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Computationally Driven Algorithms for Distributed Control of
Complex Systems

Dany Abou Jaoude

(ABSTRACT)

This dissertation studies the model reduction and distributed control problems for intercon-
nected systems, i.e., systems that consist of multiple interacting agents/subsystems. The
study of the analysis and synthesis problems for interconnected systems is motivated by the
multiple applications that can benefit from the design and implementation of distributed
controllers. These applications include automated highway systems and formation flight of
unmanned aircraft systems.

The systems of interest are modeled using arbitrary directed graphs, where the subsystems
correspond to the nodes, and the interconnections between the subsystems are described us-
ing the directed edges. In addition to the states of the subsystems, the adopted frameworks
also model the interconnections between the subsystems as spatial states. Each agent/sub-
system is assumed to have its own actuating and sensing capabilities. These capabilities are
leveraged in order to design a controller subsystem for each plant subsystem. In the dis-
tributed control paradigm, the controller subsystems interact over the same interconnection
structure as the plant subsystems.

The models assumed for the subsystems are linear time-varying or linear parameter-varying.
Linear time-varying models are useful for describing nonlinear equations that are linearized
about prespecified trajectories, and linear parameter-varying models allow for capturing the

nonlinearities of the agents, while still being amenable to control using linear techniques.



It is clear from the above description that the size of the model for an interconnected system
increases with the number of subsystems and the complexity of the interconnection structure.
This motivates the development of model reduction techniques to rigorously reduce the size
of the given model. In particular, this dissertation presents structure-preserving techniques
for model reduction, i.e., techniques that guarantee that the interpretation of each state
is retained in the reduced order system. Namely, the sought reduced order system is an
interconnected system formed by reduced order subsystems that are interconnected over
the same interconnection structure as that of the full order system. Model reduction is
important for reducing the computational complexity of the system analysis and control
synthesis problems.

In this dissertation, interior point methods are extensively used for solving the semidefinite

programming problems that arise in analysis and synthesis.



Computationally Driven Algorithms for Distributed Control of
Complex Systems

Dany Abou Jaoude

(GENERAL AUDIENCE ABSTRACT)

The work in this dissertation is motivated by the numerous applications in which multiple
agents interact and cooperate to perform a coordinated task. Examples of such applications
include automated highway systems and formation flight of unmanned aircraft systems. For
instance, one can think of the hazardous conditions created by a fire in a building and the
benefits of using multiple interacting multirotors to deal with this emergency situation and
reduce the risks on humans. This dissertation develops mathematical tools for studying and
dealing with these complex systems. Namely, it is shown how controllers can be designed
to ensure that such systems perform in the desired way, and how the models that describe
the systems of interest can be systematically simplified to facilitate performing the tasks of

mathematical analysis and control design.
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Chapter 1

Introduction

1.1 Distributed Control

The study of interconnected systems is of interest to the control community because sys-
tems in which multiple agents exhibit a collective and coordinated behavior are commonly
observed in nature and in engineering applications [53]. Flocks of birds and schools of fishes

are examples of multi-agent systems from the realm of nature.

In recent years, many applications that can benefit from the design of distributed controllers
have emerged such as mobile sensor networks, multi-point surveillance, automated highway
control and vehicular platoons, aircraft formation flight, and applications based on lumped
approximations of partial differential equations, see e.g., [37, 45, 47, 53, 67, 71]. Distributed
control approaches assume that each plant subsystem has its own actuating and sensing ca-
pabilities. These capabilities are exploited in control design, and the synthesized controller
is formed of subsystems that interact over an interconnection structure similar to that of the
plant. The field of distributed control has witnessed a boost as a result of the technologi-
cal advances that have made it possible to implement large distributed sensor and actuator
arrays [22]. In general, distributed control approaches are preferred over centralized control
approaches because they are simpler, more flexible, and more robust, and they scale better
with problems of increasing sizes and complexity [21, 70]. Synthesis techniques grounded in

the distributed control paradigm may also be preferred over synthesis techniques based on
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a decentralized paradigm in applications that have strict performance requirements. Decen-
tralized control approaches also make use of the actuating and sensing capabilities of the
plant subsystems, and a controller subsystem is individually designed for each plant subsys-
tem. For the design of the controller subsystems, the effect of the interconnection structure is
modeled as noise inputs that affect the plant subsystems [37]. The controller subsystems do
not interact in a decentralized controller, which makes a decentralized controller designed for
a given plant simpler than a distributed controller designed for the same plant. However, the
mathematical guarantees for stability and performance are generally lacking in decentralized
control approaches. Specifically, even if each controller subsystem is designed to be optimal
for the corresponding plant subsystem, it is not necessary that the decentralized controller
is optimal for the overall interconnection [83]. Additionally, distributed controllers apply
whenever the overall interconnected system is stabilizable, whereas decentralized controllers

require that each plant subsystem is individually stabilizable.

Motivated by the potential advantages and applications of distributed control, the work
in this dissertation seeks to establish analysis and synthesis results for interconnected sys-
tems in which the constituent subsystems have complex models. Namely, subsystems that
have linear time-varying (LTV), linear parameter-varying (LPV), and nonstationary linear
parameter-varying (NSLPV) models are considered throughout this dissertation. As com-
pared to linear time-invariant (LTT) models, the considered models allow for capturing the
behavior of complex nonlinear systems along trajectories and for augmenting the operation

envelope of the synthesized controller.

NSLPV models were introduced and motivated in [33, 34]. They are extensions of standard
LPV models in that the state-space matrices depend on a priori known time-varying terms,
in addition to their dependence on parameters that are not known a priori, but are assumed

to be available for measurement at each time-step. It is assumed that the dependence



1.1. Distributed Control 3

of the state-space matrices on these parameters is rational so as to allow for formulating
the subsystems in an linear fractional transformation (LFT) framework. This assumption
is not generally restrictive as nonlinear functions that are not rational can frequently be
approximated by rational ones. An NSLPV model formulated in an LFT framework is
basically an interconnection of a nominal LTV model and a A-operator that consists of all
the scheduling parameters. Thus, analysis results for NSLPV models provide robustness
conditions for LTV models against static time-varying uncertainties [38]. Like standard
LPV models [59, 66], NSLPV models allow for capturing the nonlinearities of the studied
system, while being amenable to control using linear techniques. In general, when it comes to
describing time-varying nonlinear systems using parameter-varying models, NSLPV models
are far less conservative than stationary LPV models, and in some cases, the only stabilizable
models attainable are NSLPV [34]. In the context of multiple interconnected agents, a
distributed NSLPV system can be formed by an interconnection of NSLPV subsystems
and /or combinations of LTV, LPV, and LTT subsystems.

Several works have appeared in the literature that address the problem of distributed control
for interconnected LPV systems and interconnected uncertain systems, e.g., [20, 29, 44, 57,
81, 87]. These works can be classified based upon various criteria. For instance, the classi-
fication criterion can be the interconnection and uncertainty structures of the controller. In
[29, 44, 57, 81, 87|, the sought controller inherits the interconnection structure of the plant.
On the other hand, in [20], the structure and the order of the controller are design inputs.
The controller subsystems in [81] are assumed to have LTI models, whereas, in [29, 44, 57, 87],
the subsystems of the controller are parameter-dependent and are described similarly to the
subsystems of the plant. In [29], the controller subsystems depend on their own local param-
eters as well as parameters received from other subsystems. A second classification criterion

is the type of Lyapunov function used in the derivation of the analysis and synthesis results.
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For example, in [20, 29, 57|, the synthesis results are derived using a parameter-dependent
Lyapunov function, whereas, in [44, 81, 87|, a parameter-independent Lyapunov function is
used. The use of various types of Lyapunov functions bares consequences on the convex-
ity, tractability, and conservativeness of the derived analysis and synthesis results. Third,
the classification can be based upon the complexity of the interconnection structure and
the heterogeneity of the subsystems. Namely, the works of [20, 57, 87| consider subsystems
that have identical models and are interconnected over an infinite lattice. The work of [44]
considers heterogeneous groups of subsystems. Within each group, the subsystems have
identical models and the interconnections between the subsystems are undirected. Among
different groups, subsystems can have different models, and the interconnections can be di-
rected. Heterogeneous subsystems and arbitrary graphs are considered in [29, 81]. The work
of [29] further allows for directed interconnections, and accounts for communication latency
between the subsystems. A fourth possible classification criterion is the modeling of the
interconnections between the subsystems. Specifically, the works of [20, 29, 57, 81, 87] use
spatial states to model the interconnections between the subsystems, in addition to the states
associated with the subsystems, whereas in [44], the possibly time-varying interconnection

topology is modeled using a feedback operator in an LFT framework.

The interested reader is also referred to the related work on distributed control of intercon-

nected LTI or LTV systems reported in [13, 21, 22, 35, 51, 68, 74].

The work in Chapter 4 constitutes the first work on the distributed control of intercon-
nected NSLPV systems. First, an operator theoretic framework is developed in the context
of robust control tools for working with distributed NSLPV systems. Then, by leveraging
features of the developed framework, and following a parameter-independent Lyapunov func-
tion approach, analysis and synthesis results are derived for interconnected NSLPV systems.

Specifically, the aim in Chapter 4 is to construct a distributed controller that renders the
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closed-loop system asymptotically stable, and further guarantees some fs-gain performance
level, i.e., an upper bound on the />-induced norm of the closed-loop input-output map for
all permissible parameter trajectories. The sought controller inherits the interconnection
structure of the plant, and the controller subsystems have NSLPV models, are formulated in
an LFT framework, and are scheduled by the same parameters as their corresponding plant

subsystems.

In addition to dealing with the more general class of interconnected NSLPV systems, one
important contribution of Chapter 4 is the development of the operator theoretic frame-
work for describing distributed NSLPV systems. This framework builds on previous ones
developed for single NSLPV systems [34] and distributed LTV systems [35] and has the
following characteristics: 1) it allows for heterogeneous (nonidentical) subsystem models, 2)
it models the interconnections between the subsystems as spatial states, 3) it allows for the
interconnection structure to be described by an arbitrary directed graph, 4) it accounts for
a delay of one time-step on the information transfer between the subsystems, 5) it assumes
that the subsystems have NSLPV models and are formulated in a LFT framework. The
main advantage of this framework is that it allows for representing the state-space equations
of the complex distributed system under consideration in a compact operator form so that
the distributed system equations look formally identical to the equations of standard LPV-
LFET state-space systems. As a result of this formal analogy, the derivations and proofs of
standard analysis and synthesis results [23, 39, 66] can be adapted to NSLPV systems in-
terconnected over arbitrary graphs, with many inherently complex manipulations becoming
transparent. However, there are some intricacies that have to be addressed to make sure
that these transparent manipulations go through. These intricacies include appropriately
characterizing causal and memoryless operators with special structures, and imposing a de-

sired structure on analysis solutions with no added conservatism. When extended to the
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distributed system setting, the standard results acquire new interpretations and character-
istics. For instance, the nominal part of the system is an interconnection of time-varying
subsystems, and there is an uncertainty operator locally affecting each subsystem. In the
single system setting, one distinguishes between the states of the nominal part of the sys-
tem and the signals introduced by the LF'T formulation, which will be called the parameter
states for simplicity and ease of reference. On the other hand, in the distributed system
setting, one distinguishes between the standard states of the subsystems, which are referred
to as the temporal states, the parameter states that are due to formulating the subsystems
in an LFT framework, and the spatial states that are associated with the interconnections
between the subsystems. Similarly, the designed distributed NSLPV controller inherits both

the interconnection structure and the LFT structure of the plant, and so on.

1.2 Structure-Preserving Model Reduction

After discussing the distributed control problem, the focus in now shifted to the second major
topic in this dissertation: the model reduction problem for interconnected systems. As noted
before, various biological and engineering systems can be described as an interconnection of
multiple interacting agents. However, such a description can lead to mathematical models
with a very large number of states, especially if the models of the constituent agents are
large and the graph describing the interconnection structure is complex. Thus arises the
need for model reduction techniques that reduce the order of such interconnected systems.
Namely, the analysis problem for the reduced order system obtained from model reduction
is less computationally intensive than the analysis problem for the full order system, which
can result in cost and time savings if the analysis is to be repeated using the reduced order

system. The control synthesis problem can also benefit from model reduction since it is
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larger than the analysis problem. Specifically, if the synthesis conditions are computationally
intractable for the full order system, model reduction becomes necessary to obtain a reduced
order system for which the synthesis conditions are computationally feasible. Moreover, even
if the controller is designed for the full order system, it might still be advantageous to apply

model reduction techniques to obtain a reduced order controller.

As with centralized control design, it is possible to treat an interconnection of agents as one
global augmented system for the purpose of model reduction. The global system is then
reduced by applying standard model reduction tools such as the balanced truncation and

coprime factors reduction methods [11, 26, 41, 43, 62, 63].

Some of the features of these standard methods are now summarized. To apply the balanced
truncation method, a balanced realization of the system is needed, i.e., a realization in
which the most controllable state variables are also the most observable ones, and the least
controllable state variables are also the least observable ones. The concept of a balanced
realization is expressed mathematically by requiring the controllability and observability
gramians of the system to be diagonal and equal to each other. It can be thus seen that
that the classical balanced truncation method applies to stable systems, since it requires the
existence of unique positive definite solutions to the Lyapunov equations. The nice feature of
the balanced truncation method is that it guarantees the stability of the reduced order system
and an a priori bound on the norm of the error system that results from model reduction.
The coprime factors reduction method extends the balanced truncation method to systems
that are stabilizable and detectable. Namely, a coprime factorization of the system under
consideration is computed. This factorization is then used to construct a stable augmented
system that can be reduced by the application of the balanced truncation method. The
coprime factors reduction method can be thought of as a model reduction technique in the

closed-loop sense because the associated error bound can be interpreted in terms of robust
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stability of the closed-loop system.

The approach that consists of dealing with an interconnected system as one global system
may not be always desirable, as it does not guarantee the preservation of the underlying
structure of the system. The problem is precisely the following: when a state transformation
is applied to construct a balanced realization for the system, the structure of the problem may
be destroyed and the interpretation of the states lost. For example, in [72, 82], a global system
with block-diagonal state-space matrices is used to describe the interconnection of multiple
subsystems, and it is desirable to preserve the block-diagonal structure of the state-space
matrices after applying the balancing transformation. However, this cannot be guaranteed

if generic/non-structured state transformations are allowed.

As an alternative to dealing with the interconnected system as one global system, it is
possible to first reduce the subsystems individually in the open-loop and then form the
interconnected system using the reduced order subsystems. However, such an approach is
also not recommended, since the interconnections might excite modes in the subsystems that

are otherwise not observed [72].

In light of the above discussion, it can be concluded that any model reduction method to be
applied to an interconnected system must 1) take into account the interconnection structure
of the system and its effect on the subsystems, and 2) guarantee that the structure of the
system is preserved during model reduction. Model reduction methods that satisfy these

criteria are said to be structure-preserving.

For the balanced truncation method to be structure-preserving, the balancing transforma-
tion has to be block-diagonal and partitioned according to the structure of the system under
consideration. In the classical balanced truncation method for single systems, the balancing

transformation is constructed from the controllability and observability gramians, i.e., the
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unique solutions to the Lyapunov equations. In the work of [43], it is proposed to use the Lya-
punov inequalities and their (non-unique) solutions, which are referred to as the generalized
gramians, in the construction of the balancing transformation and the balanced realization
of the system. In [17], it is further proposed to impose a block-diagonal structure on the
generalized gramians in order to preserve the uncertainty structure of the system considered
therein during model reduction. Namely, by forcing the generalized gramians to be block-
diagonal, it is ensured that the constructed balancing transformation is also block-diagonal
and appropriately structured, and so the system structure is preserved during the balancing
and truncation procedures. However, it should be noted that the existence of structured
solutions to the Lyapunov inequalities is in general only a sufficient, but not necessary, con-
dition for stability. And so, the structure-preserving balanced truncation method requires
more than the stability of the system to be reduced. Namely, the system to be reduced has to
be stable and has to possess appropriately structured solutions to the Lyapunov inequalities.

This stronger notion of stability is referred to as strong stability.

The idea of imposing a block-diagonal structure on solutions to linear matrix inequalities
(LMIs) has since been exploited to derive balanced truncation and coprime factors model
reduction techniques for positive systems [69] and Markov jump linear systems [30, 48, 49].
More relevant to the methods developed in this dissertation are the works on structure-
preserving balanced truncation and coprime factors reduction for systems with an uncertainty
structure or an interconnection structure [14, 16, 18, 33, 54, 55, 72]. For sake of completion, it
is noted here that a heuristic is proposed in [72, 82] for constructing a structured balancing
transformation without imposing a block-diagonal structure on the generalized gramians.
However, this heuristic may fail in the sense that it may result in an unstable reduced order

system.

In the context of model reduction for interconnected systems, the work of [55] deals with
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systems in which a given partition of the system states is to be preserved during model
reduction. In [72], the interconnected system is modeled using two transfer function matri-
ces: one transfer function matrix is block-diagonal and represents the subsystems, and the
other transfer function matrix models the possibly dynamical interconnection structure. The
structure-preserving balanced truncation method therein allows for truncating the states of

the subsystems, but not the states associated with the interconnection structure.

Chapters 2, 3, 5, and 6 of this dissertation deal with the problem of structure-preserving
model reduction for interconnected systems. The adopted frameworks model the intercon-
nections between the subsystems as spatial states and allow for heterogeneous subsystems
that are interconnected over arbitrary directed graphs. Chapters 2 and 3 assume that the
subsystems have LTV models. The balanced truncation and coprime factors reduction meth-
ods proposed therein allow for individually truncating the temporal state of each subsystem
and the spatial state associated with each interconnection. Even when the subsystems have
LTT models, the methods of these chapters remain novel by virtue of the adopted framework.
Additionally, one important novelty of the methods of Chapters 2 and 3 is that they are
structure-simplifying in addition to being structure-preserving. That is, the dimension of a
particular spatial state may be reduced to zero for all time-steps, and so the associated inter-
connection is completely removed from the interconnection structure during model reduction.
Thus, the proposed methods can be used to quantify the importance of each interconnection
in the interconnected system, and accordingly, the interconnections can be classified into
critical and negligible. In Chapters 5 and 6, the structure-preserving/structure-simplifying
model reduction methods of Chapters 2 and 3 are further extended to allow for subsystems
with NSLPV models that are formulated in an LFT framework. If the signals introduced
by formulating the subsystems in an LFT framework are called the parameter states for

simplicity and ease of reference, then the methods of Chapters 5 and 6 allow for individu-
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ally truncating each temporal, spatial, and parameter state. Moreover, if the dimension of
a parameter state is reduced to zero for all time-steps, then the corresponding channel is
removed from the uncertainty structure during model reduction. By virtue of the adopted
framework, the methods of Chapter 5 and 6 also remain novel when the subsystems have

standard LPV models, i.e., have time-invariant nominal parts.

The structure-preserving balanced truncation methods of Chapters 2 and 5 apply to strongly
stable systems, i.e., stable systems with appropriately structured generalized gramians. The
resulting reduced order systems are shown to be strongly stable, and a priori bounds on
the norm of the error system are derived. Namely, the classical ‘twice the sum of distinct
truncated entries in the balanced generalized gramian’ error bound is generalized to the
distributed LTV and NSLPV settings in Chapters 2 and 5, respectively. Moreover, since
the subsystems considered here are time-varying or have a time-varying nominal part, then
error bound expressions are also derived that generalize their counterparts for single LTV

and NSLPV systems in [32, 33, 73].

The coprime factors reduction method is also extended to the distributed system setting
in Chapters 3 and 6. The coprime factors reduction method is of interest as it partly ad-
dresses the conservatism of the balanced truncation method by applying to systems that are
strongly stabilizable and strongly detectable, but not necessarily strongly stable. To apply
this method, the notion of a coprime factorization is extended to distributed LTV systems,
i.e., systems with an interconnection structure, and distributed NSLPV systems, i.e., systems
with an interconnection and an uncertainty structures. A strongly stabilizable and strongly
detectable distributed system is then shown to admit a strongly stable coprime factorization.
In addition to being necessary for the development of the coprime factors reduction method,
proving the existence of coprime factorizations for interconnected systems is of independent

interest, since coprime factorizations find various applications in robust control theory as
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explained in [36, 88]. The constructed coprime factorization is used to form an augmented
strongly stable system that is reduced by the application of the balanced truncation method.
This results in a reduced order coprime factorization from which the desired reduced order
system is constructed. This reduced order system is strongly stabilizable and strongly de-
tectable. Chapter 6 also discusses how to interpret the error bound from the coprime factors
reduction method in terms of robust feedback stability. The discussion in Chapter 6 extends
the discussions on robust feedback stability in [16, 54] to interconnected NSLPV systems
controlled by distributed NSLPV controllers. Finally, Chapter 6 contains three sections

pertaining to contractive coprime factorizations, which will be motivated in due course.

Before concluding, it is pointed out that all the analysis and synthesis conditions discussed in
this dissertation are convex. Since the subsystems have models that are time-varying or have
time-varying nominal parts, then these conditions are in general expressed in terms of infinite
sequences of LMIs. Namely, there is one LMI sequence associated with each subsystem,
and the LMI sequences associated with various subsystems are coupled. Eventually time-
periodic subsystems are subsystems with state-space matrices that become time-periodic
after some initial finite time-horizon. Eventually time-periodic subsystems include finite-
horizon, time-periodic, and time-invariant subsystems as special cases. For eventually time-
periodic subsystems that are interconnected over finite graphs, i.e., graphs with finite sets
of vertices and edges, it can be shown that the analysis and synthesis problems can be
reduced into finite dimensional semidefinite programs (SDPs) [23, 28, 31]. Namely, the
aforementioned LMI sequences are feasible if and only if they admit eventually time-periodic
solutions. The formulated SDPs can then be solved using efficient interior-point methods
[65]. Indeed, the development of these efficient methods have made the use of LMIs in control
theory possible and popular, see for example the survey paper [75]. SDP solvers based on

interior-point methods include SDPT-3 [79], SeDuMi [78], MOSEK [64], and Yalmip [58].
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1.3 List of Publications

The work in this dissertation is based on material published in the following conference and
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o Dany Abou Jaoude and Mazen Farhood. Balanced truncation of linear systems in-
terconnected over arbitrary graphs with communication latency. In 2015 54th IEEE

Conference on Decision and Control (CDC), pages 5346-5351, 2015.

e Dany Abou Jaoude and Mazen Farhood. Coprime factors model reduction of linear

systems interconnected over arbitrary graphs with communication latency. In 2016

American Control Conference (ACC), pages 3656-3661, 2016.

e Dany Abou Jaoude and Mazen Farhood. An LFT approach for distributed control
of nonstationary LPV systems. In 2016 American Control Conference (ACC), pages
3704-3709, 2016.

o Dany Abou Jaoude and Mazen Farhood. Balanced truncation of spatially distributed
nonstationary LPV systems. In 2017 American Control Conference (ACC), pages
3470-3475, 2017.

o Dany Abou Jaoude and Mazen Farhood. Balanced truncation model reduction of
nonstationary systems interconnected over arbitrary graphs. Automatica, 85:405-411,

2017.

o Dany Abou Jaoude and Mazen Farhood. Coprime factors model reduction of spatially
distributed LTV systems over arbitrary graphs. IEEE Transactions on Automatic
Control, 62(10):5254-5261, 2017.
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o Dany Abou Jaoude and Mazen Farhood. Distributed control of nonstationary LPV

systems over arbitrary graphs. Systems and Control Letters, 108:23-32, 2017.

e Dany Abou Jaoude and Mazen Farhood. Model reduction of distributed nonstationary

LPV systems. European Journal of Control, 40:27-39, 2018.

o Dany Abou Jaoude and Mazen Farhood. Coprime factors reduction of distributed
nonstationary LPV systems. International Journal of Control, 2018. doi: 10.1080/

00207179.2018.1453614.

1.4 Summary of Chapters

The contents of the chapters are briefly summarized next. Chapters 2 and 3 are based on
work that is published in [1, 2, 5, 6]. These chapter deal with the model reduction problem
for interconnected LTV systems. Specifically, the balanced truncation and coprime factors

reduction methods are articulated for this class of systems in Chapters 2 and 3, respectively.

The work in Chapter 4 is based on work that is published in [3, 7]. This chapter develops
an operator theoretic framework for the representation of distributed NSLPV systems along

with the corresponding analysis and synthesis results.

Chapters 5 and 6 are based on work that is published in [4, 8, 9]. These chapters treat
the model reduction problem for the distributed NSLPV systems described in Chapter 4.
Chapter 5 treats the balanced truncation method. Chapter 6 discusses the coprime fac-
tors reduction method along with two possible variations on the method that ensure the

contractiveness of the factorizations.

The dissertation concludes with Chapter 7.



1.4. Summary of Chapters 15

Finally, it is noted that the framework adopted in Chapters 2 and 3 for describing distributed
LTV systems uses the notation introduced in [29], whereas Chapters 4, 5, and 6 employ an
operator theoretic framework that extends the one in [35] to allow for the description of
distributed NSLPV systems. While the results of Chapters 2 and 3 can be represented using
the operator theoretic framework of [35], see for instance the work in [6], it is the author’s
view that the two frameworks are complementary and there is benefit in working with both
frameworks and showcasing their characteristics. Namely, the operator theoretic framework
allows for an elegant and compact presentation of the results and the proofs, whereas the

other framework is more intuitive and does not rely heavily on operator theoretic machinery.



Chapter 2

Balanced Truncation of
Interconnected Linear Time-Varying

Systems

2.1 Chapter Overview

This chapter deals with the structure-preserving balanced truncation method for distributed
systems that are formed of heterogeneous, linear time-varying (LTV) subsystems intercon-
nected over finite arbitrary directed graphs. It is assumed throughout the chapter that the
information transfer between the subsystems is subjected to a delay of one time-step. That
is, the information sent by a given subsystem at a certain time-step reaches the target sub-
system at the next time-step. The notation adopted throughout this chapter and Chapter
3 is introduced in Section 2.2. Section 2.3 introduces the framework that is adopted to rep-
resent the interconnected LTV systems of interest. This framework uses notation from [29].
In Section 2.4, the analysis results for distributed LTV systems from [35] are summarized
and are expressed in the framework of this chapter. The balanced truncation method is
detailed in Section 2.5, and two expressions for the balanced truncation error bound are de-
rived in Section 2.6. The first expression generalizes the standard balanced truncation error

bound to the distributed LTV setting. The second expression holds when the truncation

16
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sequences are monotonic in time. Since the subsystems can have general LTV models, the
analysis problems are expressed in terms of infinite sequences of linear matrix inequalities
(LMIs). Section 2.7 deals with the specialized class of eventually time-periodic subsystems,
i.e., subsystems with state-space matrices that become time-periodic after a certain initial
finite time-horizon. It is shown that if the subsystems are eventually time-periodic, then the
LMI sequences in the analysis problems admit eventually time-periodic solutions. That is,
the analysis problems can be reduced to finite dimensional semidefinite programs (SDPs) in
the case of eventually time-periodic subsystems. Section 2.8 applies the proposed balanced
truncation method to an illustrative example. This example showcases novel features of the
proposed method such as allowing for the individual, non-uniform in time, reduction of each
temporal and each spatial state. This example also illustrates the use of a novel heuristic

for improving on the error bound computation.

2.2 Notation

The sets of nonnegative integers, real numbers, and n x n symmetric matrices are denoted
by No, R, and S", respectively. Let S be an ordered subset of Ny. (v;);es denotes the vector-
valued sequence associated with S and vec(v;);es denotes the vertical concatenation of the
elements of (v;);es. The elements in (v;);cs are ordered conformably with the elements in g :
As an example, let S = {1,2,4}. Then, (v;)ies = (v1, V2, v4) and vec(v;);es = [UIT v v:f} ,
where T' denotes the transposition operation. Similarly, (M;);cs denotes the matrix-valued

sequence associated with S and diag(M;);cs denotes the block-diagonal augmentation of the

elements of (M;);cs. In the considered example, (M;);cs = (M1, My, My) and diag(M;);es =
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M, O 0
diag(My, My, My) = | 0 M, 0 |. 0ix; denotes the ¢ X j zero matrix and I; denotes the

0 0 M
1 X ¢ identity matrix. The simplified denotations 0 and I will be frequently used when the

dimensions are clear from context. X < 0 (respectively > 0) means that the symmetric

matrix X = X7 is negative definite (respectively positive definite).

G(V, E) refers to a directed graph with set of vertices V' and set of directed edges E. It is
assumed throughout this chapter and Chapter 3 that the directed graph under consideration
is finite. That is, both V and E are finite sets. Let N denote the finite number of vertices.
Then, V = {1,..., N} for simplicity. The ordered pair (7, j) is in E if there exists a directed
edge from i € V to j € V. For each k € V, define the set of vertices with an outgoing edge
to k as Ei(f ) = {i € V|(i,k) € E}, and denote its cardinality by m(k). Similarly, define
the set of vertices with an incoming edge from k as E\) = {j € V| (k,j) € E}, and denote
its cardinality by p(k). The elements in these sets are ordered in an increasing fashion. For
example, consider the directed graph in Figure 2.1. For k = 1, Ei(;) = {2,3,4}, m(1) = 3,
EY

out

={2,3,5}, p(1) = 3, and so on.

(({R"®}) is defined as the vector space of mappings w : t € Ny — w(t) € R". The

Hilbert space £5({R7"1) is the subspace of /({R"®}) that consists of mappings w with

1

a finite lo-norm ||w||,, = <Zt€NO (w(t))Tw(t)) *. The abbreviated symbols ¢ and ¢, will
be frequently used when the dimensions 7(t) are clear from context. The Hilbert space
direct sum ,({RMO}) @ -+ @ lo({R™D}) consists of elements (wy, ..., w,), where each
w; € L({R7%MY) for i = 1,..., d. This Hilbert space will be simply denoted by £, regardless

of its structure and the associated dimensions.
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A

A A

~
LN

<€

Figure 2.1: This figure shows an example of an arbitrary directed graph that can be used to
represent an interconnected system. In the figure, each node in V' = {1, 2, 3,4, 5} corresponds
to a subsystem, and the interconnections between the subsystems are represented using the
directed edges.

2.3 State-Space Representation

This section gives the state-space equations for a distributed system G, formed by discrete-
time, heterogeneous, LTV subsystems interconnected over finite arbitrary directed graphs
and subjected to a communication latency. The interconnection structure of GG is represented
using a directed graph G(V, E), where each subsystem G™ corresponds to a vertex k € V,
and the interconnections between the subsystems are described by the directed edges in
E. The adopted framework uses notation similar to the one introduced in [29]. Let ¢
denote discrete time. Each subsystem G*) is assumed to be described using a discrete-
time LTV model, with state vector z(¥)(¢), input vector u¥)(¢), and output vector y*)(¢).
The state vectors associated with the subsystems are referred to as temporal states. The

interconnections between the subsystems are also modeled using states, which are referred
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to as spatial states. Namely, a state vector (¥)(t) is associated with each edge (i, j) € E.
Due to the communication latency, the information sent from subsystem G at time-step
t reaches the target subsystem GU) at the next time-step ¢t + 1. For each subsystem G*),

define the vectors

(k)
ieEi(r’f) ) Tout

xl(rlf)(t) = Vec(x(ik) (1)) (t) = vec(:r(kj)(t)) (k)

out

jJEE,

which are partitioned into m(k) and p(k) vector-valued channels, respectively. These vectors
represent the total information received and sent by subsystem G*) at time-step t. When all

subsystems are considered, and since the interconnection input to a subsystem is an output to

(k) )

ot contain all spatial states 2(*). Zero initial conditions

another subsystem, both z; and xf!f
are assumed for the temporal and the spatial states, i.e., *)(0) = 0 and 2% (0) = 0 for all

k €V and (i,7) € E. Then, for all (¢,k) € Ny x V, the state-space equations are given by

x® (¢t +1 2 (¢
(1) = AW(t) ) + BW () u® (1), ™ (0) =0,
it +1) i ()
(k) (k) z®(?) k) (4 (k) ®) oy
Yy (t) = C*(1) 1) + D™ (t) ut(t), ;" (0) = 0. (2.1)
Ty, (T

The matrix-valued sequences of state-space matrices, i.e., A" (t), B®)(¢), C®)(t), and D®)(¢)
are known a priori and are assumed to be uniformly bounded. The dimensions of z(*)(t),
u® (t), y®)(t), and £(9)(t) can vary with ¢, and k or (7, j), and are denoted by n*) (), ni (1),
n{(t), and nl)(t), respectively, for all (¢, k) € Ny x V and (i,§) € E. The realization of

system G is denoted by the quadruple (A®) (), B®)(t), C®(t), D®)(¢)).

For each (¢, k) € Ny x V| the state-space matrices are naturally partitioned conformably with

T T
the partitioning of [(x(’f) (t + 1))T (x(()lfl)t(t + 1))1 and [(x(k) (t))T <xl(f)(t))T} . For ex-
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ample, consider the distributed system G that has a realization (A™(t), B®(t), C®(t), DW(¢))
and whose interconnection structure is represented in Figure 2.1. Then, the state-space ma-

trices of subsystem GV are partitioned as follows:

AR AR @) AR @) AR @) BM (1)
Ay _ | A0 O AR O A0 A0 o — |70
G (1) (1) (1) ’ 1) ’
AQ@) AG@) AR @) AR @) B{"(t)
A1) A1) AR @) AL () BV (1)
COm = e’ @) Py o], (22)

where A\ (1) is an nW(t + 1) x nW(¢) matrix, AL (¢) is an nW (¢ + 1) x n@Y(¢) matrix,
A%) (t) is an n(*?) (¢ 41) x nM (¢) matrix, Bél)(t) is an n(M(t+1) x nl(})(t) matrix, Bél)(t) is an
n( (¢4 1) x n{ (¢) matrix, C{V(¢) is an n{” (£) x n®(¢) matrix, C{V(¢) is an nS” (£) x n@V(8)

matrix, etc.

2.4 Analysis Results

This section summarizes the analysis results of [35] that will be used in deriving and proving
the results in this chapter and Chapter 3. The analysis results in [35] are originally written
using the notation and framework adopted therein. Here, these results are rewritten using

the notation and framework of Section 2.3, see also [29].

Consider a distributed LTV system G that is described using the equations in (2.1) for all
(t,k) € Ny x V and has a realization denoted by (A®)(t), B®) (¢), C*¥)(t), D®)(t)). System
G can be viewed as a map from v = (uV, ..., u™) to y = (y,...,y™). Since the

state-space equations have zero initial conditions and the state-space matrices are defined
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for t € Ny, it can equivalently assumed that the state-space matrices are zeros for ¢t < 0.
Then, it can be shown that system G under consideration is well-posed [22]; see Definition

2.1 for the formal definition of well-posedness.

Definition 2.1. Consider a distributed LTV system G that has a realization denoted by
(AW (1), BR(t), %) (¢), D®)(t)). System G is said to be well-posed if given inputs in u*) € ¢
for all k € V, the state-space equations (2.1) admit unique solutions 2*), £ ¢®*) in ¢ for

all k € V and (i,7) € E and further define a linear causal mapping on /.

Definition 2.2. Consider a distributed LTV system G that has a realization denoted by
(AW (1), B® (1), C®) (¢), D (t)). System G is said to be stable if it is well-posed and if,
given inputs u®) € ¢, for all k € V, the unique solutions z*), 24 y*) to the state-space
equations (2.1) are in /5 for all k € V and (4,j) € E. That is, system G is said to be stable

if the system equations define a linear causal mapping on /s.

The following result from [35] gives a Lyapunov-based test to check if the distributed LTV
system G under consideration is stable. The result constitutes the basis of the balanced

truncation method developed in this chapter.

Lemma 2.3. Consider a distributed LTV system G that has a realization denoted by
(AR (), B®) (1), R (), D®)(t)).  System G is stable if there exist > 0 and uniformly
bounded and positive definite matriz-valued functions X®(t) € S*™® and X (t) € S"®

such that, for all (t,k) € Ng x V and (i,5) € B, X®(t) = pul, X9 (t) = ul, and

X® (¢ 41 0 X ®) (¢ 0
(+1) AP (t) — ) < —ul, (2.3)

(AB ()" Mg+ 1) 0 xW

0 x!

(o)

where XF(t) = diag (XER(1)) ;o g and X®) () = diag (X (1)) .
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The solutions to (2.3) can be classified into temporal terms X®)(¢) for all k& € V and
spatial terms X () (t) for all (i,5) € E. Since the subsystems have LTV models, there is
an infinite sequence of LMIs associated with each subsystem. Moreover, the LMI sequence
associated with a given subsystem is coupled with the LMI sequences of the other subsystems
through the spatial terms. The pl terms in (2.3) are small quantities added to ensure that
the matrix-valued sequences on the left-hand-side do not converge to singular matrices as
t approaches infinity. Even though they are implied by (2.3), the (redundant) conditions
X®(#) = ul and X (t) = pl are explicitly given in the statement of the lemma to stress
that the terms X ) (¢) and X ) (¢) do not approach singular matrices as ¢ approaches infinity.
Subsequently, the dimensions of the matrices X *)(t) and X () (¢) and of similar matrices will

not be specified.

Distributed LTV systems that satisfy the conditions in Lemma 2.3 are called strongly stable.
Since Lemma 2.3 provides a sufficient condition for stability of distributed LTV systems,
then strong stability implies stability, but the converse may not be always true. Specifi-
cally, strongly stable systems are stable systems that have the required structured solutions
to (2.3). The proposed balanced truncation method exploits this imposed structure on the
solutions of (2.3) to preserve the meaning of the temporal and spatial states during model re-
duction, which makes the proposed method structure-preserving. However, since the method
requires the existence of structured solutions to (2.3), then it is only applicable to strongly

stable systems.

Remark 2.4. In [22], it is pointed out that it might be a very difficult task to sharply and
quantitatively assess the conservatism introduced by imposing a block-diagonal structure on
the solutions to LMIs. In [77], sufficient conditions are given for the existence of structured
solutions to the LMI therein, and in [80], a set of systems is identified with guaranteed

structured solutions to the Lyapunov inequalities.
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Recall that a distributed LTV system G can be viewed as a map from u = (u(l), e ,u(N))
toy = (y(l), o ,y(N)). For a stable system G mapping u € {5 to y € {5 and starting from

zero initial conditions, the /5-induced norm is defined as

Ylle
Gl = sup Lol
ozuets ||ulley
3
where |wlle, = Z (u(k) (t))Tu(k) | ,
(t,k)eNgxV

N[

lle = | > ®P0) y™ @)

(t,k)ENgx V

Lemma 2.5. Consider a distributed LTV system G that has a realization denoted by
(AW (), BR(t), %) (¢), D®)(t)). System G is strongly stable and satisfies ||G| < =, for
some v > 0, if there exist > 0 and uniformly bounded and positive definite matriz-valued

functions X®)(t) = ul and X (t) = pl such that

TIX®(t+1) 0
A®V(t)  BW(t) A® () BWR(t)
0 x®i+1) 0
CH(E) DB () ®) () DW ()
0 0 I

-1 0o xPe o | =<-ul, (24

for all (t,k) € Ng x V and (i,j) € E, where Xi(f)(t) = diag (X(ik)(t))ieE'(k) and X(gﬁ%(t) =
diag (X *9)(¢))

jep®)

out
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2.5 Balanced Truncation Model Reduction

2.5.1 Balanced Realization

Consider a distributed LTV system G that is described using the equations in (2.1) for all
(t,k) € Ny x V and has a realization denoted by (A®(t), B®)(t), C®)(t), D®)(t)). Further-
more, assume that system G is strongly stable as defined in Section 2.4. The present section
begins by defining the notion of a balanced realization for system G. First, the general-
ized Lyapunov inequalities and generalized gramians [17, 43] are defined for the distributed
LTV systems treated in this chapter. Namely, the generalized controllability gramians, de-
noted by X ®)(¢) and X @) (¢), and the generalized observability gramians, denoted by Y *)(¢)
and Y (t), are uniformly bounded and positive definite matrix-valued functions such that

X®E @) = pul, X () = pul, YE () = pul, YO () = ul, and

AW (t)diag (X D), X)) (A9 (1)~ diag (XD (e +1), Xt + 1))

+ B®O ) (BWNT < —pl, (2.5)

(AW (1))  diag (YOt + 1), YA (¢ + 1)) AW () — ding (YO (1), iV (1))

+(CW0)TCW(t) < —ul, (2.6)
for some scalar p > 0 and all (t,k) € Ny x V and (i, ) € E, where

X(t) = diag (XP (1)), X&) (1) = diag (X" () w0,

out

jJEE

(k) -

in
out

YO(t) = diag (Y1), o0 V(1) = diag (Y *9) (1))

jJEE,
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The sequences of inequalities defined in (2.5) and (2.6) are called the generalized Lyapunov

inequalities.

