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(ABSTRACT) 

The design of composite laminated panels is a combinatorial problem when the orientation of 

the fibers in each layer is restricted to a discrete pool of angles. Additionnally, composite laminates 

often have many optimal and near-optimal designs, and the designer may benefit by knowing many 

of those designs. Genetic algorithms are well suited for laminate design because they can handle 

the combinatorial nature of the problem and they permit the designer to obtain many near-optimal 

designs. However, their computational cost is high for most structural optimization problems. 

This work describes several attempts to reduce the cost of optimizing composite laminates using 

genetic algorithms. 

First, the use of a genetic algorithm to maximize the buckling load of a fixed thickness 

composite laminate is studied. Various genetic parameters, including population size, probability 

of mutation, and probability of crossover are optimized by numerical experiments. A new genetic 

operator — stack swap — is proposed and shown to be effective in reducing the cost of the 

optimization. 

Second, the genetic algorithm is revised and improved for minimum thickness design of 

composite laminated plates. The influence on the genetic search of the penalty functions enforcing 

failure constraints is studied. Combining fixed and proportional penalty functions is found to be 

the most efficient strategy. Improved selection, mutation, and stack swap operators are proposed. 

The use of an operator called scaling mutation that projects designs towards the feasible domain 

is investigated. The improvements in the genetic algorithm are shown to reduce the average price 

of the search by more than 50%. 

Next, the improved genetic algorithm for minimum thickness laminate design is applied 

to a more complex wing box-beam optimization problem. Tuning the genetic algorithm on this



problem shows that, because the maximum length of a search is limited, the optimal population 

size does not grow with the size of the design space. If the probability of applying stack swap 

is reduced with the number of independent laminates in the wing box, stack swap enhances the 

performance of the genetic search on the wing box-beam problem. 

Finally, the possibility of running many searches is investigated. It is empirically shown 

that several short searches can be more efficient than a long one, especially when high levels of 

reliability are required. An example is given where a genetic algorithm is specifically modified 

for better efficiency in the context of repeated short runs. A procedure is studied that enables 

predicting reliability at later stages of the search.
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Chapter 1 

INTRODUCTION: OPTIMIZATION OF 
COMPOSITE STRUCTURES BY GENETIC 

ALGORITHMS 

Composite structures are typically made of laminates where distinct layers are stacked. 

Each layer is composed of fibers of a given orientation embedded in a matrix of a different 

material. Fibrous composites are usually manufactured in the form of layers of fixed thickness. 

Designing composite structures involves finding the number of layers and the fiber orientation of 

each layer inside each laminate that maximize the performance of the structure under constraints 

such as failure, geometry, cost, etc. Compared to isotropic materials, the use of fibrous laminated 

composites permits higher stiffness to weight or strength to weight ratios, along with a finer tuning 

of the response of the structure. This is achieved at the expense of a more complex structural 

analysis. 

Plates made of graphite epoxy material are the basic structural components used, for ex- 

ample, in the skin of wings of modern aircraft. Much effort has been devoted to the design 

of composite laminated plates. A traditional approach to the design of laminates has been to 

rely on the mathematically well explored continuous optimization methods. Schmit and Farshi 

({Schmit77]) have formulated the design of composite laminated plates as a continuous optimiza- 

tion problem with ply thicknesses used as design variables. As part of the solution process, the 

buckling constraints were sequentially linearized with respect to the ply thicknesses. Pedersen 

({Pedersen87]) used fiber orientations in each layer as continuous design variables to maximize 

the critical buckling load of a balanced, symmetric, specially orthotropic angle-ply laminate. 

Analytical solutions indicated the presence of local optima. 

Because of manufacturing considerations and tradition, not only ply thicknesses are fixed, 

but also ply orientations are often limited to a set of angles such as 0°, 90°, and +45°. Designing 
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the laminate for flexural response then becomes a stacking-sequence optimization problem where 

the number of plies of a given orientation and their location in the laminate need to be chosen. In 

general, stacking sequences are obtained using discrete programming techniques. The laminate 

stacking-sequence design problem for buckling optimization has been formulated first with the 

number of plies as the design variables, which leads to a nonlinear integer programming problem 

([Mesquita87]). The use of ply identity design variables permits a linear integer programming 

formulation for buckling load maximization ({Haftka92b]). However, when strength constraints 

are also considered the problem becomes nonlinear again and has been solved as a sequence of 

linearized integer programming subproblems ([Nagendra92]). The Branch-and-bound algorithm 

[Garfinkel72] was used to solve the integer programming problems above. 

Because continuous optimizers have a low computational cost (as compared to Integer 

Linear Programming or pseudo-stochastic search methods) and are widely available, stacking se- 

quence problems have alternatively been treated using continuous optimization techniques. Layer 

thicknesses can be chosen as the continuous design variables for an assumed stacking sequence 

([Nagendra93b], Appendix C). The optimum continuous solution is then modified by rounding 

the thicknesses up or down. In [Giirdal91], continuous optimization was coupled to a penalty 

function approach in order to obtain discrete values for the ply orientations. It was noticed that a 

substantial reduction in buckling load resulted from restricting fiber angles to a discrete pool and 

that the discrete designs were often different from the continuous designs. The penalty approach 

was often unable to reach global optimum designs for thick laminates. Finally, a graphical pro- 

cedure based on the use of lamination parameters (through the thickness integrated functions of 

the ply angles) has been proposed in [Miki91]. 

Practical composite structures, like composite aircraft wings, involve many laminates that 

are mechanically coupled. In [Sobieski79], the skin of a wing box was optimized with constraints 

on panel buckling, strain, stress, and minimum gage. The skin was made up of sandwich panels. 

Ply thicknesses and orientations and the total sandwich thickness were taken as continuous design 

variables. In an attempt to break down the complexity of the optimization problem, panels were 
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�o�p�t�i�m�i�z�e�d� �i�n� �i�s�o�l�a�t�i�o�n� �o�f� �o�n�e� �a�n�o�t�h�e�r�:� �l�o�a�d�s� �a�p�p�l�i�e�d� �o�n� �e�a�c�h� �p�a�n�e�l� �w�e�r�e� �e�x�t�r�a�c�t�e�d� �f�r�o�m� �a� �g�l�o�b�a�l� 

�a�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �h�e�l�d� �c�o�n�s�t�a�n�t� �d�u�r�i�n�g� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �o�p�t�i�m�i�z�a�t�i�o�n� �o�f� �e�a�c�h� �p�a�n�e�l�.� 

�T�h�e� �l�o�a�d�s� �w�e�r�e� �u�p�d�a�t�e�d� �o�n�l�y� �a�f�t�e�r� �a�l�l� �p�a�n�e�l�s� �w�e�r�e� �s�i�z�e�d�,� �a�n�d� �t�h�e� �p�r�o�c�e�s�s� �w�a�s� �i�t�e�r�a�t�e�d�.� �H�o�w�e�v�e�r�,� 

�s�u�c�h� �i�n�d�e�p�e�n�d�e�n�t� �r�e�s�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�a�n�e�l�s� �d�o�e�s� �n�o�t� �a�l�l�o�w� �f�o�r� �o�p�t�i�m�i�z�i�n�g� �t�h�e� �l�o�a�d� �p�a�t�h� �i�n� �t�h�e� 

�w�h�o�l�e� �s�t�r�u�c�t�u�r�e�.� �T�h�i�s� �c�a�n� �r�e�s�u�l�t�s� �i�n� �f�i�n�a�l� �d�e�s�i�g�n�s� �t�h�a�t� �a�r�e� �n�o�t� �o�p�t�i�m�a�l�.� �T�h�e� �w�i�n�g� �b�o�x� �o�p�t�i�m�i�z�a�t�i�o�n� 

�p�r�o�b�l�e�m� �w�a�s� �a�p�p�r�o�a�c�h�e�d� �a�s� �a� �w�h�o�l�e� �i�n� �[�S�t�a�r�n�e�s�7�9�]� �a�n�d� �[�H�a�f�t�k�a�8�3�]�.� �C�o�n�t�i�n�u�o�u�s� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�w�e�r�e� �t�h�e� �s�k�i�n� �p�l�y� �t�h�i�c�k�n�e�s�s�e�s�,� �s�p�a�r� �w�e�b� �a�n�d� �r�i�b� �t�h�i�c�k�n�e�s�s�e�s� �a�n�d� �t�h�e� �a�r�e�a� �o�f� �t�h�e� �s�p�a�r� �c�a�p�s�.� �A�t� 

�m�o�s�t� �5�7� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e�s�e� �s�t�u�d�i�e�s� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�e� �n�e�e�d� �f�o�r� �i�n�c�l�u�d�i�n�g� 

�t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �a�t� �a� �g�l�o�b�a�l� �l�e�v�e�l� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �a� �f�e�a�s�i�b�l�e� �f�i�n�a�l� �d�e�s�i�g�n�.� �I�n� �[�S�c�h�m�i�t�8�0�]� �a�n�d� 

�[�W�a�t�k�i�n�s�8�8�]�,� �o�t�h�e�r� �a�p�p�r�o�a�c�h�e�s� �c�a�n� �b�e� �f�o�u�n�d� �w�h�e�r�e� �t�h�e� �w�i�n�g� �b�o�x� �p�r�o�b�l�e�m� �i�s� �d�e�c�o�m�p�o�s�e�d� �i�n� �a� 

�s�e�r�i�e�s� �o�f� �l�o�c�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �a�t� �t�h�e� �p�a�n�e�l� �l�e�v�e�l�,� �b�u�t� �c�a�r�e� �i�s� �t�a�k�e�n� �t�o� �a�c�c�o�u�n�t� �f�o�r� �l�o�a�d� 

�r�e�d�i�s�t�r�i�b�u�t�i�o�n�s�.� �I�n� �[�S�c�h�m�i�t�8�0�]�,� �c�o�m�p�o�n�e�n�t� �t�h�i�c�k�n�e�s�s�e�s� �a�r�e� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �P�l�y� �o�r�i�e�n�t�a�t�i�o�n�s� 

�a�r�e� �a�d�d�i�t�i�o�n�a�l�l�y� �c�o�n�s�i�d�e�r�e�d� �i�n� �[�W�a�t�k�i�n�s�8�8�]�.� 

�W�h�e�t�h�e�r� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �i�n�d�e�p�e�n�d�e�n�t� �l�a�m�i�n�a�t�e�s� �o�r� �m�o�r�e� �c�o�m�p�l�e�x� �s�t�r�u�c�t�u�r�e�s�,� �a�l�l� �t�h�e� �a�b�o�v�e� 

�d�e�s�i�g�n� �p�r�o�c�e�d�u�r�e�s� �h�a�v�e� �p�i�t�f�a�l�l�s�.� �F�i�r�s�t�,� �p�r�o�b�l�e�m�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �f�l�e�x�u�r�a�l� �a�n�d� �t�h�e� �i�n�-�p�l�a�n�e� �r�e�s�p�o�n�s�e� �o�f� 

�l�a�m�i�n�a�t�e�s� �a�r�e� �i�n�t�r�i�n�s�i�c�a�l�l�y� �n�o�n�l�i�n�e�a�r� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �p�l�i�e�s�,� �t�h�e� �p�l�y� �t�h�i�c�k�n�e�s�s�e�s�,� �a�n�d� �t�h�e� 

�f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s�.� �T�h�i�s� �w�a�s� �t�r�u�e� �i�n� �a�l�l� �t�h�e� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d� �w�o�r�k�s� �b�u�t� �[�H�a�f�t�k�a�9�2�b�]�.� �T�h�e�r�e�f�o�r�e�,� 

�t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �w�i�l�l� �c�o�n�t�a�i�n� �l�o�c�a�l� �o�p�t�i�m�a�.� �T�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �l�o�c�a�l� �o�p�t�i�m�a� �w�a�s� �a�n�a�l�y�t�i�c�a�l�l�y� �s�h�o�w�n� �i�n� 

�[�P�e�d�e�r�s�e�n�8�7�]� �f�o�r� �s�y�m�m�e�t�r�i�c�,� �b�a�l�a�n�c�e�d�,� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c� �l�a�m�i�n�a�t�e�s� �d�e�s�i�g�n�e�d� �f�o�r� �b�u�c�k�l�i�n�g� �l�o�a�d� 

�m�a�x�i�m�i�z�a�t�i�o�n�.� �T�h�e� �r�i�s�k� �o�f� �p�r�o�d�u�c�i�n�g� �s�u�b�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �h�a�s� �b�e�e�n� �f�u�r�t�h�e�r� �o�b�s�e�r�v�e�d� �i�n� �n�u�m�b�e�r� 

�o�f� �w�o�r�k�s�,� �f�o�r� �e�x�a�m�p�l�e� �i�n� �[�N�a�g�e�n�d�r�a�9�3�b�]�.� �S�e�q�u�e�n�t�i�a�l� �l�i�n�e�a�r�i�z�a�t�i�o�n� �i�s� �a� �t�r�a�d�i�t�i�o�n�a�l� �a�p�p�r�o�a�c�h� �t�o� 

�n�o�n�l�i�n�e�a�r� �p�r�o�b�l�e�m�s� �t�h�a�t� �m�a�y� �a�l�s�o� �g�e�t� �t�r�a�p�p�e�d� �b�y� �l�o�c�a�l� �o�p�t�i�m�a� �(�[�N�a�g�e�n�d�r�a�9�2�]�)�.� 

�S�e�c�o�n�d�,� �c�o�m�p�o�s�i�t�e� �s�t�r�u�c�t�u�r�e�s� �o�f�t�e�n� �e�x�h�i�b�i�t� �m�a�n�y� �o�p�t�i�m�a�l� �a�n�d� �n�e�a�r� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �T�h�e� 

�r�e�a�s�o�n� �i�s� �t�h�a�t� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e� �p�e�r�f�o�r�m�a�n�c�e� �i�s� �c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �a� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �w�h�i�c�h� 

�i�s� �u�s�u�a�l�l�y� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �s�o� �d�i�f�f�e�r�e�n�t� �s�e�t�s� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� 

�c�a�n� �p�r�o�d�u�c�e� �s�i�m�i�l�a�r� �r�e�s�u�l�t�s�,� �i�.�e�.�,� �t�h�e�r�e� �a�r�e� �m�a�n�y� �o�p�t�i�m�a�l� �o�r� �n�e�a�r�-�o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �I�n� �[�S�h�i�n�8�9�]�,� �a� 

�l�a�r�g�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n�s� �w�i�t�h� �a�l�m�o�s�t� �i�d�e�n�t�i�c�a�l� �p�e�r�f�o�r�m�a�n�c�e� �a�r�e� �s�h�o�w�n�.� �T�r�a�d�i�t�i�o�n�a�l� �m�e�t�h�o�d�s� �h�a�v�e� 

�C�h�a�p�t�e�r� �1�.� �I�N�T�R�O�D�U�C�T�I�O�N� �3



�n�o�t� �o�n�l�y� �t�h�e� �d�r�a�w�b�a�c�k� �o�f� �s�o�m�e�t�i�m�e�s� �c�o�n�v�e�r�g�i�n�g� �t�o� �s�u�b�o�p�t�i�m�a�l� �d�e�s�i�g�n�s�,� �b�u�t� �a�l�s�o� �o�f� �y�i�e�l�d�i�n�g� �o�n�l�y� 

�o�n�e� �s�o�l�u�t�i�o�n�.� �T�r�a�d�i�t�i�o�n�a�l� �m�e�t�h�o�d�s� �d�o� �n�o�t� �g�i�v�e� �t�h�e� �d�e�s�i�g�n�e�r� �a� �c�h�o�i�c�e� �b�e�t�w�e�e�n� �m�a�n�y� �n�e�a�r�l�y� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n�s�.� 

�T�h�i�r�d�,� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �d�e�s�i�g�n� �i�s� �i�n�h�e�r�e�n�t�l�y� �a� �d�i�s�c�r�e�t�e� �p�r�o�b�l�e�m� �s�i�n�c�e� �t�h�i�c�k�n�e�s�s�e�s� �m�u�s�t� �b�e� 

�m�u�l�t�i�p�l�e� �o�f� �t�h�e� �p�r�e�p�r�e�g� �t�h�i�c�k�n�e�s�s� �a�n�d� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s� �a�r�e� �l�i�m�i�t�e�d� �t�o� �a� �d�i�s�c�r�e�t�e� �s�e�t� �o�f� �a�n�g�l�e�s�.� �F�o�r� 

�s�u�c�h� �d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s�,� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �b�a�s�e�d� �o�n� �d�e�r�i�v�a�t�i�v�e�s� �c�a�n�n�o�t� �b�e� �a�p�p�l�i�e�d� �d�i�r�e�c�t�l�y�.� 

�S�t�r�a�t�e�g�i�e�s� �b�a�s�e�d� �o�n� �r�o�u�n�d�i�n�g� �o�f� �c�o�n�t�i�n�u�o�u�s� �d�e�s�i�g�n� �a�r�e� �u�s�e�d�,� �t�h�a�t� �n�e�e�d� �t�o� �a�s�s�u�m�e� �a� �s�t�a�c�k�i�n�g� 

�s�e�q�u�e�n�c�e� �a� �p�r�i�o�r�i�.� �T�h�e�r�e� �i�s� �a�l�s�o� �n�o� �g�u�a�r�a�n�t�e�e� �t�h�a�t� �t�h�e� �d�i�s�c�r�e�t�e� �o�p�t�i�m�u�m� �i�s� �i�n� �t�h�e� �n�e�i�g�h�b�o�r�h�o�o�d� 

�o�f� �t�h�e� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�u�m� �(�[�G�i�i�r�d�a�l�9�1�]�)�.� �F�o�r� �t�h�e�s�e� �l�a�s�t� �t�w�o� �r�e�a�s�o�n�s�,� �s�u�c�c�e�s�s�i�v�e� �c�o�n�t�i�n�u�o�u�s� 

�o�p�t�i�m�i�z�a�t�i�o�n� �a�n�d� �r�o�u�n�d�i�n�g� �m�a�y� �y�i�e�l�d� �s�u�b�o�p�t�i�m�a�l� �o�r� �e�v�e�n� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s�.� 

�L�a�s�t�,� �a� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �(�p�l�y� 

�t�h�i�c�k�n�e�s�s� �a�n�d� �o�r�i�e�n�t�a�t�i�o�n�)�.� �A� �s�t�r�a�t�e�g�y� �b�a�s�e�d� �o�n� �r�o�u�n�d�i�n�g� �o�f� �a� �c�o�n�t�i�n�u�o�u�s� �d�e�s�i�g�n� �r�e�q�u�i�r�e�s� �2 �� 

�a�n�a�l�y�s�e�s� �t�o� �e�x�p�l�o�r�e� �a�l�l� �t�h�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �v�a�r�i�a�b�l�e�s� �r�o�u�n�d�e�d� �u�p� �a�n�d� �d�o�w�n�,� �w�h�e�r�e� �n� �i�s� �t�h�e� �n�u�m�b�e�r� 

�o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �B�r�a�n�c�h� �a�n�d� �B�o�u�n�d� �a�l�g�o�r�i�t�h�m� �a�l�s�o� �e�x�h�i�b�i�t�s� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �d�e�p�e�n�d�e�n�c�e� 

�o�n� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �n�.� 

�P�r�o�b�a�b�i�l�i�s�t�i�c� �s�e�a�r�c�h� �m�e�t�h�o�d�s� �o�f�f�e�r� �a�n� �a�p�p�e�a�l�i�n�g� �a�l�t�e�r�n�a�t�i�v�e� �t�o�  ��t�r�a�d�i�t�i�o�n�a�l �� �s�e�a�r�c�h� �a�l�g�o�r�i�t�h�m�s� 

�s�u�c�h� �a�s� �g�r�a�d�i�e�n�t� �b�a�s�e�d� �c�o�n�t�i�n�u�o�u�s� �m�e�t�h�o�d�s� �o�r� �e�n�u�m�e�r�a�t�i�v�e� �i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g� �t�e�c�h�n�i�q�u�e�s�.� �G�e�n�-� 

�e�r�a�l�l�y� �s�p�e�a�k�i�n�g�,� �p�r�o�b�a�b�i�l�i�s�t�i�c� �s�e�a�r�c�h� �m�e�t�h�o�d�s� �s�a�m�p�l�e� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �b�a�s�e�d� �o�n� �p�r�o�b�a�b�i�l�i�s�t�i�c� �r�u�l�e�s�.� 

�P�r�o�b�a�b�i�l�i�s�t�i�c� �s�e�a�r�c�h� �m�e�t�h�o�d�s� �e�n�j�o�y� �t�w�o� �t�h�e�o�r�e�t�i�c�a�l� �a�d�v�a�n�t�a�g�e�s� �o�v�e�r� �t�r�a�d�i�t�i�o�n�a�l� �m�e�t�h�o�d�s�.� �T�h�e�y� �a�r�e� 

�g�l�o�b�a�l� �i�n� �s�c�o�p�e� �s�i�n�c�e� �t�h�e�y� �h�a�v�e� �a� �n�o�n�z�e�r�o� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �e�v�e�n�t�u�a�l�l�y� �r�e�a�c�h�i�n�g� �a�n�y� �p�o�i�n�t� �o�f� �t�h�e� 

�d�e�s�i�g�n� �s�p�a�c�e�,� �a�n�d�,� �f�o�r� �t�h�e� �s�a�m�e� �r�e�a�s�o�n�,� �t�h�e�y� �a�r�e� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �p�r�o�b�l�e�m� �n�o�n�c�o�n�v�e�x�i�t�i�e�s� �a�n�d� 

�n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �A�p�p�l�i�c�a�t�i�o�n�s� �o�f� �p�r�o�b�a�b�i�l�i�s�t�i�c� �s�e�a�r�c�h� �m�e�t�h�o�d�s� �t�o� �t�h�e� �d�e�s�i�g�n� �o�f� �c�o�m�p�o�s�i�t�e� �s�t�r�u�c�t�u�r�e�s� 

�a�r�e� �r�e�c�e�n�t�.� 

�S�i�m�u�l�a�t�e�d� �a�n�n�e�a�l�i�n�g� �h�a�s� �b�e�e�n� �a�p�p�l�i�e�d� �t�o� �t�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �m�a�x�i�m�i�z�a�t�i�o�n� �o�f� �a� �s�i�m�p�l�y� �s�u�p�-� 

�p�o�r�t�e�d� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e� �(�[�L�o�m�b�a�r�d�i�9�0�]�)�.� �T�h�e� �a�l�g�o�r�i�t�h�m�,� �o�n�c�e� �i�t�s� �p�r�o�b�a�b�i�l�i�t�y� �r�u�l�e�s� �t�u�n�e�d�,� �w�a�s� 

�a�b�l�e� �t�o� �l�o�c�a�t�e� �n�e�a�r�-�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �w�i�t�h� �a� �h�i�g�h� �r�e�l�i�a�b�i�l�i�t�y� �i�n� �a� �d�e�s�i�g�n� �s�p�a�c�e� �o�f� �6�5�6�1� �p�o�i�n�t�s� �i�n� 

�C�h�a�p�t�e�r� �1�.� �I�N�T�R�O�D�U�C�T�I�O�N� �4



�l�e�s�s� �t�h�a�n� �1�0�0�0� �a�n�a�l�y�s�e�s�.� �W�h�e�n� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �w�a�s� �i�n�c�r�e�a�s�e�d� �t�o� �a�b�o�u�t� �4�3� �m�i�l�l�i�o�n�,� 

�n�e�a�r�-�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �w�e�r�e� �r�e�l�i�a�b�l�y� �f�o�u�n�d� �i�n� �a�b�o�u�t� �3�0�0�0� �a�n�a�l�y�s�e�s�.� 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�,� �t�h�e� �u�s�e� �o�f� �a�n�o�t�h�e�r� �p�r�o�b�a�b�i�l�i�s�t�i�c� �s�e�a�r�c�h� �m�e�t�h�o�d� �c�a�l�l�e�d� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� 

�(�G�A�)� �i�s� �e�x�p�l�o�r�e�d�.� �E�a�r�l�y� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �a�n�d� �t�h�e�o�r�e�t�i�c�a�l� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �m�e�t�h�o�d� 

�a�r�e� �c�r�e�d�i�t�e�d� �t�o� �H�o�l�l�a�n�d� �(�(�H�o�l�l�a�n�d�7�5�]�)�.� �G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �w�e�r�e� �o�r�i�g�i�n�a�l�l�y� �d�e�v�e�l�o�p�e�d� �t�o� �s�i�m�u�l�a�t�e� 

�a�d�a�p�t�a�t�i�o�n� �a�s� �i�n� �n�a�t�u�r�a�l� �s�y�s�t�e�m�s�.� �A�p�p�l�i�c�a�t�i�o�n�s� �t�o� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �o�f� �s�t�a�t�i�c� �f�u�n�c�t�i�o�n�s� �f�o�l�l�o�w�e�d� 

�r�a�p�i�d�l�y� �(�[�D�e�J�o�n�g�7�5�]�)�.� �G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s�,� �a�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�,� �a�r�e� �p�r�o�b�a�b�i�l�i�s�t�i�c� �o�p�t�i�m�i�z�a�t�i�o�n� �m�e�t�h�-� 

�o�d�s� �t�h�a�t� �w�o�r�k� �o�n� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n�s� �b�y� �r�e�c�o�m�b�i�n�i�n�g� �t�h�e� �m�o�s�t� �d�e�s�i�r�a�b�l�e� �f�e�a�t�u�r�e�s� �o�f� �e�x�i�s�t�i�n�g� 

�d�e�s�i�g�n�s�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �c�o�n�c�e�p�t� �o�f� �D�a�r�w�i�n ��s� �t�h�e�o�r�y� �o�f� �e�v�o�l�u�t�i�o�n�,� �a� �s�e�l�e�c�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d� �t�h�a�t� 

�f�a�v�o�r�s� �t�h�e� �b�e�s�t� �f�i�t�t�e�d� �m�e�m�b�e�r�s� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n�,� �a�n�d� �a�s�s�u�r�e�s� �t�h�a�t� �t�h�e�y� �t�r�a�n�s�m�i�t� �t�h�e�i�r� �a�t�t�r�a�c�t�i�v�e� 

�f�e�a�t�u�r�e�s� �t�o� �t�h�e� �n�e�w�l�y� �c�r�e�a�t�e�d� �d�e�s�i�g�n�s�.� �I�n� �t�h�e� �p�r�o�c�e�s�s�,� �n�e�w� �d�e�s�i�g�n� �o�p�t�i�o�n�s� �a�r�e� �c�r�e�a�t�e�d� �a�n�d� �t�e�s�t�e�d�.� 

�T�h�e� �r�e�c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n�s� �i�s� �p�e�r�f�o�r�m�e�d� �b�y� �c�o�d�i�n�g� �t�h�e� �d�e�s�i�g�n�s� �a�s� �s�t�r�i�n�g�s� �a�n�d� �b�y� �u�s�i�n�g� 

�g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �t�h�a�t� �s�i�m�u�l�a�t�e� �b�i�o�l�o�g�i�c�a�l� �r�e�p�r�o�d�u�c�t�i�o�n� �o�n� �t�h�e�s�e� �s�t�r�i�n�g�s�.� �G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �d�o� 

�n�o�t� �u�s�e� �a�n�y� �g�r�a�d�i�e�n�t� �i�n�f�o�r�m�a�t�i�o�n�,� �a�n�d� �a�r�e� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �A� 

�m�o�r�e� �d�e�t�a�i�l�e�d� �p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �i�s� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �2�.� �S�e�c�t�i�o�n� �2�.�1� �i�n�t�r�o�d�u�c�e�s� 

�t�h�e� �m�a�i�n� �c�o�n�c�e�p�t�s� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �r�e�l�i�e�s� �o�n�.� �A�n� �e�x�a�m�p�l�e� �o�f� �a� �d�i�d�a�c�t�i�c� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� 

�i�s� �d�e�s�c�r�i�b�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�2�.� �S�e�c�t�i�o�n� �2�.�3� �g�i�v�e�s� �a� �s�h�o�r�t� �t�h�e�o�r�e�t�i�c�a�l� �f�r�a�m�e�w�o�r�k� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s� 

�o�f� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �a�n�d� �S�e�c�t�i�o�n� �2�.�4� �d�i�s�c�u�s�e�s� �h�o�w� �c�o�n�s�t�r�a�i�n�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �c�a�n� �b�e� 

�h�a�n�d�l�e�d� �b�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s�.� �I�n� �t�h�e� �l�a�s�t� �d�e�c�a�d�e�,� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �h�a�v�e� �p�r�o�v�e�n� �t�h�e�i�r� �a�b�i�l�i�t�y� 

�t�o� �d�e�a�l� �w�i�t�h� �a� �l�a�r�g�e� �c�l�a�s�s� �o�f� �p�r�o�b�l�e�m�s�.� �A�p�p�l�i�c�a�t�i�o�n�s� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �a�r�t�i�f�i�c�i�a�l� �n�e�u�r�a�l� �n�e�t�w�o�r�k�s� 

�(�{�F�u�l�l�m�e�r�9�1�]�)�,� �g�e�o�p�h�y�s�i�c�s� �(�[�G�a�l�l�a�g�h�e�r�9�2�]�)�,� �s�o�c�i�a�l� �s�c�i�e�n�c�e� �(�[�G�r�e�e�n�e�8�7�]�)�,� �c�o�n�t�r�o�l� �(�[�K�r�i�s�t�i�n�s�s�o�n�9�2�)�]�)�,� 

�b�i�o�l�o�g�y� �(�{�L�u�c�a�s�u�i�s�9�1�]�)�,� �d�i�a�g�n�o�s�i�s� �(�[�P�o�t�t�e�r�9�0�]�)�,� �a�n�d� �m�a�n�y� �o�t�h�e�r� �f�i�e�l�d�s�.� 

�I�n� �s�t�r�u�c�t�u�r�a�l� �o�p�t�i�m�i�z�a�t�i�o�n�,� �t�h�e� �g�e�n�e�t�i�c� �a�p�p�r�o�a�c�h� �a�p�p�e�a�r�s� �e�s�p�e�c�i�a�l�l�y� �p�r�o�m�i�s�i�n�g� �i�n� �c�a�s�e�s� 

�o�f� �l�a�r�g�e�,� �n�o�n�c�o�n�v�e�x�,� �i�n�t�e�g�e�r� �p�r�o�g�r�a�m�m�i�n�g� �p�r�o�b�l�e�m�s� �(�e�.�g�.�,� �[�H�a�j�e�l�a�9�0�]�,� �[�H�a�j�e�l�a�9�1�]�,� �[�H�a�j�e�l�a�9�2�]�,� 

�[�R�a�o�9�0�]�,� �[�F�u�r�u�y�a�9�3�]�,� �[�W�a�t�a�b�e�9�3�]�)�.� �N�o�t� �s�u�r�p�r�i�s�i�n�g�l�y�,� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �h�a�v�e� �r�e�c�e�n�t�l�y� �b�e�e�n� �a�p�-� 

�p�l�i�e�d� �t�o� �c�o�m�p�o�s�i�t�e� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s�.� �B�e�s�i�d�e�s� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�e�y� �d�o� �n�o�t� �n�e�e�d� �g�r�a�d�i�e�n�t� �i�n�f�o�r�-� 

�m�a�t�i�o�n� �a�n�d� �a�r�e� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�,� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �a�l�s�o� �h�a�v�e� 
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�t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �g�e�n�e�r�a�t�i�n�g� �a� �n�u�m�b�e�r� �o�f� �o�p�t�i�m�a�l� �a�n�d� �n�e�a�r�-�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �d�u�r�i�n�g� �a� �s�i�n�g�l�e� �s�e�a�r�c�h�.� 

�T�h�e� �d�e�s�i�g�n�e�r� �h�a�s� �t�h�e�n� �a� �l�a�r�g�e�r� �c�h�o�i�c�e� �i�n� �d�e�c�i�d�i�n�g� �w�h�a�t� �i�s� �t�h�e� �m�o�s�t� �s�u�i�t�a�b�l�e� �d�e�s�i�g�n�.� �I�n� �[�S�a�r�-� 

�g�e�n�t�9�0�]�,� �t�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �m�e�t�h�o�d� �t�o� �t�h�e� �d�e�s�i�g�n� �o�f� �l�a�m�i�n�a�t�e� �l�a�y�u�p�s� �i�s� �s�t�u�d�i�e�d�.� 

�[�C�a�l�l�a�h�a�n�9�2�]� �g�i�v�e�s� �a�n� �e�x�a�m�p�l�e� �o�f� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �o�p�t�i�m�i�z�a�t�i�o�n� �b�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �w�h�e�r�e� �t�h�e� 

�d�i�s�c�r�e�t�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�r�e� �t�h�e� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n�s�.� 

�I�n� �s�p�i�t�e� �o�f� �t�h�e�i�r� �t�h�e�o�r�e�t�i�c�a�l� �a�d�v�a�n�t�a�g�e�s�,� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �o�f�t�e�n� �t�o�o� �e�x�p�e�n�s�i�v�e� �t�o� �u�s�e� 

�w�h�e�n� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �o�n�e� �c�a�n�d�i�d�a�t�e� �s�o�l�u�t�i�o�n� �i�s� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �e�x�p�e�n�s�i�v�e�.� �T�h�i�s� �o�f�t�e�n� �o�c�c�u�r�s� �i�n� 

�s�t�r�u�c�t�u�r�a�l� �m�e�c�h�a�n�i�c�s�,� �f�o�r� �e�x�a�m�p�l�e� �w�h�e�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� �a�n�a�l�y�z�e�d� �b�y� �a� �d�e�t�a�i�l�e�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s�.� �D�e�s�p�i�t�e� �t�h�e� �c�l�a�i�m� �t�h�a�t� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �g�l�o�b�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �m�e�t�h�o�d�s�,� �s�o�m�e� �c�a�s�e�s� 

�c�a�n� �c�a�u�s�e� �t�h�e� �s�e�a�r�c�h� �t�o� �c�o�n�v�e�r�g�e� �t�o� �s�u�b�o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�s�,� �e�s�p�e�c�i�a�l�l�y� �i�f� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �a�r�e� 

�u�s�e�d� �b�l�i�n�d�l�y� �(�c�f�.� �S�e�c�t�i�o�n� �2�.�3�.�2�.�)�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �w�o�r�k� �i�s� �t�o� �d�e�v�e�l�o�p� �e�x�p�e�r�t�i�s�e� �o�n� �h�o�w� �t�o� 

�u�s�e� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �f�o�r� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �d�e�s�i�g�n�.� �W�e� �c�o�n�j�e�c�t�u�r�e� �t�h�a�t� �b�y� 

�a�c�c�u�m�u�l�a�t�i�n�g� �k�n�o�w�l�e�d�g�e� �o�n� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �m�e�t�h�o�d� �a�n�d� �o�n� �t�h�e� �l�a�m�i�n�a�t�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� 

�p�r�o�b�l�e�m�,� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �d�e�v�e�l�o�p�e�d� �t�h�a�t� �w�o�u�l�d� �b�e� �a�n� �e�f�f�i�c�i�e�n�t� �t�o�o�l� �f�o�r� �t�h�e� �d�e�s�i�g�n� �o�f� 

�c�o�m�p�o�s�i�t�e� �s�t�r�u�c�t�u�r�e�s�.� 

�A�s� �c�o�m�p�a�r�e�d� �t�o� �o�t�h�e�r� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �G�A�s� �t�o� �t�h�e� �d�e�s�i�g�n� �o�f� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e� �l�a�y�u�p�s� 

�(�{�[�S�a�r�g�e�n�t�9�0�]�,� �[�C�a�l�l�a�h�a�n�9�2�]�)�,� �t�h�i�s� �w�o�r�k� �i�s� �t�h�e� �f�i�r�s�t� �t�o� �s�y�s�t�e�m�a�t�i�c�a�l�l�y� �u�s�e� �a� �r�a�t�i�o�n�a�l� �m�e�a�s�u�r�e� �o�f� �t�h�e� 

�p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h� �t�o� �m�o�t�i�v�a�t�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �c�h�o�i�c�e�s�.� �W�e� �c�o�m�p�a�r�e�d� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �G�A�s� 

�b�y� �e�x�t�e�n�s�i�v�e� �t�e�s�t�i�n�g�s� �o�n� �v�a�r�i�o�u�s� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s�.� �T�h�e�s�e� �G�A�s� �d�i�f�f�e�r�e�d� �b�y� �t�h�e� �g�e�n�e�t�i�c� 

�o�p�e�r�a�t�o�r�s�,� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�,� �a�n�d� �t�h�e� �t�u�n�i�n�g� �o�f� �t�h�e� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s� �t�h�e�y� 

�u�s�e�d�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �w�o�r�k� �a�r�e� �a� �s�e�t� �o�f� �r�u�l�e�s� �o�n� �h�o�w� �t�o� �e�f�f�i�c�i�e�n�t�l�y� �a�n�d� �r�e�l�i�a�b�l�y� �o�p�t�i�m�i�z�e� 

�s�t�r�u�c�t�u�r�e�s� �m�a�d�e� �o�f� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e�s� �b�y� �G�A�s�.� 

�M�o�r�e� �p�r�e�c�i�s�e�l�y�,� �t�o� �a�l�l�e�v�i�a�t�e� �t�h�e� �p�r�o�b�l�e�m� �o�f� �t�h�e� �c�o�s�t� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h�,� �i�t� �h�e�l�p�s� �t�o� �t�u�n�e� 

�t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �t�o� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �b�y� �s�e�l�e�c�t�i�o�n� �o�f� �s�p�e�c�i�a�l�i�z�e�d� �g�e�n�e�t�i�c� 

�o�p�e�r�a�t�o�r�s�,� �a�n�d� �b�y� �t�u�n�i�n�g� �t�h�e�i�r� �a�p�p�l�i�c�a�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�i�e�s�.� �T�h�i�s� �t�u�n�i�n�g� �o�f� �t�h�e� �G�A� �h�a�s� �t�o� �b�e� �p�e�r�f�o�r�m�e�d� 

�o�n� �a� �s�i�m�p�l�e� �v�e�r�s�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� �I�t� �i�s� �u�n�d�e�r�t�a�k�e�n� �i�n� �C�h�a�p�t�e�r� �3� �f�o�r� �a�n� �u�n�s�t�i�f�f�e�n�e�d� �p�a�n�e�l� �o�f� �g�i�v�e�n� 

�t�h�i�c�k�n�e�s�s� �d�e�s�i�g�n�e�d� �f�o�r� �m�a�x�i�m�u�m� �f�a�i�l�u�r�e� �l�o�a�d�.� �B�y� �u�s�i�n�g� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �t�h�e� 

�a�n�a�l�y�s�i�s� �i�s� �r�e�d�u�c�e�d� �t�o� �a� �s�i�m�p�l�e� �a�l�g�e�b�r�a�i�c� �f�o�r�m�u�l�a�,� �s�o� �t�h�a�t� �m�i�l�l�i�o�n�s� �o�f� �a�n�a�l�y�s�e�s� �c�o�u�l�d� �b�e� �c�a�r�r�i�e�d� �o�u�t�.� 

�A� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r� �s�p�e�c�i�f�i�c� �t�o� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �p�r�o�b�l�e�m� �c�a�l�l�e�d� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �i�s� �i�n�t�r�o�d�u�c�e�d� 

�a�n�d� �i�t�s� �e�f�f�e�c�t�i�v�e�n�e�s�s� �s�h�o�w�n�.� �R�e�s�u�l�t�s� �a�r�e� �p�r�e�s�e�n�t�e�d� �a�n�d� �s�o�m�e� �p�e�c�u�l�i�a�r�i�t�i�e�s� �o�f� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� 

�C�h�a�p�t�e�r� �1�.� �I�N�T�R�O�D�U�C�T�I�O�N� �6



�d�e�s�i�g�n� �p�r�o�b�l�e�m� �a�r�e� �d�i�s�c�u�s�s�e�d�.� �A� �t�u�n�e�d� �G�A� �i�s� �f�o�u�n�d� �t�h�a�t� �c�a�n� �r�e�a�c�h� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �w�i�t�h� �h�i�g�h� 

�r�e�l�i�a�b�i�l�i�t�y� �i�n� �a�b�o�u�t� �1�0�0�0� �a�n�a�l�y�s�e�s�.� 

�H�o�w�e�v�e�r�,� �i�n� �C�h�a�p�t�e�r� �4�,� �w�h�e�n� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �i�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �d�u�a�l� �p�r�o�b�l�e�m� �o�f� �m�i�n�i�m�u�m� 

�w�e�i�g�h�t� �d�e�s�i�g�n� �s�u�b�j�e�c�t� �t�o� �s�t�r�e�n�g�t�h� �a�n�d� �b�u�c�k�l�i�n�g� �c�o�n�s�t�r�a�i�n�t�s�,� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �g�o�e�s� �o�v�e�r� 

�3�0�0�0� �a�n�a�l�y�s�e�s�.� �U�n�l�i�k�e� �t�h�e� �m�a�x�i�m�u�m� �f�a�i�l�u�r�e� �l�o�a�d� �d�e�s�i�g�n� �f�o�r� �g�i�v�e�n� �t�h�i�c�k�n�e�s�s�,� �t�h�i�s� �p�r�o�b�l�e�m� �r�e�q�u�i�r�e�s� 

�v�a�r�i�a�b�l�e� �s�t�r�i�n�g� �l�e�n�g�t�h�.� �S�e�c�o�n�d�,� �c�o�n�s�t�r�a�i�n�t�s� �h�a�v�e� �t�o� �b�e� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s�.� �C�h�a�p�t�e�r� 

�4� �d�e�s�c�r�i�b�e�s� �s�e�v�e�r�a�l� �m�o�d�i�f�i�c�a�t�i�o�n�s� �t�o� �t�h�e� �a�l�g�o�r�i�t�h�m� �d�e�v�e�l�o�p�e�d� �i�n� �C�h�a�p�t�e�r� �3� �a�n�d� �s�h�o�w�s� �h�o�w� �t�h�e�s�e� 

�m�o�d�i�f�i�c�a�t�i�o�n�s� �i�m�p�r�o�v�e� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �f�o�r� �l�a�m�i�n�a�t�e� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �d�e�s�i�g�n�.� �S�c�a�l�i�n�g� �c�o�n�c�e�p�t�s� 

�t�h�a�t� �y�i�e�l�d� �f�u�l�l�y� �s�t�r�e�s�s�e�d� �d�e�s�i�g�n�s� �b�y� �r�e�s�i�z�i�n�g� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �s�e�a�r�c�h� �t�h�r�o�u�g�h� 

�a�  ��s�c�a�l�i�n�g� �m�u�t�a�t�i�o�n �� �o�p�e�r�a�t�o�r�.� 

�I�n� �C�h�a�p�t�e�r� �5�,� �t�h�e� �m�o�d�i�f�i�e�d� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �i�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �g�l�o�b�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �o�f� �a� �w�i�n�g� 

�b�o�x�-�b�e�a�m�.� �T�h�e� �w�i�n�g� �b�o�x�-�b�e�a�m� �p�r�o�b�l�e�m� �i�n�v�o�l�v�e�s� �t�h�e� �s�i�m�u�l�t�a�n�e�o�u�s� �o�p�t�i�m�i�z�a�t�i�o�n� �o�f� �a�l�l� �l�a�m�i�n�a�t�e�s� 

�i�n� �t�h�e� �s�k�i�n� �o�f� �t�h�e� �w�i�n�g�.� �I�t� �i�s� �a� �v�e�r�y� �d�i�f�f�i�c�u�l�t� �p�r�o�b�l�e�m�,� �b�e�c�a�u�s�e� �i�t� �c�o�m�b�i�n�e�s� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� 

�o�f� �t�h�e� �s�i�n�g�l�e� �l�a�m�i�n�a�t�e� �p�r�o�b�l�e�m� �(�l�o�c�a�l� �o�p�t�i�m�a�,� �n�o�n�c�o�n�v�e�x�i�t�y� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�)� �w�i�t�h� �a� �v�e�r�y� 

�l�a�r�g�e� �d�e�s�i�g�n� �s�p�a�c�e� �a�n�d� �a� �m�o�r�e� �c�o�s�t�l�y� �a�n�a�l�y�s�i�s�.� �K�n�o�w�l�e�d�g�e� �g�a�i�n�e�d� �o�n� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �l�a�m�i�n�a�t�e� 

�p�r�o�b�l�e�m� �i�s� �r�e�a�s�s�e�s�s�e�d�,� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �v�a�r�i�o�u�s� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �w�i�n�g� �b�o�x�:� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� 

�i�s� �p�r�o�g�r�e�s�s�i�v�e�l�y� �e�n�l�a�r�g�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �i�n�d�e�p�e�n�d�e�n�t� �l�a�m�i�n�a�t�e�s� �m�a�k�i�n�g� �u�p� �t�h�e� �s�k�i�n� 

�(�c�f�.� �S�e�c�t�i�o�n� �5�.�4�.�1�)�.� �A� �s�i�m�p�l�e�r� �p�r�o�b�l�e�m� �i�s� �a�l�s�o� �c�r�e�a�t�e�d� �b�y� �f�r�e�e�z�i�n�g� �t�h�e� �i�n�t�e�r�n�a�l� �l�o�a�d�s� �i�n� �o�r�d�e�r� �t�o� 

�e�s�t�i�m�a�t�e� �t�h�e� �e�f�f�e�c�t� �o�f� �l�o�a�d� �r�e�d�i�s�t�r�i�b�u�t�i�o�n� �o�n� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h�.� �T�o� �a�l�l�e�v�i�a�t�e� �t�h�e� �p�r�o�b�l�e�m� �o�f� �t�h�e� 

�c�o�s�t� �o�f� �a�n�a�l�y�z�i�n�g� �t�h�e� �w�i�n�g� �b�o�x�,� �a� �p�o�l�y�n�o�m�i�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �l�o�a�d�s� �w�i�t�h�i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �i�s� 

�i�m�p�l�e�m�e�n�t�e�d� �(�c�f�.� �S�e�c�t�i�o�n�s� �5�.�2�.�1�)�.� �T�h�e� �c�o�n�s�e�q�u�e�n�c�e�s� �o�n� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �o�f� �u�s�i�n�g� �a� �p�o�l�y�n�o�m�i�a�l� 

�a�p�p�r�o�x�i�m�a�t�e� �a�n�a�l�y�s�i�s� �a�r�e� �s�t�u�d�i�e�d� �(�c�f�.� �S�e�c�t�i�o�n� �5�.�4�.�2�)�.� �W�i�t�h� �t�h�e� �w�i�n�g� �b�o�x�-�b�e�a�m�,� �t�h�r�e�e� �n�e�w� �f�a�c�t�o�r�s� 

�e�n�t�e�r� �i�n�t�o� �p�l�a�y� �a�s� �c�o�m�p�a�r�e�d� �t�o� �C�h�a�p�t�e�r�s� �3� �a�n�d� �4�:� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�t�r�i�n�g� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �d�e�s�i�g�n� 

�i�n�c�r�e�a�s�e�s�,� �t�h�e� �l�a�m�i�n�a�t�e�s� �a�r�e� �m�e�c�h�a�n�i�c�a�l�l�y� �c�o�u�p�l�e�d�,� �a�n�d� �a� �s�i�n�g�l�e� �s�t�r�i�n�g� �r�e�p�r�e�s�e�n�t�s� �m�a�n�y� �l�a�m�i�n�a�t�e�s�.� 

�T�h�e� �i�n�d�e�p�e�n�d�e�n�t� �e�f�f�e�c�t� �o�f� �e�a�c�h� �o�f� �t�h�e�s�e� �f�a�c�t�o�r�s� �o�n� �t�h�e� �t�u�n�i�n�g� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� 

�S�e�c�t�i�o�n�s� �5�.�4�.�3�,� �5�.�4�.�4� �a�n�d� �5�.�4�.�5�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�C�h�a�p�t�e�r� �6� �o�f�f�e�r�s� �a� �d�i�f�f�e�r�e�n�t� �l�o�o�k� �a�t� �t�h�e� �p�r�o�b�l�e�m� �o�f� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �c�o�s�t� �o�f� �t�h�e� �g�e�n�e�t�i�c� 

�o�p�t�i�m�i�z�a�t�i�o�n�.� �T�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �r�u�n�n�i�n�g� �s�e�v�e�r�a�l� �s�h�o�r�t� �s�e�a�r�c�h�e�s� �i�n�s�t�e�a�d� �o�f� �a� �l�o�n�g� �o�n�e� �i�s� �s�t�u�d�i�e�d� 

�(�S�e�c�t�i�o�n� �6�.�3�)�.� �I�t� �i�s� �s�h�o�w�n� �t�h�a�t� �t�h�e�r�e� �i�s� �a�n� �o�p�t�i�m�a�l� �d�i�v�i�s�i�o�n� �o�f� �t�h�e� �s�e�a�r�c�h� �i�n�t�o� �s�h�o�r�t� �r�u�n�s� �t�h�a�t� �m�i�n�-� 

�i�m�i�z�e�s� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �c�o�s�t� �w�h�i�l�e� �k�e�e�p�i�n�g� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�i�n�d�i�n�g� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �(�r�e�l�i�a�b�i�l�i�t�y� 

�C�h�a�p�t�e�r� �1�.� �I�N�T�R�O�D�U�C�T�I�O�N� �7



�o�f� �t�h�e� �s�e�a�r�c�h�)� �a�t� �a� �d�e�s�i�r�e�d� �l�e�v�e�l�.� �A� �p�r�o�c�e�d�u�r�e� �i�s� �p�r�o�p�o�s�e�d� �t�h�a�t� �p�e�r�m�i�t�s� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� 

�a�t� �l�a�t�e�r� �s�t�a�g�e�s� �o�f� �t�h�e� �s�e�a�r�c�h� �b�a�s�e�d� �o�n� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �e�a�r�l�i�e�r� �i�n� �t�h�e� �s�e�a�r�c�h� �(�S�e�c�t�i�o�n� �6�.�4�)�.� �P�r�e�d�i�c�t�i�o�n� 

�o�f� �t�h�e� �o�p�t�i�m�a�l� �n�u�m�b�e�r� �o�f� �s�e�a�r�c�h�e�s� �t�o� �a�c�h�i�e�v�e� �a� �c�e�r�t�a�i�n� �r�e�l�i�a�b�i�l�i�t�y� �i�s� �d�i�s�c�u�s�s�e�d�.� 
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�C�h�a�p�t�e�r� �2� 

�F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� 
�A�L�G�O�R�I�T�H�M�S� 

�2�.�1� �I�n�t�r�o�d�u�c�t�i�o�n� 

�2�.�1�.�1� �P�r�o�p�e�r�t�i�e�s� �o�f� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� 

�A�s� �w�a�s� �s�t�a�t�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �S�e�c�t�i�o�n�,� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �a�r�e� �a�t�t�r�a�c�t�i�v�e� �s�e�a�r�c�h� �m�e�t�h�o�d�s� 

�b�e�c�a�u�s�e� �t�h�e�y� �a�r�e�,� �t�h�e�o�r�e�t�i�c�a�l�l�y�,� �g�l�o�b�a�l� �i�n� �s�c�o�p�e�,� �i�n�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �f�u�n�c�t�i�o�n� �n�o�n�c�o�n�v�e�x�i�t�i�e�s�,� �a�n�d� �c�a�n� 

�y�i�e�l�d� �m�a�n�y� �s�o�l�u�t�i�o�n�s�.� �W�e� �d�e�s�c�r�i�b�e� �h�e�r�e� �t�h�e� �m�e�c�h�a�n�i�s�m�s� �t�h�a�t� �g�i�v�e� �G�A�s� �t�h�e�s�e� �u�n�i�q�u�e� �p�o�s�s�i�b�i�l�i�t�i�e�s�.� 

�G�o�l�b�e�r�g� �[�G�o�l�d�b�e�r�g�8�9�]� �b�r�i�n�g�s� �o�u�t� �f�o�u�r� �p�r�o�p�e�r�t�i�e�s� �o�f� �G�A�s� �t�h�a�t� �d�i�s�t�i�n�g�u�i�s�h� �t�h�e�m� �f�r�o�m� �o�t�h�e�r� 

 ��t�r�a�d�i�t�i�o�n�a�l �� �s�e�a�r�c�h� �m�e�t�h�o�d�s�:� �G�A�s� �w�o�r�k� �o�n� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�t� �o�n�c�e�,� �a�n�d� �n�o�t� �a� 

�s�i�n�g�l�e� �p�o�i�n�t�;� �G�A�s� �w�o�r�k� �o�n� �c�o�d�e�d� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �n�o�t� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �t�h�e�m�s�e�l�v�e�s�;� �G�A�s� 

�n�e�e�d� �o�n�l�y� �p�a�y�o�f�f� �i�n�f�o�r�m�a�t�i�o�n� �(�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �f�o�r� �o�p�t�i�m�i�z�a�t�i�o�n�)�,� �a�n�d� �n�o� �o�t�h�e�r� �t�y�p�e� �o�f� 

�i�n�f�o�r�m�a�t�i�o�n� �(�f�o�r� �e�x�a�m�p�l�e� �g�r�a�d�i�e�n�t�s�)�;� �G�A�s� �u�s�e� �p�r�o�b�a�b�i�l�i�s�t�i�c� �t�r�a�n�s�i�t�i�o�n�s�,� �a�s� �o�p�p�o�s�e�d� �t�o� �d�e�t�e�r�m�i�n�i�s�t�i�c� 

�t�r�a�n�s�i�t�i�o�n�s�.� 

�G�A�s� �h�a�n�d�l�e� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e�.� �L�i�k�e� �a� �t�a�b�u� �l�i�s�t� �(�[�G�l�o�v�e�r�8�9�]� 

�a�n�d� �[�G�l�o�v�e�r�9�0�]�)�,� �t�h�i�s� �p�o�p�u�l�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�s� �a� �c�o�n�s�t�a�n�t�l�y� �u�p�d�a�t�e�d� �g�e�n�e�t�i�c� �m�e�m�o�r�y� �o�f� �t�h�e� �p�r�o�b�l�e�m� 

�a�t� �h�a�n�d� �t�h�a�t� �s�t�o�r�e�s� �s�o�m�e� �h�i�g�h�l�y� �p�e�r�f�o�r�m�i�n�g� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �d�e�s�i�g�n�s�.� �I�t� �e�n�a�b�l�e�s� �t�h�e� �G�A� �t�o� �c�o�v�e�r� 

�m�a�n�y� �r�e�g�i�o�n�s� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �a�t� �o�n�c�e�,� �t�h�u�s� �p�r�o�t�e�c�t�i�n�g� �i�t� �s�o�m�e� �f�r�o�m� �c�o�n�v�e�r�g�e�n�c�e� �t�o�w�a�r�d�s� 

�a� �l�o�c�a�l� �o�p�t�i�m�u�m�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �G�A� �d�o�e�s� �n�o�t� �y�i�e�l�d� �o�n�e� �s�i�n�g�l�e� �s�o�l�u�t�i�o�n� �t�o� �a� �p�r�o�b�l�e�m�,� �b�u�t� �a� 

�p�o�p�u�l�a�t�i�o�n� �o�f� �s�o�l�u�t�i�o�n�s� �t�h�a�t� �c�a�n� �v�a�r�y� �f�r�o�m� �e�a�c�h� �o�t�h�e�r�.� �T�h�e� �a�r�g�u�m�e�n�t� �t�h�a�t� �G�A�s� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� 

�g�l�o�b�a�l� �o�p�t�i�m�u�m� �i�s� �m�a�t�h�e�m�a�t�i�c�a�l�l�y� �c�o�r�r�e�c�t� �o�n�l�y� �f�o�r� �i�n�f�i�n�i�t�e�l�y� �l�a�r�g�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�s� �o�r� �a�n� �i�n�f�i�n�i�t�e�l�y� 

�l�a�r�g�e� �n�u�m�b�e�r� �o�f� �a�n�a�l�y�s�e�s�.� �I�t� �i�s� �s�h�o�w�n� �b�y� �t�h�e� �t�h�e�o�r�e�m� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �f�o�r� �g�e�n�e�r�a�t�i�o�n�a�l� �m�e�t�h�o�d�s� 

�t�h�a�t� �i�n�c�l�u�d�e� �G�A�s� �(�{�Z�h�i�g�l�j�a�v�s�k�y�9�1�]�)�.� �I�n� �p�r�a�c�t�i�c�e�,� �p�o�p�u�l�a�t�i�o�n�s� �h�a�v�e� �l�i�m�i�t�e�d� �s�i�z�e�s� �s�o� �t�h�a�t� �t�h�e� �G�A� 

�m�i�g�h�t� �n�o�t� �a�l�w�a�y�s� �f�i�n�d� �t�h�e� �o�p�t�i�m�u�m�.� 
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�T�h�e� �s�e�c�o�n�d� �s�p�e�c�i�a�l� �p�r�o�p�e�r�t�y� �o�f� �G�A�s� �i�s� �t�h�a�t� �t�h�e�y� �w�o�r�k� �o�n� �c�o�d�e�d� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �n�o�t� 

�t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �t�h�e�m�s�e�l�v�e�s�.� �I�f�,� �f�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �t�o� �m�i�n�i�m�i�z�e� 

�f�(�x�,�y�)�,� �t�h�e� �G�A� �w�i�l�l� �u�s�u�a�l�l�y� �n�o�t� �h�a�n�d�l�e� �z� �a�n�d� �y� �d�i�r�e�c�t�l�y�,� �b�u�t� �a� �c�o�d�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e�m� �t�h�a�t� �t�y�p�i�c�a�l�l�y� 

�w�i�l�l� �b�e� �a� �s�t�r�i�n�g� �o�f� �c�h�a�r�a�c�t�e�r�s�.� �A� �s�i�m�p�l�e� �w�a�y� �o�f� �c�o�d�i�n�g� �c�o�n�t�i�n�u�o�u�s� �v�a�r�i�a�b�l�e�s� �i�s� �t�o� �u�s�e� �b�i�n�a�r�y� �c�o�d�i�n�g� 

�a�n�d� �a�p�p�e�n�d� �t�h�e� �t�w�o� �b�i�n�a�r�y� �n�u�m�b�e�r�s� �o�n� �t�h�e� �s�a�m�e� �s�t�r�i�n�g�.� �V�a�r�i�o�u�s� �o�t�h�e�r� �c�o�d�i�n�g� �s�c�h�e�m�e�s� �c�a�n� �b�e� 

�u�s�e�d�.� �T�h�e� �c�h�o�i�c�e� �o�f� �t�h�e� �c�o�d�i�n�g� �i�s� �c�r�u�c�i�a�l� �t�o� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �b�e�c�a�u�s�e� �t�h�e� �c�o�d�i�n�g�,� 

�i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �t�h�a�t� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �l�a�t�e�r� �i�n� �t�h�i�s� �C�h�a�p�t�e�r�,� �c�o�m�p�o�s�e�s� 

�t�h�e� �m�e�c�h�a�n�i�c�s� �b�y� �t�h�e� �w�h�i�c�h� �t�h�e� �G�A� �e�x�t�r�a�c�t�s� �i�n�f�o�r�m�a�t�i�o�n� �f�r�o�m� �a�l�r�e�a�d�y� �s�a�m�p�l�e�d� �p�o�i�n�t�s� �t�o� �c�r�e�a�t�e� 

�n�e�w� �d�e�s�i�g�n� �p�o�i�n�t�s�.� 

�T�h�i�r�d�,� �G�A�s� �n�e�e�d� �o�n�l�y� �p�a�y�o�f�f� �i�n�f�o�r�m�a�t�i�o�n�,� �u�n�l�i�k�e� �m�o�s�t� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�w�h�i�c�h� �a�r�e� �b�a�s�e�d� �o�n� �d�e�r�i�v�a�t�i�v�e� �i�n�f�o�r�m�a�t�i�o�n�.� �F�o�r� �s�o�m�e� �p�r�o�b�l�e�m�s�,� �g�r�a�d�i�e�n�t�s� �c�a�n� �b�e� �d�i�f�f�i�c�u�l�t� �t�o� 

�c�a�l�c�u�l�a�t�e� �a�c�c�u�r�a�t�e�l�y�.� �A�l�s�o�,�  ��h�i�l�l�-�c�l�i�m�b�i�n�g �� �s�e�a�r�c�h� �t�e�c�h�n�i�q�u�e�s� �b�a�s�e�d� �o�n� �g�r�a�d�i�e�n�t�s� �a�r�e� �i�n�h�e�r�e�n�t�l�y� 

