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Dynamics of Small Elastic Systems in Fluid: Tension and Nonlinear-
1ty

Johnathon R. Barbish

(ABSTRACT)

This work explores the physics of micro and nano-scale systems immersed in a fluid. Previous
literature has established an understanding of the fluid-solid interaction for systems including
cantilevers and doubly clamped beams. Building on these advances, this work extends the
theory of doubly clamped beams with an arbitrary amount of tension. Both the driven
and stochastic dynamics of a doubly clamped beam are explored. The driven dynamics are
investigated for a spatially applied harmonic driving force, and demonstrates quantitative
agreement with an experimental beam that is driven electrothermally, in both air and in
water. For the stochastic dynamics, the noise spectrum describes the thermal fluctuations
at a given frequency. The theoretical model provides an analytical expression for the noise
spectrum from an arbitrary number of modes. The noise spectrum of the first eleven modes
are computed, and show excellent agreement with the noise spectrum from finite element
simulations, which is computed from the deterministic ring down. This agreement is shown
across different fluids (air and water), and for multiple measuring points including at the
beam midpoint and the quarter point.

In addition to exploring the linear dynamics of these systems, the case of large perturbations,
resulting in nonlinear dynamics, is explored. This regime is motivated by exploring the
theoretical dynamics of a uniformly shrinking doubly clamped beam. The challenges of
modeling such a beam using finite element simulations are discussed. As a simpler and more
direct alternative to access the nonlinear regime, a virtual beam is defined. The virtual beam
controls the nonlinearity of the restoring force by modifying the Young’s modulus. This work
defines the Young’s modulus such that the restoring force is like a Duffing oscillator. Then,
the dynamics of this virtual beam are explored in air and water, and it is demonstrated that
the Duffing oscillator serves as an appropriate reduced order model for this virtual beam. To
understand the stochastic dynamics of the virtual beam, the stochastic Duffing oscillator is
solved numerically. The ensemble autocorrelation of the beam dynamics are investigated for
nonlinearities varying from linear to strongly nonlinear. The numeric autocorrelation is used
to quantify the range of nonlinear strength where a deterministic approach, the ring down,
can yield a good approximation. In the strongly nonlinear regime, the stochastic numerical
approach is used to determine the autocorrelation.

This research was supported by the National Science Foundation, grant number CMMI-
2001559, and portions of the computations were conducted using the resources of Virginia
Tech’s Advanced Research Computing center.



Dynamics of Small Elastic Systems in Fluid: Tension and Nonlinear-
1ty

Johnathon R. Barbish

(GENERAL AUDIENCE ABSTRACT)

This work explores the physics of small systems immersed in a fluid, such as air or water.
Previous literature has established an understanding of the force from a fluid acting on
solids such as cantilevers and doubly clamped beams. Building on these advances, this
work extends theory to doubly clamped beams with any amount of tension. Both the
driven and stochastic, or randomly driven, dynamics of a doubly clamped beam are explored.
The driven dynamics are developed for a driving force applied over part of the beam, and
demonstrates quantitative agreement with an experimental beam, in both air and in water.
For the stochastic dynamics, the noise spectrum describes the random thermal fluctuations
of the beam at a given frequency. These thermal fluctuations are small, but measureable
deviations of the system from equilibrium and are significant for these small scale systems.
The noise spectrum can be estimated by computing the statistics from many randomly
forced simulations. However, previous literature provides a direct computation of the noise
spectrum with a single deterministic ring down. This work provides an analytical expression
for the noise spectrum of a doubly clamped beam in tension in fluid for multiple modes. The
theoretical noise spectrum shows excellent quantitative agreement with the ring down from
finite element simulations. The agreement between theory and simulation is demonstrated
in air and water, for a measurement of the noise spectrum at the beam midpoint and at the
beam quarter point.

In addition to exploring the linear dynamics of these systems, the case of large perturbations,
resulting in nonlinear dynamics, is explored. This regime is motivated by exploring the
theoretical dynamics of a uniformly shrinking doubly clamped beam. The challenges of
modeling such a beam using finite element simulations are discussed. As a simpler and more
direct alternative to access the nonlinear regime, a virtual beam is defined. The virtual beam
controls the nonlinearity of the restoring force such that the system becomes increasingly stiff
as the displacements become larger. This definition results in the restoring force following a
Duffing oscillator. Then, the dynamics of this virtual beam are explored in air and water, and
it is demonstrated that the Duffing oscillator serves as an appropriate reduced order model
for this virtual beam. For varying nonlinear strengths, the stochastic numerical approach is
used to quantify the dynamics, and the range of usefulness for the deterministic ring down
is investigated.

This research was supported by the National Science Foundation, grant number CMMI-
2001559, and portions of the computations were conducted using the resources of Virginia
Tech’s Advanced Research Computing center.
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E I1M2 ;v Q7 bvbi2K- (C)
E uQmmM;06b KQ/mHmb- (S )

E. 1°Q rBi? "2bT2+i iQr X222 dvi#d+ BTi /2MQi2b i?2 2 Q" rBi?
i?20E®WQ bBKME,VBQM U

f 6 2[m2M+v (>X)

F(t) 6Q +2 +iBM; QM bvhi2K) i iBK2

Fs(t) ""QrMB M 7Q +2 +iBM; QM K Di2K iiBK?2

fn 6 '2[m2M+v Q7 (KQ)Y2

Ff h2MbBQM 7Q +2 (L)

G a?2  KQ/mHmb (S )

Ge(f) 6Q F2MQBb2 bT2+i'mK b 7mM+iB@EM Q)7 7 2[m2M+vV

tpBBB



Gx(f)

p
p

BbTH +XKRRBb2 bT2+i'mK b 7mM+iB@EQ)Y7 7 2[m2M+v
>2B:?i (K)

SH M+Fdb +QMbilOMt CeXeke

"2 KQK2Mi Q7 BM2'iB (K

aT BM;  i2- bT BM; +QMbi Mii? i Bb /2T2Mx2MfiQM i?2 /IBbTH
GBM2 “bT BM; +QMbi Mi (LfK)

*m#B+ bT " BM; +QMbi Mi (LfK

"QHixK MM +QMbi Mi (CfE)

G2M;i? Q7 M Q#D2+i U#2 K-bT BM;- 2i+XV (K)
LmK#2 Q7 bBKmH iBQM T i?b

J bb (F:)

JO/2 MmK#2°

LmK#2 Q7 +QBHD

LmK#2 Q7 bi2Tbh T2 T2 BQ/

LmK#2 Q7 2H2K2Mib

:2M2° HBx2/ KQK2MimK (F; Kfb)

TBi+?- mb2/ QMHvV BM *?X d QM bT BM;b (K)

P(p;) S Q# #BHBiv /2MbBiv Q7 bvbi2HK r Bi?T LBK B K Mn K

Q

q
R
R

=

t

Zm HBiv 7Q=iQ!

:2M2° HBx2/ +QQ /BM i2 (K)

6 2[M2M+v T ° K2i2" U#P2Ib&M )2V -

_/IBmb Q7 bT'BM;-mb2/ QMHv BM *?X d QM bT BM;b (K)
_/IBmb Q7i?2rB°'2Q7 bT BM;-mb2/ QMHvVv BM *?X d QM bT BM
h2KT2" im~2 (E)

hBK2 (b)

tBt



S1lh
SJJ

aBL
gB

JbbHQ /BM; T K2i2-"  iBQ Q7K bb Q7 +VHBM/2 Q7 7THmMB/ iC
h2MbBQM T * K2i2 - iBQ Q7 i2MbBQM 7Q U2 FQLAEED)B+ “2biQ"
*2 ° 4+i2 BbiB+ p2HQ+Biv Q7 7THmMB/ (Kfb)
SQi2MiB H 2M2 ;v Q7 bvbiZKC)+QQ /BM i2
h> Mbp2 b2 /BbTH +2K2Mi (K)
BbTH +2K2Mi (K)
_BbTH +2K2Mi ii?2 2M/ Q7 i?2 + MiBH2p2  (K)

tB H/Bbi M+2 HQM: #2 K (K)
.BbTH +2K2Mi (K)
.2i2°KBMBbiB+ "BM: /QrM (K)
J2 bm 2K2Mi HQ+ iBQM b 7 +iBQM Q7 i?2 #2 K H2M;i?
EMm/b2M MmK#2°

SQHV2i?vH2M2 :HV+QH /B + VvH i2

S2Mi 2 Vvi? ' BiQH i'B + vH i2

SQHVK2i?vH K2i? + vH i2
_2VMQH/b MmK#2°
aBHB+QM@MBi B/2
q2Bbb2M#2 ; MmK#2"

tt



*?2 Ti2 R

AMI Q/m+iBQM

h?2°26b SH2Miv Q7 _QQK ii?2 "Qii

" B+? '/ 62VMK M

JB+'Q M/ M MQ b+ H2 bvbi2Kb "2 +? ° +i2 ' Bx2/#v H2M;i? b+ H2 Q
iIQ #BHHBQMIi? Q7 K2i2' X 6 QK #BQHQ;B+ HT2 bT2+iBp2-i?Bb
i?72 bBx2 Q7 MiB#Q/B2b M/ pB mb2b mT iRXQmM?22 #QHBNB M MT n20HBH
Q7 1i?2b2 bvbi2Kb Bb bB;MB7B+ MiHV /B772 2Mii? Mr? ir2 2tT2 B2|
"2bmHi- M2ri?2Q B2b "2 "2[mB 2/iQ mM/2 bi M/ i?Bb BMi2 2biBM
b+B2M+2-rBi? TQi2MiB HBKT +ibiQK Mv Qi?2 7B2H/b Q7 b+B2M+:
iIQ +?2KBbi'v M/ #BQHQ;vX

