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!IITTRODUCTION 

The real•valued :fun.ctions of a real variable have been studied 

quite extensively in the pe..st. In particular, the subclass C of ree.l 

continuous functions defined on a closed interval [0 111] on the real line 

was found to have certain properties that more general real functions 

do not have. 

The aim of this work is threefold. First 9 vre try to a.nswe1· the 

question as to what are so.me of the elementary properties of C that 

it inherits from a larger class A of positively continuous functions 

of which C is a subset. l~ext 11 we investigate some topological properties 

of a few subclasses of F, the collection of all real•ve-..lued :functions de-

fined on [O,l] on the real line; and finally, we study some properties 

of the set I of all real-valued functions f'rom [0,1] to [O,l]. 

Some fundamental results of C will be given followed by a compari-

son of the :properties of A with those of c. Alge·br·aic structures of 

some subclasses of F "tdll al.so be studied.. The concept of e..rea function, 

a;- 9 defined B.$ the closure Of' ·t;he graph of 0. function II Will be used to 

characterize the integrals of continuous functions in I. 'G f will aJ.so 

be applied to bring out the topological implications o:f mono:t.o:ne functions 

and several other classes of functions in I. -Finally 1 Gf · 'Of a. function 

in I wil.l be described by a closed set in u, the closed unit square. 



GJ,OSSARY OF FREQUENTLY USED SYMBOLS AND NOTATIONS 

denotes the end. of a. proof. 

" an element of" or n elements of" • 

11 ~mch that". 

n iff " - 11 if and only if11 • 

it c ti np:r.operly conta.ined in11 • 

"contained in". 

"there existsu or "there exist". 

n V- " "for all". 

II~ It "implies that". 

II<= VI "implied byn. 

11 U " - "union" 

II n If "intersection" 

ii s X't ... the set consists of elements belonging to S but not X, 

" 0 IJ an operation on the elements of a set. 

Ii " since " 

"the:re:fore" 

" 2 ti !' suramation11 

A slash (/) through a symbol nege.tes the meaning of the symbol. 

A bar (-) above any symbol designating a set means the closv.re of the set. 

Lower case Greek or English Alphabets a.enote rea.1 numbers or elements o:f a 
set uhless otherwise specified. 

Upper case English Alphabets designate sets in general, unless otherwise 
stated. 

En ~ Euclidean n-dimensional space. 



F - the class of real-valued functions defined on (0 9 1] on the rea.l line. 

I - the class o:f f'unc-tions :r(:x) i:n J.i' such that f(x) : [0,1] ~ [O,l]. 

C - the collection of continuous functions in F. 

A - the set of functions f'(x) in F such that I f'(x) I -E c. 
J ... the interval on the real line • 

.n - art index set for a collection of sets. 

G~ - the graph of a function f.( x) • ,_ 

U - closed unit square in E2 ::: {(x,y) 0 < x < 1, 0 < y < 1}. - ...... ·- -
i - the element of a set such that i o a = a o i = a for all a in the set. 

e.-1 ... the element o:f a set such that a-1 o a = a o a .. l = i for all a in the 
set. 



SECTIOW I - Af~ALY11IC PROPERTIES 

Most of the ter.ms that are needed in this section. will be defined. 

A few classical theorems will be used (applied} or stated without proof 

while others that are more pertinent to our work a:re establ;i.shed. 

Pr9;gertj.e$ of ,C 

Let f(x) be a real-valued function defined on an interval J on 

the real line, 

De:f.'ini ti on l. l 

Let x0 be a. point in J. f( x) is said ·!;o be ,contirru.~u$ at ] .. a. iff 

given a.ny e: > o, there exists a Ci(x0 , e:) > 0 such that 

Definiticm l .• 2 

If :f(x) is continuous at every point of J, we say that f(x) is 

continuous on J.. Otherwise e :f( x) is said to be discontinuo'IJS on J. 

Let F be the cla,ss of all real-valued :functions defined on tne 

closed interval [0 91] on the real line. 

Pef'inition 1.3 

Cc Fis the collection of all continuous :f'Unetione in F~ i.e.,f(x)E 

C iff f{x) is continuous on [0,1]. 

Def:i.)1itiop, 1.4 

f(x) is bounded on Jiff there exjsts a a >Osuch that jf(x)I! a 

±'or all x in J. 

Theorem 1.1 

(Heine - Borel Theorem) Let E be a closed bounded point set. Let 

{Ja} be a.11 infinite or a finite set of intervals such that 
a~n 
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every point of .E is interior to at least one J j of {J °'} ~ Then there 

exists a :f'ini te .subset of {J a} , say 5 J 1 ', J2 •, • ._Jn' such that every 

'l">Oint of E ii:; interior to at least one J ' · 1 < J. < Ih ·r . j & - -... 

Wheorem 1.~ 

If f(x) -E c, then f(x) is bounded on [0 61]. 

x < 0 Define r1(k) : f(O) 

:!: :r(x) 

= :f'(l} 

0 < x < l 

x. > 1 

Le·b x0 .·be 81ly point in. [0 91] and e = 1. Since f(x) € C0 there exists 

a o(x01l) > O such that 

Also 9 I fJ.Cid - r1{x0 ) l < 1 whenever x t- (x0 - 6(x0 ,l), x0 + ~(x0 ,l)) 

Then jr1(x) I =l:r1(::r ) .:.. :r1(x0) + r1 (x0 ) I 
.:_j:rJ.{x) - f1(xo)j + lt1Cxo)I 
< J. -1- l:r1<xo>I whe11ever x -E (x() - o(:x:o,1), XO+ o(xotl)) 

Let d:xo::: 1 + l:r1<xo>I ,. Jy"O = ( .Xo - o(xo,1>. XO+ o(xo,1)). 

Tb.en I t 1( .x} I < ax0 whenever J!: .e Jx0 

ClS!arly every point of (O,l] is interior to at least one of the 

iute:rvals {Jx } • By Tbeoreirt 1.1, there exists a finite subset of: 
. a a-en 

{Jx } e. s·~· Jx1 e Jx21 •H Jxn such that every point of [0 01] is interior 
a 

to at least one J 1 < j < n-·· · Xj t - - • 

Let a r:: 111ax (ax • ax , • • • a..., ) . 
1 2 ""n 
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IIe:nce 

(i) 

1:r1{x)I 

Ir< x) I 

"'( ) . v J. x .-: .'( 

< 

< 

(J for all ->;.~· €:: [ 0 - l _ .... ) ~ .. t. ... 

cr for n.11 :x -E- [ 0 ~,l]. 

fo:r c;.11 x -c ,J 8..i:1Ct 

( i:i..) Ji'or z,:ny E: > OP there exists eJ1 x 0 -E- J such tho;t :t ( ~r..) / M ... a:. 
"" 

(i) f(x) > m for aLl x .E; ,T 

( i.i) For any e > 0, there e:x:istr; i:c:n ;o;:0 -t ,J such that f( x) < m + c., 

