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Statistical Methods for Non-Linear Profile Monitoring

Ana Valeria Quevedo Candela

(ABSTRACT)

We have seen an increased interest and extensive research in the monitoring of a process

over time whose characteristics are represented mathematically in functional forms such as

profiles. Most of the current techniques require all of the data for each profile to determine the

state of the process. Thus, quality engineers from industrial processes such as agricultural,

aquacultural, and chemical cannot make process corrections to the current profile that are

essential for correcting their processes at an early stage. In addition, the focus of most of the

current techniques is on the statistical significance of the parameters or features of the model

instead of the practical significance, which often relates to the actual quality characteristic.

The goal of this research is to provide alternatives to address these two main concerns.

First, we study the use of a Shewhart type control chart to monitor within profiles, where

the central line is the predictive mean profile and the control limits are formed based on the

prediction band. Second, we study a statistic based on a non-linear mixed model recognizing

that the model leads to correlations among the estimated parameters.



Statistical Methods for Non-Linear Profile Monitoring

Ana Valeria Quevedo Candela

(GENERAL AUDIENCE ABSTRACT)

Checking the stability over time of the quality of a process which is best expressed by a

relationship between a quality characteristic and other variables involved in the process has

received increasing attention. The goal of this research is to provide alternative methods to

determine the state of such a process. Both methods presented here are compared to the

current methodologies. The first method will allow us to monitor a process while the data

is still being collected. The second one is based on the quality characteristic of the process

and takes full advantage of the model structure. Both methods seem to be more robust than

the current most well-known method.
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Chapter 1

Introduction

In recent years statistical process monitoring where process characteristics are represented

mathematically in functional forms such as curves, surfaces, or images has received increasing

attention. The research in this growing literature has made extensive use of both parametric

and non-parametric methods in profile monitoring analysis [Woodall et al., 2004, Woodall,

2007, Colosimo and Pacella, 2010, Noorossana et al., 2011].

A typical approach to profile monitoring entails developing an appropriate model for the

background structure and, upon observing a new profile, determining if the profile is dif-

ferent from “normal behavior” based on a given deviation metric. The literature shows a

general common approach. First, model the profiles through a parametric or non-parametric

technique. Then, estimate the parameters or relevant features that identify a profile. Finally,

use a multivariate control chart on those parameters or features.
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The current literature on parametric profile modeling tends to focus on the estimated param-

eters of the possibly non-linear model. The profile monitoring literature suggests the use of

multivariate T 2 statistics to monitor simultaneously the stability of the parameters [Woodall

et al., 2004, Williams et al., 2007, Colosimo and Pacella, 2010]. The use of non-parametric

models as data reduction techniques in profile monitoring has also been studied [Zou et al.,

2008, Chang and Yadama, 2010, Qiu et al., 2010].

While profile monitoring has been studied extensively, most of the current techniques are

purely retrospective given that we cannot make process corrections within the current profile.

These approaches require all of the data for each profile to determine the state of the process.

Basically, these techniques assume that a profile is produced in such a short period of time

that corrections to the observed process cannot be made.

In addition, most of the parametric and non-parametric techniques for profile monitoring

focus on the parameters or features of the model instead of the actual quality characteristic

observed. These methods fit separate non-linear regression models to monitor the stability of

the parameter estimates simultaneously through a multivariate statistic. By doing so, their

focus is on detecting process changes based on the statistical significance of the estimators,

which often produce relatively unimportant changes in the true quality characteristic. The

debate over statistical and practical significance is now more prevalent in the literature

[Woodall and Faltin, 2019].

This dissertation attempts to address these issues. First, we study the use of a Shewhart-

type control chart where the central line is the mean profile estimated with a parametric
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or non-parametric model which allows heteroscedasticity to account for the profile-to-profile

variability and the prediction band becomes the control limits. The prediction band would

define the normal behavior; a profile with an “abnormal number” of observations outside the

prediction band represents a possible assignable cause. This control chart addresses both

issues outlined above: it does not require all of the data for each profile to determine the

state of the process and keeps the focus on the quality characteristic.

In the second part of the dissertation, we propose a control chart procedure that addresses the

second issue directly. Instead of treating the estimated parameters of the model as separate,

but correlated, quality characteristics of interest, we study a statistic based on a non-linear

mixed model structure. We use the response as the actual quality characteristic and recognize

that the model subsequently leads to correlations among the estimated parameters.

The remainder of this dissertation is organized as follows. Chapter 2 reviews current lit-

erature on parametric and non-parametric approaches for profile monitoring. Chapter 3

provides context based on a practical situation to illustrate statistical process control where

the fundamental issue is practical significance given that the economic consequences that

are attributable to assignable causes relate to the response. Chapter 4 demonstrates that

when there is an unknown physical model behind the process, Gaussian process modeling is

effective in predicting the mean profile that will converge to the true unknown model with

replications. The advantage of using the GP model rather than other non-parametric tech-

niques is that it naturally provides the prediction band around the mean profile. Chapter 5

proposes a new, more robust, procedure for monitoring profiles based on a non-linear mixed

3



model that tests if a given profile is different from the rest of the profiles. This procedure

considers the asymptotic variance of the fixed parameters obtained using the actual data, not

the parameter estimates themselves. Finally, Chapter 6 ends with conclusions and possible

extensions to this research.
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Chapter 2

Review of Literature

Profile monitoring is concerned with the analysis of a product or process whose quality

characteristics are best represented in functional relationships with one or more explanatory

variables. The common approach is to develop an in-control (IC) model for the underlying

structure and upon observing a new profile, determine if the profile is satisfactory based on a

particular deviation metric. See Woodall et al. [2004], Woodall [2007], Colosimo and Pacella

[2010], Noorossana et al. [2011], and Qiu [2013].

The development of an appropriate model for the profile can be separated into two categories,

parametric and non-parametric modeling. Kang and Albin [2000], Kim et al. [2003], Ding

et al. [2006], Zou et al. [2006], Williams et al. [2007], Zou et al. [2007], Noorossana et al.

[2010], and Colosimo and Pacella [2010] study the use of linear and non-linear parametric

profiles. The idea of monitoring parametric profiles is extended to include mixed-effects
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models by Jensen et al. [2008], and Jensen and Birch [2009]. Zou et al. [2008], Chang and

Yadama [2010], and Qiu et al. [2010] study non-parametric techniques for profile monitoring.

Recently, Gaussian process models also has been used for this purpose (see Zhang et al. [2014],

Wang et al. [2014], Zhang et al. [2016], and Yongxiang et al. [2018]).

Any given non-linear profile can be expressed as:

yij = f(xtij,θ) + εij (2.1)

where yij is the jth observation (j = 1 . . . ni) of the ith profile (i = 1 . . .m), xij is a vector of

predictors, θ is the px1 vector of parameters or features of the model, and εij is the error term

whose structure depends on the model used. The modeling approach determines whether to

use a parametric or non-parametric technique to estimate f(xtij,θ).

2.1 Parametric modeling approach

The profile monitoring literature suggests the use of multivariate T 2 statistics to monitor the

stability of the parameters simultaneously (see Williams et al. [2007], Colosimo and Pacella

[2010]). Generally, the analyst fits a non-linear parametric model to each profile from IC

data.

Either for Phase I or II, the literature suggests the calculation of a measure of distance

between the vector of parameter estimates from the ith profile, θ̂i, and a target or the in-

6



control (IC) vector of estimates, θ0. The metric most often used for this purpose is the T 2

statistic whose general form is the following:

T 2 = (θ̂i − θ0)tS−1(θ̂i − θ0),

where θ0 is estimated by averaging the parameter estimates from the Phase I: ¯̂
θ =

∑m
i=1 θ̂i
m

,

and S is the estimated covariance matrix of the parameter estimators.

There are a few choices in the literature for estimating the covariance matrix [Williams et al.,

2007]. The simplest one is the sample covariance matrix (S1), where

S1 =
1

m− 1

m∑
i=1

(θ̂i − ¯̂θ)(θ̂i − ¯̂θ)t.

The distribution of T 2(S1) based on the sample covariance matrix is proportional to a beta

distribution as proved by Gnanadesikan and Kettenring [1972], i.e.,

T 2
i (S1)

m

(m− 1)2
∼ BETA(

p

2
,
m− p− 1

2
).

Another measure proposed by Holmes and Mergen [1993] uses the successive differences of

consecutive vectors of estimates (S2), where

S2 =
1

2(m− 1)

m−1∑
i=1

(θ̂i+1 − θ̂i)(θ̂i+1 − θ̂i)t. (2.2)

7



In a retrospective analysis, Sullivan and Woodall [1996] show that this is a more robust

estimator. The exact distribution of a T 2 based on S2 is unknown [Williams et al., 2007].

However, as Williams et al. [2006] show, when m > p2 + 3p for any value of p, the T 2
i (S2)

can be approximated by a χ2(p). On the contrary, if m ≤ p2 + 3p, the authors recommend

the following distribution for p < 10:

T 2
i (S2) ∼MV (m, i)BETA(β(m, p, i), γ(m, p, i)),

where β(m, p, i) and γ(m, p, i) are estimated functions shown in Williams et al. [2006]. Note

that to use S2 requires that the profiles are in time order which may not be always the case.

An alternative choice for estimating the covariance matrix S, studied by Vargas [2003],

Williams et al. [2007] and Jensen et al. [2007], is the use of the minimum volume ellipsoid

estimator. This leads to

S3 =
1

m− 1

m∑
i=1

(θ̂i − ¯̂θMVE)(θ̂i − ¯̂θMVE)t,

where ¯̂
θMVE is the minimum value ellipsoid (MVE) estimator. This method finds the ellip-

soid with the smallest value containing the least half of the θi [Williams et al., 2007]. The

distribution of T 2(S3) is unknown.

The methods outlined above monitor parametric profiles through their fixed parameter esti-

mates. Jensen and Birch [2009] extend this idea to include mixed-effects. The authors pro-
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pose a non-linear mixed model for Phase I analysis to account for the correlation structure

of all of the profiles. For this case, the function shown in Equation 2.1 becomes f(xtij,θ,ηi)

where θ is the vector of fixed effects and ηi is the vector of the random effects of the ith

profile. In this framework, the authors propose the use of the T 2 based on the predicted

random effects parameters for each profile instead of the fixed effects:

T 2
i = (η̂i − ¯̂η)tS−1(η̂i − ¯̂η),

where η̂i is the predicted random effect of the ith profile, and ¯̂η =
∑m
i=1 η̂i
m

is the mean

predicted random effects estimate. As estimators for S, Jensen and Birch [2009] propose

the use of either the sample covariance matrix or the successive differences of the predicted

random effects.

2.2 Non-parametric modeling approach

The function f(.) can be estimated through a non-parametric approach such as smooth-

ing methods like spline-fitting techniques [Boeing Commercial Airplane Group, Walker and

Wright, 2000], wavelets analysis [Jin and Shi, 2001, Ganesan et al., 2004, Jeong et al., 2006,

Chang and Yadama, 2010], principal components analysis (PCA) [Jackson, 1991, Ding et al.,

2006, Colosimo and Pacella, 2010], and Gaussian processes [Wang et al., 2014, Zhang et al.,

2014, 2016, Yongxiang et al., 2018].
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The literature outlines two approaches to calculate the metrics for determining how different

a given profile is from the mean profile. In the first one, the metrics are based on the actual

profile data that summarize the differences between a given profile and the mean profile. In

the second approach, multivariate statistics based on the relevant features that identify a

profile are used.

As part of the first approach to summarize the differences between the ith profile and the

IC profile based on the profile data, a number of metrics can be used as shown below.

We could evaluate the average difference or deviation M1i, the average absolute deviation

M2i, the maximum absolute deviation M3i, and the averaged squared deviation M4i [Boeing

Commercial Airplane Group, Gardner et al., 1997, Williams et al., 2007].

M1i = Σni
j=1(yij − f̂(xtij))/ni;

M2i = Σni
j=1|yij − f̂(xtij)|/ni;

M3i = maxj|yij − f̂(xtij)|;

M4i = Σni
j=1(yij − f̂(xtij))

2/ni;

where i = {1 . . .m} and m is the number of profiles.

If the profiles are produced in time order, Boeing Commercial Airplane Group suggests using

individual and moving range charts on those metrics for monitoring the between profile

variation.

Splines as part of a functional data analysis (FDA) methods has been largely used to estimate
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f(·). Boeing Commercial Airplane Group suggests to fit a spline to each profile. It then

suggests to average all the splines fits at each location or point in time to obtain the mean

spline. Finally, it suggests comparing each fitted spline to the average by an appropriate

measure of distance such as the ones presented above.

Gardner et al. [1997] use the same idea to monitor wafer surfaces. They use thin-plate spline

fitting on wafer surfaces. To estimate an average spline surface, the authors suggest to aver-

age all the individual spline estimates or predictions evaluated on a dense grid. Subsequently,

they calculate a metric that is the sum of all the deviations between each spline fit and the

average spline at each location. They evaluate different types of deviation metrics as the

ones shown above: squared metric, absolute value metric and a combination of both. They

use bootstrapping to determine the distribution of the metrics.

The second and most used approach to calculate a metric for determining how different a

given profile is from the IC profile is the use of multivariate statistics which depends on the

non-parametric technique used.

PCA has been used to monitor non-linear profiles [Ding et al., 2006, Colosimo and Pacella,

2010]. These techniques estimate the IC profile through the PCA approach, and use a T 2

statistic proposed by Jackson [1991] that is based on the first k principal components (PC’s),

T 2
i =

z2
i1

λ1

+ · · ·+ z2
ik

λk
,

where the λ’s are the eigenvalues, and zi1 . . . zik are the scores for the k PC’s. Also Jackson
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[1991] suggests to use the relationship T 2 has with the F distribution to calculate the upper

control limit, i.e.,

T 2
i =

k(n− 1)

n− k
F (n, n− k),

where n is the number of observation per profile.

Jackson [1991] also uses the Q statistics (Squared prediction error) based on the first k

principal components,

Qi = (yi − ŷi(k))
t(yi − ŷi(k)),

where yi is the observed data of the ith profile, and ŷi(k) is the estimated profile based on

the k PC’s.

To find a threshold for this statistic, Jackson and Mudholkar [1979] and Jackson [1991]

suggest the following metric based on the Q statistic:

c = θ1

[(
Q
θ1

)h − θ2h0(h0−1)

θ21
− 1
]√

2θ2h2
0

,

where θq =
∑n

i=k+1 λ
q
i and h0 = 1− 2θ1θ3

3θ22
. This metric is approximately standard normal.

Wavelet analysis is another technique used for modeling profiles. The monitoring scheme

uses the wavelets coefficients obtained after applying the discrete wavelet transform (DWT).

Since those coefficients can be still a large set, most of the proposed approaches use reduction

techniques such as PCA [Jin and Shi, 2001, Jeong et al., 2006]. Subsequently, they apply
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the T 2 statistic to the reduced set of coefficients, yielding

T 2
i = (θ̂

∗
i − θ∗0)tS−1(θ̂

∗
i − θ∗0),

where θ̂
∗
i is the vector of the reduced wavelets coefficients for the ith profile, and θ∗0 is the

target reduced wavelet coefficients vector based on Phase I data. Depending on how the

variance is estimated, the distribution of the T 2 changes accordingly. For more details, refer

to Jin and Shi [2001], Ganesan et al. [2004], and Jeong et al. [2006].