RXR L MQb+ H2 avbi2Kb

h?2°2 "2 K Mv /B772 2Mi "2 b Q7 BMi2 2bi BM i?Bb "2;BK2- BM+H|
/| K2Mi H "2b2 "+?X _2+2Mi 2M;BM22 BM; 277Q ib ? p2 BMp2biB; i2
iBQMb- " M;BM; 7°QK i?2 7 # B+ iBQkW)O7 KBB+QBIQM p B MbB+M NI BM;
HBi?Q; T?2v&a3QNVNIiQ TQbBIiBQM M Mep-bMHR Q%D B¥im2(2Mi b2MbBM
THB+ iB)XMAQ( b2MbBM;- 277Q ib BM+HmM/2 i?72 KBMB im"Bx iBQM Q
2i2°B(M/ GB. _ b2MbX'h (?2 KB+ Qb+ H2- iQKB+ 7Q +2 KB+ Qb+(
2M #H2/ K2 bm 2K2Mi Q7 7Q +2b M/ /BbTH +2K2Mib- M/ ? b #2+Q
bm BM; K i2’B HT QT2'iB2b Q7 bQHB/b M/ 7HmB/b BRYRPX B2iv Q-
/IBiBQM HHv- K2i?Q/b Q7 7THmMB/ 7THQr b2MbBM BX2qBiQ2mM/B" BM
iQ 7mM/ K2Mi H T?vbB+b-i?2°2 "2 p "B2ivQ7 T?vbB+ HT?2MQK2
+HmM/BM; KB+ @¥mM#AKHQD (k+ HAb K Mv QKRXthBb rQ FrBHH 7Q +mlt
i?72 i?2'KQ/VM KB+ M/ K2+? MB+ H /vM KB+b Q7 i?2b2 KB+ Q M/ M
bvbi2Kb UL1JaVX

AM Q'/2°iQ mM/2 bi M/ i?2 /vM KB+b Q7 L1Ja- Bi Bb BKTQ i Mi iQ n
7Q°+2b i? i +i QM i?2b2 bvbi2KbX 6 QK KQ/2HBM:; T2 bT2+iBp2-
/QrM BMiQ /2i2 ' KBMBbiB+ M/ biQ+? biB+ TQ iBQMbX h?2 /2i2 ' KBM
i?727Q +2b r?B+? "2 FMQrM 2tTHB+BiHv7Q  HHIiBK2bX 1t KTH2b Q

R
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+iBM; QM L1Ja /2pB+2b BM+HmM/2 bBMMbQBWKRH MMH2Ki ;QZiBK H 7
7B2HKj)X AM 8?2XH2+i'Qi?2'K H +im iBQM Bb KQ/2H2/ b M 2ti2"M H
/IQm#HvV +H KT2/#2 K b M2t KTH2 Q7 M MQK2+? MB+ H2H2+i B+
/12i2 " KBMBbIiBY9X Q +2 (

PMi?2 Qi?2  ? M/-biQ+? biB+ 7Q +2b "2 M/QKHvV +?Qb2M 7 QK
#miBQMX b "2bmHi Q7 biQ+? biB+ 7Q +2b- i?2 bvbi2K /vM KB+b
[2b+ " BTIiBQMX h?2 biQ+? biB+ 7Q +2b Q7 KQbi +QM+2"M 7Q " i?Bb
h?2°K H 7Hm+im iBQMb 2 T'2b2Mi BM HH bvbi2Kb i MQMx2'Q
7THmMm+im iBQMb + Tim 2 i?2 2M2 ;v 2t+? M;2 Q7 bvbi2K rBi? Bib i?:
7HmMm+im iBQMb "2 KQ/2H2/ b biQ+? biB+ 7Q +2 +iBM; QM L1Ja
/2pB+2b-i?2 7THmMm+im iBQMb 2p2M i "QQK i2KT2  im'2 "2 K2 bm’ #|
KTH2-i?2 7THm+im iBQMb Q7 M iQKB+ 7Q +2 KB+ 'Qb+QT2 "2 H ;
T 2bbm 2 k§X2aBKBH ~iQ + MiBH2p2'b-i?Bb rQ FrBHH 2tTHQ 2 i?2
IQm#HV +H KT2/ M MQ#X KNYBIRQMXHHM-THX 2b i?2 i?2Q 2iB+ H BM
7Q bvbi2Kb r?2°2 i?2 i?2°'K H7Hm+im iBQMb "2 H ;2 2MQm;? iQ |
MQMHBM2 *~ "2;BK2X

RXk h?2'K H 6Hm+im iBQMb- .BbbBT iBQM-
im iBQM .BbbBT iBQM h?2Q 2K

h?2°K H 7Hm+im iBQMb M/ i?2B" "2H iBQM iQ i?2 /BbbBT iBQM BM
i72 7HmM+im iBQM /BbbBKekBRM22 7¢I Kim iBQM /BbbBT iBQM i?2Q"
BM KQbi bi iBbiB+ H K2+? ROB+IP MHWIPQRHKE2MIB H 2H2K2Mib 2 T
i?Bb /Bb+mbbBQMX

6B bi-r? i "2i?2°K H7Hm+im iBQMb\ *QMbB/2" bvbi2K M/ bm " Q
T2 inT® 6Q bvbi2Kb BM 2[mBHB# BmK- i?2 2[mBT "iBiBQM i?2Q" 2
Q7 i?2 bvbi2K +Q "2bTQM/BM; iQ [m /" iB+ i2 K BM i?2 > KBHiQME
2Mb2K#H2 p2KsT2Q@72M2K3Iv (?2Kk2Bb i?2 "QHixK MM +QMbi MiX JQ/2
KQ/2 Q7 i?2 bvbi2K b bT BM; UrBikXVhBpRHN; TQNVNIBiHMAEM2 ;v Q7
r?22Bb i?2 /BbTH +2K2MiX 6Q  i?2 TQi2MiB H 2M2 ;v-i?2 2[mBT i
Ikx? = lkgT 12272072 M;H2 #  +F2ib/2MQi2i?2 2Mb2K#H2 p2° ;2X h |

Qmi-i?Bb /B 2+iHv H2 /biQ M 2tT 2bbBQM 7Q i?2 Q' /2 Q7 K :MBi

p—. kBT
21 = 2 -
hx2i i

h?Bb bBKTH2 2tT 2bbBQM Bb "2k#RAB®7i?2 /IREBMBIBQRWQF?2B+2 T
i? iki =0- M/ bQ i?2 p "BxM%? QBb Dwdibé h?2 2[mBT “iBiBQM i?2Q" 2
/IBb+mbb2/ BM 7m i?2 kiROBKH BM a2+ X

a2+QM/Hv-r? iBb/BbbBT iBQM\ .BbbBT iBQMBbi?2K2+? MBbK7Q

URXRYV



SYKY MAéadeéfz O - j

2[MBHB# BmKX 1p2°v/ v2t KTH2b Q7 /BbbBT iBQMBM+HmM/2 7 B+iB
imK /BbbBT iBQM 7°QK bvbi2K iQ Bib bm "QmM/BM:bX 6Q  Qm" /Bl
BMi2 2bi2/ BM KQK2MimK /BbbBT iBQM Q7 bQHB/ bvbi2K /m2iQ Bil
BM: 7THMB/X 6Q° bvbi2K BM i?2 K H 2[mBHB# BmK rBi? Bib bm " Q
/IBbbBT iBQMb Q7 i?2 bvbi2K 2 “2H i2/ #v i?2 7HnkdikXBZM HBD b B T
Bi iBp2Hv- i?2 7Hm+im iBQM /BbbBT iBQM i?2Q 2K bi i2bi? ii?2 T
bvbi2K Qmi Q7 2[mBHB# BmK U7Hm+im iBQMbV ‘2 i?2b K2 bi?2T
bvbi2K iQ 2[MBHB# Bm K dKBX bBB bB[@MNB({ iBp2 bi i2K2Mi 2 b [m |
M HQ;-r?B+? T°'QpB/2b K2 Mb 7Q  /2i2 ' KBMBM:; i?2 2Mb2K#H?2 bi
h?mb- i?Bb i?2Q v T°QpB/2b "Qmi2 iQ [m MiB7vBM; i?2 i?2 KQ/v)
7Q°+2b +iBM; QM Qm  L1Ja /2pB+2bX

AM T +iB+2- bQK2 //BiBQM H BMbB;?ib "2 M22/2/ HQM; rBi? i?27
"2KX b M2t KTH2 Q7 r? iiQ/Q7Q  HBM2  "2BTOMbR/FiPULBa /2pB
H B/ Qmi?QriQ [m MiB7v i?2 bi iBbiB+b Q7 i?2 7THm+im iBQMb M/ |
MQMi'BpB H 2bmHib BM+HmM/2i?2 7 +ii? i /IBOTH +2K2Mi M/ 7Q +2
iBK2X h?Bb Bb BMi2 2biBM:;- bBM+2 #2BM: ii?2 K H2[mBHB# BmK t
/>Bp2M #v r?Bi2 MQBb2- r?BH2 i?Bb b?2Qr2/i? i i?2 TQr2 bT2+i mK
K2i?Q/ mb29 #vH M/ *([@bBb BHHmMbi  i2/ KkKXEBIBPM BBKXH2 ? "KQMB +
Qb+BHH iQ  iQ b?Qr ?2Qr iQ mb2 i?Bb K2i?Q/ 7Q" bvbi2Kb rBi? HB
7Q+mb2b QM 2ti2M/BM; i?2jB/PQKTQ QK M MQ®#2 Kb BMé2HWBEQM B M
rBi? bQK2 MQMHBM2 ~ BXbI12KQ RV tPHQ BM: i?2b2 iQTB+b 7m i?22"-
Q7 MQMHBM2 “BivX

RXj] LQMHBM2 "Biv

Lim2 #QmM/brBi? MQMHBM2 °
bvbi2Kbc BM 7 +i i?2v "2 i?72 "mH2
0?27 0?2 Mi?2 2t+2TiBQMX

