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Numerical Approximation and Identification Problems for Singular Neutral Equations
by
Graciela M. Cerezo
Commitee Chairman: Dr. Terry L. Herdman

Mathematics

(ABSTRACT)

A collocation technique in non-polynomial spline space is presented to approximate
solutions of singular neutral functional differential equations (SNFDEs). Using solution
representations and general well-posedness results for SNFDEs convergence of the method
is shown for a large class of initial data including the case of discontinuous initial function.
Using this technique, an identification problem is solved for a particular SNFDE. The
technique is also applied to other different examples. Even for the special case in which

the initial data is a discontinuous function the identification problem is successfully solved.
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Chapter 1

Projection Methods: A short
summary of results



1.1 Introduction

1.1.1 Classification of Volterra Integral Equations

An Integral Equation is a functional equation in which the unknown function appears
under one or several integral signs. An integral equation, for the unknown function y, of
the form

(1.1.1) y(ty = g(t) + Ltk'(t,s,y(s))ds, tel=]a,b]

is called a Nonlinear Volterra Integral Equation of the Second Kind. Note that g(¢) and
K(t,s,y(s)), the kernel of the integral equation, are given real valued functions. The
function g(¢) is known as the initial function.

If the unknown function occurs only under the integral sign, we will have a Nonlinear
Volterra Integral Equation of the first kind, ie.

(1.1.2) /Ot k(t,s,y(s))ds=g(t) tel.

A Volterra integral equation is said to be linear if its kernel has the following form

(1.1.3) k(t,s,y) = k(t,s)y

When the kernel function is the product of a smooth function and a weakly singular
one,

(1.1.4) k(t,s,y(s)) = (t—s) v(t,s,u(s)), O0<a<t

with 4 smooth, the equation is called an integral equation of Abel type.

1.2 Existence and Uniqueness of Solutions

1.2.1 Volterra Linear Integral Equations of the Second Kind

Consider equation (1.1.1) with a linear kernel K and a real valued continuous initial
function g.

Definition 1.2.1 Let Kq(t,s) = K(t,s) and set

(1.2.1) Kn(t,s):/t Ky(t, ) Ky (0, 8)dt, n> 1

the functions K, n > 1 are called the iterated kernels associated with the given kernel K
in (1.1.1).



The introduction of the iterated kernels of K is motivated by the Picard method for
constructing successive approximations {y,(¢), n > 1} to the exact solution of (1.1.1)
by means of

(1.2.2) yn(t) = g(t) + /Ot K(t,s)yn—1(8)ds, yo(t) =g(t), tel

the iterate y, can be expressed in terms of the given function g and the iterated kernels
Kq---K, , namely

(1.2.3) yn(t) = g(t) + /Ot i Kn(t,s)g(s)ds, n>1.

For a given kernel that satisfies || K(¢,s)|| < M for all (¢,s) € S = IzI it follows that for
alln > 1

_ \n—1 n—1
t—s) < T

(1.2.4) K (2, )] < Mn((n -1 - M (n—11)

Thus the series

{1.2.5) K,(t,s)= Jim
1

n=

Kn(t,s)
1

m=

converges absolutely and uniformly on § to a continuous function R(¢,s) = > ov_q Kn(t,s)
called the resolvent kernel of the given kernel K. The function y given by

¢
(1.2.6) u(t) =g+ [ Rit,9)g(s)ds, ter
0
is a continuous solution of (1.1.1) on [I.

Theorem 1.2.2 Let the functions g and K characterizing the integral equation (1.1.1) be
continuous on I and S respectively. Then this equation has a unique solution y € C(I)
given by

t
(12.7) u(t) = 9(0)+ [ Rit,9)g(s)ds, tel

0
where R € C(S) is the resolvent kernel associated with the given kernel K . The resolvent
kernel satisfies the identity
R(t,s) = K(t,3)+ [} K(t,¥)R(¢,s)dy for all (t,s) € S.

For a proof of this theorem see [4].



1.2.2 Volterra Linear Integral Equations of the First Kind

The existence of a unique solution y € C'(I) of the first kind integral equation (1.1.1) is
assured under certain conditions on A" and g¢.

Theorem 1.2.3 Let K and g satisfy
a) g € CY(I) with g(0) = 0, this assures the continuily of the solution at t = 0;
b) K € C(5), % € C(9);
c) K(t,1)#0 forallt € I.
Under these conditions, the first kind equation (1.1.1) has a unique solution y € C(I).

Under these conditions the first kind equation (1.1.1) can be transform into an integral
equation of the second kind for which Theorem 1.2.2 can be applied. For a proof of this
theorem see [4].

1.3 Projection Methods

Projection Methods include such techniques as collocation, Galerkin’s method and Least
Squares methods. We will describe briefly this methods and analyze some interesting
convergence results.

Let X be a Banach space and consider the operator D : X — X defined by

b
(1.3.1) Du= [ K(t,s)u(s)ds

a
for K(t,s) continuous or with certain types of integrable singularities, D introduces a
compact operator on X, see [1] [10]. Equation (1.1.1) can be written in operator form as
y=g+ Dy.

Let {X,}22, be a sequence of finite-dimensional subspaces of X such that |J;2; X,
is dense in X. Let ¥, be another sequence of finite dimensional subspaces of X and
let P, : X — Y, define a sequence of projection operators. Then to solve the original
equation, we intend to approximate y by a sequence {y, }52, such that y,, € X,,.

