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Robust Exact Algorithms for the Euclidean Bipartite Matching
Problem

Akshaykumar Gopalkrishna Gattani

(ABSTRACT)

The minimum cost bipartite matching problem is a well-studied optimization problem in

computer science and operations research, with wide-ranging applications in fields such as

machine learning, economics, transportation, logistics and biology. A special instance of

this problem is the computation of the p-Wasserstein distance which we define next. Given

a complete bipartite graph with two disjoint sets of n points in d-dimensional Euclidean

space and an integer p � 1, let the cost of an edge be the p-th power of the Euclidean

distance between its endpoints. The objective of this problem is to find a minimum-cost

matching in this complete bipartite graph. The Hungarian algorithm is a classical method

that solves this problem in O(n3) time. There are many algorithms that have a run time

better than that of the Hungarian algorithm if the graphs have non-negative integer edge

costs bounded by C. Since the input points have real-valued coordinates and the Euclidean

distances can be irrational, such algorithms only return an approximate matching. Thus, the

Hungarian algorithm remains the fastest known algorithm to compute an exact matching.

In this thesis, we implement a new algorithm in the divide and conquer framework that

computes the exact p-Wasserstein distance and has a run time asymptotically better than

the Hungarian algorithm for stochastic point sets. Inspired by the techniques used in the

algorithm, we also design an alternate version of the Hungarian algorithm that uses a grid-

based approach. Our experimental analysis shows that both of our algorithms significantly

outperform the classical Hungarian algorithm.



Robust Exact Algorithms for the Euclidean Bipartite Matching
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Akshaykumar Gopalkrishna Gattani

(GENERAL AUDIENCE ABSTRACT)

Suppose we have two sets of equal number of items and a list of compatible pairs of items,

where a pair is considered compatible if its items belong to different sets. A perfect matching

is a subset of compatible pairs where each item is paired with exactly one other item. When

trying to find a perfect matching, there may be multiple options, and minimizing the cost

of the perfect matching is often desired. This is referred to as the minimum cost bipartite

matching problem, which is extensively studied due to its importance in algorithmic theory

and operations research. A special instance of this problem is the calculation of the p-

Wasserstein distance. It has many practical applications in fields such as machine learning,

economics, transportation, logistics and biology. The Hungarian algorithm is the only known

algorithm that can compute the exact p-Wasserstein distance. Therefore, our focus is to

develop exact algorithms for this problem that perform better than the Hungarian algorithm

and can scale efficiently to large datasets.
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�+�Q�K�T�m�i�B�M�; �i�?�24� �q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �7�Q�` �T�Q�B�M�i �b�2�i�b �/�`���r�M �7�`�Q�K �1�t�T�Q�M�2�M�i�B���H

�/�B�b�i�`�B�#�m�i�B�Q�M�- �U�#�V �L�m�K�#�2�` �Q�7 �+�Q�K�T���`�B�b�Q�M�b �K���/�2 �#�v �:�`�B�/ �#���b�2�/ �>�� ���M�/ �:�`�B�/

�#���b�2�/ �.���* �>�� �r�?�B�H�2 �+�Q�K�T�m�i�B�M�; �i�?�24� �q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �7�Q�` �T�Q�B�M�i �b�2�i�b

�/�`���r�M �7�`�Q�K �1�t�T�Q�M�2�M�i�B���H �/�B�b�i�`�B�#�m�i�B�Q�M�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�9

�t�B�t



�*�?���T�i�2�` �R

�A�M�i�`�Q�/�m�+�i�B�Q�M

�:�B�p�2�M �i�r�Qd�@�/�B�K�2�M�b�B�Q�M���H �T�Q�B�M�i �b�2�i�bA ���M�/B �r�B�i�?jAj = jB j = n�- �H�2�iG(A; B ) �/�2�M�Q�i�2 ��

�+�Q�K�T�H�2�i�2 �#�B�T���`�i�B�i�2 �;�`���T�? �/�2�7�B�M�2�/ �Q�MA [ B �X ���K���i�+�?�B�M�;M �B�b �� �b�2�i �Q�7 �p�2�`�i�2�t�@�/�B�b�D�Q�B�M�i �2�/�;�2�b

�Q�7G(A; B )�X �h�?�2 �K���i�+�?�B�M�;M �B�b �b���B�/ �i�Q �#�2 ���T�2�`�7�2�+�i �K���i�+�?�B�M�;�B�7jM j = n�X

�:�B�p�2�M ���M �B�M�i�2�;�2�`p � 1�- �7�Q�` ���M�v �T���B�` �Q�7 �T�Q�B�M�i�b(a; b) 2 A � B �- �b�m�T�T�Q�b�2 �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M

a ���M�/b �B�bka � bkp�c �?�2�`�2ka � bk �/�2�M�Q�i�2�b �i�?�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �#�2�i�r�2�2�Ma ���M�/b�X �h�?�2 �+�Q�b�i

�Q�7 ���M�v �K���i�+�?�B�M�;M �/�2�M�Q�i�2�/ �#�vwp(M ) �B�b �/�2�7�B�M�2�/ ���b �7�Q�H�H�Q�r�b�,

wp(M ) =

0

@
X

(a;b)2 M

ka � bkp

1

A

1/ p

: �U�R�X�R�V

�G�2�iM �
p �/�2�M�Q�i�2 �� �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�; �m�M�/�2�`wp(�)�X �h�?�2p�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �Q�7A ���M�/

B �B�b �b�B�K�T�H�vwp(M �
p )�X �P�m�` �;�Q���H �B�b �i�Q �+�Q�K�T�m�i�2 �i�?�2 �2�t���+�ip�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2�X �A�M �i�?�B�b �i�?�2�b�B�b�-

�r�2 �B�K�T�H�2�K�2�M�i �i�r�Q �/�B�7�7�2�`�2�M�i ���H�;�Q�`�B�i�?�K�b �i�Q �+�Q�K�T�m�i�2 �i�?�2 �2�t���+�ip�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �#�2�i�r�2�2�M

�i�?�2 �T�Q�B�M�i�b �b�2�i�b �Q�7A ���M�/B �X

�G�2�i �m�b �+�Q�M�b�B�/�2�` �i�?�2 �`�B�/�2 ���b�b�B�;�M�K�2�M�i �T�`�Q�#�H�2�K ���b �� �K�Q�i�B�p���i�B�M�; �2�t���K�T�H�2�X �A�M �i�?�B�b �T�`�Q�#�H�2�K�- �r�2

���`�2 �;�B�p�2�M �i�?�2 �H�Q�+���i�B�Q�M�b �Q�7 �+�m�b�i�Q�K�2�`�b �`�2�[�m�2�b�i�B�M�; �� �`�B�/�2 ���M�/ �i�?�2 �H�Q�+���i�B�Q�M�b �Q�7 �i�?�2 ���p���B�H���#�H�2 �i���t�B

�/�`�B�p�2�`�b�X �P�M�2 �Q�7 �i�?�2 �T�Q�b�b�B�#�H�2 �;�Q���H�b �+�Q�m�H�/ �#�2 �i�Q �2�7�7�B�+�B�2�M�i�H�v �K���i�+�? �i�?�2�K �i�Q �K���t�B�K�B�x�2 �i�?�2 �M�m�K�#�2�`

�Q�7 �i�`�B�T�b �b�2�`�p�2�/�X �h�?�B�b �T�`�Q�#�H�2�K �+���M �#�2 �K�Q�/�2�H�H�2�/ �m�b�B�M�; �� �+�Q�K�T�H�2�i�2 �#�B�T���`�i�B�i�2 �;�`���T�? �r�?�2�`�2 �Q�M�2

�b�2�i �Q�7 �T�Q�B�M�i�b �`�2�T�`�2�b�2�M�i�b �i�?�2 �H�Q�+���i�B�Q�M �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�m�b�i�Q�K�2�`�b ���M�/ �i�?�2 �Q�i�?�2�` �b�2�i �`�2�T�`�2�b�2�M�i�b

�R



�k �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�i�?�2 �H�Q�+���i�B�Q�M �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �i���t�B �/�`�B�p�2�`�b�X �1���+�? �2�/�;�2 �`�2�T�`�2�b�2�M�i �i�?�2 ���b�b�B�;�M�K�2�M�i �Q�7 �� �i���t�B

�/�`�B�p�2�` �i�Q �i�?�2 �+�m�b�i�Q�K�2�`�X �A�M �Q�`�/�2�` �i�Q �7�B�M�/ �i�?�2 �#�2�b�i �K���i�+�?�B�M�; ���K�Q�M�; �i�?�2 �T�Q�b�b�B�#�H�2 �Q�T�i�B�Q�M�b�- �2�p�2�`�v

�2�/�;�2 �Q�7 �i�?�2 �;�`���T�? �B�b �Q�7�i�2�M ���b�b�Q�+�B���i�2�/ �r�B�i�? �� �+�Q�b�i �2�[�m���H �i�Q �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �i�r�Q

�H�Q�+���i�B�Q�M�b ���M�/ �i�?�2 �Q�T�i�B�K���H �K���i�+�?�B�M�; �B�b �i�?�2 �Q�M�2 �i�?���i �K�B�M�B�K�B�x�2�b �i�?�2 �i�Q�i���H �+�Q�b�i �Q�7 �i�?�2 �2�/�;�2�b �B�M

�B�i�X

�� �7�m�M�/���K�2�M�i���H �T�`�Q�#�H�2�K �B�M �b�i���i�B�b�i�B�+�b ���M�/ �K���+�?�B�M�2 �H�2���`�M�B�M�; �B�b �i�Q �+�Q�K�2 �m�T �r�B�i�? �m�b�2�7�m�H �K�2���b�m�`�2�b

�Q�7�/�B�b�i���M�+�2�#�2�i�r�2�2�M �i�r�Q �/�B�b�+�`�2�i�2 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �h�r�Q �/�2�b�B�`���#�H�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 ��

�/�B�b�i���M�+�2 �7�m�M�+�i�B�Q�M ���`�2�b�v�K�K�2�i�`�v���M�/ �i�?�2�i�`�B���M�;�H�2 �B�M�2�[�m���H�B�i�v�X �J���M�v �M�Q�i�B�Q�M�b �Q�7�/�B�b�i���M�+�2�#�2�i�r�2�2�M

�T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �/�Q �M�Q�i �b���i�B�b�7�v �i�?�2�b�2 �T�`�Q�T�2�`�i�B�2�b�X �h�?�2p�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �Q�M �i�?�2

�Q�i�?�2�` �?���M�/ �b���i�B�b�7�B�2�b �#�Q�i�? �i�?�2�b�2 �T�`�Q�T�2�`�i�B�2�b ���M�/ �T�`�Q�p�B�/�2�b �� �[�m���M�i�B�i���i�B�p�2 �K�2���b�m�`�2 �Q�7 �i�?�2 �/�B�b�i���M�+�2

�#�2�i�r�2�2�M �i�r�Q �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �i�?���i �`�2�7�H�2�+�i�b �i�?�2 �+�Q�b�i �Q�7 �i�`���M�b�T�Q�`�i�B�M�; �K���b�b �#�2�i�r�2�2�M

�i�?�2�K�X

�R�X�R ���T�T�H�B�+���i�B�Q�M�b

�Ç �J���+�?�B�M�2 �G�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K�b�,�h�?�2p�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �+���M �#�2 �m�b�2�/ ���b �� �K�2�i�`�B�+

�B�M �K���M�v �K���+�?�B�M�2 �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K�b�- �b�m�+�? ���b �+�H���b�b�B�7�B�+���i�B�Q�M �(�R�9�)�- �`�2�;�`�2�b�b�B�Q�M �(�R�R�)�- �`�Q�#�m�b�i

�H�2���`�M�B�M�; �(�R�j�)�- �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �(�k�y�-�j�k�)�- �T���`���K�2�i�2�` �2�b�i�B�K���i�B�Q�M �(�d�)�- �B�K���;�2 �`�2�i�`�B�2�p���H �(�j�3�-

�9�R�)�- �;�`���T�? �T�`�2�/�B�+�i�B�Q�M�b �(�j�e�-�9�e�)�- ���M�/ �+�H�m�b�i�2�`�B�M�; �b�i���#�B�H�B�i�v �p���H�B�/���i�B�Q�M �(�R�y�-�k�3�) �#�2�+���m�b�2 �Q�7

�B�i�b �m�b�2�7�m�H �b�i���i�B�b�i�B�+���H �T�`�Q�T�2�`�i�B�2�b�X

�Ç �:�2�M�2�`���i�B�p�2 �J�Q�/�2�H�B�M�;�,�A�M �:�2�M�2�`���i�B�p�2 ���/�p�2�`�b���`�B���H �L�2�i�r�Q�`�F�b�- �� �õ�K�Q�/�2�H�ö �/�B�b�i�`�B�#�m�i�B�Q�M

�B�b �H�2���`�M�2�/ �#�v �`�2�T�2���i�2�/�H�v �b���K�T�H�B�M�; �B�M�/�2�T�2�M�/�2�M�i�H�v �7�`�Q�K �#�Q�i�? �i�?�2 �õ�`�2���H�ö ���M�/ �i�?�2 �õ�K�Q�/�2�H�ö

�/�B�b�i�`�B�#�m�i�B�Q�M�b ���M�/ �i�?�2�M �m�b�B�M�; �i�?�2p�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2�b�2 �b���K�T�H�2�b ���b ��

�H�Q�b�b �7�m�M�+�i�B�Q�M �i�Q �m�T�/���i�2 �i�?�2 �K�Q�/�2�H �/�B�b�i�`�B�#�m�i�B�Q�M �(�3�-�R�d�-�R�3�-�j�R�-�j�j�-�9�k�)�X



�S�Y�l�Y �`�¶�ã�ž���¶�² �r�ñ���á �j

�Ç �.�Q�K���B�M ���/���T�i���i�B�Q�M�,�.�Q�K���B�M ���/���T�i���i�B�Q�M �B�b �i�?�2 �i���b�F �Q�7 ���/���T�i�B�M�; �� �K�Q�/�2�H �i�`���B�M�2�/

�Q�M �Q�M�2 �/�Q�K���B�M �i�Q �T�2�`�7�Q�`�K �r�2�H�H �Q�M ���M�Q�i�?�2�` �/�Q�K���B�M�X �h�?�2p�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �+���M �#�2

�m�b�2�/ �i�Q �K�2���b�m�`�2 �i�?�2 �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �T�`�Q�#���#�B�H�B�i�v �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�2 �b�Q�m�`�+�2 ���M�/

�i���`�;�2�i �/�Q�K���B�M�b �(�R�k�-�j�9�-�9�y�)�X

�Ç �P�#�D�2�+�i �_�2�+�Q�;�M�B�i�B�Q�M�,�h�?�2 �b�B�K�B�H���`�B�i�v �Q�7 �i�r�Q �Q�#�D�2�+�i�b �+���M �#�2 �[�m���M�i�B�7�B�2�/ �#�v �+���H�+�m�H���i�B�M�;

�i�?�2p�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�?�2 �7�2���i�m�`�2 �p�2�+�i�Q�`�b �Q�7 �Q�#�D�2�+�i�b�- �b�m�+�? ���b �B�K���;�2�b�-

�b�?���T�2�b�- �i�2�t�i ���M�/ �p�Q�B�+�2 �M�Q�i�2�b �(�k�9�-�k�N�-�9�8�-�9�d�-�9�N�)�X �A�7 �i�?�2p�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �B�b �#�2�H�Q�r

�� �T�`�2�@�/�2�7�B�M�2�/ �i�?�`�2�b�?�Q�H�/�- �r�2 �+���M �+�Q�M�+�H�m�/�2 �i�?���i �i�?�2 �i�r�Q �Q�#�D�2�+�i�b ���`�2 �b�B�K�B�H���`�X

�R�X�k �_�2�H���i�2�/ �q�Q�`�F

�*�Q�K�T�m�i�B�M�; �i�?�2 �2�t���+�ip�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �+���M �#�2 �/�Q�M�2 �B�MO(n3) �i�B�K�2 �m�b�B�M�; �i�?�2 �+�H���b�b�B�+���H

�>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �(�k�j�)�X �h�?�2 �2�7�7�B�+�B�2�M�+�v �Q�7 �i�?�B�b ���H�;�Q�`�B�i�?�K �+���M �#�2 �B�K�T�`�Q�p�2�/ �i�Q~O(n2�( n))

�m�b�B�M�; �� �/�v�M���K�B�+ �r�2�B�;�?�i�2�/ �M�2���`�2�b�i �M�2�B�;�?�#�Q�` �/���i�� �b�i�`�m�+�i�m�`�2 �r�B�i�? �[�m�2�`�v ���M�/ �m�T�/���i�2 �i�B�K�2 �Q�7

�( n) �(�k�- �9�9�- �9�3�)�X�R �6�Q�` �i�r�Q �/�B�K�2�M�b�B�Q�M�b�-�( n) = �H�Q�;O(1) n ���M�/ �i�?�2�`�2�7�Q�`�2�- �r�2 �;�2�i ��~O(n2)

�i�B�K�2 �2�t���+�i ���H�;�Q�`�B�i�?�K�X �6�Q�` �?�B�;�?�2�` �/�B�K�2�M�b�B�Q�M�b�- �?�Q�r�2�p�2�`�- �i�?�B�b �H�2���/�b �i�Q �Q�M�H�v �b�H�B�;�?�i�H�v �b�m�#�@�+�m�#�B�+

�2�t�2�+�m�i�B�Q�M �i�B�K�2�X

�6�Q�` �;�`���T�?�b �r�B�i�?n �p�2�`�i�B�+�2�b ���M�/m �2�/�;�2�b�- �:���#�Q�r ���M�/ �h���`�D���M �T�`�2�b�2�M�i�2�/ ���M ���H�;�Q�`�B�i�?�K �i�?���i

�T�`�Q�/�m�+�2�/ �� �K���i�+�?�B�M�; �r�B�i�? �+�Q�b�i �+�H�Q�b�2 �i�Q �i�?�2 �Q�T�i�B�K�m�K �r�B�i�?�B�M ���M ���/�/�B�i�B�p�2 �2�`�`�Q�` �Q�7" �B�M

O(m
p

n �H�Q�;(nC/ ")) �i�B�K�2�c �?�2�`�2C �B�b �i�?�2 �H���`�;�2�b�i �+�Q�b�i �2�/�;�2 �B�M �i�?�2 �;�`���T�? �(�R�8�-�R�N�)�X �h�?�m�b�- �r�?�2�M

�2�/�;�2 �+�Q�b�i�b ���`�2 �B�M�i�2�;�2�`�b�- �i�?�2 �+�Q�b�i�b �Q�7 �i�?�2 �Q�T�i�B�K���H �K���i�+�?�B�M�; ���M�/ ���M�v �Q�i�?�2�` �K���i�+�?�B�M�; �/�B�7�7�2�`�b

�#�v ���i �H�2���b�i �Q�M�2�X �h�?�2�`�2�7�Q�`�2�- �B�M �i�?�B�b �b�T�2�+�B�7�B�+ �b�2�i�i�B�M�;�- �Q�M�2 �+���M �`�2�i�`�B�2�p�2 �i�?�2 �Q�T�i�B�K���H �K���i�+�?�B�M�;

�?���p�B�M�; �K�B�M�B�K�m�K �+�Q�b�i �B�MO(m
p

n �H�Q�;(nC)) �i�B�K�2�X �>�Q�r�2�p�2�`�- �i�?�B�b �H�2���/�b �i�Q �Q�M�H�v ���T�T�`�Q�t�B�K���i�2

�R�h�?�2 ~O �M�Q�i���i�B�Q�M �B�;�M�Q�`�2�b �H�Q�;���`�B�i�?�K�B�+ �7���+�i�Q�`�b ���M�/ �i�?�m�b �Q�M�2 �+���M �i�?�B�M�F �Q�7~O(h(n)) �i�Q �#�2 �b���K�2 ���b
O(h(n) �H�Q�;O(1) n):
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�b�Q�H�m�i�B�Q�M�b �B�M �;�2�Q�K�2�i�`�B�+ �b�2�i�i�B�M�;�b �7�Q�` �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2���b�Q�M�b�, �.�m�2 �i�Q �`�2���H�@�p���H�m�2�/ �+�Q�Q�`�/�B�M���i�2�b �Q�7

�T�Q�B�M�i�b �B�MA [ B �- �i�?�2 �K�B�M�B�K�m�K �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �+�Q�b�i�b �Q�7 �Q�T�i�B�K���H �K���i�+�?�B�M�; ���M�/ ���M�v

�Q�i�?�2�` �K���i�+�?�B�M�; �+���M �#�2 �K���/�2 ���`�#�B�i�`���`�B�H�v �b�K���H�H�X �1�p�2�M �B�7 �r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7

�T�Q�B�M�i�b ���`�2 �B�M�i�2�;�2�`�b �#�Q�m�M�/�2�/ �#�v� �- �i�?�2 �K���i�+�?�B�M�; �+�Q�b�i �+���M �#�2 �B�`�`���i�B�Q�M���H ���b �r�2 ���`�2 �/�2���H�B�M�; �r�B�i�?

