A

CMGSDB: In tegrating heterogeneous

C. elegans data sources using

comp ositional data mining

Other contributors to this work are Ying Jin, Karsten Klage, Lenwood S. Heath, Richard Helm, and Naren

Ramakrishnan.

In tro duction

The availabilit y of high-throughput screenshas openedup awarenessof the importance of data integration

to reveal usefulbiological insight. For instance, the study of even a focusedaspect of cellular activit y, such as

geneaction, now bene¯ts from multiple high-throughput data acquisition technologies,such as microarrays,

genome-widedeletion screens,and RNAi assays. While enormousquantities of data are available, it remains

a major challenge to construe meaningful biological evidence from this data that explains, for example,

the role of a biological pathway, the e®ectsof a SNP on diseasephenotypes, or the regulatory networks or

metabolic pathways underlying a cellular state. Two major factors make this processharder. First, high-

throughput experiments for a given genomeare performedby independent groupsof researchersthat develop

their own naming conventions and schemesfor information storageand retrieval. This makes it di±cult for

scientists to utilize all available data for a genometo draw inferences. Second,even if such integration is

accomplished,the possibility of linking data acrosssourcesis often restricted to individual entities, such as
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genesor proteins; it is di±cult to track setsof entities, which is the more natural way to interact with such

databases.

As a casein point, consider the possibilities of integration opened up by the availabilit y of RNAi screens.

Post-transcriptional gene silencing via RNAi was ¯rst described in the nematode Caenorhabditis elegans

(C. elegans, CE) [40], and is presently utilized for a variety of functional genomicsexperiments using RNAi

assays. Although Wormbase serves as a centralized repository for C. elegans data, the sourcesof RNAi

experiments in C. elegans are many, their data representation formats are varied, and someinformation is

lost while integrating them into the Wormbase[43] schema.

Here, we present CMGSDB, a databasefor computational models in genesilencing,wherethe following goals

have beenachieved. We have integrated genomeannotation data, geneexpressiondata, protein interaction

data, gene regulation data, GO (Gene Ontology) annotation data, and RNAi data for C. elegans into a

centralized schema. RNAi experiments and phenotypes have been integrated from independent research

groups into a singleschema. A commonhierarchical structure hasbeendesignedto organizethe phenotypes

from di®erent sources. The hierarchy is accessiblevia a web browser. Compositional data mining [66] is

usedto identify relationships among setsof entities acrossthe databaseschema, where thesesetsare mined

automatically and not de¯ned a priori . A detailed web interface that reports all the data and the patterns

computed is available at https://bioinformatics.cs.vt.edu/cmgs/CMGSDB/ .

Comp ositional Data Mining

The basic idea in compositional data mining is to mirror the shift-of-vocabulary as we traversea database

schema in a composition of data mining algorithms that mine the respective entities and relationships.

For instance, consider a multiple stressenvironment where numerous physiological responsesare occurring

simultaneously. E®orts to identify a set of C. elegans genes(perhapsencoding transcription factors (TFs))

to knock down (via RNAi) in order to ascertain key mechanisms of response might begin by identifying

those geneswhose knock down produces phenotypes that modulate survival, and then ¯nd one or more

transcription factors that combinatorially control the expressionof thesegenes.This analysiscan be modeled

as a chain: transcription factors ! genes! phenotypes. Each step in this chain is computed using a data

mining algorithm, sothat we ¯rst mine the relationship betweentranscription factors and genesfor concerted

(TF, gene)setscalled biclusters, then mine the relationship betweengenesand phenotypesto ¯nd concerted

biclusters of (gene, phenotype) pairs. The biclusters share the gene boundary leading us to investigate

if these biclusters approximately match at the gene interface. The projection of the biclusters with an

approximate match at one interface is called a redescription. Thus, compositional data mining is a way of
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problem decomposition (see [66] for more details) where biclustering and redescription mining algorithms

are chained in a way that mirrors the underlying \join-order" path in the databaseschema.

