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LIST OF SYMBOLS 

k 
c 7 © fh 

an expression given by the ratio —>_____ 
Htpe 

constants assumed in the relationship between 4 and 

( — ) (b and c are really functions of x) 
co 

2T 
. ‘ wo Ww 

friction coefficient, 5 
ou 

co oO 

  

specific heat of a fluid at constant pressure 

static enthalpy (for perfect gas h = co) 

thermal conductivity 

freestream Mach number 

1/N 
exponent for = ( . ) ; this expression is fitted to as 

e
l
e
 

eo 

much of the experimental velocity profile as possible 

Cu 

k Prandtl number, 

energy transfer in the y-direction, per unit time per unit 

area (as defined by Eq. (2)) 

total-energy deficiency of the boundary layer relative to 

the free stream 

perfect gas constant 

static temperature 

total temperature



  

u velocity component parallel to the plate 

x longitudinal distance along the plate 

y distance perpendicular to the plate 

Y ratio of specific heats, taken as 1.4 for air 

6 boundary-layer thickness 

€ eddy diffusivity of momentum 

En eddy diffusivity of heat 

6 

8 momentum thickness, 5 ’ (1 - — ) dy 
0 Protcs Won 

¥ viscosity 

O density 

T shear stress, force per unit area 

Subscripts: | 

aw pertaining to adiabatic wall conditions 

t total 

WwW pertaining to wall 

oo local free stream



I. INTRODUCTION 

The ability to predict the variation of boundary-layer parameters, 

such as momentum, displacement, and energy thicknesses in supersonic 

flow, is very important in supersonic inlet design. In order to 

describe the distribution of these parameters, a knowledge of the 

turbulent boundary-layer temperature profile is needed, in addition to 

the velocity profile and friction coefficients, 

The difficulties encountered in the theoretical evaluation, even 

for the zero-pressure gradient turbulent boundary layer, has resulted 

in the use of empirical correlations in turbulent boundary-layer 

analyses, For example, correlations for the compressible friction 

coefficient have lead to the establishing of various methods for its 

determination; an outline of several of these is presented in 

Reference 1 by Nestler and Goetz. A second example is related to the 

correlation of zero-pressure gradient velocity profiles; empirical 

correlations for incompressible flow are presented in Reference 2, 

To the present time the turbulent boundary-layer temperature 

profile, with heat transfer, has not been successfully correlated even 

for the zero-pressure gradient boundary layer. The determination of 

turbulent boundary-layer temperature profiles has been limited, 

generally, to attempts at altering an expression obtained by Luigi 

Crocco (this expression is presented in Reference 3, by Van Driest)
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for laminar flow; this method differs from that presented in Reference 4 

by R. G, Deissler and A. L. Loeffler, Jr. Im Reference 4 an expression 

for the turbulent boundary layer temperature profile is presented which 

is based on the differential equations for local heat transfer and shear. 

Before the turbulent temperature profile expression in Reference 4 can 

be utilized, a knowledge of the ratio of the eddy diffusivities of 

heat (e,) to momentum (€) is necessary. It is pointed out in Ref- 

erence 4 that for flow over a flat-plate the ratio of diffusivities 

Ce, /e) is very close to unity; and, therefore, most of the calculated 

results presented in Ref, 4 have been derived using this assumption, 

A comparison of the results obtained by using the theoretical 

expression for the turbulent boundary-layer temperature profile (from 

Reference 4) with experimental data reveals that the ratio of diffusi- 

vities, -b » differs appreciably from unity for some examples of flat- 

plate flow, An erroneous use of unity, for the ratio of diffusivities, 

results in incorrect total energy deficiencies for the boundary layers 

in question. This also leads to incorrect velocity-temperature 

profiles. 

