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Abstract. We prove that Schubert varieties in potentially different Grassmannians are isomorphic as va-
rieties if and only if their corresponding Young diagrams are identical up to a transposition. We also

discuss a generalization of this result to Grassmannian Richardson varieties. In particular, we prove that
Richardson varieties in potentially different Grassmannians are isomorphic as varieties if their correspond-

ing skew diagrams are semi-isomorphic as posets, and we conjecture the converse. Here, two posets are

said to be semi-isomorphic if there is a bijection between their sets of connected components such that the
corresponding components are either isomorphic or opposite.

1. Introduction

The Grassmannian Gr(m,n) of m dimensional subspaces of Cn and Schubert varieties (natural subva-
rieties of the Grassmannian) are central and classical objects of study in geometry, with connections to
representation theory and algebraic combinatorics. Schubert varieties of Gr(m,n) are indexed by Young
diagrams contained in a rectangle with m rows and n−m columns of boxes.

In this note, we prove the following.

Theorem 1 (
.
= Theorem 13). Schubert varieties in potentially different Grassmannians are isomorphic as

varieties if and only if their corresponding Young diagrams are identical up to a transposition.

The isomorphism problem for Schubert varieties in complete flag varieties of Kac-Moody type has been
studied by Richmond and Slofstra [RS21]. Develin, Martin, and Reiner classified a class of smooth Schubert
varieties in type A partial flag varieties [DMR07].

This problem can be extended to Richardson varieties. A Richardson variety is the intersection of a
Schubert variety and an opposite Schubert variety in a flag variety. In the Grassmannian case, the two
Schubert varieties correspond to two Young diagrams. When the first diagram contains the latter, the
difference of these diagrams is called a skew diagram. Non-empty Grassmannian Richardson varieties are
indexed by skew diagrams.

To a skew diagram we assign a poset structure on the set of its boxes, see Section 4.
For Grassmannian Richardson varieties, we prove the following statement and conjecture its converse.

Proposition 2 (
.
= Proposition 14). If two skew diagrams are semi-isomorphic as posets, then the corre-

sponding Richardson varieties in potentially different Grassmannians are isomorphic as varieties.

Here, two posets are said to be semi-isomorphic if there is a bijection between their sets of connected
components such that the corresponding components are either isomorphic or opposite. When specialized to
the case of Schubert varieties, Proposition 2 says that if two Young diagrams are identical up to a transpose,
then the corresponding Schubert varieties in potentially different Grassmannians are isomorphic as varieties.
This is the easier direction of Theorem 1.

To prove the other direction of Theorem 1, we use the combinatorial description of the singular locus of
a Schubert variety given by Lakshmibai and Weyman [LW90], and the well-known fact that classes of the
Schubert subvarieties contained in a Schubert variety form a basis for the Chow ring of that Schubert variety.
These tools allow us to attack the problem combinatorially.

In Section 2 we set up notations and state the preliminaries; we prove Theorem 1 in Section 3; Section 4
is devoted to discussing the isomorphism problem for Grassmannian Richardson varieties.
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2. Notation and Preliminaries

Let X = Gr(m,n) be the Grassmannian of m dimensional subspaces of Cn. Schubert varieties in X are
indexed by partitions λ = (λ1, . . . , λm) such that k := n−m ≥ λ1 ≥ · · · ≥ λm ≥ 0 is a decreasing sequence
of integers. We will identify such a partition with the corresponding Young diagram, whose i-th row from
the top contains λi boxes. We call a Young diagram λ′ = (λ′

1, . . . , λ
′
m) a subdiagram of λ if λ′

i ≤ λi for
i = 1, . . . ,m (see Figure 1 for an example). Given two Young diagrams λ, µ we define their intersection λ∩µ
as the Young diagram consisting of boxes in both λ and µ. For brevity, we will refer to Young diagrams
simply as diagrams.

λ′

λ

Figure 1. The diagram λ′ is a subdiagram of λ.

