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Unsteady flowfields are integral to high-speed applications, demanding precise modelling to
characterize their unsteady features accurately. The simulation of unsteady supersonic and
hypersonic flows is inherently computationally expensive, requiring a highly refined mesh to
capture these unsteady effects. While anisotropic metric-based adaptive mesh refinement
has proven effective in achieving accuracy with much less complexity, current algorithms are
primarily tailored for steady flow fields. This thesis presents a novel approach to address
the challenges of anisotropic grid adaptation of unsteady flows by leveraging a data-driven
technique called Dynamic Mode Decomposition (DMD). DMD has proven to be a powerful
tool to model complex nonlinear flows, given its links to the Koopman operator, and also its
easy mathematical implementation. This research proposes the integration of DMD into the
process of anisotropic grid adaptation to dynamically adjust the mesh in response to evolving
flow features. The effectiveness of the proposed approach is demonstrated through numerical
experiments on representative unsteady flow configurations, such as a cylinder in a subsonic
flow and a cylinder in a supersonic channel flow. Results indicate that the incorporation
of DMD enables an accurate representation of unsteady flow dynamics. Overall, this thesis
contributes to making advances in the adaptation of unsteady flows. The novel framework
proposed makes it computationally tractable to track the evolution of the main coherent

features of the flowfield without losing out on accuracy by using a data-driven method.
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Simulating unsteady, high-speed fluid flows around objects like aircraft and rockets poses a
significant computational challenge. These flows exhibit rapidly evolving, intricate pattern
structures that demand highly refined computational meshes to capture accurately. How-
ever, using a statically refined mesh for the entire simulation is computationally prohibitive.
This research proposes a novel data-driven approach to enable efficient anisotropic mesh
adaptation for such unsteady flow simulations. It leverages a technique called Dynamic
Mode Decomposition (DMD) to model the dominant coherent structures and their evolution
from snapshot flow field data. DMD has shown powerful capabilities in identifying the most
energetic flow features and their time dynamics from numerical or experimental data. By in-
tegrating DMD into the anisotropic mesh adaptation process, the computational mesh can be
dynamically refined anisotropically just in regions containing the critical time-varying flow
structures. The efficacy of this DMD-driven anisotropic adaptation framework is demon-
strated in representative test cases - an unsteady subsonic flow over a circular cylinder and
a supersonic channel flow over a cylinder. Results indicate that it enables accurate tracking
and resolution of the key unsteady flow phenomena like vortex shedding using far fewer
computational cells compared to static mesh simulations. In summary, this work makes
anisotropic mesh adaptation computationally tractable for unsteady flow simulations by
leveraging data-driven DMD modelling of the evolving coherent structures. The developed

techniques pave the way for more accurate yet efficient unsteady CFD simulations.
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Partial Differential Equations (PDEs) hold significant interest for the scientific community
as they encapsulate fundamental laws governing various physical phenomena. However, their
nonlinear structure and limited analytical tools pose challenges to finding exact solutions.
Thus, numerical techniques such as Finite Element Methods, Finite Difference Methods,
Finite Volume Methods, and Discontinuous Galerkin methods are employed to obtain ap-
proximate solutions. These numerical techniques play a vital role in solving PDEs by dis-
cretizing continuous domains into finite-dimensional spaces through meshing. Discretizing
the continuous domain into a discrete representation in terms of nodes inherently introduces
discretization errors in the solutions obtained by these numerical methods. Achieving higher
accuracy in numerical solutions hinges on mesh resolution. Finer meshes closely approx-
imate the continuous domain, reducing discretization errors compared to coarser meshes.
This finer resolution is particularly crucial in capturing regions with high gradients in flow

states, such as boundary layers, shocks, shear layers, and separated flows.

In the context of high-speed flows, such as those encountered in Entry, Descent, and Land-
ing (EDL) systems, accurate modelling is paramount. Unsteady flows and regions with high
gradients in flow states add complexity to simulations, necessitating highly refined meshes
for accurate representation. To mitigate computational overhead while preserving solution
accuracy, mesh adaptation advocates employing finer mesh elements or denser node distri-
butions only in regions with pronounced spatial variations. This optimizes computational

resources and focuses refinement where it is most needed.

Mesh adaptation mainly consists of identifying large variations of flowfield or detection of
crucial flow features by monitoring the solution errors and then modifying the mesh elements

accordingly to ensure a uniform distribution of these errors in all the mesh elements by the
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well-known equidistribution principle as explained in [1]. The majority of the researchers
have worked on isotropic mesh adaptation where they perform refinement at respective
regions in a uniform manner, dividing the mesh element into equal proportions. The problem
with such an approach is that often these techniques tend to accumulate way too many
cells in regions with large solution gradients or large solution errors, thus increasing the
computational expense significantly. Although we achieve a reduction in computational
intensity as compared to completely uniform meshes to achieve a given accuracy in the

solution, a more effective representation of meshes is needed.

To that end, a directional property of the interpolation error was introduced in [2] which
provided measurement of errors involving directions which gave rise to the idea of gener-
ating elements with high aspect ratios using local mapping procedures by reduction of the
interpolation errors distributed in a directional sense. The key aspect of mesh adaptation is
to control the size, shape, and orientation of mesh elements in the computational domain.
Later, Ref.[3] introduced the concept of metric-based adaptation. The specifics of the current

state-of-the-art metric-based anisotropic adaptation can be found in Ref.[4].

Oi0  O0idbboodib 4bob tobutopooo 0o bobbdbod g

However, the existing Metric-based Grid Adaptation algorithms have been typically designed
and performed on steady-state simulations which precludes their use in the unsteady EDL
applications. The unsteadiness in this type of flow requires a time-accurate approach for
modelling because in some cases a steady solution may not even exist. In short, a time-
accurate solution with an adequate level of mesh resolution without the need for any extreme

refinement is needed for an accurate and efficient simulation of these types of problems.

To consider the progression of the flow in the mesh adaptation process a transient fixed-
point algorithm has been proposed in [5], which consists of an inner loop which ensures the
convergence of the initial solution at a transient fixed point in an iterative manner to ensure
all the potential dynamic regions are resolved in an average sense over the time step duration.
The main idea behind the above approach is that for “U00I000 DIDODIDOOCD DO0OOO 00O DOO
0000000000 000 00ooo 00 00000 00000000 000 bo000 0o 1000 00000 00 0000000 000 0biomoo booboooo
00 D000 00 0000000 000 00000 00 00000 0000000000 O 00obo 0000 0000 00 00D 0oOoooooog™.

Briefly, we evolve the solution from a time instant t to t+ tand then this solution is iterated
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inside an internal loop to ensure its convergence at a fixed point of time and parallelly adapt
the meshes taking into account a notion of metric intersection in time to capture all the

important time scales over the whole time step.

The algorithm proposed in [5] is only valid when the space-time interpolation error is con-
trolled in LT norm. Later an LP norm variant has been presented in [6] where the min-
imisation of space-time interpolation error on a continuous mesh is solved in a decoupled
manner: first the instantaneous interpolation error in space is evaluated, then a temporal
minimization is performed for an optimal space-time mesh. A notion of an unsteady metric
has been derived in this work which has a dependence on the instantaneous sub-interval
of time. But to obtain the normalization factor of this metric first we need to evolve the
solution at least once over the whole time interval to obtain all the Hessians Hp(0; t) at sub
time intervals which is not practical for a large unsteady simulation. To that end, we are
proposing to use data-driven methods to find the key features of the flow to capture their
evolution in time which can help us perform the grid adaptation for unsteady flows in a more

simple and robust way.

