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Robust Exact Algorithms for the Euclidean Bipartite Matching
Problem

Akshaykumar Gopalkrishna Gattani

(ABSTRACT)

The minimum cost bipartite matching problem is a well-studied optimization problem in
computer science and operations research, with wide-ranging applications in fields such as
machine learning, economics, transportation, logistics and biology. A special instance of
this problem is the computation of the p-Wasserstein distance which we define next. Given
a complete bipartite graph with two disjoint sets of n points in d-dimensional Euclidean
space and an integer p 1, let the cost of an edge be the p-th power of the Euclidean
distance between its endpoints. The objective of this problem is to find a minimum-cost
matching in this complete bipartite graph. The Hungarian algorithm is a classical method
that solves this problem in O(n®) time. There are many algorithms that have a run time
better than that of the Hungarian algorithm if the graphs have non-negative integer edge
costs bounded by C. Since the input points have real-valued coordinates and the Euclidean
distances can be irrational, such algorithms only return an approximate matching. Thus, the
Hungarian algorithm remains the fastest known algorithm to compute an exact matching.
In this thesis, we implement a new algorithm in the divide and conquer framework that
computes the exact p-Wasserstein distance and has a run time asymptotically better than
the Hungarian algorithm for stochastic point sets. Inspired by the techniques used in the
algorithm, we also design an alternate version of the Hungarian algorithm that uses a grid-
based approach. Our experimental analysis shows that both of our algorithms significantly

outperform the classical Hungarian algorithm.



Robust Exact Algorithms for the Euclidean Bipartite Matching
Problem

Akshaykumar Gopalkrishna Gattani

(GENERAL AUDIENCE ABSTRACT)

Suppose we have two sets of equal number of items and a list of compatible pairs of items,
where a pair is considered compatible if its items belong to different sets. A perfect matching
is a subset of compatible pairs where each item is paired with exactly one other item. When
trying to find a perfect matching, there may be multiple options, and minimizing the cost
of the perfect matching is often desired. This is referred to as the minimum cost bipartite
matching problem, which is extensively studied due to its importance in algorithmic theory
and operations research. A special instance of this problem is the calculation of the p-
Wasserstein distance. It has many practical applications in fields such as machine learning,
economics, transportation, logistics and biology. The Hungarian algorithm is the only known
algorithm that can compute the exact p-Wasserstein distance. Therefore, our focus is to
develop exact algorithms for this problem that perform better than the Hungarian algorithm

and can scale efficiently to large datasets.
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AMIi Q/m+iBQM

‘Bp2M d@/BK2MbBQM HAT @BMiBd2Ap= jBj = n- HB(A:B) /2MQi2
+QKTH2i2 #BT "iBi2 ;> Al RXBKI2+TBW Bb Db2i Q7 p2 i2t@/BbDQBM
QGA:B)X h?2 K i+PBBIg b B/ iQTR272+i K i B{¥E M n X

'Bp2M M BMiZ:27Q° Mv T B  QaTR¥BMEB bmTTQb2 i?2 /Bbi M+2 #2ir.
a MbBHa bkPc ?22R®2 bk /2MQi2b i?2 1m+HB/2 M /BbiMbX2h22i r22
Q7 MV K ivPBMMQi2wiM) Bb /27BM2/ b 7QHHQrb,

0 y 1y,
w,(M) = @ ka bPA URXRV
(a;b)2M
G2, /2MQi2 KBMBKMK +Qbi Kwy¢)>8 MP@ M /262 bi2BM /IBOMM+2 Q7
B BbbBWIMN)X Pm’;Q HBbiQ +QKTm@7 iPR22bi2BM /Bbi M+2X AM i?B
r2 BKTH2K2MiirQ /B772'2Mi H;Q Bi?Kb@@ bQEKTom2B M 2BXti M +2 #2ir
i?72 TQBMibA 2MBQX7

G2i mb +QMbB/2  i?2 "B/2 bbB;MK2Mi T'Q#H2K b KQiBp iBM; 2t K
"2 ;Bp2M i?2 HQ+ iBQMb Q7 +mbiQK2 b "2[m2biBM;  B/2 M/ i?2 HC
I’Bp2 bX PM2 Q7 i?2 TQbbB#H2:Q Hb +QmH/ #2iQ 277B+B2MiHV K i
Q7 i'BTb b2 p2/X h?Bb T Q#H2K + M #2 KQ/2HH2/ mbBM; +QKTH?2i
b2i Q7 TQBMib 2T 2b2Mibi?2 HQ+ iBQM +QQ /BM i2b Q7 i?2 +mbiQ}
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i72 HQ+ iBQM +QQ /BM i2b Q7 i?2 i tB /'Bp2'bX 1 +? 2/;2 2T 2b2M
/"Bp2 iQi?2 +mbiQK2 X AMQ /2 iQ 7BM/i?2 #2bi K i+?BM; KQM; i-
2/:2 Q7 i?2 ;> T? Bb Q7i2M bbQ+B i2/ rBi? +Qbi 2[m H iQ i?2 /Bb
HQ+ iBQMb M/ i?2 QTiBK HK i+?BM; Bbi?2 QM2 i? i KBMBKBx2b i?
BiX

7mM/ K2Mi HT Q#H2K BM bi iBbiB+b M/K +?BM2 H2 "MBM:; BbiQ +
Q7Bbi M#Zir22M irQ /Bb+'2i2 T Q# #BHBiv /Bbi'B#miBQMbX hrQ /2|
/Bbi M+2 7mMBVEB@RIi W2 i?2i2B M;H2 BM2ImMK BIQ i B8 Mib\Npg2r22 M

T Q# #BHBiv /Bbi'B#miBQMb /Q MQi b iB@YvhiB2b2i TB@ T/ BL B Mo 1M
Qi?2°? M/ b iBb7B2b #Qi?i?2b2 T QT2 iB2b M/ T QpB/2b [m MiBi i
#2ir22M irQ T Q# #BHBiv /Bbi 'B#miBQMb i? i "27H2+ib i?2 +Qbi Q7
i? 2K X

RXR TTHB+ iBQMDb

CJ +?BM2 G2 "MBM; H;(W"BA@Kbbb2 bi2BM /Bbi M+2 + M #2 mb2/ t
BMK Mv K +?BM2 H2 "MBM; H;Q Bi?KIRbbm2?2bBRRQMDBTABH iBQ
H2 "MBM;{mT2 pBb2/kZkMBMK2i2 2biBd- iBKQM(2i B2p H (
9R- ;> T? T 2/B+&BI@MDbM/ +Hmbi2 BM; bi #BRBkA pt 2B MiRQM7 (
Bib mb27mH bi iBbiB+ HT QT2 iB2bX