We will also write λ as (a1
b1 , . . . , ar

br ), where a1 ≥ · · · ≥ ar ≥ 0 and bi ≥ 0 for i = 1, . . . , r. Here ab

means a repeated b times, corresponding to a rectangle with b rows and a columns of boxes. Whenever
b = 0 or a = 0, the term can be left out of the expression. Note that such an expression for λ is not unique.
However, if we impose the extra conditions that a1 > · · · > ar > 0 and bi > 0 for all i = 1, . . . , r, then the
expression is unique, in which case we say that λ consists of r rectangles.

Let e1, . . . , en be the standard basis of Cn. Given a partition λ = (λ1, . . . , λm) that satisfies k ≥ λ1 ≥
· · · ≥ λm ≥ 0, the corresponding Schubert variety is

Xλ = {Σ ∈ X : dim(Σ ∩ Span{e1, . . . , eλi+m−i+1}) ≥ m− i+ 1 for i = 1, . . . ,m},

which has complex dimension

dim(Xλ) = |λ| := λ1 + · · ·+ λm;

and the corresponding opposite Schubert variety is

Xλ = {Σ ∈ X : dim(Σ ∩ Span{en, en−1, . . . , eλi+m−i+1}) ≥ i for i = 1, . . . ,m},

which has complex codimension codim(Xλ) = |λ| in X.
We shall repeatedly use the following well-known lemma.

Lemma 3. There is an isomorphism between X = Gr(m,n) and Y = Gr(n−m,n), inducing isomorphisms

between Xλ and YλT and between Xλ and Y λT

.

Proof. Note that Σ is an m-dimensional subspace of Cn if and only if (Cn/Σ)∗ is an (n − m)-dimensional
subspace of (Cn)∗. The isomorphism is given by sending Σ to (Cn/Σ)∗. □

We let

λ∨ := (k − λm, . . . , k − λ1)

denote the Poincaré dual partition of λ.
The automorphism w0 : Cn → Cn given by w0(ei) = en+1−i induces an automorphism w0 of X, further-

more it can be seen that w0(X
λ) = Xλ∨ .

The irreducible components of the singular locus of Xλ, Sing(Xλ), are then characterized by [LW90, The-
orem 5.3], which we restate as Theorem 4 and illustrate in Figure 2. In the following, let λ = (a1

b1 , . . . , ar
br ),

where a1 > · · · > ar > 0 and bi > 0 for i = 1, . . . , r.

Theorem 4. Sing(Xλ) has r − 1 irreducible components Xλ1 , . . . , Xλr−1 , where

λi = (a1
b1 , . . . , ai−1

bi−1 , ai
bi−1, (ai+1 − 1)ai+1+1, ai+2

bi+2 , . . . , ar
br ) for i = 1, . . . , r − 1.
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λ λ1 λ2 λ3

Figure 2. Diagrams λ1, . . . , λr−1.

Note that each λi is obtained by removing a hook on the boundary of λ. Furthermore, (λT )i = (λr−i)T

for i = 1, . . . , r − 1, where λT denotes the conjugate (or transpose) partition of λ. Using the fact that
Xλ ∩ Xµ = Xλ∩µ, we have that Xλi and Xλj intersect properly as subvarieties of Xλ if and only if the
removed hooks are disjoint.

Notation 5. We will use λ0 to denote the partition such that Xλ0 is the intersection of all irreducible
components of Sing(Xλ).

It follows from Theorem 4 that λ0 = λ1 ∩ λ2 ∩ · · · ∩ λr−1. Note that (λ0)T = (λT )0. See Figure 3 for an
illustration of λ0. If λ = (a1

b1 , . . . , ar
br ) as above, then

λ0 = (a1
b1−1, (a2 − 1)b2 , . . . , (ar−1 − 1)br−1 , (ar − 1)br+1).

λ λ0

Figure 3. The diagram λ0.

Definition 6. Let ξ(λ) be the size of the longest hook contained in λ.

