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CHAPTER I 

INTRODUCTION 

Structural elements subjected to axial and flexural loads must 

be treated as beam-column elements. When axial and transverse loads 

are acting simultaneously and large displacements occur, a proper 

analysis must consider the change in magnitude and direction of the 

applied forces caused by the interaction between axial and transverse 

components of displacement~ The analysis can no longer consider the 

external forces as acting independently of each other. Several 

studies have been made investigating the effects of large displace­

ments in beam-columns 12,5,6,7,9,l3,l5]. 

The purpose of this investigation is to test a finite element 

model of a beam-column with geometrical and material nonlinearities. 

The geometrical nonlinearities result from inclusion of a nonlinear 

strain'-displacement relation and from the formulation of the equili­

brium conditions based upon the deformed geometry. Material non­

linearities are considered to result from nonlinearly elastic stress­

strain relationships. 

The reliability of the proposed finite element model is investi­

gated by addressing three classes of problems. 1. The first investi­

gation considers the totally linear element which is compared with 

other exact solutions. 2. The model is used to investigate problems 

consisting of geometrical nonlinearities, and solutions are compared 

with analyses in the literature that involve both analytical and 
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numerical solutions. 3. The ability of the model to address material 

nonlinearity is presented to show the capability of the model in 

analysing more complex systems which have nonlinearly elastic material 

properties. 

The investigation is made in the following manner. First, the 

mathematical models are presented in two forms: 1. the finite element 

model of a beam-column, and 2. the system model which is made up of 

the discrete element models. The analysis process describes how the 

mathematical models are used to analyse a structural plane frame. An 

algorithm is developed that is incorporated into computer programs to 

test the reliability of the finite element model. Several demonstra­

tion problems are solved with the computer programs to demonstrate the 

capability of the beam-column model. 

The proposed finite element model of a beam-column may be used in 

algorithms for the analysis of structural systems that may undergo 

large displacements and that may become inelastic. Since the element 

reference axis is not restricted to any position within the element, 

the model can be used for reinforced concrete structures where the 

material properties produce a variation in the location of the neutral 

axis. The model is ideal for the energy minimization method of analysis 

since it is a function only of the generalized coordinates and the 

element dimensions. The model is currently used in the SINGER computer 

program which is described in the report by Holzer, et ala [8]. 



CHAPTER II 

11ATHEMATICAL MODELS 

A plane frame is represented by an assemblage of one-dimensional 

finite elements rigidly connected at the external nodes. The nodal 

displacements form the unknowns in the analysis process. The state of 

the discrete mathematical model of the structure is described by the 

total potential energy_ 

Finite Element Model 

The finite element model is based on the fundamental assumptions 

of the classical beam-column: Plane sections remain plane and normal 

to the deformed reference axis. Normal strains and rotations are in­

finitesimally small. The constitutive law at any point of the element 

is defined by the constitutive law of the material. The effect of 

shear deformations is negligible. 

The state of each element is described by its strain energy, which 

is defined by the distortion components ul ' u2 , IT3 , IT4 of the element; 

the components IT
l

, u
2

, IT3 represent the relative external nodal dis-

placements, and the component u4 represents the internal nodal displace­

ment (Figure 2). The modeling process of the finite element is 

illustrated in Figure 1: u and v define the deformed state of the 

reference axis (Figure 2); u is the four dimensional element distortion 

vector; x and yare .the element coordinates (Figure 2); £ and a denote 

3 
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CONTINUUM 
u=u(x),v=v(x) 

DISCRETIZATION AND ELIMINATION 
OF RIGID-BODY MOTIONS 

DISCRETE ELEMENT 

u : U (x, ur, i.i4); v: V (x, u2' u3) 

COMPATIBILITY 

STRAIN STATE 
E: E (xJYJu) 

" 

CONSTITUTIVE 
LAW 

STRESS STATE 
(j : (j (E) 

INTEGRATION 

STRAIN ENERGY 
n : n (u) 

FIG. I FINITE ELEMENT MODELING PROCESS 
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the strain and stress at a point of the element; and IT represents the 

strain energy of the element. 

A special feature of the finite element model is that the refer­

ence axis can be located arbitrarily in the longitudinal plane of 

symmetry of the element (Figure 3). This permits modeling of assemblages 

composed of elements with various depths without causing eccentricities 

at the joints (Figure 4). Moreover, it allows modeling of beam-columns 

with linearly varying neutral axes. The only restriction on the 

location of the reference axis is that it must be parallel to a longi­

tudinal edge of the beam-column element. 

The configuration of the deformed reference axis is defined as 

(1) 

vet,;) ¢2(t,;)u2 + ¢3(~)u3 (2) 

where 

<PI (~) = 2~2 _ ~ (3) 

<P 2 (~) = _2~3 + 3t,;2 (4) 

<P3 (~) = L(t,;3 _ ~2) (5) 

<P 4 (~) = 4(_t,;2 + ~) (6) 

and 

~ = x/L • (7) 

Linear variation in the normal strain along the reference axis is 

accomplished via the internal distortion component u
4 

I8]. 

The deformations at a point are defined by the strain-displacement 
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relation 

du l(:dV \2 d 2y 
£ (x ,y) = dx + 2" d'XJ - Y dx 2 (8) 

where £(x,y) is the normal strain at any point (x,y). The first term 

on the right-hand side of equation 8 represents the normal strain caused 

by axial deformation of the reference axis) the second term accounts 

for the coupling of axial and flexural distortions) and the last term 

represents the elementary bending strain. 

Equation 8 is valid only if the strains and rotations are small 

compared to unity. This limitation is not very restrictive since the 

strains of most structural materials are infinitesimal even at fracture 

and the rotations can be kept small through the subdivision of the 

With the aid of equations 1 and 2, equation 8 can be expressed in 

discretized form 

£(t;,n) 

where 

4>' = 4t; - 1 
1 

</>' = 4(-2t; + 1) 
4 

(9) 

(10) 

(II) 

(12) 

(13) 



and 
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f' :; 6(-2~ + 1) 
2 

cpn :; L(6~ _ 2} 
3 

n :; y/L • 

The strain energy is defined by the volume integral 

IT = Iv IT* dV 

where the strain-energy density is 

(14) 

(15) 

(16) 

(17) 

(18) 

For linearly elastic materials (Figure Sa), equation 18 assumes 

the form 

2 
IT* :; E£ (19) 

2 

where E is the modulus of elasticity. On the basis of equations 9 - 15, 

the strain energy can be expressed in terms of the element distortion 

components 
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(a) LINEARLY ELASTIC MATERIAL 

(b) NON-LINEARLY ELASTIC MATERIAL 

FIG. 5 STRAIN ENERGY DENSITY 
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(20) 

where L is the length of the element, I is the gross moment of inertia, 

and A is the cross-sectional area of the element. 

For nonlinearly elastic material, which is described by a bilinear 

stress-strain relation (Figure 5b), the strain energy must be evaluated 

numerically. The particular numerical integration scheme used is the 

Gauss-Legendre quadrature method which establishes integration points 

at unequal intervals to best approximate the integral. The method and 

integral tables are presented by Scheid 112]. This particular quadra-

ture takes the form 

~~f(X.Y) dxdy (21) 

where Ai and B
j 

are the weighting coefficients and nand m are the 

number of Gauss points (integration points) in the x and y directions, 

respectively. The Gauss points are defined by the coordinates Xi' Yj 

which can be found in Gauss-Legendre integral tables [12]. A 2-point 

by 4-point quadrature example is illustrated in Figure 6. Equation 21 

represents the general form of energy computation. It is assumed that 

the strain-energy density does not vary across the width of the element. 

The algorithm that determines the strain energy is based on equa-

tion 21. The strain, £, is determined from equation 9 for prescribed 

element distortion components at each Gauss point of the element. On 

the basis of equation 18 and Figure Sb, the strain-energy density is 

determined as follows: If 0 ~ £ 5 £1' 

1 
II* = - E £2 2 1 

(22) 
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and if £ > £1' 

(23) 

where £1' £2' E
1

, and E2 are determined from the predefined stress-

strain curve (Figure 5b). Presentation of equation 17 in the form of 

equation 21 yields the strain energy of the element 

(24) 

System Model 

The state of the system model, the mathematical model of the struc-

ture, is described by the total potential energy 

v = II + Q (25) 

which is defined in terms of the generalized coordinates, qi' and the 

generalized external forces, Qi- The generalized coordinates consist 

of the displacements of the nodes at which the elements are inter-

connected and the internal nodal displacements of the elements. The 

potential energy of the external forces is 

Q = 

where n denotes the number of generalized coordinates. The strain 

energy of the system is defined by 

m 

II = L IIi 
i=l 

(26) 

(27) 

where TI is the strain energy stored in element i, and m represents the 
i 

number of elements comprising the assemblage. TIi is defined in terms 
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of the element distortion components, which are determined by the 

following relations 18]: 

c !iX* + S t:X.* - b 121 

u1 ' u 2 , u3 represent the relative end-displacements of an element 

(28) 

(29) 

(30) 

going from node i to node j (Figure 7). The internal nodal displace-

ment of the element, u
4

, is specified directly in the analysis process. 

In equations 28 - 30, 

c 

S 

and 

y 

= cos y 

= sin y 

= a. + U 
i3 

(31) 

(32) 

(33) 

where U
i3 

is' the rotation of node i, and the angle a. locates the initial 

axis of the element relative to the global l-axis (Figure 7); 

&.* =!iX + flU 
k k k 

k=1,2 (34) 

where &.k is the projection of the initial element axis onto the global 

k-axis (Figure 7), and flU
k 

is the relative nodal deflection in the 

direction of the global k-axis, i. e. , 

flU
k 

= Ujk - Uik 
(35) 

b I = c!iX + sAX. (36) 
1 2 

b2 = -s!iX + cAX2 (37) 
1 
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where 

c = cos a 

s = sin a 

and finally, U is the rotation of node j. 
j3 

(38) 

(39) 

There is no intrinsic limitation on the magnitude of the general-

ized coordinates. However, the relative displacements of nodes linked 

by elements must meet the small deformation requirements of the element. 



CHAPTER III 

ANALYSIS PROCESS 

The objective in the analysis is to obtain the generalized coor­

dinates of the system model corresponding to prescribed nodal forces, 

the generalized external forces. This is accomplished via minimization 

of the total potential energy of the system. Since the total potential 

energy assumes a relative minimum at a stable equilibrium state [10], 

the solution process converges to the stable equilibrium state corre­

sponding to the prescribed nodal forces. The Davidon-Fletcher-Powell 

minimization algorithm [3,4,6] is used in this analysis. 

In principle, the solution process is not affected by the geomet­

ric nonlinearities of the system model; the strain energy of the system 

is a nonlinear function of the generalized coordinates in any case. 

However, proofs for the convergence of minimization algorithms are 

restricted to quadratic object functions, which correspond to the poten­

tial functions of linear system models. For nonlinear models, the total 

potential energy approaches the quadratic form only in the vicinity 

of the desired equilibrium state (consider a Taylor series expansion). 

Consequently, the solution process for nonlinear models is susceptible 

to numerical instability; i. e., it can converge to nonstationary con­

figurations. To minimize this possibility, the search for the desired 

equilibrium state should be initiated in its vicinity. This can be 

accomplished by seeking the solution to a prescribed load level via a 

series of sufficiently small load increments. Accordingly, the equi-

18 
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librium states corresponding to the beginning and end of a load incre­

ment can be made arbitrarily close. 

The Algoritlun 

The computer programs for the'analysis of linearly elastic and 

nonlinearly elastic systems are presented in Appendices A and B, re­

spectively. The program in Appendix A has the strain energy of each 

element and the corresponding gradients expressed in explicit form. 

Consequently, only linearly elastic systems can be analysed with this 

program. The program in Appendix B computes the strain energy of each 

element and the corresponding gradients via the Gaussian quadrature 

method and is based on nonlinearly elastic materials defined in 

Figure 5b. 

The following algorithm forms the basis of the computer program in 

Appendix A: 

1. Specify the global coordinates of the nodes at which the 

elements are interconnected, and give the status of each joint dis­

placement (free or constrained). 

2. Specify the nodes at which each element is incident and the 

origin of the element (e. g., element i in Figure 8 goes from node i to 

node j). 

3. Input the element properties with reference to the local ele­

ment coordinate system. 

4. Prescribe the nodal forces relative to the global frame of 

reference. 
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5. Begin the function minimization process for each loading con-

figuration by making an initial guess on the generalized coordinates 

of the system .. 

6, The following steps must be performed for each iteration of 

the minimization process. 

a. Determine the potential energy of the external forces on 

the basis of equation 26. 

b. Compute the element distortion components on the basis 

of equations 28 - 30, 

c. Calculate the strain energy of each element on the basis 

of equation 20, 

d. Determine the strain energy of the system on the basis 

of equation 27. 

e. Compute the gradient components of the element strain 

energy relative to the element distortion components: 

k = 1,2,3,4 (40) 

f_ Calculate the partial derivatives of the element distor-

tion components with respect to the generalized coordinates (see 

Table 1). 

g. Combine the results of steps e and f by the chain rule to 

determine the contribution of element i to the j-th gradient component 

of the total potential energy: 

-= (41) 
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TABLE 1. - PARTIAL DERIVATIVES OF ELEMENT DEFORMATION 
COMPONENTS WITH RESPECT TO GLOBAL DISPLACEMENTS 

dUl ;:) ti2 dU3 
a() an aT) 

U
i1 

- +8' 0 -c 

U
i2 

-8 -c 0 

U -8 !J.X* + c !J.X* -c !J.X* - s !J.X* -1 
i3 1 2 1 2 

U 
jl 

+C -8 0 

U
j2 

+8 +c 0 

U
j3 

0 0 +1 

-u
4 

0 0 0 

dU4 
aT) 

0 

0 

0 

0 

0 

0 

+1 
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compute the contribution of the strain energy of the system to the 

j-th component of the gradient of the total potential energy: 

(42) 

h. Compute the total potential energy of the system on the 

basis of equation 25. 

i. Compute the components of the gradient of the total poten-

tial energy: 

av arr 
aq=aq 

j j 
Q

j 
, j = 1,2,. . • ,n (43) 

7. Step 6 is repeated until a relative minimum of the total poten-

tial energy has been attained. 

This algorithm is presented in flowchart form in Figure 9. Step 6 

of the algorithm is modified for the computer program in Appendix B in 

that the computation of the element strain energies and the corresponding 

gradient components is conducted numerically. 



INPUT GEOMETRY 
AND LOADING 

MAKE INITIAL 
GUESS OF qi 

n n = - L q' Q . . -I I I l-

- - -
COMPUTE Uh U2' U3 
OF EACH ELEMENT 

m 
II = L ITj 

i=1 

24 

CALCULATE ~~r ,j = 11 2, ... , n 

v = IT + n 

oV _ --=-O_IT_ 
~ - QJ' 

oqj - oqj 
j = I, 2J ••• J n 

PRINT RESULTS 

FIG. 9 THE SOLUTION PROCESS, 



CHAPTER IV 

DEMONSTRATION PROBLEMS 

Three categories of problems have been investigated to show the 

reliability of the proposed finite element model. These are: 1. an 

elastic, geometrically linear beam-column, 2. an elastic, geometri-

cally nonlinear beam-column, and 3. a nonlinearly elastic, geomet-

rically linear beam-column. These specific problems have been solved 

by methods independent of the energy approach to provide a basis for 

determining the reliability of the model. The geometry of the struc-

tural element used for all test cases is a cantilever beam with the 

dimensions given in Figures lOa and lOb. 

Elastic, Geometrically Linear Beam-Column 

The first problem investigated was a geometrically linear.model 

incorporating the assumption that there is no interaction between axial 

and flexural distortions. With this assumption, the nonlinear term 

in the strain-displacement relation can be eliminated to yield 

E. ex ,y) 
du 

= -- (44) 
dx 

The first term on the right side of equation 44 represents the uniform 

normal strain induced by axial deformations of the reference axis, and 

the last term describes the elementary bending strain. The material of 

the element is assumed to be linearly elastic which results in the 

following expression for the strain energy: 

25 



26 

~~----------------------~~~---~ 
1---'" --- 36"---......... 1 

P2 

a. LONGITUDINAL SECTION 

Dr 
~/2~1 

b. CROSS SECTION 

C. DISPLACEMENT OF THE REFERENCE AXIS 

FIG. 10 .SAMPLE BEAM-COLUMN ELEMENT 



27 

(45) 

Having established the form of the internal energy of the element 

and knowing the external forces, the total potential energy can be 

determined which is then minimized to obtain the unknown displacements. 

As a check on these results, the flexural displacements, u
2 

and u
3

' can 

be determined by the moment-areamethod Ill] since it is applicable to 

this case, The axial displacements are determined by the relation, 

PL/AE, where P, L, At and E are axial load, length of the element, 

cross-sectional area, and Young's modulus, respectively. 

The particular test problem used is described in Figure 10. The 

cantilever has an axial load, PI' of -9,000 pounds and a transverse 

load, P2' of 166.6667 pounds. The elastic modulus is 29,000,000 psi. 

Displacements obtained by the moment-area method and direct calculation 

are contained in Table 2. 

