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I. Rank Correlation Coefficients

1.1 Introduction and summary

Considerable attention has been devoted to the rank correlation
coefficients of Spearman and Kendall, denoted throughout the sequel
as rg and I respectively. These coefficients are not new., Spearman
first proposed his coefficient of rank correlation in 1904. Greiner (1909)
and Esscher (1924) considered the coefficient rgasa method of estimating
correlation in a normal population; however, the coefficient was redis-
covered by Kendall (1938) who considered it purely as a rank coefficient.
These rank correlation coefficients were first proposed as measures of
association between two groupings, requiring no assumptions on the
parent distribution of the observations. In later work, Moran (1948) and
Kendall (1962), among others, considered the distributions of Iy and re
when the parent distribution is the bivariate normal. We shall be concerned
with the moments and related properties of Ig and Iy When the underlying
distribution is the singly truncated bivariate normal.

This study closely parallels previous considerations of these rank
correlation coefficients arising from a non-truncated bivariate normal
distribution. However, it is evident from the complications produced by
truncation that analytical results are more difficult to obtain, and, as

in the non-truncated case, few of the distributional problems of these



coefficients can be fully investigated.

The problem that first arises in this study is the justification
for the use of ranking procedures when the parent population has the
singly truncated bivariate normal distribution. This question may be
answered by considering the correlation between ranks and variate
values in each marginal distribution. It is generally the case that if
this correlation is high, conclusions drawn from the ranks are similar
to those drawn from the variate values. An investigation of the corre-
lation between ranks and variate values for the two marginal distributions
of the singly truncated bivariate normal distribution is carried out in
Chapter IIL

The next problem with which we are concerned is the determin-
ation of the expectations of the rank correlation coefficients rg and e
for the truncated distribution. These results are obtained in terms of
integrals which have been evaluated numerically for selected values of
the correlation coefficient of the parent population, point of truncation
and sample size. Determination of the variances of these coefficients
proved to be a more difficult undertaking. Although analytical expressions
for the variances of these coefficients have been obtained for the non-
truncated case (in approximate form only for rs), the complications
encountered in the case of the truncated distribution made analytical
expressions too difficult to obtain except in special cases. These

investigations are presented in Chapter IIL.



As the variances of Ig and ¢ proved to be analytically
intractable, they were determined empirically with the use of an
electronic computer. Monte Carlo methods were employed to
provide estimates of the first four moments of the coefficients rg
and T Although this study was conducted primarily to obtain
accurate estimates of the variances, the higher moments indicate
the effects of truncation on the distributional forms of rg and T
With knowledge of the variances, a comparison of the coefficients
of variation of rg and I was carried out in an attempt to indicate
which of the rank correlation coefficients best serves as an estimator
of parent correlation. Also, the asymptotic procedures prescribed
by Kendall (1962) are greatly enhanced with knowledge of the variances.
These empirical investigations are presented in Chapter IV,

Chapter V unifies the major areas of this research with a
brief discussion of the applications and drawbacks in the use of rg
and T in connection with the general theory of ranking procedures.
Examples are given to illustrate the use of the tables developed in

previous chapters.

1.2 The rank correlation coefficients of Spearman and Kendall

The rank correlation coefficients Ig and Iy are most commonly

used as measures of association between two variables. When the



underlying parent distribution of these variables is, in fact, the
singly truncated bivariate normal, the rank correlation coefficients
rg and Iy not only provide measures of agsociation between the
truncated and non-truncated variables but also may be used as
estimators of the underlying parent correlation p. Although these
coefficients lack the usual desirable properties of estimators, there
are two strong justifications for their use. First, they are computa-
tionally simple. Second, there are situations in which it is impossible
or impractical to obtain quantitative measurements on one or both
variables although rankings can be made,

The computation either of the rank correlation coefficients
rg and T is straightforward, There are a variety of computational
forms available, many of which are given in Kendall (1962). The
simplest of these is as follows:

From a set of n pairs of observations®* {xi. ¥y}, i=L,...,n, replace
the observations by their respective ranks to form the n pairs [ui, vi},
i=l, ..., n, where the u's and v's are permutations of the integers 1 to n.
Then Spearman's rank correlation coefficient, Ig is the product-moment

correlation coefficient of the LA and may be computed from the sum of

*In situations where quantitative observations are not obtainable, ranks
are used directly.



squared differences. We find

6S

(1.1) rs==l ‘m

where
n 4
S= ¥ (ui - vi) .

i=l

Kendall's coefficient of rank correlation, e is most readily deter-
mined by arranging the u i in natural order, That is, order the n
paired rankings as {1, vi}, i=l,...,n. Now, count the number of vj>~v1
for all j > i and add the counts to obtain P; then

(L2 r = E(:‘P:U -1,

These calculations are demonstrated with the following example.
Consider the rankings of a group of nine smdents, denoted by A, B,..., I,
on the basis of their abilities in algebra and calculus. These data may be

represented as

Student A B CDEVFGHI
Algebra 4 3 7 2 6 6 8 1 5
Caleuus 5 7 3 1 9 6 8 2 4
& 1 1616 1 9 9 0 1 1

where @ is the squared difference of the two rankings, For Spearman's

coefficient we have



S=1+16+.,. +1

= 54,
hence from (1. 1),
s =1 %50r
=0,55.

For Kendall's coefficient, we may consider the algebra ranking
in its natural order. Then, the rearranged calculus ranking is

2 1 7 5 4 9 3 8 6

and we have

P=7+7+2+3+3+0+2+0
= 24

and, from (1. 2),

e Rg- !

=0.33.

In the above numerical example, there is a considerable
difference between the values of the two rank correlation coefficients
rg and Tk In practice it is usually the case that, when neither
coefficient is close to unity, rg~ LS re (see Kendall (1962)), but this

is by no means an invariable rule, This result is readily explained.
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The scoring of g s the simplest possible and assigns a unit score

for each pair of individuals, no matter how widely separated they

are in the ranking. The scoring for rg is more elaborate and gives

a weight proportional to the square of the distance between individuals,
In this section we have merely introduced the rank correlation

coefficients of Spearman and Kendall. Considerable attention has been

given to these coefficients. Kendall (1962) presents a comprehensive

study of these renking procedures, incorporating an exhaustive

survey of related works; hence, these results will not be reproduced

here. However, pertinent results will be given as they arise in

connection with the work of later chapters.

1.3 The singly truncated bivariate normal distribution

The singly truncated bivariate normal distribution arises in

many situations. The following examples are given as illustrations:

EXAMPLE 1 (examination selection) : A
corporation or educational institution requires all
applicants to take an admissions test. Applicants
are admitted only if their admissions test scores
exceed a "cutting score”; otherwise, they are re-
jected. At some later time an achievement test is
administered to all those admitted.



EXAMPLE 2 (acceptance sampling): In analyses
of acceptance sampling data, it may be of interest
to correlate a physical characteristic such as size,
weight, density, hardness, etc., with a performance
characteristic such as life span, sales volume,
operating cost, or other characteristic for which
obgservations are available only on accepted items.

It is to be noted that the point of truncation may be preset, .
as in the acceptance sampling situation, or determined by the
scores as in Example 1 if the institution has only a limited number
of openings.

As shown in the previous examples, two measurements are
taken on an individual--all that is known is the point, k, of
truncation. With the assumption that the paired measurements
from an individual follow the bivariate normal distribution, we
consider the probability density

X 4
) o)

(1.3) g(x,yp) =

o T

Discarding all values outside the region R ® {(x, y):k<x<=, -scy<a},
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the remaining population has in R the probability density

(L. 49 g(x, y;p)/D
where

D=4 g(x, yip)dxdy.
R

Performing the integration, we find that

1
k- @ - ta
1 1 2
D=Q(—) =Q(a) = e de
o Jam .L
where
k-ul
a= .
%

As is often the case in selection on the basis of examinations,
the results of the admissions tests may be considered as the entire
population and the distribution of these scores is truncated at a known
point. This leads us to consider the case in which Hy and o, are known
(whence a = (k-ul) /°1 is also known). The parameters My and o of
the physical characteristic in acceptance sampling situations may be
known from previous experience or assumed known when large samples

are taken. Hence, we can standardize the marginal distribution of x
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in (1. 3) with the point of truncation a =(k - ul) /v::r1 being known. The
marginal distribution of y in (1. 3) may also be standardized without
loss of generality. This result holds for the calculation of the
correlation between ranks and variate values (Chapter Il) as it is
well known that the product-moment correlation coefficient is

independent of scale and location. Clearly, since rg and r,, are

K
calculated from ranks, the moments of these coefficients (Chapters
HII and IV) are also independent of scale and location parameters,
Hence, the underlying parent distribution which is considered, the
singly truncated bivariate normal distribution, may be taken as

having the probability density

xp{ [x® - 2oxy + y* 1}

(1. 5) f(x, yip) = Py aW -

where a< x< ® -= <y<w® and a is the known standardized point of

truncation.
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II. Correlation Between Ranks and Variate Values

2.1 Introduction

If N samples of size n are drawn from a population having a
continuous distribution with finite variance®*®, and the sample values
are ranked from 1 to n in each sample, the correlation between ranks
and variate values may be calculated for the complete set of Nn
observations. The limiting value of this correlation, as the number
N of samples tends to infinity, is called the correlation between
ranks and variate values in samples of size n, and is denoted by C n
The limiting value of C n 28 the sample size n tends to infinity, denoted
by C, is non-negative, and for any continuous distribution

| 1
C, = -—-I-) C.

The correlation, C o’ between ranks and variate values in samples

of size n was first derived by Stuart (1954). This derivation can also be

found in Kendall (1962)., Stuart showed that

- 1_21'1_12../2 \ L
2.9 r JxF(x)dF(x) )

E1]
For distributions having no variance, see Stuart (1955).
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and that

C = lim cn
e

(2.2) |
12 .2

L 4
1
= (— xF -
()T [XFG) dF(x) -u)
where F(x), u and 0® are the distribution function, mean and
variance, respectively. Denoting the expression in brackets in

(2. 2) by A/4, Stuart showed that

a=4 [ x(F® -5} dF()

= 2f F(x) {1 - F(x)}dx

*® X

- 2j‘{ j (x-y) dF(y)} dF(x).

-l e ]

(2.3)

The last form, known as Gini's mean difference, is the most suitable

for the work of this chapter. From (2. 2) and (2. 3), we have

(2. 9) c=434
' 1
For the normal distributiod, C =(3 /ﬂ)z =(0.9772, and hence for a

sample as small as n = 25, C n= 0. 94 for this distribution. By

virtue of this fairly close relationship between ranks and variate
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values, one might expect that by replacing variate values by ranks
and operating on the latter as if they were the primary variates,
similar conclusions could be drawn with a large saving in compu-
tation.

Stuart (1954) uses the correlation between ranks and variate
values in the normal distribution in an attempt to establish, in a
unified manner, the asymptotic relative efficiencies against normal
alternatives of several distribution-free test statistics which are
essentially efficient estimators with variate values replaced by
ranks. By relating the asymptotic relative efficiency directly to the
magnitude of C, Stuart has shown that the test based on ranks will be
powerful, in the sense of having high asymptotic relative efficienty,
when the value of C is near unity, However, the relation between
asymptotic relative efficiency and small sample power is not well
established.

In this chapter, the correlation between ranks and variate
values is examined for the two marginal distributions of the singly
truncated bivariate normal distiibution. This correlation has been
evaluated numerically in each case for selected values of a, the
point of truncation, and p. It is found that truncation has little

effect on the correlation, except for very large values of a and ».
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2.2 The truncated normal distribution

Consider the standardized normal distribution, truncated

below at x = a, The density function is

f(X)“al-a-Z(X). a<x <o,

where !
Ly "
2 = e 2, QU] 2z at.
b.4
Then from (2. 3)
2 ¢ F
““”“5’?3’! £(x-y)zmz‘y> dydx .

® X
"5 ] [y exp(-7 (+y)} dydx,
a8

To evaluate this, set

X=a+t+rcosb, y=a+rsiné
then - 1/4

A(Q“_Q’!('E)Fg({ r*(cos 8 - sin 8)

exp(--lf{(a-l- r cos 8)® +(a + r sin 6)* ) dedr



18

-nyd @ o.};r’a ﬂ/4

a o, 7 - f in
= s e 2 drg(cosg-smﬁ)eadws%’*’smgd%

Fla)yr 5 0

-a® = -%r‘z _-ar{cos ® +sin ) n/4

= e £ 1 dr
{33(3),, B ~-ar )
0
2 1
R L iy
(2.3) = e ro 2 o8, /2ar, dr
N*(a)ra *
0
= A(ll e [2) .
The first integral is

o 1,2 | i 2

‘ -«:j-(r“ + 2ar) Fa "'—‘72"'(1’”1“3)

Ii=§re dr=e ére dr
4] 0
1 g A 2
=g " s(t-a)a cde
a ,
wheret=r +a
=e fe - a/37 (Xa)?

(2.8) =1-aR(a)

where R(x) = O(x)/7(x) is Mills' ratio (Mills (1926)).
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The second integral is

1 ®
® - (1"-&-2/231') (r+f2a)
12=Ire-§ dr&en“re 2 dr

0 0
1

=e? j(t &/ 2e Z'
a2

wheret=r+/2 a

=e? (e - a/2/2n((a/2))
(2.7) = 1-a/2R(a2).
Hence from (2. 5), (2. 6) and (2.7)

- as

Q (a)m

aa) = {/2R(a/2) - R(a)}

(2.9) '“’ﬁrz('as- (/2 R(a/2) - R(a) } .

Now, from (2. 4),

(2.9 C(a)=C nfz%(-“éi?)—

where ¢®(a) is the variance of the truncated distribution.

It can be
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shown (see, for example, Aitkin (1964)) that

2100  o*(a) =X -;:;:)(a) -1

From (2. 8), (2.9) and (2.10) we find
. /3{/2R(a/2) - R(a)}.
21 &= R/ rak(@® - I

/3 7= QD) - ZQa))

(2.12)
Qa)/ 0" (a) + aZ(a)Q(a) - Z°(a)

It is seen from (2.12) thatas a~-», C(a) = /3/n =0.9772
as it must, since this is the value for the non-truncated normal
distribution.

The Laplace continued fraction expansion of R(a) (see, for

example, Sheppard (1939)),

11 3 ..., a>0

2
R@ =5 oF aF oF

may be used to find the limiting value of C(3) as a tends to infinity.

Substituting the third convergent of R(a),
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1 1 2
R = ara

N

+
+3a

H
4‘{”&

[+3)

into (2. 11), we have for large a

/3[282+2 . a +2 3
Cla) » » 2a3+3a as+3a

a® + 2 a+2,, a+2 _,

3 (3 )y 2 )

a’+3a V' a°+3a a° +3

Simplifying,

~ /385 (a"+3)

C( p—
(a) (2a® +3)(a*+2)/ a* +4

and, hence

lim C(a) =/3/2 = 0. 8660 .
aw

However, the approach to this limit is very slow, as shown in the

table of C(a) in Section (2. 4).

2.3 The non-truncated marginal distribution

For the other marginal distribution of the singly truncated

bivariate normal distribution, the density function is
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= | 1 -
vl R e

[x® - 2pxu+u®]} du

- 1 u-px
Qa)/I- o z(x);[ A=) @

~a<x<e,

Then, from (2. 3), for this distribution,

® X

Ma,p) =8 =2 | (x-y)dF()dF()

2

2.13 =
(2.1 Q*(a)(1-5*)

[ Ztw)au :[: Zvydt | dx
a a e

x au -
I(x N2 =) 2UE)dy -

Making the transformation

x=9u+JI-¢"(-}-—?2-. Y*ptﬂi“ﬂ'%ﬁ- y

we have
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(2.149 Ma,e) ==Q j Z(u)du j Z()at j dv

1§
=
1
1

/2(1-9’

S

{o(u-9 +/2(1-p%) wm%‘l’-)zc%‘i) dw.

Now the (v, w) integral is

(o]

1= j av | {p(u-t) +/2(T-p")w)}Z(V)Z(W)dw
Yo P(t-u)

/2(1-p%)

8

= [ {p(u-t) +/2(1-p%)w} Z(w) dw
t

(1-p%)

_g

= p(u-0QI-2EW_3 + /x1-p%y Z (LW
p(ut)Q{Z(l*m }+/X )Z{/__;r)}

and, hence

(2.15)  &a,9) ==—~—-—-- A{ _[ Z(WZ() [/2(1-p* )z{.ﬁi!—'!?-} -
-0)o{—2W 37 dqudr
p(t-u)Q e t

-1

(2.16) 2]

Q‘(a)
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To proceed further, we evaluate the first integral in two

ways., We have

L =fzﬁ1’6’>3 Izw)zm 2 i —)uds

”W&féfexp( T[“ +¢ +—U£—“L—])dudt

A% % n® . 2
- ££exp(--——~—-—-—-4(2i_§,) fu -—-—-——-—2;’_:: + ¢ Jdudt

where

and thus

19 av2 av/2 p?
@ L= FEUz 2o Es),
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where L{(h, k;p) i8 the volume under the standardized bivariate
normal surface with correlation p from (h, k) to(=,») . This
function is tabulated by Pearson (1952) and others.

