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Deciding if a Genus 1 Curve has a Rational Point

Nicolas J. Swanson

(ABSTRACT)

Many sources suggest a folklore procedure to determine if a smooth curve of genus 1 has a
rational point. This procedure terminates conditionally on the Tate-Shafarevich conjecture.
In this thesis, we provide an exposition for this procedure, making several steps explicit. In
some instances, we also provide MAGMA implementations of the subroutines. In particular,
we give an algorithm to determine if a smooth, genus 1 curve of arbitrary degree is locally
soluble, we compute its Jacobian, and we give an exposition for descent in our context.
Additionally, we prove there exists an algorithm to decide if smooth, genus 1 curve has a
rational point if and only if there exists an algorithm to compute the Mordeil-Weil group of

an elliptic curve.



Deciding if a Genus 1 Curve has a Rational Point

Nicolas J. Swanson

(GENERAL AUDIENCE ABSTRACT)

It is unknown whether an algorithm can determine if an equation with rational coefficients
has a solution in the rational numbers. This thesis examines the simplest class of such
equations: those representing so called smooth curves of genus 1. We demonstrate that
an algorithm can decide if these equations have a rational solution if and only if there
is an algorithm that can compute all rational solutions given a single rational solution.
A procedure exists for the latter, but its success relies on a conjecture. Assuming this
conjecture, we explicitly construct the corresponding algorithm to decide if an equation

representing a smooth curve of genus 1 has a rational solution.
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Chapter 1
Introduction

An elliptic curve over Q is a smooth, projective, genus 1 curve with a point over Q and is
a particular object of interest in number theory and cryptography. However, some genus 1
curves have no rational points, and despite best efforts, there is no known algorithm that
can distinguish elliptic curves from smooth, genus 1 curves without a rational point. This
easily stated open problem makes pointless curves particularly interesting. In this thesis, we

study the following question:

Given a smooth, projective, genus 1 curve C defined over Q, is there an algorithm to decide
if C has a point in Q7?7

Deciding if C' is an elliptic curve over Q is a restriction of Hilbert’s 10th problem over Q
to a subset of curves, making it an essential question in number theory and decidability. A
common method of finding points on curves over Q is to look at local completions of Q,
which are fields with a nicer structure than Q. The local-global principle states that a curve
having a rational point over every local completion of Q must also have a rational point
over Q. The Hasse-Minkowski theorem states that genus 0 curves satisfy the local-global
principle; however, for genus 1 curves this property dramatically fails. The Tate-Shafarevich
group associated with the Jacobian, an elliptic curve that is isomorphic to C' over a small
extension of Q, attempts to quantify this failure. The starting curve C' represents a class
inside this group and its order tells us if C' has a rational point. Unfortunately, it is unknown
if the Tate-Shafarevich group is finite, so we do not know if we can always identify the original
curve as an element in the group in finite time. The Tate-Shafarevich conjecture states that
the Tate-Shafarevich group is always finite, giving us a proof that our procedure always

terminates.

A rough outline of a procedure to decide if a genus 1 curve C' has a point over Q) is as follows:

1. Decide if C(R) # ). If not, then C'(Q) = 0.
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2. Decide if C(Q,) # 0 for every completion Q,. If C'(Q,) = 0 for some completion, then
c(@) =0,

3. Compute the Jacobian of C, denoted J.
4. Compute J(Q)/nJ(Q) for a certain n depending on C.
5. Determine if C represents a trivial element in III(J/Q), the Tate-Shafarevich group.

6. If C represents a trivial element in III(.J/Q), then C(Q) # (. Otherwise, C(Q) = 0.

In Theorem 4.45, we prove that computing J(Q)/nJ(Q) is Turing equivalent to deciding if
a genus 1 curve has a rational point without the assumption of a conjecture. The primary
tool used for computing J(Q)/nJ(Q) is called n-descent and we will use this tool in our
algorithm. It is exactly this step that requires the Tate-Shafarevich conjecture. We will not
be concerned with the algorithm’s runtime, as long as it terminates in a finite number of steps.
The procedure we present is highly inefficient and the subroutines we have implemented in
MAGMA take significant time even on small inputs. Even so, any algorithm is better than

no algorithm.

1.1 Preliminaries

We recommend the reader be familiar with abstract algebra, but it is only mildly required
until Chapter 3. If the reader is unfamiliar with algebraic number theory, then they should
proceed with the assumption that K = Q and see Example 1.3. In this section, we provide

a brief exposition on the prerequisite knowledge recommended.

1.1.1 Number Theory

For a detailed exposition, we refer the reader to Serre [20], Marcus [17], and Cohen [4].

A number field is a finite algebraic extension of Q; i.e., a field K = Q(6) where 6 is a root
of a polynomial in Q. There is a unique maximal order of K which we denote by Ok called
the ring of integers of K. The ring Ok is defined as the set of all elements in K that are

roots of monic polynomials in Z.
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Definition 1.1. A place of K, denoted v, is an equivalence class of absolute values. That

is, v is represented by a function |- |,: K — R satisfying

 la], > 0 and |a| = 0 if and only if a = 0;
« [ably = lalo[bl.;

° |a + b’v < ‘a|v + |b|v>

under the equivalence relation |- |, ~ |- |, if and only if there exists some A € R. such that

o =1+ 10

Number field places are divided into archimedean places and non-archimedean places. To be
a non-archimedean place, |- |, must satisfy |a+b|, < max{]|al,,|b],}. An equivalent definition

of the ring of integers is
Ok ={x € K: |z|, <1 for all non-archimedean v}.

For every place v, we can complete the field K with respect to v by taking the set of Cauchy
sequences in K and modding out by the Cauchy sequences which tend to zero with respect
to |- |,. We denote this complete field K, and call it the (local) completion of K at v. These
completions are examples of local fields and are useful when trying to find K-rational points
over the global field K.

Example 1.2. The place |- |o: K — {0,1} defined by |a|p = 1 for all a # 0 and |0]o =0 is

called the trivial place. It is non-archimedean and satisfies K, = K.

Example 1.3. For K = Q, there is a single archimedean place which is the typical absolute
value map |- |o: Q — R. The non-archimedean places of Q are the p-adic absolute values
|-|,: Q — R defined by |a|, = p~" where a = prg—//, and p does not divide a’ nor a”. Ostrowksi’s
theorem tells us that these are the only the places of Q. See [18, Theorem 1, Section 1.3]
for a proof of this fact. The ring of integers of Q is Og = Z. The completion of Q with
respect to | - | is R and the completion of Q with respect to a prime |- |, is Q,, the p-adic
numbers. Nonzero elements a € QQ, have a unique expansion of the form o = Eff:no Q"
where ng € Z, a, € {0,...,p— 1} and ||, = p~".

Example 1.3 can be generalized to number fields. The places of a number field consist of

a trivial place, prime places, and places given by embeddings into either R or C. If r; is



4 CHAPTER 1. INTRODUCTION

the number of distinct field embeddings from K — R and 2r, is the number of distinct
field embeddings from K — C, then [K : Q] = r; + 2ry. If K = Q(0), then the distinct
embeddings from K into R and C are given by the distinct real and complex roots of the
minimal polynomial of @, respectively. These embeddings give rise to r; + ro places on K
coming from the restriction of the standard absolute value on R or C to the image of the
embedding. There are half as many complex places as complex embeddings since every

embedding has a complex conjugate embedding and |a + bi| = |a — bi| in C.

Theorem 1.4. An archimedean place of K is given by an embedding of K into either R or

C. A non-archimedean place is given by a prime ideal of O under the bijection

p=|

{z € Ok : |x|, <1} ||,
where for any fized ¢ € (1,00), |a|, = ¢™™ where n satisfies aOx = p™t, but p { t.
Proof. See [2, Chapter 4, Theorem 1]. ]

The reason for generalizing our problem from Q to K is because our story only minorly
changes. We can write K = Q(0) = Q[z]|/{(f(z)) for f(z) € Z[x] by the primitive root
theorem. While we have Z[f] C Ok, equality does not generally hold, as Ok can be larger
than Z[#]. Instead, Ok is a computable free Z-module of rank deg f(z) = [K : Q]. For a
detailed explanation of an algorithm that computes O, see [4, Algorithm 6.1.8]. The ring
Og is a Dedekind domain, meaning for a fixed prime p € Z, pOx = [[1-, p;" for a unique
and finite set of prime ideals over p, where p; C Ok and e,, € Z~ is called the ramification
index of p; over p. The finite field Ok /p is a vector space over F, = Z/pZ with dimension

fo = [Ok/p : F,] called the inertial degree of p. As seen in [17, Chapter 3, Theorem 21], if
aOK - H:il p:pi’ then 221 epz‘fpz‘ = [K : Q]

If a prime p satisfies e, = 1 then it is unramified, if f, = 1 then p is totally ramified, if p { e,

then p is tamely ramified, and if e, is a prime power of p then p is wildly ramified.

For all primes p except for the finitely many that satisfy p | Ok : Z[0]], it suffices to consider
f(z) (mod p) € F,[z] to compute the primes over p. In this case, if f(x) = g1(x) - - - g, ()
(mod p) where each g, is irreducible in F,[z], there are r unique prime ideals above p satisfying
pi = (p,9:(0)), ep, = €;, and f,,, = degg;. There is a more sophisticated algorithm to compute
the decomposition aOg = /" p{, for p|[Ox : Z[#]] as described in [4, Algorithm 6.2.9].
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Example 1.5. Let K = Q (v/~-23) = Q[z]/(z* + 23). We have

OK:Z{H\Q/__%} Z[z]

T 22—z +6)

and [Og: Z[\/—23]] = 2. Thus, for every prime p # 2, primes above p are given by the
irreducible factors of z2+23 (mod p). The polynomial 22 +23 (mod p) is irreducible exactly
when —23 is not a square mod p. In this the case there is a single prime above p given by
p = (p) with e, = 1 and f, = 2. However, if a®> = —23 (mod p) for some a € Z, there
are two ideals pi, ps above p given by p; = (p,v/—23 + a) and ps = (p,/—23 — a) where
€py = €py = foy = fo, = 1. The ideals over p = 2 are p; = (2,v/23 + 1) and p, = (2,/23).

The absolute value | - |, extends naturally to K,, and K is dense in K, with respect to |- |,.

The following objects are associated with K.

The ring of integers of K, is R, = {z € K,: |z|, < 1}.

The mazimal ideal of R, is M, = {z € K,: |z|, < 1}.

A uniformizer of M, is any ® € R,, such that M, = 7R,

The residue field of K, is k, = R,/ M,.

The ring R, is a discrete valuation ring with a wvaluation v : K, — Z U {co} given by

a

b
maximal such that p™ ! aOk and p" | bOk. The ring R, is an inverse limit given by

v(a) = —log(|al,). If v corresponds to the prime p, then v (¢) = m — n where m and n are

lim f,
& TR,

i

where every element o € R, can be represented with a sequence (a;)icz., where a;11 = a;

(mod M}).

Example 1.6. For every prime place | - [, of Q, the completion of Q is the field of p-adic
numbers @Q,, and the ring of integers is Z,, consisting of p-adic integers. Much like Q,, any
p-adic integer a can be expressed as a sum o =y~ a,p", such that a, € {0,...,p — 1}.
The unique maximal ideal in Z, is pZ, with uniformizer p, and the residue field is F, =
L[PL = Ly pLy.
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Generally, if v corresponds to the prime p above p, then the extension K,/Q, is finite with
degree [K,: Q,] = e, f, < [K: Q. The ring R, = (Ok), is the integral closure of Z, inside

K,. The maximal ideal is p, with uniformizer p®, and the residue field is F, where ¢ = p’.

We call K, unramified, totally ramified, tamely ramified, or wildly ramified, depending on
the behavior of p over p. When K, is totally ramified, K, = Q,[p/®] and when K, is
unramified, K, = Q,[¢] where ( is a primitive (p/t — 1)th root of unity.

Example 1.7. For K = Q (\/—23), the primes above 2 are p; = (2,v/23 + 1) and ps =
(2,4/23). The completion corresponding to both prime ideals is Qo and the residue field is
[Fy. There is a single prime ideal over 5, given by p = (5) and the corresponding local field is

unramified meaning K, = Q5(¢) where ¢ = —1 is the primitive 2nd root of unity. The local
ring is R, = Zs[¢] = Zs and the residue field is k, = Fj>.

Finally, there is a unique mazimal unramified extension of Q, in K, defined as

K= ) E

ECK,
E/Qyis finite
and unramified

1.1.2 Geometry

For a comprehensive overview of the required algebraic geometry, see Silverman [21, Sections
[-I11] and Hartshorne [12, Chapters 1 and 4|. An affine plane curve C, defined over a ring
R, is defined by a bivariate polynomial f(x,y) with coefficients in R. The points on C' over
R, denoted C(R), are points (xq,yo) € R? satisfying f(xo,70) = 0. A projective plane curve
defined over a field K, is defined by a homogeneous polynomial f(x,y, z) with coefficients in

K. The points on the curve over K, denoted C(K), are projective points [xq: yo: 2] € P*(K)
satisfying f(zo, Yo, 20) = 0.

A projective curve C, defined over a field K, is more generally a prime ideal I(V) C
K[Xy,..., X1 generated by homogeneous polynomials in V' such that the function field
of C over K,

K(C)=F (K PI((I’V. x ;;f;“]) ,

has transcendence degree 1 over K. The points of C' over K are projective points [z1: ... : 2,,1] €
P"(K) such that f(z1,...,2,41) =0 for all f € I(V).
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A singularity of an affine plane curve C': f(x,y) = 0 defined over K is a pair (a,b) € K>
such that f(a,b) = %(a,b) = g—i(fb,b) = 0. A singularity of a projective curve C': I[(V) C
K[Xy,..., X1 is some P € P*(K) such that the Jacobian matrix of the generating poly-
nomials of I(V') evaluated at P does not have full rank. A curve is smooth if there are no

singularities over K and singular otherwise.

Proposition 1.8. For any smooth projective curve C defined over K,

K(C) = Fr (%)

for some irreducible, possibly singular f(x,y) € K[z, y].

Proof. See [12, Chapter 1, Theorem 6.9]. N

Remark 1.9. The algorithm we present will generally be for curves in embedded in higher
dimensions, but it turns out that deciding if any curve C has a point over K can be reduced

to deciding if f(z,y) has points over K for two choices of f(z,y).

For a proper definition of the genus of a curve, see [12, Chapter 4, Section 1|. The arithmetic

genus of an irreducible projective plane curve D : f(z,y,z) =0 is

(d—1)(d—2)

Gar = 9

where d is the degree of f(z,y,z). Note that arithmetic genus can be defined for curves
that are not necessarily plane or projective, but the formula differs. The geometric genus of
a projective curve C' is the topological genus of the Riemann surface formed by the points
on C over C. When C' is smooth, the arithmetic genus and geometric genus agree, but in
general the arithmetic genus is an upper bound for the geometric genus. Unless otherwise

stated, when we refer to genus we mean geometric genus.

Definition 1.10. An elliptic curve over a field K is a smooth projective curve of genus 1
defined over K with a distinguished point O € E(K).

Equivalently, due to the Riemann Roch theorem [21, Proposition I11.3.1], an elliptic curve

over K is a projective plane curve that has a model

yzz + a1xyz + a3y22 =23+ CL2$22 + a49322 + a623
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with O = [0: 1: 0] and a1, as, ag, a4, a6 € K.

The points of an elliptic curve over a field form an abelian group. We denote the group
operation on F(K) with the usual “+, —” notation. If the characteristic of K is not 2 or 3,
then there exists a short Weierstrass model for £ given by y? = 23+ Az + B where A, B € K
and 4A3 + 27B?% # 0. An elliptic curve E has a discriminant

A(E) = —16(4A% 4+ 27B?%)

and a j-invariant
(44)°
A(E)

j(E) = —1728

Maps between projective curves ¢: C; — Cy are important for our study, but only when C

and Cy are smooth. When this is the case, the maps between them behave nicely.

Definition 1.11. Given two smooth, projective curves C; and Cs defined over K, a mor-

phism ¢: C; — Cs is a tuple
b=[61: ...: b € PU(K(CY))

such that for every point P € C;(K), there is some nonzero v € K(C}) satisfying
YP1(P): ... ydn(P)] € Co(K).

