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(Abstract) 

Three discrete dynamical models are used to solve the Chandrasekhar H-equation with 

a positive or negative characteristic function. Two of them produce series of continuous 

functions which converge to the solution of the H-equation. An iteration model of the nth 

approximation for the H -equation is discussed. This is a nonlinear n-dimensional dynamical 

system. We study not only the solutions of the nth approximation for the H-equation but 

also the mathematical structure and behavior of the orbits with respect to the parameter 

function, i.e. characteristic function. The dynamical system is controlled by a manifold. 

For n=2, stability of the fixed points is studied. The stable and unstable manifolds passing 

through the hyperbolically fixed point are obtained. Globally, the bounded orbits region is 

given. For parameter c in some region a periodic orbit of one dimension will cause periodic 

orbits in the higher dimensional system. For changing parameter c, the bifurcation points 

are discussed. For c E (-5.6049, 1] the system has a series of double bifurcation points. 

For c E ( -8, -5.6049] chaos appears. For c in a window contained the chaos region, a new 

bifurcation phenomenon is found. For c ~ - 7 any periodic orbits appear. For c in the chaos 

region the behavior of attractor is discussed. Chaos occurs in the n-dimensional dynamical 

system. 
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Chapter 1 

INTRODUCTION 

The subject of radiative transfer in plane-parallel atmospheres is presented as a branch 

of mathematical physics with its own characteristic methods and techniques. On the physics 

side the novelty of the methods used consists in the employment of certain general principles 

of invariance which on the mathematics side leads to the study of nonlinear integral equa­

tions. For example, for a parallel beam of radiation incident on a semi-infinite plane-paralJel 

atmosphere with diffuse reflection at the surface, the transport equation for the intensity / 

may be written 
dl(r,µ) _ I j_l , , (';,; 

µ d -I(r,µ)-;- I(r,µ)dµ -:s(r,µ). 
T 2 -1 

(1.1) 

The intensity at the surface is usually expressed in terms of a scattering function S, which 

itself is expressible as a product of so-called H-functions. These functions, first introduced 

by S. Chandrasekhar [5], satisfy nonlinear integral equations of the form 

L} 'lj,(µ
1

) I I 

H(µ) = 1 + µH(µ) --, H(µ )dµ, 
0 µ+µ 

( 1.2) 

where t/J(µ) is a characteristic function. It is well known that this equation does not have a 

unique solution. However, the "physical" solution of ( 1.2) is subject to the constraints 

Vj f1 t/J(µ)H(µ) dµ = 1, 
lo Vj - µ 

j = o, .. ,a, 

where Vj,j 0, ... ,a, are zeros of the dispersion function 

J_+t t/J(s) 
A= 1 +z --ds. 

-1 S - Z 
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A traditional approach to obtaining values for the H-equation is to attempt to solve 

( 1.2) by iteration. There are two iteration models important in solving the equation in 

L1 (0, 1) for positive ¢(µ) with 

r1 1 lo 1{,(µ )dJL ~ 2' 

namely, 

11 'ff,(µ') I I 

Hn+I (µ) = 1 + µHn(µ) --, H,i(µ )dµ, 
0 µ +µ 

( 1.3) 

and 

( lat 'f/1(µ') , ')-l 
1 - µ --, Hn(µ )dµ . 

0 µ+ µ 
( 1.4) 

Bittoni, Casadei, and Lorenzutta [1] have shown that when the right hand side of the H-

equation is regarded as a bilinear operator from L1 (0, 1) x L1 (0, 1) to L1 (0, 1) with the 

norm of its Frechet derivative less than unity the bilinear operator is contractive in a ball. 

Thus the unique solution of H -equation can be obtained by iteration of the fl-equation 

model (1.3). Subsequently, Bowden and Zweifel [2] showed that the solution so obtained 

was indeed the "physical" solution. Bowden [3] used the iteration model ( 1.4) to obtain 

a series converging to the solution of the H-equation. In Chapter 6, using both iteration 

models {1.3) and (1.4) we study the H-equation in C[O, 1] for ¢(µ) E L 1 (0, 1), but not 

restricted to 1b(µ) positive. We will find a series of continuous functions which converges to 

the continuous solution of the H-equation. 

To get the series function numerically in both iteration models ( 1.3) and ( 1.4 ), we need 

to calculate integrals. For solving the H-equation ( 1.2) numerically the nth approximation 

of the H -equation is 

H(µ) = 1 + µH(µ) t ait/J(µi) H(µj) 
j:::1 µ + µ; 

(1.5) 

S. Chandrasekhar [6] gave a solution formula with constants which are non-negative roots 

of an associated characteristic equation. But it is hard to solve the roots. 

An iteration model of the nth approximation is given by: 

(1.6) 
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i = 1, 2, ... , n. 

Since there is a parameter function, 1/J(µ ), in the H -equation, these iteration systems above 

have a parameter. The system ( 1.6) is an n-dirnension nonlinear discrete dynamical system 

which, in appearance, is far more complex than original the fl-equation. 

From the system ( 1.6) we have 

n n l n 

~ ai',jJ(µi)Hn+1 (µi) = ~ ai1f,(µi) + 2[~ ai7f,(µi)Hn(µi)]2
• 

i=l i=l i=l 

( 1. 7) 

Let 

(1.8) 

and 

(1.9) 

We obtain 

X(n+ 1) = c+ X(u,)2. (1.10) 

From ( 1.10) and the relation ( 1.8) we can see that the behavior of the one dimension system 

( 1.8) will influence the n-dimensional system ( 1.6). 

Iteration of continuous maps of a bounded region into itself serves as the simplest ex­

ample of models for dynamical systems. These models present an interesting mathematical 

structure going far beyond the simple equilibrium solutions one might expect. If in addition 

the dynamical system depends on an experimentally controllable parameter, there is a cor­

responding mathematical structure telling a lot about interrelations between the behavior 

for different parameter values. For the system ( 1.6) we are interested in not only the fixed 

points but also the mathematical behavior for the parameter function 1/J(µ ). We will see in 

Chapter 3 that there are periodic and chaos phenomena in the dynamic system (1.6). 

There are a variety of instances where chaotic phenomena can arise. In thie early 1970s, 

it was observed that in biological populations the nonlinearities that are inherent in simple 

models for the regulation of plant and animal populations can lead to periodic and chaotic 
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dynamics. Attracting particular interest were interactions between prey and predator (in­

cluding hosts and pathogens, hosts and parasitic insects, and harvested populations). Some 

of the complications in disentangling deterministic chaos from environmental noise were 

discussed. The combination of population biology with population genetics leads to an 

even richer assortment of nonlinear phenomena and to the suggestion that many genetic 

polymorphisms may vary cyclically or chaotically ( rather than being steady, as usually 

had been assumed implicitly). Such investigations in the early 1970s led to the realization 

that the simplest nonlinear models for population with discrete, nonoverlapping generations 

(first-order difference equations with one critical point) could exhibit a surprising array of 

dynamical behaviors (May [7], [8]; Li and Yorke [12]; May and Oster [11]). Subsequent work 

showed that even richer dynamical behaviors could be generated by simple, deterministic 

equations for single populations with discrete but overlapping generations (higher-order dif­

ference equations), for single populations with continuous growth where regulatory effects 

contain time lags ( time-delayed differential equations), and for two or more interacting pop­

ulations. Thf> dynamical properties of these models have been the subject of several reviews 

(Rogers [13); Olsen and Degn [18); Kloe<len and Meed [14]; Lauwerier [15](16]; May [9], [10]). 

The one dimensional quadratic map 

Ut+1 = Ut(r - qut). (1.11) 

is sometimes called the "logistic" difference equation. In the limit q = 0, it describes a 

population growing purely exponentially (for r > I); for q f. Oi quadratic nonlinearity 

produces a growth curve with a hump, the steepness of which is tuned by the parameter r. 

By writing N = qu/r, the equation may be brought into canonical form 

(1.12) 

In many respects this simple system is typical of one dimensional dynamical systems, and 

has a number of properties we will encounter in our study of the H-equation. If 3 > r > 1, 

the fixed point at x* = 1 - 1/r is an attractor. At r 3 the system bifurcates to give 

4 



a cycle of period 2 which is stable for 1 + J6 > r > 3. As r increases beyond this, 

successive bifurcations give rise to a cascade of period don bling, producing cycles of periods 

2, 4, 8, 16, ... , 2n for r in the range 3.570 ... > r > 3. Beyond the point of this cascade, 

4 > r > 3.570 ... , there lies an apparently chaos region. In detail, the apparently chaotic 

region comprises infinitely many tiny windows of r-value, in which basic cycles of period 

k are born stable ( accompanied by unstable twins), cascade down through their periodic­

doubling to give stable harmonics of periods k2n, and become unstable; this sequence of 

events recapitulates the processes seen more clearly for the basic fixed point of period 1. 

The nature of the chaotic region for such "maps of the interval" is often misunderstood. 

The chaos is largely a mosaic of stable cycles, one giving way to another with kaleidoscopic 

rapidity as r increases. But for essentially all practical applications, the chaotic region 

has the effectively random character that superficial inspection or numerical simulations 

suggest. 

Since 1975, sequences of bifurcations governing the route to chaos in one-dimensional 

discrete dynamical systems have been extensively studied [48], [37), [38], [39], [40], (41), (47]. 

However, models reducing to two dimensional endomophisms are often obtained in several 

fields. Up to now they have been mainly studied by numerical simulations. 

Among the few two dimensional discrete dynamic system which have been studied is the 

Henon map [21]. This map is a quadratic with a constant jacobian. Henon use a numerical 

simulation of the iteration sequence, solution for particular parameter. With a finite number 

of iterations of a numerical simulation, its solution was interpreted as a "strange attractor". 

Afterwards many papers and books were devoted to this problem ([22], [28], [29], (30], [31], 

[26], [32], [33], [34], [35], (36], [42], [43], [44], [22], [45], [46]). 

For our system, letting ait/J(µj) 

dimensional dynamic system (1.6) as 

~ and h; = {H(µj), we can rewrite our n-

(1.13) 

i = 1, 2, ... , n. 
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One may note that the equation looks like biological equations, where hj is the population 

of the jth race, 
n 

2µj L Wi hi( t) 
i=1 µi + µj 

is the growth rate function for the jth race, and where the input number, {, is a regeneration 

or death rate for positive c or for negative c, respectively. So the dynamic system (1.13), 

which is from radiative transfer in physics, has biological meaning as well. There are 

no papers to study this particular system. As a mathematics problem, few papers study 

dynamic systems in dimensional more than two. We take three chapters to study the two 

dimensional system of ( 1.13). 

In Chapter 2 we find a linear transformation to simplify the system. We find that the 

two dimensional system is controlled by a one dimensional system. All the stability of the 

fixed points is given. In Chapter 3 the invariant manifolds for hyperbolic fixed points are 

found. In Chapter 4, in order to find global properties of the orbits, we use methods in 

quantitative and stability theory of differential equations. 

In the system of differential equations 

dx 
dt 

f(x,y) 

dy 
dt = g(x, y), 

the vector field (f(x, y),g(x, y)) tells us the slope and the direction of the orbits. From the 

field near a fixed point we will know the stability of the fixed point. 

In the discrete dynamical system 

Yt+I - Yt = g(xt, Yt), 

the difference vector field (!( Xt, Yt), g( Xt, yt)) tells us where the next point of the orbit is 

going to be. 
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Since the two dimensional system is governed by a one dimensional system ( we call it 

the governing system), we use the properties of the governing one dimensional mapping 

to construct regions of the two dimensional plane. The properties of the two dimensional 

mapping are discussed. We find a boundary region which is invariant for the two dimensional 

system mapping. This implies that the orbits of the system in this region will be bounded. 

We also find that ellipses are mapped to line sections, and a region bounded by an ellipse 

is mapped onto a triangular region. Combining all the properties of the two dimensional 

mapping, we obtain a region such where all attractors lie in. 

The attractors of the system depend on the parameter. Since we find a transformation 

such that the system is changed to new form in which the one dimensional system is equiv­

alent to the logistic system, the problem is how to use the results of the logistic system to 

analyze our two dimensional problem. In Chapter 5 we prove that the existence of periodic 

orbits in the two dimensional system are governed by the one dimensional system, i.e. if 

there is an n-periodic orbit of the one dimensional system, then there is a periodic orbit 

with the same period for the two dimensional system. So the set of bifurcation points for 

the higher dimensional system includes the set of bifurcation points of the of governing 

system. For the governing system, we know that if there is a 3-periodic orbit then there 

are period orbits with any period n and chaos appears. From our result we will have that 

a 3-periodic orbit in the two dimensional system implies that the arbits of any period and 

chaos appear. 

We know that many results of the logistic dynamical system are from numerical compu­

tation or computer experiment, for example, the values of bifurcation points and attractors. 

