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(Abstract)

This thesis consists of two individual mathematical papers which have been developed in
the course of the author’s thesis work. They deal with certain aspects of optimal control of
systems in which the system equations are nonlinear, the cost integrand is non- quadratic,
or both.

The first paper deals an extension from the linear-quadratic case to systems as just
described of the so called Newton-Kleinman method. Here we carry out this extension the-
oretically and prove that the associated sequence of stabilizing feedback controls converges
uniformly to the optimal control.

In the second chapter of this work we generalize the existence and uniqueness theory
for the nonlinear-nonquadratic optimal control problem from the critical point and periodic
cases studied earlier by Lukes and Zhang, respectively, to the case where the invariant target

set is a compact submanifold of the state space.
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Chapter 1

Introduction

We consider certain optimal control problems in which for a given dynamic system
(t) = F(z(t),u(t)), =(0)=xo€ R", (1)
it is required to minimize the cost functional (function of trajectories)
o0
V(z,u) = /0 G(a(t), u(t))dt. 2)

By analogy with the method of Lagrange multipliers, one may approach the minimization of
V(z,u) subject to the system (1) by formally stating the unconstrained problem of finding
critical points of

Viz,u)+ {p, & — F(z,u)) (3)
seen as a functional in some infinite dimensional space. Here p denotes an element of the
dual space (itself a function) that plays the role of a multiplier or dual state. Suitably

modified and made rigorous, this approach leads to the necessary condition—-Pontryagin’s

Maximum Principle (PMP) [3] and is related to the Hamiltonian formulation of classical

mechanics.

When F(z,u),G(z,u) take the linear-quadratic form, i.e. in (1)
F(z,u)= Az 4+ Bu (4)
with A, B being a stabilizable pair and
W R T

G(z,u) = (z*,u™) (5)
R U u



W R
with > 0, U > 0, D. Lukes proved in [2] the existence and uniqueness of the
kU

optimal control (1), (2). In this linear-quadratic case, the PMP necessary condition is also

a sufficient condition. He obtained the explicit formula for the optimal control
u=-U"Y R+ B*Q)z (6)

in feedback form with ¢) being the positive definite solution of the Kalman-Lyapunov matrix
equation.

Later, in [1], D.Lukes further considered extending the method to nonlinear-nonquadratic
optimal control problem near a critical point. He kept the linear part unchanged in (1) but
added to it a higher order part f(z,u). Also the integrand in the cost (2) maintains its
quadratic part while a higher order part g(z,u) is added. He proved the optimal control
near the origin for this extended problem takes a feedback form as well but having a higher

order term:

u=-U"YR"+ B*Q)z + h(x). (7)

We see that the linear part of (7) just coincides with (6). Lukes method is based on power
series solution of the Hamilton- Jacobi equation.

At the same time, there is a useful approach to the optimal control (1),(2),(6) called the
Kleinmann-Newton method (cf.[6],[4]). It obtains the positive definite matrix @ in (6) as

the limit of a sequence of positive matrices Q);, i.e.
Q = lim Q;, (8)
J—oo

with @); being the solution of the matrix equation:

. , L {w RrY [1I
(A+ BK;)"Q; + Q;(A+ BK;) + (I, K7) =0, (9)
R* U) \K;



where

K; = -UYR*+ B*Q;_1). (10)

The most recent significant work is due to D.Russell and X.Zhang(cf.[5]). They considered

the critical point being replaced by an invariant periodic flow of the uncontrolled vector field.

In chapter 2 of this work, we try to work with nonlinear-nonquadratic optimal control
without periodic conditions. We consider there the real analytic nonlinear vector field

F(z,u) and a compact analytic manifold M detemined by
{z:z € R",p(z) = 0}, (11)

which is invariant for the uncontrolled vector field F/(z,0) and exponentially orbitally stable
for the corresponding system, by which we mean there is a twice continuously differentiable

feedback ko(z) such that for given zo,
d(2k(, 20), M) < moe™ ™| o(20)||, ¢ 20, (12)
where 2k, (t,zg) is the solution of
& = F(z,ko(z)), 2(0) = zo,

and ko(z)=0, z € M.
Clearly, the condition (12) coincides with that in the case of nonlinear- nonquadratic optimal
control problem near a critical point.

Our optimal control problem can be stated explicitly as follows:

min{ /0 Gz, u)dt) (13)

where z(t) is subject to

&= F(z,u), z(0)= zo,
with zo near M,where G(z,u) is real analytic and G(z,u) > 0,(z,u) ¢ M x {0};G(z,0) =
O, T € JM-



The main result is as follows.

Theorem 1. The nonlinear optimal control problem described above has a unique solution
expressed by a feedback function K(z) which vanishes on the compact manifold M con-

cerned and is continuously differentiable in a neighborhood of M. The synthesized system
i = F(z, K(2)

obtained with the use of this control has M as a uniformly orbitally stable invariant set.

On the other hand, in Chapter 1 of this work we prove that the Kleinmann-Newton
method is still valid for the nonlinear-nonquadratic optimal control problem near a critical

point. Indeed, we can write the Kleinman-Newton process as follows: Given any stabilizing

feedback control u = Ko(z) = Dz + ho(z) with A+ BD being stable and hy(0) = 0, 8h80£0) =

0. Then for j = 1,2, ... by the process
Vi, (2) = /0 G(a(t, ), Kj_1(3(t,2))dt, (14)

with & = F(#, K;_1(#)), #(0) = z, and

OVk,_(z) 0F(z, K;(z)) + 0G(z, K;(zx))

Oz ou ou =0 (15)

W R T
where F(z,u) = Az + Bu+ f(z,u), G(z,u) = (z*,u") + g(z,u), we can
* U u
in turn get the stabilizing feedback control K;(z),57 =1,2,....

We have the following result.

Theorem 2. For the nonlinear-nonquadratic optimal control problem near the critical
point, given any stabilizing feedback control v = Ko(z), the sequence beginning from Ko(z)
of feedback controls K;(z),7 = 1,2, ... created by the process (14),(15) will be uniformly

convergent in {z : ||z|| < a} for some positive constant a.
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Chapter 2

Extending the Kleinman-Newton Approach to
Optimal Control of Nonlinear/Nonquadratic
System

In [1] D.L.Lukes proved the existence and uniqueness of the optimal control, in nonlinear
feedback form, for the nonlinear-nonquadratic problem near a critical point of the system
under study. Here we prove that the feedback control sequence created by application of
the Kleinman-Newton approach[4], beginning from a globally stabilizing feedback control,

converges to the optimal control described in Lukes paper.

2.1 Definition of the Optimal Control Problem

We are going to deal with the optimal control of certain autonomous systems of
nonlinear differential equations

i = F(z,u). (2.1)

Throughout the paper we assume F'(x,u) is real analytic in some neighborhood of the origin

in R™"*™_ In particular, then, we may write
F(z,u) = Az + Bu + f(z,u) (2.2)

where A and B are n X n and n X m matrices, (A, B) is a stabilizable pair [1] and the higher

order part, f(z,u), satisfies
9f(0,0) _
Nz, u)

We assume the cost functional for the optimal control problem to have the form

f(0,0)=0,

/0 Gz, ), (2.3)

6



further assuming G(z, ) is also real analytic near the origin and

. W, R z
G(z,u) = (z*,u") + g(z,u), (2.4)
* U %
with
W,
>0, U>0, (2.5)
R, U
and
_ o 09(0,0) _ 0%9(0,0) _
90.0=0% Sw =¥ Be,up = °

The optimal control problem is

—— /0  Gla(t), u(t))dt

subject to the constraints that z and u should together satisfy

&= F(z,u), z(0)=2¢

for an initial state zo near the origin in R".

In [1],D.L.Lukes proved the existence and uniqueness of the optimal control, in closed
loop form, for this problem. Here we show this optimal control can be realized as the uniform
limit of a sequence of stabilizing controls generated by the so called Kleinman-Newton

process (see [2],pp.284-289 ) beginning from any globally stabilizing feedback control.

2.2 The Kleinman-Newton Method
We know from [2] for the linear-quadratic problem, i.e. for the case in which

F(z,u) = Az + Bu, (2.6)



W, R z
G(z,u) = (z*,u") , (2.7)
R*, U u

that any given feedback control

Ko(z) = Dz (2.8)

such that A+ BD is stabilty matrix, will give rise to a sequence of positive definite matrices
Qo, @1, .-.,Q;, ... through solution of a sequence of Liapounov matrix equations([2],pp. 284)

with an associated sequence of linear feedback controls related to the @; by
Ki(z)=-UYR*+ B*Qj-1)z. j=1,2,.... (2.9)

This process is called the Kleinman-Newton method [2].