N N

While an unsteady flow can appear chaotic and random, it often conceals hidden patterns and
structures which can be uncovered through careful analysis and understanding. Data-driven
techniques, such as Proper Orthogonal Decomposition (POD)[7, 8, 9], and Dynamic Mode
Decomposition (DMD) have garnered significant attention for analyzing unsteady flows due
to their ability to extract coherent structures and dominant modes from high-dimensional
datasets. POD is a widely used technique that provides a lower-dimensional representation
of the flow field based on the Singular Value Decomposition (SVD) [10] of the snapshot
matrix, which decomposes the flow field into a set of orthogonal spatial modes and their
corresponding time coefficients. Although POD is efficient in capturing the dominant spatial
structures, it lacks temporal resolution, making it challenging to identify the underlying

frequencies associated with the modes.

This limitation can be overcome by employing the Spectral Proper Orthogonal Decompo-
sition (SPOD)[11], which incorporates frequency information by applying the SVD to the

cross-spectral density tensor of the flow field. An alternative approach to obtain modal
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decompositions with both spatial and temporal information is the Dynamic Mode Decom-
position (DMD) [12]. DMD approximates the flow dynamics by a linear operator, allowing
the extraction of dynamically relevant modes and their corresponding frequencies. Unlike
SPOD, DMD does not require the calculation of spatial correlations, making it computa-
tionally more efficient for large datasets. The connection between the DMD and Koopman
theory is established in [13], where the Koopman theory follows the process of representing
a lower-dimensional nonlinear system in state space to a higher dimensional linear system
in the observable space that leads us to estimate a Koopman operator that would enable us

to project the observables to a future state in a linear sense.

To this end, the DMD tries to approximate the infinite-dimensional Koopman operator as a
linear model advancing our spatial measurements in time. Often the non-linearities are too
high in fluid flows which makes it very difficult for DMD to resolve all the non-linearities due
to the absence of a rich set of observables. This leads to much more robust algorithms like
Extended Dynamic Mode Decomposition (EDMD) as introduced in [14] where one performs
a data-driven analysis of selecting a rich set of dictionary functions to best represent our
nonlinear system in a linear fashion. Although the EDMD approach represents the Koopman
operator better than the standard DMD, an optimal set of dictionary functions is not known
a U0I000 to us making it computationally extensive to optimise the best set of observable
functions in a rather extensive library of functions. To that end, a simple DMD analysis has
been used to capture the evolution of the unsteady features of a flow field in this thesis. A

brief outline of the thesis is given below.

Lo ooeod

Chapter 2 provides a basic review of some mathematical preliminaries and context required
for the anisotropic mesh adaptation, namely introducing the concepts of Riemannian metric
spaces, the properties of a metric tensor and its ability to convey the directional properties
of the interpolation error as well as introducing the notions of unit mesh. This chapter
also discussed our perspective of a full adaptation and r-adaption which will be utilised in a

sequential manner in our unsteady adaptation algorithm described in Chapter 4.

Chapter 3 provides a very brief review of the Dynamic Mode Decomposition algorithm

and shows a simple application using two example problems to demonstrate its working
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methodology of extracting coherent spatial and temporal dynamics.

Chapter 4 introduces our approach to perform the grid adaption for unsteady flows using
full-adaptation and r-adaptation which leverages dynamic mode decomposition for feature

tracking.

Chapter 5 presents the results of using the approach developed in this thesis to solve a couple
of examples of problems and explores a few factors that might possibly be crucial factors for

the applicability of this approach.

Chapter 6 finally concludes this thesis with closing remarks and a brief discussion about
future work that we plan to accomplish and suggesting possible extensions of the approach

taken to the grid adaptation of unsteady flows.
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Before analysing mesh adaptation let us first understand the meaning of linear interpolate.
Let  be the computational domain of R"™ we are interested in and H be the mesh of

with [ vertices. Assume that the exact solution of the PDE is a function of space
0:R"™ ¥ R, then the linear interpolate of 0 on H, written as Hg, which is the piece-
wise linear representation of 0 on H. The difference between these two quantities is hereby
denoted as the I00000UI00000 00000 e(g) in this thesis, which in a geometric sense is the gap
between the actual function and the piece-wise linear function; e(g) can thus be understood

as a measure of the accuracy of the solution.

e(9) = kg HoKLp( ) (2.1)

So having defined the interpolation error of the numerical solution, the problem for us to
solve now is to find an optimal mesh with a given number of vertices which reduces the
interpolation error. So essentially we need to find an optimal mesh that best represents the
solution while maintaining a linear variation between the nodal points. An example of what
optimal nodal positions look like and how well such meshes perform compared to a uniform
mesh with the same number of nodes can be seen in Fig 2.1. One of the widely known princi-
ples that guides this adaptation process is the equidistribution principle [1] which essentially
searches for a mesh in which the error density is distributed evenly among the elements of the
mesh instead of any accumulation of error in specific regions. Most of the initial approaches
as explained earlier have been focused on isotropic adaptation where the regions of high er-
rors are divided isotropically in all directions uniformly which does distribute the error and
improves the accuracy although comes with an increased computational expense. However

as discussed in the previous chapter a directional property of the interpolation error was
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™ (u) on uniform and adapted meshes

True sol 5
—4— Uniform mesh
- © - Adapted Mesh

.}

-3 -2 -1 0 1 2 3

Figure 2.1: Linear interpolate of U on uniform and optimal mesh

observed in the 80s, which led to the idea to generate stretched elements with high aspect
ratios. Along came the idea of using a Riemannian metric to dictate the size, shape and
orientation of the mesh that can be communicated to the automatic mesher in a highly ele-
gant manner. The equidistribution of the errors to reduce and achieve better interpolation is
achieved by converging towards this notion of a quasi-unit mesh with respect to a Riemann
metric space. Hence, a brief review of the mathematical concepts related to metric spaces
and the notion of unit mesh will be discussed in this chapter which will help us understand

more about converging towards optimal anisotropic meshes.

Oi0 0000 Opoooo

A basic idea of metric spaces is essential for us to understand about anisotropic meshing,
hence we shall start with a few known definitions and further discuss the key ideas that are
essential for us. A closed set K" of n-tuples k = (Ky; Kz:::; Kpn), termed vectors, forms a (00000
00000 if these vectors can be added or multiplied by scalars, preserving the properties of
commutativity, associativity, and distributivity in ordinary arithmetic. An inner product
h:;:1 is a way to multiply vectors in a vector space with the result being a scalar quantity.
Finally, a set (X) is associated with a distance function (d) which allows us to evaluate the
distance between any two arbitrary points in the set then it is termed as a 100000 00000
(X; d).



8 Qouuoid Ot oot dooooooog

0ot Ooooibbob ooomh booood

An Euclidean metric space is a finite vector space where the inner product is defined by

means of a symmetric definite positive tensor M:
hd; Oipg = hO; MOi = 0'MDO; for (0;0) 2R® R? (2.2)

And the matrix M is the metric tensor which is the metric that we were referring to in this
thesis so far. The Euclidean space (R®) which we extensively use for most of our physical
analyses is a special case of this Euclidean metric space when the metric tensor is the Identity

matrix, hence resulting in the familiar dot product hJ; MUi = h{J; 0.

In such Euclidean metric spaces, the norm of a vector as well as distance between two points
are defined as:

802R% kuk = pm

BP:Q 2R R du(PiQ) = (OOTM@OD)

Hence, the lengths of the segments are defined as the distance between its extremities as:

iy (00) = dan(O00) = KODkey = (@ 0 M@ O): (2.3)

In Euclidean metric spaces the volumes and angles are well defined which are also of interest
for us in the context of meshing.