�v�i�c�t�i�m� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �l�o�c�a�l� �o�p�t�i�m�a� �s�i�n�c�e� �t�h�e�y� �w�i�l�l� �c�l�i�m�b� �t�h�e� �h�i�l�l� �o�n� �w�h�i�c�h� �t�h�e� �s�e�a�r�c�h� �i�s� �i�n�i�t�i�a�t�e�d�,� 

�i�r�r�e�s�p�e�c�t�i�v�e� �o�f� �w�h�e�t�h�e�r� �t�h�i�s� �h�i�l�l� �c�o�n�t�a�i�n�s� �t�h�e� �g�l�o�b�a�l� �o�p�t�i�m�u�m�.� �A�n� �e�x�a�m�p�l�e� �o�f� �a� �f�u�n�c�t�i�o�n� �h�a�v�i�n�g� 

�w�i�t�h� �m�a�n�y� �l�o�c�a�l� �o�p�t�i�m�a� �a�n�d� �w�h�e�r�e� �g�r�a�d�i�e�n�t�s� �w�i�l�l� �p�r�o�b�a�b�l�y� �b�e� �d�i�f�f�i�c�u�l�t� �t�o� �c�a�l�c�u�l�a�t�e� �a�c�c�u�r�a�t�e�l�y� �i�s� 

�g�i�v�e�n� �i�n� �F�i�g�u�r�e� �2�.�1�.� 

�L�a�s�t�,� �G�A�s� �r�e�l�y� �o�n� �p�r�o�b�a�b�i�l�i�s�t�i�c� �t�r�a�n�s�i�t�i�o�n�s�,� �a�s� �o�p�p�o�s�e�d� �t�o� �d�e�t�e�r�m�i�n�i�s�t�i�c� �t�r�a�n�s�i�t�i�o�n�s�,� �w�h�i�c�h� 

�m�e�a�n�s� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e� �d�e�c�i�s�i�o�n�s� �t�a�k�e�n� �d�u�r�i�n�g� �t�h�e� �s�e�a�r�c�h� �a�r�e� �m�a�d�e� �b�y� �d�r�a�w�i�n�g� �p�s�e�u�d�o� �r�a�n�d�o�m� 

�n�u�m�b�e�r�s� �a�n�d� �u�s�i�n�g� �s�o�m�e� �p�r�o�b�a�b�i�l�i�s�t�i�c� �r�u�l�e� �o�f� �a�c�c�e�p�t�a�n�c�e�.� �U�n�l�i�k�e� �g�r�a�d�i�e�n�t� �b�a�s�e�d� �m�e�t�h�o�d�s�,� �i�f� �a� 

�g�e�n�e�t�i�c� �s�e�a�r�c�h� �i�s� �s�t�a�r�t�e�d� �t�w�i�c�e� �f�r�o�m� �t�h�e� �s�a�m�e� �p�o�p�u�l�a�t�i�o�n�,� �i�t� �w�i�l�l� �t�a�k�e� �d�i�f�f�e�r�e�n�t� �p�a�t�h�s� �d�u�r�i�n�g� �t�h�e� 

�s�e�a�r�c�h�.� �P�r�o�b�a�b�i�l�i�s�t�i�c� �t�r�a�n�s�i�t�i�o�n�s� �p�e�r�m�i�t� �t�h�e� �G�A� �t�o� �e�s�c�a�p�e� �l�o�c�a�l� �o�p�t�i�m�a� �b�y� �i�n�d�u�c�i�n�g� �r�a�n�d�o�m� �m�o�v�e�s� 

�i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� 

�2�.�1�.�2� �T�e�r�m�i�n�o�l�o�g�y� 

�M�a�n�y� �i�d�e�a�s� �t�h�a�t� �l�e�d� �t�o� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �w�e�r�e� �i�n�s�p�i�r�e�d� �f�r�o�m� �g�e�n�e�t�i�c�s� 

�a�n�d� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �p�o�p�u�l�a�t�i�o�n�s� �(�s�e�e�,� �f�o�r� �e�x�a�m�p�l�e� �[�F�r�a�s�e�r�6�2�]�)�.� �H�o�l�l�a�n�d ��s� �e�a�r�l�y� �w�o�r�k�,� �w�h�i�c�h� �i�s� 

�w�i�d�e�l�y� �r�e�c�o�g�n�i�z�e�d� �a�s� �t�h�e� �s�t�e�p�p�i�n�g� �s�t�o�n�e� �t�o� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �G�A�s�,� �a�i�m�e�d� �a�t� �s�i�m�u�l�a�t�i�n�g� �a�d�a�p�t�a�t�i�o�n� 

�o�n� �a�r�t�i�f�i�c�i�a�l� �s�y�s�t�e�m�s� �[�H�o�l�l�a�n�d�7�5�]�.� �T�h�u�s� �h�i�s�t�o�r�i�c�a�l�l�y�,� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �h�a�v�e� �b�e�e�n� �t�h�o�u�g�h�t� �o�f� 

�a�s� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �n�a�t�u�r�e� �a�n�d� �w�e�r�e� �f�i�r�s�t� �e�x�p�l�a�i�n�e�d� �u�s�i�n�g� �t�e�r�m�s� �f�r�o�m� �t�h�e� �f�i�e�l�d�s� �o�f� �g�e�n�e�t�i�c�s� �a�n�d� 

�e�v�o�l�u�t�i�o�n�.� �A�l�t�h�o�u�g�h� �G�A�s� �s�h�o�u�l�d� �n�o�t� �b�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �s�i�m�u�l�a�t�i�o�n�s� �o�f� �b�i�o�l�o�g�i�c�a�l� �p�r�o�c�e�s�s�e�s�,� �t�h�e� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �1�0
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�F�i�g�u�r�e� �2�.�1�.� �E�x�a�m�p�l�e� �o�f� �a� �f�u�n�c�t�i�o�n� �w�h�e�r�e� �g�r�a�d�i�e�n�t� �b�a�s�e�d� �m�e�t�h�o�d�s� 
�a�r�e� �n�o�t� �s�u�i�t�a�b�l�e�.� 

�p�a�r�a�l�l�e�l�i�s�m� �b�e�t�w�e�e�n� �G�A�s� �a�n�d� �b�i�o�l�o�g�y� �i�s� �a�n� �a�t�t�r�a�c�t�i�v�e� �w�a�y� �o�f� �d�e�s�c�r�i�b�i�n�g� �a�n� �a�l�g�o�r�i�t�h�m� �a�n�d� �h�a�s� 

�p�r�o�v�e�n� �t�o� �b�e� �a� �r�e�a�l� �s�o�u�r�c�e� �o�f� �i�n�s�p�i�r�a�t�i�o�n�.� �F�o�r� �t�h�e�s�e� �r�e�a�s�o�n�s�,� �w�e� �w�i�l�l� �e�m�p�l�o�y� �h�e�r�e� �t�h�e� �b�i�o�l�o�g�i�c�a�l� 

�t�e�r�m�i�n�o�l�o�g�y� �t�r�a�d�i�t�i�o�n�a�l�l�y� �u�s�e�d� �b�y� �t�h�e�o�r�i�s�t�s� �o�f� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �i�s� �a� �l�i�s�t� �o�f� �t�h�e� 

�m�o�s�t� �c�o�m�m�o�n�l�y� �u�s�e�d� �t�e�r�m�s�.� 

�p�o�p�u�l�a�t�i�o�n� �S�e�t� �o�f� �d�e�s�i�g�n� �p�o�i�n�t�s� �s�t�o�r�e�d� �a�n�d� �u�s�e�d� �a�t� �o�n�e� �t�i�m�e� �o�f� �t�h�e� �s�e�a�r�c�h� �b�y� �t�h�e� �a�l�g�o�-� 

�r�i�t�h�m�.� �T�h�i�s� �s�e�t� �w�i�l�l� �a�l�s�o� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a� �g�e�n�e�r�a�t�i�o�n�.� 

�i�n�d�i�v�i�d�u�a�l� �O�n�e� �o�f� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� 

�c�h�r�o�m�o�s�o�m�e� �C�o�d�e�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �o�n�e� �d�e�s�i�g�n� �p�o�i�n�t� �u�s�e�d� �b�y� �t�h�e� �G�A� �t�o� �h�a�n�d�l�e� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s�.� �F�r�o�m� �C�h�a�p�t�e�r� �3� �o�n�,� �a� �c�h�r�o�m�o�s�o�m�e� �w�i�l�l� �b�e� �a� �s�t�r�i�n�g� �o�f� �c�h�a�r�a�c�t�e�r�s� 

�d�e�s�c�r�i�b�i�n�g� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �o�f� �o�n�e� �o�r� �s�e�v�e�r�a�l� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�.� 

�A� �c�h�r�o�m�o�s�o�m�e� �i�s� �c�o�m�p�o�s�e�d� �o�f� �g�e�n�e�s�,� �w�h�i�c�h� �c�a�n� �t�a�k�e� �o�n� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� �o�r� 

�a�l�l�e�l�e�s�.� 

�g�e�n�e� �O�n�e� �f�e�a�t�u�r�e� �o�f� �a� �d�e�s�i�g�n�,� �t�h�a�t� �c�a�n� �t�a�k�e� �o�n� �s�e�v�e�r�a�l� �v�a�l�u�e�s� �(�s�e�e� �a�l�l�e�l�e�)�.� �F�o�r� 

�e�x�a�m�p�l�e�,� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �o�f� �a� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�,� �o�n�e� �g�e�n�e� 

�c�a�n� �b�e� �t�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�i�b�e�r�s� �i�n� �t�h�e� �o�u�t�e�r�m�o�s�t� �l�a�y�e�r�.� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �1�1



�a�l�l�e�l�e� �F�e�a�t�u�r�e� �v�a�l�u�e� �o�f� �a� �g�e�n�e�.� �I�n� �o�u�r� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �e�x�a�m�p�l�e�,� �a�n� �a�l�l�e�l�e� �w�o�u�l�d� �b�e� 

�o�n�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �(�s�a�y� �9�0�°�)� �a�s�s�o�c�i�a�t�e�d� �t�o� �o�n�e� �l�a�y�e�r� �(�a� �g�e�n�e�)�.� 

�l�o�c�u�s� �P�o�s�i�t�i�o�n� �o�f� �a� �g�e�n�e� �o�n� �a� �c�h�r�o�m�o�s�o�m�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �l�o�c�u�s� �o�f� �t�h�e� �g�e�n�e� 

 ��f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �i�n� �t�h�e� �o�u�t�e�r�m�o�s�t� �l�a�y�e�r �� �c�o�u�l�d� �b�e� �t�h�e� �l�e�f�t�m�o�s�t� �d�i�g�i�t� �o�f� �a� 

�s�t�r�i�n�g�.� 

�g�e�n�e�t�i�c� �d�i�v�e�r�s�i�t�y� �M�e�a�s�u�r�e� �o�f� �h�o�w� �d�i�v�e�r�s�e� �t�h�e� �a�l�l�e�l�e�s� �a�s�s�o�c�i�a�t�e�d� �t�o� �e�a�c�h� �g�e�n�e� �a�r�e� �i�n� �t�h�e� �p�o�p�u�-� 

�l�a�t�i�o�n�.� �I�f� �a�l�l� �t�h�e� �i�n�d�i�v�i�d�u�a�l�s� �h�a�v�e� �t�h�e� �s�a�m�e� �c�h�r�o�m�o�s�o�m�e�,� �t�h�e�r�e� �i�s� �n�o� �g�e�n�e�t�i�c� 

�d�i�v�e�r�s�i�t�y�.� �A� �p�o�s�s�i�b�l�e� �m�e�a�s�u�r�e� �o�f� �g�e�n�e�t�i�c� �d�i�v�e�r�s�i�t�y� �i�s� �t�h�e� �a�v�e�r�a�g�e� �d�i�s�t�a�n�c�e� 

�b�e�t�w�e�e�n� �i�n�d�i�v�i�d�u�a�l�s� �i�n� �a� �p�o�p�u�l�a�t�i�o�n�.� 

�g�e�n�o�t�y�p�e� �I�n� �b�i�o�l�o�g�y�,� �i�t� �i�s� �t�h�e� �n�o�n�i�n�t�e�r�p�r�e�t�e�d� �g�r�o�u�p� �o�f� �c�h�r�o�m�o�s�o�m�e�s� �t�h�a�t� �c�o�d�e� �o�n�e� 

�i�n�d�i�v�i�d�u�a�l�.� �H�u�m�a�n�s� �f�o�r� �e�x�a�m�p�l�e� �h�a�v�e� �2�3� �p�a�i�r�s� �o�f� �c�h�r�o�m�o�s�o�m�e�s�.� �H�e�r�e� �a� 

�d�e�s�i�g�n� �w�i�l�l� �a�l�w�a�y�s� �b�e� �a�s�s�o�c�i�a�t�e�d� �t�o� �a� �u�n�i�q�u�e� �c�h�r�o�m�o�s�o�m�e�,� �s�o� �g�e�n�o�t�y�p�e� �a�n�d� 

�c�h�r�o�m�o�s�o�m�e� �a�r�e� �s�y�n�o�n�y�m�o�u�s�.� �T�h�u�s�,� �t�h�e� �g�e�n�o�t�y�p�e� �o�f� �a� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �i�s� �t�h�e� 

�s�t�r�i�n�g� �a�s�s�o�c�i�a�t�e�d� �t�o� �i�t� �a�n�d� �t�h�e� �g�e�n�o�t�y�p�e� �c�a�n� �a�l�s�o� �b�e� �s�e�e�n� �a�s� �t�h�e� �n�o�n�i�n�t�e�r�p�r�e�t�e�d� 

�c�h�r�o�m�o�s�o�m�e�.� 

�p�h�e�n�o�t�y�p�e� �D�e�c�o�d�e�d� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �a� �d�e�s�i�g�n� �p�o�i�n�t� �(�i�n�t�e�r�p�r�e�t�e�d� �c�h�r�o�m�o�s�o�m�e�)�.� �I�n� �c�h�a�p�t�e�r�s� 

�3� �t�o� �6�,� �t�h�e� �p�h�e�n�o�t�y�p�e� �d�e�s�c�r�i�b�e�s� �t�h�e� �r�e�a�l� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�.� �I�t� �d�e�s�c�r�i�b�e�s� �h�o�w� 

�m�a�n�y� �l�a�y�e�r�s� �o�f� �w�h�a�t� �t�h�i�c�k�n�e�s�s� �a�r�e� �p�r�e�s�e�n�t� �a�n�d� �w�h�a�t� �i�s� �t�h�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� 

�i�n� �e�a�c�h� �o�f� �t�h�o�s�e� �l�a�y�e�r�s�.� 

�f�i�t�n�e�s�s� �V�a�l�u�e� �a�s�s�o�c�i�a�t�e�d� �t�o� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �d�e�s�i�g�n� �t�h�a�t� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �o�f� �b�e�i�n�g� �s�e�l�e�c�t�e�d� �f�o�r� �r�e�p�r�o�d�u�c�t�i�o�n�.� �B�e�t�t�e�r� �d�e�s�i�g�n�s� �h�a�v�e� 

�h�i�g�h�e�r� �f�i�t�n�e�s�s�e�s�.� �I�t� �i�s� �a�s�s�o�c�i�a�t�e�d� �t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �o�f� �t�h�e� �i�n�d�i�-� 

�v�i�d�u�a�l� �u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �i�n� �r�e�l�a�t�i�o�n� �t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �o�f� �o�t�h�e�r� 

�i�n�d�i�v�i�d�u�a�l�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �t�h�r�o�u�g�h� �s�o�m�e� �m�a�p�p�i�n�g�.� 

�L�a�s�t�,� �t�h�e� �t�e�r�m� �c�o�n�v�e�r�g�e�n�c�e� �n�e�e�d�s� �t�o� �b�e� �d�e�f�i�n�e�d� �b�e�c�a�u�s�e� �i�t�s� �m�e�a�n�i�n�g� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �g�e�n�e�t�i�c� 

�s�e�a�r�c�h� �i�s� �n�o�t� �w�e�l�l� �e�s�t�a�b�l�i�s�h�e�d�.� �I�n� �t�h�i�s� �r�e�p�o�r�t�,� �t�h�e� �t�e�r�m� �c�o�n�v�e�r�g�e�n�c�e� �d�e�s�c�r�i�b�e�s� �t�h�e� �s�t�a�t�e� �o�f� �a� �g�e�n�e�t�i�c� 

�a�l�g�o�r�i�t�h�m� �t�h�a�t� �h�a�s� �s�t�o�p�p�e�d� �m�a�k�i�n�g� �f�a�s�t� �p�r�o�g�r�e�s�s�.� �F�i�g�u�r�e� �2�.�2� �i�l�l�u�s�t�r�a�t�e�s�,� �q�u�a�l�i�t�a�t�i�v�e�l�y�,� �o�u�r� �d�e�f�i�n�i�t�i�o�n� 

�o�f� �c�o�n�v�e�r�g�e�n�c�e�.� �T�h�i�s� �d�e�f�i�n�i�t�i�o�n� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �i�s� �v�a�g�u�e� �b�u�t� �p�r�a�c�t�i�c�a�l�,� �b�e�c�a�u�s�e� �t�h�e� �t�r�a�n�s�i�t�i�o�n� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �1�2
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�3� �c� 
�B�o�g� �|� �\� 
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�s� �r� �N� 
�&� �0�.�6� �c�o�n�v�e�r�g�e�n�c�e� 
�c� �5� 

�w�o�o� �-� 
�&� �r� �i� �s�l�o�w� 

�z� �0�.�4� �L� �i�f�f�i�p�r�o�v�e�r�n�e�m�t� �o�r�n� 
�N� �%� �p�h�a�s�e� 

�o�O� �r� �J�i� �n�o� 
�a� �r� �i�m�p�r�o�v�e�m�e�n�t� 

�<�s� �0�.�2� �f�a�s�t� �p�h�a�s�e� 
 ��s� �F� �i�m�p�r�o�v�e�m�e�n�t� 
�a� �p�h�a�s�e� 
�&� �0� �1� �i� �1� �i� �1� �1� �1� �4�.� �1�.� �1� �1� �1� �1� �1� �1� �1� �1� �1� �i� �i� �4� �1� �L�L� 

�3� �0� �1�0�0�0� �2�0�0�0� �3�0�0�0� �4�0�0�0� �5�0�0�0� �6�0�0�0� 

�N�u�m�b�e�r� �o�f� �a�n�a�l�y�s�e�s� 

�F�i�g�u�r�e� �2�.�2�.� �I�l�l�u�s�t�r�a�t�i�o�n� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �a�n� �e�l�i�t�i�s�t� �g�e�n�e�t�i�c� �a�l�g�o�-� 

�r�i�t�h�m� �|� 
�t� �a� �G�A� �w�h�e�r�e� �t�h�e� �b�e�s�t� �s�o� �f�a�r� �s�o�l�u�t�i�o�n� �i�s� �n�e�v�e�r� �l�o�s�t�,� 
�u�n�l�e�s�s� �a� �b�e�t�t�e�r� �s�o�l�u�t�i�o�n� �i�s� �f�o�u�n�d� �(�c�f�.� �S�e�c�t�i�o�n� �2�.�6�.�2�)� �.� 

�b�e�t�w�e�e�n� �f�a�s�t� �a�n�d� �s�l�o�w� �i�m�p�r�o�v�e�m�e�n�t� �p�h�a�s�e�s� �c�a�n� �b�e� �o�b�s�e�r�v�e�d�,� �u�n�l�i�k�e� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �b�e�t�w�e�e�n� �s�l�o�w� 

�a�n�d� �n�o� �i�m�p�r�o�v�e�m�e�n�t� �p�h�a�s�e�s�.� �T�h�e�r�e� �a�r�e� �t�w�o� �s�t�a�t�e�s� �i�n� �w�h�i�c�h� �t�h�e� �e�l�i�t�i�s�t� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �(�a� �v�e�r�s�i�o�n� 

�o�f� �t�h�e� �G�A� �t�h�a�t� �d�o�e�s� �n�o�t� �r�e�g�r�e�s�s�,� �c�f�.� �2�.�5�.�2� �f�o�r� �m�o�r�e� �d�e�t�a�i�l�s�)� �s�t�o�p�s� �m�a�k�i�n�g� �p�r�o�g�r�e�s�s�:� �e�i�t�h�e�r� �t�h�e� �g�l�o�b�a�l� 

�o�p�t�i�m�u�m� �h�a�s� �b�e�e�n� �f�o�u�n�d�,� �o�r� �t�h�e� �a�l�g�o�r�i�t�h�m� �h�a�s� �s�t�a�l�l�e�d� �o�n� �s�o�m�e� �n�o�n�o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�.� �E�v�e�n� �t�h�o�u�g�h� 

�t�h�i�s� �l�a�s�t� �s�t�a�t�e� �i�s� �t�h�e�o�r�e�t�i�c�a�l�l�y� �o�n�l�y� �a� �t�r�a�n�s�i�e�n�t� �o�n�e� �(�s�i�n�c�e� �a� �G�A� �w�i�l�l� �a�l�w�a�y�s� �f�i�n�d� �t�h�e� �g�l�o�b�a�l� �o�p�t�i�m�u�m� 

�a�f�t�e�r� �a�n� �i�n�f�i�n�i�t�e�l�y� �l�o�n�g� �t�i�m�e�,� �[�Z�h�i�g�l�j�a�v�s�k�y�9�1�]�)�,� �i�t� �p�r�a�c�t�i�c�a�l�l�y� �l�a�s�t�s� �l�o�n�g� �e�n�o�u�g�h� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d� 

�a�s� �a� �t�e�r�m�i�n�a�t�i�o�n� �s�t�a�t�e�.� �I�r�r�e�s�p�e�c�t�i�v�e� �o�f� �w�h�e�t�h�e�r� �t�h�e� �g�l�o�b�a�l� �o�p�t�i�m�u�m� �i�s� �f�o�u�n�d� �o�r� �n�o�t� �w�h�e�n� �t�h�e� �G�A� 

�s�t�o�p�s� �i�m�p�r�o�v�i�n�g�,� �t�h�e� �f�i�n�a�l� �p�o�p�u�l�a�t�i�o�n� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �c�o�m�p�o�s�e�d� �o�f� �s�i�m�i�l�a�r� �c�h�r�o�m�o�s�o�m�e�s�.� �T�h�e� �w�o�r�d� 

�e�s�s�e�n�t�i�a�l�l�y� �i�s� �i�m�p�o�r�t�a�n�t� �h�e�r�e� �b�e�c�a�u�s�e�,� �i�n� �p�r�a�c�t�i�c�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�s�,� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �n�e�v�e�r� �s�t�r�i�c�t�l�y� 

�u�n�i�f�o�r�m�.� �T�h�e� �a�m�o�u�n�t� �o�f� �g�e�n�e�t�i�c� �d�i�v�e�r�s�i�t�y� �w�h�e�n� �t�h�e� �G�A� �s�t�o�p�s� �m�a�k�i�n�g� �p�r�o�g�r�e�s�s� �i�s� �c�a�s�e� �d�e�p�e�n�d�e�n�t�,� 

�w�h�i�c�h� �p�r�e�v�e�n�t�s� �u�s� �f�r�o�m� �u�s�i�n�g� �a� �m�o�r�e� �p�r�e�c�i�s�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �c�o�n�v�e�r�g�e�n�c�e�.� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �1�3



�2�.�2� �A� �D�i�d�a�c�t�i�c� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m� 

�T�h�e� �b�a�s�i�c� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �a�n�d� �t�h�e� �p�r�o�b�l�e�m� �u�s�e�d� �a�s� �e�x�a�m�p�l�e�s� �i�n� �t�h�i�s� �S�e�c�t�i�o�n� �a�r�e� �c�h�o�s�e�n� �o�n� 

�p�u�r�p�o�s�e� �t�o� �b�e� �s�i�m�p�l�i�s�t�i�c� �a�n�d� �a�r�e� �m�e�a�n�t� �t�o� �s�e�t� �t�h�e� �s�t�a�g�e� �f�o�r� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �p�r�e�s�e�n�t�e�d� 

�i�n� �t�h�e� �n�e�x�t� �S�e�c�t�i�o�n�.� �M�o�s�t� �o�f� �t�h�e� �t�h�e�o�r�y� �a�n�d� �m�o�d�e�l�s� �c�u�r�r�e�n�t�l�y� �a�v�a�i�l�a�b�l�e� �d�e�a�l� �w�i�t�h� �s�i�m�p�l�i�f�i�e�d� �G�A�s�,� 

�s�i�m�i�l�a�r� �t�o� �t�h�e� �o�n�e� �p�r�e�s�e�n�t�e�d� �h�e�r�e�.� �T�h�e� �r�e�a�d�e�r� �s�h�o�u�l�d� �b�e� �a�w�a�r�e� �t�h�a�t� �G�A� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�s� �a�i�m�e�d� 

�a�t� �b�e�i�n�g� �e�f�f�i�c�i�e�n�t� �o�n� �r�e�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �d�i�f�f�e�r� �s�u�b�s�t�a�n�t�i�a�l�l�y� �f�r�o�m� �t�h�i�s� �b�a�s�i�c� �G�A�.� �T�h�u�s� 

�f�o�r� �p�r�a�c�t�i�c�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�s�,� �t�h�e� �t�h�e�o�r�y� �o�f� �G�A�s� �i�s� �m�o�s�t� �u�s�u�a�l�l�y� �e�x�t�r�a�p�o�l�a�t�e�d�,� �w�i�t�h�o�u�t� �m�u�c�h� 

�a�n�a�l�y�t�i�c�a�l� �j�u�s�t�i�f�i�c�a�t�i�o�n�,� �t�o� �r�e�a�l� �w�o�r�l�d� �p�r�o�b�l�e�m�s�.� �I�n� �t�h�i�s� �w�o�r�k�,� �w�e� �w�i�l�l� �p�r�o�c�e�e�d� �v�e�r�y� �m�u�c�h� �i�n� �t�h�e� 

�s�a�m�e� �v�e�i�n�,� �b�y� �f�i�r�s�t� �d�e�s�c�r�i�b�i�n�g� �a� �s�i�m�p�l�e� �G�A�,� �t�h�e�n� �s�t�a�t�i�n�g� �t�h�e� �m�a�i�n� �t�h�e�o�r�e�t�i�c�a�l� �r�e�s�u�l�t�s� �g�o�v�e�r�n�i�n�g� 

�i�t�s� �b�e�h�a�v�i�o�r�,� �i�n� �o�r�d�e�r� �t�o� �f�i�n�a�l�l�y� �g�e�n�e�r�a�l�i�z�e� �t�h�e�s�e� �r�e�s�u�l�t�s� �t�o� �m�o�r�e� �c�o�m�p�l�e�x� �G�A�s� �u�s�e�d� �t�o� �o�p�t�i�m�i�z�e� 

�c�o�m�p�o�s�i�t�e� �s�t�r�u�c�t�u�r�e�s�.� 

�T�h�e� �p�r�o�b�l�e�m� �u�s�e�d� �a�s� �e�x�a�m�p�l�e� �i�s� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� 

�f�(�z�,�y�)� �=� �2�?� �+�y ��,� �z�,�y� �i�n�t�e�g�e�r�s�  ¬� �[�0�,�1�5�]�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �e�x�a�m�p�l�e�,� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �z�x� �a�n�d� �y� �a�r�e� �e�n�c�o�d�e�d� �a�s� �t�w�o� �b�i�n�a�r�y� 

�s�t�r�i�n�g�s� �o�f� �f�o�u�r� �b�i�t�s� �e�a�c�h�,� �t�h�a�t� �a�r�e� �t�h�e�n� �j�u�x�t�a�p�o�s�e�d� �t�o� �f�o�r�m� �a� �c�h�r�o�m�o�s�o�m�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �d�e�s�i�g�n� 

�p�o�i�n�t� �z� �=� �3�,� �y� �=� �1�0� �w�o�u�l�d� �b�e� �e�n�c�o�d�e�d� �a�s�,� �0�0�1�1�1�0�1�0� �(�0�0�1�1� �j�u�x�t�a�p�o�s�e�d� �t�o� �1�0�1�0�)�.� 

�A�s� �i�t� �c�a�n� �b�e� �s�e�e�n� �f�r�o�m� �F�i�g�u�r�e� �2�.�3�,� �t�h�e� �G�A� �s�t�a�r�t�s� �w�i�t�h� �t�h�e� �c�r�e�a�t�i�o�n� �o�f� �a�n� �i�n�i�t�i�a�l� �p�o�p�u�l�a�t�i�o�n� �o�f� 

�d�e�s�i�g�n�s�,� �u�s�u�a�l�l�y� �a�t� �r�a�n�d�o�m�.� �E�a�c�h� �i�n�d�i�v�i�d�u�a�l� �1�s� �e�v�a�l�u�a�t�e�d� �a�n�d� �i�s� �a�s�s�i�g�n�e�d� �a� �f�i�t�n�e�s�s�,� �d�e�p�e�n�d�i�n�g� �o�n� 

�i�t�s� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �a�n�d� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �o�f� �o�t�h�e�r� �i�n�d�i�v�i�d�u�a�l�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� 

�N�e�x�t�,� �p�a�i�r�s� �o�f� �d�e�s�i�g�n�s� �a�r�e� �s�e�l�e�c�t�e�d�,� �w�i�t�h� �a� �p�r�o�b�a�b�i�l�i�t�y� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �f�i�t�n�e�s�s�,� �t�o� �b�e� 

�m�a�t�e�d�.� �M�a�t�i�n�g� �i�s� �s�i�m�u�l�a�t�e�d� �o�n� �t�h�e� �c�o�d�e�d� �c�h�r�o�m�o�s�o�m�e� �a�s�s�o�c�i�a�t�e�d� �t�o� �e�a�c�h� �d�e�s�i�g�n� �u�s�i�n�g� �a� �g�r�o�u�p� 

�o�f� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s�.� �C�r�o�s�s�o�v�e�r� �a�n�d� �m�u�t�a�t�i�o�n� �b�e�i�n�g� �t�h�e� �t�w�o� �p�r�i�n�c�i�p�a�l� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s�.� �M�a�t�i�n�g� 

�p�r�o�d�u�c�e�s� �o�f�f�s�p�r�i�n�g� �d�e�s�i�g�n�s� �t�h�a�t� �s�h�o�u�l�d� �b�o�t�h� �r�e�c�o�m�b�i�n�e� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �p�a�r�e�n�t� �d�e�s�i�g�n�s� �a�n�d� �b�r�i�n�g� �i�n� 

�s�o�m�e� �n�e�w� �d�e�s�i�g�n� �c�o�n�c�e�p�t�s�.� �T�h�e� �c�y�c�l�e� �s�e�l�e�c�t�i�o�n�-�r�e�p�r�o�d�u�c�t�i�o�n� �o�f� �p�a�r�e�n�t� �d�e�s�i�g�n�s� �i�s� �r�e�p�e�a�t�e�d� �u�n�t�i�l� 

�t�h�e�r�e� �a�r�e� �e�n�o�u�g�h� �o�f�f�s�p�r�i�n�g� �d�e�s�i�g�n�s� �t�o� �c�r�e�a�t�e� �a� �n�e�w� �p�o�p�u�l�a�t�i�o�n�.� �T�h�e� �p�o�p�u�l�a�t�i�o�n� �o�f� �n�e�w� �d�e�s�i�g�n�s� 

�r�e�p�l�a�c�e�s� �t�h�e� �o�l�d� �o�n�e�,� �w�h�i�c�h� �c�o�m�p�l�e�t�e�s� �o�n�e� �i�t�e�r�a�t�i�o�n� �o�f� �t�h�e� �G�A�.� �I�t� �c�a�n� �t�h�e�n� �b�e� �d�e�c�i�d�e�d� �e�i�t�h�e�r� �t�o� 

�s�t�o�p� �t�h�e� �s�e�a�r�c�h� �o�r� �c�r�e�a�t�e� �a� �n�e�w� �g�e�n�e�r�a�t�i�o�n� �o�f� �d�e�s�i�g�n�s�.� �M�o�r�e� �d�e�t�a�i�l�s� �a�b�o�u�t� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �a�r�e� 

�g�i�v�e�n� �n�e�x�t�.� 
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�o�n�e�.� �T�h�e� �n�o�r�m�a�l�i�z�e�d� �f�i�t�n�e�s�s� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�e� �d�e�s�i�g�n� �h�a�s� �o�f� �b�e�i�n�g� �s�e�l�e�c�t�e�d�.� �A� �d�e�s�i�g�n� �c�a�n� �b�e� 

�c�h�o�s�e�n� �m�a�n�y� �t�i�m�e�s� �f�o�r� �r�e�p�r�o�d�u�c�t�i�o�n�.� �E�v�e�n� �t�h�e� �w�o�r�s�e� �d�e�s�i�g�n� �h�a�s� �a� �n�o�n�z�e�r�o� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �b�e�i�n�g� 

�s�e�l�e�c�t�e�d�.� �F�i�g�u�r�e� �2�.�4� �s�h�o�w�s� �h�o�w� �s�e�l�e�c�t�i�o�n� �w�o�r�k�s�.� �S�e�l�e�c�t�i�o�n� �c�a�n� �b�e� �i�m�p�l�e�m�e�n�t�e�d� �b�y� �a�l�l�o�c�a�t�i�n�g� 

�t�o� �e�a�c�h� �d�e�s�i�g�n� �i� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �a� �p�o�r�t�i�o�n� �o�f� �t�h�e� �s�e�g�m�e�n�t� �[�0�-�1�]� �o�f� �l�e�n�g�t�h� �e�q�u�a�l� �t�o� �F�;�.� �T�h�e�n� �a� 
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�F�i�g�u�r�e� �2�.�4�.� �S�e�l�e�c�t�i�o�n� �p�r�o�c�e�d�u�r�e�.� 

�r�a�n�d�o�m� �n�u�m�b�e�r� �i�s� �g�e�n�e�r�a�t�e�d� �b�e�t�w�e�e�n� �0� �a�n�d� �1�.� �T�h�e� �i�n�d�i�v�i�d�u�a�l� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �p�o�r�t�i�o�n� �w�h�e�r�e� 

�t�h�e� �r�a�n�d�o�m� �n�u�m�b�e�r� �f�a�l�l�s� �i�s� �s�e�l�e�c�t�e�d�.� 

�2�.�2�.�2� �S�t�o�p�p�i�n�g� �C�r�i�t�e�r�i�o�n� 

�T�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �c�a�n� �b�e� �s�t�o�p�p�e�d� �a�f�t�e�r� �a� �g�i�v�e�n� �n�u�m�b�e�r� �o�f� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� �h�a�s� �b�e�e�n� 

�p�e�r�f�o�r�m�e�d� �w�i�t�h�o�u�t� �i�m�p�r�o�v�e�m�e�n�t�.� �T�h�i�s� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �i�s� �w�e�l�l� �a�d�a�p�t�e�d� �t�o� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s�,� 

�a�n�d� �i�s� �f�u�r�t�h�e�r� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �6� �w�h�e�r�e� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �r�e�s�t�a�r�t�i�n�g� �t�h�e� �s�e�a�r�c�h� �i�s� �e�x�p�l�o�r�e�d�.� �A� 
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�i�n� �t�h�e� �s�e�a�r�c�h�.� �T�h�i�s� �l�a�s�t� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �m�a�y� �b�e� �p�r�e�f�e�r�r�e�d� �w�h�e�n� �t�e�s�t�i�n�g� �a� �G�A� �b�y� �r�e�p�e�a�t�i�n�g� 

�i�n�d�e�p�e�n�d�e�n�t� �s�e�a�r�c�h�e�s� �b�e�c�a�u�s�e� �t�h�e� �s�e�a�r�c�h�e�s� �a�l�w�a�y�s� �s�t�o�p� �a�f�t�e�r� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �a�n�a�l�y�s�e�s�.� �T�h�i�s� 

�h�e�l�p�s� �w�h�e�n� �c�a�l�c�u�l�a�t�i�n�g� �s�t�a�t�i�s�t�i�c�s� �a�b�o�u�t� �t�h�e� �G�A� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �s�e�a�r�c�h�.� �I�t� �w�a�s� �t�h�e� �s�t�o�p�p�i�n�g� 
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�C�h�i�l�d�r�e�n� �t�h�u�s� �c�o�m�b�i�n�e� �g�e�n�e�t�i�c� �i�n�f�o�r�m�a�t�i�o�n� �c�a�r�r�i�e�d� �b�y� �t�h�e� �p�a�r�e�n�t�s� �a�n�d� �p�r�e�v�i�o�u�s�l�y� �t�e�s�t�e�d� �b�y� 

�s�e�l�e�c�t�i�o�n�.� �S�e�l�e�c�t�i�o�n� �a�n�d� �c�r�o�s�s�o�v�e�r� �a�r�e� �t�h�e� �t�w�o� �p�i�v�o�t�s� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h�.� 

�2�.�2�.�4� �M�u�t�a�t�i�o�n� 

�N�e�x�t�,� �o�n�e� �o�f� �t�h�e� �t�w�o� �c�h�i�l�d�r�e�n� �i�s� �r�a�n�d�o�m�l�y� �p�i�c�k�e�d� �a�n�d� �e�n�d�u�r�e�s� �m�u�t�a�t�i�o�n�.� �M�u�t�a�t�i�o�n� �i�s� �a� 

�s�t�o�c�h�a�s�t�i�c� �o�p�e�r�a�t�o�r�,� �u�s�u�a�l�l�y� �a�p�p�l�i�e�d� �w�i�t�h� �a� �l�o�w� �p�r�o�b�a�b�i�l�i�t�y�.� �I�t� �r�a�n�d�o�m�l�y� �c�h�a�n�g�e�s� �s�o�m�e� �g�e�n�e�s� �i�n� 

�t�h�e� �c�h�r�o�m�o�s�o�m�e�.� �A� �t�y�p�i�c�a�l� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� �i�s� �o�f� �t�h�e� �o�r�d�e�r� �o�f� �o�n�e� �p�e�r�c�e�n�t� �o�r� �l�e�s�s� �p�e�r� �g�e�n�e�.� 

�T�h�e� �f�i�r�s�t� �p�u�r�p�o�s�e� �o�f� �m�u�t�a�t�i�o�n� �i�s� �t�o� �p�r�o�t�e�c�t� �a�g�a�i�n�s�t� �a� �c�o�m�p�l�e�t�e� �l�o�s�s� �o�f� �g�e�n�e�t�i�c� �m�a�t�e�r�i�a�l�.� �I�n�d�e�e�d�,� 

�u�n�d�e�r� �t�h�e� �a�c�t�i�o�n� �o�f� �s�e�l�e�c�t�i�o�n�,� �t�h�e� �v�a�r�i�e�t�y� �o�f� �a�l�l�e�l�e�s� �f�o�r� �a�n�y� �g�i�v�e�n� �g�e�n�e� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �d�i�m�i�n�i�s�h�e�s� 

�a�n�d� �t�h�e� �c�h�r�o�m�o�s�o�m�e�s� �a�l�l� �t�e�n�d� �t�o�w�a�r�d�s� �t�h�e� �b�e�s�t� �k�n�o�w�n� �c�h�r�o�m�o�s�o�m�e�.� �A�l�l�e�l�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �l�o�w�e�r� 

�f�i�t�n�e�s�s� �i�n�d�i�v�i�d�u�a�l�s� �a�r�e� �u�s�u�a�l�l�y� �n�o�t� �t�r�a�n�s�m�i�t�t�e�d� �t�o� �t�h�e� �n�e�x�t� �g�e�n�e�r�a�t�i�o�n�.� �T�h�e�y� �c�o�u�l�d� �d�i�s�a�p�p�e�a�r� �f�r�o�m� 

�t�h�e� �p�o�p�u�l�a�t�i�o�n� �e�v�e�n� �t�h�o�u�g�h� �t�h�e�y� �m�i�g�h�t� �b�e� �n�e�e�d�e�d� �l�a�t�e�r� �i�n� �t�h�e� �s�e�a�r�c�h� �t�o� �l�o�c�a�t�e� �t�h�e� �o�p�t�i�m�u�m�.� 

�T�h�e� �p�r�o�b�l�e�m� �i�s� �t�h�a�t�,� �o�n�c�e� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �m�a�i�n�l�y� �u�n�i�f�o�r�m�,� �c�r�o�s�s�o�v�e�r� �l�o�s�e�s� �i�t�s� �a�b�i�l�i�t�y� �t�o� �c�r�e�a�t�e� 

�n�e�w� �d�e�s�i�g�n�s�,� �a�n�d� �t�h�e� �s�e�a�r�c�h� �s�t�a�l�l�s�.� �T�h�u�s� �b�y� �k�e�e�p�i�n�g� �s�o�m�e� �g�e�n�e�t�i�c� �d�i�v�e�r�s�i�t�y� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�,� 

�m�u�t�a�t�i�o�n� �h�e�l�p�s� �p�r�e�s�e�r�v�i�n�g� �t�h�e� �a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� �t�o� �f�i�n�d� �n�e�w� �g�o�o�d� �d�e�s�i�g�n�s�.� �M�u�t�a�t�i�o�n� �a�l�s�o� 

�d�i�r�e�c�t�l�y� �d�i�s�c�o�v�e�r�s� �n�e�w� �p�o�s�i�t�i�v�e� �f�e�a�t�u�r�e�s� �i�n� �t�h�e� �d�e�s�i�g�n� �t�h�r�o�u�g�h� �r�a�n�d�o�m� �s�e�a�r�c�h�.� �B�e�c�a�u�s�e� �m�u�t�a�t�i�o�n� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �1�7
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�B�e�f�o�r�e� �m�u�t�a�t�i�o�n� �1� �i� �1�0�0�0� �i�1� �I�
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�A�f�t�e�r� �m�u�t�a�t�i�o�n� �1�1�3�1�1�0�0�0�4�1� � � � � � � 

�F�i�g�u�r�e� �2�.�6�.� �M�u�t�a�t�i�o�n�.� 

�i�s� �c�o�m�p�l�e�t�e�l�y� �r�a�n�d�o�m�,� �i�t�s� �e�f�f�i�c�i�e�n�c�y� �a�t� �d�i�r�e�c�t�l�y� �d�i�s�c�o�v�e�r�i�n�g� �b�e�t�t�e�r� �d�e�s�i�g�n�s� �d�e�c�r�e�a�s�e�s� �a�s� �t�h�e� �b�e�s�t�-� 

�s�o�-�f�a�r� �d�e�s�i�g�n� �i�m�p�r�o�v�e�s�.� �F�i�g�u�r�e� �2�.�6� �g�i�v�e�s� �a�n� �e�x�a�m�p�l�e� �o�f� �m�u�t�a�t�i�o�n�.� 

�T�h�e� �p�a�r�a�m�e�t�e�r�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �G�A� �a�r�e� �c�a�l�l�e�d� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e�y� �d�e�f�i�n�e� �t�h�e� 

�w�o�r�k�i�n�g� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� �T�y�p�i�c�a�l� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �m�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �c�r�o�s�s�o�v�e�r� �p�c�,� �a�n�d� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� �p�m�.� �L�a�t�e�r� �i�n� �t�h�i�s� �t�e�x�t�,� �a�s� �n�e�w� �o�p�e�r�a�t�o�r�s� �a�r�e� 

�i�n�t�r�o�d�u�c�e�d�,� �n�e�w� �p�r�o�b�a�b�i�l�i�t�i�e�s� �w�i�l�l� �b�e� �a�d�d�e�d� �t�o� �t�h�e� �l�i�s�t� �o�f� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s�.� 

�2�.�3� �A� �T�h�e�o�r�e�t�i�c�a�l� �F�r�a�m�e�w�o�r�k� �f�o�r� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� 

�T�h�e� �t�h�e�o�r�e�t�i�c�a�l� �r�e�s�u�l�t�s� �p�r�e�s�e�n�t�e�d� �h�e�r�e�a�f�t�e�r� �c�o�n�t�a�i�n� �n�u�m�e�r�o�u�s� �i�d�e�a�l�i�z�a�t�i�o�n�s�,� �m�o�s�t� �n�o�t�a�b�l�y� 

�t�h�a�t� �t�h�e�y� �a�p�p�l�y� �t�o� �b�i�n�a�r�y� �s�t�r�i�n�g�s�.� �T�h�e�y� �a�r�e� �t�h�u�s� �v�a�l�i�d� �o�n�l�y� �i�n� �a� �q�u�a�l�i�t�a�t�i�v�e� �w�a�y� �f�o�r� �p�r�a�c�t�i�c�a�l� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n�s� �o�f� �G�A�s�,� �a�n�d� �g�i�v�e� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �b�a�c�k�g�r�o�u�n�d� �t�h�a�t� �e�x�p�l�a�i�n�s� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �G�A�s�.� 

�2�.�3�.�1� �S�c�h�e�m�a�t�a� �a�n�d� �t�h�e� �S�c�h�e�m�a� �T�h�e�o�r�e�m� 

�G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �p�r�o�c�e�s�s� �w�h�a�t� �i�s� �u�s�u�a�l�l�y� �c�a�l�l�e�d� �s�c�h�e�m�a�t�a� �(�{�[�H�o�l�l�a�n�d�7�5�)�]�)�,� �i�.�e�.�,� �s�u�b�s�e�t�s� �o�r� 

�t�e�m�p�l�a�t�e�s� �o�f� �a�l�l� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �s�p�a�w�n�e�d� �b�y� �t�h�e� �c�h�r�o�m�o�s�o�m�e�.� �S�c�h�e�m�a�t�a� �a�r�e� �d�e�s�c�r�i�b�e�d� �u�s�i�n�g� 

�6�6�2�9�9� �a�  ��* �� �s�y�m�b�o�l�,� �a�l�s�o� �c�a�l�l�e�d� �t�h�e�  ��d�o�n ��t� �c�a�r�e �� �s�y�m�b�o�l�.� �T�h�e� �s�y�m�b�o�l� �c�o�m�e�s� �f�r�o�m� �t�h�e� �t�h�e�o�r�y� �o�f� 

�f�o�r�m�a�l� �l�a�n�g�u�a�g�e�s�.� �I�n� �i�t�s� �m�o�s�t� �g�e�n�e�r�a�l� �m�e�a�n�i�n�g�,� �i�t� �d�e�n�o�t�e�s� �a�n�y� �g�r�o�u�p� �o�f� �d�i�g�i�t�s�.� �H�e�r�e� �h�o�w�e�v�e�r�,� 

�6�6�R�O�F� �i�n� �c�o�n�f�o�r�m�i�t�y� �w�i�t�h� �t�r�a�d�i�t�i�o�n�a�l� �u�s�e� �i�n� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �c�o�m�m�u�n�i�t�y�,� �r�e�p�r�e�s�e�n�t�s� �o�n�l�y� �o�n�e� 

�b�i�t�,� �i�.�e�.�,�  ��* �� �i�s� �e�i�t�h�e�r� �a�  ��O �� �o�r� �a�  ��1 ��.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �s�c�h�e�m�a� �1�*�0�0�0�0�*�1� �d�e�s�c�r�i�b�e�s� �t�h�e� �s�u�b�s�e�t� 

�(�1�0�0�0�0�0�0�1�,�1�1�0�0�0�0�0�1�,�1�0�0�0�0�0�1�1�,� �1�1�0�0�0�0�1�1�)�.� �A� �p�a�r�t�i�c�u�l�a�r� �s�t�r�i�n�g� �o�f� �l�e�n�g�t�h� �/� �b�e�l�o�n�g�s� �t�o� �2�!� �s�c�h�e�m�a�t�a�,� 

�6�6� �F� �s�i�n�c�e� �e�a�c�h� �s�t�r�i�n�g� �p�o�s�i�t�i�o�n� �c�a�n� �e�i�t�h�e�r� �h�a�v�e� �i�t�s� �v�a�l�u�e� �o�r� �b�e� �a� �s�y�m�b�o�l�.� �T�h�u�s�,� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� 

�s�t�r�i�n�g�s� �e�x�e�m�p�l�i�f�i�e�s� �b�e�t�w�e�e�n� �2�!� �a�n�d� �m�2�!� �s�c�h�e�m�a�t�a� �(�o�u�t� �o�f� �a� �t�o�t�a�l� �o�f� �3 �� �s�c�h�e�m�a�t�a�)�,� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �1�8



�g�e�n�e�t�i�c� �d�i�v�e�r�s�i�t�y�.� �J�o�h�n� �H�o�l�l�a�n�d� �h�a�s� �d�e�v�e�l�o�p�e�d� �a�n� �a�r�g�u�m�e�n�t� �c�a�l�l�e�d�  ��i�m�p�l�i�c�i�t� �p�a�r�a�l�l�e�l�i�s�m �� �a�c�c�o�r�d�i�n�g� 

�t�o� �w�h�i�c�h� �t�h�e� �G�A� �u�s�e�f�u�l�l�y� �s�a�m�p�l�e�s� �m�?� �s�c�h�e�m�a�t�a� �p�e�r� �g�e�n�e�r�a�t�i�o�n�,� �e�v�e�n� �t�h�o�u�g�h� �o�n�l�y� �m� �s�t�r�u�c�t�u�r�e�s� 

�a�r�e� �a�n�a�l�y�z�e�d�.� 

�T�w�o� �q�u�a�n�t�i�t�i�e�s� �a�r�e� �u�s�e�d� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �a� �s�c�h�e�m�a�:� �i�t�s� �o�r�d�e�r� �a�n�d� �i�t�s� �d�e�f�i�n�i�n�g� �l�e�n�g�t�h�.� �T�h�e� 

�o�r�d�e�r� �o�(� �1�)� �o�f� �a� �s�c�h�e�m�a� �#� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �f�i�x�e�d� �p�o�s�i�t�i�o�n�s� �i�n� �t�h�e� �s�t�r�i�n�g�.� �I�n� �t�h�e� �a�b�o�v�e� �e�x�a�m�p�l�e�,� 

�t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �s�c�h�e�m�a� �w�a�s� �s�i�x�.� �T�h�e� �d�e�f�i�n�i�n�g� �l�e�n�g�t�h� �d�(� �#�7�)� �i�s� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �f�i�r�s�t� �a�n�d� 

�t�h�e� �l�a�s�t� �f�i�x�e�d� �p�o�s�i�t�i�o�n�s�.� �I�n� �t�h�e� �a�b�o�v�e� �e�x�a�m�p�l�e�,� �t�h�e� �d�e�f�i�n�i�n�g� �l�e�n�g�t�h� �w�a�s� �e�q�u�a�l� �t�o� �7� �s�i�n�c�e� �t�h�e� �f�i�r�s�t� 

�a�n�d� �t�h�e� �e�i�g�h�t�h� �p�o�s�i�t�i�o�n�s� �w�e�r�e� �s�p�e�c�i�f�i�e�d�.� �T�h�e� �d�e�f�i�n�i�n�g� �l�e�n�g�t�h� �o�f� �t�h�e� �s�c�h�e�m�a� �H� �=� �1�*�*�*�*�*�*�*� �i�s� �z�e�r�o� 

�a�n�d� �i�t�s� �o�r�d�e�r� �i�s� �o�n�e�.� 

�L�e�t� �u�s� �n�o�w� �c�o�n�s�i�d�e�r� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �m�a�d�e� �u�p� �o�f� �s�e�l�e�c�t�i�o�n� �a�l�o�n�e�.� �m�(�#�,�t�)� �r�e�p�r�e�s�e�n�t�s� 

�t�h�e� �n�u�m�b�e�r� �o�f� �i�n�s�t�a�n�c�e�s� �o�f� �s�c�h�e�m�a� �H� �a�t� �g�e�n�e�r�a�t�i�o�n� �¢�.� �F�'�(�H�,�t�)� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �o�f� 

�t�h�e� �i�n�s�t�a�n�c�e�s� �o�f� �H� �a�t� �g�e�n�e�r�a�t�i�o�n� �t�,� �a�n�d� �F�(�t�)� �i�s� �t�h�e� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �i�n� �p�o�p�u�l�a�t�i�o�n� �t�.� �T�h�e� �e�x�p�e�c�t�e�d� 

�n�u�m�b�e�r� �o�f� �i�n�s�t�a�n�c�e�s� �o�f� �H� �a�t� �g�e�n�e�r�a�t�i�o�n� �(�¢� �+� �1�)� �u�n�d�e�r� �t�h�e� �e�f�f�e�c�t� �o�f� �s�e�l�e�c�t�i�o�n� �a�l�o�n�e� �i�s� 

�F�(�H�,�t�)� 
�F�(�t�)� �°� 
� � �m�(�h�,�t�+�1�)� �=� �m�(�H�,�t�)� �(�2�.�2�)� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �t�e�l�l�s� �u�s� �t�h�a�t� �a� �p�a�r�t�i�c�u�l�a�r� �s�c�h�e�m�a� �g�r�o�w�s� �(�o�r� �d�e�c�a�y�s�)� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �a�s� �t�h�e� 

�r�a�t�i�o� �o�f� �i�t�s� �a�v�e�r�a�g�e� �p�e�r�f�o�r�m�a�n�c�e� �t�o� �t�h�e� �a�v�e�r�a�g�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� 

�W�e� �n�o�w� �m�o�d�i�f�y� �E�q�u�a�t�i�o�n� �(�2�.�2�)� �t�o� �i�n�c�l�u�d�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �c�r�o�s�s�o�v�e�r� �a�n�d� �m�u�t�a�t�i�o�n�.� �L�e�t ��s� 

�c�o�n�s�i�d�e�r� �m�u�t�a�t�i�o�n� �f�i�r�s�t�.� �M�u�t�a�t�i�o�n� �a�l�t�e�r�s� �t�h�e� �v�a�l�u�e� �o�f� �a�n� �a�l�l�e�l�e� �w�i�t�h� �a� �p�r�o�b�a�b�i�l�i�t�y� �p�m�.� �T�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �a�n� �a�l�l�e�l�e� �i�s� �n�o�t� �c�h�a�n�g�e�d� �b�y� �m�u�t�a�t�i�o�n� �i�s� �(�1�  �� �p�m�)�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �a� �s�c�h�e�m�a� 

�o�f� �o�r�d�e�r� �o�(� �1�)� �i�s� �n�o�t� �l�o�s�t� �t�h�r�o�u�g�h� �m�u�t�a�t�i�o�n� �o�f� �o�n�e� �o�f� �i�t�s� �d�e�f�i�n�i�n�g� �p�o�s�i�t�i�o�n� �i�s� 

�(�1�-�p�m�) ��)� �x� �1�-�0�(�H�)�p�m�,� �(�2�.�3�)� 

�i�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� �p�m� �i�s� �s�m�a�l�l�.� �T�h�e� �o�p�p�o�s�e�d� �e�v�e�n�t� �o�f� �h�a�v�i�n�g� �t�h�e� �s�c�h�e�m�a� �l�o�s�t� �b�y� 

�m�u�t�a�t�i�o�n� �h�a�s� �a� �p�r�o�b�a�b�i�l�i�t�y� �e�q�u�a�l� �t�o� 

�1�  �� �(�1�-�p�m�)�(�)� �x� �o�(�H�)�p�m�,� �(�2�.�4�)� 

�a�n�d� �i�s� �c�a�l�l�e�d� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �d�i�s�r�u�p�t�i�o�n� �b�y� �m�u�t�a�t�i�o�n�.� �C�r�o�s�s�o�v�e�r� �d�e�s�t�r�o�y�s� �a� �s�c�h�e�m�a� �i�f� �b�o�t�h� �p�a�r�e�n�t�s� 

�d�o� �n�o�t� �c�a�r�r�y� �t�h�a�t� �p�a�r�t�i�c�u�l�a�r� �s�c�h�e�m�a� �a�n�d� �t�h�e� �b�r�e�a�k� �p�o�i�n�t� �f�a�l�l�s� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� �e�x�t�r�e�m�e� �d�e�f�i�n�i�n�g� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �1�9
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�F�i�g�u�r�e� �2�.�7�.� �S�c�h�e�m�a� �d�i�s�r�u�p�t�i�o�n� �b�y� �c�r�o�s�s�o�v�e�r�.� 

�p�o�s�i�t�i�o�n�s� �(�s�e�e� �F�i�g�u�r�e� �2�.�7�)�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �c�r�o�s�s�o�v�e�r� �d�i�s�r�u�p�t�s� �t�h�e� �s�c�h�e�m�a� �#�7� �t�h�a�t� �i�s� �n�o�t� �b�e�i�n�g� 

�c�a�r�r�i�e�d� �b�y� �b�o�t�h� �p�a�r�e�n�t�s� �i�s� 

�d�(�H�)� 

�T�h�e�r�e� �a�r�e� �c�a�s�e�s� �h�o�w�e�v�e�r� �w�h�e�r�e� �b�o�t�h� �p�a�r�e�n�t�s� �c�a�r�r�y� �t�h�e� �s�a�m�e� �s�c�h�e�m�a�,� �s�o�,� �e�v�e�n� �i�f� �t�h�e� �b�r�e�a�k� 

�p�o�i�n�t� �f�a�l�l�s� �b�e�t�w�e�e�n� �d�e�f�i�n�i�n�g� �p�o�i�n�t�s�,� �t�h�e� �s�c�h�e�m�a� �i�s� �p�r�e�s�e�r�v�e�d� �i�n� �t�h�e� �c�h�i�l�d� �d�e�s�i�g�n�.� �A�l�s�o�,� �m�u�t�a�t�i�o�n� 

�a�n�d� �c�r�o�s�s�o�v�e�r� �p�r�o�d�u�c�e� �n�e�w� �i�n�s�t�a�n�c�e�s� �o�f� �t�h�e� �s�c�h�e�m�a� �H�.� �T�h�e�r�e�f�o�r�e�,� �b�y� �r�e�m�o�v�i�n�g� �f�r�o�m� �t�h�e� �c�o�u�n�t� 

�o�f� �i�n�s�t�a�n�c�e�s� �o�f� �H� �a�t� �g�e�n�e�r�a�t�i�o�n� �(�¢� �+� �1�)� �t�h�e� �i�n�s�t�a�n�c�e�s� �t�h�a�t� �a�r�e� �d�i�s�r�u�p�t�e�d� �b�y� �m�u�t�a�t�i�o�n� �a�n�d� �c�r�o�s�s�o�v�e�r� 

�a�s� �e�s�t�i�m�a�t�e�d� �i�n� �E�q�u�a�t�i�o�n�s� �(�2�.�4�)� �a�n�d� �(�2�.�5�)�,� �w�e� �o�b�t�a�i�n� �a� �l�o�w�e�r� �b�o�u�n�d� �o�n� �t�h�e� �e�x�p�e�c�t�e�d� �n�u�m�b�e�r� �o�f� 

�i�n�s�t�a�n�c�e�s� �o�f� �H� �a�t� �g�e�n�e�r�a�t�i�o�n� �(�f�t� �+� �1�)�,� 

�F�(�H�,�t�)� 
�F�@�)� �[�1�  �� �p�e� �q�T�)� �_� �o�(� �H� �)�p�m�)�.� �(�2�.�6�)� �m�(�h�,�t�+�1�)� �>� �m�(�H�,�t�)� �7�]� � � 

�E�q�u�a�t�i�o�n� �(�2�.�6�)� �i�s� �c�a�l�l�e�d� �t�h�e� �S�c�h�e�m�a� �T�h�e�o�r�e�m�.� �I�t� �h�a�s� �i�m�p�o�r�t�a�n�t� �r�e�p�e�r�c�u�s�s�i�o�n�s� �o�n� �t�h�e� �w�a�y� �G�A�s� 

�a�r�e� �i�m�p�l�e�m�e�n�t�e�d�.� �T�h�e� �m�a�i�n� �r�e�s�u�l�t� �s�t�e�m�m�i�n�g� �f�r�o�m� �t�h�e� �S�c�h�e�m�a� �T�h�e�o�r�e�m� �i�s� �t�h�a�t�,� �i�f� �c�r�o�s�s�o�v�e�r� �a�n�d� 

�m�u�t�a�t�i�o�n� �d�o� �n�o�t� �e�x�c�e�s�s�i�v�e�l�y� �d�i�s�r�u�p�t� �s�c�h�e�m�a�t�a�,� �a� �s�c�h�e�m�a� �w�i�t�h� �a�n� �a�b�o�v�e� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �h�a�s� �a�n� 

�e�x�p�o�n�e�n�t�i�a�l�l�y� �g�r�o�w�i�n�g� �n�u�m�b�e�r� �o�f� �i�n�s�t�a�n�c�e�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �B�y� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �d�i�s�r�u�p�t�i�v�e� �e�f�f�e�c�t�s� 