Chang and Yadama [2010] argue that even after applying PCA on wavelet coefficients, high

dimensionality may be an issue. They also highlight another major concern which is the loss

of location information on the out-of-control signal when trying to reduce dimensionality.

To remedy those problems, the authors suggest first to de-noise the profile through wavelet

analysis. Once a de-noised profile is obtained, profiles are partitioned into a number of user-

defined segments. They then apply B-spline smoothing to each segment in order to estimate

its function. For the B-spline fitting, the control points in each segment are selected and

used in the monitoring phase. At each segment for a given fitted profile, they calculate the

Euclidean distance between the fitted profile and the standard profile (obtained by fitting

B-spline on all profiles). As a result, a vector of Euclidean distances (one per segment) for

each ith profile is obtained. Subsequently, the authors use a T 2 control chart to monitor

those distances as follows,

T 2
i = (zi − z̄)tS−1(zi − z̄),
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where zi is the vector of Euclidean distances of the ith profile, z̄ = 1
m

∑m
i=1 zi is the mean

vector of Euclidean distances, and S is the covariance matrix of the zi’s which Chang and

Yadama [2010] suggest to estimate through the successive differences estimator shown in

Equation (2.2).

Gaussian process (GP) regression has also been applied to describe the within profile corre-

lation. The GP regression model is popular in the machine learning community because of

its flexibility. A GP is fully specified by its mean function and its covariance function. The

parameters of its mean function are referred to as fixed parameters, and the parameters of

its covariance function are commonly called hyper-parameters because they are tuned to the

data [Rasmussen and Williams, 2006].

Wang et al. [2014], Zhang et al. [2014], Zhang et al. [2016], and Yongxiang et al. [2018] use

GP for quality monitoring in Phase II. Using the data from Phase I, they fit a GP model

to the profiles, obtaining the IC fixed and hyper-parameters estimates. Subsequently, they

monitor the data obtained from a new profile through T 2-type control charts.

Zhang et al. [2014] propose GP regression for linear profiles where the mean function has a

linear form. For estimating the IC fixed parameters and hyper-parameters, they fit a GP

model to each profile in Phase I and calculate the average vector of estimates. They use a T 2

statistic chart to monitor the fixed parameters of the linear trend, and a univariate Shewhart
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moving range-type chart to monitor the shift in correlation among the profiles, i.e.,

T 2
i = (β̂i − β0)tS−1

0 (β̂i − β0)

Mi =
1

2
(yi − yi−1)tΣ−1

0 (yi − yi−1),

where β̂i is the vector of the fixed parameter estimates of the linear trend of the ith profile,

β0 is the IC vector of fixed parameters that can be estimated by averaging over all the

vectors of fixed parameter estimates from Phase I, S0 is the covariance matrix of the IC

fixed parameters β0, and Σ0 is the kernel function that describes the correlation between

any two points. Since β̂ ∼ N (β0, S0), T 2
i ∼ χ2(k) where k is the number of fixed parameters.

Additionally, the authors argue that since a given profile yi ∼ N (Xβ0,Σ0), then Mi follows

a χ2(n) where n is the number of observations within the ith profile. One concern about this

is that the authors are using the prior distribution of the observed data or data in Phase I

DN where N is the number of observations, not the distribution of a given profile conditioned

on the observed data: yi|DN .

Wang et al. [2014] assume that the IC parameters are known or estimated using historical

data, although they do not specify how exactly it is done. Assuming the IC parameters

are known, they propose two multivariate T 2 control charts to monitor the fixed and hyper-

parameters respectively. These T 2 control charts are based on the assumption that the

parameters follow asymptotically a multivariate normal distribution with the inverse of the
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Fisher information matrix as the covariance function, i.e.,

T 2
1i = (β̂i − β0)tI(β0)(β̂i − β0)

T 2
2i = (θ̂i − θ0)tI(θ0)(θ̂i − θ0). (2.3)

They use the inverse of the Fisher information matrix to estimate the covariance matrix of

the parameters, I(β0), and I(θ0). Assuming that Θ̂∼̇N
(
Θ, I−1(Θ)

)
where Θ = (β,θ)t, T 2

i is

asymptotically distributed χ2(k) where k is the total number of parameters to be estimated.

They argue that the MLE of the two groups of parameters are approximately independent if

there are enough observations. Subsequently, they suggest that T 2
1i∼̇χ2(k1), and T 2

2i∼̇χ2(k2)

where k1 and k2 are the number of parameters in each set respectively.

Instead of fitting a GP model to each profile as the two previous methods suggest, Zhang

et al. [2016] propose an Additive Gaussian process (AGP) model which uses two independent

GP models with different covariance structures. The first one models the standard profile

and the second one, which is fitted on the errors, quantifies the deviation from the standard

profile. This model is based on the assumption of homoscedasticity with correlated noise.

Taking the profiles from Phase I data as one big univariate vector, they estimate the IC

parameters of the AGP model. For Phase II, when having a new profile, they test the

measurements of the profile (not the parameters) using a T 2 statistic, i.e.,

T 2
i = (yi − µ̃(xi))

tσ̃2(xi)
−1(yi − µ̃(xi)), (2.4)
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where µ̃(xi) and σ̃2(xi) are the mean and covariance of ith profile given the Phase I data,

DN . Given that yi|DN ∼ N (µ̃(xi), σ̃
2(xi)), T

2
i follows χ2(n) where n is the number of the

observations of the ith profile.

They also propose a Generalized Likelihood Ratio (GLR) test to specifically test for specific

mean shifts, variance changes, and roughness changes. These changes are deviations from

the IC parameters and are tested to see if they are significantly different from zero. They

proposed the following test of those specific changes,

H0 : yi|DN ∼ N (µ̃(xi), σ̃
2(xi)), H1 : yi|DN ∼ N (µ̃(xi) + δ, σ̃2(xi) + Σw).

Then, they form the GLR based on both likelihoods.

In Chapter 4, we study the use of GP model with heteroscedasticity proposed by Binois

et al. [2018] to profile monitoring.

2.3 A note on statistical vs. practical significance

In control charting, the goal is to detect departures from the IC or underlying model which

will indicate the presence of an assignable cause so the practitioners can take corrective

actions if necessary. There has been a lot of research to study methods that can detect

small departures from the IC model as quickly as possible. This high sensitivity to those

small departures can become an issue in many industrial processes. This issue has been
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identified and discussed by the control charting community [Woodall and Faltin, 1996].

Small assignable causes may be inherent in the process and their removal can become either

impossible, impractical or expensive. Thus, as the authors discuss, the control charts need

to be “desensitized”.

Woodall and Faltin [2019] point out that the current approaches of evaluating and comparing

methods in control charting have high sensitivity in detecting small shifts that are not

necessarily of practical significance. The authors encourage researchers to have methods

whose signals are also associated with practical significance. They discuss the usefulness of

a three region approach to deal with this sensitivity in classical control charts in which three

zones of the parameter space are defined as in-control, “indifference”, and out-of-control.

The authors suggest to determine these zones based on engineering knowledge.

As seen in this chapter, most of the current parametric or non-parametric techniques focus

on the estimated parameters or features of the model instead of the quality characteristic of

the process. Through a multivariate statistic, their focus is on the signal detection of those

parameters or features of the model being monitored. Often those can signal unimportant

changes on the quality characteristic observed. Since those signals are based on the model

parameters, we may often have signals for processes far from the specification limits which are

set based on the tolerance given by the engineering requirements of the process or product,

not by the model parameters. Additionally, it may become economically impractical if we

try to remove these assignable causes. We recall Shewhart [1930] defines a product or process

to be in-control within limits to which we “expect to go economically in finding and removing
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causes of variability without changing a major portion of the manufacturing process”.

In this dissertation, we explore and study two procedures to deal with this issue. Chapters

3 and 4 study the use of a Shewhart-type control chart to monitor the quality characteristic

directly instead of the parameters or features of the model. This procedure is based on a

bandwidth which is defined to monitor the quality characteristic itself. In Chapter 5 we

study a χ2 statistic that is defined based on a model with the response as the actual quality

characteristic observed, not the estimated parameters.
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Chapter 3

Within Profile Monitoring Applied to

Shrimp Farming

Each of these current profile monitoring approaches are based on the implicit assumption

that the process produces the profile in such a short period of time that a person monitoring

the process cannot make process corrections during the observance of this profile. In essence,

these approaches are retrospective in terms of each profile observed. While this assumption

is reasonable for a large number of applications, there are exceptions where the person

monitoring the profile actually could intervene earlier and attempt to correct the process.

We focus on the situation in which the production engineer must make these decisions as

the current profile is being formed.

For example, many agricultural situations are prime candidates for profile monitoring where
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the basic profile represents the entire growing season. Those monitoring the process are

actively engaged throughout the growing season and take corrective actions when they are

needed. A proper profile monitoring scheme would allow these people to interact with their

process in a more intelligent, efficient, and effective manner. This chapter illustrates how to

approach this problem within the context of an actual agricultural process: shrimp farming

in Peru.

We first provide some background on Peruvian shrimp farming, and outline a reasonable

non-linear model that describes the basic shrimp growth and how to estimate a critical

parameter that changes from growing season (a campaign) to growing season. In Section

3.2, we discuss the data cleansing required for the Phase I estimates of the control chart

parameters. Section 3.3 outlines the current state of the Phase I analysis using a constant

variance approach. In the Section 3.4, the results after fitting a heteroscedastic non-linear

model are studied. Section 3.5 applies the Phase I results to the most recent campaign and

discusses the updating of the control chart parameters as a result. The final section provides

conclusions and potential next steps.

3.1 Background on Peruvian shrimp farming

The recent global increase in shrimp demand has driven the development of shrimp farming

in northern Peru. Shrimp growth is very sensitive to changes in certain process variables. As

a result, proper production requires good process monitoring. Currently, Peruvian shrimp
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farms use very simple methods to monitor these variables.

Typical shrimp farms have many growing ponds (more than 50) to be monitored in parallel.

The data are collected during the day and at the end of the day. This information is

interpreted by the production engineer, who then implements corrective actions if needed.

The problem with this approach is that sometimes the corrective action occurs after the

growth process has already been adversely affected. Management policies exacerbate this

problem by requiring the production manager and engineer to monitor every pond closely.

Proper statistical process monitoring that highlights the problem ponds would allow the

farm management to concentrate its efforts where they are most needed.

Historically, there is very little need for active process monitoring for the first few weeks

of the campaign. One of the company’s protocols is to monitor the ponds closely once the

average shrimp weight is 5 gr., which historically occurs around week five. Thus, the first

four weeks provide a window that can allow the monitoring procedure to adapt itself to

any unique conditions in the specific campaign. Since the shrimp farm wants to ensure

the expected natural growth of the shrimp, our objective is to determine a baseline growth

function that reflects this natural behavior in all the ponds. We use historical data to model

the behavior of the log weight of the shrimp. For this study, we work with data from five

harvesting campaigns between 2011 and 2016. The number of ponds varies in each campaign

depending on production targets, but some campaigns involve up to 380 ponds.

22



3.1.1 Non-linear model describing shrimp growth

A reasonable basis for the profile of shrimp growth is a Gompertz model. The Gompertz

model has been used to study the growth of animals, see Wright [1926], Medawar [1940],

Seber and Wild [2003], and Bates and Watts [2007], and has been used to model the growth

of shrimp in Tian et al. [1993], Yu et al. [2006], and Araneda et al. [2013]. Empirical analysis

of the data from the specific farm used in this study confirms that such an approach is very

reasonable. Let wij be the observed average weight of the shrimp for the ith pond, and let

tij be the time at week j from when the shrimp enter the pond. One form for this model is

wij = φ1 exp [−exp (φ2 − φ3tij)] .

An alternative form of the model focuses on yij = ln wij, which produces the von Bertalanffy

equation [Seber and Wild, 2003]. We thus may re-write the basic Gompertz model as

yij = θ1 − θ2 exp (−θ3tij). (3.1)

where θ1 = ln φ1 , θ2 = exp φ2, and θ3 = φ3. The primary benefit of the re-parameterized

model in the log weight is the interpretation of the parameters: (i) θ1 is the asymptotic log

weight of the shrimp, (ii) θ1 − θ2 is the initial log weight of the shrimp, and (iii) θ3 is the

growth rate parameter.

At one level, one could construct a control chart to monitor if the Gompertz parameters
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change from campaign to campaign using T 2 statistics as described in Chapter 2. However,

with it one only evaluates the process at the end of the campaign, when it is too late to

correct assignable causes. Even worse, there essentially is only one campaign per year. As a

result, a proper Phase I period would require decades of growing seasons.

The important management question is to identify within a campaign which ponds are

under-performing in order to apply appropriate corrective actions. A weekly statistical

monitoring procedure within a campaign is extremely important for the farm manager to

prioritize his time with the ponds. Currently, the production engineer must check every

pond each week. We propose a data driven technique that will help prioritizing which ponds

need attention. In the longer run, the issue is to persuade the farm owners that a proper

statistical monitoring procedure would allow the production engineer to check only the ponds

that appear problematic rather than all ponds. The result would be more effective use of

the production engineer’s time.

For the remainder of this chapter, consider the log weight formulation of the model shown

in Equation 3.1. The proper monitoring limits must take into account the uncertainty

associated with the estimated parameters. We first consider a retrospective study for a

single campaign or batch. Note that this approach does not allow us to monitor within the

campaign; however, it does provide insight as to how this could be performed. Let PEj be

the proper prediction error for the predicted log weights for week j. In general, the resulting

24



monitoring limits for the ith profile are

ŷij ± k PEj, (3.2)

where k depends on the sample size and desired coverage.

Note that these limits do depend upon week. Observed ponds below the lower limit require

attention. Ponds above the limit indicate larger growth than expected, which may provide

an opportunity to learn how to accelerate the shrimp growth, or could indicate that the

shrimp are growing too quickly which may be due to higher expenses related to feed input

ration.

Active monitoring within a future campaign must use the information from previous cam-

paigns to create monitoring control limits. The process of analyzing historical data for this

purpose is referred to as the Phase I portion of statistical process control. In general, a set

of historical data is used to assess the process stability and determine if any outlying profiles

are present. Once the set of profiles are deemed to be stable, these are then used to generate

the limits for the Phase II, or prospective monitoring.

When analyzing the previous campaigns in the shrimp farm example, the data used for

Phase I can be broken down into two separate components, the overall shrimp growth for

each campaign and the individual pond growth of shrimp within each campaign. Typically

campaigns involve more than seventeen weeks and usually more than 200 growing ponds.

Clearly, there is more than the typical amount of information present in standard Phase
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I studies as it pertains to the shrimp growth within each campaign. The number of past

campaigns, however, is limited.

