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Dynamics of Small Elastic Systems in Fluid: Tension and Nonlinear-
ity

Johnathon R. Barbish

(ABSTRACT)

This work explores the physics of micro and nano-scale systems immersed in a fluid. Previous
literature has established an understanding of the fluid-solid interaction for systems including
cantilevers and doubly clamped beams. Building on these advances, this work extends the
theory of doubly clamped beams with an arbitrary amount of tension. Both the driven
and stochastic dynamics of a doubly clamped beam are explored. The driven dynamics are
investigated for a spatially applied harmonic driving force, and demonstrates quantitative
agreement with an experimental beam that is driven electrothermally, in both air and in
water. For the stochastic dynamics, the noise spectrum describes the thermal fluctuations
at a given frequency. The theoretical model provides an analytical expression for the noise
spectrum from an arbitrary number of modes. The noise spectrum of the first eleven modes
are computed, and show excellent agreement with the noise spectrum from finite element
simulations, which is computed from the deterministic ring down. This agreement is shown
across different fluids (air and water), and for multiple measuring points including at the
beam midpoint and the quarter point.

In addition to exploring the linear dynamics of these systems, the case of large perturbations,
resulting in nonlinear dynamics, is explored. This regime is motivated by exploring the
theoretical dynamics of a uniformly shrinking doubly clamped beam. The challenges of
modeling such a beam using finite element simulations are discussed. As a simpler and more
direct alternative to access the nonlinear regime, a virtual beam is defined. The virtual beam
controls the nonlinearity of the restoring force by modifying the Young’s modulus. This work
defines the Young’s modulus such that the restoring force is like a Duffing oscillator. Then,
the dynamics of this virtual beam are explored in air and water, and it is demonstrated that
the Duffing oscillator serves as an appropriate reduced order model for this virtual beam. To
understand the stochastic dynamics of the virtual beam, the stochastic Duffing oscillator is
solved numerically. The ensemble autocorrelation of the beam dynamics are investigated for
nonlinearities varying from linear to strongly nonlinear. The numeric autocorrelation is used
to quantify the range of nonlinear strength where a deterministic approach, the ring down,
can yield a good approximation. In the strongly nonlinear regime, the stochastic numerical
approach is used to determine the autocorrelation.

This research was supported by the National Science Foundation, grant number CMMI-
2001559, and portions of the computations were conducted using the resources of Virginia
Tech’s Advanced Research Computing center.



Dynamics of Small Elastic Systems in Fluid: Tension and Nonlinear-
ity

Johnathon R. Barbish

(GENERAL AUDIENCE ABSTRACT)

This work explores the physics of small systems immersed in a fluid, such as air or water.
Previous literature has established an understanding of the force from a fluid acting on
solids such as cantilevers and doubly clamped beams. Building on these advances, this
work extends theory to doubly clamped beams with any amount of tension. Both the
driven and stochastic, or randomly driven, dynamics of a doubly clamped beam are explored.
The driven dynamics are developed for a driving force applied over part of the beam, and
demonstrates quantitative agreement with an experimental beam, in both air and in water.
For the stochastic dynamics, the noise spectrum describes the random thermal fluctuations
of the beam at a given frequency. These thermal fluctuations are small, but measureable
deviations of the system from equilibrium and are significant for these small scale systems.
The noise spectrum can be estimated by computing the statistics from many randomly
forced simulations. However, previous literature provides a direct computation of the noise
spectrum with a single deterministic ring down. This work provides an analytical expression
for the noise spectrum of a doubly clamped beam in tension in fluid for multiple modes. The
theoretical noise spectrum shows excellent quantitative agreement with the ring down from
finite element simulations. The agreement between theory and simulation is demonstrated
in air and water, for a measurement of the noise spectrum at the beam midpoint and at the
beam quarter point.

In addition to exploring the linear dynamics of these systems, the case of large perturbations,
resulting in nonlinear dynamics, is explored. This regime is motivated by exploring the
theoretical dynamics of a uniformly shrinking doubly clamped beam. The challenges of
modeling such a beam using finite element simulations are discussed. As a simpler and more
direct alternative to access the nonlinear regime, a virtual beam is defined. The virtual beam
controls the nonlinearity of the restoring force such that the system becomes increasingly stiff
as the displacements become larger. This definition results in the restoring force following a
Duffing oscillator. Then, the dynamics of this virtual beam are explored in air and water, and
it is demonstrated that the Duffing oscillator serves as an appropriate reduced order model
for this virtual beam. For varying nonlinear strengths, the stochastic numerical approach is
used to quantify the dynamics, and the range of usefulness for the deterministic ring down
is investigated.

This research was supported by the National Science Foundation, grant number CMMI-
2001559, and portions of the computations were conducted using the resources of Virginia
Tech’s Advanced Research Computing center.
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�j�X�9 �:�2�Q�K�2�i�`�B�+ ���M�/ �K���i�2�`�B���H �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �p�B�`�i�m���H �#�2���K�X�X �X �X �X �X �X �X �X �X �X �X �X�j�9

�j�X�8 �J�2�b�? ���M�/ �b�B�K�m�H���i�B�Q�M �T�`�Q�T�2�`�i�B�2�b �B�M�p�2�b�i�B�;���i�2�/ �B�M �K�2�b�? �b�B�x�2 �+�Q�M�p�2�`�;�2�M�+�2�X�X �X �X �X�9�8

�9�X�R �S���`���K�2�i�2�`�b �Q�7 �M�Q�M�H�B�M�2���` �M���M�Q�#�2���K�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�3

�8�X�R �"�2���K �T�`�Q�T�2�`�i�B�2�b �Q�740 �’�K �#�2���K�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�k

�8�X�k �6�H�m�B�/ �T�`�Q�T�2�`�i�B�2�b �Q�7 ���B�` ���M�/ �r���i�2�`�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�d�k

�8�X�j �1�7�7�2�+�i�B�p�2 �i�?�2�Q�`�2�i�B�+���H �#�2���K ���M�/ �b�i�`�B�M�; �T���`���K�2�i�2�`�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�N

�8�X�9 �1�7�7�2�+�i�B�p�2 �b�T���i�B���H �/�`�B�p�B�M�; �T���`���K�2�i�2�`�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�y

�e�X�R �6�`�2�[�m�2�M�+�B�2�b ���M�/ �b�T�`�B�M�; �+�Q�M�b�i���M�i�b �7�Q�`40 �’�K �#�2���K �b�i�m�/�B�2�/ �B�M �7�H�m�+�i�m���i�B�Q�M�b�X�X �X�N�d

�e�X�k �"�2���K �T�`�Q�T�2�`�i�B�2�b �Q�740 �’�K �#�2���K �b�i�m�/�B�2�/ �B�M �7�H�m�+�i�m���i�B�Q�M�b�X�X �X �X �X �X �X �X �X �X �X �X �X�N�3

�d�X�R �J���i�2�`�B���H �S�`�Q�T�2�`�i�B�2�b �Q�7 �S�J�J���X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�3

�d�X�k �a�T�`�B�M�; �T���`���K�2�i�2�`�b �Q�7 �K�B�+�`�Q�b�+���H�2 �b�T�`�B�M�;�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�3

�d�X�j �J���i�2�`�B���H �S�`�Q�T�2�`�i�B�2�b �Q�7 �S�1�:�.���X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�9

�d�X�9 �a�T�`�B�M�; �T���`���K�2�i�2�`�b �Q�7 �M���M�Q�b�+���H�2 �"�2�H�H�p�B�H�H�2 �b�T�`�B�M�;�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�d

�d�X�8 �J���i�2�`�B���H �S�`�Q�T�2�`�i�B�2�b �Q�7 �S�1�h���X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�3

�3�X�R �:�2�Q�K�2�i�`�B�+ ���M�/ �K���i�2�`�B���H �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �p�B�`�i�m���H �#�2���K�X�X �X �X �X �X �X �X �X �X �X �X �X�R�k�9

�3�X�k �S���`���K�2�i�2�`�b �Q�7 �.�m�7�7�B�M�; �Q�b�+�B�H�H���i�Q�` �7�Q�` �p�B�`�i�m���H �#�2���K �B�K�K�2�`�b�2�/ �B�M ���B�` �r�B�i�? �p���`�v�B�M�;
�M�Q�M�H�B�M�2���`�B�i�v�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�d

�3�X�j �S���`���K�2�i�2�`�b �Q�7 �.�m�7�7�B�M�; �Q�b�+�B�H�H���i�Q�` �7�Q�` �p�B�`�i�m���H �#�2���K �B�K�K�2�`�b�2�/ �B�M �r���i�2�` �r�B�i�?
�p���`�v�B�M�; �M�Q�M�H�B�M�2���`�B�i�v�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�y

�t�p



�3�X�9 �a�i���i�B�b�i�B�+�b �Q�7 �.�m�7�7�B�M�; �Q�b�+�B�H�H���i�Q�` �7�Q�` �p���`�v�B�M�; �M�Q�M�H�B�M�2���`�B�i�v�X�X �X �X �X �X �X �X �X �X �X �X �X�R�j�j

�t�p�B



�G�B�b�i �Q�7 �a�v�K�#�Q�H�b

� �L�Q�M�H�B�M�2���` �.�m�7�7�B�M�; �T���`���K�2�i�2�`�-� = akB T
k1

� �A�M�p�2�`�b�2 �i�?�2�`�K���H �2�M�2�`�;�v�-� = ( kB T)� 1 �(�C� 1�)

� (t) �a�m�b�+�2�T�i�B�#�B�H�B�i�v �Q�7 �b�v�b�i�2�K ���i �i�B�K�2t �(�K�f�L�)

� t �h�B�K�2 �b�i�2�T �(�b�)

� W �"�`�Q�r�M�B���M �B�M�+�`�2�K�2�M�i�b

� (t) �.�B�`���+ �/�2�H�i�� �7�m�M�+�i�B�Q�M �Q�7t �(�m�M�B�i�b �Q�71/ t�)

� s �a�i�Q�F�2�b�ö �H�2�M�;�i�? �(�K�)

� �+�m�#�B�+ �M�Q�M�H�B�M�2���` �T���`���K�2�i�2�`

� r ���b�T�2�+�i �`���i�B�Q


 �.���K�T�B�M�; �+�Q�2�7�7�B�+�B�2�M�i �(�F�;�f�b�)

�( R) �>�v�/�`�Q�/�v�M���K�B�+ �7�m�M�+�i�B�Q�M

�( y) �:���K�K�� �7�m�M�+�i�B�Q�M �r�B�i�? ���`�;�m�K�2�M�iy�- �m�b�2�/ �Q�M�H�v �B�M �*�?�X �k

q̂ �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7q

� �J�2���M �7�`�2�2 �T���i�? �Q�7 �b�m�`�`�Q�m�M�/�B�M�; �7�H�m�B�/ �T���`�i�B�+�H�2 �(�K�)

hqi �1�M�b�2�K�#�H�2 �2�t�T�2�+�i���i�B�Q�M �Q�7q

hx(t)x(0)i �1�M�b�2�K�#�H�2 ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M �Q�7x �(�K2�)

H �>���K�B�H�i�Q�M�B���M �Q�7 �� �b�v�b�i�2�K �(�C�)

Ky(z) �J�Q�/�B�7�B�2�/ �"�2�b�b�2�H �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �b�2�+�Q�M�/ �F�B�M�/ �Q�7 �Q�`�/�2�`y ���M�/ ���`�;�m�K�2�M�iz

N (0; 1) �L�Q�`�K���H �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �� �K�2���M �Q�7 �x�2�`�Q ���M�/ �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M �Q�7 �R

� �J���b�b �T�2�` �m�M�B�i �H�2�M�;�i�? �(�F�;�f�K�)

� f �.�v�M���K�B�+ �p�B�b�+�Q�b�B�i�v �(�F�;�f�U�K �b�V�)

� �S�Q�B�b�b�Q�M �`���i�B�Q

� f �E�B�M�2�K���i�B�+ �p�B�b�+�Q�b�B�i�v �(�K2�f�b�)

�t�p�B�B



! ���M�;�m�H���` �7�`�2�[�m�2�M�+�v �(�`���/�f�b�)


 n �6�`�2�[�m�2�M�+�v �Q�7 �K�Q�/�2n

� �.�2�M�b�B�i�v �(�F�;�f�K3�)

� 2
x �o���`�B���M�+�2 �Q�7 �p���`�B���#�H�2x �(�m�M�B�i�b �Q�7x2�)

� �i�B�K�2�b�+���H�2 �(�b�)

~X (t) �1�M�b�2�K�#�H�2 ���p�2�`���;�2 �`�B�M�; �/�Q�r�M �(�K�)

� L �a�T���i�B���H �2�t�i�2�M�i �Q�7 �7�Q�`�+�2 ���T�T�H�B�2�/ �7�`�Q�K �H�2�7�i �2�M�/ �Q�7 �#�2���K �(�K�)

� R �a�T���i�B���H �2�t�i�2�M�i �Q�7 �7�Q�`�+�2 ���T�T�H�B�2�/ �7�`�Q�K �`�B�;�?�i �2�M�/ �Q�7 �#�2���K �(�K�)

Z (� ) �S���`�i�B�i�B�Q�M �7�m�M�+�i�B�Q�M

A ���K�T�H�B�i�m�/�2 �Q�7 �K�Q�i�B�Q�M �(�K�)

a �L�Q�M�H�B�M�2���` �.�m�7�7�B�M�; �T���`���K�2�i�2�`�-a = k3
k1

�(�K� 2�)

ac �*�`�B�i�B�+���H ���K�T�H�B�i�m�/�2 �(�K�)

b �q�B�/�i�? �(�K�)

d �.�B���K�2�i�2�` �(�K�)

Dy(z) �S���`���#�Q�H�B�+ �+�v�H�B�M�/�2�` �7�m�M�+�i�B�Q�M �Q�7 �Q�`�/�2�`y ���M�/ ���`�;�m�K�2�M�iz

E �1�M�2�`�;�v �Q�7 �� �b�v�b�i�2�K�- �(�C�)

E �u�Q�m�M�;�ö�b �K�Q�/�m�H�m�b�- �(�S���)

Er �1�`�`�Q�` �r�B�i�? �`�2�b�T�2�+�i �i�Q �� �`�2�7�2�`�2�M�+�2r �X �h�?�2 �b�m�#�b�+�`�B�T�i �/�2�M�Q�i�2�b �i�?�2 �2�`�`�Q�` �r�B�i�? �`�2�b�T�2�+�i �i�Q
�i�?�2�Q�`�v �UE t �V �Q�` �b�B�K�m�H���i�B�Q�M �UEs�V

f �6�`�2�[�m�2�M�+�v �(�>�x�)

F (t) �6�Q�`�+�2 ���+�i�B�M�; �Q�M �b�v�b�i�2�K ���i �i�B�K�2t �(�L�)