As illustrated in Figure A.1, we mine biclusters between genesand the transcription factors that regulate

them, mine biclusters betweengenesand the phenotypesthat result when they are knocked down, and relate

onesideof the ¯rst bicluster with onesideof the secondbicluster. Hencethe task of integrating diversedata

sourcesis reduced to composing data mining patterns computed over each of the sourcesseparately. The

advantageof this formulation is that each data sourcecanbemined individually usinga biclustering algorithm

that is suited for that purpose. For instance, the xMotif [48], SAMBA [122], and ISA [11] algorithms are

suited for mining numeric data (e.g., such as geneexpressionrelationships), while Apriori [2] and CHARM

[62] algorithms are suited for mining boolean data (e.g., graph adjacencies).

The approximate matching of biclusters is ensuredusing a similarit y search algorithm or redescription mining

approach. This problem, in various guises,has beenstudied by the databasecommunit y; see[91] and [107]

for examples. In this work, we utilize a cover-tree approach for fast computation of similar biclusters. The

overlap between the sidesof biclusters is quali¯ed using the Jaccard's coe±cient: the Jaccard's coe±cient

betweentwo setsX and Y is the ratio

jX \ Y j=jX ¤ Y j:

It is zero if the sets are disjoint and one if they are the same. In practice, we use a lax threshold on

Jaccard's coe±cient such as 0:5 and ensurethat all similarities have a p-value signi¯cance of at least 0:001.

Speci¯cally, we use the hypergeometric distribution to assessthe likelihood of observing a given Jaccard's

threshold (given the sizesof X and Y) and usethis probabilit y to derive a p-value test.

Given a database schema and two entit y sets participating in it, e.g., \TFs" and \phenotypes", we ¯rst

identify the paths between these entit y sets in the underlying E/R diagram of the schema. Observe that

there can be many paths, including recursive ones (e.g., \TFs regulate TFs which regulate other genes,

contributing to phenotypes,when knocked-down."). Corresponding to each path, we instantiate a sequence

of biclusterings and usethe cover-tree to identify redescriptions that can link them into chains.

CMGSDB data sources and metho ds

We refer to the biological entities captured in CMGSDB asbiots. CMGSDB contains exhaustive data about

the following biots in C. elegans: chromosomes,genes,transcripts, and proteins. For genes,extensive anno-

tations (IDs, locations, names,annotations, locus, transcripts) are complemented by microarray data, RNAi

knockout experimental data, interaction data, gene regulatory information, and functional categorization
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Figure A.1: Finding transcription factors (TFs) whoseknock down induces improved desiccation tolerance

in C. elegans. Two biclusters (shadedrectangles) joined at the geneinterface using a redescription between

their projections. Below that is the compositional data mining schema,displaying the sequenceof primitiv es.
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using the GO categories. Proteins, besidescontaining complete annotations, are enhancedby the addition

of SwissProt/TrEMBL cross-references,physical structure details and properties, and orthology/paralogy

information. Finally, groups of all typesof biots and biot information are linked together by patterns found

by compositional data mining, as described in the previous section.

Data Sources

Genomeannotation data (chromosomes,genes,proteins, sequences,transcripts) for C. elegans are retrieved

from Wormbase[43]. Attention has been paid to retaining all transcripts and their respective constituting

coding sequencesfor each gene.Thesetranscripts serve asa link to geneexpressiondata and RNAi transcript

information. Geneorthology and paralogy data have also beentaken from Wormbase.

Protein sequencesand annotations have beenobtained from Wormbase,while their physical properties and

PDB (Protein Data Bank [13]) homologshave been obtained from the SGCE (Structural Genomicsof C.

elegans [121]) project. Protein interaction data and generegulatory information have been obtained from

BioGRID [118]. Internal mappings from BioGRID IDs to WormbaseIDs have beengenerated.

Genomewide gene expressiondata for 496 C. elegans microarray experiments have been collected from

SMD (Stanford Microarray Database [8]). Expression values have been related to the genesthrough gene

transcripts.

