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(ABSTRACT)

Multiple antennas help in combating the destructive effects of fading as well as
improve the spectral efficiency of a communication system. Receive diversity techniques
like maximal ratio receive combining have been popular means of introducing multiple
antennas into communication systems. Space-time block codes present a way of
introducing transmit diversity into the communication system with similar complexity
and performance as maximal ratio receive combining. In this thesis we study the
performance of space-time block codes in Rayleigh fading channel. In particular, the
quasi-static assumption on the fading channel is removed to study how the space-time
block coded system behaves in fast fading. In this context, the complexity versus
performance trade-off for a space-time block coded receiver is studied.

As a means to improve the performance of space-time block coded systems
concatenation by convolutional codes is introduced. The improvement in the diversity
order by the introduction of convolutional codes into the space-time block coded system
is discussed. A general analytic expression for the error performance of a space-time
block coded system is derived. This expression is utilized to obtain general expressions
for the error performance of convolutionally concatenated space-time block coded
systems utilizing both hard and soft decision decoding. Simulation results are presented

and are compared with the analytical results.
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Chapter 1

Introduction

1.1 Introduction

This chapter gives a brief overview of the thesis and the motivation behind the
research work. A brief historical prospective to space-time codes is also presented. At the

end a short overview of the chapters in this work and their organization is provided.

1.2  Overview

The purpose of this research is to study performance of space-time block codes in
fading channels. The diversity advantage by introducing space-time block codes in a
communication system is studied. The quasi-static constraint on fading channels is
removed and its effect on the performance of space-time block coded systems is
addressed.

In order to further improve the performance of space-time block coded systems in
fading channels, concatenation by convolutional codes is introduced. Performance
bounds for hard and soft decision decoding are obtained. It is seen how the introduction
of convolutional codes into the space-time block coded system increases the diversity

order. Numerous simulations results are presented to support the theoretical results.

1.3  Motivation

Multiple antennas in a communication system serve two important purposes. First
they introduce diversity into the communication system. Second they also increase the
capacity of communication systems.

Multi-paths in a wireless channel can introduce severe attenuation into the

transmitted signal. Diversity techniques provide effective ways to combat the destructive



nature of fading channels. Multiple antennas in a communication system provide
diversity by utilizing the different channel characteristics between each pair of transmit
and receive antennas.

The capacity increase due to the use of multiple antennas is studied in [1] [2] [3].
It is shown in these papers that the capacity of a multiple antenna communication system
far exceeds that of a single antenna system. Analysis in [1] shows that as long as the
number of receive antennas is greater than or equal to the number of transmit antennas,
the capacity of multiple antenna systems grows at least linearly with the number of
transmit antennas.

Due to the above-mentioned benefits the use of multiple antennas in
communication systems working under the constraints of severe fading is becoming
increasingly popular. Cellular-service providers invariably use multiple antennas to
combat fading. A common practice in cellular industry is to have two receive antennas
per sector to introduce receive diversity into the communication system.

Space-time block codes present a means of introducing transmit diversity into the
base station with performance results similar to the receive diversity techniques. With the
introduction of space-time block coding the base station can provide reliable
communication not only from the mobile user to the base station (receive diversity) but
also from the base station to the mobile user (transmit diversity). We cannot typically use
the receive diversity techniques for the mobile station because it has size constraints and
it may not be practical to deploy more than a single antenna on it. Further more even if
we use multiple antennas on the receiver, we may not get enough separation between the
antennas for an effective diversity advantage. Space-time codes provide the
communication system engineer effective means to bypass this difficulty.

Mobile wireless devices are increasingly becoming an essential entity in our daily
lives. We use wireless phones at home, offices and while traveling on the road. Due to
the widespread use of wireless devices in every possible scenario, it is important for
wireless services to be robust. In this context it is essential for practical space-time codes
to have acceptable performance in fast fading channels. In this thesis the quasi-static
assumption on space-time block coded communication systems is removed to examine its

behavior in fast fading channels. The complexity versus performance trade-off for a



space-time block coded receiver is studied. It is seen how performance starts
deteriorating with increasing Doppler for the quasi-static receiver. As a means to improve
the performance of the space-time block coded system concatenation with convolutional
codes is introduced. Convolutional codes improve the performance of space-time block
coded systems by increasing their diversity. The concatenation scheme provides the
systems engineer a method of improving the diversity without using additional antennas.
This advantage however comes with the cost of additional complexity and introduction of

interleaving delays.

1.4 Previous research and contribution of the thesis

Transmit diversity techniques received extensive attention after the introduction
of space-time codes. Some early transmit diversity schemes were introduced in [4], [5]
and [6]. Tarokh et al. introduced space-time trellis coding as a transmit diversity
technique in [7]. In this scheme joint designs for transmit diversity, channel coding and
modulation were proposed. Space-time trellis codes were shown to have good
performance at the cost of higher complexity. For a fixed number of transmit antennas
the decoding complexity of space-time trellis codes was shown to grow exponentially as
a function of bandwidth efficiency and the diversity level. Alamouti in [8] introduced a
two transmit antenna scheme which utilized very simple transmit and receive processing
while still retaining the full diversity order without any bandwidth expansion. Further
work on this scheme was done by Tarokh et al. in [9] and [10]. The two-antenna scheme
introduced by Alamouti was extended to more than two antennas. [9] introduced the
general theory for space-time block code construction. It was shown that for real signals
space-time block codes could be designed to give full diversity at the maximum possible
transmission rate. For complex constellation signaling new codes were designed that
provided full diversity at half and three-fourths of the maximum transmission rate. [10]
provides simulation results for the error performance of the newly proposed space-time
block codes at different bandwidth efficiencies. Recently, moderate complexity diagonal
algebraic space-time block codes (DAST) have been designed which can provide full
diversity while maintaining their transmission rate. These codes however are not as

simple as Alamoutis space-time block codes.



In this work the performance of space-time block codes in Rayleigh fading is
studied. It is shown that for a quasi-static channel the receiver maintains a simple
structure and the receiver processing is reduced to symbol-by-symbol ML detection. Two
scenarios are considered for fast fading channels. In the first case the receiver assumes
the channel to be quasi-static, maintaining its simple structure. Simulation results are
presented that show how performance degrades with increasing Doppler. In the second
case the receiver no longer assumes the channel to be quasi-static so that it performs
significant processing for signal detection. Simulation results are presented that show no
performance deterioration in fast fading. The performance versus complexity trade-off is
studied for fast fading channels.

It may not be possible to estimate all channel coefficients perfectly for a fast
fading channel. Simulation results are presented that show the performance of space-time
block coded systems when only some channel coefficients are estimated perfectly and the
rest are the interpolated values of these.

In order to further improve the performance of the space-time block coded
systems, serial concatenation with convolutional codes is studied. It is seen how
convolutional codes further increase the diversity of the communication system. General
expressions for the error performance of convolutionally concatenated space-time block
coded systems are derived for both hard and soft decision decoding. It is shown that the

diversity order increases to N, x N, xdfree/2 for hard decision decoding and
N, x N, xdfree for soft decision decoding, where N, is the number of transmit
antennas, N, the number of receive antennas and dfree is the free distance of the

convolutional code. Simulation results are provided that verify the analytical results.

1.5 Organization of chapters

Chapter 2 introduces space-time block codes and provides simulation results
showing its BER performance in Rayleigh fading. The construction of space-time block
codes is discussed and it is shown how orthogonality and the quasi-static assumption lead
to simplified processing at the receiver. In order to evaluate the performance of space-
time block codes without the quasi-static assumption, simulation results are provided at

different Dopplers. Receiver complexity versus BER performance trade-off is also



addressed in this chapter. This chapter also touches the real life scenario of having
imperfect channel estimation and provides simulation results for such a case.

In Chapter 3 analytic bounds for the error performance of arbitrary orthogonal
space-time block codes in Rayleigh fading channels are derived. A brief introduction to
convolutional coding is given and expressions for the performance of convolutionally
coded systems in Rayleigh fading are derived. This chapter introduces convolutionally
concatenated space-time block coding schemes. General analytic expressions for the error
performance of the concatenated scheme using hard and soft decision decoding are
derived. Simulation results are provided to verify the analytical results.

Chapter 4 presents the conclusions of this work. The contributions of this work

and the scope of future research are also discussed.



Chapter 2

Space-time block coding fundamentals

2.1 Introduction

This chapter gives an introduction to space-time block codes. Since the receive
combining for MRRC resembles that for space-time block codes, this chapter reviews
MRRC techniques for receive diversity. Alamouti’s simple two transmit antenna space-
time block code is discussed, followed by the more generalized space-time block codes as
introduced by Tarokh et al. Properties of orthogonal design are also discussed and it is
shown how this leads to a simplified receiver structure.

