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Blind Identification of MIMO Systems: Signal
Modulation and Channel Estimation

Kai Dietze

(Abstract)

Present trends in communication links between devices have opted for wireless instead of
wired solutions. As a consequence, unlicensed bands have seen a rise in the interference
level as more and more devices are introduced into the market place that take advantage
of these free bands for their communication needs. Under these conditions, the receiver's
ability to recognize and identify the presence of interference becomes increasingly
important. In order for the receiver to make an optimal decision on the signal-of-interest,
it has to be aware of the type (modulation) of interference as well as how the received
signals are affected (channel) by these impediments in order to appropriately mitigate

them.

This dissertation addresses the blind (unaided) identification of the signal modulations
and the channel in a Multiple Input Multiple Output (MIMO) system. The method
presented herein takes advantage of the modulation induced periodicities of the signals in
the system and uses higher-order cyclostationary statistics to extract the signal and
channel unknowns. This method can be used to identify more signals in the system than
antenna elements at the receiver (overloaded case). This dissertation presents a system
theoretic analysis of the problem as well as describes the development of an algorithm
that can be used in the identification of the channel and the modulation of the signals in
the system. Linear and non-linear receivers are examined at the beginning of the
manuscript in order to review the a priori information that is needed for each receiver

configuration to function properly.
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Chapter 1

Introduction

1.1 Motivation

This dissertation addresses the problem of blind system identification (BSI). System in
this case refers to one or multiple coexisting wireless communication links from the point
of view of one of the receivers. Blind refers to the assumption that no specific
information about the environment is known beforehand except for that at its core are
independent signals that have been mixed together in a linear fashion to arrive at the
received signal. ldentification is the process of trying to estimate unaided (because of the
blind assumption) the independent signals or some of their properties as well as to
determine the mechanisms through which they contribute to the received signal. The
linear process that describes the transfer of energy and information from the original
source signals to the receiver will be referred to as the channel or transfer function. In a
communication system, the independent signals that are present in the environment can
be divided into three categories: desired, interferers, and noise. The desired signal
carries information that the receiver is interested in which is in contrast to the interferers

which are also information bearing signals but directed at other receivers. Both the



desired and the interfering signals have cyclostationary (periodic statistics) statistics
because of their information carrying properties associated with periodicities from their
data rates and center frequencies of operation. Noise, on the other hand, does not carry
any particular information or structure but is instead a result of a combination of random
contributions of receiver noise, ambient noise, etc. and therefore can be modeled as a
stationary signal. Both interferers and noise, as their names state, are nuisances which
hamper the receiver’s goal of correctly estimating the signal that has been originally sent

by the desired source.

The assumption is that the receiver has no knowledge of its environment a priori.
Environment, in this case, refers to the channel, the interferers with their modulations, the
number of signals in the environment, and the noise structure of the environment. This
can occur when a receiver is used in bands such as the ISM band, or unlicensed bands.
Under such circumstances the signal environment is not known to the receiver because
any number of systems could be in use on the same frequency and time slots of the
desired signal. These signals might vary in number, modulation, or amount of signal
overlap (in time or in frequency), since any system is permitted to use this band at any
given time subject to restrictions in power and bandwidth.

Present trends in communication links between devices have opted for wireless instead of
wired solutions. As a consequence, unlicensed bands have seen a rise in the interference
level as more and more devices are introduced into the market place that take advantage
of these free bands for their communications needs. Under these conditions, the
receiver’s ability to recognize its environment unaided becomes increasingly important.
In order for the receiver to make an optimal decision on what the desired signal is
depends on the information that is available to it as discussed in Chapter 2. At present
times, the receiver knows only the modulation and frequency of the signal it is trying to
receive and assumes it is operating in an interference-free environment. This assumption
in many cases, and more in the future, is not appropriate, especially if the device is
operating in the unlicensed bands where other devices may be in use simultaneously.

The receiver needs to know the modulation of all signals in the environment as well as



the instantaneous transfer functions from each of the transmitters to the receiver to

achieve maximum performance.

A common solution to this problem is to use a multiple antenna system together with a
linear processing technique such as beamforming in order to remove the interference.
This method works very well when there is at least the same number of antenna elements
on the receiver as signals in the environment [1]. For a small portable device, however,
adding more antennas can considerably increase the size, putting a limit on the number of
antennas that can be placed on it. In many situations, the number of signals in the
environment exceeds the number of antennas on the receiver. These types of scenarios,
where the number of signals exceeds the number of sensors, have been referred to as

overloaded arrays in the literature [2].

In overloaded environments, a common assumption is that the channel and the
modulation of the signals are known to the receiver a priori. This is a valid assumption if
the receiver is being used in bands were rules apply and everything is structured before
hand with a pre-determined modulation (as for example the PCS bands) including
training sequences (or an equivalent method) that are in place through a protocol to
recover channel information. Maximum likelihood sequence estimation (MLSE) is the
method of choice in digital communications systems when the number of unknowns
(signals) exceeds the number of equations (antennas). MLSE is able to solve a seemingly
underdetermined problem because it takes advantage of the finite alphabet of digital
signals. MLSE requires an accurate estimate of the channel from each of the transmitters
to each of the receiver antenna elements for proper operation as well as knowledge of the
modulation of all of the signals in the system. In more hostile and less structured
environments, however, there is no a priori information of the number of signals, their
bandwidths, their modulation, or the channel. Under these circumstances, the receiver is
required to blindly recover all necessary information for the MLSE (or other types of
receiver) to provide the best estimate of the desired signal. The identification of these
unknowns by the receiver without help is referred to as blind system identification in this
dissertation.



The goal is to eventually move towards the development of a smart receiver that will be
aware of its environment and can be deployed in various types of hostile environments.
The receiver can make an optimal decision on what type of processing on the received
signals will result in the most reliable estimate of the desired signal based on the
particular environment it is in. Such a receiver needs to have the capability of blindly
learning all necessary unknowns from the environment and also needs to have a
reconfigurable architecture. A smart receiver could be used for the demodulation process

in a cognitive radio system.

The concept of cognitive systems encompasses a broader range of features that goes well
beyond the specifics of receiver design and adaptation. Cognitive radio is a recent
concept [3] in which observations of the operating environment and information from the
network is factored into the decision making in order to achieve a certain performance
level for the user. The radio becomes self-aware of what the user is trying to do instead
of just performing the particular task. The radio is in contact with the main network to
share information about the present state of the network and the state of the radio. In
order for communications to be transparent, both terminals communicate using a Radio
Knowledge Representation Language (RKRL). Under the established language, each of
the terminals can ask each other questions on the particular state the radio or network is
in or any other information that would improve the service delivered to that particular
unit. The idea is to increase the information that is available at the radio and at the
network about the operating environment so better decisions can be made and resources
can be appropriately allocated. The communications between the devices in the network

are transparent to the user.

Cognitive systems focus primarily on the self learning ability at all levels of the radio of
which a smart receiver could be an integral part. The details of receiver design are only
briefly discussed in this dissertation because of the vast number of possible
configurations. Thorough treatments of various types of receivers can be found in
literature and will not be the focus of this dissertation. This dissertation will focus on the



identification aspect of the problem, and the following section describes the outline of
this dissertation.

1.2 Dissertation Outline

Chapter 2 begins with a review of receiver structures that can be used in estimating the
transmitted signal in the presence of interference. Each receiver configuration requires
different amounts of a priori information such as channel transfer function, the
modulation of the signals, and/or the structure of the noise for optimal operation. Chapter
3 introduces some of the statistical definitions and concepts that will be used in this
dissertation. The theory behind higher order statistics (HOS) for stationary and
cyclostationary signals will be introduced. HOS are commonly measured in terms of
cumulants or moments. Cumulants can be related to the moments of the probability

density function and vice-versa and can also be used to reconstruct their distribution.

Chapter 4 addresses blind source separation for the non-time dispersive MIMO channel
based on independent component analysis (ICA). Blind source separation allows for the
identification of as many signals in the system as antenna elements. The identification of
the mixing channel can be performed as a two step process based on second-order and
then fourth-order statistics. The linear, causal, and time-dispersive multiple-input-
multiple-output (MIMO) channel is examined in Chapter 5. The inverse of these types of
channels and their decomposition into minimum-phase and all-pass filters are addressed.
Inverses of MIMO channels play an important role in the identification of the channel

and the signals in the system as will be discussed.

The theoretical background behind the identification of a dispersive channel based on
higher-order cyclostationary statistics is presented in Chapter 6. Linearly modulated
signals are considered in this chapter to demonstrate the identification of more signals
that sensors together with their channels. The identification of the signals and the
channel can be performed on a subset of signals at a time using both second and fourth

order cyclic statistics. Finally, Chapter 7 presents algorithms that can be used to



determine the various filter coefficients introduced in Chapter 6. At the end of this
chapter, examples are explored to demonstrate the effectiveness of blind system
identification using higher-order cyclostationary statistics. Chapter 8 concludes the
dissertation and list contributions of this work and potential future topics that still need to

be addressed.

1.3 Notation and Nomenclature

This section is included to clarify some of the nomenclature used in this dissertation as
well as introduce some of the notation that will be used throughout this manuscript. The
term mixing or its derivatives, in this dissertation, refers to a linear time-invariant
operation performed on multiple signals and does not refer to a frequency up or down

conversion as it is sometimes used in communication systems.

Random signal vectors that change with time are represented by bold lower-case letters
(such as xy, Y1, X(2), etc.). Matrices that have no randomness associated to them are
represented by upper case letters and italicized (such as H; or H(z) which is used to
represent the channel). Plain text upper case letters imply fixed scalars (such as T, N, or
M) while lower case letters are used as indexes (such as i, j, k, I). The symbol (*) is used
frequently in this dissertation and corresponds to the general conjugate operator
(conjugate-transpose) also known as the Hermitian operator. All other operators or

variables will be described as they are introduced in this dissertation.
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Chapter 2

Receiver Structures for Signal Estimation

This chapter examines some important receiver structures used in estimating the
transmitted signal. More significantly, it examines the necessary information that has to
be known a priori at the receiver for each of these configurations to work properly. The
channel transfer function, the modulation of the signals, and the structure of the noise are
some of the factors that need to be available at the receiver for optimal operation.

2.1 Signal Estimation

Signal estimation involves extracting a variable that is not directly observable from
another variable that is observable. The observable variable could be a function of the
estimated variable as well as an arbitrary number of other unknown random variables or

constants. Mathematically the observable variable y (scalar or vector) can be written as

y=f(s,n,H) (2-1)



where s is the variable of interest, and n and H are other unknown variable and constant
respectively that are also present in'y. In this manuscript, the function f(¢) of interest is
where y contains a linear mixing of the signal s through the constant matrix H (2-2). The
second random variable n is an additive noise component to the mixture of s.

Mathematically, the variable y can be expressed as
y=Hs+n (2-2)

where y, s, and n are zero mean random variables. This general form is representative of
the linear multiple input multiple output (MIMO) non-time-dispersive wireless
communications channel. s represents a vector containing the signals from M different
sources and y represents the received vector at N different antenna elements. H (NxM
matrix) is the channel response which includes the combined effects of the channel as
well as the antenna effects.

Estimating the variable s from the received vector y involves a transformation on the

observed variable. In general, this function can be linear or non-linear and takes the form
S=g(y) (2-3)
where the variable § is an estimate of the random variable s. The function g(e) is usually
extracted from y based on a given criterion that minimizes or maximizes a particular cost
function. The mean square error criterion is a commonly used cost function in which the

variance of the actual value of s and its estimate is minimized over all possible g(¢). The
optimal estimate of s under the mean square error (MMSE) criterion which is given by

arg, o, MNE[s—g())s-a(y)1 = $=g(y) (2-4)

can be found to be [1]



§=E[s|y] (2-5)

where the operator E[] is the expected value operator. This result make intuitive sense,
if the distribution of s given y was known to the receiver, the most likely result for s
under those conditions would be the average (or expected value) of that distribution. The
MMSE in (2-4) is a cost function that ensures that the error between the true and the
estimated signal will have the smallest variance. The expected value operator is defined

in the traditional sense as
Ely(9] = [ y09) f, (x)dx

where fx(x) is the probability density function of the variables x. Calculating the
expected value in (2-5) requires information of the joint probability distribution of y and
s. This type of information is not usually available at the receiver and other forms of g(¢)

are usually used in practice.
2.1.1 Linear Estimation

One of the most common forms of estimation is achieved through a linear operation on
the observed signal. Linear estimation is used because of its ease of implementation. In
the time domain, linear filtering can be implemented through an adaptive time-invariant

filter. The matrix form of linear time-invariant estimation is given by

§Iinear = Gy (2_6)
The linear estimation matrix G when applied to the variables y produces the estimate of s
above. Under the linear system model considered in this dissertation (2-2), G can be

calculated using the minimum-mean-square-error criterion. The optimal value of G in (2-

6) under this criterion can be found to be [1]

10



_ * * -1
G=R,R*=RH'(HRH +R) (2-7)

where Ry is assumed to be invertible

Ry = Elsy]
R, = Ess’] 2:8)
R, = E[nn’]
Ry = E[yy*]

The cross correlations and autocorrelations (Rsy, Rs, Rn, and Ry) are the second order
statistics of the signals in (2-2). The operator * in this dissertation corresponds to the
hermitian-conjugate when the operand is a matrix or a vector or just a conjugation when
the operand is a scalar. Ry is usually found to be invertible even if R; is not of full rank
due to the full rank nature of R,. For low signal-to-noise ratios, however, the inverse of
Ry can be very close to singular and its inverse can be replaced by a pseudo-inverse to
guarantee stability. As can be seen from the above results, linear estimators require
information of up to the second order statistics of the random variables which is
considerably less than what is needed in the general case given by (2-5) that requires the
full description of the distribution. The general case requires knowledge of the joint
distribution of s given y which is considerably harder to estimate or know a priori than

just the correlation matrices.

In order to approach the optimal value of G in (2-7), the receiver requires an accurate
estimate of H and Rs. Usually Rs is information that is known a priori and the matrix H
can be estimated from the received signal either blindly or by using a training sequence.
Training sequences are set up as part of communications protocols where a previously
agreed sequence is transmitted to the receiver and the receiver compares what should be

received to what is received and estimates the channel (H) from this information.

11



2.1.2 Non-linear Estimation

Non-linear estimation performs equal to or better than linear estimation since linear
estimation can be thought of as special case of non-linear estimation. Non-linear
estimation also assumes more information is known to the receiver a priori about the

distributions of s and y - more than just the second order statistics as in the linear case.

If the joint distribution of s and y was known at the receiver, one can achieve better
performance as illustrated by the following example. Considering the system model
given in (2-2) with all real-valued signals

y=Hs+n (2-9)

and assuming that the elements of n are independent and identically distributed and are
unit variance Gaussian random variables. Additionally, the vector s has a binary
distribution of either all 1’s or -1’s. The mixing matrix H is assumed to be known to the
receiver as well. Using this information, one can construct the joint distribution of y and
s. The development of this example can be seen in the appendix (A.1). The conditional
distribution of s given y can be also determined and under the minimum mean square

error criterion the best estimate of s can be found using (2-5) to be
St = E[51 Y] = tanh) Z a7y +y" :
nonlinear — y - tanh 2 (h y + y h) (2 10)

tanh(e) is the hyperbolic tangent and h is a column vector with each column element
being the sum of that particular row in H (T corresponds to the transpose operator). The
operator tanh performs a nonlinear operation on the observed vector y. The § achieved
for the non-linear estimator in (2-10) always outperforms the linear estimator given in (2-

7) under the same conditions for this example and all other cases.

12



The improved results on the estimate of s in (2-10) over linear case are a direct result of
the knowledge available to the receiver. The a priori information of the distribution of s
and n allows for a better performing receiver structure. As in the linear case, knowledge
of the channel matrix H is made at the receiver but in practical situations H is also

estimated from the received signal.
2.2 Estimation of Finite Alphabet Signals

In digital communication systems, the value of s is constrained to a set of predetermined
values. In binary communication systems, the elements of s are confined to the set {-1,1}
while M-ary communication systems have an M symbol alphabet. It is also possible that
one of the source elements of the vector s is constrained to a particular set of values while
another is transmitting using a different set or modulation. For MLSE to work properly,

the alphabet of all the elements in s has to be known a priori to the receiver.
2.2.1 Maximum Likelihood and Zero Forcing Equalizer Receivers

In the development of the maximum likelihood (ML) receiver, the system model of
interest given in (2-2) and (2-9) will be exclusively considered. The maximum likelihood
receiver determines the transmitted sequence s that has the highest probability of being
sent given the received vector y. Mathematically, this operation can be written as [2]

$=arg, max[PslH’y (s|H y)J (2-11)

where P, ,

(s | H ,y) is the probability of s given H and y. Assuming that all sequences

of s are equally likely and independent of each other, (2-11) is equivalent to finding the

vector s that maximizes

§M|_ = arg maxlfym,s (y | H ’S)J (2'12)
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which can be directly computed from (2-11) using Baye’s rule (see 4-17 for details).

fom s (y | H ,s) is the probability density function of y given the channel H and s. Sincey,

s, and n are related through (2-2) the conditional distribution of y can be computed
directly. Assuming the elements of the random vector n are all identical, independent (or

white so that Ry=c,,’1), and jointly Gaussian distributed with zero mean, f,,, (y|H,s)

becomes

(y;—[Hs]; )2

1 “Ly—Hs)" R, H(y—Hs) 1 N TEERAT
f Hos)= ez e =—wz—wlle 7 2-13
ylH,s(yl ) (27[)N/2|R |1/2 (27[)'\”20' N ll_:l[ ( )

n n

where N is the dimension of the vector y. The reason for using a Gaussian distribution
for the vector n is a direct result of the central limit theorem where the addition of
receiver noise, ambient noise, and other unknown sources that are uncorrelated produces

a Gaussian distribution.

In some cases the vector n is not white (the elements of n are dependent on each other)
and has elements with unequal variances as a result of filtering or different amplification
of each component. In order to use (2-13) and some of the subsequent results, the vector

n has to be whitened first. A new observed vector y can be created through a
transformation on y which results in white and equal power noise components. A
property of joint Gaussian variables is that any linear transformation that uncorrelates its
components also makes them independent of each other. Therefore, diagonalizing the
matrix R, would ensure the independence of the noise components. Diagonalization of
the hermitian matrix R, is not unique but it is commonly diagonalized using the Cholesky
decomposition into [1]

*

R =LL (2-14)

where L is a lower triangular matrix. A lower triangular matrix has the property of

producing a causal implementation of the whitening process which is advantageous in

14



real time implementations. The resultant new observed vector y with uncorrelated and

equal variant noise components is given by

y=Hs+n (2-15)
where
H=L""H
y=L"Y (2-16)
n=_L"n

As can be seen from the above results, in general, it is not necessary to have equal power
uncorrelated noise components. A linear transformation of y can always be performed to
ensure independence and unity variance of the elements of n. Some of the subsequent
results are developed under the assumption of equal power, white noise elements but this
assumption is made to simplify the development of the derivations. The results presented
subsequently are therefore also applicable for correlated and unbalanced elements in n

after the necessary whitening transformations are performed (2-14), (2-15), and (2-16).

Returning to the maximization of (2-13) to achieve the maximum likelihood receiver as

required by (2-12) is equivalent to maximizing the logarithm of f, (y| H ,s). The

logarithm function is a monotonically increasing function and therefore the estimate §,,,

given by

Sy =arg, maxlog|f,, o(y | H,s)) (2-17)
should result in the same answer as the estimate given in (2-12). Substituting the

distribution function f, (y| H ,s) in (2-13) into (2-17) results in the maximum

likelihood estimate of s
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§,, =arg, maxl— ly - Hs||2J: arg, minfy — Hs||2 (2-18)
for uncorrelated noise components or
Sy =arg, miny — Hs||2R L, =arg, min[(y —Hs) R, (y- Hs)] (2-19)

for an arbitrary correlation matrix R.

The resulting ML estimate S,, is the sequence of s which minimizes the distance
between the received signal y and a reconstructed signal which results when the sequence
s is applied to the channel. Since the elements of the source signals s are selected from a
finite alphabet, the search over the possible values of s is finite and, therefore, feasible. If
on the other hand, the vector s contains a single distributed source it would require a
search over an infinite number of possibilities making this method impractical.

The performance of maximum likelihood sequence estimation, MLSE, can be calculated
as a function of the distance between the elements s. The following section addresses the
probability of symbol error for a maximum likelihood sequence estimator.

2.2.2 Performance of the MLSE and ZFE Based Receivers

In this section, the performance of the maximum likelihood sequence estimator and the
zero forcing equalizer will be examined. The probability of symbol error is different for
both these receiver structures and it will be shown that the MLSE will always outperform

the ZFE.

Considering the system model of a linear channel where the input sequence s is a member

of the space 8 (s 8) and similarly, y belongs to the space ¥ (ye ¥) as in (2-2)
y=Hs+n (2-20)
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H is assumed to have full column rank to simplify the development of the theory. The
vector y can be thought of as a mapping of s onto the space ¥ through the matrix H and
the resultant mapping is offset by the vector n. Figure 2.1 illustrates the mapping that
occurs when s is mapped onto the space Y. The figure illustrates the case when the
space X is of larger dimension than the space 8@ (the overdetermined case N>M). If no
noise was present, vector y would lie on the range of H (R{H}) and inverting the
mapping H, or H*, would result in the correct vector s. In the following discussion, in
line with the assumptions of a finite alphabet, the vector s also belong to the constrained

subspace € of 8 which are described by the discrete dark dots sce(s1, Sz, S3) in Figure

2.1. Mathematically, sce € S.

In the presence of noise, the vector y does not necessarily lie on the R{H} (see Fig. 2.1).
Under these conditions, the value of s can only, in general, be approximated. An estimate
of s (which may or may not be correct) can only be found if y lies in the range of H
(assuming knowledge of H). The least squares (LS) solution projects the vector y onto
the R{H} so that a solution of s can be calculated. The LS projection of y on the R{H},
Yu, corresponds to the closest point on R{H} to the vector y. The projected value of y on

R{H}, yn, in the least square sense is given by
* -1 *
yu=HHH)"Hy (2-21)
The above yy corresponds to the vector sy in the 8 space
# o VL -
s, =Hfy=(HH)"H"y (2-22)

where H is the pseudo-inverse of the matrix H. H is a inverse of the mapping H of s
onto the R{H}. This can be seen by considering the event when n=0 such that y=Hsc. If

the inverse H is applied to the noise free case, the resulting estimate for s becomes
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y=Hs+n

Figure 2.1 Mapping of the signal space 8 onto the observed vector space ¥

s, =H®y=H"Hs. =(HH)"H Hs, =5, (2-23)

H* is therefore an inverse of the channel H or the zero forcing equalizer (ZFE) [3] as is
commonly referred to in communication systems. In the presence of noise, the estimate

of sy becomes
s, =H*y=H*(Hs. +n)=s +H#n:sc+(H*H)_lH*n (2-24)

This is a combination of the true value of the transmitted sequence, sc, and a filtered
version of the noise vector n through H*. Because of the presence of noise in the system,

sy may fall somewhere in the space 8 but not necessarily inside the constrained
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subspace € which is composed of the values sc (s, Sz, and sz in Fig. 2.1). A ZFE
receiver, for example, would pick the value s in the constrained space €, sc, closest to

the value of the estimate sy computed through equalization. In Figure 2.1, for example,

the ZFE receiver would pick the vector S. =s, which is the closest value of s that lies in

C.
Scqzrey = arg,, minfs,, —sc|’ (2-25)

The ZFE therefore performs its decision in the space 8. The biggest drawback of zero
forcing equalizer receivers is that they do not take into account the potential effects of the
noise vector n. The filter H* in (2-24) could potentially correlate an uncorrelated noise
vector which could adversely affect the decision of the estimate of the vector s in the €
space, S.. The ZFE performs well in environments where the signal-to-noise ratio is
high and the biggest deterioration of the received signal is caused by the cross-talk
between the signals in s. The ZFE, H”, can also be used for unconstrained values of s

where s can take on any value in the space 8. When the signal s is unconstrained, the

optimal ZFE estimate is sy (2-24).

The result for sy in (2-19) is a proper estimate for the ZFE which indirectly assumes
uncorrelated, equal power noise components. If, on the other hand, the elements of n are
correlated and unbalanced, a better estimate can be achieved by taking into account these
factors. By using the matrix Ry, the vector y can be unbiased to reduce potential errors in
the estimate due to an incorrectly modeled noise vector. The resulting sy and yy which

account for noise correlation and varying strength between the elements of n are given by

Sun =(H'RHJ'H'R, Yy (2-26)

Yo =H(HR M HR, Yy
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The derivations for the above result are presented in the appendix (A.2) and are based on
uncorrelating and balancing the noise of the vector y using (2-14), (2-15), and (2-16). As
stated earlier, the ZFE given in (2-22) and its variant (2-26) perform a decision on the

transmitted signal using norms in the space 8 (2-25). Maximum likelihood sequence
estimation, on the other hand, uses metrics in the space Y to arrive at an estimate of the

transmitted sequence.

Maximum likelihood sequence estimation provides a better alternative to the ZFE
receiver in the presence of inter-symbol-interference (I1SI) and low signal-to-noise ratios
for a constrained set of s. MLSE takes into account the noise correlation matrix R, in its
decision. MLSE performs it decision in the space ¥ and finds the vector yc that is
closest to the received vector y in the metric of R, (2-16). yc correspond to the noise
free mappings of sc onto R{H} through H. It can be shown that y. , and sy, are both
sufficient statistics of the received vector y as shown in [3]. Any vector that is a
transformation on the received signal y that contains as much information about the
transmitted signal s as y is a sufficient statistic. In other words, a sufficient statistic
produces the same estimate S as the original received vector y does. The sufficient
statistic sy n Or Y, can therefore be used in estimating the input signal s instead of the
original received signal y. Therefore, to evaluate the performance of MLSE it is enough

to work with the modified zero-forcing-equalizer estimate, Sy n, Or equivalently its ' W

space counterpart yy .

~ . 2 . * _

ScimLsey = argsc mmHyH,n - HScHRnﬂ = argsc mm[(yH,n - Hsc) Rn l(yH,n - Hsc)] (2'27)
The above norm is performed in the space Y. In order to determine performance of the

MLSE it is convenient to re-express the norms in ¥ as equivalent norms in 8. This

procedure will allow the performance measure to be expressed as a function of the

separations of the elements of sc as will be seen shortly.
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The cost function that is minimized in (2-27) can be expressed as an inner product in the

space X as follows

2 —
HyH,n - HSCHR a4 = <(yH,n - HSC)’ Rn l(yH,n - HSC)>Y
" B (2-28)
= <H(SH,n _Sc)! R, H(SH,n _S'c:)>Y
The adjoint of the linear map H from space 8 to space ¥ is a linear map H” from ¥ to
8&. Hence the inner product in (2-28) in 'Y can be written as equivalent inner product in

8 using the adjoint matrix H™ as follows

(H6un =5 )Ry THun —sc))y = (Bun =S ) HR, MHlsw, —sc ), (2-29)

2
-
H Hn o “CllH'R,*H

The maximum likelihood sequence estimation can now be written as a function of the

distances from the sufficient statistic sy, to the constraint values sc
A~ . 2
Scomusey = a0, mInHSH,n _SCHH*Rn—lH (2-30)

where the norm is now performed in 8 in the metric of H'R,H. The advantage of (2-

30) is that the probability of symbol error can now be computed in terms of the more

familiar distances in the space 8. The probability of symbol error for MLSE is

discussed in the next subsection.
2.2.3 Probability of Error of MLSE

For the development of the average error, we assume s; and s are two close neighbors in

the constrained space € in 8. The MLSE compares the sufficient statistic sy to all the
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possible vectors of s in € in the metric H'R,™H as described by (2-30) and the one with

the smallest norm is the ML estimate of the transmitted sequence. If s; was sent, an error

would occur if s, is closer to sy, than s; in (2-30). This event would occur when

2 2
HS Hn ~ 52 HH*Rn’lH < HS Hn 51 HH*Rn’lH (2-31)

Equivalently, the above error event can be written as a function of the separation from s;

to s,. Simple geometry shows that an error would occur when
W= <(sH’n —s, ) H'R,*H(s, _Sl)>s > 0.5[s, —s.1||2H*Rn,1H (2-32)

The calculation of the probability of symbol error for the above event requires the
knowledge of the distribution of sy -S1. The value of sy , will deviate from the true value

of s; by the random factor n
Sun =(H" R HR, Yy =5, +(H'R, ™M) "H'R, 'n =5, +7 (2-33)

The sy, is a summation of the transmitted symbol s; and a random vector that is a linear
transformation on the vector n. If the value of n is large enough to place sy, closer to s,
than s; the MLSE would cause an error. Since the initial assumption was that n is a
Gaussian vector, a linear combination of n is also Gaussian distributed and therefore so is

n. The cross-correlation matrix of n, R-, fully describes zero mean jointly distributed

Gaussian variables and is given by
R, = E[pn"]= E[(H*Rn"lH)_1H*Rn‘lnan‘1‘*H(H*Rn'lH)_1’*J

R, = (H'R,*H)"H'R,“E[n’ R, * H(H "R, *H )™ (2-34)
R, =(H'R,*H]
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But what is required to develop the symbol error probability is the distribution of win (2-
32) which is a linear function of n. The distribution of y, which is the norm on the left

side of equation (2-32), can be re-written as a function of n as follows
V= <(SH,n _31)’ H *Rn_lH (32 _31)>s = <ﬁ’ H *Rn_lH (32 _31)>s (2-35)

Again, w being a linear combination of zero mean Gaussian variables is also zero mean
Gaussian distributed. Therefore the probability density function of y can be fully
described from the knowledge of its cross-correlation function. The variance of y above

can be found to be

E[‘//HV/]: ERﬁ’ H *Rn_lH(Sz _51)>;<ﬁ1 H*Rn_lH(Sz _51)>st
= (s, —s,) H'R,"HE[AA" JH"R, H(s, —s,)

Var[V/] = <(52 - 51)’ H *Rn_lH (52 - 51)>s = Hsz_slH,Zarle (2'36)

Using (2-36), one can replace the above variance into the standard equation for the

Gaussian probability distribution [4] and develop a distribution of i as follows:

y?

e 2“52*51“,_'*,;“71,_' (2_37)

1
f, ()= 2
J2ls, =Sl

As stated in (2-32) an error occurs when the value of  exceeds 0.5]s, _31||2H*R 4, This

probability of error can be found by integrating the distribution in (2-37) over the error

region. The probability of symbol error, Preguises, is given by

w o5, 5[
Preouisey = I fl,/ (w)dy =Q L N Q(0.5||S2 —Sl||H*Rn,1H ) (2-38)

2
2 —_
0'5H52_51HH*RH’1H ||SZ Sl”H*Rn’lH
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where Q(e) is the Q-function [5]. The above result is the probability of symbol error of

MLSE when the constrained space € is composed of two signals s; and s,. The symbol

error was found to depend on the separation of the constrained signals s; and s; in the

metric of H'R,*H. To extend the result to more than two signals in €, the probability of

symbol error in (2-38) has to be averaged over all possible signals sc that are being

transmitted.
2.2.4 Special Case: Underdetermined MLSE

Section 2.2.2 addressed the over or exactly determined problem, in this section the
underdetermined case will be considered which occurs when N<M. One of the
advantages of using maximum likelihood sequence estimation is that this form of
estimation can perform well even when the number of signals s to be estimated, exceed
the number of sensors y under the finite alphabet assumption. This case can be better
explained through an example. In this example, y and n have only one component while

s has two components. The matrix H is therefore 1x2 and the system equation is given by

y=Hs+n
(2-39)

Assuming that the vector s takes on the binary values {-1,1} for each of its elements, the
received value (y); is tabulated as a function of (s); and (s), with no noise present. All

possible values of y are enumerated in Table 2-1.