Remark 1.12. The coefficients of morphisms are not well-defined. Even so, there are good

ways to represent such maps, for example on some A™ C P" via a birational map.

Definition 1.13. There is an action of Gal(K/K) on C(K) given by
P=[P: ...: P [o(P): ...:0(P,)] = P°
where o € Gal(K /K) acts on coordinates. Moreover, we can define ¢”: C; — Cy by
¢7(P) = (P V)

where o essentially acts on coefficients of . When ¢° = ¢ for all 0 € Gal(K/K), we say ¢
is defined over K.
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Definition 1.14. Given two elliptic curves F; and E5 with distinguished points O and O,

an isogeny ¢: F1 — Es is a nonconstant morphism of elliptic curves such that ¢(01) = Os.

The distinction between a morphism and an isogeny is subtle and can lead to confusion in
terminology. An invertible morphism between elliptic curves is not the same thing as an
invertible isogeny between elliptic curves. Two curves are isomorphic as curves if there is
an invertible morphism between them. Meanwhile, two elliptic curves are isomorphic as
elliptic curves if there is an invertible isogeny between them. To emphasise this difference,
we will often avoid the use of the word “isomorphism” when dealing with elliptic curves and

pointless curves simultaneously.

Proposition 1.15.

1. Every morphism between projective curves is either surjective or constant.

2. Every morphism of elliptic curves ¢: Ey — Es satisfies ¢ = Ty0)0€, where e: By — Ey
is an isogeny and Ty : Ey — Es is a translation map satisfying 7(P) = P + ¢(0).

Proof. For a proof of the first statement, see [12, Chapter 2, Proposition 6.8] and see [21,
Theorem I11.4.10] for a proof of the second. O

1.1.3 Polynomial Computations

We recall an easily computable determinant that is useful when determining if two polyno-

mials share a common factor.

Definition 1.16. Let F' be a field with f(z) = a,2” + - -+ + a12 + a¢ and g(z) = b,z™ +
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-+« + byx 4 by polynomials in F[z] satisfying m,n > 0. The resultant of f and g is given by

Ay Gp_1 --- Qg 0
0 Qn, ay Qg
M TOWS
0o --- 0 W Qg
Res(f,g) := det G oo % 4
by bm1 -+ by 0 0 --- 0
0 b, - b b 0O --- 0
' ] > n TOWS
0 0 by bua - b byl

If f,g € F[Xy,...,Xy], define Resx,(f,9) € F[X1,...,Xi—1, Xit1,...,X,] to be the uni-
variate resultant over the field F'(Xy, ..., X; 1, Xiy1,. .-, Xn)-

Note the horizontal line in the middle of the matrix is meant to emphasize that the columns
above the line do not necessarily align with the columns below the line. That is, m is not
necessarily equal to n. Instead, the matrix is formed by creating the top and bottom matrices

separately and “stacking” them.

Proposition 1.17. Following the notation above,

1. If f(z),g9(x) € Flz], the resultant Res(f,g) = 0 if and only if a, = b,, = 0 or there
exists some ¢ € F such that f(c) = g(c).

2. If f,g € F[Xy,...,X,)], let
o a(Xq,..., Xi1,Xit1,...,X,) be the leading coefficient of f regarded as a poly-
nomial in X;,
o B(Xy,..., Xi1, Xiq1,. .., X,) be the leading coefficient of g regarded as a poly-
nomial in X;,
o h(Xl, PN 7Xi—17 Xi—&—l’ ce Xn) = RGSXZ.(f, g)

Then h = 0 identically if and only if « = [ = 0 identically or there exists some
q(Xy,...,X,) € FIXq,...,X,] of positive X;-degree such that q ‘ f and q ‘ g.
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3. Moreover, xy,...,T; 1,Tit1,...,2, € K satisfies h(xy,..., T 1,Tit1,...,2,) = 0 if
and only if a(xy, ..., T 1,%it1, .-, Tn) = B(X1, ..., Tis1, i1, .-, Tn) = 0 or there

exists an x; € K such that f(xy,...,2,) = g(x1,..., 7).

Proof. See [14, Theorem 5.7] for a proof of the first statement. The second and third

statements follow from the first using Gauss’s lemma. ]

Proposition 1.18. Let f(x) € Klx|. There exists an algorithm to find all the roots of f in

some finite computable extension L/K.

Proof. See [4, Algorithm 2.6.3] for such an algorithm. O

1.2 Input to the Algorithm

Unless otherwise stated, assume all curves are smooth and projective of genus 1 defined over
the fixed number field K. If two curves C' and C’ are isomorphic as curves over K, then
C(K) # 0 if and only if C"(K) # (. It therefore suffices for the input of the algorithm
to be a K-isomorphism class of a curve. A concrete way to specify a curve C is with
homogeneous polynomials Fi, ..., F, € K[X,..., X, 1] generating a prime ideal. We call
the set C': {F},..., F.} a model of the K-isomorphism class represented by C.

The computer algebra software MAGMA [3] has an entire page dedicated to models of genus
1 curves. One property of a model C is its degree n, which we will give a natural definition
to in Remark 4.12. We will see in Lemma 4.9 that C' has a point over K if and only if n = 1.
There are “nice” models for C' if the degree isn = 1,2, 3,4,5 and MAGMA has implemented
many of the algorithms in this paper for these models. In our case, they are not immediately

useful as computing the degree of C' is equivalent to determining if C' has a point over K.

Recall from Proposition 1.8 that the function field of C' is given by

K = (%)

for some affine plane curve f(z,y) = 0 with f(x,y) € K][x,y] irreducible, but possibly
singular. The input to our algorithm will be a bivariate polynomial f(z,y) that uniquely

defines the function field K (C') up to K-isomorphism. This natural representation arises from
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a contravariant categorical equivalence between curves and function fields with transcendence

degree one.

In our context, the best way to think of f(x,y) is as some affine patch of a projective plane
curve C': F(X,Y,Z) = 0. For example, if C' is a plane curve, then C=cC. Otherwise, C is
obtained by projecting C' onto P2. Projection does not preserve smoothness, but the act of
projection from P™ — P™~! only creates finitely many singularities on the resulting curve.

Thus the projection of C' to P2, denoted C, has finitely many singularities.

Definition 1.19. We call any C: F(X,Y, Z) = 0 with
K
K(C) = Fr (Hi)

a (possibly) singular model for C.

The projection map C' — C is defined over K, surjective, and even injective away from the
singular points of C'. Moreover, the singularities of C' correspond to a finite number of points
on C [12, Chapter 1, Lemma 6.4]. One can recover a smooth model for C' from C by “blowing
up” the singularities on C. Blowing up a singularity is a process of resolving a singularity
by embedding Cina larger projective space. Repeatedly blowing up the singularities of a
curve until it is smooth is a process called desingularization. Blowing up a singularity does
not change the geometric genus of a curve and can only decrease its arithmetic genus. Thus,

C always has arithmetic genus at least 1 and geometric genus exactly 1.

Example 1.20. Consider C given by

where f(z,y) = y* — 2% — 1 =0 . The singular model for C is
C:F(X,Y,Z2)=Y?Z2> - X' - 7' =0

and has arithmetic genus 3. There is one singularity on C' at [0: 1: 0]. The curve C' naturally

lives in the weighted projective space P(1,2,1) with Y the variable of degree 2:

N

C:Y?-—X*—Z7*=0.



1.3. COMPUTING SINGULARITIES 13

We blowup C' at [0: 1: 0] using the map [X: Y: Z] — [X2: XZ: Z2: Y] to get a projective
curve C in P3. If [S: T': U: V] are the coordinates of P?, C' is given by

0="17-8U
0=V2—-52-U”

C:

which is easily checked to be smooth. The projection map C' — C given by [S: T: U: V] —
[S%: V: U?] is surjective and automatically injective away from inverse image of [0: 1: 0]. In
this case, the point [0: 0: 0: 1] € C(Q) is the only preimage of [0: 1: 0] and so the projection

map is a Q-isomorphism.

The projection map C' — C reduces the problem of deciding if C' has a rational point to
deciding if the plane curve C': F(X,Y, Z) = 0 has a rational point. If we find a rational point
on C , then we know it will pullback to at least one rational point on C'. Furthermore, we can
determine if C': F (X,Y,Z) = 0 has a solution in P? by looking at two affine patches of C.
That is, we can look at the affine models fi(x,y) := FI(X,Y,1) and fy(x,z) = F(X,1,2)
and note that any [X: Y: Z] satisfying F'(X,Y,Z) = 0 will map to a point on f;(z,y) or
fo(x, z) unless Y = Z = 0. This means that the only point on C' that is not on one of the
affine curves fi(x,y) = 0 or fo(z,z) = 01is [1: 0: 0]. The first step of the algorithm is to
check if F'(1,0,0) = 0.

1.3 Computing Singularities

The first nontrivial step of the algorithm is to determine if there are any K-rational singu-
larities on the singular model C'. We return C'(K) # 0 if there exists a K-rational singularity
since the projection map C' — C is surjective and defined over K. We will check if C has
a K-rational singularity by looking at two affine patches of C. The algorithm presented in
this section will also be able to compute the distinct singularities of C , as well as the finite

extension L/K all the singularities are contained in.

Proposition 1.21. Given f(z,y) € Klz,y] irreducible, let

of 8f)

af o
h(xz) = Res, (%, 3 and  k(y) = Res, ( / f) :

oz’ dy
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1. Then h(z) and k(y) are not identically 0.

2. If (o, B) € K is a singularity of D: f(z,y) =0, then h(a) = k(B) = 0.

Proof. Firstly, since f(x,y) is irreducible, its partial derivatives do not have any nonconstant
common factor and the leading coefficients of both partial derivatives in either variable is
nonzero. Hence, neither h(x) nor k(y) is identically 0. For the second claim, note that

(o, B) € K is a singularity when

_9f

= a—y(&,ﬁ) = 0.

So by Proposition 1.17, we have h(a) = k() = 0 as desired. O

Proposition 1.21 immediately gives us the following algorithm.

Algorithm 1: Has Rational Singularity
Input: An irreducible f(z,y) € K[z,y| and a field K.
Output: Truk if f(x,y) = Vf(z,y) = 0 has a solution over K and FALSE otherwise.
h(x) Resy(%, g—i);
B(y)  Res (2L, 20);
A < Roots(h(z)) ; # We only need the distinct roots.
B < Roots(k(y));
A+~ ANK;
B+ BNK;
for (o, ) € Ax B do
if f(a, ) =0 then

‘ return TRUE;

end
end
return FALSE;

Remark 1.22. By removing lines 5 and 6 from Algorithm 1 and modifying it to return
all (o, ) € A x B such that f(a,f) = 0, we also have an algorithm to compute all the
singularities of D: f(z,y) = 0. There are more sophisticated and efficient methods, such as

the ones studied in [16], to find the singular points of an algebraic curve.



Chapter 2
Determining Local Solubility

The goal of this chapter is to explicitly construct an algorithm to decide if C' satisfies the

following definition.

Definition 2.1. A curve C defined over K is everywhere locally soluble (or just locally
soluble) if C'(K,) # () for all nontrivial places v of K.

If we find that C(K,) = 0 for a single place, then C'(K) = () and the algorithm to determine
if C' has a rational point will terminate. However, even if C'(K,) # 0 for all places v, we are
unable to determine if C'(K) # () without a conjecture. This is because smooth projective
curves of genus 1 do not satisfy the local-global principle and are one of the simplest examples

of algebraic varieties that do not.

Let D: f(z,y) = 0 denote any one of the three affine patches of the singular model C.
Recall that it suffices to determine if one of two of these affine patches has a point over K,
to decide if C(K,) # (). For the archimedean places v, we will be able to directly determine
if D(K,) # (). However, for a non-archimedean places we will only check if D(R,,) # (). This

will not be a problem as long as we check all three affine patches of C for points over R,.

Proposition 2.2. Given a curve C and a non-archimedean place v, there exists some
P € C(K,) if and only if D(R,) # 0 for one of the three affine patches of the singular
model for C'.

Proof. («<): This direction is clear since D(R,) C C(K,) for any affine patch D.
X

(=): Assume C(K,) # 0, meaning there is some [a: §: ] € C(K,). Let M = max{|als, |8]o, [7]o}

and note M > 0 since [0: 0: 0] € P2. Then
e B oal_ . 4 A
P = [M e M} = [a: B: 4] € C(Ry)

15
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16 CHAPTER 2. DETERMINING LOCAL SOLUBILITY

since each coordinate has magnitude less than or equal to 1 with respect to |- |,. Since one of
the coordinates has magnitude 1, it is a unit in R, and we can scale P by the unit’s inverse
to get a 1 in one of the coordinates. Thus, P € C (R,) has a 1 in one of its coordinates as
desired. O

A

In the following algorithm, we recap some of preprocessing that should be done on C' :
F(X,Y,Z) as well as outline the rest of this chapter.

Algorithm 2: Is Locally Soluble.

Input: An irreducible, homogeneous F(X,Y, Z) € K[X,Y, Z].
Output: Truk if F(X,Y,Z) = 0 has a solution in P?(K,) for all nontrivial places v and
FaLsE otherwise.

f1($7y> — F(X7 Yv 1);

folwy)  F(X,1,2);

fo(w,y)  F(LY, 2);

if f3(0,0) = 0 then
‘ return TRUE;

end

if Has_Rational Singularity(fi, K) or Has_Rational Singularity(fs, K) then
‘ return TRUE;

end

for embedding K — R do

g1 < Embed_Coefficients(f;);

g2 < Embed_Coefficients(fs);

if Has_Real Point(g;) is FALSE or Has_Real Point(g,) is FALsE then
‘ return FALSE;

end

end
for i € {1,2,3} do
S < Potentially_Bad_Primes(f;);
for p € S do
if Has_Point_Over_Prime(f;,p) is FALSE then
return FALSE;
end
end

end
return TRUE;




2.1. ARCHIMEDEAN LOCALIZATIONS 17

Line 1 through 9 are preprocessing steps discussed in Chapter 1. Lines 10 through 16
determine if C(K,) # 0 for archimedean places and the rest determines if C(K,) # 0 for
non-archimedean places. We will see in Corollary 2.20 that for most places v, C' always has
a point over K,. Moreover, the set of places where C' may not have a point over K, is finite
and computable. We will then go through all the places in this set and test if C(K,) = 0. If
we are lucky, then C will not be locally soluble and we will be able to conclude that C' does

not have a rational point.

2.1 Archimedean Localizations

Recall from Theorem 1.4 that archimedean places correspond to embeddings of K into R
or C. If v comes from an embedding into R, then the completion with respect to | - |, is
K, = R. Likewise, if v comes from a complex embedding, K, = C. This section focuses on

determining whether C' has points over R or C.

Lemma 2.3. For any curve C defined over K, there is a point P € C(C).

Proof. Any nonconstant polynomial has a root over C by the fundamental theorem of alge-
bra. O

It is possible that C'(R) = (). An example of such a curve is given by the desingularization
of y? = —z* — 1. The algorithm to determine if any algebraic curve has a real point consists
of two parts: first, we reduce the problem to deciding if a univariate polynomial has a real
root. Second, we decide if the univariate polynomial has a root. This method is adapted

from Jacobson [14, Section 5.5].

Proposition 2.4. For any f(x,y) € Rlz,y|, if f(z,y) = 0 has a solution in R? then
g(z,y) = (y — d)% — (z — C)% =0 has a solution in R? for any c,d € R.

Proof. Fix g, yo,c,d € R such that f(xo,y0) = 0. If f(z,y) = Vf(z,y) = 0 has a solution
or f(e,d) = 0, the claim is shown. Consider the closed disk D centered at (c,d) with
radius /(zo — )2 + (yo — d)? and let S = DN {(z,y) € R?*: f(z,y) = 0}. The set S disk

is closed, bounded, and thus compact in R? meaning is also compact. Hence, d(z,y) :=

v/ (z — ¢)?2 + (y — d)? achieves a minimum on S. Let (a,b) € S be any point achieving the

minimum.
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Consider the open ball B centered at (c¢,d) with radius d(a,b). By definition of (a,b), we
know BN S = . Since Vf(a,b) # 0 and f(c,d) # 0, then the tangent vector

_g_g(aa b)
5 (a,0)

T(a,b) = [

must be orthogonal to the vector from (¢, d) to (a,b). Otherwise, the tangent line (a,b) +
tT(a,b) intersects B and there is a point (ay,b;) € BN S. The dot product of orthogonal

vectors is 0, giving us

T(a,b)-(a—c,b—d) =0
and thus g(a,b) = 0 as desired. ]
Lemma 2.5. Assume f(x,y) is irreducible with nonzero degree iny. Then for all but finitely
many ¢ € R, the polynomials

0 0
g(w,y) = ya—i — (v — C)a—‘g

satisfy h(z) # 0 and k(y) # 0.

