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(Abstract)

Three discrete dynamical models are used to solve the Chandrasekhar H-equation with
a positive or negative characteristic function. Two of them produce series of continuous
functions which converge to the solution of the H-equation. An iteration model of the nth
approximation for the H-equation is discussed. This is a nonlinear n-dimensional dynamical
system. We study not only the solutions of the nth approximation for the H-equation but
also the mathematical structure and behavior of the orbits with respect to the parameter
function, i.e. characteristic function. The dynamical system is controlled by a manifold.
For n=2, stability of the fixed points is studied. The stable and unstable manifolds passing
through the hyperbolically fixed point are obtained. Globally, the bounded orbits region is
given. For parameter ¢ in some region a periodic orbit of one dimension will cause periodic
orbits in the higher dimensional system. For changing parameter c, the bifurcation points
are discussed. For ¢ € (—5.6049, 1] the system has a series of double bifurcation points.
For ¢ € (—8, —5.6049] chaos appears. For ¢ in a window contained the chaos region, a new
bifurcation phenomenon is found. For ¢ < —7 any periodic orbits appear. For ¢ in the chaos
region the behavior of attractor is discussed. Chaos occurs in the n-dimensional dynamical

system.
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Chapter 1
INTRODUCTION

The subject of radiative transfer in plane-parallel atmospheres is presented as a branch
of mathematical physics with its own characteristic methods and techniques. On the physics
side the novelty of the methods used consists in the employment of certain general principles
of invariance which on the mathematics side leads to the study of nonlinear integral equa-
tions. For example, for a parallel beam of radiation incident on a semi-infinite plane-parallel
atmosphere with diffuse reflection at the surface, the transport equation for the intensity /
may be written

d[ T 1 ' ’
w8 iy = 5 [ e = S0 (11)

The intensity at the surface is usually expressed in terms of a scattering function S, which
itself is expressible as a product of so-called H-functions. These functions, first introduced

by S. Chandrasekhar [5], satisfy nonlinear integral equations of the form

W) o ‘
+ﬂ'H(fl’ )dﬂ’ (12)

1
H(w) = 1+ uf () [ 2

where 1(p) is a characteristic function. It is well known that this equation does not have a

unique solution. However, the ”physical” solution of (1.2) is subject to the constraints

(YW H@p)
VJ]O S Ea=1,

13=0,..,a,

where v;,7 = 0, ...,a, are zeros of the dispersion function

A:1+z/+lwd$.

-1 $—2



A traditional approach to obtaining values for the H-equation is to attempt to solve
(1.2) by iteration. There are two iteration models important in solving the equation in

L1(0, 1) for positive ¥(u) with

namely,
B U g(p) o .
Huq1(p) = 1+ pHy(p) o g Hoy(p )dp (1.3)
and .
1 '(/)(,,l,,) ’ I3 -
H, =11~ -H, d . 1.4
+1(p) ( o A (ﬂ)ﬂ) (1.4)

Bittoni, Casadei, and Lorenzutta [1] have shown that when the right hand side of the H-
equation is regarded as a bilinear operator from L;(0,1) x L;(0,1) to Ly(0,1) with the
norm of its Fréchet derivative less than unity the bilinear operator is contractive in a ball.
Thus the unique solution of H-equation can be obtained by iteration of the H-equation
model (1.3). Subsequently, Bowden and Zweifel [2] showed that the solution so obtained
was indeed the "physical” solution. Bowden [3] used the iteration model (1.4) to obtain
a series converging to the solution of the H-equation. In Chapter 6, using both iteration
models (1.3) and (1.4) we study the H-equation in C[0,1] for ¥(u) € Lq(0, 1), but not
restricted to ¥(u) positive. We will find a series of continuous functions which converges to
the continuous solution of the H-equation.

To get the series function numerically in both iteration models (1.3) and (1.4), we need
to calculate integrals. For solving the H-equation (1.2) numerically the nth approximation
of the H-equation is

" a9(p;)

H(p) = 1+#H(H)ZM+—MH(M) (1.5)

S. Chandrasekhar [6] gave a solution formula with constants which are non-negative roots
of an associated characteristic equation. But it is hard to solve the roots.

An iteration model of the nth approximation is given by:

Hop () = 14 piHa(u) 3 ‘:j—"’f%)ﬂn(u,-), (16)
] 'y

Jj=1



1=1,2,...,n.

Since there is a parameter function, ¥(u), in the H-equation, these iteration systems above
have a parameter. The system (1.6) is an n-dimension nonlinear discrete dynamical system
which, in appearance, is far more complex than original the H-equation.

From the system (1.6) we have

é“"’/’("")ﬂ’“r‘(”i) = i“ﬂ/’(ﬂi) + %[Z; aitp(pu) Hupsi ). (1.7)
Let
X0) = 5 3 ) ) (18)
and -
€= %g“iw(ﬂf)- (1.9)
We obtain

X(n+1)=c+ X(n) (1.10)

From (1.10) and the relation (1.8) we can see that the behavior of the one dimension system
(1.8) will influence the n-dimensional system (1.6).

Iteration of continuous maps of a bounded region into itself serves as the simplest ex-
ample of models for dynamical systems. These models present an interesting mathematical
structure going far beyond the simple equilibrium solutions one might expect. If in addition
the dynamical system depends on an experimentally controllable parameter, there is a cor-
responding mathematical structure telling a lot about interrelations between the behavior
for different parameter values. For the system (1.6) we are interested in not only the fixed
points but also the mathematical behavior for the parameter function ¥ (x). We will see in
Chapter 3 that there are periodic and chaos phenomena in the dynamic system (1.6).

There are a variety of instances where chaotic phenomena can arise. In the early 1970s,
it was observed that in biological populations the nonlinearities that are inherent in simple

models for the regulation of plant and animal populations can lead to periodic and chaotic



dynamics. Attracting particular interest were interactions between prey and predator (in-
cluding hosts and pathogens, hosts and parasitic insects, and harvested populations). Some
of the complications in disentangling deterministic chaos from environmental noise were
discussed. The combination of population biology with population genetics leads to an
even richer assortment of nonlinear phenomena and to the suggestion that many genetic
polymorphisins may vary cyclically or chaotically (rather than being steady, as usually
had been assumed implicitly). Such investigations in the early 1970s led to the realization
that the simplest nonlinear models for population with discrete, nonoverlapping generations
(first-order difference equations with one critical point) could exhibit a surprising array of
dynamical behaviors (May [7], [8]; Li and Yorke [12]; May and Oster [11]). Subsequent work
showed that even richer dynamical behaviors could be generated by simple, deterministic
equations for single populations with discrete but overlapping generations (higher-order dif-
ference equations), for single populations with continuous growth where regulatory effects
contain time lags (time-delayed differential equations), and for two or more interacting pop-
ulations. The dynamical properties of these models have been the subject of several reviews
(Rogers [13]: Olsen and Degn [18]; Kloeden and Meed [14]; Lauwerier [15][16]; May (9], [10]).

The one dimensional quadratic map
Ut = ulT — quy). (1.11)

is sometimes called the "logistic” difference equation. In the limit ¢ = 0, it describes a
population growing purely exponentially (for r > 1); for ¢ # 0i quadratic nonlinearity
produces a growth curve with a hump, the steepness of which is tuned by the parameter r.

By writing N = qu/r, the equation may be brought into canonical form
Nuoy1 = 7N (1= N,). (1.12)

In many respects this simple system is typical of one dimensional dynamical systems, and
has a number of properties we will encounter in our study of the H-equation. If 3 > r > 1,

the fixed point at z* = 1 — 1/r is an attractor. At r = 3 the system bifurcates to give



a cycle of period 2 which is stable for 1 + v6 > r > 3. As r increases beyond this,
successive bifurcations give rise to a cascade of period doubling, producing cycles of periods
2,4,8,16,...,2" for r in the range 3.570... > r > 3. Beyond the point of this cascade,
4 > r > 3.570..., there lies an apparently chaos region. In detail, the apparently chaotic
region comprises infinitely many tiny windows of r-value, in which basic cycles of period
k are born stable (accompanied by unstable twins), cascade down through their periodic-
doubling to give stable harmonics of periods 2", and become unstable; this sequence of
events recapitulates the processes seen more clearly for the basic fixed point of period 1.

The nature of the chaotic region for such "maps of the interval” is often misunderstood.
The chaos is largely a mosaic of stable cycles, one giving way to another with kaleidoscopic
rapidity as r increases. But for essentially all practical applications, the chaotic region
has the effectively random character that superficial inspection or numerical simulations
suggest.

Since 1973, sequences of bifurcations governing the route to chaos in one-dimensional
discrete dynamical systems have been extensively studied [48], [37], [38], [39], [40], [41], [47].
However, models reducing to two dimensional endomophisms are often obtained in several
fields. Up to now they have been mainly studied by numerical simulations.

Among the few two dimensional discrete dynamic system which have been studied is the
Hénon map [21]. This map is a quadratic with a constant jacobian. Hénon use a numerical
simulation of the iteration sequence, solution for particular parameter. With a finite number
of iterations of a numerical simulation, its solution was interpreted as a ”strange attractor”.
Afterwards many papers and books were devoted to this problem ([22], [28], [29], [30], [31],
[26], [32], [33], [34], [35], [36], {42], [43], [44], [22], [45], [46]).

For our system, letting a;1y(y;) = %’l and h; = £H{p;), we can rewrite our n-

dimensional dynamic system (1.6) as

=1 ]

hi(t+1) = 2 +2u5h5(0) S . 2 hi(), (1.13)



One may note that the equation looks like biological equations, where h; is the population

of the jth race,
n

Wy
205y hi(t)

=1 7

is the growth rate function for the jth race, and where the input number, £, is a regeneration
or death rate for positive ¢ or for negative ¢, respectively. So the dynamic system (1.13),
which is from radiative transfer in physics, has biological meaning as well. There are
no papers to study this particular system. As a mathematics problem, few papers study
dynamic systems in dimensional more than two. We take three chapters to study the two
dimensional system of (1.13).

In Chapter 2 we find a linear transformation to simplify the system. We find that the
two dimensional system is controlled by a one dimensional system. All the stability of the
fixed points is given. In Chapter 3 the invariant manifolds for hyperbolic fixed points are
found. In Chapter 4, in order to find global properties of the orbits, we use methods in
quantitative and stability theory of differential equations.

In the system of differential equations
dz
E - f(.l:, y)

dy

a - g(.L‘, y)’
the vector field ( f(z,y), g(z,y)) tells us the slope and the direction of the orbits. From the
field near a fixed point we will know the stability of the fixed point.

In the discrete dynamical system
Topr — e = f(24, 1)

Yeq1r — U = g(xc,yz),

the difference vector field (f(z¢,y:), 9(z:, y:)) tells us where the next point of the orbit is

going to be.



Since the two dimensional system is governed by a one dimensional system (we call it
the governing system), we use the properties of the governing one dimensional mapping
to construct regions of the two dimensional plane. The properties of the two dimensional
mapping are discussed. We find a boundary region which is invariant for the two dimensional
system mapping. This implies that the orbits of the system in this region will be bounded.
We also find that ellipses are mapped to line sections, and a region bounded by an ellipse
is mapped onto a triangular region. Combining all the properties of the two dimensional
mapping, we obtain a region such where all attractors lie in.

The attractors of the system depend on the parameter. Since we find a transformation
such that the system is changed to new form in which the one dimensional system is equiv-
alent to the logistic system, the problem is how to use the results of the logistic system to
analyze our two dimensional problem. In Chapter 5 we prove that the existence of periodic
orbits in the two dimensional system are governed by the one dimensional system, i.e. if
there is an n-periodic orbit of the one dimensional system, then there is a periodic orbit
with the same period for the two dimensional system. So the set of bifurcation points for
the higher dimensional system includes the set of bifurcation points of the of governing
system. For the governing system, we know that if there is a 3-periodic orbit then there
are period orbits with any period n and chaos appears. From our result we will have that
a 3-periodic orbit in the two dimensional system implies that the arbits of any period and
chaos appear.

We know that many results of the logistic dynamical system are from numerical compu-
tation or computer experiment, for example, the values of bifurcation points and attractors.
For our two dimensional dynamical system, computer experiments tell us that for the pa-
rameter ¢ < —7 the system has a 3-periodic orbit. This means that for ¢ in this region there
are any periodic orbits of the two dimensional system. We also find for ¢ € (—5.6049, 1]
the system has period doubling bifurcations. When ¢ < —8 for our n-dimensional sys-
tem the orbits starting from a neighborhood of the origin are divergent. In the region

[—8, —5.6049] there are many windows. When the parameter decreases in the small region



[—5.92849,-5.91895] we find a new phenomena. In this region, successive bifurcations of
attractors appear. It is not period doubling but cycles of periods 6,7,8,9,10,....