This chapter also introduces the impact of time varying Rayleigh fading channel
on the performance of space-time block coded systems. Simulations are performed under
different scenarios. The performance of space-time block coded systems in a quasi-static
channel; a time varying flat Rayleigh fading channel with and without a quasi-static
receiver is studied. A simple linear interpolation technique is introduced which serves as
a compromise between the case of the quasi-static receiver and the case where the

receiver has perfect knowledge of all the channel coefficients within each code frame.

2.2 Diversity

Multi-path fading in a wireless channel can cause severe degradation in the
performance of a communication system. In order to mitigate the effects of fading,
diversity techniques are used. These techniques are commonly classified into the
following categories:

Spatial diversity: If transmission and reception of information is carried out via

multiple antennas placed at appropriate distances in space and suitable processing done,



performance in fading channels can be improved. The three most common space
diversity techniques employed at the receiver are selection combining, maximal ratio
combining and equal gain combining. In selection combining (SC) multiple receive
antennas are placed at large enough distances so that fading is independent in each
receive antenna. The best signal from all the receive antennas is selected for detection. In
maximal ratio combining (MRC) the channel is estimated and the signals received by
each receive antenna are weighed according to the estimates so as to maximize the SNR.
In equal gain combining (EGC) weights are not dependent on the channel estimates.
Signals from each receive antenna are multiplied by the same weight so as to give a lower
SNR performance when compared to MRC. Even though the performance for EGC is
lower than for MRC, no channel estimation needs to be done in EGC.

Polarization diversity: Orthogonally polarized waves with independent fading
characteristics can be used as a source of diversity. Such techniques are called
polarization diversity techniques. In urban environments where space is limited,
polarization diversity is particularly advantageous as we can place antennas together. It
however provides only two diversity branches. In environments with a number of
reflections, the polarization may ultimately be lost and this technique may no longer be
useful. Line of sight communications can use polarization diversity to better its
performance.

Frequency diversity: If data is sent on carriers sufficiently spaced apart in
frequency, fading can be considered to be independent. We define coherence bandwidth
of a channel as [11]

Coherence bandwidth is the range of frequencies over which two frequency
components have strong amplitude correlation.

Based on this definition we can have different measures of coherence bandwidth
depending on how high a value of correlation we may want to use.

Thus we may say that if data is sent on carriers that are spaced by more than the
coherence bandwidth of the channel we can utilize frequency diversity.

Time diversity: If the transmitted signal is repeated in time and the interval of

time between repetitions is large enough for the channel characteristics to change, the



received signals can undergo independent fading. We define coherence time of the
channel as [11]

Coherence time is the statistical measure of time during which the two received
signals have strong amplitude correlation.

Based on this definition we can have different measures of coherence time
depending on how high a value of correlation we may want to use.

Thus we may say that if data is repeated in time with time duration greater than
the coherence time of the channel we can utilize time diversity. If the data rate is fixed,
higher Doppler will provide greater time diversity though not necessarily better signal as

higher Doppler means deeper fades.

2.3 Maximal ratio receive combining

Consider a single transmitter and » receivers. Let the transmitted symbol be
c .S, where S is the finite set of possible symbols that can be transmitted. Assuming the
channel to be flat, let the path gains from the transmit antenna to the jth receive antenna

be a;,j=1,23...n. Let the average energy of each symbol transmitted be normalized to
unity. Let n;,j=1,2,3...n represent zero mean complex Gaussian noise with variance

o, =0, per complex dimension. If SNR is the signal to noise ratio, then

SNR = 12: 12
20, 2o,

or variance per complex dimension is1/(2SNR).

Let r;,j =1, 2...n are the received signals, then
r,=a;ctn; j=1,23..n (2.1.1)

If the channel is perfectly estimated, the receiver decision metric is

n

2

Jj=1

r —ozjs‘2 (2.1.2)

The symbol s € §' that minimizes the sum is chosen.

For two-antenna case, the above metric reduces to:

—(an +ayr)s" — (o +ayr))s+(a [ +a, )]s (2.1.3)



Let
s=(a/r, +a,r) (2.1.4)
Minimizing (2.1.3) is the same as minimizing
|§—s” +(a, " +|a, )]s | VseS (2.1.5)
For equal energy signals (2.1.5) reduces to
|§—s| VseS (2.1.6)
The ML detector can be used to estimate ¢ by choosing s with minimum Euclidian

distance.
Using (2.1.4) and (2.1.1)
s=(a, | +|a,|)c+a'n +an,

it 1s seen how diversity helps in improving performance. If the channels between the
transmit antenna and the two receive antennas are assumed to be uncorrelated there is a
good likelihood of having a strong signal in one of the channels even if the other is in a
deep fade.

Fig 2.1 shows the performance of MRRC in Rayleigh fading. BPSK modulation is
used. Fading is assumed to be uncorrelated. Perfect knowledge of the channel is also

assumed. The energy of symbols transmitted is normalized to unity.
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Fig 2. 1: BER performance comparison of systems without diversity and with MRRC (1 Tx, 2 Rx) in
Rayleigh fading and BPSK modulation.

2.4 Space-time block coding

2.4.1 Alamouti scheme

Alamouti [8] showed that performance improvement similar to MRRC can be
achieved using a simple new transmit diversity scheme. The scheme is particularly useful
because it is easier and more economical to have multiple antennas at base stations rather
than at remote units. A description of the proposed scheme is given below.

Consider a two transmit and one receive antenna communication system. At time

t, t= 1,2 signal cf, i =1,2 is transmitted from the ith transmit antenna. Assuming the

channel to be flat, let the path gains from the transmit antenna i to the receive antenna be

o, . Alamouti’s space-time code is given as [8]

10



X X
* *
—X, X

x’s and their conjugates are variables that constitute the code matrix. Symbols
are grouped in pairs and replace x ’s in the code matrix. The first row represents signals
transmitted at time ¢ =/ and the second row represents the signals transmitted at time
t =2. The first column represents signals transmitted from antennal 1 and the second
column represents signals transmitted from antenna 2.

The channel is assumed to be Rayleigh distributed and quasi-static, i.e. the
channel coefficients do not change during the transmission of the code block. Let the

average energy of each symbol transmitted be normalized to unity. Let n,,t=1,2

represent zero mean complex Gaussian noise with variance 2/(2SNR) per complex

dimension, where SNR is the signal to noise ratio. A factor of 2 in the numerator appears
because we are considering two transmit antennas. Let.S be the finite set of all possible

symbols that can be transmitted. If r,,z = 1,2 are the received signals and s, € S,i= 1,2
are symbols input to the space-time block encoder then

r=a,8 +a,s, +n (2.1.7)

r, =—a,s, +a,s, +n, (2.1.8)

If the channel is perfectly estimated the receiver decision metric is

(2.1.9)

The symbol pair(s,,s,) €S that minimizes the sum is chosen.

After evaluating the summation (2.1.9) we see that all the cross s terms cancel out

and our task reduces to the independent minimization of

o+ oy —s| (1o P +a, Pl P (2.1.10)
o+ o —s| + (1 e, P+ lay P)ls, P (2.1.11)
Let
S, =(a/r +a,r,) (2.1.12)
$, =(a;n —a,ry) (2.1.13)

11



Minimizing (2.1.10) and (2.1.11) is the same as minimizing
A 2
5, — s +(-1+ 1@ [ +ay )]s, (2.1.14)
A 2 ( 2 2) 2
18, =5, + -1+, [P + @, [P)] s, | (2.1.15)

For equal energy signals (2.1.14) and (2.1.15) reduce to

R 2
sl_s1|
R 2
S2—S2|

Vses§.
The ML detector can be used to estimates by choosing s with minimum Euclidian
distance.
Using (2.1.7), (2.1.8), (2.2.12) and (2.1.13)

$,=(a, +|a,|)s +an +a,n;

$,=(a, | +|a, |)s, +a,n; +a;n,
it is seen how diversity helps in improving performance. If the channels between the two
transmit antennas and the receive antenna are assumed to be uncorrelated there is a good
likelihood of having a strong signal from one of the channels even if the other is in a deep
fade.

Fig 2.2 shows the performance of Alamouti’s space-time code in Rayleigh fading.

BPSK modulation is used. Fading is assumed to be uncorrelated. Perfect knowledge of
the channel is also assumed. The energy of symbols from each transmit antenna is

assumed to be 1.

12
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Fig 2. 2: BER performance comparison of systems without diversity, MRRC (1 Tx, 2 Rx), STBC (2 Tx, 1
Rx) in Rayleigh fading with BPSK modulation.
The simulation for the Alamouti scheme assumes that each transmit antenna
transmits at unit power. The total transmitted power is twice that in MRRC. Therefore

there is a 3 dB loss for the Alamouti scheme when compared to MRRC.