�o�f� �c�r�o�s�s�o�v�e�r� �a�n�d� �m�u�t�a�t�i�o�n� �a�n�d� �a�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �r�a�t�i�o� �(�7�a�)� �r�e�m�a�i�n�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �c�o�n�s�t�a�n�t� 

� � 

�o�v�e�r� �t�h�e� �g�e�n�e�r�a�t�i�o�n�s�,� �o�n�e� �c�a�n� �w�r�i�t�e� 

�F�(�H�,�t�)� 
�F�(�t�)� 
� � �m�(�h�,�t�)� �=� �m�(�H�,�0�)�(� �V�F� �(�2�.�7�)� 

�C�h�a�p�t�e�r� �2�.� �F�O�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�0



�I�m�p�l�i�c�i�t� �p�a�r�a�l�l�e�l�i�s�m� �a�n�d� �t�h�e� �e�x�p�o�n�e�n�t�i�a�l� �g�r�o�w�t�h� �o�f� �a�b�o�v�e� �a�v�e�r�a�g�e� �s�c�h�e�m�a�t�a� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� 

�a�r�e� �t�w�o� �a�r�g�u�m�e�n�t�s� �t�h�a�t� �e�x�p�l�a�i�n� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �t�o� �b�r�e�a�k� �d�o�w�n� �t�h�e� �c�o�m�b�i�n�a�t�o�r�i�a�l� 

�c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �W�e� �n�o�w� �r�e�i�n�t�e�r�p�r�e�t� �t�h�e� �s�c�h�e�m�a� �t�h�e�o�r�e�m� �q�u�a�l�i�t�a�t�i�v�e�l�y� �t�o� �d�e�d�u�c�e� 

�c�o�n�d�i�t�i�o�n�s� �f�o�r� �t�h�e� �s�c�h�e�m�a� �t�h�e�o�r�e�m� �t�o� �a�p�p�l�y� �(�a�n�d� �t�h�u�s� �g�u�a�r�a�n�t�e�e� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �g�e�n�e�t�i�c� 
�v� 

�s�e�a�r�c�h�)�.� 

�E�q�u�a�t�i�o�n� �(�2�.�6�)� �g�i�v�e�s� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �a� �s�c�h�e�m�a� �n�o�t� �t�o� �b�e� �e�x�c�e�s�s�i�v�e�l�y� �d�i�s�r�u�p�t�e�d�:� �m�u�t�a�t�i�o�n� 

�s�h�o�u�l�d� �b�e� �a�p�p�l�i�e�d� �w�i�t�h� �a� �l�o�w� �r�a�t�e� �p�m� �a�n�d�/�o�r� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �i�m�p�o�r�t�a�n�t� �s�c�h�e�m�a�t�a� �o�(� �1�)� �s�h�o�u�l�d�  �� 

�b�e� �s�m�a�l�l�.� �I�m�p�o�r�t�a�n�t� �s�c�h�e�m�a�t�a� �s�h�o�u�l�d� �h�a�v�e� �a� �s�h�o�r�t� �d�e�f�i�n�i�n�g� �l�e�n�g�t�h� �d�(� �#�7�)� �s�o� �a�s� �n�o�t� �t�o� �b�e� �t�o�o� �o�f�t�e�n� 

�d�e�s�t�r�o�y�e�d� �b�y� �c�r�o�s�s�o�v�e�r�.� �T�h�i�s� �l�e�a�d�s� �t�o� �a�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �c�o�n�c�e�p�t� �f�o�r� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s�,� �n�a�m�e�l�y� 

�t�h�e� �i�d�e�a� �o�f� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�c�h�e�m�a� �t�h�e�o�r�e�m�,� �a� �G�A� �p�r�o�c�e�s�s�e�s� �e�f�f�i�c�i�e�n�t�l�y� �s�h�o�r�t�,� 

�l�o�w� �o�r�d�e�r�,� �h�i�g�h�l�y� �p�e�r�f�o�r�m�i�n�g� �s�c�h�e�m�a�t�a� �c�a�l�l�e�d� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s�.� �T�h�i�s� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �S�t�a�t�i�c� 

�B�u�i�l�d�i�n�g� �B�l�o�c�k�s� �H�y�p�o�t�h�e�s�i�s�,� �w�h�e�r�e� �t�h�e� �t�e�r�m�  ��s�t�a�t�i�c �� �i�s� �a�d�d�e�d� �t�o� �o�u�t�l�i�n�e� �t�h�a�t� �t�h�e� �e�f�f�e�c�t� �o�f� �h�a�v�i�n�g� 

�a� �f�i�n�i�t�e� �s�i�z�e� �p�o�p�u�l�a�t�i�o�n� �d�y�n�a�m�i�c�a�l�l�y� �m�o�v�i�n�g� �i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s� �n�o�t� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e� �(�w�e� �h�a�v�e� 
�F�(�H�,�t�)� �a�s�s�u�m�e�d� �t�h�a�t� �(�E�G�)� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� �t�o�o� �m�u�c�h� �w�i�t�h� �t�i�m�e�)�.� 

�2�.�3�.�2� �W�h�a�t� �M�a�k�e�s� �a� �P�r�o�b�l�e�m� �G�A�-�h�a�r�d�?� 

�A�l�l� �t�h�e� �p�r�e�v�i�o�u�s� �t�h�e�o�r�e�t�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �d�r�a�w� �t�o�o� �o�p�t�i�m�i�s�t�i�c� �a� �p�i�c�t�u�r�e� �o�f� �t�h�e� �r�e�a�l� �w�o�r�k�i�n�g�s� 

�o�f� �G�A�s�,� �m�a�i�n�l�y� �b�e�c�a�u�s�e� �t�h�e�y� �i�g�n�o�r�e� �t�h�e� �f�i�n�i�t�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�.� �I�f� �w�e� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �f�a�c�t� �t�h�a�t� 

�t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �n�o�t� �i�n�f�i�n�i�t�e�,� �w�e� �c�a�n� �n�o� �l�o�n�g�e�r� �t�a�k�e� �t�h�e� �t�e�r�m� �(�7�)� �a�s� �c�o�n�s�t�a�n�t� �o�v�e�r� �t�h�e� 

�g�e�n�e�r�a�t�i�o�n�s�,� �b�e�c�a�u�s�e� �t�h�e� �a�v�e�r�a�g�e� �r�e�l�a�t�i�v�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �a� �s�c�h�e�m�a� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �w�i�l�l� �s�t�r�o�n�g�l�y� 

�d�e�p�e�n�d� �o�n� �t�h�e� �c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �A� �c�o�m�m�o�n� �p�r�o�b�l�e�m� �o�f� �G�A�s� �o�c�c�u�r�s� �w�h�e�n� �t�h�e� 

�(�f�i�n�i�t�e� �s�i�z�e�)� �p�o�p�u�l�a�t�i�o�n� �l�o�s�e�s� �m�o�s�t� �o�f� �i�t�s� �g�e�n�e�t�i�c� �d�i�v�e�r�s�i�t�y� �u�n�d�e�r� �t�h�e� �d�o�m�i�n�a�t�i�o�n� �o�f� �o�n�e� �s�u�p�e�r�-� 

�i�n�d�i�v�i�d�u�a�l�.� �I�f� �t�h�i�s� �i�n�d�i�v�i�d�u�a�l� �i�s� �n�o�t� �o�p�t�i�m�a�l� �a�n�d� �i�s� �f�a�r� �(�i�n� �t�h�e� �c�o�d�e�d� �s�p�a�c�e� �o�f� �t�h�e� �c�h�r�o�m�o�s�o�m�e�s�)� 

�f�r�o�m� �t�h�e� �g�l�o�b�a�l� �o�p�t�i�m�u�m�,� �m�a�n�y� �o�f� �t�h�e� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s� �l�e�a�d�i�n�g� �t�o� �t�h�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n� �w�i�l�l� �h�a�v�e� 

�l�o�s�t� �a�l�l� �r�e�p�r�e�s�e�n�t�a�t�i�v�e�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �A�t� �t�h�a�t� �p�o�i�n�t�,� �t�h�e� �o�n�l�y� �w�a�y� �t�h�e�s�e� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s� �c�a�n� 

�b�e� �r�e�c�o�v�e�r�e�d� �i�s� �t�h�r�o�u�g�h� �a� �s�e�r�i�e�s� �o�f� �l�u�c�k�y� �m�u�t�a�t�i�o�n�s� �a�n�d� �s�e�l�e�c�t�i�o�n�s�,� �b�u�t� �s�u�c�h� �a�n� �e�v�e�n�t� �i�s� �v�e�r�y� 

�u�n�l�i�k�e�l�y�.� �S�o�,� �o�n�c�e� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �h�a�s� �c�o�n�v�e�r�g�e�d� �t�o� �s�u�c�h� �a� �n�o�n�o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�,� �i�t� �s�t�o�p�s� 

�m�a�k�i�n�g� �p�r�o�g�r�e�s�s�.� �O�n�e� �s�a�y�s� �t�h�a�t� �t�h�e� �G�A� �h�a�s� �p�r�e�m�a�t�u�r�l�y� �c�o�n�v�e�r�g�e�d�.� �A�p�a�r�t� �f�r�o�m� �p�r�e�m�a�t�u�r�e� 

�c�o�n�v�e�r�g�e�n�c�e�,� �t�h�e� �o�t�h�e�r� �s�t�a�t�e� �i�n� �w�h�i�c�h� �a� �G�A� �c�a�n� �b�e� �s�t�o�p�p�e�d� �w�i�t�h�o�u�t� �h�a�v�i�n�g� �l�o�c�a�t�e�d� �t�h�e� �o�p�t�i�m�a�l� 

�s�o�l�u�t�i�o�n� �i�s� �w�h�e�n� �i�t� �h�a�s� �n�o�t� �c�o�n�v�e�r�g�e�d� �y�e�t�,� �w�h�a�t� �w�e� �r�e�f�e�r� �t�o� �a�s� �u�n�a�t�t�a�i�n�a�b�l�e� �c�o�n�v�e�r�g�e�n�c�e�.� �A�n� 

�e�x�a�m�p�l�e� �o�f� �u�n�a�t�t�a�i�n�a�b�l�e� �c�o�n�v�e�r�g�e�n�c�e� �w�i�l�l� �b�e� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �5� �w�h�e�r�e� �a� �v�e�r�y� �l�a�r�g�e� �c�h�r�o�m�o�s�o�m�e� 

�C�h�a�p�t�e�r� �2�,� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�1



�i�s� �c�o�n�s�i�d�e�r�e�d� �(�i�t� �h�a�s� �7�2�0� �g�e�n�e�s� �w�i�t�h� �4� �d�i�f�f�e�r�e�n�t� �p�o�s�s�i�b�l�e� �a�l�l�e�l�e�s� �a�t� �e�a�c�h� �g�e�n�e�)�.� �T�h�e� �c�o�m�b�i�n�a�t�i�o�n� 

�o�f� �a� �l�a�r�g�e� �d�e�s�i�g�n� �s�p�a�c�e� �w�i�t�h� �a� �l�a�r�g�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �m�a�k�e�s� �t�h�e� �t�i�m�e� �t�o� �c�o�n�v�e�r�g�e�n�c�e� �v�e�r�y� �l�o�n�g�,� 

�b�e�y�o�n�d� �t�h�e� �m�a�x�i�m�u�m� �n�u�m�b�e�r� �o�f� �a�n�a�l�y�s�e�s� �t�h�a�t� �a� �c�o�m�p�u�t�e�r� �c�a�n� �p�e�r�f�o�r�m�.� 

�W�h�a�t� �m�a�k�e�s� �s�o�m�e� �p�r�o�b�l�e�m�s� �h�a�r�d� �f�o�r� �t�h�e� �G�A� �t�o� �s�o�l�v�e� �i�s� �a� �d�i�f�f�i�c�u�l�t� �y�e�t� �c�r�u�c�i�a�l� �q�u�e�s�t�i�o�n� �t�h�a�t� 

�h�a�s� �d�r�a�w�n� �m�u�c�h� �a�t�t�e�n�t�i�o�n� �i�n� �t�h�e� �l�a�s�t� �y�e�a�r�s�.� �E�v�e�n� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�i�g�h�t� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s� �d�o�e�s� �n�o�t� 

�g�u�a�r�a�n�t�e�e� �t�h�a�t� �a� �p�r�o�b�l�e�m� �i�s� �e�a�s�y� �f�o�r� �t�h�e� �G�A�,� �d�e�s�p�i�t�e� �t�h�e� �S�c�h�e�m�a� �T�h�e�o�r�e�m�.� 

�H�i�s�t�o�r�i�c�a�l�l�y�,� �t�h�e� �f�i�r�s�t� �r�e�a�s�o�n� �t�h�a�t� �h�a�s� �b�e�e�n� �p�r�o�p�o�s�e�d� �t�o� �e�x�p�l�a�i�n� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �e�x�p�e�r�i�e�n�c�e�d� �b�y� 

�G�A�s� �o�n� �s�o�m�e� �p�r�o�b�l�e�m�s� �w�a�s� �c�a�l�l�e�d� �d�e�c�e�p�t�i�o�n� �(�[�B�e�t�h�k�e�8�1�]�,� �[�G�o�l�d�b�e�r�g�8�7�]�)�.� �D�e�c�e�p�t�i�v�e� �p�r�o�b�l�e�m�s� 

�h�a�v�e� �a� �r�e�s�p�o�n�s�e� �s�u�r�f�a�c�e� �t�h�a�t� �w�i�l�l� �l�e�a�d� �t�h�e� �G�A� �a�w�a�y� �f�r�o�m� �t�h�e� �o�p�t�i�m�a�l� �r�e�g�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� 

�A� �s�i�m�p�l�e� �d�e�c�e�p�t�i�v�e� �p�r�o�b�l�e�m� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �o�f� �a� �s�c�h�e�m�a� 

�o�v�e�r� �t�h�e� �e�n�t�i�r�e� �d�e�s�i�g�n� �s�p�a�c�e� �F�'�(�H�)� �(�a�s� �o�p�p�o�s�e�d� �t�o� �t�h�e� �o�b�s�e�r�v�e�d� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �o�f� �a� �s�c�h�e�m�a� �i�n� �a� 

�p�o�p�u�l�a�t�i�o�n�,� �/�'�(�H�,�t�)�)�.� �I�f� �t�h�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�o�b�l�e�m� �i�s� �0�0�.�.�.�0�,� �a�n�d� 

�F�(�O�*�.�*�%�)� �<� �F�U�L� �*�.�.�.�)� 

�F�(�0�0� �*� �.�.�#�)� �<� �F�(�O�1�L�*�.�.�.�*�)� 

�F�(�0�0�*�.�.�.�#�)� �<� �F�(�1�0�*�.�.�.�*�)� 

�F�(�0�0�*�.�.�*�)� �<� �F�(�1�1�*�.�.�.�*�)� 

�a�n�d� �s�o� �o�n�,� �t�h�e�n� �t�h�e� �G�A� �c�l�e�a�r�l�y� �w�i�l�l� �b�e� �p�u�s�h�e�d� �a�w�a�y� �f�r�o�m� �t�h�e� �o�p�t�i�m�u�m� �s�o�l�u�t�i�o�n� �0�0�.�.�.�0� �a�s� �i�t� 

�i�s� �j�u�x�t�a�p�o�s�i�n�g� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s�.� �I�n� �f�a�c�t�,� �m�o�s�t� �a�l�g�o�r�i�t�h�m� �w�i�l�l� �h�a�v�e� �d�i�f�f�i�c�u�l�t�i�e�s� �c�o�n�v�e�r�g�i�n�g� �t�o� �t�h�e� 

�o�p�t�i�m�u�m�.� �S�u�c�h� �a� �p�r�o�b�l�e�m� �i�s� �d�e�c�e�p�t�i�v�e�.� �H�o�w�e�v�e�r�,� �d�e�c�e�p�t�i�o�n� �d�o�e�s� �n�o�t� �f�u�l�l�y� �e�x�p�l�a�i�n� �t�h�e� �p�r�o�b�l�e�m�s� 

�e�n�c�o�u�n�t�e�r�e�d� �b�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s�.� �G�o�l�d�b�e�r�g� �h�a�s� �n�o�t�i�c�e�d� �t�h�a�t� �G�A�s� �p�e�r�f�o�r�m�e�d� �s�u�r�p�r�i�s�i�n�g�l�y� �w�e�l�l� 

�o�n� �s�o�m�e� �d�e�c�e�p�t�i�v�e� �p�r�o�b�l�e�m�s� �(�{�[�G�o�l�d�b�e�r�g�8�9�]�)�: ��I�t� �i�s� �s�u�r�p�r�i�s�i�n�g� �t�h�a�t� �a�l�l� �t�y�p�e� �I�I� �p�r�o�b�l�e�m�s �� �(�a� �k�i�n�d� 

�o�f� �d�e�c�e�p�t�i�v�e� �p�r�o�b�l�e�m�)�  ��c�o�n�v�e�r�g�e� �t�o� �t�h�e� �b�e�s�t� �s�o�l�u�t�i�o�n� �f�o�r� �m�o�s�t� �s�t�a�r�t�i�n�g� �c�o�n�d�i�t�i�o�n�s ��.� �G�r�e�f�e�n�s�t�e�t�t�e� 

�h�a�s� �p�r�o�p�o�s�e�d� �a� �v�e�r�y� �s�i�m�p�l�e� �a�n�t�i�-�d�e�c�e�p�t�i�o�n� �G�A� �b�a�s�e�d� �o�n� �t�h�e� �i�d�e�a� �t�h�a�t� �t�h�e� �c�o�m�p�l�e�m�e�n�t� �o�f� �t�h�e� �b�e�s�t� 

�k�n�o�w�n� �i�n�d�i�v�i�d�u�a�l� �s�h�o�u�l�d� �a�l�w�a�y�s� �b�e� �k�e�p�t� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�n� �o�r�d�e�r� �t�o� �a�l�w�a�y�s� �b�e� �a�b�l�e� �t�o� �r�e�c�o�v�e�r� 

�f�r�o�m� �a� �f�a�l�s�e� �p�r�e�m�a�t�u�r�e� �c�o�n�v�e�r�g�e�n�c�e� �(�[�G�r�e�f�e�n�s�t�e�t�t�e�9�3�)�]�)�.� 

�R�e�c�e�n�t�l�y�,� �t�w�o� �o�t�h�e�r� �r�e�a�s�o�n�s� �h�a�v�e� �e�m�e�r�g�e�d� �t�o� �e�x�p�l�a�i�n� �f�a�l�s�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �G�A�s�:� �c�o�l�l�a�t�e�r�a�l� 

�c�o�n�v�e�r�g�e�n�c�e� �(�[�G�r�e�f�e�n�s�t�e�t�t�e�9�3�]� �o�r� �h�i�t�c�h�h�i�k�e�r�s� �i�n� �[�F�o�r�r�e�s�t�9�3�]�)� �a�n�d� �l�a�r�g�e� �v�a�r�i�a�n�c�e� �w�i�t�h�i�n� �s�c�h�e�m�a�t�a� 

�(�{�G�r�e�f�e�n�s�t�e�t�t�e�9�3�]�)�.� �T�h�e�s�e� �r�e�a�s�o�n�s�,� �u�n�l�i�k�e� �t�h�e� �S�t�a�t�i�c� �B�u�i�l�d�i�n�g� �B�l�o�c�k� �H�y�p�o�t�h�e�s�i�s� �a�n�d� �t�h�e� �n�o�t�i�o�n� �o�f� 

�d�e�c�e�p�t�i�o�n�,� �e�m�p�h�a�s�i�z�e� �t�h�e� �d�y�n�a�m�i�c�s� �o�f� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� 

�C�h�a�p�t�e�r� �2�,� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�2



�C�o�l�l�a�t�e�r�a�l� �c�o�n�v�e�r�g�e�n�c�e� �r�e�f�e�r�s� �t�o� �s�c�h�e�m�a�t�a� �g�r�o�w�i�n�g� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �a�n�d� �i�n�f�l�u�e�n�c�i�n�g� �e�a�c�h� 

�o�t�h�e�r ��s� �r�a�t�e� �o�f� �g�r�o�w�t�h�.� �F�o�r� �e�x�a�m�p�l�e�,� �s�u�p�p�o�s�e� �t�h�a�t� �F�'�(�0� �+�.�.�.� �*� �*�)�=�9�,� �F�(�1�*�.�.�.�%�*�)�=�1�,� �F�(�«� �*� �.�.�.�0�*�)� 

�=� �6�,� �/�'�(�*� �*� �.�.�.�1�*�)� �=� �4�,� �t�h�a�t� �t�h�e� �i�n�i�t�i�a�l� �p�o�p�u�l�a�t�i�o�n� �i�s� �r�a�n�d�o�m�l�y� �c�h�o�s�e�n� �a�n�d� �s�u�f�f�i�c�i�e�n�t�l�y� �l�a�r�g�e� �t�o� �r�e�f�l�e�c�t� 

�t�h�o�s�e� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s�e�s�.� �S�u�p�p�o�s�e� �f�u�r�t�h�e�r� �t�h�a�t� �t�h�e� �o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�o�b�l�e�m� �i�s� �0�0�.�.�.�0�0�.� �N�o�t�e� 

�t�h�a�t� �t�h�e� �p�r�o�b�l�e�m� �i�s� �n�o�t� �d�e�c�e�p�t�i�v�e�,� �s�i�n�c�e� �t�h�e� �a�v�e�r�a�g�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �s�c�h�e�m�a�t�a� �0� �+�.�.�.� �*� �*� �a�n�d� 

�*�.�.�.�0�*� �l�e�a�d�s� �t�h�e� �s�e�a�r�c�h� �i�n� �t�h�e� �r�i�g�h�t� �d�i�r�e�c�t�i�o�n�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�c�h�e�m�a� �t�h�e�o�r�e�m�,� �w�e� �e�x�p�e�c�t� �t�h�e� 

�s�c�h�e�m�a� �0� �*� �.�.�.� �*� �*� �t�o� �o�c�c�u�p�y� �9�0� �p�e�r�c�e�n�t� �o�f� �t�h�e� �s�e�c�o�n�d� �g�e�n�e�r�a�t�i�o�n� �a�n�d� �t�h�e� �s�c�h�e�m�a� �*� �*� �.�.�.�0�*� �t�o� �o�c�c�u�p�y� 

�6�0� �p�e�r�c�e�n�t� �o�f� �t�h�e� �s�e�c�o�n�d� �g�e�n�e�r�a�t�i�o�n�.� �F�r�o�m� �t�h�e� �s�e�c�o�n�d� �g�e�n�e�r�a�t�i�o�n� �o�n�,� �h�o�w�e�v�e�r�,� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� 

�h�i�g�h�l�y� �b�i�a�s�e�d� �d�u�e� �t�o� �t�h�e� �g�r�o�w�t�h� �o�f� �h�i�g�h�l�y� �f�i�t�t�e�d� �s�c�h�e�m�a�t�a�.� �B�e�c�a�u�s�e� �o�f� �t�h�i�s� �c�o�l�l�a�t�e�r�a�l� �g�r�o�w�t�h� �o�f� 

�s�c�h�e�m�a�t�a�,� �i�t� �b�e�c�o�m�e�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �a�p�p�l�y� �t�h�e� �S�c�h�e�m�a� �T�h�e�o�r�e�m� �f�o�r� �t�h�e� �s�c�h�e�m�a�t�a� �0� �+� �.�.�.� �*� �*� �a�n�d� 

�*�.�.�.�0�%� �a�f�t�e�r� �t�h�e� �s�e�c�o�n�d� �g�e�n�e�r�a�t�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e�,� �w�e� �e�x�p�e�c�t� �9�0�%� �o�f� �t�h�e� �i�n�s�t�a�n�c�e�s� �o�f� �*�.�.�.�0�*� �t�o� 

�b�e� �a�l�s�o� �i�n�s�t�a�n�c�e�s� �o�f� �0� �+�.�.�.� �*� �*�,� �t�h�a�t� �i�s� �0� �*�.�.�.�0�*�.� �I�f� �t�h�e� �s�c�h�e�m�a� �0� �*� �.�.�.�0�*� �d�o�e�s� �n�o�t� �p�e�r�f�o�r�m� �w�e�l�l�,� 

�t�h�e� �g�r�o�w�t�h� �o�f� �t�h�e� �+� �+� �.�.�.�0�+�*� �s�c�h�e�m�a� �m�i�g�h�t� �b�e� �j�e�o�p�a�r�d�i�z�e�d�.� �T�a�k�i�n�g� �t�h�i�s� �c�o�l�l�a�t�e�r�a�l� �c�o�n�v�e�r�g�e�n�c�e� �i�n�t�o� 

�a�c�c�o�u�n�t�,� �w�e� �c�a�n�n�o�t� �p�r�e�d�i�c�t�,� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� �s�t�a�t�i�c� �a�v�e�r�a�g�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �l�o�w� �o�r�d�e�r� �s�c�h�e�m�a�t�a�,� 

�w�h�e�t�h�e�r� �l�o�w� �o�r�d�e�r� �s�c�h�e�m�a�t�a� �w�i�l�l� �g�r�o�w� �a�s� �t�h�e� �S�c�h�e�m�a� �T�h�e�o�r�e�m� �p�o�s�t�u�l�a�t�e�s�.� �T�h�e� �c�o�l�l�a�t�e�r�a�l� �g�r�o�w�t�h� 

�o�f� �d�i�f�f�e�r�e�n�t� �s�c�h�e�m�a�t�a� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �c�a�n� �b�i�a�s� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �s�o� �t�h�a�t� �a� �s�c�h�e�m�a� �c�o�n�t�a�i�n�i�n�g� �t�h�e� 

�o�p�t�i�m�u�m� �i�s� �s�e�e�n� �a�s� �p�e�r�f�o�r�m�i�n�g� �p�o�o�r�l�y�.� �I�f� �c�o�n�s�e�c�u�t�i�v�e�l�y�,� �i�t� �d�i�s�a�p�p�e�a�r�s� �f�r�o�m� �t�h�e� �p�o�p�u�l�a�t�i�o�n�,� �c�h�a�n�c�e�s� 

�a�r�e� �t�h�a�t� �t�h�e� �G�A� �w�i�l�l� �n�o�t� �f�i�n�d� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�.� 

 ��H�i�t�c�h�h�i�k�e�r�s �� �a�r�e� �n�o�n�o�p�t�i�m�a�l� �s�c�h�e�m�a�t�a� �g�r�o�w�i�n�g� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �a�s� �a� �r�e�s�u�l�t� �o�f� �c�o�l�l�a�t�e�r�a�l� 

�c�o�n�v�e�r�g�e�n�c�e�.� �H�i�t�c�h�h�i�k�e�r�s� �a�r�e� �l�o�c�a�t�e�d� �n�e�x�t� �t�o� �h�i�g�h�l�y� �p�e�r�f�o�r�m�i�n�g� �s�c�h�e�m�a�t�a� �s�o� �t�h�a�t� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �t�h�e�m� �b�e�i�n�g� �s�e�p�a�r�a�t�e�d� �b�y� �c�r�o�s�s�o�v�e�r� �f�r�o�m� �h�i�g�h� �p�e�r�f�o�r�m�a�n�c�e� �s�c�h�e�m�a�t�a� �i�s� �v�e�r�y� �l�o�w�.� �I�f�,� �i�n� �t�h�e� 

�a�b�o�v�e� �e�x�a�m�p�l�e�,� �t�h�e� �s�c�h�e�m�a� �0�1�1� �*� �.�.�.�*� �t�a�k�e� �o�v�e�r� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �d�u�e� �t�o� �t�h�e� �v�e�r�y� �h�i�g�h� �f�i�t�n�e�s�s� �o�f� 

�0� �+� �.�.�.�*� �,� �t�h�e� �a�l�l�e�l�e�s� �1�1� �a�r�e� �h�i�t�c�h�h�i�k�e�r�s�.� 

�T�h�e� �l�a�s�t� �r�e�c�o�g�n�i�z�e�d� �r�e�a�s�o�n� �f�o�r� �t�h�e� �G�A�s� �f�a�i�l�i�n�g� �t�o� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �o�p�t�i�m�u�m� �i�s� �t�h�e� �n�o�i�s�e� �i�n� 

�s�c�h�e�m�a� �e�v�a�l�u�a�t�i�o�n�.� �S�i�m�p�l�y� �s�t�a�t�e�d�,� �b�e�c�a�u�s�e� �t�h�e� �n�u�m�b�e�r� �o�f� �i�n�d�i�v�i�d�u�a�l�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �l�i�m�i�t�e�d�,� 

�t�h�e� �r�e�a�l� �(�s�t�a�t�i�c�)� �w�o�r�t�h� �o�f� �s�o�m�e� �s�c�h�e�m�a�t�a� �i�s� �n�o�t� �a�l�w�a�y�s� �w�e�l�l� �r�e�p�r�e�s�e�n�t�e�d�,� �e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �t�h�e� 

�f�i�t�n�e�s�s� �o�f� �t�h�e�s�e� �s�c�h�e�m�a�t�a� �v�a�r�i�e�s� �a� �l�o�t�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �o�b�s�e�r�v�e�d� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �o�f� �a� �s�c�h�e�m�a� �a�t� 

�t�h�e� �g�e�n�e�r�a�t�i�o�n� �¢�t�,� �F�(�H�,�t�)�,� �m�i�g�h�t� �b�e� �s�o� �u�n�d�e�r�e�s�t�i�m�a�t�e�d� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �a�b�s�o�l�u�t�e� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� 

�F�(�4�)� �t�h�a�t� �t�h�e� �s�c�h�e�m�a� �H� �d�i�s�a�p�p�e�a�r�s� �i�n� �t�h�e� �s�u�b�s�e�q�u�e�n�t� �g�e�n�e�r�a�t�i�o�n�s� �w�h�i�l�e� �i�t� �c�o�n�t�a�i�n�s� �t�h�e� �o�p�t�i�m�u�m�.� 

�A�n� �e�x�t�r�e�m�e� �e�x�a�m�p�l�e� �o�f� �a� �f�u�n�c�t�i�o�n� �e�x�h�i�b�i�t�i�n�g� �l�a�r�g�e� �v�a�r�i�a�n�c�e� �i�n� �f�i�t�n�e�s�s� �i�s� �t�h�e� �p�e�a�k� �f�u�n�c�t�i�o�n�:� �t�h�e� 

�p�e�a�k� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �i�s� �z�e�r�o� �e�x�c�e�p�t� �a�t� �o�n�e� �p�o�i�n�t� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �T�h�e� �G�A� �w�i�l�l� �n�o�t� �f�i�n�d� �t�h�e� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�3



�o�p�t�i�m�u�m�,� �u�n�l�e�s�s�,� �b�y� �c�h�a�n�c�e�,� �t�h�e� �s�e�a�r�c�h� �h�i�t�s� �t�h�e� �o�n�e� �p�o�i�n�t� �w�i�t�h� �a� �n�o�n�z�e�r�o� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �T�h�e� 

�G�A� �c�a�n�n�o�t� �e�x�t�r�a�c�t� �a�n�y� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �w�h�a�t� �s�c�h�e�m�a�t�a� �l�e�a�d� �t�o� �t�h�e� �o�p�t�i�m�u�m� �b�e�c�a�u�s�e� �o�f� �t�h�e� �e�x�t�r�e�m�e� 

�v�a�r�i�a�n�c�e� �i�n� �f�i�t�n�e�s�s� �b�e�t�w�e�e�n� �t�h�e� �o�p�t�i�m�u�m� �a�n�d� �o�t�h�e�r� �p�o�i�n�t�s� �c�l�o�s�e� �t�o� �i�t�.� �N�o�t�e� �t�h�a�t� �t�h�e� �s�c�h�e�m�a�t�a� 

�c�o�n�t�a�i�n�i�n�g� �t�h�e� �o�p�t�i�m�u�m� �h�a�v�e� �a�n� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �a�b�o�v�e� �t�h�e� �o�t�h�e�r� �s�c�h�e�m�a�t�a�,� �s�o� �t�h�e� �p�e�a�k� �f�u�n�c�t�i�o�n� �i�s� 

�n�o�t� �d�e�c�e�p�t�i�v�e�.� �T�h�e� �p�e�a�k� �f�u�n�c�t�i�o�n� �i�s� �a�n� �e�x�t�r�e�m�e� �e�x�a�m�p�l�e�,� �b�u�t� �o�t�h�e�r� �f�u�n�c�t�i�o�n�s� �e�x�h�i�b�i�t� �l�a�r�g�e� �e�n�o�u�g�h� 

�v�a�r�i�a�n�c�e�s� �i�n� �s�c�h�e�m�a�t�a� �a�v�e�r�a�g�e� �f�i�t�n�e�s�s� �t�h�a�t� �c�a�n� �m�i�s�l�e�a�d� �t�h�e� �G�A�,� �e�s�p�e�c�i�a�l�l�y� �w�h�e�n� �s�m�a�l�l� �s�a�m�p�l�e�s� �o�f� 

�p�o�i�n�t�s� �a�r�e� �u�s�e�d� �(�s�m�a�l�l� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�)�.� 

�2�.�3�.�3� �E�x�p�l�o�r�a�t�i�o�n� �v�e�r�s�u�s� �E�x�p�l�o�i�t�a�t�i�o�n� 

�P�r�e�m�a�t�u�r�e� �a�n�d� �u�n�a�t�t�a�i�n�a�b�l�e� �c�o�n�v�e�r�g�e�n�c�e� �a�r�e� �p�r�o�b�l�e�m�s� �t�h�a�t� �c�a�n� �b�e� �s�e�e�n� �a�s� �d�e�f�i�c�i�e�n�c�i�e�s� �i�n� 

�t�h�e� �b�a�l�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �e�x�p�l�o�r�a�t�i�v�e� �a�n�d� �t�h�e� �e�x�p�l�o�i�t�a�t�i�v�e� �t�r�e�n�d�s� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� �H�o�l�l�a�n�d� �(�[�H�o�l�-� 

�l�a�n�d�7�5�]�)� �u�s�e�s� �t�h�e� �t�e�r�m�s� �e�x�p�l�o�i�t�a�t�i�o�n� �a�n�d� �e�x�p�l�o�r�a�t�i�o�n� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �t�r�a�d�e�o�f�f� �t�h�a�t� �e�x�i�s�t�s� �b�e�t�w�e�e�n� 

�t�o�o� �l�i�t�t�l�e� �a�n�d� �t�o�o� �m�u�c�h� �r�a�n�d�o�m�n�e�s�s� �i�n� �t�h�e� �s�e�a�r�c�h�.� �E�x�p�l�o�i�t�a�t�i�o�n� �d�e�n�o�t�e�s� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �a�l�g�o�-� 

�r�i�t�h�m� �t�o� �c�a�r�e�f�u�l�l�y� �e�x�t�r�a�c�t� �p�o�s�i�t�i�v�e� �f�e�a�t�u�r�e�s� �f�r�o�m� �t�h�e� �a�l�r�e�a�d�y� �s�a�m�p�l�e�d� �p�o�i�n�t�s� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� 

�E�x�p�l�o�r�a�t�i�o�n� �i�s� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �t�o� �r�a�n�d�o�m�l�y� �d�e�p�a�r�t� �f�r�o�m� �a�l�r�e�a�d�y� �s�a�m�p�l�e�d� �r�e�g�i�o�n�s� �o�f� 

�t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �A� �G�A� �t�h�a�t� �c�o�n�v�e�r�g�e�s� �p�r�e�m�a�t�u�r�l�y� �m�i�s�s�e�s� �e�x�p�l�o�r�a�t�i�o�n� �f�a�c�t�o�r�s�.� �A� �G�A� �t�h�a�t� �d�o�e�s� 

�n�o�t� �c�o�n�v�e�r�g�e� �i�s� �t�o�o� �e�x�p�l�o�r�a�t�i�v�e� �a�n�d� �n�o�t� �e�x�p�l�o�i�t�a�t�i�v�e� �e�n�o�u�g�h�.� �A�l�l� �t�h�e� �g�l�o�b�a�l� �r�a�n�d�o�m� �s�e�a�r�c�h� �m�e�t�h�-� 

�o�d�s� �h�a�v�e� �t�o� �d�e�a�l� �w�i�t�h� �t�h�e� �t�r�a�d�e�-�o�f�f� �b�e�t�w�e�e�n� �e�x�p�l�o�i�t�a�t�i�o�n� �a�n�d� �e�x�p�l�o�r�a�t�i�o�n�.� �F�o�r� �e�x�a�m�p�l�e� �i�n� �t�h�e� 

�S�i�m�u�l�a�t�e�d� �A�n�n�e�a�l�i�n�g� �a�l�g�o�r�i�t�h�m� �(�[�K�i�r�p�a�t�r�i�c�k�8�3�]�)�,� �a�n� �e�x�p�l�o�r�a�t�i�v�e� �v�e�r�s�i�o�n� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �w�o�u�l�d� 

�h�a�v�e� �a� �s�l�o�w� �d�e�c�r�e�a�s�e� �i�n� �t�e�m�p�e�r�a�t�u�r�e�,� �a�n�d� �v�i�c�e� �v�e�r�s�a� �f�o�r� �a� �m�o�r�e� �e�x�p�l�o�i�t�a�t�i�v�e� �a�l�g�o�r�i�t�h�m�.� �W�i�t�h� �t�h�e� 

�T�a�b�u� �S�e�a�r�c�h� �(�[�G�l�o�v�e�r�8�9�]�,� �[�G�l�o�v�e�r�9�0�]�)�,� �t�h�e� �b�a�l�a�n�c�e� �b�e�t�w�e�e�n� �e�x�p�l�o�r�a�t�i�o�n� �a�n�d� �e�x�p�l�o�i�t�a�t�i�o�n� �h�a�s� �t�o� �d�o� 

�w�i�t�h� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �t�a�b�u� �l�i�s�t�.� �M�o�s�t� �o�f� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �c�h�o�i�c�e�s� �(�c�o�d�i�n�g�,� �o�p�e�r�a�t�o�r�s�,� �g�e�n�e�t�i�c� 

�p�a�r�a�m�e�t�e�r�s�)� �i�n�f�l�u�e�n�c�e� �t�h�e� �b�a�l�a�n�c�e� �e�x�p�l�o�i�t�a�t�i�o�n�/�e�x�p�l�o�r�a�t�i�o�n� �i�n� �t�h�e� �G�A�.� �W�e� �l�i�s�t� �h�e�r�e�a�f�t�e�r� �t�h�e� �e�f�f�e�c�t� 

�o�f� �c�h�a�n�g�i�n�g� �v�a�r�i�o�u�s� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�n� �t�h�a�t� �b�a�l�a�n�c�e�.� 

�T�h�e� �s�e�l�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �v�a�r�i�e�s� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �s�e�l�e�c�t�i�o�n� �s�c�h�e�m�e� �u�s�e�d� �a�n�d� �i�s� �t�h�e� �m�o�s�t� 

�s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �w�a�y� �o�f� �c�o�n�t�r�o�l�l�i�n�g� �e�x�p�l�o�i�t�a�t�i�o�n�.� �A� �h�i�g�h� �s�e�l�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �g�i�v�e�s� �m�o�r�e� �o�p�p�o�r�t�u�n�i�t�i�e�s� 

�t�o� �t�h�e� �b�e�s�t� �i�n�d�i�v�i�d�u�a�l�s� �t�o� �r�e�p�r�o�d�u�c�e� �t�o� �t�h�e� �d�e�t�r�i�m�e�n�t� �o�f� �t�h�e� �o�t�h�e�r� �d�e�s�i�g�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �s�e�l�e�c�t�i�n�g� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�q�u�a�r�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �m�o�r�e� �e�x�p�l�o�i�t�a�t�i�v�e� �t�h�a�n� �s�e�l�e�c�t�i�n�g� �a�c�c�o�r�d�i�n�g� �t�o� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �N�u�m�e�r�o�u�s� �v�a�r�i�a�t�i�o�n�s� �o�n� �t�h�e� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�d�u�r�e� �a�r�e� �p�o�s�s�i�b�l�e�,� �a�n�d� �s�o�m�e� �o�f� 

�t�h�e�m� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �3�.� �I�n�c�r�e�a�s�i�n�g� �t�h�e� �m�u�t�a�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �i�s� �a� �d�i�r�e�c�t� �w�a�y� �o�f� �i�n�c�r�e�a�s�i�n�g� 

�e�x�p�l�o�r�a�t�i�o�n� �d�u�r�i�n�g� �t�h�e� �s�e�a�r�c�h�.� �T�h�e� �s�a�m�e� �a�p�p�l�i�e�s� �t�o� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r�,� �s�i�n�c�e� �c�r�o�s�s�o�v�e�r�,� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�4



�b�y� �d�i�s�r�u�p�t�i�n�g� �e�x�i�s�t�i�n�g� �s�c�h�e�m�a�t�a�,� �a�l�s�o� �c�o�n�t�r�i�b�u�t�e�s� �t�o� �t�h�e� �e�x�p�l�o�r�a�t�i�o�n� �o�f� �n�e�w� �p�o�r�t�i�o�n�s� �o�f� �t�h�e� �d�e�s�i�g�n� 

�s�p�a�c�e�.� �A�t� �l�a�s�t�,� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �i�n�d�u�c�e�s� �a� �m�o�r�e� �r�a�n�d�o�m� �s�e�a�r�c�h�,� �b�e�c�a�u�s�e� �t�h�e� �r�a�t�i�o� 

�o�f� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �a�n�a�l�y�s�e�s� �m�a�d�e� �s�o� �f�a�r� �o�v�e�r� �t�h�e� �n�u�m�b�e�r� �o�f� �t�i�m�e�s� �a�n� �i�n�d�i�v�i�d�u�a�l� �h�a�s� �b�e�e�n� 

�s�e�l�e�c�t�e�d� �(�e�q�u�a�l� �t�o� �t�h�e� �n�u�m�b�e�r� �o�f� �g�e�n�e�r�a�t�i�o�n�s�)� �i�n�c�r�e�a�s�e�s�.� 

�W�h�e�n� �i�m�p�l�e�m�e�n�t�i�n�g� �a� �G�A� �o�n� �a� �p�a�r�t�i�c�u�l�a�r� �c�l�a�s�s� �o�f� �p�r�o�b�l�e�m�s�,� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� 

�d�e�s�i�g�n�e�r� �i�s� �t�o� �m�a�x�i�m�i�z�e� �t�h�e� �e�x�p�l�o�i�t�a�t�i�v�e� �t�r�e�n�d� �s�y�n�o�n�y�m�o�u�s� �o�f� �e�f�f�i�c�i�e�n�c�y� �w�i�t�h�o�u�t� �b�r�e�a�k�i�n�g� �t�h�e� 

�g�l�o�b�a�l� �b�a�l�a�n�c�e� �o�f� �t�h�e� �s�e�a�r�c�h�.� �F�i�n�d�i�n�g� �e�x�p�l�o�i�t�a�t�i�v�e� �m�e�c�h�a�n�i�s�m�s� �t�h�a�t� �d�o� �n�o�t� �e�x�c�e�s�s�i�v�e�l�y� �j�e�o�p�a�r�d�i�z�e� 

�t�h�e� �g�l�o�b�a�l�i�t�y� �o�f� �t�h�e� �s�e�a�r�c�h� �i�s� �t�h�e� �c�h�a�l�l�e�n�g�e� �w�h�e�n� �d�e�s�i�g�n�i�n�g� �a� �s�p�e�c�i�a�l�i�z�e�d� �G�A�.� �D�e�v�i�s�i�n�g� �a� �G�A� 

�f�o�r� �a� �c�l�a�s�s� �o�f� �p�r�o�b�l�e�m�s� �i�s� �m�o�r�e� �c�o�m�p�l�e�x� �t�h�a�n� �f�i�n�d�i�n�g� �t�h�e� �r�i�g�h�t� �b�a�l�a�n�c�e� �b�e�t�w�e�e�n� �e�x�p�l�o�r�a�t�i�o�n� �a�n�d� 

�e�x�p�l�o�i�t�a�t�i�o�n� �b�y� �t�u�n�i�n�g� �t�h�e� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s�.� �P�r�o�b�l�e�m�s� �s�u�c�h� �a�s� �t�h�e� �c�h�o�i�c�e� �o�f� �c�o�d�i�n�g� �a�n�d� �g�e�n�e�t�i�c� 

�o�p�e�r�a�t�o�r�s� �a�l�s�o� �e�n�t�e�r� �i�n�t�o� �a�c�c�o�u�n�t�.� �B�u�t� �a� �g�l�o�b�a�l� �r�e�a�s�o�n�i�n�g� �o�n� �e�x�p�l�o�r�a�t�i�o�n� �a�n�d� �e�x�p�l�o�i�t�a�t�i�o�n� �c�a�n� 

�b�e� �u�s�e�f�u�l� �f�o�r� �d�i�a�g�n�o�s�i�n�g� �w�h�a�t� �n�e�e�d�s� �t�o� �b�e� �c�h�a�n�g�e�d� �t�o� �i�m�p�r�o�v�e� �t�h�e� �a�l�g�o�r�i�t�h�m�.� �F�o�r� �e�x�a�m�p�l�e�,� �a�n� 

�a�l�g�o�r�i�t�h�m� �t�h�a�t� �d�o�e�s� �n�o�t� �c�o�n�v�e�r�g�e� �i�n� �t�h�e� �a�l�l�o�c�a�t�e�d� �t�i�m�e� �s�u�f�f�e�r�s� �f�r�o�m� �t�o�o� �m�u�c�h� �e�x�p�l�o�r�a�t�i�o�n�.� �S�o�,� 

�n�e�i�t�h�e�r� �m�a�k�i�n�g� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �l�a�r�g�e�r� �n�o�r� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� �w�o�u�l�d� �h�e�l�p� �(�u�n�l�e�s�s� 

�o�t�h�e�r� �c�h�a�n�g�e�s� �a�r�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �m�a�d�e�)�.� 

�2�.�4� �H�o�w� �t�o� �H�a�n�d�l�e� �C�o�n�s�t�r�a�i�n�t�s� �i�n� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� 

�C�o�n�s�t�r�a�i�n�t�s� �i�n� �G�A�s� �a�r�e� �h�a�n�d�l�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�h�r�e�e� �w�a�y�s�:� �d�a�t�a� �s�t�r�u�c�t�u�r�i�n�g�,� �r�e�p�a�i�r� �o�p�e�r�.� 

�a�t�o�r�s�,� �a�n�d� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s�.� 

�2�.�4�.�1� �C�o�n�s�t�r�a�i�n�t� �R�e�m�o�v�a�l� �b�y� �D�a�t�a� �S�t�r�u�c�t�u�r�i�n�g� 

�D�a�t�a� �s�t�r�u�c�t�u�r�i�n�g� �r�e�f�e�r�s� �t�o� �d�e�f�i�n�i�n�g� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �s�u�c�h� �t�h�a�t� �t�h�e� �o�p�t�i�m�i�z�e�r� �a�l�w�a�y�s� 

�p�r�o�d�u�c�e�s� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e�r�e� �a�r�e� �l�i�n�e�a�r� �e�q�u�a�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�s�,� �o�n�e� �c�a�n� �e�l�i�m�i�n�a�t�e� 

�o�n�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e� �p�e�r� �e�q�u�a�t�i�o�n� �t�o� �k�e�e�p� �t�h�e� �e�q�u�a�l�i�t�y� �s�a�t�i�s�f�i�e�d�.� �T�h�i�s� �i�s� �n�o�t� �p�a�r�t�i�c�u�l�a�r� �t�o� �G�A�s�,� 

�a�n�d� �i�s� �j�u�s�t� �a� �w�a�y� �o�f� �r�e�m�o�v�i�n�g� �c�o�n�s�t�r�a�i�n�t�s� �b�y� �r�e�f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �p�r�o�b�l�e�m�.� �B�u�t� �t�h�e�r�e� �a�r�e� �w�a�y�s� 

�t�h�a�t� �a�r�e� �m�o�r�e� �s�p�e�c�i�f�i�c� �t�o� �G�A�s� �t�h�a�t� �c�a�n� �b�e� �u�s�e�d� �t�o� �r�e�m�o�v�e� �c�o�n�s�t�r�a�i�n�t�,� �l�i�k�e� �t�h�e� �c�h�o�i�c�e� �o�f� �c�o�d�i�n�g�.� 

�T�o� �i�l�l�u�s�t�r�a�t�e� �t�h�i�s�,� �s�u�p�p�o�s�e� �w�e� �a�r�e� �u�s�i�n�g� �b�i�n�a�r�y� �c�o�d�i�n�g� �t�o� �h�a�n�d�l�e� �i�n�t�e�g�e�r�s�,� �a�n�d� �t�h�a�t� �a�l�l� �d�e�s�i�g�n� 

�v�a�r�i�a�b�l�e�s� �a�r�e� �r�e�q�u�i�r�e�d� �t�o� �b�e� �e�v�e�n� �n�u�m�b�e�r�s�.� �B�y� �r�e�m�o�v�i�n�g� �t�h�e� �r�i�g�h�t�m�o�s�t� �b�i�t� �f�r�o�m� �t�h�e� �c�h�r�o�m�o�s�o�m�e� 

�a�n�d� �a�s�s�u�m�i�n�g� �i�t� �a�l�w�a�y�s� �h�a�s� �a� �v�a�l�u�e� �o�f� �0�,� �o�n�e� �m�a�k�e�s� �s�u�r�e� �t�h�a�t� �t�h�e� �o�n�l�y� �i�n�t�e�g�e�r�s� �t�h�a�t� �t�h�e� �G�A� 

�C�h�a�p�t�e�r� �2�,� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�5



�c�a�n� �e�v�e�r� �p�r�o�d�u�c�e� �a�r�e� �e�v�e�n� �n�u�m�b�e�r�s�.� �M�i�c�h�a�l�e�w�i�c�z� �a�n�d� �J�a�n�i�k�o�w� �(�{�[�M�i�c�h�a�l�e�w�i�c�z�9�1�]�)� �h�a�v�e� �d�e�f�i�n�e�d� 

�g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �t�h�a�t� �a�l�w�a�y�s� �p�r�o�d�u�c�e� �p�o�i�n�t�s� �i�n� �t�h�e� �f�e�a�s�i�b�l�e� �c�o�n�v�e�x� �d�o�m�a�i�n� �f�o�r� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� 

�l�i�n�e�a�r� �c�o�n�s�t�r�a�i�n�t�s�.� �A�l�t�h�o�u�g�h� �d�a�t�a� �s�t�r�u�c�t�u�r�i�n�g� �i�s� �a�l�w�a�y�s� �t�h�e� �m�o�s�t� �e�f�f�i�c�i�e�n�t� �s�t�r�a�t�e�g�y�,� �i�t� �i�s� �n�o�t� �a�l�w�a�y�s� 

�p�o�s�s�i�b�l�e� �t�o� �a�p�p�l�y� �i�t�.� 

�2�.�4�.�2� �R�e�p�a�i�r� �O�p�e�r�a�t�o�r�s� 
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�x� 

�F�i�g�u�r�e� �2�.�8�.� �E�x�a�m�p�l�e� �o�f� �r�e�p�a�i�r�.� 

�T�h�e� �s�e�c�o�n�d� �w�a�y� �o�f� �h�a�n�d�l�i�n�g� �c�o�n�s�t�r�a�i�n�t�s� �i�n� �G�A�s� �i�s� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �r�e�p�a�i�r� �o�p�e�r�a�t�o�r�s�.� �A� 

�r�e�p�a�i�r� �o�p�e�r�a�t�o�r� �c�a�n� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �a� �p�r�o�j�e�c�t�i�o�n� �f�r�o�m� �a�n� �i�n�f�e�a�s�i�b�l�e� �p�o�i�n�t� �i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �t�o� 

�a� �f�e�a�s�i�b�l�e� �p�o�i�n�t�.� �F�i�g�u�r�e� �2�.�8� �g�i�v�e�s� �a�n� �e�x�a�m�p�l�e� �o�f� �r�e�p�a�i�r�.� �T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �l�i�k�e� 

�i�n� �t�h�e� �d�i�d�a�c�t�i�c� �G�A� �o�f� �S�e�c�t�i�o�n� �2�.�2�,� �t�o� �m�i�n�i�m�i�z�e� �f�(�z�,� �y�)� �=� �2�?� �+� �y ��,� �b�u�t� �h�e�r�e� �w�e� �a�d�d� �t�h�e� �c�o�n�s�t�r�a�i�n�t� 

�2�x� �+�y ��1�0� �>� �0�.� �A� �s�i�m�p�l�e� �r�e�p�a�i�r� �s�h�o�w�n� �o�n� �F�i�g�u�r�e� �2�.�8� �i�s� �t�o� �p�r�o�j�e�c�t� �i�n�f�e�a�s�i�b�l�e� �p�o�i�n�t�s� �o�n�t�o� �t�h�e� 

�c�o�n�s�t�r�a�i�n�t�.� �R�e�p�a�i�r� �o�p�e�r�a�t�o�r�s� �a�r�e� �u�s�u�a�l�l�y� �a�p�p�l�i�e�d� �p�r�o�b�a�b�i�l�i�s�t�i�c�a�l�l�y� �s�o� �a�s� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �f�i�n�d�i�n�g� �a� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �s�e�a�r�c�h�,� �b�u�t� �n�o�t� �r�e�d�u�c�e� �t�h�e� �G�A� �t�o� �a� �h�e�u�r�i�s�t�i�c�a�l�l�y� 

�b�a�s�e�d�,� �l�o�c�a�l� �i�n� �s�c�o�p�e�,� �s�e�a�r�c�h� �m�e�t�h�o�d�.� �O�r�v�o�s�h� �a�n�d� �D�a�v�i�s� �(�[�O�r�v�o�s�h�9�3�]�)� �r�e�c�o�m�m�e�n�d� �u�s�i�n�g� �r�e�p�a�i�r� 

�o�p�e�r�a�t�o�r�s� �o�n� �5�%� �o�f� �t�h�e� �p�o�i�n�t�s� �s�a�m�p�l�e�d� �f�o�r� �c�o�m�b�i�n�a�t�o�r�i�a�l� �p�r�o�b�l�e�m�s�.� �R�e�p�a�i�r� �o�p�e�r�a�t�o�r�s�,� �l�i�k�e� �d�a�t�a� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�6



�s�t�r�u�c�t�u�r�i�n�g�,� �a�r�e� �v�e�r�y� �c�a�s�e� �s�p�e�c�i�f�i�c�.� �A� �r�e�p�a�i�r� �o�p�e�r�a�t�o�r� �c�a�l�l�e�d�  ��s�c�a�l�i�n�g� �m�u�t�a�t�i�o�n �� �w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� 

�l�a�t�e�r� �i�n� �t�h�i�s� �w�o�r�k�.� 

�2�.�4�.�3� �P�e�n�a�l�t�y� �F�u�n�c�t�i�o�n�s� 

�F�i�n�a�l�l�y�,� �c�o�n�s�t�r�a�i�n�t�s� �c�a�n� �b�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�h�r�o�u�g�h� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s�.� 

�T�h�e� �u�s�e� �o�f� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s� �i�s� �t�h�e� �m�o�s�t� �g�e�n�e�r�a�l� �t�e�c�h�n�i�q�u�e� �f�o�r� �c�o�n�s�t�r�a�i�n�e�d� �g�e�n�e�t�i�c� �o�p�t�i�m�i�z�a�t�i�o�n�.� 

�F�o�r� �c�o�n�t�i�n�u�o�u�s� �o�p�t�i�m�i�z�a�t�i�o�n�,� �t�h�e� �q�u�a�d�r�a�t�i�c� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n� �i�s� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r�,� �b�u�t� �t�h�i�s� �p�o�p�u�l�a�r�i�t�y� 

�i�s� �d�u�e� �t�o� �d�i�f�f�e�r�e�n�t�i�a�b�i�l�i�t�y� �r�e�q�u�i�r�e�m�e�n�t�s�,� �w�h�i�c�h� �a�r�e� �n�o�t� �r�e�l�e�v�a�n�t� �i�n� �g�e�n�e�t�i�c� �o�p�t�i�m�i�z�a�t�i�o�n�.� �C�o�n�v�e�n�-� 

�t�i�o�n�a�l� �w�i�s�d�o�m� �i�n� �G�A�s� �i�s� �t�h�a�t� �t�h�e� �p�e�n�a�l�t�y� �s�h�o�u�l�d� �b�e� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �d�i�s�t�a�n�c�e� �t�o� �t�h�e� �f�e�a�s�i�b�l�e� 

�d�o�m�a�i�n�,� �s�o� �a�s� �t�o� �d�i�s�c�r�i�m�i�n�a�t�e� �b�e�t�w�e�e�n� �d�e�s�i�g�n�s� �h�a�v�i�n�g� �d�i�f�f�e�r�e�n�t� �l�e�v�e�l�s� �o�f� �i�n�f�e�a�s�i�b�i�l�i�t�y� �(�[�R�i�c�h�a�r�d�-� 

�s�o�n�8�9�]�)�.� �I�t� �h�a�s� �a�l�s�o� �b�e�e�n� �n�o�t�i�c�e�d� �t�h�a�t� �t�h�e� �p�e�n�a�l�t�y� �s�h�o�u�l�d� �b�e� �k�e�p�t� �a�s� �l�o�w� �a�s� �p�o�s�s�i�b�l�e�,� �j�u�s�t� �a�b�o�v�e� 

�t�h�e� �l�i�m�i�t� �b�e�l�o�w� �w�h�i�c�h� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �b�e�c�o�m�e� �o�p�t�i�m�a�l� �(�{�[�L�e�R�i�c�h�e�9�3�]�,� �[�R�i�c�h�a�r�d�s�o�n�8�9�]�)�.� �T�h�e� 

�f�l�a�w� �o�f� �h�e�a�v�i�l�y� �p�e�n�a�l�i�z�i�n�g� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �i�s� �t�h�a�t� �i�t� �l�i�m�i�t�s� �t�h�e� �e�x�p�l�o�r�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� 

�t�o� �f�e�a�s�i�b�l�e� �r�e�g�i�o�n�s�,� �p�r�e�c�l�u�d�i�n�g� �s�h�o�r�t� �c�u�t�s� �t�h�r�o�u�g�h� �i�n�f�e�a�s�i�b�l�e� �r�e�g�i�o�n�s�.� �L�a�r�g�e� �p�e�n�a�l�t�i�e�s� �p�r�o�m�o�t�e� 

�c�o�n�v�e�r�g�e�n�c�e� �t�o� �l�o�c�a�l� �m�i�n�i�m�a� �i�n� �t�h�e� �f�e�a�s�i�b�l�e� �s�p�a�c�e�,� �t�h�a�t� �i�s�,� �l�a�r�g�e� �p�e�n�a�l�t�i�e�s� �a�r�e� �a� �c�a�u�s�e� �o�f� �p�r�e�m�a�t�u�r�e� 

�c�o�n�v�e�r�g�e�n�c�e�.� �T�h�u�s� �i�t� �m�a�y� �b�e� �w�o�r�t�h�w�h�i�l�e� �t�o� �t�u�n�e� �t�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s� �o�n� �e�a�c�h� �p�r�o�b�l�e�m� �c�a�s�e� 

�t�o� �a�s�s�u�r�e� �c�o�n�v�e�r�g�e�n�c�e� �i�n� �t�h�e� �f�e�a�s�i�b�l�e� �d�o�m�a�i�n� �b�u�t� �s�t�i�l�l� �p�e�r�m�i�t� �s�h�o�r�t� �c�u�t�s� �l�e�a�d�i�n�g� �t�o� �t�h�e� �o�p�t�i�m�u�m� 

�d�e�s�i�g�n� �t�h�r�o�u�g�h� �t�h�e� �i�n�f�e�a�s�i�b�l�e� �d�o�m�a�i�n�.� �T�h�e�r�e� �i�s� �n�o� �g�e�n�e�r�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �p�r�o�b�l�e�m� �o�f� �a�d�j�u�s�t�i�n�g� 

�p�e�n�a�l�t�i�e�s�,� �n�e�i�t�h�e�r� �i�n� �c�l�a�s�s�i�c�a�l� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s�,� �n�o�r� �i�n� �G�A�s�.� �I�n� �[�S�c�h�o�e�n�a�u�e�r�9�3�]� �h�o�w�e�v�e�r�,� �a� 

�s�t�r�a�t�e�g�y� �b�a�s�e�d� �o�n� �t�h�e� �B�e�h�a�v�i�o�u�r�a�l� �M�e�m�o�r�y� �P�a�r�a�d�i�g�m� �i�s� �p�r�o�p�o�s�e�d� �w�h�i�c�h� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e�r�e� �i�s� 

