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Bayesian Factor Models for Clustering and Spatiotemporal
Analysis

Hwasoo Shin

ABSTRACT

Multivariate data is prevalent in modern applications, yet it often presents significant ana-
lytical challenges. Factor models can offer an effective tool to address issues associated with
large-scale datasets. In this dissertation, we propose two novel Bayesian factors models.
These models are designed to effectively reduce the dimensionality of the data, as the num-
ber of latent factors is typically much smaller than that of the observation vectors. Therefore,
our proposed models can achieve substantial dimension reduction. Our first model is for spa-
tiotemporal areal data. In this case, the region of interest is divided into subregions, and
at each time point there is one univariate observation per subregion. Our model writes the
vector of observations at each time point in a factor model form as the product of a vec-
tor of factor loadings and a vector of common factors plus a vector of error. Our model
assumes that the common factor evolve through time according to a dynamic linear model.
To represent the spatial relationships among subregions, each column of the factor loadings
matrix is assigned an intrinsic conditional autoregressive (ICAR) priors. Therefore, we call
our approach the Dynamic ICAR Spatiotemporal Factor Models (DIFM). Our second model,
Bayesian Clustering Factor Model (BCFM) assumes latent factors and clusters are present
in the data. We apply Gaussian mixture models on common factors to discover clusters.
For both models, we develop MCMC to explore the posterior distribution of the parameters.
To select the number of factors and, in the case of clustering methods, the number of clus-
ters, we develop model selection criteria that utilize the Laplace-Metropolis estimator of the

predictive density and BIC with integrated likelihood.
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GENERAL AUDIENCE ABSTRACT

Understanding large-scale datasets has emerged as one of the most significant challenges
for researchers recently. This is particularly true for datasets that are inherently complex
and nontrivial to analyze. In this dissertation, we present two novel classes of Bayesian
factor models for two classes of complex datasets. Frequently, the number of factors is much
smaller than the number of variables, and therefore factor models can be an effective approach
to handle multivariate datasets. First, we develop Dynamic ICAR Spatiotemporal Factor
Model (DIFM) for datasets collected on a partition of a spatial domain of interest over time.
The DIFM accounts for the spatiotemporal correlation and provides predictions of future
trends. Second, we develop Bayesian Clustering Factor Model (BCFM) for multivariate data
that cluster in a space of dimension lower than the dimension of the vector of observations.
BCFM enables researchers to identify different characteristics of the subgroups, offering

valuable insights into their underlying structure.
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Chapter 1

Introduction

In this chapter, we explore the background and the idea of this dissertation. Our research
focuses on dimension reduction unsupervised methods, employing Bayesian approach to mul-
tivariate datasets. Bayesian Factor model is an effective method to offer solutions to issues
with multidimensional datasets. Our first proposed model considers the spatiotemporal cor-
relations of the observations. In Second, we develop a novel factor model to discover clusters
within datasets. There are major concepts of this dissertation we will discuss in the follow-
ing sections: unsupervised methods, factor models, spatiotemporal datasets and clustering

models. Lastly, we provide the outline of this dissertation.

1.1 Unsupervised Methods

Unsupervised methods are widely used in machine learning to explore and understand the
dataset. The goal is to discover patterns and relationships of the variables without guidance.
Unlike supervised methods, unsupervised methods do not have a target output. Therefore,
traditional train-test sets split and evaluation is inapplicable. Instead, unsupervised method

detects the inherent structure embedded in the data.

Examples of unsupervised learning are visualization, association rules, clustering, and di-
mension reduction. Clustering methods are especially used to find the relationships of the

sample. For example, a researcher can apply customer segmentation and market basket



analysis to define the subgroups of the customers, predict purchasing patterns, and apply
personalized advertisements to attract customers. In journalism and politics, employing
semantic and document clustering is helpful for categorizing articles due to opinion polar-
ization. In genomics, this approach is also used to cluster RNA and DNA sequences based
on similarities in their genetic makeup. Unsupervised clustering assigns the same subgroups
to observations with similar characteristics, while different observations are grouped into
distinct clusters. Unsupervised clustering helps us to understand the relationship and char-
acteristics of the subjects. The clusters identified through the unsupervised method provide
researchers with an improved strategy for approaching individual subjects. While supervised
learning requires information on labels defined prior to the analysis, unsupervised method
can be applied to unlabeled data. Supervised methods determine boundaries to separate

observations, whereas unsupervised methods group observations based on their distances.
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Figure 1.1: Supervised and Unsupervised Clustering

Unsupervised methods serve as effective tools for exploring and gaining insights into the
associations within data, playing a crucial role in various machine learning advancements.
Additionally, they offer cost savings of computations by eliminating the need for labeled

data, unveil hidden patterns, and are feasible for handling large-scale datasets.



1.2 Bayesian Factor Models

Datasets with multiple variables pose a challenge for statistical analysis. Many problems
require extracting valuable information from correlated variables and sparse datasets. In such
cases, factor models emerge as a powerful strategy. These models identify factors as linear
or non-linear combinations of variables, revealing primary trends for a more interpretable

understanding of the data.

Factor 2 Factor 3

Var1l Var 2 Var 3 Var 4 Var 5 Var 6
f f f f f f
61 &2 &3 8a 8s 86

Figure 1.2: Factor Model Diagram

Researchers can streamline their analysis by focusing on a select few factors instead of
utilizing the entire set of variables. This proves especially beneficial when dealing with
datasets with numerous correlated independent variables that lack substantial information.
Factor analysis results in a considerably smaller number of factors compared to the data
dimension. The integration of the Bayesian approach with factor models enhances flexibility,
allowing for the incorporation of prior distributions on the parameters. With this approach,
Bayesian inference may explain variability and correlations of the parameters more efficiently
compared to models without the approach. Factor models are pragmatic as they enable

researchers to circumvent the need to incorporate every variable for analysis. Thus, they



decrease time and computation costs. Bayesian factor models are flexible to extend by adding
structures to account for specific cases of dataset. For example, Bayesian factor models can
address spatially correlated census data [25] or multivariate codependence of categorical data
[56]. Bayesian factor models often require specifying the number of factors to initiate [37] the
simulation. In this case, we have to carefully choose this value to begin with and compare
the performance of the models across a range of different number of factors. On the other
hand, some methods apply overfitting strategy that adopts infinite factors and reduces the
size to automatically detect an appropriate number of factors [7]. While Bayesian factor
models have numerous advantages, they often suffer from identifiability issues. While these
issues do not typically affect predictions, they can significantly complicate interpretations.
To prevent identifiability problems [45], we impose constraints on the model [23] or adjust the
MCMC algorithm. Chapter 2 and Chapter 3 apply Bayesian factor models with additional

structures described in Section 1.3 and Section 1.4, respectively.

1.3 Spatiotemporal Datasets

Observations in many studies are collected in several geographical regions over a series of time
periods. This is common in various fields including crime analysis [49], disease mapping [39],
ecological modeling [12], and numerous other research domains. We should incorporate an
appropriate framework into the model to account for inherent correlations present in spatial
data. In geostatistical analysis, selecting an appropriate variogram structure is crucial for
modeling spatial dependencies in the data [20]. For areal data, we develop models that
capture the relationships between neighboring subregions [43]. Subjects recorded over time
are usually influenced by their previous time point measurements. Time series analysis
accounts for dynamic behavior of observations and separates meaningful trends from noise.
We compute the size of the autocorrelation and utilize it to derive predictions [16]. In

Chapter 2, we adopt the intrinsic autoregressive prior (ICAR) for spatial correlations and

4



dynamic linear models for temporal structures.

1.4 Cluster Analysis

Cluster analysis has been widely practiced in statistics and computer science. By identifying
latent groups within a dataset, clustering models give researchers insights into the underly-
ing properties of observations. One common application is hierarchical clustering [13], which
defines the clusters recursively according to the closest distances of observations. Another
well-known method is centroid clustering [31], such as k-means. This method assigns obser-
vations to groups according to the initial centroids and iteratively adjusts both the centroids
and cluster assignments throughout the process. Labels can be assigned to clusters to ex-
plain their characteristics, either based on the analysis itself or information in the current
dataset. In Bayesian inference, one approach to clustering involves determining clusters with
fixed numbers and subsequently comparing their performance [54]. Alternatively, we can use
the multiplicative gamma process to fit an infinite cluster model [40] and narrow down the
number of clusters during the MCMC. In our proposed Bayesian Clustering Factor Mod-
els outlined in Chapter 3, we specify both the number of clusters and factors and evaluate

different settings to select a model with the optimal performance.

1.5 Dissertation Outline

The remainder of this dissertation is organized as follows. We propose two Bayesian factor
models and possible extensions of this research. In Chapter 2, we introduce the Dynamic
ICAR Spatiotemporal Factor Models (DIFM). DIFM considers the observations that evolve
through time and spatial dependence from the adjacent areas. DIFM applies a dynamic linear

model to the common factors and assumes ICAR priors to the factor loadings to account



for the spatial correlations. Chapter 3 describes the framework of the Bayesian Clustering
Factor Models (BCFM). BCFM is a Bayesian factor model with a Gaussian mixture model
on the common factors to identify clusters. In Chapter 4, we describe two R packages related
to our papers that run models, assessments, and plots for the models proposed in Chapter 2
and Chapter 3. Finally, in Chapter 5, we give conclusions and discuss the extensions of the

research.



Chapter 2

Dynamic ICAR Spatiotemporal Factors
Model

2.1 Introduction

Factor models are one of the most widely used tools for the analysis of multivariate data.
Factor models often achieve substantial data reduction by writing the often high dimensional
vector of observations as a linear function of relatively few common factors. In particular,
there has been growing research interest in Bayesian factor models [1, 2, 11, 23, 35, 37,
38, 57]. This growing interest is because Bayesian factor models allow the incorporation
of important structures for the analysis of highly structured datasets, such as time series,
spatial, and spatiotemporal data. In particular, Lopes et al. [37] and Lopes et al. [35] have
proposed Bayesian factor models for spatiotemporal point-referenced data. However, many
spatiotemporal datasets are for areal data. Here, we propose novel Bayesian factor models

for spatiotemporal areal data.

The class of Bayesian spatiotemporal models for univariate areal data that we propose is a
dynamic factor model for the vector of areal data observed at each time point. As such, our
proposed model has spatial factor loadings and temporal common factors. Specifically, we
assume that the common factors evolve through time according to dynamic linear models
(DLM) [47, 58]. The use of DLMs allows the inclusion of important temporal structures,
such as seasonality and different forms of trend. In addition, we assume that each column
of the matrix of factor loadings follows an intrinsic conditional autoregressive (ICAR) model
[5, 28, 29]. These ICAR models allow borrowing of information among spatial neighboring

regions for the estimation of the factor loadings. We call our class of models the Dynamic

7



ICAR Spatiotemporal Factor Models (DIFM).

We develop methods for estimation and model selection for DIFMs. Specifically, we develop
an efficient Markov Chain Monte Carlo (MCMC) algorithm [21] for the exploration of the
posterior distribution. The latent process associated with the common factors is simulated
using a Forward Filter Backward Sampler (FFBS) algorithm [10, 19]. Importantly, the el-
ements of the matrix of factor loadings are simulated in one single step from their joint
full conditional distribution. For the other parameters in the model, we assume conjugate
priors which imply full conditional distributions that are straightforward to sample from.
Application of this algorithm to a simulated dataset shows that the algorithm works well at
estimating the parameters. Finally, for model selection for DIFMs, we develop a Laplace-
Metropolis approximation to the predictive density that we call the Laplace-Metropolis pre-
dictive density. As shown in Section 2.5.1, the Laplace-Metropolis predictive density can be

used to successfully select the number of factors for DIFMs.

We illustrate the use of our framework with an application to the VSRR Provisional Drug
Overdose Death Counts (PDODC) dataset from the Centers for Disease Control and Pre-
vention (CDC). Specifically, we analyze the monthly number of deaths per 100,000 people
by drug overdose in each of the 48 contiguous states of the United States from January
2015 to February 2021. Section 2.2 provides an exploratory data analysis of this dataset
that motivates the development of DIFMs. In addition, Section 2.5.2 provides an analysis
of this dataset using DIFMs. Compared with the spatiotemporal CAR ANOVA model [30]
implemented in the CARBayesST package [32], our proposed DIFMs has much more favor-
able predictive performance. Finally, the DIFM analysis provides meaningful results: The
estimated factor loadings exhibit interesting spatial patterns, and the estimated common
factors shed light on the impact of the COVID pandemic on the drug overdose epidemic in
the United States.

The remainder of the chapter is organized as follows. In Section 2.2, we perform an ex-
ploratory data analysis of the PDODC dataset using principal components. In Section 2.3,
we introduce the class of Bayesian dynamic ICAR factor models that we propose. In Sec-
tion 2.4, we develop a Gibbs sampler for the estimation of the parameters and we propose a
Laplace-Metropolis predictive density for model selection. In Section 2.5, we present applica-

tions to both a simulated dataset and a real dataset. Section 2.6 concludes with a discussion



and possible future directions.

2.2 Data Exploration

We present in this section an exploratory data analysis of the monthly number of deaths
by drug overdose in each of the 48 contiguous states of the United States from January
2015 to February 2021. These data are publicly available from the VSRR Provisional Drug
Overdose Death Counts dataset from the Centers for Disease Control and Prevention at
https://www.cdc.gov/nchs/nvss/vsrr/drug-overdose-data.htm. To normalize and variance-
stabilize the data, we consider the square root of the monthly standardized number of deaths

per 100,000 inhabitants.
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Figure 2.1: Figure 1: Monthly drug overdose death counts per 100,000 inhabitants by state
of the contiguous United States from January 2015 to February 2021.

Figure 2.1 shows monthly drug overdose death counts per 100,000 inhabitants by state from
January 2015 to February 2021. The mortality rate due to drug overdose increased from 2015



to 2020 in most states, except for a few states such as Utah and Wyoming. In addition, there
is a difference in how the mortality rate increased. Some states experienced a steady rise
in the mortality rate through time, such as Arizona, California and Tennessee. In another
pattern, some states saw a decrease between around 2018 and 2019, as for example, Alabama,
Florida and Georgia. Finally, most states had a substantial increase in the mortality rate
due to drug overdose starting at the beginning of the COVID pandemic in the United States
in March 2020.

To implement a DIFM, we first perform an exploratory principal component analysis (PCA)
to help us make key decisions for the factor model. Figure 2 shows the scree plot for the
PDODC dataset. In this dataset, the first principal component explains about 72.5% of the
variability, the second explains 12% of the variability, the third explains around 6.2%, and
the fourth explains 3.5% of the variability. Thus, the four first principal components explain
a total of 94.2% of the variability. Hence, the PCA suggests an initial number of 4 factors
for our factor model. While we first explored a DIFM with 4 factors, Section 2.4.2 proposes
a more formal Bayesian model selection approach to decide on the optimal number of factors

for our DIFM.

We note that, as explained in Section 2.3, Bayesian factor models use a hierarchical structural
constraint to ensure identifiability. This constraint assumes a lower triangular matrix of
factor loadings, which makes the analysis dependent on the order of the variables. Hence,
we use the exploratory PCA to decide on the order of the variables, which correspond here
to the order of the states. We choose the order of the states according to the magnitude of
the loadings in the different principal components. In addition, we choose the order so that
the states in the first positions are located far away from each other. Specifically, in the first
principal component the state with the largest loading is Virginia. Thus, we choose Virginia
to be the first state in our DIFM. In addition, in the second principal component Montana
has one of the largest loadings and is distant from Virginia; thus Montana becomes the
second state in our DIFM. Following similar considerations, lowa and Alabama are chosen

to be the third and fourth states in our DIFM.
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Figure 2.2: Figure 3: Maps of factor loadings for the first four principal components.

Figure 2.2 presents the maps of factor loadings for the first four principal components. In
these maps, shades of red represent positive values, shades of blue represent negative values,
and white represents values close to zero. The first principal component has most of its
loadings positive with values above 0.1. There are only 2 states, Utah and Wyoming, that
have blue color. The second principal component has many states in the east in blue and
many states in the west in shades of red, indicating presence of spatial correlation. The
third principal component has most of the states in light color, with some states on the Fast
Coast and some states in the Midwest having positive loadings. Finally, the fourth principal
component has states in the West Coast and in the south in light orange, whereas states in

the north appear in light blue, indicating presence of spatial dependence.

In summary, from the maps of the loadings for the different principal components, it seems

reasonable to assume that the loadings are spatially correlated. This motivates the class of
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DIFMs that we present in the next section.

2.3 Dynamic ICAR Spatiotemporal Factor Models

In this section, we present our DIFMs for spatiotemporal areal data. We assume that the
region of study is partitioned into r subregions. In our motivating example, the subregions
are the states in the contiguous United States. The variable of interest in each subregion
is observed at n time points. Let y; be the r-dimensional vector of observations at time ¢

(t=1,2,...,n.)

We assume that the spatiotemporal behavior of the r subregions can be represented by k

factors, where usually k£ is much smaller than r. Specifically, we assume the model
y: = Bx; + vy, (2.1)

where x; is the k-dimensional vector of factors at time ¢, B is an r x k£ matrix of factor loadings,
and v, is the r-dimensional vector of errors at time t. We assume that the observational
error vector vy, t = 1,2,... n is independent over time and follows a Gaussian distribution
v; ~ N(0,V), where V = diag(c?,...,0?). Each of the variances o7, ..., c2 is specific to one

of the r subregions, and thus they are known as idiosyncratic variances.