The third column represents the noise-less results of y given H =[1  0.5]. As can be

seen from the third column, all four joint events of {(s)1,(S)2} can be distinguished from
each other even though the system equations are underdetermined (less equations than
unknowns to be estimated). The finite alphabet nature of s allow for the identification of

more unknowns than equations from the knowledge of the constrained values of s as well
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as the channel transfer function H. This makes MLSE especially attractive in digital

communications systems where finite signal constellations are used.

Table 2.1. Example of the Underdetermined Case.

Transmitted Received Received value
sequences signal V)1,
{(s)1,(s)2} ()1 forH =[1 0.5]

{-1-1} -(H)11-(H)12 -1.5
{-11} -(H)11+(H)12 -0.5
{1-1} (H)11-(H)12 0.5
{1,1} (H)11+(H)12 1.5

In the underdetermined case, the maximum likelihood sequence estimation is also

dependent on the distances in the space Y as in (2-27) or with equivalent norm in space
8 as in (2-30). In the above example, the four values that the s vector can take can be

clearly distinguished by selecting the combination of {(s)1,(S)2} that produces a signal yc

closest to the received value y (norm is performed in XY'). The main difference of the

underdetermined case as opposed to the equally or over-determined case is that the
sufficient statistic given by (2-23) is no longer valid. This can be seen directly by noting

that (H *Rn’lH )71 in (2-23) is not invertible under underdetermined conditions, H is no

longer of full column rank.

A sufficient statistic for the underdetermined MLSE is the minimum norm (MN) solution

of Y. The MN sufficient statistics for the underdetermined case are given by

1

S =H(HH )y (2-40)

N

yH,n = y

25



Note that for this case, sy, does not depend on the noise cross-correlation matrix R, like
the overdetermined case given in (2-26). The MLSE estimate of the transmitted sequence
s is still given by (2-27) and (2-30) for the underdetermined case but with sy ,, being the
statistic given in (2-40).

2.3 Summary

In this chapter the following receiver structures were analyzed: MLSE, the ZFE, and its
variants. Depending on the complexity of the receiver, more information has to be
available at the receiver which creates a tradeoff of better signal estimation vs.
complexity. The ideal receiver based on minimizing the expected value of the
transmitted signal and its estimate (2-4) requires information of the joint probability
density function of received vector, y, and the signal of interest, s (2-5). This information
is often not available at the receiver in its full description. In general, this receiver is
non-linear as shown by the example given by (2-10). A sub-optimal estimator of s that is
based on a linear estimate of the received variable y is given in (2-7) if not as much a
priori information is available at the receiver. This receiver requires information of only
up to second order moment of s and y instead of the full distribution. For the linear
system model in (2-2) under consideration, the linear receiver requires information of the
channel H as well as the a priori cross-correlation matrix of n and s as can be seen in (2-
7).

The zero-forcing-equalizer inverts the effects of the channel H (2-22). It does not
consider the possible noise cross-correlations, Ry, in its decision or what happens to the
noise when the channel is inverted. For a finite alphabet s, the ZFE receiver performs a

minimum distance comparison to all the signals in the space 8 and chooses the one with

the minimum norm. The zero forcing equalizer requires the knowledge of H.

The MLSE receiver takes advantage of the finite alphabet of s which is typical of digital

communication systems. The advantage of using maximum likelihood sequence
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estimation is that it performs well even in underdetermined systems (more signals to be
estimated than sensors). The estimate of the transmitted signal is based on a distance
norm between y and what should have been received given all possible combinations of s
applied to the channel H. The synthesized signal that lies closest to the received signal is
the transmitted estimated signal (2-27) and (2-30). The probability of symbol error for
MLSE is given by (2-38). The MLSE receiver requires knowledge of H, Ry, and the

modulation (or alphabet) of each of the elements of s.

The performance of the ZFE and the MLSE receivers can only be compared for the over
or exactly determined case since the ZFE is based on the LS inversion of the channel
which is not possible when the channel is underdetermined. Under the assumption of

uncorrelated and equal variant noise signals, the MLSE and ZFE are based on the
minimization of the norms [s,, —sc|.,, and |ls,, —s¢|" respectively. The difference in

both decision statistics lies in the metric over which the norm is performed. The norm
metric H"H, for MLSE, is equivalent to the norm in space W where the noise is
uncorrelated. The performance of the ZFE, on the other hand, performs its norm in the
space 8 where the once uncorrelated noise is now correlated due to inverse operation H"

(2-24). The MLSE will therefore always outperform the ZFE unless the channel matrix
H is the identity matrix which is a mapping of the space 8 back into itself. Additionally,

the performance of both receivers will be comparable for high signal-to-noise ratios
(small n) but for low signal-to-noise ratios (high n) the MLSE will show a clear

advantage over the ZFE.

The purpose of this chapter is to analyze the necessary information that is required at the
receiver for the various receiver structures. The more the receiver knows about its
operating environment, the better its achievable performance. The estimates of the
channel H are usually estimated from training sequences predetermined by the
communications protocol and the receiver is usually aware of what types of signals are
present in the environment a priori. The problem arises if no information were available

at the receiver a priori and it was left up to the receiver to determine all required
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information on its own. The remainder of this dissertation will address this problem and

will focus on blindly estimating some of the parameters that need to be available at the

receiver a priori such as H, Ry, the number of signals in s, and the alphabet of s.
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Chapter 3

Higher Order Statistics of Joint Random

Variables

First and second order statistics are common ways to characterize a random signal. A
random variable is usually portrayed, in a simplistic fashion, by its mean (first order
statistic) and variance (second order statistic). For temporally varying signals, the time
auto-correlation function (second order statistic) is used to quantify the rate of change of
the signal versus time. The time auto-correlation of a signal can be quantified as a
function of the lag time between the signal and its shifted version for wide-sense
stationary (WSS) signals. An equivalent way of examining the rate of change of a signal
is in a frequency domain through the power spectral density (PSD) (also a second order
statistic) which is the Fourier transform of the auto-correlation function for WSS signals.
A signal that has a time auto-correlation function that is an impulse, for example, is
referred to as spectrally “white” because it contains all frequencies with equal strength

which translates into a constant PSD as a function of frequency.
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The relationship between two or more random variables can be quantified through second
order statistics using a correlation coefficient. Correlation is a weaker condition on
dependence. This is because two signals that are uncorrelated are not necessarily
independent but independence does mean both signals are uncorrelated. As the auto-
correlation is a measure of the relationship of the same signal at different instances in
time, the time cross-correlation function compares the time variations of two different
signals. The time cross-correlation function, which is also a second order statistic, is also
quantified as a function of a time lag between two signals when both are jointly WSS.

The time cross-correlation of two WSS signals x and y is defined as
R, (r) = E[x(t)y(t +7)]

There is a lot of information that can be extracted from a signal that is not available or
resolvable from the first or second order statistics. Higher order statistics (HOS) are
commonly measured in terms of cumulants or moments. Cumulants can be related to the
moments of the probability density function and vice-versa. Most signals of interest
encountered in communication system have higher order statistics (cumulants higher than
the second order) that are non-zero. The Gaussian random variable, is an exception
however, it is fully described by the first and second order statistic and therefore has zero
higher order cumulants as will be explained in this chapter.

The following sections will provide some background on higher order statistics that are

required in understanding the subsequent chapters.
3.1 Characteristic Function

The characteristic function is an equivalent representation (a fully invertible transform) of
the probability density function. The characteristic function of a random vector x is

given by
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(W)= Ep™ = [ £, (e (3-1a)

fx(x) = ﬁ o (wle ™ dw (3-1b)

Except for the missing negative sign in (3-1a), the above equation can be recognized as
the Fourier transform of the probability density function of x, fx(x). (3-1b) corresponds
to the inverse relationship between the characteristic function and the probability density
function of x. As will be seen in the next section, from the knowledge of ®x(w), one can

easily determine the moments of the probability density function.

A second function, which leads to the cumulants of the probability density functions

instead of the moments, is given by

Py (W) =In® (w) (3-2)
It should be noted that both (3-1) and (3-2) contain the same information and one can be
determined from the other. Additionally, from the knowledge of either (3-1) or (3-2) the
probability density function of x can be fully determined. In order to prevent confusion,
the convention adopted in this dissertation for functions of a variable x are written with

round brackets as with g(x) while functions of the distribution of x are written with

square brackets as with g[x].
3.2 Moments and Cumulants for HOS

3.2.1 Moments

The moment of a joint random variable x where each component of (x); is raised to the
corresponding exponent of the element in the vector r, (r);, is given by

M xor] = B (0 (G J= [ () (e f () (3-9)
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It is well known [1] that the moments can be determined from the characteristic function.
As with the single variable case, the joint characteristic function of several random
variables (3-1) can be used to determine the joint moments in (3-3). In order to better
appreciate the relationship between ®x(w) and the moments of a distribution, the terms
of the integral in (3-1) need to be re-written in an equivalent form. The complex
exponential component in (3-1) can be expanded using the Maclaurin series in the

following fashion

(X)'2 )(r)2 ( J (W)N (X)N )(r)N (3-4)

Replacing the series in (3-4) back into (3-1) results in an equivalent representation of the

joint characteristic function

(DX(W) = I fy (x) i Z i (j(w)l(x)l )(r)l (J(W)Iz (X).z-?-(r)z (J(W)N (X)N )(r)N dx (3-5)

oyw)= 3 3. 3 UG s o 1 o

which is composed of summations over infinite number of terms containing the
components of x raised to arbitrary powers r. The integral over the variables x above can
be recognized as the joint moment M[x,r] as defined in (3-3). The characteristic function
dx(w) can therefore be expressed as a function of the sum of the individual joint

moments of all orders in x as
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Just as the characteristic function can be expressed as a function of the individual
moments (3-6), the joint moments M[x,r] can be expressed as a function of ®x(w) as

follows

N

Z(r)i
M[x,r]=(-j)7 @"(0)
iZ::(r)i ‘ (3-7)
(Dr (0) — a (DX (W)

0¥ (w), 0" (w),..0" ™ (w),,

w=0

Any moment M[x,r] can be recovered by partial differentiation of the characteristic
function with respect to the vector w applied at w=0. The characteristic function ®x(w)
is therefore also referred to as the moment generating function since from this function

alone, all joint moments can be determined.

The relationship between the characteristic function ®x(w) and the joint moment M[x,r]
is given in (3-6) and (3-7). The connection between these two functions establishes a link
between the probability density function fx(x) and its joint moments. From the
knowledge of all joint moments, the joint probability density function of the variables x
can be determined with certainty as can be seen from (3-6) and (3-1b). The following
subsection will establish a link between cumulants and moments. Cumulants have

properties that are very desirable for signal processing applications.

3.2.2 Cumulants

Cumulants can be viewed as the statistical contribution of a particular order moment with
the contribution from the lower order moments removed. This is equivalent to the
difference between the variance and the second order moment of a signal. The variance
of a single random variable is independent of the mean (first order moment) of the same
variable while the second order moment does depend on the mean. The variance of a

single random variable x is given by
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o’ = E[(x — E[x])x — E[x])] = E[x?]- E[x]* = M[x?]- M[x]?

This variance expression is independent of the mean (first order statistic) because the
contribution of the mean (M[x]) to the second order moment (M[x?]) is subtracted out to
form ox®. The variance is, therefore, the second order cumulant of a single random

variable where the notation C[x*]=ox? is used here for cumulants. A more general

definition of the cumulant follows.

As discussed in the previous section, all joint moments of a random vector can be
computed from the moment generating function ®x(w). Similarly, cumulants can be
generated through the use of the cumulant generating function Wx(w) defined in (3-2).

As with moments (3-7), cumulants can be computed in the following manner from YWx(w)

S0
Clx,r]=(-j)7 ¥(0)
0 (), _
¥ (0) = o WYy(w) ‘ B 07 Indy(w) ‘ (3-8)
ok (w), 0"k (w),..0" (w),, o'k (w), 0" (w),..8" (w),,
w=0 w=0
where, as with moments, the cumulants are defined as follows
Clx,r]=C|x)™ ()¢ (x)" L (x)0 | (3-9)

Even though the representation of C[x,r] is useful in relating the cumulants (or moments)
of arbitrary order to the cumulant (or moment) generating function, a more suitable
representation for a cumulant or moment of a particular order P is more adequate for this

dissertation. The order P of a joint cumulant or moment can be related to the vector r as
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P i(r)i (3-10)

which is the sum of all the components in r. The representation of a cumulant for a
particular order P will be written as Cp[x] where N is the dimesion of x. The Cp[x] is
composed of a subset of P elements of x which may contain repeating elements. For
example, the cumulant of a real vector x of length N=2 and order P=2, C,[x], can refer to

any of the following four cumulants

C[(x). (x).1= Cl(x), (). L |(x; |= € [tx), ()} () |= €(x). (x).] (3-11)

Even though the notation in (3-8) and (3-9) is more specific than the chosen Cp[x] here,
the latter is more suitable because of its flexibility and generality. In subsequent
chapters, all cumulants of a particular order P are analyzed together and the reason for the
adoption of such a notation will become evident. Cp[x] can be related back to the lower
order joint moments as shown in [2]. The cumulant Cp[x] is given in [2] and can be re-

written in the following manner

P p

CP[X]:C[XlXZ"'XP]:Z (_1)p_1(p_1)! z HM[bj] (3-12)
{1
M [bj J= E[ij

where X3, X2,...Xp can be any of the elements of the vector x, (x); (including repeated
elements). The above cumulant is expressed as a function of moments of order P or

lower. The set {x;...xp} can be partitioned ((1:P)) in many different ways in a
collection of distinctive subsets £ containing elements from 1 to P. The individual

components of £, b; (j=1...|£]), have the following properties
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b, Nb, = ¢

£] ]
{Xl,XZ,...xP}:Ubj (3-13)

The union of all subsets b; for a given partition £ forms the complete index set {Xi...Xp}.

The |¢] in (3-12) and (3-13) is the sum of elements of that particular set L. The

relationship between cumulants and moments, given in (3-12), is a bit confusing and can

be better understood through an example.

If we wish to find the third order cumulant C3[x]=C[x1x»x3] from equal or lower order

moments, the set {x1,X2,X3} can be distinctively partitioned into

| L|=p=1: bi={X1X2X3}

| L|=p=2: bi={x1xz}, b={x3}
bi={x1xs}, bo={x2}
bi={x2x3}, bo={x1}

|L]=p=P=3:  bi={x1}, bo={x2}, bs={xs}

as required in (3-12). Applying the above sets of L to the equation (3-12) results in the

third order cumulant as a function of third, second, and first order moments as follows
C[X1X2X3]= M [Xlxzxs]_ M [XlXZ]M [Xs]_ M [X1X3]M [Xz]_ M [szs]M [X1]+ 2M [Xl]M [Xz]M [Xs]

The above procedure can be extended for higher-order cumulants but the number of
possible partitions increases exponentially with order P and so do the necessary lower
order moments that are required. Up to now, the discussion was limited to moments and
cumulants of real random variables. For certain conditions, the signal vector x is
complex, however, as is often the case in signal processing applications. The next

subsection will generalize the concept of cumulants to complex variables.
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3.2.3 Cumulants and Moments of Complex Signals

There are many ways to express cumulants or moments of complex random variables. A

fourth order cumulant and moment of a complex signal, C4[x], can be expressed as

C[X1X2X3X4] M [X1X2X3X4]
C[xl*x2x3x4] M [xl*x2x3x4]
C[xl*xz*x3*x4] M [xl*xz*xs*x4]

C[xlx2 Xq x4] M [xlx2 Xq x4]

just to name a few. As opposed to real signals, the higher order statistics of complex
signals have a non-unique way of being represented. In some cases, a particular feature
can be extracted from a collection of signals when the right conjugation is applied to the
individual signals. For example, the second order moment (which is also the second
order cumulant) of an equal likelihood QPSK signals which can take on the values
{1+j,1-j,-1+j,-1-j} illustrates this property. The constellation diagram for such a signal is

shown in Figure 3.1.

Im{x}

=

Re{x}

e —*+o0

1
[=|
[
(0]

Figure 3.1 Constellation diagram of a QPSK signal.
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When each of the signals of the QPSK constellation is equally probable, the second order
moment (or cumulant in this case) for two different combinations of conjugation can be

found to be

M[xx"]= C[xx]= E[Im{x}*]+ E[Re{x}’]
M[x*]=C[x?] = E[Re{x}*]- E[Im{x}*]+ 2 JE[Im{x}Re{x}] =0

In the first case above, the second order moment has a value which is the summation of
the individual marginal order moments. In the latter case, the result is zero since it
compares the difference of the second marginal order moments which in this case are
equal (the last term in the second equation is zero). The conjugations of the values of x
depend on what feature of the probability distribution is to be extracted. Keeping this in

mind, in this dissertation, a complex cumulant of order four will be defined as

C,[x]=CIx.X, X; X,] (3-14)

unless otherwise stated. The cumulant tensor, labeled as C4[x], contains all possible

fourth order cumulants of the form (3-14) and has symmetric properties that can be
exploited. Cumulant tensors will be defined and addressed in more detail in the next
section. (3-12) is also valid for complex signals as long as the conjugation state of a
particular element {x1,X2,...,Xp} is maintained throughout the equation. Moments are
simpler to compute directly from measured data than cumulants but cumulants have
special properties that make them attractive in signal processing applications as will be

seen in the following section.
3.2.4 Cumulant and Moment Properties

This section will examine some of the interesting properties of cumulants and why they

are useful in the blind source separation problem. Some of these special properties are
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also given in [3]. They can all be derived from the definitions of the moments and
cumulants presented in this chapter.

3.2.4.1 Scaling

When the individual variables xi, X2, ..., Xp are pre-multiplied by the constants aj,ay, ...,

ap respectively, it has the following effect on the moments and the cumulants

P
M [a,%,,8,%, - 3pXp |= [ [aM X, Xy 1eves X | (3-15a)

i=1

ClayX;,a,%; . 3%, |= [ JRC[X0) Xg 1oy X5 ] (3-15b)

The cumulant of the scaled variables of x; is equivalent to pre-multiplying the cumulant
and moment of the set {xi, X, ..., Xp} by all multiplicative constants a;.

3.2.4.2 Multi-linearity

Multi-linearity of higher order statistics is a very important property of cumulants and
moments. Since a linear channel can be represented by a matrix relating the input to the
output of the system so do their respective cumulants and moments but in a multi-linear
fashion. This property is central to the development of the theory presented in this
dissertation. It relates the cumulants and moments of the input and the output after

undergoing a linear mixing operation through the matrix H (NxM).

A linear system relating the input x to the output X can be written as

Xx=Hx= (i)i = i(x)j (H )ij (3-16)
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and their respective P order moments and cumulants can be related to each other as
follows

M

M [%Dyy = 2 (Me[x]) e (H)g (H)jo(H ) (H), .. (3-173)

p.q,r,s,..=1

M

(CP [i])ijkl... = Z(CP [X])pqrs... (H )ip (H )jq (H )kr (H )Is (3-17b)

P.q.r,S,.=1

The above equation relates the input and output cumulants and moments of a particular
order P and is referred to as mult-linear because it is a higher order extension to the linear
relationship given in (3-16). The cumulants and momentsC, [x], M, [x], C,[x], and
M, [x] are not constants as in (3-3), (3-7), (3-8), and (3-12) but instead are tensors.

C,[x] and M, [x] are NxNx...N (P dimensions of N) tensors while C,[x] and M, [x]

are MxMx...M (P dimensions of M) tensors. The i,j,k,| element of the moment and
cumulant tensor can be related to the moments and cumulants in (3-7), (3-8), and (3-12)

as follows for the fourth order (P=4) case

(M4 [X])ijkl =M |_(X)i (X)j (X)k (X)|J (3-18a)
(C4 [X])ijkl = Cl(x)i (X)j (X)k (X)IJ (3-18b)

and the above can be generalized to higher or lower orders in a similar fashion. For
complex signals, the appropriate conjugation needs to be applied to the elements of x in

the cumulant function.
3.2.4.3 Symmetry
Moments and cumulants have symmetric properties when an arbitrary permutation is

applied to their indices. When the permutation operator A is applied to the indexes of the

set {X1, X, ..., Xp}, there is no effect on the moment or cumulant when compared to the
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un-permuted case for a real valued x. This property of cumulants and moments can be

mathematically written as

M [X, X, Xp | = M Xy )X ) Xa(e) ] (3-19a)

C[Xlxz...xp] = ClXA(l)XA(Z)"'XA(P)J (3'19b)

The above moments and cumulants are components of the tensors C, [x], M, [x], C.[x],
and M, [x] as described in (3-18). Therefore, these tensors possess super symmetric
properties similar to the ones observed in Hermitian matrices. In the complex case, the

cumulant and moment tensors have complex conjugate symmetry depending on the

complex representation that is being used.
3.2.4.4 Independent Variables

When all the variables associated by {xi, X2, ..., Xp} are independent (the elements of x

are independent), the joint cumulant of these random signals is zero:
Clx,%,..%,]=0 (3-20)

The above result follows from the independence property of the joint probability density
function which can be written as the multiplication of its marginal densities. The joint
moment, because of independence, separates into a multiplication of the lower order
moments. As discussed earlier, cumulants are independent of the lower order moments

which are subtracted out resulting in cumulant value of zero.
The property (3-20) applies only to cumulants, however, and does not hold in general for

moments of all order. This is another important advantage of cumulants over moments, if

the cumulants are zero for all orders, the variables are independent or vice versa.

41



3.2.4.5 Sum of Independent Variables

Another property that pertains exclusively to cumulants applies to the addition of
independent random variables. If the variable associated with the set {xi, X2, ..., Xp}
(elements of x) are independent of the variables associated with the set {yi, y2, ..., Yp}

(elements of y), the cumulant of their sum results in the sum of their cumulants.

Cllys + % XY + %, (Y5 +%p)]= C¥1¥z Yo [+ ClxuXp e | (3-21)
This is another important property of cumulants that does not hold for moments. This
property can be derived by noting that the probability density function of the sum of two

independent random vectors (z=x+y) is the convolution of their probability density
functions or the multiplication of their characteristic functions.

(DZ(W): (DY(W)(DX(W) (3-22)
The cumulant generating function Wz(w), from where the cumulants can be computed, is

given in (3-2). For the addition of independent variables, the cumulant generating

function separates into the addition of the individual generating functions ¥, (w) and

Y, (W).

P, (W) =InD, (W) = InD (W) + InD, (W) = P, (W) + P, (W) (3-23)

The above result leads directly to the property of the cumulant given in (3-21), this
property does not apply to joint moments.

3.2.4.6 Cumulants of Gaussian Signals

First of all, since a Gaussian random variable is completely described by its first and

second order moments, all higher order moments are a combination of the first and
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second order moment. The cumulant of a single random variable for an order larger than

2 (P>3) is therefore equal to zero.
Gaussian: C[x']=0  P>3 (3-24)

When the above result is considered together with the property described by (3-21) it can
be concluded that higher order (P>3) cumulants are blind to additive Gaussian noise.
Cumulant HOS (P>3) based signal processing makes the desired signal seem noiseless

even in the presence of relatively high additive Gaussian noise.
3.2.4.7 Cumulants of Even Distributions

Many probability density functions of signals encountered in digital communication
systems have even distributions (they are symmetric about the origin). Some of these
modulations are BPSK, QPSK, Q-AM, and M-PSK. For these types of signals, the ones
with even probability density function, the resulting odd moments and cumulants are

ZEero.
3.2.5 Cumulants from Measurements (k statistics)

In the previous section some of the most important properties of moments and cumulants
were reviewed. Cumulants can be computed from the probability density function
directly or from samples drawn from its distribution. When cumulants are computed
from a set of measured data they are referred to as k-statistics. The multivariate version

of the k-statistic is known as generalized k-statistics. k-statistics ((f[xlxz...xp ]) are

unbiased estimators of the cumulants with the following properties

E[é[xlxz...xp]]: C[X, X, ... %5 |

. (3-25)
C[X1X2"'XP ]T—)oo - C[XlXZ -Xp ]
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On the average, the estimate of k-statistic will match the true value of the cumulant.
Additionally, when the total number of samples (T) approaches infinity, the k-statistic
will equal the true cumulant with certainty. Multivariate k-statistics have been explored
in [4] and [5]; in the former an analysis is made on the distribution of the particular k-
statistic as a function of time samples T. Knowing the distribution of the k-statistics
allows for an estimate on the number of independent samples T that are required to

guarantee a certain accuracy of the cumulant.

As an example, a cumulant of order two and three (P=2, P=3) respectively of a vector x

that contains two random variables is given by

P=2:
C[(X)l (x)2]= M [(X)1 (X)z]_ M [(X)l]M [(X)z]
P=3:

C[(X)12 (X)z ]= M [(X)12 (X)z ]_ 2M [(X)l (X)z ]M [(X)l]_ M [(X)lz ]M [(X)z ] +2M [(X)1]2 M [(X)z]

which can be developed from (3-12). The unbiased estimate of the cumulant (generalized
k-statistic) based on T samples of the random vector x for the same cases as above can be

found in [4] as

pP=2:
A 1 1
ky = C[(X)l (X)z ] = T_1 (311 T S10 S01]
P=3:
A T 2 1 2
Ky = C[(X)lz (X)z ]T = m(szl - ? S1p811 — ? Sy0Sp t ? S120301j

where

T

S = 2 (x(0)] (x(1));

t=1
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The resemblance between the cumulant and its estimate is evident and both equal each
other when the number of samples T approaches infinity. For large T, the sa/T estimate
is representative of the joint moment M[(x).%(x)."]. The complexity of the multivariable
k-statistics grows increasingly complex with order and for an arbitrary order the reader is
referred to [4] and [5] for the details.

3.2.6 Cumulants for Time-varying HOS

Signals that change with time, in general, also have statistics that are dependent on time.
The above sections were mostly concerned with spatial dependence across the elements
of a vector x with no regard to possible time variations of the signal. The definition of
moments and cumulants can be generalized for signals that have time dependencies. In
this dissertation, the time-dependent cumulant and moment function will be defined as

follows

Co[x;t, 7] = Cx, (t = )X, (t —7,).. %, (t —7;)] (3.26)
M, [x;t, 7] = M[x, (t =z)X, (t =7,).. % (t =7 )]

where P is the order of the statistic and x1,X,,..,Xp can be any of the elements of the vector
x(t) (with arbitrary conjugations) as in Section 3.2.2. Note that the above equations are in
general a function of time t and of the delays z,. The signal vector x is said to be
stationary if its cumulants and moments of all order are just a function of the delays t and

not of t or equivalently

C.Ix;t|=C,|x;t,T
P[ ] P[ ] (3_27)
MP[X;T]Z M P[x;t,‘r]
A similar extension, which incorporates the temporal domain, can be applied to moment
and cumulant tensors. The form of the time varying second and fourth order moment and

cumulant tensor can be defined as

45



(M[xit <)), = M|(x(t - 7)), (x(t 7))} |= E[xt - 2)), (x(t - 7,))
(C.[x;t 7)), = Cl(x(t—2)) (x(t-7,)): |= (M, [xt, 7)),
(M [xit 7] = M|t =), (x(t— 7)) (x(t — 7)) (x(t - 7.)),
(CulxteDy = Cllxtt— ), (x(t = 2,)); (x(t 7)) (x(t 7)),

(3-28)

which again is a generalization of the spatial definition in (3-18). Only the second and
fourth order tensor are shown above because this dissertation focuses on these two
statistics, any higher order cumulant tensor can be formed following the same template.
Note that the conjugates have been applied to the second and third element of the fourth
order cumulant which is consistent with how they will be used in this dissertation unless
otherwise specified. Also since the mean of the signal x(t) is assumed to be zero, the
second order cumulant tensor is equal to the second order moment tensor. Each
individual element of the cumulant tensors is a function of time t and delay t and can be

expressed in terms of equal and lower order time-varying moments as follows

(Cz [X;t' T])ij =M [(X(t - Tl))i (X(t - 72))? ]

(C4 [X; t, T])ijkl =M [(X(t - Tl))i (X(t - Tz))’,T (X(t - Ts)): (X(t - Z'4))| ]
Mt = ), (xtt— 7)), M [t = 7)), (st 2,

X . (3-29)
— M|(x(t - 7)), (x(t - 7)), M[(x(t - ) (x(t - 2,)), )
~M[(x(t - 2,)), (x(t - 7)), M [(xt - 2,)); (xt ~ 2,); |
or in short hand form
(C, [x;t,'r])ij =M, [x;t, ]
(C,[xt, T])ijkl =M. [x;t,t]-M - [x;t,t]M i [x;t, 7]
: : (3-30)

-M.. [x;t,‘r]M i [x;t,‘r]— M, [X;t,‘l’]M o [x;t, 17]
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The above equations describe the general form for the time-varying cumulant statistics.

In this dissertation, a special class of signals that have time-variant statistics will be
examined which are referred to as cyclostationary signals. Cyclostationary signals have
statistics that change with time but have the special property that its moments and
cumulants are periodic in t. The next subsection will be devoted to examining these types
of signals in more detail.

3.2.4.7 Cumulants and moments of Cyclostatinary Signals

Cyclostationarity is introduced into a random signal usually through a form of periodic
time-variant filtering. In communication systems, periodic time-variant filtering is
performed by the modulator which introduces periodicities such a data rate and carrier
frequency into the signal before transmission. These periodicities also exhibit themselves
in the statistics of the signal making the cumulants and moments of the signal periodic in
t (see Chapter 6). Cyclostationarity is based on time averages (instead of ensemble
averages) and numerous works exist on this subject among the more relevant ones to this
dissertation are [8] and [9]. In this chapter, a brief summary will be given to introduce
the concepts and describe the variables that will be used in subsequent chapters, for more
detailed treatment on cyclostationary statistics see [8]. This dissertation is mostly
focused in applying these statistics to solve the problem of blind identification. Their
cyclic properties allows the second cumulant tensor of joint random cyclostationary

signals x(t) to be decomposed into a Fourier transform as follows

C,[xt,1]= ZC; [x; T]e 2™

(CZ“ [x; ‘r])ij =Mz [x; 7] (3-31)

(C,[x:t,7)) ZM x; Tle /2™

T/2
M [x; 7] = T%% j(x(t—rl) (x(t—7,)) ;e dt
-T/2
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where M~ [x T] are the Fourier coefficients for the cycle frequency « and can be

obtained by a complex-exponential weighted time-average of the product of the

corresponding two elements in x(t). Note that M [x 'r] is non-zero only for a

denumerated set of cyclic frequencies o and is only a function of the delays t. C; [x; ‘c]

corresponds to the second order cyclic cumulant tensor (SCCT) and is of size MxM.
Equivalently, the fourth order cumulant tensor can be decomposed into a Fourier
transform as follows

C,[xtt]= ZC:’ [x; T]e 2™ (3-32)

a

where the elements of C{[x;t] can be found from

T/2

a H 1 —j2mat
(C4 [X;T])ijkl = IImTaw? j(Czl[X;t’T])ijkle 2 dt

-T/2

(Cf [X;T])ijkl =M [x; 7] ZM 7 [x;T]M o7 [x; 7] (3-33)

—ZMﬁxr “ﬂxr ZM”XT]Maﬂ[XT]

The tensor C;/ [X;‘c] is obtained by integrating equation (3-32) as shown in (3-33).