l\'I is the ma.xiw:mi1 oi: f( x) for all :x in J :i.:iT 
~~~~ 

(i) M:::: 1.-~~.b. i'{x) :fo:c G.ll Jr. in J . 

(ii} there exists such "Ghat f( x ) ~ K . 
0 

If :r(x) €:: C0 then f(x) attains its ma:!dmwi1 in [0~1]. 

W0 prove the th(1orem by showing that f'(x) ntteins its l.u;b~ in [O~.l], 

'l'he d.es:l:t•ed conelusicn1 thr:::n follows from Definition· 1. 7. 

f( x) -E: c. B:r 'I'heorem 1.2~ J'(x) is bounded.. Hence J.,u.b. of' f(x) 

exists. Let M = l.u.b. f(x). 

f( x.) -· M. 'I'hen M - i'( :x) > 0 fer· a..ll x t- [ 0 t1l] o 

1Ut:10 9 M - :t'{x) is contirnmus on [0,1]. 

1 
~> 
-1- .<>i . ) v.t~s. \ :X. 

0 for all x -E (0 91] !I ex.tel .,.,.,,~.» is continuous on [ 0 bl]. 
'f!iG,..f( :K:} 



By Theorem 1.2 3. a > !1/H-f(x)! < o 

< 0 v x -E [ 0 \')l]. 

It :follo;;v-s the:t. M - f(x) > l/r; 

l/cr fox· all x-E [0 111]. 

This is a contradiction to the (l_,;:finition of M. 

Thus~ 3 an x -E- [ 0 l'll] such tlrn,t :f'( x ) = M. 
0 0 

'l'heore:m 1. ~ . 
..:;..,..-.,... - ..... ~ 

If f(x) -E- C$ then f(x) attatns its minimum in [0~1]. 

Proof: 
311 •rT'FW 

The proof is an::.lor.;;ous t.o that of Theorem 1.3. 

:Let :x be a real number, ..:ma. let s > 0 be any pos:ltivc~ mrmber. 

hood of x aJ.10. the ·i;otali ty of points in ( x - e & x. + d is called a.n CJJ:iEm 
Qilllo~ ........ .-• ............ ~ ~ ........ ~;M 

'rheo:r.em 1.5 ,, ... =~ 

If f( x) -E C ll then f( x) attair~s all '\dues be'!iveen its Elf.w'Cimum sxi.d 

't · ·' · [r· 1 ,j l s min:z..mu:r.n :i..n u ,.~ • 

Proaj',: 

:f.'(x) E C. 

f(x') = g.l.b. f(x) a m1 f(x") a l,u.b. f(x) = M. 

Conside•·• tho' cl O"'"'d i nt,,,•~v~·l f:xv .,,.n] wh"'r'·'' :for definitcne~r.-: we have ,J.. .a. . ..... • 1¥...,,.. ~..... , ......... ....,., - ~ ~~ 9 '¥ v - ·~ • -

Let ti i..Je such tha.t ra < µ :.c; );;i. 

r.rhen since f( x11 ) "'-' H, 3 a neJ.ghborhood. of x.11 such that f( x ) > µ for all 

x in this ne:J.ghborhood. 
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For suppose :for every neighborhood of x" ti> 3 a po~.nt x 
0 

in the neighborhood. such that f(x0 ) ! 11 ~ then f(x) will 

not be continuous a,t x11 • 

Consider the totality of neighborhoods y ! ;;-t .! x11 for which 

f(x) > i.t. The y's are bouricled below by x 1 • Hence g.l.b. of the y's exists. 

Let y = g.l.b. y 7 s. 'l'hen i'(y) = Jl. 

For suppose f( y) > µ. Then ·: f{ J::) is continuous at y,. 

for r:: ::'!: 1/2 (i'(y) ... 1.1) :1 .3 a o > O such that 

If( x) - f{ 'Y) I <1/2 ( f'(y) ... µ} whenever :i-~ -t: ( y ... o ri y+ c) 

i.e. 0 f(x) >f(y) - 1/2 (f(y} - ~) 

t(x) >1/2 (f(y) + µ) 

f.(x) > µ whenever x -E ( y-o 11 y+ o) 

'I'his is a contrad:tction to the a.ssumption thaty = g.1.b. y•s. 

On the other hP..nd 9 suppose :f'( y) < µ • By the same reasoning 

a.s above -there would e:dst an x* on the right of y such that 

f( x*) < i1 • But x~; is in one of the y-neighborhoods and hence 

f'(x*} > µ • We again have a contradiction. 

The converse of this theorem is not true. That is, there exists 

f( x) -E F such that f( x) takes all values between its iuaxir11Tu». a.nd its 

minimmn in [0,1] 0 and yet f(x) is d.iscontinuous on [O,l]. We give the 

:following example. 

Let f(x) = x x rational in [0 91] 

= 1 - x x irrational in [0 01]. 

Clearly~ f( x) takes all va.lues between 0 and l but it is discontinuous at 



Definition lo9 
•..:'li·..........y.. ... s-rn tr '1' - ~ 

Let {a } bo a sequence of rea~l nw1fbers. 
n 

I~ > 0 such tl1at la-a I 
r.:' ' < for al1 :n >Er. 

Theorem J. G 6 
.. l ..... -··· "l' .......... _..... ''A' 

( C<;;',uchy ConY(::rgence ~Cheorem) A necesse,:ry and suf:ticierrt condition 

that {a } converges is: Gi Yen &'1.y s > 0 11 there c:x.ists an integer N > 0 
!l 

such that ! Q, -11 
for 1::1,ll n > )'I~ :r. any positive integ~:1· .. 

:r( x) 

f'{ v ) :;:: -· ..t:.-0 

Let. f.(x) be continuous Oi1 [a~bJ ~ and a < f(x) < b 

1Yhen f( x) has a f'ixed point. 

Proof: 
""'ec'i........,.'*"'1'''1t 

values of :f( x) at the encl. points are on both sides of' i;he line y ::'.: x. 

Conside:c the midpoint of T 
t.) ~ • 

.!.. 
Let J 2 be the half interYal such that 

the v-alues of' f( x) at, the end points a:re on opposite std.es of y '"' Xi- .:~nd 

so on. 

Note that Lf .,. 
~' j be defined f'or some j~ then the theorem wou.ld. 

have been provede 

In this -wa;~r we construct o,n i:n:f:tni te set of closed intex·vals 



J 111 J 20 ••• such that 

(i) 

(ii) 

(iii) 

J.+1 c Jj for j = 1,2;3 11 ••• • J ... . 

The lengths of the i1 j 9 s a.re decreasing to zero tt and 

For each J j 11 the values of f(x) at the end points lie 

sides of y = x. 

Let aj = the left hand end point of the Jj interval. 

e. = the ri~ht hand end :point of the J. interval. 
J J 

on opposite 

Sines given any e > O; 3 an integer iq > O :7: Van -r.tn + pl < e n>N, 

and every positive int;eger p(take N such that JJ)! = l/2N (b-a) < e ) !I 

by Theorem l;;6 fo } converges to some nuraber a • a is contained in each JJ .• 
l'.l 

For suppose it were not. Then there would exist 

a JQ• Q some positive integer, such that 

an ... a ·> 0 for all n.::, Q. This is impossible, 

for if' we let e: == 1/2 ( a~;-a )> 0 • then there 

would exist an integer N'> O such that 

I Ctn .. CA. I < e for a.11 n > 1'J • • 

Let n > max { Q, H' ) • Then °'" - a < a. - a -· 
"'G - n 

< a.: -a./2 Q which is absurd. 

Similarly, { (311} converges to B 11 and B :i.s coni;a.ined 1.n each J j • 

We now assert that ·~ = a. 
Since the J. ts 

J 

are decreasi11g in length 9 we can find an integer 

1~ > O such that for all n :> N , the lengths ·of Jl'l 

is l.ess than µ • This is a contradiction since 



Let a :::: S = y. Then f(y) "" y. 

Suppose f(y) =f; y. With no loss of generality asSl.l.me 

f(y) - y ~ \1 > o. 
1 

I.et s ::::: (1/2) p > 0. 'I'hen since 
1 

f( x) is continuous at y 9 thore exists an f.12 > 0 such 

that 

Let µ ~ min ((1/2) µ1 ~ µ2 ). Then 

I±'( y) f.( xl < (1/2) 111 whenever x -E- ( Y- 11& Y+ fl). 

Since y is the corillnon limit of the sequences of left and 

right hand end points of the ,J j 1 s, ti1erefore there exists 

an integer n > 0 such that ,Jn "" [2~~ xn'] c ( Y ... iill Y +ii ) o 

But then 