Using a small number of previous campaigns does pose some risk in the monitoring proce-

dure. First, the assumption that the Gompertz parameters do not change over time can not

be adequately assessed using the data. Fortunately, the interpretability of the Gompertz

parameters can help guide our assumptions. Except under extraordinary circumstances,

there should be very little, if any, change from campaign to campaign in θ1, the asymptotic

log weight of the shrimp and θ3, the shrimp growth rate. These two parameters reflect the

standard growth of shrimp which is not expected to vary substantially from campaign to

campaign. On the other hand, there may be some differences in θ2, which reflects the initial

weight of shrimp as they enter the pond due to farm management practices.

The key point to a practical monitoring procedure is the ability to adapt information from

previous campaigns as early as possible to the current campaign. The production engineer

needs a useful monitoring process to prioritize decisions about ponds. Clearly, once the

campaign is over, the analyst then needs to update the parameter estimates based on the

new information for the next campaign.

3.2 The data cleansing prior to the Phase I analysis

The proposed monitoring process uses as many recent campaigns as possible to develop the

baseline model. The analyst must estimate the Gompertz parameters within each campaign.
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This analysis requires proper data cleansing techniques. Ponds that do not seem to follow

the estimated model cannot be dropped from the analysis unless the assignable cause is

known. The next step is to examine the stability of the estimated Gompertz parameters

across the campaigns. In a similar manner, a campaign cannot be dropped from the analysis

unless there is a proper, known assignable cause.

We next fit the model given by Equation (3.1). The starting values for the estimating

procedure were θ1 = 3.3, θ2 = 3.8 and θ3 = 0.1. These values were chosen based on the

data, taking into account the interpretation of each parameter. There were no problems

with convergence in the estimation for any of the campaigns using these starting values.

The residuals obtained after fitting the model were analyzed. The ponds for which the

model did not fit as expected were identified for further investigation to see if this particular

behavior was due to assignable causes. If so, we removed them from the analysis since our

objective at this stage was to find the natural growth function of the shrimp. This decision

was performed by a team that included the production engineer. His experience, insights,

and detailed data records were vital in this step. With this new set of ponds, we again

estimated the non-linear model and studied the residuals. We repeated this process until no

assignable causes were identified.

Table 3.1 presents the estimates of the model parameters by campaign (11, 13, 14, 15, and

16). As seen, campaign 13’s parameter estimates are different from the rest of the campaigns

indicating that there is a different growth behavior. Upon further investigation we learned

that this campaign was anomalous because the shrimp were affected by white spot syndrome
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virus. They had to be placed in the growing ponds much younger than usual resulting in a

different growth behavior.

Table 3.1: Parameter estimates from non-linear model assuming constant variance.

Campaign 11 13 14 15 16
¯̂
θ excluding
campaign 13

S.D.(
¯̂
θ)

excluding
campaign 13

θ̂1 3.4200 2.8352 3.4078 3.4247 3.3024 3.3887 0.0580

θ̂2 3.3053 4.2377 3.4364 3.3781 3.1652 3.3212 0.1171

θ̂3 0.1225 0.1609 0.1220 0.1127 0.1219 0.1198 0.0047

3.3 Non-linear model assuming constant variance

Table 3.1 indicates that, except for campaign 13, the parameter estimates for θ1 and θ3 are

very close to each other and do not display as much variation as the estimates for θ2. As

noted previously, it is reasonable to expect that the asymptotic shrimp log weight, θ1, and the

growth rate, θ3, should not vary much from campaign to campaign since these parameters are

related to the standard growth of the shrimp under the farm’s standard operating protocols.

The averages excluding campaign 13 (shown in column 7) should be good estimates for the

baseline growth function.

On the contrary, the estimates for θ2 vary significantly across campaigns. Such variation

seems plausible given that this parameter is directly related to the initial log weight of

the shrimp. There are some factors inherent to each year that affect this initial weight

such as the shrimp larvae suppliers, batch-to-batch variation, atmospheric temperature, and

management practices which affect the growth process of younger shrimp before entering the
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growing ponds. Since we have just four campaigns, it is not appropriate to use a non-linear

mixed model where the parameter θ2 can be modeled as a random effect [Jensen and Birch,

2009].

For doing prospective monitoring within the campaign, the issue then becomes how to es-

timate θ2 within the current campaign. It is important to recall that process monitoring is

not critical until the fifth week, which suggests that we can use the log weights through week

four to estimate this parameter, fixing θ1 and θ3 to their average values from the Phase I

period. Table 3.2 compares the estimates of θ2 from the non-linear regression model with

constant variance and the estimates from the NL model based on first four weeks of each

campaign. The estimates that are quite close suggesting that it is reasonable, for the pur-

poses of monitoring within a campaign, to use the estimate based on the log weight through

week four.

Table 3.2: Estimates for θ2 after fitting the model using fixed
¯̂
θ1 and

¯̂
θ3. Top row shows the

estimates when using the entire data of each campaign, and bottom row shows the estimates
when using the first four weeks of data for each campaign.

11 14 15 16

θ̂2 3.3053 3.4364 3.3781 3.1652

θ̂2|y1−4 3.2942 3.3907 3.3887 3.2609

3.3.1 Limits for prospective monitoring

From previous analysis we fit a model in which the estimates of θ1 and θ3 are the averages

of the estimates for each campaign, and the estimate of θ2 is based on the first four weeks
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of that campaign. Using this model as the central line of our control chart, we next need to

construct an appropriate prediction error using equation (3.2) as the basis for the proposed

monitoring procedure.

Assuming constant variance, a reasonable approach is to use an average measure of the

residual variability across Phase I. Such an average involves a very large number of ponds,

which implies that we can use an appropriate average RMSR. The correct average is a

weighted average of the sum of mean squared residuals from each campaign, with the number

of degrees of freedom for each sum of squared residuals as the weights. This estimate is

0.212618.

We use this baseline function and limits retrospectively to observe its performance. See

Figure 3.1. These limits do not work properly during the first weeks nor the last weeks of

the campaign periods. At the beginning of monitoring there are points falling outside the

limits, and at the end of monitoring the limits appear to be too wide.
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Figure 3.1: Control chart for campaigns 11, 14, 15 and 16 with constant limits when using
non-linear model with constant variance.

3.4 Heteroscedastic non-linear model

From the previous analysis, we observe that the homoscedasticity assumption in the non-

linear model proposed before is violated since the variance seems to depend on time. We
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can write our regression model with heteroscedasticity for a given campaign as follows,

E[yij] = f(tij,θ); V ar[yij] = σ2
j , (3.3)

where f(·) is the Gompertz model shown in Equation 3.1, and σ2
j is the variance at week j

for a given campaign.

The literature suggests different parametric and non-parametric approaches that can be

used to estimate a non-constant variance function. Davidian and Carroll [1987] suggested

σ2
j = σ2g2(xij,θ, β), where σ2 is a constant, and g2(·) is a function that depends on the

covariates xij, parameter vector θ from the mean function, and another parameter β. Bellio

et al. [2000] suggested the use of the “power of X” variance function, σ2
j = αtβij, which

is independent of θ parameters, and hence θ̂ and β̂ are asymptotically independent. The

“power of X” variance function can also be transformed to log(σ2
j ) = log(α) + βlog(tij). In

this case, the logarithm of the variance at week j is used as the dependent response for the

variance linear model. This is consistent with what is suggested by the literature in the

response surface methodology when modeling the variance [Vining and Myers, 1990]. Note

that in this case, the errors are additive.

We studied two variance function models. One uses the log of the sample variance of the

residuals from the Gompertz model fit as responses, and the second one uses the log of the

sample standard deviation of those residuals. We show here the latter one since it satisfies

the normality assumption best as shown later. The variance function we used is g2(·), where
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g(tij, β̂) = log(σ̂j) = log(sj) = β̂1 + β̂2log(tij). (3.4)

We used the generalized least squares (GLS) technique for estimating the parameters of the

mean function f(·) and the variance function g2(·). First, we estimated θ using the un-

weighted nonlinear least squares to fit the mean function f(·). Then, based on the residuals,

ordinary least squares was used to estimate the parameters β of the variance function, and

we used those to update the estimates of θ using weighted nonlinear least squares. This

process was repeated until convergence.

To evaluate the model in Equation 3.3 with the variance function shown above, we performed

Phase I analysis using the historical data. Table 3.3 shows the GLS parameters for the mean

and variance functions. First, we observe that the parameters from f(·) are slightly different

with respect to the estimated ones with the constant variance model. We also note that the

β2 estimates of the g(·) function are not that different from each other with respect to the

campaign. However, the estimates for β1 are quite different among the campaigns.

It is important to recall that the objective of this study is to actively monitor the shrimp

growth within the campaign. Since θ2 and β1 estimates seem to be quite variable and

depend on the data from the same campaign, we applied the same approach used in the

constant variance model explained in section 5.1. Using the first four weeks of data from

each campaign, we estimated θ2 and β1 by fixing θ1, θ3 and β2 to their average values from

the Phase I period. Table 3.4 shows the estimates for θ2 and β1 for both functions. The
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θ2 values are very close to the ones when using the entire data from each campaign shown

in Table 3.3. This result suggests that it is reasonable to use them for monitoring the log

weights within the campaign after week four. Tables 3.3 and 3.4 also show the RMSR after

fitting the heteroscedastic non-linear model for each campaign when using all data and just

the first four weeks of data, respectively.

Table 3.3: Generalized least squares estimates for parameters in mean function f(·) and
variance function g(·) using all data from each campaign. Bottom row shows the weighted
RMSR obtained after fitting the model.

11 14 15 16

f(ti,Θ) θ̂1 3.3599 3.3981 3.3844 3.2869

θ̂2 3.3535 3.4458 3.4065 3.1813

θ̂3 0.1320 0.1235 0.1182 0.1245

g(ti, β) β̂1 -0.5018 -0.9233 -0.2116 -0.6301

β̂2 -0.7751 -0.5611 -0.6632 -0.5523

RMSR 1.2752 1.1149 1.3168 1.0745

Table 3.4: Top rows show the GLS estimate for θ2 from the mean model with fixed
¯̂
θ1 and

¯̂
θ3, and the GLS β1 estimate from the variance model with fixed

¯̂
β2, using data through week

four. Bottom row shows the RMSR obtained after fitting this model for each campaign.
11 14 15 16

f(·) θ̂2|y1−4 3.2891 3.3825 3.4198 3.2706

g(·) β̂1|y1−4 -0.9270 -0.9912 -0.6239 -0.7015

RMSR 1.5199 1.4622 1.8832 1.5071

Figure 3.2 shows the unweighted residuals from the mean model f(·), using the first weeks

of data to estimate θ2 and β1. Figures 3.3 shows the residuals from the variance model

g2(·). We can see that the variance function g2(·) seem to capture the variability within each

campaign.

An adaptative process for updating the GLS estimates for θ2 and β1 as soon as more data
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become available was also analyzed. This update can be done weekly from week 5 up to the

the last one of the period within the campaign. We would have a θ̂
(i)
2 for week i = {5, ...T}

for campaign j. This adaptative procedure, not shown here, gave slightly better results.

3.4.1 Limits for prospective monitoring for the heteroscedastic

model

For a new campaign at a given t0, we can predict y0, the log shrimp weight, for that particular

week using f(t0, θ̂) where θ̂ are the GLS estimates. Using the variance model from Equation

3.4, we estimate the variance σ̂2
0 for that prediction. Davidian and Carroll [1987] suggested

the following approximate (1− α)100% prediction interval, which Bellio et al. [2000] called

a naive prediction interval:

f(t0, θ̂)± t(1−α/2),N−p

√
g2(t0, β̂), (3.5)

where N =
∑m

i=1 ni is the total number of observations for the new campaign with m profiles,

and p is the number of parameters estimated in f(·). Davidian et al. [1988], and Carroll

and Ruppert [1988] suggest the following (1 − α)100% prediction interval which takes into

account the estimate of the mean function variance:

f(t0, θ̂)± t(1−α/2),N−p

√
g2(t0, β̂) + ˆvar(f(t0, θ̂)), (3.6)

35



where, as shown in Carroll and Ruppert [1988],

ˆvar(f(t0, θ̂) = N−1f
′

θ(t0, θ̂)tS−1
G f

′

θ(t0, θ̂)

SG = N−1

m∑
i=1

ni∑
j=1

f
′

θ(tij, θ̂)f
′

θ(tij, θ̂)t

g(tij, β̂)
,

where f
′

θ(t, θ̂) is the derivative of f(·) with respect to θ evaluated at θ̂.

As the authors explained, when the size of the data is large, the error in the prediction is

driven by the variance function g2(·) since ˆvar
(
f(t0, θ̂)

)
becomes very small. In our analysis,

we used both prediction bands as shown in Equations 3.5 and 3.6, and they show almost no

difference since the values of ˆvar
(
f(t0, θ̂)

)
are very small.

Table 3.5 shows the number of out-of-control ponds per week for each campaign when ap-

plying retrospective monitoring (when using entire data) and prospective monitoring (when

using first four weeks of data). Assuming that the heteroscedastic non-linear model using the

entire data is adequate, we observe that our approach for monitoring within the campaign

signals more out-of-control ponds especially at the boundaries.

Figures 3.4 and 3.5 show the mean profile and the 99% prediction band taking into account

the heteroscedasticity of the non-linear model, using the entire data and first four weeks

of data for the estimation respectively. We observe that the predictive band when using a

variance function model captures the variability of all campaigns much better.
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Table 3.5: A comparison between retrospective and prospective monitoring with respect
to the number of out-of-control ponds for each week when using heteroscedastic non-linear
model. For each case, the out-of-control ponds with values above the upper control limit
(UCL) and below the lower control limit (LCL) are shown.

Weeks
5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Campaign 11

Retrospective > UCL 1 2 2 2 2 2 1 1 1 0 0 0 0 0 0 0
< LCL 0 0 0 1 1 1 0 2 1 1 1 1 1 1 0 0

Prospective > UCL 3 3 3 3 4 4 3 4 6 6 1 3 2 1 0 0
< LCL 0 0 2 1 1 1 0 0 1 1 1 1 1 0 0 0

Campaign 14

Retrospective > UCL 0 0 0 1 3 1 1 1 0 2 0 1 0 0 0 0
< LCL 3 4 3 1 2 2 1 1 1 1 0 1 2 1 1 0

Prospective > UCL 1 1 2 6 8 8 9 12 10 13 13 10 8 9 4 4
< LCL 5 11 7 7 3 4 4 5 6 5 8 6 4 4 0 0

Campaign 15

Retrospective > UCL 0 0 4 7 8 3 1 1 2 2 0 0 0 0 0 0
< LCL 6 13 16 22 23 22 19 12 12 12 11 11 12 14 15 14

Prospective > UCL 11 16 15 14 16 11 6 3 3 5 4 4 1 0 0 0
< LCL 27 29 33 35 41 36 37 31 30 28 34 37 39 38 37 33

Campaign 16

Retrospective > UCL 4 5 5 3 4 3 3 2 1 0 0 0 0 0 0 0
< LCL 2 1 4 5 4 2 3 3 3 3 3 4 3 3 3 2

Prospective > UCL 6 10 9 8 9 8 7 8 6 3 1 1 1 0 0 0
< LCL 8 12 12 13 14 16 16 19 18 17 19 20 23 21 16 12
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Figure 3.2: Q-Q plots of the residuals obtained after fitting the mean model, using the first
four weeks of data from each campaign.