For an elastic, geometrically linear model, the strain energy 

equation may be integrated directly and minimized for the unknown 

displacements, 

-Adding this equation to the external work expression, Plu1 + P2u2' 

and determining the gradients, the work function is minimized to obtain 

the displacements. The minimization is performed via the computer 

program in Appendix A but with the nonlinear terms removed from the 

strain energy function and from the gradients, The displacement 
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TABLE 2. - DISPLACEMENT RESULTS FOR 
A LINEAR, ELASTIC BEAM-COLUMN 

Displacement 
Vectora 

U
l 

u2 

u3 
-u

4 

Exact Solution 
in inches 

-.0111724 

.2681379 

.0111724 

-.0055862 

Model Displacement 
in inches 

-.0111724 

.2681380 

.0111724 

-.0055862 

a The displacement vector is described in Figure IDe. 
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results are listed in Table 2, and the axial displacements at the tip 

of the element are shown in Figure 11. 

In a case where the reference axis does not coincide with the 

centroidal axis of the element, the strain energy equation takes the 

following form when integrated over the height: 

bELlo 
1 

h
3 

II = - [h(u ,)2 _ 2hau'v" + (_. + ha2) (v") 2] d~ 
2 0 12 

(47) 

where a is the distance from the reference axis to the centroidal axis. 

Regardless of the location of the reference axis, as in Figure 3, 

the displacement results are as expected. The flexural displacements 

remain constant wherever the reference axis is shifted, and the axial 

displacements vary linearly with respect to the location of the ref-

erence axis. The resulting displacements with the reference axis at 

several locations are listed in Table 3 which are identical to the 

displacement vectors in Figure lIb. 

Elastic, Geometrically Nonlinear Beam-Column 

This test problem was investigated to evaluate the capability of 

the model to analyse structures which undergo large displacements. 

Numerous studies have been made on the elastic, geometrically nonlinear 

beam-column [1,9,15]. This is also known as the tlelastica ll theory of 

thin rods. The computer program in Appendix A is used to obtain the 

displacement results for comparison with the classical approaches. 
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TABLE 3. - DISPLACEMENT RESULTS FOR A LINEAR, ELASTIC 
BEAM-GOLUMN WITH A TRANSLATED REFERENCE AXIS 

Displacements b 

Location, a 
a in inches 

in inches -u
1 

u
2 

u3 

0.0 -.0111724 .2681380 .0111724 

-0.5 -.0055862 .2681380 .0111724 

-1.0 .0 .2681380 .0111724 

-2.0 .0111724 .2681380 .0111724 

1.0 -.0223448 .2681380 .0111724 

-u
4 

-.0055862 

-.0013966 

.0027931 

.0111724 

-.0139656 

a The location of the reference axis is taken from the centroida1 
axis of the element in the direction of the y-axis. 

b The displacement vector is described in Figure 10c. 
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Eccentrically Loaded Beam-Column 

These specific examples were chosen to calculate the nonlinear 

response of the eccentrically loaded column of Figure l2a and a column 

with axial load and applied moment on the free end in Figure l2b. The 

column in Figure l2a has an eccentricity, e, which is equivalent to 

the ratio M/P of the column in Figure l2b. These loading configura-

tions give identical displacement results when llsed in the computer 

program in Appendix A. 

Since the beams attain large displacement configurations, they 

are subdivided into several elements so that each element has small 

relative rotations. The loadings are incrementally applied, and each 

displacement configuration estimate is given by the solution to the 

previous load step. These loadings are nondimensionalized by the 

Euler load 

P 
E 

(48) 

and the displacements are normalized by the length of the beam-column. 

Vertical displacements of the free end of the beam-column are 

listed in Table 4 along with results obtained from the equation for 

the deflection curve of a simply supported beam with axial load and 

couples on the ends derived by Timoshenko and Gere [15]. The equation 

for center-line displacement of the simply supported beam is altered 

to give results for vertical tip displacement of a cantilever beam, 

ML2(1 - cos(u» 
~ = EI u 2cos(u} (49) 
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TABLE 4. - COMPARISON OF VERTICAL TIP DISPLACEMENTS OF A CANTILEVER 
BEAM WITH AN AXIAL LOAD AND APPLIED MOMENT ON THE FREE END 

Nondimensional Displacement (aIL) 
PIP 

E 

Timoshenkoa Model b 

0,1 .0013747 .0013746 

0.3 .0053336 .0053322 

0.5 .0125218 .0125134 

0.7 .0294062 .0293406 

0.8 .0505792 .0502640 

0.9 .1141934 .1094751 

From Timoshenko and Gere {IS]. 

b A beam with a mesh of nine elements. 
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where 

u=L~iI 
and P and M are defined in Figure 12. 

Equation 49 is limited to loads less than P since secant(u) 
E 

(50) 

approaches infinity as P approaches P. As P is increased~ M is also 
E 

increased by the same percentage to maintain a ratio elL of .01. The 

results from a problem with only four elements are almost the same as 

those with nine elements. The displacement results obtained from a 

column of nine elements are identical to the results of a column with 

twelve elements. The function minimization time is increased as the 

mesh size is increased. The refinement from four elements to nine 

elements is unnecessary for practical problems due to the little change 

in accuracy. 

Analysing the beam-column near the Euler load and in the post 

buckled state requires making small load steps in the region of the 

Euler load. This region is approximately 90% to 110% of the Euler 

load. If large increments in load are made, the solution process will 

fail to converge because it relies on the previous displacement results 

as the current estimate of the displaced configuration, and in the 

region of the Euler load there is a rapid change in the geometry of the 

structure. 

As a comparison of the deflected shape of the beam-column up to 

200% of the Euler load, Figures 13 and 14 show results obtained by 

Huddleston 19]. Huddleston employs a numerical technique in obtaining 

the deflected shape. He describes the behavior of the thin beam-column 
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as three simultaneous, first-order, nonlinear differential equations. 

The method used to solve the two-point boundary-value problem is one 

in which initial conditions are assumed, integration is performed by 

a predictor-corrector method, and terminal conditions are computed. 

An iterative process is used to adjust the initial conditions until 

the boundary conditions at the terminal point are attained. This 

solution process does not consider the effect of axial strain. 

Concentrically Loaded Beam-Column 

This test problem is presented to show the capability of the 

model to predict the post buckling path of a perfect column (Figure 

15a). The beam-column in Figure l5a is loaded on the reference axis 

which coincides with the centroidal axis. The displacement of the 

reference axis is shown in Figure 15b. 

The analysis is performed by giving an initial displacement con­

figuration at the buckling load. The loading is started at the Euler 

load and incremented by small amounts up to approximately 10% above 

the Euler load because of the rapid change in geometry in that region. 

Figures 16, 17, and 18 give the displacements as a comparison with 

results obtained from a solution via elliptic integrals {15]. The 

column used for the model results is divided into four elements. The 

vertical tip displacement results for a nine element column are given 

in Figure 19. 
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Beam~Column with a Vertical Tip Loadins 

A beam with a transverse loading on the free end is shown in 

Figure 2Ga and the corresponding displacement of the reference axis 

is given in Figure 2Gb. This example illustrates the ability of the 

model to predict the nonlinear equilibrium path of a beam-column with 

only a flexural loading. 

The displacement results obtained from the computer program as 

a comparison with a solution via elliptic integrals presented by 

Bisshopp and Drucker II] are given in Figure 21. The beam in this 

example is composed of nine elements. 

Nonlinearly Elastic, Geometrically Linear Beam-Column 

This test problem is used to illustrate the capability of the 

model to analyse a beam-column that does not possess material linearity. 

The computer program in Appendix B is used to obtain the displacement 

and strain state results. The stress-strain curve of Figure 22b gives 

the material properties that are used in the program for this example. 

The beam in Figure 22a is analysed for the strain state at four 

sections as shown. The results from the computer program are given in 

Tables 5 and 6. These examples use a beam made of four elements. Each 

element has four integration points along the length of the reference 

axis and four integration points across the height of the element. The 

beam used in Table 7 is a four element beam with a six by six quadra­

ture mesh and has a load of 450 pounds. In Table 8, an eight element 

beam with a four by four quadrature is analysed. 
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TABLE 5. - COMPARISON OF STRAINS AT THE TOP OF A CANTILEVER 
BEAM WITH A VERTICAL TIP LOAD OF 400 POUNDS 

Strain 
Section a 

Gurfinkel & Robinson Model 

A -.0018293 -.0018170 

B -.0011193 -.0011135 

C -.0007462 -.0007493 

D -.0003731 -.0003725 

TABLE 6. - COMPARISON OF STRAINS AT THE TOP OF A CANTILEVER 
BEM1 WITH A VERTICAL TIP LOAD OF 450 POUNDS 

Strain 
Section a 

Gurfinke1 & Robinson Model 

A -.0040630 -.0027973 

B -.0012807 -.0012516 

C -.0008395 -.0008363 

D -.0004197 -.0004188 

a See Figure 22a. 
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TABLE 7. - COMPARISON OF STRAINS AT THE TOP OF A CANTILEVER BEAM WITH 
A SIX BY SIX QUADRATURE AND A VERTICAL TIP LOAD OF 450 POUNDS 

Strain 
Section a 

Gurfinke1 & Robinson Model 

A -.0040630 -.0029061 

B -.0012807 -.0012550 

C -.0008395 -.0008363 

D -.0004197 -.0004188 

TABLE 8. - COMPARISON OF STRAINS AT THE TOP OF A CANTILEVER BEAM WITH 
AN EIGHT ELEMENT MESH AND A VERTICAL TIP LOAD OF 450 POUNDS 

Strain 
Section a 

Gurfinke1 & Robinson Model 

A -.0040630 -.0028607 

B -.0012807 -.0012562 

C -.0008395 -.0008377 

D -.0004197 -.0004187 

a See Figure 22a. 
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The method used for comparing the nonlinearly elastic strain 

state results is one presented py Gurfinkel and Robinson 16]. This 

is a numerical analysis in which the strain state is assumed, and 

an iterative process is used until the strain state is adjusted to 

correspond to the given loading at the section being analysed. The 

computer program in Appendix C is based on this procedure. There are 

two major disadvantages with this method of analysis. The loading at 

the section being analysed must be known, and the initial guess of 

the strain state must be close to the actual strain state. 



CHAPTER V 

DISCUSSION OF RESULTS AliD CONCLUSION 

The test problems presented in Chapter IV show the reliability 

of the finite element model under several conditions. The first of 

these is the elastic, geometrically linear beam-column. The displace­

ment results obtained are identical to those obtained by direct 

solution. When the reference axis is shifted to different locations 

within the element and even outside the element, the flexural dis­

placements remain constant, and the axial displacements vary linearly 

with respect to the reference axis. This problem indicates that the 

internal node gives a high degree of performance since the strain 

state is predicted accurately regardless of the location of the ref­

erence axis. From this test it can be seen that the model gives good 

predictions for an elastic, geometrically linear beam-column. 

Several examples of an elastic, geometrically nonlinear beam­

column are examined. The first of these is a cantilever beam with an 

eccentrically applied axial load. A comparison with a solution ob­

tained by a method presented by Timoshenko and Gere [15] for loads up 

to approximately 90% of the Euler load give almost identical dis­

placement results. When the same problem is compared with results 

from the Huddleston curves, there seems to be a discrepancy. Within 

a range of 60% below and 60% above the Euler load, the displacement 

results obtained from the four element model are smaller in magnitude 

than those of Huddleston's. A test problem with nine elements give 
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displacement results that are closer to Huddleston 1 s results, but 

only by a small amount. An increase from nine elements to twelve 

causes no change in the magnitude of the displacements, which illu­

strates that further refinement of the element mesh is unnecessary. 

Huddleston's solution assumes axial incompressibility while the finite 

element model considers the effects of axial strain. A cantilever 

beam with a concentrically applied axial load is compared with results 

obtained by Timoshenko and Gere [15J. The loading for this case is 

started at the Euler load to obtain results for the post buckled state 

of the classical perfect column. Displacements obtained from a four 

element beam-column are close to the results from Timoshenko and Gere, 

but when a nine element column is used, the results from the two meth­

ods are identical. As an alternate example for large geometry change 

is a cantilever with a vertical load on the free end. Displacement 

results obtained with a nine element beam are identical to those re­

sults obtained by Bisshopp and Drucker Il] via an elliptic integral 

solution. 

The results obtained from the nonlinearly elastic, geometrically 

linear beam-column are almost identical to the results obtained by 

the method of Gurfinkel and Robinson [6] within the linear range of 

the stress-strain curve. When the displacements become large, the 

Gurfinkel and Robinson routine tends to give higher estimates of the 

strain state of the section being analysed as compared to the results 

via the finite element model. Changing the number of integration 

points seems to have a stronger effect on the results than refining 

the mesh. 
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The finite element model presented proves to be a reliable model 

for use in an algorithm using an energy method of analysis. The 

elastic, geometrically nonlinear beam-column test problem shows that 

the model is good for structural elements which undergo large displace­

ments that involve the coupling of axial and flexural distortions. 

The nonlinearly elastic test problem shows that the model can be used 

in an algorithm that incorporates inelastic material. 

Further studies should be performed on this finite element model. 

Refinements on the optimum mesh size used for a structural member 

should be performed, and with this, some type of a mesh generator 

should be developed which could be based on an even distribution of 

the energy within the member being analysed. Test problems with more 

than one internal node could be investigated to determine if this 

would reduce the necessity of refining the mesh to get improved dis­

placement results. Additional studies need to be performed on the 

nonlinearly elastic case so that more general stress-strain diagrams 

can be used in the analysis. Also, as a more complete study of the 

model, tests on an inelastic, geometrically nonlinear beam-column 

should be conducted. 
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1C 10 0 

~AIN PROGRAM TO ANALYSE STRUCTURES THAT MAY ME GEOMETRICALLY 
NONLINEAR. THE ELEMENT MATERIAL MUST BE LINEARLY ELASTIC SINCE 
THE STRAIN E~ERGY OF EACH ELEMENT IS I~TEGRATED EXPLICITLY. 

WRITTEN IN A~ERICAN STANDARD FORTRAN BY J. C. BRADSHAW, III. 

CARD 1: TIllE CARD. fCR~AT(20A4) 

CARD 2: CCNTROl CARD. FGRMAT(E .O,615,4E1C.O) 
E=YGUNG'S MCDUlUS. 
NJ=NUMBE~ CF JOINTS TO BE I~PUT. 
NM=NUMBER Gf ELEMENTS TO BE INPUT. 
NF=NUM8ER OF FORCES TO READ IN THE FORCING FUNCTICN. 
NINF=QPTIGN NOT TO READ FORCES IN THE FORCING FUNCTION, BUT 

TO INPLT FORCES THROUGH THE LOAD INCREMENT FEATURE. (GT.O) 
OPTIGN TC READ IN INITIAL DISPLACEMENTS. (Ll.O) 

lIMIT=lI~IT CN THE NUMBER CF MINIMIZ'TIONS. 
NPLCT=OPTICN TO PLOT LOAD VERSUS DEFLECTION. (GT.O) 
EPS=OESIREC ACCURACY OR RCUNO-OFf OF GRADIENTS. 
EST=AN ESTIMATE Of THE FUNCTICN VALUE. 
FACT=FACTCR TO NORMALIZE LeADS F PLOTTING. 
DFAC=FACTOR TO NORMALIZE DISPLACEM~NTS FeR OUTPUT. 

CARDS 3: JOINT COORDlhATES AND STATUS. 
FCRMAT(I5,5X,2DIJ ,2X,3Al) 

I=JCINT NUMBER. 
X=X OR 1 DIRECTION COORDINATE. 
y=y OR 2 DIRECTION COORCINATE. 
IR{lJ="R" IF RESTRAINEC IN THE 1 OIRECTICh. 
IR(2)="R" IF RESTRAINED IN THE 2 OIRECTICN. 

o 
EL IN 10 
EL IN 20 
ELIN 30 
ELIN 40 
ElIN 50 
ElIN 60 
ElIN 10 
ELIN 80 
ELIN 90 
EllN leo 
ElIN 110 
ELIN 120 
ELIN 130 
ELIN 140 
ElIN 150 
ElIN 160 
ElIN l1C 
ElIN l8C 
ELIN 190 
ELIN 200 
ElIN 21(1 
ELIN 2 
ElIN 2 
ElIN 24C1 

ELIN 250 
ELIN 260 
ELIN 270 
ELIN 28C 
ELIN 290 
ELIN 300 
ELIN 310 

VI 
"""-l 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
C 
c 
C 
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c 
c 
c 
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IR(3)="R" IF RESTRAINED IN THE 3 DIR TICN. 

C.RDS 4: ELEMENT CARCS. FORMAT(3IS.5X,3010.0) 
~=ElEMENT ~LMBER. 

IP-=MEM8ER ST~RT. 

IQ=MEMBER END. 
B=WIDTH CF THE ELEMENT. 
~=HEIGHT OF THE ELEMENT. 
A=DISTANCE OF REFERENCE AXIS FRCM CENTER ELEMENT. 

