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Loewner System Realization and Data-Driven Model Reduction

Data-Driven Model Reduction

Large scale dynamical system
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@ Sample the transfer function (potentially by physical measurements).

@ Recover a model for the system (A, B,., C,, E,).

“Data driven” because we can only sample H(z), we do not know A, B, C, E.
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Loewner System Realization and Data-Driven Model Reduction

Loewner Framework for System Realization

Mayo-Antoulas show how to recover A, Ec C"*", Be C"*™ and C € C**" from
measurements.

Left Data: v = € H () Right Data: w; = H(v;)r;
» Points: p1,..., 1, € C. » Points: v1,...,v, € C.
» Directions: £4,...,¢, € CP. » Directions: r1,...,r, € C™.
» Data: vi,...,v, € C™. » Data: wi,...,w, € C.

Construct L (Loewner matrix) and s (Shifted Loewner matrix) by

po_ OFw,
L)y = =2 and (L)
Hi =75 Hi =75

v — ~lFwW
AT Vw5
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Loewner Framework for System Realization

Mayo-Antoulas show how to recover A, Ec C"*", Be C"*™ and C € C**" from
measurements.

Left Data: v = € H () Right Data: w; = H(v;)r;
» Points: p1,..., 1, € C. » Points: v1,...,v, € C.
» Directions: £4,...,¢, € CP. » Directions: r1,...,r, € C™.
» Data: vi,...,v, € C™. » Data: wi,...,w, € C.

Construct L (Loewner matrix) and s (Shifted Loewner matrix) by

p P
L)sy = HH =2 and (L)
i =i B =i

v — ~lFwW
AT Vw5

»lfp=v=nA=L,E=Lando(A,E) =o(Ls,L).
» If p,v > m,is rank(L) = n?
» rank(L) usually reveals n (get A, E, from an SVD).
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Loewner System Realization and Data-Driven Model Reduction

Example 1: Just enough data, good points

A EeCO*6 r=

A =diag((0.1:0.2:1.1) #1i—1), E=1

a=01,b=11;

points = logspace (loglO(a),loglO(b),2*r)*1i - 0.9;

Poles and Interpolation pts.
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Loewner System Realization and Data-Driven Model Reduction

Example 1: Just enough data, good points

A EeC6 r=6

A =diag((0.1:0.2:1.1)*1i—1),E=1
a=0.1,b=1.1;
points = logspace (loglO(a),loglO(b),2*r)*1i - 0.9;
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Loewner System Realization and Data-Driven Model Reduction

Example 2: Extra data, good points

A EeCO*6 =

10

A =diag((0.1:0.2:1.1) #1i—1), E=1

a=01,b=11;

points = logspace (loglO(a),loglO(b),2*r)*1i - 0.9;
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Loewner System Realization and Data-Driven Model Reduction

Example 3: Extra data, bad points

A EeCS5 r=10

A =diag((0.1:0.2:1.1)*1i—1),E=1

a=0.1,b=1.1;

points = logspace (loglO(a),loglO (b),2*r)*1i + 10;

12 Poles and Interpolation pts. Normalized Singular Values
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Loewner System Realization and Data-Driven Model Reduction

Motivation

@ We do not know n in most cases.

@ We need to approximate n from rank(L).
@ Singular values of L decay.

@ Measurements could be noisy/inaccurate.
@ rank(L) could be hard to determine.

@ Singular values of I guide model reduction dimension.

Some questions
@ How can we locate the interpolation points to make rank(LL) as clear as possible?
@ How does the location of the interpolation points affects the singular values of L.?

@ Could poorly placed interpolation points cause us to underestimate rank(L)?
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Technical Details

Loewner framework

The Loewner matrix L and shifted Loewner matrix [Ls of order v x p are defined
entry-wise as follows

Y VP — vyl
Loy = VB =EWi gng (1), = HiViTs = 8w
i — 5 Hi =5
The interpolation points and direction, define the following matrices
[ |

Y1
I |
I‘=[ - :|ECPX‘), R=[ rq rp EC""XP, W = w1 wp ECpo,
: | |
p

w1 | |
M = - e cV XV, L:[ll gy eV v=| v - v, |ec™XV.
. | |
Hy

Which satisfies the Sylvester equations

LT — ML = L*W — V*R,

L. —ML, = L*WI' - MV*R.
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Technical Details

Sylvester Equations

LT — ML = L*W — V*R,
L, — ML, = L*WI' — MV*R.

(1)
()

|

Derive new Sylvester equations. Consider (2) — (1)I":

Ly —LT — V*R)I = M(L, —LT — V*R) = 0

This is a homogeneous Sylvester equation with solution L, — LT — V*R.

If {v;}5_1 n{ui}i—1 = &, this Sylvester equation has a unique trivial solution.

L, =LT + V*R.

