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I. INTRODUCTION

1.1 General Remarks gg Pearson;an.Mg;hgg

The fitting of Pearson curves [7] by the method of

moments, that is, fitting a curve by using only the first

four moments about the mean, can be divided into two cate-

gories:
1) First, as a method of approximating theoretical

distribution functions;
2) Secondly, to obtain an expression to represent the

underlying distribution when the momente were

obtained from a sample.

In many instances, the Pearson system has been used to

approximate distribution functions and to obtain percentage

points when only a few mements were known. In several cases,

comparisons with exact distributions which were derived

later showed the satisfactory closeness of the approximation

[6]. This occured in the case of the distribution of the

range, where the table of percentage points based on Types I

and VI curves were in existence some ten years earlier than

those based upon the exact distribution. The Pearson

approach has been proven to be adequate for the multivariate ·

likelihood-ratio statistic developed by Wilke.

The second method has been criticized, for in many cases

the calculated moments from a sample do not lead to the best
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estimates of the population parameters. Although criticized,
, in practical experience this method has proved very useful.

It is also illustrated in a later section of this paper,
that the Pearson approach is quite accurate as an approxi-
mation to the test of independence, usually obtained by the
Wald-Brookner Series.

Thus, percentage points of the Pearson curves, tabu-
lated according to Bl and B2, have provided very useful
approximations, and may be even more useful now that greater

accuracy has been attained.

1.2 Nogatign
It will be helpful to list the notation specific to this

P&P@P*
gymggl Meanigg

ue
Bl —§·, where ui represents the ith populationB2

moment around the mean.

B2 il .¤ä
a a given probability level.

Xu percentage point, expressed in standardized

measurs, [(x · u)/G].
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IX(p,q) Incomplete Beta function, with argument x, and

x
BX(p,q) § yp“l(1-y)q°1dy (same ae Ix except for

G
conetant)„

c„d„f Cumulative distribution function.
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II. REVIEW OF THE LITERATURE

2.1 Pearson Dgstrigugions
A system of frequency—curves, defined by the solutions

of the differential equation

(2.1.1)

ääwaspresented by Karl Pearson, and hence has been known as
the Pearson Distributions. For solutions of the above
differential equation and the derivation of the Pearson
curves, see Kendall [3], or a more detailed discussion may
be found in Elderton [2]. Elderton gives the derivations of
the three main types of Pearson curves and also the important

transition curves (i.e., boundaries between the three main
types).2.2

Compgtation_g; Percentage_§g;ggg gg ggg Pea;sonIQ;g;g;—

bekäme
Pearson [A] tabled percentage points of the Pearson

Distributions to a limited degree. At that time, B1 and B2
were chosen so as to cover the range of the Type I curves
likely to be met within the applications of Baye*e Theorem,
but the fact was recognized that the tables could have been
used in other problems, too. Pearson obtained percentage

points by approximations rather than by evaluation of the
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function, which, however, would have been very difficult
due to the non—existence, at the time, of tables of the
incomplete Beta function.

Pearson and Merrington [6] extended the tables to their
present status as given in Table L2 [5]. The problem was
attached by them in a method similar to the one used by

Pearson [A] in order to make use of the earlier tables.
This table, which was constructed with the help of Pearson's
Tables of the Incomplete Beta Function [8], is considerably
more extensive than the former. However the J and U—shaped
curves were not included since they would have required
extrapolation of the Incomplete Beta Tables. Thus, the
tables were bounded above by points lying on the Type IX
line, i.e. points lying on the curve

Y •= Y()(l + ¤</¤)“‘.
which is the boundary between the unimodal and the J—shaped
curves.

Exact percentage points were calculated, whenever
possible, and then various interpolation techniques were

[ used to obtain the remaining points. Again, it was the non—
existence of tables for the Incomplete Beta Function for
fractional degrees of freedom which made the computational
work laborious.
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III, PERCENTAGE POINTS OF THE PEARSON DISTRIBUTIONS

3,1 Objectives
It has been suggested that a more extensive table of

~ percentage points fer the Pearson Distributions weuld be help-
ful in statistical work, For example, the Army Ballistic
Missile Agency has listed this project as one of the research
projects to be considered for their tracking problems,

The purpose of this paper is to present a more extensive
and a more accurate table than those now available, The
ranges of Bl and B2 have been extended so as to have

P O S Bl S 1,8 and 1,2 S B2 S 6,6, This extension also allows
coverage of the J and U-shaped curves, up to the limit of
convergence of our method, which is almost at the limit of
frequency distributions,

It is now possible to obtain the probability for a given
percentage point, by the Pearson Program for the IBM 650,

(See Appendix C), This is a more general result than the
actual percentage points, as will be demonstrated in a few
examples,

3·2 .E.l—.a.a ai .A.t·.as.s.1s I
The derivation of any particular type of Pearson Distri-

bution may be found in Elderton [2] or Kendall [3], The plan

followed here was to take the main types of Pearson
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Distributions and break them down into a form more accessible
for high speed computing.

( Generally, to obtain the percentage points, a solution

for xa must be obtained from the integral equation
xa

(3.2.1) d = y dx
{2

where, y “ f(x), is a particular Pearson Distribution, [2

is the lower limit of x, and c is a given probability level.

Then in the body of the tables are the values of

(3.2.2) XG · (xu — n)/0

for a = 0.005, 0.01, 0.025, 0.05, 0.95, 0.975, 0.99, and

0•995•
One main type of the Pearson Distributions, Type IV,

will not be ccnsidered in this paper due to the complexity

of the function and lack of time. This werk will be
continued at a later date.

3.3 §ypg_;, Pearson Distgibggggn
If in equation (2.1.1) we apply a transformation of the

origin to the mode we have, after eliminating all terms of

order greater than x3,

(3•3•l) 8 ’
BO + Bl(x—a) + B2(x—a)2
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or
(3.3.2) gig (In y) ·=—·-—-——’-?---—--·--‘4;%- .

BO + BIX + BZX

If the roots, dl and az, of the denominator on the right-
hand side of (3.3.2) are considered to be real and of opposite

sign then

äi (!“ V) °‘2 >°

" s*¤r?‘•—@.rv als- * evzzsziärv ri: ·2 1 2 1 2 1 2 2
giving

This may be written in the form
3

m 4 m
(3.3.1,) y == k(l + x/al) 1 (1 - x/az) 2, -6.1 gi x § az

where mlaz ¤ mzal. n
This is the form in which the Type I distribution is

usually expressed. It covers also the J and U—shaped curves,

i.e., if ml or mz is negative, the curve is J-shaped, and if

both ml and mz are negative, the curve ie U»shaped.

To obtain the constants for the above curve, moments

about the line x = —al are obtained; k is found by inte-

grating over the range of x.
’
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After changing the origin to get moments about the mean
and then setting $1 “ nä/ug, and $2 = uh/ug, expreesions for
the parameters can be obtained in terms of $1 and $2. (For
complete detail of this procedure, see Elderton [2]).

These expressions for the parameters are
m1 mz

¤ a +a m +m |“Im +l)F(m +1) ’
1 2 (ml+m2) 1 2 1 2

r · 6(ß ·B -1)/(6+3B —2ß 1,2 1 1 2

al+a2 ·= Q,/u.2[$l(r+2)m + 16(r+1)]%,
(3.3.5) and the m's are expressible as

ml,m2 ¤ ä (r·2) j r(r+2) ———————El———————
Bl(r+2)2+16(r+1)

where mz is the positive root if uß > O.
If we employ the method described earlier, to construct

percentage points of this distribution, we have
x
° ml *• X/8.2) dX•

aal

Substituting x · (al + a2)Y ~ al and the value of k given
in (3•3•5) we have

1 al+&2 m1 „mzY (l·y; dy,
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or
8,_ 1 ***1 ***2(3•3•8) ¤ grgimjjggmjy X Y (l—Y) dY
0

x +8where G2
As was stated eerlier we must obtain a solution for xa

in the integral equation, here, equation (3.3.6), or
equivalently, obtain a solution for 9 1n equation (3.3.8).

To solve (3.3.8), let

1 9 ***1 ***2(3•3•9) f(9) y (l-y) dy,
0

then we have the equation
*)

(3.3.10) a — f(6) · 0.
Then, by using the Newton iteration technique, approximations

to G can be obtained to any desired accuracy, 1.6.,

91+1 '“ 91 " °"“""""""" ‘
f*(8i)

Hence, given 9 asva solution to (3.3.8) we may directly

evaluate the percentage point. As defined before,

x — u x + al .Xu '“' ·-Q'--·ö,—····§ but 9 " ,

*)For complete explanation of how f(9) wasevaluated,see
Appendix B.
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therefore,
(al+a2)8 al

xa ¤”_—_G””°” ’ 77 ° ä

c ro '(al+a2)(m +1)
since u = —·———-;r—l¤-—- - al ,

Using the value of (al+a2) given in (3,3,5) we have

¢B (r+ä)2+16(r+l) m +1

Hence, given Bl and B2 and a solution of equation (3,3,8),

percentage points may be computed,

In the actual computing program, the skewness was taken

to be negative, i,e,, ml in (3.3,5) was taken as the positive

square root, Hence, to obtain points as given in the tables,

c was replaced by l — e, and signs were changed on Xd, the

percentage points; this procedure was adopted because it was

slightly faster on the computer,

3,u §ypg_;;, Pearson Distribuggon
If in (3,3,h), we consider ml = mz, or, equivalently, if

we let Bl · O, we wlll have a symmetrical distribution, or

Type II, a ?trans1tion type? Pearson curve, This is computed

in the same manner as the Type I distribution, by merely

setting the degrees of freedom equal in the incomplete

Beta function,
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3.5 Type_!;, Pearson Distribgtion
This distribution, considered by Pearson as the third

main type is, in many aspects, quite similar to the Type I
3 distribution. Here, the factorising of (3.3.2) is identi—

cal to the method employed in the Type I distribution,

except that the roots of the denomlnator cn the right hand

side are real and have the same sign.