C; [x; ‘r] is the fourth order cyclic cumulant tensor (FCCT) which is a function of delay t
and frequency o and is of size MxMxMxM. Basically, C; [x;'r] corresponds to the
Fourier coefficients of the time-varying cumulant tensor C,[x;t, 7] at a specific cycle

(3-33). The FCCT above is in turn made up of the cyclic moment functions (CMF) of
order four or lower which can be computed by performing a Fourier transform of their

respective time-varying moments or equivalently on the time signal x(t) as follows

M:’kl[x;‘r]: lim;

%JI.Z(X('[ 7)) X(t—Tz))?(x(t—2'3)):(X(t—z'4))le’j2”"tdt (3-34)
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TI2
M [x t[=lim; x(t—z'l) x(t—rz))?e_jz”mdt

-T/2

—|||—\

T/2
M [XT T_mi (x(t - 75)), (x(t —7,)) €71 dt (3-35)
T -T/2
172 o
M [X‘l‘ —IImT_m? (x(t-7,)), x(t—rs))je_’z”mdt
-T/2
1 T/2
M [XT T—>w? (X 72) X(t z]))Fﬁjzm{tdt
-T/2
1 T/2
Mo [x;t]= T%w? (x(t—7,)) (x(t —7,)) e71*dt

-T/2

T/2

M- Ixt]=lim, (x(t z'z) (x(t-z,)), e 1% dt
2

—|||—\

-T/
The properties of cyclic cumulant tensors (CCT) are similar to the properties of general
cumulant tensors given in section 3.2.4. The scaling, symmetry, independence, and the
multi-linearity property can be verified to also apply to CCTs of all order [8].

Some special case results that are of interest in this dissertation will be considered next.
It will be important, in subsequent chapters, to know how certain operations on the

signals of interest affect the cyclic cumulant and moment tensors. A one dimensional

cyclostationary signal x(t) that undergoes time-invariant filtering, for example, as in
y(t) = j h(2)x(t - 1)dA (3-36)
has the following effect on the cyclic cumulants [8] of y(t)

Celyinl= [ [ i) Ce ez - (3-37)

—00—00
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Colyie)= | [hCon G (2)n(2)Cs [t —]d

—00—00

This is similar to the multi-linear property presented in Section 3.2.4 but extended to time

dispersive filters instead of just mixing matrices.

Before ending the discussion on cyclostationarity, it is appropriate to mention that
cyclostationarity is based on non-stochastic time averaging instead of ensemble averaging
which is a stochastic approach. There are some fundamental differences in these two

approaches and for more details the interested reader is directed to the reference [9].
3.3 Measures of Non-Gaussianity

3.3.1 Negentropy

Cumulants as higher order statistics can be viewed as a measure of departure from
Gaussian behavior as will be seen shortly. Negentropy quantifies the distance between
the probability density function of an arbitrary vector signal (x) and a comparable
Gaussian random variable (¢) with the same mean and covariance matrix. The
distributions of both signals are compared not directly but through a metric based on
differential entropy. Entropy is a mapping of the probability density function onto a real
value and can be interpreted as a measure of randomness of a particular distribution. The

differential entropy of a signal with probability density function fx(x) is defined as
H (o == fx()log(fy (x))x (3-38)

It is well known that the entropy, (3-38), of jointly Guassian random variables ¢ for a
given covariance matrix is the largest of all distributions [6]. So the definition of

negentropy given by

50



J
J

fx(x) :H
20

INON H fx (x) (3_39)

fx (x

is always greater or equal to zero. In (3-39), fx(x) and fy(¢) are the probability density
function of the vector x and ¢, respectively, under the assumption that both random

variables have the same mean and covariance matrix. J ., is zero only when the

distribution of the random variable x is jointly Gaussian and therefore equivalent to ¢.
Negentropy is therefore a measurement that quantifies the deviation from Gaussianity.

The less random (less Gaussian) a signal is, the lower its entropy, H ,, and the larger

its negentropy, J; (-

3.3.2 Edgeworth Series

The Edgeworth Series is an expansion of an arbitrary univariable probability density
function fx(x) in the vicinity of a Gaussian density. This type of series is represented in
terms of higher order cumulants of the probability density function of the distribution
being expanded. Through this series, the cumulants of a probability density function can
be related to a best matched Gaussian distribution. From the Edgeworth expansion, the
departure from normal for a particular distribution can be quantified in the metric of

negentropy.

The Edgeworth Series of a scalar random variable about a standard normal distribution

(zero mean, variance equal to one) is given in [7] as

=1+= ch(x)+ ch(x)+ c h(x)+ ch(x)+ cch(x)

298°c3h()+ cohy (%) + 6cscsh 09+, (0 + 2180(;3 Cuhyo (X) (3-40)

15400

T —c, hlz(x)+0(m‘)
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where ¢, is the cumulant of order n of the probability density function fx(x) or in the
notation used in this manuscript c,=C[x"]. The Hermite polynomials of degree n, h,, are

defined in recursion from the equations

hy(x)=1  h(x)=u,

3-41
s (X) = xhn(x)—a—axhn () (3-41)

As stated in [7], the advantage of using the Edgeworth expansion is that it provides an
ordering of the components in terms of decreasing significance based on the order m.
The order m stems from the central limit theorem which says that a variable x which is a
result of the sum of m independent variables with finite cumulants has an nth-order

cumulant in the order of m®™"2 This theorem is attributed to Cramér [7].

As shown in [7], the negentropy of a probability density function about the standard

normal distribution is given by

1
fx () :E

k,” +ik42 +l
48 48

J k,' —%k32k4 +0(m™) (3-42)

To be in line with the definition of the negentropy, the distribution that is being expanded
in (3-42) also has zero mean and a variance equal to unity. The above expression is
therefore a function of the third order cumulant or higher. The result in (3-30) can be
developed from the definition of negentropy as well as the Edgeworth expansion given in
(3-40) and (3-41).

3.4 Summary

In this chapter, the theory of higher order statistics was introduced and related to the
probability density function of a joint random variable. Cumulants were found to possess

several advantages over moments when analyzing joint random signals in signal
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processing applications. Cumulants of order larger than two are blind to Gaussian signals
(and therefore Gaussian noise) and provide a measure of departure from the Gaussian
probability density function seen by (3-29) and (3-30).

Independent random variables have zero cross-cumulants. When signals in x are
statistically independent the cumulant tensor C,[x] is therefore a diagonal tensor.

Additionally the cumulant of the sum of two independent random variables is the sum of
their individual cumulants. For linear systems, the input and output cumulant tensors of a

linear system are related in a multilinear fashion (Section 3.2.4.2).

Cumulants of order one through four are commonly used in blind source separation

problems and for zero mean signals (M[x;]= M[xz2]= M[x3]= M[x4]=0), are given by

C[X1X2X3X4]= M [X1X2X3X4]_ M [X1X2 ]M [X3X4]_
M [, M [, %, |- M [x, %, M [x,, ]

C[X1X2X3]: M [X1X2X3]

C[XlXZ]: M [XlXZ]

(3-43)

The above moment-cumulant relationship can be developed from (3-12). For complex
signals, the fourth, third, and second order cumulant for zero mean signals that will be

adopted in this dissertation unless otherwise stated (Section 3.2.3) is given by

C :xlxz*xg*x4]: M [xlxz*xs*x4]— M [xlxz*]M [x3*x4]—
M [xlx;]M [XZ*XA]— M [x,x, [M [xz*xs*

- * (3-44)
C:xlx2 X3]= M [xlx2 x3]

C_xlxz*]: M [xlxz*]

which can be computed directly from the probability distributions or from measurements.
When only samples with a particular distribution are available (and not the distribution),
the cumulants can be estimated using k-statistics. Kk-statistics are unbiased estimates of

cumulants as explained in section 2.2.5. The following chapter will examine the blind
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source separation problem where the higher order statistics developed here will be used

to separate unknown signals into their independent components.
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Chapter 4

Blind Source Separation for Linear Systems (Non-

Dispersive Linear Systems)

In this chapter, the problem of blind source separation (BSS) of the non-dispersive linear
channel is addressed. Under these circumstances, a receiver has no specific a priori
information about the signals in the system or the mixing matrix H. The receiver is
required extract all the necessary information from the received signal(s) with only the
knowledge that the source signals s are statistically independent of each other. As seen in
Chapter 2, ideally, the MLSE receiver requires information of H, R, and the alphabet of
the transmitted signals to make an optimal decision. The ZFE, on the other hand, bases

its decision entirely on the knowledge of the channel matrix H.
The question becomes, can a receiver find out all this information by itself from just

monitoring the received vector y? This chapter will examine a method for determining

the channel matrix H blindly.
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4.1 System Model

The linear system model under consideration is the same as the one addressed in Chapter
2 for the linear wireless channel (2-2). The noiseless case will be examined in this chapter
to illustrate the concept of BSS and the system under noisy conditions will be considered
in a later chapter. The source signals are assumed to be of zero mean which is typical of
wireless communication signals, E[s]=0. The vector y contains the data received by N
sensors (antenna elements) from M signals in s and H is a full column rank matrix related

through

y(t) = Hs(t) (4-1)

Additionally, the environments where the elements of s are equal or less than the number
of sensors y are considered in this chapter or N>M. Since each of the signals in s are
created from a different source, the elements of s are all assumed to be statistically
independent of each other. An extension to more signals than sensors will be addressed

in a subsequent chapter.

The system model in (4-1) is ‘underdetermined’ in the sense that there are more
unknowns than equations. We wish to extract H, which is composed of NxM unknowns,
and s, which has M unknowns, for the received vector y which provides only N
equations. At first glance, this problem seems impossible, but if a large number of
equations of the form (4-1) are available for independent values of s a solution can be
found statistically. The two methods for BSS addressed in this chapter are principal
component analysis (PCA) and independent component analysis (ICA) both of these
methods are statistical in nature. The PCA decorrelates the signals in y using the second
order statistic estimate while ICA requires higher order statistics to transformy into a set
of independent components.

The case of N=M (perfectly determined) will be considered in this Chapter which is the

worst case scenario under the conditions N>M. For the instances when N is larger than
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M, an equivalent result in terms of pseudo-inverses (instead of full rank square matrix
inverses) or through singular value decompositions can be obtained. The number of

equations can also be reduced such that they equal the number of signals s in the system.
4.2 Ambiguities of Blind Source Separation

When no information is known at the receiver before hand about the signals in the system
(except for the statistical independent assumption), certain ambiguities of the linear
model are not resolvable. The first of the indeterminacies is that the variance or power of
the signals in s cannot be determined with certainty. This can be seen by examining the

equation given in (4-1):

()1 (H)ll (H)lz (H)l3 (S)l (H)ll 1/a(H)12 (H)13 (s)l
y= (Y)z = (H)Zl (H)zz (H)23 (s)z = (H)Zl l/a(H)zz (H)zs a(s)z (4-2)

(Y)z (H )31 (H )32 (H )33 (5)3 (H )31 1/ a(H )32 (H )33 (S)s

<

From the above equation, one can see that there is an ambiguity in the amplitudes of the
components s. The scaling of the signal (s), above can be compensated for by a
corresponding scaling of the second column of the matrix H. The true value of a cannot
be determined from just the observed vector y. Therefore the amplitudes of any of the
elements in s are irresolvable. It is for that reason that the signals in s are assumed to be
of unit variance or that E[ss ]=I in order to set one of the indeterminacies in the following

sections.

A second ambiguity is related to the ordering of the independent components s. As far as
the received signal is concerned, a change in the ordering of the signals does not change

the received signal. This is illustrated as follows:

y= (Y)z = (H)Zl (H)zz (H)zs (S)z = (H)zz (H)21 (H)zs (s)l (4-3)
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A column permutation of the vector H does not affect the received signal as seen by the
above equation. From (4-3), the first and second column are permuted and so is the
vector s and yet there is no perceived difference in the received signal y. The
determination of the matrix H is therefore irresolvable to an arbitrary permutation of its

columns.
4.3 Principal Component Analysis - PCA

PCA can be thought of as a method that operates linearly on the received vector y. The

linear operator transforms y into a different vector w that has uncorrelated components.

This method can also be thought of as whitening, since this operation is a dual operation
to flattening the power spectral density (PSD) in the frequency domain. PCA uses the

second order statistic of y to create uncorrelated components in w.
4.3.1 PCA Theory

The purpose of principal component analysis is to determine a matrix W that when
applied to the vector y will yield an uncorrelated vector w with unit variance components.
The reasoning behind this procedure is that if the components of w are uncorrelated, they
will most likely be closer to s since these elements are also uncorrelated. The matrix W is
therefore taken as an approximation to the inverse of the matrix H and the vector w as an

approximation to the signal s.
w =Wy =WHs (4-4)

It will be shown subsequently that the matrix W is not a true inverse of the matrix H but
rather an approximation. As mentioned earlier, PCA works on the second order statistic

of y, or Ry. The cross-correlation of the signals in y are therefore given by

*

R, = Elyy"|= E[Hss"H"|= HE[ss" |H" = HH (4-5)
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The last step in the above equation is a result of the discussion following equation (4-2)
were the E[ss ] is arbitrarily set to | to constrain one of the ambiguities. The next step in
the PCA algorithm is to factor Ry into H and H" so that the matrix H can be extracted. As
is well known in linear algebra, the factoring of Ry is not unique and therefore extracting
the exact value of H cannot be guaranteed. Since the matrix H cannot be determined with
certainty, W is not necessarily the inverse of H and there are many matrices W that would
produce an uncorrelated vector w one for each possible factor of Ry. This can be also
seen by noting that spatial whiteness of w imposes pair wise decorrelation, E[(w)i(w),-*]:O
V iz and E[(w)i(w)i ]=1 V all i, which can be achieved with N(N+1)/2 constraints and

which leaves N(N-1)/2 unknowns not determined.

A common way of factoring the hermitian R, when H is full rank is through an
eigenvalue, eigenvector decomposition. This type of decomposition transforms Ry into a

multiplication of a matrix V by a diagonal matrix D? and then by V" as follows

R, =VD¥ " = (VD)VD) = HH" (4-6)

y

where the estimate of H is given by
H =VD 4-7)

As stated earlier, factoring Ry will yield an approximation to the matrix H and most likely

not the true value of H. Therefore the matrix W is given by the inverse of the estimate H
found in (4-7)

W=H"'=D"V" (4-8)
w =Wy
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As expected, under the definition of W above, the resultant vector w has equal power
uncorrelated components with variance equal to E[(w)i(w); ]=1 and zero for all cross-

terms. This can be verified by calculating the cross-correlation matrix of w as follows
R, = Eww’]= EWyy W J=welyy v =w(fdA W =1 @)

which shows that E[ww ] is as desired the identity matrix. The true value of H is
however yet to be determined. For the receivers described in Chapter 2, the exact value
of H is required and not just one of the possible solutions to the factorization problem
described in (4-5). As stated in the discussion following (4-5), finding a unique solution
for H requires finding the remaining N(N-1)/2 undetermined coefficients.

4.3.2 Problems with PCA

The PCA problem, which is based on second order statistics, fails to conclusively find the
matrix H. There are still N(N-1)/2 indeterminacies that are still unresolved when using
PCA. The structure of the remaining coefficients that set the correct value of H, up to, of
course, the inherent ambiguities in H as discussed in Section 4.2, will be addressed in this

section.

The structure of the missing components can be found by noting that any matrix H can be

written as
H =HQ (4-10)

where H isan arbitrary matrix and Q is a unitary rotational matrix. The reason for such

decomposition will become apparent shortly. The unitary matrix Q has the property

QQ =1 (4-11)
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where Q" is the inverse and at the same time the hermitian of the matrix Q. Substituting
(4-10) into the cross-correlation of the vector y in (4-5) yields the following result:

R, = Elyy"]= E[AQss'Q"A"|= AQE[ss QA" = AQQ* A" = AR (4-12)

and from (4-5)

*

R, =HH" = HH (4-13)

Since the decomposition in (4-10) is valid for any matrix H, H canbe any of the

decompositions of HH” in (4-13). Therefore, the difference between any non-unique

factor H of (4-5 or 13) and the actual value of H is a unitary matrix Q.

Finding the matrix Q will be addressed in the next section. Solving for the matrix Q
requires mathematics beyond second order statistics. Second order statistics are blind to
the unitary matrix Q in (4-10) as shown in (4-12). As mentioned in Chapter 3, the first
and second order statistic of an arbitrary signal is the best Gaussian fit to that particular
distribution. Joint Gaussian random variables are invariant to orthonormal rotations
because they are fully described by their mean and cross-correlation. This insensitivity to
Q is due to the fact that their higher order (greater than three) cumulants are zero. The
method of independent component analysis presented in the next section is therefore

applicable to non-Gaussian signals.
4.4 Independent Component Analysis — ICA

Independent component analysis is a more sophisticated method of blind channel
identification than PCA. It attempts to find the missing unitary matrix Q to resolve the
factoring indeterminacies in (4-13). The matrix Q can be found through higher than
second order statistics as will be explained in this section. The signals of interest in
communication systems are non-Gaussian and usually have even probability

distributions. These signals therefore have even cumulants with order larger than three
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that are non-zero. The ICA algorithm therefore works with the fourth order cumulant
which is the next highest cumulant after the second order since the third order is zero for

even distributions (Section 3.2.4.7).
4.4.1 Contrast Functions, ®[°]

The matrix H and the value of the input signals s can be found from just the knowledge of

the received vector y with the aid of a contrast function @. The contrast functions are
defined as functions that reach a minimum when the estimates of H (I:I )and s (s) are the

same as the true values of H and s or any combination of H and § that is within the
resolvable ambiguity discussed in Section 4.2. For the source separation problem we
would like to determine a contrast function which when minimized produces independent
components (have sources separated from each other) for a particular random vector.

The independent components will be a result of an un-mixing matrix which is the inverse
of the channel matrix H. This is equivalent to finding a matrix B (de-mixing matrix) that
when applied to y in (4-1) produces a vector x that contains independent components as

follows:
x = By = BHs (4-14)

Independence of the elements in x occurs, for example, when B is equal to H. When B
is the inverse of H, the vector x is equal to the transmitted signal s and therefore has
independent components (from the initial assumption that the elements of s are
statistically independent). The other solutions of B that are possible are the ones where x
is a scaled or permuted version of s as mentioned in Section 4.2 were the resolvability
issues of the linear system were examined. Any vector x that is a scaled or a permuted
version of s also has independent components.

In order to determine a valid contrast function, ®, some of the desirable and necessary
properties of such a function have to be considered. As stated in [1], the contrast function

when applied to x in (4-14)
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®[x] = ®[BHSs] > ®[s] (4-15)

should have the property of being equal or larger than when the contrast function is
applied to the statistically independent vector s. Equality is achieved in (4-15), and at the
same time the minimum of ®[x], when the matrix BH performs a non-mixing operation
of s. The development of the contrast function ®[x] with the properties described by (4-
15) is an important step in blind source separation. The following sections will examine
several possible contrast functions that when minimized will result in an estimate of the
channel matrix H and the transmitted sequence s. Each of the contrast functions require
different a priori information or pre-processing and are based on the distributions or

higher order statistics of x and/or s.
4.4.2 Maximum Likelihood Contrast function ®y_[*]

This section will examine the maximum likelihood approach to the development of the
contrast function ®[x] discussed in the previous section. Under the blind source

separation problem, only the vector y (4-1) is available at the receiver, and it is this

information that is solely used to extract the estimate of the channel H and the estimate
of the transmitted signal s. H is an unknown constant matrix and s has unknown
distribution fs(s). Since neither the distribution of s nor the mixing matrix H is known a

priori to the receiver, an estimate of the distribution of y (y) is made by assuming

different combinations of H and fg(s) and then finding the resultant synthesized

distribution of y that best matches the true measured distribution of y. Assuming a
distribution of s, f.(s), and a mixing matrix H (full rank matrix assumed), the resultant

distribution of y becomes

fo (y) = |detH 2| f (H y) (4-16)
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which can be developed from (4-1) and the distribution can be found by applying
techniques given in [3]. The resultant f. (y) that most closely matches the measured
probability density function of fy(y) gives rise to the optimum estimate of H and fs(s).
This common sense approach to derivation to the ML contrast function can also be shown
in a more mathematically rigorous fashion. Probabilistically, we would like to set H and
f<(s) to the values of H, fs(s) that maximizes the synthesized probability density of y

given y found from the received samples. This corresponds to the maximum a priori
probability (MAP)

|:|, fg (s) = argy s Max fon ()A'{H, fg (s)}| Y)

foe (v I ¥{H, fs))f (3H. f (s)})} (4-17)
f,(y)

H, f.(s) =arg, 1 max{

Under the maximum likelihood assumption, the distribution of y is equally likely or

f(¥{H, fs(s)})=cst. Taking in account the ML conditions, (4-17) simplifies to

H , fg (s) = argy ¢, () Max fy|y (y | S’{H s (S)}) (4-18)

The above maximization is equivalent to the log-likelihood function

H , fg (s) = argy 1y (s) maXIog{fyh‘y (y | )A’{H s (S)})} (4-193)

H, f,(s) =arg,, o, min(~log{f,; (v |7{H, f;6)))}) (4-19Db)

Since the log function is a monotonically increasing function, the maximization of (4-19)
is equivalent to that of (4-18). Additionally, a minimization (instead of maximization)
can be performed by introducing a negative sign to the first equation in (4-19) to be
consistent with the definition of the contrast function ®@. The results in (4-19) can be
summarized as follows: the ML decision picks the combination of H and fgs(s) that

according to (4-16) best matches the distribution of y. The minimum of (4-19b) will
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occur when f . (y|y) =1 for all values of y which corresponds with the event that the

assumptions of H and distribution of s are correct (up to the ambiguity of the model)since
they perfectly predict (with probability 1) the event y.

In practice, however, the decisions estimates of H and s arise from a series of
independent time samples of y=y: which belong to the set {y1,y2,yt, ... ,yt} such that
fy(yu1)=fy(y)fy(y2)...fy(yy)...fy(yr). From a time series perspective we wish to minimize
(a variation found in [1])

1 n 1< _
dulys H]=—Zlog (v 17H, f5(s)}) = —;Zlog f(H ™y,) +log|det H| (4-20)
t=1

for the entire set of the received signals y; on the average based on the assumptions of the
distribution of the transmitted sequences s, fs(s), as well as the unknown channel matrix
H. The right side of the equation in (4-20) is nothing but the log of the assumed
probability density function f_ (y) with the assumption of H and fs(s) in (4-16) evaluated

at y.. Equation (4-20) is, therefore, a time series representation of the minimization
argument given in (4-19b). It can be verified that when the assumed distribution of y, y,
matches the distribution of the measured y the term on the right side of (4-20) is a
minimum. If enough time samples of the received signal y are available, a time average
will eventually approach the true ensemble average. The weak law of large numbers
states that for independent identically distributed signals as the sample size T approaches

infinity [2], the maximum likelihood contrast function ®[y] becomes

@, [y:s,H]=lim g, =-E,[log fs(H "y))]+log|det H| (4-20)

The maximum likelihood contrast function @y can be written in terms of integral
functions over probability density function replacing the expectation operation operations

as follows
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@, [yis, H] = E, [log fs (H"y) - logldet H[I = [ £ (v) Iog[\det H 1\1 (H 1y)JOly
° (4-21)

fY (y)
det H | g (H y)

@, [y;s,H1= [, (v) Iog[ ]dy— [ fy(¥)log f, (y)dy

@y [yis,H]= ny(y)H‘detH’l‘fs(H’ly) +H fy (¥)

The first term of (4-21) can be recognized as the Kullback-Lieber distance while the
second term is the differential entropy of the variable y. Noting that the differential

entropy of y, H ,,, is a constant independent of H or s it does not affect the

minimization process and therefore the contrast function depends purely on the Kullback-

Lieber distance

fY (y) y
det H | f(H y) (4-22)

@y [y;s, H]= ny(y)ll\detH’l\fs(H*y) :J‘ fY(y)Iog[

@, [y;¥{s, H}] = Dy 1. )

The equation for the maximum likelihood contrast function shown above results in a
intuitive answer. The Kullback-Lieber (KL) distance is a measure of how much two
probability density function differ from each other and has the property of being greater
than or equal to zero [2]. The minimum of the KL distance occurs when the numerator of
the argument in the log function is equal to its denominator resulting in @y =0 in (4-22).
In our case the minimum occurs when the probability density function of the measured
received signal y, fy(y), is equal to the probability density function of the synthesized
received signal when the distribution of s, fs(s), and H (4-16) are guessed correctly.
Therefore, the true value of H and the true distribution of s will result in the ML contrast

function in (4-22) reaching its minimum or equivalently

H, f(s) =argy 1 ) min®, [y;s, H] (4-23)
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A search over all possibilities of H and fg(s) is not viable because of the infinite
combinations that exist for both variables. A contrast function that is less stringent and
searches over lesser dimensions would be preferable. In the following subsection the
mutual information contrast function will be examined which instead of requiring the
synthesized and the measured probabilities to match perfectly, it forces independence on
the components of the vector x in (4-14). The mutual information contrast function is a

suboptimal approach but was shown to produce very good results.
4.4.3 Mutual Information Contrast Function @y [*]

The derivation of the mutual information contrast function starts with the maximal ratio
contrast function given in (4-22). Instead of analyzing the contrast function of the
variable y, however, the @y is applied to another related variable x defined in (4-14) and

repeated again here

We would like x to be equal to s and in the process find B=H™. The distribution of x
should therefore match the distribution of s if the right B (H™) is chosen in (4-24). The
matrix B is an un-mixing operator and the minimum of the contrast function will be
reached when x has independent components as described by (4-15). This statement is
mathematically equivalent to the maximal ratio contrast function applied to the variable x

as follows

D, [x;s] = Dfx(x)”fs s) = I fx (x) IOQ(;X—((XX))jdx (4-25)

which is a comparison between the distributions of s and that of x. In terms of the

measured distribution fy(y), the above equation is equivalent to
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det B[, (Bx)
fs (x)

@, [x7y.s,B] = D‘detB’l‘ f (B )f(s) ”det B_l‘ fy (B_lx) Iog{ st (4-26)

The maximal likelihood contrast function in (4-25) as explained earlier, requires a search
over a virtually infinite combinations of the distribution of fs(s) and B that would lead to
the global minimum of @y [x]. A contrast function that does not require such a stringent
requirement can be derived based on a minimization of the mutual information of x
which is equivalent to a independence requirement between the elements of the vector x.
To get to the mutual information contrast function, the @y [x] in (4-25) can be re-written

as follows:

REARL ]dx (4-27)

D, [x;s]= Dfx(x)||fs(s) = _[ fy (%) Iog( fo (), (x)

The distribution of x , fx(i) corresponds to a random vector with independent

components with each element distributed as its corresponding entry in the vector x. The
distribution of x therefore corresponds to the multiplication of the marginal distribution

of the elements of x. Expanding (4-27) further leads to

@, [x:5]= D¢ 106 —J-f (X)Iog( fXE inX‘i‘J.f (X)|Og[ f (( ))J

o e o

(4-28)

The second equation in (4-28) is a result from the properties of the independence of x
and of s. In terms of Kullback-Lieber distances the maximum likelihood contrast

function simplifies to

@\, [x:8]= Dy 1,0 = Dixennrgs) + Pigwitsis) (4-29)
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The first KL term of @y [x], can be recognized as the mutual information of the variables
x. The second term is the KL distance between the marginal distributions of x, x, and
the source distribution s. Since both s and x are independent, the ML contrast function

can be expressed in terms of the mutual information contrast function as follows

M
@, [x;s] =@, [x]+ z Df(i)m () N s, (5)n) (4-30)
m=1
fo(x
@, [x]=D yre@ = I fx(x) |09[ fi(EX;]dX (4-31)
X

where @y [x] is the mutual information of the variables x. As the name states, mutual
information is a measure of how much the elements of x are related. Being a KL
distance, the MI measure is always greater than or equal to zero. The @y [x] is zero only
if there is no mutual information between the components which occurs when the
elements of x are independent of each other. As stated in [1], the maximum likelihood
contrast function can be understood as a mismatch function composed of two components

as shown in (4-30) which can be interpreted as
Total _ ( Deviation from N Marginal
mismatch ) | independence mismatch

Both terms that compose the @y [x] above can be minimized independently and when
both equal their minimum, the maximum likelihood function will be at its minimum. The
advantage of using ®@y[x] instead of @y [x] is that a search over all possible
distributions of the source vector fs(s) is no longer required. The minimization of ®y[x]
IS a search over the matrix B which produces independent components (mutual
information reduction) in the vector x in (4-24) which is much more tractable than

Dy [x].
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4.4.4 Contrast Functions and Higher Order Statistics

As explained in Chapter 3, the probability density functions of joint random variables can
be expressed as a function of their joint cumulants. Equivalently, from the knowledge of
all joint cumulants or moments the distribution of a signal is known with certainty. The
maximum likelihood contrast function, @y [x], given in (4-27) compares the distribution
of the assumed transmitted signal s to a signal x that is a result of received signal y
applied to the mixing B (4-14). If the correct channel is estimated (and is invertible), the
signal x should equal the original source signals s as mentioned in the discussion
following (4-14). When x=s, the distributions of both signals should equal and so should
their respective joint cumulants. The maximum likelihood contrast function can therefore
be solved by comparing cumulants of x and s assuming the cumulants of s are known.