l'.:i_/2 > 1/2 ( f( Y) + Y ) > 1/2 ( Y + \ + Y ) > 

Y + (l/2) 1.ll > Y + l1 • Also~ i:'( :<n') > Y -:- 1.l • '.i:hus both 

i'(x11 ) and f(xn 1 ) are on the same side of y = x. This :is 

a contradiction. 

P,!OJ2.?rties ot .A 

pefiJtition 1.1:);, 

Let Ac: F be the set of all f(x) E F such tJ;:w:t /f(x)/ E- c. A is 

Cc A. 

~ x1 ~ e:: ) > 0 0-: 

9' if(x) - f( :x1 )j < E: •.rh>~m.eyer 

=';> 11:t'< x) f( x1 )j I < e:: whenever 

9 Ir( x)! -E G 
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.'. C ~ A. 

(ii) There exists f(x) -E- A such that f(x) "'¢ c, i.e.~ A 1- c. 

Let f(x) = x x irrational in [O~l] 

"" -x x rational in [ 0 ,l] 

Then jf(x)I -E c~ i.e.;:i f(x)-£A. But clearly· f(x)-fj::c. 

By (i) a.nd (ii) l) we have Cc: A. 

Theorem 1.9 
#rtJWW..._ .... tr WT""' ·-p. 

If f(x) -t c, then g{x) ~ has ~1 fixed :point in [ 0 ,1] • 

Proof_;,, 

Since f( x) -E C. 'l'he1tfore :f:'( x) -E A. Hence If( x) j -c: C j) 1 + If( x) I -e C. 

Since 1 + If( x) I ~ 0 for all .x -e [ 0 ,1]. . ·. g( x) :-::: .... :N x) I .. -E C. 
. l + r(x) I 

Also~ 0 < g(x) < 1 fo:t• all x £ [O~l] and for all f(x)-€ c. 

: . by Theorem 1. '7, g( x) has 2, fi::rnd point in [ 0 ,1] , 

Ii' :r{x) -E As then f(x) is bounded on [0,1]. 

Proof: 
.. .....,.,, .... :::,,:.=;n&<+n'? 

:('(x) -E A =9 l f(x) l-t C 

~ 3 o > o such ths.t j lr{x) I j < o 

=7 !f(x)I ~ o rm: all x-E [0,1] 

Hence f( x) is bou.nd.ed. on [ 0 111] . 

Alt.hough f{x) -E C implies that f(x) attains its maximum end :i.ts mini.mu::i1 

in [O!il] f+ ·there exist fv .. nctions i:o. A such that this is not true, The 

following example illustrati::s this fact for ~-., m1.~.xim.um: 

Let f(x) ::: .. _ .. 2 1 
"' - x ratio:oal in (Ot>l] 

-- 1 - x2 x i:rra:tionnl in [O~l] 



Clearly I f(x) I -E: c. Hence f'(x) -E- A, out f(x) has no maximum in 

[ 0 ,l). 

l'heorem 1.11 
& IQ1~a 

If f'{x) -E .A~ then g(x) == 

Proof: 
etW ... rs 

fr! x>J. . 
i + I r<x> l 

has e, fixed point in 

g{x) is continuous on [0,1] and O ~ g(x) ~ 1 for all x -E [O,l]. 

Therefore, by 1rheorem 1. 7 t g( x) has a fixed point in [0.1]. ~ 

'.P.heorem 1.12 

If f(x)-E A and O'.::_ f(x) < l for a.11 x-E[0,1] 11 then f'(x) has a fixed 

point, 

;Proof: 

Since f(x)-£ A. Therefore I f'(x) I -E- c. 

Also~ since 0.::. f(x) < 1 9 for all x -E [0 91]~ thus 0 < jf(x)j~ 1 

for all x -E [0,1]. 

By Theorem 1.8, jf(x)I has a fixed point. Hence f(x) has a fixed 

point. 



SECTION II - SOlc'ff~ ALGEBHAIC PROPI':RTIE3 

In thiG section, some eJ.emen-Cary 121lgebraic properties of C 

are given. Il comparison 'betveen the :properties o:f' C and A will be 

matte. Algebraic structures of' F and. some of its subclasses ·will 

also be investige.ted, toc;ethe1n wlth an introduction of the concept 

of a right (left) ideai in F. 

Theorem 2.1 ·-· .. · ....... , 
If f(x), g(x.)-E c, then f(x) !. g(x) -E- c. 

'I'heore:m 2. 2 

If f(x) $ g(x) -EC~ then [f(x)J[c;(;dJ is in c. 

Theorem 2.3 . 

If f(x) -E Cll and f(x) ¢. 0 for s,11 x in (O~l], then 

'l'heo:rem 2. 4 
~~ • ;;e.,.· ........ 

If f(x) :i g(x} £-Cl! s.nd 0 < g(x) < 1 for all x in [O!)l], then 

f(g(x)) is inc. 

Theorem 2.5 
------,-~ 

If' f(x) ~ r;(x) £- C and g(x) f. 0 for all x in [O~l] 9 then 

f(x)/g(x) is in c. 
Proof: 

'.I'he result fo1lo'ws fro;,'1 Theor~,m 2.2 and 2.3. 

Theorem 2.6 ,... ... 

Let f(x) -c C and g(x) f: c. Then (a) ~':. f(x) !, g(x) -f c. If in 

addition!'> f(x) '/: 0 for all x in (O,l] ~ then (b) [f(x)][u;(x)]-f c and 

(c) g{x)/f(x) f c. 



-J7-

Proof: .... . 
{a) Suppose f(:x:) + g(x} t.. c. Since f(x) -t c, by Theorem 2.1, 

f(x) + g(x) - :f(x) = g{x) € c. 'I'his is a contra.dictiono 

The other cases can be :proved in a. sim.ilar manner. 

(b) Suppose fr(x}] [ g(x)] -E Co By h;n.1(.1thesis f(x) -E- C, and f(x) 'I- 0 

for all .x in [0 511]. Therefore,hy Theo:rerc. 2.2 and 2.3, 

{f(:x) g(x~/f(x) = g( x) -E c. This is a contradictionv 

g(x)/:f(x) -E Co He have f(x) E Co Therefore, 

by Theorem 2.2, [g{x)/f(x)] [f(x)]== g(x) -E c. This is a. co~Tt:ra.d:i.ction. IZJ 
P.ro;perties of J~ 

The cla.ss of positively contirmous functions A c F shares some 

of. the alg1ibraic properties of C but there are some characteristics of 

C that A does not possess. 

'l'he sm11 9 difference of two positively continuous functions in 

general is not a :positively continuous function, as t'iJ.ay be seen by the 

f.ollowhig ex1..w1ple for the sura: 

Let f(x) "' 1 

- -1 

Then, f( x)+g( :x:i.c. = 2 

= 0 

0 < x < 1/2 .... 
1/2 ,:: x~ 1 

0 ! x < 1/2 

1/2 ::..x ~ 1. 

Cl ... ,.,,..1v. f'fx} 
-"-"--.;' _, 9 g(x) -G- A9 but f(x) + g(x} ¢A. 

Howeverb by imposing some restrictive properties on the fimctioni:l,, 

~. result eg_uivalent to Theorem 2.1 can be derived for A. 

Theorem 2;r 
=e=erew~ .,., 

If f'( x) 9 e;L!!:) -E A, a.nd f( x) , gbd do not change slgn in [ 0 ~1 L1 then 

f( x) :_ g(x) -E A.. 



Proof: 

m~en /r(x)I= ¥(~} /~<~)I = ry(y) .LL - . . ..... .J1:.. ' b -'\.. L: ··'' e 

By '.Pheorem 2 .1 ~md. 1. () 11 

The other cases can 1)e proved similarly. 

Theorerit 2.8 , .. ,,.. __ ................... 
If f(x) ~ s{x) -E A, then [f(x)Jfg(:ir)]-E A. 

Proof: -
~lince f(x), g(x)-E A~ therefo:r·e lr(x)I ~ !c t;.::)!-E c. By Theorem 2.2, 

U f( x) I][! g( x) I] -CC. Hence /ff( x)] fr,( x)] / -E C and W( x)] fg( x)] -E- A. 

'I'he01·e:r:1 2. 9 ,. ~ 
If f(x) -GA a,nd f'(x) f. 0 for all x in [O~l], then l/f(x) -E A. 

F'roof~ 
..,., -

f:>ince ?(x) -E A, therefore jf'(x) !-E G. 

i\lso, f(x) /- 0 for all x :tn (0~1] 9 'I'b.uis If( x) I f. 0 for all x in 

By Theorem 2. 3 ~ 1/ I f( ;: ) I = 11/:f(x)! -E c. Hence 1/f(x} -E A.~ 
In general~ A is not closed with respect to composition. Even i:f the 

hypothr.::sis of '};heorem 2.l+ is satisfied, its conclusion still does not hold 

fo:c A. The following example illustrates this fa.ct. 

Let f(x) :::: 

::::: 

i f(x) l :::: 

~ .. 

1/2 

-x 

1/2 

" -"· 

0 .:: x < 1/2 

1/2 ~ x .:. 1 

0 < x < 1/2 

'1./2 ~ x < 1 

e:(x) "" 1 for c\ll x i:n (0 ,l] 

'l'he:re:fore ~ f( x) ~ g( x) -E- A and. 0 < g( x) < 1 :for all x in ( 0 91] e 
. - -
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Since f(g(x)) = 1/2 0 ! x. < l/2 

::: ... 1 1/2 < x < 1 - -
1rhus , I f( g{ x) ) I = 1/2 0 ,;. x < 1/2 