Let R(y,) = y» — Dyn — ¢ denote the residual. If y,, = y, then R(y,) = 0. As this
is in general not the case, one tries to select ¥, so that R(y,) is small. In projections
methods this is accomplished by requiring the projection of R(y,) onto Y, to be equal to
zero. That is, picking y,, such that P, R(y,) = 0 or equivalently Py, — P, Dy, = P,g.

In the most common implementation of this technique we have X,, = Y,,,n > 1, so
that P,y, = y» and ¥, solves the equation of the second kind,

(]32) Yn — Pn,Dyn = Png‘



To do numerical calculations we take {¢x}}_, as a basis for X, and write

(133) Yn = Zakg‘ok
k=1

the coefficients {ax}}_, will be obtained by solving the projected equation
n i
(1.3.4) Z lj((,ok)ak — Z lj(PnK(Pk)ak = lj(gn) j=1,--,n.

where {l;}7_, are polynomials such that [;(¢x) = 1, for j = k and vanish otherwise.



Table 1.2: Polynomial Collocation

Space X Basis for X, Projected Equation
Cla, 8], Illoo  {le}iorsLagrange  ya(t) = [ Ku(t, $)ya(s)ds =.ga(2)
Polynomials

Table 1.3: Galerkin’s Method

Space X Basis for X, Projected Equation
Lala,b],||./l2 {¥x}F=y, orthonormal y,(t) — f: Ka(t, s)yn(s)ds = gn(t)
Polynomials

In the following tables it is shown how the three most standard projection methods

are selected.
Letting 7' = I — D the following table holds for Least Squares method.

Table 1.4: Least Square Method
Space X Basis for X, Projected Equation
Lafa,b],||)l2 {T%x}}-,, orthonormal =1 B [P T*Top;ppdt == 2T gy
Polynomials




So the approximate solution for an integral equation will be the solution y, to the
corresponding project equation.

1.4 Convergence Analysis

1.4.1 General Convergence Result for Projection Methods

Let us write (1.2.2) as

(1.4.1) Yn — DnYn = gn
where

(1.4.2) D, = P,D
(1.4.3) g = Fug

Then the following convergence result holds:

Theorem 1.4.1 Let the operator D and the projection P, be such that ||D — D,j| — 0
and P,g — g. Then for alln > ng (I — D,)™' € X, ||[(I — D,)7'| is uniformly bounded,

|[“ — un|| — 0, and the error estimate
(1.4.4) ly = ull <17 = D) llly = Puyll
holds.

For the proof of this theorem see [10], [1].

It is interesting to note that convergence results could be drastically improved by
changing adequately the projections spaces and the partition of the interval used. We will
show this kind of behavoir of Projection Methods for the particular case of Collocation
Methods, similar analysis could be done for the other methods mention above.

1.4.2 Analysis of a particular case: The Collocation Method

The most common formulation of Polynomial Collocation is to take the projection space
as X = (Cla,b],||-||cc) where C[a,b] is the space of continuous functions on [a,b] and ||.||
is the supremum norm. X, is the subspace of polynomials of degree n — 1. In this case
we have Y,, = X,,, and P, will be the operator which maps a function y in X onto the
polynomial which interpolates it on the set of points {tx}7_q,

(1.45) Pa(u() = 3 y(t)ln(t)
k=1



where {l;(t)}}_; are the fundamental polynomials of Lagrange interpolation . Then ap-
plying the projection P, to D we will have

(1.4.6) (P.DY)(®) = 3 1a0) /b K (g, $)y(s)ds.
k=1 a

Let pi(t);—, be a basis for X,,, then the projection equation (1.4.1) becomes

(1.4.7) Ynlt) — 2“: [i(t) /b K (g, $)yn(s)ds = 2”: L(t)g(te).
k=1 @ k=1

Evaluating both sides of (1.4.7)at ¢t =¢; j =1,---,n and using the fact that {x(¢;) = bx;,
we obtain

b
(1.4.8) Yn(t5) —/ K(tj,s)yn(s)ds = g(tj), j=1,---,N.
Writting
(1.4.9) Ya(t) = D arpi(t)
k=1

and substituing into (1.4.8) we obtain the usual collocation equations, (see [1])

(1.4.10) f_: arpi(t;) — i a fbK(tj,S)pk(S) =g(t;), 7=1,---,N.
k=1 k=1 a

For numerically solving the projected equation, a partition of the interval is need. For
simplicity, we will work from now on for the interval I = [0, 1].

Let h; = t;41 — t; and b = mazh;, 1> 1 and assume that Nh; < Nh < T (quasi
uniform partition). Let the finite subset X (V) of [0,1] be given by X(N) = Ué\;l X;
with

(1.4.11) X;={tjn=t+ch; 0<c1<ea<+-<e, <1}

The set X (V) is called the set of collocation points and the points {¢,} n=1,---, N are
called the collocation parameters, the /; is the 7 — th Lagrange fundamental polynomial
for the collocation parameters {c;},

(1.4.12) 1i(s) = ﬁ Lze)

r=1,r#7 (Cj N CT)



Definition 1.4.2 Letm and d denote integers satisfying —1 < d < m—1. Then S¢(zn) =
{u Ul ) = Unt s uwi(t,) = ul_ (t,) for j =0,---,d and t, € Zn is the
linear space of (real) piecewise polynomials (or polynamials splines) of degree m which are
in the continuity class C*([0,1]) and which have the nodes Zy.