Proof. Let g(t,z,y) = y% — (x — t)g—£ and let h(t,x) = Res,(f,g). Assume h(t,z) = 0
identically, meaning f(x,y) and g¢(t,z,y) share a common factor in R[t, z,y| of positive y-
degree. Since f(x,y) is irreducible in R[t, z,y], we have f(x,y)q(t,z,y) = g(t, z,y) for some

q(t,z,y) € R[t,z,y]. But for any distinct ¢1, ¢ € R,

of
f(x>y)(Q(Cla xvy) - Q(027 xay)) = g(cl,x, y) - 9(027 xay) = (Cl - 62)8_y<x7y)'
However, since f(x,y) is irreducible, it divides ? only when ? = 0, which contradicts
y y
f(z,y) having positive y-degree. So h(t,x) has at most finitely many roots as a polynomial
in t. Let h(z) := h(c,z) # 0 for some ¢ € R and similarly define ¢g(z,y) := g(c, x,y). Since
ged(f,g) = 1 for our choice of ¢, we know h(z) # 0 and k(y) = Res,(f, g) # 0. ]

If f(x,y) = 0 is an affine patch of a singular model of a genus 1 curve C, then the hypotheses

of Lemma 2.5 are satisfied. To compute the desired g(x,y), we try ¢ = 0 and check if
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ged(f, g) = 1. If not, we try ¢ = 1 and so on until ged(f,g) = 1 and thus h(c,z) # 0.

Lemma 2.6. Let f(x,y) € Rlz,y] be irreducible with nonzero y-degree and let g(z,y) be
given from Lemma 2.5. There is a computable m € R such that F(z,y) == f(m(x +y),y)

simultaneously satisfies the following properties.
1. If n is the total degree of f(x,y), then F(z,y) can be written
F(r,y) = cy" + Pz, y)

for a nonzero constant ¢ € R and P(x,y) € Rz, y| with y-degree less than n.

2. If G(z,y) == g(m(x +y),y), then any distinct (ay,b1), (az,by) € C? that are solutions
to F(x,y) = G(x,y) = 0 satisfy ay # as.

Proof. We can separate the degree n homogeneous part of f(x,y) by writing f(x,y) =
p(x,y) + fa(z,y) where p(z,y) has total degree less than n and f,(z,y) = >, ;_, ai;jz'y".
We have

F(z,y) = p(m(z +y),y) + Z a;j(m(z +y))'y’
=p(m(z +y),y) + Z ai,jmi(x +y)'(y)

= P(z,y) + Z a; ;m'y"

i+j=n

where P(z,y) has y-degree less than n. However,

Since f,(x,y) is homogeneous, we know f,(z,1) # 0 identically and univariate f,(z,1) has
a finite number of computable roots. Choosing a nonzero m € R that avoids the roots of

fn(z, 1) satisfies our first required condition.

Picking an m € R such that the second condition is fulfilled takes more work. Let h(z) and
k(y) be defined from Lemma 2.5. Let {r,...,r,} be the roots of h(z) and {sy,...,s,} the

roots of k(y) such that all the roots are contained in some finite extension L /K. Then the
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set

{(r,s) e L*: v €{r,...,mu},5 € {51,...,5,}}

contains all solutions in C* to f(z,y) = g(z,y) = 0. We can then compute
(ri —r)(s; —s) " €L

for all of the finitely many tuples (i, 7,4, 5') with i # ¢ and j # j'. We claim any m € R

avoiding all of these elements satisfies our second condition. Any (a,b) € C? satisfying
F(a,b) = G(a,b) = 0 = f(m(a+b),b) = g(m(a+),b)
also satisfies
m(a+b)=r, b=s;

for some 4,7 and thus (a,b) = (m~'r; — s;,s;). Then any distinct (a1,b1), (az,b2) € C?
satisfying
F(Cbl, bl) = G(al, bl) =0= F((lg, bg) == G(CLQ, bg)

also satisfying a; = as imply

m’ln —8; = m’lri/ — Sy

for some i # ¢ and j # j'. Thus, choosing some m € R such that m # (r; — ry#)(s; — sj) "

and m not a root of f,(z,1) satisfies the desired conditions simultaneously. ]
Note that

' =m(x+vy)

y o=y

is an invertible change of coordinates defined over R where

F(x,y) = f(«',y)

and
f(xlv y/) =F (m_lml - yla y/) .

Thus, f(z,y) has a real root if and only if F'(x,y) has a real root and the same is true for
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g(z,y) and G(z,y). The conditions guaranteed in Lemma 2.6 let us make an even stronger

statement.

Theorem 2.7. Let H(x) = Res,(F, G) where F(x,y),G(z,y) € R[z,y] are given in Lemma 2.6.
Then H(x) =0 has a solution in R if and only if f(z,y) = 0 has a solution in R

Proof. (<): If (a,b) € R? satisfies f(a,b) = 0, then g(a,b) = 0 and
Fm™'a+4b,b) =0=G(m 'a+0b,b).

Thus, the resultant satisfies H(m™'a +b) = 0 where m~'a+b € R.

(=): Assume a € R satisfies H(a) = 0. Since the leading coefficient of F(z,y) is constant,
we know F(a,y) and G(a,y) must share a common factor ¢(y) € R[y| of positive degree.

Any root of ¢(y), denoted z € C has a conjugate root z meaning (a, z) and (a, z) satisfy
F(a,z) = F(a,z) =0=G(a,z) = G(a,2)

By the second assumption on F' from Lemma 2.6, this implies z = z € R. Thus, F(a,z) =0

is a real solution and f(m(a + z), z) = 0 is a real solution. O

We have successfully reduced the problem of determining if f(z,y) = 0 has a real solution

to determining if the univariate polynomial H(z) has a real root.
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Algorithm 3: Has Real Point.
Input: An irreducible f(z,y) € R[z,y| of positive y-degree.

Output: Trukt if f(x,y) = 0 has a real solution and FALSE otherwise.

g(z,y) « y3L — a5k

c+ 1;
while ged(f,g) # 1 do

g9(z,y) < y5t — (x — 0 F;
c+—c+1;
end

h(x) < Res,(f, 9);

k(y) < Res.(f,9);

n < Total_Degree(f);

fn(z,y) < Homogeneous_Part(f(z,y),n);

{ry,...,r,} < Roots(h(x)); # We compute distinct roots only.

{s1,...,8,} < Roots(k(y));

A < Roots(f,(z,1));

fori#d e{l,...,u} andj#j €{l,...,v} do
| A= AU{(ri =) (s —sp) 7 )

end

m <+ 0;

while m € A do
‘ m 4 m + 1;

end

H(x) < Res,(f(m(z +y),y), g(m(x +y),9));
return Count_Real_Roots(H(x)) > 0;

Example 2.8. Consider the curve represented by f(z,y) = —y? + 2* — 2% + 1 and note
g(z,y) =y (42° — 2z) — x (=2y) = 42y
satisfies ged(f, g) = 1. We compute

h(z) = 162" — 162° + 162°
k(y) = —256y" + 768y® — 768y° + 256y

where h(z) has distinct roots

{0 V3 +i —\/§i¢}

2 2
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and k(y) has distinct roots
{0,£1} .

Furthermore, f,(z,1) = z* has 0 as its only root. The choices of m that we must avoid are

thus

0, +£1(¥3H), £1 (=), £1(V3), £1(),

2 (V3 4o (VBS) 49 (VB), £2(9)

meaning m = 1 is a suitable choice of m. We then compute

flx+y,y) =2* + 42y + 62%y* — 2 + doy® — 20y + 9 — 22 + 1
9(x +y,y) = 42’y + 122%° + 1223° + 4y
H(z) = —2562'0 4+ 10242° — 17922° 4+ 17922 — 10242* + 256

We compute the roots of H(x) to be

L /34
{:I:l,\/g ‘. v3 Z,:I:z}

2 2

two of which are real, meaning f(x,y) = 0 has a real solution as desired.

Our proof of Theorem 2.7 even tells us exactly how to find this real solution. Namely, we

can compute
q(y) = ged(F(L,y),G(Ly)) =y +1

and conclude (1,—1) is a solution to F(z,y), meaning (0, —1) is a solution to f(z,y).

There is a well-known method of Sturm that determines the number of real roots of any

univariate polynomial without having to factor it. We state it here for completeness.

Theorem 2.9 (Sturm’s Theorem). Let f(z) = > .1 ja;x" € R[z] have positive degree. Define
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the sequence

folz) = f(x)
filz) = f'(x)
fa(x) = —Rem(f(z), f'(x))

8

firi(x) = —Rem(fi-1(2), fi(z))

fo(z) =0

where Rem(f;_1(x), fi(x)) € Rz] is the remainder of fi_1(x) when divided by f;(x) in the
euclidean domain Rlx]. Let M =1+ > |a;|. Then the number of distinct roots of f(x) is
given by V_y; — Vi where V, is the number of sign changes in the sequence (fo(c), ..., fs(c)).

Determining if the univariate polynomial H(z) has a real root is as easy as running the
euclidean algorithm, evaluating the sequence of remainders at —M and M, and counting the

sign variations in the resulting sequences.

2.2 Prime Localizations

In this section, we fix a non-archimedean place v corresponding to the prime ideal p C O
above the prime p € Z given by Theorem 1.4. A curve C defined over K always has a model
defined over Ok since we can scale the defining polynomials of C' by the product of the
denominators of the coefficients. Let C'/Q for some quotient @ = Ok /I denote the curve
defined over @ with points P € C(Q) coming from the natural projection map Ox — Q.
Recall from Proposition 2.2 that we only need to determine if D(R,) # () for an affine plane
curve D: f(x,y) = 0 defined over R, that is possibly singular. The algorithm presented in
this section will determine if any irreducible bivariate polynomial f(z,y) has a root in K,
for every non-archimedean place v. To our knowledge, determining the local solubility of
arbitrary curves has not been documented, despite its well-known concept. We begin this

section by recalling two necessary and fundamental theorems from number theory.

Lemma 2.10 (Hensel’s Lemma). Let f(x,y) € R,[z,y] and i € Z~o. If there exists some
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(a,b) € R,/p' x R,/p" such that
fla,b) =0 (mod p*) and Vf(a,b) 0 (mod p'),
then for all j > i, there exists a pair (a;,b;) € R,/p? x R,/p’ such that
flaj,b)) =0 (mod p’) and (a;,b;) = (a;,b;) (mod p').
Moreover, such a sequence defines a pair (A, B) € R, x R, such that f(A, B) = 0.

Proof. See [9, Theorem 1]. O

Theorem 2.11 (Hasse-Weil bound for singular curves). Given a projective curve C' defined

over k, with arbitrary geometric genus, arithmetic genus ¢,,, and #k, = q,

[#C (ko) = (¢ + 1) < 29ar v/

Proof. See Aubry and Perret [1, Corollary 2.4]. O]

Corollary 2.12. Let C be a projective curve defined over K of arbitrary genus with a singular
model C: F(X,Y,Z) = 0 defined over Ok. Let d be the degree of F(X,Y,Z) and let s be
number of distinct k,-rational singularities of C’/kv If #k, = q and

—24 25+ (d— 1)2(d — 2) + (d — 1)(d — 2)y/—4 + 45 + (d — 1)2(d — 2)°
5 :

q >
then C(K,) # 0.

Proof. By Theorem 2.11,

N

#C(ky) > —2Gar/q + (¢ + 1)

where ¢,, is the arithmetic genus of C /k,. Since C is an irreducible projective plane curve,

Jar = (‘i_léﬂ. This gives us the bound

#C (ko) = —/a(d = 1)(d —2) + (¢ + 1)

One can check that —,/q(d —1)(d —2) + (¢ + 1) > s is equivalent to

—2 425+ (d— 1)2(d — 2) + (d — 1)(d — 2)y/—4 + 4s + (d — 1)2(d — 2)°
: .

q>
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When this holds, we have a point P € C'(k,) that is a not a singularity since #C(k,) > s.
Recall P can be scalled to represent a solution to f (z,y) =0 (mod p) for some affine patch
D: f(x,y) = 0 of C. By Lemma 2.10, we can lift P to a point P € D(R,) C O(Kv).
Since every K, point on C corresponds to a finite number of K, points on C', the result is

shown. O]

For a non-archimedean place v such that #k, is larger than

2425+ (d—1)2(d — 2)2 + (d — 1)(d — 2)\/—4 + 45 + (d — 1)2(d — 2)2
2 )

we can assume C' has a point over K,. All that is left to do is to show that this quantity
is independent of v for all but a finite number of computable v. Since d is fixed, this is
equivalent to showing s is constant for all but a finite number of computable v. We do so by
computing the places for which the difference between the number of singularities of D/k,
and D is nonzero for any affine patch D: f(z,y) = 0. In other words, we will demonstrate
that reducing f(z,y) mod p does not make it acquire singularities for large primes. Even in

the case of elliptic curves, acquiring singularities when reducing modulo p is possible.

Example 2.13. For any prime p € Z, consider the elliptic curves E; and E, given by

E1:y2:x3+p6
By y? =2 + 1.

There is an elliptic curve isomorphism E; — FE, given by (z,y) +— (]%, ]%) and their reduc-

tions E; := E; /F, are given by

E:yz 23
/EVQ: =2+ 1.

We can see Ej contains the singularity (0,0). However, (z,y) € E;(Fp) is singular only if
2y = 322 = 0 which implies

4> =92* =0 (mod p).
This means when p # 2,3, we have 4> = 0 and —z = 2* = 0. However, this contradicts

y? = 2% + 1. Thus if p > 3, the curve /E’\—Q/ is non-singular while E is singular.

Remark 2.14. For an elliptic curve E defined over K, a place v is called a place of bad
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reduction for E if E/k, is no longer smooth. The places of bad reduction for £ correspond
exactly to the primes for which the discriminant A(F) has positive valuation with respect

to v as seen in [21, Proposition VIL.5.1].
We define a similar notion of a place of bad reduction, but for any curve of arbitrary genus.
Furthermore, we show how to compute the places of bad reduction.

Definition 2.15. A non-archimedean place v is called a place of bad reduction for a curve
C' defined over K if the number of singularities of C'/k, is greater than the number of

singularities of C'.

Remark 2.16. In Chapter 3 we compute an elliptic curve J isomorphic to C' over some
extension L/K. Even though the places of bad reduction are computable for J, places of

bad reduction are not invertible morphism invariant even over K.

The goal of the next proposition is to compute an algebraic integer analogous to the dis-

criminant that detects where the affine plane curve D: f(z,y) = 0 has bad reduction.

Lemma 2.17. Let D: f(x,y) = 0 be defined over Ok with f(x,y) irreducible of positive

x-degree and positive y-degree. Let

hlo) = Res (1

k(z) = Res, (f,
G(x) = ged(h(z), k(x))

where G(z) € K|x] is monic. For some computable ¢, Cy, Cy € Ok, we have CoA(z), C1B(x) €
Oklx] and
R :=c- Res(CyA(z),C1B(z)) € Ok

is nonzero. Furthermore, for any prime p C Ok such that R & p, there is an injective map-
ping ® from the distinct x-coordinates of singularities of D/k, to the distinct x-coordinates

of singularities of D.
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Proof. Let the z-coordinates of the singularities of D comprise the set {ay, .. Ozt} C K.

The set {oq,..., o} is exactly the distinct z-coordinates of the common roots of f, 2L and

af of
7 By

f(z,y) is irreducible. However, since f(x,y) has positive z- degree and positive y-degree, the

) dx

g—g in K. If h(z) or k(z) were identically zero, then one of is also identically zero since

ials &L of i,
polynomials 2> and 5y Are non-zero.

Hence, h(z) and k(x) are nonzero and

only has solutions in the set {ay,...,a}. Thus, each common factor of h(x) and k(z) in

K|[z] has the form (z — ;)% for some s; € Z~¢ and

ged(h(z), k(k)) == G(z) = (x — a1)® -+ (x — ay)® € K|[x].