The RNAi component of CMGSDB is one of the chief characteristics that discriminates CMGSDB from

other C. elegans resources. The RNAi experiments obtained from Wormbasehave been supplemented by

RNAi experiments retrieved from Phenobank [117], PhenomicDB [47], and RNAi phenomedatabase[83].

The samehas beendone for RNAi phenotypes. All RNAi phenotypes, thus obtained, have beenorganized

into a hierarchical structure, with Body, Cell, Development, Lethal and Sterile, and Miscellaneousas the top

phenotypic categories.While Phenobank'sexperiments test all C. elegansgenesfor their role in the ¯rst two

rounds of mitotic cell division, RNAi phenomedatabase'sexperiments are aimed at evaluating the e®ectsof

RNAi on geneswhoseknockdown causesembryonic lethalit y. PhenomicDB is a multi-organism phenotype-

genotype databaseincluding human, mouse, fruit °y, C. elegans, and other model organisms. Apart from

theseweb-basedRNAi data sources,there are a number of genome-wideRNAi screensin literature that are

undocumented in theseweb-basedsourcesbut have been included in CMGSDB ([21, 23, 26, 41, 45, 49, 51,

74, 76, 92, 98, 100, 105, 109, 111, 119, 120, 125, 128]).
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Database schema

The key components of CMGSDB are illustrated in Figure A.2. Biots are contained in light green boxes,

which are represented by one or more relations in CMGSDB. Blue arrows represent relationships in CM-

GSDB. Plain black arrows represent data °ow.

Applying CDM to CMGSDB

We applied compositional data mining (CDM) to CMGSDB as follows. There are a variety of biclustering

algorithms that can be applied for mining relationships [82]. For the purpose of this study, we utilized

CHARM [133] to mine biclusters in binary relationships. For gene expressiondata, we utilized SAMBA

[122] to mine biclusters.

Given a binary 0 ¡ 1 matrix, the CHARM algorithm identi¯es sets of rows that show the samebit (0=1)

patterns acrossall columns. The row set is grown to be maximal in sizeand, together with the columns for

which the rows have a \1", de¯nes the bicluster. CHARM identi¯es overlapping biclusters, which can be

organizedalongsidea lattice of subset relationships.

The SAMBA algorithm casts biclustering as a problem of ¯nding bicliques in a bipartite graph. Given an

edge-weighted graph (e.g., between genesand experiments labeled with expressionlevels) SAMBA detects

densesubgraphs,which are then iterativ ely improved (using local addition/remo val of vertices) in a post-

processingphase.

Biclusters are connectedif the overlap between the participating entities satis¯ed a Jaccard's threshold of

0:5. Chains computed in this manner all mediate through the Geneentit y set, since it servesa central role

in CMGSDB (i.e., all relationships involve Genes).

Patterns mined by CDM serve many purposes. For instance, they can be used to impute functions and

properties to unannotated genes,they can make unexpectedconnectionsbetweenupstream and downstream

indicators, and they can summarize the distribution of data in the databasemore succinctly by identifying

the setsof entities that dominate in many compositions.
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Figure A.2: Data integration and analysis in CMGSDB.
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Table A.1: Summary of chain 153 containing geneglp-1

Bicluster T yp e Set 1 Set 2

1 Gene-Phenotype nmy-1, par-1 PBPhen25 (Asymmetry of divison),

WBPhen30 (Embryonic lethal), WBPhen301

(Protruding vulva), WBPhen320 (Sterile),

WBPhen326 (Sterile progeny), WBPhen7

(Asymmetry of divison abnormal)

2 Gene-GO apx-1, glp-1,

nmy-1, par-1

GO:0002119(Larval dev. (sensuNematoda)),

GO:0044464(Cell part), GO:0009987(Cellu-

lar process),GO:0048856(Anatomical struc-

ture dev.), GO:0007389(Pattern speci¯cation

process) , GO:0009790(Embryonic dev.),

GO:0009791(Post-embryonic dev.)

3 Gene-Gene glp-1, par-1 glp-1, par-1

Querying CMGSDB

CMGSDB consistsof a web interface and a PostgreSQL databasemanagement system. The web interface

has beenimplemented using static and dynamic HTML, PHP, CSS,and Javascript. PostgreSQL is usedto

store the data described in the previous section and in Figure A.2.