An exact match between cumulants will occur when B is equal the inverse of the channel
H. In [1], an approximation to the @y [x] contrast function is give in terms of cumulants

of x and s of orders two and four as
1
@, [x]s]~ 5(12¢2[X] + ¢,[x]) (4-32)

The above equation was derived using the Edgeworth expansion (see Chapter 3) and is
valid for s and x close to Gaussian. x and s are also assumed to be zero mean random
variables with an even distribution so that all odd cumulants are zeros. The functions
#[x] and ¢4[x] are defined as

M

g,1x1= > (C,Ix1), - (C,ls]), F = i(CZ[xl cls) b,

i,j=1 i,j=1 (4_33)

M

$,[x] = Z (C4[X])ijkl C [S] uk| i((CJX] ukl [ )i4]5ijkl )2

i,j.kI=1 i,j,k1=1
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which is a comparison of all the fourth and second order cumulants of s and x. The

cumulant tensor G[x] and the simple cumulant C[(s);"] are defined in Chapter 3. The

minimum of ®y,[x] will occur when all cumulants match and both distributions are
equal. As stated in Chapter 3, cumulants follow the multilinear property and since s and
x are related by (4-14)

x = By = BHs (4-34)

the fourth order cumulant tensor of x is related to the fourth order cumulant tensor of s

through

M

[X] ijkl = Z( [S] pars BH) (BH )Jq(BH )kr(BH)Is (4'35)

p.q,r,s=1

as explained in Section 3.2.4.2. From (4-35) above, both fourth order cumulant tensors

will match when the mixing matrix B=H™.
4.4.5 Orthogonal Contrast Functions

A search over all values of B that would result in the minimization of the contrast
function can be very computationally intensive. A 2x2 real matrix B, for example has
four components (eight components when complex) that need to be searched over to find
a minimum of a cumulant based maximum likelihood contrast function like (4-32). A
simplification can be made by pre-whitening the received data first as described in

Section 4.3. This is equivalent to performing principal component analysis on the vector
and leaves the ambiguity of the estimate H to the true value of H to a search over an

orthonormal matrix Q. The matrix H can be decomposed into the multiplication

H = AQ (4-36)
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where H was computed during the whitening stage (Section 4.3). A search over an
orthonormal matrix is much simpler than a full search over B. A 2x2 matrix Q, for
example is completely characterized by one unknown (two unknowns when complex).
This is significantly less complex than a search over B but it does require pre-processing
of the received data so that the cross-correlation matrix is an identity matrix or

equivalently

w=Wy, W = H-t (4-37)
C,[wl=R, = E[ww*]: EBNyy*W*]: I
x=Q'w

Section 4.3 describes in more detail how the received data y can be whitened.
Additionally, orthonormal linear transformations do not affect the norm (Forbenius norm)
of the cumulant tensors just like the norm of a matrix is invariant to orthonormal
rotations. This means that the fourth order contrast function over Q can be written as a

minimization of

#tx1st= Solcutsd) -l b =23 cli) e, (4-38)

ijkl=1

M
since Z(C [x] 1S now a constant over Q (which was not the case over B in (4-33)).
jok,I=1

The above orthogonal contrast function is an approximation to the @y [x] since it also is
a comparison of the higher order statistics of the source to the extracted distributions. In
true blind source separation problems, however, the source statistics are not known a
priori. This requires the development of an alternate contrast function based on mutual
information which does not require the knowledge of the source distribution but instead
is based on removing the inter-dependencies of the components of the pre-whitened

vector x.
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The vector x will have independent components when all cross-cumulants of all orders P
of the elements of x are zero (Chapter 3). Since the search over a contrast function of a
whitened vector is limited to an orthonormal matrix Q, minimizing the off-diagonal terms

(to reduce independence between the components) of the cumulant tensors Cp[x] is

equivalent to maximizing the diagonal terms or written in terms of a minimization

N

¢IQCA[X] = _Z (C4 [X])ﬁii (4-39)

i=1

This follows directly from the invariance of the Forbenius norm of the tensor Cp[x] to a
matrix rotation Q. The above equation is the basis for independent component analysis
(ICA). The second order cumulants of x follow the identity matrix (as a result of pre-
whitening) and the third order tensor cumulants do not exist for evenly density functions
which justifies the use of the fourth order cumulant tensor for the basis of ICA. The
contrast function in (4-39) does not require any a priori knowledge of the distributions of
the source signal s except that they are all statistically independent of each other. The
fact that ICA requires no specific knowledge of s makes it a very powerful blind source
separation technique. Also, the ICA contrast function as well as all other orthogonal
contrast functions presented in the section work with a whitened version of the received
vector y which reduces the search to an orthonormal matrix Q. The next section will
explore a technique for solving for the matrix Q. It is based on diagonalizing the fourth

order cumulant tensor C4[x]. It should be noted that when the tensor Cy[x] is diagonal,

the ICA contrast function ¢2,[x] in (4-39) is a minimum.

4.4.6 ICA Through Tensor Diagonalization

The minimization of the ICA contrast function introduced in the previous section is

equivalent to diagonalizing the fourth order tensor of x. The second order cumulant
tensor, (3[x], is a matrix which can be decomposed into a diagonal matrix and an

orthogonal matrix containing the eigenvectors. Unfortunately, a generalization of the
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eigenvalue decomposition is not available for tensors of order higher than two as far as
the author knows, into a matrix and a diagonal tensor. This is because, in general, an
arbitrary tensor cannot be diagonalized the way an NxN matrix can [5]. The problem of
tensor diagonalization is equivalent to the solution of the fourth order cumulant equation

given by

M

(ColxDi = 2 (Calw) s Q0 Q4 Que Qs (4-40)

p,q.r,s=1

for Q. The above equation follows from the multilinear property of cumulants where w
and x are related by (4-37). Ideally, we would want all cross-cumulants of x to be zero or
in practical applications as small as possible. It should also be noted that because of the
pre-whitening operation applied to the received vector y, the second order cumulants of w
and x is the identity matrix (I) or equivalently

C,[x]=C,[w]l=R, =1 (4-41)
This means that the average power of the extracted elements of x will equal unity.

Comon [4] proposed that (4-40) could be solved by a series of 2x2 Givens rotations
performed on each pair of the components of C;[w] until the resulting tensor Cy[x] is
diagonal. Comon noticed that the derivative of the contrast function in (4-39) is a
function of only two distinct pairs of the elements of the cumulant tensor at a time which
motivated this approach. The pairwise rotations are then collected for each step and
combined to form the matrix Q that is being sought.

A complex pairwise Givens rotation (J(a,b)) can be written for the pair a and b as

ab 1 0 (‘] (a’ b) )aa (‘] (a, b))ab 1
=¢ . |= . - 4-42
! CL 0 1} {(J @) (@b | Viree 42
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where the remainder of the components of J(a,b) other than the rows and columns a or b

follow the identity matrix. The constant #is a complex number that is evaluated through

this algorithm such that the contrast function ¢2,[x] is minimized for each pair

combination. The equation that relates ¢2,[x] to the fourth order cumulant tensors of w

and the Givens rotation (4-42) for a given pair a and b follows from (4-40)

2i9*1=3 SCI 6502060, e

m=11i,j,k,1=1

The tensor G;*°[x] is of size 2x2x2x2 containing the fourth order cumulants of the pair a
and b. In order to simplify the process of solving for the ICA contrast function, two
auxiliary variables & and b are introduced. For a single pair combination, the ICA

contrast function in (4-43) can be expanded out and re-written as [4]

. qab é:é:J
IQCA "J bu
$ox: I (2)] = z z e wan

0<i+j<4

where the matrix J*® shows up in the contrast function in the form of the value &which in

turn is a function of ¢. £and Qare related by

(4-45)

The constants bj; of (4-44) are a function of the fourth order cumulants of the whitened

vector w for the corresponding pair a and b as follows

=C[(W),,(W),,(W),.(W),] a, =4C[(W),.(W),,(W),.(W),]
a, =4C[(W),,(W),,(W),,(W), ] 8, =2C[(w),,(W),,(W),,(w),]  (4-46)
a, = 4C[(W),,(W),, (W), (W), ]} @, = C[(W),,(W),, (W), (W), ]
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b, =a,a, +a,a,

1 * * * *
b21 =§(a3 a, +4; 4, —a4, —aoal)

*

b12 = b21

1 2 2 A~ ~ ~ * ~ *
D, = a; +a," )J+—\a,a, +a,a, +a,a, +4a,a,
boz = bzo

(8.2 - a,a,)
bZ—l =-\283 —a,a

2
b—12 = b2—1

5122
bzfz =

2

b—zz = b2—2

* * * * * * 1 * *
b11:4(a0a0 +a,a, )+(a2aO +a,a, +a,a, +a,a, )+§(asas +a1a1)
1('\ A * * * * * * * * *)
b :E 8,8; — 8,8, + &8, —A& —8y8; —8y a3 +aa, —aa, +a8; 8, +a,3; |+

3/ + « . .
E(a3 a, +a,a, —a,a, —aoal)
b01 = blO* (47)

A * * * * 1 *
bl_lzaz(a2+a4+a0+a0 +a, +a, )+a1a3 +§(a32+a12)

*
bl—l

b
b, = 2la,a, + a4a4*)+ aa, +a,a, +4a,a, +2a,a, +a,a,+2a,a, +2a,a,

+a, a, + Z(a2 (ao* + a4*)+ a, (a, +a, ))

The goal of this tensor diagonalization algorithm is to minimize (4-44) for all pairs a and
b by applying a series of Givens rotations to all the pairs until the contrast function (4-39)
is at its global minimum. As a side note, the expressions for bj; given by Comon in [4]
for complex data y are not correct and should actually be equal to the expressions in (4-
46) and (4-47). The derivation of the constants bj; is straight forward but very tedious
and long and will not be presented here. The results of b;; for real data y in [4], however,
are correct which can be obtained by removing the conjugates operations from both (4-
46) and (4-47).
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Formally, the procedure of this algorithm can be explained as follows.

1)

)

©)

Whiten the received vector y to create the initial xo=w as described in Section

4.3 to limit the search of the ICA contrast function over an orthonormal matrix

Q. Initialize Q"=I. Initialize H = H .

Begin a loop j which that sweeps over all indexed i N(N-1)/2 pairsa and b

(2) Compute the cumulant tensors C,2°[xi]

(b) Find the & that minimizes ¢2,[x);J* (&)1, (4-44)

(c) Find the angle &' by solving (4-45), pick the solution where |&)|e(-1,1].
Create the matrix Ji(a,b) from &

(d) Accumulate the matrix Q" and H. Q"= Jj(a,b)Q", H/ = HQ « estimated
channel up to now. Compute x;+1= Ji(a,b)x;

Repeat step (2) until the rotational angle for all pairs & of the jth pass of (2)

(&' and & correspond to the jth pass of the ith pair and not to an exponent j) is

small according to a preset tolerance level. When for all pairs i, & is within

the tolerance limit, stop. Q is the orthonormal matrix sought and H is the

estimate of the channel.

The above algorithm will eventually converge to the correct solution for H subject to the

ambiguities discussed in Section 4.2 and the vector x; will converge to the transmitted

signals s but normalized to an average power of one. A short example follows in order to

illustrate this concept in a more transparent fashion. The example under test is the

following

y() = Hs(0), H=[_17 ‘ﬂ,s(t){(s(t))l}y(t){ (4-48)

(Y(t))1:|
(s(t)) y

(y®),
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where H is a 2x2 mixing matrix given above. The transmitted signals s(t) consist of
several samples of a random binary sequence composed of (s(t))1,(s(t)).e{-1,1} with
symbol duration 5 and 8 samples for (s(t)); and (s(t)), respectively. The random binary
sequences were generated using a Matlab random generator. The random generator did
not create perfectly zero mean independent signals as can be seen by examining the
correlation of both transmitted signals which was equal to E[s(t))1(s(t))2]=0.0004. From
this analysis, the matrix H is expected to be correct to less than four significant figures
after the decimal point because of the non-ideal independent generation of the random
numbers by Matlab. The first step in the ICA algorithm is to whiten the received vector y
and determine the whitening matrix W and its corresponding vector w. The correlation of

the vector y for this example was found to be

(4-49)

R 100.9917 —36.9697
R, = Elyy ]=C2[y]={ }

—-36.9697 57.9826

The whitening matrix W and the initial estimate of H can be found by using the eigen
value decomposition as described in Section 4.3. The initial estimate of H based solely
on the second order statistics can be computed to be

H G o {—3.0213 ~9.5846
S =H=w?=

: =W, 4-50
52526 55129 } W (4-50)
And as desired, the correlation matrix of the vector w after whitening is the identity

matrix.

(4-51)

. 1.0000  —0.0000
R, = E[ww ]=CZ[W]={ }

—0.0000 1.0000

As discussed in Section 4.3, the channel matrix H can only be estimated up to an
orthonormal transformation Q using second order statistics. Step (2) of the algorithm

above explains how to determine the remaining matrix Q using the fourth order
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cumulants. The fourth order cumulant tensor can be determined for a zero mean vector

xj from

(C4[Xij])pqrs = E[("ij )p(Xij )q (Xij )r (Xij )s] - E[("ij )p(Xij )q]E[(Xij )r (Xij )s] B

_ _ ) _ ) ) _ 4-52
El(x)), (x ), JED? ), (x/).1- EL(x ), (xF L IELK), (x/), 1 parsez

for a vector of length two and is of size 2x2x2x2. In this example, since H is 2x2, there is
only one pair of distinct indices i={1} with a=1 and b=2. The first pass, j=1, requires the
minimization of @2, [x}; 3% (&)] described by (4-44). The Givens rotation matrix J(1,2)

for the indices a=1 and b=2 for a real 2x2 matrix is given by

L1 1 0 ]
JL2)=J% = — [_9 J (4-53)

When (4-53) is applied to the ICA contrast function, the minimum is reached for a
rotational value 6'=-0.9998 in the first jth iteration. Updating the matrix H with this new

information according to step (2) results in

(4-54)

, [ 46399 -89142
' |-7.6124 0.1850

In the second pass, j=2, a Givens rotational matrix (4-53) with a 6:°=0.3999 minimizes
the contrast function #2,[x*;J'2(&2)]. Accumulating J;%(1,2) to the channel matrix

(step (2)) results in an updated estimate of

0.9979 —9.9998
2 { } (4-55)

' -6.9994 2.9985

Finally on the third pass, j=3, a Givens rotational matrix with ¢,=1.3808e-11 minimizes

the contrast function ¢2,[x3;J'(&})]. As can be seen from (4-53), the small value &;°
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results in a Givens rotation matrix that is very close to the identity matrix. The identity
matrix has no effect when aggregated to H and in this pass, there is virtually no change

on the updated matrix H which is given by

3 0.9979 —9.9998 1 -10
H = = H-= (4-56)
—-6.9994 2.9985

The algorithm can now be stopped, since the contribution of the last step is negligible.
The difference between H;® and H is around the expected three significant figures after
the decimal point which was the limit imposed by the random generator function used by
Matlab.

Received signal (),

Amplitude

15 ‘ ‘ ‘
50 100 150 200 250
Received signal (y),
15

Amplitude

- | | |
50 100 150 200 250
Samples

Figure 4.1 Received signal y which is related to s by y=Hs.
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Figure 4.1 shows a snapshot of the received signal y. Even though the original signals
are very simple (take only two values), they are not so easy to make out from observed
vector y. As the transmitted signals s increase in number and become more complex in
their distribution, distinguishing the signals visually is nearly impossible. Through

higher order statistics and through independent component analysis, however, this task

proves to be possible.

Figure 4.2, shows the estimated signals x that where recovered which match the

transmitted signals of s perfectly.

Un-mixed vector (x)l

Amplitude

-1. | 1 1
50 100 150 200 250
Un-mixed vector (x)2

Amplitude

-1. | | |
50 100 150 200 250
Samples

Figure 4.2 Estimates of the transmitted signals s described by the vector x.

The above example demonstrates that it is possible to extract the channel matrix H from
just the received signal vector y within, of course, the ambiguities of the model. A

seemingly underdetermined problem can be readily solved by resorting to higher order
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statistics. A series of independent samples of y have to be available at the receiver to
make this technique possible. Two equations have been used to find four unknown

constants (H) and two unknown signals ((s)1 ,(s)2).

4.5 Summary

In this chapter principal component analysis (PCA) and independent component analysis
(ICA) were introduced and analyzed. Both are methods for estimating the channel and
the transmitted sequences blindly for N>M. For the linear channel model in (4-1), there
are certain irresolvable ambiguities when estimating blindly. First, the amplitude of the
signals in s cannot be resolved with certainty and are therefore arbitrarily assumed to be

E[ss ]=C,[s]=! (whiteness constraint). Second, the ordering of the components in s does

not change the received vector y as long as the columns of H are permuted the same way.
H is therefore identifiable up to a permutation of its columns and its columns are correct

up to a scaling constant that is related to the amplitude constant ambiguity in s.

The difference between PCA and ICA is that the first is based on second order statistics
and the approximation of the channel is therefore correct up to an orthonormal matrix Q.
ICA on the other hand, goes a bit further and uses the fourth order cumulants to resolve
the ambiguity in the matrix Q left unanswered by PCA. ICA can be related to the
diagonalization of the fourth order cumulant tensor (subject to the whitening constraint)
which is perfectly diagonal when the correct matrix Q is picked. Common [4] came up
with a pair wise diagonalization scheme for the fourth order cumulant tensor based on
pair wise Givens rotations. As seen from the example, this method works very well in

determining the matrix Q as well as diagonalizing the cumulant tensor.

At first glance, the problem of blind signal separations seems impossible because of the
large number of unknowns that are being sought relative to the number of equations that
are available. The strength in this technique is that it solves the problem by taking
advantage of the independent realizations that are available at the receiver through time
samples that all are formed from the same equation (4-1) since H never changes. The
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solution of the problem can be found statistically with the help of appropriate contrast
function.
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Chapter 5

Space-Time MIMO Channels (Dispersive Linear
Systems)

The remaining chapters explore the fundamentals of blind signal and channel estimation
from the system-theoretic point of view. The limitations of using just second order
statistics will be examined and the reasons for resorting to higher order statistics for full
channel identification will become clear. This chapter introduces some of the concepts
that are needed for this and subsequent chapters. In Chapter 4, the non-dispersive
channel was exclusively considered and this chapter treats the time-dispersive channel
and its identification in detail. After first presenting some nomenclature that will be used
throughout the chapter, analysis of the system identification will be treated. Also, the
time-dispersive multiple-input-multiple-output (MIMO) causal linear channel will be

explained.
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5.1 The Time Dispersive Channel

A linear, causal, and time-dispersive multiple-input-multiple-output (MIMO) channel is
examined in this section. These types of channels are often termed convolutive mixtures
in literature because they are composed of a series of convolutions that relate the inputs
to the outputs of the system. As before, the number of inputs is designated by the letter
M and the number of outputs by the letter N. Throughout the chapter, it is assumed that
N>M (i.e., the number of sensors are more or equal to the number of signals in the
system) — this condition will be relaxed in subsequent chapters. An additional
simplifying assumption is made that the system is noise-less; the noisy system will be

addressed later.

Outputs Channel Inputs

y.(t) h,,(t)

00— x©

y,(0)

h,.(®)

h,. (1)

"B x, )

v, <O

~—

H(2)

Figure 5.1 Block diagram of MIMO time-dispersive channel.
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Figure 5.1 shows a block diagram of a MIMO time-dispersive channel. The contribution
of the jth source to the ith antenna element is modeled by a linear, causal filter with
impulse response hij(t) as seen by the diagram. Mathematically, such a system can be

written in matrix convolutional form as
y(t) = [H{-1)x(z)de (5-1)

where y(t) is a Nx1 vector, x(t) is a Mx1 vector, and H(t) is a NxM matrix. The ith, jth
element of H(t), (H(t));;, is the impulse response hj(t) in Figure 5.1. As is often the case,
most processing is currently performed using digital signal processing and at some point
the signal y(t) is sampled by the receiver at sampling rate 1/T before processing. This
creates a signal y; that exists only for denumerated set of normalized time values i which

are obtained from the original signal y(t) through the following process
Y=y, iez (5-2)

where Z is the set of integers from -oo to c. The sampled equivalent of the system in (5-

1) can be written as a summation instead of an integration as

Yi = Zw:Hi—ka (5-3)

k=—c0

C™M and x;eC™™, where C represents the field of complex numbers

where y;eC", Hie
and the superscript NxM correspond to the size of the field. As with Fourier transforms
for continuous time signals, some properties of the system in (5-3) can be better
appreciated in the z-domain. Also, certain mathematical manipulations of the signal have
simpler interpretations in the z-domain than in the time domain. The z-transform adopted

in this dissertation for the signals and matrix impulse response is defined as follows:
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V(@)= Yy.2 54

x(2) = ixiz‘i

i=—0

H(z) = iHiz‘i

where the ith, jth element of H(z), denoted (H(z))ij, is the z transform of hj(t), or hij(z).

The total system response can be written in the z-domain as
y(z) = H(2)x(2) (5-5)

where y(z)eC[z]™, H(z) eC[z]™™, and x(z) eC[z]"™* where C[z] represents the field of
rational polynomials in z with complex coefficients of size determined by the superscript
MxN. The analysis herein will be limited to rational function in z for C[z] since these are
the functions that arise in the problems addressed in this dissertation. Other functions

that are commonly used in this chapter are Ip, which represents an identity matrix of size

P, and &(i) which represents the Dirac delta.

Blind signal and system estimation depends greatly on the invertibility of the transfer
function H(z) as will be seen in this chapter. The following section addresses some
differences between single-input-single-output (SISO) and multiple-input-multiple-output
(MIMO) system when it comes to H(z) and its inverse. The section also develops the

background for understanding much of the analysis presented in this dissertation.
5.2 Invertibility of H(z)
In SISO systems, it is well known that a finite impulse response (FIR) filter, H(z) eC[z],

has an infinite impulse response (IIR) inverse filter, H(z) ! C[z], except for the trivial

case [2]. For MIMO systems, on the other hand, non-trivial FIR filters can have finite
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inverses. To start the discussion on the inverse of H(z) it is better to first tackle the case
of N=M transfer functions and then extend the results to the general NxM case.

5.2.1 Inverses of H(z)eC[z]™"

With H(z) being FIR and square, N=M, its left inverse can be computed directly from the
elements of H(z) as follows

4 _ adj(H(2)) 1 _ _
H(z)™ = det(H (2) H(z)"H(z)=1, Vz (5-6)

which corresponds to the adjoint matrix of H(z) divided by its determinant. From an
examination of the properties of the adjoint matrix, one can note that the adj(H(z)) will
have FIR characteristics since H(z) is assumed to be FIR. This is because the minors of
the matrix H(z) are composed of summations and products of the elements in H(z) which
have themselves a finite impulse response. Therefore, the only factor that determines if

H(z)™ has a finite or infinite impulse response is its determinant for the N=M case.

Since H(z) is FIR, the determinant of H(z) will be a finite polynomial in z or in general
det(H(z))eC[z]. One of the questions that comes to mind is for what determinant values
of H(z) is H(z) ™" in (5-6) FIR? By observation, if the determinant of H(z) is a non-zero
constant (not a function of z also termed unimodular [3]) or if it is of the form cz' for any
non-infinite integer i and non-zero complex constant ¢ (a monomial in z), there will be a
finite length inverse H(z)™ to the filter H(z). This follows from the previous discussion
that the adj(H(z)) has elements with FIR properties and if these elements are divided by
cz', they will also be FIR. These types of systems are usually termed equalizable [4]
because they are finitely, FIR, invertible. An equilizable system implies that it can be
exactly inverted in a finite amount of time by a finite length filter, this is important in the

actual implementation of the inverse.
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If on the other hand, the determinant of H(z) took on a polynomial form that was not
monomial, the elements of H(z)* would have a pole for each zero of the det(H(z)). The
existence of poles, in general, means that one or more elements of H(z) would have an
infinite impulse response which in turn would make H(z)™ 1IR. It can be concluded that
the inverse filter H(z)*eC[z]™™ of an FIR filter H(z) eC[z]™" is in general IIR except
for the special case when the determinant of H(z) is of the form cz' for a non-zero
constant ceC and ieZ. Equivalently, if the determinant of H(z) has no zeros, zeros at

|z|=0, or zeros at |z|=0, H(z) is finitely invertible.

5.2.2 Inverses for H(z)eC[z]™V

The inverses of the general H(z) eC[z]™"

are not as easily computed as in the NxN case.
At this point it is appropriate to introduce the definition of rank for matrices composed of
polynomial elements. For general size matrices, the normal rank of the matrix
H(z)eC[z]™™ is the rank that H(z) assumes for most of the values of z, which in this
dissertation is assumed to be M. For square matrices, N=M, the matrix H(z) will loose
rank for a particular set of values of z for which det(H(z))=0. Since the determinant is
not defined for a non-square matrix, a formal definition for normal rank for the general

NxM case can be written as

rank(H(z))=M V z ¢ {ZK}K

k=1

& rank(H(2)) <M ze{z (5-7)

2 k=1

where the normal rank in this case corresponds to the number of columns, or M, since
N>M is assumed. The zeros of the matrix H(z) will be defined as the set of z,’s for

which the rank H(z) drops below M, which occurs for a finite set of size K.

The discussion of finite length invertible filters in the previous section can be extended to
non-square channels as will be explained shortly and it will be shown to depend on the
locations of the zeros {zc}of the matrix H(z). The left inverse of a non-square matrices
H(z) eC[z]™™ will be denoted by H(z)"*eC[z]"*" and has the following property:
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H(z)*H(z)=1, Vz (5-8)
Note that H(z)" is in general not unique when N>M. Recall that a matrix H(z) eC[z]"*V
has a normal rank M and can potentially drop rank for particular values of z which
correspond to the zeros of H(z) (5-7). If the matrix H(z) drops rank for a particular set of
zeros {z.}, the inverse filter H(z)* must find a way to cancel the effects of these zero
otherwise it would not be able to produce a full rank M matrix Iy for all z values in (5-8).
Intuitively, the elements H(z)* must therefore have poles that correspond to the zeros of
H(z). Parallels can be drawn to the NxN case mentioned earlier where the det(H(z))
contains the zeros of the matrix H(z) and appears as the poles (on the denominator) of the
inverse matrix H(z)™ as can be seen from (5-6). A finite length left inverse H(z)” exists if
H(z) has no zeros (has rank M for all z), has zeros at |z|=0, or at |z|=c0. This is a similar

result that was found for the NxN case.

Formally stated, an FIR filter H(z) eC[z]™™ is equalizable if its left inverse is also FIR,
such an inverse exists for transfer functions H(z) that have no zeros, zeros at |z|=0, or
zeros at |z|=c0. A more rigorous treatment can be made to demonstrate that the zeros of a
transfer function H(z) show up as the poles of its left inverse H(z)" by resorting to
greatest common devisors (gcd) of a matrix. To proceed further requires the introduction
of some additional terminology. A greatest common right divisor (gcrd), R(z), of a set of
K matrices {Ax(z)} with same number of columns is defined as [3]

A (2) = A (D)R(@) VK e {L....K] (5-9)

Note that R(z) is not unique but any two right gcrds must be related by a unimodular

matrix [3]. Additionally, also from [3], if the concatenated matrix

[Al(z)*--~Ak(z)*~~-AK (z)*T fullcolumn normal rank (5-10)
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is full column normal rank, all the gcrds (R(z)) will be nonsingular (in the normal rank
sense). Under the assumption that R(z) is a greatest common right divisor of all matrices

in the set {A«(z)} which have the property (5-9), requires that the set {Kk (z)} have no

common right factors except for a possible unimodular matrix. Such set {Kk (z)} of

matrices are called relatively right prime or right coprime [3] and have the property that
when concatenated as

A@ - A@ A ] fulrankvz (5-11)

produce a matrix with full column rank for all z. 1f we let A(z) be the rows of the matrix
H(z), so K=N, the greatest common right divisor of all rows of H(z) will be of size

R(z)eC[z]"™™. H(z)eC[z]™V can then be decomposed into
H(z) = H(2)R(2) (5-12)

where H (z) eC[z]"™™ has rows that are relatively right prime which ensures by (5-11)

NXM

that H (z) is full column rank for all z. Any matrix H (z) eC[z]™™ which has full

column rank for all z (rank(H (z) )=M V z) is termed irreducible. Note that since H(z) is
of normal rank M by assumption, R(z) also has a normal rank of M and is therefore
invertible from the discussion surrounding (5-10). Additionally, since H(z) does not

lose rank for any value of z, the matrix zeros of H(z) must be contained in R(z). This
means that R(z) will lose rank for every z, of H(z). Any gcrd of H(z) must therefore

contain all its zeros, z,, which means that the det(R(z) eC[z]""™

ze{z}.

) will also be zero for

The left inverse H(z)" can be re-written in terms of the H(z)’s irreducible component
matrix H (z) and its greatest common divisor R(z). Using the relationship given in (5-

12), the left inverse H(z)" can be found to be composed of
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. ¢ (o0 #o BT N e adj(R(2)) oo\ )
H(2)" = (H(2)) —(H (2)R(2)) =R(2)*H(2)" =R(2) *H(2) _—det(R(z))H(Z) (5-13)

the inverse of R(z) and the left inverse of the irreducible component of H(z). Note that
the determinant of R(z) divides all the components of H(z)*. Since the determinant of
R(z) contains the zeros of H(z), they in turn become the poles of the elements of any left
inverse of H(z)*. This relationship between the zeros of a transfer function H(z) and how
they show up as poles in the elements of its left inverse H(z)" is an important observation
that will be used again when addressing the topic of minimum-phase filters in Section
5.3.

There have been several papers published on the lengths of the inverse H(z)* when
certain conditions are imposed on H(z). In [6] it was shown that when H(z) eC[z]"™

with M<N is irreducible and column reduced [3], a finite length inverse H(z)” of highest
degree K in z exists for K > Z::le —1. Ln correspond to the highest degree of the

polynomial in z of the mth column of H(z). In [7] the lengths of inverses for non-column

reduced matrices are discussed.
5.2.3 Summary of MIMO Invertibility of H(z)

Several mathematical results were derived in the foregoing section. This section
concludes with a summary of the important results that were derived in this chapter and
that will be used again in future parts of this dissertation. In Section 5.2.2, it was
determined that the zeros of a MIMO transfer function H(z)eC[z]™"', defined in (5-7),
appear as poles on the elements of its left inverse H(z)*eC[z]"™". Also proven was that
an FIR transfer function H(z) eC[z]™" that has no zeros (is irreducible) has zeros at
|z|=0, or if it has zeros at |z|=o has a finite length left inverse. This means that H(z)" is

also FIR under these conditions.
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In practical situations, an FIR H(z) will not necessarily have an inverse that is also FIR
(equalizable systems). This is a problem in blind system identification since channel
identification is done in reverse order by first estimating the inverse H(z)" and then
reconstructing H(z) by inverting H(z)". The details of this procedure were given in
Chapter 4 for non-time dispersive channels and will be addressed in this chapter for the
time-dispersive MIMO channels. Practically, this would require an infinite number of
samples to accurately identify H(z)" if H(z) is not equalizable. It is impossible to wait an
infinite amount of time in real systems, therefore at some point the number of samples
that are being processed need to be truncated. This results in an error in the estimate
H (z)* and therefore an error in H (z) . The error, however, might not be very large since
even though H(z)" is IIR it probably decays fairly quickly and a finite length description
H (z)* of the inverse probably matches the original inverse very well. In practical
situations, it is probably best to use as many samples as is feasible and to keep in mind
that the actual estimated inverse might be only a truncated version of the original inverse.
This should, however, not prevent the use of blind signal and system identification but

the user should be aware of possibly small errors in the estimate due to truncation in
addition to other possible estimation errors.

5.3 Decomposition of a Causal and FIR H(z)

Every stable and causal filter or transfer function H(z) eC"*™[z] can be decomposed into
a minimum-phase filter, denoted H™(z) eC"*™[z], and a stable all-pass filter, denoted by
H*(z) eC™M[z]. That fact that this decomposition can be made will prove useful in
understanding blind signal and system identification and will also demonstrate the
limitations of system identification using just second order statistics. The decomposition
of H(z) for a SISO system into its minimum-phase/all-pass parts is well known but its
generalization to MIMO systems has not been addressed in literature to the best of the
author’s knowledge. Before beginning the discussion of the decomposition of an

arbitrary causal and stable filter H(z) into its components, the terms all-pass and
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minimum-phase and their properties will be briefly reviewed. These properties are
important for much of the development for this and subsequent chapters.

5.3.1 Minimum-phase Filters

A filter H™(z) eC"[z] is termed minimum-phase if it has the special property that itself
and its left inverse has an impulse response that is stable and causal [1]. Defining
H™(2)*eC™M[z] as the left inverse of H™(z), both filters are related through an equality

which can be mathematically written as
H™(2)"H™(z) =1, (5-14)

in the z-domain or
D HMHX =1,,8(n) (5-15)
i=0

in the time domain were 8(n) is the Dirac delta function. It should also be noted that the
left inverse, H™(z2)", of H™(z) is in general not unique unless H™(z) is a square matrix

with full normal rank.