Let
t deg G() g
2,num
c:= H Gidenom; Where G(z) = g 1
i=1 i=0 Ji,denom

and all ¢g; pum € Ok are nonzero. Similarly for A(x) and B(z), let Cy and C} denote the prod-
uct of the denominators of their coefficients. Then ¢, Cy, C € O satisty CyA(x), C1B(x) €
Ok|x]. Since ¢, Cy, Cy € Ok are nonzero and A(z) does not share a common root with B(z)
in K, the integer R = ¢+ Res(CoA(z), C1B(z)) € Oy, is nonzero and the first claim is shown.

Now, fix a non-archimedean place v corresponding to a prime p C Ok such that R & p. Note
0# R=c-Res(CoA(z),C1B(z)) = c¢- Res(CyA(x) mod p,Cy B(x) mod p) (mod p)

since the resultant is a determinant calculation of a matrix in Og. Thus, ¢ Z 0 (mod p) and
CoA(z) (mod p) shares no common factors with C1B(z) (mod p). We have that

cCoh(z) = ChA(x)cG(z) cCik(z) = C1B(x)cG(x).

So, if both h(z),k(z) (mod p) are identically 0, then ¢G(z) (mod p) is identically 0 since
CoA(x),CyB(x) (mod p) are not both identically 0. However, this implies that each coeffi-
cient of cG( ) is in p. In particular, the leading coefficient ¢ € p which is a contradiction.

Thus, we can assume one of h, &k (mod p) are non-zero and there are consequently finitely
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many singularities of D/k,: f(z,y) =0 (mod p).

Let L/K contain each «; as well as the singularities of D/k,. That is, the extension L/K is
large enough such that ¢,,/k, contains the coordinates of D/k, where ¢, is the residue field
of L for any place w corresponding to a prime q C Oy, lying over p. Let (v,9) € £, X £, be
a singularity of D/k,; i.e., a pair (7,d) € Op x Of, such that

f(v,0) =V f(v,6) =0 (mod q).

Since the resultant computation commutes with reduction modulo q, we have

h(v) = k() =0 (mod g).

Since at least one of ¢cCy (mod p) and ¢cC; (mod p) are nonzero, either CyA(y) = C1B(y) =0
(mod q) or ¢G(y) =0 (mod q). However, since CoA(z) (mod p) and C;B(x) (mod p) share

no roots, we can assume ¢G(y) =0 (mod q). Thus, every singularity (v, d) of D/k, satisfies

piy =i (mod q)

for some 7 where o; = Z‘—l and \;, ; € Op. Let ® be the map such that ®(y) = «;. Since

v = N(pi)~' (mod q) is the unique element in ¢, solving pu;z = A; (mod q), we know @ is

injective. [

Remark 2.18. If Ok has class number 1, such as the case when K = Q, then Lemma 2.17
can be made simpler. Instead, we can let G(x) = ged(h(x), k(z)) as a ged in Ok and let ¢
be the ged of the coefficients of G(z). This ensures G(z), A(x), B(z) € Oklz], the reduction
G(z) # 0 (mod p), and A(x) = B(z) = 0 (mod p) has no solutions for any p such that
R € p. One can check that this is a necessary condition for the existence of ®. In particular,

we do not need to compute Cy or Cf.

Theorem 2.19. Let D: f(z,y) = 0 be defined over Ok with f(x,y) irreducible of positive
x-degree and positive y-degree. There is a computable R € Ok with the following equivalent

properties.

o IfR & p, then the number of singularities of D /k, is at most the number of singularities
of D.

o Ifwv is a place of bad reduction for D, then R € p.
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Proof. The equivalence of the two statements follows from the definition of a place of bad
reduction. Let R, be the integer computed from Lemma 2.17 and let R, be the integer
computed from Lemma 2.17 replacing f(z,y) with f(y,z). Let R := R, - R, or even R =
lem(R,, Ry) if Ok has class number 1. Then any prime p C Ok such that R ¢ p also satisfies
R, ¢ p and R, ¢ p. For such p, let ®,, &, be the maps coming from Lemma 2.17 and define
¢ := &, x ¢, on the singularities of D/k,. Since ®, and ®, are injective, the map & is

injective as well and so the domain is smaller than the codomain as desired. ]

Corollary 2.20. Let C' be a projective curve defined over K with a projective singular model
C: F(X,Y,Z) = 0. Let d be the total degree of F(X,Y,Z) and let s be the number of
distinct singularities of C. Let Dy, D, and Ds be the affine patches of C. Given Ry, Rs,
and R3 € Ok from Theorem 2.19, let R = Ry - Ry - R3 and write ROg = p7*---p&. For all

p C Ok, if p #p; for any i and

2s =2+ (d—1)2(d—2)> + (d — 1)(d — 2)\/4s + (d — 1)2(d — 2)2 — 4
5 ;

ko >
then C(R,) # 0. In particular, C(K,) # 0 for all but a finite number of computable places.

Proof. By Theorem 2.19, for every j = 1,2,3 we know the number of singularities in every
D, /k, is at most the number of singularities of D;. Thus, the number of singularities of C'/k,
is at most the number of singularities of C. In particular, the number of distinct k,-rational

singularities of C is less s. The result then directly follows from Corollary 2.12. O

Corollary 2.20 gives us one of the two algorithms needed in determining if C'(K,) # () for
the prime places. In particular, it allows us to compute the finite set of primes of Ok such

that C'(K,) may be empty. We call these primes the potentially bad primes of C.
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Algorithm 4: Potentially Bad Primes.

Input: An irreducible polynomial f(z,y) € Ok.

Output: A set of primes S such that f(x,y) =0 (mod p) has a solution for every
peEs.

Function ComputeR(f(z,y)):

h(x) < Res, ( ,%);

of .
]C(CL’) — Resy (f7 6_5)7
G(x)  ged(h, k);
¢ < Product_of_Denominators_of_Coefficients(G(x));
h(x)
A .
) G(l‘) )
A(z) < Product_of _Denominators_of_Coefficients(A(x)) - A(x);
B(x)

(x)

k(x) |
G(z)’
B(x) + Product_of Denominators_of_Coefficients(B(x)) - B(x);

() +

10
11
12
13
14
15

return c- Res(A, B);

R, < ComputeR(f(z,v));
R, < ComputeR(f(y,));
R <+ R, - Ry;

S < Prime_Factors(R);

d < Degree(f);
25 =2+ (d—1)*(d—2)2 + (d = 1)(d — 2)\/4s + (d — 1)>(d — 2)> — 4
5 ;

U +

S < S UPrimes_Less_Than(U);
return S;

Example 2.21. Consider the smooth curve C : 323 + 49® + 52° = 0 of genus 1. Firstly, we

compute

25 =24+ (d—1)*(d =22+ (d—1)(d—2)\/4s+ (d— 1)>(d —2)> —4 .
2 -
meaning C'(F,) has a solution over every prime p by Theorem 2.11. Considering the affine

patch
D: f(x,y) =32 +4y> +5=0,
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we compute

h(z) = 7292°

k(x) = 155522° + 518402 + 43200
G(z) =1

A(z) = h(x)

B(z) = k(z)

Rz — 236 354512

and similarly R, = 23635452 meaning the only primes for which D/F, has a singularity are
the primes 2,3,5. We repeat this process for all affine patches of C', but no new potential
bad primes are discovered. Thus, using Lemma 2.10, we can conclude that C'(K,) # 0 for

every prime greater than 5.

Example 2.22. Consider the genus 0 curve C' : 2?22 + zy?*z — bayz? +yt + 32 + 3y*22 =0
which has singularities (0:0:1),(1:0:0). Firstly, we compute

25 — 2+ (d—1)2(d — 2)2 + (d — 1)(d — 2)/4s + (d — 1)2(d — 2)2 — 4
2

~ 37.9,

meaning C'(F,) has at least three points over every prime p greater than 38 by Theorem 2.11.
Consider the affine patch D : f(z,y) = 2? + zy* — 52y + y* + v* + 3y? = 0 containing the
singularity (0,0). Following Theorem 2.19, we compute

h(z) = 92" + 2422° — 42922

k(x) = 1442° + 44242° — 6959x* — 38502° — 128727

G(z) = 2

A(r) = 92* + 2427 — 429

B(z) = 144z* 4 44242° — 69592 — 3850z — 1287
R, = 2%3*11%13268721449

similarly we compute R, = 223?11213% meaning the only primes for which

f(x,y) =V f(z,y)=0 (mod p)
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can have more than one solution are the primes 2,3, 11, 13 or 68721449. Doing the same for
the other affine patches yields all the potentially bad primes of C', which are computed to
be {2,3,11,13,233,8936387,68721449}. Using Lemma 2.10, we can therefor conclude that
C(Qp) # 0 for every prime greater than 38, not including 233, 8936387, or 68721449.

We now move on to working with a fixed prime p that might satisfy C'(K,) = 0. The first
thing we can do is look at D/k, : f(z,y) = 0 (mod p) since we are able to enumerate all
tuples (a,b) € k? and directly check if (a, b) is a singularity. If there is some non-singular k,-
rational point, we can utilize Hensel’s Lemma to lift it to a point in K,,. However, even if all
the points on D/k, are singularities, we could have D(K,) # 0 or D(K,) = (). For example,
the curve D : pf(x,y) = 0 satisfies D(F,) = F> and all the points are singularities. In some
sense, looking mod p might be too discrete of a view. To increase the resolution of D/k,, we
work over R, /p’ for increasing values of i. The ring R,/p’ has all the same properties as k,
that we care about in this context. That is, we can enumerate all tuples (a,b) € R, /p' X R, /p"
and directly check if (a,b) is a singularity. Furthermore, if (a,b) is not a singularity we can
still lift it up to a point in R, with Hensel’s Lemma. The following propositions ensure that

the process of checking for points modulo p? for increasing i terminates.

Lemma 2.23. If there exists an i € Zwq such that D(R,/p’) = 0, then D(R,) = 0.
Proof. If f(a,b) =0 for a,b € R,, then
f(a,b) = f(a mod p’,b mod p’) =0 (mod p*)

for all ¢ since R, = @Rv/pi. H

Proposition 2.24. If D does not contain any R,-rational singularities, there exists some
i € Z~g such that D(R,/p") does not have any (R,/p")-rational singularities.

Proof. First, if D(R,/p") = () for a single 4, then the claim is trivially shown. So proceed
assuming both that ever P € D(R,) is non-singular and that D(R,/p‘) # () for all i € Z~,.
For the purpose of contradiction, assume that D(R,/p®) consists only of singularities for

every 1 € Z~q. That is,

f(a,b) =0 (mod p’) implies Vf(a,b)=0 (mod p")
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for all a,b € R,. Furthermore, since
f(a,b) =0 (mod p*') implies f(a,b) =0 (mod p*),

we know

f(a,b) =0 (mod p*) implies f(a,b) =0 (mod p’)

for all 1 < 7 <. We now consider two cases.
1. Assume there exists a sequence (a;,b;)icz., such that (a;,b;) € D(R,/p’) and
(@it1,bi1) = (ai,b)  (mod p’)
for all 1 € Z~(. Since
flaib) =V fai,bi) =0 (mod p’)
for all ¢ € Z, the sequence (a;, b;)iez., defines a pair (4, B) € R2 such that
f(A,B)=Vf(A,B)=0.

This contradicts the assumption that D(R,) contains no singularities.

2. Assume no such sequence exists. That is, for any fixed (a1,b;) € D(k,), there exists
some e € Zs; such that (a.,b.) € D(R,/p®) satisfies

(ae,be) = (a,b) (mod p),
but no (aey1,ber1) € D(R,/p¢tt) satisfies
(Get15bet1) = (ae,be)  (mod pe©).

Since (a1, b1) € D(k,) was arbitrary, we can write {Py,..., P,} = D(k,) and assign P,
a corresponding integer e; such that no @ € D(R,/p®) satisfies P = P, (mod p). Let
E = max;{e;} + 1 and note (ag,bg) € D(R,/p¥) projects to some P; € D(k,). This
contradicts the defining property of E.

In any case, we arrive at a contradiction as desired. Il
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Corollary 2.25. Assume D has no R,-rational singularities, then there exists some i € Z~q

such that D(R,/p") = 0 if and only if D(R,) = 0.

Proof. The forward direction is Lemma 2.23. For the converse, consider the ¢ such that
D/(R,/p") has no (R, /p’)-rational singularities from Proposition 2.24. If D(R,/p’) # (), any
point P € D(R,/p") can be lifted to some P € D(R,) by Hensel’s Lemma as desired. O

Corollary 2.25 proves that searching for points on D(R,/p’) for increasing ¢ terminates when
we either find a non-singular point or find no points. Moreover, we are guaranteed that one
of these conditions hold for some ¢ € Z~q as long as D has no R,-rational singularities. We

can guarantee this is the case by using Algorithm 1.

Algorithm 5: Has Point Over Prime.

Input: An irreducible polynomial f(z,y) € Ok and a prime p C Ok.
Output: Truk if f(z,y) =0 has a solution in R? and FaLsE otherwise.
if Has_Rational_Singularity(f, K,) then

return TRUE;
end
14 1;
while True do
Is_ Empty < TRUE;
for (a,b) € R,/p' x R,/p" do
if f(a,b) =0 (mod p’) then

if Vf(a,b) #0 (mod p°) then

return TRuE;
end
Is_ Empty < FALSE;

end

end

if Is Empty then
return FALSE;

end

141+ 1;

end

Example 2.26. Following Example 2.21 with C : 32 + 49® + 52® = 0, we know that
C(Q,) # 0 for every prime except possibly for p = 2,3, and 5. We let f(z,y) := 32> +4y>+5
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and compute V f(x,y) = (922, 12y?). Note that (1, 1) satisfies

f(1,1)=0 (mod2) while Vf(1,1)=(1,0)#0 (mod 2).
Similarly for p =5,

f(0,2)=0 (mod 5) while Vf(0,2)=(0,3)#0 (mod 5).

However for p = 3, the only solutions to 3z + 4y + 5 = 0 (mod 3) are (0,1),(1,1), and
(2,1). all of which simultaneously satisfy V f(z,y) = 0 (mod 3). However, the point (3,4) €
Z)9Z x Z]9Z satisties

f(3,4)=0 (mod9) while Vf(3,4)=(0,3)#%0 (mod 9).

Thus, for every p = 2,3, and 5 there is some integer e and a point P € D(Z,/pZ,) that
is not a singularity. Using Hensel’s Lemma, we can lift P to D(Z,), meaning D(Z,) # ()
for p = 2,3 and 5. Example 2.21 tells is that D(Z,) # 0 for all other primes, meaning
have shown C' : 32% + 4y® + 523 = 0 has a solution over Q, for all primes p. We also see
that D(R) # 0 since f(x,0) = 0 is a cubic equation which always has real roots. Thus,
C : 32 + 493 + 523 = 0 is locally soluble.



Chapter 3
Computing the Jacobian

Now that we can determine if a curve C' defined over K is locally soluble, we need to turn to
the theory of elliptic curves to measure the extent to which C' fails the local-global principle.
The first step is to produce an elliptic curve that is isomorphic to C' over some extension
of K. This task is straightforward as C'(K) has infinitely many points. For example, we
can take the singular model C': F(X,Y,Z) =0 and solve F(X,0,1) = 0 for some solution
(a:0:1) € C(L) where L/K is a finite extension. We can then find the preimage of
(a:0:1) under the projection map C' — C' to get a point in C(L).

By Definition 1.10, this means that C' defined over L is an elliptic curve and has a Weierstrass
model due to the Riemann Roch theorem. Finding such a model is feasible via Riemann Roch
calculations, which are computationally quite expensive. Hess [13] provides an algorithm for
computing these models and a function to find a such a model is implemented in MAGMA
[3, E1lipticCurve(C, P)]. The elliptic curve model obtained by finding a point in C'(K)
is not unique as there are infinitely many points to choose from. The Jacobian of C' is a

particular elliptic curve that satisfies a universal property depending on K.

Recall from Definition 1.13 that any elliptic curve E defined over K and any invertible
morphism ¢: C — E defines another invertible morphism ¢ for each o € Gal(K/K). The
map

Yo=¢"0¢ "1 E—FE

is then an invertible morphism. Since ¢, is an invertible morphism from E to itself, we can

apply Proposition 1.15 and decompose
Po = Tp, O €4

for a translation map 7p, and an invertible isogeny €.