�1�m�+�H�B�/�2���M �/�B�b�i���M�+�2�b�X �h�?�m�b �i�?�2 �/�B�7�7�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �Q�T�i�B�K���H �K���i�+�?�B�M�; �+�Q�b�i ���M�/ �+�Q�b�i �Q�7 ���M�v

�Q�i�?�2�` �K���i�+�?�B�M�; �+���M �#�2�+�Q�K�2 �2�t�i�`�2�K�2�H�v �b�K���H�H �(�j�d�) �H�2���/�B�M�; �i�Q �b�m�T�2�`�@�+�m�#�B�+ �2�t�2�+�m�i�B�Q�M �i�B�K�2�X

�6�Q�` ���M�v" > 0�- �a�?���`���i�?�F�m�K���` ���M�/ ���;���`�r���H �b�?�Q�r�2�/ �?�Q�r �:���#�Q�r ���M�/ �h���`�D���M�ö�b ���H�;�Q�`�B�i�?�K �+���M

�#�2 ���/���T�i�2�/ �i�Q �+�Q�K�T�m�i�2 �� �K���i�+�?�B�M�; �r�?�Q�b�2 �+�Q�b�i �B�b �r�B�i�?�B�M �� �K�m�H�i�B�T�H�B�+���i�B�p�2 �7���+�i�Q�` �Q�7(1 + ")

�7�`�Q�K �i�?�2 �Q�T�i�B�K���H ���M�/ �i�?���i �`�m�M�b �B�MO(n3/2 �( n) �H�Q�;1/ ") �i�B�K�2 �(�e�)�X

�h�?�2�`�2 �?���b �#�2�2�M ���M �2�t�i�2�M�b�B�p�2 ���K�Q�m�M�i �Q�7 �r�Q�`�F �Q�M �i�?�2 �/�2�b�B�;�M �Q�7 ���T�T�`�Q�t�B�K���i�B�Q�M ���H�;�Q�`�B�i�?�K�b �7�Q�`

�i�?�21�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �(�R�-�9�-�8�-�k�R�-�k�8�-�j�8�-�j�N�) ���b �r�2�H�H ���b �i�?�22�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �(�j�-�k�e�)�X

�6�Q�2̀�@�/�B�K�2�M�b�B�Q�M���H �T�Q�B�M�i�b �r�B�i�? �B�M�i�2�;�2�` �+�Q�Q�`�/�B�M���i�2�b �#�Q�m�M�/�2�/ �#�v� �- �a�?���`���i�?�F�m�K���` �T�`�2�b�2�M�i�2�/

�� �r�2���F�H�v �T�Q�H�v�M�Q�K�B���H~O(n3/2 �H�Q�;�) �i�B�K�2 ���H�;�Q�`�B�i�?�K �i�Q �+�Q�K�T�m�i�2 �i�?�2 �2�t���+�i1�@�q���b�b�2�`�b�i�2�B�M �/�B�b�@

�i���M�+�2 �(�j�d�)�X �h�?�2 �K���B�M �B�/�2�� �r���b �i�Q �m�b�2 �i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M ���H�;�Q�`�B�i�?�K �#�v �a�?���`���i�?�F�m�K���` ���M�/

���;���`�r���H �(�9�9�) �i�Q �B�M�B�i�B���H�H�v �7�B�M�/ �� �T�H���M���` �b�m�#�;�`���T�? �i�?���i �i�`���T�b ���H�H �i�?�2 �2�/�;�2�b �Q�7 �i�?�2 �Q�T�i�B�K���H �K���i�+�?�@

�B�M�;�X �h�?�2�M�- �i�?�2�v �m�b�2 �i�?�2 �T�H���M���` �b�2�T���`���i�Q�` �#���b�2�/ ���H�;�Q�`�B�i�?�K �#�v �G�B�T�i�Q�M ���M�/ �h���`�D���M �(�j�y�) �i�Q �7�B�M�/

�� �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�; �B�M �i�?�B�b �b�m�#�;�`���T�?�X

�h�?�2 �/�2�b�B�;�M �Q�7 �� �b�m�#�@�[�m���/�`���i�B�+ �T�Q�H�v�M�Q�K�B���H �i�B�K�2 ���H�;�Q�`�B�i�?�K �i�Q �+�Q�K�T�m�i�2 �i�?�2p�@�q���b�b�2�`�b�i�2�B�M

�/�B�b�i���M�+�2 �7�Q�`2�@�/�B�K�2�M�b�B�Q�M���H �T�Q�B�M�i �b�2�i�b �`�2�K���B�M�b �� �K���D�Q�` �Q�T�2�M �+�?���H�H�2�M�;�2�X �J�Q�i�B�p���i�2�/ �#�v �B�i�b

�M�m�K�2�`�Q�m�b ���T�T�H�B�+���i�B�Q�M�b�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �T�`�Q�#�H�2�K �Q�7 �+�Q�K�T�m�i�B�M�;p�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �r�?�2�M

A ���M�/B ���`�2 �T�Q�B�M�i�b �/�`���r�M �B�M�/�2�T�2�M�/�2�M�i�H�v �7�`�Q�K ���M �m�M�F�M�Q�r�M �/�B�b�i�`�B�#�m�i�B�Q�M� �X �q�?�2�Mp = 1

�U���H�b�Q �F�M�Q�r�M ���b �i�?�2�#�Q�i�i�H�2�M�2�+�F �K���i�+�?�B�M�;�V ���M�/ �7�Q�` �T�Q�B�M�i �b�2�i�b �/�`���r�M �7�`�Q�K �� �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M�-

�G���?�M�2�i ���H�X �(�k�d�) �T�`�2�b�2�M�i�2�/ ���M �2�t���+�i ���H�;�Q�`�B�i�?�K �i�Q �+�Q�K�T�m�i�2 �i�?�2 �#�Q�i�i�H�2�M�2�+�F �K���i�+�?�B�M�; �B�M~O(n4/3 )

�i�B�K�2�X



�S�Y�k�Y �Q���� �`�¶�����ã���� �8

�R�X�j �P�m�` �_�2�b�m�H�i�b

�Ç �6�Q�` ���M�v �T�Q�B�M�i �b�2�iP �B�M �i�?�2 �1�m�+�H�B�/�2���M �b�T���+�2�- �i�?�2 �b�T�`�2���/� �Q�7P �B�b �i�?�2 �`���i�B�Q �Q�7 �i�?�2

�/�B�b�i���M�+�2 �Q�7 �i�?�2 �7�m�`�i�?�2�b�i �T���B�` �Q�7 �T�Q�B�M�i�b �i�Q �i�?�2 �/�B�b�i���M�+�2 �Q�7 �i�?�2 �+�H�Q�b�2�b�i �T���B�` �B�MP�X �q�2 �;�B�p�2

���M ���H�;�Q�`�B�i�?�K �i�?���i �+�Q�K�T�m�i�2�b ���M �2�t���+�i �K���i�+�?�B�M�; �#�2�i�r�2�2�MA ���M�/B ���M�/ �?���b ���M �2�t�T�2�+�i�2�/

�`�m�M�M�B�M�; �i�B�K�2 �Q�78
>><

>>:

~O(n2� p
( p+1) d �( n) �H�Q�;�) ; p < d

2 ;

~O(n2� 1
2( p+1) �( n) �H�Q�;�) ; p � d

2 :

�_�2�+���H�H�( n) �B�b �i�?�2 �[�m�2�`�v ���M�/ �m�T�/���i�2 �i�B�K�2 �Q�7 �� �/�v�M���K�B�+ �r�2�B�;�?�i�2�/ �M�2���`�2�b�i �M�2�B�;�?�#�Q�` �/���i��

�b�i�`�m�+�i�m�`�2�X �q�?�2�MA ���M�/B ���`�2 �T�Q�B�M�i�b �b���K�T�H�2�/ �B�M�/�2�T�2�M�/�2�M�i�H�v �7�`�Q�K ���M �m�M�F�M�Q�r�M �/�B�b�i�`�B�@

�#�m�i�B�Q�M� �r�B�i�?�B�M ���M�v ���`�#�B�i�`���`�v �b�[�m���`�2� �- �Q�m�` ���H�;�Q�`�B�i�?�K ���+�?�B�2�p�2�b �� �r�2���F�H�v �T�Q�H�v�M�Q�K�B���H

�b�m�#�@�+�m�#�B�+ �2�t�2�+�m�i�B�Q�M �i�B�K�2 �Q�7~O(n7/4 �( n) �H�Q�;�) �7�Q�` �+�Q�K�T�m�i�B�M�; �i�?�21�@�q���b�b�2�`�b�i�2�B�M �/�B�b�@

�i���M�+�2�X �P�m�` ���H�;�Q�`�B�i�?�K �2���b�B�H�v �2�t�i�2�M�/�b �i�Q ���M�v �+�Q�M�b�i���M�ip > 1 ���M�/ ���M�v �7�B�t�2�/d�@�/�B�K�2�M�b�B�Q�M���H

�b�T���+�2�X �6�Q�` �B�M�b�i���M�+�2�- �7�Q�`p = 1 ���M�/d = 3�- �i�?�2 �2�t�2�+�m�i�B�Q�M �i�B�K�2 �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K �+���M �#�2

�#�Q�m�M�/�2�/ �#�v~O(n11/6 �( n) �H�Q�;�) �X �P�m�` ���H�;�Q�`�B�i�?�K �+���M �#�2 �b�2�2�M ���b ���M �2�H�2�;���M�i ���/���T�i���i�B�Q�M �Q�7

�i�?�2 �+�H���b�b�B�+���H �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �B�M �� �[�m���/�i�`�2�2 �#���b�2�/ �.�B�p�B�/�2 ���M�/ �*�Q�M�[�m�2�` �7�`���K�2�r�Q�`�F�X

�Ç �h�?�2 �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �#�2�;�B�M�b �r�B�i�? ���M �2�K�T�i�v �K���i�+�?�B�M�; ���M�/ �B�i�2�`���i�B�p�2�H�v �B�M�+�`�2���b�2�b �i�?�2

�+���`�/�B�M���H�B�i�v �Q�7 �i�?�2 �K���i�+�?�B�M�; �#�v1 �T�2�` �B�i�2�`���i�B�Q�M �#�v �7�B�M�/�B�M�; ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�;

�T���i�? ���M�/ ���m�;�K�2�M�i�B�M�; ���H�Q�M�; �B�i�X �A�i �m�b�2�b �.�B�D�F�b�i�`���ö�b �b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�`�B�i�?�K �i�Q �7�B�M�/ ���M

���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�?�X �h�?�2 �/�2�i���B�H�b �Q�7 �i�?�2 �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K ���`�2 �+�Q�p�2�`�2�/ �B�M

�*�?���T�i�2�`�k�X�k�X �q�2 �/�2�b�B�;�M ���M�/ �B�K�T�H�2�K�2�M�i �� �p�2�`�b�B�Q�M �Q�7 �i�?�2 �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �i�?���i

�m�b�2�b �� �;�`�B�/ �#���b�2�/ �/���i�� �b�i�`�m�+�i�m�`�2 �i�Q �b�i�Q�`�2 �i�?�2 �T�Q�B�M�i�b�- �r�?�B�+�? ���B�/�b �m�b �B�M �b�T�2�2�/�B�M�; �m�T �i�?�2

�T�`�Q�+�2�b�b �Q�7 �7�B�M�/�B�M�; ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�?�X �q�2 �`�2�7�2�` �i�Q �i�?�B�b ���H�;�Q�`�B�i�?�K ���b ��

�:�`�B�/ �"���b�2�/ �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K�X �P�m�` �`�2�b�m�H�i�b �b�?�Q�r �i�?���i �Q�m�` ���H�;�Q�`�B�i�?�K �Q�m�i�T�2�`�7�Q�`�K�b

�i�?�2 �+�H���b�b�B�+���H �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �B�M �p���`�B�Q�m�b �;�2�Q�K�2�i�`�B�+ �b�2�i�i�B�M�;�b�X �6�Q�` �B�M�b�i���M�+�2�- �r�?�2�M



�e �+�Ñ�ž�ÿ���¶�� �S�Y �B�é�����ñ�²���«���Ô�ñ�é

�i�?�2 �T�Q�B�M�i�b �+�Q�K�2 �7�`�Q�K ��2�@�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2 ���M�/ ���`�2 �/�`���r�M �7�`�Q�K �� �m�M�B�7�Q�`�K

�/�B�b�i�`�B�#�m�i�B�Q�M�- �r�2 �b�2�2 �i�?���i �Q�m�` ���H�;�Q�`�B�i�?�K �Q�m�i�T�2�`�7�Q�`�K�b �i�?�2 �+�H���b�b�B�+���H �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K

�#�v �� �7���+�i�Q�` �Q�7260 �r�?�2�M �+�Q�K�T�m�i�B�M�; �i�?�22�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �Q�M �� �b���K�T�H�2 �Q�75000

�T�Q�B�M�i�b �2���+�?�X

�Ç �6�B�M���H�H�v�- �r�2 �+�Q�K�#�B�M�2 �i�?�2 �B�/�2�� �Q�7 �m�b�B�M�; �� �;�`�B�/ �#���b�2�/ �/���i�� �b�i�`�m�+�i�m�`�2 �i�Q �b�T�2�2�/ �m�T �i�?�2

�T�`�Q�+�2�b�b �Q�7 �7�B�M�/�B�M�; ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? ���H�Q�M�; �r�B�i�? �i�?�2 �.�B�p�B�/�2 ���M�/ �*�Q�M�[�m�2�`

�7�`���K�2�r�Q�`�F�X �q�2 �T�`�2�b�2�M�i ���M �2�K�T�B�`�B�+���H ���M���H�v�b�B�b �Q�7 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K�b �B�M

�+�Q�K�T���`�B�b�Q�M �r�B�i�? �i�?�2 �+�H���b�b�B�+���H �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �7�Q�` �T�Q�B�M�i �b�2�i�b �/�`���r�M �7�`�Q�K �p���`�B�Q�m�b

�/�B�b�i�`�B�#�m�i�B�Q�M�b ���M�/ �/�B�7�7�2�`�2�M�i �p���H�m�2�b �Q�7p�X



�*�?���T�i�2�` �k

�S�`�2�H�B�K�B�M���`�B�2�b

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �B�M�i�`�Q�/�m�+�2 �#���b�B�+ �M�Q�i���i�B�Q�M ���M�/ �i�2�`�K�B�M�Q�H�Q�;�v�X ���b �b�i���i�2�/ �T�`�2�p�B�Q�m�b�H�v�-A ���M�/B

���`�2 �i�r�Q �b�2�i�b �Q�7d�@�/�B�K�2�M�b�B�Q�M���H �T�Q�B�M�i�b �B�M �1�m�+�H�B�/�2���M �b�T���+�2 ���M�/G(A; B ) �B�b �� �+�Q�K�T�H�2�i�2 �#�B�T���`�i�B�i�2

�;�`���T�? �Q�MA [ B: �� �T�Q�B�M�iv 2 A [ B �B�b �+�Q�M�b�B�/�2�`�2�/ �i�Q �#�2�7� �̀2�2�r�B�i�? �`�2�b�T�2�+�i �i�Q ���M�v ���`�#�B�i�`���`�v

�K���i�+�?�B�M�;M �B�7 �B�i �B�b �M�Q�i �K���i�+�?�2�/ �B�MM �X �G�2�iAF
M ���M�/B F

M �/�2�M�Q�i�2 �i�?�2 �b�2�i �Q�7 ���H�H �7�`�2�2 �T�Q�B�M�i�b �Q�7

A ���M�/B �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �K���i�+�?�B�M�;M �X

�q�2 �M�Q�r �T�`�2�b�2�M�i �� �7�2�r �K�Q�`�2 �/�2�7�B�M�B�i�B�Q�M�b �r�B�i�? �`�2�b�T�2�+�i �i�Q ���M�v ���`�#�B�i�`���`�v �K���i�+�?�B�M�;M �X ���M

���H�i�2�`�M���i�B�M�; �T���i�?�Q��̀+�v�+�H�2�B�b ���M�v �T���i�? �Q�` �+�v�+�H�2 �B�M �i�?�2 �;�`���T�? �i�?���i ���H�i�2�`�M���i�2�b �#�2�i�r�2�2�M �K���i�+�?�2�/

���M�/ �m�M�K���i�+�?�2�/ �2�/�;�2�b�X ���M���m�;�K�2�M�i�B�M�; �T���i�?�B�b ���M�v ���H�i�2�`�M���i�B�M�; �T���i�? �i�?���i �b�i���`�i�b ���M�/ �2�M�/�b ���i

�� �7�`�2�2 �p�2�`�i�2�t�X ���M ���m�;�K�2�M�i�B�M�; �T���i�?P �+���M �#�2 �m�b�2�/ �i�Q �Q�#�i���B�M �� �M�2�r �K���i�+�?�B�M�;M 0 �#�v �b�B�K�T�H�v

�`�2�K�Q�p�B�M�; �i�?�2 �2�/�;�2�b �Q�7M \ P �7�`�Q�KM ���M�/ ���/�/�B�M�; �i�?�2 �2�/�;�2�b �Q�7PnM �i�QM �X �h�?�B�b �Q�T�2�`���i�B�Q�M

�B�b �+���H�H�2�/ ���m�;�K�2�M�i���i�B�Q�M�- ���M�/ �B�i �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �b�v�K�K�2�i�`�B�+ �/�B�7�7�2�`�2�M�+�2 �Q�T�2�`���i�Q�`� �X �h�?�2

�`�2�b�m�H�i�B�M�; �K���i�+�?�B�M�;M 0  M � P �?���b �+���`�/�B�M���H�B�i�vjM 0j = jM j + 1�X ���m�;�K�2�M�i�B�M�; �T���i�?�b �T�H���v ��

�+�`�m�+�B���H �`�Q�H�2 �B�M �b�i���M�/���`�/ �+�Q�K�#�B�M���i�Q�`�B���H �K���i�+�?�B�M�; ���H�;�Q�`�B�i�?�K�b�- ���b �i�?�2�v ���H�H�Q�r �m�b �i�Q �B�M�+�`�2���b�2 �i�?�2

�b�B�x�2 �Q�7 �i�?�2 �K���i�+�?�B�M�;�X �h�?�2�`�2�7�Q�`�2�- �7�B�M�/�B�M�; ���m�;�K�2�M�i�B�M�; �T���i�?�b �2�7�7�B�+�B�2�M�i�H�v �B�b �� �F�2�v �+�Q�K�T�Q�M�2�M�i �Q�7

�K���i�+�?�B�M�; ���H�;�Q�`�B�i�?�K�b�X

�L�2�t�i�- �r�2 �/�2�b�+�`�B�#�2 �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K ���M�/ �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K�- �r�?�B�+�? ���`�2 �B�M�b�i�`�m�K�2�M�i���H �B�M

�i�?�2 �/�2�b�B�;�M �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K�b�X

�d



�3 �+�Ñ�ž�ÿ���¶�� �l�Y �T���¶�ã�Ô�è�Ô�é�ž���Ô�¶��

�k�X�R �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �/�2�b�+�`�B�#�2 �i�?�2 �B�K�T�H�2�K�2�M�i���i�B�Q�M �/�2�i���B�H�b �Q�7 �.�B�D�F�b�i�`���ö�b �b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�@

�`�B�i�?�K �(�N�) �r�B�i�? �`�2�b�T�2�+�i �i�Q �� �;�`���T�?G(V; E) �?���p�B�M�;jV j = n �p�2�`�i�B�+�2�b ���M�/jE j = m �2�/�;�2�b�X �q�2

���b�b�m�K�2 �i�?���i �i�?�2 �;�`���T�?G �B�b �b�B�K�T�H�2 ���M�/ �/�Q�2�b �M�Q�i �+�Q�M�i���B�M ���M�v �b�2�H�7 �H�Q�Q�T�b �Q�` �/�m�T�H�B�+���i�2 �2�/�;�2�b�X �q�2

�m�b�2 ���M ���`�#�B�i�`���`�v �p�2�`�i�2�ts 2 V ���b �i�?�2 �b�Q�m�`�+�2 �7�`�Q�K �r�?�B�+�? �r�2 �B�M�i�2�M�/ �i�Q �7�B�M�/ �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?