CARDS 5: JOI~T fORCI~G FUNCTIC~. FO~MAT(8DIO.O) 

CARDS 6: J(I~T LOADS. fCRMAT(2I5,2DIO.O) 
IJOI=JOl~T TO eE LOADED. 
IDIR=DIRECTICN CF LOAD (1,2, OR 3). 
DS=lOAD ~ULTIPLICATICN CONSTANT. 
ADO=LOAD INC~EMENT VALUE. 

JCINT LOADS MUST BE ENDeD ~ITH A BLANK C~RD. 

CARDS 7: INITIAL DISPlACE~ENTS. FORMAT(SDIO.O) 

ENTIRE DATA [ECK MUST BE ENDED ~ITH TWO 8lA~K CARDS. 

CCMMCN IJOINTSI X(21),Y(21),XDJ(3,21)tF(3,21,40),IJ(3~21),NDF,NJ 
C(MMCN I~AINeKI U(SO).G(SO) 
CC~~CN I~EMe/ C(6.20}.SlRAI~(20)fXLEN(20),IP(20J,IQ(20),NM 
C[MMGN IPLOTSI YO(3,21,40),P(41),NF 
CCMMCN ITAel ILOAO,N~I~,KCU~T 

OIMEhSION TITlE(201, IR{3,21', HN(3480), FOR(40) 
DATA IRE5/1HPI,fOR/40*G.EOI 
C(~TINUE 

ELIN 320 
ElIN 330 
ElIN 340 
ElIN 350 
EL.lN 36C 
ELIN .370 
ElIN 380 
ELIN .390 
ElIN 400 
ElIN 410 
EllN 420 
ELIN 4.30 
El.lN 440 
ElIN 4 

IN 460 
ELIN 470 
ElIN 480 
EllN 490 
ELIN 500 
EltN 510 
ElIN 520 
ELIN 530 
ELIN 540 
EllN 550 
EllN 560 
ElIN 570 
ELIN 580 
ElIN 590 
ElIN 600 
EllN 610 
ElIN 620 
ElIN 630 

IJI 
(Xl 



C 
C 
C 

30 
C 

40 

READ 160, TIlLE 
READ 110, E,~J,NM,NF,NINftLIMITtNPlOTtEPSfESTtFACT,DFAC 
If (E.LE.C.Ee) GO TO 140 
IF (fACT.EQ.C.EQ) FACT = i.EO 
IF (OFAC.EQ.O.EC) DFAC = l.EO 
IF (llMIT.E~.OJ lIMIT=40 
IF (EPS.EQ.C.EO) EPS=1.E-7 
PRI~T 150 
PRINT 220, TITLE 
READ 180, (I,X(I),Y(II,IRCl,I),IR(2,I),IRt3,I),K=1,NJ) 
PRINT 230 

DETERMINE THE JOINT STATUS, AND INDEX FOR ASSEMBLY. 

00 50 J=l,NJ 
CO 40 1=1,.3 
IJII,J)=O 
.XCJ(I,J)=O.EO 
IF (IRCI,J).EQ.IRES) GC TO 30 
~OF=NDF+l 
IJ(I,J)=f\Cf 
C(NTINUE 
I~ITIALIZE T~E fORCE MATRIX. 
DC 40 K= 1, NF 
F(I,J,K)=O.EO 
CCNTINUE 
PRI~l 240, J,X{J),Y(J),IJ(1,J),IJ(2,J),IJ(3,J) 
CCNTINUE 
f\=NDF+NM 
NH=N*(N+1)/2 
Pf<INT 250 
CC 60 K=l,"" 

ElIN 640 
ElIN 650 
ELIN 660 
ELIN 610 
ELIN 680 
ELIN 690 
ElIN 7t;(j 
ELIN 110 
ElIN 720 
ELIN 13C 
ELIN 140 
ELIN 750 
EL IN 760 
ELIN 170 
ElIN 180 
ELIN 190 
ELIN 800 
EllN 81C 
ElIN 820 
ELIN 83C 
ElIN 840 
ELIN 850 
ELIN 86C 
ELIN 810 
ElIN 880 
ELIN 890 
ElIN 900 
ELIN 910 
ELIN Q20 

IN 930 
ELIN 940 
ELIN 950 

U1 
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READ 190 y M,IP(M),IQ(M),B,H,A 
~l=(X(IQ(M»)-X(IP(M)))**2+(Y(IQ(M))-Y(IP(M)))**2 
Xl=SQRT(XL) 
AX=E*H 
lI=B*H**3/12.EO+AX*A**2 
PRINT 260, ~tlP(M),IQC,),Bth,A,XL,AX,ll 

ESTABLISH COEFfICIENTS CF CONSTANT MEMBER PROPERTIES. 

CCl,Ml=AX*E/6./Xl 
CC2,M)=A*AX*E/XL**2 
C(3fM)=lI~E/2./XL**3 
C(4,MJ=AX*E/30./XL**2 
C(5,M)=A*AX*E/6.EO 
C(6,M}=AX*E/280./XL**3 
XlEf\ eM J=Xl 
CCNTINUE 
If (OFAC.NE.l.EO) PRINT 365, OFAC 
If (NINf.GT.O) TO 70 
READ 200, (fCR(I),I=l.NF) 
CCNTINUE 
READ (S,21C) IJOI.IOIR,DS,ADD 
If CIJOI.EQ.Ol GO TO 90 
IF (OS.EQ.C.EO) =l.EO 
AO=ADD 
DC SO IlCAD=l,~f 

ffICIR,IJCI,ILOAO)=(fORtIlOAO)+AO)*OS 
AD=AC+AOC 
CCNTINUE 
GC TO 10 
CCN1INUE 
DC 100 I=l.N 

ELIN 960 
ELIN CJ1C 
EllN 980 
ElIN 990 
ElINl 
ELINIOIO 
ElI"dl020 
ELINI030 
ELINI040 
El1NI050 
ELINl060 
ElINI010 
ElINI080 
ELINI090 
ELINllOO 
ElINII10 
ELINll 
ELINll 
ElINl140 
ElINll50 
ElINl160 
ElINl170 
ELINl18C 
fLINll 
ELIN1200 
ELIN121C 
ElINl220 
ElIN123C 
ElIN1240 
EL I N1250 
ELINl260 
ElIN1270 

0"\ 
o 



100 

c 
c 
c 

110 
C 
C 
C 

c 
c 
c 

115 

L(I)=O.EC 
CCNTINUE 
IFININF.LT.C) READ 200, (U(!l,I=l,N) 
DC 130 Il=lt~F 
NMIt\=-1 
IlOAD=Il 

PRI~T OUT ThE JOINT LOAC MATRIX. 

PRINT 370 
PRINT 345, IlOAD 
PRINT 350 
CO 110 J=l,l\J 
PRINT 340, J,(FII,J,ILCAD),1=1,3) 
CCNTINUE 

CALL THE MINIMIZATION ROUTINE FeR EACH LOAD STEP. 

CAll OfMFP (~H,N,FUN,ESTtEPS,LI~IT,lER,HN) 

PRIl\T OUT T~E RESULTS fROM T~E MtNIMIlATICN PROC S. 

IF (IER.fQ.C) PRINT 27C 
IF (IER.fe.l) PRINT 28C 
IF (IER.EQ.-l) PRINT 2~C 
IF (IER.EQ.2) PRINT 30e 
PRI~T 310, KCUNT,NMIN 
PRINT 320, fUN~(G(I),I=l,N) 
FRINT 330 
DC 120 J=l,NJ 
DC 115 1=1,2 
YD(I,J,IlCAO)=XDJ(I,J)/OFAC 

ElIN1280 
ElIN1290 
ElIN1300 
ELIN131C 
ELIN1320 
ElIN1330 
ELIN1340 
El1Nl.350 
El.IN1360 
ELIN1370 
ElIN1380 
ElIN1390 
ElIN1400 
ELIN1410 
ElIN1420 
ELINI43C 
ELIN1440 
ElIN1450 
ELIN1460 
ELIN1470 
ELIN1480 
ElIN1490 
ELIN1500 
ELIN1510 
ELIN152C 
ELIN153C 
ELIN1540 
ELIN155C 
ElIN1560 
ELIN1570 

INI580 
ELIN1590 

0\ 
1-1 



(3,J,IlGAC) = XDJ(3.J) ElIN1600 
PRINT 340, Jt(YD(IfJtIlCAD)~I=1,3) ELIN1610 

120 CCNTINUE ElIN1620 
PRINT 342 ELIN1630 
DC 124 M=l,N~ ELIN1640 
PRINT 343, ~,U(NDF+M) ElIN1650 

124 CCNTINUE ELIN1660 
PX = ABS(F(l,NJ,ILOAD) ELIN1670 
P(IlOAD) = PX/FACT ElI~1680 

130 CCNIINUE ELIN1690 
P(NF+l) = O.EO ELINll00 
IF (NPlOT.GT.O) CAll YCEF ElINll10 
GO TO 20 ELIN1720 

140 NTINUE ElINl130 
PRINT 150 ElIN1740 
PRINT 360 ElIN1750 
STOP ElIN176C 

C ELINl170 
150 FGR~AT (lHIJ ElINl180 
160 feRMAT (20A4) ElIN1790 
170 FCR~AT (EIO.O,615,4EI0.Q) ElIN1800 
180 fCR~AT (I5,5X,2EI0.0,2X,3Al,45X) ElINIBIO 
190 FeRMAT f3I5,5X.3EIO.O,30X) ElIN1820 
200 FCR~AT (SEIC.O) ElIN1830 
210 FCPMAT (215,2EIO.O,5CX) ELIN1840 
220 feRMAT (lHO,TIO,20A411) ElIN1850 
230 FCR~AT (lHC,12C,28HJCI~T CCCRDINATES AND STATUSIIT1,5HJOINT,9X,lHXElIN1860 

1,12X,lHY,9X,2HOX,3X,2HCY,3X,2HOZI/) ElIN1810 
240 FORMAT (lH ,19,I2,6X,2(F8.3,5X),3(I3,2X)/1 ELIN1880 
250 FOR"AT (lHO,T29,lBHELEMENT PROPERTIESIIT6,7HElEMENT,4X,5HSTART,4X,ELIN1890 

13PE~Ot3X,5HhIDTHt6X,6HHEIGHT,9X,1HA,7X,6HlENGTH,7Xt4HA A,6X,7HINEElIN1900 
2RTIAI/J ElIN1910 

0'\ 
N 



260 FOR~AT (lH ,19,I2,1X,I3,4X,I3,6(4X,F8.4)/J ElIN1920 
270 FORMAT (lHO,TIO,24HCCNVERGENCE ~AS OBTAINED/) ElIN1930 
280 FeRMAT (lHO,TIO,34HNO CCNVERGENCE IN lI~IT ITERATIONS/) ELIN1940 
290 FORMAT (lHO,TIG,30HERRCRS IN GRADIENT CALCUlATIGN/) ElIN1950 
300 FeRMAT (lHO,TIO,33HlINEAR SEARCh TECHNIQUE INOICATES/TIO,41HIT IS ElIN1960 

lLIKELY THAT THERE EXISTS NO MINIMUM/) ELIN1970 
310 FCR~AT (lhO,TIO,I4,29H ~INI~IZATICNS HAVE BEEN MADE/TIO,I4,21H FUNElIN1980 

leTICN SUBROUTINE CAllS.III) ELINl990 
320 FORMAT (lHO,11C,11HFUNCTION VALUE = ,E16.8,IITlO,11HGRAO[ENTS :// ELIN2000 

1 20(TIO,6(E16.8,2X)/)) ElIN2010 
330 FORMAT (IHO,124 t 19HJGINT DISPLACEMENTSIIT1,5HJOINT,12X,2HOX,19X,2HElIN2020 

IDY,19X,2HDZI/) ELIN203C 
340 FCRMAT (lH ,T9,I2,6X,3tE16.7,5X)/) ElIN204C 
342 FOR~AT(lHatTl1,26HINTERNAl NODE OISPlACEMENTIIT18,7HElEMENT,12X, ElIN2050 

1 2HL411) ELIN2060 
343 FORMAT(lH ,T21,12,lX,Elt.8/) ELIN2070 
345 fGRMAT(lH ,TIO,lOHLOAO STEP ,12/) ELIN2080 
350 FORMAT (lHO,T28,llHJOINT LOADSIIT1,5HJOINT,13X,lHX,20X,lHY,20X,lHZElIN2090 

111) ELIN2100 
360 fORMAT (IHC,TI0,46H===== NCRMAl COMPlETICN OF THE PROGRAM =====/ElIN2110 

11) ELI~2120 
3t5 FeRMAT (lHC,T6,SOHOISPlACEMENTS HAVE BEEN NOR~ALIlED BY A FACTOR CELIN2130 

IF ,F16.8111) ELIN2140 
370 feRMAT (lHO,EDIlH-JII) ELIN2150 

END ELIN2160 
CFUNC 10 10 -0 0 

SUBROUTINE FL~CT (N,FUN) FUNC 10 
ceHMCN IJOI~TSI X(21),Y(21),XDJ(3,21),F(3,21,40),IJ(3,21),NDF,NJ FUNC 20 
CC~MON IMAINBKI U(SO),G(SO) FUNC 30 
CCMMCN I~E~BI C(6,20},SlRAI~(2J),XlEN(20),IP(20),IQ(20Jt~~ FUNC 40 
CCMMON ITABI IlOAD,NMIN,KOUNT FUNC 50 
CCM~GN ITRANS/ Ul,U2,U3,U4,DX1,DX2,OUl,DU2,C3,S3.S13,CI3,UI3 FUNC 60 

0'\ 
W 



c 
c 
c 
c 

c 
c 
c 
c 

10 

c 
c 
c 

20 
C 
C 
C 

c 

I\tJ If\-=NMI ""'1 
FUN-=O.EO 
CC 10 J= 1 ,f\J 
DC 10 1=1,3 
IF (IJ(I,J).EQ.O) GC TO 10 

PUT VALUES I~TO THE JOI~T DISPLACEMENT MATRIX FROM THE 
GENERALIZED COORDINATES MATRIX. 

XOJ(I,J)-=U(IJ(I.J)) 

CALCULATE ThE PART OF EACH GRADIENT WHICH IS DERIVED FROM 
THE EXTE~NAl WORK. 

GtIJ{I,J»)=-F(l,J,ILGAt} 
C( NT INUE 
DC 20 M=I,NM 
U4=U(NOF+M) 
CALL DEFO (H) 
CALL STRN (M) 
CALL GROT (PI) 

CALL GRAD f~) 

ACCUMULATE T~E STRAIN ENERGY FRC~ EACH ELEMENT. 

FU~=FUN+ST~AIN(~) 

CCNTINUE 

CCMPUTE THE TOTAL EXTERNAL WORK. 

CALL POlE (CfJ.EG) 

FUNC 10 
FUNC 80 
FUNC 90 
FUNC 100 
FUNC 110 
FUNC 120 
FUNC 130 
FUNC 140 
FUNC 150 
FUNC 160 
FUNC 170 
FUMe 180 
FUNC 190 
FUNC 200 
FUNC 210 
FUNC 220 
FUNC 230 
FUNC 240 
fUNC 250 
FUNC 260 
FUNC 270 
FUNC 280 
FUNC 290 
fUNC 300 
FUNC 310 
FUNC 320 
FUNC 330 
FUNC 340 
FUNC 350 
FUNC 360 
FUNC 370 
FUNC .380 

0\ 
+'-



C CALCULATE T~E TCTAl WCRK CF THE SYSTEM. 
C 

fU~=FUN+(~EG 

RETURN 
END 

CDEFt 10 10 -0 
SUBRCUTI~E OEFC (M) 

c 

CCMMCN IJOINTSI X(21),Y(Zl),XDJ(3,211,f(3,21,40),IJ(3,21),NOF,NJ 
CCM~CN IMEMBJ C'6,20)tSTRAI~(20),XLEN{20J,IP( ),IQ(20),NM 
CC~~CN ITRA~SI Ul,U2,U3,U4,OXl,DX2,DUl,DU2,C3,S3,SI3,CI3,UI3 
I=IP(M) 
J=IQ(~) 

OXl=(X(JI-X{I» 
CX2=(Y(J)-YII» 
CL1=(XDJ(1,Jl-XDJ(1,I) 
QU2=(XDJ(2,J)-XOJ(Z,I» 
UI3=XDJ(3,l) 
[U3=XDJ(3,J)-UI3 

C GECMETRICALLY NONLINEAR: UNLIMITED RIGID-BODY MOTIONS, 
C eEAM-COLUMN OISTORTICNS. 
C ROTATIONAL TRANSFORMATICN PARA~ETEP-S: GLOBAL TO DEFORMED JOINT I. 
e 

c 

513= SlN(UI3) 
C13= COSlUI3) 
5132= SI~(UI3J2.EOJ**2 

C DISTORTICNS CF MEMBER ~ IN JOINT-I CCORDI~ATES (TRANSLATIONAL). 
C 

c 

C1=-2.EO*SI32*CX1+S13*(CX2+DU2)+CI3*CUl 
D2=-SI3*(OXl+DUl)-2. SI32*OX2+CI3*OU2 

FUNC 390 
FUNC 400 
FUNC 410 
fUNC 420 
fUNC 430 

0 
DEfO 10 
OEFO 20 
DEFO 30 
DEFO 40 
DEFO 50 
DEFO 60 
DEFO 10 0"'1 

DEFO 80 V1 

DEFO 90 
OEFO 100 
DEfO 110 
DEFO 120 
DEFO 130 
DEFO 140 
DEFO 150 
DEFO 160 
OEFO 170 
DEFO 180 
DEFO 19C 
DEFO 200 
DEfO 210 
DE 220 
DEFO 230 
OEFQ 240 
OEFO 250 
DEFO 260 