To chaos research, mathematics has become an experimental science, with the computer
replacing laboratories. Chaos has become not just theory but also method, not just a canon

of beliefs but also a way of doing science. Chaos has created its own technique of using

computers. Chaos is making a new science [20].



Chapter 2
STABILITY OF FIXED POINTS

1. Origin of the Problem

An important nonlinear integral equation in the theory of radiative transfer is the H-

equation

Vp(u) oo
H(p) =14 uH / CH (4 Ydy 2.1)
(m) / (u)ouﬂt (1 )dy (
where the characteristic function () is an even polynomial in p satistying the condition
] Y(u)du < 5 4 (2.2)
We call the solution of equation (2.1) the H-function. To find the H-function of (2.1)
numnerically, we consider the equation

H(u) =1+ pH(p Z "”"’ ), (23)

where a4;(7 = 1,..,n), a; = —a_; and lllij(]‘ =1,..,n), pj = —p_; are the weights and
divisions appropriate to a quadrature formula in the interval (—1,+1). For equation (2.1},

S. Chandrasekhar[[5]] found the solution

N .
1 I (e + ) (2.4)

H(p) =
W= (1 = kap)’
where the k;’s(f = 1,...,N) are the roots of the associated characteristic equation
a;¥(k;)
1=2 2 2.5
Z 1— kZ”J ( )

We can see that there are 2V solutions of equation (2.3). Physicists are interested in

the unique solution of (2.3) with k; ’s non-negative and u > 0. Letting

a;p(p;) = %



and multiplying (2.3) by £, we have

cH(p) _ ¢
hdonl Lol AU
4 2 t4 3

cH(p) L wi eH(w)
O D e

and letting h; = £ H(p;) and h(u) = £H(p) we have

N
c wj o
h = — +2h{p)p —h(ps).
(1) = 3+ 2h(p) ; e
For N = 2 this yields
. 2 hih,
Il] — E + wh h]% + M
4 p + 2
C 2#2&)1}1,112,2 2
hy = —4 —/——= + wyl!
’ 4 mt o
which gives

C .
w1h1 +w2112 = Z(wl +wl) + (w, h.] +w2h2)2.

Let

T = W h'l +W2/L2
so that the equation (2.9) becomes

c ,
z = Z(w] + wy) + =2

From (2.7) and (2.8) we have

2wy + pwrhe
M1 +ﬂ2(”2 1h + wsha)
C [awy + (hwy 1 2.9 913
= = + 2wihs 4+ wwshs + 4
4 m+p ,u1+,u2(u2 1T e
Hawy + s € 1 \ ,
= 77t wihy + wahy)® + (pawihy + pawrh
prtpe 40 (m +ﬂ2)2[,u1,u2( thi +waha)” + (pawihs + prwzha)’]

Lallat it et TR AN

Letting

Y = Hawg h] + y]W2’L2

10

(2.6)

(2.7)

(2.8)

(2.9)



we obtain

z = (w1 + w?_)g + z? (2.10)
= (pawr + mwn) S + ——(upaz? + ) (2.11)
Yy = (Hewy T iy 1 mtm Kipt2 Y .

We are interested in the iterated discrete dynamical system of (2.10) and (2.11):

z(n+1) = (wi +w2)§ + z(n)? (2.12)

1 _ .
s M(umzx(n)z +y(n)?) (2.13)

¢
y(n4+1) = (pan + #1602)1 +
2. Fixed Points

The fixed points of the iterated discrete dynamical system (2.12) and (2.13) are solutions

of (2.10) and (2.11) for z and y. From (2.10) we can solve

Ty = %[1 + /1 = e(w; +w2)]

1

wi + w)

c <

Substituting £+ to (2.11), we have

¢
y? ~ (1 + p2)y + Z(szl + mw2)(pr + p2) + papazi = 0

Then

1

Y- = 5{111 + p2
C
-\/(#1 + p2)? - 4[2(#2(01 + mw2)(p + p2) + prpazi]}
1 1
= + 1 —

5 + p2){ g

\/M? + 43 — c(pdwy + pdwe) F 2papa/1 - c(wr +w2)}
and

1
Y+ = 5{#1+u2

1l



) 3 )
+\/(m + p2)? - 4[2(11%01 + pw2)(p + p2) + papazil}

1
= - + 1
5B+ p2){ +u1+u2

\/ﬂ? + 13 = e(pdwr + piws) F 2u1p2y/1 — c(wr +w2)}

So for ¢ < w]iwz we have four fixed points of (2.10) and (2.11)
(T4, Y4 ,4) (f+ay+._{r)
(‘7"-3 y—,+) ($—3y—,—)

For ¢ > — _W , there is no real fixed point of (2.12) and (2.13).

For N — n we have the n-dimensional system

hi(t+1)= + 2h; (), Z T +/ )h,(t

j=1l...n

(2.14)

The formula (2.4) give us 2" fixed points which can be constructed from the roots of the

associated characteristic equation 2.5.
3. Stability of Fixed Points
For the iteration system (2.12) and (2.13) let

F(z) = (w1+w2)§+m2

Fly) = (pawn + lez)-z e im (mp2z® +9°)
The Jacobi matrix is
%g %% _ 2z 0
= % e 2y

The eigenvalues of the Jacobi matrix for fixed points (=, % ;),%,j = +, — are

/\(l) = 2x;
@ _ _* .
/\13 N 1 +ﬂ2y'v1717] =+,-

12

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



1
/\(il) =144/1~c(w) +wz),c< PR
with
c= (A“’ + 20
w t+w
and
(2) 1
A = 1+
ot M+ g
\//lf + p5 — e(piwr + u'fwz) F 2mpay/1 — e(wr +wy), use(18)
= 1+ [uf + 13 ot A% 4 220 oy + o)
[ %) w tw

¢2u1#2\/1 — (A Dy

(2.20)

(2.21)

1 ! (1)? (1)y,,2 2, (1)
= 1+ + po)? — -A + 2X 2wy + piwg) — 2u s A
1+ o \/(”1 #2) w1 4 ,2( + ¥ )(pywr + piwz) = 2pupa Ay

+ wy + pyw 2
= 1+ \/(m*'ﬂz (—2 wi + s + mp)A) + sy + 44 22,50

M+ p wy + wa wi + ws

#1+ (2 w1 + wy w1 + wy

Thus we have

twan () piwr + plw; (1)?
AP 14 \/1 9 “1H2 A A
£t (Wi +wa)(p1 +p2) = 7 (w1 +wa)(pr +p2)? E

and in a similar way

/\(iz) 1= \/1 _g_ Wikt o '\(il) piwr + plwy )\g)z
— (w1 + w2)(p1 + p2) (w1 + w2)(p1 + p2)?

Because of the relation

(wipz +wem)? 4 W1H + wapd
(w1 +w2)? (w1 +w2)? (w1 +w2)(pn + p2)?
4

(w1 +w2)Xpr + #2)2[

(wipz +wapn)? — (Wipd + wapd)(wr + w2)]

13

1 ) w + w; wy + prw- 2
- 14 \/(H1+H2)2 2(ﬂlll'2)( 112 2#1))\(1)+N2 1+ pl 2/\(1)

(2.22)

(2.23)



4 2
- {wr +w2)* (1 + l"z).l[—-w]w.‘z('ul +12)7]
- 4&)1&)2 < 0
B (‘-‘-’1 + w2)2 ?

it is evident that the square roots of (2.22) and (2.23) are real for any )\g). Also /\ﬁ)i are

1 1

real for ¢ < , and we can see that for ¢ < —/—
wy w2 wy twy
A, > (2.24)
AWoo<o (2.25)
Now, we want study for what region of ¢
2
|)\(—.):i:| < 1.
For Ag}_ = —1,we have
[ Wity + wapn g) phwy + plw, ’\(il)z _ 5
(w1 + w2 ) (1 + p2) (wi + w2)(p1 + p2)?
Thus
phwr + piwy /\(1)‘2 5 Wifz +uwain U
27 T + T2 0
(w1 +w2) (i1 + p2) (@1 +w2)(p1 + p2)
ie.,

. A 2 ‘
(3wn + 12w AN = 2wipn + wop ) + 12)AY) = 3(wr + wa) (1 + p2)? = 0.

Then

1
Ay, =
(A2 2(#%w1 +#¥w2)[2(w1#2 + wapty (1 + p2)

+/4(wip2 + wapn )2 (1 + p2)? + 12(pwr + plwr )(wy + w2 )(pr + p2)?]

= M—{Mzwl + piwr
piwy + piws

/307 + el + 2w + 3kl + pdwd + wiwa(u? + i3]}

M1+ g2
= U+ e
o ¥ e e

+/4(130? + p20?) + wiwa[3(ud + ud) + 23]}

14



Let
&= Mne =0,
Then for

&< ,\2) <&
the square root in (2.23) is less than 2, so

—1<,\(f') < 1.

For
/\g) < &, or ,\(33) > &
the square root in (2.23) is larger than 2, so
2Wo< -1

Note

A = = wr ) > 1
AN 1 - e +wy) €

and &;, &, can be written as

p pawy + wy)
u%wu -+ lifwz

& = 1+

M1+ pa
plwy + plw,
M1+ p2

—5 s —|wWi1 2 + Wwaih
ﬂ%wl-i-llf'wz[ # #

VA30? + p2wd) + wiwa3(ud + p3) + 2 2]

—\/(wm'z +wapm)? + 3(pdwr + piwz)(wi + w2)].

So we can see

€1>lv

£ < 0.

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
(2.33)



Combining of (2.30), (2.31), (2.32) and (2.33), the results (2.26)-(2.27) and (2.28)-(2.29)

can be written as

Theorem 2.1 Forc¢ < wl-;-wz
(i) if )\2) < & then

-1< /\f,)_ <1
(i) if /\g) > &y then
/\fL < -1
(iii) if &2 < A then
—1< A2 _<1
(iv) if & > AD then
2 <1

There are relationships (2.21) between the parameters and eigenvalues of system (2.12)
and (2.13). So the conditions in Theorem 2.1 above can be written in terms of the original

parameters ¢, #, jfig,wq and wy.

We have that z\g) < & implies

2
— < . .
() <e < —— (2:34)
,\g) > & implies
1 2
e < oo (€ 260 (2.35)
2 < /\9) implies
1 2
—_ ¢ < I3 .
S (G2 <e< (2.36)
& > /\g) implies
1 2
< - 2 : 2.37
¢ w1+w2( £ +26,) ( )

16



From the expressions for £; and £;, we know that & and &; can be written in the form:

&
&

with A, B > 0. Since the function

&) =

is symmetric about £ = 1, and since

= 1+A+B
= 1+A-B
L (—e?42)
w4 wo
! )
1-(1—
- (-9

6 —1l=A+B>[A-B|=[&-1]

we have
1 2 1 2
—£5 +2&3) > —&1 + 26).
oo 82 > S (e o)
Let
1 2
;= —£2 4 28), 2.38
= (=€ 4 26) (238)
1=1,2.
It implies
Cy > Cj.

We know the eigenvalues at fixed points can determine the stability of the fixed point.

Now we give the result of stability for all fixed points of (2.12) and (2.13)

Theorem 2.2 (1) For ¢ < —‘;l—w; the fized point (z4,y4 ) is a repelling point;

3
(2) for ¢ > — =5
(3) for e < _'w,i{

the fired point (x_,y_ ;) is a saddle point;
the fized point (z_,y_ 1) is a repelling point;

(4) foreu < e < DT-}W the fized point (z4,y4,—) is a saddle point;

(5) for c < ¢1 the fized point (x4, y4 ) is a repelling point;

17



(6)if —— > ¢ > ——3— and —— > ¢ > c; then the fired point (z_,y__) is an

wy+uwn w1 +w2 wi+w2

attracting point;

(7) if wlim >¢> ——2— and ¢ < c; then the fized point (z_,y_ _) is a saddle point;

wytwr

(8) if c < _Wl'?'m and le_wz > ¢ > ¢y then the fized point (z_,y- ) is a saddle point;

(9) if c < —Uliwz and ¢ < ¢y then the fized point (z_,y_ ) is a repelling point.

Proof: (1) For the fixed point (24, ¥4 4+ ), the eigenvalues are ’\(+)’ /\(2) Jor ¢ < wl—lw,

using (2.30) and (2.24) we have
/\g) >1 and /\f‘)*_ > 1.

Therefore the fixed point (z4,y4,+) is a repelling point.