We see from [2] that there is a positive definite symmetric matrix ¢ such that
Q = lim Q;, (2.10)
j=00
such that the matrix differences @); — @ satisfy a condition of quadratic convergence:

1Q; — @Il < M||Q;-1 - Q|I%, (2.11)

where M is a positive constant. We also see from that work that the linear feedback control

generated by
i=-U"YR"+B*Q)zx (2.12)

is the unique linear feedback control providing the solution for the linear quadratic control
problem corresponding to the linear system (2.6) and the quadratic cost integrand (2.7). If
we define for G(z, %) in (2.7)

Vie) = [ Gla K o),



we know from [2] that Vj(z) = 2*Q;z and we see that K;;,(z) in (2.9) can be obtained by

the following equation

%ﬁ% + 2(Kj1(2))"U +20"R = 0,

- 0Vy(2) d(Az + BEj31(2) | 9G(a, Kjnn(2)) _

9e 9u 9 0.

Returning now to the nonlinear-nonquadratic problem which is our topic here, for an
arbitrary globally stabilizing feedback relation v = K(z) we define the associated cost

function

W, R Z,

Vie(z) = / (&%, K*(8)) +g(¢, K(3))dt (2.13)
0 R, U K(%)
where & is the corresponding state trajectory satisfying
&= F(#,K(3)), #0)=az. (2.14)

Following the Hamilton-Jacobi-Bellman paradigm, it is then possible to define another

feedback I;'(x) as the (unique under appropriate hypotheses) solution of

OV OF (z, K (z)) + dG(z, K(z)) —0
oz ou du 7
and, from that K'(z) to construct another cost functional Vi as in (2.13), replacing K(z) by
K(z). The Kleinman-Newton process consists in constructing, via this pattern, a sequence
of stabilizing controls
Kj(z),j=1,2,..,
via
VK, OF (2, Kj(2)) | 9G(z, Kj(2)) _

oz ou Ju 0 (2.15)




Our purpose in this paper is to establish the viablity of this approach for approximating
the optimal control function K(z) as studied by Lukes in [1].
Theorem 2.1. For the nonlinear-nonquadratic problem described above, given any globally

stabilizing feedback control
U= I(()(.'L‘), I\"o(.'l,') =Dz + ho(SL‘)

with A + BD being stable and

0ho(0)
Oz

ho(0) =0, =0,

the sequence beginning with Ko(z)) of feedback control functions K;(z),j = 1,2, ... created

by the process

o0

Vi, (2) = / G(3(t,2), K;_1(2(t, 2))dt,

0

b = P(3, K;1(2)),3(0) = 2,
IVk,_, OF(z, K;(z)) 0G(z,Kj(z)) _
dz du + du =0 (2.16)

converges uniformly near the origin, i.e. there exists a positive real number a such that

{K;(z)} uniformly converges in {z | ||z|| < a}.

2.3 Background

We summarize the results from [1] (see pp.79-82 in [1]) in the following three lemmas.

Lemma 3.1. If {Q,} is described in section 2 above,and {K;(z)} is as in Theorem 2.1, we

have
Vi (2) = «*Qye + Hy(2),(j = 1,2,...), (2.17)
Ki(e) = Jom0rve + BTty 4 e, o)
= -UYR*+ B*Q;_1)z + hj(z), (2.18)
where
H;(0) = 0, ‘”gz(“) ~ 0,



9°H;(0)

922 0:
_ . 0Rr(0,0)
h(0,0) - O’a(.l'—,’u,) - 07
h;(0) = 0, o (0) _,

dz

Lemma 3.2. For each K;(x) as described in lemma 3.1, we have

a;/:»j F(z,Ki(2)) + G(z, Ki(z)) = 0. (2.19)

Lemma 3.3. For 5 =1,2,..., let
~UTN(R + BQj-1)
be denoted by
Q;.

Then we have

X85 (aa+ 8O+ Qo) | || T =00 a2
z R, U

2.4 Adaptation of the Hamilton-Jacobi Equation

Let K(z) be one of the feedback functions in the control sequence determined by the
Kleinman-Newton method (cf.(2.15)). From Lemma 3.1-3.3,we see that

OHk(z)

2 Fo, K (@) + 2Que) (f(w, K (2)) + Bhi(2)) + 01(2, @, hie(2)) = 0, (2:21)

where

W, R z

91(z, Qrz, hi(z)) = (27, K*(z)) ,
R, U) \K(z)

11



-(2*,(Qxz)")

+9(z, K(z)), (2.22)
where
K(z) = Qrz + hi(z).

Let %ﬂ be denoted by Pg(z). Taking the second derivatives in (2.21), we obtain

oKt P+ 5 =0, (2.23)
where

g2(z) = 2Qxkz)*(f(z, K(z)) + Bhi(z)) + g1(z, QK hi(2)). (2:24)
Since

_ o 992(0) _  9%92(0) _
92(0) = 0, = — = 0, —=— =0, (2.25)
we can show for each K(z) that there is a unique Px(2) satisfying (2.23) with
0Py (0)
Pi(0) = RV . 2.2

Indeed, we propose to adopt the method in [1](pp.89-90) to establish the unique solution
Py of (2.23) ,(2.26) as follows.

For each solution &(s,z) of
& = F(&,K(£)) = (A+ BQg)z + Bhi () + f(&, K(2)), (2.27)
z(0) = «,

where ||z|| is sufficiently small, we see, that in association with the differential system

corresponding to (2.27),(2.23) the following relationship holds

di (e (A+ BQk)&(t)
APE(E) —(A+ BQx )" P(#(1))

+ r(t, Pr(2(t)), (2.28)

Il

12



with

Bhg (&(1)) + f(2(2), K(%(1)))

. o ” (2.29)
(- BLEEW) )y (ACEOKEW))-, _ 253 (E0)

r(t,p) =

Let

0, 0

U,(t) =

These satisfy
I (@) < Be™ B+ (1 > 0),
1U2(1)]] < Be”, (¢ < 0),

for some positive constants 3, i, o.

9hi(0) _ o 9/(0.0)

Since ||Z(?)|| decays exponentially, and —£2= = 0, 5=y = 0, we see, for given € such that

2¢/0 < I, that there is a positive real number 6 such that when ||z|| < §, we have

Ir(t,p) = r(t,9)|l < €l|lp — ql| (2.30)

uniformly for ¢ € [0, 00).

Now consider the integral equation
t o]
0(t,z) = Ui(t)z + / Ui(t = s)r(s,0(s,z))ds — / Ua(t — s)r(s,0(s,z))ds. (2.31)
0 t

Using successive approximations to solve the integral equation above, starting with the

initial approximation y(t,z) = 0, we readily obtain

Bllzll _
1004+1)(t, ) — (2, 2)]| < 2_1”6 ut

13



leading to the solution @ of the integral equation.

Then, for every =, we can write
Pr(z) = — / Us(—s)r(s, 0(s, ¢))ds. (2.32)
0

Next we are going to construct another partial differential system. We define

F(z,2,u) = F(z,-U"YR*z + B*Q2) + u) (2.33)
flz,2,u) = f(z,-U Y (R*z + B*Qz) + u), (2.34)
§(z,2,4) = g(z,-U™'(R*z + B*Q2) + u), (2.35)

and

3z, 7,u) = 2AQ2) (e, ~U~ (B"z + B*Qz) +u) + Bul+

* -1 * * * W’ R z,
+(z*, (U (R*'z + B*Qz) + u)*)
R*, U —U"YR*z 4+ B*Qz) + u
* -1 * * * W’ R z,
—(e*, (=UT(R"z + B*Q=))") +
R, U U~ (R*z + B*Qz)

g(z,—~U Y (R*z + B*Qz) + u)
=wUu+2Qz2) f(z,z,u) + §(z, 2,u). (2.36)

Now we pose the following partial differential system

OF(z,z,u)  04(z,z,u) _

0P*(z,z,u)
d(z,z,u) Nz, z,u)

d(z, z,u)

F*(z,z,u) + P(z,z,u) (2.37)

Let us explain the roles played by z and u above. The variable z repesents Q 'Qxz for
each K(z) and u represents hg(z) for each K(z). Through this partial differential equation

system a common framework is established for all K(z).

14



We claim that there is a solution of (2.37),P(z,z, u), satisfying

Jm P, @7'Qjz,hi(x)) =0, (2.38)
dP*(,Q7'Q,z,hi(x))
||z[|—0 a(x,z,]u) - =0, (2.39)

for all 7. In fact, let us consider

. (z,2,u)
P(z,z,u)F(z,z,u) + / Rydz + Rydz 4+ Rzdu = 0, (2.40)
(0,0,0)
where
P(z,z,u) = (P,...,P),
2
F(m, z,u) =
F,
_ 0g(z,z,u)
(Rl, R?, R3) - Wv
and

(dz)" = (dzq,...,dz,), (dz)" = (d=1, ..., dz,), (du)" = (duq, ..., duy,).

We define for j = 1,2, ...,n

—ﬁ’j(x, zZ,u) (z,2,u)

—— Ridz + Rodz + Radu. (2.41)
S i1 FH(z,2,u) J(000)

Pi(z,z,u) =

Then if we further define
P("Bﬂ 2, u) = (Plv -'-7Pn)7

we see, from lemma 5.1 in next section, that P(z,z,u) will satisfy (2.37) and (2.38),(2.39)

and for all j, P(z,Q~'Q;z, h;(z)) is analytic near z = 0.