C:2M2 iBp2 JQ/2HBM:;2M2  iBp2 /p2'b "B H L2irQ Fb- B6KQ/2HG
Bb H2 "M2/ #v "2T2 i2/Hvb KTHBM; BM/2T2M/2MiHv 7" QK #Qi? i
/Bbi'B#miBQMb M/ i 22@qnbhRMiRZ®M /Bbi M+2 #2ir22M i?2b2 b
HQbb 7mM+iBQM iQ mT/ i2 i?2 B@®HRSMBji DBXMiBQM (



SYIY “74z f2rf & j

C.QK BM / Ti iBQRK BM / Ti iBQM Bb i?2i bF Q7 / TiBM; KQ/.
QM QM2 /QK BMiQ T2 7Q K r2HH QM @QRhD2™ h Q2B B MKbh M2+2 + N
mb2/iQ K2 bm 2 i?2 /Bbi M+2 #2ir22M i?2 T Q# #BHBiv /Bbi B#r
i ;20 /QK BA\KO{9y X

CP#D2+i _2+Q;MBPR@BKBH "Biv Q7 irQ Q#D2+ib + M #2 [m MiB7B
i?2@q bb2 bi2BM /Bbi M+2 #2ir22M i?2 72 im 2 p2+iQ b Q7 Q#
b? T2b-i2ti M/ pQBRORMOGOA® WX A7pi@2 bb2 bi2BM /Bbi M+2 Bb 4

T 2@/27BM2/ i? 2b?QH/-r2 + M +QM+HmM/2i? ii?2irQ Q#D2+it

RXk _2H i2/ qQ F

*QKTmiBM; i?p@14 hib2 bi2BM /Bbi M+2 @&(r¥) #BKDMBBW; i?2 +H bbB-
>mM; "B M H;Q)BihRZ 277B+B2M+v Q7 i?Bb H;Q BOR(+n)M #2 BKT"
mbBM; /vM KB+ r2B;?i2/ M2 "2bi M2B;?#Q /i bi'm+im 2 rBi? [m2
(n) k-9993XR 6Q" irQ /BK2MbB&MbHBYNn M/ i?2°27Q 2- n2pi

iBK2 2t +i H;Q Bi?KX 6Q" ?B;?2" /IBK2MbBQMb- ?2Qr2p2°-i?Bb H2 /]
2t2+miBQM iBK2X

6Q ; T?b nBd2 iB+2mn ®V;2b- : #Qr M/ h "D M T 2b2Mi2/ M H;Q Bi
T°Q/m+2/ K i+?BM; rBi? +Qbi +HQb2 iQ i?2 QTiBKmK"rBiMBM M
omP A H@EC/") iIBK2¢c T2BD i?2 H “;2bi +Qbi 2/:2 RERIPE h?MB{r22M

2/:2 +Qbib 2 BMi2;2 b-i?2 +Qbib Q7 i?2 QTiBK H K i+?BM; M/ M\
#v i H2 bi QM2X h?2°27Q°2- BM i?Bb bT2+B7B+ b2iiBM;- QM2 + M
2 pBM: KBMBKm&(mObiH @@)) iBK2X >Qr2p2 - i?Bb H2 /b iQ QMHv T-

Rh?20 MQi iBQM B;MQ'2b HQ; 'Bi?KB+ 7 +iQ b M/O{m)p i@QM22 +b MK 2?2 BIMF Q7
O(h(n) H &Y n):
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bQHMIBQMb BM ;2QK2i B+ b2iiBM;b 7Q i?2 TQHHQrBM; "2 bQMb,

TQBMKD[BM i?2 KBMBKmK /B772 2M+2 #2ir22M i?2 +Qbib Q7 QTiBK
Qi?2 K i+?BM; + M #2 K /2 "#Bi° "BHv bK HHX 1p2M B7 r2 bbmK2
TQBMib "2 BMi2:2 b #QMNK/2+2BM: +Qbi+ M #2 B " iBQM H br2 "2
Im+HB/2 M /Bbi M+2bX h?mb i?2 /B772 2M+2 #2ir22M i?2 QTiBK H K
Qi?2 K i+?BM; + M #2+QK2 2jd) H2 HB/IMKIH BN T2 @+m#B+ 2t2+miB(

6Q° Mw0-a? " i?FmK > M/ ; 'r Hb?Qr2/ ?2Qr: #Qr M/ h "D M&b H;C
#2 [/ Ti2/iQ +QKTmi2 K i+?BM; r?2Qb2 +Qbi Bb rBi?B+ "KXmHiBTHE
7°QK i?2 QTiBK H M/ iom® i) b BN iB K 2) K

h?2°2 72 b #22M M 2ti2MbBp2 KQmMi Q7 rQ F QM i?2 /2bB;M Q7 TT’

i72@q bb2 bi2BMRBS KREZj8-]N br2HH 2@92bb2 bi2BMj-BBXM+2 (

6Q2@/BK2MbBQM H TQBMib rBi? BMi2;2"  +Q@Q YBMF n2k # @ h2M2M iRy
r2 FHV TQHOPKIBQH iBK2 H:Q Bi?K iQ +QKTh@qi DD 2tb#2BM /Bb @

i M+Rd(X h?2 K BM B/2 rbiQ mb2i?2 TT QtBK iBQM H;Q Bi?K #v
. r HY9 iQ BMBiB HHv 7BM/ TH M “bm#;  T?i? ii’ Th HHi?222/;2b

BM:;X h?2M-i?2v mb2 i?2 TH M "~ b2T " iQ # b2/ H;Q)\BiTKTBMIBTIQ
KBMBKmK +Qbi K i+?BM; BM i?Bb bm#;> T?X

h?2 /2bB;M Q7 bm#@[m /> iB+ TQHVMQKB H iB K@ i b® 2B b2 KBilp +
/Bbi M+2@0BK2MbBQM H TQBMi b2ib 2K BMb K DQ  QT2M +? HF
MmK2 Qmb TTHB+ iBQMb-r2 +QMbB/2" p@2qTo Q2 i 2XBQ7/ B QiK Mm 2B
A MB "2 TQBMib/ rM BM/2T2M/2MiHv 7°QK M XiMRBRO®IM /Bbi B#i
UHbQ FMQIr#MQHH2M2+F X iIMPB®; TQBMib2ib/ rM7 QK mMB7Q K/
G ?Wi ¥KJ T 2b2Mi2/ M2t +i H;Q Bi?KiQ +QKTmi2 i?DhtF)iH2M2+F
iBK2X



SYKYQ T a 8
RX] Pm~ _2bmHib

C6Q° Mv TQEMBHM2i?2 1m+HB/2 M bT +2-Q@BbT?2/ iBQ Q7 i?2
/Bbi M+2 Q7 122 7m i?2bi T B Q7 TQBMib iQ i?2FBbi2\MBD D7 i?2
M H;Q Bi?Ki? i +QKTmi2b M 2t +i K iIMBBN;/ #2br2MNMtT2+i2/
\mMMBM;iBK28Q7

dom? #E () HQ:  p<$;