C ROTATIONAL TRANSFORMATION PARAMETERS: GLOBAL TO LOCAL (UNDEfORMEO DEFO 
C ~EMBER) CC~VENTICN FOR 'E~BER AXES: I-AXIS FROM JOINT I TO J, DEFO 
C 3-AXIS WITH SAME SENSE AS 3-GLOBAL, 2-AXIS TG FORM A OEFO 
C RIG~T-HANOEC TRIAD. OEFO 
C DEFO 

C 
C 
C 

C3=CXI/XlEN(~) 
S3=DX2/XLEN(~) 

ROTATIONAL TRANSFORMATICN: GLOBAL TO INITIAL LOCAL. 

lJl-=C3*Ol+S3*C2 
U2=-53*01+C3*02 
U3=OU3 
RETURN 
Et\D 

OEFO 
DEFO 
DEFD 
OEFO 
DEFO 
DEFO 
OEFO 
DEFO 
DEFO 
DEFO 

CSTRN 10 10 -0 
SUBRCUTIhE STRN (") STRN 
REAL l STRN 
CC~MCN I~EMBI C(6,20),STRAIN(20),XlEN{20.,IP(20),IQ(20),NM STRN 
COMMON ITRANSI Ul,U2,U3,U4,DXl,CX2,OUl,DU2,C3,S3,SI3,CI3,UI3 STRN 
L=XlEN{M) STRN 
STRAINCM)=C(l,M)*(1.*Ul*.2-16.*Ul*U4+16.*U4**2)+C(l,M)*(-4.*Ul*U2+STRN 

13.*l*Ul*U3+8.*U4*U2-4.*l*U4*U3)+C(3,M)*(12.*U2**Z-12.*L*U2*U3+4.*LSTRN 
2**2*U3.*2)+C{4 t M)*(18.*Ol*U2**2.3.*L*Ul*U2*U3+4.*l**2*Ul*U3**2-12.STRN 
3*t*U4*U2*U3-4.*t**2*U4*U3**2)+C(S,M)*U3**3+C(6,M)*(U2*U3**3*L**3+1STRN 
48.*U3.*2~U2**2*l**2-36.*U3*U2**3*l+12 •• U2**4+2.*U3**4*l**4) STRN 

RETURN STRN 
E~D STRN 

CGROT 10 10 -C 
SUBRCUTINE GROT (HI GROT 
REAL L GROT 
CCMMCN ICERlvl DU(4) GROT 

210 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 0\ 
410 0'\ 

0 
if 
20 
30 
40 
50 
60 
70 
80 
90 

1 
110 
120 

0 
10 
20 
3D 



CCMMGN I~EMBI C(6,20),STRAIN(20),XLEN(20),IP(20J,IQ(20),NM GROT 
CCMMCN ITRANSI UltU2,U3,U4,OXl,C~2,DUl,DU2,C3,S3,SI3,CI3,UI3 GROT 
L=XLEN(M) GROT 
OU(1)=C(1,M •• (14.*Ul-16.*U4J+C(2t~}*(-4.*U2+3.*l*U3)+C(4,M)*(18.*UGROT 

12**2+3.*L*U2*U3+4.*L **2*U3**2) GRDT 
DU(4)=C(1,~)*(-16.*Ul+32.*U4)+C(2tM)*(a.*U2-4.*L*U3)+C(4,M)*(-12.*GRDT 

lL*U2*U3-4.*L**2*U3**2J GRDT 
OU(2)=C(2,M)*(-4.*Ul+8 •• U4)+C'3,~)*(24.*U2-12.*l.U3)+C(4,M)*(36.*UGROT 

11*U2+3.*L*Ul*U3-12.*L*U4*U3)+C(6,M)*(U3**3*L**3+36.*U3**2*U2*L**2-GRDT 
21C8.*J3*U2**2*L.288.*U2**3) GRDT 

OU(3)=C(2,M)*(3.*L*Ul-4.*l*U4)+C(3,M)*(-12.*l*U2+8.*L**2*U3)+C(4,MGRDT 
l'*{3.*l*Ul*U2+8.*L**2*Ul*U3-12.*l*U4*U2-8.*l**2*U4*U3)+CC5,M)*3.*UGRDT 
23**2+C(6,M)*{3.*UZ*U3**2*L**3+36.*U3*U2**2*l**2-36.*U2**3*L+8.*U3*GRDT 
!)*t3.*l*Ll*U2+8.*L**2*Ul*U3-12.*l*U4*U2-8.*l**2*U4*U3)+CC5,M'*3.*UGROT 
23**2+C(6,M)*(3.*UZ*U3**2*l**3+36.*U3*U2**Z*l**2-36.*U2**3*l+8.*U3*GRDT 
3*3*l**4) GROT 

RETLRN GROT 
END GROT 

CGRAD 10 10 -0 
SUBROUTINE GRAD (M) GRAD 
CCMMCN IDERIVI DU(4) GRAD 
CCMMCN IJOINTS' X(21),Y(21),XDJ(3,21),F(3,2I,40),IJ(3,21),NDF,NJ GRAD 
CCMMCN 'f.'AINBKI U(BO)tG(SC) GRAD 
CCM~ON /~EMBI C{6,20l,SlRAIN(20),XlEN(20),IP(20),IQ(20),NM GRAD 
CCM~QN ITRANS/ Ul,U2,U3,U4,DX1,DX2,DU1,DU2,C3,S3,SI3,CI3,UI3 GRAD 
I=IP(Ml GRAD 
J = IQ'M) GRAD 
ALPHA = ACOS (OXI/XLEN(MJ) GRAD 
GAMMA = LI3 + ALPHA GRAD 
CB = COS(GA~MA) GRAD 
S8 = SIN(GA~MAl GRAD 
IF{IJ{l.Il.NE.O) G(IJ(l,I»)=G(IJ(l,IJ)+{-CB*DU(l)+SB*DU(lJ) GRAD 

40 
50 
60 
10 
80 
9() 

100 
110 
120 
130 
140 
150 
160 0'\ 

150 -...J 

160 
170 
laC 
190 

0 
10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
IIC 
120 
130 



CPOTE 

10 

CfMFP 

IF(IJ(l,J).NE.O) G(IJ(l,J))=G(IJtl,J))+( CB*DU(1)-SB*DU(2)) GRAD 
IF(IJ(2,I).NE.O) G(IJ(2,I})=G(IJ(2,I))+(-SB*OU(1)-CB*DU(Z)) GRAD 
IF(IJ(2,J).NE.Ct G(IJ(2,J})=G(IJ(2,JJ1+( SB*DU(1)+CB*DU(2J) GRAD 
IF{IJ(3,I).NE.O) GIIJ(3,IJ)=GtIJ(3,I») - out)) GRAD 

1 +(-SS*(CUl+OXl)+CB*(OU2+0X2)*OU(1)+(-Ce*(DUl+DXl)-SS*(DU2+DX2»)GRAD 
2 *DU(2J GRAD 

If(IJ(3,J).NE.C) G(IJC3,J» = G(IJ(3,J)} + DU(3) GRAD 
G(NDF+M)=DU(4) GRAD 
RETURN GRAD 
END GRAD 

10 10 -0 
SLBROUTI~E peTE (OMEG) POTE 
CCMMCN IJCINTSI X(21),Y(21)tXDJ(~,21),F'3,21t40),IJ(3t21),NDftNJ POTE 
CCMMGN ITABI IlOAD,NMIN,KOUNT POTE 
C~EG=O.OEO POTE 
DC 10 J=I,NJ POTE 
CC 10 1=1,3 POTe 
C~EG=OMEG-XDJ(I,J)*F(I,J,ILCAD) POTE 
CCNTINUE POTE 
RETU~N POTE 
END POTE 

10 10 -0 
SUBROUTI~E DFMFP (NH,N,F,EST,EPS,LIMIT,IER,H) FMFP 
DIMENSION H(NH) FMFP 
CCMMON I~AINEKI U(BO),G(80) fMFP 
C(MMCN ITABI ILOAD,NMIN,KOUNT FMFP 
CAll FUNCT (~,Fl FMFP 
IER=O FMFP 
KCUNT=O FMFP 
N2=N+N FMFP 
N3=N2+N FMFP 
h3l=h3+l F~FP 

140 
150 
16(1 
170 
180 
190 
200 
210 
220 
230 

o 
10 
20 
30 
40 
50 
60 
10 
80 
90 

100 

1 

C 
In 
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50 
60 
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80 
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10 K=N.31 FMFP 110 
CC 40 J=l,N FMFP 120 
H(K)=1.EO FMFP 130 
f\J=I\-J FMFP 140 
IF (I\J) 5C,50,20 FMFP 150 

2(; DC 30 L=l,NJ FMFP 160 
Kl=K+L FMFP 170 

30 H(Kl)=O.EO FMFP 180 
40 K'=Kl+l FMFP 190 
50 KCUl\T=KOLNT-+l FMFP 

ClDF=F FMFP 210 
DC 90 J= 1 ,N FMFP 220 
K=N+J FMFP 230 (j'\ 

.,CK)=G(J) FMFP 240 
\0 

K=K+N FMFP 250 
H (K J =U (J) FMFP 260 
J<=J+N3 FMFP 270 
1=0. EO FMFP 28{; 
DC 8'0 L=l,N FMFP 290 
T=T-G(L)$H(K) Ftv1fP 300 
IF Cl-J) 6C,10,70 FMFP 310 

60 1<= K+ I\-L FMFP 320 
GC TO 80 FMFP 330 

10 K=K+l FMFP .340 
80 CCNIINUE fMFP 350 
90 H(J)=T fMFP 360 

DY=C.EO FMFP 310 
HNR~:::O.EO FMFP 380 
C;f\RfJ=O.EC FMFP 390 
DC hJiJ J= 1, N FMFP 4 
~NRM=HNR~+ABS(h(J») FMFP 410 
GNRM=GNRM+ABS(G(J») FMf=P 4.2C 



100 CY=OY+H(J)*GCJ) 
IF (OY) 110.~40,540 

110 IF (HNRM/G~R~-EPS) 540,540,120 
120 FY=f 

ALFA=2.EQ*(EST-F)/DY 
AMBDA=l.EO 
If (ALFA) 15~tI50,130 

130 IF (ALFA-AMECA) 140,150,150 
140 Ati:BCA=ALFA 
150 AlfA=O.EO 
160 fX=FY 

OX=Oy 
DC 110 I=l,N 

110 U(I)=U(I)+A~BDA*H(I) 

CAll FUNCT (~tf) 

FV=F 
DY=C.EO 
DC ISO 1=1,1\. 

180 OY=DY+G(!)*H(I) 
IF (oY) 190,390,220 

190 IF (FY-F~) 2CO,220,220 
200 AM8CA=AMBC~+AlFA 

ALf~=AMBCA 

IF (HNRM*AMBCA-l.ElOI 160,160,210 
210 IER=2 

RETURN 
220 T=O.EO 
230 IF (AMBDA) 240,390,240 
240 Z=3.EO*(FX-FYJ/AMBDA+OX+DY 

ALfA=AMAXl(AeS(Z),ABS(DX),ABS(DY)) 
CALFA=lIAlfls 
DALFA=CALFA*CALFA-DX/AlfA*CY/AlFA 

FMFP 430 
FMFP 440 
FMFP 450 
FMFP 460 
FMFP 470 
FMFP 480 
FMFP 490 
FMFP 500 
FMFP 510 
FMFP 520 
FMFP 5.30 
FMfP 540 
FMFP 550 
FMFP 560 
fMFP 570 
FMfP 580 
FMFP 590 
FMFP 600 
FMFP 610 
FMFP 620 
FMFP 630 
FMF? 640 
FMFP 650 
FMFP 660 
fMFP 670 
FMFP 680 
FMFP 690 
FMFP 100 
FMFP 710 
FMFP 120 
FMFP 730 
FMFP 740 

-.....! 
o 



IF (CALF~) 540,250,250 FMFP 750 
250 W=AlfA* SQRT{OALFA) FMFP 760 

AlFA=DY-DX+W+W FMFP 110 
IF (ALFA) 26C,270,260 FMFP 780 

260 ALFA=(OY-I+W)/AlFA FMFP 790 
GO TO 280 FMFP 800 

270 AlFA=(I+CY-kl/(Z+DX+I+DY) FMFP 810 
280 AlFA=AlFA*AMSDA FMFP 820 

DO 290 I=l,N FMFP 830 
290 UfIJ=U(I)+(T-AlFA)*H(I) fMFP 840 

CALL FUNCT (N,F) FMFP 850 
IF (F-FX) 3QC,300,310 FMFP 860 

300 IF (F-FY) 390,390,310 FMFP 870 -....J 

310 OAlFA=O.EO FMFP 880 I-' 

00 320 I=1,N FMFP 890 
320 CAlfA=DAlFA+G(lj*H(I) FMfP 900 

IF (OALFAI 330,360,36G FMFP 910 
330 IF (F-FX) 350,340,360 FMfP 920 
340 IF (CX-DAlFA) 350,390,350 FMFP 930 
350 fX=f fMFP 940 

DX=CALFA FMFP 950 
T=ALfA FMFP 960 
AMBOA=ALfA FMFP 970 
GC 10 230 FMfP 980 

360 IF (FY-FJ 38(,370,380 fj\l1fP 990 
370 IF (OY-O.lFA) 380,390,380 FMfP10vO 
380 F"t=F FMFPIOIO 

DY=DALFA FMFPI020 
AMBC A=AMBCA- ~l FA FMF P IC30 
GO TO 220 FMFP lO4C 

390 IF (OlOF-F+EPSJ 540,400,400 FMFPIG50 
400 DC 410 J=l,N FMFP1060 



410 

420 

430 

440 
450 
460 

410 

480 
490 

500 

K=N+J 
HIK)=G(J)-H(t<) 
K=N+K 
HCK}=UeJ)-H(KJ 
IER=O 
IF (KOUNT-N) 450,420,420 
1=0. EO 
Z=O.EO 
CO 430 J=1 t N 
K=N+J 
k=H(K) 
K=K+N 
T=T+ABS(H(K») 
l=l+W*HIK) 
IF (HNRM-EPS) 440,440,450 
If (T-EPS) 5SQ,590,450 
IF (KOUNT-LIMIT) 4bO.53C,530 
AlFA=O.EO 
00 500 J=l,N 
t<=J+r-.3 
~=O.EO 
DO 490 L=1,N 
KL=N+L 
W=W+h(KL)*H(K) 
IF (L-J) 41C,480,480 
K=K+f\-l 
GO TO 490 
K=K+l 
CCNTINUE 
K=N+J 
ALFA=AlFA+W*t-fK) 
H(J)=W 

FMFP1070 
FMfP 1080 
FMfPI090 
FMFPIIOO 
FMFPll10 
FMFPl120 
FMFPl130 
FMFPl140 
FMFPl150 
fMFP1160 
FMFPl170 
FMFPl180 
FMFPl190 
FMFP1200 
FMFP1210 
FMFP1220 
FMFP1230 
FMFP1240 
FMFP1250 
FMFP126D 
FMFP1270 
FMFP1280 
FMFP1290 
F~1FP 1300 
FMFP1310 
FMFP1320 
FMFP1330 
FMFP1340 
FMFP1350 
FMFP1360 
FMFP1370 
FMFP1380 

-....J 
N 



IF (Z*ALfA) 510,10,510 
510 K=N31 

DC 520 L=I,N 
Kl=N2+L 
DO 520 J=l,N 
NJ=N2+J 
H(K)=H(K)+h(Kl)*(H(NJ1/Z}-H(L)*(H(J)/ALFA) 

520 K=K+1 
GO Te 50 

530 fER=1 
RETURN 

540 DC 550 J=1,N 
K=1\2+J 

550 U(J)=H(K) 
CAll FUNCT (",F) 
If (GNRM-EPS) 580,580,560 

560 IF (IER) 590.570,570 
510 I ER=-l 

GC TO 10 
580 IER=Q 
590 RETlJRN 

END 
CVDEF 10 10 -0 

SUBRCUTII\E YCEF 
C DUMMY ROtTINE FOR PLOTTiNG. 