�s�o�m�e� �k�i�n�d� �o�f� �m�e�m�o�r�y� �o�f� �t�h�e� �t�o�p�o�l�o�g�y� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�n� �a� �p�o�p�u�l�a�t�i�o�n� �t�h�a�t� �h�a�s� �e�v�o�l�v�e�d�.� �T�h�e� 

�i�d�e�a� �i�s� �t�h�e�n� �t�o� �h�a�v�e� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �s�a�t�i�s�f�y� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �o�n�e� �a�f�t�e�r� �e�a�c�h� �o�t�h�e�r�.� �O�n�c�e� �a� �c�o�n�s�t�r�a�i�n�t� �i�s� 

�s�a�t�i�s�f�i�e�d� �b�y� �a�l�l� �m�e�m�b�e�r�s� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �a�s� �a� �w�h�o�l�e� �r�e�m�e�m�b�e�r�s� 

�t�h�i�s� �c�o�n�s�t�r�a�i�n�t�,� �s�o� �t�h�e�r�e� �i�s� �n�o� �n�e�e�d� �t�o� �w�o�r�r�y� �a�b�o�u�t� �i�t� �a�n�y�m�o�r�e�.� �S�u�c�h� �a� �s�t�r�a�t�e�g�y� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� 

�h�a�v�i�n�g� �a� �v�e�r�y� �l�a�r�g�e� �p�e�n�a�l�t�y� �p�u�t� �o�n� �o�n�e� �c�o�n�s�t�r�a�i�n�t� �u�n�t�i�l� �a�l�l� �t�h�e� �m�e�m�b�e�r�s� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �s�a�t�i�s�f�y� 

�i�t�,� �a�f�t�e�r� �w�h�i�c�h� �t�h�e� �p�e�n�a�l�t�y� �a�s�s�o�c�i�a�t�e�d� �t�o� �t�h�i�s� �c�o�n�s�t�r�a�i�n�t� �c�o�u�l�d� �b�e� �r�e�m�o�v�e�d�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �w�a�s� �n�o�t� 

�u�s�e�d� �l�a�t�e�r� �i�n� �t�h�i�s� �w�o�r�k�,� �b�e�c�a�u�s�e� �t�h�e�r�e� �a�r�e� �c�o�m�p�l�i�c�a�t�i�o�n�s� �i�n� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� 

�i�n� �o�r�d�e�r� �t�o� �m�a�i�n�t�a�i�n� �g�e�n�e�t�i�c� �d�i�v�e�r�s�i�t�y�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �B�e�h�a�v�i�o�u�r�a�l� �M�e�m�o�r�y� �P�a�r�a�d�i�g�m� �v�i�o�l�a�t�e�s� �t�h�e� 

�m�i�n�i�m�u�m� �p�e�n�a�l�t�y� �r�u�l�e� �o�f� �[�R�i�c�h�a�r�d�s�o�n�8�9�]� �a�n�d� �[�L�e�R�i�c�h�e�9�3�]�,� �s�o� �t�h�a�t� �w�e� �d�o� �n�o�t� �t�h�i�n�k� �i�t� �w�o�u�l�d� �b�e� �a� 

�v�e�r�y� �e�f�f�i�c�i�e�n�t� �p�r�o�c�e�d�u�r�e�.� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�7



�A�m�o�n�g� �t�h�e� �t�h�r�e�e� �a�f�o�r�e�m�e�n�t�i�o�n�e�d� �s�t�r�a�t�e�g�i�e�s� �f�o�r� �h�a�n�d�l�i�n�g� �c�o�n�s�t�r�a�i�n�t�s�,� �d�a�t�a� �s�t�r�u�c�t�u�r�i�n�g� �i�s� 

�a�l�w�a�y�s� �t�h�e� �m�o�s�t� �e�f�f�i�c�i�e�n�t� �s�t�r�a�t�e�g�y� �b�e�c�a�u�s�e� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s�,� �f�r�o�m� �t�h�e� �o�u�t�s�e�t�,� �r�e�d�u�c�e�d� �t�o� �t�h�e� 

�f�e�a�s�i�b�l�e� �d�o�m�a�i�n�.� �H�a�v�i�n�g� �a� �v�e�r�y� �l�a�r�g�e� �p�e�n�a�l�t�y� �d�o�e�s� �n�o�t� �p�r�e�v�e�n�t� �t�h�e� �a�l�g�o�r�i�t�h�m� �f�r�o�m� �w�a�s�t�i�n�g� �t�i�m�e� 

�g�e�n�e�r�a�t�i�n�g� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �t�h�a�t� �g�e�t� �n�o� �(�o�r� �v�e�r�y� �l�i�t�t�l�e�)� �c�h�a�n�c�e� �t�o� �r�e�p�r�o�d�u�c�e� �n�e�x�t�.� �A�n�o�t�h�e�r� 

�a�d�v�a�n�t�a�g�e� �o�f� �d�a�t�a� �s�t�r�u�c�t�u�r�i�n�g� �i�s� �t�h�a�t�,� �c�o�n�t�r�a�r�y� �t�o� �r�e�p�a�i�r� �o�p�e�r�a�t�o�r�s� �a�n�d� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s�,� �t�h�e�r�e� �i�s� 

�n�o� �p�a�r�a�m�e�t�e�r� �a�s�s�o�c�i�a�t�e�d� �t�o� �i�t�,� �s�o� �n�o� �t�u�n�i�n�g� �i�n�v�o�l�v�e�d�.� �H�o�w�e�v�e�r�,� �d�a�t�a� �s�t�r�u�c�t�u�r�i�n�g� �i�s� �c�a�s�e� �d�e�p�e�n�d�e�n�t�,� 

�s�o� �o�n�e� �c�a�n�n�o�t� �a�l�w�a�y�s� �r�e�s�o�r�t� �t�o� �i�t�.� �T�h�e� �c�h�o�i�c�e� �b�e�t�w�e�e�n� �r�e�p�a�i�r� �a�n�d� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s� �d�e�p�e�n�d�s� �o�n� 

�t�h�e� �p�r�o�b�l�e�m� �a�t� �h�a�n�d� �a�n�d� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�.� 

�2�.�5� �O�t�h�e�r� �T�o�p�i�c�s� �o�f� �I�n�t�e�r�e�s�t� 

�2�.�5�.�1� �C�o�d�i�n�g� �a�n�d� �R�e�o�r�d�e�r�i�n�g� �O�p�e�r�a�t�o�r�s� 

�T�w�o� �a�r�g�u�m�e�n�t�s� �e�n�t�e�r� �i�n�t�o� �a�c�c�o�u�n�t� �w�h�e�n� �c�h�o�o�s�i�n�g� �a� �c�o�d�i�n�g� �s�c�h�e�m�e�.� �F�i�r�s�t�,� �b�e�c�a�u�s�e� �G�A�s� 

�p�r�o�c�e�s�s� �s�c�h�e�m�a�t�a�,� �i�t� �h�a�s� �b�e�e�n� �a�r�g�u�e�d� �(�{�H�o�l�l�a�n�d�7�5�]�,� �[�G�o�l�d�b�e�r�g�8�9�a�]�)� �t�h�a�t� �t�h�e� �c�o�d�i�n�g� �s�h�o�u�l�d� �m�a�x�i�-� 

�m�i�z�e� �t�h�e� �n�u�m�b�e�r� �o�f� �s�c�h�e�m�a�t�a� �p�e�r� �i�n�d�i�v�i�d�u�a�l�.� �T�h�i�s� �i�s� �s�y�n�o�n�y�m�o�u�s� �t�o� �u�s�i�n�g� �t�h�e� �s�m�a�l�l�e�s�t� �p�o�s�s�i�b�l�e� 

�a�l�p�h�a�b�e�t�,� �i�.�e�.�,� �a� �b�i�n�a�r�y� �a�l�p�h�a�b�e�t� �t�o� �m�a�x�i�m�i�z�e� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �c�h�r�o�m�o�s�o�m�e�.� �F�o�r� �e�x�a�m�p�l�e�,� �s�u�p�p�o�s�e� 

�w�e� �c�o�d�e� �i�n�t�e�g�e�r�s� �b�e�t�w�e�e�n� �1� �a�n�d� �8�.� �W�i�t�h� �a� �d�e�c�i�m�a�l� �a�l�p�h�a�b�e�t�,� �o�n�e� �i�n�t�e�g�e�r� �c�a�n� �b�e� �d�e�s�c�r�i�b�e�d� �b�y� 

�o�n�e� �c�h�a�r�a�c�t�e�r�,� �s�o� �t�h�e�r�e� �a�r�e� �2� �s�c�h�e�m�a�t�a� �p�e�r� �i�n�d�i�v�i�d�u�a�l� �(�t�h�e� �d�e�c�i�m�a�l� �c�h�a�r�a�c�t�e�r� �a�n�d� �t�h�e� �*� �d�o�n ��t� �c�a�r�e� 

�s�y�m�b�o�l�)�.� �W�i�t�h� �t�h�e� �b�i�n�a�r�y� �a�l�p�h�a�b�e�t�,� �o�n�e� �i�n�d�i�v�i�d�u�a�l� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �a� �3� �b�i�t�s� �s�t�r�i�n�g�,� �s�o� �t�h�e�r�e� �a�r�e� 

�2�°� �=� �8� �s�c�h�e�m�a�t�a� �p�e�r� �i�n�d�i�v�i�d�u�a�l�.� 

�T�h�e� �o�t�h�e�r� �a�r�g�u�m�e�n�t� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �S�t�a�t�i�c� �B�u�i�l�d�i�n�g� �B�l�o�c�k�s� �H�y�p�o�t�h�e�s�i�s�.� �I�t� �s�a�y�s� �t�h�a�t� �t�h�e� 

�c�o�d�i�n�g� �o�f� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �s�h�o�u�l�d� �b�e� �m�a�d�e� �i�n� �s�u�c�h� �a� �f�a�s�h�i�o�n� �s�o� �a�s� �t�o� �f�a�v�o�r� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� 

�b�u�i�l�d�i�n�g� �b�l�o�c�k�s�,� �i�.�e�.�,� �t�i�g�h�t� �l�o�w� �o�r�d�e�r� �s�c�h�e�m�a�t�a� �t�h�a�t� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �o�p�t�i�m�u�m� 

�s�t�r�i�n�g�.� �I�n� �m�o�s�t� �p�r�a�c�t�i�c�a�l� �c�a�s�e�s� �h�o�w�e�v�e�r�,� �i�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �k�n�o�w� �b�e�f�o�r�e�h�a�n�d� �w�h�a�t� �k�i�n�d� �o�f� �c�o�d�i�n�g� 

�w�i�l�l� �p�r�o�m�o�t�e� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s�.� 

�T�h�e� �t�w�o� �p�r�e�v�i�o�u�s� �m�e�t�h�o�d�s� �f�o�r� �c�h�o�o�s�i�n�g� �t�h�e� �c�o�d�i�n�g� �c�a�n� �l�e�a�d� �t�o� �d�i�f�f�e�r�e�n�t� �d�e�c�i�s�i�o�n�s� �a�n�d� �h�a�v�e� 

�c�a�u�s�e�d� �s�o�m�e� �c�o�n�t�r�o�v�e�r�s�y�.� �W�h�i�l�e� �t�h�e�r�e� �i�s� �m�a�t�h�e�m�a�t�i�c�a�l� �e�v�i�d�e�n�c�e� �t�h�a�t� �a� �2� �c�h�a�r�a�c�t�e�r� �a�l�p�h�a�b�e�t� �i�s� 

�b�e�t�t�e�r� �(�[�H�o�l�l�a�n�d�7�5�]�,� �[�G�o�l�d�b�e�r�g�8�9�a�]�)�,� �h�i�g�h�e�r� �c�a�r�d�i�n�a�l�i�t�y� �a�l�p�h�a�b�e�t�s� �t�h�a�t� �p�r�o�m�o�t�e� �t�i�g�h�t�e�r� �a�n�d� �e�a�s�i�e�r� 

�C�h�a�p�t�e�r� �2�,� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�8



�t�o� �r�e�c�o�m�b�i�n�e� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s� �h�a�v�e� �o�f�t�e�n� �p�e�r�f�o�r�m�e�d� �b�e�t�t�e�r� �o�n� �p�r�a�c�t�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s� �(�{�D�a�v�i�s�9�1�]�,� 

�[�M�i�c�h�a�l�e�w�i�c�z�9�1�]�)�.� �C�h�a�p�t�e�r� �3� �a�d�d�s� �t�o� �t�h�i�s� �i�s�s�u�e�.� 

�R�e�o�r�d�e�r�i�n�g� �o�p�e�r�a�t�o�r�s� �l�i�k�e� �i�n�v�e�r�s�i�o�n� �(�[�H�o�l�l�a�n�d�7�5�]�)� �h�a�v�e� �b�e�e�n� �p�r�o�p�o�s�e�d� �a�s� �s�o�l�u�t�i�o�n�s� �t�o� �t�h�e� 

�p�r�o�b�l�e�m� �o�f� �t�h�e� �h�i�t�c�h�h�i�k�e�r�s� �a�n�d� �a�s� �a� �w�a�y� �t�o� �l�o�o�k� �f�o�r� �t�h�e� �r�i�g�h�t� �c�o�d�i�n�g�.� �R�e�o�r�d�e�r�i�n�g� �o�p�e�r�a�t�o�r�s� �c�h�a�n�g�e� 

�t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �g�e�n�e�s� �o�n� �t�h�e� �c�h�r�o�m�o�s�o�m�e�,� �w�i�t�h�o�u�t� �a�l�t�e�r�i�n�g� �t�h�e� �p�h�e�n�o�t�y�p�e� �a�s�s�o�c�i�a�t�e�d� �t�o� �t�h�e� 

�c�h�r�o�m�o�s�o�m�e�.� �R�e�f�e�r�i�n�g� �b�a�c�k� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�a�m�p�l�e�,� �t�h�e� �i�n�d�i�v�i�d�u�a�l�s� 

�c�h�r�o�m�o�s�o�m�e� �0�1� �1� �k�*� �w�x� 
�g�e�n�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�s� �1�2�3� �4�.�4�.� �/� 

�c�h�r�o�m�o�s�o�m�e� �O� �*� �.�.� �*� �1� �1� 
�g�e�n�e� �i�d�e�n�t�i�f�i�c�a�t�i�o�n�s� �1�4�.�.�.� �1� �2� �8� 

�a�r�e� �i�d�e�n�t�i�c�a�l�,� �b�u�t� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �c�r�o�s�s�o�v�e�r� �s�e�p�a�r�a�t�e�s� �t�h�e� �o�p�t�i�m�a�l� �0� �*� �.�.�.�x� �s�c�h�e�m�a� �f�r�o�m� �t�h�e� �1�1� 

�h�i�t�c�h�h�i�k�e�r�s� �i�s� �m�u�c�h� �h�i�g�h�e�r� �w�i�t�h� �t�h�e� �s�e�c�o�n�d� �i�n�d�i�v�i�d�u�a�l� �t�h�a�n� �i�t� �i�s� �w�i�t�h� �t�h�e� �f�i�r�s�t� �i�n�d�i�v�i�d�u�a�l� �b�e�c�a�u�s�e� 

�o�f� �t�h�e� �d�i�s�t�a�n�c�e� �s�e�p�a�r�a�t�i�n�g� �t�h�e� �h�i�t�c�h�h�i�c�k�e�r�s� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�n�g� �p�o�s�i�t�i�o�n�s� �o�f� �t�h�e� �h�i�g�h�l�y� �f�i�t�t�e�d� �s�c�h�e�m�a�.� 

�R�e�c�i�p�r�o�c�a�l�l�y�,� �i�n�v�e�r�s�i�o�n� �m�i�g�h�t� �b�r�i�n�g� �t�o�g�e�t�h�e�r� �g�e�n�e�s� �t�h�a�t� �a�r�e� �c�o�u�p�l�e�d� �s�o� �a�s� �t�o� �a�v�o�i�d� �s�e�p�a�r�a�t�i�n�g� 

�t�h�e�m� �t�o�o� �o�f�t�e�n� �d�u�r�i�n�g� �c�r�o�s�s�o�v�e�r�.� �M�e�s�s�y� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� �(�[�G�o�l�d�b�e�r�g�8�9�b�]�)� �a�r�e� �a� �m�o�r�e� �e�l�a�b�o�r�a�t�e� 

�a�t�t�e�m�p�t� �a�t� �u�s�i�n�g� �g�e�n�e� �r�e�o�r�d�e�r�i�n�g� �t�o� �g�a�i�n� �i�n� �r�o�b�u�s�t�n�e�s�s�.� �A�l�t�h�o�u�g�h� �t�h�e�o�r�e�t�i�c�a�l�l�y� �a�t�t�r�a�c�t�i�v�e�,� �M�e�s�s�y� 

�G�A�s� �a�n�d� �r�e�o�r�d�e�r�i�n�g� �o�p�e�r�a�t�o�r�s� �h�a�v�e� �a�n� �a�s�s�o�c�i�a�t�e�d� �e�x�t�r�a�-�c�o�s�t� �t�h�a�t� �h�a�s� �l�i�m�i�t�e�d� �t�h�e�i�r� �u�s�e� �i�n� �m�o�s�t� 

�p�r�a�c�t�i�c�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�s�.� 

�2�.�5�.�2� �P�o�p�u�l�a�t�i�o�n� �R�e�p�l�a�c�e�m�e�n�t� �i�n� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� 

�D�e�J�o�n�g� �[�D�e�J�o�n�g�7�5�]� �h�a�s� �s�h�o�w�n� �t�h�a�t� �e�l�i�t�i�s�m�,� �a� �s�t�r�a�t�e�g�y� �w�h�e�r�e� �t�h�e� �b�e�s�t� �i�n�d�i�v�i�d�u�a�l� �i�s� �k�e�p�t� 

�u�n�c�h�a�n�g�e�d� �f�r�o�m� �o�n�e� �p�o�p�u�l�a�t�i�o�n� �t�o� �t�h�e� �n�e�x�t�,� �i�s� �b�e�n�e�f�i�c�i�a�l� �t�o� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �s�e�a�r�c�h� �i�n� �t�h�e� 

�c�o�n�t�e�x�t� �o�f� �f�u�n�c�t�i�o�n� �o�p�t�i�m�i�z�a�t�i�o�n�.� �I�t� �m�e�a�n�s� �t�h�a�t� �t�h�e� �b�e�s�t� �i�n�d�i�v�i�d�u�a�l� �n�e�v�e�r� �d�i�s�a�p�p�e�a�r�s� �a�t� �t�h�e� �c�h�a�n�g�e� 

�o�f� �g�e�n�e�r�a�t�i�o�n�.� 

�M�o�r�e� �g�e�n�e�r�a�l�l�y�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �r�e�n�e�w� �o�n�l�y� �a� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �a�t� �a� �t�i�m�e�,� �w�h�i�c�h� 

�i�s� �w�h�a�t� �h�a�p�p�e�n�s� �i�n� �n�a�t�u�r�a�l� �p�o�p�u�l�a�t�i�o�n�s�.� �I�t� �m�a�k�e�s� �s�e�n�s�e� �t�h�a�t� �c�h�a�n�g�i�n�g� �a�l�l� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l�s� �i�n� 

�t�h�e� �p�o�p�u�l�a�t�i�o�n� �a�t� �o�n�c�e� �i�n�v�o�l�v�e�s� �a� �l�a�r�g�e�,� �a�r�g�u�a�b�l�y� �e�x�c�e�s�s�i�v�e�,� �l�o�s�s� �o�f� �i�n�f�o�r�m�a�t�i�o�n� �a�b�o�u�t� �t�h�e� �d�e�s�i�g�n� 

�s�p�a�c�e�.� �D�e�J�o�n�g� �(�{�[�D�e�J�o�n�g�7�5�]�)� �e�x�p�e�r�i�m�e�n�t�e�d� �w�i�t�h�  ��o�v�e�r�l�a�p�p�i�n�g� �p�o�p�u�l�a�t�i�o�n�s �� �w�h�e�r�e� �o�n�l�y� �a� �f�r�a�c�t�i�o�n� 

�o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �w�a�s� �s�e�l�e�c�t�e�d� �f�o�r� �r�e�p�r�o�d�u�c�t�i�o�n�,� �a�n�d� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� �o�f� �i�n�d�i�v�i�d�u�a�l�s� �w�a�s� �r�a�n�d�o�m�l�y� 

�c�h�o�s�e�n� �a�n�d� �d�e�l�e�t�e�d� �t�o� �m�a�k�e� �r�o�o�m� �f�o�r� �t�h�e� �o�f�f�s�p�r�i�n�g�s�.� �H�i�s� �s�t�u�d�y� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �n�o�n�o�v�e�r�l�a�p�p�i�n�g� 

�C�h�a�p�t�e�r� �2�.� �F�U�N�C�T�I�O�N� �O�P�T�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �2�9



�p�o�p�u�l�a�t�i�o�n�s� �a�r�e� �b�e�s�t� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �f�u�n�c�t�i�o�n� �o�p�t�i�m�i�z�a�t�i�o�n�.� �F�o�l�l�o�w�i�n�g� �h�i�s� �w�o�r�k�,� �t�h�e�  ��c�a�n�o�n�i�c�a�l �� 

�o�r�  ��t�r�a�d�i�t�i�o�n�a�l �� �G�A� �f�o�r� �f�u�n�c�t�i�o�n� �o�p�t�i�m�i�z�a�t�i�o�n� �w�a�s� �e�s�t�a�b�l�i�s�h�e�d�:� �i�t� �i�s� �a�n� �e�l�i�t�i�s�t�,� �n�o�n�o�v�e�r�l�a�p�p�i�n�g� �G�A� 

�u�s�i�n�g� �b�i�n�a�r�y� �c�o�d�i�n�g�,� �a� �l�a�r�g�e� �f�i�x�e�d� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r�,� �a� �s�m�a�l�l� �f�i�x�e�d� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n�,� 

�a�n�d� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�s� �v�a�r�y�i�n�g� �b�e�t�w�e�e�n� �a�b�o�u�t� �2�0� �a�n�d� �2�0�0� �i�n�d�i�v�i�d�u�a�l�s�.� 

�T�h�e� �i�d�e�a� �o�f� �n�o�t� �r�e�p�l�a�c�i�n�g� �a�l�l� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l�s� �r�e�a�p�p�e�a�r�e�d� �w�i�t�h� �t�h�e� �s�t�e�a�d�y� �s�t�a�t�e� �G�A�s� 

�(�{�S�y�s�w�e�r�d�a�8�9�]�,� �[�E�s�h�e�l�m�a�n�9�1�]�)�.� �I�n� �s�t�e�a�d�y� �s�t�a�t�e� �G�A�s�,� �i�n�d�i�v�i�d�u�a�l�s� �a�r�e� �p�r�o�g�r�e�s�s�i�v�e�l�y� �r�e�p�r�o�d�u�c�e�d� �a�n�d� 

�i�n�s�e�r�t�e�d� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �T�h�e� �s�t�e�a�d�y� �p�o�p�u�l�a�t�i�o�n� �o�f�f�e�r�s� �a� �m�o�r�e� �s�t�a�b�l�e� �m�e�m�o�r�y� �o�f� �t�h�e� �p�r�o�b�l�e�m� 

�t�h�a�t� �e�n�a�b�l�e�s� �t�h�e� �u�s�e� �o�f� �m�o�r�e� �e�x�p�l�o�r�a�t�i�v�e� �(�m�o�r�e� �d�i�s�r�u�p�t�i�v�e�)� �o�p�e�r�a�t�o�r�s� �(�h�i�g�h�e�r� �r�a�t�e�s� �o�f� �m�u�t�a�t�i�o�n�,� 

�u�n�i�f�o�r�m� �c�r�o�s�s�o�v�e�r�s� �[�S�y�s�w�e�r�d�a�8�9�]�)�.� 

�2�.�6� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m�s� �a�m�o�n�g� �E�v�o�l�u�t�i�o�n�a�r�y� �A�l�g�o�r�i�t�h�m�s� 

�G�A�s� �a�r�e� �p�a�r�t� �o�f� �t�h�e� �f�a�m�i�l�y� �o�f� �E�v�o�l�u�t�i�o�n�a�r�y� �A�l�g�o�r�i�t�h�m�s� �t�h�a�t� �a�l�s�o� �i�n�c�l�u�d�e� �E�v�o�l�u�t�i�o�n� �S�t�r�a�t�e�g�i�e�s� 

�(�{�R�e�c�h�e�n�b�e�r�g�7�3�]�)� �a�n�d� �E�v�o�l�u�t�i�o�n�a�r�y� �P�r�o�g�r�a�m�m�i�n�g� �a�l�g�o�r�i�t�h�m�s� �(�[�F�o�g�e�l�9�1�]�)�.� �A�n� �o�v�e�r�v�i�e�w� �a�n�d� �c�o�m�-� 

�p�a�r�i�s�o�n� �o�f� �a�l�l� �t�h�r�e�e� �a�l�g�o�r�i�t�h�m�s� �i�s� �p�r�e�s�e�n�t�e�d� �i�n� �[�B�é�c�k�9�3�]�.� �A�l�l� �E�v�o�l�u�t�i�o�n�a�r�y� �A�l�g�o�r�i�t�h�m�s� �a�r�e� �b�a�s�e�d� 

�o�n� �t�h�e� �c�o�l�l�e�c�t�i�v�e� �l�e�a�r�n�i�n�g� �p�r�o�c�e�s�s� �o�f� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �i�n�d�i�v�i�d�u�a�l�s�,� �e�a�c�h� �o�f� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t� �a� �p�o�i�n�t� 

�i�n� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �T�h�e� �m�a�i�n� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �G�A�s� �a�n�d� �t�h�e� �o�t�h�e�r� �E�v�o�l�u�t�i�o�n�a�r�y� �A�l�g�o�r�i�t�h�m�s� �i�s� 

�t�h�a�t� �E�v�o�l�u�t�i�o�n� �S�t�r�a�t�e�g�i�e�s� �a�n�d� �E�v�o�l�u�t�i�o�n�a�r�y� �P�r�o�g�r�a�m�m�i�n�g� �a�l�g�o�r�i�t�h�m�s� �u�s�e� �s�e�l�f�-�a�d�a�p�t�a�t�i�o�n� �o�f� �s�o�m�e� 

�o�f� �t�h�e�i�r� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e�y� �a�l�s�o� �u�s�e� �m�u�t�a�t�i�o�n� �a�s� �t�h�e�i�r� �m�a�i�n� �s�e�a�r�c�h� �o�p�e�r�a�t�o�r�.� �M�o�r�e�o�v�e�r�,� �E�v�o�l�u�t�i�o�n�-� 

�a�r�y� �P�r�o�g�r�a�m�m�i�n�g� �a�l�g�o�r�i�t�h�m�s� �d�o� �n�o�t� �h�a�v�e� �a�n�y� �r�e�c�o�m�b�i�n�a�t�i�o�n� �o�p�e�r�a�t�o�r�s�.� �O�t�h�e�r� �d�i�f�f�e�r�e�n�c�e�s� �c�a�n� �b�e� 

�d�r�a�w�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �c�a�n�o�n�i�c�a�l� �G�A� �(�c�f�.� �[�B�a�c�k�9�3�]�)�,� �b�u�t� �t�h�e�y� �d�o� �n�o�t� �a�p�p�l�y� �t�o� �m�o�s�t� �p�r�a�c�t�i�c�a�l� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n�s� �o�f� �G�A�s� �(�l�i�k�e� �t�h�e� �o�n�e�s� �c�o�m�i�n�g� �u�p� �i�n� �t�h�i�s� �r�e�p�o�r�t�)� �a�n�d� �t�h�u�s� �a�r�e� �o�m�i�t�t�e�d� �h�e�r�e�.� 
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�C�h�a�p�t�e�r� �3� 

�O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �L�A�M�I�N�A�T�E� �S�T�A�C�K�I�N�G� 
�S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� 

�M�A�X�I�M�I�Z�A�T�I�O�N� �B�Y� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �C�h�a�p�t�e�r� �i�s� �t�o� �d�e�v�i�s�e� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �f�o�r� �m�a�x�i�m�i�z�i�n�g� �t�h�e� �f�a�i�l�u�r�e� 

�l�o�a�d� �o�f� �a� �c�o�m�p�o�s�i�t�e� �l�a�m�i�n�a�t�e�.� �T�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �k�e�p�t� �f�i�x�e�d�.� �T�h�e� �d�e�s�i�g�n� �c�o�n�c�e�r�n�s� 

�e�x�c�l�u�s�i�v�e�l�y� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�.� �T�h�e� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s� �d�e�t�e�r�m�i�n�e� �h�o�w� �m�u�c�h� 

�e�f�f�o�r�t� �i�s� �d�e�v�o�t�e�d� �t�o� �t�h�e� �e�x�p�l�o�r�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �v�e�r�s�u�s� �h�o�w� �m�u�c�h� �e�f�f�o�r�t� �i�s� �u�s�e�d� �t�o� �e�x�p�l�o�i�t� 

�p�r�e�v�i�o�u�s� �s�o�l�u�t�i�o�n�s�.� �R�a�n�d�o�m� �e�x�p�l�o�r�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s� �a� �r�o�b�u�s�t� �s�e�a�r�c�h� �m�e�t�h�o�d�,� �b�u�t� �i�t� �i�s� 

�p�r�o�h�i�b�i�t�i�v�e�l�y� �e�x�p�e�n�s�i�v�e�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �t�h�a�t� �o�v�e�r�s�t�r�e�s�s�e�s� �t�h�e� �e�x�p�l�o�i�t�a�t�i�o�n� 

�a�s�p�e�c�t� �o�f� �t�h�e� �s�e�a�r�c�h� �w�o�u�l�d� �c�o�n�v�e�r�g�e� �p�r�e�m�a�t�u�r�e�l�y� �t�o� �a� �n�o�n�o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�.� 

�I�n� �t�h�e� �f�i�r�s�t� �p�a�r�t� �o�f� �t�h�e� �w�o�r�k� �w�e� �d�e�s�c�r�i�b�e� �t�h�e� �t�u�n�i�n�g� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �f�o�r� �o�p�t�i�m�u�m� �v�a�l�u�e�s� 

�o�f� �v�a�r�i�o�u�s� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n�,� �a�n�d� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�c�r�o�s�s�o�v�e�r� �a�r�e� �o�p�t�i�m�i�z�e�d� �b�y� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s�.� �A� �n�e�w� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�  �� �t�w�o�-�s�t�a�c�k� �s�w�a�p�  �� 

�i�s� �p�r�o�p�o�s�e�d� �a�n�d� �s�h�o�w�n� �t�o� �b�e� �e�f�f�e�c�t�i�v�e� �i�n� �r�e�d�u�c�i�n�g� �t�h�e� �c�o�s�t� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �o�n� �s�t�a�c�k�i�n�g�-� 

�s�e�q�u�e�n�c�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s�.� �R�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �a� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�l�a�t�e�,� �f�i�r�s�t� �w�h�e�n� �o�n�l�y� �t�h�e� 

�b�u�c�k�l�i�n�g� �l�o�a�d� �i�s� �c�o�n�s�i�d�e�r�e�d�,� �a�n�d� �t�h�e�n� �c�o�n�s�t�r�a�i�n�t�s� �o�n� �p�l�y� �c�o�n�t�i�g�u�i�t�y� �a�n�d� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �a�r�e� �a�d�d�e�d�.� 

�T�h�e� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �e�n�f�o�r�c�i�n�g� �t�h�e� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t� �i�s� 

�s�t�u�d�i�e�d�.� �V�a�r�i�a�t�i�o�n�s� �i�n� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �a�s� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �c�h�a�n�g�e�s� 

�a�r�e� �o�b�s�e�r�v�e�d�.� �T�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �i�n� �p�r�o�d�u�c�i�n�g� �s�e�v�e�r�a�l� �n�e�a�r� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� 

�i�s� �d�i�s�c�u�s�s�e�d�.� 

�3�.�1� �P�r�o�b�l�e�m� �D�e�s�c�r�i�p�t�i�o�n� 

�3�.�1�.�1� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �L�a�m�i�n�a�t�e�d� �P�l�a�t�e� 

�T�h�e� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �p�l�a�t�e�,� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�1�,� �1�s� �l�o�a�d�e�d� �i�n� �t�h�e� �z� �a�n�d� �y� �d�i�r�e�c�t�i�o�n�s� �b�y� 

�A�N�,� �a�n�d� �A�N�,�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�i�t�h� �A� �b�e�i�n�g� �a�n� �a�m�p�l�i�t�u�d�e� �p�a�r�a�m�e�t�e�r�.� �T�h�e� �l�a�m�i�n�a�t�e� �i�s� �c�o�m�p�o�s�e�d� �o�f� 
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�N� �p�l�i�e�s�.� �I�t�s� �l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �l�a�t�e�r�a�l� �d�i�m�e�n�s�i�o�n�s� �a�r�e� �a� �a�n�d� �8�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �I�t� �i�s� �f�u�r�t�h�e�r� �a�s�s�u�m�e�d� 

�t�o� �b�e� �s�y�m�m�e�t�r�i�c�,� �b�a�l�a�n�c�e�d�,� �m�a�d�e� �o�f� �0�°�,� �9�0�°� �a�n�d� �+�4�5�°� �p�l�i�e�s�,� �e�a�c�h� �o�f� �t�h�i�c�k�n�e�s�s� �t�.� �B�e�c�a�u�s�e� �o�f� 

�s�y�m�m�e�t�r�y�,� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l�-�f�l�e�x�u�r�a�l� �c�o�u�p�l�i�n�g� �i�s� �s�u�p�p�r�e�s�s�e�d� �(�i�.�e�.�,� �B�i�;�8� �=� �0�,� �w�h�e�r�e� �B�;�j� �a�r�e� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l�-�f�l�e�x�u�r�a�l� �m�a�t�r�i�x� �f�r�o�m� �C�l�a�s�s�i�c�a�l� �L�a�m�i�n�a�t�i�o�n� �T�h�e�o�r�y�)�.� �B�a�l�a�n�c�e� �o�f� �t�h�e� 

�l�a�m�i�n�a�t�e� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� �n�o�r�m�a�l�-�s�h�e�a�r� �e�x�t�e�n�s�i�o�n�a�l� �c�o�u�p�l�i�n�g� �(�A�1�g� �=� �A�g�e� �=� �0�,� �w�h�e�r�e� �t�h�e� 

�A�i�; ��s� �a�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�)�.� 

�T�h�e� �l�a�m�i�n�a�t�e� �b�u�c�k�l�e�s� �w�i�t�h� �m� �a�n�d� �n� �h�a�l�f� �w�a�v�e�s� �i�n� �t�h�e� �z� �a�n�d� �y� �d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�e�n� 

�t�h�e� �l�o�a�d� �a�m�p�l�i�t�u�d�e� �r�e�a�c�h�e�s� �a� �v�a�l�u�e� �A�,�,� �w�h�i�c�h� �i�s� �g�i�v�e�n� �i�n� �t�e�r�m�s� �o�f� �f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s�e�s� �D�;�,�; ��s� �a�n�d� 

�l�o�a�d�s� �N�,�,�N�,�,� �a�s�,� 

�A�o�(�m�,�n�)�  �� �[�D�i�r� �(�)�*� �+� �2�(�D�i�z� �+� �2�D�e�o�6�)�(�=�)�?�(�#�)�?� �+� �D�a�o�(� �F�Y ��)� 
�m�n� �(�2� �P�N�.� �+� �(�8�)�,� �:� � � �(�3�.�1�)� 

�I�t� �i�s� �a�s�s�u�m�e�d� �i�n� �t�h�e� �a�b�o�v�e� �f�o�r�m�u�l�a� �t�h�a�t� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �s�p�e�c�i�a�l�l�y� �o�r�t�h�o�t�r�o�p�i�c�,� �i�.�e�.�,� �t�h�e� �e�f�f�e�c�t�s� �o�f� 

�D�y�g� �a�n�d� �D�o�g� �a�r�e� �n�e�g�l�e�c�t�e�d�.� �I�t� �i�s� �a� �c�l�a�s�s�i�c�a�l� �a�s�s�u�m�p�t�i�o�n� �w�h�e�n� �c�o�n�s�i�d�e�r�i�n�g� �b�u�c�k�l�i�n�g� �o�f� �b�a�l�a�n�c�e�d� 

�a�n�d� �s�y�m�m�e�t�r�i�c� �l�a�m�i�n�a�t�e�s� �s�i�n�c�e� �D�i�g� �a�n�d� �D�o�g� �a�r�e� �u�s�u�a�l�l�y� �o�f� �s�m�a�l�l� �m�a�g�n�i�t�u�d�e�.� �T�h�e� �p�a�i�r� �(�m�,�n�)� 

�t�h�a�t� �y�i�e�l�d�s� �t�h�e� �s�m�a�l�l�e�s�t� �v�a�l�u�e� �o�f� �A�,�,� �a�n�d� �d�e�f�i�n�e�s� �t�h�e� �c�r�i�t�i�c�a�l� �b�u�c�k�l�i�n�g� �l�o�a�d� �f�a�c�t�o�r� �A�,�,�,� �v�a�r�i�e�s� �w�i�t�h� 

�t�h�e� �l�o�a�d�i�n�g� �c�a�s�e�,� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �l�a�y�e�r�s� �c�o�n�s�i�d�e�r�e�d�,� �m�a�t�e�r�i�a�l�,� �a�n�d� �t�h�e� �p�l�a�t�e� �a�s�p�e�c�t� �r�a�t�i�o�.� �H�e�r�e�,� �w�e� 

�c�o�n�s�i�d�e�r� �a�l�l� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m�,�n� �<� �5�.� 

�W�e� �a�l�s�o� �c�o�n�s�i�d�e�r� �s�t�r�a�i�n� �c�o�n�s�t�r�a�i�n�t�s� �a�n�d� �l�i�m�i�t� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�t�i�g�u�o�u�s� �p�l�i�e�s� �o�f� �t�h�e� �s�a�m�e� 

�o�r�i�e�n�t�a�t�i�o�n� �t�o� �f�o�u�r� �t�o� �p�r�e�v�e�n�t� �m�a�t�r�i�x� �c�r�a�c�k�i�n�g�.� �T�h�e� �f�o�u�r� �p�l�y� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� 

�F�i�g�u�r�e� �3�.�2�.� �T�h�e� �F�i�g�u�r�e� �s�k�e�t�c�h�e�s� �h�a�l�f� �o�f� �a� �l�a�m�i�n�a�t�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �t�h�e� �o�t�h�e�r� �h�a�l�f� �b�e�i�n�g� �t�h�e� �m�i�r�r�o�r� 

�i�m�a�g�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �l�a�m�i�n�a�t�e� �m�i�d�p�l�a�n�e�.� �T�h�e� �l�e�f�t� �p�o�r�t�i�o�n� �o�f� �t�h�e� �d�r�a�w�i�n�g� �i�s� �a� �c�a�s�e� �o�f� �v�i�o�l�a�t�i�o�n� 

�o�f� �t�h�e� �p�l�y� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�,� �a�n�d� �t�h�e� �r�i�g�h�t� �p�o�r�t�i�o�n� �g�i�v�e�s� �a� �s�i�m�i�l�a�r� �y�e�t� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�.� 

�T�h�e� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�o�n�s�t�r�a�i�n�t� �r�e�q�u�i�r�e�s� �a�l�l� �s�t�r�a�i�n�s� �t�o� �r�e�m�a�i�n� �b�e�l�o�w� �t�h�e�i�r� �a�l�l�o�w�a�b�l�e� �l�i�m�i�t�s�.� �T�h�e� 

�p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n�s� �i�n� �t�h�e� �z�t�h� �l�a�y�e�r� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �l�o�a�d�s� �o�n� �t�h�e� �p�l�a�t�e� �b�y� �t�h�e� �r�e�l�a�t�i�o�n�s� 

�A�N�,� �=� �A�i�t ¬�c� �+� �A�r�e�y� �;� 
�(�3�.�2�)� 

�A�N�y� �=� �A�i�z ¬�e� �+� �A�a�r�e�y� �,� 

�a�n�d� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �=� �3�2



� � 

� � 

� � � � 
� � � � � � 

� � 

� � 

� � � � 
� � � 

�X�x� 

� � 

�f�a�e� �d�a� 
�A�N� �.�  �� �|� 

�e�e� �e�e� 
�j�s� �-� 

�l�a�m�i�n�a�t�e� �p�l�a�n�e� � � � � 

�i�n�n�e�r�m�o�s�t� �o�f� �s�y�m�m�e�t�r�y� 
�s�t�a�c�k� �o�f� 
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�b�)� �P�l�y� �s�e�q�u�e�n�c�e� �l�o�c�a�t�i�o�n� 

�F�i�g�u�r�e� �3�.�1�.� �L�a�m�i�n�a�t�e�d� �p�l�a�t�e� �g�e�o�m�e�t�r�y� �a�n�d� �l�o�a�d�i�n�g�.� 

�t�o� �2�0�.� �2� �@�:�  ¬�;� �=� �c�o�s�*�0�;�  ¬�y� �+� �s�i�n�d�;� �e�y� �,� 

�é� �=� �s�i�n�?�6�;�  ¬�,� �+� �c�o�s�?�0�;� �E�y� �;� �(�3�.�3�)� 

�v�i�g� �=� �s�i�n� �2�0�;� �( ¬�y�  � ¬�x�)�.� 

�T�h�e� �u�l�t�i�m�a�t�e� �a�l�l�o�w�a�b�l�e� �s�t�r�a�i�n�s� �a�r�e� �e�f�?� �=� �0�.�0�0�8�,� �6�3�°� �=� �0�.�0�2�9�,� �y�j�,� �=� �0�.�0�1�5�.� �T�h�e� �s�t�r�a�i�n� �f�a�i�l�u�r�e� 
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�I�n�f�e�a�s�i�b�l�e�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �f�e�a�s�i�b�l�e� 
�s�y�m�m�e�t�r�y� �a�t� �t�h�e� �l�a�m�i�n�a�t�e� 
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�c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�.� 

�l�o�a�d� �A�c�e� �i�s� �t�h�e� �s�m�a�l�l�e�s�t� �l�o�a�d� �f�a�c�t�o�r� �\� �s�u�c�h� �t�h�a�t� �o�n�e� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n�s� �i�n� �o�n�e� �o�f� �t�h�e� �l�a�y�e�r�s� �i�s� 

�a�b�o�v�e� �i�t�s� �a�l�l�o�w�a�b�l�e� �v�a�l�u�e�.� �A�,�,� �i�s� �c�a�l�c�u�l�a�t�e�d� �b�y� 

�q�e� �g�t� �n�i�g� 
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�w�h�e�r�e� �2� �i�s� �t�h�e� �l�a�y�e�r� �n�u�m�b�e�r� �a�n�d� �a� �s�a�f�e�t�y� �f�a�c�t�o�r� �f� �o�f� �1�.�5� �i�s� �u�s�e�d�.� 

� � �)� �|� �(�3�.�4�)� � � � � �A�c�e� �=� �m�i�n� �[� �m�i�n�(� 
�t� 

�3�.�1�.�2� �O�p�t�i�m�i�z�a�t�i�o�n� �P�r�o�b�l�e�m� �F�o�r�m�u�l�a�t�i�o�n� 

�I�n� �o�r�d�e�r� �t�o� �r�e�d�u�c�e� �t�h�e� �n�u�m�b�e�r� �o�f� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s� �a�n�d� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e� �t�a�k�e� �i�n�t�o� �a�c�c�o�u�n�t� 

�t�h�e� �b�a�l�a�n�c�e�d� �c�o�n�d�i�t�i�o�n�,� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �m�a�d�e� �u�p� �o�f� �s�t�a�c�k�s� �o�f� �t�w�o� �p�l�i�e�s� �o�f� �t�h�e� 

�s�a�m�e� �o�r�i�e�n�t�a�t�i�o�n�,� �W�i�t�h�i�n� �a� �4�5�°� �s�t�a�c�k�,� �a� �+�4�5�°� �p�l�y� �i�s� �a�l�w�a�y�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a�  ��4�5�°� �p�l�y�,� �s�o� �t�h�a�t� 

�t�h�e� �b�a�l�a�n�c�e�d� �c�o�n�d�i�t�i�o�n� �i�s� �g�u�a�r�a�n�t�e�e�d�.� �S�i�m�i�l�a�r�l�y�,� �i�n� �o�r�d�e�r� �t�o� �i�m�p�l�e�m�e�n�t� �t�h�e� �s�y�m�m�e�t�r�y� �c�o�n�s�t�r�a�i�n�t�,� 

�o�n�l�y� �o�n�e� �h�a�l�f� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �c�o�d�e�d�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �b�a�l�a�n�c�e� �a�n�d� �s�y�m�m�e�t�r�y� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� 

�t�a�k�e�n� �c�a�r�e� �o�f� �t�h�r�o�u�g�h� �d�a�t�a� �s�t�r�u�c�t�u�r�i�n�g� �(�c�f�.� �S�e�c�t�i�o�n� �2�.�5�.�1�)�.� �A�s� �a� �r�e�s�u�l�t�,� �o�n�l�y� �N ��/�4� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n�s� 

�a�r�e� �r�e�q�u�i�r�e�d� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �e�n�t�i�r�e� �l�a�m�i�n�a�t�e�.� 
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�T�w�o� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�.� �T�h�e� �f�i�r�s�t� �o�n�e�,� �r�e�f�e�r�r�e�d� �t�o� �a�s� �b�u�c�k�l�i�n�g�-� 

�o�n�l�y� �p�r�o�b�l�e�m�,� �h�a�s� �f�o�r� �o�b�j�e�c�t�i�v�e� �t�h�e� �m�a�x�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�r�i�t�i�c�a�l� �b�u�c�k�l�i�n�g� �l�o�a�d� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�.� 

�T�h�e� �s�e�c�o�n�d� �p�r�o�b�l�e�m�,� �c�a�l�l�e�d� �b�u�c�k�l�i�n�g� �w�i�t�h� �s�t�r�a�i�n� �a�n�d� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�s�,� �h�a�s� �f�o�r� �o�b�j�e�c�t�i�v�e� �t�h�e� 

�m�a�x�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �c�r�i�t�i�c�a�l� �l�o�a�d� �f�a�c�t�o�r� �\�,�,� �t�h�a�t� �a�c�c�o�u�n�t�s� �f�o�r� �b�o�t�h� �b�u�c�k�l�i�n�g� �a�n�d� �s�t�r�e�n�g�t�h� �f�a�i�l�u�r�e�,� 

�w�h�i�l�e� �k�e�e�p�i�n�g� �t�h�e� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t� �s�a�t�i�s�f�i�e�d�.� �F�o�r� �t�h�e� �b�u�c�k�l�i�n�g�-�o�n�l�y� �p�r�o�b�l�e�m�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �i�s� 

�t�o� �m�a�x�i�m�i�z�e� �A�*�,� �w�h�e�r�e� �A�*� �=� �A�c�p� �=� �A�c�n�.� �W�h�e�n� �s�t�r�e�n�g�t�h� �a�n�d� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �a�d�d�e�d�,� �w�e� 

�w�a�n�t� �t�o� �m�a�x�i�m�i�z�e� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �A�*� �d�e�f�i�n�e�d� �a�s� 

�A�X� �=� �(�1 �� �P�e�)� �d�e�r� �(�3�.�5�)� 

�w�h�e�r�e� �A�e�r� �=� �M�i�n� �(�A�e�n�,� �A�c�e�)�:� 

�T�h�e� �c�o�n�s�t�r�a�i�n�t� �l�i�m�i�t�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�t�i�g�u�o�u�s� �p�l�i�e�s� �o�f� �s�a�m�e� �o�r�i�e�n�t�a�t�i�o�n� �t�o� �f�o�u�r� �i�s� �i�m�p�l�e�-� 

�m�e�n�t�e�d� �b�y� �a� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�,� �P�.�.� �I�t�s� �v�a�l�u�e� �d�e�f�i�n�e�s� �t�h�e� �p�e�r�c�e�n�t�a�g�e� �o�f� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �f�o�r� �v�i�o�l�a�t�i�o�n� �o�f� �t�h�e� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�.� 

�R�e�s�u�l�t�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�l�a�t�e� �[� �#�,� �=� �1�8�.�5�0�6� �p�s�i� �(�1�2�7�.�5�9� �G�P�a�)�;� �E�F�,� �=� 

�1�.�8�9�6� �p�s�i� �(�1�3�.�0�3� �G�P�a�)�;� �G�i�o� �=� �0�.�9�3�6� �p�s�i� �(�6�.�4�1� �G�P�a�)�;� �t� �=� �0�.�0�0�5� �i�n�.� �(�0�.�0�1�2�7� �c�m�)�;� �1�4�2� �=� �0�.�3�]�.� 

�3�.�2� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m� �D�e�s�c�r�i�p�t�i�o�n� 

�A� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �i�s� �a� �g�u�i�d�e�d� �r�a�n�d�o�m� �s�e�a�r�c�h� �t�e�c�h�n�i�q�u�e� �t�h�a�t� �w�o�r�k�s� �o�n� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� 

�d�e�s�i�g�n�s�.� �E�a�c�h� �i�n�d�i�v�i�d�u�a�l� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�s� �a� �d�e�s�i�g�n�,� �i�.�e�.�,� �a� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�,� �c�o�d�e�d� �i�n� 

�t�h�e� �f�o�r�m� �o�f� �a� �s�t�r�i�n�g�.� �A� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �c�h�a�n�g�e�s� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �o�f� �s�t�r�i�n�g�s� �b�y� �m�i�m�i�c�k�i�n�g� �e�v�o�l�u�t�i�o�n�.� 

�A� �f�l�o�w� �c�h�a�r�t� �o�f� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �i�s� �g�i�v�e�n� �o�n� �F�i�g�u�r�e� �3�.�3�.� �T�h�e� �G�A� �s�t�a�r�t�s� �w�i�t�h� �t�h�e� 

�g�e�n�e�r�a�t�i�o�n� �o�f� �a�n� �i�n�i�t�i�a�l� �r�a�n�d�o�m� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n�s� �(�t�h�r�e�e� �d�e�s�i�g�n�s� �o�n� �F�i�g�u�r�e� �3�.�3�)�.� �I�n� �a� �s�e�c�o�n�d� 

�s�t�e�p�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e�s� �o�f� �t�h�e� �d�e�s�i�g�n�s� �a�r�e� �e�v�a�l�u�a�t�e�d�.� �E�a�c�h� �d�e�s�i�g�n� �i�s� �a�s�s�i�g�n�e�d� �a� �f�i�t�n�e�s�s� 

�v�a�l�u�e� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e�s� �o�f� �a�l�l� �t�h�e� �d�e�s�i�g�n�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �I�t� �i�s� �t�h�e�n� 

�p�r�o�c�e�s�s�e�d�,� �b�y� �s�o� �c�a�l�l�e�d� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s�,� �t�o� �c�r�e�a�t�e� �a� �n�e�w� �p�o�p�u�l�a�t�i�o�n�,� �w�h�i�c�h� �p�r�o�b�a�b�i�l�i�s�t�i�c�a�l�l�y� 

�c�o�m�b�i�n�e�s� �t�h�e� �m�o�s�t� �d�e�s�i�r�a�b�l�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �o�l�d� �p�o�p�u�l�a�t�i�o�n�.� �T�h�e� �s�e�l�e�c�t�i�o�n� �o�p�e�r�a�t�o�r� �s�e�l�e�c�t�s� 

�p�a�r�e�n�t� �s�t�r�i�n�g�s� �b�a�s�e�d� �o�n� �t�h�e�i�r� �f�i�t�n�e�s�s� �a�n�d� �p�a�s�s�e�s� �t�h�e�m� �o�n� �t�o� �t�h�e� �o�p�e�r�a�t�o�r�s� �p�e�r�f�o�r�m�i�n�g� �t�h�e� �g�e�n�e�t�i�c� 

�r�e�c�o�m�b�i�n�a�t�i�o�n�.� �T�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �a� �d�e�s�i�g�n� �o�f� �b�e�i�n�g� �c�h�o�s�e�n� �a�s� �p�a�r�e�n�t� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �i�t�s� �f�i�t�n�e�s�s�.� 
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�R�e�p�l�a�c�e� �d�e�s�i�g�n�s� �f�r�o�m� �t�h�e� 
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� � � � � � 
�F�i�g�u�r�e� �3�.�3�.� �G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �f�l�o�w� �c�h�a�r�t� �f�o�r� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� 

�d�e�s�i�g�n�.� 

�G�e�n�e�t�i�c� �r�e�c�o�m�b�i�n�a�t�i�o�n� �i�s� �s�i�m�u�l�a�t�e�d� �b�y� �s�u�c�c�e�s�s�i�v�e� �u�s�e� �o�f� �c�r�o�s�s�o�v�e�r�,� �m�u�t�a�t�i�o�n�,� �a�n�d� �t�w�o�-�s�t�a�c�k� �s�w�a�p� 

�o�p�e�r�a�t�o�r�s�,� �e�a�c�h� �a�p�p�l�i�e�d� �w�i�t�h� �a� �g�i�v�e�n� �p�r�o�b�a�b�i�l�i�t�y�.� �T�h�e� �o�l�d� �p�o�p�u�l�a�t�i�o�n� �i�s� �t�h�e�n� �r�e�p�l�a�c�e�d� �b�y� �t�h�e� �n�e�w� 

�o�n�e�,� �w�i�t�h� �o�n�e� �e�x�c�e�p�t�i�o�n�.� �T�h�e� �b�e�s�t� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �g�e�n�e�r�a�t�i�o�n� �i�s� �c�l�o�n�e�d� �i�n�t�o� �t�h�e� �n�e�x�t� �g�e�n�e�r�a�t�i�o�n�,� 

�w�h�i�c�h� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �a�n�  ��e�l�i�t�i�s�t �� �v�e�r�s�i�o�n� �o�f� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �(�c�f�.� �S�e�c�t�i�o�n� �2�.�5�.�2�)�.� �T�h�i�s� 

�p�r�o�c�e�s�s� �i�s� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �a� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n�,� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �f�o�r�m� �o�f� �a� �m�a�x�i�m�u�m� �n�u�m�b�e�r� �o�f� 

�g�e�n�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �t�h�e� �b�e�s�t� �d�e�s�i�g�n�,� �i�s� �s�a�t�i�s�f�i�e�d�.� 

�T�h�e� �e�n�c�o�d�i�n�g� �o�f� �a� �l�a�m�i�n�a�t�e�,� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �i�t�s� �f�i�t�n�e�s�s�,� �a�n�d� �t�h�e� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �a�r�e� 

�d�e�s�c�r�i�b�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �h�e�r�e�a�f�t�e�r�.� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �=� �3�6



�3�.�2�.�1� �E�n�c�o�d�i�n�g� �o�f� �a� �L�a�m�i�n�a�t�e� 

�T�h�e� �c�o�d�i�n�g� �u�s�e�d� �h�e�r�e� �t�o� �g�o� �f�r�o�m� �a� �d�e�s�i�g�n� �t�o� �a� �c�h�r�o�m�o�s�o�m�e� �i�s� �t�h�e� �s�t�a�n�d�a�r�d� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� 

�n�o�t�a�t�i�o�n�.� �B�e�c�a�u�s�e� �o�u�r� �b�a�s�i�c� �u�n�i�t� �i�s� �a� �s�t�a�c�k� �o�f� �t�w�o� �p�l�i�e�s�,� �l�a�m�i�n�a�t�e�s� �c�a�n� �b�e� �c�o�m�p�o�s�e�d� �o�n�l�y� �o�f� �0�2�,� 

�+�4�5�,� �a�n�d� �9�0�2� �s�t�a�c�k�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �l�a�m�i�n�a�t�e� �(�9�0�3� �/�+�4�5�3�/�9�0�3� �/�0�9�/�+�4�5�°�/�0�$�)�,� �i�s� �e�n�c�o�d�e�d� �a�s� 

�(�9�0�3� �/�+�4�5�°� �/�+�4�5�°�/�9�0�5� �/�0�§� �/�0�3�/�+�4�5�°�/�0�3�]�.� �B�y� �a�n�a�l�o�g�y� �t�o� �g�e�n�e�t�i�c�s�,� �a� �g�e�n�e� �i�s� �a� �g�i�v�e�n� �s�t�a�c�k� �i�n� �t�h�e� 

�l�a�m�i�n�a�t�e�,� �a�n�d� �t�h�e� �a�l�l�e�l�e�s� �c�a�n� �b�e� �0�2�,� �+�4�5�,� �o�r� �9�0�2�.� �T�h�e� �r�i�g�h�t�m�o�s�t� �p�o�s�i�t�i�o�n� �(�g�e�n�e�)� �c�o�r�r�e�s�p�o�n�d�s� �t�o� 

�t�h�e� �s�t�a�c�k� �c�l�o�s�e�s�t� �t�o� �t�h�e� �l�a�m�i�n�a�t�e� �m�i�d�p�l�a�n�e�.� �T�h�e� �l�e�f�t�m�o�s�t� �p�o�s�i�t�i�o�n� �i�n� �t�h�e� �c�h�r�o�m�o�s�o�m�e� �d�e�s�c�r�i�b�e�s� 

�t�h�e� �o�u�t�e�r�m�o�s�t� �s�t�a�c�k� �o�f� �t�w�o� �p�l�i�e�s�.� 

�3�.�2�.�2� �S�e�l�e�c�t�i�o�n� �a�n�d� �F�i�t�n�e�s�s� �C�a�l�c�u�l�a�t�i�o�n� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �c�r�e�a�t�i�n�g� �a� �n�e�w� �g�e�n�e�r�a�t�i�o�n� �i�s� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �s�e�t�s� �o�f� �p�a�r�e�n�t� �d�e�s�i�g�n�s� �f�o�r� 

�m�a�t�i�n�g�.� �T�h�e� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�s�s� �i�s� �b�i�a�s�e�d� �s�o� �t�h�a�t� �h�i�g�h� �p�e�r�f�o�r�m�a�n�c�e� �d�e�s�i�g�n�s� �h�a�v�e� �a� �h�i�g�h� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �t�r�a�n�s�m�i�t�t�i�n�g� �t�h�e�i�r� �f�e�a�t�u�r�e�s� �t�o� �t�h�e� �n�e�x�t� �g�e�n�e�r�a�t�i�o�n�s�.� �E�a�c�h� �i�n�d�i�v�i�d�u�a�l� �h�a�s� �a� �f�i�t�n�e�s�s� �v�a�l�u�e� �t�h�a�t� 

�d�e�t�e�r�m�i�n�e�s� �i�t�s� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �b�e�i�n�g� �c�h�o�s�e�n� �a�s� �a� �f�u�t�u�r�e� �p�a�r�e�n�t�.� 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �C�h�a�p�t�e�r�,� �t�h�e� �f�i�t�n�e�s�s� �w�a�s� �c�h�o�s�e�n� �t�o� �b�e� �t�h�e� �r�e�l�a�t�i�v�e� �r�a�n�k� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �A�*� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �T�h�e� �f�i�t�n�e�s�s� �a�s�s�i�g�n�e�d� �t�o� �t�h�e� �z�t�h� �b�e�s�t� �i�n�d�i�v�i�d�u�a�l� �o�f� �m� �d�e�s�i�g�n�s� �i�s� �t�h�e�n� 

�e�q�u�a�l� �t�o� �[�2�(�m� �+� �1�  ��2�)�|�/�(�m�?� �+� �m�)�,� �s�o� �t�h�a�t� �t�h�e� �s�u�m� �o�f� �a�l�l� �f�i�t�n�e�s�s�e�s� �i�s� �e�q�u�a�l� �t�o� �o�n�e�.� �T�h�e� �r�e�a�s�o�n� 

�f�o�r� �u�s�i�n�g� �a� �f�i�t�n�e�s�s� �b�a�s�e�d� �o�n� �r�a�n�k� �i�s� �t�h�a�t� �i�t� �k�e�e�p�s� �t�h�e� �s�e�l�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �(�t�h�a�t� �c�a�n� �b�e� �s�e�e�n� �a�s� 

�t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �f�i�t�n�e�s�s� �b�e�t�w�e�e�n� �d�e�s�i�g�n�s�)� �s�t�e�a�d�y� �a�l�o�n�g� �t�h�e� �s�e�a�r�c�h�.� �A� �f�i�t�n�e�s�s� �m�e�a�s�u�r�e� �d�i�r�e�c�t�l�y� 