Po’ @ (M HQ;  p &

2+ HB Bbi?2[m2'v M/ mT/ i2iBK2Q7 /vM KB+ r2B:?i2/ M2 2§k
bi'm+im 2XAq®¥BVM "2 TQBMib b KTH2/ BM/2T2M/2MiHv 7°QK M m
#mMiBQMBi?BM Mv “#Bi® “vim "H;Q Bi?K +?B2p2b r2 FHv TQ
bm#@+m#B+ 2t2+mM(B’O VN BIKZ Q0 +QKTmiB&gpiPR2 bi2BM /Bb@
i M+2X Pm> H;Q Bi?K 2 bBHv 2tipM/b i)/ Mw 7@E@HBRWAIMbBQM H
bT +2X 6Q° BMIpi=M + MAE=G- i?2 2t2+miBQM iBK2 Q7 Qm’ H;Q Bi
#QMM/ 20BN (n) HQ: X Pm™ H;Q ' Bi?K+ M#2b22M b M2H2; Mi /
i?72 +H bbB+ H>mM; "B M H;Q Bi?KBM [m /i'22# b2/ .BpB/2 N

Ch?2>mM; B M H;Q Bi?K#2;BMbrBi? M2KTivK i+?BM; M/ Bi2
+ "/BM HBiv Q7 i?2 K i+2BBA2#VBQM #v 7BM/BM; M /KBbbB#H?2
Ti? M/ m;K2MiBM; HQM; BiX Ai mb2b .BDFbi® 6b b?Q i2bi T i
IKBbbB#H2 m;K2MiBM; T i?X h?2 /2i BHb Q7 i?2 >mM; "B M H
*?2 Ti2RXX q2 /2bB;M M/ BKTH2K2Mi p2°bBQM Q7 i?2 >mM; "B
mb2b "B/ # b2/ /i biim+im2iQbiQ 2i?2 TQBMib-r?B+? B/b
T Q+2bb Q7 7BM/BM; M [/KBbbB#H2 m;K2MiBM; T i?X q2 272
"B/ " b2/ >mM; B M H;Q Bi?KX Pm™ "2bmHib b?Qr i? i Qm" H;
i?72 +H bbB+ H>mM; B M H;Q Bi?KBM p BQmb ;2QK2i B+ b2i
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i?72 TQBMib +QR®7BEKRMbBQM H 1m+HB/2 MbT +2 M/ "2/ rM "
/Bbi'B#miBQM-r2b22i? iQm’ H;Q Bi?KQmiT2 7Q Kb i?2 +H b
#v 7 +iQ26@?2M +QKTmiB@qiBA2 bi2BM /Bbi M+2 BBD b KTHZ
TQBMib 2 +?X

C6BM HHv- r2 +QK#BM2 i?2 B/2 Q7 mbBM; ;'B/ # b2/ /i bi m+
T 'Q+2bb Q7 7BM/BM; M /KBbbB#H2 m:K2MiBM; T i? HQM; rBi"
7° K2rQ FX g2 T 2b2Mi M 2KTB B+ H M HvbBb Q7 i?2 T2 7Q K
+QKT "BbQM rBi? i?2 +H bbB+ H>mM; "B M H;Q Bi?K 7Q " TQB]
/Bbi"B#miBQMb M/ /B7F2 2Mip Hm2b Q7



*? Ti2 K

S 2HBKBM 'B2bDb

AMi?Bb +? Ti2 -r2BMi'Q/m+2 # bB+ MQi iBQM M/ i2 AKBMBQHQ;vX |
"2 irQ b2th@IBK2MbBQM H TQBMib BMAMBHBGB2 MQPKITH2i M#BT “iBi
> T? QYIB: TQBWRA[B Bb +QMbB/2 272iBiR22bT2+iiQ Mv “#Bi
K i+?BWB7 Bi Bb MQi KMX?GRBMMBEL /2MQi2i?2 b2i Q7 HH 7°22 TQ!
A MB rBi? "2bT2+iiQ i?2MX+?BM;

q2 MQr T 2b2Mi 72r KQ'2 /27BMBiBQMb rBi? "2bT2M XQ Mv “#Bi
Hi2 "M iBMQ ¥vi*BB Mv T i? Q +v+H2 BMi?2 ;" T?i? i Hi2 M i2b #2i
M/ mMMK i+?22/ 2/;2bX2WiBMB®B iMv Hi2 M iBM; T i?i? i bi "ib M/ 2
7°22 p2Ti2tX M m;K2RMBM;#R2 iMb2/iQ Q#i BM MEr# biBXBIMH,v
"2KQpPBM; i?2 MYFPHODK M/ //BM;i?2 2/Paw Q¥ X h?Bb QT2 iBQM
Bb + HH2/ m;K2Mi iBQM- M/ Bi Bb 2T 2b2Mi2/ #v i?2 XvKRK2i B+ /E
“2bmHIBM; KMP+?BMP ? b + /BMMYBIijWMj+1X m;K2MiBM; T i?b TH v
+'m+B H QH2 BM bi M/ "/ +QK#BM iQ'B HK i+?BM; H;Q Bi?Kb- b i
bBx2 Q7 i?2 K i+?BM;X h?2°27Q 2- 7BM/BM; m;K2MiBM; T i?b 277B
Ki+?BM; H;Q Bi?KbX

L2ti-r2 /2b+ B#2 .BDFbi® 6b H;Q Bi?K M/>mM: 'B M H;Q Bi?K- r?
i?2 /2bB:M Q7 Qm" H:Q Bi?KbX
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kXR .BDFbi® 6b H;Q Bi?K

AM i?Bb b2+iBQM- r2 /2b+"B#2 i?2 BKTH2K2Mi iBQM /2i BHb Q7 .E
"Bi?H)(rBi? "2bT2+i iQG(VEN? pBMj=n p2 iB+2[FEjMm 2/;2bX 2
bbmK2i? i i?2GBBEDBKTH2 M//Q2bMQi +QMi BM Mvb2H7 HQQTb Q
mb2 M “#Bi  "e¢dZ iBti?2bQm +2 7°QK r?B+? r2 BMi2M/iQ 7BM/ i?2
/IBbi M+2b iQ HH i?2 Qi?2 p2(uBF2EXBbpDdDv@+#B2i2/ rBi? MQM@M?2
+Qgu;v): .BDFbi® 6b H;Q Bi?K K BMi BMb b23 QW/2t/BHQ N2+ D21 BBH@ L
Kidv] 7Q" 2p2 v pX Adthi "ib #v BMBi@® HBxBAKTiv b2i M/ i?2 /Bbi M
2biBK i2 Q7 2p2vvi@2 AZti?2M b2ib i?2 /Bbi M+2 2biBK i2 Q7 i?2 bQn
X2°Q M/ "mMb i?2 7TQHHQIrBM; T°Q+2/m 2 Bi2® iBp2Hv mMiBH i?2 2
7BMBi2 /Bbi M+2 2biBK i2X