2.4.2 Generalized orthogonal space-time block codes

Alamouti’s two transmit antenna scheme is remarkable because of its simplicity.
After the scheme was proposed there has been wide spread research into the design of
simple new codes that would utilize multiple transmit antennas. Tarokh et al. [9] used the
theory of orthogonal designs to come up with more space-time block codes for multiple
transmit antennas.

We first generalize our wireless communication system to N, transmit antennas
and N, receive antennas. At time ¢ signals ¢, i=12..N, are transmitted

simultaneously from the N, transmit antennas. These signals are linear combinations of

13



k symbols (s1 y S, eensS; ) € 8, and their conjugates. S is the finite set of possible symbols that
can be transmitted. Assuming the channel to be flat, let the path gains from the transmit

antenna i to the receive antenna j be «, ;. The encoding scheme maps k-input symbols to

N, sequences of length p. This gives a code rate r of k/p. The wireless channel is

assumed to be quasi-static so that the path gains are constant through the transmission of

the entire frame of length p. The received signal at antenna j and at time ¢ is given by
r’ = Zai’jct’ +n/
i=1

where n/ represent zero mean complex Gaussian noise with variance N, /(2SNR) per

complex dimension, where SNR is the signal to noise ratio. The average energy of the
symbols transmitted from each antenna is normalized to one so that average energy

received at each receive antenna is N,

Assuming perfect CSI, the receiver evaluates the following decision metric

P Ne . Ny .

J _ !

22— e
i=1

=1 j=I
Combinations of symbols taken from the symbol set (s,,s,....s, ) that minimize the metric

2

(2.1.16)

are chosen.
Block codes need to be designed that
1. Simplify the receiver

2. Lead to maximum diversity order of N, x N,.

Alamouti gave the first orthogonal space-time block code [8]

s

Glz[xl* xz] k=2,N, =2,p=2,r=1
—X; X

Tarokh et al. generalized Alamouti’s scheme to more than two transmit antennas and

constructed the following space-time block codes using orthogonal design techniques [9]

14



X X, X3
-x, x, -x,
-x, X, X
-x, —-x, X,
G, = X . X k=4,N,=3,p=8,r=1/2
X X, X3
* * *
-x, X —x
* * *
-x; X, X
* * *
-x, —-x; X,
X3
X X,
A2
* X5
- X, X \/5
G, = . . . . k=3,N,=3,p=4r=3/4
x3 x3 —xl—x1+x2—x2

V2 2

V2
x5 X, X, +tXx,+x —Xx/
V2

x  x, x5 X,
-x, X, —Xx, X
-x, X, X -x,
-x, —-x;, X, X
G, = . i X . k=4,N, =4,p=8,r=1/2
x x, x; X,
* * %
-x, X —-x, x;
% % % *
-x; X, x  —-x,
* * % %
-X, —X; X, X,
X3 X3
X X,
V2 NG
. X, X,

X3 (_x1_x1*+x2_x;) (_xz_x;"'xl_x:)
2 2
x;  (x,+x,+x,—x)) (X, +x +x,—x,)

2 2 2

Sl sl
5

k=3,N, =4,p=4,r=3/4
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x and its conjugate represent variables whose linear combination constitute the code
matrix. Symbols are grouped in sets of k and each symbol in the set replaces x’s in the
code matrix. The ith row represents signals transmitted at time ¢ = i. The jth column
represents signals transmitted from antenna j.

If G represents any of the above code matrices, it can be shown that [9]

G'G=D
where D is a diagonal matrix whose diagonal elements are of the form
a, | x, " +a, | x, " +ota, | x, °
a,,a,,......,a, being positive.

The generalized orthogonality of the code matrix greatly simplifies the decision
metric calculation for the quasi-static case. Orthogonality results in the decoupling of the
decision metric into k separate metrics for the k£ symbols transmitted. Each metric then
needs to be minimized separately, saving a lot of computational burden for the receiver.
For example (2.1.10) and (2.1.11) give two independent metrics for the Alamouti’s two
transmitter one receiver case.

To illustrate this point further, consider the code G,. If (s,,s,,s;,s,) are

variables representing symbols belonging to S, minimization of (2.2.16) reduces to the

independent minimization of

2

m
|:Z(rljal*,j +rzja;,j +r3ja;,j +("sj)*a1,j +(r6j)*a2,j + (’#Y“&j)}_sl
=l

+[_1+2ii‘“i,/‘2]|sl|2 (2.1.17)

j=1 i=1

2

m
{Z (’ﬁja;,j —rzfaij +r4]“;,j +(r )*“2,j +(r6J)*a1,j +(”sj)*“3,j )}_sz
=l

+[—1+2ii\aiﬁjfj|sz|2 (2.1.18)

j=1 i=1
2

m
{Z(n’a;ﬂ, —ra —rla +(r) ay, () @~ a,, )} —s,

Jj=1

16



(S S f o 2119

j=1 i=l

2

m
{Z(_ rzja;,j +r3]a;,j _"4]“1*,1' _(réj )*a3,j + ("71 )*aZ,j _("8] )*al,j)j| — 8,
j=1

+[—1+2ii\ah j\2]|s4|2 (2.1.20)

j=1 i=l

The symbols are decoupled because the quasi-static assumption assures that the

cross s terms cancel out for the orthogonal code.

Let

m

5= (Way, +riay +rja, + () @, + () @y, + (1)) ay ) (2.121)
j=1
m

S, = Z (rlfa;j —rla +rla;  +(1)) e, + () a ; + (1 )*am) (2.1.22)
Jj=1
m

§,= (Wai, —ra ,—ria, +() ay,—()) a,~(1) a, ) (2.1.23)
j=1

m
§, =Y. (— rHa, +ra, —rlal,—(r)a,;+ (1) a, - (rgj)*algj) (2.1.24)
=

Minimising (2.1.17) through (2.1.20) is equivalent to minimizing

m 3
A 2 1472 2 2
[$i =i+ =1+2D Xl | s
=
A 2 1 2”’ 3 2 2
|Sz_sz| L s ZZ‘“LJ“ |s2|
=1 i=1
m 3
A 2 2 2
8=l +| 1422 Y e[ sl
=
A 2 m 3 2 2
8s =5, +| =1+22 Y e, | sl
=1 =l

For equal energy signals these reduce to

5 =5
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S, =5,

R 2
S3 Ss|
" 2
s, —s4|

Vses§.

The ML detector can be used to estimates by choosing s with minimum Euclidian

distance.

Let 5. €8,i= 1,2,3,4 are symbols input to the space-time block encoder given by

G, then the received signals are given by

W =a, 5 +a, 5, +a; 55 +n) (212)
rl =-a, 8, +a,;5 -a; 5, +n (2.1.26)
r =-a, 5, ta, 5, +a, 5 +nl (2.1.27)
r] = —a, 8, —, 5, + a5, + n; (2.1.28)
rsj = al,jgl* + az,jgz* + a3,j§3* + nSj (2.1.29)
r) =-a, ;5 +a, 5 —a, 5 +n] (2.1.30)
v o=-a, 85 +a, 5 +a; 8 +ng @130
v =-a, ;5 —a, ;85 +a;;5, +n] (2132)

Using (2.1.21) through (2.1.24) and (2.1.25) through (2.1.32)
Ny
§ = 22[0 a ; |2 +| a, ; |2 +| a, ; |2)§1
J=1

+ af’jnlj + a;jjn{ + a;jn{ +a (n)" + a, (n]) + a, (n))"]

N
3'2 = 22[0 al,j |2 + | az,j |2 + | a3,j |2)S?

j=1
+a, n —ar ] +a; nl+a, (n]) +a (n]) +a, (n])]
N
A 2 2 2N
$ =22 (e, [ +la,, [ +]ay, [)S,
j=1
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+ a;’jn{ - a;jn; - a;jnj +a, (n! ) — a; (n))" — a, ;(n )]

NR
S, = 22[(| a I +la,, [ +|a )5,

J=1

+ a;,jné + a;,jn; - al*,jnz{ - a3,j (né )* + az,j(”%)* - al,j(”gj )*]

it is seen how diversity helps in improving performance. If the channels between the

transmit and the receive antennas are assumed to be uncorrelated there is a good

likelihood of having some strong signals even if the others are in a deep fade. We see that

each transmitted symbols,,i =1,2,3,4 is strengthened by all the 3x N, possible channel

coefficients thus giving a maximum diversity order.

