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TUTRODUCTION

The resl«valued functions of & real varisble have been studied
gquite extensively iun the past. In particular, the subclass C of resl
contihuous functions defined on & closed interval [0,1] on the real line
was found to have certain properties that more general real functions
do not have,

The aim of this work is threefold, First, we try to answer the
gquestion as to what are some of the elewmentary properties of C that
it inherits from a larger class A of positively continuous functions
of which C is a subset, Hext, we investigate some bopological properties
of a few subelasses of F, the collection of all real-velued functions de-
fined on [0,1] on the veal line; and finally, we study some properties
of the set I of all realevalued functions from [0,1] to [0,1].

Some fundeamental results of C will be given followed by & comparie
son of fgé properties of A with those of C. Algebraic structures of
some subclasses of T will also be studied., The concept of area fuaction,
G, s defined as the closure of the graph of a function, will be used to

£

characterize the integrals of continucus functions in I. Gf will also
be applied to bring out the topological implications of wonobone functiouns
and several other clesses of funetions in I. Finally, Gp ~of a function

in I will ve described by 2 closed set in U, the closed unit square,



GLOSSARY OF FREQUENTLY USED SYMBOLS ANWD NOTATIONS

"M" . denotes the end of s proof.

"E" " gn element of" or "elements of".
"W L Ysyuch that",

TifP M - "if and only if",

" C W "properly contained in”,

"W Yoontained in".

AN Phere exists” or "there exist”.
wyF o "o 211",

W= w L "implies that",

<= o - "im.plied by"‘

nlJw - "un:i.on"

") v _ "intersection" :

- X" « the set consists of elements Belonging to 8 but not X.

" o " < an operation on the elements of a set,

A IR ] - 1 Since

"
", 9 - "therefore"

"M Ysommation®

A slash (/) through a symbol negetes the meaning of the symbol,
A var (7) above sny symbol designating a set means the closure of the set,

Lowver case CGreek or English Alphabets dencte resl numbers or elements of a
set unless otherwise specified,

Upper case English Alphabets designete sets in general, unless otherwise
stated.,

E? « Fuclidean n-dimensional space,



F - the class of real-valued functions defined on [0,1] on the resl line,
I - tbhe class of functions f(x) in F such that £(x) : [0,1] > [0,1],

C = the collection of continuous funections in ¥,

A - the set of functions f(x) in F such that |[£(x)]| € C.

J = the intervsal on the real line,

P

"

{ax : 0 <a <1, ax in ¥},
o - an index set for a collection of sets,
G. - the graph of a function £(x),

U - closed unit square in E® = {(x,y)

o
ia
3

i « the element of a set such that i o a

a’l -~ the element of & set such that a"l o a a ¢ a’l = i for all a in the

set.

i =a for all a in the set,

i
o
o



SECTION I - AHALYYIC PROPERTIES

Most of the terms that are needed in this section will be defined,
A few classical theorems will be used (zpplied) or stated without proof
while others that are more pertinent to our work are established,

Properties of C

Let £(x) be a real-valued function defined on an interval J on
the real line,

Definition 1.1

Let x_ be a point in J, £{x) is sald to be continuous at xzy iff

given any € > 0, there exists a 6&{x_, c) > 0 such that
[£(x) - £(x)| < e whenever |x - x,| < 8(x,, €)
or whenever x € (x, = &(x_, €), x5+ 8(x,, €))

Definition 1.2

If £(x) is continuous at every point of J, we say that £(x) is

continuous on J. Otherwise, #(x) is said to be discontinucus on J,

Let ¥ be the class of all real-valued functions defined on the
closed intervel [0,1] on the real line.

Definition 1.3

C < F is the collection of all continuous funetione in F, i.e,,f(x) €
¢ i?f £(x) is continuous on [0,1],

Definition 1.b

#(x) is bounded on J iff there exists a ¢ > O such that [£(x)|< o
for all x in J.
Theorem 1,1

(Heine - Borel Theorem) lLet I be a closed bounded point set. Let

{Ja}er be an infinite or a finite set of intervals such that



every point of E is interior to at least one Jj of {Ja} » Then there
exists a finite subset of {J )} , say, Jy'y Jp'sessd, " such that every
point of ¥ is interior to st least one Jg','l 2§ 2 ne
Theorem 1.2

If £(x) € C, then £(x) is bounded on [0,1].

Define fl(x) = 7(0) x <0
= (%) 0 < x <1
= £(1) ' x>1

Let x4 be sny point in [0,1] and e = 1., Sinece £(x) € C, there exists
a 6(xg,1) > O such that
[£2(x) - £x,)] <1 whenever x € (x_ = 8(x,,1), =  + 8(x,,1))
AMso, Ifl(x) - T3(x,)| < 1 vhenever x < (x, - S(xg,l), x, + 8(x,,1))
Then |f£,(x)] =‘f1(ﬂ‘) - fl(xQ) + fl(xo)l
cleylx) < 5(x )] + [y ()]
<1 % Ifl(xg)! vhenever x €~(x0 = 8(xgel)y %y + 8(x,,1))
Let ox = 1 + ‘fl(xo)! v Ty, = (,#0 - (x5, 2+ 8(x,,1)).
Then ifl(x)l < ox, vhenever x € Jy
Clearly evgry point‘of~[0,l} is interior to at least one of the
intervals {J, } + By Theorem 1,1, there exists a finite subset of

% oaef

{0, ) s sapy Ty Typs ese Jx, such that every point of [0,1] is interior
G

to at least one ij, 1232

Tet 0 = max (O, 5 Ou p see 0. ).
; .Kl 25»2 ‘ Xi’l



Then ii‘l(:{)} <o for 2ll x € [0,1].

Hence |#{xz)] < ¢ for 211 x € [0,1]. X
Definition 1,5

li is the leest upper bound (L.u.b.) of f{x) for all x in J iff

-

(1) #(x) <M for 2ll x €J  and

(ii) For any e > 0, there exists en x, € J such that #(x,) > ¥ - e,

m iz the grestest lover bound (g. 1. bs) of £{x) for all x in J iff

(1) £(x) > w for all x € J and
(i1) For avy ¢ » 0, there exisis sn Z, € J such that £(x) < wm + e,

Definition 1.7

¥ is the maximem o f{x) for all x in J iff
QRO RN AL
(1) M = l,u.b. T{x) for a1l ¥ in J .
(i} there exists en x, € J such that z"(:{n) @ M.
The minirum of f{x), =n, is sinilarly defined.
IR AL LA
Theorem 1.3

e

e #{x) € ¢, then #{x) attains its maximuwa in [0,17].

o
©
=t
)

We prove the theorem by showing that #{x) atteins its l.u.b, in [
The desirved conclusion then follows {rom Definition 1.7.

- ]

. . . - - ™ \
f{z) € €, .. By Theorem 1,2, f{x) is bounded, Heunce Lu.b. of £{x)
exists, TLeb ¥ = Lou.b. #{x).