H:Q Bi?K ®R4& (G7s)

AMTmi;” TG M/ bQm +292 i2t
PmiTmh?2 KBMBKmK /dBlb7 'MKRQ 2 +? p2 @Y BM

R,7Q2 +? p2ViB®V /Q . AMBiB HBx2
k, [/v]=1

i, /[s]=0 . .Bbi M+2 7°QK bQm 92 iQ Bib2
9,5= GV

8, r?BH2Bb MQi 2KJ iv

e, u= 1lti  +iJBM Lt +ii?2 p2Ti2trBi? KBMBKmK /Bbi M+2
d, 7Q2 +? M2Bv?@D/Q

3, H3 /[u] + c(u;v) . * H+mH i2i?2 /Bbi M+2 7' QK bQm +2 i
N, B7H4 /[v] i?2M

Ry, /lvl]= Hi

RR.2im M

.BDFbi> 6b H;Q Bi?K 2ti~ +ibi?2 KBMBKmK /Bbi M+ hBEK2b2 mM 2t
bi?2 K tBKmK MmK#2° Q7 MQ/2bni)XQ &Q 22 T+PQ't27 Bh2i- B2 i21 t2b

i?72 2/;2b i?Ti iB+BT i2b BMX h?2 iQi H MmK#2 Q7 TQbbB#H2 2/;2°
i72 2MiB 2 H;Q Bi? lO@D OFZ+Qmke2 r2 +?2+F HH i?2 M2B;?4Qm b Q7
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r?2M r2 2tTHQ 2 BiX

.BDFDbi> 6b H:Q Bi?K + M #2 BKTH2K2Mi2/ mbBM; /B772 2Mi/ i bi
72 °2Mi 2t2+miBQM iBK2bX g2 MQr M Hvx2 M > v # b2/ M/ "BM
K2Mi iBQM Q7 i?2 .BDFbi9j H:;:Q Bi?K (

C " v" b2/ AKTH2K2Mi AYQRImb2 M " viQ biQ 2i?2/Bbi M+2 2b
i?72 p2 iB+2b-r2 M22/iQ/Q HBM2 b+ MQ7i?2/Bbi M+2 2biBK
p2 iB+2b iQ 7BM/ i?2 KBMBKmMK /Bbi M+2 2biBK i2 mM2tTHQ 2/
i F2@(n) iBK2X 1T/ iBM: i?2 /Bbi M+2 2biBK i2 Q7 gXLi2t + M #:
iBK2 b r2 Dmbi M22/iQ mT/ i2 i?2 +Q "2bTQM/BM; 2Mi'v BM i?
KBMBKmMK /Bbi M+2 2bi®iK) iBK2bi2M/ T20fQ K/;2 "2H t iBQMb
i2°Qm;?2Qmii?22t2+miBQMQ7i?2 .BDFbi> 6b H;Q Bi?KX h?mb-
Q7 i?2 H;Q Bi?KOfiZ+@KR2mBWM+=20(n?) 7Q° bBKTH2 ;" T?2-i?2 iBK
+QKTH2tBiv Q7 i?2 " v# b2/ BRMD2K2Mi iBQM Bb

C"BM v>2T" b2/ AKTH2K2Mi7i2QWb2 #BM v?22 TiQbiQ 2i?2 /I
2biBK i2b Q7 i?2 p2'iB+2b- 7TBM/BM; i?2 KBMBKmK /Bbi M+2 2b
i FA(HQ),iBK2X IT/ iBM;i?2/Bbi M+2 2biBK i2 QUH@2iBRK2 HbQ i F
br2M22/iQ mT/ i2i?2?22 TiQK BMi BMi?2?22 TT QT2 ivX g2
/IBbi M+2 2biBK OZnp2BiR2b M/ T200Q X ;2 "2H t iBQMb i?°Qm;?Q
i?72 2t2+miBQM Q7 i?2 .BDFbi> 6b H;Q Bi?KX h?mb-i?2 Qp2" F
H;Q Bi?K #D{(@K2pHQ@), 7Q° #BM v ?2 TX

h?mb-i?22 ** v # b2/ BKTH2K2Mi iBQM Bb bvKTiQiB+ H{fy) QTiBK H
2/;2bX 6Q bT "b2 ;" DPPsP PBRG- i?2 #BM v 22 T # b2/ BKTH2K2Mi
bvKTiQiB+ HHv QTiBK HX
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kXk >mM; B M H;Q Bi?K

AM i?Bb b2+iBQM- r2 /2b+ B#2 i?2 BKTH2K2Mi iBQM /2ikBHb Q7 i7
iQ +QKTmi2 i?@@¢4 bb2 bi2BM /Bbi M+2 #2in22QIBNQLY Bi B }I@
/IBK2MbBQM H 1m+HB/2 M bT +2X _2+ HH i? i i?2 +QKTH2i2 #BT i
b2i MB Bb /2MQIiBA#)X g2 bbQ+B i2 rBi? 2B BN/i22 ;" T?

+Qbi r?B+? Bb bB®THT Q22" Q7 i?2 I1m+HB42 M #Rbi2AMM bX

>mM; "B M H;Q Bi?K ?2Qr2p2  rQ Fb 7@3OMb b @BB i/ +BiRi i?2 2/;2
(a;h: h?22 +Qbi Q7 Mv Kl i@@BBW; ;Bp2w)(My b /2b+ B#2/ BM RDKRIBQM
>mM; "B M H:Q Bi?K bBKmHi M2QmbHv K tBKBx2b i?2 MmiK#2" Q7 2
r2HH b KBMBKBxXx2b i?2 +Qbi Q7 i?2 K i+?BM;X q2 MQr BMi"Q/m+2 i?
bH +F M/ r2B;?i2/ 2bB/m H; T?X

kXkXR .m H 62 bB#BHBiv

h?2>mM; "B M H;Q Bi?KBb# b2/ QMi?2 T BK H@/m H7 K2rQ Fr?
BMA-7Q 2p2 wZ@BBlii?2 H;Q Bi?K K BMi BMb /v & MZBWRX iBp?2
PM2 + M BMi2 T 2i /yv)HQIAB MYV TWQBMi/Bb+ +2Mi2 2y rBIm M/
C/Bmly(@X g2 "272° iQ i?28& H iBdb+b

h?2 b2i Q7 /m Hy(RB@Abo BBH2 ' 2bT2MIBQ7Q" 2p2(ayp2 2 B -

y(v) G v2A[ B; UkXRV
y( y@ ka bk (a;b 2 M; UkXKkV

y(b) vy(a) = ka bk’ (a;b 2 M: UkXjV
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6B:mMKXBHHmMbI ™ i2b 72 bB#H2 K i+?BM; M/ 72 bB#H2 MQM@K i+
/IBb+bX

uyv U#V Uu+Vv
6B;m 2 kXR, UV 72 bB#H2 MQM@K i+?BM; 2/;2- U#V 72 bB#H2 K

2/:2X
kXkXk aH +F

q2 /27BMDH? BN M 248 rBi? "2bT3¢) i@ 7TQHHQrb,

s(a;h = ka bk” y(b+ y(a): UkX9V

h?2 bH +F Q7 MQM@K i+?BM; 2/:2 Bb MQM@M?2; iBp2 M/i?2 bH +F
y() K22ii?2 72 bB#BHBiv +QM/BiBQMbX

kXkXj] [/KBbbB#H2 m;K2MiBM; S i?