The stability property of minimum-phase filters implies that the impulse response H ™

(and consequently H i'“p#) is absolutely summable, i.e.

o0

i‘Himp < o, Z

i=0 i=0

#
mp
Hi

<o (5-16)

This ensures that when a bounded input is applied to H™(z) (or H™(z2)"), the output is

also guaranteed to be bounded (BIBO stability). The second property of minimum-phase

filters is causality which is satisfied when the impulse response H™ (and
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respectively H™") is zero for values of i<0 (negative time). These properties are easy to
see in the time domain but not so intuitive when they are translated into the z-domain. To
better understand minimum-phase systems it helps to start with the single-input-single-
output (SISO) system, M=N=1, and extend these ideas to multiple-input-multiple-output
(MIMO) systems.

5.3.1.1 Minimum-phase in SISO Systems

A single input single output linear time invariant and causal system relating an input x,

with an output y, can be written in time and z-domain as

0

Vo= Hx, < y@=H@x(@) (5-17)

i=0

where in this subsection H(z), y(z), and x(z) eC[z] (since N=M=1). Recall that absolute
summability (|e| in the SISO case is the absolute value) of the impulse response

coefficients

SHl<e = H@=3Hz <3 |H|z"| <o for |7 21 (5-18)
i=0 i=0

i=0

implies BIBO stability and H; is nonzero for i>0 for causality as shown above. From (5-
18), one can see that H(z) is causal and stable if H(z) is analytic for |z|>1. The above
summation for H(z) will produce a result that is finite as long as |z|>1 because absolute
summability has been imposed on the coefficients of the impulse response. Analytic
means that H(z) is finite for values of |z|>1 or that its region of convergence (ROC) is on
and outside the unit circle on the z plane. Summarizing, if H(z) is analytic (finite) in the
region on and outside of the unit circle on z-plane, it has a causal and stable impulse
response H;.
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In the SISO case, H(z) eC[z], being analytic for |z|>1 translates into a transfer function
that has all its poles strictly within the unit circle (|z|<1). 1f H(z) had one or more poles
on or outside the unit circle, the summation of H(z) in (5-18) would diverge for these
values and either the absolutely summable and/or causality condition would be violated.
This implies that a stable and causal impulse response, H;, of a SISO system has a

corresponding z transforms with all its poles inside the unit circle.

In order for H(z) to be minimum-phase, however, its inverse needs also to be causal and
stable. This requires that the poles of H(z)™ also be inside the unit circle. It should be
noted that the poles of H(z) correspond to the zeros of H(z)™ and vice versa for the SISO
system. A minimum-phase filter, H™(z) eC[z], therefore has all its poles and zeros

strictly inside the unit circle.

The decomposition of an arbitrary H(z) into its minimum-phase and all-pass components
in the SISO case is also fairly straight forward [2]. This decomposition is best illustrated
through an example. Assuming H(z) is a finite impulse response filter consisting of two

zeros one inside and one outside the unit circle as follows
1 -1 -1
H(z) = (1—52 )A-3z7) (5-19)

which is obviously not minimum-phase according to the definition above since one of its
zeros is located at z=3 (outside the unit circle). The procedure consists of reflecting the
zeros that are outside the unit circle into the inside of the unit circle. H(z) can then be

written as a product of a minimum-phase filter and an all-pass filter as follows:
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He) - -2 a2 ) %)
N J

Y —

H(Z)=H™(z) o H®(z) note:|H® (") =1
H® (2)H p[ij -1
z

H™(z) contains all the factors (poles and zeros) that are inside the unit circle while the

(5-20)

all-pass filter, H*(z), contains the remaining terms. H*(z) has the special property that
its magnitude response is unity for all frequencies (hence the term all-pass). All-pass
filters and its generalization to MIMO systems will be discussed in greater detail in
Section 5.3.2.

Extending the concept of minimum-phase from SISO to MIMO transfer functions,
H(z)eC"V[z], is not as straight forward and requires special attention. Since MIMO
systems are primarily considered in this dissertation, the decomposition of H(z) into its
minimum-phase and all-pass components is fundamental in understanding blind system
identification. The concepts developed next will be used throughout this and subsequent

chapters.

5.3.1.2 Minimum-phase in MIMO systems

A MIMO filter, H(z) eC™™[z], is minimum-phase if it and its left inverse,
H(z)*eC™N[z], are both BIBO stable and causal. As with the SISO case, this implies
that the region of convergence of H(z), respectively H(z)", is on and outside the unit
circle in the z-plane since both impulse responses are under the minimum-phase

condition absolutely summable

27| <w for[z|21  (5-21)

S
i=0

<0 = HP@=YHPZ <Yl
i=0 i=0
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#
mp
Hi

<o = Hmp(z)#:ZH{“p#z‘iSZ‘H{”"#
i=0 i=0

‘z“‘ < oo for |z| >1

s0 H(z), respectively H(z)", will be finite for |z|>1. In the above equation, the norm |e| is
the matrix norm which corresponds to the largest singular value of the matrix.
Summarizing, H(z) and H(z)" need to be analytic (finite) for |z|>1 for the filter H(z) to be

minimum-phase.

This is similar to the result that was derived for SISO. Unlike the SISO case, however,
the definitions of poles and zeros as defined for H(z) eC[z] do not extend directly to a
MIMO filter H(z) eC™™[z]. In order for H(z) to be stable and causal, all the elements of
H(z) must be stable and causal; so individually each element must have its poles inside
the unit circle and only exist for zero or positive time. The question that remains to be
answered is what properties of H(z) eC"*[z] need to satisfied for it to be minimum-
phase - recall that for the SISO system, H(z) had to have all its poles and zeros inside the

unit circle to be minimum-phase.

Recall that in Section 5.2.2 it was shown that the zeros of the transfer function H(z), as
defined in (5-7), showed up as the poles in the elements of its left inverse H(z)". Since
this was already demonstrated, this time the same conclusion will be reached but through
an example. Recall that H(z) eC"*V[z] is FIR and has elements composed of rational
polynomials in z and is of normal rank M, its columns can possibly lose rank for a finite

set values of z. For example,

1
HE =t 32 ) O (5-22)
1-3z7") 4

has a normal rank of 2 (rank is 2 for most values of z) but when is z=1/2, the rank of H(z)
reduces to 1. This means that the above example H(z) eC**[z] has a single zero at

z1=1/2. This could have also been found by computing the zeros of the determinant of
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H(z) since the matrix is square (det(H(z))=4(1-1/2z")). The inverse of H(z) can be
readily computed from (5-6) to be

_ . .
1 0
. (1—52 )
H (Z) = ~ (l _ 32—1) E (5-23)
_ 4(1—221) 4_

Note that some of the elements of H(z)™ have poles that correspond to the zeros of the
transfer function of H(z). This should be of no surprise since this possibility was already
established in Section 5.2.2 which dealt with MIMO inverses. All components of H(z)™
have poles that are inside the unit circle which ensures that the matrix H(z)™ is analytic
(finite) for |z|>1. The same can be said about H(z) since it is FIR. Therefore, the

example filter above is minimum-phase.

In general, an NxM transfer function H(z) eH™(z) if it and its left inverse H(z)" is
analytic for |z|>1. The properties that are required by H(z) to be minimum phase are the
following: H(z) has to be analytic (not diverge) for |z|>1 and all its matrix zeros, defined
in (5-7), have to be inside the unit circle. Recall that minimum-phase means that H(z)
and its inverse are BIBO stable and causal. Note that because an FIR irreducible (defined

in Section 5.2.2) system has no matrix zeros it will always be minimum phase.

The next subsection examines some properties of MIMO all-pass filters. It will be shown
that there exists a general generating function for an arbitrary MxM MIMO causal all-
pass system. Because of their structure, second order statistics are blind to these types of

filters as will be explored in more detail in Chapter 6.
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5.3.2 MIMO All-pass Filters

In this section the discussion will be limited to MxM causal MIMO filters because these
are the type of filters encountered in blind system identification. Most of the information
contained in this section is based on the work done by Vaidyanathan in the book [5]. An
all-pass filter is often termed lossless because its magnitude response versus frequency
that relates the input to the output of the system is the identity matrix. An MxM all-pass

filter H*(z) eC™M[z] as used in this dissertation has the following property:
a| a * 1
H®(z)H® (_*j: Ly (5-24)
z

this property is termed paraunitary [5] and the filters that posses such a property are

paraunitay MIMO filters which comes from H [ij which is referred to as the para-
z

Hermitian conjugate of H(z) [1]. The above is just a generalization of the lossless
condition to the entire complex plane but in terms of the more familiar frequency domain

(z=€!®) it reduces to
H® ) H* (e')=1,, (5-25)

Any filter H(z) eC""M[z] which possesses the paraunitary property in (5-24) will be
termed lossless, all-pass, or paraunitary interchangeably in this dissertation. The above
properties can be seen to be generalizations of what was found for SISO systems in (5-
20).

Note also from (5-24) that the para-Hermitian conjugate of an all-pass MIMO MxM filter

is also its inverse since their product yields the identity matrix. This result means that the

inverse of H*(z) is given by
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FPWU*zH”T%J (5-26)

which is simply computed by replacing z by 1/z in the matrix H*(z) and taking the
Hermitian transpose. The resulting inverse therefore has the same order as the original
filter — this is one of the characteristics of an all-pass filter.

In the time domain, the para-Hermitian conjugation corresponds to flipping about the
time axis and Hermitian conjugating the individual impulse response components. For
example, the inverse of an all-pass filter H*(z) of order two given by its time impulse

response
H®(z) < H®=F,H®=F,H®=F, (5-27)

has an inverse of the same length but with its coefficients equal to

1 1 1

H*@2)" < H% =F, ,HY =F HP =F, (5-28)

which correspond to the time flipped and Hermitian conjugated components of the

original filter
5.3.2.1 FIR MxM MIMO All-Pass Filters

An FIR causal paraunitary filter can be constructed in the following manner as described
in [5]. A finite impulse response filter of order L can be constructed by concatenating a

series of degree-one building blocks V|(z) defined as
Vi(@2)=1y -V, +27vy, (5-29)

where v, is an Mx1 vector with unit norm such that
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vy, =1 (5-30)

Note that the matrix Pi=vjv;” spans the range of v; and has matrix projection
characteristics. Additionally, the matrix that projects onto the space orthogonal to the
range of v; can be found by subtraction Q=Iy-Pi=ly-vivi". The matrices P, and Q follow

the properties of projection matrices onto orthogonal spaces and have the relationships
P’=P;, Q’=Q;, P=P/", Q=Q/", QP=PQi=0, P, Q;eC™" (5-31)
as would be expected. V\(z) can therefore be thought of as an operator that applies a

delay to a resultant projection onto the v| space but leaves the resultant projection onto the

space orthogonal to vj as is. V|(z) can be written in terms of P, and Q, as follows:
Vi(2)=Q +27'R (5-32)

A general order L causal all-pass FIR filter can be constructed by concatenating a series

of degree 1 lossless building blocks starting with a unitary matrix as follows [5]
HP®(2) =V (2)V 1(2)--V,(2)H, (5-33)
where Ho is an MxM unitary matrix such that HyHo =ly. The determinant of V,(z) can be

computed to be z* and the determinant of Ho=4. Since Hy is unitary, | =1, and the total

order L FIR all-pass filter has

det(H® (2))= gz (5-34)

The inverse a causal all-pass FIR filter has some important characteristics. The inverse
can be computed by performing para-Hermitian conjugation on H* (z) and can be

determined to be
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H¥(z2)" =H fp*(zi*j =H, V(2" VL@V (2" (5-35)
V,(2)* :V'*(z_l*j =Q +P =Q +zP =V, (z")

An interesting observation about the inverse H ™ (z)™* is that it has the same length as the
original filter H * (z) which means that an FIR causal all-pass filter is equalizable. Also,

the filter H® (z)™* is anticausal since it is composed of V(z™") building blocks which

have a negative delay (5-35). Therefore in order to implement the inverse filter would
require delaying its response by its length in order to make it realizable which in turn

would produce a delay in the recovered signal.
5.3.2.2 lIR MxM MIMO All-Pass Filters

Similarly from [5], a general IR causal MxM MIMO paraunitary filter can be created
using the following building block for V,(z)

. (—-a +z7° .
V(2)=1, -vV, +| ———|v,v al<1
|( ) M 1Y ( 1_alz_1 J 1Y | || (5'36)
—a +z7
1-a,z*"

—a +z°
1-a,z"

Vi(2) =Q "‘[ JPI , det(v| (Z)) =

where P, and Q are projection matrices defined as in the previous section. The
magnitude of the pole a, is restricted to be inside the unit circle to ensure stability of the
filter. Asinthe FIR case, an order L all-pass IIR filter can be created by first starting
with a unitary matrix Ho and concatenating to it a series of V,(z) building blocks until the
desired order is reached.
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HP (@) =V @1 (2)-V,(H,, det(Hip(z))=ﬂﬁﬁ (5-37)

Actually, the causal 1IR lossless filter also includes as a special case the FIR all-pass filter
mentioned in the previous subsection which can be observed by setting a, to zero in (5-
36). The inverse of a causal IIR lossless filter also takes on a note worthy form. Recall

that the inverse of a paraunitary filter is its para-Hermitian conjugate or equivalently

H® (@) =H (Zi] =H, V(™YL )7V, () (5-39)

V.(z)‘l=V.*(i*j=Q*+(‘a't JPEQ{""'EZJP
z 1-3q,z 1-a,z

Note that since the magnitude of a, was restricted to be less than 1 in (5-36), the inverse

H®(z)™ has poles that are outside the unit circle. At first glance this would seem to

give rise to an unstable system, but this is not the case. Poles outside the unit circle
would produce unstable filters if the filter was causal, but the above inverse is anti-causal
which requires that the poles be strictly outside the unit circle for stability. Stable anti-
causal filters have region of convergences on and inside the unit circle (poles must be

outside the unit circle) so the inverse system is also BIBO stable.

5.4 Decomposition of MIMO FIR Filters

This section draws from prior results and definitions in this chapter. What follows is a
procedure for a general decomposition of a causal and stable H(z) into its minimum-
phase and all-pass filter components. As far as the author knows, such decomposition
has not been presented in general for FIR MIMO systems in literature. The

decomposition that is being sought is of the type

H(z)=H™(2)H*(z) (5-39)
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where H(z) eC"™[z], and H™(z) eCV™M[z], and H*(z) eC"M[z].

An arbitrary FIR stable and causal H(z) eC""[z] is not necessarily minimum-phase. As
was shown in Section 5.2.2 that a MIMO filter is minimum-phase if it has all its zeros
inside the unit circle (does not lose rank for |z|>1) and is analytic in the region on and
outside the unit circle, |z|>1 (its ROC is on and outside the unit circle). A causal FIR
filter is always analytic in the region outside the unit circle because it is BIBO stable but

in general does not have all its zeros within the unit circle as defined in (5-7).

The procedure presented here can be viewed as a generalization of what was done for
SISO systems in Section 5.3.1.1. The method is based on reflecting the zeros of H(z) that
lie outside the unit circle towards the inside. First, let the set {zx} denote all the zeros
with magnitude greater than one, |z,|>1, for which H(z) loses rank. These are the zeros
that cause H(z) to violate the minimum-phase condition. Therefore for each zero {z}

NxM
C

(possibly repeating zeros) the matrix H(z=zy) e will lose rank by definition and there

CMXl

will exist a non-zero vector pxe in the null space of H(z=z) such that

H(z=z =0 rank(H(z=12,))<M,
(2=2)p, =0 rank(H(z=2,) 5.40)
Py pk:]'

Without loss of generality let px be a unit vector since the interest is in the span of the null

space. The product of H(z) and the vector py can be written as

H(2)p, =V ()A-7,27) (5-41)
where vi(z) eC"![z] and both sides of the equal sign are zero when evaluated z=z,. The
difference between the MIMO and the SISO system is that for the general H(z) eCV™[z],

zeros have also an associated direction to them. As mentioned in the previous section

P«=pxpx_is a projection matrix that as it name states projects a vector or matrix along the
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pk direction which is the associated space for which H(z) loses rank for the particular zero
z«. Itis along the py direction that the zero needs to be reflected into the unit circle as was
done for SISO systems because along other directions H(z) does not lose rank because of
the 2" zero. First consider z; with its associated projection matrix onto the range of p,

P;, and the projection matrix orthogonal to the range of p;, Q:=Im-P1. The first zero with

magnitude greater than one of H(z) can be projected into the unit circle as follows:

H (z)[Ql + [#}P] SHO ()
) N (5-42)

{7 b [2d>1

Note that only the projection onto the range of p; is reflected into the unit circle while in
all other directions H(z) is left untouched. The resultant matrix H")(z) loses rank for one

less zero that is outside the unit circle than H(z). H®(z) has zeros that belong to the set

{z v, , recall that the set {z} only contains the zeros that have the property |z>1.
This procedure can be repeated for all the zeros (possibly repeated) that lie outside the
unit circle until all the zeros are reflected into the circle resulting in a minimum-phase
system. After K such iterations (for all K zeros of H(z)), a resulting minimum-phase

system is formed with all its zeros inside the unit circle

H (z)[Ql + (LZ;ZJF{}.{QK + (M) P, ] —H™(2) (5-43)
2, -1 Z, —1

The individual blocks that make up the equation above are of the form Vi(z)™ (5-38)
which has an inverse given by Vi(z) in (5-36). Moving the individual blocks on the

minimum-phase transfer function side results in

H(2) = H '“p(z)[QK +[i]PHQ *(ﬂ}’} (5-44)
2, -1 2, -1
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The matrices following the minimum-phase filter correspond to the building blocks of an
IR causal lossless system with Ho=Iy as seen from (5-37). This concludes the procedure
for demonstrating that a decomposition of an arbitrary FIR causal MIMO system H(z)

can be obtained in the form

H(z) = H™(2)H*(2) (5-45)

where H™(z) eC"V™[z] is a minimum-phase system and an all-pass filter H*(z) eC"*V[z].

Special cases that could arise in performing the above decomposition will be treated next.
Note that from (5-41) it is the implicit assumption that H(z) loses rank for each zero by
only one dimension since px is assumed to be a vector. The algorithm above, however, is
not restrictive to H(z)’s that lose rank by only one dimension for a given zero since the
procedure above can be repeated again for the remaining dimensions of the null-space
until a matrix that does not drop rank for that particular zero is created. Secondly,
repeated zeros are also covered by the above decomposition, even though it is not
specifically stated. Each repeated zero will have to be listed separately in the {z}
according to their multiplicity.

Lastly, what remains to be answered is if the decomposition in (5-45) is unique or if other
decomposition of the same form exist. To test uniqueness consider two minimum-
phase/all-pass factorizations as follows

H(z)=H™(z)H®(z) = H™ (2)H ¥ (2) (5-46)

and let A(z) eC""M[z] such that without loss of generality

H™(z) = H™(z)A(z) ™ A(z) =H®(2)H™(2)™ (5-47)
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Note that the equation on the right in (5-47) for A(z) is composed of the multiplication of
an all-pass filter and an inverse of an all-pass. A(z) is therefore also an all-pass filter and
has para-unitary properties and is composed of the building blocks V(z) and V|(z)™* and
unitary matrices. Since A(z) is para-unitary it is invertible and its inverse A(z) ™ is also
para-unitary. The determinants of A(z) and A(z)™ are composed of factors with a pole
inside the unit circle and a zero outside the unit circle or vice versa (5-37). Additionally,
every zero in the determinant of A(z) is a pole in the determinant of A(z)™* and vice versa.
By the previous two argument, A(z), A(z), or both will have zeros outside the unit circle
and when multiplied with a minimum-phase filter will yield non-minimum-phase

matrices so the equalities

H™(z2)=H™((2)A2)", A@H™(z)=H™(2) (5-48)

are only possible if the para-unitary matrix A(z) is a unitary matrix A. Therefore any two

realizations of minimum-phase/all-pass decompositions are related by

H™(z)=H™(z2)A" H¥(@)A=H*(z) where A'A=1,  (5-49)

which concludes the proof of minimum-phase uniqueness.

5.5 Summary

In this chapter the invertiblity of a causal and stable MIMO FIR matrix H(z) eC"VM[z]
was addressed. Finite impulse response MIMO systems, unlike SISO systems, can
potential have inverses that are FIR as was mentioned in Section 5.2.2 for non-trivial
matrices under some circumstances. This special class of filters was termed equalizable
in [4]. In general, however, the inverse of H(z) can possibly have an infinite impulse
response depending on the location of the zeros of H(z). In this chapter, it was also
shown that H(z) can be decomposed into a minimum-phase and an all-pass filter (5-45).
The definition for these filters and how the decomposition can be made was also

discussed in detail.
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Chapter 6

Blind System Identification for Convolutive

Mixtures

Blind signal and system estimation relies on identifying the channel impulse response and
the signals present in the environment from just the recorded information at the sensors.
The wireless channel can be represented as a linear time-dispersive system that can be
modeled by a series of transfer functions relating the signals to the sensors as shown in
Figure 5.1. The object is to estimate all transfer function unknowns and the original
signals using the minimum assumptions possible. The more general and the less
restrictive the assumptions needed in solving this problem, the greater the applicability of

the analysis.

The material presented in this chapter addresses the time-dispersive linear channel and is
an extension of the analysis presented in Chapter 4 where mixing matrices were blindly
identified. The identification of the dispersive channel is often referred to as the
convolutive mixtures problem because the relationship of the input x; to the output y; can

be written as a convolution of matrices
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Y = ZHi—ka (6-1)
k=—o0

in the time domain where keZ, yieC™™, HieCV™, and x;eC"™. Its z-domain
representation will also be useful in understanding some of the identification properties
associated with different order statistics and in the z-domain the output and input are
related through the transfer function as follows

y¥(2) = H(2)x(2) (6-2)

where y(z)eC[z]™, H(z) eC[z]™™, and x(z) eC[z]™™*. For now it will be assumed that
N>M (at least the same number of sensors as sources in the environment) but this
condition will be relaxed later in the chapter. When N>M an H(z)" (the inverse of the
channel) can exist that will decouple the signals up to the unresolvable ambiguities which

will be covered next.
6.1 Unresolvable Ambiguities

The fact that the inputs are not observed leads to some inherent ambiguities when it
comes to the identification of the signals. First of all, the power of the transmitting
sources cannot be identified with certainty. At the receiver for a given received
amplitude one cannot separate path loss from signal power; for example a weak signal
transmitting from a nearby location could produce the same response on the sensors as a
strong signal that is far away from the receiver (Section 4.2). To resolve this ambiguity,
without loss of generality, the transmitters at their source (x;) are assumed to be
transmitting with unity power in this dissertation and the difference between the
transmitted signal and the received power is attributed to path loss. Secondly, the time
delay between transmitter and receiver is also indeterminable. The absolute time delay
each signal encounters when traveling from its source to the destination is also

ambiguous. Lastly, as also discussed in Section 4.2 there is a model ambiguity which
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comes from writing the equation in the form given in (6-2). Permuting the columns of
H(z) and doing the same with x(z) results in the same vector y(z) which causes an
unobservable change in the received signal due to the permutation. H(z) and x(z) are

therefore only determinable up to a permutation matrix. H(z) will be referred to as

identified if an estimated inverse of H(z), H (2)*, is found such that

H(z)"H(z) = A(z)DP where H(2)"H(z) =1,, (6-3)

where A(z) =diag(z™,...,z”™) and I,eZ, D is a diagonal matrix with constant

elements, and P is a permutation matrix. Throughout this dissertation, the ‘** symbol on
top of a variable refers to an estimate of that particular variable. Note that the
performance of a properly designed receiver should not be affected by the above
unresolvable ambiguities since they involve only scaling and delaying of the signals in

the system.
6.2 Blind Identification

At first glance, blind system identification appears as an unsolvable problem. From (6-
1), only the vector y; is known while the coefficients of H; and x; are all unknowns.

There are many more unknowns than equations when thought of it in this way. This is,
however, not a stumbling point since one can work with a collection of samples of y; to
estimate H; and the properties of x; using statistics as will be seen shortly. When working
with a set {yi} this system is identifiable if minimal assumptions are known or made
about {x;}.

As mentioned in the introduction, the identification of {H;} and {x;} from the received
sequence {yi} can only be made by making some assumptions. In order for the analysis
to be applicable in a general sense, these assumption need to be as non-specific as
possible. Certain properties of the source signals need to be assumed and exploited in
order to recover H(z) and x(z) and in such a way as to remain valid for most (or all) of the
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cases that are encountered. The model of the sources should be minimal to have the
widest applicability. The type of model that is assumed for the elements of x; determines
the method, or combination of methods, that can be used to identify the system

parameters.

There a different ways of identifying a system blindly based on properties of the signals
x; in the environment. When the signals x; are non-white (colored), the channel is blindly
identifiable using up to second-order statistics (SOS) as long as H(z) (N>M) is
irreducible and the power spectra of x; is diagonal with distinct polynomial factors [1].
There have been several papers published in this area that specifically consider this

problem [1], [2], [3], and [4] for example consider N>M exclusively.

When the signals x; have non-stationary statistics such as cyclostationarity or other forms
of non-stationarity, this property can be used to exploit algorithms based on second-order
statistics that identify H(z). Identification of H(z) for cyclostationary signals that have
different cycle frequencies has been treated in [5], [6], and [7] using SOS but only under
certain conditions of H(z). Other forms of identification based on non-stationarity and
non-whiteness of signals are treated in [4] and [8].

Lastly, the non-Gaussianity of the source signals can be exploited. This type of
identification resorts to higher-order-statistics (HOS) in order to identify the system
parameters. The advantage of using this technique is that signals are not required to be
correlated in time or have non-stationary characteristics. The HOS based methods most
commonly use cummulants as identification tools. Joint cummulants of several random
variables can be related to the higher order joint moments of the signals and vice versa
(Chapter 3). The trend in modern communications is to move away from analog
modulation schemes and move towards digital formats which have information symbols
that are non-Gaussian by nature and usually belong to a finite alphabet set which
guarantees that HOS is applicable. It is also possible to use a combination of these three
techniques to improve the identifiability of the system. In this chapter, the HOS and the
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non-stationarity of communications signals will be exploited to identify the channel and

possibly more signals than sensors.

In Chapter 4, no specific information about the behavior of the source signals in the time
domain was assumed. This was because the channel under consideration was non-
dispersive and higher-order statistics could be used directly on the signals across the
sensors (the time dependence was immaterial). The assumptions of Chapter 4 where that
the transmitters in the system were independently controlled which in turn produced
signals that are independent of each other. This chapter is concerned with the
identification of the time-dispersive channel (Figure 5.1) which does require that
assumptions be imposed on the time behavior of the source signals in order that the
channel and the signals be correctly identified. In this dissertation, the signals x; that are
sought are the fundamental building blocks of the received signal y;. This imposes the
assumption that the elements of the signal x; are independent from transmitter to
transmitter (in space) and also from sample to sample (in time). The matrix H(z) is
therefore the only operator that causes the space-time independent samples of x(z) to mix
into the signal y(z) that is received. x; is assumed to be space-time independent
throughout this dissertation because of the lack of other information available, but if
additional a priori characteristics of the time dependence of x; were know before hand,

these properties should be used instead of the independence assumption.

The identification procedure is similar to the analysis presented in Chapter 4. It requires
finding an inverse filter that minimizes the mutual information between the estimated
source signals not only in space (as was done in Chapter 4) but also in time. Because of
the complexity of estimating the probability density functions of the various signals a less
computational process can be used based on joint cumulants. Recall from Chapter 3, that
when a joint random variable is independent (no mutual information), the joint cumulants

of all order are zero.
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6.3 Blind Identification of Stationary Systems

The analysis that follows considers only stationary signals. The theory developed in this
section will be used as a stepping stone for the section that addresses cyclostationary
signals.

6.3.1 Estimation using Second Order Statistics for Stationary Signals

In blind signal and channel estimation, H(z) and x(z) are not observable and their
estimates are recovered solely from the information provided in y(z). Some minimal
assumptions are made about x(z) that usually involve certain dependence (or
independence) conditions of the time sequence x; from one sample to the next and from
transmitter to transmitter. These assumed properties on the time variations of x; are used
in order to estimate H(z) and recover x; from the received signals y; by ways of second
and/or higher order statistics of the signal yi. In this section, only stationary signals will

be considered; this assumption will be relaxed later.

In this dissertation, an x(z) is sought which is space-time independent but otherwise has
unrestricted properties because x; is assumed to be the fundamental building block of the
signal yi. In the second order sense, the stationary signal x; can be characterized by its
power spectral density (PSD) or its autocorrelation function. Both the PSD of x;, Sx(z),

and its autocorrelation, R(i), are z-transform pairs defined as follows
5.)= YRMz =1, = RK=Exxi]=1,600 4
k=—o0

The autocorrelation of x; is defined as the expected value (E[e]) of x; times a Hermitian-
conjugate and shifted version of itself. Note that from (6-4) the elements of x(z) are
assumed to have unity power and to be wide-sense stationary (since Ry(k) is only a
function of delay k and not of i). Recall that unit power was imposed to resolve the
ambiguity in the amplitude of the source signals (Section 6.1). Additionally x;, by
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assumption, has components that are independent (uncorrelated in the second-order
sense) in time and in space, which results in a PSD that is an identity matrix and which
exists only at k=0. Similarly, the PSD and the autocorrelation of the received signal y;

can be defined as
s,(2)= YR (K)2* = R (K=Elyy,] (6-5)
k=—o0

where Sy(z) is the z-transform of Ry(k) and y; is also wide-sense stationary since x; has
this property. The second-order statistics of the output y; can be related to the second-
order statistics of the input x; by expressing the signal y; above in terms of the
convolution (6-1) which describes the system. The autocorrelation of y; can be found in

terms of the autocorrelation of x; as follows

R, (k) = [ime,mZx,kn } ZZH Efx_.x . H;

00 m=—o0 N= (6'6)
= > DY H R (k-m+n)H,
and from (6-5), the power spectral density of y(z) can be found to be

S,(2)= Z Z ZH (k-m+n)H z™ i i iHme(p)Hr’:zf(mm—n)

=—0oMm=—00 N= p=—0c0 M=-00 N=—00

:(iHmzm)[in(p)zp](iH;z”j (6-7)
=Haﬁan{§j

The power spectral density of y(z), Sy(z), can be found by multiplying the source PSD,
S«(2), on the left by the transfer function H(z) and on the right by the para-Hermitian
conjugate of H(z). In general, S,(z)eC[z]"™™, H(z) eC[z]™", and Sy(2)eC[z]™". In

117



short, (6-7) describes what happens to the power spectral density when the signal

undergoes a convolution operation.