FB (t) �"�`�Q�r�M�B���M �7�Q�`�+�2 ���+�i�B�M�; �Q�M �b�v�b�i�2�K ���i �i�B�K�2t �(�L�)

f n �6�`�2�[�m�2�M�+�v �Q�7 �K�Q�/�2n �(�>�x�)

FT �h�2�M�b�B�Q�M �7�Q�`�+�2 �(�L�)

G �a�?�2���` �K�Q�/�m�H�m�b �(�S���)

GF (f ) �6�Q�`�+�2F �M�Q�B�b�2 �b�T�2�+�i�`�m�K ���b �� �7�m�M�+�i�B�Q�M �Q�7 �7�`�2�[�m�2�M�+�vf �(�L2�f�>�x�)

�t�p�B�B�B



Gx (f ) �.�B�b�T�H���+�2�K�2�M�ix �M�Q�B�b�2 �b�T�2�+�i�`�m�K ���b �� �7�m�M�+�i�B�Q�M �Q�7 �7�`�2�[�m�2�M�+�vf �(�K2�f�>�x�)

h �>�2�B�;�?�i �(�K�)

h �S�H���M�+�F�ö�b �+�Q�M�b�i���M�i �(�e�X�e�k�e� 10� 34�C �b�)

I ���`�2�� �K�Q�K�2�M�i �Q�7 �B�M�2�`�i�B�� �(�K4�)

k(x) �a�T�`�B�M�; �`���i�2�- �� �b�T�`�B�M�; �+�Q�M�b�i���M�i �i�?���i �B�b �/�2�T�2�M�/�2�M�i �Q�M �i�?�2 �/�B�b�T�H���+�2�K�2�M�ix �(�L�f�K�)

k1 �G�B�M�2���` �b�T�`�B�M�; �+�Q�M�b�i���M�i �(�L�f�K�)

k3 �*�m�#�B�+ �b�T�`�B�M�; �+�Q�M�b�i���M�i �(�L�f�K3�)

kB �"�Q�H�i�x�K���M�M �+�Q�M�b�i���M�i �(�C�f�E�)

L �G�2�M�;�i�? �Q�7 ���M �Q�#�D�2�+�i �U�#�2���K�- �b�T�`�B�M�;�- �2�i�+�X�V �(�K�)

M �L�m�K�#�2�` �Q�7 �b�B�K�m�H���i�B�Q�M �T���i�?�b

m �J���b�b �(�F�;�)

n �J�Q�/�2 �M�m�K�#�2�`

Nc �L�m�K�#�2�` �Q�7 �+�Q�B�H�b

Np �L�m�K�#�2�` �Q�7 �b�i�2�T�b �T�2�` �T�2�`�B�Q�/

Nel �L�m�K�#�2�` �Q�7 �2�H�2�K�2�M�i�b

p �:�2�M�2�`���H�B�x�2�/ �K�Q�K�2�M�i�m�K �(�F�; �K�f�b�)

p �T�B�i�+�?�- �m�b�2�/ �Q�M�H�v �B�M �*�?�X �d �Q�M �b�T�`�B�M�;�b �(�K�)

P(p; q) �S�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v �Q�7 �� �b�v�b�i�2�K �r�B�i�? �� �K�Q�K�2�M�i�m�Kp ���M�/ �T�Q�b�B�i�B�Q�Mq

Q �Z�m���H�B�i�v �7���+�i�Q�`�-Q = m! 0/ 


q �:�2�M�2�`���H�B�x�2�/ �+�Q�Q�`�/�B�M���i�2 �(�K�)

R �6�`�2�[�m�2�M�+�v �T���`���K�2�i�2�` �U�#���b�2�/ �Q�M �_�2�V�-R = !b 2/(4 � f )

R �_���/�B�m�b �Q�7 �� �b�T�`�B�M�;�- �m�b�2�/ �Q�M�H�v �B�M �*�?�X �d �Q�M �b�T�`�B�M�;�b �(�K�)

r �_���/�B�m�b �Q�7 �i�?�2 �r�B�`�2 �Q�7 �� �b�T�`�B�M�;�- �m�b�2�/ �Q�M�H�v �B�M �*�?�X �d �Q�M �b�T�`�B�M�;�b �(�K�)

T �h�2�K�T�2�`���i�m�`�2 �(�E�)

t �h�B�K�2 �(�b�)

�t�B�t



T0 �J���b�b �H�Q���/�B�M�; �T���`���K�2�i�2�`�- �`���i�B�Q �Q�7 �K���b�b �Q�7 �+�v�H�B�M�/�2�` �Q�7 �7�H�m�B�/ �i�Q �K���b�b �Q�7 �#�2���K

U �h�2�M�b�B�Q�M �T���`���K�2�i�2�`�- �`���i�B�Q �Q�7 �i�2�M�b�B�Q�M �7�Q�`�+�2 �i�Q �2�H���b�i�B�+ �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2�-U = FT L2/(2 EI )

u �*�?���`���+�i�2�`�B�b�i�B�+ �p�2�H�Q�+�B�i�v �Q�7 �7�H�m�B�/ �(�K�f�b�)

U(q) �S�Q�i�2�M�i�B���H �2�M�2�`�;�v �Q�7 �b�v�b�i�2�K ���i �+�Q�Q�`�/�B�M���i�2q �(�C�)

W �h�`���M�b�p�2�`�b�2 �/�B�b�T�H���+�2�K�2�M�i �(�K�)

w �.�B�b�T�H���+�2�K�2�M�i �(�K�)
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�7�H�Q�r�X �6�m�`�i�?�2�` �/�2�i���B�H�b ���#�Q�m�i �K�Q�/�2�H�B�M�; �i�?�2 �7�H�m�B�/ �b�Q�H�B�/ �B�M�i�2�`���+�i�B�Q�M ���`�2 �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�X�j�X�e�X

�h�?�B�b �r�Q�`�F �7�Q�+�m�b�2�b �Q�M �M�Q�M�H�B�M�2���`�B�i�B�2�b �7�`�Q�K �i�?�2 �;�2�Q�K�2�i�`�v �Q�7 �i�?�2 �b�v�b�i�2�K ���M�/ �7�`�Q�K �i�?�2 �b�Q�H�B�/
�b�v�b�i�2�K �B�M�i�2�`���+�i�B�M�; �r�B�i�? �� �b�m�`�`�Q�m�M�/�B�M�; �7�H�m�B�/�X �G���i�2�` �+�?���T�i�2�`�b �r�B�H�H �2�t�T�H�Q�`�2 �i�?�2 �M�Q�M�H�B�M�2���`�B�i�v
�7�`�Q�K �i�?�2 �7�H�m�B�/ �b�Q�H�B�/ �B�M�i�2�`���+�i�B�Q�M�X �h�?�B�b �b�2�+�i�B�Q�M �B�M�i�`�Q�/�m�+�2�b �;�2�Q�K�2�i�`�B�+ �M�Q�M�H�B�M�2���`�B�i�B�2�b�X �:�2�Q�K�2�i�`�B�+
�M�Q�M�H�B�M�2���`�B�i�B�2�b ���`�B�b�2 �B�M �� �/�Q�m�#�H�v �+�H���K�T�2�/ �#�2���K �/�m�2 �i�Q �H���`�;�2 �/�B�b�T�H���+�2�K�2�M�i�b �B�M�+�`�2���b�B�M�; �i�?�2
�i�2�M�b�B�Q�M �7�Q�`�+�2 �B�M �i�?�2 �#�2���K�- �+�`�2���i�B�M�; �� �b�i�B�7�7�2�M�B�M�; �2�7�7�2�+�i �(�j�R�)�X �h�?�B�b �M�Q�M�H�B�M�2���`�B�i�v �+���M ���`�B�b�2 �/�m�2 �i�Q
�i�?�2�`�K���H �7�Q�`�+�2�b ���H�Q�M�2�- �7�Q�` �� �b�K���H�H �2�M�Q�m�;�? �#�2���K�X �h�?�2 �/�2�i���B�H�b �Q�7 �i�?�B�b �2�t���K�T�H�2 ���`�2 �T�`�Q�p�B�/�2�/ �H���i�2�`
�Q�M �B�M �*�?�X�9�X �>�2�`�2�- �i�?�2 �#�2���K �B�b �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �/�B�7�7�2�`�2�M�i �K�Q�/�2�b�- �2���+�? �r�?�B�+�? �+���M �#�2 �K�Q�/�2�H�2�/
�r�B�i�? �� �b�T�`�B�M�; �K���b�b �/���K�T�2�` �b�v�b�i�2�K�X �h�?�2 �b�T�`�B�M�; �K���b�b �/���K�T�2�` �b�v�b�i�2�K �B�b �7�m�`�i�?�2�` �/�B�b�+�m�b�b�2�/ �i�Q
�b�?�Q�r �r�?�B�+�? �;�2�Q�K�2�i�`�B�+ �M�Q�M�H�B�M�2���`�B�i�B�2�b ���`�2 �Q�7 �B�M�i�2�`�2�b�i �B�M �i�?�B�b �r�Q�`�F�X

�� �/�B���;�`���K �Q�7 �� �b�T�`�B�M�; �K���b�b �/���K�T�2�` �b�v�b�i�2�K �B�b �b�?�Q�r�M �B�M �6�B�;�X�k�X�R�- �r�?�2�`�2m �B�b �i�?�2 �K���b�b�-
 �B�b
�i�?�2 �+�Q�2�7�7�B�+�B�2�M�i �Q�7 �/���K�T�B�M�;�- ���M�/k �B�b �i�?�2 �b�T�`�B�M�; �+�Q�M�b�i���M�i�X �h�?�2�b�2 �7�Q�`�+�2�b �+�Q�K�#�B�M�2 �B�M �L�2�r�i�Q�M�ö�b
�b�2�+�Q�M�/ �H���r �Q�7 �K�Q�i�B�Q�M�- �;�B�p�B�M�; �i�?�2 �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M �7�Q�` �i�?�2 �/�B�b�T�H���+�2�K�2�M�ix(t) �Q�7 �i�?�2 �K���b�b
���b

m•x + 
 _x + kx = 0 �U�R�X�k�V

�r�?�2�`�2 �� �/�Q�i �/�2�M�Q�i�2�b �/�B�7�7�2�`�2�M�i�B���i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�B�K�2t�X �A�7 �i�?�2 �T���`���K�2�i�2�`�bm; 
; k ���`�2
���H�H �+�Q�M�b�i���M�i�b�- �i�?�2�M �i�?�B�b �B�b �� �H�B�M�2���` �Q�`�/�B�M���`�v �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�- ���M�/ �i�?�2�`�2 �2�t�B�b�i�b �� �m�M�B�[�m�2
�b�Q�H�m�i�B�Q�M �7�Q�` �2���+�? �b�2�i �Q�7 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�X �>�Q�r�2�p�2�`�- �B�7 ���M�v �Q�7 �i�?�2 �T���`���K�2�i�2�`�b ���`�2 �M�Q�i �+�Q�M�b�i���M�i
�r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �/�B�b�T�H���+�2�K�2�M�ix�- �i�?�2�M �M�Q�M�H�B�M�2���`�B�i�B�2�b �B�M �i�?�2 �b�Q�H�m�i�B�Q�M �+���M ���`�B�b�2�X �6�Q�` �i�?�2
�L�1�J�a �/�2�p�B�+�2�b �Q�7 �B�M�i�2�`�2�b�i�- �i�?�2 �2�7�7�2�+�i �Q�7 �i�?�2 �7�H�m�B�/ �7�Q�`�+�2 �Q�M �i�?�2 �Q�#�D�2�+�i �B�b �K�Q�/�2�H�H�2�/ �r�B�i�? �i�?�2
�?�v�/�`�Q�/�v�M���K�B�+ �7�m�M�+�i�B�Q�M�- �r�?�B�+�? �B�M�+�H�m�/�2�b �K���b�b �H�Q���/�B�M�; ���M�/ �p�B�b�+�Q�m�b �/���K�T�B�M�;�X �h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b
�i�Q �K�Q�/�B�7�v�B�M�; �i�?�2 �K���b�bm ���M�/ �/���K�T�B�M�;
 �+�Q�2�7�7�B�+�B�2�M�i�b�- �b�Q �i�?���i �i�?�2�v ���`�2 �� �7�m�M�+�i�B�Q�M �Q�7 �i�B�K�2t�-
�#�m�i ���`�2 �b�i�B�H�H �H�B�M�2���` �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �/�B�b�T�H���+�2�K�2�M�ix�X �h�?�B�b �?���b �#�2�2�M �/�Q�+�m�K�2�M�i�2�/ �7�Q�` �b�B�K�T�H�2
�;�2�Q�K�2�i�`�B�2�b �b�m�+�? ���b �+���M�i�B�H�2�p�2�`�b ���M�/ �/�Q�m�#�H�v �+�H���K�T�2�/ �#�2���K�b�- �7�Q�` �r�?�B�+�? ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M�b ���`�2
���p���B�H���#�H�2 �(�j�y�-�j�k���j�9�)�X ���/�/�B�i�B�Q�M���H�H�v�- �M�Q�i�2 �i�?���i �i�?�2 �7�H�m�B�/ �/�Q�2�b �M�Q�i �+�?���M�;�2 �i�?�2 �b�T�`�B�M�; �+�Q�M�b�i���M�i
k�X �6�Q�` �M�Q�M�H�B�M�2���` �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2�b�- �i�?�2 �b�T�`�B�M�; �+�Q�M�b�i���M�i �B�b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �/�B�b�T�H���+�2�K�2�M�ix�-
���M�/ �r�B�H�H �#�2 �`�2�7�2�`�`�2�/ �i�Q ���b ���b�T�`�B�M�; � �̀��i�2k(x)�X �h�?�2 �T�`�B�K���`�v �b�T�`�B�M�; �`���i�2 �Q�7 �B�M�i�2�`�2�b�i �i���F�2�b �i�?�2
�7�Q�`�K �Q�7

k(x) = k1(1 + ax2) �U�R�X�j�V

�r�?�2�`�2k1 �B�b �i�?�2 �b�T�`�B�M�; �+�Q�M�b�i���M�i �B�M �i�?�2 �H�B�K�B�i �Q�7 �b�K���H�H �/�B�b�T�H���+�2�K�2�M�i�bajxj2 � 1�- ���M�/a �B�b �i�?�2
�M�Q�M�H�B�M�2���` �+�Q�2�7�7�B�+�B�2�M�i �r�B�i�? �m�M�B�i�b �Q�7 �M�K� 2�X �h�?�B�b �b�T�`�B�M�; �`���i�2 �`�2�b�m�H�i�b �B�M �� �+�m�#�B�+ �M�Q�M�H�B�M�2���`�B�i�v �B�M
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�6�B�;�m�`�2 �R�X�R�, �J���;�M�B�i�m�/�2 �Q�7 �i�?�2 �.�m�7�7�B�M�; �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2jF j �B�M �1�[�X �U�R�X�9�V ���i �/�B�b�T�H���+�2�K�2�M�ix �7�Q�`
�i�?�`�2�2 �/�B�7�7�2�`�2�M�ia �p���H�m�2�b�- �r�?�B�+�? �+�Q�M�i�`�Q�H�b �i�?�2 ���K�Q�m�M�i �Q�7 �M�Q�M�H�B�M�2���`�B�i�v �B�M �i�?�2 �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2�X �h�?�2
�b�i�B�7�7�M�2�b�bk1 = 0:1 �L/ �K �B�b �7�`�Q�K �h���#�H�2�k�X�R�- �r�?�B�+�? �B�b �� �i�v�T�B�+���H �b�i�B�7�7�M�2�b�b �Q�7 �� �M���M�Q�b�+���H�2 �#�2���K�X
�6�Q�à = 0 �U�`�2�/ �H�B�M�2�V�- �B�i �B�b �b�B�K�T�H�v �� �H�B�M�2���` �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2�X �6�Q�`a > 0 �U�#�H�m�2 �H�B�M�2�V�- �i�?�2 �`�2�b�i�Q�`�B�M�;
�7�Q�`�+�2 �B�M�+�`�2���b�2�b ���#�Q�p�2 �i�?�2 �H�B�M�2���` �+���b�2�- ���M�/ �B�b �F�M�Q�r�M ���b �b�i�B�7�7�2�M�B�M�;�X �6�Q�`a < 0 �U�v�2�H�H�Q�r �H�B�M�2�V�- �i�?�2
�`�2�b�i�Q�`�B�M�; �7�Q�`�+�2 �/�2�+�`�2���b�2�b �+�Q�K�T���`�2�/ �i�Q �i�?�2 �H�B�M�2���` �+���b�2�- ���M�/ �B�b �F�M�Q�r�M ���b �b�Q�7�i�2�M�B�M�;�X