The angle between two vectors U and [0 can be computed as follows:

=) i

(2.4)
This is the angle between two vectors in 2D space and the dihedral angle between two
surfaces in a 3D space. Also, given a bounded space U, with a Euclidean volume jjy,, the

volume [ with respect to M is computed as:

R © .
jOim = detMj0j, (2.5)

where I3 signifies metric tensor in Euclidean space. As the metric tensor M is a SPD matrix,

it can be diagonalized, and a spectral decomposition of the tensor can be written as follows:

M=R R’ (2.6)
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where R are the eigenvectors (0;;0y; 03) that are orthonormal and  diagonal matrix of
eigenvalues of M denoted by ( j)i=1.2.3, which are strictly positive and are arranged in
descending order. The geometric interpretation of these eigenvalues and eigenvectors are
key to understanding the mapping between reference and our computational domains.To
understand this mapping, let us explain the notion of unit ball. First consider that set

m( ) represents all the points that are in the vicinity of point 0 denoted as V(0O), that are

a distance , then this set can be represented as:

m() :fx2V(D)jp(D OTM@O 0)= g (2.7)

The distance can be replaced by a unit distance which gives us the set of all the points that
are at a unit distance from the point [ and the region enclosing all the subset of points is
called as the unit ball Byg of O with respect to M. Rewriting the above equation for unit

distance gives us:

X
M) =2V 6 p) M pi) =1g: (2.8)

i=1
The eigenvectors of M which are the column vectors of R are the orthonormal basis which
tells us about the local orientation of the computational domain relative to the reference
domain. Hence, let us transform our domain into the eigenvectors frame and assume that
coordinates in the transformed bases are H and H. Consequently, we simplify the above

equation into:

X

m(1) = x2V(B)j 06 P’ =19 (2.9)
i=1

= fx 2 V(B)j Xﬁ'—I&')z =1g where; h; = 1

C, i (2.10)

The simplified result above, when N = 3 is an equation of an ellipsoid, centered at U with
the principal directions along the eigen directions of the metric tensor M and an ellipse in
the case of 2D space. The sizes of the principal axes of an ellipse or ellipsoid from the above
equation can be deduced as hj, corresponding the respective eigen directions. Hence B,
unit ball of M is depicted in the Fig 2.2 .

Also note that the stretching factors, which are the sizes of major and minor axes are related
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Figure 2.2: Unit balls associated with metric M = R RT in 3D and 2D
respectively

to the eigenvalues of M in an inverse squared sense, hence it is obvious that the mapping
from the reference space (spherical ball, By,) to the computational space ( unit ball Bpm, of

M) is also inverse squared of the tensor M2 as shown below:

U3

B(M) ~2 w B(I?)

Computational Space Reference Space

V2

Figure 2.3: Mapping between unit balls in computational space and reference space
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For a smooth manifold [, if there exists a scalar product defined by a metric tensor M on
the tangent space of the manifold then it is called a Riemannian manifold or Riemannian
space (O, M). Another way to look at it is, although a Riemannian manifold is curved
non-Euclidean manifold, locally at each point [ the tangent space Up[] can be visualised as
an Euclidean metric space (Ogd; M(0)) and hence the Riemannian metric varies smoothly
over the manifold. Another way to look at the Riemannian metric space is in the form
of a function associated with a higher dimensional Cartesian surface which is useful for
visualization. Hence, this Cartesian surface S of R"*?! with n independent spatial dimensions

and a C? scalar function can be defined by:

S = (X1} X2, 1 Xnt (X120 X2; 1 Xp)) 2 R™ (2.13)

Although there is no notion of a global scalar product over the computational space, the
Riemannian metric tensor available at a point characterizes the local geometry of the mani-
fold, providing information about distances, angles, and shapes in the vicinity of that point.
Let us assume that our computational domain is R?, a flat space and each point in this
domain are associated with a metric, we can assume the equivalent higher-order Cartesian

surface as a curved surface S 2 R® as shown in the Fig 2.4 below.

—(2)
—c(t)

Figure 2.4: Parameterized curve on Riemannian manifold

Now that we have defined this interpretation of embedding a parameterized Riemann surface

in higher dimensional space, let us describe finding the distance between two points along a
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parameterized curve that is of interest to us. Assume a line defined in the computational
space just like the edges of our mesh elements, connecting two points [ and [0 parameterized
by t 2 [0; 1] as follows:

(t) = 0 + t(000) (2.14)

Now that we are using this notion of constructing a higher dimensional (S 2 R®) space cor-
responding to this flat 2D space, for each point on the 2D space, there exists a corresponding
image on the 3D curved surface. Hence, we can also trace a curve C connecting all these
images on the curved surface S which is the geometrical representation of the parameterized
curve on the flat space. Now that we have defined the geometrical interpretation let us find
the length of this curve which is essentially the length of the curve mapped by the images
on the curved space which can be mathematically calculated by our general definition of
distance calculated on a parameterized spaces:

Z,

IM(O0) = k "(Dkmdt
7°, P
= 00"M(O + tO0)00dt (2.15)
0

And similarly for a given subset of a region, [J of , the volume of [J can be computed with
respect to Riemannian metric space (M(0))g> as an integral over small subregions of [ as:

z

Oim= T detM(D)dn (2.16)
O

000 00ODDOUbooboioo 0o oot oot

To generate anisotropic meshes, we need to specify both the size and orientation of elements
at each point in the domain. The Riemannian metric tensor provides an elegant solution for
this task, allowing us to define local orientation and geometry stretching. This information
is crucial for communicating with the mesher to achieve anisotropic grid adaptation. Before
discussing how this process optimizes grids to reduce interpolation error, let us introduce
a few more key notions related to the adaptation process, namely the concepts of the unit

element and unit mesh.
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Let us recall that unlike the calculation of distances and volumes in Euclidean spaces, in
metric spaces, these quantities are evaluated with respect to a metric tensor. The definitions
of lengths of parameterized curves and volumes have been discussed in previous sections. To
extend these concepts of distances and volumes to an element [ of a mesh, if the length of
all the edges of this element is unit w.r.t the prescribed metric M then the element [ is
said to be OO0 with respect to the metric M. Hence for an n-sided element, defined by
its list of edges (Uj)i=1::n, (where n = 3, if it is a 2D triangular element or n = 6, if it is a

tetrahedron), the element [J is unit with respect to M if:
8i1=1;:5n; Im() =1, (2.17)

P P,
and its volume equal to:jKjym = -2 for a triangle ( Area in the case of 2D) and jKjm = £

in the case of tetrahedron.

Similarly, the definition of UMD LIO0M is that all the elements of the mesh must be unit with
respect to the prescribed metric M. However, it is often difficult to have all the elements
in the discrete mesh be unit since most of the time the Riemannian metric space is not
compatible with the domain size most of the times. Hence, the definition of a unit mesh has
to be relaxed as follows:
“A discreet mesh H of a domain R" is OO0 for Riemannian metric space (M(X))p2  if
all its elements are quasi-unit. [15]”
As the name suggests, an element is said to be a quasi-unit when the length of the edges
may not be equal to 1 but are close to the unit with an admissible range. i:e:;8 i;Im(0;) 2
[B=; 2]. Often checking the lengths wouldn’t be sufficient to generate good elements, we
can often see the formation of flat elements with null volume. Hence, we need to monitor
the volume of each element in the case of 3D and the area of the element in 2D to control
the notion of the unit element. This is generally monitored using a quality function given
below: ,

Qm = éﬁzpejKi 2[ ;1Jwith >0 (2.18)

3 iz (@)
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From a mesh perspective, the two main things we care about are measuring the lengths of
edges and the volumes of elements in the mesh. When dealing with a Riemannian metric
space, we previously discussed how to find the length of a parameterized curve using con-
tinuous integration. However, in a discrete mesh, we don’t have a continuous metric tensor;
it is only defined at the vertices. Also, instead of using continuous integration, we use more
practical discrete methods like quadrature formulas. These formulas require defining the

metric at quadrature points, which we don’t have readily available.