Similarly, consider (2) — M(1), to get
(L — ML — L*W)L —M(L, - ML —L*W) = 0

L, = ML + L*W.
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Relating Poles to the Left Interpolation Points

Now let us follow Alex Townsend’s suggestion.
Since the poles of H(z) are the eigenvalues of the matrix pencil zL — L or the
eigenvalues of L 'L, provided L is invertible.

Assume v = p = r (full rank).
Moreover, if L™ L, is diagonalizable, there exists D, V € C"*" such that

A1
L™'L, =VDV™' orequivalently L,=LVDV™' with D=

From Ly = ML + L*W, we get

L(VDV ') — ML = L*W.

If L 'L, is not diagonalizable (rank deficient), then we use the Jordan canonical form
to get a similar result.
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eigenvalues of L 'L, provided L is invertible.

Assume v = p = r (full rank).
Moreover, if L™ L, is diagonalizable, there exists D, V € C"*" such that

A1
L™'L, =VDV™' orequivalently L,=LVDV™' with D=

From Ly = ML + L*W, we get

I]_(V]?V’l) - ML = L*AW.

Poles  Left pts. Low rank

If L 'L, is not diagonalizable (rank deficient), then we use the Jordan canonical form
to get a similar result.
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Technical Details

Relating Poles to the Right Interpolation Points

On the other hand, note that
L 'Ly =L"Ls(L7'L) = L' (LL7Y)L,

Therefore there exists U, D € C"™*" such that

A1
LL~' =UDU™" orequivalently L,=UDU™'L with D=

FromlL, = LT + V*R, we get

(UDU ML —LT = V*R.
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Technical Details

Relating Poles to the Right Interpolation Points

On the other hand, note that
L 'Ly =L"Ls(L7'L) = L' (LL7Y)L,

Therefore there exists U, D € C"™*" such that

A1
LL~' =UDU™" orequivalently L,=UDU™'L with D=

FromlL, = LT + V*R, we get

(UDU YL —LT = V*R.
A I\ A

Poles Right pts. Low rank
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A Zolotarev Upper Bound (Rational Approximation)

Let X e C™* " withm =n, AeC™*™, Be C""",Me C™"", and N € C""” such
that X satisfies the Sylvester matrix equation

AX — XB = MN*. )

Theorem 2.1 [Beckermann and Townsend 2017]

Let A e C™*™ and B € C"*" be normal matrices with m > n and let & and & be
complex sets such that o(A) € & and o(B) < #. Suppose that the matrix X e C™*"
satisfies (4), and 1 < r < n is an integer. Then, the singular values of X satisfy

oark(X) < Z1(&, F)oj(X) for 1<j+vk<n,

where Z (&, ) is the Zolotarev number defined on next slide.
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that X satisfies the Sylvester matrix equation

AX — XB = MN*. )

Theorem 2.1 [Beckermann and Townsend 2017]

Let A e C™*™ and B € C"*" be normal matrices with m > n and let & and & be
complex sets such that o(A) € & and o(B) < #. Suppose that the matrix X e C™*"
satisfies (4), and 1 < r < n is an integer. Then, the singular values of X satisfy

oark(X) < Z1(&, F)oj(X) for 1<j+vk<n,

where Z (&, ) is the Zolotarev number defined on next slide.

Can we apply this Theorem to our Sylvester equations?

L(VDV ) =ML =L*W and (UDU "L-LT = V*R.

NAGH (alanngh@vt.edu) ANA Seminar November 20, 2020 13/26




System Realization Case

Third Zolotarev Problem (Rational Approximation)

Given two disjoint closed complex sets &€ and %, the third Zolotarev problem is to find
the rational function

where p and ¢ polynomials of at most degree k&, such that
@ |p(x)| = 1forxe F,
@ |¢(x)| as a small as possible for z € &.

The number Z; (%, %) (following infimum) is referred to as the Zolotarev number:

o )]
Z\ z

where %y, i, denotes the space of rational functions of degree at most (&, k).
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System Realization Case

Third Zolotarev Problem (Rational Approximation)

Example from “The third and fourth Zolotarev problems” [Townsend 2016]

«10*  solution to Zolotarev problem

0.5
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Third Zolotarev Problem (Rational Approximation)

Example from “The third and fourth Zolotarev problems” [Townsend 2016]

solution to Zolotarev problem

10°
E F
o 400
10°
-3 -2 -1 0 1 2 3
z
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A Zolotarev Upper Bound (Rational Approximation)

Let X e C™* " withm=>=n, AcC™*™,BeC"",MeC™",and N e C™*" such
that X satisfies the Sylvester matrix equation

AX — XB = MN*, (4)

Theorem 2.1 [Beckermann and Townsend 20107]

Let A e C™*™ and B € C"*" be normal matrices with m > n and let & and & be
complex sets such that 0(A) = & and o(B) = &. Suppose that the matrix X e C™*"
satisfies (4), and 1 < r < n is an integer. Then, the singular values of X satisfy

0j+rk(X)$Zk(g,g)0j(X) for 1<j+vk <n,

where Z; (€, F) is the Zolotarev number defined previously.