Alternatively, from (2. 15),

1, = /206" £ J NI ) dut

Setting
x = E:-E- » - -—-—.t+u »
/2 J2
we have

L=/ 1-¢'>j Uy j Z(x>Z( y)dx dy

a/2-y
= -a/ 2
/19 ¢ ya x
7;?- aJJZZ(Y) j Z(ﬁ)dx dy
a/2-y
1-p® ¢ p (Y-8/2)
T oot 2P "1 d
S é/,zz(y)( /1-p% } dy
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where P(x) =1 - Q(x)

(2.18) «-}i'}tzaj"fzﬂﬁﬂ%)dy'qwﬁ-

To evaluate the integral in (2. 18), consider the integral
defined by

(2.19 Ka,b,0) = jZ(x) P(bx + ¢) dx
a

o bx:

+C
= i’z(x) j Z(y) dydx .

Setting v =X, W =bxtc-y,

we have

Xo.b o) = 3o | ] exp(~ (¥ +(bv+c-w)* Jydwdv

=§%—§ gexﬂ‘%@h'*g%g-ﬂ +

T (w9 1) dwav
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=5 /T | Jext- 50 - 22 xy+ ) ayax
a -C
T

hence

) = —__ . b
(2.20) J(a, b;c) = LAa, g am)

From (2. 18), (2.19) and (2. 20), we have

(2.2 lw»-irzx,wz ;{i,; _%,)-szn.

Equating (2. 17) and (2. 21), and rewriting the variables, we have

(2.22) 14(a, 2;20° -1) = 21.4(«3—. a;0) - Q(n-g-»)

where

-}-4651 and -»< a<e,

/2
Consider now the second integral in (2. 16); we have from
(2,15
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L =o [ [ G022 QU2 ) qudr .

/21-p%)
Making the transformation

t-u - tHu
2 Y52

we have

I, =/2 szyfafz Z(x) U255 dxd
= J4p X ZAX .
2 a/2  a/2-y /1-p ¢

The x-integral is

. y=-a/2 oX o
sz_yx Z(x) Q(/'T:';r)

- X . ,_ PX
Z(x) Q(/'%"T /20y Ay ] AN —y=z-) dx

-p

- 2y B -1y - Y
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( Hence

= /2 T  ZUy- p(y-a/2 -
1,=/2 ajf zzw)czw 8/ 2P{ =) - 1]

_ P -a/ 2
PG - e
p
(2.23) =f2p[213 - 14 -m(ZIS - 16)}
where

L = —_— p(y-a/2)
3 at;frzzmzw a/2) P (S oy

S o(s-8) 4,
7z 29 ,;{ ze) Py &

wheres =/2y-a

=1 a _._° from (2. 20
7 Z(a)ua;fw,f_z__p,). (2. 20),

1,= | 2nZUy-a/d dy
a2

= 7 2e) )
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1 ==f 2y) M 2.) dy

= 1(a/2 ;2_‘/-23, L —), from (2.20),

‘s =j;22(y)dy

= ({a/2).

Collecting the terms of (2. 23), we have

1, =/200/2 Z(a) L{a, ﬁ_ ; ﬁ"_ <) -—Q-Z(a)Q(a)

p a/2 1
- mtzuan » 7o 'f—”) - Nard}l.

The second bracket of this expression may be simplified using (2. 22)

to give

(2.24) 1, =202(s) L(a, n_f. ° x) = PZa) Qe

.8 I a/2 _a/2, p® )
A et Fap 2 )
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Finally, from ( 2. 16), (2.17) and (2. 24), we have

L2 (1. 82 a2, g
A(Sap) Q“(a) {];?L’(fz:_pa nﬂ-_pa é-—p-r)

- P2 2Lhe, Fr ) - Q@)

for all a and p, with =<a<e, |p| <L

To find C(a, p) we have, from (2. 4),
Cla, p) = Tttt

where ¢®(a, p) i8 the variance of the distribution. It can be shown

(see, for example, Aitkin (1964)) that

o*(a, ) = K8 + 0°(aR(a) - D
R*(s)

=_Q%a) + p®(aZ(a)Q(a) - Z°(a))
Q*(a)

Thus
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1
ﬂ{ N f {1 ] - f L4 ]
2.25 Clao) = 7 (8, 0) - pZ(a) 1.(a, p) |

Xa) QP (a) + p*(aZ(a)Ya) - Z°(a))

where
3
£(a, p) = a/2 ' a/2; p
a0 = U, 28 50)
and

f.(a,0) = 21(a, —- ) - Xa) .

/2—” '/T”

Thus C(a, p) can be evaluated readily if & routine for calculating
L(h, k;p) i available. A tabulation for selected values of a and p

may be found in Section (2. 4). We note here some special cases.

For all p, we have

(2. 26) C(a, -9) = C(a, p).

This result follows since, from (2. 25),

/3{7- fi(a, -p) +pZ(a) £ (a. -p)}
Qa) V QP(a) + p*(aZ(a)Y8) - Z*(a))

C(a, -p) =

where
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fl(ao -p) = tl(a' p)

since it is a function of p® alone, while

f.(a, -p) = 2L(a, ﬁ;—r ; _"f;—) - a)

= 2[Qa) - L(a. /‘7_’ )] - Xa)
® - 2(& 9)
and hence
C(a, -9 = C(a, p).

For a = -=», we have

(2.27) C(-=, p) =" a/*ﬂ .
For p= 0, we have

(2. 28) C(a,0) =" ;ﬂ‘ .

Both (2. 27) and (2. 28) follow immediately since the resulting f{x) in
both cases is that of the normal density function for which it is
known that C =" 3’/11 .
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For p =1 (or similarly p = -1, by (2. 26)), we have

e /3(z-L(as2, a/2:D - ZU&)[24a, a:1) - Qa)])
al)=—
Q(a) | Q*(a) + a Z(a) Ya) - Z3(a)

/317 Qa/D) - ZUa) Qa))

(2299 =
A2)//Q"(a) + aZ(a)Qa) - Z*(a)

and this is of the same form as (2.12). This result follows since
for p =+ 1 the bivariate normal distribution degenerates and in this

case both marginal distributions have the same (truncated) form.

For a =0, we have

/3(7= 140, 0i52) 73E-12L40, 03 ) - - 1)
IMI g
/T &

C(0,p) =

Now
’—l- --—]-.-n .1
140, 0, p) 7 @ —- cos p)

(Sheppard (1898)) and hence

, 6 .o -1 p* -1 _»p
(2.30) C(O,p) = m;—[fz P —;;(/2603 m 2p cos Jz_w:_;;-

Setting p = 0, we have
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00,0 = £/2 -2 cos” )
= Y a/ﬂ

as required from (2. 28). Setting p .\/2/3 = 0. 8155, we have

O %) =/ 2l -3 - Sv2 o8 - P23 c0s” 1)

w

4-/3
3n - 4

(2.31) =0, 9737 .

2.4 Computations and conclusions

Selected values of C(a) defined by (2. 11) and (2. 12) and of C(a, p)
defined by (2. 25) were evaluated numerically on an IBM 7040 electronic
computer. Details of these programs appear in Appendix B. The

results of these calculations appear below.

Table 3.1 Values of C(a)
a - -4 -3 -2 -1.86 -1 0
C(a) 0.9772 0.9773 0.9787 0.9826 0.9827 0.9751 0.9496
1 2 3 4 S 6 7 8
0.9227 0.9035 0.8913 0.8837 0.8788 0.8757 0.8735 0.8719
9 10 1 12 13 14 15 25
0.8708 0.8700 0.8693 0.8688 0.8685 0.868] 0.8679 0.8667
50 o

0.8662 0. 8660
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It will be observed that C(a) has a maximum at about a = -1, 86

and then decreases rapidly with increasing a. This maximum was

found numerically and could not be determined analytically. For

large a, the approach to the limit /3 /2 i8 very slow. For all

practical purposes it is apparent that truncation has little effect on

Ca).

o
o

eoeQ

eee

= o
S88LLS838E

0.9772
0.9770
0. 9762
0. 9684
0. 9656
0. 9615
7 0.9553
0. 9448
0.9227

Table 3. 2

0.9772
0.9772
0.9772
0.9772
0.9772
0.9772
0.9772
0.9772
0.9772

0.9772
0.9771
0. 9766
0. 9709
0. 9684
0. 9644
0.9574
0. 9435
0. 9035

Values of C(a, p)
-3 -2
0.9772 0.9772
Q.9773 0.9775
0.9776 0.9783
0.9782 0. 9805
0.9783 0. 9809
0.9784 0.9813
0.9785 0. 9817
0. 9786 0.9821
0. 9787 0.9826
3 4
0.9772 0.9772
0.9772 0.9772
0. 9769 0. 9770
0.9733 0.9749
0.9716 0.9738
0. 9685 0.9717
0. 9626 0.9672
0.9485 0. 9550
0. 8913 0. 8837

-1

0.9772
0.9772
0.9772
0. 9767
0. 9766
0. 9764
0.9761
0.9758
0. 9751

5

0.9772
0.9772
0.9772
0.9758
0. 9751
0.9737
0. 9705
0. 9608
0. 8788

0.9772
0.9770
0.9760
0. 9695
0.9677
0. 9653
0. 9620
0.9573
0. 9496
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It will be noted that C(a, p) also has a maximum at about
a = -2, and a minimum between a =0 and a = 2, depending on the
value of p. However, the value of C(a, p) never falls lower than
0. 96 unless p > 0, 94, whatever the value of a. Hence, for all

practical purposes, truncation has little effect on C(a, p).

Clearly for both marginal distributions of the singly truncated
bivariate normal distribution, the correlation between ranks and
variate values is little affected by truncation. Therefore, as in the
non-truncated distribution, variate values, when available, may be
replaced by ranks in the singly truncated bivariate normal distribu-
tion with & consequent saving in computation and little loss of
efficiency.

A few contours of C(a, p) are plotted in Figure 3.1. The

upper horizontal line is C(a, p) =" 3 /n, the lower, C(a, p) =3 /2.

Note C(a, ) = C(a) .
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Figure 3.1
C(a, p) as a function of a and »p

C (a,p)

70.99

/—A\\ {o.98

10.93

10.92

-10.91

40.90

-10.89

10.88

10.87
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III. Moments of the Rank Correlation Coefficients

3l Introduction

Considerable attention has been devoted to the rank correlation
coefficients Ig and Tk in the case when the parent distribution. is
the bivariate normal. In this chapter the moments of rg and I
are considered for the singly truncated bivariate normal distribution,
The expectations of rg and ry are obtained in terms of integrals
which are evaluated numerically for gelected values of parent
correlation, p, point of truncation, a, and sample size, n. The
variances prove to be intractable, except for the cases p =0 or + 1.

Empirical estimation of the variances is considered in the next

chapter.

3.2 The expectation of Spearman's rg

Let (xl, y}). cous (xn. y n) be a sample of n pairs of values from
a singly truncated bivariate normal population with probability density

- 1 - 1 -
Kx, y) Py exp{ mu)-—b:’ 2pxy +y* 1}

where

a<xX<®» -mgy<m,
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To obtain Spearman's rg we replace Xpoeos Xy and Ypreooo ¥y
by their respective ranks and calculate the product moment
correlation of the ranks as if they were variate values.

Let p(xi), p(yi) be the ranks of X; and Yy Using the
technique applied by Moran (1948) for finding E( rsl a=-=), we
define a function H(1t) such that

H(t =0 for t<0

= ] fort>0,

then

n
p(xi) -1= jgl I-l(xj - xi).

Spearman's rg will be the correlation coefficient of the numbers
p(x)) and p(y,), and hence also of (p(x'i) -1} and {p(’yi)‘l] .
Let
n ! "
5= E {p(x) - 1Hp(y)-11 .
It can be verified that
n
£ px)-1} = 3(a-)

and
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£ ip(x) - P = B (n°-I
& tpx) - p ¥ = ("))

where p i3 the mean of the ranks px).
It follows that

S - %(n-l)’

(3.1 I
S Fwt-y

and so to find E(rs) it is enough to find E(S). Now

n n n

L, HOx ~x)H(y, -y -

3. S= ¥ I
@.2 i=1 j=1 k=l

The terms in this expansion for which i=j or i=k are zero. There

remain: only two cases to consider,

- 3.2.1 F}_{g;ﬁ_‘gue

If i & j =k, we require the joint distribution of xj X, and

yj Yy for then

E(S) = n(n-DE(H(x, -x)H(y; -y}
(3.3) = n(n-l)Pr(xj "xi >0, Y’ 'yi >0)

from the definition of H(t). Now the joint distribution of two
independent pairs of values (xl. yl) and(xz, yz) is
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1 -1
{
4 QP (a)(1-p®) SRR

Hxp X Y ¥9 =

[xl' + xz’ = 20(x)y; +X,¥,) + y’l‘ + y'zl}

where

BZXp Xp<®y "O<Yp Vg <

The required probability then becomes

R(e, ) = Pr(x,-x, >0, y,-y, > 0)

2 T 72
dxy | dxy [dy; | Kxy Xy 7y ¥ )0y

M

(]
B 9

X
®

i xdx, f Zxy)dx, f z(

= 1
Q°(a)(1-p°)
Yq

IZ(YI‘

)4y

1
Q*(aVT-p*
Yoo,

P(ﬂ_ﬁ

)dy2

x
)dyZ

y " )
J 2x )dx, J Axpaxy 2=
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X
2 p(xz 1)
Q.( Y| J’ Zx )dx, b[Z(xpdxl [ 2B+ —= =y dw
where w = w .
/T-p*

Then

X2
, < X
- R(a, p) = Qﬂ%;y‘i Z(xz)deJZ(xl) P(—— ff(i_‘_l)) dx,

from (2.19) and (2. 20). Set

) [Znav

1 P p
R(a, p) = kOB fz(u) P( =
0 uta/2

(3.9 = J Z(u)r(-ﬂ—-—) Qu+as2) du.

This can be evaluated on an electronic computer with little difficulty.
We note now the following special cases,

For all p, we have
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R“"""Qn(a, jZ( M) Qu +a/2)
I
¥ gZ(u)Q(uﬁ-a/Z)du R(a, p).

Differentiating the above integral under the integral sign with
respect to a and integrating twice, we find that

(.5 [Z) Qu+a/2du =5 Q(a) .
0
Hence

(3.0  R(a-p) =7 - Ra,0) .

When a = ~», we have

R(-=,p) = [ 20 P (o)
0

= 140, 0;p)

(3.7) = 401 —-f;cos'lpz :

This is the appropriate value for the non-truncated distribution, as

required.
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When p =0, we have

f Z(W)Qu + av'2) du

= 1
e e

Gy =

from (3. 5).

When a =0, we have

, =4 B :
R(0, p) gZ(u) 3 A__?) Qu)du

dr(0,p) .. u Z(0) Z(—2) uydu
d (1&:")3/2‘f B /1-p* A

= 4 ? U
JI=p?) 372 éuz(ﬁ;-)Q(u) du

o Ivzm QTP v dv

u
/T-p*

where v=



46

Then

dR(0,p) . 4

- o’ ~- - ?
Vo ((-ZQUT+* V], - /T5° gzm

Z/T5° v)dv)
- P R W
"/ /I

1p - sin-l-f--] + C

R(0,p) = —;{-—[ain' #3

where C is a constant independent of p. From (3. 8) we have

R(0, 0) = %- =C

80 that

(3.9 R(O,0) = 4+ —1{ain"p - sm'l7%-} .

Note also, from (3. 4) and (3.7), that since Qu +a/2) < |,
we have
(3.10)  R(a,p) < R(-=,p)

with equality if andonly if a = ~=»
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3.2.2 Second case

Ifi# j #k, we require the joint distributon of x -x

j i

and Y Yy for then
(E(S) = n(n-D(n-2)E{H(x;~x)H(y; -y)}
(3. 1) = n(n-l)(n*2)Pr(xj~xi >0, yk, -y > 0).

Now the joint distribution of the values (xl, yl), (xz, y2) and (x3, y3) is

1 { "1

PN 2V T S B T KL

a -
[x{ +x5+ 33 - 20(x)y; + Xy, + X3¥3) + Y] + ¥y + ¥3 1)
where
82 XpXpXy €@, =@ <y,LYnY3 <"
Then

Rl(a. p) = Pr(x,-x; >0, y;-y; > 0)

w [ g = ©

= [axy [ax) [dx, jay, jay, |
a a x = = 'y
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KXy X X3 Yy Y Y393

2372 j z"‘a"”‘af Z("l)d"lf Zxdx,
l

Qs(a)(l -0%)

T, V27X X
& n_,,wzfz(m = )dy 1yj2< )dys

p(x3-X))
/2(1-0%)

1
" 1 e {zuzm

Jax,

3.12) = ! ?Z( )dxafﬂxl)Q(xl)P( p(xa-xl))dx .
) £ "3 a /Ae%) L

This double integral can be evaluated on an electronic computer.
Rl(a, p) can also be expressed as a single integral involving
L(h, k;p) as tabulated by Pearson (1952). We have

plxg
R'(a, 0) = J;Z(XI)Q(xI) [2xge!