In a manner similar to that used in deriving Type I,

we obtain
Q ·Q

The range of the curve is from a to oo, except when uß < O;

than a is negative and the range is from —oo to a.

The parameters are derived by the method of moments,

as they were in the Type I distribution. In this case,

r '“' 6Ißz - 31 · 1)/(6 + 331 ·- 232), I' < O•

e32

r-2 g(r+2) B1

and <1 ··q -18,1

2yoToconstruct the percentage points, assume s3 > 0, then

from (3.2.1), we have,
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d Q *Q
a

(3•5•3) xa
Q ·Q Q Q"‘YO&2 13a

Substituting·% ··§ and expressing the result as an
incomplete Beta functien, we have

G1 Q2 Q1'Q2”2
• • °° 1 ••• ••(3 5 #) G (1 2) z dz,

O

where 9 = a/xa, and can be obtained from the integral
equation. xa - u

The standardized variate, Xu ¤·———E—— , expressed in

terms of 9 is

(3-5;-6) Xu *·
„ a l .. E6 ( ö' a)

q -1-=· é/ßl<r+2>2 + l6(r+l) hä + —·¥;,——>,
a(1-ql)

since u =-———;-— • This can be seen from the Type I distri-

bution, for it is obvious that ml = —ql end a ¤ al + az; the
r's being algebraically identical• As befere, we employ the

Newton method to ebtain a close approximation of 9 frem

equation (3.5.t), [See Appendix B,]
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_'1‘_y_g_ _I__I_I, Pearson Distributgog
‘

For the few remaining points that lie on the Type III

curve, i.e., points that satisfy the relation

262 · 361 - 6 = O, the following simple schema has been used.

This distribution occurs if bz = O in (2.1.1), hence,

the curve is expressible ae

(3.6.1) y ·· yo e°px/A(l + x/a)p, -a S x S oo .

The parameters, obtained by taking moments about the

point x · -a, are

1 2P+l
Y H •-•

. O A ePV'(p+l) '

P
“ • lg .

1
2u§ u6 " 'Trg " 5%; ·

(See Elderton [Z]: Page 95 for further detail.)

If the substitution
z ¤·ä2 (x + a).

is used in (3.6.1), we can write

(3•6•2) Y "
12P*IP<p+1> 7

Now, let p ·
E5; , and hence we have the familiar x2 diS¤Pib¤—

tion,
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(3•6•3) Y ¤ zu/2 7 6*2/2 •2**721116/21
.To compute percentage points, a solution for 6 from

the equation Ö / /(3.6.1,,1 6 ·= zn 2 * 1 a‘“ 262

can be obtained by interpolating in Table 8 of [5]. Having

6 (1.6., %§(a + xa), in terms of the former variables) we can

· immediately obtain the percentage points, in a manner simi-

lar to those previously used. For,

„ .. .e.S.lg.t.LL ., ,_
and

g anI
P

hence it can easily be shown that

(3.6.5) X *·——-L-- [6 - 2(p+l)].
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IV. INSTRUCTIONS FOR THE USE 0F THE TABLES

The tables are presented as in Table L2 [5]; assuming

N3 > 0, i.e., the distributions are assumed to be positively

skewed (long tail at right). 0f course the upper percentage

points, (a > 0.50) are positive and the lower percentage

points, (a·< 0.50) are negative.

If u3‘< 0, the roles of the tables must be interchanged.

That ie to say, if u} < 0 and the lower percentage points are

desired, i.e., a‘< 0.50, obtain the value desired from the

tabled gppgg percentage points, attaching a negative sign;

and if s3 < 0 and the upper percentage points are desired,

1.e., a > 0.50, then read the desired value from the tabled

lggg; percentage points, attaching a positive sign.

For clarity, suppose u} < 0, and the lower 5% point,

i.e., a · 0.05, corresponding to Bl · 0.05 and ßz ¤ 2.0 is

desired. From the table of upper 5% Points we obtain, after

attaching a negative sign, ·1.7l68. The upper 5% Point,

i.e., e = 0.95, corresponding to Bl = 0.05 and ßz ¤ 2.0 is

l.u7L6, from the table of lower 5% points.
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V. NUMERICAL ILLUSTRATIONS

5.1 Comparison.g§_ggg,Eg;g-Brookner §g;;gg_ggg_ggg Pearson
Mggggg_;g_ggg Eggg_g§ Ingepgndence
This example, suggested by Bergmann and contained in [1],

is a typical study illustrating the test of independence.
The determinant of the sample correlation matrix, [RI, was

found, by Bergmann, to be 0.3225. The parameters, namely,
Bl, B2, u, and u2 were found to be, respectively, 0.075145,
2.750390, O•ÖLÜ553; and 0.015255.

For a Pearson approximation, XG ¤ -2.575708 was obtained
bY (3.2.2), where in this case, xa · [RI.

Since it is well known from the distributions of [RI that

ug < 0, the roles of the upper and lower tables must be inter-

changed. From the Table of Upper 1% Points we find that

Pr( [RI 5 0.3225) ::5 0.01.
The actual probability obtained by using the IBM 650 Program

was 0.00690s.
As is well known, the true probability may be computed

from the Wa1d—Brookner Series, to any desired degree of

accuracy. For six place accuracy, in this case, we require:

Pr( ··m log [RI 5 c) 5 c)

+ iz [Px·(X§+,+ 5 c)- Pr(X§. 5 c)],
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where
f " 2 P(P"l)•
m

_
N _ 2g + ll

'
»

and v 2p - 13).
In this case

f = 10,_ 7 s
” m = 21.5,

and v · 1.875.
1 Using Table 7 of [5] to compute the probabilities, we

find, e

1>1~( -m log la! 5 e) -· 0.00700.
Obviously, the difference in the probabilities is only

0.00009, thus, in this case, the Pearson approach seems to be

quite adequate.

5.2 Aggroximatigg ggg Binomial Distribution.gx_g Pearson

Distrgbution
It is well known that the normal distribution provides

a good approximation to the binomial if np > 5 when p_§ Q,

and nq‘>
5 when p > Q. Now, let us try the Pearson approxi—

mation for n = 6 and p ¤ 1/3 and compare this with the normal

approximation, and with the true results computed directly

from the binomial distribution.
The moments in this case, after applying Sheppard's

corrections, are
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u = 2.000000,
u2 “ 1.250000,
N3

_ O•lI·l+l·•·l·I·*+l·I·••• 9
uh = u.25l3888... .

Hence, uael -= —§ ·- 0.101126
**2

and
gz ··· gg ·· 2.720669.

**2
To approximate the binomial we use the usual procedure,

i.e. to find Pr(X_gl2) we use the approximation

2.5
f(x)dx,

—00
where, f(x), in one case, represents the normal distribution,
and in the other case, the appropriate Pearson Distribution.

The standardized variates Xu ¤·f%;E for xa = 2.5 and
L.5 are, respectively, 0.uu721A and 2.236068.The following table illustrates the results. ·

Distribut
2.Binomial0.680u 0.9822
Pearson 0.6811 0.9823
Normal 0.6726 0.987u



L za Z
It is.seen that the Pearson approximation is somewhat

closer than the normal in this case.
For a second illustration, assume n = 6, and p “ 1/10.

we would expect the approximation in this case to be less

accurate, since p is fairly small.

The corrected moments are,
6 u = 0.600000... ,

u2 = 0.4s6666... ,
uß ¤ 0.u32000... ,

ab — 0.882366... ,

which yields Bl ¤ 1.959610 and B2 · a.23l073.
For xa ¤ 1.5, 2.5 the standardized variate XG is

1.331812, and 2.811603, respectively. The results are

1. 1.
Binemial 0.8857 0.98u2
Pearson 0.8761 0.9803
Normal 0.9085 0.9975

As was mentioned earlier, the results are not striking,

although the Pearson approximation is considerably better

than the normal.
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5.3 Comgarison_g; ggg P;obabi1igies_g; ggg Ext;eme_Qgggg

Statistic_yggg ggg Undeglggng Distribution_;g Assumed
gg gg Standard Nggggl
This example, suggested by H. A. David, compares the

Pearson approximation to the correct results obtained from

the normal distribution. Ruben [9] calculated and tabu-

lated moments, ßl, and B2 for extreme order statistics.
Suppose we take a random sample of n observations from
N(0, 1), the the c.d.f. of the largest observation is

(5.3.1) mx 5 x) == [<b(x)J“,
where ¢(x) is the standard normal c.d.f.