�b�a�s�e�d� �o�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�n�d�u�c�e�s� �a� �d�e�c�r�e�a�s�i�n�g� �s�e�l�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �a�s� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �g�l�o�b�a�l�l�y� 

�c�o�n�v�e�r�g�e�s� �t�o� �g�o�o�d� �d�e�s�i�g�n�s� �h�a�v�i�n�g� �s�i�m�i�l�a�r� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e�s�.� �I�t� �c�a�n� �b�e� �a�r�g�u�e�d� �t�h�a�t� �h�a�v�i�n�g� �a� 

�d�e�c�r�e�a�s�i�n�g� �s�e�l�e�c�t�i�o�n� �p�r�e�s�s�u�r�e� �i�s� �a� �d�e�s�i�r�a�b�l�e� �f�e�a�t�u�r�e� �i�n� �o�r�d�e�r� �t�o� �p�r�e�v�e�n�t� �p�r�e�m�a�t�u�r�e� �c�o�n�v�e�r�g�e�n�c�e�.� �B�u�t� 

�w�i�t�h� �a� �f�i�t�n�e�s�s� �d�i�r�e�c�t�l�y� �b�a�s�e�d� �o�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e�,� �t�h�e� �r�a�t�e� �o�f� �d�e�c�r�e�a�s�e� �s�t�r�o�n�g�l�y� �d�e�p�e�n�d�s� 

�o�n� �t�h�e� �p�r�o�b�l�e�m� �c�o�n�s�i�d�e�r�e�d�.� �I�t� �i�s� �a�l�s�o� �d�a�n�g�e�r�o�u�s� �t�o� �u�s�e� �n�o�r�m�a�l�i�z�e�d� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e�s� �a�s� 

�f�i�t�n�e�s�s� �w�h�e�n� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s� �(�[�P�o�w�e�l�l�9�3�]�,� �[�W�h�i�t�l�e�y�8�9�}�)�.� �P�e�n�a�l�t�y� 

�f�u�n�c�t�i�o�n�s� �t�e�n�d� �t�o� �d�i�s�t�o�r�t� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �l�a�n�d�s�c�a�p�e� �a�n�d� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�d�u�r�e�s� �b�a�s�e�d� �o�n� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�r�e� �v�e�r�y� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �t�u�n�i�n�g� �o�f� �t�h�e� �p�e�n�a�l�t�y�:� �i�f� �t�h�e� �p�e�n�a�l�t�y� �i�s� �t�o�o� �h�a�r�s�h� �a�n�d� 

�m�o�s�t� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �i�s� �i�n�f�e�a�s�i�b�l�e�,� �t�h�e� �f�i�r�s�t� �i�n�d�i�v�i�d�u�a�l�s� �t�h�a�t� �s�a�t�i�s�f�y� �t�h�e� �c�o�n�s�t�r�a�i�n�t�s� �w�i�l�l� �r�a�p�i�d�l�y� 

�d�o�m�i�n�a�t�e� �t�h�e� �p�o�p�u�l�a�t�i�o�n�,� �e�v�e�n� �t�h�o�u�g�h� �t�h�e�y� �m�i�g�h�t� �b�e� �m�e�d�i�o�c�r�e� �s�o�l�u�t�i�o�n�s�.� �I�f� �t�h�e� �p�e�n�a�l�t�y� �i�s� �t�o�o� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N�  �� �3�7



�s�m�a�l�l�,� �t�h�e� �t�e�n�d�e�n�c�y� �o�f� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �n�o�t� �t�o� �c�o�n�v�e�r�g�e� �i�n� �t�h�e� �f�e�a�s�i�b�l�e� �d�o�m�a�i�n� �i�s� �i�n�c�r�e�a�s�e�d� �b�y� �t�h�e� 

�w�e�a�k�n�e�s�s� �o�f� �t�h�e� �s�e�l�e�c�t�i�o�n� �p�r�e�s�s�u�r�e�.� 

�S�e�l�e�c�t�i�o�n� �i�s� �i�m�p�l�e�m�e�n�t�e�d�,� �l�i�k�e� �i�n� �t�h�e� �d�i�d�a�c�t�i�c� �G�A� �o�f� �S�e�c�t�i�o�n� �2�.�2�,� �b�y� �a�l�l�o�c�a�t�i�n�g� �t�o� �e�a�c�h� 

�d�e�s�i�g�n� �a� �p�o�r�t�i�o�n� �o�f� �t�h�e� �s�e�g�m�e�n�t� �[�0�,�1�]� �e�q�u�a�l� �i�n� �l�e�n�g�t�h� �t�o� �i�t�s� �f�i�t�n�e�s�s�.� �A� �r�a�n�d�o�m� �n�u�m�b�e�r� �i�s� �t�h�e�n� 

�c�r�e�a�t�e�d� �b�e�t�w�e�e�n� �0� �a�n�d� �1� �t�h�a�t� �d�e�s�i�g�n�a�t�e�s� �t�h�e� �s�e�l�e�c�t�e�d� �i�n�d�i�v�i�d�u�a�l�.� 

�3�.�2�.�3� �C�r�o�s�s�o�v�e�r� �O�p�e�r�a�t�o�r� 

�C�r�o�s�s�o�v�e�r� �a�l�l�o�w�s� �s�e�l�e�c�t�e�d� �i�n�d�i�v�i�d�u�a�l�s� �t�o� �t�r�a�d�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e�i�r� �d�e�s�i�g�n�s� �b�y� �e�x�c�h�a�n�g�i�n�g� 

�p�a�r�t�s� �o�f� �s�t�r�i�n�g�s�.� �W�e� �u�s�e�d� �a� �t�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �w�h�e�r�e� �t�w�o� �b�r�e�a�k� �p�o�i�n�t�s� �i�n� �t�h�e� �s�t�r�i�n�g� �a�r�e� �c�h�o�s�e�n� 

�r�a�n�d�o�m�l�y�.� �T�w�o� �o�f�f�s�p�r�i�n�g�s� �a�r�e� �c�r�e�a�t�e�d� �b�y� �s�w�a�p�p�i�n�g� �t�h�e� �p�a�r�e�n�t�s �� �s�u�b�s�t�r�i�n�g�s�.� �C�r�o�s�s�o�v�e�r� �i�s� �a�p�p�l�i�e�d� 

�w�i�t�h� �a� �g�i�v�e�n� �p�r�o�b�a�b�i�l�i�t�y�,� �u�s�u�a�l�l�y� �b�e�t�w�e�e�n� �0�.�6� �a�n�d� �1�.� �I�f� �c�r�o�s�s�o�v�e�r� �i�s� �n�o�t� �a�p�p�l�i�e�d�,� �t�h�e� �p�a�r�e�n�t�s� �a�r�e� 

�c�o�p�i�e�d� �i�n�t�o� �t�h�e� �n�e�x�t� �g�e�n�e�r�a�t�i�o�n�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �i�s� �a�n� �e�x�a�m�p�l�e� �w�h�e�r�e� �a� �[�0�$�/� �+� �4�5�3�/�9�0�8� �/�0�9� �/�9�0�8� 

�/� �+� �4�5�°�]�,� �l�a�m�i�n�a�t�e� �i�s� �m�a�t�e�d� �w�i�t�h� �a� �[�+�4�5�3� �/�0�$�/�9�0�3�/�0�3�/�9�0�9�]�,� �l�a�m�i�n�a�t�e� �t�o� �p�r�o�d�u�c�e� �[�0�3�/� �+� �4�5�°�/�0�8� 

�/�9�0�$� �/�0�3�/�9�0�3�/� �+� �4�5�°�]�,� �a�n�d� �[�4�4�5�/�9�0�3� �/�0�9�/�9�0�3�]�,� �l�a�m�i�n�a�t�e�s�.� 

�P�a�r�e�n�t� �1� �0�.� �+�4�5� �X�¥�+�4�5� �9�0�2� �0�2� �O�0�2� �X�9�0�.� �+�4�5� 

�P�a�r�e�n�t� �2� �+�4�5� �+�4�5� �x� �0�2� �9�0�2� �9�0�.� �O�D�»� �x� �9�0�2� �9�0�5� 

�C�h�i�l�d�1� �0�2� �+�4�5� �Y�O�:� �9�0�2� �9�0�2� �0�2� �Y�9�0�.� �+�4�5� 

�C�h�i�l�d� �2� �+�4�5� �+�4�5� �X�Y�+�4�5� �9�0�2� �O�0�2� �O�0�2� �X�9�0�2� �9�0�2� 

�T�h�e� �c�h�i�l�d�r�e�n� �t�h�u�s� �c�o�m�b�i�n�e� �g�e�n�e�t�i�c� �i�n�f�o�r�m�a�t�i�o�n� �c�a�r�r�i�e�d� �b�y� �t�h�e� �p�a�r�e�n�t�s� �a�n�d� �p�r�e�v�i�o�u�s�l�y� �t�e�s�t�e�d� 

�b�y� �t�h�e� �s�e�l�e�c�t�i�o�n�.� 

�T�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� �i�s� �t�h�e� �s�t�a�n�d�a�r�d� �c�r�o�s�s�o�v�e�r� �o�p�e�r�a�t�o�r� �f�o�r� �p�a�r�a�m�e�t�e�r� �o�p�t�i�m�i�z�a�t�i�o�n� �w�h�e�n� 

�l�i�t�t�l�e� �i�s� �k�n�o�w�n� �a�b�o�u�t� �t�h�e� �n�o�n�l�i�n�e�r�a�r�i�t�i�e�s� �b�e�t�w�e�e�n� �g�e�n�e�s� �(�[�G�o�l�d�b�e�r�g�8�9�a�]�)�.� �T�h�e� �r�e�a�s�o�n� �i�s� �t�h�a�t� �o�n�e�-� 

�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� �h�a�s� �a� �v�e�r�y� �h�i�g�h� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �s�e�p�a�r�a�t�i�n�g� �b�i�t�s� �t�h�a�t� �a�r�e� �l�o�c�a�t�e�d� �a�t� �t�h�e� �e�x�t�r�e�m�e�s� �o�f� �t�h�e� 

�(�l�i�n�e�a�r�)� �c�h�r�o�m�o�s�o�m�e�.� �T�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �o�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �i�s� �n�o�t� �b�i�a�s�e�d� �t�o�w�a�r�d�s� �s�e�p�a�r�a�t�i�n�g� �t�h�e� 

�b�i�t�s� �l�o�c�a�t�i�n�g� �a�r�o�u�n�d� �t�h�e� �e�n�d�s� �o�f� �t�h�e� �c�h�r�o�m�o�s�o�m�e�.� �O�n�e� �w�a�y� �o�f� �u�n�d�e�r�s�t�a�n�d�i�n�g� �t�h�i�s� �i�s� �b�y� �t�h�i�n�k�i�n�g� 

�o�f� �a� �c�h�r�o�m�o�s�o�m�e� �a�s� �a� �r�i�n�g�,� �w�h�i�c�h� �i�s� �p�o�s�s�i�b�l�e� �o�n�l�y� �w�h�e�n� �t�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� �i�s� �u�s�e�d� �(�c�f�.� �F�i�g�u�r�e� 

�3�.�4�)�.� �S�i�n�c�e� �a� �r�i�n�g� �d�o�e�s� �n�o�t� �h�a�v�e� �e�n�d�s�,� �t�h�e� �e�n�d� �e�f�f�e�c�t� �b�i�a�s� �d�o�e�s� �n�o�t� �n�e�e�d� �t�o� �b�e� �c�o�n�s�i�d�e�r�e�d�.� �I�n� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N�  �� �3�8



�f�a�c�t�,� �i�t� �h�a�s� �b�e�e�n� �s�h�o�w�n� �(�[�S�p�e�a�r�s�9�1�]�)� �t�h�a�t� �t�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� �h�a�s�,� �o�n� �t�h�e� �a�v�e�r�a�g�e�,� �t�h�e� �s�m�a�l�l�e�s�t� 

�d�i�s�r�u�p�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �a�m�o�n�g� �a�l�l� �c�r�o�s�s�o�v�e�r�s� �(�t�h�e� �d�i�s�r�u�p�t�i�o�n� �p�r�o�b�a�b�i�l�i�t�y� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� 

�c�r�o�s�s�o�v�e�r� �s�e�p�a�r�a�t�e�s� �&� �d�i�g�i�t�s� �i�n� �t�h�e� �s�t�r�i�n�g�,� �2� �<� �k� �<� �L�Z�)�.� �A� �d�i�s�c�u�s�s�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �C�h�a�p�t�e�r� �4� 

�a�b�o�u�t� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �b�r�e�a�k� �p�o�i�n�t�s� �i�n� �c�r�o�s�s�o�v�e�r� �o�n� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s�.� 
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�P�a�r�e�n�t� �1� �C�h�i�l�d� �1� 

�P�a�r�e�n�t� �2� �=�>� �C�h�i�l�d� �2� 
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�F�i�g�u�r�e� �3�.�4�.� �T�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �w�h�e�r�e� �t�h�e� �c�h�r�o�m�o�s�o�m�e� �i�s� �s�e�e�n� 
�a�s� �a� �r�i�n�g�.� 

�S�e�l�e�c�t�i�o�n� �a�n�d� �C�r�o�s�s�o�v�e�r� �a�r�e� �t�h�e� �t�w�o� �p�i�v�o�t�s� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h�,� �i�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� �t�h�e�y� 

�s�u�f�f�i�c�e� �t�o� �s�i�m�u�l�a�t�e� �e�v�o�l�u�t�i�o�n� �o�n� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n�s�,� �a�l�t�h�o�u�g�h� �n�o�t� �i�n� �a� �r�o�b�u�s�t� �f�a�s�h�i�o�n�.� 

�3�.�2�.�4� �M�u�t�a�t�i�o�n� 

�N�e�x�t�,� �o�n�e� �o�f� �t�h�e� �t�w�o� �c�h�i�l�d�r�e�n� �i�s� �r�a�n�d�o�m�l�y� �p�i�c�k�e�d�,� �a�n�d� �e�n�d�u�r�e�s� �m�u�t�a�t�i�o�n�.� �M�u�t�a�t�i�o�n� �i�s� �a� 

�s�t�o�c�h�a�s�t�i�c� �o�p�e�r�a�t�o�r�,� �a�p�p�l�i�e�d� �w�i�t�h� �a� �l�o�w� �p�r�o�b�a�b�i�l�i�t�y�.� �I�t� �p�r�o�t�e�c�t�s� �f�r�o�m� �a� �c�o�m�p�l�e�t�e� �l�o�s�s� �o�f� �g�e�n�e�t�i�c� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �=� �3�9



�m�a�t�e�r�i�a�l� �b�y� �c�h�a�n�g�i�n�g� �a�t� �r�a�n�d�o�m� �a�n� �a�l�l�e�l�e� �i�n� �a� �s�t�r�i�n�g�.� �I�t�s� �p�u�r�p�o�s�e� �i�s� �t�o� �b�r�i�n�g� �i�n� �c�o�m�p�l�e�t�e�l�y� �n�e�w� 

�b�i�t� �c�o�m�b�i�n�a�t�i�o�n�s�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �e�a�c�h� �l�a�m�i�n�a�t�e� �s�t�r�i�n�g� �h�a�s�  ��p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n �� �c�h�a�n�c�e�s� �o�f� 

�h�a�v�i�n�g� �o�n�e� �d�i�g�i�t� �c�h�a�n�g�e�d�.� �A� �f�i�r�s�t� �r�a�n�d�o�m� �n�u�m�b�e�r� �i�s� �g�e�n�e�r�a�t�e�d� �t�o� �d�e�c�i�d�e� �w�h�e�t�h�e�r� �t�o� �a�p�p�l�y� �m�u�t�a�t�i�o�n� 

�t�o� �a� �g�i�v�e�n� �l�a�m�i�n�a�t�e�.� �T�h�e�n�,� �a� �s�e�c�o�n�d� �r�a�n�d�o�m� �n�u�m�b�e�r� �d�e�c�i�d�e�s� �w�h�i�c�h� �g�e�n�e� �w�i�l�l� �b�e� �c�h�a�n�g�e�d�.� �E�a�c�h� 

�g�e�n�e� �i�n� �t�h�e� �s�t�r�i�n�g� �h�a�s� �t�h�e� �s�a�m�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �1�/�1� �o�f� �b�e�i�n�g� �c�h�o�s�e�n�,� �/� �b�e�i�n�g� �t�h�e� �t�o�t�a�l� �l�e�n�g�t�h� �o�f� 

�t�h�e� �s�t�r�i�n�g�.� �A� �t�h�i�r�d� �r�a�n�d�o�m� �n�u�m�b�e�r� �d�e�t�e�r�m�i�n�e�s� �w�h�i�c�h� �n�e�w� �v�a�l�u�e� �t�h�e� �g�e�n�e� �w�i�l�l� �t�a�k�e� �o�n�.� �S�i�n�c�e� 

�t�h�e�r�e� �a�r�e� �t�h�r�e�e� �p�o�s�s�i�b�l�e� �g�e�n�e� �v�a�l�u�e�s� �(�a�l�l�e�l�e�s�)�,� �a� �g�i�v�e�n� �g�e�n�e� �t�h�a�t� �i�s� �s�u�b�j�e�c�t�e�d� �t�o� �m�u�t�a�t�i�o�n� �h�a�s� �5�0�%� 

�c�h�a�n�c�e�s� �o�f� �a�s�s�u�m�i�n�g� �e�i�t�h�e�r� �o�n�e� �o�f� �t�h�e� �t�w�o� �o�t�h�e�r� �a�l�l�e�l�e�s�.� �A�n� �e�x�a�m�p�l�e� �o�f� �m�u�t�a�t�i�o�n� �i�s� �g�i�v�e�n� �b�e�l�o�w�.� 

�B�e�f�o�r�e� �M�u�t�a�t�i�o�n� �O�0�2� �+�4�5� �0�2� �9�0�2� �9�0�2� �0�2� �9�0�2� �+�4�4�5� 

�A�f�t�e�r� �M�u�t�a�t�i�o�n� �O�p� �+�4�5� �+�4�5� �9�0�2� �9�0�2� �O�0�2� �9�0�2� �+�4�5� 

�3�.�2�.�5� �T�w�o�-�S�t�a�c�k� �S�w�a�p� �O�p�e�r�a�t�o�r� 

�T�w�o�-�s�t�a�c�k� �s�w�a�p�,� �a� �n�e�w� �o�p�e�r�a�t�o�r� �d�e�v�i�s�e�d� �f�o�r� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n�,� �i�s� �a�l�s�o� �a� �s�t�o�c�h�a�s�t�i�c� �o�p�e�r�a�t�o�r�.� 

�T�w�o�-�s�t�a�c�k� �s�w�a�p� �s�h�u�f�f�l�e�s� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �l�a�y�e�r�s� �w�i�t�h�o�u�t� �c�h�a�n�g�i�n�g� �t�h�e� �c�o�m�p�o�s�i�t�i�o�n� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �f�l�e�x�u�r�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� �a�r�e� �m�o�d�i�f�i�e�d� �w�h�i�l�e� �i�t�s� �i�n�-�p�l�a�n�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� 

�a�r�e� �p�r�e�s�e�r�v�e�d�.� �F�i�r�s�t� �t�w�o� �g�r�o�u�p�s� �o�f� �t�w�o� �s�t�a�c�k�s� �a�r�e� �s�e�l�e�c�t�e�d� �i�n� �t�h�e� �s�t�r�i�n�g�.� �T�h�e� �t�w�o� �g�r�o�u�p�s� �o�f� 

�t�w�o� �s�t�a�c�k�s� �t�h�e�n� �e�x�c�h�a�n�g�e� �p�o�s�i�t�i�o�n�s�,� �a�n�d� �t�h�e� �t�w�o� �s�t�a�c�k�s� �w�i�t�h�i�n� �e�a�c�h� �g�r�o�u�p� �a�l�s�o� �e�x�c�h�a�n�g�e� �t�h�e�i�r� 

�r�e�s�p�e�c�t�i�v�e� �p�o�s�i�t�i�o�n�s�.� �T�w�o�-�s�t�a�c�k� �s�w�a�p� �h�a�s� �b�e�e�n� �a�p�p�l�i�e�d� �w�i�t�h� �a� �h�i�g�h� �p�r�o�b�a�b�i�l�i�t�y� �b�e�c�a�u�s�e� �i�t� �h�a�s� �s�o�m�e� 

�a�d�v�a�n�t�a�g�e�s� �o�v�e�r� �m�u�t�a�t�i�o�n� �t�h�a�t� �w�e� �w�i�l�l� �p�r�e�s�e�n�t� �w�i�t�h� �m�o�r�e� �d�e�t�a�i�l�s� �l�a�t�e�r�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �i�l�l�u�s�t�r�a�t�e�s� 

�t�h�e� �w�o�r�k�i�n�g� �o�f� �t�w�o�-�s�t�a�c�k� �s�w�a�p�.� 

�B�e�f�o�r�e� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �O�0�2� �+�4�5� �+�4�5� �9�0�2� �9�0�2� �O�f� �9�0�2� �+�4�5� 

�T�Y� �S�F� 
�A�f�t�e�r� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �0�2� �+�4�5� �9�0�2� �O�0�2� �9�0�2� �9�0�2� �+�4�5� �+�4�5� 

�w�w� �M�N� 
�4� �3� �2� �1� 

�I�n� �t�h�i�s� �e�x�a�m�p�l�e�,� �t�h�e� �l�a�m�i�n�a�t�e� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �s�t�r�i�n�g� �b�e�f�o�r�e� �t�w�o� �s�t�a�c�k� �s�w�a�p� �i�s� �[�0�3�/� �+� �4�5�§� �/�9�0�3�/�0�5� 

�/�9�0�3�/� �+� �4�5�°�]�,� �a�n�d� �b�e�c�o�m�e�s� �[�0�3�/� �+� �4�5�°�/�9�0�3�/�0�3�/�9�0�9�/� �+� �4�5�5�]�,� �a�f�t�e�r� �t�w�o� �s�t�a�c�k� �s�w�a�p�.� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �4�0



�A�n� �o�p�e�r�a�t�o�r� �l�i�k�e� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �t�h�a�t� �c�h�a�n�g�e�s� �a�l�l�e�l�e� �v�a�l�u�e�s� �b�a�s�e�d� �o�n� �o�t�h�e�r� �a�l�l�e�l�e�s� �i�n� �t�h�e� 

�c�h�r�o�m�o�s�o�m�e� �s�h�o�u�l�d� �n�o�t� �b�e� �m�i�s�t�a�k�e�n� �f�o�r� �r�e�-�o�r�d�e�r�i�n�g� �o�p�e�r�a�t�o�r�s� �l�i�k�e� �i�n�v�e�r�s�i�o�n� �(�c�f�.� �S�e�c�t�i�o�n� �2�.�6�.�1�)�.� 

�I�n�v�e�r�s�i�o�n� �d�o�e�s� �n�o�t� �c�h�a�n�g�e� �t�h�e� �d�e�s�i�g�n�,� �b�u�t� �o�n�l�y� �t�h�e� �w�a�y� �i�t� �i�s� �c�o�d�e�d�,� �w�h�e�r�e�a�s� �t�w�o�-�s�t�a�c�k� �s�w�a�p� 

�c�h�a�n�g�e�s� �t�h�e� �d�e�s�i�g�n�.� 

�3�.�3� �T�u�n�i�n�g� �t�h�e� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m� 

�3�.�3�.�1� �P�r�a�c�t�i�c�a�l� �O�p�t�i�m�u�m� �a�n�d� �N�o�r�m�a�l�i�z�e�d� �P�r�i�c�e� �o�f� �t�h�e� �S�e�a�r�c�h� 

�T�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �f�o�r� �o�u�r� �p�r�o�b�l�e�m� �w�a�s� �f�o�u�n�d� �t�o� �i�n�c�l�u�d�e� �a� �l�a�r�g�e� �n�u�m�b�e�r� �o�f� �n�e�a�r� �o�p�t�i�m�u�m� 

�d�e�s�i�g�n�s�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �d�e�s�i�g�n�s� �t�h�a�t� �a�r�e� �w�i�t�h�i�n� �a� �1�0�t�h� �o�f� �a� �p�e�r�c�e�n�t� �o�f� �t�h�e� �g�l�o�b�a�l� �o�p�t�i�m�u�m� �w�e�r�e� 

�a�c�c�e�p�t�e�d� �a�s� �o�p�t�i�m�a�l� �a�n�d� �a�r�e� �c�a�l�l�e�d� �h�e�r�e� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a�.� �T�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �w�a�s� �t�u�n�e�d� �b�y� 

�n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s�.� �T�h�e� �e�v�a�l�u�a�t�i�o�n� �m�e�a�s�u�r�e� �i�s� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e�,� �w�h�i�c�h� �i�s� �t�h�e� �n�u�m�b�e�r� 

�o�f� �e�v�a�l�u�a�t�i�o�n�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �(�a�l�s�o� �c�a�l�l�e�d� �p�r�i�c�e�)� �d�i�v�i�d�e�d� �b�y� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �r�e�a�c�h�i�n�g� 

�a� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�u�m� �(�c�a�l�l�e�d� �p�r�a�c�t�i�c�a�l� �r�e�l�i�a�b�i�l�i�t�y�)�.� �T�o� �c�o�m�p�e�n�s�a�t�e� �f�o�r� �r�a�n�d�o�m� �f�l�u�c�t�u�a�t�i�o�n�s� �i�n� 

�p�e�r�f�o�r�m�a�n�c�e�,� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �o�p�t�i�m�a�l� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s� �w�a�s� �c�o�n�d�u�c�t�e�d� �b�y� �p�e�r�f�o�r�m�i�n�g� �t�w�o� 

�h�u�n�d�r�e�d� �g�e�n�e�t�i�c� �o�p�t�i�m�i�z�a�t�i�o�n�s� �f�o�r� �e�a�c�h� �o�f� �t�h�r�e�e� �l�o�a�d� �c�a�s�e�s� �(�4�8� �p�l�i�e�s�,� �N�y�/�N�x� �=� �0�.�1�2�5�,�0�.�2�5�,�0�.�5�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�)� �t�o� �o�b�t�a�i�n� �a�v�e�r�a�g�e� �p�r�i�c�e�s� �a�n�d� �r�e�l�i�a�b�i�l�i�t�i�e�s�,� �a�n�d� �a�l�s�o� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�s�.� �T�y�p�i�c�a�l�l�y�,� 

�t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �v�a�r�i�a�t�i�o�n� �(�s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n� �o�v�e�r� �m�e�a�n� �v�a�l�u�e�)� �w�a�s� �a�b�o�u�t� �0�.�2�5�-�0�.�3� �f�o�r� �t�h�e� �p�r�i�c�e�.� 

�3�.�3�.�2� �R�e�s�u�l�t�s� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �w�a�s� �t�o� �c�h�o�o�s�e� �a� �c�o�d�i�n�g�.� �E�x�p�e�r�i�m�e�n�t�s� 

�w�e�r�e� �c�o�n�d�u�c�t�e�d� �t�o� �c�o�m�p�a�r�e� �a� �t�r�a�d�i�t�i�o�n�a�l� �0�,�1� �c�o�d�i�n�g� �(�w�h�e�r�e� �0�0� �s�t�a�n�d�s� �f�o�r� �0�2�,� �0�1� �a�n�d� �1�0� �s�t�a�n�d� �f�o�r� 

�+�4�5�,� �a�n�d� �1�1� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �9�0�2�)� �w�i�t�h� �t�h�e� �n�a�t�u�r�a�l� �0�2�,� �+�4�5�,� �9�0�2� �a�l�p�h�a�b�e�t�.� �F�o�u�r� �h�u�n�d�r�e�d� �r�u�n�s� �w�e�r�e� 

�m�a�d�e� �f�o�r� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �l�o�a�d� �c�a�s�e�s�.� �T�h�e� �n�a�t�u�r�a�l� �0�2�,�+�4�5�,�9�0�2� �a�l�p�h�a�b�e�t� �w�a�s� �t�w�o� �p�e�r�c�e�n�t� �c�h�e�a�p�e�r� 

�i�n� �t�e�r�m�s� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �t�h�a�n� �t�h�e� �0�,�1� �c�o�d�i�n�g�.� �T�h�e� �b�i�n�a�r�y� �c�o�d�i�n�g� �i�s� �b�i�a�s�e�d� �b�e�c�a�u�s�e� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �a�p�p�e�a�r�a�n�c�e� �o�f� �a� �+�4�5� �s�t�a�c�k� �o�f� �t�w�o� �p�l�i�e�s� �i�s� �t�w�i�c�e� �t�h�a�t� �o�f� �o�t�h�e�r� �s�t�a�c�k�s�.� �M�o�r�e�o�v�e�r�,� 

�c�r�o�s�s�o�v�e�r� �i�s� �m�o�r�e� �d�i�s�r�u�p�t�i�v�e� �w�i�t�h� �t�h�e� �0�,�1� �c�o�d�i�n�g� �t�h�a�n� �i�t� �i�s� �w�i�t�h� �t�h�e� �n�a�t�u�r�a�l� �c�o�d�i�n�g�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� 

�a� �b�r�e�a�k� �p�o�i�n�t� �f�a�l�l�s� �w�i�t�h�i�n� �a� �d�o�u�b�l�e� �d�i�g�i�t� �d�e�f�i�n�i�n�g� �a� �s�t�a�c�k� �t�h�a�t� �i�s� �0�0� �(�i�.�e�.�,� �0�5�)� �f�o�r� �p�a�r�e�n�t� �1� �a�n�d� �1�1� �(�.�e�.�,� 

�9�0�5�)� �f�o�r� �p�a�r�e�n�t� �2�,� �t�h�e� �c�h�i�l�d� �d�e�s�i�g�n� �w�i�l�l� �h�a�v�e� �a� �0�1� �o�r� �1�0� �(�i�.�e�.�,� �+�4�5�°�)� �s�t�a�c�k� �a�t� �t�h�a�t� �p�o�s�i�t�i�o�n�,� �w�h�i�c�h� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �4�1



�w�a�s� �p�r�e�s�e�n�t� �i�n� �n�o�n�e� �o�f� �t�h�e� �p�a�r�e�n�t� �d�e�s�i�g�n�s�.� �C�r�o�s�s�o�v�e�r� �w�o�u�l�d� �n�o�t� �c�r�e�a�t�e� �n�e�w� �s�t�a�c�k� �o�r�i�e�n�t�a�t�i�o�n�s� �i�n� 

�s�u�c�h� �a� �f�a�s�h�i�o�n� �w�i�t�h� �t�h�e� �n�a�t�u�r�a�l� �a�l�p�h�a�b�e�t�.� �T�h�a�t� �i�s�,� �c�r�o�s�s�o�v�e�r� �i�s� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �m�u�c�h� �m�o�r�e� �r�a�n�d�o�m� 

�e�x�p�l�o�r�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �w�i�t�h� �t�h�e� �0�,�1� �c�o�d�i�n�g� �t�h�a�n� �i�t� �i�s� �w�i�t�h� �t�h�e� �n�a�t�u�r�a�l� �c�o�d�i�n�g�,� �t�o� �t�h�e� �d�e�t�r�i�m�e�n�t� �o�f� 

�p�r�e�s�e�r�v�a�t�i�o�n� �o�f� �g�o�o�d� �s�o�l�u�t�i�o�n�s� �f�o�u�n�d� �i�n� �t�h�e� �p�a�s�t�.� �R�a�n�d�o�m� �e�x�p�l�o�r�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� �i�s� �n�o�t� 

�d�e�t�r�i�m�e�n�t�a�l� �b�y� �i�t�s�e�l�f�,� �b�u�t� �i�t� �i�s� �a� �t�a�s�k� �t�h�a�t� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �b�y� �m�u�t�a�t�i�o�n�,� �w�h�e�r�e�a�s� �t�h�e� �j�u�x�t�a�p�o�s�i�t�i�o�n� 

�o�f� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s� �c�a�n� �o�n�l�y� �b�e� �m�a�d�e� �b�y� �c�r�o�s�s�o�v�e�r�.� �T�h�e� �0�2�,�+�4�5�,�9�0�2� �a�l�p�h�a�b�e�t� �f�i�t�s� �w�e�l�l� �t�h�e� �t�h�r�e�e� 

�p�o�s�s�i�b�l�e� �s�t�a�c�k�s� �o�f� �p�l�i�e�s� �a�n�d� �w�a�s� �a�d�o�p�t�e�d� �f�o�r� �f�u�r�t�h�e�r� �e�x�p�e�r�i�m�e�n�t�s�.� �T�h�i�s� �p�a�r�t�i�c�u�l�a�r� �e�x�a�m�p�l�e� �a�d�d�s� 

�t�o� �t�h�e� �l�i�s�t� �o�f� �c�a�s�e�s� �w�h�e�r�e� �a� �n�a�t�u�r�a�l� �c�o�d�i�n�g� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�s� �p�r�e�f�e�r�a�b�l�e� �t�o� �a� �b�i�n�a�r�y� �c�o�d�i�n�g� �(�c�f�.� 

�S�e�c�t�i�o�n� �2�.�6�.�1� �f�o�r� �a� �m�o�r�e� �d�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� �o�f� �b�i�n�a�r�y� �v�e�r�s�u�s� �n�a�t�u�r�a�l� �c�o�d�i�n�g�s�)�.� 

�T�h�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�,� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �c�r�o�s�s�o�v�e�r�,� �m�u�t�a�t�i�o�n�,� �a�n�d� �t�w�o�-�s�t�a�c�k� �s�w�a�p�,� �t�h�e� �l�e�n�g�t�h� 

�o�f� �t�h�e� �s�e�a�r�c�h� �a�n�d� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �w�e�r�e� �o�p�t�i�m�i�z�e�d�.� �A� �m�i�n�i�m�u�m� �v�a�l�u�e� �o�f� 

�t�h�e� �p�r�a�c�t�i�c�a�l� �r�e�l�i�a�b�i�l�i�t�y� �w�a�s� �s�e�t� �a�t� �8�0� �p�e�r�c�e�n�t�.� �M�a�n�y� �e�x�p�e�r�i�m�e�n�t�s� �w�e�r�e� �c�a�r�r�i�e�d� �o�u�t� �a�n�d� �o�n�l�y� �t�h�e� 

�v�a�r�i�a�t�i�o�n�s� �n�e�a�r� �t�h�e� �o�p�t�i�m�a�l� �s�e�t� �o�f� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �d�i�s�c�u�s�s�e�d� �h�e�r�e�.� �N�o�t�e� �a�l�s�o� �t�h�a�t� �r�a�t�e�s� �h�i�g�h�e�r� �t�h�a�n� 

�1� �c�a�n� �a�p�p�e�a�r� �i�n� �t�h�e� �m�u�t�a�t�i�o�n�,� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �a�n�d� �i�n�v�e�r�s�i�o�n� �o�p�e�r�a�t�o�r�s� �a�s� �a� �r�e�s�u�l�t� �o�f� �t�h�e� �o�p�e�r�a�t�o�r� 

�b�e�i�n�g� �a�p�p�l�i�e�d� �m�o�r�e� �t�h�a�n� �o�n�c�e� �t�o� �t�h�e� �s�t�r�i�n�g�.� �R�a�t�e�s� �b�e�t�w�e�e�n� �1�0�0� �a�n�d� �2�0�0�%� �a�r�e� �a�c�h�i�e�v�e�d� �b�y� �d�i�v�i�d�i�n�g� 

�t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �b�y� �t�w�o� �a�n�d� �c�a�l�l�i�n�g� �t�h�e� �o�p�e�r�a�t�o�r� �t�w�i�c�e�.� �S�i�m�i�l�a�r�l�y�,� �r�a�t�e�s� �b�e�t�w�e�e�n� �2�0�0� �a�n�d� �3�0�0�%� 

�r�e�s�u�l�t� �f�r�o�m� �d�i�v�i�d�i�n�g� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �b�y� �t�h�r�e�e� �a�n�d� �c�a�l�l�i�n�g� �t�h�e� �o�p�e�r�a�t�o�r� �t�h�r�e�e� �t�i�m�e�s�.� �F�o�r� �e�x�a�m�p�l�e�,� 

�a� �r�a�t�e� �o�f� �2�.�5� �f�o�r� �s�t�a�c�k� �s�w�a�p� �m�e�a�n�s� �t�h�a�t� �s�t�a�c�k� �s�w�a�p� �i�s� �a�p�p�l�i�e�d� �t�h�r�e�e� �t�i�m�e�s� �w�i�t�h� �a� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�0�.�8�3�3�.� 

�T�w�o�-�s�t�a�c�k� �s�w�a�p� �c�a�n� �b�e� �v�i�e�w�e�d� �a�s� �a� �m�u�t�a�t�i�o�n� �o�p�e�r�a�t�o�r�,� �w�h�e�r�e� �n�e�w� �v�a�l�u�e�s� �o�f� �t�h�e� �d�i�g�i�t�s� �c�o�m�e� 

�f�r�o�m� �o�t�h�e�r� �p�o�s�i�t�i�o�n�s� �i�n� �t�h�e� �s�t�r�i�n�g�.� �T�w�o�-�s�t�a�c�k� �s�w�a�p� �i�s� �a� �p�a�r�t�i�a�l�l�y� �r�a�n�d�o�m� �p�e�r�t�u�r�b�a�t�i�o�n� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� 

�d�e�s�i�g�n�:� �i�t� �c�h�a�n�g�e�s� �t�h�e� �f�l�e�x�u�r�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� �w�i�t�h�i�n� �a� �c�e�r�t�a�i�n� �r�a�n�g�e� �w�i�t�h�o�u�t� �a�l�t�e�r�i�n�g� 

�i�t�s� �s�t�i�f�f�n�e�s�s�.� �T�h�i�s� �i�s� �d�e�s�i�r�a�b�l�e� �w�h�e�n� �d�e�s�i�g�n�i�n�g� �l�a�m�i�n�a�t�e�s� �f�o�r� �b�u�c�k�l�i�n�g� �a�n�d� �s�t�r�e�n�g�t�h�,� �b�e�c�a�u�s�e� �i�t� 

�e�n�a�b�l�e�s� �m�o�v�e�s� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �b�u�c�k�l�i�n�g� �c�o�n�s�t�r�a�i�n�t� �w�i�t�h�o�u�t� �c�h�a�n�g�e�s� �i�n� �t�h�e� �s�t�r�e�n�g�t�h� �c�o�n�s�t�r�a�i�n�t�.� 

�B�u�c�k�l�i�n�g� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �t�y�p�i�c�a�l�l�y� �m�o�r�e� �d�i�f�f�i�c�u�l�t� �t�o� �s�a�t�i�s�f�y� �t�h�a�n� �s�t�r�e�n�g�t�h� �c�o�n�s�t�r�a�i�n�t�s� �b�e�c�a�u�s�e� �t�h�e�y� 

�i�n�v�o�l�v�e� �f�i�n�d�i�n�g� �n�o�t� �o�n�l�y� �t�h�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �i�n� �e�a�c�h� �p�l�y� �b�u�t� �a�l�s�o� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �p�l�y� �i�n� �t�h�e� 

�l�a�m�i�n�a�t�e�,� �w�h�e�r�e�a�s� �s�t�r�e�n�g�t�h� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �n�o�t� �s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �p�l�i�e�s�.� �S�o�,� �t�h�e�r�e� 

�i�s� �m�o�r�e� �n�e�e�d� �f�o�r� �e�x�p�l�o�r�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �b�u�c�k�l�i�n�g� �t�h�a�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �s�t�r�e�n�g�t�h�,� �h�e�n�c�e� �t�h�e� 

�r�e�l�e�v�a�n�c�e� �o�f� �s�t�a�c�k� �s�w�a�p� �o�p�e�r�a�t�o�r�s�.� �E�v�e�n� �w�h�e�n� �b�u�c�k�l�i�n�g� �o�n�l�y� �i�s� �c�o�n�s�i�d�e�r�e�d�,� �s�t�a�c�k� �s�w�a�p� �i�s� �a�n� 

�i�m�p�o�r�t�a�n�t� �e�x�p�l�o�r�a�t�i�o�n� �t�o�o�l�.� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �4�2



�1�4�0�0�.�0�0�0� � � 
� � 

�1�2�0�0�.�0�0�0� �|�-�  � �� �-�-�-�~�-� �E�f�f�e�c�t� �o�f� �m�u�t�a�t�i�o�n� 
�E�f�f�e�c�t� �o�f� �t�w�o�-�s�t�a�c�k� �s�w�a�p� � � 

� � � � � � �1�0�0�0�.�0�0�0� �+� 

�8�0�0�.�0�0�0� �K� 

�6�0�0�.�0�0�0� �+� �o�N� 

�4�0�0�.�0�0�0� �}�-� � � � � 
�2�0�0�.�0�0�0� �L� �R�a�t�e� 

�o�f� 
�_�_�|� �_� �|� �]� �|� �_�|� �.� 

�0�.�3� �0�.�5�2�5� �0�.�7�5� �0�.�9�7�5� �1�.�2� �m�u�t�a�t�i�o�n� 
�0�.�3� �0�.�8� �1�.�3� �1�.�8� �2�.�3� �2�.�8� �t�w�o�-�s�t�a�c�k� 
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�F�i�g�u�r�e� �3�.�5�.� �B�u�c�k�l�i�n�g�-�o�n�l�y� �p�r�o�b�l�e�m�:� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� �p�c� 
�=� �1�,� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� !"� �=� �8�,� �s�e�a�r�c�h� �s�t�o�p�p�e�d� �a�f�t�e�r� �1�0� 
�g�e�n�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� �i�m�p�r�o�v�e�m�e�n�t�.� 

�F�i�g�u�r�e� �3�.�5� �s�h�o�w�s� �t�h�a�t� �t�h�e� �u�s�e� �o�f� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �l�o�w�e�r�s� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �o�f� �t�h�e� �o�p�-� 

�t�i�m�i�z�a�t�i�o�n� �b�y� �a�b�o�u�t� �a� �f�a�c�t�o�r� �o�f� �t�w�o� �c�o�m�p�a�r�e�d� �t�o� �m�u�t�a�t�i�o�n� �a�n�d� �t�h�a�t� �v�e�r�y� �h�i�g�h� �p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� 

�t�w�o�-�s�t�a�c�k� �s�w�a�p� �a�r�e� �b�e�n�e�f�i�c�i�a�l� �i�n� �t�h�e� �b�u�c�k�l�i�n�g�-�o�n�l�y� �c�a�s�e�.� 

�F�i�g�u�r�e� �3�.�6� �s�h�o�w�s� �t�h�a�t� �a� �m�o�r�e� �i�n�t�e�n�s�i�v�e� �e�x�p�l�o�r�a�t�i�o�n� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n� �s�p�a�c�e� �b�y� �s�t�a�c�k� 

�s�w�a�p� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �b�u�c�k�l�i�n�g�-�o�n�l�y� �p�r�o�b�l�e�m� �t�h�a�n� �w�h�e�n� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� 

�a�d�d�e�d�.� �T�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �n�e�e�d�s� �3�0�0� �p�e�r�c�e�n�t� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �f�o�r� �t�h�e� �b�u�c�k�l�i�n�g�-�o�n�l�y� �p�r�o�b�l�e�m�,� 

�w�h�e�r�e�a�s� �1�0�0� �p�e�r�c�e�n�t� �i�s� �o�p�t�i�m�a�l� �i�n� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �c�a�s�e�.� �C�o�m�p�a�r�e�d� �t�o� �m�u�t�a�t�i�o�n�,� �t�w�o�-�s�t�a�c�k� �s�w�a�p� 

�i�m�p�r�o�v�e�s� �d�r�a�s�t�i�c�a�l�l�y� �t�h�e� �p�r�a�c�t�i�c�a�l� �r�e�l�i�a�b�i�l�i�t�y� �w�i�t�h�o�u�t� �m�u�c�h� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h�.� 

�T�w�o�-�s�t�a�c�k� �s�w�a�p� �c�a�n� �b�e� �u�s�e�d� �a�t� �m�u�c�h� �h�i�g�h�e�r� �r�a�t�e�s� �t�h�a�n� �m�u�t�a�t�i�o�n�,� �b�e�c�a�u�s�e� �t�h�e� �t�y�p�e� �o�f� �r�a�n�d�o�m� 

�s�e�a�r�c�h� �i�t� �m�a�k�e�s� �i�s� �v�e�r�y� �e�f�f�i�c�i�e�n�t� �i�n� �t�h�e� �l�a�m�i�n�a�t�e� �l�a�n�d�s�c�a�p�e�.� 

�A� �l�a�r�g�e� �p�o�p�u�l�a�t�i�o�n� �d�o�e�s� �n�o�t� �g�e�t� �e�n�o�u�g�h� �m�i�x�i�n�g� �o�f� �t�h�e� �s�t�r�i�n�g�s� �i�n� �a� �r�e�a�s�o�n�a�b�l�e� �n�u�m�b�e�r� �o�f� 

�c�o�m�p�u�t�a�t�i�o�n�s� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� �A� �g�o�o�d� �r�e�l�i�a�b�i�l�i�t�y� �w�o�u�l�d� �o�n�l�y� �b�e� �a�c�h�i�e�v�e�d� �a�t� �a� �v�e�r�y� 

�h�i�g�h� �p�r�i�c�e�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�o�o� �s�m�a�l�l� �a� �p�o�p�u�l�a�t�i�o�n� �m�i�s�s�e�s� �s�o� �m�u�c�h� �g�e�n�e�t�i�c� �m�a�t�e�r�i�a�l� �t�h�a�t� �t�h�e� 

�s�e�a�r�c�h� �i�s� �d�r�i�v�e�n� �b�y� �c�o�s�t�l�y� �r�a�n�d�o�m� �m�u�t�a�t�i�o�n� �a�n�d� �t�w�o�-�s�t�a�c�k� �s�w�a�p�.� �A� �r�a�t�i�o�n�a�l� �p�e�r�f�o�r�m�a�n�c�e� �m�e�a�s�u�r�e� 
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�F�i�g�u�r�e� �3�.�6�.� �B�u�c�k�l�i�n�g� �w�i�t�h� �s�t�r�a�i�n� �a�n�d� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�:� �p�r�o�b�-� 
�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� �p�c� �=� �1�,� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� !"� �=� �8�,� 
�s�e�a�r�c�h� �s�t�o�p�p�e�d� �a�f�t�e�r� �5�6� �g�e�n�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� �i�m�p�r�o�v�e�-� 
�m�e�n�t�.� 

�h�a�s� �b�e�e�n� �d�e�v�e�l�o�p�e�d� �i�n� �[�G�o�l�d�b�e�r�g�8�5�]�,� �t�h�e�  ��n�u�m�b�e�r� �o�f� �e�x�c�e�s�s� �u�n�i�q�u�e� �s�c�h�e�m�a�t�a� �p�e�r� �i�n�d�i�v�i�d�u�a�l ��,� 

�w�h�o�s�e� �m�a�x�i�m�i�z�a�t�i�o�n� �o�v�e�r� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �y�i�e�l�d�s� �a� �t�h�e�o�r�e�t�i�c�a�l� �o�p�t�i�m�u�m� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�.� �T�h�i�s� 

�c�a�l�c�u�l�a�t�i�o�n� �h�a�s� �b�e�e�n� �a�d�a�p�t�e�d� �t�o� �o�u�r� �c�a�s�e� �(�t�h�r�e�e� �c�h�a�r�a�c�t�e�r� �a�l�p�h�a�b�e�t�,� �4�8� �p�l�i�e�s� �i�n� �t�h�e� �l�a�m�i�n�a�t�e� �t�h�a�t� 

�g�i�v�e�s� �1�2� �d�i�g�i�t� �l�o�n�g� �c�h�r�o�m�o�s�o�m�e�s�)�.� �D�e�t�a�i�l�s� �o�f� �t�h�i�s� �d�e�r�i�v�a�t�i�o�n� �(�a�l�o�n�g� �w�i�t�h� �o�t�h�e�r� �t�h�e�o�r�i�e�s� �f�o�r� 

�e�s�t�i�m�a�t�i�n�g� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�s�)� �a�r�e� �g�i�v�e�n� �i�n� �A�p�p�e�n�d�i�x� �A�.�2�.� �T�h�e� �c�o�m�p�u�t�e�d� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �w�a�s� �a�b�o�u�t� 

�2�2� �m�e�m�b�e�r�s�.� �T�h�i�s� �t�h�e�o�r�e�t�i�c�a�l� �r�e�s�u�l�t� �d�o�e�s� �n�o�t� �a�c�c�o�u�n�t� �f�o�r� �o�p�e�r�a�t�o�r�s� �l�i�k�e� �m�u�t�a�t�i�o�n� �a�n�d� �t�w�o�-�s�t�a�c�k� 

�s�w�a�p� �t�h�a�t� �c�r�e�a�t�e� �n�e�w� �b�i�t� �c�o�m�b�i�n�a�t�i�o�n�s� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �T�h�e� �t�h�e�o�r�e�t�i�c�a�l� �o�p�t�i�m�u�m� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� 

�i�s� �t�h�u�s� �o�v�e�r�e�s�t�i�m�a�t�e�d�.� �I�n� �F�i�g�u�r�e� �3�.�7�,� �i�t� �i�s� �s�h�o�w�n� �t�h�a�t� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �o�f� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� 

�y�i�e�l�d�e�d� �a�n� �o�p�t�i�m�u�m� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �o�f� �e�i�g�h�t� �i�n�d�i�v�i�d�u�a�l�s� �f�o�r� �b�o�t�h� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �a�n�d� �u�n�c�o�n�s�t�r�a�i�n�e�d� 

�b�u�c�k�l�i�n�g� �p�r�o�b�l�e�m�s�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� �o�n� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�8�.� 

�T�h�e� �o�p�t�i�m�u�m� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� �i�s� �f�o�u�n�d� �t�o� �b�e� �1� �i�n� �t�h�e� �u�n�c�o�n�s�t�r�a�i�n�e�d� �a�s� �w�e�l�l� �a�s� �i�n� �t�h�e� 

�c�o�n�s�t�r�a�i�n�e�d� �b�u�c�k�l�i�n�g� �m�a�x�i�m�i�z�a�t�i�o�n�.� �P�a�r�t� �o�f� �t�h�e� �r�e�a�s�o�n� �f�o�r� �t�h�i�s� �u�n�c�o�m�m�o�n�l�y� �h�i�g�h� �p�r�o�b�a�b�i�l�i�t�y� 

�i�s� �t�h�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �w�a�y� �o�f� �c�o�d�i�n�g� �a� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �i�n�t�o� �a� �b�i�t� �s�t�r�i�n�g�.� �T�h�e� �m�a�i�n� �f�l�a�w� �o�f� 
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�3� �z�  ��2� �2�8�0�.�0�0�0�.� �1�1�0�0� 
�o�S� �=� �y� �5� 

�B�=� �G�B�.� 
�o�O� �N� �>� �2�6�0�.�0�0�0� �1�0�5�0� �&� 

�2�4�0�.�0�0�0� �1�0�0�0� 

�2�2�0�.�0�0�0� �s�t� �|� �9�5�0� 
�3� �8� �1�3� �1�8� 

�P�o�p�u�l�a�t�i�o�n� �s�i�z�e� 

�F�i�g�u�r�e� �3�.�7�.� �E�f�f�e�c�t� �o�f� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�,� �4�8�-�p�l�y� �l�a�m�i�n�a�t�e�.� 

�c�r�o�s�s�o�v�e�r� �i�s� �i�t�s� �t�e�n�d�e�n�c�y� �t�o� �s�e�p�a�r�a�t�e� �i�n�t�e�r�a�c�t�i�n�g� �b�i�t�s� �t�h�a�t� �a�r�e� �f�a�r� �a�p�a�r�t�.� �H�o�w�e�v�e�r�,� �f�o�r� �o�u�r� �p�r�o�b�l�e�m�,� 

�i�n�t�e�r�a�c�t�i�n�g� �p�l�i�e�s� �(�e�.�g�.�,� �d�u�e� �t�o� �c�o�n�t�i�g�u�o�u�s� �p�l�y� �c�o�n�s�t�r�a�i�n�t�)� �a�r�e� �n�e�x�t� �t�o� �e�a�c�h� �o�t�h�e�r� �i�n� �r�e�a�l�i�t�y�,� �a�n�d� �h�a�v�e� 

�r�e�p�r�e�s�e�n�t�i�n�g� �d�i�g�i�t�s� �n�e�x�t� �t�o� �e�a�c�h� �o�t�h�e�r�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �t�e�n�d�e�n�c�y� �o�f� �c�r�o�s�s�o�v�e�r� �t�o� �s�e�p�a�r�a�t�e� �f�a�r�-�a�p�a�r�t� 

�i�n�t�e�r�a�c�t�i�n�g� �b�i�t�s� �i�s� �n�o�t� �r�e�l�e�v�a�n�t�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �l�o�s�s� �o�f� �t�h�e� �b�e�s�t� �i�n�d�i�v�i�d�u�a�l� �h�a�s� �o�f�t�e�n� �m�o�t�i�v�a�t�e�d� �a� 

�r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r�.� �T�h�i�s� �a�r�g�u�m�e�n�t� �d�o�e�s� �n�o�t� �a�f�f�e�c�t� �t�h�e� �p�r�e�s�e�n�t� �a�l�g�o�r�i�t�h�m�,� 

�s�i�n�c�e� �i�t� �k�e�e�p�s� �t�h�e� �b�e�s�t� �i�n�d�i�v�i�d�u�a�l� �u�n�a�l�t�e�r�e�d�.� 

�M�u�t�a�t�i�o�n� �i�s� �a� �p�u�r�e� �e�x�p�l�o�r�a�t�i�o�n� �o�p�e�r�a�t�o�r� �a�n�d� �i�t�s� �e�f�f�e�c�t� �i�s� �t�h�e�o�r�e�t�i�c�a�l�l�y� �c�l�e�a�r�:� �a�s� �t�h�e� �m�u�t�a�t�i�o�n� 

�r�a�t�e� �g�o�e�s� �u�p�,� �p�r�i�c�e� �a�n�d� �r�e�l�i�a�b�i�l�i�t�y� �i�n�c�r�e�a�s�e�.� �T�h�i�s� �w�a�s� �c�o�n�f�i�r�m�e�d� �b�y� �t�h�e� �e�x�p�e�r�i�m�e�n�t�s�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� 

�a� �l�i�t�t�l�e� �m�u�t�a�t�i�o�n� �i�s� �a�n� �i�n�d�i�s�p�e�n�s�a�b�l�e� �g�u�a�r�a�n�t�e�e� �a�g�a�i�n�s�t� �e�v�e�n�t�u�a�l� �l�o�s�s� �o�f� �d�i�v�e�r�s�i�t�y� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� 

�A�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�.�9�,� �1�%� �m�u�t�a�t�i�o�n� �p�e�r� �l�a�m�i�n�a�t�e� �i�n� �t�h�e� �b�u�c�k�l�i�n�g�-�o�n�l�y� �p�r�o�b�l�e�m� �a�n�d� �1�0�%� �p�e�r� 

�l�a�m�i�n�a�t�e� �i�n� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �c�a�s�e� �y�i�e�l�d�e�d� �t�h�e� �b�e�s�t� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e�s�.� �T�h�e� �h�i�g�h�e�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�m�u�t�a�t�i�o�n� �i�n� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �m�a�y� �b�e� �l�i�n�k�e�d� �t�o� �a� �w�i�d�e�r� �d�i�v�e�r�s�i�t�y� �o�f� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n�s� 

�f�o�r� �t�h�e� �o�p�t�i�m�u�m� �l�a�m�i�n�a�t�e�s� �a�n�d� �t�o� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �m�o�r�e� �c�o�n�s�t�r�a�i�n�t�s�.� 
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�F�i�g�u�r�e� �3�.�9�.� �E�f�f�e�c�t� �o�f� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n�,� �4�8�-�p�l�y� �l�a�m�i�n�a�t�e�.� 
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�E�x�p�e�r�i�m�e�n�t�s� �m�a�d�e� �w�i�t�h� �i�n�v�e�r�s�i�o�n� �y�i�e�l�d�e�d� �p�o�o�r�e�r� �p�e�r�f�o�r�m�a�n�c�e�.� �A�s� �f�o�r� �c�r�o�s�s�o�v�e�r�,� �t�h�e� �e�x�p�l�a�-� 

�n�a�t�i�o�n� �r�e�l�i�e�s� �o�n� �t�h�e� �q�u�a�l�i�t�y� �o�f� �t�h�e� �c�o�d�i�n�g� �a�d�o�p�t�e�d�.� �S�i�n�c�e� �i�n�t�e�r�a�c�t�i�n�g� �g�e�n�e�s� �a�r�e� �o�r�i�g�i�n�a�l�l�y� �a�s� �c�l�o�s�e� 

�a�s� �p�o�s�s�i�b�l�e�,� �t�h�e�r�e� �i�s� �n�o� �n�e�e�d� �f�o�r� �i�n�v�e�r�s�i�o�n�.� 

�T�h�e� �v�a�l�u�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�,� �e�n�f�o�r�c�i�n�g� �t�h�e� �c�o�n�t�i�g�u�o�u�s� �p�l�y� �c�o�n�s�t�r�a�i�n�t�,� �w�a�s� �a�l�s�o� �a�n�a�-� 

�l�y�z�e�d� �t�h�r�o�u�g�h� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s�.� �F�i�g�u�r�e� �3�.�1�0� �s�h�o�w�s� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e�s�.� �F�i�v�e� �l�o�a�d�i�n�g� �c�a�s�e�s� 

�w�e�r�e� �n�e�c�e�s�s�a�r�y� �t�o� �f�i�n�d� �m�e�a�n�i�n�g�f�u�l� �a�v�e�r�a�g�e�d� �r�e�s�u�l�t�s� �s�i�n�c�e�,� �a�m�o�n�g� �t�h�e� �t�h�r�e�e� �l�o�a�d�i�n�g� �c�a�s�e�s� �p�r�e�v�i�-� 

�o�u�s�l�y� �c�h�o�s�e�n�,� �o�n�e� �(�N�V�,�,�/�N�z� �=� �0�.�5�)� �h�a�s� �a�n� �a�t�y�p�i�c�a�l� �o�p�t�i�m�a�l� �v�a�l�u�e� �o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�.� �8�%� 

�p�e�n�a�l�t�y� �(�P�,� �=� �0�.�0�8�)� �i�s� �t�h�e� �a�v�e�r�a�g�e�d� �o�p�t�i�m�u�m� �s�e�t�t�i�n�g� �o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�.� �T�h�i�s� �v�a�l�u�e� �i�s� �c�l�o�s�e� 

�t�o� �a� �m�i�n�i�m�u�m� �v�a�l�u�e� �f�o�r� �w�h�i�c�h� �t�h�e� �b�e�s�t� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �a�r�e� �a�t� �t�h�e� �b�o�r�d�e�r� �o�f� �t�h�e� �p�r�a�c�t�i�c�a�l� �o�p�t�i�-� 

�m�u�m� �r�e�g�i�o�n�.� �A�t� �a�b�o�u�t� �8�%� �p�e�n�a�l�t�y�,� �d�e�s�i�g�n�s� �t�h�a�t� �v�i�o�l�a�t�e� �t�h�e� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�,� �b�u�t� �h�a�v�e� �h�i�g�h� 

�b�u�c�k�l�i�n�g� �a�n�d� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �l�o�a�d�s�,� �a�r�e� �a�b�l�e� �t�o� �c�o�m�p�e�t�e� �a�n�d� �t�h�u�s� �b�r�e�e�d� �w�i�t�h� �a�v�e�r�a�g�e�-�p�e�r�f�o�r�m�a�n�c�e� 

�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s�.� �B�e�l�o�w� �8�%� �p�e�n�a�l�t�y�,� �u�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �r�e�s�u�l�t� �f�r�o�m� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h�.� �I�t� �s�h�o�u�l�d� 

�b�e� �n�o�t�e�d� �h�o�w�e�v�e�r� �t�h�a�t� �i�n� �s�o�m�e� �c�a�s�e�s�,� �l�i�k�e� �(�N�,�/�N�z� �=� �0�.�5�)�,� �a� �l�a�r�g�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �s�i�g�n�i�f�i�-� 

�c�a�n�t�l�y� �i�m�p�r�o�v�e�s� �t�h�e� �p�r�i�c�e�.� �F�o�r� �t�h�e�s�e� �l�o�a�d�i�n�g� �c�a�s�e�s�,� �i�t� �i�s� �f�o�u�n�d� �t�h�a�t� �a�l�l� �o�f� �t�h�e� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� 