It can shown, e.g., see the proof of Theorem 2.15, that the existence of solutions to (2.3) is
equivalent to the existence of solutions to (2.5) and (2.6), respectively. Thus, the generalized
gramians are only defined for strongly stable systems, which justifies the assumption made
in this section that system G is strongly stable. The generalized Lyapunov inequalities and
the generalized gramians allow for the definition of a balanced realization for system G as

given next.

Definition 2.6. Consider a strongly stable, distributed LTV system G that has a real-
ization denoted by (A®(t), B¥)(t),C®)(t), D®)(t)). The realization of system G is said
to be balanced if there exist ¢ > 0 and uniformly bounded, diagonal, and positive def-
inite matrix-valued functions X*)(¢) = ul and @) (t) = ul that simultaneously satisfy
(2.5) and (2.6) for all (t,k) € Ng x V and (i,5) € E, ie., SO@) = X® () = Y*I(¢1),
Y@(t) = X (t) = Y@(t), and £*)(¢) and X7 (¢) are diagonal matrices. If they exist,

Y(®)(t) and ¥ (t) are called the balanced generalized gramians.

Consider a strongly stable system G, and let X*)(¢) and X(#)(¢) be solutions to (2.5) and
Y #®)(t) and Y (t) be solutions to (2.6), respectively. The following algorithm shows how to
use these generalized gramians to construct a balanced realization and balanced generalized

gramians ©*)(¢) and X (¢) for system G.

Algorithm 2.7. Consider a strongly stable system G that has a realization denoted by
(A®(#), B®(t), C*)(t), D®)(t)). Given generalized gramians X *)(¢), X @ (t) and Y*)(¢),
Y@ (t), a balanced realization (Ag;)l(t),Bé’;{(t),Cég(t),D(k)(t)) and balanced generalized

gramians Y (¢) and X (¢) can be constructed for system G as follows.

1. For all (¢t,k) € Ny x V', compute the Cholesky factorizations
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T

XW(t) = (RO (1)" RO (1) and YO (1) = (HO )" HO().

2. For all (t,k) € Ny x V, perform the singular value decomposition

HO@)(RO(0)T = UM ()20 (1) (VO 1)

3. For all (t,k) € Ny x V, define the temporal blocks of the balancing transformations

N|=

TO() = (30@) 2 (VD) HO @),

T

(T®@) " = (RO@) VO (1) (5® (1)) 2 .

4. For all t € Ny and (i,j) € E, repeat similar steps to steps 1-3 for the spatial terms.
5. For all (¢, k) € Ny x V, form the balancing transformations
~ -1
T{(t) = diag (T%)(), T(1) ) and T8 (1) = diag (W) )7 (TP )

(k) -

out

n

where T, (t) = diag (T)(1)),cpn and Tous(t) = ding (T (1),

6. Define AM)(t) = TS (t + 1) A® )T, (¢), BE)(¢) = T (t + 1) B® (1),

post

and Gl (t) = CO (T (#).

An alternative algorithm can be also derived by replacing steps 1-3 in Algorithm 2.7 by the

following steps.

1. For all (¢, k) € Ny x V| perform the singular value decomposition

XW($) 2y ® () (XB(0) = U® (1) (20(1)* (0B (1)
( ) ( ) (EO®) OP©)

2. For all (t,k) € Ny x V, define the temporal blocks of the balancing transformations

TW(t) = (E(k)(t))l/2 (U(k)(t))T (X(k)(t))_l/?
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From the preceding discussion, it can be thus seen that the balanced realization of a strongly
stable system is not unique since it depends on the algorithm used for the construction of
the balanced realization as well as the (non-unique) solutions to (2.5) and (2.6) used in the
algorithm. To obtain useful results for model reduction, namely, entries in the balanced
generalized gramians that yield reasonable error bounds, a trace minimization heuristic is
used [18, 72]. Specifically, generalized gramians with minimum sum of traces are usually
sought, e.g., the generalized controllability gramians X®(¢) and X (¢) that solve (2.5)

and minimize the following objective function are computed:

min Z Z trace X ¥ (1) 4 Z trace X (¢) | . (2.7)
teNg \ keV (i,J)eE
In Section 2.8 and Algorithm 5.8, an improved heuristic that builds on the trace minimization

heuristic is proposed and discussed in more details.

2.5.2 Balanced Truncation

Consider a strongly stable distributed LTV system G that is described using the equations in
(2.1) for all (t, k) € NgxV and has a balanced realization denoted by (A®)(¢), B®)(¢), C®)(¢),
D™ () as per Definition 2.6. Without loss of generality, it can be assumed that the diagonal
entries of the balanced generalized gramians are ordered in a decreasing fashion, i.e., for all
(t,k) € Ny x V and (i,j) € E, the diagonal entries of ©*)(¢) and X/ (t) are ordered from
largest to smallest with the largest entry in the (1, 1) position. The essence of the balanced
truncation method is to truncate the state variables associated with the negligible entries in
the balanced generalized gramians. Namely, since the realization of the system is balanced,
and the generalized controllability gramians are equal to the generalized observability grami-

ans, then the state variables with negligible entries in the balanced generalized gramians are
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simultaneously the least observable and the least controllable state variables, and so they
can be truncated without introducing a large error. Moreover, since the balanced generalized
gramians can be classified into temporal terms X(¥)(¢) and spatial terms ¥ (¢), then both
types of state vectors can be truncated using the proposed method while ensuring that the
interpretation of any given state vector is retained in the resulting reduced order system.
Specifically, the gramians are partitioned into two blocks each: one corresponding to the
non-truncated state variables and the other corresponding to the truncated state variables.
The partitioning process is illustrated for the temporal terms. Given integers 7*)(¢) such that
0 < r®(t) < n®(t), each HM(t) is partitioned as M (t) = diag (I™(t), Q™(t)), where
r® () e S is a reduced order gramian associated with the non-truncated variables in
the temporal state vector z(¥)(¢) at time-step ¢, and Q*)(¢) corresponds to the truncated
variables in the same temporal state vector at the same time-step. By allowing 7*)(¢) to
be equal to 0 or n¥)(¢) for some (, k), the method allows that either all or no variables be
truncated from the corresponding temporal state vector 2(¥)(¢). This results in either IT'*) ()
or QW) (¢) having a zero dimension, which is a slight abuse of notation. Given integers r)(t)

such that 0 < 7 (t) < n)(t), the spatial terms X(7)(¢) are partitioned in a similar way.

At this point, the various novel features of the proposed balanced truncation method can
be highlighted: 1) for all k € V and (4,7) € E, the temporal state z(*) of each subsystem
G® and the spatial state (%) associated with each interconnection (4,5) can be truncated
individually in a unique way; 2) the proposed method allows for time-varying reduced order
dimensions r*)(t) and r)(t) even if the corresponding full order dimensions n(¢) and
n()(t) are constants with respect to time; 3) the proposed method is structure-preserving,
since the interpretation of the state vectors and gramians is retained during model reduction;
and 4) if r(070) () = 0 for all t € Ny, then the corresponding interconnection (i, jo) is removed

altogether from the interconnection structure during model reduction, and so the proposed
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method can also be said to be structure-simplifying.

The next step is to partition the blocks of the state-space matrices in accordance with
the partitioning of the blocks of diag (E(k) (t+1), n k) (t+ 1)> and diag <E(k) (t) » k) (t)),

out » “in

To illustrate the

out

where 7 (¢) = diag (BR(1)),. g0 and s® (1) = diag (Z(kj)(t))jeE(k).

out

partitioning procedure, assume that the interconnection structure of system G is described
by the graph shown in Figure 2.1. Recall the partitioning of the state-space matrices of
subsystem G shown in (2.2). A&))(t) is partitioned according to the partitioning of X (¢ +
1) = diag (PW(¢t + 1), QW (¢ 4+ 1)) and SV (¢) = diag (T (¢), QW (1)) as in

(1 1

Al (1) Al (0)

A= &
Ao, (8) A, (1)

where /1&)) (t) is an rM(t + 1)xrM(t) matrix. Bél)(t) is partitioned conformably with the

partitioning of W (¢ + 1) = diag ([ (¢ + 1), QW (¢t + 1)) as in

where B(()l)(t) is an (¢ + 1)><n721)(t) matrix. Likewise, Cél)(t) is partitioned according to

the partitioning of ¥ () = diag (I'V(¢), QW (¢)), namely,
Cil(t) = [C‘él)(t) cgy(t)} :

where C’él)(t) is an nél)(t) x rM(t) matrix, and so on.

The realization (A,(nk) (1), B¥ (1), ik (t), D®)(t)) of the reduced order system G, can now be

formed: for all (t,k) € Ng x V, A1), B (1), and C¥(t) are respectively constructed
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from the partitions of the blocks of A®)(t), B®)(t), and C*)(¢) that are marked with a hat,
i.e., the block partitions that correspond to the non-truncated state variables. For instance,
the state-space matrices of subsystem G in the reduced order system of the previously

considered example are given by

AR AR ) A6 Al @) BM (1)

A(l)t A(l)t fl(l)t A(l)t B(l)t
0= o e @0 0| 70 s

ARy AR @) AR @) AR ) B (t)

A AR AR AR @) B ()|
c(t) = [y Py ) e

It will be useful to permute the original state-space matrices and balanced gramians in order

to group together the non-truncated blocks. Namely,

] L ]
® AP ) A () ) o
ATO =10 | Te(t) = RE
_A21 (t) A22 (t) i 0 Fin (t)
e = |0 O s = [0
A ® | R I
i 0 Fout (t)_ _BZ (t)
_ . QB 0
CP() =[Py TP @] () = 0|
0 St
QB@E) 0

Qzut(t) = 5
0 QW

T (t) = diag (T™(1)), e , Q) (1) = diag (QH (1)),

r®)

out

(t) = diag (P™) (1) oo QU () = diag () (1)), , (2.8)

out

JEE,
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for all (¢,k) € Ny x V and appropriately defined matrix-valued functions Zi’;) (1), Zé’? (1),

— (k) k) (k)
A22 (t>7 BZ (t)v and CQ (t>

Lemma 2.8. Consider a strongly stable distributed LTV system G that has a given balanced
realization (A®)(t), B® (), C*®)(t), D®)(t)) and balanced generalized gramians L*(t) and
X (t) for all (t,k) € Ny x V and (i,5) € E. Let G, be the reduced order distributed LTV
system obtained by applying the balanced truncation method to reduce system G, and denote
the obtained realization of system G, by (Agk)(t), B (1), k) (t), D®)(t)). Then, system G,
is strongly stable, and its given realization is balanced with balanced generalized gramians

T® () and TE(t) for all (t,k) € Ng x V and (i,5) € E.

Proof. Since the realization of system G is balanced, then the balanced generalized gramians
Y#F)(t) and L) (t) simultaneously satisfy (2.5) and (2.6) for all (¢,k) € Ny x V, where the
generalized Lyapunov inequalities are expressed for the given balanced realization of system
G. By applying appropriate permutations to (2.5) and (2.6), and using the definitions in

(2.8), the following are obtained:

AP () diag (TR (), QR (1)) (A (£)) — diag(TP™ (¢ + 1), Q2 (¢ + 1))
+ BN 6B )T < —pl, (2.9)
(A" (1) diag (TR (¢ + 1), Q2" (¢ + 1) 4, () — diag(T} (1), (1))

+ (PN (t) < —pl. (2.10)
It can then be inferred that

AB(t) diag(T® (), T (1)) (A (£))T — diag(D® (¢t + 1), T (¢ + 1))

+ B (BN ()" < —pl,
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(AD(1)" diag (TO(t+1), T8¢ +1)) AP (@) — diag (TO(1), T (1))

+(CW(1) CW(t) < —pl,

r

hold for all (¢, k) € Ny x V. Thus, system G, is strongly stable and its given realization is

balanced with balanced generalized gramians I'®)(¢) and T (). O

2.6 Balanced Truncation Error Bounds

Consider a strongly stable distributed LTV system G that has a given balanced realization
(AW (2), B (t), C®) (¢), D®(t)) and balanced generalized gramians X (¢) and X (t) for
all (t,k) € Ng x V and (i,j) € E. Denote by G, the strongly stable reduced order dis-
tributed LTV system obtained by applying the balanced truncation method to system G,
by (A,(nk) (1), B (1), ot (t), D®)(t)) the obtained balanced realization of system G,, and by
I'®)(t) and T@)(¢) the corresponding reduced order balanced generalized gramians for all
(t,k) € Ng x V and (4,j) € E. In this section, upper bounds on the fs-induced norm of the
error system (G — G,.) are derived that generalize their counterparts for single LTV systems
in [73] and single NSLPV systems in [33]. Specifically, Theorem 2.10 generalizes the stan-
dard ‘twice the sum of truncated entries in the balanced generalized gramians’ error bound
to the class of distributed LTV systems, and Theorem 2.12 gives a specialized error bound
expression that applies when the sequences of truncated entries in the balanced generalized

gramians are monotonic in time.

For each t € Ny, define Q(t) = diag(Q®) (¢))rey, and let Q(t) be the block-diagonal augmen-
tation of Q) (t), where (i,7) € E. The specific ordering of the diagonal blocks in Q(t) is

inconsequential for the purposes of this section, e.g., Q(t) = diag (diag (QUR)(2)) .€E<k))
YS%in’ S kev
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or Q(t) = diag (diag (Q(kj)(t>)j€E(k)

out

>k o Then, define
Q(t) = diag(Q(t), Q(1)) and Q = diag(Q(t))sen, - (2.11)

Depending on the state variables that are to be truncated, some diagonal blocks of €2 may
have zero dimensions and, hence, be nonexistent. For instance, if r0)(¢,) = n*0)(t,) and
rliodo) (ty) = nloio)(¢y) for some (tg, ko) € Ny x V and (ig,j9) € FE, then Q*0)(¢y) and
Qiodo) (t) have zero dimensions and do not appear in . On the other hand, if r*)(t) #
n®(t) and r@(t) # n@(t) only for t = to, k = ko, and (i,5) = (io,Jo), then Q =

diag(Q*)(to), Q) (t)).

Theorem 2.9. Consider a strongly stable distributed LTV system G that has a given bal-
anced realization (A®(t), B®)(t), C®)(t), D®)(t)) and balanced generalized gramians $* (t)
and X (t) for all (t,k) € Ng x V and (i,j) € E. Denote by G, the strongly stable
reduced order system obtained by applying the balanced truncation method to system G,

by (Aﬁk)(t),Bﬁk) (t),Cﬁk)(t),D(k)(t)) the obtained balanced realization of system G,., and by

L®(t) and T (t) the corresponding reduced order balanced generalized gramians for all
(t,k) € Ng x V and (i,§) € E. If Q®(t) = I and QW (t) = I for all (t,k) € Ny x V and
(i,7) € E, where Q¥ (t) and QW) (t) are defined from LF(t) = diag(T'®(¢), Q®)(t)) and

BE(t) = diag(TW(t), QW(1)), then |[(G = G,)|| < 2.

Proof. This result is proved by constructing structured solutions to (2.4) for a realization of
the error system %(G — G,) and 7 = 1. Since G and G, are strongly stable systems as per
Lemma 2.8, then so is the error system %(G — G,.). Applying the Schur complement formula

twice to (2.9) and invoking (2.10), it can be shown that

(K®®)" (RP (¢ + 1) KW () — RP (1) < —pl, (2.12)
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holds for all (¢, k) € Ny x V, where

0 0 AP@®)
K®) =1 o 0 Pl
AP Bt o0

R (1) = diag ((T(0) ™ (U 0) ™ L o, TR, Q(E))

TR+ 1), QP+ 1))

R (t 4 1) = ding (T2 + 1) 7 (@ + 1) Lo,

The constituent blocks that define K *)(t), R&k) (t), and R;k) (t + 1) are given in (2.8). To
simplify the algebraic manipulations when applying the Schur complement formula to (2.9),
the —pl term in (2.9) is provisionally set to zero. Afterwards, some —ul term is added to the
right-hand-side of (2.12) to emphasize that the sequences of matrices on the left-hand-side

T

are uniformly negative definite. (2.12) is now pre- and post-multiplied by (P®)(¢))? and

PW®)(t), respectively, and (L™ (¢))" L*)(t) = I is appropriately invoked to obtain

-1

LIORNOPO©) (L0 (R e+ 1) EO0)) (L ORDOPD)

— (PO )TRP (PO (t) < —pl,

where P*¥)(¢) and L*(t) are defined as

I 10 0 0 ~1 0 0 I 0
0 0 I 0 I I 0 0 I 0

1 1

PF) (¢ i LE () = —
(t) B0 00 V2w, O (t) 50T 0 0 I
-1 10 0 0 0 0 V2Lw, 00
|0 01 0 —1| 0 - 0 0 I]
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The matrix products (P® ()T RF (1) P®) (t) and L® (¢)(RP (¢t + 1)1 (L®) ()T have a sim-

ilar structure. Namely,

(PO @) RE (1) PO(r) = 5
[(Tin(0)~! 4 Ti() (D)~ — Tin(e) 0 0 0 '
(D)~ = T(r) (T(e) ™ + T (e) 0 0 0
0 0 QPO QR 0 (@) - P ]
0 0 0 21 w4 0
_ 0 0 @P@) - Q) 0 (QR0) T+ QR |

L) (R (t+ 1) LB ()T =

1 4@ (DU (¢ + 1))~ + Tt + 1) (D9t + 1))~ — Tt (¢ + 1)
— dlag y
2 (D9 (t 4 1))~ = T (¢ 4 1) (T(t 4 1))7" + T (¢ + 1)
(Ut + 1))+ Qo (¢ 4+ 1) 0 (0 (¢ + 1))~ — Qu(t + 1)
0 21,0, 0
(U +1) = +1) 0 (1)t + 1)
AP @) 0 1B (1)
Let M®)(t) = 0 Aék) (t) \%Bék)(t) . Then by performing the matrix multi-
_ k k
e LePwy | o

M®E) N (1)
plications, it can be seen that L% (¢) K'® (1) P®)(t) = for appropriately
NPy A

o1 (1) Az (1)

defined N1(§) (t) and NQ(If) (t). The matrices in M*)(¢) can be used to describe the error system

(G —G,). However, the resultant system equations will not be in the form of the equations
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defined in (2.1), and so appropriate permutations need to be used to equivalently express
the resultant system equations in the desired form. Since Q®)(¢) = I and Q@) (t) = I for
all (t,k) € Ng x V and (i,7) € E, then it is not difficult to see that the following inequality
holds for all (t,k) € Ny x V:

(M®(t))"diag (VQ(k) (t+1),1 ) M® () - diag (Vl(k) (), 1) —

where

(TR(t 4+ 1) Tt +1) (D (t+1))" = T(t+1) 0
1
V(1) = 5 | (09t 4 1) - T+ 1) (DRt + 1)+ T +1) 0 | = pl.

0 0 21

TR+ TR (TR0) "~ T 0
VIO = 5 | Tpe) TR (TR0) T +TE@) 0 | =l
0 0 21

Vl(k) (t) and VQ(k) (t+1) correspond to the upper-left-corner blocks of (P*) (t))T

k
B (PO (1)
and L®)(t) (Rék) (t+1))"Y(L®) (£))T, respectively. By applying the aforementioned appropriate

permutations and invoking Lemma 2.5 with v = 1, it is concluded that ||1(G—G,)|| < 1. O

Theorem 2.10. Consider a strongly stable distributed LTV system G that has a given bal-
anced realization (A®(t), B®) (t), C®)(t), D®(t)) and balanced generalized gramians $* (t)
and X (t) for all (t,k) € Ng x V and (i,j) € E. Denote by G, the strongly stable
reduced order system obtained by applying the balanced truncation method to system G,
by (Ay(nk)(t),B,(«k) (t),Cr(k)(t),D(k)(t)) the obtained balanced realization of system G, and by
L& (t) and T (t) the corresponding reduced order balanced generalized gramians for all

(t,k) € NgxV and (i,7) € E. Then, the error system (G—G,) satisfies ||(G—G,)| < 2¢(Q),
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where ((X) denotes the sum of distinct diagonal entries of a square, possibly infinite dimen-
sional, matrizv X, Q is defined in (2.11), and Q¥ (t) and QW) (t) therein are defined from
YHE(t) = diag(T®(2), Q¥ (1)) and W) (t) = diag(T(t), QW) (t)) for all (t,k) € Ny x V
and (i,7) € E.

Proof. Since the realization of a reduced order system obtained by the application of the
balanced truncation method is balanced by Lemma 2.8, the truncation procedure can be
implemented in multiple steps. For each step i, the smallest diagonal entry in 2 is found
and is denoted by ¢;. Then, all the state variables with a corresponding diagonal entry in
Q) equal to ¢; are truncated, and €2 is updated by removing all the entries equal to ¢;. The
resulting reduced order system obtained at each step 7 is denoted by G.;. Suppose that, in
the first step, Q®)(t) = ¢, I for some (t, k) € Ng x V and/or Q) (t) = ¢, I for some (i,5) € E
and (perhaps different) ¢t € Ny. It is to be shown that ||(G — G,.1)|| < 2¢;. To do so, a scaled
system Gy is constructed with realization (A®(¢), \/LqTB(k)(t), \/%C’(k)(t), q—llD(k)(t)). It is
not difficult to verify that the corresponding Qg@,v(t) = I and/or Qggv)v(t) = I. Denote by
Ghrew,r,1 the reduced order system obtained by applying the balanced truncation method to
Ghew- From Theorem 2.9, [[(Guew = Gew,r,1)|| < 2. Since [[(Grew —Grewr,))| = - (G =G,
it follows that ||(G—G,1)|| < 2¢1. A similar procedure is applied in the second step to obtain
1(Gr1 — Gr2)|l < 2g2. Then, by the triangle inequality, |[(G — G,2)|| = ||(G — Gy1 + Gr1 —
Gra)l < NG =G|l + [(Gra — Gr2)|| < 2(q1 + g2), and so on. O

The upper bound on [|(G — G, )| derived in Theorem 2.10 may not always be finite as there
may be infinitely many distinct entries in €). Theorem 2.12 gives a tighter expression for the
error bound that holds when the diagonal entries of Q®*)(¢) and Q) (¢) define monotonic
sequences in time. Define the subsets of time at which truncation occurs as Fp = {t €

No |7® () # n® ()} and F;; = {t € No|r@(t) # n@(t)} for all k € V and (i,j) € E.
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Definition 2.11 below is from [33].

Definition 2.11. Let a; be a scalar sequence defined on a subset W of Ny, and define

tmin = min{t |t € W}. The domain of definition of o is extended to all t € Ny as follows:

Qi it 0 S t S tmin7

min

" oy if tmin < t, where d = max{r <t|7 € W}.
Theorem 2.12. Consider a strongly stable distributed LTV system G that has a given bal-
anced realization (A®(t), B®(t), C®)(t), D¥)(t)) and balanced generalized gramians L) (t)
and X (t) for all (t,k) € Ng x V and (i,j) € E. Denote by G, the strongly stable
reduced order system obtained by applying the balanced truncation method to system G,
by (Aq(nk)(t),By(«k) (t),Cr(k)(t),D(k)(t)) the obtained balanced realization of system G, and by
L& (t) and T (t) the corresponding reduced order balanced generalized gramians for all
(t,k) € NgxV and (i,j) € E. Define Q¥ (t) and QW) (t) from £®(t) = diag(T'®) (¢), Q*)(¢))
and ) (t) = diag(T@)(¢), QW) (t)) for all (t,k) € NoxV and (i,5) € E. If Q¥ () = w® ()1
fort € Fi, and allk € V, QU (t) = w9 ()] fort € Fij and all (i,7) € E, and the sequences

w® (t) and w)(t) are monotonic in time, then

G =Gl <2 D supw®(t)+ > sup w(t)
eV teFy (i.j)eE teF; ;
Proof. The result needs to be proved for the special case where only one temporal state or one

spatial state is truncated, i.e., there is only one nonempty set Fj, or F; The general case

0,Jo*
considered in the theorem then follows by repeated application of the result for this special
case and the triangle inequality. Namely, for a fixed ky € V', assume that the temporal state

x() is the only truncated state. It can be assumed without loss of generality that w(o)(¢) < 1

for all t € Fy,, as this can be always achieved by scaling. The domain of definition of w*)(¢)
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is extended to all ¢ € Ny using the rule in Definition 2.11. Clearly, the extended sequence
is still monotonic in time. The case where w(*)(¢) is monotone non-decreasing is considered
in the first part of the proof. For all (¢t,k) € Ny x V, the state-space transformations
Téfe) (t) = (w*)(¢))"21 and Téﬁst( t) = (w*o)(t))21 are defined. Since %) () = pul for some
i > 0 and all ¢ € Ny by definition, then Tére) (t) is bounded for all (t,k) € Ny x V. From
these transformations, a new realization (Al(qkew(t) Bnew( ), Cr(llz.w( t), D®)(t)) is constructed for

system G as follows:

A® (1) = TE (t + 1) AP ()TE, (1), B® (1) = T®) (¢ +1)BW (1),
C® (1) = COOTE, (1)

To simplify the discussion, system G will continue to refer to the system with the origi-
nal realization (A® (), B (t), C®) (), D®)(t)), whereas system Giey will be used to refer
to the system with the new realization (AE{Z)W( t), Bnew( ), C’,(lléw( t), D) (t)). The realization
of system G, is now shown to be balanced. Since the realization of system G is bal-
anced, then X*)(¢) and @) (t) satisfy (2.5) and (2.6) for all (¢,k) € Ny x V. By pre- and
post-multiplying (2.5) by Tl (t + 1), invoking The, (£)(Tish (1) ™0 = (Tihh(0) T () =
I, and defining S (t) = (w0 (1)1 8® (1), SUR(1) = (k) (@) '2@)(¢), B0 (1) =

diag (Efff%(t)) > and Zgzw out(1) = diag (25’2%3 (t)> ) it can be shown that
i jEE

out

AR, () diag (S0, (), 50,10 (0)) (AL, ()" — diag (S0, (¢ + 1), Skt + 1))

+ B, (OB (1) < —ul,

for all (¢,k) € Ny x V. Similarly, (2.6) is pre- and post-multiplied by T, pObt( ), and (T, pfg (t+

D)) TR (4 1) = T (¢ + 1)(TE (¢ + 1))~ = I are invoked to show that
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w) (1) (AL, (1) ding (2Ot + 1), 20 + 1)) AL, () —w™ (t)ding (Z9(0), (1))

+ (Cnevv( ))TCnI;\)N( ) = —,LLI,

for all (¢,k) € Ny x V. Since 0 < w*0)(¢) < 1 by assumption, then (w®0)(¢))=t > wko)(¢).
Also, since w*)(t) is a monotone non-decreasing sequence in ¢, then w*o)(¢) < w®o)(¢ + 1)
and (w®) ()7t > (wko)(t 4 1))~ for all + € Ng. With this in mind, it is not difficult to

verify that the following inequality holds for all (¢, k) € Ny x V:

(w) (¢ + 1)) 7 (A%), () diag (3O (¢ + 1), Tt + 1)) AL, (1)

— () (1) diag (39(8), 2 (1)) + (CELO) CELE) < .

Thus, 28, () and £52)(¢) satisfy (2.5) and (2.6) for all (¢, k) € Ng x V and (4, j) € E, where
the generalized Lyapunov inequalities are expressed for the realization of Gey. In other
words, the realization of system G, is balanced and can be reduced by the application of
the balanced truncation method. Denote by Ghew, the reduced order system obtained by
truncating the temporal state of subsystem G&%). Since Qo) () = wko) (¢) I, then Q) (t)y=1
for t € Fy,. By Theorem 2.9, ||(Ghew — Grew,r)|| < 2. However, system (Ghew — Grew.r)
is equivalent to (G — G,) because of the special structure of Tlgost( t) and T (), and so
(G — G,)|| < 2. The second part of the proof treats the case where w(*0)(t) is a monotone
non-increasing sequence in time and uses a similar argument to the one used in the first of
the proof. In this case, the state-space transformations are defined as Tie (t) = (w0 (£))2 1
and T, (t) = (w®)(t))"2 1 for all (t,k) € N x V. O
As an example, assume that the only truncated state is z(*0), the truncation only occurs

at three time-steps ti, to, t3, and Q%) (¢;) = diag(7,3,2), Q*)(t;) = diag(4,2,2), and

Qko) (¢3) = diag(6,5,2). Theorem 2.10 gives an error bound of 2 X (7T+6+5+4-+3+2) = 54,
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whereas Theorem 2.12 gives an error bound of 2 x (2 + 5+ 7) = 28. As can be seen below,
in the latter case, the truncation sequences are (2,diag(2,2),2), (3,4,5), and (7,6). That
is, the terms in squares are truncated first, followed by the terms in circles and the terms
in triangles, respectively. In the first truncation sequence, all truncated entries are equal
to 2. The second and third truncation sequences are monotone increasing and monotone
decreasing, respectively, with the largest entries equal to 5 and 7. This gives the error bound

2 x (2454 7) = 28 computed above.

/N 0o @ o
QBlt) =1 o (3) o|.2Q") =0
0 0 0 0

Aoo

0
0.9% )= 0 () o
2

0 0
2.7 Eventually Time-Periodic Systems

This section is concerned with the special case of eventually time-periodic subsystems, i.e.,
subsystems with state-space matrices that become time-periodic after some initial finite
time-horizon. It is shown that, for eventually time-periodic subsystems, the bound given in

Theorem 2.10 reduces to a finite sum.

Definition 2.13. Consider a distributed LTV system G that has a realization denoted by
(AR (1), BR (1), W (t), D®)(t)). System G is said to be (h, ¢)-eventually time-periodic for
some integers h > 0 and ¢ > 0, if the state-space matrices of the subsystems are (h,q)-
eventually time-periodic, e.g., A®(t + h + zq) = AW (t + h), for all t,z € Ny and k €
V. Eventually time-periodic subsystems include time-periodic subsystems ((0, ¢)-eventually
time-periodic), time-invariant subsystems ((0, 1)-eventually time-periodic), and finite time-
horizon subsystems ((h, 1)-eventually time-periodic with zero state-space matrices for t > h)

as special cases.
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Lemma 2.14. Consider a strongly stable, q time-periodic, distributed LTV system G that
has a realization denoted by (A% (t), B®)(t), C®(t), D®)(t)). Then, there exist u > 0 and q
time-periodic, uniformly bounded, and positive definite matriz-valued functions Wéf;) (t) = pl

and Wég)(t) = wl that satisfy (2.3) for all (t,k) € Nog x V and (i,j) € E.

Proof. Since G is a strongly stable system, then there exist uniformly bounded and positive
definite solutions to (2.3), which are denoted by W®)(¢) and W) (¢) for all (¢, k) € Ny x V
and (i,j) € E. From these solutions, the desired ¢ time-periodic solutions Wégr) (t) and
Wég) (t) are constructed. Namely, averaging techniques are used that are similar to the
ones used in [23, 28]. Since system G is ¢ time-periodic, then A®) (¢ 4 zq) = A®)(t) for all
t,z € Ng and k € V. For each pair (t,k) € Ny x V, evaluate (2.3) at the time-steps ¢t + zq
for z = 0,...,A — 1, where A is any integer such that A > 1, and average the resulting
inequalities to obtain

(A(0)"diag (37(0-+ 1, Y00+ 1)) A% @) — diag (M0, Y50 <l

out

for all (, k) € No x V, where Y\ (£) = L S22 W® (14 2q), V(1) = L0020 W@ (¢ + zg),
Y/\Ufn( t) = diag <Y(Zk)( )>z‘eE§§)’ and Y)\( out (1) = diag (Y/\(’”)(t)>]G B Since the matrix-valued
sequences W) (t) and W) (t) (indexed by t) are uniformly bounded for all k& € V and
(i,7) € E, then the matrix-valued sequences Y)\(k) (t) and YA(ij )(t) (indexed by \) are also
uniformly bounded for all (¢,k) € Ny x V and (i, 7) € E, and there exist weakly convergent
subsequences Y( (t) and Y(” (t) with limits L*)(¢) and L9 (t) as A\, — 0o, respectively. The
reader is referred to [50] for further details on convergence in weak topology. By construction,
the limits are positive definite and satisfy L*) () = pul and LU (t) = ul for all (¢, k) € NgxV

and (7,j) € E. It remains to be shown that these limits are ¢ time-periodic. This is done
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for L) (¢) only, as the proof for L) (t) follows similarly. Namely, for any (¢,k) € Ny x V,

Ac—1

1
LWt +q) — L) = lim = Z (WB(E + (2 + 1)) = WHP(t + 2q))

The proof is concluded by setting Wég( t) = L™ (t) and Wpé]r)( t) = LU (t) for all (t,k) €
No x V and (i,j) € E. O

Theorem 2.15. Consider a strongly stable, (h, q)-eventually time-periodic, distributed LTV
system G that has a realization denoted by (A®(t), B®) (t), C®)(t), D®)(t)). Then, there exist
w >0 and (h,q)-eventually time-periodic, uniformly bounded, and positive definite matriz-
valued functions Xélggr(t) - ul, Xéffe)r(t) = pl that satisfy (2.5) for all (t,k) € Ng x V' and
(1,7) € E. There also exist > 0 and (h, q)-eventually time-periodic, uniformly bounded,
and positive definite matriz-valued functions n&@r(t) = ul, and Yeper( ) = wpl that satisfy

(2.6) for all (t,k) € Ng x V and (i,j) € E.

Proof. Since G is a strongly stable system, then there exist uniformly bounded, positive
definite solutions to (2.3), which are denoted by W®)(¢) and W) (¢) for all (t,k) € Ng x V
and (i,7) € E. From these solutions, (h,¢)-eventually time-periodic solutions Wéggr(t) and
We(ég(t) to (2.3) are constructed that are also uniformly bounded and positive definite. The
LMIs that correspond to t > h — 1 are only needed in the proof, and so it is assumed that

h =1 without loss of generality. For all £ € V| the following hold:

(4D (0)) ding (W (1), Wi (1)) AD(0) ~ diag (WO (0), W (0)) < —p,
(A® ()" diag (WOt + 1), Wi (¢ +1) ) AW (1) — diag (WO (1), Wi () < —nl, > 1,

(2.13)
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where W (t) = diag (WEk(2)).

icE® and Wéﬁt) (t) = diag (W(kj) (t))

€Eq

By Lemma 2.14, there exist ¢ time-periodic solutions to (2.13) that are also uniformly
bounded and positive definite. Denote these solutions by Wéfr) (t) and Wég) (t) for all (¢,k) €
No x V and (i,j) € E. However, a > 0 can always be chosen such that « Wégr)(l) < Wk (1)

and a W4 (1) < W)(1). Then, the following inequality holds for all k € V:

per

(AW (0)) diag (aWE) (1), W) (1)) A®(0) — diag (WH (0), Wi (0)) < I,

where ng out(1) = diag (Wé’e? )(1)> . Thus, the desired (h, q)-eventually time-periodic

jeE®)

out

solutions to (2.3) are defined as follows: Wi, (0) = W®(0), W& (0) = W@ (0), Wik (t) =
aWB @), Wi ) = a Wi (t) for all k € V, (4,§) € E, and t > 1.

Since We(lfe)r(t) and We(f)]e)r(t) are (h,q)-eventually time-periodic solutions to (2.3) and the
sequences of state-spaces matrices are assumed to be uniformly bounded, then n > 0 can be
chosen such that Y;per( ) = nWéI’f,gr(t) and Y;(;Q (t) = nWéfi)r(t) are the desired (h, q)-eventually
time-periodic solutions to (2.6). Moreover, by applying the Schur complement formula twice
to (2.3), it can be seen that £ > 0 can be chosen such that Xe(ger( t) = &( eper( ))~! and

Xé;@r( t)y=¢ (Wégjer( t))~! are the desired (h, ¢)-eventually time-periodic solutions to (2.5). [J

Corollary 2.16. A strongly stable, (h,q)-eventually time-periodic system G has an (h,q)-
eventually time-periodic balanced realization, i.e., a realization with state-space matrices
that are (h, q)-eventually time-periodic, and (h, q)-eventually time-periodic balanced general-
ized gramians Eeper( ) = diag(l“gﬁér(t), Qg;)er(t)) and Zgge)r( t) = dlag(Fepe)r(t) Qéper( t)) for all
(t,k) € Ng x V and (i,j) € E. Moreover, system G, that results from the application of the
balanced truncation method to system G has an (h, q)-eventually time-periodic balanced real-
ization and (h, q)-eventually time-periodic balanced generalized gramians F.(glf,?ar(t) and Fgggr(t)

for all (t,k) € Ng x V and (i,7) € E, and satisfies ||(G — G,)|| < 2¢(Qeper), where Qeper is
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is obtained from (2.11) by restricting 0 <t < h+q— 1.

The error bound in Corollary 2.16 may be further improved by using Theorem 2.12 to

compute the bound due to the states truncated over the finite time-horizon, i.e., for 0 <t < h.

2.8 Illustrative Example

In this section, the balanced truncation method is applied to reduce a distributed LTV
system G formed by N = 5 agents that are interconnected as shown in Figure 2.1. The
purpose of this example is to illustrate that 1) the proposed method allows for truncating
both types of state variables, i.e., temporal and spatial state variables; 2) the truncation
does not need to be uniform in time, i.e, different number of state variables can be truncated
at different time-steps; 3) each state vector is truncated individually in a unique way; and

4) heuristics can be used to improve on the error bound computation in Corollary 2.16.

The temporal states and the spatial states are of constant dimensions ny = 6 and ng = 3,
respectively. There are two sets of building blocks for the state-space matrices: one for the
odd-numbered subsystems and another for the even-numbered subsystems. All the blocks
of the state-space matrices are constants, except for the Agf)) (t) terms that are time-periodic
with period ¢ = 28, i.e., the Agf)) (t) terms satisfy A(()]S) (t+282) = A(()]f)) (t) for all ¢, z € Ny and
k € V. Namely,

A(()]S)(t) = App fort=0,...,6, Af)’g) (t) = MAppMT for t =17,...,13,

AP (@) = M2App(MT)2 for t = 14,...,20, AP(t) = MBApp(MT) for t =21,...,27,

where Apr and M are building blocks. For odd-numbered subsystems, the building blocks
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are given by

-9 -7 0.1 0.3 —0.1 0.2
-5 =5 03 02 01 —0.2
ATT — O]- ) ASS - 03><37
diag(1, —2)
0.01diag(—5,1, —3,2)
—1I,
—-0.5 0.5 0.01 -
I
Arsg =0.1 0.5 —0.5 —0.02 : Br =102 :
O4x2
i 04><3 B -
_ I
Asr = 0.1 |diag(1, —2,0.1) diag(0.5,0.4,0.2)] Bs =0.1 )
- O1><2
CT = |:Ig 02><4:| ) CS = Oax3.

The subscripts T" and S are used to distinguish the temporal building blocks from the spatial
building blocks, respectively. For instance, for subsystem G and all ¢t € Ny, the following
hold:

AR ) = A () = A (t) = Ars, BM(t) = Br,
BM(t) = B (t) = B (t) = Bs, CsP () = CV (1) = V(1) = Cs,

AR () = AR (1) = AL (t) = Asr, csP(t) = Or,
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o
o o O
—
S
S
S

and so on. Finally, the building block M is given by M =

(@)
(@)
[a]
(a]
(a]
—

000100
010000

For even-numbered subsystems, the building blocks are given by

Ags = 03x3, Bg = 0342,

i diag(—0.5,0.1, —0.1)
CS = -1 02><1:| ) ATS’ =0.1 )
! diag(—0.5,—0.2,0.3)

r 010000
Asr = 10.215 —0.0313], Cr= ,
i 000100
1 0 1 -4 —-03 01 05 03
00 3 -5 02 01 -02 03
0 1 0.1 —-03 —05 02 01 0.1
BT:()l 5 ATTZO-]. )
00 02 0 0 —-01 0 0
00 0 0.1 0 0 015 0
00 0 0 0.3 0 0 —0.1
0 001 0 0
0 000 —1 0
0 100 0 0
M=
-1000 0 0
0 000 0 1
0 010 0 0
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For all k € V and t € Ny, D®(t) = 05,5. By applying Lemma 2.5, the ¢ = 28 time-periodic
distributed LTV system G thus formed is shown to be strongly stable, and an upper bound

on ||G|| is computed by solving the following SDP:

minimize 72 subject to: PW¥)(¢) = pl, P (t) = ul, (2.4), P®(q) = P®(0), and

P (q) = P@)(0) for some > 0and allt =0,....,q—1, k€ V,and (i,j) € E. (2.14)

In the SDP defined in (2.14), u is a chosen small positive quantity that ensures that the
LMIs are strict. The result, v = 3.47, helps in assessing the upper bound on ||(G — G, )|| and
in choosing how many temporal and spatial state variables to truncate.