}dx
fzflpdxs
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px
(3.13) £ Z(xl)Q(xl)L(a.fz_lﬁ ;/zf—p‘ ydx)

from (2.19) and (2. 20). This is easier to evaluate numerically than
(3. 12) if the values of L are readily available. It can easily be seen

that
1 17
R(e,0) = Z dx
(0.0 = = [Zxpatepaxy
1
(3.14) = T
while
1 x
Rla, -0) = ~ j“Z(x,)Q(xl)tQ(a) ’-“',ra s
(3.15) = 5 - Ra, ).

3.2.3 Expected value of rg

From (3.1), we have

{E(S) - —-!!(n°l)’}

E(rg) =
9 n(n® ')
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and substituting from (3. 3) and (3. 1I), we have

12
n(n® -1)

E(rS = {n{n-)R(a, p) + n(n-l)(n-Z)Rl(a. ?) '—%—n(n-l)" 1

(.10 = (Ra,p) +(0-DRYa, ) - 213

Writing E(rsla, p) for E(rg), we have from (3. 6) and (3.15),

(3.17)  E(rgla, -p) = - E(rgla, ) .

The expected value E(rs) has been evaluated numerically

on an IBM 7040 electronic computer for

p: 0.050.05) 0.95
a: -=, -2,0(0.2) 3.0
n: 5)25, 50, 100,= .

These tabulations appear in Appendix A and the details of evaluation
may be found in Appendix B.

3.3 Variance of Spearman's rg

It is clear from (3. 1) that the variance of rg may be determined

from the variance of S and hence from E(S*) . Now
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n n n n n n
(3.18) = £ £ T T ZTH(x-x)Hy,-y)Hx -x)H(y -y).
i=lj=l k=lp=lq=lr=] ' J 1 QR MY

The terms in this expansion for which i=j, i=k, p=q, or p=r are
zero. The number of times each type of term occurs in (3. 18)
will be n{n-1). . .(n-s+l), where 8 is the number of distinct sub-
scripts.

The evaluation of E(S®) involves taking the expectations term
by term of the sextuple sum and collecting terms. A list of the
different terms involved and the numbers of each can be compiled
using David and Kendall's symmetric function tables (1949), however,
for the sum (3.18), David and Mallows (196]) have given these results
as Appendix 1 of their paper. Now each term is the expectation of a
product of four H's and we require the probability that each of these
products be positive. Hence,

n

n nnnn
8y = , - - - -
(3.19) E(S%) igl jgl kgl pgl qzl 1_)“';15’1'(::i xj>0, ¥i yk>0, xp xq:a-o. yp yr>0).

David and Mallows (196]1) have used this technique to obtain an
expression for the variance of Spearman's r., which is exact for n

12, for the non-truncated bivariate normal dis-

and to the order of p
tribution, It is evident from the complications produced by trunca-

tion that this procedure cannot be applied to the truncated distribution.
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Hence, the variance of Spearman's rg is analytically intractable
with the exception of the cases treated in the following section,

3.3.1 Special cases of the variance of Spearman's rg

Case l: p=0

From the previous section we have, when p=0,

n n n n n
(3.20) E(s*)= ¢ ¥ T & IPr(xq~x

n
X | >0, x -X >0)
i=] j=1 k=l p=l q=1 r=l ¥

Pr(yi'ykwv Y,

- 1Y
D yr>0,.

The joint distributioens of the independent x and the independent y
values are dependent on the number of distinctly subscripted

variates and given by

Xypoooy X ) = a<x.<»
i(l nl) ialéﬁl i

Ny
«yl' sees Y nz) = ig’lz‘yi)’ -«Yi

and

where n,, n, are the number of distinct subscripts on the x and

y values, respectively.
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Appendix 1 of David and Mallows (1961) gives a complete
list of the 58 different types of terms which arise in (3. 20) and
the number of times each occurs. Hence, we need only to
‘evaluate the 58 products of probabilities and sum them with the
appropriate number of times each occurs. This task is readily

accomplished since
Pr(x x>0 xp x >0) or Pr(yi yp-yr>0)

may take on only four values, depending upon the subscripts. In
fact, writing u for either x or y with the subscripts i, j,p and q
being distinct, we have

Pr(u >Ou u>0)==Pr(u -u>0)Pr(u u>0)=——-

iy J

1
Pr(u nj>0 uj uk>0) Px(u j >0) =

Pr(u uj>0u »)) = ?r(u u>0u j>0) —5-

Pr(u >O,u -u>0) = Pr(u >0)==-—-

) J %

These probabilities are most easily evaluated using nonparametric
arguments, however, they may be evaluated directly using the joint

distributions given above,
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Since the above probabilities are independent of truncation,
E(S® | p=0) must also be independent of the truncation parameter, a.
This result, as seen from earlier work in this chapter, also holds
for E(S]|p=0), hence the variance of rg is independent of a when

S
p=0), Thus, as for the non-truncated distribution,

(3.2)  var(rgle=0) =—.

Case2: p=+1

By the very nature of these extreme correlations, y, must be
a linear function of X;e Hence, the ranking of the y's would be
identical to that of the x's (or a complete reversal). This fact

would lead to a constant value of rg and, thus,

(3.22) var(rsia =+1]) =0,

3.4 The expectation of Kendall's Ik

As in Section (3. 2), let (xl, yl), ces . (xn, y n) be a sample of
n pairs of values from a truncated bivariate normal population with

probability density

_ 1 -1
= x* -2
) e Py YD

where
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a<x<®, -a<y<aeo,
For each pair of values (i, j) Kendall (1962) defines a term

tlj = Sgn(xi'xj)sgn(yi'yj)'

Then the sample value of e is

KTk ty/2) -

This definition of Ty is equivalent to the computational form
given in Chapter 1. Hence to find B(rK) it is sufficient to find
E(tij) since

E(ry)= E[)j,."(jttij} D

(3. 23) = E(tij)‘

Now the joint distribution of two independent pairs of values

(xlt Yl)v (xzn Yz) is

= 1 -1
Wiy X Y0¥ = s L A1e)

[xl' +x} = 20(x,y; + X,y + y; + )};3].
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To find E(tij) we could proceed as does Kendall by using the
characteristic function and the fact that

o

it

1 e
mu= L]

-

= +] for u>0
= for u=0
= -] for u<oQ.

However, a direct evaluation is much simpler, as we can use

the previous results for E(r ) We have
E(ry) = E(tu) l’r(x]l %, >0, y;- Y >0) +Pr(x, X, <0,y,- Y <0)

Pz(x j <0, yi-yj >0) - l’r(xi-:i:j >0, yi-yj< 0).

Clearly the first two terms of this expression are equal, as are the ;
last two, since these probabilities do not depend on the particular i
and j. In fact, the first term of this expression has already been
evaluated as (3. 4),

Pr(xi-xj >0, YI'YJ > 0) = R(” P) |
and evidently
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Pr(x, -x

7% < 0, ¥y < 0) = R(a, p)

also. For the last two terms we have similarly

Pr(x -x

7% < 0, ¥y > 0) = Pr(x

"% >0, ¥,y <0) = 3-{1-2R(a, 0)),
since the four events are mutually exclusive and exhaustive. Hence

E(ry) = 2R(a, p) - {1 - 2R(a, p)}
(3.24) = 4R(a, p) - L

Thus E(rK) can be found from R(a, p) which has been previously
evaluated as (3.4). Writing E’.(rKla, p) for E(ry), we note the
following special cases already considered in Section (3. 2. 1).

E(ryla, -p) =1 - 4R(a, 0)

(3.25) = -E(r,la, o).

E(rKI -, p) =] - % cos'lp

(3. 26) .,_12; sinlp

as in Kendall (1962) for the non-truncated case.

(3.27) E(rK[a,O) =0.
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(3.2 E(rl0,0) =2 (ain)p - sin"fg-}.

A tabulation of E(rK) appears in Appendix A for

p: 0.05 (0.05) 0.95
a: -», -2,0(0.23.0.

The details of the numerical evaluation may be found in Appendix B.

3.5 The variance of Kendall's e

To find the variance of Kendall's ry in all possible samples,

we require

B(r2) = ——E(S Zt)*

(g)ﬂ i<j

1
(%ﬂ E(fff §<f tijtkl)

=

/ -

1
r =T T E(t,.t
o i<i E<IHu
and there are three cases to consider.
i) If i=k, j=1 each term is +l and the expectation of each term

is +1. There are (% such cases.
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ii) If i¥k, j#1, the expectation of the term tijtkl is
E(tijtkl) = E(tij)E(tkl) = E"(rK).

There are (%(“52) such cases,

1ii) If i=k or j=1 but not both, we have a term which may
be evaluated by considering

(3.29) E(tutm)zE{sgn(xl-xz)sgn(yl-yz)sgn(xl-xa)sgn(yl'ys)} .

There are 6(3) such cases,

The characteristic function approach as in Kendall (1962) was
found 10 be unsatisfactory for the evaluation of (3. 29), hence, we
proceed with the direct approach. E(tutla) is the sum of eight

terms, of which a typical one is

T= Pr(x1~x2 >0, yl-y2>0. xl-x3> 0, yl-y3> 0).
The joint distribution of the three pairs of values (xl, yl),

(xg yo) and (x5, y,) 18

1 -1
f(x) X Xg, ¥} Yoo ¥3) = , exp(
2T 3@ )

[xl“ +x3+ xg - 20(x)y, +X, ¥, + Xqyg) + y; +y’2+ ygl}



where

—

asx <=, m<yi<~fori=~'l.2,3.

Let
XX vy
. = 172 v. = 172
1 V2 1 /2
- A% £
u2=xl X3 Vo = 173
/2
2
e i M v = 1tY2YYs
3 /3 3 /3
where
3a-/3u /3u, - 3a.

3/3_'_(_ U3<“: (T‘é‘)f_ ul’uzi(-_%_-)’ "<vi<'
__fori=1,23.

Then the joint distribution of the values (ul, U, g, ¥y, Vo, v3) becomes

- 4 -1
Buy U3 Vi Vo ¥3) = 33 ani-sh372 @l g

s 3 8 _
[12“1 + lzu2 + 9u3 12“1“2
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- 21»(12ulv1 - 6u1v2 - mzvl + 12u2v2 + 9u3v3)

+ 12v; + 12«‘2 + 9v§ - 12v1v2]} .

Hence
v 3u3-3a
«® " 5 o @
.
T = J dug | ; f du,du, j(; fdvldvz f Kuy, Uy, Ug, V), Vg, Vo)AV,
3 -l

The Vg3 - integral, including the ug4 -exponent, is

T -1
L = J;e@{m(% - 18pugv, + Sug)dvy

= 2n/l-p® Z(ua) .
The vi® integral is
r 1
12 ==6t‘ exp [W[mv; -12v1v2—2p(12ulvl~6uzvl)] }dvl

,{"z"’(“z'z“l”a ,
16 &i-p°) !

o /3(%)_p T2 %Y
2 /3(1-0%)
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Hence \/3"3"33
T= jdusj J duyduy fi’(ul.uz.us ol vy > O)dv,
a’3
where

flu,u,,u v, v, >0) = Zu,)
27321 /3(2W)3/Q(am 3

2'9(“2 2“)
P }""’{3(1 oy LU] U RV V]

- [vp=p(u,-20) 1)
and this exponent reduces to
ﬁ[(l-p’){@ “upu) +u2(1 ---) —i-p vy +T .
The vz*integral is

2"#(“ ) h
IP{ Al- pﬂ') }expimtv;-zpuzvz]}dvz.

2 pu 2“1) 2 ﬂu
“exp(m - )«g P( f"(l—'T }xp{-wt-——-—,-—]ﬂ}dv




o3 P I - { 20!11 )
= exp (2 /T=p9 ZAWPLY + ——t}dw
2l-p “pu, 73 3(1-p®)
/1-p°
v, - pu
where w= —-—2;——-—-—2-~ .
/1-9°

Then

-pug Py J_)
’ 2 .

2
13 fﬁﬂ exp{z(l 3)}1-‘([7‘)3’@

Hence /3u3 -3a
72

2 5 200 -
= AR ir 32(“3)‘1“3."0 J dulduzexp{-g(u; uu,+u5)}

-pupy  “PU]
L‘(ﬁ-—_p’ ’ ﬂ——-p—. ' 2 ) ]
or finally,
Jsu -3a
__72.__._
T= "““‘"“f Z‘“s)d“s.[ [fupu 2"‘"“‘“1d“2f
QBa) a7 -pu;

V1-p®

] fxp x5i )y

qu

/F%‘
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where

i) = —1\ 1 (x*-2 .
(x, yie) Py exp{ 20y pxy+ ¥*)}

This cannot be simplified analytically, Thus the variance of
Kendall's re also proves to be analytically intractable with the

exception of the cases of the following section.

3.5.1 Special cases of the variance of Kendall's Iy

Case 1: p=0

It is evident from the previous section that the variance
of Kendall's ¢ depends on the evaluation of E(tutm). When the
X and y; are independent, we have from (3. 29)

E(t),t9) = E{sgn(x,-x )sgn(x,-x,)} E{sgn(y,-y,)sgn(y,-y,))

and the joint distributions of the X and y; are
Z(xDZAx ) Z(x,)
Q%@

, ac<x.<e,

f(x), Xp) Xg) =
and
f(ylt th Y3) = Z(YI)Z(YZ)Z‘Y:;’): "“‘Yi, <®,

for i=l, 2, 3,
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Now, writing u i for either x. or Yy i=1, 2,3, we

i
have

E{Sgn(ul-uz)sgn(u1~u3)} = Px(u1~u2 >0, u-ug> 0) + Pr(ul—uzdi, ul-u3<0)

- Px(ul-u2>0, ul'u3<0) - Pr(ul-u2<0. u;-ug >0)

= Z{Pz(ultuz':* 0, ul-u3>0) - Pr(u;-u, >0, ul-u3<0)} .

These two probability statements may be evaluated directly using

the joint distributions of the X, and Yy i=l, 2,3, However, since

upu, and u, are independent, identically distributed variates from

a continuous distribution, we have immediately
Pr(ul-u2> 0, ul-u3>0)= 1/3

and

Pr(ul-u2>0. Uy -ug < 0) =1/6.

Hence, E(tlztls) =1/9 and with the result (3. 27), E(rKI p=0) =0,

we have

var(r, |p=0) = E(rg|p=0)

.
.1 - 43
ORI
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1 An-2)
(3. 30) = [1+ j
A 0
_ 20+
n-

as for the non-truncated distribution.

Case2: p=+1

As for rS, we must have

var(rdp*jrj) =0,
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IV. Empirical Moments of Rank Correlation
Coefficients

4.1 Introduction

The work of the previous chapter demonstrated that
the variances of the rank correlation coefficients Ig and Iy
are analytically intractable when the parent distribution is
the singly truncated bivariate normal, No attempt has been
made to obtain analytical expressions for the higher moments
of these rank correlation coefficients since this would be even
a more formidable task than evaluating the variances. Also,
no analytical results have yet been obtained for the higher
moments of Ig and g in the simpler case when the parent
distribution is the non-truncated bivariate normal. However,
Sundrum (1953) has given approximations to the third and fourth
moments of rg for the non-truncated case when p = 1,(/2 and
David and Mallows (1961) point out that their approach is being
used to evaluate the third moments of rg and I

Fieller, Hartley, and Pearson (1957), in an investigation
of the normalizing property of R. A, Fisher's transformation

1 Hr

1
r=glog. 17

z=tanh
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when applied to both Iy and T for the non-truncated bivariate
normal parent distribution, found it necessary to determine
empirically the variance of rg Their sampling estimates

were found to be on the whole quite good when compared to the
theoretical values obtained later by David and Mallows (1961).
The success of their study encouraged the present empirical
estimation of the variances of Ig and Iy for the singly truncated

bivariate normal parent distribution.

4, 2 Pilot Study

A pilot smudy was conducted to evaluate the accuracy of
the empirical estimation technique and also to determine the
computing time necessary for a comprehensive investigation,
Values of rg and Iy were calculated from the same samples of
size 10 from non-truncated bivariate normal parent distributions
generated on an electronic computer. Nine values of parent
correlation were investigated, p = 0.1(0.1) 0.9, and the first

four crude moments of Ig and r,, obtained for 2500 samples

K
generated for each value of p.

A comparison of the observed mean values of Tg and Ty
with the known theoretical values proved to be entirely satisfactory.

The observed mean values are not reproduced here as this
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comparison is useful only as a check on the representative
character of the random samples.