�n�a�t�u�r�a�l�l�y� �d�o� �n�o�t� �v�i�o�l�a�t�e� �t�h�e� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�.� �T�h�e� �s�t�r�o�n�g� �p�e�n�a�l�t�y� �m�e�r�e�l�y� �l�i�m�i�t�s� �t�h�e� �s�e�a�r�c�h� �t�o� 

�t�h�e� �g�o�o�d� �p�a�r�t� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� 

�T�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �t�h�a�t� �d�e�f�i�n�e�s� �t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �s�e�a�r�c�h� �h�a�s� �a�l�s�o� �b�e�e�n� �o�p�t�i�m�i�z�e�d�.� �F�i�g�u�r�e� 

�3�.�1�1� �i�l�l�u�s�t�r�a�t�e�s� �t�h�a�t� �t�h�e� �o�p�t�i�m�u�m� �v�a�l�u�e�s� �f�o�u�n�d� �f�o�r� �t�h�e� �m�a�x�i�m�u�m� �n�u�m�b�e�r� �o�f� �g�e�n�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� 

�i�m�p�r�o�v�e�m�e�n�t� �i�n� �t�h�e� �b�e�s�t� �d�e�s�i�g�n� �i�s� �5�6� �f�o�r� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �c�a�s�e�.� �T�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �w�a�s� �d�r�i�v�e�n� 

�b�y� �t�h�e� �c�o�n�d�i�t�i�o�n� �o�f� �8�0� �%� �r�e�l�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m�.� 

�3�.�3�.�3� �I�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �P�e�r�f�o�r�m�a�n�c�e� �C�r�i�t�e�r�i�o�n� �o�n� �t�h�e� �o�p�t�i�m�a�l� �T�u�n�i�n�g� 
�o�f� �t�h�e� �G�A� 

�H�i�s�t�o�r�i�c�a�l�l�y�,� �t�h�e� �t�w�o� �f�i�r�s�t� �c�r�i�t�e�r�i�a� �f�o�r� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �G�A�s� �u�s�e�d� �a�s� �o�p�t�i�m�i�z�e�r�s� 

�w�e�r�e� �p�r�o�p�o�s�e�d� �b�y� �D�e� �J�o�n�g� �i�n� �[�D�e�J�o�n�g�7�5�]�.� �T�h�e�y� �a�r�e� �c�a�l�l�e�d� �o�n�-�l�i�n�e� �a�n�d� �o�f�f�-�l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e�s�.� 

�T�h�e� �o�n�-�l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e� �i�s� �t�h�e� �r�u�n�n�i�n�g� �a�v�e�r�a�g�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e�s� �o�f� �a�l�l� �t�h�e� �d�e�s�i�g�n�s� 

�e�v�a�l�u�a�t�e�d� �d�u�r�i�n�g� �t�h�e� �s�e�a�r�c�h�.� �T�h�e� �o�f�f�-�l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e� �i�s� �t�h�e� �r�u�n�n�i�n�g� �a�v�e�r�a�g�e� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� 

�f�u�n�c�t�i�o�n� �v�a�l�u�e� �o�f� �t�h�e� �b�e�s�t� �i�n�d�i�v�i�d�u�a�l�s� �o�f� �e�a�c�h� �g�e�n�e�r�a�t�i�o�n�.� �D�e� �J�o�n�g� �m�e�n�t�i�o�n�e�d� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� 

�o�f� �w�e�i�g�h�t�i�n�g� �t�h�e� �o�n�-�l�i�n�e� �a�n�d� �o�f�f�-�l�i�n�e� �m�e�a�s�u�r�e�s� �a�t� �e�a�c�h� �g�e�n�e�r�a�t�i�o�n�,� �i�n� �o�r�d�e�r� �t�o� �p�u�t� �a� �s�t�r�o�n�g�e�r� 

�e�m�p�h�a�s�i�s� �o�n� �t�h�e� �l�a�s�t� �m�o�s�t� �r�e�c�e�n�t� �g�e�n�e�r�a�t�i�o�n�s�,� �b�u�t� �h�e� �o�n�l�y� �u�s�e�d� �u�n�i�f�o�r�m� �w�e�i�g�h�t�i�n�g�.� �F�r�o�m� �n�u�m�e�r�i�c�a�l� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �4�7



� � �1�1�2�0�.�0�0�0� 
� � 

� � � � � � 

� � 

� � � � 
� � � � 

 ��-�-�-�-� �A�v�e�r�a�g�e�d� �N�o�r�m�a�l�i�z�e�d� �P�r�i�c�e� 
�1�1�0�0�.�0�0�0� �;�-� �e�e� �N�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �(�N�y�/�N�x�=�0�.�5�)� 

�1�0�8�0�.�0�0�0� �-� 

�1�0�6�0�.�0�0�0� �|�-� 

�1�0�4�0�.�0�0�0� �}�-� 

�1�0�2�0�.�0�0�0� �- �� �|� �_� 

�1�0�0�0�.�0�0�0� �|� �|� �!� 
�0� �V�v� �0�.�2� �0�.�4� �0�.�6� �0�.�8� �]� 

�P�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� 
�b�e�l�o�w� �t�h�i�s� �l�i�m�i�t�,� �t�h�e� �p�e�n�a�l�t�y� �i�s� �t�o�o� �w�e�a�k� 

�a�n�d� �p�e�r�m�i�t�s� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� 

�F�i�g�u�r�e� �3�.�1�0�.� �E�f�f�e�c�t� �o�f� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �f�o�r� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t� 
�P�.�,� �4�8�-�p�l�y� �l�a�m�i�n�a�t�e�.� �B�u�c�k�l�i�n�g� �w�i�t�h� �s�t�r�a�i�n� �a�n�d� �c�o�n�t�i�-� 
�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�:� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� �p�c� �=� �1�,� �r�a�t�e� 
�o�f� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �p�p� �=� �1�,� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� 
�p�m� �=� �0�.�0�6�,� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� !"� �=� �8�,� �s�e�a�r�c�h� �s�t�o�p�p�e�d� 
�a�f�t�e�r� �5�6� �g�e�n�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� �i�m�p�r�o�v�e�m�e�n�t�.� 

�e�x�p�e�r�i�m�e�n�t�s� �o�n� �a� �s�e�t� �o�f� �f�u�n�c�t�i�o�n�s� �u�s�i�n�g� �a� �s�t�a�n�d�a�r�d� �G�A� �(�c�f�.� �2�.�6�.�2�)� �e�m�e�r�g�e�d� �v�a�l�u�e�s� �f�o�r� �t�h�e� �g�e�n�e�t�i�c� 

�p�a�r�a�m�e�t�e�r�s� �t�h�a�t� �w�e�r�e� �o�p�t�i�m�a�l� �b�o�t�h� �f�o�r� �t�h�e� �o�n�-�l�i�n�e� �a�n�d� �o�f�f�-�l�i�n�e� �m�e�a�s�u�r�e�s�.� �T�h�e�y� �w�e�r�e�:� 

�p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �5�0�-�1�0�0� 

�c�r�o�s�s�o�v�e�r� �r�a�t�e� �0�.�6�0� 

�m�u�t�a�t�i�o�n� �r�a�t�e�t� �0�.�0�1�2� 

�(�1� �N�o�t�e� �t�h�a�t� �t�h�e� �a�b�o�v�e� �m�u�t�a�t�i�o�n� �r�a�t�e� �e�x�p�r�e�s�s�e�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �a�t� �l�e�a�s�t� �o�n�e� �a�l�l�e�l�e� �i�s� 

�m�u�t�a�t�e�d� �p�e�r� �s�t�r�i�n�g�.� �O�u�r� �d�e�f�i�n�i�t�i�o�n� �o�f� �m�u�t�a�t�i�o�n� �r�a�t�e� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �e�x�a�c�t�l�y� 

�o�n�e� �a�l�l�e�l�e� �i�s� �m�u�t�a�t�e�d� �p�e�r� �s�t�r�i�n�g�.� �S�u�c�h� �a� �d�i�s�c�r�e�p�a�n�c�y� �s�h�o�u�l�d� �n�o�t� �h�o�w�e�v�e�r� �h�a�v�e� �a�n�y� �m�a�j�o�r� �e�f�f�e�c�t� 

�o�n� �t�h�e� �r�e�s�u�l�t�s�.�)� 

�G�r�e�f�e�n�s�t�e�t�t�e� �(�[�G�r�e�f�e�n�s�t�e�t�t�e�8�6�]�)� �u�s�e�d� �a� �m�e�t�a�-�l�e�v�e�l� �G�A� �t�o� �o�p�t�i�m�i�z�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �t�h�e� �G�A� 

�o�n� �t�h�e� �s�a�m�e� �t�e�s�t� �b�e�d� �o�f� �f�u�n�c�t�i�o�n�s� �a�s� �D�e� �J�o�n�g�.� �H�e� �f�o�u�n�d� �t�h�a�t� �t�h�e� �o�p�t�i�m�a�l� �s�e�t�t�i�n�g� �o�f� �t�h�e� �G�A� �f�o�r� 

�o�f�f�-�l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e� �w�a�s� �t�h�e� �s�a�m�e� �a�s� �D�e� �J�o�n�g ��s�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �h�e� �w�a�s� �a�b�l�e� �t�o� �i�m�p�r�o�v�e� �o�n� �t�h�e� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �=� �4�8
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�6� �1�4� �2�2� �3�0� �3�8� �#�4�6� �5�4� �6�2� �=� �7�0� 
�N�u�m�b�e�r� �o�f� �g�e�n�e�r�a�t�i�o�n�s� 

�F�i�g�u�r�e� �3�.�1�1�.� �E�f�f�e�c�t� �o�f� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �(�n�u�m�b�e�r� �o�f� �g�e�n�e�r�a�t�i�o�n�s� 
�w�i�t�h�o�u�t� �i�m�p�r�o�v�e�m�e�n�t�)�,� �4�8�-�p�l�y� �l�a�m�i�n�a�t�e�.� �B�u�c�k�l�i�n�g� 
�w�i�t�h� �s�t�r�a�i�n� �a�n�d� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�s�:� �p�o�p�u�l�a�t�i�o�n� 
�s�i�z�e� �M� �=� �8�,� �r�a�t�e� �o�f� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �p�p� �=� �1�,� �p�r�o�b�a�b�i�l�-� 
�i�t�y� �o�f� �m�u�t�a�t�i�o�n� �p�m� �=� �0�.�0�6�,� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� 
�p�e� �=�1�.� 

�o�n�-�l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e� �b�y� �s�e�l�e�c�t�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s�:� 

�p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �3�0� 

�c�r�o�s�s�o�v�e�r� �r�a�t�e� �0�.�9�5� 

�m�u�t�a�t�i�o�n� �r�a�t�e �� �0�.�1�1�4� 

�S�c�h�a�f�f�e�r� �e�t� �a�l�.� �(�(�S�c�h�a�f�f�e�r�8�9�]�)� �c�o�n�d�u�c�t�e�d� �a� �s�i�m�i�l�a�r� �s�t�u�d�y� �o�f� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �g�e�n�e�t�i�c� �p�a�r�a�m�e�-� 

�t�e�r�s� �o�n� �t�h�e� �o�n�-�l�i�n�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �G�A�.� �T�h�e�y� �a�d�d�e�d� �o�t�h�e�r� �f�u�n�c�t�i�o�n�s� �t�o� �D�e� �J�o�n�g ��s� �t�e�s�t� �b�e�d� �a�n�d� 

�u�s�e�d� �a� �G�r�a�y� �c�o�d�i�n�g� �i�n�s�t�e�a�d� �o�f� �b�i�n�a�r�y� �c�o�d�i�n�g�.� �T�h�e�y� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�t�t�i�n�g� �p�e�r�f�o�r�m�e�d� 

�t�h�e� �b�e�s�t�.� 

�p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �2�0�-�3�0� 

�c�r�o�s�s�o�v�e�r� �r�a�t�e� �0�.�7�5�-�0�.�9�5� 

�m�u�t�a�t�i�o�n� �r�a�t�e�t� �0�.�0�5�9�-�0�.�1�1�4� 

�I�n� �t�h�i�s� �w�o�r�k�,� �w�e� �f�o�u�n�d� �t�h�a�t� �G�A�s� �p�e�r�f�o�r�m�e�d� �t�h�e� �b�e�s�t� �o�n� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m�s� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �4�9



�w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�t� �o�f� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s�:� 

�p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �8� 

�c�r�o�s�s�o�v�e�r� �r�a�t�e� �1�.�0�0� 

�m�u�t�a�t�i�o�n� �r�a�t�e� �0�.�0�1�-�0�.�1�0� 

�t�w�o�-�s�t�a�c�k� �s�w�a�p� �r�a�t�e� �1�.�0�0�-�2�.�2�5� 

�W�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �c�o�n�v�e�n�t�i�o�n�a�l� �s�e�t�t�i�n�g�s�,� �o�u�r� �t�u�n�i�n�g� �a�d�v�o�c�a�t�e�s� �a� �m�u�c�h� �s�m�a�l�l�e�r� 

�p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �a�n�d� �t�h�e� �i�n�t�e�n�s�i�v�e� �u�s�e� �o�f� �a� �d�i�f�f�e�r�e�n�t� �o�p�e�r�a�t�o�r�,� �s�t�a�c�k� �s�w�a�p�.� �T�h�e� �p�r�e�s�e�n�t� �w�o�r�k� �d�i�f�f�e�r�s� 

�f�r�o�m� �t�h�e� �t�h�r�e�e� �p�r�e�v�i�o�u�s� �s�t�u�d�i�e�s� �i�n� �m�a�n�y� �a�s�p�e�c�t�s�:� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �c�r�i�t�e�r�i�o�n� �u�s�e�d� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� 

�G�A�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �e�m�p�l�o�y�e�d� �a�n�d� �t�h�e� �c�l�a�s�s� �o�f� �p�r�o�b�l�e�m�s� �c�o�n�s�i�d�e�r�e�d�.� �T�h�o�s�e� �d�i�f�f�e�r�e�n�c�e�s� �m�a�k�e� �o�u�r� 

�o�p�t�i�m�a�l� �s�e�t�t�i�n�g� �o�f� �t�h�e� �G�A� �s�o�m�e�w�h�a�t� �a�t�y�p�i�c�a�l�.� 

�F�o�r� �e�x�a�m�p�l�e�,� �o�u�r� �p�e�r�f�o�r�m�a�n�c�e� �c�r�i�t�e�r�i�o�n�,� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h�,� �e�m�p�h�a�s�i�z�e�s� 

�f�i�n�d�i�n�g� �a� �r�e�a�s�o�n�a�b�l�y� �g�o�o�d� �s�o�l�u�t�i�o�n� �(�n�o�t� �o�n�l�y� �t�h�e� �o�p�t�i�m�u�m�)� �i�n� �a�s� �s�h�o�r�t� �a� �t�i�m�e� �a�s� �p�o�s�s�i�b�l�e�.� �T�h�e� �o�n�-� 

�l�i�n�e� �a�n�d� �o�f�f�-�l�i�n�e� �m�e�a�s�u�r�e�s� �u�s�e�d� �i�n� �t�h�e� �a�f�o�r�e�m�e�n�t�i�o�n�e�d� �s�t�u�d�i�e�s� �w�e�r�e� �e�v�a�l�u�a�t�e�d� �a�f�t�e�r� �l�o�n�g� �s�e�a�r�c�h�e�s� 

�(�o�f� �t�h�e� �o�r�d�e�r� �o�f� �1�0�0�0�0� �a�n�a�l�y�s�e�s�)� �a�s� �c�o�m�p�a�r�e�d� �t�o� �o�u�r�s� �(�a�r�o�u�n�d� �1�0�0�0� �a�n�a�l�y�s�e�s�)�,� �a�n�d� �w�e�r�e� �g�e�a�r�e�d� 

�t�o�w�a�r�d�s� �f�i�n�d�i�n�g� �t�h�e� �o�p�t�i�m�a�l� �s�o�l�u�t�i�o�n�,� �w�h�i�c�h� �p�a�r�t�l�y� �e�x�p�l�a�i�n�s� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�.� 

�O�u�r� �s�m�a�l�l� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e� �i�s� �a�l�s�o� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �i�n�t�e�n�s�e� �u�s�e� �o�f� �s�t�a�c�k� �s�w�a�p�,� �t�h�a�t� �a�c�t�s� �a�g�a�i�n�s�t� 

�p�r�e�m�a�t�u�r�e� �c�o�n�v�e�r�g�e�n�c�e�.� �S�t�a�n�d�a�r�d� �G�A�s�,� �t�h�a�t� �d�o� �n�o�t� �h�a�v�e� �s�p�e�c�i�a�l�i�z�e�d� �s�t�o�c�h�a�s�t�i�c� �o�p�e�r�a�t�o�r�s� �s�u�c�h� �a�s� 

�s�t�a�c�k� �s�w�a�p�,� �n�e�e�d� �l�a�r�g�e�r� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�s� �i�n� �o�r�d�e�r� �t�o� �a�v�o�i�d� �p�r�e�m�a�t�u�r�e� �c�o�n�v�e�r�g�e�n�c�e�.� 

�3�.�4� �M�u�l�t�i�p�l�i�c�i�t�y� �o�f� �O�p�t�i�m�a� 

�T�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �h�a�s� �t�h�e� �p�e�c�u�l�i�a�r�i�t�y� �o�f� �m�a�n�y� �n�e�a�r� �o�p�t�i�m�a�l� �(�p�r�a�c�t�i�c�a�l�)� 

�s�o�l�u�t�i�o�n�s�,� �o�r� �e�v�e�n� �s�o�m�e�t�i�m�e�s� �m�a�n�y� �g�l�o�b�a�l� �o�p�t�i�m�u�m� �d�e�s�i�g�n�s�.� �T�h�i�s� �f�e�a�t�u�r�e�,� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �a� 

�h�i�g�h� �r�a�t�e� �o�f� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �a�s� �w�e�l�l� �a�s� �a� �f�a�s�t� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n�,� �c�o�n�t�r�i�b�u�t�e�s� �t�o� �t�h�e� �a�t�y�p�i�c�a�l� �s�e�t�t�i�n�g� 

�o�f� �t�h�e� �g�e�n�e�t�i�c� �p�a�r�a�m�e�t�e�r�s�.� 

�B�e�c�a�u�s�e� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �o�p�t�i�m�i�z�e�s� �a� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n�s� �a�n�d� �r�e�l�i�e�s� �o�n� �p�r�o�b�a�b�i�l�i�s�t�i�c� 

�t�r�a�n�s�i�t�i�o�n�s�,� �m�a�n�y� �n�e�a�r� �o�p�t�i�m�a�l� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �c�a�n� �b�e� �f�o�u�n�d�.� �C�o�m�p�a�r�e�d� �t�o� �o�t�h�e�r� �o�p�t�i�m�i�z�a�t�i�o�n� 

�m�e�t�h�o�d�s�,� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �g�i�v�e�s� �t�h�e� �d�e�s�i�g�n�e�r� �m�o�r�e� �f�r�e�e�d�o�m� �i�n� �t�h�e� �c�h�o�i�c�e� �o�f� �t�h�e� �b�e�s�t� �p�l�a�t�e�.� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �=� �5�0



�T�a�b�l�e� �3�.�1�.� �O�p�t�i�m�a�l� �a�n�d� �n�e�a�r�-�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �f�o�r� �b�u�c�k�l�i�n�g�,� �s�t�r�a�i�n�,� �a�n�d� �c�o�n�t�i�g�u�o�u�s� �p�l�y� �c�o�n�s�t�r�a�i�n�t�s� 
�f�o�r� �N�,�/�N�r�z� �=� �0�.�5�.� 

� � 

� � 

� � 

� � 

� � � � � � 

�S�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �t� �L�o�a�d� �f�a�c�t�o�r� 

�B�u�c�k�l�i�n�g� �S�t�r�e�n�g�t�h� 

�(�9�0�2�,� �£�4�5�2�,� �9�0�2�,�4�4�5�,� �9�0�2�,�+�4�5�¢�6�)�,� �9�9�9�8�.�1�9� �1�0�3�9�4�.�8�1� 

�(�(�9�0�2�,� �+�4�5�9� �)�2�,� �9�0�2�,� �+�4�5�,� �9�0�2�,� �+�4�5�3�)�,� �9�9�9�7�.�6�0� �1�0�1�8�7�.�9�3� 
�(�+�4�5�,� �9�0�4�,� �£�4�5�,� �9�0�2�,� �+�4�5�5�,� �9�0�2�,�+�4�5�)�,� �9�9�7�6�.�5�8� �1�0�1�8�7�.�9�3� 
� � 

�t� �4�8� �p�l�i�e�s�,� �a� �=� �2�0� �i�n�.�,� �b� �=� �5� �i�n�.�.� 

�T�a�b�l�e� �3�.�1� �s�h�o�w�s�,� �f�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �g�l�o�b�a�l� �o�p�t�i�m�u�m� �a�n�d� �t�h�e� �n�e�x�t� �b�e�s�t� �d�e�s�i�g�n�s� �f�o�r� �a� �l�o�a�d� �r�a�t�i�o� �N�,�/�N�z� 

�=� �0�.�5�.� �I�n� �t�h�e� �c�a�s�e�s� �s�h�o�w�n�,� �t�h�e� �f�a�i�l�u�r�e� �m�o�d�e� �w�a�s� �b�u�c�k�l�i�n�g�.� �T�h�e� �b�e�s�t� �l�a�m�i�n�a�t�e� �h�a�s� �4�%� �m�a�r�g�i�n� 

�b�e�t�w�e�e�n� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �a�n�d� �b�u�c�k�l�i�n�g� �f�a�i�l�u�r�e�,� �t�h�e� �s�e�c�o�n�d� �a�n�d� �t�h�i�r�d� �b�e�s�t� �d�e�s�i�g�n�s� �h�a�v�e� �a� �m�a�r�g�i�n� �o�f� 

�a�b�o�u�t� �2�%�.� �T�h�e� �l�a�m�i�n�a�t�e� �w�i�t�h� �+�4�5�°� �p�l�i�e�s� �o�n� �t�h�e� �o�u�t�s�i�d�e� �m�a�y� �b�e� �p�r�e�f�e�r�r�e�d� �t�o� �o�n�e� �w�i�t�h� �9�0�5� �p�l�i�e�s� 

�o�n� �t�h�e� �o�u�t�s�i�d�e� �f�o�r� �i�t�s� �i�m�p�r�o�v�e�d� �d�a�m�a�g�e� �t�o�l�e�r�a�n�c�e�,� �d�e�s�p�i�t�e� �a� �s�l�i�g�h�t�l�y� �l�o�w�e�r� �b�u�c�k�l�i�n�g� �l�o�a�d�.� 

�T�a�b�l�e� �3�.�2�.� �M�u�l�t�i�p�l�e� �o�p�t�i�m�a� �f�o�r� �b�u�c�k�l�i�n�g�-�o�n�l�y� �p�r�o�b�l�e�m� �f�o�r� �N�V� �y� �/� �N�r�,� �=� �1�.�0�.� 
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� � 

� � 

� � 

� � 
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�S�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �t� �L�o�a�d� �f�a�c�t�o�r� 

�B�u�c�k�l�i�n�g� �S�t�r�e�n�g�t�h� 

�(�9�0�1�9�,� �£�4�5�2�,� �9�0�2�,� �+�4�5�3�,� �9�0�2�,�+�4�5�,�)�,� �3�9�7�3�.�0�1� �1�4�2�0�5�.�1�8� 

�(�£�4�5�,� �9�0�1�0�,� �+�4�5�,� �9�0�g�,� �+�4�5�,� �9�0�8�)�,� �3�9�7�3�.�0�1� �8�9�3�5�.�7�4� 

�(�9�0�4�,� �4�5�2�,� �9�0�1�6�,� �£�4�5�,� �9�0�6�)�,� �3�9�7�3�.�0�1� �8�9�3�5�.�7�4� 

�(�9�0�2�,� �+�4�5�,� �9�0�6�,� �+�4�5�,� �9�0�g�,� �£�4�5�,� �9�0�1�0�)�,� �3�9�7�3�.�0�1� �8�9�3�5�.�7�4� 

�(�9�0�g�,� �£�4�5�,� �9�0�2�,� �£�4�5�,� �9�0�2�,� �+�4�5�,� �9�0�2�,� �+�4�5�6�)�,� �3�9�7�3�.�0�1� �1�4�2�0�5�.�1�8� 
� � 

�t� �6�4� �p�l�i�e�s�,� �a� �=� �2�0� �i�n�.�,� �b� �=� �1�0� �i�n�.�.� 

�F�o�r� �m�u�l�t�i�m�o�d�a�l� �f�u�n�c�t�i�o�n�s�,� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �c�a�n� �c�o�n�v�e�r�g�e� �t�o� �m�a�n�y� �o�f� �t�h�e� �o�p�t�i�m�a�.� �T�h�i�s� 

�p�r�o�p�e�r�t�y� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� �u�s�e�f�u�l� �i�n� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �d�e�s�i�g�n�,� �w�h�e�r�e� �m�u�l�t�i�p�l�e� �g�l�o�b�a�l� �o�p�t�i�m�a� �o�f�t�e�n� 

�o�c�c�u�r�.� �A� �s�i�n�g�l�e� �o�p�t�i�m�i�z�a�t�i�o�n� �b�y� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �y�i�e�l�d�s� �m�a�n�y� �o�p�t�i�m�a�.� �B�y� �k�e�e�p�i�n�g� �t�r�a�c�k� �o�f� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �5�1



�T�a�b�l�e� �3�.�3�.� �M�u�l�t�i�p�l�e� �o�p�t�i�m�a� �f�o�r� �b�u�c�k�l�i�n�g�,� �s�t�r�a�i�n�,� �a�n�d� �c�o�n�t�i�g�u�o�u�s� �p�l�y� �c�o�n�s�t�r�a�i�n�t�,� �f�o�r� �N�,�/�N�,� �=� �0�.�1�2�5�.� 
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�S�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �t� �L�o�a�d� �f�a�c�t�o�r� 

�B�u�c�k�l�i�n�g� �S�t�r�e�n�g�t�h� 

�(�9�0�2�,� �+�4�5�4�,� �0�4�,�4�4�5�,� �0�4�,� �+�4�5�,� �0�2�)�,� �1�4�1�6�8�.�1�2� �1�3�5�1�8�.�6�6� 

�(�£�4�5�3�,� �0�2�,� �+�4�5�2�,� �0�2�,� �9�0�2�,�0�4�,� �+�4�5�,� �0�2�)�,� �1�4�1�3�4�.�7�6� �1�3�5�1�8�.�6�6� 

�(�9�0�2�,� �£�4�5�3�,� �0�0�,� �+�4�5�,� �0�2�,� �£�4�5�,� �0�4�,� �+�4�5�,� �0�2�)�,� �1�4�0�1�3�.�7�1� �1�3�5�1�8�.�6�6� 

�(�+�4�5�9�,� �0�2�,� �+�4�5�2�,� �9�0�2�,�0�4�,� �£�4�5�,� �0�2�,� �+�4�5�,� �0�2�)�,� �1�3�6�6�2�.�6�1� �1�3�5�1�8�.�6�6� � � � � 

�t� �4�8� �p�l�i�e�s�,� �a� �=� �2�0� �i�n�.�,� �b� �=� �5� �i�n�.� 

�s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�s� �w�h�o�s�e� �f�i�t�n�e�s�s�e�s� �a�r�e� �w�i�t�h�i�n� �a� �1�0�t�h� �o�f� �a� �p�e�r�c�e�n�t� �f�r�o�m� �t�h�e� �b�e�s�t�-�s�o�-�f�a�r� �d�e�s�i�g�n�,� 

�w�e� �g�e�n�e�r�a�t�e� �a� �l�i�s�t� �o�f� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a�.� �T�h�e� �n�u�m�b�e�r�s� �o�f� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �f�o�u�n�d� �p�e�r� �s�e�a�r�c�h� �t�h�a�t� 

�a�r�e� �p�r�e�s�e�n�t�e�d� �b�e�l�o�w� �w�e�r�e� �a�v�e�r�a�g�e� �v�a�l�u�e�s� �o�v�e�r� �2�0� �t�r�i�a�l�s�.� �F�o�r� �t�h�e� �c�a�s�e� �p�r�e�s�e�n�t�e�d� �i�n� �t�a�b�l�e� �3�.�2� 

�(�b�u�c�k�l�i�n�g�-�o�n�l�y� �p�r�o�b�l�e�m�,� �6�4� �p�l�i�e�s�,� �a� �=� �2�0�,� �b� �=� �1�0�,� �N�,�/�N�z� �=� �1�.�0�)�,� �1�.�2� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �w�e�r�e� 

�f�o�u�n�d� �o�n� �t�h�e� �a�v�e�r�a�g�e� �d�u�r�i�n�g� �o�n�e� �s�e�a�r�c�h�,� �w�i�t�h� �t�h�e� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �o�f� �1�0� �g�e�n�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� 

�i�m�p�r�o�v�e�m�e�n�t� �a�n�d� �a� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �o�f� �3�0�9�.�7�.� �F�o�r� �a� �s�l�o�w�e�r� �s�t�o�p�p�i�n�g� �c�r�i�t�e�r�i�o�n� �(�5�0� �g�e�n�e�r�a�t�i�o�n�s� 

�w�i�t�h�o�u�t� �i�m�p�r�o�v�e�m�e�n�t�)�,� �w�e� �a�v�e�r�a�g�e�d� �9�.�5� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �p�e�r� �s�e�a�r�c�h�,� �w�i�t�h� �a� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� 

�o�f� �6�9�5�.�0�.� �I�t� �w�a�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �m�o�s�t� �o�f� �t�h�e� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �a�r�e� �d�i�s�c�o�v�e�r�e�d� �l�a�t�e� �i�n� �t�h�e� �g�e�n�e�t�i�c� 

�s�e�a�r�c�h�.� �T�a�b�l�e� �3�.�3� �p�r�e�s�e�n�t�s� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�,� �4�8� �p�l�i�e�s�,� �a� �=� �2�0� �i�n�.�,� �b� �=� �5� 

�i�n�.�,� �N�y�/�N�z� �=� �0�.�1�2�5�.� �S�t�r�a�i�n� �f�a�i�l�u�r�e� �i�s� �t�h�e� �c�r�i�t�i�c�a�l� �f�a�i�l�u�r�e� �m�o�d�e� �f�o�r� �a�l�l� �t�h�e�s�e� �l�a�m�i�n�a�t�e�s�.� �O�n� �t�h�e� 

�a�v�e�r�a�g�e�,� �1�1�.�1� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �w�e�r�e� �f�o�u�n�d� �p�e�r� �s�e�a�r�c�h�,� �w�i�t�h� �a� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �o�f� �5�4�5�.� 

�3�.�5� �E�f�f�e�c�t� �o�f� �t�h�e� �S�i�z�e� �o�f� �t�h�e� �P�r�o�b�l�e�m� 

�L�i�k�e� �m�o�s�t� �p�s�e�u�d�o�-�r�a�n�d�o�m� �s�e�a�r�c�h� �m�e�t�h�o�d�s�,� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �i�m�p�r�o�v�e�s� �i�t�s� �p�e�r�f�o�r�m�a�n�c�e� 

�a�s� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�n�c�r�e�a�s�e�s�.� �T�a�b�l�e�s� �3�.�4� �a�n�d� �3�.�5� �d�e�s�c�r�i�b�e� �h�o�w� �p�r�i�c�e�,� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �a�n�d� 

�p�r�a�c�t�i�c�a�l�]� �r�e�l�i�a�b�i�l�i�t�y� �e�v�o�l�v�e� �a�s� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �p�l�i�e�s�.� �T�h�e� �p�r�i�c�e� �a�n�d� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� 

�i�n�c�r�e�a�s�e� �w�i�t�h� �t�h�e� �n�u�m�b�e�r� �o�f� �l�a�y�e�r�s�,� �b�u�t� �i�n� �a� �p�r�o�p�o�r�t�i�o�n� �t�h�a�t� �m�a�k�e�s� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �m�o�r�e� �a�n�d� 

�m�o�r�e� �e�f�f�e�c�t�i�v�e� �a�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �C�r�e�d�i�t� �s�h�o�u�l�d� �b�e� �g�i�v�e�n� �n�o�t� �o�n�l�y� �t�o� �t�h�e� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �=� �5�2



�T�a�b�l�e� �3�.�4�.� �E�f�f�e�c�t� �o�f� �t�h�e� �s�i�z�e� �o�f� �d�e�s�i�g�n� �s�p�a�c�e� �f�o�r� �b�u�c�k�l�i�n�g�-�o�n�l�y� �p�r�o�b�l�e�m�.� 
� � 

�N�u�m�b�e�r� �O�f� �S�i�z�e� �O�f� �|� �|� �N�o�r�m�a�l�i�z�e�d�]� �P�e�r�c�e�n�t� �O�f� �P�r�a�c�t�i�c�a�l� 

�L�a�y�e�r�s� �|� �D�e�s�i�g�n� �S�p�a�c�e� �P�r�i�c�e� �D�e�s�i�g�n� �S�p�a�c�e�|� �P�r�i�c�e� �|� �R�e�l�i�a�b�i�l�i�t�y� 

�e�x�p�l�o�r�e�d�,� �%� 
� � 

� � 

� � 

� � 

�1�6� �8�1� �1�7�2�.�3� �2�1�3�.�0� �1�7�2�.�3� �1�0�0�.�0� 

�3�2� �6�,�5�6�1� �3�2�5�.�4� �4�.�9� �2�7�3�.� �8�3�.�9� 

�4�8� �5�3�1�,�4�4�1� �3�2�7�.�7� �0�.�0�6� �3�2�3�.�4� �9�8�.�7� 

�6�4� �4�3�,�0�4�6�,�7�2�1� �3�7�5�.�0� �0�.�0�0�0�8�7� �3�7�1�.�0� �9�8�.�9� � � � � � � � � � � � � 
�(�P�o�p�u�l�a�t�i�o�n� �s�i�z�e� �m� �=� �8�,� �r�a�t�e� �o�f� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �p�p� �=� �2�.�2�5�,� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� �p�m� �=� �0�.�0�1�,� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� �p�e� �=� �1�,� �s�e�a�r�c�h� �s�t�o�p�p�e�d� �a�f�t�e�r� �1�0� �g�e�n�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� �i�m�p�r�o�v�e�m�e�n�t�.�)� 

�i�n�t�r�i�n�s�i�c� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �b�u�t� �a�l�s�o� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �t�h�i�c�k� �l�a�m�i�n�a�t�e�s� �h�a�v�e� �m�a�n�y� 

�g�l�o�b�a�l� �o�p�t�i�m�a�.� �F�o�r� �t�h�e� �b�u�c�k�l�i�n�g�-�o�n�l�y� �o�p�t�i�m�i�z�a�t�i�o�n�,� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �d�o�e�s� �n�o�t� �h�a�v�e� �s�u�c�h� �a� 

�r�e�g�u�l�a�r� �p�r�o�g�r�e�s�s�i�o�n�.� �T�h�e� �3�2� �p�l�i�e�s� �c�a�s�e� �s�h�o�w�s� �l�o�w� �p�r�a�c�t�i�c�a�l� �r�e�l�i�a�b�i�l�i�t�y�,� �i�.�e�.�,� �a� �h�i�g�h� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e�.� 

�M�o�s�t� �o�f� �t�h�e� �t�i�m�e�,� �p�e�r�f�o�r�m�i�n�g� �a� �s�h�o�r�t� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �w�a�s� �f�o�u�n�d� �a�d�v�a�n�t�a�g�e�o�u�s� �f�o�r� �t�h�e� �b�u�c�k�l�i�n�g�-�o�n�l�y� 

�p�r�o�b�l�e�m�,� �b�u�t� �i�t� �m�a�k�e�s� �t�h�e� �m�e�t�h�o�d� �m�o�r�e� �s�e�n�s�i�t�i�v�e� �t�o� �p�r�e�m�a�t�u�r�e� �c�o�n�v�e�r�g�e�n�c�e�.� �S�o�m�e� �l�o�a�d�i�n�g� �c�a�s�e�s� 

�a�r�e� �p�r�o�n�e� �t�o� �p�r�e�m�a�t�u�r�e� �c�o�n�v�e�r�g�e�n�c�e�,� �a�n�d� �t�w�o� �o�f� �t�h�e�m� �o�c�c�u�r�r�e�d� �f�o�r� �t�h�e� �3�2� �p�l�i�e�s� �c�a�s�e�.� �N�o�t�e� �a�l�s�o� 

�t�h�a�t� �a�l�l� �t�h�e� �n�u�m�e�r�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s� �f�o�r� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�n�c�l�u�d�e�d� �f�i�v�e� �l�o�a�d� �c�a�s�e�s� �c�o�m�p�a�r�e�d� 

�t�o� �t�h�r�e�e� �f�o�r� �t�h�e� �p�r�e�v�i�o�u�s� �e�x�p�e�r�i�m�e�n�t�s�.� �T�h�i�s� �e�x�p�l�a�i�n�s� �t�h�e� �s�l�i�g�h�t� �d�i�s�c�r�e�p�a�n�c�i�e�s� �b�e�t�w�e�e�n� �T�a�b�l�e�s� �3�.�4�,� 

�3�.�5� �a�n�d� �o�t�h�e�r� �r�e�s�u�l�t�s�.� �F�o�r� �t�h�e� �c�o�n�s�t�r�a�i�n�e�d� �p�r�o�b�l�e�m�,� �4�8� �p�l�i�e�s�,� �V�,�/�N�;� �=� �0�.�7�5� �a�n�d� �1� �w�e�r�e� �t�w�o� 

�c�a�s�e�s� �d�i�f�f�i�c�u�l�t� �t�o� �o�p�t�i�m�i�z�e�.� �T�h�e� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e�s� �o�f� �t�h�e�s�e� �o�p�t�i�m�i�z�a�t�i�o�n�s� �w�e�r�e� �a�b�o�u�t� �4�0�0�0�.� �T�h�e� 

�a�v�e�r�a�g�e�d� �n�o�r�m�a�l�i�z�e�d� �p�r�i�c�e� �o�v�e�r� �t�h�e� �f�i�v�e� �l�o�a�d�i�n�g� �c�a�s�e�s� �w�a�s� �2�1�6�3�.�4�.� 

�3�.�6� �C�o�n�c�l�u�d�i�n�g� �R�e�m�a�r�k�s� 

�T�h�e� �u�s�e� �o�f� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �t�o� �o�p�t�i�m�i�z�e� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �o�f� �a� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �w�a�s� 

�p�r�e�s�e�n�t�e�d�.� �B�u�c�k�l�i�n�g� �c�o�n�s�t�r�a�i�n�t�s� �a�s� �w�e�l�l� �a�s� �c�o�n�t�i�g�u�i�t�y� �a�n�d� �s�t�r�a�i�n� �c�o�n�s�t�r�a�i�n�t�s� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d�.� �T�h�e� 

�g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �w�a�s� �a�d�a�p�t�e�d� �t�o� �t�a�k�e� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �s�p�e�c�i�a�l� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� 

�d�e�s�i�g�n�.� �A� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �o�p�e�r�a�t�o�r� �w�a�s� �i�m�p�l�e�m�e�n�t�e�d� �a�n�d� �i�m�p�r�o�v�e�d� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �g�e�n�e�t�i�c� 

�s�e�a�r�c�h�.� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N�  �� �5�3



�T�a�b�l�e� �3�.�5�.� �E�f�f�e�c�t� �o�f� �t�h�e� �s�i�z�e� �o�f� �d�e�s�i�g�n� �s�p�a�c�e� �f�o�r� �b�u�c�k�l�i�n�g� �w�i�t�h� �s�t�r�a�i�n� �a�n�d� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�s�.� 
� � 

�N�u�m�b�e�r� �O�f� �S�i�z�e� �O�f� �|� �N�o�r�m�a�l�i�z�e�d�}� �P�e�r�c�e�n�t� �O�f� �P�r�a�c�t�i�c�a�l� 

�L�a�y�e�r�s� �|� �D�e�s�i�g�n� �S�p�a�c�e� �P�r�i�c�e� �D�e�s�i�g�n� �S�p�a�c�e�}� �P�r�i�c�e� �|� �R�e�l�i�a�b�i�l�i�t�y� 

�e�x�p�l�o�r�e�d�,� �%� 
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�1�6� �8�]� �1�5�4�6�.�7� �1�9�0�0�.�0� �1�5�4�6�.�7� �1�0�0�.�0� 

�3�2� �6�,�5�6�1� �1�8�5�0�.�0� �2�8�.�1�9� �1�7�9�6�.�7� �9�7�.�1� 

�4�8� �5�3�1�,�4�4�1� �2�1�6�3�.�4� �0�.�4�1� �2�1�3�6�.�7� �9�8�.�8� 

�6�4� �4�3�,�0�4�6�,�7�2�1� �3�0�9�0�.�0� �0�.�0�0�7�2� �2�6�3�6�.�7� �8�5�.�3� � � � � � � � � � � 
� � 

�(�P�o�p�u�l�a�t�i�o�n� �s�i�z�e� �m� �=� �8�,� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �p�p� �=� �1�,� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� �p�m� �=� �0�.�0�6�,� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�r�o�s�s�o�v�e�r� �p�c� �=� �1�,� �s�e�a�r�c�h� �s�t�o�p�p�e�d� �a�f�t�e�r� �5�6� �g�e�n�e�r�a�t�i�o�n�s� �w�i�t�h�o�u�t� �i�m�p�r�o�v�e�m�e�n�t�.�)� 

�T�h�e� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n� �s�p�a�c�e� �w�a�s� �f�o�u�n�d� �t�o� �i�n�c�l�u�d�e� �m�u�l�t�i�p�l�e� �o�p�t�i�m�a�,� �e�s�p�e�c�i�a�l�l�y� �f�o�r� �a� �l�a�r�g�e� 

�n�u�m�b�e�r� �o�f� �p�l�i�e�s�.� �T�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �w�a�s� �s�h�o�w�n� �t�o� �b�e� �a�b�l�e� �t�o� �p�r�o�d�u�c�e� �s�e�v�e�r�a�l� �o�f� �t�h�e�s�e� �o�p�t�i�m�a� 

�i�n� �a� �s�i�n�g�l�e� �e�x�e�c�u�t�i�o�n�.� �I�t� �a�l�s�o� �d�e�a�l�s� �w�e�l�l� �w�i�t�h� �i�n�t�e�g�e�r� �v�a�r�i�a�b�l�e�s� �a�n�d� �i�s� �n�o�t� �s�e�n�s�i�t�i�v�e� �t�o� �p�r�o�b�l�e�m� 

�n�o�n�l�i�n�e�a�r�i�t�i�e�s�.� �A�s� �a� �r�e�s�u�l�t�,� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �l�o�o�k�s� �f�o�r� �g�l�o�b�a�l� �o�p�t�i�m�u�m�,� �i�.�e�.�,� �i�t� �c�a�n� �e�s�c�a�p�e� �l�o�c�a�l� 

�o�p�t�i�m�a� �w�h�e�r�e� �g�r�a�d�i�e�n�t� �b�a�s�e�d� �m�e�t�h�o�d�s� �w�o�u�l�d� �g�e�t� �t�r�a�p�p�e�d�.� �F�o�r� �e�x�a�m�p�l�e�,� �F�i�g�u�r�e� �3�.�1�2� �c�o�n�s�i�d�e�r�s� 

�t�w�o� �l�o�a�d� �c�a�s�e�s� �f�o�r� �4�8� �p�l�i�e�s� �l�a�m�i�n�a�t�e�s�,� �a� �=� �2�0� �i�n�,� �b�=�5�i�n�.�,�,� �N�z� �=� �1�,� �N�y� �=� �0�.�1�2�5� �a�n�d� �0�.�2�5�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �I�n� �b�o�t�h� �c�a�s�e�s�,� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �f�i�n�d�s� �l�a�m�i�n�a�t�e�s� �w�i�t�h� �h�i�g�h�e�r� �f�a�i�l�u�r�e� �l�o�a�d�s� �t�h�a�n� �s�e�q�u�e�n�t�i�a�l� 

�l�i�n�e�a�r�i�z�a�t�i�o�n� �w�i�t�h� �t�h�e� �B�r�a�n�c�h� �a�n�d� �B�o�u�n�d� �a�l�g�o�r�i�t�h�m� �d�o�e�s� �(�{�[�N�a�g�e�n�d�r�a�9�2�]�)�.� 

�T�h�i�s� �f�i�r�s�t� �s�t�u�d�y� �s�h�o�w�e�d� �t�h�a�t� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �r�e�q�u�i�r�e� �m�o�r�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �e�v�a�l�u�a�t�i�o�n�s� 

�f�o�r� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �d�e�s�i�g�n� �t�h�a�n� �t�r�a�d�i�t�i�o�n�a�l� �s�e�a�r�c�h� �m�e�t�h�o�d�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �n�e�x�t� �C�h�a�p�t�e�r� �p�u�r�s�u�e�s� 

�o�u�r� �e�f�f�o�r�t� �t�o� �r�e�d�u�c�e� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h�.� �T�h�e� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �a�r�e� �f�u�r�t�h�e�r� �s�p�e�c�i�a�l�i�z�e�d� �f�o�r� 

�m�i�n�i�m�u�m� �t�h�i�c�k�n�e�s�s� �d�e�s�i�g�n� �o�f� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e�s�.� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �=� �5�4
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�B�r�a�n�c�h� �&� �B�o�u�n�d� �G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� 
�a�l�g�o�r�i�t�h�m� �d�e�s�i�g�n� �d�e�s�i�g�n� 

� � � 
� � � � 

� � � � 

� � � � � � � � � � � � 

�(�+�4�5�5�/�9�0�5�/�+�4�5�/�0�9�/�+�4�5�/�0�9�)�.� �(�9�0�5�/�4�5� �5�/�0�/�+�4�5�/�0� �4�/�4�5�/�0�9�)�.� 

�d�o�r�=� �1�2�6�2�2�.�4�4� �h�o�r�=� �1�2�6�7�4�.�8�4� 
�N�,�=�1� �I�b�/�i�n�.�,� �N�y�=�0�.�2�5�1�b�/�i�n�.� 

�L�L�L� �L�L�L� �L�L�L� �L�E� �L� �L�L� �E�L�L�E�P� �E�L�E� �E�L� �&� 
�L�L�L�L�L�E�L�L�E�L�L�L� �L�E� �L� �2� 

�(�+�4�5�3�/�0�5�/�+�4�5�/�0�4�/�+�4�5�/�0�>�)�.� �(�9�0�5�/�+�4�5�5�/�0�5�/�[�+�4�5�/�0�5� �1�4�)�.� 

�N�e�p�=�1�3�5�1�1�.�3�3� �N�e�o�p�=�1�3�5�1�4�.�1�3� 
�N�,�=�1� �I�b�/�i�n�.�,� �N�y�=�0�.� �1�2�5�]�b�/�i�n�.� 
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�|�|� �O� �d�e�g�r�e�e�s� �s�t�a�c�k� �o�f� �t�w�o� �p�l�i�e�s� 

�K�E�Y�:� �+�4�5� �d�e�g�r�e�e�s� �s�t�a�c�k� �o�f� �t�w�o� �p�l�i�e�s� 

�L�J� �9�0� �d�e�g�r�e�e�s� �s�t�a�c�k� �o�f� �t�w�o� �p�l�i�e�s� � � � � � � � � � � � � 

�F�i�g�u�r�e� �3�.�1�2�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �o�p�t�i�m�u�m� �d�e�s�i�g�n�s�,� �4�8�-�p�l�y� �l�a�m�i�n�a�t�e�:� 
�b�u�c�k�l�i�n�g� �w�i�t�h� �s�t�r�a�i�n� �a�n�d� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�.� 

�C�h�a�p�t�e�r� �3�.� �O�P�T�I�M�I�Z�A�T�I�O�N� �O�F� �S�T�A�C�K�I�N�G� �S�E�Q�U�E�N�C�E� �F�O�R� �B�U�C�K�L�I�N�G� �L�O�A�D� �M�A�X�I�M�I�Z�A�T�I�O�N� �5�5



�C�h�a�p�t�e�r� �4� 

�I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M�S� �F�O�R� 
�M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �C�O�M�P�O�S�I�T�E� �L�A�M�I�N�A�T�E� 

�D�E�S�I�G�N� 

�I�n� �C�h�a�p�t�e�r� �3�,� �a� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �w�a�s� �e�x�h�a�u�s�t�i�v�e�l�y� �t�e�s�t�e�d� �f�o�r� �m�a�x�i�m�i�z�i�n�g� �t�h�e� �f�a�i�l�u�r�e� �l�o�a�d� 

�o�f� �a� �f�i�x�e�d� �t�h�i�c�k�n�e�s�s� �l�a�m�i�n�a�t�e� �b�y� �c�h�a�n�g�i�n�g� �i�t�s� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�.� �K�o�g�i�s�o� �e�t� �a�l�.� �(�[�K�o�g�i�s�o�9�4�b�}�)� 

�a�p�p�l�i�e�d� �t�h�e� �s�a�m�e� �b�a�s�i�c� �a�l�g�o�r�i�t�h�m� �t�o� �t�h�e� �d�u�a�l� �p�r�o�b�l�e�m� �o�f� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �t�h�i�c�k�n�e�s�s� �w�i�t�h� �f�a�i�l�u�r�e� 

�c�o�n�s�t�r�a�i�n�t�s�.� �T�h�e� �v�a�r�i�a�b�l�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�s� �w�a�s� �a�c�c�o�m�m�o�d�a�t�e�d� �t�h�r�o�u�g�h� �v�a�r�i�a�b�l�e�-�l�e�n�g�t�h� 

�c�h�r�o�m�o�s�o�m�e�s�.� �T�h�e� �m�i�n�i�m�u�m� �t�h�i�c�k�n�e�s�s� �p�r�o�b�l�e�m� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �m�o�r�e� �c�o�s�t�l�y� �t�o� �s�o�l�v�e� �t�h�a�n� �t�h�e� 

�f�a�i�l�u�r�e� �l�o�a�d� �m�a�x�i�m�i�z�a�t�i�o�n�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �i�s� �t�o� �e�x�p�l�o�r�e� �v�a�r�i�o�u�s� �t�e�c�h�n�i�q�u�e�s� 

�f�o�r� �i�m�p�r�o�v�i�n�g� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �f�i�r�s�t� �s�t�u�d�y�i�n�g� �t�h�e� �p�e�n�a�l�t�y� 

�f�u�n�c�t�i�o�n�s� �t�h�a�t� �a�c�c�o�u�n�t� �f�o�r� �s�t�r�e�n�g�t�h� �a�n�d� �s�t�a�b�i�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�s� �a�n�d� �t�h�e�n� �b�y� �i�m�p�r�o�v�i�n�g� �t�h�e� �g�e�n�e�t�i�c� 

�o�p�e�r�a�t�o�r�s�.� �N�o�t�e� �t�h�a�t�,� �i�n� �[�D�a�v�i�d�o�r�9�0�]�,� �a� �G�A� �f�o�r� �o�p�t�i�m�i�z�i�n�g� �r�o�b�o�t� �t�r�a�j�e�c�t�o�r�i�e�s� �i�s� �d�e�s�c�r�i�b�e�d� �w�h�e�r�e� �t�h�e� 

�g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �h�a�n�d�l�e� �v�a�r�i�a�b�l�e�-�l�e�n�g�t�h� �s�t�r�i�n�g�s�.� �F�i�n�a�l�l�y�,� �t�h�e� �u�s�e� �o�f� �a� �n�e�w� �o�p�e�r�a�t�o�r�,� �c�a�l�l�e�d� �s�c�a�l�i�n�g� 

�m�u�t�a�t�i�o�n�,� �t�h�a�t� �p�r�o�j�e�c�t�s� �d�e�s�i�g�n�s� �t�o�w�a�r�d� �t�h�e� �f�e�a�s�i�b�l�e� �d�o�m�a�i�n� �i�s� �i�n�v�e�s�t�i�g�a�t�e�d�.� �T�h�e� �i�m�p�r�o�v�e�m�e�n�t�s� �i�n� 

�t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �a�r�e� �s�h�o�w�n� �t�o� �r�e�d�u�c�e� �t�h�e� �a�v�e�r�a�g�e� �p�r�i�c�e� �o�f� �a� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �b�y� �m�o�r�e� �t�h�a�n� �5�0� 

�%�.� 

�4�.�1� �P�r�o�b�l�e�m� �D�e�s�c�r�i�p�t�i�o�n� 

�T�h�e� �a�n�a�l�y�s�i�s� �p�r�o�c�e�s�s� �i�s� �t�h�e� �s�a�m�e� �a�s� �t�h�e� �o�n�e� �f�r�o�m� �C�h�a�p�t�e�r� �3�,� �w�i�t�h� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �p�o�s�s�i�b�i�l�i�t�y� 

�o�f� �h�a�v�i�n�g� �a� �v�a�r�y�i�n�g� �t�h�i�c�k�n�e�s�s� �l�a�m�i�n�a�t�e�.� �T�h�e� �r�e�a�d�e�r� �f�a�m�i�l�i�a�r� �w�i�t�h� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �C�h�a�p�t�e�r� �3� �c�a�n� 

�s�k�i�p� �t�h�i�s� �s�e�c�t�i�o�n�,� �a�n�d� �k�e�e�p� �i�n� �m�i�n�d� �t�h�a�t� �t�h�e� �p�l�a�t�e� �i�s� �n�o�w� �d�e�s�i�g�n�e�d� �f�o�r� �m�i�n�i�m�u�m� �t�h�i�c�k�n�e�s�s�.� 

�T�h�e� �s�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �l�a�m�i�n�a�t�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4�.�1� �i�s� �l�o�a�d�e�d� �i�n� �t�h�e� �z� �a�n�d� �y� �d�i�r�e�c�t�i�o�n� �b�y� �N�V�,� 

�a�n�d� �N�,�,�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �l�a�m�i�n�a�t�e� �i�s� �c�o�m�p�o�s�e�d� �o�f� �N� �p�l�i�e�s�,� �e�a�c�h� �o�f� �t�h�i�c�k�n�e�s�s� �¢�,� �a�n�d� �i�s� �b�a�l�a�n�c�e�d� 

�a�n�d� �s�y�m�m�e�t�r�i�c�.� �T�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�i�b�e�r�s� �i�n� �t�h�e� �p�l�i�e�s� �a�r�e� �r�e�s�t�r�i�c�t�e�d� �t�o� �t�h�e� �d�i�s�c�r�e�t�e� �s�e�t� �(�0�°�,� 

�+�4�5�°�,�  ��4�5�°� �a�n�d� �9�0�°�)�.� �T�h�e� �p�l�a�t�e� �i�s� �a� �i�n�.� �l�o�n�g� �a�n�d� �b� �i�n�.� �w�i�d�e�.� 
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�F�i�g�u�r�e� �4�.�1�.� �S�i�m�p�l�y� �s�u�p�p�o�r�t�e�d� �l�a�m�i�n�a�t�e�d� �p�l�a�t�e� �s�u�b�j�e�c�t�e�d� �t�o� �n�o�r�-� 
�m�a�l� �i�n�-�p�l�a�n�e� �l�o�a�d�s�.� 

�T�h�e� �l�a�m�i�n�a�t�e� �b�u�c�k�l�e�s� �i�n�t�o� �m� �a�n�d� �n� �h�a�l�f�-�w�a�v�e�s� �i�n� �t�h�e� �z� �a�n�d� �y� �d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�e�n� 

�t�h�e� �l�o�a�d�s� �r�e�a�c�h� �t�h�e� �v�a�l�u�e�s� �A�,�(�m�,�n�)�N�~� �a�n�d� �A�,�(�m�,�n�)�N�y�.� �T�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d� �f�a�c�t�o�r� �A�,�(�m�,�n�)� �i�s� 

�g�i�v�e�n� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �f�l�e�x�u�r�a�l� �s�t�i�f�f�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t�s� �D�;�;� �a�s�,� 

�)� �[�D�1�1�(�m�/�a�)�*� �+� �2�(�D�i�z� �+� �2�D�e�6�)�(�m�/�a�)�?� �+� �D�o�2�(�n�/�b�)�*�]� 
�(�m�/�a�)�*�N�z� �+� �(�n�/�b�)�?� �N�y� 

� � �A�,�(�m�,�n�)� �=� �.� �(�4�.�1�)� 

�T�h�e� �s�m�a�l�l�e�s�t� �v�a�l�u�e� �o�f� �4�,� �o�v�e�r� �p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �m� �a�n�d� �n� �i�s� �t�h�e� �c�r�i�t�i�c�a�l� �b�u�c�k�l�i�n�g� �l�o�a�d� 

�f�a�c�t�o�r� �A�c�.� �I�f� �A�c�n� �i�s� �l�a�r�g�e�r� �t�h�a�n� �1� �t�h�e� �l�a�m�i�n�a�t�e� �c�a�n� �s�u�s�t�a�i�n� �t�h�e� �a�c�t�u�a�l� �a�p�p�l�i�e�d� �l�o�a�d�s� �N�z� �a�n�d� �N�,� 

�w�i�t�h�o�u�t� �b�u�c�k�l�i�n�g�.� 

�T�h�e� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� �p�l�a�t�e� �i�s� �p�r�e�d�i�c�t�e�d� �h�e�r�e� �b�y� �t�h�e� �m�a�x�i�m�u�m� �s�t�r�a�i�n� �c�r�i�t�e�r�i�o�n�.� �T�h�a�t� �i�s�,� �t�h�e� 

�p�l�a�t�e� �i�s� �a�s�s�u�m�e�d� �t�o� �f�a�i�l� �i�f� �a�n�y� �o�f� �t�h�e� �p�l�y� �s�t�r�a�i�n�s� �e�x�c�e�e�d�s� �i�t�s� �a�l�l�o�w�a�b�l�e� �v�a�l�u�e�.� �I�n� �o�u�r� �c�a�s�e� �y�z�,� �i�s� 

�z�e�r�o� �a�n�d� �t�h�e� �p�r�i�n�c�i�p�a�l� �s�t�r�a�i�n�s� �i�n� �t�h�e� �2�t�h� �l�a�y�e�r� �a�r�e� �r�e�l�a�t�e�d� �t�o� �t�h�e� �l�o�a�d�s� �o�n� �t�h�e� �p�l�a�t�e� �b�y� �t�h�e� �r�e�l�a�t�i�o�n�s� 

�f�r�o�m� �t�h�e� �c�l�a�s�s�i�c�a�l� �l�a�m�i�n�a�t�i�o�n� �t�h�e�o�r�y� �f�o�r� �s�y�m�m�e�t�r�i�c� �a�n�d� �b�a�l�a�n�c�e�d� �l�a�m�i�n�a�t�e�s�,� 
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�N�y� �=� �A�j�i ¬�r� �+� �A�1�z ¬�y� 

�N�y� �=� �A�t�z ¬�z� �+� �A�o�2 ¬�y� 

�a�n�d�,� 

�6� �=� �c�o�s �� �0�; ¬�,� �+� �s�i�n�?� �G�r�e�y� 

�t� �2� �é�.� �2� �6�:�  ¬�9� �=� �s�i�n�"� �U�i�e�x� �+� �C�O�S �� �O�j�e�y� 

�t�o� �s�n�a� �Q�:� 
�V�i�g� �=� �s�i�n �� �O�i�( ¬�y�  ��  ¬�x�)� 

�w�h�e�r�e� �A�;�;� �a�r�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �e�x�t�e�n�s�i�o�n�a�l� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �a�n�d� �0�;� �i�s� �t�h�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �i�n� 

�t�h�e� �z�t�h� �l�a�y�e�r�.� �T�h�e� �c�r�i�t�i�c�a�l� �s�t�r�e�n�g�t�h� �f�a�i�l�u�r�e� �l�o�a�d� �f�a�c�t�o�r� �A�,�-� �i�s� �d�e�f�i�n�e�d� �a�s�,� 

� � � � 

� � 

�d�t�d�"� �i�t�)�,� 
�3� 

�f�l�a�?� �f�l�e�a�?� �f�l�y�i�e�l� 
�A�c�e� �=� �m�i�n� �[� �m�i�n�(� 

�t� 

�w�h�e�r�e� �¢�/�*� �a�r�e� �t�h�e� �u�l�t�i�m�a�t�e� �a�l�l�o�w�a�b�l�e� �s�t�r�a�i�n�s�,� �a�n�d� �a� �s�a�f�e�t�y� �f�a�c�t�o�r� �f� �=� �1�.�5� �i�s� �u�s�e�d�.� �I�f� �A�c�e� �i�s� 

