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Abstract 

B-Spline curves and surfaces are being used throughout the aircraft industry for 

geometric modeling. Geometric models having accurate surface representations in the 

non-uniform B-Spline surface format can contain very large quantities of data. The 

computing power required by a CAD system for visualization and analysis is directly 

influenced by these large amounts of data. Accordingly, a method for reducing the 

amount of data in a geometric model while maintaining accuracy is needed to reduce the 

computing power necessary to visualize and analyze a design. This thesis describes the 

refinement and implementation of a data reduction algorithm for non-uniform cubic 

B-Spline curves and non-uniform bi-cubic B-Spline surfaces. The topic of determining 

the significance of knots in non-uniform cubic B-Spline curves and non-uniform bi-cubic 

B-Spline surfaces is addressed. Also, a method for determining the order in which knots 

should be removed from non-uniform cubic B-Spline curves or non-uniform bi-cubic 

B-Spline surfaces during data reduction is presented. Finally, an algorithm for 

performing data reduction by removing knots from non-uniform cubic B-Spline curves 

and non-uniform bi-cubic B-Spline surfaces is presented. 
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1.0 Introduction 

Engineering design can be divided into three steps: conceptual design, preliminary 

design and final design. Throughout the process the designer may need to visualize the 

design to get a better understanding of how parts fit together or interact during service. 

In many instances the designer is interested in the look or feel of a design. This is 

especially true in the aircraft and automotive industries, where look and feel are 

important characteristics of a product. 

Geometric modeling is one method which is commonly used to view designs at the 

conceptual level. Geometric modeling consists of generating, manipulating, storing and 

displaying a mathematical approximation of the shape of an object. Geometric models 

are often used to generate engineering drawings or computer graphics displays. The 

amount of data involved in a geometric model can be overwhelming. Accordingly, the 

amount of information initially used to represent surfaces in a geometric model can be 

rather large and result in degraded performance of computer-aided design (CAD) 

software. 
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Design at the preliminary level requires more specific data than at the conceptual level. 

Geometric models are often manipulated to find engineering data such as mass 

properties, surface areas, weights, or parametric information about a design. In addition 

to generating data of this type, geometric models are commonly used to transfer designs 

from one CAD application to another. In aircraft design, for instance, mesh generation 

for Computational Fluid Dynamics (CFD) codes and Radar Cross-Section (RCS) codes 

can be done using geometric surface models. However, both CFD and RCS codes 

require positional, gradient and curvature continuity (c? continuity) between surfaces 

representing the aircraft shape. B-Spline curves and surfaces satisfy these requirements 

and are being used throughout the aircraft industry. The use of B-Spline curves and 

surfaces for accurate surface representations can result in geometric models containing 

very large quantities of data. As mentioned above for CAD software, these extreme 

amounts of data can hamper the performance of codes used to find engineering 

properties of a design or generate meshes for CFD and RCS codes. 

The computing power required by a CAD system is influenced by the amount of data 

in a geometric model. Therefore models having less data are preferable. Accordingly, 

a method for reducing the amount of data in a geometric model while maintaining 

accuracy is necessary to reduce the computing power needed to visualize and analyze a 

design. 
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1.1 Background 

Several design codes exist for the conceptual design of aircraft. One such code is 

ACSYNT (AirCraft SYNThesis). ACSYNT was developed during the early 1970s at 

NASA Ames Research Center [Greg73]. The initial goal of ACSYNT was to develop 

an analysis tool that was flexible enough to analyze both military and civil aircraft. To 

help accomplish this goal, the code was parameter based to provide for easy entry of 

aircraft characteristics, including both geometry and performance. However, ACSYNT 

was based on batch processing and did not provide the designer with a good means of 

visualizing the design. 

In 1987 the Virginia Polytechnic Institute and State University CAD laboratory began 

the development of a CAD system for ACSYNT. The goal of the CAD system, designed 

under the direction of Dr. Arvid Myklebust, was to enhance the design capabilities of 

ACSYNT through an interactive graphical interface and a contoured surface model. 

The graphical interface allowed the user to visualize both input and output. The 

interface used the 3D graphics standard Programmers Hierarchical Interactive Graphics 

System (PHIGS). Use of PHIGS provided for device independence [Wamp88a, 

Wamp88sb]. ACSYNT represented aircraft geometry using components such as the 

nose, wing, horizontal tail, etc. The components were modeled using the bi-cubic 

Hermite surface representation. This method was very good for displaying and 

manipulating wireframe and shaded images of the aircraft geometry. The bi-cubic 

Hermite surface representation also offered both positional and gradient continuity, but 

did not provide curvature continuity along component surfaces. Accordingly, a B-Spline 

module was added to ACSYNT to allow curvature continuity along component surfaces. 
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The new module used a non-uniform bi-cubic B-Spline surface representation for aircraft 

components and allowed for the calculation of intersections between individual 

components. Also, filleting (or blending) of surfaces between components was added to 

allow the designer to construct entirely curvature continuous models. At the same time, 

neutral file exchanges using the Initial Graphics Exchange Specification (IGES) for 

geometry data were added. 

1.2 Objectives 

Although these improvements have brought ACSYNT closer to being easily interfaced 

with other design systems, additional research and development is still needed. In . 

particular, to use geometric models in the B-Spline representation from other design 

systems, a method for utilizing large models is necessary. The size of models in the 

B-Spline format which are expected to be imported from other systems tends to be very 

large. Therefore, the computing time needed to display both wireframe and shaded 

images of the models impedes the design process. Also, if these models are to be 

exported from ACSYNT to other applications, such as CFD or RCS codes, the amount 

of data must be reduced. Accordingly the objective of this thesis is to implement data 

reduction and knot removal for non-uniform tensor product B-Spline surfaces in the 

B-Spline module of ACSYNT while maintaining the accuracy of the models. 
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1.3. Thesis Organization 

The remainder of this thesis is divided into the following sections: 

e Literature survey, 

e B-Spline curves and surfaces, 

e Data reduction for cubic B-Spline curves, 

e Data reduction for bi-cubic B-Spline surfaces, 

e Integration of data reduction into the ACSYNT B-Spline module, 

e §6Results, and 

e Conclusions and Recommendations. 

Also a code listing for routines unique to the data reduction algorithm implemented in 

the ACSYNT B-Spline module is given in Appendix A. For additional information, refer 

to to ACSYNT B-Spline module manual. 

Introduction 5



2.0 Literature Survey 

2.1 Fairing Methods for B-Splines 

Fairing of spline curves refers to the process of changing the data defining a spline so 

that the curve will look more pleasant’, “sweet” or “fair”. From a designer’s point of 

view, a fair curve will require a relatively small number of French curves to draw. In the 

mathematical sense, the “fairness of a curve amounts to requiring that its curvature be 

almost piecewise linear, with only a small number of segments. Continuity of curvature 

is an obvious additional requirement” [Fari87]. Fairing of splines has been done on 

curves in both the Hermite representation and in the B-Spline representation. In 

general, fairing involves removing a knot (or data point) and reinserting it back into the 

curve to give a more desirable shape. Accordingly, for the purpose of investigating knot 

removal and data reduction, the first step of the fairing process, removing a knot, is of 

interest. 
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Most of the current research on fairing splines has been based on an algorithm used to 

fair cubic Hermite curves. The fairing algorithm involves improving the shape of the 

curve by changing the location of a junction point [Kjel83]. The data point defining the 

junction point between two curve segments is first removed from the curve, then 

reinserted to give a more desirable shape. This method of fairing is a global algorithm 

because it affects a large portion of the curve. Since the algorithm is based on the 

Hermite representation and affects the curve globally, the process for knot removal 

certainly can not be applied to data reduction for B-Splines. 

Fairing of B-Spline curves was first addressed by Farin, Rein, Sapidis, and Worsey 

[Fari87]. An algorithm for locally fairing B-Spline curves to produce a pleasant 

curvature plot is presented in ”Fairing Cubic B-Spline Curves”. The problem which is 

addressed is that of modifying a given c? cubic B-Spline curve locally so that the resulting 

curve is fairer than the original at a given knot. The proposed solution involved two 

steps: 

1. Remove the knot from the knot sequence. Then find a new control polygon which 

approximates the original control polygon. 

2. Using the new control polygon, reinsert the knot so that the new curve is defined 

over the original knot sequence. 

Three knot removal methods are suggested by Farin [Fari87]. All three of these methods 

are based on a process which is best described as being the inverse of knot insertion. 

The first two methods involve the use of extrapolation to determine new control points. 

However, both extrapolation methods required the selection of a free parameter. The 

selection of this free parameter was difficult to intrinsically code on a computer. The 
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third knot removal method involved finding a least squares solution for the new control 

vertices using matrix methods. The least squares method minimizes the change in 

distance between the control vertices remaining in the control polygon. Accordingly, 

this method gave the best results. 

Although these methods remove a knot with varying degrees of accuracy of the resulting 

curve, for the purpose of data reduction, all three methods have major draw backs. The 

first difficulty which would be encountered with implementing these methods in a data 

reduction algorithm is that all three methods can remove only one knot at a time. This 

results in the need to perform the same algorithm repeatedly to remove a large number 

of knots from an unwieldy curve. The second difficulty encountered in including these 

methods in a data reduction algorithm is the inability to retain the original convexity of 

the curve from which a knot is being removed. The combination of being able to only 

remove one knot at a time and the uncertainty of whether the original convexity of the 

curve will be retained resulted in none of these methods being used in the data reduction 

algorithm implemented for this thesis. 

Another important part of fairing a B-Spline curve is the selection of the knots at which 

to fair the curve. Likewise, selecting which knots should be removed from a curve during 

data reduction is an important part of the knot removal problem. Farin [Fari87] 

suggests three ways of selecting knots at which the curve should be faired: 

e Find the largest discontinuity in the third derivative and fair the curve at that knot, 

e Find the largest rate of change in the first derivative and fair the curve at this knot, 

or 
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e Leave the choice of where to fair the curve up to the trained eye of the designer. 

Certainly, these criteria for fairing are not meant to be used for data reduction, but the 

first two items are of interest. Since the objective of this thesis is to remove knots from 

a surface while maintaining accuracy of the surface, the first two criteria may or may 

not be appropriate for choosing the knots that should be removed. In later sections, the 

use of these criteria for choosing which knots should be removed during data reduction 

will be more thoroughly discussed. 

More recently, Farin [Fari90a] presents a knot removal technique in “Automatic Fairing 

Algorithm for B-Spline Curves” which maintains the original convexity of the curve 

better than the methods presented in his first paper on fairing B-Splines. This is the first 

automatic fairing algorithm to appear in the literature. Farin automated the fairing 

process by using the criterion that a curve should always be faired at the largest 

curvature fluctuation. This is referred to as the “curvature-correction” algorithm. The 

algorithm included a step to ensure that the convexity of the curve was retained by 

comparing the convexity of the new control polygon to the convexity of the original 

control polygon. Again, this algorithm is meant to remove only one knot from the curve 

at a time. While the algorithm can be applied to several neighboring knots or multiple 

knots, the entire algorithm must be repeated as each knot is removed. The 

curvature-correction algorithm can only be used on curves, however extending 

curvature-correction to surfaces is labeled as a problem of considerable interest. 
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2.2 Knot Insertion Techniques 

Knot removal can to some extent be thought of as the inverse of knot insertion, except 

that choosing which knot to remove is usually more difficult than choosing where to 

insert a knot. Accordingly, past research done on knot insertion may give some insights 

into the knot removal process. De Boor [DeBo72] published the first algorithm on knot 

insertion for B-Splines. This algorithm has been refined by Boehm [Boeh80], [Boeh85}]. 

While De Boor discussed knot insertion only for curves, the algorithm given by Boehm 

can be applied to both curves and surfaces. Boehm’s method of knot insertion is very 

reliable, but only provides for the insertion of one knot at a time. To insert several 

knots, the algorithm must be repeated for each new knot. 

Perhaps the most general knot insertion or refinement algorithm for B-Splines is the 

Oslo algorithm developed by Cohen, Lyche, and Riesenfeld [Cohe80]. The Oslo 

algorithm allows more than one knot to be inserted into a B-Spline curve in a single 

iteration. This method of Knot insertion is based on the fact that a curve constructed 

from one set of control vertices, blending functions and knots can be represented in 

terms of a larger set of control vertices, new blending functions and a refined set of 

knots. In other words, the knot insertion process produces a B-Spline space based on 

a refined knot sequence which contains the original B-Spline space based on the original 

knot sequence [Boeh85]. Therefore, to determine the new B-Spline space from the 

original B-Spline space, a transformation based on linear algebra can be used. 

Bartels [Bart87] gives a good explanation of the Oslo algorithm. Based on the above 

discussion of Knot insertion, a curve constructed: 
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e from an original set of control vertices, Vo,..., Vm, 

® weighted by an original set of B-Spline blending functions, B,, of order k, 

e and defined on an original knot sequence, {7,;}7+* 

can be represented in terms of: 

e a larger set of control vertices, Wg,..., Win+ns 

® weighted by a refined set of B-Spline blending functions, N,, also of order x, 

e and defined on a refined knot sequence, {t}7+"+*. 

Accordingly, a transformation from the original control vertices, V;, to the refined ~ 

control vertices, Wi, can be, expressed as: 

m 

WwW; = > iV, for j =0,.m+n 
i=0 

where the a,, are discrete B-Splines of the same order and having the same knot 

sequence as the B-Spline into which knots are being inserted. 

In a similar manner, a transformation from the original set of B-Splines, B,, to the refined 

set of B-Splines, N;, can be expressed as: 
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m+n 

Bi At) = » 0, eU)Nj 47) 
j=l 

The B-Splines can be expressed as the vector spaces: 

B(x) = (Bo(®)s-+15 B(2)) 

N(R) = (Nol)pess Nin 4 nl)" 

Using this notation the linear transformation from B to N can be expressed in matrix 

form as: 

N(x) = A’ B(x) 

The matrix A is called the B-Spline knot insertion matrix of order & from ttot. The 

knot insertion transformation can be expressed in expanded matrix form as: 

m+n 

fix) =) VBylt) = V7B) = VATN = DWN, 
i=0 i=0 J 

Based on the linear independence of B-Splines, the transformation can be applied 

directly to the control vertices to yield: 

W = AV 

The elements of the B-Spline Knot insertion matrix are discrete B-Splines of the same 

order, k, as the B-Spline into which knots are being inserted. 

Literature Survey 12



The Oslo algorithm has two beneficial characteristics, one of which is essential if the 

inverse of the Knot insertion process is to be used as the knot removal process. This 

method of knot insertion provides for inserting more than one Knot in a single iteration. 

This feature of the Oslo algorithm should allow for a more efficient process if the 

algorithm is to be inverted for use in knot removal. Similar to Boehm’s method of knot 

insertion, the Oslo algorithm only affects the curve locally. 

2.3 Knot Removal and Data Reduction for B-Splines . 

The first method for removing knots from a B-Spline using the B-Spline knot insertion 

matrix is given by Lyche and Morken [Lych87a] in a paper entitled “A Discrete 

Approach to Knot Removal and Degree Reduction Algorithms for Splines”. Lyche and 

Morken address the problem of computing a B-Spline approximation to a piecewise 

polynomial given as a linear combination of B-Splines while retaining the same order. 

Lyche considers two B-Splines, f and g, of the same order having different knot 

sequences where g is to approximate f. The difference between these B-Splines, f— g, 

is shown to be a B-Spline of the same order which has a knot sequence containing the 

knot sequences of both f and g. The difference in the B-Splines, f/—g, can be 

minimized by varying the approximating B-Spline, g, over the linear space defined by its 

knot sequence. While this method allows more than one knot to be removed from a 

B-Spline curve in a single iteration, a robust algorithm for data reduction is not 

discussed. 
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A robust algorithm for data reduction is given in”A Data Reduction Strategy for Splines 

with Applications to the Approximation of Functions and Data” [Lych88]. In this 

paper, Lyche and Morken present a technique for reducing the number of knots in a 

B-Spline curve without disturbing the curve by more than a certain tolerance. This 

technique for removing knots is based on the work done earlier by Lyche et al. 

Lyche considers a B-Spline, g € S,,, which approximates another B-Spline fe Sy, 

Where S,, and S,, are vector spaces defined by B-Spline blending functions. Also, a 

tolerance, ¢, for the difference between the two B-Splines is given. The problem which 

is addressed is to find an approximation, g, such that ||f—g|| < «. The algorithm used 

to solve this problem is divided into three steps referred to as rank, remove and 

approximate. In rank, the order in which Knots should be removed from the original 

knot sequence is determined. In remove, the number of knots which can be removed 

from the original knot sequence without exceeding the tolerance, «, is determined. Then 

a reduced knot sequence is created as a subsequence of the original knot sequence. In 

approximate, the control vertices for the approximating B-Spline, g, are found using a 

least squares approximation. 