2.4.3 Simulation results for the quasi-static channel

The block diagram that illustrates the simulation methodology for N, transmit

antennas and one receive antenna is shown below

data symbols c!
—» t
Data PSK Grouping into Space-time | ¢
Source modulator k symbols encoder .
L, ,Ni
a, Gaussian Noise,
Var= N, /2SNR
1 Estimated Data
ct
Ci \ ) 4 1
! %@—V Y . M Space time PSK
o, AN decoder demodulator |/
.N] .\. 'l.
Ay, L Compare PR

19
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Fig 2. 3: System block diagram used for simulations



All simulations assume that the energy of the transmitted symbols is unity. Only
one receive antenna is considered in these simulations.
The following plot illustrates the performance of 1 b/s/Hz space-time block-

coding scheme in flat Rayleigh fading quasi-static channel. Fading is assumed to be un-

correlated.
0
10 ——-—-—-—kE-c-c-c-d--c-cz--ckE-cz-c-c-cd---z--ct---z-Zd-=--—=—= FP-—--- | + -1
e —— No Diversity
-5 G2, BPSK []
_ %+ G3,QPSK
10_1Q ,::,:7,::::::::::‘: ,,,,,, ; ‘ ;
O N N e S A
o ; | | | |
> 0% N e I
5 TCTTITATTIISNITPSgIIIIIrIC
o] N N I
o) L __ Vo ____ v _________L_>x___>>~_L_____'_____v____ "\ o=__1__]
9 |
o 7777‘ 77777
S J
5 EE
N Sttt et et et Seieiets Sttt
10-4:::::11::::2 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
10"5 } } } } }
0 2 4 6 8 10 12 14 16 18 20

SNR value in dB

Fig 2. 4: BER performance of space-time block codes at 1 bits/s/Hz (1,2 and 3 Transmit antennas)

The following plot illustrates the performance of 2 b/s/Hz space-time block-coding
scheme in flat Rayleigh fading quasi-static channel. Fading is assumed to be un-

correlated.
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SNR value in dB

Fig 2. 5: BER performance of space-time block codes at 2 bits/s/Hz (1,2 and 3 Transmit antennas)

The following plot illustrates the performance of 3 b/s/Hz space-time block-coding

scheme in flat Rayleigh fading quasi-static channel. Fading is assumed to be un-

correlated.
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Fig 2. 6: BER performance of space-time block codes at 3 bits/s/Hz (1,2 Transmit antennas)

From these simulations we can see that the performance improves as the number
of transmit antennas increases. It is observed that as the number of transmit antennas
increases, the slope of the BER curves also increases showing that the increase in the

number of transmit antennas increases the diversity order of the space-time coded system.

2.4.4 Simulation results for the non quasi-static channel

The following subsections illustrate the results obtained while simulating the space-
time codes in a non quasi-static channel with

1. the receiver assuming the channel to be quasi-static and

2. the receiver perfectly estimating all the time varying channel coefficients

Simulations are done at 15 K symbols per second. Flat Rayleigh fading is assumed.
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2.4.4.1 Receiver assumes the channel to be quasi-static

The following plot illustrates the performance of space-time block codes for a
Rayleigh non quasi-static fading channel. The receiver processing is the same as that for
a quasi-static channel. The receiver can perfectly estimate the set of channel coefficients
associated with the transmission of symbols at # = (. The receiver assumes the same

coefficients throughout the length of the frame.

10°

—— No Diversity

- ~©- G3, QPSK, Doppler 140 Hz
—— G3, QPSK, Doppler 100 Hz
—— G3, QPSK, Doppler 60 Hz

10°

——t-FtH

=
o.
w

Bit error probability P(e)

-

1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
SNR value in dB

Fig 2. 7: BER performance of space-time block codes at 1 bits/s/Hz. Receiver assumes the channel to be
quasi-static.

Simulation results show that the performance degrades as the Doppler increases. The
receiver however maintains a simple structure as it still assumes quasi-static behavior for
the channel. The quasi-static assumption leads to the decoupling of individual symbols to
be detected and therefore a lower processing burden at the receiver. The cost of keeping

the receiver simple is seen as degradation in performance with increasing Doppler.
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2.4.4.2 The receiver perfectly estimates all time varying channel coefficients within a
frame.

Fig 2.8 illustrates the performance of space-time block codes for a Rayleigh non
quasi-static fading channel. The receiver estimates all channel coefficients perfectly and

decodes the symbols by minimizing

(2.1.33)

Notice that (2.1.33) is different from (2.1.16) in that @, ; is replaced by af’j to indicate

time varying channel coefficients.

For decoding, the receiver has to minimize the metric given by (2.1.33) for all

. 1.2 Ny 1.2 Ny . .
possible code word sequences ¢,c; ....c; " €,C).iCy " €€y, " . Since the Rayleigh

coefficients are no longer assumed constant for a frame length, (2.1.33) cannot be
decoupled into separate variables as in the quasi-static case. This means that the
computational burden for the decoder increases rapidly with increasing transmitter
antennas and higher modulation schemes. As an example consider code G, and one
receive antenna. For QPSK, (2.1.33) needs to be computed 16 times to decode 2 symbols.
For 8PSK, (2.1.33) needs to be computed 64 times to decode 3 symbols. Again consider

code G, and one receive antenna. For QPSK, (2.1.25) needs to be computed 256 times to

decode 4 symbols. For 8PSK, (2.1.25) needs to be computed 4096 times to decode 4

symbols. In general (mxmxm....xm), gives us the number of times (2.1.33) needs to

be computed for mPSK (or mQAM) and £ transmitted symbols per frame.
Fig 2.8 shows that Doppler does not deteriorate the performance of the space-time

code.
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Fig 2. 8: BER performance of space-time block codes at 1 bits/s/Hz. Receiver is non quasi-static and
estimates all channel coefficients perfectly

It is very unlikely that the receiver can estimate all the channel coefficients
perfectly. Simulations were done in which the receiver could perfectly estimate only one
set of channel coefficients per frame and all the remaining coefficients were linear
interpolation of the perfectly estimated coefficients of two time-adjacent frames. The
receiver complexity for such a scheme however still remains the same as that for the
previous case.

For the simulation results shown below, code G, with one receive antenna is
used. Consider the first and the second transmitted frame. The simulation assumes that

the receiver can perfectly estimate («/)', (a))' and (ai)' from the first block and

(a))*,(ay)*and (a3)® from the second block, where the number on the top of the braces
represents the block number. All the other channel coefficients in the first block, i.e.

[(a}) () (@) (@) ,(a3) ,(a]),....] are estimated using the above mentioned
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perfectly known channel coefficients. The same is done for all other blocks. This is

illustrated in the following figure.

Fig 2. 9: Finding channel coefficients by interpolation.

The figure below shows the results of such a simulation.
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Fig 2. 10: BER performance of space-time block codes at 1 bits/s/Hz. Effect of interpolation on
performance

Simulation results show that the degradation in performance for the interpolated

case is much lower that the quasi-static receiver case.

2.5 Summary

Space-time block codes improve the performance of communication systems by
introducing transmit diversity. This chapter introduces the reader to the basic concepts of
space-time block coding schemes and provides simulation results for its BER
performance.

The best thing about space-time block codes is its simplicity. For quasi-static or a
slow fading channel the receiver processing reduces to symbol-by-symbol ML detection.

However at high Doppler, performance degrades if the receiver still assumes a quasi-
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static behavior so as to remain simple. The non quasi-static receiver on the other hand
requires significant signal processing to decode symbols.

It is also not practical to assume that all the channel coefficients can be estimated
perfectly for a fast fading channel. Simulations that show the performance of space-time
block codes if only some of the channel coefficients are estimated perfectly with the
others using interpolation estimates do not show a significant degradation in

performance.
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Chapter 3

Concatenated space-time block codes

3.1 Introduction

This chapter introduces concatenation schemes for space-time block codes with
convolutional codes. First bounds for the bit error performance of space-time block codes
in a flat Rayleigh quasi-static channel are derived. The results of this derivation are used
in determining the analytical expressions for the error performance of convolutionally
concatenated space-time block coding (CCSBC) schemes. Simulation results that verify
the validity and tightness of the analytical results are also presented. Improvement in the

diversity gain with hard and soft decision decoding for CCSBC system is discussed.