:::: 1 1/2 ! x .:: 1 

Clearly t If'( g( x)) I -¢: c. Hence f(g{x)) -¢ A. 

'fi1e next theorem 11 howe-ver 9 is true. 

If f{x) 9 g(x) -E A and g(x) is 7; O ,;_ g(x) < l for all x in [O ,1], 

then i'(g{x)) is in A. 

Proof: ........ 
By hypothesfa ti If( x) I = f( x) j I g( x) I = g( x). 

Also, 0 ! g(x) ! 1 for e,ll Jt in [O ,l]. 

There:fore 11 by Theorem 2.4 encl le8$ :f(g(x)) is in A. 

1rheorem 2 .11 .... .. -
If f(x) 9 g(x) -E- A and g(x) ~ 0 for all x in [O~l], then f(x)/g(x) 

is in A. 

Proof: 

Since g(x) -E- A av.d g (x) 1' 0 :for a.11 x in [0,1], therefore by 

Theorem 2.9 t [1/~(x)] is in A. 

By Theorem 2.8, [f(x)] [ l/g(x) J = f'(x)/g(x) -E- A. 

The f'ollowing stal.;em1en-l;s are also true for A : 

(i) The:r.·e exist functions f(x), g(x) in A such ·t;hat f(x)g(x) is not in 

E~tample: Let f(x) = x 0 < x < 1 g(x) = x 0 < :z < 1/2 

=-x 1/2 ! x < 1 



'I'b.en ( )g( x) 
f x = 0 < x < 1/2 

- 0 x "" 0 

-.x. - x 1/2 < x < l 

Cl 1 x 1 ., ~,1 · [O 1/2} . -, r"'.(_1._/"\g(l/2 ) ""(l._/?)-1 / 2 ear y $ x < - J. o:r UJ.. x in &·- .. e.nn . 9 _ - -· 

1 /0 ( ) 2 ' '- > 1. Hence f x :i.s not continuous a.t x = 1/2. 

(H) There 
p·(x) 

exist :functions f(x)., g(x) in F such t.ha.t f(:;d 0 is in A, 

but neither f{x) nor g(x) is :i.n A. 

E~x&"Sple : Let f'( x) =: 2 0 < J{ < - 1/2 g(x) ::::: 2 0 < x < 1/2 

::::: li 1/2 < x < 1 ·- 1 1/2 < x < l - - -
'l'hen f(x)g(x} = 4 0 < Y.' < l 

'I'herefore ~ f(x)g(x) is in A, but neither f(x) nor g(x) is in A. 

Al,c;ebraic Structures cf F P..nd 8o:m.e of Its Subcle,sses 
-~ e Z%""?' 'ttMr-r * ~-=--·•·r· ·-• c -=·•_'?'tr,__ 

F together with some suldasses of F have certain algebraic structures 

the.t are worth noting a.:nd sha.11 be given to conclude this section. Only 

definitions that e.re more pertinent to the results are listedc 

Definition 2.1 
- # ,,,,... . .. - == ........... -

A semi-group :1.s a system consisting of a set E and an operation ( o ) 

satisfying the followinf; ax:i.o:ms ~ 

1. closure: If a,b -E- Egi then a o b EB. 

2. e.ssoc:i.ative: If a,b,c~ E-1';~ then a o (b o c) = (a o b) o c. 

If the operation ( o ) is ordinary multi:plice.tion ~ a o b ls written 

ab. 

Definition 2.2 .... ... . ... _, ..... 

A group is a semi-gr01..1p (E, o ) such that 



1. There exists a. unique element i in I~ such that 

i o a = a o i = ri, for <X..LL a in D. 

For every element n. 1n E ~ there exists a, unique 

-1 -1 . that a o a :::: a o a - :i.. 

Defini t:T. on 2. 3 -C' ?T'r#:ris$ttT •. ._...,-um• - .........,.. -.. 

all al> b in :r~. 

A r.:i:E.rr is a system consisting of: a set B and two operations ( +) 

and ( o ) such that 

l. (E~ +) 1.s a commntati Ye ~troup. 

2. ("' .l.Jy o) is a. semi-group. 

3a.. f.I~ 0 (b + c) = a 0 b + 8. 0 e 2nd 

3b. (b + c} o a = b o a + c o a :tor i;J .. l al) b 9 c in E. 

Theorem 2.12 •r· ... ,,,...,..,....,.f......,~ 

(C, + 21 o) :i.s a ring~ whe:r.-e (+), ( o ) are the o:r.d:i.na.ry acldition 

and rn.u1tip1ication. 

Proof: 
,,.., '~ , =r--n·? 

l. ( C & +) is a corimutative group. 

a. closm:re: By Theore.m 2.1;; f(x) + g(x) -EC for aJ..l f(x) ~ g(x) in C. 

b. associative: It is cJ..ea.~c the,t 

(f(:x) + g(x)) + h(x) •"' f(x) + (r.:(x) + h(:x)) for elJ.. 

f(x)u g(x), h(x) inc. 

c. i = o, since f(x) + 0 = 0 + f(x) ~ f(x) for all f(~ )inc. 

d. f(x)-1 "" -f(x), since f(x) + (-:f'(x)) ::: 0 :£'or all f(x) inc. 



e. f(x) + g(x) = g(x) + f(x) for e.J.1 f(x) 9 g(x) in C. 

2. (c, o ) is a semi-group. 

a. closure: By Theorem 2.2, f(x)g{x) -E: C for all f{x) • g(x) in Co 

b. associative: It is clear that f(x)[g(x)h(x)] = [f(x)g(x)] h(x) 

for all f(x}; g(x)r,1 h(x) inc. 

3a9 3b of Definition 2.4 can be easily seen to be satisfied. 

Hence by Definition 2.4. C is a ring with respect to ordinary ad.dit:ion 

and multiplication. 

However 11 C in general is not e. ring with respect to ordinary add.i ti on 

and com:position. A subclass of C th8,t ca,n easily be shown to satisfy the 

postulfi!.tes for a ring is given below: 

Definition 2.5 
qr -- .... 

Let P ={ax: 0,;. a.::: 1 9 ax in F}. Clearly, Pc c. 
Theorem 2.13 

' - sq 'qAt 

P is a ring with respect to ordinary addition and com:positiono 

Proof: -
1, {Pi; +) is a comr,iutati ve group, by Theorem 2 .12. 

2. ( P, o) is a se1ni-g:roup. 

a. closure~ By Theorem 2.4, a1x!» a2x in P implies that 

b. associative: Let a1x,a2x , a3x be in P, 

Then (a1x o a2x) o a3x = a1a2x o a3x 

= a1aza3x 

= al'x o a2a3x = a.1 x o ( a.2x o a3x) • 



= a1 ( s. x+a.3x) -· ..... 2 

3b. ( a.2x+a...,x) o a1x:::( a 0 ·l-a".'> )x. o a1x = ( a0 +a..., )a1x 
-· ..) (... ..) c. ..) . 

Hence b~;r definition 2.t~~ t' is a ring with respect to ord.:i.nary 

addition and composition. 

Definition 2.6 
.: , ., C; ·~ ~~ 

A !2!';E1Jl!JI.~ from E to r 1 is a function which a.ssociates to each 

element e of' E :precisely one element e ~ of Et ~ designated E ~ E' • 

Definition 2.3 
• .,, ..... ..,,._ Nll• - 1 nw,:., 

A partial (ha.lf) grounoli:i is a sat E together with g ma5)p:1.ng of' a 
~ .... ~~~~ --

n.cm-empty subset of EXL".; into E. 

F is a Ytal:f grou.poid. u.nd.er com.position .• 

Let f(x) t g{x) be in F. 'l'hen f[g(x)] is in F iff 0 < g(x) < 1 

for eil x in [0,1]. 

Let E1 = {g(x) -E- F: 0 ~ g(x) .:_ 1 for all x in [0,1]}. Then urtder 

com:pos:i.tion, :F1':E1 is mapped into F. 

Henc'~ F is a half Groupoid under corn:position. 

IJet I = {f(x) I f(x): [0 91] -'7 [O,l]} • Clearly, I c. F. 



I is a serr.d•group with respect to composition. 

L{;;t :r1 (x)\)r2 (x)~ f 3(x) be :Ln I. Then 0 < f•1 (x) .! l~ 0 < r 2(x) < 1 9 

0 < f-:i(x) < 1. :fo:c all x :ln [0 511] • 
..) -
1. closure: Clearly;, r1 (x) o r 2(x) :::: r1 [f2(x)] i.s 5-n I. 

2. a.ssod.ative: [f1 (x) o f,Jx.)J o f....,(x) -· r1 [f2 (x)] o f 3 (x) 
c; .) 

::: f'1{f2[f3{x.)]} 

- f_(x) o f0 [f~(x)] -
_L ·~- ~) 

'I'hus by Def'in:i.tion 2.1,. I is a semi-f:,roup with res:r;iect to composition. l8J 

g. E is not empty 

b. FE (EF) s B. Where :tr:E; ={foe~ f-EF, e-t:Ell :E o e :i.s defined}. 

'l'heorem ~~ .16 
............ .,..,.._. 1' .• 

I hi ~?. rir,ht id.eal in F with respect to composition. 

Proof': 
----~ 

Since identity map is in I, he:nce I is not empty. 