15



Then we see this P(z, z,u) is a solution of (2.37) with

Hli”mOP(a:,Q—lem,hj(x)) =0, (2.42)
dP*(z,Q'Q;z, hy(z))
= 2.43
ezl 0(z, 2, u) o (2:43)
for all 5. Now if we let
Z = Q_IQK.T,
u = hg(z),

we see, from (2.42),(2.43) that

P(2,Q7'Qkz, hi(2)) lomo= 0, (2.44)

and
OP*(z,Q 'Qkz,hk(z))

£ |s=0=0 (2.45)

s Ohg(0) _
wherein 5 = 0.

Also it is easy to see when z = Q7 1Qkz,u = hg(z),that P(z,z,u) satisfies (2.37)
which, in turn,implies that P(z,Q 'Qx(2), hx(z)) satisfies (2.23). But the uniqueness of
the solution of (2.23), with (2.26), gives

P(z,Q7'Qxw, hi(z)) = Px(z). (2.46)
noting by Lemma 5.1 below as well that they are real analytic in a neighborhood of the

origin dependent only on F,G, Kj.

2.5 A Bounding Lemma

We begin by stating
Lemma 5.1 Following the notation of Lemma 3.1, there exist positive numbers € and a

such that when ||z|| < €, we have
[1A; ()l < el=]l (2.47)

16



uniformly for all j = 1,2, ....

Proof: From lemma 3.1, and using (2.18), we have the basic relationship between h;(z) and

V'_I(IE),
’ 8Hj_1(:z:) (9V]‘_1)
oz ox

Since QA'J — 0, (j — 00), by the stability analysis (see [3],pp.314-315), we see that there

hj(z) = ‘71(]-13*( ) + h(z, (2.48)

are positive numbers §; < 1,62 < 1 such that when ||z|| < é1,and ||h(2)|| < 6;||z]|, for all j,
the solution &;(t) of
&= (A+ BQ;)E + Bh(2) + f(3, (%)),
£(0)=2

will decay exponentially.

But this implies, when z satisfies 0 < ||z|| < é; and ||h{z)|| < 62]|||, that for all j, then

F(z,Qjz + h(z)) # 0,

noting that A + BQj = A+ BQ + B(QJ‘ - Q) Indeed, by reducing é2 if necessary, we can
choose 61,8, so small that

1F(z,Qjz + h(z))]| 2 coll]l, (2.49)

where o(> 0) is the minimal singular value of A + BQ with ¢ being an absolutely positive

constant.

Now by (2.41), for each ¢,1 < 7 < n, for all j,j = 1,2,..., and any h(z) satisfying
||h(z)|| < b2||z||(whenever ||z|| < é;), we have

CF(2,Q7'Qjz,h(z))  [@Q7IQmh(E)

— Ridz + Rodz 4+ Radu
Zk:l F}?(J:’ Q“IQJ.J% h(ﬂ?)) (0’010)

(2.50)

Pi(z,Q7'Q z,M(z)) =

well defined and real analytic when ||z|| < 6;. We define

Oh(0)

5 = O llzll < b, [|A(z)]] < &2}

N = U{(‘T,Z’u) |z = Q_IQJ':L'?U = h(z); H(0) =0
7k
(2.51)

17



to be a union of open submanifolds in R?"+™.

By (2.49), (2.50) and (2.36), with elementary calculus, noting that ||h(z)|| < 82||z||, we

see that there is a ¥ > 0 such that when ||z|| < v and (z,z,u) € N

|1P(z, 2, u)]| < Coll=|l, (2.52)
1= < adlel + ), 1P < cullell+ o), 259)
where Cy, C1, Cy are absolutely positive constants and here we require
(Co+ 11+ max Q7 Q5 12 < 5.
[0 B2 + €11 + max([Q Q1) <

by reducing 6, a little bit if necessary(noting Cy,C; only depending on F,G and not de-

pending on 63).

Before going to the major part of the proof, another preparatory is needed as follows.

Given j and h(z) as above, for fixed zo(||zo|| < 61),20 = Q@™ 1Q;z0,u0 = h(zo), and for

each u,u = tug,0 < t < 1, we need construct a h(z), such that h(0) = 0, 3}5(300) = 0, and

|A(2)|| < 62|]|, B(z0) = u. To fulfill this task, we simply choose

h(z) = th(z),
since it is easy to see that
. h( h
h(0) = th(0) = 0, 0820) - taa(zo) =0,

1h(2)] = ()] < téallz| < b2flcll,

(whenever ||z|| < 61) and

ﬁ(wo) = th(zo) = tug = u.
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Therefore when (z, z,u) € {||z|| < ¥} N N, we have by (2.53)
1Pz, 2, w)ll < Cs(llel|* + 63]|2[)) + C2(llz]l + &2)llull. (2.54)

where C3 = C1(1 + max; [|Q~1Q;||) . In fact, assuming z = Q~*Q;z, u = h(z), we see, by

using the construction of A(z) noted above, that
|1P(e, 2, u)|

= ||P(z, z,u) — P(0,0,0)
<||P(z,z,u) - P(z,z,0)| + ||P(z,z,0) — P(0,0,0)|

oP 0P(z,z,0
<( sup 222D 4 oup 2EE20)

Yzl + 112]])- (2.55)
Nlzl|<v du Nlell<v  0(2,2) DXzl +1

Now let us begin the main step of the proof which is an induction process. We require,
by reducing v if necessary,

ah(:g w)

1
ma ———|[(2 + 2 max ; < =6,.

Now we begin, starting from ho(z). For the positive §; given above ,we can choose a positive

03,0 < 83 < min{éy, v}, such that when ||z|| < é3,

lho(2)|| < 62|
We can also require 63 to satify
6361 < 52,36253 < v (256)
max{Q 71,1} < v, (2max{|Q,l1} + 1ds <, (2.57)
and
1 1
§|IU'1B*I|((C'2+C'3)53+ (Cy + C3)82) < 262, (2.58)
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(C2 + 03)63 + (02 + Cg)é% <1, (259)

noting the remark below (2.53).

We will establish, by mathematical induction on j = 1,2, ..., that when ||z|| < b3, we
have [[h;(z)|| < é2|=]].
We now suppose, as an induction assumption, that when ||z|| < é3, we have ||h;(z)|| <

62]|z||. Then by (2.53),(2.54), we have when ||z|| < 43,
1P(2,Q7"'Qjz, hj())l|
< Cs(ll=)1* + 83 lll) + Ca(llll + 62)1A; ()]
< (Cs3 + C2)bs]lz]| + (C5 + C2)63] ]|

= [(C2 + C3)83 + (C2 + C3)83] . (2.60)

We denote by oy the quantity (Cz +C3)é3+(Cy +C3)(62)%. Then let us estimate ||h;41(2)|,
when ||z|| < é3. By (2.51), (2.46),(2.44),(2.45) we deduce when ||z|| < 85 that

0H;(x)

Frane P(z,Q7'Q;z, hj(z)).

noting that the functions so obtained are real analytic. Then from (2.60) we have
< arlle]. (2.61)
Thus by (2.48),(2.56)-(2.59) we have
| T
It (@)l < ST Bl o]

122y )

+(  max
(llzll<wllwli<v) || |I< ,H lI<v)

INCIQ;lllz]l + ovll=[)

< séallell + 5allell = &yl (2:62)

Thus we obtain, when ||z|| < é3, the inequality ||h;j41(z)|| < 8/z| and we see that the

Lemma has been proved by mathematical induction .
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2.6 A Contraction Process

Here we complete the proof of Theorem 1.2.1.. In what follows we consider ||z|| to be
sufficiently small; for example, ||z|| < é3, where d3 is determined by Lemma 5.1 and that
quantity may be reduced several times below. Let K(z), K'(z) be two feedback controls in

the sequence {K;(z)} created in the process (2.16).