One of the main benefits of dealing with metric spaces is the clear definition and well-posed
nature of operations involving metric tensors. Among these operations, metric intersection
and metric interpolation are notably valuable. However, for the scope of this thesis, we will
not explore the topic of metric intersection in detail since we are not dealing with multi-
metric adaptation. Where the metric interpolation is a key aspect as discussed above, it
is then mandatory for us to be able to compute the metric at any point in the domain.
Some of the interpolation schemes that were suggested in the past had some issues with
the operations being not commutative and often had issues depending on the order of these
operations when multiple metric tensors are involved. Hence a log-Euclidean framework
was suggested in [16] which solves these issues. Before defining the operations between two
metric tensors in this framework, let us first define what a metric logarithm and matrix

exponential is: For a metric tensor M = R RT the metric logarithm is given by:

In(M) := RIn( )R (2.19)
and a matrix exponential is given by:

exp™ =R exp( )R' (2.20)

where In( ) = diag(In( ;)) and exp( ) = diag(exp( i)). Hence from the above two defini-
tions, we can now define logarithmic addition  and the logarithmic scalar multiplication

as follows:

M; M, = exp(In(M;) + In(M5)) (2.21)
M =exp( In(M)) =M (2.22)
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Now the metric interpolation can be done using a linear interpolation operator derived from
the above framework. Consider an element [J with vertices defined by (U;)i=1::x such that

.....

inside the element defined by:

XK X
0= i Di with i 1 (223)

i=1 i=1

where the  are the barycentric coordinates of the point 0 with respect to the element.
Then the interpolated metric is defined by:
1

M X
M) = i M(@O) =exp iIn(M(0;)) (2.24)

which upon further simplifications, using the operations discussed above, boils down to:

Y
M@O)= M@) (2.25)

i=1

Now that we have established how to obtain the metric at any point in the domain given
a discreet metric field, let us extend these concepts to determine the lengths of edges of
a mesh prescribed by a Riemannian metric field. The integral defined in the 2.26 can be
approximated numerically using an [0 points Gaussian quadrature with the weights (¥;)i=1:::m

and barycentric coefficients ( j)i=1::m:

Z:1q >x 9d
Inm(00) = 00" M(O + t00)00dt 1, 00"M(@+ ;00)00 (2.26)

0 i=1

where M(0 + ;00) is the metric at the i*" Gauss point. We have established previously
that the edge lengths of the mesh elements are one of the main things that we would be
monitoring hence these computations are performed in a recurrent manner, hence further
optimization of the calculation would be more advantageous. The key point to focus on is
that these lengths are computed at an edge level and the metric is known at the edge points,
which are the vertices. Assuming that the metric follows a variation law along the edge,

lengths can be computed analytically using the metric at the endpoints. Let us consider an
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edge U = [;0, to be an edge of the mesh of Euclidean length kek,, and M(U;) nad M(,)
be the metrics at the vertices respectively. Now let us denote 1;(0) = 0T M as the length
of the edge in the metric M(J;). And for an arbitrary case consider l;(J) > I,(0) and set
a= %. Now assuming that the metric varies linearly in a Log-Euclidean way along the

edge then the eigenvalues and the stretching factors can be written as follows:

® =exp((l OIn( )+tin( )= &% (2.27)
S— r__ r__

h(t) = h *h} where h(t) = i; h, = iand h, = 1 (2.28)
(t) 1 2

Hence, by assuming that the metric field follows this geometric variation law shown above,

upon further simplification we have:

a 1

(D) =10 s

(2.29)

where l1(0) can also be written as :f—éz) Similarly, the volumes can be computed by using

an [-point Gaussian quadrature approximations.

Ooi0  OOdooor 0o jtibidblbiiotu boood

As discussed at the beginning of mesh adaptation, the ideal mesh is the one that approx-
imates the solution smoothly, hence we focus on finding the mesh that is optimal for the
interpolation error. The traditional metric-based error minimises the interpolation error in
L1 norm that tends to equidistribute the spatial error, which gives us the most intuitive
understanding of adapting to a unit mesh w.r.t Riemannian metric defined by the bounds
on the interpolation error in L% norm as given in [17]. Some of the small-scale features that
might be crucial to the flow are not captured by the metric obtained from the L1 norm,
hence better estimates based on L! norm have been proposed in [15], and those based on
LP norm in [18], both of which provides us with a way to resolve multi-scale features of the
flow. Hence, the problem that we are solving is to “lIU0 00 00JIO00 OOOC H 00 0000 0000
00 O 00000 DORooool 0obooit u 000 000 O 00000 000000 0o bopoitoo 4o boo Defooooo 0ood oo
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OI0000000[18):
7 !

Ofe(Hie) = min ju@  pu@jitdo) (2.30)

Tl

where | is the discreet linear interpolate on the mesh H. Performing mesh operations to
find the optimal topology that minimizes the above error function is a quite difficult task,
hence the following discrete problem is recast into a continuous mesh framework suggested
in [15], wherein the whole mesh is assumed to be continuous space defined by metric tensor
O = (M(0))a2  at each point 0 which prescribes the local stretching and orientation. The

discrete problem above is recast into the continuous optimization problem as :

Z 1
Find Oy such that | »([J.p) = ming ku(@  mu(0)kPdO " (2.31)

where n is the continuous linear interpolate. The metric which minimizes the above error
in the LP norm is given as:
VA
M_»(0) = Do (det jHy (D)) +akHy (D)k with Dys = Na(  (det kHy(O)k)zradO) &
(2.32)
where d is the dimension of theR mesh, N is the spatial complexity which is a constraint set
for the 2.31 given as C([J) = det M()dO = N which is the analogous to number of

vertices in the discrete mesh, and Hy(0) is the hessian of the solution u.

Ooi0  O0O0dopoobt ooboooto

In transitioning from an initial mesh to an optimal configuration with respect to the Rieman-
nian metric, we confront the inherent complexity arising from the continuous variation of the
metric tensor across the domain. Unlike in scenarios with a constant metric, each point ex-
hibits distinct stretching and orientation characteristics. Consequently, a direct, single-step
mapping between grid configurations becomes infeasible. Instead, the adaptation process
involves iteratively adjusting nodal positions to ensure that each mesh element achieves
the unit status relative to the Riemannian metric. In the following section, we will briefly
outline key operations conducted by the mesher, focusing on achieving a quasi-unit mesh

within the Riemannian metric space, and we will discuss two approaches: Full-adaptation
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and R-adaptation.

000D [OOihooooboooo

In the context of adaptive meshing techniques used in numerical simulations, a standard
adaptive mesher employs fundamental operations such as point insertion, edge removal, edge
swapping, and point smoothing, which can be seen in the Fig 2.5 all guided by metric-based
quality functions. These operations are executed sequentially within each iteration of the
adaptation cycle, and the selection of nodes or edges to be modified is determined by the
quality of the elements, ensuring stability and numerical accuracy. Anisotropy considerations

play a crucial role, with adjustments made to meet prescribed criteria dictated by the metric

T T 7

a) Collapsing ) Insertion

Ni

N} ' 2
N‘{Ngf

where Nji = jt" neighbour of i*"node

(¢c) Swapping (d) Smoothing

Figure 2.5: Adaptation operators

Mesh smoothing, a key strategy for enhancing mesh quality, involves adjusting node po-
sitions to optimize Riemannian lengths, often achieved through solving static equilibrium
at each node. However, challenges arise due to the mutual linkage of nodes and elements,
wherein modifying nodes to satisfy the anisotropy prescription of the metric tensor for cer-
tain elements may impact adjacent elements, potentially leading to saturation of anisotropy
levels beyond a certain point. Hence it requires us to add more nodes by point insertion

to achieve more freedom to achieve higher aspect ratio elements or removal of nodes by
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collapsing edges when some of the edges are too small and the edges after each of these
operations edge swapping is also performed to maintain the quality of the meshes. In the
context of this thesis, we are terming the approach where all the operations are performed
in an adaptive iteration loop as the full adaptation since it uses the full suite of operators
to move towards the unit mesh. A scatter plot can be seen below in Fig 2.6(a), where each
point corresponds to an edge in the mesh and the y location of each point representing their
length w.r.t Riemannian metric space and one can see that all the edges in the mesh satisfy

the quasi-unit mesh criteria.