Suppose that the theorem is falee, l.e.,dno x € [0,1] such that

o(x,) = M, Then ¥ « ©{x) > 0 for all x € [0,1],

Also, M - £{x) is continmuous on [0,1].
1 - ; i . .
Hence, s § for 2ll x € [0,1], &nd weiiws. 13 conbinuous on [0,1],



By Theorem 1.2 3¢ > 0 such that [1/vief(x)] < o s Lees, L/Maf{x)
<o Y xeio,nl.
It followe thet M « f{x) > 1/o
f(x) <¥ « 1/oc for 211 x € [0,1].

This is a contradiction to the definition of M,

Thus, J an %, € [0,1] such that f(xo) = M, =
Theorem 1.b

if #(x) € C, then #{x) sttsins its minimum ir [0,1].
Proof:

The proof is anzlogous to that of Theorem 1.3, X

Definition 1.8

Let x be a real nuuber, snd let ¢ > 0 be any positive muwmber,

Then the totality of points in [x - gy X ¥+ el is called = closed neighbore

hood of x and the tobality of peints iu {x - gy % % e) is called an open
S SR MR R - AATIARANE W SIPW. 24D

nelshborhiood of x,

Theoven L.5

Ir f(x) € €, then £f(x) sttains 21l vues between its maxirm and
its minimum in [0,1],
Proofs
Ce(x) € €0 . Jan x' and an x" in [0,1] such that
P(x') = golebe £(x) = m, £(x") = Liub. £{x) = M.

.

Consider the closed intewrval [x*, x"], where for definiteness we have
assumed x' < ¥", (If x' = ¥, the theorem is trivial,)
Let u be such that n < p s M,

Ther since £{x") = ¥, J a neighborhcod of x" such that f(x)> y Tor all

x in this neighborhood,
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Por suppose for every neighborhood of x", I a point z,
in the neighborhood such that £{xgy) < u , then £(x) will
not be continuous at x*.
Consider the tobality of neighborhoods y < x < X' for which
£(x) > u, The y's are bounded below by x'. Hence g.l.b, of the y's exists.
Let ¥ = g.lobe y's. Then #(y) = u .
For suppose £{y) > u. Then . £(x) is céntinuous at v,
Cfor e = 1/2 (£(y) - u), 3 a8 > 0 such that
[£(x) - £(v)|<1/2 (£(y) = u) émemver x € (y=6, v+ 8)
ies, £(x) >£(y) « 1/2 (£{y) - w)
£{x) >1/2 (£(y) + u)
f(x) > u whenever x € (y=8, y+ §)
Tals is & contradiction to the assumption thaty = g.l.b. y's.
On the other hand, suppose f(y) < u . By the same reasoning
as above there would exist an x¥ on the right of y such that
P(x¥) < w « But x* is in one of the y~neighborhoods and hence
f{x¥) > p o We again have a contradiction, 4
The converse of this theorem is not true, That is, there exists
£(x) € F such that £(x) takes all values between its maximum snd its
minimum in [0,1], and yet £(x) is discontinuous on [C,1}. Ve give the

following ezxample.

i

Let £(x) = x x rational in [0,1]
=1 w3x x irrational in [0,1].
Clearly, £(x) takes all vaelues between 0 end 1 but it is discontinuous at

every point in [0,1].



Definition 1.9

>

Let {an} be a sequence of real nmuwbers, We say that {ah}

converges to the limit o 147 given any € > 0, there cxists sn integer

§ > 0 such thet |a-a] < ¢ for all a >N,

Theoren L.6

e

(Cauchy Convergence Theorem) A necessary and sufficient condition

that {aq} converges is: Given any ¢ » 0, there exists an integer ¥ > 0
such that !aﬂ S < ¢ for all n > N, p any positive integer,
Definition 1,10

. . 3

unction defined in [a,bl. If, for sowe X, € [a,bl,
A

£(x) = x5y %, is called e fixed point.

Theoren 1,7

Let ©(x) be contimuous on [a,bl,

;J
O

a< ©(x) <b YV oz € [agbl.
Then £{x) has a fixed point.
2roofs

Let ¢ be the midpoint of [a,b].

Consider the closed interval (either [a,e] or [e,bl) such that the

values of £(x) st the end points are on both sides of the line ¥ = X,

Consider the midpoint of Jy. TLet Jp be the hall intervel such that
the values of ©(x) at the end points are on opposite sides of y = %, and

SO O,

(=t

Hobe thaet if I3 canno

have been proved., Therefore assume J. is defined for J = L,2.3;5 eve o

n
fit)
e
[}
paf
o
e}
G
2]
O
foll
gv
ck
o
:
@0

In this wey we construct an ianfinite

be defined for some Jj, then the theorem would



Jlg Jeg se e such that

(1) J3+1_C I

(ii) The lengths of the Jj's are decreesing Lo Zersn, and

for §j = 192,3, cce o

(iii) For each J,, the values of f£(x) at the end points lie on opposite

jﬁ

sides of y = x,

Let o = the lelt hand end point of the Iy interval.

Bj the right hand end point of the J, inbterval,
J

Since givea any ¢ > 0, 3 an integer ¥ > 0 > [ «n,

4]

+ pl < g o>l
and every positive integer y(take N such that Jy = /2% (vea) < € ),
by Theorem’laé'{un} converges to some number o ¢ o is contsined in each Jj.
For suppose 1t were not. Then there would exist
a JQQ Q some positive integer, such that
tp = o >0 for all n > §, This is impossible,
for if we let e = 1/2 (%%?@>> 0, then there
would exist sn integer §'> 0 such that
ley, = o] < € for all n > W',
Let n > max (Q, #'). Then ay = <0, = o=

| o

L= el < o -a/é which isvabsurd.

Similerly, {Bn} converges to B, and B is conbtained in each Jj.
We now assert that ¢ = .
Suppose.a# B+ Then Bee = u > 0, Since the Jj's
are decreasing in length, ve can find an integer
"> O-sueh that for all n > N, the lengths of J,
is less than y « This is a contradiciion since

both ¢ aﬁd 8 are in Jﬁ.
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Sumpose T(y) # y. Witk no loss of generality assume
f{y) =y =u >0, Let ¢ =(l/2)ul > 0, Then since
1

f(x) is continuous at y , there exisis an ¥, > 0 such

2
that

£(y) - £(x)] < w2 . whenever x € (Y- Moo Y +H

5)

i@

et u

[ £(v)

win ((3,/2)1119 us) e Then

£

(=] < (1/2)11l wvhenever x € (Yo M, Y+ W),

Since vy is the common limit of the sequencesof left and

right hand end points of the J.'s, therefore there exists

v

an integer n > 0 such thet J, = [x , x,"] < (Y= WY +¥ ),

But then

fx)) > #2(¥) - w/2 > 1/2 {£(Y) +Y) 212 (Y+ H +Y ) >

Yy +(1/2) Hl > Y + ¥, Also, ©(x ') > Y + ¥, Thus both

f(Xn) and £(x,') are on the same side of y = x, This is

a conbraciction,

Properties of A

Definition 1,11

Let A € F be the set of all #{x) € F such that |f(x)| € C.

called the class of positively continucus functions.