3.2 Performance analysis of space-time block codes

In this section we derive bounds for the bit error probability of space-time block

codes. Consider a N, transmit antenna and one receive antenna space-time block coded

system. Using (2.1.16) the decision metric for such a system is given by

2

=

P

2

t=1

T

J _ i
rt ai,jct

i

(3.1)

Il
—_

For the generalized orthogonal codes G,, G,, G,, G,, G, and equal energy
constellation modulation schemes, (3.1) reduces to

|5 (3.2)

§ is the estimate for the transmitted symbol after appropriate receive combining. s € S ,

where § is a set of all possible symbols that can be transmitted. The receiver chooses

that s which minimizes the Euclidian distance between s and s.
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Let §, be a symbol transmitted. Suppose the space-time block code used by the
encoder is G,. The receiver estimate for s, is given by
$,=2(a, " +la, " +|a, [))5
+a'n +a,n, +a;n, +a,(n,) +a,(n) +a,(n,)" (3.3)
The signal energy for §, is given by 4(|a, |’ +|a, |" +|a;|*)*. Let @ represents the
noise vector for the receiver estimate. From (3.3), @ is given by
O=a'n +a,n, +a;n, +a,(n;) +a,(n,) +a,(n,)" (3.4)

Its variance can be calculated as

Ny
oo =E@0)=2>|a,['E(nn"), N, =3 (3.5)

i=1
where E is the expectation operator. If SNR is the signal to noise ratio, and o is the
variance per complex dimension of »
E(nn")=20> =N, /SNR, N, =3 (3.6)
Let Jéx = Jéy is the noise variance per complex dimension for the receiver estimate s, .
Using (3.6) in (3.5) yields
Ny
o, Y a,
2 2 i=1
O =0 = 5 N = 3 3.7
Ox |y 2SNR T ( )

In general for codes G,, G,, G,

Ny

2

NTZ| a, |
=)

2rSNR 38

2 2
U@x_a(ay_

where 7 is the rate of the code. For codes G,, G, however, (3.8) does not hold good. The

variance per complex dimension for these codes can easily be shown to be

NT

2

NT2| a; |
=)

SNR (39

2 2 _
Oex = U@y -

Therefore for a general space-time block code we may write

30



Nr
2
NTZlai |

Cop =0g, = K—"—— 3.10
O T SNR 319
where K :2L for G,, G,, G, and
r
=1 for G;, G,

The decision statistic in general is given by

Nr
§=%Z|ai ’5+0 (3.11)
i=1

where @ represents Gaussian noise with variance given by (3.10). b =r for G,, G,, G,

Ny Ny
and I for G,, G,. Let Q= Z\ a, |’= Zaf where a; = a; exp(¢) . ML detection is used

i=1 i=1
to estimate s by choosing s that has the minimum distance between the constellation

o1 : - . . .
point ZQS and the receive combining vector §. The constellation diagram for such an

ML receiver and M-ary PSK signaling for a given Q is shown.

Fig 3. 1: Constellation diagram for M-ary PSK space-time decoder

The radius of the circle on which all the possible signals %Qs lie is given by %Q for

unit energy signals. Using union bound the conditional symbol error probability is given

by
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P(e/Q)SQ(zdm J M=2 (3.12)

Oox
d
<200 —— |, M>2 (3.13)
20-®x
From fig (3.1),
d, = ngin(ﬁ) (3.14)
Using (3.14) and (3.10) in (3.12) and (3.13)
QSNRsin’ (%)
Ple/Q)< A4 u 3.15
(e/Q) Q[\/ bKN, J (3.15)
A =1 for BPSK and 2 for M-ary PSK, M > 2.
SNRsin’ (%
Let £ = ZSL(M), then
T
P(e/Q) < A0WQE) (3.16)
Since « is Rayleigh distributed, let its pdf'be given by
2
a a
Jo(a) =—exp(———) (3.17)
o 20

Let o be 0.5 i.e. @ = aexp(4) is the sum of two orthogonal Gaussian random variables

each with 0.5 variance. We are interested in finding the pdf of a’. Let y = g(a)=a’.

The characteristic function of y is given by

0

@, = [exp(jan)f, (v)dy = Elexp(jay)] (3.18)

—00

= Elexp(jog(a))]

= [exp(jmg(@))f, (@)da

= j-exp(ja)az)Za exp(—a’)da
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= [exp(jy) exp(—y)dy

Using the definition of characteristic function from (3.18)

1, (y) = exp(=y) (3.19)
Let
Q=a’ +al+ai+... +0512v,
Q=y,+y, +y; +oe. +Vy,
AsSSuming y,,¥,, Vyeeeeenn , Yy, to be independent, the density of their sum is given by

convolution of their densities [12]
fQ(Q):fyl(yl)*fyZ(yZ)*fy3(y3)* ------ * yNT(yNT)
The characteristic function of {2 would therefore be given by

O,=P &, .. P,

Since y,, Vs, Vypeereenn , Yy, are identically distributed

D, =D (3.20)
The characteristic function of y is
1
D (0)= T (3.21)
Using (3.21) in (3.20) yields
1

This is the characteristic function of a chi-square distributed random variable with

2N, degrees of freedom. Using (2.1-110) from [13]

Np-1

__ Q8
fQ(Q)_(NT—l).’exp( 2), Q>0 (3.23)

The probability of symbol error is given by
P(e) = '[P(e/ Q) £, (€2)dQ (3.24)
0

Using (3.16), (3.23) in (3.24)
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Ny-1

P(e) = TAQ(\/E) Q2

Q
m eXp(— E)dQ

The Q function is defined as [14]

An upper bound for Q(z) is given by

1 z?
Q(Z) < (\/E)Z eXP(_?)

Using (3.27) in (3.25), the probability of symbol error is given by

(1+E)

! Q! exp(—
J2ZEQ(N, —1)! 2

P(e) < AT

27E (N, —1)!

where [ is the integral

L OM T exp
I-=
I

Substituting the transformation ¢ = Jo

I= 2J’¢2(NT—1) exp(— a ‘;E) (szd(/)

0

(_ (1+E) Qj
2 dQ

This integration has a solution given in appendix G of [11]

2N, —1
o 11257
1=2: N1

(1+E) 2

where I'(*)1is the gamma function. Some of its properties are

I'(n+1)=nl(n)
r)=1and r)=+r
Combining (3.28) and (3.30)

34

Q)dQ

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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2N, -1 _
P F[zzv; 1]

2N -1

V27E(14E) * (N, -1)!

P(e) < (3.31)

(3.31) shows that the diversity order of the single receive, N, transmit antenna space-
time coded system is N, . It can be shown along similar lines that the diversity order
would increase to N, x N, if the number of antennas used to receive the signal is
increased to N.

If b"=log, M , the probability of bit error assuming mapping of bits into symbols

during modulation is Grey coded, is given by

2Np-1 _
4o 3 F(ZN; 1)

P(e)s

pr (3.32)
V2ZIE(+E) 2 (N, =1)!

Expressions for BER performance of some space-time coding schemes are summarized

below.

1. G2, BPSK (2 transmit I receive antenna, 1 bit/s/Hz space-time block code)

1
VSNR 1+ SNR)*?

P (o)<

2. G3, QPSK (3 transmit I receive antenna, 1 bit/s/Hz space-time block code)

81

P (e) <
"7 2J2SNR (3 + 2SNR)>

3. G3, 8PSK (3 transmit 1 receive antenna, 1.5 bits/s/Hz space-time block code)
1

VO.1953SNR (1+ 0.1953SNR)?

4. G2, QPSK (2 transmit I receive antenna, 2 bits/s/Hz space-time block code)

4
NSNR (1+ SNR)*?

B (e) <

P,(e) <

5. G2, 8PSK (2 transmit 1 receive antenna, 3 bits/s/Hz space-time block code)
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2
330.1464SNR (1+ 0.1464SNR) >

P(e)<

Plots that compare the error bounds with simulation results are shown in the following
figures

Figure 3.2 shows simulation results and corresponding performance bounds for 1
bit/s/Hz space-time block codes. This figure also shows the performance of un-coded

BPSK for comparison purposes.

0
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Fig 3. 2: Error bounds for 1 bit/s/Hz space-time block codes

Figure 3.3 shows simulation results and corresponding performance bounds for
1.5 and 2 bit/s/Hz space-time block codes. This figure also shows the performance of un-

coded QPSK for comparison purposes.
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Fig 3. 3: Error bounds for 1.5 and 2 bits/s/Hz space-time block codes
Figure 3.4 shows simulation results and corresponding performance bounds for 3

bit/s/Hz space-time block code. This figure also shows the performance of un-coded

8PSK for comparison purposes.
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Fig 3. 4: Error bounds for 3 bits/s/Hz space-time block codes

Concatenation with convolutional codes

In this section we discuss convolutional codes and provide simulation results for

the schemes discussed are also presented.

Convolutional codes

In this subsection we give a brief introduction to convolutional codes. For a more
detailed description, the reader is referred to [15].

A convolutional encoder takes k input bits, passes these through a linear finite
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convolutionally concatenated space-time block coding schemes. Analytical bounds for

state shift register to give n output bits. The rate R of a convolutional code is therefore
given by n/k . The constraint length K of a convolutional code is defined as the number

of bits on which the output depends. There are other definitions of the constraint length



where it is defined in k-bit bytes [13] rather than in bits. For each output bit we can
associate a generator vector, the elements of which represent the presence or absence of
connections from the shift registers to the output. As an example consider the following

R =7 convolutional encoder

odp

gC13=[111]

glZi=(101]

o2

Fig 3. 5: Rate one-half, constraint length three convolutional encoder.

