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LIST OF SYMBOLS

k
c. TPy
an expression given by the ratio S

ptope

constants assumed in the relationship between % and

u
( - ) (b and c are really functions of x)

o
ZTW
friction coefficient, >
u
pw(x)

specific heat of a fluid at constant pressure
static enthalpy (for perfect gas h = CpT)
thermal conductivity

freestream Mach number

1/N

exponent for = ( % ) ; this expression is fitted to as

Clc

o0

much of the experimental velocity profile as possible

Cn
k

Prandtl number,

energy transfer in the y-direction, per unit time per unit
area (as defined by Eq, (2))

total-energy deficiency of the boundary layer relative to
the free stream

perfect gas constant

static temperature

total temperature



u velocity component parallel to the plate
x longitudinal distance along the plate
y distance perpendicular to the plate
Y ratio of specific heats, taken as 1.4 for air
6 boundary-layer thickness
€ eddy diffusivity of momentum
€h eddy diffusivity of heat
6
6 momentum thickness, :; (1 - = ) dy
AT U,
T viscosity
o density
T shear stress, force per unit area
Subscripts:
aw pertaining to adiabatic wall conditions
t total
W pertaining to wall

@ local free stream



I. INTRODUCTION

The ability to predict the variation of boundary-layér parameters,
such as momentum, displacement, and energy thicknesses in supersonic
flow, is very important in supersonic inlet design. In order to
describe the distribution of these parameters, a knowledge of the
turbulent boundary-layer temperature profile is needed, in addition to
the velocity profile and friction coefficients,

The difficulties encountered in the theoretical evaluation, even
for the zero-pressure gradient turbulent boundary layer, has resulted
in the use of empirical correlations in turbulent boundary-layer
analyses, For example, correlations for the compressible friction
coefficient have lead to the establishing of various methods for its
determination; an outline of several of these is presented in
Reference 1 by Nestler and Goetz. A second example is related to the
correlation of zero-pressure gradient velocity profiles; empirical
correlations for incompressible flow are presented in Reference 2,

To the present time the turbulent boundary-layer temperature
profile, with heat transfer, has not been successfully correlated even
for the zero-pressure gradient boundary layer. The determination of
turbulent boundary-layer temperature profiles has been limited,
generally, to attempts at altering an expression obtained by Luigi

Crocco (this expression is presented in Reference 3, by Van Driest)
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for laminar flow; this method differs from that presented in Reference 4
by R. G. Deissler and A. L, Loeffler, Jr. In Reference 4 an expression
for the turbulent boundary layer temperature profile is presented which
is based on the differential equations for local heat transfer and shear.
Before the turbulent temperature profile expression in Reference 4 can
be utilized, a knowledge of the ratio of the eddy diffusivities of

heat (eh) to momentum (€) is necessary. It is pointed out in Ref-
erence 4 that for flow over a flat-plate the ratio of diffusivities
(eh/e) is very close to unity; and, therefore, most of the calculated
results presented in Ref, 4 have been derived using this assumption.

A comparison of the results obtained by using the theoretical
expression for the turbulent boundary-layer temperature profile (from
Reference 4) with experimental data reveals that the ratio of diffusi-
vities, ZE , differs appreciably from unity for some examples of flat-
plate flow, An erroneous use of unity, for the ratio of diffusivities,
results in incorrect total energy deficiencies for the boundary layérs
in question. This also leads to incorrect velocity-temperature
profiles,

The present investigation is similar, in approach, to that
carried out in Reference 4, but eliminates the need for assuming a
particular value of éh . The resulting turbulent boundary-layer

velocity-temperature relationship, derived in this thesis, also produces

the correct total-energy deficiencies for the boundary layers in
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question, In this thesis the resulting velocity-temperature relation-
ship is utilized to describe turbulent boundary-layer static temperature

profiles; these results are compared with experimental data.



II., ANALYSIS

Classically, the turbulent boundary layer is divided into three
regions:

1. The inner region or laminar sublayer;

2. The transition region between the laminar sublayer and the
turbulent flow region; and

3. The turbulent flow region.

In deriving an expression for the turbulent boundary-layer
enthalpy velocity distribution it was not necessary to distinguish
between these three regions of the boundary layer. However, various
features of two of these regions, namely the laminar sublayer and the
turbulent flow region, are in evidence through the boundary conditions
and the form of the equations for shear stress and heat transfer that
are assumed,.