Note that ξ(λ) = ξ(λT ). If we represent λ as (a1
b1 , . . . , ar

br ) with ar, b1 > 0, then

ξ(λ) = a1 + b1 + · · ·+ br − 1.

3. The isomorphism problem for Schubert varieties

One direction of Theorem 13 is straightforward. We prove it in Lemma 7.

Lemma 7. Let X, X ′ be two Grassmannians and let Xλ ⊆ X, X ′
µ ⊆ X ′ be Schubert varieties. If λ =

µ or λT = µ, then Xλ
∼= X ′

µ as varieties.

Proof. By Lemma 3, we may assume without loss of generality that λ = µ. Let m,n,m′, n′ be such that

X ∼= Gr(m,n) and X ′ ∼= Gr(m′, n′).

Let M,N be such that

M ≥ max(m,m′) and N −M ≥ max(n−m,n′ −m′)

and let
Z = Gr(M,N).

We identify X with the set of subspaces Σ of Span{eM−m+1, . . . , eM−m+n} of dimension m. The closed
embedding X ↪→ Z given by

Σ 7→ Span{e1, . . . , eM−m} ⊕ Σ.

induces an isomorphism of Schubert varieties Xλ
∼= Zλ. Similarly, X ′

µ
∼= Zµ = Zλ. □
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We now work on the converse. Let X, X ′ be two Grassmannians and let Xλ ⊆ X, X ′
µ ⊆ X ′ be Schubert

varieties. Assume Xλ
∼= X ′

µ as varieties. Then Sing(Xλ) ∼= Sing(X ′
µ). By Theorem 4, this implies that λ

and µ consist of the same number of rectangles. We denote this number by r. Moreover, we must have
Xλ0 ∼= X ′

µ0 as varieties. By the same reasoning, λ0 and µ0 consist of the same number of rectangles. We

denote this number by r0. In addition, we have an isomorphism of Chow groups Ai(Xλ) ∼= Ai(X
′
µ) for all i.

Size i sub-diagrams of λ correspond to dimension i Schubert varieties contained in Xλ, whose classes form
a basis for Ai(Xλ), and an analogous statement holds for sub-diagrams of µ. Therefore, λ and µ must have
the same number of size i sub-diagrams for all i. In particular, |λ| = dimXλ = dimX ′

µ = |µ| as the size of
the largest sub-diagram.

Proposition 8. Let X, X ′ be two Grassmannians and let Xλ ⊆ X, X ′
µ ⊆ X ′ be Schubert varieties. If

Xλ
∼= X ′

µ as varieties, then λ = µ or λT = µ.

Proof. Note that r − 2 ≤ r0 ≤ r. The proposition follows from Lemma 9, Lemma 10, Lemma 11, and
Lemma 12. □

Lemma 9. Proposition 8 holds when Xλ and X ′
µ are nonsingular.

Proof. Note that being nonsingular is equivalent to r ≤ 1. When r = 0, then λ = µ = ∅.
When r = 1, we have

λ = (ab), µ = (a′
b′
)

for some positive integers a, b, a′, b′ such that

ab = |λ| = |µ| = a′b′.

Up to transposing some diagrams, we may assume a ≤ b and a′ ≤ b′. Suppose a > a′, then every diagram of
size a′+1 is a sub-diagram of λ, but the single-row diagram (a′+1) is not a sub-diagram of µ (see Figure 4),
which is a contradiction. Therefore, a = a′ and b = b′.

λ = (a′ + 1) = µ =

Figure 4. Diagrams λ, (a′ + 1), µ.

□

We will prove Lemma 10, Lemma 11, and Lemma 12 by induction on |λ|.

Lemma 10. Proposition 8 holds when r0 = r ≥ 2.