HB >X L v72?- SX 6" MF S B

MQi?2  2bb2MiB H B/2 “2[mB 2/ Bb i?2 +QM+2Ti Q7 MQMHBM2 "B
+QKTHB+ i2/ M/ H +Fb i?2 +QKT 2?2MDbBp2 i?2Q v i? i Bb p BH #H
Bb M im  H "2bmHi Q7 i?2 /27BMBiBQM Q7 MQMHBM?2 “Biv- r?B+?
HBM2 X h?Bb /27BMBiBQM /Q2b MQi ;Bp2 bvbi2Kb Mv mMBiBM; +?
bvbi2Kb rBi? p biHvV /B772 2Mi +? ° +i2 BbiB+bX bbm+?-2MiB 2 i2t
/2b+ B#BM; MQMHBM2 "BivBM :2M2RX AR Qr72b B3 TH Qv RiZ/K bbb mK T
#Qmii?2ivI2b Q7 MQMHBM?2 "BiB2b T 2b2Mi BM i?2 bvbi2K "2 M2:

LQMHBM2 "Biv BM i?2 bvbi2Kb Q7 BMi2 2bi "Bb2 7' QK BMi2™M H |
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iQ i?72 bvbi2K- ;2QK2i'B+ MQMHBM2 "BiB2b "Bb2 r?2NRH "h2 /27H?2
i?72 bi° BM M/ bi'2bb i2MbQ " i2'Kb + M MQ HQM;2  #2 HBM2 “Bx2/ B
Q7 i?2 bvbi2KX //BiBQM HHv-/ KTBM; + M K MB72bi 7°QK BMi2 M
Kv#2 MQMHBM2 "X 6Q bvbi2KbBMi?BbrQ F-i?2T BK 'vbQm +2
BMi2° +iBQMb rBHH/QKBM i2 MvQi?2 bQm +2b Q7/ KTBM;X h?Bb
rQ"Fr2HH i /2b+ B#BM; i?2b2 bvbi2Kb BKK2 b2/ BM B BMX i2° BM
h?2 7THmB/ /vM KB+b ii?2 KB+ Q M/ M MQb+ H2 "2ivTiB+ HHv[m N
MmK#2 X 6Q° bK HH _2vMQH/b MmK#2* 7HQrb- i?2 +QMp2+iBp2 BM:
aiQF2b 2[m iBQMb + M #2 b 72Hv M2;H2+i2/- "2/m+BM; i?2 7THmB/ /
7THQrX 6m’ i?2  /2i BHb #Qmi KQ/2HBM; i?2 7THmB/ bQHBEEBMIi2  +iB

h?Bb rQ'F 7Q+mb2b QM MQMHBM?2 “BiB2b 7 QK i?2 ;2QK2i v Q7 i?
bvbi2K BMi2> +iBM: rBi? bm "QmM/BM; 7THmMB/X G i2" +? Ti2 b rBI
7°QK i?2 7THMB/ bQHB/ BMi2" +iBQMX h?Bb b2+iBQM BMi Q/m+2b ;2
MQMHBM2 “BiB2b 'Bb2 BM /Qm#Hv +H KT2/ #2 K /m2 iQ H *:2 /B
i2MbBQM 7Q +2 BM i?2 #2 K- + 2 iBRIX h@iBGH NeQNBHB MZ 7B (+ M "Bt
i?72°K H7Q +2b HQM2-7Q° bK HH2MQm:? #2 KX h?2/2i BHb Q7 i?
QM BMOX?X2 2-i?2 #2 KBb /2+QKTQb2/BMiQ /B772 2Mi KQ/2b-2 +?
rBi? bT BM; K bb/ KT2 bvbi2KX h?2 bT 'BM; K bb/ KT2 bvbi2K Bb
b?Qr r?B+? :2QK2i'B+ MQMHBM?2 “BiB2b 2 Q7 BMi2 2bi BM i?Bb rQ

/IB ;" KQ7 bT BM; K bb/ KT2 bvbi2KkBERPZ2Q128 B M B K; Xbb
i?72 +Q277B+B2Mi QKK /BKTIBMbT MBM; +QMbi MiX h?2b2 7Q +2b +QK#
b2+QM/ Hr Q7 KQiBQM- ;BpBM; i?72 2[m iBQM QXK @QiB M RQobi?2 /E
b

mx+ X+ kx=0 URXKkKV

re2°2 /Qi /2MQi2b /IB772 2MiB iBQMtXBIR7 b T+ HKQ B K2

HH +QMbi Mib-i?2M i?Bb Bb HBM2 " Q' /BM v /B772 2MiB H 2[m i
bQHMIBQM 7Q 2 +? b2i Q7 BMBiB H+QM/BiBQMbX >Qr2p2'-B7 Myv
rBi? 2bT2+iiQ i?2 /BbTH2MKRQ@MHBM2 "BiB2b BM i?2 bQHmMIBQM
L1Ja /2pB+2b Q7 BMi2 2bi- i?2 2772+i1 Q7 i?2 THmB/ 7Q +2 QM i?2
?v/"Q/vM KB+ 7TmM+iBQM-r?B+? BM+Hm/2b K bbHQ /BM; M/ pBb+Q
iQ KQ/B7vBM; "P2MK BIKTBMEQ277B+B2Mib-bQ i? ii?2v "2- TmM+iB
#mi "2 biBHH HBM2 " rBi? 2bT2&XhPBL/BOTAR 2RKDMMK2Mi2/ 7Q°
2QK2i ' B2bbm+? b+ MiBH2p2'b M/ /Qm#Hv +H KT2/ #2 Kb-7Q r?E
p BH #HPk(j9X //BiBQM HHv- MQi2i? ii?2 7HmMB/ /Q2b MQi +? M;2
kX 6Q° MQMHBM2 * "2biQ'BM; 7Q +2b- i?2 bT'BM; +QMbixMi Bb 7n
M/ rBHH #2 272 RTIBMKXxX)X h?2 T°BK "vbT BM; " i2 Q7 BMi2 2bi
7Q°K Q7

K(x) = ki(1+ ax?) URXjV

222 Bb i?2 bT ' BM; +QMbi Mi BM i?2 HBKB&x)?7 bK- HH /Bb TH +2 K 2 \
MQMHBM?2 * +Q277B+B2MXrB?BmMMBIBM)Y7 MX 2bmHib BM +m#B+ M
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6B:m 2 RXR, J ;MBim/2 Q7 i?2 .m7jFBBIV RBX® BM;bTH 2 KQMi

i2°22 /B7&2D BMi2b-r?B+? +QMi'QHbi?2 KQmMi Q7 MQMHBM?2 “Biv B
biB77412PH U K Bb 7 QK K¥R2B+? Bb ivIB+ H biB77M2bb Q7 M M
6Qa=0 U2/ HBM2V- Bi Bb bBKTHvV HB M2 0 2HHQ BMBWMQV+2R 262 Db i C
7Q +2BM+ 2 b2b #Qp2i?2 HBM2 ~ + b2- MABID EMDHMQb HEBIZYZ Mi®
"2biQ BM; 7Q +2 /2+°2 b2b +QKT “2/iQ i?2 HBM2 "+ b2- M/ Bb FMC

i?72bT BM; 2biQFBWMZBHQ BB /27BM2/ b
F(x)= Kk(X)x= kx(1+ ax?): URX9V

h?Bb Bb BKTQ i Mi- b i?2 MQMHBM2 "Bjx +Ma # 2K G2 BN MO2?

Q i?aixiZ, 1X gq?2aMj%, O (1)- i?2 MQMHBM?2 "Biv Bb bB;MB7B+ Mi-

B:MQ 2/X hQ /2KQMbi® i2 M 2t KRDH? Qrbii?Rb-26BOXBM; 7RO/ 2 BM 1]
b 7mM+iBQM Q7 i?2 X BN Hp 422 Q07%;0;05) MK2X 6 QK 6BXR

i72 "2biQ BM; 2@ 0+ D7Q@b /BbTH +2K2Mi /2T2M/2Mi #2? pBQ" :Bp2\
IBbTH +2K2MQ#b2 p2 i?2 MQMHBM?2 ~ +QMi B#miBQMbX h?Bb b?Qr
MQMHBM2 "Biv? bQMi?2 #2? pBQ Q7 bvbi2K-2p2M BM i?2 bi iB+
MQMHBM2 *T?2MQK2M ii?2 KB+'Q M/ M MQb+ H2 ‘2 /Bb+mbb2/>

RX9 LQMHBM2 " Jl1Ja M/ L1lJa

LQMHBM?2 “Biv Bb Q7 +m "2Mi BMi2 2bi 7Q " KB+ Q M/ M MQb+ H2 b
? b BMp2biB; i2/ MQMHBM?2 * /vM KB+b 7Q" bj\i2IQmiidy 2 H KTRIB
#2 Khej- M/ M MQ #2 /b BM QJd)B+ hP2bTH (2pBQmb rQ Fb /2KQMbi®
MQMHBM2 * "2bTQMb2 Q7 i?2B" "2bT2+iBp2 bvbi2Kb 7°QK H “:2
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SQbiK 2i(é&XMIB2b2H2" (d) B +mbb i?2 "QH2 Q7 i?2 'K H 7HmM+im il
+mKbi M+2b mM/2 r?B+? bvbi2Kb rQmH/ "2[mB'2 MQMHBM2 " /2b+
im iBQMb "HQM2X i (jBX2tT2 ' BK2Mi HHv Q#b2 p2/ i?Bb T?2MQK2MQ
i?2 7HmM+im iBQMb Q7 + | ZRQMM MOiGH7TQmMM/ i? ii?22 /vM KB+b Q
i?72+ "#QM M MQim#2r2 2 bBKBH "iQ bBKmH i2/ MQMHBM2 " bi BN
62 ' KB@S bi @IH K@hbBMyXngBRIP/PHB o 2tT2 BK2Mi H 2pB/2M+2 Q7 i
Q7 MQMHBM2 " /vM KB+ Hbvbi2K rBi? biQ+? biB+/'BpBM; 7Q +2
rQ'F7Q+mb2b QM mM/2 bi M/BM; i?Bb + b27Q KQ'2 ++2bbB#H2 bv
7Q°i?2Q°2iB+ HHv Q° MmK2 B+ HHv [m MiB7vBM; i?2 bi iBbiB+b Q7
++QKTHBb?2/ rBi? HBM2 "~ bvbi2KbX

