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I. INTRODUCTION TO CELLULAR AUTOMATA 

With the advent of integrated circuit technology, the notion of 

constructing systems from cellular "building blocks" has become very 

attractive. If the cells are interconnected in a uniform fashion, fab­

rication of printed circuit boards to construct the system also becomes 

very straightforward. In spite of an early start, theoretical advances 

in this area lag far behind technology. Some special purpose applica­

tions which lend themselves to a cellular decomposition have been im­

plemented, such as array processors which compute matrix addition, mul­

tiplication, fast fourier transforms and other functions which are of a 

highly "parallel" nature. The binary adder of Figure 1.1 enjoys wide­

spread use as a favorite mechanism used to introduce students to cellu­

lar realizations. Random access memories used in most processors today 

are of a highly cellular nature. These applications are of a very prac­

tical nature and, certainly, there must exist other equally useful appli­

cations which remain undiscovered. 

Rennie [10], [11], [12], has investigated a class of cellular au­

tomata known as iterative arrays. These are classed as unilateral or 

bilateral according to the interconnection of the cells and sequential 

or combinational as to cell type. Examples of these arrays are shown in 

Figure 1.2. Rennie solved a number of difficult theoretical questions 

concerning iterative arrays and demonstrated a synthesis technique for 

specifying the cell's state table to perform some given computation. 

Unger [24] demonstrated the possibility of doing pattern recogni­

tion using iterative arrays. In doing so, pattern features such as 

right or left concavity, circularity, etc., are extracted. This method 
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of finding pattern features has some ,very real advantages but the prob­

lem of determining the pattern from the features remains unsolved. 

Holland [13J has described a general purpose computer which is 

cellular and demonstrated its equivalence to Turing machines. Unfortu­

nately, no technique for programming it has been found. For this reason, 

no implementation has been attempted. 

More recent efforts have involved the creation of arrays where each 

cell is a more flstandard" computer. An example of this approach is the 

ILLIAC IV computer. In doing so, each cell is of a very powerful nature 

and, although modularity is retained, the modules themselves are very 

costly. The introduction of the microprocessor with its associated low 

cost may make this approach quite effective, but it remains largely unin­

vestigated. 

The main point to be made is that a great many unsolved problems 

stand between wishes and reality. Furthermore, the advantages of a 

cellular computer are unclear to technologists. After all, general 

purpose computers already exist and perform admirably. Technology is 

constantly making them bigger and faster. Programming techniques are 

well known and the recent appearance of horne computer systems has made 

"BASIC" and "FORTRAN" household words. Speed, modularity and ease of 

construction are the most common justifications offered, but the fault 

tolerant aspect of cellular mechanisms is perhaps the best. Imagine a 

computer which could continue doing accurate computation with aefective 

components scattered throughout its structure. It is the purpose of 

this dissertation to demonstrate, in part, such a possibility. 



II. THE TESSELLATION AUTOMATON 

The formal notion of a tessellation automaton (TA) is a four-tuple, 

TA 

where: 

(1) A is a finite non-empty set called the state alphabet of TA. 

The set, A, represents the set of states that can be assumed by any 

machine in the array of machines being modeled. 

(2) d is a positive integer greater than zero called the tessella­

tion dimension and Ed is the set of all d-tuples of integers called the 

tessellation space. The elements of Ed are locations within the space 

and there is a machine at each location. 

(3) X is an n-tuple of distinct d-tuples of integers and is called 

the neighborhood index for the TA. It is used to define the uniform 

interconnection pattern among the machines in the array. 

(4) Any mapping c: Ed + A is called a (global) configuration and 

C denotes the set of all such mappings. The image of i E Ed under c E C 

is written as c(i) and is referred to as the content of cell i in config­

uration c. If X = (~l' "', ~n) and i E Ed, then NeX,i) = (i + ~l' ..• , 

i + ~ ) is an n-tuple of d-tuples called the neighborhood of cell i. 
n 

Then c(N(X,i») is an n-tuple called the neighborhood configuration of 

cell i where c(N(X,i» = (c(i + ~l)' c(i + ~2)' .•. , c(i + ~n»)' This 

is simply the content of the neighbors of cell i. Notice that Vc, i, 

5 
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c(N(X,i» £ An. Let any mapping a: An + A be called a local transforma-

tion and let L be the set of all such mappings. The next state for each 

cell, i, is denoted as c'(i) and is found using a where c'(i) = a(c(N(X, 

i»). If a is applied to every cell, the next (global) configuration, 

c', is found. Define a mapping, T: C + C where Vc £ C, T(C) =c' if and 

only if Vi, a(c(N(X,i») = c'(i). Then T is called the global transfor-

mation and finds the next (global) configuration, Tee) = c'. Notice that 

for a given a there is a corresponding T. For that reason, we say that 

a implies T(acp T). Let T be the set of all global transformations 

where Va £ L, ac:CoT, T £ T. Notice that there is a bijection o : L -+ T. 

Finally, any non-empty subset of T is referred to as I. Each of the ele-

I has corresponding a where T = o(a) and -1 The ments T £ a a = o (T). 

subset of L which determined I is referred to as 0-1 (1) and is the set 

of local transformations which are actually "wired in" for the cells in 

the automaton. 

This formalization is due to Yamada and Amoroso [28]. 

To demonstrate, a tessellation automaton is defined. 

TA ({O,l}, El, (-1,1), I) 

If the array is constructed, it will appear as: 

1 This is due to the tessellation space, E , and X, the neighborhood index. 

Since Ix) = n = 2, then a: A2 + A. All possible local transformations 

can be listed. These make up the set, L, of all local transformations. 
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c(N(X,i» °0°1°2°3°4°5°6°7°8°9°10°11°12°13°14°15 
00 o 0 000 0 0 0 1 1 1 1 1 1 1 1 

01 0 0 0 0 1 1 1 100 0 0 1 1 1 1 

10 0 0 1 1 0 0 1 1 o 0 1 1 0 0 1 1 ...L 

11 o 1 0 1 0 1 0 1 o 1 0 1 0 1 0 1 

t 

Since the space E2 is infinite, then C, the set of all configurations, 

is infinite. Since T: C + C, T cannot be written in its entirety. We 

can find T(C) for a few configurations using some 0. For instance, if 

is selected, 

c 

o 0 0 100 0 I 0 0 1 0 100 

o 0 110 0 0 011 110 0 

o 0 1 1 100 o 110 1 1 0 

etc. etc. 

For each local transformation, 0., there is a corresponding global trans-
1 

formation, and T is the set of all T •• Then a choice for 1 is I = 
1 

{T1 , T6 , TIS}· Any subset of T is a valid choice for I. 

Some special considerations follow from the definition. Let f, be 
o 

the d-tup1e of all zeroes. If f, E X, then each cell is in its own 
o 

neighborhood. Then, the next state for each cell depends on its neigh-

borIs states and its own state. Within this dissertation, frequent 

reference to f, will be made. 
o 

A d-dimensional neighborhood index of the form X 

where each component is an element of the set { 
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{-1,0,1}, 1 < j ~ d}, is called a partial Moore neighborhood index. If 

d all 3 components are in, X is called a Moore neighborhood index and is 

denoted~. The two-dimensional Moore neighborhood index is shown in 

Figure 2.1. 

By a d-dimensional von Neumann neighborhood index, we mean the (2d 

+ I)-tuple X (~o' ... , ~2d) where one element is ~o and the rest are 

of the form (0, ... ,0, z, 0, ... ,0) where z £ {-l,l}. Then each element 

in X is either +1 or -1 in a single component except for ~. Figure 2.2 
o 

shows the two-dimensional von Neumann neighborhood index. The formali-

zation of these two neighborhood indexes is due to Yamada and Amoroso 

[30]. 

The case where I contains a single global transformation, T, will 

be of great interest in this dissertation. For the given global trans-

-1 
formation, there is a single local transformation, 0=0 (T). For this 

case, the automaton TA = (A, Ed, X, 0) is defined and will be referred 

to as an autonomous tessellation automaton. 

The tessellation automaton was first studied by von Neumann [25J 

who investigated self-reproduction in two-dimensional automata using the 

neighborhood index which is now named for him. (This work was edited 

and published in 1966 by A. W. Burks after von Neumann's death.) Von 

Neumann described an automaton made up of 29 state cells which was 

capable of constructing a copy of itself. The copy was then released 

and both machines could then create further copies of themselves. It 

was later shown by Thatcher [21] that von Neumann's model contained a 

universal Turing machine which is self-describing. E. F. Moore [16] was 
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x = «-1,1),(0,1),(1,1),(-1,0),(0,0),(1,0),(-1,-1),(0,-1),(1,-1» 

Fig. 2.1 The Two-dimensional Moore Neighborhood Index 
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x «0,0), (0,1), (1,0), (0,-1), (-1,0)) 

Fig. 2.2 The Two-dimensional von Neumann Neighborhood Index 
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the first person known to call these.automata "tessellations". He, too, 

was interested in self-reproduction and raised an interesting question 

which has corne to be known as the "Garden-of Eden" problem. In doing so, 

he placed von Neumann's questions concerning self-reproduction in a 

more abstract framework. The "Garden-of-Eden" question deals with the 

possibility that some configurations may never arise in the automaton 

unless they are placed in it as initial configurations. If no such con­

figurations exist, the automaton is called complete. Otherwise, it is 

called incomplete. 

Yamada and Amoroso [28] set forth the notational description which 

we have stated previously and produced results concerning laminated 

tessellation automata. An automaton which is laminated has two or more 

independent tessellation automata sharing the same tessellation space. 

This can occur if certain conditions on the neighborhood index are not 

met. Several examples of laminated automata are shown in Figure 2.3. 

They later introduced results [9] concerning completeness which dem­

onstrate that one-dimensional automata with a binary alphabet are com­

plete if the neighborhood index is scope-4 or more (the notion of "scope" 

is formalized in Definition 6.2.1 of this dissertation) and that scope-2 

automata are incomplete. Results for certain two-dimensional automata 

are also presented. This work was extended to non-binary alphabets by 

Amoroso and Cooper [1]. 

Yamada and Amoroso also considered [30] the question of equivalence 

in tessellation automata. In this report, both structural and behavior­

al equivalences are defined and studied. In doing so, equivalence due 
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x = (0,2) 

x = (0,3) 

x (1,1), (-1,1» 

Fig. 2.3 Some Laminated Tessellation Automata 
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to coordinate transformation and neighborhood shifts are found. Amoro­

so and Guilfoyle [3] continued this effort and found equivalent automa­

ta in two dimensions which have three elements in the neighborhood in­

dex. Amoroso and Epstein [4] considered the possibility of equivalent 

automata with permuted neighborhoods. Studies concerning the injectiv­

ity of the global transformation have been produced by Patt [18J, and 

Amoroso and Patt [2J. These studies consider the existence of Garden­

of-Eden configurations since any automaton having an injective global 

transformation will have them. 

As is seen, most of these studies relate to either self-reproduction 

or evolutionary studies. It is our purpose to employ the tessellation 

automaton as a controlling device rather than a biological model. Of 

closest relevance to our purposes are the results pertaining to equiva­

lence. Even these results are of little value with respect to our par­

ticular interest. 



III. A CELLULAR COMPUTER 

It is the purpose of this chapter to present the cellular structure 

to which the results of this dissertation may be applied. The structure 

is shown in Figure 3.1. As can be seen, it consists of two cellular 

arrays which are interconnected. The two arrays are called the "control" 

hyperplane and the "computation U hyperplane. In the figure, both arrays 

use the von Neumann neighborhood index and are two-dimensional. Further­

more, there is a connection between cells in the two arrays. It is in­

tended that each cell in the computation hyperplane be some type of 

universal logic module that can perform a list of functions. Further­

more, the function to be performed by any given computation cell is de­

termined by its associated cell in the control hyperplane. In this fash­

ion, each computation cell can be "programmed" by the control hyperplane 

to give the array some particular global (overall) function. Further­

more, if a fault in any computation cell or control cell is detected, it 

may be possible for the control plane to "reconfigure" such that the 

faulty cell or cells are not used. This property, if realized, will 

make the array fault tolerant. 

It should be pointed out that the structure of Figure 3.1 represents 

a particular case of the structure to be considered. The von Neumann 

neighborhood index is shown only due to its simplicity and the selection 

of two-dimensional arrays is arbitrary. For this reason, the control 

hyperplane is best modeled as a tessellation automaton so that'arbitrary 

neighborhoods and array dimensions can be considered. The computation 

hyperplane can be either sequential or combinational in nature and is 

permitted to have a neighborhood that differs from that of the control 

14 
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Computational 
Hyperplane 

Fig. 3.1 A Cellular Computer 
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hyperplane. Furthermore, the interconnection of the two hyperplanes is 

permitted to be a third neighborhood. Then a cell in the computation 

hyperplane may receive signals from several cells in the control hyper-

to determine the function it is to perform. At this time, no de­

cision will be made as to where the external inputs are provided. Per­

haps the control hyperplane receives them, perhaps the computation hyper­

plane, or perhaps both. If these inputs are supplied to the control 

hyperplane, then TA = (A, Ed, X, I) is required since the controlling 

array must make state transitions during computation for the inputs 

received and the cells of the computational hyperplane can be combina­

tional functions. If the inputs go to the computational array, then TA 

= (A, Ed, X, a) is an adequate automaton for the control hyperplane since 

it will remain in some static global configuration during the computation 

while the computational cells will be sequential. If inputs are made to 

a tessellation automaton, they must be provided to every cell in the TA. 

This must be done so that the cells of the TA can select the correct 10-

cal transformation for the given input. On first consideration, this 

seems to be a bad constraint due to the tremendous number of wires that 

must be run to each cell. However, we claim that this is a necessary 

condition no matter where the inputs are made. If inputs are made 

locally to cells, the failure of a cell can make its input unaccessible 

to the array. The only solution to this difficulty is to provide all 

inputs to all cells. We do not propose to make any constraints on the 

structure but intend to consider it with an open mind. The problem of 

specifying the particular details of the architecture will be solved by 

finding automata that can do self-reconfiguration. 
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Before self-reconfiguration can ,be considered, several other prob­

lems must be solved. The first of these is initialization. This refers 

to the question of how the control hyperplane can be placed in the cor­

rect global configuration that corresponds to some desired global func­

tion to be computed. Secondly, the problem of self-diagnosis must be 

examined. By self-diagnosis, we refer to fault detection at the cell 

level, rather than the circuit level. To do self-diagnosis, the array 

must first determine that a fault exists and, second, point out the 

cell or cells. Finally, the question of self-reconfiguration can 

be approached. This question involves the problem of moving the control 

hyperplane from one global configuration to another where the cells that 

have been identified as faulty are not used. In doing so, the new con­

figuration must perform the same computation as the old. There will be 

a time during reconfiguration that the array cannot accept inputs or 

make outputs. For this reason, all inputs and outputs should be made in 

a "handshaking" fashion. If this is done, and outputs are delayed, the 

array can do exact computations and any faults encountered will only re­

sult in a time delay. 

The results of this dissertation are concerned primarily with the 

control hyperplane when viewed as a tessellation automaton. For this 

reason, the results presented are independent of the cell realization. 

The choice of a particular realization may have some impact when self­

reconfiguration is considered, particularly since the cells of~ the com-

putation hyperplane are to be universal logic modules. The fact that a 

cell has failed for one function does not imply that it is entirely 
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worthless. It is possible that several other functions (perhaps even 

all other functions) can still be performed correctly with the fault(s) 

present. Gray and Thompson [46] have considered exactly this question 

with respect to universal modular trees (UMT). Friedman [43] has shown 

that any sequential machine can be realized by a sequential machine with 

a single feedback wire and Arnold [44] applied this result to the UMT. 

The design of UMT's has been investigated by Nelson [47], Thompson and 

Gray [48], [49]. The problem of fault detection has been examined by 

Prasad [39], Prasad and Gray [40], [41], [42], who showed that diagnosis 

of unrestricted multiple faults within a UMT (and several other itera­

tive structures) can be accomplished. Shih [37], Shih and Gray [38], 

extended the results of Prasad to include fault location within the UMT 

for various fault classes. Hoptiak [35], [36] considered a means of 

implementing results by Prasad on generalized sequential trees. To 

summarize, the UMT has been shown to be a universal structure and faults 

within it can be both detected and located. For this reason, it appears 

to be the most likely candidate for realizing the cells of the two hyper­

planes when self-reconfiguration is approached. It should be noted that 

the UMT is not of mere academic interest. Stewart [20] has shown that 

rectangular to polar coordinate conversion using CORDIC [50] can be done 

by an array of relatively simple UMT's. This is not a trivial computation 

and simple modifications to Stewart's results permit other functions to 

be computed such as SIN, COS, TAN, LOG, etc. (see [50]). 

Gregory [9] has considered the problem of fault detection and 

isolation at the cell level and considered various techniques for trans-
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mitting intercell signals and inputs to and from cells. If the cells 

are to be synchronous, a very real problem exists concerning the clock. 

The clock, like everything else, must be "distributed" throughout the 

array. This problem has been approached by Fletcher, et. al. [51]. 

Of primary consideration in this dissertation are the problems of 

initialization and self-diagnosis by the control hyperplane. First, 

the powerful nature of tessellation automata are considered. Then, 

results concerning patterns of a combinatorial nature are advanced. 

These patterns are to be used as global configurations in the tessella­

tion automaton. Next, studies of the rate at which configurations can 

"grow" are performed. Then, the results found for both patterns and 

growth rates are combined to solve the initialization problem which we 

shall refer to as "synthesis". Finally, self-diagnosis is considered 

for automata with perturbed (faulty) configurations. 



IV. TURING MACHINES AND TESSELLATION AUTOMATA 

4.1 Introduction 

In this chapter, the relationship between Turing machines (TM) and 

Tessellation Automata CTA) is considered. First, the formal notion of 

a Turing machine is advanced. Then~ a theorem relating them to 

tessellation automata is introduced which constructs an equivalent TA 

for any given TM. This proves the existence of a universal TA. It is 

then shown that the converse is also true: That is, TA can be simulated 

on Turing machines. Then, the question of stability is addressed and 

theorems concerning it are introduced. 

4.2 Turing Machines 

The construction of a Turing machine [23 ] is shown in Figure 4.2.1 

and can be formalized 14] by a five-tuple. 

Tm = (K, f, 0, q , F) 
o 

Lmere: K is the finite set of states which the controller can assume, 

f is the finite set of symbols which can exist on the tape, 

0, the "next move function", is a mapping from K x r to 

K x r x {L, 

qo' an element of K, is the initial state of the controller, 

F, a subset of K, are "final" (acceptance) states of the 

controller. 

The subset F is generally utilized when Tm is functioning as a lin-

guistic acceptor (i.e., identifying a string as belonging to a language) 

and has no application when Tm is used for general computation. Also, 

Tm should have one or more states which halt (computation completed). 

20 
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Infinite tape ~ Tape cell 

III~I'II } 

6.l~ 
Movable head 

Controller 

Figure 4.2.1 The Turing Machine Construction 
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These states can be identified by expanding the head move to include 

"H" for halt (no move). Further, Tm's definition can be expanded to 

include the initial tape contents, T , at t = 0, and the initial posi­
o 

tion of the head, p , at t = O. Then T. denotes the tape content at 
o 1 

time i, and, similarly, Pi is the head's position. We shall refer to 

the content of the tape cell i at time j as T.(i). These modifications 
J 

lead to the following six-tuple. 

Tm = (K, r, 0, q , T , P ) 
000 

where 0 is modified as stated previously. 

0: (K x r) ~ (K x r x {L,R,H}) 

This formalization represents a "computational" Turing machine and is 

no less nor more general than the former definition. 

Less formally, the Turing machine simply reads the tape symbol at 

the current head location and, based on the controller's state and the 

symbol read, prints a symbol on the tape, goes to a new state, and moves 

its head left, right, or halts. The tape is assumed to be infinite and 

T , q ,p define the initial configuration of Tm. This definition will 
000 

be useful later in comparing tessellation automata and Turing machines. 

In accordance with Church's hypothesis [ 8 ], the Turing machine is 

the definition of "computable". That is, it is believed to automate any 

procedure. This makes it the most "powerful" of automata in that any 

finite sequence of instructions which can be mechanically carried out 

can be programmed on a Turing machine. Though Church's hypothesis re-

mains unproven, familiarity with Turing machines leads one to accept it. 

An important fact about Turing machines is that the addition of more 

tapes and/or more heads does not increase their power. Also, 
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increases in tape dimensionality do not lead to a more powerful machine. 

The relevance of these facts is to be considered next. 

4.3 Behavioral Equivalence 

In this section, the following question is posed. Are Turing 

machines and tessellation automata computationally equivalent? That is, 

can a Turing machine be simulated on a tessellation automaton and vice 

versa? This question has been considered by Burks [ 6 ] who states: 

"For any given Turing machine M (and hence for a universal Turing 

machine M ), there is an initially quiescent automaton in von Neumann's 
u 

29-state cellular automaton system which will perform the same computa-

tion as M (or M )." Thatcher [ 2 ] dealt with the particular details 
u 

for embedding a universal Turing machine in von Neumann's cellular 

model [25]. It should be noted that von Neumann's model has X 

«0,0), (0,1), (0,-1), (1,0), (-1,0» and is in E2. Using this result, 

Holland's computer [ 13] can be shown to be universal since it has the 

same dimensionality and neighborhood index as von Neumann's model and 

each cell contains a machine at least as powerful as von Neumann's. 

We now wish to demonstrate that there exists a class of tessella-

tion automata which are capable of simulating Turing machines but which 

are one-dimensional in nature. These TA will be equivalent in the 

following sense. The tape content, head position and controller state 

will be represented within the cells of the TA as a tuple and the 

desired information must be "extracted". In terms of computational 

equivalence, only the tape content need be considered. For that reason, 

if at any point in time the tape content of Tm can be extracted from 
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TA, the two automata will be said to ,be behaviorally equivalent. The 

following theorem specifies the construction. 

Theorem 4.3.1 V Tm ct a behaviorally equivalent TA, TA(Tm) where: 

TA(Tm) = (A, El, (-1,0,1), a) 

Proof: In TA, let A = K x f x {Q,L,R}. Then each element a E A is a 

three-tuple a = (k,t,s) where k E K, t E f, s E {Q,L,R} belong to Tm = 

(K, f, 0, q , T , P ) as previously specified. Then, for each move in 
000 

o of Tm, o«k,t» = (k' ,~' ,m) where m E {L,R,H} define, in a, the fol-

lowing: 

Where s = Q if m = H, otherwise s = m. " If , -

(1) 

(2) 

denotes unspecified or "don't 

care" condition. These rules cause the TA to make the same moves as Tm. 

Also in a must be: 

Vk E K, t E f 

a ( ( _,_,L)(k,~,Q)(_,_,Q» (-,~,Q) (3) 

a«_,_,Q)(k,~,Q)(_,_,R» = (-' ~,Q) (4) 

a«_,_,Q)(k,~,L)(_,_,Q» ( -' ~ ,Q) (5) 

a«_,_,Q)(k,~,R)(_,_,Q» ( -' ~,Q) (6) 

a«_,_,Q)(k,~,Q)(_,_,Q» = (-' ~,Q) (7) 

These rules cause inactive cells to retain the same configuration and 

force the active cell back to a quiescent state, Q. If T(i) denotes the 

symbol in the ith cellon the tape, then TA can be initialized as: 

c(p + 1) = (q , T (p + 1), L) a a a a 
(8) 
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c(i) = ( ,T (i),Q) 
- 0 

An alternate initialization is: 

(9) 

c(p - 1) = (q ,T (p - l),R) 
000 0 

(10) 

v. I p - 1, 
l 0 

c(i) = ( ,T (i),Q) 
- 0 

(11) 

Define a mapping, f: A ~ r where Vk, s, f(k,i,s) = i. Using f, the 

tape of Tm can be found from c, the TA's configuration, by applying f 

to each cell in TA and, T(i) f(c(i». This mapping merely extracts 

the tape symbol of Tm from the state-tuple for a given cell in TA. We 

demonstrate by induction that the preceding construction yields an 

equivalent TA. The basis for induction is found by going from t = a to 

t = 1 in Tm and its associated TA. At t = 0, we employ (8) and (9) to 

construct TA(Tm). Then Vi, i I Po + 1, c(i) = (_,To(i),Q), and for i = 

Po + 1, c(po + 1) = (qo,To(po + 1), L). Since f(k,i,s) = i, then Vi, 

f(c(i» = T (i). Then at t 
o 

0, the configuration of TA is equivalent 

to the tape content of Tm. We compute the state of TA and Tm at t 1. 