Proof. In this case,

λ = (a1
b1 , . . . , ar

br ), µ = (a′1
b′1 , . . . , a′r

b′r ),

with a1 > a2 > · · · > ar > 1; a′1 > a′2 > · · · > a′r > 1; b1, b′1 > 1; and bi, b′i > 0 for i = 2, . . . , r. Note that

λ0 = (a1
b1−1, (a2 − 1)b2 , . . . , (ar−1 − 1)br−1 , (ar − 1)br+1)

(this expression contains no zeroes), and an analogous expression holds for µ0. Since Xλ0 ∼= X ′
µ0 and they

are of smaller dimension, by induction hypothesis, we have

either λ0 = µ0 or (λT )0 = (λ0)T = µ0.

Up to transposing λ, we may assume λ0 = µ0, which implies ai = a′i, bi = b′i for all i; in other words,
λ = µ. □

Lemma 11. Proposition 8 holds when r0 + 1 = r ≥ 2.
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Proof. Up to transposing λ and µ, we may assume

λ = (a1, a2
b2 , . . . , ar

br ), µ = (a′1, a
′
2
b′2 , . . . , a′r

b′r ),

with a1 > a2 > · · · > ar > 1; a′1 > a′2 > · · · > a′r > 1; and bi, b′i > 0 for i = 2, . . . , r.
Suppose r = 2.
We have

λ = (a1, a2
b2), µ = (a′1, a

′
2
b′2), λ0 = ((a2 − 1)b2+1), and µ0 = ((a′2 − 1)b

′
2+1).

By induction hypothesis, we have

either λ0 = µ0 or (λT )0 = (λ0)T = µ0.

If λ0 = µ0, then a2 = a′2 and b2 = b′2. Since |λ| = |µ|, we must also have a1 = a′1 and therefore λ = µ.
If (λ0)T = µ0, then we have

(1) a2 − 1 = b′2 + 1 and a′2 − 1 = b2 + 1.

In this case, if a2 ≤ b2+1, then every diagram of size a2 is a sub-diagram of λ, but the single-column diagram
(1a2) is not a sub-diagram of µ (since b′2+1 < a2), which is a contradiction (see Figure 5 for an illustration);
similarly, if a′2 ≤ b′2 + 1, then every diagram of size a′2 is a sub-diagram of µ, but the single-column diagram

(1a
′
2) is not a sub-diagram of λ (since b2 + 1 < a′2), which is a contradiction. Therefore,

a2 − 1 ≥ b2 + 1 and a′2 − 1 ≥ b′2 + 1.

In view of (1), they imply a2 − 1 = a′2 − 1 = b2 + 1 = b′2 + 1. Since |λ| = |µ|, we must then have λ = µ.

λ = µ =

Figure 5. The case (λ0)T = µ0 and a2 − 1 < b2 + 1.

Now assume r > 2.
The subvarieties Xλ1 , Xλr−1 (respectively X ′

µ1 , X ′
µr−1), are the only irreducible components of Sing(Xλ)

(respectively Sing(X ′
µ)) that intersect all but one other irreducible component properly. Hence, Xλ1 and

Xλr−1 are isomorphic to X ′
µ1 and X ′

µr−1 (not necessarily in this order). Using Theorem 4 we have the
expressions

λ1 = ((a2 − 1)
b2+1

, a3
b3 , . . . , ar

br ),

λr−1 = (a1, a2
b2 , . . . , ar−2

br−2 , ar−1
br−1−1, (ar − 1)

br+1
),

and analogous expressions hold for µ1, µr−1. Note that

ξ(λ1) = a2 + b2 + · · ·+ br − 1 < a1 + b2 + · · ·+ br = ξ(λr−1)

and a similar inequality holds on the µ-side. If Xλ1 ∼= X ′
µr−1 , equivalently Xλr−1

∼= X ′
µ1 , then by the

induction hypothesis we have that λ1 = µr−1 or (λ1)T = µr−1 (the analogous equalities hold for λr−1, µ1).
Hence,

ξ(λr−1) > ξ(λ1) = ξ(µr−1) > ξ(µ1) = ξ(λr−1),

a contradiction. Hence, we must have that Xλ1 ∼= X ′
µ1 and Xλr−1

∼= X ′
µr−1 . By the induction hypothesis we

get that

(2) either λ1 = µ1 or (λ1)T = µ1;

(3) either λr−1 = µr−1 or (λr−1)T = µr−1.

