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EXACT LOCAL COMPUTED TOMOGRAPHY

BASED ON COMPRESSIVE SAMPLING

STATEMENT OF GOVERNMENT INTEREST

This invention was made with government support under

Grant Nos. EB002667, EB004287 and EB007288 awarded

by National Institutes ofHealth. The Government has certain

rights in the invention.

CROSS-REFERENCE TO RELATED

APPLICATIONS

This application claims priority to US. Provisional Appli-

cation Ser. No. 61/169,577, filedApr. 15, 2009. The complete

content of that application is herein incorporated by refer-

ence.

BACKGROUND OF THE INVENTION

1. Field of the Invention

The present invention relates to x-ray computed tomogra-

phy (CT) and, more particularly, to systems and methods for

theoretically exact interior reconstruction using compressive

sampling (or compressed sensing or under another name for

the essentially same thing) technology that is based an appro-

priate signal sparsity model, with the extension of such tech-

niques to other tomographic modalities, such as PET/SPECT,

MRI, and others that use imaging geometries of straight rays

or nearly straight rays.

2. Background Description

One conventional wisdom is that the interior problem (ex-

act reconstruction of an interior ROI only from data associ-

ated with lines through the ROI) does not have a unique

solution (see F. Natterer, The mathematics of computerized

tomography. Classics in applied mathematics 2001, Philadel-

phia: Society for Industrial and Applied Mathematics). Nev-

ertheless, it is highly desirable to perform interior reconstruc-

tion for radiation dose reduction and other important reasons.

Hence, over past years a number of image reconstruction

algorithms were developed that use an increasingly less

amount ofraw data (D. L. Parker, Optimal short scan convo-

lution reconstructionforfanbeam ct. Med. Phys., 1982. 9(2):

p. 254-257; F. Noo, R. Clackdoyle, and J. D. Pack, A two-step

hilbert transform methodfor 2d image reconstruction. Phys-

ics in Medicine and Biology, 2004. 49(17): p. 3903-3923; M.

Defrise, et al., Truncated hilbert transform and image recon—

struction from limited tomographic data. Inverse Problems,

2006. 22(3): p. 1037-1053). Specifically, motivated by the

major needs in cardiac CT, CT guided procedures, nano-CT

and so on (G. Wang,Y BYe, and H.YYu, Interior tomography

and instant tomography by reconstruction from truncated

limited-angle projection data, US. Pat. No. 7,697,658, Apr.

13, 2010), by analytic continuation we proved that the interior

problem can be exactly and stably solved ifa sub-region in an

ROI within a field-of-view (FOV) is known (seeY B. Ye, et

al., A general local reconstruction approach based on a trun—

cated hilbert transform. International Journal of Biomedical

Imaging, 2007, Article ID: 63634, 8 pages; Y. B.Ye, H. YYu,

and G. Wang, Exact interior reconstruction with cone-beam

CT. International Journal of Biomedical Imaging, 2007,

Article ID: 10693, 5 pages; Y. B. Ye, H. Y Yu, and G. Wang,

Exact interior reconstruction from truncated limited-angle

projection data. International Journal of Biomedical Imag-

ing, 2008 ID: 427989, 6 Pages; H. Y Yu, Y. B. Ye, and G.

Wang, Local reconstruction using the truncated hilbert trans—

form via singular value decomposition. Journal of X-Ray
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Science and Technology, 2008. 16(4): p. 243-251). Similar

results were also independently reported by others (see H.

Kudo, et al., Tiny a priori knowledge solves the interiorprob—

lem in computed tomography. Phys. Med. Biol., 2008. 53(9):

p. 2207-2231; M. Courdurier, et al., Solving the interiorprob-

lem of computed tomography using a priori knowledge.

Inverse Problems, 2008, Article ID 065001, 27 pages.).

Although the CT numbers ofcertain sub-regions such as air in

a trachea and blood in an aorta can be indeed assumed, how to

obtain precise knowledge of a sub-region generally can be

difficult in some cases such as in studies on rare fossils or

certain biomedical structures. Therefore, it would be very

valuable to develop more powerful interior tomography tech-

niques.

Another conventional wisdom is that data acquisition

should be based on the Nyquist sampling theory, which states

that to reconstruct a band-limited signal or image, the sam-

pling rate must at least double the highest frequency of non-

zero magnitude. Very interestingly, an alternative theory of

compressive sampling (or compressed sensing or under

another name for the essentially same thing) (CS) has

recently emerged which shows that high-quality signals and

images can be reconstructed from far fewer data/measure-

ments than what is usually considered necessary according to

the Nyquist sampling theory (see D. L. Donoho, Compressed

sensing. IEEE Transactions on Information Theory, 2006.

52(4): p. 1289-1306; E. J. Candes, J. Romberg, and T. Tao,

Robust uncertainty principles: Exact signal reconstruction

from highly incompletefrequency information. IEEE Trans-

actions on Information Theory, 2006. 52(2): p. 489-509). The

main idea of CS is that most signals are sparse in an appro-

priate domain (an orthonormal system or more generally a

frame system), that is, a majority oftheir coefficients are close

or equal to zero, when represented in that domain. Typically,

CS starts with taking a limited amount of samples in a much

less correlated basis, and the signal is exactly recovered with

an overwhelming probability from the limited data via the L1

norm minimization (or minimization of another appropriate

norm). Since samples are limited, the task of recovering the

image would involve solving an underdeterrnined matrix

equation, that is, there is a huge amount of candidate images

that can all fit the limited measurements effectively. Thus,

some additional constraint is needed to select the “best” can-

didate. While the classical solution to such problems is to

minimize the L2 norm, the recent CS results showed that

finding the candidate with the minimum L1 norm, also basi-

cally equivalent to the total variation (TV) minimization in

some cases (L. L. Rudin, S. Osher, and E. Fatemi, Nonlinear

total variation based noise removal algorithms. Physica D,

1992. 60(1-4): p. 259-268), is a reasonable choice, and can be

expressed as a linear program and solved efficiently using

existing methods (see D. L. Donoho, Compressed sensing.

IEEE Transactions on Information Theory, 2006. 52(4): p.

1289-1306; E. J. Candes, J. Romberg, and T. Tao, Robust

uncertainty principles: Exact signal reconstruction from

highly incompletefrequency information. IEEE Transactions

on Information Theory, 2006. 52(2): p. 489-509).

Because the x-ray attenuation coefficient often varies

mildly within an anatomical component, and large changes

are usually confined around borders of tissue structures, the

discrete gradient transform (DGT) has beenwidely utilized as

a sparsifying operator in CS-inspired CT reconstruction (for

example, E. Y Sidky, C. M. Kao, and X. H. Pan, Accurate

image reconstructionfromfew-views and limited-angle data

in divergent-beam ct. Journal ofX-Ray Science and Technol-

ogy, 2006. 14(2): p. 119-139; G. H. Chen, J. Tang, and S.

Leng, Prior image constrained compressedsensing (piccs): A
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method to accurately reconstruct dynamic ct images from

highly undersampled projection data sets. Medical Physics,

2008. 35(2): p. 660-663; H. Y. Yu, and G. Wang, Compressed

sensing based interior tomography. Phys Med Biol, 2009.

54(9): p. 2791-2805; J. Tang, B. E. Nett, and G. H. Chen,

Performance comparison between total variation (tv)-based

compressed sensing and statistical iterative reconstruction

algorithms. Physics in Medicine and Biology, 2009. 54(19):

p. 5781-5804). This kind of algorithms can be divided into

two major steps. In the first step, an iteration formula (e.g.

SART) is used to update a reconstructed image for data dis-

crepancy reduction. In the second step, a search method (e.g.

the standard steepest descent technique) is used in an iterative

framework for TV minimization. These two steps need to be

iteratively performed in an alternating manner. However,

there are no standard stopping and parameter selection crite-

ria for the second step. Usually, these practical issues are

addressed in an ad hoc fashion.

On the other hand, soft-threshold nonlinear filtering (see

M. A. T. Figueiredo, and R. D. Nowak, An em algorithmfor

wavelet-based image restoration. IEEE Transactions on

Image Processing, 2003. 12(8): p. 906-916; I. M. Daubechies,

M. Defrise, and C. De Mol, An iterative thresholding algo—

rithm for linear inverse problems with a sparsity constraint.

Communications on Pure and Applied Mathematics, 2004.

57(11): p. 1413-1457; I. M. Daubechies, M. Fomasier, and I.

Loris, Accelerated projected gradient method for linear

inverseproblems with sparsity constraints. Journal ofFourier

Analysis and Applications, 2008. 14(5-6): p. 764-792) was

proved to be a convergent and efficient algorithm for the norm

minimization regularized by a sparsity constraint. Unfortu-

nately, because the DGT is not invertible, it does not satisfy

the restricted isometry property (RIP) required by the CS

theory (see D. L. Donoho, Compressed sensing. IEEE Trans-

actions on Information Theory, 2006. 52(4): p. 1289-1306; E.