We define
oH oH
AK, K@) = [Z2EE)_HR)) oy — gl + Q- @l (269)
Noting that
Pg(z) = GH;;(z),PK'(l‘) = —8}1(;{:;(3:),
we see that
A(K,K')(z) = ||Pk(z) — Pxi(2)]| + [|1QK = QI + |Qk' — Q|- (2.64)

For integer p,g,p > ¢ > 0, by (2.46) (2.63) we have
A(Kpt1, Kq1)(2) = [|P(2, Q7' Qp12, hps1(2)) — P, Q7' Q12 hosa(2))
+ 1Qp4+1 = Qll + [[Qq+1 = Q- (2.65)
But, also using Lemma 5.1, especially (2.53),and (2.11), we have
I1P(z, Q7' Qpt12, hp1(2)) = P(2,Q 7 Qg1 hopa(2))
<Pz, Q7' Qp12, hpta(2)) = P2, Q7' Qqrr12, hpia(2)) ||+
HIP(z, Q7' Qqs12, hp1(2)) = P(2,Q 7 Qqe12, hap1(2))]
< 01(2)|@p+1 — Qotrll + o2l |hpt1(2) — Agya (2]
= 01(2)[|@p+1 = Q1] + 02| (Kps1(2) — @p2) — (Kgt1(2) — Quz)|
< (a1(@)(Qp+1 = Qunall) + o2([| Kpta(2) — Kora(2)[[) + 03(2)]|@p — Q4|
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oV, 1%%
< (1) Qps1 = Il + Qa1 — QI + 5l BU | =52 — =Ky

BIAP Vi,
- 255 4+ 03(2)Q - Qull

< M(o1(2)) "IIQp—Q|12+iIQq—Q||2)+Us(x)(IIQp Qll +11Qq — QI
OHAP OH fi, _ 8HAq OHk,

+o4(z)||

OH
- 2t + o)l

OH OH
< o6(1lQp — QI +11Qs - QD) + o7l 2= - "‘*n (2.66)

+5 UzllBU M=

where

gy = Cyd3 + Chéy,

and noting the remark below (2.53),
oi(z) >0,

0'_7'(12) - O’(H‘T” - 0)’.7 =1,3,4,5,

Further, when ||z|| < 3,0 < 6 < 1,0 < 87 < 1.

Now by (2.65),(2.11), and using (2.66), we have(for some positive og < 1)

A(Kp+laKq+1)(‘E)
aHK,, OHA
< o5([|@p = QU +11Qq = Q) + o7l — —
BHK,, B (?H]\q

I+11Qs - @Il + 112, - QI
= a*A(Kp, K,)(@), (2.67)

with

o* = maz{o7,08} < L.
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H
Now we can show that the sequence {——L} converges uniformly near the origin as

follows. First we show, when n — oo, that for all p > 0,
A(Kpyp, Kp)(z) — 0
uniformly near the origin. Since by (2.67)
A(Kni1, Kn)(a)
< o*A(Ky, Kpneq)(2)

< ... < 0™ A(Ky, Ko)(z),

we see for Vp > 0 that

A(Knyp, Kn)(2)

dHk.,,, aH
= 175222 = S22+ 11Qnts - Q1L + 124 - Q|

oH 8H
< Z ” I\n+J _ ]\nﬂ 1

+2(||Qn+p—1 —Ql+ -+ 1Qns1 = QI + 1@~ — Q]
Y4 .
_ Z 8Hk,,+] _ 3H}(;;+J_l ”+
+HQn+j = Ql + 1Qn+i-1 — QI

_ZA(AW,AW 1)(x)

[+ 1@n+p - QI+

8

<Y o™ HTIA(KY, Ko)(x)

J=1
= (1

We have therefore shown (2.68) to be true.

*7

——)A(K1, Ko)(z) — 0.

Q

Then since

1@n+p — QI — 0,
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1Qn — QI — 0,

we deduce from (2.63) that

| Py Ol
Oz Oz

< A(Krgp, Kn)(2) 4 |[Qnip — Qll + [|Qn — Q]| — 0,(n — 00,Vp > 0).

OHp . . . Vi
We have now proved {—-2} converges uniformly near the origin, as does {—2} by

(2.17),(2.12). Consequently,{ K;(z)} converges uniformly near the origin by virtue of (2.18).

2.7 Further Properties

Finally, we present a theorem which shows that the K;(z), Vj(z) = Vk,(z) generated by the
extended Kleinman-Newton process described above continue to enjoy some of the proper-

ties established in [4] for the corresponding linear-quadratic case.

Theorem 7.1. Let D be a closed set, whose open interior contains the origin = 0, in
which all of the K;(z), V;(z) are defined. Further suppose that D is invariant under each
of the systems (cf. (2.15))

i = F(z, K;(2)), j=1,2,3,.. (2.69)

generated by this process, each of the cost functions V;(z) is positive in D except for
V;(0) = 0 and has the property, for each positive number v, that the subset of D described
by Vj(z) < v is compact. Then i) If G(z,u) > 0, = # 0 for all u, each system (2.69) has the
origin as a globally asymptotically stable critical point in D; ii) The cost functions V;(z)

are monotonically decreasing in D as j increases, i.e., for z € D,
Vitr() < Vi(o), j=1,2,3,.... (2.70)

Proof: From the definition of the V;(z) we know that

oVi(z)
Oz

F(z,Kj(z))+ G(z,Kj(x))=0, « € D. (2.71)
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Since the "next” feedback function K;4+1(z)is chosen so that u;1(x) = Kj41(2) minimizes

the Hamiltonian function ﬂ/élﬂ@F(:c, u) + G(z,u), it follows that

aV;
WD) P, Ky () 4 Gl Kia(2)) <0, 7 € D
and therefore
a‘g;y)F(x,Kjﬂ(z)) < -G(z,K;41), = € D

Our assumption under i) shows that —G(z, K;41(z) < 0,, = € D, z # 0. Since Vj(z)
satisfies the standard assumptions for a Lyapounov function in D (see, e.g., [3]) relative to

the system (2.69), the conclusion of i) follows.

To show ii), suppose z is a point in D and let £(t) be the solution of £ = F(&,K5(8))
with £(0) = z. By the result in i) we conclude that £(t) € D, t > 0 and lim;—, &(t) = 0.
Then for 7 > 0 let {(¢, 7) satisfy {(0,7) = = and, with the dot denoting differentiation with
respect to t,

C(t,7) = F(C(t,7), Kja(C(t, 7)), 0<E <75
{(tm) = P ), Ki(G(t,m), 0< 65 7 <t < oo
Since ((t,7) € D the result of i) applies again to show that {(¢,7) € D, t > 0 and
limy—o ((¢,7) = 0.

Let us define the cost corresponding to the composite trajectory ((¢,7) by
T (o]
Vi(z) = /0 G(C(t, 1), K;41(¢(t,7)))dt + / G(¢(t, ), K;(C(t,7))dt

= [ 6Lct ). Kpna(clt, 1))t + V(¢ 7))
We observe that Vo(z) = Vj(z) while lim,,ooV;(z) = Vj41(z). Thus, to show that
Visi(z) < Vj(z) it is sufficient to show that V.(z) is monotone decreasing with increas-

ing 7. To this end we differentiate V;(z) with respect to 7 (the justification of which is
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routine) with the result

dv.(z)

) = G0, Ky Q) 4 PG, DE((T,7), Kia(((7,7))

%
~G({(r,7), Ki({(r, 7)) + 52 r, T F(L(r, ), K5(L(T, 7))
The last line here is zero by virtue of (2.71) so we have

AV, (z ) v | i

WD) Gl By Cr 1) + D2, ) Fr ), K (€7 m)

Since the right hand side here vanishes when Kj;,; is replaced by K; and is minimized
over u by the choice u = K;41(¢(7,7)), we conclude that -V, (z) < 0. Applying the
mean value theorem we conclude that V.(z) < Vo(z) = Vj(z) for 7 > 0. Then, since

Viti1(z) = lim, . V;(z) we have the result ii) and the proof of the theorem is complete.

It seems likely that one can show that the convergence of V;(z) and its gradient to the
optimal V(z) and its gradient, respectively, are quadratic as j — oo, thus yielding a corre-
sponding result for the convergence of the feedback functions K;(z). It is not immediately

clear, however, how this result may be obtained at the present time.
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Chapter 3

A Generalization of Nonlinear-Nonquadratic
Optimal Control to Invariant Compact Manifolds

In 1969, [1] D. L. Lukes proved the existence and uniqueness of the optimal control for
the nonlinear-nonquadratic (NLNQ) problem for an autonomous analytic control system
& = F(z,u) near a critical point & for the uncontrolled system, # = F(z,0) , i.e., a point
where F'(£,0) = 0. Later, in 1993, [3] D. L. Russell and X. Zhang extended the theory to
cover the case wherein the critical point is replaced by a periodic solution of the uncontrolled
system. Here we adapt this theory to solve the NLNQ problem near a general invariant

compact manifold for the system.

3.1 An Optimal Control Problem

We begin by considering a control system in R*t™:
&= F(z,u),z € R",u € R™. (3.1)

We will suppose F(z,u) to be real analytic with respect to both 2 and u. Further, we will
suppose there is an analytic, compact m-dimensional manifold, 1 < m < n, in R™, which
we denote by M, such that M is invariant under (3.1) when u = 0, M being given by n —m
equations
wi(z)=0,i=1,2,...,n — m, (3.2)
which we abbreviate by
e(z)=0;¢0: R" — R"™™. (3.3)
We will assume that ¢(z) is real analytic in the region of interest and that the Jacobian

matrix g—i is everywhere of rank n — m on the manifold M.
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We suppose there is a twice continuously differentiable feedback function
u = ko(z) (3.4)
defined in the region of interest in R™ such that
ko(z) =0,z € M, (3.5)
and such that the closed loop system
& = F(z,ko(z)) (3.6)

has the property of exponential M-orbital stability: i.e., given zg near M, the solution
T, (t, o) of the closed loop system with z,(0,z9) = z¢ satisfies, with d denoting the usual

Euclidean distance in R™,

d(zgy (¢, 0), M) < moe™™*|p(o)[|, ¢ 20, (3.7)
for some fixed positive constants mg,Bo. In this sense we say that the system (3.1) is sta-
bilizable near the compact manifold M.