If λ1 = µ1, then

a2 = a′2, . . . , ar = a′r, b2 + b3 = b′2 + b′3, b4 = b′4, . . . , br = b′r.
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Since (3) implies ξ(λr−1) = ξ(µr−1), we must also have a1 = a′1. Since |λ| = |µ|, we must then have

b2 = b′2, b3 = b′3.

Therefore, λ = µ.
If λr−1 = µr−1, then

a1 = a′1, . . . , ar−2 = a′r−2, ar = a′r, b2 = b′2, . . . , br = b′r.

Since |λ| = |µ|, we must then have ar−1 = a′r−1 and λ = µ.

Now assume (λ1)T = µ1 and (λr−1)T = µr−1. Note that

(λ1)T = ((1 + b2 + · · ·+ br)
ar , (1 + b2 + · · ·+ br−1)

ar−1−ar , . . . , (1 + b2 + b3)
a3−a4 , (1 + b2)

a2−a3−1)

and

(λr−1)T = ((1+b2+· · ·+br)
ar−1, (b2+· · ·+br−1)

ar−1−ar+1, (1+b2+· · ·+br−2)
ar−2−ar−1 , . . . , (1+b2)

a2−a3 , 1a1−a2).

The identity (λr−1)T = µr−1 implies ar = 2 and (λ1)T = µ1 implies ar ≥ b′2 + 1, thus b′2 = 1.
If r = 3, then (λr−1)T = µr−1 and the above imply that

(1 + b2 + b3, b
a2−1
2 , 1a1−a2) = (λr−1)T = µr−1 = (a′1, (a

′
3 − 1)b

′
3+1),

which then implies a2 = 1, a contradiction to a2 > a3. Otherwise, r > 3 and looking at the second rectangle
from the top in (λr−1)T = µr−1 gives

ar−1 − ar + 1 = b′2 when br−1 ̸= 1

and

(ar−1 − ar + 1) + (ar−2 − ar−1) = b′2 when br−1 = 1.

Either way, we must have b′2 > 1, which is again a contradiction to b′2 = 1 from above. □

Lemma 12. Proposition 8 holds when r0 + 2 = r ≥ 2.

Proof. In this case

λ = (a1, a2
b2 , . . . , ar−1

br−1 , 1br ), µ = (a′1, a
′
2
b′2 , . . . , a′r−1

b′r−1 , 1b
′
r ),

with a1 > a2 > · · · > ar−1 > 1, a′1 > a′2 > · · · > a′r−1 > 1 and bi, bi
′ > 0 for i = 2, . . . , r.

If r = 2, up to transposing some diagrams, we may assume

a1 ≤ b2 + 1 and a′1 ≤ b′2 + 1.

Suppose a1 > a′1. We count sub-diagrams of λ and µ of size a1
′ +1. They are necessarily of the form (c, 1d).

λ contains a1 ≥ a1
′ + 1 such sub-diagrams, while µ contains fewer because the single-row diagram (a′1 + 1)

is not a sub-diagram of µ (see Figure 6). This is a contradiction. Therefore, a1 = a′1, b2 = b′2, i.e. λ = µ.

λ = (a′1 + 1) = µ =

Figure 6. Diagrams λ, (a′1 + 1), µ.

Now assume r > 2, and in this case

λ0 = ((a2 − 1)b2 , . . . , (ar−1 − 1)br−1),

and an analogous expression holds for µ0. Again, we may assume λ0 = µ0, which implies

(4) ai = a′i, bi = b′i for i = 2, . . . , r − 1.