As a first comparison, take n = 20, and let us choose x

values so as to obtain probabilities close to 0.95 and 0.995.

These x values are, respectively, 2.80 and 3.48. For a

Pearson approximation, we need Xu =·§§ä . From Ruben's tables
[9], Bl — 0.468,646, sz = 3.525,068, u - 1.867,475,060, and
e ¤ 0.525,066,z, hence, for the above values of x,

Xu · 1.776,007 and 3.071,077.

The results, tabulated below, were very favorable, even
on the extreme end of the distribution.

Normal 0.950,120 0.99A;998
Pearson 0.950,632 0.995,049
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For a second comparison, take n - 50 and again choose x

values to yield the approximate probabilities, 0.95 and 0.995.

The x values are 3.07 and 3.72; and the corresponding Xa's

are 1.767,529 and 3.167,039, respectively. By the same pro-

cedure as before, with u = 2.2h9,073,63l, G * h6u,hh8,5,

ßl · 0.356,hh8, and B2
“ 3.6h3,728, we obtain

l . 2
Normal 0.9h7,876 0.995,032
Pearson 0.9h8,380 0.995,102 _

These few examples present further illustration of the

fact that the Pearson approximations are very adequate for

many practical purposes, and may be regarded a justifiable

procedure if the true distribution is not known. The pur-

pose of this paper was the preparation of improved tables
which may lead to more extensive comparative studies of this

kind.

S.}, Comparison pg Pearson I_·_@g_p_l·_;gg_ __w_;._p}_;_ p_h__e_ §_gc_a_g_t_ _c___,__g_1_,_;_§_‘__,_ pg

g J—Shaped Qpggg p
Let x and y be independent ranom variables each rectang-

ularly d1etr1but1ed, R(0,l). Then the distribution of u = xy

can be expressed as
f(u)···-in u, 0<u<1.
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To obtain moments about the origin, it eau easily be shown

that
Ö €(u‘r) "' ***1****(z—+1)°,

Hence, the moments about the mean are

a ¤ 0.250,000,000,0 ,

h ßz - 0.0a8,6ll,1ll,l ,
1 a3 ¤ 0,010,a16,666,7 ,

and uh · 0.007,h47,9l6,7 .

Then
Bl " " @91+1+,606,

and $2 '* uh/¤§ * 3•l5l.837•
From Table L3 of [5] we see that this combination of $*6

leads to a J·shaped distribution.
Choose x = 0.30 and 0.75, then

.30
1¤(x 5 0.30) - ~

XG
In a du == 0.661,19

0

and 1 O°75
P(x_§ 0.75) ·· · S fn u du = 0.965,76.

0

Corresponding to the above u values, the values of
(u — u)/6 are, respectively, 0.226,779 and 2.267,787.

From the Pearson Program we obtain probabilities 0.660,12

and 0.966,16. Hence, the Pearson method, in this case, is

also satiefactory in this region if a high degree of accuraoy

is not required.
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VI. APPENDIX A • TABLES OF PERCENTAGE POINTS

6.1 Discussionlgg ggg Eggggg
There are several important points to be noted here.

None are detrimental to the tables but are mentioned merely
I

to explain certain peculiarities that occur.

There are certain values in the tables that remain the

same in two or more tables, (e.g., check Bl ¤ 0.00 and

B2 · 1.2). This occurence is due to the fact that the value

of Ka in the body of the table satisfies the more stringent

of the two probability levels. Changing it by just one unit

in the sixth decimal, however, would put this value into the

acceptance region of the less stringent one. In some of these

cases, the Newton iteration did not converge, unless the first

trial value of XG was chosen to correspond to a probability

below the desired on (on the lower tail, and conversely on

the upper tail). The following procedure was then adopted.

A value of Xa was chosen which fell below the range of the

distribution. In the program, the lowest (to six decimal

places) Xa which just got inside the range was determined.

If the associated probability was below the desired one, a

Newton iteration was used to improve Ka which, in this case,

converged. If, however, this lowest permiseible value of Xa

exceeded the desired probability level it was recorded uncor—

rected; for our program did not Justify correction in the

seventh place and, as was obvious, correction in the sixth
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place by even one unit would get Xu outside the range of the

distribution.
On the following drawing, which illustrates the c.d.f;

of a U·shaped distribution, let one unit represent a diffe-

rence of lO°6 in Xu. It will then be seen that the first
permissible value may be larger than desired, however, reduc-

tion of Ka by one unit in the sixth decimal would lead to a

non-permissible value.
I
I

Ü I
——3 I’§ I

I
Ü I

„J
:

I
O 1 2 Xx

In certain tables, there are values closer to the limit

of all frequency distributions than in others. This was due

to the impossibility of getting within the range with the six

decimal accuracy used in the computational work.

Numerous error and accuracy studies indicated no errors

greater than one unit in the fourth decimal place.
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Upper 5% points of the standardized deviate
(xa - u)/G. (6 = 0.95)

0.00 0.01 0.03 0.05 0.10 0.15 0.20 0.30

l-2 .1.1517 1.2056 1.2326 1.2158 1.2579
1.1 1.3191 1.3781 1.1106 1.1271 1.1138 1.1136 1.1318 1.1012
1.6 1.1638 1.5219 1.5618 1.5832 1.6128 1.6219 1.6258 1.6031

• 1.8 1.5588 1.6151 1.6517 1.6751 1.7138 1.7390 1.7558 1.7687
2.0 1.6108 1.6602 1.6911 1.7168 1.7576 1.7881 1.8129 1.8503
2.2 1.6361 1.6793 1.7100 1.7310 1.7702 1.8011 1.8279 1.8711
2.1 1.6167 1.6819 1.7126 1.7318 1.7682 1.7977 1.8238 1.8709

1 2.6 1.6195 1.6837 1.7088 1.7263 1.7600 1.7871 1.8119 1.8569
2.8 1.6183 1.6792 1.7021 1.7183 1.7193 1.7716 1.7975 1.8391
3.0 1.6119 1.6733 1.6911 1.7093 1.7380 1.7616 1.7827 1.8216
3.2

5 l-7188 1.7686 1.8016
3.1 1.7890
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Upper 5% points of the standardized deviate

(Xd - M)/G, (ü = 0.95) (Continued)

0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10

1.6 1.5604 _
1.8 1.7546 1.7153 1.6598 1.6005
2.0 1.8721 1.8748 1.8538 1.8078 1.7h53 1.6803

1 2.2 !1.9127 1.9426 1.9606 1.9609 1.9377 1.8886 1.8221 1.7532
2.4 ;1.9138 1.9535 1.9888 2.0174 2.0350 2.0354 2.0119 1.9614
2.6 '1.8991 1.9400 1.9799 2.0181 2.0531 2.0822 2.1007 2.1022
2.8 1.8792 1.9183 l•957h l•9968 2.0360 2.07h3 2-1100 2.1h02
3.0 1.8585 1.8949 1.9317 1.9690 2.0073 2.0464 2.0859 2.1249
3.2 1.8388 1.8724 1.9064 1.9410 1.9767 2.0136 2.0518 2.0912
3.4 1.8207 1.8517 1.8830 1.9148 1.9476 1.9816 2.0170 2.0540
3.6 1.8041 1.8330 1.8618 1.8911 1.9211 1.9523 1.9847 2.0185
3.8 1.8160 1.8b28 1.8698 1.8975 1.9259 1.9555 1.9864
4.0 1.8258 1.8508 1.8763 1.9026 1.9296 1.9577
4.2 1.8338 1.8575 1.8817 1.9067 1.9324
4.4

.1 1.8407 1.8631 1.8861 1.9100
4.6 1.8466 1.8679 1.8899
4.8 1.8517 1.87221

6.0 ~ _ 1.8562
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Upper 5% points 0f the standardized deviate
(xa - p)/0, (a = 0.95) (Concluded)

_ 1.20 1.30 1.40 1.50 . 1.60 Q 1.70 1..80

2.4 1.8924 1.8210
¥ 2.6 2.0792 ·2.0285 1.9580 .1.8847
‘ 2.8 2.1602 2.1632 2.1415 2.0910 .2.0197 1.9451

3.0 %2.1618 .2.1935 2.2152 2.2200 2.1997 2.1499 .2.0782
3.2 Q2.1314 2.17l5 2.2096 2.2429 2.2665 2.2732 2.2547
3.4 2.0926 2.1325 2.1736 2.2147 2.2543 2.2893 2-3148
3.6 2.0541 2.0913 2.1304 2.1711_ 2.2130 2.2554 2.2965

.3.8 .2.0187 2.0526 2.0884 2.1261 2.1658 2.2073 2.2503
4.0 1.9871 2.0179 2.0503 .2.0846 2.1207 2.1589 .2.1993