Can we apply this Theorem to our Sylvester equations?

L(VDV™H) —ML =L*W and (UDU ' L-LT = V*R.

NAGH (alanngh@vt.edu) ANA Seminar November 20, 2020 17 /26




A first approach

Generalize the results from [Baker, Embree and Sabino 2015] from Lyapunov to
Sylvester equations.

el sup. lp(2)]
j4rk 5 ZE{ MG
To) SOV kM —

26W(VDV—1)
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A first approach

Generalize the results from [Baker, Embree and Sabino 2015] from Lyapunov to
Sylvester equations.

0 sup. lp(2)]
Ojtrk . ZE{ MG
To) SOV kM —

26W(VDV—1)

Numerical Range vs Spectrum
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Another Approach (Inspired by Antoulas 2020 ICERM)

Define the matrices 6, € C**"™ and %, € C"** by
LC(mE-A)™! | |

6, = : and %, =| (mME-A)"'Br;y --- (y,E—A) !'Br,
£ 0(uE -~ A) ! | |

L=06,E%, and L, =0,AZ%,.

Assuming p = v = n and %, and 0, are invertible

L 'L, =%,'A%, and L.L'=0,A0,".

FromlL,=LT + V*Rand L, = ML + L*W, we get

A(6;'L) — (6,'L)T = 6, ' V*R,
L%, YA -M(L%, ") =L*Wx%,".
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Special-Case: A diagonaland E =1 (v =p =n)

Proposition (A diagonal, E = I)
Given A = diag{\1,..., A}, define A = {\1,..., A}, T ={71,..., 1}, and
M = {p1,...,un}. Thenforl <k <n
0 0i11(L) < 01(0,)01(Rp) ZK(A,T).
Moreover, for1 < j < k
® 0k(L) < 0;(6.)01(R,) Zs—; (A, T).
@ oi4j-1(L) € 0;(0v)0;(Rp) Zik—; (A, T).

Same results hold for Z, (A, M) and Z,_; (A, M).
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System Realization Case

More General-Case: A and E invertible (v = p = n)

Proposition ( (A, E) diagonalizable )
Given A, E € C™*" invertible matrices, with
AX =EXA and Y*A =AY*E.

Define A = {A\1,.. ., \n}, DL ={v1,...,m},and M = {p1, ..., un}-
Thenforl <k <n
o O‘k+1(|]_) < 0'1(@,,)0'1(‘%,])0'1(}3) .
o O'k+1(|]_) < 0'1(@,,)0’1(@;1)0'1(E)H(X)Zk(A,M).

=
=
o
£
Z
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Model Reduction Case

Mainidea (v = p =1 <n)

e Apply Previous

Bounds Recover Results

Interpolation
Points

Collect Data ‘

Collect Data
Collect

p=v=r<n,

interpolation points and directions to construct

L,LseC™™".
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Model Reduction Case

Mainidea (v = p =1 <n)

e Apply Previous
Collect Data Interpolation PPY Recover Results
Points s

Add Extra Interpolation Points (p = v = r < n)
Choose 2(n — r) extra interpolation points and directions to construct

LT, ecr .

The extra interpolation points are appended, let us say r= Vi, s Yry Yrt1s e ooy Yn}

then construct
I]t=[4’—u‘ *] and Es=[ﬂ‘8 *]
& & * Ed
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Model Reduction Case

Main Result (v = p =17 < n)

SR Apply Previous
Collect Data Interpolation PRY Recover Results
Points EESRE

Proposition (Model Reduction)

Given A, E € C™*" invertible matrices, with
AX =EXA and Y*A =AY*E.

Define A = {A1,..., b, T ={v1,...,}and M = {1, ..., ur}.
Thenforl <k <r<n,

@ 0k41(L) < 01(0v)01(Rp)01(E)k(Y) Zr—1 (A, T)
o O'k+1(|]—) < 0’1(@,,)0’1(‘%‘,)0'1 (E)H(X)Z}cfl(l\, M)

NAGH (alanngh@vt.edu) ANA Seminar



Model Reduction Case

Example 4

A E e C°0%%0 = 22

A = —diag(1:50), E=1
a=1,b=50;
points = logspace (loglO(a),logl0(b),2x*r);

50 Poles and Interpolation pts. n=22,r=22
10° ——o/e,0)
- Upper Bound
10®
>
©
£ Fxc4
g 0 X+ X+ X 10_10
£
107
-50 10720
-50 0 50 5 10 15 20
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Model Reduction Case

Conclusions

o New bounds inform how location of interpolation points and poles of
system influence singular values of L.

e Roughly speaking: if k£ eigenvalues of (A, E) are far from all left or
right interpolation points, L must have k& small singular values.
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