The output of the encoder depends upon three input bits, therefore K =3. From the
figure we can see that the encoder has two generator vectors given in octal notation as
(7)s and (5)5.

Convolutional codes may be described by tree diagrams, trellis diagrams and state
diagrams. Here, we will briefly describe state diagrams. The state of convolutional
encoder is given by the contents of the shift register. The state diagram shows all the
possible states of a convolutional encoder and all the possible transitions between these

states. The state diagram of the R =7, K =3, generator [(7),, (5)s] convolutional

encoder is shown in Fig. 3.6
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ama

Fig 3. 6: State diagram for rate one-half, constraint length 3 convolutional encoder.

In this diagram x/yz is interpreted as input x results in output y at o/p 1 and z at o/p 2. The
numbers within the circles represent the current state of the encoder.

The error correction and detection performance of convolutional codes depend
upon its distance properties. The hamming distance between any two distinct code words
1s their modulo-2 sum. In other words, it is the number of bits in which the two code
words differ. The minimum hamming distance between any two distinct code words is

called the free distance d, of the convolutional code. Better codes have a higher free

distance as well as more number of distinct code words at a higher hamming distance.

The state diagram of a convolutional code helps us in finding its transfer function
and consequently its distance properties. Let the all-zero sequence be input to the
convolutional encoder. The hamming distances from the all-zero sequence to all the other
code sequences remain the same even if any sequence other than the all-zero sequence is
chosen.

Consider the state diagram in Fig 3.6. Let the all-zero code be the code from
which all the distance properties of the particular convolutional code are derived. If the
convolutional encoder passes from the states 00-10-01-00, the output of the encoder
would be 11-10-11. The distance between the all zero code and this code is 5. Looking at
the state diagram, we can see that no other path gives us a distance lower than 5 from the

all zero path. The free distance d, of the code is therefore 5. Counting the number of

output ones for all the possible paths starting and ending on the 00 state gives us an
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indication of all the possible distances and number of codes at a particular distance from
the all zero code.

If we label all the branches of the state diagram by D", where n represents the
number of output bits equal to one and find the transfer function with the 00 state as the
input and the output of the system, the power of D would give us the distance from the all
zero code and the coefficient of D would give the number of codes at that distance. Such

a state diagram is shown below.

i,
k)
il n
1
D? I3 D2
O350,
aa 10 01 i]

Fig 3. 7: State diagram for rate one-half, constraint length three convolutional encoder.

The state equations for the encoder are
x, =D’x,
x, =Dx, + Dx,
x, =Dx, + Dx,

_ 2
x,=x,+Dx,

xe

(D)=
_ D*(Dx, + Dx,)

X

a

3 D’(Dx, +Dx,)+D*(x, + D’x,)

=D’ +2D°+4D" +.....
From the transfer function we can say that there is one code word with hamming distance
five, two code words with hamming distance six and so on. Let us introduce a factor N

into those transitions, which are caused by an input bit of 1 [13]. The power of N in the

41



transfer function gives the number of input bits that are 1 for a particular hamming

distance given by the corresponding power of D. Such a state diagram is given below

ND
d
ND D
N
ND? D n?
Oﬂ- ME} .-L%C :‘\/__)E:,'
aa 10 01 ]

Fig 3. 8: State diagram for rate one-half, constraint length three convolutional encoder.

The transfer function is given by

T(D,N)=ND’> +2N’D°® +4N°D’" +...... (3.33)
The first term in the transfer function indicates that there is one path at a distance of 5
from the all zero path and of all the bits input to the encoder resulting in this path, only
one of the input bits is a 1.

For decoding at the receiver, the most important method used is the Viterbi
algorithm. It chooses the code word from the set of all possible code words that has the
minimum distance from the received sequence. However, such a choice is not made by
searching all the possible code words. Instead, search is done in stages. For the detailed
steps involved in the Viterbi algorithm, the reader is referred to [11].

Hard Decision Decoding

Consider the following convolutionally encoded system

Caussin Mok

Drem o dhahator Decisims e Tl

—— Cormr axcoder Modubtor /l\:'—/ Decoder >

Fig 3. 9: Hard decision decoding
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After de-modulation hard decisions are made and the output bits are fed into the Viterbi
decoder. In order to find the probability of bit error for hard decision decoding, consider a
path at a distance d from the transmitted all zero path. The probability of selecting this

path instead of the all zero path for hard decision decoding is given by

d d
P(d)= ), [kjp"(l—p)"‘k (3.34)
k=(d+1)/2
for d odd and
d (d d) ¢ d
P(d)= Y, (kjp"(l—p)“ +0.5(lde2(l—p)2 (3.35)
k=d/2+1 2

for d even. Here p is the probability of bit error for a binary symmetric channel. P, (d) is

the pair-wise error probability for a particular path at a distance d .

A loose but mathematically compact Chernoff upper bound is given by [13]

d
P(@) < [ap(=p)] (3.36)
The first event error probability P, is defined as the probability that another path

in the Viterbi decoder merges with the all zero path for the first time with a metric that is
greater than that for the all zero path [13]. An upper bound for the first event probability
can be obtained by summing up the pair-wise error probabilities for all the possible paths
that can merge with the all zero path. The first event error probability is therefore upper

bounded by [13]

P < iasz (d) (3.37)

d=dfree
where a, is the number of paths at a distance d from the all zero path. This number is
given by the coefficients of D" in the expansion of 7'(D).
Since the exponent of N in the transfer function 7 (D, N) gives the number of 1’s

input to the Viterbi decoder when a non zero (or incorrect) path is selected, the

probability of bit error is upper bounded by [13]

P, < ichz (d) (3.38)

d=dfree
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where ¢, is the coefficient of D? in the expansion of the derivative of T(D,N) at

N =1. If the Chernoff bound is used

_dT(D,N)

P
b dN

N=1.D=y/4p(1-p)

For a k-input convolutional encoder the probability of bit error for hard decision

decoding is given by
1 dT(D
P, < 1dT(D,N) (3.39)
k dN N=1,D=\/4p(1-p)
Soft Decision Decoding
Consider the following convolutionally encoded system
Cauechn Hoke
Wrierbi
— 5 Conwr encoder B}i?ﬂiﬁiﬁ 1 b Drem odubtor A Decodr [

Fig 3. 10: Soft decision decoding

The output of the de-modulator is fed into the Viterbi decoder without any prior
decisions. Consider BPSK modulation with bits transmitted at unit energy. The pair-wise

error probability at a distance d for soft decision decoding is given by

d
Py(d)= Q(—’”j
20
where o is the standard deviation per complex dimension of the Gaussian noise and d,
is the Euclidian distance between the two code words. For BPSK without convolutional

coding the distance between the two constellation points is 2,/E, =2 (assuming

transmission bit energy to be unity). Due to convolutional coding the Euclidian distance

between two code words at a hamming distance d 1is increased to 2,/dE, =2d .

Therefore the pair-wise error probability is given by
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P, (d) = Q(@] (3.41)

Since o’ = , the pair-wise error probability is given by

P,(d) = O(V2dSNR) (3.42)
The first event error probability is upper bounded by (3.37). Using (3.42) in (3.37) the
first event error probability is given by
P, < > a,0(~2dSNR) (3.43)
d=dfree
For comparison purposes with un-coded systems code R rate may be introduced in (3.42)

and (3.43)

P,(d) = O[V2dRSNR) (3.44)
P. < ¥ a,0(2dRSNR) (3.45)
d=dfiee

The bit error probability for soft decision decoding for a k input convolutional code is

therefore given by

P, <1 > ar(b,N) P,(d) (3.46)
k d=dfree dN N=1,D=1
LS pw (3.47)
k d=dfree

Table 3.1 lists the first three ¢, terms (C ;.. »Chpeert>Copeeso) fOT TALE 5 Optimum

convolutional codes.
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K Generators (base 8) d, ¢,

3 (5,7 5 [1,4,12]

5 (23,35) 7 [4, 12, 20]
7 (133,171) 10 [36,0,211]
9 (561,753) 12 [33, 0, 50]

o

Table 3. 1: Rate % optimum distance convolutional codes. Source Prenger, P a 1, et al. (1999) [16]
© 1999 IEEE
Table 3.2 lists the first three ¢, terms (C..>Cupeesi>Capeer2) fOT TatE 5 Optimum

convolutional codes.