.4.2 1.9592 1.9872 2.0166 2.0475 2.0801 2.1146 2.1511
4.4 1.9345 1.9601 1.9868 2.0148 2.0443 2.0753 2.1082

”

.4.6 1.9126 1.9361 1.9606 1.9861 2.0128 .2.0409 .2.0704
4.8 1.8932 1.9148 1.9374 1.9608 1.9852 2.0107 2.0374
5.0 1.8758 1.8959 1.9166 1.9383 1.9607 1.9840 .2.0084
5.2 1.8602 1.8790 .1.8983 1.9184 1.9389 1.9606 1.9828
5.4 1.8637 1.8817 1.9003 1.9197 1.9396 1.9602
5.6 1.8670 1.8844 1.9023 1.9203 1.9399
5.8 1.8531 1.8699 1.8867 1.9040 1.9217
6.0 1-8567 1.8725 1.8887 ’l«905h
6-2 1-8596 1.8749 1.8906
6.4 1.8623 .1.8771
6.66 1.8647
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Lower 5% points of the standardized deviate
(xa - 11)/9, (0 = O-05)

Note that.for.positive.skewness, i.e.,
03 > 0, the deviates in this table arenegative. g

.52 0.00 0.01 0.03 0.05 0.10 0.15 0-20 0.30

5 1.2 1.1517 1.0899 1.0355 0.99511.1 1.3191 1.2150 1.1828 1.1368 1.0177 0.9771 0.91701.6 11.1639 1.3899 1-3270 1.2791 1.1839 1.1055 1.0380 0.9251
1.8 1.5588 1.1936 1.1381 1.3960 1.3078 1.2312 1.1611 1.038972.0 1.6108 1.5556 1.5097„1.1716 1.1007 1.3312 1-2710 1.15162.2 1.6361 1.5893 1.5513 1.5226 1.1622 1.1071 1.3511 1.2191
2.1 1.6167 1.6061 1.5713 1.5501 1.5006 1.1559 1.1121 1.3217
2.6 .1.6195 1.6111 1.5861 1.5659 1.5211 1.1870 1.1511 1.3786
2.8 1.6183 1.6165 1.5921 1.5712 1.5382 1.5067 1.1766 1.11623.0 1.6119 1.6160 1.5910 1.5781 1.5161 1.5192 1.1933 1.1122
3.2 1.5261 1.5013 1.1602

.. 3·1 1.1727

1._
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,Lower 5% points of the standardized deviate
(Xa · ß)/ö-. (¤ = O·O5)

Note that for positive skewness, i.e.,
p3.>·0, the deviates in this table are
negative. .(Continued)

0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10

1.6 0.8331
.1.8 .0.9365 0.6497 0.7746
2.0 1.0433 0.9483 0.6656 0.7934
2.2 1.1463 1.0485 0.9595 0.6606 0.8107 0.7484 7 ·
2.4 1.2342 1.1427 1.0534 0.9699 0.8944,0,8267 0,7659 @,7lQQ

A 2.6 1.3025 1.2223 1.l397.1.0576.0.9792 0.9068 0.8412 0.7820
2.8 .1.3526 1.2845 1.2121 1.1367 1.0608 0.9872 0.9179 0.8545

· ‘ 3.0 1.3887 1.3313 1.2693 1.2030 1.1337 1.0632 0.9938 0.9277
.3.2 l.4145.l.3658 1.3130 1.2558 1.1947 1.1304 1.0646 0.9993
3-4 1.4331 1-3912 1.3460 1-2969.1.2437 1,1868 1,1269 l,Q653
3.6 1.4466 1.4100 1.3709 1.3285 1,2824 1.2326 1.1793 1.1232
3.8 1.4241 1.3900 1.3528 1.3127 1.2692 1.2222 1.1720
4.0 1.4042 1.3716 1.3363 1-2982 1.2569 1.21249
4.2 1.3862 1.3550 1.3212 1-2848 1-2454
4.4

_
1.3698 1-3400 1.3072 1.2722

4.6 1.3545 1.3254 1.2938
4.8 1.3403 1.3121

. 5.0 1-3268
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pLower 5% points of the standardized deviate
. (xa - 1)/0, (0 = 0.05)

Note that-for.positive skewness, i.e.,
u3.>·O, the deviates in this table are
negative. (Concluded) .

‘ 52. 1.20 1.30 1.10 1.50 .l.6O 1.70 1.80

2.6 äü.7282 0.6788
· 2.8 0.7966 0.7110 0.6956 0.6509
. 3.0 0.8663 0.8100 0.7581 0.7110 0.6672
5 3.2 0.9362 0.8769 0.8222 0.7716 0.7251 0.6820 0.6119

3.1 1.0036 0.9135 0.8863 0.8332 0.7836 0.7380 0.6957
3.6 1.0652 1.0069 0.9196 0.8916 0.8127 0.7916 0.7198
3.8 1.1192 1.0616 1.0093 0.9516 .0.9017 0.8511 0.8016
1.0 l.l65O 1.1151 1.0631 1.0109 0.9587 0.9078 0.8591
1-2 1.2031 1.1581 1.1108 .1.0617 1.0117 0.9618 0.9129
1.1 1.2316 1.1913 1.1511 1.1061 1.0596 1.0120 0.9612 — 1
1.6 1.2605 .1.2211 1.1857 1.1118 1.1018 1.0572 1.0117
1.8 1.2819 1.2191 1.2115 1.1775 1.1383 1.0971 1.0515
5.0 1.2995 .1.2701 122387 1.2052 1.1695 1.1518 1.0921
5.2 1.3112 1.2876 1.2591 1.2286 1.1962 1.1618 1.1255
5.1 5 1.3022 1.2762 1.2181 1.2189 1.1875 .1.1512
5.6 5 1-2907 1.2653 1-2383 .1.2092 1.1790
5.8 1.3030 1.2797 l.25h9 1-2285 1.2005
6.0 1.2920 1.2691 1.2118 1.2190
6.2 1.2811 1.2589 1.2351
6.1 1.2711 1.2190

5 16.6 . 1.2612
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Upper 2.5% points of the standardized Variete
(xa - p)/G, (a = 0.975)

R51?
lw8äEE%

0.00 0.01 0.03 0.05 0.10 0.15 0.20 0.30

§ 1.2 11.1547 1.2056 1.2326 1.2158 1.2579
{ 1.4 %l.3223 1.3823 1.4144 1.1303 1.4153 1.4440 1.4348 1.4042
¥ 1.6 Q1.4955 1.5631 lÄ60l2'l.62l4 1.6439 1.6472 1.6397 1.6060

1.8 ;1.6154 1.7149 1.7567 1.7809 1.8116 1.8295 1.8330 1.8157
2.0 1.7567 1.8233 1.8657 1.8918 1.9331 1.9581 1.9735 1.9833
2.2 1.8332 1.8953 1.9363 1.9626 2.0071 2.0377 2.0605 2.0902

‘
2.1 1.8847 1.9422 1.9811 2.0066 2.0516 2.0842 2.1106 2.1511
2.6 1.9197 1.9727 2.0094 2.0338 2.0778 2.1108 2.1383 2.1834
2.8 1.9434 1.9928 2.0273 2.0507 2.0930 2.1254 2.1529 2.1995
3.0 1.9600 2.0060 2.0387 2.0609 2.1016 2.1330 2.1600 2.2062
3.2 2.1362 2.1623 2.2076
3.4 2.2060



36Upper2.5% points of the standardized Variete
(XQ - ß)/G, (a = 0-975) (Continued)

2 ßli
22. [ 0.10 0.50 0.60 0.70 0-80 0.90 1.00 1.10

1.6 )l.5601
1.8 1.7716 1.7195 1.6598 1.6005

6 2.0
,1.9691 1.9330 1.8785 1.8131 1.7155 1.6803

2.2 ;2.1021 2.0968 2.0723 2.0279 1.9661 1.8919 1.8223 1.7532
2.1 ä2.l793 2.1959 2.1997 2.1881 2.1586 2.1098 2.0111 1.9687

12.6 2.2197 2.2#85 2.2695 2.2813 2.2813 2.2667 2.2311 2.1829
2.8 2-2391 2.2735 2.3032 2.3277 2.3156 2.3551 2.3532 2.3368
3.0 2.2166 2.2832 2.3167 2.3171 2.3711 2.3966 2.1130 2.1212
3.2 2.2176 2.2815 2.3192 2.3120 2.3829 2.1115 2-1371 2.1586
3.1 2.2150 2.2813 2.3159 2.3192 2.3811 2.1121 2.1121 2.1698
3.6 2.2101 2.2758 2.3096 2.3121 2.3715 2.1061 2.1371 2.1672
3.8 2.2690 2.3018 2.3338 2.3653 2.3961 2.1273 2.1580
1.0 2.2935 2.3213 2-3518 2.3851 2.1153 2.1156
1.2 2.3117 2.3111 2.3731 2.1027 2.1321
1.1 5 2.3336 2.3617 2.3900 2.1183
1.6 2-3776 2.1017
1.8 2.3657 2-3918
5.0 2.3797
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Upper 2.5% points of the standerdized Variete
(xa ~ p)/0, (a = 0.975) (Concluded)