In Tm, o«k,i» = (k' ,it ,m). Then Vi I Po' TI(i) T (i), and for i 
o 

(p ) = it. In TA, Vi I p , c'(i) = c(i) by (3), (5) and (7). 
o 0 

For i p, by (1), c'Cp ) = (k' ,it,s) where s 
o 0 

Q if m = H, otherwise 

s = m. Since Vi I Po' f(c'(i» = i, f(c'CPo» ~' then Vi, f(c'(i)) = 

TI(i). Therefore, the configuration of TA is equivalent to the tape 

content of Tm at t = 1. A similar argument for the alternate initiali-

zation of TA, (10) and (11), can be made. In doing so, rules (2), (4), 

(6) and (7) are employed. The next state of Tm's controller and its 

head position are preserved in ct(p ) = (k',i' ,s). This concludes the 
o 
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basis of induction. At time t, the tape cells of Tm have content Tt(i), 

the controller is in some state k, and the head is at a position p • 
t 

We hypothesize that TA(Tm) has c(i) = (_,Tt(i),_), Vi I Pt - 1, Pt ' Pt 

+ 1, and that c(pt ) = (k,Tt(pt),Q). For cells Pt - 1 and Pt + 1, either 

c(p
t 

- 1) = 

right at time t - 1, then the former will be the case. If the head was 

moved left, it will be the latter case. We shall consider the former 

case. At time t + 1, Vi I Pt ' Ti(t + 1) (t), and T (t + 1) = t', 
P t 

the controller goes to a new state k' and the head makes a move, m. 

This follows from 8(k,t) = (k' ,t' ,m) given k and Pt. Next, we find the 

configuration c' of TA. Using (4), (6) and (7), we see that Vi I Pt ' 

c'(i) = (_, (i),Q) and by (2), c'(p t ) = (k' ,2' ,s) where s 

else s = Q. Then, Vi I P , f(c'(i» 
t 

m if m I H, 

Further-

more, the controller's state at time t + 1 and the move of the head are 

preserved in c'(Pt). We conclude that the configuration of TA is equiv-

alent to the tape content of Tm at time t + 1. A similar argument using 

(1), (3), (5) and (7) yields the same result if the latter case of 

c(p
t 

- 1) 

ered. Then, by induction, TA(Tm) exists where TA(Tm) = (A, ,(-1,0,1), 

a) • 

Informally, the basis of the construction is to have only one "ac-

tive" cell in TA corresponding to the position of the head of 'Tm. A 

cell is "active" only if its right neighbor has L in its state-tuple or 

if its left neighbor has R in its state-tuple. The next state of the 

active cell records the symbol written by Tm on the tape, the next state 
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of Tm's controller and activates either its left or right neighbor ac-

cording to whether Tm moved its head left or right. By considering 

only the r portion of the state-tuple for each cell in TA, the tape of 

Tm can be reconstructed. An example demonstrating the correspondence is 

shown in Figure 4.3.1. 

We can now prove the universality of El, X (-1,0,1) tessellation 

automata. 

Corollary 4.3.2 There exists a universal tessellation automaton, Ta , 
u 

1 
of the form TA = (A,E ,(-1,0,1),0). 

II 

Proof: Let Tm be the universal Turing machine. Using Theorem 4.3.1, 
II 

construct TA(Tm). Since Tm can simulate any Tm, then by Theorem 4.3.1, 
II II 

TA(Tm ) is also capable of simulating any Tm. 
II 

universal tessellation automaton, TA , and TA 
II II 

Therefore, TA(Tm ) is the 
II 

1 = (A,E ,(-1,0,1),0). 

The neighborhood index X = (-1,0,1) has been called a Moore neigh-

borhood index by Yamada and Amoroso [30 ] and is the one-dimensional 

equivalent of the two-dimensional neighborohood used by Moore [16]. To 

that end,. we shall call TA by the name "Moore's Universal Automaton" in 
II 

honor of the man who first dubbed these cellular structures "tessella-

tions". 

We now wish to consider a previously unaddressed question. Are 

tessellation automata more powerful than Turing machines? That is, 

could Church's hypothesis be false? Before addressing this question, 

some results and definitions due to Yamada and Amoroso [30] are stated. 

Theorem 4.3.3 For any TA M
l

, there exists a behaviorally isomorphic 
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Tm 

0: (A,~) -+ (A,l?,R) 

(A,X) -+ (B,}1,L) 

(B,~) -+ (B,X,H) 

Tm TA(Tm) 