�s�m�a�l�l�e�r� �t�h�a�n� �1�,� �t�h�e� �p�l�a�t�e� �i�s� �a�s�s�u�m�e�d� �t�o� �f�a�i�l�.� �T�h�e� �c�r�i�t�i�c�a�l� �l�o�a�d� �f�a�c�t�o�r� �A�,�,� �i�s�,� 

�N�e�r� �=� �M�i�n�(�A�e�n�,� �A�c�e�)�:� 

�T�o� �a�l�l�e�v�i�a�t�e� �m�a�t�r�i�x� �c�r�a�c�k�i�n�g� �p�r�o�b�l�e�m�s� �w�e� �a�l�s�o� �r�e�q�u�i�r�e� �t�h�a�t� �t�h�e�r�e� �a�r�e� �n�o� �m�o�r�e� �t�h�a�n� �f�o�u�r� �c�o�n�t�i�g�u�o�u�s� 

�p�l�i�e�s� �w�i�t�h� �t�h�e� �s�a�m�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�.� 

�T�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �o�p�t�i�m�i�z�a�t�i�o�n� �i�s� �t�o� �f�i�n�d� �t�h�e� �t�h�i�n�n�e�s�t� �s�y�m�m�e�t�r�i�c� �a�n�d� �b�a�l�a�n�c�e�d� �l�a�m�i�n�a�t�e� 

�s�a�t�i�s�f�y�i�n�g� �t�h�e� �4�-�p�l�y� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t� �t�h�a�t� �w�i�l�l� �n�o�t� �f�a�i�l� �b�e�c�a�u�s�e� �o�f� �b�u�c�k�l�i�n�g� �o�r� �e�x�c�e�s�s�i�v�e� �s�t�r�a�i�n�s�.� 

�G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �s�o�l�v�e� �u�n�c�o�n�s�t�r�a�i�n�e�d� �o�p�t�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s�,� �s�o� �t�h�a�t� �c�o�n�s�t�r�a�i�n�t�s� �n�e�e�d� �t�o� 

�b�e� �e�i�t�h�e�r� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�i�a� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�s� �o�r� �r�e�m�o�v�e�d� �b�y� �a�r�t�f�u�l� 

�d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �v�a�r�i�a�b�l�e�s�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s� �d�e�s�c�r�i�b�e� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �a�n�d� �t�h�e�n� 

�t�h�e� �p�e�n�a�l�t�y� �f�o�r�m�u�l�a�t�i�o�n�s�.� 
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�4�.�2� �A� �B�a�s�i�c� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m� �F�o�r� �M�i�n�i�m�u�m� �T�h�i�c�k�n�e�s�s� 
�D�e�s�i�g�n� 

�T�h�e� �b�a�s�i�c� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �d�e�v�e�l�o�p�e�d� �i�n� �[�K�o�g�i�s�o�9�4�b�]�,� �[�N�a�g�e�n�d�r�a�9�3�]� �a�n�d� �C�h�a�p�t�e�r� �3� �i�s� �u�s�e�d� 

�a�s� �t�h�e� �b�a�s�e�l�i�n�e� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �w�o�r�k�.� �I�t� �i�s� �m�o�d�i�f�i�e�d� �t�o� �a�c�c�o�m�m�o�d�a�t�e� �p�l�a�t�e�s� �o�f� �v�a�r�y�i�n�g� �t�h�i�c�k�n�e�s�s�.� 

�T�h�e� �t�w�o� �m�a�i�n� �c�h�a�n�g�e�s� �c�o�n�c�e�r�n� �c�o�d�i�n�g� �o�f� �t�h�e� �d�e�s�i�g�n�s� �a�n�d� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n�.� 

�T�h�e� �r�e�a�d�e�r� �i�s� �r�e�f�e�r�r�e�d� �t�o� �C�h�a�p�t�e�r� �3� �f�o�r� �a� �m�o�r�e� �c�o�m�p�l�e�t�e� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �b�a�s�i�c� �G�A�.� �I�n� �s�h�o�r�t�,� �i�t� 

�i�s� �a�n� �e�l�i�t�i�s�t� �n�o�n�o�v�e�r�l�a�p�p�i�n�g� �G�A� �w�h�e�r�e� �s�e�l�e�c�t�i�o�n� �i�s� �p�e�r�f�o�r�m�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �n�o�r�m�a�l�i�z�e�d� �r�a�n�k� 

�o�f� �e�a�c�h� �i�n�d�i�v�i�d�u�a�l� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n�.� �A� �t�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� �i�s� �u�s�e�d� �i�n� �c�o�n�j�o�n�c�t�i�o�n� �w�i�t�h� �m�u�t�a�t�i�o�n� 

�a�n�d� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �t�o� �c�r�e�a�t�e� �o�f�f�s�p�r�i�n�g� �d�e�s�i�g�n�s�.� 

�4�.�2�.�1� �E�n�c�o�d�i�n�g� �o�f� �a� �L�a�m�i�n�a�t�e� 

�E�a�c�h� �i�n�d�i�v�i�d�u�a�l� �i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�s� �a� �d�e�s�i�g�n�,� �i�.�e�.�,� �a� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�,� �c�o�d�e�d� �i�n� �t�h�e� 

�f�o�r�m� �o�f� �a� �s�t�r�i�n�g�.� �G�e�o�m�e�t�r�i�c�a�l� �r�e�q�u�i�r�e�m�e�n�t�s� �g�u�i�d�e� �t�h�e� �c�h�o�i�c�e� �o�f� �c�o�d�i�n�g�.� �T�h�e� �s�y�m�m�e�t�r�y� �c�o�n�s�t�r�a�i�n�t� 

�i�s� �r�e�a�d�i�l�y� �a�c�c�o�m�m�o�d�a�t�e�d� �b�y� �o�p�t�i�m�i�z�i�n�g� �o�n�l�y� �o�n�e� �h�a�l�f� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�,� �t�h�e� �o�t�h�e�r� �h�a�l�f� �b�e�i�n�g� �o�b�t�a�i�n�e�d� 

�b�y� �s�y�m�m�e�t�r�y�.� �T�h�e� �b�a�l�a�n�c�e� �c�o�n�s�t�r�a�i�n�t� �i�s� �e�n�f�o�r�c�e�d� �b�y� �a�s�s�o�c�i�a�t�i�n�g� �+�4�5�°� �a�n�d�  ��4�5�°� �p�l�i�e�s� �i�n�t�o� �o�n�e� 

�+�4�5�°� �s�t�a�c�k�.� �S�t�a�c�k�s� �o�f� �0�5�,� �£�4�5�°�,� �a�n�d� �9�0�5� �a�r�e� �o�u�r� �b�a�s�i�c� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s�.� 

�T�h�e� �l�e�n�g�t�h�s� �o�f� �a�l�l� �t�h�e� �d�e�s�i�g�n� �s�t�r�i�n�g�s� �h�a�v�e� �t�o� �b�e� �t�h�e� �s�a�m�e�.� �B�e�c�a�u�s�e� �t�h�e� �d�e�s�i�g�n�s� �c�a�n� �h�a�v�e� 

�d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r� �o�f� �p�l�i�e�s�,� �e�m�p�t�y� �p�l�i�e�s� �a�r�e� �a�d�d�e�d� �a�s�  ��p�a�d�d�i�n�g �� �t�o� �m�a�k�e� �a�l�l� �d�e�s�i�g�n�s� �h�a�v�e� �t�h�e� �s�a�m�e� 

�n�o�m�i�n�a�l� �n�u�m�b�e�r� �o�f� �p�l�i�e�s�.� �T�h�e� �c�o�d�i�n�g� �u�s�e�d� �h�e�r�e� �i�s� �t�h�e� �s�t�a�n�d�a�r�d� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �n�o�t�a�t�i�o�n� �w�i�t�h� 

�t�h�e� �a�d�d�i�t�i�o�n�a�l� �s�y�m�b�o�l� �E�£� �f�o�r� �a�n� �e�m�p�t�y� �p�l�y�.� �A�s� �a� �r�e�s�u�l�t�,� �l�a�m�i�n�a�t�e�s� �c�a�n� �b�e� �c�o�m�p�o�s�e�d� �o�f� �0�2�,� �+�4�5�,� 

�9�0�2� �a�n�d� �£�»� �s�t�a�c�k�s�.� 

�W�i�t�h� �t�h�e� �p�a�d�d�i�n�g� �e�l�e�m�e�n�t� �E�>�,� �t�h�e� �g�e�n�e�t�i�c� �o�p�e�r�a�t�o�r�s� �o�f� �C�h�a�p�t�e�r� �3� �c�a�n� �h�a�n�d�l�e� �p�l�a�t�e�s� �o�f� 

�v�a�r�y�i�n�g� �t�h�i�c�k�n�e�s�s�.� �A�n� �a�d�d�i�t�i�o�n�a�l�  ��c�o�m�p�r�e�s�s�i�o�n �� �o�p�e�r�a�t�o�r� �w�a�s� �u�s�e�d� �t�h�a�t� �p�u�s�h�e�s� �t�h�e� �e�m�p�t�y� �s�t�a�c�k�s� 

�E�,� �t�o�w�a�r�d�s� �t�h�e� �o�u�t�s�i�d�e� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�.� �E�m�p�t�y� �s�t�a�c�k�s� �i�m�b�e�d�d�e�d� �i�n� �t�h�e� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e� �c�a�n� �b�e� 

�p�r�o�d�u�c�e�d� �b�y� �c�r�o�s�s�o�v�e�r�,� �s�t�a�c�k� �s�w�a�p� �o�r� �m�u�t�a�t�i�o�n�.� �T�h�e� �f�o�l�l�o�w�i�n�g� �c�r�o�s�s�o�v�e�r� �i�s� �a�n� �e�x�a�m�p�l�e�.� 

�P�a�r�e�n�t� �1� �9�0�.� �X�9�0�.� �X�+�4�5� �0�2� �+�4�5� 

�P�a�r�e�n�t�2� �E�F�,� �Y�E�,� �Y�9�0�.� �+�4�5� �0�2� 

�C�h�i�l�d� �9�0�.� �Y�E�,� �Y�+�4�5� �0�2� �+�4�5� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �5�9



�T�h�e� �c�o�m�p�r�e�s�s�i�o�n� �o�p�e�r�a�t�o�r� �w�o�u�l�d� �t�r�a�n�s�f�o�r�m� �t�h�e� �a�b�o�v�e� �c�h�i�l�d� �c�h�r�o�m�o�s�o�m�e� �t�o� �[�E�2�/�9�0�2�/� �+� �4�5� 

�/�0�2�/� �+�4�5�]�.� �W�i�t�h�o�u�t� �c�o�m�p�r�e�s�s�i�o�n�,� �d�i�s�r�u�p�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �f�e�a�t�u�r�e�s� �b�y� �c�r�o�s�s�o�v�e�r� �i�s� �e�x�p�e�c�t�e�d� 

�t�o� �d�e�g�r�a�d�e� �t�h�e� �s�e�a�r�c�h� �e�f�f�i�c�i�e�n�c�y�.� �L�e�t ��s� �c�o�n�s�i�d�e�r� �f�o�r� �e�x�a�m�p�l�e� �c�r�o�s�s�o�v�e�r� �o�f� �t�w�o� �a�l�m�o�s�t� �i�d�e�n�t�i�c�a�l� 

�d�e�s�i�g�n�s�,� 

�P�a�r�e�n�t� �1� �9�0�.� �9�0�2� �X� �E�o� �+�4�5� �0�p� �X� �E�o� �+�4�5� 

�P�a�r�e�n�t�2� �9�0�2� �£�2� �X�9�0�.� �+�4�5� �E�,� �Y�+�4�5� �0�2� 

�C�h�i�l�d� �9�0�2� �9�0�2� �X�9�0�.� �4�4�5� �E�,� �X�E�,� �+�4�5� 

�T�h�e� �t�w�o� �p�a�r�e�n�t�s� �h�a�v�e� �s�a�m�e� �w�e�i�g�h�t� �a�n�d� �v�e�r�y� �s�i�m�i�l�a�r� �c�o�m�p�o�s�i�t�i�o�n�s�.� �I�d�e�a�l�l�y�,� �c�r�o�s�s�o�v�e�r� �s�h�o�u�l�d� 

�p�r�o�d�u�c�e� �a� �c�h�i�l�d� �d�e�s�i�g�n� �t�h�a�t� �d�o�e�s� �n�o�t� �d�e�p�a�r�t� �t�o�o� �d�r�a�m�a�t�i�c�a�l�l�y� �f�r�o�m� �t�h�e� �p�a�r�e�n�t� �d�e�s�i�g�n�s�.� �I�n� �t�h�e� 

�e�x�a�m�p�l�e�,� �t�h�e� �c�h�i�l�d� �d�e�s�i�g�n� �h�a�s� �t�h�e� �s�a�m�e� �w�e�i�g�h�t� �a�s� �t�h�e� �p�a�r�e�n�t�s�,� �b�u�t� �t�h�e� �s�c�h�e�m�a� �(�9�0�2� �9�0�2� �£�4�5� �+� �*�)� 

�t�h�a�t� �w�a�s� �p�r�e�s�e�n�t� �i�n� �b�o�t�h� �p�a�r�e�n�t�s� �h�a�s� �b�e�e�n� �l�o�s�t�.� �T�h�i�n�g�s� �c�a�n� �e�v�e�n� �b�e� �w�o�r�s�e� �i�f� �t�h�e� �b�r�e�a�k� �p�o�i�n�t�s� �a�r�e� 

�c�h�o�s�e�n� �a�s� �i�n� �t�h�e� �n�e�x�t� �e�x�a�m�p�l�e�.� �N�o�t� �o�n�l�y� �t�h�e� �(�9�0�2� �9�0�2� �+�4�5� �*� �*�)� �s�c�h�e�m�a� �s�h�a�r�e�d� �b�y� �b�o�t�h� �p�a�r�e�n�t�s� 

�i�s� �l�o�s�t�,� �b�u�t� �a�l�s�o� �t�h�e� �w�e�i�g�h�t� �o�f� �t�h�e� �c�h�i�l�d� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �w�e�i�g�h�t� �o�f� �t�h�e� �p�a�r�e�n�t�s�:� 

�P�a�r�e�n�t� �1� �9�0�%� �Y� �9�0�2� �V� �E�o� �+�4�5� �0�»� �b�y� �+�4�5� �A� �j�a� 

�P�a�r�e�n�t� �2� �9�0�.� �x� �E�2� �x� �9�0�2� �+�4�5� �F�o� �+�4�5� �0�2� 

�C�h�i�l�d� �9�0�2� �Y�E�,� �Y�E�,� �+�4�5� �0�2� �E�,� �+�4�5� 

�S�u�c�h� �r�e�a�s�o�n�i�n�g� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �p�u�s�h�i�n�g� �t�h�e� �e�m�p�t�y� �p�l�i�e�s� �o�n� �t�h�e� �o�u�t�s�i�d�e� �i�s� �n�e�c�e�s�s�a�r�y� �i�f� �w�e� 

�w�a�n�t� �t�o� �p�r�e�s�e�r�v�e� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �c�r�o�s�s�o�v�e�r� �t�o� �e�f�f�i�c�i�e�n�t�l�y� �r�e�c�o�m�b�i�n�e� �d�e�s�i�g�n�s�.� 

�T�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �g�e�n�e�r�a�t�i�n�g� �o�r� �d�e�l�e�t�i�n�g� �e�m�p�t�y� �s�t�a�c�k� �o�f� �p�l�i�e�s� �E�2� �w�a�s� �a�d�d�e�d� �t�o� �t�h�e� �m�u�t�a�t�i�o�n� 

�o�p�e�r�a�t�o�r�.� �A�l�s�o�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�o�n� �i�s� �n�o�w� �a� �p�r�o�b�a�b�i�l�i�t�y� �p�e�r� �a�l�l�e�l�e�,� �u�n�l�i�k�e� �C�h�a�p�t�e�r� �3� �w�h�e�r�e� 

�i�t� �w�a�s� �a� �p�r�o�b�a�b�i�l�i�t�y� �p�e�r� �l�a�m�i�n�a�t�e�.� �T�h�i�s� �m�e�a�n�s� �t�h�a�t� �n�o�w� �m�a�n�y� �m�u�t�a�t�i�o�n�s� �p�e�r� �l�a�m�i�n�a�t�e� �c�a�n� �o�c�c�u�r�,� 

�a�l�t�h�o�u�g�h� �w�i�t�h� �a� �v�e�r�y� �s�m�a�l�l� �p�r�o�b�a�b�i�l�i�t�y�.� 

�4�.�2�.�2� �O�b�j�e�c�t�i�v�e� �F�u�n�c�t�i�o�n� �F�o�r�m�u�l�a�t�i�o�n� 

�T�h�e� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �d�e�s�i�g�n� �p�r�o�b�l�e�m� �t�r�e�a�t�e�d� �h�e�r�e� �h�a�s� �f�i�v�e� �c�o�n�s�t�r�a�i�n�t�s�:� �b�u�c�k�l�i�n�g�,� �s�t�r�e�n�g�t�h� 

�f�a�i�l�u�r�e�,� �s�y�m�m�e�t�r�y�,� �b�a�l�a�n�c�e�,� �a�n�d� �t�h�e� �4�-�p�l�y� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �i�s� �t�o� �m�i�n�i�m�i�z�e� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �6�0



�t�h�e� �n�u�m�b�e�r� �o�f� �p�l�i�e�s� �N� �i�n� �t�h�e� �l�a�m�i�n�a�t�e�.� �T�h�e� �s�t�r�e�n�g�t�h�,� �s�t�a�b�i�l�i�t�y�,� �a�n�d� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� 

�i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�h�r�o�u�g�h� �p�e�n�a�l�t�y� �s�t�r�a�t�e�g�i�e�s�.� �T�h�e� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t� �i�s� 

�e�n�f�o�r�c�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �t�h�e� �o�b�j�e�c�t�i�v�e� �b�y� �P ��+�,� �w�h�e�r�e� �P�,� �i�s� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �f�o�r� �t�h�e� �p�l�y� 

�c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�s�,� �a�n�d� �n�,� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �s�t�a�c�k�s� �o�f� �t�w�o� �p�l�i�e�s� �i�n� �e�x�c�e�s�s� �o�f� �t�h�e� �c�o�n�s�t�r�a�i�n�t� 

�v�a�l�u�e� �o�f� �t�w�o� �s�t�a�c�k�s� �(�1�.�e�.�,� �4� �p�l�i�e�s�)� �i�n� �o�n�e� �h�a�l�f� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�.� �N�o�t�i�c�e� �t�h�a�t� �h�e�r�e�,� �i�n� �c�o�n�t�r�a�s�t� �t�o� 

�w�h�a�t� �w�a�s� �d�o�n�e� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �t�h�e� �p�e�n�a�l�t�y� �o�n� �c�o�n�t�i�g�u�i�t�y� �i�s� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�i�s�t�a�n�c�e� �t�o� 

�f�e�a�s�i�b�i�l�i�t�y�.� �F�o�r� �e�x�a�m�p�l�e�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �(�0�6�/�9�0�2�)�,� �i�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �P�.�;� 

�t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �o�f� �(�9�0�¢�/�0�4�)�s� �i�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �P�?� �(�t�h�e� �f�i�r�s�t� �P�,� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �e�x�t�r�a� �0�2� 

�s�t�a�c�k�s� �a�t� �t�h�e� �l�a�m�i�n�a�t�e� �m�i�d�p�l�a�n�e� �a�n�d� �t�h�e� �o�t�h�e�r� �P�,� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �e�x�t�r�a� �9�0�2� �s�t�a�c�k�)�.� 

�T�h�e� �t�r�e�a�t�m�e�n�t� �o�f� �t�h�e� �f�a�i�l�u�r�e� �a�n�d� �s�t�a�b�i�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�s� �i�s� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �f�o�r� �t�w�o� �r�e�a�s�o�n�s�.� 

�F�i�r�s�t�,� �b�e�c�a�u�s�e� �o�f� �t�h�e� �d�i�s�c�r�e�t�e� �n�a�t�u�r�e� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �t�h�e�r�e� �m�a�y� �b�e� �s�e�v�e�r�a�l� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �o�f� �t�h�e� 

�s�a�m�e� �m�i�n�i�m�u�m� �t�h�i�c�k�n�e�s�s�.� �O�f� �t�h�e�s�e� �d�e�s�i�g�n�s�,� �w�e� �d�e�f�i�n�e� �t�h�e� �o�p�t�i�m�u�m� �t�o� �b�e� �t�h�e� �d�e�s�i�g�n� �w�i�t�h� �t�h�e� 

�l�a�r�g�e�s�t� �f�a�i�l�u�r�e� �l�o�a�d�.� �T�h�e�r�e�f�o�r�e�,� �a�s� �i�n� �[�K�o�g�i�s�o�9�4�b�]�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �i�s� �l�i�n�e�a�r�l�y� �r�e�d�u�c�e�d� �i�n� 

�p�r�o�p�o�r�t�i�o�n� �t�o� �t�h�e� �f�a�i�l�u�r�e� �m�a�r�g�i�n� �f�o�r� �d�e�s�i�g�n�s� �t�h�a�t� �s�a�t�i�s�f�y� �o�r� �a�l�m�o�s�t� �s�a�t�i�s�f�y� �t�h�e� �s�t�a�b�i�l�i�t�y� �a�n�d� �f�a�i�l�u�r�e� 

�c�o�n�s�t�r�a�i�n�t�s�.� �F�o�r� �s�u�c�h� �d�e�s�i�g�n�s� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �®�o� �i�s� �d�e�f�i�n�e�d� �a�s� 

�i�f� �A�e�r� �>� �(�1� �~� �6�)�,� �®�)� �=� �P�e� �{�N� �+�e� �[�1� �~� �6�)� �~�~� �r�e�r�]� �}� �(�4�.�2�)� 

�6� �i�s� �a� �s�m�a�l�l� �t�o�l�e�r�a�n�c�e� �p�a�r�a�m�e�t�e�r� �a�d�d�e�d� �f�o�r� �m�o�r�e� �f�l�e�x�i�b�i�l�i�t�y� �i�n� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �f�e�a�s�i�b�i�l�i�t�y�,� �a�n�d� �e� 

�i�s� �a� �s�m�a�l�l� �p�a�r�a�m�e�t�e�r� �f�o�r� �r�e�w�a�r�d�i�n�g� �c�o�n�s�t�r�a�i�n�t� �m�a�r�g�i�n�.� �W�h�e�n� �t�h�e� �s�t�a�b�i�l�i�t�y� �o�r� �f�a�i�l�u�r�e� �c�o�n�s�t�r�a�i�n�t�s� 

�a�r�e� �v�i�o�l�a�t�e�d�,� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �t�h�i�c�k�n�e�s�s� �n�e�e�d�e�d� �t�o� �a�c�h�i�e�v�e� �f�e�a�s�i�b�i�l�i�t�y� �f�r�o�m� 

�s�i�m�p�l�e� �s�c�a�l�i�n�g� �r�u�l�e�.� �B�a�s�e�d� �o�n� �t�h�e� �s�c�a�l�i�n�g� �r�u�l�e�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �®�o� �f�o�r� �d�e�s�i�g�n�s� �t�h�a�t� �v�i�o�l�a�t�e� 

�t�h�e� �s�t�a�b�i�l�i�t�y� �o�r� �f�a�i�l�u�r�e� �c�o�n�s�t�r�a�i�n�t�s� �i�s� �d�e�f�i�n�e�d� �a�s� 

�N� �i�f� �r�o�r� �<� �(�1�-�6�)�,� �B�o� �=� �P�o� �{�5�}� �(�4�.�3�)� 

�w�h�e�r�e� �P�;� �i�s� �a�n� �e�x�p�o�n�e�n�t� �u�s�e�d� �i�n� �t�h�e� �s�c�a�l�i�n�g� �l�a�w�.� 

�T�h�r�e�e� �a�s�s�u�m�p�t�i�o�n�s� �w�e�r�e� �m�a�d�e� �i�n� �[�K�o�g�i�s�o�9�4�b�]� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �v�a�l�u�e�s� �o�f� �e� �a�n�d� �P�;�:� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �6�1



�1�-�.� �S�c�a�l�i�n�g� �r�u�l�e�:� �t�h�e� �s�t�r�a�i�n� �f�a�i�l�u�r�e� �l�o�a�d�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �t�h�i�c�k�n�e�s�s� 

�o�f� �t�h�e� �l�a�m�i�n�a�t�e�.� �T�h�e� �b�u�c�k�l�i�n�g� �l�o�a�d�s� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �c�u�b�e� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� 

�t�h�i�c�k�n�e�s�s�.� 

�2 ��.�T�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �i�s� �l�o�c�a�t�e�d� �a�t� �t�h�e� �b�o�u�n�d�a�r�y� �b�e�t�w�e�e�n� �f�e�a�s�i�b�l�e� �a�n�d� �i�n�f�e�a�s�i�b�l�e� �d�o�m�a�i�n�s�,� 

�L�e�.� �A�g�r� �&� �1�.� 

�3 ��.� �W�h�e�n� �e�s�t�i�m�a�t�i�n�g� �p�a�r�a�m�e�t�e�r�s� �f�o�r� �t�h�e� �f�a�i�l�u�r�e� �c�o�n�s�t�r�a�i�n�t�s�,� �t�h�e� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�s� �c�a�n� 

�b�e� �n�e�g�l�e�c�t�e�d� �(�n�,� �=� �Q�)�.� 

�T�o�o� �l�a�r�g�e� �a� �v�a�l�u�e� �f�o�r� �e� �w�o�u�l�d� �f�a�v�o�r� �t�h�i�c�k� �d�e�s�i�g�n�s� �h�a�v�i�n�g� �a� �l�a�r�g�e� �f�e�a�s�i�b�i�l�i�t�y� �m�a�r�g�i�n� �o�v�e�r� 

�t�h�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n�.� �T�h�e� �m�a�x�i�m�u�m� �v�a�l�u�e� �o�f� �e� �w�a�s� �e�s�t�i�m�a�t�e�d� �i�n� �[�K�o�g�i�s�o�9�4�b�]� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �o�f� �a� �h�y�p�o�t�h�e�t�i�c�a�l� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �h�a�v�i�n�g� �N� �p�l�i�e�s� �a�n�d� �4�,�,� �=� �(�1�-�6�)� �w�i�t�h�a� 

�h�e�a�v�i�e�r� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n� �o�f� �c�N� �p�l�i�e�s� �(�c� �>� �1�)�.� �N�e�g�l�e�c�t�i�n�g� �t�h�e� �d�i�s�c�r�e�t�e�n�e�s�s� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �p�l�i�e�s�,� 

�w�e� �a�s�s�u�m�e� �t�h�a�t� �c� �c�a�n� �v�a�r�y� �c�o�n�t�i�n�u�o�u�s�l�y�.� �T�h�e�n�,� �u�n�d�e�r� �t�h�e� �a�b�o�v�e� �a�s�s�u�m�p�t�i�o�n�s�,� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� 

�t�h�a�t� �a� �d�e�s�i�g�n� �t�h�i�c�k�e�r� �t�h�a�n� �t�h�e� �o�p�t�i�m�a�l� �s�h�o�u�l�d� �h�a�v�e� �a� �h�i�g�h�e�r� �o�b�j�e�c�t�i�v�e� �b�e�c�o�m�e�s�,� 

�N� �<� �c�N�+�e�[�(�1 ��6�)�- ��c�°�]�,� �i�f� �b�u�c�k�l�i�n�g� �i�s� �c�r�i�t�i�c�a�l�,� 

�N� �<� �c�e�N�+�e�[�(�1 ��6�) ��c�]�,� �i�f� �s�t�r�a�i�n�s� �a�r�e� �c�r�i�t�i�c�a�l�.� �(�4�.�4�)� 

�B�u�c�k�l�i�n�g� �f�a�i�l�u�r�e� �y�i�e�l�d�s� �t�h�e� �t�i�g�h�t�e�r� �b�o�u�n�d� �o�n� �e�,� 

�N�(�c�-�1�)� �S�o� �(�4�.�5�)� 

�F�o�r� �6� �<� �0�.�0�1�,� �t�h�e� �u�p�p�e�r� �b�o�u�n�d� �o�n� �e� �i�n�c�r�e�a�s�e�s� �w�i�t�h� �c� �u�n�t�i�l� �a� �p�o�i�n�t� �1� �<� �¢�m�e�,� �<� �1�.�1� �a�n�d� 

�t�h�e�n� �d�e�c�r�e�a�s�e�s�.� �T�o� �b�e� �o�n� �t�h�e� �s�a�f�e� �s�i�d�e�,� �w�e� �c�a�l�c�u�l�a�t�e� �t�h�e� �u�p�p�e�r� �b�o�u�n�d� �o�n�e� �f�o�r�c� �=� �2�a�n�d�6� �=� �0�,� 

�w�h�a�t� �y�i�e�l�d�s� �e� �<� �X� �F�o�r� �t�h�e� �c�a�s�e�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e�a�f�t�e�r�,� �N� �>� �4�4� �s�o� �E�q�u�a�t�i�o�n� �(�4�.�4�)� �w�i�l�l� �b�e� 

�s�a�t�i�s�f�i�e�d� �f�o�r�e� �<� �6�.� 

�A� �s�m�a�l�l� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �P�;� �c�o�u�l�d� �l�e�a�d� �t�o� �d�e�s�i�g�n�s� �w�i�t�h� �l�a�r�g�e� �c�o�n�s�t�r�a�i�n�t� �v�i�o�l�a�t�i�o�n� �h�a�v�i�n�g� 

�l�o�w�e�r� �o�b�j�e�c�t�i�v�e�s� �t�h�a�n� �d�e�s�i�g�n�s� �w�i�t�h� �s�m�a�l�l� �v�i�o�l�a�t�i�o�n�s�.� �S�o�,� �b�o�u�n�d�s� �o�n� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r� �P�;� �c�a�n� 

�b�e� �o�b�t�a�i�n�e�d� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �h�y�p�o�t�h�e�t�i�c�a�l� �o�p�t�i�m�u�m� �d�e�s�i�g�n� �w�i�t�h� �a�n� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n� �t�h�a�t� �h�a�s� �c�N�V� 

�p�l�i�e�s� �(�f�o�r� �c� �<� �1�)� �a�n�d� �a� �c�r�i�t�i�c�a�l� �f�a�i�l�u�r�e� �l�o�a�d� �A�;�.� �F�r�o�m� �a�s�s�u�m�p�t�i�o�n�s� �2� �a�n�d� �3�,� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�s� 

�n�e�e�d� �t�o� �b�e� �c�h�o�s�e�n� �s�o� �t�h�a�t�,� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �6�2



�N�<�  ��.� �(�4�.�6�)� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �s�c�a�l�i�n�g� �r�u�l�e�,� �A�y� �=� �c� �i�f� �t�h�e� �s�t�r�a�i�n�s� �a�r�e� �c�r�i�t�i�c�a�l� �a�n�d� �A�;� �=� �c�°� �i�f� �b�u�c�k�l�i�n�g� 

�i�s� �c�r�i�t�i�c�a�l�.� �T�h�e� �b�o�u�n�d�s� �f�o�u�n�d� �i�n� �[�K�o�g�i�s�o�9�4�b�]� �w�e�r�e� �P�;� �>� �1� �i�f� �s�t�r�a�i�n�s� �a�r�e� �c�r�i�t�i�c�a�l� �a�n�d� �P�;� �>� �1�/�3� 

�i�f� �b�u�c�k�l�i�n�g� �i�s� �c�r�i�t�i�c�a�l�.� 

�T�h�e� �m�a�i�n� �p�r�o�b�l�e�m� �o�f� �t�h�e� �p�r�e�v�i�o�u�s� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �f�o�r�m�u�l�a�t�i�o�n� �i�s� �t�h�a�t� �f�o�r� �s�o�m�e� �l�o�a�d� 

�c�a�s�e�s�,� �t�h�e� �c�r�i�t�i�c�a�l� �l�o�a�d� �o�f� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �t�h�a�t� �a�r�e� �o�n�e� �s�t�a�c�k� �l�i�g�h�t�e�r� �t�h�a�n� �t�h�e� �o�p�t�i�m�u�m� �f�e�a�s�i�b�l�e� 

�d�e�s�i�g�n�s� �i�s� �v�e�r�y� �c�l�o�s�e� �t�o� �1�.� �T�h�e�n� �P�;� �n�e�e�d�s� �t�o� �b�e� �v�e�r�y� �l�a�r�g�e� �f�o�r� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �®�o�9� �o�f� 

�f�e�a�s�i�b�l�e� �o�p�t�i�m�u�m� �d�e�s�i�g�n�s� �t�o� �b�e� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �o�f� �g�o�o�d� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s�.� 

�B�u�t� �a� �l�a�r�g�e� �P�;� �w�a�s� �s�e�e�n� �a�s� �b�e�i�n�g� �d�e�t�r�i�m�e�n�t�a�l� �t�o� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �g�e�n�e�t�i�c� �s�e�a�r�c�h� �(�C�h�a�p�t�e�r� �3�,� 

�[�R�i�c�h�a�r�d�s�o�n�8�9�]�)�.� 

�T�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �a�n�d� �o�p�e�r�a�t�o�r�s� �d�e�s�c�r�i�b�e�d� �s�o� �f�a�r� �a�r�e� �t�h�o�s�e� �u�s�e�d� �i�n� �[�K�o�g�i�s�o�9�4�a�]�,� �[�K�o�-� 

�g�i�s�o�9�4�b�]�,� �[�N�a�g�e�n�d�r�a�9�3�]�,� �a�n�d� �C�h�a�p�t�e�r� �3�.� �W�e� �w�i�l�l� �n�o�w� �c�o�n�s�i�d�e�r� �m�o�d�i�f�i�c�a�t�i�o�n�s� �f�o�r� �b�e�t�t�e�r� �e�f�f�i�c�i�e�n�c�y� 

�i�n� �m�i�n�i�m�u�m� �w�e�i�g�h�t� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n�.� 

�4�.�3� �I�m�p�r�o�v�e�d� �G�e�n�e�t�i�c� �A�l�g�o�r�i�t�h�m� �f�o�r� �M�i�n�i�m�u�m� �T�h�i�c�k�n�e�s�s� 
�D�e�s�i�g�n� 

�4�.�3�.�1� �M�o�d�i�f�i�e�d� �O�b�j�e�c�t�i�v�e� �F�u�n�c�t�i�o�n� �F�o�r�m�u�l�a�t�i�o�n� 

�T�h�e� �p�r�e�v�i�o�u�s�l�y� �o�u�t�l�i�n�e�d� �p�r�o�b�l�e�m� �o�f� �n�e�e�d�i�n�g� �l�a�r�g�e� �v�a�l�u�e�s� �o�f� �P�;� �i�s� �a�v�o�i�d�e�d� �b�y� �a�d�d�i�n�g� �a� 

�s�m�a�l�l� �c�o�n�s�t�a�n�t� �p�e�n�a�l�t�y� �S� �f�o�r� �v�i�o�l�a�t�i�n�g� �t�h�e� �s�t�r�e�n�g�t�h� �o�r� �s�t�a�b�i�l�i�t�y� �c�o�n�s�t�r�a�i�n�t�s�.� �T�h�a�t� �i�s�,� �t�h�e� �m�o�d�i�f�i�e�d� 

�o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �®� �i�s� �d�e�f�i�n�e�d� �a�s� 

�i�f� �X�e� �>�(�1�-�8�)�,� �P�o�r� �{�N� �+�  ¬�[�(�1�-�6�)�  �� �r�e�r�]�}�,� 
�N� �(�4�.�7�)� 

�i�f� �A�o� �<�(�L�-�8�)�,� �©� �=� �P�M�{�F�}� �4� �S�.� 
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�S� �a�n�d� �(�1�/�\�%�*�)� �a�r�e� �b�o�t�h� �p�e�n�a�l�t�i�e�s�,� �b�u�t� �t�h�e�i�r� �a�c�t�i�o�n� �d�i�f�f�e�r�s� �i�n� �t�h�a�t� �(�1�/�7�)� �i�s� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�d�i�s�t�a�n�c�e� �t�o� �f�e�a�s�i�b�i�l�i�t�y� �w�h�i�l�e� �S� �i�s� �n�o�t�.� �I�f� �S�'� �>� �0�,� �P�;� �c�a�n� �b�e� �c�h�o�s�e�n� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �m�i�n�i�m�u�m� �v�a�l�u�e� 

�o�f� �1� �d�e�r�i�v�e�d� �i�n� �[�K�o�g�i�s�o�9�4�b�]�.� 
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�1�2�0�.�0� �~ �� �\� �|� �a� 
�1�1�0�.�0�  ��  ��  �� �4�4� �p�l�i�e�s�,� �P�i�=�0�.�5� �|�|� 

�a�n�  �� �-�4�8� �p�l�i�e�s�,� �P�I�=�0�.�5� 
�=� �1�0�0�.�0� �P�e�d�  ��  �� �-�5�2� �p�l�i�e�s�,� �P�I�=�0�.�5� �|� 
�S�s� �o�e� �4�4� �p�l�i�e�s�,� �P�l�=�2� 
�2� �9�0�.�0� �c�o�e� �4�8� �p�l�i�e�s�,� �P�l�=�2�_� �7� 

�°� �3�0�.�0� �S�e�l�g�i�n�  �� �-� �-�5�2� �p�l�i�e�s�,� �P�l�=�2� 
�.� �.� �«� �.� �\� �n� 

�5� �7�0�.�0� �i�n�f�e�a�s�i�b�l�e� �*� �-� �\� 
�2� �7� �~� �>� �f�e�a�s�i�b�l�e� 
�©� �6�0�.�0� �=� �c�e�r�t�a�i�n� �t�c�e�n�B�g� �i�N� 

�P� �$�$�$� �i� �_�>�  ��-� �A� �;� 

�5�0�.�0�  ��A�e�r� �B�y� �a� �e� �3� �~�*� 
�4�0�.�0� �|� 

�0�.�6� �0�.�7� �0�.�8� �0�.�9� �1�.�0� �1�.�1� �1�.�2� 

�C�r�i�t�i�c�a�l� �l�o�a�d� �f�a�c�t�o�r� 

�F�i�g�u�r�e� �4�.�2�.� �O�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �®�,� �S� �=� �1�.�0�,�n�,�.� �=� �0�.� �P�o�i�n�t�s� �A�,� 
�B�,� �a�n�d� �C� �c�o�r�r�e�s�p�o�n�d� �t�o� �b�e�s�t� �d�e�s�i�g�n�s� �o�b�t�a�i�n�e�d� �f�o�r� 
�l�o�a�d� �c�a�s�e� �1�.� 

�F�i�g�u�r�e� �4�.�2� �s�h�o�w�s� �h�o�w� �t�h�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �®� �v�a�r�i�e�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �m�o�s�t� �c�r�i�t�i�c�a�l� 

�c�o�n�s�t�r�a�i�n�t� �f�o�r� �N� �=� �4�4�,� �4�8�,� �a�n�d� �5�2�,� �P�;� �=� �0�.�5� �a�n�d� �P�;�}� �=� �2�,�5� �=� �1�.�,�6� �=� �0�,� �a�n�d�e� �=� �6�.� 

�A�s� �a�n� �e�x�a�m�p�l�e�,� �w�e� �s�h�o�w� �o�n� �t�h�e� �f�i�g�u�r�e� �t�h�e� �b�e�s�t� �4�4�,� �4�8� �a�n�d� �5�2� �p�l�y� �d�e�s�i�g�n�s� �o�b�t�a�i�n�e�d� �f�o�r� �l�o�a�d� 

�c�a�s�e� �1� �(�s�e�e� �R�e�s�u�l�t�s� �S�e�c�t�i�o�n� �f�o�r� �c�o�m�p�l�e�t�e� �d�e�s�c�r�i�p�t�i�o�n�)�.� �T�h�e� �c�r�i�t�i�c�a�l� �f�a�i�l�u�r�e� �l�o�a�d� �f�a�c�t�o�r�s� �A�.�,� �f�o�r� 

�t�h�e�s�e� �d�e�s�i�g�n�s� �a�r�e� �A�,�,� �=� �0�.�8�7�9�,� �1�.�0�4�0� �a�n�d� �1�.�2�0�1�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �a�r�e� �m�a�r�k�e�d� �o�n� �t�h�e� �c�u�r�v�e�s� �b�y� 

�p�o�i�n�t�s� �A�,� �B�,� �a�n�d� �C� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r� �S� �=� �1� �a�n�d� �P�;� �=� �2� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �(�p�o�i�n�t� �B�)� �h�a�s� �a� 

�s�u�b�s�t�a�n�t�i�a�l� �l�o�w�e�r� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�h�a�n� �e�i�t�h�e�r� �t�h�e� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n� �(�A�)� �o�r� �t�h�e� �h�e�a�v�i�e�r� �f�e�a�s�i�b�l�e� 

�d�e�s�i�g�n� �(�C�)�.� �W�h�e�n� �P�;� �=� �0�.�5�,� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �B� �o�v�e�r� �A� �b�e�c�o�m�e�s� �m�o�r�e� �m�a�r�g�i�n�a�l�.� �F�i�g�u�r�e� �4�.�3� �g�i�v�e�s� 

�a� �m�a�g�n�i�f�i�e�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �®� �s�u�c�h� �a�s� �s�h�o�w�n� �o�n� �F�i�g�u�r�e� �4�.�2� �f�o�r� �P�;�)� �=� �0�.�5� �a�n�d� �S� �=� �1�,� �w�i�t�h� 

�t�h�e� �a�d�d�i�t�i�o�n�a�l� �c�a�s�e� �P�;� �=� �0�.�5� �a�n�d� �S� �=� �0�.� �T�h�e� �s�e�t�t�i�n�g� �P�;� �=� �0�.�5�,� �S� �=� �O� �m�a�k�e�s� �t�h�e� �i�n�f�e�a�s�i�b�l�e� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �6�4



�d�e�s�i�g�n� �(�p�o�i�n�t� �A�)� �h�a�v�e� �a� �l�o�w�e�r� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �t�h�a�n� �t�h�e� �o�p�t�i�m�u�m� �(�p�o�i�n�t� �B�)�.� �F�i�g�u�r�e�s� �4�.�2� �a�n�d� �4�.�3� 

�t�o�g�e�t�h�e�r� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �u�s�e� �o�f� �S� �t�o� �a�l�l�o�w� �u�s� �t�o� �r�e�d�u�c�e� �t�h�e� �r�e�q�u�i�r�e�d� �v�a�l�u�e� �o�f� �P�)�.� 
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�T�o� 
�5�2�.�0� �A�r�e� �\�  ��4� �|� 

�O�N�S�  ��~�s� 
�S�  �� �\� �:� 

�5�0�.�0� �r�e�r�e� �e�r�e� �e�e�r� �t�e�r� �b�e�c�t�t�e�n�e�t�i�e�n� �4�4� �p�l�i�e�s�.� �S�=�O� 
�o�O�  ��  � � ��.� �4�4� �p�l�i�e�s�,� �S�=� 

�5� �\� �;�  �� �-�4�8� �p�l�i�e�s�,� �S�=�0� 
�>� �4�8�.�0� �A� �B�.�.�.�.�  ��  �� �-�5�2� �p�l�i�e�s�,� �S�=�0� 

�6� �:� �.� �2� �\� �n�e� �4�4� �p�l�i�e�s�,� �S�=�1� 
�a� �A�w�,� �p�o�o�]� �[�e�e�e� �4�8� �p�l�i�e�s�,� �S�=�1� 

�4�6�.�0� �N�o� �2�  �� �-� �-� �5�2� �p�l�i�e�s�,� �S�=�1� 

�4�4�.�0� 
�|� �- �� 

�0�.�7� �0�.�8� �0�.�9� �1�.�0� �1�.�1� �1�.�2� 

�C�r�i�t�i�c�a�l� �l�o�a�d� �f�a�c�t�o�r� 

�F�i�g�u�r�e� �4�.�3�.� �O�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �®�,� �P�;� �=� �0�.�5�,�n�,�.� �=� �O�.� �P�o�i�n�t�s� 
�A�,� �B�,� �a�n�d� �C� �c�o�r�r�e�s�p�o�n�d� �t�o� �b�e�s�t� �d�e�s�i�g�n�s� �o�b�t�a�i�n�e�d� �f�o�r� 
�l�o�a�d� �c�a�s�e� �1�.� 

�C�o�n�s�i�d�e�r�i�n�g� �b�o�u�n�d�s� �o�n� �5 ��,� �w�e� �e�n�f�o�r�c�e� �S� �>� �0� �s�o� �a�s� �n�o�t� �t�o� �p�e�n�a�l�i�z�e� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s�.� �B�e�-� 

�c�a�u�s�e� �o�f� �b�a�l�a�n�c�e� �a�n�d� �s�y�m�m�e�t�r�y� �c�o�n�s�t�r�a�i�n�t�s�,� �t�h�e� �b�e�s�t� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n� �i�s� �t�w�o� �s�t�a�c�k�s� �(�4� �p�l�i�e�s�)� �h�e�a�v�i�e�r� 

�t�h�a�n� �t�h�e� �b�e�s�t� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�.� �N�e�g�l�e�c�t�i�n�g� �t�h�e� �p�l�y� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t�,� �f�o�r� �t�h�e� �m�o�s�t� �p�e�s�s�i�m�i�s�t�i�c� 

�s�c�e�n�a�r�i�o� �w�h�e�r�e� �A�,�,� �o�f� �t�h�e� �b�e�s�t� �f�e�a�s�i�b�l�e� �a�n�d� �i�n�f�e�a�s�i�b�l�e� �t�e�n�d� �t�o�w�a�r�d�s� �1�,� �S� �c�a�n� �b�e� �c�h�o�s�e�n� �s�o� �a�s� �t�o� 

�g�u�a�r�a�n�t�e�e� �t�h�e� �o�p�t�i�m�a�l�i�t�y� �o�f� �t�h�e� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�,� 

�N�+�S� �>� �N�4�4�.� �(�4�.�8�)� 

�S�o� �a� �v�a�l�u�e� �o�f� �S� �=� �4� �w�i�l�l� �g�u�a�r�a�n�t�e�e� �t�h�e� �o�p�t�i�m�a�l�i�t�y� �o�f� �t�h�e� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�.� �M�o�r�e� �r�e�f�i�n�e�d� 

�b�o�u�n�d�s� �o�n� �S�$� �c�a�n� �b�e� �c�a�l�c�u�l�a�t�e�d� �o�n�-�l�i�n�e� �o�n�c�e� �F�P�;� �i�s� �s�e�t� �u�s�i�n�g� �E�q�u�a�t�i�o�n� �(�4�.�6�)�.� �V�a�r�i�o�u�s� �s�t�r�a�t�e�g�i�e�s� �h�a�v�e� 

�b�e�e�n� �t�e�s�t�e�d� �f�o�r� �a�d�a�p�t�i�n�g� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �s�t�e�p� �s�i�z�e� �S� �i�n� �t�h�e� �c�o�u�r�s�e� �o�f� �t�h�e� �r�u�n�,� �a�n�d� �a�r�e� �d�i�s�c�u�s�s�e�d� 

�i�n� �S�e�c�t�i�o�n� �4�.�4�.�2�.� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �6�5



�4�.�3�.�2� �M�o�d�i�f�i�e�d� �S�e�l�e�c�t�i�o�n� �P�r�o�c�e�d�u�r�e� 

�A� �t�e�s�t� �i�s� �a�d�d�e�d� �t�o� �t�h�e� �s�e�l�e�c�t�i�o�n� �p�r�o�c�e�d�u�r�e� �s�o� �a�s� �t�o� �n�e�v�e�r� �m�a�t�e� �t�w�o� �i�d�e�n�t�i�c�a�l� �d�e�s�i�g�n�s�,� �w�h�i�c�h� 

�w�o�u�l�d� �p�r�o�b�a�b�l�y� �c�r�e�a�t�e� �a� �c�l�o�n�e�.� �T�h�i�s� �t�e�s�t� �i�s� �a�i�m�e�d� �a�t� �p�r�e�s�e�r�v�i�n�g� �p�o�p�u�l�a�t�i�o�n� �d�i�v�e�r�s�i�t�y�.� 

�4�.�3�.�3� �C�r�o�s�s�o�v�e�r� �f�o�r� �V�a�r�y�i�n�g� �T�h�i�c�k�n�e�s�s� �L�a�m�i�n�a�t�e�s� 

�W�e� �c�o�n�s�i�d�e�r� �t�h�r�e�e� �q�u�e�s�t�i�o�n�s� �f�o�r� �t�a�i�l�o�r�i�n�g� �t�h�e� �c�r�o�s�s�o�v�e�r� �o�p�e�r�a�t�o�r� �t�o� �t�h�e� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n� 

�p�r�o�b�l�e�m�.� �F�i�r�s�t�,� �h�o�w� �m�a�n�y� �b�r�e�a�k� �p�o�i�n�t�s� �a�r�e� �o�p�t�i�m�a�l�;� �s�e�c�o�n�d�,� �s�h�o�u�l�d� �w�e� �a�c�c�o�r�d� �s�p�e�c�i�a�l� �t�r�e�a�t�m�e�n�t� �t�o� 

�e�m�p�t�y� �p�l�i�e�s� �b�e�c�a�u�s�e� �t�h�e�y� �c�o�n�t�r�o�l� �t�h�e� �w�e�i�g�h�t� �o�f� �t�h�e� �l�a�m�i�n�a�t�e�;� �a�n�d� �t�h�i�r�d�,� �s�h�o�u�l�d� �w�e� �a�l�w�a�y�s� �t�r�a�n�s�m�i�t� 

�t�h�e� �o�u�t�e�r�m�o�s�t� �p�l�i�e�s� �o�f� �t�h�e� �t�h�i�n�n�e�r� �p�a�r�e�n�t� �l�a�m�i�n�a�t�e�.� �W�e� �c�o�m�p�a�r�e�d� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �o�n�e�-�p�o�i�n�t�,� 

�t�w�o�-�p�o�i�n�t� �a�n�d� �u�n�i�f�o�r�m� �c�r�o�s�s�o�v�e�r�s� �f�o�r� �l�a�m�i�n�a�t�e� �d�e�s�i�g�n�.� �U�n�i�f�o�r�m� �c�r�o�s�s�o�v�e�r� �(�[�S�y�s�w�e�r�d�a�8�9�]�)� �i�s� �a� 

�r�e�c�o�m�b�i�n�a�t�i�o�n� �p�r�o�c�e�s�s� �w�h�e�r�e� �e�a�c�h� �b�i�t� �o�f� �t�h�e� �o�f�f�s�p�r�i�n�g� �h�a�s� �5�0�%� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�o�m�i�n�g� �f�r�o�m� �o�n�e� 

�p�a�r�e�n�t� �o�r� �t�h�e� �o�t�h�e�r�.� �F�o�r� �/�-�d�i�g�i�t� �s�t�r�i�n�g�s� �u�n�i�f�o�r�m� �c�r�o�s�s�o�v�e�r� �h�a�s� �a� �m�a�x�i�m�u�m� �o�f� �L�  �� �1� �b�r�e�a�k� �p�o�i�n�t�s� �,� �a� 

�m�i�n�i�m�u�m� �o�f� �0� �b�r�e�a�k� �p�o�i�n�t�s�,� �a�n�d� �a�n� �a�v�e�r�a�g�e� �o�f� �(�L�  �� �1�)�/�2� �b�r�e�a�k� �p�o�i�n�t�s�.� �T�h�e� �t�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� 

�i�s� �a� �s�t�a�n�d�a�r�d� �a�m�o�n�g� �p�r�a�c�t�i�t�i�o�n�e�r�s� �o�f� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m�s� �b�e�c�a�u�s�e�,� �o�n� �t�h�e� �a�v�e�r�a�g�e�,� �i�t� �m�i�n�i�m�i�z�e�s� 

�t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �c�r�o�s�s�o�v�e�r� �s�e�p�a�r�a�t�e�s� �k� �(�2� �<� �k� �<� �L�)� �b�e�n�e�f�i�c�i�a�l�l�y� �i�n�t�e�r�a�c�t�i�n�g� �d�i�g�i�t�s� �i�n� �t�h�e� �s�t�r�i�n�g� 

�(�S�p�e�a�r�s� �a�n�d� �D�e� �J�o�n�g� �1�9�9�1�)�.� �T�h�i�s� �e�f�f�e�c�t� �o�f� �c�r�o�s�s�o�v�e�r� �t�o� �s�e�p�a�r�a�t�e� �b�i�t�s� �c�a�r�r�i�e�d� �b�y� �o�n�e� �o�f� �t�h�e� �p�a�r�e�n�t�s� 

�i�s� �c�a�l�l�e�d�  ��d�i�s�r�u�p�t�i�o�n ��.� �H�o�w�e�v�e�r�,� �e�m�p�i�r�i�c�a�l� �e�v�i�d�e�n�c�e� �h�a�s� �s�h�o�w�n� �t�h�a�t� �t�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� �d�o�e�s� �n�o�t� 

�a�l�w�a�y�s� �p�e�r�f�o�r�m� �t�h�e� �b�e�s�t� �(�c�f�.� �[�E�s�c�h�e�l�m�a�n�8�9�]�,� �[�S�y�s�w�e�r�d�a�8�9�]�)�.� �I�n� �[�S�p�e�a�r�s�9�1�]�,� �i�t� �i�s� �c�o�n�j�e�c�t�u�r�e�d� �t�h�a�t� 

�d�i�s�r�u�p�t�i�o�n� �i�s� �n�o�t� �a�l�w�a�y�s� �a� �d�r�a�w�b�a�c�k�,� �b�u�t� �c�a�n� �m�a�k�e� �t�h�e� �o�f�f�s�p�r�i�n�g� �m�o�r�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e�i�r� �p�a�r�e�n�t�s�,� 

�w�h�i�c�h� �m�i�g�h�t� �b�e� �c�r�u�c�i�a�l� �i�n� �a�v�o�i�d�i�n�g� �p�r�e�m�a�t�u�r�e� �c�o�n�v�e�r�g�e�n�c�e�,� �e�s�p�e�c�i�a�l�l�y� �f�o�r� �s�m�a�l�l� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�s�.� 

�M�o�r�e�o�v�e�r�,� �t�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� �m�i�n�i�m�i�z�e�s� �d�i�s�r�u�p�t�i�o�n� �o�n� �t�h�e� �a�v�e�r�a�g�e�,� �i�.�e�.� �w�h�e�n� �s�e�t�s� �o�f� �d�i�g�i�t�s� �f�a�r� 

�a�p�a�r�t� �o�n� �t�h�e� �s�t�r�i�n�g� �a�s� �w�e�l�l� �a�s� �d�i�g�i�t�s� �c�l�o�s�e� �t�o� �e�a�c�h� �o�t�h�e�r� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �I�n� �o�u�r� �c�a�s�e�,� �s�i�n�c�e� �t�h�e� 

�s�t�r�i�n�g� �i�s� �t�h�e� �d�i�r�e�c�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �l�a�m�i�n�a�t�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �l�a�y�e�r�s� �t�h�a�t� �a�r�e� �c�l�o�s�e� �i�n�t�e�r�a�c�t� �m�o�r�e� 

�(�i�n� �t�e�r�m�s� �o�f� �b�e�n�d�i�n�g� �a�n�d� �c�o�n�t�i�g�u�i�t�y�)� �t�h�a�n� �l�a�y�e�r�s� �t�h�a�t� �a�r�e� �f�a�r� �f�r�o�m� �e�a�c�h� �o�t�h�e�r�.� �O�n�e� �p�o�i�n�t� �c�r�o�s�s�o�v�e�r� 

�i�s� �l�e�s�s� �d�i�s�r�u�p�t�i�v�e� �o�f� �a�d�j�a�c�e�n�t� �l�a�y�e�r�s�.� 

�W�h�e�n� �t�w�o� �l�a�m�i�n�a�t�e�s� �o�f� �d�i�f�f�e�r�e�n�t� �t�h�i�c�k�n�e�s�s�e�s� �a�r�e� �m�a�t�e�d�,� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �b�r�e�a�k� �p�o�i�n�t�s� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �c�h�i�l�d� �d�e�s�i�g�n�.� �A�l�s�o�,� �w�i�t�h� �a� �s�i�n�g�l�e�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r� �w�h�e�n� �t�h�e� �b�r�e�a�k� 

�p�o�i�n�t� �f�a�l�l�s� �i�n� �t�h�e� �e�m�p�t�y� �p�a�r�t� �o�f� �b�o�t�h� �p�a�r�e�n�t� �l�a�m�i�n�a�t�e�s� �(�i�n� �t�h�e� �m�i�d�d�l�e� �o�f� �t�h�e� �E ��s� �o�n� �t�h�e� �l�e�f�t� �o�f� �t�h�e� 

�s�t�r�i�n�g�)�,� �t�h�e� �f�i�r�s�t� �p�a�r�e�n�t� �d�e�s�i�g�n� �i�s� �c�l�o�n�e�d�.� �W�e� �c�o�n�s�i�d�e�r�e�d� �f�o�u�r� �c�r�o�s�s�o�v�e�r� �s�t�r�a�t�e�g�i�e�s� �t�h�a�t� �h�a�v�e� �d�i�f�f�e�r�e�n�t� 

�e�f�f�e�c�t�s� �o�n� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �c�h�i�l�d� �d�e�s�i�g�n�.� �T�h�e� �f�i�r�s�t� �s�t�r�a�t�e�g�y� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �c�r�o�s�s�o�v�e�r� �u�s�e�d� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �6�6



�i�n� �[�K�o�g�i�s�o�9�4�b�]� �a�n�d� �[�N�a�g�e�n�d�r�a�9�3�]�,� �w�h�e�r�e� �t�h�e� �b�r�e�a�k� �p�o�i�n�t�s� �c�a�n� �f�a�l�l� �a�n�y�w�h�e�r�e� �i�n� �t�h�e� �p�a�r�e�n�t� �s�t�r�i�n�g�s�.� 

�T�h�e� �s�e�c�o�n�d� �s�t�r�a�t�e�g�y� �c�a�l�l�e�d�  ��t�h�i�n� �c�r�o�s�s�o�v�e�r �� �r�e�s�t�r�i�c�t�s� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� �b�r�e�a�k� �p�o�i�n�t�s� �t�o� �t�h�e� �f�u�l�l� 

�p�a�r�t� �o�f� �t�h�e� �t�h�i�n�n�e�r� �p�a�r�e�n�t� �l�a�m�i�n�a�t�e� �(�n�o�t� �i�n� �t�h�e� �£ ��s�)�.� �F�o�r� �s�u�c�h� �a� �c�r�o�s�s�o�v�e�r�,� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� 

�o�f�f�s�p�r�i�n�g� �i�s� �e�q�u�a�l� �t�o� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �o�n�e� �o�f� �i�t�s� �p�a�r�e�n�t�s�,� �b�u�t� �n�o� �a�v�e�r�a�g�i�n�g� �o�f� �t�h�e� �t�h�i�c�k�n�e�s�s�e�s� �i�s� 

�p�o�s�s�i�b�l�e�.� �T�h�e� �t�h�i�r�d� �s�t�r�a�t�e�g�y� �c�a�l�l�e�d�  ��t�h�i�c�k� �c�r�o�s�s�o�v�e�r �� �r�e�s�t�r�i�c�t�s� �t�h�e� �b�r�e�a�k� �p�o�i�n�t�s� �t�o� �t�h�e� �f�u�l�l� �p�a�r�t� �o�f� 

�t�h�e� �t�h�i�c�k�e�r� �p�a�r�e�n�t� �l�a�m�i�n�a�t�e�.� �I�n� �t�h�a�t� �c�a�s�e�,� �s�o�m�e� �a�v�e�r�a�g�i�n�g� �o�f� �t�h�e� �p�a�r�e�n�t�s �� �t�h�i�c�k�n�e�s�s�e�s� �m�i�g�h�t� �o�c�c�u�r�.� 

�T�h�e� �f�o�u�r�t�h� �s�t�r�a�t�e�g�y�,� �c�a�l�l�e�d�  ��a�v�e�r�a�g�i�n�g� �c�r�o�s�s�o�v�e�r ��,� �c�u�t�s� �a�n�d� �s�p�l�i�c�e�s� �t�h�e� �p�a�r�e�n�t�s �� �s�t�r�i�n�g�s� �s�o� �t�h�a�t� �t�h�e� 