Then, ¢ time-periodic generalized gramians X*)(¢), X @) (¢) and Y®)(t), Y@ (t) are com-

puted by solving the following SDPs:

minimize Y}, (22:1 trace X ®)(¢) + > i.jyer trace X ) (t)) subject to:

X () = pul, X (t) = ul, (2.5), XF(q) = XH®(0), and X (q) = X@)(0),

for some p>0and allt =0,....g—1, k€ V, and (i,j) € E. (2.15)
minimize y ;_, (22:1 trace Y (t) 4+ 37, - o p trace Y(ij)(t)) subject to:

Y () = pl, Y () = ul, (2.6), Y®(q) = Y®(0), and Y@ (q) = Y@)(0)

for some p > 0and allt=0,..,¢q—1,k €V, and (i,5) € E. (2.16)

The computational complexity of these SDPs is determined by formulating the corresponding
dual problems; see [6] for a detailed discussion. Let N; = 12 be the number of intercon-
nections and n, = 2 be the number of inputs to each subsystem. For the SDP defined
in (2.14), the dimension of the SDP variable is ¢ (N(2nr + n,) + 2N;ng) = 3976, the

dimension of the linear variable is 1, the number of SDP blocks is ¢ (2N + N;) = 616,
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and the number of constraints is 3¢ (N nr (ng + 1) + Nyng (ng + 1)) + 1 = 4957. As for
the SDPs defined in (2.15) and (2.16), respectively, the dimension of the SDP variable is
2q (N nr+ Nrng) = 3696, the number of SDP blocks is ¢ (2N 4+ N;) = 616, and the number
of constraints is 1¢ (N nr (ny 4+ 1) + Nyng (ns + 1)) = 4956. Yalmip [58] is used to model
these problems, and SDPT3 [79] is used to solve them. The computations are carried out in
Matlab 7.10.0.499 on a Hewlett-Packard laptop with 2 Intel Cores, 2.30 GHz processors, and
4 GB of RAM running Windows 7. The most time consuming problem is the SDP defined in

(2.14) with a corresponding total elapsed time of 30 seconds and a CPU time of 24 seconds.

Then, a ¢ time-periodic balanced realization for system (' is constructed using these gen-
eralized gramians by following the steps in Algorithm 2.7. To obtain useful error bounds,
heuristics are employed as explained next. The reader is referred to Algorithm 5.8 for more
details. Namely, the generalized Lyapunov inequalities (2.5) and (2.6) are expressed for the
balanced realization of system G just constructed. Then, ¢ time-periodic balanced gener-
alized gramians are computed, i.e., diagonal matrices X*)(¢) = eI and X (t) = eI for all

k €V and (i,7) € E, such that the following objective function is minimized:

Z ZHvect Z(k —e[ ||1 Z Hvect ”) —el)Hl + ay X €,

t=0 = (i,5)€E

where vect(M) is the vector formed by the diagonal entries of the matrix M, ||v|; is the
1-norm of vector v, and a; = 750 is the weight given to € in the cost function. This value of a;
gives the best trade-off between the following two competing objectives. The first objective
is to minimize the first term in the cost function, where the 1-norm is used as a heuristic
for finding diagonal gramians with many entries equal to €. This is done with the intention
of truncating all the temporal and spatial state variables whose corresponding entries in the

gramians are equal to €. The second objective is to minimize €, since ||(G — G,)|| < 2e
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by Corollary 2.16. A value of ¢ = 0.034 is obtained, i.e., (G — G,)|| < 2%~. Figure 2.2
shows the first and second diagonal entries of X2V (¢) for 0 < ¢ < 28. This figure illustrates
the usefulness of the proposed heuristic in forcing many entries in the balanced generalized
gramians to be equal to €. Namely, all the state variables with a corresponding value of €
in the balanced generalized gramians are truncated and are only accounted for once in the
computed error bound. The dimension of the state vector z(2V)(¢) varies between 0 and 1
in the reduced order system G, in contrast to 3 in the full order system G. As can be seen
in Figure 2.3, between 14 and 18 temporal state variables and between 20 and 25 spatial
state variables are truncated at each time-step. Clearly, truncation need not be uniform in
time even if the dimensions of the states in the full order system are constants. The full
order system G and the reduced order system G, are simulated using the same set of applied
inputs, and their responses are plotted in Figure 2.4. The inputs vary randomly between
—10 and 10 for the first 100 time-steps and then are set equal to zero. As predicted by the

small error bound, the responses of systems G and G, are very close.
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Figure 2.2: The figure plots the first and second diagonal entries (DE) of XV(t) for ¢ =
0,...,27. The figure illustrates the usefulness of the heuristics detailed in Algorithm 5.8
in forcing many entries in the balanced generalized gramians to be equal to the truncation
cut-off value shown using the red dashed line.
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Figure 2.3: This plot shows the total number of truncated state variables from each type:
temporal state variables and spatial state variables. This plot also shows that the truncation
of state variables does not need to be uniform in time, i.e., different number of state variables
can be truncated at different time-steps.
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Figure 2.4: This figure plots the responses of the full order system G and the reduced order
system G, that results from the application of the balanced truncation method.



Chapter 3

Coprime Factors Reduction of
Interconnected Linear Time-Varying

Systems

3.1 Chapter Overview

This chapter applies the coprime factors reduction method for the model reduction of the
interconnected LTV systems discussed in Chapter 2. Specifically, this chapter extends the
balanced truncation method of Chapter 2 to systems that are not necessarily strongly stable,
but are strongly stabilizable and strongly detectable. In Section 3.2, the notion of strong
stabilizability is defined, and a convex characterization of strong stabilizability is given. In
Section 3.3, the notion of a coprime factorization of a distributed LTV system is defined. It
is then shown how to construct a strongly stable coprime factorization for a given strongly
stabilizable and strongly detectable system. Section 3.4 details the coprime factors reduction
method for interconnected LTV systems. Specifically, it is shown how to form an augmented
strongly stable system from the coprime factorization computed in Section 3.3, and how
this system is then reduced by the application of the balanced truncation method. This
chapter concludes with an example in Section 3.5. This example showcases the novelty of the

proposed model reduction methods in allowing for the simplification of the interconnection

o4
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structure. Namely, it is shown how the proposed methods can be used to quantify the
importance of each interconnection for the interconnected system, and how to truncate the

interconnections that are deemed negligible.

3.2 Strong Stabilizability

This section starts with the definition of strong stabilizability. Then, a Lyapunov-like test
is given for checking whether a given distributed LTV system is strongly stabilizable or not.

This result generalizes its counterpart for uncertain systems given in [59].

Definition 3.1. A well-posed distributed LTV system G that has a realization denoted by
(AW (t), B®(t), C®)(¢), D®)(¢)) is said to be strongly stabilizable if there exist uniformly
bounded, nqgk)(t) X <n(k) (t) + ZieEi(I’f) ”(ik)(t)) matrix-valued functions F*)(¢) for all k € V
such that the resulting closed-loop system is strongly stable. In other words, system G is
well-posed if there exist a positive scalar g > 0, uniformly bounded matrix-valued functions
F®)(t), and uniformly bounded and positive definite matrix-valued functions P®*)(t) = ul
and P@)(t) = ul that satisfy

(AW (&) + BB () FP(1)) diag (P(k) (1), PLY (t)) (AD () + B® () F® (1))

m

_ diag (P(’“)(t 1), P® (¢ 4 1)) < —ul, (3.1)

for all (t,k) € Ny x V and (i,j) € B, where P4 (t) = diag (P (¢)),_,0 and P4 (t) =

out

diag (PED()) .

out

jJEE,
In a similar way, a well-posed distributed LTV system G that has a realization denoted by
(A®(#), B®)(¢), R (), D®)(t)) is said to be strongly detectable if there exist uniformly

bounded matrix-valued functions K *)(t) for all k € V, of appropriate dimensions, such that
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the resulting closed-loop system is strongly stable. In other words, system G is strongly
detectable if there exist a positive scalar > 0, uniformly bounded matrix-valued functions
K®(t), and uniformly bounded and positive definite matrix-valued functions Q™ (t) = ul

and QU (t) = ul that satisfy

(A9 (1) + KO ) CD (1) ding QU +1), QU +1)) (AP (@) + KD @)CH (1))

~ diag (QW (1), QW(1)) < —nul.,

for all (t,k) € No x V and (i,j) € E, where Q\\(t) = diag (Q™(1)),_,» and Qi (t) =

diag (Q(kj)@))jeEéﬁi'

Theorem 3.2. Consider a well-posed distributed LTV system G that has a realization denoted
by (AR (2), BO(t), O®)(¢), DF)(t)). System G is strongly stabilizable if and only if there exist
a positive scalar > 0 and uniformly bounded and positive definite matriz-valued functions

P®(t) = ul and P (t) = ul that satisfy

A® (1) diag (P(’“) (t), PV (t)) (A® ()T — diag <P(k) (t+1), PPt + 1))

in out

= BR®)(BO)" < —pl, (32)

for all (t,k) € Ng x V and (i,j) € E. Furthermore, provided that the given quantities are
well-defined and uniformly bounded for all (t,k) € Ng x V, the feedback gains F*)(t) can be

chosen as follows in order to render the closed-loop system strongly stable:

F®(t) = — ((B(’“) (1))7 diag (P<k>(t +1), PS¢ + 1))1 B® (t))l

1

x (B (1)) diag (P<k> (t+1), P® (¢ 4 1))_ AB ().
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Proof. Without loss of generality, it is assumed that rank B®)(t) = n (t) < n®E+1)+
ZjeEéﬁ n®)(t+1) for all (¢,k) € Ny x V. Namely, if rank B® (t) < n'"(¢), then there exist
redundant controls that can be easily removed. As for the case of a square and nonsingular
B®)(t), the proof follows immediately from the proof given here. Then, for all k& € V,
there exist uniformly bounded matrix-valued functions B(f)(t) such that, for all ¢ € Ny,
BPN)TBP (1) = I, (B®(1))TB(t) = 0, and the inverses of lB(k) t) B (t)} exist and
are uniformly bounded. By Definition 3.1, system G is strongly stabilizable if and only if
there exist a positive scalar g > 0, uniformly bounded matrix-valued functions F'*)(¢), and
uniformly bounded and positive definite matrix-valued functions P®)(t) = pl and P9 (t) =

wl that satisfy (3.1) for all (¢, k) € NgxV and (7, j) € E. By applying the Schur complement

formula to (3.1), the following inequality is obtained:

O (k) (1)

—diag (P<k> (t), P (t)) - (A® ()"
A®(p) _diag (P<k> (t+1), P® (¢ 4 1)) +ul

0 k
+ F®O@) |1 0}+
——

k
BRI | o e [0 g
M®) () N&F) ()

(F® )" [0 (B(’“)(t))T} <0,

for all (t,k) € Ny x V. By [39], the previous inequality has a solution ©®*)(¢) for each
(t, k) € No x V if and only if (WF ()T ®@WH (¢) < 0 and (W ()T¥® @)W P (1) < 0
for any matrices ij/];) () and W](Vk ) (t) whose columns form bases for the null spaces of M ®)(t)
and N®)(t), respectively. In this proof, W]Ef) () and Wj(f) (t) are chosen as Wﬁ:)(t) = [() [] '
and Wj(f) (t) = diag({, Bf) (t)), respectively. The condition (W]Ej) ()T w*) (t)WZEf) (t) < 0is

trivially satisfied for all (¢, k) € Ny x V', and so the discussion is restricted to the condition

(Wi ) (t))T\If(”“)(zf)I/V](\;C )(t) < 0. By applying the Schur complement formula to this condition,
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the following inequality is obtained:

(BP@)" (~diag (PP +1), PR+ 1)) + ul

+A® @) ding (PP @), P @) (A9 1)") BE (1) <0,

1

for all (¢, k) € Ng x V, which is equivalent to (3.2) by Finsler’s Lemma.

It remains to be shown that the given choices for F*)(¢) render the closed-loop system
strongly stable. First, it is noted that if the matrix-valued functions (B®(¢))TB®)(t) are
uniformly invertible, then matrix-valued functions F*)(t) are well-defined and uniformly
bounded. This can be ensured by removing all redundant controls and properly perturbing
the matrix-valued functions B*) (t), if necessary, to ensure that the aforementioned product
has a uniform full rank. The Schur complement formula is now applied twice to (3.2).
For simplicity, the —ul term in (3.2) is provisionally set to zero when applying the Schur
complement formula; however, it is stressed that the resulting sequences of matrices on the

left-hand-side are uniformly negative definite. The following inequality is obtained:

(AD ()T (diag (PO +1), PR(E+1)) + BO@)(BD(0)T) A

-1
~ ding (PO(1), PP(1) =<0,

for all (¢,k) € Ny x V. Using the matrix inversion lemma, it can then be verified that the

following inequality holds for all (¢,k) € Ny x V:

out

(AW () + BO (1) F®) ()" diag (P(’“) t+1), PR+ 1)) B (A®(#) + BB @) F® (1))

1

— diag (PW(1), RY(1) <0,
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By applying the Schur complement formula twice to the previous inequality, (3.1) is retrieved,

which concludes the proof. Il

A result similar to Theorem 3.2 can also be derived for checking if a given well-posed dis-

tributed LTV system G is strongly detectable.

3.3 Coprime Factorizations

In the following, the notion of a right coprime factorization (RCF) is extended to the class
of distributed LTV systems. It is shown that a strongly stabilizable and strongly detectable
distributed LTV system admits a strongly stable RCF. It is useful to recall at this point
that a distributed LTV system G can be viewed as a map from u = (uM,... u™) to
Yy = (y(l), e ,y(N)), where u® and y® are the input to and the output from subsystem

G™ | respectively.

Definition 3.3. Two linear causal mappings on ¢, M and N, are said to be right coprime
if there exist two linear causal mappings on /5, X and Y, such that Y M + XN = I, where

I is the identity map on /5.

Definition 3.4. The pair (N, M) of stable distributed LTV systems is said to be an RCF
for the distributed LTV system G if M has a causal inverse on ¢, M and N are right coprime,
and G = NM™1L.

Lemma 3.5. Consider a strongly stabilizable and strongly detectable distributed LTV system
G that has a realization denoted by (A®)(t), B (t), C*)(t), D®)(t)). Then, system G admits
an RCF (N, M), where the distributed LTV systems N and M are strongly stable and
have the realizations (A®) () + B® () F®) (t), B (t), C*®) () + D® () F® (), D®)(t)) and
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(A®(t) + BR()F®E(t), BR(t), F®)(t), 1), respectively, where F®(t) are any uniformly

bounded feedback gains that render the resulting closed-loop system strongly stable.

Proof. By construction, the distributed LTV systems N and M are strongly stable and define
linear causal mappings on /5. To show that system M has a causal inverse on ¢, consider the
distributed LTV system R that has a realization denoted by (A®)(t), B¥)(¢), —F®)(t),I).
As per Definition 2.1, system R is well-posed and defines a linear causal mapping on ¢, since
throughout Chapters 2 and 3 the system equations are defined for time-steps t € Ny, i.e.,
the state-space matrices are zeros for t < 0. So, it is sufficient to show that MR = RM = I,
where [ is the identity operator on ¢. The proof of MR = [ is given, and the proof of
RM = T follows similarly. Namely, the state-space equations for systems M and R are
written similarly to the equations in (2.1) with the appropriate subscripts M and R, and it

is assumed that uy; = yg. Then, for all (¢, k) € Ny x V| the following equations hold:

(k) (k) (k) (k)
T/ (t+ 1 Ty (t+1 T, (t Ty (t
<:>4( |- ® A (AN () + BRI () FN (1)) aij( |- o il
'rM,out(t +1) xR,out(t +1) xM,m@) $R,in(t)
(k) (k)
k zy/ () TR () k
o 0 = FO@ 7 =] e (@),
xM,in(t) J:R,in(t)

Since systems M and R start from zero initial conditions, i.e., :L'%?(O) =0, :cg\ij)(()) =0,
xg;];)(O) =0, and x%j)(()) =0 for all k € V and (i,j) € FE, it follows from the first equation
that 205 (1) = 0, 207 (t) = 0, 2% (t) = 0, and 2\ (t) = 0 for all (¢, k) € Nyx V and (i, j) € E.
Moreover, the second equation simplifies to y](\];)(t) = ug) (t) for all (t,k) € No x V, ie.,
MR = I. It is then shown in a similar way that G = NM~! = NR. Specifically, the
state-space equations for systems G, N, and R are written similarly to the equations in (2.1)

with the appropriate subscripts G, N, and R. Then, assuming that uy = yr and ug = ug, it
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is concluded that yg = yn. The final step is to prove that the mappings N and M are right
coprime. To this end, the strongly stable distributed LTV systems Y and X are defined with
the state-space realizations (A®) () + K® (£)C®) (), B® (t)+ K® () D®) (t), = F®)(¢), I) and
(A® (1) + KO )W (¢), KR (¢), F®)(t),0), respectively. Indeed, since system G is strongly
detectable, there exist uniformly bounded observer gains K®(¢) such that X and Y are
strongly stable systems and define bounded linear causal mappings. To prove that Y M +
XN = I, the state-space equations of the systems YM : v — y; and XN : u — yy are
written, and it is shown that y = u, where y = y; + yo. For all (¢, k) € Ny x V, the relevant

equations are as follows:

(k) (k)
v (T i (t
u (1) = —F (1) Z() + FO() ff() uM (),
i, (t) 2 (®)
[ ®
k vy (t)
w0 =FOW |
xX,in(t)
(k) (k) (k)
Ty, (T Ty (T Ty (T
y B (t) = F®) (1) (g W :};< ) + (; ) +ulk)(t),
I'M,in(t) xY,in(t) xXJn(t)

By an argument similar to the one used in the proof of MR = I, it can be shown that

23 (t) = 2V (1), 257 (1) = 237 (1), and

k)

2t +1) 2B (t+1) ) 2Pt +1)
:Eg\]/?om (t + 1) :L‘gfy())m <t + 1) xg];,)out (t + 1)
(k) (k) (k)
T (T Ty (T Ty (T
xM7in(t) mY,ln(t) xX,in(t)

for all (t,k) € Ny x V and (i,j) € E. Since the initial conditions of systems M, N, X, and
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Y are zeros, then the quantity in parentheses remains equal to zero for all time-steps, which

implies that y = u and concludes the proof. Il

3.4 Coprime Factors Model Reduction Algorithm

This section presents the coprime factors model reduction method for distributed LTV sys-
tems. An outline of the method is first given, then the detailed steps are listed in Algorithm
3.6. Let G be a strongly stabilizable and strongly detectable distributed LTV system, and
consider a strongly stable RCF (N, M) of system G. Such an RCF is guaranteed to exist

by Lemma 3.5. From the RCF (N, M), the augmented strongly stable system H is con-

N
structed such that H = . Since H is a strongly stable system, then it is reduced by the
M

application of the balanced truncation method of Chapter 2. Denote the resulting reduced

N,
order system by H, = . The distributed LTV systems N, and M, that are defined
M,

from H, are strongly stable and right coprime. Moreover, (N,, M,) forms an RCF for the
reduced order system G, that approximates the full order system G, i.e., G, = N, M'. For
distributed LTV systems, the reduced order system G, is always well-posed, since all the
state-space matrices are assumed to be zeros for t < 0, and the information transfer between
the subsystems is subjected to a delay of one time-step. Theorems 2.10 and 2.12 guarantee

upper bounds on ||(H — H,)|| that can be used as guidelines for the reduction process.

Algorithm 3.6. Consider a strongly stabilizable and strongly detectable distributed LTV
system G that has a realization denoted by (A®)(t), B®)(t),C¥)(¢), D®)(¢)). This algo-
rithm shows how to reduce system G by the application of the coprime factors reduc-

tion method. The reduced order system is denoted by G,, and its realization is given by

(AP ), BP (1), 0™ (t), DW(¢)).
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Solve for uniformly bounded and positive definite matrix-valued functions P%®) (¢) = ul

and P9 (t) = pul that satisfy (3.2) for all (¢,k) € Ny x V and (i,5) € E.
For all (t,k) € Ny x V, define the feedback gains F*)(¢) as in Theorem 3.2.

Remove all control redundancies and properly perturb the product (B® (¢))” B%¥)(¢)

when needed to ensure that the feedback gains are well-defined and uniformly bounded.

N
Construct the augmented strongly stable system H = .
M

System H has a realization denoted by (A}!? (1), Bgf) (1), C’gf) (1), Dgf) (t)), where

Ay (1) = AP() + B @) FO (@), By (t) = BY(1),
C®(t) + D (t)F®) (1) D) ()
k k
Cir (1) = , Dy (1) =
F®)(t) I

Solve for the generalized gramians of system H that have the minimum sum of traces
as follows:
minimize ),y (Zkev trace X ®(¢) + > (ij)er trace X ) (t)) subject to:

X®E () = pl, X () = pl, and

T

AW (1) diag (X(k) (1), XM (t)) <A§§) (t)) _ diag (X<k> (t+1), XPt+ 1))

T
+ B ) (BY (1) < —ul,

for some > 0 and all (t,k) € Ny x V and (i,5) € E.

b) minimize Y, (Zkev trace Y (t) 4+ 37, o p trace Y“”(t)) subject to:
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YE(t) = ul, Y (t) = pl, and

(A% 0) diag (YO + 1), Y5+ 1)) AR (1) — ding (YO (1), v (1))

for some p > 0 and all (t,k) € Ng x V and (4,j) € E.
- Alternatively follow the heuristic discussed in Algorithm 5.8.

5. Apply Algorithm 2.7 to obtain a balanced realization for system H and balanced
generalized gramians X*)(¢) and X (¢) for all (t,k) € Ny x V and (4, ) € E.

6. Apply the balanced truncation method of Section 2.5 to reduce system H.

- See Sections 3.5 and 6.7 for discussions on choosing the temporal and spatial state

variables to be truncated.

N,
- Denote the reduced order system by H, =

M,
- Compute an upper bound on ||(H — H,)|| using Theorems 2.10 and 2.12.

- Denote the realization of system H, by <Ag§7)r(t), Bgf’)r(t), C’gﬁl(t), Dgf) (t))

7. Define the state-space matrices of system G, and the reduced order feedback gains

£ (t) from the following equations:

Ag’;)r(t) — A& (t) + Bk (t)F(k) (t), Bg;) (t) — g® (t),

r T
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- The feedback gains £® (t) strongly stabilize the reduced order system G,.

- N, and M, are strongly stable systems with respective realizations

r

Ny (AR (@) + BP ) FR (), BE(t), CP(t) + DP (1) F (), DM (1))
M, (AP () + BR () E® (t), B® (t), EF (1), 1) .

s s T

- (N,, M,) is a strongly stable RCF for the reduced order system G,..

3.5 Illustrative Example

In this section, the coprime factors reduction method is applied to an illustrative example.
The purpose of this example is to showcase an important novel feature of the proposed bal-
anced truncation and coprime factors reduction methods. Specifically, the subsystems are
chosen to have LTI models, and the focus is placed on evaluating the importance of each
spatial state variable for the overall interconnected system. It is shown that the proposed
methods allow for simplifying the interconnection structure of the distributed system: in-
terconnections that are deemed negligible are removed from the interconnection structure

during the reduction process.

Consider a distributed LTI system G formed by 5 agents that are interconnected as shown
in Figure 2.1. Each subsystem is a discrete-time double integrator. The equations of the

subsystems are given by

re ((t+1D)T) = r(tT) + v, (¢T)T,

v (¢ + D)T) = 0p(tT) + wi(tT)T,
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where k is the subsystem index, t denotes the nonnegative discrete time-steps, T" = 0.05
seconds is the sampling time, and 7, vg, wi in R denote the position, velocity, and input
of agent k, respectively. If an interconnection exists between agents ¢ and j, i.e, (i,j) € E,
then agent 7 sends its position and velocity to agent j. Due to the assumed communication
latency, the information is received by agent j at the following time-step. The input wy to

agent k includes the consensus control protocol [56] and the exogenous input di. Namely,

wi(tT) = —por v&(tT) + prx Y am (ri(tT — T) = ri(tT))
icE®

mn

+poe Y ag (i(tT = T) — vp(tT)) + dp(2T),
icEM
where por, P1k, Por are positive control gains, and a;, > 0 is the weight associated with the
edge (i, k) € E. This control law is used to achieve consensus between the agents. All the
weights of the edges are assumed to be equal to 1 except for the weights a5, as3, a3, ass
that are set equal to 0.0001. The latter four weights are purposefully chosen to be very
small compared to the remaining weights. This is done in order to demonstrate the ability
of the proposed methods to 1) identify the corresponding interconnections, i.e., (1,5), (4, 3),
(2,3), and (3,2), as negligible for the overall interconnection structure; and 2) remove these
negligible interconnections without introducing a significant error. Finally, the control gains
are set as follows: pg; = 15, Po2 = Po3 = Poa = Po5 = 2, P13 = 1.5, P15 = pag = pos = 0.1. The

remaining control gains are equal to 1.

The problem is reformulated in the framework of Section 2.3. The temporal state of subsys-
tem G is defined as the position and velocity of agent k, i.e., ¥ (t) = (r,(tT), v (tT)) for
all k € V. The spatial state associated with interconnection (7, j) is defined as the position

and velocity of the agent that corresponds to the source (node 7) of the edge (i,7), i.e.,
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2@ () = (r;(tT),v;(¢tT)) for all (7,5) € E. The input to each agent reduces to the exogenous
input acting on it, i.e., u® (t) = d,,(tT) for all k € V. This is because the other terms in
the control law are expressed in terms of the temporal and spatial states. The measured
outputs of each agent are its position and velocity, i.e., y®(t) = 2®(t) = (rp(tT), ve(tT))
for all £ € V. Since the double integrator equations and the employed control law do not
explicitly depend on ¢, the constructed distributed system is time-invariant. The state-space
matrices of subsystem G*) are denoted by A®) B®) C® and D® ie., the dependence
of the state-space matrices on ¢ is dropped to stress that they are time-invariant. Note that

D®) =0 forall ke V.

The distributed LTI system G thus formed is not strongly stable, and so cannot be reduced
by the application of the balanced truncation method. However, system G is strongly stabi-
lizable and strongly detectable. The structure-preserving coprime factors reduction method

detailed in Algorithm 3.6 is thus used to reduce system G.

First, the following SDP is solved:

find P®) and P
subject to: P®) w0, P -0,

BY = diag (PW™).__u), P% = diag (P®))

ieEin jeEé]lclij

AW diag (P, PP ) (A®)T ~ diag (P9, PY) — BB (BO)T <0,

out

for all k € V and (i,j) € E.

The sought time-invariant solutions P*) and P) to the above SDP are proved to exist

using an argument similar to the one in the proof of Lemma 2.14. These solutions are then
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used to compute the feedback gains F*) according to Theorem 3.2. For example,
o) — _ ((B(5))Tdiag (P®), peny ™! B(5>>1 (B<5>)Tdiag (P®, p<54>)—1 AB)

Second, the augmented strongly stable system H is formed. The realization of system H is

denoted by <A &) Bg), C’é,), D(k)> and is defined as follows:

AW — A0 4 B®) g, By = B®,
(k) (k) (k) (k)

o _ Cc® + DO D — D
k) 1

where D®) = 0 as explained before.

Third, generalized controllability gramians X®*) and X@) and generalized observability
gramians Y*) and Y#) are computed for system H by solving the following SDPs, respec-

tively:

minimize E trace X ()
(i,4)eE

subject to: ~ X®) =0, X®) = 0,

X3y = diag (X k)>z‘eEi(r’f)’ X = diag (X*) e

T T
AR diag (X0, X1 (4) — aiag (x, x1) + B (BI) <0,
for all k € V and (i,j) € E.

minimize E trace Y (¥
(i,5)EE

subject to: Y =0, Y@ » 0,

V! = diag (Y09), . You! = diag (Y1) e,
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T T
(A diag (v, v3)) A — diag (v©, 7, 17) + () ) <o,

for all k € V and (i,j) € E.

In the above SDPs, the sum of the traces of the gramians associated with the spatial states is
minimized, since the objective of the example is to evaluate the importance of the spatial state

variables and to simplify the interconnection structure of the distributed system accordingly.

Fourth, using the computed generalized gramians, Algorithm 2.7 is implemented to obtain
a balanced realization for system H and balanced generalized gramians () and ¥ for
all k € V and (i,7) € E. Then, the balanced truncation method of Chapter 2 is applied to
reduce system H. At this point, the ¢;-induced norm of system H, ||H]||, is computed to help
in assessing and quantifying the error bound predicted from Corollary 2.16. ||H|| ~ 1.9985
is computed in two steps. An upper bound on ||H]|| is found using Lemma 2.5, and a lower
bound on ||H| is found by treating the distributed system H as a single global system
with 5 inputs and 15 outputs, and applying the standard Kalman-Yakubovich-Popov (KYP)
Lemma for discrete-time LTI systems. In this case, the structure of the distributed system
is dropped /neglected, and so, the computed H.,-norm of the (unstructured) global system
gives a lower bound on the fs-induced norm of the distributed system. The lower and upper

bounds are almost equal, and so the lower bound is taken as || H||.

Denote the reduced order system that results from reducing system H by H,, and denote
the realization of H, by (AS?)T, Bgﬁ’)r, C}ﬁ, D?). By looking at the values of the diagonal
entries in the balanced generalized gramians and comparing their relative orders, and by
computing the predicted bound on ||(H — H,.)||, it is decided to eliminate the interconnections
(1,5), (4,3), (2,3), and (3,2) altogether from the interconnection structure, and truncate
the second state variable in the remaining spatial states, i.e., reduce the dimension of the

remaining spatial states from 2 to 1 each. For example, consider the computed balanced
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generalized gramians X(**) = 1073diag(0.1461,0.0190), % = diag(0.0107,0.0001), and
YY) = diag(0.1856,0.0001). One can immediately see that both entries of £(3*)| the second

entry in () and the second entry in 32V

are negligible compared to the other entries, and
hence the corresponding state variables are to be truncated. When the negligible entries in
all the gramians ¥(¥) are considered, Corollary 2.16 gives the following error bound | (H —

H,)|| < 0.0094 = 0.4712 %|| H]||.

Finally, the state-space matrices of system G, and the reduced order feedback gains F® are

extracted from the state-space matrices of system H, as follows:

B® =By, =Cy

A = AL, — BYFD

Figure 3.1 shows the interconnection structure of the full order system and the interconnec-
tion structure of the reduced order system. A light blue color is used for the interconnections
of the reduced order system to indicate that the corresponding spatial states are of reduced
dimensions. It is also noted that some interconnections are completely removed from the in-
terconnection structure during model reduction, and so, the interconnection structure of the

reduced order system is simpler than the interconnection structure of the full order system.

The a priori bound on ||[(H — H,)|| obtained from the coprime factors reduction method is
negligible. To see if system G, closely approximates system G, both systems are simulated
using the same exogenous inputs. Namely, the systems are subjected to the same mix of
sinusoidal and exponential exogenous inputs for 20 seconds, and then the systems are left to
evolve on their own. The position of agent 1 in systems G and G, is plotted in Figure 3.2.

As can be seen from the figure, the error is negligible. However, the error in the position
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o 1) )

Figure 3.1: The figure on the left shows the interconnection structure of the full order system
and the figure on the right shows the interconnection structure of the reduced order system.
Note that some interconnections are completely removed from the interconnection structure
during model reduction. The dimensions of the remaining spatial states in the reduced order
system are also reduced, which is depicted by the use of the light blue color in the figure on
the right.

between the agents of G and G, slowly increases as time elapses because the agents of G,
do not reach consensus in position. They only reach a nonzero consensus in velocity, with
a consensus value of the order 107®. So, while the full order system G is stable (though
not strongly stable) in the sense that the zero-input response converges to a common state,
system G, is not. This remark does not contradict the theory of coprime factors model
reduction, which only guarantees the strong stabilizability and strong detectability of the

reduced order system G,..

Finally, by looking at the first entry of (2%

, namely, 0.0107, one may choose to remove
interconnection (2,5) altogether from the interconnection structure when reducing system
H . i.e., truncate the first variable of the balanced spatial state associated with the intercon-
nection (2,5) in addition to the state variables truncated before. Denote the corresponding
reduced order system by H,;. In this case, the bound on ||(H — H,;)|| remains negligible,

namely, 1.5435%||H||. However, the response of the corresponding reduced order system

G, will be significantly different from the response of system (. This is because, in this
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Figure 3.2: The figure plots the position of agent 1 in the full order system G and the reduced
order system G,.

case, there will no more be interconnections feeding into agent 5. However, if one groups the
entries in the balanced generalized gramians according to their orders of magnitude, one sees
that the first entry of (®) does not belong to the group of the previously truncated entries.
In fact, it is one order of magnitude larger. Also, the new error bound (1.5435 %||H||), while
still small, is 3 times larger than the previous bound (0.4712 %||H||), i.e., truncating one
additional state variable beyond what was truncated previously results in a jump in the er-
ror bound. Weighing in these observations, one concludes that the state variable associated

with the first entry in 3(** should not be truncated.



Chapter 4

Distributed Control of Interconnected

Nonstationary LPV Systems

4.1 Chapter Overview

This chapter deals with the distributed control problem for interconnected nonstationary
linear parameter-varying (NSLPV) systems. Specifically, the interconnection structure of
the plant is described by an arbitrary directed graph, and a communication latency of one
time-step is assumed between the subsystems. The plant subsystems have discrete-time
NSLPV models [33, 34] that are formulated in a linear fractional transformation (LFT)
framework. NSLPV models consist of a nominal linear time-varying (LTV) part and a
block-diagonal uncertainty operator in LF'T form, where each block is a repeated, scalar,
time-varying uncertainty. That is, NSLPV models extend standard linear parameter-varying
(LPV) models formulated in an LFT framework in the sense that the nominal part of the
model is time-varying. The problem addressed in this chapter is to design a distributed
controller that inherits the interconnection structure and LFT structure of the plant. Namely,
the interconnection structure of the controller is the same as that of the plant, and the
controller subsystems have NSLPV models, are formulated in an LFT framework, and are

scheduled by the same parameters as their corresponding plant subsystems.

The notation adopted throughout this chapter and Chapters 5 and 6 as well as some prelimi-

73
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nary material are presented in Section 4.2. The operator theoretic framework that allows for
a compact representation of interconnected NSLPV systems is developed in Section 4.3. Us-
ing the developed framework, and by following a parameter-independent Lyapunov function
approach, analysis and synthesis results for interconnected NSLPV systems are derived in
Sections 4.4 and 4.5, respectively. Section 4.6 briefly discusses how the analysis and synthesis
problems become finite dimensional SDPs in the special case of eventually time-periodic sub-
systems that are interconnected over finite graphs. The proposed control synthesis approach

is applied to an illustrative example in Section 4.7.

4.2 Preliminaries

Some of the notation of Chapters 2 and 3 carries over to Chapters 4, 5, and 6. The sets of
nonnegative integers, integers, real numbers, and n X n symmetric matrices are denoted by
Ny, Z, R, and S", respectively. 0;4;, 0;, and I; denote the i X j zero matrix, 7 X ¢ zero matrix,
and 7 x 7 identity matrix, respectively. diag (M) is the block-diagonal augmentation of the

elements of the sequence of operators M;.

The notation and operator theoretic machinery [35] needed to derive the results of Chapters
4, 5, and 6 are now presented. Consider a directed graph with a countable set of vertices
V and a set of directed edges E. An element in E directed from ¢ € V to j € V is
denoted by the ordered pair (i,7). The vertex degree v(k), i.e., the maximum between the
indegree and the outdegree of vertex k, is assumed to be uniformly bounded. Without loss
of generality, the directed graph under consideration is assumed to be d-regular, i.e., for each
k € V, the indegree and the outdegree are equal to d. This assumption is made because
an arbitrary directed graph with a uniformly bounded vertex degree can be turned into a

d-regular directed graph, where d = maxyecy v(k), by the addition of the necessary virtual
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edges and/or nodes. With this assumption, d permutations, p1, ..., p4, of the set of vertices
are defined such that if (¢,) € E, then one e € {1,...,d} satisfies p.(i) = j and p,'(j) = i.
The reader is referred to the work of [35] for more details about regular graphs, how to turn
an arbitrary directed graph into a regular directed one, and how to appropriately define
the permutations. As an example, Figure 4.1 shows a directed graph and the same graph
rendered d = 2-regular after the addition of the needed virtual edges. The permutations
p1 and py are defined as follows: pi(1) = 2, p1(2) = 3, p1(3) = 4, p1(4) = 1, p2(1) = 3,

p2(3) =1, p2(2) = 4, and po(4) = 2.

2 4

Figure 4.1: The figure on the left shows a direct graph. The figure on the right shows the
same directed graph rendered 2-regular by the addition of the necessary virtual edges. The
added virtual edges are shown as dashed red arrows. The permutations p; and p, are also
defined in the figure.

Im T and ker T denote the image and the kernel of a linear operator T'. J; & J, denotes the
vector space direct sum of the vector spaces J; and J,. Let H and F' be Hilbert spaces. The
inner product and norm associated with H are denoted by (-, )y and || - ||z, respectively.
The subscript is suppressed when H is clear from context. The spaces of bounded linear
operators and bounded linear causal operators mapping H to F' are denoted by L(H, F)
and L.(H, F), respectively. The symbols simplify to L(H) and L.(H) when H = F. For
X € L(H,F), || X|| refers to the H to F induced norm of X, and X* denotes the adjoint of
X. A self-adjoint operator X € L(H) is said to be negative definite, X < 0, if there exists

p > 0 such that (z, Xz) < —p||z||* for all nonzero r € H.
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Given the sequence n : (t,k) € Z xV — n(t,k) € Ny, £ ({R""P}) is defined as the
vector space of mappings w : (t,k) € Z x V — w(t,k) € R**®)  The Hilbert space

6 ({R"9}) is the subspace of ¢ ({R""®}) consisting of mappings w with finite norm

|wl|e, = \/Z(t,k)ervw*(t7 k)yw(t, k). la ({R""M}) is the subspace of ¢ ({R"""}) consist-
ing of mappings w that satisfy >, ., w(t, k)*w(t, k) < oo for each t € Z. The symbols ¢, /s,
and (s, are used when the dimensions are clear from context. Given @ = (ny,...,ns), where
ni,...,ns are integer-valued sequences defined similarly to n, define (" = ol ¢ ({RrtR)Y).

Similar definitions apply for 5 and ¢3,.

An operator () on /5 is said to be graph-diagonal if there exists a uniformly bounded matrix-
valued sequence Q(t, k) such that (Qu)(t, k) = Q(t, k)w(t, k) for all (t,k) € Z x V. An
operator W = [W;;], where each W;; is a constituent block of W, is said to be partitioned
graph-diagonal if each block W;; is a graph-diagonal operator. The graph-diagonal rep-
resentation of a partitioned graph-diagonal operator W is denoted by [W] and satisfies
[W1(t, k) = [Wi;(t, k)] for all (t,k) € Z x V. Specifically, the mapping [-] is a homomor-
phism from the space of partitioned graph-diagonal operators to the space of graph-diagonal
operators. This mapping is isometric and preserves products, addition, and ordering, i.e.,
1WAl = [TWADl, [WaWs] = [WA][W], [W1 + Wa] = [Wi] + [Wa], where W, and W, are
compatible partitioned graph-diagonal operators. If Wi is self-adjoint, then W; > 0 if and
only if [W;] > 0 if and only if [W1](t, k) > ul for all (¢,k) € Z x V and some scalar p > 0.

The definition of graph-diagonal operators extend to ¢ and /5.

I9 denotes the graph-diagonal identity operator such that 19(t, k) = I, ), and 0°*" denotes
the graph-diagonal zero operator such that 0°*"(t, k) = Oct)xhtk) for all (t,k) € Z x V.
partitioned graph-diagonal identity and zero operators that have the shown dimensions,

respectively. If the dimensions are not pertinent to the discussion, the partitioned graph-
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diagonal identity and zero operators are simply denoted by I and 0, respectively. Finally, the
unitary temporal-shift operator Sy and the unitary spatial-shift operators S;, fori =1,...d,

are defined as follows:

So: by — Ly, (Sov)(t, k) = v(t — 1, k), (Szv)(t, k) = v(t +1,k),

S 1 ly — Ly, (Siv)(t, k) = v(t, p; H(k)), (Sfv)(t, k) = v(t, pi(k)).

These definitions extend to ¢ and ¢5.. Note that no distinction will be made between the

shift operators for different vector spaces £({R"*#)}).