111~1~1~1~1~1~1~ll 

t~ 1~1!1~1~1~1~1~11 

1 J I ~ I ~ I ! I ~ I ~ I ~ 161 1 

f} I~I~I~I~I~I~I~I f 

i ~ I ~ I ~ I x 1 x 1 l? 
~~~f~~~~~~~ 

l A ] 

~ ~ I ~ I x I x ~ 

1 ~116116~xl16 

tIl? 1 l? 1 ~ I ~ I x 1 ~ 
£\ 

ctJ 
t =4 lll---J.~l?:...-.-J-I -=-~_I--I '"1'rX -1-1 --...:..16---1-1 _X --1..1---.:16---1.....1 ~ a 

ctJ (Halted) 

Figure 4.3.1 Construction of TA(Tm) 
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TA M2 with a (partial) von Neumann n~ighborhood index, and M2 is con­

structible from a blocked structure (arising from a cover blocking). 

A suitable proof can be found in Cole [ 7]. The d-dimensional von Neu-

mann neighborhood is defined as a (2d + I)-tuple, X = (~l' ~2' .•. , 

~2d+l)' where one component is ad and all others are of the form ~i 

(0, •.. 0, z, 0, ... 0) where z £ {-l,l}. That is, each cell has 2d + I 

neighbors (one being itself) which are directly adjacent in both direc-

tions of each dimension. This is a generalization to d-dimensions of 

von Neumann's two-dimensional neighborhood. (See Figure 2.2 in Chap-

ter II.) A partial von Neumann neighborhood is one which has all its 

components in von Neumann's neighborhood. It is a subset of a von Neu-

mann neighborhood. 

We will also draw on some previously stated results concerning Tur-

ing machines. Of particular interest is that any d-dimensional, n-head 

Turing machine is equivalent to some single tape, single head Turing 

machine. A formalization of this statement can be found in Arbib [ 5 ] 

and is repeated here. 

Theorem 4.3.4 Given an arbitrary Turing machine, Tm, with p tapes, the 

jth of which is of dimension ~. and is scanned by h. heads, it may be 
J J 

simulated by a Turing machine, Tm', with a single one-dimensional tape 

scanned by a single head. 

Finally, the questionable power of tessellation automata can be addressed. 

Theorem 4.3.5 V TA, ~ a behaviorally equivalent Tm(TA) (deterministic) 

with a single one-dimensional tape scanned by a single head. 
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Proof: To simulate TA = (A, Ed, X, q), we require a Turing machine hav-

two d-dimensional tapes, one of which is scanned by n + 1 heads (re-

call that Ixl = n) and the other scanned by a single head. In terms of 

the Tm of Theorem 4.3.4, we require that p = 2, 21 = d, £2 = d, hI = 

n + 1 and h2 = 1. The tape having n + 1 heads will be referred to as 

Tl and the other (with a single head) as T2" For such a Turing machine, 

0: (K x rn+2) + (K x r n+2 x M) where K is the set of controller states, 

r is the set of tape symbols and M is the set of head moves. Since Tl 

and T2 are d-dimensional, IMI = 2d. Since rn+2 = x r x r, we can re-

state the next move function of Tm, 0: (K x Q x R x S) + (K x Q x R x 

S x M) where Q r n , R = r, S = r. Let K = {O,l} and r A. Let the 

heads of Tm be labeled bl , b2 , ... , bn , bn+1 , bn+2 where b1 , .""' 

bn+l are on T1 and bn+2 is on T2" If i is the position of bn+2 on T2 , 

let bn+l 
be at position i on T

l
. Then arrange b

l
, ... , b such that b. n J 

is positioned at i + on Tl where E:.. is the jth component of X in TA. 
J 

Let T1 be initialized such that Tl = Co at t = O. Clearly, this is 

possible since r = A and T
1

, T2 have the same dimension as TA. Let q = 

(ql' q2' ... , qn) be an element of Q. Then q € An since Q = rn
, r = A. 

For every move of TA, a(q) = a, let V x € A, o(O,q,x,_) = (O,q,x,a,m). 

This permits Tm to compute c' of TA onto T2 without modification of T1 . 

Also, if ~ j, 1 < j ~ n, 3 i = i + then: 

Va € A, o(l,(ql .•. q. 1 q'+l •.. q ), J- - J n 
a) = 

(l,(ql .•. qj-l a qj+l •.. qn)' a, a, m) 

Else: 

Va E A, 0(1, q, _, a) ( 1 , q, a, a, m) 
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These rules permit Tm to copy T2 ontQ T
l

" The choice of rules when K 

1 is due to the possiblity that ~o E X. If ~o £ X, there will be two 

heads, b
j

, bn+l at the same location of T
l

. We must insure that they 

write the same symbol on Tl if such a case exists. The move, m, is 

permitted to be non-deterministic. Also, there are two non-deterministic 

state transitions of the form 8(0,q,r,s) = (1, q, r, s, m) and 8(1, q, r, 

s) = (0, q, r, s, m). Without further formality, we state the principal 

points. Tm scans Tl and computes c' of TA onto T2 where Tl is initially 

set equal to Co of TA. It then moves from K = ° to K = 1 and copies T2 

onto Tl" Finally, it moves from K = 1 to K = ° and rescans T2 where 

now, T = ct. 
2 

Clearly, there exists an induction on t showing that T2 

c for TA for all t. Then, there exists an equivalent Tm(TA) which is 

non-deterministic. By Theorem 4.3.4, a Tm' with one head and a one-

dimensional tape. Certainly, Tm' is non-deterministic but it is known 

[ 14] that any non-deterministic Tm can be simulated by a deterministic 

Turing machine. Then a Tm(TA) which is deterministic and has a single 

head scanning a single one-dimensional type. 

One final result can be brought forth. 

Theorem 4.3.6 ¥ TA, 3 a behaviorally equivalent TA (A, El, (-1,0,1), 

0). 

Proof: By Theorem 4.3.5 we can construct Tm(TA) which has one head and 

a one-dimensional tape. 
1 

But Tm(TA) can be simulated on TA = (A, E , 

(-1,0,1),0). Therefore, for any TA, we can construct a behaviorally 

equivalent TA in (A, , (-1,0,1), a). 
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We can conclude from these two theorems that tessellation automata 

do not overturn Church's hypothesis and that one-dimensional TA having 

a Moore neighborhood index are as powerful as any TA. It should be 

remembered that these simulations cannot (in general) be performed in 

real time. That is, some two-dimensional TA (in fact, most) can perform 

an operation in one step that would require vast numbers of steps on 

their one-dimensional equivalent. For this reason, multidimensional TA 

are worth considering for certain applications but we argue that they 

are merely faster, not more powerful. 

4.4 Stability of Tessellation Automata 

The question to be considered here is similar to the halting ques­

tion for Turing machines. That is, is it possible to determine if an 

arbitrary TA in an arbitrary configuration ever reaches equilibrium. The 

word "equilibrium" is formalized by the following definition. 

Definition 4.4.1 A tessellation automaton is said to be in (global) 

equilibrium if and only if c' = c. 

Equilibrium is simply the case that the next (global) state of the au­

tomaton is equal to the current (global) state. If such a state is 

reached, clearly the machine will remain in it for all time. The con­

figuration c will be called an equilibrium configuration. 

Definition 4.4.2 A tessellation automaton is said to be stabl~ if and 

only if it eventually reaches equilibrium. 

The following well-known theorem is due to Turing [23] and is repro-
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duced here for clarity. 

Theorem 4.4.1 (The halting question.) There exists no algorithm to 

determine if an arbitrary Turing machine in an arbitrary configuration 

will eventually halt. 

A suitable proof follows from linguistics [14] and will not be present-

ed here. 

In essence, Theorem 4.4.1 says that halting is undecidable for Tur-

ing machines as a class. It is, in fact, decidable for particular cases. 

This point will be of some importance later. The halting theorem has 

been used to prove other arguments unsolvable [19 ] just as Turing [23] 

applied it to the Entscheidungs problem. It will now be invoked once 

more in this capacity. 

Theorem 4.4.2 (Stability.) There exists no algorithm which determines 

if an arbitrary TA in an arbitrary configuration eventually reaches 

equilibrium. 

Proof: Consider an arbitrary Tm and its corresponding TA(Tm). Clearly, 

TA(Tm) reaches equilibrium if and only if Tm halts since c' = c if and 

only if Tm halts. This property is due to a as follows. If the head of 

Tm moves left, then some cell in TA(Tm) goes from (_,i,Q) to (kl,i' ,L). 

[A similar argument for right moves of Tm is (_,£,Q) + (k',£',R)] since 

this cell has a new state, c' ~ c. If, however, Tm halts, then we have 

(_, i,Q) + (k' ,£',Q) which may indeed be a new state (if i' 1 i), but 

this state is preserved under a«_,_,Q)(k,itQ) (-,-,Q» = (k,£,Q). There-

fore, c' = c and equilibrium of TA(Tm) can be decided if and only if 
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halting of Tm can be decided. Since ,there exists no algorithm to 

determine if Tmhalts, there can exist no algorithm to decide if TA(Tm) 

reaches equilibrium. But VTm,TA(Tm) 8 {TA} so equilibrium is undecida­

ble for all TA. 

An alternate proof due to Thompson [22] constructs a TA which 

"solves" Post's Correspondence Problem which has been proven to be un­

solvable [19]. This implies that equilibrium for those particular TA 

is unsolvable. 

The following corollary follows directly from Definition 4.4.2 and 

Theorem 4.4.2. 

Corollary 4.4.3 Stability of arbitrary TA is unsolvable. 

Although stability is unsolvable in general, it may be solvable 

for particular automata or even large classes of automata. This same 

statement is true of Turing machines. For instance, a Turing machine 

which computes 1 + 2 certainly halts (if correctly programmed!). We 

now consider such cases. 

Lemma 4.4.4 c is an equilibrium configuration if and only if Vi, 

o(c(N(X,i») c(i). 

Proof: Since c'(i) = o(c(N(X,i»), then Vi, c' c(i). Therefore, c' 

= c and c is an equilibrium configuration. 

The existence of such a 0 is questionable. Consider TA = ({O,l}, 

EI, (-1), 0) having c = 010. For this TA, 0 does not exist since for 

the cell in state "I" we require that 0(0) 1 but for all others 0(0) 
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O. Thus, 010 cannot be an equilibrium configuration for this TA. This 

does not imply that there are no equilibrium configurations for the TA 

since c = 1, [0(1) = 1], c = 0, [0'(0) = 0] and c = ••• 010101 •.. [0'(0) 

= 1, 0'(1) = 0] are obvious candidates. The following theorem considers 

the existence of a. 

Theorem 4.4.5 Vc E C, a a 3 c is an equilibrium configuration if SEX. 
o 

Proof: Define a as: Vi, a(c(N(X,i») = c(i). Since SEX, if for some 
o 

i, j, c(N(X,i» = c(N(X,j», then c(i) c(j). Then a is single valued. 

Since Vi, O'(c(N(X,i») = c(i), then c'(i) = c(i) and c' = c. Therefore, 

c is an equilibrium configuration. 

Notice that the theorem implies only sufficiency. Our next result 

specifies those c E C which may be equilibrium configuration if six. 
o 

Theorem 4.4.6 If six, a a 3 c is an equilibrium configuration if and 
o 

only if Vi, j 3 c(N(X,i» = c(N(X,j», then c(i) = c(j). 

Proof: For equilibrium of c, we require that a be defined as: Vi, 

a(c(N(X,i» = c(i). If ai, j, 3 c(N(X,i» = c(N(X,j», c(i) =f c(j), 

then a is multivalued and does not exist. If Vi, j 3 c(N(X,i» = 

c(N(X,j», then c(i) = c(j), a will be single valued and therefore 

exists. 

Theorem 4.4.5 shows that, if SEX, we can always define a for any 
o 

given configuration such that the configuration is an equilibrium con-

figuration. Theorem 4.4.6 specifies those configurations which can or 

cannot be made equilibrium configurations if S t X. The fact that the 
o 
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given configuration ever occurs must ?e demonstrated if the automaton is 

to be called stable. This question has been proven unsolvable in 

Theorem 4.4.2 for arbitrary TA, but we must remember that it may be 

solvable for particular TA or even large classes of TA. 

We can demonstrate the existence of a special class of tessellation 

automata which are completely stable. That is, any configuration placed 

in the automata is an equilibrium configuration. 

Definition 4.4.3 A tessellation automata is called non-erasing if and 

only if Vc E C, C' = c. 

In non-erasing tessellation automata, no modification of the initial 

configuration will occur since all configurations are equilibrium con-

figurations. This implies that any configuration placed in the automa-

ton remains at rest and is a final configuration. Then the automaton is 

stable for any configuration. 

Theorem 4.4.7 VTA, ~ a 3 TA is non-erasing if and only if E X. 

Proof: Let p = a~ a~ a~ , E A, denote an element of An. De-
a 1 n 

fine a as: Vp E An, a(p) = a~. Then ¥c(N(X,i»), it follows that 
o 

a(c(N(X,i) = c(i). Therefore, c'(i) = c(i). Thus, Vc E C, c is an 

equilibrium configuration. Then, the TA is non-erasing. If ~ t X, 
o 

clearly ~ c 3 c(N(X,i» = c(N(X,j» but c(i) ~ c(j). Then TA cannot be 

non-erasing since, if o(c(N(X,i» c(i), then c'(j) = c(i) wh~re c(i) 

~ c(j). For equilibrium of c, we require c'(j) = c(j). Then c' ~ c 

and TA is not non-erasing. 

An example of a non-erasing TA is shown in Figure 4.4.1. Automata 
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TA = ({0,1,2}, E1, (-1,0,1), 0') 

0': 000 - 0 

001 - 0 

002 - 0 

010 - 1 

011 - 1 

012 - 1 

020 - 2 

021 - 2 

022 - 2 

100 - 0 

101 - 0 

102 - 0 

110 - 1 

III - 1 

·112 - 1 

120 - 2 

121 - 2 

122 - 2 

200 - 0 

201 - 0 

202 - 0 

210 - 1 

211 - 1 

212 - 1 

220 - 2 

221 - 2 

222 - 2 

Figure 4.4.1 A Non-Erasing Tessellation Automata 
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having this property will be employeq in synthesis methods of a later 

chapter. It is important to note that non-erasing TA are stable for 

any initial configuration. 

4.5 Discussion 

In order that the findings presented in this chapter be placed in 

proper perspective with respect to the chapters to follow, the following 

points should be considered. Since the stability question for tessella­

tion automata is unanswerable in general, it must be investigated on a 

case by case basis. In fact, there do exist large classes of TA for 

which stability is always decidable. The non-erasing automata of the 

previous section are such a class. In a later chapter we will demon­

strate the existence of a class of tessellation automata with particular 

initial configurations for which stability is answerable. Furthermore, 

the equivalence theorem demonstrates the powerful nature of TA, thus 

justifying their use in the framework of the application. 



V. PATTERNS 

5.1 Introduction 

In this chapter, we consider the existence of patterns in which all 

subpatterns of a given size are unique. A one-dimensional pattern 

(string) having this property is 0001011100. In this string, all sub­

strings of length three are unique. We also note that all possible sub­

strings (000, 001, .•• , 111) are in the string. This implies that its 

length (ten) is maximal if only two symbols, 0,1, are to be employed. 

The question of primary concern is the converse of the example. That 

is, how many symbols are required to insure the existence of a pattern 

(having a given size) whose subpatterns (also of a given size) are 

unique? The importance of this question will be demonstrated in a later 

chapter. As a basis for multidimensional patterns, the one-dimensional 

case of strings is considered first. 

5.2 Strings 

We now demonstrate the existence of strings similar to that of the 

previous discussion and find the relation between length of the string 

and the number of symbols used. 

Definition 5.2.1 An (~,n) string is a string of length ~ having all n­

length substrings unique. 

It is not required that all possible n-length substrings be contained in 

the (~,n) string. The previously mentioned string, 0001011100, is a 

(10,3) string and happens to contain all substrings of length three. 

The string, 0123456789, is also a (10,3) string but does not contain all 

39 
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possible substrings of length three. 

Definition 5.2.2 An (~,n) string is called cyclic if and only if all 

rotations of it are (~,n) strings. 

In a cyclic (~,n) string, the position of a substring is given modulo-~. 

For instance, the string 00010111 is a cyclic (8,3) string and the 

length three substring at location 7 is 110. If an (~,n) string is not 

cyclic, this is not the case and locations greater than ~ - n + 1 do 

not exist. These strings have been called DeBruijn or Good sequences. 

The following Lemma extends a result due to Good [33 ] to arbitrary 

symbol set. 

Lemma 5.2.1 For a set of symbols, A, IAI k, a a cyclic (kn,n) string. 

Proof: Construct a directed graph, G, having each vertex, v., labeled 
1 

with a unique substring of length n-l. Since there are k symbols, there 

n-l . will be k vert1ces. Let edges be labeled with substrings of length 

n where the first n-l symbols of the label are called the prefix and 

the last n-l symbols are called the suffix. An edge, e .. , is directed 
1J 

from v. to v. if and only if the prefix of e .. equals the label of v. 
1. J 1J 1 

and the suffix of e .. equals the label of v .• Consider a vertex, vx ' in 
1J J 

G. Since the label on v has length n-l, there must be exactly kedges x 

directed towards v since preceding the label on v with any of the k x x 

symbols creates a unique label of length n which must be the label of 

some edge. That is, the label on v must be the suffix of kedges. 
x 

For similar reasons, there are k edges directed away from v. This im­
x 
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plies that there are k n edges in G and that the label on each edge is 

a unique substring of length n. Therefore, the outdegree equals the 

indegree for all vertices in G. Consider two vertices, v., v. and their 
1 J 

labels, ~i = aI' a 2 , a 3 , •.. , an-I' ~j = bl , b 2 , ... , bn- I • If b l is 

appended to ~i' the label aI' a 2 , a 3 , ... , an-I' bl is created which 

must be the label of an edge directed from v. to another vertex labeled 
1 

a 2 , a 3 , .•• , an_I' bl · Now b 2 can be appended in a similar fashion to 

reach a vertex labeled a
3

, ..• , an-I' b l , b2 . Thus, if the symbols b l , 

b 2 , ... , bn- l are appended to ~l' we reach the vertex, v
j

" Therefore, 

there is a path from v. to v .. Since there is a path between any pair 
1 J 

of vertices, the graph is connected. Since the graph is connected and 

the outdegree equals the indegree for every vertex, the graph possesses 

an Euler circuit (see Liu [15], Corollary 6 - 3.2). Since an Euler 

circuit passes through every edge once and only once, there exists a 

string which contains each unique substring of length n once and only 

once. The string is cyclic since a rotation of the string corresponds 

to a different starting point in the graph. Since traversing an edge 

in G corresponds to the addition of one symbol to the string, the length 

of the string is kn (there are kn edges). Then, there exists a cyclic 

n (k ,n) string. 

The construction of G is exemplified in Figure 5.2.1. The cyclic 

(kn,n) strings of the Lemma can be made slightly larger if the cyclic 

property is discarded. 

Corollary 5.2.2 For a set of symbols A, IAI n 
k, 3 a (k + n - 1, n) 

string. 
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A {a,b}, n = 3, k = 2 

aaa 

Starting at vertex aa, and traversing edges aa~, aal, abl, bbl, bb~, 

bal, ab~, ba~ yields: 

abbbabaa 

having length 8 

Figure 5.2.1 Demonstration of Lemma 5.2.1 
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Proof: Consider the graph, G, of Lemma 5.2.1. There are kn edges in 

G, each of which is labeled with a unique n-length substring. Traverse 

an Euler circuit in G and construct a string as follows. For the first 

edge traversed, write the entire n-length label of the edge. For each 

n of the k -1 edges traversed thereafter, append only the final symbol of 

the edge's label. Then, the resulting string has length n + kn - 1 and 

still has all n-Iength substrings unique. n Thus, it is a (k + n - 1, n) 

string. 

The cyclic (8,3) string, abbbabaa, of Figure 5.2.1 can be extended 

to a (10,3) string, aaabbbabaa, using the Corollary. (In doing so, the 

initial edge chosen was aaa.) We note that this (10,3) string is not 

cyclic since its second rotation left is abbbabaaaa which has the sub-

pattern, aaa, in two locations. Although these (kn + n - 1, n) strings 

are not cyclic, they are maximal in length. 

Definition 5.2.3 An (t,n) string (using k symbols) is called maximal if 

and only if there exists no (m,n) string (using k symbols), m > t. 

Corollary 5.2.3 (kn + n - 1, n) strings are maximal. 

Proof: We derive the maximal length of an (~,n) string. In a string of 

length ~, there are t - n + 1 substrings of length n. Given k symbols, 

there exist kn unique substrings. If ~ - n + 1 = kn then ~ , 

1 and ~ is maximal since any string of length m, m > t, must have repeat-

ed substrings. n Then, the (k + n - 1, n) string is maximal. 

Shorter (m,n) strings can be obtained from an (~,n) string as is 
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shown next. 

Corollary 5.2.4 Any m-length substring of an (~,n) string is an (m,n) 

string if and only if n < m < i. 

Proof: Since an (m,n) string, m < n, is an absurdity (its substrings 

are longer than the string itself) and if m > 1, the (m,n) string cannot 

be a substring, we consider only n < m <~. Let s be a substring of 

length m, n ~ m ~ 1, of some (1,n) string. Since every substring of 

length n is unique in the (1,n) string, then every substring of length 

n in s must also be unique. Therefore, s is an (m,n) string. 

Our main result for strings can be stated. 

Theorem 5.2.5 a an (1,n) string if and only if k > Inl 1 - n + f1. 

Proof: That kn + n - 1 is the maximal length of an (1,n) string has 

been shown in Corollary 5.2.3. We merely solve the inequality 1 < k
n 

+ 

n - 1 for k. 

As stated previously, this result will be of great importance in 

a later chapter. We can pose a slightly different question to 

conclude this section. Given ~ and k, for what n does an (~,n) string 

exist? Unfortunately, to answer this question in general, we must solve 

the equation 1 = k
n + n - 1 for n (to obtain minimal n) which is tran-

scendental and has no closed form solution. If maximal length 'of the 

string is not required, then cyclic (1,n) strings may be considered. 

For these, n = Ilogk~. This points out the advantage of having the 

long substrings in that fewer symbols are required to ensure the 



45 

existence of an (t,n) string. 

Theorem 5.2.6 Any (t,n) string is an (t,m) string if m > n. 

Proof: Since, in the (t,n) string every substring of length n is 

unique, then every substring of length m is also unique (m ~ n) since 

each has at least one unique substring of length n contained in it. 

Therefore, the (t,n) string is also an (t,m) string. 

Theorem 5.2.7 Any length p substring of an (t,n) string is a (p,m) 

string if n < m < p < t. 

Proof: By Theorem 5.2.7, a (t,m) string if m > n. The reduction to a 

(p,m) string is proven in Corollary 5.2.5. 

This concludes our investigation of strings. We proceed by extend­

ing these findings to patterns of arbitrary dimension. 

5.3 Extended Dimension 

The previous section established the basis for similar questions 

concerning patterns of arbitrary dimension. That is, do there exist 

multidimensional patterns having all subpatterns (of the same dimension) 

unique and, if so, how many symbols are required? 

Definition 5.3.1 Ant(d) pattern is a d-dimensional pattern having 

length t in every dimension. 

We will use this same notation to refer to subpatterns. That is, ned) 

subpatterns are sub-hypercubes (having length n in all d-dimensions) of 

some ted) pattern. 
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Definition 5.3.2 An (~,n)d pattern ~s a d-dimensional pattern of size 

~ (in each dimension) having all subpatterns of size n (also in each 

dimension) unique. 

Then an (l,n)d pattern is a d-dimensional hypercube that is ~ x ~ x .•• 

x ~ and has all n x n x ... x n subpatterns (also hypercubes) unique. 

Definition 5.3.3 An (~,n)d pattern is called cyclic if and only if 3 

a dimension, x, I < x < d 3 all rotations of the pattern in dimension x 

are (~,n)d patterns. 

Notice that only one such dimension is required. We can extend Lemma 

5.2.1 to patterns of arbitrary dimension. 

Theorem 5.3.1 For any set of symbols A, [A! 

pattern, n > 1. 

Proof: (by induction on d) 

The basis for the induction is proven by Lemma 5.2.1 (for d = 1). We 

now assume 3 a (kn,n)d cyclic pattern and show 3 a (kn,n)d+l cyclic 

pattern. Denote as PI the (kn,n)d pattern which is cyclic in dimension 

th n 
x and let Pr be its r rotation in dimension x. Since PI has length k 

in all dimensions, then 1 < r < kn. Let s(i,j) denote the· ned) subpat-

tern at location i in p .. Then i is ad-tuple and, since p. is cyclic, 
J J 

the component of i in dimension x is taken modulo kn. Since PI is a 

n then (i =I j) , s(i,l) :/: s(j,I). (k ,n)d pattern, Vi,j Since Pk is a 

cyclic rotation of , then Vi,j (i :/: j), s(i,k) :/: s(j,k). Since p. 
1 

and p. are cyclic rotations of each other, then Vi,j (i =I j), s(k,i) :/: 
J 
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s(k,j). Since each cyclic rotation still contains the same subpatterns 

at some location, then Yi,j,k, a £ 3 s(£,i) = s(k,j) and since all k
n 

rotations are considered Yi,j,£, 3 k 3 s(i,k) = s(j,£). Let * denote 

concatenation in dimension d + 1. Then p. * p. * * p, 
11 12 l(kn) 

pattern in d + 1 dimensions having size kn in every dimension. 

is a 

Let x. 
1 

th 
be a d-tuple (iI' ... , £x-l' i, £x+l' ... , £d) having i at the x com-

ponent and consider the sequence, sexl,I), s(xZ,I), ... , s(x(kn),l), of 

subpatterns found in PI at locations (iI' ... , ix-I' 1, £x+l' ... , i(k n), 

n 
.. "' ix-I' k , £x+ l' ."., 

£(kn». (Informally, we are looking at the sequence of suhpatterns at a 

location in PI which is arbitrarily fixed in all dimensions except x, 

the cyclic dimension.) 

sex , i.) 
r J 

PI and select 
'+1 J 

where for some r, 

s(xj+l,l). Since lJi,j,k,3i set, 

s(k,j) and Vi,j ,i, 3 k 3 s(i,k) = s(j ,t), then P
j

+
l 

can always he 

found. Therefore, the construction exists. Furthermore, Vj the subpat-

tern sexl,l) found in Pi