The observed variances of rg and Iy agreed with the
known theoretical values to within an error of + 0.004. As
in the study conducted by Fieller, Hartley and Pearson (1957),
a smoothing of the observed variances alleviated much of the
extraneous sampling fluctuation reflected in the third decimal
place. The present smoothing process consisted of fitting
fourth degree orthogonal polynomials (see, for example, Goulden
(1952)) to ten points, namely, the nine observed variances for
parent correlation, p =0.1(0.1) 0.9, and the known value for
the variance at p =0, The inclusion of the variance for ¢=0 in
the smoothing process was found to improve the variance estimates
as might well be expected since the standard error of the estimates
increases for small p. The known variance for p =] was omitted
from the smoothing pmcess since the Inclusion of this point gave
poorer estimates of the true values,

The results of the pilot study for the empirical estimation
of the variances of rg and I, are given in Table 4.1. The observed
and smoothed variance estimates are presented as are the correct

theoretical values for comparison. It is noted that the smoothed
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variance estimates correspond very well to the true values, at

least to three decimal places.

5

C.1
0.2
0.3
0.4
Q.3
0.6
0.7
G.8
0.9

Table 4.1

Variance Ig

Variance Estimation

Variance r

K

observed smoothed theory observed smoothed theory

112
105
. 098
. 0%
.076
. 068
. 045
.031
.013

110

. 106
.099
. 090
.078
. 064
.048
.031
.013

110

.106
.099
. 089
.078
. 064
. 048
. 031
.0l4

. 062
. 061
. 057
. 054
.049
. 048
.036
. 030
.019

. 061

. 060
.038
. 054
.050
<045
.038
. 030
.019

. 061
. 060
. 058
.054
. 050
. 045
. 038
.030
.019

A major drawback brought out by the pilot study was the

Iéngthy computing time required to generate e sufficient number

of sample values of rg and Iy to give good estimates of their

respective variances., The results of the pilot study as represented

in Table 4.1 required about fifty minutes for generation on an IBM

7040 electronic computer. Due to the prohibitive time requirement

for determining the effects of truncation on rg and T it was

necessary to have the computing done on a CDC 1604 electronic
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computer at the Oak Ridge National Laboratory. Since the
computing would be conducted by people unfamiliar with the
probplem and with only a limited amount of computing time

available, it was deemed necessary to keep the study of the

effects of truncation on Ig and T 88 simple as possible.

'4,3 Methodology

A program was written for an electronic computer to
empirically determine the first four crude moments of the
distributions of rg and e
bivariate normal distributions. These moments were obtained

in singly truncated standardized

for four selected values of the point of truncation, namely
a=-2,0(1.0) 1.0. The sample gizes sélected for investigation
were n=3, 10 and 25, the number of samples taken being 5000

with n=5, 2500 with n=10 and 1000 with n=25, For each combination
of a and n, nine different bivariate populations were considered,
namely those with p=0.1(0.1)0.9. For each sample of size n,

the sample values of rg and I were calculated; hence sampling

" fluctuations in the moments of Ig will also be reflected in rK.

Pairs of random deviates from a singly truncated bivariate
normal population were generated internally on the electronic

computer. Normal deviates were produced by using the transformation
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1

v, = (-2 In ul)-i— cos 2n u,

1
vy = (-21In ul)‘—f sin 2ru

2

where u, and u, are independent random variables from the
uniform distribution from zero to one generated by the con-
ventional multiplicative congruential method. Box and Muller

(1958) have shown that i and v, are independent and normally

2
distributed with means equal to zero and variances equal to

one. The Vi and v, were then correlated by the transformation

x=v
1
3,2

y=ov; +(1-0°)%y, .
The resulting x and y have a bivariate normal distribution with
correlation ¢, means zero and unit variances. Truncation was
introduced by selecting only pairs of variates when x = V> a
where a is the selected point of truncation.

Once a truncated sample of n pairs of variates {x,, Yi}'

i=l,...,n, has been generated, the calculations of the sample
values for Spearman's and Kendall's rank correlation coefficients,

Iy and T are readily accomplished by the methods of Section (1. 2).
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The first four powers of the sample values of rg and I were
calculated. The computer then generated an independent paired
sample and, following the same procedure, determined the
powers of Ig and T for this new sample. The powers of T
and rg were aggregated and the process continued for the total
number of samples N where N was determined by the sample
size n. Hence, empirical estimates of the first four crude
moments of rg and I were obtained for the 108 combinations

of the three parameters n, a and p.

4.4 Results of the empirical estimation

The first four crude moments of rg and I were obtained
empirically for singly truncated bivariate normal parent distri-
butions.

The observed mean values of rg and Iy are not reproduced
here, however, comparisons with the theoretical values presented
in Appendix A proved to be entirely satisfactory. Such comparisons
serve only a8 a useful check on the representative character of the
random samples.

The variances of rg and Iy were calculated from the
empirical crude moments for all the sets of parameters. As in the

pilot study, for fixed values of a and n, fourth degree orthogonal
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polynomials were fitted to the nine observed variances for

parent correlation p = 0. 1(0. 1) 0. 9 and the known value of the
variance at p =0. However, due to extreme sampling fluctuations,
this smoothing process did not produce the excellent results

ﬁouﬁd in the pilot study. As the use of orthogonal polynomials
proved unsatisfactory, the technique adopted for smoothing the
variances was similar to that employed in the study by Fieller,
Harﬁey and Pearson (1957). For fixed a and n, the nine observed
variances for parent correlation ¢ =0, 1(0. 1) 0.9 were plotted
along with the known variance for p =0 and, by a rough graphical
process, the smoothed variances were obtained, The results of
the smoothing process together with the observed variance esti-
mates are presented in Table 4. 2. Figures 4.1 and 4. 2 graphically
represent the smoothed variance estimates of rg and re
respectively.

The third and fourth central moments of rg and Iy were,
in gengral, not calculated, It was felt that the investigation of these
higher moments would not add significantly to this study since the
higher moments are of little use in describing the forms of the
distributions, which have a "saw-tooth” shape for small n (see
Kendall (1962)). Also, the sampling variation would not allow

accurate estimation of these moments. For selected sets of
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Figure 4.1
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Figure 4,2 Variance of e
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parameters, however, these higher moments were calculated to
gain some insight into the effect of truncation on the distributions
of rg and e The Pearson ratios, /bl and b,, measurements of
skewness and kurtosis, respeétively. were determined from these

moments. The Pearson ratios are given by

3/2
2

b, = m4/m§

fbl = my /m

where

-1 N k th
m, =3 i‘il(ri?) , k=l,...,4, arethe k

moments of rg O Iy These results are presented in Table 4.3

central

for Ty only. A limited investigation of these ratios for Ig showed
that the effects of truncation as well as the magnitudes of the b,
were similar for both coefficients; however, the skewness of Ig
measured by v/bl, was considerably larger in absolute value than

that of Te



Table 4.3

-2.0

n=3
-0.14

2.6

n=5
-0. 46

2.9
n=10
-0. 36

3.0

n=25
-0.37
2.9

n=5
-0. 86

4.0

80

Pearson Ratios for rK

-L.0 0.0

N=5000
-0. 14 -0.12
2.5 2.6

N=5000
-0.35 -0. 34

2.7 2.7

N=2500
"0- 3 6 ‘Oo 22

3.2 2.9

N=1000
-0.15 -0.19
3.1 2.9

N=5000
-0.76 -0. 63

3.6 3.2

1.0

-0.12
2.5

-0.23
2,6

-0.03
2,8

-0.08
2.9

-0. 45
2.9
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4.5 Conclusions

The empirical investigation of the first four moments of
rg and Iy was conducted for two purposes. First, good estimates
of the variances of rg and I were obtained and the effects of
truncation on these variances determined. The second purpose
was to examine the higher moments to gain some insight into the
effects of truncation on the distributions of rg and e Due to
the inherent sampling errors of the higher moments, it is difficult
to draw conclusions.

The graphical representations of the variances of Iy and I
Figures 4.1 and 4. 2, respectively, may be extended symmetrically
about p=0), These figures indicate that, as in the non-truncated
case, the variances of Ig and ry are continuous monotonic decreas-
ing functions of p* for fixed a and n.

The effect of truncation on the variances of Ig and Ty is evident
from Figures 4.1 and 4. 2. For fixed p and n, the variance is a
continuous bounded monotonic increasing function of a, the point of
truncation. Although truncation increases the variance, it displays
a stabilizing effect on the variances for changes in p. That is, the
rate of change in variance, for increasing |p| ,‘v decreases for large

truncation. Clearly, as the variance is a continuous monotonic
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decreasing function of p®, an upper bound on the variance for
increased truncation with fixed p and n is the variance for
parent correlation of zero.

It was anticipated that, with estimates of the variances
available, an investigation of the coefficients of variation of
the rank correlation coefficients would indicate which of the
two coefficients, rg OF Ty, would be the preferred estimator
of parent correlation. However, this investigation proved fruit-
less, as the coefficients of variation were found to be the same,
within sampling variation, for both rg and e for any given point
of truncation, parent correlation not close to unity and sample
size. Similar results have been given by Kendall (1962) for the
non-truncated distribution. A comparison of the coefficients of
variation is given in Table 4, 4,

The investigation of the higher moments was limited for
reasons given in Sectlon 4. 4, and it is difficult to draw conclusions
with much assurance. However, there is some evidence that, for
increased truncation, the skewness (measured by fbl) decreases
when p is large, There is some indication, as one might well
expect, that the shapes of the distributions of rg and T roughly

follow that of the product-moment correlation coefficient of the
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Table 4.4 Coefficients of Variation
Tx Ig
P

0.2 0.5 0.8 0.2 0.5 0.8
3.3 1.2 0.53 3.2 1.1 0. 46
2.0 0.71 0.31 2.0 0. 67 0. 26
L1 0.40 0.16 1.1 0.38 0.13
5.4 1.9 0.86 5.3 1.9 0.80
3.3 1.2 0.51 3.2 1.1 0. 46
1.9 0.67 0.27 1.9 0. 66 0.25
7.4 2.7 L2 7.3 2.6 L1
4.6 .6 0.71 4.5 1.6 0. 66
2.6 0.94 0. 42 2.6 0.91 0.40
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bivariate normal distribution (see, for example, Soper, et al.(1917)).
However, due to the possible values of rg Or I for a given sample

size, the distributions of rg and r_, must be saw-toothed in shape

K
for small n.
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V. Applications and Conclusions

5.1 Introduction

The major areas of this research are:

I) correlation between ranks and variate values
2) expectations of rg and T

3) variances of rg and %

and

4) investigations of related properties.

In this chapter we shall unify these investigations with a brief
discussion of the applications of and the drawbacks to the use of

rs and rK.

5.2 Applications

The rank correlation coefficient r, where r may be either
Ig Or Iy, is of value in two applications for which the underlying
parent distribution is the singly truncated bivariate normal. These
problems, distinct in application, are related in theory.

One problem of interest is the association between the
variables of the singly truncated bivariate normal distribution. In
this problem one is interested in using the statistic r to make
inferences about Iy the expected value of the rank correlation

coefficient of the truncated distribution.
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The other problem of interest is to make, on the basis
of truncated data, inferences concerning association in the
underlying non-truncated bivariate normal population. This
is essentially a problem of estimating the parent correlation p
with the statistic r.

These two problems of inference are related. The
statistic r not only provides an immediate estimate of r but also
may be used to estimate p. For known point of truncation (and
sample size for r=rg), the expected value of r was shown in
Chapter III to be a function of p alone, say E(r) =g(p). Hence,
with the inverse transformation, psgd[ E(r)]. As the sample
statistic r is an estimate of E(r), by assuming r=E(r), 3=g-l(r).

The tabulations of E(r|a, n, p) given in Appendix A have direct
application here. Kendall (1962) recommends that this use of r
should be made only if n>30. These uses of r willbecome clearer

in the following section.

5.3 Tests of significance

The use of r for tests of significance is thoroughly discussed
by Kendall (1962). This section contains a brief review of his method-
ology as it applies to the underlying singly truncated bivariate normal
distribution.
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Small sample permutation tests provide a nonparametric
basis for tests of significance under the null hypothesis of no
association. These tests are well known and tables are readily
available (see, for example, Kendall (1962)). The results of our
research are of primary value in large sample tests,

Kendall (1962) has shown that for any parent distribution
the distribution of r tends to normality as n, the sample size,
increase, provided Iy is not too near unity. The distribution of
g is known to approach normality more rapidly than that of rg
For n>10, the asymptotic normality of Iy may be used in tests
of significance; Ig requires a slightly larger sample size. As
Kendall (1962) has recommended these sample sizes for any parent
distribution, the éonvergence to normality will be more rapid
when the parent distribution is, in fact, the singly truncated
bivariate normal. Indications of this are apparent in Table 4. 3.

In the case of large samples, the test statistic for the

null hypothesis of no association is

r

Vvar(r|p=0)

z=

where z has the unit normal distribution under the null hypothesis.
Expreasions for var(r|p=0) may be found in Chapter III, Section 3.3l
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for rarg and Section 3, 5. 1 for r=ry. The null hypothesis is rejected
for large values of |z|.
If a value of r is found to be significant, we are then

interested in setting confidence limits on the true value This

ro.
may be done in the usual manner by treating

r-r
0

Vvar(r)

4L =

as a unit normal deviate. A problem now arises. Var(r) i= a func-
tion of the unknown parameter p. In accordance with the usual
practice in the theory of large samples, we may determine an
estimate of p, 9, using the tables of Appendix A. Turning then to
Chapter IV and using either Table 4. 2 or Figures 4.1 0or 4,2, from
this value of p determine an estimate of var(r). This problem of
determining var(r) is also encountered when using the general
results of Kendall (1962). He gives an upper bound to var(r) for any
underlying distribution. It is here that our variance estimates in
Chapter IV play an impgrtant role. By assuming an underlying singly
truncated bivariate normal distribution, we have smaller estimates
of variance and, hence, shorter confidence intervals. This may

best be illustrated with an example,
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Example: In a bivariate sample of n=25 the value r =0. 340 is

K
found to be significantly different from zero by the asymptotic
normal test. Assuming this sample is randomly drawn from a
singly truncated bivariate normal distribution with the point of
truncation a=-1.0, what can be said about Iy and p ?

For the bivariate sample of n=25, the distribution of I
may be taken to be normal with its mean estimated as 0. 340.
From Appendix A, we find p=0. 60 and Table 4. 2 gives the
corresponding value v@)d). 016; i. e., a standard deviation of
0.127.

Now the probability of a deviation from the mean as large
as 1. 96 times the standard deviation (in absolute value) is
approximately 0.05 under normal theory. We may therefore
say that the approximate 95% confidence interval on Iy is 0. 340
+(0.127)(1. 96), i.e. 0.091 < Iy < 0.589. From Appendix A, the
corresponding approximate 95% confidence interval on the parent
correlation is 0.19 <p < 0. 86.

The above confidence intervals required the assumption
of a singly truncated bivariate normal distribution with known
point of truncation. If the point of truncation is not known, con-

servative confidence intervals may be determined using var(r|p=0),

a function of n alone, for var(r). As Kendall (1962) points out, the
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use of his upper bound to var(r), valid for any underlying distri-
bution, generally gives very conservative confidence intervals
and hence should not be used when the underlying distribution is

known.

5.4 Problem areas

The analytic approach of Stuart (1954), as used in Chapter
II, appears to give strong justification for replacing variate
values by ranks when Cn is large. However, the interpretation
of C n is not entirely clear as it is a product-moment correlation

coefficient between discrete and continuous variables. Olkin and

Tate (1961) have investigated such product-moment correlation
coefficients for various cases; however, their results are not
applicable to this situation. Further research i8 needed in this
area.
A basic assumption of this research has been that the
standardized point of truncation is known. This will not be the
case in applications where good estimates of the mean and variance
of the truncated variable are not obtainabld or are not known a priori.
The problem of tied ranks has not been considered in this

research. Due to the underlying continuous distribution of the variates,

it
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However, in practice ties frequently occur. Kendall (1962)
considers tied ranks in some detail.

The choice of using rg Or Iy for practical applications
has not been decided. The distribution of re tends to normality
more rapidly than that of rg but Iy is the easier to calculate.
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Appendix A - Tables of E(rx) and E(rs)

Tabulations of the expectations of the rank correlation
coefficients of Spearman and Kendall, Ig and Ty respectively,
are given in this section. These expectations are tabulated
for:

parent correlation p = 0.05 (0.05) 0. 95

Point of truncation a = ~», -2,0(0.2) 3.0
and for Spearman's coefficient,

sample size n = 5, 10, 15, 20, 25, 50, 100, =
as the expectation of Kendall's coefficient is independent of

sample size. It is to be remembered that, for both rg and o

E(r|a, -p) = -E(r|a,p) .