�/�B�b�i���M�+�2�b �i�Q ���H�H �i�?�2 �Q�i�?�2�` �p�2�`�i�B�+�2�b�X �1�p�2�`�v �2�/�;�2(u; v) 2 E �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �� �M�Q�M�@�M�2�;���i�B�p�2

�+�Q�b�ic(u; v): �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K �K���B�M�i���B�M�b �� �b�2�i �Q�7 �2�t�T�H�Q�`�2�/ �p�2�`�i�B�+�2�bS ���M�/ �� �/�B�b�i���M�+�2 �2�b�i�B�@

�K���i�2d[v] �7�Q�` �2�p�2�`�v �p�2�`�i�2�tv�X �A�i �b�i���`�i�b �#�v �B�M�B�i�B���H�B�x�B�M�;S �i�Q �#�2 ���M �2�K�T�i�v �b�2�i ���M�/ �i�?�2 �/�B�b�i���M�+�2

�2�b�i�B�K���i�2 �Q�7 �2�p�2�`�v �p�2�`�i�2�tv �i�Q1 : �A�i �i�?�2�M �b�2�i�b �i�?�2 �/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �Q�7 �i�?�2 �b�Q�m�`�+�2 �p�2�`�i�2�t �i�Q

�x�2�`�Q ���M�/ �`�m�M�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�+�2�/�m�`�2 �B�i�2�`���i�B�p�2�H�v �m�M�i�B�H �i�?�2�`�2 �B�b �M�Q �m�M�2�t�T�H�Q�`�2�/ �p�2�`�i�2�t �?���p�B�M�;

�� �7�B�M�B�i�2 �/�B�b�i���M�+�2 �2�b�i�B�K���i�2�X

���H�;�Q�`�B�i�?�K �R�/�Ô�ß�á�������ž(G; s)

�A�M�T�m�i�,�� �;�`���T�?G ���M�/ �� �b�Q�m�`�+�2 �p�2�`�i�2�ts
�P�m�i�T�m�i�,�h�?�2 �K�B�M�B�K�m�K �/�B�b�i���M�+�2d[�] �7�`�Q�Ks �i�Q �2���+�? �p�2�`�i�2�t �B�MG:V

�R�,�7�Q�`�2���+�? �p�2�`�i�2�tv �B�MG:V �/�Q . �A�M�B�i�B���H�B�x�2
�k�, �/[v] = 1

�j�, �/[s] = 0 . �.�B�b�i���M�+�2 �7�`�Q�K �b�Q�m�`�+�2 �i�Q �B�i�b�2�H�7 �B�b0
�9�,S = G:V
�8�,�r�?�B�H�2S �B�b �M�Q�i �2�K�T�i�v�/�Q
�e�, u = �1�t�i�`���+�i�J�B�M(S) . �1�t�i�`���+�i �i�?�2 �p�2�`�i�2�t �r�B�i�? �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �7�`�Q�K �Z
�d�, �7�Q�`�2���+�? �M�2�B�;�?�#�Q�`v �Q�7u �/�Q
�3�, ���H�i= �/[u] + c(u; v) . �*���H�+�m�H���i�2 �i�?�2 �/�B�b�i���M�+�2 �7�`�Q�K �b�Q�m�`�+�2 �i�Q �p �p�B�� �m
�N�, �B�7���H�i< �/[v] �i�?�2�M

�R�y�, �/[v] = ���H�i

�R�R�,�`�2�i�m�`�M�/

�.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K �2�t�i�`���+�i�b �i�?�2 �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �m�M�2�t�T�H�Q�`�2�/ �p�2�`�i�2�tO(n) �i�B�K�2�b

���b �i�?�2 �K���t�B�K�m�K �M�m�K�#�2�` �Q�7 �M�Q�/�2�b �i�Q �#�2 �2�t�T�H�Q�`�2�/ �B�bn�X �6�Q�` �2���+�? �2�t�i�`���+�i�2�/ �p�2�`�i�2�tu�- �B�i �`�2�H���t�2�b

�i�?�2 �2�/�;�2�b �i�?���iu �T���`�i�B�+�B�T���i�2�b �B�M�X �h�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �T�Q�b�b�B�#�H�2 �2�/�;�2 �`�2�H���t���i�B�Q�M�b �i�?�`�Q�m�;�?�Q�m�i

�i�?�2 �2�M�i�B�`�2 ���H�;�Q�`�B�i�?�K �B�b �Q�7 �Q�`�/�2�`O(m) �#�2�+���m�b�2 �r�2 �+�?�2�+�F ���H�H �i�?�2 �M�2�B�;�?�#�Q�m�`�b �Q�7 �i�?�2 �p�2�`�i�2�tu



�l�Y�S�Y �/�Ô�ß�á�������ž���� ���ã�Ì�ñ���Ô���Ñ�è �N

�r�?�2�M �r�2 �2�t�T�H�Q�`�2 �B�i�X

�.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K �+���M �#�2 �B�K�T�H�2�K�2�M�i�2�/ �m�b�B�M�; �/�B�7�7�2�`�2�M�i �/���i�� �b�i�`�m�+�i�m�`�2�b �r�?�B�+�? �H�2���/�b �i�Q �/�B�7�@

�7�2�`�2�M�i �2�t�2�+�m�i�B�Q�M �i�B�K�2�b�X �q�2 �M�Q�r ���M���H�v�x�2 ���M ���`�`���v �#���b�2�/ ���M�/ �� �"�B�M���`�v �>�2���T �#���b�2�/ �B�K�T�H�2�@

�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K �(�9�j�)�X

�Ç ���`�`���v �"���b�2�/ �A�K�T�H�2�K�2�M�i���i�B�Q�M�,�A�7 �r�2 �m�b�2 ���M ���`�`���v �i�Q �b�i�Q�`�2 �i�?�2 �/�B�b�i���M�+�2 �2�b�i�B�K���i�2�b �Q�7

�i�?�2 �p�2�`�i�B�+�2�b�- �r�2 �M�2�2�/ �i�Q �/�Q �� �H�B�M�2���` �b�+���M �Q�7 �i�?�2 �/�B�b�i���M�+�2 �2�b�i�B�K���i�2�b �Q�7 ���H�H �i�?�2 �m�M�2�t�T�H�Q�`�2�/

�p�2�`�i�B�+�2�b �i�Q �7�B�M�/ �i�?�2 �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �m�M�2�t�T�H�Q�`�2�/ �p�2�`�i�2�t�X �h�?�B�b �b�i�2�T �i�?�m�b

�i���F�2�bO(n) �i�B�K�2�X �l�T�/���i�B�M�; �i�?�2 �/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �Q�7 �� �p�2�`�i�2�t �+���M �#�2 �/�Q�M�2 �B�MO(1)

�i�B�K�2 ���b �r�2 �D�m�b�i �M�2�2�/ �i�Q �m�T�/���i�2 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �2�M�i�`�v �B�M �i�?�2 ���`�`���v�X �q�2 �7�B�M�/ �i�?�2

�K�B�M�B�K�m�K �/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �p�2�`�i�2�tO(n) �i�B�K�2�b ���M�/ �T�2�`�7�Q�`�KO(m) �2�/�;�2 �`�2�H���t���i�B�Q�M�b

�i�?�`�Q�m�;�?�Q�m�i �i�?�2 �2�t�2�+�m�i�B�Q�M �Q�7 �i�?�2 �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K�X �h�?�m�b�- �i�?�2 �Q�p�2�`���H�H �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v

�Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �#�2�+�Q�K�2�bO(n2 + m)�X �a�B�M�+�2�-m = O(n2) �7�Q�` �� �b�B�K�T�H�2 �;�`���T�?�- �i�?�2 �i�B�K�2

�+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2 ���`�`���v �#���b�2�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�bO(n2):

�Ç �"�B�M���`�v �>�2���T �"���b�2�/ �A�K�T�H�2�K�2�M�i���i�B�Q�M�,�A�7 �r�2 �m�b�2 �� �#�B�M���`�v �?�2���T �i�Q �b�i�Q�`�2 �i�?�2 �/�B�b�i���M�+�2

�2�b�i�B�K���i�2�b �Q�7 �i�?�2 �p�2�`�i�B�+�2�b�- �7�B�M�/�B�M�; �i�?�2 �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �m�M�2�t�T�H�Q�`�2�/ �p�2�`�i�2�t

�i���F�2�bO(�H�Q�;n) �i�B�K�2�X �l�T�/���i�B�M�; �i�?�2 �/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �Q�7 �� �p�2�`�i�2�t ���H�b�Q �i���F�2�bO(�H�Q�;n) �i�B�K�2

���b �r�2 �M�2�2�/ �i�Q �m�T�/���i�2 �i�?�2 �?�2���T �i�Q �K���B�M�i���B�M �i�?�2 �?�2���T �T�`�Q�T�2�`�i�v�X �q�2 �7�B�M�/ �i�?�2 �K�B�M�B�K�m�K

�/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �p�2�`�i�2�tO(n) �i�B�K�2�b ���M�/ �T�2�`�7�Q�`�KO(m) �2�/�;�2 �`�2�H���t���i�B�Q�M�b �i�?�`�Q�m�;�?�Q�m�i

�i�?�2 �2�t�2�+�m�i�B�Q�M �Q�7 �i�?�2 �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K�X �h�?�m�b�- �i�?�2 �Q�p�2�`���H�H �i�B�K�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2

���H�;�Q�`�B�i�?�K �#�2�+�Q�K�2�bO((m + n) �H�Q�;n) �7�Q�` �� �#�B�M���`�v �?�2���T�X

�h�?�m�b�- �i�?�2 ���`�`���v �#���b�2�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �Q�T�i�B�K���H �7�Q�` �;�`���T�?�b �?���p�B�M�;
( n2

�H�Q�;n )

�2�/�;�2�b�X �6�Q�` �b�T���`�b�2 �;�`���T�?�b �?���p�B�M�;O( n2

�H�Q�;n ) �2�/�;�2�b�- �i�?�2 �#�B�M���`�v �?�2���T �#���b�2�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M �B�b

���b�v�K�T�i�Q�i�B�+���H�H�v �Q�T�i�B�K���H�X
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�k�X�k �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �/�2�b�+�`�B�#�2 �i�?�2 �B�K�T�H�2�K�2�M�i���i�B�Q�M �/�2�i���B�H�b �Q�7 �i�?�2 �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �(�k�j�)

�i�Q �+�Q�K�T�m�i�2 �i�?�2 �2�t���+�ip�@�q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �#�2�i�r�2�2�M �i�r�Q �b�2�i�b �Q�7n �T�Q�B�M�i�bA ���M�/B �B�Md�@

�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2�X �_�2�+���H�H �i�?���i �i�?�2 �+�Q�K�T�H�2�i�2 �#�B�T���`�i�B�i�2 �;�`���T�? �Q�M �i�?�2 �i�r�Q �T�Q�B�M�i

�b�2�i�bA ���M�/B �B�b �/�2�M�Q�i�2�/ �#�vG(A; B )�X �q�2 ���b�b�Q�+�B���i�2 �r�B�i�? �2�p�2�`�v �2�/�;�2(a; b) �B�M �i�?�2 �;�`���T�? ��

�+�Q�b�i �r�?�B�+�? �B�b �b�B�K�T�H�v �i�?�2p�@�i�? �T�Q�r�2�` �Q�7 �i�?�2 �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2ka � bk �#�2�i�r�2�2�Ma ���M�/b�X

�>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �?�Q�r�2�p�2�` �r�Q�`�F�b �7�Q�` ���M�v ���`�#�B�i�`���`�v �+�Q�b�ic(a; b) ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �2�/�;�2

(a; b): �h�?�2 �+�Q�b�i �Q�7 ���M�v �K���i�+�?�B�M�;M �Q�7G �B�b �;�B�p�2�M �#�vwp(M ) ���b �/�2�b�+�`�B�#�2�/ �B�M �1�[�m���i�B�Q�M�R�X�R�X

�>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �b�B�K�m�H�i���M�2�Q�m�b�H�v �K���t�B�K�B�x�2�b �i�?�2 �M�m�K�#�2�` �Q�7 �2�/�;�2�b �B�M �i�?�2 �K���i�+�?�B�M�;M ���b

�r�2�H�H ���b �K�B�M�B�K�B�x�2�b �i�?�2 �+�Q�b�i �Q�7 �i�?�2 �K���i�+�?�B�M�;�X �q�2 �M�Q�r �B�M�i�`�Q�/�m�+�2 �i�?�2 �M�Q�i�B�Q�M�b �Q�7 �/�m���H �7�2���b�B�#�B�H�B�i�v�-

�b�H���+�F ���M�/ �r�2�B�;�?�i�2�/ �`�2�b�B�/�m���H �;�`���T�?�X

�k�X�k�X�R �.�m���H �6�2���b�B�#�B�H�B�i�v

�h�?�2 �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �B�b �#���b�2�/ �Q�M �i�?�2 �T�`�B�K���H�@�/�m���H �7�`���K�2�r�Q�`�F �r�?�2�`�2�- ���H�Q�M�; �r�B�i�? �� �K���i�+�?�@

�B�M�;M �- �7�Q�` �2�p�2�`�v �T�Q�B�M�iv 2 A [ B �- �i�?�2 ���H�;�Q�`�B�i�?�K �K���B�M�i���B�M�b �� �M�Q�M�@�M�2�;���i�B�p�2�/�m���H �r�2�B�;�?�iy(v)�X

�P�M�2 �+���M �B�M�i�2�`�T�`�2�i �� �/�m���H �r�2�B�;�?�iy(v) �Q�M ���M�v �T�Q�B�M�iv ���b �� �/�B�b�+ �+�2�M�i�2�`�2�/ ���`�Q�m�M�/v �r�B�i�? ��

�`���/�B�m�b �Q�7y(v)�X �q�2 �`�2�7�2�` �i�Q �i�?�2�b�2 ���b �i�?�2�/�m���H �/�B�b�+�b�X

�h�?�2 �b�2�i �Q�7 �/�m���H �r�2�B�;�?�i�by(�) �B�b�7�2���b�B�#�H�2�r�B�i�? �`�2�b�T�2�+�i �i�QM �B�7 �7�Q�` �2�p�2�`�v �2�/�;�2(a; b) 2 A � B �-

y(v) � 0; v 2 A [ B; �U�k�X�R�V

y(b) � y(a) � k a � bkp; (a; b) /2 M; �U�k�X�k�V

y(b) � y(a) = ka � bkp; (a; b) 2 M: �U�k�X�j�V
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�6�B�;�m�`�2�k�X�R�B�H�H�m�b�i�`���i�2�b �� �7�2���b�B�#�H�2 �K���i�+�?�B�M�; ���M�/ �� �7�2���b�B�#�H�2 �M�Q�M�@�K���i�+�?�B�M�; �2�/�;�2 ���M�/ �i�?�2�B�` �/�m���H

�/�B�b�+�b�X

�U���V �U�#�V �U�+�V

�6�B�;�m�`�2 �k�X�R�, �U���V �� �7�2���b�B�#�H�2 �M�Q�M�@�K���i�+�?�B�M�; �2�/�;�2�- �U�#�V �� �7�2���b�B�#�H�2 �K���i�+�?�B�M�; �2�/�;�2�- �U�+�V ���M �B�M�7�2���b�B�#�H�2
�2�/�;�2�X

�k�X�k�X�k �a�H���+�F

�q�2 �/�2�7�B�M�2 �i�?�2�b�H���+�F�Q�7 ���M �2�/�;�2(a; b) �r�B�i�? �`�2�b�T�2�+�i �i�Qy(�) ���b �7�Q�H�H�Q�r�b�,

s(a; b) = ka � bkp � y(b) + y(a): �U�k�X�9�V

�h�?�2 �b�H���+�F �Q�7 �� �M�Q�M�@�K���i�+�?�B�M�; �2�/�;�2 �B�b �M�Q�M�@�M�2�;���i�B�p�2 ���M�/ �i�?�2 �b�H���+�F �Q�7 �� �K���i�+�?�B�M�; �2�/�;�2 �B�b �x�2�`�Q �B�7

y(�) �K�2�2�i �i�?�2 �7�2���b�B�#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M�b�X

�k�X�k�X�j ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �S���i�?

���M �2�/�;�2(a; b) �B�b �+�Q�M�b�B�/�2�`�2�/���/�K�B�b�b�B�#�H�2�B�7 �B�i �?���b �x�2�`�Q �b�H���+�F�- �r�?�B�+�? �K�2���M�b �i�?���i �B�i �K�2�2�i�b �#�Q�i�?

�i�?�2 �7�2���b�B�#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M�b �U�k�X�k�V ���M�/ �U�k�X�j�V �b�B�K�m�H�i���M�2�Q�m�b�H�v�X �h�?�m�b�- ���M ���/�K�B�b�b�B�#�H�2 �2�/�;�2 �+���M �#�2

���/�/�2�/ �Q�` �`�2�K�Q�p�2�/ �7�`�Q�K �i�?�2 �K���i�+�?�B�M�; �r�B�i�?�Q�m�i �p�B�Q�H���i�B�M�; ���M�v �Q�7 �i�?�2 �7�2���b�B�#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M�b�X

���b �/�2�b�+�`�B�#�2�/ �2���`�H�B�2�`�- ���M ���m�;�K�2�M�i�B�M�; �T���i�? �B�b �� �T���i�? ���H�i�2�`�M���i�B�M�; �#�2�i�r�2�2�M �i�?�2 �2�/�;�2�b �B�MM ���M�/

�2�/�;�2�b �M�Q�i �B�MM ���M�/ �?���p�B�M�; �#�Q�i�? �i�?�2 �2�M�/�T�Q�B�M�i�b �m�M�K���i�+�?�2�/ �r�B�i�? �`�2�b�T�2�+�i �i�QM: ���M ���m�;�K�2�M�i�B�M�;
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�T���i�? �B�b �+�Q�M�b�B�/�2�`�2�/ ���/�K�B�b�b�B�#�H�2 �B�7 �B�i �2�t�+�H�m�b�B�p�2�H�v �+�Q�M�b�B�b�i�b �Q�7 ���/�K�B�b�b�B�#�H�2 �2�/�;�2�b�X �� �K���i�+�?�B�M�;M 0

�Q�#�i���B�M�2�/ �#�v ���m�;�K�2�M�i�B�M�; �� �K���i�+�?�B�M�;M ���H�Q�M�; ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�?P �`�2�K���B�M�b

�7�2���b�B�#�H�2 �r�B�i�? �`�2�b�T�2�+�i �i�Qy(�)�X �>�2�M�+�2�- �r�2 �+���M �7�B�M�/ �i�?�2 �Q�T�i�B�K���H �K���i�+�?�B�M�; �?���p�B�M�; �K�B�M�B�K�m�K �+�Q�b�i

�#�v �B�i�2�`���i�B�p�2�H�v �7�B�M�/�B�M�; ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? ���M�/ ���m�;�K�2�M�i�B�M�; �i�?�2 �K���i�+�?�B�M�; ���H�Q�M�; �B�i�X

�k�X�k�X�9 �_�2�b�B�/�m���H �:�`���T�?

�h�Q ���b�b�B�b�i �B�M �+�Q�K�T�m�i�B�M�; ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �K���i�+�?�B�M�;M �-

�r�2 �+�`�2���i�2 �� �/�B�`�2�+�i�2�/� �̀2�b�B�/�m���H �;� �̀��T�?
�!
GM �Q�M �i�?�2 �b���K�2 �p�2�`�i�2�t �b�2�i ���bG(A; B ): �1�p�2�`�v �2�/�;�2

(a; b) 2 G(A; B ) �B�b ���b�b�B�;�M�2�/ �� �+�Q�b�i �2�[�m���H �i�Q �B�i�b �b�H���+�F ���M�/ �;�B�p�2�M �� �/�B�`�2�+�i�B�Q�M �#���b�2�/ �Q�M �B�i�b

�T�`�2�b�2�M�+�2 �B�MM �X �A�7 �i�?�2 �2�/�;�2 �B�b �T�`�2�b�2�M�i �B�MM �- �r�2 �/�B�`�2�+�i �B�i �7�`�Q�Ka �i�Qb �Q�` �2�H�b�2 �r�2 �/�B�`�2�+�i �B�i

�7�`�Q�Kb �i�Qa: �h�?�m�b�- ���M�v ���H�i�2�`�M���i�B�M�; �T���i�? �B�MG(A; B ) �B�b �� �/�B�`�2�+�i�2�/ �T���i�? �B�M
�!
GM �X �a�B�K�B�H���`�H�v�-

���M�v ���m�;�K�2�M�i�B�M�; �T���i�?P �B�MG(A; B ) �B�b �� �/�B�`�2�+�i�2�/ �T���i�? �B�M
�!
GM �i�?���i �b�i���`�i�b ���M�/ �2�M�/�b ���i �� �7�`�2�2

�p�2�`�i�2�t�X

�k�X�k�X�8 ���m�;�K�2�M�i�2�/ �_�2�b�B�/�m���H �:�`���T�?