The knot removal strategy for B-Spline curves outlined above is extended to tensor 

product surfaces in “Knot Removal for Parametric B-Spline Curves and Surfaces” 

[Lych87b]. Lyche and Morken propose that one way to perform data reduction on a 

tensor product B-Spline surface is to perform data reduction on the curves defining the 

surface in each parametric direction. Accordingly, the technique outlined in “A Data 

Reduction Strategy for Splines with Applications to the Approximation of Functions 

and Data” [Lych88] is used first in one parametric direction and then in the other 

parametric direction on each isoparametric curve defining the control polyhedron of the 
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surface. This algorithm has been proven to be robust for knot removal and data 

reduction on tensor product B-Spline surfaces. 
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3.0 Spline Curves and Surfaces 

Spline curves are commonly used in the aircraft and shipbuilding industries [Mort85]. 

The spline curve originates from a drafting tool, called a spline, which is a strip of 

plastic, wood or other material that is flexed to pass through a series of design points. 

The most important characteristic of a spline curve is that the curvature is continuous. 

This results in curves having no kinks or abrupt changes in shape. Although there are 

several different representations for splines, including Hermite and Bezier, B-Splines have | 

become popular for use in geometric modeling. 

3.1 B-Splines 

A B-Spline curve is an approximation of the points defining a control polygon. The 

curve may or may not pass through the points defining the vertices of the control 

polygon. A B-Spline curve and the corresponding control polygon are shown in 
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Figure 1 on page 18. A point on the curve is a weighted average of several points in the 

control polygon. The number of points influencing the weighted average is equal to the 

order of the curve. The weighted average is based on blending functions which control 

how much each control vertex affects the points on the curve. The blending functions 

are determined from the knot sequence for the curve. The remaining sections in this 

chapter review the relationship between the control polygon, knot sequence, blending 

functions, and points on the curve. 

3.1.1. B-Spline Nomenclature 

Information on B-Splines is available through out the literature [Fari90b], [Yama88], 

[Bart87]. However, there is often a difference in the nomenclature used in the description 

of B-Splines. The format adopted for this thesis is based on a series of papers written 

by Lyche and Morken [Lych87a], [Lych87b], [Lych88]. All equations for B-Spline curves 

and surfaces given in this thesis are for fourth order (third degree) B-Splines unless 

otherwise stated. The symbols used to represent B-Splines in equation form and their 

definitions are given below: 

Symbol Definition 

k Order of B-Spline (for third degree, kK = 4) 

P Point on the B-Spline 

q, c, d Control vertex 

Q Control polygon or polyhedron 

u,w, t Knot values along the B-Spline 

T Knot sequence for the entire B-Spline 

N, B Blending or B-Spline basis functions 
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Figure 1. Relationship Between a B-Spline Curve and Control Polygon       
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3.1.2 Uniform Cubic B-Splines 

The equation for a uniform cubic B-Spline is given below: 

plu) = > aNia(u) 
i=0 

This equation shows that any point on a B-Spline curve is the weighted average of the 

surrounding control vertices. In the above equation, q, refers to control vertices, while 

Nix refers to blending functions. For any B-Spline, no more than k blending functions 

are non-zero for any point on the curve. This feature results in local control which is 

characteristic of B-Splines. The term uniform refers to the spacing between knot values. 

Accordingly, the difference between any two successive knot values, ¢,,,; — 4, 1S constant 

for a uniform B-Spline. As a result, a uniform B-Spline curve has the same blending 

functions over the entire curve. 

For a uniform cubic B-Spline (k = 4), any point on the curve is affected by no more 

than four control vertices. Thus, the smallest component of a cubic B-Spline curve, a 

curve segment, must have at least four control vertices. The equation of a uniform cubic 

B-Spline expressed in matrix form is: 

Pu) = UMQ, 

where: 
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The so called universal transformation matrix, M, is the matrix of blending function 

coefficients over the entire curve. The product of the U matrix and the universal 

transformation matrix is used to find the blending functions at any point on a uniform 

cubic B-Spline curve. 

Most B-Spline curves used in design applications are composed of several curve 

segments. For example, since a cubic B-Spline curve segment is defined by only four 

control vertices, a B-Spline curve having eight control vertices is composed of five curve 

segments. This is illustrated in Figure 2 on page 21. A curve segment usually starts at 

a local parameter value of zero and ends at a local parameter value of one. The blending 

functions vary based on the value of the parameter, u. As the local parameter changes 

from zero to one along the length of a curve segment, the amount that each control 

vertex influences the curve changes. 

A junction point is defined as a point on a B-Spline curve where two curve segments 

join, while a break point is the knot corresponding to a junction point. Two junction 

points appear on the curve in Figure 2 on page 21 and are labeled p, and p,. Junction 

points can also be defined as the point at which the local parameter value is one on the 

preceding curve segment and the point at which the local parameter value could be zero 

on the next curve segment. However, it 1s important to note that when the local 

parameter value is zero, the curve segment is only affected by the first three control 
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�L�o�c�a�l� �S�h�a�p�e� �C�o�n�t�r�o�l�:� �T�h�e� �e�f�f�e�c�t� �o�f� �a�n�y� �c�o�n�t�r�o�l� �v�e�r�t�e�x� �i�s� �l�i�m�i�t�e�d� �t�o� �&� �c�u�r�v�e� 

�s�e�g�m�e�n�t�s�.� �A�c�c�o�r�d�i�n�g�l�y�,� �a�n�y� �p�o�i�n�t� �a�l�o�n�g� �a� �c�u�b�i�c� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �i�s� �a�f�f�e�c�t�e�d� �b�y� �a�t� 

�m�o�s�t� �f�o�u�r� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s�.� 

�C�u�r�v�e� �D�e�g�r�e�e� �C�o�n�t�r�o�l�:� �T�h�e� �d�e�g�r�e�e� �o�f� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �n�u�m�b�e�r� 

�o�f� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s�.� 

�3�.�2� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e�s� 

�T�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�s� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �f�o�r� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s�.� �A� �B�-�S�p�l�i�n�e� 

�s�u�r�f�a�c�e� �i�s� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �a� �l�a�t�t�i�c�e� �o�f� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s�,� �c�o�m�m�o�n�l�y� �c�a�l�l�e�d� �a� �c�o�n�t�r�o�l� 

�p�o�l�y�h�e�d�r�o�n�.� �W�h�i�l�e� �h�a�v�i�n�g� �t�w�o� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�s� �i�n�s�t�e�a�d� �o�f� �o�n�e�,� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�s� 

�S�p�l�i�n�e� �C�u�r�v�e�s� �a�n�d� �S�u�r�f�a�c�e�s� �2�5



�h�a�v�e� �t�h�e� �s�a�m�e� �p�r�o�p�e�r�t�i�e�s� �a�s� �c�u�r�v�e�s�.� �T�h�e� �c�o�n�c�e�p�t�s� �o�f� �c�u�r�v�e� �s�e�g�m�e�n�t�s� �a�n�d� �j�u�n�c�t�i�o�n� �p�o�i�n�t�s� 

�f�o�r� �c�u�r�v�e�s� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� �t�o� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�s�,� �b�u�t� �b�e�c�a�u�s�e� �o�f� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �t�w�o� 

�p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�s�,� �t�h�e�s�e� �b�e�c�o�m�e� �p�a�t�c�h�e�s� �a�n�d� �j�u�n�c�t�i�o�n� �c�u�r�v�e�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� 

�g�e�n�e�r�a�l� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �a� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �i�s� �g�i�v�e�n� �b�e�l�o�w�:� 

�p�(�u�)� �=� �y� �y�a�,� �N�i�u�(�u�)� �N�j�r�(�)� 
�i�=�0�j�=�0� 

�T�w�o� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�s�,� �u� �a�n�d� �w�,� �a�n�d� �t�w�o� �k�n�o�t� �s�e�q�u�e�n�c�e�s� �a�r�e� �u�s�e�d� �i�n�s�t�e�a�d� �o�f� �o�n�e�.� 

�I�n� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n�,� �q�,�;� �r�e�p�r�e�s�e�n�t�s� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s�,� �w�h�i�l�e� �N�y� �a�n�d� �N�,�,� �s�t�a�n�d� �f�o�r� �t�h�e� 

�b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s� �f�o�r� �e�a�c�h� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�.� �T�h�e� �t�e�r�m�s� �M� �a�n�d� �L� �s�t�a�n�d� �f�o�r� �t�h�e� 

�o�r�d�e�r� �o�f� �t�h�e� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �i�n� �t�h�e� �u� �a�n�d� �w� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �F�o�r�a� 

�b�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�,� �M�@� �=� �L� �=� �4�.� �A� �c�o�n�t�r�o�l� �p�o�l�y�h�e�d�r�o�n� �f�o�r� �a� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� 

�i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �4� �o�n� �p�a�g�e� �2�7�.� 

�3�.�2�.�1� �U�n�i�f�o�r�m� �B�i�-�C�u�b�i�c� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e�s� 

�S�i�m�i�l�a�r� �t�o� �u�n�i�f�o�r�m� �c�u�b�i�c� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s� �f�o�r� 

�u�n�i�f�o�r�m� �b�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�s� �a�r�e� �c�o�n�s�t�a�n�t�s�.� �T�h�e� �s�i�m�p�l�i�f�i�e�d� �f�o�r�m� �o�f� �a� �u�n�i�f�o�r�m� 

�b�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �f�o�l�l�o�w�s�:� 

�p�i�A�u�w�)� �=� �U�M�Q�M�'� �W�T� 

�w�h�e�r�e�:� 

�S�p�l�i�n�e� �C�u�r�v�e�s� �a�n�d� �S�u�r�f�a�c�e�s� �2�6



� � 

� � 
�F�i�g�u�r�e� �4�.� �C�o�n�t�r�o�l� �P�o�l�y�h�e�d�r�o�n� �f�o�r� �a� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e� � � � � � � 

�S�p�l�i�n�e� �C�u�r�v�e�s� �a�n�d� �S�u�r�f�a�c�e�s� �2�7



�U�=�[�w�w�u�l�]� �W�=�[�w� �w� �w�l�]� 

� � � � 

 ��-�1� �3�-�3� �1� �G�i ��1�,�j ��1� �G ��-�1�,�7� �W ��1�,�j�4�1� �G�-�1�,�;�4�2� 

�M�e� �L� �3�-�6� �3� �0� �_� �q�i� �j�-�1� �q�i�;� �G�i� �f�+� �G�i� �j�+�2� 

�6�  ��3� �0�3�0� �G�i�a�n�a� �j ��1� �W�4�1�,�7� �W�4�1�,�j�4�1� �W�4�i�,�j�7�4�2� 

�1� �4� �1� �0� �|� �W�+�2�,�j�-�1� �G�i�3�4�2�,�,� �W�+�2�,�7�4�1� �V�+� �2�,�7�4�2�,� 

�3�.�2�.�2�.� �N�o�n�-�u�n�i�f�o�r�m� �B�i�-�C�u�b�i�c� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e�s� 

�W�h�i�l�e� �t�h�e� �g�e�n�e�r�a�l� �f�o�r�m�a�t� �f�o�r� �a� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �c�a�n� �c�e�r�t�a�i�n�l�y� �b�e� �a�p�p�l�i�e�d� �t�o� �a� 

�n�o�n�-�u�n�i�f�o�r�m� �b�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�,� �t�h�e� �m�a�t�r�i�x� �f�o�r�m�,� �s�h�o�w�n� �b�e�l�o�w�,� �i�s� �s�o�m�e�t�i�m�e�s� 

�u�s�e�d�:� 

�-� 

�G ��1�,�j�-�1� �G ��-�1�,�7� �U�-�1�,�j�4�1� �W�1�4�2� �N�o� �a�l�w�)� 

�G�i�j�-�1� �6�7�)� �4�d� �4�2� �N�,� �4�(�w�)� 
�P�j�(�4�w�)� �=� �[�N�o� �a�4�)�»� �N�i�a�s� �N�o�a�»� �N�3�4�]� 

�G�i�g�a�y ��1� �W�4�1�7� �W�4�1�,�7�4�1� �4�1�,�7�4�2�]� �|� �N�o�e�l�)� 

� � � � � � �U�4� �2�,�7�-�1� �W�H� �2�,�7� �W�H� �f�+�1� �W�4�+�2�,�7�4�2� �|� �N�3� �a�(�w�)� 

�A�l�t�h�o�u�g�h� �a� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �i�s� �a� �t�e�n�s�o�r� �p�r�o�d�u�c�t�,� �s�o�m�e�t�i�m�e�s� �t�h�e�r�e� �i�s� �a�n� 

�a�d�v�a�n�t�a�g�e� �i�n� �t�h�i�n�k�i�n�g� �o�f� �t�h�e� �s�u�r�f�a�c�e� �a�s� �b�e�i�n�g� �m�a�d�e� �u�p� �o�f� �a� �c�o�l�l�e�c�t�i�o�n� �o�f� �i�s�o�p�a�r�a�m�e�t�r�i�c� 

�c�u�r�v�e�s�.� �A�n� �i�m�p�o�r�t�a�n�t� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�s� �i�s� �t�h�a�t� �a� �s�i�n�g�l�e� 

�k�n�o�t� �s�e�q�u�e�n�c�e� �m�u�s�t� �b�e� �u�s�e�d� �f�o�r� �a�l�l� �o�f� �t�h�e� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e�s� �i�n� �e�a�c�h� �p�a�r�a�m�e�t�r�i�c� 

�d�i�r�e�c�t�i�o�n�.� �T�h�e� �b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s� �f�o�r� �e�a�c�h� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n� �o�f� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� 

�s�u�r�f�a�c�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �r�e�c�u�r�s�i�v�e�l�y� �i�n� �t�h�e� �s�a�m�e� �m�a�n�n�e�r� �a�s� �t�h�o�s�e� �i�n� �t�h�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e� 

�S�p�l�i�n�e� �C�u�r�v�e�s� �a�n�d� �S�u�r�f�a�c�e�s� �2�8� 

� 



�f�o�r�m�u�l�a�t�i�o�n�.� �H�o�w�e�v�e�r�,� �i�f� �t�h�e� �s�u�r�f�a�c�e� �i�s� �t�h�o�u�g�h�t� �o�f� �a�s� �a� �s�e�r�i�e�s� �o�f� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e�s�,� 

�a�l�l� �c�u�r�v�e�s� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n� �a�r�e� �b�e�i�n�g� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g� �t�h�e� �s�a�m�e� �K�n�o�t� �s�e�q�u�e�n�c�e�.� �A�s� �a� 

�r�e�s�u�l�t�,� �t�h�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �a� �g�r�i�d� �o�f� �s�u�r�f�a�c�e� �d�a�t�a� �i�n� �w�h�i�c�h� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �d�a�t�a� 

�p�o�i�n�t�s� �d�o�e�s� �n�o�t� �v�a�r�y� �i�n� �t�h�e� �s�a�m�e� �p�a�t�t�e�r�n� �a�l�o�n�g� �e�a�c�h� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e� �u�s�i�n�g� �a� 

�n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �c�a�n� �b�e� �d�i�f�f�i�c�u�l�t� �[�F�a�r�i�9�0�b�]�.� 

�3�.�3� �D�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�s� 

�D�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�s� �h�a�v�e� �b�e�e�n� �u�t�i�l�i�z�e�d� �f�o�r� �s�e�v�e�r�a�l� �p�u�r�p�o�s�e�s� �r�a�n�g�i�n�g� �f�r�o�m� �s�o�l�v�i�n�g� 

�m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�s� �t�o� �i�t�e�r�a�t�i�v�e�l�y� �c�o�m�p�u�t�i�n�g� �n�o�n�-�l�i�n�e�a�r� �s�p�l�i�n�e�s� �[�C�o�h�e�8�0�]�.� �D�i�s�c�r�e�t�e� 

�B�-�S�p�l�i�n�e�s� �a�r�e� �d�e�f�i�n�e�d� �o�v�e�r� �a� �k�n�o�t� �s�e�q�u�e�n�c�e� �u�s�i�n�g� �a� �r�e�c�u�r�s�i�v�e� �a�l�g�o�r�i�t�h�m�.� �T�h�e� �p�r�o�p�e�r�t�i�e�s� 

�o�f� �d�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�s� �a�r�e� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �o�f� �B�-�S�p�l�i�n�e�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �p�r�e�c�e�d�i�n�g� �s�e�c�t�i�o�n�s� 

�o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� �I�n� �t�h�i�s� �t�h�e�s�i�s�,� �d�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�s� �a�r�e� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �e�l�e�m�e�n�t�s�,� 

�a� �i�x�,� �O�f� �t�h�e� �B�-�S�p�l�i�n�e� �k�n�o�t� �i�n�s�e�r�t�i�o�n� �m�a�t�r�i�x� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �s�e�c�t�i�o�n� �o�f� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �s�u�r�v�e�y� 