Note that: If d = —1, then an element u € 5,,'(Zx) (with m > 0) has jump disconti-
nuities on the set Zy. The step functions with breakpoints Zy correspond to SO_I(ZN).
The dimension of S%(Zy) is given by

(1.4.13) dim(SE(Zn)) = N(m—d)+ (d+1) (-1 <d<m—1)
For more details about the properties of this spaces see [6], [11].

Theorem 1.4.3 Let g and K be continuous functions. If the collocation parameters{c,}
are such that a = ¢; < ¢g < --- < ¢,, = 1, then the collocation approrimation v defined
above is an element of S%_I(ZN).

For a proof of this theorem see [4].

1.4.3 Improvement of Convergence

Importance of the choice of the collocation parameters, Global Convergence
Results

We will analyze convergence results assuming that the integrals needed for the approxi-
mation scheme are evaluated analitically, we will not take into account the effect of the
error due to numerical integration in the accurancy of the polynomial collocation.

Let ¢ = y — y, and denote its restriction to the subinterval (t;,%;41] by €¢’. Note
that this error function will in general have finite jumps on Zn.We will use the notation
lelle = sup{le?(?)|, t € (tj,t41], j=0,---,N =1} with h = maz(tj31 — t;), 7>1,
the maximun width of the given mesh.

For integral equations of the first kind the following global convergence result holds.

Theorem 1.4.4 Let g and K in (1.1.2) possess continuous derivatives of order m+1 on
their respectives domains, and suppose that g(0) = 0, ||K(t,t)|]| > ¢ > 0 for all t € [0,1].
Then the collocation equation (1.4.10), defines for each quasi-uniform mesh sequence with
sufficiently small h = mazh,, n >1 a unique approrimation y € S;l_l(ZN). This
collocation approzimation yields an error with ||e|lcc = O(R™), as h — 0 and Nh < T
for all collocation parameters c¢; with 0 < ¢1,-+- < cpm =1. If0<¢; < - < ey < 1 then
the same result holds for all m > 1 if and only if

(1.4.14) ﬁ w <1
=1 G



For the proof of this theorem see [4].
For integral equations of the second kind we have the following global convergence
result:

Theorem 1.4.5 Consider the equation (1.1.1) with g € C™(I) , K € C™(S5). Then there
exists h* > 0 such that the collocation equation defines for each h € (0,h*) a unique
element y € S>1 (Zy). The error induced by this approzimation to the exact solution y
of (1.1.1) satisfies for every choice of the collocation parameters {c;} with 0 < ¢; < --- <
cm < 1 and for all quasi -uniform mesh sequences ||| < Ch™. Where C' denotes some
finite constant independent of h, but depending on the {c;}.

For the proof of this theorem see [4].

It is interesting to note that for particular choices of the collocation parameters and
the projection spaces, the highest order of convergence can be locally achieved. This is
analysed in the following sections.

Local superconvergence results for the collocation method: Analysis of the
superconvergence for integral equations of the first kind

Theorem 1.4.6 Let g € C™* 2 and K € C?, and let y € S\ (ZN) is uniquely determined
by collocation on X*(N) = UMt X where X} = {ty; = spx+¢jh 1 0 < ¢g < ¢1 <
o, ¢ < 1} and ¢; are the zeros of Ppi9(s) — Pp(s) € (0,1], where Pi(s) are the Leg-
endre Polynimials for [0, 1] of degree i, with the normalization P;(1) = 1. The collocation
parameters mention here are known as the Lobatto points which lie in the left open interval
(0,1], with ¢, = 1.

Then

(1.4.15) lex(2)|| < ch™*2, forallz € Qf,k=0,1,---,N =1

Where Qr = {qx,; = gt uth 0 <up <up < co- <ty < 1}, and u}, j=0,1,---,m
are the zeros of Pp,11(s) and as above Pi(s) denots the Legendre polynomial for [0,1] of
degree © such that P;(1) =1

A proof of this result can be found in [7].
In this paper it is also shown that the order of superconvergence p = m + 2 is the best
posible, for the corresponding sets X(N) and Q(N ), it cannot be replaced by m + 3.

Analysis of the superconvergence for integral equations of the second kind

As for the case of the equation of the first kind, for second kind equations we can (locally)
improve the convergence by choosing the best collocation parameters. The following local
superconvergence theorem on {Zy} holds

10



Theorem 1.4.7 Let v € S;1 | (Zy) denote the collocation approzimation to the solution
of the integral equation (1.2.2) and assume that g and K satisfy g € C*™"V(I), , K €
C*m="(§) for some v € {0,1,2} and with m > [v/2] + 1.

a) If the collocation parameters {c;} are the zeros of Pp,_1(2s — 1) — Pp(2s — 1),
ie. the Radou II points for (0,1], then for v = 1 we have,

(1.4.16) max |le(t,)|| = O(R*™™ 1), ash — ONA < T
tnEZN

b) If the collocation parameters {c;} are the zeros of s(1— s)P},_1(2s — 1), ie. the
Lobatto points for [0,1], and if v = 2 ,then it follows that

(1.4.17) max ||e(t,)|| = O(h*™™?), ash — ONh < T
tn€Z N

c) If the collocation parameters {c;} are the zeros of P, (2s — 1), ie. the Gauss
points for (0,1), and if v = 0 then we obtain

(1.4.18) max |le(t,)|| = O(R™), ash - ONA LT
tn€ZN
then the collocation at the Gauss abscissas does not lead to local superconvergence on
ZN.
d) If the first m— 1 of the collocation parameters {c;} are the zeros of Pp,_1(2s—1)
and if ¢, = 1 then with v = 2 the same result that in b holds, ie. we have the same order
of local superconvergence as for Lobatto points.