We assume that the vector of factors x; follows a dynamic linear model [47, 58]. Specifically,

we assume the general model

Xy = F@t, (22)
0,3 = Get,l -+ Wi, Wy ~~ N(O, W), (23)

where 6, is a latent process that allows great flexibility in the description of the temporal
evolution of x;. Specifically, 8; may encode different types of temporal trends as well as
seasonality. For example, in our application we assume a second-order polynomial DLM and
specify 0; as a vector of dimension 2k that contains the level and the gradient of x; at time
t. In addition, the evolution matrix G describes the temporal evolution of the latent process

0;. Further, w; is a 2k-dimensional innovation vector with a dense covariance matrix W.
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Finally, the matrix F relates the vector of common factors x; to the appropriate elements of

the latent process 6;.

In the case of the second-order polynomial DLM that we consider, 6; = (0;1,0;2, .. .,0;9)"
is a vector of dimension 2k where (0;1,0;3,...,0;2,-1)" and (0;2,0;4,...,0:2.)" are respec-
tively the level and the gradient of the vector of common factors x;. Thus, the matrix F

that relates x; to 0, is a k x 2k matrix of the form

1 00 ... 00

001 ...00
F—

000 ... 10

The evolution matrix G has dimension 2k x 2k and satisfies 0; 2j_1 = 011 9j_1+0,—12j+wWi 251

and 6y 9; = 0412 +wioj, j =1,..., k. Therefore, G = blockdiag(Gey, ..., Go) where

Go =

The specification of the factor loadings matrix B is crucial in our dynamic ICAR factor
model. An important point to consider is the need for constraints on the matrix B to ensure
identifiability of the model. Specifically, for any invertible £ x k& matrix A, substituting B
and x; in Equation (3.1) by, respectively, B* = BA and x; = A~'x; would lead to the
same model. To ensure identifiability, we impose a hierarchical structural constraint that

assumes that B is a full-rank block lower triangular matrix with diagonal elements equal to
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1 [2, 23, 38]. Specifically, we assume B has the form

1 0 0 0
bo1 1 0 0
bg 1 b372 1 0
B—
b1 bi2 brs ... 1
bit11 brti2 brr13 oo bryig
br,l br,2 br,3 s br,k

To account for the spatial dependence among the factor loadings for neighboring subregions,
we assume that each column of the matrix of factor loadings B follows an intrinsic conditional
autoregressive model [5, 6, 28, 29]. Specifically, we assume for the jth column B;,j =

1,...,k, the density
1
p(B;) x exp (—%B?HB]-) , (2.4)

J

where H is a precision matrix that accounts for the spatial dependence among neighboring
subregions and 7; controls the strength of spatial correlation among factor loadings. Specif-
ically, if subregions ¢ and j are neighbors, then the corresponding element of the matrix H
is hi; = —g;; where g;; measures the strength of the association between subregions ¢ and
j. If subregions ¢ and j are not neighbors, then g;; = 0. Finally, the ith diagonal element
of matrix H is h;; = 32,4 gij. For example, a widely used choice for H assumes g;; = 1 if
¢ and j share a border, and g;; = 0 otherwise. In that case, hy; is equal to the number of
neighbors of subregion ¢. Further, we assume that there are no islands which implies that
the matrix H has one eigenvalue equal to 0 and all other eigenvalues larger than zero. Note
that we assume this prior for each column of B. Let Bf“j = Byj41):r; be the jth column of B
without the first j elements that are fixed. In addition, let Hj = H(j+1):r(j+1)»- Then, the
conditional distribution of B*; given By ;; = (0,...,0, 1)T is multivariate normal with mean
vector h; = —H;T_IH(]-H):W- and precision matrix H}. Finally, when we simulate B in the

Gibbs sampler proposed in Section 2.4.1, we simulate the unknown values of B conditional
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on the fixed values of B following the “sampling under a hard constraint” approach presented
in pages 36 and 37 of Rue and Held [50]. We provide details of this approach specifically for
DIFMs in Section 2.4.1.

2.3.1 Priors for initial states and hyperparameters

We complete the specification of the model with the assignment of prior distributions for the
initial states and the hyperparameters. For simplicity of exposition, here we use the notation
for DLMs from West and Harrison [58]. First, we assign a prior distribution for the latent
process at time 0. Let Dy be the prior information at time 0. Further, let D, = D, U{Y}
be the information up to time ¢. Then, we assign for the initial state of the latent process

0, given Dy a multivariate Gaussian distribution N(my, Cy).

Second, we assign the priors for the hyperparameters. For efficient computations, we as-

sign conditional conjugate priors for the hyperparameters. Specifically, we assign for the

2

2 inverse gamma priors IG(n,/2,n,s%/2). For the evolution

idiosyncratic variances o3, ..., 0
covariance matrix W we assign an inverse Wishart prior W ~ IW (Sy,, ny ). For 7q,... 7%

we assign independent inverse gamma priors 7; ~ IG(n./2,n,s2/2).

2.4 Statistical Inference

This section presents the statistical methods that we propose to analyze data using DIFMs.
Section 2.4.1 presents an MCMC algorithm to explore the posterior distribution. Section

2.4.2 presents a model selection approach to decide among competing DIFMs.

2.4.1 Posterior exploration

This section presents a Gibbs sampler that facilitates inference for the parameters of DIFMs.
We present below the full conditional distributions of the parameters of the model. In
particular, we provide details about how to perform the nontrivial task of jointly sampling

all the unconstrained elements of the matrix of factor loadings B.
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The full conditional distribution of each observational error variance O'JQ-, Jg=1,...,r, is the

inverse gamma distribution

(2.5)

2 n T
U?’Y, X -~ [G (no' + n no'sa + Ei:l le‘7 — XZB]) .

2 2

The full conditional distribution of the evolution covariance matrix W is the inverse Wishart

distribution

T
W‘Y,X ~ IW (Z(Gt — G9t_1)(0t — Get_l)T + SW, nw +n — 1) . (26)

t=2

The parameter 7; that controls the strength of spatial correlation among the factor loadings

for the jth factor, j = 1,..., k, has the inverse gamma full conditional distribution
— i n.s2+ (B* —h;,)TH*(B* — h,
Tj|X,YN[G (nT +2T ], T ( .j ;) j( .J J)> ' (27)

The simulation of the matrix of factor loadings B has to take into account the hierarchical
structural constraint and the spatial dependence among the factor loadings. Due to the
hierarchical structural constraint, in the k-factor model the matrix of factor loadings B has
rk —k(k+1)/2 free elements and the remaining k(k + 1)/2 elements are fixed at 0 or 1. To
account for the spatial dependence, we first obtain the joint full conditional distribution of
all the elements of B and then we use standard multivariate Gaussian results to obtain the
full conditional distribution of the free elements of B given the fixed elements of B and all

the other quantities of the model.

Let us first consider the full conditional distribution of b = vec(B), the vector obtained
by stacking the columns of the matrix B. Let Hp = diag(1/m,...,1/7) ® H and U; =
X;. ® I, where I, is the r x r identity matrix and ® is the Kronecker product. Then,
the full conditional distribution of b is a multivariate Gaussian distribution with mean

1
pp=3p>" , UT'V-ly, and covariance matrix Xp = (HB +3", UiTV_lUZ-) .

Let m = (L,r+1,r+2,....,(k—1)r+1,...,(k — 1)r + k) be the vector that contains

the positions of the fixed elements of B in the vector b, with corresponding fixed values
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c=(1,0,1,0,0, .., 0, .., 1)T. Let b,, and b_,, be the subvectors of b corresponding to its
fixed and free elements, respectively. Using analogous notation, let pp,, and pg ., be the
corresponding subvectors of pp. Similarly, let Xp ., X _m, 2B m—m), and Xp _mm) be
the corresponding submatrices of the matrix 3. Then, the full conditional distribution of
b_,, given b,, is a multivariate Gaussian distribution with mean vector p}; and covariance

matrix ¥ where

IJ’*B = M’B,—m + EB(—m7m)E§%m,m) (C - “’m)’ (28)

25 = Zcmom) — BB(-mm) DB (mm) SB(m,—m)- (2.9)

To simulate x; and 6; we note, from Equations (3.1), (3.2), and (3.3), that x, = F@, and

y: = BF0t+Vt7 VtNN(OaV)a
01} = Get,l—i—wt, thN(O,W>

Thus, conditional on B, W, and V, the model for y; is a Gaussian dynamic linear model
with 6, as the latent process [47, 58]. Therefore, we can use the well-known forward filter
backward sampler (FFBS) algorithm to efficiently sample 81,...,0,, from their joint full
conditional distribution [10, 19]. We can then use the fact that x; = F6; to obtain a sample

of x1,...,X,.

In summary, the Gibbs sampler we propose proceeds in the following manner:

1. Set initial values for X,0,0%, ... 02 B, W, and 7, ..., 7.

Y T

2. Simulate each observation variance 0]2, 7 =1,...,r, from its full conditional distribu-

tion given in Equation (2.5).
3. Simulate W from its full conditional distribution given in Equation (2.6).

4. Simulate each precision parameter 7;, j = 1,. .., k, from its full conditional distribution

given in Equation (2.7).
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5. Simulate the free elements of matrix B from their joint full conditional distribution
that is multivariate Gaussian with mean vector given in Equation (2.8) and covariance

matrix given in Equation (2.9).
6. Simulate 604, ..., 0, using the FFBS algorithm.
7. Compute x, =F@,,t=1,... n.

8. Repeat steps from 2 to 7 until we have a posterior sample that is large enough after

the Markov Chain has converged.

2.4.2 Model selection

An important component of Bayesian model selection is the predictive density, also known as

integrated likelihood or marginal data density. For a k-factor DIFM, the predictive density

is given by
/////p(y|k,X,B,W,T,O’Q)p(X,B,W,T,Uzlk)dXdBdeTd0'2, (2.10)
where 6% = (02,...,0%) and T = (71,...,7). In an extensive simulation study to compare

several computation methods to evaluate the predictive density for factor models, Lopes and
West [36] concluded that the Laplace-Metropolis estimator [34] provides a good approxi-
mation to the predictive density. Thus, here we perform model selection using predictive

densities computed with the Laplace-Metropolis estimator.

As we explain below, the integral with respect to the latent factors X can be computed
exactly with the Kalman filter. Let p(y|k, B, W, T,0?) be the integrated likelihood after
integrating out X. In addition, let dy be the number of unknown parameters in B, W, T

2

and o°. Then, the Laplace-Metropolis estimator of the predictive density for the k-factor

DIFM is

~

(27)% | W p(ylk, B, W, 7,6%)p(B, W, 7,52k, (2.11)

where W is the posterior covariance matrix of a dg-dimensional vector that contains all the
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unknown parameters in B, W, 7 and o2 computed from the MCMC output. In addition,
B,W,? and &% are the posterior modes of B, W, T and o? computed from the MCMC
output.

To compute p(y|k, B, W, 7,0?) using the Kalman filter, we note that the model for the
latent factors x, = FO, conditional on k, B, W, T, and 0% can be written as a dynamic linear

model [47]. Specifically, applying Equation (3.2) to Equation (3.1), we obtain

Y! = BFO! + V.

By rewriting BF as F*7, we get
Y =FTor V. (2.12)

In addition, from Equation (3.3), 8, evolves as 8, = G6;_; + w;. Thus, Equations (3.3) and
(2.12) imply a DLM with 8, as the latent state.

To apply the Kalman filter, let D; ; be the information up to time ¢ - 1. Then, from
the Kalman filter, the posterior distribution at time ¢t — 1 is 6;_1|D;_1 ~ N(m;_1,C;_1).
Combining this with Equation (3.3), the prior at time ¢t — 1 for 8, is 8,/D;_; ~ N(a;, Ry)
where a, = Gm,_; and R, = GC,_;G” + W,. Thus, the predictive distribution at time
t — 1 for Yy is Y¢|Di_1 ~ N(f;,Q;) where f; = F*Ta; and Q; = F*TC,_;F* + V. Finally,
after Y, is observed, the posterior distribution at time t of 8, can be obtained using Bayes
Theorem yielding 6,|D; ~ N(my, C;) where A, = RF*Q; ', e, = Y, —f, m; = a; + Asey,
and C;, = R, — AtQtAtT. Thus, the integrated likelihood function with the latent common

factors X integrated out can be computed as a product of a sequence of predictive densities

T T

p(}’|]{f,B,W,T,O'2) = Hp(Yt|Dt—1) = HN(Yt|ftaQt)

t=1 t=1

Therefore, the logarithm of this integrated likelihood function is

1
logp(ylk, B,W,T,0%) = —*log (2m) =52 (log(|Qul) — ef Q; 'ey) -

t—l
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Let © = (E,W,?, 6?) be the posterior mode of (B, W, T, ?) computed from the MCMC
output. Then, the Laplace-Metropolis approximation of the predictive density given in

Equation (2.11) can be computed as

~ A i 1 * * *
(27T) 2 “IJ,QP(YU{:?BaWaTaUz) 1_[1€Xp< 277/:](B - h])THj(B.j - h]))
]:

In what follows, we call this model selection criterion the Laplace-Metropolis predictive

density.

2.5 Applications

In this section, we illustrate the application of our DIFM framework with analyses of two
datasets. The first application considers a simulated dataset that allows us to verify that
the DIFM is identifiable and our inference methods work properly. The second application
considers monthly data from the PDODC dataset on the number of deaths caused by drug
overdose from January 2015 to February 2021 by state in the contiguous United States.

In both applications presented in this section, we have used the following specifications for
the priors of the latent process and of the hyperparameters. For the latent process at time
t = 0, we assign a vague Gaussian prior with my = 05, and Cy = 10*I,;. For the covariance
matrix of the evolution equation, we assign a weakly informative inverse Wishart prior with
Sw = 0.01I and ny = 2k+2. We note that ny = 2k+2 is the smallest integer for which this
inverse Wishart prior has a finite mean. In that case, the prior mean of W is equal to Syy.
For the idiosyncratic variances, we follow the suggestion of [36] and use a weakly informative
prior with n, = 2.2 and n,s? = 0.1. Similarly, for the spatial correlation parameter 7, we

assign a weakly informative prior with n, = 2.2 and n,s? = 0.1.
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2.5.1 Simulated Dataset

To assess the identifiability of our DIFM model and the correctness of our proposed estima-
tion approach, we analyze a simulated dataset that mimics the real dataset considered in
Section 2.5.2. Specifically, we simulate a dataset using a 3-factor DIFM with true values of

the parameters equal to the estimated values from the real dataset.

We have run the MCMC algorithm proposed in Section 2.4.1 for 50,000 iterations and dis-
carded the first 5,000 iterations as burn-in. In addition, we have performed model selection

as described in Section 2.4.2 to select the number of factors.
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Figure 2.3: Simulated dataset — factor loadings for the 3-factor DIFM: true value (blue tri-
angle), posterior mean (black circle), and 95% credible interval (black vertical line). Vertical
dashed red lines indicate loadings fixed by the hierarchical structural constraint.

Figure 2.3 displays the true value (blue triangle), posterior mean (black circle), and 95%
credible interval (black vertical line) for the factor loadings. In addition, vertical dashed red
lines indicate loadings fixed by the hierarchical structural constraint. To set the constraint,
the first three states were ordered as Virginia, Montana, and Iowa. Importantly, Figure 2.3

shows that our proposed point and interval estimation methods work well.
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Figure 2.4: Simulated dataset — common factors for the 3-factor DIFM: true value (blue
line), posterior mean (black solid line), and 95% credible interval (black dashed lines).

Figure 2.4 shows the true value (blue line), posterior mean (black solid line), and 95% credible
interval (black dashed lines) for the three common factors. The uncertainty in the estimation
of the first common factor is much lower than the uncertainty in the estimation of the other
two common factors. In addition, for all three common factors, the posterior mean is close to
the true value. Finally, the credible intervals contain the true values of the common factors
most of the time. Therefore, our estimation procedure is also working well for the common

factors.
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Figure 2.5: Simulated dataset — observational error variance for the 3-factor DIFM: true
value (blue triangle), posterior mean (black circle), and 95% credible interval (black vertical
line).

Figure 2.5 presents the true value (blue triangle), posterior mean (black circle), and 95%
credible interval (black vertical line) for the idiosyncratic variances. Note that we have
simulated this dataset with the true idiosyncratic variances assuming a wide variety of values.
Specifically, most of the states have small true idiosyncratic variance under 0.2, while there
are some few exceptions that have idiosyncratic variance larger than 0.4. In the estimation of
these idiosyncratic variances, when the true variance is small the credible interval is narrow
and the posterior mean is nearly identical to the true value. When the true idiosyncratic
variance is large, there is more uncertainty in its estimation. Finally, Figure 2.5 shows that

our inference approach provides appropriate uncertainty quantification.
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Figure 2.6: Simulated dataset — spatial dependence parameter 7;, 7 = 1,2, and 3, for the
3-factor DIFM: posterior mean (black circle), 95% credible interval (black line) and true
value (blue triangle).

Figure 2.6 shows posterior mean (black circle), 95% credible interval (black line) and true
value (blue triangle) for 7;, j = 1,2,3, the spatial dependence parameter for the factor
loadings of the jth factor. The posterior means are close to the true values, showing that
our estimation procedure works well. In addition, smaller true values of 7; have narrower
credible intervals. Further, we note that larger values of 7; imply stronger spatial dependence.
Thus, our estimation procedure is able to capture the fact that for this simulated dataset the
factor loadings of the third factor have stronger spatial dependence than the factor loadings

of the first and second factors.

Table 2.1: Simulated dataset — Logarithm of Laplace-Metropolis predictive density (log PD)
for DIFMs with number of factors from 1 to 6.