�o�n� �k�n�o�t� �i�n�s�e�r�t�i�o�n�.� �R�e�c�a�l�l� �t�h�a�t� �t�h�e� �B�-�S�p�l�i�n�e� �k�n�o�t� �i�n�s�e�r�t�i�o�n� �m�a�t�r�i�x� �i�s� �u�s�e�d� �t�o� �t�r�a�n�s�f�o�r�m� 

�t�h�e� �o�r�i�g�i�n�a�l� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s�,� �V�,�,� �i�n�t�o� �r�e�f�i�n�e�d� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s�,� �W�;�.� �T�h�i�s� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� 

�a�s�:� 

�m� 

�W�,�=� �a�V�,� �f�o�r�j� �=� �0�,�.�m�+�n� 
�i�=�0� 

�I�n� �a� �s�i�m�i�l�a�r� �m�a�n�n�e�r�,� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �s�e�t� �o�f� �b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s�,� �B�,�,�,� 

�t�o� �t�h�e� �r�e�f�i�n�e�d� �s�e�t� �o�f� �b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s�,� �N�,�,�,� �i�s� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�S�p�l�i�n�e� �C�u�r�v�e�s� �a�n�d� �S�u�r�f�a�c�e�s� �2�9



�m�+�n� 

�B�i�l�t�)� �=� �>� �i�p�l�)� �N�j� �e�l�d�)� 
�j�=�0� 

�A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �a� �d�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�,� �«� �,�,�(�/�)�,� �i�s� �s�h�o�w�n� �b�e�l�o�w�:� 

�1� �i�f� �g�s�t�<�h�y�,� 
�a� �1�0�)� �=� 

�0� �o�t�h�e�r�w�i�s�e� 

�(�T�4� �p�y� !"� �t�i�)� �&� �1�)� �4� �(�G�4�,� �~� �T�a� �r ��1�)� �%� �4�4�7�-�1�0�)� 

�l�i�g�r�p ��-�1� �7� �4� �b�a�r� �7� �G�4�1� 
� � � � 

�a� �i�r�)� �=� 

�f�o�r� �r� �=� �2�,�3�,�.�.�.�,�k�,� �w�h�e�r�e� �&� �i�s� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �B�-�S�p�l�i�n�e� �i�n�t�o� �w�h�i�c�h� �k�n�o�t�s� �a�r�e� �b�e�i�n�g� 

�i�n�s�e�r�t�e�d�.� 

�T�h�e� �p�r�o�p�e�r�t�i�e�s� �o�f� �d�i�s�c�r�e�t�e� �B�-�s�p�l�i�n�e�s� �c�a�n� �b�e� �s�u�m�m�a�r�i�z�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�e� �D�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�s� �o�v�e�r� �a� �k�n�o�t� �s�e�q�u�e�n�c�e� �a�l�w�a�y�s� �s�u�m� �t�o� �o�n�e�.� �T�h�a�t� �i�s�,� �D�a� �i�(�/�)� �=� �1�.� 
�é�=�0� 

�e� �D�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�s� �h�a�v�e� �l�o�c�a�l� �s�u�p�p�o�r�t�.� �T�h�a�t� �i�s�,� �f�o�r� �a�n�y� �g�i�v�e�n� �j� �l�e�t� �6� �b�e� �s�u�c�h� �t�h�a�t� 

�t�<�t� �<� �t�,�,�,� �t�h�e�n�a�.�(�/�)� �=� �0� �f�o�r�i�é�{�6 ��k�4�+�1�,�.�.�.�,�6�}�,� �f�o�r�i� �=� �0�,�.�.�.�,� �m�.� 

�e� �D�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�s� �a�r�e� �a�l�w�a�y�s� �n�o�n�-�n�e�g�a�t�i�v�e�.� �T�h�a�t� �i�s�,� �a� �,�,�(�/�)� �>� �0� �f�o�r� �a�l�l� �i�,�j�,� �k�.� 

�A�d�d�i�t�i�o�n�a�l� �i�n�f�o�r�m�a�t�i�o�n� �o�n� �d�i�s�c�r�e�t�e� �B�-�S�p�l�i�n�e�s� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �[�B�a�r�t�8�7�]�,� �[�C�o�h�e�8�0�]�,� 

�[�L�y�c�h�7�5�]�,� �[�L�y�c�h�7�6�]�,� �[�S�c�h�u�7�3�}�]� �a�n�d� �[�D�e�B�o�7�6�]�.� 

�S�p�l�i�n�e� �C�u�r�v�e�s� �a�n�d� �S�u�r�f�a�c�e�s� �3�0



�4�.�0� �D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� 

�4�.�1� �D�i�f�f�i�c�u�l�t�i�e�s� �A�s�s�o�c�i�a�t�e�d� �w�i�t�h� �K�n�o�t� �R�e�m�o�v�a�l� 

�K�n�o�t� �r�e�m�o�v�a�l� �f�o�r� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s� �a�n�d� �s�u�r�f�a�c�e�s� �i�s� �a� �c�o�m�p�l�i�c�a�t�e�d� �p�r�o�c�e�s�s�.� �W�h�i�l�e� �i�t� �i�s� �e�a�s�y� 

�t�o� �s�a�y� �t�h�a�t� �t�h�e� �g�o�a�l� �o�f� �k�n�o�t� �r�e�m�o�v�a�l� �i�s� �s�i�m�p�l�y� �t�o� �r�e�m�o�v�e� �a� �k�n�o�t� �f�r�o�m� �a� �n�o�n�-�u�n�i�f�o�r�m� 

�B�-�S�p�l�i�n�e� �c�u�r�v�e� �o�r� �s�u�r�f�a�c�e�,� �a� �m�o�r�e� �s�e�n�s�i�b�l�e� �a�p�p�r�o�a�c�h� �i�s� �t�o� �a�d�d�r�e�s�s� �t�h�i�s� �t�a�s�k� �i�n� �a� �s�e�r�i�e�s� �o�f� 

�s�t�e�p�s�.� �T�h�i�s� �c�h�a�p�t�e�r� �p�r�e�s�e�n�t�s� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �k�n�o�t� �r�e�m�o�v�a�l� �f�o�r� �B�-�S�p�l�i�n�e� 

�c�u�r�v�e�s� �b�y� �b�r�e�a�k�i�n�g� �t�h�e� �p�r�o�c�e�s�s� �d�o�w�n� �i�n�t�o� �t�h�r�e�e� �s�t�e�p�s�.� �F�i�r�s�t�,� �t�h�e� �c�o�n�t�e�x�t� �o�f� �k�n�o�t� �r�e�m�o�v�a�l� 

�f�o�r� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s� �i�s� �e�s�t�a�b�l�i�s�h�e�d�.� �T�h�e�n� �t�h�e� �t�o�p�i�c�s� �o�f� �c�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �k�n�o�t�s� �f�o�r� �k�n�o�t� 

�r�e�m�o�v�a�l�,� �r�e�m�o�v�a�l� �o�f� �k�n�o�t�s� �f�r�o�m� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �a�n�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� 

�u�s�i�n�g� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �a�r�e� �a�d�d�r�e�s�s�e�d�.� �T�h�e� �e�x�t�e�n�s�i�o�n� �o�f� �c�u�r�v�e�-�b�a�s�e�d� �k�n�o�t� �r�e�m�o�v�a�l� �t�o� 

�B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�s� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �a� �l�a�t�e�r� �s�e�c�t�i�o�n� �o�f� �t�h�i�s� �t�h�e�s�i�s� �a�n�d� �w�i�l�l� �n�o�t� �b�e� �a�d�d�r�e�s�s�e�d� 

�h�e�r�e�.� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �3�1



�4�.�2� �O�v�e�r�v�i�e�w� �o�f� �t�h�e� �K�n�o�t� �R�e�m�o�v�a�l� �P�r�o�c�e�s�s� 

�L�e�t� �f� �b�e� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �d�e�f�i�n�e�d� �u�s�i�n�g� �a� �c�o�n�t�r�o�l� �p�o�l�y�g�o�n�,� �Q�,� �a� �k�n�o�t� �s�e�q�u�e�n�c�e�,� 

�t� �=� �{�t�,�}�7�+�*�,� �a�n�d� �b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s�,� �B�,�,�,�.� �T�h�e�n� �t�h�e�r�e� �i�s� �a� �s�p�a�c�e�,� �S�,�,�,� �s�u�c�h� �t�h�a�t�:� �g� �P� 

�S�t� �=� �s�p�a�n� �{� �B�i� �g�r�y� �s� �B�i�n�g�s�}� 

�w�h�e�r�e� �m�i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �d�e�f�i�n�i�n�g� �Q� �a�n�d� �&� �i�s� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �B�-�S�p�l�i�n�e�.� 

�I�f� �a� �r�e�d�u�c�e�d� �k�n�o�t� �s�e�q�u�e�n�c�e�,� �T� �=� �{�t�,�}�r�i�f� �e ¬� �{�t�,�}�7�4�*�,� �a�n�d� �b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s�,� �N�,�,�,�,�,� �c�a�n� 

�b�e� �d�e�f�i�n�e�d�,� �t�h�e�n� �a� �s�e�c�o�n�d� �s�u�b�s�p�a�c�e�,� �S�,�,�,�,� �e�x�i�s�t�s� �s�u�c�h� �t�h�a�t�:� 

�S�e�,�-�e� �=� �s�p�a�n�{� �N�i�p� �s�e� �s�N�a�g�s�}� 

�w�h�e�r�e� �v�n� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �d�e�f�i�n�i�n�g� �t�h�e� �r�e�d�u�c�e�d� �c�u�r�v�e� �a�n�d� �m�  �� �n� �i�s� �t�h�e� 

�n�u�m�b�e�r� �o�f� �k�n�o�t�s� �w�h�i�c�h� �w�e�r�e� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �c�u�r�v�e�,� �f�.� �S�i�n�c�e� �t�h�e� �r�e�d�u�c�e�d� �k�n�o�t� 

�s�e�q�u�e�n�c�e�,� �T� �=� �{�t�,�}�7�+�/�,� �1�s� �a� �s�u�b�s�e�q�u�e�n�c�e� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �k�n�o�t� �s�e�q�u�e�n�c�e�,� �t� �=� �{�t�}�7�4�*�:� 

�S�a�t�  ¬� �S� �g�t� 

�T�h�e� �g�o�a�l� �o�f� �k�n�o�t� �r�e�m�o�v�a�l�,� �t�h�e�n�,� �i�s� �t�o� �f�i�n�d� �a�n� �a�p�p�r�o�x�i�m�a�t�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e�,� �g�,� �d�e�f�i�n�e�d� �i�n� 

�t�h�e� �s�u�b�s�p�a�c�e� �S�,�,� �s�u�c�h� �t�h�a�t�:� 

�l�l�f�-�g�l�l� �<�«� 

�w�h�e�r�e� �«� �i�s� �t�h�e� �a�l�l�o�w�a�b�l�e� �e�r�r�o�r� �f�o�r� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �g�.� 

�I�n� �a�t�t�a�i�n�i�n�g� �t�h�i�s� �g�o�a�l�,� �s�e�v�e�r�a�l� �q�u�e�s�t�i�o�n�s� �a�r�i�s�e�.� �F�o�r� �i�n�s�t�a�n�c�e�,� �w�h�a�t� �K�n�o�t�s� �s�h�o�u�l�d� �b�e� 

�r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �k�n�o�t� �s�e�q�u�e�n�c�e�,� �t� �=� �{�t�,�}�7�*�*�,� �t�o� �g�e�t� �t�h�e� �r�e�d�u�c�e�d� �k�n�o�t� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �3�2



�s�e�q�u�e�n�c�e�,� �T� �=� �{�t�,�}�7�s�/�?� �I�n� �a�d�d�i�t�i�o�n�,� �h�o�w� �m�u�s�t� �t�h�e� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �b�e� 

�c�h�a�n�g�e�d� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �o�r�i�g�i�n�a�l� �c�u�r�v�e� �a�n�d� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� �c�u�r�v�e�,� 

�J�  �� �g�,� �t�o� �b�e� �w�i�t�h�i�n� �t�h�e� �s�p�e�c�i�f�i�e�d� �t�o�l�e�r�a�n�c�e�?� �F�i�n�a�l�l�y�,� �h�o�w� �s�h�o�u�l�d� �t�h�e� �a�n�s�w�e�r�s� �t�o� �t�h�e� �t�w�o� 

�p�r�e�c�e�d�i�n�g� �q�u�e�s�t�i�o�n�s� �b�e� �i�n�t�e�g�r�a�t�e�d� �t�o� �y�i�e�l�d� �a�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�a�t�a� �r�e�d�u�c�t�i�o�n�?� �T�h�e�s�e� 

�q�u�e�s�t�i�o�n�s� �a�r�e� �a�d�d�r�e�s�s�e�d� �i�n� �t�h�e� �r�e�m�a�i�n�i�n�g� �t�h�r�e�e� �s�e�c�t�i�o�n�s� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�4�.�3� �C�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �K�n�o�t�s� �f�o�r� �R�e�m�o�v�a�l� 

�T�h�e� �f�i�r�s�t� �s�t�e�p� �i�n� �k�n�o�t� �r�e�m�o�v�a�l� �f�o�r� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �i�s� �t�o� �c�l�a�s�s�i�f�y� �t�h�e� �k�n�o�t�s� �o�f� �t�h�e� �c�u�r�v�e� 

�s�o� �t�h�a�t� �t�h�e�i�r� �s�i�g�n�i�f�i�c�a�n�c�e� �c�a�n� �b�e� �a�s�s�e�s�s�e�d�.� �T�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �a� �k�n�o�t� �s�h�o�u�l�d� �b�e� 

�m�e�a�s�u�r�a�b�l�e� �i�n� �s�o�m�e� �q�u�a�n�t�i�t�a�t�i�v�e� �w�a�y� �w�h�i�c�h� �w�i�l�l� �y�i�e�l�d� �a� �r�e�a�l� �n�u�m�b�e�r�.� �T�h�e� �m�e�t�h�o�d� �u�s�e�d� 

�h�e�r�e� �i�s� �b�a�s�e�d� �o�n� �a� �w�e�i�g�h�t�i�n�g� �m�e�t�h�o�d� �o�r�i�g�i�n�a�l�l�y� �p�r�e�s�e�n�t�e�d� �b�y� �L�y�c�h�e� �a�n�d� �M�o�r�k�e�n� 

�[�L�y�c�h�8�8�]�.� �O�n�c�e� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �k�n�o�t�s� �d�e�f�i�n�i�n�g� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �h�a�s� �b�e�e�n� 

�d�e�t�e�r�m�i�n�e�d�,� �t�h�e� �l�e�a�s�t� �s�i�g�n�i�f�i�c�a�n�t� �k�n�o�t�s� �c�a�n� �b�e� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�u�r�v�e�.� �T�h�i�s� �s�e�c�t�i�o�n� 

�d�i�s�c�u�s�s�e�s� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �w�e�i�g�h�t�s� �w�h�i�c�h� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� 

�t�h�e� �k�n�o�t�s� �d�e�f�i�n�i�n�g� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e�.� 

�A� �w�e�i�g�h�t� �m�u�s�t� �b�e� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �e�a�c�h� �i�n�t�e�r�i�o�r� �k�n�o�t� �o�f� �t�h�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �f�r�o�m� �w�h�i�c�h� 

�k�n�o�t�s� �a�r�e� �b�e�i�n�g� �r�e�m�o�v�e�d�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �e�a�s�i�e�r� �t�o� �u�n�d�e�r�s�t�a�n�d� �t�h�e� �p�r�o�c�e�s�s� �o�f� �d�e�t�e�r�m�i�n�i�n�g� 

�a� �w�e�i�g�h�t� �i�f� �t�h�e� �r�e�m�o�v�a�l� �o�f� �o�n�l�y� �o�n�e� �k�n�o�t� �i�s� �c�o�n�s�i�d�e�r�e�d�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �g�o�a�l� �i�s� �t�o� �f�i�n�d� 

�t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �a� �k�n�o�t�,� �t�,�,� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �k�n�o�t� �s�e�q�u�e�n�c�e�,� �t�.� �T�h�i�s� �c�a�n� �b�e� �d�o�n�e� �b�y� 

�a�s�s�u�m�i�n�g� �t�h�e� �k�n�o�t�,� �4�,� �a�n�d� �t�h�e� �c�o�n�t�r�o�l� �p�o�i�n�t�,� �g�,�.�,�-�2�,� �w�e�r�e� �n�e�v�e�r� �i�n� �t�h�e� �o�r�i�g�i�n�a�l� �c�u�r�v�e�,� 

�f�.� �T�h�e�n� �t�h�e� �k�n�o�t� �a�t� �¢� �i�s� �r�e�i�n�s�e�r�t�e�d� �i�n�t�o� �t�h�e� �c�u�r�v�e� �g�i�v�i�n�g� �a�n� �a�p�p�r�o�x�i�m�a�t�i�n�g� �c�u�r�v�e�,� �/ ��.� 