We have

λ1 = ((a2 − 1)
b2+1

, a3
b3 , . . . , ar−1

br−1 , 1br ),

λr−1 = (a1, a2
b2 , . . . , ar−2

br−2 , ar−1
br−1−1),
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and similar expressions hold for µ1 and µr−1. Considering proper intersections of components as in the proof
of Lemma 11, we must have that either

Xλ1 ∼= X ′
µ1 and Xλr−1

∼= X ′
µr−1

or
Xλ1 ∼= X ′

µr−1 and Xλr−1
∼= X ′

µ1 .

Since the first row of λ1 has length a2 − 1, but the first row of µr−1 has length a′1 > a′2 = a2, we have
λ1 ̸= µr−1. Similarly, λr−1 ̸= µ1. Since the left-most two columns of λ1 are of distinct lengths, but the
top-most two rows of µ1 are of the same length, we have (λ1)T ̸= µ1. Similarly, (λr−1)T ̸= µr−1. Therefore,
we are in either of the following two cases:

(a) λ1 = µ1 and λr−1 = µr−1;
(b) (λ1)T = µr−1 and (λr−1)T = µ1.

Assume r = 3. In case (a), λ1 = µ1 implies

a2 = a′2, b2 + b3 = b′2 + b′3,

and λ2 = µ2 implies
a1 = a′1, b2 = b′2.

Together, they imply λ = µ. In case (b),

λ0 = µ0 = µ1 ∩ µ2 = (λ2)T ∩ (λ1)T = (λT )1 ∩ (λT )2 = (λT )0.

So we may transpose λ to reduce to case (a).
Finally, assume r > 3. In case (a),

λ = λ1 ∪ λr−1 = µ1 ∪ µr−1 = µ;

in case (b),
λT = (λT )1 ∪ (λT )r−1 = (λr−1)T ∪ (λ1)T = µ1 ∪ µr−1 = µ.

□

Theorem 13. Let X, X ′ be two Grassmannians and let Xλ ⊆ X, X ′
µ ⊆ X ′ be Schubert varieties. Then

Xλ
∼= X ′

µ as varieties if and only if λ = µ or λT = µ.

Proof. It follows from Lemma 7 and Proposition 8. □

4. The isomorphism problem for Richardson varieties

One can extend this problem to Richardson varieties, which are intersections of a Schubert variety Xµ∨

and an opposite Schubert variety Xλ in a Grassmannian. If the diagram λ is not contained in the diagram
µ∨, then the Richardson variety is empty. We restrict our attention to non-empty Richardson varieties Xθ,
which are indexed by skew diagrams θ = µ∨/λ consisting of boxes in µ∨ that are not in λ, where λ ⊆ µ∨.
While the definition of Xθ depends on λ and µ, it follows from [BR12, Lemma 3.2] that the isomorphism
class of Xθ depends only on the skew diagram θ, where only the boxes in θ and their relative positions are
remembered. For two skew diagrams θ, θ′, we write θ = θ′ if they are the same in this sense (see Figure 7).

λ

θ µ

λ′

θ′

µ′

Figure 7. An example where θ = θ′.

Let θ be a skew diagram, we define P (θ) to be the poset on the boxes of θ with the ordering induced by
the covering relations

x < y if x is immediately to the left or above y.

See Figure 8 for an illustration. As before, we use |θ| = |P (θ)| to denote the number of boxes in θ.
For a poset P , we will write P op for its opposite poset, where the underlying set is the same but all orders

are reversed. We adopt the definitions related to the connectedness of a poset in [Sch03]. We say that two
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posets P, Q are semi-isomorphic, denoted as P ∼ Q, if there is a bijection f between their sets of connected
components, and for each connected component Pi of P , either Pi

∼= f(Pi) or P
op
i

∼= f(Pi).

<

∧
< <

>

∨
> >

Figure 8. Example of θ, P (θ), and P (θ)op.

Let X, X ′ be two Grassmannians and Xθ ⊆ X, X ′
θ′ ⊆ X ′ be Richardson varieties. We will prove:

Proposition 14. If P (θ) ∼ P (θ′), then Xθ
∼= X ′

θ′ as varieties.