�i�?�2 �b�T�`�B�M�; �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2F �- �r�?�B�+�? �B�b �/�2�7�B�M�2�/ ���b

F (x) = � k(x)x = � k1x(1 + ax2): �U�R�X�9�V

�h�?�B�b �B�b �B�K�T�Q�`�i���M�i�- ���b �i�?�2 �M�Q�M�H�B�M�2���`�B�i�v �+���M �#�2 �B�;�M�Q�`�2�/ �B�7 �#�Q�i�?jxj ���M�/a ���`�2 �b�K���H�H �2�M�Q�m�;�?�-
�Q�` �i�?���iajxj2�K���t � 1�X �q�?�2�Majxj2�K���t � O (1)�- �i�?�2 �M�Q�M�H�B�M�2���`�B�i�v �B�b �b�B�;�M�B�7�B�+���M�i�- ���M�/ �+���M �M�Q�i �#�2
�B�;�M�Q�`�2�/�X �h�Q �/�2�K�Q�M�b�i�`���i�2 ���M �2�t���K�T�H�2 �Q�7 �i�?�B�b�- �6�B�;�X�R�X�R�b�?�Q�r�b �i�?�2 �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2 �B�M �1�[�X �U�R�X�9�V
���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �/�B�b�T�H���+�2�K�2�M�ix �7�Q�` �p���H�m�2�b �Q�7a = ( � 0:5; 0; 0:5) �M�K� 2�X �6�`�Q�K �6�B�;�X�R�X�R�-
�i�?�2 �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2 �7�Q�`a 6= 0 �b�?�Q�r�b �/�B�b�T�H���+�2�K�2�M�i �/�2�T�2�M�/�2�M�i �#�2�?���p�B�Q�` �;�B�p�2�M �H���`�;�2 �2�M�Q�m�;�?
�/�B�b�T�H���+�2�K�2�M�i�bx �i�Q �Q�#�b�2�`�p�2 �i�?�2 �M�Q�M�H�B�M�2���` �+�Q�M�i�`�B�#�m�i�B�Q�M�b�X �h�?�B�b �b�?�Q�r�b �i�?�2 �/�`���K���i�B�+ �2�7�7�2�+�i �i�?���i
�M�Q�M�H�B�M�2���`�B�i�v �?���b �Q�M �i�?�2 �#�2�?���p�B�Q�` �Q�7 �� �b�v�b�i�2�K�- �2�p�2�M �B�M �i�?�2 �b�i���i�B�+ �+���b�2�X �L�2�t�i�- �+�m�`�`�2�M�i�H�v �b�i�m�/�B�2�/
�M�Q�M�H�B�M�2���` �T�?�2�M�Q�K�2�M�� ���i �i�?�2 �K�B�+�`�Q ���M�/ �M���M�Q�b�+���H�2 ���`�2 �/�B�b�+�m�b�b�2�/�X

�R�X�9 �L�Q�M�H�B�M�2���` �J�1�J�a ���M�/ �L�1�J�a

�L�Q�M�H�B�M�2���`�B�i�v �B�b �Q�7 �+�m�`�`�2�M�i �B�M�i�2�`�2�b�i �7�Q�` �K�B�+�`�Q ���M�/ �M���M�Q�b�+���H�2 �b�v�b�i�2�K�b�X �q�Q�`�F �B�M �i�?�2 �H�B�i�2�`���i�m�`�2
�?���b �B�M�p�2�b�i�B�;���i�2�/ �M�Q�M�H�B�M�2���` �/�v�M���K�B�+�b �7�Q�` �b�v�b�i�2�K�b �b�m�+�? ���b �+���M�i�B�H�2�p�2�`�b �(�j�8�)�- �/�Q�m�#�H�v �+�H���K�T�2�/
�#�2���K�b �(�j�e�)�- ���M�/ �M���M�Q �#�2���/�b �B�M �Q�T�i�B�+���H �i�`���T�b �(�j�d�)�X �h�?�2�b�2 �T�`�2�p�B�Q�m�b �r�Q�`�F�b �/�2�K�Q�M�b�i�`���i�2�/ �i�?�2
�M�Q�M�H�B�M�2���` �`�2�b�T�Q�M�b�2 �Q�7 �i�?�2�B�` �`�2�b�T�2�+�i�B�p�2 �b�v�b�i�2�K�b �7�`�Q�K �� �H���`�;�2 �/�`�B�p�B�M�; �7�Q�`�+�2�X ���/�/�B�i�B�Q�M���H�H�v�-
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�S�Q�b�i�K�� �2�i ���H�X�(�j�e�) ���M�/�:�B�2�b�2�H�2�` �2�i ���H�X�(�j�d�) �/�B�b�+�m�b�b �i�?�2 �`�Q�H�2 �Q�7 �i�?�2�`�K���H �7�H�m�+�i�m���i�B�Q�M�b�- ���M�/ �+�B�`�@
�+�m�K�b�i���M�+�2�b �m�M�/�2�` �r�?�B�+�? �b�v�b�i�2�K�b �r�Q�m�H�/ �`�2�[�m�B�`�2 �� �M�Q�M�H�B�M�2���` �/�2�b�+�`�B�T�i�B�Q�M �/�m�2 �i�Q �i�?�2�`�K���H �7�H�m�+�@
�i�m���i�B�Q�M�b ���H�Q�M�2�X�"���`�M���`�/ �2�i ���H�X�(�j�3�) �2�t�T�2�`�B�K�2�M�i���H�H�v �Q�#�b�2�`�p�2�/ �i�?�B�b �T�?�2�M�Q�K�2�M�Q�M �#�v �K�2���b�m�`�B�M�;
�i�?�2 �7�H�m�+�i�m���i�B�Q�M�b �Q�7 �� �+���`�#�Q�M �M���M�Q�i�m�#�2 �(�j�3�)�X�"���`�M���`�/ �2�i ���H�X�(�j�3�) �7�Q�m�M�/ �i�?���i �i�?�2 �/�v�M���K�B�+�b �Q�7
�i�?�2 �+���`�#�Q�M �M���M�Q�i�m�#�2 �r�2�`�2 �b�B�K�B�H���` �i�Q �� �b�B�K�m�H���i�2�/ �M�Q�M�H�B�M�2���` �b�i�`�B�M�;�- �r�?�B�+�? �B�b �K�Q�/�2�H�2�/ �r�B�i�? �i�?�2
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m•x + 
 _x + kx = F (t) �U�k�X�R�V
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�6�B�;�m�`�2 �k�X�R�, �.�B���;�`���K �Q�7 �/���K�T�2�/ �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` �r�?�2�`�2k; 
; m ���`�2 �i�?�2 �b�T�`�B�M�; �+�Q�M�b�i���M�i�-
�/���K�T�B�M�;�- ���M�/ �K���b�b �`�2�b�T�2�+�i�B�p�2�H�v�X �L�Q�i�2 �i�?���ix(t) �B�b �i�?�2 �/�B�b�T�H���+�2�K�2�M�ix ���i �i�B�K�2t�X

�3



�l�Y�S�Y �b���ñ�«�Ñ�ž�����Ô�« �?�ž���è�ñ�é�Ô�« �Q���«�Ô�ã�ã�ž���ñ�� �N

�r�?�2�`�2 �i�?�2x� 0 �B�b �i�?�2 �/�2�`�B�p���i�B�p�2 �r�B�i�? �`�2�b�T�2�+�i �i�Qt� �-F � (t� ) = F (t� � )/( kL)�- ���M�/Q = m! 0/ 
 �X
�"�v �M�Q�M�/�B�K�2�M�b�B�Q�M���H�B�x�B�M�;�- �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �m�M�/�`�B�p�2�M �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` �B�b �Q�M�H�v �� �7�m�M�+�i�B�Q�M
�Q�7 �i�?�2 �[�m���H�B�i�vQ�- �r�?�B�+�? �?���b �r�2�H�H �F�M�Q�r�M �b�Q�H�m�i�B�Q�M�b �(�9�d�)�X

�1�[�m���i�B�Q�M �U�k�X�R�V �B�b �� �G���M�;�2�p�B�M �2�[�m���i�B�Q�M �r�?�2�M �i�?�2 �7�Q�`�+�2F (t) �B�b �� �"�`�Q�r�M�B���M �7�Q�`�+�2FB (t) �(�9�3�)�X
�h�?�B�b �B�b �#�2�+���m�b�2 �� �"�`�Q�r�M�B���M �7�Q�`�+�2 �B�b �� �T�`�Q�#���#�B�H�B�b�i�B�+ �[�m���M�i�B�i�v�- ���M�/ �b�Q �`�2�[�m�B�`�2�b �� �b�i�Q�+�?���b�i�B�+
�/�2�b�+�`�B�T�i�B�Q�M�X �h�?�B�b �/�B�b�i�B�M�+�i�B�Q�M �B�b �B�K�T�Q�`�i���M�i�- ���b �b�Q�H�p�B�M�; �b�i�Q�+�?���b�i�B�+ �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �`�2�[�m�B�`�2�b
�/�B�7�7�2�`�2�M�i �K���i�?�2�K���i�B�+���H �i�Q�Q�H�b �i�?���M �i�?�Q�b�2 �m�b�2�/ �7�Q�` �� �T�m�`�2�H�v �/�2�i�2�`�K�B�M�B�b�i�B�+ �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M�X

�L�2�t�i�- �i�?�2 �"�`�Q�r�M�B���M �7�Q�`�+�2 �B�b ���b�b�m�K�2�/ �i�Q �#�2 �J���`�F�Q�p�B���M�- �K�2���M�B�M�; �i�?���i �i�?�2 �7�Q�`�+�2FB (t) ���i ���M�v
�i�B�K�2t �B�b �m�M�+�Q�`�`�2�H���i�2�/ �r�B�i�? �i�?�2 �7�Q�`�+�2 ���i ���M�v �Q�i�?�2�` �i�B�K�2�X �h�?�B�b �B�b ���H�b�Q �F�M�Q�r�M ���b ���M �B�M�/�2�T�2�M�/�2�M�i
���M�/ �B�/�2�M�i�B�+���H�H�v �/�B�b�i�`�B�#�m�i�2�/ �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�- ���b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2
�7�Q�`�+�2 �B�b �+�Q�M�b�i���M�i �B�M �i�B�K�2�X �a�B�M�+�2 �i�?�2 �7�Q�`�+�2 �B�b �#�2�B�M�; �b���K�T�H�2�/ �7�`�Q�K ���M �B�M�/�2�T�2�M�/�2�M�i �B�/�2�M�i�B�+���H�H�v
�/�B�b�i�`�B�#�m�i�2�/ �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�- �i�?�2 �+�2�M�i�`���H �H�B�K�B�i �i�?�2�Q�`�2�K �T�`�Q�p�B�/�2�b �� �m�b�2�7�m�H �b�B�K�T�H�B�7�B�+���i�B�Q�M
�#�v �2�t���K�B�M�B�M�; �i�?�2 �b�m�K �Q�7 �K���M�v �7�Q�`�+�2 �b���K�T�H�2�b�X �h�?�B�b �M�2�r �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �:���m�b�b�B���M �#�v �i�?�2
�+�2�M�i�`���H �H�B�K�B�i �i�?�2�Q�`�2�K�X �A�M �� �T�?�v�b�B�+���H �+�Q�M�i�2�t�i�- �i�?�B�b �i�`���M�b�H���i�2�b �i�Q �� �b�2�T���`���i�B�Q�M �Q�7 �i�B�K�2�b�+���H�2�b
���M�/ �+�?�Q�Q�b�B�M�; ���M ���T�T�`�Q�T�`�B���i�2 �b�B�x�2 �7�Q�` �i�?�2 �i�B�K�2 �b�i�2�T� t�X �h�?�2 �i�B�K�2 �b�i�2�T� t �B�b �b�B�;�M�B�7�B�+���M�i�H�v
�H���`�;�2�` �i�?���M �i�?�2 �i�B�K�2�b�+���H�2 �Q�7 �� �K�Q�H�2�+�m�H���` �B�M�i�2�`���+�i�B�Q�M� �"�`�Q�r�M�B���M�- �#�m�i �B�b ���H�b�Q �K�m�+�? �b�K���H�H�2�` �i�?���M
�i�?�2 �`�2�H���t���i�B�Q�M �i�B�K�2 �Q�7 �i�?�2 �b�v�b�i�2�K� �`�2�H���t�b�Q �i�?���i �i�?�2 �b�B�K�m�H���i�B�Q�M �+���M �T�`�Q�T�2�`�H�v �`�2�b�Q�H�p�2 �?�Q�r �i�?�2
�b�v�b�i�2�K �`�2�i�m�`�M�b �i�Q �2�[�m�B�H�B�#�`�B�m�K�X �A�i �B�b ���b�b�m�K�2�/ �i�?���i� �"�`�Q�r�M�B���M� � t � � �`�2�H���t�B�b �p���H�B�/ �7�Q�` ���H�H
�b�v�b�i�2�K�b �/�B�b�+�m�b�b�2�/ �B�M �i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M�X �h�?�B�b �B�b �#���b�2�/ �Q�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �Q�`�/�2�` �Q�7 �K���;�M�B�i�m�/�2
�/�B�b�+�m�b�b�B�Q�M �Q�7 �i�?�2 �/�B�7�7�2�`�2�M�i �i�B�K�2�b�+���H�2�b�X �h�?�2 �"�`�Q�r�M�B���M �7�Q�`�+�2 �?���b �� �i�B�K�2�b�+���H�2� �"�`�Q�r�M�B���M� O (�T�b)�-
�r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �i�B�K�2�b�+���H�2 �Q�7 �K�Q�H�2�+�m�H���` �B�M�i�2�`���+�i�B�Q�M�b�X �6�Q�` �i�?�2 �b�v�b�i�2�K�b �/�B�b�+�m�b�b�2�/ �B�M
�i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M�- �i�?�2�B�` �7�m�M�/���K�2�M�i���H �7�`�2�[�m�2�M�+�v �B�b �Q�M �i�?�2 �Q�`�/�2�` �Q�7 �J�>�x�- �T�`�Q�p�B�/�B�M�; �� �`�2�H���t���i�B�Q�M
�i�B�K�2�b�+���H�2� �`�2�H���t� O (�’�b)�X �h�?�B�bO(106) �/�B�7�7�2�`�2�M�+�2 �B�M �b�+���H�2 �T�`�Q�p�B�/�2�b �2�M�Q�m�;�? �`�Q�Q�K �i�Q �+�?�Q�Q�b�2 ��
�p���H�B�/ �i�B�K�2 �b�i�2�T� t �i�?���i �B�b �H���`�;�2 �2�M�Q�m�;�? �i�Q �m�b�2 �i�?�2 �+�2�M�i�`���H �H�B�K�B�i �i�?�2�Q�`�2�K�- �#�m�i ���H�b�Q �b�i�B�H�H �b�K���H�H
�2�M�Q�m�;�? �i�Q �+���T�i�m�`�2 �i�?�2 �`�2�H���t���i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K�X �_�2�i�m�`�M�B�M�; �i�Q �i�?�2 �"�`�Q�r�M�B���M �7�Q�`�+�2�- �B�i �B�b ��
�:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�- �r�?�B�+�? �B�b �+�Q�K�T�H�2�i�2�H�v �+�?���`���+�i�2�`�B�x�2�/ �#�v �B�i�b �7�B�`�b�i ���M�/ �b�2�+�Q�M�/ �K�Q�K�2�M�i�b�-
�r�?�B�+�? ���`�2 �`�2�b�T�2�+�i�B�p�2�H�v