Unit Mesh Convergence

Ratio wrt to unit mesh for 101 r-adaptation 2.5
5 — = = max-target
Ratios = = min-target
ng target 2 —e— max-length
4 Min target —e— min-length

0 5 10 15 20 25 30 35

Edges x10* No.of iterations
(a) Ratios (b) Convergence

Figure 2.6: Full adaptation

This full-adaptation process is quite computationally intensive for large-scale simulations
with very high degrees of freedom. A convergence plot can be seen above in Fig 2.6 where
we can see the maximum and minimum of the edge lengths in the mesh to monitor their
movement towards the unit mesh per iteration. One can clearly see that as we increase
the number of nodes, the number of iterations it takes to converge increases greatly as well
and one has to take into account the fact that each of these iterations takes significant time

compared to an adaptation of mesh with a lesser number of target nodes.

Ooooio - DoDooobooooo

The r-adaptation technique consists of a rearrangement of the nodes based on a pseudo-
elastic system of equations. The most widely used r-adaptation techniques are based on
some spring analogies where each link between the nodes is modelled as a spring with its

stiffness prescribed by the geometrical quantities such as the length of the edge [19] or based
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on the value of an actual physical variable [20] distribution on the mesh. So essentially based
on the position of the nodes as well as the solution variation (depending on the approach
employed), we will have a force imbalance at each of the nodes in an abstract sense, and
the nodes are moved in an iterative fashion to achieve a static equilibrium. To define these
forces, we are using a smoothing function suggested in [21], although the suggested method
is to generate a graded isotropic mesh. We are changing the definition of the distance defined
in the paper by the length of an edge computed with respect to the Riemannian metric and

the formulation of the force is given in Eq 2.33.

fd)=( d*)exp( d*) where d(0%%; Df'd) = IM(D?ldD})'d)

Hence, if the length of the edge (d) is not unity and (d < 1) then there is a repulsive force
where as if (d > 1) we get an attractive force. And the nodes are adjusted from an initial

position 09! to a new position OMW as given in Eq 2.33.

X
new = ol F(d(O; D9 Oy (2:33)
j20;

where ; is a smoothing factor, 0jj are the unit vectors joining the point 0?'® and the points
in the neighbourhood [Jj. While relying solely on smoothing may not achieve a perfectly
uniform mesh, as discussed earlier, there is a noticeable enhancement in mesh representation,
in the sense that the number of edges conforming to the unit size w.r.t the Riemannian metric

has increased after smoothing as depicted in Fig 2.7.

Ratio wrt to unit mesh for 200 r-adaptation
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(a) Ratios (b) Convergence

Figure 2.7: R-Adaptation
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Dynamic Mode Decomposition (DMD) is essentially a data-driven feature extraction tech-
nique which can be applied to any form of data which is evolving in time. Unlike other
feature extraction techniques such as POD which gives us modes that are spatially orthog-
onal and multi-frequential temporal content, the DMD modes on the other hand may be
non-orthogonal but each distinct spatial mode is associated with a specific temporal fre-
quency. Before defining DMD, it is essential to understand the Koopman theory, which
demonstrates a way for us to represent a nonlinear dynamical system in terms of an infinite

dimensional linear operator acting on functions spanning Hilbert space.

0o0id  0Jodbood oooooo

According to the Koopman theory, given a rich set of observables, one can find a linear
operator acting on the observable space that can help us emulate the non-linear dynamical
evolution of the data. The Koopman theory is based on the fact that a nonlinear dynamical
system can be represented as a higher dimensional linear system after selecting a right set
of observables that can help us achieve this linear formulation [22, 23], and the nonlinear
dynamics are coded into the Koopman Operator itself. It is not always possible, and feasible
to calculate the infinite-dimensional Koopman operator, hence we resort to its approximate
representation. The process of approximating this operator and its eigenfunctions from the
time series data is called Koopman Analysis. The DMD is one such data-driven technique
that does not exactly evaluate the Koopman Operator but instead calculates the eigenvalues
and eigenvectors of the Koopman Operator, which gives us enough information that we

need to know about the evolution of the nonlinear dynamical system in hand. In short, the

21
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DMD can be understood as an approximate eigendecomposition of the best-fit operator in

a least-squares sense relating two data matrices [24].

00000 00000 dodioouiinioo boooo oo

To linearise our dynamical system, instead of actually computing the Koopman Operator, we
can achieve the end goal by estimating the spectral properties of the operator alone [25, 26].
It has to be noted that the data matrices for the DMD analysis are formed by taking the
measurements which are often referred to as observables of our dynamical system at discrete
time instances and each time instance is referred to as a snapshot, and the consecutive
snapshots are equidistant in time. Using DMD, we can obtain the Triple Decomposition
of this data matrix into Spatial Modes (DMD Modes), Temporal Modes (Eigenvalues) and
their corresponding amplitudes [27]. This triple decomposition allows us to interpret the
evolution of our dynamical system as a linear combination of spatial modes oscillating in
time with distinct frequencies, hence it is obvious to note that the spatial modes and their
corresponding amplitudes of each snapshot are the same, but each snapshot varies due to
their oscillating component which keeps changing periodically as we progress forward in
time. As mentioned earlier, the Koopman Analysis lets us evolve our dynamical system
linearly in higher dimensions, so each distinct spatial mode of our decomposition can be
evolved linearly with their corresponding oscillating frequency. Hence, we can obtain the
state of our dynamical system after a time t by multiplying our current snapshot by the
corresponding eigenvalues of each mode, and these eigenvalues represent the Euler form of
the corresponding frequency components ( j = exp(!;j t)). So based on the discussion above

we can write the general form of the observables at each snapshot as given in 3.1.

Xg = D
X1 = D

(3.1)
Xn 1 n 1D

The Triple Decomposition in matrix form can be written in the following form 3.2 where
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represents the Kronecker Product:

2 3

J ) J h i

gxo X1 i1 X 1%: I SR (| )= diag( )C (3.2)
b J

To obtain the mentioned triple decomposition it is important to form the Vandermonde
matrix Vang which contains the discrete temporal dynamics, that uniquely identify the par-
titioning of the data sequence into a triple factorization with a diagonal amplitude matrix.

The matrix Vang as given by [28] takes the following structure:

2 2 nl3
1 1 7 0 7
1 5, 3 0 9t
Vana = 8. . i ) (3.3)
1o, g op

0ol boOO0oboob bo Oopbobob »oooo

In DMD analysis, we have "n + 1”7 snapshots at discrete points of time with each snapshot
consisting of ”m” observations or measurements obtained from an experiment or a numerical
simulation. In the case of our grid adaptation, we make measurements of several physical
quantities such as the pressure, the density or the velocities at each grid point and reshape
them into a long column vector that represents the state of that particular snapshot. The
data matrix, X n”, consists of the data from first n snapshots, and Matrix X" 7 consists
of last n snapshots arranged sequentially. Ideally, each consecutive snapshot in X must be
equidistant in time as mentioned earlier, but even if they are not equidistant we have to
make sure that each column in the matrix “X°” is displaced from the corresponding column

in X by the same time step.

2 .3 2 .3

| J ] ) J
ngxo X1 it Xp 1% X°=2X1 Xy il Xng

o] ] o J

The reason for forming the data matrices in the explained manner is to write our system

evolution in terms of a Koopman operator as given in Eq 3.4. By definition, if we multiply
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the Koopman Operator onto a snapshot at time t, we get a snapshot that is displaced by a

time step t hence the structure of the data matrices.
AX =X’ (3.4)

To find the complete Koopman operator, we can take the inverse of the data matrix X and
multiply it by X'. The important thing to note is that the matrix X is not always square,
e.g., in our case, the number of measurements per snapshot is more than the number of
snapshots hence it is a long and thin matrix, i.e. more columns than rows. Hence, we need
to find a pseudo-inverse of our data matrix which can be evaluated using a widely used
technique called Singular Value Decomposition (SVD)[29]. Once we find the SVD of the
data matrix as shown in 3.5 we can find the inverse of the components and multiply by the
data matrix X' as shown in 3.6 to obtain the Koopman operator, which results in a huge

matrix of the order of (m m) which is not feasible.