For our two dimensional dynamical system, computer experiments tell us that for the pa­

rameter c ~ - 7 the system has a 3:-periodic orbit. This means that for c in this region there 

are any periodic orbits of the two dimensional system. We also find for c E ( -5.6049, 1] 

the system has period doubling bifurcations. When c < -8 for our n-dimensional sys­

tem the orbits starting from a neighborhood of the origin are divergent. In the region 

[-8, -5.6049] there are many windows. When the parameter decreases in the small region 
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[-5.92849, -5.91895] we find a new phenomena. In this region, successive bifurcations of 

attractors appear. It is not period doubling but cycles of periods 6, 7, 8,9, 10, .... 

To chaos research, mathematics has become an experimental science, with the computer 

replacing laboratories. Chaos has become not just theory but also method, not just a canon 

of beliefs but also a way of doing science. Chaos has created its own technique of using 

computers. Chaos is making a new science [20]. 
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Chapter 2 

STABILITY OF FIXED POINTS 

1. Origin of the Problem 

An important nonlinear integral equation in the theory of radiative transfer is the H -

equation 

H(µ) 1 + µH(µ) [1 1/J(µ'), H(µ 1 )dµ 1
, 

lo µ+µ 
(2.1) 

where the characteristic function 'lf,(µ) is an even polynomial in µ satistying the condition 

fl 1 
lo 1f,(µ )dµ :S: 2 (2.2) 

We call the solution of equation (2.1) the H-function. To find the H-function of (2.1) 

numerically, we consider the equation 

H(µ) 1 + µH(µ) t arr/J(µj) H(µj), 
i=1 µ + µj 

(2.:l) 

where a±iU = 1, .. ,n), aj = -a-; and µ±;Ci = 1, .. ,n), µi = -µ-j are thi~ weights and 

divisions appropriate to a quadrature formula in the interval ( -1, + 1 ). For equation (2.1 ), 

S. Chandrasekhar[[5]] found the solution 

H( ) 
_ 1 ITf=1(µ + µ;) 

µ - N ' µ1 · · · µn ITi=t (1 - kiµ) 
(2.4) 

where the ki's( i = 1, ... , N) are the roots of the associated characteristic equation 

1 = 2 t a;,J,(~;~. 
i=l 1 - k µj 

(2.5) 

We can see that there are 2N solutions of equation (2.3). Physicists are interested in 

the unique solution of (2.3) with ki. 's non-negative and µ 2:: 0. Letting 
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and multiplying {2.3) by f, we have 

and letting hi= 1H(µi) and h(µ) = *H(µ) we have 

N 

h(µ) = :. + 2h(1t)µ L ( Wi ) h(µi ). 
4 i=l µ + µi 

For N = 2 this yields 

which gives 

Let 

so that the equation (2.9) becomes 

From (2. 7) and (2.8) we have 

Letting 

10 
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(2.7) 

(2.8) 

(2.9) 



we obtain 

We are interested in the iterated discrete dynamical system of (2.10) and (2.11 ): 

x(n + 1) 

y(n + 1) 

2. Fixed Points 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

The fixed points of the iterated discrete dynamical system (2.12) and (2.13) are solutions 

of (2.10) and (2.11) for x and y. From (2.10) we can solve 

X± = ~[1 ± .j1 - c(w1 + w2)] 

1 
c<---

w1 +w2 

Substituting X± to (2.11 ), we have 

Then 

1 
Y±,- == 2{µ1 + µ2 

------------------
- (µ1 + µ2)2 - 4[i(µ2w1 + µ1w2)(µ1 + µ2) + µ1µ2x1]} 

1 1 
= -2(µ1 + µ2){1 - + 

µ1 µ2 

and 
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+ (µ1 + µ2)2 - 4[i(µ2w1 + JL1w2)(µ1 + µ2) + µ1µ2xi]} 

1 1 
-2(µ1 + µ2){ l + + 

µ1 µ2 

So for c::; wi !w
2 

we have four fixed points of (2.10) and (2.11) 

(x+, Y+,+) 

(X-,Y-,+) 

(x+, Y+.+) 

(X-,Y-,-) 

For c > wi!w
2 

, there is no rea1 fixed point of (2.12) and (2.13). 

For N n we have the n-dimensional system 

j = L ... ,n 

(2.14) 

The formula ( 2.4) give us 2n fixed points which can be constructed from the roots of the 

associated characteristic equation 2.5. 

3. Stability of Fixed Points 

For the iteration system (2.12) and (2.13) let 

F(x) 

F(y) 

The Jacobi matrix is 

(2.15) 

(2.16) 

( ! ! )-( ~:,µ,x ~y) {2.17) 
ax 7!iii µ1+µ2 

The eigenvalues of the Jacobi matrix for fixed points (xi, Yi,j), i,j +, - ar<~ 

,.\(2) = 
i,J +,-

12 

(2.18) 

(2.19) 



I.e., 

(2.20) 

with 

(2.21) 

and 

µf + µ~ - c(µ~w1 + µfw2) =f 2µ1µ2J1 - c(w1 + w2), use(18) 

= 1 + 1 
[µf + µ~ -

1 
( -,,\~)

2 + 2,,\~))(µ~w1 + µfw2) 
µ1 + µ2 W1 + W2 

"f'2µ1µ2J1 - (-A~l
2 + 2A~))]! 

1 1 (1)2 (1) 2 2 ' (1) = 1 + (µ1 + µ2) 2 - (-,,\± + 2--'± )(µ 2w1 + µ 1w2) - 2µ1µ2--'± 
µI+ µ2 Wt+ W2 

= 1+---t 
µ1 + µ2 

1 

Thus we have 

and in a similar way 

,,\~.>-= 1 -

Because of the relation 

13 

(2.22) 

(2.23) 



(1) (2) 
it is evident that the square roots of (2.22) and (2.2:3) are real for any .X± . Also .X±,± are 

real for c < -+1 
, and we can see that for c < -+ 1 

- w1 w2 · - w1 w2 

(2) 
.X±,+ > 1 

{2) 
.X±,- < 1. 

Now, we want study for what region of c 

For A~!-= -1, we have 

Thus 

i.e., 

Then 

1 
= 2( 2 + 2 ) [2(w1µ2 + w2µ1 )(µ1 + µ2) 

µ2w1 µ1w2 
(.X (t)) ± 1,2 

(2.24) 

(2.25) 

±-/4(w1µ2 + w2µ1 )2 (µ1 + µ2) 2 + 12{µ~w1 + µfw2)(w1 + w2)(µ1 + µ2)2] 

µ1 + µ2 
2 + 2 {µ2w1 + µ1w2 

µ2w1 µ1w2 

± _ I 2 2 2 2 • [ 2 2 2 2 ( 2 2 )] } y µ2w1 + µ1w2 + 2µ1µ2w1w2 + 3 µ2w1 + µ1w2 + W1W2 µ1 + µ2 

= 
µ1 +µ2 

2 + 2 {µ2w1 + µ1w2 
µ2W1 µ1W2 

±-/4(µ~Wi + µrwi) + W1W2[3(µf + µ~) + 2µ1µ2]} 

14 



Let 

Then for 

the square root in (2.23) is less than 2, so 

- 1 < >..~:-< 1. 

For 

the square root in (2.23) is larger than 2, so 

.x~.>-< 1. 

Note 

= 1 + J l - c( Wt + W2) 2:: 1 

and 6, 6 can be written as 

6 = 

6 = 

So we can see 

1 + µ1µ2(w1 + w2) 
µ~Wt+ µiW2 

µ1 + µ2 _ ,,....(_2_2 __ 2_2_) ___ (3_(_2--2)-2--] 
+ 2 + 2 V 4 µ2W1 + µ1 W2 + Wt W2 µ1 + µ2 + µ1 µ2 

µ2Wt µ1W2 

µ1 + µ2 [ 
2 2 w1µ2 + w2µ1 

µ2w1 + µ1w2 

-J(w1µ2 + w21Li)2 + 3(µ~w1 + µtw2)(w1 + w2)]. 

6 > 1, 

6 < o. 

15 
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(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2.31) 

(2.32) 

(2.33) 



Combining of (2.30), (2.31 ), (2.32) and (2.33), the results (2.26)-(2.27) and (2.28)-(2.29) 

can be written as 

Theorem 2.1 For c < -+1 
- w1 w2 

(i) if.,\~)< 6 then 

-1 < .,\ <
2
> < 1 +,-

(ii) if.,\~) > 6 then 

(iii) if 6 < .,\~) then 

-1 < .,\:_,-< l 

(iv) if ~2 >.,\~)then 

.,\ (2) < 1 
-,-

There are relationships (2.21) between the parameters and eigenvalues of system (2.12) 

and (2.13). So the conditions in Theorem 2.1 above can he written in terms of the original 

We have that.,\~) < 6 implies 

.,\~) > 6 implies 

6 < .,\~) implies 

6 > .,\~) implies 

I 2 1 
--(-{1 +26} < C 5 -­
Wt +w2 Wt +w2 

1 2 
C < (-{1 + 26) 

Wt +W2 

16 

(2.34) 

(2.35) 

(2.36} 

(2.37) 



From the expressions for 6 and 6, we know that 6 and 6 can be written in the form: 

with A, B > 0. Since the function 

f(O 

is symmetric about f, = I, and since 

6 I+A+B 

6 = I+A B 

I (-e + 20 
Wt +w2 

I [t-(1-e)2] 
Wt +w2 

16 - II A+ B > IA - Bl = 16 11 

we have 

Let 

i = 1, 2. 

It implies 

(2.38) 

We know the eigenvalues at fixed points can determine the stability of the fixed point. 

Now we give the result of stability for all fixed points of (2.12) and (2.13) 

Theorem 2.2 {1} For c ::5 wi!w:2 the fixed point (x+,Y+,+) is a repelling point; 

{2} for c > - wi ~w:2 the fixed point ( x_, Y-,+) is a saddle point; 

(3) for c < - wi! .. ; the fixed point (x_, Y-,+) is a repelling point; 

(4) for c1 < c < wi!w:2 the fixed point (x+, Y+.-) is a saddle point; 

(5) for c < c1 the fixed point (x+, Y+,-) is a repelling point; 
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(6) if wi!W2 > c > -w1!w2 and wi!w2 > c > c2 then the fixed point (x-,Y-,-) is an 

attracting point; 

(7l if -+1 > c > --+ 3 and c < c2 then the fixed point (x_, y _ _ ) is a saddle point; 
I w1 w2 w1 w2 ' 

(Bl if c < --+ 3 and -+1 > c > c2 then the fixed point (x_, Y- -) is a saddle point; 
/ W} W2 W} W2 ' 

(9) if c < - wi !w
2 

and c < c2 then the fixed point ( x_~ Y-,-) fr; a repelling point. 

Proof: (1) For the fixed point (x+,Y+,+), the eigenvalues are.,\~),.,\~\. For c < wi!w
2

, 

using (2.30) and (2.24) we have 

Therefore the fixed point ( x+, Y+,+) is a repelling point. 

(2) For the fixed point (x-, Y-,+), the eigenvalues are .,\~), .-\~,)+· Using (2.24) we have 

.,\~)+ > 1, and for c > --+ 3 
, the eigenvalue l.-\~)I < 1. Thus the fixed point (x_, y_ +) is 

, WJ W2 ' 

a saddle point. 

(3) As in the proof of (2), .,\~!+ > 1, and for c < - wi !w2, the eigenvalue .,\~) < -1, 

so 

Thus the fixed point ( x_, Y-,+) is a repelling point. 

(4) Using (2.30) we know .,\~) > 1. From the relation of.,\~) < 6 and (2.34), using (i) of 

Theorem 2.2 and noting the notation (2.38), we have 

So the fixed point ( x+, Y+,-) is a saddle point. 

(5) In the same way as the proof of (4), using (ii) in Theorem 1, we have 

Then we know the eigenvalues .,\~) and .,\i!-of the fixed point ( x+, Y+,-) satisfy 

18 



So the fixed point ( x+, Y+,-) is a repelling point. 

(6) Using (2.31), for 

we have 

--->c> 
W1 +w2 

-1 < ..\~) < 1. 

3 

From the condition in (iii) of Theorem 2.2 and (2.36), we know 

1 < ..\~!-< 1. 

So the fixed point ( x_, Y-,-) is an attracting point. 

(7) The eigenvalue ..\~) is the same as (6) above, l..\~)I < 1. For c < c2, using (2.37) and 

notation (2.38) of c2, we know that the condition (iv) in Theorem 2.1 is satisfied. So 

..\ (2) < -1 
-,-

i.e., 

Thus the fixed point ( x_, Y-,-) is a saddle point. 

{8) If - wi !w-i > c, (2.31) tells us 

..\~) < -1. 

Using (iii) in Theorem 2.1, for -+1 > c > c2 , we know 
Wt lu2 

So the fixed point ( x _, Y-,-) is a saddle point. 