Theorem 1.0

X

Aldls

C CcA,
Froofs
(i) #(x) € ¢ = for every x, € [0,1], and any ¢ >0, there exists a

&Xlse

) 50 >

=> |7(x) - #(x3)] < e vhemever [x - x| < 8(xy,¢)

= | 5(x) - #(xy)|

= |¢(x) € ¢

< gvhenever [ - xy| < §(x;,¢€)



L C € A,

(ii) There exists £(x) € A such that F(x) € C, i.e., A ¢ c.

f1

Let £(x) = x  x irrational in [0,1]

= =x X rabional in [0,1]
Then |[f{x)| € €, if.e., f(x) € A, But clearly 7(x) € C.
By (i) sand (i), we have C € A, X
Theorem 1.9

If £(x) € ¢, then g{x) = LIAX has & Fixed point in [0,1].

{x ]
1+ ()]
Proofs
Since f{x) € C. Therfore f(x)-€ A, Hence |[f(z}l€C , 1 + [f(x)]| € C.
since 1 + |2(z)] # 0 for all xel0,1]. . alx) = LB < ¢,

, 1 rfel(x)]
Mso, 0 < glx) <1 for all x € [0,1] and for all #{x) € C.

S. by Theovem 1.7, g{x) has a Fixed point in [0,1]. X
Theorem 1,10
If {(x) € A, then ©{x) is bounded on [0,1],
Prools
Hx)e s = (f(x)]ec
=> I o > 0 such theb i!f(eﬁ)[ < g for all x € [0,1]
=> |f(x)]| 2 o for 211 x € [0,1]
Hence £{x) is bounded on [0,1]. X

Althousgh f{x) € C implies that £{x) attains its maximum and ite minimum
in [0,1], there exist functions in A such thet this is not true. The
following exaunple illustrates thig fact for s mexiwmuwm:

Let £(x) = x° - 1 x rational in [0,1]

S % irrstional in [0,1]



Clearly |£(z)] € C., Heuce £(x) € A, but £{x) has no waximmm ia
{o,11.

Theorem Ll,11

17 £(x) € &, then g(x) = _LiL&LLug.m has a fixed point in
1+ |elx)]
0,11,
Proof:
g(x) is continuous on [0,1] and O < g(x) <1 for all x € [0,1].

Therefore, by Theorem 1.7, g(x) has s fixed point in [0,1], X

Theorem 1J2

1t f(x) € & and 0'< £(x) < 1 for ell x<€[0,1], then T(x) has a fixed
point,
Proof's

Since F(x)-€ A. Thevelfors |F(x)| < C.

Also, since 0 < f£(x) < 1, for all x € [0,1], thus 0 < |f(x)]§ 1

for 211 x € [0,1].

sy Theoren 1.8, |#(x)| has a fized point. Hence £{x) has a fixed

point. Eﬂ



-l G-

SECTION II - SOME ALGEBRAIC PROPERTILES

In this section, some elementary algebralc properiies of C
are given, A cowparison between the properties oft Cand A will be
wade, Algebraic structures of F and some of its subclasses will
also be investigated, together with an inbroduction of the concept
of a right (left) ideal in ¥,

Properties of €

Theorem 2,1

If £(x), glx) € C, then £(x) + g(x) € C.
Theorem 2,2
If £(x), gl(x) € ¢, then [f{x)][al(x)] is in C.

Theorem 2.3

If ©(x) € €, and £(x) # 0 for s1ll x in [0,1], then 1/f(x)€C.
Theorenm 2,4

If £(x), g(x) €C, and 0 < g{x) < 1 for all x in [0,1], then
P(a{x)) is in C.
Theorem 247

Tf £(x), g(x) € C and g(x) # 0 for all x in [0,1], then
f(x)/g(x) is in C.

Proof:

The reasult follows frowm Theorsn 2.2 and 2,3, Eg
Theorem 2,6
Let f{x) € C and g(x) ¢ C, Then (a) + £(x) + p(x)4C, If in

addition, £{x) # 0 for all x in [0,1], then (b) [£(x)][a{x)]4 ¢ ana

(c) glx)/o(x) —gé Ce



Proof:

(z) Suppose f{x) + glx) € ¢, since F(x) € ¢, by Thecrem 2.1,
f(x) + glx) « flx) = g{x) € ¢, This is o contradiction,

The cther cases can be proved in s similsr wanner,

(b) suppose F{x)][g(x)] €C. By hypothesis #{x) € ¢, and #(x) # O
for a1l x in [0,1]. Therefore,hy Theorem 2.2 and 2.3,
[e(x) a(x)/£(x) = o{x) € C. This is a conbradiction.

(c¢) Suppose g(x)/£{x) € €. Ve have £(x) € C, Therefore,

by Theorew 2.2, [a{x)/#(x)] [#(x)]= g(x) € C. This is a contradiction.

Propertics of A

The cless of positively continwous functions & C T shares some

vropervties of C bubt there are sowe characteristics of

of the algebraic
- ¢ that A does not POSEESS.
s

The sum, difference of two positively continuouve furctions in

positively continuous function, as hay be seen by the

o

general is not

following example for the sum:

<
1]

(x 1 for all zin [0,1]

o

Let £{z) =1 0<x<1/2

= wl 1/2 <x< 1

o

Then, T K)""g( Xpe &

Clearly, ©{x), s{x)-€ A, but £{x) + a(x) ¢ A,

However, by iwposing some restrictive properties on the functionsg,
o result equivalent to Thesorem 2.1 can be derived for A,
Theorem 2,7

2 £{x), s{x) € L, and #(x), glx) do not change sign in [0,1], then

£(x) + alx) € A,



Assume ©(x) 2 ¢, g(x) 2 0 for =11 x in {0,11,
Then |f{x)|= f(x),fg(x)[ = g(z).
By Theorem 2.1 snd 1.8, £(x) + az(x) € A,
The other cases can be proved similsriy.
Y S WS
Theorem 2,0

17 £{x), &(x) € A, then [r(x)][g(x)]-€ A.

Since 7 (), g(x)é A, therefore |f(x)| , |z &)| € C. By Theorem 2.2,

Bf(x) ]][ l (=) uﬁb. Hence /&'(x)] ;(x)]/ € ¢ and [f(x)][e(x)] € a.

Theoren 2.9

a5

T #{x)€ A and #(x) # 0 for all x in [0,1], then 1/f(x

o

“roof s

SOACTGACORE AN i

Since 7(x) € A, thevefore {£(x)|-€ €.