�T�h�e� �s�t�e�p�s� �o�f� �g�o�i�n�g� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �c�u�r�v�e� �t�o� �t�h�e� �r�e�d�u�c�e�d� �c�u�r�v�e� �a�n�d� �b�a�c�k� �t�o� �t�h�e� 
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�a�p�p�r�o�x�i�m�a�t�i�n�g� �c�u�r�v�e� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �5� �o�n� �p�a�g�e� �3�5�.� �A�c�c�o�r�d�i�n�g�l�y�,� �a� �r�e�d�u�c�e�d� �k�n�o�t� 

�s�e�q�u�e�n�c�e�,� �T�,� �a�n�d� �a� �c�o�n�t�r�o�l� �p�o�l�y�g�o�n�,� �c�,� �a�r�e� �u�s�e�d� �t�o� �d�e�f�i�n�e� �a� �r�e�d�u�c�e�d� �c�u�r�v�e�,� �g�,� �a�s� �f�o�l�l�o�w�s�:� 

�T�c�t� �5�s� �f�t�,� �j�E� �T� 

�C�O�Q� �3� �G�i�p�-�2�r ¬�O� 

�T�h�u�s�,� �T� �i�s� �a� �s�u�b�s�e�t� �o�f� �t� �s�u�c�h� �t�h�a�t� �¢�,� �i�s� �n�o�t� �a� �m�e�m�b�e�r� �o�f� �T�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �o�r�i�g�i�n�a�l� 

�k�n�o�t� �s�e�q�u�e�n�c�e� �i�s�:� 

�t� �=� �{�4�3�"�4�*� �=� �(�0�,�1�,� �3�,� �7�,�9�,� �1�2�,� �1�3�}� 

�a�n�d� �t�h�e� �k�n�o�t� �f�o�r� �w�h�i�c�h� �a� �w�e�i�g�h�t� �i�s� �t�o� �b�e� �f�o�u�n�d� �i�s� �4� �=� �7�,� �t�h�e�n�:� 

�T� �=� �{�x�}� !"�)�'�*�*� �=� �(�0�,�1�,�3�,�9�,� �1�2�,� �1�3�}� 

�T�h�u�s�,� �f�i�s� �d�e�f�i�n�e�d� �o�n� �t�h�e� �k�n�o�t� �s�e�q�u�e�n�c�e� �(�0�,� �1�,�3�,� �7�,�9�,� �1�2�,�1�3�}� �a�n�d� �g� �i�s� �d�e�f�i�n�e�d� �o�n� �t�h�e� 

�k�n�o�t� �s�e�q�u�e�n�c�e� �{�0�,�1�,�3�,�9�,�1�2�,�1�3�}�.� �W�h�e�n� �t�h�e� �k�n�o�t� �4� �=� �7� �i�s� �i�n�s�e�r�t�e�d� �i�n�t�o� �g�,� �a� �n�e�w� 

�c�o�n�t�r�o�l� �p�o�l�y�g�o�n�,� �d�,� �m�u�s�t� �b�e� �f�o�u�n�d�.� �A� �w�e�i�g�h�t� �c�a�n� �b�e� �d�e�f�i�n�e�d� �a�s�:� 

�w�,� �=� �m�i�n� �_ �� �/� �a�n�i�n�y� �I�F� �a�l�l�e� 

�T�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �w�e�i�g�h�t�,� �w�,�,� �c�a�n� �n�o�w� �b�e� �f�o�r�m�u�l�a�t�e�d� �i�n� �m�a�t�r�i�x� �n�o�t�a�t�i�o�n�.� �L�e�t� �t�h�e� 

�k�n�o�t� �f�o�r� �w�h�i�c�h� �a� �w�e�i�g�h�t� �i�s� �b�e�i�n�g� �f�o�u�n�d� �b�e�:� 

�z�=�t�e�t� 
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� � 

�%�4� �:� �t�g� 

�%� �u�s� �T� 

�y� �q� �2� �%� �%� �a� �T�y�o� 
�|� �O�r�i�g�i�n�a�l� �C�u�r�v�e� �6� 

�4� �&� 

�%� �;� �V�p� 
�4� 

�q� �3� �3� �T�h� 
�c�|� �°�7� 
�R�e�d�u�c�e�d� �C�u�r�v�e�,� �g�,� �W�i�t�h� �K�n�o�t� �R�e�m�o�v�e�d� 

�t� �T�t� 
�5� �6� �7� �t�g� 

�4� �i�e�)� 
�3� �t�o� 

�t� �t� �2� �I� 
�y�e� �4� 

�t� �4� �d�  ��3�  ��6� �d�y� �t�i�o� 
�A�p�p�r�o�x� �i�m�a�t� �i�n�g� �C�u�r�v�e�,� �f ��,� �W�i�t�h� �K�n�o�t� �R�e�t�n�s�e�r�t�e�d� � � �F�i�g�u�r�e� �5�.� �S�t�e�p�s� �i�n� �D�e�t�e�r�m�i�n�i�n�g� �t�h�e� �S�i�g�n�i�f�i�c�a�n�c�e� �o�f� �a� �K�n�o�t� � � � � 
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�s�o� �t�h�a�t� �T� �J� �z� �=� �t�.� �T�h�e�r�e�f�o�r�e�,� �T� �(�J� �z� �i�s� �t�h�e� �k�n�o�t� �s�e�q�u�e�n�c�e� �o�b�t�a�i�n�e�d� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� 

�m�u�l�t�i�p�l�i�c�i�t�y� �o�f� �t�h�e� �k�n�o�t� �z� �b�y� �o�n�e� �i�n� �t�h�e� �k�n�o�t� �s�e�q�u�e�n�c�e� �T�.� �N�e�x�t�,� �d�e�f�i�n�e� �i�n�t�e�g�e�r�s� �v� �a�n�d� 

�{� �s�u�c�h� �t�h�a�t�:� 

�l�A
� 

�T�y�W�H�4�<� �T�y�-�4�)� �=� �o�o� �=� �T�H�Y� �z�Z�<�T� 

�w�h�e�r�e� �t�h�e� �t�e�r�m�s� �t�,�_�;�.�;�,�.�.�.�,� �T�y�-�1� �a�n�d� �z� �a�r�e� �m�u�l�t�i�p�l�e� �k�n�o�t�s�.� �T�h�e� �m�u�l�t�i�p�l�i�c�i�t�y� �o�f� �z� �i�n� �t� �i�s� 

�/� �a�n�d� �v� �=� �/�,� �t�h�e� �s�u�b�s�c�r�i�p�t� �o�f� �t�h�e� �k�n�o�t� �i�n� �t� �w�h�o�s�e� �w�e�i�g�h�t� �i�s� �b�e�i�n�g� �f�o�u�n�d�.� 

�T�h�e� �r�e�d�u�c�e�d� �c�u�r�v�e� �d�e�f�i�n�e�d� �o�n� �t�h�e� �k�n�o�t� �s�e�q�u�e�n�c�e� �T� �c�a�n� �b�e� �d�e�f�i�n�e�d� �a�s�:� 

�n� 

�g�=� �>�¢� �B�i�g�t� �E�S�,� �t� 
�i�=�]� 

�w�h�e�r�e� �t�h�e� �c�¢�;� �a�r�e� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �a�n�d� �B�,�,�7� �a�r�e� �b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s�.� �L�i�k�e�w�i�s�e�,� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�i�n�g� �c�u�r�v�e� �t�a�k�e�s� �t�h�e� �f�o�r�m�:� 

�r�n�+�1� 

�f�'� �=� �d�d� �N�i�c�e�  ¬� �S�y�:� 

�i�=�l� 

�w�h�e�r�e� �d�,� �a�r�e� �t�h�e� �c�o�n�t�r�o�l� �p�o�i�n�t�s� �a�n�d� �N�i�x�.� �a�r�e� �b�l�e�n�d�i�n�g� �f�u�n�c�t�i�o�n�s�.� �T�h�e� �n�e�x�t� �s�t�e�p� �i�n� 

�f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �m�a�t�r�i�x� �n�o�t�a�t�i�o�n� �o�f� �|�|� �f ��  �� �g� �|�|�,� �i�s� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� �p�r�o�c�e�s�s� �o�f� �i�n�s�e�r�t�i�n�g� 

�a� �k�n�o�t� �i�n�t�o� �g�t�o� �g�e�t� �f ��.� �F�r�o�m� �B�o�e�h�m ��s� �w�o�r�k� �o�n� �K�n�o�t� �i�n�s�e�r�t�i�o�n� �[�B�o�e�h�8�0�]�:� 

�d�®�?� �=� �¢�?� �f�o�r�i� �=� �1�,�.�.�.�,�v ��k�,� 

�d�,�!� �=� �b�a�;� �C�;�'� �+� �A�;� �¢�;�!� �f�o�r�i� �=� �v ��-�k�+�1�,�.�.�.�,�v ��J�/�,� 

�d�e� �=� �G�_�y� �f�o�r�i�=�v ��i�+�l�1�,�.�.�.�,�n�+�1� 
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�w�h�e�r�e� 

�T�i�4�¢�k ��-�1�  �� �2� �z�Z �� �7�;� 

�T�i�p� �k ��-�1� �7� �T�e�-�1� �7� �T�i� 

�T�h�e� �s�e�c�o�n�d� �e�q�u�a�t�i�o�n� �f�o�r� �t�r�a�n�s�f�o�r�m�i�n�g� �t�h�e� �d�,�;� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �m�a�t�r�i�x� �f�o�r�m� �a�s�:� 

�d �� �=� �B�e �� 

�w�h�e�r�e� �B� �i�s� �a� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x� �f�r�o�m� �c�'� �t�o� �d�'�.� �T�h�e� �B� �m�a�t�r�i�x� �t�a�k�e�s� �t�h�e� �f�o�r�m�:� 

�>� �-� 

�l� �0� �v�e�e� �0� �0� 

�A�y�n� �k�+�1� �B�y�e� �k�4� �t�o�c� �0� �0� 

�B� �_� �0� �A�y ��-�k�4�2� �a�o�e� 

�w�e� �B�y� �f�u�y� �0� 

�0� �0� �e�e�e� �A�y�-�i� �B�y�]� 

�0� �0� �v�e�e� �0� �1� � � � � 
�T�h�u�s�,� �B� �h�a�s� �k ��/�+�2� �r�o�w�s� �a�n�d� �k ��/�+�1� �c�o�l�u�m�n�s�.� �T�h�e� �e�l�e�m�e�n�t�s� �y�,� �d�e�c�r�e�a�s�e� �w�i�t�h� 

�i�n�c�r�e�a�s�i�n�g� �i�,� �w�h�i�l�e� �t�h�e� �e�l�e�m�e�n�t�s� �J�;� �i�n�c�r�e�a�s�e� �w�i�t�h� �i�n�c�r�e�a�s�i�n�g� �i�.� �T�h�e� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �o�f� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�i�n�g� �c�u�r�v�e�,� �f ��,� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �7�»� �p�r�o�b�l�e�m�:� 

�m�i�n� �|�|� �d�'�  �� �B�e �� �|�|� 

�w�h�e�r�e� �t�h�e� �¢�»� �p�r�o�b�l�e�m� �c�o�n�s�i�s�t�s� �o�f� �u�s�i�n�g� �t�h�e� �m�a�x� �n�o�r�m� �t�o� �p�e�r�f�o�r�m� �t�h�e� �a�b�o�v�e� 

�m�i�n�i�m�i�z�a�t�i�o�n�.� 

�T�h�e� �w�e�i�g�h�t� �f�o�r� �k�n�o�t� �¢�,� �i�n� �t�h�e� �o�r�i�g�i�n�a�l� �k�n�o�t� �s�e�q�u�e�n�c�e�,� �t�,� �i�s� �s�e�t� �e�q�u�a�l� �t�o�:� 
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�S�i�n�c�e� �m�i�n� �|�|� �d�'�  �� �B�c�!� �|�|� �i�s� �a�n� �o�v�e�r�d�e�f�i�n�e�d� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�,� �a� �s�p�e�c�i�a�l� �a�l�g�o�r�i�t�h�m� 

�m�u�s�t� �b�e� �u�s�e�d� �t�o� �f�i�n�d� �a� �s�o�l�u�t�i�o�n�,� �c�.� 

�d�e�s�c�r�i�b�e�d� �b�e�l�o�w� �t�o� �s�o�l�v�e� �s�u�c�h� �a� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s�.� 

�L�y�c�h�e� �a�n�d� �M�o�r�k�e�n� �d�e�v�e�l�o�p�e�d� �t�h�e� �a�l�g�o�r�i�t�h�m� 

�I�n� �[�L�y�c�h�8�8�]�,� �a� �l�i�n�e�a�r� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� 

�p�r�e�s�e�n�t�e�d� �a�b�o�v�e�.� �T�h�i�s� �s�o�l�u�t�i�o�n� �t�a�k�e�s� �t�h�e� �f�o�r�m�:� 
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�A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �A� �m�a�t�r�i�x� �i�s� �j�u�s�t� �t�h�e� �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �m�a�t�r�i�x�,� �B� �w�i�t�h� �a�n� �a�d�d�e�d� �c�o�l�u�m�n�,� 

�a�,� �d�e�f�i�n�e�d� �b�y�:� 
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�W�i�t�h� �t�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �A� �m�a�t�r�i�x� �d�e�f�i�n�e�d�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�l�g�o�r�i�t�h�m� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�o�l�v�e� 

�f�o�r� �c�e ��:� 

�1�.� �C�o�n�s�t�r�u�c�t� �t�h�e� �m�a�t�r�i�x� �A�.� 

�2�.� �D�e�t�e�r�m�i�n�e� �t�h�e� �l�a�r�g�e�s�t� �i�n�t�e�g�e�r� �p� �s�u�c�h� �t�h�a�t� �y�p�,� �>� �1�/�2�.� 

�3�.� �E�l�m�i�n�a�t�e� �c�}�_�,� �f�r�o�m� �e�q�u�a�t�i�o�n� �i�f�o�r� �i� �=� �2�,�.�.�.�,� �p� �u�s�i�n�g� �f�o�r�w�a�r�d� �G�a�u�s�s�i�a�n� �e�l�i�m�i�n�a�t�i�o�n� 

�o�n� �e�q�u�a�t�i�o�n�s� �2�,�.�.�.�,� �p�.� 

�4�.� �E�l�i�m�i�n�a�t�e� �c�}� �f�r�o�m� �e�q�u�a�t�i�o�n� �i�j� �f�o�r� �i� �=� �n ��-�1�,�.�.�.�,� �p�+�1� �u�s�i�n�g� �b�a�c�k�w�a�r�d� �G�a�u�s�s�i�a�n� 

�e�l�i�m�i�n�a�t�i�o�n� �o�n� �e�q�u�a�t�i�o�n�s� �n ��1�,� �n ��2�,�.�.�.�,� �p�+�.� 

�5�.� �S�o�l�v�e� �r�e�d�u�c�e�d� �e�q�u�a�t�i�o�n�s� �p� �a�n�d� �p�+� �1� �f�o�r� �c�!�}� �a�n�d� �c�e�}�.� 

�6�.� �P�e�r�f�o�r�m� �b�a�c�k� �s�u�b�s�t�i�t�u�t�i�o�n� �o�n� �e�q�u�a�t�i�o�n� �i� �f�o�r� �i� �=� �p ��1�,� �p ��2�,�.�.�.�,� �1� �t�o� �d�e�t�e�r�m�i�n�e� 

�c�}�.� 

�7�.� �P�e�r�f�o�r�m� �b�a�c�k� �s�u�b�s�t�i�t�u�t�i�o�n� �o�n� �e�q�u�a�t�i�o�n� �i�f�o�r� �i� �=� �p�+�2�,�.�.�.�,� �n� �t�o� �d�e�t�e�r�m�i�n�e� �c�!�_�,�.� 

�L�y�c�h�e� �a�n�d� �M�o�r�k�e�n� �[�L�y�c�h�8�8�]� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �n�e�v�e�r� �r�e�s�u�l�t�s� �i�n� �d�i�v�i�s�i�o�n� �b�y� 

�z�e�r�o�,� �d�o�e�s� �n�o�t� �c�r�e�a�t�e� �f�i�l�l�-�i�n� �a�n�d� �p�r�e�v�e�n�t�s� �g�r�o�w�t�h� �o�f� �t�h�e� �e�l�e�m�e�n�t�s� �i�n� �A�,� �e�x�c�e�p�t� �f�o�r� �t�h�e� �l�a�s�t� 

�c�o�l�u�m�n�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �a�l�g�o�r�i�t�h�m� �i�s� �s�t�a�b�l�e�.� 