hFB (t)i = 0; �U�k�X�8�V

hFB (t)FB (t0)i = F 2
0 � (t � t0); �U�k�X�e�V

�r�?�2�`�2 �i�?�2 �K�2���M �7�Q�`�+�2 �B�b �x�2�`�Q ���M�/F0 �B�b �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �"�`�Q�r�M�B���M �7�Q�`�+�2 �7�H�m�+�i�m���i�B�Q�M�b�X �h�?�2
�b�2�+�Q�M�/ �K�Q�K�2�M�i �B�b �/�2�b�+�`�B�#�2�/ �r�B�i�? ���M ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M �7�m�M�+�i�B�Q�M�- �r�?�B�+�? �/�2�b�+�`�B�#�2�b �i�?�2 �+�Q�`�`�2�H���i�B�Q�M
�Q�7 �i�?�2 �7�Q�`�+�2 ���i �i�B�K�2t �r�B�i�? �b�Q�K�2 �Q�i�?�2�` �i�B�K�2t0�X �q�?�2�M �i�?�2 �/���K�T�B�M�; �+�Q�2�7�7�B�+�B�2�M�i
 �B�b �+�Q�M�b�i���M�i�-
�i�?�2�`�2 �B�b �M�Q �i�2�K�T�Q�`���H �+�Q�`�`�2�H���i�B�Q�M�X �h�?�B�b �B�b �r�?�v �1�[�X �U�k�X�e�V �+�Q�M�i���B�M�b �i�?�2 �/�2�H�i�� �7�m�M�+�i�B�Q�M� (t � t0)�-
�r�?�B�+�? �B�b �Q�M�H�v �M�Q�M�x�2�`�Q �r�?�2�Mt = t0�X �q�B�i�? �i�?�2 �b�i�Q�+�?���b�i�B�+ �/�2�b�+�`�B�T�i�B�Q�M �7�m�H�H�v �/�2�7�B�M�2�/�- ���M���H�v�i�B�+���H
�b�Q�H�m�i�B�Q�M�b ���`�2 �2�t�T�H�Q�`�2�/ �i�Q �Q�#�i���B�M �T�?�v�b�B�+���H �B�M�b�B�;�?�i�b �B�M�i�Q �i�?�2 �H�B�M�2���` �+���b�2 �i�?���i �r�B�H�H �b�2�`�p�2 ���b ��
�T�Q�B�M�i �Q�7 �+�Q�K�T���`�B�b�Q�M �r�?�2�M �2�t�T�H�Q�`�B�M�; �i�?�2 �M�Q�M�H�B�M�2���` �+���b�2�X
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�k�X�R�X�R ���M���H�v�i�B�+���H �J�2�i�?�Q�/�b ���M�/ �i�?�2 �6�H�m�+�i�m���i�B�Q�M �.�B�b�b�B�T���i�B�Q�M �h�?�2�Q�@
�`�2�K

�h�?�2 �/���K�T�2�/ �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` �Q�7 �1�[�X �U�k�X�R�V �B�b �r�2�H�H �/�2�b�+�`�B�#�2�/ �r�B�i�? ���M���H�v�i�B�+���H �K�2�i�?�Q�/�b�X
�h�?�2�b�2 �b�Q�H�m�i�B�Q�M�b ���`�2 �r�2�H�H �F�M�Q�r�M �(�9�d�-�9�N�)�X �h�?�B�b �b�2�+�i�B�Q�M �Q�m�i�H�B�M�2�b �i�?�2 �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M�-
�T�`�2�b�2�M�i�B�M�; �Q�M�H�v �i�?�2 �`�2�H�2�p���M�i �7�2���i�m�`�2�b�X �6�B�`�b�i�- �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �B�b �/�2�7�B�M�2�/ �m�b�B�M�; �i�?�2
�+�Q�M�p�2�M�i�B�Q�M�b �Q�7

q̂(! ) =
Z 1

�1
q(t)ei!t dt �U�k�X�d�V

q(t) =
1

2�

Z 1

�1
q̂(! )e� i!t d! �U�k�X�3�V

�r�?�2�`�2 �i�?�2 �M�Q�i���i�B�Q�Mq̂(! ) �B�b �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7q(t)�X �h�?�2 �?���i �b�v�K�#�Q�H �B�b �`�2�b�2�`�p�2�/ �7�Q�` �i�?�B�b
�m�b�2 �Q�M�H�v�X �h�?�B�b �r�Q�`�F �m�b�2�b �i�?�2 �+�Q�M�p�2�M�i�B�Q�M �i�?���it �B�b �i�B�K�2�-! �B�b �7�`�2�[�m�2�M�+�v�- ���M�/i �B�b �i�?�2 �B�K���;�B�M���`�v
�m�M�B�i �Ui =

p
� 1�V�X �h�Q �7�B�M�/ �i�?�2 ���M���H�v�i�B�+���H �`�2�b�T�Q�M�b�2x(t) �Q�7 �i�?�2 �b�v�b�i�2�K �i�Q ���M �B�M�T�m�i �7�Q�`�+�2F (t)�-

�7�`�2�[�m�2�M�+�v �#���b�2�/ �K�2�i�?�Q�/�b ���`�2 �m�b�2�/�X �h�?�B�b �B�M�p�Q�H�p�2�b �i���F�B�M�; �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7 �2���+�? �i�2�`�K
�Q�7 �1�[�X �U�k�X�R�V�X �"�v �m�b�B�M�; �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7x(t) ���M�/ �B�i�b �/�2�`�B�p���i�B�p�2�b
_x(t); •x(t)�- �1�[�X �U�k�X�R�V �B�b �i�`���M�b�7�Q�`�K�2�/ �B�M�i�Q �i�?�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�- �;�B�p�B�M�;

� mx̂(! )! 2 � 
 x̂(! )i! + kx̂(! ) = F̂ (! ) �U�k�X�N�V

�r�?�2�`�2̂x(! ) �B�b �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7x(t)�X �q�B�i�? �b�Q�K�2 ���H�;�2�#�`���- �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �`�2�b�T�Q�M�b�2
x̂(! ) �B�b

x̂(! ) =
F̂ (! )

k � m! 2 � i
!
�U�k�X�R�y�V

�r�?�B�+�? �B�b ���M �2�t�T�H�B�+�B�i �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �B�M�T�m�i �7�Q�`�+�2F̂ (! ) ���M�/ �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �Q�b�+�B�H�H���i�Q�`�-
m; 
; k �X �6�`�Q�K �b�i���i�B�b�i�B�+���H �K�2�+�?���M�B�+�b�- �/�2�7�B�M�B�M�; �i�?�2 �H�B�M�2���` �b�m�b�+�2�T�i�B�#�B�H�B�i�v �Q�7 �� �b�v�b�i�2�K �B�b �m�b�2�7�m�H�- ���b
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�#�2�i�r�2�2�Mhx2i ���M�/Gx (! )�X �h�?�2 �7�B�`�b�i �B�b �i�?���i �i�?�2 �b�v�b�i�2�K �B�b ���i �2�[�m�B�H�B�#�`�B�m�K�X �"�v �i�?�2 �/�2�7�B�M�B�i�B�Q�M
�Q�7 �2�[�m�B�H�B�#�`�B�m�K�- �i�?�B�b �b�m�;�;�2�b�i�b �i�?���i �i�?�2 �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �b�v�b�i�2�K ���`�2 �õ�b�i���i�B�Q�M���`�v�ö�- ���M�/ �b�Q �i�?�2
�b�i���i�B�b�i�B�+�b ���`�2 �M�Q�i �� �7�m�M�+�i�B�Q�M ���`�2 �i�B�K�2�X �h�?�B�b �/�Q�2�b �M�Q�i �K�2���M �i�?���i �i�?�2 �T�Q�b�B�i�B�Q�M�-x�- �/�Q�2�b �M�Q�i
�p���`�v �r�B�i�? �i�B�K�2�- �Q�M�H�v �i�?���i �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2hx2i �/�Q�2�b �M�Q�i �p���`�v �r�B�i�? �i�B�K�2�X �A�M ���/�/�B�i�B�Q�M
�i�Q ���b�b�m�K�B�M�; �i�?�2 �b�v�b�i�2�K �B�b �B�M �2�[�m�B�H�B�#�`�B�m�K�- �B�i �B�b ���H�b�Q �M�2�+�2�b�b���`�v �i�Q ���b�b�m�K�2 �i�?���i �i�?�2 �b�v�b�i�2�K �B�b
�2�`�;�Q�/�B�+ ���b �r�2�H�H�X �h�?�B�b ���b�b�m�K�T�i�B�Q�M �B�b �i�?���i �i�?�2 �H�Q�M�; �i�B�K�2 �U�i�2�+�?�M�B�+���H�H�v �B�M�7�B�M�B�i�2 �i�B�K�2�V ���p�2�`���;�2 �Q�7
�i�?�2 �b�v�b�i�2�K �B�b �i�?�2 �b���K�2 ���b �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �Q�7 �i�?�2 �b�v�b�i�2�K�X �S�?�v�b�B�+���H�H�v�- �i�?�B�b ���b�b�m�K�T�i�B�Q�M �B�b
�i�?���i �i�?�2 �b�v�b�i�2�K �p�B�b�B�i�b ���H�H �i�?�2 �T�Q�B�M�i�b �B�M �i�?�2 �T�?���b�2 �b�T���+�2�- �;�B�p�2�M �� �b�m�7�7�B�+�B�2�M�i�H�v �H�Q�M�; �i�B�K�2�X �q�B�i�?
�2�`�;�Q�/�B�+�B�i�v�- �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �B�b �`�2�T�H���+�2�/ �r�B�i�? �� �H�Q�M�; �i�B�K�2 ���p�2�`���;�2�X �q�B�i�? �i�?�2�b�2 �T�?�v�b�B�+���H
���b�b�m�K�T�i�B�Q�M�b ���#�Q�m�i �i�?�2 �b�v�b�i�2�K�- �+�Q�K�#�B�M�2�/ �r�B�i�? �i�?�2 �q�2�B�M�2�`�@�E�?�B�M�i�+�?�B�M�2 �i�?�2�Q�`�2�K �T�`�Q�p�B�/�2

hx2i =
1

2�

Z 1

0
Gx (! )d!; �U�k�X�k�j�V
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�r�?�2�`�2 �i�?�2 �7�m�H�H �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�B�b �`�2�H���i�B�Q�M �+���M �#�2 �7�Q�m�M�/ �B�M �_�2�7�X �(�9�3�)�X �G���b�i�H�v�- �+�Q�K�#�B�M�B�M�;
�1�[�X �U�k�X�k�j�V �r�B�i�? �1�[�X �U�k�X�k�y�V �;�B�p�2�b ���M �2�t�T�H�B�+�B�i �`�2�H���i�B�Q�M�b�?�B�T �Q�7 �i�?�2 �M�Q�B�b�2 �b�T�2�+�i�`�m�K �i�Q �i�?�2 �i�?�2�`�K���H
�2�M�2�`�;�v �Q�7 �i�?�2 �b�v�b�i�2�K�-

k
kB T

1
2�

Z 1

0
Gx (! )d! = 1 �U�k�X�k�9�V

�r�?�B�+�? �K���i�+�?�2�b ���H�`�2���/�v �/�2�`�B�p�2�/ �`�2�b�m�H�i�b �B�M �i�?�2 �H�B�i�2�`���i�m�`�2 �(�8�R�)�X �h�?�B�b �`�2�H���i�B�Q�M�b�?�B�T �?�Q�H�/�b �7�Q�`
�b�v�b�i�2�K�b �r�B�i�? �K�m�H�i�B�T�H�2 �K�Q�/�2�b�- �i�?�Q�m�;�? ���/�/�B�i�B�Q�M���H �+���`�2 �K�m�b�i �#�2 �i���F�2�M �B�M �i�?�2�b�2 �+���b�2�b�- ���b �i�?�2
�+�Q�K�T�H�B���M�+�2 ���/�/�b �H�B�M�2���`�H�v�- �M�Q�i �i�?�2 �b�T�`�B�M�; �+�Q�M�b�i���M�i�b �Q�7 �2���+�? �K�Q�/�2�X ���/�/�B�i�B�Q�M���H �/�2�i���B�H�b ���#�Q�m�i
�2�t���K�B�M�B�M�; �i�?�2 �M�Q�B�b�2 �b�T�2�+�i�`�m�K �Q�7 �K�m�H�i�B�T�H�2 �Q�p�2�`�H���T�T�B�M�; �K�Q�/�2�b ���`�2 �/�B�b�+�m�b�b�2�/ �H���i�2�` �B�M �*�?�X�e�X