\./

X

< A,

Also, £(x) # 0 for all x in [0,1], Thus |f(x)] # C for 2ll x in

[0,1].

1/9(x

By Theorem 2,3, 1/|f(x)| =

In general, A 1s not closed with respect to cowposition.

&

€ ¢, Hence 1/f(x) < A.&

Bven if the

hypothesis of Theorem 2.k is satisfied, its conclusion still does not hold

for A. The following example iliustrates this fact,

Let £({x) = 1/2 0 <x<1f2 glx)=1rforall x in [0,1]

= oy /2 <z <1

ji]

fe(x)! = 1/2 0

b

x < 1/2

f

x 1/2

A

®x < 1

Therefore, £{x), g(x)€ A and 0

A

g{x) < 1 for all x in [0,1].



"1
o 9(~,

Since f{g{x)) = 1/2 6 <x<1/2
) = Wl ife <x <l

Thus, | £(g(x) )] = 1/2 0 <x<1/2
= 1 /2 < x <1

Clearly,|f{g{x))| €& C. Henee #(g(x)) < A.
The next theorem, however, is true,

Theoren 2,10

It f(x), g(x) € A& and g{x) 1527 0 < glx) < 1 for 21l x in [0,1],
then #(g(x)) is in A,
Proois

By hypothesis,|f(x)] = £(x),]s(x)]| = a(x).

Also, 0 < glx) < 1 for »11 x in [0,1].

Therefore, by Theorem 2.4 and 1.8, #(glx)) is in A, X
Theoren 2,11

e £(x), 2(x) € A and g{x) # 0 Tor all z in [0,1], then £(x)/g(x)
is in A,
Proof:

Since g(x) € A and g{x) # 0 for all x in [0,1], therefove by
Theoren 2.9, [1/g(x)]  is in &,
By Theoren 2,6, [F(x)] [ 1/a(x) ] = #(x)/z(x) € A, X

The following stabements sre also true for A:
(i) There exist functions f(x)}, g{x) in A such that f(x)@(X) is not in
A, Example: Let flx) = x 0<x<1 glx)=x 0<z<l/2

=ax 172 < x<l
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Then |f(x)" | = f(x)L( ) = x* 0 <x < 1/2
=0 ® = 0
= ¥ /2 s x <1

Clearly, x* < 1 for ll x in [0,1/2) end 7(1/2§(1/‘) = (1/2)"1/2
21/2 > 1, Hence f(x) is not continucus at ¥ = 1/2.

Therefore, 'f(x)g(x)f 4+ ¢, end ( A)E(A)ﬁflA.

an
(ii) There exist functions £(x), g(x) in F such that f(x)g(x) is in A,
but neither £(x) nor glx) is in A,
Exomple: Let £(xz) = 2 0 <x<1/2 glx) =2 0<x<l/2
=h 1/2<x <1 =1 1/2<x<1
Then f(x)g(x) = b 0<x< 1
Therefore, f(x)g(x) is in A, but neither £(x) nor g(x) is in A,

Algebraic Structures of F and Some of Its Subclasses

T together with some suldlasses of F have certain algebraic structures
thet are worth poting and shall be given to conclude this section, Only
definitions that are wnore pertinent to the results are listed.

DeTinition 2,1

A gemi~group is a system consisting of a set I and sn operation (o)
satisfying the following axioms:

1. closure: if a,b €%, then a o b €5,

2, weossocistive: If a,b,c, €%, then a o (b o ¢) = (a2 ¢ b) 0 c.

I the operation ( o ) is ordinary multiplicetion, a2 o b is written
ab., |

Definition 2,2

A group is a semi-group (E, o ) such tha
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§

1. There exists s unigue element i in ® such that

"

ioa=ac¢i=gfor all a in &,

. -l

2. Tor every element 2 in F, there exists & unigue & in E such

. wl -] .
that a ¢ & = g, o a = i,

Definition 2.3

A commmtative grour is a group (E, o ) such that a o b = b o & for

all &, b in &,

Definition 2.k

o\

A ving is & system consisting of = set T and two operations (+)

is a commutative groun,

)
2. (B4 o) is a semi-groun.

32 ac(b+c)=20d+soc 20d
3b., (b+rcloa=boa+coa Torall a, b, ¢ in E,

Theorem 2,12

(¢, +, o) is a ring, where (+), { o ) are the ordinayy sddition
end wultiplication,
Proorf:
1. (C, +) is a commutative group.
s, closure: By Theorem 2,1, ©(x) + g{x) €C for all £(x), al{x) in C.
b. =associative: It is clear that
(£{x) + g(x)) *+ nlx) = £(x) + (alx) + bx)) for all
lx), alx), n(x) in C,
e, i =0, gince flx) + 0 =0+ £(x) = £(x) for 11 #(x )in C.

=1 . .
d. £(x)77 = wf(x), sinee f(x) 4+ («f(x)) = 0 for all £(x) in C.
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e. T(x) + a(x) = g(x) + £(x) for a1l ©(x), g(x) in C.

2, (C, o) is a semi-group.

a., closure: By Theorem 2.2, £(x)g{x) € C for all (x), z(x) in C.

b. associative: It is clear that P(x)[g(x)h(x)] = [f(x)e(x)] n(x)
for 211 £(x), g(x), h(x) in C.

3a, 3b of Definition 2,4 can be easily seen to be satisfied,

Hence by Definition 2,4, C is & ring with respect to ordinary sddition
and multiplication, X

However, C in genersl is not e ring with respect to ordinary sddition
and composition, A subeclass of C that can easlily be shown to gatigfy the

postulates for a ring is given below:

Definition 2,5

Let P = {ax: 0 < &< 1, ax in ¥}, Clearly, P c C.

Theorem 2,13

P is a ving with respect to ordinary addition and composition.
1. (P, +) is a commtative group, by Theorvem 2,12,
2. (P, o) is a semi-group.
a. closure: By Theorem 2.4, 81Xy 8% in P implies that
@1X 0 8pX = &q8pX is in P,
b. associative: Let 87X 585X asx be in P,

Then (alx o agx) O 8gX = @ BpX 0 8%

%1

i

= 8.¥ 0 Bo8gX = 81X © (aex o agx).
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eii o (a2x+33x) = al(aex+33x) = g B,Xay DX

3b, (a2x+a3x) o alxs(a2+a3)x o

o
B
i
—~~
o
N
&
)
J
~
o
B

)

l

Henece by

o

addition and cowposition,

Definition 2,6

Let F, B' be sets. Then IXE' = {{e,e"): e €%, e* €L'} .

Definition 2,7

A.Eggping_from E to It is & function which associates to each

T I

element e of T precisely one element o' of B!y designated ¥ —E?,

)

Definition 2.8

A partial (half) sroupoid is a set T together with a mepping o

non-erpty subset of EXD into I,

Theorem 2.,1h

T 19
£

¥}

a half groupeld under composition,

-
e
]

£rao

Let £(x), z{x) be in ¥, Then flg(x)] is in 7 iff O < glx) <1

for a1l x in [0,1].