{9) As in (8) above,..\~) < -1. And using (iv) in Theorem 1, we have 

..\ (2) < 1. 
-,-

Therefore the fixed point (x_, Y-,-) is a repelling point. Note 

{ 

..\+(t) - I 
II..\~> - 111 = 

-..\~) + 1 
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For the n dimensional system, we can not solve for the ki's of equation 2.5 explicitly, 

thus the stabilty of the fixed points is hard to know. 
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Chapter 3 

QUANTITATIVE PROPERTIES OF OFtBITS 

In this chapter we want to discuss some quantitative properties of the iterated discrete 

system (2.12) and (2.13) for special values of µ1, µ2,w 1 and w2: 

Wt 
1 
2 

W2 = 1 
2 

µ1 = !(1 + 73) 
µ2 !(I-73) 

The dynamical system (1.9) and {1.10) becomes 

Define the mappings 

Xn+1 

Yn+1 

F(x) 

G(x, y) 

(3.1) 

(3.2) 

(3.3) 

Definition 3.1 The series {(xn,YnHo is an orbit of the system {3.2} and (3.3}, if(xn,Yn) 

satisfies these equations. 

To discuss the properties of the orbit { ( Xn, Yn) }a° of this system, we consider 

!l.yn 

Xn+I - Xn = ~ + x! - Xn 

_c+1 2+ 2 Yn+t - Yn - s 6Xn Yn - Yn· 

21 
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For given (xn, Yn), we have a vector (8xn, 8yn) which gives the direction of the orbit at 

( Xn, Yn). In order to know details a.bout this vector fi~ld, we consider first the y-direction, 

by setting. 

For c :::; 2 we get an ellipse, 

1 2 1 (' ) -) =-2-c 
2 8 

(3 .. 5) 

We can see that on the ellipse, 8yn = O; outside of this ellipse 8yn > 0 and inside the 

ellipse 8yn < 0. 

For the x-direction in (2.4), we can see that for c:::; 1, when 

1 1 
-(1 - ~) < X < -(l + ~) 
2 

y1-c n 
2 

y1-c, 

we have 8xn < 0, and when 
1 

X < -(l- ~) n_2 v1-c 

or 

we have 6xn 2: 0. The field of (3.1) gives us a rough idea of how to study the orbits of the 

system (3.2) and (3.3). 

First we want to find the divergence region of the orbit {( Xn, YnHo' i.e. if the orbit 

starts in thls region, then the orbit will diverge. 

Theorem 3.1 Le.t c :::; 1. For some no if 

I I 
Yno > 2 + 2,/2~ (3.6) 

or 
1 1 

lxno I > 2 + 2vT=c' (3.7) 

then the orbit {(xn, Yn)}0 is divergent. 
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Figure 3.1: The field of vectors (~x, ~y) 
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Proof: If 
1 1 

Yno > 2 + 
2
./2J2 - c, 

then (xn0 , Yno) is outside of the ellipse (3.5) and we know 

llYno > 0. 

Thus 
1 1 

Yno+l > Yno > 2 + 
2
,./2~. 

Then for n 0 < n, we have 

Since from ( 3.4) for n0 < n 

fl.yn 

we have {y,.}o is divergent, so the orbit { Xn, Yn}o is divergent. 

If Xn 0 > 1 + !v'f=c, then 

so that Xno+J > Xn 0 • Then for n > n0 

and 

1 1 
[xn - 2(1 + v'f=-c)][xn - 2(1 - v'f=-c)] 

> fl.xno > 0. 
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Hence { xn}: is increasing and divergent. Similarly, if 

1 
X < --(1 + 'f=c) no 2 y1-c 

then 

Xno+l 
C 2 
4 + xno 

> ~ + [-4(1 + v'l=c)]2 

1 
= 2< 1 + v'l=c). 

Hence the orbit { Xn, Yn}: is divergent. 

Theorem 3.2 Let c ~ 1. If for some no 

then the orbit {( Xn, YnHo is divergent. 

Proof: If 

we have 

Yno+l 

C 1 ~ 
-+--v2-c 
8 2./2 ' 

C 1 2 2 
g + 6xno + Yno 

1 1 
> -+-~. 

2 2./2. 

Using Theorem 3.1 we have the orbit {xn,Yn.}o is divergent. 

(3.8) 

tt 

Note that if -c large enough, the orbit will diverge, even if starting from a neighborhood 

of the origin point. 
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Theorem 3.3 For c < -8, if for some n0 

2 cl y/f-=c 
X < -- - -(1 + 1 - c) no 4 2 , (3.9) 

then the orbit {(xn, YnHo is divergent. 

Proof: From the condition, we have 

Xno+l 

Using Theorem 2.1, we have the orbit {(xn, YnHo is divergent. 

For the rest we only need to prove that for c ~ -8, the neighborhood of the origin (3.9) 

is not empty. i.e. we need prove 

C 1 
-- - -(1 + '1-=c) > 0. 

4 2 
v1-c _ 

It implies that there is an Xn 0 such that the orbit { Xn·Yn}: is divergent. 

In fact, for c ~ -8, we have 

c(c + 8) ~ 0. 

Then 
C c2 

(-- - 1)2 = - + C + 1 > 1 - C 
2 4 - ' 

so 

Hence 
C 1 r;--: 

----(l+vl-c)>O 
4 2 -
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Theorem 3.4 (1) For l 2: c 2: -8 if 

then 

( 2) For c ~ 1, if 

then 
1 1 
-( 1 - v'f=c) < X +1 < -( 1 + v'f=c) 2 - n - 2 

and 

(3) For l 2: c 2: -8, { Xn }8° is bounded if and only if 

(4) For O 2: c, we have 

iff 

and 

iff 
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Proof: ( 1) For 1 2: c 2: -8 we have 

For 

we have 

.: < 
4 

C 2 = 4 +xn 

C 1 r;--;_ 2 < 4 + 12( 1 - V 1 - C) I 
1 
2( 1 - v'f=c). 

Using the inequality (3.10) we get 

(2) For cs 1 we know 

The condition 

implies that for c $ 0 

and for O $ c S 1 

_: + .!_(1 - 'f=-c)2 < C + 2 
4 4 

V l - c Xn+t = 4 Xn 

< .: + .!.(1 + v'f=c)2 
4 4 

28 
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Thus 

Now we shall prove 

For Xn+i ~ 0 we have 

so for 

then 

For Xn+1 < 0 we have 

so for 

then 

~(1 
2 

= lx,i!2 + ~ - lxnl 

= (I I - 1 + v'I°=c)(I I - -1 
-__ Xn 2 Xn 

1 1 
-(1 + rr=-;;) > Ix I> -(-1 + ~) 2 v1-c_ n_2 J 

= -lxnl2 -1-lxnl 

= -(lznl- -l + ~)(lxnl- -l -
2 

(3) This result follows from Theorem 2.1 and the result (1) and (2) above. 

( 4) It is easy to check 

29 



The inequality 

holds iff 

so 

1 r;----:__ C 2 1 r;--: 
-( 1 + v 1 - c) - - > x > -(v 1 - c 2 4 - n 2 

1 
-(1 + 
2 

I) 
C 

4' 

Otherwise the inequality 

holds iff 

i.e., 

!c-1 + lf=c) < 1 x 1 < ! J 2 lf=c - 2 - c 
2 

y1-c _ n _
2 

y1-c , 

l 
-(1 -
2 

C "2 1 v'f=-; - - < X < -( 1 - C 4 - n - 2 1) 
C 

4' 

Theorem 3.4 give us the means to study {( Xn, YnHo. The iterated fonn (3.3) can be 

written as 

Yn+i (3.11) 

We can treat 1 + jx! above as c in Theorem 3.4. Let the mapping of (3.2) and (3.3) be 

R(x,y) = (F(x),G(x,y)). (3.12) 

In order to study the boundary orbit region of the system (3.2) and (3.3) we divide the 

domain of the mapping into the following regions (see Figure 3.2): 

DI { (x,y): 
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D
2 

= { (x, Y): lxl ~ }11 vf=cl, } 
-![1 - J1 - ( ~ + ~x 2

)] < y :S ~[l + J1 - ( ~ + ~a;2 )] ' 

D3={ (x,y): -!(l - vT="c) ~ x < !(1 + vT="c), } 

-![1 - J1 - (i + ~x2)] < y ~ ![I+ J1 - (i + ~a:2)] ' 

D4= { 

D5= { 

(x, y): -1(1 + vT=c) ~ X < !(1 -vT=c), } ' 

IYI ~ ill - J1 - (i + ~x 2 )1}, 

(x,y): lxl ~ tit vT=ci, } , 
IYI ~ !11 - J1 -(~ + ~x 2)1 

DB= { (x, y): -1(1 - vT=c) < x ~!{I+ vT=c), } ' 

IYl~!II J1-(~+~x 2)1 

D7= 
{ 

(x,y): 

DB= 
{ 

(x,y): 

D9 = 
{ 

(x, y): -~(l vT=c) < X :S !(1 + vT=c), } 

-t(l + Ji -(¥ + ~x2)] ~ y ~ 4[1-J1 -(~ + 1x2)] . 

Also we divide part of the image of the mapping R(x, y) into the following regions (see 

Figure 3 .3): 

RI= { 

R2= { 

R3= { 

(x,y): 

(x,y): 

(x, y): 

-}(l + vT="c) ~ x ~ ~(1 vT="c), } 

-![1 - J1 - (~ + ~x )] ~ y ~ ![1 + J1 + (~ + ~x )] 

4(1- vT=c) ~ X ~ 4(1 + vT=c), } 

-![1 J1 - (§ + jX )] ~ y :S ![l + J1 + (~ + jX )] 

-}(l + vT="c) ~ x :S i(l -vT="c), } 

-!(1 + J1 - (~ + jx)] :Sy :S ![1- J1 + (~ + ~x)] 
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1.5 X= b1 
XA2/6+(y-Q.5)"2=1 /4-C/8 

X=b3 ----~ 

1 
D2 

D1 

0.5 

>. 0 D5 

-0.5 

D9 
D8 

-1 

.5)A2=1/4-C/8 
-1 :~_.__s ___ ......... 2 --_ 1 ........ s _ ___._ 1---0..__.s _ __._o __ o ......... s _ ___. __ _.____..L..2-2.s 

The top ellipse is 

and the bottom ellipse is 

X 

Figure 3.2: 

l 2 1 2 1 C 
-x + (y - - ) = - - -
6 2 4 8 

1 2 1 2 1 C 

6x + (y + 2) = 4 - s· 
1 1 

bl= -2(1 + v'f=c),b2 = 2(1 - v"'f=c), 

b3 -b2, b4 = -b 1. 
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(x,y): !{I - v'T=c) ~ x ~ }{l + v'T=c), } 

~ y ~ 1[1 - /1 + (~ + ~x)] -![1 + 
We have the following result for the mapping R(x, y): 

Theorem 3.5 The function R maps Di to R( Di), i == 1, ... , 9 such that: 

RI :) R( D2 U D8), 

R2:) R(Dl u D:l u D7 u D9), 

R3:) R(D5), 

R4:) R(D4 u D6). 

Proof: (1) For (x, y) E D2 U D8, we have 

or 

I lxl :S; 211 - v'f=cl, 

1 V c 2 I V c 2 -[ 1 - 1 - (- + - X 2 )] < y < -[ 1 + 1 - (- + - X 2 )] 
2 2 3 - -2 2 3 ' 

I lxl :S; 211 -

1 / C 2 1 
-2(1 +Vt - (2 + 3x2)] s Y s 2(1 j1 -( !:_ + ~x2)]. 

2 3 

Using (1) of Theorem 3.4 we know 

Treating Xn and c in (2) of Theorem 3.4 as y and f + }x2 , respectively, we get 

By the definition of F( x ), we know 

2 C 
x = --+F(x). 

4 
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1.5 X=b1 

0.5 

~ 0 

-0.5 

-1 

X=b2 

R1 

XA2/6+(y-Q.5 )"2= 1 /4-C/1 

R2 

\ 
/ 

/ 

-1.5 L__...:....__ __ .L-...-__:.__ __ __.___ ___ __..__ ___ __.__ ___ ____.__ __ __J 

-2 -1 0 2 3 4 

The top parabola is 

and the bottom parapola is 

X 

Figure 3.3: 

1 1 2 1 C 
-x + (y - -) = - - -
6 2 4 12 

y=-~-J++~-t2· 
bl= -~(1 + v'l+c), b2 = .!.(1 - v'l+c), b4 = -bl. 

2 2 
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Substituting the rf'lation between x and F(x) in the inequality ofG(x,y) above, we have 

~[l - · /1 - (.:. + ~x2)] 
2 V 2 3 
1 / c 2 

= 2 [ 1 - V 1 - ( 3 + 3 F( X))] 

< G(x, y) 
1 /.----c-2.,,.---

< 2[1+y1-( 3 + 3F(x))]. 

So R(x,y) = (F(x),G(x,y)) E RI, then R2 => R(D2 U D8). 

(2) For (x, y) E Dl U D3 U D7 U D9, we have 

1 1 

211 - vri-=c1 ::;; lxl ::;; 2( 1 + vri-=c), 

Using (2) of Theorem 3.4 we know 

Treating x 11 and c in (2) of Theorem 3.4 as y and 1 + fx 2 respectively, we know 

In the same way in ( 1 ), changing x to F( x ), we have 

Thus R(x,y) = (F(x),G(x,y)) E R2. Then 

R2 => R(Dl U D3 u D7 U D9). 