�k�X�k �>�Q�r �i�?�2 �.�2�i�2�`�K�B�M�B�b�i�B�+ �_�B�M�; �.�Q�r�M �*���T�i�m�`�2�b �i�?�2
�1�[�m�B�H�B�#�`�B�m�K �6�H�m�+�i�m���i�B�Q�M�b

�h�?�2 �?�B�;�?�H�B�;�?�i�b �Q�7 �i�?�2 �7�H�m�+�i�m���i�B�Q�M �/�B�b�b�B�T���i�B�Q�M �i�?�2�Q�`�2�K ���`�2 �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�X�k�X�R�X�R���M�/ �K�Q�`�2
�/�2�i���B�H�b �+���M �#�2 �7�Q�m�M�/ �B�M �_�2�7�b�X �(�k�3�-�k�N�)�X �"�m�B�H�/�B�M�; �Q�M �i�?�2 �7�H�m�+�i�m���i�B�Q�M �/�B�b�b�B�T���i�B�Q�M �i�?�2�Q�`�2�K�-�S���m�H
�2�i ���H�X�(�8�R�) �/�2�p�2�H�Q�T�2�/ �i�?�2�Q�`�v �i�Q �`�2�H���i�2 �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�; �/�Q�r�M �r�B�i�? �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �M�Q�B�b�2
�b�T�2�+�i�`�m�K �Q�7 �� �b�v�b�i�2�K �r�B�i�? �� �H�B�M�2���` �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2�X �h�?�B�b �B�b �� �T�Q�r�2�`�7�m�H �`�2�b�m�H�i�- ���b �i�?�B�b �B�b �� �/�B�`�2�+�i
�`�Q�m�i�2 �i�Q �+�Q�K�T�m�i�B�M�; �i�?�2 �2�M�b�2�K�#�H�2 �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �b�v�b�i�2�K�X �h�?�B�b �/�B�`�2�+�i �`�Q�m�i�2 �B�b ���/�p���M�i���;�2�Q�m�b
�i�Q �b�i���M�/���`�/ �b�i���i�B�b�i�B�+���H �K�2�i�?�Q�/�b �b�m�+�? ���b �m�b�B�M�; �J�Q�M�i�2 �*���`�H�Q�- �r�?�B�+�? �Q�M�H�v �T�`�Q�p�B�/�2 ���M �2�b�i�B�K���i�2
�Q�7 �i�?�2 �2�M�b�2�K�#�H�2 �b�i���i�B�b�i�B�+�b ���M�/ �`�2�[�m�B�`�2 �K���M�v �b�i�Q�+�?���b�i�B�+ �`�m�M�b�X

�k�X�k�X�R �h�?�2�Q�`�2�i�B�+���H �J�2�i�?�Q�/�b

�h�Q �/�2�K�Q�M�b�i�`���i�2 �i�?�2 �i�?�2�Q�`�v�- �i�?�B�b �b�2�+�i�B�Q�M �i���F�2�b �i�?�2 �i�?�2�Q�`�v �7�`�Q�K �_�2�7�b�X �(�j�y�-�8�R�) ���M�/ ���T�T�H�B�2�b �B�i �i�Q
�i�?�2 �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�`�X �a�i���`�i�B�M�; �Q�7�7�- �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�; �/�Q�r�M �B�b �/�2�7�B�M�2�/ ���bX (t)�X �A�M �i�?�B�b
�r�Q�`�F�- �i�?�2�`�B�M�; �/�Q�r�M�B�bX (t)�- �r�?�B�+�? �B�b �i�?�2 �K�2���b�m�`�2�K�2�M�i �Q�7 �i�?�2 �/�B�b�T�H���+�2�K�2�M�i ���b �i�?�2 �b�v�b�i�2�K
�`�2�i�m�`�M�b �i�Q �2�[�m�B�H�B�#�`�B�m�K�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �i�?�2 �`�B�M�; �/�Q�r�M �B�b �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �Q�7 �i�?�2 �?���`�K�Q�M�B�+
�Q�b�+�B�H�H���i�Q�`�X �a�T�2�+�B�7�B�+���H�H�v�- �i�?�B�b �`�B�M�; �/�Q�r�M �B�b �i�?�2 �`�2�b�m�H�i �Q�7 �`�2�K�Q�p�B�M�; �� �b�i�2�T �7�Q�`�+�2 ���i �i�B�K�2t = 0�X
�q�B�i�? �i�?�2 �b�i�2�T �7�Q�`�+�2F0�- �i�?�2 �i�Q�i���H �2�M�2�`�;�v �Q�7 �i�?�2 �b�v�b�i�2�K �B�b �T�2�`�i�m�`�#�2�/

H = H 0 + � H �U�k�X�k�8�V

� H = � F0x(0) �U�k�X�k�e�V

�r�?�2�`�2H 0 �B�b �i�?�2 �m�M�T�2�`�i�m�`�#�2�/ �>���K�B�H�i�Q�M�B���M ���M�/x(0) �B�b �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �7�`�Q�K �i�?�2 �b�i�2�T �7�Q�`�+�2
F0�X �L�2�t�i�- �i�?�2 �b�i�Q�+�?���b�i�B�+ �`�B�M�; �/�Q�r�M~X (t) �B�b �/�2�7�B�M�2�/ �m�b�B�M�; �i�?�2 �2�M�b�2�K�#�H�2 �/�2�7�B�M�B�i�B�Q�M

~X (t) =

R
dq dp~x(t) �2�t�T(� � (H 0 + � H))
R

dq dp�2�t�T(� � (H 0 + � H))
; �U�k�X�k�d�V

�r�?�2�`�2~x(t) �B�b �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �Q�7 �i�?�2 �b�v�b�i�2�K ���i �i�B�K�2t�X �L�Q�i�2 �i�?�2 �+�Q�M�b�i���M�i� = ( kB T)� 1

�B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �i�2�K�T�2�`���i�m�`�2T �Q�7 �i�?�2 �i�?�2�`�K���H �#���i�?�X �� �`�2���b�Q�M���#�H�2 ���b�b�m�K�T�i�B�Q�M �7�Q�` ��
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�+�Q�M�i�B�M�m�Q�m�b �M���M�Q�b�+���H�2 �b�v�b�i�2�K �B�b �i�?���i �i�?�2 �2�M�2�`�;�v �T�2�`�i�m�`�#���i�B�Q�M �i�Q �i�?�2 �b�v�b�i�2�K �B�b �b�K���H�H�-� H �
H 0�- �2�M���#�H�B�M�; �� �h���v�H�Q�` �b�2�`�B�2�b ���T�T�`�Q���+�? �7�Q�` �`�2�H���i�B�M�; �i�?�2 �b�i�Q�+�?���b�i�B�+ �`�B�M�; �/�Q�r�M~X (t) ���M�/ �i�?�2
�2�[�m�B�H�B�#�`�B�m�K �b�i���i�B�b�i�B�+�b ���b

~X (t) = hx(t)i + � h� Hihx(t)i � � hx(t)� Hi + O(� H 2) �U�k�X�k�3�V

�r�?�2�`�2x(t) �B�b �/�2�7�B�M�2�/ ���b �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �Q�7 �i�?�2 �b�v�b�i�2�K ���i �i�B�K�2t�- �#�m�i �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2
�B�b �#���b�2�/ �Q�M �i�?�2 �m�M�T�2�`�i�m�`�#�2�/ �>���K�B�H�i�Q�M�B���MH 0�X �h�?�B�b �b�H�B�;�?�i�H�v �/�B�7�7�2�`�2�M�i �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �B�b

hx(t)i =

R
dq dp x(t) �2�t�T(� � H 0)
R

dq dp�2�t�T(� � H 0)
: �U�k�X�k�N�V

�a�B�M�+�2hx(t)i �B�b �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �/�B�b�T�H���+�2�K�2�M�i�- �B�i �B�b �/�2�7�B�M�2�/ �i�Q �#�2 �x�2�`�Q �7�Q�` �i�?�2 �b�v�b�i�2�K ���i
�2�[�m�B�H�B�#�`�B�m�K�X �h�?�B�b �K�2���M�b �i�?���ihx(t)i = 0 �- �r�?�B�+�? �2�H�B�K�B�M���i�2�b �i�?�2 �7�B�`�b�i �i�r�Q �i�2�`�K�b �B�M �i�?�2 �T�`�2�p�B�Q�m�b
�2�t�T���M�b�B�Q�M�- �;�B�p�B�M�;

~X (t) = � � hx(t)� Hi = �F 0hx(t)x(0)i : �U�k�X�j�y�V

�G���b�i�H�v�- �� �7�B�M���H ���b�b�m�K�T�i�B�Q�M �`�2�H���i�2�b �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �`�B�M�; �/�Q�r�M~X (t) �r�B�i�? �i�?�2 �/�2�i�2�`�K�B�M�@
�B�b�i�B�+ �`�B�M�; �/�Q�r�MX (t)�X ���b�b�m�K�B�M�; �i�?���i �i�?�2 �b�v�b�i�2�K �B�b �H�B�M�2���`�- �i�?�2�M �7�Q�`�+�2 �T�2�`�i�m�`�#���i�B�Q�M�b ���#�Q�p�2
���M�/ �#�2�H�Q�r �i�?�2 �`�B�M�; �/�Q�r�M �b�Q�H�m�i�B�Q�M~X (t) �r�B�H�H �#�2 �2�[�m���H �B�M �K���;�M�B�i�m�/�2 �7�Q�` �i�?�2 �T�2�`�i�m�`�#���i�B�Q�M �B�M
�/�B�b�T�H���+�2�K�2�M�i�- ���M�/ �b�Q �r�B�H�H �2�7�7�2�+�i�B�p�2�H�v �+���M�+�2�H �Q�m�i�X �a�Q �7�Q�` �H�B�M�2���` �b�v�b�i�2�K�b�- �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+
�b�Q�H�m�i�B�Q�M �B�b �2�[�m���H �i�Q �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �`�B�M�; �/�Q�r�M�-

X (t) = ~X (t): �U�k�X�j�R�V

�h�?�B�b �T�Q�r�2�`�7�m�H �b�B�K�T�H�B�7�B�+���i�B�Q�M �i�?���i �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�; �/�Q�r�MX (t) �B�b �i�?�2 �b���K�2 ���b �i�?�2 �2�M�@
�b�2�K�#�H�2 ���p�2�`���;�2 �`�B�M�; �/�Q�r�M~X (t) �Q�M�H�v ���T�T�H�B�2�b �7�Q�` �H�B�M�2���` �b�v�b�i�2�K�b�- ���M�/ �B�b �M�Q�i �i�`�m�2 �7�Q�` �M�Q�M�H�B�M�2���`
�b�v�b�i�2�K�b �r�?�B�+�? ���`�2 �/�B�b�+�m�b�b�2�/ �H���i�2�` �B�M �*�?�X�9���M�/�3�X �>�Q�r�2�p�2�`�- �7�Q�` �H�B�M�2���` �b�v�b�i�2�K�b�- �1�[�X �U�k�X�j�R�V �B�b
�p���H�B�/�- ���b �B�b �/�2�K�Q�M�b�i�`���i�2�/ �H���i�2�` �B�M �6�B�;�X�k�X�d�X �q�B�i�? �i�?�B�b �`�2�b�m�H�i�- �i�?�2�M �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�; �/�Q�r�M
X (t) �B�b �/�B�`�2�+�i�H�v �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M �Q�7 �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �7�H�m�+�i�m���i�B�Q�M�b ���b

hx(t)x(0)i =
kB T
F0

X (t): �U�k�X�j�k�V

�l�b�B�M�; �i�?�2 �/�2�7�B�M�B�i�B�Q�M �Q�7 �� �M�Q�B�b�2 �b�T�2�+�i�`�m�K�- �i�?�2 �+�Q�b�B�M�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �`�2�b�m�H�i�B�M�; �i�B�K�2
�/�Q�K���B�M ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M �Q�7 �i�?�2 �7�H�m�+�i�m���i�B�Q�M�b �+�Q�K�T�m�i�2�b �i�?�2 �M�Q�B�b�2 �b�T�2�+�i�`�m�KGx (! )�- �;�B�p�B�M�; �i�?�2
�`�2�H���i�B�Q�M�b�?�B�T

Gx (! ) = 4
Z 1

0
hx(t)x(0)i �+�Q�b(!t )dt: �U�k�X�j�j�V

�h�?�2�b�2 �T�Q�r�2�`�7�m�H �`�2�H���i�B�Q�M�b�?�B�T�b �;�B�p�2 �� �/�B�`�2�+�i �K�2���M�b �7�Q�` �m�b�B�M�; �� �b�B�M�;�H�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�; �/�Q�r�M
�B�M �Q�`�/�2�` �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 ���m�i�Q�+�Q�`�`�2�H���i�B�Q�Mhx(t)x(0)i ���M�/ �i�?�2 �M�Q�B�b�2 �b�T�2�+�i�`�m�KGx (! ) �Q�7 �b�v�b�@
�i�2�K�b �/�B�`�2�+�i�H�v �`���i�?�2�` �i�?���M �?���p�B�M�; �i�Q �m�b�2 �b�i�Q�+�?���b�i�B�+ �K�2�i�?�Q�/�b �r�?�B�+�? �r�Q�m�H�/ �Q�M�H�v �T�`�Q�p�B�/�2 ���M
���T�T�`�Q�t�B�K���i�B�Q�M�X �q�2 �m�b�2 �i�?�B�b �i�?�2�Q�`�v �H���i�2�` �B�M �*�?�X�e�- ���T�T�H�v�B�M�; �B�i �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �i�?�2�Q�`�2�i�B�+���H
���m�i�Q�+�Q�`�`�2�H���i�B�Q�M ���M�/ �M�Q�B�b�2 �b�T�2�+�i�`�m�K �7�`�Q�K �K�m�H�i�B�T�H�2 �K�Q�/�2�b �Q�7 �� �/�Q�m�#�H�v �+�H���K�T�2�/ �#�2���K �B�M �i�2�M�@
�b�B�Q�M�X �A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �i�?�2 �/�Q�m�#�H�v �+�H���K�T�2�/ �#�2���K�- �i�?�2 �`�B�M�; �/�Q�r�M �B�b �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �Q�7 ��
�T�Q�B�M�i ���H�Q�M�; �i�?�2 �#�2���K ���b �B�i �`�2�i�m�`�M�b �i�Q �2�[�m�B�H�B�#�`�B�m�K�X