4.3 Operator Theoretic Framework

In this section, an operator theoretic framework is developed to describe distributed NSLPV
systems. Namely, consider a distributed NSLPV system G5 whose interconnection structure
is represented by a d-regular directed graph. Each subsystem G®*) corresponds to a vertex
k € V, and the interconnections between the subsystems are described by the directed edges
in E. The interconnection from subsystem G to subsystem G corresponds to the directed
edge (i,7) € E. The subsystems have discrete-time NSLPV models that are formulated in an
LFT framework. That is, each subsystem consists of an LTV nominal part and a static LTV
uncertainty operator. NSLPV models [33, 34] generalize standard LPV models in the sense
that the nominal part of the system can be time-varying. The adopted framework allows for
heterogeneous subsystem models and accounts for a delay of one time-step on the information

transfer between the subsystems. Let ¢ denote discrete time. For all (t,k) € Z x V, the
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state-space equations of system Gs are given by

xr (t+ 1, k) xp (L, k)
xq (t+ 1, p1(k)) _ZTT(t,/{J) Aps(t, k) | App(t,k) | Bri(t, k) | Bro(t, k) _ x1 (t, k)
Agsr(t, k) | Ass(t k) | Asp(t k) | Bsi(t, k) | Bsa(t, k)
za (t+ 1, pa(k)) | = | Apr(t,k) | Aps(t,k) | App(t,k) | Bpi(t k) | Bpa(t, k) || za(t,k) |
a(t, k) Cir(t,k) | Cis(t,k) | Cip(t, k) | Dia(t, k) | Dia(t, k) || B (¢, k)
z (t, k) Cor(t,k) | Cos(t, k) | Cop(t,k) | Dar(t, k) | Daa(t, k) || w(t, k)
L y(tk) L u(t,k) |
01(t, k) Lyp gy O 0
Bt k)= 0 0 a(tk)=Atk) a(tk). (4.1)
0 0 Ot k) Lo )

x7(t, k) denotes the state vector associated with subsystem G*). The dimension of z7(t, k)
is denoted by nr(t, k) for all (t,k) € Z x V. The states associated with the subsystems
are referred to as the temporal states. The interconnections between the subsystems are
also modeled as states that are called spatial states. The spatial state vector z;(t, k) is
associated with the edge (p;'(k), k) and has a dimension denoted by n?(t, k). The spatial
state vector z;(t, p;(k)) is associated with the edge (k, p;(k)) and has a dimension denoted by
n? (t, pi(k)). In other words, z;(t, k) is associated with the incoming edge to vertex k along
the permutation p;, whereas x;(t, p;(k)) is associated with the outgoing edge from vertex
k along the permutation p;. Due to the assumed communication latency, the information
sent by a subsystem at time-step ¢ reaches the target subsystem at ¢ + 1. The spatial states
corresponding to the virtual interconnections and their corresponding blocks in the state-
space matrices are of zero dimensions, i.e., nonexistent. This is because the virtual edges

are not present in the actual interconnection structure of system Gs and are only added to
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render the directed graph that describes the interconnection structure d-regular, as required

for the development of the operator theoretic framework.

B and « are the internal signals introduced by formulating the subsystems in an LF'T frame-
work. In addition to being related by the state-space equations for the nominal parts of
the subsystems, 5(t, k) and «(t, k) are related by the equation 5(t, k) = A(t, k)a(t, k) for
all (t,k) € Z x V. Specifically, A(t, k) = diag (51(75, ) e (uays- -+ Ot k)[ngl(tyk)), where
d;(t, k) are scalar-valued functions for j = 1, ..., m. The parameters 0,(¢, k) are not known a
priori but are assumed to be measurable at each time-step ¢t. $ and « will be hereafter called
the parameter states for simplicity and ease of reference. The vectors §(t, k) and «(t, k)
are partitioned into m vector-valued channels conformably with the partitioning of A(t, k),

.. B(tK) = [B(K) Bi(t. k) -+ Bu(t.k)]" and a(t,k) = [af(t,k) aj(t.k) -+ ag(t k)]
where the dimension of a;(t, k) and §;(t, k) is denoted by n (t, k). The framework allows for
heterogeneous subsystems and for a local dependence of the subsystems on the parameters.
That is, different subsystems may depend on different parameters, and even if two subsys-
tems are affected by the same parameters, the framework assumes that the evolution of the
parameters is independent in each subsystem. Let my be the number of parameters affecting
subsystem G*). Then, m = maxey my. If my, < m for some ko € V, then nf (t, ko) = 0 for

allt € Z and j =my, +1,...,m.

Each subsystem has its own actuating and sensing capabilities. w(t, k), z(t, k), u(t, k), and
y(t, k) are the vectors of exogenous disturbances, performance outputs, control inputs, and
measurement outputs associated with subsystem G®)| respectively. Their corresponding
dimensions are denoted by n,(t, k), n.(t, k), n,(t, k), and n,(t, k). Unless otherwise stated,
it is assumed hereafter that w € f;. As an example, consider Figure 4.2 that shows a
distributed NSLPV system whose interconnection structure is described by the graph shown

in Figure 4.1.
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v

A(t, k)
Bt k)

a(t k)

Figure 4.2: The figure on the left shows a distributed system whose interconnection structure
is described by the graph shown in Figure 4.1. The subsystems have NSLPV models and
are formulated in an LF'T framework. The spatial states are defined, and the operator Sy is
used to mark the communication latency between the subsystems. The figure on the right
shows a close-up view of subsystem G*).

The state-space matrices are known a priori, are assumed to be uniformly bounded, and are

partitioned according to the permutations py, ..., pg and the blocks in A(¢, k). Namely,

AST(t, k) AT (¢ k)
Agr(t, k) = : , Apr(t k) = : :
AST(t, k) APT(t k)
B (t,k) Bi,(t, k)
ESg(ta k) = ) EPg(t) k) = )
| BS (1. ) | B (1K) |
Ugs(t’ k> - |:051(t’ k) T Og}gd<t’ k>:| ’ 69P<t’ k) - Cfl <t7 k) T Céjm<t7 k):| ’
Ars(th) = [ A7 k) - AS@m)] Areled) = [arrany ).

Ags(t, k) = [ASS(t, k)], Asp(t, k) = [AZF (8 F)]._,

..... de=1,...,d "’

Aps(t, k) = [AR(t, k)] App(t, k) = [ATF(t, k)]

G=1,...m;i=1,...d’
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for g = 1,2, where A77(t, k) is an nf (t+1, p;(k)) x ng(t, k) matrix, AP (¢, k) is an nf (¢, k) x
ny(t, k) matrix, AT5(t,k) is an ng(t + 1, k) x n?(t, k) matrix, AT"(t, k) is an np(t + 1, k) x
nf (t, k) matrix, and so on. The matrix-valued sequence obtained from each block/partition
of the state-space matrices defines a graph-diagonal operator. For instance, the matrix-

valued sequence AT5(t, k) defines the graph-diagonal operator AT®. These graph-diagonal

operators are then augmented to form partitioned graph-diagonal operators as follows:

Arg = | ATS ATST, Arp = | ATP ATPL
AfT AfT
Ast=| : |, Apr = ;
AT APT
— SS SP
ASS - [Al@ L:l ..... die=1,...,d’ ASP - [AZ] i=1,....d;j=1,....m "’
_ PS _ PP
APS - [A]Z :|j:1 ,,,,, myi=1,....d"’ APP |:A.7f :|j:1 ..... m;f=1,...m"’
S P
BSg - : ’ BP!] - : ’
S P
Bdg Bmg
= S S — P P
CgS Cgl ng Y CgP Cgl Cgm ?

for ¢ = 1,2. That is, for all (t,k) € Z x V, the following hold:

[Ars](t, k) = Arps(t, k),
[Apr](t k) = Apr(t, k),
[Aps](t, k) = Aps(t, k),

IIBPQ]] (tv k) = Epg(tv k)?

[Arp](t, k) = sz(t, k),
[Ass](t, k) = Ass(t, k),
[Appl(t, k) = App(t, k),

HCQS]] (tv k) - CQS(t’ k)v

[Asrl(t, k) = Asr(t, k),
[Asp](t, k) = Agp(t, k),
HBSQ]] (t’ k) - §59<t’ ]{?),

[[CQP]] <t7 k) - ng(t’ k)
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The matrix-valued sequences Arr(t, k), Bri(t, k), Bra(t, k), Cir(t, k), Dii(t, k), Dia(t, k),

Cor(t, k), Dy (t, k), and Day(t, k) also define graph-diagonal operators denoted by Arr, Bri,

BT27 ClT7 D117 D12, CZTa Dgl, and DQQ, respectively. That iS7 for all (t, ]{f) € 7 x V, the

following hold:

[Arr](t, k) = Apr(t, k) = Arr(t, k),
[Br2](t, k) = Bra(t, k) = Bra(t, k),
[Du](t, k) = Dii(t, k) = Dy (t, k),

[Cor](t, k) = Cor(t, k) = Cor(t, k),

[Das] (£, k) = Das(t, k) = Daa(t, k).

[Bri](t, k) = Bri(t, k) = Bri(t, k),
[Cir](t, k) = Cip(t, k) = Cip(t, k),
[Di2](t, k) = Dis(t, k) = Dio(t, k),

[Do1](t, k) = Doy (t, k) = Doy (t, k),

The augmented partitioned graph-diagonal operators A, By, By, B, C1, Cy, C, and D are

then defined as follows:

ATT ATS ATP
A= Asr Ass Asp|:
APT APS APP

O - 4 B Cir Cis Cip
Cy Cor Cas Cyp

For all (t,k) € Z x V, these operators satisfy

Arp(t k) Arps(t k) Arp(t k)
[[A]](t7k>: ZST(tak) ZSS(tak) ZSP<t7k)
App(t, k) Aps(t,k) App(t,k)

By Bro
B = By By| = |Bs1 Bgs2|
Bp1 Bps

Bri(t,k) Bro(t, k)
, [[B]](t, k) - Esq(t,k‘) Esg(t, k/’) 9
Bpi(t,k) Bps(t, k)
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(Cle. k) = ?m(t»k) ?15(75: k) ?113(@ k) DI = ?11(@ k) ?12(@ k)
Cor(t, k) Cas(t, k) Cap(t, k) Doy (t, k) Dao(t, k)
Graph-diagonal operators A; are defined such that A;(¢, k) = 0,(¢, k)[nf(t,k) for all (t,k) €
Z xV and 7 = 1,...,m. These operators are block-diagonally augmented to construct
the partitioned graph-diagonal operator Ap = diag (Aq,...,A,,) that satisfies [Ap](¢, k) =
A(t, k) for all (t,k) € Z x V. Define

n}L = S{)knTSO, ﬁ; = (STSS?’L?SOSL ey S;SSR?SOSC[) s
ns = (nf,....n3), np=(ni,...,n.), (4.2)

where (SgnrSo)(t, k) = np(t+1,k) and (S7Sin; SoS:)(t, k) = nf(t+1, pi(k)) fori =1,...,d.
Then, the composite-shift operator S is defined as S = diag (Sp, SoS1, - - ., S0Sq, I"?) and the
operator A is defined as A = diag (I (nr.ms) A p). The equations in (4.1) can thus be rewritten

in compact operator form as follows:

xXr T w z xXr w s xXr
—SA + SB , —C +D : — A : (4.3)
oY 5 u y 5 u p &
X w z xr w
— ASA +ASB : =C +D , (4.4)
3 B u y p u
where © = [z o] -+ 2}]", a=[a] --- ap]" and B = [B] --- Gh]"

It is assumed throughout Chapters 4, 5, and 6 that A is restricted to A = {A ||| Al < 1}.

For every A € A, and assuming that the inverses in question exist, the input-output map
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of system Gs can be expressed as

Gs=C(I —ASA)'ASB + D = CA(I — SAA)'SB + D. (4.5)

The distributed NSLPV system Gy is then defined as G5 = {Gs | A € A}.

The realization of system Gy is denoted hereafter by the quintuple (A, B,C, D, A). For an a
priori known and fixed A, system Gs reduces to a distributed LTV system such as the ones

described in [35]. If only one subsystem is considered, then system Gs reduces to a single

NSLPV system such as the ones described in [33, 34].

To simplify the presentation of the results in the subsequent sections of this chapter, the

following operators are defined to group the temporal and spatial blocks of A, B, and C"

. Arp Arg . Arp A
Ay = ; Ajp = ) Ay = {APT APS] )
Asr  Ags Agp
. Br .
Bg = ! ) g = {CgT Cgs} ) g=12 (4 6)
Bg,

Finally, it is noted that the following convention is adopted throughout Chapters 4, 5, and
6. If Hs denotes a distributed NSLPV system, then the input-output map of system Hs
is denoted by Hs for all A € A. Similarly, the input-output map of a distributed NSLPV

system s is denoted by K5 for all A € A, and so on.
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4.4 Analysis Results

Consider a distributed NSLPV system Gs that has a realization denoted by (A, B,C, D, A).
This section gives the analysis results for system Gs. For simplicity, the control input v and
the measurement output y are dropped from the system equations. First, the equations in

(4.1) are rewritten so as to eliminate a(t, k) and S(¢, k). Clearly, for the resulting equations

to be well-defined, I — App(t, k)A(t, k) must be invertible for all (t,k) € Z x V.

Definition 4.1. Consider a distributed NSLPV system Gs that has a realization denoted
by (A, B,C,D,A). System Gs is said to be well-posed if (i) given an input w € fo, the
equations (4.4) admit a unique solution (z,8) € €57 and (i) Gs defines a linear

causal mapping on /s, for all A € A.

Definition 4.2. Consider a distributed NSLPV system Gs that has a realization denoted
by (A, B,C,D,A). System Gj is said to be stable if (i) it is well-posed, (ii) given an input
w € {y, the equations (4.4) admit a unique solution (z, 8) € ¢8""™™) and (iii) G5 defines a
bounded linear causal mapping for all A € A, i.e., Gs € L, (62 ({R”w(t’k)}) Uy ({R”z(t7k)}))

for all permissible parameter trajectories.

Lemma 4.3. Consider a distributed NSLPV system Gg that has a realization denoted by
(A,B,C,D,A). If [AJ(t,k) =0 fort < 0 and all k € V, and I — ApApp has a causal
inverse on (57 for all A € A, then I — ASA has a causal inverse on EgZT’ﬁS’ﬁP) for all

A € A, and system Gs is well-posed.

Proof. The proof parallels the proofs found in [22, 33]. Since the set of linear causal mappings
on {5, is an algebra, the well-posedness of system G5 is equivalent to the existence of a causal

inverse for I — ASA on EgZT’ﬁS %) for all A € A. Using the definitions in (4.6), and since
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I — ApApp is assumed to have a causal inverse on é?;’ , I — ASA can be factored as

I—S5,8A;  —5,54
I ASA — 0 A 11 o0 A12
—ApAy I —ApApp

I —SoSAy(I—ApApp) | |1 -SSR 0

0 I —ApAy T —ApApp

for all A € A, where Sy=diag(Sy,...,So) (d + 1 blocks), S=diag (I"7,S;,...,S4), and
R= A, + 12112([ — APAPP)_IAPAQ]_. Thus, I — ASA has a causal inverse on ééZT’ﬁS’ﬁP) if
I — SySR has a causal inverse on EéZT’ﬁS ), By generalizing the characterizations of causality
and memorylessness to partitioned operators mapping multiple inputs to multiple outputs,
i.e., operators mapping @?21626 to @ﬁ\flfge for some positive integers Ny, N, and by extending
[22, Lemma 6] to this class of operators, it can be shown that since R is a linear memoryless
operator and [A](t,k) = 0 for t < 0 and all k € V, then (I — SoSR)~! exists and is causal

for each A € A, which concludes the proof. O

Hereafter, it is assumed that [A](t, k) = 0, [B](¢t,k) = 0, [C](t, k) = 0, and [D](¢t,k) =0
for all t < 0 and k € V. To check for the well-posedness of system G, it becomes sufficient
to check that I — ApApp is invertible on ng for all A € A. The inverse, when existent, is
memoryless (and so, it is causal) since I — ApApp is a memoryless operator, and the set of

memoryless mappings is closed under the inversion operation.

The following result gives a sufficient condition for the stability of system Gy, i.e., the validity

of the said condition implies that I — ASA has a bounded causal inverse for all A € A. Let

P {X|X = diag (Xr, X5, X5 XP . XP)=X" €L, (fé"ﬂsﬁ”)) ,

where Xp, X7

7 )

and X]P are graph-diagonal operators for i =1,...,dand 7 =1,...,m,
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X =0, and X' € L, (fg”“ﬁsﬁ”) } . (4.7)

Clearly, the set X is a commutant of A. The symbol X is used to denote similarly defined

sets regardless of the associated dimensions.

Lemma 4.4. Consider a distributed NSLPV system Gg that has a realization denoted by
(A,B,C,D,A). If there exists X € X, where the set X is defined in (4.7), such that

A*S*XSA— X <0, (4.8)

then the system Gs is stable.

Proof. The proof of this result parallels the proof of the counterpart result for single LPV
and uncertain systems found in [16]. Since L.(¢2,f2) is an algebra, the stability of sys-
tem Gs is equivalent to (I — ASA)~! being in L. (EénT’ﬁS’ﬁP)) From (4.8), it follows
that || X2SAX 2| < 1. Since X2 € X, then X2 commutes with every A € A, and so,
| X SASAX _%H < 1 by the sub-multiplicative property. In other words, ASA has a spec-
tral radius less than 1. Thus, (I — ASA)™! = Y72 (ASA)" is a well-defined quantity in

L (EgnT’ﬁS e )>. This quantity is causal since each term in the summation is causal. ]

Since X € X, it follows that S*X .S is a partitioned graph-diagonal operator with a block-

diagonal structure similar to the structure of X, i.e.,
S*X S = diag (S5 X750, S7S5X{ SoSh, -, S5SeX5S0Sa, X{\ .., XF).

The condition X > 0 can be expressed as Xp(t,k) = pul, XP(t,k) = plI, and X (t, k) = pl

for some scalar 4 > 0 and all (t,k) € ZxV,i=1,...,d, and j = 1,...,m. Similarly,
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inequality (4.8) can be expressed in terms of equivalent sequences of LMIs, namely,

[A*](¢, k)diag (X7 (t + 1,k) , X7 (t+ 1, p1(k)), ..., X7 (t+ 1, pa(k)), X (£, k), ..., X} (. k))

x [A](t, k) — diag (Xr(t, k), X2t k), ..., X3t k), XP(t,k),...,XP(t, k)) < —ul,

for all (¢, k) € Z x V. One sequence of LMIs is associated with every subsystem G*). These
sequences are in general infinite dimensional because of the explicit dependence on time in
the state-space equations, i.e., the nominal parts of the subsystems can have LTV models.
The sequences associated with the various subsystems are coupled through the spatial terms
X7 (t, k). The parameter terms X jP (t, ko) only appear in the LMI sequence associated with
subsystem G*0). This highlights the local dependence of the state-space matrices on the
parameters. Note that the spatial terms associated with the virtual interconnections have
zero dimensions and do not appear in the LMIs. Similarly, if my, < m for some ky € V, then
X[ (t, ko) has zero dimensions for j = my, +1,...,m and all t € Z. The ul terms ensure
that the matrix-valued sequences on the left-hand-side do not converge to singular matrices
as t approaches infinity. Since the state-space matrices are assumed to be zeros for ¢t < 0,

the LMI sequences are trivial for ¢ < 0, and so ¢ is restricted to N.

Systems that satisfy the previous condition are said to be strongly stable. Strong stability
implies stability, but the converse is not necessarily true. Namely, a strongly stable system
is a stable system that possesses a solution X € X to (4.8). However, there exist stable
systems that are not strongly stable. The reader is referred to Remark 2.4 for a related

discussion.

The following result gives a condition that ensures the strongly stable of system Gs and
guarantees an upper bound on the ¢s-induced norm of the input-output map Gy defined in

(4.5) for all permissible parameter trajectories.
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Lemma 4.5. Consider a distributed NSLPV system G that has a realization denoted by

(A,B,C,D,A). If there exists X € X, where the set X is defined in (4.7), such that

*

SA SB X 0| |[SA SB X 0
- =<0, (4.9)

c Dp| o Il|lc D 0 AT

then system Gy is strongly stable, and its input-output map Gs, defined in (4.5), satisfies
|Gs|| < for all A € A.

Proof. The proof of this result extends the proof of the counterpart result for interconnected
LTV systems given in [22]. The inequality defined in (4.8) is implied by the inequality
defined in (4.9), and so system Gs is strongly stable and I — SAA has a bounded causal

inverse for all A € A. (4.9) is pre- and post-multiplied by B*S*(I — A*A*S*)1A* [

A(I — SAA)1SB
and , respectively. Since X € X commutes with every A € A and
1

|A]l < 1forall A € A, then X — A*XA = (I — A*A)X and A*A < I, and so it can be
concluded that G;Gs — I <0, i.e., |Gs|]| <7 for all A € A. O

Lemmas 4.4 and 4.5 require X € X. In fact, X only needs to be positive definite and in the
commutant of A. It is shown in the next result that the condition X € X can be imposed

without adding conservatism. A similar result for single NSLPV systems is given in [34].

Theorem 4.6. Inequality (4.9) admits a solution X = 0 in the commutant of A if and only

if it admits a solution X € X, where the set X is defined in (4.7).

Proof. The proof of the ‘if” direction is trivial, since the set X is a commutant of A. The
‘only if” direction is proved next. Namely, the desired solution X € X is constructed from

the given solution X.
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For this purpose, define the operator E; ¢ : RI — £, ({R”(t’k)}) for some mapping n that
satisfies n(7,({) = ¢ as follows: if E,ce = v € ly, then v(t,k) = e if (t,k) = (7,()
and v(f, k) = 0 otherwise. The adjoint operator Ef, . : ({R"EPY) — RO satisfies
Bl v = v(T,¢) € R*™). No distinction will be made between the operators E(; ) defined

for various mappings n. Thus, any v € /5 can be written as v = Z(t,k)erV Eqryv(t, k), and

it follows that Qu = Z(t,k)erV QErv(t, k), for any operator @ on /s.

Since X is in the commutant of A, then X must have the block-diagonal structure

X = diag (7T,Yf,...,7§,7f, . ,Xij;) .
Since the operators A; are graph-diagonal for j = 1,..., m, then the blocks 75 must also
be graph-diagonal operators as they must satisfy YfAj'U = Aijv for all v € ¢y and
j =1,...,m. To see this, both sides of the previous equation are evaluated at (7,(), i.e

pre-multiplied by EE‘T 0 By the above discussion, the following equation is obtained:

> G(LREL X, Y Eqpu(t, k) ) > E o X Ewpo(t,k).
(t,k)EZXV (tk;)erV

For this equality to hold for an arbitrary v € fs, 7;3 must be graph-diagonal. That is, there
exists a sequence of uniformly bounded matrices 7 (t, k) such that EE*T )X fE(,;k) = 75(7-, ()
for (t,k) = (7,¢), and Ef, XfE(th) = 0 for (t,k) # (7,(). However, a similar conclusion
cannot be made about X7 and 713 fori=1,...,d. Since X satisfies (4.9), then the following

inequality holds for some p > 0:

A B S*XS 0| |A B X 0
- < —ul.
C D 0o I||C D 0 ~2I
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Define the operator E(T@ = diag (E(T@, Eieys oy E(TQ) (1 + d + m blocks) that satisfies

A B| |Eso O Ebo 0 A B .0)
= T,().
C D|| 0 Eug 0 Emo|||C D

Then, by pre- and post-multiplying the previous inequality by diag (EA(T,O, E(T@) and its
adjoint, respectively, and using the fact that EE*T C)E(T’C) = I, the following inequality is
obtained:

Er S*XSE.~ 0| | A B Er
(r,¢) |7 T
C D 0 Il ||c D 0 V2T

(4.10)
The previous inequality can be shown to hold for all (7,() € Z x V. From the definitions of
the temporal-shift operator Sy, the spatial-shift operators S;, and the operators E; ) and

Ef, ¢ 1t can be verified that

BfrSiXr50Br0) = Birir o XrBiri10;

* ¥ s O * S .
E(T,()Sz' SOXi SOSZ'E(T,() = E(T+1,Pi(C))Xi E(T+17pi(<)), for 1 = 1, e ,d. (4.11)

If graph-diagonal operators X and X for i = 1,...,d are defined such that X (¢, k) =

E(*t’k)yTE(t,k) = ul and X7 (t, k) = EZ‘t’k)YfE(t,k) = wl for all (t,k) € Z x V, then it can
be seen from (4.10) and (4.11) that X = diag (XT,XIS, . ,Xg,Yf, . ,72) € X satisfies
the sequences of LMIs that are equivalent to (4.9) for all (¢,k) € Z x V. Thus, a solution

X € X that satisfies (4.9) has been found, which concludes the proof. ]
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At1) A(t,3)

AK(t,4)

Figure 4.3: The figure shows a distributed NSLPV controller K5 that is applied to the
distributed NSLPV plant Gs shown in Figure 4.2. The shown controller inherits the in-
terconnection and uncertainty structures of the plant. The information exchange between
a controller subsystem and the corresponding plant subsystem is depicted using the black
arrows.

4.5 Synthesis Results

This section addresses the control synthesis problem for distributed NSLPV systems. Namely,
let the plant Gs be a distributed NSLPV system, and denote its realization by (A, B, C, D, A).
The plant G5 is assumed to be a well-posed system as per Definition 4.1, and the state-space
matrices of the plant are assumed to be zeros for t < 0. Without loss of generality, it is
further assumed that Daoy(t, k) = 0 for all (t,k) € Z x V. The sought controller Ks is a
distributed NSLPV system that has the same interconnection structure as that of the plant,

and the controller subsystems have LF'T structures that are similar to the LFT structures of
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the plant subsystems. That is, the controller consists of NSLPV subsystems that are formu-
lated in an LFT framework and interconnected over the same interconnection structure as
that of the plant. The information transfer between the controller subsystems is subjected
to a one-step time-delay. For all k € V, the controller subsystem K®*) is scheduled using
the same parameters that affect the plant subsystem G*). Thus, the controller equations
are in the form of (4.1) with input y(¢, k) and output w(t, k). The controller state-space
matrices are denoted using the same symbols as the state-space matrices of the plant with
the additional superscript K. The controller dimensions are denoted by ry(t, k), r7(t, k),
Tf(t,k) for all (t,k) € ZxV,i=1,...,d,and j = 1,...,m. These dimensions are not
known a priori, but are determined from the synthesis solutions as explained in Algorithm
4.12. The symbols r}, Ts, 74, and Tp are defined similarly to the symbols n;., g, 7L, and

np defined in (4.2), respectively. That is,

+ __ Qx* = S S
ri = SyrrSo, Ts=(ry,...,r7),
—+ * xS * QxS = _ (.P P

For all (t,k) € Z x V, the controller equations are thus given by

[ K41k | Bl
P+ Lo (k)| | At k) | Ars( k) | Afp(t k) | Br(k) | X (k)
| Agrlt k) | Agg(tk) | Agp(t k) | By (t, k) .
oK+ Lpak) | | Ap(th) | Ahs(t,k) | Anplt, k) | Ba(tk) | [ k)|
o (¢, k) | Cr(t.k) | Cs(t,k) | Tp(tk) | D (t,k) | |B¥(t,k)
| u(tk) |y (k) |

BK (t7 k) = dla‘g <5l(t7 k>]r{3(t,k)7 cee 75m<t7 k)jr,ﬁ(t,k)> ot (t7 k) = AK(ta k) at (t7 k) )
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where o (t,k) and BX(t, k) are partitioned as in o (t,k) = [(af(t,k))" -+ (af(t, k))*]*
and S5 (¢, k) = [(BFE(t k) -+ (BE(, /{;))*]*, respectively.

Figure 4.3 shows the closed-loop system formed by the distributed NSLPV plant shown in

Figure 4.2 and the corresponding distributed NSLPV controller.

The controller state-space matrices are partitioned according to the permutations pq, ..., pg
and the blocks in AX(¢,k). The matrix-valued sequence obtained from each block/parti-
tion of the controller state-space matrices defines a graph-diagonal operator. These graph-

diagonal operators are in turn augmented to form partitioned graph-diagonal operators A%,

ACII“(Pv A?Tv AgT’ A?Sa Aé{Pa Ags» AgPa Bé{, Bg» Cé{, C]ID{ that SatiSfy

[AKSI(t k) = Aps(t k), [ARRI(6,K) = App(t, k), [AKLI(,K) = Agp(t, k),
[AED(t k) = Apr(t k), [AK(K) = Ags(t, k), [ABI(t k) = Agp(t, k),
[ABSI(t, k) = Aps(t, k),  [ABRN(t k) = App(t,k),  [BED(t, k) = Bg (¢, k),

[[Bg]](t’ k) :Eg(tv k)v [[Cé{]](tvk) :6§(t7 k)v [[Clé{]](t7k) :655(15, k)v

for all (t,k) € Z x V. Moreover, the matrix-valued sequences ﬁfT(t, k), E?(t, k), U;f(t, k),

and EK(t, k) define graph-diagonal operators that are denoted by AX. BX CK and DX,

respectively. For all (¢,k) € Z x V, these operators satisfy

[[A¥T (tv k) = AYIST(tv k) = Z?T@? k)v HBTI‘(H (tv k) = BTI‘((t7 k) = E?(t k)v

[CE(t, k) = CE(t, k) = T (£, k), [DX](t,k) = DX(t,k) = D" (t, k).

The augmented partitioned graph-diagonal operators AX, BX and C¥ can then be defined



4.5. Synthesis Results 95

as follows:
Afr Afs Afp Bf
AR = | AK AK., AK BX = | gk oK = {CK K OK:|
ST SS SP |’ S |7 T S P |-
Apr APs APp Bf

For all (t,k) € Z x V, these operators satisfy

Ayt k) Apg(t.k) App(t, k) By (t.k)
[AS](t k) = | A, (t, k) Acs(t,k) Acpt,k)|.  [B¥I(tE) = |Bs(t.k)|

Apr(t, k) Aps(tk) App(t k) Bp(t.k)
[CXT(t. k) = |Cn(t,k) Cn(t,k) Cu(t.k)|-

The graph-diagonal operators A are defined such that AX (¢, k) = d;(t, k)Lp ) for all
j=1,....,mand (¢t,k) € ZxV. It is stressed that the parameters J;(t, k) are the same as the
plant parameters. These operators are block-diagonally augmented to form the partitioned
graph-diagonal operator AK = diag (Af,... AK) that satisfies [AK](¢, k) = A (¢, k) for
all (t,k) € Z x V. Grouping the temporal and spatial blocks of AX, BX and CX, the

following operators are defined:

A Afy Al A Afp .
Afy = : Al = , AY = [AET A{.fs} :
Ay Al Agp
BE i
K T ANK
X L

These operators are similar to the plant operators defined in (4.6). Using all these definitions,
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the controller equations are expressed as follows:

TK g@SAﬁ S@SA{% S[)SEK TK
g | — 1215(1 Afp By Br | -
u CK Ck DE Yy
TK _ [(T‘T,?S) O TK _ AK TK |
where wx = [(2)" (@f)" - (@f)] ax = [(ef)" - (af)7] ) and B = [(B1) - (Br)°]"

The definitions of Sy and S are similar to their definitions in the proof of Lemma 4.3, i.e.,
Sy = diag(Sy, ..., Ss) (d+ 1 blocks) and S = diag (I'”, Sy, ...,S,). The controller state-
space matrices are assumed to be zeros for ¢ < 0 and all £ € V. Then, by Lemma 4.3, the
distributed NSLPV controller K5 is well-posed if I — AK ALK, has a causal inverse on £37 for

all A ¢ AR = {AR]]|AF| < 1}.

Consider a distributed NSLPV plant Gs that has a realization denoted by (A, B,C, D, A).
Let K5 be a distributed NSLPV controller such as the ones defined above, and denote the
realization of K5 by (AKX, BX, CK DK AX) where A = {AK |||AX| < 1}. The equations
for the closed-loop system obtained by applying the controller s to the plant Gs are derived

by combining the plant equations and the controller equations. Let

xr
Q : : & & gip & Q JT p
$ = diag (S, S) = diag <SOS, . 8,8, 1 P) , o = ,
Tk
—/BK—

A = diag (A, A%) = diag (10"778), Ap, 1UT7s) AK) .
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Then, the closed-loop system equations are given by

zor, = ASAcrzor, + ASBepw, 2z = CcrzcL + Deopw,

where the partitioned graph-diagonal operators Acr, Bcr, Cern, and Dcp, are defined as

follows:

ACL:j—l—éJg, BCL:§+§(]2217 (4.12)
CoL =C + D ,JC, Dey = Du+D,,JD, ,
A= ’ B - :
0 O(r;fgfp)x(w,?sip) O(T;’@’?P)X”w
0 B2 0 I(TTv?SvFP)
B = : C = 7
— | 1trTsTe) g e 0

AK AK NK
An A12 B

Qll
[

J= | Af, BE|. ¢ grexrTse

CK Ck DK

0 (TT TS aFP) XMy

D21

Since the controller operators can be extracted from the operator J, then the given param-
eterization of the closed-loop operators Acy,, Ber, Cer, and D¢y, is said to be affine in the
controller realization. This parameterization allows the derivation of a condition to check
whether a given controller ICs ensures the stability of the resulting closed-loop system, and
further guarantees an upper bound v on the /5-induced norm of the mapping w — z for all

permissible parameter trajectories.



98 Chapter 4. Distributed Control of Interconnected Nonstationary LPV Systems

The above equations describe the closed-loop system, but are not in the form of (4.4). Define
the partitioned graph-diagonal operator A% = diag (AL, ..., AL), where the graph-diagonal
operators A¥ satisfy AF(t, k) = d,(t, kf)[nf(t,k)wf(t,k) forall (t,k) €eZxVandj=1,...,m.

Let P be an appropriately defined partitioned graph-diagonal operator such that
P*P =1, PP* =1, P*AP = diag (I"™17, ™77 | AL) = AL, (4.13)

A constructive proof for the existence of an operator similar to P is given in [8, Appendix

A]. Then, define the partitioned graph-diagonal operators AL, BL, C*, and D¥ as follows:
SAY = P*SAcLP, SBY = P*SB¢y, Ct = CoLP, D' = Dqy.. (4.14)

The closed-loop system equations can now be written in the desired form of (4.4) as follows:

.I'L L LCL

X
= AFSAF + ALSBRw, z=CF + Dtw, (4.15)
BL BL BL

where the operator A% defined in (4.13) is in A* = {AL|||A%]| < 1}, and

ot = (o) (@) ()] AR =[B0) - ()]

$%<t’ /ﬂ) c RnT(t,k)JrrT(t,k)’ Q?iL(t, k) e Rnis(t,k)ﬂ“f(t,k)’ B]L(t’ k) e Rnf(t,k)-i—rf(t,k)’

forall (t,k) e ZxV,i=1,...,dand j=1,...,m.

Definition 4.7. Consider a distributed NSLPV plant Gs that has a realization denoted
by (A, B,C,D,;A). A distributed NSLPV controller s that has a realization denoted by
(AKX BK CK DK A¥)is said to be a y-admissible synthesis for the plant Gs if the resulting

closed-loop system described by the equations in (4.15) is stable and its input-output map
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satisfies

Hw—»zuz‘kﬁ([-ALSA%‘lALSBL4—DLH<»%

for all A € AY where A", BY, CF, and D" are defined in (4.14) and A’ is defined in
(4.13).

Without loss of generality, the discussion is restricted to the case v = 1 because a y-admissible
synthesis for a plant Gs is a 1-admissible synthesis for the scaled system Ggcajea,s in which
7 is absorbed into the system operators, namely, Cscaleaq = %Cl, Dgcatea, 1 = %DH, and

Dgcaled 12 = %Dlz. More details on this issue are provided in Section 4.7.

Theorem 4.8. Consider a distributed NSLPV plant Gs that has a realization denoted by

(A,B,C,D,A) and a given distributed NSLPV controller Ks that has a realization denoted

by (AK, BX, CK, DX A¥). Let the operators A, B, C, B, C, D . D, and J be defined as

=12’ =21’

in (4.12). If there exists an operator X € X such that

H+Q J'R+RJQ <0, (4.16)
where R = [B* 0 0 QL]’ @=10 ¢ D, 0]’
SRS A B0
) —xt o (¢)
(B) 0 —-I Dy
] 0 C Dy —I |

the operator P is defined as in (4.13), and the set X is defined as in (4.7) with appropriate

dimensions, then the controller Ks is a 1-admissible synthesis for the plant Gs.

Proof. By Lemma 4.5, if there exists X1 € X that satisfies (4.9) for v = 1, where (4.9)
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is expressed for the closed-loop system realization (AL ,BL.CF DI AT ) with AV, BE CF,
and D' defined as in (4.14) and A’ defined as in (4.13), then K5 is a 1-admissible synthesis
for Gs. If (4.9) is pre- and post-multiplied by diag (P, ) and its adjoint, respectively, the
following equivalent inequality is obtained:

*

Acy, Beo| [S*XES 0] |Acy Bew X5 0 .
R _< s

Cer, Der, 0 I'l |Ccr Der, 0 I
where Acp, Ben, Con, and D¢p, are defined as in (4.12). Inequality (4.16) is retrieved
by applying the Schur complement formula to the previous inequality, and appropriately

rearranging the blocks in the resulting inequality. [

Consider the partitioned graph-diagonal operator X* € X defined in the statement of The-
orem 4.8. X" has the block-diagonal structure X% = diag (X7, X7,..., X7, X[, ..., X}).
For all (t,k) € Z x V, X¢(t, k) can be partitioned as in Xr(t,k) = [Xrr5(t, k)], 9.0-1 o5
where X711 (t, k) € S"TUR) | Xpoo(t, k) € S0P and Xra1(t, k) = Xj15(t, k). The matrix-
valued sequences Xr11(t, k), X712(t, k), and Xr9o(t, k) define graph-diagonal operators that
are denoted by X711, X712, and Xr 29, respectively. The partitioning process is repeated

for all X7 (t,k) and X[ (t, k). Namely,

S _ S P _ P
Xi (t, k) - [Xi,fg(tJ k)} f=1,2;9=1,2" Xj <t’ k) o [Xj:f9<t’ k)]f:LQ;g:l,Q !

where X’fll(ta k) < Snf(t,k)) X§22<t7 k) < Srf(t,k)’ Xib:21(t7 k) = (Xfl2)*(t7 k)? Xfll(ta k) €
SR XE (k) € SR XE (8 k) = (XP) (k) for all (t,k) € Zx V,i=1,...,d,
and j = 1,...,m. The matrix-valued sequences X2, (t, k), X2, (t, k), X2 (t, k), X[, (t, k),
XTo(t, k), and X[ (t, k) define graph-diagonal operators that are denoted by X7, X7,

XP9, X111, X Ty, and X, respectively, for all i = 1,...,d and j = 1,...,m. Using these

1 J
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graph-diagonal operators, it is possible to construct the partitioned graph-diagonal operators

XH, Xlz, and ng as follows:

X1y = diag (X711, X111+ Xo10 Xiape - X0 1) € &, (4.18)
XlQ :diag (XT’127X15:12,...7X§127X5127...,X£712> ; (4.19)
Xy = diag (X720, X199, - - X2 Xiggs - X o) € X. (4.20)

Define the operator X5 = PXEP*, where the operator P is defined as in (4.13). Then, one
can see that X} has the structure shown in (4.21). Moreover, since (X L)_l € X by the

definition of the set X" in (4.7), then (Xﬁ)f1 =P (XL)f1 P* has a similar structure to X5.

Namely,
X, X ~ Yy, Y
XE = A11 A12 7 (xE) L A11 A12 | (4.21)
Xy Xao Yio Yoo

where YH, 3712, and Yy are defined similarly to X'H, Xlz, and Xy in (4.18), (4.19), and

(4.20), respectively.

Given some X;; and Y;; in X structured as shown in (4.18), the next result gives necessary
and sufficient conditions for the existence of an operator X% such that X5 and its inverse

(XE)=! are structured as shown in (4.21).

Lemma 4.9. Let X1; and Y1, in X be two partitioned graph-diagonal operators structured
as shown in (4.18). Gien ro(t, k), r9(t, k), and rf'(t,k) for all (t,k) € ZxV,i=1,....d,

and j = 1,...,m, there exists an operator X5 = 0 such that X5 and its inverse (X5)™! are



102 Chapter 4. Distributed Control of Interconnected Nonstationary LPV Systems

structured as shown in (4.21) if and only if the following conditions hold:

X, I
Sl =0,
I Yn

Xy (t k I
rank ra(t:F) < ngp(t,k) +rr(t, k),
I Yrai(t, k)

X5 (t k I
rank anlt:K) <nf(t k) +r(t k),

XP o (tk I
an | (H) <l (t, k) + 0 (L, k), (4.22)

forall (t,k) e ZxV,i=1,...;d, and j=1,...,m.

The proof of Lemma 4.9 includes a procedure for constructing the appropriately structured
operators X ]Is and (X 1%)*1 from the given X 11 and YH. This proof is omitted here as it is an

immediate generalization of the proof of [66, Lemma 6.2].