From Reference 4 the local shear and energy transfer in the boundary

layer can be expressed as follows:

T=(u+p€)g—;-: (L)

and

k dh du
q—-(g;+p€h)a-(u.+pf=‘)u§- (2)
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Dividing Eq. (2) by Eq. (1) and nondimensionalizing h and u with
respect to the free stream gives,

k h
-— + p € d( . )
o]

hOo Cp u
=-E:,(u+oe )d(u_)-U(E)' @)
u

A o

In order to integrate kEQ-(3) a knowledge of the relationships between

q C—+p€h
- and u and between ( e U ) and h is needed, Here the ratio

n + p€
k
c.t P&
( £ ) is assumed to be constant and is designated '"a.,"

mt+tope
From a consideration of the boundary conditions imposed on the

governing equations (which are presented in Appendix A of Reference 4)

when a constant wall temperature is assumed,

Iy ¥y -
(5 = (5 =0 @)
and 2 2
(22) = (&) =0 , (5)
dy” w dy W

a polynomial of the form,

u 3
=b+c ( = ) (6)

o0

= |

is assumed for the q/t relationship with the velocity profile.



-11-

k
C + p e

Substituting

h
L F e = a, and Eq. (6), into Eq,(3) and integrating

from the wall to an arbitrary point in the boundary layer gives, after

rearranging,
2
h u b 2
h v = | 2%y L ¢ u
h h "~ h au ( u ) + 2a *'u )+ 4au ( u ) *

The constants a, b, and ¢ in Eq. (7) are determined from the boundary

conditions (constants a, b and c are really functions of x),

1. From Reynolds analogy,

- h 1/3

2, At the outer edge of the boundary-layer it is assumed

u

h
— = 1.0 and = 1,0,
h u
[o0] 00
3. The total-energy deficiency, using the expression of
u y (LN
Appendix A and assuming el ( 5 ) , is matched with the total-

oo}

energy deficiency of the experimental case. (Values for the total-
energy deficiency of the available experimental data are presented in
Table I corresponding to Eq. (A5).) The application of boundary

condition (1) to Eq, (7), is found to yield
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. (8)

The application of boundary condition (2) to Eq. (7), and substitution

of Eq. (8) into the result, gives

€))
h
h hw ¢ E; ‘ u B E; ) hw Y% ¢ u 2
—_— = — — - - — g =2 o —_—
ho "R T - () (! ) 8 Tanoa) ()
oo} 00 o0 e}
d(u—) d(a—)
® W ' ® w
u 4
00 c u
a0 [o o]
and the rearrangement of Eq., (10) gives,
h
h _ EE + (1 EE y( 2 )2 5. )2 i« F; '
h h a-s3 u u  “u
o0 (e o) oo [0 o0 o0 u
d( =)
(o]

+-2 ¢ & 9_2 u_4 11
(3 &G (11)
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Applying boundary condition (3) and matching the boundary-layer total-

energy deficiencies (obtained from experimental and theoretical

u
i C \
studies) suggests a correct value for the parameter Zﬁ— (7)) in

Eq. (11). Equation (11) then gives the enthalpy-velocity relation
which, after being comb.ned with the power law velocity profile used
here, produces the correct total-energy deficiency of the boundary
layer in question,

Assuming a perfect gas (for which h = CpT) Eq. (11) can be

rearranged to give,

T

I . Eﬂ.+ 1 Eﬂ € )2 e 2| |« E; '

Too B T°o 1 - 'I'oo )( uoc uOo - uoo )

u

a( =)

® w
2

(y-1) M°° c u 2 u 4
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IIT. RESULTS AND DISCUSSION

In the present analysis a power law velocity profile has been
assumed, In order to determine the effect of assuming various power
law velocity profiles, temperature versus velocity profiles were

determined corresponding to one experimental example assuming power
1/6 1/8
law profiles of E— = ( % ) and %— ( % ) . The results of these
(o] [o0]
calculations are presented in Figure 1 with the corresponding experi-

]

mental temperature ( %— ) versus velocity ( E— ) profile (from
[oo] 0
Reference 5).

Figure 1 shows that theoretical temperature versus velocity
profile is a weak function of the power law velocity profile assumed,
As the resulting effect of the assumed power law velocity profile is
deemed to be of a minor nature, the remainder of the theoretical
T u
Gf— versus — ) curves, of Figures 2 through 6 (from Reference 5 and 6)

are calculated using the velocity profile, el ( ry ) . Figures
0

1 through 6 show that the theoretical temperature-velocity profiles do
correspond well with experimental data,.