j 

is paired with s(xj+l,l) in P
ij

+
l

" Then all 

selections for p. are unique. Since Vi, j, (i -f j), s(i~l) i= s(j,l). 
l. 

J 
then Vi, (i I 1), sexi,l) I s(xl,l). This implies the pair s(xl,l), 

s(xj+1,1) is unique only to P, ,,;;'( 

Pi for all j . Since Vi.,j,L'C (i ~l 
l. 

J J+l 
s(i,k) f s (j , k) and Vi, j , (i f j) , s(k,i) -f s(k,j) , then the pair 

s(i,i.), s(£,i
J
'+l) is unique only to p, * p. 

J 1j 1 j +l 
Since all pairs of 

subpatterns in p. '1~ .'. are unique in dimension d + 1, then 
11 (kn) 

n 
i< p. is a (k ,n)d+l pattern if n > 1. Clearly, it is 

l(kn) 
th d' . h cyclic in dimension x since any rotation of it in the x lIDenSlon as 

the same pairing of subpatterns. Thus, for n > 1, a a cyclic (kn,n)d+l 

pattern. By induction, Vd, 3 a cyclic (kn,n)d pattern, n > 1. 

) , 
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As a demonstration of Theorem 5.?1, we extend a string to two 

and three dimensions. Consider the cyclic string 0011 having k = 2, 

n = 2, k
n = 4. Then, there are four cyclic rotations, PI = 0011, P2 = 

0110, P3 = 1100, P4 = 1001 and 

s(l,l) 00 

s(2,1) 01 

s(3,1) = 11 

s (4,1) 10 

is the sequence mentioned in the Theorem. Letting p. = PI' we see that 
~1 

in PI' s(l,l) = 00 is at location 1 (numbering from left to right) and 

we must select for p. the string having s(2,1) = 01 in location 1. 
~2 

Then P
i2 

= P2 and we locate s(l,l) = 00 in P2 at location 4. Then, for 

p. we must select the pattern having s(3,1) = 11 at location 4. Then 
~3 

p. = 
~3 

P4 which has s(l,l) = 00 at location 2, and we select p. 
~4 

since P
3 

has s(4,1) = 10 at location 2. Finally, we concatenate PI * 

P2 * P4 * P3 to get: 

0011 
0110 
1001 
1100 

y 

L. x 

which is two-dimensional and cyclic with size 4 x 4 having all 2 x 2 

size subpatterns unique. It is cyclic in the same dimension as the 

string. Next, we extend it to three dimensions. 

PI = 0011 P2 = 0110 P3 = 1100 P4 
1001 

0110 1100 1001 0011 -
1001 0011 0110 1100 

y, 1100 1001 0011 0110 
-. 
x 
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and: 

x,y 

s«I,l),l) = 1 0 
1 1 

s«2,1),1) o 0 
1 a 

s«3,1),1) a 1 
a 0 

s«4,1),1) 1 1 
o 1 

Letting p. = PI' which has s«l,l),l) at (1,1), we select p. = P2 since 
11 12 

it has s«2,1),1) at (1,1). Then, in P2' s«1,1),1) is at (4,1) so we 

pick p. P4 since P4 has s«3,1),1) at (4,1). Now, for p. we use P3 
l3 14 

because P4 has s«I,I),I) at (2,1) and P3 has s«4,1),1) at (2,1). At 

last, we concatenate PI * P2 * P4 * P3 to find a cyclic 4 x 4 x 4 pat-

tern with unique 2 x 2 x 2 subpatterns. 

110 a 
1 0 0 1 
o 1 1 0 
o 0 1 1 

1 0 0 1 
o a 1 1 
110 0 
o 1 1 0 

o 1 1 0 
110 0 
o 0 1 1 
1 0 a 1 

o 0 1 1 
o 1 1 0 
100 1 
1 1 0 0 

It can be shown that the patterns of Theorem 5.3.1 are cyclic in every 

dimension if a certain adjacency between p. and p. is defined. 
II 1 (kll) 
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Corollary 5.3.2 For any set of symbqls~ A, IAI n 
k~ a a (k ,n)d pattern t 

n > 1, which is cyclic in every dimension. 

Proof: The induction of Theorem 5.3.1 will prove the corollary if it is 

shown that P. * ... * p. is cyclic in dimension d + 1. We note that 
II l(kn) 

¥ j, s(j,l) is not paired with s(j,l) in the concatenation. Since 3 i 

3 S(i,i(kn» = s(xl,l) and since p. is a rotation of PI in dimension 
l(kn) 

x, then i and xl differ in the xth component. Let h = i-xl and 

define the adjacency between P. and p. where Vj, location j in 
11 l(kn) 

is adjacent to location j - h in p. , j - h taken modulo kn. 
(kn ) 11 

This is a simple rotation in dimension x when going from p. to p .. 
1 (kn ) 11 

It is clear that s(xl,l) found in p. (at location i) is now adjacent 
l(kn) 

to s(xl,l) found in Pi
l 

(at location xl) since i h = i - (i-xl) = xl" 

Since h merely rotates the adjacency between p. and p. , it is clear 
lCkn) II 

that Vj, s(j,l) found in p. is paired with s(j,l) found in p .. 
lCkn) II 

Since these pairs do not appear in p. * * p then it follows 
11 iCkn)' 

in dimension d + 1. Then, that p. * ... * p. 
II 1Ckn) 
n 

3 a (k ,n)d pattern, n > 1, which is cyclic in all dimensions. 

is induction, 

To demonstrate the corollary, we consider the (4,2)2 pattern of the pre-

vious example. 

0 0 1 1 

p. 0 1 1 0 
l2 

p. 1 0 0 1 
l3 

P. 
14 

1 1 0 0 

In this case, s(xl,l) = 00 is found at location 3 in P .. Then h = 3 -
l4 

1 = 2. The adjacency between p. and p. is shown below. 
l4 11 
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p. 0 0 1 1 
11 

p. 0 1 1 0 
12 

p. 1 o 0 1 
13 

p. 1 1 0 0 
14 

This is a rotational matching between p. and p.. If the pattern is 
14 11 

rotated "up" we find: 

o 1 1 0 
100 1 
1 100 
110 0 

which is still a (4,2)2 pattern. The second rotation "up" is: 

100 1 
110 0 
1 100 
1 0 0 1 

which is also (4,2)2. It should be clear that under rotation in the new 

dimension, the pairing of unique subpatterns remains the same. Then any 

rotation will be a (4,2)2 pattern. 

We shall present an application for such patterns in a later chap-

ter. We note that if h = 0, we have the usual cyclic adjacency in the 

new dimension, d + 1. That is, no rotation in dimension x is required 

when going from to p. or vice versa. 
1(kn) 

This implies that p. 
_ 11 

p. 
1(kn) 

Some effort has been expended to find such patterns. None has 

been found for k = n = 2 but for k = 3, n = 2 the following pattern has 

the property. 
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A A B A eBB C C 

A B A eBB C C A 

A eBB C C A A B 

Bee A A B A C B 

A B A eBB C C A 

Bee A A B A C B 

A eBB C C A A B 

A B A eBB C C A 

A A B A eBB C C 

It is a (9,2)2 pattern which is cyclic in all dimensions and has h = o. 

Due to their cumbersome nature, larger patterns have not been investi-

gated. Since the application to be presented does not require h = 0, 

we leave this as an open question. Furthermore, since the method em-

ployed uses a specific construction, there may be a different method 

which finds (kn,n)d patterns which are cyclic in every dimension with 

h = 0. If some particular application requires h = 0, additional sym­

bols could be used to supplement the alphabet. In this wayan (t,n)d 

pattern might be found for h = 0. Clearly, this approach would use 

excessive symbols to achieve its result. 

The next result considers the case where n = 1. 

Theorem 5.3.3 For any set of symbols, A, JAI 

pattern if and only if k > ida 
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Proof: If all ned) size subpatterns are unique, n = 1, then all 

1 x 1 x ... x 1 subpatterns are unique. This implies that every symbol 

is unique and, since there are ~d locations in an ~(d) pattern, then 

k = ~d is the minimal k. Therefore, k > ~d is sufficient. Such a 

pattern is clearly cyclic. 

As in the case for strings, if the cyclic property is discarded, 

the pattern can be made slightly larger. 

Corollary 5.3.4 For any set of symbols, A, IAI n 
k, a a (k + n - l,n~ 

pattern. 

Proof: (by induction on d) 

The basis of the induction is established in Lemma 5.2.1 and Corollary 

5.2.2 for d = 1. We have shown the existence of cyclic (kn,n)d patterns 

in Theorem 5.3.1. n We presume a a (k + n - 1, n)d pattern and demon-

strate the existence of a (k
n 

+ n - 1, n)d+l pattern. Consider the con­

catenation of Theorem 5.3.1. If each (kn,n)d cyclic pattern is extended 

n 
to a (k + n - 1, n)d pattern (not cyclic) before concatenation, then 

n the resulting pattern has length k + n - 1 in all dimensions except 

d + 1. Consider the subpattern x(x1,1). It is paired with s(x2,1), 

s(x3 ,1), ... , s(x(kn),l) in the concatenation but the pair s(xl,l), 

s(x
1

,1) has not been used. If p. is concatenated n - 1 times-and pre-
11 

n 
cedes p. * * p. ,then the resulting pattern has length k + n -

11 1(kn) 
1 in all dimensions. Since all ned + 1) subpatterns are still unique, 

then the n 
pattern is a (k + n - 1, n)d+l pattern. Then, by induction, 
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n 
3 a (k + n - 1, n)d pattern. 

Theorem 5.3.5 3 an (t,n)d pattern if k > rn/t- n + fl. 
The proof of this theorem follows' from the same argument in Theorem 

5.2.5. 

As may not be expected, these patterns are not maximal. By considering 

the argument of Corollary 5.2.4 extended to (t,n)d patterns, we realize 
d 

that for maximal patterns, ken ) = (t - n + l)d. The length can be ex-

pressed as 

If we consider the case that d = 2, n = 3, k = 2, we find t = 24.63 and 

can conclude that such a pattern does not exist. This does not preclude 

the existence of a non-hypercube pattern such as a 32 x 16 or 64 x 8 

pattern. In fact, the bound does exist if d divides nd . This fact 

alone does not prove the existence of such a pattern. We have shown the 

existence of patterns having t = kn + n - 1 which are maximal if nd=nd. 

5.4 Irregular Patterns 

The previous sections restrict their attention to hypercubic pat-

terns. We now address the problem of :patterns which are tl x t2 x •.• x 

td size having all nl x n2 x ... x nd size subpatterns unique. 

Def. 5.4.1 An i(d) pattern is a hypercube of length i. in dimension i. 
1.. 

Then t is ad-tuple, t = (t
l

, t
2

, •.• , t
d

) where each component in t 

specifies the length of the pattern in that dimension. 
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Definition 5.4.2 An (I'~)d pattern is an I(d) pattern with all ned) 

subpatterns unique. 

In considering (I'~)d patterns, w.e see that solving for kin: 

> 
d 
TI 

i=l 
(2. 

l 
- n. 

l 
+ 1) 

yields the sufficient number of symbols but we cannot presume the pat-

tern's existence. Although the resultant will not utilize minimal k, 

(2,n)d patterns may be employed. First, we formulate some preliminaries. 

Lemma 5.4.1 Any m(d) subpattern of an (2,n)d pattern is an (m,n) subpat-

tern if n < m < 2. 

Proof: Consider an (2,n)d pattern and an arbitrary m(d) subpattern, 

n < m < 2, in it. If some ned) subpattern in the m(d) subpattern is not 

unique, then it is also not unique in the (2,n)d pattern. But all ned) 

subpatterns in any (2,n)d pattern are unique by definition. Then all 

ned) subpatterns of the m(d) subpattern are unique. If m > 2, H m(d) 

subpattern in an (2,n)d pattern and an (m,n)d pattern is an absurdity 

if m < n. We conclude that the m(d) subpattern is an (m,n)d pattern if 

n < m < 2. 

The Lemma considers reduction in size of (2,n)d patterns. Next, we 

consider increases in subpattern size. 

Lemma 5.4.2 Any (Z,n)d pattern is an (2,m)d pattern if m > n. 
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Proof: Since every m(d) subpattern of an (i,m)d pattern has at least 

one ned) subpattern within it (if m ~ n), we conclude that all m(d) sub-

patterns are unique because all ned) subpatterns are unique. Then the 

(i,n)d pattern is an (i,m)d pattern. 

Finally, we summarize the two in a single theorem. 

Theorem 5.4.3 Any (i,n)d pattern is a (p,m)d pattern if n 2 m 2 p 2 i. 

Proof: Reduction in size from (i,n)d to (p,n)d has been shown in Lemma 

5.4.1 and requires n ~ p ~ i. If m > p, a (p,m)d pattern is absurd so 

we stipulate m ~ p ~ i. Lemma 5.4.2 permits increased subpattern size 

from (p,n)d to (p,m)d if m > n. 

The following definitions will prove convenient for later results. 

Definition 5.4.3 The largest component, i., in i, i 
1 

is denoted as MAX t. That is, Vj, 1 ~ j < d, then ii ~ i
j

. 

Definition 5.4.4 The smallest component, ii' in t, i = (iI' i 2 , ... , 

t d) is denoted as MIN t. That is, Vj, 1 ~ j ~ d, then i. < i .. 
1 - J 

We shall employ these conventions in discussions of n as well. 

Corollary 5.4.4 Any (i,n)d pattern is an (i,n)d pattern if MAX i < i, 

MIN t > n. 

Proof: By the same argument as Lemma 5.4.1, the corollary is proven. 

Corollary 5.4.5 Any (i,n)d pattern is an (i,n)d pattern if MIN n > n. 



57 

Proof: By the same argument as Lemma 5.4.2, the corollary is proven. 

Corollary 5.4.6 Any (!,n)d pattern is an (t,n)d pattern if MAX t < !, 

MIN n > n. 

We presume the (I';)d pattern is not absurd. That is, Vi, !. > n .. 
1 - 1 

Now, we can compute the number of symbols required to construct an 

(I';)d pattern. As stated previously, the value computed will be suffi-

cient but may not be necessary. 

Theorem 5.4.7 a an (I,n)d pattern if 

k > I MIN nlMAX T - MIN n + f1 

Proof: By Corollary 5.3.4, a a (kn + n - 1, n)d pattern which, by 

Theorem 5.3. 5 requires 

k > In/>!' - n + 1 1 

If >!, = MAX >!" n = MIN n, then by Corollary 5.4.6 a an (I';)d pattern. 

Then, 

This Theorem is our main result for non-hypercubic patterns and concludes 

our formal investigation of patterns. 

5.5 An Example 

In order that the theorems of the previous sections be confirmed, 

we shall construct a two-dimensional pattern that is 7 x 9 having all 
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4 x 3 subpatterns unique. Formally, this is a ((7,9),(4,3»2 pattern. 

For this pattern, MAX t = 9, MIN n = 3. Applying Theorem 5.4.7, we see 

that: 

k > = /1.9il = 2 

is the sufficient number of symbols. We begin with Lemma 5.2.1, using 

two symbols, {0,1}, and construct the graph of Figure 5.5.1. In doing 

so, we find a cyclic string of length kMIN n = 23 
= 8. The string found 

is 01110100, which may be extended using Corollary 5.2.2 to length kMIN n 

+ MIN n - 1 = 8 + 3 - 1 = 10. The extended string is 0111010001. Next, 

we take all rotations of 01110100 and extend them in a similar manner. 

0 1 1 1 0 100 + 0 1 1 1 0 1 0 0 o 1 Pl 

1 1 1 01000 + 1 1 1 0 100 0 1 1 P2 

1 1 0 100 0 1 + 1 1 0 1 0 o 0 1 1 1 P3 

1 0 1 000 1 1 + 1 0 1 000 1 1 1 0 P4 

0 1 0 0 0 1 1 1 + 0 1 000 1 1 1 0 1 p' 5 

1 o 0 o 1 1 1 o + 1 0 0 0 1 1 1 010 = P6 

000 1 1 1 0 1 + o 0 0 1 1 1 0 100 = P7 

o 0 1 1 1 0 1 0 + 0 0 1 1 1 0 1 0 0 0 P8 

Then, by Corollary 5.3.4 we concatenate PI * Pl * Pl * P2 * P4 * P7 * 
P3 * P8 * P6 * P5 to obtain a (10,3)2 pattern. 
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000 

110 

Figure 5.5.1 Finding a Cyclic String 
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0 1 1 1 0 10001 

0 1 1 1 0 1 0 0 o 1 

0 1 1 1 0 100 0 I 

1 I I 0 1 0 o 0 1 1 

1 0 1 0 0 o 1 I 1 0 

o 0 0 1 1 1 0 I o 0 

1 1 0 1 0 0 0 I 1 1 

001 1 1 0 1 0 o 0 

1 0 0 0 1 1 1 010 

o 1 0 0 0 I 1 1 0 1 

Then, the desired pattern can be found by taking any 7 x 9 subpattern of 

this (10,3)2 pattern. Such a subpattern is: 

Since, in this 7 x 9 

o 1 1 1 0 1 0 0 0 

01110 1 0 0 0 

o 1 110 1 0 0 0 

1 I 1 0 1 000 I 

I 0 1 0 0 0 III 

000 1 1 I 0 1 0 

1 1 0 1 0 0 0 1 1 

, all 3 x 3 subpatterns are unique, we can 

conclude that all 4 x 3 subpatterns are also unique. Thus, we. have 

found a «7,9),(4,3»)2 pattern. We can consider the minimal k for such 

a pattern. We stated that: 
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d 
(n-n.) d 
i=ll 

k > ~ (2. - n. + 1) 
i=l 1 1 

k(3)(4) ~ (7 - 4 + 1)(9 - 3 + 1) 

k12 ~ (4) (7) 

k > 1121281 = Ii. 321 
k = 2 

Then, we have met the minimal k since we employed only two symbols. Of 

course, this may not always be the case. 

This concludes our investigation of patterns. The main results 

lie in Corollary 5.3.4 which demonstrates the existence of (kn + n - 1, 

n)d patterns and Theorem 5.3.5 which finds the number of symbols required 

to construct them. Although these results may not lead to minimal k, we 

will make use of them in a later chapter. 



VI. GROWTH 

We wish to consider the minimum number of time steps required for 

the tessellation automaton to move from an initial configuration which 

is, perhaps, primitive, to a desired configuration. By considering only 

the minimum time required, we are able to momentarily cast aside the 

question of stability. Whether or not the automaton halts at the de­

sired configuration is unimportant for now. We are merely stating that 

it cannot possibly reach the desired configuration in a time less than 

the minimum found in this chapter. In a following chapter, we shall 

demonstrate a technique which insures stability of the automaton with 

respect to the desired configuration. First, some definitions and 

preliminary results which are of an arbitrary nature with respect to 

dimension and neighborhood are presented. 

Definition 6.1.1 A cell, i, in a configuration, c, having c(N(X,i» ~ 

On is called an initializable cell. 

Definition 6.1.2 A local transformation, 0, is called maximal with 

respect to a configuration, c, if and only if Vi 3 c(N(X,i» I On, then 

o(c(N(X,i») ~ O. 

Informally, a local transformation which is maximal with respect to a 

configuration, c, will cause all initializable cells to have a non­

quiescent state (i.e. ~ 0) in c', the next configuration. In other 

words, it initializes all initializable cells in c. 

Definition 6.1.3 A local transformation is called maximal with respect 

62 
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to a sequence, c. , c. , .•• , c. , . ~ ., c. , (Vk, I < k < j -1, c. 
11 12 1k 1j - - J-k+l 

T(C. » if and only if Vk, 1 < k ~ j, a is maximal with respect to c .• 
~ ~ 

By our definition, a local transformation which is maximal with respect 

to a sequence is maximal for each configuration at each step in the 

sequence. 

Theorem 6.1.1 A local transformation, a, is maximal with respect to any 

sequence if and only if Vp E: An, p 1= On, a(p) 1= O. 

Proof: Since every symbol, s, in any arbitrary configuration, c, is in 

A, then Vi, c, c(N(X,i» E: An. But VPE:An , p 1= On we require that a(p) 

1= O. Then V c(N(X,i», it follows that a(c(N(X,i») 1= O. Thus, a is 

maximal for all configurations, c E: C. Then, it is maximal for any se-

quence since C is the set of all configurations. This demonstrates suf-

ficiency. n Clearly, 3: C€C 3 Vp€A , P = c (N (X, i» for some i. (Such a 

configuration can be found for El TA by embedding a (kn + n - 1. n) 

t " . t . f' . t t 11 t' Recall that (kn + n - 1, n) s r1ng In a qUlescen ln lnl e esse a lone 

strings contain all substrings of length n.) Let c be the initial con-

figuration in some TA. If:!I P€An , a(p) = 0, then :!Ii 3 a(c(N(X,i») = O. 

By Definition 6.1.2, a is not maximal for the given c. Then:a a sequence 

for which a is not maximal. Thus, necessity is proven. 

The Theorem provides an easy check for maximality of the local transfor-

mation but the conditions stated are necessary only if any arbitrary se-

quence is permitted. 

Corollary 6.1.2 A local transformation, a, is maximal with respect to a 
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The Corollary follows from the sufficiency of the Theorem. For a given 

sequence, the condition of the Corollary is not necessary since there 

may exist some element, q, qsAn , which never appears as some c(N(X,i» 

in any configuration in the sequence. For such an element, if cr(p) = 0, 

then cr may still be maximal in every sense. Since synthesis will con-

sist of a predetermined sequence, the Theorem and its Corollary will not 

be employed and it is included only for completeness. 

Definition 6.1.4 Two cells i,j are called inverse neighbors if and 

Lemma 6.1.3 For a cell, i, a n inverse neighbors. 

Proof: Since I xl = n, a ~l' ~z' ... , t:.ri Then cells jl' jz' 

inverse neighbors of cell i where jk = i - t:.
k

, 1 ~ k ~ n. 

These are the neighbors which receive the state information 

They are found by a "backwards" trace. 

... , j are 
n 

cell i. 

Lemma 6.1.4 In a primitive configuration, c , 3 n initializable cells. 
p 

Proof: Recall that a primitive configuration is of the form, c 
p 

GaO, 

a£A. That is, 3 a unique cell, i, where c(i) ~ 0. For the n inverse 

neighbors of cell i, (cells jl' jz' ... , jn)' then c(N(X,jk» ! On 

(1 ~ k ~ n) and for all other cells, j, (~k'3 j = jk); then c(N(X,j» 

On. Therefore, there are exactly n initializable cells. 
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6.2 One-dimensional Growth 

In this section, growth from an initial configuration is considered". 

First, definitions suitable only for one-dimensional automata are pre-

sented. These will be extended shortly to include multidimensional 

cases. 

Definition 6.2.1 If and only if an> 0, k, 3 X «k + 1),(k+2), .•• , 

(k + n», then X is called scope-no 

The definition is due to Yamada-Amoroso [29]. Notice that any scope-n 

neighborhood is contiguous. 

Definition 6.2.2 If and only if a i, 1, 3 Vj, i + 1 ~ j ~ i + 1, c(j) ~ 

0, then c is called scope-t and is said to be at location i. 

The definition simply extends the concept of scope to configurations. 

Using these results and definitions, we find our results for one-dimen-

sional tessellation automata. 

Lemma 6.2.1 If X is scope-n, c is scope-r, a is maximal with respect to 

c, then c' is scope-[r + n - 1]. 

Proof: Since c is scope-r, then c 

where Vj, 1 _< j < r, a. - ~ 

..• , c(p ) 
r 

a. . 
~ r 

j 
A, a. 

~. 

J 

~ O. 

Note thatp
2 

o a. 
~l 

a. a. 0 
~. ~ 

J r 
Denote the position of the initial-

PI + 2, .. -., p r = 

PI + r. Then, in general, Pj = PI + j - 1, 1 < j < r. Also, recall 

that if X is scope-n, then X = «k + 1), (k + 2), ... , (k + n». 

sider the initializable cells associated with cell p .• They are, 
J 

Con-
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P
j 

- (k+l), P
j 

- (k+2), •.• , P
j 

- (k.+ n), but these positions may be 

expressed as (PI + j - 1 - k - 1), (PI + j - 1 - k - 2), .•• , (PI + j -

1 - k - n), which is (PI + j - k - 2), (PI + j - k - 3), ... , (PI + j -

k (n + 1». Writing these in ascending order yields (PI + j - k 

(n + 1», (PI + j - k - (n + 1) + 1), ... , (PI + j - k - (n + 1) + (n -

1». Let PI - k - (n + 1) p. Then the initializable cells associated 

with p. are (p + j), (p + j + 1), ... , (p + j + (n - 1». In a like 
J 

manner, the initializable cells associated with P
j
+l are (p + j + 1), 

(p + j + 2), ... , (p + j + n). Of these cells, only (p + j + n) is not 

already specified as initializable by p .• Then, for 1 ~ j ~ r, we con­
J 

clude that the initializable cells are at positions (p + 1), (p + 2), 

... , (p + r + (n - 1». Since a is maximal with respect to c, then each 

of these cells is initialized. Therefore, c' is scope-[r + n - 1]. 

We now find the scope of the configuration after an arbitrary number 

of steps. 

Lemma 6.2.2 If X is scope-n, Co is scope-r, a is maximal with respect 

to the sequence cO' cl ' c2 ' ..• , cs - I ' then c s is scope-[r + s(n-1)]. 

Proof: Consider c l . By Lemma 6.2.1, cI is scope-[r + (n - I)J. We 

hypothesize that C s is scope-[r + sen - 1)] and show cs+
I 

is scope-

[r + (s + 1)(n - 1)]. Let c be scope-p, p 
s 

r + sen - 1). Then, by 

Lemma 6.2.1, cs+I is scope-k, k = p + (n - 1) = r + sen - 1) + (n - 1) 

r + (s + l)(n - 1). Then, by induction, the Lemma is proven. 

Our main result for one-dimensional automata follows from this lemma. 
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Theorem 6.2.3 If X is scope-n, Co is scope-r, a is maximal with respect 

to the sequence cO' cl ' •.. , c t - 1 ' then the minimum number of steps, t, 

to reach c, c is scope-R., is t = ~ = ~.1 
Proof: To reach c in minimal time, we require c to be scope-p, p > t 

s 

and c 1 to be scope-q, q < t. By Lemma 6.2.2, p = r + sen - 1). Thus, 
s-

t - r 
we solve the inequality t < r + sen - 1) for s which yields s > I" 

-n-

I

-nl - rlrr. Since t must be an integer, the minimal value is t = [I 

The result may be particularized to growth from a primitive configura-

tiona 

Corollary 6.2.4 If X is scope-n, Co = cp ' a is maximal with respect to 

the sequence cO' c l ' •.. , c t _l ' then the minimum number of steps, t, to 

fi-il reach c, c is scope-R" is t = I~I. 

We note that, if n = 1. our result yields t = 00 as the minimal time to 

reach c. This is a correct result since, if n = 1, there is only one 

element in X. Thus, for each initialized cell in c, there is a single 

initializable cell. Then c and c' have equal scope and growth is not 

possible. The configuration is not necessarily at equilibrium ~ince it 

may shift in one direction or another. We also note that if l = I then 

we see that t = O. This, too, is cor~ect since the primitive configu-

ration which is the automaton's initial configuration has l = 1. Then 

zero time is required to reach a scope-l configuration. However, this 

points out that our results may not hold for reaching a particular con-

figuration. If, for example, Co = DaD and we desire to reach c = ObO, 

I fxl denotes the smallest integer> x. 
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our results indicate that zero time ~s required but, in fact, at least 

one time step is needed. Thus, our results hold only for the scope of 

the configuration and not for the configuration itself. This statement 

will hold true for the remainder of this chapter. 

6.3 Multi-dimensional Growth 

We wish to extend our findings for scope-i configurations in autom-

ata with scope-n neighborhoods to multi-dimensional automata. First, 

we must reconsider what is meant by "scope". 

Definition 6.3.1 If and only if ~ k, k = (k
l

, k2' ... , kd), n, n = (nl , 

n r , and (k + i) £ X, ~ ~ ~ (k + i), then X is called scope-no 

An example of a scope-n neighborhood is in order. Consider E2 TA with 

scope-(2,3) neighborhoods. One such neighborhood is X «0,0), (0,1), 

(0,2), (1,0), (1,1), (1,2». For this neighborhood, k (-1, -1). If 

sketched, X describes a rectangle of height two and width three. 

Another scope-(2,3) neighborhood in E2 is X = «1,1), (1,2), (1,3), (2,1), 

(2,2), (2,3» which has k = (0,0). The d-tuple, k, is an offset. 

Informally, a scope-n neighborhood index is ad-dimensional hyper-

rectangle of length n in dimension r. Notice that neighborhoods which 
r 

are not hyper-rectangles are not included. We also note that, since we 

have previously defined X = (~l' ~2' ... , ~n)' thenlXI = n so a scope-n 
d 

neighborhood has n = IT n .. By this, any cell in a tessellation automa­
. 1 1 1= 

ton having a scope-n neighborhood still has n neighbors. Then our pre-

liminary results of the previous section still hold. 
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Definition 6.3.2 If and only if ai,.i = (iI' i 2 , ••• , i d) where Vj, 