M 2/;@:b) Bb +QMbBKBRbBHHRI 2 b x2 Q bH +F- r?B+? K2 Mb i? i Bi |
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In this section, we present the results of our experiments. We combine the ideas of the Divide
and Conquer Hungarian algorithm and the Hierarchical Grid data structure discussed in
Chapter 3 and Chapter 4 and implement a new algorithm which we refer to as Grid based
Divide and Conquer Hungarian algorithm. We compare the execution time of our algorithms
with that of the classical Hungarian algorithm. We analyze a Java implementation of our
algorithms on point sets drawn from synthetic data sets. We also use the same language
for the implementation of the Hungarian algorithm. We use an array based implementation
of Dijkstra’s shortest path algorithm while implementing the Hungarian algorithm as it is
asymptotically more optimal for complete bipartite graphs compared to the binary heap
based implementation. All computations are performed using a single calculation thread on

a Computer with a 2.6 GHz 6-Core Intel Core i7 CPU and 16 GB of 2667 MHz DDR4 RAM.

Hungarian algorithm runs Dijkstra’s shortest path algorithm for n iterations to find the
perfect matching with minimum cost. As described in Chapter 2.1, Dijkstra’s algorithm has
an distance estimate associated with every vertex in the graph, and it repetitively finds the
minimum distance estimate vertex U and updates the distance estimates of all the vertices
v reachable from it if a shorter path exists from the source to vertex to v that goes through
u. Thus, we note that the execution time of the Hungarian algorithm is dependent on the
total number of comparisons made during Dijkstra’s Search step throughout the n iterations

of the Hungarian Search procedure. In our algorithms, we exploit the geometry and reduce

33
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the number of comparisons made during Dijkstra’s algorithm to find an admissible aug-
menting path. We also analyze the total number of comparisons made by our algorithms in
comparison with the Hungarian algorithm. This analysis helps in understanding the actual
reason and intuition behind the better execution time of our algorithms and gets rid of any

implementation bias.

The novelty in the Divide and Conquer Hungarian algorithm lies in the fact that it reduces
the number of global Hungarian searches by matching most of the points in lower levels of
the quadtree. Sharathkumar, Pouyan and Akshaykumar show that O(n®*) points match
to the boundary in expectation [16]. Hence the number of Hungarian Search calls at the
root cell must be of order O(n¥*) in expectation. We also analyze the number of Hungarian
Search calls executed by the Grid based Divide and Conquer Hungarian algorithm at the

root cell for point sets drawn from various distributions and different values of p.

8XR .1 b2ib

We test our algorithms on randomly generated datasets of two sets of points sampled in
a 1024 1024 square that follow Uniform, Normal, Exponential distributions. We also
consider a new distribution which we refer to as a Clustered distribution which consists of
clusters of points following Normal distribution. For generating the datasets of the Clustered
distribution, we use the inbuilt function make_ blobsfrom the well-known sklearn library.
Each dataset of the Clustered distribution has 10 clusters of points and the centers of these
clusters are chosen randomly. We generate 25 datasets for every distribution and analyze
the run time and the number of comparisons made by our algorithms in comparison with

HA while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance.

é
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For our experiments, we executed the following five algorithms:

1. Classical Hungarian algorithm (HA)
2. Divide and Conquer Hungarian algorithm (D&C HA)
3. Grid based Hungarian algorithm (Grid based HA)

4. Grid based Divide and Conquer Hungarian algorithm (Grid based D&C HA)

All the algorithms were executed on the same set of samples drawn from the datasets. In
each test and for a value of sample size n, we draw two sets of N samples randomly from each
of the datasets and execute the five algorithms on the sample. Then, we compare the running
time and the number of comparisons made by these algorithms averaged over 25 executions
for each sample size n. We varied the sample size from 1000to 500Q while comparing our
algorithms with the classical Hungarian algorithm. Finally, we show the scalability of our

Grid based algorithms by executing them on a sample size that varied from 5000to 10Q 00Q

8Xj _2bmHib

We present our results in this section. We begin by plotting the number of Hungarian Search
calls executed by the Grid based Divide and Conquer Hungarian algorithm at the root cell.
Figure 5.1 shows a plot of the number of calls of the Constrained Hungarian Search procedure
made by our algorithm at the root cell. Figure 5.2 illustrate the scattered plots of the number
of iterations of the Constrained Hungarian Search procedure for a square with n points of B

while computing the 1-Wasserstein distance for point sets sampled from Uniform, Normal,
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Clustered and Exponential distributions. We notice that our algorithm executes significantly
less than O(n®*) Constrained Hungarian searches in practice for all the four distributions.
This suggests that the theoretical upper bound of O(n®#*) for the number of points matching

to the boundary might be an overestimate and a tighter analysis can be done.

For the rest of the plots, we average the results over the the four distributions in this section.

We will present a detailed analysis for each distribution individually later in Appendix A.

Figures 5.3, 5.4 and 5.5 illustrates the run time and the number of comparisons made by
Dijkstra’s Search throughout the Divide and Conquer Hungarian algorithm in comparison
with the classical Hungarian algorithm, while computing the 1-Wasserstein, 2-Wasserstein
and 4-Wasserstein distance. We observe that the Divide and Conquer Hungarian algorithm
outperforms the classical Hungarian algorithm for all the three distance types. For a sam-
ple size of 500Q we see an improvement by a factor of around 47 while computing the
1-Wasserstein distance, an improvement by a factor of around 43 while computing the 2-
Wasserstein distance and an improvement by a factor of around 30 while computing the

4-Wasserstein distance.

Figures 5.6, 5.7 and 5.8 illustrates the run time and the number of comparisons made by
Dijkstra’s Search throughout the Divide and Conquer Hungarian algorithm, Grid based Hun-
garian algorithm and Grid based Divide and Conquer Hungarian algorithm while computing
the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance. We observe that the Grid
based Divide and Conquer Hungarian algorithm and the Grid based Hungarian algorithm
performs almost similar to each other and both these algorithms outperform the Divide
and Conquer Hungarian algorithm. This suggests that the Hierarchical Grid data structure

significantly improves the process of finding an admissible augmenting path.