The present investigation is similar, in approach, to that 

carried out in Reference 4, but eliminates the need for assuming a 

particular value of - . The resulting turbulent boundary-layer 

velocity-temperature relationship, derived in this thesis, also produces 

the correct total-energy deficiencies for the boundary layers in
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question, In this thesis the resulting velocity-temperature relation- 

ship is utilized to describe turbulent boundary-layer static temperature 

profiles; these results are compared with experimental data.



II, ANALYSIS 

Classically, the turbulent boundary layer is divided into three 

regions: 

1. The inner region or laminar sublayer; 

2. The transition region between the laminar sublayer and the 

turbulent flow region; and 

3. The turbulent flow region. 

In deriving an expression for the turbulent boundary-layer 

enthalpy velocity distribution it was not necessary to distinguish 

between these three regions of the boundary layer. However, various 

features of two of these regions, namely the laminar sublayer and the 

turbulent flow region, are in evidence through the boundary conditions 

and the form of the equations for shear stress and heat transfer that 

are assumed, 

From Reference 4 the local shear and energy transfer in the boundary 

layer can be expressed as follows: 

tT = (p + pe) 7 (1) 

and 

k dh du 
q=- ( eo pe.) dy 7 (a + pe) u dy . (2)
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Dividing Eq. (2) by Eq. (1) and nondimensionalizing h and u with 

respect to the free stream gives, 

  

2 
ja
 

=. a c(— ) -u_ ( — > , (3) 

In order to integrate ed: (3) a knowledge of the relationships between 
tT te & 

4 and u and between ( —-~———— ) and h is needed, Here the ratio 
uu + pe 

k 
c_ 7° fh 

( —P______ is assumed to be constant and is designated "a," 

proe 

From a consideration of the boundary conditions imposed on the 

governing equations (which are presented in Appendix A of Reference 4) 

when a constant wall temperature is assumed, 

Tw) 2( 4M) - ( xy a ( sy a 0 (4) 

and 9 2 

(St) =( 94) =0 , (5) 
Oy ow oy ow 

a polynomial of the forn, 

u 3 

=bte ( ~ ) (6) 
oo 

3 
).

0 

is assumed for the g/t relationship with the velocity profile,
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Kok 
C pe 

Substituting 

h 
nt pe =a, and Eq. (6), into Eq,.(3) and integrating 

from the wall to an arbitrary point in the boundary layer gives, after 

  

rearranging, 

2 
h u b 2 h _ ow 60 u 1 u c u 

h hh au ( u d+ 2a ( u ) + 4au ( u ) ° 

The constants a, b, and c in Eq, (7) are determined from the boundary 

conditions (constants a, b and c are really functions of x), 

1. From Reynolds analogy; 

h - h 1/3 

  

2. At the outer edge of the boundary-layer it is assumed 

u 
= 1.0, 

c 

h 
hh” 1.0 and 

co oO 

3. The total-energy deficiency, using the expression of 

4 y LIN 
Appendix and assuming ——~ = 1s matched with the total- dix A and ing = Ce) »i hed with th 1 

oo 

energy deficiency of the experimental case. (Values for the total- 

energy deficiency of the available experimental data are presented in 

Table I corresponding to Eq. (A5).) The application of boundary 

condition (1) to Eq. (7), is found to yield
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q & 
h uh 

00 00 
o —-- h a * (8) 

d co 

u 
co 

The application of boundary condition (2) to Eq. (7), and substitution 

of Eq. (8) into the result, gives 

  

(9) 

h 
ee ee a hl mn ou ol y 2 

- — — - ed ~— +t Co — 
hh , Cy) tel , htt af? 6a? 
oo oo co 0 co eo 

d( z ) d( i ) 
Co 

w w 

u 4 00 Cc u 
-T © 30s) > (10) 

oo oo 

and the rearrangement of Eq. (10) gives, 

h 

h hy, he u 2 u u 2 “ h,, 
ho“h tG-_Ce) tl Cy? 