Recovering x; from y; involves finding a inverse filter H(z)" which when applied to y;
results in the decoupled signal x;. The problem is that the signal x; is not known before
hand and therefore one cannot determine if the correct H(z)* was found by just observing
the samples that come out of the inverse filter. Only properties of x; are assumed to be
known a priori (independent components and unit power) and in the second-order sense

these properties correspond to the power spectral density of x(z) which is the identity

matrix, Iy in (6-4). Based solely on second-order statistics (SOS), an estimate of x;, x;

can be found that has the same SOS as x;. The estimate of x;, therefore, should also

have a PSD of
S.(2)=> R.(K)z* =1, = R.(k)=E xfxffk]z I,O(K) (6-8)

which is similar to Sx(z) in (6-4). The logic lies in that the closer the properties of the
signal x; that comes out of the inverse filter are to the original source signal, the closer
the time variations of this signal should be to x;. Figure 6.1 shows a block diagram where

an estimate of the inverse filter using only second-order statistics, H ® (z)”, is applied to

the signal y; and produces the signal x;, which has the same SOS as x;.

Xi— H(@) He(2) X

Figure 6.1 Block diagram of the identification of H(z) based only on second-order

statistics.
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The power spectral density of x at the output of the system can be computed with the

help of (6-7) to be

# #
5. @=H°@'s,@n [ L] ~w@rH@s.on [ L L] 6
X Z Z Z
Replacing the value of the PSD of x; and x; in (6-4) and (6-8) into the above equation

results in the following equality
1), 1Y)
5. (D=1, - HS(z)#H(z)H*(—*jHS (—j (6-10)
4 z

The product of H* (z)* and H(z) and their respective para-Hermitian conjugates has to
be equal to the identity matrix Iy in order for the properties of x; and x° to be the same in

the SOS sense. Recall from Chapter 5 that any H(z) eC[z]™™ can be decomposed into its
minimum-phase/all-pass components in the form H(z)=H™(z)H*(z). Introducing this

equality into (6-10) produces

Im

N

Ve

Ss (@) =1, =H*(@)"H™(2)H*(2)H (zij"' (zij"' ( 1*)

z
#
ly =HS(2)"H™(2)H mp*(i*jH S*( 1)
Z z

(6-11)

where the para-unitary property of all-pass filters (Chapter 5) has been applied. There are

therefore an infinite number of solutions for the filter H®(z)*. From (6-10), it can be
seen that if selected correctly H*®(z)* can be the true inverse H(z) (which is the solution
that is desired) and from (6-11), another solution for H* (z)* could be the minimum-

phase component of H(z). In general, as can be seen from (6-11) H*®(z)* can be the
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inverse of H™(z) times an arbitrary all-pass filter and still produce a signal x; that has

SOS that match the corresponding statistics of x; in (6-4).

From the above discussion, it can be concluded that SOS identify H(z) (or H(z)*) up to an
all-pass filter H*(z) eC[z]™" when the signals x; are space-time independent. There is
no way to know for sure if the correct inverse has been found using just SOS so it is
customary to pick the minimum-phase solution from the set of all possibilities for
H®°(z). Recall that minimum-phase filters are causally invertible systems and BIBO
stable. The minimum-phase realization can be found through an innovations based

approach as explained in the next subsection.
6.3.1.1 Identification of the Minimum-Phase Components using SOS

Identification of an inverse to MIMO filter based solely on the second-order-statistics of
x; has an infinite number of solutions as discussed previously under the assumptions of

(6-4) for x;. Based on SOS and for lack of other information, a minimum-phase filter is

routinely picked as a solution for H*® (z)* from the set of possible filters that produce a
signal x; with properties as in (6-8). The minimum-phase solution, however, implicitly

assumes that the system transfer function, H(z), is minimum-phase which is not true in
general. The causality and stability of the filter and its inverse is the main reason for
choosing the minimum-phase solution, additionally, the innovations approach is a
convenient way at arriving at this solution as will be shown shortly. It should be noted
that there is still a potential all-pass component of H(z) that has not been identified yet
when following this path. Letting the filter H*(z)" be the inverse of a minimum-phase

system produces the following relationships

H°@2)*=H™(z)" < H%@)=H™(z)whereH(z)=H™ (2)H®(z) (6-12)

H®(z) =Y Hz" , H*(2)* =Y H>z" where H*(2)"H®(2) =1,
i=0 i=0
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where H™(z) is one of the minimum-phase decompositions of H(z) (see Chapter 5). Note

that the index i starts at zero since the minimum-phase solution models a causal system.

The innovations approach is a convenient method to arrive at a minimum-phase

realization of the filter H(z). The innovations process can be written as ([9] for example)

Yi :_z Dyyix 1 (6-13)

k=1

where the vector ijeC™* is the innovations vector. This method decomposes a signal at
any given time into two components; the first contains the contributions of a weighted
sum of all past values of the signal (memory) and the second term i; which contains the
new information that is being added at that instant that has not been seen before. Since i
is new information at each time instant, it is uncorrelated with all previous values of y;
and all past and future values i;. The correlation properties of the random process i; with

itself and the process y; can me summed up as follows

R, (k) = Efiir ]=C6(k)
R, (k) =Ely,i;]=0 k>0 (6-14)
R, (0) = Elyi; ]=Efiif]

which describes mathematically the relationships between both signals in the second-

order sense. Cy is an arbitrary NxN matrix with complex coefficients. Also, from Figure
6.1 and (6-12) the signal x® and y; are related through the filter H*(z) and its inverse

H(z)" as follows

Z Hy, ©x°(2)=H*(2)"y(2)

o

=Y
- (6-15)
yi =2 Hx), o y(@)=H®*(@2)x*(2)

k=0
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which is a second representation of the signal y;.

Note that the innovations vector i; has components that are uncorrelated in time (6-14)
which is one of the characteristics of x*. x, however, has the additional property of
also being uncorrelated across its components in space. To create a random process x;
that has the properties given in (6-8) from the innovations vector i;, requires that the
elements of the vector i; be also uncorrelated in space. As will be seen shortly, x> can be
obtained from i; through a matrix multiplication. The relationship between x® and i; can

be obtained by analyzing its cross-correlation with the vector y; from (6-13) and (6-15)

using the properties (6-14) it can be observed that

Ry, (0) = Ely,i; ] = Efiif]

2 © 6-16
. E[Zfof_ki:}=ZH,§E[xf‘_kif]= HeEfSH] (6169
k=0 k=0
ii Hosx
e (6-16b)

o

The vector x; and i; are, therefore, related by the zero filter coefficient H; so the time

response of the filter D; and the filter H>* are also related by this same factor

H* =H;*D, where D, =1, (6-17)

Once the filter D; is computed (details in Chapter 7), H>* can be determined using (6-
17). H?® can also be found directly from H** and the auto-correlation of the function y;
as will be found next. An equation relating the impulse response H® to the impulse
response of its inverse filter H>* can be found by applying the properties in (6-8) to the
cross-correlation of the different signals in the system. The cross-correlation of x; and

yi, Using (6-15) for y;, results in filter coefficient H®" as can be seen from
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E[Xis_kYT]= E|:Xi5—k ixus—j HF} = Zw: E[Xis—kxis—*l ]H o= Zw: Ly S —K)H/
1=0 1=0

1=0

(6-18)
=H}

Using (6-13) and (6-14) a second result for the cross-correlation of x; and y; can be

found as a function of the auto-correlation of y; and the inverse filter H**.

E[Xis—ky:]: HOS#E[ii—ky:]: Hg#EKYi—k +iDlyi—k—l Jy:}
- HOS#{Ry (-k) + S DR, (~k 4)} _ Hg#{R;(kHiDl R (K +|)} (6-19)

= Hg#[z D,R;(k+l)} =§H|S#R;(k+l) where D, =1,

1=0

Combining both (6-19) and (6-18) results in an equation relating both the filter, H® , and

its inverse, H>*, through the autocorrelations of y; and this equality given by

HE = HS{iD,R;(i+I)}:iH,‘°’#R;(i+I)
1=0 1=0
§  whereD, =1, (6-20)
HS ={iRy(i+l)Df}H§#* SR+ HS
= =y

The above equation relates the filter H® to its inverse through the second-order statistics

of the signals recorded at the sensors (Ry(k)). The specifics of computing D; and H® are

described in Chapter 7 where algorithms for computing these variable are discussed in
more detail.

123



6.3.1.2 Innovations as a Means for Computing the Minimum-Phase Component

The above discussion describes how to determine the filter H° and how it is related to its
inverse H*" using the innovations approach. What remains to be shown, is that the

innovations approach arrives at a filter H> that corresponds to a minimum-phase

realization of the channel transfer function H(z), H™(z). To start with the analysis, note

that the equation in (6-20) can be written as
H® => R (i+DH for i>0 (6-21)
|=—o0

and is only valid for i>0 and not for all i which does not permit the direct application of
the z-transform to the above equation. The above equation is known as the Wiener-Hopf
(WH) equation and can be solved using the WH technique [10]. The approach consists of

rewriting the above equation in such a way that it is valid for all i as follows
G, =H’ =Y R (i+HH* for —co<i<w (6-22)
|=—00

where the signal G; is strictly anti-causal (zero for i>0) so that the equality in (6-21) is
conserved. Since this new equation is now valid for all i, the z-transform can be directly

applied to each of its terms resulting in

ieiz*i = inz*i —_i iRy(i +hH 2™

i=—0 i=—o0l=—0

6@ -H @)~ 3 SR MM —H @)~ 3 TR A2 0

(6-23)

0

G(Z)=H @)~ SR, M)z ™ Y H 27

p=-

G(z)=H*(2)-S, (2)H S(Zij
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where G(z) is the z-transform of a strictly anti-causal term, H3(z) is a causal filter, the
para-Hermitian conjugate of H*(z)" is anti-causal, and Sy(2) contains terms that are both
causal and anti-causal. Expanding Sy(z) into its minimum-phase/all-pass components (6-

11) results in

G(2)=H®(2) - H(z)H( j ( j

) (6-24)
G(2) = H* ()~ H™ @H® ()H* [%jH (i*jH (ij

which shows in greater detail the components that make up the equality (6-23). The
individual components can be grouped into terms that contain a strictly anti-causal, a

causal, and a mixed component as follows

G(z)(Hmp*(i*sz*(i*j J - Hs(z)[Hmp*[i*sz*[i*j ] —H™(z)
z z z z

# #
G(Z)H S*(i*JH mp*(i*j =HS(Z)H S*(i*jH mp*[i*J _Hmp(z) (6'25)
z z 4 z
T T T
strictly anti — causal mixed causal

Note that the para-Hermitian conjugate of a causal filter such as H%(z) is anti-causal since
all its z* terms are replaced by z when performing this operation (the same is true with
H™(z)"). Table 6.1 summarizes the time-domain characteristics of the individual filters

that make up the above equation.
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Table 6.1 Time Domain Characteristics of the Components in (6-25).

Filter Type
HS(z), H®(z) causal
# -
y S(i) y S*( 1) anti-causal
z 4
H™(z), H™(z)" causal
# anti-causal
)
7" 7"
G(2) strictly anti-causal

The minimum-phase component of H(z), H™(z), corresponds to a causal filter and
therefore can only be equal to the causal component of the mixed term in (6-25) since the
other term contains strictly anti-causal terms. Mathematically this is written as a

expression with a ‘+” symbol on the bottom [10] as follows,

H™ (2) = {H (CIRE Y } (6-26)

which represents the causal component of the expression in the brackets. The two
leftmost components of the above expression correspond to the para-Hermitian conjugate
of H™(z)"H%(z) which is anti-causal since the product of two causal filters is also causal.
So the result corresponds to the causal component of a multiplication of a causal and anti-
causal system. Also the minimum-phase component of H(z) shows up inside the brackets
in its para-Hermitian conjugate form which makes H™(z) a function of itself. After some
careful analysis, based on the observations just stated and the fact that (6-26) is valid for

126



any minimum-phase realization, it can be concluded that the only possible solution for
H™(z) is

H™(z) = H®(2) (6-27)

This concludes the proof that H3(z) corresponds the minimum-phase component of H(z)

when using the innovations approach.

The identification of H(z), however, is not yet complete. Recall that there still exists an
all-pass component to H(z) that has not been determined yet to fully identify the channel.
The all-pass component, H*(z), can be identified using higher-order statistics (HOS).
Higher-order statistics are not blind to all-pass filters as are second-order statistics as will
be explored shortly.

6.3.2 Estimation using Fourth-Order Statistics for Stationary Signals

In the previous section, a minimum-phase component of H(z) was found using second
order statistics. In theory, the all-pass component of H(z) can be determined using any
statistics higher than two for stationary signals as long as the signals under analysis have
non-zero statistics of that order. In digital wireless communications, most signals of
interest have even distributions (BPSK, QPSK, QAM, etc.) and therefore have odd
cumulants that are zero (Chapter 3). The use of odd higher-order statistics is therefore
not recommended to identify the channel for digital communication systems. The next
higher even cumulant after the second-order is the fourth-order statistic which will be

used to identify H*(z) eC[z]™™ in this dissertation.

In this section, a signal x| (based on fourth-order statistics) will be found which is a

replica of the transmitted signal x;. The recovered signal x; should be similar to the

original transmitted sequence up to the irresolvable ambiguities of the system or
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equivalently (a permutation of its components, an unknown time delay, and an unknown

scaling factor)

x" (2) = A(z)DPx(2) (6-28)

where A(z), D, P are defined in Section 6.1. Figure 6.2 shows the last step in the

identification of the transfer function H(z) and the recovery of the signal x;.

2

i
Xi— H(z) 1 H®(2)" H*(z)"

Figure 6.2. Block diagram of the identification process of H(z) based on second-order

statistics and then fourth-order statistics.

After second-order identification, all that is left to identify is an all-pass filter to recover

an estimate of the transfer function H (2) in (6-3). From Figure 6.2 it can be seen that the

signal x| is related to x; through the all-pass filter H**(z) as follows

X;

ZL:prxiF_k o x°(@)=H*)x"(2)
0 (6-29)
SSHTXL X @-HT @R 1w

k=-L

In the second equation above, the coefficients of the inverse filter H*(z)™" are the time
flipped and Hermitian conjugated elements of H**(z) as was discussed in Chapter 5 which
is a direct result of para-Hermitian conjugation. The impulse response of the all-pass
filter in (6-29) is assumed to be of length L+1 and in the case of IIR filters L can even be

infinite. Recall also, as can be seen from the second equation in (6-29), that the inverse
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of a causal para-unitary filter is anti-causal an is not realizable unless its appropriately
delayed in time. A delay of L will make the filter causal and therefore implementable for

real systems, this realizable filter will be designated by

*

H@xn4=z*H“xn4=z*H”TEJ (6-30)
z

There are consequences, however, in making H*(z)™* implementable since the added
delay to make this filter realizable will in turn cause a delay in the output x| by L
samples. In the case of IIR filters it would require waiting an infinite amount of time for
x| which is impractical for communication purposes. In practice, infinite impulse

response filters at some point should be cut off so that they can be implemented in a finite

amount of time and with the smallest truncation error.

Before proceeding with the analysis for determining the filter H*(z), it will be convenient

to rewrite the equality in (6-29) in matrix form as

xf:[ng o HEP| _ H®%F
(6-31)

F * * . -~ ~S
xizhﬁ o HP| P |=H™X

where H® eCWMEHD) (@ oMMy contains the concatenated impulse response of
the L+1 size all-pass filter (inverse filter), H*(z) (H**(2)™), and the vector X7 (X’)isa

stacking of the random variable x| (x;) form i to i-L (i+L to i).

Recall that in order for x| to be more like the original transmitted sequence than x; it

should be more than space-time uncorrelated, it should have the same properties as the
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signal x; which is independence of its components in time and in space. From Chapter 3,
independence in space means that x; ’s fourth-order cumulant tensor should be diagonal.
In order for x; to be also independent in time, the fourth-order cumulant tensor should

be zero when any of its components is time shifted with respect to another component.
Therefore, if the inverse of the all-pass filter H*(z)™ is properly found, the two properties

mentioned above will have been met.

The synthesized random variable X which contains the values of the signal x; from
times i+L to i has components that are related by the filter H*(z). The fourth-order
cumulant of X? is therefore, in general, not diagonal. A special feature of the

concatenated vector X, is that it combines the space and time dependence of x; into a

single cumulant tensor which eases the analysis. The fourth-order cumulant tensor of x°

has elements indexed by pgrs which are defined as
(C4 [is])pqrs :Cl(iis )p (iis ); (iis ):(ils )sJ p'q’ r,se {1’2""’ M (L+1)} (6_32)

where (X;’ ), corresponds to the pth element of the vector X and C[e] is the cumulant
defined as in Chapter 3.

=
i

The signal x| is recovered by multiplying X on the left by the matrix H * which

contains the impulse response of H*(z)™ in concatenated form (6-31). Since cumulants

obey the multi-linearity property (Chapter 3), the elements of the fourth-order cumulant
tensor of x| can be found directly from H® and the fourth-order cumulant tensor X’ as

follows

Clx D = S D @) (), (A7) (F®), iikt el M) (633)

p.q,r,s=1
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The values of x; are assumed to have components that are space-time independent which

is also a property that has to be satisfied by the signal x| . The fourth order space-time

cumulant of x| (Chapter 3) must therefore be

ey 5. fori=j=k=|
(€l 2Dy =l ) 60, ) 60, T )I]:{; - fori= } (634
1 forry =7, =17,=1,
T {O otherwise

in order for x; to be related to x; through (6-28) where c; is a real scalar constant. A
generalized form of the filter H*(z)™* can be constructed using the information presented

in the previous chapter. Any para-unitary filter H® as described in (6-31) that leads to a

diagonal cumulant that exists for only equal time delays (6-34) will correspond to the all-
pass component of the estimated filter H (z) in (6-3). Note that there are several such

solutions but they should all identify the channel up to the irresolvable ambiguities

described in Section 6.1.

The all-pass filter can be solved for in an efficient manner using a contrast function.
Contrasts were first introduced in Chapter 4 to solve for unknown unitary matrices and
their functionality can be extended so that they also apply for para-unitary filters. It can
be shown that properties of all-pass filters can be taken advantage of and can be used to

create an appropriate cost function. The details will be discussed in the next chapter.

Until now, the number of signals in the environment were assumed to be less than or
equal to the number of sensors (N>M). This corresponds to having at least the same
number of unknowns as equations in a linear system. Under these conditions, the system
is invertible (assuming certain rank criteria) and the source signals can be recovered
perfectly. When there are more signals than sensors (more unknowns than equations) in
the environment, the time domain signals x; are in general irrecoverable but properties of

each of the source signals are recoverable under some circumstances. If x; has certain
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characteristics it is possible to identify properties of the signals when there are more
signals than sensors even when an H(z)” that will decouple the time series of the source
signals does not exist. Sophisticated receivers such as MLSE are able to estimate the
source signals from the knowledge of the modulation (BPSK, QPSK, etc.) property of the
elements of x; even in the M>N case as discussed in Chapter 2. The following section
examines signals that have modulation induced cyclostationary statistics and it will be

shown that properties of more signals than sensors can be identified in the system.

6.4 Blind Identification of Cyclostationarity Systems

In order to transmit information from the transmitter to the receiver, the signal is
structured in a certain manner based on a pre-determined modulation scheme. In digital
communication systems, the transmitted signal consists of a series of symbols which
when put together represent the information that is being conveyed. The symbols are
taken from a set with finite alphabet that is transferred at a pre-determined constant rate
which corresponds to the data rate of the signal. Additionally, the signal is up-converted
from baseband to its carrier frequency so that it can be transmitted through an antenna
and in order to place it in the correct frequency band of operation. Code division
multiple-axis (CDMA) communications systems have an additional pseudo-random code
that is modulated on top of the signal which is also periodic with spreading code length.
All these artificially induced periodicities induce statistics that are also periodic and are a
function of carrier frequency, data rate, code rate, and others periodicities that are
imposed on the signal. Information about the structure of the signals is contained at each
of its cyclical statistics which offers redundancy and a means of distinguishing signals in
the statistical space based on their periodicities. The ability to be able to separate the
statistics by frequency allows for the identification of more signals than sensors (M>N).
In this dissertation, linearly modulated signals (BPSK, QPSK, QAM, etc.) will be treated
exclusively to demonstrate the functionality of the analysis. In this section, the
assumptions imposed in the previous section that N>M will be relaxed, M can now be

larger than N.
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Modulated signals are not stationary signals but instead have time-varying
autocorrelation functions and time-varying higher-order statistics. In fact, they belong to
a special class of time-varying systems denoted as periodically-time varying (PTV)
systems. The impulse response of PTV systems can be decomposed into time-invariant
filters and a denumerated set of associated periodicities which completely characterize
the system response. These periodicities and time-invariant filters also show up in the
cyclic statistics of the signal as will be seen shortly. PTV systems will not be treated in
detail here but are examined in [7]. Linearly modulated systems (modulation and

channel) can be written as a time varying impulse response [7]

y(t) = Th(t, s)x(s)ds (6-35)

h(t.s) = Ya,, (t—s)e’"
k

where oy correspond to the cyclic frequencies of the modulation process and q,, (z)are

the time-invariant filters corresponding to each cyclic frequency. A stationary signal x(s)
is transformed into a cyclostationary signal through the above operation. Similarly, the
autocorrelation function and higher order statistics of y(t) will also be cyclic occurring at

the discrete frequencies that are a function of the modulation induced frequencies [7].

As was discussed in Chapter 3, the second and fourth-order cumulant tensors of a
cyclostationary vector signal y(t) can be decomposed into the summation of a
denumerated set of cyclic cumulant tensors (3-31),(3-33). This chapter is primarily
concerned with the analysis of sampled data instead of continuous time waveforms for
which the time-varying cumulants were derived in Chapter 3. Fortunately, the results in
Chapter 3 can be extended to discrete signals with only some minor alterations. The
main one being replacing integrations in the moment functions by summations. The
second-order cumulant tensor of a discrete random variable x; (t, z,e Z)can be expressed

as
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C,[xt,1]= ZCaXT o 27t (6-36a)

(Celxx)) =Ma[xit] (6-36b)

j

T

M [xi7] = lim, . ﬁ;(xt e, Ser (6-37)

were t and 7, are now discrete variables belonging to the set of integers. Note that the
subscript t is now used instead of i for the time index; this distinguishes stationary (index
i) from cyclostationary signals (index t). Equivalently, the fourth-order cumulant tensor

for a discrete time random vector signal x; can be written as
Clxtt]=>Coxtl!™™ (6-38)

a H 1 S — 27zt
(C4 [X;T])ijkl =lim. ? Z(C4 [X;t’T])ijkl e

t=—T

(Cf [x;‘r])ijkI =M= . [x;t]- Z M/ [x;tM 57 [x;7]

ij k'l

—ZM er“ﬂ[xr ZM xr]M}’i;P[x;'r]

The moment functions of the above equation can be computed for discrete signals by
replacing the integration operation in (3-35) by a summation as was done with (6-37).
Additionally, the cyclic frequencies can be constrained to belong to the set ae(-1/2,1/2]
because of the normalization and the discreteness of the time axis. Note that « is periodic

with period 1 in the cycle domain.

In actuality equation (6-38) should be written in terms of k-statistics to ensure an un-
biased estimator (Chapter 3). In order to make the derivations more transparent,
however, the above form will be chosen and a large sample size T will be assumed so that

the above results will be virtually the same as the result achieved through k-statistics.
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When analyzing communication systems, it is common to model the signals at baseband
in order to simplify the analysis. Doing this, however, does not take away from the
applicability or generality of the analysis. The resulting signal at baseband can always be
moved to a carrier frequency by multiplying the result by a complex exponential which
has no information content. Linearly modulated signals will be exclusively treated in this
chapter to illustrate the effectiveness of cyclostationary statistics based identification.
The information carrying signal x;, has elements which are composed of symbols that
belong to a finite set (QPSK, BPSK, QAM, etc.) that are transmitted at a predetermined
data rate. The signal x; can be thought of being created by a source signal s; as shown in
Figure 6.3 which has statistics that are stationary up to at least the 4" order. Each of the
samples of s; contains the information symbols of all the transmitters that are going to be
sent over the channel which are independent in time and in space. If the signals were not
independent in time, the transmitter would be transmitting redundant information which
would reduce the effective data rate of transmission. Inter-dependence of symbols in
time is usually removed at the source coding stage of the transmitter. The signal x; is
created by up-sampling the signal s; to the required data rate through T, which might be
different for each of the transmitters. Up-conversion involves filling in with zeros in
between two consecutive samples of an element of s; until the required data rate is
achieved. This operation transforms the stationary signal s; into a cylostationary signal x;
whose elements have statistical periodicities that are equal to its data rate and multiples of

its data rate as will be seen shortly.

Stationary Up-Conversion Cyclostationary

(s9)1 —— T, (xp)1
(s1)2 —— T, — (x¢)2
(s)m ——» T T — (x)m

Figure 6.3. Block diagram showing the signals s; producing the cyclostationary signal x.
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For an individual elements of x;, (x:)i, the up-sampling operator can be written as a

discrete summation over the symbols of the corresponding element in s;

(6-39)

(Xt)i = Z(sm)i 5t—mTi—Toyi o, =

m

1 whent=0
0 otherwise

where T is the reciprocal of the data rate of the transmitter i and its symbols are shifted
by a delay Ty with respect to the zero time axis. Because of the simple form of x;, the
statistics of such a time sequence can be computed in a fairly straight forward manner.
The time-varying second-order cumulant for just one element of x; can be readily

computed as follows

C, [(Xt )i ;t'T]: E[(Xt—r1 )i (Xt—r1 )T]: E[(st)i (St): kt;é‘t—mT,—To‘,—rl

(6-40)
=M i" [8]57 Zé‘t*mTi —To,i—71
1 forz =7,
"* 10 otherwise
where
: 1 & .
M, [s] = lim 2 (s0)s0) (6-41)

T 414

Note that because s; has samples which are independent in time, C, [(xt )t 'r] will be

non-zero only when n=1. Also, since s; is stationary, the second moment of its element i
is independent of t and non-zero only when both delay components of T are equal hence

the notation M . [s]. The method presented in this dissertation uses the redundancy in the

cyclic statistics to identify more signals than sensors in the system so these statistics need
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to be computed first from (6-40). The second order cyclic cumulant function of the
element i of x; can be found from (6-40) and (6-36,37) in a fairly straight forward fashion

SENVE [s]5,e 12 Tovn) for o = K kezfora e (—i,i}
T T, 2'2
cs(x,):th= Tia,cz [(s), ] 7% ) for of = Tﬁ keZfora' e (—%ﬂ (6-42)

=0 Forallother &'

Note that the above cyclic cumulant is non-zero only for an integer multiple of its data
rate. The redundancy in the cyclic statistic is evident; the second-order cumulant of the
element i of s, C,|(s),], is present at each cyclic frequency o of the i" element of xi,
C;’i [(xt ) ;‘r]. Additionally, the symbol timing information can be recovered for (xy);

when 7 and 7, are set to zero at any of the cyclic frequencies except &/=0. The phase of

the cyclic cumulant is a function of Tp;. Summarizing, the second-order statistics of s;
can be extracted from any of the cyclic frequencies of Cz‘zi [(xt )i ;r], and symbol timing

information (To,) is also recoverable from the phase for all o'~0.

The fourth-order time-varying cumulant can be computed in a similar fashion using (6-

38). This cumulant for the i element of x; can be found to be

C4 [(Xt )i ;t’ T] = M it [5]57 Zé‘t—mTI ~Toi—71 - M i [S]M i"i [5]57 Z 5t—mT, ~Toi—71

(6-43)
-M i [S]M i“i [s]ér Z 5t—mTi Toi-nn M ii [S]M i [S]g'r Z 5t—mTi—Tovi—r1
where J, represents
T:{l forz, :-72273274 (6-44)
0 otherwise
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and the moments of s; are defined as follows

t=T

Z(st )i (St )T (st )T (St )i (6'45)

M -
T 414

[s]=lim

LRk
nii

> (57 ()7

M [s]=lim, _  ——

,(),()[ ] T oT +lt:—T
The symbol (*) denotes the presence or absence of a conjugation such that the
conjugation in the subscripts of M matches the corresponding conjugation of s; in the
summation, see (6-41) for an example. The fourth-order cyclic cumulant can be
computed by applying (6-38) to (6-43) and the result is given by

_ iﬁ eJZ”GI(To,i+Tl)[M i"ii [S]— M i [S]M ii [S] J

T -M.. [s]M - [s]— M, [S]M - [s]

Col(x,);th= i5TC4 [(s), o2 @) for o = K kezfora e (—3,3} (6-46)
T, T, 2'2
=0

For all other &'

Again, the cyclic cumulant is non-zero only for integer multiples of the data rate. As
with the second-order cumulant, each of the cyclic frequencies of the fourth order
cumulant above contains the fourth-order cumulant of (s;); and symbol timing can also be

recovered from any ¢' not equal to zero.

The above results where computed by looking at just one of the elements of x; for

illustration purposes. In the general sense, the joint second-order cyclic cumulant tensor

of all elements of x; at a frequency « should be examined (denoted by C,’ [xt;‘r] and is of
size MxM). Cg[x,;t] will pick up only the elements of x; whose cumulants have that

particular cycle frequency o and ignore the rest (the signals with no statistics at « will be
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zero). This type of analysis is a form of selection based on a particular feature of the
signal making all signals that do not possess statistics at « seem like they are not present
in the system. Similar conclusions can be made about the fourth-order cumulant tensor
but this topic will be addressed in more detail later. The advantages of signal selectivity
based on cyclic statistics allows for the identification of more signals than sensors

because it effectively allows for working with a subset of the signals at a time instead of

all of them.
Inputs Channel Outputs
Ht
e L .
1 1
1 1
X Ul puse 1 | [ TX 1 t t RX 1|1
(x0s kﬁ | Jutse L H frers H e — antemna L s - (01
I Wireless RX 2!
1 TX 2 . — antenna ..
(Xt)z L grl:allsg 2 H fiters ] antenna — Time RX 2 filters ! (yt)Z
| ping TX 2 . . |
! Dispersive :
- - Channel |
1
X Ul pulse m | [ TXM t t RX M| i
(X0 %efe Pl M o 2nenna — antenna e (Y
1 1

Figure 6.4 Block diagram of baseband model of linearly modulated MIMO system.

To illustrate the effectiveness of using cyclic cumulant tensors for system identification,
suppose all M signals in the system have the same center frequency (at baseband) which
IS a worse-case scenario. If one or more of the signals had a slightly different carrier
frequency, there are more distinguishing features between them. These differences make
it easier to differentiate one signal from another. As mentioned earlier, linear modulated
signals will be exclusively treated in this dissertation to demonstrate the effectiveness of
these methods. The block diagram for a linearly modulated communication system, with
all signals at baseband, is depicted in Figure 6.4. Each of the elements of x; (transmitters)
are first pulse shaped, then passed through a series of possible transmit filters and then

delivered to the channel through the transmit antenna which also could filter the signal.
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The wireless channel has the effect of mixing, scaling, and time dispersing all the signals
in the system (as in Figure 5.1). At the receiver, the signal arrives at the receiving
antenna and then undergoes some possible filtering after which the sampled signal y; is
made available for processing. All these filtering operations are assumed to be linear and
time-invariant and can be combined into a single effective channel response H; relating

the source signal x; to the received signal y:.

The complete system response can be written as a matrix convolution

K
y=2 Hx, < y(@=H(@x() (6-47)
k=0
or in matrix form
Xt Xt
y.=[H, - H.] ¢ |=HX, whereH =[H, - H,]X =| : (6-48)
X X

which is similar to (6-1), but the difference in these two systems lies in that fact that x; is
now a cyclostationary signal instead of just having stationary statistics as previously
assumed. This is an important difference in these two analyses as will be seen shortly.