As Figure 1 indicates, the theoretical curves of %— versus %—

[+ (o]
are weak functions of the velocity profile assumed, it is necessary

to consider the effect of ignoring the use of the velocity profile of

the laminar sublayer in the theoretical calculations, In the comparison
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of the present experimental curves ( %— versus ﬁ— ) with the theoretical

o oo

results, ignoring the laminar sublayer velocity profile did not seem
to significantly affect the correlation between the theoretical results
and the experimental data. The absence of any effect resulting from
not considering the laminar sublayer velocity profile when computing
the theoretical curves of %;'versus E— is believed to be due to the
existence of thin laminar sublayers.00 The laminar sublayers of the
available experimental data make up, approximately, only five to ten
percent of the boundary-layer velocity profiles based on boundary
layer thickness, Thus, it is believed that the use of an assumed
power law velocity profile, in the theoretical calculations, must be
restricted to turbulent boundary layers with relatively thin laminar
sublayers.

As pointed out in the introduction most previous attempts to
express the relationship between the turbulent boundary-layer
temperature and velocity profiles have been limited to attempts at
altering the expression obtained by Crocco for laminar flow. A

typical example of these temperature-velocity profile relationships

(Reference 7) is,

2 T -T
T _ v=-1 _1/3 . 2 u W aw u
—=l+=pr Mw 1-¢ — ) + == - ( - )y .
0 00 [0 o] 00

(13)
A comparison of experimental data with the results obtained using

Eq. (13), for the temperature-velocity relationship, revealed that a
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satisfactory correlation with experimental profiles was obtained when

two specific conditions existed in the experimental data. First,

that the energy deficiency is practically zero, and second, that the

wall temperature is close, in value, to the adiabatic wall temperature,
A comparison of the adiabatic expressions of Eqs, (11) and (13)

u

evealed the diff to be the term —=2~ ( <) (“—)2-(-“—)4
reve e e erence O e 41’1 a uoo u 5]
o0

00
and this term was found to be negligible for zero energy deficiencies
with the corresponding adiabatic walls, Thus, the correspondence of
the results obtained using Eq. (13) with essentially adiabatic
turbulent boundary layers is a result of the fact that the last term
of Eq. (11) is negligible under these governing conditions,

The derivation of Eq. (13) has as its basis the assumption of the
existence of a constant flat-plate surface temperature and free-stream
Mach number from the plate leading edge to the station in question,

Based on these assumptions, Reynolds analogy gives (for a perfect

gas) the total-energy deficiency at the station in question as

pucT T -T

W
Q=—23E8(=—) 0, (14)
Pr o
Ty
or solving for T, as
o]
T T Pr2/3 Q
L L (15)
T T Tpuc 6 .°
0 00 00 00 Doy
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Based on the above observations for flat-plate flow it is believed

that good correspondence between experimental data and the theoretical
T
results, using Eq, (13), can be obtained when TE , Q, and 8 correspond
oo

in the manner presented in Eq. (15); this corresponds to ideal flat-

plate flow, As a measure of the deviation from ideal flat-plate flow
T*

of the experimental data of Figures 1 through 6, the value of T—E is

(oo}

calculated using Eq. (15) in conjunction with the value of

Q Pr2/3
Touc_ 6 given in Table I for each experimental temperature-
0 ©

© P,
velocity profile. The effective wall temperature, T$ , thus obtained
is the value of wall temperature, Tw’ which would be required to
produce the total-energy deficiency on a flat plate at the local free-

stream conditions and local boundary-layer momentum thickness (that

is, for ideal flat-plate flow). The resulting difference between

T* T
= and == of each example experimental data point is a measure of the

T T

o0 o]

deviation from ideal flat-plate flow of the experimental data in

Figures 1 through 6,

T
The values of TE for the experimental data in Figures 1 through 6
® T* T
are presented in Table I, These values of Tﬂ are combined with TE
[>5] v o}
*
v
T T
0

to determine the value of 2 for each experimental temperature-

g |7

velocity profile and the results are plotted in Figure 7 versus
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T T
() - ()
data Ref. 7 . The value of ( %‘ ) and ( %— )
( T ) o data o Ref, 7
Too Ref, 7

used in Figure 7 was chosen at the point in the boundary layer where,

o
T 2

n

ClC

12 . (16)

8

00

Equation (16) identifies the edge of the laminar sublayer as

given by turbulent boundary layer theory (Reference 2). The value
of Cf used in Eq. (16) was determined for each experimental data
point using Eckert's reference temperature method as presented in
Reference 1. The value of ﬁ— corresponding to Eq. (16) is identified
on each experimental temperathre-velocity profile figure (Figs. 1
through 6). Figure 7 shows that the best correspondence with the

experimental temperature-velocity profiles of Figures 1 through 6

should be the profiles of Figures 1 and 3 since these profiles have

T T*
- v
T T
values of “E* X closest to zero.
-
T
[ve]