(2) For the fixed point (z_,y- 4), the eigenvalues are /\( ) /\(_]+ Using (2.24) we have

the eigenvalue |/\(_)| < 1. Thus the fixed point (z_,y_ 4 ) is

/\(_2)+ > 1, and for ¢ > '"w;+w R
a saddle point.

(3) As in the proof of (2), /\(2) > 1, and for ¢ < — the eigenvalue AW <,

w1+w ’
SO

Y| > 1

Thus the fixed point (z_,y_ +) is a repelling point.
(4) Using (2.30) we know /\Q) > 1. From the relation of /\g}) < & and (2.34), using (i) of
Theorem 2.2 and noting the notation (2.38), we have

|,\§?,)_| < 1.

So the fixed point (z4,y+,-) is a saddle point.

(5) In the same way as the proof of (4), using (ii) in Theorem 1, we have
A <1,

(2)

Then we know the eigenvalues )\(Jrl) and A}"_ of the fixed point (z,,y4 ) satisfy

/\5_1) >1 and |/\f')_| > 1.

18



So the fixed point (z4,y4 ) is a repelling point.

(6) Using (2.31), for

> > - s
w1 + wz wy + w2

we have

—1< A <1
From the condition in (iii) of Theorem 2.2 and (2.36), we know
1< <1

So the fixed point (r_,y- _) is an attracting point.
(7) The eigenvalue A is the same as (6) above, I/\(_1)| < 1. For ¢ < ez, using (2.37) and

notation (2.38) of ¢, we know that the condition (iv) in Theorem 2.1 is satisfied. So
AP <

ie.,
AP

Thus the fixed point (z_,y_ ) is a saddle point.

(8) If -Wl'?'WZ > ¢, (2.31) tells us

AW

1

oiio; > € > €2, We know

Using (iii) in Theorem 2.1, for
|A(_2’,)_| < 1.

So the fixed point (z—,y- ) is a saddle point.

(9) As in (8) above, AM < 1. And using (iv) in Theorem 1, we have
A <1

Therefore the fixed point (z_,y_ _) is a repelling point. Note

A
I - 1)) =
a4

19



ES S

For the n dimensional system, we can not solve for the k;’s of equation 2.5 explicitly,

thus the stabilty of the fixed points is hard to know.
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Chapter 3
QUANTITATIVE PROPERTIES OF ORBITS

In this chapter we want to discuss some quantitative properties of the iterated discrete

system (2.12) and (2.13) for special values of py, pg,w; and w;y:

wy = %
1
%5 = 3
: P (3.1)
m o= 5(1+ )
H2 = %(l - ]3)
The dynamical system (1.9) and (1.10) becomes
C
Il = Z + I,zl (3!2)
c 1, 2 q
Yn+1 3 + 63771 + Y- (3.3)
Define the mappings
F(z) = 2 + 22
c 1
G(z, = —+ -z’
(z,y) gter tv

Definition 3.1 The series {(zn,yn)}3° is an orbit of the system (3.2) and (3.3), if (z., yn)

satisfies these equations.

To discuss the properties of the orbit {(z,,,¥.)}§> of this system, we consider

— —c 2
Az, = zn-{-l‘_xn—:{"‘xn_zn

(3.4)
Ayu = Ynyl —Yn = § + E];'z-rzz + y?l — Un.

21



For given (z,,y,), we have a vector (Az,,Ay,) which gives the direction of the orbit at

(%, yn)- In order to know details about this vector field, we consider first the y—direction,

by setting,.
e, 1o o
§ + '6"’511 + Yn —Un = 0.
For ¢ < 2 we get an ellipse,
1. 1.. 1 9 =
'é‘l',l, + (yn. - 5)2 - §(2 - C) (3))

We can see that on the ellipse, Ay, = 0; outside of this ellipse Ay, > 0 and inside the
ellipse Ay, < 0.

For the z—direction in (2.4}, we can see that for ¢ < 1, when
1 1
;2(1 -Vi-¢) <z, < ;E(l +V1—¢),

we have Az, < 0, and when

1
Il,'ngg(l—\/l*—C)

or

1
T, > §(l+\/1—c),

we have Az, > 0. The field of (3.1) gives us a rough idea of how to study the orbits of the
system {3.2) and (3.3).
First we want to find the divergence region of the orbit {(zn,yn)}§, i.e. if the orbit

starts in this region, then the orbit will diverge.

Theorem 3.1 Let ¢ < 1. For some ng if

11
Yng > 5 + 5——\/-_5\/2 _p (3.6)

or

1 1
]:z:,,,cl> 5-{-5\/1—-(:, (3-7)
then the orbit {(zn,yn)}y ts divergent.
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Figure 3.1: The field of vectors (Az, Ay)
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Proof: If
1 1
UYng > ‘§+mv2—c,

then (Zy,, Yn, ) is outside of the ellipse (3.5) and we know
Ayp, > 0.

Thus

1 1
Yng4+1 > Yng > —2‘ + :2-—\7_5\/2 - C.

Then for ng < n, we have
1
Yn41 >yn>§+—‘2\/§ 2 - c.

Since from (3.4) forng < n

¢
Ayn = §+y3"yn
¢ 1 1.,
c 1 1.,
> §_Z+(y"°—§) > 0,

we have {y,,}§° is divergent, so the orbit {x.,,, v, } is divergent.

If 2, > % + %\/1 — ¢, then

C
_ 2
A:tno = Z + xno - xno

1 1
[EE 5(1 + V1 = ¢)][zn, — 5(1 -v1-¢)] >0,
so that z,,41 > Zn,. Then for n > ng
Tpu4l > Ty > Tng+1 > Tng

and

Azn = [z~ 51+ VI o)llzn — 5(1 - VI=C)]

> Az, > 0.
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Hence {z,};° is increasing and divergent. Similarly, if

1
Ty, < —5(14—\/1 ~c)
then

Tng+l =

Hence the orbit {z,,y,}5 is divergent.

§
Theorem 3.2 Let ¢ < 1. If for some ng
1, , 1 ¢ 1 _
gzn°+y,lo>§—§+——2\/.2. 2-c, (3.8)
then the orbit {(z,,y,)}5° is divergent.
Proof: If
o ST S VLN g
6 7m0 yno 2 8 2\/2" 7
we have
c 1
yno+1 = g + -6-2:1210 + y'lzzo
> . + ! 2—c
2 22 '
Using Theorem 3.1 we have the orbit {z,,y,}5 is divergent.
§

Note that if —c large enough, the orbit will diverge, even if starting from a neighborhood

of the origin point.



Theorem 3.3 For ¢ < —8, if for some ng

2, < =% - -21-(1 +v1=0), (3.9)

0
then the orbit {(z,,y,)}§° is divergent.

Proof: From the condition, we have

¢ 2
Tno+1l = Z+x”°
c ¢ 1
< Z—Z—E(I+VI—C)

[
!
2!
e
W
N

Using Theorem 2.1, we have the orbit {(z,,y,)}§ is divergent.
For the rest we only need to prove that for ¢ < —8, the neighborhood of the origin (3.9)

is not empty. i.e. we need prove
c 1
—Z—§(1+V1—C)_>_O.

It implies that there is an z,, such that the orbit {z,.y, g 1s divergent.

In fact, for ¢ < —8, we have

c(c+8)>0.
Then
2
= - = - > 1=
so
—-;—— 1>2v1-c
Hence

~-:-—%(1+\/1—c)20
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Theorem 3.4 (1) For1 > ¢ > -8 if
1
|zn| < |5(1 -V1i-o¢

then

1 1
—5(1 +V1-c¢)<zppr < 5(1 -V1-c)

(2) Forc < 1, if
1 1
I+ VI=¢) 2 |za| 2 S(=1+VI-c)

then

%(1 —V1l—-¢)<zyyy < %(14—\/1 —¢)

and

|In+1| S |zu|-

(3) For 1 > ¢ > -8, {z,}3 is bounded if and only if
1
|zo| < 5(1‘*"/1 -c)

(4) For 0 > ¢, we have

1 |
§(l+\/1—c)2|:1:n|>§\/2\/1—c—2—c

uf
1 1
§(l+\/1 —€) > ZTpyr > 5(—1+\/1 —~¢);
and
1 1
5(—1 +v1l-e¢)< |z, £ -2—\/2\/1 —c—2-c¢
if

1
|Zn1] < 5(—1 +V1—¢).
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Proof: (1) For 1 > ¢ > —8 we have

- S+ VT= 9 < (3.10)

<
R
For
1
j2al < [5(1 = VT=0)]

we have

< ZTupp

NN

[ .
— Z+$i

< SHlZ- VTP

= %(I—VI—C).

Using the inequality (3.10) we get
1 1
-5(1’{-\/1 _C)an-}-l S 5(1 ‘“VI“C).

{(2) For ¢ < 1 we know

%(—1+\/1—c')zo

The condition

1 1
S+ VT=0) 2 [zl 2 5(~1+VT=0)

implies that for ¢ < 0

£-+:11-(1—\/1—c)='

IA

c 2
xn-f-l - Z +In

1
S+ 71+ VT=0)?

IA

and for0 < ¢ <1

IA

¢ 2
Tyl = 1 + z;,

1
§+ Z(1 +v1-¢)

e Ky
IA
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Thus
1 1
—2-(1—V1~C)S(L‘n+]S§(1+V1—C).

Now we shall prove

|~Tn+1 | S |zn|-

For z,,4) > 0 we have

|Znt1] — |2al

. C
lmn.l2 + - |zn|

= (ol ”“—mxnl vy
so for
SO+ VI=) 2 faul 2 (-1 4+ VT 0),
then

|$n+1 | < [zn'-

For 41 < 0 we have

|zn+1| - |xn]
= “l"’n|2_ — |za|
141 —c¢ 1—+vV1—-c¢
= —(lza| - JUEM )
2 2
so for
1
|xn| Z ‘2'(“"1 + v 1- C),
then

|Zn41] < |zal-
(3) This resuit follows from Theorem 2.1 and the result (1) and (2) above.

(4) It is easy to check

%(—1+m) < %\/2\/1_Tc—2—c%(1+\/1 - ¢).
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The inequality

holds iff

S0

1 1

§(1+\/1—c)2|:1:,,|>§\/2\/1——c——2—c
1 c g 1 c
:2-(1+V1“(')—*ZZII',,_>§(V1—('—1)—‘1,

1 1
5(1'{‘\/1—(.‘)21"_*_1 >§(\/1—C~1)

Otherwise the inequality

holds iff

%(—1+\/1~c)§ |2, g;;—\/2\/1—c—2—c,

(\/—1——6— l)__)

‘".—2

1
[Znsal < S(VI=e - 1),

Theorem 3.4 give us the means to study {(z.,¥.)}5°. The iterated form (3.3) can be

written as

1 ¢ 2
Ynt1 = 2(5 + 537?1) + 92 (3.11)

We can treat § + 322 above as c in Theorem 3.4. Let the mapping of (3.2) and (3.3) be

R(z,y) = (F(z), G(z,v))- (3.12)

In order to study the boundary orbit region of the system (3.2) and (3.3) we divide the

domain of the mapping into the following regions (see Figure 3.2):

Dl =

(2,9): L1+ VT=e) <z < 21 - vIT0),

—l-1-G+3))<y<iN+/1-(5+ 3= )]
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pe_ ] @) 2] < 31 = VT,
~ - 1= (5 + 22 <y <41+ /1 (5 + 2a?)]
D3 (@) ~11-vT=0) <z < 3(1+vI-o),
- 1= G+ BN <y<ii+\1-G+32) |
Do) @) -0 +VT=¢)<z < (1 -VT-¢),
W< - 1-(G+2a2), |
(z,9): 2| < 31 - vT—el,
ol < 31— /1= (5 + 222)|

DG:{ (@,9): —%(l—x/1~c)<ms%(1+m),}

lyl < 31— /1= (5+ 227)|

D

o

D7 = (z,9): —%(1+\/1—c)§z<%(1—\/_1_j—c-),
i G <y<ii-Vi-G 3] |

pa ) (@Y 2] < 31 - VT4,
—HH 1= G+ 3 <y < Fll- 1= (5 + 5a7)]

D9 = (z,y): —%(1—-\/1——c)<x§%(1+\/_1_—_c),
1= G+ B <y < i\ T- G+ 2a2)]

Also we divide part of the image of the mapping R(z,y) into the following regions (see
Figure 3.3):

Rl-_—;{ (:L‘,y): _%(1+U1—C)S$S%(1—V1—C),
=1 (§+ 22)| Sy S 31+ /14 (5 + 2o)]

RO — (z,9): 1-VT=¢c)<z < H(1+V/T-o¢),
M- 1=+ 3] <y <3+ 1+ (5 + 32)]