Definition 3.1. A Jacobian for a curve C of genus 1 defined over K consists of an elliptic

37
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curve J defined over K and an invertible K-morphism ¢: C' — J such that for every o €
Gal(K/K), the morphism ¢, = ¢° 0 ¢"': E — E is a translation-by-P, map for some

P, € E(K).

One can intuitively interpret the Jacobian as an elliptic curve model for C' that is “isogeny
free” with respect to ¢. The usefulness of such a definition is apparent after noting that
it gives way to a group action of J(K) on C(K). This group action will be particularly
important in Chapter 4.

Proposition 3.2. There is a free and transitive group action p: C x J — C' given by
w(@, P)=¢"(d(Q) + P). Moreover, the map p is defined over K.

Proof. For all P, P, € J(K) and Q € C(K),

p(p(Q, Pr), P2) = ¢~ (3¢~ (6(Q) + P1)) + Ro) = ¢~ ($(Q) + P + Py) = n(Q, Py + P»)

and
wQ,0) = ¢ (6(Q)+0) =Q

making p define a group action. The group action is transitive since for any two @1, Qs €

C(K), the point P := ¢(Q2) — ¢(Q1) satisfies u(Q1, P) = Q2. The group action is also free
since u(P, Q) = Q implies P = ¢(Q) — ¢(Q) = O. Moreover, since ¢,(P) = P+ P,, we have

p(Q, P) =(¢7)7(¢7(Q) + P)

So p is defined over K. O

The map p induces a subtraction map, v: C' x C' — J given by v(Q, Q') = ¢(Q) — o(Q").
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Proposition 3.3. The subtraction map v: C x C' — J is defined over K.
Proof. For o € Gal(K/K), we have

V(Q2, Q1) = ¢(Q2)"=¢(Q1)” = v(1(Q2, 0))7, (@1, 0)7) = v(u(Q3, 0), w(QT, 0)) = v(Q3, Q7)

where the first equality follows from the group operation on E being defined over K and the

third equality following from u being defined over K. [

Remark 3.4. As remarked in Silverman [21, Lemma X.3.1], the maps p and v define
interactions between E(K) and C'(K) that agree with the usual intuitions of abelian groups.
Notably, for any P, P;, P, € E(K) and Q, Q,,Q» € C(K), if we write u(Q, P) = Q + P and

v(Q1,Q2) = Q1 — @y then

Q+0=Q Q-Q=0
P+(Q+(-P)=Q (@+P)—P=0Q
Q1+ P) = (Q2+ P2) = (Q1 — Q2) + (P — Ps).

The “plus and minus” notation is the same as the notation used for the group law on E(K),
but the equalities above tell us that both these notations interact in the way expected. For
Q1,Q, € C(K), the expression Q; + Q5 is left undefined, which is where this notation breaks

down.

Lemma 3.5. If J is a Jacobian for an elliptic curve E defined over K, then E and J are

K -isomorphic as elliptic curves.

Proof. Let p and v be as defined above and consider O € E(K). Define ¢: J — E by
P(P) = u(0,P) = ¢~ (¢(O) + P) which is defined over K. Note that ¢~ 1(Q) = v(Q, )

and is defined over K and moreover ¢(0) = O, meaning J = F as elliptic curves. O]

Proposition 3.6. A Jacobian J of a curve C defined over K is unique up to K-isomorphism

of elliptic curves.

Proof. Let ¢: C' — J and ¢': C — J' be the invertible K-morphisms that define the Jaco-
bians J and J’ of C'. We can post compose ¢ with a translation map and the resulting map
is still invertible. So, assume without loss of generality that ¢=1(0) = ¢'~}(OQ") = Qq for



40 CHAPTER 3. COMPUTING THE JACOBIAN

some @y € C(K). It follows that ¢/ o ¢~': J — J' is an isomorphism of elliptic curves since
@ 0 ¢~1O) = O. Moreover,

(o) =¢70 (") =¢,o0¢ 0 ot =Tpigos-1(—py0d 0P

for any o € Gal(K /K). Hence, (¢ 0¢™1)? 0 (¢' 0 ¢~1) 7! is translation by P, — ¢’ o ¢~ (P,) €
J(K) meaning ¢’ o ¢~': J — J makes J' a Jacobian for J. Since J is an elliptic curve

defined over K, the result follows from Lemma 3.5. O

Remark 3.7. Following Proposition 3.6, we call the elliptic curve K-isomorphism class

corresponding to J, the Jacobian of C. There are several useful models for the Jacobian.

In general, it is difficult to construct an explicit model for the Jacobian. The goal of this
chapter is to develop the background and tools needed to give an explicit algorithm for giving
a short Weierstrass curve equation for the Jacobian. We largely follow an outline presented
by Sutherland [23], but we deal with more cases and explicitly write out an algorithm. In
[24], we give a robust, albeit naive, implementation in MAGMA for curves defined over Q

with j-invariant not 0 nor 1728.

3.1 Twists and Torsors

Recall there are many choices of elliptic curves defined over K that are related to C' via an
invertible K-morphism. In this section, we consider the collection of all such choices up to

a natural equivalence in a set we call the twists of C.

Definition 3.8. A curve (' is a twist of C' if C' and C" are related by an invertible K-
morphism ¢: C' — C’. The set Twist(C'/K) denotes classes of twists of C' up to invertible

K-morphism.

Example 3.9. A quadratic twist by a non-square d € K of an elliptic curve E: y? =
*+Ax+ Bis Ey: y* = 23+ d?A+ d3B and is the codomain the elliptic curve isomorphism
xa(z,y) = (dx,d*?y) over K(v/d) c K. For the nontrivial o € Gal(K(v/d)/K), we have
XG(z,y) = (o(d)z,o(d?)3y) = (dz,—d*?y) and x5 o x;' = [~1]. Since [~1] is not a

translation map, Fy is not the Jacobian of E over K as expected.
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Analogous to the needed distinction of invertible K-morphisms and elliptic curve isomor-
phisms, Example 3.9 motivates why we may only want to consider elliptic curve isomor-

phisms. That is, twists given by invertible isogenies.

Definition 3.10. An elliptic curve E’ is a elliptic curve twist of another elliptic curve F if
they are related by an invertible isogeny ¢: E — E’ over K. The set ETwist(£/K) denotes

the elliptic curve K-isomorphism classes of elliptic curve twists of F.

There is a natural map ETwist(E/K) — Twist(E£/K) that has possibly non trivial kernel

as the equivalence relation in each set is different.

Definition 3.11. For a curve C, the group Isom(C) is the group of invertible K-morphisms
from C' to itself. For an elliptic curve E | the group Aut(E) is the set of all invertible

isogenies over K from E to itself.

Remark 3.12. Note that Aut(E) C Isom(F) is the subset of invertible morphisms that
fix O. With the exception of 7y, all translation maps are instances of isomorphisms in
Isom(FE) \ Aut(£). Later in Theorem 4.7, we will see

ETwist(E/K) = H' (K, Aut(E)) and Twist(C/K) = H'(K,Isom(C)).

The Jacobian of C' is clearly an element in Twist(C'/K). The twists of J are also elements
in this group, but have a different relation to C'. In particular, J represents the only class

of twists that define a free and transitive action on C.

Definition 3.13. A principal homogeneous space (or E-torsor) for an elliptic curve E defined
over K is a curve C' and a map pu: C' x E — C defined over K such that u: C(K)x E(K) —

C(K) is a free and transitive group action.

Remark 3.14. Much like the one developed in Proposition 3.3, any free and transitive
action pu: C' X E — (' defines a subtraction map v: C' x C' — FE defined over K given by
v(P,Q) = P — @ where P — @ is the unique point on E such that P = p(Q, P — Q). This
is proved by Silverman [21, Proposition X.3.2]. We continue to use the notation described
in Remark 3.4.

Note that C is a J-torsor due to Proposition 3.2. We now prove that the Jacobian is the

class of twists giving C' the data of a torsor.
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Proposition 3.15. A curve C is an E-torsor of an elliptic curve E defined over K if and
only if E is a Jacobian of C.

Proof. (=): By fixing any Qo € C(K), we can define a morphism ¢: C' — E by ¢(Q) =
Q —Qo. Then for all o € Gal(K/K), we have ¢?(Q) = Q — Qg and ¢~1(P) = Qo+ P. Thus,

QDJ(P):(QO+P>_Q32P+(QO_Q8>:TQo—QS(P)

making F a Jacobian of C.

(<): See Proposition 3.2. O

Our goal is to compute a model for the Jacobian. We recall a few fundamental facts from

Silverman [21] to help us first compute an elliptic curve defined over K isomorphic to C' over

K.

Theorem 3.16. Let E, and E, be elliptic curves defined over K and let y*> = 23 + Az + B
be the short Weierstrass model of E1 with A, B € K.

1. The j-invariant is elliptic curve K-isomorphism invariant and has the formula

4A3
(E) = 1728————
JE) =18 s
2. The classes [E,], [Es] € ETwist(E1/K) satisfy [Ey] = [Es] if and only if j(Ey) = j(E»).

3. For every j € K, there is some elliptic curve E defined over K such that j(E) = j.

Proof. The two statements are [21, Proposition II1.1.4]. For the third statement, one can
check the following choices of A and B make E : y? = 23+ Ax + B the curve with the desired
J-invariant:

e Ifj=0,let A=0, B=1.

e If j=1728,lct A=1, B=0.

e If j 40,1728, let A = 3;j(1728—j) and B = 2j(1728—j)2.
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In particular, it is easy to check that A(F) # 0, meaning £ is smooth and an elliptic curve
as desired. [

Definition 3.17. The j-invariant of a curve C, denoted j(C), is the j-invariant of the
elliptic curve C' defined over K with any distinguished point O € C(K).

Note that j(C) is well-defined since any two elliptic curves C' and C” defined over L/K with
distinguished points at infinity O € C(L) and O’ € C’(L) are related by the invertible L-
isogeny 79/_o: C' — C" meaning [C] = [C'] in ETwist(C/L). By Theorem 3.16, this means

their j-invariant are the same.

Theorem 3.18. The j-invariant of a curve C' defined over K satisfies j(C) € K.

Proof. Let Q € C(L) be a point for some finite, normal, and therefore Galois extension L/K.
Let E be the short Weirstrass model for C' defined over L and let ¢: C' — E be the invertible
L-isomorphism such that ¢(Q) = O. For any ¢ € Gal(L/K), we have a map ¢° : C? — E°
where o acts on C' and E by acting on the coefficients of their defining polynomials. Since
the coefficients of the polynomials in C are in K, C? = C. Thus, ¢o(¢°)': E° — E defines
an invertible isogeny and so j(E?) = j(F) by Theorem 3.16. Since

J(E)” = j(E7) = j(E)
for all ¢ € Gal(K /K), we must have j(E) € K as desired. O

Since j(C') € K, we can compute an elliptic curve E defined over K with j(F) = j(C) from
Theorem 3.16, giving us a twist of C. However, we want more than just a model for a twist
of C defined over K. We want a computable invertible morphism between the two. Before

we are able to do so, we need one more proposition.

Proposition 3.19. Let B/ : y* = 23+ A'v + B’ and E : y* = 23 + Az + B be two elliptic
curves defined over K with j(E') = j(E). Then there exists a nonzero A\ € K such that
A = MA" and B = X°B'. Furthermore, [K(X) : K] |a where a = 4,6, or 2 when B' = 0,
A" =0, or AB' # 0, respectively.

Proof. Consider the following cases:
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o If A’B’ # 0, then from the definition of the j-invariant, we deduce that B2A" = B2 A3.
By letting A\ = \/BA’/(B'A), we see that A = \A" and B = \°B'.

o If B=0, then B=0and A = {/A/A’ gives the desired result.

o If A" =0, then A =0 and A = {/B/B’ gives the desired result.
The result on [K()\) : K] follows from the formula of . O

An immediate corollary of Proposition 3.19 gives us a computable elliptic curve isomorphism

between any two curves of the same j-invariant. The isomorphism is x, : £ — E where
(z,y) = (Nz, A%y).

Corollary 3.20. Every curve C' is the twist of an elliptic curve E defined over K. Moreover,
the model for E is computable and the invertible morphism ¢: C — E defined over a finite

extension L/K is computable.

Proof. We can compute some point ) € C'(L’) over a finite Galois extension L'/K. We can
then perform Riemann Roch calculations to compute a model E over L’ and an invertible
morphism ¢: C — FE such that ¢(Q) = O. We can then compute j(C) = j(E) € K
and use Theorem 3.16 to compute another model E’ over K such that E’ is a twist of C.
Using Proposition 3.19, we compute the elliptic curve K (A)-isomorphism y,: F — E’. The
composition

¢ =xr0¢0:C = E

is thus an invertible L-morphism where L = L'(\). O

Let us write down this corollary in an algorithm.
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Algorithm 6: Compute Twist

Input: A model for a curve C, a singular model C: F(X,Y,Z) =0, and a projection

map 7: C — C.

Output: An elliptic curve E defined over K, a field L/K, and a map ¢ : C — E
defined over L such that E is a twist of C' through ¢.

Q< 0;

L'+ K;

1+ 0;

while ) = () do

L’ + splitting field of F(X,0,1);

for a € Roots(F(X,0,1)) do
if VF(a,0,1) # 0 then

Q7' ((a,0,1));

end

end

141+ 1;

end

E' ¢/ + Riemann Roch_Calculation(C, Q);

Jj+< J(E) € K;

Write E' - y? = a3 + A’z + B,

if 7 = 1728 then

A+ 1;

B+ 0;

A /AT

else if j = 0 then

A+ 0;

B+ 1;

A /BTB

else

A« 35(1728 — j);

B+ 2j(1728 — )

AB’,
A'B>

A —

end

E<+ E:y* =23+ Az + B;
L+ L'(\);

X < (2,y) = (N2, Ny);
¢ < xr0 ¢

return F, L, ¢;

# Note L'/K is Galois.
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Remark 3.21. The first 12 lines of Algorithm 6 search for a non-singular point on C (K)

1

to get a point on C(K) through 7—!. There are certainly better ways to do this, but the

method outlined works and always terminates since C has finitely many singularities.

Example 3.22. Following Example 2.26, we consider the smooth curve of genus 1 C' :
F(X,Y,Z) = 3y® + 42" 4+ 523 = 0. We compute the splitting field L' /Q of F(X,0,1) to be

L'=a®) = <x;@ j[tx]75>

where @Q = [(#* + 150) : 0 : 30] is a point on C(L'). Using Riemann Roch calculations, we

compute E' : y? = 2% — 080 and ¢ : €' — E where ¢(X : Y : Z) = (¢1(X : Y : Z), (X :

Y Z),¢5(X Y : Z)) is given by

d)l(X:Y:Z):%
Lo (960 4+ 4507 X
Go(X:Y : Z) = >
5 2
%(X:Y:Z)z%%—z

It is easy to verify ¢(Q) = [0 : 1 :0]. In this case, since E’ is already defined over the base
field Q, we can take £ = E', L = L', and ¢ = ¢'.

While E is a twist of C, it is not the only one. That is, the result from Algorithm 6 is likely
not the Jacobian, but it is close. We still need to compute an elliptic curve isomorphism

that transforms F into a Jacobian for C.

3.2 Constructing the Jacobian

There are many models for the Jacobian of C' as we have defined it. The algorithm presented
here will find an arbitrary model for the Jacobian in short Weierstrass form when j(C') #
0,1728. We start by recalling an elementary fact about the set of automorphisms on an
elliptic curve. Let u, C K denote the nth roots of unity and ¢, € y, the primitive nth root

of unity:.

Theorem 3.23. Let K be a field of characteristic not equal to 2 or 3 and E an elliptic curve
defined over K. Then Aut(E) is a cyclic group of order 4, 6, or 2. Specifically,



3.2. CONSTRUCTING THE JACOBIAN 47

o if j(E) = 1728, then Aut(E) = (x¢,);
o if j(E) =0, then Aut(E) = (x¢);

o and if j(E) # 0,1728, then Aut(E) = (x_1).
Proof. See [21, Corollary I11.10.2]. O

If j(E) # 0,1728, then Aut(FE) is always generated by morphisms defined over K. This is
not true if j(E) = 0 or 1728 since K in need not contain a primitive nth root of unity. For
example, F : y*> = 2% — x is defined over Q but has automorphisms defined over Q(v/—1).
This fact will cause annoyance for our situation as it means we might have to extend the

base field to represent elements in Aut(£).