# factors 1 2 3 4 5) 6
log PD -6509.2 | -1155.5 | -303.1 | -470.6 | -631.3 | -699.1

To perform model selection, we have computed the predictive density using the Laplace-
Metropolis approximation as we have described in Section 2.4.2. Table 2.1 presents the
logarithm of the Laplace-Metropolis predictive density of DIFMs with 1, 2, 3, 4, 5, and 6
factors. The 3-factor model, which was the true model used to simulate this dataset, has
the largest predictive density. Therefore, for this simulated dataset, our model selection

procedure chooses the true model with the correct number of factors.



2.5.2 Real Dataset

We illustrate the use of our framework with an application to the PDODC dataset from
the CDC. Specifically, we analyze the monthly number of deaths per 100,000 people by
drug overdose in each of the 48 contiguous states of the United States from January 2015
to February 2021. To normalize and variance-stabilize the data, we consider the square
root of the monthly standardized number of deaths per 100,000 inhabitants. All results
presented in this section are based on 100,000 iterations of the MCMC algorithm presented

in Section 2.4.1 discarding 10,000 iterations as burn-in.

Table 2.2: Real data — Logarithm of Laplace-Metropolis predictive density (log PD) for
DIFMs with number of factors from 1 to 10.

# factors 1 2 3 4 5 6 7 8 9 10

log PD -6470.1 | -1011.4 | -230.1 | 69.2 | 422.4 | 615.3 | 798.3 | 871.4 | 945.2 | 929.4

We have fitted to this dataset DIFMs with 1 to 10 factors. The order of the variables for the
hierarchical structural constraint has been decided similarly to the exploratory data analysis
presented in Section 2.2. Specifically, the order is Virginia, Montana, lowa, Alabama, Utah,
Nebraska, New Hampshire, North Dakota, Arkansas, and Ohio. To choose the number
of factors, we performed model selection as described in Section 2.4.2. Table 2.2 presents
the Laplace-Metropolis approximation of the predictive density for the several competing
DIFMs. The best model according to the Laplace-Metropolis predictive density is the DIFM
with 9 factors. Therefore, henceforth we present results for the DIFM with 9 factors.
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Figure 2.7: Real dataset — factor loadings for the 9-factor DIFM: posterior mean (black
circle), and 95% credible interval (black vertical line). Vertical dashed red lines indicate
loadings fixed by the hierarchical structural constraint.
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Figure 2.8: Real dataset — maps of factor loadings for the first three factors of 9-factor DIFM.

Figure 2.7 displays posterior mean (black circle), and 95% credible intervals (black vertical
line) of the factor loadings of the first 3 factors of the 9-factor DIFM. Vertical dashed red
lines indicate loadings fixed by the hierarchical structural constraint. We note that these
same factor loadings can be put on maps as shown in Figure 2.8. While Figure 2.7 provides
information about the level and uncertainty related to each factor loading, Figure 2.8 provides
information about the spatial distribution of the factor loadings. In particular, the factor
loadings for the first factor have strong spatial dependence. For example, there is a cluster
of larger factor loadings in the northeast, and there is another cluster in the west formed by
Montana, Wyoming, South Dakota, and Nebraska. The factor loadings for the second factor
have some spatial dependence. For example, there is a cluster of negative factor loadings
formed by Michigan, Wisconsin, Illinois and Indiana. The factor loadings for the third factor
also have spatial dependence. For example, there is a cluster of positive factor loadings in

the Southeast.
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Figure 2.9: Real dataset — idiosyncratic variance for each state based on the 9-factor DIFM:
posterior means (black circle) and 95% credible intervals (black vertical line).

Figure 2.9 shows the posterior means (black circle) and 95% credible intervals (black vertical

line) of the idiosyncratic variances for each state based on the 9-factor DIFM. Most of the

states have idiosyncratic variance smaller than 0.1. In addition, the states with large idiosyn-

cratic variances have smaller population sizes, which is intuitive because raw standardized

mortality ratios for regions with smaller populations usually have larger variances.
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Figure 2.10: Real dataset — spatial dependence parameters for the 9-factor DIFM: posterior
means (black circle) and 95% credible intervals (black line).

Figure 2.10 shows posterior means (black circle) and 95% credible intervals (black line) of



the spatial correlation parameters 7; of the 9-factor DIFM. The parameter 7; controls the
strength of the spatial correlation within the jth factor, with larger values implying stronger
spatial correlation. Thus, in this application the factor loadings of the eighth factor have

the strongest spatial correlation.
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Figure 2.11: Real dataset 9-factor DIFM — first three common factors and 10-step ahead
forecasts: posterior means (black solid line), 95% credible intervals (black dashed lines),
10-step ahead predictive means (blue solid line), and 10-step ahead 95% predictive intervals
(blue dashed lines).

Figure 2.11 shows the posterior means (black solid line), 95% credible intervals (black dashed
lines), 10-step ahead predictive means (blue solid line), and 10-step ahead 95% predictive
intervals (blue dashed lines) of the first three common factors of the 9-factor DIFM. The
black solid line starts from January 2015 and ends in February 2021. The forecasts are from
March 2021 to December 2021. The first common factor was steadily increasing until about
the end of 2017, when it stabilized until the end of 2019. In the beginning of 2020, the first
common factor started increasing again due to the COVID pandemic. The second common
factor was decreasing until the beginning of 2018, when it started increasing. In the middle
of 2019, the second common factor stabilized. After the start of the COVID pandemic, the

second common factor started increasing again. The third common factor seems to exhibit
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a quasi-cyclical behavior that warrants further investigation that is outside the scope of this

manuscript.
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Figure 2.12: MSPE — Mean squared prediction error of one-step-ahead predictions from the
CAR ANOVA model (black solid line), multivariate autoregressive(1) (black dashed line),
and DIFMs with number of factors varying from 1 to 10. The forecasted timepoints are from
March 2019 to February 2021.

To further evaluate DIFMs, we compare their predictive performance against that of the
CAR ANOVA model [30] implemented with the CARBayesST R package [32]. Specifically,
Figure 2.12 shows the mean squared prediction error (MSPE) of one-step-ahead predictions
from the CAR ANOVA model and DIFMs with number of factors varying from 1 to 10
for the period from March 2019 to February 2021. The black solid line shows the MSPE
through time of the CAR ANOVA, while the colored lines show the MSPEs of the several
DIFMs. For DIFMs with 2 or more factors, the MSPE is always smaller than the MSPE of
the CAR ANOVA model. The MSPE of the DIFMs usually drops as we add more factors
up to 8 factors. However, the MSPEs of the DIFMs with 8, 9, and 10 factors are about the
same. This confirms and justifies the choice of the 9-factor DIFM by the Laplace-Metropolis
predictive density. In particular, we note that the overall MSPE of the 9-factor DIFM is
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2.07 whereas the MSPE of the CAR ANOVA model is 26.47. Therefore, when compared to
the CAR ANOVA model, our chosen DIFM provides much better predictions.

2.6 Conclusions

We have introduced the DIFM, the Dynamic ICAR Spatiotemporal Factor Model that is
useful for the analysis of spatiotemporal areal data. Our DIFM assumes that the vector
of observations that collects the spatial areal data at each time point can be written as a
matrix of factor loadings times a vector of common factors plus a vector of errors. Each
row of the matrix of factor loadings corresponds to a subregion. Thus, each column of
the matrix of factor loadings corresponds to a vectorized map of the region of interest.
Hence, to account for spatial correlation amongst the subregions, our DIFM assumes for
each column of the matrix of factor loadings an intrinsic conditional autoregressive model.
In addition, the vector of common factors evolves through time according to a dynamic
linear model. Typically, the vector of common factors has a much lower dimension than
the number of subregions. As a consequence, our DIFM may achieve substantial dimension
reduction. Finally, we have developed an efficient Gibbs sampler with an embedded forward

filter backward sampler for posterior exploration.

We have presented an application of DIFMs to the number of deaths caused by drug overdose
by state in the contiguous United States. In this application, the best DIFM for 48 states has
nine factors. The first factor represents an overall mean. The first factor had an increasing
trend up to the end of 2017, when it stopped increasing and stabilized, and then it started
increasing again at the beginning of 2020 due to the COVID pandemic. The other eight
factors represent various spatial clusters. As a salient feature, our DIFM framework allows

temporal forecasting of each common factor and of the original spatiotemporal process.

We have compared the predictive performance of DIFMs with varying number of fac-
tors to the predictive performance of the CAR ANOVA model [30] implemented with the
CARBayesST R package [32]. We have found that DIFMs with 2 or more factors have smaller
mean squared prediction error than the CAR ANOVA model. We note that the Laplace-
Metropolis predictive density that we propose chooses, among DIFMs, the 9-factor DIFM.
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Importantly, when compared to the CAR ANOVA model, the 9-factor DIFM provides a 92%

reduction in the mean squared prediction error.

An important future research direction would be to extend our DIFMs to the case of non-
Gaussian observations. Here, we have presented a case study with count data where the
number of counts was large enough for the Gaussian distribution to be a good approximation
to model the square root of the number of counts. However, such an approximation would
not be reasonable for cases of low counts. Therefore, a research direction of great practical
importance would be to extend our framework to observations with distributions in the
exponential family. Such an extension would allow applications of DIFMs to spatiotemporal

analyses of diseases with low counts.



Chapter 3

Bayesian Clustering Factor Models

3.1 Introduction

Factor models are widely used to identify meaningful latent structures in multivariate data.
On the other hand, Gaussian mixture models can identify latent clusters. In practice, re-
searchers often find clusters in datasets with high dimensional multivariate data by first
performing Principal Component Analysis (PCA) or factor analysis (FA) to reduce the di-
mension of the problem, followed by clustering the data using a k-means method [14]. Here,
we propose a more formal approach combining Bayesian factor models with Gaussian mixture
models to concomitantly reduce dimension and find clusters. We call our models Bayesian

Clustering Factor Models (BCFM).

We assume there are latent factors derived through linear relationships of the covariates. In
general, the number of factors is smaller than the dimension of the data. Therefore, factor
models can significantly reduce the dimensionality. In addition, Bayesian inference can
add great flexibility to the factor models. Bayesian factors model can explain multivariate
dependence and hierarchical structures of variables. For example, it can explain spatial panel
data with temporal components [33] and be applied to categorical data [9]. In our model,
the structures of mean and covariance of the common factors are different by clusters, but
the factor loadings remain identical. To ensure the clusters do not swap during the MCMC
process, we set the covariance structure of the largest cluster in the initial step as a diagonal
matrix. The other clusters are allowed to have non-diagonal covariance structures. We define
the common factors with respect to the largest cluster in this manner. The clusters do not
interchange and have the same interpretations throughout the Gibbs sampler. When the
clusters have different factor loading matrices, the interpretations of the factors would be

different across the groups. In the applications we consider, it is more reasonable to assume
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that the interpretations of the factors are identical across the clusters. Therefore, we set the

clusters to share the same factor loadings.

Clustering is one of the most common unsupervised methods. We assign the classes by the
distance among the samples. The observations of the same cluster are adjacent, while those of
different clusters are distant. An example of clustering methods is k-means clustering, which
iteratively defines the cluster centroids until the sum of distances among the observations
within the group is minimized [4]. Another popular method is hierarchical clustering, which
determines the link of the observations in a hierarchical order by the definition of distances
[41]. Traditional k-means and hierarchical clustering are applicable when the data consists
of quantitative information. For categorical information, Latent Cluster Analysis (LCA) is

an effective way to group the subjects [55].

Finding the appropriate number of clusters and factors in Bayesian models is challenging.
One application is to use infinite factor models, which employs multiplicative gamma priors
[7, 40] or fit a model with overfitting the data with a large number of clusters [44]. We
normally set Gaussian model to common factors, but this can be replaced with t-distribution
to account for large variance [3]. Bayesian factor models may have identifiability issues on
factor loadings and common factors. In addition, many mixture models have label switching
issues [53]. While these are not problematic in predictions, they affect the interpretation of
the factors. We can solve the issue by putting constraints on the model structure [54] or by

setting restrictions during the computational steps [45].

Our BCFM requires to prespecify the number of factors and clusters. To achieve this, k-
means clustering and silhouette score are helpful to explore the number of clusters to begin
BCFM. Principal Component Analysis (PCA) is a good method to preview the factors of the
dataset. We run PCA before BCFM to find the appropriate number of factors and learn the
amount of variance factors can explain [24, 26]. We run BCFM with different settings and
compare how the subjects are allocated to each cluster. To examine the most appropriate
model, we develop the Laplace-Metropolis approximation of the marginal density and the

BIC with integrated likelihood.

We present the work of BCFM through simulated datasets, the Opioid Use Disorder (OUD)
dataset, and the breast cancer molecular subtype gene expression dataset. We show a single

simulated dataset to demonstrate the posterior distribution of the MCMC sample. In ad-
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dition, we simulate 300 datasets to illustrate the results of 3 different settings and compare
our model with the Bayesian mixture model proposed in [44]. In section ??, BCFM with
BIC with integrated likelihood is better at selecting the correct models. In the OUD data,
we explore the data to find how the subgroups of subjects are defined. In the breast can-
cer dataset, we discover how the two assessment criteria choose the number of clusters and

compare the cluster assignments with true subtypes.

The following sections are organized as follows. Section 3.2 introduces the formula and the
structure of the model parameters we propose. Section 3.3 explains further how the priors
and posteriors illustrated in Section 3.2 are applied to the model. The results of the simulated
data and the real data are presented in Section 3.5. Finally, we discuss the conclusions of

the paper in Section 3.6.

3.2 Model Specification

3.2.1 Bayesian Clustering Factor Model

We consider a setting with multivariate R variables observed for each of n subjects. In
addition, we assume that we can explain the dependence structure among the R variables
with a much smaller number F' of latent variables or factors. Further, we assume that in
this smaller F-dimensional latent space, the subjects may be clustered into K clusters. This
section describes the model we propose for performing this concomitant dimension reduction

and clustering.

Let y; be an R-dimensional vector with the R observed variables from subject i. We assume

the following factor model with F' factors
Yi = BXZ' + Az (31)

where B is an R x F' matrix of factor loadings, and x; is an F-dimensional vector of common
factor for subject i. The error vector is v; ~ N(0,V) with V = diag(d?,...,0%) and
o2, ... ,0% are the idiosyncratic variances. Note that Equation (3.1) encodes a dimension

reduction from dimension R to dimension F. To ensure the identifiability of the model,
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we assume that the matrix of factor loadings B follows a hierarchical structural constraint

(23, 477 ]. Specifically, B has the form

1 0 0 0
bo 1 1 0 0
b3 1 b3,2 1 0
B =
bF71 bF72 bF73 . 1
briin bry12 briiz .. brir
brai  br2 brz ... brrp

Thus, the matrix of factor loadings B is a lower triangular matrix with main diagonal
elements all equal to 1. Each row of B corresponds to an observed variable, and each column
corresponds to a common factor. The order of the variables should be chosen carefully

because of the properties of the hierarchical structural constraints.

We assume that the common factors x; follow a Gaussian mixture model. This allows the ith
subject to be allocated to one of the K clusters. Let z; indicate the cluster subject ¢ belongs

to. Then, given z; = k, the common factor x; has the Gaussian conditional distribution

where p;, = (fig1, - - -, er)’ is the mean vector and Q is the covariance matrix of the common
factors of cluster k. Let o ; = (p1, - - - jux;)’ be the vector that contains the jth element of the
mean vectors across clusters. Let the probability of a randomly selected subject belonging

to cluster k be P(z; = k) = py. Then, the Gaussian mixture model for x; is

K
Xi ~ ZpkN(ll’kak)' (3.3)
k=1

Note that to make the model identifiable, we impose a constraint that the first cluster has a

diagonal covariance matrix.

38



3.2.2 Priors

We consider conditionally conjugate priors for the factor loadings. Specifically, the priors of
the unconstrained elements in the [th factor are assumed to be independent and identically
normally distributed with mean 0 and variance 7;, [ = 1,..., F. Thus, the elements of
the rth row of matrix B, r > F, follow a Gaussian distribution with mean vector 0 and
covariance matrix T = diag(7y,...,7r). When 2 < r < F, the unconstrained elements of
the rth row of B follow a priori a Gaussian distribution with mean vector 0 and covariance

matrix diag(7y, ..., 7—1). We assume for the variance of the [th factor 7; an inverse gamma

2

< an inverse

prior IG(n,/2,n,s%/2). Similarly, we assume for the idiosyncratic variance o

gamma prior IG(n,/2,n,52/2).

From Equation (3.3), the cluster assignment variable z; is assigned a discrete distribution
with P(z; = k) = pg, k = 1,..., K. Thus, we assign for the probability vector p =
(p1,...,pK) a conditionally conjugate Dirichlet prior Dirichlet(aq,...,ak). In addition,
we assign for the mean vector of the kth cluster, k = 1,... K, the prior pu;, ~ N(my, Cy),
where m; and C,, are known. Further, since the covariance matrix €2; of the first cluster
is assumed to be diagonal, we assign inverse gamma prior to the [th diagonal element,
{1}y ~ IG(ng,i/2,n,5%,/2). Finally, we assume conditionally conjugate inverse Wishart

prior  ~ IW (v + F, W¥},) for covariance matrix €, k =2,..., K.

Prior Hyperparameters

To facilitate the assignment of priors, we first standardize the data. Thus, following the
recommendations of [36] and [47], we choose n, = 2.2 and n,s2 = 0.1. This choice implies
the idiosyncratic variances have a prior mean equal to 0.5 and infinite prior variance. Thus,
this is a vague prior. In addition, because the data are standardized, and following the

recommendations of [47], we choose n, = 1 and n,s? = 1.