X=UV (3.5)

A, =XV U (3.6)

Hence, before even evaluating this Koopman Operator in 3.6 we can project it onto a lower
dimensional subspace as shown in 3.7 to obtain A, n which after simplification gives us the

following expression given by 3.8.

A=U AU (3.7)
A=U XYV, ,* (3.8)

We can then find out the eigenvalues and eigenvectors of A by performing its eigendecom-
position.
AY =Y (3.9)

The eigenvalues of the A are the diagonal elements of ~ which are the same as the eigenvalues
of the original Koopman operator, which gives us information about the temporal dynamics
of our system. And the eigenvectors Y of A can be projected back onto our Koopman space

by using 3.10 to get the exact DMD modes  as proven in [24].

=UuyY (3.10)
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After obtaining the spatial and temporal modes from the lower dimensional representation
of the Koopman Operator, the only thing left to evaluate are the amplitudes of the corre-
sponding DMD modes. We can find an optimal set of amplitudes for these modes by finding
the least square fit between the data matrix and a linear combination of the DMD modes.
So essentially, we need to find the optimal amplitudes that minimise the following Frobenius
norm given in 3.11, see [30]

minimizejjX D Vangjj2 (3.11)

and we know that X =U V and = UY, hence we can use a lower dimensional represen-

tation of the objective functions as:

minimizejj V. YD Vangjj2 (3.12)
which can be equivalently represented as shown:

J()= P g q+s; (3.13)

where the matrices P, g and S are given in 3.14, where and overline represents the Hermitian

( conjugate transpose ) operation and implies Hadamard multiplication:

P=(Y Y) (VandVang);d =diag(VandV Y);s=trace( ) (3.14)
The optimal amplitudes obtained from solving the optimization problem 3.12 is as follows:

ama = P g (3.15)

000D 000000 00 oobooduioo

As we have stated before, the DMD is used to find the spectral properties of the approximate
Koopman Operator, the power of DMD lies in the fact that our observable space or the ob-
servable functional space should be rich enough to represent the non-linear system in a linear
sense. Hence, to obtain an accurate decomposition, we need to make appropriate choices of

observables for the specific problem at hand. To appropriately capture the nonlinearities in
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the flow, we might have to introduce functions of our initial observable space and find the
best combination of these non-linear functions. An example problem to demonstrate this
choice of observables will be discussed in the following section where we had to include the
time derivatives of the initial observations itself in order to obtain the accurate temporal

modes.

000 Hooooioo oo o

In this section, the approximation of Koopman modes using DMD is validated presenting a
couple of test cases wherein we generate a set of snapshots with known dynamics of evolu-
tion, and then perform DMD on these generated snapshots to obtain the DMD modes. For
both the test cases, we have set the same mean pressure field distribution, which you can see
in the Fig 3.1, and we have added unsteady pressure terms that are oscillating with some
frequency in time, and the unsteady terms are also varied according to Gaussian distribu-
tion in space. The frequency of the unsteady terms is assigned according to their respective
regions as indicated in Fig 3.1. The frequencies with which we are forcing the pressure field

are given as follows:

1,=6:28;, 1,=12:56; 1;=18:84 and !, =25:13 (3.16)

So the goal is to generate these snapshots, and perform DMD analysis on this data set in an

attempt to obtain these frequencies and also their spatial distributions.

0ol OOJd Do Uoob oot bibbot bbuogoooo booood

For the first test case, we are assuming a linear dynamical system which can be written as

praalo where c is a constant (3.17)

which upon solving by separation of variables gives y(t) = exp(ct). Hence, the corresponding

spatiotemporal data is generated as follows:

Punsteady(X;y;t) = Psteady(X; y) + je( X yZ)ei!jt (3'18)
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Figure 3.1: Pressure Distribution of the flow field

As the dynamics of the problem are already linear, we don’t have to go to a higher dimension
to linearise our system. Hence, the pressure measurements at each snapshot alone span our
observable space, and the representation of the application of the Koopman operator on a
current state to construct the dynamics at a future state is an exact representation. After
decomposing the data matrix using SVD, we get the following spatial and temporal modes

as shown in 3.2.

From Fig 3.2, we can say that the spatial modes rightly represent the Gaussian distribu-
tion in space and we can also clearly see the distinct maximum values of these Gaussian
distributions which characterizes the exact solution of the amplitudes of the modes in this
test case. As for the time dynamics is concerned, we can clearly see four distinct temporal
modes although a couple of them look like they are intertwined with each other, indicating
incomplete distinction of the temporal modes. These modes can be disjointed using the
DMD method to obtain a clear distinction of temporal modes and also obtain their spatial

distributions.

Upon performing DMD we can find the frequencies of each distinct mode by taking the
logarithm of the eigenvalues divided by the time duration between the successive snapshots.

As discussed in the previous section, the eigenvalues obtained from DMD are the Euler form
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SPATIAL MODES from SVD
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TEMPORAL MDOES from SVD
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Figure 3.2: Spatial Modes (left singular vectors) and Temporal Modes (right singular vectors)
obtained from SVD are plotted. Each colour represents a distinct vector. The x-axis of the
top plot denotes the spatial coordinates, while the x-axis of the bottom plot corresponds to
the time instant or time coordinate. The y-axis of both plots corresponds to the mode value
at the respective space and time coordinates respectively.

of the frequency of our temporal modes which is described by 3.19.

;= eltdt (3.19)

1 .

hence I; = % (3.20)

The frequencies that we obtained from performing DMD on the data snapshots are given in
Eq 3.21

1, =628 1,=12:56 13=18:84 and !, =25:13 (3.21)

which rightly matches with the exact frequencies we used to construct the snapshots given in
Fig 3.16. Moreover, the corresponding eigenvectors which represent the spatial distribution

of these temporal modes are shown in Fig 3.3.

From the above visual representation of the obtained DMD modes, we can say that the spatial

distribution of the temporal modes are perfectly matching with our initial construction.

ool OOUd 0Doobbod 00 »otliooot 0dood

For the next test case, we are constructing the data set for a non-linear dynamical system

as given in kq 3.22:

P
y= 1 y? (3.22)
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Figure 3.3: Spatial Modes obtained from DMD

0.03

10.025

0.02

0.015

0.01

0.005

The analytical solution for the above ODE is well known to be a sinusoidal function hence,
we have constructed our snapshots at regular intervals of time using a sinusoidal forcing as

given in Eq 3.23.
Punsteady(X; y; t) = Psteady(X; y) + je( x2 Y% sin !jt (3.23)

The reason for choosing the sinusoidal variation is to test the application of DMD on a flow
or system that is nonlinear. As we know the system is nonlinear in this case, according to
Koopman’s theory, we have to increase our dimensions to linearise the system. To demon-
strate the nonlinear nature of the data, we have performed the same analysis as the last
test case wherein we use the pressure measurements alone as our observables and frequen-
cies obtained from DMD are given in Eq. 3.24, which does not match our original forcing

frequencies given in Eq. 3.16.

1, =0:3998 1,=1:6125 13;=3:6798 and !, = 6:6749 (3.24)
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This is an indication that the way we have set our observables hasn’t rendered our nonlinear
system to a linear setup adequately, hence we have to add more appropriate observables to

make it linear in a higher dimension.