Because of the multi-linearity property of cumulant tensors (Chapter 3), cyclic cumulants
contain parts of the channel information at each of the cyclic frequencies « in addition to
the statistics of s;. Recall that stationary signals can be thought of as cyclostationary
signals with a single cyclic frequency at &=0. So the methods discussed in the previous
section for stationary signals (a=0) can be extended to all other cycle frequencies with
some small modifications. Some of the details are omitted because much of the analysis
at each cycle frequency follows what was done previously with the stationary case. The

problem of identification can now be divided into several smaller problems. Analysis can
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be performed on a subset of the signals that have a particular cylic statistic at a time. The

second-order time varying cyclic cumulant function of y; can be found from (6-48) to be

*

Cza[Yt;T]:[Ho HK]C;[it;T (6'49)

*

Since x; is space-time independent, the second-order cyclic cumulant tensor of X, ,

C7[X,; 7], is diagonal and takes on the form

Cilx;t] 0 0
Cilx;t]=| o0 0 (6-50)
0 0 & [Xt—K ) T]

where C¢[x, ,;t] are MxM matrices. The C;[x, ,;t] matrices are further made up of

the statistics of the elements of x;

C; [(Xt—k )1;7] 0 0
Cilxit]= 0 - 0 (6-51)
0 0 C; [(Xt—k )M ;T]

where C; [(Xt—k )m;‘r] are one-dimensional and are non-zero only when the corresponding

m™ signal in x; has a statistic that is non-zero at a cycle frequency «. The cyclic cumulant

C?[x,; 7] is therefore mostly a zero matrix except for a few elements in the diagonal that

correspond to the transmitters that have statistics at the cycle frequency «. Because of

the sparseness in the second order cumulant tensor of X,, C5[X,;t], the cyclic statistic
C; [yt;'r] has an effect of picking out only the parts of the filter Hy in (6-49) that

correspond to that particular subset of transmitters that have non-zero statistics for c.
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This property is what will be exploited to identify more signals than sensor with their

corresponding channels in this dissertation.

v S(a)
t _H(al)(z) ! Hs(oq)(z)#— Xy

5(0‘1)

H S(az)(z)# — X

X; o — H(az)(z)

Figure 6.5 Block diagram of the identification of H{“(z) based on cyclic second-order

statistics.

Figure 6.5 summarizes the procedure for a method which exploits cyclostationary
statistics that can be thought of as an extension of what was done with stationary signals.
First of all, a large number of signals and their corresponding channels can be identified
using this method, the limit lies in that for a given cyclic statistic & a maximum number
of N (number of sensors) signals can be identified with their channels. As long as there
exists a cycle frequency at which all linearly modulated signals are available with no
more than N overlapping signal statistics, the system is fully identifiable up to the
ambiguities of the system. Figure 6.5 describes the procedure where the signals x; and y;
have been separated into smaller subsets (hopefully not larger than N to be identifiable)

denoted by xﬁ“)and yﬁ“) based on their statistical cycle frequencies. The procedure then

follows a similar path to what was done with stationary signals which involves first
identifying the minimum-phase component of the subset transfer function H“(z) for each
group using second-order cyclic statistics. For signals that have a statistic at « (denoted
by the superscript «) the equations based solely on second order statistics (denoted by the

superscript S) can be written as
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X =S THHY ) o x5 (2) = H(2) y ") (2)
k=0
(6-52)

v =S HIOx) oy (2) = H@ (2)x5)(z)

As with the stationary signals, there are many possible solutions for H3(“)(z) if the only

conditions imposed are that the second-order statistics of xﬁ“) match the second-order
statistics of x*@). H)(z) and its inverse H®(z)*, when computed using an innovations

type approach corresponds to a minimum-phase component of the H®(z) as explained in
the previous section. The details of computing the filters based on innovations for

cyclostationary signals are left to the next chapter which examines the algorithmic

methods to compute the various filter coefficients of H .

In order to resolve the ambiguity in power (Section 6.1) the elements of x; have been

assumed to be transmitting with unity power as was done throughout this dissertation.

Note that all second order cyclic components of the element ( ) should therefore have

a magnitude of unity and so should their respective (xf(”’))i , as found in (6-40), if their

second-order statistics are made to match. For linearly modulated signals at baseband, it
is only necessary to have access to the statistics at a single cyclic frequency o0 to
determine all remaining statistics of the same order at different cycle frequencies. For the

linearly modulated case studied here, this means at integer multiples of the data rate, 1/T;,

the second-order statistics of the i"" element of the signal x*) should be of magnitude 1

and phase dependent on « and Ty; and t (6-40).
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t — H(z)

Figure 6.6. Block diagram of the complete identification of H®(z) based on cyclic

second-order statistics and then cyclic fourth-order statistics.

As with the stationary case, the remaining H*“(z) filter can be computed using the
fourth-order cyclic cumulant tensor C;* [xf(“);r] on the signal xf(“). Figure 6.6 shows
the complete block diagram of the identification procedure where the last remaining
block is the identification of the all-pass component of H“(z). As was done with
second-order statistics, the final stage should also be performed on the same subset of

signals for a given cycle frequency o after H(“)(z) has been identified.

L
XtS(a) _ Z H fp(a)Xth(f) P XS(“)(Z) -H ap(a)(Z)XF(a)(Z)
X 1 (6-53)
XtF(a) — Z Hfs(a) thf?) P XF(“)(Z) -H ap(a)(z)—lxs(a)(z) — H @) (?jxs(a)(z)

The fourth-order cumulant tensor of xf(“) is not in general diagonal because its elements

are still related through the filter H*“)(z). C; [xf(“);r] which is of size MXMxMxM can
be computed using (6-38) and is given by

(Cf [XtS(a);T])ijkl =M

ij Kl

7] oM e x5
B

- I el M ] (65
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where the moments are the elements of C;’ [xf(“);'r]
(Cza [XtS(a);T])ij - Mi]x* [th(a);"] (6-55)

Recall that C;’ [xf(“);r] is a unit magnitude diagonal MxM matrix with phases that are a

function of Ty, T and « (6-42). In (6-54), p,a<(-1/2,1/2] and if the cyclic frequency a-f
falls out of the range of (-1/2,1/2], it can always be brought back by adding or subtracting
integers to the difference until it falls in the correct range. This can be done because the

cyclic statistics are periodic in the cycle frequency domain.

The fourth-order cumulant tensor of x*), C#[xF);z], should be diagonal and exist
only when 71=7,=2=14 to be space-time independent. This will ensure that x| @ be like

x\“) up to the irresolvable ambiguities of the system. To remove the dependence of x’*)

it will be convenient to extend the signal into a larger signal space that encompasses the
length of H*(9)(2)

<F@
) =[HE@e L HE@] |2 felegie
XiF_(fr)
0 (6-56)
Xi+L
X e ] | egs
5@

As with the stationary case, the para-unitary filter H ) that diagonalizes the tensor
C[x5); 7| such that C7[xF“); ] is a MxMxMxM diagonal and only exist for 3 can be
computed. Chapter 5 described how to create a general form for the all-pass filter

H @« A contrast function (a statistical version of a cost function) can be used to
determine the coefficient of the all-pass filter. The details of this procedure will be
explained in the following chapter.
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After all signals and their channels have been identified, the estimated channels can be
concatenated to arrive at the complete channel response. Recall that the statistics of the
signals that that were modulated are contained in each of the cycle frequencies (6-42) and

(6-43). The statistical properties of s; can be recovered this way and the probability
density function of the signals computed. The cumulants of xf(“) contain the cumulants

of their respective s; so their distribution can be recovered by using to these statistics to
reconstruct the probability density function.

6.5 Summary

Higher-order statistics based identification exploit the non-Gaussian distribution of the
signals in the system. The identification of H(z) described in this dissertation is based on
a two-stage procedure. First, a second-order statistics based identification is used to
estimate the minimum-phase component of the channel. The procedure is then followed
by a fourth-order cumulant based identification to determine the all-pass component of
H(z).

M signals can be recovered with their respective channels as long as N>M in a system
which contains purely stationary signals. When the signals in the system are
cyclostationary, however, more signals than sensors can be identified. If there is at least
one cycle frequency where all signals are available with no more than N overlapping
signals, the system transfer function and the signal distributions can be completely
identified for linearly modulated signals. In order to take advantage of cyclostationarity,
the signals in the system need to be oversampled so that their periodic nature can be
identified.

In the next chapter algorithms will be developed to determine all the filters coefficients

introduced in this chapter. Examples will also be given to show the effectiveness of

higher order statistics based identification on simulated data.
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Chapter 7

Algorithms for Blind System Identification

The previous chapters were devoted to the development of the theory behind blind
channel and signal identification for cyclostationary and stationary signals. This chapter
addresses the computational aspects associated with determining the transfer function H;
and the distribution and properties of the system signals x;. Linearly modulated signals at
baseband are exclusively treated in this chapter to demonstrate the effectiveness of
cyclostationary based identification. In this chapter, there is no restriction on the number
of signals M in the system so more signals than antenna elements (which are N in

number) are considered.

Algorithms are described that can be used to determine the various filter coefficients
introduced in Chapter 6. The methods presented here are not necessarily the only and
most efficient ways of computing the unknowns, but they do guarantee consistent and
accurate results. At the end of this chapter, examples will be covered to demonstrate the

effectiveness of blind system identification using higher-order cyclostationary statistics.
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7.1 Subset Model

Recall from Chapter 6 that signals used in digital communication systems have
cyclostationary statistics. Such systems can be analyzed and identified by considering a
subset of all the signals at a time based on the signal cyclic statistics. This is possible
because of the sparseness and the potential differences in the cyclic cumulants of the
signals x; contained in y. In Chapter 6 it was shown that the statistics of linearly
modulated source signals s; repeat at each of the cycle frequencies. Recall that a
cyclostationary signal has cyclic statistics at discrete frequencies « that are a function of
data rate, center frequency, or other modulation-induced periodicities. Also, because of
the multi-linearity property of cyclic cumulants (Chapter 3), the received signal y; at any
given cyclic statistics « contains contributions of only the transmitters in x; that have the
same cycle frequency « modified by their respective channels. By taking advantage of
the differences in cyclic statistics of all the system signals (because most likely not all
source signals have the same modulation) more signals than sensors can be identified
using this method. This was not possible for stationary signals since stationary signals
only have a single cyclic frequency; all M signals overlap on each other at =0. As long
as there exists a cyclic frequency « of y; where all signals x; are available with no more
than N overlapping signals, the system is fully identifiable (channel and signal properties)
for linearly modulated signals when using this method.

First, recall that for cyclostationary signals, it is possible to work with a reduced number
of signals at a time with the same cycle frequencies as discussed in Chapter 6. Consider a
subset of the M source signals of x; that have non-zero cyclic cumulants at a particular

frequency o, denoted x{*, and for identification purposes are less than or equal to N.
Considering only these signals, the resulting received signal y*’ based only on the
contribution of the signals x> would result in

L
YO =S HOXD & y@(2) = H® (@)x (2) (7-1)
1=0
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where H @ is a reduced size version of the original transfer function H that only

contains the filter coefficient that have to do with the signals x(*’. Note that y is nota
measurable quantity and its time domain function cannot be extracted from the received
signal y;. The statistics of y{*, however, are separable from y; and computable from the
time domain function of y.. The cyclic cumulants of y“ at o are simply the statistics of
y: at the cycle frequency a. As will be seen shortly, for system identification purposes, it
is enough if the cyclic cumulants of y* are computable to determine the filter H .
Note that the cyclic cumulants of signal y; at « contain the statistics of just the subset

signals x*’ (from which the modulation can be estimated) modified by the channel

(@)
H

In the sections that follow, the theory is developed with the assumptions that N signals

need to be identified at each cycle frequency because the actual number of signals x{*,

that have statistics at ¢, is not known before hand. This is not restrictive, however, since
the filter coefficients H* for signals that belong to an element in x{* that does not

exist will be close to zero as will be seen in the example found in Section 7.4.
7.2 Identification of the Minimum-phase Component of H(“)(z)

In Chapter 5, it was found that the FIR channel H“(z) can be decomposed into a
minimum-phase and an all-pass component. In Chapter 6 it was shown that the

innovations method is a second-order statistics based method that can be used to
determine a minimum-phase component of the channel H“(z). This filter based solely
on second-order statistics was labeled as H*®(z) and whose inverse when applied to y;
decorrelated (in space and in time) the signals present at a cycle frequency «. The
following paragraphs will explain how to computed the filter coefficients of H¥®)(z) in

detail from the measured signal y:.
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Firstly, the innovations vector for signals that belong to the subset « can be written as
(Chapter 6)

K
v =3 DIy +i 7-2)
k=1

where i{* is the innovations vector which by definition is uncorrelated with any past

values of y; or equivalently
Efi @y« ]=0 fork=>1 (7-3)

In the innovations representation in (6-13), the filter D{*’ represents the memory of

system and determines how far and by how much the past values of y; make up its present

value. The filter D\ is assumed to be of length K+1 and its zero coefficient is given by

D¢ =1,. Inmatrix form, the summation in (7-2) can be written as

(@)

Yiu
v
@=-p@ D@ .. DE]?|4i® (7-4)
ik
Multiplying the left and right hand side of the equation by [yf_1 Vi, o yf_K]and

extracting only the second-order cyclic cumulant « results in
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Clyse=a] - Clysr=pK]
[Cza[Yt;T:[O’l]]"'Cza[ t;T:[O’ K]]]:_[Dl(a) D|(<a)
Colyce=[Kal]l - Clysr=[K.K]

(7-5)

Note that the property (7-3) has been used to arrive at the above equation. Solving (7-5)

for the filter coefficients D{* results in

Cilyin=Ba] -~ Clyar=K]]
R ) e e X |
Colye=lka] - Celvin=[K K]

(7-6)

where the superscript # denotes the inverse as it was used throughout this dissertation.
Note that the matrix that is inverted in (7-6) can possibly be rank deficient depending on
how many signals of x; have cyclic statistics at «. If the above inverse is rank deficient or
close to losing rank, proper adjustments should be made to ensure the inverse is
computed properly. The coefficients in the matrices given in (7-5) and (7-6) can be

computed as explained in Chapter 6 or from

CZ(Z[ t; ] 2-|- 1zyt rlyt 1'2 _szﬂ (7-7)

- j2rat
a . _ a —j2m
(Cz [yt’T])ij = Mij* [yt' 2.|. 114 Z(Yt rl) (Yt rz) €
Using (7-6) and (7-7) the filter D/’ can be computed for the subset signal y from the

measured signal y.. The length of the filter Dé“’ is K+1 where the value of K is not
known a priori; in practical situations it is best to make K as long as possible or truncate

it when the values of the filter D fall bellow a pre-determined threshold. The

innovations vector can now be computed for the signals that have cyclic statistics at « by

153



re-arranging (7-2) and solving for i{* using the computed filter coefficients D{*) as

follows

K

K
- (@) s(a) _ (@) y, (@) () _
lt_ZDka Yoo & i _ZDka Yo Where D™ =1

k=0 k=0
Ccr [lt , T] =Cf [lt(a) , T]
Celigrl=Csfi;] (7-8)
Celiir]=Ce i
Celir]= o]

Note that filter D/’ above can be applied directly to the received signal y; instead of
y“ . This is because y'“ is not a measurable quantity and the application of the filter
D/ to either of these two signals produces the same effect of uncorrelating the signals
i in the time domain. This is evident by noting that C¢'[i,; 7] and Cy [i?;] are
equal to each other and non-zero only when z=1,. In this dissertation, the signals i{*’

and i; are said to be congruent in the statistical sense at a cycle frequency « (CSS) if (7-

8) holds. The signals y; and y'* as well as x; and x“’ are also both congruent in the

statistical sense at a cycle frequency a. The advantage of using cyclic statistics is

evident; it is not necessary to have access to the time domain waveforms of the subset

signals of for example y'*’, their statistics can be readily extracted from the measurable

signals like y. The statistics C¢[i,;7] and C¢[i; 7] are equivalent and will be used

interchangeably in this chapter depending on the point that is being conveyed where X is
the order of the cumulant. A similar equivalence in the statistical sense can be extended

to all other random signals in the system.

In Chapter 6, it was noted that the signals i{*’ are not necessarily uncorrelated in the

spatial domain - across the elements of i, To decorrelate the signals in both space and
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time requires an additional operation. Recall from Chapter 6, that a signal denoted by

x; ) can be found that has similar statistics to x\“’ up to the second-order. The space-

time uncorrelated signal x> can be computed from the innovations vector i{*’, or

equivalently i; in (7-8), through a matrix multiplication as follows
(@ = HSOi® o x% =HS"j, CSSata (7-9)

The desired magnitude of the elements of the second-order cyclic cumulant of x>

should be ‘C;’ [xf(“);r] =1,6,. This problem can be thought of as a unit magnitude

diagonalization of the second-order cumulant of i’ whose eigenvalue-eigenvector

decomposition can be written as
Csli;;z=[0,0]]=VvDV~ (7-10)

It is fairly straightforward to observe that if H;** in (7-9) is picked to be

He# ~ v ol (7-11)

the random vector x’“ will be space-time uncorrelated with unit magnitude diagonal as

desired. The complete signal filter response of H;** can be computed by combing (7-

11) and (7-6) to produce
HS#@ — H$*@D@  \yhere D =1 and k >0 (7-12)

Note that the symbol timing information To; for the signals x{*’ can be found from the

phase of the diagonal elements of C¢ [x;t =[0,0]] from
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T, = - phase{(Cz‘" [XE;T = [O’O]Dii} (7-13)
! 2o

The modulation of the signals, specifically data rate and center frequency, can be

estimated by looking at the magnitude of C¢[x®;t = [0, 7, ]] and taking note of all the

cycle frequencies were the various elements of x° have been decorrelated in space and in

time. Recall that decorrelating a linearly modulated signal at one of its cycle frequencies,
also decorrelates the same signal at all its other cycle frequencies. This effect will be
illustrated with an example in Section 7.4.1.

After H>*® has been computed, its inverse H > - which corresponds to the minimum-
phase component of H “ - can be determined by analyzing the cross-correlation of
x ) and y* . Two such equation can be found which when combined relate the filter

H 2@ to its inverse H*“ . The first equation uses the relationship

K f . .
v = JHIOxPE toarrive at the following cross-correlation

E[xs@y]= E[xfﬂf’) ixf(f‘)*Hls(“)*} _ i E[xs@xs@" 1 s
i} 1=0 1=0 (7_14)
- ZCZ [XtS(a) LT = [k' I]]H S =C, [th(a);ty" = [k’ k]]Hks(a)*
1=0

A second representation of the cross-correlation E[x*y "] can be found using (7-8)

and (7-9) which yields the following result

K
e[y |- HerEfyer]- HSWE[[Z DIy jy@ }
1=0

(7-15)
K K

= HS“* > DG, [yt = [k +1,0]]= Y HE*C, [yt 7 = [k +1,0]]
1=0 1=0
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Equating (7-14) to (7-15) and considering only the second-order cyclic cumulant at «

produces the desired result, an equation relating H > to its inverse H. .
K
ner ~cr = SR e=botol @19
1=0

The filter H > for the subset of signals that have a cycle frequency « in (7-1) can be
found solely from the received signal y; . Recall that the computed H “ corresponds to
the minimum-phase component of the subset transfer function H“ . To complete the
identification of H(* requires determining also the missing all-pass component, H .

The all-pass component of H* can be computed using higher-order statistics as

explained in Chapter 6.
7.3 Identification of the All-pass Component of H9(z)

The transfer function H'®(z) is identifiable up to the irresolvable ambiguities of the

system (Chapter 6.1) and can be decomposed into

H @ (Z) = H mp«) (Z)H ap(a) (Z)
H ™@ — H S(a)(z)

(7-17)
The previous section explained how to compute H ) using the second-order cyclic

cumulants. Equivalently, the fourth-order cyclic cumulant can be used to determine the
remaining all-pass component of the transfer function. In this section a method for

determining H *“ (z) based on a minimization of a contrast function will be presented.

Contrast functions can be thought of as statistical cost functions which when minimized
or maximized yield the desired filter. In Chapter 6, it was found that the inverse of the

all-pass filter that completes the identification of H(z) should, when applied to X @ as
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XtF(a)

XX =[HP@ L HP@O] S APOFFO o xP = HP@RF CSSata
F(a)
Xi L
o (7-18)
Xt+L
X0 [ HEer] S ATOR o xF - ATOR; Cssata
£ 5@

t

resultina C; [xf ;r] that is a diagonal NxNXxNXxN tensor and is non-zero only when

n=n=m=1. 10 start with the analysis and the development of an algorithm that solves
for H 2 first consider the general form of the all-pass filter. MxM all-pass filters were

discussed in detail in Chapter 5 and can be described in general when FIR as
H®(2)=(Q, +2 P ).(Q +z R ).(Q + 2P H, (7-19)
where
P=vyv, Q-=I1-P (7-20)

and v, is a Nx1 unit vector. The filter (7-19) can be transformed into the time domain and
concatenated as in (7-18). A general all-pass filter with L=3, for example, has the

following structure

Fl??p = [QSQZQlHo (Q3Q2 P +Q;PQ, + PSQZQl)HO (P3P2Q1 +PQ,P + Q3P Pl)HO PP, PlHO]
HP =[H® HP® HP HP]
(7-21)

Note that the first position (H,") of H * contains the multiplication of just the matrices

Q) from 3 down to 1. The second position (H,* ) contains the summation of all

permutations of length L with just a single matrix P, and the rest are made up of Q;. The

158



third position (H ") contains the summation of all permutations of size L with two of its
elements P, and the rest are filled with the corresponding Q,. This is a general pattern and
is applicable to any all-pass filter of length L+1; the position in ﬁfp determines the
number of P, matrices that occur in each term with all possible permutations of this event
of size L present in the summation. The last position of I:I,*_’p corresponds to the
multiplication of all P, from L down to 1. The above-mentioned procedure can be used to

create and arbitrary length concatenated all-pass filter I-~|Elp :

To develop an algorithm to find H @ jn (7-18) requires first examining the general
structure of the matrix Qy, P;, and Ho in more detail. Specifically, the 2x2 MIMO all-pass
filter will be analyzed in detail here since it will be used in the examples. An arbitrary
MxM all-pass filter can be described in a similar manner. Firstly, a general 2x2 unitary

matrix Hg can be constructed as follows

1 1 —x,e
H = _ 0 7-22
’ 1+ X2 {Xoejyo 1 } ( :

where both Xy and yp are arbitrary real numbers. Equivalently, the 2x1 unit vector v, takes

on the following form

1 1
Vi = W{Xlejy.} (7-23)

from which the matrices P, and Q, can be readily constructed. The resulting P, and Q,
that make up the filter (7-19) can be found to be

. 1 -
P =vv = %{ X } (7-24a)
|
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1 x? —xeV
—1-P = - ! 7-24b
< L1 x? {— x,e 1 } ( )

Using (7-21), (7-22), (7-24), and from the discussion so far as a template, an arbitrary
length 2x2 all-pass filter can be readily created. This filter will be a function of the

variables x; and y, where 1€{0,...,L}.

The computation that produces the space-time uncorrelated signal x’“ was discussed in
the previous section. The L+1 shifted versions of the signals x; can be concatenated in a
vector format to create X’ as in (7-18). The length of X’ should ideally span the length

of the all-pass filter H® put L is not know a priori. The reason for concatenating is to
create a vector that extends the time and the space dimension such that the fourth-order

cyclic cumulant C; [if ; 1,'] contains all the components that affect the fourth order cyclic
cumulant of C¢ [xf ;‘r]. A method for determining the length L is by taking advantage of

the para-unitary properties of the all-pass filter as will be discussed in the example

section. The fourth order cyclic cumulant at  of X’ can be computed from the

available signals x; as in (7-19) since
Co[xsi]=Clx5@; ] (7-25)

Once L has been determined or picked, the inverse of the all-pass filter H®“ in (7-18),
which is also all-pass can be constructed using the previously described procedure to

create a filter that takes the form

H*®@ =[Q,..Q;H, - P_.PH,] (7-26)

which is a function of x; and y, since P, and Q, are given in (7-24). The correct H @

will be found when C; [xtF ;'r] is a diagonal NXNxNXxN tensor and is non-zero only when
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n=n=n=n. Using the multi-linearity property of cumulants (Chapter 3), the fourth

order cyclic cumulant of x| can be computed from

(Cf [XtF ;7=[0,0,0,0] ]).Jm = Z Cf x;1=[0,0,0 O]])pqrS (I:I ap(a ) (|:| ap(a )Jq (H ap(a) ); (|:| ap(a) )Is
(7-27)

where C! [xtF T = [0,0,0,0]] is a function of the cyclic cumulant tensor C¢ [’if T = [0,0,0,0]]
and x; and y;. ©=[0,0,0,0] has been chosen for the fourth cyclic cumulant tensor since
C¢[x¥; 7] is maximum for z1=7=2=17 and the all zero < is one such event and that can

be conveniently computed.

As mentioned earlier, there is an alternative method for calculating the length of the all-
pass filter. It involves first starting with L=0 and creating the corresponding length

concatenated vector X . All possible L=0 all-pass filters can then be applied to the
signal x; to see if any of them produce a fourth order cyclic cumulant C; [xtF ;r] that
satisfies the properties of being an NxNxNxN diagonal tensor that exists only for &. If
the time-space independence property of C; [xf ;‘r] is not satisfied for any of the filters
L=0, increase the length of the all-pass filter by one (now L=1) and repeat the procedure.
All the L=1 all-pass filter are then applied to the L+1 concatenated vector X; and the
check of time-space independence is performed on the fourth order cyclic cumulant

tensor of x; again. This procedure can be repeated until the correct L is reached which
occurs when the cumulant tensor of x; is in fact diagonal and non-zero only when

n=n=mn=1,. There are infinitely many all-pass filters that have to be cycled through for
each L which makes this procedure unmanageable. An algorithm can be developed that
solves for the different coefficient for each filter of length L+1 efficiently by taking
advantage of properties of the all-pass filter. Recall that the all-pass filter is a para-unitary

filter and has the following property
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|:|Ie_1p(a) ﬁfp(a)* =1, (7-28)

This property can be taken advantage of to develop an algorithm that will solve for all the

x and y to arrive at the correct H ®“ through a minimization process. Since H ¥

follows (7-28) and is related to its inverse as in (7-18), it will maximize the cumulant
tensor C[x[; =] along its diagonal when the correct L and x; and y; are picked. H*
can be thought of gathering the elements of the cyclic cumulant C; [if';r] and mapping
them to the corresponding places in C; [ti ;r] while at the same time being constrained

to (7-28). The energy in the filter is fixed and is spread throughout the length of the
filter, so an algorithm can be implemented that can take advantage of the properties of

all-pass filters.

The algorithm starts by first describing an L=0, I:I(;"Tp(“) , all-pass filter which is simply a
unitary matrix in terms of xo and y, and creating X; which contains just a single time-
shifted element of x; . Compute the cyclic cumulant C¢ [if’ ;1‘] using (6-38) and derive
an equation C; [xf ;‘r] using (7-27) as a function of xo and y, and the elements of

C; [if';r]. Making use of the properties of all-pass filters mentioned earlier, the closest

L=0 all-pass filter to the true H ) will maximize the diagonal elements of the

cumulant C{ |x[; =] or equivalently maximize the contrast function ¢ [xf(“)] given by

*

@@, L= (Cr [xF @7 =[00,00])), (€2 [xF 7 = 0,000,
L (7-29)
= Z(Czta X;;T= [070’0’0]])iiii (Cf [XtF T = [0’01010]]);"

The above result can be expanded into its components as function of the all-pass filter of

length L+1, H®@
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Sa‘F [Xt':(a) L] i(c [ O 0 0 O]])uu (C [ X\ T O O 0 0]])||||
Z ( [th T = [O’O’O’O]qurs (ﬁ IE_TP(G) ) (H ) )lq (ﬁ ) )Tr (ﬁ IE_TP(Q) )is
(C4a its ' T [O 0 0 O]])pqrs (l:l ET )p (l:l ETP((X) )iq (l:l ETP(OO )ir (l:l ETP(U‘) )Ts

(7-30)

For 2x2 MIMO all-pass filters, @ [xf(“)] can be found to be a function of

ST [Xt “ L] ((C [Xt T = [0 0.0 O]Dukl’ e Koo Yo yo) (7-31)

Finding minimums of scalar functions of several variables have been studied extensively
and numerical methods are readily available. A steepest decent method or an
unconstrained nonlinear optimization procedure, which starts with an initial guess, can be

used to arrive at the x; and y, that minimize the contrast function in (7-32). The global

maximization of @ [xF(“) L] can be turned into a global minimization problem by
taking its reciprocal as follows

2@, L= (7-32)

ap | F(@)
Pt [X¢ L

Regardless of how the variables x; and y; are computed through the minimization process

of g3 [x”“), ]above, the resulting H ® corresponds to the closest L+1 length filter

fit to the true H ¥ . After the L=0 filter has been optimized (by varying X, and yo) we
can move to the L=1 filter and repeat the procedure of creating a general all-pass filter

which is now of length L+1=2 and a function of xi, yi1, Xxo and yo. The L=1 filter can then

be optimized and its minimum value of ¢ [xf(“), L= 1] compared to the minimum

[x”“) L= O] of the previous L=0 filter. If the minimum of the L=1 filter is lower
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than the minimum value of the L=0 optimization function 42*[xF, L] it means that the

all-pass filter of length L+1=2 produces a better fit to the true H®®  The optimization

procedure is then repeated with increasing values of L until the global minimum of the
contrast function ¢ [xtF @, L] remains constant as the filter length is increased at which

the length of the all-pass filter has been determined since no further improvement is
evident. Again, the reason this procedure works is because of the para-unitary properties

of all-pass filters.

The function ¢ [x", L], in general, has several global minimums each of which

produce an all-pass filter of length L which together with H % (z) determines the filter
H)(z) up to the irresolvable ambiguities of the system (Chapter 6.1). Any of the all-pass

filters that produce global minimums of #2° [xf(") , L] (assuming L+1 is the length of the

all-pass filter being identified) are therefore a solution for H®@ It should be noted that
AP [xf(“) : L] does have local minimums with some of them corresponding to the

minimum values of the smaller length filters. To avoid landing in local minimum,

several starting points for x; and y; should be used to ensure that the algorithm that

minimizes $? [xf‘”” : L] has found a global and not a local minima.