Figure 3.3: Q-Q plots of the residuals obtained after fitting the variance model g2(·), using
the first four weeks of data from each campaign.
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Figure 3.4: Control chart for the mean function and prediction band with heteroscedacity
for campaigns 11, 14, 15 and 16, using the entire data for each campaign (retrospective
monitoring).
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Figure 3.5: Control chart for the mean function and prediction band with heteroscedacity for
campaigns 11, 14, 15 and 16, using the first four weeks of data for each campaign (prospective
monitoring).
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3.5 Phase II application to most recent campaign and

future monitoring

To illustrate the proposed method with the baseline function and limits described above, we

used the data from campaign 17. The data are for 372 ponds but the period is shorter than

the rest of the campaigns. While the other campaigns lasted more than 25 weeks, most of the

ponds in campaign 17 lasted between 18 and 20 weeks. This is because some of the shrimp

got the white spot virus and to avoid losing the entire campaign, management decided to

harvest the shrimp much younger than usual.

Figure 3.6 shows a control chart applying the proposed method. We notice that the baseline

function describes the pattern of growth very well. As expected, we see that the shrimp did

not reach the asymptote since they were harvested much younger. Clearly the heteroscedastic

limits are better for capturing the variability within the campaign.

As seen, the number of batches used in this study to estimate the process parameters was

limited so it is important to continue the Phase I process by updating such parameters

as soon as more batches are available. As Jensen et al. [2006] point out after a thorough

literature review on the effects of parameter estimation on control chart properties, “as more

data become available and the process is still determined to be stable, the control limits

should be updated”. Quevedo et al. [2016] show the application of an iterative procedure

on how to update the control limits when more data is obtained and the process is still

unstable. Recent work in Goedhart et al. [2017] provides more insight as to how many
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Figure 3.6: Control chart for prospective monitoring for campaign 17 with 95% prediction
heteroscedastic limits.

rational subgroups are required to give good Phase II properties.

For this study, we recommend to keep updating the parameter estimates for prospective

monitoring. Table 3.6 shows the updated estimates using the non-linear model with het-

eroscedasticity after campaign 17 ended. Following our proposed procedure, the averages

of the GLS estimates within each of the five campaigns (including the recent one) are the

updated estimates for θ1 and θ3 for the mean model and β2 for the variance model. These

will be used for the next campaign, while for estimating θ2 for the mean model and β1 for

the variance model, data of the next campaign through week 4 is needed as described in

previous sections.
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Table 3.6: GLS estimates for parameters θ1, θ3 from mean function f(·), and β2 from the
g(·) function using historical data. Last column shows the averages of those estimates to be
used as fixed parameters in campaign 18.

11 14 15 16 17 Averages

f(·) θ̂1 3.3599 3.3981 3.3844 3.2869 3.1779 3.3215

θ̂3 0.1320 0.1235 0.1182 0.1245 0.1328 0.1262

g(·) β̂2 -0.7751 -0.5611 -0.6632 -0.5523 -0.5044 -0.6112

It is especially encouraging that the shrimp farm’s management has endorsed this approach

for future campaigns. They see the value of being able to monitor the campaign and to take

appropriate collective actions within the specific season.

3.6 Summary and conclusions

There are many cases where the processing time of the batch is sufficiently long that the

production engineer can take corrective actions within the batch. In such situations the

Shewhart chart on the residuals provides a powerful intuitive basis for controlling the process.

The production engineer seeks out the assignable cause once the profile crosses the prediction

bands. If she/he can determine the cause quickly enough, he/she can take appropriate

actions, which in many cases prevents the production of an out-of-specification batch.

This chapter illustrates such a monitoring procedure for a shrimp farming process in Peru.

Each year’s campaign represents a batch, and the weekly average weights of the shrimp from

each pond are the individual observations. A three-parameter Gompertz model provides

the basis for describing the shrimp growth over the campaign. In this study, two of the
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three parameters are very stable over time; however, the parameter associated with the

initial weight of the shrimp is not. This chapter demonstrates an approach that provides a

reasonable estimate of this parameter soon enough in the campaign to be valuable.

It is important to note that in this situation, a rigid focus on maintaining specified average

run lengths is less important than concentrating the production engineer’s efforts to the

critical few ponds that truly need attention. The proper goal is to produce a reasonable

procedure that the engineer can use within the shortest time frame possible. The proposed

procedure walks a very tight rope balancing the ability to monitor an important process as

soon as possible with the ability to estimate the critical process parameters sufficiently well.

Finally, we note that the process variability changes over time, as with many processes, so we

propose a linear model for the process variance to correct for this problem. This research is

part of a project that is developing an application with an interface that allows the producers

to collect data from the farms. An important proposal is to embed the proper code into this

application to allow the generation of active, real-time control charts based on this research.
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Chapter 4

Monitoring Profiles Using a Gaussian

Process Model with

Heteroscedasticity

The literature review in Chapter 2 shows that Gaussian process (GP) regression has also

been applied to profile monitoring in Phase II [Wang et al., 2014, Zhang et al., 2014, 2016,

Yongxiang et al., 2018]. Most of these approaches use either Hotelling’s T 2 statistic or an

analogue for defining the control charts to monitor the hyper-parameter estimates of the GP

models. However, it can take a great deal of time to collect data for individual profiles for

some chemical or agro-industry processes; hence, monitoring profiles only after all the data

of the most recent profile is obtained is not necessarily useful.
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The approach we propose here is similar to Zhang et al. [2016] given that we seek to model

a mean or standard profile in addition to quantifying the deviation of a profile from the

standard one. The main difference between their approach and ours is that they utilize a

constant variance assumption. Additionally, as we will discuss later, their approach requires

all observations from a new profile to determine the stability of the process, while ours does

not and can monitor within the profile data collection period.

Qiu and Xiang [2014] propose the use of a CUSUM control chart of the normalized resid-

uals to monitor the longitudinal behavior of patients’ cholesterol levels. Even though their

approach uses historical cholesterol level data from patients who have not suffered strokes

to estimate the mean behavior, each patient is considered a separate process. Thus, the in-

terest is in the monitoring of each individual behavior, not a process that produces different

profiles.

To tackle the challenge of monitoring within and between the profiles, we propose using a

Shewhart-type control chart to monitor profiles in Phase II where the central line is the

mean profile estimated with the GP model with heteroscedasticity using the joint model

proposed by Binois et al. [2018], which is based on a latent-variable idea borrowed from

machine learning. The prediction band estimated from the GP model defines the normal

behavior. For example, a profile with an observation outside the prediction band can be

considered different. The data we use for estimating the GP model are assumed to be clean

and contamination-free. With this chart, we will be able to monitor the profile as it evolves.

We will not monitor the hyper-parameters of the model, which are tuned to the data and as
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such may generate misleading results. We demonstrate this point later in this chapter.

Multiple testing within the profile is an issue we need to deal with, particularly if the profile

has a large number of observations. It is demonstrated in this chapter that when there

are small number of observations per profile, Bonferroni correction works well. However,

it is well known that for large number of observations the Bonferroni correction will fail.

Herewith, we will refer to the profiles with large number of observations as “over-sampled”

profiles, a term we borrow from signal processing in which observations are collected at a

higher sampling rate than the actual information. We study a couple of approaches to deal

with over-sampled profiles, and we show their results later in this chapter.

The remainder of this chapter is organized as follows. Section 4.1 introduces the GP regres-

sion model with heteroscedasticity and different approaches to estimate its parameters. In

Section 4.2, we describe the statistical approach monitoring using the GP model with non-

constant variance. Section 4.3 shows our control chart’s performance from the simulation

study. A case study is presented in Section 4.4. Finally, Section 4.5 concludes the chapter

with a summary and discussion.
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4.1 GP model with heteroscedasticity

Consider a dataset DN = {XN ,yN} where XN ∈ RNxp and yN ∈ RN , and the following

regression model, Santner et al. [2003]:

y(xj) =

p∑
k=1

fk(xj)βk + ε(xj) = f t(xj)β + ε(xj),

where j = 1 . . . N , fk(·) are known regression functions, and ε(x1) . . . ε(xN) ∼ N (0N ,ΣN)

with ΣN as the NxN covariance matrix. Hence, yN ∼ N (µN ,ΣN) where µj = f t(xj)β.

For example, in the linear regression case µN = XNβ. Often in computer experiments the

µN = 0N because the covariance term controls the actual GP modeling. This study uses

this simplification, which implies estimating only the hyper-parameters.

The covariance ΣN must be a positive definite matrix where each entry Σ(xti,x
t
j) is a correla-

tion function between a pair of points xti and xtj. In the homoscedasticity case, the covariance

is ΣN = τ 2KN + σ2
ε IN where τ 2 is the process variance or scale and σ2

ε is the random noise.

In the heteroscedasticity case, we have

ΣN = τ 2KN + Σε, (4.1)

where KN is the noise-free kernel function whose entries are defined as k(xti,x
t
j). A popular

choice for this function is defined by the Euclidean space, whose simple form is k(xti,x
t
j) =

exp(−||xti − xtj||2/θ) where θ is called isotropic length-scale because the correlation de-
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cays radially. To generalize it we have a p-dimensional separable Gaussian k(xti,x
t
j) =

exp(−
∑p

k=1(xki − xkj)2/θk) where each variable is given a different parameter. The Σε is

the noise level matrix that can be expressed as Σε = diag(r(x1), . . . r(xN)). The conditional

distribution of a new observation y(x) given the IC data is y(x)|DN ∼ N (µ(x), σ2(x)), where

µ(x) = k(x, XN)(KN +
1

τ 2
Σε)

−1yN (4.2)

σ2(x) = τ 2
(
k(x,x) +

1

τ 2
r(x)− k(x, XN)(KN +

1

τ 2
Σε)

−1kt(x, XN)
)
,

and where µ(x) and σ2(x) are the predictive mean and variance respectively and can be used

to predict a new observation.

4.1.1 In-control parameter estimation

We use data from the Phase I to estimate the scale, length-scale and varying noise level

parameters of the covariance of the GP model shown previously, and we will refer to these

as the IC parameter estimates. The estimation of the parameters from a GP model with

heteroscedasticity is not trivial. A description of a few approaches to perform this estimation

follows.
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Stochastic kriging

Ankenman et al. [2010] presented the idea of using non-constant variance in the structure

of a GP model. When there are replications, a simple solution is to estimate the noise level

at each unique point empirically. With this noise level estimated at each unique point, the

Σ̂ε is formed and substituted into the log-likelihood to estimate the hyper-parameters of the

GP model through maximum likelihood estimation (MLE). A few approaches for estimating

the noise level at each point are described below.

Empirical noise level

When there are replications at n unique points, we can utilize n-unique predictive equations

(instead of the total number of observations N) and hence, an empirical nxn noise matrix,

Σ̂εn . To estimate this matrix, we have Σ̂εn = diag(r̂(xi), . . . r̂(xn)) = diag(
σ̂2
ε1

m1
, . . .

σ̂2
εn

mn
) where

mj is the number of observations at the jth unique point. Ankenman et al. [2010] propose

estimating σ̂2
εj

at each unique point empirically by σ̂2
εj

= 1
mj−1

Σ
mj
i=1(yi(xj)− ȳ(xj))

2.

The authors show that Σ̂εn does not imply a prediction bias as long as the number of replicates

is not too small. They mention that it is difficult to make general recommendations for the

number of replications required given that to minimize prediction bias, both the number of

unique points and the number of replications must be considered. The authors mention that

the number of replications at each unique point should no be less than 10. If the intrinsic

variance is low, it is good to have more unique points to fill the space. On the contrary, if

the intrinsic variance is high, the number of unique points should not be large.
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Known variance function

If we have reasons to believe that the variability depends on the predictors, we can fit a

parametric model to the noise level at each unique point. This is not uncommon in chemical,

pharmacokinetic, or fisheries processes [Carroll and Ruppert, 1988]. As Davidian and Carroll

[1987] suggest, we could set the variance as σ2
εj

= σ2g2(xj,θ), where σ2 is a constant and g2(·)

is a function that depends on the covariates and the parameter vector θ. When modeling the

variance, it is common to use the log(σ2
εj

), or log(σεj) [Vining and Myers, 1990]. Assuming

a variance function z(xj) = log(σ̂εj), then r̂(xj) = {exp(ẑ(xj))}2 can be used to form the

empirical nxn noise matrix: Σ̂εn = diag(σ̂2
ε1
. . . σ̂2

εn) = diag(r̂(x1) . . . r̂(xn)).

Assuming a GP on the noise level

Assuming that the noise follows a smooth function of the input, we could define a second

GP model on the noise level as in Golberg et al. [1998]. However, the authors propose a

model to estimate all the hyper-parameters and the noise parameters jointly. Here we can

use a second GP on the noise level, z(xj) = log(σ̂εj) ∼ N (0n, Cn), to then estimate the nxn

noise matrix Σ̂εn = diag(r̂(x1) . . . r̂(xn)) where r̂(xj) = {exp(ẑ(xj))}2. After substituting it

into the log-likelihood function, the hyper-parameters can be estimated by MLE.

We can also apply a GP model on the noise level in an iterative procedure, similar to

the generalized least squares (GLS) estimation. The first step is to assume that the data

have constant variance and estimate a GP model with homoscedasticity. The next step is

to calculate the residuals for the predictions. A GP model is then applied to the sample
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standard deviation of the residuals. This noise level matrix is substituted into the log-

likelihood and the hyper-parameters of the model are estimated through weighted least

squares. The process is repeated until convergence.

GP model with latent variance

Golberg et al. [1998] suggest the use of a joint model to estimate the parameters of the GP

with heteroscedasticity. However, the method proposed requires the use of Markov Chain

Monte Carlo (MCMC) to average over the latent variables, which can be computationally

expensive. Other studies proposed alternatives to replace the MCMC through maximization

[Kersting et al., 2007, Quadrianto et al., 2009, Lázaro-Gredilla and Titsias, 2011], but these

still present the same level of complexity in the optimization. Binois et al. [2018] propose an

alternative to estimate all parameters jointly without approximation as well. They propose

to use the Woodbury formula to shorten the calculations and estimate the parameters, which

reduces much of the computational burden.

The authors express the correlation function as τ 2KN + Σε = τ 2(KN + ΛN), where Λ
N

=

diag(λ1, . . . λN), with λj = σ2
εj
/τ 2. Taking the first derivative of the loglikelihood function for

yN , we obtain: τ̂ 2 = 1
N

ytN(KN + ΛN)−1yN , which can be substituted into the loglikelihood

and obtain:

logL = − 1

N
log(2π)− N

2
log(τ̂ 2)− 1

2
log|KN + ΛN | −

N

2
. (4.3)
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Using the Woodbury formula, the authors establish in their Lemma 3.1:

τ 2k(x, XN)(τ 2KN + Σε)
−1yN = kn(x, Xn)(Kn + ΛnA

−1
n )−1ȳ (4.4)

τ 2k(x, XN)(τ 2KN + Σε)
−1τ 2kt(x, XN) = τ 2kn(x, Xn)(Kn + ΛnA

−1
n )−1ktn(x, Xn), (4.5)

where n is the number of unique points and An = diag(m1, . . .mn). These equations imply

that the predictive mean and variance respectively at the n unique points will be the same

as the one calculated with the usual GP model with all the observations. This will allow

us to work with nxn instead of NxN matrices, which reduces calculation especially if N is

large. These calculations are implemented in the R package hetGP [Binois and Gramacy,

2017].