�W�h�e�n� �t�h�i�s� �p�r�o�c�e�s�s� �i�s� �c�a�r�r�i�e�d� �o�u�t� �f�o�r� �t�h�e� �e�n�t�i�r�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e�,� �e�a�c�h� �i�n�t�e�r�i�o�r� �k�n�o�t� �i�s� 

�a�s�s�i�g�n�e�d� �a� �k�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t� �u�s�i�n�g�:� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �3�9
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�w�h�e�r�e� �t�h�e� �m�a�x� �n�o�r�m� �i�s� �u�s�e�d�.� �A�s� �o�f� �y�e�t�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �f�o�r� �m�u�l�t�i�p�l�e� �k�n�o�t�s� �h�a�s� �n�o�t� �b�e�e�n� 

�i�m�p�l�e�m�e�n�t�e�d�.� �U�s�i�n�g� �t�h�e�s�e� �w�e�i�g�h�t�s�,� �t�h�e� �i�n�t�e�r�i�o�r� �k�n�o�t�s� �o�f� �t�h�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �c�a�n� �b�e� �s�o�r�t�e�d� 

�s�o� �t�h�a�t� �t�h�e� �l�e�a�s�t� �s�i�g�n�i�f�i�c�a�n�t� �k�n�o�t� �i�s� �a�t� �o�n�e� �e�n�d� �o�f� �a� �l�i�s�t� �a�n�d� �t�h�e� �m�o�s�t� �s�i�g�n�i�f�i�c�a�n�t� �k�n�o�t� �i�s� 

�a�t� �t�h�e� �o�t�h�e�r� �e�n�d� �o�f� �t�h�e� �l�i�s�t�.� �A� �p�a�r�a�l�l�e�l� �q�u�i�c�k� �s�o�r�t� �i�s� �u�s�e�d� �f�o�r� �t�h�i�s� �p�u�r�p�o�s�e�.� �T�h�e� �s�o�r�t�e�d� �l�i�s�t� 

�o�f� �k�n�o�t�s� �a�n�d� �w�e�i�g�h�t�s� �i�s� �c�a�l�l�e�d� �t�h�e� �k�n�o�t� �r�e�m�o�v�a�l� �l�i�s�t�.� 

�4�.�4� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �N�e�w� �C�o�n�t�r�o�l� �V�e�r�t�i�c�e�s� 

�T�h�e� �s�e�c�o�n�d� �s�t�e�p� �i�n� �r�e�m�o�v�i�n�g� �k�n�o�t�s� �f�r�o�m� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�e�w� 

�l�o�c�a�t�i�o�n�s� �o�f� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �i�n� �t�h�e� �v�i�c�i�n�i�t�y� �o�f� �t�h�e� �k�n�o�t� �b�e�i�n�g� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�u�r�v�e�.� 

�T�h�e� �n�e�w� �l�o�c�a�t�i�o�n�s� �f�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �s�h�o�u�l�d� �b�e� �s�u�c�h� �t�h�a�t� �t�h�e� �a�m�o�u�n�t� �t�h�e� 

�c�u�r�v�e� �c�h�a�n�g�e�s� �i�s� �m�i�n�i�m�a�l�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� 

�c�u�r�v�e�,� �g�,� �a�n�d� �t�h�e� �o�r�i�g�i�n�a�l� �c�u�r�v�e�,� �f�,� �s�h�o�u�l�d� �b�e� �m�i�n�i�m�i�z�e�d�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �i�s� �a� �d�i�f�f�i�c�u�l�t� 

�p�r�o�b�l�e�m� �t�o� �s�o�l�v�e�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�e� �t�a�s�k� �o�f� �f�i�n�d�i�n�g� �t�h�e� �n�e�w� �l�o�c�a�t�i�o�n�s� �f�o�r� �l�o�c�a�l� �c�o�n�t�r�o�l� 

�v�e�r�t�i�c�e�s� �w�h�i�l�e� �r�e�m�o�v�i�n�g� �o�n�l�y� �o�n�e� �k�n�o�t� �w�i�l�l� �b�e� �e�x�p�l�a�i�n�e�d� �f�i�r�s�t�.� 

�B�e�f�o�r�e� �s�o�l�v�i�n�g� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�i�c�h� �k�n�o�t�s� �a�n�d� 

�c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �i�n� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �m�u�s�t� �b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �i�f� �o�n�l�y� �o�n�e� 

�i�n�t�e�r�i�o�r� �k�n�o�t� �i�s� �b�e�i�n�g� �r�e�m�o�v�e�d�.� �T�h�e� �n�u�m�b�e�r� �o�f� �k�n�o�t�s� �a�n�d� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �w�h�i�c�h� �m�u�s�t� 

�b�e� �i�n�c�l�u�d�e�d� �i�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �i�s� �d�e�p�e�n�d�e�n�t� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �c�u�r�v�e�.� �A�s�s�u�m�e� �k�n�o�t� 

�t�,� �i�s� �t�o� �b�e� �r�e�m�o�v�e�d� �f�r�o�m� �a� �c�u�b�i�c� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �(�o�r�d�e�r� �k� �=� �4�)�.� �T�h�e�n� �t�h�e� �c�o�n�t�r�o�l� �v�e�r�t�e�x� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�0



�w�h�i�c�h� �i�s� �a�l�s�o� �b�e�i�n�g� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�u�r�v�e� �i�s� �q�,�;�-�2�.� �A� �l�o�c�a�l� �f�o�u�r�t�h� �o�r�d�e�r� �B�-�S�p�l�i�n�e� �w�h�i�c�h� 

�i�s� �d�e�f�i�n�e�d� �b�y� �k� �+�1� �k�n�o�t�s� �o�n� �e�i�t�h�e�r� �s�i�d�e� �o�f� �4� �a�n�d� �k ��1� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �o�n� �e�i�t�h�e�r� �s�i�d�e� 

�o�f� �q�,�;�-�.� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n�.� �T�h�i�s� �l�o�c�a�l� �r�e�g�i�o�n� �o�f� �t�h�e� �c�u�r�v�e� �m�u�s�t� �b�e� 

�c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �b�e�c�a�u�s�e� �t�h�e� �c�u�r�v�e� �s�e�g�m�e�n�t�s� �d�e�f�i�n�e�d� �b�y� �t�h�i�s� 

�r�e�g�i�o�n� �a�r�e� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �k�n�o�t� �4� �w�h�i�c�h� �i�s� �b�e�i�n�g� �r�e�m�o�v�e�d�.� �T�h�i�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �6� 

�o�n� �p�a�g�e� �4�2�.� 

�F�o�r� �a� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� �o�f� �t�h�i�s� �t�y�p�e�,� �a�n� �7�,� �n�o�r�m� �(�1� �<� �p� �<� �o�o�)� �i�s� �t�y�p�i�c�a�l�l�y� �u�s�e�d�.� 

�T�h�e� �n�o�r�m�s� �u�s�e�d� �i�n� �t�h�i�s� �t�h�e�s�i�s� �a�r�e� �d�e�f�i�n�e�d� �o�v�e�r� �a�n�y� �k�n�o�t� �s�e�q�u�e�n�c�e�,� �t�,� �c�o�n�t�a�i�n�i�n�g� �a� �r�e�d�u�c�e�d� 

�K�n�o�t� �s�e�q�u�e�n�c�e�,� �T�,� �a�s�:� 

�=� �4� �i� 
�m�a�x�;� �|�d�,�|� �f�o�r� �p� �=� �c�o� 

�l�i�f�t�]� �=� �{�o�t�o� �t�s�  �� �K�Y�?� �f�o�r� �<� �p� �<� �*�|� 

�w�h�e�r�e� �t�h�e� �d�,� �a�n�d� �4� �a�r�e� �t�h�e� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �a�n�d� �k�n�o�t�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �c�u�r�v�e�,� 

�f�e�S�x�s� �I�f� �¢� �a�r�e� �t�h�e� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �o�f� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� �c�u�r�v�e�,� �g�  ¬� �S�,�7�,� �t�h�e�n� 

�d� �=� �B�c� �w�h�e�r�e� �B� �i�s� �t�h�e� �B�-�S�p�l�i�n�e� �k�n�o�t� �i�n�s�e�r�t�i�o�n� �m�a�t�r�i�x� �o�f� �o�r�d�e�r� �k� �f�r�o�m� �T� �t�o� �t�.� 

�T�h�e�r�e�f�o�r�e�,� �t�h�e� �a�b�o�v�e� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n�:� 

�M�f� �l�l�e�,� �=� �U�E� �B�e� �I�I�,� 

�w�h�e�r�e� �E�} ��?� �i�s� �a�n� �m�x� �m� �s�c�a�l�i�n�g� �m�a�t�r�i�x� �d�e�f�i�n�e�d� �b�y�:� 

�v�e� 
�¥� 

�{�i�t�s�  �� �k�l �� �f�o�r�l�<�p�<� �a� 
 ��t�s� �]� �f�o�r� �p� �=� �©�0� 

�L�y�c�h�e� �a�n�d� �M�o�r�k�e�n� �[�L�y�c�h�8�7�]� �d�i�s�c�u�s�s�e�d� �t�h�e� �u�s�e� �o�f� �d�i�s�c�r�e�t�e� �n�o�r�m�s� �f�o�r� �a�p�p�r�o�x�i�m�a�t�i�n�g� 

�B�-�S�p�l�i�n�e� �c�u�r�v�e�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �d�e�c�i�s�i�o�n� �o�f� �w�h�i�c�h� �7�,� �n�o�r�m� �t�o� �u�s�e� �w�a�s� �n�o�t� �a�n�s�w�e�r�e�d�.� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�1



� � 

�K�n�o�t� �t�o� �b�e� �r�e�m�o�v�e�d� �G�C� �i�p� 

�L�o�c�a�l� �r�e�g�i�o�n� �o�f� �c�u�r�v�e� �i� 

�F�i�g�u�r�e� �6�.� �D�e�f�i�n�i�t�i�o�n� �o�f� �a� �L�o�c�a�l� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �W�h�i�l�e� �R�e�m�o�v�i�n�g� �O�n�e� �K�n�o�t�:� 
�B�-�S�p�l�i�n�e� �c�u�r�v�e� �c�o�n�s�i�d�e�r�e�d� �w�h�e�n� �k�n�o�t� �t�s� �i�s� �r�e�m�o�v�e�d�.� � � 
� � 

�R�e�g�i�o�n� �o�f� �t�h�e� �c�u�b�i�c� � � � � 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�2



�T�h�r�o�u�g�h�o�u�t� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �i�t� �h�a�s� �b�e�e�n� �w�e�l�l� �d�o�c�u�m�e�n�t�e�d� �t�h�a�t� �t�h�e� �c�o�n�t�r�o�l� �p�o�l�y�g�o�n� �o�f� �a� 

�B�-�S�p�l�i�n�e� �c�u�r�v�e� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �c�u�r�v�e� �a�s� �t�h�e� �c�o�n�t�r�o�l� �p�o�l�y�g�o�n� �i�s� �r�e�f�i�n�e�d� �[�C�o�h�e�8�0�]�,� 

�[�B�a�r�t�8�7�]�.� �T�h�i�s� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �(�?�,�,� �t�)� �n�o�r�m� �c�o�n�v�e�r�g�e�s� �t�o� �t�h�e� �L�,�.� �n�o�r�m� �o�f� �t�h�e� �B�-�S�p�l�i�n�e�.� 

�I�n� �a� �l�a�t�e�r� �p�a�p�e�r�,� �L�y�c�h�e� �a�n�d� �M�o�r�k�e�n� �[�L�y�c�h�8�8�]� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �o�f� �t�h�e� 

�(�f�,�,� �t�)� �n�o�r�m� �a�n�d� �t�h�e� �L�,� �n�o�r�m� �i�s� �s�m�a�l�l� �i�f� �t�h�e� �c�u�r�v�e� �i�s� �s�m�o�o�t�h�.� �T�h�e�r�e�f�o�r�e�,� �t�h�i�s� �n�o�r�m� �i�s� 

�u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �n�e�w� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �n�e�a�r� �t�h�e� �k�n�o�t� �w�h�i�c�h� �i�s� �b�e�i�n�g� 

�r�e�m�o�v�e�d�.� �T�h�e� �n�e�w� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �w�i�l�l� �b�e� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �p�r�o�b�l�e�m�:� 

�m�i�n� �I�l� �f ��-�g�l�l�,�,� 
 ¬�&�  ¬� �k�t� 

�U�s�i�n�g� �t�h�e� �B�-�S�p�l�i�n�e� �k�n�o�t� �i�n�s�e�r�t�i�o�n� �m�a�t�r�i�x� �a�n�d� �t�h�e� �s�c�a�l�i�n�g� �m�a�t�r�i�x�,� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�p�r�o�b�l�e�m� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s�:� 

�m�i�n� �|�|� �E�,�/�*�(�B�e�  �� �d�)� �|�|� 

�I�n� �a� �l�e�a�s�t� �s�q�u�a�r�e�s� �s�o�l�u�t�i�o�n� �o�f� �o�v�e�r� �d�e�t�e�r�m�i�n�e�d� �l�i�n�e�a�r� �s�y�s�t�e�m�s�,� �i�l�l�-�c�o�n�d�i�t�i�o�n�e�d� �m�a�t�r�i�c�e�s� �a�r�e� 

�s�o�m�e�t�i�m�e�s� �a� �c�o�n�c�e�r�n�.� �L�y�c�h�e� �a�n�d� �M�o�r�k�e�n� �[�L�y�c�h�8�8�]� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� �f�o�r� �t�h�i�s� �s�y�s�t�e�m�,� �i�f� 

�a� �s�u�i�t�a�b�l�e� �s�c�a�l�i�n�g� �m�a�t�r�i�x� �i�s� �i�n�t�r�o�d�u�c�e�d�,� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �i�s� 

�b�o�u�n�d�e�d� �b�y� �D�?� �[�D�e�B�o�7�6�]� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� �k�n�o�t� �s�e�q�u�e�n�c�e�s�.� �T�h�e� �s�c�a�l�i�n�g� �m�a�t�r�i�x� 

�w�h�i�c�h� �m�u�s�t� �b�e� �i�n�t�r�o�d�u�c�e�d� �i�s� �E�f�.� �T�h�i�s� �1�x� �s�c�a�l�i�n�g� �m�a�t�r�i�x� �i�s� �d�e�f�i�n�e�d� �s�i�m�i�l�a�r� �t�o� �E�}�?�:� 

�~�1�/�2� 
�é�i� �=� �(�C�(�t�i�s�y�,�  �� �%�)�]� 

�W�h�e�n� �t�h�i�s� �s�c�a�l�i�n�g� �m�a�t�r�i�x� �i�s� �i�n�t�r�o�d�u�c�e�d�,� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�i�n�i�m�i�z�a�t�i�o�n� �b�e�c�o�m�e�s�:� 

�m�i�n�,� �|�|� �E�t�/�?�(�B�E�z�'�?�x�  �� �d�)� �|�|� 
�x�e�R� 

�T�h�e� �n�e�w� �c�o�n�t�r�o�l� �p�o�i�n�t�s� �c�a�n� �b�e� �f�o�u�n�d� �b�y� �f�i�r�s�t� �s�o�l�v�i�n�g� �f�o�r� �x� �t�h�e�n� �s�u�b�s�t�i�t�u�t�i�n�g� �i�n�t�o�:� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�3



�e� �=� �E�x� 

�T�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �p�r�o�b�l�e�m� �c�a�n� �b�e� �s�o�l�v�e�d� �u�s�i�n�g� �o�n�e� �o�f� �t�w�o� �m�e�t�h�o�d�s�.� �T�h�e� �f�i�r�s�t� �m�e�t�h�o�d� 

�u�s�e�s� �o�r�t�h�o�g�o�n�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s�.� �T�h�e� �s�e�c�o�n�d� �m�e�t�h�o�d� �u�t�i�l�i�z�e�s� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �t�o� �s�o�l�v�e� 

�t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �p�r�o�b�l�e�m�.� �T�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �s�a�f�e� �t�o� �u�s�e� �b�e�c�a�u�s�e� �t�h�e� �c�o�n�d�i�t�i�o�n� �n�u�m�b�e�r� 

�o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �m�a�t�r�i�x� �i�s� �b�o�u�n�d�e�d� �b�y� �D�?�[�D�e�B�o�7�6�]�.� �F�o�r� �a� �f�o�u�r�t�h� �o�r�d�e�r� �B�-�S�p�l�i�n�e� �c�u�r�v�e� 

�(�k� �=� �4�)�,� �D�k� �=� �1�0�.�0�3�.� 

�B�o�t�h� �t�h�e� �m�e�t�h�o�d� �o�f� �o�r�t�h�o�g�o�n�a�l� �t�r�a�n�s�f�o�r�m�a�t�i�o�n�s� �a�n�d� �t�h�e� �u�t�i�l�i�z�a�t�i�o�n� �o�f� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� 