K Generators (base 8) d, c,

3 (5,7,7) 8 [3,0,15]
5 (25,33, 37) 12 [12,0, 12]
7 (133, 165, 171) 15 [7,8,22]
9 (575, 623, 727) 18 [2, 10, 50]

o

Table 3. 2: Rate % optimum distance convolutional codes. Source Prenger, P a 1, et al. (1999) [16]
© 1999 IEEE
3.3.2 Performance of convolutional coded systems in Rayleigh Channel

Let us first derive an expression for the performance of an un-coded PSK

modulated system in Rayleigh fading. The channel coefficients a =aexp(¢) are

assumed to be Gaussian with zero mean and 0.5 variance per complex dimension. The
receiver is assumed to have perfect knowledge of the channel. The energy of the

transmitted symbols is assumed to be unity.
If Q=a’ the density of Q as shown in (3.19) is given by
fa(Q) = exp(=Q) (3.48)
The conditional probability of symbol error, for known Q is given by
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P(e/Q)SQ(zd’” ] M=2 (3.49)

O ox

d,

20,

< 2Q( j M>2 (3.50)

where d, 1s the minimum Euclidean distance of the decision statistic given by
d, =2Qsin(f) (3.51)

and Oy, is the noise variance per complex dimension of the decision statistic given by

Tor = SY2SNR (3.52)
Using (3.51) and (3.52) in (3.49) and (3.50) we have
P(e/Q) < Q(W2QSNR), M=2 (3.53)

< 20(/2QSNR sin’ M>2 (3.54)

Zz_
M °

The probability of error is given by

P(e) = Tp(e/Q) £,(Q)dD

= TA O(J2QSNR sin’ =) exp(-Q)dQ (3.55)

where 4 is 1 for BPSK and 2 for MPSK. (3.55) has a closed form solution given by

SNRsin® £
Pley=211- Sl (3.56)
2 1+ SNRsin” 7
The probability of bit error for a grey coded modulation scheme is given by
SNRsin® £
Pe)= Aol |2 (3.57)
2b' 1+ SNRsin” Z
where b' =log, M .
For BPSK (3.57) reduces to
1 SNR
P(e)=—|1- 3.58
H(© 2( 1+ SNR] (3:5%)

47



The figure compares the simulation results for BPSK modulation with the analytical

result of (3.58)

—©&- Simulation

(8)d Aujiceqoud Jows ug

SNR value in dB

Fig 3. 11: Comparison of analytical and simulated performance of BPSK in Rayleigh fading channel of

variance of 0.5

Let us now consider a convolutionally coded system in a Rayleigh fading channel.

The system block diagram is shown in Fig. (3.12)
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Triterle ater

Rayleish Fading

In order to make the bursty Rayleigh fading channel have statistically independent
errors, interleaving is introduced into the communication system. Consider hard decision
decoding first. Let the modulation be BPSK. The probability of bit error is given by
(3.38). Using (3.34) and (3.35) in (3.38), the probability of bit error can be obtained. We

may assume p approximates P,(e) given in (3.58) provided an interleaver of sufficient
depth (or preferably random) is used.

Fig. (3.13) illustrates simulation results for a constraint length 3, rate 0.5
convolutional encoder with generators (5);, and (7),. The interleaving degree for the

block interleaver used is taken to be 20. Bits are transmitted at unit energy (without rate

compensation). The figure also shows the analytical bound for comparison purposes. The

Modulstor

Cuussian. Hoke

3

©

Dem adulitor

deirderle swer

Vieahi
Drecoder

simulation and analytical results are rate uncompensated.
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Fig 3. 12: Convolutionally coded communication system
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Fig 3. 13: Hard decision decoding. Performance of K=3, R = 0.5 convolutional encoder with generators

(5)s and (7).

If instead of the exact expression for the pair-wise error probability, the Chernoff
bound is used
= d
P < Se,apa-p)) (3.59)
d=dfree
and the probability of bit error is assumed to given by the first term of the expansion of

the above sum, using (3.58) we have

1 dfree/2
B~ ——
1+ SNR

The diversity provided by hard decision decoding at high SNRs is half the free distance.
Now let us consider soft decision decoding. BPSK modulation and perfect

interleaving is assumed. The pair-wise error probability between the all zero path and a
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path at a distance d from it for convolutional codes using soft Viterbi decoding is given
by [13]
d
P,(d)= P(z r > oj (3.60)
=1
where the summation represents the sum of inputs to the decoder for all the d bits which

cause the two paths to differ. Let

For unit energy signals, we may write

r=Q+6

d
where Q= Z| a,|”and @ is the complex Gaussian noise with variance SSNR
i=1

per

complex dimension. The probability » > 0 for known Q is given by (3.12), which in our

case reduces to

P(r>0/Q) = 02QSNR) (3.61)
The total probability is given by

P(r=0)= TP(r >0/Q) £, (Q)dQ (3.62)

Using (3.61) and (3.23) in (3.62) and proceeding along the same lines as in section 3.2,
the total probability is calculated as

2d-1
)3 F(zd—lj
2
2d-1

VA47ZSNR(1+2S8NR) 2 (d —1)!
The probability of bit error can be obtained by using (3.63) in (3.47).

P(r>0)=P,(d) = (3.63)

The figure (3.10) compares the performance of soft and hard decision decoding in
a Rayleigh fading channel for the constraint length 3, rate 0.5 convolutional codes with

generators (5); and (7);. The performance is not rate compensated and perfect

interleaving is assumed.
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Fig 3. 14: Improvement in diversity due to soft decision Viterbi decoding

If the probability of bit error is assumed to given by the first term of the expansion

of (3.47)

2dfree—1 _
) F(der;e lj

Pb 2dfree—1

NAZSNR(1+2SNR) % (dfree—1)!
At high SNRs the diversity provided equals the free distance. Compared to hard decision

decoding, soft decision decoding increases the diversity order from dfree/2 to dfree.

3.3.3 Convolutionally concatenated space-time block codes (CCSBC)

The block diagram showing the convolutionally concatenated space-time block

coded system is shown in Fig. 3.15
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Fig 3. 15: Convolutionally concatenated space-time block coded system

Information bits after being encoded by the convolutional encoder are passed
through the interleaver. The interleaver randomizes the encoded bits, improving the
performance of the communication system in bursty channels. Modulation is performed
on the interleaved bits. The modulated bits are then space-time encoded. The transmitted
symbols undergo Rayleigh fading as they pass through the channel. At the receiving end
of the system, the space-time decoder finds the receive estimates of the input symbols.
For hard decision Viterbi decoding these symbols are demodulated and hard decisions are
made to give the output bit sequence. For soft decision decoding, soft decisions are made
to give output soft bit sequence. The output bit sequence in both cases is de-interleaved

and passed through the Viterbi decoder to give the received bits.

Performance of CCSBC systems with hard decision decoding

The following plots illustrate the simulation results for the performance of
convolutionally concatenated space-time block codes with hard decision decoding. The
modulation is assumed to be PSK. The average energy of symbols transmitted is taken to
be one. Different space-time block coding schemes have been used. The Rayleigh fading

channel is taken to be the sum of two zero mean quadrature Gaussian random variables at
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a variance of 0.5 per complex dimension. The Gaussian noise added to the system is zero

Ny

mean with variance . All simulations assume single receive antenna.

Half bit per sec per Hz, CCSBC
Simulation results for half bits/s’fHz CCSBC systems are shown. These are
compared with a rate one-half space-time block coded system without concatenated

convolutional codes.

, 2 Tx antennas
, 2 Tx antennas
, 2 Tx antennas
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Fig 3. 16: Performance of half bits/s/Hz CCSBC systems

The three transmit antenna scheme employs code G, and uses BPSK modulation. All the
convolutionally concatenated systems in this simulation are two transmit antenna
schemes, employ code G, and use BPSK modulation. The convolutional codes used in

this simulation are rate one-half and have constraint lengths 3, 5 and 7. These are given in

table (3.1). Hard decision decoding is performed. We can see that improving the diversity
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by using an additional third antenna is not as advantageous as concatenation by

convolutional codes for the same overall system rate.

One bit per sec per Hz, CCSBC
Simulation results for one bit/s/fHz CCSBC systems are shown. These are
compared with a two transmit antenna and a three transmit antenna, rate one space-time

block coded system without concatenated convolutional codes.
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Fig 3. 17: Performance of one bits/s/Hz CCSBC systems

The two transmit antenna scheme without the convolutional code employs space-time

code G, and uses BPSK modulation. The three transmit antenna scheme without the
convolutional code employs space-time code G, and uses QPSK modulation. All the

convolutionally concatenated systems in this simulation are two transmit antenna
schemes, employ code G, and use QPSK modulation. The convolutional codes used in

this simulation are rate one-half and have constraint lengths 3, 5 and 7. These are given in
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table (3.1). Hard decision decoding is performed. We can see that improving the diversity
by using an additional third antenna is not as advantageous compared to concatenation by

convolutional codes for the same overall system rate.