4.2 Statistical monitoring based on GP model with

heteroscedasticity

Instead of monitoring the hyper-parameters of a new profile, we propose to test if a jth obser-

vation of a new kth profile ykj(xkj) follows the conditional multivariate normal distribution:

ykj(xkj)|DN ∼ N (µ̃(xkj), σ̃
2(xkj)), where DN is from Phase I, and

µ̃(xkj) = kn(xkj, Xn)(Kn + ΛnA
−1
n )−1ȳ (4.6)

σ̃2(xkj) = τ 2
(
kn(xkj,xkj) + λ̂j(xkj)− kn(xkj, Xn)(Kn + Λ̂nA

−1
n )−1kTn (xkj, Xn)

)
, (4.7)
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ȳ, Xn are from IC data at the unique points from the IC data, and j = {1 . . . , nk} where nk

is the number of observations of the kth profile.

Shewhart control charts are a natural choice for monitoring the mean. We use µ̃(xkj) as the

estimate of the jth observation of the predicted mean profile, and the prediction band as

the control limits for that point. Since there are nk observations for the kth profile, we need

to deal with the multiple testing issue within the profile. Therefore, we study the following

control limits:

µ̃(xkj)± zα
2
σ̃(xkj) (4.8)

µ̃(xkj)± zα
2
/nk σ̃(xkj) (4.9)

µ̃(xkj)± zα
2
/jσ̃(xkj). (4.10)

The first one has no correction while the last two have a Bonferroni correction. Equation 4.9

uses the Bonferroni correction which depends on the total number of data points the recent

profile has or will have (nk). Given that the monitoring procedure is applied at each location

while the profile data are being collected, in Equation 4.10 the control limits depend on the

number of observations up to that location (j). Herewith, we will refer to this correction as

Bonferroni varying correction.

Using the proposed control chart, we can identify if the most recent profile is performing

out of control at an early stage, and can investigate and take corrective actions if necessary.

With this chart, we evaluate how each new profile evolves over time with respect to a mean

54



profile function.

We recognize that when dealing with over-sampled profiles, the Bonferroni correction will

not work. Some approaches on how to deal with this situation are also studied and discussed

later in the next section.

4.3 Evaluating control chart performance

In this section, we study the performance of our proposed method in the monitoring phase

and compare it to other methods from the literature. To generate the IC data for this

analysis, we use the following function, that is used in Zhang et al. [2016]:

y = sin(x) + sin(10x/3) + ln(x)− 0.84x+ 3, where 2.5 ≤ x ≤ 7.5. (4.11)

We generate a number of realizations from the previous function with an error ε(x) following

GP model: ε(x1) . . . ε(xn) ∼ N (η0 = 0n,Σn) where Σn = 0.05Kn(θ0 = 0.2) + Σε where Kn

is the kernel function whose entries are k(xi, xj) = exp(−||xi − xj||2/θ0). Note that the

authors do not consider the noise level matrix Σε so in our baseline or IC simulations, we

consider Σε = 0 to make it comparable. However, when we analyze the performance of our

proposed method in the out-of-control (OOC) case later in the section, we will consider that

Σε linearly increases from 0 up to a maximum noise level. The generated profiles in the IC

situation are shown in Figure 4.1.
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Figure 4.1: The grey lines are 50 realizations of the function shown in Equation 4.11 with
an error under a GP model. The solid line shows the true function. The dashed lines are
the predicted mean and the prediction band under the GP model with heteroscedasticity as
described in Section 4.1.

We produce our Phase I data by generating a number of IC profiles based on Equation 4.11.

Then, a GP model with heteroscedasticity is estimated; subsequently, this estimate is used

to set the mean profile as described in Section 4.2. We study different IC scenarios based on

the number of IC profiles generated in Phase I, m = {20, 30, 50}, and at the unique points

used in each profile n = {20, 30, 40}.

Frequently, the performance of different monitoring approaches is evaluated through false

alarm probabilities and detection rates. In our approach, we compare the three anomaly

detection methods as defined in Equations 4.8-4.10. To estimate the false alarm rates, we

generated 50 profiles without any anomaly based on the IC model shown in Equation 4.11
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and calculate the percentage of the profiles that are considered as OOC. To estimate the

detection rates, we create different “abnormal” or OOC scenarios, and for each one we

measure the percentage of profiles that are detected as OOC.

4.3.1 Evaluating false alarm rates

Each scenario was run 10000 times, and the empirical false alarm rate is calculated for

each one. Table 4.1 shows these rates with their standard errors for the cut-off values of

α = {0.05, 0.01}.

Table 4.1: Analyzing false alarm rate (and the standard error in parentheses) for the proposed
method with three approaches to form the control limits.

α = 0.05 α = 0.01

Number of
IC profiles
in Phase I
(m)

Number
of unique
points
at each
profile (n)

Prediction
band (zα

2
)

Prediction
band with
Bonferroni
correction
(zα

2
/n)

Prediction
band with
Bonferroni
varying
correction
(zα

2
/j)

Prediction
band (zα

2
)

Prediction
band with
Bonferroni
correction
(zα

2
/n)

Prediction
band with
Bonferroni
varying
correction
(zα

2
/j)

20 20 0.579(0.105) 0.067(0.046) 0.179(0.077) 0.196(0.082) 0.018(0.022) 0.049(0.039)
30 0.622(0.103) 0.060(0.044) 0.169(0.075) 0.227(0.088) 0.018(0.022) 0.049(0.039)
40 0.643(0.101) 0.056(0.043) 0.161(0.075) 0.245(0.091) 0.017(0.022) 0.04(0.039)

30 20 0.558(0.094) 0.056(0.039) 0.162(0.066) 0.176(0.070) 0.014(0.018) 0.041(0.033)
30 0.596(0.093) 0.048(0.036) 0.149(0.064) 0.200(0.074) 0.013(0.017) 0.039(0.032)
40 0.613(0.092) 0.043(0.034) 0.140(0.063) 0.214(0.078) 0.012(0.017) 0.038(0.032)

50 20 0.542(0.086) 0.049(0.034) 0.151(0.058) 0.163(0.062) 0.012(0.016) 0.036(0.028)
30 0.576(0.086) 0.040(0.030) 0.137(0.056) 0.184(0.066) 0.010(0.015) 0.034(0.028)
40 0.591(0.085) 0.034(0.028) 0.124(0.054) 0.193(0.067) 0.008(0.013) 0.031(0.027)

For the scenarios analyzed, the performance of the chart when using the Bonferroni correction

(zα
2
/n) shown in Equation 4.9 is better by far than the other two given that its false alarm

rates are close to the nominal value. It can be seen that the false alarm rates slightly decrease

as the number of IC profiles used to estimate the mean model increases; and they decrease,
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as expected, when the number of unique points per profile increases. When we do not use

the Bonferroni correction, a high percentage of false alarms is present.

Assuming that the profiles are produced in time order, we can use an individual chart based

on the metrics shown in Chapter 2, as suggested by Williams et al. [2007]. The control

limits were calculated according to the standard univariate I-charts as suggested by Boeing

Commercial Airplane Group. Table 4.2 shows the results of this performance. The average

deviation (M1), average absolute deviation (M2) and maximum absolute deviation (M3)

show better performance given that the false alarm rates are closer to their nominal values.

These appear stable for all the IC situations analyzed.

Table 4.2: Analyzing the false alarm rate (and the standard error in parentheses) for the
univariate I-chart of the 4 deviation metrics shown in Chapter 2.

α = 0.05 α = 0.01
Number of

IC profiles

in Phase

I(m)

Number of

unique points

at each profile

(n)

M1 M2 M3 M4 M1 M2 M3 M4

20 20 0.048(0.029) 0.047(0.028) 0.048(0.027) 0.050(0.024) 0.010(0.014) 0.011(0.014) 0.013(0.015) 0.020(0.017)
30 0.048(0.029) 0.047(0.028) 0.048(0.027) 0.050(0.024) 0.010(0.014) 0.011(0.014) 0.013(0.015) 0.021(0.017)
40 0.048(0.029) 0.047(0.027) 0.047(0.028) 0.050(0.024) 0.010(0.014) 0.012(0.014) 0.013(0.015) 0.021(0.017)

30 20 0.048(0.029) 0.046(0.028) 0.048(0.027) 0.049(0.023) 0.009(0.014) 0.011(0.014) 0.013(0.015) 0.021(0.016)
30 0.048(0.029) 0.047(0.027) 0.048(0.027) 0.050(0.024) 0.009(0.014) 0.012(0.014) 0.013(0.015) 0.021(0.017)
40 0.048(0.028) 0.047(0.028) 0.048(0.027) 0.050(0.023) 0.010(0.014) 0.012(0.014) 0.013(0.015) 0.021(0.017)

50 20 0.048(0.029) 0.047(0.028) 0.047(0.027) 0.050(0.023) 0.010(0.014) 0.011(0.014) 0.013(0.015) 0.021(0.017)
30 0.048(0.029) 0.047(0.028) 0.048(0.027) 0.050(0.024) 0.010(0.014) 0.012(0.014) 0.013(0.015) 0.021(0.017)
40 0.048(0.029) 0.047(0.028) 0.048(0.027) 0.050(0.024) 0.010(0.014) 0.012(0.014) 0.013(0.015) 0.021(0.017)

Performance comparison with T 2 charts under GP models

As mentioned in the literature review, there are existing methods that propose the use of

a T 2 control chart based on a GP model to determine if a profile is in or out of control.

The T 2 statistic suggested by Wang et al. [2014] shown in Equation 2.3 monitors the hyper-

parameters of the model. Their T 2 approximately follows χ2(k) where k is the number of
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hyper-parameters to be estimated; for this simulation study, k = 3. To estimate the IC

hyper-parameters, we used two different approaches. The first fits the model directly on the

entire IC data. The second entails fitting a GP model on each IC profile and then averaging

all the estimates as suggested by Zhang et al. [2014].

We also analyze the T 2 control chart based on the AGP model proposed by Zhang et al.

[2016], which monitors the new profile data and compares it to the IC mean profile instead

of monitoring the hyper-parameters. Their T 2 statistic follows χ2(n), where n is the number

of points of a given profile.

For each scenario, Table 4.3 shows the empirical average false alarm rate in 10000 runs for the

T 2 charts under the GP model proposed by Wang et al. [2014] considering two IC parameter

estimation procedures, and for the T 2 chart under the AGP by Zhang et al. [2016]. The

control limits of the charts were established as suggested by the authors which is described

in Chapter 2.

Our results suggest that the T 2 control chart proposed by Wang et al. [2014] which is based

on the hyper-parameter estimates does not perform well. First, it is sensitive to the type

of approach used to estimate the IC hyper-parameters given that we obtain very different

results for each one. In addition, we observe that when using the first approach which fits

the GP model on the entire data to estimate the IC hyper-parameters, we get a false alarm

rate of 100%. This is because in this approach we fit the model on more data and the

variability is being recognized as noise rather than signal, and hence we get a longer length-

scale parameter (as defined Equation 4.1) which reflects on a smoother mean profile. Then,
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when the length-scale for a new single profile is estimated, we get a shorter length-scale value

because the profile is less smooth given that the fit is done on only that profile data. In this

sense, the approach that fits a GP model on the entire IC data is not appropriate to estimate

the IC hyper-parameters. The second approach in which we fit a GP model on each profile

and then average all the estimates works better but still presents a high percentage of false

alarms.

On the contrary, the T 2 control chart based on the the AGP by Zhang et al. [2016] works

quite well when the number of unique points at each profile is small (up to 30). The average

false alarm rate in an IC situation seems to decrease when either the number of profiles used

in Phase I or the number of unique points in a given profile increases.

Table 4.3: Analyzing the average false alarm rate (and the standard error in parentheses)
for the T 2 chart by Wang et al. [2014] under two different IC parameter estimations and for
the T 2 chart by Zhang et al. [2016].

α = 0.05 α = 0.01
Number of

IC profiles

in Phase I

(m)

Number of

unique points

at each profile

(n)

Wang et al.

[2014]-fit on

all IC data

Wang et al.

[2014] with

averaged es-

timates

Zhang et al.
[2016]

Wang et al.

[2014]-fit on

all IC data

Wang et al.

[2014] with

averaged es-

timates

Zhang et al.
[2016]

20 20 1.000(0.000) 0.429(0.295) 0.070(0.051) 1.000(0.000) 0.305(0.324) 0.018(0.023)
30 1.000(0.000) 0.481(0.177) 0.063(0.047) 1.000(0.000) 0.330(0.133) 0.015(0.020)
40 1.000(0.000) 0.563(0.229) 0.296(0.097) 1.000(0.000) 0.388(0.214) 0.235(0.100)

30 20 1.000(0.000) 0.460(0.294) 0.067(0.045) 1.000(0.000) 0.328(0.305) 0.016(0.020)
30 1.000(0.000) 0.470(0.167) 0.061(0.042) 1.000(0.000) 0.321(0.122) 0.014(0.018)
40 1.000(0.000) 0.558(0.210) 0.257(0.090) 1.000(0.000) 0.365(0.187) 0.182(0.089)

50 20 1.000(0.000) 0.480(0.264) 0.064(0.041) 1.000(0.000) 0.353(0.282) 0.015(0.019)
30 1.000(0.000) 0.454(0.156) 0.059(0.038) 1.000(0.000) 0.307(0.113) 0.013(0.017)
40 1.000(0.000) 0.581(0.182) 0.262(0.083) 1.000(0.000) 0.365(0.159) 0.159(0.078)
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4.3.2 Evaluating detection rates

To generate anomalies in the profiles we consider four scenarios. The first is created by

shifting the mean (η1 = η0 + δη) where δη = {0.2, 0.4, 0.6}. For the second, we analyze a

shift in the process variance (τ 2
1 = τ 2

0 + δτ2) where δτ2 = {0.05, 0.15, 0.25}. Shifts in the

length-scale or correlation parameter (θ1 = θ0 + δθ) where δθ = {−0.167, 0, 0.8, 9.8}, and

shifts in the maximum noise level (σ2
εn1

= σ2
εn0

+ δσ2
ε
) where δσ2

ε
= {0.1, 0.2, 0.3} are also

studied. As an example, Figure 4.2 shows the IC profile and 5 generated profiles for these

scenarios.

Figure 4.2: Generated profiles for four OOC scenarios: (a) shift of δη = 0.6 in the mean, (b)
shift of δτ2 = 0.25 in the process variance, (c) shift of δθ = 9.8 in the correlation, and (d)
shift of δσ2

ε
= 0.3 in the maximum noise level.