RETURN 
END 

CBlOC 10 10 -0 
El KOAlA 
CCMMCN IJCIN1SI X(21),Y(21),XDJ(3,21),F(3f21,40),IJ(],21),NDF,NJ 
DATA NOF/O/,IJ/63*O/ 
El\O 

FMFP1390 
FMFP1400 
fMFP1410 
fMFP1420 
FMFP1430 
fMFP1440 
FMFP1450 
FMfP1460 
FMFP1470 
FMFP1480 
FMFP149C 
FMFP1500 
FMFP1510 
FMFP1520 
fMFP1530 
FMFP1540 
FMFP 1550 
FMFP1560 
FMFP1510 
FMFP1580 
FMFP1590 
FMfP1600 

o 
YDEF 10 
YDEF 20 
YOEF 30 
YOEF 40 

o 
BLOC 10 
BLOC 20 
BLOC 30 
BLOC 40 

....... 
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CNLIN 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

10 10 0 
NlIN 

~AIN PROGRAM TO ANALYSE STRUCTURES THAT MAY BECOME GEOMETRICALLY NlIN 
~CNlINEAR. THE ELEMENT MATERIAL MAY BE NCNLINEARlY ELASTIC NLIN 
SINCE THE STRAIN ENERGV OF EACH EL ENT IS INTEGRATED NUMERICALLY.NLIN 

kRITTEN IN AMERICAN STA~DARD FORTRAN BY J. C. BRADSHAW, III. 

CARD 1 : TIlLE CARD. FORpiAT(20A4) 

CARD 2: CC~TRCl CARD. FORMAT (lOX,615,4E10.0) 
NJ=NUM8ER OF JCINTS TO Be INPUT. 
~~=NUMBER OF ELEMENTS TO BE INPUT. 
NF=NUMBER Of FCRCES TO READ IN THE FORCl~G FUNCTION. 
NINF=OPTICN hOT TO READ FORCES IN THE FORCING FUNCTICN, BUT 

TO INPLT FORCES ThROUGH THE LOAD INCREMENT FEATURE. (NE.O) 
lIMIT=lI~IT CN THE NUMBER OF MINIMIZATIONS. 
NPLCT=OPTICN Ie PLOT LOAD VERSUS DEFLECTICN. (GT.O) 
EPS=IJESIRED ACCURAC.Y OR ROUND-CFF OF GRADIENTS. 
EST=AN ESTIMATE OF THE fUNCTION vALUE. 
FACT=FACTCR lC NORMALIZE LOADS feR PLOTTING. 
DFAC=fACTOR TO ~ORMALIZE DISPLACEMENTS FOR OUTPUT. 

CARD 3 : MATERIAL PROPERTIES. FGRMAT(4DIO.O) 
STN,STRS=PAIRS OF STRAIN AND CORRESPONDING STRESS. 

CARDS 4: JOINT COORDINATES AND STATUS. 
FCR~AT(I5,5Xt2EI0.0,2X,3A1) 

I=JCINT ~UMBER. 
X=X OR 1 DIRECTION COORCINATE. 
y=y CR 2 CIRECTICN CCORDINATE. 
IR(l)=ftR" IF RESTRAI~EC IN THE 1 DIRECTIC~. 

NlIN 
NLIN 
NLIN 
NLIN 
NllN 
NLIN 
NLIN 
NlIN 
NLIN 
NLIN 
NLIN 
NlIN 
NlIN 
NlIN 
NlIN 
NLIN 
NLIN 
NLIN 
NLIN 
NlIN 
NLIN 
NLIN 
NlIN 
NlIN 
NLIN 
NlIN 
NLIN 

o 
10 
20 
30 
40 
50 
60 
10 
80 
'10 

100 
110 
120 
130 
140 
150 
160 
110 
180 
190 
200 
210 
220 
230 
240 
250 
26C 
270-
280 
290 
300 
310 

..... 
IJ1 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

IR(2J="R" IF RESTRAINED IN THE 2 OIRECTIC~. NLIN 320 
IR(3)="R" IF RESTRAI~EC IN THE 3 OIREC1ICN. NLIN 330 

NLIN 340 
CARDS 5: ELEMENT CARDS. FORMAT(315,5X,3DIO.O,2IS) NLIN 350 
M=ElEMENT NU~BER. NlIN 36C 
IP=~EMBER S1ART. NlIN 370 
IC=MEMBER ENe. NlIN 380 
B=WICTH CF l~E ELEMENT. NLIN 390 
H=~EIGHT OF THE ELEMENT. NLIN 400 
A=OISTANCE Of REFERENCE AXIS FRG~ CENTER Of ELEMENT. NLtN 410 
~K=NC. OF GAlSS POINTS ALONG THE LENGTH OF THE ELEMENT. NlIN 420 
MK=NO. Of GAUSS POINTS ACRCSS THE HEIGHT OF THE ELEMENT. NlIN 430 

NLIN 440 
CARDS 6: JCI~T FORCING FUNCTIC~. FORMAT(8DIO.O) NlIN 450 

NlIN 460 
CARDS 7: JCINT LOADS. FORMATC215,2DIO.C) NLIN 470 
IJOI=JOI~T Ie BE LOADED. NlIN 480 
ICIR=DIRECTICN OF LOAD (1,2, OR 3). NllN 490 
DS=LOAO ~ULTIPlICATICN CONSTANT. NLIN 500 
ACD=LOAD INC~E~ENT V~lUE. NLIN 510 

NLIN 520 
JCINT LOADS ~UST BE ENDED WITH A BLANK CARD. NLIN 530 

NlIN 540 
ENTIRE DATA CECK MUST BE E~DED WITH TWO BLANK CARDS. NlIN 550 

NLIN 560 
C(MMeN ICChBK/STN(Z),STRS(2J,E(2) NlIN 570 

MMCN IJCINTSI X(21),Y(21),XDJ{3,21),f(3,21,40),IJ(3,21),NOF,NJ NlIN 580 
C(M~CN I~AINBKI U(80),G(80) NlIN 590 
CCM~ON IME~BI STPAIN(20),XlEN(20),B(201,A(ZO),H(20J,lP(20),IQ(20),NLIN 600 

1 ~KM(20),MKM(20)tNM NLIN 610 
CCM~(N ITRANSI Ul,U2,U3,U4,DXl,DX2,OU1,DU2,C3,S3,SI3,CI3,UI3 NLIN 620 
CCMMCN IPLC1SI YO(3,21,40),P(41),NF NlIN 630 

...... 
0\ 



20 

c 
c 
c 

30 

CCM~CN ISAVBKI ETOP1,ETCP2,E80T1,EBOT2 
CCMMCN ITABI IlOAD,NMIN,KOUNT 
CIMENSION TITlE(20), IR(3,2I}, HN(3480), FOR(40) 
CAIA IRES/IHR/,FOR/40*O.EOI 
CCNTINUE 
READ 160, TITLE 
READ 110, ~J,NMtNFtNINF,LIMIT,NPlOTtEPS,EST,FACT,DfAC 

IF (NJ.LE.C) GO TO 140 
IF (fACT.EO.C.EO) FACT = I.EO 
IF (OFAC.EQ.O.EO) DFIC = I.EO 
IF (LIMIT.EQ.O) lIMIT=40 
IF (EPS.EQ.O.EO) EPS=i.E-l 
PRINT 150 
PRINT 220, TITLE 
READ 115, (STN(Il,STRS(I),I=1,2) 
E(l) = SlRS(lJISTN(l) 
E(2) = (STRS{21-STRSll))/(STN(2)-STN(1)) 
PRINT 225tST~,STRS 
READ 180, (I,X(I),V(I),IR(1,1),IR(2,I),IR(3,I),K=l,NJ) 
PRINT 370 
PRINT 230 

DETERMINE THE JOINT STATUS, AND INDEX FeR ASSEMBLY. 

DC 50 J=l,F\J 
DO 40 1=1,3 
IJ(I,J)=G 
XCJ(I,Jl=O.EC 
If (IR(I,J).EQ.IRES) GG TO 30 
t\DF=NDF+l 
IJ(l,Jj=f\OF 
CCNTINUE 

NLIN 640 
NlIN 650 
NlIN 660 
NllN 670 
NlIN 680 
NllN 690 
NLIN 1eO 
NL.lN 710 
NLIN 720 
NLIN 730 
NlIN 740 
NlIN 150 
NLIN 760 
NlIN '110 
NLIN 780 
NlIN 790 
NlIN 800 
NLIN 810 
NlIN 820 
NlIN 830 
NlIN 840 
NlIN 850 
NlIN 860 
NLIN 870 
NLIN 880 
NlIN 89C 
NlIN 900 
NLIN 910 
NLIN 92C 
NLIN 930 
NlIN 940 
NLIN 950 

o""J 
o""J 



c 

40 

50 

c 
c 
c 

60 
C 
C 
C 

65 

INITIALIZE T~E fORCE MATRIX. 
DC itO K=ltNF 
f{ltJ,K)=O.EO 
F(I,J,K)=O.EC 
CCNTINUE 
PRINT 240, J,X(J),Y(J).IJ(l,J),IJ(2,J),IJ(3.J) 
CCNTINUE 
N=NDf+NM 
f\r=N*(N+7J/2 
PRINT 310 
PRINT 250 
CC 60 K=l,f'ttJ 
READ 190, M,IPCM),IQ(M)tB(M),H(~),A(M)tNKM(M)tMKM(M) 
~L=(X(IQ(MJ)-X(IP(M).).*2+(Y(IQ(~)J-Y{IP(M)))**2 

Xl=SQRTIXl) 
AX = B(M)*HCtJ) 
ZI = B(M)*P(~)**3/12.EC + AX*A(~)**2 
PRINT 260, ~tIP(M),IQ(~),B(~),H(~)tA(M)tXlfAX,lI 

SET DEfAULT ~ALUES ON TrE ~UMBER OF GALSS POINTS. 

If(~KM(M). .0) NKM(~) = 4 
IF(MKM(M).EQ.O) MKM(M) = 2 
XlENCMJ=XL 
CONTINUE 

PRINT OUT THE NUMBER OF GAUSS POINTS FOR EACH ELEMENT. 

PRINT 264 
DC 65 M= 1 ,N~ 
PRINT 266, ~,NKM{M),MK~(M) 
CCNTINUE 

NLIN 9 
NLIN 910 
NLIN 980 
NlIN 980 
NlIN 990 
NllN 
NLIN 
NlINl 
NlINI030 
NL'INI040 
NLIN 50 
NlINI060 
NLINI 
NlINI080 
NLINI090 
NlINIIOO 
NLINIIIO 
NlINl12C 
NLINl130 
NLINl140 
NLINl150 
NLINl160 
NlINl110 
NlINl180 
NLINl190 
NLIN1200 
NlIN1210 
NLIN1220 
NlIN1230 
NLIN1240 
NLIN1250 
NLIN1260 

....... 
co 



7·n v 

80 

90 

100 

c 
c 
c 

110 
C 
C 

PRINT 310 
IF (OFAC.NE.l.EO) PRINT 365, DFAC 
If (NINF.NE.O) GO TO 70 
READ 200. (fCR(Il,I=I,NF) 
CCNTINUE 
READ (5,210) IJCI,ICIR.CS,AOO 
IF (IJOI.EC.C) GO TO 90 
IF (OS.EQ.C.EO) DS=l.EO 
AO=ADD 
DC 80 IlCAO=l,NF 
FIIOIR,IJCI,IlCAO)=(FORCIlOAO)+AO)*OS 
AD=AC+AOC 
CQI\TINUE 
GO 1Q 70 
CCNTINUE 
DC 100 I=l,N 
U(I)=u.EO 
CONTINUE 
DO 130 I l·=l, NF 
f\MIN=-l 
IlOAD=Il 

PRINT OUT THE JOINT LeAD MATRIX. 

PRI~T 370 
PRINT 345, ILOAC 
PRINT 350 
00 110 J=l.NJ 
PRINT 340, J,(F(I,J,IlCAD1,I=l,3) 
CCNTINUE 

C~Ll THE MINIMIZATION RCUTINE FOR EACH LGAD STEP. 

NlIN1210 
NlIN1280 
NlIN1290 
NlIN1300 
NlIN1310 
NlIN1320 
NlIN1330 
NlIN1340 
NlIN1350 
NlIN1360 
NLIN1310 
NLINl.380 
NlIN1390 
NLIN1400 
NLIN1410 
NLIN1420 
NlIN1430 
NLIN1440 
NlIN1450 
NlIN1460 
NLIN1470 
NlIN1480 
NlIN1490 
NlIN1.500 
NLINlSlO 
NlIN1520 
NLIN1530 
NLIN1540 
NLIN1550 
NLIN1560 
NLIN1570 
NLIN1580 

....... 
\0 



c 

c 
c 
c 

118 

120 

124 

CALL DFMFP (~HfN,fUNtESTtEPS,lIMITfIER,H~) 

PRINT OUT T~E RESULTS FROM THE 'INIMIZalICN PROCESS. 

IF (IER.EQ.Ol PRINT 210 
If (IER.EQ.I) PRINT 2BC 
IF (IER.EQ.-l) PRINT 290 
IF (IER.EQ.2) PRINT 300 
PRINT 310, KC~NT,NMIN 
PRINT 320, FUN,(G(I),I=l,N) 
PRINT 330 
DC 120 J=1,NJ 
DC 118 1=1,2 
YD(l,JfIlO~C)=XDJ(I,J)/OFAC 
YO(3,J,llOAO) = XDJ(3,JJ 
PRINT 340, J,(YO(I,J,IlCAD),I=1,3) 
CCNTINUE 
PX = AeSCF(l,NJ,IlCAO») 
PIILCAD) = PX/FACT 
P (Nf"+l)= o. EO 
PRINT 342 
00 124 14=1,"'" 
PRINT 343, ',U(NDF+M) 
ceN T INUE 
PRINT 344 
DC 115 M=1,f\fJ 
(~ll DEFC(M) 
U4 = U(NDF+M} 
fJl\EG = -pi 

CAll STNGtP'.NEG) 
PRINT 346, ~,IP{M),ETGPl,EBOT1 

NLIN1590 
NLIN1600 
NLIN1610 
NlIN1620 
NLIN1630 
NLIN1640 
NLIN1650 
NLIN1660 
NL 11'416 "10 
NLIN1680 
NLIN169C 
NlIN1700 
NLIN1710 
NLIN1720 
NlINl-130 
NLIN1140 
NlIN1750 
NLIN1760 
NLIN111C 
NLINl780 
NLIN1790 
NLIN1800 
NlIN1810 
NlIN1820 
NLIN1830 
NlIN1840 
NLIN1850 
NlIN1860 
NlIN1870 
NLIN1880 
NlIN1890 
NLIN1900 

ex:> o 



PRINT 346, M,IQ(M),ETOP2,EBOT2 NlIN1910 
115 CCNTINUE NLIN1920 
130 CCNIINUE NLIN1930 

IF (NPLOT.GT.O) CALL YCEF NLIN1940 
GO TO 20 NlIN1950 

140 CCNTINUE NLIN1960 
PRINT 150 NLIN1910 
PRI~T 36£ NlIN19 
STOP NlIN1990 

C NlIN2000 
150 FCR~AT CIHl) NLIN2010 
160 FGRMAT (20A4) NlINl020 
110 Fe f< ~ AT ( lOX t 61 5 t 10.0 ) N lIN 2030 
115 FCRpiAT(4EIO.C,40X} NlIN2040 
180 FCR~AT (I5,5X,2EIO.O,2X,3Al,45X) NLIN2050 
190 fCR~AT (3IS,5X,3EIO.O,215,20X) NLIN2060 
2 FC~MAT (SEIO.C) NlIN2010 
210 FCR~AT (215,2EIO.O,50X) NlIN20BO 
220 FORMAT (IHO,llC,20A411) NlIN2090 
225 FeRMAT (lHO,TIOt21H~ATERIAl PROPERTIES :IITIO,8HSTRAIN :,5X, NLIN21CO 

1 2(E16.8,2X)IITIO,8HSTRESS :,5X,2(E16.8,2X)/I) NlIN2110 
230 FORMAT (lHQ,T20,28HJOINT COQROINATES AND STATUSIIT7,5HJOINT,9X,lHXNLIN2120 

1,12X,lHY,9X,2HOX,3X,2HCY,3X,2HDZI/) NLIN2130 
240 FORMAT (lH ,19,I2,6X,2(F8.3,5X),3(13,2XJ/I NlIN2140 
250 fCR~AT (lHO,T29,18HELEMENT PROPERTIESI/T6,7HElEMENT,4X,5HSTART,4X,NlIN2150 

13hEND,3Xf5HWIOTH,6X,6H~EIGHT,9X,lHA,7X,6HlENGTH,7X,4HAREA,6X,7HINENLIN2160 

2RlIA/I) NLIN2110 
FCR~AT (IH ,T9,12,1X,I3,4X,I3,6(4X,F8.4)/) NlIN218G 

264 FOR~AT (lHO,TIO,24HNUMBER CF GAU POINTS :/IT6,7HELEMENT,4X, NlIN2190 
1 6HX-AXIS,4X,6HY-AXIS/) NlIN2200 

266 FORMAT (lHO,T9,I2,8X,I2,8X,I2/) NLIN2210 
270 FeRMAT (1 ,110,24HCCNVERGENCE ~AS OBTjINEO/) NlIN2220 

00 
f-I 



280 FeRMAT (lHC,TIO,34HNO CCNVERGENCE IN Ll~IT ITERATIONS/) NLIN2230 
290 FeRMAT (lHO,TIO,30HERRCRS l~ GRADIENT CALCULATION/. NLIN2240 
300 FeRMAT (lHO,TI0,33HLINEAR SEARCM TECHNIQUE INOICATES/TI0,41HIT IS NlIN2250 

lLIKELY T~AT THERE EXISTS NO MINI~UM/) NLIN2260 
310 FeRMAT (IHO,TIO,I4,29H ~INI~IZATIGNS HAVE BEEN MADE/TIO,I4,27H FUNNlIN2210 

leflON SUBROUTINE CAlLS.IIII NLIN2280 
320 FeRMAT (lHO,TIO,17HFUNCTICN VALUE = ,EI6.8,IITIO,lIHGRADIENTS :11 NLIN2290 

1 20(TIO,6(E16.8,2XI/)) NLIN2300 
330 FORMAT (lHO,T24,19HJCINT OISPlACEMENTSIIT1,5HJOINT,12X,2HDX,19X,2HNLIN2310 

10Y,19X,2HDlll) NlIN2320 
340 FCR~AT (l~ ,19,I2,6X,3(E16.7,5X)/) NLIN2330 
342 FORMAT(lHO,T17,26HINTERNAL NODE CISPLACEMENTIIT18,lHELEMENT,12X, NlIN2340 