B3 = (z,y): ~L1+vVT=¢)<z <1 -vT—o),
S 1-G 3l sy <3 - 14 G +30))
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b1 XA2/6+(y-0.5/\2=1/4-C/8

15 X x=b2 x=b3

] k=b4

D2

05

-0.5f

D8

/

T xrolBHy+0.5)N2=1/4/8

_1 . i | —1 Il ]
—3.5 -2 -1.5 -1 0.5 0 05 1 1.5 2 2.5

RV,

Figure 3.2:
The top ellipse is
and the bottom ellipse is
1, 1, 1 ¢
et T+l =7-%

b1 = —-;.(1 +VTTe),b2= -;-(1 —ViTo),
b3 = —b2,b4 = —bl.
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(z,9): W =-VT=g <z <i(1+/T=0),

—HI+ -G+ 3] <y <3l -1+ (5 + %))

We have the following result for the mapping R(z,y):

R4 =

Theorem 3.5 The function R maps Di to R(D1), 1 = 1,...,9 such that:

R1 D> R(D2U D8), (3.13)

R2 D> R(D1U D3U D7U DY), (3.14)
R3 D R(D5), (3.15)

R4 D R(D4u D6). (3.16)

Proof: (1) For (z,y) € D2U D8, we have

[z] € =|1 = V1 —¢|,
1 2 1 c 2
— =1 — 1—-(— ZeNNl <y < = (= a2

or

Using (1) of Theorem 3.4 we know
1
—(1+VT=0) < F(a) <
Treating z,, and ¢ in (2) of Theorem 3.4 as y and § + 2z, respectively, we get

= 1= G+ 22 < Glay) < gl +4/1 - (5 + 2a2)]

By the definition of F(z), we know

z2:-§+Fuy
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1.5r x=b1 x=b2
' T —— ] x"2/6+(y-0.5\2=1/4-c/12
¥=-b1
1 -
0.5F
R1 R2
> 0Or
osk
R4
Ak R3
y=-0.5-sqrt(-x6+(1-c/3)/4)
15 / 1 ] 1 1 1
w2 -1 0 1 2 3 4
X
Figure 3.3:
The top parabola is
_1_z+( _1)2_l_i
6°TVTY T2
and the bottom parapola is
__1 crl_ S
V=73 12

b1 = —-;-(1 +VIFo),b2= %(1 — VT ), b4 = —bl.
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Substituting the relation between x and F(z) in the inequality of G(z,y) above, we have

i c 2 2
5[1'\/1'(54‘:595 )]

%[1 _ \/1 - (§ + %F(w))]
G(z,y)
< %[1 + \/1 - (g + §F(:v))]-

(A

So R(z,y) = (F(z),G(z,y)) € R1, then R2 D R(D2U D8).
(2) For (z,y) € D1U D3U D7U D9, we have

1 1
5|1—V1—c|§ |m|§§(1+\/1—c),

‘%[1 - \/W] <lyl £ %[1 +4/1- (% + %mz)]_

Using (2) of Theorem 3.4 we know
1 1
5(1—\/1—6)5 F(I)SE(I-{-\/I“C)
Treating z,, and c in (2) of Theorem 3.4 as y and 5 + %:1:2 respectively, we know

- y1- G2 <Gy < g1 G+ 2a)

In the same way in (1), changing z to F(z), we have

M- Gt iren<aEn < e 1o G+ Irm)
Thus R(z,y) = (F(z),G(z,y)) € R2. Then
R2 > R(D1U D3U D7U D9).

(3) If (z,y) € D5, then
Iz] < %(1 — V<o),

1 c 2
<=1 =1/1=(5+ 222y,
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Using (1) of Theorem 3.4 we know
—%(1 +VI=o) < F(z) < %(1 _ VT =o).

And treating =, and cin (1) of Theorem 3.4 as y and 3 + %z'z respectively, we have

1 c 2 , 1 c 2
——[14+ /1= (5 +222)] < G(z,9) < S[1 = /1 = (5 + =z2)].

1= G4 2R < Gl < ol -1 - G4 2FE)

Then

So R(z,y) = (F(z),G(z,y)) € R3, then R3 D R(D5).
(4) For (z,y) € D4U D6, (z, y) satisfies

%|1-\/1—c|§|z|§%(l+\/1—c),

and

Using (1) of Theorem 3.4 we know
1 1
5(1 -V1-¢)< F(z) < 5(1+\/1 —¢).

In the same manner, we have

Sei-Criren<aEn <t - \1-C+ 2Re)
So R(z,y) = (F(z),G(=z,y)) € R4, then R4 D R(D4 U D6).

#
-

Let us compare the domain region of R(z,y), U, Di, with its image region U?_; Ri.

The top boundary of U?_, Di is a section of an ellipse

1
|$|S§(1+v1'—C),
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1 c 2
_ (S 1202y
y—2[1+\/1 (2+31)]

And the top boundary of U?_, Ri is a section of a parabola, z in the same z-region as above

y=5lHy1- G+ 20

To compare these two boundaries, we subtract the parabola function from the ellipse func-

] e 2 . 1 e 7.
_ _ (= “x2Y] . (= -
1 2 1 e 2

_ _ (= a2y Y —

= 2\/1 (5 +37%) 2\/1 (3+3%)

where in the square roots

and

tion,

c 2, ,c 2
at3e ~3t3o)
2, c
= 5(2‘ —1"'2)
B P K VA e S R ) e
- 3V 2 ’ )

Then we know that for

the top boundary function of U{_, Rt is less than the top boundary function of U?_, Di. For

_1+\/1—c<x<1—\/1—c
2 -~ 2 ’

the top boundary function of U}_; Ri is greater than the top boundary function of U_, D1,

In the same way we have that for

1-+1-c¢ 14++v1—c¢

the bottom boundary function of UL, Ri is greater than the top boundary function of

uS_, Di. For
1+VT—¢ 1-VT=¢
B — <z< —
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the top boundary function of U{_, Rz is less than the top boundary function of UY_, D1, see

Figure 3.4. So, by the definition of Di and Rj,:1=1,...,9,5 = 1,...4, we have

D1uU D4uU D7 C R1U R3, (3.17)
and
D2u D3u D5uD6UDSU DI D R2U RA4. (3.18)
Let
T,y): la+/T-e) <z <1 -/T=0),
k1=) @Y 2( ) Sz <5l ) (3.19)
M+ 1=+ 2] <y <1+ /1= (54 22)),
z,y): “lasVi-o<z<ii-vV1=09,
ko=l &Y 2 Js =<5l ) (3.20)

1=+ 2] 2y 2 M1+ /1 (5 + 20))

Then we have

K1U K2 = R1U R3\(D1U D4U D7),

Since K1 and K2 are out of the region UY_, D1, it is possible that part of the image R(K1U
© K3)isin the divergence region (3.8). The following theorem specifies a region in the z — y

plane such that all orbits {(z,,y,)}§ with initial point in the region are boundary.

Theorem 3.6 If the initial point (zg, yo) of an orbit {(zn, yn)}&° is in the region (see Figure
3.5)

(2,9 2| < 311 - vT=4l,
o1 < 3+ /T G+ 3G+ 20~ (5 + b
N =VT=¢ <|z| <31+ VT=0),

\ lyl < 3[1+ /1= (5 + 32%)]. |

then the orbit will remain in this region.

BD = ¢ (3.21)
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Figure 3.4:

bl = —%(1 +v1 +¢),

b2 = %(1 ~Vito),
b3 = —b2, b4 = —bl.
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Figure 3.5: The region with the solid boundary is BD
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Proof: First we need find the inverse of the mapping R on K1, i.e. R™'(K1). From (1) of
Theorem 3.4 we know if (F(z),G(z,y)) € K1 then

ol < 511 - V=),

and

N L EL-E ey (N |

So y satisfies

1= G 2w - G i < < aa 1= G 2ad) - (S 4 1)

This implies

([ (z,9): ol < 311 - vT—4l,
F1+ /1 - + z2)? +§2° .
Rk = | W14+ /1= (5 + 35 +22)2)] - (§ + 42?) (3:22)
<y <G+ /1 - (5 + 322)] - (5 + §27)
\ =l 1= (5 +320)° |
In the same way we can get the inverse of K2,
(l‘,y)! ]x]<%|1—\,1—c|,
RTY(K2)= ~i+ \/1 — (54 HE+a2))] - (5 + 22 (3.23)

> y? 2"5[1+\/1—(§+§x )] = (5 + tz?)

But from the y-inequality above we can see that R™1(K2) is empty.

From (1) of Theorem 3.5 we can see that for positive y in R™1(K1),
(z,9): |z| < 311 - VT~

D2\ R7'(K1) = —31-y/1-(5+32?) <y < (3.24)

AT GHEG 2R - (5 + 822)

and for negative y in R™1(K1)
(.’L‘,y)Z |I|S%|1_V1_cla

D8\ R™Y(K1) = M=1-(E+223)] >y ). (3.25)

-\/-;-[1 /1= G+ 3G+ + (5 + 5
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From Theorem 3.5 and the definition of R~'( K1) we have
R((D2uU D5U D8)\ R™'(K1)) Cc D1U D4u D7 (3.26)
Now we want to prove
R(D1uD4aU DT)C (D2UD5U D8)\ R™1(K1) (3.27)
In fact, we can see by definitions D2, D5, D8 and R™'( K1)

(z,9) = ol < 311 - VT—d,

ly| < 3[1+ /1~ (% + 22)]

R(D1UD4U D7) C

and
(,3) ol < 311 - VT4,
ol < 3+ = G54 3G + 2] - (5 + 2e2)

So to prove the relation (3.27) it is sufficient to prove that

%[1+\/1—(§+§z)]s\/%[H\/l—(§+§(§+z2)2)]—(§+-ézz)
%[1+\/1—( +—:c)] ( + z)_§[1+\/_( + = ( +x2)2]_( + xz)

To prove this inequality we note from Theorem 3.4 that for |z]| < —%[1 -1 -¢,

1
—-2—[1+\/1—c]§§+z2§%[1—v1—c]§x.

(D2UD5UDS)\R™Y (K1) =

Then we have

1 c 2 c c 1
— I Y ous FAYA DY _2
2\/1 [3+3G+=-(5+5%)

1 c 2 c 1
> S 1S4 202 - S 2
=) 5+3*° -3 §°
~ 1\/ c 2c 1
T2 [3+3(2+ )_1_2_6
1 c 2
> W J1-[£+2
= 3 [3+3°1- 12+)



So (3.27) is proved.

From (3.26) and (3.27) we know

R(D1UD4UDTU[(D2UD5U D)\ R~} (K 1)]) C D1UD4UDTU[(D2UD5UD8)\R™ (K 1)].

(3.28)
Hence for
(z,y) € D1U D4U DTU[(D2U D5U D8)\ R™Y(K1)]
the image of (z,y) is in the region too,
F(z,y)e D1uD4UD7U[(D2U D5U D8)\ R™1(K1)].
Since for any (z,y)
R(:B, y) = R(-—:II, y) = R(-—.’L‘, 3/) = R(-—.’E, _y)a (329)

by the definition of the region BD we know
BD = DluD4au D7U[(D2U D5U D8)\ R™Y(K1)].
So for any (zo,¥%0) € BD, R(zo,y0) € BD. Therefore the orbit {(z,,y,)}§° is in BD.

i

From (3.29) we see that the inverse of the mapping R(z,y) is four to one. It tell us that
from an initial point in the region B.D the orbit is contained in BD. The following lemma

give us a property of the mapping R(z,y).

Lemma 3.1 R maps the elliptic region

1
-6—1:2 +yi<rl (3.30)
to the triangular region:
z, St+6rg>z> <
a={ @Y 4o 4 (3.31)
§tri2y>gr+



Proof: Let 0 <7 < rg. R maps the ellipse I'

1,
gontwm =1’

to a line section

C .
LZyp < Z + 612

N o

¢ 2
Yn+1 :§+T .

So R maps the region Dg on the (z,,, ¥, ) plane to the region on the (z,41, ¥n+1) plane with

boundary
C .
Tyl = 7 + 677
- Sy
Yng1 = 8
with paramater 7 in [0, 7¢], t.e.,
I .
] 02 Yns1 2 6 n+1 12

As 19 goes to infinity, the Lemma above tells us the image of R is an unbounded

triangular region A. Using Theorem 3.6 and the Lemma we have

Theorem 3.7 For initial point (zo,y0) € BD the orbit {(z,,y.)}§ is attracted by the
region BD N A.