The statistics of the signals x[*’ are space-time independent at the cycle frequency «

and its cyclic cumulants are equivalent to the statistics of the original source signals x*

at . The cyclic cumulants of x;* therefore correspond to the cyclic cumulants of x{*

from which the sample statistics of s; can be computed. Recall from (6-42) and (6-46),
that the second and fourth-order cumulant of s; for linearly modulated signals can be

found from

G, [(St ) ] = Czoli [(Xt )it = [an]]*eiphase[cg (s)ir-o0l T =T, (7-33a)

C.ls.)]1=C¢ [(x,),iw = (0.0 =l virtoall ey (7-330)
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and so on for the rest of the cumulants higher than the fourth order. In (7-33a), the unit
power assumption of the signals x; has been applied to the equation. The distribution of
the signals s; can be recovered by reconstructing the probability density functions using
the estimated cumulants as in (7-33). From the distribution of s;, the alphabet such as
BPSK, QPSK, QAM, etc. of the particular transmitter can be found as will be shown in
the example. A common way of reconstructing the distribution of a signal from its
cumulants or moments is through the Gram-Charlier series expansion [2]. The Gram-

Charlier series can be found in [2] and up to the sixth order is given by

F(x)= Y ¢,H,a(x) (7-34)
j=0
Hy =1 c, =1
H, = c, =0
H,=x*-1 c, =1/2(u, 1)
H, = x®-3x C, =1/6(u,)
H, =x*-6x>+3 c, =1/24(u, — 61, +3)
H, =x*—10x*+15x G5 =1/120(x; —10u1;)

H, = x® —15x* + 45x? —15 Cs =1/720(st5 —15, + 454, ~15)

where a(x) is the normal distribution with variance equal to the variance of the
distribution that is being estimated. The coefficients wx correspond the X order moment

of the distribution which can be computed from the cumulants of x| at ain (7-33) as

explained in Chapter 3.

The above techniques will be used to determine the unknowns of a system consisting of a
two-element array receiver. The following section examines an example where the
different parameters like channel and modulation are estimated from just the received

signals at the antenna elements.
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7.4 Examples of System Identification

Two examples will be addressed in this section. The first case that will be considered is
when the numbers of signals M in the system is larger than the number of antenna
elements N and these signals are digital signals which have cyclostationary properties.
The second example addresses stationary signals where the signals and transfer function

can be estimated as long as N>M.

7.4.1 Cyclostationary Signals

For the example consider a two-element antenna array at the receiver where the vector y;
contains the time domain fluctuations of the sampled received signal at the antenna
elements. In this example, three linearly modulated signals at baseband denoted by
vector x; are applied to the channel. x; contains the symbols being transmitted by each of
the transmitters spaced by the reciprocal of their respective data rate (Figure 6.3). The
power transmitted by each of the transmitters is normalized to unity. The transfer
function H; contains the aggregate effect of pulse shaping, the transmit/receive filters, the
wireless channel which mixes and delays the signals, and finally the effects of the
antenna elements as discussed in Chapter 6. The equation relating the received signal to

the input can be written as

y, =H.x, +n, (7-35)

where y; is additionally corrupted by an additive stationary noise signal n.. In this
simulation, n; was set to be Gaussian uncorrelated in space and white with a noise power
of 0.1 (1/10™ of the x, powers). In this example, there are M=5 independent signals (2
noise and 3 data carrying sources) and only N=2 antenna elements. Figure 7.1 shows an

example snapshot of the signals y: which resulted during the simulation.
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Figure 7.1 Snapshot of signals received at both antenna elements.

From just looking at the time domain functions of y; given in Figure 7.1, it is not obvious
what type or kind of signals x are lurking in the mixture or what the transfer function H;
is. The second order cyclic cumulant at the first antenna which can be computed from (7-
7) and denoted by C; [yt 1,1-] ( yt, ])11, on the other hand, is more revealing.
Figure 7.2 shows the magnitude of the second order cyclic cumulant of the signal
received signal at the first antenna element which shows that the signals that make up
(yo)1 have cycle frequencies at o=-0.5, a=-1/3, =0, and a=1/3. Recall that the cyclic

cumulant is periodic and repeats after ¢=0.5 so a snapshot a<[-0.5,0.5) completely
describes the system.

167



-
)
/ / / / / / \\\.\\

/ / / / / / %%\\.\\\\&
\\ \\ \\ \\ \\ \\ \\&\&j\\\\\\\\
/ / / / / / \\\\%\\\\\

A A S . \\&\@\\\\\\\\x\\\\%\&%\\\%@\\&

e

0
e
Dl

i
L
/

)
\ \ \ \ \ \ \\\\\\\\\& /
;\\\\/\\\\/\\\\/\\\\/\/\\\/\,\\\\\\\\\\0\% %\\\\ \\%\\\%@\\\

-

1
\ \ \ \ \ \ \\ %
\ \ \ \ \ \ \%\&\\%\

© Lo < ™ N i o o

"2 01=2:*CA)1So|

Figure 7.2. Plot of the second-order cyclic cumulant of the signal received at the first

antenna element.

at the different

(@)
t

To follow the procedure outlined in this chapter, a subset of signals y

0.5,-1/3,0,1/3} can be worked on one at a time and the transfer

cycle frequencies ae{

identified as explained previously. To begin with

(@)
t

function H!® and statistics of x

(-0.5)

t

the analysis, start with the subset of signals that have cycle frequencies at a=-0.5 (x

03 (or HX*9) which

ap(a
k

=-0.5) (Or HkS(—O.S)) and then H

and y°?) to determine H>“

-0.5) ( H l5—0.5) )

(a=
k

correspond to the filters that make up the subset transfer function H

Using second-order statistics D> can be computed as shown in (7-6) which when

applied to y; uncorrelates in time the subset signals that have cycle frequencies at o=-0.5,

. To also decorrelate the signals with cycle frequencies at « in space, the procedure
168
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described in (7-10) and (7-11) estimates the matrix H*"** which when applied to i

results in the space-time uncorrelated set of signals x;“*® . From the filter D and

H "% the inverse filter H % can be found and through (7-12) the H > “*% based

only on second-order statistics can be identified. This concludes the identification of the

minimum-phase component of the subset filter H > which resulted in

0 1

HS(_O'S)_F'ZB _0'54}H3<-°'5>{0'22 0.97}

059 1.13 ~0.17 -0.84

(7-36)
H S(-05) _ -0.16 -0.62 Hseos) _ 0.00 -0.01
2 057 -030| ° 0.00 0.00

All components of H > after k=4 have elements that are less than 0.01 so the filter

can be truncated after k=3. Figure 7.3 shows the magnitude of the second-order cyclic

cumulant of the first element of the signal, C;’ [(xf‘ )1;1:]: (CZ“ [xf’ ;T )., resulting after the
filter H . *“®* has been applied to the received signal y.. The uncorrelated signal at o=-

0.5 is evident by noting that the correlation is non-zero only when the delay =0 is unity
as desired. Note that for linearly modulated signals, uncorrelating the signal at one of the
cycle frequencies also uncorrelates the same signals at all its other cycle frequencies.
Even though it is not evident from Figure 7.3, since all signals in the system have
statistics at =0, the same impulse present at a=-0.5 it also present at &=0. A similar

observation can be made of the second-order cumulant of the second element of x>,

The data rate of the two signals at &=-0.5 is therefore 0.5 or T,"*® =2 forie{1,2}. The

phases of C{°9 [xf T = [0,0]] can be used to find symbol timing information which

corresponds to

(o _ 31416

= =-1 7-37a
o 277(~1/2) (7-372)
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0. The process should then be repeated for a

[0,0,0,0]] which will be a function of x, Yo,
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Figure 7.3 Plot of the second order cyclic cumulant of the signal received at C

The all-pass component of H* can also be identified using the procedure explained in

section 7.3. As described in the procedure, start with the general 2x2 L

and create the corresponding C

T
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minimum of 0.0361 when Xg
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2x2 L=1 filter H®*9 and the global minimum of §2° [xf(’o's’ L= 1] for this filter is
again 0.0361. Since the minimum of 2*[xF° L = 0| did not change from L=0 to L=1

the all-pass filter is of length L+1=1. The all-pass component H *%9 can therefore be

computed to be (from xo and y, only)

(7-38)

Septos) _ 0.41 0.91
1-0.91 041

for the signals at a cycle frequency . Combining the filter H*°% and H>*%

produces the estimate of transfer function for the signals that have cycle frequencies at «

which results in

0 - 1

H (-0.5) _|: 1.00 0'89:| H (-05) _ |:_ 0.79 0.60 :|

-0.79 1.01 070 -051/
(7-39)
o5y | 049 —0.40] .o [0.01 0.00
Hy ™ = H =
051 0.39 0.00 0.00

All four components of H** up to k=2 value have significantly large values implying
that there are two signals at the cycle frequency a=-0.5 and their respective transfer
functions to y; can be described by three 2x2 matrices. Also, recall that the statistics of
C*9|xF ;7| correspond to the statistics of the original signals C{*® [x, ;7] from which
the symbol statistics of s; can be estimated. The cumulants of each of the signals can be

used to estimate the distribution of the original signals transmitted by the sources. In

order to illustrate the effectiveness of this method consider the cumulants of the second

element of x| “®® which can be computed using equations in Chapter 6 or from [1]. The

cumulants of the distribution of the samples s; and the up-converted signal x; were shown
(-0.5)

to be related by C{*®[(xf );r = [0,0]]*e‘phase[cz (67 Jiz-o01] *T, = C{*[s, ] where T is

the reciprocal of the data rate.
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Table 7.1 Cumulants up to the order 6 of (x"°%), compared to the true cumulants.

Actual Cumulants of Estimated Cumulants of Estimated
(Xt(—O-S) )2 (Xf(‘o-s) )2 Cumulants of (s, ),
CH(x, )it =[0,0]=1 C|(xf )it =[00]]=1 C,ls0).]=2

s g~ PhaselCE 02 [F Je-po 0] s g-praselC o Jie-tool] [ 407

{qwmmn4w%4 %ﬂ%ﬁ%h®ﬂﬁ Culls )] =-814

* —phase[Cz(’O's) [(xf)i;r:[o,O]]] —phase[Cz(’o's) [(xf )i;r:[0,0]]]

€ *e

¥W%¢m$w}M rW%MwﬂmP%A Ci[(s.).]=136.80

Table 7.1 lists the cumulants related to the second signal of the (x"°%)),. First, the true

cumulants of the signal (xt(‘o's) )2 are listed followed by the cumulants estimated at the

cyclic frequency a=-0.5 in the simulation. The similarity between what was computed
and the actual cumulants can be appreciated by comparing both these columns. Finally,

the last column corresponds to the estimated cumulants of the distribution of the source
samples (s, ), that make up the signal (x§‘°'5) )2 (Chapter 6). In theory when all the
moments or cumulants of all order of a signal are available, the probability density
function can be reconstructed perfectly. The estimated distribution of (s, ), in Table 1 can

be reconstructed using its moments and cumulants by ways of the Gram-Charlier series
or the related Edgeworth series [2]. Figure 7.4 shows the reconstruction of the
distribution using the Gram-Charlier series of the samples of the second signal (xf(’o's’ )2
with statistics at &=-0.5 using the cumulants of up to the sixth order. For comparison

purposes, the actual distribution of the transmitted signal is also plotted along side the

estimated distribution to illustrate that the modulation of the signals can be reconstructed
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from the cyclic statistics of x| . In this particular case, the signal (xtF -0%) )2 corresponds

to a BPSK signal with samples that are (s, ), e{++/2 }, and from previous discussions, its

data rate was determined to be 0.5 (T,=2) with a symbol timing To,=-1 with respect to

the zero time axis.

Probability Density Function
0.7 T T T T T

0.6 -

0.5 Q o i

0.3 -

0.2} .
0.1+ A |
0

-0.2F -

pdf of @t)z

-0.3 | | | | | | | | |
-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 7.4 Plot of the reconstruction of the probability density function using cumulants
up to the order 6.

The identification of the system can be continued by analyzing the signals that have

cyclic statistics a=1/3. As before, the first step is to identify H> ®'? based on second-
order statistics and compute the corresponding x; vector by first computing the

innovations filter D;“'? and then the matrix H;*"® which uncorrelates the signals
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i? also in space. An examination of C/ [xf;r = o, 2'1]], as in Figure 7.3, shows that

uncorrelating the signal at «=1/3 also uncorrelates the signals at o=-1/3 and also, but not
as obvious, at &=0. These cycle frequencies are therefore related which is characteristic

of a 1/3 data rate signal. The transfer function for H*'® for signals that have cycle

frequencies at a=1/3 was found to be

s _| 002 0997y [-0.04 069

° |[-006 1.00] * 004 080 [

H(l,s,z'—o.m 060] sy _[ 008 -040 (7-40)
® o008 050] ° -0.02 030 [

s _[0:02 001

¢ ]o01 0.0

Note that the first column of all components of H® has values that are significantly
lower than its second column. Recall that the procedure outlined herein looks for N=2
signals in the system at the cycle frequency a=1/3 but in some cases the number of
signals present at a specific cycle frequency will be less than N which results in filter
coefficients that are close to zero for non-existing signals. From (7-40), it can be
concluded that there is only a single signal with has a cycle frequency at 1/3 in the system

which has filter coefficients which corresponds to the second column of H*'®. The
reciprocal of the data rate is, as previously discussed, equal to 3 and from the phase of the

second-order statistics of x; the symbol timing can be found to be

T _ 20486

=0.98=1 7-41
%2 27(1/3) - (-41)

In conclusion, three cyclostationary signals (more signals than antenna elements) have
been identified in this system and the following transfer function was estimated for all the

signals
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4 ={1.00 0.89 0.99% =[—0.79 0.60 —0.69}

® |1-079 101 100 * | 070 -051 0.80 |

5 _[0.49 —0.40 0.60} _{0.01 0.00 —0.40}
051 039 050 ° [0.00 0.00 0.30

(7-42)

I

5 =

The transfer function above is simply the concatenation of the partial transfer functions

H % in (7-39) and H"? in (7-40). The first two signals have data that are spaced 2

(T1,T,) samples (data rate is 1/2) apart while the third component has new data every
T3=3 samples (1/3 data rate). The symbol timing for all three signals is given in (7-37)
and (7-41) with respect to the zero time axis. As a comparison, the true transfer function

used in this simulation was

H

0

1.00 0.90 1.00 _[-0.80 0.60 -0.70
~0.80 1.00 100/ * | 070 -050 0.80 |

(7-43)
_[0.50 -0.40 O.60}H _{o.oo 0.00 —0.40}
= H, =

2

0.50 0.40 0.50 0.00 0.00 0.30

which matches the estimated transfer function in (7-42) using cyclic statistics very well.
Additionally, as estimated, the first and second signals were both transmitting at a data

rate of 1/2 and the third signal at a data rate of 1/3. Lastly, the first signal belonged to a
4-level symbol alphabet (s, ), e{-2/~/1.25 -1/+/1.25, 1/+/1.25,2/~+/1.25 }, the second and
third signals had members that belonged to a two-level symbol set with (st )2 e{-

V2, \/E} while (st )3 e{-\/§ , \/§}. These values were picked to produce signals x; that
had an average power of unity. The estimated distribution of (st )2 was found using the

cyclic cumulants determined from the signal (xf(’o'S) )2 which matched the probability

density function of the actual signal that was transmitted. The remaining distributions

can be found in a similar manner.
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7.4.2 Stationary Signals

When the system contains purely stationary signals, the maximum number of signals that

can be identified together with their channels is equal to the number of sensors N.

Consider the system

y. = Hix, (7-44)

with a two-element array where x; contains two signals that are stationary composed of

(x0)1,(x)2€{-1,1} both with data rate equal to unity or T, T,=1.
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Figure 7.5 Snapshot of the signals received at both antenna elements.
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The transfer function H; was arbitrarily picked to be

(7-45)
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Figure 7.5 shows a snapshot of the signal received at the antenna elements. As with the
previous example the original source signals x; and the transfer function H; are not easily
determinable by just looking at the signals y:. A better idea of the type of signals that are
present in the system can be gotten from the second-order cyclic cumulant as was done in
the cyclostationary example. The magnitude of the second-order cumulant (Figure 7.6)

of the first element of y;, C, [(yt )1;1-] = (C;’ [yt;«c])11 , 1S non-zero only at a single cyclic

cumulant at =0 which demonstrates that the signals in the system are purely stationary.

The minimum-phase and all-pass components that make up the transfer function H; can
be determined using the procedures outlined in Sections 7.2 and 7.3 at the cycle
frequency o=0 from the statistics of the received signal y;. The filters that make up H;

can be found to be

0 1

b {—0.40 —1.13}HS_{—0.38 0.52}

~0.61 0.74 010 0.39
(7-46)
. [-019 084] . [001 0.09
HS = HS =
~0.07 0.40 ~0.01 0.36

which corresponds to the minimum-phase component and the concatenated all-pass filter
in (7-18) was found to be

Jap _

0.01 -0.03 0.90 0.43
{ } (7-47)

-043 090 0.03 0.01

Note that the all-pass component in this case is of length 2. Combining both filters in (7-

46) and (7-47) arrives at an estimate of H; which is given by

N { 0.48 —1.01} N {— 0.62 0.29}
HO = ’Hl = 1

-0.32 0.69 -0.70 0.10
(7-48)
- -0.69 060 ~ -0.18 0.01
H, = H, =
-0.08 041 -0.20 0.30
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The estimated transfer function (7-48) is as expected similar to the actual transfer
function (7-45) within the ambiguities of the identification (Section 6.1). Since the
number of signals in the system is not greater than the number of antenna elements, the
time variations of the independent signals can be recovered by inverting the channel. The

signals x; which should be similar to the signals x; within (6-28) are plotted in Figure

7.7. These signals correspond to the independent signals present in this system and
match the transmitted signals.
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Figure 7.7 Snapshot of the independent signals x| recovered from the system.
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7.4.3 Comments on Computational Time

This section will briefly address the factors affecting the number of samples (T) that are
necessary to achieve reliable estimates of the cyclic statistics. The algorithms presented
in this dissertation rely on accurate estimates of the higher-order cumulants; obtaining
dependable statistics is essential to accurate blind system identification. There does not
exist a finite value on the size of sample space that would produce accurate statistics for
all cases encountered in wireless communications. An estimate of T can be found,
however, once a tolerance of the statistics as well as the environment of operation has
been set. The required sample length is environment dependent in the sense that it
depends on the number of signals in the system, the type of signals in the system (their
periodicities), as well as their relative strengths. Also, the higher the order of the

statistics the more time samples are required to achieve an accurate cyclic cumulant.

As T approaches infinity, the cyclic statistics for linearly modulated signals occur only at
discrete frequencies which correspond to the cyclic periodicities of the signals present in
the system and are zero everywhere else as in Figure 7.3. When a finite sample size is
used to compute the cyclic cumulants there is inevitably a certain amount of energy that
gets washed over to the adjacent cyclic frequencies around each of the discrete cyclic
statistics. The amount of bleed over becomes smaller as T is increased and also decreases
when moving away in « from the discrete cyclic frequencies of the signals. This is the
reason that two signals can be identified and characterized easier in the single-input
single-output case when using a finite T, for example, if their cyclic cumulants are further
away from each other in the cyclic domain. Equivalently, the more unlike the signals
(data rate and center frequency) are in the system the easier it is to differentiate them

given the same sample size that the statistics are computed over.

Note also that the statistics of a signal drop in amplitude for each multiple of the data rate
away from the center frequency. Recall that identification can be performed at any of
these cyclic statistics and should therefore be performed at or as close to the center

frequency of the signal as possible where the cyclic cumulant is the largest and with the
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largest SNR. ldentification based on a cyclic cumulant that is several multiples of the
data rate away from its center frequency requires a larger sample size T to be accurate
than using a cyclic cumulant closer to the center frequency. The value of T is therefore
also dependent on what cyclic cumulants of the signals are used to fully identify the
system. The powers of each of the respective signals, also plays a role in the
identification process; weak signals require longer integration times (therefore longer T)

to find and characterize than stronger signals.

As discussed above, the sample size that is required for accurate evaluation of the
cumulants is a function of the amplitude, number, and structure of the signals in the
environment. The analysis which involves estimating the value of T for numerous
scenarios under different conditions is beyond the scope this dissertation but can be
performed using the information presented herein. This type of analysis is left as a future
work for the interested reader.

7.5 Summary of Procedure

This chapter describes how to compute the various filter coefficients introduced in
Chapter 6 that are necessary in identifying the complete system. The process starts by
first identifying the cycle frequencies for which the cyclic-cumulants of the received
signals are non-zero (labeled as «, ..., @, ...). The signals are then separated based on
their cyclic statistics and each non-zero cyclic statistic is analyzed at a time to identify the
signals present at each cycle frequency together with their respective channels. The
channel can be recovered through a two step procedure as describe by Figure 7.8. It

starts first by identifying an inverse to the minimum-phase component of the channel

(H ™) (2)*) using second-order cyclic cumulants followed by the identification of the

inverse of the all-pass component (H ap(“')(z)‘l) using the fourth-order cyclic cumulants.
Both of these functions are then inverted to obtain an estimate of the channel at each of
the cycle frequencies (H (“i)(z) ). The filter coefficients of the set {H (“')(z) } that

correspond to the unique signals in the system can then be collected to form the total
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channel response H(z) which would identify the channel up to the ambiguities of the

system.
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Figure 7.8 Block diagram of the system identification procedure using higher-order

cyclic cumulants.

As shown in Chapter 6, the distributions of linearly modulated signals can be extracted at
any of its cyclic statistics. A finite number of the higher-order cumulants of each signal
in the system can be collected to approximate the signal’s distribution using the Gram-
Charlier expansion. Also, as long as T is large enough, the identification of
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cyclostationary signals and their respective channel is unaffected by the strength of the
stationary noise component since there will be a cycle frequency at =20 where the
statistics of the signal are present without the presence of the noise.
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Chapter 8

Conclusions

In many cases, receivers are unaware and not designed to operate in the presence of other
unknown systems occupying the same frequency spectrum. This, however, commonly
occurs in the unlicensed band where multiple systems could potentially be using the same
band of operation unknowingly causing interference to each other. As was shown in
Chapter 2, knowledge of the interfering signals and how they affect the received signal
can be used to improve the decisions on the signal of interest. A receiver that could
identify the presence of other systems with no a priori knowledge could significantly
improve its performance by accounting for interference. Identification of the
environment together with the ability of a receiver to reconfigure itself based on learned

information plays an important role in turning such a concept into reality.

This dissertation analyzes the blind identification of a multi-input multi-output (MIMO)
system. The identification consists of determining the modulation - data rate and
alphabet - of the source signals in the environment. Determining an estimate of the time

dispersive MIMO channel, which relates all the signals in the system to the signals
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sampled at the receiver, is also an important part of the identification process considered

in this dissertation.

8.1 Blind Identification for Reconfigurable Receivers

Presently, most receivers are designed with the assumptions of no interference or have a
limited ability to account for same system interference through elaborate pre-determined
protocols. When other unknown systems are introduced into the environment, however,
there is a significant degradation in system performance as a result of the unaccounted

interference.

Receivers have also become more complex moving from the traditional single antenna
based receivers to ones that employ multiple elements. An interfering environment, in
general, should therefore be modeled as a MIMO system. On the input side are the
signals in the system and at the output of the system are the signals received on all
antenna elements at the receiver. The advantage of having multiple antennas on the
receiver are numerous; the received signals can be combined to combat fading, cancel
interference through beamforming (smart antennas), or for a more complicated
processing a maximum-likelihood (ML) based reception can be used. These three
different techniques are listed in order of complexity with the ML based receiver

requiring the most a priori information.

Smart antennas are linearly based receivers that use beamforming to enhance the signal-
of-interest (SOI) while at the same time diminishing the effects of the signals-not-of-
interest (SNOI). The limitations of smart antennas lie in its linear based nature where the
number of degrees of freedom is equal to the number of antenna elements. Beamforming
is equivalent to inverting the effects of the channel (with a proper weighting to also
minimize noise) to extract the SOI from the received mixture of all signals. A smart
antenna based system can effectively cancel less number of interferers than antenna
elements. There are limitations on the number of antennas that can be placed on certain

small devices like mobile handsets. The number of elements in turn limits the number of
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interferes that can be cancelled through beamforming. There are other non-linear based
receivers which use maximum-likelihood estimation that allow for proper identification
of the SOI even when the number of interferers outnumbers the antenna elements.
Maximum-likelihood receivers use information of not only the channel but also the
modulation of all signals in the system to improve the decisions. Using more
information, in turn, allows for the identification of more signals than antenna elements

on the receiver. Chapter 2 describes these two different types of receivers in more detail.

The usefulness of blind system identification lies in that it permits the receiver to learn
from the environment and determine information that was previously unknown to it. The
information learned about the signals and the channel in the system can be used to
improve the signal reception. When the channel and modulation of the signals are known
to the receiver an optimal decision can be made by the receiver to improve its
performance. In this dissertation it was shown that all required information can be

recovered blindly from the channel.

8.2 Summary and Contributions

In this dissertation a method has been presented that takes advantage of the structure of
the digital signals to estimate the impulse response of the channel together with the
modulation of the signals in the system. Digital signals used in wireless communication
systems have cyclostationary properties with periodic statistics that are a function of data
rate, center frequency, and other modulation induced periodicities. More signals than
antenna elements can be identified with their channels by taking advantage of the
different modulations of the signals in the system.

The theory developed in this dissertation which searches for independent components
based on cumulant tensors can be viewed as a generalization of independent component
analysis (ICA) to cyclostationary signals. ICA has been developed over the last decade

mostly addressing stationary signals. The development of independent component
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analysis is discussed in Chapter 4 and can be found in for example [1], [2], and the

references herein.

The method developed in this dissertation is based on the assumptions that the signals of
the different transmitters are independent of each other. The technique is based on first
identifying the inverse channels belonging to all subset of signals that make up the
received signals with the same cyclostationary statistics. The inverse channel
corresponds to the filter that forces the cyclic cross-cumulants of the signals at a given
cycle frequency to be zero. Diagonalization of the cyclic-cumulant tensors (minimization
of the cyclic cross-cumulants) is equivalent to minimizing the mutual information of the
subset signals which is characteristic of independence which is the property that is being
sought. The invertibility of the MIMO channel is therefore an important aspect of blind
signal identification and is considered in Chapter 5 where the decomposition of MIMO

channels into a minimum-phase and an all-pass component is addressed.

This dissertation focuses on linearly modulated signals to demonstrate the effectiveness
of cyclic cumulant based identification of the channel. Chapter 6 describes the
identification process as a two step procedure which is performed on all non-zero cyclic
statistics one at a time. The second-order cyclic cumulants are used to determine the
minimum-phase component of the channel. In Chapter 6 and 7 it was shown that an
innovations based decomposition can be used to arrive at the minimum-phase component
of the transfer function. Complete identification of the channel of a system with space-
time independent signals cannot be performed simply through second-order statistics
since these are blind to MIMO all-pass filters. Higher-order statistics, which do not have
this downfall, can be used to identify the remaining component of the channel. The
fourth-order cumulant tensor was used to determine the MIMO all-pass filter to complete
the identification of the channel. The cyclic cumulant at each cycle frequency were found
to contain also the cumulants of the original source signals from which the modulation of

the source signals can be estimated as described in Chapter 6 and 7.
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Finally, Chapter 7 describes algorithms that can be used compute the various channel
coefficients given in Chapter 6 that are needed to identify the MIMO channel. Chapter 7
also shows how to recover the signal parameters such as data rate, distribution, and
symbol timing. Examples are considered in this chapter to illustrate the effectiveness of
the algorithms in the identification of more signals than antenna elements. The methods
described in this dissertation are also applicable to stationary signals since these signals
can be thought of as cyclostationary signals with only a single statistical cycle

frequencies at a=0.

8.3 Future Work

There are several possibilities of future work in this area. There is significant work that
can be done in the development of efficient algorithms, which might be suboptimal, but
can guarantee convergence for less number of samples and/or require fewer
computations. Higher-order based signal processing applications require significantly
more samples to achieve accurate results than second-order based methods. A related
problem could therefore be to perform an analysis on the number of samples that are
required to compute higher-order cyclic statistics within a certain tolerance and under

different conditions (see Section 7.4.3 for details).

The next step in the analysis is to apply the algorithms developed in this dissertation to
actual measured data. Computer based random generators might not simulate
transmitters that are truly independent very well since these signals are generated from
the same source (usually the internal clock) and therefore difficult to make truly
independent. There might therefore be discrepancies in the number of samples that are
required for computing higher-order cyclic cumulants in measurements as opposed to
simulation. An experiment could be set up in a controlled fashion by turning each system
on one at a time and identifying the corresponding channel. The estimated channel can

be used as a control when doing the joint estimations of all the transmitters in the system.
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The theory in this dissertation was developed for static channels and a contribution could
also be made by making the algorithms proposed in this dissertation adaptive to track
small changes in the channel. For mobile devices, the ability for the receiver to be
adaptive is a must to rake in the full benefits of this method. Potential problems can
occur if the number of samples needed to identify the system exceed the time-coherence
(the time that the channel can be modeled as static) of the channel. This means that the
receiver is unable to collect enough data to accurately estimate the MIMO system
because the channel is changing too fast. The sample size T that is necessary to estimate
the channel is therefore an important aspect when it comes to non-static channels and the
factors affecting this value are discussed in Section 7.4.3.

A related area of research, in which a contribution can be made, is in the development of
reconfigurable receivers. Software defined radios are capable of changing their
architecture because on their ability to be reprogrammed. Software can be written for the
receiver that can both learn from the channel and at the same time incorporate this
knowledge into its decision making. The developments of programs that are able to
change the receiver architecture are an important part of making the concept of smart

receivers a reality.
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Appendix

Al
The optimal non-linear estimate for the system in (2-9) where n has identically
independent and unit variance Gaussian distributed components and the elements of s are

either all 1’s or -1’s is found in this section. Both values of s are assumed equally likely.

Recall from (2-5) that § = E[s | y] is optimal estimate when the distributions are known

and can be computed from

S Elsly]= [, (s]y)ds (A1)

The distribution in the integration can be factored into

fy|s (y | S) fs (S)

fy (1Y) = (A-2)
¥ f, (y)
where the individual distributions that make up (A-2) can be found to be
_(y-Hs)" (y-Hs)
IRUID R — 2 (A-3)
yls (\/Z)N
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1 1 1 1
(y-H H)T (y-H H) (y+H M)T (y+H H)
0.5 : . N N

f,(y)= W e 2 +e 2 (A-4)

f,(s) = 0.55(s —1) + 0.55(s +1) (A-5)

Replacing (A-3), (A-4), and (A-5) into (A-1) and integrating produces

1 1 1 1
—(y-H H)T (y-H H) ~(y+H H)T (y+H H)
e N N _ e N N

S=Elsly]= T A (A-6b)
_;(V_HH)T (v-H|1) ‘;‘”HH)T (y+HH)
e H H + e N N
AT ' 1 AT ' 1
) A
s=Efs|y]= T — (A-6b)
1 1 . 1 1 1 . 1
L) A1)
e eV '
In order to simplify the equation above it is convenient to introduce the change of
variables
1
h=H|1 (A-7)

where h is a column vector with elements that correspond to the summations of rows of

the matrix H. The final result can be reached by noting that the numerator in (A-6b) is in
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the form of a hyperbolic sine while the denominator has the same operand but can be
expressed as a hyperbolic cosine resulting in the final answer

S

tanhB(hTy +yTh)} (A-8)

A2

When the noise signals in n are correlated, the decision statistics yy and sy have to be
adjusted accordingly. Recall from (2-14) that the noise auto-correlation can be factored

into

*

R =LL (A-9)

n

so applying the matrix L™ to both sides of the equation uncorrelates the noise in the

system

Lly=L"Hs+L"n

y = Hs+0 (A1)

where the auto-correlation of n is the identity matrix. Now finding the projection of y

onto the range of H asin (2-21) results in

V. =HEH)AY

LYy, = LPH(H LY L L L At
yH,n - y

which is equivalent to performing the following adjusted projection on the signal y

weighted by auto-correlation of R,
T T |
Yin =H(H'RTHTHR Yy (A-12)
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