J. Candes, J. Romberg, and T. Tao, Robust uncertainty prin—

ciples: Exact signal reconstruction from highly incomplete

frequency information. IEEE Transactions on Information

Theory, 2006. 52(2): p. 489-509) and soft-threshold algo-

rithm (see I. M. Daubechies, M. Defrise, and C. De Mol, An

iterative thresholding algorithm for linear inverse problems

with a sparsity constraint. Communications on Pure and

Applied Mathematics, 2004. 57(11): p. 1413-1457; I. M.

Daubechies, M. Fornasier, and I. Loris, Acceleratedprojected

gradient method for linear inverse problems with sparsity

constraints. Journal of Fourier Analysis and Applications,

2008. 14(5-6): p. 764-792). In other words, the soft-threshold

algorithm cannot be directly applied for TV minimization.

The above problem can be overcome using an invertible spar-

sifying transform such as a wavelet transform for image com-

pression. For an obj ect ofinterest such as a medical image, we

can find an orthonormal basis (or more generally, a frame) to

make the object sparse in terms of significant transform coef-

ficients. Then, we can perform image reconstruction from a

limited number ofnon-truncated or truncated projections by

minimizing the corresponding L1 norm.

Inspired by the CS theory, we proved and demonstrated the

interior tomography is feasible in the CS framework assum-

ing a sparsity model; specifically a piecewise-constant image

model and a number of high-order models (see H. Y. Yu, and

G. Wang, Compressed sensing based interior tomography.

Phys Med Biol, 2009. 54(9): p. 2791-2805; H. Y. Yu, et al.,

Supplemental analysis on compressed sensing based interior

tomography. Phys Med Biol, 2009. 54(18): p. N425-N432;

W. M. Han, H.YYu and G. Wang; A general total variation

minimization theoremfor compressed sensing based interior

tomography; International Journal of Biomedical Imaging,
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Article ID: 125871, 2009, 3 pages; H.Y.Yu, et al; Compres—

sive sampling based interior tomographyfor dynamic carbon

nanotube Micro-CT; Journal of X-ray Science and Technol-

ogy, 17(4): 295-303, 2009). The above finding has been

extended to interior SPECT reconstruction assuming a piece-

wise-polynominial image model and introducing a high-or-

der total variation concept (H.Y.Yu, J. S. Yang, M. Jiang, G.

Wang: Methods for Exact and Approximate SPECT/PET

Interior Reconstruction. VTIP No.: 08-120, US. Patent

Application No. 61/257,443, Date Filed: Nov. 2, 2009), CT is

a special case of SPECT when the attenuation background is

negligible (J. S.Yang, H.Y.Yu, M. Jiang and G. Wang; High

order total variation minimizationfor interior tomography,

Inverse Problems, 26(3),Article ID: 035013, 2010, 29 pages).

Based on the recent mathematical findings made by

Daubechies et al., we adapted a simultaneous algebraic

reconstruction technique (SART) for image reconstruction

from a limited number of projections subject to a sparsity

constraint in terms of an invertible sparsifying transform (H.

Y. Yu and G. Wang: SART—type image reconstructionfrom a

limited number ofprojections with the sparsity constraint;

International Journal of Biomedical Imaging, Article ID:

934847, 2010, to appear), and constructed two pseudo-in-

verse transforms of un-invertible transforms for the soft-

threshold filtering (H. Y. Yu and G. Wang: Soft-threshold

filtering approachfor reconstructionfrom a limited number

ofprojections, Physics in Medicine and Biology, pending

revision).

SUMMARY OF THE INVENTION

An exemplary object is to provide a new method and sys-

tem for providing interior tomography with sparsity con-

straints from truncated local projections, which may or may

not be aided by other data and/or knowledge.

Another exemplary object is to provide instant tomography

where a ROI or VOI is imaged without moving an X-ray

source on a path around a patient/animal/specimen/object.

For purposes ofthis description the ROI will be understood to

include VOI, and vice versa.

According to one exemplary embodiment, the interior

problem can be solved in a theoretically exact and numeri-

cally reliable fashion if the ROI is subject to an appropriate

sparsity image model. The reconstruction schemes only use

projection data associated with lines through an ROI or vol-

ume of interest (VOI) to be reconstructed, and are referred to

as interior tomography, in contrast with traditional CT recon-

struction that does not allow two-side data truncation. Interior

tomography enables faithful resolution of features inside an

ROI using data collected along x-ray beams probing the ROI

with knowledge of the sparsity model (e.g., piecewise con-

stant, high-order, and wavelet transform). The reconstruction

is to minimize the L1 norm of the ROI image in the sparsify-

ing transform domain. The sparsifying transform can be

invertible transforms or frames, such as a wavelet transform,

Fourier transform, and other lossless digital image compres-

sive transforms. And the sparsity transform can also be un-

invertible transform, such as the discrete gradient transform

or discrete difference transform. The L1 norm minimization

can be, for example, implemented by the steepest decent

method, soft-threshold filtering method and its accelerated

projected gradient version, as well as pseudo-inverse trans-

forms of the discrete gradient transform and discrete differ-

ence transform.

According to another exemplary embodiment, novel fan-

beam or cone-beam techniques are developed which permit

higher temporal resolution at less radiation dose. That is, CT
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systems and methods can use interior tomography to provide

ultrafast or instantaneous temporal resolution of a small ROI

with or without the need to move an x-ray source on a traj ec-

tory around a patient/animal/object, producing a “snapshot”,

herein referred to as ultrafast or instant tomography. In addi-

tion, the user can move to another region ofinterest or “roam”

to re-position or enlarge such a snapshot, shifting the CT

imaging paradigm. This reduced time for imaging will enrich

image information with improved temporal resolution, and,

for example, result in increased numbers of screening proce-

dures that can be performed on an individual scanning appa-

ratus providing additional benefits of reduced requirements

for data storage and cost savings. In this type of systems,

using some sparsity models CS-based interior reconstruction

is performed to offer excellent imaging performance.

BRIEF DESCRIPTION OF THE DRAWINGS

The foregoing and other objectives, aspects and advantages

will be better understood from the following detailed descrip-

tion of a preferred embodiment of the invention with refer-

ence to the drawings, in which:

FIG. 1 is an example of piecewise constant function on a

compact support.

FIG. 2 shows the reconstructed images of a modified

Shepp-logan phantom after 60 iterations. (A) is the original

phantom, (B) the reconstruction using the local FBP (after

smooth data extrapolation), and (C) the reconstruction using

the proposed CS-based interior tomography algorithm. The

display window is [0.1, 0.4].

FIG. 3 are typical profiles along the white lines in FIG. 2.

FIG. 4 are reconstructed images from a sheep chest CT

scan after 60 iterations. (A) The image reconstructed using

FBP from complete projections, (B) the reconstruction using

local FBP (after smooth data extrapolation), and (C) the

reconstruction using the proposed CS-based interior tomog-

raphy algorithm. The display window is [—800 HU, 700 HU].

FIG. 5 are compressive-sampling-based interior tomogra-

phy of a mouse chest using the CNT-based x-ray source

gating technique. (A) The image reconstructed from a com-

plete global dataset as the gold standard with the white circle

for a cardiac ROI, (B) the local magnification of the ROI in

(A) and (C) the interior tomography reconstruction from 400

projections after 60 iterations (without precise knowledge of

a subregion in the ROI).

FIG. 6 are compressive-sampling-based interior tomogra-

phy of a mouse chest using (A) 200, (B) 100 and (C) 50

projections to reduce the radiation dose to 50%, 25% and

12.5% of that for FIG. 5(C), respectively.

FIG. 7 are statistical interior reconstruction results of low

contrast Shepp-Logan phantom. The left column images are

the results ofusing the truncated Hilbert transform that are the

initial images of the Statistical interior reconstruction, while

the right column images are the results of the Statistical

interior reconstruction with TV minimization. The top and

bottom rows are respectively the reconstructed images from

Poisson projection data with 200,000 and 50,000 photos

FIG. 8 is the projection model of a discrete image in fan-

beam geometry.

FIG. 9 are reconstructed 128x128 images from projection

datasets with Gaussian noise. The first-row images were

reconstructed using our newly developed algorithm, while

the second-row counterparts were obtained without the spar-

sity constraint. The 1st, 2nd, 3rd and 4th columns are recon-

structed from 55, 45, 35 and 25 projections, respectively. The

display window is [0 0.5].
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FIG. 10 are interior reconstruction results from truncated

datasets with (A) 255, (B) 165, (C) 85 and (D) 45 projections,

respectively. The display window is [0 0.5].

FIG. 11 are the implementation frameworks of (A) tradi-

tional and (B) soft-threshold filtering methods for total varia-

tion minimization.

FIG. 12 are reconstructions from 21 noise-free projections.

(A) The reconstruction using the SART method without the

TV minimization, (B) using the steepest descent method for

the TV minimization, (C) and (D) using the soft-threshold

filtering methods for the TV and TD minimization, respec-

tively. The display window is [0,0.5].