168¢°* 6982Z° 92€Z° %961° €691° B8L%1° 6621° 9%11° 1101° 0680° 6L10° IL90° 2850° 26%0° 0°¢
_EH6E® BL62° €2%2° 8%0Z° I9L1° €4GT1° IGE1° J6T1° 9601° 0£60° »180° 2020° B090° €150° €2%0° S€€0° 1620° 8910° 1800°_ 8°Z
221%° BGOE* 8262° 0%12° 8481° GI91° 02Z%1° €621° 90T11° €160° 268B0° 14%L0° 9€90° L€G0° 249%0° 0S€0° 2920° SL10° 6800° 9°¢C
0L2%° 122%° 0592° 8E€Z2° GEA1® 2691° 68%1° SIE1° 0911° 1201° S6R0° 22120° 2990° €950° €9%0° 19€0° #120° 2810° 2600° %°¢
GZ%%° GUEE® 1912° G%€Z°® 0F0Z° L1L1° G9GT1° 18€1° 0221° %201° 1560° 2180° 1010° 2650° 18%0° 98€0° 1820° 1610° 9600° ¢2°2
o _B8S%° TISE° 1682° 09%2° €€12° 6981° L%¥91° 664%1° 6821° 2¢11° 2660° 1980° 6€L0° %290° €150° 90%0° 20€0° 10Z0° 0010° 0°Z )
091%° 899€°* OLt0E® GRGZ® “%2Z° BO6I® 9¢L1° $E61° 9GE1°® Go6l11° 1%01° O160° 1820° 6590° 24S0° 62%0° 61€0® Z120° 9010° 8°1
0Y6%° S€8€° 081€° 6142° $9€¢° 9202° €€81° 1291° €E€41° $921° 8011° €£960° 1280° B690° H160° %6%0° QE€€0° 42Z0° 2110° 9°1 )
L216° 010%° O%CE€°® €982° %6%2° €612° BE6LI® 9121° BIGI*® 6EE1°® »211° 1201° L2180° 0%.0° 6090° 28%0° 6G€0° 8£20° 8110° &°1
22€5° 961%° 016€°* B10€° $€92° 02£Z° 2602° 8181° OT191° 12%1° 1%21° $801° 2€60° 9810° 2%90° 2160° 18€0°* €520° 92t0° 2°1
9266° 26€%" 069€° ER/1E€° H822° 96GH2° GL12° 6261° O1L1* OIST° 62e1° €G11° 1660° L€80° 6890° 9550° 90%0° 6920° %el10° O°1
_ _1£15° 96Gv%° 18BE° BGEE* GY62° 2092°* 80€Z° 6%02° 2181° 9091° 1141° 8221° 9S01° 2680° H€EL0°® 2ZBSO" €€%0° 1BZ0° €%10° 8°0
o~ 296G° BO8Y® 2BO%" H%GE® G11€° BGLZ°® 06%Z° 8L12° %€61° OTL1° €0SI° 60€1° 92T1° 2660° %8L0° 1290° 29%0° L0t0° €S10° 9°0
O\ 6G19° 1206° 162%° 6ELE". 962€° »262° 1092° 91€£2° 8602° 2ZZ81° 209T1° L6E1* 2021° 9101° LE€BO°® €£990° %640° 82¢0° €910° 4°0 o
89€9° 0626° 906H°* ZH6E° GBYE*® B860€° 1922° 19%Z° 0612° O%61° BOLLI® 06%1° €821° G801° %680° 6010° 82S0° 0SE0° SL10° 2Z°O
8L69° $156° 921%° 161H° 189€° 082€° 6262° S192° 6Z€2* 9902° 0281° 88G61° B9ET* 8SI1* $660° L1GL0° $9S0° %1€0° 1810° 0°0
£819° L69G° L46H%* €GTh® 188€° L94€° ZO1E€® €112° 4%1%Z° 9612° LE61° 2691° 6G%1° S€21° 8101° 8080° 2090° 00%0° 6610° ¢°0-
o BL69" 916G° S91G° G1Gh" ZROY® 9G9F* LJ2€° GE62° 2292° 1€€2° 1502° 6621° TSST” H1€1° 4801° 1980° 1490° 92%0° Z120° &°0-
0912° 1719° LL€G° 28L%" 18Z%" £%8€° €GYE°® B60E° 1L12° 99%2° 6L12° L061° 9491° G6ET" ISTT® H160° 2890° €5%0° 9220° 9°0-
L 92€L° H1f9° 91GG° 086%° ZLYv* S20%°* H29E° 162¢° 8162° 009Z° 00€2° »102° O%L1® SI%1°* 8121°* 8960° 2ZL0® 61%0° 6€£20° 8°0-
2LYL* 8H%9* 6626° €916° 169%° L61%° 98LE° 60%€° 8GOEL°® BZLZ® 91%2° B811Z° 1€81° €6ST1° $821° 0201° 1920° 9060° 2520° oO°{- B
. _BOSL® 0%99° 226G° B2EG® £184° 4GEH" 9E6E° 6YGE® 681E€° 6%RZ° 6262° S122° 9161° 1291° GHEl* 6901° B6L0° 0€S0° §920° 2°1-
202L° 89L9° 1909° 119G° GG6%° 26%%° B890%° GSLO9E° QO0EE" 2G62° %292° 40€2° %661° »691° 20%1° Gill* 2€80° €560° 9120° &°1-
L %RL2° €179° 9119° 0665 S10S° €09%° 281%° €BLE" BOYE" 1S0€° 0122° 18EZ® €902° %GL1° 1G6%1° GSI1° 2980° €1S0° 9820° 9°1-
L98L° %G69° 9929° GR9G® [L1G° SOLY*® GLlZ%® 2L8t* 16%C° 621€° (BLZ® 9%%Z° 1Z12° %081 €6%1° 8811° 8880° 0660° 6620° 8°1-
. £6BL® %10L° %€£9° 1GLS°® GY25° 6L1Y° LYEY° ZH6E° BGGE" T61€° 6E€BZ" 864Z° L912° %581° 212S1° 91Z1°* 8060° %090° 10€0° O0°2-
RLEL® 6211° 894%9° €06G° 66EG* 9E6H* GOGH* 160%° L0LE" €e€€° 2162Z° 0292° 9LZZ° 0%61° 6091° 2821° 6S60° 8€90° 81€0* - o
s6° 06° €3 08* GL* oL* $9° 09° s¢*  0G° [N 0%° S€E* 0€* 6Z* 02° st1° ot* [N g 2]

Clayg




269%° T1GE° 9982° L1292° 960Z° 1€81° O191° OZ¥1° €S21° €O11° 9960° 6€80° 0ZL0° L0S0° 66%0° 96€E0° S620° 9610° 6600° Ot
018%° L49€° 9862° ZE€SZ° 6B1Z2° 4161° SB891° 21841° ZIET® SGTI1° T101° 8180° 4SL0° 9€90° €250° SI®0°® 60€0° 9020° 40V10° @°2
696%° 2Z61€° €11E° S%9Z° 0622° %002°. G9L1° 86G1° GZel°® 11Z21° 1901° 1260° 16L0° L990° 69S0° Se¥0° 42¢0° S1Z20* €010* 9°2
SE1G® GY6E° 062€° 9912° B86E2° 1012° 16B1° GE9TI® HoH1° Z221° &T111° 8960° 1€80° 10L0° L1S0° LSY0° O%€0° 9220° €110° o°2
60ES° LOTH* GOEE® L6BZ° H162° 6022° S%61° 61L1° 61S1° BEEl® €L11° 6101° G180° 8€L0° L090° 18%0° 86¢0° 8tl0* 6T110° 2°¢
069G° B8129° 1SGE€° 9€0E€° 0%92° B1€Z° 940Z° O1BI° 0091° OI41° 9€21° 401" Z260° 8110° 0%90° 20S0° LL€0° 0520° $2Z10° 0°Z
BLOS® 6S¥%° LILE€* 18B1€° 9L1Z° 09%Z° 961Z° 8061° 8891° 68%1° 90¢tl° GEll° GI60° €280° LL90° 9€¢S0° 66¢0° %920° 2¢T0* &V
218S° 16949° €6BE° BYLE® 2262° 2Z1G2° Gl22° 9102° %BL1® H261° 1BEI® 1021° 2€01° 1280° LYL0° 89S0° 2Z%0° 0820° 0¥10° 9°1
€L09° 158%° 180%° 02St° 6L0E£° S1LZ° %0%Z° 2tlZ°® 68BI° 8991° #9%1° &221° %601° $260° 09L0° Z090° 8%%0° 1620° es10* &°T
8129° 290G° 08Z%° $02E° L%2€° 8982° €HG6Z° B8622° 2002° 69L1° €6G1° 2SEl°® 2Z911° Z860° B8080° 0490° L140° 91€0° L§10° 2°%
B899° 182G° 68H9° E68E° L2%E° €t0€* 9692° %6€2° G21Z° 6281° 1691° BE¥1° L€21° G6%01° 0980° 2890° 80S0° 2€€0*® 8910° 0O°V
00L9° L066° 604%° G01%* 619€° 012f€° 6682° 1462° 1622° 8661° iGL1° T€61° LIE€1°® €T11° L160° LZ220° 1950° 6S€0° 6L10° €°0
¢ 2169° 0%1G° L€6%° ZZE%° 1ZB€° L6TE°® LZOE® B69Z° 66EZ° G2Z1Z° 1:.81° 1e91° »0%1° 8811° 8160° 9L20° 8160° €8€0* 1610° 9°D .
O\ €Z1L° 9166° ELIS® 6%GH° HE0%° G6GE® 012€° €982° 2662° €£92Z° €661° 6€L1° 86%1° L921° GH01° 8Z80° L190° 0140° 4020° °0
OEEL® 9129° $19G° 28L%° 9G2%° 208E°" CZO%E°® Z40€° €12Z2° 80%Z° €Z212° GSBI° B6GI° €Gel® O111° G880° 0990° 8¢%0* 6120° ¢<Z°0
0EGL°® 6Y%9° 1G9GC° 0205° ¥8%%° L10%° 209€° L272€° 288Z° 2962° 1922° 9161° SOLI® 4¥%1° 1611° G%60° SOLO® 89%0° €€20° 0°0
02LL° 6199° B868S°® 662%° G1l%* LE2Z%° BOOE® BI9E® LG0€° 12LZ° SO%Z° %012° 9IBI° G6GESI® 0lZ21° 6001° 2S10° 66%0° 6%¥20° ¢2°0-
968L° 6689° 2E19° G645° GH64%° LGH9° 910%° ZI9€° 9€2€° GBBZ°® 2662° G€22° T€61° 8E91° €SET1® 4101° T080° ZE€SO°® $920° &°0-
LS08° $01L° SGE9°® €21S° ULIS® 919%° 222%° GO0BE" 91%€° 6%0€° 1012° 89€Z° 1%02° SEL1° 9¢¥1° I»11° 1S80° 9960° 2820° 9°0-
0028° 162L° 2969° Bt65° YBEG® €£88%° Z2Z9%%° €66£° 16G€° TIZE® 1%8Z° 66%2° €912° LEBI® 6161° 80Z1° 2060° 6650° 6620° 8°0-
€2¢8° 9GHL° 64919° HL19° ZRGS® LL0G®° 019%° ZL1%° 6GLE° G9CE® 686Z° 9292° S122Z° %t61° 0091° €L21° 0S60° 2€90° <1¢0* O°1-
6298° B6GL1° 2169° L0E9° 6616° £52G° 1Bl¥° 9FEd° £16€° 60GE° 0ZT1€" GHL2° 0BEZ° S202° 9I191° 4EE€1°® 2660° €990° I€€0° Z°1~-
BOSB® $1LL° BY0L° 6S%9° 2165° LO¥6° 2E6%° Z89%* 2G0%° BE9E® 6EZt° €GB82° 9L%Z° LOIZ® 9%L1° 06€1° 6E01° 1690° <¥¢0° &°I-
2158° 908L° BSIL® 9159° 6€09° 9€65° 090S° 909%° OLI%® OGLE® ZYEE® 9Y62° 6552° 081Z° L081° 0%¥1° 9L01° 91L0° LSE0* 9°1-
0298° 9LB8L° €%2L1° 1199° 0%19° 0%95° 991G6° L0LY°® 89Z%° Z%8E° BZY¥E® C20t° 629Z° 1%2Z° 6S81° 2891° S8O11° L€20° 89¢0° 6°(~-
$698° 261° 90€L° 2919° 9T29° 6TLG° 9%2S° LBLY° SHEH® G16E° L6YE" LBOE® 989Z° 16Z2° T061° 9ISI”® 4€Il1® SSL0° LL€0° 0°2~-
G128° 2208° 9Z%1° 1889° OLE9°® €88BG° £19G° 3G6%° &1S¥° 080%° €S9€° €clc° B8IBZ° 80%Z° 1002° 26S1° 9611° 9620° 86€0° o -
€6° 06° 68° 08° SL* oL* s9° 06° <S* 0s°® $%° 0%° <t° O0t* G2Z* 02° ¢1* ot [+ }d (3] -

d

i



'€205° <08¢°

Z1T€* 1€92° 812Z° 1661° 2SL1° G%G1° €9¢cli° 00Z1° 0GOT1- 2160° 28L0° 0990° 2%S0° 62%0° 61€0° 21Z0° 9010° O°¢ i
 6B16° 26G6HE" ZY2E" 26L2° 18€Z° €80Z° €£81° 8191° 8241° 2621° 1011° 9560° 0280° 2690° 6950° 0S%0° S€€0° €220° I110° ©°2 o
4G€6° LO1Y°® 0BEE® G18Z° 16%Z° 1812° 1261° 9691° 864%1° 61e1° SGI1° %001° 1980° L2L0° L6S0° €1%0° ZSE0° %€Z0° L110° 9°¢
6256° 112%° 126€° 900€£° 8092° 9822° 6102° 1821° €261° 98¢1° »121° SGO1° 9060° %920° BZ90° 86%0° OLEO® 9420° €210° %°2
11L6° H%55° H89€E° LH1E€E° GELZ® 00%Z2° L112° 2181° GG91° B8GH1® 82121° ITI11° %G60° G0B0° 2990° %2S0° 06€0° 6520° 62Z10° 2Z°2
B  0066° 279%° 1S8€° 862f° 1182° 2262° 8222° 1161° €4%L1° 1¢61° Ly€l1° TL11° 9001° 6480° 8690° €550° 1140° €220° 9¢10° 0°2 i
G609° 618%° 620%° 09%€° Bl0E° SG92Z° L%€Z° B8Ll0Z° 6£81° 2291° €2Zv1° BECZ1® €901° 1680° 8E£L0° %8G0* S€%0° 8820° %910 8°1
. 9629° 2206° 812%° €£€£9€° GL1E° 8622° 91%Z° S612° %%61° 91.1° 60SI® O1€1° G211° 0S60° 28L0° 6190° 19%0° SO0€0° 2S10° 9°1 o
€£069° HE£2G° 814%° QIBE® HYEe* 2662° 9192° 12€2° 160Z° LIBT" G6G1° 8BE1* €611° 8001° 6280° 1S90° 68%0° 42¢0° 2910° &°1
€129° 664%5° 0€9%° G10%° 92G€° BITE® 2922° 8G%2° 081Z° 1261° €691° 4141° 2921° 1101° 1880° B8690° 02S0° S%€0° 2210° 2°1
mw 9269° GB9G® 2GB%® H22%° 61L€° 962€° 626Z° S09Z° €1€Z° 9%02° 6611° 19G1° B%E1° 6£11° 8E60° %%10° %$G0° I9€0° €810° O°1
7 1411 22665° SBOS® GYYY° GZ6E* 98YE* HOTE® $922° 1552° 9112° H161° 6991° 9eH1° 121° 0001° €620° 0650° 26€0° S610° 8°0
9GEL® €919° 92€G° 9L9%° 2Y1%*® 1B89€° 682t° %E€62° 119Z2° »1cl° 8t0Z° 8221° 1£G1° S621° L901° 9%80° 0€90° 8140° 8020° 9°0
_ %961° 80%9° G1G6G° L16%° 02E€H° 006€° 98%E° GIVE® 9222° €9%2° 1112° G681° €€91° ZBEE® 6ETI1® 4060° €190° L4%0° €220° 4°0 ,
89LL° 2699° 128G° %91S° 909%° €21%° €69€° 90E£€° 0662° 1292° 21€2° 020C° 2Z%L1° S1%1° L121° 6960° 61.L0° LLY0O® B€20° 2°0
€961 ° £689° 0809° SIHG* 6%8%° €GEY° H06E° GOGE® EETE® 2822° 19%2° €S12Z° 8GB1° H2G61° 66Z1° 1€01° 6910° 0150° §520° 0°0
SH189° G211° 0€EE9° L99G° H60G° 186%° 6Z1%° 112€° €2€€° 0962° L19Z° 162Z° 6161° 1191° S8El1® O011°® 0280° S9S0° 2120° Z°0-
e %1§£8° 99ELl" 2169° 416S° LEEG* 228BY%° 2G5¢%° 616E° 91GE° 9EU€° 2112° €€42° €012° 481" H251° TL11° 4280° 08S0° 0620° &°0-
6959° 1654° 0089° 1519° %265G° ZG0G° 2LGY* 121%H° 60L€E° H1e€°® BE6Z° LLGZ® OEcZ° €681° G9S1° 4%21° 6260° L190° BOEO® 9°0-
__ _16SR° Sfll" TI0L® €1€9° 661G° 212G° S8BLY® BZE%® B6BE" 88%€°* L60E°* 0212° SS€2° 1002° 9691° LIE1° €860° €590° 92€0° 8°0-
60L8° 168L° €611° G159° S009° 8L%G* %B6%" 615%° I1L0%° GGOE*® 6%2€° LSBZ°® L1%Z° 901Z° %%11° B8BEI® 9€01° 6890° $%€0°* o0°1-
1088° €£08° 19€2° 2619° 68B19° 299G° 991S6° %69%° €%2%° O1BE°® 16EL€° 9862° 1652° 6022° 1281° 4SH1° 1801° €220° 19€0° 2°1-
5189° 9518° L65%1° €069° LH€9° €28G° GZ€G° 6%B8%° 06EH" 8%6E° 61GE° 201€” %69Z° G62Z° €061° 9I1G1° €E€1L° 9620° 91€0° &°1-
. 0€E6R* 1£28* S092° 920L° 11%9° LS6S° 6S%S° 086%° L1S%° 890%° OE9F° €0ZE€° SBLZ" HLE€Z° 6961° OLS1° $LIT1° 18L0° 06€0° 9°1-
1468° 9628° €H8921° 611L° 08G69° $909° 89GG* 1B0G® 129%° 9914%° Z21¢° 882¢° 1982° 0¥%2° 6202° G191° 8021° #080° 2040° 8°1- N
__ _ 0006° _€%€8° 89L1° 061L° 8599° 9919° 1596° 021S° 2Z0LH" H%2%° 96LE* SGEE® 2262° %642° 1.02° 2591° 9€21° €280° 1I%0° o0°2Z-
1S06° L2%8° 198L° 92€L° 2189° €LEID* 928S° 6%EG" 188Y° 61%%° €96E° 1T1GE® 90€° 0292° 6L12° IHLTI° $0€1° 6980° %€%0°  _ _ -
s6° 06* 68°* 08B° L Y G9° 09° SG* 0s° [N 0y° [ 0€* 62° o02° s1* o1° s0° g €