gBi?i?2 /p2MiQ7 . T'BMiBM;-+QKTH2t;2QK2i'B2b "2 MQr ++2bbeE
p B2iv Q77 # B+ iBORKKE?QItbK(TH2- i?2 i?2 K H7Hm+im iBQMb
+ MiBH2p2 b- #2 Kb- M/ K2K# M2b ? p2 "29BRXMiHQ 222Q0MKRHBM 12/
;2QK2i"B2b bm+? b ?2HB+M BRMBBR2K M/ DT BM:D H 2 /v #22M
K Mm7 +im 2/ pB j. TTBMiBM; rBi? KBMBKmMK 72 im 2 bBx2 Q7 yX
Hb rBi? p "'vBM; T QT2 iB2b- /2KQMbi® iBM; i?2 #BHBiviQ K Mm7
/IBiBQM HHv- "2+2MirQ'F? b HbQ b?QrM i?2 TQbbB#BHBiv Q7 +Q
bvbi2Kb r?B+? "2 /2bB;M2/ rBi? KmHIiBTH2 K i2'B Hb BMi2 rQp2M I
T ii2”MBX HH Q7 i?2b2 2t KTH2b mb2/ /B 2+i H b2 r'BiBM; U.GqV
7 +imBM; T ' Q+2bbX h?Bb Bb /p Mi ;2Qmb b /B 2+iH b2 r BiBM;
+ M #2 "2Tm TQb2/iQ +°2 i2 Qi?2  KQ 2 +QKTH2t ;2QK2i'B2bX

RX8 .Bbb2'i iBQM G vQmi

h?2 QmiHBM2 M/ bi m+im 2 Q7i?2 2K BM/2 Q7 i?Bb /Bb@2b iBQM
Tm i?22 BMiQ i?2 7Hm+im iBQM /BbbBT iBQM i?2Q 2K- M/ mb2b i?2
bBKTH2 2t KTH2 bvbi2KX h?Bb +? Ti2"  2bi #HBb?2b ?2Qr iQ "2H i2
+mH iBQM iQ i?2 2Mb2K#H2 p2 ;2 Q7 i?2biQ+? biB+/vM KB+bX gB
iQ "2H i2i?2 biQ+? biB+ [m MiBiB2b Q7 bvbi2KiQ bBMjH2 /2i2 K
"2im"Mb iQ KQ/2HBM; KB+ Q M/ M MQb+ H2 /2pB+2b BKK2 b2/ BM
/[2KQMbi® i2b i?2 mb2 Q7 i?2 7TBMBi2 2H2K2Mi K2i?Q/iQ MmK2 B+ I
J1Ja M/ L1Ja /2pB+2b Q7 BMi2 2biX h?Bb +? Ti2 b?Qrbi? ii?2 7BM
#H2 iIQ ++m’  i2Hv + Tim 2 i?2 bQHB/ K2+? MB+b- 7THmB/ /vM KB+b
Q7 i?2 bvbi2KX B22i78B22b biB772MBM; MQMHBM2 "BiB2b- M/ 2tTHC
Q7 i?2 .m77BM; Qb+BHH iQ> 7Q  bQK2 /2i2 ' KBMBbiB+ N/ HiQ+? biB
b?Qr+ b2Qm i?22Q ' v7Q i?2 2bTQMb2 Q7 /Qm#Hv +H KT2/ #2 KrB
i2MbBQMX h?Bb i?2Q v Bb /2p2HQT2/ 7Q i?2/2i2°’KBMBbiB+ + b2 C
/"' Bp2 7Q +2- M/ Bb HbQ /2p2HQT2/iQ ;Bp2 i?2 biQ+? biB+ "2bTQM
i72 K H7Hm+im iBQMbexXb"r@QHPHQEM?>2b<2 + b2b 2 +QKT "2/iQ 2tT2 I
Im+i2/#vQm +QHH #Q iQ b M/ BM+®9TQ i Q24 B MMFEBHBRBX2/iB + H 2
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*? Ti2d2tTHQ 2bi?2/vM KB+b Q7 KB+ Qb+ H2bT BM;b M/ ?Qr KQ 2
? p2 bB;MB7B+ Mi ;2QK2i'B+ MQMHBMR2 i?2 pB +irb X &2bkKHEb B2 BMX2
T°QpB/2 M mM/2 bi M/IBM; Q7 ?Qr bvbi2K mM/2 ;QBM; H ;2 /BbTH +
b .m77BM; Qb+BHH iQ X //BiBQM HHv-i?2 biQ+? biB+ /vM KB+b
+BHH iQ  7Q i?2pB°'im H#2 KBMr i2 ' Bb 2t KBM2/- M/i?2 miQ+Q
i?72 MmK2 B+ H BM; /QrM bi?2 MQMHBM2 "BivBM+ 2 b2bX



*? Ti2 K

> KQMB+ Pb+BHH iQ . Bp2M ;
aiQ+? biB+ 6Q +2

kXR aiQ+? biB+ > "KQMB+ Pb+BHH iQ"

h?Bb +? Ti2  mb2b i?2 biQ+? biB+ HHv /'Bp2M ? "KQMB+ Qb+BHH it
biQ+? biB+ HHv /' Bp2M BXIRPZAKribX 6B ;mKRQ7 ? KQMB+ Qb+BHH iQ"
m-/ KTBM; -i2M/ bT BM; +iKQMbB pIM #v FIXQIb-EBM; L2riQM6éb b2+QM/ k
Q7 KQiBQM "2bmHib BM

mx + X+ kx = F(t) UkXRV

[?2°2i?2 /BbTHX K 2MIM+iBQM Q7 i?BhEK M iBQM Q7 KQiBQM Bb M
bBQM HBx2/ #v +?QQbBML - H2BMKP?bPQ MBI /IQF2 +?2Qb2M “2H2p Mi iQ |
h?2 iBK2 b+ H2 Bblh2ird® 2= kimX gqBi? i?2b2 +?QB+2b 7Q  i?2 H2V
iBK2 b+ H2b-i?2 MQM/BKQMKMB B H BIRM7ZBM2/ "2bT2+iBp2Hv #v

X = XL UkXkV
t = t UkXjV

TTHVBM:; i?2b2 "2H iBRMbDNIQ HHQUnMiBM: 7Q" i?2 /B772 2MiB iBQI
MQM/BK2MbBQM H 2[m iBQM Q7 KQiBQM

x % Q% x =F (t) UkX9V

6B:m 2 kXR, .B :° KQ7/ KT2/ ? "KQMRB+mMb+BHI LI BM: 2QMbi Mi
/| KTBM:- M/ K bb “2bT2+iBp2tHBY LTPi 28 B TiHx + P KKK
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r?2°2iR2Bb i?22 /2 Bp iBp2 rBi? RENZ+F{EQ)/(KL)- MQ=m! o/ X
"v MQM/BK2MbBQM HBXBM;-i?2 bQHMIiBQM Q7 i?2 mM/ " Bp2M ? “KC
Q7 i?2 [MQHB?PB+? ? b r2HH FMQragXQHmMiBQMb (

1[m iBAMRBb G M:2pBM 2[m iBQMF(f) 28 i?2 @OV B2M;tR (9+PX

h?Bb Bb #2+ mb2 ""QrMB M 7Q +2 Bb T 'Q# #BHBbiB+ [m MiBiv-
/2b+ BTiBQMX h?Bb /BbiBM+iBQMBb BKTQ i Mi- bbQHpPBM: biQ+?
IB772 2Mi K i?2K iB+ HiQQHDb i? Mi?Qb2 mb2/7Q" Tm 2Hv /2i2 K]

L2ti-i?2 " QrMB M 7Q +2 Bb bbmK2/iQ #2 J "FQpBEgNt) K2MABM; i? i
iBKt2Bb mMM+Q " 2H i2/rBi?i?27Q°+2 i MvQi?2 iBK2X h?BbBb HbQ
M/ B/2MiB+ HHv /Bbi ' B#mi2/ T 'Q# #BHBiv /Bbi'B#miBQM- b i?2 T
7Q°+2 Bb +QMbi Mi BM iBK2X aBM+2 i?2 7Q +2 Bb #2BM; b KTH2/ 7
/IBbi B#mi2/ T Q# #BHBiv/Bbi B#miBQM-i?2 +2Mi° HHBKBii?2Q 2K
#v 2t KBMBM; i?2 bmK Q7 K Mv 7Q +2 b KTH2bX h?Bb M2r /Bbi B#
+2Mi° H HBKBi i?72Q 2KX AM T?vbB+ H +QMi2ti- i?Bb i° MbH i2b i
M/ +?2QQbBM; M TT QT B i2 bBx2X ?i22BIBKDIBERHB;MB7B+ MiH
H ;2 i? Mi?2 iBK2b+ H2 Q7 KQHZrwmH#mBMBb2 Hbi@ EM+? bK HH2"
i?72 "2H t iBQM iBK2 Q7i?@8Q0VDiRK2 bBKmH iBQM + M T QT2 Hv “2b
bvbi2K "2im " Mb iQ 2[mBHB# BmKX -AwsBb bbmig/Bi® p HB/ 7Q" HH
bvbi2Kb /Bb+mbb2/ BM i?Bb /Bbb2 i iBQMX h?Bb Bb # b2/ QM i?2 7
IBb+mbbBQM Q7 i?2 /B772 2MiiBK2b+ H2bX h?2-'5'Q¢ WB(TND-7Q " +2 ?
r2?B+? +Q "2bTQM/b iQ i?2 iBK2b+ H2 Q7 KQH2+mH ~ BMi2® +iBQMb
i?Bb /Bbb2"i iBQM-i?2B" 7mM/ K2Mi H7 2[m2M+v Bb QM i?2Q /2" Q
iBK2b+ 4420 (’BX h?2@®®m0°) /B772°2M+2 BM b+ H2 T'QpB/2b 2MQm;? "C
p HB/ iBK2hi2T Bb H “;2 2MQm;? iQ mb2 i?2 +2Mi° H HBKBi i?2Q 2K
2MQm;? iQ + Tim 2 i?2 "2H t iBQM Q7 i?2 bvbi2KX _2im"MBM; iQ i?
: mbbB M /Bbi'B#miBQM- r?B+? Bb +QKTH2i2Hv +? ~ +i2°'Bx2/ #v Bi
reB+? "2 2bT2+iBp2Hv