Let IF:;: {i[f(x)]: f'(x) -E F, 5.(x) -t. It i[f(x)] is defined}. 

Ther: since i[f(x)] is defir.ed~ therefore 0.::. :t[:f(x)] < l for all 

x in (O,l]. Thus i[f(x)] :ts in I and IF£ I. 

By Defin:i.t.ion 2.10!> I is a. right ideal :i.n F with respect to composition. 



SECTION III - CLOSURE OF '1.'HB GRAPH OF .A FUNGI.'IOI'l" = .AREA FlJ1WTIOH 

In this section~ vre :tnt:cocluce the concept of 11 area function1' fJ which 

is an extension of the usual definition of area in the Riemann sense. 

Only functions in I a.re investigated. Some preli.minary topological. 

concepts that are necessary for the development will be given preceding 

the study. 

Definition 3.1 
c ... nvr=- d acmre -ec· 

A collection of subsets {13.J of a given set S is called a basis 
Ct ct .f:: S"2 ..... .. 

for a. to:poJ.o~-y in S iff' 

)'l U B = ,'3. an-"' ""• Cl. • u. 
ex-en 

if p is a point of I\1 n Ba' then there exists an element By 

{B } which contains p and. which j.tself is cont.ained il-1 Ban B8_ • a 

De:r.inition 3.2 
._..,e -u:1 .. · c·ct ti 

of 

A set S is a metric snace with metric d ii'f' there exists a real-
• =-rte 'VSP$'7'Y••,,;,#c.ist~ 

valued fu..riction d( .xi>;y-) on p~d.rs of elements of S such tha.t: 

{i) d(x.y) ! O. d(x 9y) = 0 iff x ~ y. 

(ii) d(x,y) - d(y~x). 

(iii) d(x,y) + d.(yi>z);:, d(x 11 z) (the triangle ineqmtlity). 

Definition 3.3 ..-..c-n It w r &ne- tr· ....,... 

J,et S b~ a. metric space w:i.th metric d, and let r be a positive 

numl1er. 

points y in S such that d(x 9y) < r. r is called the radius o:f' the 
~~ 

spherica.1 n.eighborhooa .• 



Note that with the usual metric for Bn, the Euclidean n-cUmensional 
1 

spa~e, i.e., d(x,y) = dj.stance between two points in En, S(x,:t') in E-

bec~mes au open interva.1 (::r - i·, x + r), anc1 S(x*r) in E2 is the interior 

of a. circle with center a.t x and radius r. 

Le:mma 3.1 
.. - Q 

The set of all spherical neighborhoods in f3 satisfies the conditions 

for a basis. 

Proof: 
t , - • 

a. U S(x,r) = s. Trivial. 
!" .f:- S1 

b. Let p be 

J.,et r = :min 

a point in S(x1 ,r1 ) n S(x29r2) • 

[r1 - d{p,x1). r 2 - d(p,x2)]. 

Since pis in S(x1 ,r1) (\ S(x2 ,r2), therefore r is positive. 

S • . t . Cl{ ) uppose q is a poin 1n ;..;· p,r • Then f'or j == l or 2, 

~h l" . S( ) • ··-~-us q :1-es in , Jcj ,r j , ,1 == 

Definition 3.4 ... .. ...... ..,.., . 
A subset X of S is oue!! iff 1.t ts a union of elements of a basts in 

~ 

s. 
Xis closeo. iff e - Xis open, i.e., iff its corn;•Jement is open. 

v .... 

A point p is a ;Limit.., poin1:_ o:f a subset X of' S if:f every open set con-

taining p also conta.ins a point of X distj.nct from P• 

Definition 3.6 ......... , ~ 

. X is the clo~.g~_e. of X iff X = X L) {all limit po:i.nts of X} • 
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Th~orem 3.2 

If X ~ S, then X is closed. H'f X = x. 
Proof: 

e ·o d 

( ~): If X is closed, then S - X, is open. 

If p is any point of S - X; then S - X itself is an open set con-

taining p but no other points of X, Hence no point of 8 - X can be a 

limit point o:f X. Theref>re, X = x. 
( 4= ) : Suppose X = X • Then no point of S .... X '5. s a. point or a 

limit point of' x. For every point p in S ... Xt there exists an open set 

Op containing no :point of x. 'Fhe union of all the sets 0 .. p in S .... X, is 
l"" 

open., Clearly this union is S - X, and X is clcsed. 

A subset X of S is said. to be (lense in S iff every point of S is a 

-point or a. limit point of' x, i.e., S = X, 

A space is ,!_~a.re.b!J1 if it ha.s a countable dense subset. 

Lemma.3.3 
n E :ls separable. 

Proof: 

The set of sJ.l points whose coorcli:nutes a.re all rationals 1.s countable 
n 

e,nd a.ense tn E • 

Tl1eqrem .. 3 r..~· 
Sil?' 

E·\f'e~- separable metric space hs,s a countable basis• 

Proof; 

Let S be a metric space with metric d(x,y) and having a countable dense 
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For ea.ch ra.tiona.1 nuJnbe:r r > 0 and ea.ch ,i, there is a S( x., r) Hnd a 
the set B of e .. 11 these is countable. 

We shall rrove tha.t B is e. l:nu:ds in S. 

Let p be any point of 8 and let 0 be 8Xi open set cont !'dning r. Then 

there is a positive mLmber £ such that S(p~e: ) :i.s contdned in O~ by the 

definition of o. ~Chere is a point x. of X such that a_( x.. .. D) < t./3 ~ s:lnce ., .1 J. ·' -

X is d.ense. Let r be a rational mmber sat:i.sf~ying e/3 < r < 2€/3 s end 

S(x_ ... 1,r)!> then d(y~p) < d(v ..,. ) + d(x p) < 2.r,/3 + 8/3 < e:. 'l'lms ~r is in . - '•' , •• ,j . ",j l) ,. 

S(p, E.). Therefore S(x ,:r) is s:n element of B that co:ntrdns p m1d Hes 
·i v 

:i.n 0. It follows that 0 is e, union o:f -elements of B and that :B is a. bo.sis 

in. s. 

'J:heorem 3. 5 
~ ... •r·-...,.... . .,.._ . .....,. 

Every separable metric space is completely separable. 

By Theorem 3.l.~ anc1 clcfinition above. 

Theorem 3.6 
~ 

Every completely separable spa.cc is separe.ble. 

I.et {B 1} be a. countable basis for a spa.Ce S that is completely separable. 
t· 

~ where 1:>. l:i.es in !Ji; then s]. ::: s. 
~1 

It fa clear that t.he set B1 is countable. 

Suppose a point p is in 8 but not in s1 • Then for every oy;en set O 

that contains :n, there exists a B of {B } such that p is in Bn Dx1.a. B is n j n 
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contained in O • Since p :ts not in s1 , there exists at least one bk of 

s1 such that bk :f.· p and b.k is in o. Hence p is a 15.mit point of' s1 • 

It follows that S 

Theor£!m 3. 7 

If S is a completely separable space 9 then every subspace of' S is 

completely separable, and hence every subspace is separable• 

Proof: - ... 
If {B } is a countable basis for S and X is any subset of S, then n 

{B n X} is a countable basis f'or the subspace topology of X. n 
Assertion: 

cc 
(1) LJ ( B (\ X) = X () U Bn. But 

n=l n n=l 
O<. 

U (B11 n X) = X () S = X. 
n=l 

c 2) p in {BJ n x> n (Bt n x) 

~ p is in both B j n X and Bt n X;. 

~ p t: both B j n Bt and x •. 

oc.. 

U B = S 9 therefore 
n=l n 

~there exists a Bs of' {Bn} such ·that p is in B8 and B6 is contained 

in Bj () Bt 

~ p is in B n X s 
x in B6 n X ...+ x is in both B8 and X 