The first inequality in (4.22) can alternatively be expressed in terms of its equivalent se-

quences of LMIs as follows:

XT,ll(ta k) I 0 an(t, k) I 0 an(t, k) I

p— bl — )

I YT,H(t? k) I Y;il(m k) I Y;],Dll(tv k)

=0

Y

forall (t,k)eZxV,i=1,...,d,and j=1,...,m.

By Theorem 4.8, if there exists X € X such that (4.16) holds, then the given controller
ICs is a l-admissible synthesis for the plant Gs. Theorem 4.11 complements Theorem 4.8

by giving sufficient conditions for the existence of a 1-admissible synthesis for the plant Gs.



4.5. Synthesis Results 103

Moreover, the solutions to these conditions can be used along with Lemma 4.9 to construct

the realization of the desired controller.

Lemma 4.10. Given partitioned graph-diagonal operators H = H*, R, and @), there exists
a partitioned graph-diagonal operator J with a compatible structure to R and () such that
H+Q*"J*R+R*JQ < 0 if and only if Wy HWg < 0 and W5HWq < 0, where the partitioned
graph-diagonal operators Wr and Wy satisfy InWg = ker R, WiWg = I, ImWy = ker Q,
and WiWq = 1.

Lemma 4.10 is a generalization of [39, Lemma 3.1] and [23, Lemmas 16, 17] to the class
of partitioned graph-diagonal operators and is given here without proof. This lemma is
needed in the proof of Theorem 4.11 below, and is also needed in the proof of Theorem 6.2

in Chapter 6.

Theorem 4.11. Consider a distributed NSLPV plant Gs that has a realization denoted by
(A,B,C,D,A). There exists a 1-admissible synthesis ICs for the plant Gs such that the
controller dimensions satisfy rr(t, k) < np(t, k), r7(t, k) < ni(t, k), and rf'(t, k) < nf'(t, k)
for all (t,k) € ZxV,i=1,...,d, and j = 1,...,m, if there exist Xy, and Yi; in X

structured as shown in (4.18) such that

* -

A B ||y, ol |4 B S*Y1S 0 Vi

[vl* Vz} - =<0, (4.23)
c, Dyl |0 1I||Cc, Dy 0 I Vs
A B S*X,.8 0| | A B X, 0 U,

{Ul* Ug} — <0, (4.24)
Cl D11 0 I Cl D11 0 [ U2
X, I

| =0 (4.25)
I Yn

The partitioned graph-diagonal operators U; and Vi and the graph-diagonal operators Uy and
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Vo in (4.23) and (4.24) satisfy

Im {U{‘ U;} = ker |:02 D21:| ) UU, + U0y = 1.
Namely,
U, = [(UT)* (Uf)* (Uf)* (U{’)* (Uﬁ)*} ’

and for all (t,k) € ZxV,i=1,...,d, and j = 1,...,m, the graph-diagonal operators Us,
Vo, Ur, Uis, UjP, Vi, V5, and VjP satisfy

)

UT(t, k) c RnT(t,k)X?7 UIS(L k) e Rnf(t,k)x?’ U]P(t, /{3) c Rnf(t,k)x?’
VT(t, k?) c RnT(t—i-l,k:)x?7 V;-S(t, k?) c Rnf(t—&-l,pi(kz))x?’ ‘/jP(t7 k?) c Rnf(t’k)X?,
Us(t, k) € anu('fJ*?)Xr-’7 Va(t, k) € Rz (k)7

Proof. X1, and Yy, in X are structured as shown in (4.18) and satisfy (4.25). Then, by
invoking Lemma 4.9 with some r¢(t, k) < np(t, k), i (t, k) < nf(t, k), and rf (¢, k) < nf'(t,k)
for all (t,k) € ZxV,i=1,...,d, and j = 1,...,m (the controller dimensions rr(¢, k),
rf(t k), and rf'(t,k) are determined as in Algorithm 4.12), an operator X5 > 0 can be

constructed such that X5 and its inverse (X5)~! are structured as shown in (4.21).

Using X5 and (X%)~!, a well-defined operator H can be constructed as in (4.17). The
operators R and ) used in (4.16) are defined in (4.17), and so the variable in (4.16) is now

the operator J. Specifically, for the computed X% and (X5)7!, if there exists an operator
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J that satisfies (4.16), then there exists a l-admissible synthesis for the plant G5 as per

Theorem 4.8. In fact, the controller operators can be extracted from J.

By Lemma 4.10, the inequality defined in (4.16) admits a solution J if and only if W;;HWg <
0 and W5HWq < 0, where Wx and Wy are partitioned graph-diagonal operators that satisfy
ImWg = ker R, WpWr = I, ImWq = ker Q, and W;,3Wq = I. It can be verified that the

desired Wx and W¢ can be chosen as follows:

- Vi 0 0 - | 0 | [ s arrtTETe) | |
0 0 0 Uy 0 0
Wgr = 0 | [(remsaprrFsie) | Wo = 0 0 0
y 0 I U, 0 0
Va 0 0 0 0 In-

To see that the inequalities Wz HWg < 0 and W5HW, < 0 hold, the left-hand-side of
each inequality is expanded, and the Schur complement formula is applied to each resulting

inequality. The following inequalities are obtained:

(Vi A+ V5 Cy) Yar (A"Vi + CVa) + (Vi By + Vi D) (B Vi + D, Va)

— VS Y18V, — ViV, < 0,

(UF A* + U BY) 8* X118 (AU, + BUs) + (U C; + Ui DY) (CLUy + DyyUs)

— U XU, — UU, < 0,

which correspond to (4.23) and (4.24), respectively. O

Algorithm 4.12 shows how to use the solutions X 11 and 1711 to the synthesis conditions (4.23),
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(4.24), and (4.25) to construct the desired controller Ks.

Algorithm 4.12. Consider a distributed NSLPV plant G5 that has a realization denoted
by (A, B,C,D,A). Denote the dimensions of the plant by ny(t, k), n7(t, k), and nf(t, k)
forall (t,k) e ZxV,i=1,...,d,and j =1,...,m. Denote by Ks the desired 1-admissible
synthesis for the plant G5. Denote the computed realization of K5 by (AKX, BX, C* DX A¥)
and the computed controller dimensions by rr(t, k), 77 (t, k), and rf (¢, k) for all (¢, k) € ZxV,
i=1,...,d,and j = 1,...,m. Given X;; and Yi; in X structured as shown in (4.18) that
satisfy (4.23), (4.24), and (4.25), the distributed NSLPV controller s is constructed as

follows:

1. Determine the controller dimensions as follows:

T’T(t, k‘) = rank (YT,ll(ta k’) — (XT711(t, l{))_l) s
Tf(t, k) = rank (an(t, k) — (X{?n(t» kf))_l) 5

ri(t, k) = rank (Y1, (t, k) — (X7, (6, k)71

2. Use Lemma 4.9 to construct X5 = 0 such that X5 and its inverse (X5)~! have the

structure shown in (4.21).
3. Construct H as defined in (4.17), and solve the inequality defined in (4.16) for J.

4. Extract the controller operators AX, BX CK and DX from J as in (4.12).

4.6 Finite Dimensional Semidefinite Programs

This section contains a brief discussion on distributed NSLPV systems that are formed by

eventually time-periodic subsystems interconnected over finite graphs, i.e., graphs in which
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the set of vertices V' and the set of edges F are finite. It is shown that, for such systems, the
analysis and synthesis problems are finite dimensional semidefinite programs (SDPs). It is

assumed in this section that the graph representing the interconnection structure is finite.

Definition 4.13. Consider a distributed NSLPV system Gs that has a realization denoted
by (A, B,C,D,A). A subsystem G* of G5 with zero state-space matrices for ¢ < 0 is said
to be (hy, qx)-eventually time-periodic for some integers hy > 0 and g > 0 if the correspond-
ing state-space matrices become time-periodic with period g after some initial finite time-
horizon hy, i.e., [W](t+ hi+ 2z qx, k) = [W](t + hg, k) for al W = A, B, C, D and ¢,z € Ny.
Furthermore, system G is said to be (h, ¢)-eventually time-periodic if all the subsystems are
(h, q)-eventually time-periodic. Namely, if each subsystem G*) is (hg, qi)-eventually time-
periodic, then system Gs is (h, ¢)-eventually time-periodic, where h = maxgey hy and ¢ is

the least common multiple of ¢ for all kK € V.

Definition 4.14. A partitioned graph-diagonal operator W is said to be (h, ¢)-eventually
time-periodic if [W](t 4+ h + zq,k) = [W](t + h, k) for all t,z € Ny and k € V.

An important special case of an eventually time-periodic NSLPV subsystem is a standard
LPV subsystem, i.e., a subsystem in which the nominal part is time-invariant. Specifically,
a standard LPV subsystem is a (0, 1)-eventually time-periodic NSLPV subsystem, and so
the analysis and synthesis results derived in this chapter apply to distributed LPV systems

in which all the subsystems have standard LPV models.

Theorem 4.15. Consider an (h,q)-eventually time-periodic distributed NSLPV system Gs
that has a realization denoted by (A, B,C, D, A), and let the set X be defined as in (4.7).

Then, the following statements hold:

1. Inequality (4.9) (respectively, inequality (4.8)) admits a solution X € X if and only
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if it admits an (M, q)-eventually time-periodic (respectively, an (h,q)-eventually time-

periodic) solution Xeper € X for some integer M > h.

2. The synthesis conditions (4.23), (4.24), and (4.25) admit solutions Xy, and Yy in X
if and only if they admit (M, q)-eventually time-periodic solutions X’H,eper and ﬂl’eper

in X for some integer M > h.

3. If h =0 in statements 1 and 2 of this theorem, then M can also be taken equal to 0.

The proof of this result uses averaging techniques such as the ones discussed in [23, 28, 31].
The proof is omitted as it parallels the proof of [35, Proposition 21]; see also the discussion

in Section 2.7 on eventually time-periodic distributed LTV systems.

Thus, for an (h, g)-eventually time-periodic distributed NSLPV system, ¢ is restricted to some
finite time-horizon M > h and one time-period, i.e., 0 <t < M + ¢ — 1, when expressing the
analysis and synthesis conditions in terms of their equivalent sequences of LMIs. Moreover,
since the graph that describes the interconnection structure of the system is assumed to be

finite, then the analysis and synthesis problems become finite dimensional SDPs.

4.7 TIllustrative Example

4.7.1 Problem Formulation

Consider a distributed NSLPV plant G5 formed by four subsystems that are interconnected
as shown in Figure 4.2. The leader G(V) is a two-thruster hovercraft described in [34], and the
followers G, G®) and G® are non-holonomic vehicles described in [42]. The leader and
subsystem G2 are depicted in Figure 4.4. The leader is to track the eventually time-periodic

reference trajectory defined in [34], and the followers are to track the leader while keeping
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formation. For simplicity, the four vehicles are assumed to be initially on top of each other;
any desired formation can then be implemented by applying appropriate translations when

the controller is executed.

@) (2
° (pf,i* pfz)
Lg
@) (2 J?
2 2
(P, P )M p L0
(Usz
e

(2)

Figure 4.4: The figure on the left depicts the two-thruster hovercraft that corresponds to
the leader subsystem G). The figure on the right depicts the non-holonomic vehicle corre-
sponding to subsystem G?.

Let (pgl), pgl) ) be the position of the center of mass (CM) of the hovercraft, 6, be its ori-
entation with respect to the p(ll)—axis, and F; and F5 be the force control inputs applied
at a distance L; = 0.15m from the CM. The forces take values between 0 and 2.5 N. Let
V= [pgl) pél) 01 p§1) pg” 91]* and F = [F} F3]", then the equations of motion of the hover-

craft are given by v = f(v, F'), where f(v, F) is defined in [34]. These equations are linearized

about the reference trajectory (v, F;.) to result in

Ac(te)U + Bae(te) F, UvV=v-—1U,,
. o

ov (v, F)=(vr,Fy)

v

of
B c tc = A~ 3
’ 1) = (v F)=(ve. )

T
I

- Frv Ac(tc)

where ¢, denotes continuous time. Then, the effect of the exogenous disturbances w(t.) is
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added as in
U(te) = A(t.)U(te) + Breab(t,) + Bao(t.)F(t.).

The disturbances consist of torques and forces in both the pgl) and p(21) directions. For
simplicity, Bj. is defined as By, = {()3 ]3] . The inputs and disturbances are applied
in discrete-time at a frequency of 20Hz. A bilinear transformation [12] is used to obtain
a discrete-time trapezoidal approximation for the previous equations. Let ¢ € Ny denote

discrete time and 7 = 0.05 seconds be the sampling period, then the following equations are

obtained:

JZT(t + 1, ].) = ZTT(t, 1)$T(t, 1) + ETl(t, l)w(t, 1) + ETQ(t, ]_)U(t, 1),

vr(t, 1) =o(t7), wt,1)=w(t7), ut1)=F(tT).

The reference trajectory is (45, 120)-eventually time-periodic, and so are the state-space ma-
trices App(t,1), Bri(t,1), and Brpo(t,1). The position and the orientation of the hovercraft

are assumed to be measurable at each time-step. Then,

_ aq [[3 03:| _ 03 2
Cir(t,1) = , Dt 1)=| |,
O2x6 _04212
E11<t7 1) = 05><37 UQT(t7 1) = ]3 03 3
§21<t7 1) = 037 E22(757 1) = 03><27

for all t € Ny. The weights a; and ay are chosen as a; = 0.3 and as = 0.2, respectively.

Since there are no incoming edges to vertex k£ = 1 and there are no parameters affecting sub-
system GM, then the state-space matrices Arg(t, 1), Ags(t, 1), Aps(t, 1), C1s(t, 1), Cas(t, 1)

Arp(t,1), Agp(t,1), App(t, 1), C1p(t, 1), Cap(t, 1), Apr(t,1), Bpi(t,1), and Bps(t, 1) have
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at least one zero dimension, i.e., are non-existent for all t € N.

The leader sends <p1 ,pg )> (pgl) + pg?,ﬁé ) + p(1)> to the followers, i.e., the spatial states
that correspond to the outgoing edges from vertex k = 1 are defined as z(¢,2) = x2(t,3) =
[ Mt 1) m(t 7')] ", Since the temporal state vector x7(t,1) denotes the error between the
actual and reference trajectories, and since the information transfer between the subsystems
is subjected to a delay of one time-step, the vector of exogenous inputs w(t, 1) needs to be
augmented by [10]98,2((75 +1)7) IOpSQ((t +1)7) I W s defined as W = [[2 02X4}, it

then follows that

_ _ Wi _ 0.115
Arp(t, 1), Bgi(t,1) = Bri(t, 1) ;

w 0.11

Agr(t,1) =

ESQ(t7 1) = ETZ(ty 1)7

for all + € Ny. Finally, the state-space matrices Bry(t, 1), Di1(t,1), and Dy (t,1) defined
above are augmented by two zero columns to account for the augmentation of the vector of

exogenous inputs. This concludes the derivation of the state-space matrices of the leader.

For the followers, the focus is placed on modeling subsystem G, since subsystems G©®)
and G can be modeled in a similar way. As in [42, 52], a point (p&i,p%) at a fixed
distance Ly = 0.02m ahead of the CM (pl ),pg > of the vehicle is considered. Let 05 be

the orientation of G® with respect to the p| )

-axis, vy = Uc2 + Vg2 be the forward velocity,
and wyo = we2 + wq2 be the angular velocity, where v.2 and w2 denote the control inputs
and vg2 and wyo denote the disturbances. In the (rq, go)-reference frame, the equations of

motion of subsystem G are given by

To = V2 + Wrago,
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G2 = wraly — wyors,

492 = Wyr2-

As in [42], the third equation is disregarded during control design. If one assumes that

wro € [—5,5] rad/sec and defines 7, = %wm, then the previous equations can be expressed

7"2 0 5772 ) 1 0 Ud,2 1 0 Ue,2
= + +
Go =5m2 0 ) 0 Lj| |wae 0 Ly| |we2

These equations are written in LE'T form by taking 7, as the parameter. In the modeling
step, 7o is chosen as 1y = %wm, where w9 = weo+wq 2. However, in Section 4.7.3, when the
closed-loop system is simulated using the designed controller, 7, is implemented as 1, = w2,
since the disturbance wg2 is not measurable. Since the sampling period 7 is sufficiently
small, the bilinear transformation in [12] can be used to obtain a discrete-time trapezoidal
approximation of these equations. When applying the bilinear transformation, the parameter
states, i.e., the signals introduced by the LFT formulation, are treated as exogenous inputs,
and it is assumed that the parameters and the parameter states are constants over each

time-interval [t 7, (t 4+ 1) 7) for all ¢ € Ny. The following terms are thus defined:

xT(t7 2) = [r2<t T) Q2(t 7—)]*7 w(t7 2) = [Ud,Z(t 7—) wd,Q(t 7_)]*7

u(t,2) = [vea(tT) wea(t7)]", 0 (t,2) =mne(t7).

Subsystem G receives z,(t,2) = pgl)(tT) pgl)(t T)| , i.e., the spatial state associated

with the incoming edge to vertex k = 2 contains the leader information. Subsystem G®)

computes the received coordinates in the (rq, g2)-reference frame. The output measurements
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and performance outputs of subsystem G® are thus defined as follows:

t.2) ro(tT) — Lf — (pgl)(t T)cosOy(tT) + pg)(t T) sin Gy (t T))
y(t,2) = )
GtT) — (—pgl)(t T)sin by (t T) +p§1)(t T) cos Oy(t T))
asy(t, 2
A(t2) = | (t:2) ,
aygu(t,?2)
where the weights a3 and a4 are chosen as a3 = 0.3 and a4 = 0.5, respectively. The

equations for y(t,2) and z(t, 2) are written in LFT form by defining the parameters ds(t,2) =
cos(fy(t 7)) and 03(t,2) = sin(fy(t 7)). The choice of cosine and sine functions as scheduling
parameters may be conservative, but in the considered problem, this choice reduces the

computational complexity significantly. In light of the above, A(t,2) is defined as

é(ta 2) = dlag (51 (ta 2)[27 62<t7 2)127 53(t? 2)12) )

for all ¢ € Ny. Since Ly appears as an exogenous input in y(¢,2) and z(¢,2) as shown above,

then the vector w(t,2) is correspondingly augmented by 10L;.

Subsystem G sends its coordinates (ry,q2) to subsystem G™, and so the spatial state
vector that corresponds to the outgoing edge from vertex k = 2 is defined as xq(t,4) =
[ro(t7) qo(t7)]" for all t € Ng. The modeling of subsystem G® is now concluded by explicitly
giving the state-space matrices that were constructed as per the above discussion. Namely,

for all t € Ny, the state-space matrices of subsystem G are given by

€2T(ta 2) = IQa 625(t7 2) = 027 62P(t7 2) = 02 IQ _[2:| )

_ as Iy _ _ Qs [02 I, 12}

Cir(t,2) = : Cis(t,2) = 04x2,  Cip(t,2) = ;
02 O2><6
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— 02 — — —0.1 (6%
DlZ(ta 2) = ) D22(t7 2) = 027 Dll(t7 2) = O4><2
ay Iy O3x1
0 1 B
_ _ —0.1
APT(t, 2) = -1 0 , App(t, 2) = 067 Dgl(t, 2) = 02 R
0
i O4x2 B
02
_ _ _ I,
Arg(t,2) = 0, Ags(t,2) = 0o, Aps(t,2) = ,
- 0 1
-1 0
Bpi(t,2) = Ogx3, Bpo(t,2) = Ogxa,
_ _ 1 0 _ _ 57 0
Arp(t,2) = Asr(t,2) = ; Arp(t,2) = Asp(t,2) = Oaxa |
01 0O b7
_ _ T 0 _ _ T 0 0
Bro(t,2) = Bga(t,2) = . Bri(t,2) = Bsi(t,2) =
O TLf 0 TLf O

These state-space matrices are time-invariant, i.e., (0, 1)-eventually time-periodic. In other
words, the followers G, G®, and G® have standard LPV models. The state-space matrices
for subsystems G® and G are constructed in a similar way. For subsystem G, it is noted

that

é(tv 4) = dlag (51 <t7 4)127 52(t7 4)]2a 53(t7 4)]2a 54(t7 4)127 55(ta 4)]2) )

A(64) = 0.1y(t,4) |
agu(t,4)
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[ (E7) = (ro(t7)0a(t, 4) + g5 7)55 (8, 4) |
0a(t7) = (=rs(E7)8s (1, 4) + gs(£ T)5a(t, 4)
y(t,4) = :
ra(t7) = ( ra(t7)84(t, 4) + 4o 7)55(t, 4))
| 0u(t7) — (=ra(t T)05(1,4) + qu(t )0 (t, 4))|
st | ma(t7) ]
5ot 4)| | cos (Ba(tT) — B(t 7))
55(t,4)| = | sin (Ba(t7) — 65t 7)) |
St )| | cos (Ba(t7) — Ba(t 7))
6:(,4)]  |sin (Ba(t7) — Oa(t 7)),

for all t € Nj.

4.7.2 Design of Distributed NSLPV Controller

The plant Gs just defined is a distributed NSLPV system, since the leader GV has an LTV
model and the followers G, G®) and G have standard LPV models. A v-admissible syn-
thesis ICs for the distributed NSLPV plant G5 is now designed using the technique developed
in this chapter. In the derivation of the synthesis results in Section 4.5, it is assumed that
~v = 1. This assumption is made without loss of generality because a y-admissible synthesis
for a plant Gs is 1-admissible for the scaled plant Ggcaea,s in which v is absorbed into the
system operators, namely, Cgcaled1 = %Cl, Dgcatedn = %YDH, and Dgcaled 12 = %Dlg. Using
the scaled operators, v is incorporated into the synthesis conditions of Theorem 4.11; and
using the Schur complement formula, the resulting conditions are reformulated so that they
are linear in 7?; see [27, Remark 10] for the details. Denote by i, the minimum value of ~

for which there exist (45, 120)-eventually time-periodic solutions to the synthesis conditions.



116

Specifically, ymin is obtained by solving the following SDP:

minimize 72
subject to: & (Yiu(t, k), Your(t, k), 7, t, k) <0, Eo (Xin(t, k), Xow(t, k),v,t,k) <0,
YT<t, 1) 16 YT(t7 ]{50) ]2
= 0, = 0,
Iy Xr(t1) I Xr(t, ko)
YS(t,2 I Y(t, 4 I
7 (t,2) 2 7 (t,4) 2
L, X5(t2) L XP(t,4)
Y5(t,3 I Y3 (t,4 I
5 (£,3) I 5 (t4) S
I X5 (t,3) I X5(t,4)
YP(t, k I YP(t, k 1
1 (2, ko) 2 - 3 (t ko) 2 -
I XF(t, ko) I XP(t, ko)
Y.P(t k I Y/F(t,4 I
5 (t ko) 2 - i (t4) N N
I XP(t, ko) I XP(t,4)
Y5P(t74) ]2 t 0’
I XP(t,4)

forallt=0,1,..

164, k=1,....,4, ko

..,4,and Z = X, Y, where

Chapter 4. Distributed Control of Interconnected Nonstationary LPV Systems

Zr(165, k) = Zp(45, k),
Z7(165,4) = Z7 (45, 4),

75 (165,4) = Z5(45,4).

Z7(165,2) = Z7(45,2),

75 (165,3) = Z5(45,3),
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Zin(t,1) = Zp(t, 1),
Zow(t, 1) = diag (Zr(t +1,1), Z7 (t +1,2), Z5 (t + 1, 3)) ,
Zin(t,2) = diag (Z7(t,2), Z{(t,2), Z{ (t,2), Z3 (t,2), Z3 (t,2)) ,

Zow(t,2) = diag (Zr(t +1,2), Z5 (t + 1,4), Z{(t,2), 25 (¢, 2), Z{ (1, 2))

Zow(t,3) = diag (Zr(t +1,3), Z7 (t + 1,4), Z[(t,3), Z3 (¢, 3), Z1 (¢, 3)) ,

(

(

(
Zin(t,3) = diag (Z7(t,3), Z5 (t,3), Z{ (t,3), Z3 (t,3), Z3 (t,3)) ,

(
Zin(t,4) = diag (Z7(t,4), Z7 (t,4), Z5 (t,4), Z] (t,4), Z3 (t,4), Z3 (t,4), Z{ (t.4), ZL (. 4))
(

Zow(t,4) = diag (Zp(t +1,4), Z{(t,4), Z3 (t,4), Z5 (t,4), Z{ (t,4), ZL (¢, 4))
E\(P,Q,v,t k)= (F(t,k))" P F(t,k) — (Vi(t, k)" Q Vi(t, k)
+ (M, k)" Mt k) — 7 (Valt, k)" Va(t, k),

(W(t, k) QW (t, k)—(Uy(t, k))*PUL(t, k)—(Us(t, k))*Us(t, k) (N(t, k))*
N(t, k) -1

52(P7 Q: e ta k):

Vi(t, k)
Va(t, k)

Im

e h BI(t ) (m@,k))*} ,

(Vi(t, k)" VAt k) + (Va(t, k)" Valt, k) = 1,

Uy (t, k) _
Im |: ] = ker |:|IO2]] (t, k‘) D21<t, k)‘| )
Us(t, k)

(Ui(t, k) Us(t, k) + (Us(t, k) Us(t, k) =1,
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F(t, k) = [A*](¢, k)VA(t, k) + [CT](E, k)Va(t, k),
M(t, k) = [By](t, k)Vi(t, k) + (Dui(t, k) Va(t, k),
W(t7 k) = [[A]] (t’ k)Ul (ta k) + [[Bl]](tv k)UQ(t’ k‘),

N(t, k) = [C1](t, k)UL(t, k) + Dy1(t, k)Us(t, k).

This SDP is modeled using Yalmip [58] and solved using SDPT-3 [79]. The total number of
constraints is 24751, the dimension of the SDP variable is 33000, the dimension of the linear
variable is 1, and the number of SDP blocks is 4455. The computations are carried out in
Matlab R2016a on a Dell computer with 4 Intel Cores, 3.07 GHz processors, and 6 GB of
RAM running Windows 10. The wall-clock time is 378 sec (CPU time 67 sec). The obtained
optimal value of v is vy, = 64.86. This value is relaxed to 66, and the problem is re-solved

as a feasibility problem.

4.7.3 Closed-Loop System Simulation

Using the obtained synthesis solutions, the controller realization is constructed by following
the procedure in Algorithm 4.12. The Matlab function ‘basiclmi’ is used in step 3 of the
algorithm. The designed distributed NSLPV controller is applied to the nonlinear distributed
plant, and the resulting closed-loop system is simulated. The subsystems start with their
CM at (0,0.825)m. The leader is subjected to random force and torque disturbances in
[—0.5,+0.5]N and [—0.05,0.05] N.m, respectively. The followers are subjected to random
disturbances that lie within +15% of the nominal input. The reference trajectory and the
position of the CM of each of the four agents is shown in Figure 4.5. From the sample
simulation shown in the figure, it is seen that the leader and the followers are able to track

the reference trajectory reasonably well even in the presence of disturbances. Figure 4.6
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shows plots of various performance outputs.
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Figure 4.5: The figure shows the outcome of a sample simulation of the closed-loop system
formed by the nonlinear distributed plant and the designed distributed NSLPV controller.
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Leader-Reference Error Leader-Follower G Error 04 Follower G -Follower G Error
1 L
0.4 L 0.3 N
0.2+
0.5}
0.2
# 0.1
E O 0 &‘ 0 ™,
c | "ol TN
S RU "] 0.1}
=
@051 -
g_ 0.2 0.2
-0.3
At ¢ 0.4}
— -, =
. pm L —pmcosﬁ +pmsin 0.+ L g -0.)+ in(6. -0,
.57 ! -0.6 1 2 "2 2 0.5 [—r2008(0,-6)) +asin(d, -0))
—P?} . pgﬂ _rz-Lf-(pg” cos 0+ pg” sin 6,) —r,A(r,c08(0, -6, + qsin(d, - 0,) )
-0.6
0 10 20 30 0 10 20 30 0 10 20 30
time (sec) time (sec) time (sec)

Figure 4.6: The figure shows plots of various performance outputs. The left plot shows a
leader-reference error plot, the middle plot shows a leader-follower error plot, and the right
plot shows a follower-follower error plot.



Chapter 5

Balanced Truncation of
Interconnected Nonstationary LPV

Systems

5.1 Chapter Overview

Model reduction is desirable for the interconnected NSLPV systems described in Chapter
4, since the sizes of the distributed system model and the analysis and synthesis problems
scale with the numbers and dimensions of the temporal, spatial, and parameter states. This
chapter applies the balanced truncation method for the model reduction of strongly stable in-
terconnected NSLPV systems. To make the presentation in Chapters 5 and 6 self-contained,
the operator theoretic framework developed in Chapter 4 is summarized in Section 5.2. The
balanced truncation method is discussed in Section 5.3, and two expressions for the balanced
truncation error bound are derived in Section 5.4. The first expression, given in Theorem
5.7, generalizes the standard balanced truncation error bound to the distributed NSLPV
setting. The second expression, given in Theorem 5.11, extends the error bound expression
given in Theorem 2.12. Namely, Theorem 2.12 applies whenever the truncation sequences
are monotonic in time, whereas Theorem 5.11 applies for general truncation sequences. The

application of the various error bound expressions is illustrated in Section 5.5.
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5.2 Preliminaries

The notation and operator theoretic machinery defined in Chapter 4 are used in the present
chapter, see Section 4.2 for the details. Some additional definitions are needed in this chapter.
Let X > 0 be a positive definite graph-diagonal operator such that X (¢, k) is a diagonal
matrix for all (t,k) € Z x V. ¢(X) denotes the sum of distinct diagonal entries of X,
Le., ¢(X) is the sum of the distinct diagonal entries in diag (X (¢, k)), y)ezxy- For example,
assume that X (¢t,k) = 0 for all (¢, k) except for some (o, ko), (to, k1), and (t1, k1), where
X (to, ko) = diag(wy, wy, we, we), X(to, k1) = diag(wy, ws, wy), and X (t1, k1) = diag(ws, wy).
Then, ¢(X) = w; + we + w3 + wy. Consider a positive definite partitioned graph-diagonal
operator W = diag(W;) > 0, where W, are graph-diagonal operators such that W;(t, k) are
diagonal matrices for all (t,k) € Z x V. ®(W) denotes the sum of distinct diagonal entries
of W, ie., ®(W) = o([W]).

5.2.1 Operator Theoretic Framework

This section summarizes the operator theoretic framework of Section 4.3 along with the
relevant analysis results from Section 4.4. Consider a distributed NSLPV system Gs that is

described using the following state-space equations:

zr(t+1,k) zr (t, k)

wt+ Lo )| | Arelt k) | Ars(t k) | Arp(t k) | Br(t k) | | (k)
Asr(t, k) | Ags(t, k) | Asp(t, k) | Bo(t, k)

va(t+1pa(k)| | Ape(t k) | Aps(t, k) | App(t k) | Bolt,k) | [2a(t, k)

a(t, k) | Cr(t,k) | Cs(t,k) | Cp(t,k) | D(t, k) B(t, k)

y(t,k) | w(t,k)
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5 (ta k) = dlag (51 (tv k)[nf(t,k)a s 75m<t7 k)[nf,’l(t,k)) «Q (ta k) = é(ta k) o (ta k) ) (’51>

for all (t,k) € Z x V. xzr(t, k) denotes the temporal state vector associated with subsystem
G® . zp(t,k) has a possibly time-varying dimension denoted by nz(t, k). x,(t,k) denotes
the spatial state vector associated with the edge (p; ' (k), k), and its dimension is denoted by
n?(t, k). Similarly, x;(¢, p;(k)) denotes the spatial state vector with dimension n? (¢, p;(k))
that is associated with the edge (k, p;(k)). The spatial states corresponding to the virtual
interconnections that are added to ensure the regularity of the graph describing the in-
terconnection structure, and their corresponding blocks in the state-space matrices are of
zero dimensions. Due to the assumed communication latency, the information sent by a
subsystem at time-step t reaches the target subsystem at ¢ + 1. The parameter states 3
and « are the internal signals introduced by formulating the subsystems in an LFT frame-
work. The parameters 0;(¢,k) in A(¢,k) are not known a priori but are assumed to be
measurable at each time-step t. The parameter state vectors G(t,k) and a(t, k) are par-
titioned into m vector-valued channels conformably with the partitioning of A(t, k), i.e.,
Bt k) = [Bi(t, k) B5(t, k) - Br(t, k)" and a(t, k) = [0 (t, k) a3(t, k) -+ ap, (L, k)], where
the dimension of a;(t, k) and §;(t, k) is denoted by nf'(¢,k). u(t, k) and y(t, k) are the vec-
tors of inputs and outputs associated with subsystem G, respectively. The dimensions of

u(t, k) and y(t, k) are denoted by n,(t, k) and n,(t, k), respectively.

The state-space matrices are known a priori, are assumed to be uniformly bounded, and are

partitioned according to the permutations py, ..., pg and the blocks in A(¢, k). Namely,

ATT(t, k) APT (¢ k)
ZST(t7 k) - ) ZPT(t7 k) - )
AFT (¢, k) ARt k)
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BS(t, k) Bl (t,k)
Bg(t, k) = : , Bp(t, k) = : ,
BS(t, k) By (t,k)
[cStk C;f(t,k)}, Cp(t,k) = {C (t,k) - C;;(t,k)],
Ars(t k) = { S(t, k) ATS(t, k)} , Arp(t k) = [A P(t, k) A;{f(t,k)} ,
ZSS(t>k> = [Afes(t’ k>]i:1 ..... die=1,..., ASP(t k)= [Alsjp(t’k)]ZJ ..... dij=1,...m°’
Aps(t, k) = [AF7(t, /{;)]j:1 7777 — App(t. k) = [AJF(tK)], P

where ATS(t, k) is an np(t + 1, k) x nf (t, k) matrix, AZ5(¢, k) is an n? (¢t + 1, pi(k)) x n2 (t, k)

matrix, ATP(t,k) is an np(t + 1,k) x n¥(t, k) matrix, AZP(t, k) is an nf'(t, k) x nf(t, k)

matrix, and so on.

The matrix-valued sequence obtained from each block/partition of the state-space matrices

defines a graph-diagonal operator. These operators are then augmented to form the following

partitioned graph-diagonal operators:

Ars = |ATS ... ATS|,
AT

AST - ’
AST
SS

ASS - [Ai@ L:l ..... die=1,...,d "
PS

APS - [A]Z :|j=1 ..... m;i=1,....d’
By

BS = )

B;

Arp = [ATP ... ATP|,
APT
APT - ’
APT
_ SP
Asp = [Aij L:1 ,,,,, dij=1,...m"’
_ PP
APP - [A]f :|j:1 ,,,,, m;f=1,...m"’
BY
BP = )
BP
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CS:{Cf 0&9}, Cp:{(]f (jﬂ.

Namely, for all (t, k) € 7 X V, [[ATS]] (t, k) = ZTs(t, k), [[ATP]](t, k) = ZTp(t, k‘), and so on.
The matrix-valued sequences Arr(t, k), Br(t, k), Cr(t, k), and D(t,k) also define graph-

diagonal operators that are denoted by Arr, Br, Cr, and D, respectively.

The augmented partitioned graph-diagonal operators A, B, and C are then defined as follows:

Arp Ars Arp Br
A= 1Agr Ass Asp| - B=Bs|: C¢= |:CT Cs CP:| :
Apr Aps App Bp

For all (t,k) € Z x V, these operators satisfy

Arp(t, k) Arps(t k) Arp(t k) Br(t, k)
[Al(t, k) = | Asp(t, k) Ass(t,k) Asp(t,k)| [BI(t, k) = | Bs(t,k) |
App(t,k) Aps(t,k) App(t,k) Bp(t, k)

[[Cﬂ(tvk>: GT(tvk) GS(tvkz) UP(t>k) )

The graph-diagonal operators A, are defined such that A;(t, k) = 6;(¢, k?)]nf(t,k) for all
(t,k) € Z xV and j = 1,...,m. These operators are block-diagonally augmented to
construct the partitioned graph-diagonal operator Ap = diag(Aq,...,A,,) that satisfies
[ApR](t, k) = A(t, k) for all (t,k) € Z x V. If the operators S and A are defined as in S =

diag (S0, SoS1, - - -, 5S4, I™F) and A = diag (I™77s) Ap), respectively, then the equations
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of the distributed NSLPV system Gs can be written in compact operator form as follows:

T
=ASA + ASBu, y==C + Du, (5.2)
B B B

where z = [z ot -+ x3]", B=[Bf - B5], and A e A ={A]||A| < 1}.

m

The quintuple (A, B,C, D, A) is used to denote the realization of the distributed NSLPV
system Gs. For a fixed A € A, the input-output map of system Gjs is given by

SA|SB
Gs = Ax = C(I — ASA)'ASB + D,

C | D

assuming that the inverse exists. The distributed NSLPV system Gs is then defined as
Gs = {Gs| A € A}. The distributed NSLPV system Gs thus defined can be interpreted as
an LFT on A as shown in Figure 5.1. For all A € A, the corresponding equations are given

by

=A%, §=SAp+SBu, y=Co+Du. (5.3)

5.2.2 Analysis Results

Consider a distributed NSLPV system Gs that has a realization denoted by (A, B,C, D, A).
System G5 is said to be well-posed if I — ASA has a causal inverse on ééﬁT’ﬁs’ﬁP ) for all
A € A. By Lemma 4.3, if [A](t,k) = 0for t < 0 and all k € V, and I — ApApp has a
causal inverse on 57 for all A € A, then system G; is well-posed. Hereafter, it is assumed

that [A](t,k) = 0, [B](t,k) =0, [C](¢t,k) = 0, and [D](t,k) =0 forallt <0 and k € V.
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—A

SA SB
L smf

Figure 5.1: This figure shows how to interpret a distributed NSLPV system G; that has a
realization denoted by (A, B,C, D, A) as an LFT on A. The operator S is the composite-
shift operator, i.e., S = diag (Sy, SoS1, - - ., S0Sg, I"7).

(p
—
-

Thus, to check for the well-posedness of system G, it is only checked that [ — ApApp is
invertible on /37 for all A € A. If the inverse exists, then it is memoryless (and causal)

since I — ApApp is a memoryless operator.

System Gj is said to be stable if I — AS A has a bounded causal inverse for all A € A. The
following result gives a sufficient condition for the stability of distributed NSLPV systems.

A system that satisfies this condition is said to be strongly stable.

Define the set 7 of allowable transformations as follows:

T = {X\X = diag (Xr, X7,.... X7, X[ ..., X)) e L. <€§nT,ﬁS,ﬁP)) |

where Xp, X7 XJP are graph-diagonal operators for i =1,...,dand j =1,...,m,

1

X 'leg, (ggﬂT7557ﬁP)>} ‘ (5.4)

Then, the set X' defined in (4.7) can be equivalently defined as

X={X|X=X"€T, X0} (5.5)
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The sets T and X are in the commutant of A. The symbol X is used to denote similarly

defined sets regardless of the associated dimensions.

Lemma 5.1. Consider a distributed NSLPV system Gs that has a realization denoted by
(A,B,C,D,A). System Gy is strongly stable if and only if there exists X € X, where the set

X is defined in (5.5), such that

A*S*XSA - X <0. (5.6)

The next result is used in deriving the balanced truncation error bounds in Section 5.4.

Lemma 5.2. Consider a distributed NSLPV system Gs that has a realization denoted by
(A, B,C,D,A). System Gs is strongly stable and its input-output map Gg satisfies ||Gs|| <
for all A € A if there exists X € X, where the set X is defined in (5.5), such that

*

SA SB X 0| |SA SB X 0

- =< 0.
0 A2

(5.7)

¢ DJ| (0 I||C D

Since X € X, then by an application of the Schur complement formula, inequality (5.7) can

be equivalently written as

X 0 SA SB
0 ~2I cC D
< 0. (5.8)
SA SB X1 o0
C D 0 I

It can be seen from the preceding discussion that the size of system G5 and the size of the

analysis problems increase with the number of subsystems, interconnections, and parame-
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ters, as well as the dimensions of the corresponding temporal, spatial, and parameter states.
Thus, model reduction may be very useful for reducing the computational complexity of the
problems at hand. Specifically, a reduced order system G, s is sought that approximates
the behavior of the full order system Gs and preserves its interconnection and uncertainty
structures. The sought reduced order system G, ; is a distributed NSLPV system whose in-
terconnection structure is described using the same graph that describes the interconnection
structure of Gs. Moreover, the subsystems in G, ; have NSLPV models that are formulated
in an LFT framework, and the reduced order uncertainty operator has the same structure

as the full order uncertainty operator A.