Proof: If (zo,y0) € BD from Theorem 3.6 we know {(zn,¥n)}5* C BD. Using Lemma 3.1
we have that {(z,,y,)}$° C A. Hence (z,,y:) € BDNA.
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Chapter 4
INVARIANT MANIFOLD&

In this chapter we want to study the invariant manifolds of the system (3.2) and (3.3).

Let the invariant manifold passing through (u,v) be (z(t), y(t)), where

r(t) =u+ Zaiti (4.1)
i=1
y(t) = v+ ) bt (4.2)
=1
Then there are 8, and (3 such that
§+z%a:xw¢) (4.3)
€ ¢ 2 2
<4220+ () = y(Bat). (4.4)

Substituting (4.1) into (4.3) we have
¢ o0 ) o0 o
st SN atP=u+ ) apit. (4.5)
=1 1=1
We compute explicitly the coeflicient of #*.

For n = 1, the coeflicient of t satisfies
aj(2u— f) = 0. 4 (4.6)

Let 8; = 2u. Nowlet ¢y = 1. For i = n > 1, we have

n—1

2ua,, + Z Al it = a,fy. (4.7)
k=1

Foru=0o0ra =0, thena, =0,k=1,2,...



Theorem 4.1 (1) If 1 = 2u = %1, then
Ap = 0 k= 1,2
and
z(t) = u

(2) If 2u # +1, the sequence of an,n = 1,2, ..., satisfies

1 n—1

Z ALy, N Z 2.

an = —yg——
n 61‘2—21], =

Proof: (1) If 3 = 2u = 1, then

n-1

a,(2u - 1) = Z Al
k=t

n=123,..
Hence for n > 1, a, satisfies
n—1
Z aray, ) = 0.
k=1

It implies that for n = 1, ...,, the coefficients a,, = 0.

If i = 2u = —1, then using relation (4.7) we have

1 2n—1
ag, = —'5 Z Q)0 —k (48)
k=1
n=1,2..
and
2n
> akazng1-k =0, (4.9)
k=1
n=1,2,..
For n = 1 from (4.8), (4.9) we have
15
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and
2
Zakag_k = 2ayay = 0.
k=1
Then (4.10) and (4.11) imply that

a) = az = 0.
Ifa; =0,2=1,...,2m, then
| 201 J-1 ‘
Gy = —% D GkGpipi—k = —5(2) araps g + @3] =
2 ¢ 20 =
=1 k=1
J <2m.

ie.,

a, =0 forn =2k <4m

For n = 2m;, we need to prove

A2 41 = 0.

2

We consider az(am41), i-e- ay(3mi1)41- Using (4.9) and (4.12), we have

2(3m+1)
0 = a3(2m+1)'02 E QkO2(3m41) 41—k
k=1
2m+41
= 2 Z aka2(3m+1)+l—k
k=1

2m

= 2[2 QkAy(3m+1)+1—k T 02m+184m+2)
k=1

1
= 2[0+ azmt10202me1)] = 2[“2m+1(-§)a§m+1]

3
= g

ie., dgmy1 = 0. Hence we have g, =0 forall k = 1,2, ...

(2) It is easy to prove (2) by (4.7).
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If 2u # £1,0, we can obtain the coefficients of the series z(t) from (2) in Theorem 4.1,

1 n—1

ay, = Z g, _r n > 2 and a; = const (4.13)

(2u)? — 2u

We want to find the coefficients of the series y(t). From (4.1), (4.2) and (4.4) we have

- u + Z a;tt [v + Z b;ti]z =v+ Z b,‘ﬂ'zbiti.

c
8 i=1 =1

C’>

Computing the coeflicient of t*, we have

|
E‘Zua] + 2’0()] = b]/j-) (414)
and
1 n—1 -1
2uan + Z ain_;| + [20b, + Z bib,_;| = b,
=1
So
uay
[
! ‘1([)‘ - 21))
n-—1 n—1
b, = 311 [ (2ua, + Z a;a,_;) + Z biby ]
i=1
1 n—1
= n—2—{ [zuan + an(fr — 2u)] + Z bibn—i}
2 T i=1

1

Hence we have
1 n-

n = FrTag 2ei=t GiGn-i
b = primlk (2u) an + 15 bibui] (4.15)
n>2
where a; and b, satisfy
(:1(2u—ﬂ1) = 0 (4.16)
zuar + (20— f2)by = 0O
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Theorem 4.2 For the system (3.2) and (3.3), if a fized point is hyperbolic, there are a

stable invariant manifold, W*, and a unstable invariant manifold, W*, passing through the

fized point.

Proof: In (4.16) let a; = a§“’ =1, f; = By = 2u, Let the manifold M(u) = (z(¥)(t), y(*)(¢))

with parameter ¢t be defined by

W) = w432, oW
yO() = v+ TR, 00
where the coefficients of t", afl"), n = 2,3,... are given by (4.15). It satisfies
¢ 2
i (t) = z(2ut) (4.18)
For the y component of the manifold M(u), taking ,
b =b = L )
T 6(u—v)
the coefficients b, n = 1,3, ... are given by (4.16). y(t) satisfies
€. ¢ 2 2
3 + 52 () + y°(t) = y(2ut). (4.19)

The equations (4.18) and (4.19) imply that if the initial point (zo,yo) of the orbit of the
dynamical system (3.2) and (3.3) is on the manifold M(2u), i.e., there is fy such that
(7o, %0) = (2 (to), ¥™)(t0)), then the orbit {(zn, 1)}, starting from the point (zq, 30) on
the manifold M (u) satisfies

(Zn, ¥n) = (z((20)"10), y™((2v)"0)), n =0, 1, ... (4.20)

We can construct another manifold, M(v) = (z(*), 4(*)), which passes through the point

(u,v),
() = wt TR, e

_ (4.21)
vt = v+ T2, 008,
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with a{) = 0. Then z™)(t) = u. Let bg”) = 1 and 3 = 2v. We can see that agv) and bgv)

satisfy the relation (4.16). Then b%v),n = 2,3,... are obtained by

Y 1 n-1 o) (o
PESS |

In the same way as for the manifold M (u), we know that for any initial point of an orbit,
(zo, yo) on the manifold M(v), there is ¢y such that (2o, %0) = (2" (t0), ¥)(t0)). Then the
orbit {(z,,¥,)}5" in the manifold M(v) satisfies

(Zns ¥n) = (20((20)0), ¥ ((20)0)), n = 0,1, ... (4.23)

Due to the hyperbolically of the fixed point (u,v), the radius of convergence of (4.17) and
(4.21) are positive [22].

For any given fixed point (u, v}, from (3.2) and (3.3) we know the eigenvalues at this fixed
point are 2u and 2v. Since we consider a hyperbolically fixed point, one of the eigenvalues
isin (—1,1) and another is outside of [—1, 1]. (4.20) and (4.23) imply that one of manifolds,
M(u) and M(v), is stable and the other is unstable, depending on which absolute value of
the eigenvalue at the fixed point is less than 1 and which absolute value of the eigenvalue at
the fixed point is greater than 1. In any case, we have the stable manifold W* and unstable

manifold W*.

In the same manner we can get this result for the general model (2.14) and (2.15).
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If we continued, then we would find a number ¢ such that the dynamical system (3.2)
has an attracting 8-periodic orbit. In fact there is a sequence of numbers ¢y > ¢; > ... such
that when ¢, > ¢ > ¢pq1 the dynamical system has an attracting 2"-periodic orbit. We
already know that ¢; = —3, ¢z = —5.0025. But there is more. There are a series of values,
¢,., which are ALL greater then the number -5.6049. The closer ¢ is to —5.6049, the larger
the attracting periodic orbit of (3.2). We get a series of period doubling bifurcations, each
closer to —5.6049 than the one before. All of the branches combine to give an attracting
2%-periodic orbit.

For ¢ decreasing from 1 to -3, there are only two fixed points of (3.2). What happens for

the two dimensional system (3.2) and (3.3)? The following theorem provides the answer.

Theorem 5.1 For the two dimensional system (3.2) and (3.3), if c € (-3, 1], there are no

bifurcation points. There are only four fized points,

(x (_”,y(_”.) (z (_”,y(_”)

1 1 1
40, ),

where

W =50 - 1= £+ 2y (51)

i = 1y f1- S+ 2D (52)
and there are no more n-periodic orbit with n > 1. For ¢ € (—8,1] there is only one
bifurcation point, -7.14589034, at which one of the fixed points, (z_ , yg)_) bifurcates to a
2-periodic orbit:

2,39, a0, 4()

where

~14 /(5 + 2(=M)2) -3
v = V-G 23( : (5.3)
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Proof: We know that for ¢ € {—3, 1] there are only two fixed points 21 and zg_l) for the

system (3.2). At these fixed points the system (3.3) is
1 I, ). .
Ykt1 = got E(zg:))z +9i,

ie.
1 c 2 1)\
men = (5 + 58 + ok (5.4)

We can get two fixed poiuts for (3.4):

1 c 2
y(—l):t = 5[1 - \/1 -5t 'g(xitl))?]a

1 c 2 .
W) = S+ \/1 -5+ g(zg))zl-

Thus we get four fixed points for (3.2) and (3.3)

(8,38, (e, 4,

1
(@0, 0.

Now we consider for ¢ € (=3, 1] if these fixed points bifurcate n-periodic. In the equation
(5.4) we can replace y; with x4 and § + %(:cg))?' with ¢ in (3.2). Then using the result of
the system (3.2) we have that ¢ satisfies the following inequality

c 2
S+ i< s (55)

But we can check that this is not true. From the inequality above, by the definition of :z:(il )

we have

c 2.1 4 ¢ 1
§+§[§(1i,/1_c)—Z]_§+§(li\/1~c)<~3,

ie.,

c+(1+vV1l-¢)< -9,
tvVl—-c< -10-c
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But for 1 > ¢ > -3, —10 — c € (—10. — 7) and £/ — ¢ € (—2,2). This is a contradiction.
So for ¢ € (-3, 1] the four fixed points can not bifurcate periodic orbits.

For ¢ € (-8, 1], we can solve (5.5) and have ¢ € (-8, —7.14589034). For ¢ > —7.14589034
(5.5) is not true. Replacing £ + %—(:cg:))z and y in (5.4) with ¢ and z in (3.2), respectively,

we can get two periodic orbits of the system (5.4)

Yy£° = 2
It means ( M 0 _) bifurcates to a 2-periodic orbit (x(_l), Y- )) (z(_l), y+ ) at the bifurcation

point ¢ = —7.14589034.

For —-5.0025 < ¢ < —3 there is an attracting two periodic orbit of the system (3.2).
For the two dimensional system (3.2) and (3.3) are there any periodic orbit? We have the

following result.

Theorem 5.2 For —5.0025 < ¢ < —3 there are at least two 2-periodic orbits of the two
dimensional system (3.2) and (3.3).

Proof: From Theorem 5.1, for —5.0025 < ¢ < —3 there are no periodic orbits of the two
dimensional system with the x component a fixed point of (3.2). So we only need to consider
the z component to given a two-periodic orbit of (3.2). To find 2-periodic orbits of the two

dimensional system we need to solve the equations:

c 1

B = 3 + ‘6(2‘5.2))2 + ()% (5.6)
1

mo= g +gE0 ) (5.7)

This is equivalent to solving the equation

= £+ 5P+ +g + 5D+l (5.8)



Let
c 1. (.- .
Gi(y) =5 + 5@ + 4

and

¢ 1, o). .
Ga(y) = g + 5P + 4%
Then the problem is to solve the equation
y = G1(Gal)). (5.9)

For ¢ < —3 the function GGy at y = 0 is

1
Gi(0) = ¢ “‘S?)

8 6
l[—1+\/—c—3
8 6 2

= —l‘z[c—l-—\/—c—lﬂ

» of o

+ 1?

w o o

A
S ~

We want to find one point such that G, = 0. Since for c < 0
A

_ [c _l_(wl—\/—c—l}
'8 6 2

= YIE[C_I—V_C_;}]

< 0,

+

01
| -

)%

we can find the point y = \/—%[c ~ 1 —+/—c — 3] such that at this point the value of the

function G is zero, i.e.

G —i%[c— 1-v=cT3) = 0.

Hence, the right side function of the equation (5.9) at y = —-]-'-f[c -1~ +/=c-3] for

z < -3is

Gr(Galy[~T5le = 1~ VTETB)) = G1(0)
= i[c-—l—\/—c—3]<0.
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Hence

("1(("2(\/“1—12[0— I—v-c-3])) - \/—i[c -1-v-c-3]<0.

12

On the other hand it is easy to see that
I1|im G1(Ga(y)) = oo. (5.10)
y|—o00

Then by continuity of the function G;(G2(y)) we have there are at least two solutions of

(5.9). Let y( ) and ygz) be these solutions. Then we get the two 2-periodic orbits of the

system (3.2) and (3.3):

(=, 4{*)

, (a2, G (),

and

D), P ).