Temperature-velocity profiles corresponding to Eq. (13) are pre-

sented on Figures 1 through 6 corresponding to each experimental

temperature-velocity profile., As was indicated in Figure 7,
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Figures 1 and 3 show the best correspondence of temperature-velocity
profiles, generated using Eq. (13), with the experimental temperature-

velocity profiles,
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IV. CONCLUDING REMARKS

The present method for computing the static-temperature versus
velocity distribution for a zero pressure gradient turbulent boundary
layer with heat transfer gives results which correlate well with
available experimental data. In the analytical method, a power law
turbulent boundary layer velocity profile was assumed. It was
observed that the analytical results are a weak function of the power
law velocity profile assumed. The experimental velocity profiles,
for which the power law assumption gives good correspondence, are
restricted to turbulent boundary layers which have thin laminar
sublayers, Therefore this assumption of the power law velocity profile
restricts the method so that it can be applied, most satisfactorily,
to turbulent boundary layers with relatively thin laminar sublayers.
A comparison of experimental temperature-velocity profiles with
standard flat-plate turbulent boundary-layer temperature-velocity
relations revealed that correlation with experimental profiles is
obtained when the experimental data correspond to ideal flat-plate
flow. Here an ideal flat-plate flow has constant free-stream
properties and plate temperature over the length of plate upstream
of the station where the experimental temperature-velocity profile

in question was measured,
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V. SUMMARY

An expression for the relationship between the static temperature
and the velocity in a turbulent boundary layer is derived based on
differential equations for the local heat transfer and shear, The
boundary conditions imposed by these governing equations showed the
static temperature-velocity relation to be at least a fourth degree
polynomial which differs considerably from the second degree polynomial
obtained by previous investigators. These governing .equations are
integrated using as boundary conditions the total energy deficiency
of the boundary layer, the slope at the wall of the laminar sublayer
temperature velocity relation (as determined using Reynolds analogy),
and the local freestream conditions, Results obtained by this method
are compared with available experimental temperature-velocity profile

data and found to correlate well with the experimental profiles.
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IX, APPENDIX A

EQUATION FOR TOTAL-ENERGY DEFICIENCY

The total-energy transferred to the wall upstream of a particular
boundary-layer station can be obtained by the integration of the

energy deficiency of the boundary layer relative to the free stream,

The result is
) )

o 2 o

After rearranging, Eq, (Al) becomes

1 1
_ Uy pu y
= bl Be g, J; o g j o, MedlE ). (4

00 00 (o] 00 00

The second term in the parentheses on the right-hand side of Eq, (A2)

can also be expressed as

1 1 )
pu Y\ _ Pu u_ pA
jpuhtd(g)—fpu[h+2]d(6)
(o] o0 00 0O o0
1 1,
_ pu by ez ala2 [l Loy
—hoofpu () dlg)+gy, f pdC%) - (A3
o} 00 © oc O poouoo

Substituting Eq, {A3) into Eq, (A2) one obtains



-27-

1
pu
Q=poou006 htoof pu d(%)-*.
? o 00 00
1 h u2 3 ‘
pu y ) pu y
hooj s dEh 3405 - (A4)
o 0 00 00 o pu.

For a perfect gas h = cPT, and cp is constant, Assuming a perfect

gas, Eq. (A4) can be rearranged to yield

3
Y-1_2 pu ¥
5 MOo £ — d( 5 ) . (AS)



I JI4VL

VIVQ TVININTIEAXE FHI Y04 SNOILIANOD AX¥vaNnog

1
[~
o~
! 9ew°¢ ¥16°6S %920°0 0SE°6 o%e’9 9 £€8°9 GeL o 9
08L°% £99°C %970°0 osh°L 012°¢C S 00°9 STL'0 <
SLl%°1 15 B L8EO'O 0€9°¢ 0LZ°¢ 9 90°¢ 6eLo Vi
€91°¢ LLE"T 9120°0 S/ (0] K 9 10°¢S GZL'0 €
9z¢°1 ¥%0°8 ¢I70°0 0LZ°6 o%79°Yy 9 8L°9 §TL 0 4
GSL°T LS80 €670°0 c19°¢ 91¢€°1 9 00°€ cTL'o 1
0o 88.‘Q88Q 0fq oonnuooaoQ 00 o0 o
L gL °7 i 207 L P 23 S S 2an814
M U Me M
2L idd h I