or=u (o




- e e e o g . RO - -

1916° SI6E° YOZE® 9142° L%€EZ° 2G02° G0BU1°® 26G1° GO%I° 9¢Zl° Z801° 6£60° 9080° 6190° 8S50° 2%%0° 62¢0° 8120° 8010° O°¢€
_ 9286° 990%° BEEE® HEBZ° €SHZ° 9Y1Z° 6881° 8991° 2141° 9621° GE1T°® S860° S4B0° €110° 9850° %9%0° S9€0° 6Z20° 9110° 8°2
B65G° 622%° 08Y%E°® 1962° 99GZ° L%ZZ° 0861° 8%L1° %%G1° 09€1° 1611° S€O01° 8880° 6%.0° 9190° 88%0° €9€0° 1%20° 0210° 9°2Z
LL9G" €6€%° T1€9€° 960€° 1892° 9G€2° LL0Z° 9€81° 2Z91° 62%1° 26Z1° 8801° €£60° 8810° 8%90° €160° 28€0° €520° LZ10° &°2
298G° 01G%° 26Lf° 1%2€° L18Z° €l9Z2° 2812° 0£61° 90Z1° €0G1°® BIEI® GH11° €860° 6280° 2890° 0%G0° ¢0%0° 1920° €€10* ¢°*¢2 —
9G09° LS1Y9° €96E° L6EE" LG62° 6662° 96TZ° TE02° 2611° 4861° 6BE€1° 8CZ1* LE€01* GL180° 02L0° 0LS0° %Z%0° 1820° 0%10° 0°2

1529° %G66%° 9H1H° €9GE° BOTE® GE2Z° 61%Z° Z%1Z° 968B1° 2191° 19%1° 9121° 9601° G260° 19L0° €090° 69%0° L620° 8%10° 8°1 oo
§699° 1916° 6EEY° O%YL€° 012¢° 2882° 26652° 2922° €002° 69L1° ZSST°® OGET1® 0911° 6160° 9080° 8€90° SLY0° ST1€0° IS10° 9°1
9999° 11€6° GHGH° OLhE® HHHhe°® 1%0€° G692° 26EZ° 0Z1Z° €18B1° G%91° leh1° O0€Zl° 6E01° G580° L190° %060° &€€0° L910° &1
9189° €096° 192%° 2e1%° 0€9¢€° 112€° 1582° €£62° 142Z° 9861° G421° 02S1°* LO€T1* %0I1° 6060° 02L0° 9€S0° 9S€0° L110° Z°1
160L° L€BS® 68B6%° Lveh® 628t° H6E€° BlOE® 689Z° %8€Z° 6012° GGB1° 9191° 06€1° SLIT® 1960° L9i0° TLSO0* 6,¢0° 6810° O°1
90€L° LL09° 922G° 205%° 050%° 68GE€° L6T€° 8982° ZE€GZ° 2Z9ZZ° €L61° 02ZL1° 1851° 2SZI1° 1€01° L180° 6090° %0%0° 1020° 8°0

Mw 61GL° 22€9° 2L%G° 608%° €£92%° 96l¢t° 88cc° €20€° 1692° GBEZ°® 001Z° €€81° 8ZG1° GEET® 00TI* 2180° 0590° 1£%0° S120* 9°0 )
62LL° 6969° GZLG® SG0S° 964%%° STIO0H° 06GE° BOZE® 098Z° BESZ” LE€ZZ° HG61° €891° $241° GLI1° 2€60° $690° 19%0° 0€20° %°0

2€6L° 9199° 2865° L0ES® 8ElY" €%2%° €08t° GO%E® 0%0t- T0LZ° €8té° ZB0Z® 96L1° 1261° »GZ1° 6660° 2Z%L0* 26%0°* 9%20° 2°0 T
S218° 650L° 6£29° H95G° 986%° HBLHY® $20%° 609t° BZZ2€° 2182° L€S52° 6122° ST61° 2291° 6L€1° €901° €610° 9250° 2920° 0°0
GQOER* €62L" 26%9° 078S® 9€26° 8ILY® 0GCZ%° 1¢28¢° Z2%€E° 6%0€° 169C° 19€Z° 0%0Z° 62L1° 825T° »Ell® 6%80° 2950° 0820 ¢<°0-
OLYR° »16L.° 9€19° T1.09° S8HG° B8G6%° 8lY%*® HE0H* 129¢€° 1€2g° 1982° 8092° 8912° 04B1° 02S1° 80Z1° 1060° 66S0° 6620° &°0-

9199° 81L1° 1969° T1£9° 921G° €61G° €0L%" L%Z%° 618BE° £l1%c® LZ0E° 9G9C° 862Z° 2G61° H191° €821° 8560°* 9¢90* L1¢0* 9°0-
95L8° 206L° 6LIL® 9€G9° 9G6G° &£1%G° 126%° HSH%° Z10%° Z6GE® O6IE® €082° 82%2° €902° LOLI® 8GETI® HIOT1° %190° 9€€0° 8°0-

¥G688° 1908° 89€L° 0%19° %919° 829G° GZIG° 6%9%° Lb6V%° €9LlE° L9E€° 9%6C¢° €S62° 1LTZ® 86L1* 1g%1° 6901° 1T10° ¢S€0* O°1-~ ~ °~

Z968° 9618° NEGL® 6169° 0GE9° 918G OTEG® 8Z8H° 99€%° ZZ6E® ¢6%€° 9L0€° 0292° €12Z° €881° 00ST® 1211° S%.0° 2L€0° 2°1-

Z106° GUEB® 69971° OLO0L° O1G9° 616G° Z1%G° 986%° L1Gh* HG0%° %29¢° 961€° 9L12° G9tZ° 1(961° ¢961® 8911* L110* 6€8¢€0* ¥*1-
__%906° 06€8° 2ZLLL° €611° 2%99° STI9° K09G° 021S° L59%° 181" BELE® OO0EE® 6982° Ly9Z° 0€02° 8I91° OT21° S080° 20%0° 9°1-

€0T16° €5%8° 96BL° 8821° G9L9° %229° 611G° 0€2G° €Gl¥° 882%° €€B8t° 98CE€° 896Z2° GIGZ° 8802° 6991° 942T¢ 6280 HT1H0°* "8°1-
0€16° 8698° 162° BSEL® €289° 90€9° H085° GIES® 9€8%° BIEH° BO6GE" 9G%E€° 010€° 0LS5Z° GETZ2° €0LI" S2Z1° 6%80° %2%0° 0°2-

LLT6° 0868° H208° €6%L° L169° »L%9° 186G° 96%S° BI0S* 99Sy° 620%° 919E° 9GIE° 00LZ® 992Z° S6L1° S¥ET*> 9680° ByY0* T

Qe

. §6° 06° s8* cs* si* oL*® s9° 09° eG* 0s* S»*  0%° [ oe* (1A [+74d sT® oT* [{+d g i3]

S . CI=u _Aw_bm



€€26° €LEE" 2G2€° 1GL2° €8€Z° €802° €€81° L191° 9Z%1° GG21° 6601° %G60° 8180° 0690° 1950° 8%%0° €€€0° 1220° 0110° O°¢t
__00%G° S21%°* BBEE° ALBZ° 16%2° 6112° 8161° €691° G64%1° S1¢1°* 2Z611° 1001° 8580° 42L0° $650° 12%0° 0S€0° 2€20° 9110° 8°Z
91S6° 182%° ZESE°® 900€° S092° 28B2Z° ON0C® 9LL1® B89ST1* 18el° O1Z1° 1S01° Z0O60° 09L0° S$290° GS64%0° 89€0°* %$%20° 2210°* 9°2Z
$GLG° IGH4" GBOE® $Y1€° B212° 26€2° 6012° $981° 1%91° 1G41° 1221° SOIT1°® 8460° 0080° B8S90° 1250° BBEO® 1620° 6210° &°T
1%66° 9£9%° 6498€° 162¢° 1982° 1162° 912¢° 0961° 2Z€21° 12S1° BEE€1° €911° 6660° €480° €690° 6%50°* 80%0° 1120° S€l10° 2°¢
o  4E19° 928%" 220%° BY%E° £00£° 6£92° 1€£2° €902° S281° 6091° 11%1° 1221° €S01* 6880° T€L0° 62S0° 1£40° 9820° €410 0°2
€E€E9° S20G* L02%" 919€° 9G1€° BLLZ2® 9G%2° 9L1Z° 6261° 6691° D6H1* 9621° €111° 6£60° €220° 2190° 954%0° Z0OE0°* 1s10° 8°1
 BES9® 4€26° €0%%° 161€° 07€€° 21262° 1662° 1622° S£02° 96L1° 9LG61° ZLE1® 6L11° S660° 6180° 8%90° €8%0° 0Z€0*® 6S10° 9°1
B92G° 25496 119%° 6R6€° 969€° L1B0E® L€l2° 62%C° €G1Z° 2061° 0291° %GH1° 0S21° SGO1° 6980° 8890° ZI1S0° 0%€0° 6910° &°1
1969° 089%° 0€8%° %61%° 689¢° 09Z€°* 6682° ZLS52° 2B22° L102° €121* H4G1°® 22€1° 1211° €260° 1€20° S%50° 19€¢0° 0810° 2Z°1
LITL® 9165° 0906° 11%%°* 98BEt° 94%E" 490€° 92.2° 12%Z° 2%12° %881° 1%91° 21%1° €611° €860° 6L.0° 0850° S8€0°® 2610° 0°1
........ ZHEL® 8G19° 00EG° 6€9%° 001%° €49€° 9%2€° 2682° 1162° 1122° 4002° l4l1°* %0S1° 1121° L%01° 0€80° 6190° O1%0° S020° 8°0
I~ 909L° S0%9° 64GG° BLBY® 92¢%° €68€° 6EYE® 690€° Z€l¢° 2Zve” €€12° 1981° €091° 95¢1° 8111° 9880 0990° 8€%0° 8120° 9°0
O\ _ G18L" $G99° %086° 221¢° 296%° GLO%*° %%9€* 8G2£° %062° 8162° 21.22° %861° O1L1° l4yH1° €611° Ly60° S0L0° 89%0° €£20° &°0
L108° 2069° £909° 28tS° L0BY® 90EH° O9RE® 9GHE® 980E° €41Z° 02%2° G112° %281° %%G1° %221° 1101° %S20° 00S0° 6%20°* 2°0
0129° S%11° 22£9° 1%96° B8G0G® H49Gh° $80%° #99¢° L1Z€° 9162° 9162Z° €522° S%61° 8%91° 09€1°* 0801° SOB0° 4€S0° 21920° 0°0
688" 1BEL® 21G9° 0066° T1€G° 18L%° €1€%° BIBE" H1yE" 960€° 6€l2° 86€2° 110Z° 9621° 16%1° 2Z611° 6SBO° 1250° §820° Z2°0-
_ Z%68° 209L° £289° €S19° 29G5%° 0E0S° YHSH* G60%° GS19E° 0BZE°® G062° L14GZ° 2022° 6981° 4%G1° 212Z21° S160° 8090° €0€0° &°0-
8€98° 908L° %50L° 96€9° S08S® B9ZG° ZLLY- Oleh- 9LBE" Gove® €L0€° L169Z° 9€€Z° ¢861° 6€91° €0€E1° €160° 9%90° €2€0° 9°0-
248" 6061° 1921° 2299° GE09° GEHS° 266%° 615%° 2ZI0%° 1H9€* 6ETE" 94BZ° 694Z° G602Z° HEL1°® 6L¢1° 0€O1°® $8I0°* ZHEO® 8°0-
0€63° 8%18° 9G4)* 21289° L%29° 90.G° 861G° LIL%" 6Gev° 0ZBE° B6EEL- 6BGZ° 26G¢° 6022° 9281° €6%1° 9801° 22.0° 09¢€¢0° O0O°1-
_9106° 1°r28° 6192° 1001° SE%9° 968G° SBEG® B868Y° 1€H%° 1B6E® 99GE" ¢ZI1€° T142° BO€Z® €EI61* €251° BE11® 1S20° BLEO® 2°1-
$806° 6RE€Y°* €G11° SST1° 9669° 1909° 6%GG° BGOG® HEGHY® G21%° 619€° G92€° 6182° 20%Z2° Z661° 18G1° 1811° 68L0° %6€0° 4°1-
o GSC16° €L%R° 0981° 182Z1° R219° 8619° 189G6° H6I1G° GIL1H° 642%° G6LE® 0SEE® H162° 684Z° 290Z° %491° 6Z2Z1° 8180° 80%0° 9°1-
2L16° GEGBR* 2H61° 9L€1° Z€89° L0E€9° 661G° +(EG® 228%° ZGEH° 068E° BEHE" €E662° H6G2° 1212° 1691° 9921° 24%80° 12%0° 8°1-
- B6T6° OHGH® 1008° 9%%1° 0169° 06€£9° %88S° 06E£G° 906%° ZEY%* 196E€° B0GE* 9S0€° 0192° 8912° 0£L1°* $621° 2980° 1€40° 0°2-
2%26° 6598° O118° 08GL° %90L° 6559° 2909° €16G° 060G° €19%° 0%1%° O0L9€° SOZE° 2%2Z° 1822° €281° 99€1° 0160° SS%0° .
$6° 0t° 6B 08 61°* O0L° G9° 09° 6S° 0S° &% O%* 6€* O0€° Ge°* 02° &1* ot1* so0° g '