1.20 1.30 1.10 1.50 1.60 1.70 1..80

-
2.1 1.8928 1.8210
2.6 2.1115 2.0366 1.9581 1.8817 ·

Ä 2.8 2.3028 2.2196 2.1795 2.0998 2.0201 1.9151
3.0 $2.1183 2.1009 2.3658 2.3115 2.2102 2.1591 2.0787

‘3.2 -2.1713 2.1819 2.1783 .2.1603 2.1215 2.3695 2.2975
3-1 2-1917 2.5158 2.5311 2.5383 2.5315 2-5161 2.1799
3.6 2.1963 2.5236 2.5183 2.5692 2.5813 2.5915 2.5871
3.8 2.1883 2.5181 2.5168 2.5710 2.5987 2.6195 2.6317 1
1.0 2.1759 [2.5061 2.5363 2.5657 *2.5916 2.6218 2.6165
1.2 2.1616 2.1911 2.5211 2.5511 2.5811 2.6111 2.6100
1.1 2.1168 2.1757 2.5050 2.5315 2.5611 2.5915 2.6211
1.6 2.1323 2.1600 2.1882 2.5168 2.5160 V2.5755 2.6051
1.8 2.1182 2.1118 2.1720 2.1996 2.5276 2.5561 2.5851
5.0 2.1050 2.1301 2.1565 2.1829 2.5098 2.5371 2.5651
5..2 2.3925 2.1170 2.1118 .2.1673 2.1928 2.5190 2.5158
5.1 . 2.1013 2.1281 2.1523 2.1769 2.5019 2.5275
5.6 2.1152 2.1385 2.1621 2.1859 2.5100
5.8 2.1033 2.1256 2.1182 2.1711 _2.1911
6.0 2.1136 2.1352 2.1573 2.1795
6.2 2.1232 2.1111 2.1659
6-1 .2-1321 2-1530

1 6.6 2.1110
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Lower 2.5% points of the standardized deviate
(xa - p)/o, (a = 0.025)

Note:„ If h3 > O, the variates in this table
are negative.

( 0.00 0.01 0.03 0.05 0.10 0.15 0.20 0.30

1.2 .1.1547 1.0899 l.O355 0.9954
1.4 $1.3223 1.2461 1.1835 1-1371 1.0477 0.9771 0.9170
1.6 $l.4955 1.4115 1.3409 1.2886 1.1870 1.1064 1.0381 0.9254
1.8 1.6454 1.5615 1.4906 1.4372 1.3304 1.2426 1.1665 1.0396
2.0 1.7567 l.6785 1.6129 1.5631 1.4613 1.3744 1.2962 1.1595
2.2 1.8332 1.7625 1.7037 1.6593 1.5677 1.4879 1.4139 1.2782
2.4 1.8847 1.8210 1.7688 1.7295 l•Öh88 1.5779 1.5114 1.3852
2.6 1.9197 1.8616 l-8l49 1.7801 1.7089 1.6465 1.5878 1.4746
2.8 1.9434 1.8903 1.8481 1.8167 1.7533 1.6983 1.6464 1.5463
3.0 1.9600 1.9109 1.8722 1.8437 1.7866 1.7374 1.6914 1.6027

.3-2 1.7674 1.7260 1.6469
3.4 1.6818
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Lower 2.5% points of the standardized deviate
(Xu - 1)/6, (8 = 0.025)

Note: If u3 > O, the variates in this table
are negative. (Continued)

„ l
B2 0.10 0.50 0.60 0.70 0.80 0.90 1.00 1.10

9 1.6 _O.833l
i 1.8 ;O.9365 O•8Q97
. 2.0 ;1•OQQ8 Ü•9#83 0.8656 0.7931

2.2 :1.1572 1.0511 0.9600 0.8806 0.8107 0.7181
_ 2.1 1.2665 1.1568 1.0581 0.9710 0.8911 0.8267 0.7659 0.7109
‘

2.6 l•36Q5 1-2579 1.1571 1.0611 0.9811 0.9072 0.8112 0.7820
2.8 1.1171 1.3182 1-2508 1.1573 1.0700 0.9903 0.9189 0.8515
3.0 1.5113 1.1218 1.3311 1.2115 1.1573 1.0717 0.9985 0.9292
3.2 1.5682 l•Q88Ü 1.1057 1.3222 1.2386 1.1568 1.0786 1.0055
3.1 1.6112 1.5391 1.1653 1.3890 1.3112 1.2329 1.1558 1.0815

8
3.6 1.6158 1.5811 1.5111 1.1152 1.3738 1.3009 1.2272 1.1511
3.8 1.6152 1.5518 1.1922 1.1272 1.3600 1.2911 1.2215
1.0 l-5883 1.5313 1.1722 1.1106 1.3170 1.2818
1.2 1.5610 1.5100 1.1537 l.3952 l•33Ä8

° 1.1 1.5120 1.1900 1.1366 1.3806
1.6 1.1721 1.1200
1-8 l.5O26 1.1519
5.0 1.1817
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Lower 2.5% points of the standardized deviate

Note: If u3 > O, the variates in this table
are negative. (Concluded)

7 1.20 1.30 1.10 1.50 1.60 1.70 1.80

1 2.6 ·O.7282 0.6788
2.8 :0.7966 0.7110 0.6956
3.0 +0.8666 0.8100 0.7581 O.7llO 0.6672
3.2 0.9385 0.8776 0.8222 0.7716 0.7251 0.6820 0.6119
3.1 1.0115 0.9167 0.8871 0.8332 0.7836 0.7380 0.6957
3.6 1.0837 1.0166 0.9510 0.8962 0.8133 0.7916 0.7198
3.8 1.1521 1.0851 1.0207 0.9602 0.9010 0.8521 0.9016
1.0 1.2158 1.1501 1.0858 1.0210 0.9655 0.9109 0.8603
1.2 l-2728 1.2100 1.1171 1.0858 1.0261 0.9699 0.9169
1.1 1.3231 1.2610 1.2011 1.1113 1.0853 1.0282 0.9736
1.6 1.3671 1.3118 1.2555 1.1982 1.1109 1.0811 1.0293

· 1.8 1.1055 1.3511 1.3012 1.2170 1.1922 1.1372 1.0829
5.0 1.1389 1.3905 1.3117 1.2908 1.2387 1.1861 1.1333
5-2 1.1679 1.1235 1.3773 «l.3297 1.2808 1.2306 1.1800
5.1 1.1519 1.1089 1.3613 1-3183 1.2710 1.2227
5.6 1.1366 1.3918 1.3517 1.3073 1.2612
5.8 1.1611 1.1220 1.3811 1.3395 1.2959
6.0 1.1160 1.1079 1.3685 1.3277

76-2 l-1315 l-3913 l-3559
6 6.1 1.1176 1.3812

6.6 1.1011

t----
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Upper 1% points ef the- standerrztized deviate

0.00 0.01 0.03 0.05 0.10 0.15 0..20 0..30

-3 1.2 1.15/+7 1.2056 1.2326 1..2458
i

1.4 1.3229 1.38-31„1.4151l.4308 1.4453 1.4440 1.4348
1.6 :1.5079 1.5786 1.6169 1.6359 1.6543 1-6535 1.6428 1.6063
1-.8 1.6974 1.7764 1.8208 1.8hM+ 1.8713 1.8762 1..8688 1.8320

.2.0 1.8687, 1.9511 1.9999 2.0274 2.0644 2.0794 2.0815 2.0601

2..2 2.0097 2.0918 2.1425 2.1726.2.2175 2.2418 2.2541 2.2548

2.4 2.120762.2004 2.2512 2..2826 2-.3323 2.3632 2.3835 2.4030

2.6 2.2067 2.2833 2.3333 2-3649 2.4172 2.4521 2.4775 2.5103
_2.8 2.2737 2.3469 2.3957 2.4270 2.4803 2.5174 2.5459 2.5872
3.0 2.3263 2.3963 2.4436 2.4744 2.5278 2.5659 2.5961 2.6424
3.2 2.6025 2.6336 2.6829
3.4 2.7129
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Upper 1% points of the standardized deviate
(xa — u)/o, (0 = O-99) (Continued)