�w�e�r�e� �i�m�p�l�e�m�e�n�t�e�d� �d�u�r�i�n�g� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �s�o�f�t�w�a�r�e� �f�o�r� �t�h�i�s� �t�h�e�s�i�s�.� �S�i�n�c�e� �t�h�e�s�e� 

�t�e�c�h�n�i�q�u�e�s� �g�a�v�e� �i�d�e�n�t�i�c�a�l� �r�e�s�u�l�t�s�,� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�m�i�n�i�m�i�z�a�t�i�o�n� �i�n� �t�h�e� �f�i�n�a�l� �v�e�r�s�i�o�n� �o�f� �t�h�i�s� �t�h�e�s�i�s�.� �I�f� �h�i�g�h�e�r� �o�r�d�e�r� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s� �a�r�e� �u�s�e�d�,� 

�t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�i�n�i�m�i�z�a�t�i�o�n� �u�s�i�n�g� �n�o�r�m�a�l� �e�q�u�a�t�i�o�n�s� �a�n�d� �o�r�t�h�o�g�o�n�a�l� 

�p�r�o�j�e�c�t�i�o�n�s� �s�h�o�u�l�d� �b�e� �c�h�e�c�k�e�d�.� �V�a�l�u�e�s� �o�f� �D�,� �f�o�r� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s� �o�f� �v�a�r�i�o�u�s� �o�r�d�e�r�s� �a�r�e� 

�l�i�s�t�e�d� �i�n� �[�D�e�B�o�7�6�]�.� 

�R�e�c�a�l�l� �t�h�a�t� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �s�o� �f�a�r� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �h�o�l�d�s� �o�n�l�y� �f�o�r� �r�e�m�o�v�i�n�g� �o�n�e� �K�n�o�t� �f�r�o�m� 

�a� �c�u�b�i�c� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �(�o�r�d�e�r� �k� �=� �4�)�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� �t�o� �r�e�m�o�v�i�n�g� �m�o�r�e� 

�t�h�a�n� �o�n�e� �k�n�o�t�,� �e�s�p�e�c�i�a�l�l�y� �i�f� �t�h�e� �k�n�o�t�s� �t�o� �b�e� �r�e�m�o�v�e�d� �a�r�e� �a�l�l� �l�o�c�a�t�e�d� �w�i�t�h�i�n� �t�h�e� �s�a�m�e� �l�o�c�a�l� 

�c�u�r�v�e� �a�s� �d�e�f�i�n�e�d� �i�n� �F�i�g�u�r�e� �6� �o�n� �p�a�g�e� �4�2�.� �I�f� �a� �l�i�s�t� �o�f� �s�e�v�e�r�a�l� �n�e�a�r�b�y� �k�n�o�t�s� �i�s� �t�o� �b�e� 

�r�e�m�o�v�e�d�,� �t�h�e�n� �t�h�e� �l�o�c�a�l� �c�u�r�v�e� �w�h�i�c�h� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �w�i�l�l� �i�n�c�l�u�d�e� �o�n�e� �o�r� �m�o�r�e� 

�a�d�d�i�t�i�o�n�a�l� �k�n�o�t�s� �a�n�d� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �r�e�g�i�o�n� �o�f� �t�h�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e� 

�w�h�i�c�h� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �h�i�g�h�e�s�t� �a�n�d� �l�o�w�e�s�t� �s�u�b�s�c�r�i�p�t�s� 

�o�f� �t�h�e� �k�n�o�t�s� �w�h�i�c�h� �a�r�e� �i�n� �t�h�e� �r�e�m�o�v�a�l� �l�i�s�t�.� �T�h�e� �l�o�c�a�l� �c�u�b�i�c� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �(�k� �=� �4�)� �w�h�i�c�h� 

�m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �r�e�m�o�v�i�n�g� �a� �l�i�s�t� �o�f� �k�n�o�t�s� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �k�n�o�t�s� �f�r�o�m� �£�,�,�,�_�,�-�,� �t�o� 

�t�y�+�x�+�,� �a�n�d� �b�y� �t�h�e� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �f�r�o�m� �q�u�y ��%�+�1� �t�O� �Q�a�i�+�x�4 ��1�-� �T�h�e� �s�u�b�s�c�r�i�p�t�s� �A�i� �a�n�d� �l�o�w� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�4



�a�r�e� �t�h�e� �s�u�b�s�c�r�i�p�t�s� �o�f� �t�h�e� �k�n�o�t�s� �i�n� �t�h�e� �r�e�m�o�v�a�l� �l�i�s�t� �h�a�v�i�n�g� �t�h�e� �h�i�g�h�e�s�t� �a�n�d� �l�o�w�e�s�t� �v�a�l�u�e�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�w�o� �e�x�a�m�p�l�e�s� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �7� �o�n� �p�a�g�e� �4�6� �a�n�d� �F�i�g�u�r�e� �8� �o�n� �p�a�g�e� �4�7�.� 

�A�g�a�i�n�,� �t�h�i�s� �l�o�c�a�l� �r�e�g�i�o�n� �o�f� �t�h�e� �c�u�r�v�e� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �t�h�e� �m�i�n�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m� 

�b�e�c�a�u�s�e� �t�h�e� �c�u�r�v�e� �s�e�g�m�e�n�t�s� �d�e�f�i�n�e�d� �b�y� �t�h�i�s� �r�e�g�i�o�n� �a�r�e� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �k�n�o�t�s� �w�h�i�c�h� �a�r�e� �i�n� 

�t�h�e� �r�e�m�o�v�a�l� �l�i�s�t�.� �I�f� �t�w�o� �o�r� �m�o�r�e� �k�n�o�t�s� �a�r�e� �t�o� �b�e� �r�e�m�o�v�e�d� �f�r�o�m� �a� �c�u�b�i�c� �B�-�S�p�l�i�n�e� �c�u�r�v�e� 

�a�n�d� �t�h�e�y� �a�r�e� �f�a�r� �e�n�o�u�g�h� �a�p�a�r�t� �t�h�a�t� �t�h�e�y� �d�o� �n�o�t� �a�f�f�e�c�t� �t�h�e� �s�a�m�e� �l�o�c�a�l� �r�e�g�i�o�n� �o�f� �t�h�e� �c�u�r�v�e�,� 

�t�h�e�n� �t�h�e�y� �m�u�s�t� �b�e� �r�e�m�o�v�e�d� �s�e�p�a�r�a�t�e�l�y�.� �T�h�i�s� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �9� �o�n� �p�a�g�e� �4�8�.� 

�4�.�5� �A� �D�a�t�a� �R�e�d�u�c�t�i�o�n� �A�l�g�o�r�i�t�h�m� �f�o�r� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� 

�A�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �m�u�s�t� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �p�r�e�v�i�o�u�s� �t�w�o� �s�t�e�p�s� �w�h�i�c�h� �h�a�v�e� 

�b�e�e�n� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �n�a�m�e�l�y�,� �d�e�t�e�r�m�i�n�i�n�g� �w�h�i�c�h� �k�n�o�t�s� �t�o� �r�e�m�o�v�e� �a�n�d� �t�h�e�n� 

�r�e�m�o�v�i�n�g� �t�h�e�m�.� �T�h�e� �i�d�e�a�l� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �o�n� �a� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �w�o�u�l�d� �b�e�:� 

�1�.� �S�a�v�e� �t�h�e� �i�n�i�t�i�a�l� �o�r� �r�e�d�u�c�e�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�u�r�v�e� �a�s� �t�h�e� �c�u�r�r�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� 

�o�f� �t�h�e� �c�u�r�v�e�.� 

�2�.� �D�e�t�e�r�m�i�n�e� �t�h�e� �k�n�o�t� �w�h�i�c�h� �h�a�s� �t�h�e� �l�e�a�s�t� �s�i�g�n�i�f�i�c�a�n�c�e�.� 

�3�.� �R�e�m�o�v�e� �t�h�e� �k�n�o�t� �h�a�v�i�n�g� �t�h�e� �l�e�a�s�t� �s�i�g�n�i�f�i�c�a�n�c�e� �f�r�o�m� �t�h�e� �c�u�r�v�e�.� 

�4�.� �C�h�e�c�k� �w�h�e�t�h�e�r� �t�h�e� �r�e�d�u�c�e�d� �c�u�r�v�e� �i�s� �w�i�t�h�i�n� �t�h�e� �s�p�e�c�i�f�i�e�d� �t�o�l�e�r�a�n�c�e�.� 

�5�.� �I�f�t�h�e� �r�e�d�u�c�e�d� �c�u�r�v�e� �i�s� �w�i�t�h�i�n� �t�h�e� �s�p�e�c�i�f�i�e�d� �t�o�l�e�r�a�n�c�e�,� �t�h�e�n� �r�e�p�e�a�t� �s�t�e�p�s� �o�n�e� �t�h�r�o�u�g�h� 

�f�o�u�r�.� �O�t�h�e�r�w�i�s�e�,� �g�o� �t�o� �s�t�e�p� �s�i�x�.� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�5
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�K�n�o�t�s� �t�o� �b�e� �r�e�m�o�v�e�d� �|� 

�L�o�c�a�l� �r�e�g�i�o�n� �o�f� �c�u�r�v�e� �C�D� �o�f� 

�F�i�g�u�r�e� �7�.� �L�o�c�a�l� �C�u�b�i�c� �B�-�S�p�l�i�n�e�s� �C�o�n�s�i�d�e�r�e�d� �W�h�e�n� �R�e�m�o�v�i�n�g� �a� �L�i�s�t� �o�f� �K�n�o�t�s�:� 
�l�i�s�t� �a�r�e� �a�d�j�a�c�e�n�t� �t�o� �e�a�c�h� �o�t�h�e�r�.� � � 
� � 

�K�n�o�t�s� �i�n� �k�n�o�t� �r�e�m�o�v�a�l� � � 
� � 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�6
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�h�i� �=� �1�0� �l�o�w� �=� �7� 

�K�n�o�t�s� �t�o� �b�e� �r�e�m�o�v�e�d� �1� 

�L�o�c�a�l� �r�e�g�i�o�n� �o�f� �c�u�r�v�e� �C�O� �r�o� 

�F�i�g�u�r�e� �8�.� �L�o�c�a�l� �C�u�b�i�c� �B�-�S�p�l�i�n�e�s� �C�o�n�s�i�d�e�r�e�d� �W�h�e�n� �R�e�m�o�v�i�n�g� �a� �L�i�s�t� �o�f� �K�n�o�t�s�:� �K�n�o�t�s� �i�n� �k�n�o�t� �r�e�m�o�v�a�l� 
�l�i�s�t� �a�r�e� �n�e�a�r�b�y�,� �b�u�t� �n�o�t� �a�d�j�a�c�e�n�t� �t�o� �e�a�c�h� �o�t�h�e�r�.� � � � � � � 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s
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�K�n�o�t�s� �t�o� �b�e� �r�e�m�o�v�e�d� �i� 

�L�o�c�a�l� �r�e�g�i�o�n� �o�f� �c�u�r�v�e� �7� �i� � � �F�i�g�u�r�e� �9�.� �R�e�m�o�v�a�l� �o�f� �K�n�o�t�s� �N�o�t� �A�f�f�e�c�t�i�n�g� �t�h�e� �S�a�m�e� �L�o�c�a�l� �R�e�g�i�o�n� �o�f� �t�h�e� �C�u�r�v�e� 
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�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�8



�6�.� �R�e�p�l�a�c�e� �t�h�e� �i�n�i�t�i�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�u�r�v�e� �w�i�t�h� �t�h�e� �c�u�r�r�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�.� 

�T�h�i�s� �a�l�g�o�r�i�t�h�m� �s�e�e�m�s� �t�o� �b�e� �g�o�o�d� �s�i�n�c�e� �i�t� �r�e�m�o�v�e�s� �k�n�o�t�s� �f�r�o�m� �t�h�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �i�n� �a� 

�p�r�i�o�r�i�t�i�z�e�d� �m�a�n�n�e�r� �u�n�t�i�l� �t�h�e� �t�o�l�e�r�a�n�c�e� �i�s� �e�x�c�e�e�d�e�d� �a�n�d� �t�h�e�n� �g�i�v�e�s� �t�h�e� �b�e�s�t� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�w�i�t�h�i�n� �t�h�e� �t�o�l�e�r�a�n�c�e�.� �H�o�w�e�v�e�r�,� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �n�e�c�e�s�s�a�r�y� �t�o� �f�i�n�d� �t�h�e� �w�e�i�g�h�t�s� �f�o�r� �e�a�c�h� 

�n�e�w� �c�u�r�v�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �i�n� �s�t�e�p� �t�w�o� �a�r�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �i�n�t�e�n�s�i�v�e�.� �F�o�r� �a� �c�u�r�v�e� �h�a�v�i�n�g� 

�o�n� �t�h�e� �o�r�d�e�r� �o�f� �1�0�?� �o�r� �m�o�r�e� �k�n�o�t�s�,� �t�h�e� �a�b�o�v�e� �k�n�o�t� �r�e�m�o�v�a�l� �a�l�g�o�r�i�t�h�m� �i�s� �r�e�l�a�t�i�v�e�l�y� �s�l�o�w�.� 

�T�o� �i�n�c�r�e�a�s�e� �t�h�e� �s�p�e�e�d�,� �k�n�o�t�s� �c�a�n� �b�e� �r�e�m�o�v�e�d� �i�n� �l�o�c�a�l�i�z�e�d� �g�r�o�u�p�s� �o�r� �p�a�r�t�i�t�i�o�n�s�.� �I�f� �t�h�e� 

�p�a�r�t�i�t�i�o�n� �s�i�z�e� �i�s� �c�h�o�s�e�n� �w�i�s�e�l�y�,� �k�n�o�t�s� �c�a�n� �s�t�i�l�l� �b�e� �r�e�m�o�v�e�d� �i�n� �a� �p�r�i�o�r�i�t�i�z�e�d� �m�a�n�n�e�r�,� 

�h�o�w�e�v�e�r�,� �m�o�r�e� �K�n�o�t�s� �c�a�n� �b�e� �r�e�m�o�v�e�d� �d�u�r�i�n�g� �e�a�c�h� �i�t�e�r�a�t�i�o�n�.� 

�T�w�o� �p�a�r�t�i�t�i�o�n�i�n�g� �m�e�t�h�o�d�s� �w�e�r�e� �i�m�p�l�e�m�e�n�t�e�d� �d�u�r�i�n�g� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �s�o�f�t�w�a�r�e� �f�o�r� �t�h�i�s� 

�t�h�e�s�i�s�.� �T�h�e� �f�i�r�s�t� �c�o�n�s�i�s�t�e�d� �o�f� �a�n� �a�d�a�p�t�i�v�e� �p�a�r�t�i�t�i�o�n�i�n�g� �m�e�t�h�o�d� �b�a�s�e�d� �o�n� �t�h�e� �t�o�l�e�r�a�n�c�e�,� 

�é�,� �t�h�e� �a�l�l�o�w�a�b�l�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �o�r�i�g�i�n�a�l� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �a�n�d� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�n�g� 

�B�-�S�p�l�i�n�e� �c�u�r�v�e�.� �T�h�e� �s�e�c�o�n�d� �p�a�r�t�i�t�i�o�n�i�n�g� �m�e�t�h�o�d� �c�o�n�s�i�s�t�e�d� �o�f� �f�i�x�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �k�n�o�t�s� 

�b�e�i�n�g� �r�e�m�o�v�e�d� �d�u�r�i�n�g� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �a�n�d� �a�d�j�u�s�t�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �k�n�o�t�s� �r�e�m�o�v�e�d� �i�n� �t�h�e� 

�f�i�n�a�l� �i�t�e�r�a�t�i�o�n� �s�o� �t�h�a�t� �t�h�e� �d�e�s�i�r�e�d� �n�u�m�b�e�r� �o�f� �k�n�o�t�s� �w�e�r�e� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�u�r�v�e�.� �B�o�t�h� 

�p�a�r�t�i�t�i�o�n�i�n�g� �m�e�t�h�o�d�s� �a�r�e� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� 

�T�h�e� �a�d�a�p�t�i�v�e� �p�a�r�t�i�t�i�o�n�i�n�g� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �w�o�r�k� �d�o�n�e� �b�y� �L�y�c�h�e� �a�n�d� �M�o�r�k�e�n� 

�[�L�y�c�h�8�8�]�.� �T�h�e� �t�o�l�e�r�a�n�c�e�,� �«�¢�,� �i�s� �u�s�e�d� �t�o� �c�a�l�c�u�l�a�t�e� �v�a�l�u�e�s� �w�h�i�c�h� �a�r�e� �u�s�e�d� �t�o� �p�a�r�t�i�t�i�o�n� �t�h�e� 

�K�n�o�t�s� �b�a�s�e�d� �o�n� �K�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s�.� �T�h�e� �p�a�r�t�i�t�i�o�n�s� �a�r�e�:� 