From (3.7), consequently for s : 0 < s < t, we have

d(zko (1, 20), M) < moe™® =) | o(21y ().

In fact,iflet T =t — s, 21(T, 2k, (8)) = x4, (T + 8, 20), we see that z1(7') is the solution of
TUT) = F(zk (T + 5), ko(@ke (T + 5))) = F(21(T), ko(21(T))),
with
21(0) = zg,(8).

Thus, by (3.7), we have

d(xl(Tv xko(s))7 M) < mUe_ﬁOT”@(‘Zko(s))”a
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i.e.

d(T i, (1, 20), M) < moe =) || p(ag, (8))]], 2 > s > 0.

Let G(z,u) be a scalar function which is also real analytic in a sufficiently large region

which includes M. We will suppose that
G(z,u) >0, (3.8)
for all z and u of interest and that
G(z,u) > 0,(z,u) ¢ M x {0},
G(z,0)=0,2 € M. (3.9)
Our basic control objective is to minimize the cost
C(zo,u) = /0 Gz, u)dt (3.10)

associated with the control function u(¢) and the response x(t,u, () to that control via
(3.1) initiating at the point zo near M. Specifically, we propose to prove the following
result.

Theorem 1.1 The optimal control problem for the system (3.1), stabilizable as indicated
near a compact manifold M, with cost integrand described by (3.8),(3.9), has a unique
solution expressed by a feedback function K (z) which is identically equal to zero on M and

is continuously differentiable in a neighborhood of M. Moreover, the synthesized system
t = F(z,K(z)) (3.11)
obtained with the use of this control has M as a uniformly orbitally stable invariant set.
3.2 The Variational System
We now focus on the twice continuously differentiable nonlinear feedback function

u = ko(z), ko(z)=0,2 € M, (3.12)
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defined in the region of interest in R™ such that the closed loop system obtained by replacing
u with ko(z) in (3.1)), i.e.,
& = Fo(z) = F(z,ko(2)) (3.13)

having M as an invariant set, has the further property of exponential orbital stability. Since
the function ko(z) is continuously differentiable, the condition ko(z) = 0,2 € M and the

compactness of M suffice to establish that
“ko(l‘)“ < Bod($, M)’ (3.14)

in some neighborhood of M. Letting the control synthesized by (3.12) be denoted by uo(¢, z)

and writing

Tk (1, 20) = (1, uo, To), (3.15)

we see that the cost
oo
Clzo, uo) = / G(2(t, w0, 0), wol 1, @0))dt (3.16)
0

is finite for all initial states z¢ in some neighborhood of M.
First of all, we describe the system (3.1) in local coordinates and the corresponding
variational system based on M. Let & be a point on M. Since %%(:E) has rank n — m, we

can find linearly independent vectors

P1(2), Y2(2), ... Y (E)

such that
g—:(i)wk(i) =0,k=1,2,..,m. (3.17)

Now let ¥ be the n x m matrix whose columns are the vectors ¢¥(Z),k = 1,2, ...,m. Then
the matrix

®(z) = . (3.18)
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where * denotes the transpose of a vector or matrix, is clearly such that ®(2) is nonsingular.

We define local coordinates near Z by
£=(z),€ R"™in=V"(z - 2) (3.19)

Clearly the Jacobian matrix of the map ¢ — (§,7) at ¢ = & is ®(&) and is therefore

nonsingular. From the continuity we can find a neighborhood
n(#,p(2)) = {z € B" |||z - 2]} < p(#)}, p(#) > 0, (3.20)

such that the Jacobian matrix ®(z) of the map ¢ — (£, 7) at each point z in n(Z, p(2))

remains nonsingular and such that we have a smooth inverse relationship

z=z(&n) (3.21)

in each such neighborhood. Since we can do this for each point & in M and since M is

compact, there are finitely many points &;,j = 1,2,...,J, such that the neighborhoods
n; = n(&;,p(Z;)), j=1,2,...,J,

cover M. This defines a local coordinate system on M such that, in each such coordinate
system, M is given by £ = 0. Of course, the coordinate relationships (3.19) differ in each
neighborhood n;, but we will use the notation &, 7 for simplicity, resorting to &;,n; only
when it is necessary to distinguish between these coordinates in different n;. Similar con-

ventions will be followed in connection with ¢, ®,1, ¥ etc.

The transformed control system is
.0
€ = So(2(Em)IF(a(€,m),w) = f(€,n0), (3.22)

=Y F((z(§n),u) = g(&n,u). (3.23)
Again we should note that the functions f and g are actually different in each neighborhood

nj, j=1,2,..,J. Since M is invariant under the flow associated with F(z,0) we have
f(0,1,0)=0. (3.24)
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In terms of £ and 7 the control synthesis (3.12) now becomes

u = ko(z(&, 1)) = Ko(&, ) (3.25)

and since ko(z) = 0 for z € M we have Ko(0,7) = 0. Since solutions &(t),n(t) of
(3.22),(3.23) with u(t) = 0 which initiate at points on M are such that £(¢) = 0 we may

unambiguously refer to such solutions solely in terms of 7(t), where
1 = g(0,7,0). (3.26)

Solutions of this m-dimensional system of differential equations describe the uncontrolled
flow on the manifold M. We can think of such solutions as initiating at points g € M,
provided we realize that it is also necessary to specify the neighborhood n; in which the

point z(0, 7o) lies in order for 79 to be unambiguous.

The variational system of (3.22) based on M consists of all linear systems of the form

(note that (3.24) implies %TLI(O, 7,0) = 0),

_ o
=%

(0,7,0)6¢ + Q(O,n,ﬂ)éu, (3.27)

6¢ Jdu

where 7(t) is a solution of (3.26). It should be noted that this is, in effect,a set of linear

systems parametrized by solutions 7(t) of (3.26). We can write this system in the form

5 = A(m)5€ + B(n)bu (3.28)
with
Aln) = g—g(o,n,m,
of

B(n) = %(Ov 1,0).
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Noting that Ko(0,7)= 0 and %T?’—") = 0, the corresponding variational form of (3.25)
may be seen to be
0K

du(t) = 3—5(0, moE(t) = Ko(n)8&(t), (329)

so that the closed loop variational system based on M takes the form

8¢ = (A(n) + B(n)Ko(n))é¢. (3-30)

Lemma 2.1 Suppose that (3.7) is true, then there is a positive number u such that each
solution 6£(t) of
8¢ = {A(n(t)) + B(n(t))Ko(n(t))}6¢ = A(m)8€, (3.31)
6£(0) = &o,
with ||€o|| small, satisfies

16| < pe™|éoll, (3.32)

for all ¢ > t*(t* being some positive real number) and uniformly for all solutions 7(t) of

(3.26),where yo = %9—

Proof: We redefine

n; = n(z;, ”(jj)),j =1, (3.33)
and
dnj = n(&;, p(2;)). (3-34)
so that
M C Ul_;n;. (3.35)

From (3.7), also noting (3.3), there exists for all zg, ||¢(20)|| sufficiently small (||¢(z0)|| < o,

for some absolutely positive a), a t* > 0 such that
Tk, (t, Z‘o) C U}Izl nj, (3.36)
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whenever t > t*.

Now given any solution 7(t) of (3.26),i.e.,
1 =9(0,7,0),

1(0) = no,

let 6§ be an arbitrary solution of (3.31), i.e.,
86 = [A(n(t)) + B(n(t)) Ko(n(1))16€,

6£(0) = &o-

with ||€o|| < @. Moreover, noting that f(£, n,u) is real analytic, we have a solution (£, 7) of
€= f(€,7, Ko) = £(0,7,0) = [A(n) + B(n)Ko(n)I€ + 6(t,£(0)),

T = g(f? T, I(O(é.v T)))?
£(0) = &o,7(0) = o,

where ||¢(t,£(0))]| = O{||€(t)]|*} because ¢(t,&o) consists of the higher order (> 2) terms
of £ with coefficients in 7. Because of the relationship between the original system and its

local form under the locally one-to-one correspondance
¢ =z(£,7),
and also noting that f(0,7,0) = 0, this finally determines a solution z(t) of
¢ = F(z,ko(z)), 2(0)=z0 = (§0,m0), (3.37)

with [Jie(zo)]| = lIGoll < o
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Therefore z(t) C UJJ=1n]~,t > t*. For each t > t* we have a 7, 1 < 7 < J, such that
z(t) € nj. We claim that the projection of this z(t) onto M denoted by Pz(t) will lie in
4n; N M. In fact we have, for all y € n; N M,

e~ Pal < lle — yl < lle = 511 + &, — i < 2020 ¢ £ 2E) 5 55,

and

|z — &;|| < &4]2 (3.39)