Figure 4.3 shows the proposed method’s performance with regard to detecting OOC profiles

61



Figure 4.3: Detection rate performance of our method and T 2 chart by Zhang et al. [2016]
in detecting different types of shifts.

for the three prediction band approaches when there is a shift in the mean, process variance,

correlation and maximum noise level parameters. The T 2 charts by Wang et al. [2014] are

not shown here because they did not present adequate IC behavior; hence, their use would

be impractical. Our method without the Bonferroni correction is also impractical given that

it generates high false alarm rates.

As noted in the the previous section, the T 2 chart by Zhang et al. [2016] presents a high

average false alarm rate if number of observations per profile is higher than 30. However, if

the number of observations per profile is 30 or less, the detection performance of this chart

is good, but not as good as our method.

The use of Bonferroni correction shows good performance in detecting shifts in the mean,
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variance and maximum noise level. However, we do not see that our method detects the

shifts in the correlation parameter. Given that this parameter models the rate of decay of

spatial correlation among the points, as Figure 4.2 (c) shows, shifts in this parameter make

the profile more or less smooth. Nonetheles, the shifts in this parameter are not enough

to cause the profile to significantly depart from the mean IC profile and as such are not

detected by our method. This method would not be appropriate if the objective were to

detect profiles with greater or lesser correlation among the points within a profile, which is

rarely the case in an industrial setting. This situation is a clear example of a statistical vs.

practical significance case that we discussed in Chapter 2.

Figure 4.4: Detection average rate performance of our method with Bonferroni correction in
detecting different types of shifts when using different numbers of profiles in Phase I.

Figure 4.4 shows the performance of our method with Bonferroni correction when using

different numbers of profiles in Phase I. Its average performance does not depend on the
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Figure 4.5: Detection average rate performance of our method with Bonferroni correction in
detecting different types of shifts when using different numbers of observations per profile.

number of profiles used in Phase I. Figure 4.5 shows its performance when using different

numbers of unique points or observations in each profile. When there is a shift in the

maximum noise level, it appears that the detection average rate increases as the number

of observations in each profile increases. This result is as expected; when we have more

points in a very noisy profile, there is a greater chance that at least one will fall outside the

prediction band.

4.3.3 Over-sampled profiles

For the cases analyzed above, the Bonferroni correction seems to be appropriate. However,

this correction will not work if the profiles have a larger number of observations. Here, we an-
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alyze two approaches to deal with over-sampled profiles. The first is to select every kth point

in each new profile and to execute the monitoring scheme on the selected points. Herewith,

we will call this approach the systematic selecting approach. An alternative approach is to

borrow Shewhart’s concept of a rational subgroup. We group the observations of each new

profile by subgroups of size k, calculate their averages and perform the monitoring scheme

on those averages, using the location of the last observation from each subgroup. Herewith,

we will refer to this approach as the sub-grouping approach.

We use the monitoring approach described in Section 4.2. Instead of considering the total

number of unique points or total number of observations for the new profile, we consider

only the selected points when using the systematic selecting approach, or the averages of each

subgroup when using the sub-grouping approach. Tables 4.4 and 4.5 show the false alarm

rates for these approaches.

There are a few comments to highlight here. In general, the sub-grouping approach works

better than the systematic selecting approach. The systematic selecting approach seems to be

dependent on either the number of profiles used in the IC phase (or DN data) or the number

of observations per profile. The number of false alarms increases as both the number of

profiles used in Phase I and observations per profile increases. It seems that this approach

also depends on the value of k used.

In the sub-grouping approach, when the number of subgroups per profile is small (less than

50), the Bonferroni correction as shown in Equation 4.9 (zα
2
/n), works well. With a number

of observations of up to 250 with a subgroup size of k = 5, our proposed method with
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Table 4.4: Average false alarm rate when using systematic selecting approach.
α = 0.05 α = 0.01

Number of
observa-
tions per
each profile
in IC data
(m)

Number
of unique
points at
each profile
(n)

Number of
sampled
observa-
tions per
profile
(n∗ = n/k)

Prediction
band (zα

2
)

Prediction
band with
Bonferroni
correction
(zα

2
/n∗ )

Prediction
band with
Bonferroni
varying
correction
(zα

2
/j)

Prediction
band (zα

2
)

Prediction
band with
Bonferroni
correction
(zα

2
/n∗ )

Prediction
band with
Bonferroni
varying
correction
(zα

2
/j)

30 30 30 0.596 0.048 0.150 0.201 0.013 0.040
50 50 0.611 0.034 0.123 0.211 0.009 0.032
1000 1000 0.620 0.003 0.062 0.219 0.001 0.014
60 30 0.625 0.062 0.172 0.229 0.019 0.051
100 50 0.640 0.046 0.145 0.242 0.014 0.043
2000 1000 0.648 0.006 0.071 0.249 0.002 0.019
150 30 0.761 0.074 0.224 0.359 0.024 0.071
250 50 0.676 0.030 0.143 0.268 0.009 0.040
5000 1000 0.620 0.002 0.062 0.219 0.000 0.014

100 30 30 0.781 0.093 0.255 0.392 0.034 0.090
50 50 0.703 0.042 0.167 0.301 0.014 0.052
1000 1000 0.649 0.004 0.071 0.250 0.001 0.019
60 30 0.902 0.113 0.370 0.584 0.045 0.152
100 50 0.758 0.027 0.177 0.355 0.009 0.054
2000 1000 0.622 0.001 0.062 0.219 0.000 0.014
150 30 0.911 0.136 0.405 0.612 0.060 0.181
250 50 0.780 0.038 0.204 0.390 0.014 0.071
5000 1000 0.648 0.002 0.070 0.249 0.001 0.018

Bonferroni correction works as expected. When using a larger number of subgroups per

profile, meaning higher than 50 and up to 1000 (up to 5000 observations with a subgroup

size of 5), our proposed method with Bonferroni varying correction (zα
2
/j) works better.

As described in Section 4.2, this correction shown in Equation 4.10 varies according to the

number of points that has been collected up to the moment the monitoring procedure is

applied. In addition, the performance of subgrouping approach does not depend on the

number of observations per profile used in the IC phase or the subgroup size used in this

simulation.

Figure 4.6 shows the detection rate performance of our method with Bonferroni correction

(zα
2
/n) using the sub-grouping approach in cases entailing observations of up to 150 per

observed profile. Figure 4.7 shows our method’s performance with Bonferroni varying cor-
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Table 4.5: Average false alarm rate when using sub-grouping approach.
α = 0.05 α = 0.01

Number of
observa-
tions per
each profile
in IC data

Number
of unique
points at
each profile

Number of
subgroups
per profile

Prediction
band (zα

2
)

Prediction
band with
Bonferroni
correction
(zα

2
/n)

Prediction
band with
Bonferroni
varying
correction
(zα

2
/j)

Prediction
band (zα

2
)

Prediction
band with
Bonferroni
correction
(zα

2
/n)

Prediction
band with
Bonferroni
varying
correction
(zα

2
/j)

30 30 30 0.596 0.048 0.150 0.201 0.013 0.040
50 50 0.611 0.034 0.123 0.211 0.009 0.032
1000 1000 0.620 0.003 0.062 0.219 0.001 0.014
60 30 0.625 0.062 0.172 0.229 0.019 0.051
100 50 0.640 0.046 0.145 0.242 0.014 0.043
2000 1000 0.648 0.006 0.071 0.249 0.002 0.019
150 30 0.649 0.040 0.216 0.247 0.011 0.070
250 50 0.629 0.022 0.145 0.227 0.006 0.041
5000 1000 0.619 0.002 0.062 0.219 0.000 0.014

100 30 30 0.675 0.052 0.238 0.278 0.018 0.084
50 50 0.658 0.032 0.166 0.259 0.010 0.052
1000 1000 0.649 0.004 0.070 0.250 0.001 0.019
60 30 0.736 0.038 0.324 0.337 0.013 0.129
100 50 0.663 0.014 0.181 0.258 0.004 0.057
2000 1000 0.622 0.001 0.063 0.218 0.000 0.014
150 30 0.758 0.051 0.351 0.371 0.019 0.149
250 50 0.688 0.022 0.202 0.291 0.008 0.071
5000 1000 0.648 0.002 0.070 0.249 0.001 0.018

rection (zα
2
/j) using the sub-grouping approach in cases entailing over-sampled profiles (up to

5000 observations per observed profile). Our method seems to work as expected in detecting

shifts in the mean, variance, and maximum noise level. As we discussed in the previous

section, the method fails to detect shifts in the correlation parameter given that these shifts

affect the “wiggliness” of the profiles but the profiles tend to remain within the bandwidth.

4.3.4 Simulation study II

In this section we analyze the performance of our method using data generated based on a

more realistic situation. With this example that is based on the case study seen in Chapter

3, we can produce OOC scenarios that have a practical interpretation. To produce the

simulated data based on this case study data, we apply the double bootstrap. We fit a
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Figure 4.6: Detection rate performance of the proposed method with Bonferroni correction
shown in in Equation 4.9 when using m = 30 profiles in the Phase I (or DN).

Figure 4.7: Detection rate performance of the proposed method with Bonferroni varying
correction shown in Equation 4.10 when using m = 30 profiles in the Phase I (or DN).
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parametric Gompertz model to each profile and we store the residuals at each point in time.

The first bootstrap is applied on the fits of these profiles and the second is applied on the

residuals at each point in time. Figure 4.8 shows 52 generated profiles for one simulation

run.

Figure 4.8: The grey lines are the profiles generated for one simulation run by applying
double bootstrap on case study post cleansed data.

Evaluating false alarm rates

Table 4.6 shows the average false alarm rates (and the standard errors in parentheses) in

10000 simulation runs for the T 2 charts proposed by Wang et al. [2014] and Zhang et al.

[2016], also evaluated in the previous section and described in Chapter 2, and for the proposed

method with the three approaches to form the control limits. The Bonferroni correction

works as expected since there are just 24 observations or unique points per profile.
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Table 4.6: Analyzing false alarm rate (and the standard error in parentheses) for the T 2

chart by Wang et al. [2014], the T 2 chart by Zhang et al. [2016], and our proposed method
using the three approaches to form the control limits.

Wang et al.
[2014] with
averaged
estimates

Zhang et al.
[2016]

Prediction
band (zα

2
)

Prediction
band with
Bonferroni
correction
(zα

2 /n)

Prediction
band with
Bonferroni
varying
correction
(zα

2 /j)

α = 0.01 0.838(0.063) 0.157(0.032) 0.102(0.031) 0.007(0.015) 0.053(0.024)
α = 0.05 0.874(0.055) 0.206(0.036) 0.300(0.044) 0.032(0.021) 0.136(0.034)

We obtain similar results as in Section 4.3.1. The T 2 control charts that monitor the hyper-

parameters suggested by Wang et al. [2014] do not work well. The T 2 control chart proposed

by Zhang et al. [2016] performs better, but not as good as our method with Bonferroni

correction (zα
2
/n). As seen previously, Bonferroni correction works well if the number of

observations (or subgroups) per profile is less than 50. When we do not use the Bonferroni

correction, a high percentage of false alarms is present.

Evaluating detection rates

Here we evaluate the performance of our proposed chart in detecting OOC profiles. We

create OOC scenarios by shifting the IC parameters of the underlying parametric Gom-

pertz model. We consider shifting: (i) the asymptotic log weight θ∗1 = θ1IC + δ where

δ = {−0.2,−0.1, 0, 0.1, 0.2}, (ii) the initial weight θ∗2 = θ2IC + δ where δ = {−0.8,−0.4, 0,

0.4, 0.8}, and (iii) the growth rate θ∗3 = θ3IC + δ where δ = {−0.04,−0.02, 0, 0.02, 0.06}.

Figure 4.9 shows how the different shifts are reflected in the growth profiles.
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Figure 4.9: OOC scenarios: (a) shifts in the asymptotic log weight, (b) shifts in the initial
log weight, and (c) shifts in the growth rate.

Figure 4.10 shows the performance of the proposed method with the three prediction band

approaches, compared to the T 2 chart by Zhang et al. [2016]. The other T 2 charts are not

shown here because they did not possess good IC behavior. The detection performance of

our method in detecting OOC profiles when there is a shift in the parameters shows much

better results than the method proposed by Zhang et al. [2016].
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Figure 4.10: Comparison of detection rates performance between our method and the T 2

chart by Zhang et al. [2016], for different OOC scenarios.

4.4 Case study

This section illustrates how the GP model with heteroscedasticity can be applied to monitor

the aquaculture process described in Chapter 3 through a Shewhart-type control chart, and

compare its performance with the other methods that use GP modeling studied above. The

number of observations for each week is not the same within the growing season or campaign.

Also, the number of growth profiles for each campaign is different; there are 52, 223, 339 and

392 profiles for the four campaigns analyzed respectively. Given the high number of profiles,

the computational savings of using the methodology proposed by Binois et al. [2018] are not

negligible.
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We use 75% of the data as training set or IC data and the rest as testing data. We use

the training set to model the mean profile and its predictive band using the GP model

with heteroscedasticity described in Section 4.1. Figure 4.11 shows the control charts for

monitoring the process within each campaign. Each control chart shows the predicted mean

profile for the shrimp growth and the 99% prediction interval obtained under the GP model

with heteroscedasticity. We compare this predictive band to the ones obtained using a

parametric Gompertz model suitable for this data described in Chapter 3. The grey lines

represent the growth profiles from the testing data. We observe that both predictive bands

are very close to each other except at the boundaries. Using hetGP R package from Binois

and Gramacy [2017] we obtain the estimates for θ, τ 2 and all the σ2
ε1

which are shown in

Table 4.7.

Table 4.7: IC hyper-parameter estimates obtained when fitting a GP model with het-
eroscedasticity on the study case data, for each campaign. Due to space limitations, only
the first and last noise level are shown for each campaign.

Campaigns

11 14 15 16

θ 249.9642 249.9511 249.9764 249.9746

σ2
εi

σ2
ε1 = 0.0540 . . .
σ2
ε24 = 0.0036

σ2
ε1 = 0.0632 . . .
σ2
ε27 = 0.0031

σ2
ε1 = 0.1056 . . .
σ2
ε28 = 0.0127

σ2
ε1 = 0.1194 . . .
σ2
ε30 = 0.0068

τ2 14.4299 18.7999 19.013 13.6891

4.4.1 Performance comparison with other GP methods

First we compare the mean function estimation using the different models. We use the

testing data to calculate the Mean Squared Error (MSE) for each model analyzed. These

73



Figure 4.11: Control charts for monitoring the mean function for each campaign. The darker
middle lines show the predicted mean function. The dashed lines are the 99% prediction
limits. The grey profiles belong to the testing data. The blue lines are the bandwidth when
using Gompertz model, and the black lines are the bandwidth when using GP model.

are shown in Table 4.8. This indicates that all the methods are effective in the overall mean

prediction.