~ x is in both B j n Bt and X 

=;)- x is in both B j n X and Bt n X 

~ x is in (Bj n X) n (Bt n X) • 

Therefore. B8 n x c (Bjn x>n (Btn x). 

Thus X is completely separEtble and by Theorem 3.6 1 X is se:pe.rable. 
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Henceforth, the usual metric is assumed to ha.ve been definerl for 

En. This, together with Lemma 3.3 and. 'l'heorem 3.5, implies that En is 

conrpletely sepe,rable. 

Definition 3.10 

A point x in a metric SJ?ace S is an isolated point iff there exists 

a.. { spher·ical) neighborhood of x such that it contains no y in S other 

than x. 

Theorem 3.8 

A set. L E2 has only countably many isolated points. 

Proof: 
·- r * 

2 Since E is completely separable~ thereore 5 by Theorem 3.7 11 every 

subspace of E2 is separable. Thus L is s~parable, i.e., I, contains a 

countable dense subset. Henc~ 11 I. has only countably ma.ny isolated points. 

rropologica .. l Properties of I and Some of Its SubClt?;,SSeS 

Definition 3.11 

Let f(x} be a :function in I. The $raph of f(x) 9 Gf, consists of 

the pairs ( x, f( x)) for all x in [ 0 ,1]. 

lfote ·that G f is a set of' po:J.nts in E2 • 

Definition 3.12 

-Let Gr be the closure of Gf. 

Let f'(x) II g(x) be in r. 
Then :r(x) and. g;(x) are said to have the same area function iff 

Theorem 3.9 

- -Let f'{x) 5 g{ x) be e,ny two continuous :functions in I such that G.o = G • 
..l g 

Then f{x) and g(x) have the same integrals over [0,1]. 
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We first show that Gf is closed, Le. w 

For sup11ose x1 is not :tn [0 111], tliere would exist 

E: > 0 11 such the.t S ( x, £ ) contains 

no point of' This is a contradiction. 

assume ;y·1 ~· f{ x1 ) = k > 0. Since f( x) is continuous 9 t.hus for r::: = J::./3 ~ 

there exists a o1 > 0 suer that I f(x) - f(x1 ) I < k/3 wheneve:;.~ x is 

Then jfC:) ~ f(x1)I< k./3 whenever x fa in (xl ... o~ X1 + o). 
But the;r(-:? '~xists an :x in ( x1 - o • x1 + o) such tha.t ( x , f( :;;: ) ) n . n n 

y ! < 0 < k/3. 
1 

f'( x ) > Y "" l:;./3 "' f( x ) + L ... k/3 = f( x1 ) + 2k/3. ·· · n v l 1 

The:re:fore f( x ) ~ f( x1 ) > k/3 e a contrarl:iction. 
n. 

-· Similarly 11 Gg "" G • g -By hypothesis~ G<Y = Gr e 

"' 
the same integrals oirer (O,l]. 

Hence Gf -- G • c '.L'hus f'(x) and g(x) ha-ve 

'I'he cornrerse of this theorem :i.s not t:.1°ue 111 as may be seen by the 

following ex:m,<ple. 

Let f( x) = x& g( x) :::: l - x. Clearly g{ x) and f( x} have equal 

integrals over [0!11] but G 
g 

Theo:rem 3 .10 
.... ~~ 

Let U be i;he closed unit square in i.e., U - {{x 9y): O < x < l~ 



Proof: ..... ....... 
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Then there exists an f(x) in I such that G = u. 
f 

The theorem vill be dem.onstrated by explicitly const:r.u.cting a function 

f(x) sa.tis:fying the required conditions. 

(a) Divide U in.to four squa.res. In [0 5 l/2] 11 choose any two 

dist in.ct rational numbers x1 9 x2 and define :r( :&:J_) ~ i'( x2 ) such that each of 

( x1 9 f( x1 ) ) 5 ( x2 , f( x2) ) lies h1 the inte:ido:r o:!" each of' the two quarters 

dir'°~ctly e.bove [Otil/2;], Slmilarl~r for the other interval [1/2 1 l]. 

(b) Subdivide each of the four sqi.:i.a:res into four quarters. In [O, l/l>], 

:for every square directly above [0 9 1/4] that contains no previously 

determined (x, :f(x)). select a rat:i.onal m:rmbe:r. x' a.nd define f(x') such 

that ( x• 9 f( x~)) lies within this square. lfa.ch of ·the rema.inin.g intervals 

[ l/h, 1/2] 9 [1/2 11 3/4], [3/4, l] ~-s th.en considered similarly. 

( c) Further zubdivide each of' the 16 squares ir1to four quarters & and 

so on• 

{d) Complete the construction by defining 

f{x) ·- o x irrational in [0,1] 

x rational in [0~1] but such that 

f(x) is not defined by tbe above scheme. 

-( e) By construction, the set Gf is c~ense :i.n u. Hence Gf = u. 

Definition 3.13 

If' :f( x) ~ defined :i.n e. set S ~ is such ~t;nat i'{ x1 ) ;:_ f( x2 ) when x1 and 

x 2 <>.re points of S with x1 > x2 , then f(x} is non-decreasing in S. 

There is a similar definition f'or non•increasing functions. Functions 

which are non ... inc:r.easing or non-decreasing a.re called. monotone • ....... 
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'l'heorem 3 .11 . ,, _..,...,.,, .•. 
If f( x) ir.; a monotone fu.,."lction in I 9 then Gf contains no non-de gen.-

erate sq_uare u in u. 

Proof:_ 

in U. Wi tl'lou.t loss ci' generality a.ssume "'c;hat the edges of the square u are 

:parallel to the axes. Let s be the edge length of u. 

Let {x 11 y ) be thE"~ lower left hand corner of u. Then there exist 
0 0 

e.. (xp ""(" ) ) such that {" :!:'( xl)) .. i ~ :in c~ [ ( y v + s) !> s/F] J, J•1· "'"1i> ..i~ 1,:)1 "··· .. o' ~o • J !) 

., (r f(x,)) such that (x2, f'( Xr:i)) is i'(l S[(x + s/2 ~ v ) s/8]1) c.;. i..n fl .. 
"' 0 , ,, ;:: c:::; ,;. 0 

and_ a(x3 , f(x3)) sucb that (x3 , f(x3)) is in S[(x0 + s, y 0 + s), s/3]. 

Therefore, x1 < x0 + s/8; x0 + 3s/8 < x2 < x0 + 5s/S; 

x0 + 7s/8 < :ir.3 ; i.e. 9 x1 < x2 < x3• 

> v + 
"O 

7s/8; f.( x .. J c. < y + 
'o 

f(x2 ) < ·f(x1 ) and f(x3 ) > f(x2). 

This :ls a contradiction. Eence Gf "f u. 

'l:heorem 3 .12 
'l\al'lf ·=rt: 

Let f( x) be a monoton•= ftu1cticm in I. 

open set ~-n U. 

Proof': 

-

~r + ''o i.e. 1t 

Then Gf' contains no 0 11 0 any 

Suppose '(ff 2 0 9 0 an. oren set 5.n u. Then there 1-mulcl exist a. sque.re 

u such that u is conts.inecl in O. This is imposr.~il1le b;r Theorem 3.11. ~ 

JJet f( x) be a function in Io If in any non-degenern.te clo-<rnd interval 

in (0,1], 0 11 0 an open set, then f(x) is not monotonico 

Proof': 
w· V ' 

By Theore1n 3 .. 12; the hypothesis implies that. f(x) is not monotonic 
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in n:ny non-c.legenerate closed interval in [O,l], in part::l.cular~ (O~l] 

itself. 0 

Let f( x) be a re:::i,l-valued. function defined on an interval [ s,i'·b Jo 

Let [a:o>b] be subd.ividccl into n, fi.n:i.te number of non-overla.pping 

intervals~ i.e.~ 

• e o < J: ~.: b • 
n 

If there exists n non-negatiye number K such that K -· 1.u.bo 

n-1 