�q�2 �K�Q�/�B�7�v �i�?�2 �`�2�b�B�/�m���H �;�`���T�? �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M �#�v ���/�/�B�M�; �� �M�2�r �p�2�`�i�2�ts:

�q�2 �+�Q�M�M�2�+�is �r�B�i�? �2�p�2�`�v �m�M�K���i�+�?�2�/ �T�Q�B�M�i �Q�7B �#�v �� �/�B�`�2�+�i�2�/ �2�/�;�2�X �q�2 ���b�b�B�;�M �� �+�Q�b�i �Q�7 �x�2�`�Q

�i�Q ���H�H �b�m�+�? �2�/�;�2�b�X �q�2 �`�2�7�2�` �i�Q �i�?�B�b �K�Q�/�B�7�B�2�/ �`�2�b�B�/�m���H �;�`���T�? ���b ���M ���m�;�K�2�M�i�2�/ �`�2�b�B�/�m���H �;�`���T�?�X

�k�X�k�X�e ���H�;�Q�`�B�i�?�K

�A�i �B�b �r�2�H�H�@�F�M�Q�r�M �i�?���i �� �7�2���b�B�#�H�2 �K���i�+�?�B�M�; �i�?���i �B�b �T�2�`�7�2�+�i �B�b ���H�b�Q �� �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�; �(�k�k�)�X

�>�2�`�2 �B�b �� �b�B�K�T�H�2 �T�`�Q�Q�7 �7�Q�` �i�?�2 �b���K�2�X

�S� �̀Q�Q�7�X�G�2�iM � �#�2 ���M�v �T�2�`�7�2�+�i �7�2���b�B�#�H�2 �K���i�+�?�B�M�; ���M�/y(�) �#�2 �i�?�2 �b�2�i �Q�7 �7�2���b�B�#�H�2 �/�m���H �r�2�B�;�?�i�b
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�r�B�i�? �`�2�b�T�2�+�i �i�QM � �X �l�b�B�M�; �1�[�m���i�B�Q�M�k�X�j�-

wp(M � ) =

0

@
X

(a;b)2 M �

ka � bkp

1

A

1/ p

=

0

@
X

(a;b)2 M �

y(b) � y(a)

1

A

1/ p

:

�G�2�iM �#�2 ���M�v �T�2�`�7�2�+�i �K���i�+�?�B�M�; �b�m�+�? �i�?���iM 6= M � : �l�b�B�M�; �1�[�m���i�B�Q�M�b�k�X�k���M�/�k�X�j�-

wp(M ) =

0

@
X

(a;b)2 M

ka � bkp

1

A

1/ p

�

0

@
X

(a;b)2 M

y(b) � y(a)

1

A

1/ p

:

�h�?�m�b�-wp(M ) � wp(M � ): �>�2�M�+�2�-M � �B�b �i�?�2 �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�;�X

�h�?�2�`�2�7�Q�`�2�- �i�?�2 �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �+���M �;�`���/�m���H�H�v �B�M�+�`�2���b�2 �i�?�2 �+���`�/�B�M���H�B�i�v �Q�7 �i�?�2 �K���i�+�?�B�M�;

�r�?�B�H�2 �F�2�2�T�B�M�; �i�`���+�F �Q�7 �� �b�2�i �Q�7 �7�2���b�B�#�H�2 �/�m���H �r�2�B�;�?�i�by(�)�X �h�Q �#�2�;�B�M�- �i�?�2 ���H�;�Q�`�B�i�?�K �b�2�i�bM

�i�Q �#�2 ���M �2�K�T�i�v �K���i�+�?�B�M�; ���M�/ �;�B�p�2�b �2�p�2�`�v �p�2�`�i�2�tv 2 A [ B �� �/�m���H �r�2�B�;�?�i �Q�70�X �h�?�B�b �B�M�B�i�B���H

���b�b�B�;�M�K�2�M�i �Q�7 �i�?�2 �/�m���H �r�2�B�;�?�i�b �K�2�2�i ���H�H �i�?�2 �i�?�`�2�2 �7�2���b�B�#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M�b ���b ���H�H �i�?�2 �2�/�;�2 �+�Q�b�i�b

���`�2 �M�Q�M�@�M�2�;���i�B�p�2�X �h�?�2 ���H�;�Q�`�B�i�?�K �i�?�2�M �T�`�Q�+�2�2�/�b �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�i�2�T�b �7�Q�`n �B�i�2�`���i�B�Q�M�b�,

�Ç �>�m�M�;���`�B���M �a�2���`�+�?�,

�� �*�Q�K�T�m�i�2 �i�?�2 ���m�;�K�2�M�i�2�/ �`�2�b�B�/�m���H �;�`���T�? �r�B�i�? �`�2�b�T�2�+�i �i�QM: �1�t�2�+�m�i�2 �i�?�2 �.�B�D�F�b�i�`���ö�b

�b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�`�B�i�?�K �b�i���`�i�B�M�; �7�`�Q�Ks �r�?�B�+�? �+�Q�K�T�m�i�2�b �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �/�B�b�i���M�+�2

� v �7�`�Q�Ks �i�Q �2�p�2�`�v �T�Q�B�M�iv 2 A [ B �X� v ���H�b�Q �`�2�T�`�2�b�2�M�i�b �i�?�2 �b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2 �Q�7

v �7�`�Q�K �� �7�`�2�2 �T�Q�B�M�i �Q�7B �X �G�2�i� �#�2 �i�?�2 �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �7�`�Q�Ks �i�Q ���M�v �7�`�2�2

�T�Q�B�M�i �Q�7A�- �B�X�2�X� = �K�B�Mv2 A F � v �X �G�2�iu �/�2�M�Q�i�2 �i�?�2 �T�Q�B�M�i �Q�7AF �i�?���i ���+�?�B�2�p�2�b �i�?�B�b

�K�B�M�B�K�m�K�X

�� �6�Q�` ���M�vv 2 A [ B; �B�7� v < �; �i�?�2�M �r�2 �m�T�/���i�2 �B�i�b �/�m���H �r�2�B�;�?�i ���b �7�Q�H�H�Q�r�b�,

y(v) = y(v) + � � � v �X



�R�9 �+�Ñ�ž�ÿ���¶�� �l�Y �T���¶�ã�Ô�è�Ô�é�ž���Ô�¶��

�Ç ���m�;�K�2�M�i�,

�� �G�2�iP0
u �/�2�M�Q�i�2 �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Ks �i�Qu ���M�/Pu �/�2�M�Q�i�2 �i�?�2 �T���i�? �Q�#�i���B�M�2�/ �#�v

�`�2�K�Q�p�B�M�;s �7�`�Q�KP0
u �XPu �B�b ���M ���H�i�2�`�M���i�B�M�; �T���i�? �i�?���i �b�i���`�i�b ���i �� �7�`�2�2 �T�Q�B�M�i �Q�7B

���M�/ �2�M�/�b ���i �� �7�`�2�2 �T�Q�B�M�i �Q�7A�X �h�?�m�b�-Pu �B�b ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? ���M�/ �i�?�2

���H�;�Q�`�B�i�?�K ���m�;�K�2�M�i�b �i�?�2 �K���i�+�?�B�M�; ���H�Q�M�;Pu �#�v �`�2�K�Q�p�B�M�; ���H�H �i�?�2 �K���i�+�?�B�M�; �2�/�;�2�b

�B�MPu ���M�/ ���/�/�B�M�; �#���+�F ���H�H �i�?�2 �M�Q�M�@�K���i�+�?�B�M�; �2�/�;�2�b �B�MPu �X

���H�;�Q�`�B�i�?�K �k�?���é�Ì�ž���Ô�ž�é(A; B )

�A�M�T�m�i�,�h�r�Q �T�Q�B�M�i �b�2�i�bA ���M�/B �B�Md�@�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2
�P�m�i�T�m�i�,�� �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�;M; y (�)

�R�,�a�2�i �i�?�2 �/�m���H �r�2�B�;�?�i�b �Q�7 ���H�H �T�Q�B�M�i�b �i�Q �#�20
�k�, �r�?�B�H�2B F 6= ; �/�Q
�j�, P; y  �?���é�Ì�ž���Ô�ž�é�b�¶�ž���«�Ñ(M; y )
�9�, M  �����Ì�è�¶�é��(M; P )

�8�,�`�2�i�m�`�MM; y(�)

�h�?�2 �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �2�t�2�+�m�i�2�b �i�?�2 �>�m�M�;���`�B���M �a�2���`�+�? ���M�/ ���m�;�K�2�M�i �T�`�Q�+�2�/�m�`�2�b �7�Q�` �2�t�@

���+�i�H�vn �B�i�2�`���i�B�Q�M�b �i�Q �7�B�M�/ �i�?�2 �T�2�`�7�2�+�i �K���i�+�?�B�M�; �r�B�i�? �K�B�M�B�K�m�K �+�Q�b�i�X �1���+�? �B�i�2�`���i�B�Q�M �B�M�p�Q�H�p�2�b

�2�t�2�+�m�i�B�Q�M �Q�7 �i�?�2 �.�B�D�F�b�i�`���ö�b �b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�`�B�i�?�K�- �r�?�B�+�? �i���F�2�bO(n2) �i�B�K�2�X �h�?�2�`�2�7�Q�`�2�- �i�?�2

�i�Q�i���H �i�B�K�2 �i���F�2�M �#�v �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K �7�Q�` �� �+�Q�K�T�H�2�i�2 �#�B�T���`�i�B�i�2 �;�`���T�? �?���p�B�M�;n �p�2�`�i�B�+�2�b �B�M

�2���+�? �b�2�i �B�bO(n3)�X

�k�X�k�X�d �L�2�i �*�Q�b�i

�G�2�iM �#�2 ���M�v �K���i�+�?�B�M�;�X �h�?�2�M�2�i �+�Q�b�i�Q�7 �� �2�/�;�2(a; b) �B�b �;�B�p�2�M �#�v�,

� (a; b) =

8
>><

>>:

�k a � bkp (a; b) 2 M

ka � bkp (a; b) /2 M



�l�Y�l�Y �?���é�Ì�ž���Ô�ž�é ���ã�Ì�ñ���Ô���Ñ�è �R�8

�h�?�2 �M�2�i �+�Q�b�i �Q�7 �� �b�2�i �Q�7 �2�/�;�2�bS �B�b �;�B�p�2�M �#�v �i�?�2 �b�m�K �Q�7 �i�?�2 �M�2�i �+�Q�b�i �Q�7 �i�?�2 �B�M�/�B�p�B�/�m���H �2�/�;�2�b�X

�h�?�m�b�- �i�?�2 �M�2�i �+�Q�b�i �Q�7 ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? �`�2�7�H�2�+�i�b �i�?�2 �+�?���M�;�2 �B�M �i�?�2 �K���i�+�?�B�M�;

�+�Q�b�i �/�m�2 �i�Q ���m�;�K�2�M�i���i�B�Q�M �Q�7M ���H�Q�M�; ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�?P�X

�G�2�K�K�� �k�X�R�X�h�?�2 �M�2�i �+�Q�b�i �Q�7 ���M ���m�;�K�2�M�i�B�M�; �T���i�?P �b�i���`�i�B�M�; ���ibf ���M�/ �2�M�/�B�M�; ���iaf �B�b �2�[�m���H

�i�Q �i�?�2 �b�m�K �Q�7 �b�H���+�F�b �Q�7 �i�?�2 �2�/�;�2�b �Q�7P ���M�/ �i�?�2 �/�m���H �r�2�B�;�?�i �Q�7bf :

�S� �̀Q�Q�7�X�G�2�iP �#�2 ���M ���m�;�K�2�M�i�B�M�; �T���i�? �r�B�i�? �`�2�b�T�2�+�i �i�Q �� �K���i�+�?�B�M�;M �i�?���i �b�i���`�i�b ���ibf ���M�/

�2�M�/�b ���iaf : �h�?�2 �M�2�i �+�Q�b�i �Q�7P �B�b �;�B�p�2�M �#�v�-� (P) =
P

(a;b)2 P � (a; b)�X �"�v �1�[�m���i�B�Q�M �U�k�X�k�X�d�V�-

� (P) =

0

@
X

(a;b)2 P nM

ka � bkp

1

A �

0

@
X

(a;b)2 P \ M

ka � bkp

1

A :

�l�b�B�M�; �1�[�m���i�B�Q�M �U�k�X�9�V�-

� (P) =

0

@
X

(a;b)2 P nM

y(b) � y(a) + s(a; b)

1

A �

0

@
X

(a;b)2 P \ M

y(b) � y(a) + s(a; b)

1

A

= y(bf ) � y(af ) +

0

@
X

(a;b)2 P nM

s(a; b)

1

A �

0

@
X

(a;b)2 P \ M

s(a; b)

1

A :

�a�H���+�F �Q�7 �2�/�;�2�b �B�b �i�?�2 �K���i�+�?�B�M�; �B�b0: �h�?�2 �/�m���H �r�2�B�;�?�i �Q�7 �� �7�`�2�2 �T�Q�B�M�i �Q�7A �B�b ���H�b�Q0: �h�?�m�b�-

� (P) = y(bf ) +
X

(a;b)2 P

s(a; b):



�*�?���T�i�2�` �j

�.�B�p�B�/�2 ���M�/ �*�Q�M�[�m�2�` �>�m�M�;���`�B���M

���H�;�Q�`�B�i�?�K

�j�X�R �J���B�M �B�/�2���b �#�2�?�B�M�/ �i�?�2 ���H�;�Q�`�B�i�?�K

���b �r�2 �b���K�T�H�2 �K�Q�`�2 �T�Q�B�M�i�b �7�`�Q�K �i�?�2 �b���K�2 �/�B�b�i�`�B�#�m�i�B�Q�M�- �i�?�2 ���p�2�`���;�2 �+�Q�b�i �Q�7 ���M �2�/�;�2 �B�M �i�?�2 �K�B�M�@

�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�; �`�2�/�m�+�2�b ���M�/ �K�Q�b�i �Q�7 �i�?�2 �K���i�+�?�2�/ �T�Q�B�M�i�b ���`�2 �B�M �T�`�Q�t�B�K�B�i�v �Q�7 �2���+�? �Q�i�?�2�`�X

�h�?�m�b�- �r�2 �+���M �m�b�2 �i�?�2 �/�B�p�B�/�2�@���M�/�@�+�Q�M�[�m�2�` �7�`���K�2�r�Q�`�F �i�Q �7�B�M�/ �i�?�2 �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�;�X

�6�B�;�m�`�2�j�X�R�B�H�H�m�b�i�`���i�2�b �i�?�2 �T�?�2�M�Q�K�2�M�Q�M �Q�7 �i�?�2 ���p�2�`���;�2 �+�Q�b�i �Q�7 �� �K���i�+�?�B�M�; �2�/�;�2 �;�Q�B�M�; �/�Q�r�M ���b

�K�Q�`�2 ���M�/ �K�Q�`�2 �T�Q�B�M�i�b ���`�2 �b���K�T�H�2�/ �7�`�Q�K �i�?�2 �b���K�2 �/�B�b�i�`�B�#�m�i�B�Q�M�X

�:�B�p�2�M �� �b�[�m���`�2� �B�M2�@�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2�- �r�2 �+���M �/�B�p�B�/�2� �B�M�i�Q �7�Q�m�` �2�[�m���H �+�?�B�H�/�`�2�M

�b�[�m���`�2�b ���M�/ �`�2�+�m�`�b�B�p�2�H�v �7�B�M�/ �� �7�2���b�B�#�H�2 �K���i�+�?�B�M�; �B�M �2���+�? �+�?�B�H�/�X �.�Q�B�M�; �b�Q�- �?�Q�r�2�p�2�`�- �K���v

�H�2���/ �i�Q �� �/�m���H �r�2�B�;�?�i ���b�b�B�;�M�K�2�M�i �i�?���i �p�B�Q�H���i�2�b �i�?�2 �7�2���b�B�#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M �7�Q�`�#�`�B�/�;�2 �2�/�;�2�b�- �B�X�2�-

�2�/�;�2�b �i�?���i �+�`�Q�b�b �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�2 �+�?�B�H�/�`�2�M �b�[�m���`�2�b�X �6�B�;�m�`�23:2 (a) �B�H�H�m�b�i�`���i�2�b �7�2���b�B�#�H�2

�/�m���H ���b�b�B�;�M�K�2�M�i ���i �i�r�Q �+�?�B�H�/�`�2�M �b�[�m���`�2�b �r�?�B�+�? �r�?�2�M �+�Q�K�#�B�M�2�/ �`�2�b�m�H�i�b �B�M ���M �B�M�7�2���b�B�#�H�2 �/�m���H

���b�b�B�;�M�K�2�M�i ���i �i�?�2 �T���`�2�M�i�X �h�?�m�b�- �B�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �+�Q�M�[�m�2�` �b�i�2�T �7�Q�` �i�?�2 ���H�;�Q�`�B�i�?�K �#�2�+�Q�K�2�b

�+�?���H�H�2�M�;�B�M�;�X

�h�Q �Q�p�2�`�+�Q�K�2 �i�?�B�b �/�B�7�7�B�+�m�H�i�v�- �r�2 ���/�/ ���M ���/�/�B�i�B�Q�M���H �+�Q�M�/�B�i�B�Q�M �i�?���i �`�2�b�i�`�B�+�i�b �i�?�2 �/�m���H �/�B�b�+�b

�Q�7 �� �T�Q�B�M�iv �B�M�b�B�/�2 �i�?�2 �+�?�B�H�/�`�2�M �b�[�m���`�2� 0 �i�Q ���H�r���v�b �b�i���v �B�M�b�B�/�2� 0�- �B�X�2�X�-y(v) � d(v; � 0)p�-

�R�e



�k�Y�S�Y �K�ž�Ô�é �Ô�²�¶�ž�� �ª�¶�Ñ�Ô�é�² ���Ñ�¶ �ž�ã�Ì�ñ���Ô���Ñ�è �R�d

�U���V �U�#�V

�U�+�V �U�/�V

�6�B�;�m�`�2 �j�X�R�, �J�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�; �7�Q�` �T�Q�B�M�i�b �b���K�T�H�2�/ �m�M�B�7�Q�`�K�H�v �B�M �� �m�M�B�i �b�[�m���`�2 �#�2�i�r�2�2�M
�i�r�Q �b�2�i�b �Q�7 �U���V10 �T�Q�B�M�i�b�- �U�#�V50 �T�Q�B�M�i�b�- �U�+�V100 �T�Q�B�M�i�b�- �U�/�V500 �T�Q�B�M�i�b�X
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�r�?�2�`�2d(v; � 0)p �B�b �i�?�2 �/�B�b�i���M�+�2 �Q�7v �i�Q �i�?�2 �+�H�Q�b�2�b�i �#�Q�m�M�/���`�v �Q�7� 0 �U�6�B�;�m�`�2�j�X�k�U�#�V�V�X �a�m�+�? ��

� �̀2�b�i�`�B�+�i�2�/ �7�2���b�B�#�H�2 �K���i�+�?�B�M�;�B�M�b�B�/�2 �2���+�? �Q�7 �i�?�2 �7�Q�m�` �+�?�B�H�/�`�2�M �b�[�m���`�2�b �Q�7� �i�`�B�p�B���H�H�v �+�Q�K�#�B�M�2 �i�Q

�7�Q�`�K �� �7�2���b�B�#�H�2 �K���i�+�?�B�M�; ���i� �X �h�?�m�b�- �Q�M�2 �+���M ���T�T�H�v �i�?�2 �/�B�p�B�/�2�@���M�/�@�+�Q�M�[�m�2�` �7�`���K�2�r�Q�`�F �i�Q

�+�Q�K�T�m�i�2 �b�m�+�? �� �`�2�b�i�`�B�+�i�2�/ �7�2���b�B�#�H�2 �K���i�+�?�B�M�;�X �6�Q�` ���M�v ���`�#�B�i�`���`�v �b�[�m���`�2� �i�?�2 �K���i�+�?�B�M�; �K���v

�#�2 �Q�7 �� �p�2�`�v �b�K���H�H �+���`�/�B�M���H�B�i�v �B�7 �K�Q�b�i �Q�7 �i�?�2 �T�Q�B�M�i�b ���`�2 �+�H�Q�b�2 �i�Q �i�?�2 �#�Q�m�M�/���`�v�X �A�M �i�?�B�b �+���b�2�-

�K�Q�b�i �Q�7 �i�?�2 �r�Q�`�F �B�b �/�Q�M�2 �B�M �i�?�2 �+�Q�M�[�m�2�` �b�i�2�T �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K�X �h�Q ���p�Q�B�/ �i�?�B�b�- �r�2 �+�`�2���i�2 ��

�`���M�/�Q�K�H�v �b�?�B�7�i�2�/ �[�m���/�i�`�2�2 �b�Q �i�?���i �K�Q�b�i �Q�7 �i�?�2 �T�Q�B�M�i�b ���`�2 �K���i�+�?�2�/ �r�?�B�H�2 �b�Q�H�p�B�M�; �i�?�2 �b�K���H�H�2�`

�b�m�#�T�`�Q�#�H�2�K�b�X

�U���V �U�#�V

�6�B�;�m�`�2 �j�X�k�, �U���V �6�2���b�B�#�H�2 �K���i�+�?�B�M�;�b �7�Q�` �+�?�B�H�/�`�2�M �i�?���i �B�b �B�M�7�2���b�B�#�H�2 �r�?�2�M �+�Q�K�#�B�M�2�/ ���i �i�?�2 �T���`�2�M�i
�U�i�?�2 �2�/�;�2(b; a0) �B�b �B�M�7�2���b�B�#�H�2�V�- �U�#�V �_�2�b�i�`�B�+�i�2�/ �7�2���b�B�#�H�2 �K���i�+�?�B�M�;�b �B�M�b�B�/�2 �i�?�2 �+�?�B�H�/�`�2�M�- �r�?�B�+�? �B�b
���H�b�Q �`�2�b�i�`�B�+�i�2�/ �7�2���b�B�#�H�2 �r�?�2�M �+�Q�K�#�B�M�2�/ ���i �T���`�2�M�i�X