0z =U Ambm




2E91° 0%%»1° 1921° 6011°

1125° 800%° Z82¢€° 2812° G0%Z° €012’ 0GB1° €960° 9280° 9690° 21G60° 26%0° 9€€£0° 2220° 0110° ©0°¢
6996 2915° 61YE° $062° 412" 6612° 9€61° 60L1° 60S1° 82ET* €911° O101° 9980° 1€20° 1090° S2%0° %S€0° %€Z0° L110° 8°¢Z
029S° GZt%° %9GE°" HE0€" 0E9Z° €0€Z2° 6202° 2621° €861° %6el1° 12Z1° 1901° 0T60° 89.0° T1€90° 0050° 21€0° [%20° €210° 9°2
2086° 9645° 611€° €L1E® HG612° G1%Z° 6212° Z8BY® 2991° G9HT1°® €821° STT1® 1660° L0BO° 4990° 9260° 16€0° 0920° O€10° &°2
6866° 119%° €BBE® 12¢ft€° 188Z° GEG2°® LEll° BL61° 6%L1° 1%GI° 1GE€1° %.11° 8001° 0680° 0010° %660° 21%0° %120* 9€10° 2°¢
£819° 858%° 650%° 08Y%E° T€0E® $992° €£S£2° €802° Z»81° 6291° 4241° BEZI® €901° 1680° BE€L0° SBSO° SE40° B8B8Z0° 4%10° 0°2
»8€9° 8906° SHZh° 069t° GBIE° €0BZ° 6L%Z° 961Z° %%61° GILI® %0GI® BOEI" »ZU1° 8960° 08L0° 8190° 09%0* S0£0° 2510° 8°1 i
0659° 6226° Zy9%° . 1€8€° TSEE" 9G62° S19Z° 61€2° $50Z° €181° 166T° GBET* 0611° $001° 1280° S590° 18%0° €2€£0° 1910° 9°1
0089° 664%6° 169%° GZOY%° B82GE*® 911€° €912° 2G%¢° %L1Z° 0261° 9891° 89%1° ¢2921° G901° L180° 6690° LISO°* €%€0° 1210 &1
$10L° 82L6° 21BY° 1€2%° 6T1LE" 162E° 2262° 9652° H0€2* 9€02° 0621° BSG1® O4€1° 2E1T° 2£60° 6£10° 0650° 69€0° 2810° Z°1
0€2L°* G96G° H0T1G* 0GY%" 226€° LlHE*® €60E® 2GLZ° %%%Z° €912° 2061° LG91° 9Z%»1° GS0Z1° 2660° 9810° 98S0° 8B€0° #610° O0°1
9951 B8029° 9%€6° 039%° L€1%° 119€* 912€° 616Z° 9652° 662Z° €202° $9L1° 8151° 48Z1° B8SO1° BE80* #290° $140° L020° 8°0
00 6G9L° 9599° 96GS° 126%° %9Ev° 8B8E" 1L%E° L60E° B8SLZ° S%YZ® v61¢° 6181 8191° 69€1° 8ZI1* $680° L990° 29%0° 1220° 9°0 —
O g98L° 90L9° 268G6° TLLG® 209%° 2Z11%° 3.9€° BBZE® 1£62° Z092° 4622° €00Z° 92L1° 19%1° S021° 9560° 2110° 2140° 9€20° &°0
0108° G6S69° £119° BZ%G® 64%8H° vhey® G6BE° 8O%E® Gllt. B89L2° tvye° GelZ® 1#81° 66ST° 9821° 1201°* 19L0°6060° 2620* "2*0 7
2928° 661L° €£1lE9° €29G* 2016° 68G%* TZ1y° B6IE® LOEE® €46Z° 0092° 6122° €961° $991° €L€1° 0601° €180° 0%50° 6920° 00
0%%8° SE%1° 6299° 6%6G° LGEGS® 628%° ZGEH° €16€° 90GE* GZIt° %912° 12%2° 1602° €LL1° %9%1° €911(° 1980° 9160° 1820* ¢2%0-
_ £098° 999L° 9189° €029° 6095° %L06* 68GYH° 2€1%° 60LE" TI€E® 2€62° 1262° €222° 9881° 6SS1° 6€Z1° $260° 4190° 90€0° &°0-
1918° 098.° 801L° L%H9° %GBG*® £1£G° %18%° 6%tH" CI6E° 26%t° 201t° €2lZ° 96tZ° 100Z° 6G91° 91e1° 2860° 2690° 92¢0°* 9°*0- 7
_2188" €908° 12€1° S299° 9809° 246G° 9€06° 095%° OU11H° 089€° 692€° €182° 68%2° ST11Z° 0GL1°* Z6ET1® 04%01° 1690° SH€0° 8°0-
1168° 1028° O161°* 0889° 8629° SGLG® %%2G° 6GL%° B6HI%® GGBE® 6Z%€° 210€° L19Z° 92¢2° €%B1° 19%1° 9601° 62.0° %9€0* O0°*1-
2906° %EE€8° SL9L°® 190L° 18%9° 9%65° ZE€HS" T%65° Tl%%°* L10%° SL1GE® 261€° L€L2Z° O€E€Z® 1€61° BEST® 6%11° 4970° 28£0° 2°1~
B216° 1%%R° LOBL® 2121° B8%99° TI19° L66GG* 201S° GZ9%° €91%°* ¢ 11€° GIZlt°® 9%BZ°® Geve*® 110Z° 2091° 8611° L610° 86¢0° &°{-
B116° 9258° 916L1° GEE€L* TBL9" 6%29° 9ELG* 6€26° 1G1v° 88Z%* 628BE" IBEE® 1462° 80SZ° 180Z° 6591° 1421° 9280° Z1%0° 9°1-
»126° 98G8° S661° 0EHL* G889’ BGE9® LHBG® 0GEG* G98%° 16E%° 926€° OLYEL® 1¢0€° B8L6Z2° 1912° LOLT® 8221°0680° S2%0°* 81—~~~
6€26° 0£98° %G08° 00SL° $969° 24%9° €£66° 9EHG* 0S6%" Z1%9° €00%° 14SE° SBOE® H€92° 8812° 94L1° 20€1® 0I80° SE%0° 0°2-
€B26° 80LB" 291°° HEQL® LT12° T199° Z119° 0295° %ET1S° %59%° LI1%° H0LE° Gele® BILI® €0LZ° 0vB1* 6L€1° 6160°* 65%0° Lo
s6° 06° GAa° Cc8* [T aL*® $9°  09° GG* 06° [N 0%° SE* of° (¥4 0Z* [4 GANNN /) S {2 M g e

GZ=u Am&m



0s = u )z

c~-t-oeoog~4-~oeuo~;~t-o'cuo“
L ]

'

¢ & & 9 e 9 L N ] .! o o 0 0
ooou—t—-od-n_NNiNN‘Nm;
i | ‘ : |

P

.t '
?O:OO

9°0-
8°0-
0°1-
~.

*

o1
91~
g 1=
0°e¢-

QO =

896C* 1R0%° €9Ce° GEBZ® 1GHZ° €H12° GBB1° €991° I9%1° 1621° Ocll- 1860° 1%80° 60L0° 2850° 19%0° Z4€0°* 9220° Z110°

6ESS" BEZH® 2BHE® 6G62° 1962° 122" €161° ZH11° BEST® HGE1° GBIT® 6201° €6880° S410° Z190° %8%0° 09€0° 6€20° 6110°

911G €0%%° 0£9€° 160€° 6192° L%€Z° 8902° L281° €191° 12H1° »4Z1° 1801° 8260° 2810° €%90° 60S0° 6L€£0° 1520° SZ10°

0066° 81G%* BBLE® 2€2€° 9082° 1942° 0212° B161° S691° €6491° BOET" LET1" 9260° €280° L190° 9€G0° 66£0° 6920° Z2€10°

6809° 191%° GGH6E° EBEE® 2v62° €BSZ° 0B2Z° 9102° €BL1° 1261° LIET1° L611° 8201° 1980° €£120° $950° 0Z%0° 6120° 6£10°

9829° S66%° €€1%° G%GE* BBOE® S112° B6€2° €212° BL281° 9691° 2GHT° €921° %801° S160° €SL0° 9650° 44%0° %9620° L410°

8849° BG1G° ZZEH® BULlt® Gv2€°® 1GBZ° L2GZ° BEZZ® 1861° 8911° HEG1° 4Eel® 9411° [960° 9620° 0€90° 69%0° T1€0° SS10°

_6699° 11€5° £25%° 206€£° »1%c® 010€° 9992° 49€2° $60Z° 8%81° 2291° ZIH1° €121° %201° €%80° B8990° 16%0° 62€0° %910°

1069° %66GG° SELY* 660%° G6GE°® GLIE® GIBZ® 66%2° 9122° LG61° 61L1° 96%1° 9821° 9801° %680° 8010° L2S0° 0SE0° 4L10°
2211° 9286° €G6%° 60€%° 88LE° €GEE€* L16Z* 9%92° 8YEZ°® 9102° %281° 6BST1° 99€1” %ST1° 0S60° €520° 1950° 2L€0° $810°

mw 6€€L° S909° %61G° TEGH" GEEE® €4%5€° 1G1€° %082° 16%2° %022° 8t61° 6891° €6%1° 8221° Z101° 2080° 16S0° 96€0° L610°
 6661° TT€9° 6EHS° S9L4° €12%° 9H1€° BEEE® %L62° $¥92° €YE€2Z° 2902° B86L1° B8YSI® 60€1° 801" SSBO® L€90° 22%0° 1120°
69LL1° 2969° €69G° 600G° Huhy® 196E° 9EGE° 9GIE® 1182° 26%¢° G612° G161° 0S91° 96€£1° 0GI1° 2160° 0890° 15%0° <220°

_ BL6L® H189° 266G° £92G° 989%° I81Y° LYlE€* 0GEE" 18B62° 2692° BEE€Z® 2%02° 09L1° 6851° 8221° %160° 92L0° Z840° 0%20°

6L18° %90L° S129° €25G° 9E6%° %2H%* BI6E" HGGE® HL1e® 1282° 0642° 9212° L1181° 0651 TTE1® 1401° 9210° S160° (620°

0L€8° OT€L® 82%9° 13015° €615° 899%° J61%"° 191€° OLEE® 6662° 06592° 61€2° 1002° 9691° 00%1° ZITI® 6280° 0SS0° 4120°

95%63° 9%Gl* 9€29°* 0G09° 1G6%G° 916%° 2e%%° 9B6E° €LGE° %81€° L182° L9%2° 2Z€1Z° L0B1" €6%1° 9811° %880° L8BG0° €620°

. 1048° 89L1l1® $869° B0€9° 102G° G91S° 899%° 602Y° 6LLE° ELEE* 8B62Z° 0292° 9922° €261° 68S1° €£921° 2960° 9290° 21€0°
6588° 1261° 612L° %5G9° GG6G° L0YG°® 106%° 62%%° GB6E° €9G€° 191c° G12Z2° 20%2° 0402° 2891° T4€1° 1001° $990° Zcc0°
_1168° €618° €£E42° €819° 6819° 6£96° 921I6° €499° 9919° 6YL€* TEEE°® 8262° 1€S52° 9S12° %8L1° 0291°* 0901° S0L0° 26€0°
€206° 11€8° 229L° 0669° €0%9° $G8G°® LEE€G° GHB8h° LLlEH*® L26t° %6%E°* SL10€° 1992° 6922° 6181° 96%1° 8T11° €4%20° 12¢0°

. GG16° 2448 GBLL® TLUL® %659° L1909° 8266° 0£06° €G6%° 260%° 949€° ZI2E€°® 68L2° SLE€Z® 8961° 89ST* ZLT11° 6110° 68£0°
6126° 8%G8° 616L° %2¢€l° 1G19° GS129° G69S° %61G° 60.%° O4HZ%°® €BLE® LE€t® 006Z2° ZL%C° 0G0 »€91° 2221°* €180° 90%0°
___19¢6° 0f98B° S208° 9%%1° 0689° HG£9° GEBS® ZEEG® €¥8Y" L9EH° 106€° GHHE® 1662° 9552° 2212° 2691° $921° Z480° 0240°
2086° 1698° 9018° 29S1° S669° H9%59° Jdh6G® vH45G° €G6H° 11%%° 666E° GEGE*® 8L0E" 8292° 2812° 1vL1° €0€1° 1980° €€%0°

_ G2€6° %£18° »918° 2Z19L° €10L° 84G9° GE09° ZEGG® 6E0SG° HGGH° 110%° L09€" eedmu,mmom. 1€22° 08L1° €€€1° LBBO" €%%0°
99€6° 6088° TL7"° $9LL1° L22l° B8119° G129° B1LG® 922S° 8ElY* HGZH* €LIE® 962€° 1282° L%E2® 9181° 90%1° L€60° 8940°

s6*  Q6° g Cs* [TK oL c9*  09° SG* 0s* Sy  0%° GE*  O0€° sZ* 0Z°* st 01" ¢€0°

|
i
1

i
'
‘

i

|
I
|



S1va® BT1v

Y1EE° 298BZ° Hl%Z° €91¢° €061° 6191° 18%1° €O0cl1° 14511° 0660° 6%80° 9120° 8860° 69%0° Sv€0° 8220* €110* 0O°¢
__1BSS® 112%° S1SE* 1862° 9BGZ® €922° 2661° 6GLT° €651° 19€l1° 21611° 6£01° 2680° 2SL0° 8190° 68%0° 49€0° 1420° 0210° 8°Z
GILG® H44yh* GQQE°® 121€° G0LZ°® OLf£Z° 8802° GHB1* 6291° GEH1° 16G21° Z601° L€60° 0610° 0590° %160° €8€£0° %520° LZ10° 9°2
0666° 619%° €28€° €92€° €€82° 6RH2® 1612° 2£61° T1.1° 80G1° 12€1° 8%11° 6860° 1¢80° %890° 1450° €0%0° L920° €£10° %°2
1919° »0R%° 266E° GIvE*® 0162° B09Z° Z0tZ° 9¢0Z° O08B1° Z8BGI° 16tl- 60Z1° B8tO1° 9180° 0210° 0150° %2%0° 1820° 010" 2°¢
_ BEE9° 6E6YH° ZL1H® BLGE°* BIIE® 14212° 224%2° »%12° 968B1° ZL91° 99%1° Gl21° G601° $Z60° 0910° 2090° 84490° L620° 8%10° 0°2
1969° »02G° 29¢4%° €GL€° 912t° %88Z° 1662° 092¢° 1002° S9L1° 64%G1° 1%€l°* 1Ss11* 9160° %080° 9£90° 4140° 41€0° 9510° 8°1
_ 6%19° 6195° G9GH* EEEE* 9YHE® 6E0E° 169Z° 98€Z° H112° 1981° BE9T* 9241° S221° $€01° 1580° $190° Z0S0° €€€0° 9910° 9°1
2969° €5%9G° 6Ll%* BE1H" B829¢° GS02€° €982° €2GZ2° Lfec® LL61° 9€ZT” 11G1° 6621° L60T° €060° ST120° 2€60° €S€0° 9L10% +&°1
RITL® 9186° »00G° 6%E%° HZ8E° SBEE® 900€° 1292° 11€2° vY602° 2Z%81°* %091° 08E€1° 9911° 0960° 0920° 9950° G2€0° 21810° 2°1
© S6El° L119° 1%26° €16G%* 2¢0%° 91GE€" 181€¢" 1€82° S1G¢°* 922Z° LG61° 90L1° 89%1° 0%21° 2201° 0180° €090° 00%0° 6610° 0°t
9 2197° %9€9° 19%5° 808%° €62%° 182€° OLEE° €00£° 1292° 99€2° Z802° 9181° €9S1° 12€1° 6801° €980° €490° L2Z%0° €120° 8°0
928L° 9199° 2Z%16° GS0G" GAY%° 866E° OIGE* LBIE° BEBZ° 916Z° L1Z2Z° %E61° 99971° 60%1° Z2911° 1260° 9890° §S%0° 1220° 9°0
__SE09° 6989° »009° OlES® 621%° 922%° 2BL€° ZBEE® 910€° 219¢° 19€2Z° 2902° L211° 40G1* 0%21° »B60O° €€10° 98%0° €%20° 4°0
GE2B8™ 121L° '8929° 21G6G° 186%° G9%%° G00%° B88GE® GOZt°® B%8Z° %1GZ° B61Z° G681° 6091° $Z€1°® 1601° €8L0° 0260° 6620* 2°0
GZHB°® L9€1° ZE€G9° WEBG® 6£26° 111%° 9ElH°® €0BE® 20%€° BZ0E® 919Z° 1H€Z* 1202° €1L1° »I41° 2211° L€80° 9660° 1120° 0°0
1099° €09.° Z2619° 2019° 006S° 196%° €L%%° %20%* 909€° Gl1ct* %98Z2° 16%2° 26G12° 6Z81° 80G1° L1611 €680° €660° 96¢0~ 2°0-
i _0948° 6231° T%0L° 19¢9° 2626° 1126°* 11l%° 84%2%° SIBE*® 90%€° LI0E® 9492° 8822° Z%61° G091* S121° ZS60° 2€90° ST€0° 4°0-
1068 €203° 9LZL® 6099° G009 9G64G° G%6%h° OLv%" Z220%° L6SE® 161€° Z08Z° 6&%2° 0902° $0L1° %G€1* 1101° 2190 G6€€0° 9°*0-
B 2206° 0128° 06%L° 6£EB9° 2Z%29° 6895 €L15° 989%° G2Z%° GBLE® E9€E€° 9662° 1962° L112° Z081° %€41° 1.01° 21L0° SSE0° B8°0-
Z216° 19¢8° 089L° I%0L" BGHY9" 906G°- GBEG" 068%° Clyy%° $96E° 126¢° H01€° €692° 1622° 8681° OIST*® 6211° 0620° SL£6° O°1-
€026 86%8° €4981° B221° 6%9%° 0019° L1GG* 910S° G6S5%° Tely® 1:9€° €42€° 918Z° B6EZ" 8861° €8G1° €811° 2810° €6€0° 2°1-
9926° €098° L161° 18€l° 2189° 89Z9° G%1G° 14%2G° €Gl%- 617%° 6I8E° 69€€- 826Z° 96%2° 0L0¢° 069T1° €£21° 1280° O190° "&°1-
£1€6° S398° €808° $052° 9969° £0Y9° 936" 0BEG® LBBY* 10H%° BEGE® BLYE® 920€° 185Z° 251Z° 80L1® 8L21° 0S80° S240° 9°1-
9HE6° 9HL18° €918° 66GL° 1G0L° 6169 0009° €6%5° B866%° €1GH° L1t0%° 69GE° BOIE® €692° €022° 8GL1° SIE€1° 9180° LE€%0°* 8°1-
OlE6" 1818° 1228° 6991° OENl°® €£099° LB09° 18GS° 4B80SG* 965%° 9T1H* Z49€" H2TE€° T12Z° €S22° 86L1° SHEL" 9680° 8Y40* 0°2-
60%6° 2939° €8’ 1081° 9RZI° €119 89C9° 8GLG® €12G° 18BLY%" %6Z%° 608€° L2¢€°® 8%82° 0L€2° %681° 02%1° 9%60° €1%0° "o
T 06* [N (' Sl 0L° G9°* 09° GG* 06 ° [N 09° [N 0g* ¢6¢° o~q||;n~¢|1saqq|!<wd.1Q %)