g (t)i = O; UkX8V
hFg (t)Fs (t9i FE (t t9; UkXeV

r?22°2i?22K2 M7Q +2RBH2A?Q KM/MBim/2 Q7 i?2" QrMB M7Q +2 7Hm-
b2+QM/ KQK2MiBb /2b+ B#2/rBi? M miQ+Q "2H iBQM 7mM+iBQM-
Q7 i?2 7Q +2t iBBKRQK2 Qi?PXi8K2M i?2 / KTBM: + QR #BNBAM i -
i72°2Bb MQ i2KTQ  H +Q "2H iB @ M+ QMBibBRWbbr PR21/[2XHE 7AM-M+iBQM
r?B+? Bb QMHvV MQM®X @Bi?2iM2 biQ+? biB+ /2b+ BTiBQM 7mHHv /2
bQHMIBQMb "2 2tTHQ 2/ iQ Q#i BM T?vbB+ H BMbB:;?ib BMiQ i?2
TQBMi Q7 +QKT "BbQM r?2M 2tTHQ BM: i?2 MQMHBM2 ~ + b2X
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kXRXR M HviB+ H J2i?Q/b M/ i?2 6Hm+im iBQM .BbbE
“2K

h?2 /| KT2/ 2 "KQMB+ Qb+BHKHKWRIBD RHH[X2b+ B#2/ rBi? M HviB+ H
h?2b2 bQHMIBQMb "Q2d2KHFABOHR ¢iBQM QmiHBM2b i?2 /2 °Bp iBQN
T 2b2MiBM; QMHvV i?2 "2H2p Mi 72 im 2bX 6B bi- i?2 6Qm B2 i> N
+QMp2MiBQMb Q7
Zl
q(!) = q(t)e" dt UkXdV

Zl

a(! e ™ d UkX3V
1

r22°2i?2 MQA()BBIMi?2 6Qm B2 i qW) K7 XK Q7bvK#QH Bb "2b2 p2/ 7Q
mb2 QMHVX h?Bb rQ F mb2b it?R b+ BMBOMIRQM2AM Bhb i M2 BK :BM v
mMB+ UTIVX hQ 7BM/ i?2 M HVES GI7 2T DWbH2K iQ M BK)Fmi 7Q +:2
7°2[m2M+v # b2/ K2i?Q/b "2 mb2/X h?Bb BMpQHp2b i FBM:; i?2 6Qm
Q7 1[RXBX "v mbBM; i?2 T°QT2 iB2b Q7 i?2x@R MV B BikLi /M BDQi Bp D
X(1):x(t) - 1[XKMWRBb i° Mb7Q K2/ BMiQ i?2 7°2[m2M+v /QK BM- :BpBM:

1
A= 5

mR(1)2 R+ kR(1) = B() UKXNV

r?2°®!) Bbi?2 6Qm B2 i xMX7OBK2Q@MQK2 H;2# -i?22 /BbTH +2K2Mi
() Bb
F()

k m!2 il

r?B+? Bb M 2tTHB+Bi 7TmM+iBEM)Q Mi?Z2 BMTQIN27 (B2 Q7 i?2 Qb+B
m, ;k X 6 QK bi iBbiB+ HK2+? MB+b-/27BMBM; i?2HBM2 " bmb+2TiB
Bi T°'QpB/2b /B 2+i K2 Mb 7Q 2biBK iBM; i?72 MQIBYXR BP2b B+ K KV~
i?72 bmb+2TiB#BHBiv Bb i?2 " iBQ Q7 i?2 +? XM72@HW i?22 QIn2 BMi i2DdT
BMTmi FQX h2Bb + M#2 /27BM2/ BM i?2iBK2/QK BM-?Qr2p2 BiBb 2
i?727°2[m2M+v/QK BM?2°'2X 6Q i?2+ b2Q7 HBM2 "bvbi2K-BiBbF
A1) Bb 2[mBp H2Mi iQ ®12 72 IQTKQ MbERK Tm AWM P=7R>#H2Q K HBxXx2/ #v i?2
K ;MBim/2 Q7 i?2 BKTmHb2 7Q +2-

R(1) = UKkXRyV

Ay~ R() _R(Y) 1 .
(!)_—l’f(!) = T mr UKkXRRYV

F=Fp (1)

. BM 7 QK bi iBbiB+ H K2+? MB+b- i?2 BK :BM 0T Bb QB i22 BWwmb +
“2H i2/iQ i?2 MQBb2 bT2+i'mK Q7 i?2 /IBbTH +2K2Mi #v i?2 "2H iBQ

Gy(1) =

4'(ILTA°€(!): UKkXRKV
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1p Hm iBMKXRKAD  i?2 / KT2/ 2 " KQMB+ Qb+BHH iQ  vB2H/b
Gy(!)=4ksT

T T (T UKXRjV
r?212=k/m Bb mb2/X L2ti- i?2b2 "2bmHib "2 b?QrMiQ #2 +QMbBbi2N\
/IBbbBT iBQM i?2Q 2KX 6 QK i?2 7Hm+im iBQM /BbbBT iBQM i?2Q"
G-(')V Bb /B 2+iHv "2H i2/iQ i?2 /BbbBT')BRM Q7 i?2 bvbi2K-

Ge(1)=4ksT (!): UKXROV

/IBiBQM HHv- 7Q" bvbi2Kb +QKTH2i2Hv /2b+ " B#2/ #v i?2B° HBM2 °
+? MB+b /B 2+iHv "2H i2bi?27Q +2 MQBb2bT2+i mKiQi?2/BbTH A
bmb+2TiBBHBIV (

Gx(!) .

Ge(l)= 24 UKXR8V
NI
1p Hm iBMKXRGWD " i?2/ KT2/? "KQMB+ Qb+BHH iQ > "2bmHib BM
1 2
Ge(!) = 4kBTm2(!g 25 (1) miZ 1% il UKkXReV
= 4T m2(1a 19)2+(1)2 UkXRdV

m2( g 197+ (1)
Ge(!)=4ksT : UKXR3V

h?2 /2 Bp2/ 2tT 2bbBQM K i+?22b i?2 7THmM+im iBQWKRBD B TTIBOR i?2
iQ / KT2/? "KQMB+ Qb+BHH iQ X h?Bb b?Qrb i? ii?2 M HvbBb Bl
im iBQM /BbbBT iBQM i?2Q 2K HQM:; rBi? ?2QriQ M HviB+ HHv /2i2
7Q0°+2 MQBDb2 bT2+i° M/ ?2Qri?2v "2 "2H i2/i?2Q 2iB+ HHvVX L2ti-
Bb TTHB2/iQi?2? "KQMB+ Qb+BHH iQ X

kXRXk 1[mBT iBiBQM h?2Q 2K

h?2 2[mBT "iBiBQM i?2Q 2K Bb TQr2'7mH bi i2K2Mi r?B+? T QpB/
T 2bbBQM 7Q" i?2 [m /" iB+ +QKTQM2Mib Q7 i?2 > KBHIiQMB M Q7
i?72 2[mBT "iBiBQM i?2Q 2K Bb BM+HmM/2/ BM bi M/ “/ BB kBIXiB+ H K.
Ai Bb bT2+B H+ b2 Q7 i?2 ;2M2° HBx2/ 2[mBT "iBiBQMXPRIQ 2K i?
6Q° MQr-i?2 2[mBT 'iBiBQM i?2Q 2K Bb TTHB2/iQ bBKTH2 ? ‘KQ
> KBHIiQWIB2MBM2/ b L L
. — 2 2.
H(x,p)—ékx +%p, UKkXRNV

r?2°2 Bb i?2 /BbTH +2K2Mi M/ i? 2 KQXMIiTKHBBM; i?2 2[mBT “iBil
i72Q 2K iQ i?Bb bvbi2K “2bmHib ;Bp2b
1

1
—_— 2 - - "
> = om p szT. UkXkyV
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S?vbB+ HHv- i?Bb T°QpB/2b "2H iBQMb?BT #2ir22™ iM2 i2KT2 im
p2° :2i?2°K H2M2 ;v biQ 2/ bTQi2MiB H M/ FBM2iB+ 2M2 ;vX AM
iBQM i?2Q 2K-i?2 7 +ii? i xX?Bb-Q/BWBM $2K2Mi T°QpB/2b //BiBQM
aBM+2 i?2 bvbi2K Bb 7Bt2/ M/ 2tT2 B2M+2b MQ HQM; i2 K /"B7i- i
X2 Q-h@=0X qBi? i?Bb bbmKTiBQM2iQ2Z p? 2B/ BbH2B #mBB JIQ oM /

/B 2+iHVh® QBM +2 . N
2

0
2= x i = x% UkXkRV

*QK#BMBM; i?Bb rBi? i?72 2[mBT 'iBiBQM i?2Q 2K "2bmHib BM M 1|
bi M/ "/ /2pB iBQM Q7 i?Z/Bl'?TH +2K2Mi-
_ keT,
X = T1
(?B+? "2°272°°2/iQ bi?2 7Hm+im iBOMDb IQMNKT2pBi2KX Qi [ B ) B2
K2 Mb 7Q mM/2 bi M/BM; i?72 K ;MBim/2 Q7 7THm+im iBQMb # b2/ b(
M/ i?22 2772+iBp2 bT BM: +QMkX Mi?@B 22T WM BOM Bb mDRRH i2° B
iQ 2t KBM2 i?2 QMb2i Q7 MQMHBM2 "Biv7Q" mMB7Q KHv b? BMFE