�j�X�k �S�`�2�H�B�K�B�M���`�B�2�b

�q�2 �#�2�;�B�M �#�v �B�M�i�`�Q�/�m�+�B�M�; �i�?�2 �M�Q�i���i�B�Q�M�b �M�2�+�2�b�b���`�v �i�Q �/�2�b�+�`�B�#�2 �Q�m�` ���H�;�Q�`�B�i�?�K�X �:�B�p�2�M �i�r�Q �b�2�i�b �Q�7

�T�Q�B�M�i�bA�-B ���M�/ ���M�v �b�[�m���`�2� �B�M2�@�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2�- �H�2�iA � = A \ � �-B � = B \ �

���M�/ �H�2�in� = jA � [ B � j�X �G�2�i` � �/�2�M�Q�i�2 �i�?�2 �b�B�/�2�@�H�2�M�;�i�? �Q�7� �X �6�Q�` ���M�v �T�Q�B�M�iv 2 A � [ B � �- �H�2�i

�i�?�2 �b�?�Q�`�i�2�b�i �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 �Q�7v �i�Q ���M�v �#�Q�m�M�/���`�v �Q�7 �i�?�2� �#�2 �/(v; � )�X

�:�B�p�2�M �i�?�2 �B�M�T�m�i �T�Q�B�M�i�bA [ B �B�M�b�B�/�2 �� �b�[�m���`�2[0; l � ]2�- �� � �̀��M�/�Q�K�H�v �b�?�B�7�i�2�/ �[�m���/�i� �̀2�2�Q�M �i�?�2

�B�M�T�m�i �+���M �#�2 �+�Q�M�b�i�`�m�+�i�2�/ ���b �7�Q�H�H�Q�r�b�X �G�2�i� �#�2 �� �T�Q�B�M�i �+�?�Q�b�2�M �m�M�B�7�Q�`�K�H�v ���i �`���M�/�Q�K �7�`�Q�K �i�?�2



�k�Y�l�Y �T���¶�ã�Ô�è�Ô�é�ž���Ô�¶�� �R�N

�b�[�m���`�2[0; l � ]2�X �.�2�7�B�M�2 �i�?�2 �b�[�m���`�2� � := [ � 4l � ; 4l � ]2 + � �i�Q �#�2 �i�?�2 �`�Q�Q�i �Q�7 �i�?�2 �[�m���/�i�`�2�2Q�X

�_�2�+�m�`�b�B�p�2�H�v �+�Q�M�b�i�`�m�+�iQ �#�v �/�2�+�Q�K�T�Q�b�B�M�; ���M�v �b�[�m���`�2� �r�B�i�?n� > 1 �B�M�i�Q �7�Q�m�` �2�[�m���H �b�[�m���`�2�b

�2���+�? �Q�7 �r�?�B�+�? �#�2�+�Q�K�2 �i�?�2 �+�?�B�H�/�`�2�M �Q�7� �X ���M�v �b�[�m���`�2 �r�B�i�? �2�t���+�i�H�v �Q�M�2 �T�Q�B�M�i �#�2�+�Q�K�2�b �� �H�2���7

�b�[�m���`�2 �Q�7Q: �6�Q�` ���M�v �T�Q�B�M�i �b�2�iP �B�M �i�?�2 �1�m�+�H�B�/�2���M �b�T���+�2�- �i�?�2 �b�T�`�2���/� �Q�7P �B�b �i�?�2 �`���i�B�Q

�Q�7 �i�?�2 �/�B�b�i���M�+�2 �Q�7 �i�?�2 �7�m�`�i�?�2�b�i �T���B�` �Q�7 �T�Q�B�M�i�b �i�Q �i�?�2 �/�B�b�i���M�+�2 �Q�7 �i�?�2 �+�H�Q�b�2�b�i �T���B�` �B�MP�X �"�v

�+�Q�M�b�i�`�m�+�i�B�Q�M�- �i�?�2 �?�2�B�;�?�ih �Q�7 �i�?�2 �[�m���/�i�`�2�2 �B�bh = O(�H�Q�;�) �X

�L�2�t�i�- �7�Q�` ���M�v �b�[�m���`�2� �- �r�2 �B�M�i�`�Q�/�m�+�2 �� �p���`�B���M�i �Q�7 �i�?�2 �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�; �T�`�Q�#�H�2�K

�r�?�B�+�? �r�2 �`�2�7�2�` �i�Q �#�v �i�?�2�K�B�M�B�K�m�K�@�+�Q�b�i� �@�+�Q�M�b�i� �̀��B�M�2�/ �K���i�+�?�B�M�;�T�`�Q�#�H�2�K�X �:�B�p�2�M �� �b�[�m���`�2� �-

�+�Q�M�b�B�/�2�` �� �K���i�+�?�B�M�;M � �Q�7B � �i�QA � �X �G�2�iB F
� �/�2�M�Q�i�2 �i�?�2 �7�`�2�2 �T�Q�B�M�i�b �Q�7B � �r�B�i�? �`�2�b�T�2�+�i �i�Q

M � �X �q�2 �/�2�7�B�M�2 �i�?�2� �@�+�Q�M�b�i� �̀��B�M�2�/ �+�Q�b�i�Q�7 �i�?�2 �K���i�+�?�B�M�;M � �- �/�2�M�Q�i�2�/ �#�vw� (M � )�- ���b

w� (M � ) =
X

(a;b)2 M �

ka � bkp +
X

b2 B F
�

�/(b;� )p: �U�j�X�R�V

�6�Q�` ���M�v �b�[�m���`�2� �- �i�?�2�K�B�M�B�K�m�K�@�+�Q�b�i� �@�+�Q�M�b�i� �̀��B�M�2�/ �K���i�+�?�B�M�;�U� �@�J�*�J�V�- �/�2�M�Q�i�2�/ �#�vM �
� �-

�B�b �b�B�K�T�H�v �� �K���i�+�?�B�M�; �r�B�i�? �i�?�2 �K�B�M�B�K�m�K� �@�+�Q�M�b�i�`���B�M�2�/ �+�Q�b�i�X �6�Q�` ���M�v ���`�#�B�i�`���`�v �b�[�m���`�2� �Q�7

�i�?�2 �[�m���/�i�`�2�2Q�-M �
� �K���v �#�2 �Q�7 �� �p�2�`�v �b�K���H�H �+���`�/�B�M���H�B�i�v�X �a�2�2�- �7�Q�` �B�M�b�i���M�+�2 �B�M �6�B�;�m�`�2�j�X�j�U���V

�r�?�2�`�2B �B�b �i�?�2 �b�2�i �Q�7 �#�H�m�2 �T�Q�B�M�i�b�- �1�[�m���i�B�Q�M �U�j�X�R�V �B�b �K�B�M�B�K�B�x�2�/ �r�?�2�M �i�?�2 �#�H�m�2 �T�Q�B�M�i�b �K���T �i�Q

�i�?�2 �#�Q�m�M�/���`�v�- �B�X�2�X�-w� (M ) =
P

b2 B �/(b;� ) ���M�/M �
� �B�b ���M �2�K�T�i�v �K���i�+�?�B�M�;�X �>�Q�r�2�p�2�`�- �7�Q�` ���M�v

�b�[�m���`�2� �Q�7 �i�?�2 �[�m���/�i�`�2�2Q�- �i�?�2�`�2 ���`�2 �M�Q�i �K���M�v �T�Q�B�M�i�b �i�?���i ���`�2 �p�2�`�v �+�H�Q�b�2 �i�Q �i�?�2 �#�Q�m�M�/���`�v

�Q�7� �B�M �2�t�T�2�+�i���i�B�Q�M �/�m�2 �i�Q �i�?�2 �`���M�/�Q�K �b�?�B�7�i �U�b�2�2 �6�B�;�m�`�2�j�X�j�U�#�V ���M�/ �U�+�V�V�X

�q�2 �/�2�b�B�;�M �� �T�`�B�K���H�@�/�m���H �K�2�i�?�Q�/ �i�Q �+�Q�K�T�m�i�2M �
� � �r�?�B�+�? �B�b ���H�b�Q �� �K�B�M�B�K�m�K �+�Q�b�i �T�2�`�7�2�+�i

�K���i�+�?�B�M�; �Q�7A �i�QB�X �q�2 �#�2�;�B�M �#�v �B�M�i�`�Q�/�m�+�B�M�; �i�?�2 �/�m���H �7�2���b�B�#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M�b �K���B�M�i���B�M�2�/ �#�v

�Q�m�` ���H�;�Q�`�B�i�?�K�X



�k�y �+�Ñ�ž�ÿ���¶�� �k�Y �/�Ô�&�Ô�²�¶ �ž�é�² �+�ñ�é�����¶�� �?���é�Ì�ž���Ô�ž�é ���ã�Ì�ñ���Ô���Ñ�è

�U���V �U�#�V �U�+�V

�6�B�;�m�`�2 �j�X�j�, �U���V �� �K�B�M�B�K�m�K�@�+�Q�b�i� �@�+�Q�M�b�i�`���B�M�2�/ �K���i�+�?�B�M�; �r�?�2�`�2 ���H�H �T�Q�B�M�i�b �Q�7B �U�#�H�m�2 �T�Q�B�M�i�b�V
���`�2 �7�`�2�2 �T�Q�B�M�i�b�- �U�#�V �i�?�2 �#�Q�m�M�/���`�B�2�b �Q�7 �i�?�2 �+�2�H�H�b �Q�7 �i�?�2 �`���M�/�Q�K�H�v �b�?�B�7�i�2�/ �[�m���/�i�`�2�2 �U�b�Q�H�B�/ �H�B�M�2�V
���M�/ �i�?�2� �@�+�H�Q�b�2 �T�Q�B�M�i�b �i�Q �i�?�2 �+�2�H�H�b �Q�7 �i�?�2 �[�m���/�i�`�2�2 �U�T�Q�B�M�i�b �B�M �i�?�2 �b�?���/�2�/ ���`�2���V�- �U�+�V �i�?�2
�K���i�+�?�B�M�;�b �+�Q�M�b�i�`���B�M�2�/ �i�Q �i�?�2 �+�2�H�H�b �Q�7 �i�?�2 �[�m���/�@�i�`�2�2�X

�j�X�k�X�R �*�Q�M�b�i�`���B�M�2�/ �6�2���b�B�#�B�H�B�i�v

�6�Q�` ���M�v �b�[�m���`�2� �Q�7 �i�?�2 �[�m���/�i�`�2�2Q�- �r�2 �b���v �i�?���i �� �K���i�+�?�B�M�;M � �Q�MA � [ B � ���H�Q�M�; �r�B�i�? ��

�b�2�i �Q�7 �M�Q�M�@�M�2�;���i�B�p�2 �/�m���H �r�2�B�;�?�i�by(�) �7�Q�` �i�?�2 �T�Q�B�M�i�b �B�MA � [ B � �B�b� �@�7�2���b�B�#�H�2�B�7 �i�?�2 �7�Q�H�H�Q�r�B�M�;

�T�`�Q�T�2�`�i�B�2�b �?�Q�H�/�X

y(v) � 0; v 2 A [ B; �U�j�X�k�V

y(b) � y(a) � k a � bkp; (a; b) 2 A � B; �U�j�X�j�V

y(b) � y(a) = ka � bkp; (a; b) 2 M � : �U�j�X�9�V

y(b) � �/(b;� )p; b2 B � ; �U�j�X�8�V

y(a) = 0 ; a 2 AF
� : �U�j�X�e�V

�:�B�p�2�M ��� �@�7�2���b�B�#�H�2 �K���i�+�?�B�M�;M � ���M�/ �/�m���H �r�2�B�;�?�i�by(�)�- �r�2 �b���v ���M�v �T�Q�B�M�ib2 B � �B�b ��� �@�7� �̀2�2

�T�Q�B�M�i�r�B�i�? �`�2�b�T�2�+�i �i�QM � �- �B�7b �B�b �M�Q�i �K���i�+�?�2�/ �B�MM � ���M�/y(b) < �/(b;� )�X �G�2�iBF
� �/�2�M�Q�i�2 �i�?�2

�b�2�i �Q�7 ���H�H� �@�7�`�2�2 �T�Q�B�M�i�b �B�MB � �X �q�2 �b���v �i�?���i ��� �@�7�2���b�B�#�H�2 �K���i�+�?�B�M�;M � ���H�Q�M�; �r�B�i�? �� �b�2�i �Q�7



�k�Y�l�Y �T���¶�ã�Ô�è�Ô�é�ž���Ô�¶�� �k�R

�/�m���H �r�2�B�;�?�i�by(�) �B�b� �@�Q�T�i�B�K���H �B�7 �B�i �/�Q�2�b �M�Q�i �?���p�2 ���M�v� �@�7�`�2�2 �T�Q�B�M�i�b �B�MB�- �B�X�2�X�-BF
� = ; �X

�L�2�t�i�- �r�2 �2�t�i�2�M�/ �i�?�2 �/�2�7�B�M�B�i�B�Q�M �Q�7 �b�H���+�F ���b �r�2�H�H ���b ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? �i�Q� �@�7�2���b�B�#�H�2

�K���i�+�?�B�M�;�b�X

�j�X�k�X�k �a�H���+�F�b

�6�Q�` ���M�v� �@�7�2���b�B�#�H�2 �K���i�+�?�B�M�;M; y (�) ���M�/ ���M�v �T���B�` �Q�7 �T�Q�B�M�i�b(a; b) 2 A � � B � �- �r�2 �/�2�7�B�M�2 �i�?�2

�b�H���+�F�Q�M �i�?�2 �7�2���b�B�#�B�H�B�i�v �+�Q�M�b�i�`���B�M�i �7�Q�` �2�/�;�2(a; b)�- �/�2�M�Q�i�2�/ �#�vs(a; b)�- ���b

s(a; b) = ka � bkp � y(b) + y(a):

�6�Q�` ���M�v �T�Q�B�M�ib2 B �- �r�2 �/�2�7�B�M�2 �i�?�2 �b�H���+�F �Q�7b �r�B�i�? �`�2�b�T�2�+�i �i�Q �+�Q�M�b�i�`���B�M�i �U�j�X�8�V �i�Q �#�2

s� (b) := �/(b;� ) � y(b)�X

�q�?�B�H�2 �i�?�2 �/�2�7�B�M�B�i�B�Q�M �Q�7 �2�/�;�2 �b�H���+�F�b ���`�2 �B�/�2�M�i�B�+���H �i�Q �r�?���i �B�b �m�b�2�/ �r�B�i�?�B�M �i�?�2 �>�m�M�;���`�B���M ���H�@

�;�Q�`�B�i�?�K�- �i�?�2 �/�2�7�B�M�B�i�B�Q�M �Q�7 �b�H���+�F �Q�M �i�?�2 �T�Q�B�M�i�b �Q�7B � �B�b �M�2�r ���M�/ �?�2�H�T �?���M�/�H�2 �1�[�m���i�B�Q�M �U�j�X�8�V�X

�a�B�M�+�2 �i�?�2 �/�m���H �r�2�B�;�?�i�b ���b�b�Q�+�B���i�2�/ �r�B�i�? ���M�v� �@�7�2���b�B�#�H�2 �K���i�+�?�B�M�; �b���i�B�b�7�B�2�b �1�[�m���i�B�Q�M�b �U�j�X�j�V��
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y(v)  �/(v; � )p ���M�/M �  ; �X �A�7v 2 A�- �i�?�2 ���H�;�Q�`�B�i�?�K �b�2�i�by(v)  0 ���M�/M �  ; ���M�/

�`�2�i�m�`�M�b�X
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�� �*�Q�K�T�m�i�2 �i�?�2 �`�2�b�B�/�m���H �;�`���T�?
�!
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�K�B�Mf �K�B�Ma2 A F
�

� a; �K�B�Mb2 B �
� b+ s� (b)g ���M�/ �H�2�iu �/�2�M�Q�i�2 �i�?�2 �T�Q�B�M�i �i�?���i ���+�?�B�2�p�2�b �i�?�B�b

�K�B�M�B�K�m�K�X �L�Q�i�2 �i�?���iu 2 AF
� [ B � �X

�� �6�Q�` ���M�vv 2 A [ B; �B�7� v < �; �i�?�2�M �r�2 �m�T�/���i�2 �B�i�b �/�m���H �r�2�B�;�?�i ���b �7�Q�H�H�Q�r�b�,

y(v) = y(v) + � � � v �X
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���H�;�Q�`�B�i�?�K �j�/���+�?���é�Ì�ž���Ô�ž�é(� ; A � ; B � )
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�R�,�B�7� �B�b �� �H�2���7 �Q�7Q �i�?�2�M . �"���b�2 �+���b�2
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�d�, M � i ; y  �/���+�?���é�Ì�ž���Ô�ž�é(� i ; A � i ; B � i ); 8i 2 [1; 4]
�3�, M �  
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�+�Q�b�i �Q�7 �i�?�2�b�2 ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�?�b �B�b �b�B�K�T�H�v �i�?�2 �+�Q�b�i �Q�7 �i�?�2 �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�;�X

���b �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M�j�X�R�- �i�?�2 �i�?�2 ���p�2�`���;�2 �+�Q�b�i �Q�7 ���M �2�/�;�2 �B�M �i�?�2 �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�;

�`�2�/�m�+�2�b ���b �r�2 �b���K�T�H�2 �K�Q�`�2 �T�Q�B�M�i�b �7�`�Q�K �i�?�2 �b���K�2 �/�B�b�i�`�B�#�m�i�B�Q�M�X �h�?�m�b�- �i�?�2 ���p�2�`���;�2 �M�2�i �+�Q�b�i

�Q�7 �i�?�2 ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�?�b ���H�b�Q �`�2�/�m�+�2�b ���b �r�2 �b���K�T�H�2 �K�Q�`�2 �T�Q�B�M�i�b �7�`�Q�K �i�?�2 �b���K�2

�/�B�b�i�`�B�#�m�i�B�Q�M�X ���b �/�2�b�+�`�B�#�2�/ �B�M �G�2�K�K���k�X�R�- �i�?�2 �M�2�i �+�Q�b�i �Q�7 ���M ���m�;�K�2�M�i�B�M�; �T���i�? �B�b ���M �m�T�T�2�`

�#�Q�m�M�/ �Q�M �i�?�2 �b�H���+�F �Q�7 �i�?�2 �2�/�;�2�b �B�M �i�?�2 ���m�;�K�2�M�i�B�M�; �T���i�?�X �>�2�M�+�2�- �B�7 �i�?�2 �M�2�i �+�Q�b�i �Q�7 �i�?�2

���m�;�K�2�M�i�B�M�; �T���i�? �B�bC�- �r�2 �+���M �B�;�M�Q�`�2 ���H�H �2�/�;�2�b �i�?���i �?���p�2 �� �b�H���+�F �;�`�2���i�2�` �i�?���MC�r�?�B�H�2 �2�t�2�+�m�i�B�M�;

�i�?�2 �>�m�M�;���`�B���M �a�2���`�+�? �T�`�Q�+�2�/�m�`�2�X �A�M �i�?�2 �.�B�D�F�b�i�`���ö�b �b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�`�B�i�?�K�- �r�?�2�M�2�p�2�` �r�2

�`�2�i�`�B�2�p�2 ���M �m�M�2�t�T�H�Q�`�2�/ �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �p�2�`�i�2�tu �i�Q �#�2 ���/�/�2�/ �i�Q �i�?�2 �.�B�D�F�b�i�`���ö�b �i�`�2�2�- �r�2 �+�?�2�+�F

���H�H �i�?�2 �p�2�`�i�B�+�2�bv �b�m�+�? �i�?���i �i�?�2 �/�B�`�2�+�i�2�/ �2�/�;�2(u; v) �2�t�B�b�i�b �B�M �i�?�2 �;�`���T�? �i�Q �b�2�2 �B�7 �i�?�2�`�2 �2�t�B�b�i�b

�� �b�?�Q�`�i�2�` �T���i�? �i�Qv �i�?���i �;�Q�2�b �i�?�`�Q�m�;�?u ���M�/ �m�T�/���i�2 �B�i�b �/�B�b�i���M�+�2 �2�b�i�B�K���i�2�X �A�M�b�i�2���/�- �r�2 �Q�M�H�v

�M�2�2�/ �i�Q �+�?�2�+�F �i�?�2 �M�2�B�;�?�#�Q�m�`�B�M�; �p�2�`�i�B�+�2�b �i�?���i ���`�2 ���i �� �/�B�b�i���M�+�2 �Q�7 ���i �K�Q�b�iC �r�?�B�H�2 �2�t�2�+�m�i�B�M�;