00I=1u A.m&m




T€9%G° L61%° 90%€° 6882°

4812°

g6%ve*® 2261° G6691° 96%1° 91¢l° 2GLI1° 0001°® 1G80° €210° %650° 69%0° 64¢0° 0£20° %110° O°¢
9€9¢° L1€%° 6456€° 910€° 1192° 6R2Z° 2102° 9221° 89G61° 0BE1° 80Z1° 6401° 0060° 6S5L0° %290° %6%0° L9€0° €420° 1210° 8°2
4 9185° G8HH° 669€° 1GTE° 2tl2° €6EZ° 6012° €981° SH91° 65%%71° 6921° 2011° 9%60° 86L0° 9590° 6160° 98£0° 95Z0° 8210° 9°2
1009° 299%° 098€° %62€° 1982° 6062° 2122° 9661° 8211° 2251° HE€1° 6ST1° GS660° 6€80° 0690° 9450° L0%0° 0L20° SE€10° o°2
€619° 6%98%° 0£0%° BYYE°® 6662° ££92° %2€2° 9G0Z2° 8191° 2091° SO0H1° 12ZZ1° 8%01° #880° 12.0° 91G0° 62%0° ¥820° 2%10°* 2Z2°2
T _ 26£9° S506° T124° 219€° §H1€° B89L2° SHHZ° 6912° S161° 6891° 18%1° 8821° 9011° €€60° 89L0° 8090° ZSY0° 00€0° 0610° 0°Z _
9669° 1625° €09%° 88L€° L0€€° Z162° 9L162° Z822° 0202° €811° 49G1° 09€1° 8911° 9860° 1180° €990° 8L%0° L1€0° 8S10° 8°1
6089° 19%G° 1094%° 9L6€° 61%E° B9OE® LT24Z° 01%2° SET12° $881° %G91° O%H1° L€21° %%01° 0980° 1890° L0G0° 9€L0° 1910° 9°1
- 810L° €695° €28%° 221%° €99€° 9€2€° 0LBZ" 8Y9GZ® 6G2Z° 9661° €GL1° 9261° Z1€1* 8011° 2160° €210° 8¢60° 19€0° 6L10° &°1
$€21° 12€5° 0S0G° 06E%° 098€° LIYE° GE0L* 8692° 46£Z° L112° 0981° 0291° €6€1* LLIV° 6960° 8920° Z1S0° 6LE€0° 6810 2°1 ;;
2S%L° 0L19° 882%° S19%° 0L0%° 119€° 21f° 6G82° 0%GZ® 8%2Z° LL61° €2L1° 28%1°* €521° 2¢01° 8180° 6090° %0%0° 1020° 0O°1
(. 699L° 61%9° 9€GG° €689 €62%° L18E° 2Z0YE" ZE0€° 2692° 68€Z° €012° $€81° 8L61° SEET1°® 00I1° 2.80° 6%90° 1€%0° S120° 8°0 )
= €esL’ 199° €6LG® 1016° L12G%° 9€0%° H09€°® B12€° 998Z° I%GZ° Bele° €G61° €891 €25%1° €211° 0£60° €690° 09%0° 6€220° 9°0
= 2608° 9269° 9609° 86£G° €L1%° 992%° BIBE® »1HE" GH0E" 402Z° $8€2° 2802° G6LT1* 61ST° €SZ1° %660° 0%L0° 16%0° S¥20° &°0
( 2629° 8L1L® 22€9° 2296° L20G° 10GY%*° €90%° ZZ9E® 9€2E€° 9LRZ° 6£GZ° 6122° #161° 1291° LE€E€1°® 2901° 1620° 6250° 2920° 2°0
1898° 9251° 8869° 6¥EG° L82S° 6GLY° 9129° 6E€BE" GEYE® BG0E° 20LZ° %9€Z° 140Z° O€LY° 82%1" 4€11° $980° 1950° 0820° 0°0
9698° 199L° 8489° 9G619° 6%G6G6° L00G® GIGH* 290%° T49€° 942€° 218Z° 916Z° 4L12° €4%81° €2G1° 60Z1° 2060° 66%0° 6620° 2°0-
( _______6188° #R81° 6601° 91%9° B08S° 6626° SGI¥° 8BZY" 1S8€° 6E£%€° LH0€” 1192° O1€2° 1961° 1Z91° 8821° 1960° 8E90° BI€0* &°0-
9668° LBOB8® YEEL® 9999° 6G09° S0GG° 266%° C16%° 190%° Z2€9€° Z22t° 6282° 6%%Z2° 080Z° 0211° 89€£1° 1201°* 6L90° 6€€0° 9°0-
L %106° 892d° 65S51° 9689° 9629° 0416° 0226° 0E€L%°* 692%° 12BE" GHLEE® SB6Z° 9852° 661Z° 0281° 8YY¥1° 1801° 61L0° 6S€0° 8°0-
€L16° S2%8° 6ELL® %01L° €159° 8GHG® HE¥G® GE6Y® 6G%%° 2Z00%° ¢9GE” SE1€°® 61L2Z° #1€2° 9161° 9251° O4%11° 8SL0° 82€0° O0°1-
€526° $668° 1061° 2821° S019° €S19° 2296° €215° BE9H" 0L1%° STLE® SLZ€° $482° 2Z%Z° L002Z° 66S1° S611° $610° L6€E0° Z2°1~-
Y1E6* 6598° GEOB°® 6EYL® 6989° 22£9° 961G° BALG® L6LY° OZEY°® GGBE® 10%E® 2G62° 02SZ° 0602Z° 9991° 9421° 6280° 41%0° &°1-
09€6° 0%28° 1%18° €96L° %00L° €9%9° SE65° 629G° E€€6%° 6995° 9L6€° TIGE® 9S0€° L092° H912° SZLY° 16Z1° 6580° 62%0° 9°1-
26E6° 66L8° 1228° LS9L° 601L° H1G69° £GS09° €%GG*° #%0G° GGGH* GIO%* €09E° BE1E€® 6192° 6222° SLL1® 6ZE1° 4880° 2490 8°1-
. SI%6° 1e88° B8128° 2211° 8911° 6599° 0%19° 1€95° TE€1S" 6£9%° GG19° L19€° SO2€° 8€22° S122° 9I81° 6SE€I1° S060° 2540° 0°2-
£696° G168° €£8E: * 6S8L° IYEL® 6289° 22€9° 6186° 12€G° 9Z8%° HEEY® 948€° 6GEE° 9LB2° H6€2° €16T1" ¥E¥1° §S60° LL%0°* o
s6* 06 GB* 08" 61° O01° 69° 09° SS° 0G* 6%° 0%° <Sg° o0€° 62° 02° &i* of* ¢o0° g L7

w= U Awuvm



102
Appendix B - Numerical Analysis

B.1 Expectations of Ig and %

In Chapter III it has been shown that, (3.16) and (3. 24),

B(rg) = oo (R(s, 0) +(n-2 RKa, 0) - 271)

and

E(I'K) = 4 R(a,p) - 1

where R(a, p) and Rl(a, ), (3.4) and (3. 12) respectively, have been

given as

R(a, p) = “T"Q :a)

oty 8

Z{u) P (/._Q‘)Q(u-i—afz’) du

and

1 1 7 r s(x-y)
Ri(a, p) = —— | Z(0)dx | Z(y)QUAY) P( }dydx.
Q(a) aj '£ /2(1-p™)

Let

I, = Q"(a)R(a, p) = J 20 Q7B Qu + a/2)

and
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1y = @R ) = [ 2Uxta) [ 2Ayve) ora) O EL Yoy,

0 o
then
- -4 -
RS 1
and
Bry = J2(_L_, 02 | _ncl,

The values of Il’ 12 and 7(a) were evaluated numerically on the
IBM 7040 electronic computer at Virginia Polytechnic Institute

for
p: 0.05 (0.05) 0.95
a: -=* -2,0(0.2 3.0
and aggregated with
n: 5, 10, 15, 20, 25, 50, 100, =

to form E(rs) and E(rK).

* a = -6 was actually used for this value,
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The numerical integrations of 1, and I, were accomplished

using Gauss' arbitrary interval formulae, given as
f fy) dy =L T wily)
2 {=1 ' Wity

and

L L
I2 ’(4’ é{tf(x, y)dxdy = 4 B‘ jzl wiwj ﬂyi, yj)

where
L L
“We=g 4ty

and the abscissas X and the weights w, are tabulated by, for
example, Abramowitz and Stegun (1964), The range of integration,
L, and the number of points taken, m, were determined by the

point of truncation, a. The values used were:

a8 m L
-6.0 96 12
-2.0-0.0 96 8
0.2-3.0 64 6.

The Q(x) were evaluated using Hastings' approximation (1955),

5
Q) = Z(x)i"l.lbiti +e¢ O<x<so,
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where
t=(1+px)"} o = . 2316419
by = . 319381530 b, = -1 821255978
b,= -.356563782 b, = 1330274429
by =1781477937  |e] <7.5x 1078
and (-x) =1 - Q(x) .

Checks on the numerical integration of Il and I, were
made with the special results of R(a, p) and Rl(a. p) of
Sections 3. 21 and 3. 22, respectively., Also, the non-truncated
values of E(rK) and E(rs) are well known, Numerical integra-
tion for this case, a = -», should yield the poorest results since
the least number of points per unit interval were used. The
accuracy of these values exceeded those reported in Appendix A.
Hence, the values of E(rK) and E‘.(rS , tabulated in Appendix A, are
correct with, of course, the exception of rounding in the last

decimal place.

B.2 Evaluation of C(a)

In Chapter II it has been shown, (2. 1)) and (2.12), that

/3’ -
@) o= DY2ReM - Ra)
R(a)R*(a) + aR(a)-1
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Y3 {}; QAav2) - Z(a)Ya)
(B. 2) = .
Q8)Y Q*(a) + aZ(a)(a) - Z*(a)

Values of C(a) were determined on the IBM 7040 computer at
Virginia Polytechnic Institute for

a: -7.0(1.0) 15.0, 25, S0 .

C(a) was evaluated using (B. 2) and Hastings' approximation
(see previous section) when a < 3. For a> 2, C(a) was evaluated
using (B. 1) where R(a) is given by the Laplace continued fraction
expansion of Mills' ratio (see, for example, Sheppard (1939))

=1 L 2 3 a5

Tw;nty-ﬂve terms of R(a) were used when a < 7, while ten terms
were used in a double precision made when a > 8. Shenton (1954)
gives a discussion of the number of terms of R(a) required to
achieve a given accuracy as a function of a. A number of hand
evaluations of C(a) were made to ensure the accuracy of the values

reported in Section 2. 4.

B.3 Evaluation of C(a, p)

In Chapter I we have shown with (2. 25) that
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/3 {7%; fl(a. g) - pZ{a)i(a,0)}
a)VQF(a) + o*(aZ(a)Q(a) - Z*(a))

C(a, p) =

where
4872 &2  p°
fl(a-op) ufﬁ ’ ,——2_93 Oz_pf)
and

= ap ,. P
fzfanP) 2“&[‘;_:?"/%3) Qa) .

Values of C(a, p) were determined on the IBM 7040 computer
at Virginia Polytechnic Institute for

a: -5.0(L0) 6.0
and
p: 0.1(0.1) 0.8, 0.85, 0.90 (0.02) 0.98.
Owen (1956) has developed a method for evaluating the
volumg{af a standardized bivariate normal distributionf Modifying
his results, we have

LA K, 6) = - Q) + 5-Q(9 - T(hu) - Tk, u) -(}
‘2"0
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where the choice is 0 if hk > O or if hk=0 and htk >0, and

1/2 otherwise, where

R
T(h, u) = i%i expl :x :1:‘)/23 dx,

and

h p

k P
u_= - U, = . .
b pl-p® VIp* 'k k/ip® Vit

Special cases of T(h, u) are:

Teh, u> D =7-Q() + Q)4 - QW] - Tuh )
T(O, u) s—z-lv—farctm u

T(h, ) = 5 AW1-Q(W)

T(h, -u) = ~T(h, u)

T(-h, u} = T(h, u)

T(h,0) =0

T(h,#) = P(W) 1 h> 0

= Qb f h<0.

This method was used to evaluate the L-function; of fi(a, p) and
fz(a, p). The T(h, u) integrals were evaluated using twenty points

with Gauss' arbitrary interval formulae: It will be noted that the
~
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ranges on the integrals were always less than unity.
The () were evaluated using
X1 =~§— - ZAYR() for 0 < t< 3
and
At) = Z(YR() for t>3;

also O(~t) =1 - () . R(t), the continued fraction of Shenton
(1954) is given by

-]
ﬁt)=~15;-£—§—5_-a%—..., t>0,

and converges rapidly for small t. Twenty-eight terms of R(1)
were used while thirty terms of R(t) were used in a double
precision mode.

Checks on the numerical evaluation of C(a, p) were made
with the special results of Section 2.3 and also by tabulated values
of the L.-functions of fl(a, p) and fz(a, p). These checks all ensured

the accuracy of the values reported in Section 2, 4.
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ABSTRACT

Considerable attention has been devoted to the rank
correlation coefficients of Spearman and Kendall, denoted by
rg and e respecti\%ely. These coefficients were first proposed as
measures of agsociation between two groupings, requiring no
assumptions on the parent distribution of the observations. Later
work considered the distributions of rg and Ty when the parent
distribution is the bivariate normal. This study is an investigation
of the moments and related properties of Spearman’s rg and Kendall's
T} when the underlying distribution is the singly truncated bivariate
normal.

The singly truncated bivariate normal distribution arises in
many situations, notably in acceptance sampling and examination
selection. In both situations two evaluations (measurements or test
scores), which are assumed to follow the bivariate normal distribution,
are considered for each individual. The first test determines that
an individual is accepted if its score exceeds a "cutting score”,
otherwise rejected. At some later time the second evaluation is made
on accepted individuals. Hence, the pairs of observations determined
from accepted individuals may be considered as arising from a singly

truncated bivariate normal distribution.



It is often of interest to estimate the underlying parent
correlation of the paired observations in the above situation.
The rank correlation coefficients rg and Iy serve this purpose
with two strong justifications for their use. First, as ranks are
substituted for variate values, they are computationally simple.
Second, there are situations where it is impossible or not
practical to obtain quantitative measurements on one or both
variables but rankings can be made.

This study of the rank correlation coefficients of Spearman
and Kendall closely parallels previous considerations of these
coefficients arising from a non-truncated bivariate normal
distribution. However, it is evident from the complications pro-
duced by truncation that analytical results are more difficult to
obtain, and, as in the non-truncated case, few of the distributional
problems of these coefficients can be fully investigated.

The first investigation of this study is the determination of
the correlation between ranks and variate values for the two marginal
distributions of the singly truncated bivariate normal distribution. It
is generally the case that if this correlation is high, conclusions
drawn from the ranks will be similar to those drawn from the variate
values. The correlation between ranks and variate values, for all
practical purposes, was found to be little affected by truncation for
both marginal distributions.



The next investigation 18 the determination of the expectations
of the rank correlation coefficients. These results are obtained in
terms of integrals which have been evaluated numerically for
selected values of parent correlation, point of truncation and
sample size.

The variances of the rank correlation coefficients Ig and e
proved to be analytically intractable. The first four moments of the
two coefficients were determined empirically with the use of an
eleétronic computer and Monte Carlo methods. This émpirical
study was conducted primarily to obtain accurate estimates of the
variances, however, the higher moments indicate the effects of
truncation on the distributional forms of rg and Ty With knowledge
of the variances, a comparison of the coefficients of variation of
rg and I was made to indicate which of the rank correlation

coefficients best serves as an estimator of parent correlation.