For a proof of this theorem see [4], also see [6].

Note that all these superconvergence results hold for the case in which the kernel
K depend linearly on the function y(t), for the more general case of nonlinear integral
equations these results do not hold.

Importance of the choice of the projection spaces

Making use of the special structure of each problem we can get higher order convergence
results. In [5] it can be seen that more imformation about the form of the solution of a
particular problem allows us to build up special non-polynomial spline projection spaces
for which the order of convergence of the method is drastically increased. It is interesting
to note that in this case the convergence results does not depend on the choice of the
collocation parameters.

The imformation about the form of the solution plays an essential role in the choosing
of the adequated projection spaces. This special choice of the projection spaces turns out
to be the key for numerical approximations that leads us to succesfully solve identification
problems for the parameter of IVP with weak singularities.

For the particular IVP we studied, we found very usefull to apply this technique.
An introduction to this problem can be found in Chapter II, a complete analysis of the

11



numerical scheem is given in Chapter III and finally in Chapter IV the identification
problem is solved.



Chapter 2

The Aerodynamic Problem and
Its Semigroup Setting
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2.1 Introduction

During the last ten years the study of feasibility and advantages of active control surfaces
to reduce maneuver, gust and fatigue loads and dampen vibration that contributes to
flutter had been an important field of research. Some of the most important problems
studied in this field are related to well-posed mathematical models of aeroelastic systems.
To carefully develop a procedure for control design one needs a realistic mathematical
model that predicts the dynamic behavior of the physical system, in [12], a complete
dynamical model was formulated in terms of functional differential equation of neutral
type for the elastic motions of a three-degree-of-freedom typical airfoil section, with flap,
in a two dimensional, incompressible flow. For the sake of completness, we’ll briefly present
the model here. In this work we’ve studied a simpler case suggested by the singularity
presented in the general model.

2.2 The Aerodynamic Model

As can be seen in [12] a mathematical model that gives as an input- output relation
between the motion of an airfoil and the resulting forces on the airfoil is given by

(2.2.1)%[1493(15) + /_ io A(s)a(t + s)ds] = Ba(t) + /_ (; B(s)a(t + s)ds + Gu(t)

where the matrix A € R3*8

A=) ]
has Ay3 = 0, Ay = 0, Ay is nonsingular

eli ]
and the matrix B € R5%®

A

14



has

0
Bzz—‘o

1
0
and Bn = B12 = B21 =0

The state vector X (¢) is given by z(t) = col(k(t), 8(¢), (), h(t), 8(t), B(), 74(1), 74(1))
with A(t) the plunge coordinate, 6(¢) the pitch coordinate, 5(¢) the flap angle and (%) the
extended total airfoil circulation.

Note that although the matrix Aj; is nonsingular, the matrix A is singular (since
the eighth column is identically zero). The matrix functions A(s) and B(s) have the
first seventh columns all zeros and Bg;(s) = 0 except for ¢ = 5,6. The matrix A(s) has
Ag;i(8) = 0 except for i = 4,5,6 and the function Ags(s) = /(¥%=2). Notice that Ags(s)
is weakly singular and that [°_ A(s)z(t + s)ds is impossible to integrated by parts since

A(s) is not Ly on neighborhoods of zero.
For each z : (—o00,+00) — R® let 24(s) = z(t + s). For ¢ : (—00,0] — R® satisfying
¥ € L1 N Ly, the followings operators are defined

0
(2.2.2) Dy = Ap(0) + /_Oo A(s)p(s)ds
and
(2.2.3) Lo = Bo(0) + /_ ; B(s)p(s)ds

so that the above equation can be written in the form

d
(2.2.4) EDmt = La, + Gu(t).

Note that the D operator is nonatomic at s = 0, since the matrix A is singular.
However this particular problem has a very interesting structure since the singularity in
the matrix A is at precisely the rigth position to be compensated by the weak singularity
of the kernel function Agg(s) at s = 0. This is, to have any imformation on what’s going
on with Zg(¢) we must solve an integral equation with a weakly singular kernel at ¢ = 0.

In this work we isolated the eighth coordinate and studyed a much more simpler
problem in which the weak singularity of the kernel at ¢ = 0 is still present.

15



2.2.1 Statement of the Problem

The problem we investigate is the following:

d

with
(2.2.6) zo(s) = ¢(s), p(s) € C[-1,0]

where z4(s) = (1 + s) s€[-1,0] t>0.

The operators D) and L are given by

(2.2.7) Dy(s) = »/_01 p(o)(—0) %do, 0<ax<l
and
(2.2.8) %/_01 o(t 4+ 5)(—8)"* = Las(s).

2.3 'Well-Posedness of Singular Neutral Equations in a
Semigroup Setting

Concerning the well-posedness of (2.2.5)-(2.2.6) we have the following result.