j = (j l' j 2' ..• , j k ' .•• , j d) and 0 2- jl 2- 21 -1 , •.• , 0 2- j k 2- 2k -1, 

..• , 0 2- jd 2- l d-l, such that c(i + j) # 0 and Vp # i + j, c(p) = 0 

then c is said to he scope-2, 1 = (1
1

, 1
2

, ••. , l
d

) and is said to be 

located at position i. 

Such a configuration can be thought of as ad-dimensional hyper-rec-

tangle in which all cells within and on the boundaries are non-qlliescent 

and those cells outside the hyper-rectangle are quiescent. The con-

figuration has length 21 in dimension one, length 22 in dimension two 

and so forth. This differs from the definition for I(d) patterns of the 

previous chapter only in that the d-dimensional space is infinite. In 

short, the configuration, c, is simply an I(d) pattern embedded in an 

otherwise infinite quiescent tessellation and has a "corner" at location 

i. None of the symbols in the embedded led) pattern can be the quiescent 

symbol. We note that our definition does not include those configura-

tions which are not hyper-rectangles or have quiescent cells embedded. 

We shall deal with these shortly. In essence, these definitions extend 

the notion of scope to be a d-tuple. Using this, we can extend our 

previous results to multi-dimensional automata. 

Lemma 6.3.1 If X is scope-n, c is scope-r, a is maximal with respect to 

c, then c' is scope-[r + ~ - I d ] where Id = (1, 1, .•. , 1) is the d-tuple 

of all ones. 

Proof: Consider an arbitrary dimension, g, I ~ g 2 d. In this dimension 

c has scope-r and X has scope-n. By an argument similar to that of 
g g 
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Lemma 6.2.5, we see that c' will have length r + n - I in dimension g. . g g 

Since X is scope-n,:3: E;.* € X, E;.* == «kl + R,l)' (k2 + R,2)' ••• , (kd + 

l d». If ~ is at location i, then, clearly, the cell at location i - i;* 

is initializable. Since X is scope-n, then Vi; £ X, i; # i;*, t; = (PI' P2' 

Pr' Pd), :3: b, 1 < b < d, 3 < (kb + }?,b)· Then VE,., j == ... , ... , - - Pb 

(j l' j2' .... , jb' ... , j d) == i - f. the cell at location j is initializ-

able but :3: b, I < b < d, 3 jb > ib - (~ + l b ) . Then i - E,.* is the loca-- -
tion of c 1 • Therefore, c' is scope- Cr + n - I d ] . 

As in the case of one-dimensional automata, we can now find the configu-

ration's scope a.fter an arbitrary number of steps. 

Lemma 6.3.2 If X is scope-n, Co is scope-r, cr is maximal with respect 

to cO' c I ' •.. , cs - l ' then Cs is scope-[r + sen - I d)]. 

Proof: The lemma is proven by an argument similar to Lemma 6.2.2. 

Finally, we consider the minimum time to reach an arbitrary scope-R, 

configuration. 

Theorem 6.3.3 If X is scope-n, Co is scope-r, cr is maximal with respect 

to cO' cl ' ..• , c t - l ' then the minimum number of steps, t, to reach c, 

c is scope-R" is t 
rio - r. MAXI ~ ~ 
I n i - 1 

Proof: Consider dimension k, 1 < k < d. At step s, the configuration 

has length r
k 

+ s(n
k 

- 1) in dimension k. 
fik - r;j 

Then, if Vk, s 2. I n
k 

- 1 I ' 

then a configuration whose length is equal to or greater than }?, in every 
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dimension is reached. 
t. - r:l rio - r~1 

Therefore, t ~ -.1 __ -l.1 where Vi, t > 1-2----.1:. 
n j - 1 1 -I n i - 1 I 

is the minimum number of steps to reach c. More simply, this is 

MAXI_l 1 = t. r,q,. - r~ 
i n i - 1 

Corollary 6.3.4 If X is scope-n, Co = c
p

' a is maximal with respect to 

cO' c I ' ... , c t _l ' tl-i~n_th~e minimum number 

scope-I, is t = MAX 1 l' 

of steps, t, to reach c, c is 

.lni -
Proof: If c = 

0 
c p' then Co is scope-(l, 1, ... , 1) . Then r = (1, 1, 

rio - 11 . . . , 1) so Vj, r . 1. Thus, by Theorem 6.3.3, t MAxi 1 II' J Ini 

As we stated previously, these results hold only for prediction of the 

configuration's scope and in no way allow us to predict the configura-

tion itself. This concludes our investigation of growth of scope-~ 

configurations in tessellation automata having scope-n neighborhoods. 

6.4 Irregular Neighborhoods and Configurations 

Our efforts of the previous sections confined their attention to 

configurations and neighborhoods which were contiguous. It is exactly 

this constraint which will be of greatest value in our next chapter. 

However, some results may be obtained for automata in which this is not 

the case. In these automata, prediction of any property other than the 

size of the boundaries of the configuration is not possible due to the 

fact that the neighborhood is not contiguous and that the initial con-

figuration may not have all cells initialized within its perimeter. 
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Definition 6.4.1 A configuration, c, is said to be span-~, if and only 

if a a scope-~ configuration, g, where Vi 3 c(i) # 0, then g(i) ~ ° and 

p scope-m configuration, h, 3 ~ m < ~ , 1 < r < d, where Vi 3 c(i) ~ 0 
r r 

then g(i) :F 0. 

We are simply finding the smallest scope-t configuration, g, in which 

the configu~ation, c, could be placed. In other words, c and g occupy 

the same tessellation space but not every cell in c is necessarily 

initialized. Note that this definition is completely general. That is, 

any configuration may be classed as span-I, for some ~. 

Definition 6.4.2 A neighborhood index, X, is said to be span-n if and 

only if a a neighborhood, Y, Y is scope-n, where V ~ £ X, then ~ £ Y and 

It scope-m neighborhood, Z, m < n ,3 V~ £ X, ~ £ Z. 
r r 

A neighborhood which is span-n has all its elements in some minimal 

scope-n neighborhood. We note that any neighborhood index may be classed 

as a span-n neighborhood, for some n. 

Lemma 6.4.1 If X is span-n, c is span-r, cr is maximal with respect to 

c, then c' is span- (r + n - I d) • 

Proof: Consider the configuration, C J and an arbitrary dimension, k, 

I < k < d. Since c is scope-~, a i, j 3 c(j) ~ 0, c(j) ~ 0, i k - jk 

rk - 1. That is, there are two cells which are a distance of ~k - 1 

from each other in dimension k. Since X is span-n) a ~ , E,f £ X, ~ e e 

(Zle' z2e' •.. , zde)' ~f = (zlf' z2f' •.. , Zdf) 3 zke - zkf = nk - 1. 

Then the cell at i - ~ has c(N(X,i - ~ » ~ 0 and is jnitializable. 
e e 

= 
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Also, the cell at j - ~f is initializable. The distance between these 

two cells in dimension k is (jk - zkf) - (ik - ze) = jk - zkf - i k + zke 

r
k 

+ n
k

- 2. Since cr is maximal with respect 

to c, these cells will be initialized. Thus t the span of c' in dimension 

k is r
k 

+ n
k 

- 2 + 1 = r
k 

+ n
k 

- 1. Since this is the case for all k, 

then c' is span-(r + n - I d). 

As noted earlier, since a span-i configuration need not have all cells 

initialized, then the next configuration, too, may contain blocks of 

quiescent cells. Under these conditions, only the growth of the boundary 

can be predicted. We state our final results for this case. 

Lemma 6.4.2 If X is span-n, Co is span-r, a is maximal with respect to 

cO' c l ' ..• , cs - l ' then Cs is span-[r + sen - I d)]. 

Proof: The le~ma is proven by an argument similar to Lemma 6.2~2. 

Theorem 6.4.3 If X is span-n, Co is span-r, cr is maximal with respect 

number of steps, t, to reach c, 

c is span-i, is 

Proof: The Theorem is proven by an argument similar to Theorem 6.3.3. 

Corollary 6.4.4 If X is span-n, Co = c
p

' a is maximal with respect to 

... , 

span-i, is t 

c l' then the minimum number of steps, t, to reach c, c is 
t-

This completes our findings for growth rate in span-i configurations. 

These configurations will be of little interest within our application 
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due to the fact that each configurati.on during the growth process may 

not have all cells initialized. This difficulty arises from the fact 

that the neighborhood index is not contiguous. 

Definition 6.4.3 A span-n neighborhood index, X, is said to have inner 

scope-m, (Iscope-m) if and only if H a scope-m neighborhood index, Y, 

v ~ £ Y, then ~ £ X and ~ scope-p neighborhood index, Z, where a r 3 

Then, the Iscope of a span-n neighhorhood index is the largest scope-m 

index contained in it. We wish to employ the notion of Iscope with 

respect to configurations as well. 

Definition 6.4.4 A span-l configuration, c, is said to have Iscope-p if 

and only if 3 a scope-p configuration, d, 3 Vi, d(i) ~ 0, then c(i) ~ ° 
and ~ scope-q configur.ation, e, 3 q > p , 3 Vi, e(i) ~ 0 then c(l) ~ 0. 

r r 

This definition is consistent with the notion of Iscope for neighbor-

hoods. The Iscope of a configuration is the largest scope-p configura-

tion found within it. Then, a span-t configuration (or nei.ghborhood) 

which is also Iscope-t is really a scope-t configuration (or neighbor-

hood). We also point out that any configuration or neighhorhood has 

some Iscope even if it is simply (1, 1, ..• , 1). 

Lemma 6.4.5 If X is span-n Iscope-m, c is span-r Iscope-p, a is maximal 

with respect to c, then c' is span-(r + ~ - I
d

) Iscope-q, for some q 

where Vi, 1 < i < d, > p + m - 1. - r r 

Proof: Lemma 6.4.1 demonstrates that c' is span-(r + n - I
d
). If we 
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consider Lemma 6.3.1, then clearly c~ has Iscope of at least (p + ~ -

The LemmA is somewhat unsettling in that the Iscope of c' is not predict-

ed exactly. We have merely found its minimal size. We will demonstrate 

by two examples that it may be larger than the minimum of p + m - Id 

if either X is not scope-n or c is not scope-po For simplicity, we shall 

consider each occurrence of "a" to be an arbitrary symbol in A. 

Example 6.4.1 Consider an El tessellation automaton hav.ing X = (0, 1, 

2) and c = OaaOaaO. Then X is scope-3 and c is span-5 Iscope-2. If a 

is maximal with respect to c, then c' = OaaaaaaaO which is scope-7. The 

predicted lower bound for Iscope of c' is 2 + 3 - 1 = 4. 

Example 6.4.2 Consider an El tessellation automaton having X = (-2, 0, 

1) and c = OaaO. Then X is span-4 Iscope-2 and c is scope-2. If a is 

- -maximal with respect to c, then c' OaaaaaO which is scope-5. The pre-

dicted lower bound for the Iscope of c' is 2 + 2 - 1 = 3. 

The two examples point out the unpredictable nature of growth when arbi.-

trary span~n neighborhoods or configurations are permitted. We can only 

find upper and lower bounds on the growth rate using this result. 

Lemma 6.4.6 If X is span-n lscope-m, Co is span-r Iscope-p, a is maxi-

mal with respect to the sequence cO' c
l

' ..• , c l' then c is span- + 
s- s-

sen - I d)] scope-q for some q where Vi, 1 < i < d, qi ~ Pr + mr - 1. 

Theorem 6.4.7 If X is span-n Iscope-m, Co is span-r, Iscope-p, a is max­

imal with respect to the sequence cO' c
l

' •.• , c
t

-
1 

then to reach c, c 
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is scope-R." t time steps are required where t < t < t
b

, t 
a- a 

~. - r~ MAX~i - p~. MAX 1- t = 
lni - 1 ' b m - 1 i 

Proof: Since the span of c must be at least equal to the span of c in 
t 

each dimension, we employ Theorem 6.4.3 to find the lower bound, t • a 

By considering only the Iscope-p portion of cO' then by Theorem 6.3.3, 

we are assured of achieving a scope-I configuration at tb. 

Corollary 6.4.8 If X is span-n Iscope-m, Co = c
p

' cr is maximal with 

respect to ... , c l' then to reach c, c is scope-R." t time 
t-

steps are required where t < t < t
b

, 
a-

\~' - il 
=MAX_1 I Ini - 1 ' 

tb = MAX _R., 1_' _-_~ • 
m

i 
- [I 

The Corollary particularizes Theorem 6.4.7 to the case where the initial 

configuration is primitive. In this case, Co is span-(l, 1, •.. , 1) 

Iscope-(l, 1, ••• , 1). This concludes our findings for growth rate in 

tessellation automata. 

6.5 Discussion 

In this chapter~ we have found the relationship between the rate of 

growth of a configuration and the tessellation automaton's neighborhood 

index. Theorem 6.4.7, which is the main result for completely arbitrary 

configuration and neighborhood index, simply finds upper and lower bounds 

for the time required to reach a configuration having a contig,uous block 

of initialized cells. Within this dissertation, the results of Theorem 

6.3.3, which finds the time to reach a configuration in which all cells 

of a given sized block are i.nitialized where both the initial configura-
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tion and the neighborhood index are themselves contiguous, will be of 

greater value. 



VII. SYNTHESIS 

7.1 Introduction 

In Cha~ter III, it was proposed that the tessellation automaton 

govern the global ~unction of the array. As was stated, the function of 

each cell in the computing array is determined from the state of the 

associated cell in the controlling array (tessellation automaton). Then, 

for some given global configuration, c, of the tessellation automaton, 

there is a corresponding arrangement of functional blocks in the com-

puting array. This defines the global function of the computing array. 

Consider the mapping, h, h: A + F. Certainly, we require that IAI ~ 

IFI or there are functions in the cells of the computing array which 

cannot be invoked by the tessellation automaton. We wish to partition 

the alphabet of the tessellation automaton, A, such that A = Ast1 Af , 

and specify that I I ~ IFI and Va E Af , ~ a unique f E F where h(a) 

f. This partially specifies the mapping h which will then be "onto" 

between Af and F. We see that under these conditions, a desired arrange-

ment of functions in the computing array has an associated global con-

figuration which the tessellation automaton must assume if the desired 

arrangement is to be invoked. We also note that it is made up entirely 

from symbols in Af" The symbols in A will be employed in the synthesis 
s 

of the desired global configuration. 

Clearly, the global configuration which invokes the desired comput-

ing function should be in equilibrium for if it is not, the tessellation 

automaton will alter its global configuration at the next time step. 

This implies that the function of the computing array will also change 

and the overall machine will not be performing the correct function. 

78 
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With this in mind, we recall Theorem.4.4.5 which states: 

Vc£C, 3: (J 3 C is an equilibrium configuration if E; £ X. 
o 

We also recall Theorem 4.4.6. 

If E; i X, 3: (J 3 C is an equilibrium configuration if and 
o 

only if Vi,j 3 c(N(X,i» = c(N(X,j», then c(i) = c(j). 

Then, if ~ t X, there are some configurations which cannot be in equi­
o 

librium in the tessellation automaton. For each of these configurations, 

there is some computing function which cannot be realized. Since we 

cannot be certain that these functions are not valuable, we should not 

rule out their potential utilization. For this reason, we resolve that 

in the tessellation automaton, E; £ X. 
o 

Now, we consider how the tessellation automaton is to acquire the 

desired configuration. While it is possible to initialize each and 

every cell "by hand", such a procedure would be time consuming at best. 

Furthermore, it is possible, or even likely, that an incorrect configu-

ration might be "loaded" into the automaton. In fact, if this method is 

employed, the tessellation automaton could be replaced with a simple 

programmable memory. Obviously, that cannot be permitted! We propose 

that the desired configuration be achieved by placing the automaton into 

a particular initial configuration and then allowing it to move sequen-

tially through several intermediate configurations until the desired 

final configuration is reached. Since E; is presumed to be in X, we are 
o 

assured that (J exists so that the desired configuration is, in fact, a 

final (equilibrium) configuration. We now define the formal notion of 
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synthesis. 

said to be synthesized from c in s steps. 
o 

Definition 7.1.2 If and only if c f can be synthesized from co' then 

Co is said to be a seed of c f • 

We shall make some restrictions on X and c. So that the growth rate of 
o 

the automaton's configuration be predictable, we will require that c be 
o 

a scope-r configuration and that X be scope-no Then, by Lemma 6.3.1, 

each succeeding configuration can be contiguous if a is maximal at each 

step and we can employ Theorem 6.3.3 to determine the minimal number of 

steps to reach a contiguous configuration which can be mapped to c f ' 

We will not require that c f be contiguous since it is to be an arbitrary 

configuration. It will be considered as a span-l configuration and rio 

attempt to determine its Iscope is required. Since the fundamental ad-

vantage of utilizing synthesis is to avoid entering a large configura-

tion, we will assume that if Co is scope-r and c
f 

is span-~, then Vi, r i 

< i., and ~ j 3 r. < i .. In other words, we require that c be smaller 
- 1 J J 0 

than c f in some dimension and that it be no larger in any dimension. 

Certainly, if c were a primitive configuration, we have the minimal 
o 

amount of information to enter. We shall not restrict c to be a primi­
o 

tive configuration for two reasons. Gregory [ 9 ] correctly reasons that 

if a fault exists in the cell utilized for the non-quiescent symbol of 

the primitive configuration, synthesis may be doomed. Such a disaster 

might be avoided if a larger initial configuration is employed. Secondly, 
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use of primitive configurations may ~ot be practical if a large set of 

final configurations are to be permitted. This will be discussed in a 

later section of this chapter. 

We must consider the existence of a. Inherent in our definition of 

synthesis is the implication that the tessellation automaton is stable. 

We recall that this question was shown unsolvable in Chapter IV for 

arbitrary TA in an arbitrary configuration. We should realize that the 

question of stability might be resolved for particular tessellation 

automata in a particular initial configuration. The non-erasing automa-

ta mentioned in Chapter IV illustrate such a possibility. These automa-

ta were shown to be unconditionally stable. Fortunately, the question 

of stability is partially resolved. Since we require that ~ E X, then 
o 

we are assured that a exists so that c f is an equilibrium configuration. 

If we demonstrate that cf is reached at some point in time, then stabil-

ity is guaranteed. We now demonstrate, by example, that this question 

is not trivial. 

Example 7.1.1 

1 Synthesize the configuration 0 1 2 3 0 in ({0,1,2,3}, E , (-1,0),0). 

That is, define a (if possible). 

00 -+ 0 

01 -+ 1 

02 + -

03 + -

10 + 2 

11 -+ -

12 -+ 2 

13 + -

Let c 
o 

.20 

21 

22 

23 

30 

31 

32 

33 

o 1 0 and a: 

+ 3 

-+ -

+ -

-+ 3 

4- 0 

-+ -

-+ .-

-+ -
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("_II denotes an unspecified symbol) 

Using this 0, the following array transitions occur. 

010 

o 1 2 0 

o 1 2 3 0 

01230 

etc. 

Notice that the synthesis terminates in an equilibrium configuration. 

That is, no further changes occur. Therefore, this automaton is stable 

(under the specified cr) and, as shown, synthesizes = 0 1 2 3 O. The 

existence of cr to perform the synthesis for any specified configuration 

must be demonstrated as shown by the next example. 

Example 7.1.2 

The configuration ° 1 ° 1 1 1 ° cannot be synthesized in ({0,1}, E
1

,. 

(-1,0,1), cr). For equilibrium, we require, 

cr: a 0 a -+ 0 

001-+0 

010-+1 

011-+1 

1 ° 0 -+ 0 

101-+0 

110-+1 

111-+1 

Since all neighborhood configurations are specified, we cannot ensure 

the synthesis using cr. Only two seeds exist, 0 and 1, and therefore only 
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a 1 or 1 a 1 can be used for c. Trying these yields: 
o 

a 000 1 000 a 1 III a III a 

a 000 1 000 0 1 III 0 III 0 

Thus, the configuration cannot be synthesized in the specified automaton. 

Certainly, if X or A were larger, synthesis might be possible. This is 

the main question to be considered in this chapter. That is, given an 

automaton and a desired equilibrium configuration, how many symbols in 

A are required to guarantee the existence of a whereby the desired con-

figuration is synthesized from a simple initial configuration. 

The informed reader who is familiar with the work of Yamada-Amoroso 

[ 29 ] may wonder how synthesis differs from the completeness problem. 

Completeness considers the question of whether or not there exists a 

configuration which cannot evolve from a primitive configuration in a 

given tessellation automaton. The automaton under consideration allows 

its local transformation, a, to vary in time. Then completeness implies 

that for every configuration, there exists a sequence of local trans-

formations which, if applied to a primitive configuration, yields the 

given configuration. This question is tightly coupled to Moore's Garden-

of-Eden problem [16] since, if an automaton is complete, there exists 

no Garden-of-Eden configurations. Synthesis and completeness differ in 

three fundamental ways. First, the tessellation automata which we are 

considering has a single (selected) local transformation and is not 

allowed to vary in time. Second, we have no qualms about increasing the 
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size of the automaton's alphabet, A, ,in order to reach a given configu-

ration. Third, the basic question is somewhat different in that we are 

concerned with the evolution of a particular configuration, not all con-

figurations. 

7.2 Synthesis in One-dimensional Automata 

In this section, we consider the synthesis problem for one-dimen-

sional tessellation automata. In accordance with our introduction, we 

that X be scope-n and that be scope-r. We also require that 

be span-t and that r < t. 

made up from symbols in Af . 

Furthermore, we will assume that is 

We can find the required size of A which 
s 

assures the existence of a so that any given c
f 

is synthesized. Our 

initial result considers the case where c is a primitive configuration. 
o 

Theorem 7.2.1 In El TA, if X is scope-n, ~ £ X, 
t-l~ 0 

IAsl ::.. 2 + S~lr/l+(S-l)(n-l~, where t = ~ = H, 
thesized from c . 

o 

then 3: a 3 is syn-

Proof: We will require that each new configuration, c', that arises 

during synthesis be scope-(r+n-l) where the previous configuration was 

scope-r. Then clearly, ~ if it exists, will be maximal at each step. 

th Then, by Lemma 6.2.6, the configuration at the s step will be scope-

[1 + s(n-l)] and by Corollary 6.2.8, a scope-t configuration will be 

reached at t = [i-D. 
In - 11 To insure the existence of a, we will construct 

a configuration at each step using a unique set of symbols and having 

all c(N(X,i» unique. This can be accomplished by using (kn+n-l, n) 

strings embedded in a quiescent tessellation at each step, s. If the 
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quiescent symbol, 0, is not used in ~he (kn+n-l, n) strings, then the 

c(N(X,i» that border (contain quiescent cells that are initializable) 

the string are also unique due to the varying number of quiescent sym-

boIs in each neighborhood. 
n It is not necessary to use a (k +n-l, n) 

string at step t since at t - 1 the configuration can give rise to a 

span-~ configuration at step t. Since, at t - 1, all c(N(X,i» are 

unique, we can choose a to yield c
f 

at step t. Then, we simply count 

the number of symbols required. At step s, we require a scope-(l + s 

(n-l» configuration. By Theorem 5.3.5, we need k symbols, k = 
s s 

j 'V[l + 8(n-l) 1 - n + ~ ~ jn,ll + (8-1) (n-l~ at step s, s > O. At s ~ 
0, c 

o 
c so we require one symbol for the primitive and the quiescent 

p 

symbol,O. Summing these yields: 

where t ~ ~ - H. 

t-l r 1 2 + L nil + (s~l) (n-l) 
s=l 

This is the required cardinality of A. Thus, 
s 

assures the existence of a to reach c
f

" Since ~ £ X, we are assured by 
o 

Theorem 4.4.5 that a exists such that cf is an equilibrium configuration. 

The following example demonstrates the theorem. 

7 2 ( 
.1 

Example . ~1 Synthesize the configuration OMICHELLEO in A, E , (-1,0, 

1~ a). Since c
f 

= OMICHELLEO, we require Af = {C, E, H, I, L~ M land, 

since X = (-1,0,1), then n = 3. We see that if Co = cp = ° A ° then c l 

will be scope-3. We will employ a (3,3) string for c
l

" Such a string 
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is BBB so let cI = OBBBO. Continuing, we see that c2 will be scope-5 

so we will employ a (5,3) string for c
Z

" Such a string is FGGFF so let 

Cz = OFGGFFO. At the next step, c
3 

will be scope-7, which requires a 

(7,3) string. The string SSSTSTT is a (7,3) string so we let c3 = 

OSSSTSTTO. Then c
4 

will be scope-9 which permits c4 = cf " Therefore, 

we shall use A = {A, B, F, G, S, T} and define 0 as: 
s 

c(N(X,i) o(c(N(X,i) ) 

1 - ~~~ 
0 
B 

Z - OAO B 
AOO B 
OOB F 
OBB G 

3 - BBB G 
BBO F 
BOO F 
OOF S 
OFG S 
FGG S 

4 - GGF T 
GFF S 
FFO T 
FOO T 
OOS M 
OSS I 
SSS C 
SST R 

5 - STS E 
TST L 
STT L 
TTO E 
TOO 0 
OOM 0 
OMI M 
MIC I 
IeR C 
eRE H 

6 - HEL E 
ELL L 
LLE L 
LEO E 
EOO 0 

Portion I of 0 is required to prevent cells in a quiescent neighborhood 
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configuration from changing state. fortion 2 causes the initial primi-

tive configuration Co = OAO to be mapped (in T) to c
l 

= OBBBO. Portion 

- -3 causes c
2 

= OFGGFFO and portion 4 generates c
3 

= 0888T8TTO. Portion 

5 causes OMICHELLEO to appear as c
4 

and portion 6 assures that c
4 

is an 

equilibrium configuration. 

Using a, the following array transitions occur. 

---OOOOOOAOOOOOO---

---OOOOOBBBOOOOO---

---OOOOFGGFFOOOO---

---000888T8TTOOO---

---OOMICHELLEOOO---

---OOMICHELLEOOO---

etc. 

This is no surprise since each intermediate configuration was selected 

in advance. We are assured that a exists because every neighborhood 

configuration durinp thp synthesis steps is unique. We note that MICHELLE 