To compare our monitoring approach with the T 2 control charts, we used the three ap-

proaches for prediction band as control limits shown in Equations 4.8-4.10. Table 4.9 shows

the number of OOC profiles that each method signals. Our control chart with the Bonferroni

correction seems to have better performance given that this case study data can be consid-
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Table 4.8: MSE comparison using testing data for estimating the IC mean profile. We used
a parametric Gompertz model, GP model with heteroscedasticity, GP model by Zhang et al.
[2014], GP model by Wang et al. [2014] and the AGP model by Zhang et al. [2016], for each
campaign.

Campaigns

Models 11 14 15 16

Parametric Gompertz model 0.02745 0.01802 0.06774 0.03745
GP model with heteroscedasticity 0.02764 0.01799 0.06828 0.03748

GP model by [Wang et al., 2014] with averaged estimates 0.02764 0.01795 0.06830 0.03746
GP model by [Wang et al., 2014] on all data 0.02769 0.01800 0.06827 0.03746

AGP model by [Zhang et al., 2016] 0.02796 0.01813 0.08851 0.04434

ered clean with no anomalies because a thorough Phase I analysis has been applied to it.

The T 2 control chart that monitors the hyper-parameters proposed by Wang et al. [2014],

with either choice of IC parameter estimation procedure, signals a large number of profiles

as seen in the simulation study. Given that this chart monitors the hyper-parameters and

those are tuned to each profile, the values of T 2 obtained are large and have high variability;

hence a high number of signals is present. On the contrary, we observe the T 2 control chart

by Zhang et al. [2016] does not signal any profile.
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Table 4.9: Number of out-of-control profiles signaled by the different methods.
Campaigns

Methods 11 14 15 16

Parametric Gompertz model 2 0 9 6
GP model with heteroscedasticity with no correc-
tion

0 3 6 7

GP model with heteroscedasticity with Bonferroni
correction (zα

2
/n)

0 0 0 1

GP model with heteroscedasticity with Bonferroni
varying correction (zα

2
/j)

0 2 2 1

GP model by Wang et al. [2014] with averaged es-
timates

10 49 78 87

GP model by Wang et al. [2014] on all data 13 55 84 98

AGP model by AGP model 0 0 0 0

Number of total profiles* 13 55 84 98

*From the testing set.

4.5 Summary and discussion

We observe that all the methods using GP modeling are effective in the prediction of the

mean profile which demonstrates that when having replications the GP model (either with

constant variance or without) will converge to the true unknown model. This is based on the

assumption that the data is IC. Further research has to be done to study the performance

of this method in Phase I analysis where some anomalies are present.

In this chapter we suggest the use of the mean profile and the predictive band obtained from

a GP model with heteroscedasticity as basis of a Shewhart-type control chart to monitor

the within and between profile variation. Compared to any T 2 control chart, this chart has

a huge advantage given that it can be applied to monitor within the profile and while the

most recent profile data are being collected.
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Our results indicate that the use of the T 2 chart to monitor the hyper-parameters is not a

good choice given that these parameter estimates are tuned to the data, and hence sensitive

to it. As a result, a high percentage of false alarms is present. On the other hand, the T 2

chart proposed by Zhang et al. [2016], which is based on the profile data, is a better choice.

Although it appears that this chart would work well if the number of observations per profile

is small (up to 30). However, it requires all the data for each profile to determine if the

process is in or out of control.

If the profiles are produced in order and the purpose of the analysis is only monitoring

between profiles, a much better choice is the use of an univariate individual chart based on a

deviation metric as suggested by Williams et al. [2007]. We show that this chart has better

performance and does not depend on either the number of unique points a profile has or the

number of profiles used from Phase I.

In one of our simulation studies, in which the OOC scenarios are created by adding shifts to

the hyper-parameters of the IC model, our method fails to detect shifts in the length-scale

which models the spatial correlation among the points. Given that those shifts make the

profile more or less smooth but the profiles tend to remain within the prediction band, the

changes are not detected by our method. Generally, signals that result from using a chart

based on the prediction band are associated with practical significance for which this method,

as shown in this chapter, performs well. We recognize that there could be special cases in

which the focus needs to be on the parameters such as the length-scale hyper-parameter; for

this, certainly the approach we propose in this chapter will not be appropriate. In Chapter
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5.2 we propose another procedure in which the focus is on the parameters.

We explore two simple approaches to deal with over-sampled profiles: i) The systematic

selecting approach which systematically random selects observations per profile and performs

the monitoring scheme on these, and ii) the sub-grouping approach which borrows Shewhart’s

concept of rational subgroup by applying our approach on the average of each subgroup. We

show that the latter method performs well while the former yields higher false alarm rates

for the scenarios analyzed here. It could be that the use of the systematic selecting approach

entails loss of location information; more research needs to be done in this regard.

In regard to the sub-grouping approach, if the number of subgroups is small, the Bonferroni

correction works well, but if the number of subgroups is higher up to 1000 (up to 5000

observations with a subgroup size of 5) our method with the varying correction works best. It

appears that the sub-grouping approach does not depend on either the number of observations

per profile used in the IC phase or the subgroup size used. Even though these results are

pointing in the right direction, more research needs to be done in this regard such as testing

more options for subgroup sizes, higher number of observations per profile, and different

locations for the systematic selecting approach or sub-grouping approach.
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Chapter 5

Proposed Method for Monitoring

Non-Linear Profiles

The current literature on parametric profile monitoring tends to focus on the estimated

parameters of the non-linear model. As a result, they often do not take full advantage of the

model structure. An alternative approach in the literature uses non-parametric modeling in

profile monitoring which in most cases does focus specifically on the quality characteristic of

interest.

This chapter proposes an efficient control chart procedure based on the estimated parameters

which are the result of a model that accounts for the within and between profile correlation.

We focus our attention to those cases where a parametric model is appropriate.
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5.1 Review of non-linear mixed model and estimation

The general form of a non-linear mixed model (NLMM) is given by

yij = f(xij,θ, ηi) + εij; i = {1 . . .m}, j = {1 . . . ni},

where f(·) is the non-linear function with a predictor xij for the jth observation for ith

profile, θ is the px1 vector of fixed parameters, and ηi is the vector of random effects for the

ith profile. It is assumed that ηi ∼ N(0, σ2
ηψi), and εij ∼ N(0, σ2).

For the entire data, this model can be expressed as

Y = f(X,θ, η) + ε, (5.1)

where η ∼ N(0, σ2
ηΨ) with Ψ = diag(ψ1, . . . ψm) and ε ∼ N(0, σ2IN) with N =

∑
ni.

The usual approach for finding θ linearizes the non-linear model followed by an iterative

estimation method [Lindstrom and Bates, 1990]. Applying Taylor series approximation to

f(·) near a current estimate θ̂ and η̂, we get

f(X,θ, η) ≈ f(X, θ̂, η̂) +D(θ − θ̂) + Z(η − η̂) (5.2)
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where D and Z are the matrices of derivatives defined as follows:

D =
∂f

∂θ

∣∣∣
θ̂
η̂i

Z = diag(Z1 . . . Zm); Zi =
∂f

∂ηi

∣∣∣
θ̂
η̂i

.

From 5.1 and 5.2, we have

Y− f(X, θ̂, η̂) +Dθ̂ + Zη̂ ≈ Dθ + Zη + ε.

Consider W = Y− f(X, θ̂, η̂) +Dθ̂ + Zη̂, then,

W ≈ Dθ + Zη + ε, (5.3)

where W ∼ N(Dθ,Σ); Σ = ZΨZt + σ2IN

From this so-called pseudo model, we get the MLE estimates for the variance components

and θ, then we calculate the estimates for η̂, and the pseudo responses W are recalculated.

This procedure is repeated until convergence (Lindstrom and Bates [1990] and Williams

et al. [2015]).

Fitting a non-linear mixed model can be easily performed in SAS or R. There are several

functions in R; however, nlme, which uses the two-step algorithm proposed by Lindstrom and

Bates [1990], seems most popular. According to Stegmann et al. [2018], the nlme function
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is the fastest in terms of computing time compared to the other R functions that produce

equivalent estimation results. We use this function for our evaluations shown later in this

chapter.

5.2 Proposed procedure to monitor profiles

The profile monitoring literature on parametric modeling suggests the use of multivariate T 2

statistics to monitor the stability of the parameters simultaneously as we reviewed in Chapter

2. All these approaches focus on the parameters of the non-linear model and treat them as

separate, but correlated, quality characteristics of the process. By doing so, the correlation

structure dictated by the model is ignored. In this section, we propose a procedure based

on a non-linear mixed model structure. This procedure recognizes and uses the correlations

among the estimates of the fixed parameters created by the model.

Consider partitioning the data into two sets in which the first one contains the data from

one profile (say the kth profile) and the second one contains the data from the rest of the

profiles, as follows:

yij = f(xi, θk ∗ (1− δk) + θ−k ∗ δk, ηk ∗ (1− δk) + η−k ∗ δk) + εij (5.4)

where δk = 0 for those points belonging to the kth profile and δk = 1 if they do not belong

to it. Also, θk is the px1 vector of parameters of the kth profile, and θ−k is that one of the
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rest of the profiles.

Based on the model shown in Equation 5.4, our interest is to test whether the fixed pa-

rameters of the kth profile, θk, are different from those of all the other profiles, θ−k, as

follows:

H0 : θk1 − θ−k1 = θk2 − θ−k2 = . . . θkp − θ−kp = 0.

We can re-express this hypothesis as the following:

H0 : Cθ = 0

H1 : Cθ 6= 0,

where

Cθ =

[
Ip −Ip

] θk
θ−k

 .
Given the model shown in Equation 5.4, it is easy to see that Equation 5.3 can be partitioned

as follows Wk

W−k

 ∼ N

( Dkθk

D−kθ−k

 ,
Σk 0

0 Σ−k


)
,

where Σk 0

0 Σ−k

 =

ZkψkZt
k + σ2Ink 0

0 Z−kΨ−kZ
t
−k + σ2I−k

 .
When this algorithm reaches convergence, we obtain the estimates for the 2p vector of param-
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eters θ = (θk, θ−k)
t. We note that θ̂ = (θ̂k, θ̂−k)

t and that θ̂k and θ̂−k are asymptotically

independent. Since the asymptotic variance of θ̂ is

(Dt
kΣkDk) 0

0 (Dt
−kΣ−kD−k)


−1

,

the variance of Cθ̂ is

[
Ip −Ip

](Dt
kΣkDk) 0

0 (Dt
−kΣ−kD−k)


−1  Ip

−Ip

 ,

which results in

(Dt
kΣkDk)

−1 + (Dt
−kΣ−kD−k)

−1.

Then the resulting statistic is given by

χ2 = (Cθ̂)
′
[
(Dt

kΣ̂kDk)
−1 + (Dt

−kΣ̂−kD−k)
−1

]−1

(Cθ̂) (5.5)

which asymptotically follows a χ2(1−α, p). We note that this statistic can be used in either

Phase I or Phase II.

In this chapter we evaluate the properties and performance of the proposed statistic through

a simulation study assuming first an IC process and then an OOC process. For evaluating

any method’s performance in Phase II, most of the literature on profile monitoring simulate
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OOC situations by adding a shift in the values of the parameters from the IC model. Too

often, these shifts focus on the statistical significance, not practical significance.

In this study, we propose first to evaluate how the OOC changes in the response (the actual

quality characteristic) bias the parameter estimates, and second to use that result to create

practical meaningful shifts for our Phase-II performance evaluation.

5.2.1 Estimation of the asymptotic bias

The bias is the result of not fitting the additional regressors, X2, that actually are important

to the model. In the statistical process control setting, the bias is the result of the “assignable

causes”. Assume that the difference between the true and the presumed models, which

typically is non-linear, is small enough, then we can use a first-order Taylor series in the

regressors not fit to explain the difference. In this case, we fit the model shown in Equation

5.1, when the true model is

Y = f(X,θ, η) +X2β + ε. (5.6)

From 5.3, it is easy to see that θ̂ =
(
DtΣ−1D

)−1
DtΣ−1W , where W are the pseudo responses

as seen in section 5.1, in an iterative procedure.

Since the true model has the extra term X2β, then the asymptotic bias is

asym bias(θ̂) = (DtΣ−1D)−1DtΣ−1X2β. (5.7)
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We use this result later in this chapter to create meaningful OOC situations in our simulation

study.

5.3 Simulation study

The present study focuses on a situation where there is profile-to-profile variability that can

be modeled by the following general form:

yij = f(xij,θ) + ηi + εij, (5.8)

where f(xij,θ) is the non-linear function with i = {1 . . .m}, j = {1 . . . ni}, and ηi ∼ N(0, σ2
η)

and εij ∼ N(0, σ2).

In matrix form, we have

Y = f(X,θ) +Mη + ε,

where

M =



1n1 0 . . . 0

0 1n2 . . . 0

...
...

...
...

0 0 . . . 1nm


.

As seen in the previous section the general form of the covariance matrix is Σ = ZΨZt+σ2IN .

For this simplifying model version, that covariance matrix results in: Σ = σ2
bMM t + σ2IN .
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There is a wide number of non-linear functions for different applications [Bates and Watts,

2007]. We consider the Gompertz function which has been used to study the growth of shrimp

in Chapter 3 to provide an appropriate context to illustrate the proposed methodology:

yij = θ01 − θ02 ∗ exp(θ03 ∗ tij) + ηi + εij (5.9)

where yij is the average log shrimp weight for the ith pond where i = {1, . . .m} for the jth

week where j = {1, . . . n}, ηi ∼ N(0, σ2
η), and εij ∼ N(0, σ2

ε ).

Consider the following IC parameters for generating our IC process: θ̂0 = {3.4612, 3.4624,

−0.1173}, σ̂2
η = 0.01, and σ̂2

ε = 0.01. Figure 5.1 shows the generated profiles based on this

function.

We produce the Phase I data by generating profiles based on this function, analyze different

scenarios based on the number of profiles m = {7, 15, 20, 50} generated in Phase I, and vary

number of observations per profile n = {20, 30}. We assume that the process is IC for the

entire IC period. We evaluate the performance our proposed statistic by calculating the

false alarm rates and detection rates. To calculate the former, we generate a number of

profiles without any anomaly based on the IC model shown in Equation 5.9, and calculate

the percentage of profiles that were considered OOC for each method. For this situation, the

type-I error of the test is expected to be close to the nominal value of α. For the detection

rates calculations, we create different “abnormal” situations that are described in Section

5.3.2, and for each one we measure how well the method detects them.
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Figure 5.1: The lines represent 100 generated profiles.

5.3.1 False alarm rate performance

We evaluate our proposed statistic and compare it to the classical T 2 statistic with the

sample covariance (S1) and successive difference (S2) as estimators for the covariance matrix

of the fixed parameters as described in Chapter 2. The average false alarm rate for each

method and for each scenario is calculated based on 10000 simulation runs. Table 5.1 shows

these average rates with their standard deviation in parentheses at two cut-off values of

α = {0.01, 0.05}. Figures 5.2 and 5.3 show the distribution for each statistic for a given

simulation when the number of profiles in Phase I (m) is 15 and 50 respectively.