oo co 0 Cc ce oO 

d( — ) 
ow 

u c u 2 u 4 

ta- (5) |G) -C>)] - (11)
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Applying boundary condition (3) and matching the boundary-layer total- 

energy deficiencies (obtained from experimental and theoretical 

u 
. c : 

studies) suggests a correct value for the parameter in ¢ > ) in 

Co 

Eq. (11). Equation (11) then gives the enthalpy=velocity relation 

which, after being comb.ned with the power law velocity profile used 

here, produces the correct total-energy deficiency of the boundary 

layer in question, 

Assuming a perfect gas (for which h = Cpt) Eq. (11) can be 

rearranged to give, 

T 

Tow Gg My wy yg chy “Cr? 

TO ~ TO (1 - TO )¢ u u ~ u ) 

d( — ) 
o ow 

2 
(y-1) M c u 2 u 4 
te CF) MO) - OS). (12).
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III, RESULTS AND DISCUSSION 

In the present analysis a power law velocity profile has been 

assumed, In order to determine the effect of assuming various power 

law velocity profiles, temperature versus velocity profiles were 

determined corresponding to one experimental example assuming power 

1/6 1/8 
law profiles of — = ( -) and — ( = ) . The results of these 

oo oo 

calculations are presented in Figure 1 with the corresponding experi- 

mental temperature ( = ) versus velocity ( — ) profile (from 

Co 0 

Reference 5). 

Figure 1 shows that theoretical temperature versus velocity 

profile is a weak function of the power law velocity profile assumed, 

As the resulting effect of the assumed power law velocity profile is 

deemed to be of a minor nature, the remainder of the theoretical 

(— versus — ) curves, of Figures 2 through 6 (from Reference 5 and 6) 

0° oo y 1/7 
are calculated using the velocity profile, a 7 fF ) . Figures 

oo 

G 

1 through 6 show that the theoretical temperature-velocity profiles do 

correspond well with experimental data, 

As Figure 1 indicates, the theoretical curves of = versus — 
© co 

are weak functions of the velocity profile assumed, it is necessary 

to consider the effect of ignoring the use of the velocity profile of 

the laminar sublayer in the theoretical calculations, In the comparison
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of the present experimental curves ( - versus — ) with the theoretical 

oo co 

results, ignoring the laminar sublayer velocity profile did not seem 

to significantly affect the correlation between the theoretical results 

and the experimental data, The absence of any effect resulting from 

not considering the laminar sublayer velocity profile when computing 

the theoretical curves of Tr versus — is believed to be due to the 

existence of thin laminar sublayers. The laminar sublayers of the 

available experimental data make up, approximately, only five to ten 

percent of the boundary-layer velocity profiles based on boundary 

layer thickness, Thus, it is believed that the use of an assumed 

power law velocity profile, in the theoretical calculations, must be 

restricted to turbulent boundary layers with relatively thin laminar 

sublayers. 

As pointed out in the introduction most previous attempts to 

express the relationship between the turbulent boundary-layer 

temperature and velocity profiles have been limited to attempts at 

altering the expression obtained by Crocco for laminar flow. A 

typical example of these temperature-velocity profile relationships 

(Reference 7) is, 

2 T -T 
Tt y-1 _ 1/3, 2 u w aw u 
Tt = 1 + 2 Pr M 1 - ( u ) + TT 1 - ( a ) ° 

00 co co 00 

(13) 

A comparison of experimental data with the results obtained using 

Eq. (13), for the temperature-velocity relationship, revealed that a
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satisfactory correlation with experimental profiles was obtained when 

two specific conditions existed in the experimental data, First, 

that the energy deficiency is practically zero, and second, that the 

wall temperature is close, in value, to the adiabatic wall temperature. 