To illustrate the idea of applying Koopman theory on the given nonlinear dynamical system
in Eq 3.22, let us try to linearise the system by choosing the appropriate observables. This is
a non-linear ODE in one dimension (only one variable to define the state) and the solution

for this equation is in sinusoidal form. To linearise this ODE use y and y as two observables:

Yyi=VY: Y2=Y (3.25)

By algebraic manipulation, we can write the new evolution law in higher dimension ( y1;Y>)
a_,S: n # n # n #

0 1
- 7 (3.26)

Y2 10 vy

So by including the time derivatives of the dependent variable, we are able to linearise the
system in a higher dimension which suggests us to use the time derivatives of our unsteady
field in the corresponding problem to extract the DMD modes. We have used a forward
difference scheme to calculate the time derivative of the snapshots and have increased our
observable space to both the pressure and the time derivatives of pressure. After performing
DMD on this new observable space we obtained the following complex conjugate frequencies

(In <), whose magnitudes exactly match with our exact frequencies given in 3.16.
i, = 16:28 i1, =+i6:28

i, = 1256 v, = +i12:56

ils = i18:84 ilg = +i18:84

i, = i25:13 ilg = +i25:13
To fortify the importance of the choice of observables, from this simple demonstration, we
can say that the convergence towards the Koopman operator relies on judicious choice of the

observables; incomplete or poor choice of observables may yield inaccurate results. Although

we don’t explore this angle of analysis in this thesis, it is going to be very crucial to find
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the right observable spaces specific to the problem in hand going forward to be able to use
DMD effectively.
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We have previously discussed that achieving a uniform mesh greatly reduces interpolation
errors when provided with a prescribed metric field, proving to be a powerful tool for steady
flows. Therefore, for any given metric field, we can generate a unit mesh using full-adaptation
or approach a unit mesh using an r-adaptation approach. Consequently, for an unsteady
simulation, we need to predict the flow at a future instant to build a metric tailored to that
flow instant, enabling us to deform the mesh accordingly before evaluating the solution using
our numerical techniques. For example, in unsteady high-speed flow problems, accurately
capturing shocks is of utmost importance. This requires us to use shock-fitted meshes where
the refined meshes align with the shocks to minimize numerical dissipation and improve
convergence, as flow solutions with shocks often exhibit numerical oscillations. In certain
cases, like a transonic buffet or the shock structures behind a cylinder in hypersonic flow,
we observed shock oscillations which required us to find a way to deform the refined regions
during the simulations to align with the moving shocks. This is where DMD comes in
handy to predict the position of such unsteady features and helps us to form metric tensors
catering to such dynamic flow fields, which in turn enables us to adapt the mesh before the
actual CFD time iteration. Hence, our first priority is to accurately capture these unsteady
features using DMD and to be able to predict the flow in the near future with enough
accuracy to monitor these dynamic flow features. As discussed in the previous chapter, even
though we can predict the flowfield to some extent using DMD) it is not feasible to use mesh
adaptation at each time instant. Besides, the full adaptation is not very useful in the context
of generating dynamic meshes. Hence, our approach combines all these steps performed in
sequence to optimise our computational effort while not diminishing the simulation accuracy.

The basic structure of the algorithm can be seen in the algorithm given in 1.

32
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(I000000O O Unsteady Mesh Adaptation Algorithm

Assume N snapshots between two consecutive full adaptation cycles.
000 000000000 UnsteadyMeshAdaptation(H; 727", §/77%%", n)
0000000 n meshes Hj and n solutions Sj, where i=12:::n
0000000 Adapted meshes H; =270,

0000000 0000000000000 000 00000000 C0ooi0 boooboonoao
1. Generate a base mesh Hg from the latest available solution.

2. Interpolate previous n solutions on the r-adapted grids onto the base mesh for consis-
tency of spatial locations in DMD snapshot matrix.

I O

1. Perform Dynamic Mode Decomposition (DMD) on the snapshot matrix and predict
m snapshots in future for r-adaptation purposes, and the time difference between each
snapshot depending on some fundamental frequency of the flow.

Ui0bolt oodbdboboodd

1. Generate the metric fields using the generated feature fields and utilize r_adapt to
generate “m” r-adapted grids.

2. Perform polynomial fitting in time for the location of each node for the above generated
grids to be able to interpolate their trajectories during other time-steps between them.

3. Generate the meshes for the following p time steps before the next full-adaptation
cycle. ( p > n, assuming snapshots are generated every for every  time iterations

n g=p)
0000000 O1O000b0000o0Oooo
1. Evaluate the unsteady CFD solution on the adapted grids.

2. Perform an error analysis between the computed CFD solutions and the DMD predic-
tions to evaluate the accuracy of DMD, based on a tolerance value either decrease or
increase the time interval between successive snapshot generations.
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To give a brief outline of the algorithm, we perform Dynamic Mode Decomposition on a
set of unsteady CFD solutions to extract the dynamics of the flow in question to predict
the flow features at a future time instant. This enables us to adapt the meshes accordingly
using the combination of the r-adaptation and the full-adaptation in a sequential manner.
To understand the idea, consider an unsteady CFD simulation at k™ time iteration. To
best represent the solution, next consider performing a full adaptation at the current time
iteration. Our objective now is to generate a dynamic mesh that optimises the nodal positions
before the next full-adaptation step to best track the unsteady features in the intermediate
time iterations. To prescribe the motion of the nodes we need to predict the flow beforehand.
Hence, we generate a data matrix like in Ch 3 using the previous N flow snapshots equally
spaced in time with adequate sampling of snapshots and the time duration of sampling
dependent on the convective scales of the problem to obtain an optimal DMD prediction of
flow fields. Assuming we predict the flow features accurately for a future time-instant, to
prescribe the velocity to each node we need a minimum of one r-adapted mesh at the end of
the cycle just before the next full-adaptation time iteration to compute a finite difference in
time. But keep in mind that this approach approximates the motion of the nodes in a linear
fashion which might be adequate to certain simulations with rather simple unsteadiness, but
when in need of a more detailed prescription of the movement we can use multiple r-adapted
meshes during the cycle to get a better representation, and can trace the trajectory of the
nodes using higher order polynomial fitting, hence in a sense improving the order of tracking

these unsteady features.

o0 g 00 Oooidd obood

One of the challenges to performing DMD in this approach is that the formation of a data
matrix for DMD assumes that we are recording the time variation of an observable at a
fixed location, but as discussed above we perform r-adaptation which results in a change of
position of the nodes hence the formation of the data matrix from the nodal values is not
straightforward. Hence we are opting to interpolate the feature field onto a static grid to
obtain temporal data which is consistent in space. In our algorithm, we have decided to
interpolate the previous snapshots onto the latest fully adapted grid. Hence, the accuracy
of this interpolation step is also crucial for the satisfactory performance of the algorithm

because any one of such interpolation errors introduced in the construction of the data
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matrix can alter the dynamics captured by DMD if the interpolation errors are significant

in magnitude.

000 ibodibo tObibbboooiog

A brief discussion about the actual implementation of this technique for an actual simulation
case would be helpful since there are multiple moving parts in this approach to mesh adap-
tation. Firstly, we have already created a simple algorithm that does all the tasks described
previously in this chapter automatically. Efforts are been currently directed towards inte-
grating this module into the FUN3D software of NASA Langley to perform this operation

in real-time along with the actual CFD simulations.

To start with some key specifics about the algorithm, the anisotropic mesh adaptation is
handled by the code 0000 of FUN3D [31] which becomes very helpful with 000000s rich
suite of operations with meshes ranging from the computation of the metric tensor from
the prescribed feature field to the complete suite of adaption mechanics that is necessary to
modify the mesh with respect to the metric field and also accurately interpolates solutions
between meshes, each used extensively in our approach. Additionally, 000000 supports parallel
execution which is a huge benefit. We have added an r-adaptation module in DJIIOU using the
smoothing function already available inside the software that also assigns the same forces
as discussed in 2. The DMD module that performs this spatio-temporal decomposition has
been executed in C++ and to perform the matrix operations and eigen-decomposition on
large data matrices we have used the state-of-the-art LAPACK [32] and LBLAS [33] libraries
which are highly optimised for efficiency and numerical accuracy. Finally, we have written
a module to perform the interpolations necessary for DMD on adaptive meshes as discussed

in 4.2 to form the data matrix in an automated fashion.