1 2HL411J NlIN2350 
343 F(RMAT(l~ ,T21,I2,lX,E16.8/) NlIN2360 
345 fGPMAT(lH ,TIO,lOHLOAD STEP ,12/) NLIN2310 
350 FORMAT IlHO,T28,l1HJGINT LOADSIIT1,5HJCINT,13X,IHX,20X,lHY,20X,lHZNLIN2380 

111) NLIN2390 
344 FCRMATIIHC/T20t20HElEME~T STRAI~ STATEIIT6,1HELEMENT,2X,5HJOINT, NLIN2400 

1 8X,lOHTOP STRAIN,9X,13H8GTTOM STRAIN/I) ~LIN2410 
346 FORMAT(lH ,T9,I2,6X,I2,2(5X,E16.BJ/) NlIN2420 
360 FeRMAT (lHO,TI0,46H===== NORMAL COMPLETICN OF THE PROGRAM =====/NLIN2430 

11) NlIN2440 
365 FORMAT (lHC,16.50HDISPLACEMENTS HAVE BEEN NORMALIZED BY A FACTOR ONlIN2450 

IF ,F16.8111) NLIN2460 
310 FeRMAT (lHO,tOCIH-)II) NLIN2410 

E~D NlIN248Q 
CFUNC 10 10 -0 C 

SUBROUTINE FUNCT (N,FUN) FUNC 10 
CCMMeN IJOINlSJ X(21I,Y(21),XDJ(3,21J,f(3,21,40J,TJ(3,21),NDf,NJ FUNC 
CCMMGN IMAINEKI U(SO),G(SO) FUNC 30 
C(M~CN I~EMBI STRAIN(2G).XLEN(ZO),BC20),A(20),H(20),IP(20),IQ(2C),FUNC 40 

1 ~KM(20)tMKM(20),NM FUNC 50 

(X) 
N 



c 
c 
c 
c 

c 
c 
c 
c 

10 

c 
c 
c 

20 
C 
C 
C 

COMMON ITABI ILOAD,NMIN,KOUNT 
COMMeN ITRANSI Ul,U2,U3,U4,CXl,CX2,OUl,OU2,C3,S3,SI3,CI3,UI3 
N'IN=NMI~+l 
fUN=O.EO 
DC 10 J=l,NJ 
DO 10 1=1,3 
IF (IJ(I,J).EQ.O) GO TO 10 

PUT VALUES I~TO THE JOINT DISPLACEMENT MATRIX FROM THE 
GENERALIZED COORDINATES MATRIX. 

XDJ(I,J}=U(IJ(I,J») 

CALCULATE ThE PART OF EACH GRADIENT WHICH IS DERIVEO FROM 
THE EXTERNAL ~ORK. 

G(IJ{I,J))=-f(I,J,llCAC) 
CCNTINUE 
DC .20 M= 1 , N M 
U4=U(NOF+M) 
CALL OEFC (M l 
CALL STNG (M) 
CAll GRAC (iii) 

ACCUMULATE T~E STRAIN ENERGY FR(~ EACH ELEMENT. 

FUN=FUN+STRAIN(M) 
CCNTINUE 

C(MPUlE lkE TOTAL EXTERNAL ~aRK. 

CALL POTE ((flEG) 

FUNC 60 
FUNC 70 
FUNC 80 
FUNC <}o 
FUNC 100 
FUNC 110 
FUNC 120 
FUNC 130 
FUNC 140 
FUNC 150 
FUNC 160 
FUNC 176 
FUNC laC 
FUNC 190 
FUNC 200 
FUNC 210 
FUNC 220 
FUNC 230 
FUNC 240 
FUNC 250 
FUNC 260 
FUNC 270 
FUNC 280 
fUNC 290 
FUNC 300 
FUNC 310 
FUNC 320 
FUNC 330 
FUNC 340 
FUNC 350 
FUNC 360 
FUNC .310 

co 
w 



C FUNC 
C CALCULATE T~E TOTAL WORK Of THE SYSTEM. FUNC 
C FUNt 

fU~=FUN+(~EG FUNt 
RETU~N FUNC 
END FUNC 

CDEFG 10 10 -0 
SUBRGUTlhE DEft (M) OEFO 
CCMMCN IJCINTS/ X(Z1),Y(21),XDJ(3,21),F(3,21,40),IJ(3,21),NOf,NJ DEFO 
CC~MCN IMEMB/ STRAIN(20),XlEN(2C),B(20l,A(20),H(20),IP( ),IQ(20),OEFO 

1 NKM(20),MKM(20),NM DEfO 
CC"MeN ITRA~S/ Ul,U2,U3,U4,DXl,DX2,DUl,OU2,C3,S3,SI3,CI3,UI3 DEFO 
I=IP(M} DEFO 
J=IC(M) OEfO 
DXl=(X(JJ-X{I) DEFO 
OX2={Y(J)-¥C!» DEFO 
DU1=(XDJ(1,J)-XDJ(1,I» DEFO 
DU2=(XDJ{2,J)-XDJ(2,IJ' OEFO 
UI3=XDJ{3,I} OEFO 
DU3=XDJ(3,J)-UI3 DEFO 

C OEFO 
C GECMETRICAlLY NONLINEAR: UNLIMITED RIGID-BODY MOTIONS, OEfO 
C BEAM-COLUMN DISTCRTICNS. DEFO 
C ROTATICNAL TRANSFORMATICN PARAMETERS: GLOBAL TO DEFORMED JOINT I. DEFO 
C DEFO 

513= SIN{UI3) OEFO 
C13= COS(UI3) DEFO 
S132= SI~(UI3/2.EO)**2 DEFO 

C DEFO 
C DISTORTICNS Cf MEMBER M IN JCINT-[ COORDINATES (TRANSLATIONAL). UEFQ 
C OEFO 

Ol=-2.EO*SI32*CXl+SI3*(CX2+0U2)+CI3*OUl OEFO 
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C2=-SI3*(OXlfDLl)-2.EO*SI32*DX2+CI3*OU2 DEFO 260 
C DEFO 270 
C RCT'TIONAL TRAhSFORMATICN PARAMETERS: GLOBAL TO LOCAL (UNOEFORMED OEFO 28C 
C ME~BER) CONVENTION fOR MEMBER AXES: I-AXIS FROM JOINT I TO J, DEfO 290 
C 3-AXIS WITH SAME SENSE AS 3-GLOBAl, 2-AXIS TO FORM A DEfO 300 
C PIG~T-HANDEC TRIAD. DEFO 310 
C OEFO 320 

C3=DX1/XlEN(~) DEFO 330 
S3=DX2JXlEN(MJ OEFO 340 

C OEFO 350 
C RelATIONAL TRANSFORMATICN: GLOBAL TO INITIAL LOCAL. DEFO 360 
C DEFO 370 

U!=C3*Ol+S3*C2 OEFO 380 
U2=-S3*Ol+C3*02 OEFO 390 
U3=OU3 DEFO 400 
~ETURN DEfO 410 
E~D DEFO 420 

CSTNG Ie 10 0 0 
SUBROUTINE SING (Mt STNG 10 
REAL L STNG 20 
CCM~(N ICC~B~/STN(2),STRS(2),E(2) STNG 30 
CCMMCN /CERI~I DU(4) STNG 40 
C(~M(N IGPTSI AH(lo),X(10)tBH(10)tT{lO),~K,~K STNG 50 
CCMMCN IME~BI STRAIN(2Cl,XLEN(20),B(20J,'(20),H(20),IP(20),IQ(20),STNG 60 

1 NKM(20),~KM(20.,NM STNG 10 
CCMMCN ISAV8KI ETOPl,ETGP2,EBGTl,EBOT2 STNG 80 
COM~C~ ISHAPE/ LP,VP,VPP,S,Y,PIP,P2P,P3P,P4P,P2PP,P3PP,L STNG 90 
DX(PXPl = PXP/L STNG 100 
CY{PXP,PXPP) = (VP*PXP -V*PXFP/l)/L STNG 110 
l = XLEN(IABS(~l) STNG 120 
If(~.LT.C) GC TO 30 STNG 130 
STRAIN(M) = ~.EO STNG 140 

00 
U1 



10 
C 

c 
c 

c 
c 

c 

c 

c 

c 

NK = NKM (4) 
fiK = MKM(~) 
CAll GAUSS 
CONST = E(M).L/2.EO*(H(~)/2.EO) 
CC 10 K= 1,4 
CU(K) = O.EO 
CCNTINUE 
GAUSSIAN ~UA[RATURE. 

DO 20 K=1t~K 
CO 20 J= 1 ,MK 
CHANGING THE A~GUMENT SC THAT ThE lI~ITS FOR GAUSS INTEGRATION 
ARE SATISfIEC ALONG THE AXIS. 
S=(X(K)+1)/2. 
CHANGING THE ARGUMENT SO THAT T~E LIMITS FOR GAUSS INTEGRATION 
ARE SATISFIED ACROSS T~E HEIGHT CF THE ELEMENT. 
Y = A(M) + T(J.*H(M)/2.EO 
THE COMBINED WEIGHTING FACTCR$ AND THE CCNSTANT VALUES. 
BHK = AH(KJ*eH(JJ*CCNST 
A~K = BHK*E(1)/2.EO 
T~E STRAIN AT THE GAUSS PCINT (X,V) • 
CALL SRAf\(STRN) 
T~E STRAIN Ef\ERGY AT THE GAUSS POINT eX,V) • 
USTAR = EHK*(-E(lJ*STNC1)**2/2.EO+E(1)*STN(1)* ABStSTRN) 

1 +E(2)/2.EO*( ABS(STRN)-STNll))**2) 
IF( ABS(STRN).lE.STN(1) USTAR = AHK*STRN**2 
STRAIN(M) = STRAIN(M) + USTAR 
CALCULATE ThE GRADIENTS. 
SGN = O.EO 
IF (STRN.NE.C.EO) SGN = ABS(STRN)/STRN 
VALUE = BHK~(E(1)-E(2)J*STN(1)+E(2)* ABSISTRN))*SGN 
IF( ABS(STR~).LE.STN(l)} VALUE = 2.EO*AHK*STRN 
DU(I) = DU(l) + VALUe*CX(PIP) 

STNG 150 
STNG 160 
STNG 170 
STNG 180 
SING 190 
STNG 200 
SING 210 
STNG 220 
STNG 230 
STNG 240 
SING 250 
STNG 260 
SING 270 
STNG 280 
STNG 290 
STNG 300 
STNG 310 
STNG 320 
STNG 330 
STNG 340 
STNG 350 
STNG 360 
STNG 370 
STNG 380 
STNG 390 
STNG400 
STNG 410 
STNG 420 
STNG 430 
STNG 440 
STNG450 
STNG460 

00 
0\ 



DU(2) :: DU(2) + VALUe*OY(P2P,P2PP) 
DU(3) :: DU(3) + VALUE*DVIP3P,P3PP) 
OU(4) :: DU(4) + VALUE*OX(P4Pl 

20 CCNTINUE 
GC TO 40 

30 CCNTINUE 
IrA :: IABS(~l 

S :: O.EO 
y= A(M) • H(Ml/2.EO 
CALL SRAN(ETCPl) 
Y :: A(M) - H(Ml/2.EO 
CAll SRA"'EBCTl) 
5 = I.EO 
CAll SRANfEE!CT2) 
V = A(M) + H(M)/2.EO 
CAll SRAPdETOP2) 

40 CCNIINUE 
RETURN 
END 

CSRAN 10 10 0 
SUBROUTINE SRA~{STRN) 

REAL L 
CCMMGN ISHAPEI UP,VP,VPP,S,Y,PIP,P2PfP3P,P4P,P2PP,P3PP,l 
C(MMGN ITRANSI Ul,U2,U3,U4,CXl,DX2,OUl,DU2,C3,S3,SI3,C13,UI3 

C ThE OERI~ATIVES OF THE SHAPE FU~CTIaNS : 
PIP=4.*S-I. 
P2P=6.*(-S**2+S) 
P3P:l*C3.*S**2-2.*S) 
P4P=4.*(-2.*S+1.) 
P2PP=6.*(-2.*$+1.J 
P3PP=L*(6.*S-2.J 

C ThE CJMPCNE~TS Cf THE STRAI~ FU~CTlaN : 

STNG 410 
STNG 480 
STNG 490 
STNG 500 
STNG 510 
STNG 52-0 
STNG 530 
SING 540 
STNG 55C 
STNG 560 
STNG 570 
STNG 580 
STNG 590 
STNG 600 

0:> 
SING 610 ""-J 

STNG 620 
STNG 630 
STNG 640 
STNG 650 
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UP = (PIP*Ul+P4P*U4)/L SRAN 
VP = (P2P*U2+P3P*U3)/l SRAN 
vpp = (P2PP*LZ+P3PP*U3J/l**2 SRAN 

C T~E STRAIN I~ THE ELEME~T AT THE PCINT (S,Y). SRAN 
STRN = UP + .5EO*VP.*2 - Y*VPP SRAN 
RETURN SRAN 
E~D SRAN 

CGAUS 10 10 0 
SLBROUTINE G'U5S GAUS 
CCMMCN /GPTSI AH(lOJ,X(10},BH(lO)tT(lO)t~K,MK GAUS 
CIME~SlO~ AAIIO,7), AX(lO,7) GAUS 
DATA AA/2*I.EO,a*O.EO,.SS888889,2*.55555556,7*O.EO,2*.65214515,2*.GAUS 

13478S485,6*O.EO,.56888B89,2*.47862867,2*.23692689,5*O.EO,2*.467913GAUS 
293,2*.36076157t2*.11132449,4*O.EO,.411~5918,2*.38183C05,2*.2797053GAUS 
39,2*.129484S7,3*O.EO,2*.3626S378,2*.3131C665,2*.22238l03,2*.101228GAUS 
454,2*O.EOI GAUS 

DATA AX/.57735021,-.57735027,8*C.EO,O.EO,.77459667,-.77459667 t 7*O.GAUS 
lEO,.33998104,-.33998104,.8E113631,-.86113t31,6*O. ,J.EO,.53846931GAUS 
2,-.53846S31,.9C617985,-.90611985,5*O.EO,.23861919,-.23861919,.6612GAUS 
30939,-.66120~3St.93246951,-.93246951,4.0.EO,O.EOt.40584515,-.405846AU$ 
4515,.74153119,-.14153119,.94910791,-.9491G191,3*O.EO,.18343464,-.lGAUS 
58343464,.52553241,-.52553241,.19666648,-.19666648,.96023986,-.9602GAUS 
68986,Z*O.ECI GAUS 

DC 10 K=lt~K GAUS 
~H(K)=AA(KtNK-l) GAUS 
X(K)=AXIK,NK-l) GAUS 

10 CCNTINUE GAUS 
DC 20 K=l,~K GAUS 
BH(K)=AA(K,~K-1) GAUS 
TCK)=AX(K,~K-l) GAUS 

20 CCNTINUE GAUS 
RETURN GAUS 
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END GAUS 
CGRAD 10 10 0 

SUBROUTINE GRAD (M) GRAD 
CCMMCN ICERI~I DU(4) GRAD 
CCMMON IJGINTSI X(21),Y(21),XOJ(3,21),f(3,21,40),IJ(3,21),NOF,NJ GRAD 
CCMMCN I~AINeKI U(80),G(SO) GRAD 
CCMMeN I~E'BJ STRAIN(20),XlEN(20),B(20),A(201,H(20),IP(20),IQ(20),GRAD 

1 ~KM'201tMKM(2a)tNM GRAD 
CCMMCN 11RA~SI ~ltU2tU3,U4tOXl,OX2fDUl,DU2,C3,S3,SI3tC13,UI3 GRAD 
1=IP(Ml GRAD 
J = IQ(M) GRAD 
ALPHA = ACCSCDXI/XLEN(M» GRAD 
GAMMA = lI3 + ALPHA GRAD 
(8 = COS(GA~MA) GRAD 
58 = SIN(GA~MA) GRAD 
IFCIJel,IJ.NE.O) G(IJ(l,I)=G(IJCl,I»)+(-CB*DU(lt+SB*DU(2» GRAD 
IF(IJ(I.J).NE.O) G(IJ(l,J)=G(IJCl.J»)+( CB*DU(l)-SB*DU(Z}) GRAD 
IF(IJ(2,I).~E.O) G(IJ(2,I»)=G(IJ(2,I)}+(-SB*DU(lJ-CB*DU(2) GRAD 
IF(IJ(2,J).NE.O) G(IJ{2,J))=GCIJ(2,J))+( SB*OU(1}+CB*DU{2») GRAD 
If(IJ(3,It.NE.O) G(IJ(3,I)=G(IJf3,()) - CU(3) GRAD 