3 B1{
ß2g‘{ 0.10 0.50 0.60 0.70 0.80 0.90 1.00 1.10

[ 1.6 [1.5601
* 1.8 [1.7791 1.7200 1.6598

2.0 [2.0115 1.9532 1.8811 1.8137 1.7155
2.2 {2.2301 2.1855 2.1238 2.0507 1.9727 1.8956 1.8223
2.1 2.1009 2.3798 2•3QÜ8 2.2818 2.2111 2.1311 2.0508 1.9691
2.6 2.5253 2.5219 2.5096 2.1785 2.1315 2.3690 2.2932 2.2087
2:8 2.6136 2.6280 2.6308 2.6215 2-5991 2.5621 2.5101 2.1132
3.0 2.6763 2.7003 2.7155 2.7217 2.7183 2.7037 2.6767 2.6358
3-2 2-7211 2-7513 2-7715 2-7911 2.8005 2.8021 2.7915 2.7763
3.1 2.7536 2.7875 2.8158 2.8390 2.8569 2.8692 2.8751 2.8731
3.6 2.7775 2.8137 2.8150 2.8723 2.8957 2.9119 2.9295 2.9388
3.8 2.8327 2.8659 2.8957 2.9225 2.9159 2.9662 2.9827
1.0 2.8809 2.9122 2.9109 2.9672 2.9910 3.0121
1-2 2-9237 2-9537 2.9818 3-0077 3.0318
1-1 2-9623 2-9912 3.0186 3.0111
1.6 3.0255 3.0525
1-8 3-0301 3-0575 _
5.0 3.0601



13Upperl% p0imts of the stamdardized deviate
(xa ~ 0)/0, (a = 0.99) (Cohcluded)

82. 1-20 1.30 1.10 1.50 1.60 1.70 1.80

I 2.1 Il.8928
Q 2.6 ¥2.1215 2.0373 1.9581

2.8 (2.3637 2.2762 2.1867 2.1006 2.0201
.3.0 (2.5801 2.5101 2.1281 2.3386 2.2176 2.1602 2.0787
3-2 2.7161 2.7022 2.6139 2.5716 2.1877 2.3969 2•3ÜQ9
3.1 2.8630 2.8121 2.8091 2.7631 2.7028 2.6287 72.5135.
3-6 2-9121 2-9383 2-9257 2.9028 2-8679 2-8198 2.7577
3.8 2.9952 3.0026 2.0010 2.9983 2.9838 72.9592 2.9227
1.0 3.0303 3.0119 3.0559 3.0616 3.0616 3.0513 .3.0381
1.2 3.0536 3.0731 3.0898 3.1032 3.1126 3.1171 .3-1159
1.1 3.0686 3.0911 3-1118 3-1299 3.1155 3-1579 3.1661
1.6 3-0783 3.1023 3.1255 3•lLÖ8 3.1662 3.1836 3.1982
1.8 3.0837 ‘3.l090 3.1331 3.1568 3.1789 3.1995 3.2179
5.0 3.0869 3.1123 3.1377 3.1623 3.1859 3-2081 3-2296 °

5-2 3.0876 3-1110 3.1100 3.1617 3.1891 3.2128 3.2356
5.1 3.1138 3.1395 3..1617 3.1896 3..2138 3.2379 (
5.6 3-1381 3.1636 3.1885 3.2131 3-2372
5.8 3.1356 3.1611 73.1860 3.2110 3.2319 =
6.0 3.1583 73.1830 3-2073 3.2320
6.2 3.1789 3.2033 3.2278

I 6.1 3.1991 3.2231
‘ 6.6 3.2179
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Lower 1% points of the standardized variate
(xa · u)/0, (a = 0.01)

Note: If u} >*0, the deviates in this table
are negative.

0.00 0.01 0.-03 0.05 0.10 0.15 0.20 0.30

1-2 1.1547 1-0899 1-0355 0-9954
1.4 1.3229 1,2468 1.1835,1.1371 1.0477 0.9771 0.9170
1.6 1.5079 1.4192 1.3453 1-2912 1.1876 1.1064 1.0381 0.9254
1.8 1.6974 1.5996 1.5176 1.4569 1.3393 1.2462 1-1678 1.0396
2.0 1.8687 1.7685 1.6842 1.6212 1.4963 1-3946 1-3070 1.1617
2.2 2.0097 1.9121 1.8304 1.7689 1.6450 1.5413 1.4494 1.2915
2.4 2.1207 2.0279 1.9509 1.8929 1.7753 1.6751 1.5844 1.4226
2.6 2.2067 2.1193 2.0475 1.9936 1.8842 1.7904 1.7042 1.5466

. 2-8 2-2737 2-1915 2-1244 2-0745 1-9734 1-8866 1.8065 1.6576
3.0 2.3263 2-2488 2-1861 2.1397 2.0461 1.9660 1.8920 1.7535
3.2 2.0314 1.9631 1.8350

I · 3·4 I 1-9037

I1
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Lower 1% points of the standardized variate
(xa — 0)/6, (a = 0.01)

Note: lf p3„> O, the deviates in this table
are negative. (Continued)

Rßll
1 82 i 0.10 0.50 0.60 0.70 0.80 0.90 1.00 .1.10

Ä 1.6 }0.8331
1.8 éO.9365 0.8197
2.0 1.0151 0.9183 0.8656 0.7931
2.2 1.1609 1.0521 0-9600 0.8806 0.8107 0.7181
2.1 1.2825 1.1621 1.0591 0.9712 0.8911 0.8267 0.7659 0.7109

. 2.6 1.1012 1.2766 1.1612 1.0665 0.9816 0.9072 0.8112 0.7820
2.8 1.5190 1.3901 1.2722 1.1665 1.0731 0.9912 0.9189 0.8515
3.0 1.6223 1.1968 1.3783 1.2681 1.1681 1.0790 0.9998 0.9295
3.2 1.7121 1.5931 1.1782 1.3681 1.2618 1.1699 1.0812 1.0075

_ 3.1 l.7900.l.6785 1.5688 1.1617 1.3586 1.2612 1.1709 1.0885
3.6 1.8562 1.7522 1.6192 1.5170 1.1167«1.3197 1-2571 1.1713
3.8 .1.8159 1.7196 1.6232 1.5271 1.1329 1-3111 1.2531
1.0 1.7809 1.6899 1.5997 1.5092 1.1199 1-3327
1·2 1.7195 1.6610 1.5781 1.1923 l.1071
1.1 1.7208 1.6391 l.5580.l.1763‘(

.1.6 1.6171 1.5390
1.8 l•ÖÖ99 1.5958
5.0 1 1.6169
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Lower 1% points of the standardized variate
(xa - 1)/6, (1 = 0.01)

‘ Note: .1f a3 > O, the deviates in this table

are negative. (Concluded)

1..20 1.30 1.10 1.50 1.60 1.70 1..80

2.6 aO.7282
g 2.8 @0.7966 0.7110 0.6956

3.0 ?O.S666 0.8100 0.7581 0.7110 0.6672

3.2 0.9391 0.8776 0.8222 0.7716 0.7251 0.6820 0.6119

3.1 1.0113 0.9177 0.8876 0.8332 0.7836 0.7380 0.6957

3.6 1.0921 1.0202 .0.9552 0.8966 0.8133 0.7916 0.7198

3.8 1.1710 1.0918 .1.0252 0.9619 0.9016 0.8521 0.8016

1.0 1.2192 1.1703 1.0969. 1.0291 Q.9678 0.9119 0.8606

1.2 L1.3215 1-2116 1.1690 .1.0982 1.0329 0.9729 0.9181

1.1 1-3951 1.3162 1.2399 1.1672 1.0989 1.0355 0.9772

1.6 1.1611 1.3838 .1.3081 1-2317 1.1619 1.0990 1.0376

_ 1.8 1.5213 1.1166 1.3725 1-2999 1.2296 1.1622 1.0986

5.0 1.5757 1.5031 1.1325 1.3611 1.2916 1.2210 1.1591

5.2 1.6251. 1.5567 1.1879 .1.1185 1.3507 1.2836 1.2183

1.6015 1.5386 1.1720 1.1059 .1.3100 1.2751

5.6 1.5818 1.5211 1.1569 1.3930 1.3295 5
1 ·5.8 1.6268 .1.5658 1.5013 1.1121 1.3806

6.0 l•6ÜÖ8 1.5177) 1.1880 1.1282

6.2 .1.5875 1.5302 1.1721

6.1
1.5690 1.5133

6.6 1.5511
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Upper 0.5% points of the standardized deviate
(xa - 1)/¤. (6 = .095)

i 0.00 0.01 0.03 0.05 0.10 0.15 0.20 0..30 .