Next, we illustrate the scalability of our Grid based algorithms. The results show that the
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Normal Distribution (Grid Based D&C HA)
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Figure 5.1: Number of iterations of the Constrained Hungarian Search procedure at the root
cell while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples
drawn from (a) Uniform distribution, (b) Normal distribution, (c¢) Clustered distribution,

(d) Exponential distribution.
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Figure 5.2: Number of iterations of the Constrained Hungarian Search procedure while
computing the 1-Wasserstein distance for a square with n points of B sampled from (a)
Uniform distribution, (b) Normal distribution, (c¢) Clustered distribution, (d) Exponential
distribution.

[N



OYKY "1 a 39

1-Wasserstein Distance 1-Wasserstein Distance
—o— HA —o— HA
D&C HA 80001 _¢ pDgCHA

400 "
=4
K=l
E

® 6000 1
300 ]
w =4
el 3
< =
<
wn
© c

£ 2001 g 40001
(] =
£ 5
= £
o
o
w“

100 4 © 2000
(7
Q
£
=3
4

0 oA

1.0 15 2.0 2.5 3.0 3.5 4.0 4.5 5.0 1.0 15 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Number of points in thousands Number of points in thousands

(a) (b)

Figure 5.3: (a) The running time of HA and D&C HA while computing the 1-Wasserstein
distance, (b) Number of comparisons made by HA and D&C HA while computing the 1-
Wasserstein distance

2-Wasserstein Distance 2-Wasserstein Distance

500 o
—o— HA
—o— D&CHA 10000 { ~®~ HA
~o— D&CHA
w
f=
400 2
£ 8000
el
o
e
w
S 300 5
c K=
S c 6000
& «
£ 3
2 200 A =
£ S 4000
= £
o
o
P
[s)
1001 T 2000
Q
€
3
2
0 0
10 15 20 25 3.0 35 4.0 45 5.0 10 15 20 25 30 35 40 45 50
Number of points in thousands Number of points in thousands

(a) (b)

Figure 5.4: (a) The running time of HA and D&C HA while computing the 2-Wasserstein
distance, (b) Number of comparisons made by HA and D&C HA while computing the 2-
Wasserstein distance
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Figure 5.5: (a) The running time of HA and D&C HA while computing the 4-Wasserstein
distance, (b) Number of comparisons made by HA and D&C HA while computing the 4-
Wasserstein distance
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Figure 5.7: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 2-Wasserstein distance, (b) Number of comparisons made by D&C HA,
Grid based HA and Grid based D&C HA while computing the 2-Wasserstein distance
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Figure 5.8: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 4-Wasserstein distance, (b) Number of comparisons made by D&C HA,
Grid based HA and Grid based D&C HA while computing the 4-Wasserstein distance
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performance of our algorithm improves as the value of p increases. This illustrates the fact
that our algorithms need to query points from a very small area during the constrained
Dijkstra’s shortest path algorithm (Section 4.2.3) as the value of p increases. This in turn

reduces the number of comparisons made by our algorithms as the value of p increases.

Figure 5.9 shows the execution time of the Grid based Hungarian algorithm while computing
the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples drawn from Uniform
distribution. Our algorithm can easily scale up to a size of 100 000points for the computation
of 2-Wasserstein and 4-Wasserstein distance for points sets drawn from Uniform distribution.
We are able to compute the exact 4-Wasserstein distance for a sample size of 100 000 points
in each point set in 135 seconds. For a sample size of 50;000 points, we see that the
performance of our algorithm improves almost by a factor of 50 for the computation of the
4-Wasserstein distance in comparison with the 1-Wasserstein distance.
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Figure 5.9: (a) The running time of Grid based HA while computing the 1-Wasserstein, 2-
Wasserstein and 4-Wasserstein distance on point sets drawn from Uniform distribution, (b)
Number of comparisons made by The running time of Grid based HA while computing the
1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Uniform
distribution

Figure 5.10 shows the execution time of the Grid based Hungarian algorithm while computing
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the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples drawn from Normal
distribution. We observe that our algorithm can easily scale up to a size of 65; 000 points
for the computation of 2-Wasserstein and 4-Wasserstein distance for points sets drawn from
Normal distribution. We observe an increase in the execution time in comparison with that
of point sets drawn from Uniform distribution because most of the points are clustered in
a single area in the Normal distribution and hence the number of potential points within
a small area is relatively higher in comparison with the Uniform distribution. However, we
still see an improvement in performance of our algorithm as the value of p increases. We also
see that the ratio between the execution time of 1-Wasserstein and 4-Wasserstein distance
for a sample size of 50,000is 5 which is significantly less as compared to what we observed
in case of Uniform distribution. This suggests that the improvement in the execution time

as p increases in slower in case of Normal distribution.
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Figure 5.10: (a) The running time of Grid based HA while computing the 1-Wasserstein,
2-Wasserstein and 4-Wasserstein distance on point sets drawn from Normal distribution, (b)
Number of comparisons made by The running time of Grid based HA while computing the
1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Normal
distribution

Figure 5.11 shows the execution time of the Grid based Hungarian algorithm while com-
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puting the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples drawn from
Clustered distribution. We observe that our algorithm can easily scale up to a size of 50; 000
points for the computation of 2-Wasserstein and 4-Wasserstein distance for points sets drawn
from Clustered distribution. We observe an increase in the execution time in comparison
with that of point sets drawn from Normal distribution because the points are now spread
across 10 clusters and each cluster might not have the exact same number of points from
both the sets. Thus the time taken to find an admissible augmenting path increases in the
last few iterations as we end up searching for a free point of A in a larger area. On the
other hand, we still see an improvement in performance of our algorithm as the value of p
increases. The ratio between the execution time of 1-Wasserstein and 4-Wasserstein distance

for a sample size of 50; 000is around 5 which is similar to what we observed in case of Normal

distribution.
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Figure 5.11: (a) The running time of Grid based HA while computing the 1-Wasserstein, 2-
Wasserstein and 4-Wasserstein distance on point sets drawn from Clustered distribution, (b)
Number of comparisons made by The running time of Grid based HA while computing the
1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Clustered
distribution

Figure 5.12 shows the execution time of the Grid based Hungarian algorithm while com-

:
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puting the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples drawn from
Clustered distribution. We observe that our algorithm can easily scale up to a size of 50; 000
points for the computation of 2-Wasserstein and 4-Wasserstein distance for points sets drawn
from Exponential distribution. We observe an increase in the run time in comparison with
that of point sets drawn from the other three distribution because the spread of the points is
highest in case of Exponential distribution and it ends up doing global Hungarian searches
in many more iterations to find an admissible augmenting path. We still see an improve-
ment in performance of our algorithm as the value of p increases. The ratio between the
execution time of 1-Wasserstein and 4-Wasserstein distance for a sample size of 40; 000 is

around 4 which is even less compared to what we observed in case of Normal and Clustered

distribution.
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Figure 5.12: (a) The running time of Grid based HA while computing the 1-Wasserstein,
2-Wasserstein and 4-Wasserstein distance on point sets drawn from Exponential distribution,
(b) Number of comparisons made by The running time of Grid based HA while computing
the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Ex-
ponential distribution