We conjecture the converse:

Conjecture 15. If Xθ
∼= X ′

θ′ as varieties, then P (θ) ∼ P (θ′).

While proving Proposition 14, we will show that if λ and λ′ are diagrams, then P (λ) ∼= P (λ′) is equivalent
to

either λ = λ′ or λT = λ′

(note that P (λ)op ∼= P (λ′) is possible only when λ is a rectangle). Therefore, combining Proposition 14 and
Conjecture 15 would generalize Theorem 13.

We say that a skew diagram θ is disconnected if it can be split into a non-empty NE part θ′ and a non-
empty SW part θ′′. More precisely, a NW-SE diagonal partitions the diagram into two disjoint non-empty
skew diagrams. See Figure 9. In the following, by diagonals we mean NW-SE diagonals. We call a diagonal
“higher” than another diagonal if it is strictly NE of the latter.

θ′

θ′′

Figure 9. A disconnected skew diagram.

Lemma 16. A skew diagram θ is connected if and only if P (θ) is connected.

Proof. Assume θ is connected.
We claim that there exists a unique t ∈ θ that is “the most NE”, i.e. that belongs to the highest diagonal

intersecting θ. Otherwise, pick two such boxes t1, t2 ∈ θ, since they must belong to the same diagonal, they
are comparable. Assume that t1 < t2, using the fact that θ is a skew diagram, there exists a box t′ ∈ θ that
is east of t1 and north of t2 (see Figure 10). Then t′ belongs to a higher diagonal, a contradiction.

t1

t2

t′

Figure 10. Finding a box on a higher diagonal.
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If a ∈ θ \ {t}, then we claim that there exists an adjacent box on a higher diagonal. Assume the contrary,
then since θ is a skew diagram, there must be no box north of a (sharing the same column) and no box east
of a (sharing the same row). Consequently, there must be no box strictly NW of a and no box strictly SE
of a (without sharing the same row or column in both cases). It follows that the diagonal passing through
a’s NE corner partitions θ with a and t on different sides, contradicting the fact that θ is connected.

Repeatedly applying the above argument yields a path of adjacent boxes from a to t in P (θ), hence P (θ)
is connected.

Conversely, assume P (θ) is connected. Let x and y be two different boxes in θ. Then there exists a
sequence (z0 = x, z1, . . . , zl = y) of distinct boxes in θ where consecutive boxes are adjacent. Since
adjacent boxes in θ cannot be separated by a diagonal, x, y are in the same connected component of θ. By
our arbitrary choice of x, y, we have that θ is connected. □

Definition 17. For θ = µ∨/λ, let θ† := λ∨/µ. See Figure 11.

λ

θ

µ

µ

θ†

λ

Figure 11. Skew diagrams θ and θ†.

Note that P (θ†) = P (θ)op. Furthermore, considering the automorphism w0 of X we have that

Xθ† = Xλ∨ ∩Xµ = w0(X
λ) ∩ w0(Xµ∨) = w0(X

λ ∩Xµ∨) = w0(Xθ).

Thus, Xθ
∼= Xθ† .

Let θ be a skew diagram and θ1, . . . , θr ⊆ θ be its connected components. Then, [BR12, Lemma 3.2(b)]
shows that

Xθ
∼=

∏
Xθi .

Therefore, Proposition 14 and Conjecture 15 can be reduced to the case where θ and θ′ are connected.

Lemma 18. Let θ, θ′ be connected skew diagrams and let ϕ : P (θ) → P (θ′) be an isomorphism of posets,
then either

θ = θ′ and ϕ = id

or

θT = θ′ and ϕ is given by transposing θ.

Proof. Note that |θ| = |P (θ)| = |P (θ′)| = |θ′|.
We will prove the statement by induction on |θ| = |θ′|. If |θ| = |θ′| ≤ 2, then the claim is trivially true,

thus we assume that |θ| > 2.
Assume by induction that the lemma is true for all connected skew diagrams of size less than |θ|.
Let t and b be the top and bottom boxes in the left-most non-empty column in θ, respectively. Suppose

there is no box to the right of b in θ. Since θ is connected and |θ| > 2 by our assumption, there is a
neighboring box y above b. See Figure 12a.