, 1.2 ‘1.1517 1.2056 1.2326 1.2158
1.1 1.3229 1.3831 1.1151 1.1308 1.1153 1.1110 1.1318
1.6 ,1.5105 1.5820 1.6202 1.6388 1.6561 1.6513 1.6132 1.6063
1.8 $1.7117 1.7971 1.8126 1.8655 1.8888 1.8893 1.8778 1.8350
2.0 1.9175 2.0079 2.0591 2.0870 2.1197 2.1278 2.1219 2.0811

2.2 2.1006 2.1916 2.2502 2.2818 2.3212 2.3120 2.3156 2.3250

2.1 2.2562 2.3506 2.1081 2.1126 2.1928 2.5192 2.5322 2.5319

.2.6 2.3816 2.1776 2.5362 2.5719 2.6273 2.6603 2.6810 2.6981,

2.8 2.1396 2.5805 2.6389 2.6753 2.7310 2.7715 2.7976 2.8280
3.0 2.5758 2.6639 2.7217 2.7583 2.8188 2.8591 2.8893 2.9292
3.2 2.9291 2.9620 3.0081
3•1

A
$3-0712
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E
1
aZ

Upper 0.5% points of the standardized deviete
.095) (Continued)

N1
52 § 0.10 0.50 0.60 p 0.70 0.80 0.90 1.00 1.10

Q 1.6 1.5601
1.8 1.7796 1.7200 1.6598
2.0 l2-0259 1.9569 1.8817 1.8137 1.7155
2.2 §2.2781 2.2133 2.1366 2.0517 1.9733 1.8956 1.8223

*.2.1
{2.5052

2.1577~2.3928 2.3115 2.2278 2.1385 2.0515 1.9691

2.6 2.6911 2.6652 2.6212 2.5607 2.1858 2.3996 2.3069 2.2129
2.8 2.8377 2.8301 2.8072 2.7687 2.7151 2.6100 2.5653 2.1711
3-0. 2-9509 2-9580 2-9521 2-9333 2.9010 2.8550 2.7950 2.7213

.3.2 3.0386 3.0566 3.0636 3.0601 3.0156 3.0197 2.9815 2.9300

3.1 3.1075 3.1329 3.1192 3.1570 3-1561 3-1160 3.1258 3.0919
”

3.6 3.1618 3.1928 3.2157 3.2317 3.2106 3.2121 3-2360 3-2213
3.8 3-2397 3.2680 3.2898 3.3055 3.3158 3-3200 3.3173
1-0 3-3092 3-3352 3-3565 3-3726 3-3811 3-3902
1-2 3-3711 3-3962 3-1173 3-1339 3-1161
1.1 6 3.1279 3-1513 3-1721 3-1899
1.6

1 3.5031 3.5211

1-8 3-5275 3-5510
5.0 3.5721
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Upper 0.5% points of the standardized deviate
(xa ~ u)/0, (a = .095) (Concluded)

ßll
82 1.20 1.30 1.40 1.50 1.60 1.70 1.80

2.4. _1.8928
; 2.6 ·2.1222 2.0373 ·1.9584
§ 2.8 ;2.3774 2.2804 2.1875 .2.1006
3 3.0 QZ.6356 2.5409 2.4415 72-3426 2.2483 2.1602

3.2 12.8655 2.7879 2.6990 2.6019 ,2.5008 2.4007 2.3056
_ 3.4 3.0522 2.9971 2.9289 2.8484 2.7572 2.6583 2.5562
3 3.6 3.1972 3.1624 3-1163 3.0579 .2.9869. 2.9041 2.8111

3.8 3.3072 3.2890 3-2617 3.2239 3.1748 3.1138 3-0406
[ 4.0 3-3909 3-3848 .3-3717 3.3510 .3-3208 3.2805 .3-2291

4-2 3-4346 3-4579 3-4556 3-4468 3-4318 3-4083 3-3759 .
4-4 3-5038 3-5137 3-5192 3-5202 3-5155 3-5051 3-4875 ·
4-6 3-5419 3-5564 3-5677 3-5756 3-5793 .3.5782 3.5718
4-8 3-5714 3.5900 13-6053 3-6183 3-62771 3.6335 .3-6354
5.0 3.5948 3.6156 3.6342 3.6512 3.6647 .3.6760 3.6840
5.2 3.6136 3.6364 3.6569 3.6764 3.6937 -3.7084 3-7206

5.4 3.6524 3.6755 3.6969 3.7155 .3.7328 3.7493
5-6 6 3-6900. 3-7116 3-7333 3.7528 3.7709 7
5.8 3.7008. 3.7245 3.7467 .3.7681 3.7873
6-0 3.7341 3.7572 .3.7796 3.8010
6.2 .3.7645 3.7885 3.8111
6-4 3-7959 3.8183

. 6.6 3.8247
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Lower 0.5% points of the standardized deviate
(Xu ~ u)/¤, (6 = 0.005)

Note: If pß > 0, the variates in this
table are negative.

E ßz ä
0.00 .0.01 0.03 0.05 0.10 0.15 0.20 „0-30

4 2 é 5 ». 1
ä 1.2 61.1547 1.0899 1.0355 0.9954

1.4 il.3229 1-2468 1.1835 1.1371 1.0477 0.9771 0.9170
1.6 61.5105 1.4206 1.3459 1.2915 1.1876 1.1064 1.0381 0-9254
1.8 1.7147 1.6113 1.5252 1.4620 1.3411 1.2468 1.1680 1.0396
2.0 1.9175 1.8057 1.7120 1.6426 1.5075 1.4001 1.3096 1.1621

L 2-2 2.1006 1.9864 1.8906 1.8190 1.6770 1.5612 1.4613 1.2949
2.4 2.2562 2.1437 2.0496 1.9791 1.8375 1.7195 1.6152 1.4356 _

2.6 2.3846 2.2758 2.1854 2.1176 1.9809 1.8654 1.7616 1.5774
2.8

62.4896
2-3851 2.2990 2.2348 2.1050 1.9946 1.8943 1.7126

3.0 2.5758 2.4758 2.3939 2.3330 2-2105 2.1062 2.0110 1.8362
3.2 ' 2.2017 2.1120 1.9460

3.4 2.0422
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Lower 0.5% points of the standardized deviate
(xa - 1)/6, (u = 0.0057

Note: _If uß > 0, the variates in this
table are negative. (Continued)

VW'
ä

8é¤ g 0.10 0.50 0.60 0.70 0.80 0.90 1.00 1.10

1.6 $0.8331
1.8 0.9365 0.8197

12.0 1.0151 0.9183 0.8656 0.7931
2.2 1.1615 1.0521 0.9600 0.8806 0.8107 0.7181
2.1 1.2869 1.1632 1.0596 0.9712 0.8911 0.8267 0.7659 0.7109
2.6 1.1185 1.2820 1.1658 1.0668 0.9816 0.9072 0.8112 0.7820
2.8 1.5502 1.1056 1.2787 1.1687 1.0736 0.9912 0.9189 0.8515
3.0 1.6760 1.5287 1.3952 1.2760 1.1713 1.0799 1.0000 0.9295
3.2 1.7915 1.6162 1.5107 1.3860 1.2735 1.1735 1.0851 1.0079
3.1 1.8951 1.7517 l-62l0 1.1917 1.3776 1.2710 1.1752 1.0901
3.6 1.9869 1.8528 1.7232 1.5986 1.1803 1.3697 1.2682 1.1763
3.8 1.9100 1.8161 1.6952 1.5783 1.1667 1.3619 1.2650
1.0 1.8997 1.7836 1.6700 1.5596 1.1538 l.35h2
1.2 1.8631 1.7510 1.6165 1.5120 1.1116
1.1 1.8305 1.7263 1.6216 1.5251
1»Ö 1.7011 l-6011
1.8 1.7718 1.6771
5.0 1.7153
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Lower 0.5% points of the standardized deviate
0.005)

Note: .lf uß >·0, the variates in this
table are negative. .(Concluded)

hx gl.

I 32 1.20 1.30 1.10 1.50 4 1.60 l-70 1.80

@2.6 0.7282
2.8 @0.7966 .0.7110 0.6956
3.0 @0.8666 0-8100 0.7581 0.7110 0.6672
3.2 .0.9391 0.8776 0.8222 0.7716 0.7251 0.6820 0.6119
3.1 1.0118 0.9177 0.8876 0.8332 0.7836 0.7380 0.6957
3.6 l-0911 1.0208 0.9551 0.8966 0.8133 . 0.7916 0.7198
.3.8 1.1768 1.0971 1.0261 0.9623 0.9016 0.8521 0.8016
1.0 1.2616 1.1768 .1.0999 1.0306 0.9682 0.9119 0.8606
1.2 1.3165 1.2578 1.1761 l.l0l7_ 1.0313 0.9731 0.9183
1.1 1.1296 1.3388 1.2536 1.1719 1.1029 1.0373 .0.9779
1.6 1.5091 1.1180 .1.3309 1.2191 1.1732 1.1031 1.03971.8. 1.5818 1.1911 1.1061 1.3230 1..2113 1.1710 1.1031
5.0 1.6550 1.5661 1.1793 1.3953 1.3150 1.2391 1.1681
5.2 1.7202 .l.6336 1.5183 1.1618 1.3812 1.3070 1.2338
5.1 1.6961 1.6132 .1.5312 1.1509 1.3731 1.2987
5.6 1.6737 1.5935 1.5111 1.1373 1.3621
5.8 1.7298 1.6519 .1.5716 1.1981 1.1238
6.0 1.7061 1.6309 1.5563 .1.1827

L

6.2 1.6836 1.6108 1.5385
6.1 1.6618 1.5912
6.6 1.6108 °

4

—— .--—-E-—-—-—-........................_._____________________________J
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VII. APPENDIX B — THE INCOMPLETE BETAFUNCTIONIn

computing such equations as (3.3.8) e generelized
IBM 650 program was needed. Presented here is the method

used to express this incomplete Beta integrel in compute-

tional form. a
Consider the function

1
6E B6(m+1, n+l) *· S

xm(l - x)ndx,
0

where m Z n > 1.
Integrating by parts, letting u ¤ (l-x)u, dv · xmdx, we

have
6 m **1 TEFI " '{FI 6 1*1 **1 'e(+1 +1) · 1 6m+l(l6)“+ *1 B(+z)

Continuing the integration by parts, we obtain the general

expression
_‘_;_ m+l n n m+2 n·l(1) B9(m+l,I1+l) m+l 9 (1-9) + 9 (1-9)

*1 ••n H"• H +2 +(;I°l] Yl*•(;H]+lE +'°' (:+§)(m+ä)...(m+(n5)Sm
(l”B)

n n- ... n- n + + n( 1) ( ( 1 1) G E J F+ m+ m+ ... m+ n
xm (l°X) dX'

0
where !=··n- Kn], such that 05{<1.