(3) If (x, y) E D5, then 
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Using (1) of Theorem 3.4 we know 

And treating Xn and c in ( 1) of Theorem 3.4 as y and 1 + ~x 2 respectively, we have 

-~[! + J1 -(.: + ~x2)] < G(x y) < ~[! - JI -(:_ + ~x2)]. 
2 2 3 - ' -2 2 3 

Then 
1 _/ C 2 1 1 _/ C 2 - 2[1 + y 1-( 3 + 3F(x))] ~ (7(x,y) ~ 2[1 -y 1 - (3 + 3F(x))]. 

So R(x,y) = (F(x),G(x,y)) E R3, then R3 ::J R(D5). 

( 4) For (x, y) E D4 U D6, (x, y) satisfies 

l l 
-11 -vf=cl <!xi< -(1 + vf=c) 2 - - 2 ' 

and 

Using (1) of Theorem 3.4 we know 

In the same manner, we have 

So R(x,y) = (F(x),G(x,y)) E R4, then R4 ::J R(D4 u D6). 

Let us compare the domain region of R(x, y), uf=t Di, with its image rngion ut=t Ri. 

The top boundary of u?:1 Di is a section of an ellipse 
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And the top boundary of ut=1 Ri is a section of a parabola, x in the same x-region as above 

and 

To compare these two boundaries, we subtract the parabola function from the ellipse func­

tion, 

~[1 + /1 - (~ + ~x2)] - ~[1 + /1 - (~ + ~x)] 
2 V 2 3 2 V 3 3 lJ c 2. lJ c 2 - 1 - (- + -x 2 ) - - 1 - (- + -x) 
2 2 3 2 ;3 3 ·' 

where in the square roots 

C 2 2 C 2 - + -x - (- + -x) 
2 3 3 3 
2 2 C 
-(x - X + -) 
3 4 

~(x - 1 + vf=c)(x - 1 + vf=c). 
3 2 2 

Then we know that for 
1 - vf=c 1 + vf=c 

2 <x< 2 ' 

the top boundary function of ut=l Riis less than the top boundary function of uf=1 Di. For 

1 + vf=c 1 - vf=c" - <x<----2 - - 2 ' 

the top boundary function of uf =t Ri is greater than the top boundary function of U[=t Di, 

In the same way we have that for 

1 - vf=c" 1 + vf=c" 
2 <x< 2 ' 

the bottom boundary function of uf =t Ri is greater than the top boundary function of 

uf=1 Di. For 
1 + vf=c 1 - vf=c - <x<----2 - - 2 ' 
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the top boundary function of ut=t Ri is less than the top boundary function of uf=t Di, see 

Figure 3.4. So, by the definition of Di and Rj, i = 1, ... ,9,j 1, .. .4, we havi~ 

Dl U D4 U D7 C RI U R3, (3.17) 

and 

Let 

Kl= { 
(x, y): 

D2 U D3 U D5 U D6 U D8 U D9 :> R2 U R4. 

-! (1 + v'[-=c) ::; X ::; !( 1 v'[-=c), } 

!(1 + .Jt - (1 + ~x 2
)] ~ y ~~[I+ .J1 - (§ + ~x)], 

K2 = { (x, y): ~(l + v'I=c) ~ x ~ !(I - v'I=c), } . 
-!(1 + Ji -(1 + jx 2

)] 2:: y 2: Ht+ Jt ·-(j + jx)] 

Then we have 

Kl u K2 Rl u R3 \ (DI u D4 u D7), 

(3.18) 

(3.19) 

(:J.20) 

Since Kl and K2 are out of the region u'f=1 Di, it is possible that part of the image R(l{ I U 

K3) is in the divergence region (3.8). The following theorem specifies a region in the x - y 

plane such that all orbits {(xn, YnHo with initial point in the region are boundary. 

Theorem 3.6 If the initial point ( xo, Yo) of an orbit {( Xn, YnHo is in the region (see Figure 

3.5) 

BD= 

(x, y): lxl ~ !II - v't=cl, 

IYI ~ J![I + J1 -(~ + ~(~ + x2)2)] - (~ + !x2); 

!It - v't=cl ~ lxl::; }(1 + v't=c), 
IYI ::; !P + Ji - ( 1 + ~x 2

)]. 

then the orbit will remain in this region. 
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X 

Figure 3.4: 

bl= -~(1 + v'f+c), 
2 

b2 = ~( 1 - v'f+c), 
2 

b3 = -b2, b4 = -bl. 
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Proof: First we need find the inverse of the mapping Ron Kl, i.e. R- 1(/(1). From (1) of 

Theorem 3.4 we know if (F(x ), G(x,y)) E Kl then 

1 lxl::; 211 - vf="cl, 

and 

So y satisfies 

1 / C 2c . C 12 2 1 / C 2 C 12 
2[l + V 1 - ( 2 + 3( 4 + x2

)
2

)] - ( 8 + 6x ) ::; y ::; 2[l + V 1 - ( 2 + 3x2
)] - ( 8 + 6x ). 

This implies 

(x,y): lxl::; !I I - vf="cl, 
! [ 1 + / ___ 1 ___ (_1_+_j_( ~-. _+_x_2_)2_)] - ( ~ + !x 2) 

::; y2 ::; ![l + J1 - ( ~ + ~x2)] (~ + ~x2) 

= H1 + J1 - < ~ + ~x2)12 

In the same way we can get the inverse of K2, l (x,y): lxl ::; !I I vf="cl, ) -w + J1 -(~ + ~(~ + ~2)2)] - (ii+ !x2) 

~ y2 ~ -1[1 + J1 -( ~ + ~x2)] - ( ~ + ~x2) 

But from they-inequality above we can see that R- 1(K2) is empty. 

From ( 1) of Theorem 3.5 we can see that for positive y in R- 1 (/(I), 

(x, y): lxl::; !II - vf="cl, 
D2\ R- 1(KI) = -![I - J1 -(j + ix 2)] :5 y::; 

Jw + J1 - (! + m + x2)2)] - (~ + *x2) 
and for negative yin R- 1(Kl) 

(x, y): lxl ::; !11 - vf="cl, 

(3.22) 

(3.23) 

(3.24) 

D8 \ R- 1(Kl) = ![I - J1 -(~ + ix 2
)] ~ y . (3.25) 

> - ![t + J1 - (~ + ~(~ + x2)2)] + (~ + !x2) 
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From Theorem 3.5 and the definition of n-1 (Kl) we have 

R((D2 U D5 U D8) \ R- 1 (Kl)) C Dl U D4 U D7 (3.26) 

Now we want to prove 

R(Dl U D4 U D7) C (D2 U D5 U DS) \ R- 1(Kl) (3.27) 

In fact, we can see by definitions D2, D5, D8 and n- 1 (Kl) 

R(Dl U D4 U D7) C { (x,y): - 'lxl ~ !ll - v'T=cl, } , 
IYJ ~ ![I + J1 - ( ~ + ~x )] 

and 

( D2U D5UD8) \ R- 1 
(/( l) = r------:::::============------

{ 

(x, y): lxl ~ !II - v'T=cl, } 

IYI ~ JM1 + J1 - (~ + ~(~ + x2
)

2
)] -- (~ + ix2

) • 

So to prove the relation (3.27) it is sufficient to prove that 

1 V c 2 c c 1 -[l +1 - (- + -(- + x2 )2)] - (- + -x 2 ) 
2 2 3 4 8 6 

i.e., 

1 v c 2 le 2 1 v c 2c c 1 2 -[1 +1-(- +-x)]- -(-+-x) < -[1 +1-(-+-(- +x2)2)]-(·- +-x) 
2 2 3 43 3 -2 2 34 8 6 

To prove this inequality we note from Theorem 3.4 that for lxl ::::; -![1 - v'f"- c], 

1 ,:;--: C 2 1 vr=c --[1 + v 1 - c] < - + x < -[1 - 1 - c] < x. 2 -4 -2 -

Then we have 

lv C 2 C C 1 2 - 1 - [- + -(- + x 2 ) 2] - (- + -x ) 
2 2 3 4 8 6 
1_/ C 2 2 C 1 

> 2V 1 - (2 + 3x l - 12 - "t? 
lv C 2 C C 1 = - 1 - [- + -(- + x 2)] - - - -x 
2 3 3 2 12 6 

lv C 2 C 1 > - 1-[-+-x]-(-+-)x. 
2 3 3 12 6 
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So (3.27) is proved. 

From (3.26) and (3.27) we know 

R(D1UD4UD7U[(D2UD5U D8)\R- 1(/(l)]) C Dl UD4UD7U [(D2UD5UD8)\R- 1 (Kl)]. 

(3.28) 

Hence for 

(x, y) E Dl U D4 U D7 u [(D2 U D5 u D8) \ R- 1(/<I)] 

the image of (x, y) is in the region too, 

F(x, y) E Dl u D4 U D7 U [(D2 u D5 U D8) \ R- 1(1(1)]. 

Since for any (x, y) 

R(x, y) = R(-x, y) = R(-x, y) R(-x, -y), (3.29) 

by the definition of the region B D we know 

BD = DI u D4 u D7 U [(D2 U D5 u DB)\ R- 1(/0)]. 

So for any (xo,Yo) E BD, R(xo,Yo) E BD. Therefore the orbit {(xn,YnHo is in BD. 

From (3.29) we see that the inverse of the mapping R(x, y) is four to one. It tell us that 

from an initial point in the r~gion BD the orbit is contained in BD. The following lemma 

give us a property of the mapping R(x, y). 

Lemma 3.1 R maps the elliptic region 

to the triangular region: 

1 
-x2 + y2 < r2 
6 - 0 
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Proof: Let O :S r :S r0 • R maps the ellipse r 

to a line section 

1 2 2 2 
-x + y = 1' 
6 n n 

C C 2 

4 :s; Xn+1 :s; 4 + 6r 

C 2 
Yn+1 = - + r · 

8 

So R maps the region Do on the (xn, Yn) plane to the region on the (xn+I, Yn+d plane with 

boundary 

with paramater r in [O, r0], i.e., 

Yn+1 

!:. + 6r 2 

4 
C - + r2 
8 

C 2 C 
- + 6r0 > Xn+I > -4 - - 4 

As ro goes to infinity, the Lemma above tells us the image of R is an unbounded 

triangular region A. Using Theorem 3.6 and the Lemma we have 

Theorem 3.7 For initial point (xo,Yo) E BD the orbit {(xn,Yn)} 0 is attmcted by the 

region BD n A. 

Proof: If (xo, Yo) E BD from Theorem 3.6 we know {(xn, YnHo C BD. Using Lemma 3.1 

we have that {(xn, Yn)}1 CA. Hence (xn, Yn) E BD n A. 
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Chapter 4 

INVARIANT MANIFOLD~ 

In this chapter we want to study the invariant manifolds of the system (3.2) and (3.3). 

Let the invariant manifold passing through (u,v) be (x(t),y(t)), where 
CX) 

x(t) = u + Laiti 
i=l 

CX) 

y(t) = V + Lb/i. 
i=l 

Then there are /31 and /32 such that 

C 2 
+x (t)=x(/31t) 

4 

.: + .:x2(t) + y2(t) y(f32t). 
8 6 

Substituting ( 4.1) into ( 4.3) we have 

We compute explicitly the coefficient of tn. 

For n = 1, the coefficient oft satisfies 

a1(2u - /31) = 0. 

Let /31 = 2u. Now let a1 = 1. For i = n > I, we have 

n-1 

2uan + L akan-kti = anf3f. 
k=l 

For u = 0 or a1 = 0, then ak 0, k = I, 2, .... 

45 

( 4.1) 
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Theorem 4.1 {I) If (Ji = 2u = ±1, then 

k = 1,2 ... 

and 

x(t) u 

(2) If 2u -:f:. ± I, the sequence of an, n 1, 2, ... , satisfies 

l n-1 

Un = ---- L akan-k, n ~ 2 . 
2u k=1 

Proof: ( 1) If .3t 2u = 1, then 

(2 !,J1
1
i) 

Un U J 

n-1 

L akan-k 
k=1 

n 2,3, ... 

Hence for n > l, an satisfies 
n-1 

I: akan-k = o. 
k=1 

It implies that for n = l, ... ,, the coefficients an = 0. 

and 

If /31 = 2u = -1, then using relation ( 4. 7) we have 

l 2n-1 

a2n = - 2 I: aka2n-k 

k=1 

n=l,2, ... 

2n 

L aka2n+1-k = 0, 
k=l 

n = 1, 2, .... 

For n = I from ( 4.8), ( 4.9) we have 
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and 
2 

L aka3-k = 2a1 a2 = 0. 
k==1 

Then (4.10) and (4.11) imply that 

If ai 0, i = 1, ... ,2m, then 

1 2J-1 

au = - 2 L aka2J+1-k 
k==l 

i.e., 

1 J-1 

- 2[2 I: akau-k + a3 J 
k=l 

J :s; 2m. 

an O for n = 2k :S 4m 

For n 2m 1 , we need to prove 

1 2 
--aJ = 0, 

2 

We consider a3(2m+t), i.e. a2{Jm+I)+I· Using (4.9) and (4.12), we have 

2(3m+t) 

0 = a3(2m+I) · 0 = L aka2(3m+l)+1-k 
k==1 

2m+I 

2 L aka2(3m+I)+I-k 
k==1 
2nt 

2[L llkll2(3m+I)+t-k + a2m+1a4m+2] 
k==1 

2(0 + ll2m+1 a2(2m+l)] = 2[a2m+1(-~ )aim+1J 

3 
-a2m+l 

i.e., a2m+1 = 0. Hence we have ak = 0 for all k = l, 2, .... 