itself has all. tH'ig",,,,, t1lllld configurations unique. This condition is 

not required since cf need only be an equilibrium configuration and 

~o £ X assures us that a exists so that it is. 

It should be clear that any arbitrary span-i configuration, i ~ 9, 

could have been synthesized by modifying portions 5 and 6 of the local 

transformation. If i ~ 7, A could be made smaller. The bound on A 
s s 

found in Theorem 7.2.1 is: 

7, t =f8-il 13 - 11 4 

which is exactly the number of symbols employed for the example. 
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Table 7.2.1 shows the number of .steps required and the symbols 

needed to reach configurations of various lengths for several different 

scope-n neighborhoods. 

Next, we consider growth from initial configurations which are not 

primitive. We will require c to be a scope-r configuration, which is 
o 

an (r,n) string embedded in a quiescent tessellation. This is required 

in order that cI be chosen without regard for Co and still be certain 

that a exists. If all c(N(X,i» are unique, then no difficulty arises. 

This same requirement exists for the initial configuration when primi-

tives are employed; however, any primitive configuration satisfies the 

condition. 

Corollary 7.2.2 In EI TA, if X is scope-n, ~o £ X, c f 

scope-r, n < r < t, I As I 2:.. 1 + tt I n/r + (s-l)(n-l)=], 
s=o ' I 

~ - ~, then II cr 3 c f is synthesized from co' 

is span-,Q" c 
o 

where t 

is 

Proof: By Theorem 6.2.7, a scope-~ configuration can be reached at t = 

f"JnQ, - rlrl. I~ [I We require the quiescent symbol plus enough symbols to write 

(r + s(n-l), n) strings at each step until t - 1. Then, 

= 1 + 

is sufficient. 

Our next result for strings considers synthesis from initial config-
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Table 7.2.1 Number of symbols and times to synthesize 
configurations of length ~ in scope-n El automata 

n 

k 2 3 4 5 6 

5 7 5 4 4 3 

10 12 7 6 5 4 

15 17 10 7 6 5 

20 22 12 9 7 6 

n 

t 2 3 4 5 6 

5 5 3 2 2 1 

10 10 5 4 3 2 

15 15 8 5 4 3 

20 20 10 7 5 4 
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urations that are scope-r, 1 < r < n. 

Corollary 7.2.3 In El TA, if X is scope-n, SEX, is span-t, c is o c f 0 

scope-r, 1 < r < n, 

IA I s 

where t = ~ = ~. then a cr 3 Cf is synthesized from co. 

Proof: Since c is scope-r, 1 ~ r ~ n, we consider the number of symbols 
o 

required so that c has all unique c(N(X,i». We see that ~a~6 satis­
o 

fies this criteria because n > r. This is due to the varying number of 

quiescent symbols in each neighborhood configuration. Then two symbols 

are required, which is the same number required for a primitive configu-

ration. Thus, the results of Theorem 7.2.1 are valid if 1 < r < n. 

The bound on IA I found in these results is somewhat unwie1dly. We 
s 

can find a bound somewhat greater than those found previously but which 

is a simpler result. The bound on IA I for synthesis from primitive 
s 

configurations is worst case since if c is scope-r, r > n, then the 
o 

steps required to reach a scope-r configuration from a primitive config-

uration are not needed. The deletion of these steps is accompanied by 

a reduction in IA I. Thus, we will c9ncentrate on synthesis from a 
s 

primitive configuration to find a new bound. Rearranging the bound of 

Theorem 7.2.1, we have: 

[i-11. 
In - 11 

We consider the function 1 + (s-l)(n-l) and claim V s > 0, n > 0, then 
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n s ~ 1 + (s-1)(n-1). Since: 

n-1 = n s 

d: ~ + (s-l) (n-l)] n - 1 

then :s~~ > d:~ + (s-l) (n-l~ if s > 0, n > O. At s 

snl = 1, 1 + (s-l)(n-1)I = 1 
s=l s=l 

1, then: 

the functionssn , 1 + (s-l) (n-1) , are equal. 

s = 1 and since d: ~~ > dds ~ + (s-l) (n-l~ , 
Since we have equality at 

we may conclude that > 

1 + (s-1)(n-1). Using this in our bound on IAsl yields: 

IA I > 2 + :tf~l s 

t-1 
/A I > 2 + I s s 

s=l 

IA I > 2 + t(t-1) 
s 2 

IA I > 
t 2-t+4 

s 2 

where t = R - R· 
Thus, we have shown: 

Corollary 7.2.4 In E1 TA, if X is scope-n, ~o E X, c f is span-~, Co is 

scope-r, IAsl ~ t
2

_
2
t+4, t = ffi = R, then 11 0 3 C

f 
is synthesized from 



c in t or fewer steps. 
o 
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Although this bound may be considerably larger than those found 

previously, it is much easier to compute. If the automaton is -to be 

implemented, the previous bounds should be employed since every symbol 

in the automaton's alphabet is a state which must be included in each 

cell's realization. Fewer states in the cell, due to a reduction in 

alphabet cardinality,will probably yield a simpler cell. However, since 

any extra states will have unspecified transitions, this may not be the 

case. The cell designer could utilize this fact to produce a desired 

realization. 

We demonstrate similar results for automata with span-p, Iscope-n 

neighborhoods. 

Corollary 7.2.5 In EI TA, if X is Iscope-n, ~o E X, c f is span-t, Co 

is scope-r, 1 ~ r < n, IAsl ~ 2 + tIl~/r + (s-1)(n-1)1' where t = 

~ il s=l 
In = 11' then tl 0 3 c f is synthesized from co· 

The corollary is proven trivially by considering only the Iscope-n por-

tion of X. The extra elements in X do not prevent the configurations 

from having unique neighborhood configurations even if ~ is not in the 
o 

Iscope portion of X. 

equilibrium of c f . 

The presence of ~ in X is still required to ensure 
. 0 

Corollary 7.2.6 In EI TA, if X is Iscope-n, ~o E X, c f is spah-t, Co 

t-
1f ~ is scope-r, n ~ r < t, IAsl ~ I + I n/r + (s-l) (n-l) I where t = 

~ R 
s=O 

n
t - r

1 
then tl 0 3 c f is synthesized from co. 
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1 Corollary 7.2.7 In ETA, if X is I~cope-n, ~ € X, c
f 

is span-i, c 

I I 
t2";'t+4 fi - 11 0 0 . 

is scope-r, As > 2 ,t = l~ _ It, then 3 a 3 C f is synthesized 

from c in t or fewer steps. 
o 

This concludes our study of synthesis in one-dimensional tessellation 

automata. Corollary 7.2.7 is our most general result which permits a 

simple calculation of the bound on A which ensures synthesis for arbi­
s 

trary neighborhood index. 

7.3 Synthesis in Multi-dimensional Automata 

We wish to present results similar to those of the previous section 

which relate to multi-dimensional automata. Initially, we consider syn-

thesis of span-~ configurations from a primitive configuration in autom-

ata having scope-n neighborhoods containing ~. Then, corollaries are 
o 

presented which cover the cases for non-primitive initial configuration. 

When considering synthesis in multidimensional automata, the problem 

of embedding (~,n)d patterns in a quiescent tessellation must be dealt 

with. Unfortunately, when these patterns are embedded, not all c(N(X,i» 

are unique. The following configuration is a (10,3)2 pattern embedded 

in a quiescent tessellation. 
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o 0 000 0 0 0 0 0 0 000 

000 0 0 0 0 0 0 0 000 0 

o 0 A B B B A B A A ABO 0 

o 0 A B B B A B A A ABO 0 

o 0 A B B B A B A A ABO 0 

o 0 B B B A B A A A B BOO 

o 0 B A B A A A B B B A 0 0 

o 0 A A A B B B A B A A 0 0 

o 0 B B A B A A A B B BOO 

o 0 A A B B B A B A A A 0 0 

o 0 B A A A B B B A B A 0 0 

o 0 A B A A A B B B A BOO 

o 0 0 0 0 000 0 0 0 0 0 0 

o 0 0 0 0 0 000 0 0 000 

The pattern is the (10,3)2 pattern found in Section 5.5 where "0" is 

replaced by "A" and "1" is replaced by uB". When the pattern is embedded, 

there are subpatterns along the boundaries which are not unique. The 

following theorem defines a construction which will alleviate this 

difficulty. 

Theorem 7.3.1 In Ed TA, if X is scope-n, ~o £ X, c f is span-i, Co = cp ' 

t -1 ll\.lIl':r.::;~.. ~ rIN- 1 ~ ! As I :::... 2 + I ( J: nn/sMAXil - MINll- s + n - IsMAXil -" MINll - s+2 ), 
s=l 

rt. - ~ where t = MAX ~-- then a a 3 c f is synthesized from co. 
n. - 1 

1 

Proof: By Corollary 6.3.4, we can reach a scope-i configuration at t 

~; = ~ where Vi, t ~ ~~ = ~. At the sth step, we have, by Lemma 
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6.3.Z, that Cs is scope-[Id + s(~ - X
d
)]. These presume that a is maxi-

mal with respect to the configurations during synthesis. We must pro-

vide configurations at each step which are scope-[Id + sen - I
d
)] having 

unique c(N(X,i» in the configuration and on its boundaries. Then, max-

imality is insured (due to the size) and a will exist (since all 

c(N(X,i» are unique). Consider (I';)d patterns embedded in a quiescent 

tessellation. Unfortunately, the c(N(X,i» which border these patterns 

may not be unique. We will construct an (I';)d pattern using a composi­

tion of two patterns. Initially, we construct two patterns, PI = (£ -

ZId' ~)d and Pz = (MAXI - 1, MINn - l)d-l using disjoint alphabets Al 

and AZ' respectively. Then PI is an irregular pattern and Pz is a hy­

percube. The cardinality for Al is given by Theorem 5.4.7 and Theorem 

5.3.5 gives a similar result for AZ' From PZ' we take d subpatterns, 

PZ,l' PZ,Z' .•. , PZ,i' •.. , PZ,d' where PZ,l is a «~Z-l, ~3-2, ... , 

£d-Z), MIN~ - l)d-l pattern, PZ,Z is a «tl-Z, t 3-l, t 4-Z, ... , td-Z, 

MINn-l)d_1 pattern, PZ,x is a «£l-Z,tZ-Z, .•. , tx_l-Z, £x+l-l , ~x+Z-Z, 

..• , £d-Z) , MINn - l)d-l pattern and PZ,d is a «tl-l, £Z-Z, ... , ~d_l-Z), 

MINn - l)d-l pattern. More simply, we take a subpattern from Pz which 

will concatenate with PI in dimension x, 12 X2 d, but which is one unit 

larger than PI in dimension x + I where x + 1 is taken modulo-d. We 

concatenate PZx * PI * PZx in dimension x such that the resultant pattern 

is span-(tl-Z, ..• , tx_l-Z, t x ' t x+l ' £x+2-2, ... , td-Z) and has Iscope­

(tl-Z, •.. , £x-I-Z, t x ' tx+l-Z, ... , £d-2). Clearly, if such a concate­

nation is made for all x, I ~ x~ d, the resultant will be span-(t
l

, £2' 

•.. , t d ) and have Iscope-(£l' t z ' ... , t d). Then it is simply scope-to 
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Clearly, it is an (I';;)d pattern sinc,e PI is (£ - ZId' n)d' Pz is (MAXI 

- 1, MINn - 1) d-l and Al II A2 = <P. (<P is the empty set.) We consider 

the boundaries when the pattern is embedded in a quiescent tessellation. 

Since Pz has all MINn - 1 subpatterns unique, 0 tAl' 0 t A2, then all 

c(N(X,i) are unique on boundaries including those which overlap P2i' 

P2j and those containing O. To construct PI' P2' we require 

IA21 ~ FINn-I/(MAxr-l) - (MINll-I) + ~, 

1,\ I ~ r
INll 

1MAXn;-2Id) - MINn+~ by Theorem 5.3.5 and 

Theorem 5.4.7, respectively. IAzl and IAII may be rewritten as: 

I A21 > rINn-llMAxQ. - MINll + ~ , 

I All ~ rINnlMAxQ. - MINn - ~. 

Then, IAII + IA2! is sufficient to write an (I,n)d pattern which, when 

embedded in a quiescent tessellation has all c(N(X,i» unique. At the 

sth step, C
s 

is scope-[I
d 

+ S(;-I
d
)]. Then, 

is sufficient to write an (i,n)d pattern at the sth step. This reduces 

to: 

To find IA I, we require two 

s ~. _ 
s = I to t - I t = MAX 1 , n. -

1 

ifmbOIS for Co 

fl' Then 

c , 
p 

and simply sum from 
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rIN~/sMAXn - MINn - ~ 

where t - MAXfii - 11 are sufficient to insure existence of a. - I~i 11 ' 

The following example demonstrates the theorem. 

Example 7.3.1 The span-(S,7) configuration below is synthesized in 

2 TA = (A, E , «0,0), (0,1), (0,2), (0,3), (1,0), (1,1), (1,2), (1,3), 

(2,0), (2,1), (2,2), (2,3», a) from a primitive configuration. 

0 o 0 0 0 0 0 0 o 0 

0 1 o 0 1 1 0 1 1 0 

000 0 1 0 1 100 

o 0 100 1 1 1 1 0 

0 1 101 1 1 0 0 0 

0 1 0 1 000 1 1 0 

0 1 0 0 1 1 0 1 1 0 

o 0 1 1 1 111 1 0 

o 0 o 0 0 0 000 0 

X is seen to be scope-(4,3). Then, by Lemma 6.3.2, c will be scope­s 
(3s + 1, 2s + 1) and, by Corollary 6.3.4, c f can be reached at t = 

MAX{~ = R, ~ = R} = 3. We require only Co which is primitive, c 1 

which is scope-(4,3) and c2 which is scope-(7,5). We select cas: 
a 
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000 

o A 0 

000 

and proceed to find clo To construct c l ' we require PI = «4,3) - (2,2), 

(4,3»2 = «2,1), (4,3))2 and P2 ~ (4-1, 3-1)1 = (3,2)1° PI is absurd 

since its subpatterns are larger than itself but is trivially satisfied 

by any 2 by 1 pattern. Let PI = Be. For P2 = (3,2)1 we select DDE. 

Next, P2 ,1 and P2,2 are selected from P2 where P2 ,1 

2)1 and P2,2 = (4-1, 3-1)1 = (3,2)1° Let P2,1 = DD and P2,2 = DDE. 

These are concatenated with PI as described to yield: 

miD ID D EI 
W r--I B-c--rl mlDD 

[D D EI W 
which is scope-(4,3) and will have all 4 by 3 subpatterns unique when 

embedded in a quiescent tessellation. Then, cl is to be: 

o o o o 0 o 

o D D D E o 

o D B C D o 

o D D E D o 

o o o o 0 o 
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It should be noted that this pattern .does not employ the minimal number 

of symbols possible. For instance, 

o 

o 

o 

o 

o 

o 

B 

B 

B 

o 

o 

B 

B 

B 

o 

o 

B 

B 

B 

o 

o 

B 

B 

B 

o 

o 

o 

o 

o 

o 

could be used. The construction was not claimed to use the minimal num­

ber of symbols and, as is seen, it does not. 

Next, c 2 is found. Since it is to be scope-(7,5), we require PI 

«7,5) - (2,2), (4,3»2 «5,3), (4,3}}2 and P2 = (7-1, 3-1)1 = (6,2)1" 

PI is found by taking any 5 by 3 subpattern of a (5,3)2 pattern. Using 

the techniques of Chapter V, we can find: 

and select: 

F 

F 

G 

G 

F 

F 

F 

G 

F 

F 

F 

G 

G 

F 

F 

F 

F 

G 

G 

F 

F 

F 

G 

G 

G F 

F G 

G G 

F F 

G G 

G 

F 

G 

F 

G 

G 

for Pl. For P2' the string HHIHJH is utilized. Then, P2,1 = (7-1, 3-1)1 
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= (6,2)1 and P2,2 = (5-1, 3-1)1 = (4,,2)1 are selected as HHIHJH and 

HHIH, respectively. These are concatenated with PI to find: 

H F FF G F H 

I F F G F G H 

H ~G ____ F ____ G ___ G ____ G~ I 

~IH __ ~H~~I __ ~H ___ J ___ H~I H 

which is a «7,5), (4,3))2 pattern and, when embedded in a quiescent 

tessellation: 

o o o o o o o o o 

o H H H I H J H o 

o H F F F G F H o 

o I F F G F G H o 

o H G F G G G I o 

o H H I H J H H o 

o o o o o o o o o 

has all c(N(X,i)) unique including boundaries. Due to the size of the 

neighborhood, a will not be demonstrated here, but it should be clear 

that it does exist such that c l ' c 2 ' c f is the actual sequence of global 

configurations in the automaton. 

Corollary 7.3.2 In Ed TA, if X is scope-n, ~o £ X, c
f 

is span-~, Co is 

scope-r, Vi, n. < r. < ~., 
11- 1 
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t-l rIN- ~ 
I A I ::. 1 + L n/MAX[r + s(n-Id)] - MINif - 11 + 

s s=O 

~. - r~ where t = MAX 1 
1 ' 

then :3: (J 3 c f is synthesized from c . 
n. 0 

1 r' -r~ Proof: By Theorem 6.3.3, we reach c f at t = MAX :i _ t and by Lemma 

6.3.2, c is scope- (i + s(n-I
d
)]· By the same argument given in Theorem 

s 

7.3.1, we require 

symbols to construct an (i';)d pattern having all c(N(X,i» unique when 

th embedded in a quiescent tessellation. Then, at the s step, we require: 

symbols. One symbol is required for the quiescent symbol and we sum the 

required symbols for each step. 

IA I > 1 + tt IM1NnlMAxf"r + s(n-I
d

) 1 - NINn - fI + 
s s=o I L I 

FNn-1 IMAX[r + s(n-I
d

) 1 - MlNif + ~ 

insures the 
fi· -rJ 

existence of (J where t = MAXI-n1i _ 1"-1' 

Corollary 7.3.3 In Ed TA, if X is scope-n, ~o £ X, c
f 

is span-~, Co is 

scope-r, Vi, r. < n., 
1 - 1 

I As I :.. 2 + t~ 
1 rIN

;) 'sMAXll - MINn ~ rINn- l 
I MA.Xn M Nil ~ L y n - s + ys n - I n - s + , 

s=l 
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then 3: <1 3 C f is synthesized from c • 
o 

Proof: If Vi, r. < n., then only two symbols are required for c. We 
1 - 1 0 

sum the remainder to find IA I. s 

As in the ca~e of strings and one-dimensional automata, our results hold 

for neighborhoods which are span-m, Iscope-n. The following corollaries 

are proven trivially by considering only the Iscope-n portion of X. 

Corollary 7.3.4 In Ed TA, if X is Iscope-n, ~ € X, 
o 

is scope-r, Vi, 1 < r. < n., 
- 1 - 1 

where t 

Corollary 7.3.5 In Ed TA, if X is Iscope-n, ~ E X, 
o 

scope-r, Vi, n. < r. < R.., 
1 1 - 1 

r· -rJ 
t = MAXI-:i _ 1"1' then /I a 3 Cf is synthesized from Co' 

is span-l, c 
o 

is span-R., c is 
o 

Some effort has been expended to obtain a simple closed form result 

for the results of this section similar to that of Corollary 7.2.7 but 

the simultaneous presence of MAX and MIN in the expression for IA I pre­
s 

vent us from finding a reasonable approximation. If X is restricted to 

being a hyper-cube, a closed form result can be found. 
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Corollary 7.3.5 For Ed TA, if X is scope-n, MAXn = MINn = n > 1, ~ E 
o 

X, Co is scope-r, c f is span-t, IAsl .::. t
2
-t+2, t = ~~ -1 9, then 3 

cr 3 cf is synthesized from c • 
o 

Proof: The result of Theorem 7.3.1 represents a worse case for IA I s 

since a non-primitive initial configuration will require fewer symbols 

to synthesize the same c
f

• If MAXn = MINn = n, this result reduces to: 

By arguments similar to those preceding Corollary 7.2.4, we claim: 

n n-l s ~ (sn - n - s + 2), s > (sn - n - s) Vn > 1 

where s > 1. Then, 
t-l 

IA I > 2 + I (s) + (s) s -
s=l 
t-1 

IA 1 > 2 + 12s s 
s=l 

t-l 
jA I > 2 + 2( I s) s 

s=l 

IA I > 2 + (t-l)(t) s 

IA I > t
2 

- t + 2 s 

where t = ~XR, -=-if . 1- n - 1 -I 

This result is easily extended to include arbitrary neighborhoods. 

Theorem 7.3.6 For Ed TA, if X is Iscope-n, MINn > 1, Co is scope-r, c
f 

is span-t, I As I .::. t 2 -t+2, t = ~~ = H, then 3 <J 3 C f is synthesized 

from c . 
o 
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Proof: If X is Iscope-n, then it must contain a hyper-cube of size MINn 

in each dimension. Then the results of Corollary 7.3.5 hold. 

This concludes our formal investigation of synthesis in multi-dimensional 

tessellation automata. Theorem 7.3.6 is our most useful result since it 

provides an easily computed bound for IA I which applies to automata of 
s 

arbitrary dimension with nearly any neighborhood index. The cases not 

covered by it have Iscope-n, MINn = I which exhibit unpredictable growth. 

Of equal importance is Theorem 7.3.1 which defines the construction em-

ploying (i,n)d patterns for multi-dimensional synthesis. 

7.4 Discussion 

We have presented results which demonstrate the ability of tessella-

tion automata to synthesize an arbitrary configuration if the alphabet 

utilized during synthesis meets or exceeds a lower bound. Suppose that 

a set of configurations, S = {cI ' c 2' ... }, lsi = m, are to be permitted 

and the automaton must be capable of synthesizing any of these. There 

are at least two approaches to this problem. 

Perhaps the most straightforward of these is the following. For 
m 

each c., C. £ S, let there be a unique alphabet, A si' and let A = VA .• 
1. 1. s i=l S1. 

Then, there is a unique initial configuration, c oi' and a partial defini-

tion of a under which c. is synthesized from c .• Clearly, there is no 
1. 01. 

difficulty in defining a since ¥i,j, A . (l A . = ~, i # j. Unfortunately, 
S1. SJ 

this approach causes A to grow by "leaps and bounds" as more configura­
s 

tions are added to S. 

As an alternative to this difficulty, the following approach is 

considered. Each C. £ S, has an associated d-tuple, I(i), where c. 
1. 1. 
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is span-t(i). Let L be ad-tuple, L·= (Ll , L2 , .•. , Ld ) where L
j 

= 

MAX{~.(l), ~.(2), •.. , ~.(m)}. We are merely defining a configuration, 
J J J 

G, which is span-L where the span of G in dimension j is equal to the 

largest span (in dimension j) of any configuration found in S. We can 

construct cr which reaches a span-L configuration at some time t. This 

can be accomplished using the methods of our previous section. If this 

is done, then the configuration found in the automaton at time t-l has 

all c(N(X,i» unique. Since this is the case, 0 may be chosen such that 

a given c. E S arises at time t and since ~ E X, we are assured that it 
1 0 

can be an equilibrium configuration. In fact, if the automaton is made 

to be non-erasing for A
f

, then any configuration composed of symbols in 

Af will be an equilibrium configuration. Since Asll Af = ~, then there 

is no difficulty in defining 0 so that this is the case. Then, if a 

different configuration in S is desired, only the portion of a which 

moves TA from c 1 to c need be redefined. (This was pointed out in 
t- t 

the example for one-dimensional synthesis.) Then, the same sequence of 

configurations are employed to reach any configuration in S. We are, in 

a sense, relaxing our stipulation that cr be time-invariant. It will 

still be time-invariant for a given configuration in S which is to be 

synthesized but must be selected prior to initialization of the automaton. 

Of the two methods considered, each has its advantage. If a unique 

alphabet is employed for synthesis of each configuration in S, only a 

single local transformation is required but a large alphabet is necessary. 

If a common synthesis sequence is employed, a relatively small alphabet 

is required but each cell must possess a set of local transformations. 
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Furthermore, an input which is common. to each cell must be provided 

which selects the desired local transformation. If this input uses q-

ary encoding, then flog Isll signals are required. These can originate 
q 

from a single register which is external to the tessellation automaton. 

Then, by placing the correct "word" in the register and Uresetting" the 

automaton to the initial configuration will permit synthesis of any 

configuration in s. 



VIII. PERTURBATION 

8.1 Introduction 

Within this chapter, the fault tolerant aspects of tessellation 

automata are considered. First, perturbation is defined. 

Definition8.1.1 A next state configuration, c', is said to be per­

turbed if and only if a a cell, i, c' (i) E A but c' (i) .; a(c(N(X,i»). 

Informally, a configuration is "perturbed" if some cell made an incor­

rect transition at the previous time step. It is required that the cell 

fail to a valid symbol in the automaton's alphabet. Furthermore, some 

restriction must be made as to the number of simultaneous perturbations 

permitted. For the most part, only single perturbations will be consid­

ered. Most results will hold if the perturbations are separated suffi­

ciently in the automaton. 

Having defined perturbation, we consider what, if anything, can be 

done should one occur. There are basically two areas of concern. First, 

the automaton must detect the fact that it has moved to an incorrect con­

figuration and, hopefully, can ascertain which cell or cells are per­

turbed. This will be referred to as self-diagnosis. Secondly, the 

automaton should move to a configuration which is "equivalent" to the 

one which should have occurred but does not utilize the cells which were 

perturbed. This will be referred to as self-reconfiguration. Clearly, 

this implies a great deal, and we must question the solvability of such 

a proposal since it closely resembles the stability question. Fortunate­

ly, we do not address arbitrary automata. Furthermore, a perturbed con-

107 
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figuration is not completely unknown .if the number of simultaneous per­

turbations is limited. Clearly, the questions of self-diagnosis and 

self-reconfiguration differ somewhat from the stability question. For 

that reason, it may be solvable. Our argument does not demonstrate 

solvability but it does not rule out the possibility either. 

8.2 Restoration of Equilibrium Configurations 

In this section, the possibility of restoring perturbed cells to 

their correct configuration is considered. The following definitions 

formalize this notion. 

Definition 8.2.1 A configuration, c, in a tessellation automaton, TA, 

is said to be an immediately restorable configuration (IRC) for TA if 

and only if for any perturbation of c, c*, T(C*) = c, and T(C) = c. 

Definition B.2.2 A configuration, c, in a tessellation automaton, TA, 

is said to be a sequentially restorable configuration (SRC) for TA if 

and only if for any perturbation of c, c*, Tk(c*) = c, for some k and 

T(C) = c. 

Sequentially restorable configurations will not be investigated and the 

definition is offered only to acknowledge their possible existence. The 

following example demonstrates the difficult nature of immediate restor-

ation. 

Example 8.2.1 Consider an E1 TA with X= (-1,0,1) and A = {0,~,2,3,4}. 

Suppose that TA is in a final configuration, c
f 

= 01234440. Then cr is 

partially specified. 
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0: 0 0 -0 - 0 

o 0 1 - 0 

0 1 2 - 1 

1 2 3 - 2 

2 3 4 - 3 

3 4 4 - 4 

4 4 4 - 4 

4 40- 4 

4 0 0 - a 

The problem is to define (if possible) the remaining elements of 0 in 

such a way that if any single perturbation occurs, the array will return 

to c f at the next time step. If, for -example, the cell in state "2" is 

perturbed to state "4", it must return to fl2" at the next time step. 

Then, 

c
f 

= a 1 2 3 4 4 4 a 

* c f = 0 1 4 3 4 4 4 0 

c' = 0 1 2 3 4 4 4 0 

This feat requires that 0(143) = 2 in order that the cell's correct state 

be restored. Notice that the cells in state "1" and fl3" have undefined 

* neighborhoods in c f " If 0(014) = 1 and 0(434) = 3, then the neighbors 

of the perturbed cell retain their correct state. This is clearly a 

necessary condition if c is to be IRC for TA. As 0 is currently defined, 

the config~ration will be restored for the particular perturbation con-

sidered. Unfortunately, repeated application of this technique will not 

work. Consider the requirements of 0 if the second cell in state "4" is 
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perturbed to state 113 11 • 

= 0 1 2 3 4 4 4 0 

* c
f 

= 0 1 2 3 4 3 4 0 

c f = 0 1 2 3 4 4 4 0 

* To achieve following c f ' it is required that 0(234) = 3, 0(434) = 4, 

0(340) = 4. Recall that 0(434) = 3 has been previously defined. It 