UkXkkV

1[mBT "iBiBQM h?2Q 2K TTHB2/iQ G ;2 *QMiBMmQmb avbi2Kb

L2ti- i?2 2[mBT "iBiBQM i?72Q 2K Bb "2H i2/iQ i?2 MQBb2 bT2+i ml
2tT2 ' BK2Mi HT2 bT2+iBp2- bi?2MQBb2bT2+i' mKQ7 KB+ Qb+ H2
h?2M- mbBM; i?72 2[mBT "iBiBQM i?2Q 2K-i?2bT BM; +QMbi Mib Q7
7 QK i?2 K2 bm 2/ MQBb2 bT2+i mKX S 2pBQmb rQ Fb ? p2 mb2/i?
i?2bT BM; +QMbi MiQ7 832 MBIiBRKWQI/BM; +QMbi Mi QF¢2xB>222KQ/2b
i?72i?2Q°2iB+ H '2H iBQMb?BT Bb T'QpB/2/ 7Q° bBM:H2 KQ/2X [z
BM bi M/ “/ bi iBbiB+ HK2+? 98B+b i2ti#QQFb (

h?2°2 "2irQK BM bbmKTiBQMb #Qmii?2 bvbi2K r?B+? 2 2[mB" 2,
#2ir2m8 MIG,(!)X h?2 7B bi Bb i? i i?2 bvbi2K Bb i 2[mBHB# BmKX
Q7 2[mMBHB# BmK- i?Bb bm;:2bib i? i i?2 bi iBbiB+b Q7 i?2 bvbi2K
bi iBbiB+b "2 MQi 7mM+iBQM 2 iBK2X h?Bb /QXb MDALKK QI i? i
p v IrBi? iBK2- QMHV i? i i?2 2Nwi2 KGRIR MoQRi g 2v rBi? iBK2X AM //B
iQ bbmKBM: i?2 bvbi2K Bb BM 2[mBHB# BmK- Bi Bb HbQ M2+2bb °
2°:Q/B+ br2HHX h?Bb bbmKTiBQM Bb i? ii?2 HQM; iBK2 Ui2+?MB-
i72 bvbi2K Bb i?2 b K2 bi?2 2Mb2K#H2 p2° :2 Q7 i?2 bvbi2KX S?vbE
i? ii?2 bvbi2K pBbBib HH i?2 TQBMib BMi?2 T? b2 bT +2-:Bp2M b
2 ;Q/B+Biv- i?2 2Mb2K#H2 p2' ;2 Bb "2TH +2/rBi? HQM; iBK2 p2°
bbmKTiBQMb #Qmii?2 bvbi2K- +QK#BM2/ rBi? i?2 q2BM2 @E?BMi

Z,

h><2i:2i Gy (1)d!; UkXkjV
0
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r?2°2 i?2 7TmHH /2°Bp iBQM Q7 i?Bb "2H iBI®BM +GMb #2vY Q@ @ Ki# EBWB N
1[XKXNjrBi? 1LkXMy;Bp2b M 2tTHB+Bi '2H iBQMb?BT Q7 i?2 MQBb2 b
2M2 ;v Q7 i?2 bvbi2K- 7

k 171

ke T2 o
reB+? K i+?2b H 2 /v /2°'Bp2/ "2bmHI®REXMhiZBRbHRIR "iB®@Nb?BT ?QH
bvbi2Kb rBi? KmHIBTH2 KQ/2b-i?Qm;? //BiBQM H + "2 Kmbi #2 i F.
+QKTHB M+2 //b HBM2 “Hv- MQi i?2 bT'BM; +QMbi Mib Q7 2 +2 KQ,
2t KBMBM; i?2 MQBb2 bT2+i'mK Q7 KmHiIiBTH2 Qp2'H TTBM; KQ/2b

Gy(1)d! =1 UKXKOV

kXk >Qr i?2 .2i2 " KBMBbiB+ BM; .QrM * Tim"
1[MBHB# BmK 6Hm+im iBQMb

h?2 ?B:?HB:?ib Q7 i?2 7HmM+im iBQM /BbbBT iBQWMXRPRR K& 22 /Bb-
/2i BHb + M #2 7QmIVB/KBIM "@BEXEM: QM i?2 7Hm+im iBQS mBbBT iE
2i HO®R/2p2HQT2/i?2Q viQ "2H i2i?2/2i2 ' KBMBbhiB+ "BM: /QrM rBi?
bT2+i ' mK Q7 bvbi2KrBi? HBM2 "~ "2biQ ' BM:7Q +2X h?Bb Bb TQr?2
"Omi2 iQ +QKTmiBM: i?2 2Mb2K#H?2 bi iBbiB+b Q7 i?2 bvbi2KX h?Bb
iQ bi M/ */ bi iBbiB+ HK2i?Q/bbm+? b mbBM:; JQMi2 * "HQ- r?B+? C
Q7 i?2 2Mb2K#H2 bi iBbiB+b M/ 2[mB 2 K Mv biQ+? biB+ mMbX

kKXkXR h?2Q 2iB+ H J2i?Q/b

hQ /2KQMbi® i2i?2i?2Q v-i?Bb b2+iBQM i FiabSiR2MP 2T MB201Bi XY b
i?72?2 "KQMB+ Qb+BHH iQ X ai "iBM: Q77-i?2 /2i2 XB®MBONB?BBM:; /
rQ F- i?BM: /QBXI(t)- r?B+? Bb i?2 K2 bm 2K2Mi Q7 i?2 /BbTH +2K2Mi
“2im Mb iQ 2[MBHB# BmKX AM i?Bb b2+iBQM- i?2 "BM; /QrM Bb i?2
Qb+BHH iQ X aT2+B7B+ HHv- i?Bb "BM; /QrM Bb i?2 “2MKi Q7 2K
qBi? i?2 bi2 TFEQI*2iQi H2M2 ;v Q7 i?2 bvbi2K Bb T2 im #2/

H=Hy+ H UkXk8V
H= Fox(0) UkXkeV
r?2°R3, Bb i?22 mMT2 im #2/ > KE®IBMIERMBWTH +2K2Mi 7°QK i?2 bi2
FoX L2ti-i?2biQ+? biBX({BBh /QTEBM2/ mbBM; i?2 2Mb2K#H2 /27BMB
R
dadpe(t) 2tT (Ho+ H)),
UkXkdV
dgdp2tT (Ho+ H))

r?2°%(t) Bb i?2 /BbTH +2K2Mi Q7 i? 22X vbQR iP 2BK@M:b(ikT) *
Bb /2i2 ' KBM2/ #v i?2 iZKJ2i2Mi22 K H # i?X "2 bQM #H2 bbmKT

X(t) =
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+QMIiBMMQmb M MQb+ H2 bvbi2K Bb i? ii?22M2 ;v T2 Hn # iBQM iC
Ho- 2M #HBM; h vHQ b2'B2b TT'Q +? 7Q" 2H iBXNt) i®2 b2@+? biB
2[mBHB# BmK bi iBbiB+b b

X () = ()i + h Hihx(t)i  (t) Hi + O( H?) UkXk3V

r?2 Qt) Bb /27BM2/ b i?2 /BbTH +2K2Mi Q7 #h2ib9Bi2MbRKBH#MIZ p2 ;-
Bb# b2/ QM i?2 mMT2 im #R¢{>X> hRBHiQHE; MHYv /B772 2Mi 2Mb2K#H?2

R
dgdpxt) 2tT Ho),
dqdp2tT Ho)

aBMwBi Bb i?2 2Mb2K#H2 p2' ;2 /BbTH +2K2Mi- Bi Bb /27BM2/ iQ #2

2[mBHB# BmKX h?KN)K20MbAB+H? 2HBKBM i2bi?2 7B biirQi2 Kb BM
2tT MbBQM- ;BpBM;

x(t)i = UKXKNV

X()= M) Hi = Fomx(t)x(0)i: UkXjyV
G biHv- 7BM H bbmKTiBQM “2H i2b i?2 2 MR KBP2i ?222/2]2 KBBWM @Q r
BbiB+ 'BMX(tQ¢MbbmKBM: i? i i?2 bvbi2K Bb HBM2 - i?2M 7Q +2 T2

M/ #2HQr i?2 "BM: /Q XYt (B-HM BQM[m H BM K :MBim/2 7Q" i?2 T2 i
IBbTH +2K2Mi- M/ bQ rBHH 2772+iBp2Hv + M+2H QmiX aQ 7Q  HB
bQHMIBQM Bb 2[m HiQ i?2 2Mb2K#H2 p2 ;2 'BM; /QrM-

X (t) = X(1): UKXjRV

h?Bb TQr2 7mH bBKTHB7B+ iBQM i? i i?2()2BD KBMB KiB +b M ; 2/ND @
b2K#H2 p2° ;2 "BN) QMMv TTHB2b 7Q  HBM2 ~bvbi2Kb- M/ Bb MQi
bvbi2Kb r?B+? "2 /Bb+mbb® MNH3X2> BN 2% 7Q  HBM2 " KWMRBKD- 1[X
p HB/- bBb/2KQMbi' i2kXdi®BiBPM2EB X2bmHi-i?2M i?2 /2i2 ' KBMBbi
X(t) Bb /B 2+iHV T QTQ iBQM HiQi?2 miQ+Q "2H iBQM Q7 i?2 /BbT

hx(£)x(0)i = kE—Tx (t): UkXjkV
0

IbBM:; i?2 /27BMBiBQM Q7 MQBDb2 bT2+i'mK- i?2 +QbBM2 i° Mb70Q
/IQK BM miQ+Q "2H iBQM Q7 i?2 7THmM+im iBQM®G.¢ R-KBmpBN\b:i P22M QE
“2H iBQMb?BT z,
Ge(1)=4  mX(t)x(0)i +Qb)dt: UkXjjV