*u

In general, for given k& and c if there is a k-periodic orbit of the one dimensional system

(3.2), what happens for the two dimensional system? We have the following result.

Theorem 5.3 For given ¢ and any k, if there is a k-periodic orbit of the one dimensional

system (3.2) then there are at least two k-periodic orbits of the two dimensional system

(3.2) and (3.3).

Proof: Since we have the results, Theorem 5.1 and Theorem 5.2, we only need prove this

theorem for ¢ < —5.0025. Let {z(k)} 2 ; be a k-periodic orbit of (3.2), i.e.,

S;lk = g(F), (5.11)

Let
Gn(y) = —+ (x("’) +y%
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To find k-periodic orbits of the two dimensional system we want to prove there are solutions
of the equation

y:Gkon_] 0...OG1(y). (5.12)
Let us consider the value of the function G, at y =0,

1

P
G'n - ] +
We know from (3) of Theorem 3.4 that
. 1
|2k < 3(1 +V1-c¢).

So for ¢ < —3 we have

Gi < gHglz(14VI=aP

= 4o+ VTTO -]
- -1%[64-1-{-\/1-—_6]

= —%[(1—}:)—\/'1_—7—2]
= SUHVI—(VI=c-2)
< 0.

It is easy to see the mapping of the system (3.2) and (3.3) is a four to one mapping. So we

can not find a unique inverse. But we can define one inverse function of G(y):
1 ¢ 1 2 )
Gn =\Vy- ("8' + ‘6_3;11) (5‘13)

Gpo G;l(y) =y.

It satisfies

Let
Yo = Gl oG5l o...a GFY(0).

57



Then we have
Gkon—l 0...0(;l(y0)
— Gkon_l0...06106;10G;1o--‘oGlzl(O)
= Gk OGk-l on—__l_l(O)
= G(0) <0.

So the function Gy o Gy_q0...0G1(y) is negative at yo. By the definition of the inverse

function of G,, we have yp > 0. Hence
GroGip_10..0 Gl(yo) - yo < 0.
Since the function G o (Gj_y0...0G(y) is an even polynomial, we have

lim GroGy_jo...0G(y) = oo.
[y]|—c0

By continuity, there are at least two solutions of (5.12). Let these solutions be y$k) and

y.‘(zk). Then for the two dimensional system, the two orbits with initial points (:cgk), yfk)) and

(:csk), ygk)), respectively, are k-periodic orbits.

Let us quote a result for one dimensional system from Sarkovskit [17].

Theorem 5.4 Let f: R — R be continuous. Suppose
Ingl = f(zn-}-l)
has a three—periodic orbit. Then it has periodic points of all other periods.

We know that for ¢ < —-5.6049 the system (3.2) has 2" —periodic orbits. But for what
¢ the system has n—periodic orbit with any given n? And how about the two dimensional

system? We have following result.
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Theorem 5.5 (1) The two dimensional system (3.2) and (3.3) has n—periodic orbits for
any given n tff ¢ < 7.

(2) For ¢ € (—8,-1] there is an uncountable set S C BD(A (containing no periodic
points), which satisfies the following conditions:

for every p,q € S with p # q, we have

Jim sup| %(p) — R™(¢)| > 0 (5.14)
and
Jim anf[F™(p) — F(q)| = 0. (5.15)

for every p € S and periodic point ¢ C BD( A, we have
lim sup|R"(p) - R™"(¢)| > 0, (5.16)
N—+00

where

(2, y)l = /2% + 2.

Proof: (1) From Theorem 5.3 we have that the two dimensional system (3.2) and (3.3) has
n—periodic orbits for any given n iff there are any periodic orbits for the one dimensional
system (3.2). Using Theorem 5.4 we know that the system (3.2) has any periodic orbits iff
it has 3-periodic orbit. Now we want to find a 3-periodic orbits of (3.2).

For given c, to find 3-periodic orbit we need find a real solution of the equation
F3(z) = z. (5.17)

Using MAPLE on IBM 486/50 running more than 12 hours, we have that for ¢ > —7 the
equation above has no real solution which is one point of a three periodic orbit of the one
dimension system and when ¢ < —7 there is a real solution which is one point of a three
periodic orbit. So (1) proved.

(2) Using Tien-Yien Li and J.A Yorke Theorem [12], we have that there is a set

5. Cl5(1 - VI=9)3(1 + VI 0,
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such that for every v,u € 5, with v # u,

Jim sup| F™(v) - F*(u)| >0, (5.18)
Jim inf|F"(v) — F"(u)| = 0, (5.19)

and for every p € S and periodic point ¢ C BDNA,

Jim sup|F™(p) — F"(q)| > 0. (5.20)

Taking
S={(z,y):z€S5; and (z,y) € BDﬂA}

from (5.18) and (5.20) we can get (5.15) and (5.17) for S; the z—component of §.

§

What happens when ¢ < —5.60497 At first the numbers z,, in the orbit of {3.2) seem
to have no pattern. But this is not exactly true. Behavior is that all of the z, values

eventually fall onto some intervals. This means these intervals attract orbits.

Definition 5.1 A set of points S is called an attraction set or an attractor for a dynamical

system zn,41 = f(z,) iff there are @ number § and s € § with |zo — s| < 8, such that

lim |z, — §| = 0.

7+ 00

In fact, the set of all attracting fixed points is an attractor. We know for ¢ € [1, —5.6049)
there is one 2" —periodic attractor for (3.2). Hence from Theorem 5.3 the two dimensional
system has at most one 2™-periodic attractor.

For —8 < ¢ £ —5.6049 it is hard to see that the attractor is a finite or periodic orbit or
not.

We use a computer to do the experiments for the two dimensional system and find the

attractor changes quickly by changing ¢. For instance, as decreasing ¢ passes through the
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point ¢ = —5.89879, the attractor changes from sections of curves to a 6-periodic orbit. It

can be seen in the figures at c=-5.89, -5.89878 and -5.918998.

Theorem 5.6 ¢ decreasing from —5.6049 there are a series bifurcation points of ¢ for the

system (3.2) and (3.3) :
—5.89879, —5.91895, —5.91904, —5.91911, ~5.91914, —-5.91923,
—5.92438, —5.92844, —-5.92845, —5.92849, ......
7, —7.07403,-7.109, ,—7.1096, —7.1114, ...

For ¢ in the following intervals there are periodic orbit attractors:
(—5.91895,~5.89879] attractor is 6—periodic,

(—5.91904, —5.91895] attractor is 7—periodic,
(—5.91911,-5.91904] attractor is 8—periodic,
(—5.91914,-5.91911] attractor is 9—periodic,
(—5.91923,—5.91914] attractor is 10— periodic,
(—5.92438,—5.91923] attractor is 11— periodic,
(—5.92844,—-5.92438] attractor is 12— periodic,
(—5.92845,-5.92844)] attractor is 13— periodic,

(—5.92849, -5.92845] attractor is 14— periodic,

(—5.92849 — §, —5.92849] for small §, attractor is 15— periodic,
(=7.07403, —7.00000] attractor is 3—periodic,
(—7.10900,—7.07403] attractor is 6 periodic,
(—7.1096,—7.10900] attractor is 8— periodic,

(—7.1114,-7.1096] attractor is 11—periodic,

(=7.1114 — §,—7.1114] for small §, attractor is 12— periodic,
These attractors are not in sensitive dependence on the initial values in a neighborhood of

the origin.
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When deceasing ¢ approaches —7 or —8 the attractor becomes an infinite point attractor.

It can be see in the figures at ¢ near —7 and —8.

Definition 5.2 A dynamical system is said to be transitive if, when z¢ is close to some
point in an attractor S, then for every point s in the attractor there is a subsequent x,, of
x, that converge to s, that is

~lim oz, =s.
Ng—00

By the definition of attractor and transitive we know that if a system have a k—periodic
orbit attractor then the orbit is transitive. But if an attractor includes two attracting
periodic orbits then the attractor is not transitive.

When ¢ = —8 for different initial points which are close each other, the orbits corre-
sponding the initial values are much difference. For example, (See the figures for ¢ = —8)
for (zo,y0) = (1,0) or (1,0.1) the orbit goes to 2—periodic
for (zo,y0) = (0,0) the orbit goes to fixed point
for (xg,y0) = (1.2,0) or (0.1,0.1) the orbit goes to no-periodic attractor

It shows that the orbits are sensitive dependence on the initial points.

Definition 5.3 A dynamical system has sensitive dependence on the initial values if, when-
ever you take two initial values, Ag and Bg, which are close together, the orbits, A, and
B,., eventually get further apart. To be more precise, there exists a number ¢ such that,

whenever 0 < |Ag — Bo| < ¢, then there erits a value N such that |Ay — By > €.

For system (3.2), for given ¢ = —5.6564 the orbit {A,,} with initial point 4o = 0 and
other orbit {B,} with A; = 0.001 we have that |A4o — Byg| = 0.00540085 it means the
system at this ¢ is sensitive dependence on the initial values. The quadratic map exhibits
in stunning fashion a phenomenon which is only partially understood: the chaotic behavior
of orbits of a dynamical system. There are many possible definition of chaos. Here we give
one of them which is easily understand.

In Theorem 5.6, ¢ changing slightly, the attractor changes. Specifically for ¢ decreasing

in the small region [—5.91895, -5.92849] period of the orbit, attractor, increase one by one.
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Definition 5.4 We call the region of parameter of a dynamical system,c, s a WINDOW,
if for ¢ in this region the dynamic system have periodic attractors which are not sensitive

dependence of initial values.

There are some windows in [—8, —5.6049]. Beside the windows the attractors are un-
predictability.
Definition 5.5 Suppose a dynamical system (i) is transilive on its attractor S, (ii) has
1

sensitive dependence of initial values, and (iii) has repelling periodic orbit that are ’close

to the atiractor S. Then this dynamical system exhibits chaos.

We have know that for —8 < ¢ < —5.6049 the system (3.2) and (3.3) have a series
of repelling 2" —periodic for every value of n. And for —8 < ¢ < —7 the system have
any periodic orbit. It causes the orbit is unpredictability except windows. The dynamical

system for ¢ € [—8, —5.6049], except window, exhibits chaos.
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,0.3‘*‘
-1.5 -1 0.5 o °*|° 0.5
O/
-0.2
~0.4¢
~0.6
4“‘."‘

(1) c=-5.89
The orbit with initial point p(0)=(0,0),
p(3101),...,p{(3252), goes to an attractor.

-1.5 -1 -0.5 3 0.5
* -0.2}
-0.4
. -0.6
L ]

{2) c=-5.89878
The orbit with initial point p(0)=(0,0), p(3101),
...+pP(3202), goes to a six periodic attractor.
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-1.5 -1 -0.5 N 0.5

(3) ¢c=-5.918998
The orbit with initial point p(0)=(0,0),p(3101),
...,p(3050), goes to a seven periodic attractor.

&
-1.5 -1 -0.5 o7 0.5
¢ -0.2
-0.4
-0.6
- L J
-

(4) c=-5.9315
The orbit with initial point p(0)=(0,0), p(3101),...,
p(3152), goes to an attractor.

65



-1.5 -1 -0.5 0.5 1

(5) ¢ = -7.01
The orbit p(n) with initial point (0,0) and
n=2000,...,3000 goes to a three periodic attractor.

-1.5 -1 -0.5 0.5 1 .

(6) C = ~-7.09
The orbit p(n) with initial point (0,0) and
n=2000,...,3000 goes to a six periodic attractor.
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-1.5 -1 -0.5 0.5 1 ’

(7) ¢ = -7.13
The orbit p(n) with initial point (0,0) and
n=2000,...,4000 goes to a three section attractor.

-1.5 -1 -0.5 0.5 1
7

-0.2
-0.3}

-0.4}

( by

(8) C = -7.16
The orbit p(n) with initial point (0,0) and
n=2000,...,4000 goes to a three section attractor.
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~1.5 -1 -0:% |* 0.5 I @
. -0.2 R
ot -0.4} *»
¢ R I
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. e -0.8
e’

(9) C = -7.162
The orbit p(n) with initial point (0,0) and
n=2000,...,4000 goes to attractor dense on
a three section area.