�l�Y�l�Y �?�ñ�' ���Ñ�¶ �/�¶���¶���è�Ô�é�Ô�����Ô�« �`�Ô�é�Ì �/�ñ�'�é �+�ž�ÿ�������¶�� ���Ñ�¶ �2�����Ô�ã�Ô�ª���Ô���è �7�ã���«�����ž���Ô�ñ�é���R�8

�k�X�k�X�k �L�m�K�2�`�B�+���H �1�t���K�T�H�2 �Q�7 �i�?�2 �.�2�i�2�`�K�B�M�B�b�i�B�+ �_�B�M�; �/�Q�r�M

�h�?�B�b �i�?�2�Q�`�v �B�b �M�Q�i �H�B�K�B�i�2�/ �i�Q ���M���H�v�i�B�+���H �K�2�i�?�Q�/�b�- �#�m�i ���H�b�Q �T�`�Q�p�B�/�2�b �� �`�Q�m�i�2 �7�Q�` �M�m�K�2�`�B�+���H
�b�B�K�m�H���i�B�Q�M�b �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �M�Q�B�b�2 �b�T�2�+�i�`�m�K�X �h�?�B�b �2�M���#�H�2�b �i�?�B�b �i�?�2�Q�`�v �i�Q �#�2 �m�b�2�/ �7�Q�` �K�Q�`�2
�+�Q�K�T�H�2�t �b�v�b�i�2�K�b �r�?�B�+�? �/�Q�M�ö�i �?���p�2 �b�B�K�T�H�2 ���M���H�v�i�B�+���H �7�Q�`�K�m�H���i�B�Q�M�b�X �h�?�B�b �B�b �H���i�2�` �/�2�K�Q�M�b�i�`���i�2�/
�r�B�i�? �i�?�2 �K�Q�`�2 �+�Q�K�T�H�2�t �/�Q�m�#�H�v �+�H���K�T�2�/ �#�2���K �B�M �i�2�M�b�B�Q�M �B�M �*�?�X�e�#�v �+�Q�K�T���`�B�M�; �i�?�2 ���m�i�Q�+�Q�`�@
�`�2�H���i�B�Q�M ���M�/ �M�Q�B�b�2 �b�T�2�+�i�`�m�K �7�`�Q�K �b�B�K�m�H���i�B�Q�M ���M�/ �i�?�2�Q�`�v�X �h�?�B�b �b�2�+�i�B�Q�M �b�?�Q�r�b �i�?���i ���M���H�v�i�B�+���H
���M�/ �M�m�K�2�`�B�+���H �K�2�i�?�Q�/�b �7�Q�` �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �`�B�M�; �/�Q�r�M �Q�7 �� �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` ���`�2 �+�Q�M�b�B�b�i�2�M�i
�r�B�i�? �Q�M�2 ���M�Q�i�?�2�` ���M�/ �r�B�i�? �i�?�2 �i�?�2�Q�`�2�i�B�+���H �M�Q�B�b�2 �b�T�2�+�i�`�m�K�- �1�[�X �U�k�X�R�j�V�X �a�B�M�+�2 �i�?�B�b �B�b �2�M�i�B�`�2�H�v
�/�2�i�2�`�K�B�M�B�b�i�B�+�- �i�?�2 �7�B�`�b�i �Q�`�/�2�` �1�m�H�2�` �K�2�i�?�Q�/ �B�b �m�b�2�/ �i�Q �M�m�K�2�`�B�+���H�H�v �b�Q�H�p�2 �i�?�2 �/���K�T�2�/ �?���`�K�Q�M�B�+
�Q�b�+�B�H�H���i�Q�`�- �1�[�X �U�k�X�R�V�X �h�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` ���`�2 �+�?�Q�b�2�M �#���b�2�/ �Q�M �i�?�2�B�`
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �p���H�m�2 �7�Q�` �� �K�B�+�`�Q�b�+���H�2 �>�Q�Q�F�2���M �b�T�`�B�M�; �B�K�K�2�`�b�2�/ �B�M �r���i�2�` �2�t�T�H�Q�`�2�/ �H���i�2�` �B�M
�a�2�+�X�d�X�R�X�R�X �h�?�2�b�2 �T���`���K�2�i�2�`�b ���`�2 �H�B�b�i�2�/ �B�M �h���#�H�2�k�X�R�X

�T���`���K�2�i�2�`�/�2�b�+�`�B�T�i�B�Q�M �p���H�m�2
m �K���b�b �R�y �T�;
Q �[�m���H�B�i�v �7���+�i�Q�`�9
k �b�T�`�B�M�; �+�Q�M�b�i���M�i�y�X�R �L�f�K
f 0 �`�2�b�Q�M���M�i �7�`�2�[�m�2�M�+�v�j�X�R�e �J�>�x

�h���#�H�2 �k�X�R�, �S�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �K�B�+�`�Q�b�+���H�2 �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�`�X �h�?�2�b�2 �p���H�m�2�b ���`�2 �+�?�Q�b�2�M �i�Q �#�2
�Q�M �i�?�2 �Q�`�/�2�` �Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �p���H�m�2�b �Q�7 �� �K�B�+�`�Q�b�+���H�2 �b�T�`�B�M�; �B�K�K�2�`�b�2�/ �B�M �r���i�2�`�- �b�m�+�? ���b
�i�?�2 �Q�M�2 �Q�m�i�H�B�M�2�/ �B�M �a�2�+�X�d�X�R�X�R�X

�q�B�i�? �i�?�2�b�2 �T���`���K�2�i�2�`�b�- �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �b�Q�H�m�i�B�Q�MX (t) �B�b �b�Q�H�p�2�/ �7�Q�` �#�v �m�b�B�M�; �i�?�2 �7�B�`�b�i �Q�`�/�2�`
�1�m�H�2�` �K�2�i�?�Q�/�- �r�`�B�i�i�2�M �B�M �i�?�2 �C�m�H�B�� �T�`�Q�;�`���K�K�B�M�; �H���M�;�m���;�2 �(�8�k�)�X �1�t�T�H�B�+�B�i�H�v�- �1�[�X �U�k�X�R�V�- �r�?�B�+�? �B�b
�b�2�+�Q�M�/ �Q�`�/�2�`�- �B�b �`�2�+���b�i ���b �� �b�v�b�i�2�K �Q�7 �i�r�Q �7�B�`�b�i �Q�`�/�2�` �2�[�m���i�B�Q�M�b�X �q�B�i�?F (t) = 0 �- �i�?�2 ���H�;�Q�`�B�i�?�K
�7�Q�` �i�B�K�2 �b�i�2�T�T�B�M�; �B�b

X j = X j � 1 + Vj � 1� t �U�k�X�j�9�V

Vj = Vj � 1 �
1
m

(kX j � 1 + 
V j � 1) �U�k�X�j�8�V

�r�?�2�`�2X; V ���`�2 �i�?�2 �T�Q�b�B�i�B�Q�M ���M�/ �p�2�H�Q�+�B�i�v �`�2�b�T�2�+�i�B�p�2�H�v�-� t �B�b �i�?�2 �i�B�K�2�b�i�2�T�-j 2 (0; N � 1) �B�b
�i�?�2 �b�i�2�T �M�m�K�#�2�`�- �r�?�B�+�? �+�Q�M�b�B�b�i�b �Q�7 �� �i�Q�i���H �M�m�K�#�2�` �Q�7 �b�i�2�T�bN �X �G���b�i�H�v�- �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �Q�7
�i�?�2 �b�v�b�i�2�K ���`�2X 0 = X (t = 0) = 1 �M�K; V0 = V(t = 0) = 0 �M�K/ �’�b�X �h�?�B�b �B�M�B�i�B���H �/�B�b�T�H���+�2�K�2�M�i
�+�Q�`�`�2�b�T�Q�M�/�b �i�Q ���M �B�M�B�i�B���H �7�Q�`�+�2F0 = 0:1 �M�L �7�Q�`k �7�`�Q�K �h���#�H�2�k�X�R�X �h�?�2 �7�Q�`�+�2F0 �B�b �`�2�H�2���b�2�/
���i t = 0 �- ���M�/ �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�; �/�Q�r�MX (t) �B�b �`�2�+�Q�`�/�2�/�X �1�[�m���i�B�Q�M �U�k�X�j�e�V �+�Q�M�i���B�M�b �i�?�2



�R�e �+�Ñ�ž�ÿ���¶�� �l�Y �� �?�ž���è�ñ�é�Ô�« �Q���«�Ô�ã�ã�ž���ñ�� �/���Ô�&�¶�é �ª�- �ž �b���ñ�«�Ñ�ž�����Ô�« �7�ñ���«�¶

�6�B�;�m�`�2 �k�X�k�, �h�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�; �/�Q�r�M �Q�7 �� �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` �r�B�i�? �� �b�i�2�T �7�Q�`�+�2 �`�2�H�2���b�2�/
���i t = 0 �X �h�?�2 �b�Q�H�B�/ �#�H���+�F �H�B�M�2 �B�bX N �- �r�?�B�+�? �B�b �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�M �m�b�B�M�; �7�B�`�b�i
�Q�`�/�2�` �1�m�H�2�` �K�2�i�?�Q�/�X �h�?�2 �/���b�?�2�/ �`�2�/ �H�B�M�2 �B�b �i�?�2 ���M���H�v�i�B�+���H �`�B�M�; �/�Q�r�MX A �- �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q
�1�[�X �U�k�X�j�e�V�X

���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �i�Q �i�?�B�b �T�`�Q�#�H�2�KX A (t)

X A (t) = X s �2�t�T(� �! 0t) �+�Q�b
� p

1 � � 2! 0t + �
�

�U�k�X�j�e�V

� = �i���M� 1

 
� �

p
1 � � 2

!

�U�k�X�j�d�V

X s =
X 0

�+�Q�b(� )
�U�k�X�j�3�V

���M�/ �r�?�2�`�2� = 1/(2 Q) �(�9�d�)�X �h�?�B�b �b�Q�H�m�i�B�Q�M �B�M�i�`�Q�/�m�+�2�bX s ���M�/� ���b �i�2�K�T�Q�`���`�v �p���`�B���#�H�2�b �i�Q
�K���i�+�? �i�?�2 �B�M�B�i�B���H �/�B�b�T�H���+�2�K�2�M�iX (0) = X 0 ���M�/ �B�M�B�i�B���H �p�2�H�Q�+�B�i�vV(0) = 0 �X �h�?�2 �[�m���H�B�i�v �7���+�i�Q�`
Q = m! 0/ 
 �- �r�?�2�`�2! 0 =

p
k/ m�X �h�?�2 ���M���H�v�i�B�+ �b�Q�H�m�i�B�Q�MX A ���H�Q�M�; �r�B�i�? �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+

�M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�MX N �7�`�Q�K �i�?�2 �7�B�`�b�i �Q�`�/�2�` �1�m�H�2�` �K�2�i�?�Q�/ ���`�2 �+�Q�K�T���`�2�/ �B�M �6�B�;�X�k�X�k�- �b�?�Q�r�B�M�;
�2�t�+�2�H�H�2�M�i ���;�`�2�2�K�2�M�i ���b �2�t�T�2�+�i�2�/�X �6�Q�` �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �b�B�K�m�H���i�B�Q�M�- �i�?�2 �i�B�K�2 �b�i�2�T �B�b� t = 1 �M�b�-
�Q�` ���#�Q�m�i �k�y�y�y �b�i�2�T�b �T�2�` �T�2�`�B�Q�/�X �h�?�2 �i�Q�i���H �b�B�K�m�H���i�B�Q�M �i�B�K�2 �B�b10� 0 = 19:87 �’�b�- �Q�` ���#�Q�m�i �R�y
�7�m�M�/���K�2�M�i���H �T�2�`�B�Q�/�b�X

�L�2�t�i�- �1�[�X �U�k�X�j�k�V ���M�/ �i�?�2�M �1�[�X �U�k�X�j�j�V ���`�2 �m�b�2�/ �B�M �Q�`�/�2�` �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �M�Q�B�b�2 �b�T�2�+�i�`�m�K �7�`�Q�K
�i�?�2 �`�B�M�; �/�Q�r�M�X �h�?�2 �M�Q�B�b�2 �b�T�2�+�i�`�m�K �7�`�Q�K �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�MX N ���M�/ �i�?�2
���M���H�v�i�B�+ �M�Q�B�b�2 �b�T�2�+�i�`�m�K �7�`�Q�K �1�[�X �U�k�X�R�j�V �b�?�Q�r �2�t�+�2�H�H�2�M�i ���;�`�2�2�K�2�M�i �B�M �6�B�;�X�k�X�j�X

�q�B�i�? �i�?�B�b �2�t���K�T�H�2�- �i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M ���M�/ �� �b�B�M�;�H�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �b�B�K�m�H���i�B�Q�M �b�?�Q�r �2�t�+�2�H�@
�H�2�M�i ���;�`�2�2�K�2�M�i�X �L�2�t�i�- �i�?�2 �b�i�Q�+�?���b�i�B�+ �p�2�`�b�B�Q�M �Q�7 �i�?�B�b �b�v�b�i�2�K �B�b �b�Q�H�p�2�/ �i�Q �b�?�Q�r �i�?�2 �p���H�B�/�B�i�v �Q�7
�i�?�2 ���b�b�2�`�i�B�Q�M�b �K���/�2 �2���`�H�B�2�`�- �r�?�B�H�2 ���H�b�Q �T�`�Q�p�B�/�B�M�; �B�M�b�B�;�?�i�b �B�M�i�Q �r�?���i �r�B�H�H �#�2 �M�2�2�/�2�/ �B�M �Q�`�/�2�` �i�Q
�m�M�/�2�`�b�i���M�/ �b�i�Q�+�?���b�i�B�+ �b�v�b�i�2�K�b �r�B�i�? �� �M�Q�M�H�B�M�2���` �`�2�b�i�Q�`�B�M�; �7�Q�`�+�2 �b�m�+�? ���b �B�M �*�?�X�3�X �a�T�2�+�B�7�B�+���H�H�v�-
�i�?�2 �1�m�H�2�`�@�J���`�m�v���K�� �K�2�i�?�Q�/ �B�b �2�t�T�H���B�M�2�/ ���M�/ �m�b�2�/ �i�Q �b�Q�H�p�2 �b�i�Q�+�?���b�i�B�+ �Q�`�/�B�M���`�v �/�B�7�7�2�`�2�M�i�B���H
�2�[�m���i�B�Q�M�b�- ���M�/ �+���H�+�m�H���i�2 �i�?�2 �2�M�b�2�K�#�H�2 �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �b�i�Q�+�?���b�i�B�+ �b�B�K�m�H���i�B�Q�M�b �Q�7 �#�Q�i�? �i�?�2
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�6�B�;�m�`�2 �k�X�j�, �h�?�2 �M�Q�B�b�2 �b�T�2�+�i�`�m�K �Q�7 �� �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�`�X �h�?�2 �b�Q�H�B�/ �#�H���+�F �H�B�M�2 �B�b �i�?�2 �M�Q�B�b�2
�b�T�2�+�i�`�m�K �7�`�Q�K �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �M�m�K�2�`�B�+���H �b�Q�H�m�i�B�Q�MX N �m�b�B�M�; �1�[�X �U�k�X�j�k�V ���M�/ �1�[�X �U�k�X�j�j�V�X �h�?�2
�/���b�?�2�/ �`�2�/ �H�B�M�2 �B�b �i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �7�`�Q�K �1�[�X �U�k�X�R�j�V�X