.
ol
definition 2.4, P is a ring with respect to ordinary

X

el

i &
LA >

Let By = {g(x)-€~F: 0 < glx) <1 for all x in [O,l]}. Then under

composition, FXE, is mapped into F.
Hence F is a half groupcid under composition.

Definition 2,9

Let T = {£(x) | #(x): [0,1]—[0,11} . Clearly, I =7,

X
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I is a zemiegroun with respect to compositicn,

Let fl(x ,F (%), f3(x) be in I, Then C < £ (x) <1, 0 < fg(x) <1,

|

1. closure: Clearly, £ (x) o fz(x) = fl[fg(x)] is in T

ro
-
o
mn
(]
Q
(o]
J-ia
&
ct
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<
o}
e
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o
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Q
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Cd
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e
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fl[fg(x)] o f3(x)

it

fl{fz[fB(X)]}
= fl(x) *] fg[f3(x)] =

T(x) o [£(x) o fB(X)].

Thus by Definition 2,1, T semi-group with respect to composition, X

s
n
By

Definition 2,10

A left (ripght) ideal in T is a subset F of ¥ such tha

8., ¥ 1is not emphy and

be FE (E¥F) € E, Where V& = {f oe:t £ € ¥

W
0]
td
0
o
O
0]
[N
m
Cu
(0]
ey
e
o]
]
[1]
haw}
a

Theoren 2,10

I is o right ideal in F with respect to composition,

Zince identity map is in I, hence I is not empty.

Let 17 = {i[f(x)]: #(x) € 7, i(x) € I, 1[#(x)] is definedl}.

Ther since i[f(x)] is defired, therefore 0 < i[f(xz)] < 1 for all
x in [C,1]. Thus i[#(x)] ig in I and IF eI,

By Definition 2,10, I is e right ideal in F with respect to composition.
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SECTION ITT - CLOSURE OF THE GRAPH OF A FUNCTION

I
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Ia this section, we introduce the concept of "area function”, which
is an extension of‘the ususl definition of aresn in the Riemonn seunse,
Only functions in I are investigated, Some preliminary topclogical
concepts thaet sre necessary for the develovment will be given preceding
the study,

Topological Preliminaries

o

Definiticn 3.1

A collection of subsets {Bé} of a given set S is called a basis
o e 0 L L1

for & topology in § iff

o and

a9
[ ]
o
Q
4]

D T3

be if p is a point of B M Bﬁ then there exists an element BY s
9]

K]
L

.

{B_} which contains p and which itself is conteined in B_N Bge

)
D
™3
e
=]
e
.
fte
Q
pad
0
L 3
ro

2 e

A set S is a metric space with meiric d 1I7 there exists a reals

valued function d(x,y) on vairs of elements of ¢ such that:

1) alxey) > 0. alx,y) = 0 iff x = v,

neguality).

o~
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Let 5 be a metric space with metric d, and let r be a positive
number,

Spherical neizhborhood S{x,r) of the point x is the set of all

points y in S such that d(x,y) < r. r is called the radius of the

o]

spherical neizhborhoocd,
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. . n - s
Note that with the usual mebtric for ©, the Euclidean nw.dimensional

spaze, i.e., &{x,y) = distence between two points in B, 8(x,r) in E
becomes an open intervel (x ~ r, x + 7), and S(x,r) in E< is the interior
of a circle with center at x-and radius r,

Lerma 3.1

The set of all spherical neighborhoods in 5 satisfies the conditions

for a basis,
Proofs
g. U 8(x,r) = 5, Trivial,
(o]

b, Let p be a point in m(xl,xl)(\ 8(xp4%0) e

Let v = min [r) - dlp,x ), 75 - dlp,x,5) 1.

1
Since p is inm 8(xy,v ) N 8(x,,7,), therefore v is positive,

Suppose q is a point in 8{p,r). Then for j = 1 or 2,

i(e,x5) < ala,p) + 6(n,x.) <r+ ﬂ(r,x ) < 7 ~d(p,xj) + d(paxj) < r
Thus q lies in S (319*3)9 g=1, 2,
Mso, S(p, r) C S(:;l,rl) M 8%y, 1"2). 4

Definition 3.b

A subset ¥ of 8 is open ifP it is a union of elements of & basis in

9]

[
th
¥}
151

¥ is closed - X is oper, i.2., iff its complement is open,

N AN TS
Definition 3.5
A point p is a limit voint of a subset X of & iff every open set coun-

taining p alse contains a point of X distinet frow p.

Definition 3.6

.

¥ is the closuve of ¥ iff ¥ = ¥ U {all limit points of ¥},

<
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Theoremn 3.2

If X €9, then X is closed iff X = K.
Proof:

( =): If X is closed, then S - X, is open.

If p is any point of 8 ~ X, then 8 = ¥ itself is an open set cone-
taining p but no other points of X, Henee no point of § - ¥ can be &
limit point of X. Theredre, X = X,

(< ): Suppose X = X , Then no point of 8 = X is a point or &
limit point of X, For every point p in 8 . X, there exists an open set

Op conbaining no point of ¥, The union of all the sets 0ps pind - X, is

oven, Clearly this union is € « X, and X is clesed, X

Definition 3.7

A subset X of S is said to be dense in § iff every point of S is @
point or a lirit point of X, f.e.y 8 = X,
Definition 3,0

A space is geparsble if it has a countable dense subset.
Lenme 343

" 1s separable.
Proofl:

The set of all points whose coordinates are all rationalg iz countsble
and dense in Eno ‘ X

Theorem 3,4

Bvery separable netric space has a countable basis,
Proofs
L o
Let S be a metric space with wetric d(x,y) and having 2 countable dense

gubset X = {x.} 4y J = 1, 2, 35 eee o
R



For esch rational number r > 0 aad each j, there is a S(xjs r) and

the set B of 8ll these is countable,

[62]
.

We shall prove that B is = bagis in
Let p be any point of & and let O be an onen set econteaining p. Then

- -

thers is a positive number ¢ such that S(p,e ) is contained in O, by the

definition of 0, There is a point z, of ¥ such that B(x% ?) < ¢/3, since
¢/ £
X is densze, Let v be & rationsl muwber satisfying €/3 < r < 2¢/3; and

consider S{x,,r). Certainly @(xjgr) contsins p, and if v is sny point of
o

S(Xﬁgzm then d(y,p) < d(y,xj) + a(x,,p) < 2¢/3 + ¢/3 < e, Thus y is in

J
$(p, e ). Therefore S(x ,r) is on eclement of B that comtairs p and lie
J
in 0. It follows that O is o union of elenments of B and that B is s basis
in 8. X

A space is cowmpletely separable iff it has @ ecountable basis.