A comparison of the adiabatic expressions of Eqs. (11) and (13) 

evealed the differe to be the term “co ( £ » {¢ — y*. ( — )" 
r e rence 4h a ue u ? 

oO co 

and this term was found to be negligible for zero energy deficiencies 

with the corresponding adiabatic walls, Thus, the correspondence of 

the results obtained using Eq. (13) with essentially adiabatic 

turbulent boundary layers is a result of the fact that the last term 

of Eq. (11) is negligible under these governing conditions, 

The derivation of Eq. (13) has as its basis the assumption of the 

existence of a constant flat-plate surface temperature and free-stream 

Mach number from the plate leading edge to the station in question, 

Based on these assumptions, Reynolds analogy gives (for a perfect 

gas) the total-energy deficiency at the station in question as 

  

  

Pepto . Taw T, oO 

Qs (fC (14) 
Pr ee) 

x 
or solving for T » as 

00 

T T pr2/3 Q 

= (15) 
T T Topuc @ * 
co co Co 60 00 Poo
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Based on the above observations for flat-plate flow it is believed 

that good correspondence between experimental data and the theoretical 
T 

results, using Eq. (13), can be obtained when = » Q, and @ correspond 

oO 

in the manner presented in Eq, (15); this corresponds to ideal flat- 

plate flow. As a measure of the deviation from ideal flat-plate flow 
T* 

of the experimental data of Figures 1 through 6, the value of zis 

wo 

calculated using Eq. (15) in conjunction with the value of 

Q prz/3 
Tpuc 0 given in Table I for each experimental temperature- 

co © o Py 

velocity profile. The effective wall temperature, T* » thus obtained 

is the value of wall temperature, Ty which would be required to 

produce the total-energy deficiency on a flat plate at the local free- 

stream conditions and local boundary-layer momentum thickness (that 

is, for ideal flat-plate flow). The resulting difference between 
Tx T 
= and =~ of each example experimental data point is a measure of the 
T T 

oO © 

deviation from ideal flat-plate flow of the experimental data in 

Figures 1 through 6, 

T* 

The values of = for the experimental data in Figures 1 through 6 
0 Tx T 

are presented in Table I, These values of z= are combined with = 
Oo Co 

* “ww 
T T 

oO 
to determine the value of ~ for each experimental temperature- 

g
l
a
 

velocity profile and the results are plotted in Figure 7 versus
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T 
( tT - ¢ T_ ) 

data Ref. 7 . The value of ¢ _ ) and ( _ ) 
( zy coo data o Ref, 7 

_ Ref, 7 

used in Figure 7 was chosen at the point in the boundary layer where, 

u qT Ce 
> = 12 7 2: (16) 

CO Ceo 

Equation (16) identifies the edge of the laminar sublayer as 

given by turbulent boundary layer theory (Reference 2). The value 

of C. used in Eq. (16) was determined for each experimental data 

point using Eckert's reference temperature method as presented in 

Reference 1, The value of — corresponding to Eq. (16) is identified 

on each experimental temperature-velocity profile figure (Figs. 1 

through 6). Figure 7 shows that the best correspondence with the 

experimental temperature-velocity profiles of Figures 1 through 6 

should be the profiles of Figures 1 and 3 since these profiles have 

T T* 
— _ Ww 
T T 

values of = “closest to zero. 

wv 
T 
0 

Temperature-velocity profiles corresponding to Eq. (13) are pre- 

sented on Figures 1 through 6 corresponding to each experimental 

temperature-velocity profile, As was indicated in Figure 7,
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Figures 1 and 3 show the best correspondence of temperature-velocity 

profiles, generated using Eq. (13), with the experimental temperature- 

velocity profiles,
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IV. CONCLUDING REMARKS 

The present method for computing the static-temperature versus 

velocity distribution for a zero pressure gradient turbulent boundary 

layer with heat transfer gives results which correlate well with 

available experimental data, In the analytical method, a power law 

turbulent boundary layer velocity profile was assumed. It was 

observed that the analytical results are a weak function of the power 

law velocity profile assumed. The experimental velocity profiles, 

for which the power law assumption gives good correspondence, are 

restricted to turbulent boundary layers which have thin laminar 

sublayers, Therefore this assumption of the power law velocity profile 

restricts the method so that it can be applied, most satisfactorily, 

to turbulent boundary layers with relatively thin laminar sublayers. 