Model reduction is of particular interest for the distributed control problem treated in Chap-
ter 4. Namely, the synthesis problem involves solving the coupled inequalities (4.23), (4.24),
and (4.25) that are of a larger size than the inequalities appearing in the analysis and model
reduction problems. Thus, model reduction may be helpful in rendering the control synthe-
sis problem computationally feasible. Moreover, since the distributed control technique of
Chapter 4 yields distributed NSLPV controllers that are of a comparable size to the plant
and that inherit the plant’s interconnection and uncertainty structures, then model reduction
can also be used to construct reduced order controllers. Namely, applying model reduction
prior to control synthesis ensures that the least controllable and least observable modes of
the plant are not reflected/mirrored in the designed controller. Also, since the proposed
model reduction methods allow for the evaluation of the importance of each interconnection
for the overall interconnection structure, and the possible truncation of the corresponding
spatial states, then model reduction may help in simplifying the communication network in

a rigorous manner by removing inconsequential communication links.
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5.3 Balanced Truncation Model Reduction

This section applies the balanced truncation method for the model reduction of distributed
NSLPV systems. The notion of a balanced realization for a distributed NSLPV system is
defined, and a strongly stable system is shown to admit a balanced realization. The reduced
order system resulting from the application of the balanced truncation method is proved to

be strongly stable, and its constructed realization is shown to be balanced.

5.3.1 Balanced Realization

Consider a distributed NSLPV system Gs that has a realization denoted by (A, B,C, D, A).

The generalized Lyapunov inequalities associated with system Gs are given by

AXA* — S*XS+ BB* <0, (5.9)

A*S*YSA—Y +C*C < 0. (5.10)

System Gy is strongly stable if and only if there exists a solution X € X to (5.9) if and
only if there exists a solution Y € X to (5.10), see the argument provided in the proof of
Lemma 5.4. A solution X € X to (5.9) is called a generalized controllability gramian for
system Gs. Similarly, a solution Y € X to (5.10) is called a generalized observability gramian
for system Gs. The generalized gramians and the generalized Lyapunov inequalities [17, 43]
extend the standard control theoretic notions of controllability and observability gramians
and the Lyapunov equations, respectively, to systems with an inherent structure. For a
distributed NSLPV system, since the generalized gramians X and Y are in X, where the
set X is defined in (5.5), then X and Y are partitioned graph-diagonal operators with a

block-diagonal structure that is derived from the interconnection and uncertainty structures
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of the system. These gramians contain quantitative information about how controllable and
observable a particular temporal, spatial, and parameter state variable is. The notion of a

balanced realization for a distributed NSLPV system is defined next.

Definition 5.3. Consider a distributed NSLPV system Gs that has a realization denoted
by (A, B,C,D,A). The realization of system Gs is said to be balanced if there exists a
balanced generalized gramian > € & that simultaneously satisfies both generalized Lyapunov
inequalities defined in (5.9) and (5.10) such that [X](¢, k) is a diagonal matrix for all (¢, k) €
Zx V.

The next result shows that a strongly stable distributed NSLPV system admits a balanced

realization which can be constructed from any given generalized gramians X and Y in X

Lemma 5.4. Consider a strongly stable distributed NSLPV system Gs that has a realization
denoted by (A, B,C,D,A). Then, system Gs admits a balanced realization that is denoted
by (Apal, Boat, Chal, D, A).

Proof. Since system Gs is strongly stable, then there exists a solution in X to (5.6). By
homogeneity and scalability of (5.6), there equivalently exist solutions X € X and Y € X
to (5.9) and (5.10), respectively. As discussed next, the generalized gramians X and Y are
used to construct a balanced realization for system Gs and a balanced generalized gramian
Y, see also Algorithm 2.7. First, the Cholesky factorizations X = R*R and Y = H*H are
performed. Namely, for all (¢,k) € Z xV,i=1,...,d, and j = 1,...,m, the following

Cholesky factorizations are performed:

Xo(t, k) = (Ro(t, k) R (t, k), Yio(t, k) = (Ho(t, k)" H(t, k),
XiS(tv k) = (Rf(tv k))*Rf(tv k)> }/;S(tv k) = (His(t» k))*HzS<t7k)a

XT(t, k) = (RI(t, k) R (t, k), VIt k)= (H (t,k)) HI (t,k).
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Then, the singular value decomposition HR* = UXV* is performed, where U and V are
in 7, and X is the balanced generalized gramian satisfying the properties in Definition 5.3.
Namely, for all (t,k) € Zx V,i=1,...,d, and j = 1,...,m, the following singular value

decompositions are performed:

He(t, k) (Re(t, k) = Ur(t, k)So(t, k) (Ve (t, k)",
HE (6, k) (R7 (8 k)" = U (6, F)S7 (8 k) (VS (8, F))

Hf(t, k:)(Rf(t, k)" = Ujp(t,k)Ef(t,k)(V}P(t,k))*.

Then, the balancing transformation is defined as T = L~Y2U*H € T, and its inverse is

obtained from 77! = R*VX~Y2 € T. That is, the blocks of the balancing transformation

and its inverse are obtained from

TT<t7 k):(ZT(t7 k))ié(UT(tv k))*HT(ta k)? (TT(tv k))ilz(RT(t’ k))*VT(ta k)(ET(tv k))i

T (k) =(S5 (1 k)2 (US (L R)HE (6 k), (T (8, R) T =(R7 (6, 0) Vi (8 k) (55 (2, k)

[NIE

N

Y

Tt k) =(Z5 (1 k)72 (U (6, k) HY (8, k), (T (1 k)7 =(RY (8, 1)V, (6, k) (2 (2, k)

=

forall (t,k) e ZxV,i=1,...,d,and j =1,...,m. It is not difficult to verify that ¥ can
be expressed as ¥ = TXT* = (T~1)*YT~!. This can be shown by performing component-
wise computations similar to the ones shown above. If the operators Ay., Bpa, and Cha
are defined as Ay, = (S*TS)AT™!, Bpa = (S*T'S)B, and Cyy = CT™!, then ¥ can be
shown to simultaneously satisfy (5.9) and (5.10), where the inequalities are expressed for the
realization (Apar, Bpal, Chal, D, A). That is, (Apal, Boal, Chal, D, A) constitutes a balanced

realization for system Gs, which concludes the proof. Il
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5.3.2 Balanced Truncation

Consider a strongly stable distributed NSLPV system Gs that has a balanced realization
denoted by (A, B,C, D, A) and a balanced generalized gramian denoted by 3, and assume
that system G5 is to be reduced by applying the balanced truncation method. To determine
which state variables to truncate, one looks at the diagonal entries of [X](¢, k) for all (¢, k) €
Z x 'V and their relative order, the value of v obtained from Lemma 5.2, and the error bounds
from Theorems 5.7 and 5.11. Since ¥ has a block-diagonal structure and contains temporal
terms (¢, k), spatial terms X9 (¢, k), and parameter terms Zf (t,k), then the balanced
truncation method allows for the truncation of each temporal, spatial, and parameter state
individually, and the truncation need not be uniform in time, i.e., one may truncate different

numbers of variables from a particular state at different time-steps.

The blocks of ¥ are partitioned into truncated and non-truncated parts. The partitioning
process is illustrated for the temporal blocks Xr(t, k) for all (¢,k) € Z x V. A similar
partitioning process is repeated for X7 (¢, k) and Zf(t, k) for all (t,k) e ZxV,i=1,...,d,
and j = 1,...,m. For each (t,k) € Z x V, Lp(t, k) is an nyp(t,k) X np(t, k) positive
definite diagonal matrix. Without loss of generality, it is assumed that the diagonal entries
of Xp(t, k) are sorted in a decreasing order with the largest value in the first entry. Denote
the dimensions of the temporal state vectors in the reduced order system by rr(t, k), where
0 < rp(t,k) < np(t,k). Then, Xp(t, k) is partitioned into two blocks as in Xp(t, k) =
diag (I (t, k), Qr(t, k)), where T'r(t, k) is an r¢(t, k) X r¢(t, k) matrix. If rr(tg, ko) = 0 for
some (to, ko) € Z x V, then I'p(to, ko) is nonexistent. Similarly, if rp(to, ko) = nr(to, ko),
then Qr(tg, ko) is nonexistent. The matrix-valued sequences I'r(¢, k) and Qr(t, k) define

graph-diagonal operators that are denoted by 'y and €, respectively.

In addition to truncating the temporal states, the proposed balanced truncation method
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allows for truncating the spatial states and the parameter states. The dimensions of the
spatial and parameter state vectors in the reduced order system are given by r7(¢, k) and
rf(t, k), respectively, where 0 < rP(t,k) < nf(t,k) and 0 < r7'(t,k) < nP(t k) for all
(t,k) e ZxV,i=1,...,d,and j =1,...,m. Ifr{ (¢, ko) = O for all time-steps ¢ € Z, then the
corresponding interconnection (p; ' (ko), ko) is altogether removed from the interconnection
structure during model reduction. Similarly, if rjPO (t, ko) = 0 for all time-steps t € Z, then
the corresponding block A (¢, ko) is removed from A(¢, k) during model reduction. The
matrix-valued sequences ' (¢, k), I‘f (t, k), Q(t, k), and Qf (t, k) obtained from partitioning
X7 (L, k) as in X7 (¢, k) = diag (T7(t, k), Q7 (¢, k)) and partitioning X (¢, k) as in XF(¢, k) =
diag (I7'(t, k), QF (t,k)) define graph-diagonal operators that are denoted by 'Y, T'Y, Q7

and Qf, respectively, foralli=1,...,dand j =1,...,m.

The graph-diagonal operators thus defined are augmented as follows:

I =diag (I'r,I7,...,05,T1,...,T)), (5.11)

Q = diag (7, Qf,....Q5,07,...,Q0), (5.12)

where I" and €2 are associated with the non-truncated and truncated blocks of ¥, respectively.
For all (t,k) € Z x V, the state-space matrices are partitioned into non-truncated portions,
which are marked with a hat, and truncated portions. The partitioning is conformable with

the partitioning of the blocks of ¥, namely,

ZT(ta k) = [[dlag (FT; QT)]] (t7 k) = dlag (FT<t’ k)a QT(t’ k)) )
Y7 (t k) = [diag ([7,Q0)] (¢, k) = diag (L7 (¢, k), Q7 (¢, k) ,

SE(t k) = [diag (PF, Q)] (¢, k) = diag (T} (¢, k), QF (¢, k) .
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For instance,

135

Ars(t, k) = | ATS (¢, k) ATS(t k)
| AT (R AT R) AP (k) AT E)
| A{gl(tak) A{,gé(tak) A?gl(tk) AggQ(tak)
— ASS(t k) A, (t k)
Ass(t k) = [ASS@0)) Wy = ,
AP2 (k) ALS,(t k)
L i=1,...,d;e=1,....d
Arp(t k) = |ATP(t, k) ATP(t k)
B ATP(t, k)  ATE,(t, k) ATP(t, k) ATE,(t k)

= APP(¢ k) APP(t, k)
App(t,k) = [A7(t, k)]j:1 fe — if 5f.12 |

Ajpan(t k) Aji(t k)

where ATS(t, k) is an rp(t + 1, k) x r5(t, k) matrix, ASS(¢, k) is an r5(t + 1, p;(k)) x 75 (¢, k)
matrix, /Alfp(t, k) is an rp(t + 1, k) x Tf(t, k) matrix, and Aﬁcp(t, k) is an rf(t, k) x rf(t, k)
matrix. That is, the partitioning of the state-space matrices is performed at the level of their
constituent blocks, e.g., the blocks AT9(t, k) for i = 1,...,d (and not Arg(t,k)) are each

partitioned into a non-truncated block fl;‘rs (t,k) and other truncated blocks.

The matrix-valued sequence obtained from each non-truncated block, e.g., ATT(t, k), AlTS (t, k),

defines a graph-diagonal operator, e.g., A, rr, A;‘FS . These graph-diagonal operators are then
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augmented to form the operators A,, B,, and C, of the reduced order system. Namely,

Arrr ATS ATS ATP ATP
AST Ss A5s Asp Asp
A7 A ATi At Al
AT,TT AT,TS AT,TP
A, = = AST 1SS 1SS ASP ASP
r= | Arsr Arss Apsp A3 ASS o A5 AP ASP |
A.pr Arps Arpp [T R . . .
) ) ) PT PS PS PP PP
Aj Ao Ay Ay o Al
APT APS APS APP APP
Am Aml e Amd Aml o Amm
Br,T
By
BT‘,T
»S
B, = Br,S = Bd )
By.p Bf
By,
— — ~S S AP AP
C, = Cior Crs Cip|l= |:OT,T {Ol Cd} [Cl C’mH .

For j =1,...,m, define the graph-diagonal operators Aj such that Aj(t, k) =0;(t, k)P

for all (t,k) € Z x V. These operators are augmented to form A, p = diag (Al, e ,Am>.

Let 7s = (r{,...,r3) and 7p = (rf ... rP). Then, the reduced order uncertainty operator
A, is defined as
A, = diag (I"77) A, p). (5.13)

In other words, A, is defined similarly to A with the exception that the blocks in A, have
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reduced dimensions. Finally, the realization of the reduced order system G, s is defined as

(A, B, C., D, A,), where A, = {A, | A, is structured as in (5.13) and [|A,|| < 1}.

The balanced truncation method just presented is said to be structure-preserving. Namely,
the interconnection structure of the reduced order system G, s is the same as the intercon-
nection structure of the full order system Gs, with the exception that the spatial states in the
reduced order system have smaller or equal dimensions than their counterparts in the full
order system. Similarly, the structure of the A,-operator in G, 5 is the same as the structure
of the A-operator in Gs, with the exception that the parameter states in the reduced order
system have smaller or equal dimensions than their counterparts in the full order system.
Specifically, by forcing the balancing transformation T constructed in the proof of Lemma
5.4 to be in the set 7 defined in (5.4), the interpretation of each state is preserved in the
constructed balanced realization of the system, thus allowing for a structure-preserving trun-
cation of the negligible state variables. The interpretation of a state specifies its type, i.e.,
whether the state is a temporal, spatial, or parameter state, and identifies the subsystem,
interconnection, or uncertainty channel with which the state is associated. The presented
balanced truncation method can be further thought of as structure-simplifying because the
spatial states and the parameter states in the reduced order system g, ; are allowed to have

zero dimensions for all time-steps t € Z.

Lemma 5.5. Consider a strongly stable distributed NSLPV system Gs that has a balanced
realization denoted by (A, B,C,D,A) and a balanced generalized gramian denoted by X.
Assume that the balanced truncation method is applied to reduce system Gs, and denote the
resulting reduced order system by G,s and its obtained realization by (A,, B,,C,,D,A,).
Then, system G, is strongly stable, and its given realization is balanced. Moreover, the

operator I defined (5.11) is a balanced generalized gramian for the reduced order system.

Proof. There exists a unique partitioned graph-diagonal operator () such that Q*X(Q) =
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diag(I', ), QQ* = I, and Q*Q = I, where I' and Q are defined in (5.11) and (5.12),
respectively. The reader is referred to [8, Appendix A] for the detailed structure of the

operator (). It can also be verified that () satisfies

S 0| |A An| .= S of|B.| .=
Q*SAQ = =S4, Q*SB = =SB,
0 S AQl A22 0 S B2
[ _ —= A'I‘ 0 ==
CQ=1|C. Oy =0, Q"AQ = | =A, (5.14)
. 0 A,

where Ays, Ay, Agy, By, Cy, and A, are appropriately defined partitioned graph-diagonal
operators. Since Y is a balanced generalized gramian for system Gg, then it simultaneously
satisfies the generalized Lyapunov inequalities defined in (5.9) and (5.10). Pre- and post-
multiplying (5.9) by S*Q*S and S*QS, respectively, and pre- and post-multiplying (5.10)

by @Q* and @), respectively, result in

jdiag(F, Q) <j> — S*diag(I', Q)S + B (§> <0, (5.15)

(i)* S*diag(T, )3 A — diag(T, ) + (5) C <o. (5.16)
From (5.15) and (5.16), it can be concluded that

ATA* — $*T'S + B,B* <0,

A*S*TSA, —T + C*C, < 0.

In other words, the reduced order system G, s is strongly stable, and its given realization

(A, B, C, D, A,) is balanced with I" being a balanced generalized gramian. [
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5.4 Balanced Truncation Error Bounds

Consider a strongly stable distributed NSLPV system Gs that has a balanced realization
denoted by (A, B,C, D, A) and a balanced generalized gramian denoted by 3. Assume that
the balanced truncation method is applied to reduce system Gs, and denote the resulting
reduced order system by G,; and its obtained realization by (A4,, B,,C,, D, A,). Define
the partitioned graph-diagonal operators I" and € as in (5.11) and (5.12), respectively. By
Lemma 5.5, system G, ;5 is strongly stable, the realization (A,, B,, C,, D, A,) is balanced, and
I' is a balanced generalized gramian. Hereafter, the reduced order uncertainty operator A,
defined (5.13) and the corresponding set A, will not be referred to separately from the full
order uncertainty operator A and the corresponding set A, because the structure of A, can

be derived from the structure of A. This section derives two upper bounds on [|(Gs — G,.5)||

for all A € A.

Theorem 5.6. Consider a strongly stable distributed NSLPV system Gs that has a balanced
realization denoted by (A, B,C,D,A) and a balanced generalized gramian denoted by X.
Assume that the balanced truncation method is applied to reduce system Gs, and denote the
resulting reduced order system by G, s and its obtained realization by (A,, B,,C,, D, A,). If
the partitioned graph-diagonal operator ) is defined as in (5.12) and satisfies Q = 1, i.e.,
Qr(t,k) = I, Q(t,k) = I, and Qf(t,k:) =1 for all (t,k) € ZxV,i=1,...,d, and
j=1,....m, then ||(Gs — G,5)|| <2 for all A € A.

Proof. Since the systems G5 and G, s are strongly stable, then so is the error system & =

{1(6’5 —Grs)|A € A}. Recalling the denotations S, j, E, 5, and A defined in (5.14), one

2
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can see that

SA, 0 |%SB,
1 AT‘ O ~— \/i ~—
§(G5—GT,5): _ | 0 S \/%SB , for all A € A.
0 A —
1 1 -~
-nG B0

By Theorem 4.6 and Lemma 5.2, if there exists an operator V = 0 that commutes with
diag (AT,Z> for all A € A and satisfies (5.8) with v = 1, where inequality (5.8) is expressed
for the given realization of system &, then it follows that ||% (Gs — Gr5) H <lforall A € A.
By direct application of the Schur complement formula twice to (5.15) and (5.16), it can be

verified that

—R, K*
<0,
K —S'R,S,
where R, = diag (Ffl, Q bt T, Q) , Ry = diag (Ffl, QO hIwT, Q) ,
S0 0 00 A
Se=10 1 0}, K=1|0 0 C
0035 A4 B 0
Define the operators L and P by
A R R (7 To0 o0 0]
I 0 0 I 0 0 01 0 I
1 1
L:— , P:— Uz ,
7 0 I 0 0 I 7 0 0 0 VoI 0
0 0 V2I™ 0 0 I I 0 0 0
0 T 0 0 I 0 01 0 I

respectively, and pre- and post-multiply the previous inequality by diag(P*, L) and diag(P, L*),
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respectively, to obtain

141

—P*R,P P*K*L*
=<0,
LKP  —LS!Ry)S,L*
where _ _
A, 0 0 \/%BT A
0 A, An LB 0
M | Niy I
LKP = - 0 A21 AQQ \/LiBQ 0
Nop | Nag . . L= g
TiCr 7507« 7502 0 7502
Zgl 0 0 %5?2 Z22
Since 2 = I and S*S = I, it follows that
. ' 1 {7+ T t-T . .
P*R P = diag 3 , diag (I, 1™ 1) |,
r-t—-r 7rt4+r
1|s*(Trt+ns s (r-r-hHs
LS Ry,S,L* = diag 3 , diag (I, 1™, 1)
S*r-r-Hs sSsIr'+1n)s

Let the desired V be defined as V = %diag

r‘+r r-t-r

2I |. Then, V is positive

Y

rt—r rt+r

definite, commutes with diag(AT,Z) for all A € A, and satisfies the inequality

V 0
0 I
M

M*
S 0 S 0 =<0,
| v |0
- {lo S 0 S
0 I
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which concludes the proof. O

Recall the function ® defined in Section 5.2. The following theorem gives the balanced

truncation error bound for the case of a general operator €2 in terms of ®(£2).

Theorem 5.7. Consider a strongly stable distributed NSLPV system Gs that has a balanced
realization denoted by (A, B,C,D,A) and a balanced generalized gramian denoted by X..
Assume that the balanced truncation method is applied to reduce system Gs, and denote the
resulting reduced order system by G, s and its obtained realization by (A,, B,,C,, D, A,). If
the partitioned graph-diagonal operator ) is defined as in (5.12), then ||(Gs—G,.5)|| < 20(€2)
for all A € A.

Proof. The theorem follows by scaling and repeated application of Theorem 5.6 as detailed
in the proof of Theorem 2.10. Lemma 5.5 ensures that the balanced truncation method is
applicable to the resulting intermediate reduced order systems, since they are known a priori

to be strongly stable and their computed realizations are balanced. O

The error bound given in Theorem 5.7 can become infinitely large as the number of distinct
entries in () increases. Assume now that the graph that represents the interconnection
structure of the full order system Gy is finite, i.e., the set of vertices V and the set of
edges E are finite. If system Gs is strongly stable and (h, ¢)-eventually time-periodic as per
Definition 4.13, then it admits an (h, ¢)-eventually time-periodic balanced realization, i.e., a
realization with (h, ¢)-eventually time-periodic state-space matrices, and an (h, ¢)-eventually
time-periodic balanced generalized gramian Ycpe,. More details on eventually time-periodic
systems can be found in Sections 2.7 and 4.6. The realization of the reduced order system
G, s that results from applying the balanced truncation method to system Gs is also (h, q)-

eventually time-periodic. In this case, when evaluating ®(€Qeper) to compute the balanced
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truncation error bound in Theorem 5.7, where Q¢pe, is defined from the blocks of Yepe: as
in (5.12), t can be restricted to the finite time-horizon h and the first time-period, i.e.,
0 <t< h+q-—1. Since the sets VV and E are assumed to be finite, and t is restricted
between 0 and h+ ¢ — 1, then ®(Qeper) is guaranteed to be finite. In the following algorithm,
a heuristic is proposed that can be used in order to increase the number of small and equal

entries in eper, thereby increasing the effectiveness of Theorem 5.7.

Algorithm 5.8. Let G5 be a strongly stable (h,q)-eventually time-periodic distributed
NSLPV system whose interconnection structure is described using a finite graph, and de-
note the given realization of system Gs by (A4, B,C,D,A). Given a weight a; > 0, this
algorithm proposes a heuristic for finding an (h, g)-eventually time-periodic balanced real-
ization (Apar, Bpal, Chal, D, A) for system Gs and an (h, ¢)-eventually time-periodic balanced
generalized gramian Xeye,. In the following, let vect(Q) denote the vector formed by the

diagonal entries of a square matrix Q, and ||v||; denote the 1-norm of vector v.

1. minimize

h+q—1 d m
Z Z (trace KXeper,r(t, k) + Z trace Xfper’i(t, k) + Z trace Xé;er,j(t, k;))

i=1 j=1

subject to: Xeperr(t, k) =0, X5 . .(t,k) = 0, X2 (t,k) = 0,

eper,i eper,j

Xeper,T(h +4q, k) = XepeLT(h’ k)v X(i)er,i(h +4q, k) = Xesl;er,i<hv k)a and

[AL(E, k) [ Xeper] (8, K)[AT] (2, k) — [S™ Xeper ST(E, k) + [B] (2, k) [B7] (¢, k) < 0,

forallt=0,....h+q—1,i=1,...,d,7=1,...,m,and k € V.
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2. minimize
h+q—1

Z Z <trace Yeperr(t, k) + Ztraee operi(ts k) + Ztrace eper.j (1 k:))

t=0 keV

subject to: Yeperr(t, k) =0, Y2 (¢, k) =0, YL .(t, k) =0,

eper,i eper,j

Yeper,r(h + ¢, k) = Yoperr (B, k), YEo (b + q, k) = Y3, (b, k), and

A, RIS Yeper ST(E, )AL k) — [Yeper[ (2, B) + [C*N(E R)[C(E F) <0,

forallt=0,....,.h+q—1,i=1,...,d,7=1,...,m,and k € V.

3. Using the (h,q)-eventually time-periodic generalized gramians Xeper and Yepe, com-
puted in steps 1 and 2, find the (h,q)-eventually time-periodic balanced realization

(Abal, Boal, Chal, D, A) for system Gy as in the proof of Lemma 5.4.
4. minimize

h+q—1

a; X €+ Z Z (|V€Ct Yeper,r(t, k) — €l)]|, —i—ZHVect epem (t, k) —e[)Hl
=0 keV
+Z |vect (S, (t. k) —eI)H1>

subject to: Yeperr(t, k), X5 .. (t, k), and XF (¢, k) are diagonal matrices,

eper,i eper,j

€ >0, Seperr(t, k) = el, X5 (k) =el, SE  (t, k) = e,

eper,i eper,j

Eeper,T(h + q, k) = eper T(h k:) eper z(h + q, k;) eper z(h k)

[[Abal]] (t, k)[[zeper]] (tv k) [[Alzal]] (ta k) - [[S*Eepers]] (t, k) + [[Bbal]] (tv k) [[B;;al]] (t> k) =<0,
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IIA‘:;alH (tv k) [[S*Zepers]] (t7 k) [[Abal]] (ta k) - [[Eeper]] <t7 k) + Hcgal]] (tv k) [[Cbal]] (t7 k) =<0,

forallt=0,....h+q—1,i=1,...,d,7=1,...,m,and k € V.

Algorithm 5.8 is now discussed in more details. In the first two steps, the (h, ¢)-eventually
time-periodic generalized gramians Xeper and Yeper with minimum trace are computed, see
[18, 72] for comments on the usefulness of computing minimum trace generalized gramians.
These gramians are then used to find a balanced realization of the system. To obtain a
‘small’ value of ®(Qeper) and a useful error bound, the generalized Lyapunov inequalities are
expressed for the obtained balanced realization of the system and are solved again. In this
problem, both inequalities are imposed simultaneously and an (h, ¢)-eventually time-periodic
balanced generalized gramian Yo, is sought. That is, in addition to Xeper € X, [Eeper] (¢, k)
is a diagonal matrix for all (¢, k). In other words, it is required that Yeperr(t, k), B2, (L, k),

and Zf:per’j(t, k) are diagonal matrices for allt =0,... ,h+q—1,i=1,...,d,j=1,...,m,
and k£ € V. Note that Xepe is guaranteed to exist since the generalized Lyapunov inequalities

are now expressed for the (h, g)-eventually time-periodic balanced realization of the system.

The purpose behind Algorithm 5.8 is to obtain a useful error bound from Theorem 5.7.
Since P (Qeper) consists of summing the distinct diagonal entries in Qeper, then it is desired
that many diagonal entries in €eper be equal to each other and to some value denoted by e.
Namely, if € is chosen as the truncation cut-off value, i.e.; all the state variables that have
a corresponding entry in Xepe equal to € are truncated (and no other state variables are
truncated), then ®(Qeper) = €. In this case, the value of € is also desired to be small, since
Theorem 5.7 gives [[(Gs — G,5)|| < 2¢ for all A € A. In the SDP defined in step 4, these
requirements are expressed using the chosen objective function and the constraint Xeper = €1.
Specifically, the chosen objective function consists of two competing costs/components that

are to be minimized. On the one hand, it is desired that the cut-off truncation value € be
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as small as possible, which justifies the first term, €, in the objective function. On the other
hand, it is desired to truncate the maximum number of state variables. This justifies the
second term (the summation) in the objective function and the imposed constraint Yepe, = €1,
wherein the 1-norm heuristic is employed to result in many entries in Y¢pe that are equal
to €. The two component vector-valued objective function is then scalarized, i.e, the two
cost functions are added and the first term is multiplied by the weight a; > 0. The optimal
weight a; for the purposes of model reduction is determined by tracing the optimal trade-off
curve: the SDP defined in step 4 is solved for multiple values of a;, and for each choice of
a1, the resulting value of € and the corresponding total number of truncated state variables
(number of entries in Yeper equal to €) are recorded. The optimal weight a; is then chosen so
as to result in an acceptably small value of € and a large enough number of truncated state
variables. The reader is referred to [19] for background material on the convex optimization

tools that are leveraged in Algorithm 5.8.

Next, an alternative expression for the balanced truncation error bound is derived that
can be less conservative than the expression given in Theorem 5.7 when the subsystems
have general (not eventually time-periodic) NSLPV models. This expression generalizes the
expression given in Theorem 2.12 in that it applies to non-monotonic truncation sequences.
The counterparts of the next result for single LTV systems and single NSLPV systems are
found in [73] and [33], respectively. For all k € V, i =1,...,d, and j = 1,...,m, define
the sets Fr(k) = {t € No|rp(t, k) # ne(t, k)}, FP(k) = {t € No|rJ(t,k) # n(t,k)}, and
FFP(k) = {t € No|rf(t,k) # nF(t,k)}. The following definition is from [33] and restates

Definition 2.11.

Definition 5.9. Consider a scalar sequence «; defined on a subset W of Ny, and let t,,;, =
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min{t¢ |t € W}. The following rule extends the domain of definition of a; to all ¢t € Z:

Qg it ¢ S tmin;

min

ay =
Qe if ¢ > tiin, where e = max{7 <t:7¢€ W}.

In the following, the min-max ratio of a sequence is defined [73]. This ratio is very useful

for expressing the error bound in Theorem 5.11.

Definition 5.10. Consider a scalar sequence v = (v, vs,...,vs) for some integer s > 1,
where v; cannot be considered as a local maximum and v, cannot be considered as a local
minimum. Then, the sequence v has [ local maxima and [ local minima for some [ € Ny. If

[ > 1, the local maxima and local minima of v are denoted by Vpax e and vmin ¢, respectively,

for e =1,...,l. The min-max ratio S, of the sequence v is then defined as follows:
U1 if | = 0,
Sy = (5.17)
ull, (—j}:j:j) it 1> 0.

Theorem 5.11. Consider a strongly stable distributed NSLPV system Gs that has a balanced
realization denoted by (A, B,C,D,A) and a balanced generalized gramian denoted by X.
Assume that the balanced truncation method is applied to reduce system Gs, and denote the
resulting reduced order system by G,.s and its obtained realization by (A, B,,C,, D, A,).
Let the partitioned graph-diagonal operator Q2 be defined as in (5.12). If for all k € V,

i1=1,...,d,and j=1,...,m,

Qr(t, k) = wr(t, k)T fort e Fr(k),
QS (1, k) = wi(t, b)T fort € FS(),

QF (¢, k) = wi (t, k)1 fort € FF(k),
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and the sets Fr(k), F7(k), and F} (k) are finite, then

(2

d m
1(Gs — Gra)ll <2 (sz(t,k) ) Susm + swf(tﬁ,g)> forallAe A,  (5.18)
i=1 j=1

keV

where the min-mazx ratio S, of a sequence v is defined in (5.17).

Proof. The result is proved for the special case where only one state is truncated, e.g., the
temporal state associated with subsystem G®*°). The result for the general case considered
in the theorem then follows by repeated application of this specialized result and the triangle
inequality. Without loss of generality, it is assumed that wp(t, ko) < 1 for all ¢t € Fp(ko).
This assumption can be ensured by scaling system Gs. Suppose that the sequence wr(t, ko)
has [ local maxima and [ local minima for some [ € Ny. As stipulated in Definition 5.10, the
first element in the sequence cannot be considered as a local maximum and the last element

cannot be considered as a local minimum.

If [ > 1, then the set Fr(ko) is of the form {t1,...,tmin1,- -, tmaxts- -« bmaxiy- -5 ls}. FoOr
e=1,...,1, tmine and tyax . denote the time-steps at which wr(¢, ko) reaches its local minima
and local maxima, respectively. The domain of wr(t, ko) is extended to all ¢ € Z using the rule
given in Definition 5.9. Note that wr (¢, ko) = wr(t1, ko) for t <t and wy(t, ko) = wp(ts, ko)

for t > t,. Define the state transformation 7= T* € T as follows:

(wT(t, ko))l/Q I for ¢ S tmin,h
wT(tmin,h ko) (wT(t, ko))_1/2 1 for tmin,l +1 <t< tmax,l;
[[TH (t7 k) - wT(tmin,ly k()) (wT(tmaX,la k()))_l (wT(ta kO))l/Q I for tmax,l + 1 S t S tmin,Qa
| 0 (wrt. k)2 1 for 2 fwes + 1.

for all (t,k) € Z x V, where n = [['_; wr(tmine: ko) (01 (tmax.e, ko))
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By definition, X7 (¢, ko) = ul for some p > 0 and all t € Z, and so T and T~ are bounded.
The state transformation T is used to construct a new realization (Apey, Buews Chew, D, A)
for system Gs, where A,y = (S*T'S)AT™!, Bpew = (S*T'S)B, and Che, = CT~!. For
simplicity, the system with this new realization is referred to as system Gyews, Whereas
system Gs continues to refer to the system with the realization (A, B,C,D,A). Let the
operators P, Q, and W in T be defined as follows: [P](t,k) = (wr(t, ko))*?1, [Q](t, k) =
[TN(t, k) [P~ (t, k), and [W](t, k) = [T](t,k)[P](t, k) for all (t,k) € Z x V. For each
k € V| the scalar-valued sequences a (t, k), as(t, k), and as(t, k), where [T] (¢, k) = aq(t, k)1,
[QN(t, k) = as(t, k)1, and [W](t, k) = as(t, k)I, are non-increasing in t.

Since the realization (A, B, C, D, A) of system Gs is balanced, then the balanced generalized

gramian X satisfies (5.9) and (5.10). By pre- and post-multiplying (5.9) by S*T'S, and

invoking TT~! = T—1T = I, the following inequality is obtained:

Apew TEXT A]

new

— (S*TS) (S*2S) (S*T'S) + Buew By, < 0

new

In other words,

[Anew ] (&, R)ITT(E R)IEDE R)TTTE B) [ ALen (2 B) = [STTST(E R)[S™EST(E, k)[S™TS] (¢ k)

+ [[BHGW]] <t7 k) [[B;ew]] (t7 k) = _:ula

for all (¢t,k) € Z x V and some u > 0. Pre- and post-multiplying the previous inequality by
[S*W=LS](t, k) = (as(t + 1,k))"' I, where as(t, k) = ai(t, k)(wr(t, ko))*/?, or equivalently,

(wr(t, ko)) Y2 = (as(t, k) (t, k), result in

[Anew] (8, k) (£, k) (ot + 1,k)) 7 [S](E, k) aa(t k) (as(t + 1, k)7 [A, (¢, k)

— (wr(t + 1, ko))" [S"SS](E )
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+ (as(t +1,k)) 7 [Buewl (8, B) [ Bley I (8, k) (as(t +1,k)) 7" < —pl.

For each k € V| the sequence as(t, k) is non-increasing in ¢, i.e., 0 < as(t+1,k) < as(t, k) <
wr(ty, ko) and (az(t+1,k))~t > (asz(t, k)™ > (wr(ty, ko))t Then, one can verify that the

following holds for all (t,k) € Z x V:

[Anew] (£, k) (wr(t, ko)) [S1(¢, k) [Aew] (£ k) — (wr(t + 1, ko))~ [S*ES] (2, k)

+ (wr(ty, ko)) ™" [Buewl (t, k) [ Biew I (8, k) (wr(ty, ko))~ < —pl. (5.19)

Similarly, by pre- and post-multiplying (5.10) by 7!, and invoking (S*T~1S) (S*TS) =
(S*TS) (S*T~1S) = I, the following inequality is obtained:

Ax (S*T19)(S*B9)(S* T 1) Apew — TI8TH + C

new new

Chew < 0.

In other words,

[ D8, k) [S°TS](E ) [S7SST(E k) [S°T St k) [Aue] (£ F)

new

— [T k) [20( &) [T ) + [Coewl (8, %) [Coen] (t, K) < =,

for all (t,k) € Z x V and some p > 0. By pre- and post-multiplying the previous inequal-
ity by [Q](t,k) = as(t,k)I, and using the fact that ay(t, k) = oy (t, k) (wr(t, ko)) ~V2, ie.,

as(t, k) (a1 (t, k)™ = (wr(t, ko)) ~/2, the following inequality is obtained:

[[Al*lew]] (t’ k) aQ(t7 k) (al(t +1, k))_l [[S*ES]] (t’ k) (al(t +1, k))_l a2(t7 k) [[AHGW]] (tv k)

- (wT(tv kU))_l [[E]] (t7 k) + aQ(t’ k) [[C;ew]] (t> k) [[CHGW]] (t’ k) &2(t7 k) = _:ul'
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For each k € V, the sequence ay(t, k) is non-increasing in t, i.e., n < as(t + 1, k) < an(t, k),

and so it follows that

[A%ewl (8, F) (wr(t + 1, ko)) " [S™ESN(E ) [Anew] (£ k) — (wr(t, ko))~ [E](2, k)

+n[Cr ]t k) [Coew] (8 k) < —pd. (5.20)

It can be concluded from (5.19) and (5.20) that the scaled realization of system Gpey s given by
(Apew, (wr(t1, k)™ Buew, 1 Chews (wr(t1, ko))~ n D, A) is balanced with a balanced gener-
alized gramian X, where [Soew](t, k) = (wr(t, ko)) [Z](t, k) for all (t,k) € Z x V. In
particular, Quew (¢, ko) = (wr(t, ko))"t Qr(t, ko) = I for all t € Fr(ko). The balanced trun-
cation method is applied to reduce system Gyew s by only truncating the temporal state of
subsystem GEIIZ?A? at the time-steps t € Fr(ko). If the resulting reduced order system is denoted
by Guewrs, it follows from Theorem 5.6 that (wz(t1, ko)) ™" X 17 X ||(Gpew.s — Guewrs)ll < 2,
i.e., [|(Ghew,s — Gnewrs)|| < 2 Swp(tke) for all A € A. The proof of the theorem for the case
[ > 1is concluded by noting that ||(Gs—G.5)|| = |[(Gnew,s — Gnew.rs)|| for all A € A because

of the special structure of the state transformation 7.

The proof for the case I = 0, i.e., when the sequence wr(t, ko) is monotone non-increasing in ¢,
is similar to the proof of Theorem 2.12. In this case, the state transformation 7" is defined as
[T](t, k) = (wr(t, ko))Y? I for all (t,k) € Z x V, and the realization (Anew, Bnew, Cuew, D, A)

of system Gpew,s defined as above satisfies

[Anew] (t, k) wr(t, ko) [E](t, k) [Arew ] (t, k) — wr(t + 1, ko) [S*ES](t, k)

+ [[Bnew]] (tv k) HB;ew]] (t7 k) = _/“’L‘[’
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[Arewl (8 k) (wr(t + 1, ko))" [S*SS](t, k) [Anew] (8 k) — (wr(t, ko))~ [E1(2, k)

+ [Crenl (8, K) [Crew] (8, k) < —pd,

for all (t,k) € Z x V and some p > 0. Since wr(t, ko) is non-increasing in ¢, then 0 <
wr(t 4+ 1, ko) < wr(t, ko) and (wr(t, ko))t < (wr(t + 1, ko))~ and since wy(t, kg) < 1 for

all t € Z by assumption, then wz(t, ko) < (wr(t, ky))~'. Thus, one can verify that

[Anew] (£, k) (wr(t, ko)) ™ [S1(¢, &) [Arew ] (t, k) — (wr(t + 1, ko))~ [S*ES](t, k)

+ [[Bnew]] (tv k) HB;ew]] (t7 k) = _/“’L‘[’

for all (¢, k) € Zx V. That is, the realization (Apew, Buews Cnews D, A) of system Gpey 5 is bal-
anced, and Y,y is a balanced generalized gramian, where [S,ew ] (¢, k) = (wr(t, ko)) 7L [Z] (¢, k)
for all (t,k) € Z x V. In particular, Quew1(t, ko) = (wr(t, ko)) ' Qr(t, ko) = I for all
t € Fr(ko). The balanced truncation method is applied to reduce the temporal state
corresponding to subsystem Gggég at time-steps t € Fr(ko), and the resulting reduced
order system is denoted by Gpewrs. From Theorem 5.6, it follows that ||[(Gs — G,5)| =
| (Grew.s — Grewrs)l| < 2 = 2wr(t1, ko) for all A € A. The left-hand-side equality holds be-
cause of the special structure of the state transformation 7', and the right-hand-side equality

follows from the fact that wy(t1, ko) = 1. This is true since the system is scaled to ensure that

the monotone non-increasing sequence wr(t, ko) satisfies wr(t, ko) < 1 for allt € Fr(ky). O

The balanced truncation error bound explicitly relates to the f>-induced norm of the error
system and can be used in robustness analysis [61], wherein the full order system is replaced
by the reduced order system and a perturbation operator whose norm is less than the error
bound. Namely, for all A € A, G5 can be expressed as G5 = G,5 + (G5 — G, ), where

a bound on ||(Gs — G,5)|| is known a priori. Thus, deriving and computing tighter error
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bounds help in better quantifying the said perturbation operator and ultimately in yielding
less conservative robustness results. The application of Theorems 5.7 and 5.11 is illustrated

in the following section.