�o�f�f�s�p�r�i�n�g� �w�i�l�l� �a�l�w�a�y�s� �h�a�v�e� �a� �t�h�i�c�k�n�e�s�s� �w�h�i�c�h� �i�s� �n�e�a�r� �t�h�e� �a�v�e�r�a�g�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�a�r�e�n�t�s�.� 

�F�i�n�a�l�l�y�,� �w�e� �w�i�s�h� �t�o� �e�v�a�l�u�a�t�e� �a� �h�e�u�r�i�s�t�i�c� �a�c�c�o�r�d�i�n�g� �t�o� �w�h�i�c�h� �t�h�e� �o�u�t�e�r�m�o�s�t� �p�l�i�e�s� �o�f� �t�h�e� 

�o�f�f�s�p�r�i�n�g� �s�h�o�u�l�d� �a�l�w�a�y�s� �c�o�m�e� �f�r�o�m� �t�h�e� �t�h�i�n�n�e�r� �l�a�m�i�n�a�t�e�.� �T�h�e� �h�e�u�r�i�s�t�i�c� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �f�a�c�t� �t�h�a�t� 

�t�h�e� �o�u�t�e�r�m�o�s�t� �p�l�i�e�s� �i�n�f�l�u�e�n�c�e� �t�h�e� �l�a�m�i�n�a�t�e� �b�u�c�k�l�i�n�g� �b�e�h�a�v�i�o�r� �m�o�r�e� �t�h�a�n� �t�h�e� �i�n�n�e�r�m�o�s�t� �p�l�i�e�s�.� �I�n� 

�c�a�s�e�s� �w�h�e�r�e� �b�u�c�k�l�i�n�g� �i�s� �c�r�i�t�i�c�a�l�,� �t�h�e� �h�i�g�h�l�y� �f�i�t�t�e�d� �o�u�t�e�r�m�o�s�t� �p�l�i�e�s� �n�e�e�d� �t�o� �b�e� �r�a�p�i�d�l�y� �f�o�u�n�d� �b�y� �t�h�e� 

�a�l�g�o�r�i�t�h�m� �a�n�d� �r�a�p�i�d�l�y� �p�r�o�p�a�g�a�t�e�d� �w�i�t�h�i�n� �t�h�e� �p�o�p�u�l�a�t�i�o�n� �o�f� �d�e�s�i�g�n�s� �b�e�c�a�u�s�e� �t�h�e�y� �a�r�e� �t�h�e�  ��b�u�i�l�d�i�n�g� 

�b�l�o�c�k�s �� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�a�c�h� �o�p�t�i�m�a�l� �r�e�g�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �I�f� �a�f�t�e�r� �a� �s�u�b�s�t�a�n�t�i�a�l� �n�u�m�b�e�r� �o�f� 

�g�e�n�e�r�a�t�i�o�n�s�,� �a� �t�h�i�n� �l�a�m�i�n�a�t�e� �i�s� �c�o�m�p�e�t�i�n�g� �w�i�t�h� �a� �t�h�i�c�k�e�r� �l�a�m�i�n�a�t�e�,� �i�t� �m�u�s�t� �n�o�t� �b�e� �f�a�r� �f�r�o�m� �b�e�i�n�g� 

�f�e�a�s�i�b�l�e� �a�n�d� �p�r�o�b�a�b�l�y� �c�a�r�r�i�e�s� �t�h�e� �c�r�u�c�i�a�l� �o�u�t�e�r�m�o�s�t� �p�l�i�e�s�.� �W�e� �w�i�l�l� �c�o�m�p�a�r�e� �c�r�o�s�s�o�v�e�r� �o�p�e�r�a�t�o�r�s� 

�t�h�a�t� �d�o� �a�n�d� �d�o� �n�o�t� �a�c�c�o�m�m�o�d�a�t�e� �t�h�i�s� �r�u�l�e�.� 

�T�h�e� �a�f�o�r�e�m�e�n�t�i�o�n�e�d� �f�e�a�t�u�r�e�s� �w�e�r�e� �c�o�m�b�i�n�e�d� �i�n� �t�h�e� �e�l�e�v�e�n� �c�r�o�s�s�o�v�e�r� �o�p�e�r�a�t�o�r�s� �d�e�s�c�r�i�b�e�d� �i�n� 

�T�a�b�l�e� �4�.�1�.� �T�h�e�y� �w�i�l�l� �b�e� �e�v�a�l�u�a�t�e�d� �l�a�t�e�r�.� �F�i�g�u�r�e�s� �4�.�4� �a�n�d� �4�.�5� �s�h�o�w� �e�x�a�m�p�l�e�s� �o�f� �c�r�o�s�s�o�v�e�r�s� �(�t�h�e� 

�o�n�e�s� �o�m�i�t�t�e�d� �c�a�n� �b�e� �e�a�s�i�l�y� �d�e�d�u�c�e�d� �f�r�o�m� �t�h�e� �o�t�h�e�r�s�)�.� �T�o� �f�a�c�i�l�i�t�a�t�e� �t�r�a�c�k�i�n�g� �o�f� �w�h�e�r�e� �o�f�f�s�p�r�i�n�g ��s� 

�b�i�t�s� �c�o�m�e� �f�r�o�m�,� �a� �n�e�w� �n�o�t�a�t�i�o�n� �w�a�s� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �t�h�e� �u�s�u�a�l� �l�a�m�i�n�a�t�e� �n�o�t�a�t�i�o�n�.� �T�h�e� �£ ��s� �s�y�m�b�o�l�s� 

�a�r�e� �k�e�p�t� �f�o�r� �e�m�p�t�y� �p�l�i�e�s�,� �b�u�t� �/�p�; ��s� �r�e�p�l�a�c�e� �t�h�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s�,� �w�h�e�r�e� �J� �i�s� �t�h�e� �d�i�g�i�t� �p�o�s�i�t�i�o�n� 

�n�u�m�b�e�r� �a�n�d� �p�;� �d�e�s�i�g�n�a�t�e�s� �t�h�e� �p�a�r�e�n�t�.� 

�4�.�3�.�4� �N�e�w� �M�u�t�a�t�i�o�n� 

�T�h�e� �t�r�a�d�i�t�i�o�n�a�l� �m�u�t�a�t�i�o�n� �o�p�e�r�a�t�o�r� �p�r�e�v�i�o�u�s�l�y� �d�e�s�c�r�i�b�e�d�,� �a�p�p�e�a�r�s� �t�o� �h�a�v�e� �a� �b�i�a�s�e�d� �a�n�d� �u�n�-� 

�e�v�e�n� �e�f�f�e�c�t� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �s�t�r�i�n�g� �l�e�n�g�t�h� �(�i�.�e�.�,� �m�a�x�i�m�a�l� �l�a�m�i�n�a�t�e� �t�h�i�c�k�n�e�s�s�)� �a�n�d� �n�u�m�b�e�r� �o�f� 

�d�i�g�i�t�s� �d�e�n�o�t�i�n�g� �f�u�l�l� �s�t�a�c�k�s� �(�i�.�e�.�,� �a�c�t�u�a�l� �l�a�m�i�n�a�t�e� �t�h�i�c�k�n�e�s�s�)�.� �T�o� �i�l�l�u�s�t�r�a�t�e� �t�h�i�s�,� �l�e�t� �u�s� �c�a�l�c�u�l�a�t�e� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �a�d�d�i�n�g� �a�t� �l�e�a�s�t� �t�w�o� �s�t�a�c�k�s�,� �d�e�l�e�t�i�n�g� �a�t� �l�e�a�s�t� �t�w�o� �s�t�a�c�k�s� �a�n�d� �c�h�a�n�g�i�n�g� �t�h�e� �f�i�b�e�r� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �6�7



�T�a�b�l�e� �4�.�1�.� �D�e�s�c�r�i�p�t�i�o�n� �o�f� �c�r�o�s�s�o�v�e�r� �o�p�e�r�a�t�o�r�s�.� 
� � 

� � 

� � 

�X�1� �O�n�e�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �t�h�e� �b�r�e�a�k� �p�o�i�n�t� �c�a�n� �b�e� �c�h�o�s�e�n� �a�n�y�w�h�e�r�e� 
�i�n� �t�h�e� �s�t�r�i�n�g�.� 

�X�1�-�t�h�i�n� �O�n�e�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �t�h�e� �b�r�e�a�k� �p�o�i�n�t� �i�s� �c�h�o�s�e�n� �i�n� �t�h�e� �f�u�l�l� �p�a�r�t� 
�o�f� �t�h�e� �t�h�i�n�n�e�r� �l�a�m�i�n�a�t�e�.� 

�X�1�-�t�h�i�c�k� �O�n�e�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �t�h�e� �b�r�e�a�k� �p�o�i�n�t� �i�s� �c�h�o�s�e�n� �i�n� �t�h�e� �f�u�l�l� �p�a�r�t� 
�o�f� �t�h�e� �t�h�i�c�k�e�r� �l�a�m�i�n�a�t�e�.� 

�X�1�-�t�h�i�c�k�-�o�u�t� �s�i�m�i�l�a�r� �t�o� �X�1�-�t�h�i�c�k� �+� �t�h�e� �o�u�t�e�r�m�o�s�t� �p�l�i�e�s� �o�f� �t�h�e� �o�f�f�s�p�r�i�n�g� �c�o�m�e� 
�f�r�o�m� �t�h�e� �t�h�i�n�n�e�r� �p�a�r�e�n�t� �l�a�m�i�n�a�t�e�.� 
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� � 

�X�2� �T�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �b�o�t�h� �b�r�e�a�k� �p�o�i�n�t�s� �a�r�e� �c�h�o�s�e�n� �a�n�y�w�h�e�r�e� 
�i�n� �t�h�e� �p�a�r�e�n�t� �s�t�r�i�n�g�.� 

�X�2�-�t�h�i�n� �T�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �b�o�t�h� �b�r�e�a�k� �p�o�i�n�t�s� �a�r�e� �c�h�o�s�e�n� �i�n� �t�h�e� �f�u�l�l� 
�p�a�r�t� �o�f� �t�h�e� �t�h�i�n�n�e�r� �p�a�r�e�n�t� �s�t�r�i�n�g�.� 

�X�2�-�t�h�i�c�k� �T�w�o�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�,� �b�o�t�h� �b�r�e�a�k� �p�o�i�n�t�s� �a�r�e� �c�h�o�s�e�n� �i�n� �t�h�e� �f�u�l�l� 
�p�a�r�t� �o�f� �t�h�e� �t�h�i�c�k�e�r� �p�a�r�e�n�t� �s�t�r�i�n�g�.� 

�X�2�-�a�v� �T�w�o�-�p�o�i�n�t� �a�v�e�r�a�g�i�n�g� �c�r�o�s�s�o�v�e�r�,� �t�h�e� �o�f�f�s�p�r�i�n�g� �h�a�s� �t�h�e� �p�a�r�e�n�t�s �� 
�a�v�e�r�a�g�e�d� �n�u�m�b�e�r� �o�f� �l�a�y�e�r�s� �(�+�4�)�.� �A� �r�a�n�d�o�m� �n�u�m�b�e�r� �o�f� �p�l�i�e�s� �i�s� 
�t�a�k�e�n� �f�r�o�m� �t�h�e� �o�u�t�s�i�d�e� �o�f� �t�h�e� �f�i�r�s�t� �p�a�r�e�n�t� �l�a�m�i�n�a�t�e�,� �a�n�d� �t�h�e� 
�i�n�s�i�d�e� �i�s� �c�o�m�p�l�e�t�e�d� �f�r�o�m� �t�h�e� �s�e�c�o�n�d� �p�a�r�e�n�t� �l�a�m�i�n�a�t�e�,� �w�h�i�c�h� 
�i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �b�r�e�a�k�i�n�g� �e�a�c�h� �p�a�r�e�n�t� �s�t�r�i�n�g� �a�t� �t�w�o� �p�o�i�n�t�s�.� 
�I�f� �t�h�e� �p�a�r�e�n�t�s� �h�a�v�e� �t�h�e� �s�a�m�e� �w�e�i�g�h�t�,� �i�t� �b�e�c�o�m�e�s� �a� 
�o�n�e�-�p�o�i�n�t� �c�r�o�s�s�o�v�e�r�.� 
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� � 

�X�2�-�t�h�i�n�-�o�u�t� �s�i�m�i�l�a�r� �t�o� �X�2�-�t�h�i�n� �+� �t�h�e� �o�u�t�e�r�m�o�s�t� �p�l�i�e�s� �o�f� �t�h�e� �o�f�f�s�p�r�i�n�g� �c�o�m�e� 
�f�r�o�m� �t�h�e� �t�h�i�n�n�e�r� �p�a�r�e�n�t� �d�e�s�i�g�n�.� 

�X�2�-�a�v�-�o�u�t� �s�i�m�i�l�a�r� �t�o� �X�2�-�a�v� �+� �t�h�e� �o�u�t�e�r�m�o�s�t� �p�l�i�e�s� �o�f� �t�h�e� �o�f�f�s�p�r�i�n�g� �c�o�m�e� 
�f�r�o�m� �t�h�e� �t�h�i�n�n�e�r� �p�a�r�e�n�t� �d�e�s�i�g�n�.� 

�U�X� �U�n�i�f�o�r�m� �c�r�o�s�s�o�v�e�r� � � � � � � 
� � 

�o�r�i�e�n�t�a�t�i�o�n� �o�f� �a�t� �l�e�a�s�t� �t�w�o� �s�t�a�c�k�s� �p�e�r� �l�a�m�i�n�a�t�e� �(�r�e�m�e�m�b�e�r� �t�h�a�t� �b�e�c�a�u�s�e� �o�f� �s�y�m�m�e�t�r�y� �o�n�e� �d�i�g�i�t� 

�i�n� �t�h�e� �s�t�r�i�n�g� �a�c�t�u�a�l�l�y� �r�e�p�r�e�s�e�n�t�s� �t�w�o� �s�t�a�c�k�s�)�.� �F�o�r� �t�h�e� �e�x�a�m�p�l�e� �p�r�o�b�l�e�m�s� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� �r�e�p�o�r�t�,� 

�o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �h�a�v�e� �1�2� �f�u�l�l� �s�t�a�c�k�s� �a�n�d� �a� �s�t�r�i�n�g� �l�e�n�g�t�h� �o�f� �1�5�.� �A� �m�u�t�a�t�i�o�n� �h�i�t�t�i�n�g� �a� �f�u�l�l� �s�t�a�c�k� �h�a�s� 

�6�7�%� �c�h�a�n�c�e� �o�f� �c�h�a�n�g�i�n�g� �t�h�e� �p�l�y� �o�r�i�e�n�t�a�t�i�o�n� �a�n�d� �3�3�%� �c�h�a�n�c�e� �o�f� �h�a�v�i�n�g� �t�h�i�s� �s�t�a�c�k� �d�e�l�e�t�e�d�.� �I�f� �t�h�e� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �m�u�t�a�t�i�n�g� �a� �s�t�a�c�k� �i�s� �s�e�t� �t�o� �0�.�0�1�,� �a� �d�e�s�i�g�n� �w�i�t�h� �1�2� �f�u�l�l� �s�t�a�c�k�s� �h�a�s� �0�.�6�7� �(�1�  �� �.�9�9�1�*�)� 

�~� �0�.�0�7�5�0� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �h�a�v�i�n�g� �a�t� �l�e�a�s�t� �t�w�o� �s�t�a�c�k�s� �c�h�a�n�g�e�d�,� �0�.�0�3�7�5� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �h�a�v�i�n�g� �t�w�o� 

�s�t�a�c�k�s� �d�e�l�e�t�e�d� �a�n�d� �(�1�  �� �.�9�9�°�)� �~� �0�.�0�3�0�0� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �h�a�v�i�n�g� �t�w�o� �s�t�a�c�k�s� �a�d�d�e�d�.� �I�f� �t�h�e� �n�u�m�b�e�r� 

�o�f� �f�u�l�l� �s�t�a�c�k�s� �d�e�c�r�e�a�s�e�s�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �s�t�a�c�k� �d�e�l�e�t�i�o�n� �p�e�r� �s�t�r�i�n�g� �d�e�c�r�e�a�s�e�s�,� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� 

�s�t�a�c�k� �a�d�d�i�t�i�o�n� �p�e�r� �s�t�r�i�n�g� �i�n�c�r�e�a�s�e�s�,� �a�n�d� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�a�n�g�e� �o�f� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �p�e�r� �s�t�r�i�n�g� 

�d�e�c�r�e�a�s�e�s�.� �T�h�e� �o�p�p�o�s�i�t�e� �h�o�l�d�s� �w�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �f�u�l�l� �s�t�a�c�k�s� �i�n�c�r�e�a�s�e�s�.� 

�T�h�u�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �m�u�t�a�t�i�o�n� �o�p�e�r�a�t�o�r� �w�i�l�l� �v�a�r�y� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �d�e�s�i�g�n� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �6�8
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�V� 
�P�a�r�e�n�t�i�:� �E�F�,� �E�y� �E�o� �F�o� �A�o�P�l� �6�p�,� �7�p�1� �8�P�1� 
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�V� 
�P�a�r�e�n�t� �2�:� �£�5� �A�c�P�2� �3�p�.� �4�p� �A�o�r�?� �6�p�2� �T�p�2� �8�p�2� 

�C�h�i�l�d� �:� �E�y� �2�p�2� �3�p�2� �4�p�2� �5�p�1� �6�p�1� �7�p� �8�P�1� 

�X�2�  �� �t�h�i�n� 

�V� �V� 
�P�a�r�e�n�t�1�:� �E�E�,� �2�p�,� �3�p�;� �4�p�1� �5�p�,� �O�P�I� �T�P�i� �j�v� �S�P�l� 

�V� �P�a�r�e�n�t� �2�:� �E�y� �E�y� �E�y� �B�y� �5�p�2� �|� �6�p�2� �T�p�2� �1� �8�P�2� 

�C�h�i�l�d� �:� �E�o� �2�p�:� �3�p�1� �4�p�1� �5�p�1� �6�p�2� �T�p�2� �8�P�1� 

�X� �2�  �� �t�h�i�n�  �� �o�u�t� 

�(�s�a�m�e� �p�a�r�e�n�t�s� �a�n�d� �b�r�e�a�k� �p�o�i�n�t�s� �a�s� �X�2 �� �t�h�i�n�)� 
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�o�f� �t�h�e� �s�t�a�c�k� �t�h�i�c�k�n�e�s�s�,� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �n�u�m�b�e�r� �o�f� �s�t�a�c�k�s� �i�s� �a�d�d�e�d�.� �T�h�e� �c�o�n�s�e�q�u�e�n�c�e� �o�f� 

�t�h�i�s� �l�a�s�t� �t�r�u�n�c�a�t�i�o�n� �i�s� �t�h�a�t� �w�h�e�n� �a� �d�e�s�i�g�n� �i�s� �a�l�m�o�s�t� �f�e�a�s�i�b�l�e�,� �s�c�a�l�i�n�g� �i�s� �n�o�t� �a�p�p�l�i�e�d�.� �I�n� �t�h�a�t� �c�a�s�e� 

�i�n�d�e�e�d�,� �i�t� �i�s� �l�i�k�e�l�y� �t�h�a�t� �f�e�a�s�i�b�i�l�i�t�y� �c�a�n� �b�e� �a�c�h�i�e�v�e�d� �w�i�t�h�o�u�t� �i�n�c�r�e�a�s�e� �i�n� �t�h�i�c�k�n�e�s�s� �o�n�l�y� �b�y� �f�i�n�d�i�n�g� �a� 

�b�e�t�t�e�r� �s�t�a�c�k�i�n�g� �s�e�q�u�e�n�c�e�.� �T�o� �m�i�n�i�m�i�z�e� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s�,� �t�h�e� �p�l�i�e�s� �a�r�e� �a�d�d�e�d� 

�o�r� �d�e�l�e�t�e�d� �a�t� �t�h�e� �l�a�m�i�n�a�t�e� �m�i�d�p�l�a�n�e�.� �T�h�e� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �a�d�d�e�d� �p�l�i�e�s� �i�s� �r�a�n�d�o�m� �e�x�c�e�p�t� �t�h�a�t� 

�n�o� �c�o�n�t�i�g�u�i�t�y� �c�o�n�s�t�r�a�i�n�t� �v�i�o�l�a�t�i�o�n� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n� �t�h�e� �p�r�o�c�e�s�s�.� �F�i�g�u�r�e� �4�.�7� �i�l�l�u�s�t�r�a�t�e�s� �h�o�w� �s�c�a�l�i�n�g� 

�w�o�r�k�s�.� 

� � 

�B�e�f�o�r�e� �S�c�a�l�i�n�g�:� �[�E�4�/�(�+�4�5�)�2�/�9�0�2�/� �+� �4�5�/�9�0�4�/� �+� �4�5�/�0�2� �/�9�0�2�/�(�£�4�5�/�0�2�)�2�]�s� 

�N�o�e� �=� �1�.�2�,� �A�m� �=� �1�3�,� �A�h� �=� �0�.�2�6�i�n�.�,� �t� �=� �0�.�0�0�5� �i�n�.� 

�A�f�t�e�r� �S�c�a�l�i�n�g�:� �[�E�4�/�(�+�4�5�)�2�/�9�0�2�/� �+� �4�5�/�9�0�4�/� �+� �4�5�/�0�2�/�9�0�2�/� �+� �4�5�/�0�2�/� �+� �4�5�]�,� 

�A�r�e ��  �� �0�.�2�3�8� �i�n�.�,� �A�R�E �� �=� �0�.�2�1�6�i�n�.�,� �A� �=� �0�.�2�4� �i�n�.� � � � � 
� � 

�F�i�g�u�r�e� �4�.�7�.� �S�c�a�l�i�n�g� �m�u�t�a�t�i�o�n�.� 

�S�c�a�l�i�n�g� �i�s� �p�e�r�f�o�r�m�e�d� �a�f�t�e�r� �f�i�t�n�e�s�s� �e�v�a�l�u�a�t�i�o�n� �a�n�d� �b�e�f�o�r�e� �t�h�e� �s�e�l�e�c�t�i�o�n�-�r�e�c�o�m�b�i�n�a�t�i�o�n� �p�r�o�c�e�s�s� 

�(�c�f�.� �F�i�g�u�r�e� �3�.�3� �f�o�r� �a� �f�l�o�w� �c�h�a�r�t� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�)� �i�n� �o�r�d�e�r� �t�o� �h�a�v�e� �a�l�l� �t�h�e� �n�e�e�d�e�d� �d�a�t�a� �a�v�a�i�l�a�b�l�e� �(�\ ��s� 

�a�n�d� �w�e�i�g�h�t�s�)�.� �F�o�r� �t�h�e� �d�e�s�i�g�n�s� �t�h�a�t� �h�a�v�e� �b�e�e�n� �c�h�a�n�g�e�d� �d�u�r�i�n�g� �s�c�a�l�i�n�g�,� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �a�n�a�l�y�s�i�s� 

�i�s� �p�e�r�f�o�r�m�e�d� �t�o� �u�p�d�a�t�e� �t�h�e�i�r� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �@�.� �I�n� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �a�n�a�l�y�s�i�s�,� �t�h�e� �w�e�i�g�h�t� 

�a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�t�i�g�u�o�u�s� �p�l�i�e�s� �i�n� �e�x�c�e�s�s� �o�f� �f�o�u�r� �a�r�e� �k�n�o�w�n� �e�x�a�c�t�l�y�,� �a�n�d� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� 

�t�h�e� �m�o�s�t� �c�r�i�t�i�c�a�l� �c�o�n�s�t�r�a�i�n�t� �a�f�t�e�r� �s�c�a�l�i�n�g� �h�a�s� �a� �v�a�l�u�e� �e�q�u�a�l� �t�o� �1� �(�w�h�i�c�h� �w�o�u�l�d� �b�e� �t�r�u�e� �i�f� �w�e� �w�e�r�e� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �7�2



�s�c�a�l�i�n�g� �a�l�l� �t�h�e� �l�a�y�e�r�s� �b�y� �t�h�e� �s�a�m�e� �a�m�o�u�n�t�,� �a�n�d� �i�f� �)� �w�a�s� �n�o�t� �l�i�m�i�t�e�d� �t�o� �a�n� �i�n�t�e�g�e�r� �m�u�l�t�i�p�l�e� �o�f� �t�h�e� 

�p�l�y� �t�h�i�c�k�n�e�s�s�)�.� 

�4�.�4� �R�e�s�u�l�t�s� 

�G�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �p�e�r�f�o�r�m�a�n�c�e�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�e�r�m�s� �o�f�  ��p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h �� �a�n�d� 

 ��r�e�l�i�a�b�i�l�i�t�y ��.� �T�h�e� �r�e�l�i�a�b�i�l�i�t�y� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �i�t� �h�a�s� �o�f� �f�i�n�d�i�n�g� �a� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�u�m�.� 

�A� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�u�m� �i�s� �d�e�f�i�n�e�d� �h�e�r�e� �a�s� �a�n� �o�p�t�i�m�a�l� �w�e�i�g�h�t� �d�e�s�i�g�n� �w�i�t�h� �4�,�,� �w�i�t�h�i�n� �0�.�1�%� �o�f� �A�.�,� �o�f� 

�t�h�e� �g�l�o�b�a�l� �o�p�t�i�m�u�m�.� �T�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �a�n�a�l�y�s�e�s� �n�e�c�e�s�s�a�r�y� �t�o� �r�e�a�c�h� �8�0�%� 

�r�e�l�i�a�b�i�l�i�t�y�,� �i�.�e�.�,� �t�o� �h�a�v�e� �8�0�%� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �f�i�n�d�i�n�g� �a� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�u�m�.� 

�W�e� �c�o�n�s�i�d�e�r� �a� �g�r�a�p�h�i�t�e�-�e�p�o�x�y� �p�l�a�t�e� �w�i�t�h� �l�o�n�g�i�t�u�d�i�n�a�l� �a�n�d� �l�a�t�e�r�a�l� �d�i�m�e�n�s�i�o�n�s� �a� �=� �2�0� �i�n�.� 

�a�n�d� �b� �=� �5� �i�n�.� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s� �a�r�e�:� �E�y� �=� �1�8�.�5�0� �x� �1�0�°� �p�s�i�;� �E�2� �=� �1�.�8�9� �x� 

�1�0�°� �p�s�i�;� �G�i�z� �=� �0�.�9�3� �x� �1�0�°� �p�s�i�;� �1�4�2� �=� �0�.�3�;� �¢� �=� �0�.�0�0�5� �i�n�.� �(�¢� �i�s� �t�h�e� �b�a�s�i�c� �p�l�y� �t�h�i�c�k�n�e�s�s�)�;� �¢�%�*� �=� 

�0�.�0�0�8�;� �«�f�°� �=� �0�.�0�2�9�;� �+�7�3 �� �=� �0�.�0�1�5�.� �T�h�e� �m�a�x�i�m�u�m� �t�h�i�c�k�n�e�s�s� �f�o�r� �a� �l�a�m�i�n�a�t�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �6�4� 

�p�l�i�e�s� �(�i�.�e�.� �s�t�r�i�n�g� �l�e�n�g�t�h� �=� �6�4�/�4� �=� �1�6�)�.� 

�F�o�u�r� �d�i�f�f�e�r�e�n�t� �l�o�a�d� �c�a�s�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�:� �l�o�a�d� �c�a�s�e� �1�,� �N�,�;� �=� �1�3�,�0�0�0�.� �I�b�/�i�n� �a�n�d� �N�,� �=� 

�1�,�6�2�5�.� �l�b�/�i�n�;� �l�o�a�d� �c�a�s�e� �2�,� �N�z� �=� �1�2�,�5�0�0�.� �I�b�/�i�n� �a�n�d� �N�,� �=� �3�,�1�2�5�.� �I�b�/�i�n�;� �l�o�a�d� �c�a�s�e� �3�,� �N�,� �=� �9�,�8�0�0�.� 

�I�b�/�i�n� �a�n�d� �N�,� �=� �4�,�9�0�0�.� �I�b�/�i�n�;� �a�n�d� �a� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e� �w�h�e�r�e� �t�h�e� �l�o�a�d�i�n�g�s� �[�N�z� �=� �1�2�,� �0�0�0�.� �l�b�/�i�n�,� �N�,� 

�=� �1�,�5�0�0�.� �I�b�/�i�n�]�,� �[�V�z� �=� �1�0�,�8�0�0�.� �I�b�/�i�n�,� �N�,� �=� �2�,�7�0�0�.� �I�b�/�i�n�]� �a�n�d� �[�N�V� �=� �9�,�0�0�0�.� �I�b�/�i�n�,� �N�y� �=� �4�,�5�0�0�.� 

�I�b�/�i�n�)� �a�r�e� �c�o�n�s�i�d�e�r�e�d� �s�i�m�u�l�t�a�n�e�o�u�s�l�y�,� �i�.�e�.� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n� �s�h�o�u�l�d� �b�e� �a�b�l�e� �t�o� �w�i�t�h�s�t�a�n�d� �e�a�c�h� 

�o�f� �t�h�e�s�e� �l�o�a�d�i�n�g�s�.� �F�o�r� �e�a�c�h� �l�o�a�d� �c�a�s�e� �a�n�d� �e�a�c�h� �t�u�n�i�n�g� �o�f� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �2�0�0� �i�n�d�e�p�e�n�d�e�n�t� 

�s�e�a�r�c�h�e�s� �a�r�e� �p�e�r�f�o�r�m�e�d�,� �e�a�c�h� �o�f� �t�h�e�m� �s�t�o�p�p�e�d� �a�f�t�e�r� �6�0�0�0� �a�n�a�l�y�s�e�s�.� �T�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e� �w�a�s� �n�o�t� 

�s�t�u�d�i�e�d� �i�n� �C�h�a�p�t�e�r� �3�,� �a�n�d� �t�h�i�s� �p�r�e�v�e�n�t�s� �d�i�r�e�c�t� �c�o�m�p�a�r�i�s�o�n�s� �o�n� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h�e�s� �b�e�t�w�e�e�n� 

�C�h�a�p�t�e�r� �3� �a�n�d� �t�h�i�s� �c�h�a�p�t�e�r�.� �A�l�l� �t�h�e� �l�o�a�d� �c�a�s�e�s� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e� �w�e�r�e� �f�i�r�s�t� �t�r�e�a�t�e�d� �i�n� �[�K�o�g�i�s�o�9�4�b�]�.� 

�T�a�b�l�e� �4�.�2� �s�u�m�m�a�r�i�z�e�s� �t�h�e� �m�a�i�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �l�o�a�d� �c�a�s�e�s� 

�c�o�n�s�i�d�e�r�e�d� �h�e�r�e�.� 

�A�m�o�n�g� �t�h�e� �s�i�n�g�l�e� �l�o�a�d� �c�a�s�e�s�,� �l�o�a�d� �c�a�s�e� �1� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �e�a�s�y� �f�o�r� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� 

�b�e�c�a�u�s�e� �s�t�r�a�i�n� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �b�y� �f�a�r� �t�h�e� �m�o�s�t� �c�r�i�t�i�c�a�l�.� �T�h�e�r�e� �a�r�e� �m�a�n�y� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �t�h�a�t� 

�a�r�e� �d�i�f�f�e�r�e�n�t� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �t�h�e� �s�a�m�e� �p�o�o�l� �o�f� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n�s�.� �L�o�a�d� �c�a�s�e� �1� �h�a�s� �m�a�n�y� �m�o�r�e� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �7�3



�T�a�b�l�e� �4�.�2�.� �S�u�m�m�a�r�y� �o�f� �o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� 
� � 

� � 

� � 

�L�o�a�d� �O�p�t�i�m�a�l� �F�a�i�l�u�r�e� �N�u�m�b�e�r� �o�f� 
�c�a�s�e� �d�e�s�i�g�n� �m�o�d�e� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� 

�1� �[�+�4�5�5� �/�0�4�/� �+� �4�5�/�0�4�/�9�0�2�/�0�2�]�s� �s�t�r�a�i�n� �>�1�3�t� 
�2� �[�+�4�5�9� �/�9�0�2�/� �+� �4�5�3�/�0�2�/� �+� �4�5�/�0�4�/� �+� �4�5�/�0�2�]�.� �s�t�r�a�i�n� �3� 
�3� �[�9�0�2� �/� �+� �4�5�2�/�(�9�0�2�/� �+� �4�5�)�o�/� �+� �4�5�s�]�,� �b�u�c�k�l�i�n�g� �1�3� 

�m�u�l�t�.� �(�9�0�4�/� �+� �4�5�3�/�0�4�/� �+� �4�5�/�0�4� �/�9�0�2� �/�0�2�]�,� �b�u�c�k�l�i�n�g� �4� 
�a�n�d� �s�t�r�a�i�n� �+� � � � � � � � � 

�t�:� �m�a�n�y� �c�o�n�s�t�r�a�i�n�t�s� �a�c�t�i�v�e�.� 

�{� �:� �a�l�t�h�o�u�g�h� �w�e� �d�i�d� �n�o�t� �t�r�y� �t�o� �e�n�u�m�e�r�a�t�e� �a�l�l� �o�f� �t�h�e� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �f�o�r� �l�o�a�d� �c�a�s�e� �1�,� �i�t� �w�a�s� �e�a�s�y� �t�o� 

�f�i�n�d� �1�4� �o�f� �t�h�e�m�,� �w�h�i�c�h� �e�s�t�a�b�l�i�s�h�e�s� �t�h�a�t� �l�o�a�d� �c�a�s�e� �1� �h�a�s� �t�h�e� �m�o�s�t� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a�.� 

�p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �t�h�a�n� �a�n�y� �o�t�h�e�r� �l�o�a�d� �c�a�s�e� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e� �(�c�f�.� �T�a�b�l�e� �4�.�2�)�.� �L�o�a�d� �c�a�s�e� �2� �i�s� �m�o�r�e� 

�d�i�f�f�i�c�u�l�t� �s�i�n�c�e� �i�t� �h�a�s� �o�n�l�y� �3� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a�.� �A�l�t�h�o�u�g�h� �l�o�a�d� �c�a�s�e� �3� �h�a�s� �1�3� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a�,� �i�t� 

�w�a�s� �f�o�u�n�d� �t�o� �b�e� �m�i�s�l�e�a�d�i�n�g� �f�o�r� �t�h�e� �g�e�n�e�t�i�c� �a�l�g�o�r�i�t�h�m� �(�K�o�g�i�s�o� �e�t� �a�l�.� �1�9�9�4�b�)�:� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a�l� 

�d�e�s�i�g�n�s� �a�r�e� �c�o�m�p�o�s�e�d� �o�f� �+� �4�5� �a�n�d� �9�0� �d�e�g�r�e�e�s� �p�l�i�e�s� �e�x�c�l�u�s�i�v�e�l�y�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �c�o�u�r�s�e� �o�f� �t�h�e� 

�s�e�a�r�c�h�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �h�a�s� �d�i�f�f�i�c�u�l�t�i�e�s� �r�e�m�o�v�i�n�g� �t�h�e� �0� �d�e�g�r�e�e� �p�l�i�e�s� �b�e�c�a�u�s�e� �t�h�e� �s�t�r�a�i�n� �c�o�n�s�t�r�a�i�n�t� �i�s� 

�c�r�i�t�i�c�a�l� �i�n� �t�h�e�s�e� �p�l�i�e�s�.� �A�s� �t�h�e� �n�u�m�b�e�r� �o�f� �0� �d�e�g�r�e�e� �p�l�i�e�s� �i�n� �t�h�e� �l�a�m�i�n�a�t�e� �i�s� �r�e�d�u�c�e�d�,� �t�h�e� �s�t�r�a�i�n�s� �i�n� 

�t�h�e� �r�e�m�a�i�n�i�n�g� �0� �d�e�g�r�e�e� �p�l�i�e�s� �i�n�c�r�e�a�s�e�.� �H�o�w�e�v�e�r�,� �o�n�c�e� �t�h�e� �l�a�s�t� �0� �d�e�g�r�e�e� �p�l�y� �h�a�s� �b�e�e�n� �r�e�m�o�v�e�d�,� �t�h�e� 

�s�t�r�a�i�n� �c�o�n�s�t�r�a�i�n�t� �i�s� �n�o� �l�o�n�g�e�r� �c�r�i�t�i�c�a�l�,� �4�8� �p�l�y� �f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �t�h�a�t� �f�a�i�l� �i�n� �b�u�c�k�l�i�n�g� �c�a�n� �b�e� �f�o�u�n�d�.� 

�T�h�i�s� �k�i�n�d� �o�f� �p�r�o�b�l�e�m� �i�s� �k�n�o�w�n� �a�s� �a� �s�i�n�g�u�l�a�r� �o�p�t�i�m�u�m� �a�n�d� �a�s� �b�e�i�n�g�  ��G�A�-�d�e�c�e�p�t�i�v�e � ��,� �l�e�a�d�i�n�g� �t�o� 

�c�o�n�v�e�r�g�e�n�c�e� �t�o� �n�o�n�-�o�p�t�i�m�a�l� �d�e�s�i�g�n�s�.� �T�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �p�r�o�b�l�e�m� �i�s� �a�l�s�o� �a� �d�i�f�f�i�c�u�l�t� �t�e�s�t� �c�a�s�e� �b�e�c�a�u�s�e� 

�f�o�u�r� �f�a�i�l�u�r�e� �m�o�d�e�s� �(�s�t�r�a�i�n� �f�a�i�l�u�r�e� �d�u�e� �t�o� �t�h�e� �f�i�r�s�t� �l�o�a�d� �s�e�t� �a�n�d� �b�u�c�k�l�i�n�g� �f�a�i�l�u�r�e� �d�u�e� �t�o� �t�h�e� �t�h�r�e�e� 

�l�o�a�d� �s�e�t�s�)� �o�c�c�u�r� �i�n� �t�h�e� �o�p�t�i�m�a�l� �r�e�g�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �M�a�n�y� �a�c�t�i�v�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�o�u�n�d� �t�h�e� 

�o�p�t�i�m�u�m� �d�e�s�i�g�n� �m�e�a�n� �t�h�a�t� �m�a�n�y� �o�f� �t�h�e� �d�e�s�i�g�n� �p�o�i�n�t�s� �s�u�r�r�o�u�n�d�i�n�g� �t�h�e� �o�p�t�i�m�u�m� �w�i�l�l� �b�e� �i�n�f�e�a�s�i�b�l�e�,� 

�t�h�e�r�e�f�o�r�e� �p�e�n�a�l�i�z�e�d�,� �w�h�i�c�h� �l�o�w�e�r�s� �t�h�e�i�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �b�e�i�n�g� �s�e�l�e�c�t�e�d� �f�o�r� �r�e�p�r�o�d�u�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� 

�s�o�m�e� �o�f� �t�h�e�s�e� �i�n�f�e�a�s�i�b�l�e� �d�e�s�i�g�n�s� �m�i�g�h�t� �h�a�v�e� �g�i�v�e�n� �a� �q�u�i�c�k� �a�c�c�e�s�s� �t�o� �t�h�e� �o�p�t�i�m�u�m�.� �T�y�p�i�c�a�l�l�y�,� �t�h�e� 

�p�r�e�s�e�n�c�e� �o�f� �m�a�n�y� �a�c�t�i�v�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�o�u�n�d� �t�h�e� �o�p�t�i�m�u�m� �r�e�d�u�c�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �w�a�y�s� �i�n� �w�h�i�c�h� 

�d�e�s�i�g�n�s� �c�a�n� �b�e� �r�e�c�o�m�b�i�n�e�d� �t�o� �p�r�o�d�u�c�e� �t�h�e� �o�p�t�i�m�u�m�,� �t�h�u�s� �s�l�o�w�i�n�g� �d�o�w�n� �t�h�e� �s�e�a�r�c�h�.� �T�h�e� �G�A� 

�e�x�h�i�b�i�t�s� �d�i�f�f�i�c�u�l�t�i�e�s� �o�f� �a� �d�i�f�f�e�r�e�n�t� �n�a�t�u�r�e� �f�o�r� �l�o�a�d� �c�a�s�e� �3� �a�n�d� �f�o�r� �t�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e�.� �A�s� �a� 

�r�e�s�u�l�t�,� �c�h�a�n�g�e�s� �m�a�d�e� �t�o� �t�h�e� �G�A� �o�f�t�e�n� �h�a�d� �o�p�p�o�s�i�t�e� �e�f�f�e�c�t�s� �o�n� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �m�u�l�t�i�p�l�e� 

�l�o�a�d� �c�a�s�e� �a�n�d� �o�f� �l�o�a�d� �c�a�s�e� �3�.� �T�h�e� �G�A� �n�e�e�d�s� �t�o� �b�e� �a�b�l�e� �t�o� �m�a�k�e� �r�a�d�i�c�a�l� �c�h�a�n�g�e�s� �t�o� �t�h�e� �d�e�s�i�g�n�s� 

�t�o� �a�l�l�o�w� �r�e�m�o�v�a�l� �o�f� �s�e�v�e�r�a�l� �0�°� �p�l�i�e�s� �a�n�d� �s�o�l�v�e� �l�o�a�d� �c�a�s�e� �3�.� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �t�h�e� �l�a�r�g�e� �n�u�m�b�e�r� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �7�4� 

� 



�o�f� �c�o�n�s�t�r�a�i�n�t�s� �i�n� �t�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e� �m�a�k�e�s� �t�o�o� �m�u�c�h� �r�a�n�d�o�m� �e�x�p�l�o�r�a�t�i�o�n� �o�f� �t�h�e� �d�e�s�i�g�n� �s�p�a�c�e� 

�a� �r�a�t�h�e�r� �i�n�e�f�f�i�c�i�e�n�t� �s�t�r�a�t�e�g�y� �c�o�m�p�a�r�e�d� �t�o� �a� �m�o�r�e� �c�a�r�e�f�u�l� �j�u�x�t�a�p�o�s�i�t�i�o�n� �o�f� �b�u�i�l�d�i�n�g� �b�l�o�c�k�s�.� 

�I�n� �A�p�p�e�n�d�i�x� �D�,� �t�h�e� �f�o�u�r� �l�o�a�d� �c�a�s�e�s� �a�r�e� �a�p�p�l�i�e�d� �t�o� �a� �p�l�a�t�e� �s�i�m�p�l�i�f�i�e�d� �s�o� �t�h�a�t� �i�t� �c�a�n� �b�e� 

�e�n�c�o�d�e�d� �a�s� �a� �f�o�u�r�-�g�e�n�e� �l�o�n�g� �c�h�r�o�m�o�s�o�m�e�.� �B�e�c�a�u�s�e� �o�f� �t�h�e� �r�e�s�t�r�i�c�t�e�d� �l�e�n�g�t�h� �o�f� �t�h�e� �c�h�r�o�m�o�s�o�m�e�,� 

�i�t� �i�s� �p�o�s�s�i�b�l�e� �t�o� �e�x�p�l�o�r�e� �t�h�e� �w�h�o�l�e� �d�e�s�i�g�n� �s�p�a�c�e�.� �T�h�e� �a�v�e�r�a�g�e� �o�b�j�e�c�t�i�v�e� �f�u�n�c�t�i�o�n� �v�a�l�u�e� �a�n�d� �t�h�e� 

�a�s�s�o�c�i�a�t�e�d� �v�a�r�i�a�n�c�e� �o�f� �a�l�l� �s�c�h�e�m�a�t�a� �a�r�e� �g�e�n�e�r�a�t�e�d� �.� �I�t� �i�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e�s� �o�f� �f�i�r�s�t� �o�r�d�e�r� 

�s�c�h�e�m�a�t�a� �a�r�e� �l�a�r�g�e�r� �f�o�r� �t�h�e� �d�i�f�f�i�c�u�l�t� �l�o�a�d� �c�a�s�e�s�.� �T�h�e� �d�i�f�f�i�c�u�l�t� �l�o�a�d� �c�a�s�e�s� �a�l�s�o� �e�x�h�i�b�i�t� �d�e�c�e�p�t�i�v�e� �f�i�r�s�t� 

�o�r�d�e�r� �s�c�h�e�m�a�t�a� �(�m�i�s�l�e�a�d�i�n�g� �a�v�e�r�a�g�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�e� �s�c�h�e�m�a�t�a�)�.� �O�u�r� �e�x�p�e�r�i�m�e�n�t�s� �c�o�n�f�i�r�m� �t�h�e� 

�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �d�e�c�e�p�t�i�v�e�n�e�s�s�,� �v�a�r�i�a�n�c�e� �i�n� �s�c�h�e�m�a�t�a�,� �a�n�d� �G�A� �h�a�r�d�n�e�s�s�.� 

�T�h�e� �r�e�s�t� �o�f� �t�h�e� �c�h�a�p�t�e�r� �d�e�s�c�r�i�b�e�s� �t�h�e� �e�f�f�e�c�t� �o�f� �e�a�c�h� �o�f� �t�h�e� �p�r�o�p�o�s�e�d� �m�o�d�i�f�i�c�a�t�i�o�n�s� �o�n� �t�h�e� 

�g�e�n�e�t�i�c� �s�e�a�r�c�h�.� �A� �n�e�w� �G�A�,� �c�a�l�l�e�d�  ��G�A� �v�a�r�i�a�b�l�e �� �(�G�A�v�a�r�)� �c�o�m�p�o�s�e�d� �o�f� �a�l�l� �t�h�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �w�i�l�l� 

�b�e� �u�s�e�d� �a�s� �r�e�f�e�r�e�n�c�e� �a�n�d� �c�o�m�p�a�r�e�d� �t�o� �v�e�r�s�i�o�n�s� �o�f� �t�h�e� �G�A� �w�h�e�r�e� �t�h�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �a�r�e� �r�e�p�l�a�c�e�d� 

�o�n�e� �a�t� �a� �t�i�m�e� �b�y� �t�h�e�i�r� �o�l�d� �c�o�u�n�t�e�r�p�a�r�t�s�.� �G�A�v�a�r� �i�s� �m�a�d�e� �o�f� �t�h�e� �n�e�w� �s�e�l�e�c�t�i�o�n�,� �X�1�-�t�h�i�c�k� �c�r�o�s�s�o�v�e�r� 

�(�p�r�o�b�a�b�i�l�i�t�y� �p�c� �=� �1�)�,� �n�e�w� �m�u�t�a�t�i�o�n� �(�p�r�o�b�a�b�i�l�i�t�i�e�s� �o�f� �a�d�d�i�n�g� �a�n�d� �d�e�l�e�t�i�n�g� �a� �s�t�a�c�k� �p�a� �a�n�d� �p�d� �=� �0�.�0�5�,� 

�p�r�o�b�a�b�i�l�i�t�y� �o�f� �c�h�a�n�g�i�n�g� �t�h�e� �f�i�b�e�r� �o�r�i�e�n�t�a�t�i�o�n� �p�f� �=� �0�.�0�1�)�,� �o�n�e�-�s�t�a�c�k� �s�w�a�p� �(� �p�r�o�b�a�b�i�l�i�t�y� �p�p� �=� �1�)�.� 

�O�t�h�e�r� �p�a�r�a�m�e�t�e�r�s� �a�r�e�:� �p�o�p�u�l�a�t�i�o�n� �s�i�z�e�m� �=�8�,� �P�;� �=� �0�.�5�,�5� �=� �1�,�P�.� �=� �x�,� �6� �=� �0�.�0�0�5�.� �T�h�e� 

�o�l�d� �G�A�,� �c�a�l�l�e�d�  ��G�A� �f�i�x�e�d �� �(�G�A�f�i�x�)�,� �s�u�c�h� �a�s� �u�s�e�d� �i�n� �[�K�o�g�i�s�o�9�4�a�]�,� �[�K�o�g�i�s�o�9�4�b�]�,� �a�n�d� �C�h�a�p�t�e�r� �3�,� �i�s� 

�c�o�m�p�o�s�e�d� �o�f� �t�h�e� �o�l�d� �s�e�l�e�c�t�i�o�n�,� �X�2� �c�r�o�s�s�o�v�e�r� �(�p�r�o�b�a�b�i�l�i�t�y� �p�c� �=� �1�)�,� �t�h�e� �o�l�d� �m�u�t�a�t�i�o�n� �(�p�r�o�b�a�b�i�l�i�t�y� �p�m� 

�=� �0�.�0�1�)�,� �t�w�o�-�s�t�a�c�k� �s�w�a�p� �(� �p�r�o�b�a�b�i�l�i�t�y� �p�p� �=� �1�)�,� �h�a�s� �P�;� �=� �2�,�5� �=� �0�,� �a�n�d� �h�a�s� �o�t�h�e�r�w�i�s�e� �t�h�e� �s�a�m�e� 

�s�e�t�t�i�n�g�s� �a�s� �G�A�v�a�r�.� �G�A�f�i�x� �a�n�d� �G�A�v�a�r� �a�r�e� �c�o�m�p�a�r�e�d� �o�n� �F�i�g�u�r�e� �4�.�8� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �7�1� �(�n�z�)� 

�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� �a�n�a�l�y�s�e�s� �n�;�.� �T�h�e� �p�l�o�t� �r�e�p�r�e�s�e�n�t�s� �a�v�e�r�a�g�e�s� �f�r�o�m� �2�0�0� �i�n�d�e�p�e�n�d�e�n�t� 

�r�u�n�s� �m�a�d�e� �o�n� �e�a�c�h� �o�n�e� �o�f� �t�h�e� �4� �t�e�s�t� �c�a�s�e� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�.� �B�e�c�a�u�s�e� �t�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e� �i�s� �a� 

�p�a�r�t�i�c�u�l�a�r�l�y� �i�m�p�o�r�t�a�n�t� �a�p�p�l�i�c�a�t�i�o�n�,� �t�h�e� �r�e�l�i�a�b�i�l�i�t�i�e�s� �s�p�e�c�i�f�i�c� �t�o� �t�h�a�t� �c�a�s�e� �a�r�e� �a�l�s�o� �g�i�v�e�n� �o�n� �F�i�g�u�r�e� 

�4�.�9�.� 

�T�h�e� �i�n�t�e�r�s�e�c�t�i�o�n�s� �o�f� �t�h�e� �c�u�r�v�e�s� �w�i�t�h� �t�h�e� �8�0�%� �r�e�l�i�a�b�i�l�i�t�y� �l�i�n�e� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� 

�a�s�s�o�c�i�a�t�e�d� �s�e�a�r�c�h�e�s�.� �G�A�v�a�r� �c�o�s�t�s� �1�4�5�0� �a�n�a�l�y�s�e�s�,� �c�o�m�p�a�r�e�d� �t�o� �3�3�0�0� �f�o�r� �G�A�f�i�x�,� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �a� 

�5�6�%� �d�e�c�r�e�a�s�e� �i�n� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h�.� �N�o�t�e�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �w�i�t�h� �G�A�f�i�x�,� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �i�s� �0�.�6� �a�t� 

�1�5�0�0� �a�n�a�l�y�s�e�s�,� �s�o� �m�a�k�i�n�g� �t�w�o� �r�u�n�s� �o�f� �1�5�0�0� �a�n�a�l�y�s�e�s� �h�a�s� �a� �r�e�l�i�a�b�i�l�i�t�y� �o�f� �(�1�  �� �0�.�4�7�)� �=� �0�.�8�4�.� �T�h�i�s� 

�i�s� �b�e�t�t�e�r� �t�h�a�n� �o�n�e� �r�u�n� �o�f� �3�0�0�0� �a�n�a�l�y�s�e�s� �w�h�i�c�h� �h�a�s� �a� �r�e�l�i�a�b�i�l�i�t�y� �o�f� �0�.�7�8�.� �G�A�f�i�x� �n�e�e�d�s� �a�r�o�u�n�d� �5�0�0� 

�a�n�a�l�y�s�e�s� �t�o� �s�t�a�r�t� �f�i�n�d�i�n�g� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �o�n� �t�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e� �(�F�i�g�u�r�e� �4�.�9�)�.� �T�h�e�n�,� �G�A�f�i�x� �i�s� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �7�5
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�F�i�g�u�r�e� �4�.�9�.� �C�o�m�p�a�r�i�s�o�n� �o�f� �G�A�f�i�x� �a�n�d� �G�A�v�a�r�,� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e�,� 
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 �� �C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N



�s�l�o�w�e�r� �t�h�a�n� �G�A�v�a�r� �a�t� �d�i�s�c�o�v�e�r�i�n�g� �p�r�a�c�t�i�c�a�l� �o�p�t�i�m�a� �f�o�r� �t�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e�.� �I�t� �i�s� �a�l�s�o� �s�l�o�w�e�r� �o�n� 

�t�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e� �t�h�a�n� �i�t� �i�s� �o�n� �a�l�l� �o�t�h�e�r� �l�o�a�d� �c�a�s�e�s�.� �T�h�e� �8�0�%� �r�e�l�i�a�b�i�l�i�t�y� �t�h�r�e�s�h�o�l�d� �i�s� �r�e�a�c�h�e�d� 

�b�y� �G�A�f�i�x� �a�f�t�e�r� �5�2�0�0� �a�n�a�l�y�s�e�s�,� �v�e�r�s�u�s� �3�2�5�0� �f�o�r� �G�A�v�a�r�.� 

�E�v�e�n� �t�h�o�u�g�h� �2�0�0� �t�e�s�t�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �f�o�r� �e�a�c�h� �e�x�p�e�r�i�m�e�n�t�,� �n�o�n�-�n�e�g�l�i�g�i�b�l�e� �d�e�v�i�a�t�i�o�n�s� �i�n� �t�h�e� 

�p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h�e�s� �h�a�v�e� �b�e�e�n� �n�o�t�i�c�e�d�.� �T�h�e� �2�0�0� �r�u�n�s� �h�a�v�e� �b�e�e�n� �r�e�p�e�a�t�e�d� �f�i�v�e� �t�i�m�e�s�.� �A�s�s�u�m�i�n�g� 

�a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h�,� �w�e� �c�a�l�c�u�l�a�t�e�d� �t�h�a�t� �a�t� �a� �c�o�n�f�i�d�e�n�c�e� �l�e�v�e�l� �o�f� �9�0�%� 

�t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h� �i�s� �4�4�0�+�1�4� �f�o�r� �l�o�a�d� �c�a�s�e� �1�,� �1�1�8�0�4�7�1� �f�o�r� �l�o�a�d� �c�a�s�e� �2�,� �1�4�9�0�4�1�0�6� �f�o�r� �l�o�a�d� 

�c�a�s�e� �3�,� �3�2�5�0�4�2�5�2� �f�o�r� �t�h�e� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e�,� �a�n�d� �1�4�5�0�+�1�3�5� �o�n� �a�v�e�r�a�g�e�.� �N�o�t�e� �t�h�a�t� �t�h�e� �p�r�i�c�e� �o�f� 

�t�h�e� �s�e�a�r�c�h� �i�s� �m�o�r�e� �s�u�b�j�e�c�t� �t�o� �v�a�r�i�a�t�i�o�n�s� �o�n� �d�i�f�f�i�c�u�l�t� �p�r�o�b�l�e�m� �c�a�s�e�s� �(�t�h�i�r�d� �a�n�d� �m�u�l�t�i�p�l�e� �l�o�a�d� �c�a�s�e�)� 

�t�h�a�n� �o�n� �e�a�s�y� �c�a�s�e�s� �(�f�i�r�s�t� �a�n�d� �s�e�c�o�n�d� �l�o�a�d� �c�a�s�e�s�)�.� �W�e� �w�i�l�l� �n�o�w� �d�e�t�a�i�l� �t�h�e� �d�i�f�f�e�r�e�n�t� �i�m�p�r�o�v�e�m�e�n�t�s� 

�m�a�d�e� �t�o� �G�A�f�i�x�.� 

�4�.�4�.�1� �E�f�f�e�c�t� �o�f� �t�h�e� �P�e�n�a�l�t�y� �P�a�r�a�m�e�t�e�r�s� 

�W�e� �d�i�s�c�u�s�s� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �p�e�n�a�l�t�y� �p�a�r�a�m�e�t�e�r�s� �P�;� �a�n�d� �5� �o�n� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� 

�s�e�a�r�c�h� �o�f� �G�A�v�a�r�.� �T�a�b�l�e� �4�.�3� �s�h�o�w�s� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h� �a�n�d� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �a�f�t�e�r� �6�0�0�0� �a�n�a�l�y�s�e�s� 

�f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�t� �l�o�a�d� �c�a�s�e�s� �a�n�d� �o�n� �t�h�e� �a�v�e�r�a�g�e� �w�h�e�n� �P�;� �=� �0�.�5� �f�o�r� �S� �=� �0�,� �0�.�5�,� �1�,� �2�,� �a�n�d� �4�.� 

�T�a�b�l�e�s� �4�.�4� �a�n�d� �4�.�5� �s�h�o�w� �t�h�e� �e�f�f�e�c�t� �o�f� �c�h�a�n�g�i�n�g� �P�;� �f�o�r� �S� �=� �O�Q� �a�n�d� �S� �=� �1� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�T�a�b�l�e� �4�.�3�.� �E�f�f�e�c�t� �o�f� �S�'� �o�n� �t�h�e� �p�r�i�c�e� �o�f� �t�h�e� �s�e�a�r�c�h� �/� �r�e�l�i�a�b�i�l�i�t�y� �a�f�t�e�r� �6�0�0�0� �a�n�a�l�y�s�e�s�,� �p� �=� �0�.�5�.� 
� � 

� � 

�l�o�a�d� �c�a�s�e� �l�o�a�d� �c�a�s�e� �l�o�a�d� �c�a�s�e� �m�u�l�t�i�p�l�e� �a�v�e�r�a�g�e� 
�]� �2� �3� �l�o�a�d� �c�a�s�e� 

�S�=�0�  �� �1�0�7�0� �/� �0�.�9�9� �1�3�9�0� �/� �0�.�9�8� �2�7�6�0� �/� �0�.�9�5�  �� 
�S� �=�0�.�5�  �� �1�2�2�0� �/� �0�.�9�9�5� �1�4�9�0� �/� �0�.�9�5� �2�9�7�0� �/� �0�.�9�3�  �� 
�S�=�1� �4�4�0� �/� �1�.�0�0� �1�1�8�0� �/� �1�.�0�0� �1�4�9�0� �/� �0�.�9�4� �3�2�5�0� �/� �1�.�0�0� �1�4�5�0� �/� �0�.�9�8� 
�S�=�2� �4�5�0� �/� �1�.�0�0� �1�2�7�0� �/� �1�.�0�0� �1�7�0�0� �/� �0�.�9�8� �4�6�7�0� �/� �0�.�8�5� �1�6�4�0� �/� �0�.�9�6� 
�S�=�4� �5�1�0� �/� �1�.�0�0� �2�2�0�0� �/� �0�.�9�9� �4�1�5�0� �/� �0�.�8�5� �4�6�7�0� �/� �0�.�8�5� �3�3�4�0� �/� �0�.�9�3� � � � � � � � � � � � � � � 
� � 

�*� �t�h�e� �G�A� �d�i�d� �n�o�t� �a�c�h�i�e�v�e� �t�h�e� �r�e�q�u�i�r�e�d� �8�0�%� �r�e�l�i�a�b�i�l�i�t�y�.� 

 �� �t�h�e� �G�A� �d�i�d� �n�o�t� �c�o�n�v�e�r�g�e� �i�n� �t�h�e� �f�e�a�s�i�b�l�e� �d�o�m�a�i�n�.� 

�O�n� �t�h�e� �a�v�e�r�a�g�e�,� �t�h�e� �t�r�e�n�d� �s�h�o�w�n� �i�n� �t�h�e� �t�a�b�l�e�s� �f�o�l�l�o�w�s� �t�h�e� �r�u�l�e� �t�h�a�t� �t�h�e� �m�i�n�i�m�u�m� �p�e�n�a�l�t�y� 

�i�s� �t�h�e� �m�o�s�t� �e�f�f�i�c�i�e�n�t� �(�a�s� �l�o�n�g� �a�s� �i�t� �r�e�m�a�i�n�s� �h�i�g�h� �e�n�o�u�g�h� �t�o� �f�o�r�c�e� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �t�h�e� �f�e�a�s�i�b�l�e� 

�C�h�a�p�t�e�r� �4�.� �I�M�P�R�O�V�E�D� �G�E�N�E�T�I�C� �A�L�G�O�R�I�T�H�M� �F�O�R� �M�I�N�I�M�U�M� �T�H�I�C�K�N�E�S�S� �D�E�S�I�G�N� �7�7