Theqrem_S.S

Every separeble metric space is completely separsble,
Proofs

By Theorem 3.4 and definition above, ]
Theoren 3.6

T

Every completely sepsrable space is seperable,

Let {B,} be a countable basis for a space S that is completely sepavable,

We claim that if S = {b,}  where b, lies in B then E} = 8,

It ig clear that the set Sl is couatable,

Suppose = point p is in S but wnot in S Then for every open set O

l.

that contains p, there exists a B of {8} such thet p is in &, and B_ is
- d
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contzined in 0, ©Since p is not in Sl’ there exists at least one bk ef
Sl such that bk # p and b, is in 0. Hence p is & limit point of 8,
It follows that § = §. B

1
Theoren 3,7

If S is a2 completely separable space, then every subspace of 8 is
completely separsble, and hence every subspace i1s separable,
Proof:

Iz {Bn} is a countable basis for S and X is any subset of S, then
{Bnﬂ X} is a countable basis for the subspace topology of X,

Assertion:

(1) U BN =xNU B.. But (B =85, therefore
n n n
n=1 n=1 n=1

U(Bnnx) =XNS =X,
n=l

(2) pin (B8,N N (ByNX)
= p is in beth B‘_jﬂX and Bt('\ X,
= p ‘€ both B, By and X,
= there exists a B, of {B,} such that p is in By and B, is conbained
in Bjﬂ By
= p is in Bsm X
x in BgM X = x is in both By and X
= x is in both Bjr‘\ By and X
= x is in both Bjﬂ ¥ snd Btﬂ X
=z is in (B;N X) N (By N X
Therefore, B, M X S (B, M )M (By N %),

Thus X is completely separsble and by Theorem 3.6, ¥ is separable.

X



Henceforth, the usual metric is assumed to have been defined for
n . . N . »
7. This, together with Lenma 3,3 and Theorem 3,5, implies that % ig
completely separasble,

Definition 3.10

A point x in a nmetric space S is an isolated point iff there exists

a (spherical) neighborhoed of x such that it contains no y in S other
than .
Theorem 3,8

A set L EP

has only countably many isolated points,
Proofs
R e
2
Since B is completely sgseparsble, thereore, by Theorem 3.7, every

e

subgsypace of is separable. Thus L is separable, i.e., L contains a

countable deunse subset., Hence, L has only countably meny isolated points,

Topological Properties of I and Some of Its Subclasses

Definition 3,11

Let £(x) be & function in I. The graph of f(x), Gp, consists of
the pairs (x, f(x)) for all x in [0,1].

Note that G, is a set of points in E°,
Definition 3,12

Let E} be the closure of Gf.
Let £(x), z(x) be in I.

Then f(x) and g(x) are said to have the same ares function iff

Tp = e

Theoren 3.9

Let £({x), a{x) be eny two continuous functions in I such that ﬁ% =€,

=l

Then £(x) and g(x) have the seme integrals over [0,1].



Prooi;
We first show that G~P is closed, l.€ay Gf = Gf‘
Let (x1, yl) be a limit point of Gn. Then x; is in (0,11,

.

For suppose x7 is not in [0,1], there would exist
an S{x, €), € > 0, such that S(x,e ) contains
no point of &, This is o contradiction,
Corsider {x,, f{x.)). Suppose f(x,) # v,. Without loss of gen
1 1 o 1 ‘1
assume y, - f{xl) =k > 0, Since T(x) is comtinuous, thus for ¢ = k/3,

there exists a 8, > 0 such that |£(x) - £(x)] < /3 wvhenever x is

in (xy - 81s Xy * 51).

Let § = win, ( 5. x/3).
Then |[£{:} ~ £(xy)|< k/3 whenever x is in (xl “ 8, %Xy + 8).
But there exists an x in (2 = 8, % * §) such that (xn9 f(xﬂ))

is in S[(xl, ¥1)e 615 1eesy [2(x,) “.ylg < § < x/3.

flx ) >y, « /3= f(y )& k- k/3 = f(x,) + 2k/3,
N Y1 1

Thevefore 0(X ) - I(xl) > %/3, a contradiction,

Similarly, T =0,

g &
By hypot isy '5; = E} « Hence Gf = G o Thus f(x) and g(x) have
& +
the same integrals over [0,1], X

The coanverse of this theorem is not true, as may be seen by the
following example.
Let #{x) = x4 glx) = 1 « %, Clearly g(x) and £{x) have equal

integrals over [0,1] but‘a; # ?}.

v

Theoyren 3,10

Let U be the closed unit squere in 8%, ises, U= {{xy): 0 < x <1,
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0<y<1l ., Then there exists an f(x) in I such that E} = 1,
Proof:

The theorem will be demonstrated by explicitly constructing a function
(%) satisfying the required conditions,

(2) Divide U into four sguerves. In [0, 1/2], choése any two

distinct rational mumbers x,, ¥, and Gefine £(x,), f(x2) such thet each of

2
(xl9 f(xl)), (ng f(xg))'lies in the interior of each of the two quarters
divectly sbove [0,1/2], Similarly for the other interval [1/2, 11.

(b) Subdivide each of the four sgueres into four guarters. In [0, 1/4],
for every square directly above [0, 1/4] that contains no previocusly
determined (x, ©(x%)), select a rational number x' and define £(x') such
that (x', f(x')) lies within this souvare. Iach of the remeining intervals
[ 1/h, 1/2], [2/2, 3/4], [3/%, 1] is then considered similarly.

(¢) Purther subdivids eaech of the 16 squares into four quarters, and
so on,

(d) Complete the construction by defining

f(x) =0 x irrational in {0,1]
= x  x rational in [0,1] but such that
f(x) is not defined by the sbove scheme,
(e) By construction, the set Cp is cdense in U, Hence E%‘m U, X

Definition 3:13

¢ £(x), defined in e set 5, is such that f(xl) > f(xz) vhen x, and
%o are points of § with z; > X,y then (%) is non-decreasing in S.
There is a similer definition for non-increasing functions. Functions

which sre non=increasing or non-decreasing sre called monctone,



Theorem 3,11

If #{x) is & vonctone function in I thea Gf containsg no nonedegens
erate square u in U,
Proof:

Suppose on the coatrary, &F containsg U, 1 eny nonedegenerate square

in U, Without loss of generalily sssume that the edges of the square u are

parallel'to the axes. Let s be the edge length of u,

Let (K s ¥, v ) be the lower left haad corner of u. Ther theve exist

<

=t

(.xl9 J(n }) sueh that {x,, £(x.)) is in 8[(Kog Yot s), s/61,

a’ﬂﬁg f(y ,)) such that (x5, #{x5)) is in S[(xo + s5/2, yo), 5/81,

e
:».
j¢3]

an&i a(xgg f{xB)) such that (XB, f(xB)) ig

Therelore, % < % + 5/8; X, *+ Rs/8 < x, < X, * 58/8;

{( + 8, ¥, + g), s/8],

Xg * Te/8 < xB; i.e,? X < ¥y < XS.
But, f(xl) > ¥, * Ts/83 #(x,) < v, * s/8; f(x3) >yt Ts/8s i.e.,

£(x,) <~f(xl) and f(xB) > £(x. ).