5.5 Illustrative Example

This example illustrates the application of Theorems 5.7 and 5.11. Suppose that the only
truncated state is the temporal state associated with subsystem G*0) and Qp(t, ko) = %I ,
where t € Fr(ko) = {1,2,3,4,5}. By Theorem 5.7, [|(Gs— Grs)|| <2x (1+35+35+1+2) =
4.57 for all A € A. However, Theorem 5.11 gives ||[(Gs — G,5)|| < 2 x 1 = 2 for all
A € A since wr(t, ko) = % is a monotone decreasing sequence. This bound represents a

56% improvement over the bound computed using Theorem 5.7.

For the same set Fr(ko), assume now that Qr(1, ky) = diag(2, 1), Qr(2, ko) = diag(17,0.5),
Qr(3,ky) = diag(4,2), Qr(4,ky) = diag(6,1), Qr(5,ky) = diag(16,4). By Theorem 5.7,
|(Gs —Grs)|| <2x (17T4+164+6+4+2+1+0.5) =93 for all A € A, whereas by Theorem
511, [[(Gs — Grp)|l <2x (2x I x L +1x & x 1) =168 for all A € A. As illustrated

below, this bound is obtained by first truncating the boxed sequence (1,0.5,2,1,4) and then

truncating the circled sequence (2,17,4,6, 16).

)

0 0 0
0 0
Qr(4, ko) = © (5, ko) =

b

0 [1 0 (4]

Qr(1, ko) = @ ! Qr(2, ko) = @ 0] 7(3, ko) = @ !

However, the truncation sequence can be split into more than two sequences as illustrated
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below:

0
QT<17 kO) = ) QT(27 kO) = @ 9 QT<37 k(]) = )

0 @ 0 [0 0 [2

VONE 0
Qr(4, ko) = Qr(5, ko) =
0 1 0

These sequences are truncated in the following order: the underlined sequence (1), the
boxed sequence (0.5,2,4), the circled sequence (1,17, 16), and the sequence (2, 4, 6) inside the
triangles. In this case, the bound from Theorem 5.11 becomes 2X (14+0.5X 5= +1x L +2x5) =

56, which represents a 40% improvement over the bound from Theorem 5.7.

The same upper bound of 56 can be retrieved by considering the truncation sequences (0.5, 1),
(1,2,6,4), (2,4), and (17, 16), respectively. This observation raises the question of how to
best apply Theorem 5.11 to obtain the least conservative error bound. Answering this ques-
tion is indeed a nontrivial task, and future work will focus on developing a fast computational
algorithm that effectively applies Theorem 5.11 to compute a useful bound for a given trun-
cation sequence. One possible approach to deal with this problem consists of modeling the
truncation sequence as a directed graph, where the vertices correspond to the truncated
values and the directed edges are obtained from the allowable truncation sequences. The
problem then becomes one of finding the graph partition that minimizes the upper bound
expression from Theorem 5.11. The precise details of this modeling approach are still not
developed, and other possible approaches still need to be explored. Solutions to the formu-
lated problem can then be computed using heuristics and approximation algorithms [46].
Adopting ideas from Dijkstra’s shortest path algorithm [10] and set packing [76], among
others, may prove useful in this direction. This example is concluded by noting that Theo-

rem 5.11 can also be used to improve on the error bound due to truncation over the finite
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time-horizon in the case of eventually time-periodic subsystems.



Chapter 6

Coprime Factors Reduction of
Interconnected Nonstationary LPV

Systems

6.1 Chapter Overview

This chapter presents the coprime factors reduction method for the model reduction of
interconnected NSLPV systems. In Section 6.2, the coprime factors reduction method of
Chapter 3 is extended to the distributed NSLPV setting, and it is shown how to apply the
balanced truncation method of Chapter 5 to reduce systems that are strongly stabilizable
and strongly detectable, but not necessarily strongly stable. The method of Section 6.2 does
not address the issue of the contractiveness of the coprime factorizations that are used in the
model reduction algorithm. Contractive coprime factorizations (CCFs) and their use in the
coprime factors reduction algorithm are the topics of Sections 6.3, 6.4, and 6.5. In Section
6.3, the literature on coprime factors reduction methods that employ CCFs is surveyed.
Then, Sections 6.4 and 6.5 give two possible modifications on the coprime factors reduction
method of Section 6.2 to ensure the contractiveness of the employed coprime factorizations.
Section 6.6 discusses how to interpret the coprime factors reduction error bound in terms

of robust stability of the closed-loop system. The three coprime factors reduction methods

156
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discussed in this chapter are compared using an illustrative example in Section 6.7.

6.2 Coprime Factors Model Reduction

Section 5.3 applies the balanced truncation method to reduce distributed NSLPV systems
that are strongly stable. However, there exist stable systems that are not strongly stable
and to which the balanced truncation method does not apply. The present section presents
the coprime factors reduction method as a means of extending the range of applicability
of the balanced truncation method to distributed NSLPV systems that are not necessarily
strongly stable but are strongly stabilizable and strongly detectable. Denote by Gs the
strongly stabilizable and strongly detectable distributed NSLPV system to be reduced by
the application of the coprime factors reduction method. First, a strongly stable coprime
factorization is found for system G5 and is used in forming an augmented system Hs. Being
strongly stable, system H; is reduced by applying the balanced truncation method, and
the resulting reduced order system is denoted by H,s. System H, s gives a strongly stable

coprime factorization that is used to construct the desired reduced order system G, ;.

6.2.1 Strong Stabilizability

Let the set F be defined as follows:

]—":{F: |:FT FS ... F? FP ... Fﬂ | Fr, F?, andFjP
are graph-diagonal operators for ¢ = 1,...,d and j = 1,..., m, where
Fr e L, (6 ({RnT(t,k)}) A ({Rnu(t,k)})) L FSer, <€2 ({Rnf(t,k)}> A ({Rnu(t,k)})> ’

and Ff e £, (6 ({RYD}) 6 ({R09})) ] (6.1)
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Definition 6.1. Consider a well-posed distributed NSLPV system G that has a realization
denoted by (A, B,C,D,A). System Gy is said to be strongly stabilizable if there exists
a feedback operator F' € F, where the set F is defined in (6.1), such that the resulting
closed-loop system is strongly stable, i.e., if and only if there exists F' € F and P € X such
that

(A+ BF)P(A+ BF)*— S*PS < 0. (6.2)
The notion of strong detectability is defined as the dual notion to strong stabilizability.

Theorem 6.2. Consider a well-posed distributed NSLPV system Gs that has a realization
denoted by (A, B,C,D,A). System Gs is strongly stabilizable if and only if there exists
P € X that satisfies

APA* - S*PS — BB* < 0. (6.3)

Furthermore, an appropriate choice of F' € F that renders the resulting closed-loop system
strongly stable is given by F = —(B*S*P~1SB)"'B*S*P~1SA, provided that the inverse

exists and s bounded.

Proof. Forall (t,k) € ZxV, assume that rank [B](t, k) = nu(t, k) < np(t+1,k)+30, n (t+
L, pi(k)) + 320, nf (t, k). The case rank [B](t, k) < nu(t, k) corresponds to the existence of
redundant controls, which can be removed so that the assumption is satisfied. Note that if
rank[B](to, ko) = 0 for some (to, ko) € ZxV, e.g., [B](t,k) =0fort < 0andall k € V, then
ny(to, ko) = 0 and in this case, all the controls are redundant and removed, and [F] (%o, ko)
has a zero dimension and is irrelevant. Also, the proof for square and non-singular [B](t, k)
follows immediately from the given proof. With the given assumption, a partitioned graph-
diagonal operator B can be constructed with the same structure as B such that B} B, = I,
B*B, =0, and [ B B L} has a bounded inverse. By Definition 6.1, system Gs is strongly

stabilizable if and only if there exists P € X and F' € F such that (6.2) holds. Applying the
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Schur complement formula to (6.2), the following equivalent inequality is obtained:

—p! A* 0 I
+ F [[ 0} + F* {o B*} =<0, (6.4)

A =S*PS B 0
which is in the form of the inequality in Lemma 4.10. By matching H, R, and @) defined in

Lemma 4.10 with their corresponding terms in (6.4), one obtains

_P—l A*
H = : Rz[[ 0], Qz{o B*].
A —S5*PS

Thus, it can be verified that Wx = {() ]} * and Wy = diag(/, B, ) satisfy the requirements
in Lemma 4.10. Thus, system G; is strongly stabilizable if and only if WiyHWg < 0 and
W5HWq < 0. The condition W HWg = —S5*PS < 0 is trivially satisfied, since P > 0 by
the definition of the set & in (5.5). The condition W3 HWq < 0 is expanded and the Schur
complement formula is applied to yield the equivalent condition B (APA* —S*PS)B, < 0.

By scaling and a generalization of Finsler’s lemma, this inequality is equivalent to (6.3).

It remains to be shown that the given choice of F' is in F and renders the closed-loop
system strongly stable. If B*B is invertible in L.(¢3), then F' is well-defined since P > 0.
This can be achieved by removing the redundant controls and appropriately perturbing B if
necessary. Applying the Schur complement formula twice to (6.3), the equivalent inequality
—P~1 + A*(S*PS + BB*)"'A < 0 is obtained, where (S*PS + BB*)~! is expanded using
a generalization of the matrix inversion lemma. Since P > 0, then (B*S*P~'SB)~! -

(I + B*S*P~'SB)™!, and it follows that

— Pl 4 A*S*PTISA — A*S*PTISB (B*S*P'SB) ' B*S*P71SA < 0.
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For the given choice of F' € F, the previous inequality can be rewritten as —P~! + (A +
BF)*S*P~'S(A + BF) < 0. By applying the Schur complement formula twice to this

inequality, inequality (6.2) is retrieved, which concludes the proof. N

6.2.2 Coprime Factorizations

This section defines the notion of a right coprime factorization (RCF) for a distributed
NSLPV system Gs. It is shown that if system Gs is strongly stabilizable and strongly de-

tectable as per Definition 6.1, then it admits a strongly stable RCF.

Definition 6.3. Two operators Ns and My in L.({5, {3) are said to be right coprime if there
exist two operators Us and Vj in L.({s, {5) such that UsNs+VsMs = I. Two stable distributed
NSLPV systems N5 and M are said to be right coprime if their input-output maps N; and

M are right coprime for all A € A.

Definition 6.4. The pair (N;, M;) of stable distributed NSLPV systems is said to be an
RCF for the distributed NSLPV system Gj if the systems N5 and M are right coprime and,

for all A € A, Ms has a causal inverse on /5, and G5 = N(;Mgl.

Theorem 6.5. Consider a strongly stabilizable and strongly detectable system Gs that has a
realization denoted by (A, B,C,D,A), and let F € F be any feedback operator that renders
the closed-loop system strongly stable. Then, system Gs admits a strongly stable RCF denoted
by (N5, Ms), where the realizations of systems Ns and Ms are given by (A + BF,B,C +
DF,D,A) and (A+ BF, B, F,1,A), respectively.

Proof. The distributed NSLPV systems N and M are strongly stable, since F is a strongly
stabilizing feedback operator. To show that (Ns, Ms) is an RCF for system Gj, it is shown

that the conditions in Definition 6.4 are satisfied.



6.2. Coprime Factors Model Reduction 161
First, it is shown that Ms has a causal inverse on /o, for all A € A. To do so, define

SA | SB
Rg =A%
—-F| I

For all A € A, the mapping Ry is well-defined and causal on /s, since system Gs is well-
posed, i.e., I — ASA has a causal inverse on Egﬁ“ﬁs ) for all A € A. Tt remains to verify
that MsRs = RsMs = I for all A € A. For each A € A, the equations for Ms and Rj are

written similarly to (5.2) as in

Cu = AS(A+ BF)(u + ASBu, ym = FCu + unr,
Cr = ASACR + ASBup, yr = —F'Cr + ug,
respectively, where the symbol ¢ = [z* 3*]" is introduced for compactness. In the above

equations, ug and yr denote the input and output to Rgs, respectively. Similar symbols with
subscript M are associated with Ms, and so on. If yy; = ug, then (I — ASA) ((y —Cr) =0
and yp = F((y — Cr) + up. Since I — ASA has a causal inverse on E;ZT’HS’HP), it follows

that (3 — (g = 0 and yr = uyy, ie., RsMs = I. MsRs = I can be proved in a similar way.
Thus, Rs is the inverse of My for all A € A.

Second, it is shown that G5 = NC;M(;_1 = NsRs for all A € A. Namely,

S(A+ BF) —SBF|SB
NsRs = * 0 SA | SB

C+ DF —DF | D
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I
Let Q = , where each identity operator I has a structure that is compatible with the

0 I
structure of A. Then,

S(A+BF) 0 | 0

040 | Q'B A0
—| = * 0 SA|SB

NJRF(QAEQ% cQ | D 0 A

C+ DF C | D

— C(I — ASA)'ASB+ D = G;.

Third, systems N and M; are shown to be right coprime. Since Gs is a strongly detectable
system, there exists a bounded, partitioned graph-diagonal operator K that has a structure
similar to the structure of F* and appropriate dimensions, such that when K is applied to
system Gs, the resulting closed-loop system is strongly stable. For each A € A, consider the

operators Us and Vj in L.(¢5, {5) defined as

S(A+ KC) | SK S(A+ KC) | S(B+ KD)

U(;:A*

) %:A* )
F 0 —F I

respectively. For each A € A, UsNs + VsMs = I is proved by showing that yy + yy = upy
whenever uy = uys, uy = yn, and uy = yyr. Using these relations, the equations of Us, Ny,

Vs, and Ms are combined and simplified into

(I =AS(A+ KC))(Cuv — v +Cu) = ASK(C + DF) (v — Cur)
yu +yv = F (Cv — Gv + Cur) + v,

(I = AS(A+ BF)) Gy — Car) = 0.

Since I — AS(A+ BF) and I — AS(A + KC) have bounded causal inverses for all A € A,
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it follows that (y — (yy = 0, (v — (v + (v = 0, and yy + yy = uyps, which concludes the

proof. [

6.2.3 Coprime Factors Model Reduction Algorithm

Algorithm 6.6. Consider a strongly stabilizable and strongly detectable distributed NSLPV
system Gs that has a realization denoted by (A, B,C, D, A). This algorithm shows how to
apply the coprime factors reduction method to reduce system Gs. The resulting reduced

order system is denoted by G, s and its realization is denoted by (4,, B,, C,, D, A,).

1. Find P € X that satisfies (6.3).

2. Define ' = —(B*S*P~'SB)"'B*S*P~'SA € F. Ensure that F is well-defined by
removing any control redundancies so that [B](¢, k) has full column rank for all (¢, k) €

7 x 'V, see the proof of Theorem 6.2.
3. Construct a strongly stable RCF (N, M;) for system Gs as in Theorem 6.5.
- The realization of system Nj is given by (A+ BF, B,C + DF, D, A).

- The realization of system M, is given by (A+ BF, B, F, I, A).

4. Form an augmented strongly stable system Hs = ’ with realization
M
C+ DF D
(AHaBH7CH7DH7A): A+BF,B, 9 JA
F I

5. Find generalized gramians X and Y for system Hs.

- Find X € X such that Ay XA}, — S*XS+ BBy < 0.
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b)

c)

Find Y € & such that A}, S*YSAy —Y +C;Cq < 0.

See Algorithm 5.8 for a possible heuristic for efficiently determining the generalized

gramians for model reduction purposes.

Construct a balanced realization (Ag val, Ba bal, Chpal, Du, A) for system Hs as in the

proof of Lemma 5.4.

Find a balancing transformation 7' € 7 and express the balanced generalized gramian
as L =TXT* = (T')YyT L
Define Ay, = (S*TS)AT_I, By = (S*TS)B, Chal = CT_I, and Fi, = FT—.

Define Agpat = Aval + BralFbal, Brbal = Bpat, and Cypal = [(Cbal + DFpa)* Fgal} -

Using this balanced realization, reduce system Hs by applying the balanced truncation

method. The resulting reduced order system is denoted by H, s = l *s * 5} .
Determine the dimensions of the reduced order system based on the following:

The upper bound on |[(Hs — H,.5)l|, for all A € A, obtained by judiciously applying
Theorems 5.7 and 5.11.

The upper bound v on || Hs||, for all A € A, obtained by applying Lemma 5.2.

The absolute and relative orders of the diagonal entries in .

- Denote the realization of system H,5 by (Au., Bur, Crr, D, A).

- Define the reduced order balanced generalized gramian I' as in (5.11).

8.

Define the operators A,, B,, C,, and F, as follows:

*

Br - BH,T; (Cr + DFT)* Fr = CH,m and Ar = AH,r - BrFr-

r
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- With @ defined as in the proof of Lemma 5.5, notice that the previous operators also

satisfy Cbal Q = |:C7n 62:| ) Fbal Q = |:F7‘ F2:| ’

S 0| |4 Ap S 0| |B,
Q" SApaQ = _ _ ; and Q*SBya = )
O S Agl AQQ O S BZ

where Ay, Agy, Agy, Ba, Cs, and F, are appropriately defined partitioned graph-

diagonal operators.
9. Define the realization of system N, s by (A, + B, F,, B,,C, + DF,, D, A,).
- Define the realization of system M, s by (A, + B, F,, B, F,., I, A,).
- Note that systems N, s and M, 5 are strongly stable and right coprime.
10. If I — A, SA, has a causal inverse on E(QZT’?S’?P) for all A, € A,, see Remark 6.7, then:

a) the reduced order system G, s is defined by the realization (A,, B,,C,, D, A,) and is

well-posed;
b) (N5, M,s) is an RCF for system G, 4, i.e., G.5 = NN;M;; for all A, € A,; and

c) F) is a bounded feedback operator that strongly stabilizes system G, .

One major difference between Algorithms 3.6 and 6.6 relates to the guarantee on the well-
posedness of the reduced order system obtained by the application of the coprime factors
reduction method. For distributed LTV systems, the reduced order system is guaranteed
to be well-posed. However, for distributed NSLPV systems, the well-posedness of the re-
duced order system needs to be separately imposed or verified. Remark 6.7 treats this

well-posedness issue in more details.
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Remark 6.7. Using the dimensions of the reduced order system, define 7s = (r{, ..., r3)
and Tp = (rf’,...,rP). Recall the definitions of the reduced order operators A, pp, A p,

and A, made in Section 5.3.2. To ensure that I — A,SA, has a causal inverse on ﬁg;T’?S TP)

for all A, € A,, it is sufficient to ensure that I — A, pA, pp has a causal inverse on £§§ for

all A, € A,, since the state-space matrices are zeros for ¢t < 0, see Lemma 4.3.

The well-posedness of the reduced order system is guaranteed if the generalized gramian X

computed in step 5 of Algorithm 6.6 additionally satisfies the condition
Appdiag (XT,...,X5) App — diag (X{,..., X)) < 0. (6.5)

Namely, since ¥ = TXT* € X and T" € T have block-diagonal structures, the previous

inequality can be equivalently written as
Apa,pp diag (Ef7 cee Ei) Afapp — diag (Efa cee ETI:L) =0,

where Ay, pp is a partitioned graph-diagonal operator defined similarly to App from the
blocks of Ay.. A procedure similar to the one in the proof of Lemma 5.5 can be followed to
deduce that

A, ppdiag (I'7,...,I'0) A% pp —diag (I, ..., T'0) < 0.

Using an argument similar to the one in the proof of Lemma 4.4, it can be concluded from the
previous inequality that / —A, pA, pp has a bounded causal inverse for all A, € A,. Namely,

diag (IF, ..., TP) ™2 A, ppdiag (IF, ..., TE)?| < 1.

the previous inequality implies that ‘
Since diag (F P Fi) commutes with every permissible A, p, it follows from the sub-
multiplicative property that A, pA, pp has a spectral radius less than 1 and I —A, pA, pp has
a bounded causal inverse for all A, € A,.. A similar condition that ensures the well-posedness

of the reduced order system can be alternatively imposed on the generalized gramian Y
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computed in step 5 of Algorithm 6.6 and derived based on the fact that ¥ = (T-1)*YT 1.

6.3 Contractive Coprime Factorizations (CCFs)

Section 6.2 deals with the coprime factors reduction method for distributed NSLPV systems.
However, Theorem 6.5 and Algorithm 6.6 therein do not address the issue of the contractive-
ness of the coprime factorizations under consideration. Contractive coprime factorizations
(CCFs) are the topic of the present section and Sections 6.4 and 6.5. Namely, two methods
are provided for the construction of a CCF for a given strongly stabilizable and strongly
detectable distributed NSLPV system. The coprime factors reduction algorithm is modified
to start with a contractive coprime factorization for the full order system, and the resulting

coprime factorization of the reduced order system is proved to be contractive.

For standard LTI systems, normalized coprime factorizations (NCFs) are employed in the
coprime factors reduction algorithm, since they result in the least conservative robustness
conditions when the coprime factors reduction error bound is interpreted in a gap metric
sense, see [40, 60, 62, 84, 85] for more details. However, it is difficult to ensure the normal-
ization of coprime factorizations for systems with structural constraints, and so relaxations
of NCFs are pursued instead. The work in [86] presents CCFs as the natural extension of
NCFs for the class of LPV systems, since the normalization condition may not be satisfied
for all permissible parameter trajectories. For the same class of systems, the work in [25]
employs CCFs in a unified approach for control synthesis and model reduction. In [15], con-
tractiveness and expansiveness concepts are used to derive stability margins for behavioural
systems with uncertainty. The work in [55] treats systems in which the state partitioning
is to be preserved during model reduction, and proposes coprime factors reduction methods

that use either an expansive or a contractive coprime factorization for the full order system.
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Employing an expansive factorization allows for the extension of the standard robustness
theorem to the class of systems treated therein, but results in a non-convex optimization
problem, since the stability of the factorization needs to be imposed separately. On the
other hand, employing a CCF is more computationally attractive, since the factorization
can be constructed from the solution of an LMI. Moreover, the stability of the constructed
factorization is automatically guaranteed. However, extending the robustness theorem when
a CCF is employed requires imposing the difficult condition of some level of expansiveness;
and so, a heuristic that makes the factorization approach normalization is proposed instead.
The work of [14] on the model reduction of unstable uncertain systems proposes a method for
finding a CCF for a given stabilizable and detectable system, as well as an iterative algorithm
that ensures a level of expansiveness as close to one as possible. An alternative method for
constructing a CCF for an uncertain system is presented in [54] along with a heuristic that
makes the factorization approach normalization. It is noted therein that for discrete-time
systems, even in the simple LTT case, if the coprime factors reduction method starts with an
NCF of the full order system, then the resulting coprime factorization of the reduced order
system is only guaranteed to be contractive. Thus, for discrete-time systems, one may as
well employ a CCF (instead of an NCF) in the coprime factors reduction algorithm. Finally,

CCEFs for distributed LTV systems were discussed in [6].

The results in Sections 6.4 and 6.5 extend the results in [6, 14, 54] to the more general class
of distributed NSLPV systems. The extension of the results is carried out transparently
by virtue of the adopted operator theoretic framework of Chapter 4. Moreover, the results
derived in Sections 6.4 and 6.5 gain novel interpretations, since distributed NSLPV systems
possess both an interconnection structure and an uncertainty structure, and the nominal
parts of the subsystems are time-varying. Before concluding this motivational section on

CCPFs, it is noted that the two coprime factors reduction methods based on CCFs proposed
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in Sections 6.4 and 6.5, respectively, are applicable to strongly stabilizable and strongly
detectable distributed NSLPV systems. In other words, the contractiveness requirement
does not introduce conservatism into the coprime factors reduction method, since the systems
that can be reduced by the method of Section 6.2 can also be reduced by the methods of
Sections 6.4 and 6.5. However, as will become clear later on, the latter methods are more

computationally intensive than the method of Section 6.2.

6.4 First Method for Coprime Factors Reduction using
CCFs

Consider a well-posed distributed NSLPV system Gs that has a realization denoted by
(A, B,C,D,A), and recall the notion of strong stabilizability given in Definition 6.1 and
the definition of the set F in (6.1). The following result gives a convex characterization of
strong stabilizability for distributed NSLPV systems. This characterization is an alternative

to the characterization given in Theorem 6.2.

Theorem 6.8. Consider a well-posed distributed NSLPV system Gs that has a realization
denoted by (A, B,C, D, A). System Gs is strongly stabilizable if and only if there exist P € X
and W € F such that

—P  (AP+BW)* W* (CP+DW)*
AP+BW  —-$*PS 0 0
< 0. (6.6)
W 0 —1 0
CP+ DW 0 0 —I

Moreover, one choice for a strongly stabilizing feedback operator is F = WP~ € F.
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Proof. From Definition 6.1 and the proof of Lemma 5.4, system G5 is strongly stabilizable if

and only if there exist Y € & and F' € F such that

C+ DF
(A+ BF)"S*YS(A+ BF)-Y + {(C + DF)* F} < 0. (6.7)
F

Assume that system G is strongly stabilizable and (6.7) holds. By pre- and post-multiplying
(6.7) by Y1, and letting P =Y ' € X and W = FY~! € F, one retrieves

CP+ DW
(AP + BW)*S*P7'S(AP + BW) — P+ |(CP + DW)* W* =<0,
W

which is equivalent by the Schur Complement Formula to (6.6). Conversely, assume there
exist P € X and W € F such that (6.6) holds. Then, applying the Schur complement

formula to (6.6) and pre- and post-multiplying the resulting inequality by P! yield

— P '+ (A+BWP') S*P'S (A+ BWP )+ (WP (WP

+(C+DWP™)" (C+DWP™) <0.

(6.7) is retrieved by defining F = WP~! € Fand Y = P~! € X. Thus, system G; is strongly

stabilizable, and F' is a strongly stabilizing feedback operator for system Gs. [

Lemma 6.9. Consider a well-posed distributed NSLPV system Gs that has a realization
denoted by (A, B,C,D,A). If P € X and W € F satisfy (6.6), then P and W° € F satisfy
(6.6), where

Z=14+DD+B*S*P'SB =2, W°¢=—-ZYB*S*P"'SAP + D*CP).  (6.8)
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Moreover,

Fe=WeP =21 (B*S*P'SA+ D*C) € F (6.9)

is a strongly stabilizing feedback operator for system Gs.
Proof. By the Schur complement formula and since P € X, (6.6) is equivalent to
~P + (AP + BW)* S*P7'S (AP + BW) + W*W + (CP + DW)" (CP + DW) < 0.

By adding and subtracting (PC*D + PA*S*P~'SB) Z~' (D*CP + B*S*P~'SAP), and af-

ter some algebraic manipulations, the previous inequality can be rewritten as

— P+ PC*CP+ PA*S*P~'SAP
— (PC*D + PA*S*P~'SB) Z~" (D*CP + B*S*P~'SAP)

+ (W*+ (PC*D + PA*S*P'SB) Z ") Z (W + Z~' (D*CP + B*S*P~'SAP)) < 0.

In other words, P and W satisfy (6.6) if and only if they satisfy the above inequality. Since
replacing W with W€ in the last term on the left-hand-side of the above inequality makes
that term zero, then it is not difficult to see that P and W€ also satisfy the above inequality
and, hence, satisfy (6.6). In addition, F* = W¢P~! € F is a strongly stabilizing feedback

operator for system Gs as per Theorem 6.8. [

Recall the definition of right coprime distributed NSLPV systems and the definition of an
RCF for a distributed NSLPV system given in Definitions 6.3 and 6.4, respectively. Next,
the definition of a CCF for a distributed NSLPV system is given, and it is shown how to
construct a strongly stable CCF for a given strongly stabilizable and strongly detectable
distributed NSLPV system.
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Definition 6.10. The pair (Ny, MS) of stable distributed NSLPV systems is said to be
a CCF for the distributed NSLPV system G; if (N§, M$) is an RCF for system Gs and
(NS*N§ + (M§)*Mg < I for all A € A.

Theorem 6.11. Given a strongly stabilizable and strongly detectable distributed NSLPV sys-
tem Gs that has a realization denoted by (A, B,C,D,A), let P € X and W € F satisfy (6.6),
and define Z and F° € F by (6.8) and (6.9), respectively. Then, system Gs admits a strongly
stable CCF' denoted by (N§, M§), where the realizations of systems N§ and M§ are given
by (A+ BF°,BZ7'?,C + DF¢,DZ"'? A) and (A+ BF°,BZ~'/? F¢,Z7'? A), respec-

tively.

Proof. First, it is noted that systems N§ and M§ are strongly stable as a consequence of
Lemma 6.9. The proof of this theorem is twofold. First, the pair (N§, M§) is shown to be

an RCF for system Gs. Second, this RCF is shown to be contractive.

The factorization (N§, M$) is defined similarly to the RCF given in Theorem 6.5 with the

/2. With minor modifications to the proof of Theorem 6.5, it

additional scaling factor Z~
can be shown that (N¢, M$) is an RCF for system Gs. For each A € A, the input-output

maps of Ny and M¢ are given by

N§ = (C+ DF°) (I - AS(A+ BF°) " ASBZ™'? 4+ DZ7'/?,

Mg = F°¢(I —AS(A+ BF®) ' ASBz Y2+ 7712,

respectively. By direct computation, it can be shown that the distributed NSLPV system
Rs which has the realization (A4, B, —ZY2F¢,Z'/? A) is the inverse system of Mj§, i.e.,
RsM§ = M¢{R; = I for all A € A, where Ry = —ZY2F° (I — ASA)_l ASB + ZY?. System
(n7.ns,mp)

Rs is well-posed since system Gs is well-posed, i.e., I — AS A has a causal inverse on /5,

for all A € A. Tt can also be verified that G5 = N§(M§)~' = N¢Rs for all A € A.
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Since system s is strongly detectable, there exists a bounded partitioned graph-diagonal
operator K that has a structure similar to the structure of (F°)* and appropriate dimensions,
such that when K is applied to system Gs, the resulting closed-loop system is strongly
stable. Using K, define the strongly stable systems Us and Vs that have the realizations
(A+ KC,K,Z'?F¢,0,A) and (A+ KC,B + KD, —Z"?F¢, Z'/? | A), respectively, and the

following input-output maps for all A € A:

Us=Z2F° (I — AS(A+ KC)) ' ASK,

Vs=—Z:F°(I - AS(A+KC)) " AS(B+ KD) + Z=.

These systems are used to show that systems N§ and M§ are right coprime: some algebraic
computations and manipulations allow to verify that Us Ny + VsM§ = I for all A € A. Thus,

(NE, M§) is an RCF for system Gy, which concludes the first part of the proof.

It remains to show that this RCF is contractive, i.e., (N§)" N§ + (M§)" Mg < I for all

A € A. Define the augmented system H§ = {( NE* ( Mg)*} and denote its realization by

(AY, BS;, C%, DS, A), where

A%, = A+ BF*, B, = BZ "2,
C+ DFe . | Dz

H pu— ; DH pu— |
Fe Z 2

The previous condition can be expressed as ||H§|| < 1 for all A € A. Thus, to prove the
contractiveness of the RCF (N§, M§), it is shown that there exists a solution in X to (5.7)
for all v > 1, where the inequality is expressed for the realization of H§. In the following,
it is verified that P~ € X is one such solution. Specifically, the left-hand-side of (5.7) is

expressed for P~! and the state-space operators of system H§, and the necessary algebraic
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operations are carried out to arrive at a 2-by-2 block operator. The diagonal blocks of this
operator are shown to be negative definite for all v > 1, and the off-diagonal blocks are
shown to be zeros, hence proving that P! € X satisfies (5.7) for the realization of H§ and
all v > 1, ie., ||H|| <1 for all A € A. To start, the (1,1)-block can be expressed as the
left-hand-side of (6.7) with Y = P! and F replaced with F°. Then, by Lemma 6.9 and
following a similar argument to the one used in the proof of the ‘if direction’ of Theorem 6.8,
it can be shown that the (1,1)-block is negative definite. The off-diagonal blocks are zeros

since

(A5)" S*P~'SBy + (Cf)" Dfy =

((A+ BF)" S*P7'SB + (C + DF)" D + (F°)*) Z % =
(A*S*P7ISB + C*D + (F*)" (B*S*PT'SB+ D*D + 1)) 27 =
(A PYSB+C*D + (ZF)*) 273 =

(A*S*P7'SB+C*D — A*S*P~'SB—C*D) Z7% = 0.

The (2,2)-block can be written as (B%)*S*P~'SBY, + (D%)* Dy — v*1 = (1 — 4?)I, since

[NIES

/i

=

(BS,)*S*P~18BS, 4+ (D$,)* D5, = Z2(B*S*P\SB+D*D+ 172 = Z~ — I. Thus,

the (2,2)-block is negative definite for all v > 1. O]

Consider a strongly stabilizable and strongly detectable distributed NSLPV system Gs. Using

the strongly stable CCF (N§, M$) of system Gs constructed in Theorem 6.11, an augmented

strongly stable system H§ = * | is formed that can be reduced by the application of the
M;
balanced truncation method of Section 5.3. The resulting reduced order system is denoted
by Hj s = " | and gives the coprime factorization ( oY ,?,5) from which the reduced
"
order system G, ; is constructed. The following algorithm details the procedure to reduce
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system Gy by the application of the coprime factors reduction method. Specifically, this
algorithm modifies Algorithm 6.6 to take into account the CCF defined in Theorem 6.11.

The resulting reduced order RCF ( s M 5) is then proved to be contractive.

Algorithm 6.12. Given a strongly stabilizable and strongly detectable distributed NSLPV
system Gs that has a realization denoted by (A, B,C, D, A), this algorithm shows how to
apply the coprime factors reduction method to reduce system Gs while ensuring the contrac-
tiveness of the coprime factorizations. The resulting reduced order system is denoted by G, s

and its realization is given by (A,, B,,C,., D, A,).

1. Find solutions P € X and W € F to (6.6).

2. Define Z = I+ D*D + B*S*P7'SB and F° = —Z " }(B*S*P"'SA+ D*C) € F as in

(6.8) and (6.9), respectively.
3. Construct a strongly stable CCF (N5, M) for system Gs as in Theorem 6.11.
- The realization of N is given by (A+ BF¢, BZ~Y/? C 4+ DF¢,DZ~? A).

- The realization of M is given by (A + BF¢, BZ~'/2 F°, Z71/2 A).

(&
4. Form the augmented strongly stable system H§ = * | with realization

MG

. |lC+DF¢| |Dz 3
(A, By, Cq, Dy, A) = | A+ BF°,BZ™ >, : 1A
Fe /)

5. Find generalized gramians X and Y for system .

- Find X € X such that
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AS X (AS)* — S*XS + B (BS)" = (A+ BF) X (A + BF°)*

—S*XS+ BZ'B* <0.

-SetY =P lcXx.

- See Remark 6.14 and Algorithm 5.8 for choosing the objective functions in steps 1 and
D.

6. Construct a balanced realization (Af; ., Biy par, Crpal, D, A) for system H as in the

proof of Lemma 5.4.

- Find a balancing transformation 7' € T and express the balanced generalized gramian

as ¥ = TXT* = (T~ P71,
- Define Ayy = (S*TS)AT_I, By = (S*TS)B, Chal = CT_I, and Flsal = FeT1,

- Define

Ay = (STS)AYT™ = Apay + BoarFly, Bipp = (STS) By = BraZ72,

Chal + DFY,
Cp = CT 1= |7 (6.10)
kaal

7. Using this balanced realization, reduce system H§ by applying the balanced truncation
method. The resulting reduced order system is denoted by H{ ; = {( Nes)* (Me 6)*] :

- Determine the dimensions of the reduced order system as discussed in Algorithm 6.6.
- Denote the realization of the reduced order system Hy ; by (Ag,, By, Cq ., D, A,).

- Define the reduced order balanced generalized gramian I" as in (5.11) and the parti-

tioned graph-diagonal operator 2 as in (5.12).
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8. Define the operators A,, B,, C,, and F¢ as follows:

*

(Cy+ DFSY (Fo)| = Ciip By = By, 73, and A, = A, — B, FY.

- With @ defined as in the proof of Lemma 5.5, notice that the previous operators also

satisfy
Q" =1, QQ=1I,
C’bad Q = |:C7~ 62:| ) kaal Q = |:F‘,rC F2:| )
. S 0| |4 A . S 0| |B,
Q SAbalQ = . - ) Q S Bpa = )
0 S A21 AQQ O S B2
) r o ) A0
Q'EQ = , QAQ = | (6.11)
0 Q 0 A,

where Aia, Ay, Agg, Ba, Cy, Fo, and A, are appropriately defined partitioned graph-

diagonal operators.
9. Define the realization of system /\/’Tfa by (A, + B.F¥, BTZ*%, C, + DFY, DZ*%, A,).
- Define the realization of system Mg s by (A, + B, FY, B,Z7 3, Fe, 773, A
- Note that systems ./\frfé and M7 ; are strongly stable and right coprime.
10. If I — A, SA, has a causal inverse on ES;T’FS TP) for all A, € A,, see Remark 6.7, then

a) the reduced order system G, s is defined by the realization (A,, B,,C,, D, A,) and is

well-posed;

b) (NS5, M: ;) is an RCF for system G5, i.e., G5 = N,?,(;(Mf’é)*1 for all A, € A,; and

T

c) F¢is a bounded feedback operator that strongly stabilizes system G, .
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Theorem 6.13. Consider a strongly stabilizable and strongly detectable distributed NSLPV
system Gs that has a realization denoted by (A, B,C, D, A). Suppose that system Gy is reduced
by applying the coprime factors reduction method detailed in Algorithm 6.12, and denote the
RCF for the obtained reduced order system G, s by (N5, Mss). Then, the RCF (N5, M ;)

T

15 contractive.

Proof. As shown in the proof of Theorem 6.11, the following inequality holds for all v > 1:

A, By | |s*p-1s ol |45, B Pt o0
e S 0. (6.12)
cs D5 o I||cy Dy 0 4T

Define the operator ) as in the proof of Lemma 5.5 such that the relations in (6.11) hold.

The following relations also hold:

% S 0 Ai],r A?f,reml % S 0 Bff,r
Q@ SA?J,balQ = ) Q@ SB;{,bal = )
0 S A?—LremQ A?—Lremi& 0 S B}C‘I,rem

CIc{:balQ - |:CI(EL7' Ofi,rem:| )

where the terms with subscript ‘rem’ are defined in the obvious way. Pre- and post-
multiplying (6.12) by diag((7~1)*,I) and its adjoint, respectively, where T € T is the

structured balancing transformation defined in step 6 of Algorithm 6.12, and using (6.10),

one gets
SA?—I bal SB;{ bal X0 SA?—I bal SBIC'-I bal by 0
’ ’ ’ ’ — <0 forall y>1.
Clcr{,bal Dy 0 I Cf{,bal Dy, 0 72[

This inequality is then pre- and post-multiplied by diag(Q*, I) and diag(Q, I), respectively,
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to obtain

s o Afr Afrrem | |9 0] | Bi, | r 0
0 S| [ Ains Aivaons] [0 8] B | [ |0 a| °| %
Ciir Cirnal Diy b
s o] | a5 | |5 0] | 5 | 0
0 S_ _A%I,rem2 A%I,rem?» U Bfirem| | — 0 0 ! < 0 for all v > 1.
Ciiv Citrn) Dy oo

Thus, it can be concluded that the following inequality holds for all v > 1:

*

Ay, B, SIS 0| |Ay, Bg, ' 0 0
— _< ,
Cy,. Dy 0 I |Ch, Dy 0 I
where (Ay,, By ,, Cr ., D, A,) is a realization of the reduced order system #; ;5. In other

words, |[H¢s|| < 1 for all A, € A, and the RCF (N5, M: 5) of the reduced order system

G, s is contractive. O

A brief comparison between Algorithms 6.6 and 6.12 is now given. First, the operator F° in
step 2 of Algorithm 6.12 is always well-defined, which relaxes the assumption in Algorithm
6.6 that [B](t, k) has full column rank for all (¢,k) € Z x V. Second, one does not need to
separately solve for the generalized observability gramian Y € X in Algorithm 6.12. Instead,
Y is set equal to P~! in step 5 of the algorithm, since (A%)*S*Y SA —Y + (C5)*C% < 0
corresponds to (6.7) with Y = P~! and F replaced by F°. Finally, the scaling factor Z~%/2,
which is used to ensure the contractiveness of the coprime factorizations, must be accounted

for when defining the operators of the reduced order system G, 5 in step 8 of Algorithm 6.12.
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Remark 6.14. Consider a strongly stabilizable and strongly detectable distributed NSLPV
system Gy that has a realization denoted by (A, B,C, D, A). Assume that system Gs is to
be reduced by applying the coprime factors reduction method detailed in Algorithm 6.12.
In order to obtain useful error bounds for model reduction, and make the derived CCF for
system G5 approach normalization, it is proposed to solve the following SDPs, see also the

discussions in [54, 55]:

d m
minimize Z (trace Ur(t, k) + Z trace U (¢, k) + Z trace U/ (t, k))

(t,k)EZXV i=1 j=1

U I
subject to: Pe X, W € F, U € X, (6.6), and = 0; and (6.13)
I P

d m
minimize Z (trace Xr(t, k) + Z trace X (¢, k) + Z trace Xf(t, k))

(t,k)EZXV i=1 j=1

subject to: X € X and (A+ BF¢)X(A+ BF¢)* — S*XS + BZ'B* < 0. (6.14)
U I

In the SDP defined in (6.13), the constraint > 0 can be equivalently expressed as
I P

Ur(t, k) 1 US(t, k) I UJP(t, k) 1
>‘ ,LLI, >_ ,LLI7 >_ /"LI7
I Pr(t, k) I P3(t, k) I PP (t, k)

for some > 0 and all (¢, k) €e ZxV,i=1,...,d,and j =1,...,m. The SDP defined in
(6.13) introduces the largest computational burden in Algorithm 6.12. In Algorithm 6.6, all
the SDPs to be solved are of a comparable size to the SDP defined in (6.14). For eventu-
ally time-periodic subsystems interconnected over a finite graph, both SDPs become finite
dimensional, and exact expressions for their computational complexity measures can be ob-

tained by formulating the corresponding dual problems [6]. An example-specific comparison
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between the computational costs of both SDPs is given in Section 6.7. The higher compu-
tational cost of the SDP defined in (6.13) may render the coprime factors reduction method
detailed in Algorithm 6.12 inapplicable to some systems, whereas the coprime factors reduc-
tion methods detailed in Algorithm 6.6 and Section 6.5, respectively, may still be applicable

because the involved SDPs are less computationally demanding.