The web interface of CMGSDB can be used for querying. The user can search against all C. elegans biots.

Genes,for example, can be searched using names,loci, transcript IDs, and annotations. A biot page,apart

from displaying basic information about that biot, alsodisplays relationships with other biots that have been

captured within CMGSDB. For instance, the phenotype pagenot only displays phenotype description, ID,

and source,but also shows existing relationships with other phenotypes,GO categoriesassociated with the

phenotype, RNAi experiments in which the phenotype wasobserved, geneswhoseknock down resulted in the

phenotype, and chains in which the phenotype participates. Biot pagesare closely interlink ed through biot

IDs. As far as possible,biots are hyperlinked on pages. A biot pagealso contains hyperlinks to Wormbase

and GO wherever applicable. Figure A.3 illustrates the pagefor the gpr-1 genethrough a screenshot.

Chains, asdescribed before,are available for searching and browsing. Chains can be queriedby participating

genes,number of common genesamong all biclusters, and number of biclusters. A chain with 3 biclusters

containing geneglp-1 is shown in Table A.1.

142



Figure A.3: Screenshotof the genepage.
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LIN-12/Notc h signaling

In C. elegans, the LIN-12/Notc h protein family mediatescell-cell interactions. Glp-1 and lin-12 encode two

proteins in the LIN-12/Notc h pathway, which is conserved in mammalian development. The two general

cell-cell interactions that determinecell-fate and involve theseproteins are lateral speci¯cation and induction.

Querying CMGSDB for glp-1 gives two chains (chain 153 and chain 154). Table A.1 illustrates chain 153,

which demonstratesa chain of 3 (2 non-trivial) biclusters. The biclusters with the GO categoriesand RNAi

phenotypes suggest that genesin this chain contribute to the structural aspects of cell division such as

pattern speci¯cation leading to asymmetry of division, and these might be important to avoid embryonic

lethalit y, protruding vulva, and sterile progeny. Furthermore, this set of genesis likely to be self-regulated.

Four genescharacterize the two chains: par-1, apx-1, nmy-2, and glp-1. Par-1 encodes a serine threonine

kinase, which is required for the spatial regulation of GLP-1 asymmetry [24]. Par-1 is connected to glp-

1 through the GO and gene regulation blocks. Apx-1 encodes a ligand homolog to the Delta protein of

Drosophila. Both proteins contribute to the establishment of the dorsal-ventral axis in the early C. elegans

embryo [6]. Chains 153 and 154 suggestan interaction between par-1 and apx-1. The likelihood of this

prediction is further strengthenedby the computational prediction of interaction between the samepair of

genes(or their products) by Zhong and Sternberg [136]. A putativ e genein the Notch pathway is nmy-2,

which encodes a maternally expressednon-muscle myosin I I. The corresponding protein is linked through

the phenotype bicluster containing par-1. The function of NMY-2 and PAR-5 is to together establish

polarization in the C. elegans zygote along the anterior-p osterior axis 23. In summary, glp-1 and par-1

interaction was already suggested,while apx-1 and nmy-2 represent new potential interactions with glp-1

in the LIN-12/Notc h pathway, uncovered through compositional data mining.

Wnt path way

The Wnt signal transduction pathway regulates diverse processesincluding cell proliferation, migration,

polarit y, di®erentiation, and axon outgrowth in C. elegans. The signaling is composed of two pathways,

the canonical wnt/BAR-1 pathway and the non-canonicalwnt/WRM-1 pathway. A common component in

both pathways is the HMG box containing protein POP-1, which is a member of the TCF/LEF family of

transcription factors. The wnt-signaling pathway regulates the activation of the latter [78, 112]. CMGSDB

reported 32 chains containing pop-1, the commontarget of the two wnt-pathways. These32 chains suggested

18 new genecandidates (daf-2, par-2, par-3, par-5, par-6, pkc-3, pkc-6, ooc-3, gpa-16, mbk-2, mes-1, csn-