«
0.5 .,,.:‘,:;3
«* u‘f .‘...43
0 25 & - . - .b‘
'“‘¢a. - - 8, o, *¥e
£o2p. " . s
. LN 3 * P AL o
"2 -l..:. ‘: 0‘!: “‘ .&r}':}‘;‘:?;
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“:‘~‘ :. .:. ofo AN r..:: o‘ :’: .4‘;..
P ) .‘ ‘;:-S' m{%i.ﬁ ;,)A"”
s . he )
ST
-

(10) ¢ = -7.9
The orbit p(n) with initial point (0,0) and
n=2000,...,4000 goes to an attractor.
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(11) c

(12) c

-8,

-8,

intial point p(0)={(0,0), the the orbit p(n)
with n=101...2000, goes to a fixed point.

-1 -0.5 0.5 1
. -0.2

-0.4

-0.6
. -0.8

intial point p(0)=(1,0), the orbit p(n) goes
with n=101...2000 a 2-periodic orbit.
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(13) ¢ = -8, intial point p(0)=(0.01,0.01), the orbit p(n)
with n=101...1000.

(14) c

-8, intial point p(0)=(0.001,

0), the orbit p(n)
with n=101...1200:



Chapter 6

EXISTENCE OF THE SOLUTION FOR THE
H-EQUATION

In this chapter we consider the H —equation in C[0, 1],
1
H(z) = 1+H(z)/ 2 () H(t)dt (6.1)
o T+t

where ¥ € L]0, 1].

From the equation (6.1), we can see its solution H(z) should satisfy
H(0) =1

and
H(z)#0.

So the continuous solution of (6.1) must be positive.
Lemma 6.1 (1) If H(z) € C[0,1] is a solution of (6.1), then

1 1 .
/ DOH (Ot =1—[1 -2 / H(t)dt]3 (6.2)
0 0
or 1 1 ,
[ v@a@d=1+1-2 [ peat; (6:3)
0 0
(1) If H € C[0,1] is a solution of (6.1), then
1 1
/0 P(t)dt < )
and H(z) > 1, for z € [0,1];

(1) The necessary and sufficient conditions of the positive function H(z) € C[0, 1] satisfying

H(z) =1 —2/01 P(1)dt)t +/01

t
r+t

p(t) H(t)dt (6.4)
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are that H{x) satisfies (6.1) and (6.2), where ¥(z) > 0 or ¢(z) <0
(iv) For (t) < 0, there is no solution of (6.1) and (6.3) in C'[0, 1].

Proof: Let H(z) be a solution of (6.1). Then

/ d)(x)H(ar)d:r,—/ W I:)d.r+/ / z9(z) H;i‘i’ DEE) 1o g

/dr(x)H(x)d.c-/ d)(r)der// ail t)Hgtj’t LICI

So
1 1 1 1 '
Ay»(x)H(x)dz:/() z/:(z)dz:+§[/[; ¥(z) H (z)dz)?.

1 1
/ P()H(z)dz =11 \/1 - 2/ P(z)dz.
0 0

Hence (i) and (ii) are proved. We will prove (iii) as follows. To prove the necessary condition,

This implies

let H(z) be a positive solution of (6.4). Then

) 1 1 t
1= \/1_2/0 ¢(¢)dt11(x)+/0 —HOH (O (x)dt

Multiplying by ¥(z) and integrating both sides we have

1 _ . 1 ) 1 . £\ l 1 ) 2
/0 w(z)d:c—\/l z/o d(t)dt/o P(z)H(z)d +2[/0 B8 H (¢)de].

So
1 1 1 1
/0 YOH@ = -\/1 -2/0 w(1)dt £ \/1 —2/0 ¢(z)dz+2/0 ¥(z)de
= :!:1—\/1-—2/0 P(z)dz
i.e.,
1 1
/ PO H(t)dt = +1 - \/1 - 2/ #(z)dz. (6.5)
0 0

72



Since ¥(t) > 0 or < 0, H(t) satisfies (6.2). So we should take positive sign in (6.5). In fact,

for (1) < 0 it is easy to see, and for 1(t) < 0, substituting (6.5) to (6.4) we have

\/1 —2/01 1/;(t)dt+/0] zitd)(t)H(t)dt
\/1 —2/01 1/1(t)dt+/01 v;(t)H(t)dt—/Ol x—i—tz/)(t)H(t)dt

1 gz
:i:l—H(x)/O —

I

H(z)™

P(t)H(t)dt.

fl

That H(z)is positive and H(0) = %1 implies that we should take positive sign. Substituting
(6.2) in (6.4) we have

t
z+1

1 = H(z)- H(x)/ol B(t)H (1)dt + H(x)/ol () H(1)dt
= @) - HE) [ SO,

so H(x) satisfies (6.1) and the necessary condition is proved.

To prove sufficient condition, if H(t) satisfies (6.1) and (6.2), from (6.2) we have

/Olw(t)H(t)dt—/l L (o) H(t)dt

o T+t
1 . 1
-1 —2/0 D(t)dt]? —/0 %Hw(t)H(t)dt

/1 Z _y(t)H(t)dt

(1] I+t

Il

and using (6.1) we obtain
/1 T _W@H()dt =1 - H(z)™!
o T+ - )

So
1-H(z)'=1-[1-2 /0 1 P(t)dt]T — /0 1 zLHzp(t)H(t)dt,

i.e., H(t) satisfies (6.4).
To prove (iv), note that #)(t) < 0 and H(t) > 0 imply

1
/ Y()H (2)dt < 0.
0
But this is a contradiction to (6.3).
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Definition 6.1 T is an increasing operator on C[0,1] if for hy,hy € C[0,1) with hy(x) <
hy(z),z € [0, 1], then
Thy(z) < Thy(z);

T is a decreasing operator on C[0,1] if for hy,hy € C[0,1] with hy(z) < hy(z),z € {0,1],

then
Thy(z) > Thy(z).
Let
1
p= \/1 —2/ WP(t)dt
i}
and

A, ={h € C|0,1]: h{(z) > p,z € [0,1]}.

For p > 0, we define operators, S : 4, — C[0,1] and T': A, — C[0,1] by
g
Shiz) = 1 + h(z) / w0t h e A,
o z+¢

and
2

r+t
It is easy to see that for 1 > 0 S and T are continuous and § is increasing, T is decreasing.

h(z) is a solution of (6.1) iff Sh = h. From Lemma 6.1 Th = h iff h~! is a solution of (6.1)

1
Th(z) = p +/0 SO 1dt b€ A,

and (6.2). For ¥(t) < 0, T is increasing.
Let
C4[0,1] = {f € C[0, 1], |f] > d}

with a positive constant d.
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Lemma 6.2 Let v € L4[0, 1].
(i) For given d > 0, TCy4[0, 1] is equicontinuous;
(i) For v > 0, or 1 < 0, if there is a solution of (6.1), let H(u) is the solution. Then the

series

{s™1}2,

is equicontinuous where 1 represents the constant function.

Proof: (i) Let h € Cy[0,1]. Since 4 € L[1,0], for any € > 0 there is 7 small enough such
/ I1/’(t)
I(t)

_ dye
2 [2|p(t)|dt’

that

For z,y € [0, 1] and |z — y| < & with

we have

ITh(a) = Tho) = | [ 14 = ol

[ - v+ [ 1y - yitl‘/’(%(lt)dt'
/qlxit‘#y-ti-tw(t)l(lt)ldt-*—/llxtt y+z”’/( h(t)l
fl;/ét))ldwlz W [ e O

9t +5/ L0 Lat
+

IA

IA

IN IA

IN
[ LY
B

So T'Cq4[0,1] is equicontinuous.
(ii) For 1 > 0 let
E={heC[0,1]:1<h < H},
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and R : E+— C[0,1]
1
Rh(z) = /0 -x—i—tz/!(t)h(t)dt,x e€[0,1],h e E.

For z,y € [0, 1]

rna) = R =1 [ 1=~ —ohpono,

x —
x -+t Y

and for any ¢ > 0, there is §, 0 < § < 1 such that
4 ¢
[ sl <<,
0 4

f; () H(D)dt > 0.

So for z,y € [0, 1]

g I 6 T
[ - Aawoama < [1=51+ 1S v o

&
< 2 [ Ipla
¢ [¢]
< =
- 2
Then for
|z -yl < b
with
1
o= 58 [ WA,
we have
€ 1z Yy
h(z) — Rh < < S
(Bh(z) - Bhw) < 5+ [ 1 - i@l
€ 1tz -y
- e b(t)H (t)|dt
< 5 Tranaplteal
e [tlz—yl
< -
< 3+ [ SEtwoao
< £4€
- 2 2

f
[
¢
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So R(E) is equicontinuous.

For h(z) € E,z € [0, 1], from
1
Ri(z) = /0 k(e
< ' O H(t)dt
< [ woro

0

< 1,

we see that there is a 4,0 < 8 < 1, such that for any A(z) € F and z € [0,1],
Rh(z) < B.

For ¢¢ > 0, from equicontinuity of R(F), there is ép > 0 such that for |z — y| < ég, and for
9 € R(E)
lg(z) — g()] < 1 H]7'(1 = B)eo.

Since S(1) is continuous, there is 81,0 < §; < &g, such that for |z — y| < &1,
1S5 (1)(2) = S5 (L)) < €

for k = 1,2,....n. For such é; and |z — y| < §;, we have
|S"*11(z) ~ S™'1(y)| < €0

In fact, by the definition of § we know §(1), §%(1)...,...5™(1) € E. Let h(z) = S™(1)(2),
then h(z) € E.
Letting |z — y] < &;, we have
|5h(z) = Sh(y)] = |h(z)Rh(z) - h(y)Rh(y)|
< |h(z)Rh(z) — h(z)Rh(y)| + [h(z) Rh(y) — h(y) RR(y)|
= h(z)|Rh(z) — Rh(y)| + Rh(y)|h(z) — h(y)]
< [HINANT(1 = B)eo + Beo

= €9.
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So |z — y| < & implies
Sn+1(1)($) _ S"H(l)(y)l < €.

Hence for g > 0, there is §; = é;(€o) such that for |z — y| < é§; and for n = 1,2, ..., we have
[S™(1)(x) = S*(1)(y)| < €0

ie, {S™(1)(z)}52, is equicontinuous.

In the same manner, for ¥ <0, let
E={heC[0,1]: H <h <1}

we can prove the same result.

Theorem 6.1 For (1) > 0 € L4[0, 1] there is a solution H(z) of (6.1) and (6.2) iff
1 1
[ biwpae < 5. (6.6)
0 2

and {S™(1)}3%, converges to H(z). If there is a strict inequality in (6.6), then {T"(p)},

converges to H(z)™!

with

[H(z)™ - T"p(2)| < [T"p(z) - T p(2)], = € [0, 1]. (6.7)

Proof: If there is a solution of (6.1) satisfying the condition (6.2), then from Lemma 6.1, ¥(¢)
must satisfy (6.6). So the necessary condition is proved. To prove the sufficient condition

following. Suppose
1 1
/¢mm<7
0 2

Then p > 0. By ¥(t) > 0, we have p < Tp and p < T?p. Since T is decreasing, we have
p<T?p < Tp,
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p<T*p <T% < Tp,

Using Lemma 6.2. we know

{Th:p<h<Tp}
is equicontinuous. Using Ascoli-Arzera Theorem, the function series
{T™ (P12 = {T(T ' p) 0L,
and
(T p)}Zo = {T(T"0)}2%0

have subsidies which converge to u and v. Since T?" is increasing, T*"*!p is decreasing and
T is continuous. we have

lim T%p = u,

O

lim T%*'p = v,

n—00
with

plu<svw

and

Tu=v, Tv = u.
By

min{T*p}220 2 p > 0

there is a constant

a = maz{k : kv < u}

with 0 < @ < 1. For a = 1 we have u = v. Now, letting @ < 1 and T3y:

Tyh =Th—p, h€ D(T).

79



we have
w = p+Tiv>p+Ti(au) =p+ahhu

= (I-a)p+alp+Tiv)

= (l—-a)ptav>bv+av

= (a+d)v,
where b is a positive constant. This is in contradiction with the definition of a. So

Tu=u=m,

and the function H = u™! is a solution of (6.1) and (6.2) with

H™' = lim T"p.

n—00
From
T*p < H™' <T™p
n=1,2,....
it is easy to get (6.7).
Let us consider the case f& Pdt = % Let {k,}o2, be a series with 0 < k; < K4y, (1 =

1,2,....)and k; —» 1 for ¢ — oo. Since fol kypdt = %kn < -.]5, we have that there is a

positive solution H, € C[0, 1] of
1z
H(z)=1+ H(m)/o kot
n=1,2,..

Then H,(z) > 1 for z € [0, 1], and

(Hn(x))—l

i

) 1 1 t
\/ -9 /0 ko b(t)dt + /0 k(O Ha(t)dt

T ¢
>
> kn /0 — (o)t
b [ ()
> —p(t)dt.
> b [ —=()
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Hence there is @ > 0 such that (H,)™!' > a, forz € [0,1],n = 1,2,....
Let
B={heCl0,1]:a<h(z)< 1,z €[0,1]}.