Theorem 2.3.1 (i) For each ¢ € C the initial value problem Dz; = Do, t>0, z,=
¢ has a unique continuous solution z(-,¢) on [0,00). The family of operators S(t)p =
z(-, ) t > 0 defines a C, semigroup on C.

(it) If p < 1/(1 — «) then for each (n,¢) € R X L, the initial value problem Dz, =
7, t>0, z,= ¢ has a unique solution z(-,p) defined a.e. on [0,00). Moreover, the
family of operators S(t)(n, ) = (Dz¢,z¢), t >0 defines a C, semigroup on R X L.

(15) If p > 1/(1 — @) then (2.3.1) has a unique solution for (1,¢) in a dense subset

of R x L,. However, the family of operators S(t) defined as above fails to define a C,
semigroup on R X Ly.
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The operator D defined by (2.2.5) is bounded on C[—1,0] for all « € (0,1), and is
bounded on L,[—1,0]if p > 1/(1 —«). However the operator D is unbounded and densely
defined on L,[—1,0]if p < 1/(1 — a). A proof of this existence and uniqueness results for
the initial value problem can be found in [13].

For the numerical approximation (Chapter III), we will exploit the form of the solutions
of equation (2.2.5). The result needed is given in the following Theorem.

Theorem 2.3.2 Let ¢ € C[—1,0]. Then the IVP for (2.2.5) has the unique integrable
solution

o4

! ©(s)ds

S

sinar f° 1
o) = /lt -

T

(2.3.9) Sm‘”/ (tt:j)+l o(s—1)ds, 0<t<s.

For a proof of this theorem see [13]. Note that the solution z(¢) in Theorem 2.3.2 can be
written in the form

(2.3.10) z(t) = t%vo(t) + v1(2)

where vg € C*°[0,1] and v; € C™[0,1]. So we can approximate both vg(t) and v;(t)
using Taylor’s expantion arround any ¢y € [0, 1]. This idea will be used in the next Chapter
to choose the best projection spaces in each interval of the numerical approximation.
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Chapter 3

A Numerical Solution For The
Initial Value Problem
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3.1 Introduction

We now direct our attention to the numerical approximation of solutions to

det
dt

(3.1.1) =Lz, O0<t<T.

where L = 0, with initial data
(3.1.2) zo(s) = ¢(s), se[-1,0]

where z(s) = z(t + s) for s € [-1,0], ¢t > 0 and the linear operator D has the following
representation for ¢ € C[-1,0]

0
(3.1.3) D = /_1 o(s)(=s)ds, 0<a<l.

We use the non-polynomial spline collocation technique which will be described in this
Chapter, also see [14]. Note that equation (3.1.1) is a neutral functional differential equa-
tion, which is singular due to the nonatomicity of the difference operator, D, in (3.1.3).
By reformulating (3.1.1)-(3.1.2) as a well-posed Abel-Volterra equation of first kind on the
state spaces Lj 4[—1,0] (g is a weight function) and C[—1,0], we can apply a collocation
technique recursively on approximation spaces generated by functions (non-polynomials)
whose form is suggested by the weak singularity appearing in the equation, see [5], [14]. By
using the well-posedness of (3.1.1)-(3.1.2) on L, 4 convergence of the collocation technique
can be shown even in the case of discontinuous initial data.

3.2 Approximation Scheme

Collocation techniques can be formulated as projection methods in spaces of continuous
functions. Here we use collocation in a recursive way on approximation spaces generated
by non-polynomial basis functions. (Note that the same idea is applied by Brunner in [5]
to approximate Volterra equations of the second kind with weakly singular kernels.)

Using the density of C'(—1,0] in L 4 estimate solutions to IVP (3.1.1)-(3.1.2) can be
approximated in two steps:

i) Approximate Lj 4 initial function by continuous initial functions,

and

ii) Use collocation technique on C[—1, 0] to approximate solutions to IVP (3.1.1)-(3.1.2)
in the continuous data case.

In the space X = C[0,1], with ||z|| = max;ep1l|z(t)], ¢ € [0,1] we consider the
finite dimensional subspaces XV = span{el’,el,...,eN}, with projections PV : X —
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XN PNa(t) = ;yzow(rj)eéy(t), z € C[0,1]; where 0 < 7 < 7y < ... <73 < 1,
are the collocation points. We define the family of operators DV, N > 1 by DV :
XN — XN DN = PND and the family of functions f¥, N > 1 as fN : X —

XN, fN = PNf. The sequence of approximating functions 2V (¢) = Z?’:O 7je§-v(t) is the

solution of the system DNz® = fN or equivalently, ;-\f:o 7jDN€§V(Tj) = f(m), 1=
1,...,N. This is an algebraic system in the unknowns y1,72,...,7~. In matrix no-
tation we have: QV = ANFN, where QY = DeMN(r), AN = (Y1,725-- -, ¥~)T, and

FN = (fN(n), ..., N ()T
Integrating (3.1.1) and splitting the integral in the operator D we get

/:t z(t +s)(—s) “ds + /;Ot z(t + s)(—s)“ds = ¢

or equivalently,

/Ot 2(t + 8)(—s)%ds = ¢ /j ot + 5)(—s)"*ds.

Setting

(3.2.1) Dz(t) = /Ot z(t — s)s™%ds

and

(3.2.2) ft)=c— /_:t o(t+s)(—s)"“ds

the integrated form of IVP (3.1.1)-(3.1.2) can be written as

(3.2.3) Dz(t) = f(1).