0
h?2b2 TQr2 7mH "2H iBQMb?BTb ;Bp2 /B 2+i K2 Mb7Q  mbBM; bl
BM Q' /2  iQ /2i2 KBM2 i?2 mM{()QR®OQ MIHABQQPBb2 IGLRYiQmKbvb@
i2Kb /B 2+iHv > i?2°i? M ? pBM; iQ mb2 biQ+? biB+ K2i?Q/b r?B+?
TT QtBK iBQMX g2 mb2 i?Bb i?€2 QTT HvEM BBI 1OX2i2 KBM2 i?2 i?2(
miQ+Q "2H iBQM M/ MQBb2 bT2+i"mK 7°QK KmHiIBTH2 KQ/2b Q7
bBQMX AM i?2 +QMi2ti Q7 i?2 /Qm#Hv +H KT2/ #2 K- i?2 "BM; /QrM
TQBMi HQM:; i?2 #2 K b Bi 2im " Mb iQ 2[mBHB# BmKX
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kXkXk LmK2 B+ H 1t KTH2 Q7 i?2 .2i2 " KBMBbiB+ BM;

h?Bb i?2Q v Bb MQi HBKBi2/ iQ M HviB+ H K2i?Q/b- #mi HbQ T°Q
bBKmH iBQMb iQ /2i2 ' KBM2 i?2 MQBb2 bT2+i ' mKX h?Bb 2M #H2b i~
+QKTH2tbvbi2Kb r?B+? /QMd6i ? p2 bBKTH2 M HviB+ H7Q KmH iBQ
Bi? i?72 KQ 2 +QKTH2t /Qm#HV +H KT2/ #O#K BOUK 2 MBBIOQ M B Mni DX Q
"2H iBQM M/ MQBDb2 bT2+i' mK 7°QK bBKmH iBQM M/ i?2Q vX h?Bb
M/ MmK2 B+ HK2i?Q/b7Q /2i2°KBMBM: i?2 'BM; /QrM Q7 ? 'KQME
rBi? QM2 MQi?2° M/ rBi? i?2 i?2Q 2iB+ HXR)BABMT 2+ BIKB L 2MUB
/2i2 " KBMBbiB+-i?2 7B biQ /2 1mH2 K2i?Q/Bbmb2/iQ MmK2 B+ H
Qb+BHH i@XRL[K?2A2 T ~ K2i2'b Q7 i?2 2 "KQMB+ Qb+BHH iQ 2 +2(
+Q "2bTQM/BM; p Hm2 7Q° KB+ Qb+ H2 >QQF2 M bT BM; BKK2 b
a2 +DX XXIR?2b2 T ° K2i2'b "2 HBKDR/ BM h #H?2

T K2i2[/2b+ " BTiBQM p Hm2

m K bb Ry T;

Q [m HBiv 7 +iQ9

k bT ' BM; +QMbiyMR LfK
fo "2bQM Mi 7 2[[RM O X

h #H2 kXR, S'QT2'iB2b Q7 i?2 KB+ Qb+ H2 ? "KQMB+ Qb+BHH iQ X
QM i?22 Q' /2 Q7 i?2 +Q "2bTQM/BM;: p Hm2b Q7 KB+'Qb+ H2 bT BN\
i?72 QM2 QmiHBMXREM a2+ X

qBi? i?2b2 T ° K2i2 b-i?2 /2i2 KBMH BhHiBOHQHNIBQM mbBM; i?2 7B"
1mMH2 K2i?Q/-r'Bii2M BM i?2 CmHB T8RX 1KKHBBH BKkMRMT.R4? Bb
b2+QM/ Q' /2 -Bb 2+ bi b bvbi2K Q7 irQ 7BF@)i-® /2?2 [H: (B BMHKX qE
7Q° iBK2 bi2TTBM; Bb

X;=Xj 1+Vq t UKkXj9V
v

1 .
Vj E(kXJ 1+ Vj 1) UkX]8V

[?2°2V "2i?22 TQbBiBQM M/ p2HQ +BB\b i22TiB-KiBp@RV- 1) Bb
i22bi2T MMK#2 -r?B+? +QMbBbib Q7N XQG H iMimKi#®2 BMEIR2 Ho+ QM /B
i72 bvbi2 KKo=2X(t=0)=1 MK, =V(t=0)=0 MK'bX h?Bb BMBiB H /BbTH +:
+Q "2bTQM/b iQ M BMBIBML7TAD #2Q0K h 4R h?2 7B, BD "2H2 b2/
it=0- M/ i?2 /212 KBMBbiBX(t) BEE; /HM /2/X 1 kX NBQWMUBMb i?2
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6B:m 2 kXk, h?2 /2i2°KBMBbiB+ 'BM: /QrM Q7 ? "KQMB+ Qb+BHH |
it=0X h?2 bQHB/ #HXgFiPBM2 Bb i?2 /2i2 ' KBMBbiB+ MmMK2 B+ H bQ}
Q' /2 1mH2 K2i?Q/X h?2/ b?2/ 2/ HBM2 Bb X22 +@ HbE-Q M/EBWL ;i QQ
1 [ X KX MeX

M HviB+ HbQHmMIiBQMXix@)i?Bb T Q#H2K

P —
Xa(t) = Xg 2t ! o) +'Qb1 21 ot + UkXjeV
= i M 19ﬁ UkXjdV
Xs = +X(l§l) UkXj3V

M/ 1?22 21/(2Q) @JX h?Bb bQHMIBQNM BWIi @/mKIQ v p "B #H2b iQ
K i+? 72 BMBIiB H /B0 H X2 W/MEMBiB HW@HQ XBH®2 [m HBiv 7 +iQ"
Q=mly/ -r?2213=" k/imX h?2 M HvViB+XxQHMQMQMi? i?2 /2i2 " KBMBb
MmK2 B+ HEQHRNMIBEQM 7B bi Q /2  1mH2 K2i?Q/ XKPKQrBRI;BM 6
2t+2HH2Mi " 22K2Mi b 2tT2+i2/X 6Q i?2/2i2 " KBMBDbiBt MBKmMH iBC
Q  #Qmi kyyy bi2Th T2 T2 'BQ/X h?2 iQlO §i=HB:BHH-i0© Q M QBK 2RE/ b
7mM/ K2Mi H T2 BQ/bX

L2ti- 1[XXQKk M/ i?2MKXK U 2 mb2/BM Q /2 iQ /2i2°KBM2i?2 MQBb2 b
i?2 "BM: /QrMX h?2 MQBb2 bT2+i mK 7°QK i?2 /2i2XKkBMBDIB+ MmK:
M HVviB+ MQBD2 bT2+iRMKjF?QK A[# B H2Mi ;" 2XBKgMi BM 6B X

qBi? i?Bb 2t KTH2-i?2 M HviB+ HbQHMIBQM M/ bBM;H2 /2i2 KBN\
H2Mi :"22K2MiX L2ti- i?2 biQ+? biB+ p2 bBQM Q7 i?Bb bvbi2K Bb b
i?2 bb2 iBQMb K /22 "HB2 -r?BH2 HbQ T°QpB/BM:; BMbB:?ib BMiQ
mMM/2 bi M/ biQ+? biB+ bvbi2Kb rBi? MQMHBM?2 "3X kil -BAV;BAQHN+H/
i?2 1mH2 @J "mv K K2i?Q/ Bb 2tTH BM2/ M/ mb2/iQ bQHp2 biQ+?
2[m iBQMb- M/ + H+mH i2 i?2 2Mb2K#H2 bi iBbiB+b Q7 i?2 biQ+? |
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6B:m 2 kXj, h?2 MQBb2 bT2+i'mK Q7 ? "KQMB+ Qb+BHH iQ X h?2
bT2+i " mK 7 QK i?2 /212 KBMBbiBXMmIKE2MB i Xk @ H MKW M h ? 2
/ b?2/ 2/ HBM2 Bb i?2 M HviB+ HKEGNmMiBQM 7 QK 1[X U

2[mBHB# BmK + b2 M/ i?2 BM; /QrMX

kKXkXj aiQ+? biB+ 1t KTH2 rBi? 1mH2 @J mv K J2i?Q/

h?2°2 "2 K Mv i2ti#QQFb r?B+? /Bb+mbb ?Qr bQHpBM; biQ+? biB+
/IB772°2Mi i? M bQHpBM; Q'/BM ‘v /[B772 2MiB H 2[m iBQMb- HQM
M/ r2 F+QMp2 ;2M+2 Ub22 7&Q) VXK KT2HH2 T22%¥BQmb rQ Fb b?QmH/ #
7Q° /2i BH2/ mM/2 bi M/BM; Q7 biQ+? biB+/B772°2MiB H2[m iBQM
M2+2bb "viQ TTHvVBM; T '2pBQmb K2i?Q/biQ i?Bb rQ FX

AM Q /2  iQ bQHP2 biQ+? biB+ Q /BM v /B772 2MiB H 2[m iBQMb-
p "VBM; H2p2Hb Q7 +QKTH2tBivX h?2 bBKTH2bi p BH #H2 K2i?Q/Bb
K2i?Q/-r?B+? Bb r2HH FRIBIXKRIiBOAQKTQb2/ Q7 i?27 KBHB " 7B
H2  K2i?Q/7Q i?2/2i2 ' KBMBbiB+ TQ iBQMQ7i?2/vM KB+bX h?2J
/lb //IBiBQM Hi2 Kb +Q "2bTQM/BM; iQ i?2 biQ+? biB+ TQ iBQM Q"
i?2 biQ+? biB+ HHvV /"Bp2M ? K XMB# 2GIQ4EHH GOM:2pBM 2[m iBQM

mx + X+ kx = Fg(t) UkXjNV

bBM+2 i?2 7Q +2 Bb /'Bp2M #Fs(t) XQhR B MHDPQ i®Bb MmK2 B+ HHv- i
Q'/2 2[m iBQM Bb /2+QKTQb2/ BMiQ irQ 7B bi Q /2  2[m iBQMb

|><
]

UKX9yV

1<
0
3| <

(Fe kx v): UKX9RYV

<

AMiQ/m+BM; +QMbi MINBK2#IBBM: i?2 bvbi2K bi jjZQi +RR2I@2 T
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bTQMKi®X({ t)-i?2 bvbi2K Bb /p M+2/ 7} QK i@K2B@TBM; iQ