FIG. 13 are reconstructions from 15 noise-free projections.

(A)-(D) are counterparts of that in FIG. 12.

FIG. 14 is the reconstructions from 51 noise-free and over-

lapped projections. (A) The original phantom image, (B) the

overlapped projections, and (C) reconstructed result by TD

minimization. The display window for (A) and (C) is [0,0.5].

FIG. 15 is a schematic diagram ofan example ofhardware

on which the preferred or other embodiments can be imple-

mented.

DETAILED DESCRIPTION OF THE PREFERRED

EMBODIMENT

Section I. Altemating-Minimization-Based Interior

Tomography

11 Theoretical Results

It is well knownthat the CS theory depends onthe principle

oftransform sparsity. For an object ofinterest such as a digital

image, we can arrange it as a vector, and in numerous cases

there exists an orthonormal basis to make the object sparse in

terms of significant transform coefficients. In CS-based

image reconstruction, frequently used sparsifying transforms

are discrete gradient transforms and wavelet transforms. The

discrete gradient sparsifying transform was recently utilized

in CT reconstruction. This is because the x-ray attenuation

coefficient often varies mildly within organs, and large image

variations are usually confined to the borders of tissue struc-

tures. A sparse gradient image may also be a good image

model in industrial or security applications.

Now, let us analyze the possible exactness of interior

tomography in the CS framework subject to the TV minimi-

zation. Without loss ofgenerality, let us consider a 2D smooth

image f(?):f(x,y):f(p,0), pe[0,1], 040,231) on the compact

support unit disk 9. Its Radon transform can be written as

R(s,(])), se[—1,1], ¢e[0,a'c). Suppose that we are only interested

in its interior part f(p,0) with p<p0, and we only know the

corresponding local Radon transforms R(s,(])), |s|<p0, which

is also referred to as local parallel-beam projections. Based on

the classic analysis (see F. Natterer, The mathematics ofcom—

puterized tomography. Classics in applied mathematics 2001,

Philadelphia: Society for Industrial and Applied Mathemat-

ics), in general there is no unique solution if we only know

these local data. For any reconstructed image from the local

data set, it can be viewed as an exact reconstruction from a

complete dataset R(s,(])), se[—1,1], ¢e[0,a'c) and a global

dataset R(s,(])), p0<|s|sl, ¢e[0,a'c). Although R(s,(])):0 for

|s|<p0, it can still produce a non-zero 2D local image g(p,0),

pe[0, p0), 040,231) inside the ROI, which is the reason for the

non-uniqueness.

Lemma 1.1: For any Radon transform R(s,(])), p0<|s|sl,

¢e[0,a'c), the corresponding reconstructed image g(p,0) with

p<pO is smooth and bounded if R(s,(])) is continuous and

bounded.
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Lemma 1.2: For the reconstructed image g(p,0) with

|p|<p0, both

as (Pa 9)

13p

6g (P, 0)

p13 0

  

are smooth and bounded.

Theoretically speaking, the L1 norm of the image f(p,0)

inside the R01 can be expressed as:

271 90

a: f M ln(p,0)lpdp,
0 0

where u(p,0) represents a sparifying transform. For the

commonly used gradient transform in the medical imaging

field, we have

(1.1)

(1.2)

  
aflp, 0)]2 +(6f(p, 0)]2,

MAG): ( ap p60

which is the gradient magnitude or absolute value of the

maximum directional derivation at (p,0). If there is no other

statement in this paper, we always assume that u(p,0) defined

by Eq. (1.1) and (1.2) represents the total variation. When there

exists an artifact image g(p,0) due to the data truncation, the

total variation will be:

~ 271 90

fw =f de #(p, 0de

0 0

271 p0

=1 (Of p0 0

((3%?0)J+A(agé’:9)]2+(aif§fl”(1:331(p

(1.3)

 

 

where 11(p,0) represents the sparifying transform of a

reconstructed image including an artifact image g(p,0) and A

is a coefiicient. If we can prove that Jew can be minimized at

)F0 for the given f(p,0) and g(p,0), the exactness of interior

tomography in the CS framework should hold in this particu-

lar case.

Theorem 1.1: In the CS framework, it is impossible to

reconstruct exactly an interior R01 of a general 2D smooth

function by minimizing the total variation Eq. (1.3).

Lemma 1.3. Assuming that a circularly symmetric artifact

image g(p,0):g(p) is reconstructed from a projection dataset

R(s,¢):1~{(s) (Islsl, ¢e[0,a'c)) and R(s)50 for se[—a,a]. 1fg(p) is

a square integrable function on [0,1] with g(p)EC (pe[0,a)),

then C:0.

Lemma 1.4. Assuming that a circularly non-symmetric arti-

fact image g(p,0) is reconstructed from a projection dataset

R(s,¢) (Islsl, ¢e[0,a'c)) and R(s,¢)50 for se[—a,a]. 1fg(p,0) is a

square integrable function on pe[0,1] and 040,275] with g(p,

6)EC (pe[0,a)), then C:0.

Theorem 1.2: In the CS framework, an interior R01 of a

circular symmetric piecewise constant function 3°(p) can be

exactly determined by minimizing the total variation defined

in Eq. (1.3).

Next, let us consider a general piecewise constant function

f(p,0) defined on the compact supported unit disk 9. Without
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loss of generality, we assume that Q can be divided into finite

sub-regions Q", n:1, 2, . . . , N, where each sub-region Q" has

a non-zero area measure, on which f(p,0) is a constant. As a

result, these sub-regions also define finitely many boundaries

in terms of arc-segments, each of which is of a non-zero

length and differentiable almost everywhere excluding at

most finitely many points. We assume that an interior R01 920

(defined by p<p0) covers M boundaries and these line seg-

ments are denoted as L1, L2, . . . Lm . . . , LM. While the length

of Lm is denoted as tm>0, the difference between the two

neighboring sub-regions is denoted as qm. An example is

given in FIG. 1, where the compact support 9 includes 6

sub-regions and the R01 920 covers 8 arc-segments as bound-

anes.

Theorem 1.3: In the CS framework, an interior R01 of a

general compactly supported function f(?) can be exactly

determined by minimizing the total variation defined by Eq.

(1.3) if f(?) can be decomposed into finitely many constant

sub-regions.

All of the above results were proved in our recent publica-

tions (see H. Y. Yu, and G. Wang, Compressed sensing based

interior tomography. Phys Med Biol, 2009. 54(9): p. 2791-

2805; H. Y. Yu, et al., Supplemental analysis on compressed

sensing based interior tomography. Phys Med Biol, 2009.

54(18): p. N425-N432; W. M. Han, H. Y. Yu and G. Wang; A

general total variation minimization theoremfor compressed

sensing based interior tomography; International Journal of

Biomedical Imaging, Article ID: 125871, 2009, 3 pages). In

the same spirit ofthe published proofs, by defining a different

sparisfying transform 11., our results can be extended to some

interesting families offunctions. Particularly, we have proved

that if an R01/V01 is piecewise polynomial, then the ROI/

V01 can be accurately reconstructed from projection data

associated with x-rays through the R01/V01 by minimizing

the high-order total variation (J. S. Yang, H. Y Yu, M. Jiang

and G. Wang; High order total variation minimization for

interior tomography, Inverse Problems, 26(3), Article ID:

035013, 2010, 29 pages).

As an important molecular imaging modality, single-pho-

ton emission computed tomography (SPECT) is to recon-

struct a radioactive source distribution within a patient or

animal. Different from the line integral model for x-ray imag-

ing, SPECT projections can be mathematically modeled as an

exponentially attenuated Radon transform. In this context,

the CT reconstruction may be regarded as a special case of

SPECT (all the attenuation coefficients are zeros). Expanding

CT interior tomography results, we have proved that accurate

and stable the interior SPECT reconstruction of an R01 is

feasible from uniformly attenuated local projection data

aided by prior knowledge of a sub-region in the R01. Natu-

rally, the above theoretical results can be extended to SPECT

using the same arguments. That is, it is possible to reconstruct

a SPECT R01 accurately only from the uniformly attenuated

local projections by minimizing the L1 norm of its sparsity

transform if the distribution function to be reconstructed is

piecewise constant/polynomial. The same methodology can

be employed for magnetic resonance imaging.