�2�[�m�B�H�B�#�`�B�m�K �+���b�2 ���M�/ �i�?�2 �`�B�M�; �/�Q�r�M�X

�k�X�k�X�j �a�i�Q�+�?���b�i�B�+ �1�t���K�T�H�2 �r�B�i�? �1�m�H�2�`�@�J���`�m�v���K�� �J�2�i�?�Q�/

�h�?�2�`�2 ���`�2 �K���M�v �i�2�t�i�#�Q�Q�F�b �r�?�B�+�? �/�B�b�+�m�b�b �?�Q�r �b�Q�H�p�B�M�; �b�i�Q�+�?���b�i�B�+ �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �B�b
�/�B�7�7�2�`�2�M�i �i�?���M �b�Q�H�p�B�M�; �Q�`�/�B�M���`�v �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�- ���H�Q�M�; �r�B�i�? �i�?�2 �/�2�7�B�M�B�i�B�Q�M�b �Q�7 �b�i�`�Q�M�;
���M�/ �r�2���F �+�Q�M�p�2�`�;�2�M�+�2 �U�b�2�2 �7�Q�` �2�t���K�T�H�2 �_�2�7�X �(�8�j�)�V�X �h�?�2�b�2 �T�`�2�p�B�Q�m�b �r�Q�`�F�b �b�?�Q�m�H�/ �#�2 �+�Q�M�b�m�H�i�2�/
�7�Q�` �� �/�2�i���B�H�2�/ �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �b�i�Q�+�?���b�i�B�+ �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�X �h�?�B�b �r�Q�`�F �Q�M�H�v �+�Q�p�2�`�b �/�2�i���B�H�b
�M�2�+�2�b�b���`�v �i�Q ���T�T�H�v�B�M�; �T�`�2�p�B�Q�m�b �K�2�i�?�Q�/�b �i�Q �i�?�B�b �r�Q�`�F�X

�A�M �Q�`�/�2�` �i�Q �b�Q�H�p�2 �b�i�Q�+�?���b�i�B�+ �Q�`�/�B�M���`�v �/�B�7�7�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�- �i�?�2�`�2 ���`�2 �b�2�p�2�`���H �K�2�i�?�Q�/�b �r�B�i�?
�p���`�v�B�M�; �H�2�p�2�H�b �Q�7 �+�Q�K�T�H�2�t�B�i�v�X �h�?�2 �b�B�K�T�H�2�b�i ���p���B�H���#�H�2 �K�2�i�?�Q�/ �B�b �i�?�2 �7�B�`�b�i �Q�`�/�2�` �1�m�H�2�`�@�J���`�m�v���K��
�K�2�i�?�Q�/�- �r�?�B�+�? �B�b �� �r�2�H�H �F�M�Q�r�M �K�2�i�?�Q�/ �(�8�j�-�8�9�)�X �A�i �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �i�?�2 �7���K�B�H�B���` �7�B�`�b�i �Q�`�/�2�` �1�m�@
�H�2�` �K�2�i�?�Q�/ �7�Q�` �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �/�v�M���K�B�+�b�X �h�?�2 �J���`�m�v���K�� �T���`�i �Q�7 �i�?�2 �K�2�i�?�Q�/
���/�/�b ���/�/�B�i�B�Q�M���H �i�2�`�K�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �b�i�Q�+�?���b�i�B�+ �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �/�v�M���K�B�+�b�X �h�Q �2�p���H�m���i�2
�i�?�2 �b�i�Q�+�?���b�i�B�+���H�H�v �/�`�B�p�2�M �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�`�- �1�[�X �U�k�X�R�V �#�2�+�Q�K�2�b �� �G���M�;�2�p�B�M �2�[�m���i�B�Q�M

m•x + 
 _x + kx = FB (t) �U�k�X�j�N�V

�b�B�M�+�2 �i�?�2 �7�Q�`�+�2 �B�b �/�`�B�p�2�M �#�v �� �"�`�Q�r�M�B���M �7�Q�`�+�2FB (t)�X �h�Q �b�Q�H�p�2 �i�?�B�b �M�m�K�2�`�B�+���H�H�v�- �i�?�2 �b�2�+�Q�M�/
�Q�`�/�2�` �2�[�m���i�B�Q�M �B�b �/�2�+�Q�K�T�Q�b�2�/ �B�M�i�Q �i�r�Q �7�B�`�b�i �Q�`�/�2�` �2�[�m���i�B�Q�M�b

_x = v �U�k�X�9�y�V

_v =
1
m

(FB � kx � 
v ) : �U�k�X�9�R�V

�A�M�i�`�Q�/�m�+�B�M�; �� �+�Q�M�b�i���M�i �i�B�K�2 �b�i�2�T� t ���M�/ �H���#�2�H�B�M�; �i�?�2 �b�v�b�i�2�K �b�i���i�2 ���i �i�B�K�2 �b�i�2�Tj �i�Q �+�Q�`�`�2�@
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�b�T�Q�M�/ �i�Qx j = x(j � t)�- �i�?�2 �b�v�b�i�2�K �B�b ���/�p���M�+�2�/ �7�`�Q�K �i�B�K�2�b�i�2�Tj � 1 �i�Qj ���+�+�Q�`�/�B�M�; �i�Q

x j = x j � 1 + vj � 1� t �U�k�X�9�k�V

vj = vj � 1 �
1
m

(kx j � 1 + 
v j � 1) � t +
F0

m
� W(� t) �U�k�X�9�j�V

�r�?�2�`�2� W �B�b �F�M�Q�r�M ���b ���M �B�M�+�`�2�K�2�M�i�- ���M�/ �+���T�i�m�`�2�b �i�?�2 �M�2�i �"�`�Q�r�M�B���M �7�Q�`�+�2FB �7�Q�` �� �i�B�K�2�b�i�2�T
� t�X �L�Q�i�2 �i�?���i� W �B�b �/�B�K�2�M�b�B�Q�M�H�2�b�b�X �h�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �"�`�Q�r�M�B���M �7�Q�`�+�2 �B�bF0 =

p
2kB T 
 �-

�r�?�B�+�? �B�b �/�2�`�B�p�2�/ �7�`�Q�K �i�?�2 �7�H�m�+�i�m���i�B�Q�M �/�B�b�b�B�T���i�B�Q�M �i�?�2�Q�`�2�K �(�8�R�)�X �L�Q�i�2 �i�?���i �i�?�2 �J���`�m�v���K��
�K�2�i�?�Q�/ ���H�b�Q �`�2�b�+���H�2�b �i�?�2 �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M �Q�7 �� �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�-N(0; 1)�- �r�B�i�? �i�?�2
�b�[�m���`�2 �`�Q�Q�i �Q�7 �i�?�2 �i�B�K�2�b�i�2�T ���b� W(� t) = � t1/2 N(0; 1)�X �G���b�i�H�v�- �B�M �Q�`�/�2�` �i�Q �;�2�M�2�`���i�2 �i�?�2
�B�M�+�`�2�K�2�M�i�b� W�- �b���K�T�H�2�b ���`�2 �`���M�/�Q�K�H�v �b�2�H�2�+�i�2�/ �7�`�Q�K �i�?�2 �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�MN(0; 1) �7�Q�`
�2���+�? �i�B�K�2 �b�i�2�T �B�M�+�`�2�K�2�M�i ���M�/ �`�2�b�+���H�2�/ �i�Q �#�2 �B�M�+�H�m�/�2�/ ���b �i�?�2 �B�M�+�`�2�K�2�M�i�b� W(� t) �7�Q�` �2���+�?
�i�B�K�2 �b�i�2�T �B�M �1�[�X �U�k�X�9�j�V�X ���b �� �`�2�b�m�H�i�- �i�?�2 �B�M�+�`�2�K�2�M�i�b� W �7�Q�H�H�Q�r�b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �� �M�Q�`�K���H
�/�B�b�i�`�B�#�m�i�B�Q�M�- ���b �b�?�Q�r�M �#�v �i�?�2 �:���m�b�b�B���M �7�m�M�+�i�B�Q�M �B�M �6�B�;�X�k�X�9�X

�6�B�;�m�`�2 �k�X�9�, �S�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �T�2�`�i�m�`�#���i�B�Q�M �b�i���i�B�b�i�B�+�b�X �h�?�2 �b�Q�H�B�/ �#�H���+�F �H�B�M�2 �B�b �i�?�2
�?�B�b�i�Q�;�`���K �Q�7 ���H�H �Q�7 �i�?�2 �B�M�+�`�2�K�2�M�i�b �m�b�2�/ �B�M �i�?�2 �b�B�K�m�H���i�B�Q�M�b ���M�/ �i�?�2 �`�2�/ �+�m�`�p�2 �B�b �� �:���m�b�b�B���M
�r�?�B�+�? �B�b �i�?�2 �b�i���M�/���`�/ �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�? �� �K�2���M �Q�7 �x�2�`�Q ���M�/ �p���`�B���M�+�2 �Q�7 �Q�M�2�X �h�?�2
�B�M�+�`�2�K�2�M�i�b� W �B�M �i�?�B�b �7�B�;�m�`�2 ���`�2 �i�?�2�M �b�+���H�2�/ �#�v �i�?�2 �i�B�K�2�b�i�2�T ���M�/ �i�?�2 �"�`�Q�r�M�B���M �7�Q�`�+�2 ���b �B�M
�1�[�X �U�k�X�9�j�V�X

�h�Q �m�M�/�2�`�b�i���M�/ �?�Q�r �i�?�B�b �K�2�i�?�Q�/ �B�b �m�b�2�/ �B�M �i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M�- �i�?�2 �1�m�H�2�`�@�J���`�m�v���K�� �K�2�i�?�Q�/
�B�b �m�b�2�/ �i�Q �b�Q�H�p�2 �i�?�2 �b�i�Q�+�?���b�i�B�+ �/���K�T�2�/ �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` �/�2�i���B�H�2�/ �B�M �h���#�H�2�k�X�R�7�`�Q�K �i�?�2
�T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�X �6�B�`�b�i�- �i�?�2 �2�M�b�2�K�#�H�2 �b�i���i�B�b�i�B�+�b �Q�7 �i�?�2 �b�v�b�i�2�K ���i �2�[�m�B�H�B�#�`�B�m�K ���`�2 �+�Q�K�T�m�i�2�/�X
�h�?�B�b �K�2���M�b �i�?���i �i�?�2 �b�v�b�i�2�K �b�i���`�i�b �r�B�i�? �x�2�`�Q �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�- �Q�`x0 = x(t = 0) = 0 ���M�/v0 =
v(t = 0) = 0 �X �h�?�2�M�-M = 100 �/�B�7�7�2�`�2�M�i �b�i�Q�+�?���b�i�B�+ �i�`���D�2�+�i�Q�`�B�2�b ���`�2 �+�Q�K�T�m�i�2�/�- �2���+�? �7�Q�` �� �i�B�K�2
�Q�7� = 100� 0 � 200 �’�b�- �r�?�2�`�2� 0 �B�b �i�?�2 �7�m�M�/���K�2�M�i���H �T�2�`�B�Q�/�X �h�?�2 �i�B�K�2 �b�i�2�T� t = � 0/1000 �
1 �M�b �B�b �� �i�?�Q�m�b���M�/�i�? �Q�7 �i�?�2 �T�2�`�B�Q�/� 0 ���M�/ �B�b �i�?�2 �b���K�2 ���b �B�M �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�; �/�Q�r�M�X
�q�?�B�H�2 �i�?�2 �b�i�Q�+�?���b�i�B�+ �b�B�K�m�H���i�B�Q�M�b �B�M�p�Q�H�p�2 �i�?�2 �b�i�Q�+�?���b�i�B�+ �7�Q�`�+�B�M�;�- �i�?�B�b �i�B�K�2 �b�i�2�T �B�b �b�m�7�7�B�+�B�2�M�i �7�Q�`
���+�+�m�`���i�2�H�v �`�2�b�Q�H�p�B�M�; �i�?�2 �b�i�Q�+�?���b�i�B�+ �/�v�M���K�B�+�b �7�Q�` �i�?�2 �b�B�K�m�H���i�B�Q�M �B�M�p�2�b�i�B�;���i�2�/ �B�M �i�?�B�b �/�Q�+�m�K�2�M�i�X



�l�Y�l�Y �?�ñ�' ���Ñ�¶ �/�¶���¶���è�Ô�é�Ô�����Ô�« �`�Ô�é�Ì �/�ñ�'�é �+�ž�ÿ�������¶�� ���Ñ�¶ �2�����Ô�ã�Ô�ª���Ô���è �7�ã���«�����ž���Ô�ñ�é���R�N

�h�?�B�b �B�b �+�Q�M�7�B�`�K�2�/ �H���i�2�` �#�v �i�?�2 ���;�`�2�2�K�2�M�i �#�2�i�r�2�2�M �i�?�2 �M�m�K�2�`�B�+���H ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M ���M�/ �i�?�2
���M���H�v�i�B�+���H ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M �B�M �6�B�;�X�k�X�e�X

�6�Q�` �2���+�? �i�B�K�2�b�i�2�T�-� t�- �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7R = 2 �`���M�/�Q�K �T�2�`�i�m�`�#���i�B�Q�M�b ���`�2 �b�m�K�K�2�/ �i�Q
�;�B�p�2� W�X �"�v ���p�2�`���;�B�M�; �b�2�p�2�`���H �T�2�`�i�m�`�#���i�B�Q�M�b �i�Q�;�2�i�?�2�` �B�M �2���+�? �i�B�K�2�b�i�2�T�- �i�?�B�b �H�2�p�2�`���;�2�b �i�?�2
�+�2�M�i�`���H �H�B�K�B�i �i�?�2�Q�`�2�K ���M�/ �?�2�H�T�b �i�?�2 �b�i���i�B�b�i�B�+�b �+�Q�M�p�2�`�;�2 �7���b�i�2�`�X �h�?�`�2�2 �i�`���D�2�+�i�Q�`�B�2�b ���`�2 �b�?�Q�r�M
�B�M �6�B�;�X�k�X�8�X