This is 2 contradiction, Hence (‘f? e X
Theoren 3,12

7(x) be = monctone functien in I. Then E} containe no 0, O any
open set in U,
Proof's
Sunnose E} = 0, 0 an open set in U, Then there would exist a squere

o

u such that v ig counts n O, This is impossible by Theorem 3.1, X

g..:.
e

ned i

Corollary to Theovem 3.12

o,

Let £{x) be o function in I. If in any non-degencrate closed interval

in [0,1], C» =2 0, 0 an open set, then f(x) is not wonctonic,

By Theorem 3,12, the hypothesis implies that £(x) is not momotonie
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in any non-degenerate closed interval in [0,1], in particulsr, [0,1]

P

jteelf,

Let ©(x) be & reslevalued Tunction defined on an intervel [e,b].
Let [a,b] be subdivided into s finite number of non~overlapping
intervalg, i1.€.4
: <x =5,

D ® X < Xe <X, 8 e o
o 1 2 n

If there exists 2 non-negative number ¥ such that ¥ = l.u.b.

Nl

= ‘f(xj+l) « T(x )| for all such subdivisions of [a,bl, then f(x) is said
* 3

J = O L P

to be of bounded veriation on [a bl

Theoran 3.13

Let £(x) be defined, finite valued, and wonotone ou [a,bl. Then £(x)
is of bounded variation,
Prcofs
AT LU

To be specific suppose £(x) is nonedecressing on [a,bl. Then for
every subdivision

&= X, < ¥y <E, e o 0 <X =Dy

n=1 Tiewl
= |z, ) = £(x,)]| = = [#(x,-) - f(z.)] = £(v) = #(a) =¥, € > 0,
= J+1 3 Z J+l J -
J=0 J=0 ‘
K is the common value of all the sums, and is therefore their least upper
bound,

Hence f{x) is of bounded variztion,

Definition 3,15

If there 1s = Tinite nuwber b which is such that for every € > 0, there

<

exists & 8 > 0 for vhich |#(x) - b| < ¢ vhenever 0 < |x = a] < & , then
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2y

b is the limit of £{x) ge x tends tg o. The notation Ffor this is

H
-4

Wote that if lim f£(x) = £(a), then F(x) is continuous at x = a,
X+ a

Definition 3,16

If there exists & number b guch that for every € > 0

(a) every interval with s 2s au interior point contains a point x # a

for which #(z) > b - ¢ and
(b) there exists a 6 > G such that £{x) <D + ¢ vhenever 0 < | z-a |[< §

then b is the limit superior or upver liwit of £({x) as x tends to a.

)

.

There is a corresponding definition for the limit inferior or lower

limit b.  In symbols lim sup £{x) = b, lim inf £(x) = b,
x> g X+ a

It follows that lim £(x) exists iff b = b,
P )

Definition 3,17

Let £(x) be defined on a set § and let x. be a limit point on the

O

right of points of &, If f(x) tends to a limit as x - Foy X Xy ¥ An 8,

this limit is denoted by lim ©(x) = #(x +). The limit f(xo-) is similarly

% > Ro¥
defined,

As & netural comsequence, lim f(x) exists iff flx +) = £(x ).
X > Yo

Theorem 3,1k

Tf 7(x) is of bounded variation on [a,b], then for every point x_ in

[a,b], the limits f(go+), f(xoa) exist,

™
ks

s

00T 2

Let x be = point of [a,bl. Then z_ is a linit peint of [a,bl.



Consider points of [a,b] that are to the right of x e Then f(xo+)'

exists.

=35~

For, suppose that lim sup f(x) « lim inf £(x) > K >0,
X > xo+ X > xo-i'

It is then nossible to get a sequence of poiuts
> § ? s ]
xp > x>, > >0 . 0> xn > X,
that tends to Xo with

K ,_t w Tl K.

lf’(xJ ) ﬂ(xj)[ >

n-1

. [ < r

Z lf(x,j“’l) - f(xj)l > nK,

J=0
vhere n may be taken arbitrarily large.

Hence f(x) is not of bounded variation on [a,bl,

This is a contradiction,

Sinilarly, f(xo—) exists,

Corollary to Theorem 3.1k

Let £(x) be defined, finite valued, and monotone on [a,bl.

for every point x_ in [a,b], the limits f(xo+), f(xow) exist,

Proof's

By Theorem 3,13, our hypothesis implies that £(x) is of bounded

variation on [a,b]. Hence, by Theorem 3.14 sbove, the limits f(xo+),

(x =) exist,
o
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Definition_§.18

A set S5 is said to be dense in itself if every point of the set

is a limit point of &.

Definition 3,19

A set € is perfect irf every limit point of £ bLelongs to S, and
every point of 5 is a limit point of S,

An glternate definition for a perfect set can easily be seen to be
"o set which is closed and dense in itself,"

Since G, = Gp if (%) is o continuous function in T, it is clear
that a necessary condition that E} contains no greph of a continuous
function in I is that f(x) be discontinuous., That this condition is
not suffTicient may be seen from the following exsumple:

Let £(x) = 1 x rational in [0,2]

=0 x irrational in [0,1]
Then 5} = {(x,1): 0<x <1} U {(x,0): 0 <x <1},
Therefore, E} - Gg. g(x) = 1 is 2 continuous function in I.

However we have the following theoreu,

Theoren 3,15

Let f(x) be a discomtinuous functior in I such that f(x) is of
bounded variation and ﬁ} iz perfect, Then‘gf;é Gg, where g(x) is a
continuous function,

Procl:

Since T(x) is of bounded variation, by Theorem 3.1, £(x+), f(x~)
exist for all x in [0,1].

Also,f(x) is discontinuous. Hence there exists ah least one point

%, in [0,1] such that either (1) f(xo+) # f(xo-) or (2) Px*) =
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flx =i # f(xo). (2) czn not happen since ?i,is perfect., Therefore
o

f(xo+) # f(xé-). This implies that @% cannoct contain the graph of a

K

connuous function.

Theorem 3,16

[
~

Let £(x) be a mouotonic discontinuous Ffunction in I. Then [
conbains no graph of a continuocus functicn.
Procf:

Since f(x) is moncténic, thercfore, by Theorem 3,14 and Theorem 3,15
f{x+), fx=) exist for all x in [0,1].