1.2. OS-SART Based Reconstruction Algorithm

To verify the above theoretical results, we developed a

numerical interior tomography algorithm in the CS frame-

work. The algorithm consists of two major steps. In the first

step, the ordered-subset simultaneous algebraic reconstruc-

tion technique (OS-SART) (G. Wang and M. Jiang, Ordered-

Subset Simultaneous Algebraic Reconstruction Techniques

(OS-SARI), Journal of X-ray Science and Technology,

12:169-77, 2007) was used to reconstruct a digital image
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fm,n:f(mA,nA) based on all the truncated local projections,

where A represents the sampling interval, m and n are inte-

gers. In the second step, we minimize the L1 norm for a given

sparsifying transform of the discrete image 3cm," using the

standard steepest descent method. These two steps were itera-

tively performed in an alternating manner. Specifically, the

algorithm can be summarized in the following pseudo-code:

 

81. Initialize control parameters 0L , as , PTV, and PART;

82. Initialize reconstruction k := 0 and f,”0 = 0 ;

S3. Perform OS-SART reconstruction and TV minimization alternately

83.1 Initialize the loop k := k + l; fmflk := fnmk’l ;

83.2 Perform reconstruction for every projection subset pm to PART

83.2.1 Perform OS-SART reconstruction

83.2.1.1 Forward compute the current projections of fmynk in the pan subset;

8.3.2.1.2 Update fmynk by backproj ecting the projection errors in the par,

subset;

8.3.2.2 Minimize TV by steepest descent method for p,v = l to PTVto

8.3.2.2.1 Compute the steepest decent direction dm,n ;

8.3.2.2.2 Compute normalized coefficient [5 := max(lfm7nkl) + max(ldm,,l);

8.3.2.2.3 Update the reconstructed image fmynk = fmynk — 0L x [5 x d

8.3.2.2.4 Update the control parameter OL = 0L x as ;

83.3 Check the stopping criteria

7",";

 

81 initializes the control parameters (X, as, PTV and PAR],

where (X represents the maximal step for the steepest descent

to minimize TV, as the decreasing scale of (X after each com-

putation, PTV the local loop time to minimize TV, and PART

denotes the number of subsets for 08-8ART reconstruction.

82 initializes the reconstructed image and the main loop

count k for alternating iteration procedure 83. 83.2.1.1 com-

putes the forward projections of the current image in the pm

subset, where it may include both local truncated and global

scout projections. In our code, we employ a global imaging

geometry and adapt a projection mask image to indicate

which pixel in the projection domain is available. 83.2.1.2

updates Jam; by backprojecting the projection differences,

where only the projections in pm subset are used. 83.2.2

define the local loop to minimize the L1 norm. 83.3 decides if

the main loop should be stopped or not.

For the discrete gradient transform, the magnitude of the

gradient can be approximately expressed as:

(frat. — fm,n)2 + (f... — fm-1,..)2 + (“0)

(fm,n+1 — fm,n)2 + (fm,n — fm,n71)2

2V2
#m,n '5

Correspondingly, the total variation can be defined as

fTv = Z 2 #m,n-

Then, we have the steepest descent direction defined by

 

 

d _ afTV (L11)

m'n — afm,n

_ 4fm,n — fm+1,n — fmilm — fm,n+1 — fmmir +

#mm

fm,n — fm+1,n + fm,n — finilfl + fm,n — fm,n+1 +

#m+l,n #mrlm #m,n+l

10

15

20

40

45

55

60

65

10

-continued

M

#kaI

For others sparsifying transform, we can deduce the corre-

sponding dmm easily. To avoid the singularity when comput-

ing dmm using Eq. (1.11), we added a small constant e to Eq.

(1.11) when computing the gradient um”. That is,

(frat. — mm + (f... — fm-1,..)2 + (“2)

(fm,n+1 — fm,n)2 + (fm,n — fm,n71)2
2V2 +52.#m,n '5

In our numerical simulation, we assumed a circular scan-

ning locus of radius 57.0 cm and a fan-beam imaging geom-

etry. We also assumed an equi-spatial virtual detector array of

length 12.0 cm. The detector was centered at the system

origin and made always perpendicular to the direction from

the system origin to the x-ray source. The detector array

included 360 elements, each ofwhich is ofaperture 0.033 cm.

This scanning configuration covered a circular FOV ofradius

5.967 cm. For a complete scanning turn, we equi-angularly

collected 1300 projections. The reconstructed object was a

2D modified 8hepp-logan phantom. This phantom is piece-

wise constant and includes a set of smooth ellipses whose

parameters are listed in Table 1, where a,b represent the x,y

semi-axes, (x0, yo) the center of the ellipse, u) denotes the

rotation angle, 3“ the relative attenuation coefficient. The units

for a,b and (x0, yo) are cm. The reconstructed images were in

a 256x256 matrix covering an FOV of radius 10 cm. The 60

iterations took 60 minutes. For comparison, we also recon-

structed an image using a local FBP method with smooth

extrapolation from the truncated projections into missing

data. Some typical reconstructed images were shown in FIG.

2. The typical profiles were in FIG. 3. As seen from FIGS. 2

and 3, the reconstructed images from the proposed algorithm

are in a high precision inside the ROI.

TABLE 1

 

Parameters ofthe 2D modified Shepp-Logan phantom

 

No. a b x0 yo 0) f

1 6.900 9.200 0 0 0 1.0

2 6.624 8.740 0 —0.184 0 —0.8

3 1.100 3.100 2.200 0 —18. —0.2

4 1.600 4.100 —2.200 0 18.0 —0.2

5 2.100 2.500 0 3.500 0 0.1

6 0.460 0.460 0 1.000 0 0.1

7 0.460 0.460 0 —0.100 0 0.1

8 0.460 0.230 —0.800 —6.050 0 0.1

9 0.230 0.230 0 —6.060 0 0.1

10 0.230 0.460 0.600 —6.060 0 0.1

11 2.000 0.400 5.000 —5.200 60.5 —0.2

 

To demonstrate the real-world application of the proposed

algorithm, we performed a CT scan of a living sheep, which

was approved by Virginia Tech IACUC committee. The chest

ofa sheep was scanned in fan-beam geometry on a SIEMENS

64-81ice CT scanner (100 kVp, 150 mAs). The x-ray source

trajectory of radius 57.0 cm was used. There were 1160

projections uniformly collected over a 360° range, and 672

detectors were equi-angularly distributed per projection.

Thus, the FOV ofradius 25.05 cm was formed. First, an entire

29.06 cm by 29.06 cm cross-section was reconstructed into

1024x1024 pixels using the popular FBP method from a
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complete dataset of projections. Second, a trachea was

selected in reference to the reconstructed image. Around the

trachea, a circular ROI of radius 120 pixels was specified.

Then, only the projection data through the ROI were kept to

simulate an interior scan. Third, the ROI was reconstructed by

the local FBP with smooth data extrapolation and our pro-

posed algorithms, respectively. The results were in FIG. 4.

Comparing the images in FIG. 4, we observe that the pro-

posed algorithm not only keeps image accuracy but also sup-

presses image noise.

In vivo mouse imaging experiments were also performed

following the protocols approved by the University of North

Carolina at Chapel Hill. Projection images were acquired

using a prospective gating approach. For CT scans carried out

in this study, 400 projections were acquired over a circular

orbit of 199.5 degrees with a stepping angle of 0.5 degree at

single frame acquisition. By running the detector at 1 frame/

sec (camera integration time:500 ms), the scan time was

15 -30 min, depending the mouse’ s respiration and heart rates.

For the above acquired in vivo mouse cardiac projection

datasets, we performed a CS-based interior reconstruction.

Using the generalized Feldkamp algorithm (see L. A. Feld-

kamp, L. C. Davis, and J. W. Kress, Practical cone-beam

algorithm. J. Opt. Soc. Am., 1984. 1(A): p. 612-619; G.

Wang, et al., A General Cone-Beam Reconstruction Algo—

rithm. IEEE Transactions on Medical Imaging, 1993. 12(3):

p. 486-496), first we reconstructed a volumetric image to

serve as a global standard for our interior reconstruction.

From such an image volume, we specified a circular ROI on

a transverse slice to cover the contrast-enhanced beating

heart. Then, we created a mask image for the ROI and per-

formed a forward projection to generate a mask projection.

Later the mask projection was binarized to extract the proj ec-

tion data only through the ROI as our interior scan dataset.

Meanwhile, the global proj ections of 15‘ and 360th were kept

to serve as two scout images. The interior reconstruction was

performed using our CS based algorithm described in section

II; the control parameters were (F0005, as:0.997, PTV:2,

and PART:20. The final reconstruction results are in FIG. 5.

Because the CS-based iterative reconstruction framework is

capable ofnoise removing, our CS-based interior reconstruc-

tion result has a high SNR than that ofthe global FBP recon-

struction.

While the radiation dose to the whole body can be reduced

using our reconstruction method by limiting the x-ray beam

to the ROI only, the organ doseithe dose ofthe organ which

happens to be within the ROI under interior reconstructioni

would remain at the same level. Because the CS reconstruc-

tion theory is based on the so-called sparsifying transform,

the radiation dose of local ROI can be further reduced with

fewer projection views. However, the smaller the number of

projections, the worse the reconstructed image quality (see

Chen, G. H., J. Tang, and S. Leng, Prior image constrained

compressed sensing (PICCS): A method to accurately recon—

struct dynamic CTimagesfrom highly undersampledprojec—

tion data sets. Medical Physics, 2008. 35(2): p. 660-663). To

study how the projection number affects the reconstructed

image quality, 200/ 100/50 projections were uniformly

selected from the above mentioned projections by discarding

1/3/7 projections in every 2/4/8/ projections. For these

reduced projections, we can save radiation dose 50%, 75%

and 87.5%, respectively. During the reconstruction proce-

dure, two global orthogonal scout projections were also

employed. The reconstructed results were shown in FIG. 6. It

can be seen that the image quality was good enough even

using only 100 projections.
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1.3. Statistical Interior Reconstruction Algorithm

In fact, our CS-based interior reconstruction can also be

implemented in a statistical framework (Q. Xu, H.Y.Yu, X. Q.