One and a half bit per sec per Hz, CCSBC
Simulation results for 3/2 bits/s’/Hz CCSBC systems are shown. These are
compared with a rate 3/2 space-time block coded system without concatenated

convolutional codes.
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Fig 3. 18: Performance of 1.5 bits/s/Hz CCSBC systems

The three transmit antenna scheme employs code G, and uses 8PSK modulation. All the

convolutionally concatenated systems in this simulation are two transmit antenna

schemes, employ code G, and use 8PSK modulation. The convolutional codes used in

this simulation are rate one-half and have constraint lengths 3, 5 and 7. These are given in

table (3.1). Hard decision decoding is performed. We can see that improving the diversity
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by using an additional third antenna is not as advantageous as concatenation by

convolutional codes for the same overall system rate.

Let us now find bounds for the performance of CCSBC systems with hard decision
decoding in Rayleigh fading channels. For hard decision decoding the probability of bit

error for single input convolutional coding is upper bounded by

P, < Zc D!
= D=\J4p(i-p)
where p is the probability of bit error for a binary symmetric channel. A good
approximation for the probability of bit error is

P, = ¢y, D" (3.64)

D=,/4p(1-p)

where d . is the free distance of the convolutional code.

Jree
In our case of space-time coded system in a Rayleigh fading channel we may

assume p approximates P, (e) provided an interleaver of sufficient depth (or preferably

random) is used. From (3.32)

2N7-1 _
P F(zzv; 1}

2N -1

1
R ACE

N27E(1+E) * (N, -1!
1
=Py, o (3.65)
\/E(1+E) 2
2N, -1 _
P F[zzvr 1)
where p, =— 2
“b o J2r(N, -1
Using (3.28) we get
dfree
) 2
2 Pn PN.
__ ndfree T T
B, =2 Cafice 2N, -1 E(1+E)2NT—1 (3.60)
x/E(I+E) 2

At large values of SNR,
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dfree 1
__ Adfree 2
P =2""¢cy..p N,

(3.67)

Nydfiree

E 2

(3.67) shows that concatenation by convolutional codes increases the diversity order of

d free

space-time coded system by a factor of for hard decision decoding.

The error bound given by (3.66) or (3.67) is a good measure of the diversity order
or slope of the BER curve at high SNR’s. It however gives a loose bound, off by more
than 2 dB when compared with simulated results. The figure compares the simulation
results for a 0.5 bits/s/Hz CCSBC using double output single input convolutional codes

given in table (3.1) with space-time code G, and BPSK modulation.
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Fig 3. 19: Loose error bounds for CCSBC systems
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A tighter bound may be obtained by evaluating the exact expression for the pair-

wise error probability P,(d) given by (3.34) and (3.35) with p given by (3.65). The

bound for the bit error probability is then given by

P, < ichz (d) (3.68)

d=dfree

The figures below compare the simulation results with new tighter bound.

Half bit per sec per Hz, CCSBC

Figure (3.16) compares the simulated results with the tighter analytical bound given by

(3.68) for 0.5 bit/s/Hz CCSBC.
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Fig 3. 20: Tighter bound for 0.5 bits/s/Hz CCSBC systems

One bit per sec per Hz, CCSBC
Figure (3.17) compares the simulated results with the tighter analytical bound given by

(3.68) for 1 bit/s/Hz CCSBC.
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Fig 3. 21: Tighter bound for 1 bit/s/Hz CCSBC systems

One and a half bit per sec per Hz, CCSBC

Figure (3.18) compares the simulated results with the tighter analytical bound given by

(3.68) for 1.5 bit/s/Hz CCSBC.
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Fig 3. 22: Tighter bound for 1.5 bits/s/Hz CCSBC systems

Performance of CCSBC systems with soft decision decoding
We now consider the performance of CCSBC systems using soft decision Viterbi
decoding. BPSK modulation and perfect interleaving is assumed. Bits are assumed to be
transmitted at unit energy. The pair-wise error probability between the all zero path and a
path at a distance d from it for convolutional codes using soft Viterbi decoding is given
by [13]
d
P,(d) = P(Zr,’ > oj (3.69)
=1
where the summation represents the sum of all the bits input to the Viterbi decoder which

cause the two paths to differ. Let

Using (3.11), for unit energy signaling
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r:% Z|ai > +@
i=1

Nyxd Nypxd
where b=rate of codes G,, Gy, G, and I for Gy, G,. Let Q= >|a, [’= D a]

i=1 i=1

where a; = o, exp(@). O represents Gaussian noise with variance per complex dimension

given by
Nypxd
N, S
o =0g, =K—"—— 3.70
O ey SNR G-70)
where K = for codes G,, G,, G, and I for G,, G,.

2 X rate

The probability » >0 for known Q is given by (3.12), which in our case reduces

to
QSNR
P(r=0/Q)=
r ) Q[ szNTj
- olVaE) 3.71)
where E = ENR .
b’KN,

The total probability is given by
P(r>0)= IP(r >0/Q) f,()dQ (3.72)
0

Using (3.71) and (3.23) in (3.72) and proceeding along the same lines as in section 3.2,
the total probability is calculated as

2Nyxd-1
"5 F(ZNTxd—lj
2

P(r>0)=P,(d)= (3.73)

2Ny xd—1

2rE(+E) ? (N,xd-1)!

For high SNRs, (3.73) shows that the diversity gain for soft decision decoding compared

to hard decision decoding increases from N, xd/2 to N, xd .
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The figure compares the performance of hard and soft CCSBCs that use a 2
transmit 1 receive antenna scheme. The space-time code used is G, and the modulation
is BPSK. Comparisons are done for constraint lengths 3 and 5.
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Fig 3. 23: 0.5 bits/s/Hz CCSBC systems with soft Viterbi decoding

The performance curves for soft decision CCSBC have a better slope than hard

decision CCSBC showing that there are higher diversity gains for soft decisions.

3.4 Summary

An analytic bound for the error performance of arbitrary orthogonal space-time
block codes in Rayleigh fading channels was derived at the beginning of this chapter.
This expression showed that introduction of space-time block codes into communication
systems increased its diversity by N, x N,. A brief introduction to convolutional codes
was also given in this chapter. Expressions for the performance of convolutionally coded

systems in Rayleigh fading were derived. This chapter introduced convolutionally

63



concatenated space-time block coding schemes. General analytic expressions for the error
performance of the concatenated scheme using hard and soft decision decoding were
derived. These expressions showed that the diversity advantage of the concatenated

scheme over ordinary communication systems was N, x N, x dfiee/2 for hard decision
decoding and N, x N, xdfree for soft decision decoding. Simulation results were

provided to verify the analytical results.
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Chapter 4

Conclusions

4.1 Introduction

This chapter presents a brief outline of the work presented in this thesis and an

outline of future work on this topic.

4.2 Summary of work presented in the thesis

The main emphasis of this thesis is to study the performance of space-time codes

in fast fading channels and introduce serially concatenated convolutional coding as a

means of improving performance. A brief outline of the original work presented in the

thesis is summarized below.

1.

Simulation results are provided that show how the performance of a space-time
coded system is affected if the quasi-static assumption is removed. Complexity
versus performance tradeoff issues are addressed for fast fading channels.

A general expression for the probability of error for space-time block codes in
independent Rayleigh fading is derived. A similar approach has also been
presented by R. Gozali et al. in [17], however a closed form generalized
expression valid for any space-time block code has not been obtained. The final
expression is very useful for a systems engineer to estimate the error performance
for any combination of modulation scheme and space-time block code.

As a means of improving the error performance of a space-time block coded
system, concatenation by convolutional codes is introduced in the thesis.
Mathematical analysis is done and general expressions for the error performance
of a convolutionally concatenated space-time block coded system in independent

Rayleigh fading is derived for both hard and soft decision decoding. Simulation
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results are also provided for comparison purposes. Improvement in diversity order
by serial concatenation with convolutional codes is discussed. These results are
important because they provide a fast way of estimating the improvement in
performance by the introduction of convolutional codes without running tedious

and time-consuming simulations.

4.3 Future work

The improvement in performance of the concatenated scheme introduced in this
work depends on the depth and type of the interleaver used. An investigation may be
done to show how the performance is affected with the use of a lower interleaving depth
S0 as to support real time voice data sensitive to interleaving delays.

To further improve the performance of space-time block coded systems, turbo-
decoding methods involving an inner space-time block code and an outer convolutional
code may also be investigated.

Recently diagonal algebraic space-time block codes (DAST) have been
introduced by Damen M. O et al. in [18]. These are moderate complexity codes achieving
full diversity at a normalized rate of 1 symbol/sec for real as well as complex
constellations. An investigation on how the DAST codes behave when concatenated

serially may also provide useful results for the wireless industry.
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