�O�=� �p�<� �P�<� �<�P� �=�w�y�,� 

�H�e�r�e�,� �W�y�m�a�,� �i�s� �t�h�e� �m�a�x�i�m�u�m� �w�e�i�g�h�t� �i�n� �t�h�e� �l�i�s�t� �o�f� �k�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� 

�i�n�t�e�r�i�o�r� �k�n�o�t�s� �o�f� �a� �c�u�r�v�e�.� �T�h�e� �p�a�r�t�i�t�i�o�n�i�n�g� �v�a�l�u�e�s�,� �p�,�,� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �u�s�i�n�g�:� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �4�9



�0� �f�o�r�i� �=�0� 
�i�=� �i�-�2� 

�2�  ��e� �f�o�r�i� �=�1�,�.�.�.�,� �q� 

�w�h�e�r�e� �g� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�t�i�t�i�o�n�s� �n�e�e�d�e�d� �t�o� �p�a�r�t�i�t�i�o�n� �t�h�e� �e�n�t�i�r�e� �l�i�s�t� �o�f� �k�n�o�t� �r�e�m�o�v�a�l� 

�w�e�i�g�h�t�s�.� 

�S�t�a�r�t�i�n�g� �a�t� �p�a�r�t�i�t�i�o�n� �p�o�,� �k�n�o�t�s� �a�r�e� �r�e�m�o�v�e�d� �u�n�t�i�l� �t�h�e� �d�e�s�i�r�e�d� �a�m�o�u�n�t� �o�f� �d�a�t�a� �r�e�d�u�c�t�i�o�n� 

�i�s� �a�c�h�i�e�v�e�d�.� �H�o�w�e�v�e�r�,� �k�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s� �a�n�d� �p�a�r�t�i�t�i�o�n�s� �a�r�e� �n�o�t� �r�e�c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� 

�i�n�t�e�r�m�e�d�i�a�t�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s�.� �T�h�i�s� �c�o�u�l�d� �r�e�s�u�l�t� �i�n� �t�h�e� �l�e�a�s�t� �s�i�g�n�i�f�i�c�a�n�t� �k�n�o�t�s� �f�a�i�l�i�n�g� �t�o� 

�b�e� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�u�r�v�e� �d�u�r�i�n�g� �t�h�e� �r�e�m�o�v�a�l� �o�f� �s�u�b�s�e�q�u�e�n�t� �p�a�r�t�i�t�i�o�n�s�.� �I�n� �f�a�c�t�,� �t�h�e� 

�p�a�r�t�i�t�i�o�n� �p�,� �w�a�s� �a�l�w�a�y�s� �f�o�u�n�d� �t�o� �c�o�n�t�a�i�n� �n�o� �k�n�o�t�s�,� �w�h�i�l�e� �t�h�e� �p�a�r�t�i�t�i�o�n� �p�,� �w�a�s� �f�o�u�n�d� �t�o� 

�u�s�u�a�l�l�y� �c�o�n�t�a�i�n� �o�n�l�y� �o�n�e� �k�n�o�t�.� �T�h�e�r�e�f�o�r�e�,� �e�v�e�n� �i�f� �k�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� 

�a�n�d� �t�h�e� �k�n�o�t�s� �w�e�r�e� �r�e�-�p�a�r�t�i�t�i�o�n�e�d� �b�e�t�w�e�e�n� �s�u�b�s�e�q�u�e�n�t� �i�t�e�r�a�t�i�o�n�s�,� �t�h�i�s� �m�e�t�h�o�d� �w�o�u�l�d� �b�e� 

�n�o� �f�a�s�t�e�r� �t�h�a�n� �t�h�e� �a�l�g�o�r�i�t�h�m� �s�u�g�g�e�s�t�e�d� �a�t� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �t�h�i�s� �s�e�c�t�i�o�n�.� �A�c�c�o�r�d�i�n�g�l�y�,� �t�h�i�s� 

�p�a�r�t�i�t�i�o�n�i�n�g� �m�e�t�h�o�d� �i�s� �n�o�t� �u�s�e�d� �i�n� �t�h�e� �f�i�n�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �d�a�t�a� �r�e�d�u�c�t�i�o�n� 

�s�o�f�t�w�a�r�e�.� 

�T�h�e� �f�i�x�e�d� �p�a�r�t�i�t�i�o�n�i�n�g� �m�e�t�h�o�d�,� �w�h�i�c�h� �i�s� �u�s�e�d� �i�n� �t�h�e� �f�i�n�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�i�s� �t�h�e�s�i�s�,� 

�r�e�m�o�v�e�s� �f�i�v�e� �k�n�o�t�s� �f�r�o�m� �t�h�e� �c�u�r�v�e� �d�u�r�i�n�g� �e�a�c�h� �i�t�e�r�a�t�i�o�n� �u�n�t�i�l� �t�h�e� �d�e�s�i�r�e�d� �n�u�m�b�e�r� �o�f� 

�k�n�o�t�s� �h�a�v�e� �b�e�e�n� �r�e�r�n�o�v�e�d� �f�r�o�m� �t�h�e� �c�u�r�v�e�.� �K�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s� �a�r�e� �r�e�c�a�l�c�u�l�a�t�e�d� �a�f�t�e�r� 

�e�a�c�h� �p�a�r�t�i�t�i�o�n� �o�f� �f�i�v�e� �k�n�o�t�s� �i�s� �r�e�m�o�v�e�d�.� �T�h�i�s� �d�e�c�r�e�a�s�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �t�i�m�e�s� �t�h�a�t� �w�e�i�g�h�t�s� 

�m�u�s�t� �b�e� �c�a�l�c�u�l�a�t�e�d� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �a�d�a�p�t�i�v�e� �m�e�t�h�o�d� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�.� �T�h�i�s� �a�l�g�o�r�i�t�h�m� 

�t�a�k�e�s� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �k�n�o�t�s� �h�a�v�i�n�g� �t�h�e� �l�e�a�s�t� �s�i�g�n�i�f�i�c�a�n�c�e� �a�r�e� �o�f�t�e�n� �n�e�a�r� �e�a�c�h� 

�o�t�h�e�r�.� �I�f� �t�w�o� �o�r� �m�o�r�e� �o�f� �t�h�e� �f�i�v�e� �k�n�o�t�s� �b�e�i�n�g� �r�e�m�o�v�e�d� �a�r�e� �f�o�u�n�d� �t�o� �b�e� �w�i�t�h�i�n� �t�h�e� �s�a�m�e� 

�l�o�c�a�l� �r�e�g�i�o�n� �o�f� �t�h�e� �c�u�r�v�e�,� �t�h�e�n� �t�h�e�s�e� �k�n�o�t�s� �a�r�e� �r�e�m�o�v�e�d� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e�.� �O�t�h�e�r�w�i�s�e�,� �t�h�e� 

�k�n�o�t�s� �i�n� �t�h�e� �p�a�r�t�i�t�i�o�n� �a�r�e� �r�e�m�o�v�e�d� �o�n�e� �a�t� �a� �t�i�m�e�.� �T�h�e� �r�e�m�o�v�a�l� �o�f� �k�n�o�t�s� �w�h�i�c�h� �a�r�e� �n�e�a�r� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �5�0



�e�a�c�h� �o�t�h�e�r� �i�s� �d�o�n�e� �u�s�i�n�g� �s�u�b�-�p�a�r�t�i�t�i�o�n�s�.� �F�o�r� �e�x�a�m�p�l�e�,� �i�f� �t�h�e� �o�r�i�g�i�n�a�l� �p�a�r�t�i�t�i�o�n� �o�f� �f�i�v�e� 

�k�n�o�t�s� �w�h�i�c�h� �i�s� �t�o� �b�e� �r�e�m�o�v�e�d� �c�o�n�s�i�s�t�s� �o�f� �{� �t�,� �t�s�,� �t�s�,� �t�s�,� �4�,� �}� �t�h�e�n� �t�h�r�e�e� �s�u�b�-�p�a�r�t�i�t�i�o�n�s� �a�r�e� 

�c�r�e�a�t�e�d�:� 

�{�H�i�t�}� �{�5�}� �{�3�}� 

�T�h�e� �k�n�o�t�s� �i�n� �e�a�c�h� �o�f� �t�h�e�s�e� �s�u�b�-�p�a�r�t�i�t�i�o�n�s� �a�r�e� �r�e�m�o�v�e�d� �u�s�i�n�g� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� �m�e�t�h�o�d� 

�p�r�e�v�i�o�u�s�l�y� �p�r�e�s�e�n�t�e�d�.� �A�f�t�e�r� �r�e�m�o�v�i�n�g� �f�i�v�e� �k�n�o�t�s� �o�r� �a� �f�u�l�l� �p�a�r�t�i�t�i�o�n� �(�i�f� �t�h�e� �p�a�r�t�i�t�i�o�n� �s�i�z�e� 

�i�s� �l�e�s�s� �t�h�a�n� �f�i�v�e� �k�n�o�t�s�)�,� �k�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s� �a�r�e� �r�e�c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �r�e�d�u�c�e�d� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �B�-�S�p�l�i�n�e� �c�u�r�v�e�.� �T�h�i�s� �p�r�o�c�e�s�s� �i�s� �r�e�p�e�a�t�e�d� �u�n�t�i�l� �t�h�e� �d�e�s�i�r�e�d� �n�u�m�b�e�r� 

�o�f� �k�n�o�t�s� �h�a�v�e� �b�e�e�n� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�u�r�v�e�.� 

�T�h�e� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �a�l�g�o�r�i�t�h�m� �f�o�r� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s� �u�s�i�n�g� �f�i�x�e�d� �p�a�r�t�i�t�i�o�n�i�n�g� �c�a�n� �b�e� 

�s�u�m�m�a�r�i�z�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�1�.� �S�a�v�e� �t�h�e� �i�n�i�t�i�a�l� �o�r� �r�e�d�u�c�e�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�u�r�v�e� �a�s� �t�h�e� �c�u�r�r�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� 

�o�f� �t�h�e� �c�u�r�v�e�.� 

�2�.� �D�e�t�e�r�m�i�n�e� �w�h�i�c�h� �k�n�o�t�s� �i�n� �t�h�e� �c�u�r�r�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�u�r�v�e� �h�a�v�e� �t�h�e� �l�e�a�s�t� 

�s�i�g�n�i�f�i�c�a�n�c�e�.� 

�3�.� �D�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�b�e�r� �o�f� �k�n�o�t�s� �t�o� �b�e� �r�e�m�o�v�e�d� �d�u�r�i�n�g� �t�h�e� �c�u�r�r�e�n�t� �i�t�e�r�a�t�i�o�n� �(� �<� �5�)� 

�a�n�d� �m�a�k�e� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �p�a�r�t�i�t�i�o�n�.� 

�4�.� �D�i�v�i�d�e� �t�h�e� �a�b�o�v�e� �k�n�o�t� �p�a�r�t�i�t�i�o�n� �i�n�t�o� �o�r�d�e�r�e�d� �s�u�b�-�p�a�r�t�i�t�i�o�n�s� �b�a�s�e�d� �o�n� �w�h�e�t�h�e�r� �o�r� �n�o�t� 

�a�n�y� �o�f� �t�h�e� �k�n�o�t�s� �a�r�e� �i�n� �t�h�e� �s�a�m�e� �l�o�c�a�l� �r�e�g�i�o�n�s� �o�f� �t�h�e� �c�u�r�r�e�n�t� �c�u�r�v�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�.� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �5�1



�5�.� �R�e�m�o�v�e� �t�h�e� �s�u�b�-�p�a�r�t�i�t�i�o�n�s� �f�r�o�m� �t�h�e� �c�u�r�r�e�n�t� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�u�r�v�e� �i�n� �p�r�i�o�r�i�t�i�z�e�d� 

�o�r�d�e�r�.� 

�6�.� �C�h�e�c�k� �t�o� �s�e�e� �i�f� �e�n�o�u�g�h� �k�n�o�t�s� �h�a�v�e� �b�e�e�n� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �i�n�i�t�i�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� 

�t�h�e� �c�u�r�v�e�.� 

�7�.� �I�f�t�h�e� �d�a�t�a� �i�s� �r�e�d�u�c�e�d� �b�y� �t�h�e� �d�e�s�i�r�e�d� �a�m�o�u�n�t� �t�h�e�n� �g�o� �t�o� �s�t�e�p� �e�i�g�h�t�.� �O�t�h�e�r�w�i�s�e�,� �r�e�p�e�a�t� 

�s�t�e�p�s� �o�n�e� �t�h�r�o�u�g�h� �s�i�x�.� 

�8�.� �R�e�p�l�a�c�e� �t�h�e� �i�n�i�t�i�a�l� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�u�r�v�e� �w�i�t�h� �t�h�e� �f�i�n�a�l� �r�e�d�u�c�e�d� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�.� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �C�u�b�i�c� �B�-�S�p�l�i�n�e� �C�u�r�v�e�s� �5�2



�5�.�0� �D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �B�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e�s� 

�D�a�t�a� �r�e�d�u�c�t�i�o�n� �a�n�d� �k�n�o�t� �r�e�m�o�v�a�l� �f�o�r� �b�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�s� �1�s� �a� �d�i�r�e�c�t� �e�x�t�e�n�s�i�o�n� �o�f� 

�t�h�e� �a�l�g�o�r�i�t�h�m� �u�s�e�d� �f�o�r� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s�.� �H�o�w�e�v�e�r�,� �i�n�s�t�e�a�d� �o�f� �r�e�m�o�v�i�n�g� 

�i�n�d�i�v�i�d�u�a�l� �K�n�o�t�s�,� �a�n� �e�n�t�i�r�e� �c�r�o�s�s� �s�e�c�t�i�o�n� �o�f� �k�n�o�t�s� �m�u�s�t� �b�e� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�o�n�t�r�o�l� 

�p�o�l�y�h�e�d�r�o�n� �d�e�f�i�n�i�n�g� �t�h�e� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�.� �T�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �c�u�r�v�e�s� �i�s� �a�p�p�l�i�e�d� �f�i�r�s�t� �i�n� �o�n�e� 

�p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�,� �a�n�d� �t�h�e�n� �i�n� �t�h�e� �o�t�h�e�r� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�.� �I�f� �i�t� �i�s� �d�e�s�i�r�a�b�l�e� �t�o� 

�r�e�d�u�c�e� �t�h�e� �d�a�t�a� �i�n� �o�n�l�y� �o�n�e� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�,� �t�h�e�n� �t�h�i�s� �c�a�n� �b�e� �d�o�n�e� �s�i�m�p�l�y� �b�y� �a�p�p�l�i�n�g� 

�c�u�r�v�e� �r�e�d�u�c�t�i�o�n� �i�n� �t�h�a�t� �d�i�r�e�c�t�i�o�n�.� �T�h�i�s� �c�h�a�p�t�e�r� �d�e�s�c�r�i�b�e�s� �c�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �k�n�o�t�s� �f�o�r� 

�r�e�m�o�v�a�l� �o�f� �f�r�o�m� �a� �b�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�,� �r�e�m�o�v�a�l� �o�f� �k�n�o�t�s� �f�r�o�m� �a� �b�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� 

�s�u�r�f�a�c�e�,� �a�n�d� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �o�f� �t�h�e� �t�w�o� �p�r�e�c�e�e�d�i�n�g� �t�a�s�k�s� �i�n�t�o� �a� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �a�l�g�o�r�i�t�h�m�.� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �B�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e�s� �5�3



�5�.�1� �C�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �K�n�o�t�s� �f�o�r� �R�e�m�o�v�a�l� �f�r�o�m� �a� �B�-�S�p�l�i�n�e� 

�S�u�r�f�a�c�e� 

�T�h�e� �c�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �k�n�o�t�s� �f�o�r� �r�e�m�o�v�a�l� �f�r�o�m� �a� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �i�s� �d�o�n�e� �b�y� �r�e�p�e�a�t�i�n�g� �t�h�e� 

�a�l�g�o�r�i�t�h�m� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �k�n�o�t�s� �f�o�r� �a� �c�u�r�v�e�.� �I�n� �e�a�c�h� �p�a�r�a�m�e�t�r�i�c� 

�d�i�r�e�c�t�i�o�n�,� �t�h�e� �k�n�o�t�s� �o�n� �c�u�r�v�e�s� �w�h�i�c�h� �d�e�f�i�n�e� �a� �c�r�o�s�s� �s�e�c�t�i�o�n� �a�r�e� �a�s�s�i�g�n�e�d� �w�e�i�g�h�t�s�.� �T�h�e�n� 

�t�h�e� �w�e�i�g�h�t�s� �f�o�r� �e�q�u�i�v�a�l�e�n�t� �k�n�o�t�s� �o�n� �e�a�c�h� �c�r�o�s�s� �s�e�c�t�i�o�n� �o�f� �t�h�e� �s�u�r�f�a�c�e� �a�r�e� �a�v�e�r�a�g�e�d� �t�o� �g�e�t� 