It implies H7' € B,n = 1,2, ....

Let T : B+— ([0,1]
LI /
Thiz) = /0 .

It is easy see T(B) is bounded and equicontinuous. Letting b, = H;!, n = 1,2,... we

Y(t)(h(t))"'dt, h€ B

have

ha(z) = \/*2/ kvz"/’(t)dt+/ Sk (8)(ha(2))” ldt

\/ -2 / knth(8)dt + kn(Tha)(z).
0
Since Th,, € T(B), there is subsidies of {Thn}o>y, {Thn,}52,, such that

Jim Thy, = ho € Clo,1].

From
ha (2) = \/ -2 /0 b (008 + K (Tha, )(a), (6.8)
we have
]11.“;0 hn = hg,
then

ho(z) = \/ 1-2 /0 " p(tydt + /O 1 zLsz(t)(hn(t))-‘dt.

Using Lemma 6.1 we obtain that the function hy? satisfies (6.1) and (6.2) (Since [ ¥(t)dt =
3» (6.2) is the same as (6.3)). So we have proved that if ¢ satisfies (6.6) there is a positive
continuous function satisfying (6.1) and (6.2).

Now we want to prove if (6.6) is satisfied, the solution of (6.1) and (6.2) is unique.
Letting the function H be a solution of (6.1) and (6.2). we have 1 < H, and 1 < S(1).
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From the increasing operator 5 we have
1<S(HLSH L)< < H.

So {S™(1)}%, is uniform bounded. From Lemma (6.2), there is a subsidies {5™*(1)}72,
such that

lim S™(1)=h < H.

k—oo

Since S™(1) > S™*!(1), we have
lim S™(1) = h.

nN—0co

Then S(h) = h, i.e., h satisfies (6.2) or (6.3). Since 0 < h < H, h satisfies (6.2), and

\/ 2/ ¥() dt+/
\/1-2L 1/:(t)dt+/0 ;%d)(t)H(t)dt

(h(z))™! 1/)(t h(t)dt

<
= (H(=z)™,
i.e.,
Rt < g
But from h < H we have
h=H.

So H is a unique solution of (6.1) and (6.2) and

lim S"(1) =

T2 OO

Lemma 6.3 For v € L1[0,1], let hyyq = Th,, we have

1 1 1
(m—m)hn+l = —H/ x+t¢( )(

n=20,1,2,...
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If ¥ <0, and hy > hg we have

P ,>_ hn-}-] 2 hn 2 hO 2 0.

Proof: By the definition of T we have

p 1 /1 t 1
l=—+— t dt
hy, + ha Jo =+ t’(/’( )hn_l(t)

P 1 /1 i 1
= t dt
: hn+1 * hn-}—] 0o T+ tl/)( )hn(t)

Subtraction of the first equation from second above yields

0 ( 1 1 )+ 1 /1 t »(1) | i
= p{— — — h
P h'n,—!-l hn hn+1 o z+1 hn(t)

1t ]
—— t dt
hn/() + % Tm

Then
1 1
0 = _— —dt
a hos1 hn) hn+1 " h, ) _/ 4+ t n(t)
+1/1 ) )i
h. T +t hn(t) Mo 1( )
1 1
(P + t n(t) )( hn+1 hn)
1 1
+hn /0 perrddl )(hn(t) O L
1 1
N h"“(hn+1  hn
4o [ v )i
hy,. z+t h (t) hn—1(t)
So
1 1 1
]71 —T) = T t.
mr (g~ ht) " T 1(t))

If hi(t) > ho > 0 and we suppose for n = N the relation
pZhn2>hy1 >0
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is true, then by the definition of x4y and 9 < 0 we obtain

) = +/ dt
"N P +t hN 1()

< ]
—”+/ rerwAdOVs (t)d

ILN.*.] < p.

From Lemma 6.3 if we can find fig such that hy; > Ag, then it yields an increasing series
{hn}&° for index n. From Lemma 6.2 we know this series converges to a continuous function
h(z) such that A(z) = Th(z). Then from Lemma 6.1 ~(z) is a solution of (6.1) and (6.2).

the following Theorem gives a sufficient condition of the existence of a solution.

Theorem 6.2 Fory) <0 € L1[0,1] and -3 < J3 w(t)dt there is an increasing series {hy, }&

converging to a continuous solution of (6.1) and (6.2).

Proof: From the definition of 7' and p we have

ho —hy = hg—Thy

= ho=p / Pl o(t)dt)
- ——[ho pho — /0 (1))

< E[hg — pho — / (t)d1]

1 1 1 1 1 1 1
= E;[ho 5P~ 5\//’2 + 4/0 Y(t)dt][ho - SP+ 5\/;02 + 4/0 P(t)dt]
1 1 1 1

[ho — -;—p + %\/1 - 2/01 (t)dt + 4/01 B(t)dt]
= —[ o — %p \[+2/ P(t)dt)[ho — —p+ \/1 +2/ b(t)dt).
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Taking positive hg such that

i 1 1 1 1 1
Zp_i\/l+2,[) d)(t)dt<llo<§p+§\/l+2[) ?/I(t)dt

we obtain

hy > hy.

From Lemma 6.3 this implies that there is a series {h,}§° increasing and converging to a

continuous solution of (6.1) and (6.2).

AR

Theorem 6.3 For v(z) <0 € L1]0, 1], there is a bg > 0 such that for v > by,
Ty <~y (6.9)

and

<Ty <~y (6.10)

1
p

:Jy—gfwumt
0

where

Proof: From the definition of T

Th(z) = p + / — (0

’(t)
T is increasing for h. For p > 0, we have
1 1t
y-Ty = _p__/.__wamt
Y Jo
1 f1 d
> y—p—— t)dt
> P T +_t¢4 )

7(7 p) — j[ 14—t¢(t dt]



Let

b *£+l e+4/1 £ P(t)dt
0=5 T\’ b 1+1

if the square root is real. Otherwise let bp be any constant greater than £. In both cases
p
bo > %.
For v > bg we have

100 [ Tt >0,

and then

1 L
=Ty 2 htv=p) - [ ) > 0

¥ >Ty.

By the definition of T we also have

L 1
T~ = —h(t)—dt
0 p+ A $+i¢( ),7

= L [y
= ol +7/0 —— (D)l

1. . p !
> ~[p*+= d
2 =l + L2 [Cuna

= L — 4 17 E ]7
= oo z/o z/(t)dt+7/0 oL

D PR AN
= - 7)/0 (1))

TI=D

( Note: v > bo > £)

On the other hand, the estimation

R
- (1) ——
P o t+«x T~

1 /vt
< — +—/ () dt
p— ‘Yot+271/()

= Ty—7v <0 (using v >Tv)
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implies

T2y = ,,+/ —1/1 t)—dt

V-1 + [ O,

Hence
Ty < 7.
§
Theorem 6.4 For I < (x) <0€ L[0,1], let by > 0 such that p— by > bo and let
by — /b2 +4 by + /b3 +4 611
—_— < p — .
5 <p< 5 ; (6.11)
if
p—b<y<pt+h, (6.12)
then
1
p=b <—-<Ty<p+tb. (6.13)
p
Proof: Taking bo < 7 in Theorem 6.3 we have
1 <Ty<p
o=
The condition (6.11) implies
b < !
pP—01 5 —.
p
S0
P <Ty<y<p+h.
§
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Theorem 6.5 For )(z) < 0 € Ly[0,1] and % < [lo(t)dt there is a unique solution of
(6.1) and (6.2), H(z) € C[0,1] with

0< H(z)< 1, z €0,1].

Proof: Taking by and by satisfying the conditions (6.11) and (6.12), from (6.4) we have
1
p=bo < —<Ty<y<p+tbo.
p
Using the fact that T is increasing, we know
1 1 n n—1
—<T-< Ty <T" "yoy. < 7.
P p

So the series {T™y}%, is uniform bounded. In the same way as the proof of Lemma 6.2 we
have T"v52, is equicontinuous. Hence, from the Ascoli-Arzera Theorem and the fact that

T is increasing, there is hg > 0 € (’[0, 1] such that
ho(z) = lim Ty
Since 7" is continuous we have

ho(z) = Jim T"y = lim (TT™ ') = Tho(x).

n—o0
i.e., ho(z) is a positive solution of (6.4). Using (iii) of Lemma 6.1, ho(z)~! is a positive
solution of (6.1) and (6.2).

If there is another h(x) which is a positive continuous solution of h(z) = Th(z), then
0 < h(z) < p.

From the definition of T', we have

Tp < p,

and using that T is increasing, we know
Thiz)=hz) < Tp< p.
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Hence

hz) <T'p < T" Yp.,.. <Tp < p.

Then there is hy(z) € C[0, 1] such that

h(z) = liugoT"p

in C[0, 1]. Therefore Thi(z) = hy and h(z) < y. Since h(z) = Th(z) and ho(z) = Tho(z)

we know

H(z)= ﬁ and Ho(z) = hoéx)

are solutions of (6.1).
Since h(z) < ho(z) we have

H(z) > Ho(z).

But S is decreasing, so

SH(z) < SHo(z).

The solutions of (6.1), H(x) and Hy, and (6.15) imply
H(z) = SH(z) < $Ho(z) = Hofx),

thus
H(z) = Ho(z).

So the solution of (6.1) and (6.2) is unique. Continuity of H(x) with H(0) = 1 implies that

H(z) is positive. By the equation (6.1) with ¥(z) < 0, H(z) must be less than one.

§

It is possible there are other solutions of (6.1) satisfying (6.3). Only when [01 P(t)dt = 3,

the solution satisfying (6.1) and (6.2) is a unique solution of (6.1). When fol P(t)dt < 3 we

have following theorem.
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Theorem 6.6 For 1(z) > 0 € L[0,1] and fj $(t)dt < 3, let H(z) be a solution of (6.1)
and (6.2). Then there is a solution of (6.1) and (6.3) iff

" ey s, (6.16)
o 1—1
When (6.16) is satisfied, the function
1+ kz
t A7
Hi(z) = T H () (6.17)

is a unique solution of (6.1) and (6.3), where k is a unique value satisfying

' oy()
o 11—kt

H(t) =1 (6.18)
with 0 < k < 1.

Proof: Since (1 — kt)™! is increasing for k € (0,1) we have

lim [ ‘/(t) L (t)dt = / (b (1)t (6.19)

k=1 Jg

Letting k and #(z) satisfy (6.16) and

k
f(k) = / 1 -
using (6.2). we have

£(0) :/01 YO H)dE = 1 - \/1 _ 2/0] w(1)d < 1.

(6.16) and f(k) increasing strictly for k imply that there is a unique k € (0,1) such that

(6.18) holds. Taking the function H; from (6.17), we have

1 gz 1 1+ kt
Wt -
/‘)Htw( )Hydt /0 qu(t) H(t)dt
1—kx 2kzx 1
= t
o [ 2 wwrwar e [ @
1 —kz 2kzx
- 1+k:r/ z:thtl’(t)H(t)dtJr 14 kzx
_ l—k:r[ 1 + 2kz
14 kz H(z) 1+ka
1
Hy(z)
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So Hj satisfies (6.1). Then H; must satisfies (6.2) or (6.3). From Hy(z) > H(z)for z € (0, 1]

we know H satisfies (6.3).
Let Hy € C[0, 1] and satisfying (6.1) and (6.3). From (6.3) we know H; satisfies

/1 PO Hy(t)dt > 1,
o]

and
' (1)

Ay Hl(t)

1
— <
T HA (1)
There is a unique k£, 0 < & < 1, such that

boo(t) _
/0 g (0= 1.

Let Hy € C[0. 1]:

— kzx
HQ(.'E) l+k —H,, .’EE[O 1]
Then
L 1 1—kt
OH.dt —
| Fvinn, | S0y iy
14 kz 2kx
- l-kz/ z+t1/;(t)H1(t)dt 1+k.r,/ g (e
B 1+kx[1 1 | 2kz
T 1—kz'  Hy(z) 1-kz
_ _1+kz 1
- 1 — kz Hi(x)
1
= 1- —
Hy(z)

i.e., H, is a solution of (6.1). So Hj satisfies (6.2) or (6.3). From Ha(z) < Hy(z), z € (0, 1],
we obtain that H,(z) satisfies (6.2), so Hy = H, and

b og(t) () 1
0 1+ktH(t)dt /0 l—kzl—i-ktHdt—l
Hence
JRiC )H(t)dt > 1.
o 1 -1t
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