But (3.38),(3.39) give

. . p(Z; p(Z; .
&5 - Pall < 125 — all + e - Pol] < 2204 28D ey (3a0)

By the one-one correspondance

in 4n;, we see from (3.19) that, in local coordinates near i,
e(z(t)) = &(t), ¢(Pz(t)) = 0. (3.41)

Therefore when ¢ > t* we have

€I = lle(e() — PP
< Supocan,| S le(0) ~ P(2)]
< Mazrcjes{ Supesn, {19 (1), M)} .
< pomoe™ | p(zo)), (3.42)

where we denote MaxlSjSJ{Supz@m{H%H}} by po and use (3.7). Then, when ¢t > t*,

we obtain

€D < pomoe™*| o (3.43)

Here we can assume prgmoe%t" < 1 by properly choosing t*.
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Let ®(t) stand for the fundamental matrix, reducing to the identity when ¢ = 0, of

66 = [A(n) + B(n)Ko(n)]é¢. (3.44)
We have
¢
(1) = £(t,60) = (171 (060 + 8(1) [ 87 (5)0(5,Eo)d. (3.45)
Taking the derivative with respsct to &y, we see that
06t 60) _ 4 1gm - S
Tt = (0870) + 9(1) [ (@7 (5)6(s,€0))ds. (3.46)

From (3.43), as in [1], pp.95, we have, for ||&o]|| small,
af(t,fo) —Bot
— || < ue~ Pt 3.47
1255 < (347)
where g = 2pgmyg. For fixed t in (3.46), let & — 0. Then we see that
-1 _PBoy
|2(1)8(0)]] < e~ 3. (3.48)
Similarly, for each s < t, we have
1268~ (5)]] < peF ¢
Clearly,(3.48) is true for all ¢ > t*. Then since
86(1) = ®(1)271(0)éo,
we have

_f .
IBE@I| < pe™ = [&oll, ¢ > ¢~

3.3 The Representation of Cost Functionals

Let 7(t) be a solution of (3.26)and suppose that, in the local coordinates, the conclusion
of Lemma 2.1 is true for Ko(n). Since M is compact, for each solution 6£(2) of (3.31), we

have

/0 " BE (1) Wiy ()6E(1)dt < oo, (3.49)
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where

; W(n), R(n) I
W e — *  Jo*
o) <I’ K(’(n)) (R*(n), U(n)) (Ko(n))

W(n) R(n)
R*(n) U(n)

noting that, in the local coordinates,

) >0, U(n) >0,

Glayu) = D& ) = ey | 00 BN e,
R*(n), U(n) u

because
F((]? 777 0) = 0’ I‘(é’? 77’ u) > 0’ (5’ u) # (07 0)7

wherein

(& mu) = ofI&lI* + [lwl*}, €]l [[ull — 0,0.

Lemma 2.2 There exists a continuously differentiable matrix function Q(n) on M such

that for every solution 6§(t) of (3.31) (with 6£(0) = &o, ||€o|| small)

/ " 8e* (1) Wiy (m)SE(1)dt = E5Q(10)Eo-

Furthermore, Q(n) is positive definite. Moreover, for the solution of

£ = [A(n) + B(n)Ko(m]E + ¢(t,&), 1= g(0,,0), £0) = &, n(0) = no,

we have

J(EO) 770) = /000 1—‘(6’ TI,I(O(Ev U))dt = 66@(770)50 + j(‘an 770)’
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where j(&, 7o) consists of higher order(> 3) terms in & with coefficients in 7y. Further,

Q) (n) satisfies
2a(0,1,0) + Ay (mQUN) + Q) Ay (1) + W(n) = 0,

with Ax,(n) = A(n) + B(n)Ko(n).

Proof: (1). We choose

1
€= -a,
4

with a being chosen as in the proof of Lemma 2.1. In R*™™, let

and for 7 # j,

Correspondingly, let 6£;;(¢) be the solution of
0¢ = gy (n())8€. iy = 9(0,7,0)

6£(0) = e;5, n(0) = no.

(2) Given T > 0, on the interval [0, 7] the equation

Q + QAr, (n(1) + A%, (n(1))Q + Wk, (1(t)) = 0,

Q(T) = I(identity)

(3.50)

(3.51)

has a unique solution which is denoted by QT (t). Since W, () is symmetric, we see Q7 (t)

is symmetric.

(3) From Lemma 2.1 we see that any solution of (3.50) obeys
0&(t) — 0,(t — o0),
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By (3.49) above we have
| e Wi gt

= lim / 8 Wi, (n)6€dt
= Jim [ 66 (-GT ~ QTx, - dx,QT)oca
T
= Jim [~ 0eQ" e
= lim 86*(0)Q (0)8¢(0) — 6€™(T)I6¢(T).
= lim 66*(0)Q(0)6£(0). (3.52)

(4) We write QT(0), displaying its entries, as follows

A o linem
(3.53)
T—m1s - qrj;—mn—m
Noting that
g; = ée;jQT(O)ejja
and, when 7 # j,
gl = —[ S¢iQ" (0 — gii — afjl;
we see from (3.52) that for every pair of ¢, j,
q?} — gij, T — oo.
We define
q1, > din-m
Q(m) = | ... : (3.54)
dn—m1, 5 Gn—mn-m



(5) Thus we have
Q"(0) — Q(mo)- (3.55)

Since for each T, QT(0) is symmetric, @ (7o) is symmetric as well. From (3.52), we see that
| se @i msetit = g5Q(mto (3.56)
for arbitrarily small £y and 6£(t) satisfying
8€ = Axeo(m)8€,
8§(0) = &o.
From (3.56), when W, (n) > 0, we see that for arbitrary &
£Q(méo 2 0,

and we deduce that Q(no) is nonnegative. Clearly, if Wk,(n) > 0, then Q(no) is positive
definite.

(6) From (3.56) we have, for every pair ¢, j,

1,
%ij(M0) = —ei;Q(M0)eis

= [ e Wi (n(t, )it
Using the fact that the solution (6&;;(t),n(t,m0)) is of class C1 with respect to mo near M
and Wi, () is of class C! with respect to n near M, we then see that ¢i;(mo) is of class C1
with respect to 7o near M and so, consequently, is Q(7o).
(7) First we have, by (3.16),

/ " T(E,m, Kol€, )it < co.

41



Let
A(t, &) = &(t) — 8£(2), Al &) = Ko(€,n) — Ko(n)E.

Clearly, for each t, A(?,&),A1(t,&o) consists of all the terms in £y of order greater than or

equal to two. Thus we see that

| e m Kol

o0 ) 6
e G o R I A P
° RB*(n), U(n) | \ Ko(n)é¢

+/°° Y(A(t, &), n, A1(t,&0))dt,
0

where

/0 (AL, €0), 1 At E0))dt < oo,

which can be expanded as a series in £ involving terms of order greater than or equal to
three with coefficients depending only on 7p. Then by (3.56) it is easy to deduce(cf. [1], pp.
79-81) that

[ 16 Kot mydt = €5Q(m)to + (6o, o)

with j(&,n) being differentiable and

(&) = O{lI¢I”P}-

(8) Now we derive a first order hyperbolic partial differential equation which has the solution
Q(n). For given t > 0, we have
66" (1)Q(n(t))8&(t)

= [ 66 (s + Wik, (n(s + )65 + t)ds
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= [ o6 (s)Wi (n(5))0€ o). (3.57)
We write Q(7), showing its column vectors:
Q(n) = (Pi(n), -y Po—m(m)).

Differentiating both sides of (3.57) with respect to ¢ gives

¢ (t){((apl) (aP“ m

)9) + Afey (NP, ooy Pacm)+

+ (P1, ooy Pa_)Ag, (0) + Wiy (7)}66(1) = 0. (3.58)
Since, for given ¢ > 0, the matrix

P 0P

(G0 (G00) + A (Prs o Pacn) - (Pr s P sy + Wi ()

is fixed but 6£(t) can be arbitrary, we see from (3.58) that for all n(t)

(5290, s (Pom0g) 4 A (1) P P

+(Pyy ey Po_m) AR, (0) + Wiy () = 0. (3.59)
Clearly (3.59) is a system of first order hyperbolic equations. We write it in the form

‘m 9(0,7,0) + A, (mQ(n) + Q(n)Axy(n) + Wi, (n) = 0. (3.60)

3.4 On Kalman-Riccati Matrix Differential Equations

We begin with the following crucial lemma.

Lemma 2.3 There exists a positive definite matrix function (n) which is continuously dif-
ferentiable on M such that for an arbitrary solution n(¢) of (3.26): 5 = ¢(0,9,0),7(0) = no,

we have
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(1) Q(n(t)) satisfies the Kalman-Riccati differential equation

dQ(cZ(t))+A*(77)Q(n)+Q(n)A(n)+W(n)—(R(n)+Q(n)B(n))U‘l(n)(R*(n)JrB*(n)Q(n)) =0

for t € [0, 00).