�i�?�2 �>�m�M�;���`�B���M �b�2���`�+�? �T�`�Q�+�2�/�m�`�2�X �q�2 �`�2�7�2�` �i�Q �i�?�B�b ���b�G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �>�m�M�;���`�B���M �a�2��� �̀+�?�X
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�9�X�k ���H�;�Q�`�B�i�?�K �.�2�i���B�H�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �/�2�b�+�`�B�#�2 �Q�m�` ���H�;�Q�`�B�i�?�K �7�Q�` �+�Q�K�T�m�i�B�M�; ���M �Q�T�i�B�K���H �K���i�+�?�B�M�; �Q�M �� �T�Q�B�M�i �b�2�i

A [ B �X �6�Q�` �b�B�K�T�H�B�+�B�i�v �B�M �2�t�T�Q�b�B�i�B�Q�M �Q�7 �Q�m�` �B�/�2���b�- �r�2 �`�2�b�i�`�B�+�i �i�?�2 �T�`�2�b�2�M�i���i�B�Q�M �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K

�i�Q �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H �T�Q�B�M�i �b�2�i�b(d = 2) : �q�2 �b�i���`�i �Q�m�` ���H�;�Q�`�B�i�?�K �#�v �+�`�2���i�B�M�; �� �;�`�B�/ �#���b�2�/ �/���i��

�b�i�`�m�+�i�m�`�2 �i�?���i �b�i�Q�`�2�b �i�?�2 �T�Q�B�M�i�b �Q�7A�X �:�B�p�2�M �� �T�Q�B�M�ib 2 B ���M�/ �� �b�2���`�+�? �`���/�B�m�br �- �Q�m�` �/���i��

�b�i�`�m�+�i�m�`�2 �`�2�i�m�`�M�b �i�?�2 �H�B�b�i �Q�7 �T�Q�B�M�i�b �Q�7A �i�?���i ���`�2 �T�Q�i�2�M�i�B���H�H�v ���i �� �/�B�b�i���M�+�2� r �7�`�Q�Kb�X �P�m�`

�/���i�� �b�i�`�m�+�i�m�`�2 �K�B�;�?�i �`�2�i�m�`�M �7���H�b�2 �T�Q�b�B�i�B�p�2�b �#�m�i �B�i �B�M�+�H�m�/�2�b ���H�H �i�?�2 �i�`�m�2 �T�Q�b�B�i�B�p�2�b ���M�/ �?�2�M�+�2

�r�2 �/�Q �M�Q�i �+�Q�K�T�`�Q�K�B�b�2 �Q�M �i�?�2 �+�Q�`�`�2�+�i�M�2�b�b �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K�X �q�2 �+���H�H �i�?�B�b �/���i�� �b�i�`�m�+�i�m�`�2 ��

�>�B�2� �̀�� �̀+�?�B�+���H �:�`�B�/���M�/ �/�2�M�Q�i�2 �B�i �#�vG�X �q�2 �b�i���`�i �#�v �/�2�b�+�`�B�#�B�M�; �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7G�X

�9�X�k�X�R �>�B�2�`���`�+�?�B�+���H �:�`�B�/ �*�Q�M�b�i�`�m�+�i�B�Q�M

�q�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�- �r�2 ���b�b�m�K�2 �i�?���i ���H�H �i�?�2 �T�Q�B�M�i�b �Q�7A [ B �+�Q�K�2 �7�`�Q�K �� �b�[�m���`�2� � �Q�7

�b�B�/�2 �H�2�M�;�i�?l � � �X �6�Q�` ���M�v ���`�#�B�i�`���`�v� ; �H�2�in� �/�2�M�Q�i�2 �i�?�2 �M�m�K�#�2�` �Q�7 �T�Q�B�M�i�b �Q�7A �B�M �B�i ���M�/l �

�/�2�M�Q�i�2 �B�i�b �b�B�/�2 �H�2�M�;�i�?�X ���i �i�?�2 �i�Q�T�K�Q�b�i �H�2�p�2�H �Q�7 �>�B�2�`���`�+�?�B�+���H �:�`�B�/G�- �r�2 �?���p�2 �� �;�`�B�/ �?���p�B�M�; ��

�b�B�M�;�H�2 �;�`�B�/ �+�2�H�H �r�?�Q�b�2 �b�B�/�2 �H�2�M�;�i�? �B�b� � : �q�2 �`�2�/�m�+�2 �i�?�2 �b�B�/�2 �H�2�M�;�i�? �Q�7 �i�?�2 �;�`�B�/ �+�2�H�H �#�v2 ���b �r�2

�;�Q �/�Q�r�M �� �H�2�p�2�H �B�M �i�?�2 �>�B�2�`���`�+�?�B�+���H �:�`�B�/�X �h�?�m�b�- �i�?�2 �M�m�K�#�2�` �Q�7 �;�`�B�/ �+�2�H�H�b �B�M�+�`�2���b�2 �#�v �� �7���+�i�Q�`

�Q�72d ���b �r�2 �;�Q �/�Q�r�M �� �H�2�p�2�H �B�M �i�?�2 �>�B�2�`���`�+�?�B�+���H �:�`�B�/�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �b�2�+�Q�M�/ �H�2�p�2�H �r�B�H�H �?���p�2

4 �;�`�B�/ �+�2�H�H�b �?���p�B�M�; �� �b�B�/�2 �H�2�M�;�i�? �Q�7� � /2 �7�Q�` �T�Q�B�M�i�b �B�M2�@�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2�X �q�2

�F�2�2�T �Q�M ���/�/�B�M�; �H�2�p�2�H�b �i�Q �i�?�2 �>�B�2�`���`�+�?�B�+���H �:�`�B�/ �m�M�i�B�H �M�Q �;�`�B�/ �+�2�H�H �Q�7 �i�?�2 �H�2�p�2�H �?���b �K�Q�`�2 �i�?���M1

�T�Q�B�M�i �+�Q�M�i���B�M�2�/ �B�M �B�i�X �q�2 ���b�b�B�;�M �� �m�M�B�[�m�2 �B�/ �i�Q �2�p�2�`�v� �B�MG �#���b�2�/ �Q�M �B�i�b �H�2�p�2�H ���M�/ �i�?�2 ���`�2��

�Q�7 �i�?�2 �;�`�B�/ �i�?���i �B�i �+�Q�p�2�`�b �b�Q �i�?���i �r�2 �+���M �`�2�i�`�B�2�p�2 �B�i �2���b�B�H�v�X �1�p�2�`�v� �B�MG �?���b �� �H�B�b�i �Q�7 �T�Q�B�M�i�b

�Q�7A �+�Q�M�i���B�M�2�/ �B�M �B�i�X
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�9�X�k�X�k �>�B�2�`���`�+�?�B�+���H �:�`�B�/ �Z�m�2�`�v

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �2�t�T�H���B�M �?�Q�r �r�2 �m�b�2�/ �i�?�2 �>�B�2�`���`�+�?�B�+���H �:�`�B�/ �/���i�� �b�i�`�m�+�i�m�`�2 �i�Q �[�m�2�`�v �� �H�B�b�i

�Q�7 �T�Q�i�2�M�i�B���H �T�Q�B�M�i�b �i�?���i ���`�2 ���i �� �/�B�b�i���M�+�2� r �7�`�Q�K �� �;�B�p�2�M �T�Q�B�M�iu �7�Q�` �� �;�B�p�2�M �`���/�B�m�br: �h�?�2

�b�B�/�2 �H�2�M�;�i�? �Q�7 ���H�H �i�?�2� �i�?���i �#�2�H�Q�M�; �i�Q �i�?�2 �b���K�2 �H�2�p�2�H �B�MG �B�b �b���K�2�X ���b�b�m�K�B�M�; �i�?���i �H�2�p�2�H

�b�i���`�i�b �7�`�Q�K0 ���M�/ �B�M�+�`�2���b�2�b ���b �r�2 �;�Q �/�Q�r�M�- �i�?�2 �b�B�/�2 �H�2�M�;�i�? �Q�7 ��� �i�?���i �#�2�H�Q�M�;�b �i�Q �� �H�2�p�2�Hi �Q�7

G �B�bl � �

2i : �q�2 �7�B�M�/ �i�?�2 �H�Q�r�2�b�i �H�2�p�2�H �B�M �i�?�2 �>�B�2�`���`�+�?�B�+���H �:�`�B�/G �i�?���i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �;�`�B�/ �+�2�H�H�b�

�?���p�B�M�; �� �b�B�/�2 �H�2�M�;�i�?l � �b�m�+�? �i�?���i(l � )p � r �r�?�2�`�2p �/�2�M�Q�i�2�b �i�?�2 �q���b�b�2�`�b�i�2�B�M �/�B�b�i���M�+�2 �r�2 ���`�2

�+���H�+�m�H���i�B�M�;�X �G�2�ii �/�2�M�Q�i�2 �i�?�B�b �H�2�p�2�H�X �q�2 �i�?�2�M �7�B�M�/ �i�?�2 �B�/I �Q�7 �i�?�2 �;�`�B�/ �+�2�H�H ���i �H�2�p�2�Hi �r�?�2�`�2

�i�?�2 �B�M�T�m�i �T�Q�B�M�iu �r�Q�m�H�/ �#�2�H�Q�M�; �i�Q�X �L�2�t�i�- �r�2 �`�2�i�`�B�2�p�2 �i�?�28 �T�Q�b�b�B�#�H�2 �M�2�B�;�?�#�Q�m�`�B�M�; �;�`�B�/ �+�2�H�H�b

�Q�7gc�X �A�Md�@�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2�- ���M�v �;�`�B�/ �+�2�H�H �+���M �?���p�2 ���i �K�Q�b�i3d �M�2�B�;�?�#�Q�m�`�B�M�; �;�`�B�/

�+�2�H�H�b�X �q�2 �`�2�T�Q�`�i ���H�H �i�?�2 �T�Q�B�M�i�b �i�?���i ���`�2 �+�Q�M�i���B�M�2�/ �B�MI �Q�` ���M�v �Q�7 �B�i�b �M�2�B�;�?�#�Q�m�`�B�M�; �;�`�B�/ �+�2�H�H ���b

�i�?�2 �T�Q�i�2�M�i�B���H �T�Q�B�M�i�b �i�?���i ���`�2 ���i �� �/�B�b�i���M�+�2� r �7�`�Q�Ku�X

�9�X�k�X�j �*�Q�M�b�i�`���B�M�2�/ �.�B�D�F�b�i�`���ö�b �a�?�Q�`�i�2�b�i �S���i�? ���H�;�Q�`�B�i�?�K

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �/�2�b�+�`�B�#�2 �i�?�2 �p���`�B���i�B�Q�M �Q�7 �.�B�D�F�b�i�`���ö�b �b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�`�B�i�?�K �i�?���i �B�b �+�Q�M�@

�b�i�`���B�M�2�/ �#�v �� �;�B�p�2�M �p���H�m�2 �Q�7 �b�2���`�+�? �`���/�B�m�br �X �G�2�is �#�2 �i�?�2 �b�Q�m�`�+�2 �p�2�`�i�2�t �7�`�Q�K �r�?�2�`�2 �i�?�2

�.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K �#�2�;�B�M�b�X ���b �/�2�b�+�`�B�#�2�/ �2���`�H�B�2�` �B�M �*�?���T�i�2�`�k�X�R�- �i�?�2 �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K

�B�i�2�`���i�B�p�2�H�v �7�B�M�/�b ���M �m�M�2�t�T�H�Q�`�2�/ �p�2�`�i�2�tu �i�?���i �B�b ���i �� �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �7�`�Q�Ks�X �A�i �i�?�2�M �+�?�2�+�F�b

���H�H �i�?�2 �p�2�`�i�B�+�2�bv �b�m�+�? �i�?���i(u; v) 2 E �i�Q �b�2�2 �B�7 �i�?�2�`�2 �2�t�B�b�i�b �� �b�?�Q�`�i�2�` �T���i�? �i�Qv �i�?���i �;�Q�2�b

�i�?�`�Q�m�;�?u ���M�/ �m�T�/���i�2 �B�i�b �/�B�b�i���M�+�2 �2�b�i�B�K���i�2�X �>�Q�r�2�p�2�`�- �r�2 ���`�2 �B�M�i�2�`�2�b�i�2�/ �B�M �2�t�T�H�Q�`�B�M�; �i�?�2

�p�2�`�i�B�+�2�b �B�M �i�?�2 �;�`���T�? �i�?���i ���`�2 ���i �� �/�B�b�i���M�+�2� r �7�`�Q�Ks�X �G�2�i� u �/�2�M�Q�i�2 �i�?�2 �/�B�b�i���M�+�2 �Q�7 �i�?�2

�b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2 �T���i�? �i�Qu �7�`�Q�Ks�X �A�7� u > r; �r�2 �i�2�`�K�B�M���i�2 �i�?�2 ���H�;�Q�`�B�i�?�K�X ���M�v �p�2�`�i�2�tv �B�M

�i�?�2 �;�`���T�? �r�?�Q�b�2 �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Ks �T���b�b�2�b �i�?�`�Q�m�;�?u ���M�/ �B�b ���i �� �b�?�Q�`�i�2�b�i �T���i�? �/�B�b�i���M�+�2

� r �7�`�Q�Ks �r�B�H�H �#�2 ���i �� �b�?�Q�`�i�2�b�i �T���i�? �/�B�b�i���M�+�2� r � � u �7�`�Q�Ku �m�b�B�M�; �i�?�2 �i�`�B���M�;�H�2 �B�M�2�[�m���H�B�i�v�X



�k�3 �+�Ñ�ž�ÿ���¶�� �:�Y �;���Ô�² �#�ž���¶�² �?���é�Ì�ž���Ô�ž�é ���ã�Ì�ñ���Ô���Ñ�è

�>�2�M�+�2 �r�2 �m�b�2 �i�?�2 �>�B�2�`���`�+�?�B�+���H �:�`�B�/ �i�Q �[�m�2�`�v �i�?�2 �H�B�b�i �Q�7 �T�Q�i�2�M�i�B���H �T�Q�B�M�i�b �i�?���i ���`�2 ���i �� �/�B�b�@

�i���M�+�2r � � u �7�`�Q�Ku ���M�/ �m�T�/���i�2 �i�?�2�B�` �/�B�b�i���M�+�2 �2�b�i�B�K���i�2�b�X �q�2 �+�Q�M�i�B�M�m�2 �i�?�B�b �T�`�Q�+�2�b�b �B�i�2�`���i�B�p�2�H�v

�b�B�K�B�H���` �i�Q �i�?�2 �+�H���b�b�B�+���H �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K�X

�L�2�t�i �r�2 �/�B�b�+�m�b�b �i�?�2 �2�t�2�+�m�i�B�Q�M �/�2�i���B�H�b �Q�7 �Q�m�` ���H�;�Q�`�B�i�?�K�X �h�?�2 �M�Q�i�B�Q�M�b �Q�7 �/�m���H �r�2�B�;�?�i�b�- �/�m���H

�7�2���b�B�#�B�H�B�i�v �U�a�2�+�i�B�Q�M�k�X�k�X�R�V�- �b�H���+�F �U�a�2�+�i�B�Q�M�k�X�k�X�k�V�- ���M�/ ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? �U�a�2�+�i�B�Q�M

�k�X�k�X�j�V ���`�2 �b�B�K�B�H���` �i�Q �r�?���i �r���b �/�B�b�+�m�b�b�2�/ �2���`�H�B�2�` �/�m�`�B�M�; �i�?�2 �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �>�m�M�;���`�B���M

���H�;�Q�`�B�i�?�K �U�a�2�+�i�B�Q�M�k�X�k�V�X

�a�B�K�B�H���` �i�Q �i�?�2 �>�m�M�;���`�B���M ���H�;�Q�`�B�i�?�K�- �r�2 �B�M�B�i�B���H�B�x�2M �i�Q �#�2 ���M �2�K�T�i�v �K���i�+�?�B�M�; ���M�/ ���b�b�B�;�M �i�Q

�2�p�2�`�v �p�2�`�i�2�t ���M �B�M�B�i�B���H �/�m���H �r�2�B�;�?�i �Q�70�X �h�?�B�b �2�M�b�m�`�2�b �i�?���i ���H�H �i�?�2 �7�2���b�B�#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M�b ���`�2

�K�2�i�X �q�2 �7�B�M�/ �i�?�2 �Q�T�i�B�K���H �K���i�+�? �?���p�B�M�; �K�B�M�B�K�m�K �+�Q�b�i �#�v �B�i�2�`���i�B�p�2�H�v �2�t�2�+�m�i�B�M�; �i�?�2 �7�Q�H�H�Q�r�B�M�;

�b�i�2�T�b �7�Q�`n �B�i�2�`���i�B�Q�M�b�,

�Ç �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �>�m�M�;���`�B���M �a�2���`�+�?�,

�� �*�Q�K�T�m�i�2 �i�?�2 �`�2�b�B�/�m���H �;�`���T�?
�!
GM ; �/�2�7�B�M�2�/ �B�M �a�2�+�i�B�Q�M�k�X�k�X�9�X �_�2�+���H�H �i�?���i

�!
GM �?���b

�� �r�2�B�;�?�i ���b�b�Q�+�B���i�2�/ �r�B�i�? �2���+�? �2�/�;�2 �2�[�m���H �i�Q �B�i�b �b�H���+�F�X �a�2�H�2�+�i �� �7�`�2�2 �T�Q�B�M�i �Q�7B

�`���M�/�Q�K�H�v�X �G�2�ibf �/�2�M�Q�i�2 �i�?�2 �b�2�H�2�+�i�2�/ �T�Q�B�M�i�X �a�i���`�i �r�B�i�? ���M �B�M�B�i�B���H �;�m�2�b�b �Q�7 �i�?�2

�m�T�T�2�` �#�Q�m�M�/ �Q�7 �i�?�2 �M�2�i �+�Q�b�i �Q�7 ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? �i�?���i �b�i���`�i�b ���ibf �X

�G�2�iD �#�2 �i�?�2 �B�M�B�i�B���H �;�m�2�b�b �r�?�B�+�? �+���M �b�B�K�T�H�v �#�2 �i�?�2 �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �#�2�i�r�2�2�M ���M�v

�T���B�`(a; b) 2 A� B: �1�t�2�+�m�i�2 �i�?�2 �.�B�D�F�b�i�`���ö�b �b�?�Q�`�i�2�b�i �T���i�? ���H�;�Q�`�B�i�?�K �b�i���`�i�B�M�; �7�`�Q�Kbf

�+�Q�M�b�i�`���B�M�2�/ �r�B�i�?�B�M �� �`���/�B�m�b �Q�7 �p���H�m�2D �r�?�B�+�? �+�Q�K�T�m�i�2�b �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �/�B�b�i���M�+�2

� v �7�`�Q�Kbf �i�Q �2�p�2�`�v �T�Q�B�M�iv 2 A[ B �X �q�2 �m�b�2 �i�?�2 �#�B�M���`�v �?�2���T �#���b�2�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M

�Q�7 �i�?�2 �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K ���b �i�?�2 �;�`���T�? �m�M�/�2�` �+�Q�M�b�B�/�2�`���i�B�Q�M �B�b �b�T���`�b�2 �#�2�+���m�b�2 �r�2

���`�2 �/�Q�B�M�; �� �H�Q�+���H �.�B�D�F�b�i�`���ö�b �b�2���`�+�? �+�Q�M�b�i�`���B�M�2�/ �r�B�i�?�B�M �� �T�`�2�/�2�7�B�M�2�/ �`���/�B�m�b�X �G�2�i

af �#�2 �i�?�2 �7�B�`�b�i �7�`�2�2 �T�Q�B�M�i �Q�7A �i�?���i �;�2�i�b ���/�/�2�/ �i�Q �i�?�2 �.�B�D�F�b�i�`���ö�b �i�`�2�2�X �q�2 �b�i�Q�T

�i�?�2 �2�t�2�+�m�i�B�Q�M �Q�7 �i�?�2 �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K ���b �b�Q�Q�M ���b �r�2 �7�B�M�/ �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?



�:�Y�l�Y ���ã�Ì�ñ���Ô���Ñ�è �/�¶���ž�Ô�ã�� �k�N

�/�B�b�i���M�+�2 �i�Qaf : �A�7 �i�?�2 �+�Q�M�b�i�`���B�M�2�/ �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K �i�2�`�K�B�M���i�2�b �r�B�i�?�Q�m�i �7�B�M�/�B�M�;

�i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �i�Qaf �- �r�2 �B�M�+�`�2���b�2 �i�?�2 �;�m�2�b�b �#�v �� �7���+�i�Q�` �Q�72 ���M�/ �`�2�@�`�m�M �i�?�2

�.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K �r�B�i�? �i�?�2 �M�2�r �+�Q�M�b�i�`���B�M�2�/ �`���/�B�m�b�X �q�2 �+�Q�M�i�B�M�m�2 �i�?�B�b �T�`�Q�+�2�b�b

�m�M�i�B�H �r�2 �7�B�M�/ �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �i�Qaf �X �G�2�i� �/�2�M�Q�i�2 �i�?�2 �b�?�Q�`�i�2�b�i �/�B�b�i���M�+�2 �i�Qaf

�7�`�Q�Kbf �X

�� �6�Q�` ���M�vv 2 A [ B; �B�7� v < �; �i�?�2�M �r�2 �m�T�/���i�2 �B�i�b �/�m���H �r�2�B�;�?�i ���b �7�Q�H�H�Q�r�b�,

y(v) = y(v) + � � � v �X

�Ç ���m�;�K�2�M�i�,

�� �G�2�iP �/�2�M�Q�i�2 �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kbf �i�Qu�XP �B�b ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�?