Inspired by unit information priors [27] for model selection, we assign weakly informative
priors for the cluster parameters g and €2. Specifically, we determine the hyperparameters for
these priors with a preliminary principal component analysis followed by k-means clustering.
Let B be an R x F matrix where the columns are the first F' eigenvectors from the PCA

analysis. In addition, let X; be the principal component of the ¢th observation vector y;.
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We use the principal components X1, ...,X, to determine the prior hyperparameters for p
and Q. Note that B does not follow the hierarchical constraint. Let M be a matrix such
that B* = BM satisfies the hierarchical structural constraint. Let X* = M~'%;. Thus,

Next, we apply k-means clustering to X7, ...,X}. We order the clusters in decreasing order of
cluster sizes. Let Sq,...,Sg be the sample covariance matrices of the transformed principal
components X! within each of the G clusters identified by the k-means clustering. Denote
the LDL decomposition of S; by S; = LiD;L}] where L; is a lower triangular matrix with

diagonal elements equal to 1 and D is a diagonal matrix. Let X; = L7 'X}. Then, the sample
covariance matrix of the transformed principal components X; that belong to the first cluster
is L;'S; (L) = Dy, which is a diagonal matrix. In addition, note that B = B*L; also
satisfies the hierarchical structural constraint and Efz- = ]?))AcZ Therefore, B and D, satisfy

the constraints we use in our BCFM.

Let Z, be the kth cluster identifed by the k-means clustering. Let ny, be the number of obser-
vations in cluster Zj. Thus, the hyperparameters in the prior for Wy are my = ngt > 7, Xi
and Cj, = LS, (L), In addition, the hyperparameters in the prior for the Ith diagonal
element of Q; are n,; = 2 and n,;s2;, = {D1};. Further, the hyperparameters in the prior
for Qi k=2,...,K,are v = 2 and ¥, = L; 'S, (L;!)". This weakly informative prior solves
issues of identifiability due to label switching [53].

The cluster mean of the kth cluster p,, k = 1,..., K, is assigned a Gaussian prior N (g, 7).
Let pi,, be the sample mean of the kth cluster obtained with PCA and k-means. Then, taking

into account the LDL decomposition, the prior mean of y,, is p = L7 'M™'fi,.

The choice of hyperparameters for the prior distribution of the probabilities py,...,px,
has to be done in a careful manner. In particular, while usual non-informative priors for
probabilities assign (aq,...,ax) = (0.5,...,0.5) or (aq,...,ax) = (1,...,1), for mixture
models these prior choices allow clusters with very low probability that may become empty
during the MCMC algorithm. Thus, to keep the probabilities py, ..., px away from zero, we

assume prior (aq,..., k) = (2,...,2).
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3.3 Statistical Inference

3.3.1 Posterior Exploration

We propose a Gibbs sampler [22] to explore the posterior distribution of the BCFM param-

eters. This section presents the full conditional distributions of the parameters.

The full conditional of the common factor x; depends on the cluster assignment z;. Given

z; = k, the full conditional of x; is N(m;, A;),i =1,...,n, where

A= (9 +BV'B) ",
(3.4)
m,= (' +BV'B) (BV 'y +;'u).

The mean vector p,, of the kth cluster, £ =1,..., K, has the following Gaussian full condi-

tional distribution
—1 — —1
pe Y, X ~ N ((le ) (0 g+ X)L (90 ) ) . (35)

where X} is the mean of common factors for the observations that belong to the kth cluster

and ny is the size of the kth cluster.

Recall that the first cluster covariance matrix €2; is diagonal. In particular, each of its

diagonal elements w11, ...w;r has the following inverse gamma full conditional distribution

1€Cy

1 1
wyY, X ~ IG (2(n1 + ), 2 (Z (za — pr)® + nwlsi[>) ) (3.6)

where x; is the [th element of x;, pq; is the [th element of p,, and C} is the indicator of the

first cluster.

The covariance matrix €2, of the kth cluster, £ = 2, ..., K, has the following inverse Wishart

full conditional distribution

ng
Y, X ~ IW (nk Fv, (% — ) (X — ) + ‘I’k) ; (3.7)

1€Cy,
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where ny is the size of the kth cluster and C}, is the indicator of the kth cluster.

To simulate the matrix of factor loadings B, we separate two cases when r > F and 1 <
r < F. Let B, be the rth row of B. For » > F', the full conditional distribution of B, is the

multivariate Gaussian distribution

T

-1 —1
1. . 1. 1. _
B,[Y,X~N (((jQXXJrT 1) XY <02XX+T 1) ) (3.8)

where y , is the rth column of Y. Now let us consider the case when 1 < r < F. Due to
the hierarchical structural constraint, the last ' — r + 1 elements of B, are fixed. Thus,
for 1 < r < F, there are r — 1 free elements in B,, and no free elements when r = 1.
Let X i1.,—1) be submatrix of X before the rth column and X , be the rth column of
X. Also, let Ty.—1),1:(—1) be the submatrix of the first r — 1 rows and columns of the
factor loading covariance matrix T. Then the full conditional is the Gaussian distribution

B, ~ N(Q,a,, Q,) where

2
Ir (3.9)
1 /
ar = 2 (X.,l.(r 1)(y - X.,r))
The full conditional distribution of the rth idiosyncratic variance o2,r = 1,..., R, is the

inverse gamma distribution
o2[Y, X~[G< (no +9), = (ngs +Z - B,x;) )) (3.10)

The full conditional distribution of the variance among factor loadings of the [th factor
71,1 = 1,... F, is the inverse gamma distribution. Recall that the first [ elements of the [th
factor are fixed at 0 or 1 by the hierarchical structural constraint. Let B 1., be the [th

factor after the first [ elements. Then, the full conditional distribution of 7; is

1
Tl|B(l+1):r,l ~ IG <2(R — l —+ nT>,

1
§(B(l+1):r,lB(l+1):r,l + nﬁf)) . (3.11)
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The full conditional distribution of the cluster assignment of the ith subject z; is the discrete

distribution

/

1
Pl = KIY.X) o pulel~2eap (=5 (0x = ) 5 (5 — 1) (312

The full conditional distribution of probabilities p, ..., px is the Dirichlet distribution

1y Pr|Y, X ~ Dirichlet(ny + aq, ..., ng + ak). (3.13)

Using the full conditional distributions, we simulate BCFM by the following steps.

1. Set initial values of X, B, ¢%,...,0%, and 11, ..., TF.

2. Set initial values of p, and €. To do this, we run principal component analysis,

k-means clustering, and LDL decomposition as specified in Section 3.2.2.
3. Set initial values of 21, ..., z, and p.
4. Simulate X from the Gaussian distribution given in Equation (3.4).
5. Simulate p from the Gaussian distribution given in Equation (3.5).

6. Simulate each wyy, ...w;p from the inverse gamma distribution given in Equation (3.6)

and Qg, ..., Qg from the inverse Wishart distribution given in (3.7).

7. Simulate B from the Gaussian distributions given in Equations (3.8) and (3.9).

8. Simulate each o7, ..., 0% from the inverse gamma distribution given in Equation (3.10).
9. Simulate each 71, ... 7p from the inverse gamma distribution given in Equation (3.11).
10. Simulate each zi, ..., z, from the discrete distribution given in Equation (3.12).

11. Simulate p from the Dirichlet distribution given in Equation (3.13).

12. Repeat steps 4 - 11 until the MCMC algorithm converges and we have enough posterior

draws.
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3.3.2 Model Evaluation

Usually in practice, the number of clusters and number of factors are not known. In this
section, we propose two model selection methods to choose the number of clusters and
the number of factors. First, we suggest the Laplace-Metropolis estimator of the marginal
density [34]. This estimator assumes that the posterior distribution of the parameters is
approximately Gaussian. Let the vector of parameters be ® = (X,B,u,Q, 7,02 z,p),
where 0?2 = (0%,...,0%), T = (11,...,7r) and z = (21,...,2,). Then the marginal data
density is

/ p(y|K, F,®)p(O|K, F)d®. (3.14)

We compute the Laplace-Metropolis approximation of Equation (3.14). For the integrated
likelihood, we integrate out the common factors X and cluster assignments z. Then, the

logarithm of integrated likelihood of a K-cluster and F-factor model is

=1 (3.15)
1 ISP o
wm(zm—BwHBMB+WUWw—BmD,
where B, o, Q. 7,62 and p are the posterior means of B, 1, Q, 7,02 and p computed from
the output of the MCMC algorithm. Therefore, the Laplace-Metropolis estimator of the

marginal density in BCFM is
(2m)?2|®|V2p(y|K, F, B, 1, Q, 7,62, p)p(B, 1, Q, 7,62, p| K, F), (3.16)

where @ is the posterior covariance matrix of the MCMC sample of B, u, Q, 7,02 and p.

Also, d is the dimension of ®. Thus,

K —2)(F +1)
2

L

+(R+K)F+1)+F—1.

Another model selection criterion we propose to choose the number of clusters and the

number of factors of BCFM is similar to the Bayesian Information Criterion (BIC). While

44



the original BIC considers the maximum likelihood estimates of the parameters, here we use

the posterior means. Thus, the criterion we propose is defined as
BIClike = leg(n) -2 logp(y’K7 F7 ]§7 ﬁa ﬁ? ?7 6-27 ﬁ)? (317)

where p(y|K, F, B, i, Q, 7,62 p) is the integrated likelihood from Equation (3.15).

In what follows, we consider these two model selection criteria to select the number of clusters

and the number of factors.

3.4 Simulation Studies

3.4.1 Evaluation of Estimation

To evaluate the quality of estimation, we consider a dataset simulated with n = 1,000
subjects, R = 20 variables, K = 4 clusters, and F' = 3 factors. This simulation setting has
been inspired by our recent analysis of individuals in recovery from opioid use disorder [14].
In our setting, the 1,000 subjects are randomly assigned to the 4 clusters with probabilities
(0.45, 0.30, 0.15, 0.10). The true mean vectors of the common factors of each cluster are p, =
(0.3,-0.8,—-0.1), py, = (—3.0,-8.0,5.0), p3 = (—7.5,5.0,2.0), and p, = (—15.0, —3.5,10.5).

The true values of the covariance matrices of the common factors of each cluster are

1.88 0.00 0.00 2.00 0.40 0.40
Q;=10.00 1.08 0.00 |,Q22=1 040 2.00 0.40 |,
0.00 0.00 1.33 0.40 0.40 2.00

3.00 0.45 0.45 4.00 1.00 1.00
Q3=10.45 3.00 045 |, and 4= | 1.00 4.00 1.00
0.45 0.45 3.00 1.00 1.00 4.00

To simulate the matrix of factor loadings, the variances of the free elements in each of its

columns were 71 = 0.05 , 5 = 0.10, and 73 = 0.15. In addition, the idiosyncratic variances
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0?:0.1,forj:1,...,R.

To analyze the simulated dataset, first we set up the priors as explained in Section 3.2.2.
After that, we run the MCMC algorithm proposed in Section 3.3.1 for 50,000 iterations. To
reduce computer memory burden we have kept one draw for each 10 iterations, retaining
a total of 5,000 draws. Trace plots of the simulated quantities indicate that the algorithm
converged after 1,500 draws (i.e., 15,000 iterations.) Thus, we discard the first 1,500 draws as
burn-in and use the remaining 3,500 draws to estimate the BCFM parameters. The following
figures in this section present the results when fitting the model with K = 4 clusters and

F = 3 factors.

60

Cluster

. Clusterl
|:| Cluster2
. Cluster3
. Cluster4

Density

20

0.00 0.25 0.50 0.75 1.00
Probability

Figure 3.1: Simulated data — posterior densities (solid lines) of the cluster probabilities for
BCFM with K = 4 clusters and F' = 3 factors. For comparison, vertical dashed lines indicate
the true values of the cluster probabilities.

Figure 3.1 shows the posterior density of each of the cluster probabilities p;, ps, ps, and
py, as well as their respective true values (vertical dashed lines). The posterior modes are
close to the true values and, thus, our BCFM framework is able to accurately estimate these
probabilities. In addition, all true cluster probabilities fall within the respective 95% credible
intervals for each cluster. Therefore, our BCFM framework provides adequate quantification

of uncertainty for the cluster probabilities.
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Figure 3.2: Simulated data — posterior densities of the elements of the mean vectors for
the common factors of each cluster. (A-C) Each panel corresponds to the means of a
common factor across clusters. (A) first factor, (B) second factor, and (C) third factor. For
comparison, vertical dashed lines indicate the true values of the means of the common factors
within each cluster.

Figure 3.2 displays the posterior densities of the cluster means gy, ..., p,, where each of
these vectors contains three elements, one for each factor. Panel (A) shows the posterior
densities of the first element — which corresponds to the mean of the first common factor —
of py, ...,y Panels (B) and (C) show analogous plots for the second and third elements,
respectively. The modes of the posterior distributions are very close to the true values, the
posterior densities are highly concentrated, and the true values are located in regions of high
posterior mass. Therefore, our BCFM framework provides accurate estimates and adequate

quantification of uncertainty for the cluster means.
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Figure 3.3: Simulated data — posterior summaries of factor loadings for BCFM with K =4
clusters and F' = 3 factors: true value (blue triangle), posterior mean (black circle), and

95% credible interval (black vertical line). (A) first factor, (B) second factor, and (C) third
factor.

Figure 3.3 shows the posterior mean and 95% credible intervals of the factor loadings. Note
that because of the hierarchical structural constraint, for the [th factor, the /th loading is
fixed at 1 and the loadings in positions at 1 to [ — 1 are fixed at 0. The credible intervals are
very narrow, and the posterior means overlap the true values. True values are represented
with blue triangles, posterior means are represented with black circles, and black vertical
lines indicate 95% credible intervals. Our BCFM framework accurately estimates the factor
loadings. In addition, 98% of the true factor loadings are included in the 95% credible

intervals, indicating an appropriate quantification of uncertainty.
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Figure 3.4: Simulated data — idiosyncratic variances for BCFM with K = 4 clusters and

F = 3 factors: 95% credible interval (vertical line) and posterior mean (circle), and true
values (red dashed line).

Figure 3.4 shows true values (red dashed line), posterior means (black circles), and 95%

credible intervals (black vertical lines) for o2, 7 = 1,...,20. Recall that the true values used
to generate the simulated data are o} = 03 = --- = 03, = 0.1. The posterior means are

close to the true values indicating that our approach accurately estimates the idiosyncratic
variances. In addition, the 95% credible intervals include the true values 100% of the time.
Therefore, our approach appropriately quantifies the uncertainty in the estimation of the

idiosyncratic variances.
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Figure 3.5: Simulated data — heatmap of the cluster assignment probabilities and the true
clusters for BCFM with K = 4 clusters and F' = 3 factors. Blue lines present the boundaries
of the true clusters. The shades represent the posterior probability that each subject belongs
to each cluster.

Figure 3.5 presents the heatmap of the posterior probability that each subject belongs to each
cluster. The x-axis represents the 4 clusters, and the y-axis represents the 1,000 subjects.
The blue lines separate the true clusters. Our BCFM framework correctly assigns 99.6% of
the subjects to their true clusters. Therefore, our approach assigns subjects to clusters with

high accuracy.



Model 1 Cluster | 2 Clusters | 3 Clusters | 4 Clusters | 5 Clusters
1 Factor | -41829 -546869 -41197 -41218 -41610
2 Factors | -21863 -20967 -20667 -20597 -20615
3 Factors | -14953 -13670 -13222 -13128 -13157
4 Factors | -14952 -13675 -13226 -13144 -13173
5 Factors | -14949 -13680 -13243 -13171 -13214

Table 3.1: Simulated dataset — Laplace-Metropolis estimator of the marginal density

Model 1 Cluster | 2 Clusters | 3 Clusters | 4 Clusters | 5 Clusters
1 Factor | 83494 1091799 82231 82264 82917

2 Factors | 43548 41762 41174 41047 41095

3 Factors | 29684 27137 26264 26098 26174

4 Factors | 29803 27283 26451 26314 26419

5 Factors | 29928 27449 26650 26550 2669

Table 3.2: Simulated dataset — BIC with integrated likelihood criterion

Table 3.1 shows the result of the Laplace-Metropolis marginal density of the marginal density;,
and Table 3.2 shows the result of the BIC with the integrated likelihood. The largest value
in Table 3.1 is when using a 4-cluster and 3-factor model, which is the true setting of this
simulated dataset. The smallest value in Table 3.2 also comes from 4 clusters and 3 factors.

Thus, two criteria agree the result of the true model is preferable.

3.4.2 Simulation Study for Model Selection

To further validate our BCFM framework, we perform a simulation study to compare the
BCFM model selection approach with the method proposed by [44]. Specifically, [44] pro-
poses a method based on overfitting a Bayesian mixture model which is implemented in the
R package fabMix, henceforth referred to as the fabMix method. Here, we compare BCFM

and fabMix in terms of the performance of correctly choosing the number of clusters and



factors. In particular, we implemented fabMix using the following parameter values: (1)
model = “UCU', which is equivalent to the model specification for BCFM; (2) nchains =
2; (3) mCycles = 1000; (4) burnCycles = 100; (5) q=c(1,2,3,4,5); (6) nIterPerCycle

= 10; and (7) all other parameters were set to the default options.