(ii) For all &, ||&o]|| being small, the solution of

£=[A(n) + B(n)(=UH(R*(n) + B*(mQ(m))E(t) = Ag(n)E(), (3.61)
£(0) = &o, (3.62)

satisfies
€I < pe™"[|&oll, (3.63)

where u,yp only depending on the manifold M and the constant o being chosen in the proof

of Lemma 2.1.

Proof: Based on the solution 7(t), (3.60) becomes a Kalman-Riccati matrix ordinary differ-
ential equation

QU | (atn(y) + B(t) Ko(n())QUn(1)+

+ Q(n(1))(A(n(1)) + B(n(1)) Ko(n(t))) + Wi, (n(1)) = 0, (3.64)

on t € [0,00).
In the following we denote Q(n) by Qk,(n) to specify that Q(n)is obtained corresponding
to Ko(n) in Lemma 2.2. We define as in [2]

c(t,€) = £ Qo (n(t))E-

We similarly define

(160 = 08 4 2O ae s piopus
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W(n), R(n) £
R*(n), U(n) u

+ (g*,u*)

(3.65)

From (3.64), we see that H(t,&, Ko(n(t))€) = 0 and by elementary calculation we see that

OH (1, u)

=0,
ou

(3.66)

if and only if u = K(n(¢))€ = —U " (n)[R*(n) + B*(1)Qx,(n)]¢. But the Hessian here is

2U (n(1)) > 0.

Therefore,

H(t,&,K(n)€) < 0.

But this implies, for all T > 0, that
ETQ D) - §Qr,(m)6o < - [ EOWgn()é)ar,
where £(t) is the solution of
€ = [A(n()) + B(0)E(n())E, €0) = o, lléoll < e
Noting that Q(n) > 0 and letting T — oo we obtain

€50k, (M0)o0 > /0 " e (OW (1))t

From Lemma 2.2 we further obtain

E0Q Ko (M0)E0 = &Q 1 (m0)Eo,

where @ () corresponds to K (n) by the method described in Lemma 2.2.

(3.67)

(3.68)

(3.69)

(3.70)

If we denote E(n) by K; and carry out the same process as outlined above to obtain

K, from K, we in turn obtain
Ix”o, ]&"1, I(g, . I(n,
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and the corresponding bounded matrix function sequence (since M is compact, we see that

QK,(n) is bounded)

Qro(M):Qky (1), s QK (M), ey (3.71)
with
Qro(m) 2 @Ky (1) 2 . 2 QK,(1) 2 .. > 0 (3.72)
and
@Kk(tni)) + A™(n()Qk,(n(1)) + @k, ((1)A(n(2)) + W(n(t))

— (R(n(t))+ Qxc,_, (n(1)) B(n()))U~ (n())(R*(n(1)) + B*(n(t)) + B*(n(t))Qxk,_, (n(1))) =
(3.73)

for t € [0, 00).

By (3.72), we denote lim;_.., Q@k,(n) by @(n). In order to show, for each solution 7(t)
of (3.26), that Q(n(t)) satisfies the Kalman-Riccati differential equation, we only need to
show, on each closed interval [a,b], that {Qf,(n(¢))} is uniformly convergent . We deal this

proof in detail as follows.

Since Qk,(n) — Q(n) on M, we see, for each t € [a,b], that Qx,(n(t)) — Q(n(1)).
First we show the equicontinuity of each entry function of @k, (n(t)) on [a,d]. In fact, for
every entry q(n(t)) of Qx,;(n(t)) we have (by (3.73) and the relationship between Qx,(7)

and its entry)
() = aCn(t2)] < {max| A ey — o

dQx,;(n(t))
dt

where (noting that M is compact and (3.72))

< {3max| 1}t — ta] < Blts — 1

p = max||A"(n)Qx, (m+Qx, (M A(m)+W ()= (R(n+Qx,(m Bn)U™ () (B*(m)+B"(n)Qx, ()

and where ty,t5 are between a and b. This shows the equicontinuity of each entry function

on [a,b]. Then we will use the following theorem from D. Russell’s book (cf. [4]):
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Theorem. If the sequence of functions f;(t) converges pointwise to the function f(¢) on
the compact interval [a, )], and if the f;(t) are equicontinuous, then the f;(¢) converge uni-

formly to f(¢) on [a,b].

Proof: Choose € > 0 and, from the equicontinuity property, find é > 0 such that if  and y
are in [a,b] and |z —y| < 4, then |f;(z)— f;(y)| < § for any j. Then let 24,k = 1,2, ..., K be
a finite set of points such that every z € [a, ] lies within a distance é§ of one of the z. Since
there are only finitely many points z; we can find J(€) such that if 2 and j are both greater
than J(e) we have |fi(zx) — fj(xx)| < § for all k, by repeated application of the Cauchy
property. Then for any « € [a,b] and for 7 and j both greater than J(¢) we have, for some zy
within a distance é of z, | fi(z) — f;(z)| < |fi(z)— filzi)|+| filzr) = fime) |+ fi(zr) - fi(2)] <
£+ 5+ 5 = e Thus the functions f;(t) are uniformly Cauchy on the interval [a,b] and

therefore converge uniformly to their limit f(¢).

Now we apply the above theorem first to the diagonal elements of the Qk,(n(t)) and
then to the off-diagonal elements. Thus {Qx,(n(?))} is uniformly convergent on [a, b]. Let-
ting j — oo in (3.73), we see that Q(7(t)) satisfies the Kalman-Riccati differential equation
on t € [a,b]. Because [a,b] is an arbitrary closed interval, we see that Q(#(t)) satisfies the

Kalman-Riccati differential equation on [0, c0).

On the other hand, by (3.57),(3.73) we see that (3.63) is true. But we would like to deal
with this matter in detail in order to obtain some results to be used in later sections. In

the following, we use C, u, p1, f12, etc., to stand for appropriate constants.

Just as in the proof of Lemma 2.2 we have, for the solution of (3.61) and for all ¢ > 0,

EOEW = [ € Wanls)E(s)ds,
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where

W(n) R(n) I

We(n) = (I, = [R()+Q(n) B(m)]U (1)) )
R*(n) U(n) —U~Y()[R*(n) + B*(m)Q(n)]

Noting that Q(7n) and WQ(n) all have finite upper and positive lower bounds, we have

@I < ¢ /t €)1 2ds.

But this implies
€@ < pe™™,

and the fundamental matrix ®(¢) of (3.61) satisfies
@]l < pe".
for t > 0. Consequently, we have
£t) = 8()271(0)6o,

and

€2, €0)ll < pre™ ™|l

Thus we conclude that (3.63) is true.

Further, for 0 < s < ¢, we will show that
@)@ (s)]| < ppe ™02,
In fact, if we let £s = £(s), we have
£(t,65) = B(1) 7 (5)és- (+)
Letting &(T) = &(T + s), with T =t — s, we see that & (7)) is the solution of
E(T) = Ag(n(T + 5))Eu(T), £1(0) = &(= €(s))-
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So, by use of (3.63) as just proved, we have

1€t EDN = N1Ex(T, € < pre™ @ T[]l = pne™ [l ]l.

This implies that, when ||&;]| is small,

BE(t, 53) —Yo(t—s)
” aé-s “ < H2¢

Taking the derivative with respect to & in (*) above we finally obtain

|8(2)®(s)|| < pge= =),

3.5 Lyapounov Functions

Lemma 2.4 Let u = ko(z) be a twice continuously differentiable nonlinear feedback func-
tion for (3.1) with ko(z) = 0, for all x € M. Suppose that, for the corresponding Ko(7),
all solutions 8£(t) of (3.31) satisfy the conclusion of Lemma 2.1; then there exists a con-
tinuously differentiable function V(z) such that V(z) > 0, @ ¢ M and for each solution
z(t) of £ = F(x,ko(z)) with z(0) = zo sufficiently near M, V(z(t)) is strictly decreasing
as t increases. Consequently, from the standard result in [6], we see that M is uniformly
orbitally stable for
& = F(z, Ko(z)).

Proof: We already have

M c uj_yn;, (3.74)

where
p(%;) )
4

with a one to one correspondance between z and (£, 7) in each neighborhood 4n;. Now we

nj = n(%;,

define
Ni=mnp—Ulinj k=1,2,..,J. (3.75)

We see that
NeON =0,k #1,
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and

Ulz1 Nk = Uy
Then we define V(z) as follows: for every z in UJ_,n; we have a unique k such that
& € Ni C ng. In 4n; we have a one to one correspondance

z ——(£n).

Following the same argument as in the proof of Lemma 2.1, we see that Projyprz € 4ng,
and there is a unique (0, ;) corresponding to Projas z, noting that, on M, { = 0. Then

we define
V)= [ ¢ @)W (Pa)(@)dt, (3.76)
with Wk, (7) being defined before lemma 2.2 and #(t) being the solution of

&(t) = F(#,ko(2)), #(0) = .

Clearly, V(z) is well defined since ¢(&(t)) decays exponentially and W, (7) is bounded on
M. Also, we see that when = ¢ M, V(z) > 0 since Wg,(r) > 0, on M.