Figure 5.13 shows the execution time of the Grid based Divide and Conquer Hungarian

algorithm while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for
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samples drawn from Uniform distribution. Our algorithm can easily scale up to a size of
100 000 points for the computation of 2-Wasserstein and 4-Wasserstein distance for points
sets drawn from Uniform distribution. We are able to compute the exact 4-Wasserstein
distance for a sample size of 100 000 points in each point set in 170seconds which is slightly
greater that what we observed in the Grid based Hungarian algorithm. For a sample size of
50, 000 points, we see that the performance of our algorithm improves almost by a factor of
34 for the computation of the 4-Wasserstein distance in comparison with the 1-Wasserstein

distance.
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Figure 5.13: (a) The running time of Grid based D&C HA while computing the 1-
Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Uniform
distribution, (b) Number of comparisons made by The running time of Grid based D&C HA
while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets
drawn from Uniform distribution
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Figure 5.14 shows the execution time of the Grid based Divide and Conquer Hungarian
algorithm while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for
samples drawn from Normal distribution. We observe that our algorithm can easily scale up
to a size of 65,000 points for the computation of 2-Wasserstein and 4-Wasserstein distance

for points sets drawn from Normal distribution. We observe an increase in the execution

:
C
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time in comparison with that of point sets drawn from Uniform distribution as most of the
points are clustered together in a small area in the Normal distribution. However, we still
see an improvement in performance of our algorithm as the value of p increases. We also see
that the ratio between the execution time of 1-Wasserstein and 4-Wasserstein distance for
a sample size of 50,000is 5 which is significantly less as compared to what we observed in
case of Uniform distribution. This suggests that the improvement in the execution time as

p increases in slower in case of Normal distribution.
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Figure 5.14: (a) The running time of Grid based D&C HA while computing the 1-
Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Normal
distribution, (b) Number of comparisons made by The running time of Grid based D&C HA
while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets
drawn from Normal distribution

Figure 5.15 shows the execution time of the Grid based Divide and Conquer Hungarian
algorithm while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for
samples drawn from Clustered distribution. We observe that our algorithm can easily scale
up to a size of 50; 000points for the computation of 2-Wasserstein and 4-Wasserstein distance

for points sets drawn from Clustered distribution. We observe an increase in the execution

time in comparison with that of point sets drawn from Normal distribution because the points
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are now spread across 10 clusters and each cluster might not have the exact same number of
points from both the sets. Thus the spread of the point sets is higher than what we get in
Normal distribution. On the other hand, we still see an improvement in performance of our
algorithm as the value of p increases. The ratio between the execution time of 1-Wasserstein
and 4-Wasserstein distance for a sample size of 50;000 is around 3 which is smaller than

what we observed in case of Normal distribution.
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Figure 5.15: (a) The running time of Grid based D&C HA while computing the 1-
Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Clustered
distribution, (b) Number of comparisons made by The running time of Grid based D&C HA
while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets
drawn from Clustered distribution

Figure 5.16 shows the execution time of the Grid based Divide and Conquer Hungarian
algorithm while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for
samples drawn from Clustered distribution. We observe that our algorithm can easily scale
up to a size of 50; 000points for the computation of 2-Wasserstein and 4-Wasserstein distance
for points sets drawn from Exponential distribution. We observe an increase in the execution

time in comparison with that of point sets drawn from the other three distribution because

the spread of the points is highest in case of Exponential distribution and it ends up doing
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global Hungarian searches in many more iterations to find an admissible augmenting path.

We still see an improvement in performance of our algorithm as the value of p increases. The

ratio between the execution time of 1-Wasserstein and 4-Wasserstein distance for a sample

size of 40;000 is around 2:5 which is even less compared to what we observed in case of

Clustered distribution.
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(a) The running time of Grid based D&C HA while computing the 1-

Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Exponential
distribution, (b) Number of comparisons made by The running time of Grid based D&C HA
while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets
drawn from Exponential distribution
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In this thesis, we presented two different algorithms to calculate the exact minimum cost
perfect matching for stochastic point sets. In the first algorithm, we adapted the classical
primal-dual approaches within the divide-and-conquer framework. Interestingly, we used a
randomly shifted-quadtree within our algorithm. In the past, such quadtrees have only been
used in approximation algorithms for p-Wasserstein distance. In the second algorithm, we
designed a grid based data structure to store the points. This data structure is easily scalable
and gives a list of potential points within a certain range from the input point. This property
helps in speeding up the process of finding an admissible augmenting path, which is the key
component of the Hungarian algorithm. Finally, we combined the two ideas and presented
a detailed experimental analysis of all the three algorithms. These algorithms provide many

different avenues of future research. We conclude with the following open problems:

« Can we extend the ideas discussed in this thesis to get the Optimal Transport (OT)
plan to transport mass from one probability distribution to another which is a more

generic version of the Euclidean bipartite matching problem?

e The running time of the Divide and Conquer Hungarian algorithm is dependent on the
spread of the point sets. Can we remove the dependence on spread while maintaining
the simplicity of our algorithm?

o Provide theoretical analysis to determine the execution time and provide bounds for

50
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the Grid based Hungarian algorithm.

o Can we design a data structure similar to the Hierarchical Grid to store point sets

whose distances are given by an arbitrary cost matrix?
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First, we present the scattered plots of the number of iterations of the Constrained Hun-
garian Search procedure for a square with n points of B while computing the 2-Wasserstein
and 4-Wasserstein distance for point sets sampled from Uniform, Normal, Clustered and Ex-
ponential distributions. Figures A.1 and A.2 illustrate that the number of iterations of the
Constrained Hungarian Search procedure for a square with n points of B grows significantly

less than O(n®*) for all the four distributions.

Next, we present the execution time and number of comparisons made during the Dijk-
stra’s Search step throughout the n iterations of the Hungarian Search procedure of the
classical Hungarian algorithm and our Grid based algorithms. We average the results over
the four distributions and show it in a single plot for 1 Wasserstein, 2 Wasserstein and

4 Wasserstein distance respectively.

Figures A.3, A.4 and A.5 illustrates the run time and the number of comparisons made by
the Dijkstra’s Search throughout the Grid based Hungarian algorithm in comparison with
the classical Hungarian algorithm while computing the 1 Wasserstein, 2 Wasserstein and
4 Wasserstein distance. We observe that the Grid based Hungarian algorithm outperforms
the classical Hungarian algorithm for all the three distance types. For a sample size of 500Q
we see an improvement by a factor of around than 56 while computing the 1 Wasserstein
distance, an improvement by a factor of around than 142while computing the 2 Wasserstein

distance and an improvement by a factor of around 196 while computing the 4 Wasserstein
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Figure A.1: Number of iterations of the Constrained Hungarian Search procedure while
computing the 2-Wasserstein distance for a square with n points of B sampled from (a)
Uniform distribution, (b) Normal distribution, (c) Clustered distribution, (d) Exponential
distribution.
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distribution.
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Figure A.3: (a) The running time of HA and Grid based HA while computing the
1 Wasserstein distance, (b) Number of comparisons made by HA and Grid based HA while
computing the 1 Wasserstein distance

distance.