We now explain the connection of Aut(£) to the problem of computing J from a twist. Let
C be a twist of E defined over K given by an invertible K-morphism ¢: C' — E. Recall
0o = ¢° 0 ¢p~t: E — E is an invertible isogeny that can be decomposed as ¢, = Tp, © &4

where 7p, is translation by P, = ¢,(0) and ¢, € Aut(E).

Lemma 3.24. Let E be a twist of C defined over K via ¢: C — E with ¢° o ¢~ ' = p, =
7p, 0 €5. Then E is the Jacobian of C if and only if e: Gal(K/K) — Aut(E) given by

e(o) = &, is the trivial homomorphism.
Proof. Immediate from the definition of the Jacobian. 0

Note that
kere = {0 € Gal(K/K) : ¢, = [1]}

is always a subgroup of Gal(K/K). However, when j(E) = 0,1728 this subgroup is not
necessarily normal since ¢ is not a homomorphism. In these edge cases, in order for ¢, to be

defined over K, we need the necessary roots of unity to be in K.

Lemma 3.25. Lete: Gal(K/K) — Aut(E) as defined in Lemma 3.24. If

e j(FE)=1728 and K contains a forth root of unity,
e or j(E) =0 and K contains a third root of unity,

e orj #0,1728,
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then € is a group homomorphism.

Proof. The assumptions imply that every element in Aut(F) is defined over K. For each
o,p € Gal(K/K), we have

Ppo = ¢pa o ¢_1 = (¢U)p © (¢—1)p © ¢p © ¢_1 = gof,’ © ¥p

and

P ) p —
Pp O, =Tp OELOTp, 0, =Tpryc, (P,) °EsOEp

since €, is defined over K. But, p,; = 7p,, 06, meaning ¢,, = £,0¢, = £,0¢, as desired. [

Our strategy to compute the Jacobian will be to twist J such that € becomes the trivial ho-
momorphism. We can do so by computing the fixed field F' := K**¢. Then the fundamental

theorem of Galois theory tells us

Gal(K/K)

Gal(F, K) = for e

< Aut(E)

is a cyclic subgroup of order n = 1,2,3,4, or 6. If n = 1, we are done as then FE is already
the Jacobian by Lemma 3.24. A standard result from Kummer theory allows us to get a

nice representation for F'.

Lemma 3.26. Let ((,) = i, C K and let Gal(F, K) be cyclic of order n. Then F = K(3/d)
for some computable unit d € K. Moreover, GaZ(K(W)/K) = (w) where w(z) = (2.

Proof. See [19, Theorem 12.1.1]. N

After identifying F' = K (3/d) for some d € K, we are able to compute the twist Ey : y> = 23+
d=4/" Az + d~%/"B. Miraculously, this twist with the new morphism ¢ := x vgo¢: C — Eug
is the Jacobian of C.

Theorem 3.27. Let E be a twist of C' defined over K via the invertible morphism ¢ : C' — E.
Let j(E) and K satisfy the hypotheses of Lemma 3.25 with K**¢ = K(3/d) given from
Lemma 3.26. Then E; with the map ¢ = Xwgo¢: C — Eq makes Eq a model for the
Jacobian of C.
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Proof. As aslight abuse of notation, let xq = x v/g.Write o, = 75 _0é, and define ¢: Gal(K/K) —
Aut(Ey) to be the homomorphism o + &,. Let (w) = Gal(K(V/d)/K) = ¢ (Gal(K/K)) with
w(z) = ¢z for {¢) = . For any o € Gal(K/K), we have

Po=0"00 " =xg0d 0 oxg = xjovsoxg = xGoT 0N
Furthermore,

X5 (2, y) = (w(d/™) 2z, w(d/™)*y) = ((d* "z, (3d*™y) = xa o xc.

Since w — £_,, is an isomorphism, we can assume ¢, = x_¢ meaning x o ¢, = [1]. Now,

P =Xi OTwOXy =XaOX¢OTPR, ©€wOXa = Tralxe(Re)) © Xd O X¢ © €O Xa' = Tralxe(Pu))
and so £(w) = [1]. Note that

Gal(K/K)
kere

>~ Gal(K(Vd)/K)

implies any o € Gal(K/K) satisfies 0 = w* o p for some p € kere and k € Z. Since € is a

homomorphism,

as desired. O]

Remark 3.28. In practice, we need only consider £: Gal(L/K) — Aut(E) where L/K is
the finite Galois extension over which ¢: C' — E' is defined. This is because ¢, = ¢, when
plr = o|r. Since we can compute the finite set Gal(L/K), we can explicitly compute ker e
in the naive way. The computation of the fixed field L**"¢ is then as simple as checking if

the generators of L are fixed by all o € kere.

Combining Theorem 3.27 with Algorithm 6 gives us our algorithm to compute a model for
the Jacobian of C.
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Algorithm 7: Compute Jacobian.

Input: A model for a curve C defined over K, a singular model C' : F (X,Y,Z) =0,
and a projection map 7: C' — C. We require K and j(C) satisfy the
requirements in Lemma 3.25.

Output: An elliptic curve J defined over K and an invertible morphism ¢: C' — J

making J a Jacobian of C.

E,L,¢ <+ Compute_Twist(C, C, T);

G + Gal(L/K);

Function epsilon(o):

Po = 7O

Py = ¢5(0);

return 7_p_¢,; # This is ¢, € Aut(FE)
ker + {};

for 0 € G do

if epsilon(o) = [1] then
‘ ker <— ker U{c };
end

end

K(/d) < Lk ; #n=[L*": K|]=1,234, or 6.

Xa ¢ (z,y) = (&, dPIMy);

Write E : y? = 23 + Az + B;

J— By = +d Az + d9/"B;

return J, xy, 0 ¢;

Remark 3.29. We do not provide an algorithm in the case j(E) = 0 or 1728 and K does
not have the required root of unity. When this is the case, we suspect it suffices to extend
the base field and twist back to K. We leave this for future work.

Example 3.30. Following Example 3.22, the curve C' : F(X,Y,Z) = 3y3 + 42% + 523 = 0
is related to E : y? = x% — 128980
L = Q(#) where [L : Q] = 6. We have that j(C) = 0 and Q does not contain a third root
of unity. Even though our algorithm is not guaranteed to terminate in such cases, in this
example it does. Using MAGMA [3, Automorphisms (L) ], we compute Gal(L/K) = ([—1], p)

(04?—059). For each o € Gal(L/K), we compute

via a computable isomorphism ¢ : C' — FE defined over

where p(0) =
Eo = T_goog-1(0) © @7 © qbil.

Using some non-trivial point ) € E(Q), found say by enlarging L and computing another
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point on C(L), we check if €,(Q) = Q. Since ¢, has trivial kernel, this is sufficient to check
g, = [1]. In this case, we find all e, = [1]. Thus, the fixed field Lk = Q and n = 1,

meaning F is in fact already a Jacobian of C'.



Chapter 4
Descent

Up to this point in the thesis, we have not assumed any conjecture. Even so, we have decided
if C'(K,) = 0 for every place v of K and we have computed an elliptic curve J defined over
K for which C' is a J-torsor. The fact that genus 1 curves fail the local-global principle
makes it difficult to use the local solubility of C' in a useful way. The idea is to classify the
group action of J(K) on C and then compute J(K) to determine if the action is trivial.
The process of “descent” on elliptic curves typically refers to computing a set of generators
for J(K). There is no known algorithm to do this that terminates in finite time without
assuming the Tate-Shafarevich conjecture. The outline we present is adapted from Silverman

21, Section X].

The outline of this chapter is as follows. We start by defining the Weil-Chatelet group,
which classifies types of E-torsors up to a natural equivalence. Then, we describe a subset
of E-torsors called n-coverings and explain exactly how cosets in E(K)/nE(K) give rise to
n-coverings. Next, we see how a collection of locally soluble n-coverings form a computable
group called the n-Selmer group, whose group operation differs from the operation on the
group FE-torsors. Intuitively, the Tate-Shafarevich group measures this difference. Finally,

we write down the algorithm that decides if C'(K) is nonempty assuming III(F/K) is finite.

4.1 The Weil-Chatelet Group

Remark 4.1. Even though modules are typically defined over rings, a G-module is a module
over the group ring of G. The group ring of GG is the free abelian group of elements in GG with
multiplication coming from the operation in G and extending by linearity. Equivalently, the

definition works by requiring M to be an abelian group with a G-action.

Definition 4.2. Given a group G and a G-module M, a crossed homomorphism is a map

a: G — M such that a(g192) = a(g1) + g1a(g). A principle crossed homomorphism, given

92
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by some m € M, is the map a,,(g) = gm — m.

It is easy to check that a principle crossed homomorphism is a crossed homomorphism and
moreover that the sum of any two crossed homomorphisms is a crossed homomorphism.

Hence, crossed homomorphisms form a group under point wise addition.

Proposition 4.3. Suppose G = Gal(K/K) and M is a discrete’ G-module. A crossed
homomorphism o: G — M is continuous® if and only if there is finite index normal subgroup
N C G such that a=1(0) C N.

Proof. See [11, Chapter 4.1 and Remark 6.7]. O

Remark 4.4. Proposition 4.3 can be restated as the existence of a finite Galois extension
L/K such that a~1(0) = Gal(K/L). If a,, is a principle crossed homomorphism, then
a;}(0) = Stabg(m) < G. Using the Galois correspondence, Stabg(m) corresponds to a
finite extension L/K and we can take the normal closure of L/K to get a finite Galois

extension. Thus, all principle crossed homomorphisms are continuous.

Definition 4.5. Given a field K and a Gal(K/K)-module M, the first Galois cohomology
group, denoted H'(K, M), is the quotient group of continuous crossed homomorphisms from

Gal(K/K) to M modulo the group of continuous principle crossed homomorphisms.

Often, our Gal(K /K)-module is E(K) or E(K)[n]. When this is the case we use the notation
HY(K,E) to mean H'(K, E(K)) and H'(K, E[n]) to mean H'(K, E(K)[n]). For any point

)[n
P € E(K), a principle crossed homomorphism is given by ap(c) = P? — P for all 0 €
Gal(K/K).

Definition 4.6. Given a field K and a non-abelian group N with a Gal(K /K) action, the
first Galois cohomology set, denoted H' (K, N), is the set of equivalence classes of continuous

crossed homomorphisms Gal(K/K) — N under the relation o ~ 3 if and only if there is
some n € N such that n’a(o) = B(o)n for all o € Gal(K/K).

If N is abelian then both definitions of Galois cohomology agree and there is an operation on

H'(K, N). However, if N is non-abelian as is the case when N = Isom(C), then H'(K, N)

'Meaning the action G x M — M is continuous with respect to the Krull topology on G and the discrete
topology on M.
2Meaning « is continuous with respect the Krull topology on G and the discrete topology on M.
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is no longer a group even though one can check the equivalence relation is still well-defined.

The principle continuous crossed homomorphisms still represent a class inside H'(K, N).

Recall that Proposition 3.15 states a curve C' is an E-torsor exactly when FE is a Jacobian
for C. Equivalently E satisfies the property that ¢, = ¢° 0 ¢! is translation by P, for some
P, € E(K). As seen in Lemma 3.25, we have ¢,, = ¢ o ¢, which is exactly the condition
for p: 0 = , to be a crossed homomorphism Gal(K/K) — Isom(FE). Strikingly, classes of

these ¢ completely comprise H'(K,Isom(E)).

Theorem 4.7. There is a bijection Twist(C'/K) — H'(K,Isom(C)).

Proof. Let C'" be a twist of C' via an invertible K-morphism ¢: ¢’ — C. We first show
the map [C] — ¢ where p: o+ ¢°¢~ ! is well-defined. Fix another twist C” of C' with an
invertible K-morphism ¢: C” — C representing the same class as C’ in Twist(C'/K) via the
invertible K-morphism 0: C' — C”. Let p = (¢! and note

(P7)(¢79™") = (7079~ = (70671 = (7(TH(CO¢™) = (7T p

meaning ¢°¢~! ~ (¢~ and the map [C] — ¢ is well defined.

To show injectivity, assume C” and C” are both twists of C' such that there is a p € Isom(C)
satisfying (p7)(¢7¢~1) = (¢°CY)p for all o € Gal(K/K). We can define §: C' — C” given
by (~!p¢ and note

07 = C7p7¢7 (¢ ) =TT po = Clpp =0

meaning [C'] = [C"] as desired.

Showing surjectivity of this map takes more work. Recall there is a familiar action of
Gal(K/K) on the function field F = K(C). That is, any ¢ € F can be viewed as a
rational map and ¢ is obtained by applying ¢ to each coefficient of g. Now fix some o €
H'(K,Isom(C)) and note we can “twist” the natural group action by letting ¢*(?) = g%oa(0).
Let F C F denote the fixed field of this twisted action of Gal(K/K). We will show that F

is the function field of a curve C’.

Since this twisted action of Gal(K /K) is still continuous on K (C), we know F®@ K = F |21,



4.1. TuE WEIL-CHATELET GROUP 55

11.5.3.1]. Now assume g € FNK is a constant function fixed by the twisted action. We have

g=9"ocafo) =lo(g)]oalo)

and so a = q, is a principle crossed homomorphism. Thus, ¥ ® K = K(C') & F for some
smooth projective curve C' [12, 1.6.12] where the isomorphism is equivariant with respect
to the twisted action on K(C’) and the standard action on F. This means that there
is a K-isomorphism ¢: C' — C’ such that ¢*: F ® K — F is an isomorphism satisfying
o* (ga(")) = ¢*(g9)°. Define o, = ¢ o ¢~ and note for all ¢ € Gal(K/K) and g € F,

implying ¢, = ¢°¢ ! ~ a(o) as desired. O

The surjectivity of the map is interesting as it implies we can go from an action on a function
field given by o € H*(K,Isom(C')) to a familiar map . In particular, if « € H' (K, Isom(E))

is always a translation map, then the corresponding class of twists of E is the Jacobian.

Remark 4.8. One might recall there was an issue in computing J in the case j(C) = 0, 1728
and K did not contain either a fourth or sixth root of unity. The trouble in these cases was
that a certain map ¢: Gal(K/K) — Aut(E) was not a homomorphism. That is, for all
o,p € Gal(K/K),

e(op) = e(0)’e(p) # e(0)e(p)

since &, was not defined over K. However, this is exactly the condition for ¢ € H*(K, Aut(E))
and consequently ¢ € H'(K,Isom(E)). From Theorem 4.7, we know ¢ is in bijection with a
twist of C, say €', such that ¢, = ¢, for all o. This curve C’ is interesting analogous to the

opposite of the Jacobian for C' as it is “translation free.”

Even in the case C'is an elliptic curve, the bijection in Theorem 4.7 has the weakness of only
being a bijection of sets since H'(K,Isom(FE)) is not a group. We have a much more useful

bijection when we restrict our study to E-torsors instead of F twists.

Lemma 4.9. Let C be an E-torsor with Qo € C(K), then a: Gal(K/K) — E(K) defined
by a: o — QF — Qo is a continuous crossed homomorphism. If Q; € C(K) is another
point with 8: o — Qf — Q1, then a = 8 in H (K, FE). Let ac denote this unique class of
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continuous crossed homomorphisms in H' (K, E). The element ac € H' (K, E) is trivial if

and only if C' has a K-rational point.

Proof. We check

a(0)" +a(r) = (QF — Qo)" + Qf — Qo = Q5" — Q5 + @5 — Qo = @y — Qo = a(70)

meaning « is a crossed homomorphism. To check continuity, note that a~1(0) C Gal(K/K)
is the subset consisting of elements fixing the coordinates of @y, which is Gal(K /L) where
L is the normal closure of K (Qy).

We now see

(B—a)(o)=0Q7 —Q1—(QF — Qo) = (Q1 — Qo)” — (Q1 — Qo)

which is a principle crossed homomorphism since @ — Qo € E(K). Thus, a = § modulo

principle crossed homomorphisms. If C' has a K-rational point @) € C'(K), then
ac:o— Q7 —Q=Q—-Q=0

is the trivial element.