Note that the left hand side of this last equation contains the unknown function z and
in the right hand side we have already known “past” data. Accordingly, collocation
is used in a recursive way. Let N be an integer, h = 1/N and partition the interval
[0,7], T > 0 by t, = nh. Denote by o the interval [0,%¢;], and by o, the interval
(tn,tnt1], m =1,..., N — 1. The recursion is motivated by the fact that for ¢ € o, that
ist=t,+s,s€[0,h), so equation (3.2.3) can be written as:

(3.2.4) / T ot — W) du = f(t) - / e — W du, e o
0 s

Note that in the integral on the left hand side the argument of the function z lies in the
interval o,, while in the right hand side its argument belongs to the interval of “past
values” [to,tn—1). This will set the recursion.

Our scheme consists on using collocation in each interval o,, on equation (3.2.3). The
basis functions used to build the projection spaces are suggested by the form of the solution
given by the following lemma.
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Lemma 3.2.1 Consider the problem (3.1.1)-(3.1.2) with ¢ € C™[-1,0] and assume

©(0) = ¢'(0) = ... = ¢™=1(0) = 0. Then the unigue solution of the IPV has the
form
(3.2.5) z(t) = t%vp(t) + v1(t)

where v belongs to C™[0,1].

Using Taylor’s expansion for the functions v, and v; we may write

m—1 m—1
(3.2.6) 2(t) =t Y Apt* + > BiutF +t*Ro(t) + Ri(t), t€[0,h]
k=0 k=0
Let
m~—1 m—1
(3.2.7) el (1) = > Epthte 4 > gtk ¢ €0,h]
k=0 k=0

be the approximate solution of (3.2.3) obtained using collocation on og.

Denote by X, the space C[t,,t,41] with ||z|| = maxie,, |2(¢)]. Let m be
as in the lemma, then the above expantion suggest the following projection spaces
XN, n=0,1,...,N —1as XY = span{l,s,..s™" 1, 5% s+l sotm=1} and, XV =
span{l,s,...,s™ "L (14 s/n)*, (1 + s/n)%s,...,(1+ s/n)*s™ "1}, n=1,...,N—1.

The space XV is a subspace of X,,. Denote the projection from X,, into XY by PN.
The sequence of approximating functions {z} }n>1, each of them defined on the interval

On, is the solution of the system
(3.2.8) (PXDaN)(t) = (PY F)(t), te€on

or equivalently

N [T N
P, / z, (t—s)s %ds =
0

i
py (f(i) —/ aN(t - s)s‘ads) , tE oy,
tnp1—t

Let t =t, + T,]X, where 7,, 1 = 0,1,...,m — 1 are the collocation points on the interval
op. Equation (3.2.3) yields the set of 2m equations

™ N N N e
/0 Ty (tn+T,, —s)s™%ds = f(tn-l—Tm )—/N

(3.2.9)
Now define the function z™(¢), ¢ € [0,7] as z™V(t) = zN(¢), t € o, , with ||z|| =
max,epo,7]|2(t)| for z € X = C[0,1].

The following theorem establishes the convergence of the scheme.

an(tn-I-T,]X—S)S_adS, n=0,1,...,2m—1.

g
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Theorem 3.2.2 Let z(t) be the solution of (3.2.3) with initial condition ¢ € C™[-1,0],
(0) = ¢'(0) = ... = p(m=1)(0) = 0. Then

(3.2.10) |2V — z|| < KA™H!
with K a constant which depends on the collocation points and on the initial function.

For a proof of this Theorem see Chapter V.

3.3 Nwumerical Examples

All computations were carried out on a IBM 3090. The numerical integrations were
performed using a Gauss Quadrature Method with 5 nodes. An ordinary Gauss Method
solves the system of (ko + k1 + 2) equations with (ko + k1 + 2) unknowns.

Example 3.3.1 Smooth Case We consider the problem with initial function ¢(s) = —s.
The solution z(t, @) for a = 0.5 is (¢,0.5) = —t + %tl/z

Figure 1 shows the approximated solutions for N = 4, N = 10 and N = 50. For this
choice of the basis we obtained a relative error smaller than 0.006. Since ¢ € C*[—1,0]
we could have used spaces XV of higher dimension, to obtain a smaller error.
Example 3.3.2 Nonsmooth Case Consider formula (3.2.3), where the RHS is given by
f(t) = 2xt*. The true solution, for the case o = 1/2 is z(t) = #3/2.

Figure 2 shows approximates solutions for this problem for N = 4 and N = 10.

Example 3.3.3 Discontinuous Case

We consider the scalar equation

0
(3.3.1) / (=) z(t+s)ds=1, t>0
-1
with initial data
L [0 ifse(-1,0)
(3.3.2) wls) = { 1/2 ifs=0.

This example is a generalization of Example 4.1 in [2].
The solution of equation (3.3.1)-(3.3.2) is given by

1
(3.3.3) z(t, o) = ;i""l sinar, te€[0,1).

Note that in this case the initial data ¢, is not a continuous function therefore our lemma
about the form of the solution does not apply so the scheme described in Section 3 can
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not be applied directly. To estimate the solution we approximate, in a suitable way, the
initial function ¢ by a sequence of differentiable functions.
In particular, for ¢ € (—1,0) consider the family of functions ¢, given by

0 ifs<e
we(s) =< a(e)s? +b(e)s+1/2 if s € (¢,0)
1/2 otherwise.