Figures A.6, A.7 and A.8 illustrates the run time and the number of comparisons made by
the Dijkstra’s Search throughout the Grid based Divide and Conquer Hungarian algorithm
in comparison with the classical Hungarian algorithm while computing the 1 Wasserstein,
2 Wasserstein and 4 Wasserstein distance. We observe that the Grid based Divide and
Conquer Hungarian algorithm outperforms the classical Hungarian algorithm for all the
three distance types. For a sample size of 500Q we see an improvement by a factor of around
than 70 while computing the 1 Wasserstein distance, an improvement by a factor of around
than 140 while computing the 2 Wasserstein distance and an improvement by a factor of

around 170while computing the 4 Wasserstein distance.

Next, we present the execution times of our algorithms for the four distributions and the
three distance types individually. We begin by comparing the execution times and the
number of comparisons made during the Dijkstra’s Search step throughout the n iterations

of the Hungarian Search procedure by the Divide and Conquer Hungarian algorithm (D&C
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Figure A.6: (a) The running time of HA and Grid based D&C HA while computing the
1 Wasserstein distance, (b) Number of comparisons made by HA and Grid based D&C HA
while computing the 1 Wasserstein distance
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Figure A.7: (a) The running time of HA and Grid based D&C HA while computing the
2 Wasserstein distance, (b) Number of comparisons made by HA and Grid based D&C HA
while computing the 2 Wasserstein distance
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Figure A.8: (a) The running time of HA and Grid based D&C HA while computing the
4 Wasserstein distance, (b) Number of comparisons made by HA and Grid based D&C HA
while computing the 4 Wasserstein distance

HA), Grid based Hungarian algorithm (Grid based HA) and Grid based Divide and Conquer

Hungarian algorithm (Grid based D&C HA) in various settings.

For calculation of the 1 Wasserstein distance of point sets drawn from Uniform distribution,
refer to Figure A.9. We observe that both the Grid based algorithms perform significantly
better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

3 for a sample size of 25,000 points.

For calculation of the 2 Wasserstein distance of point sets drawn from Uniform distribution,
refer to Figure A.10. We observe that both the Grid based algorithms perform significantly
better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

20 for a sample size of 25;000 points.

For calculation of the 4 Wasserstein distance of point sets drawn from Uniform distribution,
refer to Figure A.11. We observe that both the Grid based algorithms perform significantly
better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around
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Figure A.9: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 1 Wasserstein distance for point sets drawn from Uniform distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 1 Wasserstein distance for point sets drawn from Uniform distribution
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Figure A.10: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 2 Wasserstein distance for point sets drawn from Uniform distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 2 Wasserstein distance for point sets drawn from Uniform distribution
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Figure A.11: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA

while computing the 4 Wasserstein distance for point sets drawn from Uniform distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 4 Wasserstein distance for point sets drawn from Uniform distribution

For calculation of the 1 Wasserstein distance of point sets drawn from Normal distribution,
refer to Figure A.12. We observe that both the Grid based algorithms perform significantly
better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

1 for a sample size of 25; 000 points.

For calculation of the 2 Wasserstein distance of point sets drawn from Normal distribution,
refer to Figure A.13. We observe that both the Grid based algorithms perform significantly
better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

10 for a sample size of 25,000 points.

For calculation of the 4 Wasserstein distance of point sets drawn from Normal distribution,
refer to Figure A.14. We observe that both the Grid based algorithms perform significantly
better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

17 for a sample size of 25;000 points.
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Figure A.12: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 1 Wasserstein distance for point sets drawn from Normal distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 1 Wasserstein distance for point sets drawn from Normal distribution
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Figure A.13: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 2 Wasserstein distance for point sets drawn from Normal distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 2 Wasserstein distance for point sets drawn from Normal distribution
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Figure A.14: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 4 Wasserstein distance for point sets drawn from Normal distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 4 Wasserstein distance for point sets drawn from Normal distribution
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For calculation of the 1 Wasserstein distance of point sets drawn from Clustered distri-
bution, refer to Figure A.15. We observe that both the Grid based algorithms perform
significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 2 for a sample size of 25; 000 points.

For calculation of the 2 Wasserstein distance of point sets drawn from Clustered distri-
bution, refer to Figure A.16. We observe that both the Grid based algorithms perform
significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 4 for a sample size of 25,000 points.

For calculation of the 4 Wasserstein distance of point sets drawn from Clustered distri-
bution, refer to Figure A.17. We observe that both the Grid based algorithms perform
significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 7 for a sample size of 25,000 points.

For calculation of the 1 Wasserstein distance of point sets drawn from Exponential dis-
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Figure A.15: (a) The running time of D&C HA,
while computing the 1 Wasserstein distance for

+Nzy 1 Y2,y7 Oefée é2°9

Clustered Distribution and 1-Wasserstein Distance

—o— D&CHA
—®— Grid Based HA
—8— Grid Based D&C HA

800

600

400

200

Number of comparisons in hundred millions

5.0 7.5 10.0 125 15.0 17.5 20.0 22.5 25.0
Number of points in thousands

(b)
Grid based HA and Grid based D&C HA

point sets drawn from Clustered distribu-

tion, (b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C

HA while computing the 1 Wasserstein distance
bution

Clustered Distribution and 2-Wasserstein Distance

—o— D&CHA
—o— Grid Based HA
—— Grid Based D&C HA

800 -

7004

600 -

500

400 A

Time in seconds

3001

200 -

100

5.0 7.5 10.0 12.5 15.0 17.5 20.0 22.5 25.0
Number of points in thousands

(a)

Figure A.16: (a) The running time of D&C HA,
while computing the 2 Wasserstein distance for
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Figure A.17: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 4 Wasserstein distance for point sets drawn from Clustered distribu-
tion, (b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C
HA while computing the 4 Wasserstein distance for point sets drawn from Clustered distri-
bution

tribution, refer to Figure A.18. We observe that both the Grid based algorithms perform
significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 3 for a sample size of 25; 000 points.

For calculation of the 2 Wasserstein distance of point sets drawn from Exponential dis-
tribution, refer to Figure A.19. We observe that both the Grid based algorithms perform
significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 6 for a sample size of 25,000 points.

For calculation of the 4 Wasserstein distance of point sets drawn from Exponential dis-
tribution, refer to Figure A.20. We observe that both the Grid based algorithms perform
significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 10 for a sample size of 25; 000 points.

We notice that the Grid based algorithms performed almost similar to each other for sample
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