can be concluded that cf cannot be an IRe for TA. 

For the example, it may be possible that a larger neighborhood or a 

modification of the configuration will lead to immediate restoration. 

Definition 8.2.2 A configuration, c, which undergoes a single perturba­

tion where the jth cell is perturbed tp * £ A will be referred to as 

.* 
c] • 

Following this notation, the neighborhood of the perturbed cell, j, is 

cj*(N(X,j», and the neighborhood of the ith cell is cj*(N(X,i». Clear-

ly, if c is to be an IRC, it is both necessary and sufficient that Vi,j, 

.* *, a(c] (N(X,i») = c(i). Unfortunately, if a iI' jl' *1' ,j2' *2 3 

j 1 *1 j * 
c (N(X,il » = c 2 2(N(X,i2» but c(il) ~ c(i2), then c cannot be an 

IRe for TA. The following theorem formalizes this discussion. 

Theorem 8.2.1 For a given configuration, c, a 0 3 C is an IRe if and 
j * j * 

only if $ iI' jl' *1' i 2 , j2' *2 3 c 1 l(N(X,i l » = c 2 2(N(X,i2» and 

c(il) ~ c(i2)· 

.* Proof: First, a is constructed. Vi, j, *, let a(c] (N(X,i») = c(i). 

j 1*1 j 2*2 
If a iI' jl' *1' i 2 , j2' *2' 3 c (N(X,i l » = c (N(X,i2», then 
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c(il) = c(i
2
). Therefore, a exists. Restoration of c under a is demon­

strated next. Let cell i be perturbed to *. 3 n cells at locations 

i l = i - ~l' i2 = i - ~2' ... , in = i - ~n' which have perturbed neigh­

borhood configurations. For these cells, 

.* 
c1 (N(X,il » * 

.* 
c

1 (N(X,i
2
» * 

e(il + ~3) 

C(i2 + ~3) 

c(il + ~n) 

C(i 2 + ~n) 

'* c
1 

(N(X,i » = c(i + ~l) c(i + ~2) ... e(i + ~ 1) n n n n n- * 
',~ . * 

Since Vi, j, *, aCcJ (N(X,i») = c(i), then a(c
1 

(N(X,il »)= c(il)' 

o{Ci *(N(X,i2») = c(i
2
), .. " O(ci*(N(x,i

n
») = cCi

n
). Then, TCC i *) = 

c. This concludes sufficiency. If 3 iI' jl' *1' i 2 , j2' *2' 3 

. * . * 
c
Jl 

1(N(X,i1» = c
J2 

2(N(X,i2», c(il) ~ c(i2), then it is necessary that 
j * j * 

a(c ll(N(X,i
l
») c(il)' (c 2 2(N(X,i2») = c(i

2
). Then a is multi-

valued and cannot exist. This cortcludes necessity. 

The conditions of the theorem can be separated to produce two sufficient 

but not necessary requirements. 

Corollary 8.2.2 
. * J 2 2 

j * 
If ~. . * . . *2' 3 c 1 1(N(X,1'

1
» Ii 11 , J l , 1,12 , J 2 , 

c (N(X,i2», then 3 a 3 c is an IRC. 

Corollary 8.2.3 If Vi, j, c(i) c(j), then 3 a 3 c is an IRC. 

The following result follows directly from the second corollary. 

Theorem 8.2;4 VX, 3 a 3 c = a is an IRC. 

The following results consider successively larger neighborhoods. 
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Corollary 8.2.5 If IXI = 1, then c a is the only IRC. 

Proof: By Theorem 8.2.4, c = a is an IRC, ¥~. Then, it is an IRe if 

Ixi = 1. Only uniqueness must be demonstrated. Let c be a configura­

tion, c ~ a. Then a i 3 c(i) ~ c(i+l). Since Ix] = 1, then X = (~). 

It is required that cr(c(N(X,i») = c(i), a(c(N(X,i+l») = c(i+l) so 

that c be in equilibrium. Since Ix] = 1, then c(N(X,i» = c(i+~), 

c(N(X,i+1» = c(i + 1 + ~). Then, a[c(i+~)] = c(i), cr[c(i + 1 + ~)] 

c(i + 1). If c(i + ~) = c(i + 1 + ~), then cr will not exist since c(i) 

~ c(i + 1). Therefore, it is required that c(i + ~) ~ c(i + 1) if c is 

to be in equilibrium. Consider the perturbation of c where the cell at 

location i + ~ is perturbed to c(i + ~ + 1). If the cell at location i 

is to retain its content, then it is required that a[c(i + ~ + 1)] = 

c(i). But a[c(i + ~ + 1)] = c(i + 1), and c(i + 1) ~ c(i). Then i cr. 

Therefore, c = a is the only IRC if lxl = 1. 

Corollary 8.2.6 If Ixl = 2, then c = a is the only IRC. 

Proof: That c = a is an IRC if Ixl = 2 has been demonstrated. Only 

uniqueness must be proven. Let c be a configuration, c ~ a. Then, a i 

3 c(i) ~ c(i + 1). Since Ixl = 2, X = ( '~2). For equilibrium of c, 

it is required that a(c(N(X,i») c(i) and a(c(N(X,i+l») c(i + 1). 

Since c(N(X,i» = c(i + ~l)c(i + ~2) and c(N(X,i+1» = c(i + 1 + ~l) 

c(i + 1 + ~2)' then it is necessary that either c(i + ~l) ~ c(i + 1 +~l) 

or c(i + ~2) ~ c(i + 1 + ~2). Otherwise, a will not exist. There are 

three cases which satisfy this criteria. 

Case I. c(i + ~l) ~ c(i + 1 + ~l)' c(i + ~2) c(i + 1 + ~2). Let the 
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cell at i + ~1 be perturbed to c(i + ~ + ~l). Then c*(N(X,i» = 

c*(N(X, i + 1», and it is required that a(c*(N(X,i») = c(i) and 

a(c*(N(X,i + 1») = c(i + 1). But c(i) ~ c(i + 1) so a cannot exist. 

Case II. c(i + ~2) ~ c(i + 1 + ~2)' c(i + ~l) = c(i + 1 + ~l)· By the 

same argument as Case I, a cannot exist. 

Case III. c(i + ~l) ~ c(i + 1 + ~1)' c(i + ~2) ~ c(i + 1 + ~2)· Two 

different perturbations must be considered. Let the cell at location 

i + ~2 be perturbed to c(i + 1 + ~2). Then c*(N(X,i» = c(i + ~l) 

c(i + I + ~2) and a[c(i + ~l)c(i + 1 + ~2)] = c(i) is required. Next, 

let the cell at location i + 1 + ~l be perturbed to c(i + ~1)~ (This is 

a different perturbation of c, not a simultaneous perturbation of two 

cells in c.) Then c*(N(X,i + 1» c(i + ~l)c(i + I + ~2) and it is 

necessary that a[c(i + ~l)c(i + I + ~2)] = c(i + 1). Since c(i) ~ 

c(i + 1), this implies that a does not exist since a[c(i +~l)c(i + 1 + 

~2)] = c(i) is required to restore the previous perturbation. Then c 

a is the unique IRC if Ixi = 2. 

Corollary 8.2.7 If Ixl ~ 3, then c 

k ~ j, a. ~ a. , is an IRC. 
lj lk 

a. a. a. 
lj l j + l l j +2 

where V k, 

Proof: Since all symbols are unqiue, then Vi, j, i ~ j, c(N(X,i» ~ 

c(N(X,j». It is clear that for any perturbation, c*, Vi, j, i ~ j, 

c*(N(X,i» ~ c*(N(X,j». Then, by Theorem 8.2.1, c is an IRC. 

This concludes findings for restoration. Although further results might 

be obtained, it is clear that a large number of symbols are required to 

retain unique c*(N(X,i» for any perturbation even with larger neighbor-
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hoods. Furthermore, restoration is ~ot generally useful for two rea-

sons. If a cell is perturbed, it is probably faulty and cannot (or 

should not) be restored. Furthermore, the array is presumed to be at 

equilibrium for these results. This, too, is not a desirable assumption. 

If the array is not in equilibrium, restoration is much more complicated 

since the perturbed cell should not be restored to its previous correct 

state in c but should be placed in the correct state for c'. For these 

reasons, restoration was abandoned. It did serve some purpose, however, 

since the insight gained by this study greatly aided in the work which 

follows. 

8.3 Self-Diagnosis of Single Perturbations 

In this section, results relating to self-diagnosis in tessellation 

automata are presented. As stated previously, self-diagnosis implies 

that the cell or cells which have been perturbed are identified in some 

fashion. The following definitions formalize this notion. 

Definition 8.3.1 A perturbed cell, i, in c is said to be quarantined 

in c' if and only if V~ E X, ~ ~ ~ , c'(i - ~) 
o 

symbol in A called the quarantine symbol. 

Q, where Q is a special 

Notice that if ~ E X, any cell has n- 1 neighbors (other than itself). 
o 

If a cell is perturbed, these n 

state, Q, at the next time step. 

I neighbors must go to the quarantine 

If ~ i X, there are n neighbors which 
o 

must reach Q to quarantine a perturbed cell. 

Definition 8.3.2 A configuration, c, in some tessellation automaton, 

TA, is said to be one-step diagnosable by TA if and only if for any 
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perturbation of c, the perturbed cell(s) are quarantined in c'. 

Definition 8.3.3 A tessellation automaton, TA, is said to be self-

diagnosing on D, C if and only if Vc £ D, c is diagnosable by TA and 

T(C) £ D. 

Note that self-diagnosing tessellation automata are not required 

to diagnose all possible configurations. They do diagnose all configu-

rations that can arise if the automaton's initial configuration is in 

D. This follows from the fact that Vc £ D, T(C) £ D. Then D is closed 

under T and is a subautomaton of TA. 

All of the results to be presented hold for single perturbations. 

For that reason, when an automaton is classed as self-diagnosing, it is 

implicit that this is true only for single perturbations. 

The following definition permits the consideration of finite tessel-

lation automata. 

Definition 8.3.4 A finite d-dimensional tessellation space Et is a finite 

d 
subset of E specified by ad-tuple, L = (~l' ~2' ... , ~d)' Ad-tuple, 

p = (PI' P2' •.• , Pd) is in E~ if and only if Vi, 0 < Pi ~ ti - 1. 

d 
A finite tessellation automaton, TA (A, E

L
, X, a) has cells which have 

undefined neighbors. That is, 3 i, S 3 i + s i E~. It is assumed that 

these boundary inputs are, for all time, the quiescent symbol. The 

d same assumption is made for TA = (A, E
L

, K, I). 

Definition 8.3.5 d d A cyclic tessellation space, SL = (E
L

, H) is specified 

by a finite tessellation space E~ and a d-tuple of d-tuples, H = (h
l

,h2 , 



116 

••• , hd). The neighbor of a cell specified by i + S, s = (zl' z2' ... , 

zd)' Vi, IZi l < ~i - 1, where i + s i E~ is found using H as follows. 

Let (i + s). be the jth component of the d-tuple (i + s). Let R. ~ = 
J ~'s 

{± h. E: Hlci + s). > t. - 1 q> + h.ER. ~,(i + s). < Oq,.- h. E: R} and 
J J J J ~,s J J 

let m = L hj . Then the neighbor of cell i found by i + ~ is taken to 

be (i + ~IJ+e:~;:Where Vk, the kth component is taken modulo-.\. 

It should be clear that for any (kn,n)d pattern which is in all 

d dimensions there is a cyclic tessellation space, SL' which is cyclic in 

the same sense as the pattern. For these particular spaces, H has the 

property that h is the d-tuple of all zeroes and that all other elements 
x 

f H . 11 .. h th o are zero In a posltlons except t e x Th th .. b e x poslt~on may e 

zero as well but it is the only position which can be non-zero. (This 

property follows directly from consideration of the proof for Corollary 

th 5.3.2 where it was shown that ~ and Xl differ only in the x component 

1 h f h h . 1 . . hI' h th p us t e act t at t e pattern lS cyc ~c In t e usua sense ~n t e x 

dimension.) To emphasize this point and to explain the definition, a 

small cyclic space is constructed for the pattern following Corollary 

5.3.2. The pattern is shown below. 

o 
1 
2 
3 

y 

012 3 
o 0 1 1 
o 1 1 0 
100 1 
110 0 

x 

This is a (4,2)2 pattern which is cyclic in all dimensions if the adja-

cency is chosen appropriately. Since the pattern is of size four by four 

and has two dimensions, then d = 2, L = (4,4) are required. 
2 

Then S (4,4) 
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= (E~4,4),H) where H must be specifi~d to retain the correct cyclic 

adjacency. If H = «0,0), (2,0» is used, this requirement will be met. 

To demonstrate this point, let X = «0,0), (O,I)~ (1,0), (1,1» and com-

pute the neighborhood configuration of the cell at (3,3). For ~ = 
o 

(0,0), i + ~o = (3,3) and no computation is required. For ~l = (0,1), 

i + ~I (3,4). Since t2 = 4, then Ri,~={h2} = {(2,0)} and m = (2,0). 

Then i + ~l + m (5,4) and, if each component is taken modulo-4, the 

neighbor using ~I is at (1,0). For ~2 = (1,0), i + ~2 = (4,3) and R = 

{hI} = {(O,O)}, m = (0,0). Then i + ~2 + m = (4,3) and taken modulo-4, 

finds (0,3) as the neighbor of (3,3) using ~2. Finally, ~3 = (1,1) is 

considered. For it, i + ~3 (4,4) so R = {hI' h2} = {(O,O), (2,0)} 

and m = (2,0). Then (6,4) is taken modulo-4 in each component to find 

(2,0) as the neighbor for ~3' Then cell (3,3) has neighbors at (3,3), 

(1,0), (0,3), (2,0). If the adjacency found previously (following 

Corollary 5.3.2) is considered, these results are confirmed. Finally, 

the neighborhood configuration for cell (3,3) is assembled to find: 

° 1 ° 1 

To further demonstrate the definition, suppose some neighborhood index 

has an element ~ = (-2,-2). In this event, the neighbor of cell (0,0) 

is found by: i + ~ = (-2,-2), Ri,~={hl' h2} = {(0,m,-(2,0)}, m =-(2,0), 

i + ~ + m =(-4,-2) taken modulo-4 yields (0,2). This, too, can be veri-

fied by moving -2 in dimension x and -2 in dimension y (or vice versa). 

As a further demonstration of the definition, the final pattern found in 

the discussion following Theorem 5.3.1 is considered. The pattern found 

was: 



° ° 1 1 

° 1 1 ° 
1 ° ° 1 

Y 1 100 

LL x 

° 1 1 ° 
1 1 ° 0 

° ° 1 1 

100 1 

118 

110 ° 
1 ° ° 1 

100 1 ° 110 

° ° 1 1 ° ° 1 1 

1 100 

° 1 1 ° 

3 
This pattern is cyclic in all dimensions for the space (E(4,4,4)' «0,0, 

0), (2,0,0), (2,0,0»). To demonstrate, the neighbor of cell (3,3,3) is 

found for ~ = (1,1,1). In this case, i + ~ (4,4,4), R~~={h1' h2' h3} 

= {(O,O,O), (2,0,0), (2,0,0)}, m = (4,0,0), i + ~ + m = (8,4,4) taken 

modulo-4 in each component to find (0,0,0). To further demonstrate, if 

(00) is to be adjacent to itself between the first and last patterns, 
01 

then the cell at (2,3,3) must be adjacent to (0,3,0) if ~ = (0,0,1). To 

check this, i + ~ = (2,3,4), {h
3

} = {(2,0,0)}, m = (2,0,0), i + ~ + 

m (4,3,4) taken modulo-4 to find (0,3,0) as expected. 

Notice that the definition does not apply if the elements of ~ 

cause a boundary to be crossed more than once. It is possible to modify 

the definition to include these cases by counting the number of times a 

boundary will be crossed by I (i + ~)./(~. - 1) I and including h. in m 
~ J J - J 

that many times. An automaton with elements in X which "reach around" 

the array one or more times has a poorly chosen neighborhood. Further-
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more, for any of these, there is an ~quivalent neighborhood which fits 

the definition. For instance, (-7,10) is exactly equivalent to (1,2) 

since they find the same neighbor. This definition permits discussion 

of a new class of tessellation automata, TA=(A,S~,X,I) and their less 

d 
general counterparts, autonomous tessellation automata, TA=(A,SL,X,a). 

f 11 ' h Sd. b d Both classes have a finite number 0 ce s Slnce t e space L 1S oun-

ed. It is these automata on which the remainder of this chapte~ focuses. 

Definition 8.3.6 Two tessellation automata, TAl' TA2 , are said to be 

homomorphic if and only if ;[ h: Cl + C2 where Vc £ Cl h[Tl(c)] 

T2 (h[c]). Under this condition, TA2 is said to be the homomorphic 

image of TAl' 

Clearly, two tessellation automata which are homomorphic do, in a strong 

This sense, the same computation if Vc i £ C2 ' :!I c
j 

£ Cl 3 h (c j) = c i' 

follows from the fact that all states (global) in C2 are "covered" in 

Cl and that homomorphic global transitions are made. An example of 

homomorphism between two TA is shown in Figure 8.3.1. 

Lemma 8.3.1 d VIA = (A, EL, X, a) and Vk > 1, ;[ a homomorphic TA, T~ 

1 
(~, Sk2 ' (-1,0,1), a

h
) which is self-diagnosing. 

Proof: d Since TA is in E
L

, the set of configurations, C, is finite. Let 

r = Ici and construct a set of configurations for T~, D = {dl , d2 , ... , 

d } where Vi, d. is a (k2 ,2) cyclic string on a set of symbols' A., 
r 1 1 

I A. I = k. 'Fu r thermo r e, lJ i, j, i 1= j, A. fl. A. cp • Th en I C I = I D I and 
1 1 J 

1 
the automaton T~ must be in the space Sk2 ' Note that if k < 1, self-

diagnosis is not possible since there are not enough cells to quarantine 
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TAl and TA2 are homomorphic if and only if 

T2 [h(c)] = h[Tl(c)], Yc E Cl " 

Fig. 8.3.1 Two homomorphic tessellation automata 
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r 
a perturbation. Let ~ = {Q} U A.. Define an arbitrary bijective map­

i=l 1 

ping h: D + C. Then, Vd E: D, :3: c E: C 3 h(d) = c and Vc E: C, d E: D 

= d. if and only if h(d.) = c., h(d.) 
J 1 1 J 

c. and T(C.) = c .. Since Vd. E: D, d. is a (k
2

,2) cyclic string using a 
J 1. J 1. 1. 

unique alphabet, Ai' then :!l0h 3 lh(di ) = d
j

. Since Th(di ) = dj , then 

h[Th(d.)] = h(d.), but h(d.) = c .. Therefore, h[Th (d
1
,)] = 

1 J J J 
Since 

h(d.) = c., and T(C.) = c., then T[h(d.)] = c .. Therefore, h[Th(d~)] 
1 1 1. J 1. J ..L 

T[h(d
i
)], Vi. Then TA is the homomorphic image of T~. It should be 

noted that ~Ch where Ch is the set of all configurations of T~. Fur-

thermore, 0h is not 

Vi, j, d.(N(X,j» I p. 
1 

3 
completely specified since :3: p, P E: Ab' where 

That is, some elements of ~ do not appear in 

any configuration in D. For these, let o(p) = Q. Consider the pertur-

bat ion of cell i in configuration d. where d.(i) = *, * E: A_. There 
J J -0 

exist three cells at locations i-I, i, i + I with perturbed neighbor-

hood configurations. For these cells, dj(N(X,i-l» = dj (i-2) dj(i-l) *, 

d.(N(X,i») = d.(i -
J J 

1) * d.(i + 1), d.(N(X,i +1» = * d.(i + 1) d.(i + 
J J J ] 

2). Since d. is a 
J 

(k2 ,2) cyclic string using a unique alphabet, A., then 
J 

(dj (i-2)d
j

(i-l» and (d
j

(i+l)d
j

(i+2» are unique substrings of length 

two. Then d.(N(X,i-l» and d.(N(X,i+l» are not in D since * I d.(i). 
J J J 

Then, clearly, o(d.(i-2)d.(i-l)*) = Q, 0(* d.(i+l)d.(i+2» = Q if * E: 
J J J J . ~. 

The next state of cell i is not known since it is presumed faulty but its 

neighbors at i-I, i+l, will go to Q at the next time step. For all other 

cells, k Ii-I, i, i+l, the neighborhood configuration d.(N(X,k» is not 
J , 

perturbed. Therefore, d.(k) I Q. (These cells make their normal tran­
J 

sition.) Then d
j 

is one-step diagnosable by T~. Since the preceding 

argument is for arbitrary j, then T~ is self-diagnosing on D. It should 



122 

be clear that T~ is isomorphic to TA if the restricted set of configu­

rations D is considered. This follows from the fact that h is bijective 

between C and D. The lemma is demonstrated next. 

Example 8.3.1 Consider the following TA, TA 1 
= ({ 0,1}, E3 , (0,1), a) where: 

a (00) = 0 

a(OI) 1 

0(10) 1 

0(11) = 0 

For TA, there exist eight configurations. 

i c. 
1 

0 0 0 0 

1 0 o 1 

2 0 1 0 

3 0 1 1 

4 1 0 0 

5 1 0 1 

6 1 1 0 

7 1 1 1 

T may be computed from 0 where: 

i c. C.=T(C.) j 
1 1 

0 0 0 0 0 o 0 0 
1 0 0 1 0 1 1 3 
2 0 1 0 1 1 0 6 
3 0 1 1. 1 0 1 5 
4 1 0 0 1 0 0 4 
5 1 0 1 1 1 1 7 
6 110 0 1 0 2 
7 III 0 ° 1 1 
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In calculating T(C.) we presumed that inputs required under X from non-
1 

existent cells are O. Only cell three has this requirement. For T~, 

the space os! is employed. Then (4,2) cyclic strings can be used as con­

figurations in D for T~. Selected are: 

i d. 
1 

0 A A B B 

I C C D D 

2 E E F F 

3 G G H H 

4 I I J J 

5 K K L L 

6 M M N N 

7 P P R R 

The mapping h is defined next. 

i d. c.=h(d.) 
1 1 1 

0 A A B B 0 0 0 

I C C D D o 0 I 

2 E E F F 0 1 0 

3 G G H H 0 I 1 

4 I I J J 1 0 0 

5 K K L L I o 1 

6 MMNN I 1 0 

7 P P R R I I I 

Next, Th is defined. 
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i d. d.= h (d i ) j 
1 

a A A B B A A B B a 

1 C C D D G G H H 3 

2 E E F F MMNN 6 

3 G G H H K K L L 5 

4 I I J J I I J J 4 

5 K K L L P P R R 7 

6 MMNN E E F F 2 

7 P P R R C C D D 1 

Finally, 0h is found. 

AAB A I I J - I 

A B B - B I J J - J 

B B A - B J J I - J 

B AA- A J I I - I 

C C D - G KKL- P 

C D D - H K L L - R 

D D C - H L L K - R 

Dec - G L K K - P 

E E F - M MMN- E 

E F F - N MNN- F 

F F E - N N N M - F 

FEE - M NMM- E 

G G H - K P P R - C 

G H H - L P RR:'" D 

H H G - L R R P - D 

H G G - K R P P - C 
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all others - Q 

If cr
h 

is examined, it should be clear that T~ will make the same tran-

sitions as TA. For instance: 

TA: 010 ~ 110 ~ 010 ~ 110 ~ etc. 

T~: EEFF ~ MMNN ~ EEFF ~ MMNN ~ etc. 

To demonstrate the self-diagnosis of T~, consider the configuration 

EEFF where the third cell is perturbed to E. Then, 

T~: EEEF ~ MQMQ 

Then the third cell is diagnosed. (Actually, both cell one and cell 

three are diagnosed. This is due to the fact that the space is of 

length four in T~. A larger space would not present this difficulty.) 

Suppose cell two in MMNN were perturbed to A. Then: 

T~ : MANN ~ QQQF 

It should be clear that any perturbation of any cell in any d. yields a 
1 

configuration not in D. In each of these perturbed configurations the 

two cells on either side of the perturbation have neighborhood configu-

rations which lead them to Q at the next transition. 

The lemma can be extended to TA with more than one local transformation. 

Theorem 8.3.2 d V TA = (A, EL, X, I) and Vk > 1, 3: a homomorphic TA, T~ 

1 = (~, Sk2 ' (-1,0,1), I h) which is self-diagnosing. 

Proof: Recall that I {T.} where T. is implied by a._ It is clear that 
1 1 1 

the construction of Lemma 8.3.1 can be applied to each a. to yield the 
1 

homomorphic T~ which is self-diagnosing where Vcr i in TA, 3: cr ih in T~. 
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Corollary 8.3.3 
d V TA = (A, S L ,X, I) and Vk > 1, 3: a homomorphic TA, 

T~ = (~, S~2' (-1,0,1), I h ) which is self-diagnosing. 

Proof: Since any TA in S~ has a finite number of configurations, then 

Theorem 8.3.2 holds. 

1 The automaton TA = (A, E
L

, X, I) permits simulation of finite state 

machines (FSM) where, for each input to the FS~ there is a corresponding 

a selected by the input to TA. From this follows an important result. 

First, the notation to be used for finite-state machines is formalized. 

Definition 8.3.6 A finite-state machine (FSM) is formalized by a five-

tuple, (I, Q, Z, 0, w) where I is a set of input symbols, Q is a set of 

states, Z is a set of output symbols, 0 is the next state function 0: 

Q x I + Q and w is the output function, w: Q x I + Z. 

If the output function, w, depends on I, the FSM is said to be a Mealy 

machine. If w is dependent only on Q, then the FSM is said to be a 

Moore machine. This notation for the FSM will be employed for the re-

mainder of this dissertation. 

Corollary 8.3.4 V FSM, k > 1, 3: a homomorphic TA 1 
= (A, Sk2 , (-1,0,1), 

I) which is self-diagnosing. 

Proof: Recall that for an FSM, 0: Q x I + Q, w: Q x I + Z for Mealy 

machines, w: Q + Z for Moore machines. Consider 0 and recall-the proof 

of Lemma 8.J.l. Vq E Q, select a different dE D and let h(d) = q. Vx E 

I, define T as follows: if o(p,x) = q for some p,q E Q, and if h(d) = p, x 
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heel = q, then let T (d) = e. Then, .an input x to the FSM corresponds 
x 

to the global transformation T. By a construction identical to that 
x 

of Lemma 8.3.1, TA can be obtained that emulates the state structure of 

the FSM. Outputs from the TA that correspond to the outputs of the FSM 

can be obtained by a set of mappings F = {f
o

' f
l

, ••. } where ¥x £ I, 

3 f.: C ~ Z to emulate Mealy machines. If Moore machines are to be 
1 

emulated, F {f } t f: C ~ z. 
o 0 

Example 8.3.2 Consider the following FSM. 

o 1 

A A/O B/l 

B B/O A/O 

The space S~ is employed. Since the FSM has two states, A,B, two (4,2) 

cyclic strings are required. Let: 

where: 

dl = a a b b 

d2 = c d d c 

Since the FSM has two inputs, there must be two transformations in TA 

where: 

This follows from consideration of the next state for FSM under the two 

inputs, 0,1. The transformations TO' T 1 are implied by 00 and at' 

respectively, where, 
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p a (p) 
0 

al(p) 

a a b a d 

a b b b d 

b b a b c 

b a a a c 

c d d d a 

d d c d b 

d c c c b 

c c d c a 

all others Q Q 

The output functions for TA, f , fl can be written. 
0 

p f (p) 
o 

a a b b a 1 

c d d c o o 

If TA is constructed, it will appear as shown in Figure 8.3.2. 

The automaton constructed in the example can diagnose faulty state tran-

sitions but in no way detects faulty outputs made by the logic in R The 

outputs made by TA can be diagnosed if the input set for TA is I x Z. 

Example 8.3.3 Consider the previous example. Let the output z be fed 

back to each cell as shown in Figure 8.3.3. Since there are two inputs, 

I = {O,l} and two outputs, Z = {O,l}, then there are four global trans-

formations required, TOO' ToI ' TlO ' TIl' where for Txy ' x E I, Y E Z. 

The question arises as to what action should be taken if the output 

function, F, fails. We choose to place all cells in state Q for this 
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x---------e~------+---+---~---+------~ F z 

Fig. 8.3.2 A self-diagnosing automaton with Mealy output 



x 

130 

F 

Fig. 8.3.3 A self-diagnosing automaton 

which detects output faults 

z 
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example and defer discussion of this.decision. For the example, the 

output of the FSM is: 

x 
0 1 

q 

A 0 1 

B a a 

This implies that in TA, 

TOO(dl ) dl TIO(dI ) = QQQQ 

TOO (d2) d2 T1O (d 2) d1 

TaI{dl ) QQQQ Tll(dl ) d
2 

TOl (d2) = QQQQ TIl (d2) = QQQQ 

This follows from the fact that: 

q x z 

A 0 1 

A 1 0 

B 0 1 

B 1 1 

are invalid state-input-output triples for FSM. It should be clear that 

TA will diagnose all state transition and output errors under the given 

global transformations. For each global transformation, there is a 

corresponding local transformation. These are defined as shown. 

p O'ao(p) O'al(P) O'lO(P) O'll(P) 

a a b a Q Q d 
a b b b Q Q d 
b b a b Q Q c 
b a a a Q Q c 
c d d d Q a Q 
d d c d Q b Q 
dec c Q b Q 
c c d c Q a Q 

all others Q Q Q Q 



132 

The "splitting" of valid states in 010' all is due to the fact that if 

the FSM is in state A, (d
l 

for TA), then x = 1, Z = 0 is invalid. Sim­

ilarly, if the FSM is in state B, (d 2 for TA), then x = 1, Z = 1 is in-

valid. 

Corollary 8.3.5 1 
lJ FSM and lJk > 1, a a homomorphic TA = (A, Sk2 , (-1,0, 

1), I x Z) which is self-diagnosing and detects output faults. 

Proof: If the input set to TA is I x Z (I and Z refer to the FSM), 

then lJ(i,z) E I x Z, a Tco ) in TA. Recall that w: Q x I + Z so 
1,Z 

wCq,i) = z. If hCd) q, then let lJz* I- z, T(. *) Cd) = Q and T( 0 ) Cd) 
1,Z 1,Z 

-1 -1 = h [c(q)]. (Recall that h is an arbitrary bijective map so h exists 

on D.) Clearly, a exists for the given T so that TA detects output 

faults and is self-diagnosing. 

As pointed out in the previous example, some consideration should 