Conversely, assume that ac : o — Q% — Q is principle where Q € C(K) is arbitrary. Thus

means there is some P € F(K) such that
@ -Q=p P

for every o € Gal(K/K). This implies (Q + (—=P))’ = (Q + (—=P)) for all o € Gal(K/K)
and so @ + (—P) € C(K). O

Lemma 4.9 hints at why we are considering Galois cohomology: the curve C has a K-rational
point if and only if a¢ is the identity in H'(K, E). Due to a bijection with the Weil-Chatelet

group, we call a¢ the trivial torsor if and only if C' has a K-rational point.

Definition 4.10 (Weil-Chatelet group). The Weil-Chatelet group WC(E/K) of an elliptic
curve F defined over K is the set of equivalence classes of E-torsors under the relation C' ~ C’
if and only if there is an invertible K-morphism 6: C' — C” satistying §(P) — 0(Q) = P — Q
for all P,Q € C(K).
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Two E-torsors are equivalent exactly when there is an invertible K-morphism 6: C' — '
between them respecting the action of E(K). That is, for the typical group action maps
p:CxE—Candv: CxC — FE,

fo(po(@x[1])=p andvo (6 x0)=1

where 1/ and v/ are the group action maps on C’. In other words, two E-torsors are equiv-
alent when they are isomorphic as curves over K via an isomorphism that does not change
the action of E(K). The group operation on WC(E/K) is given by a bijection to Galois

cohomology.

Theorem 4.11. There is a bijection from WC(E/K) to H' (K, E) given by [C] — ac.

Proof. We first show that the map is well-defined. Let [C] = [C’], meaning there is some
0: C — (' satisfying (Q7) = 0(Q) for all ¢ € Gal(K/K) while respecting the group action
of E(K) on C(K) and C’"(K). We can choose any point in C' or C’ to define ac and acr, so
let Qo € C(K) and 0(Qo) € C'(K). Note

(acr = ag)(0) = (6(Qo)” — 6(Qo)) — (@5 — Qo)
= (0(QF) — 6(Qo)) — (@5 — Qo)
= (QF — Qo) — (QF — Qo)
=0

Meaning ac = a¢r as desired.

We now show that [C] — «c¢ is injective. Assume C; and Cy are two E-torsors defined
over K such that ag, = ag,, meaning ac, — a¢,: o — P° — P for some P € E(K). Let
Q1 € C1(K) and Q, € C1(K) be arbitrary and let #: C; — Cy be defined as

0(Q) =(Q — Q1) + Q2+ (—P)

We can see that 6 respects the action of F since

0(Q) —0(R) = (@ -=Q1) + Qo+ (=P)) —(R= Q1) + Q2+ (=P)) =Q - R
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Moreover, we can see 0 is defined over K since

0(Q) =(Q7—Q7) — P7+ @3
Q7 —Q7) — PP+ Q7 —((QF —Q2) = (Q — Q1) — (P" = P))
=(Q7-QN)+(Q Q1) —P"+ (P" = P)+ Q3 — (@ — Q2)
=(Q° = Q1) - P+Q>
=0(Q%)
meaning 6 is an equivalence of E-torsors and [C}] = [Cy].

Finally, to see that [C] — «¢ is surjective we fix an arbitrary a € H'(K, F). There is a
natural map 7: E(K) — Isom(E) given by P + 7p meaning 7 o (—a) € H'(K,Isom(E))
and using Theorem 4.7 there is some twist of F/, denoted C', with ¢: C' — E an invertible
K-morphism. This twist satisfies g, = ¢7¢~+ = T_a(0) Meaning E' is a Jacobian of C' and C
is an E-torsor. Letting P = ¢~1(0) we have

Thus, [C] — ac = «a as desired. O

Remark 4.12. The degree of a curve C' as mentioned in Chapter 1, is the order of [C] €
WC(E/K). It is not in the scope of this thesis, but if C' is locally soluble of degree n, then
C admits a model in P"~!. See Stoll [22, pg. 9].

The class [C] represents the trivial element in WC(E/K) if and only if [C] has a K-rational
point. We can therefore interpret Chapter 2, as an algorithm for determining if [C] is trivial

inside WC(E/K,) for all places v. To utilize the locally solubility algorithm, we first need
to relate WC(E/K) to WC(E/K,).
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Definition 4.13 (Decomposition Group). The decomposition group of K with respect to a
place v is
G, ={o € Gal(K/K) : o(M,) = M,} < Gal(K /K).

For a non-archimedean place, M, = p C K for some prime ideal in K and G, is exactly the
subgroup of Gal(K/K) that is p stable.

Proposition 4.14. There is an isomorphism G, = Gal(K,/K,).

Proof. See [20, Chapter 2, Corollary 4]. ]
Using this isomorphism, we have that H'(Gal(K,/K,), M) = H'(G,, M), which is useful
since G, < Gal(K/K).

Proposition 4.15. For any S < G and N C M, There is a well-defined group homomor-

phism H'(G,N) — H'(S, M) given by the restriction of « € H'(G,N) to S.

Proof. If a = B inside H'(G, N), then a—f3 is a principle crossed homomorphism. Restricting
a — [ to S does not change this, making the inclusion well-defined. Moreover, (o + )]s =

als + B|s meaning the map is a homomorphism. H
This gives us a well-defined homomorphism H'(K, E) — HY(G,, B(K,)) & H*(K,, E) which
is equivalently a homomorphism WC(E/K) - WC(E/K,).

Corollary 4.16. Let .: WC(E/K) — WC(E/K,) send [C] where C' is an E-torsor to [C]

where C' is considered an E-torsor over K,. The following diagram commutes

WC(E/K) —— WC(E/K,)

) !

HY(K,E) —“— H'(K,,E)

where 1 is given by Proposition 4.15.

Proof. First we must show that if C' is considered to be defined over K,, it is an E-torsor
where E is defined over K,. By Proposition 3.15, F is the Jacobian of C' meaning there
is some ¢: C' — E defined over K satisfying ¢, = ¢°¢~! is translation by P, € FE(K).
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Note that ¢ is also defined over K, and also satisfies ¢, = ¢¢~! is translation by P, €
E(K) C E(K,) for all ¢ € G, = Gal(K,/K,). Also note that if [C] = [C’] as K,-torsors,

they are related by an invertible K,-morphism respecting the action of F(K,), but this

is automatically then a K-morphism respecting the action of E(K). Thus, the map ¢ is

well-defined on sets.

To show that the diagram commutes, note that ¢ (ac) = aclg, and aclg,(0) = ac(o) =
QS — Qo for any Qo € F(K) C E(K,) and any o € Gal(K,/K). This by definition is the

same map obtained from the bijection in Theorem 4.11 when considering C' over K. O

Corollary 4.16 lets us interpret the kernel of the map H'(K,FE) — H'(K,, E) as curves
C defined over K that have a rational point over K,. This brings us to one of the most

important groups of this thesis.

Definition 4.17 (Tate-Shafarevich Group). Let III(E/K) denote the kernel of the group
homomorphism

WC(E/K) — [[WC(E/K,)

Remark 4.18. Notice that [C] € III(E/K) exactly when C' is locally soluble, which we can
determine due to Chapter 2. Moreover, [C] is trivial in III(E/K) exactly when C has a K
rational point. The remainder of this thesis will be attempting to determine the order of
[C] € III(E/ K) since nonzero order means C' does not have a K-rational point. We will see
that there exists an algorithm to determine if C' has order n for a fixed n > 1, but this is
not be enough to determine the order of C' since it is not known if #II(F/K) < oc.

We need the following conjecture.

Conjecture 4.19. There is no element of infinite order in III(E/K).

Note this is a weaker statement than #I1I(E/K) < oo, but is still not the weakest conjecture
we can assume. We will see later in Conjecture 4.40 that we only need there to be there to
be no infinitely n-divisible elements in HI(E/K).

4.2 Torsors as n-coverings

Computing the order of ac € H'(K, E), or equivalently the degree of C, is equivalent to

deciding if C' has a rational point. While we are unable to directly do so, we are able to find
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an n such that ae has order n™ for some m € Z. In this section, we fix an integer n € Z~q
and look at a specific set of E-torsors that interact with the multiplication by n isogeny, [n],
defined over K.

Definition 4.20. A curve C'is an n-covering of an elliptic curve E defined over K when C'is
a twist of E given by the invertible K-morphism ¢: C' — E and there exists a K-morphism
m: C' — E such that the following diagram commutes.

C\7E

Lemma 4.21. If C' is an n-covering of an elliptic curve E defined over K, then C' is an

E-torsor.

Proof. Note

[log¢”o¢™ =[n]70¢ 0™ =(njog) 0™ =770¢™ =100 =[n].

Thus, (¢” o ¢! — [1])(P) € E(K)[n] for all P € E(K). However, E(K)[n] # E(K) for
n > 1. Since all morphisms are either surjective or constant (Proposition 1.15), we know
#° 0 ¢~1 — [1] must be constant. Hence, ¢ 0 ¢~! = 7p, for some Py € E(K)[n]. In particular,

F is a Jacobian for C' and so C' is an E-torsor. O

Definition 4.22. Two n-coverings of F given by 7 : C' — E and 7’ : ! — E are equivalent

if there is an invertible K-morphism #: C' — C” such that the following diagram commutes.

c—2 5

N L

Definition 4.22 should look familiar to that of Definition 4.10 and in fact is a stronger notion
of equivalence. It should not be too surprising that the set of all n-coverings are in bijection

to a similar group to H'(K, E), now depending on [n].

Remark 4.23. Tt is not true that H'(K, E[n]) is a subgroup of H'(K, E) even though there
is a natural inclusion-like homomorphism H!(K, E[n]) — H'(K, F). Since the equivalence
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relation in these groups are different, the map has nontrivial kernel which we examine next

in Section 4.3.

Proposition 4.24. The Galois cohomology group H'(K, E[n]) is in bijective correspondence

with equivalence classes of n-coverings.

Proof. Let T' be the classes of all n-coverings of E up to n-covering equivalence. Since n-
covering equivalence implies E-torsor equivalence, we know that 7 C WC(E/K). Thus, the
map T — H'(K, E) from Theorem 4.11 is well-defined up to equivalence of n-coverings as
well as injective. Let S be the image of the map T — H'(K, E).

(S C HY(K, E[n])): Let ac € S be an E-torsor via ¢ : C — E as well as an n-covering via
m:C — E. From Lemma 4.21, we know

[n] = [n]¢"¢~" = [n]7a()

and so ac(o) € E(K)[n].

(S 2 HYK,E[n])): Let ¢ : H'(K,E[n]) - H' (K, E) be the natural map from Propo-
sition 4.15. If o € HY(K, E[n]), then there is an E-torsor C' such that o — a¢ under
1. The bijection in Theorem 4.11 tells us the invertible K-morphism ¢: C' — E satisfies
¢7 ¢ = T4(s) where now a(o) € E(K)[n] for all 0 € Gal(K/K). We define 7 : C — E by
w(P) = [n]¢(P). To see 7 is defined over K note

and so 7 is defined over K making C' an n-covering. 0

The next proposition tells us that we can always compute some n such that C' is an n-

covering.

Proposition 4.25. Let E be a Jacobian of the curve C' defined over K wia the invertible
morphism ¢: C'— E defined over the Galois extension L/K. Then C' admits an n-covering
of E withn = [L: K].
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Proof. We only need to show that 7 := [n]¢ is defined over K. For any o € Gal(L/K),
let ¢°¢~t = 7p, for P, € E(K). Since L/K is Galois, we know # Gal(L/K) = n. For any
p € Gal(K/K), we still have ¢*°(¢*)~' = 7p,, and so ¢* : C — E still gives C the structure

of an E-torsor. Thus,

w=[nle" = D ¢

o€Gal(L/K)

= Y e

o€Gal(L/K)

Since Gal(L/K) is normal inside of Gal(K /K ), we know p acts as a permutation on Gal(L/K).
In particular, we have p Gal(L/K) = Gal(L/K) and thus

Y. Ta = Y e =hé=r
c€Gal(L/K) c€Gal(L/K)

as desired. O]

Since Gal(L/K) is finite and computable, so is [L : K| = n where C is an n-covering of E.
That is, Algorithm 7 allows us to compute the ¢ : C' — E and 7 : C' — E making C' and
n-covering and ac € H'(K, E[n)).

4.3 The Selmer Group

Up to this point, we have not used the fact that C' is locally soluble when considering it as
an n-covering of the Jacobian. Recall that C is locally soluble exactly when it represents an
element in III(F/K). Analogously, when C' is an n-covering that is also locally soluble, we
are able to identify it in a more specific group called the n-Selmer group. To motivate this

group, we need to explore more deeply the interaction between E-torsors and E|[n].

Recall that E(K) % E(K) is surjective when n > 1, but when restricting to K-rational

points we instead get an exact sequence:
0— E(K)[n] - E(K) > E(K) (4.1)

and it turns out that this sequence extends via a map ¢ : E(K) — H'(K, E[n]).
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Proposition 4.26. There is a well-defined homomorphism 6 : BE(K) — H'(K, E[n]) such
that ker 6 = nE(K) and img§ = ker where ¢: H'(K, E[n]) — H'(K, E) is inclusion.

Moreover, for every place v of K, there is a well-defined homomorphism 9§, : E(K,) —
H'(K,, E[n]) satisfying kerd = nE(K,) and imgd, = kert where ¢: H'(K,, E[n]) —
HY(K,,E).

Proof. First, if E(K) = E(K)[n| we note § = 0 satisfies all the conditions needed. For any

P € E(K) there is some @ € E(K) such that P = nQ. Let
d(P)=ag where ag(o)=Q7 —Q

and note [n]a(o) =nQ? —n@Q = P7 — P = 0. Even though ag is principle and thus trivial
in H'(K, E), it is not necessarily principle in H'(K, E[n]) as Q may not be n-torsion. For

two such choices of Qg, Q1 € F(K) their corresponding crossed homomorphisms satisfy

QQ, (0> — QQ, (U) = (Qtlr - Ql) - (Qg - QO) = (Ql - QO)U - (Ql - QO) = an—Qo(U)

where n(Q1 — Qo) = nQ1 —nQy =P — P =0 € E(K) and thus 0 is well-defined. By the

same argument, §(P; + Py) = ag,+g, = Qg © 0, and § is a homomorphism.

To show kerd = nE(K), we know already nFE(K) C ker ¢ since then ) € E(K)[n| implies
ag is trivial. For the opposite containment, let §(P) = ag and assume ay is trivial meaning
ag(o) = QF — Qq for some Qy € E(K)[n]. This means for all o € Gal(K/K),

(Q7 = Q) = (QF — Qo)

and so (Q—Qo)” = Q—Q giving Q—Qp € E(K). Note that n(Q—Qo) = nQ—nQy=P—-0
and thus P € nE(K).

To show imgd = ker ), we immediately have imgé C ker since oy is principle and thus
trivial in H'(K, E). Now suppose that ¢(«a) is trivial for some o € 1(K, E[n]). Then

Y(a)(o) = QF — Qo for some Qo € E(K). By the definition of ¢, then o = a, where

0 = nag, (o) = (nQo)” — (nQo)

for all 0. Thus, nQy € E(K) and 6(nQy) = a.
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This exact proof still works when we replace K with K. O

Many of the arguments made in this section can be simplified if one is comfortable with

standard arguments from group cohomology.

Definition 4.27. The maps 0 and ¢, defined in Proposition 4.26 are called connecting

homomorphisms.

The connecting homomorphism gives us the following exact sequence:

0= E(K)[n] > E(K) % E(K) % HY(K, Eln)) (4.2)
Note that n is surjective if and only if img(d) = 0. This is almost never the case and so the
following corollary is useful to us.

Corollary 4.28. For ac € H'(K, E[n]) where C is an n-covering of E, we have ac € imgd
if and only if C(K) # 0.

Proof. By Proposition 4.26, we know a( is trivial when considered as an element in H!(K, E)
and thus [C] € WC(FE/K) is trivial, making C'(K) # 0. Conversely, if C(K) # § then
ac € HY (K, FE) is trivial and a¢ € imgd (Lemma 4.9). O

We can then extend the exact sequence (4.2) to

0 —— FE(K)[n] —— E(K) ————— E(K) j
§

(4.3)
[» HY(K,E[n]) — H'(K,E) —— H'(K, E).