For the sake of completeness, the computational complexity of the SDP defined in (6.13) is
also compared to the computational complexity of the feasibility version of the SDP, which

is defined as follows:
Find P € X and W € F subject to (6.6). (6.15)

As will be seen in Section 6.7, the computational cost of the SDP defined in (6.13) is sig-
nificantly higher than the computational cost of the SDP defined in (6.15). This increase
in computational complexity is partly due to the addition of the variable U € X needed
to render the optimization problem in (6.13) convex. Namely, U is introduced since the
constraint (6.6) is in terms of P, and the desired objective function to be minimized is in

terms of P~1.

6.5 Second Method for Coprime Factors Reduction us-

ing CCFs

In this section, a second method for the coprime factors reduction of distributed NSLPV
systems using CCFs is presented that extends the method discussed in [14] for the coprime
factors reduction of single uncertain systems using CCFs. This method builds on the coprime

factors reduction method of Section 6.2. Namely, after obtaining the RCF (N, M) of system
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Gs as per Theorem 6.5, a scaling factor is solved for and is applied to the aforementioned
coprime factorization to ensure that it becomes contractive. The desired scaling factor is
shown to always exist. The modifications in Algorithms 6.6 and 6.12 needed to incorporate

the discussion in this section are also presented.

Lemma 6.15. Consider a distributed NSLPV system Gs that has a realization denoted by
(A,B,C,D,A). If system Gs is strongly stable, then there exist v > 0 and X € X such that
(5.7) holds.

Proof. Since system Gs is strongly stable, there exists X € X satisfying (5.10). Then, by

the Schur complement formula, X satisfies (5.7) for some v > 0 if and only if X satisfies

B*S*XSB+ D*D

— (A*S*XSB + C*D)* (A*S*XSA+ C*C — X) ' (A*S*XSB + C*D) < ~*I. (6.16)

Clearly, if the left-hand-side of (6.16) is bounded, then it is possible to find a sufficiently
large 7 > 0 such that (6.16) holds. Given that the solution X € X and the state-space
operators are bounded, and since the sum and product of bounded operators are bounded,
then it only remains to show that the inverse of Y = —(A*S*XSA + C*C — X) is bounded
to prove the boundedness of the left-hand-side of (6.16). Since Y > 0, then the perturbed
version of the inequality, i.e., Y = eI, holds for a sufficiently small ¢ > 0. By applying the
Schur complement formula twice, it can be seen that the previous inequality is equivalent to

0 <Y ~! < (1/e) I, which concludes the proof. O

Theorem 6.16. Consider a strongly stabilizable and strongly detectable distributed NSLPV
system Gs that has a realization denoted by (A, B,C, D, A). Suppose that F' € F is a strongly

stabilizing feedback operator for system Gs. Then, there exist T € X and Z=' = 0 such that
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A+ BF S*TS 0 0
C+DF|T|(A+BF)* (C+DF)y F*|—=| 0 I 0
F 0 0 I
B
+|p| 271 [B* D* ]}<0. (6.17)
I

Furthermore, system Gs admits a strongly stable CCF denoted by (N§, M§), where the re-
alizations of systems NE and MS are given by (A + BF, BZ~Y2 C + DF,DZ7'? A) and
(A+ BF,BZ7Y2 F, Z7'2 A), respectively.

Proof. Since F' € F is a strongly stabilizing feedback operator for system Gs, the system

C+DF D
defined by the realization | A+ BF, B, , , A | is strongly stable. Then, by

a I
Lemma 6.15, there exist X € X and some sufficiently large v > 0 such that the inequality

(5.7) holds when it is expressed for the aforementioned realization. Applying the Schur
complement formula twice to (5.7), one retrieves (6.17) with T = X~! € X and Z~' =

(1/9%) I = 0. Thus, it has been shown that there exist 7 € X and Z~' > 0 satisfying (6.17).

By definition, systems N¢ and M are strongly stable. An argument similar to the ones in

C

the proofs of Theorems 6.5 and 6.11, respectively, can be used to show that (N§, M§) is an
RCF for system Gs. This RCF is now proved to be contractive. To do so, define the strongly

stable augmented system H§ = {( NE* ( Mg)*} that has the following realization:

|lc+DF| |Dz—>
(AS, BS, C5, DS, A) = | A+ BF,BZ 2, , A
F 772
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Then, the RCF (N§, M$) is contractive if and only if ||Hg|| < 1 for all A € A. For system
H$ defined above, it is in fact possible to show that ||H§|| < 1 (strict inequality) for all
A € A, and hence the RCF can be shown to be strictly contractive. This claim is proved by
showing that there exists a solution in X’ to (5.7) when v = 1 and the inequality is expressed
for the realization of system #H§. By applying the Schur complement formula twice to (6.17),

it can be seen that T~ € X is one such solution, which concludes the proof. O

Consider a strongly stabilizable and strongly detectable distributed NSLPV system Gs that
has a realization denoted by (A, B,C,D,A). The changes in Algorithm 6.12 required to
apply the method of this section are now outlined. In steps 1 and 2, solve for P € X such
that APA*—S*PS — BB* < 0, and define F' = — (B*S*P*lSB)*1 B*S*P~1SA € F. Then,

compute the scaling factor Z~1/2 by solving the following SDP:
Find T € X and Z~! > 0 subject to (6.17).

Note that inequality (6.17) is linear in Z~!, and the inverse sign is retained for notational
consistency. These steps are also similar to the first two steps in Algorithm 6.6, with the ad-
ditional computation and use of the scaling factor. In step 3, construct the CCF for system
Gs according to Theorem 6.16. In step 5, solve for a generalized observability gramian of sys-
tem H§, i.e., find Y € X such that (A,)" S*YSAS, —Y +(C%)" C§ < 0, and correspondingly,
define ¥ = TXT* = (T~')*YT~! in step 6.

This section is concluded by the following remark on a possible heuristic that can be followed

to make the CCF constructed in Theorem 6.16 approach normalization.

Remark 6.17. To make the CCF constructed in Theorem 6.16 approach normalization,
one should seek F € F, T € X, and Z~' = 0 such that the left-hand-side of (6.17) is as

close to zero as possible. As per Theorem 6.2, one typical choice of F' € F is given by
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F=—(B*S*P7'SB)"'B*S*P~'SA, where P € X satisfies (6.3). Thus, finding the optimal
solutions requires solving non-convex coupled inequalities. To circumvent this difficulty,
suboptimal solutions can be sought instead. [14] propose to iterate over the solutions until
some prespecified distance from zero is achieved. Two problems are solved per iteration, and
at the end of each iteration, the system operators are updated by applying a transformation
that can be constructed from T € X. Such an algorithm needs to be further studied and

thoroughly tested; however, this issue is not pursued here.

6.6 Robust Stability Analysis

This section derives a result that allows for interpreting the error bound from the coprime
factors redution method in terms of robust stability of the closed-loop system. Specifically,
the result provides a robust stability margin on the coprime factors reduction error such that
a controller that stabilizes the full order system also stabilizes the obtained reduced order

system. Similar discussions for uncertain systems are found in [16, 54].

In the following, it is assumed that the coprime factors reduction method is applied to
reduce a strongly stabilizable and strongly detectable distributed NSLPV system Gs that
has a strongly stable coprime factorization denoted by (Ns, Ms). The resulting reduced
order system is denoted by G,s and is assumed to be well-posed, and its strongly stable
coprime factorization is denoted by (N5, M, ). Let € denote the coprime factors reduction
error bound, i.e.,

N(g NT,(S N{S
_ — <eforall A e A, (6.18)

M M, M

where N5 = Ny — N, s and Ms = M; — M, s for all A € A. A bound on € is sought such
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that if a distributed NSLPV controller s stabilizes the full order system Gs, then Kj also

stabilizes the reduced order system G, 5.

Consider a distributed NSLPV controller s that stabilizes system Gs, and inherits the
interconnection and uncertainty structures of Gs. Such a controller can be designed using the

synthesis technique of Chapter 4. Denote the realization of K5 by (A%, BX C* DX A*).

F L} L L L L L} L L} L L} L L L} L L} L L} L L I

i “Np J— M, (Gre
| P1 v P2 |
I N6 & ME]_ ¢ I
I YN Uy I

94—

Uk Yk
P K‘g

Figure 6.1: This figure shows the standard feedback configuration employed in robust sta-
bility analysis. Namely, the figure shows the distributed NSLPV controller s, and the
reduced order system G, s represented using its RCF (N, 5, M, ), i.e., G5 = Nm;Mq: 51 for

all A, € AT._The input-output maps N, s and M, s are expressed as N, 5 = N5 — N; and
Mn(; = Ms— M;s for all A € A.

Figure 6.1 shows the standard feedback interconnection formed by the reduced order system
G, s and the distributed NSLPV controller X5. The reduced order system G, 5 is represented
using its RCF (N5, M, 5), i.e., its input-output map G, s is expressed as G, 5 = NN;M?:; for
all A, € A,. Moreover, N, s and M, 5 are rewritten as N, 5 = N5 — N and M, s = Ms — Ms
for all A € A, as defined in (6.18). The derivation of the robust stability margin relies on
showing that this interconnection is equivalent to the interconnection shown in Figure 6.2,

and then applying the small gain theorem.

dy

It is assumed that the interconnection shown in Figure 6.1 is well-defined. Define d;,, =

da
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yai
and p = , where dq, dy are the exogenous signals and pq, ps are internal signals as shown

b2
in Figure 6.1. The output from system Ny is denoted by yy, the input to system Mgl is

denoted by wuys, and the input to and output from the controller K5 are denoted by ux and
YK, respectively. Denote the realization of N5 by (Ay, By,Cx, Dy, A), and the realization
of My by (Anr, Bar, Car, Dar, A). By defining the signal v as shown in Figure 6.1, it can be

seen that the following equations hold for all A € A:

D1 —Ns
P = = o v, Yn = N§ v,
D2 M
I/:MgluM, uy = Ms v,
o =A¢, § = SAnp + SByv,
Yn = CN(p + l)NV7 Upnr = CM(p -+ DMI/. (619)

For each A € A, the equations for systems Nz and M; in (6.19) are written similarly to the
equations in (5.3), and the simplifications oy = ¢ = ¢ and {xy = &)y = £ are applied, since
An = Ay and By = By for all the coprime factorizations used in the paper, see Sections

6.2, 6.4, and 6.5. Similarly, for all AKX € AKX, the controller equations are given by

P = AKfK, £K = SAK(,OK -+ SBKUK, Yk = CKQDK + DKUK (620)

Combining (6.19), (6.20), ugx = di + yny + p1, and uy = pe + do + Yy yields

SA 0 SB
- N + Y Dy — DX Dy DKCy — Cy CK v
gK SBKCN SAK SBKDN (,DK
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0 0 SB _ +d
4 + Y | (Dy - D¥Dy) ™ [DK ]} S b
SBE 0 SBE Dy D2 + do
o -
v=(Dy —D"Dx)"" |DECy — Cy CK + (Dy — D" Dy)™ {DK 1] (p+din).
PK -
That is,
§ ~ @ ~
:SAW —FSBw(p—i-dm),
1953 YK
¥
YK
for all A € A and A¥ € AX where S = diag(S, S) and
Ay 0 By _
AW = + (DM - DKDN) ! |:DKCN — CM CK:| s
BECy AK BE Dy
0 O B _
By = + Y| (Dy = DEDy) ! [DK I] ,
BE 0 BX Dy
Cw = (DM — DKDN)_l [DKC'N —Cy C’K} ;
Dy = (Dy — DXDy) ™ {DK [} . (6.22)
Moreover, = for all A € A and A®" € A"™. The distributed NSLPV
YK 0 AF| |ék

system thus constructed that maps (p + d;;,) to v is denoted by Wy, and its input-output

map is denoted by Wy for all A € A and A¥ € AX. The preceding discussion establishes
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that the interconnections shown in Figures 6.1 and 6.2 are equivalent.

I
=
> C>°2|
L—
=

A 4

din

Figure 6.2: This figure shows an interconnection that is equivalent to the interconnection
shown in Figure 6.1. The shown interconnection is used in the derivation of the robust
stability margin. For each A € A, N; and M; are defined in (6.18), and the operators Ay,
By, Cw, Dy are defined in (6.22).

In order to establish the robust stability theorem, it remains to apply the small gain theorem
to the interconnection of systems shown in Figure 6.2. Prior to doing so, it is noted that the
equations of system W; given in (6.21) are not in the standard form shown in (5.2) (or (5.3)),
and so they need to be rearranged to become in this form. Specifically, this rearrangement
is made to group together the temporal, spatial, and parameter states of system N (system
M ;) with their counterparts in the controller Ks, since the uncertainty structures A% and
A are not independent from each other and neither are the interconnection structures of the
plant s and the controller 5. Define 7, as the square root of the optimal value of the

following optimization problem:

minimize v* subject to X € X and inequality (5.7) expressed for the realization of

system W; with the system equations written in standard form. (6.23)
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The existence of v, ensures that system W is strongly stable and ||[Ws|| < i for all
permissible parameter trajectories. The robustness theorem can now be readily stated as

follows.

Theorem 6.18. Consider a strongly stabilizable and strongly detectable distributed NSLPV
system Gs that has a strongly stable coprime factorization denoted by (Ns, Ms). Suppose that
one of the coprime factors reduction methods discussed in this chapter is applied to reduce
system G5, and denote the resulting reduced order system by G,s and its strongly stable
coprime factorization by (N5, M.s5). Moreover, let € be the coprime factors reduction error
bound defined in (6.18). Suppose that Ks is a distributed NSLPV controller that stabilizes
the full order system G5 and further renders the closed-loop system Ws strongly stable, where
system Wy is shown in Figure 6.2 and is described by the system equations defined in (6.21).

Define vmin as the square root of the optimal value of the optimization problem defined in

(6.23). Then, the controller Ks also stabilizes the reduced order system G, if € < —

— Ymin

This result follows by the application of the small gain theorem [24, 88] to the interconnection

of systems shown in Figure 6.2.

6.7 Illustrative Example

This section applies the coprime factors reduction methods discussed in Sections 6.2, 6.4, and
6.5, respectively, to reduce a distributed NSLPV system G5 formed by four subsystems inter-
connected as shown in Figure 6.3. The purpose of this example is to discuss the differences
between the methods in Sections 6.2, 6.4, and 6.5. Special emphasis is placed on discussing
the computational complexity of the SDPs involved in the application of each method. As
per Remark 6.7, the example also shows the need to impose/verify the well-posedness of

the reduced order system that results from applying any of the coprime factors reduction
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methods to reduce a distributed NSLPV system. For the illustration of other features of the
proposed methods such as the time-varying truncation of various types of state variables and

the simplification of the interconnection structure, the reader is referred to the examples in

Sections 2.8 and 3.5.

xz(t'})— -450 |- ':1:‘-?-({ *

A(t,2) = At 4)
X2 (t + 1, 4‘)

Figure 6.3: Distributed NSLPV system to be reduced by the application of the coprime
factors reduction methods of Sections 6.2, 6.4, and 6.5, respectively.

The leader, i.e., subsystem G(, is described using a ¢ = 28 time-periodic discrete-time LTV
model, and the followers, i.e., subsystems G, G and G®, are described using discrete-
time standard LPV models. There is only one parameter affecting each of the followers, i.e.,
m = 1. Since the leader has an LTV model and the followers have LPV models, then system
Gs is a distributed NSLPV system. The realization (A, B,C, D, A) of system Gy is defined

next.

For the leader, all the state-space matrices except Apr(t,1) are constants. The matrix-

valued function Agpp(t,1) is ¢ = 28 time-periodic, i.e., App(t + ¢q,1) = App(t,1) for all
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t € Ny. Specifically, App(t,1) = Afort =0,...,6; App(t,1) = QAQ* for t = 7,...,13;
Arp(t,1) = Q2A(Q*)? for t = 14,...,20; App(t,1) = Q3A(Q*)? for t = 21,...,27, where

9 5 1 03 —-02 0.2 000O0T1O0
-2 7 1 01 01 -0.3 001000
1 -1 -1 02 03 0.1 10000
A=0.15 Q=
0.1 —-02 —-03 O 0 0 00 0O0O0T1
-03 01 —-01 O 0 0 000100
—-02 03 02 O 0 0 010000

Since there are no incoming edges to vertex k = 1, and subsystem GV is not affected by
any parameter, the state-space matrices AT9(t,1), Arp(t, 1), A35(t, 1), ASP(¢,1), Apr(t, 1),
APS(t,1), App(t,1), Bp(t, 1), C%(t,1), and C'p(t, 1) for i,e = 1, 2 have at least one dimension

equal to zero, i.e., are non-existent. The remaining state-space matrices are defined as

follows:
2 2 -1 0 0 0 10
ATt =01|-2 2 1 00 0], BSt,1)=01 |0 1],
0.1 -0.1 02 0 0 O 0 0
_ _ I
CT(ta 1) = |:[2 02><4:| s BT(t, 1) =0.1 ,
O4x2

for all t € Nj.

The state-space matrices of the followers are constants for all ¢ € Ny, i,e = 1,2, and
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k =2,3,4, and are given by

7 4 1 0.2 —-0.1 0.2
-3 5 1 0.2 —-0.2 —-0.1
_ 1 -3 -2 0.1 01 0.2
App(t, k) =0.15 ,
—-0.1 03 0.1 0 0 0
0.2 0.1 -02 0 0 0
0.1 —-02 0.1 0 0 0
1 3 2 0.1 -3 2 0.1
2 1 1 0.1 4 4 0.2
_ -3 4 -3 —-0.3 s 2 -3 -=0.2
Arp(t, k) =0.01 , A;”(t, k) =0.05 ,
0 0 0 0 —-0.2 —0.1 0
0O 0 0 0 0.1 0.3 0
0 0 0 0 03 —-02 0
05 0 0 0.1 02 0
2%x4
_ 0 —05 - ~02 0.1 0
Apr(t,k) = | - , AP (t k) = ,
—-0.1 O 0 0 0 O
2x4
0 0.1 00 0
_ _ I _
App(t, ]{) = 0.1[4, BT(t, ]f) = 01 5 Bp(t, ]{I) - O4><2,
O4x2

Cr(t, k) = Co(t, k) = g3, Cp(t, k) = Ogxa,

[]2 02X4}’
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AST(t k) = WApp(t, k),  ASS(t k) = WATS (¢, k), AP (t k) = WApp(t, k),

Finally, D(t, k) = 0 for all (¢,k) € Ny x V = {1,2,3,4}.

The distributed NSLPV system Gs thus formed is not strongly stable, and so it cannot be
reduced by the application of the balanced truncation method of Section 5.3. However,
system Gy is strongly stabilizable and strongly detectable, and so it can be reduced by the
application of any of the coprime factors reduction methods presented in Sections 6.2, 6.4,
and 6.5. Since the subsystems are ¢ = 28 time-periodic, then the sought solutions to all the
considered SDPs are ¢ = 28 time-periodic. These problems are modeled using Yalmip [58]
and are solved using SDPT3 [79]. The computations are carried out in Matlab 9.4.0.813654
(R2018a) on a ASUSTek laptop with i7-7700HQ Intel Cores, 2.80 GHz processors, and 32
GB of RAM running Windows 10.

6.7.1 Coprime Factors Model Reduction

In this section, system Gs is reduced by the application of the coprime factors reduction
method of Section 6.2 and Algorithm 6.6. The resulting reduced order system is denoted by
G145, and its obtained realization is denoted by (A,1, By1, Cr1, D, A,1). Note that only the
final reduced order system and its obtained realization will be denoted distinctively across
Sections 6.7.1, 6.7.2, and 6.7.3. Dummy variables in the solved SDPs and intermediate

systems may be denoted using the same symbols without ambiguity.

First, the following SDP is solved:

Find P € X such that APA* — S*PS — BB* < 0. (6.24)
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To verify that system Gj; is strongly detectable, the following SDP is also solved:
Find P, € X such that A*S*PySA — Py — C*C < 0.

Then, the feedback operator F' = —(B*S*P~'SB)"'B*S*P~'SA € F is defined, and the

strongly stable augmented system Hj is formed. The realization of system Hy is given

*

by (Aw, Bu,Cu, Dy, A), where Ay = A+ BF, By = B, Cy = {(C—l—DF)* F*} , and

Dy = {D* ]1 . Using Lemma 5.2, an upper bound v = 2.23 on || H;|| for all A € A is

computed. Namely, the following SDP is solved to find ~:

minimize 72 subject to: P € X and

*

Ay Byl| |S*PS 0| |Ay By P 0
- < 0. (6.25)

Then, a balanced generalized gramian > is found for system H;s as per Algorithm 5.8.

Namely, the following SDPs are solved:

minimize Yo7, (Zizl (trace Xo(t, k) + S22 | trace XS (t, k)) + S, trace Xp(t, k))
subject to: X € X and AgX A}, — S*XS + ByBj, < 0; and (6.26)
minimize > o0 (34, (trace Yo(t, k) + 32 trace Y (¢, k) + 35, trace Yp(t, k)

subject to: Y € X and A} S*YSAy —Y + C;;Cy < 0. (6.27)

Using X and Y, a balanced realization (Ag pal, Brbal, Chpal, Di, A) for system Hs is con-
structed as in the proof of Lemma 5.4. Finally, the following SDP is solved to find the

balanced generalized gramian X::
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27 /4
minimize a; X € + Z (Z <||Vect(ET(t, k) —el)||, + Z [|vect (37 (t, k) — el) ||, )

t=0 k=1
+Z [vect(Sp(t, k) — )!h)

subject to: Yr=el, ex>0,Ye X,
[2](t, k) is a diagonal matrix for all t =0,...,27, k=1,...,4,
AH,balZA*H,bal —5*YS + BH,balBj'—Lbal =< O,

Hoald S Ampal — X+ CxpaCrpal < 0. (6.28)
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Figure 6.4: This figure shows the trade-off curve between the competing objectives of a small
error bound and a large number of truncated state variables. Specifically, the percentage
error is computed as 2¢/v x 100%, and the total number of truncated state variables is the
sum from ¢t = 0 to t = 27 of the number of truncated temporal, spatial, and parameter state
variables at each time-step t.

The use of the SDPs defined in (6.26), (6.27), and (6.28) for improving on the error bound

computation is motivated in the discussion surrounding Algorithm 5.8. In Figure 6.4, the
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value of the weight a; > 0 in the SDP defined in (6.28) is varied to trace the trade-off curve
between the competing objectives of a small error bound and a large number of truncated
state variables. In this example, the value a; = 740 is chosen, which results in € = 0.027 and
|(Hs—H,5)|| < 2.41%. System H; is reduced by the application of the balanced truncation
method of Section 5.3. Namely, each state variable with a corresponding entry in X equal
to € is truncated. The resulting reduced order system is denoted by H, s and its balanced

realization is denoted by (Au.,, Bur, Cryry D, Ar1).

The realization (A,1, By1,Cr1, D, A;q) of the reduced order system G, 5 is formed from the

realization of system H, s as follows:

Orl + DFrl
B, = BH,m = CH,T‘? Arl = AH,T — B F.

Fiq
This example applies the coprime factors reduction method to reduce a distributed NSLPV
system, and so the well-posedness of the obtained reduced order system needs to be ver-
ified /imposed separately, since this property is not guaranteed as part of the reduction
procedure. For the example under consideration, the condition expressed by inequality (6.5)
is satisfied. Namely, the inequality App Xp App — Xp < 0 holds, where X € X is the

solution to the SDP defined in (6.26). Thus, by Remark 6.7, the reduced order system G, s

is well-posed.

The computational complexity and solution time of each SDP invoked when applying the

method of this section are summarized in Table 6.1.
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Table 6.1: This table shows the computational cost associated with each SDP that appears
when applying the coprime factors reduction method of Section 6.2. Time is reported in
seconds.

SDP  number of dimension of number of  dimension of Yalmip Solver

constraints SDP variable SDP blocks linear variable  time time
(6.24) 4032 2856 448 0 3.0361  4.4869
(6.25) 4033 3080 448 1 4.0325 12.6555
(6.26) 4032 2856 448 0 3.1061  4.3499
(6.27) 4032 2856 448 0 3.4996  4.7804
(6.28) 3193 4284 560 3193 4.4889  5.0661

6.7.2 First Method for Coprime Factors Reduction using Contrac-

tive Coprime Factorizations

In this section, system s is reduced by the application of the coprime factors reduction
method of Section 6.4 and Algorithm 6.12. The resulting reduced order system is denoted

by G245, and its obtained realization is denoted by (A2, Bya, Cra, D, A,2).

First, the following SDP is solved:

minimize 77, (Zizl (trace Ur(t, k) + o7 trace US(t, k) + Sop_, trace Up(t, k)

Uu I
subject to: Pe X, W e F,U e X, > 0, and
I P

—P  (AP+BW)* W* (CP+ DW)*

AP+ BW  —S*PS 0 0
< 0. (6.29)
W 0 —1I 0

CP + DW 0 0 -1
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For sake of comparison, the following SDP is also solved:

Find Fy, € X and W, € F such that

3 (APy + BWy)* W¢ (CPy+ DWy)*
APy+ BW,  —S5'PS 0 0
< 0. (6.30)
Wo 0 —1 0
CP, + DW, 0 0 —I

Specifically, the SDP defined in (6.30) is the feasibility version of the SDP defined in (6.29).
That is, the SDP defined in (6.30) only checks if the inequality constraint is feasible, and
there is no objective function to be minimized. This SDP is solved to show how its associated
computational cost and solution time compare with those associated with the SDP defined
in (6.29), wherein an objective function is minimized and an additional variable U € X is

introduced.

Then, Z =1+ D*D + B*S*P7'SB and F¢ = —Z"'(B*S*P~'SA + D*C) € F are defined,
and the strongly stable augmented system Hj is formed. The realization of system H is given
by (A%, By, C5, Dy, A), where A = A+ BF¢, By = BZ~3,C = |(C + DFe)* (Fo)*|
and D$, = [(DZ%)* Z%] . Using Lemma 5.2, an upper bound v ~ 1 on ||H§|| for all

A € A is computed. Namely, the following SDP is solved to find ~:

minimize 2 subject to: Q € X and
A, BS S*QS 0| |AYy B¢ Q 0
S S - <0. (6.31)
Cy Dy 0 Il |Cy Dy 0 ~2I

Then, a balanced generalized gramian ¥ is found for system H§ as per Algorithm 5.8. For

the method of Section 6.4, the generalized observability gramian is defined as Y = P~ € X,
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where P € X is obtained by solving the SDP defined in (6.29). The generalized controllability

gramian X € X is found by solving the following SDP:

minimize .o (34, (trace Xp(t, k) + 32 trace X7 (t, k) + Sp_, trace Xp(t, k)

subject to: X € X and A X (A%)* — S*XS + B§(BS)* < 0. (6.32)

Using the computed X and Y, a balanced realization for system H§ is constructed as in the
proof of Lemma 5.4. This realization is denoted by (A% .1, Bir pats Clipars P> A). Then, the

following SDP is solved to find the balanced generalized gramian 3

27 /4
minimize a; X € + Z (Z (Hvect(ET(t, k) —el)||, + Z | vect (S5 (¢, k) el)]], )

t=0 k=1 =1

+Z [vect(Sp(t, k) — )||1>

subject to: Yrel,e>0,Xe X,
[2](t, k) is a diagonal matrix for all t =0,...,27, k=1,...,4,
Al par2 (A%I,bal) — 5"ES + B pal (Blcﬁl,bal)* <0,

(A?J,bal) S*ESAY e — X+ ( ;{,bal)* Clrpal < 0. (6.33)

The value of a; = 720 is chosen when solving the SDP defined in (6.33), which results
in e = 0.02 and ||(Hf — H:s)|| < 4%y for all A € A. As with the balanced truncation
error bound, the coprime factors reduction error bound helps in deciding on how many
state variables to truncate. However, since the coprime factors reduction method is a model
reduction method in a closed-loop sense, i.e., the coprime factors reduction error bound

has closed-loop robust stability interpretations as discussed in Section 6.6, then the coprime
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factors reduction error bound is not the only factor that determines how far one should
proceed with the reduction of a given open-loop system. In general, guidelines still need to
be developed for determining what constitutes a good reduced order model when applying
any coprime factors reduction method. The example of Section 3.5 also discusses this issue,
and some recommendations are given in Algorithm 6.6, namely, check the percentage error
as well as the relative and absolute orders of the entries in . Moreover, it appears from
this example (and some others, e.g., see the example in [6]) that the error bounds obtained
by applying the coprime factors reduction method of Section 6.4 are more conservative than
the error bounds obtained when the other methods are applied. That is, for comparable
reduction and reduced order system open-loop behaviour, the computed percentage error is
larger when the method of Section 6.4 is applied. These observations need further testing
and analysis before making final conclusions. Nonetheless, the coprime factors reduction
error bound can still be used to quantitatively compare between two reduced order systems
obtained by applying the same coprime factors reduction method, and so, this error bound
can help in expediting and guiding any comparison between reduced order systems that is

based on simulations.

System H§ is reduced by the application of the balanced truncation method of Section
5.3. Namely, each state variable with a corresponding entry in X equal to € is truncated.
The reduced order system is denoted by H;; and its balanced realization is denoted by

c c c c
( H,r BH,T7 CH,r? DH7 ATQ)-

The realization (Ao, Ba, Cra, D, A,3) of the reduced order system G, 5 is formed from the

realization of system HJ s as follows:

, Cps + DF
By, = B}, 72, = O, Ay = A5, — B FS.
i
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System G, s is verified to be well-posed by checking that inequality (6.5) holds, where X € X
is the solution to the SDP defined in (6.32).

The computational complexity and solution time of each SDP invoked when applying the
method of this section are summarized in Table 6.2.
Table 6.2: This table shows the computational cost associated with each SDP that appears

when applying the coprime factors reduction method of Section 6.4. Time is reported in
seconds.

SDP  number of dimension of number of  dimension of Yalmip  Solver

constraints SDP variable SDP blocks linear variable  time time
(6.29) 10920 6160 448 0 5.2516  304.2304
(6.30) 6888 4732 448 0 2.6470  79.7100
(6.31) 4033 3080 448 1 3.9411 11.3749
(6.32) 4032 2856 448 0 3.1608  4.6312
(6.33) 3193 4284 560 3193 4.5732  5.0358

6.7.3 Second Method for Coprime Factors Reduction using Con-

tractive Coprime Factorizations

In this section, system s is reduced by the application of the coprime factors reduction
method of Section 6.5. The resulting reduced order system is denoted by G,35, and its

obtained realization is denoted by (A3, B3, Cr3, D, A,3).

First, the SDP defined in (6.24) is solved, and its solution P € X is used to define the operator
F = —(B*S*P~'SB)"'B*S*P~1SA € F. Then, the scaling factor Z~2 is determined by

solving the following SDP:

Find T € X and Z~! = 0 such that
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*

A+ BF A+ BF S*TS 0 0 B
c+DF|T|C+DF| — o I o|l+|Dplz! {B* D* ]}40. (6.34)
F F 0 0 I I

For the SDP defined in (6.34), the number of constraints is 4368, the dimensions of the SDP
variable is 3528, the number of SDP blocks is 560, the dimension of the linear variable is 0,

Yalmip time is 6.2454 seconds, and the solver time is 8.1826 seconds.

The strongly stable augmented system H§ is then formed, and its realization is defined by

(AS, B, C§, DS, A), where A, = A+ BF, Bf = BZ 2, Cq = [(C+DF)* F*] , and

DS, = [(DZ%)* Z%] . An upper bound v = 0.532 on ||Hj|| for all A € A is computed
by solving the SDP defined in (6.31). Then, a balanced generalized gramian ¥ is found
for system #H§ as per Algorithm 5.8. Namely, generalized gramians X and Y in X are
computed by solving SDPs similar to the ones defined in (6.26) and (6.27), respectively.
Using these generalized gramians, a procedure similar to the one in the proof of Lemma 5.4
is followed to construct a balanced realization for system H§. This realization is denoted by
(A% bat Birvar Corpan Dirs A). Finally, the balanced generalized gramian ¥ is computed by
solving the SDP defined in (6.33). For the method of this section, the value of a; = 735 is
chosen when solving the SDP defined in (6.33), which results in € = 0.007 and ||(H§— H ;)| <
2.58% for all A € A. System Hj is reduced by the application of the balanced truncation
method of Section 5.3, and each state variable with a corresponding entry in X equal to €
is truncated. The reduced order system is denoted by H; 5 and its balanced realization is

denoted by (A% ., Bir ., Cg ., Dir, Ars).

The realization (A,3, B,3, Cr3, D, A,3) of the reduced order system G,3 5 is formed from the
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realization of system H s as follows:

c 1 Cr?; + -DFT3 c c
Br3 = BHJ«ZQa = CH’N AT3 = AH’T - Br3Fr3-

Fr3

System G,3 s thus defined is well-posed, since the condition expressed by inequality (6.5) is

satisfied.

6.7.4 Summary of the Example

The findings from the example are now summarized. The method of Section 6.2 is the
least computationally intensive among the various methods for coprime factors reduction
discussed in this chapter. However, this method does not guarantee the contractiveness
of the coprime factorizations under consideration. The method of Section 6.4 computes
CCFs for the full order and reduced order systems, and as discussed in Remark 6.14, the
employed heuristic achieves approximate normalization for the coprime factorization of the
full order system. However, this method is the most computationally intensive among the
presented methods. For instance, see Table 6.2 for the computational complexity and solution
time corresponding to the SDPs defined in (6.29) and (6.30), and compare these measures
with the ones for the SDP defined in (6.34) and the other SDPs presented in Tables 6.1
and 6.2. Finally, the method of Section 6.5 guarantees the contractiveness of the coprime
factorizations and is computationally less intensive than the method of Section 6.4. However,
as it is currently implemented, this method does not seek approximate normalization for the
coprime factorization of the full order system. It may be possible to appropriately choose
the objective function for this purpose, and as discussed in Remark 6.17, it is possible that

an iterative algorithm can be coupled with solving the SDPs defined in (6.24) and (6.34) to
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achieve approximate normalization. In this algorithm, the computational cost per iteration,
i.e., the cost of solving the SDPs defined in (6.24) and (6.34), is less than the computational
cost of solving the SDP defined (6.29). The total computational cost of such an algorithm
will depend on the convergence properties of the algorithm. However, more work still needs

to be done in this direction.

To conclude this example, the full order system Gs and the reduced order systems G,1 5, Gro.5,
and G,3 5 are simulated for the sake of comparison. All the systems are subjected to the same
set of sinusoidal inputs of various amplitudes and frequencies for the first 100 time-steps and
are left to evolve on their own afterwards. The same parameter values that vary randomly
between —1 and 1 are used for the various simulated systems. Sample responses of the full
order system and the reduced order systems are plotted in Figure 6.5. It can be seen that
the responses of the reduced order systems satisfactorily approximate the response of the

full order system.



206 Chapter 6. Coprime Factors Reduction of Interconnected Nonstationary LPV Systems

—Full‘Order Syste‘m Gs
= Reduced Order System G,15
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Figure 6.5: This figure plots the first output of subsystem G® in the full order system Gj
and the reduced order systems G, 5, Gro,5, and G,3 5, respectively. Plots of the corresponding
errors between the said output in the full order system and each of the reduced order systems
are also provided.



Chapter 7

Conclusions

This dissertation deals with the structure-preserving model reduction and distributed control
problems for systems that are interconnected over arbitrary directed graphs. The subsystems
are allowed to be heterogeneous and are assumed to have complex models, namely, LTV,
LPV, and NSLPV models. The adopted frameworks model the interconnections between

the subsystems using spatial states.

Chapter 2 articulates the structure-preserving balanced truncation method for the class
of interconnected LTV systems. The developed balanced truncation method is applicable
to strongly stable systems, i.e., systems that possess appropriately structured generalized
gramians, ensures the strong stability of the resulting reduced order systems, and comes
with a priori error bounds. The example in this chapter shows that the proposed method
can be applied to individually truncate each temporal and spatial state, and that truncation
can be time-varying even if the dimensions of the full order system are constants. The

example also illustrates the use of heuristics for improving on the error bound computations.

Chapter 3 extends the balanced truncation method of Chapter 2 to systems that are not
necessarily strongly stable but have strongly stable coprime factorizations. It is shown that
strongly stabilizable and strongly detectable systems possess the desired coprime factoriza-
tions, and so such systems are reducible using the coprime factors reduction method. The
example in this chapter shows how the proposed methods can be used to simplify the inter-

connection structure of the system. Namely, the balanced truncation and coprime factors

207
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reduction methods provide quantitative information on the importance of each intercon-
nection for the overall interconnected system, and the interconnections can be classified as

critical or negligible and truncated accordingly.

Chapter 4 develops an operator theoretic framework for compactly representing distributed
NSLPV systems, i.e., interconnections of NSLPV subsystems and /or mixes of LTV and stan-
dard LPV subsystems. By following a parameter-independent Lyapunov function approach,
convex analysis and synthesis conditions are derived for distributed NSLPV systems. The
derived results extend standard results from robust control theory to the distributed NSLPV
system setting, whereby the standard results gain novel interpretations and characteristics.
The synthesized controller is a distributed NSLPV controller that inherits the interconnec-
tion structure of the plant. The controller subsystems have NSLPV models, are formulated
in an LFT framework, and are scheduled using the same parameters as the corresponding

plant subsystems. The proposed synthesis technique is applied to an illustrative example.

Chapter 5 extends the balanced truncation method of Chapter 2 to the class of intercon-
nected NSLPV systems. The results are presented using the operator theoretic framework of
Chapter 4. In addition to the novel features and characteristics of the balanced truncation
method of Chapter 2, the method of this chapter allows for the truncation of the parameter
states, i.e., the signals introduced by formulating the subsystems in an LFT framework.
Thus, in addition to simplifying the interconnection structure of the system, the method in
this chapter can be used to simplify the uncertainty structure of the system. The example
in this chapter discusses the application of the various derived error bound expressions to

obtain the most meaningful and least conservative results.

Chapter 6 extends the application of the balanced truncation method of Chapter 5 to strongly
stabilizable and strongly detectable distributed NSLPV systems. This chapter contains a

discussion on contractive coprime factorizations, which are the natural extension/relaxation
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of normalized coprime factorizations for systems with inherent interconnection and/or un-
certainty structures. Namely, Chapter 6 first extends the coprime factors reduction method
of Chapter 3 to distributed NSLPV systems, and then proposes two ways to modify the
aforementioned method so as to ensure the contractiveness of the coprime factorizations.
Chapter 6 also provides an interpretation of the coprime factors reduction error bound in
terms of robust feedback stability. The example in this chapter focuses on the computa-
tional complexity of the SDPs that are solved when applying the various proposed methods

for coprime factors reduction.
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