We have simulated 100 datasets with K = 4 clusters and F' = 3 factors for each of three
settings. The settings are when the clusters are well-separated, moderately separated, and
not-well-separated. The well-separated setting has cluster mean vectors p, = (0,—4,4),
py = (6,2,-2), puy = (—4,10,8), and p, = (—10,—12,14). We have halved these vectors
to obtain the cluster mean vectors for the moderately separated setting which are pu, =
(0,-2,2), py = (3,1,—1), py = (—2,5,4), and p, = (—5,—6,7). We again halved these
vectors to obtain the cluster mean vectors for the not-well-separated dataset, which are

py = (0,-1,2), py = (2,—1,0), ptg = (=1.5,3.5,3), and p, = (—3,—2.5, —1.5).

Model | K=1 | K=2 | K=3 | K=4 | K=5 || Model | K=1 | K=2 | K=3 | K=4 | K=5
F=1 0 0 0 0 0 F=1 0 0 0 0 0
F=2 0 0 0 0 0 F=2 0 0 0 0 0
F=3 0 0 0 6 2 F=3 0 0 0 99 1
F=4 0 0 0 45 S F=4 0 0 0 0 0
F=5 0 0 0 42 0 F=5 0 0 0 0 0

Model | K=1 | K=2 | K=3 | K=4 | K=5

F=1 0 0 0 0 0

F=2 0 0 0 0 0

F=3 0 0 0 100 0

F=4 0 0 0 0 0

F=5 0 0 0 0 0

Table 3.3: Marginal density (top-left), BIC with integrated likelihood criterion (top-right)
and fabMix (bottom) result of the 100 well separated datasets

Table 3.3 shows the number of best model selections of the 100 well separated datasets. The
BIC with integrated likelihood criterion chose the correct model 99 times and concluded

once that the most adequate model has 5 clusters and 3 factors. The Laplace-Metropolis
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estimator of the marginal density was able to find the right number of clusters 93 times but
often overestimated the number of factors. The fabMix found the correct number of clusters

and factors every time in the well separated case.
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Table 3.4: Marginal density (top-left), BIC with integrated likelihood criterion (top-right)

and fabMix (bottom) of the 100 moderately separated datasets

Table 3.4 shows the number of best model selections of the 100 moderately separated

datasets.

ters and 3 factors, but all the other models with the true setting. The marginal density did
not find the true number of clusters and the factors simultaneously but found the correct

number of clusters 98% of the time. Our competing method from fabMix found the correct

number of clusters and factors 36 times.

Model | K=1 | K=2 | K=3 | K=4 | K=5 || Model | K=1 | K=2 | K=3 | K=4 | K=5
F=1 0 0 0 0 0 F=1 0 0 0 0 0
F=2 0 0 0 1 0 F=2 0 0 0 0 0
F=3 0 0 0 0 0 F=3 0 1 0 99 0
F=4 0 0 27 50 21 F=4 0 0 0 0 0
F=5 0 0 0 1 0 F=5 0 0 0 0 0

Model | K=1 | K=2 | K=3 | K=4 | K=5

F=1 0 0 0 0 0

F=2 0 0 0 0 0

F=3 0 18 14 36 0

F=4 0 22 0 0 0

F=5 0 ) 0 0 0

The BIC with integrated likelihood criterion concluded one time with 2 clus-




Model | K=1 | K=2 | K=3 | K=4 | K=5 || Model | K=1 | K=2 | K=3 | K=4 | K=5
F=1 0 0 0 0 0 F=1 0 0 0 0 0
F=2 0 0 0 1 0 F=2 0 0 0 0 0
F=3 0 8 0 0 0 F=3 26 74 0 0 0
F=4 7 23 0 0 0 F=4 0 0 0 0 0
F=5 46 16 0 0 0 F=5 0 0 0 0 0

Model | K=1 | K=2 | K=3 | K=4 | K=5

F=1 0 0 0 0

F=2 0 0 0 0 0

F=3 99 0 0 0 0

F=4 0 0 0 0 0

F=5 0 1 0 0 0

Table 3.5: Marginal density (top-left), BIC with integrated likelihood criterion (top-right)
and fabMix (bottom) of the 100 slightly separated datasets

Table 3.5 shows the number of best model selections from the 100 slightly separated datasets.
The BIC with integrated likelihood criterion found the true number of factors every time. It
selected 74 datasets with 2 clusters and the rest with no cluster. The marginal density often
overestimated the number of factors. Also, it found 47% of the datasets with 2 clusters and
the others without clusters. At last, fabMix package found the right number of factors 99

times, but without any clusters.

From the results, we found that the BIC with integrated likelihood criterion mostly selects
the correct number of factors and often the true number of clusters. The fabMix package
found the true settings correctly in the well separated case. However, when the distances
among clusters are smaller, it often underestimates the number of clusters. The Laplace-
Metropolis estimator of the marginal density often overestimates the number of factors. From
this result, we can find BCFM with the BIC with integrated likelihood criterion provides

better results.



3.5 Applications

This section presents the application of BCFM to two real datasets. First, we present an
analysis of a dataset on opioid use disorder (OUD). Second, we apply BCFM to a dataset

on breast cancer gene expression.

3.5.1 Opioid Use Disorder Recovery Data

This section presents a BCFM analysis of a dataset on recovery from opioid use disorder
(OUD). The data are from the Remission from Chronic Opioid Use — Studying Environmental
and SocioEconomic Factors on Recovery (RECOVER, NCT03604861) Study [? |. While the
RECOVER study collected data for 24 months, here we only analyze the data from the first
time point. In the data we consider, there are n = 530 participants and R = 8 variables. The
variables are the Subjective Opiate Withdrawal Scale (SOWS), Beck’s Depression Inventory
IT (BDI), Family & Social score, average pain score of Brief Pain Inventory (BPI), one
question about the need for lifetime OUD medication, one question about confidence in
abstinence, and the physical and mental categories of the 12-Item Short Form Survey (SF-
12).

Model 1 Cluster | 2 Clusters | 3 Clusters | 4 Clusters | 5 Clusters
1 Factor | -5680 -5471 -5402 -5422 -5431
2 Factors | -5634 -5383 -5313 -5280 -5261
3 Factors | -5611 -5111 -4752 -4217 -4243
4 Factors | -5614 -4829 -4704 -4571 -4324
5 Factors | -5642 -4740 -4614 -4918 -4495

Table 3.6: OUD Recovery data — Laplace-Metropolis estimator of the marginal density.
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Model 1 Cluster | 2 Clusters | 3 Clusters | 4 Clusters | 5 Clusters
1 Factor | 11344 10838 10677 10707 10719

2 Factors | 11253 10674 10488 10450 10424

3 Factors | 11254 9774 8933 7568 7647

4 Factors | 11291 9721 9049 8975 7835

5 Factors | 11335 9426 9099 9788 9108

Table 3.7: OUD Recovery data — BIC with integrated likelihood criterion.

We evaluate the result with two criteria introduced in Section 3.3.2. Table 3.6 presents the
result of the marginal density. The model with 4 clusters and 3 factors had the largest value.
Table 3.7 shows the BIC with integrated likelihood criterion of the OUD Recovery dataset.
According to this method, the 4-cluster and 3-factor model had the largest value. Therefore,
both evaluation methods agree that the 4-cluster and 3-factor model performs best. The

figures in the rest of this section are the parameters from the posterior of this model.
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Figure 3.6: OUD Recovery data — density of group assignment probabilities.

Figure 3.6 shows the posterior density of the cluster assignment probabilities. The three
clusters are about the same size, while the other cluster is much smaller. The posterior

mean of the assignment probabilities is (0.31, 0.31, 0.3, 0.08).
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Figure 3.7: OUD Recovery data — posterior density of the cluster means. (A — C) Each panel

corresponds to one of the dimensions of the estimated posterior means. The colors represent
different clusters.

Figure 3.7 shows the posterior density of the cluster means. The first cluster (black) has a
smaller variance than the other clusters. The fourth cluster (red), which has the smallest

cluster probability, has the largest variance in all three factors.
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Figure 3.8: OUD Recovery data — posterior density of the factor loadings. Posterior mean
(black circle) and 95% credible intervals (black line).

Figure 3.8 shows the posterior density of the factor loadings. The second variable, BDI,
is fixed at 1 in the first factor. The fifth variable, the question asking about the need for
lifetime medication, is fixed at 1 in the second factor. Compared to this value, the factor
loading of the eighth variable, the mental score of SF-12, has the largest factor loading and
uncertainty. This variable was selected to be fixed at 1 in the third factor. The posterior

mean of the other variables in the third factor have a much smaller size than 1.
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Figure 3.9: OUD Recovery data — posterior density of the idiosyncratic error variance, o?.

Posterior mean (black circle), 95% credible intervals (black line) and value 1 (red dashed
line.)

Figure 3.9 displays the posterior density of the idiosyncratic variances o7, ..., 02. Idiosyn-
cratic error variance of the second, sixth, and eighth variables are close to zero. The 95%
credible intervals are also narrower than the other variables. The variable with the largest

posterior mean is the fifth variable, and the value is about 0.9.
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Figure 3.10: OUD Recovery data — heatmap of the cluster assignments. The subjects are
ordered according to the largest cluster probabilities.

Figure 3.10 is the heatmap of the cluster assignments. Some observations may be con-
fused with the first cluster and the third cluster during the MCMC. However, there is little

variability when assigning to the second, third, and fourth clusters.



3.5.2 Breast Cancer Molecular Subtype Data

We illustrate the result of BCFM through the gene expression data from the breast cancer
molecular subtypes. There are n = 1,428 patients, R = 93 gene expressions, and K =
4 breast cancer molecular subtypes: Luminal A, Luminal B, HER2-enriched, and Triple-
negative. Luminal A is the majority type in this data (66.1%), and triple-negative took
second place (20.9%). HER2-enriched breast cancer takes 8.9% of the data, while Luminal
B has the least number of cases (4.1%).
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Figure 3.11: Breast Cancer data — variability explained through PCA. Number of factors
(x-axis), proportion of variability explained (y-axis).

Figure 3.11 shows the proportion of variability the principal components explain. The first
factor can explain about 12% of the data, and the factors after the first factor cannot account
for less than 10% of the variability. With the first 20 factors, PCA can explain around 59%

of the variability. From this information, we run models up to 6 clusters and 20 factors.



Model 1 Cluster | 2 Clusters | 3 Clusters | 4 Clusters | 5 Clusters | 6 Clusters
1 Factor -182129 -182115 -182227 -182351 -182322 -183011
2 Factors | -177633 | -177530 -177515 -177510 -177572 -177670
3 Factors | -173530 | -173308 -173202 -173182 -173196 -173190
4 Factors | -170750 | -170399 -170286 -170146 -170127 -170141
5 Factors | -169534 | -168977 -168833 -168706 -168670 -168657
6 Factors | -169562 | -166940 -167672 -167569 -167477 -167981
7 Factors | -167783 | -166267 -166727 -166609 -166631 -166633
8 Factors | -166948 | -166267 -165897 -166040 -165889 -165854
9 Factors | -166437 | -165654 -165412 -165282 -165408 -165225
10 Factors | -166244 -165480 -164999 -164841 -164914 -164847
11 Factors | -165952 -166232 -164560 -164543 -164443 -164308
12 Factors | -165507 | -164351 -163855 -163642 -163689 -164093
13 Factors | -165229 -163974 -164051 -163802 -163292 -164232
14 Factors | -165035 | -163704 -163335 -163114 -163140 -163069
15 Factors | -164939 | -163641 -163023 -162917 -162919 -163012
16 Factors | -164782 | -163316 -162850 -162840 -162783 -162932
17 Factors | -163903 | -163394 -163051 -162602 -162738 -163062
18 Factors | -164724 | -163167 -163782 -162534 -162813 -162932
19 Factors | -164604 | -163081 -162678 -162741 -162767 -162685
20 Factors | -164601 | -162989 -163178 -163346 -162642 -163634

Table 3.8: Breast Cancer data — Laplace-Metropolis estimator of the marginal density




Model 1 Cluster | 2 Clusters | 3 Clusters | 4 Clusters | 5 Clusters | 6 Clusters
1 Factor 364016 363991 364044 364127 364086 365605
2 Factors | 355175 354971 354930 354940 354983 355077
3 Factors | 347118 346637 340826 346479 3465022 346534
4 Factors | 341722 340989 338170 340574 340607 340664
5 Factors | 339512 338320 338170 337909 337926 337963
6 Factors | 337837 336353 336013 335916 335897 336352
7 Factors | 335794 334515 334251 334166 334244 334387
8 Factors | 334990 333254 332878 333273 333382 333221
9 Factors | 334248 332584 332375 332272 332912 332768
10 Factors | 333755 332443 331870 331645 331999 332240
11 Factors | 333256 333138 331174 331441 331487 331655
12 Factors | 333025 330530 329958 330042 330563 331554
13 Factors | 332896 330222 330832 330819 330308 332411
14 Factors | 332765 329915 329449 329786 330361 330660
15 Factors | 332732 330306 329434 329643 330340 331068
16 Factors | 332714 329887 329314 330112 330490 331422
17 Factors | 332778 330541 330240 329881 331149 332065
18 Factors | 332931 330050 332443 330244 331766 332413
19 Factors | 333300 330102 330224 331309 332102 332751
20 Factors | 333585 330458 331798 332924 332470 334966

Table 3.9: Breast Cancer data — BIC with integrated likelihood criterion

factors BCFM has the best performance.
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Table 3.8 shows the marginal density, and Table 3.9 shows the BIC with integrated likelihood
criterion of the breast cancer dataset. According to the marginal density, 4 clusters and 18
On the other hand, the BIC with integrated
likelihood criterion chose the model with 4 clusters and 15 factors. Both criteria agree on
the correct number of clusters but different number of factors. Since the BIC with integrated

likelihood criterion had better performance than the marginal density in Section ??, we select




the result the model with fewer factors.
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Figure 3.12: Breast Cancer data — posterior density of the probabilities. Posterior density
(curves) and the true probabilities (dashed lines.)

Figure 3.12 displays the posterior density of the probabilities. About half the observations are
assigned to the first cluster. This number is smaller than the number of patients diagnosed
with Luminal A, the most common subtype in the dataset. In contrast, the smallest cluster
in the 4-cluster-15-factor BCFM is larger than the size of the true group with the least case,

molecular subtype Luminal B.

65



(A) (B) © (D)

15

Density
N [$,] ~
(4] o (6]
Density
o [4,] 5
Density
o~ O
o wn o
Density

8
6
4
2
0
-05 0.0 0.5 1.0 15

25
0.0 0.0
2 -1 0 1 -10 -05 00 05 -05 00 05
mu mu mu mu
B F) ©) H)
6 10.0
75 75
75
24 2 2 2
2 @ 5.0 3 50 2 .
[ [ [ [
o, fa o o
25 25 25
0 0.0 0.0 0.0
-08 -04 00 04 -04 00 04 -025 000 025 -05 00 05
mu mu mu mu

0] V) (K) L

12

Density
N (52 ~ B
[3,] o (%)) o
Density
N » o ©
Density
o » 5 &
r % i
Density
o w o ©
L—

-1.0 -0.5 0.0 0.5 -0.3 0.0 0.3 0.6 -04 -0.2 0.0 0.2 04 0.6 -0.5 0.0 0.5
mu mu mu mu
(M) (N) ©
125 10.0
75 10.0 e Cluster
: Cluster 1
2 2 75 2 . uster
g 5.0 % % 50 Cluster 2
[a) o 50 [a] Cluster 3
25 25
0.0 0.0 0.0 -
-0.5 0.0 0.5 1.0 -0.25 0.00 0.25 0.50 0.75 —0.50-0.25 0.00 0.25 0.50
mu mu mu

Figure 3.13: Breast Cancer data — posterior density of p. (A-O) Each panel corresponds
to one of the dimensions of the estimated posterior means. The colors encode the different

clusters.

Figure 3.13 is the posterior density of the cluster means, p,, ..., u,. Each plot (A) - (O)
represents the factor. There are factors where the posterior distribution of the four clusters
represents different values and similar values. For example, in the seventh factor (G), the

posterior modes of the four clusters are not well separated. In the third factor (C), the

posterior modes of the clusters are distant.
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Figure 3.14: Breast Cancer data — posterior density of the factor loadings. Posterior mean

(black circle), 95% credible interval (black line), and factor loadings fixed at 1 (red dashed
line).

Figure 3.14 displays the posterior mean and the 95% credible intervals of the factor loadings
of the first three factors. The factor loadings in the first three factors range between -1 to 1

and have small credible intervals.
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Figure 3.15: Breast Cancer data — posterior density of the idiosyncratic variance, 0. Pos-
terior mean (black circle), 95% credible interval (black line) and value 1 (red dashed line.)

Figure 3.15 displays the posterior mean and 95% credible intervals of the idiosyncratic vari-
ances from the breast cancer dataset. The largest variance is around 1, while the smallest is

close to 0. The variables with larger posterior mean usually have wider credible intervals.
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Figure 3.16: Breast Cancer data — heatmap of the BCFM cluster assignment probabilities
and the true clusters. Blue lines present the boundaries of the true clusters. The shades
represent the probability an observation is assigned to each cluster during the MCMC.