€/¢



-29-

1.7 —
©)
[
1.6 —
/‘—"“\
e
/
/
1.5 — ﬁa
/
/
/
ﬁg Station where
1.6 -/ [T ¢
/- v £ 12
u T 2
/ o0 oo
j ]
1 3E_ O 6 Present
T ] 8 Theory
T; Experimental
— = — Ref, 7
1.2 |~  Experimental Conditions (Ref. 5)
\
M =3,0
[0}
Ty
- = 1,316
1.1 — Tm
N = 6,3
1.0 | | | [
0 0.2 0.4 u 0.6 0.8 1.0
U,

Figure 1. Experimental Temperature-Vélocity Profile Compared with
Results from the Present Method and with Reference 7



8"

7.0

6.0

s.0 [ O

«30-

N
O 7 present theory
Experimental
-_——— Ref, 7

Experimental Conditions (Ref. 6)

M =6,78

- 4,64

g <7 g

N = 6,15

7
4
4,0 [
3.0 — \
Station where
TN ISR BT
u T 2
2,0 [~ * *
1.0 l | i
0 0.2 0.4 0.6 0.8 1.0
4
u
0
Figure 2, Experimental Temperature-Velocity Profile Compared with

the Present Method and with Reference 7



3le

7.0
O 7  Present Theory
— Experimental
6.0 [~ -_—— Ref., 7
Experimental Conditions (Ref. 6)
M = 5,01
0
- T
5.0 LA
T 4,31
0
N = 6,
CQ—"—@ _Q - 6,75
4,0
I
T
[+
3.0 -
Station where
T C
° u T 2
00 -]
1.0 | | |
0 0.2 0.4 0.6 0.8 1.0

u
u
]

Figure 3., Experimental Temperature-Velocity Profile Compared with
Results from the Present Method and with Reference 7



th—]

4,5

3.5

2.5

2,0 r

-32-

N

O 7 pPresent Theory
EE— Experimental
- Ref, 7

Experimental Conditions (Ref. 6)
M = 5,06
[2e}
T

_O— -~ 2 o 3,27
,Q/ \\ Too

N N = 6,75

Station where

/Twcf
= T 7 12

4
u T
oo 2]
1.5 —
1.0 |
0 0.2 0.4
u
u
2]
Figure 4, Experimental Temperature-Velocity Profile Compared

with the Present Method and with Reference 7



HIH

6.0

5.0

4.0

3.0

2.0

1.0

-33=

N
e
@) 7  Present Theory
—_— Experimental
_——— Ref, 7
B Experimental Conditions (Ref. 5)
M =6,0
©
©)
— — — — ~—
/
— L
v
9]
/
X Station where
YO G ST
u T 2
(o] (=]
i {
0.2 0.4

g“1"

Figure 5., Experimental Temperature-Velocity Profile Compared with

Results from the Present Method and with Reference 7



HID-]

8.0
(O 7 Present Theory

Experimental
- - - Ref, 7

7.0 —
Experimental Conditions (Ref. 5)

O M = 6,83
o0

TW
T 6.34

(o]

6.0

1
/
/

\ N = 6.0

5.0 [~
4,0
3.0
Station where
L. _T_Vi Ei 12
u T 2
2.0 — 00 [+¢]
1.0 I |
0 0.2 0.4
o,
u
[»+]

Figure 6. Experimental Temperature-Velocity Profile Compared with
the Present Method and with Reference 7



MOTq @3eld 3Ield Teopl ue
woxy (9 y3noayl 1 "s31g) eieq 194e1 Liepunog jua[nqiny, jejuswiiadxyg Jo uorjzeIALQ Byl °/ 2and1g

0'€ 4 0°2 $'1 o'1* S0 0 $'0- SL°0- 0°T-
I ! _ _ _ ! | ] I T _ 1 _ ! 0z°0-

-4 S1°0-

— o1°0-

G0°0-

L°3°4 ©

(

Hv

i3

“35.

-] €0°0

— 0170

- st°0

—} oz°o

q
&
O
v
O
O

21n31g4 Jo ejeq - sT°0
Te3jusuiiadxyg 03 spuodsaiio)
L 0o£’0

0 T35 =
AH

L

Ble(J ™

VI

&

L



FLAT PLATE TURBULENT BOUNDARY LAYER STATIC TEMPERATURE

DISTRIBUTION WITH HEAT TRANSFER
by

Shimer Z, Pinckney

ABSTRACT

An expression for the static temperature~velocity distribution
for a zero pressure gradient turbulent boundary layer is derived
based on the differential equations for local heat transfer and shear,
The present theoretical method of computation is found to give

results which correspond well with available experimental temperature

velocity distributions,