1 +(-SB*(OU1+DXl)+CS*(OU2+DX2JJ*DU(1)+(-CB*(OUl+DXlJ-SB*(OU2+0X2»)GRAD 
2 *OU(2) GRAD 

IF(IJC3,J).NE.O) G(IJ(3,J) = G(IJ(3,J» + DU(3) GRAD 
G(NDF+~)=DU(4) GRAD 
RETURN GRAD 
END GRAD 

CPOTE 10 10 0 
SUBROUTI~E PCTE (OMEG) POTE 
COMMON IJCINTSI X(21),Y(ZlJ,XDJ(3,21),F(3,21,401,IJ(3,21"NOF,NJ POTE 
CCMMGN ITABI IlOADtNMI~,KOUNT POTE 
GMEG=O.OEO POTE 
DC 10 J=l,NJ POTE 
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DO 10 1=1,3 
CMEG=OMEG-XDJ(I,Jl*FtI,J,IlOAO) 

10 CCNTINUE 
RETLRN 
Et\O 

CFMFP 10 10 0 
SUBROUTINE OFMFP (NH,N,F,ESTtEPS,LIMIT,IERtHI 
tIMENSIOt-. H(t\H) 
C(M~CN I~AINBKI UC80},GIBO) 
CCMMON ITABI IlOAD,NMIN,KGUNT 
CALL FUNCT (l\,f) 
IER=O 
KCUNT=O 
f\2=N+N 
N3=N2+N 
I\31=N3+l 

10 K=N31 
CG 40 J=I,N 
H{K)=l.EO 
NJ=N-J 
IF (f\J) 50,5<:.20 

20 DO 30 L=l,NJ 
Kl=K+L 

30 H(Kl)=O.EO 
40 K=Kl+l 
50 KCUNT=KGlNT+l 

ClDF=F 
DC 90 J:::l,N 
K:N+J 
H(K)=G(J) 
K=K+N 
htK)=U(J) 

POTE 60 
POTE 10 
POTE 80 
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POTE 100 
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K==J+N3 
T=O.EO 
CO 80 L=ltN 
T=T-GtL)*H(K} 
If (L-J) 60,10,10 
K=K+N-l 
GC TO 80 
K=K+l 
CCNTINUE 
H( J l=T 
DY=O.EO 
H~Rfi=O.EC 
G~J<M=O.EO 

DC 100 J=l,N 
~~RM=HNRM+AES(H(J» 
G~RM=GNRM+AeS(G(J)) 
DY=DY+HeJ)'*G(J) 
IF COY) 110,~4C,540 
IF (HNRM/GNR~-EPS) 540~540,120 
fY=f 
ALFA=2.EC*(EST-FI/DY 
AMBIJA=l.EO 
If (AlfA) 15(,150,130 
IF (ALFA-AMBCAt 140,15C,150 
~MBCA=AlfA 
ALFA=\).EO 
FX=FY 
DX=OV 
DC 17;,J I=l,N 
U(I)=U(I)+A~BDA*H'I) 
CAll FUNCl (~tF) 

FY=f 
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CY=O.EO FMfP 590 
Del a~) I = 1 ., N FMF? 600 

18C DV=DV+GCI)*H(Il FHFP 610 
IF lOY) 190,39C.220 FMFP 620 

190 IF (FY-FX) 200,220,220 FMFP 630 
200 AftI·BCA=AMBCA+AL FA FMFP 640 

AlfA=AMBCA FMFP 650 
If (HNRM*AMBCA-l.ElO) 160,160,210 FMFP 660 

210 IER=2 FMFP 670 
RETURN FMFP 680 

220 T=O.EO FMfP 690 
230 IF (AMBDA) 240,390,240 FMFP 100 
240 l=3.EO*lfX-F~)/AMBDA+DX+OY FMFP 110 \.0 

ALFA=AMAX11ASS(Z).ABSIDX),ABS(OY)) FMFP 720 l'V 

OAlfA=ZIAlFA FMFP 730 
OAlFA=OAlF~·CALFA-OX/AlFA*DY/AlFA FMFP740 
IF (OALfA) S40,250,2SQ fMFP 150 

250 W=AlFA* SQRT(CAlFAJ FMFP 160 
AlfA=DY-OX ..... W FMFP 11C 
If (AlFA) 26G,210,260 FMfP 78C 

260 AlFA=(DY-Z+hIIAlFA FMFP 790 
GO TO 280 FMFP 800 

270 AlfA=(Z+CY-W)/tZ+DX+I+CY) FMFP 810 
280 AlfA=ALF~*AMBDA FMFP 820 

DC 29.0 I=l.N FMfP 830 
2'10 U(I)=U(I)+(T-ALFA)*HII) FMFP 840 

CAll FUNCT (N,F) FMFP 850 
IF (F-FXJ 300,300.310 FMFP 860 

.300 If (F-FYI 390,390,310 FMFP 870 
310 CALfA=O.EO FMFP 880 

00 320 I=1,N FMFP 890 
320 DAlFA=OAlFA+G(IJ*H(I) FMFP 90(; 



If (CALFA) 330,360,360 
330 IF (F-FX) 350,340,360 
340 If (DX-OAlFAJ 350,39C,350 
350 F~:: F 

DX=DALFA 
T=ALF,!\ 
AM8CA=ALFA 
GO TO 230 

360 IF (FY-f) 380,310,380 
310 IF (OY-DALFA) 380,390,380 
380 FY=F 

DY=CAlFA 
AM8CA=AMBC:A-~lfA 
GO TO 220 

3QO IF (CLDF-f+EPS) 540.4CC,400 
400 DC 410 J=l,N 

K=f!¥+J 
~(K)=G(J)-I-t{K) 

t<=f\+K 
410 H(K)=UIJ)-h(KJ 

IER=O 
IF (KOUNT-N) 450,420,420 

420 T=O.EO 
I=O.EO 
DC 430 J=lt~ 
K=t\+J 
W=H(K) 
K=K+N 
T=T+ABS(H(K») 

431) l=I+W*H( K) 
IF (HNRM-EPS) 440,440,450 

440 If (T-EPS) 5S0,590,450 
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450 
460 

470 

4BO 
490 

500 

510 

520 

530 

540 

550 

IF (KOUNT-LI~IT) 460,530,530 
ALFA=O.EO 
00 500 J=l,N 
f(=J+f\3 
"=O.EO 
00 490 l=l,N 
Kl=1\ +L 
w=W+HCKl)*HIK) 
If (L-J) 47C,480,480 
I< =K+ f\-L 
GO TO 49C 
K=K+l 
CCNTINUE 
K=N+J 
ALFA·=ALFA +,,*1-« i<) 
H(JJ=W 
If (Z*ALfA) 510,10,510 
K-=N31 
DC 520 l=l,N 
Kl=N2+L 
DO 520 J=l,N 
NJ=N2+J 
H(K)=HCK)+h(KL)*(H(NJ)/Z)-H(L)*(H(JI/AlFA) 
K=K+1 
GC TO 50 
I ER= 1 
RETURN 
DC 550 J=l,N 
K=N2+J 
U(J'=HCK) 
CALL FUNCT (f\,F) 
IF (GNRM-EPS) 580,580,560 
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560 If (IER) 590,510,570 
570 IER=-l 

GO TO 10 
5S0 I ER=O 
590 RETURN 

Et\O 
CVOEF 10 10 0 
C DUM~Y ROUTINE FOR PLOTTING. 

SUBROUTINE yeEf 
RETURN 
EI\O 

CBLOK 10 10 0 
BLOCK DATA 
CCMMCN IJCINTSI X(21),Y(21),XDJ(3.21),f(3,21,40),IJ(3,ll),NDF,NJ 
DATA ~DF/O/,IJ/63*OI 
END 

FMFP1550 
FMFP1560 
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YOEF 10 
YOEF 20 
YDEF 30 
YDEF 40 
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CSTAT 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

10 10 0 

THIS PROGRAM IS WRITTEN IN fORTRAN EXTENDED FOR A CDC 6600, 
VERSION 3.4. IT MAY BE USED IN WATSIX OR WATFIV ON AN IBM 370 
ev C~ANGING THE END-OF-FILE (EaF) STATEMENTS TO THE FORM USED 
~ITH IBM CO'PU1ERS. 

WRITTEN BY J. C. BRADS~AW, III 

THIS PROGRAM IS BASED C~ AN ALGCRITHM PRESENTED BY GURFINKEL 
AND ROBINSCN AT THE UNIVERSITY OF ILLINOIS, *DETERMINATION OF 
STRAIN DISTRIBUTION AND CURVATURE IN A REINFORCED CCNCRETE 
SECTION SUBJECTED TO BENDING MOMENT AND LONGITUDINAL LOAD*, 
ACI JOURNAL~ JULY 1967. THE METHOD USED IS AN ITERATIVE PROCESS 
BASED ON A TAYLOR EXPAhSIGN. A DISAOVANTAGE TO THIS PROGRAM 
IS THAT THE LOADING MUST BE KNOWN AT THE PARTICULAR SECTION 
T~E STRAIN STATE IS TO BE CALCULATED. 

FOUR DATA CARDS ARE REQUIRED fOR THIS PRGGRAM. 

CARD 1: TITLE CARD. FOR~AT (20A4) 

CARO 2: C(~TRGL CARD. fCR~AT (lE10.0,215) 
PA=AXIAL LeAD eN THE FReE E~D OF THE ELEMENT. 
Q=VERTICAl LCAD ON THE FREE END OF THE ELEMENT. 
BMP=APPLIED ~OME~T ON T~E FREE END, COLNTER-ClOCKWISE DIRECTION. 
Xl=lENGTH OF THE ELEME~T. 
BW=WIDTH OF THE ELEMENT. 
C=DlSTANCE F~aM CENTROICAL AXIS TC THE rep OF THE ELEMENT. 
EPS=OESIREO ACCURACY IN THE ITERATION PReCESS. 
Nl=NUM8ER OF INCREMENTS TO REACH LOADING. DEFAULTS TO 1. 
MCYC=lIMIT ON THE NUMBER DF CYCLES. 

o 
STAT 10 
STAT 20 
STA.T 30 
STAT 40 
STAT 50 
STAT 60 
STAT 10 
STAT 80 
STAT 9(; 

STAT 100 
STAT 110 
STAT 120 
STAT 130 
STAT 140 
STAT 150 
STAT 160 
STAT 170 
STAT 18G 
STAT 190 
STAT 2eo 
STAT 210 
STAT 220 
STAT 230 
STAT 240 
STAT 250 
STAT 260 
STAT 270 
STAT 280 
STAT 290 
STAT 300 
STAT 310 
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c 
c 
c 
c 
c 
c 
C 
c 
c 
c 
c 
c 
c 
c 
c 

c 
C 
C 

c 

1 

2 

STAT 320 
CARDS 3,4: STRESS-STRAIN CURVE. FORMAT (BEIO.O) STAT 330 
STRAIN,STRESS=PAIRS OF STRAIN AND STRESS UP TO SIX POINTS, STAT 340 

BUT NOT INCLUDING THE INITIAL ZERO POINT. STAT 350 
STAT 360 

THE MAIN PROGRAM DOES T~E TAYLOR EXP~NSIC~ AT SPECIFIC POINTS STAT 310 
OF THE ElEME~T. THESE POINTS ARE DETERMINED BY THE DIMENSION X(*)STAT 380 
STATEMENT AND THE DATA X/------I,NlOADI*1 STATEMENT. STAT 390 
T~E PROG~AM CG~PUTES THE BENDING MCMENTS AT EACH OF THESE POINTS. STAT 400 
AT A SECTICN WITH BENDING MO~ENT AND AXIAL LOAD, THE STRAIN STAT 410 
STATE IS FIRST COMPUTED FOR THE AXIAL LOAD. A HALVING PROCESS STAT 420 
IS USED ON ThE MOMENT TO APPROXIMATE THE STRAIN STATE AFTER STAT 430 
CBTAINING T~E STATE kIT~ AXIAL LeAD ONLY. STAT 44C 

STAT 450 
STAT 460 

CCM~CN/MeK/ICYC,NSTAT STAT 410 
CCMMCNISBK/STRESS(1),STRAIN(71,C,H,BW,BMA,BSIGN STAT 480 
CCMMGN/STBK/S(14),E(14),Y(14),8M{12J,Ff12J.YB(12),K,KI STAT 490 
CCM~(N IZ8KI E4,PHI,E40,PHlt STAT 500 
OIMENSla~ TITlE(20) STAT 510 

STAT 520 
THE FOLlOWI~G TWG STATEMENTS MUST BE CHANGED IF MORE POINTS STAT 530 
ARE TO BE CChSIDEREO. STAT 540 
DIMENSION XeS) STAT 550 
DATA X/O.EO,.25EO,.50EO,.75EO,1.EO/,NLOAC/51 STAT 560 

STAT 570 
DATA STRESS(1),STRAINfl)/2*O.EO/tPHI~,E4R/2*1.E-6/ STAT 580 
CCNTINUE STAT 590 
READ (5,39C) TITLE STAT 600 
IF IEaFtS») 200,2 STAT 610 
CCNTINUE STAT 62C 
READ (S,400) PA,Q,BHP,XL,BW,C,EPS,NL,MCYC STAT 630 

\D 
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3 

4 

c 

IF lEOF(S}) 200,3 
CCNTINUE 
READ (5,501) CSTRAIN(I),STRESS(1I,I=2,7) 
IF IEOf(S» 200,4 
CCNTINUE 
IF (IABS(Nl).EC.O) NL = 1 
IF(IA6S(~CYC).EQ.O) Mevc = 100 
IF (A8S(EPS).EQ.O.EO) EPS = 1.E-l 
APA = PA/FlCAT(~l) 
AQ = Q/fLOAT(NL} 
ABMP = B'P/flOAT(NLJ 
H = 2.*C 
DC leo L=l,Nl 
PA = APA*FlCAT(l) 
Q -= Aa*FlGATCL) 
8MP = AB~P*fLOAT{l) 
PRINT 38C,TITLE 
PRINT600,Xl t BW,H,PA,Q,S'P,EPS 
PRINT603. STRAIN,STRESS 
DO 100 J=l,f\lOAO 
NSTAT= G 
BMR = -(l.EO-X(J»*XL*Q - BMP 
015T = X(J'."l 
PRINT601,PA,BMR,OIST 
f\CYC = ICVC := 0 
C~ECK FOR NO LOADINGS. 
IF (ABS(PA).EQ.O.EQ.ANC.ABS(BMR).EQ.O.EO) GO TO 85 
IF (ABS(PA).~E.O.EO) eSIGN = ABS(PAJ/PA 
If (ABS(BMR).NE.O.EO) eSlGN = ABS(BMR)/8MR 
PHI = BSIGN*PHIR 
':4 = 8SIGN*E4R 
SMA = O.EO 

STAT 640 
STAT 650 
STAT 660 
STAT 610 
STAT 680 
STAT 690 
STAT 100 
STAT 110 
STAT 120 
STAT 130 
STAT 740 
STAT 750 
STAT 160 
STAT 770 
STAT 180 
STAT 190 
STAT 800 
STAT 810 
STAT 820 
STAT 830 
STAT 840 
STAT 850 
STAT 860 
STAT 810 
STAT 880 
STAT 890 
STAT 90{, 
STAT 910 
STAT 92(: 
STAT 930 
STAT 940 
STAT 950 

\,,0 
\,,0 



E4D = PHID = BSIGN*(E4*1.E-05 • IO.E-ll) 
C CHECK FOR BENDING MOMENT ONLY. 

If (ABS(PA).EQ.C.EO) B~A = BMR 
C START CYCLING. 
10 CCNTINUE 

C~lL CURVE(E4,PHI,PA,E3,PB,BMB) 
IF (NSTAl.Ee.l) GO TO 100 
If( ABS{PA-PE).lT.EPS.ANO. ABS(B~A-BMBJ.lT.EPS.AND.ABS(8MR-BMB). 