Mou and G. Wang, A statistical reconstruction methodfor

interior problem, Proceedings of SPIE, to appear in August

2010). We have implemented PWLS, q-GGMRF, SIRTV, and

OSSART-TV algorithm. Moreover, we changed the OSSART

term of the OSSSART—TV algorithm with an OSWLS term

considering the statistical property ofprojection data. Global

and truncated projection data which are both noiseless and

noisy (obeying Poisson distribution) were used to test these

algorithms.

According to work by Sauer and Bouman (K. Sauer and C.

Bouman,A local updated strategyfor iterative reconstruction

from projections, IEEE Transactions on Signal Processing,

41(2):534-548, 1993), the specific update iteration of the

quadratic PWLS algorithm can be expressed as follows:

n n (1.13)

+fi’2 ijmk we)

keNJ

Z d1A3+fi Z W
keNJ

Z cit/«Up. —2 AM]
k

n+1 n 1

fl! _/“‘J+
 

a

where 11.1" denotes the value of the jth voxel after the nth

iteration, (1, represent the maximum likelihood estimates of

the inverse of the variance of the projection data, [3 is the

penalty parameter, and N] denotes the neighborhood of the

pixel j and wjk are the directional weighting coefficients.

According to the paperby J. B. Thibault et al (J. B. Thibault

et al, A three-dimensional statistical approach to improve

image quality for multi-slice helical CT, Medical Physics,

34(11): 4526-4544, 2007), the specific optimization of the

q-GGMRF algorithm is:

(1.14)
An+l

, d 2

#1 =argrmn{ E flyi—ZAimh/‘AUW-W] +

k1

Iflj—flklp

fl; WJ" ll flaw? ’

likiec | 1

According to the paper by J. Tang et al (J. Tang, et al,

Performance comparison between total variation based com—

pressed sensing and statistical iterative reconstruction algo—

rithm, Physics in Medicine and Biology, 54(19):5781-5804,

2009), the optimization method of the SIRTV algorithm is

similar to the q-GGMRF algorithm. And we have

An+l

#1

d (1.15)
i 1 2

=argmm{ E 391—; Attic: +Ag(/~l7—IJ1)] WWW},

1

where “flint,"-

Notice that Gauss-Seidel method is adopted in the imple-

mentations ofthe above three algorithms. Voxels are updated

in a random but fixed order. The half-interval search is used to

find the root of the derivative.

In our implementation, the measurements are assumed to

follow Poisson statistical model, and the reconstruction pro-

cess is to maximize the object function with a prior of total

variation (TV) minimization or L1 norm minimization. In

order to increase the accuracy and stability of this algorithm,
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a small known sub-region in the R01 is needed. The rough

result ofthe inversion ofthe truncated Hilbert transform with

the small known sub-region is regard as the initial image of

the statistical TV iteration. In the numerical simulation

experiment, we evaluated the anti-noise property ofour algo-

rithm at different dose level (FIG. 7).

Section 11. Soft-Thresholding-Based Methods

11.1. Mathematical Principal

Daubechies and her collaborators proposed a general itera-

tive thresholding algorithm to solve linear inverse problems

regularized by a sparsity constraint and proved its conver-

gence (see 1. Daubechies, M. Defrise, and C. De Mol, An

iterative thresholding algorithm for linear inverse problems

with a sparsity constraint. Communications on Pure and

Applied Mathematics, 2004. 57(11): p. 1413-1457; 1.

Daubechies, M. Fornasier, and 1. Loris, Acceleratedprojected

gradient method for linear inverse problems with sparsity

constraints. Journal of Fourier Analysis and Applications,

2008. 14(5-6): p. 764-792). Their approach can be directly

applied for the CT reconstruction from a limited number of

projections. Their major results can be summarized as fol-

lows.

Let f:[j"1, f2, . . . , fN]TeRNbe an object function and

g:[g1, g2, . . . , gM]TeRMbe a set ofmeasurements. Usually,

they are linked by:

g:Af+e, (11.1)

where A:(amn)eR M><R N is the linear measurement

matrix, and ee RMthe measurement noise. Let us define the 1P

norm of the vector g as

(11.2)M l/p

Ilgllp = [Z gt] -
m

In practical applications, we usually omit the subscript p

when p:2. To find an estimate of f from g, one can minimize

the discrepancy A(f)

4(1‘):Hg-Afll2- (II-3)

When the system (11.1) is ill-posed, the solution to Eq.

(11.3) is not satisfactory, and additional constraints are

required to regularize the solution. Particularly, given a com-

plete basis (¢v)ver of the space RN satisfying

f = Z <f. May.
yel"

and a sequence of strictly positive weights w:(wy)yér, we

define the functional C1>W,P(f) by

<I>W,p(f) = W) + 22mm. WI”, (“-4)

yel"

where ( ',') represents the inner product and lsps2. Using

the 1P norm definition (11.2), let us define the 1P norm of a

matrix operator A as

14

(11.5)

||A||p = max

#0

IIAfIIp

[m]-

Let AT be the adjoint operator ofA, which is the transpose

matrix of A, the operator A in (11.1) be bounded, and

||ATA||<C. 1n the following, we will assume C:1 because A

can always be re-normalized. To find an estimate of f from g

10 under the 1P norm regularizatlon term

22mm, M”.

yel"

15

we can minimize C1>W,P(f) defined in (11.4). The minimizer of

C1>W,P(f) can be recursively determined by the soft-threshold-

ing algorithm:

r:SW<n.l+ATcg—Ar*l>>,

where k:1, 2, . . . is the iteration number, f0 the initial value

in R N, and

20 (11.6)

25 mm = Zsww. 9mm. (“-7)

yel"

with SW’11,:(FWD)'l is a one-to-one map from R to its self

30 for p>1 with

pr(x):x+wpsgn(x)lxlp’l. (11.8)

Particularly,

35 3w(\/9w2 +16|x| —3w) , (11.9)

x _— if x 2 O

8

Sw,3/2(X) =

3w(\/9w2 +16|x| —3w) ,

x +f if x < O

40

When p:1, we can set

x—w ifxzw (11.10)

45
Swim = 0

x+w ifxs—w

if|x|<w.

The main result of Daubechies et al. (1. Daubechies, M.

50 Defrise, and C. De Mol, An iterative thresholding algorithm

for linear inverse problems with a sparsity constraint. Com-

munications on Pure andApplied Mathematics, 2004. 57(1 1):

p. 1413-1457) is that the solution of (11.6) is convergent.

Unfortunately, the convergence speed of Eq. (11.6) is very

55 slow. To facilitate practical applications, an accelerated pro-

jected gradient method was then developed (1. Daubechies,

M. Fomasier, and 1. Loris, Accelerated projected gradient

methodfor linear inverseproblems with sparsity constraints.

Journal of Fourier Analysis and Applications, 2008. 14(5-6):

60 p. 764-792). When wy:t for all yer, C1>W,P(f) can be rewritten

as

<I>W,p(f) = <I>.,p(f) = W) +Z 2w. mp. (II-11>

65 yel"
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Denote the minimizer of Eq. (11.11) as 1* and define

l/p

Rm, p) = [Z |<f*, wW’] .

yel"

(11.12)

which is the 1P norm radius of 1* in the sparse space, we

have the accelerated projected gradient algorithm

fk =fl3R(f»<,p)(fk’1 +fi‘W‘), (11.13)

MHZ
where rj‘ = AT(g —A]*’l), fi‘k = ”AIkIIZ, an 

[PM)1 ,p) (f) = s)... (f) = Z su,p(<f. somwy, (II-14>
yel"

with an adapted soft-threshold u:p.(R(f*,p),f) depending

on R(f*,p) and f. When R(f,p)sR(f*,p), p.(R(f*,p),f):0 and

(11” R0,. £)(f):f. When R(f,p)>R(f*,p), the adapted threshold 11.

should be chosen to satisfy

R<(1P’ Rw)m>:R<Swm>:R<f*,p>. (11.15)

Regarding the algorithm (11.13), we have several com-

ments in order.

First, although Daubechies et al. only proved the conver-

gence for the case p:1, we believe that it should stand for

lsps2. Second, while we have previously assumed that

HATAl |<C and C:1, it can be proved that the algorithm (11.13)

holds for any positive C. Third, it is generally impossible to

know the exact value of R(f*,p) but we can have an approxi-

mate estimate.

11.2. SART—Type Algorithm

1n the context ofimage reconstruction, each component of

the function fin Eq. (11.1) is interpreted as an image pixel with

N being the total pixel number. Each component ofthe func-

tion g is a measured datum with M being the product of the

number of projections and the number of detector elements.