���M�/ �i�?�2 ���H�;�Q�`�B�i�?�K ���m�;�K�2�M�i�b �i�?�2 �K���i�+�?�B�M�; ���H�Q�M�;P �#�v �`�2�K�Q�p�B�M�; ���H�H �i�?�2 �K���i�+�?�B�M�;

�2�/�;�2�b �B�MP ���M�/ ���/�/�B�M�; �#���+�F ���H�H �i�?�2 �M�Q�M�@�K���i�+�?�B�M�; �2�/�;�2�b �B�MP�X

���H�;�Q�`�B�i�?�K �9�;���Ô�²�#�ž���¶�²�?���é�Ì�ž���Ô�ž�é(A; B )

�A�M�T�m�i�,�h�r�Q �T�Q�B�M�i �b�2�i�bA ���M�/B �B�Md�@�/�B�K�2�M�b�B�Q�M���H �1�m�+�H�B�/�2���M �b�T���+�2
�P�m�i�T�m�i�,�� �K�B�M�B�K�m�K �+�Q�b�i �K���i�+�?�B�M�;M; y (�)

�R�,�a�2�i �i�?�2 �/�m���H �r�2�B�;�?�i�b �Q�7 ���H�H �T�Q�B�M�i�b �i�Q �#�20
�k�, �r�?�B�H�2B F 6= ; �/�Q
�j�, P; y  �H�ñ�«�ž�ã�M�¶�Ô�Ì�Ñ�ª�ñ�����Ñ�ñ�ñ�²�?���é�Ì�ž���Ô�ž�é�b�¶�ž���«�Ñ(M; y )
�9�, M  �����Ì�è�¶�é��(M; P )

�8�,�`�2�i�m�`�MM; y(�)

�P�m�` ���H�;�Q�`�B�i�?�K �2�t�2�+�m�i�2�b �2�t���+�i�H�v �7�Q�`n �B�i�2�`���i�B�Q�M�b �r�?�2�`�2 �B�M �2�p�2�`�v �B�i�2�`���i�B�Q�M �B�i �T�2�`�7�Q�`�K�b �K�m�H�i�B�T�H�2

�+�Q�M�b�i�`���B�M�2�/ �.�B�D�F�b�i�`���ö�b �b�2���`�+�? �m�M�i�B�H �B�i �7�B�M�/�b ���M ���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�?�X �q�2 �7�B�M���H�H�v �`�2�i�m�`�M

�i�?�2 �T�2�`�7�2�+�i �K���i�+�?�B�M�;M �Q�#�i���B�M�2�/ ���7�i�2�` �i�?�2n �B�i�2�`���i�B�Q�M�b �Q�7 �i�?�2 �>�m�M�;���`�B���M �a�2���`�+�? ���M�/ ���m�;�K�2�M�i

�T�`�Q�+�2�/�m�`�2�b�X

�G�2�K�K�� �9�X�R�X�h�?�2 �b�?�Q�`�i�2�b�i �T���i�? �p���H�m�2�b �+�Q�K�T�m�i�2�/ �/�m�`�B�M�; �i�?�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �>�m�M�;���`�B���M

�a�2��� �̀+�? ��� �̀2 �+�Q�`� �̀2�+�i�X



�j�y �+�Ñ�ž�ÿ���¶�� �:�Y �;���Ô�² �#�ž���¶�² �?���é�Ì�ž���Ô�ž�é ���ã�Ì�ñ���Ô���Ñ�è

�S� �̀Q�Q�7�X�G�2�ibf �#�2 �i�?�2 �`���M�/�Q�K�H�v �+�?�Q�b�2�M �7�`�2�2 �T�Q�B�M�i �Q�7B ���M�/R �#�2 �i�?�2 �;�m�2�b�b �r�?�2�M �r�2 �b�i�Q�T

�i�?�2 �*�Q�M�b�i�`���B�M�2�/ �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K�X �G�2�i� v �#�2 �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �/�B�b�i���M�+�2 �7�`�Q�Kbf �i�Q �i�?�2

�p�2�`�i�2�tv �`�2�T�Q�`�i�2�/ �#�v �Q�m�` ���H�;�Q�`�B�i�?�K�X �G�2�ilv �#�2 �i�?�2 ���+�i�m���H �b�?�Q�`�i�2�b�i �T���i�? �/�B�b�i���M�+�2 �7�`�Q�Kbf �i�Q

�i�?�2 �p�2�`�i�2�tv�X ���7�i�2�` �`�m�M�M�B�M�; �i�?�2 �*�Q�M�b�i�`���B�M�2�/ �.�B�D�F�b�i�`���ö�b ���H�;�Q�`�B�i�?�K�- �r�2 ���b�b�2�`�i �i�?���i� v = lv �B�7

lv � R : �P�M�+�2 �� �p�2�`�i�2�tv �B�b �2�t�i�`���+�i�2�/ ���b �i�?�2 �K�B�M�B�K�m�K �/�B�b�i���M�+�2 �2�b�i�B�K���i�2 �p�2�`�i�2�t�-� v �`�2�K���B�M�b

�m�M�+�?���M�;�2�/ ���7�i�2�` �i�?���i�X �h�?�m�b�- �r�2 �M�2�2�/ �i�Q �b�?�Q�r �i�?���i� v = lv �r�?�2�Mv �B�b �2�t�i�`���+�i�2�/�X �q�2 �T�`�Q�p�2

�i�?�B�b �m�b�B�M�; �+�Q�M�i�`���/�B�+�i�B�Q�M�X �G�2�iu �#�2 �i�?�2 �7�B�`�b�i �2�t�i�`���+�i�2�/ �p�2�`�i�2�t �b�m�+�? �i�?���i� u 6= lu: �h�?�2 �7�Q�H�H�Q�r�B�M�;

�i�?�`�2�2 �b�i���i�2�K�2�M�i�b �?�Q�H�/ �7�Q�`u:

�Ç u �+���M�M�Q�i �#�2bf ���b� bf = 0:

�Ç �h�?�2�`�2 �2�t�B�b�i�b �� �T���i�? �7�`�Q�Kbf �i�Qu: �P�i�?�2�`�r�B�b�2�-� u = 1 ���M�/ �m �r�Q�m�H�/ �M�Q�i �#�2 �2�t�i�`���+�i�2�/�X

�Ç �a�B�M�+�2 �i�?�2�`�2 �2�t�B�b�i�b �� �T���i�? �7�`�Q�Kbf �i�Qu; �i�?�2�`�2 �K�m�b�i �#�2 �� �b�?�Q�`�i�2�b�i �T���i�? ���b �r�2�H�H�X

�G�2�iP �#�2 �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Kbf �i�Qu�X �G�2�ix �#�2 �i�?�2 �H���b�i �p�2�`�i�2�t �B�MP �i�?���i �?���b �#�2�2�M �2�t�i�`���+�i�2�/

���M�/y �#�2 �i�?�2 �7�B�`�b�i �p�2�`�i�2�t �B�MP �i�?���i �?���b �M�Q�i �v�2�i �#�2�2�M �2�t�i�`���+�i�2�/�X �G�2�iP1 �#�2 �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?

�7�`�Q�Kbf �i�Qx ���M�/P2 �#�2 �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �7�`�Q�Ky �i�Qu: �h�?�m�b�- �i�?�2 �b�?�Q�`�i�2�b�i �T���i�?P �+�Q�M�b�B�b�i�b �Q�7

P1; �i�?�2 �2�/�;�2(x; y) ���M�/P2:

�a�B�M�+�2x �?���b �#�2�2�M �2�t�i�`���+�i�2�/�- �r�2 �;�2�i� x = lx �X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �2�/�;�2(x; y) �r�Q�m�H�/ �?���p�2 �#�2�2�M

�`�2�H���t�2�/ �r�?�2�Mx �r���b �2�t�i�`���+�i�2�/ ���b� x + c(x; y) � R : �h�?�2�`�2�7�Q�`�2�-� y = ly � lu � � u �X �6�B�M���H�H�v�-

�b�B�M�+�2u �B�b �2�t�i�`���+�i�2�/ �#�2�7�Q�`�2y�- �r�2 �b�?�Q�m�H�/ �?���p�2� u � � y �X �h�?�m�b�- �i�?�2 ���#�Q�p�2 �i�r�Q �B�M�2�[�m���H�B�i�B�2�b

�K�m�b�i �#�2 �2�[�m���H�B�i�B�2�b ���M�/� y = � u �- �r�?�B�+�? �+�Q�M�i�`���/�B�+�i�b �Q�m�` �?�v�T�Q�i�?�2�b�B�b ���M�/ ���b �� �`�2�b�m�H�i�- �7�Q�` �2�p�2�`�v

�2�t�i�`���+�i�2�/ �p�2�`�i�2�tv�-� v = lv �B�7lv � R :

�G�2�K�K�� �9�X�k�X�h�?�2 �/�m���H �r�2�B�;�?�i�b � �̀2�K���B�M �7�2���b�B�#�H�2 ���7�i�2�` �2�t�2�+�m�i�B�M�; �i�?�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/

�>�m�M�;���`�B���M �a�2��� �̀+�? �T� �̀Q�+�2�/�m� �̀2�X
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�S� �̀Q�Q�7�X�G�2�iM ���M�/y(�) �#�2 �� �K���i�+�?�B�M�; ���M�/ �b�2�i �Q�7 �7�2���b�B�#�H�2 �/�m���H �r�2�B�;�?�i�b �#�2�7�Q�`�2 �2�t�2�+�m�i�B�M�; �i�?�2

�G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �>�m�M�;���`�B���M �a�2���`�+�? �T�`�Q�+�2�/�m�`�2�X �G�2�iy0(�) �#�2 �i�?�2 �b�2�i �Q�7 �m�T�/���i�2�/ �/�m���H

�r�2�B�;�?�i�b ���7�i�2�` �2�t�2�+�m�i�B�M�; �i�?�2 �G�Q�+���H �L�2�B�;�?�#�Q�m�`�?�Q�Q�/ �>�m�M�;���`�B���M �a�2���`�+�? �T�`�Q�+�2�/�m�`�2�X �_�2�+���H�H �i�?���i

�2�p�2�`�v �M�Q�M�@�K���i�+�?�B�M�; �2�/�;�2 �B�M
�!
GM ; �B�b �/�B�`�2�+�i�2�/ �7�`�Q�K �� �T�Q�B�M�i �B�MB �i�Q �� �T�Q�B�M�i �B�MA �r�?�2�`�2���b �2�p�2�`�v

�K���i�+�?�B�M�; �2�/�;�2 �B�M
�!
GM ; �B�b �/�B�`�2�+�i�2�/ �7�`�Q�K �� �T�Q�B�M�i �B�MA �i�Q �� �T�Q�B�M�i �B�MB: �G�2�iP �#�2 �i�?�2 �7�Q�m�M�/

���/�K�B�b�b�B�#�H�2 ���m�;�K�2�M�i�B�M�; �T���i�? �i�?���i �b�i���`�i�b ���ibf ���M�/ �2�M�/�b ���iaf ���M�/ �?���b �� �M�2�i �+�Q�b�i �Q�7C: �h�?�m�b�-

� � C :

�*�Q�M�b�B�/�2�` ���M�v �K���i�+�?�B�M�; �2�/�;�2(a; b) �/�B�`�2�+�i�2�/ �7�`�Q�Ka 2 A �i�Qb2 B�X �h�?�2 �b�H���+�F �Q�7 �i�?�2 �2�/�;�2(a; b)

�B�b0 ���b ���H�H �K���i�+�?�B�M�; �2�/�;�2�b ���`�2 ���/�K�B�b�b�B�#�H�2�X �h�?�2 �B�M�@�/�2�;�`�2�2 �Q�7b �B�b1 ���b(a; b) �B�b �i�?�2 �Q�M�H�v �B�M�+�Q�K�B�M�;

�2�/�;�2 �i�Qb: �h�?�m�b�-� a = � b: �A�7� a; � b � �; �i�?�2 �/�m���H �r�2�B�;�?�i�b �Q�7a ���M�/b �`�2�K���B�M �m�M�+�?���M�;�2�/�X �A�7

� a; � b < �; �i�?�2 �/�m���H �r�2�B�;�?�i�b �Q�7a ���M�/b �r�B�H�H �#�2 �m�T�/���i�2�/�X

y0(b) � y0(a) = y(b) + ( � � � b) � y(a) � (� � � a)

= y(b) � y(a)

= ka � bkp:

�h�?�m�b �i�?�2 �K���i�+�?�B�M�; �2�/�;�2(a; b) �`�2�K���B�M�b �7�2���b�B�#�H�2 �B�M �#�Q�i�? �i�?�2 �+���b�2�b�X

�*�Q�M�b�B�/�2�` ���M�v �M�Q�M�@�K���i�+�?�B�M�; �2�/�;�2(a; b) �/�B�`�2�+�i�2�/ �7�`�Q�Kb 2 B �i�Qa 2 A �?���p�B�M�; �� �b�H���+�Fs(a; b)�X

�l�b�B�M�; �i�?�2 �b�?�Q�`�i�2�b�i �T���i�? �T�`�Q�T�2�`�i�v�-� a � � b � s(a; b): �h�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�m�` �+���b�2�b ���`�B�b�2�b�X

�U���V� a � � ���M�/� b � � : �h�?�2 �/�m���H �r�2�B�;�?�i�b �Q�7a ���M�/b �`�2�K���B�M �m�M�+�?���M�;�2�/ ���M�/ �i�?�2 �2�/�;�2(a; b)

�`�2�K���B�M�b �7�2���b�B�#�H�2�X
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�U�#�V� a � � ���M�/� b < � :

y0(b) � y0(a) = y(b) + ( � � � b) � y(a)

� y(b) � y(a) + � + s(a; b) � � a

� k a � bkp + � � � a

� k a � bkp;

���M�/ �i�?�2 �2�/�;�2(a; b) �`�2�K���B�M�b �7�2���b�B�#�H�2�X

�U�+�V� a < � ���M�/� b � � :

y0(b) � y0(a) = y(b) � y(a) � (� � � a)

= ka � bkp � s(a; b) � � + � b

� k a � bkp;

���M�/ �i�?�2 �2�/�;�2(a; b) �`�2�K���B�M�b �7�2���b�B�#�H�2�X

�U�/�V� a < C ���M�/� b < C :

y0(b) � y0(a) = y(b) + ( � � � b) � y(a) � (� � � a)

= y(b) � y(a) + ( � a � � b)

� y(b) � y(a) + s(a; b)

� k a � bkp;

���M�/ �i�?�2 �2�/�;�2(a; b) �`�2�K���B�M�b �7�2���b�B�#�H�2�X

�h�?�m�b�- ���H�H �2�/�;�2�b �`�2�K���B�M �7�2���b�B�#�H�2 �r�B�i�? �`�2�b�T�2�+�i �i�QM ���M�/ �i�?�2 �m�T�/���i�2�/ �b�2�i �Q�7 �/�m���H �r�2�B�;�?�i�b

y0(�):
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�1�t�T�2�`�B�K�2�M�i �.�2�i���B�H�b ���M�/ �_�2�b�m�H�i�b

In this section, we present the results of our experiments. We combine the ideas of the Divide

and Conquer Hungarian algorithm and the Hierarchical Grid data structure discussed in

Chapter 3 and Chapter 4 and implement a new algorithm which we refer to as Grid based

Divide and Conquer Hungarian algorithm. We compare the execution time of our algorithms

with that of the classical Hungarian algorithm. We analyze a Java implementation of our

algorithms on point sets drawn from synthetic data sets. We also use the same language

for the implementation of the Hungarian algorithm. We use an array based implementation

of Dijkstra’s shortest path algorithm while implementing the Hungarian algorithm as it is

asymptotically more optimal for complete bipartite graphs compared to the binary heap

based implementation. All computations are performed using a single calculation thread on

a Computer with a 2.6 GHz 6-Core Intel Core i7 CPU and 16 GB of 2667 MHz DDR4 RAM.

Hungarian algorithm runs Dijkstra’s shortest path algorithm for n iterations to find the

perfect matching with minimum cost. As described in Chapter 2.1, Dijkstra’s algorithm has

an distance estimate associated with every vertex in the graph, and it repetitively finds the

minimum distance estimate vertex u and updates the distance estimates of all the vertices

v reachable from it if a shorter path exists from the source to vertex to v that goes through

u. Thus, we note that the execution time of the Hungarian algorithm is dependent on the

total number of comparisons made during Dijkstra’s Search step throughout the n iterations

of the Hungarian Search procedure. In our algorithms, we exploit the geometry and reduce

33
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the number of comparisons made during Dijkstra’s algorithm to find an admissible aug-

menting path. We also analyze the total number of comparisons made by our algorithms in

comparison with the Hungarian algorithm. This analysis helps in understanding the actual

reason and intuition behind the better execution time of our algorithms and gets rid of any

implementation bias.

The novelty in the Divide and Conquer Hungarian algorithm lies in the fact that it reduces

the number of global Hungarian searches by matching most of the points in lower levels of

the quadtree. Sharathkumar, Pouyan and Akshaykumar show that ~O(n3/4 ) points match

to the boundary in expectation [16]. Hence the number of Hungarian Search calls at the

root cell must be of order ~O(n3/4 ) in expectation. We also analyze the number of Hungarian

Search calls executed by the Grid based Divide and Conquer Hungarian algorithm at the

root cell for point sets drawn from various distributions and different values of p.

�8�X�R �.���i���b�2�i�b

We test our algorithms on randomly generated datasets of two sets of points sampled in

a 1024� 1024 square that follow Uniform, Normal, Exponential distributions. We also

consider a new distribution which we refer to as a Clustered distribution which consists of

clusters of points following Normal distribution. For generating the datasets of the Clustered

distribution, we use the inbuilt function make_blobsfrom the well-known sklearn library.

Each dataset of the Clustered distribution has 10 clusters of points and the centers of these

clusters are chosen randomly. We generate 25 datasets for every distribution and analyze

the run time and the number of comparisons made by our algorithms in comparison with

HA while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance.



�9�Y�l�Y �i�¶������ 35

�8�X�k �h�2�b�i�b

For our experiments, we executed the following five algorithms:

1. Classical Hungarian algorithm (HA)

2. Divide and Conquer Hungarian algorithm (D&C HA)

3. Grid based Hungarian algorithm (Grid based HA)

4. Grid based Divide and Conquer Hungarian algorithm (Grid based D&C HA)

All the algorithms were executed on the same set of samples drawn from the datasets. In

each test and for a value of sample size n, we draw two sets of n samples randomly from each

of the datasets and execute the five algorithms on the sample. Then, we compare the running

time and the number of comparisons made by these algorithms averaged over 25 executions

for each sample size n. We varied the sample size from 1000to 5000; while comparing our

algorithms with the classical Hungarian algorithm. Finally, we show the scalability of our

Grid based algorithms by executing them on a sample size that varied from 5000to 100; 000:

�8�X�j �_�2�b�m�H�i�b

We present our results in this section. We begin by plotting the number of Hungarian Search

calls executed by the Grid based Divide and Conquer Hungarian algorithm at the root cell.

Figure 5.1 shows a plot of the number of calls of the Constrained Hungarian Search procedure

made by our algorithm at the root cell. Figure 5.2 illustrate the scattered plots of the number

of iterations of the Constrained Hungarian Search procedure for a square with n points of B

while computing the 1-Wasserstein distance for point sets sampled from Uniform, Normal,
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Clustered and Exponential distributions. We notice that our algorithm executes significantly

less than ~O(n3/4 ) Constrained Hungarian searches in practice for all the four distributions.

This suggests that the theoretical upper bound of ~O(n3/4 ) for the number of points matching

to the boundary might be an overestimate and a tighter analysis can be done.

For the rest of the plots, we average the results over the the four distributions in this section.

We will present a detailed analysis for each distribution individually later in Appendix A.

Figures 5.3, 5.4 and 5.5 illustrates the run time and the number of comparisons made by

Dijkstra’s Search throughout the Divide and Conquer Hungarian algorithm in comparison

with the classical Hungarian algorithm, while computing the 1-Wasserstein, 2-Wasserstein

and 4-Wasserstein distance. We observe that the Divide and Conquer Hungarian algorithm

outperforms the classical Hungarian algorithm for all the three distance types. For a sam-

ple size of 5000, we see an improvement by a factor of around 47 while computing the

1-Wasserstein distance, an improvement by a factor of around 43 while computing the 2-

Wasserstein distance and an improvement by a factor of around 30 while computing the

4-Wasserstein distance.