L:: j:f(x .. 1 ) - f(x )j for all nuch subdivisions of [a,b], then f(x) is saicl 
• Q JT :1 ,!""' ~ 

to be of bounded variation on [G. 9b] • 
.... "'""":71$,,......Fnr 1Hih ... •9*?e"'"''lt.>':lil::'IO 

Let f(x) be defined!' :fin:i.te valued.• ancl 1".tonotone on [a!)b}. Then f{x) 

is of bounded variation. 

Proof: 

To be sped:fic suppose f(x) j_s non-decreasing on [a,b]. Then for 

every subdivision 

n=l z I :rcxJ+1) J=O -

a ... x < x 1 < v 
.4 0 - ..... 2 •• 

r<x.) I 
J 

• < x = b. n • 

f(x~)J = f(b) - f{a) - K~ K > o. 
J 

K is the cornmon value of 8.ll the sums~ and is therefore their least upper 

bou:n.d. 

Bence f(x) is of bounded VD.riation. 

If there is :oi, finite number 1J which is such that for ever;r e: > 0 ~ there 

exists a o > 0 for which l f'( x) = b I < f; wheneve:e 0 < Ix - al < o , then 
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b 1."' the li··c'i·t o"' fl;il ~"' "' "'-en'1"' +r. ·~ '!'h"' r1c,~·-r.1t1·. on. :['·'or t•·.11· !" .• 1."' • "' J. • .;. , .L ;;/;.bl. .,-,. \, M~,,._,;.,. _ .-.. . v - _ . . •· • __ , 
-.....-.~ -

lim f(x) = b. 

Note that if lim f( x) -- f( 8,) ~ then f( x) is continuous at x ··- a. 
J{ ->- v .. 

Definition 3.16 
s. • .., · - -• et·...--~ 

~~ 

If there exists B. number b such that for ev-er-:r e > 0., 

(a) every interval uith a as an interior point contains n poin.t x -:/- a 

for ·which f( z) > b ~ e:: and 

(b) there exists a o > 0 such thr-tt f(x) < b + e whenever 0 < x-a {< 0 , 

'l'he:re is n corresponding definition f:'o:r the J.j.n;;!.t infe:i::,i.o_:r or ~ 

In symbols lim sup f( x.) :::: b ~ lim inf f( x) :=: l'..· 
x +a x ->- a 

It follows that Jim f( x) exists iff b = l• 
x. + g 

Definition 3.17 __....._ .. « - ... ,.,,.. 

Let f'( x) be defined on a set fi and let x0 be R Hmi t point on th-3 

right of points of S. If f( x) tends to a li:m:tt. as x ->- x > x ., x in s, 
0 

this lirrJ.t is denoted by lim f(x) :::: f:'(x0 +). The Hm:i.t f(:x0 -) is s:Lm:Uarly 

define a.. 
As a ne,tu:ra1 consequence, l:i.m f(x) exists if:? :f:'(x0 +) - f(x0 -). 

I:f f(x) is of boun.Cl.ed variation on [a,b] s then for every point 

Let x0 be 8. point of [a,b]. 'Phen x0 is a limit point of [a,b]. 
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Consider points of [a.,b] that are to the right of x • 
0 

Then f(x +) · 
0 

exists. 

For, suppose that l:i.111 sup f(x) ... lim inf f(x) > K > o. 
x+x+ 

0 
x ··> x ... 

0 

It is then possible to get a sequence of points 

J'l > xl i > x2 > x,, ' >. 
/;;.. 

tha.t tends to :;{ with 
0 

!r(xj') - f(xj)I > K. 

n-1 

• .. 

.Z: I f(xj+l} ... f(xj) I > nK, 
j=O 

> x > x f 
'1l n 

where n may ·oe taken arbitrarily large. 

Hence f(x) is not of bounded variation on [a~b] • 

This is a cont:r.a.d.iction. 

Co]'.'ollary to Theorem3.14 

J .. et f(x) be defined• finite valui~d. and monotone on [a,b]. Then 

for eye:r"'r -point x in [a .. b] ,. the limits f(x +) .. f{x -) exist. 
J ..• 0 " 0 * 0 

Proof: 
h • ,. 

By Theorem 3 .13, our hypothesis implies that f( x) is of bounded 

f( x -) ex:!.st. 
0 

Hence, by Theorem 3.14 above, the limits fbt +), 
0 
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Def'inition 3.18 

A set S is said to be dense in itself if every point of the set 

is a limit point of s. 
pe,:fi11.,i 1:j. on 3. ib2_ 

A. ·set S is ~tl',.!l;~.t. iff every J.izr-J.t poirrt; of' S belongs to S, and 

every point of S is a linrl. t point of S • 

An e.lternate de:l:'inition for a perfect set can easily be seen to be 

"a set which is closed and. dense in· itself. 91 

. -Since G., = GI~' i:f:' f'(x) is a continuous function in I, it is clear 
J. 

that a necessary condition that Gf' contain.a no graph of a conf;inuous 

:!~unction in I is that f(x) be discontinuous. That this condition is 

not sufficient may be seen f'rom the following exrut.>ple: 

Let f(x) = l x rational in [O,l] 

= 0 x irrational in [O,l] 

Then Gf = {(x.1}: 0 ! x ! l} U {(x,O): 0 ! x ! l}. 

Therefore, Gf :::.::>, Gg• g(:x:) = l is a continuous i'unction in I. 

However we h.a.ve the following theorem. 

Th~orem 3.:15 

Let :f( x) be a discontinuous functior.. in t such that f'( x) is of 

bo~nded v--~riation and Gr is perfect. Then Gf ;1 G , where g(x) is a 
g . 

continuous function. 

Proo:f: 
........... = ...... 

Since f(x} is of bounded variation, by Theorem 3.14, i'(x+), f(x .... ) 

exist for all x in [O,l]. 

Also, f(x) is a.iscontinuo·u.s. Hence there exists at least one :point 

x :in [0,1] such that either (1) f(x +) Y, f(x .. ) or (2) f'(x0 +) = 
0 0 0 
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"( ' J. x -1 'f:. f(x0 ). 

1 f(x -). 

-(2) can not happen since G is perfect. Therefore 
f 0 

f(x +} 
0 0 

This implies that Gf cannot contain the graph of a 

con~uous funcM.on. 

'fheore:m 3 •. 16 

Let f(x} be a monotonic C.isccntinuous f'unction in I. Then Gf 

contains no graph of a continuous function. 

Proof: 

Since f(x) is monotonic, t'hercfore. by Theorem 3.14 and Theorem 3.15 

f(x+); f(x-) exist :for all x in [O,l]. 

Also, f(x) is disoontinuous. Hence there exists at least one 

noint x in [O.l] such thet either (1) f'(x +) = f{x -} :/: f(x0 ) or (2) 
-· 0. ~ 0 0 

f{:x.0 +) "f f(x0-). (1) cw...not happen since f(x) is monotonic. Therefore 

f{ x0 +) #- f.(x 0 .;. >. and thus, the concJ.usion. 

Theorem 3.17 

Let f(:x:) ue a function in I. Then lim [f(x)]!! exists. 

]'roof: 

Since O ! f(x) ! 1 for all x ir. [0,1], therefore lim [f{x1)]n == 0 
n..., oe.. 

•rhenever f( x1 ) ¥: 1, x1 in [ 0 ,1] a.r.a. 

lim [f(x2)]n = 1 whenever f(x2) = 1. x2 in [0.1]. 
:n .... QC 

Hence lim [f'{x)]11 = g(x). Where 
n -+- """" 

g(x) = 1 

= 0 

Theorem 3.18 
..... , 811i ......... 

for all x in [O~l] such that f(r) = 1 

for all x jn [0,1] such that f(:x) :f:. 1. 

Let f (x) be a function :i.n I, and let g(x) =>lim (f'(x)]n. ,Then Gg 
n-+- oc. 



contains the interval [0 91] i:ff f(x) is not identically one on any 

non-degenerate interval in [O,l]. 

Proof: 

-Suppose G col'.ltains the intcrva.l [ 0 .1] • g Let x be any r:oint 

in [0,1]. Then every open neip,:hborhoor?, Hx of x contains at least one 

point x0 # x such tha.t (x0 ~ g(x0 ) = 0) is fo Gg• Hence fh0 ) # 1. Thus 