In fan-beam geometry with a discrete image grid, the nth pixel

can be viewed as a rectangular region with a constant value 3“",

the mth measured datum gm as an integral of areas of pixels

partially covered by a narrow beam from an x-ray source to a

detector element and respectively weighted by the corre-

sponding x-ray linear attenuation coefiicients. Thus, the com-

ponent am" in Eq. (11.1) can be understood as the interaction

area between the nth pixel and the mth fan-beam path (FIG. 8).

While the whole matrix A represents the forward projection,

AT implements the back projection. The SART—type solution

to Eq. (11.1) can be written as:

M

szfkil+lkiz

n n a

+n ”1:1

a (11.16)

m" (gm — Amfk’l),
am+

 

where

N

=Zamn>0,

n:l

M

am = 2 am > 0, am

m:l

Am is the mth row ofA, k the iteration index, and 0<Ak<2 a free

relaxation parameter. Let A+Ne 1R N>< R Nbe a diagonal matrix

with
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1
+N_

A _—

am

and AM+elR MleMbe a diagonal matrix with

AM+ _
Eq. (11.16)

am+

can be rewritten as:

f:f’l+W2 (11.17)

with

#:NNATAM+(g—Af’l).

Due to the introduction ofA+N and AM“, Eq. (11.18) cannot

be directly applied to solve Eq. (11.13). However, we can

modify Eq. (11.18) to obtain a new rk defined as

(11.18)

IIATII
(11.19)

= ||A+NATAM+H zafj‘_

Substituting Eq. (11.19) into Eq. (11.13), we have a SART-

type algorithm

 

fGPRWr/“wfiw (11.20)

with

“7* H
H = .

Wu2

The heuristic rationale for the above modification is to incor-

porate the SART—type weighting scheme for a more uniform

convergence behavior. (X can be written as

max (ATAI) (11.21)

052 = lsnsN 052

max(||/\+NATAM+AM+AA+NIII) 0

with

A+NATAM+AM+AA+NI (11.22)

121.1% ) IIATII-IIAII

||A+NATAM+H . IIAM+AA+NH 1111a); (AT/41])-

SILS

 123:

In practical applications, we can set 010 to a reasonably

large constant such as 2.0 in our simulation in the next section.

Ifthe algorithm does not converge, we can reduce 010 until the

algorithm converges.

For a basis (¢v)ver ofthe space R N, in which fhas a sparse

representation. Our SART—type CT algorithm regularized by

sparsity can be summarized in the following pseudo-code:

 

S1. Initialize (10, 1(0) and k;

S2. Estimate R(f*, p);

S3. Pre-compute 0L, a“, and an”;

S4. Update the current estimation iteratively:

S4.l. k :=k+ l;

$4.2. f1. := A+NATAM+(g — A1“);
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-continued

 

1W
S4.3.fi" := ;

“Ar”2

 

$4.4. P1 := 1’”1 + 01151111; ~

S.4.5. Compute the sparse transform (by := (15’, (1)11) for y e F;

S.4.6. Estimate the adapted threshold 11;

S.4.7. Perform the soft-thresholding (1)11 := SPJ,(¢Y);

S.4.8. Perform the inverse sparse transform fk :2 Z éygoy;

yel"

8.5. Go to S.4 until certain convergence criteria are satisfied.

 

In the above pseudo-code, S.4.5 represents a sparse trans-

form in a basis (¢y)yér. It can be either orthonormal (e.g.

Fourier transform) or non-orthonormal, and (by is the corre-

sponding coefficient in the sparse space. In S.4.6, the adapted

threshold 11. can be estimated by a dichotomy searching

method. S.4.7 performs the inverse sparse transform. Finally,

the stopping criteria for S.5 can be either the maximum itera-

tion number is reached or the relative reconstruction error

(RRE) comes under a pre-defined threshold:

f H (11.23)

H:
|_|fk—

x100.

f—

The above-proposed algorithm was implemented in Mat-

Lab subject to a sparsity constraint in terms of an invertible

wavelet transform. The algorithm was implemented with an

exemplary Haarwavelet transform and tested with a modified

Shepp-Logan phantom. In our simulation, a 128x128 phan-

tom image was in a compact support of radius 10 cm. An

equi-spatial detector array was oflength 20 cm. The array was

centered at the system origin and made perpendicular to the

direction from the origin to the x-ray source. The array con-

sisted of 128 elements. While the number ofphantom image

pixels was 16384, there were only 1708 non-zero wavelet

coefiicients. For each of selected numbers ofprojections over

a full-scan, the corresponding projection dataset was acquired

based on a discrete projection model and a Gaussian noise

model. The reconstructed images are in FIG. 9. Then, this

approach was applied for interior tomography with a detector

array of length 10 cm to produce the corresponding results in

FIG. 10.

11.3. Pseudo-Inverses of DGT and DDT

The discrete gradient transform (DGT) has been widely

utilized as a sparsifying operator in CS-inspired CT recon-

struction. This kind of algorithms can be divided into two

major steps (FIG. 11 ((1)). In the first step, an iteration formula

(e. g. SART) is used to update a reconstructed image for data

discrepancy reduction. In the second step, a search method

(e.g. the standard steepest descent technique) is used in an

iterative framework for TV minimization. These two steps

need to be iteratively performed in an alternating manner.

However, there are no standard stopping and parameter selec-

tion criteria for the second step. Usually, these practical issues

are addressed in an Ad hoc fashion. On the other hand, soft-

threshold nonlinear filtering was proved to be a convergent

and efficient algorithm for the l 1 norm minimization regular-

ized by a sparsity constraint. Unfortunately, because the DGT

is not invertible, it does not satisfy the restricted isometry

property (RIP) required by the CS theory and soft-threshold

algorithm. In other words, the soft-threshold algorithm can-
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not be directly applied for TV minimization. Motivated by

this challenge, here we construct two pseudo-inverse trans-

forms and apply the soft-threshold filtering for image recon-

struction from a limited number of projections.

Let us assume that a digital image satisfies the so-called

Neumann conditions on the boundary:

320,121, and fIJ:f1+1J for IsjsJ,

f, (ff, 1 and f, if, +1 for IsiSI. 11.24
, , f J

Then, the standard isotropic discretization of TV can be

expressed as

I J

TV(f) = ZZ 111,).
:1 1:1

(1125)

d1,] = (f1,J—f1+1,1)2+(f1,J—f1,1+1)2-

We re-write Eq. (II .4) for CT reconstruction problem under

the constraint of sparse gradient transform as

<I>W,1(f):A(f)+2wTV(f)- (11.26)

Note that there does not exist a frame such that le:( f,

(1)”), the solution Eq. (116) can not be directly applied to

minimize CI>W,I(f) defined by Eq. (11.25). However, we can

construct a pseudo-inverse of the DGT as follows. Assume

that

if am" _A f1~1) (11.27)

aM m+
m:l

if. = f.“ + M     

is the update from the projection constraint in the current

iteration step k, which is exactly the same as Eq. (11.16). We

can compute

According to the soft-threshold operation in Eq. (II. 10),

when dJk<w we can adjust the value offle,3;le and flJ+lk

to make lek:,0 and when lek>w we can reduce the values of

(3°le—f,+1J1)2 and (3“,J 3“,J+11)2 to perform the filtering. That

is, we can construct the following pseudo--1:nverse

1 11,1: 11,1; k,c (11.29)

1k1 = 1(2fu +f111 +f111 )5

-1 -1 -1 (11.30)
2f,J+f,+41J+f1,J+1, if dffj<w

11,12

f1,J = ~11 ~11 ~11

-1 won, 41.1,, 41,111) 1
JIM—T, if d)! 2w,

‘1]

~k ~k (11.31)
+

—f"1fH'J, if 115,, < w

fkb 2 J

1,) = ~11 ~11

~ Wf1 -f1~
fJ ——(211k 1'1), if 1151,] 2 w,

11,)

~k ~k 11.32

f1,J + f1,J~1 ( )

—, if d" 1 < w

fk c 2 J

1,) = ~11 ~11

~11 W(f1,1_f1,rl) 11

1 — 11—’ if d)! 1 _
,1 2d,]1 
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In summary, we have a soft-threshold algorithm for the TV

minimization in the following pseudo-code (FIG. 11(b)):

 

S1: Initialize the parameters k , W ;

S2: Update the current reconstruction using Eq.(11.16);

S3: Perform the non-linear filter using Eq.(11.29);

S4: Go to S2 until the stopping criterion is met.

 

In addition to the DGT, there are other possible sparse

transforms. For example, we can define a total difference

(TD) of f as

I I (11.33)

mm = ZZ 4.), d... = If... — rm + If... — fwl.