�6�B�;�m�`�2 �k�X�8�, �h�?�`�2�2 �2�t���K�T�H�2 �i�`���D�2�+�i�Q�`�B�2�b �Q�7 �i�?�2 �b�i�Q�+�?���b�i�B�+���H�H�v �/�`�B�p�2�M �/���K�T�2�/ �?���`�K�Q�M�B�+ �Q�b�+�B�H�@
�H���i�Q�` �r�B�i�? �T���`���K�2�i�2�`�b �;�B�p�2�M �B�M �h���#�H�2�k�X�R�X �1���+�? �H�B�M�2 �b�i���`�i�b ���i �2�[�m�B�H�B�#�`�B�m�K �U�x�2�`�Q �/�B�b�T�H���+�2�K�2�M�i
���M�/ �p�2�H�Q�+�B�i�v�V�X

�L�2�t�i�- �i�?�2 ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M �B�b �+�Q�K�T�m�i�2�/ �7�Q�` �2���+�? �Q�7 �i�?�2 �i�`���D�2�+�i�Q�`�B�2�b �B�M�/�B�p�B�/�m���H�H�v�X �h�?�2�M �i�?�2
���m�i�Q�+�Q�`�`�2�H���i�B�Q�M�b ���`�2 ���p�2�`���;�2�/ �i�Q�;�2�i�?�2�` �B�M �Q�`�/�2�` �i�Q �2�b�i�B�K���i�2 �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2 ���m�i�Q�+�Q�`�`�2�@
�H���i�B�Q�M�- ���M�/ �B�b �b�?�Q�r�M ���b �i�?�2 �#�H���+�F �H�B�M�2 �B�M �6�B�;�X�k�X�e�X �6�Q�` �+�Q�K�T���`�B�b�Q�M�- �i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �B�b
�B�M �`�2�/�X

�G���b�i�H�v�- �i�?�2 �2�M�b�2�K�#�H�2 ���p�2�`���;�2 �Q�7 �� �b�i�Q�+�?���b�i�B�+ �`�B�M�; �/�Q�r�M~X (t) �B�b �+�Q�K�T���`�2�/ �i�Q �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+
�`�B�M�; �/�Q�r�MX (t) �7�`�Q�K �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�X �q�B�i�? �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �Q�7x(t = 0) = 1 �M�K ���M�/
v(t = 0) = 0 �K�f�b�- �R�y�y�y �/�B�7�7�2�`�2�M�i �T���i�?�b �Q�7 �b�i�Q�+�?���b�i�B�+ �T�2�`�i�m�`�#���i�B�Q�M�b ���`�2 ���p�2�`���;�2�/ �i�Q�;�2�i�?�2�` �B�M
�Q�`�/�2�` �i�Q �;�2�i �i�?�2 �b�i�Q�+�?���b�i�B�+ �`�B�M�; �/�Q�r�M�-~X (t)�- �r�?�B�+�? �K���i�+�?�2�b �r�2�H�H �r�B�i�? �i�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �`�B�M�;
�/�Q�r�MX (t)�X �6�B�;�m�`�2�k�X�d�b�?�Q�r�b �i�?�2�b�2 �i�r�Q �+���b�2�b ���b �i�?�2 �#�H���+�F ���M�/ �`�2�/ �+�m�`�p�2�b �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�B�b
�D�m�b�i�B�7�B�2�b �i�?�2 �2���`�H�B�2�` ���b�b�m�K�T�i�B�Q�M �i�?���i �1�[�X �U�k�X�j�R�V �B�b �p���H�B�/ �7�Q�` �H�B�M�2���` �b�v�b�i�2�K�b�X



�k�y �+�Ñ�ž�ÿ���¶�� �l�Y �� �?�ž���è�ñ�é�Ô�« �Q���«�Ô�ã�ã�ž���ñ�� �/���Ô�&�¶�é �ª�- �ž �b���ñ�«�Ñ�ž�����Ô�« �7�ñ���«�¶

�6�B�;�m�`�2 �k�X�e�, �*�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2 ���m�i�Q�+�Q�`�`�2�H���i�B�Q�M �7�Q�m�M�/ �7�`�Q�K �b�i�Q�+�?���b�i�B�+ �b�B�K�m�H���i�B�Q�M ���M�/ ���M���@
�H�v�i�B�+���H �K�2�i�?�Q�/�b�X �h�?�2 �#�H���+�F �+�m�`�p�2 �b�?�Q�r�b �i�?�2 �K�2���M ���+�`�Q�b�b �i�?�2M = 100 �b�B�K�m�H���i�B�Q�M�b�- �2���+�?
�+���H�+�m�H���i�B�M�; ���M ���m�i�Q�+�Q�`�`�2�H���i�B�Q�Mhx(t)x(0)i �X �h�?�2 �`�2�/ �+�m�`�p�2 �B�b �i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �7�`�Q�K �Q�m�`
�/�2�i�2�`�K�B�M�B�b�i�B�+ �K�2�i�?�Q�/�b�- �`�2�b�+���H�2�/ ���+�+�Q�`�/�B�M�; �i�Q �1�[�X �U�k�X�j�k�V�X

�k�X�j �a�i���i�B�b�i�B�+���H �J�2�+�?���M�B�+�b �6�Q�`�K�m�H���i�B�Q�M

�k�X�j�X�R �*���M�Q�M�B�+���H �1�M�b�2�K�#�H�2 �.�2�7�B�M�B�i�B�Q�M

�h�?�B�b �b�2�+�i�B�Q�M �`�2�p�B�2�r�b �i�?�2 �b�i���i�B�b�i�B�+���H �T�`�Q�T�2�`�i�B�2�b �Q�7 �� �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�` �B�M �i�?�2�`�K���H �2�[�m�B�H�B�#�`�B�m�K
�r�B�i�? �B�i�b �b�m�`�`�Q�m�M�/�B�M�;�b �(�k�N�)�X �h�?�B�b �B�b �F�M�Q�r�M ���b �i�?�2 �+���M�Q�M�B�+���H �2�M�b�2�K�#�H�2 �/�2�7�B�M�B�i�B�Q�M�X �a�T�2�+�B�7�B�+���H�H�v�-
�i�?�B�b �B�b �i�?�2 �+���b�2 �r�?�2�`�2 �� �b�v�b�i�2�K �U�i�?�2 �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�`�V �B�b �B�K�K�2�`�b�2�/ �B�M �� �i�?�2�`�K���H �#���i�?�X �h�?�B�b
�K�2���M�b �i�?���i �i�?�2 �b�v�b�i�2�K ���M�/ �i�?�2 �b�m�`�`�Q�m�M�/�B�M�;�b �U�i�?�2 �i�?�2�`�K���H �#���i�?�V ���`�2 ���i �i�?�2 �b���K�2 �i�2�K�T�2�`���i�m�`�2
T�- �#�m�i ���`�2 ���H�H�Q�r�2�/ �i�Q �2�t�+�?���M�;�2 �2�M�2�`�;�v �r�B�i�? �Q�M�2 ���M�Q�i�?�2�`�X �>�Q�r�2�p�2�`�- �i�?�2 �i�Q�i���H �2�M�2�`�;�v �Q�7 �i�?�2
�b�v�b�i�2�K ���M�/ �b�m�`�`�Q�m�M�/�B�M�;�b �B�b �b�i�B�H�H �7�B�t�2�/�X �l�M�/�2�` �i�?�B�b �+�Q�M�/�B�i�B�Q�M�- �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �Q�7 ���M�v �T���`�i�B�+�m�H���`
�b�i���i�2 �B�b �[�m���M�i�B�7�B�2�/ �#���b�2�/ �Q�M �i�?�2 �2�M�2�`�;�v �Q�7 �i�?���i �b�i���i�2�X �h�?�2 �2�M�2�`�;�v �Q�7 �� �b�i���i�2 �B�b �/�2�i�2�`�K�B�M�2�/ �#�v
�i�?�2 �>���K�B�H�i�Q�M�B���M �U�7�Q�` �K�Q�b�i �b�v�b�i�2�K�b�V�X �h�?�2 �>���K�B�H�i�Q�M�B���M �Q�7 �� �b�B�M�;�H�2 �b�B�K�T�H�2 �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�`
�B�b �i�?�2 �F�B�M�2�i�B�+ �2�M�2�`�;�v �T�H�m�b �i�?�2 �T�Q�i�2�M�i�B���H �2�M�2�`�;�v�- �r�?�B�+�? �B�b

H(p; q) =
p2

2m
+

kq2

2
�U�k�X�9�9�V

�r�?�2�`�2p; q���`�2 �i�?�2 �;�2�M�2�`���H�B�x�2�/ �K�Q�K�2�M�i�m�K ���M�/ �T�Q�b�B�i�B�Q�M �+�Q�Q�`�/�B�M���i�2�b�-m �B�b �i�?�2 �K���b�b�- ���M�/k �B�b �i�?�2
�b�T�`�B�M�; �+�Q�M�b�i���M�i�X �h�?�B�b �H�2���/�b �i�Q �i�?�2 �/�2�7�B�M�B�i�B�Q�M �Q�7 �i�?�2 �"�Q�H�i�x�K���M�M �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�- �r�?�2�`�2
�i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �� �b�i���i�2 �B�b �2�t�T�Q�M�2�M�i�B���H�H�v �r�2�B�;�?�i�2�/ �#�v �i�?�2 �2�M�2�`�;�v �Q�7 �i�?�2 �b�i���i�2 �M�Q�`�K���H�B�x�2�/ �#�v
�i�?�2 �i�?�2�`�K���H �2�M�2�`�;�v �(�k�N�)�X �h�?�2 �2�M�2�`�;�v �Q�7 �i�?�2 �b�i���i�2 �B�b �+���T�i�m�`�2�/ �#�v �i�?�2 �>���K�B�H�i�Q�M�B���MH�X �h�?�B�b �B�b
���+�+�Q�K�T�H�B�b�?�2�/ �#�v �/�2�7�B�M�B�M�; �i�?�2 �T�`�Q�#���#�B�H�B�i�vP �Q�7 �� �b�i���i�2p; q ���b

P(p; q) =
1

Z (� )
�2�t�T(�H (p; q)� ) �U�k�X�9�8�V

�r�?�2�`�2� = ( kB T)� 1 ���M�/Z (� ) �B�b �i�?�2 �T���`�i�B�i�B�Q�M �7�m�M�+�i�B�Q�M�- �r�?�B�+�? �B�b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �i�2�K�T�2�`���i�m�`�2
T �U�Q�` �2�[�m�B�p���H�2�M�i�H�v� �V�X �h�?�2 �T���`�i�B�i�B�Q�M �7�m�M�+�i�B�Q�M �B�b �i�?�2 �B�M�i�2�;�`���H �Q�p�2�` ���H�H �T�Q�b�b�B�#�H�2 �b�i���i�2�b�- �r�B�i�?



�l�Y�k�Y �b���ž���Ô�����Ô�«�ž�ã �K�¶�«�Ñ�ž�é�Ô�«�� �7�ñ���è���ã�ž���Ô�ñ�é �k�R

�6�B�;�m�`�2 �k�X�d�, �*�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2 �`�B�M�; �/�Q�r�M �7�Q�m�M�/ �7�`�Q�K �b�i�Q�+�?���b�i�B�+ ���M�/ �/�2�i�2�`�K�B�M�B�b�i�B�+ �K�2�i�?�Q�/�b�X
�h�?�2 �#�H���+�F �+�m�`�p�2 �b�?�Q�r�b �i�?�2 �K�2���M ���+�`�Q�b�b �i�?�2M = 1000 �b�B�K�m�H���i�B�Q�M�b~X (t)�X �h�?�2 �`�2�/ �+�m�`�p�2 �B�b
�i�?�2 ���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �7�`�Q�K �Q�m�` �/�2�i�2�`�K�B�M�B�b�i�B�+ �K�2�i�?�Q�/�bX (t)�X

���M �2�t�T�Q�M�2�M�i�B���H �r�2�B�;�?�i�B�M�; �/�2�T�2�M�/�2�M�i �Q�M �i�?�2 �2�M�2�`�;�v �Q�7 �i�?���i �b�i���i�2 ���M�/ �i�?�2 �i�2�K�T�2�`���i�m�`�2 �Q�7 �i�?�2
�b�v�b�i�2�K ���M�/ �b�m�`�`�Q�m�M�/�B�M�; �i�?�2�`�K���H �#���i�?�X �q�B�i�? �i�?�B�b �/�2�7�B�M�B�i�B�Q�M�- �i�?�2 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M
�7�m�M�+�i�B�Q�M �B�M �1�[�X �U�k�X�9�8�V �r�B�H�H �B�M�i�2�;�`���i�2 �i�Q �Q�M�2 ���b �`�2�[�m�B�`�2�/ �7�Q�` �� �p���H�B�/ �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M
�7�m�M�+�i�B�Q�M�X �h�?�2 �T���`�i�B�i�B�Q�M �7�m�M�+�i�B�Q�M �B�b ���H�b�Q �� �?�2�H�T�7�m�H �2�t�T�`�2�b�b�B�Q�M�- ���M�/ �T�`�Q�p�B�/�2�b �� �b�?�Q�`�i�+�m�i �7�Q�`
�+���H�+�m�H���i�B�M�; �K���M�v �/�B�7�7�2�`�2�M�i �2�M�b�2�K�#�H�2 ���p�2�`���;�2�b �2���b�B�2�` �i�?���M �i�?�`�Q�m�;�? �/�B�`�2�+�i �K�2���M�b�X �h�?�2 �T���`�i�B�i�B�Q�M
�7�m�M�+�i�B�Q�M �B�b �/�2�7�B�M�2�/ ���b

Z (� ) =
1
h

Z
�2�t�T(�H (p; q)� )dp dq �U�k�X�9�e�V

�r�?�2�`�2p; q���`�2 �B�M�i�2�;�`���i�2�/ �Q�p�2�` ���H�H �T�Q�b�b�B�#�H�2 �p���H�m�2�b�- ���M�/h �B�b �S�H���M�+�F�ö�b �+�Q�M�b�i���M�i�- �r�?�B�+�? �B�b �B�M�+�H�m�/�2�/
�#�v �+�Q�M�p�2�M�i�B�Q�M �i�Q �M�Q�M�/�B�K�2�M�b�B�Q�M���H�B�x�2 �i�?�2 �T���`�i�B�i�B�Q�M �7�m�M�+�i�B�Q�MZ (� )�X �A�i �B�b �B�M�b�B�;�?�i�7�m�H �i�Q �+�Q�K�T�m�i�2
�i�?�2 �T���`�i�B�i�B�Q�M �7�m�M�+�i�B�Q�M �7�Q�` �i�?�2 �?���`�K�Q�M�B�+ �Q�b�+�B�H�H���i�Q�`�- �r�?�B�+�? �B�b ���H�`�2���/�v �r�2�H�H �F�M�Q�r�M �(�k�N�)�X �h�?�2
�B�M�b�B�;�?�i�b �;���B�M�2�/ �?�2�`�2 �r�B�H�H �#�2 �m�b�2�7�m�H �B�M �i�?�2 �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �T���`�i�B�i�B�Q�M �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �b�i�B�7�7�2�M�B�M�;
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