f'(x) if:' not identic~.lly one on any non-degenere.te interval 1.n ( 0 ,l]. 

*=: Su~opose f( x) is not 5Jlentice,lly one on e.ny non-de0enerate 

interwd in [O,l]. Let x be any point in [O,l]. Then for ever:r open 

neighborhood N,i't of x, there exj_sts at least one point x0 in. Nx and 

x :I x such that :f(x ) # 1. 
0 0 

Since f(x) is in I, therefore, g(x0 ) = O, and (x0 ,0) is in Gg. 

This impl:tes that x is a linLi. t point of G • Thus x i.s in G • g g 

Theorem 3.19 

Let f(x) be in I and let g(x} ~ lim n [:r(x)]. "'hen g("") ·'"" .~. - ..,. .. :':.. J_j<;) 

11-l>oo 

continuous i:ff either f'(x) is identically one or never one. 

Proof: 

~: Suppose g(x) is continuous. Clearly g(x) is in I. If there 

exist·x0 , x1 in [0 91) such thatg(x0 )::: 1, g(x1 )::::. o, then since g(x) 

is continuous~ by Theorem 1.5, there i.;ould exist an x2 in [0 9J.] such 

that g(x2 ) = 1/2. This is impossible. Therefore, g(x) 9 and hence f(x). 

is e:i.ther identically one or never one. 

<t=: Suppose f(x) ~ 1. Then g(x) = 1. Hence g(x) is continuous. 

The same conclusion holds when f(x) ;p 1. 
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Theorem 3.20 
-~ tr' 

Let T l1e a closed set in U. 'I'hen. there exists a fun.cticm :f( x) in 

""" I such that Gf "' T iff 

( 1) T meets every vert:ical segment of length one i.n U in at least one point. 

( 2) No two isolated points of T (if ttey exist) hsve the same x-coordinates. 

(3) Every spherical neighborhood (interior of a circle) cf a point of T 

that is not an isolated ~point contains points of T of' different 

x-coonHnntes. 

Proof: 
I ..... 

I. Sufficiency: 

Let D = set of isolated points of T. 'rhen T = D U cD, where cD is 

the compJement of D with respect to T. 

Let DX -- {x: (x,y) -ED}, cDx = b:: (x,y) -E cD, x -f= DJ!)• 

( i) Define f( x) = y for every x in Dx so ·t;hat ( x,y) E D., 

(ii) Define f(x) for all x in cD:i(by the following scheme, considering 

only cD • A point T lying on the bound8,:r'y of a squnre s,t eny stage of 

subdiYision will be considered as contained in either one of the two 

squares (in case it lies at the corner 9 four S<:-~Uares) sharing the boundary. 

(a) Divide U into four SCJ_uares • SelE;ct one point ( x1,j & Ylj) in cD 

from each of the four squares (:ti' :possible) such that x1 j is in cDx and 

define f( XJ.j) = y lj • 1 .::_ j .::_ l}. 

(b) Subdivide each of the four squ.arE:s into four quarters. Choose 

one :point ( x2n ~ y2n) in cD from ea,ch of the sq_uares {if possible) tha·t con-

tains no ( x1,.1• , y 1J.) for some ,j such that x2 is in cD and. x2 :f x1 . :for n x .n ,J 

all ,"j ; n and define f( x2n) = y 2n s l. < n < 16. 



( c) Further subdi 11ide each of' the 16 squr..res i:nto fov.r sq_u.s.res 

and. so on. 

(iii) Complete the construction of f(x) by eefining f(x1 ) -· y 1 where 

xl is in T ·- {x f(x} have not been defined} l 

Y1 is :i.n fll ... {y : (x . y) in 'r }. J." c.. 1' 
(iY) Proof: ti . ,,,., ,._ 

'"'in e G C m tll"' f' r --,~; c_ rr.· :::: 'T' >::i c ,.f.' _ J. 9 --re o e . f . ~ • 

We show that T £; G:f'" -It is clear ths,t D £" Cf. 

Let (x,y) be .a. point in cD •. ~Fhen (x&jr) is a limit point of G:e~ 

Suppose that ( x,y) :ts not; a limit point of Gr- 'l'hen 

there exists a S[(x,y)~ T]~ r some positive constant, 

such that· S[(x:>y) :1 r] contains no point of Gfo 

(x.y) is in cD, S[(x,y} ~ r] contains po:l.nts of 'I' 1·iith 

infinitely ma.L'1Y d.istinct x-coord.:i.nates. 

I,et ~ ·- {x. (xy)-ET (x,y)-e S[(x~y) 91 r ]}. -·r j!, • 
x: 

D =: {x ! X-€ D x» x-€ (x-r& x+r)}., 
x'r 

xn = set of x-coordinates tha.t have been defined 

by the grid-method after nth stage of subdivisj.on., 

':foerefore, the assumption :i.m.plies that for some j & 

e-: Dx U x~. This is i.m:poss:ible since D:Kr U x_4 r ., -r 

is in fact a :proper subset of Tr • 
x 

Hence c:D ~ Gr• 
Thus T =DU cD ~ Gf, and T =cf. 
II• lfocessity: 

The.t (1) j_s necessar3r is t:r.:i.Yial. ( 2) Suppose there exist t.wo 
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isol2.ted :points ctl fl d2 of T such that they have the St:\T'.10 x-coo:r.clino.tes. 

Then~ since a.1 !> c10 cannot be lim5.t points of G-.r.~ d. .. 9 rl,-, exe inn""'. This 
c.: .L c:. .t: 

is impor~sil)lc since f( x) is single~va1uaa. ( 3) Suppose tha.t for :.-1ome 

such that the points of '1' that arc in S[(x 9 y ) ti r] have:; the se:me 
0 0 

x-coord:.1.nf'-tos c 'I'h:i.s will force a. cor.rl~re.cliction s:ince f( x) 2s single-

valued. 
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ABS'J'Rf'"Cl' 
loll""""---~~~ 

Many general properties of re2.l contiriuous functions defined on. the 

closed inte:nra.l ( 0 ,1] o:n the real line havo been studied in the past. 'l'he 

p:i:·esent work started. with a :rev:iei;r of son:e k~1own anaJ..y-CiceJ_ results of 

this chss c. Im extended clar;s A of positively continuous fuxwtions was 

then de:finecl and its :;::iroperties compared ui th that of C. \faile mtmy of 

the che.racteristics of C were inher:i.ted. from A, scm.e :pro}?erties of C are 

not shared by .A. 

The :first part or the second section ( clw.1lter) is (levoted to a 

study of some r::~lemerrtary alge·::ire.:tc :properties o:f A end C. Hesults ob't~lined 

for the two classes shmreil differences. '.l:he rest of the section ( ch1:xpter) 

deals with the algebraic structureB of some subclasses of F ~ ·the set of 

::-"11 real-vz•,lued functions in [ 0 ,,1] on the x-e2l line. The concer•t of un 

idee.l in F 1-.m::: introd.1,;:_(:ed for the class to the 

rer1l line. 

In the 11.1.st sect.ion { cha)!ter) 9 the concept of o..rea function., C'1:M;) 
(le:f.ined as the closure of the graph of e f'v.nc-t;ion ~ is used to ntuJ.y the 

:properties of elements of Ie Integrals of continuous functions in I a.re 
_....... 

completely 6-etcrxainec! by their C.·:- 's. 
.\. 

Some topological implications of a 

few analyt:Lce.l subclasses of I ·weTe also revealc~d. This sectiOI!. concluded 
_,__.. 

with an important theorem that fully characterizes the Gr of a re1:0.l 

function in I by a closed set in the closed squa:ce U •= { ( xf)y) 

0 ! x ! l~ 0 ! y < 1} ~ 
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