(2) It is easy to prove (2) by ( 4. 7). 
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If 2u f= ± 1, 0, we can obtain the coefficients of the series x( t) from (2) in Theorem 4.1, 

l n-1 

an (2u )2 _ 2u ~ akan-k n ~ 2 and a1 = const (4.13) 

We want to find the coefficients of the series y( t). From ( 4.1 ), ( 4.2) and ( 4.4) we have 

Computing the coefficient of t11
, we have 

and 

So 

Hence we have 

where a1 and b1 satisfy 

1 
-2ua1 + 2vb1 == btfh 
6 

3(/3 - 2v) 

1 '°'n-1 
Pf-2u L.,i=l a.;an-i 

bn = /1;:2v [i(2u )'ian + Li; 1
1 

bibn-i] 

n~2 

a1(2u-{3i) = 0 

}ua1 + (2v - /J2)b1 = 0 
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Theorem 4.2 For the system (3.2) and (3.3), if a fixed point is hyper·bolic, there are a 

stable in.variant man if old, W s, and a unstable invariant man if old, wu, passing through the 

fixed point. 

Proof: In (4.16) let a 1 = a~u) = 1, /31 = /32 = 2u, Let the manifold M(u) = (x(u)(t), y(u)(t)) 

with parameter t be defined by 

u + a(u)ti 
' 

V + Li=t b}u)ti 
( 4.17) 

where the coefficients of tn, a!iu), n = 2, 3, ... are given by ( 4.15 ). It satisfies 

~ + x2(t) = x(2ut) {4.18) 

For the y component of the manifold M( u ), taking , 

(u) U 
b1 = b1 = ' 6(u- v) 

the coefficients b~u>,n 1,3, ... are given by (4.16). y(t) satisfies 

C C 2 2 

8 + ,/ (t) + y (t) = y(2ut). (4.19) 

The equations (4.18) and (4.19) imply that if the initial point (x0 ,y 0 ) of the orbit of the 

dynamical system (3.2) and (3.3) is on the manifold M(2u ), i.e., there is to such that 

(xo, yo)= (x<u>(to), y(u)(to)), then the orbit {(xn, Yn)}g:>, starting from the point {xo, yo) on 

the manifold M{ u) satisfies 

{4.20) 

We can construct another manifold, M(v) = (x(v),yM), which passes through the point 

( U, V ), 

{ 4.21) 
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with a}t> = 0. Then x<v>(t) = u. Let b~v) = 1 and /h 2v. We can see that a~v) and b~v) 

satisfy the relation ( 4.16). Then b~v), n = 2, 3, ... are obtained by 

( 4.22) 

In the same way as for the manifold M( u), we know that for any initial point of an orbit, 

(x 0 ,y 0 ) on the manifold M(v), there is t0 such that (x 0 ,y 0 ) = (x(u)(t 0 ),y(v)(t 0 )). Then the 

orbit {( Xn, Yn no in the manifold M( V) satisfies 

( 4.23) 

Due to the hyperbolically of the fixed point ( u, v ), the radius of convergence of ( 4.17) and 

( 4.21) are positive (22]. 

For any given fixed point ( u, v ), from (3.2) and (3.3) we know the eigenvalues at this fixed 

point are 2u and 2v. Since we consider a hyperbolicalJy fixed point, one of the eigenvalues 

is in (-1, I) and another is outside of 1, IJ. ( 4.20) and ( 4.23) imply that one of manifolds, 

M ( u) and M ( v ), is stable and the other is unstable, depending on which absolute value of 

the eigenvalue at the fixed point is less than 1 and which absolute value of the eigenvalue at 

the fixed point is greater than 1. In any case, we have the stable manifold ws and unstable 

manifold wu. 

u 

In the same manner we can get this result for the general model (2.14) and (2.15). 
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If we continued, then we would find a number c such that the dynamical system (3.2) 

has an attracting 8-periodic orbit. In fact there is a sequence of numbers c1 > c2 > ... such 

that when Cn > c > Cn+l the dynamical system has an attracting 2n-periodic orbit. We 

already know that c1 = -3, c2 = -5.0025. But there is more. There are a series of values, 

en, which are ALL greater then the number -5.6049. The closer c is to -5.6049, the larger 

the attracting periodic orbit of (3.2). We get a series of period doubling bifurcations, each 

closer to -5.6049 than the one before. All of the branches combine to give an attracting 

2n-periodic orbit. 

For c decreasing from 1 to -3, there are only two fixed points of (3.2). What happens for 

the two dimensional system (3.2) and (3.3)? The following theorem provides the answer. 

Theorem 5.1 For the two dimensional system (3.2} and (3.3), if c E ( 

bifurcation points. There are only four fixed points, 

where 

(1) 1 V C 2 (t) 
Y-,± = 2(1 -1 - 2 + 3(x± )2

), 

(1) 
Y+,± 

1], there are no 

(5.1) 

(5.2) 

and there are no more n-periodic orbit with n > 1. For c E ( -8, 1] there is only one 

bifurcation point, -7.14 589034, at which one of the fixed points, ( x ~), l 1
.~), bifurcates to a 

2-periodic orbit: 

( x(t) (2)) (x(t) (2)) 
- 'y_ , - , Y+ 

where 

(5.3) 
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Proof: We know that for c E (-3, IJ there are only two fixed points x~) and x~) for the 

system (3.2). At these fixed points the system (3.3) is 

i.e. 

1 1 (1) 2 2 Yk+i = -c + -(x± ) + Yk, 8 6 

1 C 2 (I) 2 2 
Yk+1 = 4(2 + 3(x± ) ) + Yk· 

We can get two fixed points for (:3.4 ): 

(1) 1 J C 2 (1) 2 Y ± = -[l -1 - - + -(x± ) ] 
-, 2 2 3 ' 

(1) 
Y+,± 

Thus we get four fixed points for (3.2) and (3.3) 

( x~), y~
1
.~ ), ( x~), Y~.~), 

(5.4) 

Now we consider for c E (-3, l] if these fixed points bifurcate n-periodic. In the equation 

(5.4) we can replace Yk with Xk and ~ + fr(x~))2 with c in (3.2). Then using the result of 

the system (3.2) we have that c satisfies the following inequality 

(5.5) 

But we can check that this is not true. From the inequality above, by the definition of x~> 
we have 

i.e., 

C 2 1 4 C 1 - + -[-(1 ± vf'=c)- -] = - + -(1 ± vf'=c) < -3 
2 32 C 3 3 ' 

C + (1 ± vf'=c) < -9, 

±vf'=c < -10 - c. 
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But for 1 2: c > -3, -10 c E (-10. - 7) and ±,v'f'=c E ( -2, 2). This is a contradiction. 

So for c E (-3, 1] the four fixed points can not bifurcate periodic orbits. 

For c E (-8, l], we can solve (5.5) and have c E (-8, -7.14589034). For c > -7.14589034 

(5.5) is not true. Replacing ~ + j(x~)) 2 and yin (5.4) with c and x in (3.2), respectively, 

we can get two periodic orbits of the system ( 5.4) 

It means ( x~>, y~1
.~) bifurcates to a 2-periodic orbit ( x~), l 2>), ( x~>, y~)) at the bifurcation 

point c = -7.14589034. 

For -5.0025 < c < -3 there is an attracting two periodic orbit of the system (3.2). 

For the two dimensional system (3.2) and (3.3) are there any periodic orbit? We have the 

following result. 

Theorem 5.2 For -5.0025 < c < -3 there are at least two 2-periodic orbit.<: of the two 

dimensional system (3.2} and (3.3}. 

Proof: From Theorem 5.1, for -5.002,5 < c < -3 there are no periodic orbits of the two 

dimensional system with the x component a fixed point of (3.2). So we only need to consider 

the x component to given a two-periodic orbit of (3.2). To find 2-periodic orbits of the two 

dimensional system we need to solve the equations: 

Y2 = i + i<xi>)2 + (yt)2, 

Y1 i + i(x~)) 2 + (y2)2. 

This is equivalent to solving the equation 
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Let 

and 

Then the problem is to solve the equation 

For c:::; -3 the function G 1 at y 

G1(0) 

0 is 

C 1 (2) 
= 8 + ,?+ 

~ .!_[-1 + J-c - 3]2 

8+6 2 
1 = -[c - 1 v'-c - 3J 

12 

< 0. 

We want to find one point such that G2 = 0. Since for c < 0 

C 1 (2) 
8 +6x_ 

= [*+~( 1-~-c-3)2] 

= 
1
~ [c - 1 - v'-c - 3) 

< 0, 

(5.9) 

we can find the point y = J-/2 [c - 1 - v'-c - 3] such that at this point the value of the 

function G2 is zero, i.e. 

G2( f _ _!:._[c - I - J-c - 31) = 0. V 12 

Hence, the right side function of the equation (5.9) at y = J- 1
1
2 [c - I - J-c - 3] for 

X:::; -3 is 
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Hence 

On the other hand it is easy to see that 

(5.10) 

Then by continuity of the function G1 ( G2(Y)) we have there are at least two solutions of 

(5.9). Let y?> and y?) be these solutions. Then we get the two 2-periodic orbits of the 

system (3.2) and (3.3): 

( (2) (2)) ( (2) G ( (2))) x+ , Y1 , x_ , 1 Y1 , 

and 

(2) (2) (2) (2) 
(x+ , y2 ) , (x_ , G1(y2 )). 

In general, for given k and c if there is a k-periodic orbit of the one dimensional system 

(3.2), what happens for the two dimensional system? We have the following result. 

Theorem 5.3 For given c and any k, if there is a k-periodic orbit of the one dimensional 

system (3.2) then there are at least two k-periodic orbits of the two dimensional system 

(3.2} and (3.3). 

Proof: Since we have the results, Theorem 5.1 and Theorem 5.2, we only need prove this 

theorem for c < -5.0025. Let { x~k)}~=I be a k-periodic orbit of (3.2), i.e., 

(5.11) 

Let 
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To find k-periodic orbits of the two dimensional system we want to prove there are solutions 

of the equation 

y = Gk o Gk-to ... o Gi(y). 

Let us consider the value of the function Gn at y = 0, 

G' _ ~ .:( (k))2 
T7t - + X71. • 8 6 

We know from (3) of Theorem 3.4 that 

So for c < -3 we have 

lx!I ~ 4(1 + v'f"=c). 

C 1 1 r;---:_ ]2 Gk < 8+ 6[
2

(1+vl-c) 

C 1[1 ~) ~] 8+62(1+vl-c 4 

~ [c + I + v'f"=c] 
12 

-/
2

[(1 - c) - v'f"=c - 2] 

1 
12 ( 1 + v'f"=c)( v'f"=c 2) 

< 0. 

(5.12) 

It is easy to see the mapping of the system (3.2) and (3.3) is a four to one mapping. So we 

can not find a unique inverse. But we can define one inverse function of Gey): 

( 5.13) 

It satisfies 

Let 

Yo= Gt o G21 o ... o Gj;1(0). 
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Then we have 

Gk o Gk-Io ... o G1(Yo) 

Gk o Gk-1 o ••• o G1 a Gj"°1 a a:;1 o .•• a G;;t(o) 

Gk o Gk-1 o G,;21 {O) 

Ch(O) < 0. 

So the function Gk o Gk_ 1o ... oG 1(y) is negative at y0 • By the definition of the inverse 

function of G11 we have Yo 2: 0. Hence 

Since the function Gk o Gk-I o ... oG 1(y) is an even polynomial, we have 

Ii m Gk o Ch-1 o ... o G 1 ( y) oo. 
IYl-oo 

By continuity. there are at least two solutions ·of (5.12). Let these solutions be y?) and 

yt>. Then for the two dimensional system, the two orbits with initial points (.x?), y}k)) and 

( x~k), yt>), respectively, are k-periodic orbits. 

Let us quote a result for one dimensiona1 system from Sarkovskit (17]. 

Theorem 5.4 Let f : R -+ R be continuous. Suppose 

has a three-periodic orbit. Then it has periodic points of all other periods. 

We know that for c s -5.6049 the system (3.2) has 2n-periodic orbits. But for what 

c the system has n-periodic orbit with any given n? And how about the two dimensional 

system? We have following result. 
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Theorem 5.5 (1) The two dimensional system (3.2} and (3.3) has n-periodic 01·bits for 

any given n iff c :5 - 7. 

{2} For c E (-8, -7] there is an uncountable set S C BD n ~ (containing no periodic 

points}, which satisfies the following conditions: 

for every p, q E S with p =f q, we have 

(5.14) 

and 

(5.1.5) 

for every p E S and periodic point q C B D n ~' we have 

(5.16) 

where 

l(x,y)I = Jx2 + y2. 