Figures 5.6, 5.7 and 5.8 illustrates the run time and the number of comparisons made by

Dijkstra’s Search throughout the Divide and Conquer Hungarian algorithm, Grid based Hun-

garian algorithm and Grid based Divide and Conquer Hungarian algorithm while computing

the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance. We observe that the Grid

based Divide and Conquer Hungarian algorithm and the Grid based Hungarian algorithm

performs almost similar to each other and both these algorithms outperform the Divide

and Conquer Hungarian algorithm. This suggests that the Hierarchical Grid data structure

significantly improves the process of finding an admissible augmenting path.

Next, we illustrate the scalability of our Grid based algorithms. The results show that the
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(a) (b)

(c) (d)

Figure 5.1: Number of iterations of the Constrained Hungarian Search procedure at the root
cell while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples
drawn from (a) Uniform distribution, (b) Normal distribution, (c) Clustered distribution,
(d) Exponential distribution.
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(a) (b)

(c) (d)

Figure 5.2: Number of iterations of the Constrained Hungarian Search procedure while
computing the 1-Wasserstein distance for a square with n points of B sampled from (a)
Uniform distribution, (b) Normal distribution, (c) Clustered distribution, (d) Exponential
distribution.
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(a) (b)

Figure 5.3: (a) The running time of HA and D&C HA while computing the 1-Wasserstein
distance, (b) Number of comparisons made by HA and D&C HA while computing the 1-
Wasserstein distance

(a) (b)

Figure 5.4: (a) The running time of HA and D&C HA while computing the 2-Wasserstein
distance, (b) Number of comparisons made by HA and D&C HA while computing the 2-
Wasserstein distance
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(a) (b)

Figure 5.5: (a) The running time of HA and D&C HA while computing the 4-Wasserstein
distance, (b) Number of comparisons made by HA and D&C HA while computing the 4-
Wasserstein distance

(a) (b)

Figure 5.6: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 1-Wasserstein distance, (b) Number of comparisons made by D&C HA,
Grid based HA and Grid based D&C HA while computing the 1-Wasserstein distance
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(a) (b)

Figure 5.7: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 2-Wasserstein distance, (b) Number of comparisons made by D&C HA,
Grid based HA and Grid based D&C HA while computing the 2-Wasserstein distance

(a) (b)

Figure 5.8: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 4-Wasserstein distance, (b) Number of comparisons made by D&C HA,
Grid based HA and Grid based D&C HA while computing the 4-Wasserstein distance
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performance of our algorithm improves as the value of p increases. This illustrates the fact

that our algorithms need to query points from a very small area during the constrained

Dijkstra’s shortest path algorithm (Section 4.2.3) as the value of p increases. This in turn

reduces the number of comparisons made by our algorithms as the value of p increases.

Figure 5.9 shows the execution time of the Grid based Hungarian algorithm while computing

the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples drawn from Uniform

distribution. Our algorithm can easily scale up to a size of 100; 000points for the computation

of 2-Wasserstein and 4-Wasserstein distance for points sets drawn from Uniform distribution.

We are able to compute the exact 4-Wasserstein distance for a sample size of 100; 000points

in each point set in 135 seconds. For a sample size of 50; 000 points, we see that the

performance of our algorithm improves almost by a factor of 50 for the computation of the

4-Wasserstein distance in comparison with the 1-Wasserstein distance.

(a) (b)

Figure 5.9: (a) The running time of Grid based HA while computing the 1-Wasserstein, 2-
Wasserstein and 4-Wasserstein distance on point sets drawn from Uniform distribution, (b)
Number of comparisons made by The running time of Grid based HA while computing the
1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Uniform
distribution

Figure 5.10 shows the execution time of the Grid based Hungarian algorithm while computing
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the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples drawn from Normal

distribution. We observe that our algorithm can easily scale up to a size of 65; 000 points

for the computation of 2-Wasserstein and 4-Wasserstein distance for points sets drawn from

Normal distribution. We observe an increase in the execution time in comparison with that

of point sets drawn from Uniform distribution because most of the points are clustered in

a single area in the Normal distribution and hence the number of potential points within

a small area is relatively higher in comparison with the Uniform distribution. However, we

still see an improvement in performance of our algorithm as the value of p increases. We also

see that the ratio between the execution time of 1-Wasserstein and 4-Wasserstein distance

for a sample size of 50; 000 is 5 which is significantly less as compared to what we observed

in case of Uniform distribution. This suggests that the improvement in the execution time

as p increases in slower in case of Normal distribution.

(a) (b)

Figure 5.10: (a) The running time of Grid based HA while computing the 1-Wasserstein,
2-Wasserstein and 4-Wasserstein distance on point sets drawn from Normal distribution, (b)
Number of comparisons made by The running time of Grid based HA while computing the
1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Normal
distribution

Figure 5.11 shows the execution time of the Grid based Hungarian algorithm while com-
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puting the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples drawn from

Clustered distribution. We observe that our algorithm can easily scale up to a size of 50; 000

points for the computation of 2-Wasserstein and 4-Wasserstein distance for points sets drawn

from Clustered distribution. We observe an increase in the execution time in comparison

with that of point sets drawn from Normal distribution because the points are now spread

across 10 clusters and each cluster might not have the exact same number of points from

both the sets. Thus the time taken to find an admissible augmenting path increases in the

last few iterations as we end up searching for a free point of A in a larger area. On the

other hand, we still see an improvement in performance of our algorithm as the value of p

increases. The ratio between the execution time of 1-Wasserstein and 4-Wasserstein distance

for a sample size of 50; 000is around 5 which is similar to what we observed in case of Normal

distribution.

(a) (b)

Figure 5.11: (a) The running time of Grid based HA while computing the 1-Wasserstein, 2-
Wasserstein and 4-Wasserstein distance on point sets drawn from Clustered distribution, (b)
Number of comparisons made by The running time of Grid based HA while computing the
1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Clustered
distribution

Figure 5.12 shows the execution time of the Grid based Hungarian algorithm while com-
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puting the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for samples drawn from

Clustered distribution. We observe that our algorithm can easily scale up to a size of 50; 000

points for the computation of 2-Wasserstein and 4-Wasserstein distance for points sets drawn

from Exponential distribution. We observe an increase in the run time in comparison with

that of point sets drawn from the other three distribution because the spread of the points is

highest in case of Exponential distribution and it ends up doing global Hungarian searches

in many more iterations to find an admissible augmenting path. We still see an improve-

ment in performance of our algorithm as the value of p increases. The ratio between the

execution time of 1-Wasserstein and 4-Wasserstein distance for a sample size of 40; 000 is

around 4 which is even less compared to what we observed in case of Normal and Clustered

distribution.

(a) (b)

Figure 5.12: (a) The running time of Grid based HA while computing the 1-Wasserstein,
2-Wasserstein and 4-Wasserstein distance on point sets drawn from Exponential distribution,
(b) Number of comparisons made by The running time of Grid based HA while computing
the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Ex-
ponential distribution

Figure 5.13 shows the execution time of the Grid based Divide and Conquer Hungarian

algorithm while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for
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samples drawn from Uniform distribution. Our algorithm can easily scale up to a size of

100; 000 points for the computation of 2-Wasserstein and 4-Wasserstein distance for points

sets drawn from Uniform distribution. We are able to compute the exact 4-Wasserstein

distance for a sample size of 100; 000points in each point set in 170seconds which is slightly

greater that what we observed in the Grid based Hungarian algorithm. For a sample size of

50; 000points, we see that the performance of our algorithm improves almost by a factor of

34 for the computation of the 4-Wasserstein distance in comparison with the 1-Wasserstein

distance.

(a) (b)

Figure 5.13: (a) The running time of Grid based D&C HA while computing the 1-
Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Uniform
distribution, (b) Number of comparisons made by The running time of Grid based D&C HA
while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets
drawn from Uniform distribution

Figure 5.14 shows the execution time of the Grid based Divide and Conquer Hungarian

algorithm while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for

samples drawn from Normal distribution. We observe that our algorithm can easily scale up

to a size of 65; 000 points for the computation of 2-Wasserstein and 4-Wasserstein distance

for points sets drawn from Normal distribution. We observe an increase in the execution



�9�Y�k�Y �`�¶�����ã���� 47

time in comparison with that of point sets drawn from Uniform distribution as most of the

points are clustered together in a small area in the Normal distribution. However, we still

see an improvement in performance of our algorithm as the value of p increases. We also see

that the ratio between the execution time of 1-Wasserstein and 4-Wasserstein distance for

a sample size of 50; 000 is 5 which is significantly less as compared to what we observed in

case of Uniform distribution. This suggests that the improvement in the execution time as

p increases in slower in case of Normal distribution.

(a) (b)

Figure 5.14: (a) The running time of Grid based D&C HA while computing the 1-
Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Normal
distribution, (b) Number of comparisons made by The running time of Grid based D&C HA
while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets
drawn from Normal distribution

Figure 5.15 shows the execution time of the Grid based Divide and Conquer Hungarian

algorithm while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for

samples drawn from Clustered distribution. We observe that our algorithm can easily scale

up to a size of 50; 000points for the computation of 2-Wasserstein and 4-Wasserstein distance

for points sets drawn from Clustered distribution. We observe an increase in the execution

time in comparison with that of point sets drawn from Normal distribution because the points
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are now spread across 10 clusters and each cluster might not have the exact same number of

points from both the sets. Thus the spread of the point sets is higher than what we get in

Normal distribution. On the other hand, we still see an improvement in performance of our

algorithm as the value of p increases. The ratio between the execution time of 1-Wasserstein

and 4-Wasserstein distance for a sample size of 50; 000 is around 3 which is smaller than

what we observed in case of Normal distribution.

(a) (b)

Figure 5.15: (a) The running time of Grid based D&C HA while computing the 1-
Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Clustered
distribution, (b) Number of comparisons made by The running time of Grid based D&C HA
while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets
drawn from Clustered distribution

Figure 5.16 shows the execution time of the Grid based Divide and Conquer Hungarian

algorithm while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance for

samples drawn from Clustered distribution. We observe that our algorithm can easily scale

up to a size of 50; 000points for the computation of 2-Wasserstein and 4-Wasserstein distance

for points sets drawn from Exponential distribution. We observe an increase in the execution

time in comparison with that of point sets drawn from the other three distribution because

the spread of the points is highest in case of Exponential distribution and it ends up doing
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global Hungarian searches in many more iterations to find an admissible augmenting path.

We still see an improvement in performance of our algorithm as the value of p increases. The

ratio between the execution time of 1-Wasserstein and 4-Wasserstein distance for a sample

size of 40; 000 is around 2:5 which is even less compared to what we observed in case of

Clustered distribution.

(a) (b)

Figure 5.16: (a) The running time of Grid based D&C HA while computing the 1-
Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets drawn from Exponential
distribution, (b) Number of comparisons made by The running time of Grid based D&C HA
while computing the 1-Wasserstein, 2-Wasserstein and 4-Wasserstein distance on point sets
drawn from Exponential distribution
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In this thesis, we presented two different algorithms to calculate the exact minimum cost

perfect matching for stochastic point sets. In the first algorithm, we adapted the classical

primal-dual approaches within the divide-and-conquer framework. Interestingly, we used a

randomly shifted-quadtree within our algorithm. In the past, such quadtrees have only been

used in approximation algorithms for p-Wasserstein distance. In the second algorithm, we

designed a grid based data structure to store the points. This data structure is easily scalable

and gives a list of potential points within a certain range from the input point. This property

helps in speeding up the process of finding an admissible augmenting path, which is the key

component of the Hungarian algorithm. Finally, we combined the two ideas and presented

a detailed experimental analysis of all the three algorithms. These algorithms provide many

different avenues of future research. We conclude with the following open problems:

• Can we extend the ideas discussed in this thesis to get the Optimal Transport (OT)

plan to transport mass from one probability distribution to another which is a more

generic version of the Euclidean bipartite matching problem?

• The running time of the Divide and Conquer Hungarian algorithm is dependent on the

spread of the point sets. Can we remove the dependence on spread while maintaining

the simplicity of our algorithm?

• Provide theoretical analysis to determine the execution time and provide bounds for

50
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the Grid based Hungarian algorithm.

• Can we design a data structure similar to the Hierarchical Grid to store point sets

whose distances are given by an arbitrary cost matrix?
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First, we present the scattered plots of the number of iterations of the Constrained Hun-

garian Search procedure for a square with n points of B while computing the 2-Wasserstein

and 4-Wasserstein distance for point sets sampled from Uniform, Normal, Clustered and Ex-

ponential distributions. Figures A.1 and A.2 illustrate that the number of iterations of the

Constrained Hungarian Search procedure for a square with n points of B grows significantly

less than O(n3/4 ) for all the four distributions.

Next, we present the execution time and number of comparisons made during the Dijk-

stra’s Search step throughout the n iterations of the Hungarian Search procedure of the

classical Hungarian algorithm and our Grid based algorithms. We average the results over

the four distributions and show it in a single plot for 1� Wasserstein, 2� Wasserstein and

4� Wasserstein distance respectively.

Figures A.3, A.4 and A.5 illustrates the run time and the number of comparisons made by

the Dijkstra’s Search throughout the Grid based Hungarian algorithm in comparison with

the classical Hungarian algorithm while computing the 1� Wasserstein, 2� Wasserstein and

4� Wasserstein distance. We observe that the Grid based Hungarian algorithm outperforms

the classical Hungarian algorithm for all the three distance types. For a sample size of 5000,

we see an improvement by a factor of around than 56 while computing the 1� Wasserstein

distance, an improvement by a factor of around than 142while computing the 2� Wasserstein

distance and an improvement by a factor of around 196while computing the 4� Wasserstein

61
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(a) (b)

(c) (d)

Figure A.1: Number of iterations of the Constrained Hungarian Search procedure while
computing the 2-Wasserstein distance for a square with n points of B sampled from (a)
Uniform distribution, (b) Normal distribution, (c) Clustered distribution, (d) Exponential
distribution.
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(c) (d)

Figure A.2: Number of iterations of the Constrained Hungarian Search procedure while
computing the 4-Wasserstein distance for a square with n points of B sampled from (a)
Uniform distribution, (b) Normal distribution, (c) Clustered distribution, (d) Exponential
distribution.
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(a) (b)

Figure A.3: (a) The running time of HA and Grid based HA while computing the
1� Wasserstein distance, (b) Number of comparisons made by HA and Grid based HA while
computing the 1� Wasserstein distance

distance.

Figures A.6, A.7 and A.8 illustrates the run time and the number of comparisons made by

the Dijkstra’s Search throughout the Grid based Divide and Conquer Hungarian algorithm

in comparison with the classical Hungarian algorithm while computing the 1� Wasserstein,

2� Wasserstein and 4� Wasserstein distance. We observe that the Grid based Divide and

Conquer Hungarian algorithm outperforms the classical Hungarian algorithm for all the

three distance types. For a sample size of 5000, we see an improvement by a factor of around

than 70 while computing the 1� Wasserstein distance, an improvement by a factor of around

than 140 while computing the 2� Wasserstein distance and an improvement by a factor of

around 170while computing the 4� Wasserstein distance.

Next, we present the execution times of our algorithms for the four distributions and the

three distance types individually. We begin by comparing the execution times and the

number of comparisons made during the Dijkstra’s Search step throughout the n iterations

of the Hungarian Search procedure by the Divide and Conquer Hungarian algorithm (D&C
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(a) (b)

Figure A.4: (a) The running time of HA and Grid based HA while computing the
2� Wasserstein distance, (b) Number of comparisons made by HA and Grid based HA while
computing the 2� Wasserstein distance

(a) (b)

Figure A.5: (a) The running time of HA and Grid based HA while computing the
4� Wasserstein distance, (b) Number of comparisons made by HA and Grid based HA while
computing the 4� Wasserstein distance
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(a) (b)

Figure A.6: (a) The running time of HA and Grid based D&C HA while computing the
1� Wasserstein distance, (b) Number of comparisons made by HA and Grid based D&C HA
while computing the 1� Wasserstein distance

(a) (b)

Figure A.7: (a) The running time of HA and Grid based D&C HA while computing the
2� Wasserstein distance, (b) Number of comparisons made by HA and Grid based D&C HA
while computing the 2� Wasserstein distance
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(a) (b)

Figure A.8: (a) The running time of HA and Grid based D&C HA while computing the
4� Wasserstein distance, (b) Number of comparisons made by HA and Grid based D&C HA
while computing the 4� Wasserstein distance

HA), Grid based Hungarian algorithm (Grid based HA) and Grid based Divide and Conquer

Hungarian algorithm (Grid based D&C HA) in various settings.

For calculation of the 1� Wasserstein distance of point sets drawn from Uniform distribution,

refer to Figure A.9. We observe that both the Grid based algorithms perform significantly

better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

3 for a sample size of 25; 000points.

For calculation of the 2� Wasserstein distance of point sets drawn from Uniform distribution,

refer to Figure A.10. We observe that both the Grid based algorithms perform significantly

better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

20 for a sample size of 25; 000points.

For calculation of the 4� Wasserstein distance of point sets drawn from Uniform distribution,

refer to Figure A.11. We observe that both the Grid based algorithms perform significantly

better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around
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(a) (b)

Figure A.9: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 1� Wasserstein distance for point sets drawn from Uniform distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 1� Wasserstein distance for point sets drawn from Uniform distribution

(a) (b)

Figure A.10: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 2� Wasserstein distance for point sets drawn from Uniform distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 2� Wasserstein distance for point sets drawn from Uniform distribution
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60 for a sample size of 25; 000points.

(a) (b)

Figure A.11: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 4� Wasserstein distance for point sets drawn from Uniform distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 4� Wasserstein distance for point sets drawn from Uniform distribution

For calculation of the 1� Wasserstein distance of point sets drawn from Normal distribution,

refer to Figure A.12. We observe that both the Grid based algorithms perform significantly

better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

1 for a sample size of 25; 000points.

For calculation of the 2� Wasserstein distance of point sets drawn from Normal distribution,

refer to Figure A.13. We observe that both the Grid based algorithms perform significantly

better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

10 for a sample size of 25; 000points.

For calculation of the 4� Wasserstein distance of point sets drawn from Normal distribution,

refer to Figure A.14. We observe that both the Grid based algorithms perform significantly

better than D&C HA. The Grid based algorithms outperform D&C HA by a factor of around

17 for a sample size of 25; 000points.
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(a) (b)

Figure A.12: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 1� Wasserstein distance for point sets drawn from Normal distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 1� Wasserstein distance for point sets drawn from Normal distribution

(a) (b)

Figure A.13: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 2� Wasserstein distance for point sets drawn from Normal distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 2� Wasserstein distance for point sets drawn from Normal distribution
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Figure A.14: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 4� Wasserstein distance for point sets drawn from Normal distribution,
(b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C HA
while computing the 4� Wasserstein distance for point sets drawn from Normal distribution

For calculation of the 1� Wasserstein distance of point sets drawn from Clustered distri-

bution, refer to Figure A.15. We observe that both the Grid based algorithms perform

significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 2 for a sample size of 25; 000points.

For calculation of the 2� Wasserstein distance of point sets drawn from Clustered distri-

bution, refer to Figure A.16. We observe that both the Grid based algorithms perform

significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 4 for a sample size of 25; 000points.

For calculation of the 4� Wasserstein distance of point sets drawn from Clustered distri-

bution, refer to Figure A.17. We observe that both the Grid based algorithms perform

significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 7 for a sample size of 25; 000points.

For calculation of the 1� Wasserstein distance of point sets drawn from Exponential dis-
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(a) (b)

Figure A.15: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 1� Wasserstein distance for point sets drawn from Clustered distribu-
tion, (b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C
HA while computing the 1� Wasserstein distance for point sets drawn from Clustered distri-
bution

(a) (b)

Figure A.16: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 2� Wasserstein distance for point sets drawn from Clustered distribu-
tion, (b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C
HA while computing the 2� Wasserstein distance for point sets drawn from Clustered distri-
bution
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Figure A.17: (a) The running time of D&C HA, Grid based HA and Grid based D&C HA
while computing the 4� Wasserstein distance for point sets drawn from Clustered distribu-
tion, (b) Number of comparisons made by D&C HA, Grid based HA and Grid based D&C
HA while computing the 4� Wasserstein distance for point sets drawn from Clustered distri-
bution

tribution, refer to Figure A.18. We observe that both the Grid based algorithms perform

significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 3 for a sample size of 25; 000points.

For calculation of the 2� Wasserstein distance of point sets drawn from Exponential dis-

tribution, refer to Figure A.19. We observe that both the Grid based algorithms perform

significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 6 for a sample size of 25; 000points.

For calculation of the 4� Wasserstein distance of point sets drawn from Exponential dis-

tribution, refer to Figure A.20. We observe that both the Grid based algorithms perform

significantly better than D&C HA. The Grid based algorithms outperform D&C HA by a

factor of around 10 for a sample size of 25; 000points.

We notice that the Grid based algorithms performed almost similar to each other for sample
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