Now let z(t) be a solution of ¢ = F(z,ko(z)) with (0) = zo near M. We show that

V(z(t)) is decreasing with respect to t — oo. Given t; < t3, we show that
V(z(t1)) > V(2(t2))- (3.77)

In fact, we have by the definition of V(z) above

V(a(t2)) - V(z(t) _d,, .
P = SV ()

*

= — " (a(t") Wiy (Pe(t"))p(a(17)) < 0, (3.78)

= 27 S W (Pa(s)e((9)ds]

with some t* staying between ¢;,¢;. Thus we have proved that V(z(t)) is strictly decreasing.
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3.6 A Nonlinear Hamiltonian System

Here we will complete the proof of Theorem 1.1. The optimization problem is that of
finding
mmu{/ (¢, ru)dt}
0
such that £(t), 7(t) satisfy (cf.(3.22),(3.23))

é: f(§,7',u),

T = g(£>T’ u)a
€(0) = &o,7(0) = 70,

where (£, 70) is the local coordinate of zo near M.

Let 7(t) be the solution of (3.26):
1= 9(0,7,0),
n(0) = no,
where (0, 79) is the local coordinate of Projpzp. Since

r(o,n,0) =0,

f(0,7,0) =0,
we have in analytic case

PG GE RN

oo W(n), R
:/ (€ ") (n) (n) 13 v
0 R*(n), U(n) u
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where [|7(§, 7, w)l| = O[I€]I° + [|v|l*}, and
f(§;myu) = f(§,m,u) = £(0,1,0) = A(m)E + B(n)u + f1(€,n,v), (3.79)
wherein we recall that || f1(€,n,u)|| = O{||€|* + ||=l*}-
We see then that in the analytic case the only dependence is on the solution n(t) of

n = ¢(0,17,0), n(0) = no and there is no explicit dependence on 7(¢). Thus the original

optimization problem is equivalent to finding

W(n), R(n) 3
R*(n), U(n) u

ming{ /0 e u) + (€, m, w)dt)

wherein £(t), n(t) satisfy
€ = A€ + B(nyu+ f(€,m,u),
1 =9(0,7,0),
£(0) = &o, n(0) = o,

for £y near zero.

The adjoint system is

Ae = —A*(m)Ae — 2W(n)€ — 2R(n)u+ f2(€,m, ), (3.80)

noting that 9 = g(0,7,0) is uncontrolled. From the Pontryagin necessary conditions [5], we

see that the optimal control should have the form

“= _%U_l(n)(QR*(n)f + B (m)A¢) + h(€, 1, A¢)- (3.81)

Carrying out the change of variable with Q(7n(t)) as in Lemma 2.3:

Ae(t) = pe(t) +2Q(n(1))(2), (3.82)
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we obtain the systems

€= Ag(mE+ almpe + f1(€,m, 1), (3.83)
e = — A% (g — Fa(€, 1, 1e)- (3.84)

where a(n) = —1B(n)U~'(n)B*(n).

Lemma 2.5 For the family of nonlinear analytic systems (3.83) (3.84) there exists a
real m(n — m)-dimensional analytic invariant manifold S in which the origin of the £ X p;

space is asymptotically stable for (3.83),(3.84), uniformly for all 5(t).

Proof: In (3.83),(3.84) we write

gy = | MW REmED ) (3.85)

'—f2(€5 77,11&)
Let ®(t) denote the fundamental matrix of
£() = Ag(n(®)E().

We write

Uit ) = ‘I’(t)‘l;‘l(S)’ g ’

and

0, 0

U2 5 =
(t:9) 0, ®1(t)d%(s)

We consider the integral equation
t
0(t.a,m0) = Us(t.0)a+ [ Ua(t,5)r(n(s,m0),B(s,0,m))ds
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- / " Ualt, $)r(n(s,m0), 8(s, 0, 70) s (3.86)

with @ being a constant 2(n — m)-dimensional vector.

From the proof of Lemma 2.3 we see that, when s < ¢,
U2, 9)]| = @)@ (s)]| < pe ). (3.87)

This implies that in (3.86)
t
/ Ui(t,s)ds
0

converges as t — 0o. At the same time we have, when ¢ < s,
[Ua(2, 5)|| = |87 1(2)@"(s)|| < pe™ 70, (3.88)

But this implies that in (3.86)
/ Us(t, 5)ds
¢

converges. Since
£1(0,7,0) = 0, f2(0,7,0) = 0,

afl(07 7],0) =0 af2(077770) =0
a(&aﬂ{) ’ a(&v/"ﬁ) ’

and since we can assume ||a(7n)|| is specified as small as needed (since M is compact and a

transformation like

vg = Cpe

can be used with some positive constant C for this purpose), we see that for fixed € < %,

there is a positive § such that

lr(m, &y er) — 7(m, €2, pe2)|| < €l|(&xy per)™ — (L2, pre2)” |l (3.89)

holds for |[(&1, pe1)*|| < 6,||(&2, e2)*||| < 6 and uniformly for n € M, provided we already

assuine

lla(n)[| < e. (3.90)
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Using successive approximations to solve (3.86) with initial approximation (¢, a, n0) =

0, we readily obtain

Clle|| _
1601(t,0,m0) = it a, o) < Dl =, (391)

for some positive constant C, which leads to the existence of a solution # of (3.86) satisfying
16(t, @, )| < 2C|alle™™", (3.92)

uniformly for ny € M.

That 6 is a solution of (3.86) is immediate for ||a|| small and for all 7o € M, since by
the estimate of ||®~1*(¢)®*(s)|| the integral in (3.86) converges. Moreover, we see that 6
is analytic in & for fixed ¢. From (3.86), it follows that the first n — m components of

0(0,a,n0) are a;,j = 1,2,...,n — m and the latter components are given by

05(0,a.m0) = {= [ Ua(0,s)r(n(s, m),B(s, 0, m))ds),; (3.93)
j=n—-m+1,..,2(n—m).
We define the function ¢, by
5@, st ) = { [ Ua(0, )0 (05, 0), 00,0, )N (399)

for j = 1,2,...,n — m, and the initial value (n,£, ¢)* = 8(0, a,n) satisfy the equation

q—q(&n)=0, (3.95)

in the £ X X ¢- space, thereby defining a m(n — m)-dimensional manifold S satisfying
SNR™ =M.

Just as in [1],pp.90-91, we see that S is the desired manifold for Lemma 2.5. We can
show that the trajectories of (3.83),(3.84) intersecting S do not leave S. Let 8y X 9 € S
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and ||6p|| be small. Then the equation for the manifold, which is

I, 0 oo
9() - { 0 00 - /(; U2(0, 8)7’(7](8,7’]0), 0(8,00,770))d5} = O, (396)
L . £ :
is satisfied. Let the trajectory through 8y at t = 0, 6(t,60,m0) = (t,00,m0) satisfy
He

the differential equation (3.83),(3.84). Then we have (from (3.86), by changing s to 5 + 1)

I, 0 . |
8(t, 80, m0) — { 8(t, 60, 10) — /0 Us(0, )r(1(s,m0), 8(s + £, B, 70))ds} = 0.
0, 0

?

Noting the formula
0(8 + 1, 6o, 770) = 0(37 a(t’ bo, 770), 7’0)7

which follows from the uniqueness of the solution to (3.83),(3.84), we obtain

I, 0 )
0(t7 o, 770) - { 0 0 o(ta 6o, 770) - /(; U2(07 3)7'(77('57 770)7 0(37 0(t7 907 770)7 770))d3} = 0.

(3.97)
But this implies that for the trajectory through 6y for ||6o|| small, 8(¢,600) x M does not

leave S. The proof of Lemma 2.5 is thus complete.

Now from Lemma 2.5, we see that for the initial value (£o, 70) with & small, (3.83),(3.84)

imply that

u(E,m) = U™ (R (n) + B (n)QUnE + (5 Bl B)au(€,m) + h(E, 1, 4-(6,m) (3.98)
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is the desired stabilizing control. Just as in [1] ,pp.91-92 and pp.83-84 we see that this is

the unique optimal control. The only difference here is that we deal with

8J 5 ,A J ’ ')A
H(Emw = 26100000+ ZE2D e )+ D). (399)
By Lemma 2.2, we see that
H(&,n,4) =0,
near £ = 0. Also we have
OH(&,n,a) _
w0
near £ = 0 and whenever
_aJ(ga’gn—’&)fu(g, 1 8(E ) + Tul&,7,8(€,m) = 0 (3-100)

holds for all £ near zero. But by lemma 2.5, using the same argument as in 1], pp.91-92,
we see that this is true since g(0,7,0) is uncontrolled. Moreover, from (3.92) we see that

the optimal trajectory £(t) satisfies
€N < Clléolle™", (3.101)

for some positive constant C. Then, returning to z- coordinate by (3.19), we obtain the

desired optimal control

v = K(2)

as described in Theorem 1.1. Furthermore, from (3.101), using Lemma 2.4, we see that
t = F(z,K(z))

has M as an uniformly orbitally stable invariant set.
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