Let {e,} be a sequence with &, — 0. The sequence ¢., is not a Cauchy se-
quence in (C*[—1,0],||- ||c), but converges to ¢ in Lz ,, therefore from Theorem 3.2.2,
lim, ,o(Zn)e = @ in Lo ,.

Figure 3 shows the approximations to the solution of (3.3.1)-(3.3.2) for ¢ € [0, 3] and
a = 0.5. The approximations are plotted for ¢ = 10~3 and values N = 4, N = 10 and
N = 50.
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Chapter 4

Solving The Identification
Problem
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4.1 Introduction

As it was discuss in Chapter I1, a realistic mathematical model is need for the aerodynamic
problem. For a model to be reliable it is important that all the parameters involved are
correct. The identification of parameters involved in the L operator, the right hand side of
the IVP we are studying , is studied by Herdman et all in [3]. In this Chapter we present
the identification problem for the parameter in the D operator of our IVP. It is important
to note that a differentiability result for this case is given.

4.2 The Identification Problem

Consider the problem:

Given the measurements y;,¢ = 1,---,n of z(%), solution of (3.1.1)-(3.1.2), at discrete
points t;,7 = 1,-- -, n we want to identify the parameter «. Thus, we consider the quadratic
cost function

(4.2.1) J(a) = Z ||z (i, ) — yiH2
=1
and the minimization problem

4.2.2 in J(a).
( ) Jmin (a)

Associated with problem (4.2.2) we have the approximated problems,

4.2.3 in_JV

(4.2.3) et (a)

where

(4.2.4) TN(a) =" |2 (ti, 0) — yil|?
=1

and :EN(t, «) are the functions obtained by the scheme in Chapter III.

In order to study the convergence of the identification procedure we establish the
following differentiability results.
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Lemma 4.2.1 For everyt € (0,1),z(¢, ) given by Lemma 1 is differenciable with respect
to a and the function z,(t,«) is continuous for all t € (0,1),a € (0,1).

For a proof of this Lemma see Chapter V.

4.3 Numerical Examples

In the two examples below we identify the parameter values @ = 0.5 and « = 0.75 using
the approximation scheme discused previously. In figures I and II we plotted some of
the curves for the «’s furnished by the minimization subroutines as they converge to
o = 0.75 and o = 0.5, respectively. The optimal values obtained are a,,; = 0.7499 and
aopt = 0.4999.

4.3.1 The Special Case of Discontinuous Initial Data

Below we show the numerical results of identifying the parametrer a on the IVP for (2.2.5).
Note that this is example 3 from Chapter III.

We considered measurements on [0, 1] for the solutions with a = 0.5. In figure III we
show the curves furnished by the minimization subroutine. The initial guess is 0.4. The
optimun value obtained is a,p; = 0.518.

In figure IV we identify a = 0.5 but the measurements z; are taken for ¢; in the interval
[1,2]. The initial guess is 0.4. The optimum value obtained is a,,: = 0.512.

Figure V, shows the results for the identification problem for « = 0.5, for t € (0, 2).
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Chapter 5

Conclusions and Proofs
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5.1 Conclusions

The technique studied is a very effective tool to built approximations for the solutions to
our problem. Since it is both accurate and easy to compute, it allows us to succesfully
solve the identification problem for the parameter that appears in the D operator. The
accurancy of this tecnique, however, is not much better than others that can be found in
the literature, see {2], but the greatest advantages of it seens to be that it doesn’t requires
a small partition of the interval to get a ”"good approximation” of the solution. By "good
approximation” we mean an approximation that is accurate enough to succesfully run the
identification routine. Recall that the identification scheme builds an approximation to
the solution at each of its steps, so it needs an approximation method for which the error is
small with the less computational work possible. The results shown for the identification
problem with t € [1,2] gives a nice example of the possibilities of this technique.

Using all the imformation we have about the form of the solution gives us the possibility
to build this technique to be very accurate, ( since we are choosing the projection spaces).
In solving the identification problem this is a good advantage, however, if we only want
to get a numerical approximation for the solution of an IVP, using so much imformation
about the analytic solution might be a problem. In solving the identification problem, this
not only gives us a great advantage over the usual approximation techniques (including
the classical collocation that is descrived at the beginig of this work), but also allows us
to prove the differentiability of the solution with respect to the parameter, which is a
nessesary condition for the identification scheme to work.

5.2 Proofs

5.2.1 Proofs of results in Chapter 111

Proof for Theorem 3.2.2: From Lemma (3.2.1) we have that the function z can be

expressed in the form:

(5.2.1) 2(t) = t*vy(t) + v (¢)

where v,,v; € C™[0, 1].
Using Taylor’s expansion for the functions v, and v; we may write

m—1 m—1
(5.2.2) e(t)=t* Y Apth + 7 Buth 19 R(1) + Ri(2), t€[0,R].
k=0 k=0
Let
m—1 m—1
(5.2.3) wl ()= Bt 4 N ek, 1 e o,k
k=0 k=0
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be the approximate solution of (3.2.3) obtained using collocation on oy. Recall that we can
write (1.2.7) in terms of the basis of XY 2V (1) = Yt Soskte L 1§95k s € [0, 1]
where