Since we are proposing repeated application of this approach, as the simulation proceeds
forward in time, we have to look at what might be the most computationally extensive
parts of the algorithm. The two main aspects that comprise (a) the computational load are
the computation of Singular Value Decomposition (SVD) and (b) the full-adaptation and r-
adaptation steps. The adaptation functions are already parallelised, thanks to 000000 [34, 35].
To compute the continuous flow of data matrices we are proposing to use an on-the-fly DMD

approach, wherein we perform a streaming SVD as suggested in [36].
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The snapshots utilized in this study were generated using the FUN3D CFD solver, devel-
oped by NASA. FUN3D is an advanced, fully unstructured Navier-Stokes solver renowned
for its robustness in simulating complex aerodynamic flows across a wide range of regimes,
from subsonic to hypersonic. FUN3D employs a finite-volume method for spatial discretiza-
tion, ensuring second-order accuracy in both spatial and temporal dimensions. Additionally,
FUNS3D incorporates advanced mesh adaptation and refinement techniques, allowing for en-
hanced accuracy without a prohibitive increase in computational cost. For time integration,
FUNS3D provides both implicit and explicit schemes, facilitating efficient simulations of large-
scale, time-dependent problems. This dual approach ensures the generation of high-fidelity

snapshots that capture the temporal dynamics of fluid flows accurately.
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21:2
St=0:212(1 — 1
0 R (5.)

for Rep between 15 and 150 [37]. With known Strouhal number, the shedding frequency, fs,

can be calculated as follows:

StU,

.= 5.2
s Rep ( )

where U5 and D are the freestream velocity and cylinder diameter, respectively. For this
case, the Strouhal number was calculated to be 0.167 which gives a shedding frequency of

1.25 Hz. Figure 5.1 shows a sample snapshot of the flowfield at a particular instant in time

36
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where the “vortex street” can clearly be seen.

100th CFD Snapshot

0.1
0.01

>0.05

-0.01

00 0.05 0.1 0.15 0.2 0.25
X
(a)Pressure
0.1 100th CFD Snapshot 10000
8000
> 0.05 6000
4000
2000

0 0.05 0.1 0.15 0.2 0.25
X

(b) Vorticity Gradient
Figure 5.1: Subsonic flow around cylinder

To perform DMD analysis on this test case, we have generated 309 snapshots at a regular in-
terval of 0:0333s, with each snapshot containing the pressure, velocity, and vorticity gradient
at each grid point. We have initially used pressure as our observable since we have observed
very periodic variation, but the downside is that the pressure is very uniform across the
space since it is an incompressible flow hence, we used vorticity gradient as the observable

for this test case, which is a very indicative metric of the wake as seen in 5.1(b).

We have used 250 snapshots per Data Matrix hence we would get a total of 249 distinct
DMD modes. After performing triple decomposition of this data matrix using DMD, we
have obtained the following distribution of amplitudes and the eigenvalues as shown in Fig.
5.2.

Also one can see using 200 Snapshots, in Fig 5.3(a), we have obtained exact reconstruction
for the 100t snapshot, which was already included in the training set. Also, one can see that
the error for predicting the feature field in Fig 5.3(b), which is at the time instant of 100

times the time difference in the future and is about 1 percent. Hence, in this case, we can say
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Figure 5.2: Amplitudes distribution and eigenvalues plot
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(a)Error for reconstructing 200th snapshot

300 Prediction Error

0.1 12

>0.05

0 0.05 0.1 0.15 0.2 0.25
X
(b)Error for predicting 300th snapshot

Figure 5.3: Reconstruction and Prediction Error(%)

that we were able to resolve the features of the flow into linear modes really well. We have
also experimented with reconstructing the flowfield with the dominant modes which come

out to be around 20-30 modes that have significantly greater amplitudes than the others and

we have achieved a prediction of 300" snapshot with less than 15%.
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3990th DMD Prediction 10000 0.1 4000th DMD Prediction
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3995th DMD Prediction 20000th DMD Prediction
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Figure 5.4: 3990-20000 predictions using DMD on 300 snapshots

Also, we have shown a few feature field predictions in Fig. 5.4 predicted using DMD on 300
snapshots, where we can see some periodic activity predicted even at a time-instant more
than 10 times the time interval of the data set, and finally the modes decay a lot which
is expected. Hence the question arises as to how many snapshots are necessary to obtain
this sort of linear representation to be able to predict the flowfield in future time instances
consistently, and the answer for this particular problem is only one shedding cycle is necessary
and we have seen great reconstructions with just 25 snapshots. The only difference in using
25 snapshots is capturing intricate details of small-scale structures, but the overall shedding
of vortices, which is our key target in this problem is captured remarkably well with exploring

DMD on one shedding cycle alone as can be seen in Fig 5.5.

600th Prediction using 1 shedding cycle

0.1 10000
8000
6000
0.05 ‘

4000
2000

0
0 0.05 0.1 0.15 0.2 0.25

Figure 5.5: 600" prediction using DMD on one shedding cycle
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The second test case is a cylinder in a highly supersonic or weakly hypersonic flow of Ma =
5:0, where you can see very complex unsteady patterns in the wake of the cylinder as displayed
in Fig 5.6. The fluid is modelled as an ideal gas with freestream values of pressure as 1 atm,
and Temperature 300K and the time step of the simulation is 6 10 °s. The convective time
scale of this flow can be determined by measuring the time it takes for the flow to traverse the
cylinder, which is approximately five times the duration between two consecutive snapshots.
This observation underscores the chaotic behaviour of the flow. As you can see in Fig. 5.6 I
have shown the snapshots of local Mach number, non-dimensional density, temperature and
entropy, each of them detects distinct features of the flow like the density field captures the
shocks pretty well and remains relatively constant in the wake behind the cylinder, but by
using Temperature or Mach number, we can see these complex vortex-shock interactions that
characterize the wake in a much clearer manner and the entropy captures the moving vortices
since by Crocco’s theorem we know the inherent relation between vorticity and entropy. The
point being made is that we need to carefully choose what property of the field to use for
adaptation depending upon what we want to capture. In this thesis, we have decided to
use the Mach number as our observable to test how well the DMD expansion captures these
vortex interactions and we will also show some reconstructions of the coefficient of pressure

in the following section.

Unlike the first test case where there is relatively periodic vortex shedding over a wide
period of time, we can clearly see that there are dynamic interactions between vortices and
the shocks behind the cylinder which is evolving over time and completely changing its nature
in very short periods of time as shown in Fig 5.7. We can clearly see that there are large
amplitude oscillations in the 100th snapshot, which sort of calms down in the 250th snapshot
but again there is this breakdown of the vortices and they start to become more dynamic
during 300-320 snapshots which indicates the large variability of flowfield over small time

durations proving that the time resolution of the data is very low.

Even though a flow might be nonlinear in the way the state variables are coupled theoretically,
DMD will be able to linearize the nonlinearities given the flow is periodic in some sense. But
as explained in [9] “O000 D000 DO0 000000000 ODQOD OO0 00D DOOODOO 0000 000000 000000000000
0000000 which is the case in this example. The convective time scale is about the duration

of the time between 3-4 snapshots approximately, making it difficult for long-term accurate
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Figure 5.6: Feature fields at an arbitrary time instant
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Figure 5.7: Time evolution of flow-field

DMD predictions.

Using the local Mach number as our observable, we obtain the modes with the amplitudes
and eigenvalues as shown in Fig. 5.8. As evident from the figure, the DMD gives us some
high amplitude modes at the end of the spectrum that are inside the unit circle, which is
often what DMD does when some intermittent dynamics is present that is very local to a very
short period of time. The DMD tries to fit each unsteady feature hence it includes a high
amplitude decaying term for those fast-changing unsteady features. Due to this property of
DMD, there is a discrepancy in the way the energy is generally distributed among the DMD
modes, which affects the DMD future predictions.
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