Proof: (1) From Theorem 5.3 we have that the two dimensional system (3.2) and (3.3) has 

n-periodic orbits for any given n iff there are any periodic orbits for the one dimensional 

system (3.2). Using Theorem 5.4 we know that the system (3.2) has any periodic orbits iff 

it has 3-periodic orbit. Now we want to find a 3-periodic orbits of {3.2). 

For given c, to find 3-periodic orbit we need find a real solution of the equation 

F3(x) = x. (5.17) 

Using MAPLE on IBM 486/50 running more than 12 hours, we have that for c > -7 the 

equation above has no real solution whlch is one point of a three periodic orbit of the one 

dimension system and when c :5 - 7 there is a real solution which is one point of a three 

periodic orbit. So ( 1) proved. 

(2) Using Tien-Yien Li and J.A Yorke Theorem [12], we have that there is a set 

1 1 
Bx C (2(1 - v'f=c), 2(1 + v'f=c)], 
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such that for every v, u E Sx with v :/ u, 

lim suplFn(v)- Fn(u)I > 0, 
n-+(X) 

(5.18) 

(5.19) 

and for every p·E Sand periodic point q C BD n .6., 

lim suplF11 (p)- Fn(q)I > 0. 
n-+oo 

(5.20) 

Taking 

S = {(x, y): x E Sx and (x, y) E BD n .6.} 

from (5.18) and (5.20) we can get (5.15) and {5.17) for Sx the x-component of S. 

What happens when c ~ -5.6049? At first the numbers Xn in the orbit of (3.2) seem 

to have no pattern. But this is not exactly true. Behavior is that all of the Xn values 

eventually fall onto some intervals. This mean~ these intervals attract orbits. 

Definition 5.1 A set of points S is called an attmction set or an attmctor for a dynamical 

system Xn+J f(xn) iff there are a number 8 ands E S with lxo - sl < fl, such that 

lim lxn - SI 0. 
n-+oo 

In fact, the set of all attracting fixed points is an attractor. We know for c E [1, -5.6049) 

there is one 2"'-periodic attractor for (3.2). Hence from Theorem 5.3 the two dimensional 

system has at most one 2n-periodic attractor. 

For -8 < c $ -5.6049 it is hard to see that the attractor is a finite or periodic orbit or 

not. 

We use a computer to do the experiments for the two dimensional system and find the 

attractor changes quickly by changing c. For instance, as decreasing c passes through the 
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point c -5.89879, the attractor changes from sections of curves to a 6-periodic orbit. It 

can be seen in the figures at c=-S.89, -5.89878 and -5.918998. 

Theorem 5.6 c decreasing from -5.6049 there are a series bifurcation points of c for the 

system (3.2) and (3.3) : 

-5.89879, -5.91895, -5.91904, -5.91911, -.5.91914, -5.91923, 

-5.92438, -5.92844, -5.92845, -5.92849, .... .. 

-7, -7.07403, -7.109,, -7.1096, - 7.1114, .. . 

For c in the following intervals there are periodic orbit attractors: 

( -5.91895, -5.89879] attractor is 6-periodic, 

(-5.91904, -5.91895] attractor is 7-periodic, 

(-5.91911, -5.91904] attractor is 8-periodic, 

( -5.91914, -5.91911] attractor is 9-periodic, 

(-.5.91923, -5.91914] attractor is 10-per·iodic, 

(-S.92438,-5.91923] attmctor is I I-periodic, 

( -5.92844, -5.92438] attractor is 12-periodic, 

( -5.92845, -5.92844] attractor is 13-periodic, 

( -5.92849, -5.92845] attractor is 14-periodic, 

(-5.92849 Ii, -5.92849] for small Ii, attractor is 15-periodic, 

(-7.07403, -7.00000] attractor is 3-periodic, 

(-7.10900,-7.07403] attractor is 6-periodic, 

(-7.1096, -7.10900] attractor is 8-periodic, 

(-7.1114,-7.1096] attractor is 11-periodic, 

(-7.1114 - 6, -7.1114] for small 6, attractor is 12-periodic, 

These attractors are not in sensitive dependence on the initial values in a neighborhood of 

the origin. 
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When deceasing c approaches -7 or -8 the attractor becomes an infinite point attractor. 

It can be see in the figures at c near - 7 and -8. 

Definition 5.2 A dynamical ~c:ystem is said to be transitive if, when Xo is close to some 

point in an attractor S, then for every point s in the attractor there is a subsequent Xnk of 

Xn that conucrgc to s, that is 

By the definition of attractor and transitive we know that if a system have a k-periodic 

orbit attractor then the orbit is transitive. But if an attractor includes two attracting 

periodic orbits then the attractor is not transitive. 

When c = -8 for different initial points which are close each other, the orbits corre­

sponding the initial values are much difference. For example, (See the figures for c = -8) 

for (xo,Yo) = (1,0) or (1,0.1) the orbit goes to 2-periodic 

for ( xo, Yo) = ( 0, 0) the orbit goes to fixed point 

for (xo,Yo) = (1.2,0) or (0.1,0.1) the orbit goes to no-periodic attractor 

It shows that the orbits are sensitive dependence on the initial points. 

Definition 5.3 A dynamical system has sensitive dependence on the initial values if, when­

euer you take two initial values, Ao and Bo, which are close together, the orbits, An and 

Bn, eventually get further apart. To be more precise, there exists a number· f such that, 

whenever O < I Ao - Bol < f, then there exits a value N such that IAN - BN I > L 

For system (3.2), for given c = -5.6564 the orbit { An} with initial point Ao = 0 and 

other orbit {Bn} with Ao = 0.001 we have that IA40 - B41I = 0.00540085 it means the 

system at thls c is sensitive dependence on the initial values. The quadratic map exhibits 

in stunning fashion a phenomenon which is only partially understood: the chaotic behavior 

of orbits of a dynamical system. There are many possible definition of chaos. Here we give 

one of them whlch is easily understand. 

In Theorem 5.6, c changing slightly, the attractor changes. Specifically for c decreasing 

in the small region (-5.91895,-5.92849] period of the orbit, attractor, increase one by one. 
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Definition 5.4 We call the region of parameter of a dynamical system,c, is a WINDOW, 

if for c in thi~,;; region the dynamic system have periodic attractors which are not sensitiue 

dependence of initial values. 

There are some windows in [-8, -5.6049]. Beside the windows the attractors are un­

predictability. 

Definition 5.5 Suppose a dynamical ~,;;ystem, (i) is transitive on its attractor S, (ii) has 

sensitive dependence of initial values, and {iii} h~,;; repelling periodic orbit that are 'close' 

to the attractor S. Then this dynamical system exhibits chaos. 

We have know that for -8 ~ c ~ -5.6049 the system (3.2) and (3.3) have a series 

of repelling 2n-periodic for every value of n. And for -8 ~ c ~ -7 the system have 

any periodic orbit. It causes the orbit is unpredictability except windows. The dynamical 

system for c E [-8, -5.6049], except window, exhibits chaos. 
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-1.5 -1 • • -o.~..-
.- -0.2 

0.5 

-0.4 

-0.6 

(1) c=-5. 89 
The orbit with initial point p(O)={O,O), 
p{3101), ... ,p{3252), goes to an attractor . 

-1.5 -1 -0.5 0.5 

• -0.2 

-0.4 

• -0.6 
• 

• 

(2) c=-5.89878 

• 

The orbit with initial point p(O)=(O,O), p{3101), 
••• ,p(3202), goes to a six periodic attractor. 
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• 

-1.5 -1 -0.5 0.5 

• -0.2 

-0.4 

• -0.6 
• 

• 

(3) c=-5.918998 
The orbit with initial point p(O)=(O,O),p(3101), 
..• ,p(3050), goes to a seven periodic attractor. 

-1.5 -1 -0.5 • 0.5 
, -0.2 

-0.4 

, " 
-0.6 

• 

(4) c=-5.9315 
The orbit with initial point p(O)=(O,O}, p(3101}, ••• , 
p(3152), goes to an attractor. 
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-1.5 -1 -0.5 0.5 1 • 
-0.1 

-0.2 

-0.3 

-0.4 

-0.5 
• • 

(5) C = -7.07 
The orbit p(n) with initial point (0,0) and 
n=2000, .•. ,3000 goes to a three periodic attractor. 

-1.5 -1 -0.5 0.5 1 • • -0.1 

-0.2 

-0.3 

-0.4 

-0.5 
• • • 

-0.6 

(6) C = -7.09 
The orbit p(n) with initial point (0,0) and 
n=2000, ••• ,3000 goes to a six periodic attractor. 
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-1.5 -1 -0.5 0.5 1 , 
-0.1 

-0.2 

-0.3 

-0.4 

-0.5 

' -0. 

(7) C = -7.13 
The orbit p(n) with initial point (0,0) and 
n=2000, ... ,4000 goes to a three section attractor. 

-1.5 -1 -0.5 0.5 1 i -0.1 

-0.2 

-0.3 

-0.4 

-0.5 

(8) C = -7.16 
The orbit p(n) with initial point (O,O) and 
n=2000, ••. ,4000 goes to a three section attractor. 
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-1.5 -1 

• 
• • . 

• . "'-.. 
l· .. • ,. 
"" • ' .. .. ..... 

(9} C = -7.162 

0.4 

0.2 

-0:S. 
-0.2 

-0.4 

-0.8 

• 
• 

. . 
•• 

• . . 
• . 

• • • • 
0.5 f ·;, ......... 

The orbit p(n) with initial point {0,0) and 
n=2000, ... ,4000 goes to attractor dense on 
a three section area. 

(10) C = -7.9 

0 5 
... :-::I 

. ..r-, •• ;} 
.i- ..... .. . ..... • . . 'J 

0 • 2 5 •"' .,. L._ • : ... f .. . . . ~ =··· .... ·. -... ,: . ,;r 
•• "" •• • .... •t • ~ 

-2 - 'l. • •• • • • :. ... '" .. ~ ... ,.- 2 • .. • • • •• i· • • 
.. •• • "-• ..... t t. 1 • • ... , 4.'- • • • • ·~ ..... • • • •'i• ·"" "-·· • • •••••••• ,:,. .... \ ... ... . .,. • .. •. . tt... ,1...,.. 

I ~ :-,~• •-..e»r••.('~~ ~:.~~i';; , ... ;;~-, 
w.rf.i~~ 

-1 

The orbit p(n) with initial point (0,0) and 
n=2000, •.. ,4000 goes to an attractor. 
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0.5 1 1. 5 2 
-0.05 

-0.1 

-0.15 

-0.2 

-0.25 . 

{11) c = -8, intial point p{O)=(O,O), the the orbit p(n} 
with n=lOl ... 2000, goes to a fixed point. 

-1 -0.5 0.5 1 

-0.2 

-0.4 

-0.6 

. -0.8 

(12) c = -8, intial point p(O)=(l,O), the orbit p(n) goes 
with n=lOl ••• 2000 a 2-periodic orbit. 
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( 13) C 

(14} C 

-8, intial point p(0)=(0.01,0.01), the orbit p(n) 
with n=lOl ... 1000. 

-8, intial point p(0)=(0.001, 0), the orbit p(n) 
with n=lOl .•• 1200: 
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Chapter 6 

EXISTENCE OF THE SOLUTION FOR THE 
H-EQUATION 

In this chapter we consider the H -equation in C[O, 1], 

l l X 
H(x) = 1 + H(x) -'lj;(t)H(t)dt 

O X + t (6.1) 

where 'ljJ E Li[O, l]. 

From the equation (6.1), we can see its solution H(x) should satisfy 

H(O) = 1 

and 

H(x)-:/ 0. 

So the continuous solution of (6.1) must be positive. 

Lemma 6.1 (i) If H(x) E C[O, 1] is a solution of (6.1}, then 

L1 ,t,(t)H(t)dt = I - [I - 2 L1 ,t,(t)dt]-l- {6.2) 

or 

l ,t,(t)H(t)dt = I+ (I - 2 { ,t,(t)dt]f; (6.3) 

(ii} If H E C(O, 1] is a solution of (6.1}, then 

{ wet )dt :,; 4 
and H(x) ~ 1, for x E (0, 1]; 

(iii) The necessary and sufficient conditions of the positive function H ( x) E C(O, 1] satisfying 

11 I 11 t H(x)- 1 = (1 - 2 'lf;(t)dt]2 + -1/J(t)H(t)dt 
0 O X + t (6.4) 
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are that H(x) satisfies {6.1} and {6.2}, whc1·c 'lj,(:i:) 2:: 0 or 'l/J(x) ~ O; 

(iv) F01· ?j,(t) ~ 0, the1·c is no solution of (6.1) and (6.3) in C[O, l]. 

Proof: Let H(x) be a solution of (6.1). Then 

f 1 
?j1(x)H(x)dx = f11f,(x)dx + [1 [1 x'lj,(x)H(x)'l/J(t)H(t) dxdt 

lo lo lo lo x + t 

{ ,;,(x)H(x )dx 11 ( )d ll ll x'lj,(t)H(t)'l/{i:)H(x)d d ?j1 X X + X t. 
o o o x+t 

So 

fo' ,;,(x )H(x )dx 11 . 1 11 tj,(x)dx + ;-[ 'lj,(x)H(x)dx] 2
• 

o 2 o 

This implies 

fo1 

,P(x)H(x)dx = l ± I 2 fo1 

,j,(x)dx. 