Figure 3.16 shows the heatmap of the BCFM cluster assignment probabilities and the true
clusters. More than half of the patients with breast cancer type Luminal-A are assigned to
the correct cluster. However, the BCFM may confuse that some of the patients belong to
either the second or the fourth cluster. Our 4 clusters 15 factors BCFM found molecular
subtype triple negative as the third cluster. Finally, the model cannot find the HER2-
enriched and Luminal-B subtypes well. HER2-enriched is often assigned to the third cluster,

and Luminal-B is mostly assigned to the first cluster.
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3.6 Conclusions

In the Bayesian Clustering Factor Models, we incorporate the Gaussian mixture model on
Bayesian factors. Our model finds the latent clusters and factors given the prespecified
settings. The number of factors is usually smaller than the dimension of the data and there-
fore may achieve dimension reduction. For identifiability and interpretability of the model,
we need two constraints on the model. We put hierarchical structural constraint on factor
loadings and restrict the first cluster covariance matrix to be diagonal. We use informative
priors on the cluster means, covariances, and assignment probabilities. Therefore, we have to
choose the hyperparameters carefully. We apply principal component analysis and k-means
clustering before BCFM to find the appropriate cluster hyperparameters. We proposed
a Gibbs sampler to explore the posterior. We also developed two evaluation criteria: the
Laplace-Metropolis estimator of the marginal density and the BIC with integrated likelihood

criterion.

We presented the work of BCFM through simulated datasets, the OUD dataset, and the
breast cancer molecular subtype dataset. The results of the single simulated dataset proved
that our BCFM and the evaluation methods found the correct setting of the data. We also
generated 300 datasets for 3 different options, where the datasets are well separated, mod-
erately separated, and slightly separated. We compared our method with the overfitting
Bayesian mixture model from [44]. The performance level was similar in the well separated
datasets, but BCFM with BIC with integrated likelihood criterion outperformed when ap-
plied to moderately separated and slightly separated datasets. In the OUD dataset, BCFM
defined 4-cluster-3-factor as the best model. Each cluster displayed different behavior. In the
breast cancer dataset, both evaluation methods agreed on the number of clusters, but the BIC
with integrated likelihood criterion would select fewer factors than the Laplace-Metropolis
estimator of the marginal density. The model selected by the BIC with integrated likelihood
criterion had the size of the clusters and the cluster assignments different from the true
setting. However, the best BCFM, according to both assessment methods, chose the correct

number of clusters.

An interesting future avenue for this research would be to incorporate spatial and temporal
structures. When applying BCFM to datasets with time series observations and geospatial

information, our model cannot consider the possible correlations from those. Thus, research
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that explains the variability coming from the spatiotemporal components would be effective.
Another possible future study would be finding an evaluation criterion for BCFM. From
the moderately separated and slightly separated simulated datasets, we found the BIC with
integrated likelihood criterion would choose smaller models, and marginal density would
select larger models. A new evaluation method that finds the correct setting even when the
clusters are not well separated would be practical in this case. An innovative assessment

method to find the settings would allow better selection of the BCFM.
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Chapter 4

Packages

4.1 Introduction

In this chapter, we introduce two packages from Chapter 2 and Chapter 3, DIFM and BCFM.
The packages provide functions to run MCMC to generate posterior sample and provide

data visualization.

4.2 DIFM Package

Package DIFM was built with R 4.3.2 [48] and includes functions to explore data, run the
Gibbs sampler, generate plots, and evaluate final models of Dynamic ICAR Spatiotemporal

Factors Model. The gibbs sampler is implemented in C++ for faster computations.

The package depends on following packages: Rcpp, RcppArmadillo, Matrix, LaplacesDemon,
spdep, gridExtra and spdep. Package Rcpp [17] and RcppArmadillo [18] are necessary to
plug in C++ into R. Package LaplacesDemon [52] is used to simulate parameters from their
full conditionals that follow inverse gamma and inverse Wishart distribution. We extract
the neighborhood matrix for the ICAR prior and generate polygon maps through sp [46]
and spdep [8] packages. At last, we use package gridExtra to collate spatial plots into a

single window.

4.2.1 Documentation of DIFM Package

This package has 23 R functions, 7 C++ functions and 2 datasets. The functions that are

accessible to users are 13 R functions and 1 C++ function. Below is the list of functions
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that are available to users.

o buildH: Computes the spatial covariance and precision matrix of the neighboring sub-
regions that is necessary for Intrinsic Autoregressive Conditional (ICAR) process.

Usage: buildH(areapoly, permutation)

o difm.hyp.parm: Sets the hyperparameters of 7, o%,...,0%, and ¥. If not specified,
it uses the values in [51].
Usage: difm.hyp.parm(model.attributes, n.tau, n.s2.tau, n.sigma, n.s2.signma,

Hlist, Psi.size)

e difm.model.attributes: Initializes the basic parameters and model attributes for
DIFM. It requires information of the data, number of iterations, number of factors and
the evolution matrix.

Usage: difm.model.attributes(data, n.iter, n.factors, GO)

e DIFMcpp: Runs Dynamic ICAR Spatiotemporal Factors Model. The parameters are
simulated from C++ codes. Users can control thin-in of iterations. Computation
speed is faster than R.

Usage: DIFMcpp (model.attributes, hyp.parm, data, every = 1, verbose = TRUE)

e DIFMR: Runs Dynamic ICAR Spatiotemporal Factors Model. The parameters are sim-
ulated from R codes. Users can control thin-in of iterations.

Usage: DIFMR(model.attributes, hyp.parm, data, every, verbose)

» marginal.d: Calculates the Laplace-Metropolis predictive density [34] of the DIFM
sample. Usage: marginal.d(data, model.attributes, hyp.parm, Gibbs, burnin,

verbose)

» marginal _d_cpp: Calculates the Laplace-Metropolis predictive density for DIFM, us-
ing C++ approaches.

Usage: marginal_d_cpp(data, model.attributes, hyp.parm, Gibbs, burnin, verbose)

o permutation.order: Sorts the variables according to the largest absolute value in the
corresponding eigenvectors. If the variable was already selected previously from that
turn, it selects the variable with next largest value.

Usage: permutation.order(data, n.factors)
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o permutation.scale: Permutes the dataset according to the absolute values of the
eigenvectors and standardizes it. It sorts the variables as it is done in permutation.order.

Usage: permutation.scale(data, n.factors, return.scale)

e plot.B.CI: Generates 95% credible intervals plot of factor loadings, B.

Usage: plot.B.CI(Gibbs, true.val, burnin, permutation, main.bool, layout.dim)

e plot.B.spatial: Outputs spatial plot of the factor loadings, B. Red indicates posi-
tive values and blue indicates negative values.

Usage: plot.B.spatial(Gibbs, areapoly, burnin, permutation, main.bool, layout.dim)

e plot.sigma2.CI: Generates 95% credible interval plot of the idiosyncratic variances,
o2,... 0%

Usage: plot.sigma2.CI(Gibbs, burnin, permutation, main.bool)

o plot.tau.CI: Returns 95% credible interval plot of the factor loadings variances,
Ty -, TR

Usage: plot.tau.CI(Gibbs, burnin, true.val, main.bool)

e plot.X.CI: Outputs 95% credible interval plot of the common factors, X.
Usage: plot.X.CI(Gibbs, burnin, main.bool, layout.dim)

In addition, the package includes two datasets for examples in the vignette. The datasets
contain the number of violent crimes and property crimes per 100,000 people in western
states in United States, respectively. The data was collected by Bureau of Justice Statistics
annually from 1960 to 2019. Each dataset consists of 11 columns corresponding to the
following states: Arizona, California, Colorado, Idaho, Montana, Nevada, Nevada, New
Mexico, Oregon, Utah, Washington and Wyoming. In violent crime data, most of the states
showed peak around the 1990s, followed by decrease or stagnation. In property crime data,

majority of the states displayed peak in the 1980s, followed by sharp decrease from the 2000s.

4.2.2 Vignette of DIFM Package

We provide guidance for researchers through a vignette that provides an overview of the

DIFM package. The first section gives a brief introduction of the DIFM package. In the second
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section, we specify the model that incorporates dynamic linear model on the common factors,
the ICAR prior on factor loadings matrix, and the hierarchical structural constraint. In the
third section, we demonstrate two examples when applying DIFM to datasets of property

crime rates and violent crime rates in the western states of United States.
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DIFM:Dynamic ICAR Spatiotemporal Factor Models

Hwasoo Shin, Marco A. R. Ferreira

Introduction

This package DIFM provides codes to run Dynamic ICAR Spatiotemporal Factor Models (DIFM). It includes
codes to initialize parameters, run MCMC, evaluate models, and generate plots. Read (Shin and Ferreira,
2023) for more details.

The vignette presents the model description of DIFM and the assumptions for common factors and factor
loadings. We provide an example of crime rates in the western states of United States.

Model Description

We assume that the region of study is partitioned into r subregions. In our motivating example, the subre-
gions are the states in the contiguous United States. The variable of interest in each subregion is observed
at n time points. Let y; be the r-dimensional vector of observations at time ¢t (t =1,2,...,n.)

We assume that the spatiotemporal behavior of the r subregions can be represented by k factors, where
usually & is much smaller than r. Specifically, we assume the model

yi = Bx; + vy, (1)

where x; is the k-dimensional vector of factors at time ¢, B is an r x k matrix of factor loadings, and v is the

r-dimensional vector of errors at time t. We assume that the observational error vector vy, t =1,2,...,n is
independent over time and follows a Gaussian distribution v, ~ N(0,V), where V = diag(c?,...,02). Each
of the variances o?,... 02 is specific to one of the r subregions, and thus they are known as idiosyncratic

variances.

We assume that the vector of factors x; follows a dynamic linear model (West and Harrison, 1997; Prado et
al., 2021). Specifically, we assume the general model

x; = Fo,, (2)
Gt = G(gt_l + We, Wt ~~ N(O, W), (3)

where 6, is a latent process that allows great flexibility in the description of the temporal evolution of x;.
Specifically, 6; may encode different types of temporal trends as well as seasonality. For example, in our
application we assume a second-order polynomial DLM and specify 6; as a vector of dimension 2k that
contains the level and the gradient of x; at time ¢t. In addition, the evolution matrix G describes the
temporal evolution of the latent process ;. Further, w; is a 2k-dimensional innovation vector with a dense
covariance matrix W. Finally, the matrix F relates the vector of common factors x; to the appropriate
elements of the latent process 6.

In the case of the second-order polynomial DLM that we consider, 8, = (6;1,0:2, .. .,et,gk)T is a vector
of dimension 2k where (0;1,0:3,...,0;2k-1)T and (0;2,0;.4,...,0:2;)T are respectively the level and the
gradient of the vector of common factors x;. Thus, the matrix F that relates x; to ; is a k x 2k matrix of
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the form
1 0 0 0 0
0 0 1 0 0
F =
000 ... 1 O
The evolution matrix G has dimension 2k x 2k and satisfies 0; 251 = 04—1,2j—1 + 01—1,2; + w251 and
01,27 = 011,25 + w25, 5 =1,..., k. Therefore, G = blockdiag(Go,...,Go) where

1 1
a-[1 1]

The specification of the factor loadings matrix B is crucial in our dynamic ICAR factor model. An important
point to consider is the need for constraints on the matrix B to ensure identifiability of the model. Specifically,
for any invertible k& x k matrix A, substituting B and x; in Equation (1) by, respectively, B* = BA and
x; = A~'x; would lead to the same model. To ensure identifiability, we impose a hierarchical structural
constraint that assumes that B is a full-rank block lower triangular matrix with diagonal elements equal to
1 (Aguilar and West, 2000). Specifically, we assume B has the form

1 0 0 - 0
ba1 1 0 o 0
bs1 b3,2 1 o 0
B— : : : . :
bi 1 bi,2 br3 . 1
brt1,1 brt12 bry13 oo brgig
L br,l br,2 br,3 e b'r,k _

To account for the spatial dependence among the factor loadings for neighboring subregions, we assume that
each column of the matrix of factor loadings B follows an intrinsic conditional autoregressive model (Besag
et al., 1991; Keefe et al., 2018). Specifically, we assume for the jth column Bj,j = 1,...,k, the density

(B ocexp (5 -BIHB ). 0
where H is a precision matrix that accounts for the spatial dependence among neighboring subregions and
7; controls the strength of spatial correlation among factor loadings. Specifically, if subregions ¢ and j are
neighbors, then the corresponding element of the matrix H is h;; = —g;; where g;; measures the strength of
the association between subregions ¢ and j. If subregions 7 and j are not neighbors, then g;; = 0. Finally, the
ith diagonal element of matrix H is h;; = > i 9i5- For example, a widely used choice for H assumes g;; = 1
if ¢+ and j share a border, and g;; = 0 otherwise. In that case, h;; is equal to the number of neighbors of
subregion i. Further, we assume that there are no islands which implies that the matrix H has one eigenvalue
equal to 0 and all other eigenvalues larger than zero. Note that we assume this prior for each column of B.
Let BY; = B(j11).r; be the jth column of B without the first j elements that are fixed. In addition, let

H} = H(j1).r,(j+1):r- Then, the conditional distribution of BY; given By ;; = (0,...,0, 1) is multivariate
normal with mean vector h; = —H;_lH(jH):mﬂ and precision matrix H?.
Examples

We apply DIFM to western United States crime datasets. The data was collected from Bureau of Justice
Statistics and available at disaster center website. In this vignette, we provide two datasets, Violent and
Property for violent and property crime, respectively. The data was collected from 50 states of United
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States and District of Columbia from 1960 to 2019. In this example, we use the WestStates data included
in DIFM package that contains the information of the map and polygon of the 11 western states: Arizona,
California, Colorado, Idaho, Montana, Nevada, New Mexico, Oregon, Utah, Washington and Wyoming. The
numbers represent the cases of crime per 100,000 people. We use the square root of the data to stabilize the
variance.

Step 1: Read and explore the data

data(Violent)

data(Property)

data(WestStates)

Violent <- as.matrix(Violent)
Violent <- sqrt(Violent)
Property <- as.matrix(Property)
Property <- sqrt(Property)

After we call the datasets, we explore the data through plots.

par(mar = c(2, 2, 2, 2))
layout(rbind(1:4, 5:8, c(9:11, 0)))
for (i in 1:11) {
plot(1960:2019, Violent[, i], main = colnames(Violent) [i], type = "1", xlab = "",
ylab = nn)

Figure 1 shows the square root of the number of violent crimes in Western states. In most of the states, the
cases of violent crimes soar by 2000 and have small changes. The trend after 2000 differ by states. Since
many states share similar trend, we can assume that DIFM would be applicable in this case.

par(mar = c(2, 2, 2, 2))
layout (rbind(1:4, 5:8, c(9:11, 0)))
for (i in 1:11) {
plot(1960:2019, Property[, i], main = colnames(Property) [i], type = "1", xlab = "",
ylab = nn)

Figure 2 shows the square root of the number of property crimes in Western states. Property crimes soar
by 1980 in western states, but would usually decrease from then. Many states show start of sharp decrease
between 1980 and 1990. These information can be reperesented with smaller number of factors through
DIFM.

Step 2: Run DIFM with range of factors.

Now we run DIFM with different number of factors. For our two examples, we try models from 1 to 4 factors.
Before we start DIFM, we should permute the order of the variable to adjust the structural hierarchical
constraint. We set the variable that would represent the factor well according to the eigenvectors. From
Figure 1 and Figure 2, we can find that the time serires are rather non-stationary than stationary. Therefore,
we consider a second order polynomial for the dynamic linear model. First, we run MCMC for the violent
crime data.
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Figure 1: Figure 1: Number of violent crimes
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n.iter <- 5000

n.save <- 10

GO <- rbind(c(1, 1), c(0, 1))

Violent.permutation <- permutation.order(Violent, 4)
Violent <- Violent[, Violent.permutation]

Violent.Hlist <- buildH(WestStates, Violent.permutation)

set.seed(1101)

model.attributeslV <- difm.model.attributes(Violent, n.iter, n.factors = 1, GO)

hyp.parmlV <- difm.hyp.parm(model.attributeslV, Hlist = Violent.Hlist)

ViolentDIFM1 <- DIFMcpp(model.attributeslV, hyp.parmlV, Violent, every = n.save,
verbose = FALSE)

ViolentAssessl <- marginal_d_cpp(Violent, model.attributeslV, hyp.parmlV, ViolentDIFM1,
verbose = FALSE)

2, GO)

model.attributes2V <- difm.model.attributes(Violent, n.iter, n.factors

hyp.parm2V <- difm.hyp.parm(model.attributes2V, Hlist = Violent.Hlist)

ViolentDIFM2 <- DIFMcpp(model.attributes2V, hyp.parm2V, Violent, every = n.save,
verbose = FALSE)

ViolentAssess2 <- marginal_d_cpp(Violent, model.attributes2V, hyp.parm2V, ViolentDIFM2,
verbose = FALSE)

model.attributes3V <- difm.model.attributes(Violent, n.iter, n.factors

hyp.parm3V <- difm.hyp.parm(model.attributes3V, Hlist = Violent.Hlist)

ViolentDIFM3 <- DIFMcpp(model.attributes3V, hyp.parm3V, Violent, every = n.save,
verbose = FALSE)

ViolentAssess3 <- marginal_d_cpp(Violent, model.attributes3V, hyp.parm3V, ViolentDIFM3,
verbose = FALSE)

3, GO)

model.attributes4V <- difm.model.attributes(Violent, n.iter, n.factors = 4, GO)

hyp.parm4V <- difm.hyp.parm(model.attributes4V, Hlist = Violent.Hlist)

ViolentDIFM4 <- DIFMcpp(model.attributes4V, hyp.parm4V, Violent, every = n.save,
verbose = FALSE)

ViolentAssess4 <- marginal.d(Violent, model.attributes4V, hyp.parm4V, ViolentDIFM4,
verbose = FALSE)

Now we run the MCMC for the property crime data.