�a� �w�e�i�g�h�t� �f�o�r� �t�h�a�t� �r�o�w� �o�f� �k�n�o�t�s�.� �T�h�e� �w�e�i�g�h�t�s� �c�a�l�c�u�l�a�t�e�d� �f�o�r� �t�h�e� �r�o�w�s� �o�f� �k�n�o�t�s� �a�n�d� �r�o�w� 

�n�u�m�b�e�r�s� �a�r�e� �t�h�e�n� �s�o�r�t�e�d� �u�s�i�n�g� �a� �p�a�r�a�l�l�e�l� �q�u�i�c�k� �s�o�r�t�.� �T�h�e� �r�o�w�s� �o�f� �k�n�o�t�s� �h�a�v�i�n�g� �t�h�e� �l�o�w�e�s�t� 

�w�e�i�g�h�t�s� �a�r�e� �r�e�m�o�v�e�d� �f�i�r�s�t�.� 

�3�.�2� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �N�e�w� �C�o�n�t�r�o�l� �V�e�r�t�i�c�e�s� 

�C�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �f�o�r� �t�h�e� �r�e�d�u�c�e�d� �b�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �a�r�e� �a�l�s�o� �f�o�u�n�d� �b�y� �u�s�i�n�g� �t�h�e� 

�c�u�r�v�e�-�b�a�s�e�d� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�l�g�o�r�i�t�h�m� �o�n� �a� �c�r�o�s�s� �s�e�c�t�i�o�n� �b�y� �c�r�o�s�s� �s�e�c�t�i�o�n� �b�a�s�i�s�.� �T�o� 

�p�e�r�f�o�r�m� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �i�n� �b�o�t�h� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n�s�,� �n�e�w� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �f�o�r� 

�i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e�s� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n� �a�r�e� �c�a�l�c�u�l�a�t�e�d�.� �T�h�e�n� �t�h�e� �n�e�w� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �f�o�r� 

�i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e�s� �i�n� �t�h�e� �o�t�h�e�r� �d�i�r�e�c�t�i�o�n� �a�r�e� �f�o�u�n�d�.� �F�o�r� �e�a�c�h� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e�,� �t�h�e� 

�n�e�w� �c�o�n�t�r�o�l� �v�e�r�t�i�c�e�s� �a�r�e� �l�o�c�a�t�e�d� �i�n� �t�h�e� �s�a�m�e�  ��i�s�o�p�a�r�a�m�e�t�r�i�c� �p�l�a�n�e �� �a�s� �t�h�e� �c�o�n�t�r�o�l� �p�o�i�n�t�s� 

�o�f� �t�h�e� �o�r�i�g�i�n�a�l� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e�.� �T�h�u�s�,� �t�h�e� �s�u�r�f�a�c�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�n�l�y� �c�h�a�n�g�e�s� �i�n� �t�h�e� 

�p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n� �i�n� �w�h�i�c�h� �t�h�e� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e�s� �a�r�e� �b�e�i�n�g� �r�e�d�u�c�e�d�.� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �B�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e�s� �5�4



�5�.�3� �D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e�s� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �o�f� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e�s� �c�o�n�s�i�s�t�s� �o�f� �r�e�p�e�a�t�i�n�g� 

�c�u�r�v�e�-�b�a�s�e�d� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �f�o�r� �e�a�c�h� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e� �d�e�f�i�n�e�d� �b�y� �t�h�e� �r�o�w�s� �o�r� �c�o�l�u�m�n�s� 

�o�f� �v�e�r�t�i�c�e�s� �i�n� �t�h�e� �c�o�n�t�r�o�l� �p�o�l�y�h�e�d�r�o�n�.� �T�h�u�s�,� �t�o� �r�e�d�u�c�e� �a� �s�u�r�f�a�c�e� �i�n� �b�o�t�h� �p�a�r�a�m�e�t�r�i�c� 

�d�i�r�e�c�t�i�o�n�s�,� �t�h�e� �s�u�r�f�a�c�e� �i�s� �f�i�r�s�t� �r�e�d�u�c�e�d� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n� �a�n�d� �t�h�e�n� �i�n� �t�h�e� �o�t�h�e�r� �d�i�r�e�c�t�i�o�n�.� 

�T�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �r�e�d�u�c�i�n�g� �a� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �s�u�r�f�a�c�e� �i�n� �o�n�e� �p�a�r�a�m�e�t�r�i�c� �d�i�r�e�c�t�i�o�n� 

�i�s� �p�r�e�s�e�n�t�e�d� �b�e�l�o�w�.� 

�1�.� �D�e�t�e�r�m�i�n�e� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� �i�n�t�e�r�i�o�r� �k�n�o�t�s� �a�l�o�n�g� �e�a�c�h� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e� �b�y� 

�c�a�l�c�u�l�a�t�i�n�g� �t�h�e�i�r� �k�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s�.� 

�2�.� �A�v�e�r�a�g�e� �t�h�e� �k�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s� �o�f� �e�a�c�h� �r�o�w� �o�f� �k�n�o�t�s� �a�l�o�n�g� �t�h�e� �s�u�r�f�a�c�e� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �e�a�c�h� �r�o�w� �o�f� �k�n�o�t�s� �i�n� �t�h�e� �s�u�r�f�a�c�e� �r�e�p�r�e�s�e�n�t�a�t�i�o�n�.� 

�3�.� �S�o�r�t� �t�h�e� �a�v�e�r�a�g�e�d� �k�n�o�t� �r�e�m�o�v�a�l� �w�e�i�g�h�t�s� �t�o� �f�i�n�d� �t�h�e� �b�e�s�t� �r�o�w�s� �o�f� �k�n�o�t�s� �t�o� �r�e�m�o�v�e� 

�f�r�o�m� �t�h�e� �s�u�r�f�a�c�e�.� 

�4�.� �R�e�m�o�v�e� �t�h�e� �r�o�w�s� �o�f� �k�n�o�t�s� �h�a�v�i�n�g� �t�h�e� �l�o�w�e�s�t� �a�v�e�r�a�g�e� �w�e�i�g�h�t�s� �u�s�i�n�g� �t�h�e� �l�e�a�s�t� �s�q�u�a�r�e�s� 

�m�i�n�i�m�i�z�a�t�i�o�n� �o�n� �e�a�c�h� �i�s�o�p�a�r�a�m�e�t�r�i�c� �c�u�r�v�e� �o�f� �t�h�e� �s�u�r�f�a�c�e�.� 

�D�a�t�a� �R�e�d�u�c�t�i�o�n� �f�o�r� �B�i�-�c�u�b�i�c� �B�-�S�p�l�i�n�e� �S�u�r�f�a�c�e�s� �5�5



�6�.�0� �I�n�t�e�g�r�a�t�i�o�n� �o�f� �D�a�t�a� �R�e�d�u�c�t�i�o�n� �i�n�t�o� �t�h�e� 

�A�C�S�Y�N�T� �B�-�S�p�l�i�n�e� �M�o�d�u�l�e� 

�T�h�e� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �a�l�g�o�r�i�t�h�m�s� �f�o�r� �c�u�r�v�e�s� �a�n�d� �s�u�r�f�a�c�e�s� �w�h�i�c�h� �h�a�v�e� �b�e�e�n� �p�r�e�s�e�n�t�e�d� �i�n� �t�h�i�s� 

�t�h�e�s�i�s� �w�e�r�e� �i�m�p�l�e�m�e�n�t�e�d� �i�n� �t�h�e� �A�C�S�Y�N�T� �B�-�S�p�l�i�n�e� �m�o�d�u�l�e� �u�s�i�n�g� �t�h�e� �C� �p�r�o�g�r�a�m�m�i�n�g� 

�l�a�n�g�u�a�g�e� �a�n�d� �g�r�a�P�H�I�G�S�.� �W�h�e�n� �e�v�e�r� �p�o�s�s�i�b�l�e�,� �d�y�n�a�m�i�c� �m�e�m�o�r�y� �a�l�l�o�c�a�t�i�o�n� �a�n�d� �e�x�i�s�t�i�n�g� 

�s�o�f�t�w�a�r�e� �m�o�d�u�l�e�s� �w�e�r�e� �u�s�e�d�.� �A�p�p�e�n�d�i�x� �A� �c�o�n�t�a�i�n�s� �a� �s�o�u�r�c�e� �c�o�d�e� �l�i�s�t�i�n�g� �o�f� �m�o�d�u�l�e�s� 

�w�h�i�c�h� �w�e�r�e� �a�d�d�e�d� �t�o� �t�h�e� �B�-�S�p�l�i�n�e� �m�o�d�u�l�e� �d�u�r�i�n�g� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �d�a�t�a� �r�e�d�u�c�t�i�o�n� 

�f�o�r� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s� �a�n�d� �s�u�r�f�a�c�e�s�.� 

�T�h�e� �o�r�i�g�i�n�a�l� �d�a�t�a� �s�t�r�u�c�t�u�r�e�s� �u�s�e�d� �t�o� �s�t�o�r�e� �i�n�f�o�r�m�a�t�i�o�n� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �a� �m�o�d�e�l� �a�n�d� �i�t�s� 

�c�o�m�p�o�n�e�n�t�s� �w�e�r�e� �m�o�d�i�f�i�e�d� �d�u�r�i�n�g� �t�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �d�a�t�a� �r�e�d�u�c�t�i�o�n�.� �P�r�e�v�i�o�u�s� �a�n�d� 

�n�e�x�t� �m�o�d�e�l� �p�o�i�n�t�e�r�s� �w�e�r�e� �a�d�d�e�d� �t�o� �t�h�e� �m�o�d�e�l� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �t�o� �a�l�l�o�w� �a� �d�o�u�b�l�y� �l�i�n�k�e�d� �l�i�s�t� 

�o�f� �m�o�d�e�l�s� �t�o� �b�e� �u�s�e�d�.� �T�h�e�s�e� �p�o�i�n�t�e�r�s� �p�r�o�v�i�d�e� �a� �m�e�t�h�o�d� �f�o�r� �s�t�o�r�i�n�g� �r�e�d�u�c�e�d� �m�o�d�e�l�s� �a�n�d� 
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�T�h�e� �a�b�i�l�i�t�y� �t�o� �m�a�n�i�p�u�l�a�t�e� �m�o�d�e�l�s� �w�a�s� �a�l�s�o� �a�d�d�e�d� �t�o� �t�h�e� �u�s�e�r� �i�n�t�e�r�f�a�c�e�.� �T�h�i�s� �a�l�l�o�w�s� �t�h�e� 

�u�s�e�r� �t�o� �s�p�e�c�i�f�y� �t�h�e� �m�o�d�e�l� �t�o� �b�e� �d�i�s�p�l�a�y�e�d�,� �t�h�e� �n�a�m�e�s� �o�f� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s�,� �a�n�d� �w�h�e�t�h�e�r� �t�o� 

�m�o�v�e� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �o�r� �n�e�x�t� �m�o�d�e�l� �i�n� �t�h�e� �l�i�n�k�e�d� �l�i�s�t�.� 

�T�h�r�e�e� �n�e�w� �i�t�e�m�s� �w�e�r�e� �a�d�d�e�d� �t�o� �t�h�e� �c�o�m�p�o�n�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e�.� �T�h�e� �f�i�r�s�t� �t�w�o� �a�r�e� �t�h�e� 

�n�u�m�b�e�r� �o�f� �k�n�o�t�s� �r�e�m�o�v�e�d� �f�r�o�m� �t�h�e� �c�o�m�p�o�n�e�n�t� �i�n� �t�h�e� �u� �a�n�d� �w� �d�i�r�e�c�t�i�o�n�s�.� �T�h�e� �t�h�i�r�d� �i�t�e�m� 
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�a�s�s�i�g�n�e�d� �t�o� �t�h�e� �k�n�o�t� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�a�t� �c�o�n�t�r�o�l� �v�e�r�t�e�x� �d�u�r�i�n�g� �t�h�e� �c�l�a�s�s�i�f�i�c�a�t�i�o�n� �s�t�e�p� �o�f� 

�d�a�t�a� �r�e�d�u�c�t�i�o�n�.� �T�h�e� �m�o�d�i�f�i�e�d� �m�o�d�e�l� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�0� �o�n� �p�a�g�e� �5�8�,� 

�w�h�i�l�e� �t�h�e� �m�o�d�i�f�i�e�d� �c�o�m�p�o�n�e�n�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �F�i�g�u�r�e� �1�1� �o�n� �p�a�g�e� �5�9�.� �T�h�e� 

�r�e�m�o�v�a�l� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�2� �o�n� �p�a�g�e� �6�0�.� 

�T�w�o� �a�d�d�i�t�i�o�n�a�l� �d�a�t�a� �s�t�r�u�c�t�u�r�e�s� �a�r�e� �t�e�m�p�o�r�a�r�i�l�y� �u�s�e�d� �d�u�r�i�n�g� �t�h�e� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �a�l�g�o�r�i�t�h�m�.� 

�T�h�e� �f�i�r�s�t� �o�f� �t�h�e�s�e� �d�a�t�a� �s�t�r�u�c�t�u�r�e�s�,� �t�h�e� �w�e�i�g�h�t� �d�a�t�a� �s�t�r�u�c�t�u�r�e�,� �1�s� �u�s�e�d� �d�u�r�i�n�g� �t�h�e� 

�c�l�a�s�s�i�f�i�c�a�t�i�o�n� �o�f� �k�n�o�t�s� �f�o�r� �r�e�m�o�v�a�l� �f�r�o�m� �a� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �c�u�r�v�e� �o�r� �s�u�r�f�a�c�e�.� �A� 

�d�e�t�a�i�l�e�d� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�i�s� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �i�s� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �1�3� �o�n� �p�a�g�e� �6�1�.� �A� �w�e�i�g�h�t� 

�d�a�t�a� �s�t�r�u�c�t�u�r�e� �i�s� �c�r�e�a�t�e�d� �a�n�d� �d�e�s�t�r�o�y�e�d� �e�a�c�h� �t�i�m�e� �t�h�e� �k�n�o�t�s� �o�n� �a� �c�u�r�v�e� �a�r�e� �c�l�a�s�s�i�f�i�e�d� �f�o�r� 

�r�e�m�o�v�a�l�.� �T�h�e� �s�e�c�o�n�d� �t�e�m�p�o�r�a�r�y� �d�a�t�a� �s�t�r�u�c�t�u�r�e� �w�h�i�c�h� �i�s� �u�s�e�d� �d�u�r�i�n�g� �t�h�e� �d�a�t�a� �r�e�d�u�c�t�i�o�n� 

�a�l�g�o�r�i�t�h�m� �i�s� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �d�a�t�a� �s�t�r�u�c�t�u�r�e�.� �A� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �d�a�t�a� 
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�T�h�i�s� �s�e�e�m�s� �t�o� �b�e� �q�u�i�t�e� �r�e�a�s�o�n�a�b�l�e�.� �T�h�e� �o�r�i�g�i�n�a�l� �c�u�r�v�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�5� �o�n� �p�a�g�e� 

�6�4� �a�n�d� �t�h�e� �r�e�d�u�c�e�d� �c�u�r�v�e� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�6� �o�n� �p�a�g�e� �6�5�.� �W�h�i�l�e� �t�h�i�s� �e�x�a�m�p�l�e� �s�h�o�w�s� 

�t�h�e� �s�t�r�e�n�g�t�h� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m� �f�o�r� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �o�f� �n�o�n�-�u�n�i�f�o�r�m� �B�-�S�p�l�i�n�e� �c�u�r�v�e�s�,� �t�h�e� 

�s�e�c�o�n�d� �e�x�a�m�p�l�e� �i�l�l�u�s�t�r�a�t�e�s� �t�h�e� �w�e�a�k�n�e�s�s� �o�f� �t�h�e� �a�l�g�o�r�i�t�h�m�.� �T�h�i�s� �c�u�r�v�e�,� �w�h�i�c�h� �i�s� �s�i�m�i�l�a�r� 

�t�o� �t�h�e� �c�r�o�s�s� �s�e�c�t�i�o�n� �o�f� �a�n� �I�-�b�e�a�m�,� �w�a�s� �c�h�o�s�e�n� �b�e�c�a�u�s�e� �i�t� �h�a�s� �v�a�r�y�i�n�g� �c�u�r�v�a�t�u�r�e� �a�n�d� 

�s�e�v�e�r�a�l� �i�n�f�l�e�c�t�i�o�n� �p�o�i�n�t�s�.� 

�R�e�s�u�l�t�s� �6�3
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� � 
�F�i�g�u�r�e� �1�5�.� �O�r�i�g�i�n�a�l� �A�i�r�f�o�i�l� �C�u�r�v�e�,� �1�0�4� �K�n�o�t�s� �a�n�d� �1�0�0� �C�o�n�t�r�o�l� �V�e�r�t�i�c�e�s� � � � � � � 
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