Note that

(θ†)T = (λ∨)T /µT = (λT )∨/µT = (θT )† and θ†† = θ.

Therefore, we may replace θ with (θT )†, θ′ with (θ′T )†, and ϕ with the corresponding isomorphism

P ((θT )†) ∼= P (θ)op → P ((θ′T )†) ∼= P (θ′)op

if necessary and assume that there is a neighboring box y to the right of b in θ. See Figure 12b and Figure 13.
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t

y

b

(a) A skew diagram θ where no box is to the right of b.

b y

(b) The skew diagram (θT )†.

Figure 12. Example of reducing to the case where there is a box to the right of b.

t z
w

b y
t y

Figure 13. Example of skew diagrams where there is a box to the right of b.

Note that t is minimal in P (θ), so that θt := θ \{t} is also a skew diagram and P (θt) = P (θ)\{t}. Since θ
is a skew diagram, there must then be a neighboring box z to the right of t and a column of boxes connecting
y and z in θ. This implies that θt is connected. In this case, ϕ(t) is minimal in P (θ′), so θ′ϕ(t) is also a skew
diagram. Note that the restriction ϕt : P (θt) → P (θ′ϕ(t)) is an isomorphism of posets. Using the fact that
P (θt) ∼= P (θ′ϕ(t)) is connected, by Lemma 16 we have that θ′ϕ(t) is also connected.

By induction hypothesis, up to transposing θ′, we may assume without loss of generality that

θt = θ′ϕ(t) and ϕt = id.

It suffices to show that ϕ(t) is the left neighbor of ϕ(z) in θ′.
If t ̸= b, then there is a neighboring box w below t. ϕ : P (θ) → P (θ′) being an isomorphism implies

ϕ(t) < ϕ(z) and ϕ(t) < ϕ(w). There is a unique way to attach ϕ(t) to θ′ϕ(t) preserving these relations such

that the result is a skew diagram.
Otherwise, t = b, and y = z is the only neighbor of t in θ. ϕ : P (θ) → P (θ′) being an isomorphism

implies that ϕ(y) is the only neighbor of ϕ(t) in θ′ and that ϕ(t) < ϕ(y). Suppose for a contradiction that
ϕ(t) is the top neighbor of ϕ(y) in θ′. Then ϕt = id implies that there is no box above y in θt. Since θt is a
connected skew diagram and |θt| ≥ 2 by our assumption, there must be a neighboring box in θt to the right
of y, and therefore a neighboring box to the right of ϕ(y) in θ′ϕ(y). Since θ′ is a skew diagram, there must

then be a neighboring box to right of ϕ(t) in θ′. See Figure 14. But then ϕ(t) has two neighbors, which is a
contradiction. □

ϕ(t)

ϕ(y)

Figure 14. Impossible subset of θ′.

Since P (θT ) ∼= P (θ), we have the following:

Corollary 19. Let θ, θ′ be connected skew diagrams, then P (θ) ∼= P (θ′) if and only if either θ = θ′ or
θT = θ′.

Finally, using the above corollary we obtain the following proof:
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Proof of Proposition 14. Without loss of generality, assume θ and θ′ are connected.
Assume that P (θ) ∼= P (θ′), then by Corollary 19 either θ = θ′ or θT = θ′. By Lemma 3, we may assume

θ = θ′. Using embeddings as in the proof of Theorem 13 we can reduce to the case X = X ′ from which the
conclusion follows.

Otherwise, we have that P (θ)op ∼= P (θ′). Consider the automorphism w0 of X, it restricts to an iso-
morphism Xθ

∼= Xθ† . Since P (θ†) ∼= P (θ)op ∼= P (θ′), by the previous case Xθ† ∼= X ′
θ′ and the conclusion

follows. □
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