Note that the kernel and image of § given in Proposition 4.26 are exactly what is needed for
exactness. When we take the appropriate kernels and trace through definitions, we get the

truncated short exact sequence
0 — E(K)/nE(K) —— HY(K, E[n]) —— H'(K,E)[n] — 0. (4.4)

This short exact sequence has nice geometric interpretation in the context of determining
if C' has a K-rational point. Namely, the cosets of the Mordeil-Weil group E(K)/nE(K)
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generate the classes of n-coverings that have a K-rational point. Since C' is one of these
n-coverings, we have a way to check if C' is K-rational given we can compute F(K)/nE(K),
§, and a representation of ac € H'(K, E[n]). In order to achieve the second two goals, we

must assume that C' is locally soluble. See Remark 4.32.

For any place v of K, the sequence (4.4) is still exact when replacing each K with K, and ¢

with ¢,. From Proposition 4.15, we then have the following diagram

0 —— BE(K)/nE(K) —— H'(K, E[n) —>H1(K E)n] —— 0
0 —— [1, E(K,)/nE(K,) —2— [I, H'(K,, E[n]) —— [[, H'(K,, E)[n] —— 0
(4.5)

where € is either composition. The following proposition tells us €2 is well-defined.

Proposition 4.29. Diagram 4.5 commutes.

Proof. We will show that the diagram commutes for a single place v and note the result
follows. Consider P+ nE(K) € E(K)/nE(k) and note 6(P + nE(K)) = §(P) = a where
a(o) = Q7 — Q with Q € E(K) satisfying nQ = P. Similarly, note 6,(P + nE(K,)) =
5,(P) = o where o/(0) = Q° — Q' for 0 € G, and Q' € E(K,) satisfying n@" = P. Note
that /(o) — alg,(0) = (@' — Q)7 — (Q' — Q) is trivial since Q' — @ € E(K,). For the second

square, the result follows immediately from the definition of the maps. [

The kernel of the right most vertical map in 4.5 is by definition III(£/K)[n] and E(K)/nE(K)
injects into the kernel of the middle vertical map. We define that kernel to be the following

group.

Definition 4.30. The nth-Selmer group, denoted S™ (E/K), is given by
ker <Q H'(K,En])) — HH (K, E)[n ])

The definition of which gives us the important exact sequence

0— E(K)/nE(K) % S™(E/K) — IL(E/K)[n] — 0 (4.6)
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This exact sequence is how we will get a handle on the torsion of III(E/K), i.e. by computing
ac € S™(E/K) and img§ for various values of n and hoping a¢ € imgd.

From it’s current definition it is clear that S™(E/K) is a subgroup of H'(K, E[n]), but we

can go further with this description.

Definition 4.31. The inertia group of K with respect to a place v is
I, = Gal(K,/K™) < G, < Gal(K/K)

where K™ is the maximal unramified extension of K,.

Remark 4.32. A crossed homomorphism o € H'(K,, E[n]) is difficult to represent in an
algorithm since it is a map whose domain is the infinite group Gal(K,/K,). However, if we
assume « restricted to I, is trivial, then « is determined by its mapping on Gal(K™/K,),
which is well studied by Serre [20, Chapters 7 and 8]. For example, as seen in [20, Example
7.15(b)], this group is dense with respect to lifts of the Frobenius isomorphism and so «
is determined by its action on just this one isomorphism. This motivates the distinction

between crossed homomorphisms trivial on [, and ones that are not.

Definition 4.33. Given a place v of K, a crossed homomorphism o« € H'(K, E[n]) is

unramified at v if a restricted to I, is trivial. For any finite set of places S, we define
HY(K,En)];S) = {a € H'(K, E[n]) : a is unramified for all v ¢ S}

Lemma 4.34. If S contains all archimedean places of K and is finite, then the group
HY(K, M;S) is finite and computable.

Proof. Note that the action of Gal(K /K) is trivial on F(K)[n] and so
HY(K, E[n]; S) = Hom(Gal(K/K), E[n]; S)

where Hom(Gal(K/K), E[n]; S) is the set of group homomorphisms that are trivial on I,
for all v € S. A result from Kummer Theory found in Silverman [21, Proposition VIII.1.6]
tells us that we can construct a finite Galois extension L/K such that H'(Gal(L/K), E[n])

is unramified outside S and Gal(L/K) has elements of order at most n. The natural map

Hom(Gal(K/K), E[n]; S) — Hom(Gal(L/K), E[n]; S)
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is then an isomorphism [21, Lemma X.4.3]. One can explicitly compute the extension L/K

given S using class group computations. See Silverman [21, VIII Excercise 1]. O

Lemma 4.34 allows us to concretely represent the homomorphisms in H' (K, E[n]; S) as maps
in Hom(Gal(L/K), E[n]), which have a finite domain. The usefulness of this is seen in the

following lemma.

Theorem 4.35. Let S be the subset of the places v of K containing all archimedean places,

all primes containing n, and all primes such that E/k, is singular.

Then S™(E/K) is a subgroup of H' (K, E[n];S). In particular, S™(E/K) is finite and

computable.

Proof. See [21, X.4.2]. O

Remark 4.36. The places for which E/k, is singular are exactly the primes dividing the

discriminant of E. In particular, the set S in Theorem 4.35 is finite and computable.

While S (E/K) is highly abstract, Theorem 4.35 tells us it is a finite abelian group. More-
over, its elements form a subgroup of maps in Hom(Gal(L/K), E[n]). Recall any abelian
group is isomorphic to (Hf\il Z./qZ)/ R for some q € Z representing the maximum order of an
clement, some N € Z, and some subgroup R of ([, Z/qZ) called the relation lattice. The
issue of computing the isomorphism S™(E/K) = ([]\, Z/qZ)/R is nontrivial and outside
the scope of this thesis. We refer the reader to a series of papers all about this computation
[5] 6] [7] [22].

Theorem 4.37. Stoll [22, Theorem 2.4]. There is an effective procedure for computing the
n-Selmer group of an elliptic curve over a number field K. It requires class group and unit
group computations in extensions of K of the form K(Ty,Ty), where Ty, Ty is an unordered

pair of n-torsion points of E.

While computing S™(E/K) can technically be done, it is simply too expensive to do for

even moderately sized n due to expensive class group computations.

Remark 4.38. Work by Hallgren [10] and Jean-Francois and Fang [15] show that there
is an efficient quantum algorithm to perform class group computations. This means that

computing S™(E/K) can be done efficiently on a quantum computer.
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Even modulo the class group computations, there needs to be a way to represent the curve C'
as an element in S (E/K) and identify the subgroup img § C S"(E/K) that agrees with the
computable representation of S™(FE/K). That is, there must be some computable translation
between geometric representations of elements in S™(E/K), elements in H'(K, E[n]; S),
and elements in ([]\, Z/qZ)/R. In practice, MAGMA currently has implementations for
computing S™(E/Q) for n = 2,4,8,3,9,5 as there are nice geometric representations for
elements in S™ (E/Q) for such n. Such models are described in [8] and [3, “Models of Genus

1 Curves”]. We summarize this section with the following diagram.

ac Hom(Gal(L/K), E[n]; S) n — covering classes WC(E/K)
m gT lf:v lg
SM(E/K) ———— HYK, E[n];S) » HY(K,E[n]) —— HY(K,E)
|
E(K)/nE(K)

where a¢ is the crossed homomorphism corresponding to the locally soluble curve C' defined
over K. Tt is clear that if F(K)/nE(K) and S™(E/K) are computable, then we can
compute imgd and consequently decide if C'(K) # 0. In the algorithm we present, we
essentially compute F(K)/nE(K) along the way to deciding if C(K) # 0.

4.4 The Decisional Procedure

We are finally ready to present the decisional procedure that terminates based on the Tate-
Shafarevich conjecture. It is important to note that we are treating a subroutine to compute
S®(E/K), for any k € Zsg, as a black box. That is, there must be an algorithm to check
equality in S®)(E/K), we must be able perform the group operation on any two elements,

and we must be able to call the following functions:

« Selmer_Group(F, k): Returns a generating set for S (E/K).

« Selmer_Representation(C, ¢, F, k): Given a locally soluble curve C' such that ¢: C' —

E makes C' an E-torsor, returns an element equivalent to ac € S®(E/K).

e 0_Selmer_Representation({Fy,...,P,}, E, k): Given a set of points {Py,..., P,} C
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E(K), computes the generators of the subgroup of S*(E/K) under the connecting

homomorphism 4.
e Multiplication_Selmer_ Representation(F,k,{): Given some ¢ € Z-,, computes

the matrix for the map [¢], : S®(E/K) — S®(E/K) where a + [{] o .

While all these algorithms can be written down, not all of them are practical as mentioned
in the remarks proceeding Theorem 4.37. Our strategy for determining if C'(K) # () is to
determine the order of ac € III(E/K). There is a diagram for all m € Z given by

0 — E(K)/n"E(K) —— S")(E/K) —— HI(E/K)n™ —— 0

l[nm—l} l[nm—l]* l[nm—l}

0 —— E(K)/nE(K) —— S®(E/K) —— 1 (E/K)[n] —— 0.
Definition 4.39. The m-relative Selmer group is defined by

Sm(B/K) = [n™7Y], (S<”’“>(E/K)).

Tracing through definitions yields another exact sequence
0 — E(K)/nE(K) — S"™™(E/K) — n™ 'II(E/K)[n™] — 0. (4.7)

The relative Selmer group is computable sine S (E/K) is computable and the hope is that
for some m € Z, it is isomorphic to E(K)/nE(K) through . Equivalently, we hope the

following conjecture is true.

Conjecture 4.40. For alln € Z~, there exists an m € Z~q such that
n™'I(E/K)[n™ = 0.

Equivalently, the sequence of groups (III(E/K)[n™]) stabilizes.

m€Z>0

When this is the case, we know img d = S™™(E/K) and so a generating set of E(K)/nE(K)
is given by any set of points {P, ..., P,} such that §({P,..., P,}) generate S (E/K).
We can find these points by brute force by naively enumerating the possible z-coordinates
of points on F(K).



4.4. THE DECISIONAL PROCEDURE 71

Definition 4.41. The (naive, logarithmic) height function on E is h, : E(Q) — R such that

h.((z,y)) = log H(x)
he(0) =0

where H(?) = max{|pl, |q|}.
q

Proposition 4.42. For every constant C' € R, the set
{PeEQ):h(P)<C}
is finite and computable.

Proof. We clearly see for a fixed C' € R, there are (C'+1)? choices for (p,q) € Z2, such that
H (%’) < (' and so there are finitely many choices for x-coordinates of a point P satisfying
h(P) < logC. The result follows noting that there are at most two points P € E(Q) with

a given z-coordinate. One can compute such a set by writing F : y?> = 23 + Azx + B and

(1) 2(0)-2

is a square for every candidate choice of b ]
q

checking if

Proposition 4.42 holds when we replace Q with K and define height similarly. Silverman
[21, VIIL.5.4] has a detailed analysis of different height functions.

Definition 4.43. For any m € Z, the rational-point group T(, ,)(£/K) is the subgroup
of S™(E/K) generated by 6({P, ..., P,}) where {Py,...,P,} = {P € E(Q) : h(P) <m}.

Assuming Conjecture 4.40, there must be some m € Z-q for which a finite set of points in
E(K)/nE(K) generate S™™(E/K) under the  map, so checking if a¢ € img 6 is equivalent
to checking if o € S™™)(E/K). The only thing that is left to do is to find such an m € Z-,.

From the definition of the relative Selmer group and rational point group,

sm(p/K) C S (B/K) C .- C S™(E/K) = S"™(E/K)
Ty (E/K) 2 Tinp1)(E/K) 2 -+ 2 Tinz) (B/K) 2 Ty (E/K).
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Conjecture 4.40 can thus be restated as the existence of some R € Z such that
SUI(E/K) = Tom(E/K).

In this case, if m € Z~g is minimal satisfying n™ '[II(E/K)[n™] = 0 and M is the maximum
of h,(P) for a choice of generators P € F(K)/nE(K), then R = max{m, M} suffices.

Remark 4.44. Any process of enumerating the points of F(K) can be used when attempting
to find a set that generates S(™(E/K) under §. The only requirement is that such a process

lists any specific point in finite.
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Algorithm 8: Has K point.
Input: A smooth curve C of genus 1.
Output: Truk if C(K) # () or FaLsE otherwise.
if Locally_Soluble(C) is FaLsE then
‘ return TRuE;

end
E, L, ¢ + Compute_Jacobian(C);
L <+ Normal_Closure(L);
n <« [L: K]J;
aq,...,q, < Selmer_Group(n);
ac < Selmer_Representation(C, F, ¢, n);
m < 1;
while True do
B1, ..., Ps < Selmer_Group(F,n™);
A < Multiplication_Map_Representative(F,n™,n™');
Yy = AP, - -+, Bs}); # This generates S c S,
{Py,...,P,} + Points_With_Bounded_ Height(FE,m);
€1,...,€, < 0_Selmer Representation({Pi,...,P,}, E,n));
: # This generates T(, ) C S
if (v1,....7%) = (€1,...,€,) then
if ac € (7,...,v) then
‘ return TRUE;
end
else
‘ return FALSE;
end

end
m 4 m + 1;

end

Algorithm 8 only terminates if there is an m € Z such that S™™ = Tin,m) as expected. When
this is the case, we know that § ({P,..., P,}) generates S™™(E/K) and so {Py,..., P}
generates F(K)/mE(K). If ac & (imgd({Py,...,P.})) = (img (E(K)/nE(K))), then it is
nonzero in III(E/K)[n] and thus does not have a K-rational point. Otherwise, ac € imgd
and C'(K) # () as seen in Corollary 4.28.

In the strategy outlined, we decide if C' has a K-rational point essentially by computing
E(K)/mE(K) where E is the Jacobian of C'. We conclude the content of this thesis with a
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theorem stating why this is necessary.

Theorem 4.45. There is an algorithm to decide if a smooth curve of genus 1 defined over
K has a K-rational point if and only if there is an algorithm to compute E(K)/nE(K) for

any elliptic curve E defined over K and any n € Z~q.
Proof. (=): An algorithm to compute E(K)/nE(K) can be constructed as followed.

1. Compute the finite group S™(E/K) (Theorem 4.37).

2. For each a € S™(E/K), construct an n-covering C such that ac = a (Proposi-
tion 4.24).

3. For each n-covering above, decide if a¢ € imgd by using an algorithm to decide if C'

has a point over K (Corollary 4.28).

4. For successive r € Zg, compute T,y = (§({ Py, ..., P, })) until T(,,y = imgd. When
equality holds, the points {Py, ..., P, } generate E(K)/nE(K) (Equation 4.6).

(<): An algorithm to decide if C' has a point over K can be constructed as followed.

1. Decide if C' is locally soluble and compute J, the Jacobian of C' (Chapters 2 and 3).
2. Compute the finite group S™(J/K) (Theorem 4.37).

3. Compute a generating set for J(K)/nJ(K) with representatives {P,..., P,}, then
compute imgd = (6({ Py, ..., P,})) (Definition 4.27).

4. Compute a¢ € S™(J/K) using Proposition 4.24 and check if ac € imgd. Then C
has a point over K if and only if a¢ € imgd (Corollary 4.28).

No conjecture is needed for this equivalence. [



Chapter 5
Conclusion

When considering the difficulty of implementing an algorithm to determine if a smooth curve
C of genus 1 defined over a number field K has a K-rational point, the following should be

noted.

o It is relatively easy to determine if C' has a point over K, for every place v of K, but

this does not directly tell us if C' has a point over K.

e An algorithm to determine if C' has a point over K exists if and only if there is an
algorithm to compute the Mordeil-Weil group, F(K)/nE(K).

 Assuming the Tate-Shafarevich conjecture, one can compute F(K)/nE(K) and decide
if C has a point over K.

o The best known strategy for computing F(K)/nE(K) under the assumption of the
Tate-Shafarevich conjecture is not practical as it performs class group computations

over an extension of K.

In this work, we gave fairly explicit pseudocode for the procedure that determines if C' has
a rational point. In the case K = Q and j(C) # 0,1728, MAGMA code for computing the
Jacobian and determining the local solubility of C' can be found in the GitHub repository
[24]. The benefit of these algorithms over the existing ones in MAGMA is that they work

for arbitrary degree curves.

5
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