Property.permutation <- permutation.order(Property, 4)
Property <- Property[, Property.permutation]
Property.Hlist <- buildH(WestStates, Property.permutation)

set.seed(1101)

model .attributeslP <- difm.model.attributes(Property, n.iter, n.factors = 1, GO)
hyp.parmlP <- difm.hyp.parm(model.attributesl1P, Hlist = Property.Hlist)
PropertyDIFM1 <- DIFMcpp(model.attributeslP, hyp.parmlP, Property, every = n.save,
verbose = FALSE)
PropertyAssessl <- marginal_d_cpp(Property, model.attributesiP, hyp.parmlP, PropertyDIFMi1,
verbose = FALSE)

model .attributes2P <- difm.model.attributes(Property, n.iter, n.factors = 2, GO)
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hyp.parm2P <- difm.hyp.parm(model.attributes2P, Hlist = Property.Hlist)

PropertyDIFM2 <- DIFMcpp(model.attributes2P, hyp.parm2P, Property, every = n.save,
verbose = FALSE)

PropertyAssess2 <- marginal_d_cpp(Property, model.attributes2P, hyp.parm2P, PropertyDIFM2,
verbose = FALSE)

model.attributes3P <- difm.model.attributes(Property, n.iter, n.factors = 3, GO)
hyp.parm3P <- difm.hyp.parm(model.attributes3P, Hlist = Property.Hlist)
PropertyDIFM3 <- DIFMcpp(model.attributes3P, hyp.parm3P, Property, every = n.save,
verbose = FALSE)
PropertyAssess3 <- marginal_d_cpp(Property, model.attributes3P, hyp.parm3P, PropertyDIFM3,
verbose = FALSE)

model.attributes4P <- difm.model.attributes(Property, n.iter, n.factors = 4, GO)

hyp.parm4P <- difm.hyp.parm(model.attributes4P, Hlist = Property.Hlist)

PropertyDIFM4 <- DIFMcpp(model.attributes4P, hyp.parm4P, Property, every = n.save,
verbose = FALSE)

PropertyAssess4 <- marginal.d(Property, model.attributes4P, hyp.parm4P, PropertyDIFM4,
verbose = FALSE)

We select the best model through the Metropolis-Laplace estimator of the predictive density.

PDtable <- matrix(NA, 2, 4)

PDtable[1, ] <- c(ViolentAssessl1$Maximum, ViolentAssess2$Maximum, ViolentAssess3$Maximum,
ViolentAssess4$Maximum)

PDtable[2, ] <- c(PropertyAssessi$Maximum, PropertyAssess2$Maximum, PropertyAssess3$Maximum,
PropertyAssess4$Maximum)

PDtable <- as.data.frame(PDtable)

rownames (PDtable) <- c("Violent", "Property")

colnames (PDtable) <- paste("Factors =", 1:4)

kable (PDtable)

Factors =1 Factors =2 Factors =3 Factors =4

Violent -1422.399 -1408.117 -1415.552 -1548.975
Property -2083.176 -2135.292 -2200.640 -2420.407

From the table, we can find that the best models according to the evaluation method are 2-factor-model for
violent crime and 1-factor-model for property crime datasets.

We present a few posterior distribution plots of the 4-factor models. The plots below are from the violent
crime data.

par(mar = c(2, 2, 2, 2))
plot.B.CI(ViolentDIFM4, permutation = Violent.permutation)
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In the same manner, we present the results of the property crime data.

par(mar = c(2, 2, 2, 2))
plot.B.CI(PropertyDIFM4, permutation = Property.permutation)
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4.3 Package: BCFM

The BCFM package offers functions for setting weakly informative hyperparameters, simu-
lating MCMC samples, generating figures, and selecting the most appropriate models for
the number of clusters and the number of factors. Parameters are sampled from their full

conditionals as described in Chapter 3.

This package have several dependencies: Repp, RcppArmadillo, ggplot2, LaplacesDemon,
ggsci, ggpubr, fastmatrix and tidyr. We call C++ algorithms and functions through
Repp [17] and ReppArmadillo [18] packages. All plots are generated with ggplot2 pack-
age [59]. We simulate random parameters that follows inverse gamma and inverse Wishart
distribution from LaplacesDemon [52]. The color scheme of this package follows the guide-
line of Journal of Oncology, and we use the package ggsci to apply the colors. We use
ggpubr to extract the legends of the plots and arrange them with user-specified layout. For
LDL decomposition to derive the hyperparametrs for cluster means and covariances, we use

fastmatrix [42] package. Finally, we utilize functions in tidyr to organize the dataset.

4.3.1 Documentation of BCFM Package

This package contains 43 R functions and 9 C++ functions. Among these codes, there are 26
R functions accessible to users. The functions that are available for users are in the following

list.

e BCFMcpp: Runs the MCMC of BCFM using the C++ functions.
Usage: BCFMcpp(data, model.attributes, hyp.parm, n.iter, every, verbose)

e BCFMR: Runs the MCMC of BCFM using R functions.

Usage: BCFMR(data, model.attributes, hyp.parm, n.iter, every, verbose)

e BIC.like: Computes the BIC with integrated likelihood criterion of the model. The
model demonstrates good performance with lower values of this criterion.

Usage: BIC.like(data, Gibbs, model.attributes, burnin)

« getmode: Computes the mode of the given vector.

Usage: getmode (v)
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gegplot.B.CI: Outputs 95% credible intervals of the factor loadings matrix, B. Each
plot corresponds to its factor. Note that fixed variable at the factor will not have
credible intervals.

Usage: ggplot.B.CI(Gibbs, true.val, burnin, permutation, layout.dim)

ggplot.B.trace: Generates a trace plot of the factor loadings from one variable. It
shows the sampled parameters of the factor loadings of a variable specified by the user.

Usage: ggplot.B.trace(Gibbs, burnin, permutation, true.val, factor.num)

ggplot.mu.density: Draws a posterior density plot of the cluster means, p. Each
plot represents the factor and colors represent clusters.

Usage: ggplot.mu.density(Gibbs, true.val, add.legend, burnin, layout.dim)

ggplot.mu.trace: Returns a trace plot of the cluster means of the factor. The function
outputs a plot of the simulated cluster means of a factor set by the user.

Usage: ggplot.mu.trace(Gibbs, true.val, burnin, factor.num)

ggplot.Omega.density: Generates a posterior density plot of the cluster covariance,
Q. It returns the diagonal and the off-diagonal values of a covariance matrix from the
selected cluster.

Usage: ggplot.Omega.density(Gibbs, group.num, true.val, burnin)

ggplot.Omega.trace: Outputs a trace plot of the cluster covariance from the selected

group.
Usage: ggplot.Omega.trace(Gibbs, burnin, group.num)

ggplot.probs.density: Yields posterior density plot of the cluster assignment prob-
abilities, p.
Usage: ggplot.probs.density(Gibbs, burnin, truep)

ggplot.probs.trace: Draws a trace plot of the simulated values of the cluster prob-
abilities.

Usage: ggplot.probs.trace(Gibbs, burnin)

ggplot.sigma2.CI: Generates a 95% credible intervals plot of the idiosyncratic vari-
ances, 0%,..., 0%

Usage: ggplot.sigma2.CI(Gibbs, burnin, permutation, true.val)
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ggplot.sigma2.trace: Returns a trace plot of the idiosyncratic variance from the
specific variable researcher sets.

Usage: ggplot.sigma2.trace(Gibbs, burnin, permutation, variable.num)

ggplot.tau.CI: Outputs a trace plot of the factor loadings variance, 7y,..., 7p.

Usage: ggplot.tau.CI(Gibbs, burnin, true.val)

ggplot.tau.trace: Illustrates a trace plot of the factor loadings variance.

Usage: ggplot.tau.trace(Gibbs, burnin, true.val)

ggplot.Zit.heatmap: Yields a heatmap of the cluster assignments, Z. The observa-
tions are plotted according to the largest cluster assignment probability, and their true
clusters when available.

Usage: ggplot.Zit.heatmap(Gibbs, true.val, burnin)

initialize.hyp.parm: Initializes the hyperparameters for BCFM. It sets hyperpa-
rameters of the idiosyncratic variances, factor loadings variance, cluster means, cluster
covariances, and cluster assignment probabilities. If not specified by the user, it uses
the information in the Bayesian Clustering Factor Models paper.

Usage: initialize.hyp.parm(data, model.attributes, n.sigma, n.s2.sigma,
n.tau,

n.s2.tau, omega.diag.nu, p.exponent, covariance, diag.Psi, vague.mu,

Zero.mu)

initialize.model.attributes: Sets the model attributes of BCFM. It requires the
following information: number of observations, number of variables, number of time-
points, number of clusters, and number of factors.

Usage: initialize.model.attribute(S, times, R, L, G)

initialize.model.parameters: Initializes the model parameters for a simulated

dataset. It requires users to set the model attributes from initialize.model.attributes

prior to this function.
Usage: initialize.model.parameters(model.attributes, c.probs, model.means,

model.omega, model.sigmaV, model.taus, model.B

marginal.d.mean.transformed: Computes the Laplace-Metropolis estimator of the

marginal density [34]. To consider the approximation of Gaussian distribution, we
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transform cluster probabilities into logit values, and idiosyncratic variances and factor
loadings covariance into log values. We use the posterior mean of the simulated pa-
rameters to compute this criterion.

Usage: marginal.d.mean.transformed(data.row, Gibbs, model.attributes, hyp.parm,

burnin)

o permutation.scale: Returns the permutation order and the data according to the
largest absolute values of eigenvectors. This function is necessary to sort the variables
prior to running MCMC. It also includes an option to standardize the dataset.
Usage: permutation.scale(data, permutation, covariance, return.array,

num.layers, permutation.out

e simulated.data: Simulates a dataset according to the model attributes from
initialize.model.attributes and parameters set from
initialize.model.parameters.

Usage: simulated.data(model.attributes, model.parm)

e sub.model.parameters: Extracts the parameter information from the dataset and
model attributes from initialize.model.attributes.

Usage: sub.model.attributes(data, model.attributes)

« swap.label: Swaps the labels of a vector.

Usage: swap.label(label.vector, before, after)

4.3.2 Vignette of BCFM Package

The BCFM package includes a vignette to give users insight how to use Bayesian clustering
Factors Model. First, we introduce BCFM and how it can be applied to datasets. The
second section outlines the model description of BCFM, which combines Bayesian factor
models with Gaussian mixture models for clustering and hierarchical structural constraints
for identifiability. Finally, in the third section, we present an example utilizing a simulated
dataset with 4 clusters and 3 factors, demonstrating the usage of BCFM functions for running

MCMC, generating plots, and evaluating the model.
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BCFM Vignettes

Hwasoo Shin, Marco A. R. Ferreira, Allison N. Tegge

Introduction

This package provides R and C++ codes to run MCMC computations for Bayesian Clustering Factor Models
(BCFM). BCFM is a combination of Bayesian factor models with clustering method, assuming the vector
of observations can be written as a linear function of latent common factors. Usually, the number of the
factors is much smaller than the dimension of the vector of observations. We apply Gaussian mixture model
to find latent clusters in lower dimensional spaces.

Model Description

This section describes the model we propose for performing this concomitant dimension reduction and
clustering. We consider a setting with multivariate R variables observed for each of n subjects. In addition,
we assume that we can explain the dependence structure among the R variables with a much smaller number
F of latent variables or factors. Further, we assume that in this smaller F-dimensional latent space, the
subjects may be clustered into K clusters.

Let y; be an R-dimensional vector with the R observed variables from subject i. We assume the following
factor model with F' factors
yi =Bx; +v;, (1)

where B is an R x F' matrix of factor loadings, and x; is an F-dimensional vector of common factor for
subject i. The error vector is v; ~ N(0,V) with V = diag(c?,...,0%) and 0%,...,0% is the idiosyncratic
variance. Note that Equation (1) encodes a dimension reduction from dimension R to dimension F. To
ensure the identifiability of the model, we assume that the matrix of factor loadings B follows a hierarchical
structural constraint (Prado et al., 2021; Aguilar and West, 2000). Specifically, B has the form

1 0 0 S 0
bt 1 0 ... 0
b371 63’2 1 . 0
B_ : : :
bra br2 brs ... 1
bry11 bry12 bri13 ... bryir
| bra br.2 brz ... brr |

Thus, the matrix of factor loadings B is a lower triangular matrix with main diagonal elements are all equal
to 1. Each row of B corresponds to an observed variable, and each column corresponds to a common factor.
The order of the variables is crucial because of the properties of the hierarchical structural constraints.

We assume the common factors x; follow a Gaussian mixture model. This allows the ith subject to be
allocated to one of the K clusters. Let z; indicate the cluster subject ¢ belongs to. Then, given z; = k, the
common factor z; has the Gaussian conditional distribution

Xilzi = k ~ N (g, Q), (2)
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where py, is the mean vector and €y is the covariance matrix of the common factors of the cluster k. Let
the probability of a randomly selected subject assigned to cluster k be P(z; = k) = pg. Then, the Gaussian

mixture model for x; is
K

X~ > peN (g, Q). (3)
k=1
Note that to make the model to be identifiable, we impose another constraint that the largest cluster, which
is the first cluster, has a diagonal covariance matrix.

Functions
In this section, we introduce the functions in this package.

o initialize.model.attributes: Initializes the model attributes used for the dataset and MCMC itera-
tions. The user should specify the number of subjects (S), number of timepoints (times), number of
factors (L), number of groups (G), and number of covariates (R).

¢ initialize.hyp.parm: Initializes the hyperparameters related to factors model and clustering.

o initialize.model.parameters: Initializes the model parameters when you don’t have the actual data.
Once you set the model attributes through initialize.model.attributes, it will simulate random
dataset with parameters, unless you specify the true parameters.

o simulated.data: Simulates data based on the model attributes from initialize.model.attributes
and true model parameters from initialize.model.parameters.

¢ sub.model.parameters: Extracts the model parameters information from a given dataset and model
attributes from initialize.model.attributes.

e permutation.scale: Finds and outputs the permutation of the 3-dimensional data according to the
eigen vectors. This function also provides the standardized the data.

¢ BCFMR: Runs MCMC of BCFM using R codes.

¢ BCFMcpp: Runs MCMC of BCFM using C++ codes.

o BIC.like: Computes the BIC-like criterion of the result from BCFMR or BCFMcpp. It uses the posterior
mean of the simulated parameters.

e marginal.d.mean.transformed: Computes the Laplace-Metropolis likelihood of marginal density
(Prado et al., 2021) of the result from BCFMR or BCFMcpp. It uses the posterior mean of the simulated
parameters.

o swap.label: Swap the labels of the group.

o ggplot.-.density: A ggplot that simulates the density of the posteriors. Probabilities (p1,...,pq),
cluster means (u) and covariances (£2) can be used.

o ggplot.-.CI: A ggplot that returns the credible interval plot of the posteriors. Factor loadings (B),
observational errors (0%,...,0%) and factor loadings variances (7, ...,7F) can be used.

o ggplot.heatmap.Zit: A ggplot that yields the heatmap of cluster assignments (Z).

e ggplot.-.trace: A ggplot that draws the MCMC trace plots of the simulated parameters.