Xj=Xj 1tV 1 t UkX9kV

1 F .
Vi=vi1 (kg o1t vy o) t+E° W( t) UkX9jV

r?2°2W Bb FMQrM b M BM+'2K2Mi- M/ + Tim 2bFp?2Q)2iiBIQIMBTM 7
tX LQi2 i2Wi Bb /BK2MbBQMH2bbX h?2 K ;MBim/2RR7 12T QrMB M 7
r?B+? Bb /2 Bp2/ 7°QK i?2 7Hm+im iBQaRXBb® B2 i PBiQiM 2i 22 Qm 2 KK (
K2i?Q/ HbQ “2b+ H2b i?2 bi M/ */ /2pB iBQM QI{0;1)M@BK?H?Bbi B#
b[m "2 "QQi Q7 i?2 iBWRH)ZT tH?>N(0;1)X G biHv- BM Q /2  iQ :2M2" 2
BM+ 2K2WMibb KTH2b "2 ° M/QKHvV b2H2+i2/ 7°QK i N(OMQ7KH /Bbi"
2 +72 iBK2 bi2T BM+ 2K2Mi M/ 2b+ H2/iQ #2 BMMHD /20 BRi?2 BM+"
iBK2 bi2T BMX®[X Wb "2bmHi-i?2 BM7QKRNIth i?2 T°Q# #BHBiv Q7
/IBbi'B#miBQM- b b?QrM #v i?2 : mbBBOM 7mM+iBQM BM 6B ;X

6B:m 2 kX9, S'Q# #BHBiv/Bbi'B#miBQM Q7 i?2 T2 im # iBQM bi iBb
?2BbiQ:" K Q7 HH Q7 i?2 BM+ 2K2Mib mb2/ BM i?2 bBKmH iBQMb M
r?B+? Bb i?2 bi M/ */ MQ 'K H /Bbi'B#miBQM rBi? K2 M Q7 x2'Q M
BM+ 2KAMIBM i?Bb 7B;m 2 "2 i?22M b+ H2/ #v i?2 iBK2bi2T M/i?2 ™
1 [ X KX ¥jX

hQ mM/2 bi M/ ?Qr i?Bb K2i?Q/ Bb mb2/ BM i?Bb /Bbb2 i iBQM- 1?2
Bb mb2/iQ bQHp2 i?2 biQ+? biB+ / KT2/ ? "KQMB+RRB+HBK H?2Q " /2i
T 2pBQmb b2+iBQMX 6B bi-i?2 2Mb2K#H2 bi iBbiB+b Q7 i?2 bvbi2l
h?Bb K2 Mbi? ii?2bvbi2Kbi "ibrBi? x2 XBMWBiBOHOQMIBIBQMb- Q"
v(t=0)=0 X h?2W=100 /B772 2Mi biQ+? biB+ i  D2+iQ B2b 2 +QKTmi2
Q7=100, 200’'b-r?292Bb i?2 7TmM/ K2Mi HT2 BQ/X=+h%A0K2 bi2T

1 Mb Bb i?7Qmb M/i? Q7,i™2/ B BTR b K2 b BM i?2 /2i2 KBMBbiB+ °
g?BH2i?2biQ+? biB+ bBKmH iBQMb BMpQHpP2i?2biQ+? biB+ 7Q +E
++m° i2Hv 2bQHpBM;i?2biQ+? biB+/vM KB+b 7Q i?2bBKmH iBQN



IYIY 27" Ng/7 9 ¢0é0 O« 0éi/a'é+zy 9§ NT2 0ad2 ORN7a « 7

h?Bb Bb +QM7B K2/ H i2  #v i?2 : 22K2Mi #2ir22M i?2 MmK2 B+ H
M HviB+ H miQ+Q "2ki€BQM BM 6B ;X

6Q 2 +? iBK21i272 +QMi B#RiBONMMQFK T2 im # iBQMb 2 bmKK?2
Bp2W X "v p2  :BM; b2p2  HT2 im # iBQMb iQ;2i?2  BM 2 +? iBK2b
+2Mi° H HBKBi i?2Q 2K M/ ?2HTb i?2 bi iBbiB+b +QMp2 ;2 7 bi2 X
BM 6BX8

6B;m 2 kX8, h? 22 2t KTH2 i° D2+iQ B2b Q7 i?2 biQ+? biB+ HHv /"B
HiQ rBi? T K2i2 b ;Bp2MRBM M HBIK2 bi "ib i 2[mBHB# BmK Ux2 Q
M/ p2HQ+BivVX

L2ti- i?2 miQ+Q "2H iBQM Bb +QKTmi2/ 7Q 2 +? Q7 i?2 i  D2+iQ"I
miQ+Q "2H iBQMb "2 p2° :2/iQ:;2i?2 " BM Q /2 iQ 2biBK i2i?2 2Mt
HiBQM- M/ Bb b?QrM b i?2 #HeEQHBMXBMBBOX - i?2 M HviB+ H b
BM “2/X

G biHV-i?2 2Mb2K#H2 p2° :2 Q7 DXQ@+PbbiBKTBN/IQriM2 /2i2 ' KBMB
"BM; /QU(M 7 QK i?2 T 2pBQmb b2+iBQMX qBiRtEN)BiB MK QW/BiBQM
V(t=0)=0 Kfb- Ryyy /B772 2Mi T i?b Q7 biQ+? biB+ T2 im # iBQMb
Q/2 iQ ;2ii?2biQ+? biE()BMBHPrK-i+?22b r2HH rBi? i?2 /2i2 " KBME
JQrM ()X 6B:mXB?Qrb i?2b2 irQ + b2b b i?2 #H +F M/ 2/ +m p2b "2b
DmbiB7B2b i?2 2 "HB2" bbk{RBBHQMHB/i7IQX WWBM2 " bvbi2KbX
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6B;m 2 kXe, *QKT "BbQM Q7 i?2 miQ+Q "2H iBQM 7QmM/ 7°QK biCc
HviB+ H K2i?Q/bX h?2 #H +F +m p2 b?QNb=i 20 KB KmH iBLbMil?r22 +7?
+ H+mH iBM; M miRE®H)QKO)iI2HhiB N/ +m p2 Bb i?72 M HviB+ HbQHmMI
/2i2 " KBMBbiB+ K2i?Q/b- "2b+ H2XNMNXQ /BM; iQ 1[X U

kXj ai iBbiB+ HJ2+? MB+b 6Q KmH iBQM

kX]XR * MQMB+ H 1Mb2K#H2 .27BMBiBQM

h?Bb b2+iBQM "2pB2rbi?2 bi iBbiB+ HT QT2 iB2b Q7 ? "KQMB+ Qk
rBi? Bib bm " QWK BNBb Bb FMQrM b i?2 + MQMB+ H 2Mb2K#H2 /27
i?BbBbi?2+ b2r?2'2 bvbi2KUi?2? "KQMB+ Qb+BHH iQ 'V Bb BKK?:
K2 Mbi? ii?2bvbi2K M/i?2bm "QmM/BM;b Ui?2i?2 K H# i?V "2 i
T-#mi "2 HHQr2/iQ 2t+? M;2 2M2 ;v rBi? QM2 MQi?2 X >Qr2p2 - |
bvbi2K M/ bm "QmM/BM;b Bb biBHH 7Bt2/X IM/2  i?Bb +QM/BiBQM-
bi i2Bb[m MiB7B2/# b2/ QM i?22M2 ;v Q7 i? ibii2X h?22M2 ;v Q7
i?72 > KBHIQMB M U7Q  KQbibvbi2KbVX h?2 > KBHIQMB M Q7 bBM;
Bbi?2 FBM2iB+ 2M2 ;v THmb i?2 TQi2MiB H2M2 ;v-r?B+? Bb
oo PPk
H(p,q)_%+7 UkX99V

re2 @q 2i?2;2M2° HBx2/ KQK2MimK M/ T @bEBu BX2M +BGB ME/M2i 2 b -
bT'BM; +QMbi MiX h?Bb H2 /biQi?2/27BMBiBQM Q7i?2"QHixK MM
i?72 T°Q# #BHBiv Q7 bi i2Bb2tTQM2MiB HHv r2B;?i2/ #vi?22M2 ;v
1721?72 K H2MRX;0WT2 2M2 ;v Q7 1?2 bi i2Bb + Tim 2H& h2Bb BKIBHIQ
++QKTHBb?2/ #v /127BMBM; Q72 TbiQi#® HBHBiv

P(p;q):Tl)Zt(l'H (p;9 ) UkX98V

r?2°2=(kgT) * MZ()Bbi?2T "iBiBQM 7mM+iBQM-r?B+? Bb 7mM+iBQ
T UQ 2[mBp WXMhR2 T "iBiBQM 7mM+iBQM Bb i?2 BMi2:" H Qp2° H
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6B;m 2 kXd, *QKT 'BbQM Q7 i?2 "BM; /QrM 7QmM/ 7" QK biQ+? biB+
h?2 #H +F +m p2 b?Qrb i?2 KN ML000 @BK MM XBDMhb?2 "2/ +m p2 Bb
i?2 M HviB+ HbQHmMIiBQM 7 QK QmX(t2X2 ' KBMBbiB+ K2i?Q/b

M2tTQM2MiB Hr2B;?iBM; /[2T2M/2Mi QM i?2 2M2 ;v Q7 i? ibii2 M
bvbi2K M/ bm "QmM/BM; i?2 K H # i?X qBi? i?Bb /127BMBiBQM- i?
TmM+iBQMKBXWa& PHH BMi2; i2iQ QM2 b 2[mB 2/ 7Q° p HB/ T Q#
TmM+iBQMX h?2 T 'iBiBQM 7mM+iBQM Bb HbQ ?2HT7mH 2tT 2bl
+ H+mH iBM; K Mv/B772 2Mi2Mb2K#H2 p2" ;2b2 bB2 i? Mi? " Qm;?
TmM+iBQM Bb /27BM2/ bz

Z():% 2tTH (p;9 )dpdqg UkX9eV

r?2®q "2BMi2; i2/Qp2 HHTQbibBHSHpMHFBb-+@Mbi Mi- r?B+? Bb
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