A comparison of experimental temperature-velocity profiles with 

standard flat-plate turbulent boundary-layer temperature-velocity 

relations revealed that correlation with experimental profiles is 

obtained when the experimental data correspond to ideal flat-plate 

flow. Here an ideal flat-plate flow has constant free-stream 

properties and plate temperature over the length of plate upstream 

of the station where the experimental temperature-velocity profile 

in question was measured,
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V. SUMMARY 

An expression for the relationship between the static temperature 

and the velocity in a turbulent boundary layer is derived based on 

differential equations for the local heat transfer and shear, The 

boundary conditions imposed by these governing equations showed the 

Static temperature-velocity relation to be at least a fourth degree 

polynomial which differs considerably from the second degree polynomial 

obtained by previous investigators. These governing equations are 

integrated using as boundary conditions the total energy deficiency 

of the boundary layer, the slope at the wall of the laminar sublayer 

temperature velocity relation (as determined using Reynolds analogy), 

and the local freestream conditions, Results obtained by this method 

are compared with available experimental temperature-velocity profile 

data and found to correlate well with the experimental profiles,
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IX, APPENDIX A 

EQUATION FOR TOTAL-ENERGY DEFICIENCY 

The total-energy transferred to the wall upstream of a particular 

boundary-layer station can be obtained by the integration of the 

energy deficiency of the boundary layer relative to the free stream, 

The result is 

§ § 

Q = J 0 Ue oo dy - je uh, dy (Al) 

After rearranging, Eq. (Al) becomes 

1 1 

- macy pu y Q= pus] hb. J A ae) + J Pe he ED fe a2) 
00 ©0O Oo 00 0O 

    

The second term in the parentheses on the right-hand side of Eq. (A2) 

can also be expressed as 

    

  

1 1 2 
pu Yy_ Pu ue y. ff oe Laefere] ech 

Oo co 00 O 7 © 

1 1 3 

- eu hiya Xyghy? pug ¥ =h) f Du ¢ h ) d¢ 5 ) + 7 UL f 5 Ae 5 » . (A3) 
C oo ©6O oo 0 Povo 

Substituting Eq. (A3) into Eq. (A2) one obtains



-27- 

  

1 

= pu y. 
Q= p48 Re eo J ou d¢ § ) + 

Oo 00 00 

1 h u 2 3 | 
pu y 00 pu y 

n | Spode 4s 3 CG] - (A4) 
oO oO 00 00 Oo Protos 

For a perfect gas h = cot) and cy is constant, Assuming a perfect 

gas, Eq. (A4) can be rearranged to yield 

1 
Q _ pu y T u y 

Pro 00” t cof Sb [eens 

At 43 
y-l 2 Qu y 

5 M { —ZF d( 5 ) ° (A5) 
u 

Poo" 60 
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Figure 1. Experimental Temperature-Vélocity Profile Compared with 
Results from the Present Method and with Reference 7
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Figure 2, Experimental Temperature-Velocity Profile Compared with 
the Present Method and with Reference 7
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Figure 3, Experimental Temperature-Velocity Profile Compared with 
Results from the Present Method and with Reference 7
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with the Present Method and with Reference 7
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FLAT PLATE TURBULENT BOUNDARY LAYER STATIC TEMPERATURE 

DISTRIBUTION WITH HEAT TRANSFER 

by 

Shimer Z, Pinckney 

ABSTRACT 

An expression for the static temperatureevelocity distribution 

for a zero pressure gradient turbulent boundary layer is derived 

based on the differential equations for local heat transfer and shear, 

The present theoretical method of computation is found to give 

results which correspond well with available experimental temperature 

velocity distributions,