3, pgl-1, egl-46, tac-1, rab-5, tba-2, uri-1 ) for the pathway. Of these, only par-5 (chains 234, 236, 240)
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has been con¯rmed as a regulator of pop-1 [80]. pop-1 is connected to par-2 (chains 204, 206, 210, 212)

through a regulatory network [88, 131]. Consistent with the results from CMGSDB, Zhong and Sternberg

[136] predicted interactions among par-2, mes-1 (chains 246, 248), a geneencoding a tyrosine kinase-like

protein that is required for unequal cell division [12], ooc-3 (chains 222, 224), encoding a protein required

to establishasymmetrical anterior-p osterior cortical domainsand spindle orientation [9], and gpa-16 (chains

234,236), encoding a member of the G-protein alpha-subunit family of heterochromatic GTPasethat e®ects

spindle position and orientation [1]. It can be hypothesizedthat PAR-2 is regulated by POP-1 over PAR-5.

Further evidenceshows that PAR-2 is regulated independently from the wnt-pathway, as it is not regulated

by MOM-5 and MOM-2, the wnt-receptor and wnt-ligand respectively [75]. From the above genelist of 18

genes,CMGSDB suggestsan interaction of wnt-proteins with the tyrosine kinase receptor DAF-2, which

is involved in longevity and insulin signaling. This can be a potential link between daf-proteins and wnt-

pathway proteins, indicating a possibleconnection betweeninsulin and wnt signaling.

Some database statistics

In this section, we describe somebasic statistics about the data in CMGSDB, especially focusing on data

related to RNAi experiments and phenotypes and chains. Figure A.4 illustrates some of the statistics of

chains. Chains consisting of 3, 4, and 5 biclusters, number 2054, 1654, and 426, respectively. Figure A.4

examinesthe distribution of the total number of genesin a chain and the number of common genesamong

all biclusters in a chain.

CMGSDB stores 81722RNAi experiments and 565 RNAi phenotypes. This includes 145028relationships

between21222unique C. elegans genetranscripts and the above 565 phenotypes.

Phenot yp e bro wser

In CMGSDB, phenotypesfrom several di®erent sourceshave beenorganizedinto a common hierarchy. This

hierarchy is available for browsing via a phenotype browser available at

https://bioinformatics.cs.vt.edu/cmgs/CMGSDB/Treeview/index.php .

The viewer has been implemented using the PHP TreeView classand is dynamically linked to individual

phenotype pagesand to other biots. Figure A.5 illustrates the phenotype browser with the tree view on the

left.
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(a)

(b)

(c)

Figure A.4: Statistics of chains. (a) Distribution of number of commongenesin a chain. (b) Distribution of

total number of genesin a chain. (c) Subsetof (b).
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Figure A.5: Screenshotof the phenotype browser.

Downloads

Wehavemadethe CMGSDB schema,scripts, and raw data freely available under the GPL. Only the software

for computing chains is not included. The download packageis available at

https://bioinformatics.cs.vt.edu/cmgs/CMGSDB/download.php .

Using this package, a user with proper hardware and software resources(including PostgreSQL and Perl)

can locally set up an exact replica of CMGSDB's back end. The data is downloadedat runtime dynamically

over the Internet. Scripts prepare the data and populate the database. This includes the integration of

phenotypesfrom various sources.

All data in CMGSDB (except data related to chains) is available for download as °at ¯les at the downloads

page.
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Concluding remarks

The integration of RNAi data and the application of data mining within CMSGDB provide the user with

enhancedabilities to interpret raw C. elegansdata. Unlikeexisting C. elegansresources,CMGSDB integrates

RNAi data from multiple discretesources.Using chains, userscandiscover newassociations and relationships

in the data that can be tested experimentally . A very meaningful future direction is to further consolidate

the phenotypes to support alternate sets of phenotypes. This could be done by identifying very similar

phenotypesas the sameor by choosing a level of specialization in the phenotype tree. During the ¯nal two

yearsof the CMGS project, additional data mining and modeling capabilities will be added.
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