£ = Sph-(k+)
$¢ = @gp(k+),
Let C,fz\’: =ch, ¢ €][0,1],7=0,1,...,2m — 1 be the collocation points on . Then
for each T,:x we have
(5.2.4) DNy = f(7)),  i=1,....2m
Also we have that
(5.2.5) —ﬁz(rﬁ) = f(TTI;_]), i=1,...,2m
Formulas (5.2.4) and (5.2.5) yield

(5.2.6) DN —z)(wNy=0, i=1,....2m

Simple manipulations and the form of D yield

m—1

=2 —A T, T s)tegma go d? — B —sk_ads
> (= o [ =) Zu o [ =)

— / A Ro(rﬁ —5)s %ds — / " Rl(T,]LY —35)s™%ds
0 0
m—1 m—1
= 2 E - AR+ (e - BT
k=0 k=0

N N

i Tny .
— / RO(T£~3)3_ads—/ Rl(T,jx—s)s_ads:O, t=0,1,...,2m—1
0 0
This yields the following system of algebraic equations on (£} — Aj) and (®f, — By)

(20— AN + (2 — AT + .+ (B — Ap)T) "
+ (99— Bo)rl +<<I>0 BmN“’ A (82 = Br)r"
m-l—])(g) Nm+1 (m+1 (5) Nm—H o

(m+1)! (m+1). , 1=0,1,...,2m -1

Using Cramer’s rule we can write the solution as Zf — Ay = A4, /A, ®) — By = A, /A
k=0,1,...,m—1 where A, Ay, and Ap, are

A = Mlen...,com)htmm,
Ad Mi(ct, .. ., cam)hmT1=kH(mt1)m

Il

k
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and }
Ap, = Mi(cy,. .., com)hmHi-ktmm g — g1 om— 1.

In the equation above M, My and M, are independent of k. Simple calculations using the
form of the coefficients of 2"V — z given by the formulas obtained above yield max{|z(t) —
a:N(t)|,t € 0,} < K,h™*1, For the interval ¢,, n > 0 the proof follows the same lines as
the one for o,.

If t € 0, it has the form ¢ = ¢, + , with ,, = nh. Writing { = sh for s € (0, 1], and
t=1t,(1+ E%) = t,(1 + ) Using Taylor’s expansion on v,(t) and v(¢) about ¢, for each
subinterval o, we have v,(t) = t2(1 + 2)* S Z0sk, and  v(t) = Sjeo ®2s* In this
way we get a representations analogous to (3.2.6) for the intervals o,. This proves the
theorem.

5.2.2 Proofs of results in Chapter IV
Proof of Lemma 4.2.1:

Using Lemma 3.2.1 we can compute g—g in the following way:

de dvy ,  dv
o= t*In(t)vo(t) + Et + o

where

o= L2 em()e(s)/((t = s)llsll*)ds — f2y [l tndlls])e(s)/ (¢ = s)lsl|*)ds
I = 2yl mllsle(s)/((t = s)llsl|*)ds

Note that the second term is similar to vo(¢) but for a problem with in(s)e(s) as initial
condition instead of only ¢(s).

1l = [[t*In(t) f2 o(s)/((t = 8)||s]|*)ds
llin(t) fo!* @(~to)t/((t + to)t*a®)do]|

lin(t) fo!* (~ta) /(1 + 0)o)do |-

Ift,oc <1 then

[tn(]] < [t + in()ll = llin(t) + In(o)]| = [|in{to)|
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i)l 3 e(—to)/(1+ a)o™)dal| + | i7" e(=ot)/((1+ 0)o*)do]|

Il Jo tn(otye(—ta) /(1 + o)o)da|| + [in(®|I| /¢ e(=ot)/(1 + 7)o*)do]|
Ji+ Je

14]]

I IA A

Note that since in(ot)p(ot) is continuous at 0 we can write

Al < [lin(at)p(at)]|oof(1, )

where (., .) is the usual Beta function, and {n(t) = In(ot) — In(o), then

Jo = R tn(ot)e(=ot)/(1+ 0)o)do — [/ In(o)p(=0t) /(1 + 0)o*)do]|
S JS + J4
where
1/t
4] < ||<p||oo/1 In(0)/((1+ 0)o®)do.
We have H—La < 1 thus

sl < llelleo i tn(o)o=2 1o = |lolloo (In(0)o™/(=a)y* + L [}/* o= o)
= |l¢lloo(In(0)t*/a — H(2)=> = 1]) = [l@lleo(In(t)t® /e — (8% - 1)).

dvy
For 2L we have,

= [ intt = o)t = 5ol = D/t =5+ 1)do

and changing variables s = to we have

dvy
do

[ In(t = to)(t — to)*p(ta — 1)t/(t — ta + 1)do

o [ In(t(1 = 0))(1 — o) p(ta — 1)/(t(1 = o) + 1)do
t*(fo In((1 = 0)(1 = 0)* ' p(to — 1)/((1 - o) + 1)do
+in(t) fy(1 = 0)*  p(to = 1)/(H(1 - 0) + 1)do)

t*I; + t*In(t) 1.

(|-

If ¢ € L° we have
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1 < el [ (1= o)(1 = 0)/(H(1 = o) + D)o

Recall that

lim(In(1)) = lim(In(0)/ ) = lim(e~ (=) = lim(;25) = 0

t—0 7%

so the lemma, is proved.
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