Also, f(x) is discontinuous, Hence there exists at least one
point ) in [0,1] such thet either (1) f(x0+) = f(xo-) # f(xo) or (2)
f(xd+) # f(xou). (1) cennot happen since f(x) is monctonic, Therefore
t(x_+) # f(xo;), and thus, the conclusicn. K

Theoremn 3,17

Let £(x) Le a funetion in I. Then lim [f(x)]1® exists,
7~ oo

Proof:
Since 0 < £(x) < 1 for all x ir [0,1], therefore lim [f(xl)}n = 0
n > o<
vhenever f(x;) # 1, x; in [0,1] and
lie [F(x,)]" = 1 whemever f(x,) = 1, =, in [0,1],
o [ 2
n > oS
Hence lim [£(x)1* = g(x). Where
n 2> o<
glx) = 1 for a1l x in [0,1] such that f(x) =1
=0 for all » in [0,1] such that f(x) # 1. X

Theoren 3,18

n -
Let £(x) be a function in I, and let g(x) = 1im [f(x)] . Then ¢,
n o< =
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contains the interval [0,1] iff £(x) is not identicelly one on any
non-degenerate interval in [0,1].
Proof:

=: Suppose Eé conteins the interval [0,1]. Let x be any yoint
in [0,1}. Then every open neighborhood Ex of x contalns at least one
point x_ # x such that (xo, g(to) = 0) is in Gg. Tence f(xo) # 1, Thus
£(x) is not identically one on any nonndegenerepe interval in [0,1].

<: Suprose f(x) is not identically one on any non-degenerats
interval in [0,1]. Let x be any voint in [0,1]. Then for everr open
neighborhood Nx of x, there exists at least one point X in NK and
X, # x such that f(xo) # 1.

Since £(x) is in I, therefore, g(x ) = 0, and (x,0) is in G,

This implies that x is a limit point of Gg. Thus x is in E%. P

Theoren 3,10

Let £(x) be in I snd let g(x) = in [7(x)]s Then g(x) is

n—> oo
continuous iff either f(x) is identically one or hever one,
Proof: |

=»! Suppose g(x) is continuous, Clearly g(x) is in I, If there
exist %,y % in [0,1] such that g(x ) =1, g(x;) = 0, then since g(x)
is continuous, by Theoren 1.5; there would exist apr x, in [0,1] sueh
that glx,) = 1/2, This isvimpossible. Therefore, g(x), and bence f£(x),
is either identically one or never one.,

< Suppose f(x) = 1. Then g(x) = 1, Hence g(x) is continuous.

The same conclusion holds when f(x) & 1, . 57

Ay



Theoremn 3,20

Let T be a closed set in U, Then there exists a functicr £(x) in
I such that E} = 7 ff

(1) T meets every vertial segwent of length one in U in at lsast one point,

(2) Ho two isolated n01nbs T 7 (if they exist) have the same x—coordinates.
(3) Every spherical neighborhood (intericr of a circie) of a point of T

that 13 not an iscleted point contains points of T of different

&

¥-~coordinates,
Proof':

T+ Sufficiencys

Let D = set of is&lated points of T, Then T = D U eD, vhere ¢D is
the compliemernt of D with respect to T,

Let D = {x: (x,y) €D}, eb, = {z: (x,y) € cb, = £ D},
(i) Define f(x) = y for every x in D_ so that (x,v) € D.
(ii) Define £(x) for all x in cD /by the following scheme, considering
only e¢D, A point ¥ lying on the boundsry of =2 square et ey stage of
subdivision will be considered as contained in sither cne of the two
squares (in case it lies at the corner, four squares) sharing the boundarj.

(a) Divide U into four squares, Select one point (xlj, ylj) in eD

‘

from each of the four squares (if possible) such that %15 is in eDy and

define £{xyy) = V0 1<3<h,

(b) Subdivide esch of the four squares into four quarters. Choose
one point (Xgn, Yon) in €D from each of the squares (if possible) that conw
R _ s SRR S T N and 1
tains no (leS ylj) for some j such that x, is in ¢D  and x5, # % 4

all J, n and define f(x,,) = Yo 1502 16,
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1. .

{c) Purther subdivide each of the 16 squsres intc Tour sguares
and 50 Oile
(iii) Cowplete the construction of £(x) by éefining f(x ) = ¥y, where
% is in T, = {x : #{x) bave not been defined} and
yy is in T, = {y : (K1’ ¥) in T 1.

Since G, & T, therefore T am,

We show that T & E%. It is clear that D & FQ.

Let {x,y) be = point in D, -Then (x,¥) is & limit poinf of Gpo

Suppose that {x,y) is not a limit point of G.. Then

T
there exists a S[(x,y), rl, r some positive constant,
such that S{(=z,v), z] cénta.'}.ns no point of Gf’ Since
(z,vy) is in eD, 8[(x,y), v] contains points of T with
infinitely many distinct x-coordinates,

Let T = {x : (x,y)e7?, (x,v)€ 8l(x,y), ri}.

Ly
“

DX’r = {x : x€D_, x € (x-r, xtr) ).

x. = get of x-~coordinstes that have been defined

n
. ‘th
by the prid-wmethed after n

stage of subdivision,

Therefore, the assumption implies that for some J,
7o Dxru ‘Xj' This iz impossible since D;gru X,j
is in fact a proper subget of T .

and T = Gf‘

That (1) is necesssary is trivisl, (2) Suppose there exist two



T

isolated points &,, d, of T such that they have the sauve xwcoordinates.

¢
Av]

d., 4, ere in ¢

Then, since d_, 6.2 connot be limit noionts of (‘fs v 9 .
A | o ki

is iwmpossible since £(x) is singlewvalued, (3) Suppose that for some

here exists a 8[{=z_, v.), r], v some positive consbant,

x-coordinates, This will force a conbrsdiction since F(x) iz single-

velued, @
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al

gener

closed interval [0,1] on the real line have been studied in the past, The
present work started with o review of some known axsiytical results of
his cass C, An extended cless A of positively contirucus funchions was
then defined and its properties compared with that of C, While msny of
the cheracteristics of C were inherited from A, some nrovertiss of C sre
not shared oy A.

The first part of the seeoad section (chapter) is devoited to a
study of sowe elemenbary algebralc properiies of A and C. Resulls obbained
for the two classes showed differences. The rest of the section (chapter)
deals with the algebraic structures of some subelasses of ¥, the set of
al) reslevslued functions in [0,1] on the vresl line., The concept of an
ideal in F was iantroduced for the elass of real funcbions from {031] to the
real line,

In the lest section

defined as the closure of

properties of elements of
comnpletely determined by

few anslybicel subeclasses
with on important theorem
fanction in I by a closed

21t

propert

){"ﬂ'l

STRACT

ies of real continuous functions defined on the

1R E

o

(chapter), the ¢ 2 Punction, Gp

9

the graph of a function, is used to study the

I. Integrals of continuous functions in I axe
thelr Egm's. Some topological implications of

of I were slso revealed., This section concluded
that fully cheracterizes the Ezm of a real

set in the closed square Us= {(x,y) °
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