1 LT.EPS) GC TO 90 
Iff ABS(PA-PB).lT.EPS.~ND. A8S(e~A-BMB}.lT.EPS) 

1 CALL ceMP (l,NCYC,BMR) 
IF (NCYC.GE.(MCYC/S» CALL CCMP(-1,NCYC,8MR) 
If(ICYC.LT.MCYC) GO TO 105 
PRINT101,ICYC 

101 fC~MAT(lhO/TIO,ftTHE ITERATION IS TERMINATED BECAUSE THE LIMIT OF 
1 ,14," CYCLES IS EXCEEDED"IIIII) 

GO TO 100 
105 CCNTINUE 

CALL CURVE(E4,PHI+PHID,PA,E3,PPHI,BMPHI) 
IF (NSTAT.EQ.l) GO TO 100 
DPPHI = (PPHI-PB)/PHIO 
OBMPHI = (BMPHI-BMB)/PHIO 
CALL CURVE(E4+E40,PHI,PA,E3,PE4,BME4) 
IF (NSTAT.EQ.l) GO TO 100 
OPE4 = (~E4-FB)/E4D 
DBME4 = (BME4 - BMB)/E40 
DEI = OPPHI*C8~E4-DPE4*CBMPHl 
IF (A8S(BMA).NE.O.EO) GO Te 60 

C CCMPLTE VARIATIONS FOR _XIAL LeAD ONLY. 
PHID = PHI = C.ED 
E4D = (PA-PB)/OPE4 
IF (DET.EQ.O.EO.ANO.EMA.EQ.O.EO) GO TO 10 

STAT 960 
STAT 910 
STAT 980 
STAT 990 
5TATI000 
STATI010 
5TATI020 
S1ATI030 
STAT 1040 
51AT1050 
5TAT1060 
5TA11010 
STATI080 
$TATI090 

II STA T 1100 
5TATI110 
5TAT1120 
STATl130 
5TAT1140 
5TAT1150 
5TAT1160 
STATI110 
STATl180 
5TAT1190 
STAT120C 
STAT121C 
STAT1220 
5TA11230 
STAT1240 
5TAT1250 
STAT1260 
STAT1270 
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60 CCNTINUE 
IF (OET.EQ.C.EO) GO TO 86 

C COMPUTE VARIATIONS FOR GENERAL LeADING. 
PHID = (DBME4*(PA-PB) - DPE4*(BMA-BMB»/DET 
E4D ='-DBMP~l*(PA-PB) + DPPfI*(e'A-BMB)J/DET 

70 CCNTINUE 
PHI = PHI .. PhID 
E4 = E4 + E4C 
Icve = ICVC + 1 
Neve = NCYC .. 1 
GC TO 10 

85 CCNTINUE 
PB = 3MB :: P~l = E4 = G.EO 
GO TO 95 

86 CCNTINUE 
PRINT 640 
GC TO laC 

90 CCNIINUE 
PRINTI03 
PRINTIOl,(I,S(I),E{ l),Y(Il,I=l,K) 
PRlf\Tl02 
PRINTIOl,(I,f(I),BM(I),YBCI),I=l,KI) 

QS CCNTINUE 
PRINT602,PB,EMB,PHI,E4,ICYC 

100 CCNTINUE 
GO TO 1 

200 CCNTINUE 
PRINT 680 
STOP 

390 fCR~AT (20A4) 
400 FGRMAT (7EIO.O,2IS) 
501 FCRMAT(8flO.C) 

STAf1280 
STAT1290 
STAT1300 
STAT1310 
STAT1320 
STAT1330 
STAT1340 
STAT1350 
STAT1360 
STAT1310 
STAT1380 
STAT139C 
STAT1400 
STAT1410 
STAT1420 
STAT1430 
STAT1440 
5TAT1450 
STAT146G 
STAT1410 
$TAT1480 
STAT1490 
5TAT1500 
51AT1510 
STAT1520 
5TAT1530 
5TAT1540 
STAT1550 
STAT1560 
STAT1510 
S1AT1580 
S1A11590 

l-' o 
l-' 



380 FCRt"'AT (lHl,IIIT20,20A4/IJ STAT160G 
600 FCRMATClh 1/15(TIO,lH*/).TIO,52(lH*)/3(TIO,lH*,50XtlH*/)~ STATl610 

1 TIO,lH*,50X,lH*,lO(lH-),3H> P/3(TIO,lH*,50X,lH*/),TI0, 5TAT1620 
2 52(lH*)/TIC,lH*,50X,IH&/4(110,IH*.50X,lH'/),T63,IHQI STAT1630 
3 TIO.20(lH-),5H) XII STAT1640 
4 TIOt"LE~GTH = "FIO.4,ft INCHES "," WIDTH = ",FlO.4," INCHES "51AT1650 
5 ," HEIGHT = ",FIO.4,H INCHES"IITI0,"P = ",FIO.4,H KIPS ft, STAT1660 
6 " Q = ",FIO.4t H KIPS"," M = ",FIO.4," IN-KIPS"II STAT1610 
1 TIO,HCCNVEPGENCE PRECISIC~ = ",E16.811,lOSIIH=) STA11680 

101 FGRMATflH ,(111,I4,3(3X,E12.5}/» STAT1690 
102 FCPMAT(lHOtT12,"Id,9X,"fU,14X,HB~",13x,nYBull) STATI100 
le3 FCRMAT(lHQ/T13,"I", 8X,"S",14X,nE",14X,"Y"/) 5TA11710 
601 FCR~AT(lHIIITIO,"ACTUAl P = ",FIO.4t H KIPS",5X,"ACTUAL M : ",FIO.4STAT1720 

1 ,n IN-KIPS"IIT11,ftX = ",FIO.4t" INCHES"/) 5TAT1130 
602 F C f< ~ AT ( 1 H 1111 1 , " p= ",FlO." S TAT 1740 

1 I" KIPS",12X,"M = ",FIO.4t ft IN-KIPS"IIT15,"PHI = ",E14.1,12X, STAT115G 
2 "E4 = ",E14.71ITIO,"NUMBER OF CYCLES = ",I41110(lH-111) STAT1760 

603 FC~MAT(lHCIITIO,"THE STRAINS ARE: "1ITIQ,1(E12.6,2XIIITIO, 51AT1710 
1 "THE CORRESPONDING STRESSES ARE: "1ITIO,1(E12.6,2X)III08(IH=)/) STATl780 

640 FeRMAT (IHO,15,68H***** THE DETERMINANT OF THE TAYLOR EXPANSION ISSTAT1190 
1 eQUAL TO ZE~O *****111) STATl800 

680 FORMAT (lhOIIT15,29H===== NORMAL COMPLETICN =====1111111) STAT1810 
END STAT1820 

CCCMP IG 10 0 0 
SUBROUT I I\E ceMP (N, Neve, BMR) COMP 10 
CCMMCN/SBK/STRESS(1),STRAIN(7),C,H,BW,fMA,BSIGN COMP 20 
CCM~ON IZEKI E4,PHI,E4D,PHIO COMP 30 
Neve .. : 0 COMP 40 
IF (N.EQ.-1) GG TO 20 caMP 50 
8MA = BMA*2.EO COMP 60 
IF «SMA. EQ.O.EO) SMA = BMR COMP 10 
PHID = BSIG~*(PHI.1.E-05 + 10.£-11) COMP 80 
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RETuRN 
20 CCNTINUE 

B~A = BMA/2.EO 
E4 = PHI = BSIGN*1.E-06 
E4D = PHIC = BSIGN*(E4*1.E-05 + IO.E-ll) 
RETUFN 
END 

CCURV 10 10 0 
SUBROUTINE CLRVE(E4fPHI,PAfE3fP,B~T» 
CCM~CN/MBK/ICYC,NSTAT 
C(MMCN/SBK/S1RESS(7)~STRAIN(7),C,H,BW,e~A,8SIGN 
CCMMCN/STBK/S(14),E(14),V(14),BM(12),F(12),YB(12),K,KI 
CGIA,B,O) = C.(2.*B+AJ/3./IB+A) 
51 = 52 = 53 = S4 = I.EO 
If(E4.LT.O.EC) 54 = -i.EO 
IF(PHI.EQ.O.EO.GR.8MA.EQ.O.EO) GO TO 80 
A = E4/P~I 
e = A - H 
E3 = PHI*B 
IF(E3.LT.Q.EC) 53 = -i.EO 
If(A.GT.~) 52 = -l.EO 
If(A.lT.O.EC) 51 = -i.EO 

C FINO THE FORCE AND MOMENT RESULTANTS fROM THE N.A. TO E4. 
Y(l)=S(l)=E(I)=O.EO 
CO 20 I=2,7 
IF (ABS(STRAINCI)).EQ.C.EO) GO TO 22 
II = 1-1 

C LeCATE E4 eN THE STRESS-STRAIN DIAGRAM. 
If (ABS{E4).lT.STRAIN({)} GC TO 23 

C STORE STRAIN, STRESS, A~O THE lOCATICN FRGM THE N.A. 
E(11 = S4*STRAIN(Il 
5(1) = S4*STRESS(I) 

COMP 90 
COMP 100 
COMP 110 
COMP 120 
COMP 130 
COMP 140 
COMP 150 

o 
CURV 10 
CURV 20 
CURV 30 
CURV 40 
CURV 50 
CURV 60 
CURV 70 
CURV 80 
CURV 90 
CURV 10C 
CURV 110 
CURV 120 
CURV 130 
CURY 140 
CURV 150 
CURY 160 
CURV 110 
CURY 180 
CURV 190 
CURV 200 
CURV 210 
CURV 220 
CURV 230 
CURV 240 

...... 
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23 

24 
C 

c 

20 
21 

22 

25 
C 

c 

VII) = E(I)/PHI 
GC TO 24 
CCNTINUE 
EfI) = E4 
S(I) = S4*(STRESS(II)+(STRESS(IJ-STRESSCII))/CSTRAIN(I)-

1 STRAlh(II»)* ABSIE4») 
~(l) = A 
CCNTINUE 
CC~PUTE THE 'R~ TO EACH STRESS BLOCK. 
Y8(Il) = Y(II) + CGtStII).SII),(Y(I)-Y(II»)) 
CCMPUTE THE fORCE AND THE MCMENT. 
FIll) = BW*(ABS(YtI)-Y(II1»*CS(II)+(SCIJ-S(II))/2.EO) 
8M(II) = V8(II)*F(II) 
IF(Y(IJ.EQ.A) GC TO 25 
CCNTINUE 
CCNTINUE 
PRINT 210, E4,PHI,ICYC 
NSTAT = 1 
RETURN 
CCNTINUE 
PRINT 250,I.STRAIN(I) 
GO 10 21 
CCNTINUE 
FINO THE FORce AND MOME~T RESULTANTS FROM THE N.A. TO E3. 
E(I+IJ=S([+lJ=Y(I+l)=O.EO 
DO ~O J=2,1 
IF (ABSCSIRAIN(J).EQ.~.EO) GO TO 42 
K = I + J 
KK = K - 1 
KI = K - 2 
LeCATE E3 eN THE STRESS-STRAIN CIAGRAM. 
IF (A8S(E3).lT.STRAIN(J) GO TO 43 

CURV 250 
CURV 260 
CURV 270 
CURV 280 
CURV 290 
CURV 300 
CURV 310 
CURV 320 
CURV 330 
CURV 340 
CURV 350 
CURV 360 
CURV 370 
CURV 380 
CURV 390 
CURV400 
CURV 410 
CURV 420 
CURV 430 
CURV 440 
CURV 450 
CURV 4-60 
CURV 470 
CURV 480 
CURV 490 
CURV 500 
CURV 510 
CURV 520 
CURV 530 
CURV 540 
CURV 550 
CURV 560 

........ 
o 
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c 

43 

44 
C 

c 

40 
41 

42 

45 
C 

60 

STORE STRAIN, STRESS, AND THE lCCATICN FROM THE N.A. 
E(K) = S3*STPAIN(J) 
S(K) = S3*ST~ESS(J) 
Y(K} = E(K)/PHI 
GO Te 44 
C(NTINUE 
ElK) = E3 
S(KJ = S3*(SlRESSlJ-1)+(STRESS(J)-STRESSeJ-l)/ 

1 (STRAIN(J)-STRAIN(J-l»)* ABS(E3») 
Y(K) = B 
CCNTINUE 
CCMPUTE THE ARM TO EACH STRESS BLOCK. 
leeKI) = Y(KK) + CG(S(KKI,SCK),(Y(K)-V(KK»)) 
CCMPUTE THE fORCE ANt THE MOMENT. 
F(KI) = BW.(ABS{Y(K)-V(~K)))*(SIKK}+(S(K)-SIKK))/2.EO) 
aM(KI) = Y8(~I)*F(KI) 
IF(Y(K).EQ.B) GC TO 45 
CONTINUE 
CCNTINUE 
PRINT 220, E3,P~ItICYC 
"STAT = 1 
RETURN 
CCNT INUE 
PRINT 250,J,STRAIN(JJ 
GO TO 41 
CCNTINUE 
SUM THE AXIAL FORCE RESULTANTS A~D THE BENDING RESULTANTS. 
P=B~T=O.EO 
DO 60 M=1,11 
p = p + f(M.*S1 
8MT = SHT • EM(MJ*Sl 
CCNTINUE 

CURV 510 
CURV 580 
CURV 590 
CURV 600 
CURV 610 
CURV 620 
CURV 630 
CURV 640 
cURV 650 
CURV 660 
CURV 610 
CURV 680 
CURV 690 
CURV 100 
CURV 710 
CUR V 720 
CURV 730 
CURV 740 
CURV 750 
CURV 760 
CURV 170 
CURV 780 
CURV 790 
CURV 800 
CURY 810 
CURV 820 
CURV 830 
CURV 840 
CUR V 850 
CURV 860 
CURV 870 
CURY 880 

I-' o 
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70 

C 
ao 

c 

120 
121 

122 

123 

90 

210 

DC 10 ~=IfKI 
p :. P + f(M)*S2 
aMT = BMT • BM(M)*S2 
CCNTINUE 
B~T : SMT + (A-C)*PA 
GG TO 90 
FIND THE FORCE RESUlTA~T IF THERE IS NO MCMENT. 
CCI\TINUE 
DC 120 I ;2,1 
IF (ABS(STRAIN(I)).EQ.C.EO) GO Te 122 
II = I-I 
LeCATE E4 eN THE STRESS-STRAIN DIAGRAM. 
IF(ABS(E4).LT.STRAINCI» GO TO 123 
CCNTINUE 
CCNTINUE 
PRINT 230, E4.ICYC 
~SlAT = 1 
RETURN 
CCNTINUE 
PRINT 250,I,STRAINlII 
GC TO 121 
CCNTINUE 
K = 1 
KI -= 2 
Ell) = ElZ) :: E4 
S(l) -= S(2) = S4*(STRESS(II)+(STRESS(I)-STRESS(II)' 

1 (STRAINCI)-STRAIN(II)* ABS(E4)) 
P = F(l) :: B~*H*S(l) 
8Mel) = yell = y(2) :: YBll} = B~l = O.EO 
CCNTINUE 
RETURN 
FORMAT (lHO,15,48H***** TOP STRAIN EXCEEDS STRAIN eN DIAGRAM 

CURV 890 
CURV 90(; 
CURV 910 
CURV 920 
CURV 930 
CURV 940 
CURV 950 
CURV 960 
CURV 910 
CURV 98{) 
CURV 990 
CURVIOOO 
CURVIOIC 
CURVIC20 
CURVI030 
CURVI040 
CURVI050 
CURVI060 
CURV1010 
CURVI080 
CURVIC90 
CU~Vll00 

CURVIllO 
CURV1120 
CURVl13C 
CURVl14Q 
CURVl15C 
CURVl160 
CURVl170 
CURVl18C 
CUJ"{Vl190 

;~****C URV 1200 
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0"\ 



1 IT5tllH*** •• E4 = ,Eib.StIOH PHI = ,E16.8/T5,6H***** ,14, CURV1210 
2 28H CYCLES hAVE BEE~ MADE *****111) CURV1220 

220 FCR~AT (lHO,T5,51H*.*** BOTTCM STRAIN EXCEEDS STRAIN ON DIAGRAM **CURV1230 
1***/T5,llH***** E3 = ,Elb.B,IOH PHI = ,E16.8/T5.6H***** ,14, CURV1240 
2 28H CYCLES ~AVE BEEN ~AOE *****111) CURV1250 

230 FORMAT (lHO,T5,50H***** AXIAL STRAIN EXCEEDS STRAIN eN DIAGRAM ***CURV1260 
1**/T5,llH***** E4 = ,E16.8/T5,6H***** ,14, CURV1270 
2 28H CYCLES HAVE BEEN ~AOE *****111) CURV1280 

250 FORMAT (lHO,T5,13H***** STRAIN(,Il,4H) = ,E16.8,12H IN/IN *****IIJCURV1290 
E~D CURV1300 
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NONLINEAR ANALYSIS OF PLANE FRAMES 

by 

Joel Clinton Bradshaw, III 

(ABSTRACT) 

An investigation was made to test a finite element model of a 

beam-column with geometrical and material nonlinearities. The geo­

metrical nonlinearities result from inclusion of a nonlinear strain­

displacement relation and from the formulation of the equilibrium 

conditions based upon the deformed geometry. Material nonlinearities 

are represented by nonlinearly elastic stress-strain relationships. 

A typical analysis proceeds by calculating the equilibrium states 

corresponding to specific load levels along the load-deflection path. 

These equilibrium states are obtained by minimization of the total 

potential energy of the system. 

The reliability of the proposed finite element model was investi­

gated on the basis of three classes of problems: 1. an elastic, geo­

metrically linear beam-column, 2. an elastic, geometrically nonlinear 

beam-column, and 3. a nonlinearly elastic, geometrically linear beam­

column. Each class of problems was solved by a method independent of 

the energy method to provide a basis for comparison. Computer pro­

grams were developed to compare the finite element model with the 

other methods. 

It was found that the model is reliable for an elastic system 

ranging from the linear displacement state to the post-buckled state. 