1:1 1:1

and rewrite Eq. (11.4) as

<Pw,l(f):A(f)+2wTD(f)- (11.34)

We call dz), in Eq. (11.33) a discrete difference transform

(DDT). Similar to what we have done for DGT, after the

soft-threshold filtering, we can construct a pseudo-inverse of

3°le as

1~~ ~~

fifizwmfixhnwwmmfimw

mmflwmmmm

(11.35)

+
y z, ifIy—z|<w (11.36)

2

W .

q(w,y,z)= y-E, 1f(y—z)2W

W

y+§, if (y—z)s—w.

That is, we have a soft-threshold algorithm for TD mini-

mization in the following pseudo-code:

 

S1: Initialize the parameters k , w ;

S2: Update the current reconstruction using Eq.(11.16);

S3: Perform the non-linear filter using Eq.(11.36);

S4: Go to S2 until the stopping criterion is met.

 

To facilitate practical applications, an accelerated pro-

jected gradient method can directly develop to automatically

select the parameters w for the above soft-threshold filtering

operations to minimize the TD and TV. And all of those

results can be directly used for interior reconstruction.

To demonstrate the validity ofthe proposed algorithms, we

implemented them in MatLab and performed numerical tests.

We assumed a circular scanning locus of radius 57.0 cm and

fan-beam geometry. The object was a modified Shepp-Logan

phantom in a compact support with a radius of 10.0 cm. We

used an equi-distance virtual detector array oflength 20.0 cm.

The detector was centered at the system origin and made

perpendicular to the direction from the origin to the x-ray

source. The detector array consisted of 256 elements. For

each of our selected numbers of projections over a full-scan

range, we first equi-angularly acquired the corresponding

projection dataset based on the discrete projection model

shown in FIG. 8. Then, we reconstructed the images using the

following four methods: (1) the classical SART iteration

method without the regularization of sparsity, (2) the TV

minimization algorithm using the steepest descent search
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method, (3) the TV minimization algorithm with soft-thresh-

old filtering, and (4) the TD minimization method with soft-

threshold filtering. For all the above methods, the stopping

criterion was defined as reaching the maximum iteration

number 2,000. The threshold w for the third and fourth algo-

rithms was set 0.004. FIGS. 12 and 13 show the reconstructed

256x256 images from 21 and 15 projections, respectively. In

general, the proposed algorithms perform much better than

the available steepest descent algorithm.

114. Interior Reconstruction from Coded-Aperture-Gener-

ated Projections

In recent years, coded aperture is a new technology to

improve image quality and reduce radiation dose. Using the

multi-source and coded aperture technology, we can obtain a

compressive sampling based imaging system with an opti-

mized sampling pattern allowing flexibility of source-multi-

plexing, projection modulation and overlapping. To recon-

struct an image from aperture coded projections, we must

solve the reconstruction problem from coded projections.

There are numerous cases in this category.

For example, we developed a POCS-based algorithm to

solve the so-called overlapping problem (G. Wang, L. Yang,

Y. Lu: Method for Image Reconstruction from Overlapped

Projections, VTIP No.: 10-058, Dec. 2, 2009; L.Yang, Y. Lu,

and G. Wang, Compressed sensing based image reconstruc—

tion from overlapped projections, International Journal of

Biomedical Imaging, to appear).

As another example, we developed a SART-based formula

for this problem. Let f:[j"1, f2, . . . , fN]TelRNbe an object

function and g:[gl, g2, . . . , gM]TelRMbe a set of measure-

ments. Usually, for the two-source case, they are linked by:

g:e’Alf+e’A2f, (11.37)

whereA1:(amn)e 1R M>< R NandA2:(amn)e 1R M><R Nare the

linear measurement matrix. Assume that the current estima-

tion of the image is f1, we have an error image Aflf:f—i5r and

hence

g = €7A1(fk+Afk)+eiA2(fk+Afk) (11.38)

k
, kiAAf , k, k

2e 41fe 1 +e AzfeAzAf

:: [Alf/((1—A1Af")+e’A2fk(1—A2Af"),

where the 15‘ order Taylor expansion has been used. Eq.

(11.38) implied that

evil/fie“ —g:(e*Al/‘Al+e*Az/‘A2)Af. (11.39)

Consider (e'Al/z+e'AZ/z—g) as the measurement data and

(e'Al/CAl+e'AZ/CA2) as the measurement matrix, we can use

our SART-type algorithm (Eq. 11.16) to solve A151. However, it

is not necessary to obtain an exact solution for A15“. Instead,

we only need one step iteration~to estimate A151, then update

the current image by fk+1:f*+Aik. This algorithm is conver-

gent and stable. And it can be used for both global and interior

reconstruction. The algorithm for the overlapped projections

can be summarized as:

 

S1. Initialize CL, 110) and k;

S2. Estimate R(f*, p);

S3. Update the current estimation iteratively:

S3.l. k :=k+ l;

S3.2. ComputeA = {Al/(Al + e’AZ/CA2 and g = e ’Al/C+ e’AZ/C— g;

S3.3. Compute a“, and an”;

S3.4. Estimate A11“ by the formula AP“ := A+NATAM+g;
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-continued

 

s35. 1” := 1’“ “mi”; ~

S.3.6. Compute the sparse transform (by := (firm) for y e T;

S.3.7. Estimate the adapted threshold u;

S38. Perform the soft-thresholding (1)1! := swam);

8.3.9. Perform the inverse sparse transform fk :2 25531997;

yel"

8.4. Go to 8.3 until certain the convergence criteria are satisfied.

 

The above algorithm was implemented in Matlab and

tested by a numerical phantom. In our numerical simulation,

we assumed two x-ray sources and one shared equi-distant

detector. Totally, 51 projections were acquired in a full scan

range, and the TD sparsity was employed. As shown in FIG.

14, our results are excellent.

FIG. 15 is a schematic diagram of an example ofhardware

100 on which the preferred or other embodiments can be

implemented. The imaging component 102 can be any imag-

ing component capable of operating as described above, any

equivalent thereof, or any device for receiving imaging data

remotely or from storage. The processing component 104 can

be any processor capable of performing the operations dis-

closed above or any equivalents thereof. The output 106 can

include one or more of a display, persistent storage, a printer,

a communication facility for transmitting the results

remotely, or any other form of output. The software for per-

forming the operations disclosed above can be supplied on

any form of persistent storage 108 or in any other manner,

e.g., over a network connection.

While a preferred embodiment has been set forth above,

those skilled in the art who have reviewed the present disclo-

sure will readily appreciate that other embodiments can be

realized within the scope of the invention. For example,

numerical values are illustrative rather than limiting, as are

recitations of particular software. Therefore, the present

invention should be construed as limited only by the

appended claims.

What is claimed is:

1. A method for compressed sensing based interior tomog-

raphy, the method comprising:

(a) obtaining a truncated local projection dataset through

an interior scan that directly involves a region-of-inter-

est (ROI) or volume-of-interest (VOI) inside an object to

be reconstructed;

(b) reconstructing, in a computing device, the ROI/VOI by

minimizing a weighted sum of (i) a function of an Lp

(Osps2) image norm of a sparsifying transform of the

object to be reconstructed, and (ii) a L2 norm of a differ-

ence between measured and the forward projection

datasets ofthe object to be reconstructed, or an L2 norm

ofa difference between a backprojected image ofdiffer-

ential projection data and a Hilbert transform image of

the object to be reconstructed, regularizing by other

available knowledge selected from the group consisting

of bounds of image intensities, compact support of the

obj ect, scout views, direct current component of the

object, and texture features; and

(c) outputting the reconstructed ROI/VOI.

2. The method ofclaim 1, wherein the image norm function

is an Lp norm with Osps2, or a mixed norm with at least two

values of p.

3. The method ofclaim 1, wherein the dataset is measured

using an x-ray imaging system or in another straight or

approximately straight ray imaging geometry.
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4. The method ofclaim 1, wherein the projection dataset is

measured in terms of functions of weighted sums of

unknowns along a bundle ofpaths that are close to each other.

5. The method ofclaim 3, wherein the imaging system uses

a single or multi-sources.

6. The method ofclaim 5, wherein multi-sources are modu-

lated by coded apertures, share one or more detectors, and are

fired simultaneously or sequentially.

7. The method ofclaim 1, wherein the minimization is with

respect to an Lp norm with Osps2, or a mixed norm with at

least two values of p.

8. The method of claim 1, wherein the said sparsifying

transform is an invertible transform or frame.

9. The method ofclaim 8, wherein the invertible transform

or frame is a wavelet transform, Fourier transform, or another

lossless image compressive transform or encoding method.

10. The method of claim 1, wherein the said sparsifying

transform is an un-invertible transform.

11. The method of claim 10, wherein the un—invertible

transform is a discrete gradient transform, discrete difference

transform, or high-order transform.

12. The method ofclaim 1, wherein step (a) includes global

projection measurements in terms oftwo ormore scout views.

13. The method of claim 1, wherein step (b) comprises:

(i) minimizing a data discrepancy defined as the L2 norm of

the difference between the measured and forward pro-

jection datasets of the object to be reconstructed, or the

L2 norm of the difference between the backprojected

image of the differential projection data and the Hilbert

transform image of the object to be reconstructed; and

(ii) minimizing an image norm function defined as a func-

tion ofan Lp (Osps2) norm ofa sparsifying transform of

the object to be reconstructed;

wherein steps (i) and (ii) are iteratively performed in an

alternating manner.