be given to the desired action of TA if an output fault occurs. It may 

be possible that F will work correctly if TA reconfigures to an "equiv-

alent" but different configuration. If the automaton goes to QQQQ, as 

in the example, the current state information will be lost. However, it 

is clearly possible to define special states QA' QB such that TA goes 

d
2

. This permits TA to retain the current state information. The sym­

bol, Q, should be retained to diagnose faulty state transitions by cells. 

In terms of the previous example, the four local transformations would 

be: 
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p °OO(p) °Ol(P) °IO(P) °ll(P) 

a a b a QA QA d 

a b b b QA QA d 

b b a b QA QA 
c 

b a a a QA QA c 

c d d d QB a QB 

d d c d QB b QB 

d c c c QB b QB 

c c d c QB a QB 

all others Q Q Q Q 

This permits separate diagnosis of state transitions and output faults 

and should aid in reconfiguration of TA. 

The implications of Corollary 8.3.5 are three-fold. First, it dem-

onstrates a parallel decomposition for finite-state machines where the 

resulting decomposition has a regular interconnection between identical 

machines. Second, the resulting decomposition is capable of self-diag­

nosis for state transitions of each cell and for output faults. Third, 

self-reconfiguration of the decomposition should be possible which will 

make it fault tolerant. The fault that the length of TA is k2 where k 

is arbitrary permits larger decompositions. This will permit the exist­

ence of a large number of "equivalent" configurations and allow greater 

fault tolerance. Perhaps the most exciting aspect of this discovery is 

the possibility of a cellular array where each cell in the array looks 

like Figure 8.3.3. Such a construction could have self-reconfiguration 

within each cell and self-reconfiguration within the array. This fact 

will be given further consideration in the following chapter. 
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The following result is an exteqsion of Lemma 8.3.1. It demonstrates 

the existence of homomorphic automata having different (arbitrary) di-

mensionality from its homomorphic image. 

Theorem 8.3.6 d 
VTA = (A, E

L
, X, cr),Ve > 1, ~ a homomorphic TA, T~ = 

cr
h

) which is self-diagnosing. 

Proof: For T~, cyclic (k2 ,2)e patterns are to be used as configurations. 

Construct such a pattern and let s~ be its associated cyclic tessella-
h 

tion space. Clearly, as many cyclic (k2 ,2) patterns as are required 
e 

can be created by replacing the symbols in the original pattern with a 

new alphabet. The new patterns will still be cyclic in s~. It is clear 
h 

that the construction of Lemma 8.3.1 will yield a homomorphic automaton. 

Thus, only self-diagnosis need be demonstrated. Consider the perturba-

tion of a cell in some configuration in D. For a Moore neighborhood, 

XM, there are 3
e 

neighbors for any cell, one of which is itself since 

~o £ ~ (see Figure 2.1.) The 3e-l neighbors of the perturbed cell 

still contain a 2(e) subpattern which is unique Vd £ D but since each 

contains the perturbed cell at some location in their neighborhood, the 

resulting neighborhood configuration is not in any d £ D. Then these 

cells will go to state Q in c' since a(p) = Q, Vp 3 Vd £ D, P i d. Then, 

the resulting automaton is self-diagnosing. 

The following results are immediate extensions of Theorem 8.3.6. 

Corollary 8.3.7 d 
V TA = (A, EL, X, I), ~ a homomorphic TA, T~ = (~, 

p 
8
1 

' ~, I h ) which is self-diagnosing. 
h 
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Corollary 8.3.8 d 
V FSM, 3 a homomorp~ic TA, T~ = (~, SL' ~, I x Z) 

which is self-diagnosing and detects output faults. 

Corollary 8.3.9 d 
VTA = (A, SL' X, I), 3 a homomorphic TA, T~ = (~, 

S~ , ~, I) which is self-diagnosing. 
h 

The advantage to be gained by building multidimensional automata 

that simulate finite state machines is apparent when self-reconfigura-

tion is considered. If more dimensions are available, certainly there 

will be more "equivalent't configurations available for self-reconfigura-

tion. Furthermore, it should be possible for the array to "work its way 

around" faulty cells. 

8.4 Reduction in Alphabet 

Lemma 8.3.1 demonstrates a technique for creating a self-diagnosing 

TA which is homomorphic to a given TA. In doing so, a (k
2

,2) cyclic 

string using a unique alphabet was written for each and every configu-

ration of the given TA. If the given TA is in a cyclic space which can 

support (k
2

,2) cyclic strings (for some k), then a reduction in I~I is 

possible. 

Prior to consideration of this possiblity, a special property of 

tessellation automata in any cyclic space is proved. 

Theorem 8.4.1 d 
VTA = (A, SL' X, 0), if T(a) = b, a, b £ C, then T(na) 

nb where n is any element of a cyclic permutation group. 

Proof: Consider a, b, na, TIb. Since TI is an element of a cyclic permu-

tation group, 3 j 3 Vi, na(i+j) = a(i), TIb(i+j) = b(i). Then., TIa(N(X,i+j»= 
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a(N(X,i» and nb(N(X, i + j» = b(N(X,i», Vi. Since T(a) b, then 

Vi, a(a(N(X,i») = b(i). Therefore, Vi, a(na(N(X,i + j») b(i). 

Let c = T(na). Then, c(i + j) = b(i). Therefore, c = nb and Tena) 

7Tb. 

The following example is a special case of Corollary 8.3.9. The 

construction demonstrated permits a reduction in the cardinality of ~ 

if the original automaton is in a cyclic space for which (k
2

,2) cyclic 

strings exist. 

Example 8.4.1 Given the following TA: 
1 

A = {O, I}, 84' X (0,1) , 

a: 00 - 0 

01 - 1 

10 - 1 

11 - 0 

construct a homomorphic automaton, T~, which is self-diagnosing. Notice 

that TA is in s~ which can support cyclic (4,2) strings. The global 

transformation, T, for TA is found next. 

i c. C.=T(C.) j 
1 J 1 

0 0 0 0 0 o 0 0 0 0 
1 000 1 o 0 1 1 3 
2 o 0 1 0 0 1 1 0 6 
3 001 1 0 1 o 1 5 
4 010 0 1 1 o 0 12 
5 0 1 0 1 1 1 1 1 15 
6 0 1 1 0 1 o 1 0 10 
7 o 1 1 1 1 o 0 1 9 
8 1 0 0 0 1 o 0 1 9 
9 1 0 0 1 1 0 1 0 10 

10 1 0 1 0 III 1 15 
11 1 0 1 1 1 1 0 0 12 
12 1 1 0 0 0 1 0 1 5 
13 1 1 0 1 0 1 1 0 6 
14 1 1 1 0 o 0 1 1 3 
15 1 1 1 1 000 0 0 
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Consider the set of configurations, C, for TA when operated on by a 

2 3 4 cyclic permutation group, P, P = (TI, TI , TI , n ) generated by TI = 

( a b c d). d ' [ 3 ] By Burnsi e s Theorem I, P partitions C into N equiva-bed a 

lence classes. The details of this follow. 

I \' k 
N = TPT Lk F(n ) 

ICI JJTI e:P 

For our case, Ipi = 4. 

F(TI) = 2 {OOOO,llll} 

F(TI2) = 4 {OOOO,llll,OlOI,lOlO} 

F(TI3) = 2 {OOOO,llll} 

F(TI4) 16 {all c. E C} 1 

The sets indicated are the configurations which are invariant for the 

. 1 k part1cu ar TI . 1 
Then, N = 4(2 + 4 + 2 + 16) = 6. Then there are six 

equivalence classes in C under P. Each class is called an orbit. These 

are constructed next. For simplicity, the configurations will be referred 

to by their subscript, i. 

~ 
M 

~ 
0-0 

~ 
ctr-@ 

These will be referred to as the set E, E = {e
l

, e
2

, e
3

, e
4

, eS' e
6

} 

where JJe. E. E, e. is a set. Then E is a set of sets. For the example, 
1 1 
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e
l = {oJ 

e2 
{S,lO} 

e
3 

{lS} 

e
4 

{1,2,4,8} 

eS {3,6,9,12} 

e
6 {7,11,13,14} 

For each set e: E, select an element, e .. For instance, 
1 

e
l 0 

e
2 5 

e
3 15 

e
4 = 1 

eS 3 

e
6 

7 

Also, let E be the collection of e .. Then, E = {O, 1, 3, 5, 7, IS}. 
1 

A 

Then E is the set of coset leaders and, if P is applied to E, then the 

orbits of C are generated. Notice that, by Theorem 8.4.1, if T(e.) e: e., 
1 J 

then VC
k 

e: , T(Ck) e: e
j

. That is, all elements of an equivalence class 

map to the same equivalence class under T. Now, T~ is constructed. 

For each e in E, construct a (4,2) cyclic string to be used as a config-

uration in T~. Let each string employ a unique alphabet and refer to 

the collection of these configurations as Eha For the example, six such 

strings are required. Let: 

eOh A A B B eSh G G H H 

A 

C C D D " I I J J e
lh 

e
7h 

A 

e3h E E F F elSh = K K L L 
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which is consistent with E for TA. This new set, Eh , is the generator 

of the equivalence classes of the subset of configurations, D, in T~. 

Next, a mapping, g, g: 

g: 

A3 
+ A is defined. 

h 

A A B - '0 G G H -

AB B - 0 G H H -

B B A - 0 H H G -

B A A - 0 H G G -

C C D - 0 I I .J -

C D D - 0 I J J -

D D C - 1 J J I -

D C C - 0 J I I -

E E F - 0 K K L -

E F F - 1 K L L -

F F E - 1 L L K -

FEE - 0 L K K -

1 

0 

1 

0 

1 

1 

1 

0 

1 

1 

1 

1 

If g is applied to the elements of E
h

, an element of E is found. (This 

is done in the same fashion that cr is applied to find the next configu-

'" ration.) Next, P is applied to Eh to find D, the diagnosable configura-

tions of T~ and the orbits of D under P are constructed. 

i d. i d. i d. 
1 1 1 

1 A A B B 9 E E F F 17 I I J ~J 

2 A B B A 10 E F F E 18 I J J I 
3 B B A A 11 F F E E 19 J J I I 

4 B A A B 12 FEE F 20 J I I J 

5 C C D D 13 G G H H 21 K K L L 
6 C D D C 14 'G H H G 22 K L L K 
7 D D C C 15 H H G G 23 L L K K 
8 Dec D 16 H G G H 24 L K K L 
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.~ 
2 3 

~. 
6 7 ~ 10 11 

~ 14 15 ~ 18 19 ~ 22 23 

This should come as no surprise since the strings have disjoint alpha-

bets and are of length four. Next, g is applied to each element of D. 

This defines a second mapping h: D-+ c. For simplicity, only the index 

of the configurations is used. 

d. h(d .) d. h(d.) 
1 1 1 1 

1 0 13 5 
2 0 14 10 
3 0 15 5 
4 0 16 10 
5 1 17 7 
6 2 18 14 
7 4 19 13 
8 8 20 11 
9 3 21 15 

10 6 22 15 
11 12 23 15 
12 9 24 15 

Next, Th is defined where Th (d.) = d ,. if and only if T[h(d.)] h(d.). 
1 J 1 J 

This is done only for the elements of Eh · For the example, 

d. £ Eh h(d. ) T[h(d.)] Th(di ) 
1 1 1 

1 0 0 2 (1,3,4) 
5 1 3 9 
9 3 5 13 (IS) 

13 5 15 21 (22,23,24) 
17 7 9 12 
21 15 0 4 (1,2,3) 
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Notice that more than one choice for Th(d.) is available. The alternate 
. 1 

choices are those placed in parenthesis in the final column. The choice 

is arbitrary so long as h[Th(d.)] = T[h(d.)]. The purpose of this step 
1 1 

is to force Th to move T~ between equivalence classes (in D) in the 

same way that T moves TA. Since all configurations of Eh are (4,2) 

cyclic stri.ngs~ a exists for the chosen T. The mapping g is also shown. 

p E A3 
h a(p) g(p) 

A A B B 0 
A B B B 0 
B B A A 0 
B A A A 0 

C C D E 0 
C D D F 0 
D D C F 1 
Dec E 0 

E E F G 0 
E F F H 1 
F F E H 1 
F E E G 0 

G G H K 1 
G H H L 0 
H H G L 1 
H G G K 0 

I I J E 1 
I J J E 1 
J J I F 1 
J I I F 0 

K K L A- I 
K L L A 1 
L L K B 1 
L K K B 1 

This completes the construction of T~. To verify the construction, Th 

is calculated for each d. €: D. 
1 
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i d. d.=T(d.) j 
l. J l. 

1 A A B B A B B A 2 
2 A B B A B B A A 3 
3 B B A A B A A B 4 
4 B A A B A A B B 1 
5 C C D D E E F F 9 
6 C D D C E F F E 10 
7 D Dec F FEE 11 
8 Dec D FEE F 12 
9 E E F F G G H H 13 

10 E F F E G H H G 14 
11 F FEE H H G G 15 
12 FEE F H G G H 16 
13 G G H H K K L L 21 
14 G H H G K L L K 22 
15 H H G G L L K K 23 
16 H G G H L K K L 24 
17 I I J J FEE F 12 
18 I J J I E E F F 9 
19 J J I I E F F E 10 
20 J I I J F FEE 11 
21 K K L L B A A B 4 
22 K L L K A A B B 1 
23 L L K K A B B A 2 
24 L K K L B B A A 3 

The homomorphism can be verified. 

i h(d .) T[h(d.)] Th(d i ) h[Th(d i )] 
. 1. 1. 

1 0 0 2 0 
2 0 0 3 0 
3 0 0 4 0 
4 0 0 1 0 
5 1 3 9 3 
6 2 6 10 6 
7 4 12 11 12 
8 8 9 12 9 
9 3 5 13 5 

10 6 10 14 10 
11 12 5 15 5 
12 9 10 16 10 
13 5 15 21 15 
14 10 15 22 15 
15 5 15 23 15 
16 10 15 24 15 
17 7 9 12 9 
18 14 3 9 3 
19 13 6 10 6 
20 11 12 11 12 



143 

i h(d. ) T[h(d.)] Th(di ) h[Th(di )] , cont. 
1 1 

21 15 0 4 0 
22 15 0 1 0 
23 15 0 2 0 
24 15 0 3 0 

As is seen, Vi, T[h(d.)] = h[Th(d i )]· Then TA and T~ are homomorphic. 
1 

Since T~ has (4,2) cyclic strings as configurations, it follows that, 

if all remaining p £ ~ have o(p) = Q, then T~ is self-diagnosing. 

It should be clear to the informed reader that such a construction will 

always exist if the original automaton is in a cyclic space which can 

support cyclic (k2 ,2)d patterns. The only obscurity is that the orbits 

of D under P may not have the same cardinality as the orbits of C under 

P. However, the cardinality of any orbit of C must divide the cardin-

ality of any orbit of D. This fact follows as a corollary to Burnside's 

Theorem [31]. Since TI generates the orbits of both, we see that g 

exists so that T[h(d.)] = h[Th(d.)]. 
1 1 

Since this example is a special case of Corollary 8.3.9, no 

formalization will be produced. The construction demonstrated merely 

reduces ~ from the construction given in Lemma 8.3.1. Furthermore, it 

will not reduce 1~1 when applied to finite-state machines unless the 

FSM is not reduced. If the given FSM has equivalent states, this con-

struction could be employed, but it should be clear that no improvement 

in I~I will be realized if the machine is reduced before Lemma 8.3.4 is 

applied. It should be equally clear that it cannot be applied to autom­

ata which ?re in E~ or:i- since "rotation" has no meaning for these spaces. 

Perhaps a similar technique can be found for these spaces if "shifting" 

is considered. Certainly a result identical to Theorem 8.4.1 exists, 
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but Burnside's Theorem cannot be employed. If the space of the original 

automaton is cyclic but does not support (kZ,Z) cyclic strings, then the 

new automaton must be in a different space since it must employ (k
Z

,2) 

cyclic strings as configurations. Then two different permutation groups 

are involved. A technique which considers this case may exist but it 

will not be demonstrated here. 

8.5 Discussion 

The results of this chapter demonstrate the feasibility of self-

diagnosis in finite tessellation automata. These results should pave 

the way for automata which are highly reliable. Once a formalization 

of configuration equivalence is made, a study of self-reconfiguration 

following self-diagnosis should be feasible. Of the results presented 

in this chapter, certainly Corollary 8.3.5 is the most significant. The 

construction of Example 8.3.4 could prove of some use for some special 

cases of arrays. Furthermore, self-diagnosis during synthesis is clearly 

possible if each configuration in the synthesis process is a (k2 ,Z)d 

pattern. This will raise the bounds found in Chapter VII somewhat but 

is certainly worth the extra symbols. 



IX. SUMMARY 

First, we wish to discuss briefly the chapters which precede these 

remarks and place them in perspective. Chapter I serves to introduce 

cellular automata and provides a brief historical account of their de­

velopment. In Chapter II, the formal notion of tessellation automata is 

advanced and previous research efforts concerning these automata are 

summarized. An architecture which is potentially self-diagnosable and 

self-reconfigurable is introduced in Chapter III. The proposal is dis­

cussed and research which affected the final model is summarized. The 

proposed architecture is composed of a tessellation automaton and a 

cellular array. The tessellation automaton is shown to be computation­

ally equivalent to Turing machines in Chapter IV. This demonstrates the 

powerful nature of the tessellation automaton. Also considered is the 

stability question for these automata. Chapter V introduces and solves 

an interesting combinatorial problem concerning patterns which is an ex-

tension of work by I. J. Good. Chapter VI considers the growth rate of 

configurations in various tessellation automata. The results of Chapter 

IV and V are combined in Chapter VII, which demonstrates a technique for 

generating particular configurations in various tessellation automata. 

In Chapter VIII~ results regarding perturbation of the cells within the 

tessellation automaton are advanced. Of greatest interest is the simula­

tion of finite state machines by tessellation automata which can detect 

any cell or output fault. These results are independent of the fault 

type due to the fact that the detection of faults is done at the func­

tional level rather than at the circuit level. 

145 
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Next, we wish to list areas of further study and to indicate the 

problems presented by some. As for the specific areas presented within 

this dissertation, most still represent fertile areas for research since 

most of the results found are sufficient but not necessary. This fact 

follows, primarily, from the "constructive" nature of automata theory. 

Since the results presented "construct" various automata to do various 

jobs, it cannot be claimed that it is the only construction which does 

so. Perhaps the given constructions are "best" (they work) but a "bet­

ter" (in some sense) construction may exist. (There is more than one 

way to skin an automaton.) For this reason, further research to find 

a "better" (or at least, different) way should be encouraged. Aside 

from this, several extensions seem possible and some unaddressed ques­

tions exist. 

(1) Equivalent configuratons. 

(2) Self-reconfiguration. 

(3) Self-diagnosis of multiple perturbations. 

(4) Patterns which are maximal. 

(5) Patterns which are cyclic in the "usual" sense for all dimen-

sions. 

(6) Patterns with non-contiguous subpatterns. 

(7) Patterns which are non-hypercubic. 

(8) Applications of patterns as codes. 

Of the areas indicated, the finding of equivalent configurations is the 

most pressing. Certainly, Polya's Theorem permits counting of configura­

tions which are equivalent under rotation but this is not the type of 

equivalence that is desired. In terms of Example 8.3.1, it is desired 
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to find a set of configurations whic~ have the same 110 characteristics 

and state transitions as those given, but which do so with quarantined 

cells in the configuration. Implicit in this statement is that the 

output function, F, has certain properties. Clearly, the question of 

equivalence is a difficult question. Once solved, self-reconfiguration 

should be straightforward since getting the automaton to move from a per-

turbed configuration which has been diagnosed to an equivalent configura-

tion should be relatively easy. 

Another important question would be the extension of results found 

in Chapter VIII to diagnose multiple perturbations. It should be clear 

that the results presented will diagnose all perturbed cells which are 

separated by a distance of four or more in the automaton. This is simp-

ly n+l where n is the scope of X and, for the results presented, n=3. 

It seems possible that multiple perturbations within the scope of X 

might be diagnosable if X is enlarged while the configuration remains a 

2 
(k ,2)d pattern. Certainly, this deserves investigation. 

The questions listed concerning patterns may arise when configura-

tion equivalence is studied. It should be obvious that nearly all the 

results found in this dissertation are founded on the results for pat-

terns of Chapter V. The extensions listed are problems which did not 

require an answer for our purposes but may arise in some other effort 

to come. These are all difficult questions. 

If the· patterns of Chapter V are considered as codes, they permit 

detection of all single errors and some multiple errors. Since the sym-

bol in error can be pointed out (diagnosed), error correction should be 

possible. It is clear that if the alphabet for the pattern is binary, 
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all single errors can be corrected .. (It is known which symbol is in 

error and there is only one possible alternate choice for it.) If more 

symbols are permitted, iteration could be used to find the correct sym­

bol and thereby correct the error. All of this could be done in tessel­

lation automata with a cyclic space. If the code is received serially, 

such an iteration could be very useful due to the "parallel" nature of 

the "correcting" automaton since quite a lot of time could elapse be­

tween received codes. 

In closing, some remarks concerning the application of the results 

in Chapter VIII are in order. The machine of Figure 8.3.2 employs a 

single logic block, F, for computation of z, the output. If the machine 

is to be completely cellular, this logic block must be decentralized. 

There appear to be at least two ways to decentralize F. One way is to 

make F redundant. That is, place identical output modules with each 

cell. Figure 9.1 demonstrates this construction. By feeding back all 

of the outputs made (by each F module), faulty output detection is pos­

sible. This construction has the advantage that the output made by the 

array is available in several locations so if an output module fails, 

others are available. A clearcut disadvantage is the fact that all out­

put modules must receive the state information from all cells to compute 

z. This implies a tremendous number of interconnections between the 

control structure (the cells) and the computation structure (the F mod-

·ules). A second possibility exists and is shown in Figure 9.2. Here, 

the output,' z, is decomposed into several modules, F 1 through F 4' which 

receive the state information from the cells adjacent (under X) to the 
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z 
F 

z 
F 

x 

z 
F 

z 
F 

Fig. 9.1 Redundant Modules for Cellular Output 
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x 

F z3 
3 

F z4 
4 

Fig. 9.2 Localized Output Modules 
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F module's cell. We refer to this a~ localized output. The outputs, 

zl through z4' make up the array output, z. These localized outputs 

could be binary in nature. For instance, if Z = 0011 is required for 

some state-input combination, then zl=O, z2=0, z3=1, z4=1 would yield 

the required output. In this case, the realization is a sort of "bit 

slice" of the output. Obviously, other nn-bit slice" decompositions of 

z are possible. To detect output faults, all outputs could be fed back 

to all cells. This requires a large number of interconnections and de-

feats the purpose of using local output modules. Fortunately, this is 

not necessary. If the output from each local module is fed back only 

to its associated cell, the local transformation can be defined so that 

if the output is in error, the cell goes to a "wrong" state (probably Q 

is the best choice for this). Then, the cell's neighbors will quaran-

tine it at the next step. The construction of such an array is shown in 

FIgure 9.3. If the neighborhood configurations are unique in each glo-

bal configuration of the cyclic tessellation automaton, then a single 

module, G, can be defined to produce the outputs, z, through z. Clear­
r 

ly, further research dealing with the particular details of this con-

struction are in order. 

As a final question, a comparison between tessellation aucomata and 

iterative arrays is suggested. Both of these are cellular in nature and 

appear equivalent at the outset. However, a difficulty exists if the 

arrays are infinite. If the cardinality of the tessellation automaton's 

alphabet is denoted by k, (IAI = k), then there are exactly k(k
n

) global 

transformations in the input set for TA. (Recall that Ixl = n.) The 
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G 

G 

G 

G 

Fig. 9.3 Localized Output with Fault Detection 
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iterative array has an infinite numb~r of inputs since there is an input 

made to each cell. This is the difficulty. If these two automata are 

to be equivalent in any sense, there must exist a finite number of parti­

tions of the input set for the iterative array where every element in a 

partition causes the same next state (globally) for any given current 

state (global). This is an interesting question which we leave for 

future effort. 
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PATTERN SYNTHESIS AND PERTURBATION IN TESSELLATION AUTOMATA 

by 

S. M. Walters 

(ABSTRACT) 

Following a brief introduction to cellular automata, the formal no­

tion of tessellation automata is advanced and a cellular computer using 

them is described. Potentially, this computer has the ability to do 

self-diagnosis and self-reconfiguration for internal faults without ex­

ternal assistance. Next, computational equivalence of Turing Machines 

and tessellation automata is demonstrated. This shows the powerful na­

ture of tessellation automata. Following this, the existence of cyclic 

patterns with unique subpatterns is proven. These results are relied 

upon heavily for the remainder of this dissertation. Results which 

find the relation between growth rate and neighborhood index are then 

obtained and a solution to the synthesis problem is found. This demon­

strates the existence of a local transformation whereby a given configu­

ration can be generated from a single seed in the automaton. Next, 

results for single perturbations of the automaton are given and fall in­

to two classes; restoration of equilibrium configurations and self-diag­

nosis. Restoration results demonstrate the existence of configurations 

which will immediately restore themselves following any single perturba­

tion. Results obtained for self-diagnosis show that any single pertur­

bation of certain configurations will be detected and the perturbed cell 

will be identified by its neighbors. Of particular interest is a result 

demonstrating the construction of a homomorphic self-diagnosing automa-



ton for any given finite-state machine. Implications of the results 

obtained are discussed and some open problems are considered. 