(

Now consider the residual integral,
6

S
x‘“*1“10



S
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which after applying the binomial expansion to (l·x)! may be

written
, 6 00

S z (S) 1-1>J xp+[“]+Jdx

co m+[n]+j+l
- JF 6 -(2)The

combinaterial relationahipe may be rewritten as followe:

{ zu { ¤
· ¤ ·l aa

‘ (1* •<„> 131;1
„ K§Z•lg§[·2) _ 1g1•1{g2-1} [

or in general

1
J I J Z'

Hence, we may write
9

xm+[n](l )Féx „ 9m+[“]+l Z Qm+[n]+2
O °X m+[n]+I ° m+ n +2

~ °° 111-1}...1(3)* jäz jl m+InI+j+i:

m+[n]+l
”

m+ n +2
am H

e
oo l_ ___ _ 9m+[n]+j+2 {”
Jil (5+ä): m+|¤]+j+z ' {

„ f1
P



)
ssl

· Dividing each term of (3) by B(m+l, n+l) and writing

the result in terms of gamma~functions, we have,

Kn]
(u) I6(m+1, n+1) ¤ Z £(0, v)

v·1

+ ,„£m+?E+2) 9m+[n]+l
- K 9m+[n]+2

F m+ n + n- n + m+[nI+I m+ n +

a>
- E ¢><e, 3):1*-*1

where

- ... -
6‘“*[“]*J*2

¢"°·¤*
”‘and[ is defined as before.

A similar expression was obtained for the case when
—l < { < O. Obviously if O < n < l, the first summation was

set equal to zero and just the latter terms were used.
eo

It is easily seen that JEl¢(9,j) does not converge

rapidly if 6 becomes large. For values of 0 > 0.85 the

relationship
I6(p.q) — 1 - xl_6<q.p)

was used, thus making the parameter one which converges very

rapidly.
The Incomplets—Beta Subroutine, available from the

Virginia Polytechnic Institute Computing Center, program
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number 6,6,010,1, is quite general with the following limits

on the parametersß

0,000,001 S p S 9999•999,999,
0,000,001 E Q S 9999•999,999,

end, of course,
0 S 9 S 1,

where p and q are defined as usual in the incomplete Beta

-· ’ IG(p,q) *——?-————-——————-——— .
S xp°l(1-x)q"ldx
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svVIII.APPENDIX C - THE IBM 650 PROGRAM E

FOR PEARSON DISTRIBUTIONS I
(1) Ggnegal Remarkgd ä

The general Pearson program will compute either percen— I
tage points for a given probability or the probability I
associated with a given point, for Bl and B2 in Type I,

E
Type VI, or Type II regions.* The ranges of Bl and B2 I
are as those of table A3 of [5], 1.e., 0_§ Bl_§ 1.8 and
0 5 B2 5 8.00. Although the program will work for values
outside the ranges, the accuracy may be in doubt.

(2) .19.9.9.9. l.¥lE.‘·.L9
The program is in fixed point, with a four-six input and

output, i.e., input is of the form xxxx.xxxxxx.

The input is of the following general arrangement.[ ggg; gariable
‘

l Bl
2 p B2
3 probability level

k Ka (guessed value
of the percentage
point for proba-
bility e.) II

*Type IV will be added at a later date. I
I 2II I
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The input for Type I will be explained in more detail

below. Te obtain percentage points in the form as those given

in the tables, word 3 must contain 1-e.*. If upper percentage

points are desired, the guess, Xu, must be read in negatively.

Ka ls read in positive form for lower percentage points.

The Type VI distribution, however, follows standard

notation. In this case word 3 must contain d and word L,

the guessed percentage point, which is negatively for lower

percentage points and positive otherwise.

For clarity, suppose it is desired to have the upper 5%
point for $1 ·· O.lO and $2 •·· 2,6. This is a Type I distri-

bution, hence, the input would read;
y_9_r_g variable

1 0000.100,ooo
2 0002.600,000
3 'OOOO.950,000
t -O0O1.760,000 .

* a is considered as the shaded area in the following graph.

\6 Ä \ 6
..\ 6
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For an example of the Type VI input, assume the lower
2.5% point for Bl ¤ 1.80 and B2 = 6.60 is desired. Hence,

the card weuld read;
gggg variable
l 0001.800,000
2 ooo6.6oo,co0
3 O000.025,000( A —000l.A00,000. T

If it is desired to have the probability associated with

a given percentage point, then werd 3 should contain zeros.

Word A contains the given percentage point with algebraic

sign attached according to the methods discussed above.

<3> suesseThe
output has the same general form as the input except

that werd five contains the final Ka (fourth decimal accurate).
In obtaining the probabilities, werd 3 of the output contains

the probability associated with the Xa that appears in word A.

(A) Machine Opggatgon Instggctions
The followig is a list of instructions for the computer:

(a) Use the standard 80-80 board.
(b) Set console switches_to 70 1951 xxxx.
(c) Set programmed switch to stop.

(d) Set overflow on sense.
(e) Set error on stop. [
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(f) Order ef the cards
(1) Pearson deck (blue)

(ii) Transfer card (red)
(111) maus.

There are several program steps in this program. They

are:

äeaaa .Qaae.e
O1 0000 1900 - Degrees of freedom become negative. Push

start; will read next cd.

01 2000 1900 — Xu (for Type I distribution) is a bad guess.

You may continue but this should net happen
more than ten times in successien. If more

than five seconds elapse between these steps,

this indicates that the Newton Iteration tech—

nique falls te converge. At this point the

yellow card should be added before the trans•

fer card. This causes the computer te approach

the desired results by shorter intervals. If

one should get the same program step, after
about five seconds has elapsed since the pre—

vious steps, then one must add the extension

(white deck), which then approaches the root

by a different technique. gE
E
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§.s.•22e §.@.e.¤.ss
01 1966 0822 - Xu (for Type VI) is a bad guess. This is very

unlikely if the guess was anywhere near the
corrected result. Consult tables for possible

error
—~ —-·• 7000 ~ Degrees of freedom for incomplete Beta becomes

too large. Definitely STOP. Manual transfer

q to 1900 to read next card.

01 1998 1900 - The correction from the Newton Iteration tech-

q nique becomes too large. Push start to con-
tinue to the next card.

-·
·——· AAAA - A point has been chosen in Type IV region.

QTQQ. Manual transfer to 1900.

(5) Coments
The program requires approximately one minute per value,

points in the Type VI requiring more time than those points

in Type I.
It should be noted that considerable computing time can

be saved if the Xu guess is close to the true value. Very

good estimates of these values may be obtained from table A2
[5] or from tables presented here.

q The program, number 6.6.011.1, is available from the

Virginia Polytechnic Institute Computing Center, along with

the instruction write·up. _ E
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ABSTRACT E2
This paper represents a report of the construction of

extended tables of percentage peints of the Pearson system of E
distributions. It consists of two parts:

(1) The evaluation of the c.d.f. of any member of the Pearson
system (except the so-called Type IV distribution) for a Ä

given value of X (standardised, i.e., (x - M)/e) and for a
given pair of Bl and B2; and
(2) The determination of a percentage point Xa, associated

with a given level d = 0.05, 0.025, 0.01, 0.005, 0.995,0.99,0.975,

0.95, for given values of ßl and B2. The letter have
been tabulated for Bl · 0.00, 0.01, 0.03, 0.05, 0.10, 0.15,
0.20(.l0)l.80 aus 62 - l.2(.2)6.6.

Through the use of high speed computers it was possible ,

to expand the tables from their fomer status in accuracy as 2

well as increasing the ranges of ßl and B2.

Numerical illustrations are given which, in all cases

studied, show close agreement of the Pearson approximation

with the exact distribution.
The numerical analysis methods used for the evaluation

of incomplete Beta Functions with continuous degrees of free~

dom is also described, since the letter is a key distribution E

i

used in computing the percentagepoints.L—————* )



At the Virginia Polytechnio Institute Computing Center,

the following programs are now available:

1) General Inoomplete Beta,
2) c.d.f. of Pearson distributions,
3) Percentage points of Pearson distributions.

Instructions for the use of the last two programs are included

in this report.

J