Example

We simulate an example where the data has 800 subjects and 10 variables. The true setting of the dataset
has 4 clusters and 3 factors. The cluster assignment probabilities are (0.4, 0.3, 0.2, 0.1), and the mean of
the each 4 cluster is (-6, -6, -6), (-2, -2, -2), (2, 2, 2), and (5, 5, 5). The covariance of the clusters are

1 00 1 05 05 2 -0.5 —0.5 1 -0.5 0.5
Q=101 0|, Q=05 1 05]|,25=| —05 2 —05 | ,Q24=| —0.5 1 -0.5
0 0 1 05 05 1 -0.5 —-0.5 2 0.5 —0.5 1

The idiosyncratic variance of the variables are all equal to 0.1, and the variance of the factor
loadings are all equal to 0.1. We first use the three functions initialize.model.attributes,
initialize.model.parameters and simulated.data to simulate a sample data.
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model.attributes <- initialize.model.attributes(S = 800, times = 1, R = 10, L = 3,
G = 4)

c.probs <- c(0.4, 0.3, 0.2, 0.1)

model .means <- rbind(c(-5, -6, -6), c(-2, -3, -2), c(2, 2, 2), c(5, 5, 5))

model.omega <- array(NA, dim = c(4, 3, 3))

model.omegall, , ] <- rbind(c(1, 0, 0), c(0, 1, 0), c(0, 0, 1))

model.omega[2, , ] <- rbind(c(1, 0.5, 0.5), c(0.5, 1, 0.5), c(0.5, 0.5, 1))

model.omegal[3, , ] <- rbind(c(2, -0.5, -0.5), c(-0.5, 2, -0.5), c(-0.5, -0.5, 2))

model.omegal4, , ] <- rbind(c(1, -0.5, 0.5), c(-0.5, 1, -0.5), c(0.5, -0.5, 1))

model.sigmaV <- rep(0.1, 10)

model.taus <- rep(0.1, 3)

set.seed(110192)

model .parm <- initialize.model.parameters(model.attributes, c.probs, model.means,
model.omega, model.sigmaV, model.taus, model.B = NA)

sim.data <- simulated.data(model.attributes, model.parm)

data <- sim.data$data

probs.true <- as.vector(table(sim.data$pselected)/nrow(sim.data$data))

Now we permute the dataset according to the eigenvectors and set the hyperparmaeters for the priors.

hyp.parm <- initialize.hyp.parm(data, model.attributes, p.exponent = c(2, 2, 2, 2),
vague.mu = FALSE)

We run the MCMC with the CPP codes through BCFMcpp.

n.iter <- 10000

tic <- Sys.time()

simBCFM <- BCFMcpp(sim.data$data, model.attributes, hyp.parm, n.iter, every = 1,
verbose = FALSE)

toc <- Sys.time()

run.time <- toc - tic

The sample of the MCMC is saved in simBCFM. To find the results of the simulated result, we generate the
posterior distribution plot of the cluster assignment probabilities.

ggplot.probs.density (simBCFM)
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The plot below shows the posterior density of the cluster means.

ggplot.mu.density (simBCFM)
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The plot below shows the credible intervals of the observational errors o2.

ggplot.sigma2.CI(simBCFM)
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Figures below show the credible intervals of the factor loadings and the heatmap of the observations.

ggplot.B.CI(simBCFM)
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In general, we run multiple model and evaluate to find the best setting. In this example, we assume the
original number of clusters is 4 and number of factors is 3. We run models from 3 to 5 clusters and 2 to
4 factors and apply BIC with integrated likelihood. We first make a loop to generate MCMC sample with
3,000 iterations.

set.seed(1101)

n.iter <- 3000

simBCFM.1list <- vector("list", length = 9)
currenti <- 0

for (nclusters in 3:5) {
for (nfactors in 2:4) {
cat("Started BCFM # of clusters =", nclusters, "# of factors =", nfactors,
"\n")
currenti <- currenti + 1
simBCFM. current <- vector("list", length = 4)
model.attributes <- initialize.model.attributes(S = 800, times = 1, R = 10,
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L = nfactors, G = nclusters)

# cluster.hyperparms <- initialize.cluster.hyperparms(sim.data$data,

# model.attributes) hyp.parm <- initialize.hyp.parm(model.attributes,

# cluster.hyperparms, p.exponent = rep(2, nclusters))

hyp.parm <- initialize.hyp.parm(data = data, model.attributes = model.attributes,
p.exponent = rep(2, nclusters), vague.mu = TRUE)

tic <- Sys.time()

simBCFM <- BCFMcpp(sim.data$data, model.attributes, hyp.parm, n.iter, every = 10,
verbose = FALSE)

toc <- Sys.time()

run.time <- toc - tic

cat("Run time:", run.time, "\n")

simBCFM.current[[1]] <- model.attributes

simBCFM. current [[2]] <- hyp.parm

simBCFM. current [[3]] <- simBCFM

simBCFM. current[[4]] <- run.time

names (simBCFM. current) <- c("model.attributes", "hyp.parm", "simBCFM", "run.time")
simBCFM.1list[[currenti]] <- simBCFM.current

Now, we evaluate the model through BIC with integrated likelihood. The result of the 9 models is in the
table below.

simBCFM.BIC <- matrix(NA, 3, 3)
for (i in 1:9) {
simBCFM.BIC[i] <- BIC.like(sim.data$data, simBCFM.list[[i]]$simBCFM, simBCFM.list[[i]]$model.attrib
}
simBCFM.BIC <- as.data.frame(simBCFM.BIC)
rownames (simBCFM.BIC) <- paste("Factor =", 2:4)
colnames (simBCFM.BIC) <- paste("Cluster =", 3:5)
kable (simBCFM.BIC)

Cluster = 3 Cluster =4 Cluster = 5

Factor = 2 15596.17 15493.61 15520.38
Factor = 3 13751.88 13612.35 13642.64
Factor = 4 13866.58 13742.76 13823.57

In case of BIC with integrated likelihood, smaller value indicates better performance. From the information,
we can find that the 4 clusters and 3 factors model has the best performance, which is the true setting of
the simulated dataset.

Reference

e Prado, R., Ferreira, M. A. R., and West, M. (2021). Time Series: Modeling, Computation, and
Inference. Boca Raton (2nd Ed.): Chapman & Hall/CRC.

e Aguilar, O. and West, M. (2000). “Bayesian dynamic factor models and portfolio allocation.” Journal
of Business and Economic Statistics, 18, 338-357.
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e Lopes, H. and West, M. (2004). “Bayesian Model Assessment in Factor Analysis.” Statistica Sinica,
14, 41-67.
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Chapter 5

Conclusion and Future Research

5.1 Conclusion

In this dissertation, we proposed two novel classes of Bayesian factor models: Dynamic ICAR

Spatiotemporal Factor Models (DIFM) and the Bayesian Clustering Factor Models (BCFM).

By incorporating spatiotemporal structures into a factor model, DIFM can account for the
relationships from neighboring regions and autocorrelations from consecutive time obser-
vations. We can quantify the strength of spatial correlations and capture the behavior of
the temporal components. DIFM imposes hierarchical structural constraint on the factor
loadings matrix to ensure the model is identifiable and interpretable. We discovered the
number of factors is significantly smaller than the dimension of the data in both the simu-
lated dataset and case study. In addition, we can derive n-step-ahead forecasts to compute
the predicted mean and intervals of each common factor. In the simulated dataset, we found
the Laplace-Metropolis estimator of the predictive density selects the correct model. We
applied DIFM to a dataset of the number of deaths due to drug overdose in United States.
The criterion identified 9-factor model with the best performance. Also, our study found

there are spatial correlations among adjacent states and common temporal trends of factors.

In BCFM, we detect latent clusters within the dataset by assuming Gaussian mixture model
on the common factors. We first set the number of clusters and factors to launch BCFM.
The initial number of factors can be determined through principal component analysis and
exploratory factor analysis. To decide the initial number of clusters, we employ k-means
clustering. This step is crucial for constructing hyperparameters of the informative priors
of cluster assignment probabilities, means, and covariances. In addition to the hierarchical

structural constraint, we impose an additional constraint on the first cluster. The covari-
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ance matrix of the first cluster should be diagonal, and it represents the largest cluster in the
initial step. This constraint prevents the model from label switching issues and contributes
to convergence of parameters. In the simulated dataset, our BCFM found the correct set-
ting in both evaluation criteria: Laplace-Metropolis estimator of the predictive density and
BIC with integrated likelihood criterion. Across 300 simulated datasets with three different
settings based on the distances among centroids, BIC with integrated likelihood criterion
outperformed the Laplace-Metropolis estimator. We applied BCFM to the baseline of long-
term recovery from opioid use disorder dataset [15]. We found 4 clusters and 3 factors were
the most appropriate setting for both the Laplace-Metropolis estimator and the BIC with
integrated likelihood criterion. This setting aligns with the results of previous research on
this longitudinal dataset [14]. Finally, we applied BCFM to the breast cancer molecular sub-
type dataset. The BIC with integrated likelihood criterion chose 4 clusters and 15 factors,
and the Laplace-Metropolis estimator selected 4 clusters and 19 factors model. Notably, the

number of clusters matches the number of subtypes in the dataset.

We built two R packages: DIFM and BCFM. The packages allow researchers convenient ac-
cess and application to the Bayesian factors models we propose in this dissertation. The
DIFM package includes functions to run MCMC and visualize the posterior distribution of
Dynamic Spatiotemporal Factor Models. Also, Package BCFM contains functions to simulate
parameters from Gibbs sampling and output posterior density plots of Bayesian Clustering

Factor Models.

5.2 Future Research

Bayesian factor models can be applied to a variety of research, including analyzing large-scale
datasets. We developed methods to account for spatiotemporal correlations and to integrate
clustering methods. The models we proposed are feasible and applicable to a wide range of

fields of study. Our work can be extended to several avenues for future research.

In DIFM, we can consider numerous temporal trends within the data. In this dissertation,
we used a second-order polynomial dynamic linear model (DLM) to address non-stationary

behaviors of the observations. However, DLMs can also accommodate cases when the time
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series is stationary, as well as cyclical and seasonal behaviors. This flexibility allows the model
to capture various temporal patterns where different structures of the evolution matrix can

be assumed.

Another utilization is considering different distributions for the observations. In Chapter 2,
we discussed Gaussian distribution for both factor loadings and common factors. This is
appropriate for continuous and large count data. However, when observations are discrete
variables, researchers should use a different approach. For instance, in the case of small count
data, it may be appropriate to assume that the observations follow a Poisson distribution

for more accurate analysis.

Furthermore, we can explore different methods for setting the hyperparameters of the clus-
ters. The posterior density of BCFM is especially sensitive to hyperaparameters, as it heavily
depends on the size of the cluster covariance, means and assignment probabilities. We have
applied principal component analysis and exploratory factor analysis followed by k-means to
determine hyperparameters of the priors of cluster means and covariances. For cluster as-
signment hyperparameters, we used (aq,...,ax) = (2,...,2). This is a weakly informative
prior that may facilitate faster convergence and avoid building empty clusters. However, de-
pending on the characteristics of the datasets, these settings may not always be reasonable.
When PCA and k-means struggle to find the latent clusters in the dataset, BCFM may also
yield poor results. To resolve this problem, future research can focus on developing more

effective methods for identifying initial clusters and factors.

Finally, we suggest additional studies in evaluating the models. One of the primary challenges
in unsupervised clustering models is selecting the optimal number of clusters. In BCFM,
we implemented two evaluation methods: the Laplace-Metropolis estimator of predictive
density and the BIC with integrated likelihood. While the BIC with integrated likelihood
was able to find the correct settings for moderately separated simulated datasets, the method
tended to choose fewer clusters when the observations are not well-separated. Introducing a
novel assessment method for determining the best model configuration would be a valuable

extension of this research.
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Appendix A

Full Conditionals for Dynamic ICAR
Spatiotemporal Factors Model

Full conditional distribution of idiosyncratic variance 0]2

The full conditional density of the jth idiosyncratic variance O'j2- can be obtained through

p(o-jz‘_> X f(yj’X?ijo-?)p(U?)
1

2\—n/2 B n _ «b. 2 2\—ng /2 - 2
x (JJ) €$p{ 20.]2 Z(y'LJ X J) }(0‘]) €Ip< 20_2 n0'80>

i=1 J

1 n
J

=1

n

Therefore, the full conditional distribution of 07 is inverse gamma IG((n+n4)/2, (7, (yi; —
x;b;)? + nos7)/2)).

Full conditional distribution of spatial dependence parameter 7;

Let BY; be the vector of factor loadings of the jth factor without the first j fixed factor
loadings, and H; be obtained from the matrix H by removing its first j rows and j columns.

Then the full conditional density of 7; can be obtained as

p(ri|=) o p(m)p(BY|7, Hj, By = (0,...,0,1)")

~

) 1 ~
o ()t (o (o (B - by RGBS )

g
Tj
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where H; = H{j41),(j+1)r and h; = _HjilH(jH):r,j Therefore, the full conditional distri-
bution of the spatial dependence parameter 7; is inverse gamma IG((n, +r —j)/2, (n,s2 +

Bf;.’ H;B%)/2).

Full conditional distribution of evolution covariance matrix W

The full conditional density of the evolution covariance matrix W is

p(W[=) o p(W)p(0|W,G)

« 11 W 2exp {—;(ot — GO, )W (8, - Get_l)}
(W |~ (mw+2k+D)/2 00, {—;tr(W_lSw)}

= WD 2egp [—; étr{w—l(et —G6O,_,)(0; — Get_l)’}]
|W|_("W+2k+1)/2exp {—;tr(W_ISW)}

x W mw+2k4n)/20,, [—;tr {Wl(SW + Z(Gt — GOt,l)/(Ot — GBtl)H .

t=1

Therefore, the full conditional is follows an inverse Wishart distribution IW (Sy +> 1 5(60: —
GO, 1) (0, — GO, 1), nw +n —1).
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Appendix B

Full Conditionals for Bayesian Clustering
Factors Model

Full conditional of factor loadings matrix B

Let b, be the rth row of the factor loadings matrix B. When r > F', the full conditional of
b, is

- 1,
X exp ( Z BXZ “Hy; — Bxi)> exrp (—Qbrler>

1 1.,
x exp ( 5 (y..—Xb,) (y., — Xbr)> exp (—2brT_1bT>
1 1 1 ’ / ’ ’
ocerp | —5 b, T""b, + exp ~557 (y.,—b.X)(y,—Xb,)

1 ! 1 ! 2 / !
X exp (— (br <2X X+ T_1> b, — —b,X y.,r>> .
2 o; o

Therefore, the full conditional of b, (r > F) is Gaussian distribution N ((X/X/ajz +
T Xy, (XX/o7 +T7) ' X'y.,)

When 1 < r < F, there are F'—r+1 first fixed elements b,. due to the hierarchical structural
constraint. The rth element is 1, and the first r — 1 (2 < r < F elements are set 0. Let b’
be the b, with the last » — 1 elements. Then the full conditional of b} is
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p(by|=) oc f(Y[X, B, V)p(b;)

]_ / / « ! * ]- ! x— *
X exp <_ (y.,r - X.,r - br X.,l:r‘fl)(qu - X.,T - X~,12T1br>> erp <_2br Tl:rll,lzrlbr)

2
202

1 / 1 / 1 / !
X exp <_2 (b: <02X.,1:T1X1:r—1 + Tl:il,l:rl) b: - Qpb: X.,l:r(y.ﬂ" - Xr))) .

T T

Therefore, the full conditional of b’ is Gaussian distribution N ((X:TX_,T/Of +
Tl_:i—1,1;r—1)71X.,1:r—1(y.,r - X))/, (XT,1:T—1X11T—1/O‘E + Tii—1,1:r—1)71)
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Full conditional of common factors matrix X

Let the group assignment of the ith observation to cluster k be z; = k. Consier the case
when the ith observation is assigned to the kth cluster. Then the full conditional of x; can

be derived through

1 / / / _ / / _

o eap (=5 ((vi = XBIV v = Bx) + (x; = p) % x — )
1 / ! ’ ! i !

X exp (—2 (xiB VBx; — 2x,B Vly; + x,Q;. 'x; — ZXnglukD
1 !/ ’ / ’

X exp (—Q(Xi(B VIB+ Q)% —2x,(BV 'y, + le,u,k))> :

Therefore, the full conditional of x; is Gaussian distribution N((Q;'+BV~'B) " (B'V 1y, +
Q) (' +BVTB) ).

Full conditional of the kth cluster mean vector

Let ny be the cardinality of Cj. Then, the full conditional density of p,, is

Pl =) o< p(y) T p(xal iy, Qe zi = k)

1€Cy,

1 "~v—1 1 N x—1 *

X exrp D) Z (xi — p,) " (xi — py) | exp (‘2 (b — 13) 7 (py — Mk))
1€C

1 "O-—1 -1 1 " O*x—1 x—1 %
oceap | =5 D (2 by, — 2,2 'xi) | exp (—5 (Hkﬂk Py — 20,82 Nk)

2 1€C 2

1, _ e - w—1, *
oCerp | =5k (nkﬂkl + O 1) Hye — Hog, (le Z x; + 8, 1Hk)> :

1€C,

Therefore, the full conditional of p;, is Gaussian distribution

_ -1 _
N+ e )7 (0 g+ 2 X5) L (07 + e t) ), where X = Siee, Xi/ma



Full conditional of the kth cluster covariance (2,

The covariance matrix of the first cluster €2y is diagonal, thus we apply each of diagonal
elements inverse gamma prior. Let the [th diagonal value (I =1,..., F) of €y be wy;. Then

the full conditional is

plwul—) < p(wy) [] plxilpr, wi, 2 = 1)
i€eCy

—ny /2= /92— 1
X Wy 1/2=n/2 1exp (— (Z (xz-l - ,uu)2 + nwsf})> ,

2&)1[ i€Cq

Therefore, the full conditional distribution of wy; is inverse gamma distribution IG((ny +
ny)/2, (Zie& (za — lull)2 + nwsi)/z)

The cluster covariance €2, when k£ > 1 do not have constraints. Therefore, we apply inverse

Wishart prior. The full conditional density of € (k > 1) is

p(Qu|—) o< p() T p(xilesy, R, 2 = k)

1€Cy,

1 /
oc ||t D2 e, (—2 (tr (le > (% — ) (x5 — py) ) + tr(ﬂkllIlk)>)

1€C,

1 /
x |Qk|*(nk+u+F+1)/26xp (—2 (tr (le (Z (Xi — ,U'k)(xi — p,k) + \I’k) )))
1€C

The full conditional distribution of €24 is inverse Wishart distribution IW (ny +v, Y ;cc, (% —
) (xi — ) + O).



Full conditional of factor loadings variance 7

Let b; be the /th column of B without the first [ elements. Then, the full conditional

distribution of 7; can be obtained by

p(n|=) o< p(r)p(by|m)

522 _n 2/2\ n 1.,
o nrse/ T, T/2+1)emp _DrS./2 st/ T, (R l)/Qexp (—b;‘ bf)
I(n,/2)" 0 27

—(R—l+n.)/2— 1 /
x 7 (Rttna) 21 o (—2Tl(b2k b; +n733)) .

Therefore, the full conditional of 7; is inverse gamma distribution IG((R—14n,)/2, (b} b} +

$2)/2).

Full conditional of idiosyncratic variance o>

The full conditional of the rth idiosyncratic variance o2 can be obtained by

p(o7]-) o p(a7) fF(y.r X, by, 07)

X (Uf)n/2el’p< Z Yir — X;by )
r =1

p (Z} Yir — Xib,) +n083>>.

Therefore, the full conditional of ¢Z is IG((n + ny)/2, (X0 (yir — xibr)* + n,82)/2))

o (a2 e -



Full conditional of probabilities py, ..., px

Let the vector of cluster assignment probabilities p = (py,...,px).The full conditional of

the cluster probabilities py, ..., px can be obtained through

p(p|—) < p(p)p(Z|p)

K K
o< [T pi* T1 i
k=1 k=1

K
N+
o [T v
k=1

Therefore, the full conditional of p is Dirichlet distribution Dirichlet(ny 4+, ..., ng + ak).
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