Hence (i) and (ii) are proved. We will prove (iii) as follows. To prove the necessary condition, 

let H(x) be a positive solution of (6.4). Then 

I= 1 - 2 f11f,(t)dtH(x) + f1 _t_1f,(t)H(t)H(x)dt. 
lo lo x + t 

Multiplying by 1/J(x) and integrating both sides we have 

fo1 
1/',(x )dx = I fol !al 1 lat 2 ,p(t)dt ,p(x)H(x)dx + -[ ,p(t)H(t)dt]2. 

0 0 2 0 

So 

l ,P(t)H(t)dt - 1 - 2 fo' ,p(t)dt ± 1 - 2 [ ,P(x)dx + 2 [ ,P(x )dx 

= ±1 J, -2 [ ,P(x)dx 

i.e., 

l ,P(t)H(t)dt = ±I - J, -2 [ ,P(x)dx. (6.5) 
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Since 'lf,( t) 2 0 or ~ 0, H ( t) satisfies ( 6.2). So we should take positive sign in { 6.5 ). In fact, 

for ?j;(t) ~ 0 it is easy to see, and for ?j;(t) ~ 0, substituting (6.5) to {6.4) we have 

H(x)- 1 = 11 11 t 1 - 2 'lf,(t)dt + -?j;(t)H(t)dt 
0 O X + t 

Lt Lt LI X 1 - 2 'f/,(t)dt + 'f/,(t)H(t)dt - --?j;(t)H(t)dt 
o o o x+t 

= 

= ±1 - H(x) f
1 

_x_'l/J(t)H(t)dt. 
lo X + t 

That H(x) is positive and H(O) = ±1 implies that we should take positive sign .. Substituting 

(6.2) in (6.4) we have 

= H(x) - H(x) {11/J(t)H(t)dt + H(x) f1 _t_'lj,(t)H(t)dt 
lo lo x + t 

= H(x) - H(x) [1 _x_'lj,(t)H(t)dt, 
lo X + t 

so H ( x) satisfies ( 6.1) and the necessary condition is proved. 

To prove sufficient condition, if H(t) satisfies (6.1) and (6.2), from (6.2) we have 

f1 _x_'ljl(t)H(t)dt = 
lo X + t 

f1 'lj,(t)H(t)dt - f1 _t_'l/1(t)H(t)dt 
lo lo x + t 

= 1 - [I - 2 f 1 1j,(t)dt]f - f1 _t_'l/J( t)H ( t)dt 
lo lo x + t 

and using ( 6.1) we obtain 

So 

11 X 
-'ljl(t)H(t)dt = I - H(x)- 1

• 
O X + t 

LI 1 11 t 1 - H(x)- 1 = 1 - [1- 2 'ljl(t)dt]2 - -'ljl(t)H(t)dt, 
0 O X + t 

i.e., H(t) satisfies {6.4). 

To prove (iv), note that 'f/,(t) ~ 0 and H(t) 2 0 imply 

l ,t,(t)H(t)dt:,; O. 

But this is a contradiction to {6.3). 
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Definition 6.1 Tis an inc1·easing opemtor on C[O, 1] if for h1,h2 E C[O, 1] with h1(x) :S 

h2 ( X), X E [ 0, 1 ], then 

T is a decreasing operator on C(O, 1] if for h1, h2 E C[O, 1] with ht ( x) :S h2( x ), x E [O, 1], 

then 

Let 

p = I - 2 [ ,;,( t )dt 

and 

Ap = {h E C[O, 1]: h(x) 2: p,x E [O, 1]}. 

For p > 0, we define operators, S: Ap 1----+ C[O, 1] and T: Ap I--* C[O, 1] by 

11 X 
Sh(x) = l + h(x) -'-1/J(t)h(t)dt,h E Ap 

O X + t 
and 

Th(x) = p + /
1 

_t_tµ(t)h(t)- 1dt,h E AP. Jo X + t 
It is easy to see that for t/J 2: 0 S and T are continuous and S is increasing, T is decreasing. 

h(x) is a solution of (6.1) iff Sh= h. From Lemma 6.1 Th= h iff h,- 1 is a solution of (6.1) 

and (6.2). For t/J(t)::; 0, Tis increasing. 

Let 

Cd[O, 1] = {/ E C[O, 1], 1/1 > d} 

with a positive constant d. 
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Lemma 6.2 Let 1/J E Li[O, l]. 

(i) For giuen d > 0, TCd[O, 1 J is equicontinuous; 

(ii) For 1f, ~ 0, or 1/J ~ 0, if there is a solution of (6.1 ), let H (µ) is the solution. Then the 

series 

is equicontin uous where l represents the constant Junction. 

Proof: (i) Let h E Cd[O, l]. Since 1/J ~ L[l,O], for any f > 0 there is, small enough such 

that 

For x,y E [O, I] and Ix - YI< /J with 

we have 

= t. 

So TCd[O, I] is equicontinuous. 

(ii) For 'if, ~ 0 let 

d,2f. 
{J = --,,----

2 J~ 1v,(t)ldt' 

E = {h E C[O, 1]: 1 ~ h ~ H}, 
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and R : E I---" C[O, 1] 

LI X 
Rh(x) = --tf,(t)h(t)dt,x E [O, 1], h E E. 

0 X + t 
For x, y E (0, 1] 

IRh(x) - Rh(y)I = I /1 x 
lo X + t 

_Y_]'lj,(t)h(t)dtl, 
y+t 

and for any f > 0, there is 8, 0 < 8 < I such that 

l j,J,(t)H(t)ldt < i, 
[ l,J,(t)H(t)ldt > 0. 

So for x,y E [O, I] 

Then for 

with 

we have 

I f\_x_ - _Y_]1f,(t)H(t)dtl < 
lo X + t y + t 

/
5 

x I+ ,_Y_l]l'l/J(t)H(t)ldt 
lo X + f y + f 

< 2fo'1,;,(t)ldt 

f 
< -

2 

f / 1 X y 
IRh(x) - Rh(y)I < 2 + ls Ix+ t y + tll'l/J(t)H(t)ldt 

< ! + I /1. tlx - YI 11/J(t)H(t)ldt 
2 ls (x+t)(y+t) 

< i + [ Ix 62 YI j,J.,(t)H(t)ldt 

f f 

< 2+2 
= t. 
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So R( E) is equicontinuous. 

For h(x) E E,x E [O, 1], from 

Rh(x) = [1 _x_'t/J(t)h(t)dt 
lo X + t 

< l ,f,(t)H(t)dt 

= 1 - 1 - 2 fo1,i,( t )dt 

< 1, 

we see that there is a /3,0 < /3 < 1, such that for any h(x) EE and x E (0, 1], 

Rh(x) < /3. 

For fo > 0, from equicontinuity of R(E), there is 60 > 0 such that for Ix - YI < 60, and for 

g E R(E) 

lg(x)- g(y)I < IIHll-1(1 /3)<:o. 

Since S( 1) is continuous, there is 61, 0 < 61 < 60, such that for Ix - YI < 61, 

IS\l)(x)- S\l)(y)I < fo 

fork= 1, 2, .... n. For such 81 and Ix - YI < '51 , we have 

In fact, by the definition of S we know S(I),S 2(1) ... , ... Sn(l) EE. Let h(x) = sn(l)(x), 

then h(x) E £. 

Letting Ix - YI < 81, we have 

ISh(x)- Sh(y)I lh(x)Rh(x) - h(y)Rh(y)I 

:5 lh(x)Rh(x)- h(x)Rh(y)I + lh(x)Rh(y)- h(y)Rh(y)I 

= h(x)IRh(x) - Rh(y)j + Rh(y)lh(x) - h(y)I 

< IIHIIIIHll-1(1- /J)fo + /Jfo 

= Eo. 
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So Ix YI < 61 implies 

Hence for fo > 0, there is li1 61 ( to) such that for Ix - yj < 81 and for n = 1, 2, ... , we have 

i.e., {Sn( 1 )( x )}~=t is equicontinuous. 

In the same manner, for 1/J :s; 0, let 

E {hEC[0,1]:H:s;h:s;l} 

we can prove the same result. 

u 

Theorem 6.1 For 1j1(t) 2:: 0 E L 1 [0, 1] there is a solution H(x) of {6.1) and (6.2} iff 

/1 1 lo ,p(t)dt :s; 2· (6.6) 

and {Sn(l)}~=O converges to H(x). If there is a strict inequality in {6.6}, then {Tn(p)}~=o 

converges to H ( x )- 1 

with 

(6.7) 

Proof: If there is a solution of (6.1) satisfying the condition (6.2), then from Lemma 6.1, 1/J(t) 

must satisfy (6.6). So the necessary condition is proved. To prove the sufficient condition 

following. Suppose 

fo1,;,(t)dt < ~-

Then p > 0. By ,p(t) 2:: 0, we have p :s; Tp and p :s; T 2p. Since Tis decreasini~, we have 

p :s; T 2p ~ Tp, 
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... , ... 

Using Lemma 6.2. we know 

{Th: p $ h $ Tp} 

is equicontinuous. Using Ascoli-Arzera Theorem, the function series 

and 

have subsidies which converge to u and v. Since T 2n is increasing, T 2n+l p is decreasing and 

T is continuous, we have 

lim T2np = u, 
n-<X> 

lim T 2n+t p v, 
n-<X> 

with 

and 

Tu= v, Tv = u. 

By 

there is a constant 

a= max{k: kv $ u} 

with O <a$ 1. For a= 1 we have u = v. Now, letting a< 1 and T1: 

T1h = Th- p, h E D(T). 
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we have 

( 1 - a )p + av ~ bv + av 

(a+ b)v, 

where b is a positive constant. This is in contradiction with the definition of a. So 

Tu u = v, 

and the function H = u- 1 is a solution of (6.1) and (6.2) with 

/l- 1 lim Tnp. 
n-<X> 

From 

r2np:::; n-1 ::; r2n+1 P 

n = 1,2, ... , ... 

it is easy to get ( 6. 7). 

Let us consider the case f~ 'ljJdt !· Let {k11}~=l be a series with O < ki < Ki+l, (i 

1, 2, ... , ... ) and ki ~ 1 for i ~ oo. Since J~ kn tj,dt = !kn < i, we have that there is a 

positive solution Hn E C[O, 1] of 

LI X 
H(x) = 1 + H(x) -kn1/Jdt 

O X + t 

n=l,2, .... 

Then Hn(x) ~ 1 for x E [O, 1], and 

l 2 [1 kn'ef,(t)dt + [1 _t_kn1/J(t)Hn(t)dt 
lo lo x + t 

> kn {I_t_'lj,(t)dt 
lo X + t 

> k1 [1 _t_1/J(t)dt. 
Jo X + t 
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Hence there is a > 0 such that ( Hn)- 1 2: a, for x E [O, 1 ], n = 1, 2, .... 

Let 

B = { h E C [ 0, 1] : a :::; h( x) :::; 1, x E [ 0, 1]}. 

It i rn p Ii es H ;-; 1 E B, n = 1, 2, .... 

Let T : B ~ C[O, 1] 

Th(x) k
l t 

-1f,(t)(h(t))- 1dt, h E B 
O X + t 

It is easy see T( B) is bounded and equicontinuous. Letting hn H.;;1, n = 1, 2, .... we 

have 

hn(x) 11 11 t 1 - 2 kntf,(t)dt + -kntfJ(t)(hn(t))- 1dt 
0 0 X + t 

J - 2 la' kn ,f,( t)dt + k.,(Th,.)( X ). 

Since Thn E T( B), there is subsidies of {Thn}~=t, {Thn,}~ 1 , such that 

lim Thn, = ho E C[O, 1 ]. 
n-+oo 

From 

h,.;(x) = I - 2 fo' k .. 1,P(t)dt + k .. ,(Th .. ,)(x), 

we have 

then 

ho(x) = LI LI t 1 - 2 1/J(t)dt + -1/J(t)(hn(t))-Idt. 
0 O X + t 

{6.8) 

Using Lemma 6.1 we obtain that the function h01 satisfies (6.1) and (6.2) (Since fci tf,(t)dt = 
!, (6.2) is the same as (6.3)). So we have proved that if 1/J satisfies (6.6) there is a positive 

continuous function satisfying ( 6.1) and ( 6.2). 

Now we want to prove if (6.6) is satisfied, the solution of (6.1) and (Ei.2) is unique. 

Letting the function H be a solution of (6.1) and (6.2). we have 1 :'.S H, and 1 :'.S S(l). 
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From the increasing operator S we have 

1 S S ( 1) S S2( 1) s S\ 1) S ... s H. 

So {Sn(l)}~=l is uniform bounded. From Lemma (6.2), there is a subsidies {Sn1,;(l)}k=1 

such that 

lim snk(l) h::::; H. 
k-+oo 

lirn sn(l) = h. 
n-+oo 

Then S(h) = h, i.e., h satisfies (6.2) or (6.3). Since O < h < H, h satisfies (6 .. 2), and 

(h(x))- 1 = 11 11 t 1 - 2 1/J(t)dt + -1/J(t)h(t)dt 
0 O X + t 

< fo
l 11 t 1 - 2 'lj;(t)dt + -'lj,(t)H(t)dt 

O X + t 
(H(x))- 1, 

I.e., 

But from h S H we have 

h= H. 