14. The method of claim 13, wherein step (i) is imple-

mented in an OS—SART framework.

15. The method of claim 13, wherein step (i) is imple-

mented in a statistical framework such as using a maximum

likelihood (ML) transmission CT approach.

16. The method of claim 15, wherein the statistical frame-

work is a maximum-likelihood (ML) reconstruction with a

signal sparsity model based constraint or penalty.

17. The method of claim 16, wherein the signal sparsity

model based constraint is a total variation.

18. The method of claim 13, where in step (ii) is imple-

mented using a steepest decent search method.

19. The method of claim 13, wherein step (ii) is imple-

mented by a soft-threshold filtering method.

20. The method of claim 19, wherein the soft threshold

filtering method comprises:

(i) computing a sparse transform;

(ii) estimating an adapted threshold;

(iii) performing soft-threshold filtering with respect to a

kernel function

x—w ifxzw

Swim = 0

x+w if xs—w

if|x|<w ,

where w is a threshold value, w is an input and Swal(x) is the

output; and

(iv) performing an inverse sparse transform.

21. The method ofclaim 20, wherein the inverse transform

of a discrete gradient transform is constructed as
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k k, k,b k,
1,] = Aafwa +Abfw +/\cft,fa

~k ~k ~k

2f1,1+f1+1,1+f1,1+1 . k

+5 if d“ < W

ka

fa] = ~k ~k ~k

-k wan. 4“,. 4.1.1) . k
f“ —T, if d“! 2w,

w

~k ~k

f +f71
%, if 4171,] < w

fk,b _

1,] - ~k ~k

~k WU“ —fl*1,_/) . k

‘J—k—, 1f dbl] 2w,

' deld '

~k ~k

f +f 71
%5 if dtkwl < w

fk,c _

1,] - ~k ~k

~k W(ft,J—ft,rr) . k

11—k—’ 1fd‘rlzw;

' Zdnrl ' 
where Ag+}\.b+KC:1.

22. The method ofclaim 20, wherein the inverse transform

of a discrete gradient transform is any non-linear filter for the

reconstructed image to achieve the goal of soft-threshold

filtering with respect to a given threshold.

23. The method ofclaim 20, wherein the inverse transform

of a discrete difference transform is constructed as

ff. = MW, if], fi+1..)+lb4(ws if], fij+1)+

Acq(w’ fir fiirl) +Adq(w’ fir ff’lvj)’

+

y—Zz, if |y—z|<w

W 1

q(w,y,z)= y-E, 1f(y—z)2W

W

y+§, if (y—z)s—w;

where Aa+2tb+2tc+2td:1.

24. The method ofclaim 20, wherein the inverse transform

of a discrete difference transform is a non-linear filter for the

reconstructed image to achieve the goal of soft-threshold

filtering with respect to a given threshold.

25. The method ofclaim 20, wherein the inverse transform

of a un-invertible sparsifying transform is constructed as a

non-linear filter for the reconstructed image to achieve the

goal of soft-threshold filtering with respect to a given thresh-

old.

26.A system for compressed sensing based interior tomog-

raphy, the system comprising:

(a) an imaging component for obtaining a truncated local

projection dataset through an interior scan that directly

involves a region-of-interest (ROI) or volume-of-inter-

est (V01) inside an object to be reconstructed;

(b) a processing component for reconstructing the ROI/

V01 by minimizing a weighted sum of (i) a function of

an Lp (Osps2) image norm of a sparsifying transform of

an object to be reconstructed, and (ii) an L2 norm of a

difference between the measured and forward projection

datasets of the reconstructed, or an L2 norm of a differ-

ence between a backproj ected image of the differential

projection data and a Hilbert transform image of the

object to be reconstructed, regularized by other available

knowledge selected from the group consisting ofbounds
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of image intensities, compact support of the object,

scout views, direct current component ofthe object; and

(c) an output, in communication with a processing compo-

nent, for outputting the reconstructed ROI/V01.

27. The system ofclaim 26, wherein the image norm func-

tion is an in norm with Osps2, or a mixed norm with at least

two p values.

28. The system of claim 26, wherein the imaging compo-

nent comprises an x-ray imaging system or another straight or

approximately straight ray imaging geometry.

29. The system of claim 26, wherein the dataset is mea-

sured in terms of functions of weighted sums of unknowns

along a bundle of paths that are close to each other.

30. The system of claim 28, wherein the imaging compo-

nent uses a single or multi-sources.

31. The system of claim 30, wherein multi-sources are

modulated by coded apertures, share one or more detectors,

and are fired simultaneously or sequentially.

32. The system of claim 26, wherein the minimization is

with respect to an Lp norm with Osps2, or a mixed norm with

at least two p values.

33. The system of claim 26, wherein the said sparsifying

transform is an invertible transform or frame.

34. The system of claim 33, wherein the invertible trans-

form or frame is a wavelet transform, Fourier transform, or

another lossless image compressive transform or encoding

method.

35. The system of claim 26, wherein the said sparsifying

transform is an un-invertible transform.

36. The system of claim 35, wherein the un—invertible

transform is a discrete gradient transform, discrete difference

transform, or high-order transform.

37. The system of claim 26, wherein the imaging compo-

nent takes global projection measurements in terms oftwo or

more scout views.

38. The system of claim 26, wherein the processing com-

ponent performs:

(i) minimizing, a data discrepancy defined as the L2 norm

of the difference between the measured and the forward

projection datasets of the object to be reconstructed, or

the L2 norm ofthe difference between the backprojected

image of the differential projection data and the Hilbert

transform image of the object to be reconstructed; and

(ii) minimizing an image norm function defined as a func-

tion of an Lp (Osps2) image norm of a sparsifying

transform of the object to be reconstructed;

wherein the processing component performs steps (i) and

(ii) iteratively in an alternating manner.

39. The system of claim 38, wherein the imaging compo-

nent implements an OS-SART framework.

40. The system of claim 38, wherein step (i) is imple-

mented in a statistical framework such as using a maximum

likelihood (ML) transmission CT approach.

41. The system of claim 40, wherein the statistical frame-

work is a maximum-likelihood (ML) reconstruction with a

signal sparsity model based constraint or penalty.

42. The system of claim 41, wherein the signal sparsity

model based constraint is a total variation.

43. The system of claim 38, wherein the processing com-

ponent performs a steepest decent search method.

44. The system of claim 38, wherein the processing com-

ponent performs a soft-threshold filtering method.

45. The system of claim 44, wherein the soft threshold

filtering method comprises:

(i) computing a sparse transform;

(ii) estimating an adapted threshold;
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(iii) performing soft-threshold filtering with respect to a

kernel function

x—w ifxzw

Sw,1(x) = 0

x+w if xs—w

if |x| <w
a

where w is a threshold value, w is an input and SW,1(X) is the

output; and

(iv) performing an inverse sparse transform.

46. The system of claim 45, wherein the inverse transform

of a discrete gradient transform is constructed as

k k, k,b k,
1,] = Aafwa +Abfw +/\cft,fa

~k ~k ~k

2f1,1+f1+1,1+f1,1+1 . k

+5 if d“ < W

ka

fa] = ~k ~k ~k

~k W(2f1,J—f1+1,J—fw+1) . k

f‘vJ_—4dk, if d"! 2w,

w

~k ~k

f +f71
%, if d571,] < w

fk,b _

1,] - ~k ~k

~k WU“ —fl*1,_/) . k

11—k—’ 1f dbl] 2w,

' deld '

~k ~k

f +f 71
%5 if dtkwl < w

fk,c _

1,] - ~k ~k

~k WWW—fun) . k

11—k—’ 1fd‘rlzw;

' 2dw,l ' 
where Ag+}\.b+KC:1.
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47. The system of claim 45, wherein the inverse transform

ofa discrete gradient transform is any non-linear filter for the

reconstructed image to achieve the goal of soft-threshold

filtering with respect to a given threshold.

48. The system of claim 45, wherein the inverse transform

of a discrete difference transform is constructed as

ff. = WWW], fi+1.J)+lb£1(Wafi.y fimh

Acq(w’ ffij’ fiirl) +Adq(w’ ffij’ ff’lvj)’

y+z .

T, 1f|y—z|<w

w .

q(w,y,z)= y-E, 1f(y—z)2W

W .

y+§, 1f(y—z)s—w;

where A619»b+kc+kf1 .

49. The system of claim 45, wherein the inverse transform

of a discrete difference transform is a non-linear filter for the

reconstructed image to achieve the goal of soft-threshold

filtering with respect to a given threshold.

50. The system of claim 45, wherein the inverse transform

of a un-invertible sparsifying transform is constructed as a

non-linear filter for the reconstructed image to achieve the

goal of soft-threshold filtering with respect to a given thresh-

old.
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