We observe that the performance of our statistic is more robust than the other two in the
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Figure 5.2: QQ plots of statistic’s values for the different methods for a given simulation
when m = 15.

Figure 5.3: QQ plots of statistic’s values for the different methods for a given simulation
when m = 50.

sense that the percentage of false alarm is closer to the nominal value even for small sample

of profiles used in Phase I. The T 2 control charts work well when a reasonable number of
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profiles in Phase I data is used; in our scenarios analyzed this number is 50. On the contrary,

the T 2 charts do not show good performance when a small number of profiles in Phase I is

used.

Table 5.1: Average false alarm rates (and their standard deviations in parentheses) for
different scenarios for each method.

α = 0.01 α = 0.05
Number
of profiles
used in
Phase I
(m)

Number of
obs. per
profile (n)

T 2(S1) T 2(S2)
Proposed
χ2 under
NLMM

T 2(S1) T 2(S2)
Proposed
χ2 under
NLMM

7 20 0.495(0.187) 0.561(0.190) 0.028(0.060) 0.518(0.184) 0.561(0.190) 0.062(0.091)
30 0.491(0.189) 0.558(0.192) 0.028(0.060) 0.515(0.185) 0.558(0.192) 0.061(0.090)

15 20 0.143(0.095) 0.111(0.094) 0.010(0.023) 0.215(0.113) 0.146(0.107) 0.033(0.045)
30 0.142(0.097) 0.108(0.094) 0.009(0.022) 0.214(0.114) 0.144(0.108) 0.028(0.043)

20 20 0.091(0.069) 0.055(0.059) 0.006(0.017) 0.162(0.090) 0.091(0.076) 0.025(0.036)
30 0.090(0.068) 0.053(0.057) 0.007(0.017) 0.162(0.090) 0.089(0.076) 0.025(0.035)

50 20 0.033(0.030) 0.010(0.016) 0.006(0.012) 0.088(0.050) 0.031(0.030) 0.030(0.029)
30 0.030(0.028) 0.008(0.014) 0.005(0.010) 0.087(0.050) 0.028(0.030) 0.025(0.026)

5.3.2 Out-of-control performance

To evaluate our statistic’s performance in detecting OOC profiles, we calculate the detection

rates for different scenarios. To define each scenario, most of the current literature adds a

shift to the estimates of the non-linear IC model parameters (θ̂). Here we use the shifts

or bias of these parameters’ estimates shown in Table 5.2. These biases were estimated

based on an analysis on the real data that is the basis for the simulated model shown in

Equation 5.9. Instead of adding shifts to the non-linear model parameters arbitrarily, to

simulate the assignable causes, the shifts were added to the regressors not fit in the IC

model, and subsequently the bias of θ̂0 were estimated through Equation 5.7. Here we use
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these asymptotic biases or shifts in θ̂0 which are shown in Table 5.2 as OOC scenarios in

our simulations. These are reflected in the profiles shown in Figure 5.4.

For each scenario, we ran 10000 simulations and calculate the detection rates for the T 2

charts and our χ2 chart. Figures 5.5 and 5.6 show the detection rates’ averages for each

scenario analyzed when the number of profiles used in Phase I (m) is 15 and 50 respectively.

Our proposed statistic appears to be more robust with respect to the number of profiles used

in Phase I given that its performance is independent of m. When m = 50, we observe that

on average the three methods perform very similar. However, when m = 15, the T 2 charts

show high percentage of false alarms.

Table 5.2: Out-of-control behavior reflected on the asymptotic bias of the non-linear IC
model parameters estimates (θ̂0), based on shifts on the regressors not fit in the IC model.

Shifts in average log. weight Shifts in min. temperature Shifts in min. oxygen Shifts in min. pH

δ bias(θ̂1) bias(θ̂2) bias(θ̂3) bias(θ̂1) bias(θ̂2) bias(θ̂3) bias(θ̂1) bias(θ̂2) bias(θ̂3) bias(θ̂1) bias(θ̂2) bias(θ̂3)
−3 -1.0377 -0.0017 -0.0019 -0.9511 -0.153 0.0083 -0.2051 0.2541 0.0012 -0.7506 0.1422 0.0014
−2 -0.6865 -0.0017 -0.0019 -0.6287 -0.1026 0.0049 -0.1314 0.1688 2e-04 -0.4951 0.0942 3e-04
−1 -0.3353 -0.0017 -0.0019 -0.3064 -0.0522 0.0015 -0.0578 0.0835 -8e-04 -0.2396 0.0463 -8e-04

0 0.0159 -0.0017 -0.0019 0.0159 -0.0017 -0.0019 0.0159 -0.0017 -0.0019 0.0159 -0.0017 -0.0019
1 0.3671 -0.0017 -0.0019 0.3382 0.0487 -0.0053 0.0896 -0.087 -0.0029 0.2714 -0.0497 -0.0029
2 0.7183 -0.0017 -0.0019 0.6605 0.0991 -0.0086 0.1632 -0.1722 -0.0039 0.5269 -0.0977 -0.004
3 1.0695 -0.0017 -0.0019 0.9829 0.1496 -0.012 0.2369 -0.2575 -0.0049 0.7824 -0.1457 -0.0051

The OOC scenarios considered previously were the result from adding shifts to one regressor

not fit in the IC model at a time. Another set of OOC scenarios was created by performing

a two-level full factorial design on the shifts added to the regressors not fit in the IC model,

and subsequently the bias of θ̂0 was estimated through Equation 5.7 for each scenario. Five

of those scenarios, the ones that resulted closer to the IC mean profile, are considered in this

analysis and are shown in Figure 5.7. Scenario 3 shown in the figure is the IC state of the

process, scenarios 4 and 5 are closer to the IC state, and scenarios 1 and 2 are farther away
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Figure 5.4: Four OOC scenarios: (a) shifts in average, (b) shifts in minimum temperature,
(c) shifts in minimum oxygen, and (d) shifts in the minimum pH.

from it.

Figure 5.8 shows the detection rate performance of our method compared to the classical T 2

charts for these five scenarios for different number of profiles used in Phase I data (m). We

observe that as m increases the performance of the T 2 charts tend toward a χ2. For small

m, our method shows better detection performance in the sense that it does not show high

percentage of false alarms for scenarios closer to the IC state (scenarios 3 and 4). Moreover,

as observed previously, our method shows more consistency given that it appears to be

independent of the number of profiles used in Phase I.
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Figure 5.5: Average detection rate performance of the three methods for different OOC
scenarios when m = 15.

Figure 5.6: Average detection rate performance of the three methods for different OOC
scenarios when m = 50.
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Figure 5.7: OOC scenarios.

Figure 5.8: Detection rates performance of the three methods for different OOC scenarios.
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5.3.3 Comparison with control chart on the predictive values

In this section we compare our χ2 control chart and the T 2 charts to the Shewhart-type

control chart on the predictive mean profile under two models: the parametric Gompertz

model analyzed in Chapter 3 and the GP model proposed in Chapter 4. We evaluate the

false alarm probabilities and detection rates for each method and for the same scenarios

analyzed in Sections 5.3.1 and 5.3.2.

Table 5.3 shows the false alarm rates for the Shewhart-type control chart under both models.

Although this chart with Bonferroni correction based on any of the models shows slightly

higher percentage of false alarm when m = 7, we observe that in general it has good perfor-

mance given that it does not have high percentage of false alarm when the number of profiles

used in Phase I is small. For any number of profiles used in Phase I, the chart based on the

parametric Gompertz model shows slightly better performance. Independent of the model

used, this chart shows similar results to the χ2 and better false alarm rate performance than

the T 2 charts shown in Table 5.1, specially when the number of profiles used in Phase I is

small.

Figure 5.9 shows a comparison of the detection performance between the Shewhart-type

control chart with Bonferroni correction (under both models) and the χ2 and T 2 charts

analyzed in Sections 5.3.2. The Shewhart charts on the predictive mean profile and χ2 chart

presented earlier in this chapter appear to have a robust behavior with respect to the number

of profiles used in Phase I, even as small as 7. Both Shewhart and χ2 charts seem to have
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Table 5.3: Average false alarm rates (and their standard deviations in parentheses) for
different scenarios using Shewhart-type control chart on the predictive values based on a
parametric model and a non-parametric model.

α = 0.01 α = 0.05
Number
of profiles
used in
Phase I
(m)

Number of
obs. per
profile (n)

Gompertz
model

Gompertz
model with
Bonferroni
correction

GP model

GP model
with Bon-
ferroni cor-
rection

Gompertz
model

Gompertz
model with
Bonferroni
correction

GP model

GP model
with Bon-
ferroni cor-
rection

7 20 0.198(0.137) 0.030(0.044) 0.258(0.161) 0.060(0.069) 0.507(0.188) 0.084(0.083) 0.565(0.196) 0.130(0.112)
30 0.249(0.156) 0.033(0.047) 0.322(0.182) 0.068(0.076) 0.595(0.195) 0.087(0.085) 0.655(0.199) 0.140(0.119)

15 20 0.154(0.094) 0.017(0.025) 0.184(0.106) 0.027(0.034) 0.456(0.145) 0.057(0.053) 0.492(0.150) 0.076(0.064)
30 0.196(0.110) 0.018(0.026) 0.232(0.120) 0.029(0.035) 0.543(0.154) 0.057(0.054) 0.582(0.154) 0.077(0.065)

20 20 0.146(0.085) 0.015(0.022) 0.167(0.092) 0.021(0.028) 0.447(0.132) 0.052(0.047) 0.472(0.134) 0.064(0.054)
30 0.187(0.097) 0.015(0.022) 0.211(0.105) 0.022(0.028) 0.534(0.137) 0.051(0.047) 0.561(0.140) 0.065(0.054)

50 20 0.129(0.062) 0.011(0.016) 0.137(0.064) 0.013(0.018) 0.426(0.100) 0.041(0.034) 0.438(0.102) 0.047(0.036)
30 0.164(0.071) 0.010(0.016) 0.177(0.074) 0.013(0.018) 0.510(0.105) 0.039(0.033) 0.527(0.106) 0.046(0.037)

Figure 5.9: Average detection rate performance of the three methods for different OOC
scenarios for different values of m.

similar good and robust performance. The advantage of the Shewhart chart on the predictive

mean profile is that we can monitor the process while the profile is evolving, and hence, do

not need to wait until the end of the profile formation to determine the state of the process.
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5.4 Summary and conclusions

In this chapter we propose a χ2 statistic for monitoring profiles as an alternative to the T 2

statistic. This χ2 statistic is based on a non-linear mixed model and can be used to test if a

given profile is different from the rest of the profiles. In the monitoring phase, “the rest of

the profiles” represent the IC profiles. This test considers the estimated asymptotic variance

of the fixed parameters obtained using the actual data, not the parameters estimates them-

selves. Our results based on false alarm rates and detection rates show that the performance

of our proposed statistic is robust even for small number of profiles used in Phase I, while

the classical T 2 control charts works well when the number of profiles in Phase I is at least

50.

Even though the χ2 chart is conceptually more robust as shown in Section 5.2, and shows

good performance even for small sample of profiles used in Phase I, its focus is on detecting

signals based on the statistical significance of the estimated parameters. In addition, we

would need to wait until the profile ends for determining the state of the process. To address

these issues we show a methodology in Chapters 3 and 4 for applying a Shewhart control

chart based on a predictive mean profile in which the prediction band would act as control

limits. In this chapter we compare our χ2 control chart and the classical T 2 charts to the

Shewhart-type control chart proposed in previous chapters. Both χ2 and Shewhart charts

show similar robust performance with respect to the number of profiles used in Phase I. The

T 2 charts show high percentage of false alarms when there is a small sample of profiles from
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Phase I.

A Shewhart-type control chart where the central line is the predictive mean profile and the

prediction band becomes the control limits has two clear advantages. The first is that it has

more practical significance since it allows us to monitor the observed data directly instead

of the estimated parameters. The second advantage is that there is no need to wait until

the profile ends to monitor the process, it allows us to monitor the process as the profile is

being formed. In addition, as we show in this chapter, the Shewhart chart on the predictive

values shows comparable results to the χ2 chart that is conceptually robust and shows better

performance than the classical T 2 charts.
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Chapter 6

Summary and Next Steps

The goal of this research is to provide alternatives to study two main concerns in the current

literature on profile monitoring in Phase II. First, most of them do not monitor within

profiles which does not allow the quality engineer to make corrections at early stage of the

profile. Second, most of the current approaches focuses on the parameters or features of the

model instead of the quality characteristic itself.

Chapter 3 introduces a practical situation in which the two main concerns outlined above

are critical for its quality monitoring. We propose a two-stage parametric approach to first

model the average non-linear behavior and then, based on its residuals, to model the non-

constant variance function. Based on this model, we propose the use of a Shewhart-type

control chart to monitor the profiles over time and the campaigns. For this specific case

study, we illustrate a statistical process control where the real issue is practical significance
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since the economic consequences are important for the quality engineers. This application

gave us the insight for proposing more generalized procedures to deal with these two main

concerns outlined earlier.

One of the goals of this dissertation is to show a procedure for monitoring within the profiles

based on a predictive mean profile. We started this analysis with a specific application in

Chapter 3. However, not always the researchers have a parametric model that expresses the

complex relationships between the variables. Chapter 4 shows that when the profiles have

replications, the Gaussian Process modeling is effective in the prediction of the mean profile

since it will converge to the true unknown model. GP model has a huge advantage over any

other non-parametric technique because it naturally provides both the prediction mean and

variance.

We proposed to use both as a basis for monitoring within the profiles through a Shewhart

type control chart. However, one of the challenges of monitoring a profile as its data are

being collected is the multiple testing issue.

To deal with this issue, we explored two approaches to deal with profiles that consist of

many measurements to which we called “over-sampled” profiles. Based on our results, the

sub-grouping approach works best. This approach suggests to calculate the average of each

subgroup and apply our method on only these averages. When the number of subgroups is

as high as to 1000, which means that we can have observations up to 5000, our Shewhart

chart with Bonferroni varying correction works well.
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In Chapter 5 we propose a χ2 statistic as an alternative to the T 2 statistic. Our statistic tests

if a given profile is behaving different from the rest of the profiles which in the monitoring

phase these become the IC profiles. This statistic is based on a non-linear mixed model

that uses the covariance matrix of the parameters created by the model. Currently, most

of the techniques use different estimators for this covariance matrix that are based on the

parameters estimates themselves. With our proposed statistic, we show that the quality

characteristic is the basis for these covariance matrix and hence of the monitoring scheme.

Our results show that our statistic is more robust even for very small number of profiles used

in Phase I.

In our simulations, we have proven that a Shewhart-type control chart based on the preditive

mean profile and prediction band has good properties for monitoring profiles in Phase II. Its

performance is comparable to the T 2 chart when the number of profiles used in Phase I is

higher enough. However, when the number of profiles used in Phase I is as small as 7, the

Shewhart control chart works by far better than the T 2 charts, and as robust as the χ2 chart

proposed in Chapter 5.2. Additionally, the Shewhart-control chart has the advantage that

it can monitor the profile as the profile data are being collected. The quality manager does

not need to wait until the profile ends to determine the state of the process.
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