So H is a unique solution of (6.1) and (6.2) and 

Ii m /,1\ 1 ) = H. 
n-+oo 

Lemma 6.3 For tp E Lt [O, 1 ], let hn+l = Thn we have 

1 1 1 11 t I 1 (- - -)hn+1 = -- --tjJ(t)(- - -)dt 
hn+ 1 hn hn O X + t hn hn-1 

n = O, 1,2, .... 

82 



If ?j, ~ 0, and h1 ~ ho we hauc 

Proof: By the definition of T we have 

p l il t l 1 = - + - --'lj1(t) dt, 
hn hn O X + t hn-1 ( t) 

p l il t l 1 = - + - --1/J(t)--dt. 
hn+1 hn+1 O X + t hn(t) 

Subtraction of the first equation from second above yields 

1 1 I it t I 
0 = p(- - -) + - -1/J(t)--dt 

hn+1 hn hn+I O X + t hn(t) 

1 il t 1 -- --'lj1(t) dt. 
hn O X + t hn-1 { t) 

Then 

0 1 1 I 1 LI t I p(- - -) + (- - -) -1/J(t)-dt 
hn+1 hn hn+1 hn O X + t hn(t) 

1 LI t I 1 +- --1j1(t)(- - )dt 
hn O X + t hn(t) hn-1(t) 

LI t 1 1 1 
(p + -tj,(t)-dt)(- - -) 

O X + t hn(t) hn+l hn 

1 Lt t I 1 +- --1/J(t)(- - )dt 
hn O X + t hn(t) hn-1 (t) 

1 1 
hn+1(-- - -) 

hn+l hn 

1 kl t 1 1 +- --1/J(t)(- - )dt. 
hn O X + t hn(t) hn-1 (t) 

So 
1 1 1 

hn+1(-- - -) = --
hn+1 hn ht) 

1 
- )dt. 

hn-1(t) 

H h1(t) ~ho> 0 and we suppose for n = N the relation 
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is true, then by the definition of hN+l and 1j, :S O we obtain 

p + f1 _t_'lj,(t) l dt 
lo x+t hN-1(t) 

l
1 t 1 

< p + -'lj,(t)-, ( )dt 
o X + t iN t 

hN+1 < p. 

From Lemma 6.3 if we can find ho such that h1 ~ h0 , then it yields an increasing series 

{ hn}o for index n. From Lemma 6.2 we know this series converges to a continuous function 

h(x) such that h(x) = Th(x). Then from Lemma 6.1 h(x) is a solution of ((U) and (6.2). 

the following Theorem gives a sufficient condition of the existence of a solution. 

Theorem 6.2 For· 'lj, ~ 0 E Ll[O, 1] and -1 < Id 'lj,(t)dt there is an increasing series {hn}o 

converging to a continuous solution of {6.1) and (6.2). 

Proof: From the definition of T and p we have 

ho - h1 ho - Tho 

ho - p- [1 _t_'l/J(t)-
1
-dt) 

lo x + t ho(t) 

l 2 !al t -[h 0 - pho - --'lj,(t)dt] 
ho o x+t 

< -
1
1 

[h5 - ph 0 - [1 '¢(t)dt] 
io lo 

h
i [ho - ~p -~ p2 + 4 r1 ,P(t)dt][ho - ~p + ~vp2 + 4 /

1 
,P(t)dt] 

o 2 2 lo 2 2 lo 

I - 2 fo 1,t,tdt + 4 l ,P(t)dt] 

[ho - ~p + ~ 1 - 2 [11/J(t)dt + 4 /1 'lj,(t)dt] 
2 2 lo lo 

1 1 l !al 1 1 R,--
-[ho - -p - - 1 + 2 1j,(t)dt][h0 - -p + - L,(t)dt]. 
~ 2 2 o 2 2 
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Taking positive h0 such that 

l 1 f1 l 1 f1 
2p- 2 1 +2 lo 'lf,(t)dt <ho< 2p+ 2 1 + 2 lo 'lf,(t)dt 

we obtain 

From Lemma 6.3 this implies that there is a series {hn}o increasing and converging to a 

continuous solution of (6.1) and (6.2). 

Theorem 6.3 For tf,(x) :s; 0 E L1[0, I], thffe is a bo > 0 such that for 1 ?: b0 , 

and 

where 

Proof: From the definition of T 

1 
- < T, =S;' 
p 

p = I - 2 [ ,t,( t)dt 

Lt t 1 
Th(x) = p + -'lj,(t)-

1 
( )dt 

o x+t it 

T is increasing for h. For p > 0, we have 

I Lt t = ,-p-- -1j;(t)dt 
7 O X + t 
1 f1 t 

> 7 - P - 1 lo I + t ¢( t )dt 

1 LI t -[,(,- p) -1j;(t)dt] 
; 0 1 + t 
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Let 

p I 11 t b0 == - + - p2 + 4 --'lf1(t)dt 
2 2 o I+t 

if the square root is real. Otherwise let b0 be any constant greater than f In both cases 

bo ~ f. 
For 1 ~ bo we have 

r1 t 
,b-p)- Jo I+t?j,(t)dt~O, 

and then 

I T1 ~ f [,(, p) - l 1: t 'if,(t)dt] > 0 
i.e., 

1' > T,. 

By the definition of T we also have 

T-y p + r1 _t _'lj,( t)!_dt 
Jo x + t , 

= ~[p2 + f [1 _t_?j,(t)dt] 
p , lo x + t 
I p 11 > -[p2 + - 1/,(t)dt] 
p 'Y 0 

= ~[I 2 [1 tf,(t)dt + f f
1 

?j,(t)dt] 
p .fo ,Jo 

= .!.[1 - (2 !!..) f
1

1j,(t)dt] 
P 1' Jo 
1 

> -
p 

( Note: , > bo ~ f ) 
On the other hand, the estimation 

LI t 1 
p - , + -1/i(t)-dt 

0 t + X T1 

l 11 t < p - 'Y + - --?j,(t)dt 
1 o t+x 

T1 - 1 < 0 (using,> T,) 
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implies 

Hence 

= p + f1 _t_'lj,(t)- 1 dt 
Jo t + x T, 

i
1 t 1 

= 1 + [(p - 1 ) + -'ljJ(t)-T dt]. 
o t+x 'Y 

Theorem 6.4 Fo1· i :s; 'lj,( x) :s; 0 E Lt[O, 1], let b1 > 0 such that p - b1 2: bo and let 

b1 - )bf + 4 b1 + )bf+ 4 
---- < p < -----

If 

then 

2 - - 2 ' 

I 
p - b1 S - S T; S p + b1. 

p 

Proof: Taking b0 :s; 1 in Theorem 6.3 we have 

The condition (6.11) implies 

so 

1 
- ~ T; < p. 
p 

1 
p- b1 ~ -. 

p 
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Theorem 6.5 For 1/1( x) ::;; 0 E L1 [O, I] and 1 < J 10 1/1( t )dt the1·e is a unique solution of 

(6.1) and (6.2}, H(x) E C[O, I] with 

0 < H ( x) ::;; l, x E [O, 1 ]. 

Proof: Taking bo and b1 satisfying the conditions (6.11) and (6.12), from (6.4) we have 

1 
p - bo ::; - ::; T, ::; 1 < p + bo. 

p 

Using the fact that T is increasing, we know 

I Tl Tn rn-1 -< -< ,< , ... , ... <,. 
p p 

So the series {Tn, }~=O is uniform bounded. In the same way as the proof of Lemma 6.2 we 

have rn,~=O is equicontinuous. Hence, from the Ascoli-Arzera Theorem and the fact that 

T is increasing, there is ho 2: 0 E C[O, 1] such that 

ho(x) = lim rn, 
Tt-+00 

Since T is continuous we have 

ho(x) = lim Tn, = lim (TTn- 1
1 ) = Tho(x). 

n-+oo n-+oo 

i.e., h0 (x) is a positive solution of (6.4). Using (iii) of Lemma 6.1, h0 (x)- 1 is a positive 

solution of (6.1) and (6.2). 

If there is another h(x) which is a positive continuous solution of h(x) = Th(x), then 

0::;; h(x) < p. 

From the definition of T, we have 

Tp < p, 

and using that T is increasing, we know 

Th(x) = h(x)::; Tp < p. 
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Hence 

h(x) < Tnp < rn- 1p ... , ... < Tp < p. 

Then there is h1 ( x) E C[O, l] such that 

h1 ( X) = li lU Tn p 
n-+CX) 

in C[O, 1 ]. Therefore Th 1 ( x) h1 and h( x) ::; h1 • Since h( x) = Th( x) and ho( x) = Tho( x) 

we know 
l l 

H(x) = h(x) and Ho(x) = ho(x) 

are solutions of ( 6.1 ). 

Since h( x) ~ ho( x) we have 

H ( x) ?_ Ho( x). (6.14) 

But S is decreasing, so 

SH ( x) ::;; SH o( x). (6.15) 

The solutions of (6.1), H(x) and Ho, and (6.15) imply 

H(x) = S H(x)::; S Ho(x) Ho(x ), 

thus 

H(x) = Ho(x). 

So the solution of (6.1) and (6.2) is unique. Continuity of H(x) with H(O) = 1 implies that 

H(x) is positive. By the equation (6.1) with ¢(x)::; 0, H(x) must be less than one. 

It is possible there are other solutions of (6.1) satisfying (6.3). Only when Jd ¢(t)dt = !, 
the solution satisfying (6.1) and (6.2) is a unique solution of (6.1). When Jd ¢(t)dt::; 1 we 

have following theorem. 
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Theorem 6.6 For 1f,(x)?:: 0 E Li[O, 1] and Jd 1f,(t)dt ~ 1, let H(x) be a solution of (6.1} 

and (6.2). Then there is a solution of (6.1) and (6.3) iff 

[11/1(t) H(t) > 1. 
lo I - t 

When (6.16) is satisfied, the function 

H1(x)= I+kxH(t) 
I kx 

is a unique solution of (6.1} and (6.3}, where k is a unique value satisfying 

[1 tf,(t) H(t) I 
lo 1 kt 

with O ~ k ~ 1. 

Proof: Since ( 1 kt)- 1 is increasing fork E (0, I) we have 

lim [1 1j,(tk) H(t)dt = [11/,(t) H(t)dt 
k- 1 lo 1 - t lo I t 

Letting k and ¢(x) satisfy (6.16) and 

f(k) = l /(tkt H(t)dt, 

using (6.2). we have 

f(O) = l ,j,(t)H(t)dt = I 2 fo1 v,( t)dt < 1. 

(6.16) 

( 6.1 7) 

(6.18) 

( 6.19) 

(6.16) and f(k) increasing strictly fork imply that there is a unique k E (0, 1) such that 

(6.18) holds. Taking the function H 1 from (6.17), we have 

/
1 

_x_tt,(t)H 1dt = 
lo X + t 

[ 1 X 1 + kt 
lo x + t 1j,(t)IktH(t)dt 

1 - kx [1 x 2kx [1 1 
= 1 + kx lo x + t Tj,(t)H(t)dt + I+ kx lo 1 - kt H(t)'tj,(t)dt 

1 - kx [1 x 2kx 
= 1 + kx lo x + t 1j,(t)H(t)dt + I+ kx 

= 1 - kx [ 1 1 2kx 
1 + kx - H ( x) + I + 

1 
= 1 

- H1(x)" 
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So H 1 satisfies (6.1 ). Then H1 must satisfies ( 6.2) or (6.3). From H1 ( x) > H ( x) for x E (0, 1] 

we know H 1 satisfies (6.3). 

Let H 1 E C[O, I] and satisfying (6.1) and (6.3). From (6.3) we know H1 satisfies 

{ ,;,(t)H1(t)dt > 1, 

and 

[11/J(t) H1(t)dt = l - 1 < 1. 
lo I+t H1 

There is a unique k, 0 < k < I, such that 

Let H2 E C[O. 1): 

Then 

1 - kx 
k 

H1,xE[O,l]. 
1 + X 

{1 X l - kt 
lo x + /tb(t) 1 + kt H1(t)dt 

1 + kx 11 
x 2kx 11 

I l --rf,(t)H1(t)dt - ( k -k-H 1(t)-rf;(t)dt 
- o x+t I+ x o I+ t 

1 + kx 1 2kx 
I kx - H 1 ( x)] - 1 

1 
l + kx l 

1 - kx H1(x) 
1 

= l H2(x)' 

i.e., H2 is a solution of (6.1). So H2 satisfies (6.2) or (6.3). From H2(x) < H1(x), x E (0, 1], 

we obtain that H2(x) satisfies (6.2), so H2 = H, and 

Hence 

f1 t/J(t) H(t)dt = f1 t/J(t) l - kt Htdt = I. 
lo 1 + kt lo 1 - kx I+ kt 

[11/J(t) H(t)dt > 1. 
lo 1 - t 
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